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Abstract

The goal of this thesis is to introduce new algebraic methods for the topological analysis
of fields. We consider different special cases like gradient fields, gradient-like Morse-Smale
vector fields, or Morse-Smale vector fields with closed orbits. We describe different ways
for assigning a chain complex to a vector field and discuss connections to known invariants
from topological data analysis.

We start by studying the category of tame epimorphic parametrized chain complexes,
factored chain complexes for short, generalizing results from persistent homology to this
setting, namely the structure theorem and the isometry theorem. We present a pipeline
that produces a factored chain complex from a weighted based chain complex and apply
this to the Morse complex in both the smooth and discrete settings. In combination with
the structure theorem, this yields a tagged barcode for gradient-like Morse-Smale vector
fields on compact Riemannian manifolds. We prove local stability and combinatorial
approximation results, and describe connections to the classical persistence barcode in
the special case of the gradient of a scalar field.

Going beyond the gradient-like case, we recall a method by Franks [27] to replace a
closed orbit by a pair of fixed points via a local perturbation. We show that there are mul-
tiple non-equivalent ways of following this procedure and and describe the consequences
of this non-uniqueness to the endeavour of assigning CW complexes or chain complexes
to Morse-Smale vector fields in a canonical way.

In order to assign a chain complex to any Morse-Smale vector field, we use the filtration
of the underlying manifold by unstable manifolds used by Smale in [50] and consider the
spectral sequence in Cech homology associated with this filtration. We show that the
terms on the first page of this spectral sequence admit canonical bases corresponding to
the fixed points and closed orbits of the vector field. In the 2D case, we present a method
to rearrange the algebraic information of the spectral sequence so as to obtain a canonical
chain complex, whose homology agrees with the singular homology of the manifold. We
derive the Morse inequalities from [50] from this chain complex and present a method for
endowing it with bases in each degree.
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Introduction

In topological data analyis (TDA), the main idea is to take methods, constructions, and
results from the field of algebraic topology and apply them to analyse and visualize various
types of data. The main pipeline thereby goes as follows. We start with the data, which
stems from some application. We find a way to interpret this data in a geometric way
(which is sometimes more obvious and sometimes more far fetched) and then use this
interpretation to build some kind of topological structure from the data, like a filtered
topological space, a simplicial complex, etc. We then apply an algebraic invariant (very
often homology with field coefficients) in order to transform the topological structure
into an algebraic structure, allowing us to use knowledge from linear algebra, homological
algebra, representation theory, or other fields of algebra, to decompose the algebraic object
into indecomposables. Depending on the type of algebraic objects, we can characterize
these indecomposables by some simple geometric objects, like intervals, and then use the
resulting multiset of these geometric objects as a summary of the data we started with.

Different types of data

Data can come in different forms. A common form is that of a scalar field, where one
is given a domain and to each point of this domain there is an associated value. For
example, the domain might be some portion of the 3-dimensional space and the value is
the temperature at each point. Or, one may consider a 2-dimensional area and let the
associated value describe the altitude, giving a topographic description of a landscape.
Mathematically, this is equivalent to studying a function f: M — R, where M is the
domain, usually modelled as some topological space. Often, M has more structure than
just a topology, for example M might be a smooth manifold endowed with a Riemannian
metric. In these cases it can be helpful to take into account this additional structure when
studying the function f.

From here we can generalize in various directions. For example, if one looks at multiple
functions at the same time, then one is basically studying a function f: M — R", where
n is the number of functions. In the case where M is a smooth manifold, we can also
think of data as appearing in the form of a vector field, which means that to every point
p € M we associate a vector in the tangent space T, M.

Generalizing all of these cases into a unified theory, we can say that all the mentioned
examples are instances of tensor fields. However, since they are so different in their
appearance, very different methods are used to analyze each case.

Existing approaches in TDA

When studying data that comes in the form of a continuous function f: M — R, also
called a scalar field, it is usual to analyze it through its persistence barcode, which is
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built in three steps: first, one filters M with respect to the f-sublevel sets; secondly, one
considers homology with field coefficients in order to assign a vector space to each sublevel
set, thus obtaining a persistence module; finally, one exploits the fact that tame persistence
modules can be decomposed as finite direct sums of simpler persistence modules, whose
support is given by real intervals, to define the persistence barcode of f as the multiset of
such intervals [44]. Thanks to properties like stability and invariance, persistence barcodes
have received much attention not only as a mathematical construct but also in applications
outside of mathematics [32]. Stability refers to the fact that it is possible to endow both
the set of functions as well as the set of persistence modules with distances so that the
above-described pipeline is continuous. Invariance refers to the fact that precomposing f
with a homeomorphism does not change the final persistence barcode.

In the case of multiple scalar fields, i.e. maps f: M — R", the first two steps of the
persistence pipeline offer no difficulties and are well-understood in multi-parameter persis-
tence, problems arising however when trying to produce a barcode from a multiparameter
persistence module [12].

The main obstacle in generalizing persistence theory to vector fields arises already at
the first step of the pipeline because of the lack of a natural filtration defined by a vector
field. To circumvent this problem, one could think of embedding the manifold into R"”
and treating the vector field as a multi-scalar field. This approach has the drawback of
forgetting the contravariant nature of vector fields. Alternatively, following [18, 55], one
can study a vector field through the sublevel sets of its norm function with the so-called
well groups. A drawback of this approach is that it disregards the topological information
carried by indices of singular points. Another recent approach for the study of vector
fields has been presented in [23], where a chain complex is assigned to a generalized
Morse-Smale vector field on a manifold. A problem with this approach have been pointed
out in [1], namely that the boundary operator may not always square to zero.

Some recent papers are suggesting that it is more convenient to obtain persistence
barcodes by directly decomposing the parametrized chain complex associated with the
sublevel set filtration rather than decomposing persistence modules, see e.g. [53, 14, 40].
This has the advantage that additional information can be taken into acount that would
otherwise be lost when applying homology. An often considered special case of this is
the one of filtered chain complexes, where all the internal maps of a parametrized chain
complex are monomorphismes, i.e. inclusions of one chain complex into another.

Our contribution

The goal of this thesis is to lay the groundwork for a theory of persistence for vector fields
on Riemannian manifolds. We are restricting our attention to Morse-Smale vector fields.
Roughly speaking, these are vector fields which a have a finite number of fixed points and
closed orbits, such that in a neighbourhood of each of these the vector field takes a simple
form, and globally these interact in a generic way. These vector fields are well-studied
and much is known about their structure. They are structurally stable and thus preserve
their structural properties under small perturbations. In two dimensions they lie densely
in the space of all vector fields, i.e. any vector field can be approximated arbitrarily well
by Morse-Smale vector fields [45]. We further differentiate between the gradient-like case,
where there are no closed orbits, and the general case.

Our setup is that of working with chain complexes associated with Morse-Smale vector
fields. Where they are already available from the literature such as the Morse complexes



of gradient-like vector fields (see e.g. [3, 49]), we propose constructions to turn them into
parametrized chain complexes, with the difference that our parametrized chain complexes
have epimorphic rather than the usual monomorphic internal maps that come from fil-
trations. Even if this may look very different from the usual persistence approach based
on filtrations, we point out that quotients can be seen as simplifications of the initial
chain complex, in line with the original idea of persistence as a topological simplification
method [21]. Sometimes, when no canonical chain complex is available from the literature
as in the case of Morse-Smale vector fields with closed orbits, we propose a construction
with particular attention to their topological significance. More precisely, the structure
of the thesis and its main results are as follows.

In Chapter 1, we review the necessary background about parametrized objects, the
generalized interleaving and bottleneck distances, dynamical systems, and Morse homol-
ogy in both the smooth and discrete setting.

In Chapter 2, we study the category of tame epimorphic parametrized chain complexes,
which we call factored chain complexes for brevity. These are functors that take real
values to chain complexes, with internal maps all epimorphisms, and that may fail to
be isomorphisms at most at finitely many times. We show that objects in this category
can be decomposed into simple direct summands enumerated by a multiset of tagged
real intervals, thus yielding a tagged barcode (see Section 2.3). After extending the
standard interleaving and bottleneck distances to this setting, we prove the isometry
theorem stating that the interleaving distance between two factored chain complexes is
equal to the bottleneck distance between their tagged barcodes (see Section 2.4). We give
general procedures that start from a chain complex with chosen bases and weights on them,
and constructs a factored chain complex (see Section 2.5). We prove stability for these
constructions, in the sense that, if we start from two isomorphic based chain complexes,
equipped with a generic set of weights, the corresponding factored chain complexes have
tagged barcodes whose bottleneck distance is a continuous function of the weights (see
Section 2.6).

In Chapter 3 we confine ourselves to gradient-like Morse-Smale vector fields on a
compact Riemannian manifold, to which we can assign a barcode of tagged intervals, using
our construction. In this case, the chain complex is the Morse complex and the weights
are given by the distances between singular points of the field. Interestingly, a genericity
condition on the weights is now needed, in the form of no two pairs of singular points
having the same distance, to guarantee the uniqueness of the resulting tagged barcode (cf.
Figure 3.3). This marks a key difference with the gradient case, where it is not needed.
We show that the map taking such a vector field to its tagged barcode is continuous, thus
proving stability (see Section 3.3). Moreover, two topologically equivalent vector fields
with isometric singular sets have the same barcode, thus yielding invariance. Thanks
to the generality of the approach, we can also apply it to combinatorial gradient-like
vector fields [25]. Our third contribution is that the tagged barcode of a smooth vector
field on a compact Riemannian manifold can be approximated arbitrarily well, in terms
of bottleneck distance, by the tagged barcodes of combinatorial vector fields defined on
sufficiently refined triangulations of the manifold (see Section 3.4). We exemplify how
to derive a barcode of tagged intervals for a scalar field f, when f is a Morse-Smale
function, starting from its usual Morse complex generated by critical points. In this case,
the weights are given by the differences in function values and the resulting tagged barcode
can be related to the classical persistence barcode of f (see Section 3.5).

In Chapter 4, we start examining Morse-Smale vector fields with closed orbits. First,
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we recall a method by Franks [27] to replace a closed orbit of index k by a pair of fixed
points of indices k£ and k£ + 1 via a local perturbation. Applying this to every closed
orbit, this yields a method of turning any Morse-Smale vector field into a gradient-like
Morse-Smale vector field. We present examples that showcase the fact that there is no
a priori canonical way of doing this replacement and that different choices can lead to
different gradient-like vector fields, for which the associated CW-decompositions or chain
complexes do not agree. In particular, this points out errors in [27] and [23]. We give an
alternative proof that the differential defined in [23] squares to zero in two dimensions.
The resulting homology may differ from the singular homology of the underlying manifold,
however. We also present a three-dimensional example, where the differential does not
square to zero. These difficulties motivate the use of a different strategy in the case with
closed orbits.

In Chapter 5, we present an original approach to assign a chain complex to a Morse-
Smale vector field. For this, we first recall some facts about Cech homology, spectral
sequences, and linear algebra (see Sections 5.1 to 5.3). We then consider the induced
filtration of the underlying manifold by unstable manifolds, to which we associate the
corresponding spectral sequence. The first page of this spectral sequence consists of the
relative Cech homology of adjacent steps of the filtration and we show that they can be
endowed with canonical bases corresponding to the fixed points and closed orbits of the
vector field (see Section 5.4). In the two-dimensional case, by rearranging the topological
information of the spectral sequence, we obtain a chain complex (see Sections 5.5 and 5.6).
Some important properties of this chain complex are listed in Theorem 5.28, namely that
the homology of the chain complex is isomorphic to the homology of the underlying
manifold, and the dimensions of the vector spaces can be obtained by summing the fixed
points and closed orbits of certain indices. From this chain complex we can derive the
Morse inequalities from [50] (Corollary 5.30). We also present a way to endow this chain
complex with bases in each degree. Finally, as a proof of concept, we write down the chain
complex explicitly with respect to these bases in two different examples of Morse-Smale
vector fields on the 2-sphere.

The results presented in this thesis are partially available as preprints on arXiv. The
content of Chapters 2 and 3 can be found in [2] and the content from Chapter 4 can be
found in [1].



Chapter 1

Preliminaries

In this section, we explain the necessary background material and fix our notation. We
provide either proofs or references for all results.

We use the convention that 0 is a natural number, i.e. N = {0,1,2,3,...}. We fix
an arbitrary field F. For specific examples we will use the choice F = Z/27. We denote
by [0, 00) the poset category of the totally ordered set of non-negative real numbers. We
will often use the symbol 1 to denote the identity. The symbol = is used to denote
isomorphisms in any category.

1.1 Parametrized objects

Parametrized objects are a generalization of persistence modules and have been described
in [10] under the name of generalized persistence modules. This setting is convenient for
us because it allows us to introduce some concepts in a higher generality so that we can
then apply them in the case of parametrized vector spaces and also parametrized chain
complexes.

Let C be a category. A parametrized object of C is a functor X : [0,00) — C. This
means that for all ¢ > 0 we have an object X' of C and for any pair s < t € [0, 00) we have
a morphism X*<t: X¢ — X' in C. These morphisms are called the internal morphisms
(or internal maps) of X. The functoriality translates to the conditions that X'<! is
the identity on X* and whenever 0 < r < s < ¢, then we have XSt = XSt o X7<s A
parametrized morphism ¢: X — Y between two parametrized objects X,Y of C is
a natural transformation of functors. This means that for all t > 0, ¢': X* — Y' is a
morphism in C and for s <t we have ! o Xt = Y5t o 8,

By Vect we denote the category of finite dimensional vector spaces and linear maps and
by Ch we denote the category of compact, non-negative chain complexes with coefficients
in IF, where a chain complex C, is called non-negative, if C; = 0 for i < 0, and compact,
if dim C; < oo for all ¢ and C; = 0 for all but finitely many . In this paper, we assume
all chain complexes to be compact, non-negative, and with field coefficients, so we will
usually omit these adjectives. We will only consider parametrized objects in the categories
Vect, where we talk about parametrized vector spaces and parametrized (linear) maps,
and Ch, where we talk about parametrized chain complexes and parametrized (chain)
maps.

Definition 1.1. Let X: [0,00) — C be a parametrized object of a category C. We say
that X is
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+ left-constant at ¢ € [0, 00), if either t = 0 or there exists a real number € > 0 such
that for all 0 < § < ¢, the internal map X* <! is an isomorphism,

» right-constant at ¢ € [0, 00), if there exists a real number £ > 0 such that for all
0 < § < ¢, the internal map X*<**7 is an isomorphism,

o tame, if X is right-constant at every t € [0, 00), and left-constant everywhere but
on a finite set.

e epimorphic, if all the internal maps are epimorphisms,
« monomorphic, if all the internal maps are monomorphisms.

We denote the category of parametrized objects and parametrized morphisms of C by
PC. We denote by TPC and TEPC the full subcategories of tame parametrized objects
and tame epimorphic parametrized objects, respectively. Note that a parametrized object
X is tame if and only if there exists a sequence

0:t0<t1<"'<tr<tr+1200

such that, for any ¢ = 0,...,r and t; < s < t < t;;1, the map X*S! is an isomorphism.
Since we are working mostly with the category of chain complexes, we introduce also
some shorter terminology for that case: We say filtered chain complex for a tame
monomorphic parametrized chain complex and factored chain complex for a tame
epimorphic parametrized chain complex. We note that of these two terms only the former
is well-established in the literature.

1.1.A The generalized interleaving distance.

The interleaving distance was originally introduced as a distance between persistence
modules [16], but was later generalized in various ways. Relevant for us is the case of
parametrized objects [11, 10]. We repeat the definition here.

Given a parametrized object X: [0,00) — C and ¢ > 0, we define its e-shift as
X, where (X.)! := X' and (X.)*s! := X*T*=*¢ Given a parametrized morphism
¢: X — Y, we define its e-shift as ¢.: X, — Y., where (¢.)! := ¢'*°. Given two
parametrized objects X,Y € PC, an e-interleaving between X and Y is a pair (¢,1)) of
parametrized morphisms ¢: X — Y, and ¢: Y — X, such that (. o ¢)! = XSt and
(¢ 0 1p)t = YISUF2 for all t > 0. If there exists an e-interleaving between X and Y we
say that X and Y are e-interleaved. Note that if § > ¢ and X and Y are e-interleaved,
than it follows that they are also d-interleaved. We say that X and Y are interleaved if
there exists a real number € > 0 such that X and Y are s-interleaved.

Given two parametrized objects X,Y € PC, their interleaving distance is defined
as

d;(X,Y) :=inf{e > 0| 3 e-interleaving between X and Y},

where we use the convention that inf() = co. The interleaving distance is an extended
pseudometric on PC and induces an extended metric on isomorphism classes of TPC as
can be seen by adapting the proof of [17, Proposition 5.3] or the arguments after [44,
Definition 3.3] by replacing the index set R by [0, 00) and vector spaces and linear maps
by objects and morphisms of C. See also [10] for a proof in the categorical setting.

6
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1.1.B The generalized bottleneck distance

Similar to the interleaving distance, also the bottleneck distance has been generalized
[39]. We give the basic definitions in large generality here but will later consider only two
special cases: Multisets of intervals for the barcodes of parametrized vector spaces, and
multisets of tagged intervals for the barcodes of factored chain complexes.

A multiset is a pair A = (A, m), where A is a set and m: A — N5 is a function.
For any element I € A, the value m(I) represents the multiplicity of I in A. Following
[4], we define the representation of A as the set

Rep(A) := {(I,k) € A x Noy | m(I) > k}.

Given a set S, we denote by Mult(.S) the set of all multisets (A, m) for which A C S. We
sometimes treat multisets on S as if they were sets and leave it to the reader to make the
necessary adjustments. Explicitly, this can usually be done by identifying all multisets
with their representations.

Assume that ¢: S xS — [0, 00| is an extended pseudometric on S and W: S — [0, <]
is a function on S, such that ¢ and W are compatible, which means that for all s, s5 € S
we have

[W(s1) = W(s2)| < c(s1,82).

Then we can define the corresponding bottleneck distance between multisets on S. Given
A, B € Mult(S), and identifying A, B with their representations, a matching between
them is a subset M C A x B such that for all I € A there is at most one J € B such
that (I,.JJ) € M and for all J’' € B there is at most one I’ € A such that (I’,J') € M. If
(I,J) € M, then we say that I and J are matched, all other elements of A and B are
called unmatched. The cost of the matching M is defined as

cost(M) := max{ sup c(I,J), sup W(I)} .

(I,J)em Ie€ AUB unmatched

Given € > 0, we call M an e-matching if cost(M) < e. The bottleneck distance
between A and B is defined as

dp(A, B) := inf{cost(M) | M C A x B is a matching}
= inf{e > 0 | 3 e-matching between A and B}.

Remark 1.2. If we are given a set S, an extended pseudometric c: S xS — [0, 00}, and a
function W: S — [0, oo], such that ¢ and W are compatible, then the bottleneck distance
dp is an extended pseudometric on Mult(.S).

1.1.C Parametrized vector spaces.

Now we review the structure theorem and the isometry theorem from persistent homology
in the language of parametrized vector spaces. This has two purposes. One is to motivate
the analogous results for factored chain complexes and the other is that we want to use the
results for parametrized vector spaces when proving the corresponding results for factored
chain complexes.

In TDA literature, parametrized vector spaces are usually called persistence mod-
ules. Often another totally ordered set is used instead of [0, c0). Popular choices are R, Z,

7
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N, or finite totally ordered sets. This choice of poset leads to small technical differences,
but the overall flavour of the resulting theory is the same.

In this paper, by an interval we always mean a half-open interval of non-negative
real numbers, i.e. a subset I C [0, 00) of the form I = [s,¢) for some 0 < s <t < co. We
denote the set of all intervals by Z. Now we define the interval functors in TPVect.

Definition 1.3. Given 0 < s < t < oo, we define the interval functor in TPVect,
denoted Fls,t), to be the parametrized vector space whose vector spaces and internal
maps are given by

Fls, )" F,its<r<t, Fs, 1)7<" Ip, it s <qg<r<t,
S, = . S, = .
0, otherwise, 0, otherwise.

We state the structure theorem in TPVect. A proof can be found in [44].

Theorem 1.4 (Structure theorem in TPVect). Any tame parametrized vector space V is
isomorphic to a finite direct sum of interval functors in TPVect, i.e. there exists a unique
finite multiset Bar = Bar(V') € Mult(Z) of intervals such that

Ve P Flstb).

[s,t)eBar
The multiset Bar is called the persistence barcode of V.

Let us now recall the isometry theorem in TPVect, which is another classical result
in TDA. For this, we first introduce the interleaving distance and the bottleneck distance
for tame parametrized vector spaces. The former is defined by applying the more general
definition given in Section 1.1.A above to the case of the category C = Vect. For the
latter, we want to apply the definition presented in Section 1.1.B. We thus need to define a
pseudometric and a weight function for multisets of intervals. Given two intervals I = [s, t)
and I' = [¢/,t), we define the cost of matching I to I’ as ¢(I,I') := max{|s—¢'|, [t—1'|}.
The weight of [ is defined as W(I) := 52. One can check that ¢ defines an extended
metric on multisets of intervals and that ¢ and W are compatible. We thus get a bottleneck
distance dg on multisets of intervals by Remark 1.2.

The following theorem is another classical result in TDA, a proof can be found in [44].
The inequality > was first shown in [16] and the inequality < was first shown in [37].

Theorem 1.5 (Isometry Theorem in TPVect). If V' and W are tame parametrized vector
spaces, then

d[(V, W) = dB(Bar(V), Bar(W))

1.2 Decomposition of chain complexes.

If we have not explicitly assigned a symbol to the differential in a chain complex C,, then

we write 9¢ for the differential in degree n. If the degree and/or the chain complex are

clear from the context, then we sometimes write only ¢ or 9, or even just O instead.
Given n > 1, the n-disk of Ch is the chain complex D" = (D7, 0,) with

F, if £k = -1 lp, if k=
Dp=<" ' 7‘z,n ’ and =14 " : ‘n, for all k € Z.
0, otherwise, 0, otherwise,
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Given n > 0, the n-sphere of Ch is defined as the chain complex S™ = (S7, d.) with

F, if k =
S};:{ . " and O, =0, forall keZ.

0, otherwise,

It is known (see e.g. [56]) that every chain complex X € Ch can be written as a finite
direct sum of disks and spheres in a unique way up to isomorphism, since we are working
with field coefficients. In particular,

o # of n-spheres = dim(H, (X)),
o # of n-disks = dim(im(9,: X,, = X,-1)).

Given a chain complex C, and a basis B = {b1,...,b,} for Cy_1, we denote by (-, -)
the scalar product on Cj_; induced by the basis B. If we are given an element a € Cj
and a basis element b; € B, writing (da, b;) # 0 hence means that da = A\1by + - - - + \.b,
with A; # 0, i.e. b; appears in the boundary of a. Given a vector space V and x € V, we
denote by Span(x) the linear subspace of V' generated by z.

Later, we will need the following result, whose proof is well-known (see, e.g., [35]).

Lemma 1.6. If C, is a chain complex and a € C,, with Oa # 0, then the sequence Cy of
linear maps

- — Chy1 —— C,/Span(a) —— C,_1/Span(da) —— Cp_g — -~

naturally induced by the differentials in C, is a chain complex in Ch. Moreover, there
exists an epimorphic chain map q: Cy — Cl,

- —— Chy > O »y Cppg ————— Cppg —— ++-

J | | J

- —— Cyhyy — €,/ Span(a) —— C,,_1/ Span(da) —— Cj_g —— -+,

where the vertical maps are either the identity maps or quotient maps. Moreover, assume
that we are given a basis By, for each Cy, such that a € B,,. Further, we are given b € B,,_;

such that X := (Qa,b) # 0. Then, defining
B,={ld]|d €B.\a}},  Bua={W][V €Bua\{b}},  Bi=DBi fork#nn—1,

yields bases By for the vector spaces Cy. If, for all k, we denote by M, the matriz that
represents 8,?: CE—> Cr_1 with respect to the bases By and By_1 and by M} the matriz
that represents (9,?: C — Ci_1 with respect to the bases By, and By_1, then:

(i) My = My, for k> n+2 and for k <n — 2.
(i) M1 is obtained from M, 1 by deleting the row corresponding to a € B,.

(iii) To obtain M, from M,, multiply the row of b by (Da, b>_1, and then subtract from
the row of every b € B,,_1, the row of b multiplied by (Da,t'). Finally, delete the
column corresponding to a € B,, and the row corresponding to b € B,,_1.

(iv) M,_y is obtained from M,_, by deleting the column corresponding to b € B,,_1.
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The proof consists of standard linear algebra arguments, but we include it for the sake
of completeness.

Proof. The chain complex D, defined by D,, = Span(a), D,_; = Span(da), and Dy =0
for k # n,n — 1, is a subcomplex of C,. The chain complex C, is equal to the quotient
chain complex C,/D, and the chain map ¢ is equal to the quotient map. It thus follows
from the general theory of chain complexes that C, is a chain complex and that ¢ is an
epimorphic chain map.

We now check that By, is a basis of C}, for all i. The only non-trivial cases are k = n
and k = n — 1. In both of these, the dimension of C}, is one less that the dimension of
C,, and also the size of B, is one less than the size of By, so it suffices to check that B,
generates all of C,. For this it remains to show that [a] € Span(B3,,) and [b] € Span(B,,_;).
The former is true because [a] = 0 in C,,. For the latter, assume that B, _; = {by,...,b,}
with b = b;. Then, since (Ja,b) # 0, we have da = A\1by+- - -+ \.b, with A; # 0. Therefore
0 =[0a] = M[bi] + - + A[by] and so [b;] = =X (Aa[ba] + - - - + Ao[by]) € Span(B,_y).

[t remains to prove the statements about the representation matrices. (i) holds because
in these cases, Cy = Cy, Cp_1 = Cy_1, By = By, Br_1 = Bj_1 and 95 = 9¢. (ii) follows
from elementary linear algebra arguments.

As for (ii7), note that replacing b by da in B,,_; yields a new basis B,,_, for C,,_;. The
matrix M/ that represents 95 with respect to B, and B!, can be obtained from M, by
dividing the row of b by (Ja, b) and then, for the row of every b’ € B,,_;, subtracting from
it (Oa,b’) times the row of b. Now, since B],_, contains da as a basis element, to obtain
the representation matrix of the induced map from C,/Span(a) to C,_;/Span(da) we
can just delete the column corresponding to a and the row corresponding to da.

To check (iv), we can consider the basis B],_; of C,_; again and denote by M/ _,
the matrix that represents 9 ; with respect to B/, ; and B,_,. This matrix can be
obtained from M,,_; by scaling the column in M, ; and adding to it scalar multiples
of other columns. Since d(0a) = 0, the column in M, _, corresponding to Oa is zero.
The matrix M,,_; can be obtained from M! | by deleting that column. Since all other
columns of M/ | agree with M,,_;, we can also obtain M, 4 directly from deleting the
column corresponding to b from M,, 1, which is what we wanted to show. O

Using the epimorphic chain map ¢: Cy — C, from Lemma 1.6, we get the following
result, the content of which is well-known as well (see e.g. [56, Section 1.4]). Again we
include a proof for the sake of completeness.

