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Abstract

This thesis consists mainly of density functional theory (DFT) calculations, com-
plemented by specific theoretical developments, to determine the implantation site
of the positive muon and its magnetic hyperfine coupling in a range of selected
materials, whose intriguing properties attract current scientific interest.

The study is mainly motivated considering that in muon spin spectroscopy
(µSR), whereby matter is probed by means of implanted muons, the site of muon
implantation and the value of the di↵erent contributions to their magnetic coupling
with the host environment are not known a-priori. They are crucial towards
understanding certain physical properties of the materials, since knowledge of the
muon implantation sites, muon hyperfine coupling and extent of perturbation of
the muon’s local environment in the host allows important information, beyond
the values of the best fit parameters, to be indirectly extracted from µSR spectra.
Notable examples are the magnitude of total magnetic moments and even the spin
structure of some magnetic materials.

The strategy for assigning the muon site with the DFT method is discussed and
used successfully in the following selected materials; NaFe1�xNixAs, Yb2Pd2In1�xSnx

and Sr2RuO4. Evidence for the coexistence of magnetism and superconductivity
in NaFe1�xNixAs is provided by µSR measurements and the moment size on Fe,
crucial in the context of iron pnictides, is determined by means of dipole sum cal-
culations at the muon sites identified by DFT. In Yb2Pd2In1�xSnx, the muon sites
are first calculated by DFT and then validated comparing a dipolar simulation
with measured local fields. Furthermore, a steep increase in the measured muon
local field by application of hydrostatic pressure at intermediate Sn doping is ac-
counted for by assuming a transition to a di↵erent symmetry-allowed spin order.
Lastly, the calculated muon implantation site in the superconducting Sr2RuO4

allows investigation of the extent of the muon perturbation and its e↵ect on the
time reversal symmetry breaking mechanism, in relation to the observation of this
phenomenon with µSR in a very highly cited paper.

I then proceed to discuss a systematic analysis of the accuracy of the calculation
of the ab initio estimation of muon hyperfine contact field on elemental transition
metals, using the projector-augmented pseudopotential approach. This approach
allows one to include the core state e↵ects and accounts principally for the suc-
cess of the calculated contact hyperfine field in Fe, Ni, Co. The same method
is also used to calculate the contact field in non-centrosymmetric metallic com-
pounds, presently of topical interest for their spiral magnetic structure giving rise
to skyrmion phases, such as MnSi and MnGe. To further improve the accuracy of
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the calculated contact hyperfine field, I addressed the zero point vibration of the
muon, not captured in the DFT treatment within the Born-Oppenheimer approx-
imation. A published stochastic self-consistent harmonic approximation method
is further developed specifically for the very light muon and used to successfully
average the e↵ect of the muon zero point vibrations on the calculated contact
hyperfine field, improving the accuracy of the results.

The last part of this thesis is the study of the charged and neutral states of
hydrogen, an analogue of the implanted positive muon if one ignores zero point
vibrations, in MnO and NiO. Hydrogen defect states at the band gap are observed
to exist in these materials. The stability of these defect states is also discussed
together with the magnetic coupling of the muon in the antiferromagnetically
ordered transition metal mono-oxides. This allows to determine the easy axis
of magnetization in MnO and NiO, a very subtle property to gain experimental
access to, and a very nice example of the enhanced scope of µSR when used in
conjunction with atomistic simulation.
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Riassunto

Titolo: Potenziamento della spettroscopia di spin muonica: dalla simulazione
atomistica del sito di localizzazione ai calcoli dell’accoppiamento iperfine del muone.

La tesi consiste principalmente in calcoli di teoria del funzionale densitá (DFT),
integrati da sviluppi teorici specifici, rivolti a determinare il sito di impianto del
muone positivo e il suo accoppiamento iperfine in una serie di materiali le cui
proprietá singolari attraggono oggi notevole interesse.

Lo studio é motivato in primo luogo dal fatto che in spettroscopia di spin
muonica (µSR) non sono noti a priori né il sito di impiantazione del muone né
i diversi contributi al suo accoppiamento magnetico con il circondario all’interno
della materia non sono noti a priori. Questi sono dati cruciali per ottenere alcune
proprietá fisiche dei materiali, dato che la conoscenza del sito occupato dal muone,
il suo accoppiamento iperfine e la rilevanza della perturbazione che esso introduce
nell’immediato circondario consentono di estrarre ulteriore informazione indiretta
dal best fit degli spettri, oltre ai puri valori dei parametri di fit. Esempi notevoli
sono la grandezza dei momenti magnetici totali e persino la struttura di spin di
alcuni materiali magnetici.

La strategia per assegnare il sito del muone con l’aiuto del metodo DFT é
discussa ed utilizzata con successo in tre materiali selezionati, NaFe1�xNixAs,
Yb2Pd2In1�xSnx and Sr2RuO4. La coesistenza di magnetismo e superconduct-
tivitá in NaFe1�xNixAs é evidenziata dai risultati di µSR e il momento magnetico
del Fe, importante nel contesto dei pnictidi superconduttori, é stimato grazie
all’attribuzione del sito del muone. Nel Yb2Pd2In1�xSnx drogato con Sn i siti
del muone sono calcolati in DFT, e quindi convalidati dal confronto tra somme
dipolari e campi locali misurati. Inoltre un’incremento brusco dei campi interni
sotto pressione a drogaggio intermedio di Sn é ben giustificata assumendo una
transizione ad un diverso ordine di spin compatibile con la simmetria. Per finire
il sito calcolato in Sr2RuO4 consente di discutere la perturbazione introdotta dal
muone nel suo circondario e il suo e↵etto sul meccanismo di time reversal symmetry
breaking. Il contributo é significativo perché il time reversal symmetry breaking
in Sr2RuO4 é evidenziato, non senza controversie, da un lavoro highly cited basato
spettroscopia µSR.

Procedo quindi a discutere una analisi sistematica dell’accuratezza dei calcoli
per la stima ab initio del campo iperfine di contatto al muone sui composti el-
ementali di metalli di transizione utilizzando l’approccio degli pseudo-potenziali
projector-augmented. Questo approccio permette di includere e�cacemente il con-
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tributo di core e rende conto prevalentemente del successo delle predizioni per Fe,
Ni, Co. Lo stesso metodo é utilizzato anche per calcolare il campo di contatto nei
composti non centrosimmetrici come MnGe e MnSi, di grande interesse attuale
per le loro strutture magnetiche spirali che danno luogo a fasi skyrmioniche. Per
migliorare l’accuratezza del campo iperfine di contatto ho a↵rontato l’influenza
delle vibrazioni di punto zero del muone, ignorata nell’approssimazione di Born-
Oppenheimer, a causa della massa leggere del muone. L’approssimazione armonica
stocastica autoconsistente, giá nota in letteratura, é stata sviluppata ulteriormente
per il muone molto leggero e utilizzata con successo per migliorare il confronto tra
risultati ed esperimento.

L’ultima parte di questa tesi presenta uno studio dei diversi stati di carica
dell’idrogeno, analogo al muone positivo se si ignora l’energia di punto zero, nel
caso di MnO e NiO. Difetti di idrogeno consistenti in stati localizzati nella gap sono
stati osservati in questi due materiali. La loro stabilitá viene discussa qui assieme
all’accoppiamento magnetico dell’idrogeno (muone) nello stato atiferromagnetico
dei monossidi di metalli di transizione. Ció consente di determinare l’asse facile di
magnetizzazione del MnO e NiO, una proprietá molto di�cile da misurare speri-
mentalmente e al contempo un ottimo esempio del maggior potenziale di indagine
della µSR, se assistita da simulazione atomistica.
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1

Introduction and motivation

In this thesis, I present the description of ab initio calculation approaches, in par-
ticular the density functional theory (DFT) method together with other theoretical
approximations to determine the implantation site of the muon and its magnetic
hyperfine coupling in a range of selected materials of current scientific interest.
The results from these calculations allowed further understanding, interpretation
and analysis of material properties observed from the experimental muon spin
spectroscopy measurements.

Muon spin rotation, relaxation and resonance spectroscopy (µSR) is an experi-
mental technique used for probing the properties of matter at the microscopic level,
by exploiting the possibility of implanting highly spin polarized muons. µSR has
been used to study a wide range of condensed matter systems and those consid-
ered in this thesis are a subset of superconducting, strongly electron correlated and
magnetic materials, whose spin orbital correlations display interesting behaviour
that shows up directly or indirectly, in the experimental muon decay anisotropy.
The implanted muons thermalize in inorganic crystalline solids almost invariably
at interstitial sites in the lattice and the magnetic local field that characterize the
muon at this site(s) is recorded in the µSR data. However, the site of implantation
together with di↵erent contributions/components to the local field at the muon are
not known apriori from the experiment. In a number of cases, the rough accuracy
in the estimation of the position where the muon stops in the sample, of the local
perturbation introduced by the muon itself and of the Fermi-contact hyperfine
coupling that enters the description of the muon-electron interactions, limit the
number of information that can be extracted from the experimental data analysis.
However, crucial material properties, especially the ground state magnetic mo-
ment in ordered materials and possibly the long range magnetic order as well, can
only be determined in µSR by the knowledge of the muon implantation site and
of the interaction constants between the muon and its atomic surrounding. The
knowledge of both implantation site and contact hyperfine couplings contribution
to the local coupling are essential for this information to be retrieved.

However, it is important to point out that there are a lot of material proper-
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ties that can be accessed form µSR spectra without any prior knowledge of the
muon site and the details of its coupling. With the muon local field both in super-
conductors and in magnetically ordered materials, the temperature dependence of
the order parameter are measured, critical fluctuations are reflected in relaxation
rates, the presence of additional phase transitions is easily detected, just to quote
a few examples.

Various experimental approaches including the use of the measured precession
frequency for magnetic materials, measurement of angular and field scans of the
Knight shifts in single crystals, level crossing resonance method and paramagnetic
shift measurements provide insights in the localization site and contact coupling
of the muon. However, there are various limitations in the use of these approaches
especially considering that they are not general in their application to all materials.

A di↵erent approach is to use computational methods to estimate these quan-
tities with ab inito approaches. This is following significant advancement in elec-
tronic structure theory methods, especially the success of DFT in describing prop-
erties of materials and advent of High Performance Computing (HPC) that allows
the implementation and use of these methods. This may in principle allow to unveil
the full set of parameters governing the interaction between the implanted muon
and its surroundings in the hosting compound provided that the description of the
electronic and the nuclear degrees of freedom entering the theory is su�ciently
accurate. Ab initio DFT has been successfully employed in the determination of
the muon site. In this thesis, I continue to use the DFT method while describing
the strategies within these methods that allow the determination of the muon site
in a range of magnetic and superconducting materials. This approach also allows
the investigation of the e↵ect and perturbation induced by the implanted muon
in the sample. Furthermore, with the ab initio DFT method, the approach for
calculating and determining the Fermi contact hyperfine interaction of the muon
in metallic systems was presented.

Further computational studies discussed include a new approach towards solv-
ing the zero point motion energy of the muon after its implantation in the host
material. I have described a stochastic self-consistent harmonic approach that
requires much less computational resources for describing the muon’s zero point
motion. This allowed to incorporate in our calculations involving the muon, the
e↵ect of the muon’s zero point vibration.
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1.1. Structure of the thesis

1.1 Structure of the thesis

The structure and outline of the thesis include:

Chapter 2 -Muon Spin Rotation Resonance and Relaxation Spectroscopy:
The µSR experimental technique relevant to understanding the research is de-
scribed. Also, the magnetic coupling of the muon is described.

Chapter 3 - Electronic structure theory: The density functional theory in-
cluding other electronic structure theory approximations used for calculations in
this thesis are presented.

Chapter 4 - Muon stopping sites in selected materials: The calculation
strategy and approach used for muon site determination are described. Further-
more, I present results of muon implantation site calculations together with those
of µSR measurements in selected samples including NaFe1�xNixAs an Fe based su-
perconductor, Yb2Pd2In1�xSnx a heavy fermion compound and Sr2RuO4 a layered
superconductor. Further analysis of sample properties by the combined µSR data
and calculated muon sites is also presented.

Chapter 5 - Muon contact hyperfine field in metals: The e↵ectiveness of a
DFT-based approach in the calculation of the contact hyperfine field is presented.
This is demonstrated on simple magnetic metals including Fe, Co, Ni, and further
on chiral magnets of current high interest, MnSi and MnGe.

Chapter 6 - Muon quantum motion e↵ects and hyperfine fields in metals:
A stochastic self-consistent harmonic approximation for treating the zero point en-
ergy and motion of the muon is described. Further application of this method and
e↵ects of the muon zero point motion on the contact hyperfine field is described.

Chapter 7 -Hydrogen defect states and muon hyperfine coupling in MnO
and NiO: The stability and e↵ect of defect states in the band gap of the charged
and neutral hydrogen defects in MnO and NiO is described. Further, analysis of
the muon magnetic coupling and discussion on the magnetic moment alignment
in these antiferromagnetically ordered samples are presented.

Chapter 8 - Summary and Conclusion

3



2

Muon spin relaxation, rotation and
resonance spectroscopy

Muon spin relaxation, rotation and resonance spectroscopy (µSR) is an experi-
mental technique that exploits the implantation of spin polarized muons to probe
local properties of solid state materials, by means of the local magnetic field at
the muon, together with its dynamics on the scale of the muon’s mean lifetime
(⇡ 2.2 µs). Notably, this experimental technique makes predominant use of the
positive antiparticles (µ+). The basis of this technique lies in the anisotropic
positron emission at the muon decay, peaked around the muon spin direction. The
anisotropy is a hallmark of weak interactions in the three-body decay, and the
very high muon spin polarization (almost 100%) relies on the same violation in
the two-body pion decay that originates this probe particle. The evolution of the
muon spin direction may be thus detected over several microseconds, with very
fine time resolution, over an ensemble of individually implanted particles. Thus,
the muon spin relaxation, rotation and resonance spectroscopy may be considered
akin to Nuclear Magnetic Resonance (NMR), with the advantage of a broader
applicability and a non resonant broadband detection. In analogy to NMR and
ESR, the muon spin relaxation, rotation and resonance spectroscopy is represented
by the acronym µSR, which generally represents studies involving interactions of
the muon spin by asymmetric decay or the muon’s magnetic moment and its use
in the probe of materials. The foremost applications are in superconducting and
magnetic materials, including very weak magnets, thanks to the good sensitivity
provided by the large muon gyromagnetic ratio (⇡ 135 MHz/T).

In this chapter, I will describe the important properties of the muon and the
µSR experimental technique that are necessary to understand and follow the stud-
ies and results presented in this thesis. Other reviews on the the µSR technique
can be found in Refs. [1–4] (to mention but a few).
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2.2. The muon production

2.1 The muon discovery and properties

The muon was discovered as one of the radiations from the cosmic rays in 1936 by
Carl Anderson and Seth Neddermeyer [5]. Over the years, the properties of the
muon and its mystery has been dissipated. The muon has mass of 105.7 MeV/c2

which is almost 9 times less than that of a proton and 200 times that of an electron.
Just like the electron, the muon is a charged spin 1/2 particle. However, unlike the
electrons and other elementary particle, the muon has a mean lifetime of ⇡ 2.2 µs
and decays spontaneously to a positron (e+), an electron neutrino (⌫e) and a muon
anti-neutrino (⌫µ) pair for a positively charged muon (µ+), and for the negatively
charged muon (µ�), it decays to an electron, a neutrino and anti-neutrino pair.
The three body decay is represented below:

µ+ ! e+ + ⌫e + ⌫µ
µ� ! e� + ⌫e + ⌫µ

(2.1)

The decay process of the positive charged muon and the anisotropic emission
of the positron, peaked around the muon spin direction forms the basis of its
application in µSR. Also, the positive muon used for probe in µSR is likened to
a light proton. However, the muon has a magnetic moment 3.18 times larger
than that of a proton. This property of the muon makes it an extremely sensitive
microscopic probe of magnetism. The muon gyromagnetic ratio is (�µ2⇡ ) ⇡ 135.538
MHz T�1.

2.2 The muon production

The use of muon as a probe for matter started flourishing, following the parity
violation laws in weak interaction by Chen Ning Yang and Tsung-Dao (T.D.) Lee
[6] and the experimental discovery by Richard Garwin et.al [7] together with other
experiments showing decay of pions to muons and then muons to electrons and
pair neutrinos.