Lemma 1.7. Let Cy be a chain complex and let By, be a basis of Cy, for all k. Let a € B,
and b € B,,_1 such that X\ := (Oa,b) # 0. Then, there is a short exact sequence of chain
complexes

0 sy D" —- 5 Oy —2 O, > 0,

where ¢ is defined by mapping the generator 1, € D] to a € C,, and the generator
1,1 € D}, to da € C,,_1. Moreover, the sequence splits.

Proof. 1t is straightforward to check that ¢ is a monomorphic chain map whose image is
equal to ker(q), thus yielding a short exact sequence. To see that the sequence splits, we
define a left inverse ¢: Cy — D" as follows. Define ¢, = 0 for all & # n,n — 1. Define
Yp_1(b) = X7 1,1 and 1,1 (V') = 0 for all other basis elements &' € B,,_;, and extend

linearly to any C,,_;. For any o’ € B,,, let X' := (9d’,b) and define ¢, (a’) = )\T, -1,, extend
linearly to all of C,,. Direct calculations show that v is indeed a chain map and that ¢ o
is the identity on D". [
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1.3 Dynamical systems

We introduce some concepts from dynamical systems that we are going to use, see e.g.
[45] or [52] for more details. Given a closed smooth manifold M, we denote by X(M)
the set of smooth vector fields on M. By X!'(M) we denote the topological space with
underlying set X(M) endowed with the Whitney C'-topology.

In this section, we fix a vector field v € X(M) and consider the dynamics of the flow
generated by v. We define everything with a subscpript v, but this might be dropped in
cases where it is clear from the context which vector field we are considering. We write
¢p: R x M — M for the corresponding flow. The flow satisfies

Du(S, Pu(t, p)) = du(s +1,p), ¢(0,p) =p  and % bu(t, p) = v(p)
t=0

for all p € M and is uniquely determined by these properties. We will sometimes write

¢! (p) instead of ¢,(t,p), especially when we want to fix a value of ¢ and consider the

resulting map ¢! : M — M. Note that in the third equation above, the opposite is done,

namely a value for p is fixed, so that we get a map R — M, to which we can apply %.
Given any point p € M, the orbit of p (w.r.t. v) is the set

O,(p) == (R, p) = {du(t,p) | t € R}.

A fixed point (also called singular point or rest point) of v is a point p € M such that
Ou(t,p) = p for all t € R, i.e. O,(p) = {p}. This is equivalent to v(p) = 0. A periodic
point of v is a point p € M which is not a fixed point such that there exists T" > 0 with
¢o(T, p) = p. The smallest such T is called the period of p. The orbit of a periodic point
is called a closed orbit (or periodic orbit). One can check that all points on the same
closed orbit have the same period. We denote by Fix(v) the set of all fixed points of v and
by Orb(v) the set of all closed orbits of v. Moreover, we define Sing(v) := Fix(v) U Orb(v)
and call its elements the singular elements of v.

Definition 1.8. The a-limit set and the w-limit set of p (w.r.t. v) are defined as

ay(p) == ﬂ du((—00,t],p) = {qg € M | 3 sequence t; — —oo with ¢,(t;,p) — ¢},
—oo<t<0

wo(p) =[] u([t,00),p) = {q € M | 3 sequence t; — oo with ¢, (t;,p) = q}.
0<t<oo

A subset A C M is called ¢,-invariant if ¢, (¢, A) = A for all £ € R. The orbit of any
point p € M is a ¢,-invariant subset of M.

Proposition 1.9 (Proposition 1.4 of [45]). Let p € M. Then a,(p) and w,(p) are non-
empty, closed, connected and ¢,-invariant subsets of M.

Definition 1.10. A point p € M is called chain-recurrent (w.r.t. v) if for all 7' > 0 and
e > 0 there exist xg, z1,..., T, € M, with xqg = x,,, = p, such that foralli =0,...,m—1
there exists t; > T with dp(¢(t;, x;), xi11) < €.

Remark 1.11. If p € M is either a fixed or periodic point, then p is chain-recurrent.

11
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Definition 1.12. Given a fixed point p of v, its stable manifold and its unstable
manifold are defined by

Wip) ={q€ M| ¢,(t,q) > past— oo}t ={q€ M |w,(q) =p},
Wi(p) :={q€ M| ¢(t,q) =+ past— —oo} ={qg € M| a,(q) =p}.

Given a closed orbit v of v, we define its stable manifold and its unstable manifold
are defined by

Wi () :={q € M | 3p € v such that dp(¢,(t,p), du(t,q)) — 0 as t — oo},
Wi(y) :=={q € M | 3p € v such that dp(dy(t,p), du(t,q)) = 0 as t — —oo}.

Definition 1.13. A set A C M is called hyperbolic (w.r.t. v) if there exist two subbun-
dles E*, E* C TxM such that

o T,M = (v(p)) ® E; ® E} for all p € A,
e there exist 0 < A < 1 and C' > 0 such that for all p € A and t > 0 we have
[Dgy(p)a|| < CXN[lzf  and  |[Dey (p)y]| < CN iyl

where z € £ and y € EJ and the norms are taken with respect to some Riemannian
metric. Due to compactness of M, the definition is independent of this choice.

The two subbundles £® and E" are uniquely determined. The dimension of E* is called

the index of A and denoted by ind,(A).

In this paper we only consider the case where A is either a fixed point or a closed orbit
of v. For a proof of the following theorem see [52] and the references therein.

Theorem 1.14. The stable and unstable manifolds of hyperbolic fixed points and hyperbolic
closed orbits are injectively immersed submanifolds of M.

1.3.A Morse-Smale vector fields

We now give the definition of a Morse-Smale vector field. We restrict ourselves to these
vetor fields, for two reasons. The first one is that the toplogical structure they induce
on a manifold is simpler than for general vector fields, which allows us to apply different
methods. They are also structurally stable, meaning that they are indifferent to small
perturbations (see Theorem 1.17 below). Finally, in two dimensions, Morse-Smale vector
fields form a dense subset of the set of all vector fields [46].

Two injectively immersed submanifolds K, N C M are said to intersect transver-
sally, if for every point p € K N N we have T,M = T,K + T,,N. Note that if dim(K) +
dim(N) < dim(M), then K and N intersect transversally if and only if K N N = ().

Definition 1.15. A vector field v € X(M) is called a Morse-Smale vector field, if it
satisfies the following conditions:

(i) The set of chain-recurrent points consists of finitely many fixed points and closed
orbits, all of which are hyperbolic.

(ii) The stable and unstable manifolds of fixed points and closed orbits intersect transver-
sally.

12
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We call a Morse-Smale vector field gradient-like if it has no closed orbits. We denote
by Xas(M) the set of Morse-Smale vector fields on M, and by X us(M) the set of
gradient-like Morse-Smale vector fields.

Hyperbolic fixed points and hyperbolic closed orbits are isolated. Thus, on a closed
manifold, we could drop the condition that there are only finitely many fixed points thanks
to compactness.

Given a Morse-Smale vector field v € X 55(M), all of its singular elements have a well-
defined index, so we can decompose the set of fixed points and closed orbits accordingly.
We write Fixy(v) for the set of fixed points of index k& and Orb(v) for the set of closed
orbits of index k. If dim(M) = m, then we get decompositions of the set of fixed points
and the set of closed orbits,

Fix(v) = |_| Fixy(v) and Orb(v) = |;| Orbg(v).

Remark 1.16. Note that a gradient-like Morse-Smale vector field is not necessarily the
gradient of a function. Some authors say that a vector field v is gradient-like with respect
to a function f if Fix(v) = Crit(f) and Df(p)[v(p)] < 0 for all p € M \ Fix(v). Note
that such a function f is not unique. With respect to any Riemannian metric on M this
is equivalent to (v(p), =V f(p)) > 0, i.e. the vector fields v and —V f point in the same
half-space. Such a function indeed exists for every gradient-like Morse-Smale vector field
(see [51]), but v is not guaranteed to coincide with the gradient of any such f.

Two vector fields v, w € X(M) are topologically equivalent if there exists a home-
omorphism h: M — M that maps the orbits of v to the orbits of w, preserving their
orientations. The homeomorphism A is called a topological equivalence between v
and w. A vector field v € X(M) is structurally stable, if for every £ > 0 there exists
a neighbourhood N of v in X'(M) such that for all w € N there exists a topological
equivalence ¢: M — M between v and w such that dy;(p, ¢(p)) < e for all p € M.

The following result basically follows from [48]. Since there it is written in a slightly
different form, we include a proof in which we explain how to adapt that proof.

Theorem 1.17. Morse-Smale vector fields are structurally stable.

Proof. Note that any Morse-Smale vector field satisfies Axiom A and the strong transver-
sality condition, so we can apply the results from [48]. By numbers in brackets we mean
the corresponding statements in [48]. Definitions for undefined terms can be found there.

By (1.6) the vector field v is infinitesimally stable, so we can apply (1.5), which implies
that v is structurally semistable. This means that we can find a neighbourhood N of v
such that all w € N are semiconjugate to v. The semiconjugacy is a continuous map
h: M — M, which is onto, but may not be a homeomorphism. It is given by h = exp(u),
where u is some vector field on M.

Moreover, using that v is of class C2, it follows that for any § > 0, we can choose the
neighbourhood N small enough, such that the vector field u has norm smaller than 4.
The norm used on u is based on a choice, but we can choose the supremum norm induced
by the Riemannian metric.

If we choose § smaller than the injectivity radius of M, then for h = exp(u) it holds
that dps(z, h(z)) = |u(x)|. Thus, it follows that h moves points less than §. This concludes
the proof. Il

13
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1.3.B The smooth Morse complex

The main theorem of Morse theory states that if we have a Morse function f: M — R,
then M is homotopy equivalent to a CW complex with one k-cell for each critical point
of f of index k. The proof uses the flow of the negative gradient vector field —V f. The
idea of Morse homology is to make the connection between the flowlines of —V f and
the topology of M more explicit by constructing a chain complex C, whose vector space
in degree k is generated by the critical points of f (i.e. zeroes of —V f of index k) and
whose differential can be computed by counting certain flowlines of —V f, such that the
homology of that chain complex is the homology of M.

The construction can be extended to gradient-like vector fields, as we show in the
following. We give this definition only in the case of F = Z/27Z, in order to reduce the
amount of technicalities. Everything we do is also possible with coefficients in an arbitrary
field, see e.g. [3] or [49].

Definition 1.18. If v € X(M) is a gradient-like Morse-Smale vector field, then the asso-
ciated smooth Morse complex MC,(v) € Ch (Morse complex, for brevity) is defined
as follows:

1. For k > 0, MCg(v) is the free F-vector space generated by the fixed points of index
k of v.

2. The boundary operator 9: MCy(v) — MCy_1(v) is defined by counting the flowlines
between fixed points of adjecent index (mod 2). Explicitly, for all p € Fixg(v) define

op)= >, apa-q

q€Fixy_1(v)

where a(p, q) is the number of flowlines from p to ¢ (mod 2), i.e. the number of
connected components of W*(p) N W#(q) (mod 2).

What we call the Morse complex here is sometimes called Morse-Smale-Witten com-
plex (e.g. in [3]) or Thom-Smale complex (e.g. in [31]). Standard references for this
include [3] and [49]. See also [8] for the historical development and [30] for a beginner-
friendly introduction with some explicit examples.

Since a Morse-Smale vector field v has only finitely many fixed points, MCy(v) is a
finite-dimensional vector space for all k. Also MCy(v) =0 for £ < 0 and k& > dim(M). In
order to see that the boundary operator 0 is well-defined, observe that, by compactness,
for any two fixed points p and ¢ with ind,(p) = ind,(q) + 1, there can exist only finitely
many flowlines from p to ¢.

Lemma 1.19. If v,w € X s(M), then a topological equivalence h: M — M between v
and w induces an isomorphism between MCq(v) and MCq(w).

Proof. A topological equivalence h between v and w establishes a bijection between the
fixed points of v and the fixed points of w, respecting the indices. This induces bijections
Fixg(v) — Fixg(w) and thus isomorphisms MCy(v) — MCy(w) for all k. Moreover, h
maps the stable and unstable manifolds of any fixed point p of v to the stable and unstable
manifolds of the corresponding fixed point h(p) of w. Therefore a(p,q) = a(h(p), h(q))
for any pair (p, q) € Fixg(v) x Fixg_1(v) and thus the isomorphisms MCy(v) — MCy(w)
commute with the boundary operators in MC,(v) and MC,(w), so we get an isomorphism
of chain complexes. [
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The usual result that the differential squares to zero in the Morse complex of a Morse-

Smale function can be transferred to the Morse complex for gradient Morse-Smale vector
fields.

Theorem 1.20. Let v € X(M) be a gradient-like Morse-Smale vector field. Then
(MC,(v),0) is a chain complez, i.e. 3> = 0. Moreover, the homology of this chain
complex is isomorphic to the singular homology of M.

Proof. If v is the gradient of a Morse-Smale function f: M — R with respect to some
Riemannian metric on M, then we refer to [3] for a proof. In order to reduce to that
case when v is gradient-like, note that by combining Lemma 2 from [43] and Theorem B
from [51], there exists a function f: M — R which is Morse-Smale with respect to some
Riemannian metric and v is topologically equivalent to —V f. Since the result holds for
—V f, it also holds for v by Lemma 1.19. O

Later we will parametrize this chain complex. In other words, given a gradient-like
Morse-Smale vector field v € X(M), we will construct a factored chain complex X (v),
such that X (v)? = MC,(v). We will do this by applying algebraic simplifications to the
Morse complex of v.

1.3.C The combinatorial Morse complex

Discrete Morse theory has been introduced by Forman in [26, 25], transferring many
definitions and results from the smooth to the combinatorial setting, also the Morse
complex. Let us start by recalling some basic definitions. Given a simplicial complex
K, a combinatorial vector field on K is a function V: K — K U {0} satisfying the
following conditions:

o for all 0 € K: either V(o) =0 or dimV(¢) = dimo + 1 and o is a face of V(0),
« V(V(9)) =0,
o V(o) <1foralloe K.

Cells 0 € K with V(o) = 0 and V(o) = () are called critical cells for V. We write
Crit(V) for the set of all critical cells. We denote by X(K) the set of all combinatorial
vector fields on K. If V is a combinatorial vector field on K, then, following [31], a V-path
of dimension £ is a sequence g, 01, . .., 0, of k-simplices, such that o; # 0;,1 and g;,1 is
a hyperface of V(o;) foralli = 0,...,r—1. If r = 0, then this V-path is called stationary
and if o, = 0y, then it is called closed. See [31] for more details. A combinatorial vector
field V' with no closed non-stationary V-paths is called gradient-like. We denote by
X,(K) the set of all gradient-like combinatorial vector fields on K.

Definition 1.21. If V € X,(K) is a gradient-like combinatorial vector field on a simpli-
cial complex K, then the associated combinatorial Morse complex MC,(V) € Ch is
defined as follows:

1. For k > 0, MCy(V) is the F-vector space generated by the critical k-cells of V.

2. The boundary operator 9: MCy(V) — MCj,_1(V) is defined by counting (mod 2)
the number of V-paths between each pair of critical cells of indices k and k£ — 1.

We refer to [31] for a proof that this is indeed a chain complex (called under the
different name of a Thom-Smale complex) and that the homology of this chain complex
is isomorphic to the simplicial homology of K.
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1.3.D Relating the smooth and combinatorial Morse complexes

In order to prove our combinatorial approximation result in Section 3.4, we rely on two
known results. The first one says that, given a gradient-like Morse-Smale vector field, one
can construct a combinatorial vector field on a triangulation of the manifold, so that the
Morse complexes of these vector fields are isomorphic.

If M is a smooth manifold, then a triangulation of M is a pair (M’,¢), where
M’ is a simplicial complex and ¢: |M'| — M is a homeomorphism from the geometric
realization of M’ to M. A triangulated manifold is a triple (M, M’, ¢), where M is a
smooth manifold and (M’, ¢) is a triangulation of M. We say triangulated Riemannian
manifold if M is endowed with a Riemannian metric. The following result is proven by
Gallais in [31], with a small gap filled by Benedetti in [5].

Theorem 1.22. Let M be a smooth closed oriented Riemannian manifold and let v €
Xgms(M). Then there exists a triangulation (M', ¢) of M and a gradient-like combinato-
rial vector field V € X,(M') such that

(1) For every k there exists a bijection between the fized points of v of index k and the
critical cells of V' of dimension k. If p € Fix(v) corresponds to o € Crit(V'), then p
lies in the geometric realization of the corresponding critical cell, i.e. p € ¢(|o]).

(i) For a pair (p,q) of fized points of v of index k+1 and k and the corresponding critical
cells (1,0) of V we have a bijection between flow lines from p to q and V -paths from
a hyperface of T to o.

(#3i) The bijection from (i) induces an isomorphism MC,(v) = MC, (V).

The second result states that if we are given a combinatorial vector field on some sim-
plicial complex, then we can construct a new combinatorial vector field on the barycentric
subdivision, such that the two Morse complexes are isomorphic.

Given a simplicial complex K, we denote by A(K) its barycentric subdivision. The k-
simplices of A(K) correspond to chains of length k+1 0g C - - - C oy, of simplices in K. We
write A”(K) for the nth iteration. Assume that moreover we are given V € X(K) and for
every critical k-cell o of V' we have chosen a k-cell of A(K) that lies in 0. Then it is shown
by Zhukova in [58] that V" and these choices of cells induce a combinatorial vector field on
A(K) in a canonical way. We denote this combinatorial vector field by A(V) € X(A(K)),
hiding the dependence on the choices of cells from the notation. Equivalently, the choice
upon which A(V') depends amounts to choosing an ordering of the vertices of each critical
simplex of V. The following result from [58] lists some of the properties of A(V').

Theorem 1.23. Let K be a simplicial complex and V € X,(K). Assume we have chosen
an ordering of the vertices of every critical cell of V' (and thus A(V) is defined). Then

(i) A(V) € X,(A(K)), i.e. there are no closed non-stationary A(V)-paths.

(13) The critical simplices of A(V') are exactly the chosen ones. This yields a bijection
between the critical k-cells of V' and the critical k-cells of A(V') for all k.

(1ii) There is a one-to-one correspondence between gradient paths (see [58] for the defi-
nition) of V. and of A(V'), respecting the bijections from (ii).

In particular, the bijections from (i) yield an isomorphism MC,(V) =2 MC,(A(V)).
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Chapter 2

Factored chain complexes

In this section we develop the general theory of tame epimorphic parametrized chain
complexes, i.e. factored chain complexes. Many of the results are analogous to the case
of tame parametrized vector spaces, i.e. persistence modules.

We start by a classification of the chain maps between disks and spheres in Ch,
which are the simplest chain complexes. This will help us describe the simplest pos-
sible parametrized chain complexes and parametrized chain maps between them. Note
that in the category Ch, an epimorphism is a chain map that is surjective in every degree.

Proposition 2.1. Any non-zero chain map between disks and/or spheres in Ch is a scalar
multiple of one of the following maps:

(1) The identity 1pn: D™ — D™. This map is an epimorphism.

) The identity 1gn: S™ — S™. This map is an epimorphism.

(i11) The inclusion «™: S™ < D"1. This map is not an epimorphism.
)

The chain map ®": D™ — D" which is the identity in degree n and zero in all
other degrees. This map is not an epimorphism.

(v) The chain map ¥": D™ — S™, which is the identity in degree n and zero in all other
degrees. This map is an epimorphism.

Proof. Non-zero chain maps can only exist between disks and spheres that are non-zero
in at least one common degree. This leaves us with the possible options D" — D™,
S — §n §n — pntl pn o pntlopnoy gnopno—y Snl o 8n s D and DY — D™
The last three options are in fact not possible, which can be checked by hand. The
other five options are all possible and correspond to the chain maps listed above. Since
all the involved vector spaces are one-dimensional, these are the only possibilities up to
scalar multiplication. The identity maps on D™ and S™ are isomorphisms and therefore
in particular epimorphisms. The chain map W™ is surjective in degree n, which is the only
degree where S™ is non-zero, so it is an epimorphism. The chain maps " and W™ both
fail to be surjective in the degree n + 1 and are thus not epimorphisms. ]

This is what the chain map ¥": D™ — S™ looks like:

D" > 0 > [ > [ > 0 >
[ | A A
Sn s 0 s s 0 s 0 5
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CHAPTER 2. FACTORED CHAIN COMPLEXES

We use the convention that linear maps ' — I in any diagram are always assumed to be
the identity map, if not stated otherwise.

2.1 Interval functors in TEPCh

In this section, we start to develop the general theory of functors in TEPCh, i.e. the
category of tame epimorphic parametrized chain complexes, called factored chain com-
plexes for short (see Section 1.1 for the relevant definitions). We describe the simplest
possible factored chain complexes, which turn out to be the building blocks for all other
factored chain complexes. Analogously to how the simplest parametrized vector spaces
are characterized by intervals, these factored chain complexes are characterized by tagged
intervals, which are intervals with an additional choice of one point. This point marks
the time of collapsing from a disk to a sphere.

Definition 2.2. A tagged interval is a tuple consisting of a real interval [0, ), where
0 <t < o0, together with a distinguished point s € [0,¢]. We denote this tagged interval
also by [0, s,t). We write J for the set of all tagged intervals.

Definition 2.3. Let n € N and [0, s,¢) € J. In the case n = 0 we additionally assume
that s = 0. Then we define the interval functor Z"[0, s,t) in TEPCh by

Tpn, if0<g<r<s,
U if 0 <g<s<r<t,
Ign, if s <qg<r<t,

D" if 0 <r<s,
(Z"[0,s, )" ={ S", if s<r<t, and (I"0,s,1))7" =

0, otherwise, 0, otherwise

Note that the interval functor Z"[0, s, t) is non-zero on [0,¢) in degree n and on [0, s)
in degree n — 1, hence one may think of the tagged interval [0, s,t) as representing the
pair [0,s) C [0,1).

The following diagram shows a diagrammatic depiction of the interval functor Z"[0, s, t)
in TEPCh, where chain complexes are drawn as columns.

0 s t
{ { { { {

0 > > 0 > 0 b > 0 > 0 >
{ { { { {

n F > > F > F b > [ > 0 >
l { { l l

n—1 F > > F > 0 > > 0 > 0 >
l l l l l

0 > > 0 > 0 b > 0 > 0 >
{ { { { {

For a pictorial representation of Z?[0, 0, c0), Z*[0,1,1) and Z°[0,0, 0o), see Figure 3.1
(right). We now prove some results describing parametrized chain maps between different

18
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interval functors in TEPCh. This will later be useful for the structure theorem. We
introduce a notation that will be convenient in many proofs and make statements more
readable: For X € TPCh, a € X? and t > s, we write a' := X=!(a) € X!. Moreover,
we use the convention that X2° denotes the zero chain complex, so that X*=* is the zero
map for all 0 < s < oo and n € N.

Lemma 2.4. Let [0,s,t) € J, let 1,, € I"(0, s,t)° be a generator of F and let X € PCh
be any parametrized chain complex. Then,

Hom(Z"[0, 5,t), X) = ker(X°S) Nker(X'=5 0 %) C X0,
where the isomorphism is given by ¢ — ©°(1,).

Proof. Assigning ¢ — ¢0(1,,) yields a linear map Hom(Z"[0, s,t), X) — X9, so it suffices
to check that this map is injective and has image ker(X%=<*) N ker(X°=$ o 80)

For injectivity, note that every non-zero element x € Z"(0, s,t)}, is a scalar multiple of
either 17 or 917, under the internal maps. Therefore, if ¢©2(1,,) = 0, then also ¢ = 0.

To show that the image is contained in ker(X°<!) Nker(X =% o 80) note that 915 =0
and 1!, = 0, thus if ¢: Z"[0, s,t) — X is any parametrized chain map with ¢%(1,,) = a,
then

Xn21(0na) = X,Z10upn(10)) = X210 _1(0n10)) = 95,21 (913) = 5,_4(0) = 0

n

and
Xn='(a) = Xp=(on(1n) = ¢, (1) = ¢,(0) = 0,
hence a € ker(X2<) Nker(X.=% 0 99).

On the other hand, if a € ker(X?<*)Nker(X=$09?), then we can define a parametrized
chain map ¢: Z"[0, s, t) — X explicitly by defining

S(1n) =" and @_,(dL]) = od,

and then extending linearly to all of Z"[0, s,¢). This is enough since the elements 17 and
017 are generators. This is well-defined because da® = 0 and a' = 0 and thus yields
¢ € Hom(Z"[0,s,t), X) with ©9(1,,) = a. O

Lemma 2.5. Let n,m € N and [0, s,t),[0,s',t') € J. Then
F, ifm=nands>s, t>1,
Hom(Z"(0,s,t),Z™[0,s,t') 2 <F, ifm=n+1andt>s >0,
0, otherwise.

Proof. For X =7™|0,s,t") we have

F, ifm=mnandt>",
, ifm=n+1landt>s >0, and

0, otherwise,

I
=

ker(X?2=)

F, ifm=mnands>s,
F, ifm=n+1ands >0,
0

otherwise.

2

ker(X055 0 )

By using Lemma 2.4 and intersecting the two kernels, the result follows. [
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CHAPTER 2. FACTORED CHAIN COMPLEXES

Proposition 2.6. Interval functors "0, s,t) are indecomposable in TEPCh.

Proof. Consider a decomposable factored chain complex X € TEPCh, ie. X =Y & Z
for Y, Z € TEPCh nonzero. If we denote by ¢ and i the projections on the first and
second summand, then these are two nonzero elements of End(X) none of which is a
scalar multiple of the other, so End(X) 2 F. However, it follows from Lemma 2.5 that
End(Z"[0,s,t)) = F, so "0, s, t) must be indecomposable. O

2.2 Parametrized vector spaces induced from para-
metrized chain complexes

Given a parametrized chain complex X, we present two important ways how we can
construct parametrized vector spaces from X. One is by taking homology and the other
considers the image of the differential in X. If X is tame and epimorphic, then the two
of them together in some sense contain all the information about X, as we will see later.

Given a chain complex C,, we denote by H,(C,) the homology of C, in degree n with
coefficients in F.

Definition 2.7. If X: [0,00) — Ch is a parametrized chain complex, its n-homology is
the parametrized vector space H,(X): [0,00) — Vect, defined by

* Hn(X)t = Hn(Xt)a
o H,(X)*st:= H,(X°*s).

Given a parametrized chain map ¢: X — Y, we define the parametrized linear map

H,(p): H,(X) — H,(Y) by

o Hy(p)' = Hu(¢").

Definition 2.8. If X : [0,00) — Ch is a parametrized chain complex, its n-boundary is
the parametrized vector space 9,(X): [0,00) — Vect, defined by

o Ou(X)t:=im(9X") C X},

n—1»
o 9n(X)*= = X0 1o, x)0

Given a parametrized chain map ¢: X — Y, we define the parametrized linear map
On(p): On(X) = On(Y) by
© Ou(p)" = ¢'lo,x0)-

Remark 2.9. There are functors H,,, 0,,: Ch — Vect, such that for all X € PCh we have
H,(X)=H,oX and 0,(X) = 0, o X. From this it follows, that H,(X),0,(X) € PVect
and moreover, the assignments X — H, (X) and X +— 0,(X) are functors PCh — PVect.
Explicitly, this functoriality means that H,, and 0, have the following properties.

(i) If X € PCh, then H,(X),0,(X) € PVect.

(13) If ¢: X — Y is a parametrized chain map, then H,(p): H,(X) — H,(Y) and
On(©): On(X) = 0,(Y) are parametrized linear maps.
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(i17) Identity morphisms get mapped to identity morphisms, i.e. H,(1x) = 1p,(x) and
On(1x) = 15,(x) for all X € PCh.

(iw) If ¢: Y — Z is another parametrized chain map, then H, (1 o ¢) = H, () o H, ()
and O, (1) 0 @) = 9n(¥) © On(¢p).

(v) If X =Y in PCh, then H,(X) = H,(Y) and 9,(X) = 0,(Y) in PVect.

2.3 The structure theorem for factored chain com-
plexes

In this section we study decompositions of factored chain complexes and prove the struc-
ture theorem. This result is analogous to the structure theorem for persistence modules
Theorem 2.17, but even more so to the decomposition result for filtered chain complexes
given in [13]. In fact, it would be possible to derive our structure theorem from the latter
using a duality argument. We refrain to do so, on one hand for self-containment, and on
the other hand because a direct argument seems to give more insight why the statement
is true.

Let X be a parametrized chain complex. A parametrized subcomplex of X is a
parametrized chain complex Y such that Y is a subcomplex of X! for all ¢ and the internal
maps in Y are given by the restrictions of the internal maps in X. We write Y C X.
Given parametrized chain complexes X, Y, their direct sum X @ Y is the parametrized
chain complex defined by (X ®Y)! := X'® Y and (X @Y)*St := XSt Y*=t. The direct
sum between any finite number of parametrized chain complexes is defined analogously.

One can check that if X,Y are parametrized chain complexes, then X @Y is again a
parametrized chain complex. Since the direct sum of epimorphisms is an epimorphism, it
follows that the direct sum of epimorphic parametrized chain complexes is again epimor-
phic. Also if X and Y are both tame, then also X @Y is tame. Note that the set where
X @Y fails to be left-constant is the union of the corresponding sets for X and Y. All
of these arguments continue to hold when we pass to direct sums of arbitrary (but still
finite) size. To summarize, we can say that the categories PCh, EPCh, and TEPCh are
closed under finite direct sums.

Lemma 2.10. Let X be a parametrized chain complex and let Y C X with'Y epimorphic.
(i) If X*=t is an isomorphism, then also Y*St is an isomorphism.

)
(13) If X is right-constant at t € [0,00), then Y is also right-constant at t.
(i13) If X is left-constant at t € [0,00), then Y is also left-constant at t.

(iv)
Proof. The statement (i) follows from the fact that the restriction of an injective chain
map to a subcomplex is again injective. The statements (ii) and (¢iz) follow from (7). In
order to show (iv), we need to show that under the given assumptions, Y is tame. We
know that X is tame, i.e. right-constant everywhere and left-constant everywhere but on
a finite set of points. By (i), also Y is right-constant everywhere and by (iii), Y can fail

to be left-constant only at points where also X fails to be left-constant, thus also only on
a finite set of points. It follows that also Y is tame and thus Y € TEPCh. [

If X € TEPCh, then also Y € TEPCh.
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CHAPTER 2. FACTORED CHAIN COMPLEXES

Now we prove some properties of the functors H,,,0,,: TEPCh — TPVect. In words,
we show that both H,, and 0, preserve tameness and direct sums, while 0, additionally
preserves the property of being epimorphic. Applying H, or 0, to interval functors in
TEPCh yields interval functors in TPVect.

Proposition 2.11. Let X be a parametrized chain complex.

(1) If X is tame, then both H,(X) and 0,(X) are tame.

If X=Y&Z, then H,(X)=H,(Y)® H,(Z) and 0,(X) = 0,(Y) & 0,(2).

)
(13) If X is epimorphic, then 0,(X) is epimorphic.
(434)

)

(iv) Interval functors in TEPCh induce interval functors in TPVect in the following
way, where we use the convention that F[t,t) =0 for any t.

Fls,t) if k =n,
0 if k #n,

F[0,s) ifk=mn,

Hk(In[O, S7t>) = { 0 if k 7§ n.

and  Ox(Z"]0,s,t)) = {

Proof. To see that (i) holds, note that if X< is an isomorphism of chain complexes, then
both H,(X*<t) and the restriction of X°=! to 9,(X?) are isomorphisms of vector spaces.

To show (i4), let b € 9,(X!) C X! ,. Then b = da for some a € X!. Since X*=! is an
epimorphism, there exists @/ € X? with X*<*(a’) = a. Thus we have b = X~ (da’). This
shows that the internal map 9,(X)*<! is an epimorphism for any s <t € [0, 00).

It follows from standard arguments in homological algebra that homology and bound-
ary both preserve direct sums. This proves (7).

In order to show (iv), note that for the n-disk D" and the n-sphere S™ in Ch it holds
that

F, if k=
Hy(D") = 0, for all k, Hy(smy =4 "
0, if k # n,

F, if k =n,

' Oe(S™) =0, for all k.
0, if &k #£ n,

Oe(D") = {
From this and the fact that both homology and the boundary map the identity to the
identity, (iv) follows. O

We introduce a new notation for the parametrized subcomplex induced by a single
element. Note that by applying Lemma 2.4 in the case s =t = 0o, we get an isomorphism

Hom(Z"[0, 00, 00), X) —» XU.
Denote the inverse of this isomorphism by ®: X° — Hom(Z"[0, 0o, 00), X).

Definition 2.12. Let X € PCh and a € X. Then we define the parametrized subcom-
plex (a) of X as the image of the parametrized chain map ®(a): Z"[0, 00, 00) — X.

Explicitly, this means that for ¢ € [0, 00), the parametrized chain complex (a)! is given
by

(a), = Span(X;="(a)),  (a)p_y = Span(X;51(9a)),  (a)p=0ifk#nn—1.
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2.3. THE STRUCTURE THEOREM FOR FACTORED CHAIN COMPLEXES

The differential in degree n is given by the restriction of the differential 9% " X — Xt
all the other differentials are zero. The internal maps (a)*<* are given by the restrictions
of the internal maps of X. Note that the dependence of (a) from X is hidden from the
notation. Alternatively, (a) can be characterized as the smallest parametrized subcomplex
of X containing a.

Given a parametrized chain complex X and an element a € X?, we define its death
time as d(a) := inf{s > 0 | X?<%(a) = 0}. We also say that a dies at time d(a). We
start by observing some properties of death times that will be useful later.

Lemma 2.13. Consider a parametrized chain complex X € PCh, elements aq,...,a €
X0 and scalars My, ..., \, € TF.

(i) d(May + -+ Aag) < max{d(a;) | \; # 0}.
(ii) If d(ay),...,d(ay) are distinct, then d(M\ay + -+ + Apax) = max{d(a;) | \; # 0}.

(7ii) If d(ay),...,d(ax) are distinct and none of them is zero, then ay, ..., ay are linearly
independent.

Proof. The inequality in (i) holds simply because if s > d(a;) for all i, then

Xp=*(Mar + - 4 Apag) = Aai + -+ + Apag, = 0.

For (ii), assume now that the death times are all distinct. Without loss of generality
assume that d(a;) < --- < d(ay), with A\ # 0. Then, for any d(ax_1) < s < d(ax), we
have XUS*(A\jay + - - - + Mpag) = Meai # 0. This shows that d(Aa; + - -+ + Apag) > d(ag).

Finally, for (éii), assume by contradiction that as, ..., a are linearly dependent, i.e.
there exists ¢ such that we can write a; as a linear combination of the other a;. Then, by
(i), the death time of a; is among the death times of the other a;, contradicting the fact
that they are k distinct values. [

We now show that the parametrized subcomplex (a) generated by an element a € X?
is always isomorphic to an interval functor in TEPCh. Note that we do not have to
assume that X is epimorphic for this.

Proposition 2.14. Let X be a parametrized chain complex and let 0 # a € X°. If X is
right-constant at s := d(0a) and at t := d(a), then {(a) is isomorphic to I"[0,s,t), with
t > 0. In particular, {(a) is a factored chain complez.

Proof. Since X is right-constant at s and ¢, it follows that X =$(da) = 0 and X°<*(a) = 0.
Therefore, by Lemma 2.4, there exists a parametrized chain map ¢: Z"[0, s,t) — X with
¢%(1,) = a. One can check that the image of ¢ is precisely (a) and that ¢}, is injective for
all r and k. Therefore, it follows that ¢ is an isomorphism from Z"[0, s,t) to (a). Note
that t > 0, because otherwise a = 0 would follow, since X is right-constant at ¢. [

We want to formulate and prove a structure theorem for factored chain complexes.
More precisely, we want to prove that every factored chain complex is isomorphic to a
direct sum of interval functors in TEPCh. We begin with a statement from linear algebra
that will turn out to be useful for this.

Proposition 2.15. Let f: V — W be a surjective linear map and A, B C V linear
subspaces such that V=A@ B and ker(f) C B. Then W = f(A) @ f(B).
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Proof. Denote by f: V/ker(f) — W the isomorphism induced by f. Note that the

decomposition V = A & B implies that V/ker(f) = Amk‘;}r(f) ® Bﬁk]gr(f) = A® B/ ker(f).

Therefore,

W = J(V/ker(f)) = f(A® B/ ker(f)) = f(A) & f(B/ker(f)) = f(A) & f(B). O

Next we state a result that says that we can split off an interval functor from any
factored chain complex. This is the heart of the existence part of the structure theorem.

Lemma 2.16. Let X € TEPCh and a € X? \ im(9,11) satisfying the condition
d(a) = min{d(a’) | a’ € X°, d(0d') = d(Da)}.
Then there ezists a parametrized subcomplex Y C X such that X = {(a) @Y.

Proof. For any r > 0, we denote the differentials in the chain complex X" by 0;: X; —
X7 _,. Moreover we write a” := X%%"(a) and da” := X =[(0%) = & (a"). Since a ¢
im(0,41), we have a # 0 and thus, by Proposition 2.14, there exists a tagged interval
[0,s1,t1) € J, such that (a) = Z"[0,s;,t;). By tameness of X, if s > 0, there exist
sg < s1 and ty < tq, such that for all sg < s < s; and for all {5 < t < t;, the internal
chain maps X*°=% and X%=! are isomorphisms. In the case s; = 0, we do not choose s
and in the case s; = t;, we may choose sg = ty. We construct a direct summand Y of X,
complementary to (a), in five steps.

1. We define Y to be all of X in all degrees where (a) is zero. Explicitly: For k # n,n—1
and any r > 0, we define Y| := X

2. Let Y9 C X? be a linear subspace such that

ker(X?=P) C Y2, ker(920 o X0=50) C V0, and X! ={(a) @Y
(in the case s; = 0 we simply drop the second condition). In terms of death times,
the first two conditions are saying that any element that dies before a or whose
boundary dies before da has to be contained in Y,Y. Of course we need to argue
why such a subspace exists. Note that (a)? N (ker(X?S%0) 4 ker(920 o X9=%0)) = {0},
since otherwise we could write a = by + by with bﬁ“ = 0 and 005" = 0. In particular
d(by) < t; = d(a) and d(0by) < sy = d(Qa). This would imply that d(0b) =
d(Ja — 0by) = max{d(da),d(dby)} = d(da) by Lemma 2.13, hence violating the
condition that the death time of a is minimal among all elements whose boundaries
have the same death time as da. By standard linear algebra arguments there exists
a subspace Y,? C X? that contains ker(X?=%) + ker(9:° o XU<%) and is a direct
summand of (a)?.

3. For any 7 > 0, we define Y := X?7(V,?). Tt follows from the previous step and
Proposition 2.15 that X] = (a); @Y, for all r < ¢;. For larger values of r, it follows
from a” = 0 and surjectivity of X?<" that V" = X[.

4. In the case s; = 0, we define Y;? | := X? ;. Otherwise, let V" ; C X° , be a linear
subspace such that

ag(yr?) - Yr?fh ker(XSéfO) - Yr?qv and X071 = <a>271 S Yr?fl'

n
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Again, for such a subspace to exist it is sufficient to show that (a)? , N (9°(Y,?) +
ker(X =%0)) = {0}. If that were not the case, then da = 9b + ¢ for some b € Y
and ¢ € X?_| with ¢® = 0. In particular d(c) < d(da). Defining a’ := a — b would
then yield an element of X° with d(da’) = d(da — 0b) = d(c) < d(da). This would
mean that (9a’)*™ = 0, thus ' € V2. But, since b € Y,?, this would imply that
a=a —beYp contradicting the fact that (a)2 NY,? = 0. As in step 2 we can now

construct Y, ; C X° | by standard linear algebra arguments.

5. For any r > 0, we define Y| := X =7(Y? ). If follows from the previous step and
Proposition 2.15 that X7 | = (a)! , @Y, | for all r < s;. For larger values of r, it
follows from da” = 0 and surjectivity of X =} that Y/ | = X7 .

So far we have constructed linear subspaces Y, C X, for all r, k& with the property that
X = (a);, @Y, The internal maps of Y, both vertical and horizontal, are defined to be
the restrictions of the corresponding maps in X. It remains to check that Y is indeed a
tame epimorphic parametrized subcomplex of X.

Let us first check that Y is a subcomplex of X°, i.e. 9(Y?) C Y, for all k. We only
need to check those degrees where Y;? | # X} |, so we need to check that 92, ,(Y;? ;) C Y;?
and A2(Y,?) C Y2 ;. The latter is true by construction of ¥,? | in step 4 above. If s; = 0,
then the former holds because in that case Y,? ; = X? ,. Otherwise, it holds because

82“(}/7?“) = 82+1(X2+1) - ker(ﬁg) - ker(XSéfo ° 82) = ker(0; o X3SSO> - Yr?:

where the last inclusion holds by construction of ¥V in step 2 above. To show that Y is
a subcomplex of X" for any r > 0, first note that the restriction of X ,SST to Y2 yields a
surjective map Y? — Y;", by construction of Y;". We can use this fact together with the
knowldege that Y is a subcomplex of X° to show that Y is a subcomplex of X”. Thus
we have shown that Y is an epimorphic parametrized subcomplex of X. Tameness of Y
follows from Lemma 2.10 (iv). O

Now we are ready to prove the structure theorem in TEPCh.

Theorem 2.17 (Structure theorem in TEPCh). Any factored chain complex X is iso-
morphic to a finite direct sum of interval functors in TEPCh, i.e. for every n € N, there
exists a unique finite multiset tBar,, = tBar,(X) € Mult(J) of tagged intervals, such that

x=@ P 1'0s1).

neN [0,s,t)etBary,

The collection of multisets tBar(X) = (tBar, (X)), oy is called the tagged barcode
of X. Sometimes we will call tBar,(X) the tagged barcode in degree n (or n-th tagged
barcode).

Proof of existence. The existence of such a decomposition can be shown by iterated
use of Lemma 2.16. Formally, we do a proof by induction over the number m(X) :=
>, dim(X7).

If m(X) =0, then X =0 and the statement holds for X, since then, X is isomorphic
to the empty direct sum, i.e. tBar,(X) = () for all n.

Assume now that m(X) = m > 0 and that we have already proven the statement
for all Z € TEPCh with m(Z) < m. Since X # 0, there must exist some n > 0 and
a € X2\ im(d,41) whose death time is minimal among all elements whose boundary
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has the same death time as da. By tameness of X, there can be only finitely many
different death times among the elements of XY, thus an element with minimal death
time always exists (since X? is finite-dimensional, this also follows from Lemma 2.13 (744)
even without the tameness assumption). By Lemma 2.16, we have X = (a) ® Y for some
Y € TEPCh. Clearly m(Y) < m(X) and thus Y can be written as a finite direct sum
of interval functors in TEPCh. Furthermore, (a) is isomorphic to an interval functor in
TEPCh by Proposition 2.14, thus also X is isomorphic to a finite direct sum of interval
functors in TEPCh. O

Proof of uniqueness. Assume that there are two collections of multisets tBary and tBar},
k € N, such that

X=@ { ost=P @ I105st)=Y

keN [0,s,t)etBary keN [()757t)6tBar;c

Fix a number n € N. By functoriality of H,(d) and 0,(0), this implies that H,(X) =
H,(Y) and 9,(X) = 9,(Y). By Proposition 2.11 (éii) and (iv), we have

H(X)= & Fls,t) and 0.(X)= & F0,s).
[s,t)etBary, [s,t)etBary,
s<t s>0

This implies that we can obtain the barcodes of H, (X) and 0,(X) by adding, for every
tagged interval [0, s,t) € tBar,, an interval of the form [0, s) to Bar(9,(X)) and, if s # t,
an interval of the form [s,¢) to Bar(H,(X)). Applying the definition that a multiset is a
function, where the function value is interpreted as the multiplicity of a (tagged) interval,
the barcodes of H,(X) and 9,(X) are given by

Bar(H,(X))([s,t)) = {gBaiins([i,:,t)), if s < t,
Esgt tBarn([O, 5,t>), ifr= 07

Bar(0,(X))([r,s)) = {0 if r>0.

We can apply the same reasoning to Y to get the analogous expressions for Bar(H,(Y))
and Bar(9,(Y")), just with tBar, replaced by tBar/,. By the uniqueness in Theorem 1.4
we have Bar(H, (X)) = Bar(H,(Y)) and Bar(9,(X)) = Bar(9,(Y)). The first equality
implies that

tBar, ([0, s, t)) = tBar),([0, s,t)) for all s < t € [0, o0],

so it only remains to show that tBar,, and tBar!, also agree on tagged intervals of the form
[0, s, s). For this, consider

Bar(9,(X))([0,s)) = ZtBarn([O, s,t)) = tBar, ([0, s, s)) + ZtBarn([O, s,t))

s<t s<t

I
Bar(9,(Y))([0,s)) = ZtBar;([O, s,t)) = tBar] ([0, s, s)) + ZtBar;([O, s,t)).

s<t s<t

Since we have seen before that tBar, and tBar] agree on tagged intervals [0,s,t) with
s < t, it follows from this chain of equations that also tBar,([0, s, s)) = tBar] ([0, s, s)).
Thus we have shown that tBar,, = tBar], and since n was chosen arbitrarily, this concludes
the proof. [
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The following corollary gives sufficient conditions for the existence of certain elements
in the tagged barcode of a factored chain complex.

Corollary 2.18. Let X € TEPCh be such that all of its internal chain maps induce
isomorphisms in homology in all degrees and let s <t € [0,00) be such that

(1) for all s < s' <t the internal chain map X°=% is an isomorphism,

(i7) dim(X}) = dim(X}) — 1 for k = n,n — 1 and dim(X}) = dim(X}) for all other

values of k.

Then the tagged interval [0,t,t) appears with multiplicity 1 in the tagged barcode tBar,(X)
and does not appear (i.e. has multiplicity 0) in all other tagged barcodes tBar,,(X), with
m # n. Moreover, for any s < t' < t, the tagged interval [0,t',t") does not appear in the
tagged barcode of X .

Proof. By Theorem 2.17, X is a direct sum of interval functors in TEPCh. Since all
internal chain maps of X induce isomorphisms in homology, only tagged intervals of the
form [0,¢,t'), for 0 < ¢ < oo, can appear in the tagged barcode of X. By (i), in
the decomposition of X there must be precisely one interval functor Z"[0,¢',t'), and no
interval functor Z™[0,#,t') for m # n, with s <t <t. Condition (i) prevents the case
t' < t, so the only remaining possibility is what was claimed. [

2.4 The isometry theorem in TEPCh

The goal of this section is to generalize the classical isometry theorem (Theorem 1.5) to the
case of factored chain complexes. For this, we first describe how the interleaving distance
and the bottleneck distance look like in this setup. In both cases, these definitions are
special cases of the definitions given in Section 1.1.

The interleaving distance. The interleaving distance in TEPCh is precisely the one
that we introduced in larger generality in Section 1.1.A, applied to the category C = Ch.
Here we give some explicit formulae for computing the interleaving distance between
interval functors in TEPCh.

Remark 2.19. It follows from the definition of Z"[0,s,t) and the e-shift that for any
[0,s,t) € J and € > 0 we have

"0, s,t). = Z"[0, max{s — ,0}, max{t — ¢,0}),
where 7"(0,0,0) := 0.

Lemma 2.20. Given € > 0 and two tagged intervals J = [0,s,t) and J = 1[0,5',t), the
corresponding interval functors in TEPCh, i.e. Z"(0, s,t) and Z"[0, s', '), are e-interleaved

if and only if
. / / t t/
e > min < max {|s — §'|, [t — |} , max 25 ([

where we use the convention that |oo — oo| = 0.
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Proof. 1f %,2—/ < ¢, then the internal maps of length 2¢ are zero in both Z"[0,s,t)
and Z"[0,s',t"). Therefore, the zero maps are an e-interleaving between Z"[0, s, t) and
"0, s, t).

If |[s — &, |t —t| < e, then, by Remark 2.19 and Lemma 2.5, there exist non-zero
parametrized chain maps ¢: Z"[0, s,t) — Z"[0,s',t'). and ¢: Z"[0,s',t') — Z"[0, s, 1)..
More explicitly, we let ¢ and ¢ be the maps constructed in the proof of Lemma 2.5. One
can then check that the compositions 1. o ¢ and ¢, o ¢ agree with the internal maps of
length 2¢ in Z"[0, s,t) and Z"[0, s, t').

Let us now assume that ¢ < min {max {|s — ¢/, [t — ¢/|} , max { £, tQ—/}} and show that
in this case there exists no e-interleaving. Since ¢ < max {%, tz—/}, we can assume without
loss of generality that ¢ < 5. Therefore, there exist internal maps in Z"[0, s,t) of length
2¢ which are non-zero. Therefore, any e-interleaving must consist of non-zero morphisms.
However, since ¢ < max {|s — §'|,|t — t|}, it follows from Remark 2.19 and Lemma 2.5

that no non-zero morphism with a shift of € can exist in one of the two directions. ]

Corollary 2.21. Two interval functors I"[0,s,t) and Z"[0,s',t") in TEPCh are inter-
leaved if and only if one of the following cases holds:

(i) t,t' < o0,
(17) t =1t =00 and s,s" < o0,
(1ii) t=t =s =5 = 0.

More generally, if X,Y € TEPCh are interleaved, then it follows that the tagged barcodes
of X and 'Y in each degree have the same amount of intervals of the form [0, s,00) with
s < oo and of the form [0, 0o, 00).

Proof. By Lemma 2.20, the two interval functors in TEPCh are interleaved if and only
if max{|s — ¢|, [t — |} < oo or max {£, %} < oo. Note that the former is equivalent to
saying that s and s’ are either both finite or both infinite and ¢ and t’ are either both
finite or both infinite. The statement max {%, t—zl} < o0 is equivalent to saying that ¢ and
t" are both finite, so it is a stronger statement and we can ignore it. Thus we get the three
cases described in the statement: Either ¢,t', s, s’ are all finite, or ¢, ¢ are infinite and s, s’
are finite, or ¢,t, s, s’ are all infinite.

In order to prove the more general statement, note that by tameness there exists T" > 0
such that for all T < s < ¢, the internal maps X*<f and Y*< are isomorphisms. From this
it follows that the chain complexes X7 and Y7 are isomorphic and must thus have the
same number of disks and spheres in their decomposition. The number of n-disks in the
decomposition of X7 is equal to the number of copies of Z"[0, 0o, 00) in the decomposition
of X and the number of n-spheres in the decomposition of X7 is equal to the number of
copies of Z"[0, s,00) for any s < oo in the decomposition of X. The same holds for Y7
and Y, hence the result follows. O

The bottleneck distance. Similar to the interleaving distance, the bottleneck distance
is a special case of the generalized bottleneck distance described in Section 1.1.B. We only
need to give a pseudometric and a weight function on the set J of tagged intervals.

Definition 2.22. Given two tagged intervals J = [0,s,t) and J' = [0,5,t'), we define
the cost of matching J to J' as ¢(J, J') := max{|s — ¢|, [t — t/|}. The weight of J is
defined as W(J) := L.
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One can check that ¢ is an extended metric on J and that ¢ and W are compatible.
Therefore, by Remark 1.2, the bottleneck distance dp is an extended pseudometric on
Mult(J).

Note that the bottleneck distance of two multisets of tagged intervals from J is finite
if and only if they contain the same number of tagged intervals of the form [0, 00, c0) and
of the form [0, s, 00) with s < oo, respectively. This is analogous to the Corollary 2.21
about interleaving distances between interval functors in TEPCh.

The isometry theorem. We are now ready to state the isometry theorem and prove
one of the two inequalities.

Theorem 2.23 (Isometry Theorem in TEPCh). If X andY are factored chain complexes,
then

di(X,Y) = max dp(tBar,(X),tBar,(Y)).
ne
Proof of the inequality <. It suffices to prove that if for some € > 0 there exist e-matchings

between tBar, (X) and tBar,(Y") for all n, then there exists an e-interleaving between X
and Y. By Theorem 2.17, we have that

X @ @ "0, s,t) and Y & @ @ "o, st

neN \ [0,s,t)etBary, (X) neN \ [0,s’,t/)etBar, (Y)

Fix a number € > 0 and assume that there exists an e-matching between tBar, (X) and
tBar, (Y') for each n. From this, we want to construct an e-interleaving between X and Y.
If [0,s,t) € tBar,(X) and [0, ¢,t') € tBar,(Y') are matched, then max{|s — |, [t —¢'|} <
e. Therefore Z"[0, s,t) and Z"[0,s',t') are e-interleaved by Lemma 2.20. For intervals
[0,s,t) € tBar,(X) and [0,¢,t') € tBar,(Y') that are unmatched we have ¢,t' < 2e, and
therefore the internal maps of length 2¢ in I"[0,s,t) and Z"[0, s',t’) are zero, thus they
are e-interleaved with the zero parametrized chain complex.

We now construct an e-interleaving between X and Y. Given a interval [0,s,t) €
tBar, (X) that is matched with [0,s',t') € tBar,(Y), we define ¢ on the summand
7m0, s,t) to be the interleaving constructed in the proof of Lemma 2.20. For any un-
matched interval [0, s,t) € tBar, (X) we define ¢ to be zero on Z"[0, s,t). By extending
linearly, this defines a parametrized chain map ¢: X — Y.. We define ¢: ¥ — X,
analogously. It follows that (¢,1) is an e-interleaving between X and Y. 0

For the other inequality, we mimic the proof given in [6] as suggested by previous
attempts [15]. We begin by setting up the notation.