Muons are naturally created by proton-proton interactions when cosmic rays
hit the atmosphere and by particle accelerators involving high-energy decays and
particle decay in the laboratories. For the purpose of µSR, low energy muons
capable of stopping in the samples are required. These low energy muons originate
from the two-body pion decay. Thus, a pion has to be made first. The production
of pions are from collisions of high-energy protons (above 500 MeV) with the
carbon targets or other light elements which allows minimizing the scattering of
the beam of protons and maximizing pion production. The charged pions (⇡+ or
⇡�) are short lived for 26.033 nanoseconds and spontaneously decay to a charged
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muon and the muon neutrino (or anti-neutrino). The pion decay is represented
below as:

⇡+ ! µ+ + ⌫µ
⇡� ! µ� + ⌫µ

(2.2)

In µSR facilities, the kinetic energy and type of charged muon (negative or
positive) produced depend on the pion process. For the so called surface muon,
the muon is emitted isotropically with a kinetic energy of 4.119 MeV and momen-
tum of 29.8 MeV/c from a pion that decays at rest on the surface of the target.
Only the positive muon can be produced by this approach because a negatively
charged pion stopping at the production target will always be captured by a nu-
cleus from the low lying orbitals of pionic atoms even before it decays. In order to
overcome this phenomenon,the so called backward muon approach is used. Both
the negatively and positively charged muon can be produced by this approach. It
involves allowing the decay of the pions in flight within a long superconducting
solenoid, while the muons are emitted opposite to the direction of the pion mo-
mentum. The decay muon has a higher momentum than the former in the range
of 50-100 MeV/c, this increases the stopping density of the muon in the sample.
Also, the decay muon has a much larger phase space than the surface muon and
this lowers the luminosity. However, even though these two features of the decay
muon are less enticing, they still remain the means of allowing muon implantation
and µSR studies of samples that are enclosed in thick vessels like the pressure cells
for high-pressure studies and for gas and liquids contained in a vessel.

However, in µSR experiments the positive muons (µ+) are mostly used and
preferred since because of their positive charge they avoid the host nuclei in the
sample while the negatively charged muon (µ�) can mostly be captured in the
nucleus. Also a significant amount of the spin polarization of µ� is lost during the
capture process, thus introducing a lot of signal noise in the time evolution. For
the purpose of this study, the experimental results are of µSR utilizing the positive
muon µ+, which sometimes bear the acronym µ+SR.

2.2.1 The muon beam

There are few proton accelerators with intense muon beam facilities in the world,
they include:

• The Tri-University Meson Facility (TRIUMF) in Canada,

• The Paul Scherrer Institute (PSI) in Switzerland,
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• ISIS at the Rutherford Appleton Laboratory (RAL) in the United Kingdom,
and the Japanese Institute of Physical and Chemical Research (RIKEN) at
the ISIS facility.

• The MUSE (Muon Science Establishment) at the Japan Proton Accelerator
Research Complex (J-PARC).

The muon beams used for µSR experiments at these facilities are said to be
continuous or pulsed depending on the time structure of the proton source.

• The continuous beam facilities have a nearly continuous proton source that
produces muons arriving at the experimental stations and thus the sample.
This muon beam allows better time resolution (⇡ 100 ps) of µSR instru-
ments. With better time resolution, fast relaxing signals and stronger mag-
netic fields are detected. The muon beam at PSI and TRIUMF facilities are
the continuous type.

• The pulsed muon beams are so named because the protons from the source
directly arrive to the production target in bunched beams. Hence, the pulsed
structure and timing of the muon beams reflect that of the proton that is
smeared out by the pion lifetime. The time width of the pulses are on
the order of tens-of-nanoseconds and thus must be shorter than the muon
lifetime, so that the pulse repetition time must be longer than the muon
lifetime. These conditions limits the time resolution. With the pulsed beam
almost all the incoming muons are used and there are almost no background
signal from accidental coincidence of the muon and positron. The advantages
of pulsed muon sources include; measuring slowly relaxing signals and weak
magnetic fields. The muon beam at J-PARC and ISIS facilities are of the
pulsed type.

• Beams of low energy muons have been developed to satisfy the increasing
desire to investigate surfaces, thin films and multi-layered interfaces with
muons unlike the conventional surface muons that are used for study of small
samples. The low energy muons are transported with mean energy of about
15 keV with approximately 0.5keV minimum energy of implantation. These
low energy muons are capable of stopping at depths in the order of fractions
of nanometer to a few hundred of nanometers. The low energy muons are
produced by moderation in thin condensed gas targets. A major set back
for the low energy muon is that the intensity is reduced compared to the
incident surface muon beams.
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2.3 Asymmetry parameter and µSR

The fundamental unique properties of the pion and muon decay that allows the
use of the µSR technique in probing condensed matter systems include:

• The emitted muon from the pion decay at rest arrives almost 100 percent spin
polarized to the sample. This is made possible by the maximal parity vio-
lation of the pion weak interaction decay. This particular property provides
a considerable advantage in comparison to other magnetic probe methods
like NMR and ESR methods where the required polarization is achieved by
applying strong magnetic field or at very low temperatures.

• Also, following the parity violation process in the weak decay, the muon
decays to a positron preferentially along its spin direction. Thus for muons
implanted under the same conditions, the average muon spin direction can
be determined by measuring the time dependent distribution of the decay
positrons. The anisotropic probability of positron emission, maximum at
the muon spin direction, follows the evolution of the spin in time, and it can
be measured averaging over the fate of many muons, each starting with the
same initial spin direction.

(a) Asymmetry function plot (b) Polar diagram

Figure 2.1: (a) plot of the symmetry function a(x) and emission number n(x) (b)
Polar Diagram of the angular distribution of the positron P (✓) from decay of pos-
itively charged muons, µ+. Orange, green and light blue represent the anisotropy
function Eq. 2.3, for a positron of maximum, minimum energy, and for the average
over all energies, respectively.
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The distribution function for the positron emission depending on energy and
angle is defined as:

dW (x, ✓)

dxd⌦
=

n(x)

4⇡
(1 + a(x)cos✓) (2.3)

In the equation above, x = E/Emax, where E represents positron energy,
Emax = 52.8MeV , ✓ is the angle between the positron trajectory and the µ+

spin, a(x) is an asymmetry function of positron energies while n(x) is an emission
number. Functions defining a(x) and n(x) are shown in Fig. 2.1a and defined as:

a(x) =
2x� 1

3� 2x
n(x) = 2x2(3� 2x)

With the positron energies in Eq. 2.3, the probability distribution of the positron
emission which is correlated to the direction of the muon spin is given as:

P (✓) / (1 + A0 cos ✓) (2.4)

where A0 corresponds to the average over all positron energies (light blue shape
in Fig. 2.1b) and is written as;

A0 ⌘ ha(x)i =
Z 1

0

a(x)n(x)dx =
1

3
(2.5)

This value is reduced by experimental e�ciency, and further averaging over
large solid angles typically to values in the range of 0.2-0.27.

2.4 µSR experimental technique

In µSR experiment, deceleration occurs when muons are implanted in the sample,
during which their energy is quickly lost in a time frame of approximately 100 ps,
shorter than a typical µSR histogram bin. The muons thermalize while slowing
down towards an implantation site without any appreciable loss of their spin po-
larization. The principle that allows the use of muons for probing materials is not
lost. This is also because all the processes that occur during the thermalization
are Coulombic.

The implanted muons normally stop at interstitial sites especially for inorganic
samples. Also, depending on the nature and depth of the potential at the muon
site, the muon can be trapped at the site or di↵use locally between interstitial sites.
At high temperature muons may hop rapidly among equivalent sites over larger
distances. For metallic samples the charge of the positive muon is screened by the
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conduction electrons, that the muon is in a state experimentally indistinguishable
from a diamagnetic muon. However, in insulators and semiconductors, the muon
can pick up an electron to be in the paramagnetic state forming the muonium
(µ+e�) or can still remain in the diamagnetic state.[8]

2.4.1 Experimental setup

In µSR technique, depending on the properties and phenomena one would want
to investigate, there are a number of experimental setups to choose characterized
by the absence or presence of an external magnetic field and by its alignment with
respect to the initial muon spin direction. One distinguishes:

• Zero Field Muon Spin Relaxation (ZF-µSR): ZF-µSR involves the
study of the muon spin time evolution only upon the influence of the inter-
nal magnetic field, here an external magnetic field is not applied. For mag-
netically ordered phases, the approach is mostly used to measure the muon
precession frequency, giving direct information on the temperature depen-
dence of the order parameter and indirectly also on the magnetic structure
and static magnetic moments. ZF-µSR is very sensitive for detecting weak
magnetism and can detect very low static moments, giving µSR an advantage
over other experimental techniques, notably neutron di↵raction.

• Longitudinal Field Muon Spin Relaxation (LF-µSR): In LF-µSR, the
external magnetic field is applied parallel to the initial muon spin polarization
direction (see Fig. 2.2a). Like ZF-µSR, the time evolution of the muon
polarization is measured along its original direction. It is used to study the
origin of depolarization by applying external field stronger than the internal
field, such that the static inhomogenous distribution of the internal fields (if
present) will not a↵ect the time evolution of the muon polarization.

• Transverse Field Muon Spin Rotation (TF-µSR): In experiments in-
volving this technique, an external magnetic field is applied perpendicular
to the initial muon spin polarization direction (see Fig. 2.2b). The muon
spin precesses in a plane perpendicular to the external magnetic field with
a frequency proportional to the size of the total field at the muon implanta-
tion site. TF-µSR allows the measurement of the magnetic field distribution
of the vortex lattice in a type II superconductor since generally, it allows
to study the inhomogeneities of the local field distribution at the muon in-
terstitial site, due to the formation of an Abrikosov flux lattice, from the
transverse dephasing of the muon precession and the corresponding depolar-
ization. Also with this experimental setup, the µ+ Knight shift in systems
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(a) LF-µSR (b) TF-µSR

Figure 2.2: Schematic diagram of a) LF-µSR and b) TF-µSR technique

can be retrieved, it provides relevant information on the hyperfine fields and
thus the local susceptibility (see Sec. 2.5).

• Other types of µSR experiments include; (Avoided) Level Crossing Res-
onance ( µALCR and µLCR ) and Muon Spin Echo (µSE). In µSR,
resonance studies are normally performed when a radio-frequency (rf ) pulse
is used to reorient the muon spin from the initial muon spin polarization,
such that resonance occurs when the rf matches an energy splitting of one
of the muon states in the sample. In µALCR and µLCR techniques, the
resonance are observed as a ’dip’ in the evolution of the muon polarization
as the applied magnetic field is varied, typically in the range of (1-3 T) for
molecules. They are used for various purposes which include; measuring the
muon hyperfine coupling constants in radical structures [9], investigation of
spin dynamics [10] and determination of muon implantation site in semicon-
ductors [11, 12]. In µSE, a muon spin echo appears in the time evolution
of the muon polarization as a timed rf is applied after the muon comes to
rest in the sample. µSE technique is mostly used to determine the di↵erent
contributions of the dynamic and static local field to µSR experiment.
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2.4.2 Count rates

In a typical µSR experimental setup (see Fig. 2.2), the polarized muon beam enters
from the left, and a muon detector provides the start signal for a clock. The muon
then penetrates the sample and comes to rest at an interstitial site. Its spin then
precesses around the local field B at the Larmor frequency !µ. The frequency is
given by !µ = �µB, where �µ/2⇡ = 135.538 MHz/T, is the gyromagnetic ratio for
the muon.

If the positron from the muon decay hits a detector in a given direction, the
signal thus generated will stop the clock, measuring the muon lifetime. An event
will be added to a histogram at the corresponding time bin. This produces average
count rates versus time for the chosen direction.

Assuming two directions, forward (F) and backward (B) with respect to the
initial muon spin, the count rates N(t) have the form:

N(t) = N0e
�t/⌧µ [1 + A0P(t) · n̂] + B0 (2.6)

where N0 is the initial count rate, A0 is asymmetry, ⌧µ is the average muon life
time and B0 is a time independent background

P(t) · n̂ is defined as the projection of P(t) along the initial direction polariza-
tion, n̂. The rate of change of P is given as;

dP

dt
= �µ(P⇥B(t)) (2.7)

where B(t) is the total field at the muon site (i.e including applied field) and
P = <S>

1/2~ with S the muon spin operator.
At the muon site, when the muon feels a perpendicular internal or applied

magnetic field, the polarization due to the spin precession around the field is given
by: cos(�µ|Bµ|t + ✓), where ✓ represents the initial phase the muon makes with
respect to the detector.

The time evolution of the number of positrons detected after the muon decay
on the forward and backward detectors NF (t) and NB(t) are shown in Figs. 2.3a
and 2.3b for a longitudinal and transverse applied magnetic field. The relations
that describe the counts are given by:

NF (t) = N0e
�t/⌧µ [1 + A0P(t).n̂] (2.8)

NB(t) = N0e
�t/⌧µ [1� A0P(t).n̂] (2.9)
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(a) For LF (b) For TF

Figure 2.3: Count rates and asymmetry plots for fields applied longitiduan-
lly (LF) and transversely (TF) to muon spin polarization direction and ideal
asymmetry-polarization evolution plots.

The normalized di↵erence of these functions, after fitting and subtracting the
background B0 gives the the asymmetry function A(t) ⌘ A0P(t).n̂ and given as:

A(t) =
NF (t)�NB(t)

NF (t) +NB(t)
(2.10)

A(t) describes the time evolution of the muon polarization, thus containing crucial
information of the static and dynamical fluctuations of the muon spins as functions
of temperature, pressure and applied magnetic field.

The asymmetry function evolution with time can be normalized with A0 to
one and this gives the muon spin autocorrelation function, G(t) = A(t)/A0. This
represents the time dependent spin polarization of the muon. In µSR experiment,
from the resulting signal, the asymmetry parameter and spin polarization evolution
are extracted from a ZF, LF and TF data.

2.4.3 µSR Precession and relaxation functions

In order to describe the di↵erent forms of the spin autocorrelation function G(t)
and if the muon is capable of detecting and studying the internal magnetic field,
we revisit the muon precession process (see Fig. 2.4). If the direction of the initial
muon spin polarization is along ẑ and the local magnetic field, Bµ makes an angle
✓ with ẑ, the muon spin will precess around Bµ as shown in Fig. 2.4 with the
precession frequency !µ = �µ|Bµ|.
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Figure 2.4: Muon spin precession around a local magnetic field Bµ at an angle
✓ between the initial muon spin polarization direction ẑ and Bµ.

From Fig. 2.4, the muon spin polarization evolves in time as:

G(t) = cos2✓ + sin2✓cos(�µ|Bµ|t) (2.11)

Such that, for randomly oriented magnetic field with well defined modulus, for
example in polycrystalline sample, averaging the internal magnetic field over all
directions will yield:

G(t) =
1

3
+

2

3
cos(!µt) (2.12)

Let us now consider a static muon probing a distribution of static random field
such as those due to nuclear dipole moments in a lattice. The randomly oriented
nuclear dipolar fields will be seen as static in µSR (see refs [1, 2] and references
therein). The spin autocorrelation function along z will be the average over the
distribution, approximated as a Gaussian of width �

�µ
for each component x,y,z of

the random nuclear field. The function can be written in the form:

G(t) =
1

3
+

2

3
e��2t2/2(1� �2t2) (2.13)

The form of the function (Eq. 2.13) is equivalent to an over-damped oscillation
of amplitude 2/3 at the frequency �, (since 1 � �2t2 ⇡ cos(�t) at short times)
including a 1/3 constant. They represent respectively over-damped precessions
around two transverse components, x,y of the local fields and a stationary state for
the third longitudinal z components. This function was first derived theoretically
by Kubo and Toyabe in 1966 [13], hence it is known as the Kubo-Toyabe relaxation
function. Fig. 2.5 shows the plot of the Kubo Toyabe function. The second moment
of the Gaussian distribution can be represented by �2

�2 .
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Figure 2.5: Kubo Toyabe relaxation function for di↵erent values of �

However, if the distribution of each component of the random local field is
Lorentzian (as in the case of a diluted nuclear spin on a lattice), then the function
is of the form:

G(t) =
1

3
+

2

3
e�at(1� at) (2.14)

where a
�µ

represents the half-width at half maximum of the Lorentzian function.
For cases where there is a rapid di↵usion of the muon from one interstitial site

to another and also for cases of rapid spin fluctuations, such that there are fast
fluctuations with fluctuation time ⌧ , the depolarization function at initial times
will relax in this form:

G(t) = e�2�2⌧ t (2.15)

The origin of the depolarization in Eq. 2.15 can be investigated by using the
longitudinal field LF technique, since by using a parallel (to the initial spin po-
larization) applied field Hext stronger than the internal field, the muon spin is
decoupled from the internal fields and thus not depolarized by an inhomogeneous
internal field even at longer times in the evolution.

TF relaxation functions: As already mentioned, in an applied transverse
field Bext in the absence of relaxation, the muon’s precessing asymmetry function
is a cosine function. However, for real samples the muon precession is modulated
by a relaxation function, G(t) depending on the distribution induced by the local
field B0 in the sample, where the precessing asymmetry is given as:

A(t) = A0 cos(�µBextt)G(t) (2.16)
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where A0 is the initial asymmetry. If the distribution is Gaussian, the precessing
asymmetry will have the form;

A(t) = A0 cos(�µBextt)e
��2t2/2 (2.17)

In TF experiments, the relaxation function has a non trivial form if Bext << B0.
However for large Bext >> �/�µ the relaxation function is independent of the
applied transverse field but on those of the internal fields [14].

2.5 Muon magnetic coupling Hamiltonian

Implanted muons almost invariably thermalize in inorganic crystalline solids at
interstitial sites in the lattice, so that the detected internal field is that at an in-
terstitial of an extremely diluted impurity. The experimental value of the muon
local field, including both its static value and its fluctuating dynamical compo-
nents, provides important clues towards understanding the magnetic properties of
the host material.

Following the description for a generic nucleus described in Ref [15] and already
extended for the muon in Ref [4]. The muon has spin 1/2 and couples to a magnetic
field. The muon magnetic moment is defined as µµ

i = �gµµBS
µ
i where gµ is the

muon spin g-factor, Sµ is the muon spin operator and µB is the Bohr magneton.
Within a non relativistic quantum mechanical description, the Hamiltonian H

of an electron coupled to the muon in the presence of a magnetic vector potential
A produced at the muon by the magnetic moment µµ that is far from the muon
by a radius vector r, is given as;

H =
1

2me
(p+ eA)2 + geµBS

e ·r⇥A (2.18)

where me is the electron mass, p the momentum operator, e the positive unit
charge, ge the electron spin g-factor and Se the electron spin operator.

The magnetic vector potential is given as;

A =
µ0

4⇡

µµ ⇥ r

r3
=

µ0

4⇡

✓
r⇥

✓
µµ

r

◆◆
(2.19)

where µ0 is the vacuum permeability.
If one considers only to the first order while neglecting the higher order terms

in Eq. 2.18 using perturbation theory including neglecting the kinetic energy of
the electrons since the interest is on the muon coupling, then Eq. 2.18 becomes;

H =
e

2me
(p ·A+A · p) + geµBS

e ·r⇥A (2.20)
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Substituting equation Eq. 2.19 in Eq. 2.20 and considering that the electron
orbital momentum operator is ~L = r⇥ p,1 then the Hamiltonian in Eq. 2.20 can
be written as;

H =
µ0µB

4⇡

✓
2L · µµ

r3
+ geS

e ·r⇥
✓
r⇥ µµ

r

◆◆
(2.21)

Further using the relation r ⇥ (r ⇥ A) = r(r · A) � r2A where r2 is the
Laplacian, Eq. 2.21 becomes

H =
µ0µB

4⇡

✓
2L · µµ

r3
+ ge


(Se ·r)(µµ ·r)� 1

3
(Se · µµ)r2

�
1

|r|�

2

3
ge(S

e · µµ)r2 1

|r|

◆ (2.22)

The above Hamiltonian contains the various contributions in the coupling of
the electron to the muon. In order to recognize the physical meaning of the right
hand side terms we need to consider that;

• In magnetic materials, the muon is coupled e.g. to the (mean) field of more
than one electron.

• Since the interest is on the muon coupling to the electrons, the muon Hamil-
tonian is gotten by multiplying the total Hamiltonian H with the electron
density  ⇤

e e and integrating over the electron coordinates as;

Hµ = hHi =
Z

dr ⇤
eH e (2.23)

If one considers in the integration, the case for r di↵erent from zero ( r 6= 0),
i.e when there is a negligible probability for the electron to be at the muon site.
Here, the first term in Eq. 2.22 gives a vanishing contribution considering that the
electrons do not orbit around the interstitial implanted muon site but around the
lattice sites. The third (last) term also gives a vanishing contribution considering
the Laplacian while the second term results in the dipolar contribution, same as
that of a dipole interaction from classical electromagnetism and is given as;

Hdip = �µ0

4⇡

X

i


3(µµ · ri) · (µe

i · ri)
r5i

� µe
i · µµ

r3i

�
(2.24)

1It is important to remember that; r⇥ p = �p⇥ r and (µµ ⇥ r) · p = µµ · (r⇥ p) together
with p · (µµ ⇥ r) = r · p⇥ µµ
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where µe
i is the spin moment operator of the ith electron, given as µe

i = �geµBSe
i

while �geµB = �e~ with �e being the electron gyromagnetic ratio. Here the
moment is due to the spin only angular momentum which holds typically for 3d
electrons where angular momentum is quenched in the crystal field. In cases, where
there are strong spin-orbit coupled interaction especially for the 4f and 5f localized
electrons, such that the spin and orbital contribution are not disentangled, the spin
moment operator Se

i is replaced by the total angular momentum operator Je
i given

as Je
i = Le

i + Se
i .

For r!0, i.e when there is a finite electron density probability to be at the
muon. If the wave function  e is expanded as a sum of spherical harmonics
(
P

l,m al,mY m
l ) around the muon site, only the l = 0 term yields a finite con-

tribution, since for all l > 0 the wavefunction behaves as r�l in the vicinity of
the muon. Hence if the muon is surrounded by a spherically symmetric cloud of
electrons, only the third term in Eq 2.22 gives a finite contribution and is given
as:

Hc = �2µ0

3

X

i

(µe
i · µµ)�(ri) (2.25)

such that after integration Eq. 2.25 becomes:

Hc = �2µ0

3
| e(r)|2 (µe · µµ) (2.26)

This term exists only for a partial s-electron around the muon and is called Fermi
contact interaction.

Summarizing, two contributions have been identified in the muon-electron mag-
netic coupling, which are: the dipole term and the contact term. We have neglected
so far a possible additional contribution of l > 0 spherical harmonics through the
dipole term. This gives rise to the so-called pseudo-dipolar term, a rank 2 constant
tensor coupling that adds to the scalar contact term. This term often vanishes and
I will ignore it henceforth.

The magnetic coupling of the muon to its environment can be described by an
e↵ective Zeeman Hamiltonian HZ , considering that from Eqs. 2.21, 2.24 and 2.25,
H, Hdip and Hc are linear in µµ. Hence;

HZ = �µµ ·Bµ (2.27)

where Bµ is the local field at the muon consisting of the dipolar and Fermi
contact contribution.The local field at the muon undergoes fluctuations due to
electron and lattice dynamics, and can be written as;

Bµ = hBµi+ �Bµ (2.28)

18



2.5.1. Calculation of Bc

where the first term which generally is non-null in an ordered magnetic state
while the second is the fluctuation term and drives the muon spin relaxation.

Summarily, in the absence of external magnetic field and considering the muon
magnetic Hamiltonian coupling in Eq. 2.22 and the Zeeman interaction in Eq. 2.27.
The contribution to the local field at the muon is given by;

Bµ = Bdip +Bc (2.29)

where the dipolar Bdip contribution is given as;

Bdip =
µ0

4⇡

NX

i=1


3ri(µi · ri)

r5i
� µi

r3i

�
(2.30)

with µi as the magnetic moment of the ith atom in units of µB, ri constitute
the distance between the ith atom and the muon site, while N is the total number
of magnetic moments.

The Fermi contact contribution (Bc) is e↵ectively given by;

Bc =
2µ0

3
| e(rµ)|2 ⌘(rµ)µe (2.31)

where ⌘(rµ) is the so called enhancement factor describing the muon perturbation
on its immediate surrounding and e↵ects on the lattice, an issue I shall address by
DFT in the next chapters.

2.5.1 Calculation of Bc

Unlike the dipolar contribution that can be retrieved by classical methods, the
contact interaction contribution requires an accurate quantum mechanical treat-
ment which still presents challenging aspects for ab-initio simulations in magnetic
materials. I address the electronic structure theory approach that allowed for ac-
curate calculation of this contribution in chapter 5. In this chapter, the correct
estimation of the imbalance in spin density distribution at the muon site is opti-
mized particularly for metallic systems. In this approach, the muon is introduced
as an impurity in the lattice at the site of implantation, such that the perturbation
due to the muon is captured in the self-consistent evolution of the electronic distri-
bution and wavefunction. The true behaviour of the muon distortion on the lattice
and electric gradient is captured in the electronic wavefuntion,  e, such that the
enhancement factor ⌘(rµ) already enters in it and considering the collinear spin
approximation, Bc can then be rewritten as;

Bc =
2µ0µB

3
⇢s(rµ) (2.32)
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where ⇢s = [⇢"s � ⇢#s] is the spin density at the muon position rµ, ⇢" and ⇢# are
the density associated to each spinor component with ⇢�s = | �|2.

The localized electronic contribution vanishes for s and p electrons and only
Bc contributes besides the small contribution of the nuclear moment. However,
for d and f electrons, asides the dipolar contributions, there are the second order
processes which includes: indirect RKKY interactions for metals and transferred
interactions in insulators. The transferred interactions in insulators is from the
overlap of the host localized magnetic wavefunction and the muon wavefunction. [1,
4] These second-order magnetic interactions are short ranged and are directly
captured with the electronic structure method used for calculating the Fermi-
contact contribution in this work.

2.5.2 Summation of Bdip in direct space

The dipolar tensor is rather easy to estimate with su�cient accuracy using a clas-
sical dipole approximation. The muon dipolar coupling results from interaction
between the muon moments and dipole moment of the host atoms. For the evalu-
ation of the dipolar fields and summation of the long range dipoles in real space,
a Lorentz sphere construction approach is usually improvised such that within the
sphere a lattice sum as depicted in Eq. 2.30 gives the dipolar field while the summa-
tion outside the sphere leads to the Lorentz term.The Lorentz field BL arises from
the calculation of the averaged dipole at the µ+ stopping site by separating the
dipoles into near and far with an imaginary sphere around the muon [4, 16, 17].2

Furthermore, there is the demagnetization term that accounts for the dipoles
that exist on the surface of the sample. Both the demagnetization and Lorentz
terms sum up to null in systems with antiferromagnetic ordering.

In LF and TF experiments, an external field Hext is also present. This is typi-
cally the case for investigations in the paramagnetic phase of a magnetic material,
where a non-vanishing expectation value of the electron magnetic moment appears,
at each site i

hSe
i i = �iHext (2.33)

where �i may in principle depend on the point symmetry of the i� th moment,
with the macroscopic � given by � =

P
i �i restricted to the magnetic unit cell.

Notice that the spin of Eq. 2.33 does not obey the low temperature spin struc-
ture (it has ferromagnetic q=0 symmetry). It yields a dipolar field Bdip0 by sub-

2Dipolar simulations reported in this thesis were carried out by the implementation in the
python codeMUESR
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2.5.2. Summation of Bdip in direct space

stitution into Eq. 2.30, and with the Lorentz sphere approach, the dipolar field at
the muon implantation site has the following contribution;

Bdip = Bdip0 +BL +Bdem (2.34)

where Bdip0 is the dipolar field sums of Eq. 2.30, calculated within the sphere,
BL and Bdem are the Lorentz and demagnetization field respectively.

The demagnetization fields are due to dipoles on the sample surface and as
such they depend on the bulk magnetization Mb and the shape of the sample.
This is given as;

Bdem = N ·Mb (2.35)

where N is the demagnetization tensor.
Bdem is uniform inside the sample only for an ellipsoid where there exist uniform

demagnetization and N can be calculated with trace of the diagonal of the tensor
equal to 1. The simple cases of shape and field direction dependent factor referred
to as the demagnetization coe�cient for each sample shape is given as :

• for sphere = 4⇡
3

• for Hext applied parallel to a cylinder = 0

• for Hext applied perpendicular to a cylinder = 2⇡

• for Hext applied perpendicular to a thin plate = 4⇡

On the other hand, the Lorentz field is a sum of the contribution that arises
from the moments lying outside the Lorentz sphere and is given as

BL =
4⇡

3
Mb (2.36)

where Mb is the bulk magnetization, hence BL and Bdem vanish for antiferromag-
nets, helical and conical phases.

With the above formalism of the local field at the muon Bµ and in the presence
of applied external magnetic field Hext, the muon Knight shift Kµ can be extracted
considering the shift in frequency, K⇤

µ. On e↵ecting corrections of the Lorentz and
demagnetization fields, the frequency shift K⇤

µ is given as:

K⇤
µ =

|Bµ|� |Hext|
|Hext|

=
h!µi
!ext

� 1 (2.37)

and the muon knight shift Kµ can be calculated as:

Kµ = K⇤
µ �

✓
4⇡

3
�N

◆
� (2.38)

where � is the bulk magnetic susceptibility
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2.6 Experimental methods for muon stopping
site determination

As already pointed out, muon stopping sites in samples are not known a priori
in µSR experiments and are crucial for the complete analysis and understanding
of local interactions with the µSR method. The muon site can be assigned, in
fortunate cases, directly by experiments, such as:

• ZF-µSR and muon dipolar field sum method: For magnetically ordered
materials, ZF-µSR measures the muon precession frequency and in turn the
local field at the muon site. For magnetic samples where the Fermi-contact
field at the muon is negligible, the magnetic moments and the spin structure
are known, it may be su�cient to guess the muon site in order to compute
the dipolar field sums. A comparison with the experimental local field can
be used to validate the assignment. This is also done for the fields from
nuclear dipoles in materials without magnetic order. Also, for the muon
forming bonds with fluorine in some fluoride materials, the muon site can be
determined from the F-µ-F oscillations. This is not a universal protocol, but
in fortunate cases a very good agreement may provide convincing evidence.

• Measurement of dipolar contribution to the Knight shifts in sin-
gle crystals: The dipolar contribution to the Knight shift depends on the
dipolar coupling tensor. This method is not readily available since it re-
quires adequate single crystals. It basically involves measuring the angular
dependence of the Knight shift in µSR experiment and comparing them with
the calculated angular dependence of the dipolar fields for di↵erent sampled
muon sites. This approach has been employed to determine and predict the
muon stopping sites in hcp structured materials of UPd2Al3, PrNi5 and
LaNi5D3 ([18] and references therein).

• Level crossing resonance (LCR) method: The LCR approach can be
used to determine the implantation site of paramagnetic muonium (µ) and
diamagnetic muon (µ+) in semiconducting samples. The location site of the
muon are determined by the positions of the resonances that allow both the
angles and bond distances of the implanted muon and the host nuclei to be
found. However, it is required for the host nuclei to be quadrupolar, since the
LC resonances can occur at fields for which the muon Zeeman energy matches
the combined Zeeman and quadrupolar energy of the nucleus. Also, with the
LCR method, the hyperfine structure of the nuclei can be resolved, with this
the local environment and muon implantation site can be determined. These
approaches combined with the ZF- µSR method described above has been
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used to determine the muon site and muon bond distances in GaAs [11, 12]
since both the Ga and As nuclei are quadrupolar (I > 1/2). This method
cannot be used in a wide range of materials since it can only be used in
samples with quadrupolar nuclei and samples were it is expected for the
muon to bond with the host nuclei.

From the descriptions above, one can deduct that the muon implantation stop-
ping sites are not immediately obtained from µSR data, further calculations and
analysis are always needed to be able to determine the muon site. The theoretical
approaches proposed and described in this thesis allow to determine the candi-
date muon implantation sites in magnetic materials. For validation purposes, the
calculated muon implantation sites were compared and used to reproduce exper-
imentally measured data. Also, with the above experimental methods, the e↵ect
of the muon and the extent of the distortion induced by the muon in the sam-
ple especially on nearest neighbour are not known. However, the theoretical first
principle approaches proposed allow to describe and quantify the muon e↵ects in
these samples.

2.7 Experimental methods for muon contact
field determination

The hyperfine field at the muon is not easy to determine by experimental methods,
since it requires the knowledge of the muon site which is not known apriori.

Experimental methods for the calculation of the Fermi-contact hyperfine field
include:

• If the muon site is known, local field at the muon is given by µSR and the
magnetic structure of the lattice is known, in principle the contact hyperfine
field is determined by subtraction from Eq. 2.29. This scheme might apply
if e.g. DFT calculations of the local site yield a non controversial unique
assignment.

• From Eq. 2.31 the muon hyperfine coupling is proportional to the spin density
at the muon site. Experimental methods including neutron di↵raction has
been used to measure the spin density of the unperturbed unit cell. An
enhancement factor is introduced to mimic the e↵ect of the muon on the
lattice. This approach is quite rough. It was used in early experiments to
estimate the muon hyperfine field of elementary transition metals[19, 20]

• Also measuring the paramagnetic shift provides some information on the
spin density at the muon site. It involves a shift in the muon precision
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2.7. Experimental methods for muon contact field determination

frequency for a sample in the paramagnetic static induced by an applied
magnetic field. Knight shift measurements on single crystals, scanning many
di↵erent sample orientations in the external field provide a mapping of the
shift tensor. This is a hard experiment if demagnetization is relevant, since
it requires an ellipsoidal sample shape. The comparison of experimental data
to predictions from Eq. 2.34, 2.37 and 2.38 depend on four constants: the
muon site coordinates and the contact coupling. This approach has been
used to estimate the contact hyperfine field of MnO [21, 22].

However, in this thesis I described the approach to calculate the muon contact
hyperfine field from first principles and demonstrated the accuracy of this approach
in selected metallic compounds.
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3.1. Many-body problem

3

Electronic structure theory

This chapter contains a short description of electronic structure theory and meth-
ods used for the calculations presented in this thesis.