Definition 2.24. Given X € TEPCh and € > 0, we define tBarf (X) := {I € tBar,(X) |
W(I)>e}. Given X,Y € TEPCh, we define for I € tBar} (X) and for A C tBar} (X)

pe(I) = {J € tBar,(Y) | c(I,J) <e} and p(A):= | Jp).

For J € tBar} (Y) and A C tBar,(Y) the sets u.(J) C tBar,(X) and u.(A) C tBar,(X)
are defined analogously.
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The proof of Theorem 2.23 uses Hall’s theorem. For this we recall some notions from
graph theory. Given a bipartite graph H with vertex set L U R, for any subset A C L we
define 1(A) to be the set of those vertices in R that have an edge to at least one vertex
in A. For A C R we define u(A) analogously. A partial matching M on H is a set of
edges of H such that no two edges share a common vertex. We say that a matching M
covers a set A C L (or A C R) if every vertex of A is contained in an edge of M. Now
we can state Hall’s marriage theorem.

Theorem 2.25 (Hall’'s marriage theorem [33]). Let H be a finite bipartite graph on the
vertex set LU R. Then there exists a partial matching on H that covers L if and only if,
for any subset A C L, we have |u(A)| > |Al.

We will need a slightly stronger version of this theorem, which we formulate in the
following corollary.

Corollary 2.26. Let H be a finite bipartite graph on the vertex set L U R and assume
we are given two subsets L* C L and R* C R. Then there exists a partial matching on
H that covers both L* and R* if and only if, for any subset A C L* or A C R*, we have
[u(A)] = [A4].

Proof. As in the original Hall’s theorem, it is not hard to see that if there exists a partial
matching covering L* and R*, then this condition is satisfied. It thus remains to show the
other implication. Denote by H; the subgraph of H resulting from restricting the vertex
set to L* U R and denote by Hs the subgraph of H resulting from restricting the vertex
set to L U R*. By Theorem 2.25 there exists a matching M; on H; covering L* and a
matching My on Hy covering R*. We now view both M; and M, as partial matchings
on H and we want to combine them into a partial matching that covers both L* and R*.

We start with M. This covers all vertices of L*, but it may not cover all vertices
of R*. If we are given such a vertex x € R*, it must be covered in Ms, so we can start
drawing a path through H, starting at x and alternating between edges from M; and
M. By finiteness, this path must end at some point, and it can only end outside of L*
and R*. The reason for this is that when we follow the path up to a vertex y € L*, then
we must have arrived there by an edge from Ms,. However, this vertex y is covered in
the matching M, so the path cannot end there. An analogous argument shows why it
cannot end in R*. We can thus replace all the edges from M along this path with the
edges from M5 along the path and get a matching which still covers L* and additionally
covers the vertex y. Repeating this argument eventually yields a partial matching that
covers both L* and R*. O

The following result indicates how we are going to apply Hall’s theorem.

Lemma 2.27. If X,Y € TEPCh are e-interleaved, then for any subset A C tBar, (X) or
A C tBar; (YY), we have |u(A)| > |A|.

Before we prove Lemma 2.27; we explain how it helps us finish the proof of the isometry
theorem.

Proof of the inequality > in Theorem 2.23. Let ¢ > 0 and assume that X and Y are e-
interleaved. We need to show that for any n € N, there exists an e-matching between
tBar, (X) and tBar,(Y"). We construct a finite bipartite graph H as follows. Let the vertex
set of H be given by tBar,(X) U tBar,(Y). Connect I € tBar,(X) and J € tBar,(Y)
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with an edge if and only if ¢(/, J) < e. Thus in the graph H, it holds that for any subset
A C tBar,(X) or A C tBar,(Y) we have (A) = p.(A). Therefore, by Lemma 2.27, the
conditions for Corollary 2.26 are satisfied and there exists a partial matching in H covering
both tBar; (X) and tBar; (Y"). Such a matching corresponds exactly to an e-matching of
the tagged barcodes tBar, (X) and tBar,(Y’), thus we are done. O

It thus remains only to prove Lemma 2.27. For this we define (][0, s,t)) := s+t and
we first show the following result.

Lemma 2.28. Let Il = [O,Sl,tl),fz = [O,Sg,tg),lg = [0,83,t3) € j with Oé(]l) S Oé([g)
and let

f:Z"0,s1,t1) = Z"[0, 59,t2).  and  g: Z"[0, s9,ta) — Z"[0, S3,t3)-
be parametrized chain maps which are both non-zero. Then c(11, 1) < e or c(ls, I3) < e.

Proof. By Lemma 2.5, the existence of f implies that s, < s;+¢ and to < t; +¢. Assume
that Z"[0, s1,t1) and Z"[0, s9, t2) are not e-interleaved. Then, by Lemma 2.20, sy < s1 —¢
or ty < t; — e. In the first case we have a(l1) = 51 + 11 > so+e+ 1t > so+to = a(ly).
Similarly, in the second case, we have a(l1) = s; + 11 > $1 +ta + € > 59+t = a(ly).
Assuming that Z"[0, so,t3) and Z"[0, s3,t3) are not e-interleaved either, with a similar
computation we get a(ly) > a(l3). Hence a(ly) > a(ly) > a(l3), which contradicts the
hypothesis. [

We introduce more notation.

Definition 2.29. If X € TEPCh, I =[0,s,t) € tBar,(X) and € > 0, then we denote by
n5: I"0,s,t) — Z"[0, s,t). the canonical parametrized chain map given by the internal
maps of Z"[0, s, t).

Let X,Y € TEPCh For any I = [0, s,t) € tBar,(X), we write ¢ : Z"[0, s,t) — X for
the 1nclu81on and 7rI X — I"0,s,t) for the projection. Analogously, for J € tBar,(Y),
we write % and 7% for the inclusion and projection in Y. Now let (4,1) be an e-
interleaving between X and Y. For any I € tBar,(X) and J € tBar,(Y), we write

¢1,5 7= (m))e 0 pouf and ¢y = (7] ) 0p o).

As a final preparation for the proof of Lemma 2.27, recall that by Lemma 2.4, any
morphism ¢: Z"[0,s,t) — Z"[0,s’,t') is uniquely determined by the scalar p(1%) €
770,s',t)° = F. We denote this scalar by A(¢). This scalar has the following prop-
erties:

o M +¢) = A¢)+ M) for ¢': 770, s,t) = ™[0, s, 1),
© Mg op) = A@) - Ap) for ¢ 1[0, 8", 1) — I7[0, s, "),
e Me:)=Ap) for0<e<t,

e A(n?) =1 whenever I € tBar(X) for some X € TEPCh.

Proof of Lemma 2.27. Let (¢,v) be an e-interleaving between X and Y. We prove the
statement for a subset A C tBarf (X), the case where A C tBarf(Y) is analogous. Not
that for any 1,1’ € A with a(I) < a(I") we have

(Wf)zso%oqﬁob;( = Z Z (wJ,I’)EO¢I,J = Z (wJ,I’)so¢I,J = Z (¢J,1/)50¢1,J,

meN JetBary, (Y) JetBary (Y) Jepe(A)

(2.1)
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where the second equality follows from Lemma 2.5 and the third one holds since, for
J & u.(A), at least one of the two morphisms 1 and ¢ ; must be zero by Lemma 2.28.
The left-hand side of Equation (2.1) is equal to n?® if I = I’ and equal to zero if I # I'.
In particular, p.(A) # 0 when A # 0.

We order the elements of A = {I; = [0, sy, tl) I =10,s,,t.)} so that a(1;) < a(ly)
for i <4’ and we set p.(A) = {J1 = [0,s),1)),...,J, = [0,5,%,)}. The goal is to show
that ¢ > r.

Computing A on both sides of Equation (2.1) applied to I = I’ = I; € A, and using
the properties of A\, we get

= > Athar)  Morg) = Zw}k Mér,1).

JG,LLE )

If, on the other hand, we apply Equation (2.1) to I = I; and I' = I, for i < i, we get

= > Aehus,) - Mérng) = ZM#M/' (61,.7,)-

Jepe(A)

We can put these equations into the form of a matrix equation, which yields
1 x*
AUan,n) 0 AMun)\ (Monn) o Mérn) 0 1
Ana) 0 M) \Mén.a,) - Mér.g,) 00 - 1

Note that for i > i’ we make no statement, which is why there are unknown entries on the
upper right triangle of the matrix on the right-hand side. This matrix has rank r and the
product of the two matrices on the left-hand side has rank at most ¢, therefore ¢ > r. [

2.5 Parametrizing chain complexes

We are now going to describe two methods of transforming a chain complex into a factored
chain complex. This requires additional input. In the first place, we need to use based
chain complexes. A based chain complex is a chain complex C, together with a basis
By, for every Cy. The other thing we need is to equip pairs of basis elements of adjacent
degrees with weights. Formally, this is dealt with in the following definition.

Definition 2.30. A weighted based chain complex is a based chain complex C,,
with bases By, additionally equipped with functions w: By x By_1 — [0, 00) for all k. The
values w(a,b), for a € By and b € By_1, are called weights. A weighted based chain
complex (C,, B,, w) is called ordered, if for every ¢ € [0, 00), a total order is given on the
set

w(t) == J{(a,b) € By x Bi_y | w(a,b) =t}

A weighted based chain complex is called generic if all the weights are non-zero and
pairwise different. We denote by wbCh (resp. wb*Ch) the class of (ordered) weighted
based chain complexes.
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A generic weighted based chain complex is in particular ordered, since the sets w™(#)
have cardinality zero or one for all values of t.

The main idea for constructing a factored chain complex from an ordered weighted
based chain complex is the following: Repeatedly simplify the chain complex with respect
to the pair of minimal weight (breaking the tie by using the ordering, if needed) until
we are left with a chain complex whose differential is zero in all degrees. The difference
between the two constructions we present is how we build a factored chain complex from
this sequence of simplifications. In the first construction, represented by the letter X, the
resulting functor X : [0,00) — Ch corresponds closely to this sequence of simplifications,
in the sense that the chain complexes X* are given by the result of applying some of
the simplifications, and the internal chain maps are given by compositions of the quotient
maps. The parameter ¢ € [0,00) can be thought of as time, in which case we can interpret
the construction as applying one simplification after the other, always waiting for a time
equal to the weight of a pair before simplifying that pair.

We present the first construction only for the case of strictly positive weights. Pairs of
weight zero could be allowed, resulting in multiple simplifications happening at the same
time. However, we leave it to the reader to fill in the details for this, as it adds some
technicalities and hinders the readability of the exposition.

Construction 2.31. Given an ordered weighted based chain complex Cy = (Cs, Bo, W)
with strictly positive weights, we define the factored chain complex X = X (C,) as follows.

(1) Let tp:= 0 and X" := C,.

(2) Assume that we have already defined a sequence of numbers 0 =ty < t; < ... <, <
oo and a functor X : [0,¢,] — Ch. Further assume that X' is an ordered weighted
based chain complex, i.e. we have a basis By for each X;” and totally ordered weights
w(a, b) between basis elements of adjacent degrees.

If all the differentials in the chain complex X' are zero, go to step (3).

Otherwise, consider the set

A= J{(d' V) e B x B, | (0a', V) # 0}

i>1

and let (a,b) € A be the unique pair of minimum weight, or, if the minimal weight
is not unique, the pair of minimal weight which is minimal with respect to the order.
Define

tri1 =t +w(a,b).

Define X'+ to be the chain complex resulting from Lemma 1.6, when applied to the
chain complex X% and the element a € Bj. We endow the vector spaces X;"*' with
the bases B/ ™ coming from Lemma 1.6, when applied to the chain complex X', the
bases B}, and the elements a € B}, b € B;_,. Consider basis elements o' € B} and
b € BI_,, both different from a and b. We define w([d'], [0]) := w(d’, V'), thus the

weights on the bases B. induce weights on the bases B!, The same holds for the
orderings of pairs with the same weight.

Fort, <t < t,,1, define X* := X% and for t, < s <t < t,q, let X*=! := 1 and define
XSt+1 to be the epimorphism from Lemma 1.6. The remaining internal chain maps
are defined by composition, thus we have extended X to a functor X: [0,¢,41] — Ch.
Update r to r 4+ 1 and repeat step (2).
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(3) If all the differentials in the chain complex X' are zero, then we define X* := X' for
all t, <t < ooand X' =1 for all t, <t < s < co. The remaining internal maps
are defined by composition, so we have extended X to a functor X : [0,00) — Ch.

Proposition 2.32. Construction 2.31 assigns a factored chain complex to any ordered
weighted based chain complex with strictly positive weights.

Proof. First note that, since C, is ordered, the set A contains a unique minimal pair in
the first iteration. Since then we only get rid of one pair in each iteration and do not
change any of the other weights, this holds also for later iterations of step (2).

We need to check that the conditions from the beginning of step (2) are satisfied when
we go to another iteration of step (2). They are satisfied for the first iteration of step (2),
when r = 0, due to the definitions in step (1). If » > 0, the conditions are satisfied at
the beginning of step (2) and the differentials in X' are not all zero, then it follows from
Lemma 1.6 that the conditions are also satisfied for the next iteration.

We also need to show that the definition stops at some point, i.e. that we do not get an
infinite loop of repeating step (2). This holds because with each iteration we reduce the
total dimension of the chain complex X' and since X' = C, has finite total dimension,
we can do this only a finite number of times.

Once we get to step (3), we get a factored chain complex X = X(C,) € PCh. It
remains to check that X is tame and epimorphic. Indeed X is epimorphic since the
only internal maps that are not isomorphisms are quotient maps of the form given by
Lemma 1.6, or compositions of such maps. Also, by construction, X is right-constant
everywhere and fails to be left-constant exactly at the points ¢y,...,%,, . , where .y is
the number of times we have repeated step (2). There are only a finite amount of these
points, since we have shown before that we repeat step (2) only a finite number of times.
Thus, X is tame. O

Proposition 2.33. If Cy = (Cs, Bs, W) is an ordered weighted based chain complex with
strictly positive weights and (ay,b1) € By, X Bp,—1,. .., (ar, b,) € B, X B, _1 are the pairs
that get simplified in the construction of X = X(C,), then

X(Cy) = @ T0.ti,t:) @ @0, 0,00))%,
i=1 k=0

where Py, = dim(Hy(C,)). The numbers t; are given by
ti =w(ai,b1) + -+ w(a;,b;).
Proof. For any i = 1,...,r, picking the i-th pair (a;, b;) yields a short exact sequence
0 — D™ 1 Xttt Ly Xt 50,

where ¢ is the unique chain map that sends D' > 1,, = a € C,, and ¢ is the quotient
map. This sequence splits by Lemma 1.7, thus X%t = X% @ D" = X% @ ker Xti-1=ti
and the result follows by induction. O

Now we present our second construction for assigning a factored chain complex to
an ordered weighted based chain complex, represented by the letter Y. It is formulated
without further conditions and has the advantage that when a pair of small weight gets
simplified, this always yields a small tagged interval in the tagged barcode, even if this
pair gets simplified at a later stage of the construction. In particular, pairs of weight zero,
if they exist, do not contribute to the tagged barcode.
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Construction 2.34. Given an ordered weighted based chain complex Cy = (Cs, B, W),
we define the factored chain complex Y = Y (C,) as follows.

(1) Let Z := Cs € wbCh.

(2) Initialize Y by setting it to be equal to the zero factored chain complex discretized
by tg = 0 and ¢; = +oo with only zero vector spaces and null linear maps.

(3) Find the pair (a,b) € By X Bx_1 in Z,, among all k, that has the smallest weight
w(a,b) (in case of multiple pairs sharing the smallest weight, pick the minimal one
with respect to the order) and satisfies the condition: (da,b) # 0. If we cannot find
such a pair, then all boundaries are zero in Z, and in that case, we go to Step (7).

(4) Update Y by summing to it the interval functor Z"[0, ¢, t) in TEPCh, where t = w(a, b)
and (a,b) € B, x B,_1. If w(a,b) =0, leave Y as it is.

(5) Update Z, by quotienting it by the n-disk of Ch generated by a and da as in
Lemma 1.6. Update the bases according to Lemma 1.6, applied to the elements
a € B, and b € B,_;. Given two basis elements [a¢'] and [I] in the updated bases,

in adjacent degrees, we define w([d'], [0]) := w(d/, V), thereby inducing weights on
the updated bases. The new orderings of pairs with the same weight are defined
analogously.

(6) Repeat from Step (3).

(7) Add as many interval functors Z"[0,0,00) to Y as needed to reach the dimension of
Z,, for each n > 0.

It immediately follows from the fact that Y (C,) is constructed as the direct sum of

factored chain complexes that Construction 2.34 defines an assignment Y: wb*™Ch —
TEPCh.

Proposition 2.35. If Cy = (C,, Be,w) is an ordered weighted based chain complex and
(a1,b1) € Bp, X Byy—1,- .., (ap,b,) € By, X B, 1 are the pairs that get simplified in the
construction of Y =Y (C,), then

Y (C,) = él’” [0, s;,8;) & @(Ik[(), 0,00)),

where P, = dim(H,(M;F)) and s; = w(a;, b;).

Comparing Construction 2.31 and Construction 2.34, we see that for any Cy € wb*Ch,
the same pairs get simplified in the construction of X (C,) and Y (C,), but at different
times. Note that the sequence of simplification times is increasing by construction for X
but not necessarily for Y. The barcode resulting from the Y construction always has bars
of length given by the weights of the pairs, while the lenghts of the bars in X accumulate.
Thus, if we simplify a pair of small weight, this will always result in a small change of
the barcode of Y, which is not necessarily true for X (compare also the different upper
bounds given in Lemma 2.39).

Based on Lemma 1.6, the explicit computation of the tagged barcode from Construc-
tion 2.34 consists of Gaussian elimination and deletion of rows and columns. We include
the pseudocode for completeness, see Algorithm 1. The pseudocode for computing the
tagged barcode from Construction 2.31 would look very similar, with the only difference
being that we would initialize the variable ¢ in the beginning by setting it to zero and
then update it in every step of the while loop by adding w(b;, ;) to it in line 4.
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Algorithm 1 Tagged barcode computation (in Z/27)

Input: (C,,B.,w,) € wb*Ch
Output: Tagged barcode of Y (Cs, B., we) and sequence of simplified pairs
1: tBar := () and Pairs := ()
2: d := total boundary matrix of Cy w.r.t. bases B,
3: while a non-zero column j exists in d do
4: i,j := pair with d[i, j] # 0 and ¢ := w(b;, b;) minimal
5: Append (n,[0,t,t)) to tBar and (b;, b;) to Pairs, with n = deg(b;)
6
7
8
9

for k with d[k, j] # 0 do
Add the i-th row to the k-th row
end for
: Delete rows i, 5 and columns i, j from d

10: end while
11: for all indices j of remaining columns in d do
12: Append (n,[0,0,+00)) to tBar with n = deg(b;)
13: end for
14: Return tBar and Pairs

2.6 Stability

We want to give a stability result that bounds the interleaving distance between the
factored chain complexes assigned by Construction 2.31 and Construction 2.34 to suf-
ficiently similar weighted based chain complexes. To do this, we start by introducing
reparametrizations, since in the case of Construction 2.31, the two factored chain com-
plexes will be related by a reparametrization.

Definition 2.36. A map a: [0,00) — [0,00) is called a reparametrization if it is
a homeomorphism (which implies that «(0) = 0 and that « is order-preserving) and
Ea = SUPse(n,o0) [(t) — ] < 00. If X:[0,00) — Ch is a parametrized chain complex,
then we call X o a: [0,00) — Ch the reparametrization of X by «. This is again a
parametrized chain complex, with (X o a)! = X*® and (X o o)<t = X(®)=alt),

Lemma 2.37. The inverse a~ ' of a reparametrization is again a reparametrization and
Eaq-1 = Eq.

Proof. The inverse of a homeomorphism is again a homeomorphism, so the only thing to
show is that e,-1 = €,. This follows because for any ¢ € [0,00), we have |a~(«a(t)) —
a(t)| = |t — a(t)] = |a(t) —t|. O

Proposition 2.38. Given a and X as in the definition above, we have that X and X o«
are €,-interleaved.

Proof. Let e := ¢, and Y := Xoa. The internal maps of Y are given by V5=t = X ()=o),
We construct an e-interleaving between X and Y as follows.

Since € = g, = €4-1, we have a(t) < t+eand t < a(t +¢) for all ¢t € [0, 00), where
the second inequality results from applying «, which is order preserving, to the inequality
a~1(t) <t +e. Defining a morphism : Y — X, means defining, for every ¢ > 0, a map
from Y* to X*** commuting with the internal maps. Since Y = X*® and a(t) < t+¢, we
can take ¥ to be the internal map of X, i.e. ¢ := X*®=<t+¢_ Similarly we get ¢: X — Y.
by ¢' := X'=(t+€)  One can check that (¢,7)) is an interleaving pair for X, Y. H
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We are now ready to prove our stability result for generic weighted based complexes.
The following lemma gives an upper bound on the interleaving distance between the
parametrizations of two weighted based chain complexes which are isomorphic and whose
weights are similar enough. In the next section it will be used in the proof of Theorem 3.10
and Theorem 3.16.

Lemma 2.39. Assume that we are given generic weighted based chain complezes (Cy, Bo, W),
(Co,B,,w') and bijections p: By, — B}, inducing an isomorphism of chain complexes

Co = CL. Assume further that the bijections o respect the ordering of the weights in B,

and B, i.e. for all (a,b) € By, x By_1 and (¢, d) € Bj x B;_; we have w(a,b) < w(c,d) if
and only if w'(e(a), (b)) < w'(¢(c),¢(d)). If in the construction of X(Cs) and Y (C,)

the pairs

(a'hbl)y ER) (a’rubn)y
get simplified in this order, then in the construction of X(C.) and Y (C,) the pairs
(Sp(al)>90(b1))7 cet (@(an)>gp(bn))7

get simplified in this order. Setting
dtp(ch CL) = max{| W(av b) - W/(QD(CL), gp(b)” | a€ By, be Bk—1}7
the following inequalities hold:

di(X(C.), X(CY))
di(Y(C.),Y(CL))

S ndSO(CM C:)a

< d,(C,,C,).

Proof. Since the orders of the weights in Cy and C. correspond via ¢, the same is true in
particular for the pair of basis elements with the smallest weight. This also does not change
after any of the simplifications, since we update the weights by simply deleting some basis
elements and not changing the other weights. It follows that whenever we simplify a pair
(a,b) in the construction of X (C,), we simplify the corresponding pair (¢(a), ¢(b)) in the
construction of X (C,). Since we simplify the same pairs in the construction of X and Y,
the same is true also for Y.

To prove the inequalities we use two different strategies. We begin with the second
inequality, for which we apply Theorem 2.23, so that we can use the bottleneck distance
instead of the interleaving distance. From Construction 2.34 it is straightforward to
see that the k-th tagged barcode of Y (C,) consists of one copy of [0,¢,t) for any pair
(a,b) € By, x Bj_1 that gets simplified, where t = w(a, b). We can match each such tagged
interval with the corresponding tagged interval [0,¢',¢') in the k-th tagged barcode of
Y (C.), where t' = w'(p(a),p(b)). This yields a matching whose cost is upper bounded
by dy(Cs, CL).

To show the first inequality we will use Proposition 2.38, so we want to construct a
reparametrization a:: [0, 00) — [0, 00) such that X (C,)oa =2 X(C,) and e, < nd,(C,, CY).

Fori=1,...,n,let w; := w(a;, b;) and w} := w'(¢(a;), p(b;)). Next we define

tir=wi+---+w; and t,:=wj+ - -+w.

We construct the reparametrization a: [0,00) — [0,00) as follows. We define a(0) := 0
and «a(t;) := t; for all i. In between t; and t;;1 we interpolate linearly. Above t, we
define a(t, + s) := t + s for all s > 0. One can check that this indeed defines a
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reparametrization and that the supremum of |«(t) — | is attained at one of the t; and is
bounded by nd,(C,, C}), since for all i = 1,...,n we have

o= £ < [wr =W | 4o | wy = W] < idy(Ca CY) < nd,y(Co, CL).

It remains to check that X (C,) = X(C,) o a. By assumption the bijections ¢: B, — B,
induce an isomorphism X (C,)? = X (C?)°. The isomorphism type of X (C,)! changes when
we do the simplifications, which is exactly at the time ¢;. For X(C,) it is at the time
t; instead. Since we do the same simplification moves in the same order, the complexes
X (C,) and X (C%)*® remain isomorphic for all ¢ € [0, co). O
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Chapter 3

The tagged barcode of a gradient-like
Morse-Smale vector field

Let M be a closed Riemannian manifold of dimension n and denote by d,; the distance on
M induced by the Riemannian structure. The goal of this section is to assign a factored
chain complex to a gradient-like Morse-Smale vector field in general position (defined
below) on M. For this, we apply either of our two constructions from Section 2.5 to the
Morse complex MC,(v). This yields a sequence of algebraic simplifications, depending on
the distances between the fixed points of v, resulting in a factored chain complex.

3.1 General position

In our construction of a factored chain complex from a weighted based chain complex,
we need that the weights are ordered. The simplest way to satisfy this condition is to
demand that they are pairwise different, i.e. the weighted based chain complex is generic.
We thus formulate an analogous condition for the distances between the fixed points of
the vector fields that we study, i.e. that no two of these distances are the same. We show
that this condition is not too restricting, in the sense that the set of vector fields satisfying
it forms an open and dense subset of all gradient-like Morse-Smale vector fields.

Definition 3.1. Given a finite set of points S C M, we define
£(S) := min{|dy(a,b) — dp(a', V)] | a,b,a', b € S and a # b, o' #V', {a,b} # {d',V'}}.

If £(S) > 0, then we say that the points in S are in general position. In plain words,
this means that no two pairs of points of S have the same distance. A gradient-like
Morse-Smale vector field is said to be in general position if its set of fixed points is in
general position. We denote by X 54+ (M) the set of gradient-like Morse-Smale vector
fields in general position.

Proposition 3.2. The set Xgrs1 (M) is open and dense in Xy6(M).

The part about openness is fairly straightforward, but for denseness we will first prove
two lemmas. The first lemma states that if we are given some points on M, we can put
them into general position by moving them by an arbitrarily small amount.

Lemma 3.3. Given distinct points p1,...,p, € M and § > 0, there exist distinct points
Qs Gn € M such that dp(pi,q;) < d for all i and the points qu,...,q, are in general
position.
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Proof. For this proof, we call each instance of four points p;, pj, pr, ps with da(pi,p;) =
dpr(pry ps), where p; # pj, pr # ps and {pi, p;} # {pr, ps}, a problem. We show that we
can get rid of any given problem by moving just one point by an arbitrarily small amount.
In order to see this, note that there are two essentially different cases. The first case is
the one where all four points are distinct. In the second case we have just three distinct
points, one of which appears on both sides of the equation. However, in both cases there
is a point which appears only once. Without loss of generality let p; be that point. Then,
consider a length minimizing geodesic « from p; to p;. If we move p; along v towards p;,
we reduce dps(pi,pj) but do not change dy(p,,ps). If the amount we move p; is small
enough, then we will also not introduce any new problems. Repeating this procedure
finitely many times, we can get rid of all the problems one by one. For each point p; we
denote the position where it ended up by ¢;, which yields points in general position. []

Let us recall the definitions of the Whitney C°- and C'-topologies on X(M). We
give the definitions in the same spirit as they are given in [45], however we define the C'-
topology on X(M) directly, instead of using an embedding M < R?® and then topologizing
X(M) as a closed subspace of C'(M,R?). The resulting topology is the same.