3.1 Many-body problem

Systems made up of interacting electrons and nuclei are generally described by the
many body problem. To obtain the properties of these systems, it is required to
solve the Schrödinger equation in the form:

Ĥtot ({ri}, {RI}) = E ({ri}, {RI}) (3.1)

where in atomic units,

Ĥtot = �
X

i

ri
2

2
�
X

I

rI
2

2MI
+

1

2

X

i 6=⌘

1

|ri � rj|
�
X

i,I

ZI

|ri �RI |
+

1

2

X

I 6=J

ZIZJ

|RI �RJ |
(3.2)

The total Hamiltonian operator, Ĥtot depends on the electronic coordinates ri and
on the nuclear coordinates RI . The terms on the right in Eq. 3.2 are: the elec-
tronic and nuclei kinetic energy, Coulombic repulsion between electrons and nuclei,
attraction between electrons and nuclei and repulsion between nuclei. The system
energy is represented by E and  ({ri}, {RI}) is the wavefunction dependent on
electronic and nuclear coordinates. The form of this wavefunction is not known,
if known then all the observable quantities of the system can be calculated.

To solve this problem, first one considers the Born-Oppenheimer (BO) ap-
proximation [23]. Here, considering that the nucleus is heavier than an electron
by at least 1840 times, the problem can be separated into electronic and nuclear
problem. The BO approximation allows to write the many body wavefunction
 ({ri}, {RI}) separately into the electronic wavefunction  (ri,RI) and nuclear
wavefunction �(RI) in the form;

 ({ri}, {RI}) =  (ri,RI)�(RI) (3.3)
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3.2. Density functional theory

Hence, the Hamiltonian H for the electronic problem solved by  (ri,RI) can be
written as;

H = �
X

i

ri
2

2
+

1

2

X

i 6=⌘

1

|ri � rj|
�
X

i,I

ZI

|ri �RI |
(3.4)

With the BO approximation, the nuclear problem is solved with an e↵ective
potential resulting from the electronic problem, while various approximations in-
cluding the the Hartree and Hartree-Fock methods[24–26] have been employed
in solving the Schrödinger equation of the electronic system. The Hartree-Fock
method neglects electron-electron correlation, whereas DFT accounts for it. DFT
has a primary role for calculations in this thesis, both for this reason as well as for
the wide availability of its computational implementation.

3.2 Density functional theory

DFT allows the ground state properties of many interacting electron wavefunction
to be treated as functionals of one electron density. Thus, with DFT the problem
of finding the wavefunction of N interacting electrons is transformed into a problem
of determining the electron density with a one-electron potential. The basis of the
DFT method is contained in the two theorems of Hohenberg and Kohn.[27] The
theorems include:

• First Theorem: This theorem states that any physical quantity of the
interacting electron gas and the external potential Vext(r) of a many particle
system are uniquely determined by the ground state particle density.

• Second Theorem: In this theorem it is shown that that the exact ground
state density is the density functional that minimizes the total energy func-
tional E[n(r)]. Such that, if the form of the energy functional E[n(r)] is
known, then the ground state one body density is delivered by solving the
minimum energy problem. The value of the functional at the minimum that
gives the ground state is of the form;

min E[n(r)] ⌘ E[no(r)] ⌘ Eo (3.5)

where the total energy functional is given by;

E[n(r)] = T [n(r)] + U(ri, ..., rN) +

Z
drn(r)vext(r) (3.6)

T [n(r)] represents the internal kinetic energy, vext(r) represents the external
potential energy and U(ri, ..., rN) represents the inter-particle interaction.
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3.2.1. Kohn-Sham equation

Even though the form of the energy functional has been demonstrated by the
Hohenberg-Kohn theorems, the method of approaching the solution to this func-
tional was not given, however with the Kohn-Sham equations this task is achieved.

3.2.1 Kohn-Sham equation

Kohn and Sham proposed that provided that the ground state density of inter-
acting particles system is same as that of a non-interacting one, thus the density
functional problem of interacting particles can be replaced by a self-consistent
problem of non-interacting particles.[27] This implies that any interacting one-
body density is also a solution of the non-interacting problem. In practice, for
any interacting density n(r) there is a suitable e↵ective potential ṽ(r) that delivers
n(r) as solution of the non-interacting problem, so that the total energy functional
is of the form:

E[n] = T0[n] + UH [n] + Exc[n] +

Z
drn(r)v(r) (3.7)

where T0[n], UH [n] and Exc[n] are the independent-electron kinetic energy, Hartree
energy, exchange-correlation energy respectively. The minimum condition for the
interacting system is in the form:

�E

�n(r)
=

�T0

�n(r)
+ vH(r) + vxc(r) + vext(r) =

�T0

�n(r)
+ ṽ(r) = µ (3.8)

where

vxc([n]; r) =
�Exc

�n(r)
(3.9)

vH([n]; r) =
�UH

�n(r)
=

Z
dr

n(r0)

|r� r0| (3.10)

ṽ is the e↵ective potential, which is also referred to as the Kohn-Sham poten-
tial. This potential results form the summation of the Hartree (vH), exchange-
correlation (vxc) and external (vext) potential.

Thus, with Eq. 3.8 the many-particle interacting problem can be solved as a
non-interacting one in an e↵ective density-dependent external potential ṽ(r), with
the Kohn-Sham equation written in the form;


�r2

2
+ ṽ(r)

�
 i(r) = ✏i i(r) (3.11)

where  i(r) is a single-electron wavefunction. Therefore, the Kohn-Sham (KS)
equation is a single electron Schrödinger equation with an e↵ective potential.
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3.2.2. Exchange-correlation functional

In DFT, the solution to the density and total energies are achieved self-consistently.
The starting point of the iteration is the choice of the guess initial density n(r),
after which further iteration of the Kohn-Sham equation continues until self-
consistency and other convergence criteria are achieved. Fig. 3.1 contains the
flow chart that describes the iteration process.

Figure 3.1: Self-consistent iteration flow chart

3.2.2 Exchange-correlation functional

As already described, in the DFT method, the interactions between electrons are
accounted for by the Hartree term and the exchange-correlation functional Exc.
However, the actual form of Exc is not known and are described by approximate
functionals based upon the electron density. Two most popular approximations
including the one used for the studies presented in this thesis are; the local density
approximation(LDA) and the generalized gradient approximation (GGA).

• LDA: In this approximation, the exchange-correlation energy density at
a point r is equal to the exchange-correlation energy density of a uniform
electron gas that has the same density at that point. The form of this
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functional is given as;

Exc[n(r)] '
Z

n(r)✏xc(n(r))dr (3.12)

One of the limitation of the LDA approach is that it doesn’t capture the
inhomogeneities in the electron density about r. A homogeneous electron
density is always assumed with this approximation. Because of this, the
LDA is known to over-bind, especially in molecules.

Some examples of exchange-correlation functional parametrized with the
LDA method include: PZ(Perdew-Zunger) [28] and PW92(Perdew-Wang-
92)[29].

• GGA: Unlike the LDA method, in other to account for inhomogeneities in
the electron density, the GGA functional depends on the local density as well
as on the gradient of the density. The general form of the GGA is:

Exc[n(r)] '
Z

n(r)✏xc(n(r),rn(r))dr (3.13)

Some common variations of the parametrized exchange correlation functional
include: Perdew-Burke-Ernzerhof (PBE) [30] and LYP [31] including Becke
gradient exchange functional [32].

3.3 Hubbard U correction (DFT+U)

In strongly-correlated electron systems, the LDA and GGA approximations to
Vxc gives poor and inaccurate band gap description. Also, they fail to reproduce
correctly the properties in magnetic systems. The over-localization observed with
LDA and GGA are due to the electron self interaction.

The DFT+ Hubbard corrections popularly known as DFT + U, involves using
the Hubbard model with e↵ective on-site interactions on localized orbitals to the
correction of the approximate DFT energy. [33–36] The Hubbard term principally
o↵ers correction to the unphysical curvature of the DFT energy with a contribu-
tion that penalizes partial orbital occupation. The correction to this unphysical
curvature in the DFT+U energy can be written in the form;

EDFT+U [n] = EDFT [n] + EU [n
�
i ] (3.14)

where the second term on the right is a simple approximation to Hubbard corrections.[36]
Mostly, the e↵ect of the on-site U on the band structure, is to lower the valence
band maximum and shifting the conduction band minimum to higher energies giv-
ing a larger band gap. Also, determining the value of U for each specific material
is crucial to the proper use of this approximation.
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3.3.1 Calculation of the U value

In DFT+U calculations, the values of U are sometimes determined by choosing
values that give calculations results that are consistent with the experimentally
observed results. This approach can limit the usefulness of the whole approach for
ab initio predictions.

In addition, conflicting values of U have been used for calculations relating
to the same material. It is important to note however, that the value of U is
not universal and depends on the approximation and chemical environment of the
sample considered, since U in this case is not necessarily the Hubbard exchange
interaction but rather a correction on the DFT energy. The value of U can be
estimated ab initio and self consistently by means of the linear response to small
perturbations in the form: [36, 37]

U =
@↵KS

I

@nI
� @↵I

@nI
= (��1

0 � ��1)II (3.15)

where ↵ is a small shift on the Kohn-Sham potential KS, nI the occupation
levels of each atom site I, the su�x II indicates the diagonal element for the di↵er-
ence on the right and � are the response matrices of the change in the occupation
number for small perturbations.

In practice, small perturbation is applied to the Kohn-Sham potential in an
adequate supercell size, collecting atom occupations in the response matrix. Suf-
ficient supercell size is required to avoid the interaction error of the applied small
potential perturbation.

The value of U is obtained self-consistently in a series of steps:

• First the Uout is calculated by the linear response method without an input
value of (Uin) i.e for U=0.0

• Then, more values of Uout are calculated for di↵erent input values of Uin.
This allows to include in the determination of the U value the e↵ect of the
changes in the occupation number due to the Hubbard correction.

• Lastly, instead of imposing straightforward self consistency [36, 37], a cor-
rected self consistent value Uscf is obtained by a finite-U linear extrapolation
(as shown in Fig. 3.2) in the form:

Uout = Uscf �
Uin

m
(3.16)

where m is an e↵ective degeneracy parameter on the changing orbitals due to the
small perturbation.
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(a) For NaFeAs (b) For NaFe0.5Ni0.5As

Figure 3.2: Self-consistent calculated value of U, Uscf using the linear response
to small perturbation approach.

I have used the self-consistent linear response method to evaluate the U value
on Fe atom in NaFeAs and NaFe0.5Ni0.5As. The values of U are 3.808 and 3.644
eV respectively. These values for NaFeAs are specifically for calculations discussed
in Sec. 4.2. Fig. 3.2 contains the self-consistent linear response for the calculations
of U in NaFeAs and NaFe0.5Ni0.5As.

3.4 Magnetism in DFT

Magnetism originates from incomplete or open shells in atoms, typically those of
the d and f shells. In DFT, magnetism are described in relation to spin polarization
such that spin alignment are considered.

For a spin unpolarized system, the spin up (") and spin down (#) are same, so
that only half of the Kohn-Sham orbitals are considered. The form of the density
n(r) is written as:

n(r) = 2
N/2X

i=1

| i(r)|2 (3.17)

where N is the total number of electrons in the system. Extra occupancy factors
are needed in the density description when densities in metals are considered.

However, for a spin polarized system, by choosing an axis of quantization for
instance the z direction, the densities for the spin up and spin down states can be
written in the form;

n"(r) = 2
N"X

i=1

��� "
i (r)

���
2

(3.18)
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and

n#(r) = 2
N#X

i=1

��� #
i (r)

���
2

(3.19)

Here, one can observe that there are now di↵erent orbitals for the up and down
spin  " and  #, such that the total number of electrons N, is now a sum of the
up and down spin components; N = N" +N#. With this, the total charge density
n(r) can be written as;

n(r) = n"(r) + n#(r) (3.20)

and total magnetization m(r) as ;

m(r) = n"(r)� n#(r) (3.21)

The consequence of the spin polarization is such that the Kohn-Sham total
energy functional already shown in Eq. 3.7 is now a functional of the spin up and
spin down densities. Then, the total energy functional can now be written as;

E[n", n#] = T0[n] + Eext[n] + EH [n] + Exc[n
", n#] (3.22)

One can notice that from the definition of the total density above, Eq. 3.20
EH [n] = EH [n"+n#]. With spin polarization, the minimization of the total energy
functional already described in Eq. 3.8 with the two di↵erent up and down densities
are not equal, i.e;

�E

�n"(r)
6= �E

�n#(r)
(3.23)

From Eq. 3.22, one can deduce that the description of the magnetic ground
state of the system, enters into the exchange and correlation energy functional as
Exc[n", n#]. Considering Eq. 3.20 and 3.21 the exchange and correlation functional
can be written as functionals of the total density and magnetization as Exc[n,m].
Such that Exc[n,m] is now minimized as;

vxc(r) =
�Exc[n,m]

�n(r)
(3.24)

and

Bxc(r) =
�Exc[n,m]

�m(r)
(3.25)
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where Bxc(r) represents the exchange correlation potential part that describes
the spin polarization. The Kohn-Sham equation in Eq. 3.11 for the spin polarized
case in the collinear regime is now written as;


�r2

2
+ vext(r) + vH (r) + vxc(r) + Bxc(r)

�
 "
i (r) = ✏"i 

"
i (r)


�r2

2
+ vext(r) + vH (r) + vxc(r)� Bxc(r)

�
 #
i (r) = ✏#i 

#
i (r)

(3.26)

The two KS equations are independently solved such that it requires twice more
computational resources to perform the calculation for a spin polarized calculation
than that for a non polarized calculation. The DFT treatment of the exchange
correlation functional within the spin polarized formalism is generally referred to
as Local Spin Density Approximation (LSDA). However, the total DFT energy of
the spin polarization in the collinear formalism described above does not depend
on the axis of quantization, the spin-orbit coupling e↵ects are require to realize
this.

3.5 Basis set and Brillouin zone integration

In solving the Kohn-Sham equations, the density distribution n(r) and KS wave-
function are expanded using a basis set. With the periodicity of the crystal lattice,
and following the Bloch’s theorem, the one electron wavefunction with wave-vector
k can be written in the form:

 i,k(r) = ui,k(r)e
ikr (3.27)

with ui,k(r) being periodic and written as ui,k(r) = ui,k(r+R). If the periodic
function ui,k(r) is expressed in the plane wave basis set, then the one electron
wavefunction is a combination of reciprocal lattice vectors (G) plane waves in the
form:

 i,k(r) =
X

G

ci,k+Ge
i(k+G).r (3.28)

The summation over all the reciprocal lattice vector G is truncated by a cut
o↵ energy, Ecut such that for each k the lattice vector included in the summation
is | (k+G)2

2 | < Ecut.
The Brillouin zone integrations were performed using the Monkhorst-Pack

scheme [38]. This scheme involves sampling the reciprocal cell with a uniform
(n ⇥ n ⇥ n) grid mesh that allows the number of k-points in the Brillouin zone

33



3.5.1. Pseudopotentials

to be reduced to the minimum, the so-called irreducible wedge. The choice of
the mesh used for the integration is chosen considering the convergence of the
properties investigated.

For metals, because of the presence of the Fermi surface, the discontinuities
in occupation numbers are smeared out by introducing a fictitious temperature in
the delta function smoothening within the Marzari-Vanderbilt [39] function, with
the width of the function determined by convergence tests.

3.5.1 Pseudopotentials

In the vicinity of the nucleus, there is a rapid oscillation of the electronic wave-
function, that for rapidly varying functions the plane-wave expansion converges
very slowly. In order to circumvent this problem and considering that the valence
electrons are most important in determining the properties of solids, the pseudopo-
tential formalism are used to replace the potential in a small core region around
the nucleus. . Pseudopotential formalism involves transforming the rapidly oscil-
lating wavefunctions into smooth wavefunctions, giving an e↵ective potential that
mimics the e↵ects of the nucleus and the core electrons on the valence electrons.
This is such that at distances larger than a su�cient cuto↵ rc, the all-electron
wavefunction  � and the pseudo wavefunction  ̃� coincide.

 �(r) =  ̃�(r), r > rc (3.29)

Various flavours of the pseudopotential formalism exist, they include:

• Norm-Conserving Pseudopotential (NC): In this formalism, the pseu-
dopotential is constructed with the condition that the total charge of the
pseudo wavefunction equals that of all-electron wavefunction. However, in
order to achieve this, short core radius is required, such that the cuto↵ is
large. This Pseudo is often referred to as hard and requires large number of
plane waves.

• Ultrasoft Pseudopotentials (UP): This formalism relaxes the charge
constraint criterion to obtain smoother pseudo-wavefunctions. With the
smoothening less number of plane waves are required.

• Projector Augmented-Wave Method (PAW): The PAW[40–43] method

involves the mapping of the valence pseudo wavefunctions
��� ̃�

i

E
onto the

corresponding all-electron wavefunctions | �
i i, with a linear transformation

operator T , such that;

| �
i i ' T

��� ̃�
i

E
(3.30)
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and

T = 1 +
X
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where the index � represents the angular momenta and number of projectors
localized as atomic sites R, |��i are the all-electron atomic like states from

the solution of an isolated atom,
����̃�

E
the corresponding pseudo states and

hp̃�| are localized projector functions with the condition
D
p̃�|�̃⌫

E
= ��⌫ . With

the projector functions, the PAW pseudo-wavefunction and the all-electron
wavefunction have the same accuracy.

One of the advantages of the PAW method is that it gives access to the
behaviour of the wavefunction in the core region, approximated by the pseu-
dopotential approach. This is done by a frozen-core reconstruction of the
pseudo-wavefunction to the all electron wavefunction. This particular prop-
erty of the PAW is very important for the calculation of the muon hyperfine
parameters, since the core region e↵ect which has a significance contribution
are included with this approach.

3.6 Structure optimization

An important concept in DFT is that the equilibrium structure of a crystal (at
zero temperature) can be achieved by requiring that the energy converges and the
forces on the atoms vanish. The minimization algorithm used is that of Broy-
den–Fletcher–Goldfarb–Shanno (BFGS).[44] The force calculation is practicable
thanks to the Hellmann-Feynman theorem[45], a quantum mechanical version of
the classical theorem of virtual forces, that relates the conservative force acting on
a mass to the gradient of the potential. The force FI on atom I is written as;

FI = �@E(R)

@RI
= �

⌧
 (R)

����
@HBO(R)

@RI

���� (R)

�
(3.32)

This means that trial lattice parameters can be chosen as a starting point, and,
assuming that they are not too far from equilibrium conditions they can be varied
until all forces vanish, thus providing a DFT estimate of the lattice parameter
values. The process is normally referred in DFT parlance as relaxation.

3.6.1 Implementation

For the DFT calculations presented in this thesis unless otherwise stated, the
Quantum ESPRESSO (QE) suite of codes [46] was used. In this code, mainly
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3.6.1. Implementation

the plane-wave DFT and other electronic structure approximations used for the
calculations are implemented. The QE code is parallelized for optimal usage on
available high performance computing (HPC) and graphics processing units (GPU)
computers 1. For large cells required for the muon/hydrogen impurity treatment,
the parallelism levels in QE were used for optimal performance in the calculation
on the supercomputers.

1 The following supercomputers were used to perform the calculations: Piz-Daint at the Swiss
National supercomputing center (CSCS) Switzerland, SCARF Cluster at the STFC computing
centre United Kingdom and cluster at UNIPR Italy.
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4

Muon stopping sites in selected
materials

In this chapter, I carried out atomistic simulations in selected materials of current
interest in which µSR experiments were carried out either directly by us or in
collaboration with other experimental groups. The first aim of my e↵ort is to
determine the stopping site of the muon, to help in the data interpretation. DFT
o↵ers an opportunity to further investigate the properties of the material and to
assess the extent of lattice and electronic structure perturbation by the induced
muon. The three compounds considered in this chapter belong to the category of
materials, where unconventional properties emerge from the interplay of charge,
spin, and orbit degrees of freedom. Therefore this part of the work represents
an application of the techniques that I have been developing in cases of current
interest.

In low-temperature µSR experiments the incident muons thermalize with the
lattice and stops at interstitial sites. The implantation site of the muon in various
materials has been successfully identified with a number of increasingly accurate
theoretical approaches. In earlier calculations, the identification of muon sites were
based on the analysis of the unperturbed Coulomb or electrostatic potential within
either the simple Thomas Fermi model or the DFT approach. In this approach the
muon implantaion site is taken to be at the locations of the unperturbed electro-
static potential (UEP) where positive charged impurities are likey to be trapped.
It requires limited computer resources and has been used specifically for muon
sites in various family of high temperature superconductors (HTS), including the
(1111)[47–49], (11) [50] and (122)[51] iron pnictides. It is reasonably accurate in
good metals, where the muon positive charge is e�ciently screened by conduction
electrons and the muon often does not form a chemical bond.

The UEP more commonly fails in insulators and intrinsic semiconductors,
where the formation of a muon bound state produces non negligible local rear-
rangements of the atoms. An alternative approach that captures these distortions
consists in inserting the muon positive charge, identical to that of a charged hydro-
gen , in the ab-initio calculations. The equilibrium state is obtained minimizing the
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forces acting on the cell. In the equilibrium configuration the masses of the atoms
are irrelevant and, within Born-Oppenheimer approximation, the mass di↵erence
between the muon and the proton is irrelevant. The muon mass was discussed in
Chapter 6. In the present chapter it is ignored: muon and hydrogen are equivalent
in the DFT context.

Another important practical issue is that this method requires a rather large
supercell to treat the muon as an extremely diluted impurity, and this requires
much larger computer resources. I will refer to this DFT method as the supercell
method.

The supercell method has been used to study the muon implantation site in
a variety of materials, including insulators[52, 53], semiconductors[41, 54], high
temperature superconductors [55, 56], and and on systems with special interest
because of their magnetic structure [57–60] etc. It has been used in particular in
some fluoride insulators [61, 62], where a strong dipolar coupling between the muon
and its few nearest neighbour fluorine nuclei provides an experimental measure of
the muon-fluorine distance [63].

The supercell method may be optimized by several di↵erent strategies, that
I will briefly sketch end exemplify in the rest of this chapter. Since the choice
of a method must compromise between accuracy and computer resource cost, the
combination of UEP and supercell method often turns out to be the solution of
choice[60, 64]. More detailed reviews on these methods and the materials where
the muon site has been calculated can be found in Refs. [65, 66].

The rest of the chapter is dedicated to the calculation of the implantation site
of the muon with DFT method and subsequent dipolar field simulations in se-
lected materials of interest. I first discuss the di↵erent strategies to identify the
muon sites, and then illustrate them with three specific cases of magnetic and
superconducting materials where this knowledge provided new insight on their
properties: in NaFe1�xNixAs, one of the many families of iron pnictide supercon-
ductors, where µSR probes the coexistence of magnetism and superconductivity;
in Yb2Pd2In1�xSnx, a heavy fermion family where the competition between Kondo
physics and RKKY exchange coupling originates possibly more than one quantum
critical point; finally in the unconventional superconductor Sr2RuO4, notably the
first known example of a p-wave gap, accompanied by time reversal symmetry
Breaking (TRSB) due to the onset of spontaneous orbital currents, that are di-
rectly detected by muons. The knowledge of the muon site indeed allows us to
confirm structure and Fe magnetic moment in NaFe1�xNixAs; to predict the inter-
nal field at the muon site at ambient pressure in Yb2Pd2In1�xSnx and to suggest a
structural magnetic transition at high pressure; finally, to quantify the e↵ect of the
muon-induced local distortion on the intrinsic electronic and density of state dis-
tribution of Sr2RuO4, advocating for the intrinsic nature of spontaneous magnetic
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field experienced by muons.

4.1 Site calculation strategy with ab initio
techniques

The failure of the UEP method to describe the muon site is due to the neglect of
the possible muon induced distortions. A straightforward way to account for them
is to include the muon in the lattice during the calculation.

In all the DFT calculations performed for finding the muon site in this chapter,
I used the plane-wave DFT with local spin density approximation (LSDA) where
required. Here the muon was introduced in the sample as a hydrogen impurity
considering that DFT is a solution of only the electronic problem in the total
Hamiltonian of the Schrodinger equation describing the many body problem(see
Sec. 3.1, Eq. 3.4). The neutral hydrogen impurity was used in the DFT calculations
in this section and this is justifiable because it is expected and has been shown [61,
62, 65] that in metals the positive charge of the muon are e↵ectively screened by
the conduction electrons that gather around it due to charge attraction, thus for
the whole cell the charge neutrality is maintained. However, this is not the case
for high band gap insulators where the charged cells have to be considered in the
calculation.

The muon must be considered within a supercell, consisting of more unit cell
replicated along the three lattice vectors. This is common practice with dilute
impurity problems, since the periodic boundary conditions introduce unwanted
replicas of the impurity. Muons are actually implanted in an extremely dilute
limit (practically only one at a time in the sample). The minimal requirement
on the DFT calculation is that muon’s replicas do not interact with each other
and this is achieved by checking that the farthest atoms from the muon are nearly
undistorted (both structurally and electronically). Therefore the supercell size is a
compromise between the extent of the muon induced distortion and the available
computational resources. In the studies presented here the total number of atoms
was limited to a maximum of roughly 300.

Ideally, the DFT calculation should be performed with the muon already in
the interstitial site. An optimized structure with the muon is achieved in the min-
imization by imposing that the forces acting on any atom, muon included, vanish.
The forces are calculated by the Feynman-Hellman theorem (see Sec. 3.6). There-
fore the muon must be introduced at a starting trial position and by minimizing
total energy as well as forces the system will relax to the global or local minimum.

This method typically produces several di↵erent local minima, each with the
muon in a di↵erent crystallographic site, that may be distinguished by the value
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4.1. Site calculation strategy with ab initio techniques

Figure 4.1: Unpertubed electrostatic potential of NaFeAs (in pink) plotted for
Isosurface level of 0.78eV . The plot was visualized with VESTA.[67]

of the total energy calculated by DFT. In many materials muons occupy more
than one site, with di↵erent probabilities, determining their contribution to the
muon initial asymmetry. These sites are generally the lowest energy ones among
those that an extensive DFT search can identify, but this is not necessarily the case
since muon thermalization is a transient epithermal process (i.e. with local energies
larger than kBT ). It is transient in the sense that it may not reach equilibrium in
a muon lifetime. The only known solution is comparison between predictions and
experiments.

Still, a thorough search of the DFT minima is a very resource-intensive process.
One of the strenuous tasks is the choice of the trial starting position(s) of the
muon before the force and energy minimization. I list below possible approaches
for modelling the starting positions of the muon:

• Search from the UEP minima: Here, the electrostatic potential is calcu-
lated for the unit cell of the sample without introducing the muon while all
the possible locations of trapping a positively charged impurity are consid-
ered as the starting trial muon positions. As an example I show in Fig. 4.1,
the UEP sites for NaFeAs that will be discussed in the next section. How-
ever, in this case, the UEP sites are not su�cient since some of the possible
implantation site of the muon are not captured with this method.

• Uniform grid of trial positions: Here the starting trial positions are
uniformly spaced grid of positions in the unit cell with condition that the
grid positions are atleast 1 Å away from the host atoms. The step of
the grid must be matched to the extent of the muon site wandering in a
single relaxation process, so that the entire interstitial space of the lattice
is explored. The advantage of using a regular grid instead of a random site
is that it allows an e�cient use of symmetry to remove equivalent starting
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(a) (b)

Figure 4.2: a.) A 4⇥4⇥4 uniform grid of the initial muon position (pink balls) in
NaFeAs b.) The reduction by the space group symmetry of NaFeAs of the 4⇥4⇥4
grid to 10 inequivalent positions. The plot was visualized with VESTA.[67]

positions. This greatly reduces the number of di↵erent supercell relaxation
calculations to be performed. As an example, Fig. 4.2 shows a 4 ⇥ 4 ⇥ 4
uniform grid in a NaFeAs unit cell, where the 64 initial trial positions were
reduced to 10 inequivalent positions imposing the space group symmetry of
NaFeAs.

• Hybrid method: Here, the two approaches described above are combined
while choosing not so large grid dimensions to reduce the starting initial
positions. This also allows to optimize the computer resources requirement.

Two trial sites may relax to the same site. However the finite numerical ac-
curacy of the two DFT calculations may lead to slightly di↵erent relaxed sites.
Likewise an extensive search might result in a large number of candidate sites,
distinguished by their coordinates and their total DFT energy. Combined inspec-
tion of their relative distances and energy di↵erence allows them to be grouped in
clusters of sites, adjacent to each other and with very close energy values, to be
recognized as di↵erent realization of the same site. Symmetry reduction, like that
used for the uniform grid, must be also applied also in this process, in order to
identify symmetry equivalent crystallographic sites.
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4.2 Stopping sites and magnetic moments in
NaFe1�xNixAs

This section 1 includes a summary of µSR measurement and magnetic character-
ization describing the coexistence of magnetism and superconductivity with Ni
doping in NaFe1�xNixAs together with the DFT calculation of muon stopping
sites. The candidate muon sites found with DFT allowed calculation of the local
field at the muon. The comparison of these predictions with experiments provides
an estimation of the Fe magnetic moment and confirms the magnetic structure in
NaFe1�xNixAs.

NaFe1�xNixAs is a member of the 01110 Iron-based high temperature supercon-
ductors (Fe-HTS). Fe-HTS includes the family of materials that exhibit unconven-
tional superconductivity arising from the parent compounds with static antiferro-
magnetic (AFM) order of the Fe atoms. [68–70] Determining the physical mecha-
nism that drives superconductivity in these materials is crucial to understanding
the behaviour of these systems. Crucial information on these physical mechanism
can be deduced by mapping and investigating the phase diagrams and also the
superconducting (SC) gap structure. In the parent compound of many Fe-HTS,
isovalent chemical substitution or application of pressure suppresses magnetic or-
der and begets a SC dome.[71] Also, Fe-HTS exhibit a tetragonal-to-orthohombic
structural distortion triggered by an electronic nematic order parameter at temper-
ature Ts that precedes or occurs concurrently with the magnetic phase transition
at temperature TN . [68, 70, 72–75]

Zero-field DC susceptibility and Zero-field µSR have been performed 2 on single
crystalline samples of NaFe1�xNixAs with x = 0, 0.4, 0.6, 1.0, 1.3 and 1.5%. A phase
diagram that summarizes the structural, magnetic, and SC transitions is shown in
Fig. 4.3a, the collinear AFM spin structure of the undoped compound, NaFeAs is
shown in Fig. 4.3b together with the summary of the measured magnetic and SC
volume fractions in Fig. 4.3c.

The results of the volume sensitive µSR (Fig. 4.3c) o↵er strong evidence that
both the ordered moment and fraction are partially or fully suppressed below
TC . This reduction of magnetic intensity is due to a strong reduction of both the
ordered moment and magnetic volume fraction below TC . The e↵ect of super-
conductivity on magnetism intensifies as the doping level x increases, leading to

1The Contents of this section have been published by my research group and collaboration
with other groups at [Phys. Rev. B 97, 224508 (2018)]

2The experiments were carried out by colleagues at the Columbia University, New York
with the µSR performed using the Los Alamos Meson Physics Facility (LAMPF) spectrometer
with a helium gas-flow cryostat at the M20 surface muon beamline (⇡ 4MeV) of TRIUMF in
Vancouver, Canada and also the general purpose surface-muon instrument (GPS) at the Paul
Scherrer Institute in Villigen, Switzerland.
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4.2.1. ZF-µSR and muon precession frequency

(a) (b)
(c)

Figure 4.3: (a) Phase diagram of NaFe1�xNixAs illustrating temperature and
doping dependence of various orders, with structural and magnetic transitions ob-
tained from Ref. [76] and displayed as fully-colored symbols. Transition temper-
atures TN and TC measured in this work are indicated with non-shaded symbols.
(b) Collinear AFM spin structure of the undoped compound NaFeAs [67, 77] in a
magnetic supercell, only Fe atoms (green) are shown for visual clarity. (c) Doping
evolution of various volume fractions obtained from the present investigation. The
colored dashed lines are guides to the eye to illustrate the doping dependencies of
the SC volume fraction VSC, the maximum magnetic volume fraction VMag,Max and
magnetic volume fraction below TC VMag(T < TC).

a reentrant non-AFM state below TC for x = 1.3%. For x between 0 and 0.4%
they are in homogeneous long range magnetically ordered state and magnetism be-
comes inhomogeneous for x = 0.4% and completely suppressed for x = 1.5%. Ni
doping increases suppressing of the magnetic order, such that there is an interplay
between antiferromagnetism and superconductivity involving competition for the
same electrons. There is a coexistence of AFM and SC orders, which has also been
observed in several Fe-HTS including BaFe2�xCoxAs2[78, 79], Ba1�xKxFe2As2[80]
and NaFe1�xCoxAs.[81] As the temperature is lowered below Tc, the ordered mag-
netic moment size and nematic order parameter smoothly decrease, indicating that
superconductivity and magnetic long range order compete for the same electrons.
These results suggest an interesting scenario, in which the degree of competition
between AFM and SC may be itself intrinsically inhomogeneous, varying as a
function of position in the sample.

4.2.1 ZF-µSR and muon precession frequency

The observed µSR time spectra (muon ensemble polarization) of x = 0 and 0.4%
in zero applied field (ZF-µSR) are shown in Figure 4.4. The spectra for x > 0.4%
that completes the superconducting and magnetic characterization presented in
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(a) (b)

Figure 4.4: ZF-µSR spectra on NaFe1�xNixAs. (a) and (b) are muon spin
polarization in zero field for NaFe1�xNixAs for x = 0 and 0.4%, respectively.Solid
lines are fits of the data to the ZF-µSR model in Eq. 4.1 for each temperature.