We start by saying that, for any matrix A € RP*™ we write ||A|| for the Frobenius
norm of A, i.e. the square root of the sum of all squared entries of A. In the special case
where p = 1 or m = 1, this equals the standard Euclidean norm on R™ or RP, respectively.
Recall that the Frobenius matrix norms are submultiplicative, i.e. for any A € R¥*? and
B € RP*™ we have ||[AB|| < ||A]| - || B]|-

For any r > 0, we denote by B,(0) C R™ the ball with radius r centered around
the origin. We will consider smooth functions F': B4(0) — RP, for arbitrary values of p.
This general setup allows us to define, at the same time, the C°-norms and C*-norms of
functions f: B4(0) — R, vector fields 0: B4(0) — R™, etc. Note that the differential of a
vector field on By(0) is a function D7: B4(0) — R™ ™ and we identify R™*™ =2 R™" in
order to include also this in our definition. Hence, for any smooth function F': B4(0) — R?
we define

[1Fllg := sup [[F(z)],
x€B3(0)

Iy = max{[[Fllo, | D}

Note that, even though we are considering functions defined on By(0), in the definition
of these norms we only look at the values on By(0). Thus they are technically speaking
not norms, but defining them in this way will be convenient for us when defining the C°-
and C'-norms for vector fields on manifolds.

Let us cover M by sets Vi,..., V) such that each of the sets is contained in a larger
set V; C U; on which we are given a chart o;: U; — B4(0) with o;(V;) = B2(0). Given
these charts, any vector field v € X(M) induces Euclidean vector fields #;: B4(0) — R™
by

By(0) —— U; — TU; —— U; x R /24 R™,

-
=:7;

where the diffeomorphism TU; = U; x R™ is induced by the chart ¢;. Explicitly, if we de-
vi (o7 (@)

note by (x},...,2™) the local coordinates on U; induced by o;, then o;(z) =
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where the functions v/ : U; — R are defined through the equation v(p) = 3 i vl (p) - %]p.

We define the C%-norm and the C'-norm of v € X(M) by

..........

One can check that this defines a norm on X(M) and that the topology induced from
this norm does not depend on the choices that are involved. We now state and prove
the second lemma needed for Proposition 3.2. It will be used to show that it is possible
to Cl-perturb a vector field and move a fixed point to an arbitrary point in a small
neighbourhood.

Lemma 3.4. Let v: B4(0) — R™ be a smooth map and let € > 0. Then there exists § > 0
such that for all y € Bs(0) there exists a diffeomorphism ¢ = ¢,: B4(0) — B4(0) that
satisfies

e 0< p(z) <1for x| < %,
¢ pl@) =0 for Jaf| > L

We can explicitly choose d to be

5 , { 1 ¢ 1 £ }
‘=min<{ =, —, : - :
2 Lo lplly ™ Lo+ (17 - ol
where the constants Ly = L1(¥)) and Ly = Lo(¥) are the Lipschitz constants of ¥ and D7,

i.e.

i) el | .
oyl ey BmO)

| DT(x) — Dily)
Iz =yl

Lq :=sup {

ngzsup{ | \x#yeBg(O)}.

The reason for this choice will become clear later. The values of L and Ly are bounded
by the C'-norms of @ and Dw, respectively. In particular, they are finite, as the closure
of By(0) is compact. We now define the map ¢ = ¢,: B4(0) — B4(0) by ¢(z) :=
z —p(x —y)-y. For ||y|| <0 and = € By(0), we have

|1Dp(a)|| = |11 — D(p(x —y) -yl = ||[1 = Vp(z —y)-y"|| > 11| = ||Vo(z —y) - 4" ||
>1— Vo =yl |y
> 1= |l - Iyl > 0.
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For ||z|| > 1 we have ¢(z) = z since for |jy|| < 1 and ||z|| > 1 we have |z —y| > 1 and
thus p(z —y) = 0. Therefore, ¢ is a diffeomorphism and it has the first two of the desired
properties. For the third property we need to show that

sup |[|0(z) — d(p(2))[| <e and  sup [[Di(z)— D(Top)(2)| <e.
x€B2(0) zEB2(0)

Fix an arbitrary point € By(0). We compute

[0(x) = 0(p(@))|| < Lallz — o(@)] = Lillp(z —y) - yll < Laflyll < L10 <,
which proves the first inequality. The second one follows from the computation

|1DT(x) — D(@ e @) (x)|| = | Dv(x) — Di(p(x)) - De(x)|
< |Di(z) = Dol ()| + |1 DT(p(x)) = Dilp(z)) - De(@)]
< Ly [lz = ()| + | DT ()| - [T = De(2)]]
< Lo [lyll + 1191l - [ (Vo(z —y)) -y |
< Ly [lyll + 11@l], - llolly - 1yl
= (Lo + (9]l - [lpll) Iyl < (Lo + [12]]; - [lpll)d < e,

where in the third inequality we use that

1 - Dy(x) = D(x — ¢(x)) = D(p(z —y) - y) = Vp(z —y) -y
This finishes the proof. [
We are now ready to prove Proposition 3.2.

Proof of Proposition 3.2. Let v € X ps+(M) and choose € > 0 small enough, such that
for any a,b, c,d € Fix(v) with a # b, ¢ # d and {a,b} # {c,d} we have € < |dp(a,b) —
dar(c,d)|. By Theorem 1.17 there exists a neighbourhood A of v in X'(M) such that for
all w € NV, the fixed points of w are within e-distance from the fixed points of v. By our
choice of ¢ this implies that N' C X 54 (M), so we have shown that X,y/54 (M) is open.

It remains to show that Xy (M) is dense in X;,,4(M). For this, let v € X},,4(M)
and let N C %;MS(M) be an open neighbourhood of v. Denote by py,...,p, € M the
fixed points of v. We want to construct w € A with fixed points ¢, ..., ¢, which are in
general position.

We cover M by Vi,..., Vi (k> n), contained in charts (U;, 0;), satisfying

o« 0i: Up = B4(0) CR™ with 0;(V;) = B»(0),

o WiNU; =0 fori# j with W; := o; '(B,(0)),

o p; € Viand o4(p;) =0fori=1,...,n,

o |loi(Q)|| = dpr(pi,q) for all i =1,...,n and for all ¢ € W;.

The last condition can be satisfied by choosing the o; to agree with the exponential map
at p; for nearby points. The topology induced on X(M) by the norm |||, yields X*(M).
Now since N is a neighbourhood of v in X!'(M), there exists ¢ > 0 such that {w €
XY M) | |lv—wl|, <e} €N. Thus it suffices to show that there exists w € X}/, (M)
with ||v — wl||; < e. We want to show the following claim.
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Claim. There exists 6 > 0 such that, for arbitrarily chosen ¢q,...,q, € M with
dy(piyqi) < 6 for all 4, there exists w € X'(M) with |[v —w|, < ¢ and Fix(w) =

{QIa s an}

Assuming this claim, the theorem follows since by Lemma 3.3 we can choose the points
¢ € M in such a way that w € X ),¢,(M). It thus remains only to show the claim. For
this we apply Lemma 3.4 to each of the local vector fields v;: B4(0) — R™ and obtain
9; > 0 such that for y € Bs,(0;(p;)) there exists ¢;: By(0) — B4(0) with the properties
listed in Lemma 3.4. Define § := min; d;. Thus for ¢; € M with dpy(p;,q;) < 6, there
exists ¢;: B4(0) — B4(0) such that ¢; is the identity outside of B1(0), ¢;(0;(¢;)) = 0, and
10 = T o il <e.

We now define w € X(M) as follows. We define w; € X(U;) by

Ui —25 Uy x U; "% U, x By(0) “24 U, x By(0) 2% U, x Rm —= TU.

=lw;

Note that w; = v on U; \ W;. Thus, for ¢ # j, since Uy N W; = 0 and W; N U; = 0, we
have w; = w; = v on U; N Uj, thus we can glue together the w; to obtain w € X(M) with
w|y, = w; for all i.

We first check that Fix(w) = {¢;}. Outside of the sets W;, i = 1,...,n, we have
w = v # 0. Inside W;, v has exactly one zero, namely p;. For any ¢ € W; we thus have

w(q) =0 <= wi(q) =0 <= Ui(pi(oi(q))) =0 <= i(0i(q)) =0 <= 0i(q) = 0i(q:)
— q = qi-

Thus Fix(w) = |, Fix(w) N W; = J,{¢:}. It remains to show that |[v — w||; < e. Indeed,
we have
o —wl, = max [ — ], = max [ 5 o @l < <.

This proves the claim and hence the proposition. O

3.2 Assigning a factored chain complex to a vector
field

Now we are in the position to assign a factored chain complex to a gradient-like Morse-
Smale vector field in general position v € Xy (M). The idea is to take the Morse
complex MC,(v) and apply a sequence of simplifications, each determined by a pair (a, b)
of fixed points of index k and k — 1, for some k € {1,...,n}. This yields a factored chain
complex with constant homology whose tagged barcode consists of finite bars of the form
[0,t,t) and infinite bars [0, 0, 00). Each finite bar corresponds to a pair of fixed points and
the value t is related to their distance on M. The infinite bars correspond to fixed points
which are not paired up, and they can be viewed as generators for the homology of M.
More precisely, we endow MC,(v) with some additional information in order to apply
Construction 2.31 or Construction 2.34. We view the Morse complex MC,(v) as a based
chain complex, where the basis in each degree is given by the fixed points of that index. If
we are moreover given a distance dy; on M (for example the shortest path distance induced
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from a Riemannian metric), then we view MC,(v) as a weighted based chain complex,
with the weight of a pair of basis elements given by the distance of the corresponding
fixed points on M. Note that in case M is not connected, the shortest path distance is
not defined between points of different connected components. In this case, we set it to
be any fixed number greater or equal to the maximum distance between any two points
from the same component. One can check that this yields a metric. We will slightly abuse
notation and always write MC,(v) for the Morse complex of v, but consider it to be a
chain complex, or a based chain complex, or a weighted based chain complex, depending
on the context. If v is in general position, then MC,(v) is generic, thus in particular
ordered, so we can apply Construction 2.31 or Construction 2.34 and construct

X(v) := X(MC,(v)) € TEPCh or Y (v) :== Y(MC,(v)) € TEPCh,

respectively. Note that the basis elements that appear in Construction 2.31 or Con-
struction 2.34 always correspond to fixed points of v, even after multiple iterations. We
therefore get a sequence of pairs of fixed points (ay,by), ..., (a., b.), whose indices always
differ by one. We say that the pairs (a1, 1), ..., (a,,b.) are simplified in the construction
of X(v) or Y(v).

The resulting tagged barcode, together with the pairs of fixed points that were sim-
plified in the construction, then gives a topological invariant of the vector field. It can be
interpreted as a sequence of algebraic simplifications that one can do in order to simplify
the Morse complex of the vector field.

Example 3.5. In Figure 3.1 we see a gradient-like Morse-Smale vector field v € X p154 (5?).
It is defined on the 2-sphere, which is represented as a square, where all of the boundary is
contracted to a point z, which is a fixed point of index 0 for v. We denote the remaining
fixed points by p, ¢, s. Let us assume that S? is equipped with a Riemannian metric such
that d(p,s) =1, d(q, s) = 2, and also all other distances are pairwise different and larger
than 1, so that v is in general position. The Morse complex of v is

F? = Span(p, q) S N Span(s) U Span(z).

The weights are given by the distances, so for example w(p, s) = 1 and w(q, s) = 2. The
only pairs that we could possibly simplify are (p, s) and (g, s), so since w(p, s) < w(q, s)
we will simplify (p, s) at time 1, giving rise to the tagged interval [0,1,1) in degree 2 the
tagged barcode of X (v). After this simplification, all differentials are zero, so ¢ and x
cannot be simplified, giving rise to the tagged intervals [0,0, 00) in the degrees 2 and 0
respectively. On the right of Figure 3.1 we visualize the barcode in the following way:
Finite bars [0,¢,t) in degree n are showed as a gray block spanning from degree n — 1 to
degree n on the vertical axis and from 0 to ¢ on the horizontal axis. Infinite bars [0, 0, c0)
in degree n are drawn as a black horizontal line on the height n.

Remark 3.6. One could also use other weights than the distance between the fixed
points. One may try to use the length of a flow line or the maximal value of the norm of
the vector field along a flow line, instead. However, in these cases, one would have weights
only between points that are connected by a flow line. It is then not clear a priori how one
would update the weights after a simplification of the Morse complex. For this reason,
we are using the distance between the points. However, thanks to the generality of the
definitions and results of Section 2.5, other choices for the weights are not in principle
precluded.
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Figure 3.1: Left: Gradient-like Morse-Smale vector field v on the 2-sphere with two fixed
points p, ¢ of index 2, one fixed point s of index 1, and one fixed point x of index 0. The
point x is represented in the image by the whole boundary. Right: Visualization of the
resulting tagged barcode tBar(Y (v)).

In the case where we are studying a Morse-Smale function f: M — R via the Morse
complex of its gradient, MC4(—V f), there is another obvious choice for the weights,
namely the distance of function values. In that case, the tagged barcode one obtains is
closely related to the persistence barcode of f, see Section 3.5. Since we are also allowing
non-conservative vector fields, however, this approach does not work more generally.

Remark 3.7 (Invariance). Usually, when talking about (topological/geometric) invari-
ants, one would like to describe a set of transformations of the input objects under which
the outcome is invariant. In our case, if two vector fields v,w € X ps+ (M) are topo-
logically equivalent and the topological equivalence can be realized by a homeomorphism
h: M — M that restricts to an isometry of the fixed points, then X (v) = X(w) and
Y(v) 2 Y (w).

Remark 3.8 (Non-triviality). Non-triviality refers to the fact that an invariant is able
to distinguish input objects if they are “different enough” in some sense. In our case, we
can say that the constructions X and Y are sensitive enough to distinguish between the
vector fields v and w in either of the following situations:

(i) The two vector fields v and w are defined on manifolds M and M’ whose singular
homology groups are not isomorphic.

(ii) The two vector fields v and w are both defined on M, but there exists 1 < k < dim M
such that | Fixy(v)| # | Fixg(w)].

(iii) The two vector fields v and w are both defined on M, and |Fix(v)| = | Fixg(w)|
for all k£, but the distance values between fixed points of v and those of w are all
distinct.

Even beyond these cases, the constructions may distinguish between different vector fields,
see Example 3.9.

Example 3.9. Consider the gradient-like Morse-Smale vector fields on S? displayed in
Figure 3.2. This figure is presented in the same way as the images of Chapter 4, see the
explanations given on page 57. Denote by v the vector field on the left and by w the
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Figure 3.2: Two gradient-like Morse-Smale vector fields on the 2-sphere that have the
same fixed points but are topologically different

one on the right. The fixed points of v and w coincide, they both have one source p, two
saddles sy, s9, and three sinks qq, ¢1, g2. The point qq is represented by the green boundary.
However, the topology of these two vector fields are not the same, which can be seen by
the fact that the flow lines are connecting the fixed points in different ways. Applying
Algorithm 1 to the Morse complexes of both v and w reflects this difference. The relevant
distances between the fixed points are d(s1,q1) = 1.5, d(s1,q2) = 4.8, d(s2,q1) = 3.3,
and d(s2,q2) = 4.5. We assume that d(s1,qo) and d(ss,qp) are larger than all of these
distances, even if it may appear otherwise in the images.

In the case of v, we first simplify the pair (s1,q;) and then, in the second step, the
pair (s2,¢2). The resulting decomposition of Y (v) is thus

Y (v) = 7°00,0,00) & I[0,1.5,1.5) @ I'[0,4.5,4.5) & Z?[0,0, c0).

For w on the other hand, we first simplify the pair (ss,q;) and then, in the second
step, the pair (s1,¢2). The resulting decomposition of Y (w) is then

Y (w) = 7°00,0,00) ® Z'[0,3.3,3.3) ©Z'[0,4.8,4.8) © (0,0, 0).

3.3 Local stability

Recall that X}, (M) is the space of gradient-like Morse-Smale vector fields on M in
general position, endowed with the Whitney C' topology. We endow TEPCh with the
topology induced by the interleaving distance. The goal of this section is to prove the
following statement.

Theorem 3.10. The maps X,Y : X}y6, (M) — TEPCh, which assign to a gradient-like
Morse-Smale vector field in general position v the factored chain complexes X (v) and
Y (v), built as in Construction 2.31 and Construction 2.34, respectively, are continuous.

Proof. In order to show that the map X: %; s (M) — TEPCh is continuous, it suffices
to show that for every v € X}/, (M) and every ¢ > 0 there exists a neighbourhood N
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of v in X},6, (M) such that for all w € N, we have d;(X(v), X (w)) < e. Denote by

(a17b1)7 ceey (an7bn)7

the pairs of fixed points that are simplified by applying the construction to v, in this
order. Let ¢/ > 0 be a positive number that satsifies

2ne’ < e, 4" < £(Fix(v)), 2e" < dp(p, q) for all p # q € Fix(v).

By Theorem 1.17, there exists a neighbourhood N of v in X} ,,¢, (M) such that for all w €
N there exists a topological equivalence ¢ between v and w such that dy;(p, ¢(p)) < &’ for
all p € Fix(v). By Lemma 1.19, ¢ induces an isomorphism between the Morse complexes
of v and w. We now check that the conditions for Lemma 2.39 are satisfied, i.e. we want
to show that for any a,b,c,d € Fix(v), if dy(a,b) < dy(c,d), then dy(p(a), (b)) <

du(p(c), p(d)).
To show this, note that, if dys(a,b) < dps(c, d), then

du(p(a), o(b)) — du(p(c), p(d) < du(p(a),a) + du(a,b) + dar(b, (b))
+ du(e,p(c) — du(e, d) + du(d, ¢(d))
< dy(a,b) — dy(c,d) + 4¢
< dum(a,b) — du(c,d) + (Fix(v)) <0,

from which it follows that dy(p(a), p(b)) < dup(p(c),p(d)). We have thus shown that
the weights of pairs from Fix(v) are in the same order as the weights of the corresponding
pairs from Fix(w), thus, by Lemma 2.39, in the construction of X (w) the pairs

(@(al)a Qo(bl))a T (@(ar>7 (,O(br)),

get simplified in this order and d;(MC,(v), MCq(w)) < nd,(MC,(v), MC,(w)). Note that
for any fixed points a, b € Fix(v), we have

|d(a,b) — d(p(a), ¢(b))| < d(a,p(a)) + d(b, p(b)) < 2¢',

thus d,(MC,(v), MC4(w)) < 2¢’. Combining this yields the desired inequality. If we
replace X by Y, the same proof works and when choosing &’ suffices that 2¢" < e. [

Example 3.11. Consider the vector field v, defined on the 2-sphere, from Figure 3.3.
Again, the whole boundary of the image represents a single point y of S, which is a sink
for v. The other fixed points of v are two sources p, ¢, two saddle points r, s, and a sink z.
The relevant flow lines for the definition of the Morse complex are visible in the picture.
Assume the 2-sphere is equipped with a Riemannian metric such that d(p,r) = d(p, s) = 1,
d(s,x) =2, d(r,z) = /8, whereas all other pairs of fixed points have larger distances. As
weights are given by distances, the pairs (p,r) and (p, s) both have the same weight, so
our constructions depend on the ordering of these two pairs. If we simplify the pair (p,r)
first, then we next simplify the pair (s, ), which has weight 2. In contrast, if we simplify
the pair (p, s) first, then we next simplify the pair (7, z), which has weight /8 ~ 2.8. This
shows that if the weights are not unique, then it can happen that different orderings lead
to different tagged barcodes. In Section 3.5 we will see that in the case of scalar fields,
the situation is different, i.e. we can define a slightly different tagged barcode which is
independent of the ordering of the pairs.
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Figure 3.3: Different orderings of the pairs (p,r) and (p, s) yield different tagged barcodes
for this vector field, as explained in Example 3.11.

3.4 Combinatorial approximations

Given a smooth gradient-like Morse-Smale vector field v on a smooth manifold M, one
can approximate it by a sequence of triangulations of M and combinatorial vector fields
on these triangulations. First, Theorem 1.22 asserts that there exists a triangulation
T of M and a combinatorial vector field V' on it such that: (1) there is a bijection
between the set of fixed points p of v and the set of critical cells o, of V' such that
p € o0, and ind,(p) = dim(o,), (2) for each pair of critical cells o, and o, such that
dim(o,) = dim(o,) + 1, V-paths from hyperfaces of g, to o, are in bijection with integral
curves of v up to renormalization connecting ¢ to p, (3) this bijection induces an iso-
morphism between the Morse complexes MC,(v) and MC,(V) associated with v and V/,
respectively. Then, Theorem 1.23 states that if we replace T by its barycentric subdivision
A(T), the combinatorial vector field V' on T induces a combinatorial vector field A(V)
on the barycentric subdivision A(T'). By iterating this process we get a combinatorial
approximation theorem.

As we did before with the smooth Morse complex, we want to view the combinatorial
Morse complex as a weighted based chain complex. To do this, we assume that some
extra structure is present on the simplicial complex.

Definition 3.12. A metric simplicial complex is a simplicial complex equipped with a
metric on its set of cells. A metric simplicial complex is called generic, if all the distances
are pairwise different.

Remark 3.13. Given a simplicial complex K, the combinatorial Morse complex can be
viewed as an assignment X,(K) — bCh, where the bases on MC, (V) are given by the
canonical bases of critical cells.

If K is moreover a metric simplicial complex, then we view the combinatorial Morse
complex as a map X,(K) — wbCh . The bases of MC, (V) is given as before by the critical
cells and the weights are taken to be the distances between those cells. Thus in that case
we can assign a factored chain complex to the combinatorial Morse complex, according to
either Construction 2.31 or Construction 2.34. We again shorten our notation by writing
X(V) = X(MC,(V)) and Y (V) := Y(MC,(V)) for any V € X,(K).

If K is a simplicial complex and o is a k-cell of K, then |o| C |K| has a well-defined
barycenter. We denote this point by b(c) C |o]|.
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Using the barycenters, every triangulated Riemannian manifold induces a metric sim-
plicial complex in the following way: If (M, M’ ¢) is a triangulated Riemannian manifold,
then we have the simplicial complex M’ and for the distance on the cells of M’ we take
the distance between the barycenters, i.e. we define d(o, 1) := dy (¢(b(0)), p(b(T))).

Since there is a canonical homeomorphism between |K| and |A(K)|, we will iden-
tify these two spaces. Therefore, if (M, M’ ¢) is a triangulated manifold, then so is
(M, A(M), ¢).

Definition 3.14. Let M and v be as in Theorem 1.22. A triangulation of v is a triple
(M, ¢, V') such that

o (M',¢) is a triangulation of M,
. VeX, (M),
« V satisfies the conditions (), (ii), (¢iz) from Theorem 1.22.

Lemma 3.15. Let M and v be as in Theorem 1.22 and let (M',¢,V') be a triangulation
of v. Then it is possible to choose orderings of the vertices of the critical cells of V' in
such a way that also (A(M'), ¢, A(V)) is a triangulation of v.

Proof. Since (M’,¢,V) is a triangulation of v, for every fixed point p of v there exists a
critical cell o of V such that p € 0. Since the k-cells of A(M') cover the k-cells of M,
there exists a cell o’ in A(M'), with |o’| C |o|, such that p € ¢’. We can choose this cell ¢’
(which may not be unique) for the definition of A(V'). Doing so for every fixed point of v
implies, by Theorem 1.23, that A(V') again satisfies all the conditions from Theorem 1.22
and so (A(M'), ¢, A(V)) is a triangulation of v. O

Now we are ready to state and prove our combinatorial approximation theorem:.

Theorem 3.16. Let M be an oriented Riemannian manifold and let v € X prs+(M). Let
(M', ¢, V) be a triangulation of v. Then for every e > 0 there exists N € N such that for
alln > N we have

dr (X (v), X(A™(V))) < e.

The statement of the theorem is also true when we replace X with Y. The proof is
analogous. Also, when writing A"(V'), we are hiding from the notation the dependence on
some choices. The precise statement would be that there exists a sequence of N choices,
so that for any choice we do afterwards, the statement from the theorem holds.

Proof. By iterated application of Lemma 3.15, (A™(M'), ¢, A™(V)) is a triangulation of
v for all n, given the right choices in the definition of A(V'), A%(V), etc. Since the cells
in A"(V') become smaller as n gets larger, the barycenters of al(gn) converge to p as n goes
to infinity, where by a;()n) we denote the barycenter of the critical cell in A™(M’) that

contains p. If we choose N large enough such that ¢(|0,(JN)|) C B.(p), where ¢/ > 0 is
a small enough positive number such that the conditions of Lemma 2.39 are satisfied for
MC, (V) and MC,(AY(V)). The conditions for such &’ are analogous to the conditions in
the proof of Theorem 3.10. [
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3.5 The case of scalar fields and connections to per-
sistent homology

We now turn our attention to scalar fields, i.e. functions, on a Riemannian manifold. As
it is often done, we restrict ourselves to the case of Morse-Smale functions. The gradient
of such a function is a gradient-like Morse-Smale vector field. The goal of this section is
twofold. First, we relate the classical persistence barcode of the function to the tagged
barcode of its gradient field. Secondly, we show that, in contrast to what happens for
gradient-like vector fields (see Example 3.11), for gradient fields we do not need further
genericity conditions.

Given a Morse-Smale function, we can endow the Morse complex of its gradient with a
different set of weights. Instead of distances between fixed points we can use the difference
in function values. For convenience, we will assume that f takes only non-negative values.
Since we consider only closed manifolds, this can always be achieved by adding a constant.

We now introduce a modification of Definition 2.30 for scalar fields. This is analogous
to [22].

Definition 3.17. A based chain complex with a filter is a based chain complex
(C., Bs) together with a monotone function f: |J, By — [0, 00), that is, for all a € By,
b € Bi_1, if (Ja,b) # 0, then f(b) < f(a).

Therefore, if we are given a Morse-Smale function f, then we can view the Morse
complex MC,(—V f) as both a based chain complex with a filter, where the filter is given
by the function values of f on the fixed points, and a weighted based chain complex,
where the weights are equal to |f(a) — f(b)].