Fig. 4.3c can be found in Ref. [82]. In these measurements, the initial muon
spin polarization is in the a-b plane of the crystals, and the time spectra were
obtained using up and down positron counters. At high temperatures, only a very
faint depolarization of the µSR signal is observed. This weak relaxation mostly
originates from the interaction of the muon spin with randomly oriented nuclear
magnetic moments. Upon cooling, the relaxation of the µSR signal increases due
to the proliferation of Fe-spin correlations. For x = 0 and 0.4% samples, three
distinct precession frequencies occur in the µSR spectra, which emanate from three
magnetically inequivalent muon stopping sites in NaFe1�xNixAs, in agreement with
the stopping site calculations presented later in Sec. 4.2.2 .

The ZF-µSR spectra were fit to the following phenomenological model:
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The model in Eq. 4.1 consists of an anisotropic magnetic contribution characterized
by an oscillating “transverse” component and a slowly relaxing “longitudinal”
component. The longitudinal component arises due to the parallel orientation of
the muon spin polarization and the local magnetic field. In polycrystalline samples
with randomly oriented fields this results in a so-called “one-third tail” with fL =
1
3 . For single crystals, fL varies between zero and unity as the orientation between
field and polarization changes from being parallel to perpendicular. In addition
to the magnetically ordered contribution, there is a paramagnetic (PM) signal
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component characterized by the densely distributed network of nuclear dipolar
moments � and dilute electronic moments with random orientations � [83]. The
temperature-dependent magnetic ordering fraction F in the range 0  F  1,
governs the trade-o↵ between magnetic and PM behaviors.

(a) (b)

(c)

Figure 4.5: dipolar field from µSR and simulated one, Muon precession frequen-
cies in NaFe1�xNixAs. Precession frequencies ⌫j from the model used in (4.1) on the
x = 0 and 0.4% compounds, respectively. Solid lines are power-law fits to the data.
Simulation results from dipolar field calculations on lowly-doped NaFe1�xNixAs,
using the three muon stopping sites obtained from DFT calculations

Shown in Figure 4.5a and 4.5b are the temperature dependence of the preces-
sion frequencies observed in the x = 0 and 0.4% samples. For the undoped and
x = 0.4% systems, there are three distinct frequencies that share the same rela-
tionship ⌫(T ) = ⌫(0)(1� ( T

TN

)a)b, which are indicated by solid lines. In the parent
system, a sharp step-like increase of ⌫(T ) is observed below TN ⇡ 42 K, which
may be a signature of a first-order phase transition, although further experiments
are needed to establish the character of the transition. This feature is absent in
the x = 0.4% sample, which could be due to disorder e↵ects introduced by Ni
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impurities [84]. Similar ZF-µSR experiments were performed by using positron
counters located in the forward and backward directions with respect to the muon
beam direction. Interestingly, the two fast frequencies are absent in the non-spin-
rotated spectra for x = 0 and 0.4%. If each frequency is associated to a di↵erent
muon stopping site, these results suggest that the magnetic field directions at the
high-field stopping sites are oriented along the c axis of the crystal. This feature
is consistent with dipolar field simulations on muon stopping sites presented in
Sec. 4.2.3.

4.2.2 DFT Calculation of Muon Stopping Sites

To investigate the e↵ect of Ni dopants on the magnetism in NaFe1�xNixAs, I nu-
merically simulate the behaviour of the muon in the magnetic environment of
NaFeAs and NaFe0.5Ni0.5As. The NaFe0.5Ni0.5As compound serves as a represen-
tative of the compounds with mixed Fe/Ni composition.

The DFT calculations were performed with the PBE formalism for the exchange
correlation functional [30] and PAW pseudopotential [40–43]. The plane wave and
charge density cuto↵s used are 120 and 1080 Ry, respectively.

At low temperatures, NaFeAs crystallizes into the Cmme space group, the
orthorhombic structure has lattice constants; a = 5.6834 Å, b = 5.6223 Å, and
c = 6.9063 Å.[77]. With DFT force and energy minimization on the magnetic cell,
the Fe atom is at (0.250,0.000,0.000), Na atom at (0.000,0.250,0.651) and As atom
at (0.000,0.25,0.198) positions in fractional coordinate units. The atomic positions
are in good agreement with experimental observed positions.[77]

Stopping site calculations and subsequent dipolar field calculations were per-
formed on NaFe1�xNixAs with these atomic positions. The low temperature mag-
netic ordered state of NaFeAs was used in the calculation with the Fe spins aligned
in the collinear AFM arrangement as depicted in Fig. 4.3b. For Ni doping in
NaFe0.5Ni0.5As, Fe was substituted with a non-magnetic Ni alternately along the
b-axis forming an Fe-Ni stripes as for NaFe0.5Cu0.5As.[85] From the magnetic char-
acterization plot Fig. 4.3c, magnetism is suppressed for x=0.015, however for the
purpose of site calculation and understanding the e↵ects of doping with Ni, the
system was assumed to still remain in the AFM ordered state. With DFT force and
energy relaxations on the doped structure, a shift away from the high symmetry
positions of the Na and As atoms is observed, as the Fe-Ni stripes are formed.

To accommodate the muon impurity and AFM ordering, a 2⇥ 2⇥ 2 supercell
consisting of 96 Na-Fe(Ni)-As atoms was used for the calculations. The Brillouin
zone was sampled on a 2 ⇥ 2 ⇥ 2 Monkhorst-Pack grid [38] of k-points in the
reciprocal space.

In the search for the muon stopping sites, I used the UEP and uniform grid
strategy already described in Sec. 4.1 (See Figs. 4.1 and 4.2) for the starting trial

46



4.2.2. DFT Calculation of Muon Stopping Sites

positions. 15 di↵erent trial muon positions were sampled within the supercell for
NaFeAs and NaFe0.5Ni0.5As by force and energy minimization within DFT. To
accommodate for these relaxations, the forces acting on the atoms were optimized
till a threshold of 10�3 and energies till threshold of 10�4 all in atomic units.

Also, I have carried out DFT+U calculations. [33–36](see Sec. 3.3) The U
values used for the calculation are 3.807678 and 3.644253 eV on the Fe ions for
NaFeAs and NaFe0.5Ni0.5As respectively. I calculated the values of U using the self-
consistent linear response to small perturbation method[36, 37] (see Sec. 3.3.1 and
Fig. 3.2 for details). The Hubbard U correction is normally used within DFT to
correctly describe correlation e↵ects for the purpose of correct description of band
behaviour and properties at and around the Fermi level. However, relaxation
calculations with DFT+U, indicate that the use of Hubbard U correction has
no e↵ect on structural relaxations of the muon impurity interstitial positions in
both NaFeAs and NaFe0.5Ni0.5As . Hence, the calculations for the muon site
determination reported here are for those with the conventional DFT method,
without the U correction.

Table 4.1: Summary of candidate muon stopping sites in NaFeAs determined
by DFT. Candidate muon site cluster locations are same for NaFe1�xNixAs, with
little precision changes on the positions.

Cluster Label No. of symmetry pos. Site Position a �E b

I A 8n (0.100, 0.750, 0.100) 0
I B 8m (0.000, 0.875, 0.100) 42
I C 8l (0.250, 0.500, 0.250) 183
II D 4b (0.750, 0.500, 0.500) 287
II E 4g (0.750, 0.250, 0.600) 436

a Site positions given in coordinates of the unit cell.
b DFT total energy di↵erence with respect to site A

4.2.2.1 Candidate Muon Sites

After the force and energy convergence with the DFT minimization, the final
positions of the 15 initial trial starting positions were collected and clustered con-
sidering sites with same position and DFT energy into 5 inequivalent positions
that represent the plausible stopping sites for the muon in NaFeAs. The repre-
sentative position for each group is shown in Table 4.1 and Fig. 4.6a. Also, the
site calculations for NaFe0.5Ni0.5As result in same plausible sites as for NaFeAs, (
Table 4.1) with very little precision di↵erences in the positions and DFT energy.
This shows that for NaFe0.5Ni0.5As the muon is expected to stop in the same inter-
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stitial positions as in NaFeAs. This is assumed to be same for the other lightly Ni
doped composition that were not considered in the calculations. Thus, while the
doping has e↵ect on its magnetic properties, it likely has no e↵ect on the muon
stopping sites.

The resulting positions from the DFT relaxations can be referred to as the
candidate muon stopping sites, since absence of the muon quantum motion and
nature in DFT might lead to the muon being trapped in shallow minima po-
tential positions. I considered the corrections due to the muon light mass by
taking into account the spread of the muon wave funciton within the double Born-
Oppenheimer(DBO) approximation. I used the DBO approximation to examine
the relative stability of the five candidate sites. Within the DBO method, a poten-
tial exploration algorithm (PEA) is used to e�ciently sample the apriori unknown
potential felt by the muon [56].

(a) (b) (c)

Figure 4.6: (a) Postions of the 5 candidate muon sites in the unitcell labelled
A-E for the muon (pink spheres) (b) 800 di↵erent muon potential map positions
by the exploration algorithm within the DBO approach starting from site B (c)
800 Muon potential map with DBO starting from site C. The potential map shows
that site C relaxes into site B and A. All plots were visualized with VESTA.[67]

I group the five candidate sites into two clusters (Table 4.1) based on stability
checks using DBO [56], which takes into account the quantum description of the
muon. With the sampling of the potential, site C is observed to be a local minimum
in the muon potential. site C relaxes towards sites A and B (see Fig. 4.6c), this also
happens because site C has very low barrier less than 0.24 eV that is too small to
bind the muon. Sites A and B are also in proximity to each other considering their
positions in the lattice and the energy di↵erence too. Consequently, I associate
sites A,B, and C together as cluster I. Similarly, I also observe that sites E and
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D though close in distance also relax into each other, which together form cluster
II. The clustering also explains the observed frequencies, cluster I contains the low
DFT energy sites that describe the high muon field observed from experiment,
while cluster II contains sites that correspond to the low field.

Figure 4.7: A toy model potential V (0, 0, z) (solid line) together with the ground
state energy, E0 from solving the Schrodinger for a muon in a potential of the form
V (x, y, z) = 1

2a(x
2 + y2) + 1

2b(z
4 � Z2 + 2z) + c. The green dashed line shows the

DFT energy profile map of the path from the symmetric site D to site E. These
simulations suggest that the muon is likely delocalized over the two sites in Cluster
II (sites D and E).l

Shown in Fig. 4.7 are the results of further analysis of the sites in cluster II.
The energy profile extracted from the DBO potential map can be represented by
the toy model shown in Fig. 4.7. This enables to solve the Schrödinger equation
of the muon in the trapping potential, yielding a ground state energy of 0.17 eV
(independent of the interpolation method and the boundary condition, to some
extent) which is greater than the barrier seen in the potential map. These findings
suggest that the muon wave function for the low field sites may be delocalized
over positions between sites D and E (herafter the D-E site). A a result, the low
frequency detected from experiments may come from an averaging of the field at
the two sites.

From our stability checks, only two of the three muon sites in the low-energy
cluster proved to be stable. As a result, three plausible muon stopping locations
have been determined, including two stopping sites (A,B) and a delocalized high-
energy stopping position (D-E) in NaFeAs.

4.2.3 Dipolar Field Simulation

With the muon stopping sites determined, magnetic dipolar field simulations were
performed by simulating the NaFeAs as a lattice of localized magnetic dipoles.
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Table 4.2: Summary of dipolar field simulations in NaFeAs using muon stopping
site positions obtained from DFT. Stopping site positions are given in fractional
coordinates. The static ordered moments size on Fe was assumed to be 0.175µB

in the dipolar field calculations.

Site Site Position ⌫sim (MHz) a ⌫exp (MHz) b ✓sim (o) c ✓exp (o) d

B (0.000, 0.875, 0.100) 10.987 10.981 42.1 0
A (0.100, 0.750, 0.100) 7.839 10.685 31.1 0
E (0.500, 0.250, 0.600) 2.090 0.864 0.6 18

D-E - 1.052(31) 0.864(06) - 18(10)

a Muon precession frequency from dipolar field simulations
b Muon precession frequency from µSR experiments on NaFeAs (See Fig 4.5a)
c Average acute angle between the simulated field direction and the c axis
d The local field direction was estimated from ZF-µSR measurements with
the muon spins rotated in orthogonal directions

Non-magnetic nickel impurities were randomly substituted into the Fe sites on the
host NaFeAs lattice to generate NaFe1�xNixAs. By performing a vector sum of
the array of (static) electronic and random nuclear dipolar moments, the internal
field distribution was numerically simulated for all points in the crystal (Sec. 2.5
for details of the sum)

A 9 ⇥ 9 ⇥ 9 cell of magnetic dipoles was used to model the internal field of
NaFe1�xNixAs. Dipole positions and strengths for the idealized crystal structure
in NaFeAs described in Sec. 4.2.2. The moments on Fe are assumed to take on a
collinear AFM striped pattern, common to other Fe-HTS. To simulate the e↵ect
of doping, the magnetic Fe atoms are randomly substituted with nonmagnetic Ni
atoms to achieve the desired Ni concentration x. The dipolar field at the muon
site was obtained by summing over all dipoles in the NaFe1�xNixAs supercell.

The simulated muon frequencies are related to the muon dipolar field by this
relation ⌫ = �µB where �µ/2⇡ = 135.538 MHz/T, is the gyromagnetic ratio for
the muon. By comparing the simulated frequencies (shown in Table 4.2) with the
experimental results, the two high frequencies are associated to ⌫1 and ⌫2 with sites
B and A, respectively. The low frequency ⌫3 is identified with site E of Cluster II. A
comparison between simulated and experimental results is presented in Table 4.2.
However, if the muon is considered to delocalize over site D and E, the averaged
simulated frequency 1.052 MHz compares well with the experimentally measured
value of 0.864. Our simulations show that the experimentally observed frequency
⌫1= 10.9 MHz in NaFeAs corresponds to an ordered Fe moment size of about µFe

= 0.175 µB. This value of the calculated Fe moment in NaFeAs is significantly
more definitive and also in better agreement with the result of other techniques
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compared to the earlier µSR results of 0.1-0.2 µB [86] and 0.10(3) µB [81] analyzed
by di↵erent approaches, thanks to the more precise DFT method of determining
the muon implantation sites.

4.2.4 Discussion

The stopping site calculations and stability analysis reveal three plausible muon
stopping sites in NaFeAs. This is consistent with the observation that there are
three precession frequencies in the ZF-µSR spectra in lightly doped NaFe1�xNixAs.
The calculated precession frequencies are listed in Table 4.2, along with the ex-
trapolated frequencies from power law fits of the frequencies from µSR found in
Fig. 4.5. Moreover, the dipolar simulations show that the mean local fields at
the two high-field sites make an acute angle of approximately 36o with the crys-
tal c axis, implying that the strong fields at these sites are preferentially aligned
with the c axis. This is consistent with the experimental observation that the
high frequency oscillations have noticeable amplitudes when the initial muon spin
is not aligned with the c axis (i.e., in the spin-rotated configuration), as shown
in Fig. 4.4a. Di↵erences in the simulated and experimentally-obtained angles ✓
suggest that the true muon sites are likely at a small displacement from the ones
listed in Table 4.2.

The doping evolution of the simulated precession frequencies are shown in
Fig. 4.5b. By comparisons of the simulated and observed frequencies for Site B,
the dipolar field simulation allows to estimate the ordered moment size of the Fe
atoms in NaFeAs to be µFe = 0.175 µB. This moment size was used in the dipolar
simulation at other sites. The di↵erence between the simulated and experimental
frequencies for the second and third sites suggests that there are contact hyperfine
fields contributions to the internal field, which are not present in the dipolar model.
Nonetheless, our computational investigation provides a physical interpretation of
the frequencies observed in the ZF-µSR spectra and corroborates the model for
the magnetic ordering in Ref. [68].

The ordered moment size in a variety of Fe-HTS has been explored experi-
mentally using µSR, neutron scattering, and Mössbauer measurements.[95] The
reported variations of the ordered Fe moments of the same specimen testifies to
the di↵erences in sensitivity across these three probes of the local moment. Ta-
ble 4.3 shows a comparison of the ordered moment size of representative systems
from the various classes of Fe-HTS. The estimated moment size of µFe = 0.175 µB

for NaFeAs, is consistent with the moment sizes reported from neutron scattering
[87] and Mössbauer spectroscopy.[88]
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Table 4.3: Comparison of the low-temperature Fe ordered magnetic moments in
selected Fe-HTS. All magnetic moments are given in units of µB

Fe-HTS µSR Neutron Scattering Mössbauer (MHz) a

NaFeAs 0.175 0.17[87] 0.158[88]
BaFe2As2 0.75[89] 0.87[90] 0.36[91]
LaFeAsO 0.68[47] 0.63[92] 0.34[93]
FeSe0.98 b 0.20(5)[50] undetected 0.18(1)[94]

a Ordered moment extrapolated from measured low-temperature
hyperfine field using the scaling relation 15 T/µB[95]

b µSR moment is taken under 2.4 GPa pressure . No magnetic
Bragg peaks for neutron scattering.[50] Mössbauer moment is
for FeSe under 2.5 GPa pressure

4.2.5 Conclusion

In conclusion, I presented the µSR measurements, showing coexistence of mag-
netism and superconductivity in NaFe1�xNixAs. To explain the three precession
frequency from µSR measurement and the size of the ordered moment with µSR.
I carried out DFT calculations to predict the implantation site of the muon to-
gether with dipolar field simulations. DFT muon site calculations on NaFeAs
and NaFe0.5Ni0.5As show that the muon occupy same position in both materials
in the AFM ordered state. This suggests that light doping of NaFeAs with Ni
even though has e↵ect on the magnetic fraction, is likely not to a↵ect the site
muon implantation in the AFM ordered state. Also, NaFeAs is one of the com-
pounds where considering corrections on electronic correlations within DFT+U
do not alter the atomic equilibrium positions in the structural relaxations and as
such the determined muon implantation sites do not change with the Hubbard U
corrections. With dipolar simulations and comparison with the measured muon
precession frequency, the calculated muon sites gives the ordered moment size of
µFe = 0.175 µB for NaFeAs in the AFM ordered state.
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4.3.1. µSR-pressure measurements

4.3 Magnetic order transition under pressure in
Yb2Pd2In1�xSnx: Prediction with muon

In this section, I continue to use the ab-initio strategy described in Sec. 4.1 for
the calculation of muon site in Yb2Pd2In1�xSnx together with dipolar field calcu-
lations and magnetic structure determination methods to understand and explain
the source of the large changes in the observed muon local field under pressure in
Yb2Pd2In1�xSnx. However, before discussing the site calculation and comparison
with µSR measured local field, I will first present the details of the µSR measure-
ments.

Yb2Pd2In1�xSnx as well as other Ytterbium (Yb) based heavy fermion (HF)
metallic and ternary systems are of interest because of the intriguing properties
that results due to the interplay between the Kondo and Ruderman-Kittel-Kasuya-
Yoshida (RKKY) interactions.[96–101] These interesting properties are due to the
relevant roles played by the 4f manifold of the Yb ions and its interactions with the
conduction d electrons of the transition metals.[102–104] Chemical doping and/or
application of pressure allows control of these interaction e↵ects, thus giving birth
to new interesting properties. Quantum critical points driven by application of
pressure has been reported in Ref. [98] for Yb2Pd2Sn. In the competition between
the Kondo interaction JK and RKKY exchange Jij, the non-magnetic Kondo e↵ect
induced state occurs if the JK is very large compared to Jij and the AFM state
occurs if Jij is larger.[101] Both Yb2Pd2In and Yb2Pd2Sn are non magnetic [100]
at the ground state. However, with doping and application of pressure the non-
magnetic Yb2+ (4f 14) goes to the magnetic Yb3+ (4f 13). These changes are due
to the increase in the number of 4f holes. In Yb2Pd2In1�xSnx a robust antiferro-
magnetic phase develops by varying either the In/Sn concentration or the external
pressure, since both increase the RKKY exchange interaction with respect to the
Kondo one. [99, 101, 105, 106] The ternary systems normally find application in
optical sensors, magnetocaloric e↵ect for refrigeration near room temperature and
in memory storage.[107–110]

4.3.1 µSR-pressure measurements

Yb2Pd2In compound develops a low temperature long range magnetic order when
doped through In-Sn substitution for Sn contents in the range 0.3 to 0.9. [96–
98] To understand the e↵ect of pressure on the magnetic ordering on the Sn
doped sampled, we have performed µSR experiment under hydrostatic pressure
on Yb2Pd2In1�xSnx (for x =0, 0.3, 0.6 and 0.8).

Series of Yb2Pd2In1�xSnx polycrystalline samples with x =0, 0.3, 0.6 and 0.8
were prepared from stoichiometric amounts of pure elements by high frequency,
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melting the constituent materials in a closed tantalum crucible. To ensure phase
purity, subsequent heat treatment at 120 K was carried out on the samples for 1
week. All the compounds in the series crystallize with the D5

4h tetragonal space
group with the 4h site occupied by Yb ions at the low mm symmetry point.

µSR measurements on Yb2Pd2In1�xSnx were performed at the SµS muon source
at the Paul Scherrer Institut (PSI) Villigen, Switzerland under zero external mag-
netic field (ZF) with temperatures ranging from 0.2 up to 15 K. Dolly and LTF
spectrometer (⇡E1 and ⇡M3 beam lines) were used to carry out low-background
measurements at ambient pressure as references for the experiments performed on
both GPD and HAL9500 spectrometers (µE1 and ⇡E3 beam lines) for µSR mea-
surements as a function of external pressures up to 25 kbar and applied magnetic
field up to 8 T, respectively.

In the following paragraphs we will focus on µSR measurements at GPD facil-
ity. The external pressure was applied by confining the sample in a double-wall
piston-cylinder pressure cell (PC) made of MP35N alloy while Daphne oil 7373 was
used as transmitting medium to assure nearly hydrostatic pressure conditions in
the whole experimental range.[111, 112] In order to determine the exact pressure
inside the cell at low temperature, we measured the pressure-dependent shift of
the superconducting transition temperature of a small piece of Indium (In) placed
near the sample in the PC. Small quantity of In was used, such that its contri-
bution to the µSR background is negligible. An AC susceptometer was used to
detect the shift of Indium’s Tc with the applied pressure.[111, 112]

The normalized ZF-µSR polarization of Yb2Pd2In1�xSnx for x = 0 is shown

Figure 4.8: The normalized ZF-µSR polarization of Yb2Pd2In1�xSnx for x=0
sample as functions of temperature (T) and pressure (P). A tiny depolarization is
seen only at short times in the last case.
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(a)

(b) (c)

Figure 4.9: The normalized ZF-µSR polarization of Yb2Pd2In1�xSnx for; (a)
x = 0.3 (b) x = 0.6 and (c) x = 0.8 as functions of pressure and temperature.

in Fig. 4.8 where a tiny depolarization is observed only at short times for pres-
sure (P) = 25 kbar and at the lowest temperature (T=0.25 K). In Fig. 4.9 the
ZF-Polarization at short times for x = 0.3, 0.6 and 0.8 are shown for selected tem-
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4.3.1. µSR-pressure measurements

peratures and pressures. The depolarization plots generally show highly damped
coherent oscillations that develops by both increasing Sn doping or applied exter-
nal pressure. To determine and remove the contribution from the pressure cell
(PC), the time dependent muon spin depolarization was fitted with the following
model;

P (t) =
AZF(t)

AZF
tot(0)

= abk g(t) + [1� abk] · {aT f(�µBµt)DT (t) + aL DL(t)} , (4.2)

where AZF
tot(0) is the high-temperature value of the initial asymmetry and abk

accounts for the fraction of incoming µ+ stopping outside the sample volume.
For this coe�cient we can distinguish three cases: a) it is almost zero during the
reference experiments performed at the low-background Dolly spectrometer (x=0.3
and 0.6 samples); 2) it represents the fraction of µ+ implanted in Ag sample holder
during LTF measurements (x=0.8 sample). In such a case we fixed g(t) = e(��Agt)

where both abk and �Ag where determined at the lowest temperature and kept
fixed during the subsequent fitting of the experimental data3. 3) In the GPD
measurements abk accounts for the fraction of muons implanted in the PC. In
such a case, g(t) represents the Gaussian Kubo-Toyabe function (see Eq. 2.13).4

The coherent muon precession in the magnetically ordered phase is taken into

account by f(t) using a cosine function, whereas DT (t) = e�
�T t

2

2 and DL(t) =
e��Lt were used to account for relaxation in the precession. The former decay
reflects the static distribution of local magnetic fields, whereas the latter is due
to dynamical relaxation processes. Bµ is the field at the implantation site and
�µ = 2⇡ ⇥ 135.53MHz/T is the muon gyromagnetic ratio, while aT and aL refer
to muons probing local magnetic fields in the transverse (T) or longitudinal (L)
directions with respect to the initial spin polarization. In the following paragraphs
we will detail these parameters for each sample.

In Fig. 4.8, for x = 0 i.e the Yb2Pd2In sample, the polarization was fitted
by one Gaussian exponential decay at both (p,T )=(0 bar,0.5 K) and (p,T )=(25
kbar, 2 K) as signature of randomly oriented nuclear dipolar fields. At this very
pressure, a small transverse component rises up at T=0.25 K. This means that
roughly 15% of the sample develops a short range magnetic order suggesting that
at this pressure the system is likely on the verge of a quantum criticality.

3The background contribution from the Ag sample holder (Ag plate No. 233) was de-
termined by a transverse field experiment (H=30 Oe) at 20 mK. abk ⇠ 0.25 and �Ag =
(0.0158± 0.009) µs�1.

4abk ⇡ 65% was determined by a transverse field run at high temperature (T > TN )). The
Gaussian depolarization rate �bkG was determined by fitting the asymmetry at longer time when
the depolarization rate due to PC dominates. These two parameters were therefore kept fixed
in the subsequent fitting iterations.
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(a)

(b)
(c)

Figure 4.10: The internal field Bµ as probed by implanted muons at di↵erent
applied pressure for (a)x=0.3 , (b) 0.6 and (c) 0.8 samples.

For Yb2Pd2In0.7Sn0.3 sample, at ambient pressure, the low background data
taken at Dolly (Fig. 4.9a) at T= 25 K is well fitted by a single Gaussian depolar-
ization due to randomly oriented nuclear dipolar fields. At the lowest temperature
only a small depolarization appears suggesting that also in this case, the system
is likely at the verge of a quantum criticality at ambient pressure. Interestingly,
increasing the applied pressure to 12.3 and 23.4 kbar, a strongly damped oscilla-
tion is observed at 0.25 K. In this case the fitting function relative to the sample
contribution was built up by two transverse component one of which with a co-
sine term whereas the corresponding two longitudinal ones merged in one single
Lorentzian decay. It is worth to note that the frequency of the oscillating part
increases rapidly with increasing pressure.

For Yb2Pd2In0.4Sn0.6 sample, at ambient pressure, the low background data
taken at Dolly (Fig. 4.9b) at T= 0.25 K is well fitted by one transverse component
consisting in a Gaussian damped cosine and one single Lorentzian decay. The same
fitting function was successfully adopted for the measurements under pressure.
Also in this case we note an abrupt increase of the precession frequency with
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(a) (b)

Figure 4.11: Summary plot: (a) P-Bµ-x (b) the P-T-x diagrams

increasing applied pressure.
For Yb2Pd2In0.2Sn0.8 sample, at ambient pressure, the low background data

taken at LTF (Fig. 4.9c) at T= 25 K is well fitted by a single Gaussian depolar-
ization due to randomly oriented nuclear dipolar fields for T > TN . At the lowest
temperature, the damped oscillation was fitted by two transverse component one
of which is a Gaussian damped cosine term and whereas the corresponding lon-
gitudinal signals were merged in one single Lorentzian decay. In the GPD run
the same fitting function was adopted for the sample component of the polariza-
tion function. Also, the frequency of the oscillating part increases rapidly with
increasing pressure.

Fig. 4.10 represents the summary of the evolution of Bµ as a function of tem-
perature for all values of the applied pressure. Fig. 4.11 summarizes the variation
of the internal field Bµ and of the Néel temperature as a function of both In-Sn
substitution and the applied pressure. The µSR measurements and also measure-
ments already reported in Ref. [98] for Yb2Pd2Sn were included for completeness
of the phase diagram. A general steep increase of the local magnetic field for all
the tested samples is observed. In particular, in the x = 0.6 case, it rises up to
10 times to that of the ambient pressure value. In order to understand the e↵ect
of pressure on the magnetic order and account for the steep increase in the local
magnetic field at the muon, the muon implantation site has to be determined.

4.3.2 Calculation of muon implantation site in Yb2Pd2In

To determine the implantation site of the muon in Yb2Pd2In1�xSnx, I have carried
our DFT calculations with the third strategy for initializing the search for the
muon position described in Sec. 4.1. The electrostatic potential was calculated in
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the unitcell of Yb2Pd2Sn, while the resulting minimum positions are used as trial
starting positions for the muon impurity in the Yb2Pd2Sn supercell and then the
forces and energy are minimized.

Yb2Pd2In1�xSnx crystallizes in the tetragonal crystal structure with space
group P4/mbm. The lattice parameters are a = b = 7.5780 Å and c = 3.6350
Å with Yb on the 4h Wycko↵ position at (0.1724, 0.6724, 0.5000), Pd with 4g at
( 0.3716, 0.8716 , 0.0000) and Sn with 2a at (0.0000, 0.0000, 0.0000). The above
crystal positions were used for the DFT calculations.

The electrostatic potential was calculated for the non-magnetic Yb2Pd2Sn unit-
cell and the positions of the potential minima as shown in the isosurface plot,
Fig. 4.12a were used as the starting position for the muon in the DFT relaxation.
The four minima positions of the potential correspond to symmetry equivalent
positions within the P4/mbm space group, thus only one starting position of the
muon was considered at this level.

The muon was introduced as a hydrogen impurity at the potential minima
position in a non-magnetic 160 atoms 2⇥2⇥4 supercell of both Yb2Pd2Sn and
Yb2Pd2In0.25Sn0.75 with random In/Sn placement. High values of x(Sn) concen-
tration were considered since the interest is to understand pressure e↵ects in this
range. Plane-wave DFT was used for the structural relaxations, with the GGA
treatment of the exchange correlation functional within the PBE formalism [30].
For Yb and Pd atoms, the core wavefunction was approximated with the PAW
method [43, 113] while for In, Sn and H the core wavefunction were approxi-
mated by the Ultrasoft pseudopotential formalism [114, 115]. The choice of the
core treatement in the pseudopotential approach for each atom is justified to al-
low proper treatment of the localization of the f and d electrons with the PAW
method and soft cuto↵s within covergence limits with the Ultrasofts for In, Sn
and H. 75 Ry and 750 Ry were used for the plane wave and charge density cuto↵s
following the reproducibility and convergence e�ciency data5 for each pseudopo-
tential type [116, 117]. For the supercells, the Brillouin zone integration was at the
gamma point. The force and total energy were minimized till threshold of 10�3

Ry/a.u and 10�4 Ry respectively.
The relaxed position for the muon is shown in Fig. 4.12b. It is worth to note

that the relaxed positions are same for both Yb2Pd2In0.25Sn0.75 and Yb2Pd2Sn.
This suggests that there exist little or no e↵ect of In/Sn doping on the site of
implantation of the muon. The relaxed positions are also similar to the minima
potential position with little distortion (see Figs. 4.12a and 4.12b).

The 4 muon positions shown in Fig. 4.12b are symmetry equivalent positions
with small distance of 0.6 Å between them. To a first approximation, we assume

5The data can be found in https://www.materialscloud.org/discover/sssp/table/e�ciency
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(a)
(b)

Figure 4.12: (a) Muon-stopping sites: minima of the electrostatic potential (b)
and the same obtained from a self-consistent DFT calculation with µ refined.

the muon position is delocalized over the 4 equivalent symmetry positions, such
that the e↵ect of the muon is an averaged e↵ects at the 4 equivalent positions.

Since we now have the implantation site of the muon, we further explore the
dipolar field at the muon to allow us understand the source of the pressure induced
increase in the local field at the muon implantation site. In order, to do this, we
assume that the applied hydrostatic pressure only slightly distorts the implantation
site of the muon, such that the muon still remains delocalized very close to the 4
symmetry equivalent positions shown in Fig. 4.12b.

4.3.3 Magnetic order and Dipolar Simulations

The dipole sum (see Sec. 2.5) at the muon implantation site was performed at
di↵erent possible allowed magnetic ordering within the P4/mbm space group. At,
pressure (P) = 0, the ordered Yb was determined by neutron scattering. It’s value
is in the range of 0.5 - 1 µB for x(Sn)=0.5 - 0.9. The refined magnetic structure6

suggests that the Yb moment points towards the centres of the square defined by
their positions. However, with applied pressure above 10 kbar, the local field at
the muon increases steeply from those at low and 0 pressure (see Figs. 4.10 and
4.11). To explain this we considered the dipolar simulations at all the symmetry
allowed magnetic ordering of Yb2Pd2In1�xSnx.