Recall that a filtered chain complex is a parametrized chain complex which is tame and
where all the internal chain maps are monomorphisms. A based chain complex with a filter
(C,, B,, f) induces a filtered chain complex F(C,,B,, f): [0,00) — Ch, ¢t = CI=t in the
following way. The chain complex C{=! consists of the vector spaces C{=" := Span({b €
Bi | f(b) < t}) C Cy. The differential 9: C{<" — C/=! is given by the restriction of the
differential in C,. This is well-defined because the function f is monotone.

Applying homology then yields persistence modules H,(F(Cs, B, f)), one for each
n, as explained in Section 2.2. These are parametrized vector spaces and hence have
persistence barcodes due to Theorem 1.4.

On the other hand, given a filtered based chain complex (C,, B,, f), this induces a
weighted based chain complex (C,, Bo,w), where the weights are given by w(a,b) :=
|f(a) — f(b)|]- Because it has different weights than in the previous sections, the factored
chain complexes resulting from applying either Construction 2.31 or Construction 2.34
are hence also different. However, if we apply them in this setting, the result is re-
lated to the persistence barcode of f. More precisely, we will show that it is possi-
ble to obtain the tagged barcode of Y (C,, Be, w) by mapping finite intervals [s,t) from
Bar(H,(F(C,,B,, f))) to [0,t — s,t — s) in tBar,1(Y(C,, Be, w)) and infinite intervals
[s,00) to [0,0,00) in tBar, (Y (Cs, Bs,w)). The proof strategy is by induction over the
number of pairs that get simplified in our construction and show that if we simplify a pair
(a,b) € B, x B,_1, then there is an interval present in Bar(H,_1(F(Cs, B., f))) of the
form [f(b), f(a)). Moreover, the persistence barcode resulting from that simplification is
equal to the persistence barcode of the original filtered chain complex with that interval
removed.
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Formally, we want to define the dashed map in the following diagram that makes it
commute:

(C.,B.,f) \ w(y):=f()=F()l N (C.,B.,W)

IF Y

F((Ca,Bu, ) Y ((Cus Busw)

Bar (@ H,(F(C., B, f))) o

| l
| Bar(H.(F(Cs, B., f)) F------ » | tBar, (Y(C, Bs, w))

neN neN

This will be done in Theorem 3.19. In order to state this result, we use filtered
interval spheres [13]. This is the monomorphic analogue to the interval functors in
TEPCh. Recall that ¢*: S® < D"*! denotes the inclusion of chain complexes. Given
neN 0<s<ooand s <t< oo, we define I"[s,t) € TPCh by

0, if ¢ < s,

Tgn, if s<qg<r<t,
Moits<g<t <,
Tpn+1, if t < gq.

0, if0<r<s,
(H”[S,t))r — STL’ if s <r< t, and (Hn[sjt))qgr —
DL ift <o,

The following lemma is based on Proposition 3.2 in [13]. In the proof, we explain the
necessary adjustments to apply that result.

Lemma 3.18. Let (Cs, B, f) be a based chain complex with a filter. Let (a,b) € B, xB,_1,
such that (Da,b) # 0 and

(1) f(b) = max{f(¥) | (Da,V) # O},
(i) f(a) =min{f(a’) | (9a’,b) # 0}.

Denote by (C,,B,) the based chain complex resulting from applying Lemma 1.6 to the
pair (a,b). Define the filter f on (Cs,Bs) by f([c]) := f(c) for ¢ € B;. Then we have an
isomorphism of filtered chain complezes

F(Co, B, ) = F(Co, Bo, f) @ "1 [£(D), f(a)).

Proof. Proposition 3.2 of [13] is formulated in terms of a filtered chain complex X and a
pair of generators (z;,z;) satisfying the so-called split conditions. The conclusion states
that X = I""![s, e) @ X', where n is the degree of z;, s is the entrance time of z;, e is the
entrance time of z; and X’ is another filtered chain complex. Note that in [13], the pair
of generators (z;,z;) is written in increasing degree, whereas we write pairs in decreasing
degree. We apply the result to X = F(C,, B,, f) and the pair of generators (b, a), noting
that the split conditions from [13] are equivalent to our conditions (da,b) # 0 and (i —ii).

It remains to show that f indeed defines a monotone function on (C,,1B,) and that
the filtered chain complex F(C,, B,, f) coincides with X’ from [13]. To check the former,
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consider a pair (c,d) € By, x By, with (9%[c], [d]) # 0 with respect to the basis By_;. If
also (dc,d) # 0 with respect to Bj_1, then we have f([c]) — f([d]) = f(c) — f(d) > 0,
so f satisfies the monotonicity condition for the pair ([c],[d]). Note that for k # n,
(0%[c], [d]) # 0 implies that already (dc,d) # 0 with respect to the basis By_; (in the case
k = n —1 this uses the fact that we quotient out da, which satisfies 9(da) = 0). The only
case remaining is thus & = n and d ¢ Oc. This implies that (Jc,b) # 0 and (Ja,d) # 0
(see Lemma 1.6 (7i7)). Thus, by (i) and (i7), we have f(c) > f(a) and f(d) < f(b), and
thus
F(id) = F(1d) = £(0) — f(d) > fla) — F(B) >0,

so f is monotone. The fact that F(C,, B, f) is isomorphic to X’ from [13] can be checked
by comparing the differential §’ from [13] with the induced differential from Lemma 1.6.
O

Due to the additivity of homology, this implies that the persistence barcodes of
H;(F(Cs, B., f)) can be obtained from those of H;(C\, f) by adding one copy of [f(b), f(a))
to Bar(H,,_1(C,, f)) in degree n — 1.

Theorem 3.19. Let (C,, B, f) be a based chain complex with filter and let (C,, Bo, W)
be the corresponding weighted based chain complex, with the weights given by w(a,b) =
|f(a) — f(b)]. In case of multiple pairs having the same weight, we choose an arbitrary
order. Then there is a bijection of multisets

U Bar(H,(F(C,,B,, f)) — U tBar, (Y (C,, Be, W)),
neN neN
defined by
Bar(H,(F(Ce, B., f))) 3 [s,t) —> [0,t — s,t — s) € tBar, 1 (Y(Cs, Bo, w)),

Bar(H, (F(Ca, Ba, ) 3 [5,00) — [0,0,00) € tBar, (Y (Ca, Ba, w)).

In words, the theorem says that we can obtain the tagged barcode of Y (C,, Bs, W)
from the persistence barcode of @, H,(F(C,,B., f)) by shifting all the bars to the left
until they start at zero. The finite bars change degree by one, the infinite bars remain in
the same degree.

Proof. For brevity, we write F/(C,) := F(C,,B., f) and Y (C,) := Y (C,, B,, w) during
this proof. Note that Y (C,) a priori depends on the chosen ordering of the pairs of equal
weight, since this influences which pairs get simplified in Construction 2.34. We do an
induction over the number m of finite tagged intervals in tBar(Y (Cs)).

If m = 0, that means that the differential in C, is zero. In that case, for any n € N,
the tagged barcode tBar, (Y (C,)) consists of one copy of [0, 0, c0) for each element of the
basis B,,. In the persistence barcode Bar(H,(F(C,)), on the other hand, each b € B,
yields a bar of the form [f(b),00). Thus the claim of the theorem holds true in this case.

For the induction step, let m > 1 and assume that we have proven the theorem for
m — 1. Since m > 1, the differential in C, is non-zero, hence at least one pair gets
simplified in the construction of Y (C,). Let (a,b) € B, x B,_; be the first pair that gets
simplified. This means that w(a,b) is minimal among all pairs (a’, ") with (da’, V') # 0,
which implies that the conditions from Lemma 3.18 are satisfied for the pair (a,b). Denote
by (C.,, B,) the based chain complex resulting from applying Lemma 1.6 to the pair (a, b).
Note that this is equal to the based chain complex from Lemma 3.18 as well as the one

52



3.5. THE CASE OF SCALAR FIELDS AND CONNECTIONS TO PERSISTENT
HOMOLOGY

from Construction 2.34. Also the filter f from Lemma 3.18 induces the same weights W
as the ones from Construction 2.34. Therefore, by the induction hypothesis, we have the
above-described bijection of multisets

| Bar(#:(F(CL))) — | tBar; (Y(CL)).

ieN 1€N

Now we want to extend the bijection to F'(C,) and Y (C,). By construction of Y (C,), it
is clear that tBar;(Y (C,)) = tBar;(Y (C,)) for i # n and tBar, (Y (C,)) = tBar, (Y (C,)) U
{[0,w(a,b),w(a,b))}. By Lemma 3.18 and additivity of homolgy, we have

 [Bar(Hi(F(C.))) ifi#n—1,
Bar(H,(F(C.)) = {Barwn_l@.» {/). fa))} ifi=n -1

Thus, to extend the bijection of multisets, it is enough to map

[£(b), f(a)) = [0, f(a) = f(b), fa) = f(b)) = [0, w(a,b), w(a,b)),

yielding a bijection of multisets between the persistence barcode of @, H;(F(C,)) and
the tagged barcode of Y (C,). This completes the proof. N

Corollary 3.20. Given (C,,B,,w) € wb™Ch, where the weights are induced from a
monotone function, then the tagged barcode of X (C,) and Y (C,) does not depend on the
ordering of the weights.

Proof. 1f the weights are induced from a monotone function f, then by Theorem 3.19 we
can compute the tagged barcode of Y (C,) also from the persistence barcode of
D, H.(F(C,, B, f)). This barcode comes from the decomposition of a filtered vector
space, which by Theorem 1.4 is unique, and hence does not depend on the ordering of
the pairs needed to compute Y (C,). Thus, also the tagged barcode of Y (C,) must be
independent of the order. Since the tagged barcode of X (C,) can be obtained from the
barcode of Y (C,) by adding up the lenghts of the intervals (compare Proposition 2.33 for
X (C,) with Proposition 2.35 for Y (C,)), this extends also to X (C,). O
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Chapter 4

Non-uniqueness when removing
closed orbits

The content of this chapter is in some sense a justification for the following chapter. In
Section 2.5 we gave a method for for obtaining a factored chain complex (and thus by
Theorem 2.17 a tagged barcode) from a chain complex that is equipped with some extra
structure. In Chapter 3 we then explained how to apply this to the Morse complex of a
gradient-like Morse-Smale vector field, making use of the fact that in that case, a chain
complex is readily available by the Morse complex. If such a complex existed also in the
case of Morse-Smale vector fields with closed orbits, we would only have to endow it with
bases and weights and could apply the results from Chapter 2.

In this chapter we describe difficulties with some approaches for defining such a com-
plex. We trace these back to a method introduced by Franks for replacing a closed orbit by
a pair of fixed points, pointing out the non-uniqueness of this procedure. We discuss how
this yields obstructions to the endeavor of assigning topological or algebraic invariants to
general Morse-Smale vector fields.

As a result of this, we construct our own chain complex in the following chapter,
making use of the spectral sequence associated with a filtration induced by the vector
field.

4.1 Why and how to remove closed orbits

Assume that M is a closed smooth manifold and X is a Morse-Smale vector field on M.
A lot of information can be gained by studying the singular elements of X, i.e. the fixed
points and closed orbits. An index can be assigned to each singular element, describing
the local behaviour of X. Generalized Morse inequalities were proven by Smale, relating
the number of singular elements of each index of X to the Betti numbers of M [50]. A
special case that is better understood is when X is gradient-like, i.e. has no closed orbits.
In that case it was pointed out in [27], that by following [41] we can construct a CW
complex Y whose k-cells are in one-to-one correspondence with the fixed points of index
k of X. This CW complex is defined uniquely up to cell equivalence and there exists
a homotopy equivalence M — Y that maps the unstable manifold of every fixed point
into the closure of the corresponding cell. Another structure that can be defined in terms
of the singular elements of X is the Morse complex (also sometimes denoted by some
combination of the names Morse, Smale, Witten, Thom, Floer, see [8] for a historical
discussion). This is a chain complex with coefficients in some field F (often F = Z/27Z
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ROTN

Ss

Figure 4.1: By Proposition 4.1, we can replace a closed orbit of index k (left panel) by
two fixed points of index k + 1 and k (right panel). The vector field stays unchanged
outside of a neighbourhood of the orbit, which can be chosen arbitrarily small.

is chosen for easier computations), such that for every k, the vector space in degree k
has a basis corresponding to the fixed points of index k£ of X. The differential of this
chain complex is defined by counting certain flow lines and its homology agrees with the
singular homology of M, see e.g. [3] for details.

The question arises whether we can define analogous structures more generally for
Morse-Smale vector fields also in the presence of closed orbits. An indicator for this is
the following result by Franks, allowing us to replace a closed orbit of index k by a pair
of fixed points (called rest points in [27]) of index k + 1 and k, respectively.

Proposition 4.1 ([27, Proposition 5.1]). Suppose X is a Morse-Smale vector field on an
orientable manifold whose flow has a closed orbit v of index k in standard form. Then
given a small neighborhood U of 7y, there exists a Morse-Smale vector field X' which agrees
with X outside U and in U has rest points p, q of index k + 1 and k but no other rest
points or closed orbits. Also, q is a successor to p and their connecting manifold consists
of two points framed with opposite orientations if the original closed orbit v was untwisted
and otherwise framed with the same orientation. Moreover the unstable manifold for ~
will be equal to W*(p) U W*(q).

Roughly speaking, this works by reversing the direction of X on one half of the orbit,
thereby creating two fixed points that lie on opposite ends of the original closed orbit.
The other points of what before was a closed orbit now form two flow lines from the fixed
point of index k£ + 1 to the fixed point of index k, see Figure 4.1. By repeating this for
every closed orbit, we can replace X by a gradient-like vector field X".

This yields the following pipeline: Start with a Morse-Smale vector field X. Replace all
closed orbits by pairs of fixed points according to Proposition 4.1 to obtain a gradient-like
Morse-Smale vector field X’. Use the known results to assign some structure to X’ (e.g. a
CW complex or a chain complex). Consider the choices that were made when perturbing
X to X’ and check that the resulting structure is unique (up to some equivalence relation).

We first examine the uniqueness question for CW complexes assigned to Morse-Smale
vector fields. It was claimed in [27, Corollary 5.2] that this can be used to assign a
CW complex to X which is unique up to cell equivalence. In Section 4.2 we review
the definition of cell equivalence and some relevant results, then provide examples that
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4.2. NON-UNIQUENESS FOR CW COMPLEXES

illustrate that the CW complex resulting from this procedure may not be unique up to
cell equivalence, showing that the uniqueness part in [27, Corollary 5.2] is incorrect.

Next we examine the uniqueness question for assigning chain complexes to Morse-
Smale vector fields. In Section 4.3 we consider the vector spaces and linear maps defined
in [23]. We show that in dimension two, these maps square to zero, but the resulting
homology may differ from the singular homology of the underlying manifold. Then we
present an example in dimension three where these maps do not square to zero, thereby
showing that [23, Theorem 2.5] is incorrect.

An algebraic structure that can be assigned to more general flows is given by the
connection matrix, whose existence has been proven by Franzosa [29]. For gradient-like
Morse-Smale vector fields it was shown to be unique and coincide with the Morse complex
by Reineck [47]. The examples presented in [29, 47] involving closed orbits show the non-
uniqueness of the connection matrix for general Morse-Smale vector fields and resonate
with our examples about the non-uniqueness of assigned CW decompositions and chain
complexes.

Let us make some remarks about how we display our examples. We draw fixed points
and closed orbits in red. For fixed points, we use different symbols, according to the
index. Fixed points of index 0 (sinks) are drawn as a minus sign. Fixed points of index 1
(saddles) are drawn as a filled dot. Fixed points of index 2 (sources) are drawn as a plus
sign. In Figure 4.6b we have a three-dimensional vector field, where we draw the fixed
points of index 3 as a hollow dot. Figures 3.2 and 4.3 to 4.5 display vector fields on the
2-sphere, which we visualize as a disk, the green boundary representing a single point of
the sphere. This point is a fixed point of index 0 of the vector field in each case. Flow
lines flowing to and from saddle points are drawn in black. Other flow lines are drawn in
blue, with thinner lines. In some cases, these additional flow lines are not drawn, as their
exact shape is not relevant for our purposes.

4.2 Non-uniqueness for CW complexes

We recall the definition of cell equivalence, since it is a rather specific notion of [27]. We
start by introducing the face poset. If e and €' are cells of a CW complex Y, we will
say that ¢/ < e if the closure of e contains any part of the interior of ¢’. If we make this
relation transitive (and denote the new transitive relation by < as well) then we obtain
a partial ordering on the cells of Y. If S is a subset of the cells of Y with the property
that e € S and ¢’ < e implies €’ € S, then the union of the cells in S forms a subcomplex
of Y. In particular, if e is a cell of Y we define the base of e, denoted Y'(e), to be the
smallest subcomplex of Y containing e. Thus Y'(e) is the union of all cells ¢’ in Y such
that e/ < e.

Definition 4.2 (|27, Definition 2.1]). Two finite CW complexes Y and Y’ will be called
cell equivalent providing there is a homotopy equivalence h: Y — Y’ with the property
that there is a one-to-one correspondence between cells of Y and cells of Y’ such that if
e CY corresponds to ¢ C Y’ then h maps Y (e) to Y'(¢’) and is a homotopy equivalence
of these subcomplexes.

There is a problem with this definition of cell equivalance, namely that it does not
yield an equivalence relation. This is showcased by Figure 4.2, where we have two CW
complexes, Y, Y’ such that a cell equivalence h: Y — Y exists, but not in the other
direction. We thus present an alternative version of the definition of cell equivalence,
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d
C
a b
(a) The CW complex Y consists of the (b) The CW complex Y’ consists of the 0-cells
0-cells a and b, the 1-cell ¢, and the 2-cell a’ and b, the 1-cell ¢/, and the 2-cell d’, which
d, which is attached to the 0-cell a. is attached in the middle of the 1-cell ¢

Figure 4.2: In Y, the base of the cell d consists only of the cells d and a. In Y’, the base
of the cell d' is all of Y’. The map h: Y — Y’ that maps a — a’, b — bV, ¢ — , the
bottom half of d to the left half of ¢/, and the upper half of d to d’, is a cell equivalence
according to Definition 4.2. However, no cell equivalence exists in the other direction, so
it does not satisfy the stronger Definition 4.3.

where we demand the existence of a homotopy inverse that is also a cell equivalence and
that the base of any cell gets mapped surjectively onto the base of its corresponding cell.

Definition 4.3. Two finite CW complexes Y and Y’ are called cell equivalent if there
are maps f: Y — Y and g: Y’ — Y that are homotopy inverses to each other, such that
there exists a one-to-one correspondence between the cells of Y and the cells of Y’ such
that if e C Y corresponds to ¢ C Y, then f(Y(e)) = Y'(¢), g(Y'(¢/)) = Y(e), and the
restrictions of f to Y(e) and of g to Y'(¢’) are homotopy inverses to each other.

In this version, symmetry is already built into the definition, so it becomes straightfor-
ward to check that it is indeed an equivalence relation on finite CW complexes. Moreover,
if Y and Y’ are cell equivalent in the sense of Definition 4.3, it follows that their face
posets are isomorphic.

Given a closed smooth manifold M and a singular element 3 of a vector field on M, we
denote by W*(5) and W"() its stable and unstable manifolds. See [27] for the necessary
definitions and background. The following statement is a reformulation of a fundamental
result from Morse theory, stating that we can assign to each gradient-like Morse-Smale
vector field a CW complex Y unique up to cell equivalence, with the homotopy type of
the underlying manifold.

Theorem 4.4 ([27, Theorem 2.3]). If X is a gradient-like Morse-Smale vector field on
M, then there exists a CW complex Y, unique up to cell equivalence, and a homotopy
equivalence g: M — Y such that for each rest point p of index k, g(W*"(p)) is contained
in the base Y (e) of a single k-cell e.

In this way g establishes a one-to-one correspondence between rest points of X of index
k and k-cells of Y. Moreover, the partial order < on rest points defined by q < p if and
only if W#(q) NW*¥(p) # () corresponds to the partial order < on the cells of Y.

Combining Theorem 4.4 with Proposition 4.1, we get the following result, stating that
we can do the same thing also for general Morse-Smale vector fields. The underlined part
about uniqueness is not true, as it is showcased next by Examples 4.6 and 4.7. If we delete
that part the statement becomes correct. The author of [27] agrees with this assessment
[28].
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4.2. NON-UNIQUENESS FOR CW COMPLEXES

(b) In the first perturbation, (c) In the second perturba-
(a) Before the perturbation, the unstable manifold of the tion, the unstable manifold of
the vector field contains a  new saddle intersects the sta-  the new saddle intersects the
closed orbit. ble manifold of ¢;. stable manifold of ¢o.

Figure 4.3: This vector field has three sinks qg, q1, g2, one saddle s and one repelling orbit
~. Due to Proposition 4.1 the repeller can be replaced by a source and a saddle. It is not
clear a priori if the newly created saddle connects to ¢; or ¢2. Note that in Figure 4.3a,
we draw some of additional flow lines in order to visualize the flow of the vector field. In
Figure 4.3b and Figure 4.3¢ we omit them.

Corollary 4.5 (|27, Corollary 5.2]). For any Morse-Smale vector field X on a compact
manifold M there is a CW complexr Y homotopy equivalent to M and unique up to cell
equivalence associated to X. Corresponding to each rest point of X of index k there is a
k-cell of Y, and to each closed orbit of X of index k there are cells of Y of dimension
k+ 1 and k attached by a map of degree 0 or 2 depending on whether or not the orbit is
twisted.

The proof of Corollary 4.5 (without the underlined part) goes as follows: Given a
Morse-Smale vector field X, apply Proposition 4.1 to each closed orbit in order to obtain
a gradient-like vector field X’. Every fixed point of X corresponds to a fixed point of X’
of the same index and every closed orbit of index k of X corresponds to two fixed points
of X', of index k + 1 and k, respectively. We can then apply Theorem 4.4 to X’ in order
to get a CW complex.

The CW complex assigned to X’ is unique up to cell equivalence, but when replacing
X by X'’ there are some choices involved, which can result in different CW structures.
We now present two examples that illustrate this.

Example 4.6. In Figure 4.3, we describe the minimal example illustrating the choice
when removing a closed orbit. However, in this example, both choices still lead to two
cell equivalent CW complexes. The cell equivalence is given by swapping the cells corre-
sponding to ¢; and g¢s.

We now present a slightly more complicated example, where we end up with two CW
complexes that are not cell equivalent.

Example 4.7. In the vector field X displayed in Figure 4.4, we again have one closed
orbit, but this time we have more additional fixed points. There are three sinks on the
inside of the closed orbit, so when we replace it by a source and a saddle, it is not
clear a priori to which of these three sinks the flow line starting at the newly introduced
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(a) The original vector field X (b) The perturbation X

(c) The perturbation Xs (d) The perturbation X3

Figure 4.4: In this example, the CW complexes assigned to the perturbations X; and X,
are cell equivalent to each other, but not to the CW complex of X3. We omit drawing
any additional flow lines in order not to overload the pictures.

saddle should connect to. The first two choices X; and X, lead to cell equivalent CW
decompositions, but the CW complex resulting from the third perturbation X3 is not cell
equivalent to the other two. To see why this is the case, note that for X; and X, the
number of saddles that each sink is connected to is 1,2,3,4. For X3 however it is 1,3,3,3.
This implies that the the posets given by the relation < on the cells introduced earlier
are not isomorphic, hence the CW complexes cannot be cell equivalent.

4.3 Non-uniqueness for chain complexes

In [23], given a generalized Morse-Smale vector field, Eidi and Jost construct a sequence
of vector spaces and linear maps. This is done directly in terms of the singular elements
and their intersections of stable and unstable manifolds, without referring to any pertur-
bations. We repeat the main definitions here, for the simpler case of Morse-Smale vector
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fields (i.e. we exclude homoclinic orbits). In this section we work with coefficients in the
field F = Z/27.

Given a Morse-Smale vector field X and two singular elements 31, 8 of X (i.e. fixed
points or closed orbits), we define (1, 52) to be the number of connected components

(mod 2) of W*(S1) N W*(Bs).

Definition 4.8. Given a Morse-Smale vector field X on a closed smooth manifold M,
the Eidi-Jost complex (CE7 9F7) is defined as follows:

o For any k > 0, CZ/ = CP/(X) is the free F-vector space generated by all fixed
points of index k, all closed orbits of index k£ and all closed orbits of index k — 1.
Denote by BE/ = BE/(X) this generating set (i.e. the canonical basis for Cf”).

o The linear map 977/ = 9F7(X): CF’ — C;7, is defined by setting, for all 5 € BF/,

o’ (B) =Y BB

peBEl|
and extending linearly.

Note that a closed orbit v of index k contributes one copy to Bf’ and B/, each.
We distinguish the two by adding a minus and a plus sign, i.e. we write v~ € BE/ and
e B

There is an issue with the proof that 9F/ squares to zero presented in [23]. Proposi-
tion 4.1 is used in that proof and it seems as though the uniqueness (which does not hold
due to our examples from Section 4.2) is assumed implicitly. We present an alternative
proof that works only in the case of two-dimensional manifolds.

Proposition 4.9. If M is a two-dimensional closed smooth manifold and X is a Morse-
Smale vector field on M, then OF7 o 0¥/ = 0.

Proof. Let M be a 2-dimensional manifold and let X be a Morse-Smale vector field on
M. Write (C,,d,) and B, for the Eidi-Jost complex and the corresponding bases. We
want to show that 9; 0 d, = 0. We do an induction over the number m of closed orbits of
X.

If m = 0, then (C,, 0,) is equal to the usual chain complex from Morse homology, for
which it is known that the differential squares to zero [3].

We now assume m > 0 and that we have shown the statement for any Morse-Smale
vector field with m — 1 closed orbits. Let v be a closed orbit of X of index k£ (where
either £ = 0 or k = 1). We apply Proposition 4.1 to obtain a new Morse-Smale vector
field X’ which agrees with X outside of a small neighbourhood of v and that instead
of the closed orbit v has two fixed points x and y of index k + 1 and k, respectively.
These two fixed points are connected by two flow lines, going from x to y. We denote
by (C%,0.) and B, the Eidi-Jost complex and the corresponding bases for X’. Note that
Bii1 = (Bra \{7v"}) U{z} and B, = (B, \ {7~ }) U {y}. By the induction hypothesis we
know that 9] o 9, = 0.

Let us from now on assume that £ = 1, i.e. 7 is a repelling orbit. The proof for £ = 0 is
analogous and we omit it. For simplicity we identify 0, 01, 3%, 9] with the corresponding
representation matrices with respect to the bases B, and B, which we assume to be
ordered in some way. We claim that the following hold.
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(i) The row corresponding to 7~ in J; and the row corresponding to y in 04 are both
zero.

(ii) The matrices 0, and 04 are the same.

(iii) The matrices 0; and 9 differ only in the column corresponding to v~ (in 0;) and y

(in O4).

As for (i), note that v is a repeller, so a(8,7) = 0 for all other singular elements .
Thus the row corresponding to v~ in Jy is zero. For 0} on the other hand, there are
two flow lines from z to y and no other flow lines from any other singular element to y
(because y is a saddle point). These two flow lines cancel out due to Z, coefficients and
thus also the row corresponding to y in d% is zero.

For (ii) and (iii), note that all remaining entries are defined by counting intersections
of stable and unstable manifolds of singular elements different from . Assuming that
we have chosen small enough the neighbourhood of v on which X and X’ differ, these
intersection numbers are the same for X and X', hence the according entries in the
boundary matrices are the same.

From these three claims it follows now that 0y 0 9y = 04 o 0}, since the only difference
between the two is in one column of 0; (resp. 0)) that gets multiplied by a zero row
in Oy (resp. 04) anyway. Hence, as we knew already that 0] o 95 = 0, it follows that
81 o 82 = 0. U]

Figure 4.5: This is an example of a Morse-Smale vector field on the 2-sphere, where the
homology of the Eidi-Jost complex differs from the singular homology of S2.

Here we show by an example that the homology of the Eidi-Jost complex of a Morse-
Smale vector field on a surface can be different from the singular homology of the surface,
implying that the proof of [23, Theorem 2.5] is flawed (this has been acknowledged by the
authors of [23] by private communication).

Example 4.10. For the vector field depicted in Figure 4.5, the associated Eidi-Jost
complex is given by
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(b) The extension w is a vector field on R3
(a) The Morse-Smale vector field X on R?  with a sink at infinity.

Figure 4.6: This is an example of a Morse-Smale vector field on S* for which the Eidi-Jost
differential does not square to zero.

F = Span(y™)
0
oF7=1¢
0

IF3 - Spa’n(sla S92, /yi)

EJ_
o =

o O =
= = O O
_ = = =

~

]].‘-1‘4 = Span((.hv q2, 43, q4)

Indeed, since OF7 in this example has rank 2, it follows that we get a one-dimensional
homology group in degree 1 and two-dimensional homology in degree 0. This does not
agree with the homology of the 2-sphere.

Moreover, in the following example, the Eidi-Jost differential does not square to zero.

Example 4.11. We build a 3-dimensional Morse-Smale vector field V' as follows. Consider
first the vector field X on R? from Figure 4.6a. It has sources pi, pa, ps3, saddles si, so,
and a closed orbit v of index 0. Outside of what is shown in the image, the vector field
continues to the rest of R? without any further singular elements, all of the flow lines
going towards infinity. More precisely, we may assume that the point s; lies at the origin
and that for ||Z|| large enough, X (7) = 7.

We now describe how to extend X = (X1, X3) to a vector field V on R3. The idea is
that on the plane R? x {0} C R3, V agrees with X and outside of this plane, in a small
neighbourhood of R? x {0} everything flows toward that plane, and at the points (0,0, 1)
and (0,0, —1) we have two fixed points of index 3, see Figure 4.6b. More explicitly, we
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choose a value 0 < ¢ < % and demand that V' has the following properties:

(Xl(xay)vXZ(xay)7_Z) if |Z| <ée
V(z,y,2) =1 (z,y,2 — 1) ifz>%

(,y,2+1) if z < =3
On the slices R? x [g, 3] and R? x [—3, —¢] we interpolate somehow, the exact way we
do this is not important as long as we introduce no additional singular elements. All the
singular elements of X become singular elements of V. One can check that they are still
hyperbolic and that their unstable manifolds stay the same, while their stable manifolds
get one extra dimension, locally perpendicular to the plane R? x {0}. This means that
they keep the same index. Additionally, V' has the fixed points r; and ry of index 3. The
vector field V is thus again a Morse-Smale vector field.

We can rescale V' so that ||V (Z)|| — 0 when ||Z|] — oo, which allows us to add a
fixed point for V' of index 0, call it gy, at infinity and thus view V as a vector field on
S3. In order to write down the Eidi-Jost complex, note that a(r;,p;) = 1 for i = 1,2
and j = 1,2, 3. The other relevant values of a can be read off Figure 4.6a. The resulting
sequence is

Span(ry, rs)
1

oFl=1 1
1

2

Span(pl y D2, p3)

0
oF =0
1

Span(sla S92, 7+)

~

Span(go,7”),
and we see that 95/ o 9F7 £ 0.

In conclusion, we have highlighted uniqueness issues arising when removing closed
orbits from Morse-Smale vector field.
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Chapter 5

A chain complex for 2D Morse-Smale
vector fields with closed orbits

In this chapter we present a method to assign a chain complex to a Morse-Smale vector
field v on a surface M. The homology of this chain complex will turn out to be isomorphic
to the singular homology of M, with no arbitrary choices involved. To do this, we first
define a filtration of M following [50]. Then we consider the spectral sequence associated
with this filtration and construct a chain complex from it.

We fix a field F. All homology groups and vector spaces are understood to have
coefficients in F, which we usually do not make explicit in our notation.

5.1 Cech homology

All the topological spaces are assumed to be Hausdorff and we usually do not state this
explicitly. The spaces we consider are subsets of manifolds or quotients of Hausdorff
spaces by compact subsets and thus again Hausdorff.

Given a pair of spaces (X, A) we write Hj (X, A) for its Cech homology in degree k
with coefficients in a field F. We write Hy(X) for Hj(X,0). This is defined by taking the
inverse limit of the simplicial homology of the nerves of all open coverings of (X, A). See
[24] for details. We recall some definitions and list some properties that we are going to
use, giving references for proofs.

The main reason why we use Cech homology instead of singular homology is that
it satisfies a stronger version of the excision axiom, namely invariance under relative
homeomorphisms. From this it follows that the Cech homology for an arbitrary compact
pair (X, A) is isomorphic to the reduced one of the quotient space X/A. Singular homology
has this property only for nice enough pairs (A needs to be a deformation retract of some
neighbourhood in X)), but the pairs appearing in the filtration assigned to a vector field
are not always nice in that sense.

Definition 5.1. A map of pairs f: (X, A) — (Y, B) is called a relative homeomor-
phism if it maps X \ A homeomorphically to Y\ B.

The following result is [24, Chapter X, Lemma 5.2].

Lemma 5.2. If f: (X, A) — (Y, B) is a map of compact pairs and f maps X\ A bijectively
onto Y \ B, then f is a relative homeomorphism.
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As an immediate corollary we get that the quotient map that collapses a closed sub-
space A of a compact space X to a point is a relative homeomorphism.

Corollary 5.3. If (X, A) is a compact pair, then the quotient map q: (X, A) — (X/A, {*})
s a relative homeomorphism.

The following result is [24, Chapter X, Theorem 5.4], stating that Cech homology is
invariant under relative homeomorphisms.

Theorem 5.4. If f: (X, Az — (Y, B) is a relative homeomorphism between compact pairs,
then the induced map f.: H. (X, A) — H.(Y, B) is an isomorphism.

A pointed space (X, x) consists of a topological space X together with a chosen
point * € X, called the basepoint. Usually we denote the basepoints of all pointed
spaces with the same symbol %, unless it is helpful to do otherwise. When considering a
quotient space X /A, if not otherwise specified, the canonical basepoint is the image of A
under the quotient map X — X/A.

The wedge sum X; V X, of two pointed spaces (X7, *1) and (Xs, *5) is defined as the
quotient space (X1 LI Xo)/({*1} U {*2}). One can check that this operation is associative,
ie. (X;VXy)VX;and X;V (XsV X3) are naturally homeomorphic. Thus we can define
the n-fold wedge sum by iteration, with the according choice of the canonical basepoint.

Proposition 5.5. Given compact pointed spaces (X1,%1),...,(Xn, %), we have

Proof. By an induction argument, it is enough to prove the statement for n = 2. Consider
the quotient map ¢: (X7 U Xo, {1} U {*2}) — (X1 V Xy, %). By definition of the wedge
sum, ¢ is a relative homeomorphism and hence by Theorem 5.4 induces an isomorphism
in Cech homology. When considering Cech homology of the disjoint union X; LI X, we
can restrict to open covers where every open set is a subset of either X; or Xs, since
the set of such covers is cofinal [24, Chapter VIII, Corollary 3.16]. The nerves of such
covers are disjoint unions of the corresponding nerves of the covers for X; and X, and
thus the simplicial homology decomposes as a direct sum. Since inverse limits commute
with direct sums, this property stays true also when taking the inverse limit and it follows

that Hy,(X1 U Xy, {1} U {x2}) = Hp(X1, {#1}) & Hp(Xy, {%2}). O

For nice enough pairs (X, A), Cech homology agrees with singular homology. Nice
enough in this case means triangulable, i.e. there exists a simplicial pair (K, L) and
a homeomorphism h: (|K|,|L|]) — (X,A). We now state two results [24, Chapter IX,
Theorem 9.3] and [24, Chapter VII, Theorem 10.1], which combined tell us that such a
triangulation induces isomorphisms from the Cech homology of (X, A) to the simplicial
homology of (K, L) and from there to the singular homology of (X, A).

Theorem 5.6. A triangulation h: (|K|,|L|) — (X, A) induces a covering of (X, A) which
yields isomorphisms

H,(X,A;G) — HA(K,L; G)

between the Cech homology of (X, A) and the simplicial homology of (K, L) for any coef-
ficient group G, for all q. These isomorphisms commute with the connecting homomor-
phisms for the long exact sequences of the pairs (K, L) and (X, A), respectively.
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Theorem 5.7. A triangulation h: (|K|,|L|) — (X, A) induces isomorphisms
HMK,L;G) — Hy(X, A;G)

from the simplicial homology of (K, L) to the singular homology of (X, A) over any coef-
ficient group G, for all q. These isomorphisms commute with the connecting homomor-
phisms for the long exact sequences of the pairs (K, L) and (X, A), respectively.

By combining these two results, we get that Cech homology is isomorphic to singular
homology for triangulable pairs.

Corollary 5.8. If (X, A) is a triangulable pair, then there is a natural isomorphism
H.(X,A) = H. (X, A), commuting with the connecting homomorphisms from the long
exact sequences.

Denote by X* the one-point compactification of a space X. See either [24] or
[42] for the precise definition. When considering X* as a pointed space, we choose the
newly added point *, often called the point at infinity, as the basepoint. We repeat the
statement [24, Chapter X, Lemma 6.3|, which gives a criterion to check when a space is
homeomorphic to a one-point compactification.

Lemma 5.9. Let XY be locally compact, A C X a closed subset and f: X\ A —=Y a
proper map (i.e. inverse images of compact sets under f are compact). Define f: X — Y*
by setting f(z) = f(x) forz € X \ A and f(a) = x for a € A. Then, f is a continuous
extension of f. If f is a homeomorphism, then f is a relative homeomorphism between
the pairs (X, A) and (Y*,{x}). If, moreover, X is compact, and A is a single point, then
£ is a homeomorphism.

Using this lemma, we can prove that for compact pairs (X, A), collapsing A to a point
is the same as first removing A and then adding a point at infinity.

Proposition 5.10. If (X, A) is a pair of compact Hausdorff spaces, then X/A = (X \ A)*.

Proof. Let f: X\ A — X \ A be the identity map, where the domain is considered as
a subspace of X/A and the target as a subspace of X. By tracing the definitions of the
subset topology and the quotient topology, one can verify that the open sets are the same
in both spaces, namely open subsets of X disjoint from A (since A is closed), and thus
f is a homeomorphism. Since X is compact, also X/A is compact. Therefore, it follows
from Lemma 5.9 that the map f: X/A — (X \ A)*, which is the identity on X \ A and
sends the point A to *, is a homeomorphism. Il

A disadvantage of using Cech homology is that the long sequence of homology groups of
a pair (X, A) may not be exact. By Corollary 5.8, the sequence is exact for a triangulable
pair, but we are interested also in pairs that are not triangulable. Luckily, since we are
working with closed sets of compact manifolds, we are only considering compact pairs.
Thanks to this and to the fact that we are working with field coefficients, we do indeed
get long exact sequences of pairs, as stated in [24, Chapter IX, Theorem 7.6], which we
repeat here for convenience.

Theorem 5.11. If (X, A) is a compact pair and G is a vector space over a field F, then
the long sequence in Cech homology with coefficients in G associated to the pair (X, A) is
exact.
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5.2 Spectral sequences

We state some definitions and results from the theory of spectral sequences. We adapt
the definitions to our needs, since we are only working with field coefficients. More details
(and more generality) can be found in [56]. Consider also that there are some errors with
the indices in [56, Section 5.9], see [57] for a list of corrections.

Definition 5.12. A spectral sequence starting at page a consists of the following data:
« vector spaces £, for all 7 > a and p, q € Z,

] T . T T
e linear maps d, ,: £, — E

orqir—1 for all p,q, satistying dy . .. yod) =0,

e isomorphisms between E™! and the homology of E", i.e.

Byt = ker(dy )/ im(dpy o).

The total degree of a term £} , in a spectral sequence is the number p+g¢. A spectral
sequence is called bounded if for each n and r, there are only finitely many non-zero
terms of total degree n in the r-th page, and bounded below if for every n there exists
an integer f(n) such that for p < f(p + ¢) we have E,, = 0. Note that this implies that
for every p,q there exists ro such that for all r > ro we have E] = E;fgl. We denote
this vector space by E%. The collection of £ for all p,q is called the co-page of the

spectral sequence.

q

Definition 5.13. A bounded spectral sequence is said to converge to H,, where H, =
(Hp)nez is a sequence of vector spaces, if for each n there exists a finite filtration

0=H;C---CHV'CHPCHIM' C...CH!=H,

and isomorphisms E>S = HE/ HP™' where n = p + ¢. In symbolic notation, we write
F = H..

Definition 5.14. An exact couple &,

D . s D
E,

consists of bigraded vector spaces D = P, Dy, and E = P, E,, together with bi-
graded linear maps i, j, k with bidegrees (1,—1),(1 — r,r — 1),(—1,0), for some r > 0,
satisfying ker(:) = im(k), ker(j) = im(i), ker(k) = im(y).

E:

An exact couple is called bounded below if for each n there exists an integer f(n)
such that for p < f(p + ¢) we have D, , = 0. The next result is [56, Proposition 5.9.2].

Proposition 5.15. An ezxact couple € in which i, j, and k have bidegrees (1,—1), (—a,a),
and (—1,0) determines a spectral sequence { E}  }r>ay1 starting at page a+1. A morphism
of exact couples induces a morphism of the corresponding spectral sequences.

The next result is [56, Classical Convergence Theorem 5.9.7].
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Theorem 5.16. If an exact couple is bounded below, then the spectral sequence is bounded

below and converges to (Hy)nez, where H, = lim D, ,,_, is the direct limit along the maps
pP—00

tpn—p: Dpn—p = Dpt1n—p-1-

We now apply this to a finite filtration of a topological space, inducing a spectral
sequence in Cech homology that converges to the Cech homology of the space. Note that
additional to the spaces in the filtration being compact, we are making use of the fact
that we are working with field coefficients, in order to guarantee the existence of the long
exact sequences in Cech homology.

Proposition 5.17. If ) € Ly € Ly C --- C Ly = M is a filtration of a compact
topological space M, such that each L, is compact, then this determines a spectral sequence

E’ Y1 whose first page is given by E} = H,.(L,, L,_1) and that converges to H,(M).
o0 T> D,q p+q\~p p

Proof. Let n := p+q. We formally extend the filtration to an infinite filtration by defining
L,:=0forp<0and L, := M for p > N. Since we are using field coefficients and the
spaces L, are compact, by Theorem 5.11, for each pair (L, L,_1) there exists a long exact
sequence in Cech homology

o —— Hy(Lyy) —— H,(L,) —— H,(Lp, Ly—1) —— Hy 1(Lpq) — -,

where 7 is the map induced in Cech homology from the inclusion L, ; < L,, j is the
map induced in Cech homology from the inclusion of pairs (L,,0) < (L,, L, 1), and k
is the connecting homomorphism from Cech homology. We define D,, = I:_fp+q(Lp) and
E,,= g p+q(Lp, L,—1) and endow i, j, k with indices such that

Upg: Hn<Lp) — I:[n(LpH)a Jpa’ HH(LP) — Hn(LpaLpfl)a
" — —— ————
=Dp,q =Dpt1,4-1 =Dpq =E,,

kpg: Ha(Ly, Ly-1) — Huor(Lypa).

Vv VvV
=FEp,q =Dp-1,4

Note that D,, and E,, are defined for all p,q € Z, but many of the terms are zero,
namely D,, =0ifp <0orq¢< —p,and E,, =0if p<Oorp> N or q < —p. We
can put all of this information together, by defining the vector spaces D = @p’ ¢ Dpq and
E=@,, Epq and the linear maps i = @, ipg, j = D, , Jpq and k =D, , ky 4 We thus
get an exact couple

D : s D
E,

where 1, j, k have the bidegrees (1,—1),(0,0),(—1,0), respectively. That this couple is
exact follows immediately from the exactness of the long exact sequence in homology for
each pair (L,, L,—1). By Proposition 5.15 we thus get a spectral sequence. Moreover,
since this exact couple is bounded, we can apply Theorem 5.16, which tells us that the
spectral sequence is bounded below and converges to the direct limit lim,_,. D ,—p,. By

the definition of the D, ,, this is equal to H,(M). O
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5.3 Linear algebra — canonical choice of basis

This preliminary section deals with the question of how to endow a vector space with a
basis, in a way which is as canonical as possible. More precisely, we deal with the scenario,
where we are given a vector space W and a subspace V' C WW. We assume the existence
of an ordered basis of W and want to produce from this a basis either for V' or for W/V.

Later, we will use this in the following way. When constructing a chain complex from
the spectral sequence associated to a Morse-Smale vector field v, we will show that the
first page of the spectral sequence can be endowed with bases that correspond to the
singular elements of v in a canonical way. The chain complex that we construct in each
degree consists of direct sums of either subspaces or quotients of the terms on the first
page of the spectral sequence, so we apply the methods from this section to endow them
each with a basis.

5.3.A Bases for subspaces

We make use of the reduced row echelon form to endow subspaces of a given vector space
with canonical bases. A more detailed description of the row echelon form and algorithms
for computing it can be found in many linear algebra textbooks, see e.g. [36]. For this
method to work, an ordered basis for the total vector space needs to be fixed.

Definition 5.18. A matrix is in reduced row echelon form if it satisfies the following
conditions:

(i) The leading entry in each nonzero row is 1.

(ii) All zero rows lie at the bottom of the matrix and the positions of the leading entries
of the nonzero rows are strictly increasing.

(iii) Each column containing a leading 1 has zeroes in all its other entries.

Any matrix A can be put into reduced row echelon form by transforming Gauss-Jordan
elimination on its rows. These operations do not change the subspace that is spanned
by the rows of A and the resulting matrix is unique. Given two matrices, their resulting
reduced row echolon forms agree if and only if the subspaces generated by their rows are
the same.

Hence, if we are given a subspace V' of a vector space W, and we have fixed an ordered
basis of W, then we can choose an arbitrary set of generators for V', consider the matrix
whose rows consist of these generators with respect to the basis of W, bring the matrix
to reduced row echelon form and the rows of this matrix form a canonical ordered basis
for V.

5.3.B Bases for quotient spaces

The method for endowing quotient spaces with a canonical basis is even simpler than
the one for subspaces. Assume we are given a vector space W, with an ordered basis
B = {b,...,b,}, and a linear subspace V' of W. We produce a complement U of V' in W
(i.e. W =U @ V), together with a basis, as follows:

Define Uy to be the zero subspace. If U; is defined already, define U, as follows. If
biy1 lies in U; + V, then Uy = U;. Otherwise U;11 = Span(U; U {b;11}). In the end we
let U = U,, and a basis for U is given by those by that were used to generate U.
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This can be used to endow the quotient space W/V with a basis, since any complement
U of V is canonically isomorphic to W/V via the map u — u+ V.

5.4 The filtration induced by a Morse-Smale vector
field

Let M be a closed smooth manifold of dimension m. Given a Morse-Smale vector field
v on M, we can decompose M as a disjoint union of the unstable manifolds of the fixed
points and closed orbits of v, see Section 1.3 for the definitions. The idea of this filtration
is that in each step we add all those unstable manifolds that attach to what we have
already added before.

To make this more precise, we first introduce the boundary of an unstable manifold.
If 3 is either a fixed point or a closed orbit of index k, we denote by W*(3) the closure of
the unstable manifold of 5 in M. We define OW"(3) := Wu(8) \ W*(8). Note that this
is equivalent to the definition given in [50]. Now let L_; := () and, for ¢ > 1, let L; be the
union of all those W*(3), where (3 is a singular element of v, such that OW"(5) C L;_;.
Note that all singular elements with an unstable manifold of dimension & (i.e. fixed points
of index k or closed orbits of index k — 1) are contained in L, but it is possible that they
already appear in an earlier step of the filtration.

We will show how this filtration determines a spectral sequence, with the terms on the
first page given by E;’q = I:Ip+q(Lp, L,_1). The direct sum of the entries along diagonals
of the infinity page of this spectral sequence will give us the homology of M (since we are
using field coefficients). By construction L,, = M, where m is the dimension of M, hence

the (m + 1)-th page is the infinity page.

5.4.A Preliminary homology computations

In this section we compute the relative Cech homology groups of the unstable manifolds
of fixed points and closed orbits with respect to their boundaries. This will be helpful in
the next section for endowing the relative Cech homology of the pairs coming from the
filtration. We start by stating [50, Lemma 3.8].

Lemma 5.19. If 3 is a fived point of index k > 0, then W*(3) = R*. If B is a closed
orbit of index k > 0, then W¥(B3) 2 R* x S*.

We first treat the easier case of the unstable manifold of a fixed point.

Corollary 5.20. If B is a fized point of index k > 0, then

F, if r=k,

0, otherwise.

H,(W(B),0W*"(8)) = {

Proof. This follows from

H (We(B), 0W*"(8)) = H(W(8)/OW™(8), %) = H(W"(B)*, %) = H,(S",+) = H,(S*, ¥).
The first and second isomorphisms follow from Theorem 5.4 together with Corollary 5.3
and Proposition 5.10, respectively. Note that W(3) is compact as it is a closed subset
of M, which is compact. The third isomorphism holds by Lemma 5.19 and because
(R¥)* = S*. The fourth isomorphism follows from Corollary 5.8. O
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Now we want to do the analogous computation for the unstable manifold of a closed
orbit. This is more difficult because the one-point compactification of R¥ x S' is a more
complicated space. We therefore use a different compactification, namely DF x S', where
DF denotes the closed unit disk of dimension k. The "boundary” of this compactification
is given by S*~1 x S1, so eventually we want to compute the relative homology of the pair
(DF x S, S%=1 x S1). We start by computing the homology of S¥~1 x St

Lemma 5.21. The following isomorphisms hold:

FoF, ifr=0,1,

0, otherwise.

(UHAWXSU%{

I, ifr=0,2,
(ii) H(S' x SH 2 (FaF, ifr=1,
0, otherwise.

F, ifr=01kF—1k,
0, otherwise.

(iii) For k > 3, we have H,(S* 1 x S1) = {

Proof. For any k > 1, the homology of the product S*~! x S! can be computed by using
the Kiinneth formula, yielding

H, (S x 8" = @5 Hi(S¥") @ Hy(S").

i+j=r

From this, the result follows using the well-known homology groups of the spheres. Il

Now we are ready to compute the relative homology of the pair (D* x S, S*=1 x S1).
Note that here we are using singular homology, but we could also use Cech homology
instead, since these pairs are triangulable and thus the two are isomorphic.

Lemma 5.22. For any k > 1, we have

F, ifr=kk+1,

H,(D* x S, S* 1 x §') =
0, otherwise.

Proof. We use the long exact sequence in homology of the pair (D* x S, S*=1 x S1).
We start with the case k£ > 3. By Lemma 5.21, the homology of S¥~! x S! is non-zero
only in degrees 0,1,k — 1, k, while D* x S! is homotopy equivalent to S* and thus has
non-zero homology only in degrees 0, 1. In these non-zero degrees the homology is always
isomorphic to F. One can check that the embedding S¥~! x S* «— DF x S! induces
isomorphisms in homology in degrees 0 and 1. Thus the relevant parts of the long exact
sequence are as follows:
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s 0 » Hyyp1(DF x S, 81 % ST
Hip(SF1 x 81 > 0 s Hp(D* x S', 81 x §1)
=F
Hy_1(SF71 x 81 > 0 y Hp_1(DF x S SF1 x S1)
-

G S N— —
g

It now follows from exactness of the sequence that H,(D* x S', S*=1 x S') = 0 for
r # k,k 4+ 1 and also that the connecting homomorphism in degrees k + 1 and k is an
isomorphism, hence completing the proof for the case k > 3.

The cases k = 1 and k£ = 2 can be done analogously, only that the two non-zero parts
of the long exact sequence overlap. [

The computations we just did are useful because of the following result, stating that
there exists a relative homeomorphism between the pair (D* x S, S¥~! x S1) and the the
unstable manifold of a closed orbit with its boundary collapsed to a point.

Proposition 5.23. If 8 is a closed orbit of index k > 1, then there exists a relative
homeomorphism from (D¥ x S, Skt x S1) to (Wu(B)/OW™(B), x).

Proof. Denote by f: R* x ST — W*(3) the diffeomorphism from Lemma 5.19 (the defini-
tion can be found in [50, Section 2.2]). Identifying the interior of D* with R* via some fixed
homeomorphism, we can view f as a map from Int(D¥) x S* to W*(3). By Lemma 5.9,
we can extend this to a relative homeomorphism f: (D* x S, S¥=1 x S1) — (W¥(B)*, *).
Composing this with the homeomorphism W*(5)* = Wu(5)/0W" () from Proposi-
tion 5.10, the result follows. [
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Now we are ready to prove the analogous result to Corollary 5.20 also for closed orbits.

Corollary 5.24. If B is a closed orbit of index k > 0, then

1, (Wa(B), oW" (5)) = {F Fr=ktl, &

0, otherwise.

Proof. If the index of 3 is k = 0, then Wu(3) = W*(8) = 8 = S! and OW*(B) = 0. In

that case, the result is clear. For k > 1, we have

12

H,(WH(3),0W™(B)) = H,(WH(B)/OW"(B), )

Il

H.(D* x §*, ¥ x 81
H,(D* x S*, S*1 x gh).

The first isomorphism follows from Theorem 5.4 and Corollary 5.3. The second isomor-
phism follows from Theorem 5.4 and Proposition 5.23. The third isomorphism follows
from Corollary 5.8, since these are triangulable spaces. The result then follows from
Lemma 5.22. [

5.4.B Giving canonical bases for relative Cech homology

Recall that Fixy(v) is the set of fixed points of index k and Orbg(v) is the set of closed or-
bits of index k. Recall further that in the beginning of Section 5.4 we described a filtration
0)=L_,CLyC---C L, = M in terms of unstable manifolds of the singular elements of
v. Inspired by the proof of [50, Lemma 5.1] and making use of the computations done in
Section 5.4.A, we show that one can get canonical bases for the relative Cech homology
groups of the pairs (L,, L,_1), where each fixed point contributes one basis element and
each periodic orbit contributes two. This is useful for us since these will be the terms
appearing on the first page of our spectral sequence.

Given § € Fix(v), we denote by F(3) the vector space of formal F-linear combinations
of 5. If B € Orb(v) is a closed orbit, we formally create two copies 7 and 7, and denote
by F(51) and F(57) the vector spaces of their formal F-linear combinations, respectively.

Proposition 5.25. For every p,r > 0, we have

(L, L= @ Foe P Fehe @ FE).
BeFix,(v) B€Orb,_1(v) B€Orb,(v)
BELp\Lp—1 BCLp\Lp—1 BCLp\Lp—1

Proof. For p = 0 we have L, = Fixo(v) U Orbg(v). Thus,
H,(Ly,Ly—1) = H,(Lo,0) = H,(Fixo(v) U Orby(v))

- P e @ HE)

BEeFixo(v) B€Orbg(v)
Since 5 € Fixg(v) is a point and 8 € Orbg(v) is homeomorphic to a circle, the result in
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the case p = 0 follows. For p > 1, we have

Hr(Lpa Ly )= HT(LP/Lpflv *)

124

g\ Wegowr@)v o\ WEB)oWH(B),

BEeFix(v) B€Orb(v)
ﬁELP\Lpfl Bng\Lpfl
~ P H W@ /oW B, e @ H (W(B)/oW"(B),*)
BEFix(v) B€Orb(v)
BELp\Lp_1 BCLy\Lp_1
~ @ Fpe @ Fphe @ FE).
BEFix, (v) BEOrb,_1(v) B€O0rb, (v)
BELp\Lp—1 BELp\Lp—1 BCLp\Lp-1

The first isomorphism follows from Theorem 5.4 and Corollary 5.3. The second one follows
from the definition of the L,, since L, \ L,_; is the disjoint union of all those unstable
manifolds that are not contained in L,_; but whose boundary is. The third one follows
from Proposition 5.5. The fourth isomorphism follows from Corollaries 5.20 and 5.24. [

5.5 The chain complex assigned to a spectral sequence

This section is purely algebraic. Let us consider a 3 x 3 spectral sequence E' = {E;  },>1,
i.e. a spectral sequence that is zero everywhere outside of a 3 x 3 grid. This algebraic
setup is motivated by the case where we are considering a Morse-Smale vector field on a
surface, see Section 5.6. Given such a spectral sequence, we describe a method to define
a chain complex.

We start by displaying the first and second pages, respectively. We do not write those
differentials that are obviously zero because they start or end outside the 3 x 3 grid:

dt dl
1 11 1 2,1 1 2 2 2
Eo,1 — E1,1 AE— E2,1 E0,1 E1,1 E2,1
d3
aig B 4
1 : 1 ; 1 n 2 2 2
Eo,o — El,o AE— E2,0 a Eo,o El,O E2,0
3 _4
i,y d3 1
1 - 1 - 1 2 2 2
Eo,—l — El,—l — EQ,—l EO,—l E17—1 E27—1

Writing the vector spaces appearing on the second page in terms of the differentials
from the first page, we get

By, = Eyg/im(dy,),  Ef,=ker(dy,)/im(dy,),  Ej,=ker(dy,),
where ¢ = 1,0, —1.
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We want to decompose some of the entries of the first page so that they contain the
entries of the second page as subspaces and hence we can define the differential of the
second page on the first page already. This yields

dt d

E(%J/im(dh) @im(d},l) — E11,1 $

1
Es,
d3 o

1 /: 1 : 1 d}vo 1 }0 1 1 1
Eo,o/lm(dl,(J) Y 1m(d170) —— Ejg —— ker(d2,0> D EQ,O/ ker(dz,o)

\
51

1
dl 1

Bl < ’ Bl <27 ker(d_ )@ EL_/ker(dh_,)
0,-1 1,-1 2,-1 2,-1 2,-1)5

where the maps denoted by cle)’q and cfqu are defined by

A 0 A 2 0 A 0

d%,l = {d% J ) d%,o = 8’0 O} ) d%,o = {d% o} )
dho=[0 2 =[P 0] do=lo a4
2,0 — 2,01 2,—-1 — 0 0 ) 2,—-1 — 2,—1| "

The bar sign denotes the map induced on the quotient. Explicitly, the map
—1
dyg: E21,0/ ker(dé,o) — E11,0

is defined by E;O([a]) := dj(a) and the map

3;,—15 E%,—l/ker(dé,—l) — Ell,—l

is defined by E;_l([a]) :=dj_(a). It thus follows that

=1

dyodyy=0 and di_ od, =0 (5.1)

By taking direct sums along the diagonals, we can obtain a chain complex which we
denote by Cy = C4(FE). This chain complex can be non-zero only in degrees between —1
and 3. Explicitly, it looks as follows:
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Cs = E;,
d3
0
0
Cy = E1171 D ker(d%p) D EQI,O/ ker(dé,o)
[ o 3, 0
ad, 0 0
0 0 dyo
0 0 0
Lo o o
¢y = Eé,l/ im(dh) D im<di1) D Ell,O D ker(déﬁl) D E21,71/ker(d%,71>

Co = Eé,o/ im(d%,o)

-

Using matrix multiplication, together with (d')?

-

1
E07_1

00 0 dj_ 0
0 0 dig 0 0
00 0 0 dy_4

© im(d%,o) ® Ell,fl

o o a_,]

=0, (d*)* = 0, and Equation (5.1), we

see that the differential squares to zero and thus C, is indeed a chain complex.

Proposition 5.26. If E is a 3 x 3 spectral sequence that converges to H,, then the
homology of the associated chain complex is isomorphic to H.,.

Proof. Since the spectral sequence FE is 3 x 3, the third page is already the co-page, i.e.
EX, = Eg’jq for all p,q. Some terms of the co-page are even the same as on the second
page, more precisely we have E> = E» for (p,q) = (1,1),(2,1),(1,0),(0,-1),(1,-1).

In conclusion, the co-page looks as follows,

Eg,1/im<d%,o) ker(d%,l)/im(d%,l) ker(d%,l)
E&O/im(d%_l) ker(dio)/im(dé’o) ker(d%,o)
E&,fl/im(d%,fl) ker(di_l)/im(d%’_l) ker(d%—l)‘

Denoting by C, the chain complex constructed from E, a direct computation shows that
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it has the following homology:

H;(C,) = ker(dy,y),
Hy(C4) = ker(dy )/ im(dy,) @ ker(d3 ),
Hy(C,) = Eg,l/ im(‘@,o) D ker(dio)/ im(d%,o) S ker(dg,_l),
Hy(C.) = Ego/ im(d3 ;) @ ker(d; )/ im(d; ),
H (C,) = Eé,—l/im(di,—ﬂ-

These are exactly the direct sums along the diagonals of £, i.e. H,(Cs) = D, ,,—, Epe
Since £ = H,, there exist filtrations of each H,, by subspaces HE such that EJ5 =

H?/HP~!. Since we are working with field coefficients, this implies the existence of (non-

canonical) isomorphisms H, = @, ,_, £y, and thus H, = H,,(C,). O

5.5.A Endowing the chain complex with bases

Note that the vector spaces C,, appearing in the chain complex C, constructed from a
3 x 3 spectral sequence E consist of the direct sums of the terms from the first page of
E, some of these terms being further decomposed as the direct sum of a subspace (either
a kernel or an image of d') plus the corresponding quotient space. In other words, there
exist (non-canonical) isomorphisms

c.= P E,, (5.2)

ptq=n

Assume now that we are given an ordered basis B, , of E;q, for all p,q. Then, by the
isomorphisms from Equation (5.2), we can turn C, into a based chain complex, but not
in a canonical way. For some applications this yields no problem. See for example Sec-
tion 5.6.B, where we reprove the Morse inequalities from [50] by using only the dimensions
of the C,,.

For some other applications, especially with a view towards real-world applications,
we may want to write down the chain complex explicitly by fixing an explicit basis and
expressing the differentials as matrices with respect to these bases. Since there is no a pri-
ori canonical way to do this, we describe a pipeline to use the methods from section 5.3 to
at least do it in a well-defined way. More precisely, according to Sections 5.3.A and 5.3.B,
the ordered bases B, , induce bases of all subspaces and quotients of terms of the first
page of the spectral sequence. Since the chain complex C, constructed from E in each
degree consists of direct sums of either terms from E*, or subspaces or quotients thereof,
this means that we get an ordered basis for C for each k.

5.6 The case of vector fields on surfaces

Let v be a Morse-Smale vector field on a closed smooth manifold M. We want to assign
a chain complex Cy = C,(v) to v according to what we have described in these previous
sections.
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5.6.A The chain complex assigned to a 2D Morse-Smale vector
field

Consider the filtration ) € Ly € L; € Ly, = M described in Section 5.4. By Proposi-
tion 5.17, this induces a spectral sequence F = FE(v), with E;q = H,,,(Ly, L, 1) and
E = H,(M). Since M is a manifold and thus triangulable, we have H,(M) = H,(M).
By Proposition 5.25, we get can endow the terms on the first page of £/ with bases given
by the fixed points and closed orbits of v. In particular, this implies many zero terms, as

we show in the following proposition.

Proposition 5.27. If dim(M) =2 and D = L_1 C Ly C Ly C Ly = M is the filtration
defined with respect to a Morse-Smale vector field v as described above, then the following
holds:

(i) Hi(Lo,0) =0 fori>2,
(ii) H;(Ly, Lo) = H;(La, L) = 0 fori >3,
(ZZZ) H()(Ll,Lo) = Ho(LQ, Ll) == 0

Proof. For (i), note that Ly is a disjoint union of finitely many points and circles, in partic-
ular it is triangulable, so Cech homology agrees with singular homology by Corollary 5.8
and is potentially non-zero only in degrees zero and one.

On a two-dimensional manifold, the index of a fixed point can be at most 2 and the
index of a closed orbit can be at most 1, i.e. Fix,(v) =0 for »r > 3 and Orb,.(v) = () for
r > 2. Thus it follows from Proposition 5.25 that F[i(Ll, Ly) = ﬁi(Lz, Ly) =0 for i > 3.
This proves (i7).

Note that Ho(L,, L, 1) is generated by fixed points of index zero and closed orbits of
index zero that are present in L, but not in L,_;. But if § is a fixed point or closed orbit
of index zero, then OW" () = 0 and thus W*(5) C Ly. From this, (4i7) follows. O

As a consequence, F = E(v) is a 3 x 3 spectral sequence, with E;q = Verq(Lp, L, 1),
so we are in the setting from Section 5.5. In fact, even some terms inside the 3 x 3 grid
are zero. Explicitly, the first page of E (where we do not write the zero terms) looks as
follows:

HI(L07 @) — H?(Llu LO)

HO(L07@) — Fh(Ll,Lo) — FIQ(L%Ll)

Hy(Lsy, Ly).

The chain complex Cy = C,(v) := Co(E(v)) assigned to v, as described in Section 5.5, in
this case simplifies to
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Cy = E11,1 S ker(dio) D E21,0/ ker(d%,o)

0 d3, O
i, 0 0

0 0 dyo

0 0 0

~

Cy = E&,l/ im(d%,l) D im(dil) D E1170 S5 E21,—1

00 0 dj
0 0 djg 0

Co = Eé,o/im@l%,o) ® im(d%p)-

In conclusion, we have constructed a chain complex from a Morse-Smale vector field,
such that the homology of the chain complex agrees with the homology of the underly-
ing manifold, and the vector spaces in the chain complex are generated by the singular
elements of the vector field. We summarize this in the following theorem.

Theorem 5.28. If v is a Morse-Smale vector field on a closed smooth 2-dimensional
manifold M, then the chain complex Cy = Co(v) has the following properties:

(i) H.(C,) = H, (M),
(i7) dim(Cy) = | Fixg(v)| 4+ | Orbg_1(v)| + | Orbg(v)| for k =0,1,2.

Proof. By Proposition 5.17, the spectral sequence E constructed from the filtration () C
Lo C Ly C Ly = M converges to H,(M), which equals H,(M), since M is a manifold and
thus triangulable. By Proposition 5.26, it follows that H,.(C.) = H.(M).

It remains to show the formula for the dimensions. Let us introduce additional notation
to further decompose the sets of fixed points and closed orbits, according to the time at
which they enter the filtration of M by the sets L,. More precisely, for r = 0,1, 2,
we have Fix,(v) = Fix"(v) U Fix}(v) U Fix?(v), and for r = 0,1, we have Orb,(v) =
Orb?(v) U Orbl(v) U Orb?(v), where

Fixl(v) :={f € Fix,(v) | B € L, \ Lp-1},
Orb?(v) := {B € Orb,(v) | 6 C Ly \ Lp-1}.

We can now compute the dimension of C%, namely

dim(Cy) = Y dim(E} ) = > dim(Hy(Ly, L,—1))
pt+aq=Fk p+q=k
= Y dim(|Fix}(v)| + | Orb}_, (v)] + | Orby(v)])
p+q=k
= ’Fle(U” + | Orbk_l(v)\ + | OI‘bk(U)|,

where the first equality follows from Equation (5.2), the second by the construction of E,
the third from Proposition 5.25, and the fourth from realizing that the sum over p+q =k
is equivalent to simply a sum over all p and then reordering the terms. Il

80



5.6. THE CASE OF VECTOR FIELDS ON SURFACES

We now prove that the isomorphism type of the chain complex assigned to a Morse-
Smale vector field is invariant under topological equivalence.

Proposition 5.29. If v and w are topologically equivalent Morse-Smale vector fields on
a closed smooth manifold M, then the chain complexes Cy(v) and Co(w) are isomorphic.

Proof. Let ) € Ly € Ly € Ly = M be the filtration associated with v and let () C
Ly C L} € L, = M be the filtration associated with w, as described in Section 5.4.
Denote by h: M — M the topological equivalence between v and w. This means that A
is a homeomorphism that maps fixed points of v to fixed points of w and closed orbits
of v to closed orbits of w, preserving the indices. Thus h restricts to homeomorphisms
Lo = Ly, Ly = L), Ly = L. It follows that we have an isomorphism of spectral sequences
E(v) = E(w). Since the construction of Ce(v) from E(v) and of Ce(w) from E(w) is
purely algebraic and follows the same step, this induces an isomorphism of chain complexes
Co(v) = Co(w). O

5.6.B The Morse inequalities

We now want to use the chain complex Cy = C,(v) assigned to a Morse-Smale vector field
v on a surface M in order to derive the strong Morse inequalities from [50]. Let us first
recall the algebraic Morse inequalities, namely for any compact chain complex C, € Ch,
and any ¢ > 0, we have

q q

D (1) dim(Cy) > > (=1) dim(H;(C)). (5.3)

=0 i=0

These inequalities can be shown by standard linear algebra arguments, doing an induction
over q. Moreover, if ¢ is the maximal value for which C, # 0, then the inequality from
(5.3) becomes an equality. The value on both sides of the equation in that case is the
Euler characteristic. Given these algebraic Morse inequalities, we can derive the Morse
inequalities from [50, Theorem 1.1], using the mere existence of a chain complex as in
Theorem 5.28.

Corollary 5.30. If v is a Morse-Smale vector field on a surface M, for g > 0, write
R, = dim(H,(M)) and M, := | Fix,(v)| + | Orb,_1(v)| + | Orby(v)|. Then, the following

inequalities hold:
q

Z(_l)qHMi > Zq:(—l)q+iRi~

i=0
Proof. From Theorem 5.28 and Equation (5.3) it follows that

q

Z q+1M Z q+z‘ dim(C;) > Z q+z dim(H;(C,)) = Z(_l)qHRz‘- o

=0 1=0

5.6.C Matrix representations for the boundary operators

As mentioned in Section 5.5.A, for some applications it may be useful to have a based chain
complex, in order to write it down explicitly, representing the differentials as matrices.
The terms of the first page of the spectral sequence E can be endowed with canonical
bases according to Proposition 5.25. The chain complex constructed in Section 5.6 is
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made up of subspaces and quotients from the first page of the spectral sequence, so in
principle we can apply the methods from Section 5.3. The only obstacle is that these
methods need ordered bases to work. We thus start by presenting a method for ordering
the singular elements of v of each index with respect to each other.

In this section we assume that M is additionally endowed with a Riemannian metric,
so that we can talk about distances via the shortest path distance, denoted by d,;. Given
two subsets 3,5 C M, we define Dy (5, 5') := inf,epyep du(x,y). Note that, if 5 and
p" are both compact and disjoint, then Dy (A, B) > 0. Also Dy (8,5") = Dy (5, 5). Tt
almost seems as though this could be a metric, but one can easily find situations where
the triangle inequality is not satisfied. However, this is no problem for our purposes.

Definition 5.31. A Morse-Smale vector field v on M is said to be in general position,
if for any 1, B2, B3, B4 € Sing(v), with 8 # B, we have Dy(81, B2) = Da(Bs, 84) if and
only if {81, B2} = {3, Ba}-

For each 8 € Sing(v), let ¢(3) be the list of length n whose entries consist of the
numbers D(3, f') for all 5" € Sing(v) \ {A}, in increasing order. Formally, these lists are
elements of R” and we put a total order on them by using the lexicographic order. This
means that given a = (aq,...,a,) and b = (by,...,b,), let ig = min{i | a; # b;} and write
a<bif Qi < bio‘

We use these lists to induce a total order on the elements of Sing(v), by saying 8 < '
if £(8) < ¢(P’) (note that for a closed orbit 7, we do not need to order v~ and " with
respect to each other, since they do not appear as basis elements of the same vector
space). Note that the assumption that Sing(v) has at least three elements was necessary,
since if we had only two singular elements, then these two would have the same list. This
however yields no big restriction, since vector fields with only two singular elements are
very simple and one can check that in the spectral sequence associated to such a vector
field, the differential on the first page is already zero.

In other words, the above explanations prove the following result.

Proposition 5.32. If v is in general position, then it is possible to define a total order
on the singular elements of v, so that ordered bases can be uniquely assigned to the vector
spaces in each degree of Co(v), allowing us to express the entries in the differential matrices
in matriz form.

5.6.D Two examples

We now give two examples of Morse-Smale vector fields v on S? for which we compute
the chain complex C,(v). To simplify the expressions, we assume that F = Z/27Z.

Example 5.33. Consider the vector field v € X,;5(5?) displayed in Figure 5.1. Note that
this is the same vector field as in Example 4.6. It has three sinks qg, q1, ¢2, one saddle s
and one closed orbit 7 of index 1. The filtration ) =C Ly C L; C Ly = S? is the following:
Lo ={q0,q1, 02}, L1\ Lo = W*¥(s), Ly \ Ly = W"(~). In this example, the spaces L, are
all triangulable, so their Cech homology agrees with singular homology. According to
Proposition 5.17, there is a spectral sequence E converging to H,(M) with the first page
given by E; ¢ = Hpiq(Ly, Ly—1). We endow these terms with canonical bases according to
Proposition 5.25. The first page of the spectral sequence thus looks as follows:
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Figure 5.1: Morse-Smale vector field on S? with three sinks, one saddle, and one repelling
orbit

1 1

dl, dQ’
Ho(Lo,®) <~ Hy(Ly, Lo) +—"— Hy(Ls, Ly)
N’ N’ N’

=F(qo)®F(q1)®F(q2) =F(s) =F(y+)
Hl (L27 L1)7
=F(v~)
0
where the differentials with respect to these bases are given by d}’o = |1| and d%,o = [O] .
1
The second page looks as follows:
0 0
=0
2 1 /s 1 1 2 1
Ego = Eo,o/lm(dl,o) ker(dLo) Eyo=Ey = F(v*)

E%,—l = E21,—1 =F({y7).

Note that E0270 = (4o, ¢1,92 | ¢1 = q2). Using the method described in Section 5.3.B, the

basis assigned to Ef, is {[qo], [¢1]}. The resulting matrix for dj _, is [ﬂ To im(dj )
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we assign the basis {q; + ¢2} according to Section 5.3.A. In conclusion, this yields the
following based chain complex:

Cy =ker(dz ) = (7)

Co = Eé,ﬂ/ im(d%,o) D im<d%,0) = ([qo}, [a1], ¢ + @2)-

Example 5.34. Consider the vector field v € X,;5(S?) displayed in Figure 5.2. Note
that this is the same vector field as in Example 4.7. It has four sinks qq, ¢q1, ¢2, g3, four
saddles sq, so, s3, sS4, two sources pi, po, and one closed orbit v of index 1. The filtration
) =C Ly C L; C Ly = S? is the following:

Lo ={q0, 01,92, ¢}, Li\ Lo = W"(s1) UW"(s2) UW"(s3) LI W"(sy4),
Ly \ Ly = W*(p1) UW"(p2) U W™ (7).

As in the previous example, these are all triangulable, so we may consider singular ho-
mology instead of Cech homology. Again by Propositions 5.17 and 5.25 we get a spectral
sequence F(v) with the first page looking as follows:

H(Lo,0) —— H>(Ly, Lo)
S—— ——

=0 =0

1 1

d d
Ho(Lo,0) < Hy(Ly, Ly) >~  Hy(Ly, L)
—— ——— ——

=Bi_o Flai) =@}, F(s;) =F(p1)®F (p2) OF (v 1)

Hl(L27 Ll) .
——

=F{y~)

The differentials with respect to these bases are given by

o

000

1 _ 1
dig= and dyg =

O~
— = O
—_— O = O
O = =

010
1 01
1 11

Assume that the distances between the singular elements are such that the ordering
produced from the method described in Section 5.6.C order them according to how we
have listed them here. We need to determine bases for the subspaces im(d;,) € Eg,,
ker(dy,) C Fj, and for the quotient spaces Ej o/ im(d] ), E3,/ ker(dy ).
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Figure 5.2: Morse-Smale vector field on S? with four sinks, fours saddles, two sources,
and one repelling orbit

Basis for subspaces: According to Section 5.3.A, we take an arbitrary generating set,
write their representation vectors as rows into a matrix, and bring the matrix to reduced
echelon form. The non-zero rows of the resulting matrix will be the basis. In the case
of im(d} ;) C Ej0, we can start with the columns of dj . This yields the following row
echelon form:

0110 0110 0110 0101
001 1|~ {001 1[~1]0 01 1|~ 1|0 0 1 1
0101 0011 0000 0000

The resulting basis for im(dj ) is thus {q: + ¢s,¢2 + g3}. For ker(dy o) C Ej, a basis is
given by the {p; + p» +7"}. In this case there is nothing more to do, since the basis
consists only of one element.

Basis for quotient spaces: Following the procedure described in Section 5.3.B yields
the basis {[qo], [¢1]} for EOZ,O = E&O/im(dio) and the basis {[pi1], [ps]} for E2170/ ker(dio).
We can thus write the second page:

0 0
=0
—
E§ o =F((q), [nn]) ker(dy o) E3o=F({pi+p+7")

E22,71 = E21,71 =F{y7).

The matrix representation of the non-zero differential with respect to these bases is

d3_, = {ﬂ . Hence, we get the following chain complex:
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86

Cy = ker(dj o) @ Ey/ ker(dy ) = F(py +p2 + ) @ F([p1]) ® F([p2])

o O o o o
S =B = O

0
1
0
1
0

~

Ci1=E{,®FE;_; =F(s1) ®F(s2) ®F(s3) ®F(sy) DF(y7)

0 dgy_l_
di o 0

= = O O

0
0
0
1

~

oS = O O

0
0
0
1

1
1
0
0

Co = E&,o/im(dio) D im<d%,o) = F([q]) ® F([a1]) © F{q1 + q3) © F{q2 + g3).



Conclusion and outlook

We have described the category of factored chain complexes, proving some analogues to
classical results for persistence modules. We then used these results to assign tagged
barcodes to gradient-like Morse-Smale vector fields. We showcased via examples the
difficulties arising due to the presence of closed orbits and presented a new approach
via spectral sequences to assign a chain complex to general Morse-Smale vector fields on
surfaces.

Beyond local stability

In Section 3.3 we present a local stability result, in the sense that the assignment of
the factored chain complex to a Morse-Smale vector field in general position yields a
continuous map. In other words, for every such vector field v there exists a neighbourhood
N of v such that for all w € N the interleaving distance between the factored complexes
assigned to v and w is bounded in terms of the distance between v and w. A global stability
result would mean having upper bounds for any two vector fields, but Example 3.11 shows
that this does not hold.

While we cannot ensure that the lack of global stability is unavoidable, we think this
is the fundamental difference between gradient-like and gradient vector fields. For the
latter, it is indeed possible to adjust the weights so that one achieves global stability, as
we show in Section 3.5. In the more general case, we have not found an analogous choice
of weights with this property. However, we believe that we have presented the subject
with large generality, allowing for different choices of chain complexes, bases, weights, and
parameterizations, so to leave open the way to further discoveries in this direction.

Beyond chain complexes

In Chapter 3, the Morse complex assigned to a gradient-like Morse-Smale vector field
was used in order to apply the constructions from Section 2.5, yielding a tagged barcode
in that case. This used the fact that the Morse complex is by definition equipped with
canonical bases, so in order to define weights it only remained to additionally consider
the information about the distances between the fixed points.

Since in Chapter 5 we assign a chain complex to a general Morse-Smale vector field,
and describe a method for endowing it with bases in Section 5.6.C, it would be interesting
to explore how to incorporate the distance between the singular elements also here. This
could induce a weighted based chain complex, allowing us to apply the methods from
Section 2.5 also in this case, thus resulting in a tagged barcode for general Morse-Smale
vector fields.
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Beyond surfaces

The results from Chapter 3 apply to a gradient-like Morse-Smale vector field on a manifold
of any dimension. In Chapter 5, however, we restricted ourselves to dimension two. The
reason for this is that in higher dimensions, the filtration assigned to a Morse-Smale vector
field has more steps and the corresponding spectral sequence is not contained in a 3 x 3
grid. It seems plausible that our construction from Section 5.5 could be generalized (to
m x m grids possibly), so that this restriction would no longer be necessary. All the other
steps would then follow through and we could generalize also this approach to arbitrary
dimensions.

Beyond vector fields

As in the case of vector fields, there is a classification of the singularities for generic rank
2 tensor fields on surfaces, see e.g. [9, 7, 38]. The genericity condition can be viewed as an
analog of the Morse-Smale condition for vector fields. In order to talk about the topology
of a tensor field, one may consider the two induced line fields that arise from considering
the eigenvalues at every point [20]. One can define separatrices that start at the singu-
larities, dividing the underlying manifold into sections. The Poincaré-Hopf theorem has
been extended to line fields, relating the Euler characteristic of the manifold to the sum
of topological indices of the singularities [19]. It would be interesting to investigate if
one can construct a chain complex also in this case, containing topological information
of the tensor field in an algebraic form. As it was the case for the Morse inequalities
for vector fields (see Corollary 5.30), it might be possible to derive the Poincaré-Hopf
theorem from the existence of such a chain complex. A related, but different, approach
that exists already in this direction, is to apply the concept of robustness to 2D tensor
fields [54, 34].
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