Yb2Pd2In1�xSnx has the tetragonal crystal structure of the space group P4/mbm.
And with the superspace formalism[118] for the description of the magnetic symme-

6Paper under preparation
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(a) (b)

Figure 4.13: (a) The Yb2Pd2In1�xSnx unit cell (b) The magnetic structure as
derived from neutron scattering.[100]

Figure 4.14: AF-1 is the Yb magnetic moment configuration resulting from
neutron scattering refinement. This magnetic sublattice is in accord with Bµ values
determined at ambient pressure. AF-7 is the unique AF Yb-moments configuration
that is able to justify the Bµ high values found at high pressure.

try in a space group implemented in the MAXMAGN programme[119] of the Bil-
bao Crystallographic Server database [120], 8 irreducible representations (IRs) for
the Yb-site 4h ions were found with the magnetic propagation vector k=(0,0,0.5).
The 8 possible magnetic ordering from these IRs are shown in Fig. 4.14. The IRs
are consistent with those calculated using the induction formula of the Basireps
programme[121] in the FullProf Suite of codes.

The dipolar fields were calculated for each of the 4 equivalent muon sites in a
100⇥100⇥100 supercell of Yb2Pd2In1�xSnx, with moment size of 1 µB , propaga-
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tion vector k=(0,0,0.5) and for all the 8 magnetic order in Fig. 4.14. Also, since the
moment is only on the Yb ions, the In/Sn concentration has negligible influence on
the resulting dipolar sums. The resulting dipolar field at the muon implantation
site, is an average of the field at the four symmetry equivalent positions. This
is because if the muon is delocalized over the 4 positions, then it is possible to
average the muon local field Bµ over the muon wavefunction �µ such that;

hBµi = h�µ|B |�µi ⇡
4X

i=1

Bi

We know from neutron scattering [100] that AF-1 is the correct ordering at
P=0 for x(Sn) = 0.5, 0.6, 0.9. The agreement between the calculated dipolar con-
tribution and the experimental value at low pressure does confirm that the Fermi
contact contribution to the total field probed by the implanted muons is expected
to be negligible. From the averaged dipolar field sums, all the AF configurations
labeled AF-1 to 6 in Fig. 4.14 induce very low fields at the implantation sites in full
agreement with the results obtained at ambient pressure for x=0.6 and 0.8 com-
pounds (see Fig. 4.11a). However when the muon is at the exact high symmetry
site with AF 1-6 magnetic configuration, the Bµ averages to zero.

More importantly, the major interest is to explain the measured muon field at
P > 10 kbar in Fig. 4.11a for 0.3  x  1. At this pressure, the measured local
field is in the range between 80 mT and 250 mT. The average dipolar sum for
the Ferro and AF-7 Yb moment ordering (see Fig. 4.14) is 1041.1 mT and 520
mT respectively. AF-7 moment ordering is a sort of a ferri magnetic ordering.
The dipolar field at the AF-7 configuration gives values in good agreement with
the measured local field of 80 mT and 250 mT suggesting a possible reordering of
Yb magnetic moments at high pressures above ⇡10 kbar. Recent (unpublished)
results obtained by neutron di↵raction at low temperature and synchrotron x-ray
di↵raction at T=300 K under pressure suggest that no changes in the magnetic
and crystalline structure are evident up to 10 kbar. This nicely explains the huge
slope change in Bµ at high pressures.

4.3.4 Conclusion

The muon implantation site has been successfully determined in Yb2Pd2In1�xSnx,
with the muon delocalized over 4 equivalent positions that are located closed to
the center of the tetragonal cell. The results of the calculated muon site and
dipolar field calculations suggest a reordering of the Yb magnetic moment in the
Sn doped Yb2Pd2In under hydrostatic pressure (P) > 10 kbar. The predicted
moment reordering explains the observed steep increase in muon local field when
large pressure is applied to Yb2Pd2In1�xSnx for 0.3  x  0.8.
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4.4 Muon induced e↵ects in Sr2RuO4

µSR has been widely used and recorded a tremendous amount of success in probing
length scales, order parameter, vortex lattice states, coherence length, penetration
depth, symmetry breaking and spontaneous fields in superconductors particularly
in Sr2RuO4[122–125]. However, a very important aspect in measurement with the
muon, is to estimate the extent the implanted muon distorts the lattice and then
understand what are the e↵ects and roles of these distortions on the measured
properties. It is always important to check and understand if the subtle measured
physical properties of the system are of the muon and not necessarily an intrinsic
property of the sample studied. This is especially needed when such subtle phys-
ical attributes of the system are not detected in measurements with other probe
methods even though in many cases with µSR due to the properties of the muon
and fine time resolution window in the experimental technique, properties like
small moment magnetism not detected with other methods are possible with µSR.
For example the modification of crystal field levels observed in Pyrochlores with
µSR is an aftermath of the muon e↵ect.[64] In this section, with DFT methods and
the strategy for muon identification discussed in Sec. 4.1, the implantation site of
the muon in Sr2RuO4 is calculated, while understanding the extent of the lattice
distortion due to the muon. I further studied the muon e↵ects on the lattice and
on the physical properties of Sr2RuO4 by comparing the electronic properties and
density of states distribution with and without the muon induced distortion. The
aim of studying the muon induced e↵ects e↵ects on Sr2RuO4 is to understand if
the spontaneous magnetization measured with µSR and not with other scanning
probe methods is an aftermath of the muon.

Sr2RuO4 is the first known layered perovskite where unconventional super-
conductivity has been discovered without copper. It’s discovery in 1994[126] has
motivated a lot of experimental and theoretical study to understand the mecha-
nism that drives superconductivity. Even though Sr2RuO4 is isostructural to the
cuprates HTS, there is huge di↵erence in its Tc of 0.93K[126] or 1.45 K and 1.5
K for highly pure sample of Sr2RuO4 [123, 127] when compared to Tc approxi-
mately 100 K for the HTS cuprates. Thus, the complete understanding of the
mechanism that drives superconductivity is crucial and till date, there are still a
lot of challenges coupled with discrepancies in di↵erent probe methods to allow
full understanding of the superconducting mechanism in Sr2RuO4. [122, 128]

In the early years subsequent to the discovery of Sr2RuO4 as a superconductor,
first attempts by theoretical methods to explain the superconducting mechanism
includes that the superconducting state results from strong Hund’s coupling and
ferromagnetic fluctuations that lead to the uncommon pairing of the Ru moments
in the spin triplet state[129, 130]. These strong correlations favours Cooper pairs
ordering in a p-wave symmetry with a nodeless p-wave gap [131, 132] because
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of the instability expected of the weak coupling p-wave superconductivity. Fur-
thermore, these theoretical predictions have been confirmed by experimental tech-
niques where odd-parity pairing has been observed by phase sensitive measure-
ments [133] and NMR Knight Shift measurements[134] that confirm the triplet
state pairing of the Cooper pairs.[127, 135–137] However, recent theoretical and
experimental studies[138–141] have suggested an entangled spin-orbit e↵ect that
cannot be used separately to explain the Cooper pairing in Sr2RuO4. The super-
conducting order parameter in Sr2RuO4 are also dependent on the orbital degrees
of freedom. This is such that spin-orbit coupling leads to a momentum dependence
of the Fermi surface. Also, they have argued that the Hund’s splitting depends not
only on the e↵ects of the crystal field but also on those of the spin-orbit induced
band splitting. They suggested that a new spin-orbital state is needed to explain
the superconducting order parameter and not the singlet and triplet terminology.

Furthermore, µSR experiment [123] and high resolution polar Kerr e↵ect [136]
have detected onset of spontaneous magnetization in Sr2RuO4, which has been in-
terpreted as the existence of time reversal symmetry breaking (TRSB) on entering
into the superconducting states. This observed TRSB supports a chiral (px ± ipy)
p-wave of the order parameter. However, these spontaneous superconductivity-
related magnetization and spontaneous supercurrents which are evidence of TRSB,
have not been observed by other scanning probe methods.[142–144]

TRSB has also been observed with µSR by doping Sr2RuO4 with non-magnetic
impurities, which also change the Tc [124, 145], the order parameter under appli-
cation of axial strain greater than 1 gigapascal has an even parity with increased
Tc = 3.4 K.[146, 147].

µSR has always been used to search for spontaneous internal magnetization
in superconductors. With µSR, spontaneous internal field has been measured in
UPt3,[148] UBe13 and ThBe13[149], but not in the d-wave paired HTS cuprates [150].
Since spontaneous magnetization has been found in some superconductors and not
in the HTS cuprates, it is believed [123] that the measured spontaneous magneti-
zation in Sr2RuO4 is not a muon induced e↵ect. However, considering that other
scanning probe methods do not detect the TRSB, a quantitative understanding
of the measured µSR signal and any possible e↵ects of the muon impurity on the
signal are crucial to understanding the origin and extent of the TRSB. To this
end, the starting point is determining the implantation site of the muon.

4.4.1 Muon implantation site and local distortions: DFT
calculation

In order to understand and analyze the muon impurity induced e↵ect in Sr2RuO4

sample, DFT calculations have been carried out to first determine the site of im-
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Figure 4.15: The unitcell structure of Sr2RuO4. The plot was visualized with
VESTA.[67]

plantation of the muon and then investigate the muon induced distortions. As
already discussed in Sec. 4.1, the positive muons were modelled as a hydrogen
impurity with the periodic plane-wave DFT. The GGA was used to treat the ex-
change correlation functional within the Perdew-Burke Ernzerhof (PBE)[30] for-
malism. The potential at the core were approximated using the optimized Norm-
Conserving Vanderbilt (ONCV)[151] pseudopotential for Ru atoms and ultrasoft
[114, 115] pseudopotential for the Sr and O atoms. The pseudopotential choices
were made to allow for correct description of the 4d behaviour in Ru and allow
convergence of the self-consistent iteration. The cut-o↵ for the plane waves and
the charge density used are 70 Ry and 700 Ry respectively.

The calculations were carried out for layered perovskite structured Sr2RuO4

with the I4/mmm space group. The structure of Sr2RuO4 is such that O4 atoms
form an octahedral at the centre of a cube defined by Sr2 at the corners while
the Ru cation is at the center of the octahedral (see Fig. 4.15). The unit cell has
lattice parameters a=b= 3.871 Å and c = 12.702 Å with Sr atoms occupying the
4e Wycko↵ positions at (0, 0, 0.3538), Ru atoms with 2a at (0.0, 0.0, 0.0), one of
the oxygen atoms (O1) with 4c at (0.0, 0.5, 0.0) and the other (O2) with 4e at
(0.0, 0.0, 0.1630) in fractional coordinate units.

The trial starting positions for the muon are grid of uniform positions reduced
by Sr2RuO4 space group symmetry to 24 inequivalent starting positions. Each of
the trial starting muon position was modelled in a 126 atoms 3⇥3⇥1 supercell. A
3x3x3 Monkhorst-Pack grid of k-points was used for the Brillouin zone sampling in
the reciprocal space. The paramagnetic order was considered for the magnetic ions
in the calculations. The atomic relaxations through force and energy minimization
were performed with the threshold for the forces and total energy set to 10�3
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Ry/a.u and 10�4 Ry respectively. During the relaxations, it is assumed that the
muon does not alter the supercell volume, which is kept fixed, while all the atoms
are allowed to relax.

Figure 4.16: Total DFT energy in eV of the 24 trial muon positions after
convergence to relaxation thresholds. The reported energy values are re-scaled,
with the lowest one chosen as zero.

Table 4.4: Summary of candidate muon stopping sites in Sr2RuO4 determined
by DFT.

Label Site Position a �E(eV ) b

A (0.225, 0.0, 0.184) 0
B (0.233, 0.071, 0.5) 0.97
C (0.0, 0.498, 0.249) 1.61

a in coordinates of the unitcell.
b DFT total energy di↵erence with respect to site A.

After atomic relaxations, the resulting minima force and energy muon positions
were collected and clustered according to their positions and energies. The 24 po-
sitions collapse into 3 inequivalent candidate positions when the total energies are
considered (see Fig. 4.16). The sites reported in Table 4.4 are representative muon
candidate site corresponding to each of the three energy groups. Interestingly,
the muon positions in each of the energy related groups are all symmetrically
equivalent.

In the candidate muon positions reported in Table 4.4, the total DFT energies
dictate that site A is the candidate muon site and site B, C may be safely ignored.
The energy di↵erence between A and B (1eV) is a conservative lower limit to the
potential well depth for the muon in the A site. Since it is much larger that the
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Figure 4.17: The muon site (the light pink sphere) and its bond with oxygen is
shown in the undistorted unit cell for clarity.

typical muon zero point energy (0.5 eV), any further calculation of quantum muon
correction is irrelevant here.

Site A shown in Fig. 4.17, is identified as the muon implantation site. The muon
is clearly bound to oxygen (O2) with bond distance 0.973 Å. This is consistent
with known muon sites in oxides including HTS cuprates [55, 152] and pyrochlores
[64], where the muon stops close to the oxygen (O) anion, making bonds with O
at bond distance of ⇡ 1 Å.

With the determination of the muon site, I further investigate the extent of
perturbation of the muon impurity in the lattice.

4.4.2 Lattice and Density Distortion

The extent of the distortion on the host ions from their equilibrium and its e↵ects
on the density of states (DOS) distribution in Sr2RuO4 can be extracted from
the DFT supercell calculations. Fig. 4.18 shows the displacement of the Sr, Ru
and O from their unperturbed position versus their respective distances from the
muon. The implanted muon distorts the lattice, introducing a gradient in the
potential at the point of implantation, giving rise to the displacement of the host
atoms from their equilibrium positions. This displacement vanishes exponentially
as the atomic distance gets further away from the site of muon implantation (see
Fig. 4.18). The Sr and O1 atoms surrounding the muon are the most perturbed
from their equilibrium position with maximum displacement in the range of 0.16
to 0.2 Å. The O2 that forms bond with the muon is displaced by 0.06 Å away
from its equilibrium position while the nearest Ru atom to the muon (distance
of 2.54 Å) has maximum displacement of 0.038 Å from its equilibrium position.
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Figure 4.18: DFT determination of the displacement at O, Ru and Sr atoms in
the supercell versus their distance from the implanted muon.

From Fig. 4.18 significant distortion from equilibrium positions are observed only
for atoms whose distance to the muon implantation position are within 6 Å. The
lattice especially neighboring ions to the muon are substantially distorted by the
muons.

To further understand the muon e↵ects on Sr2RuO4, I further investigate the
e↵ect of the lattice distortion on the density of states (DOS). The DOS of Sr2RuO4

is that of a metal (similar to results in Ref. [153]) and still remains metallic after
the muon implantation Fig 4.19a. To understand the orbital contribution to the
DOS, a projection of the DOS to the di↵erent atomic orbitals was performed. From
the partial density of state PDOS, Fig. 4.19a the contribution very close to the
Fermi energy are dominantly of the Ru 4d character pdos similar to LDA results
by [154, 155]. Also, with the PDOS, there is a hybridization between the Ru 4d
states and O 2p states near the Fermi energy. These contributions are similar and
show non-significant changes with the muon implantation.

Since the Ru d states are the dominant states around the Fermi Level, further
analysis of the 4d states show that the conduction holes are mostly contributed
by the Ru 4dzy, 4 dzx and 4dxy (see Figs. 4.19b and 4.19c), this is consistent
to the results obtained using the near-edge x-ray absorption and photoemission
spectroscopy. [156] Dotted lines in Fig. 4.19b and Fig. 4.19c are the 4d states
contribution calculated with the muon in the sample, the plots are of the Ru
atoms closest to the muon (distance of 2.54 Å) and that far from the muon where
the displacement is not significant (distance of 8.6 Å) in the supercell respectively.
Small changes in the splitting of the states at the Fermi level are observed for the
4dzy, 4 dzx states of the Ru atom close to the muon Fig. 4.19b and not for that
far from the muon Fig. 4.19c. With the summation of the d states contribution
of the Ru ions in the supercell, the small state splitting is no longer significant.
With the observations from the PDOS with the muon implantation, even though
the muon distorts the lattice, these distortions do not alter the DOS.
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(a)

(b) (c)

Figure 4.19: Comparison of the PDOS for the supercells with the muon (solid
lines) and those without the muon (dotted lines) a) The total and partial pro-
jected density of states (PDOS) of Sr2RuO4. The dotted lines are the PDOS
of the supercell with the muon. (b) PDOS of Ru 4d orbital contribution, for Ru
atoms and µ distance = 2.54 Å (c) PDOS of Ru 4d orbital contribution with the
muon, for Ru and µ distance = 8.6 Å. The Fermi energy has been shifted to 0 eV.
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4.4.3 Conclusion and Future work

The muon site has been successfully determined in Sr2RuO4, the muon binds to
the O2 atom with a bond length of 0.973 Å. The distortion on the lattice and
DOS distribution induced by the muon, have been investigated. The distortion in
equilibrium position of the host atoms is observed to vanish exponentially from the
implantation site of the muon. The study of these distortions, show that significant
distortion from equilibrium positions are observed only for atoms whose distance to
the muon implantation position are within 6 Å except for Sr. From the projection
of the DOS to the di↵erent atomic orbitals, the dominant orbital contribution to
the DOS close to the Fermi energy are from those of the Ru atoms. However, there
was no significant changes in the DOS due to the muon even though significant
changes were observed on the lattice in general. This is because considering that
the maximum distortion from equilibrium of the dominant contributing Ru atoms
is only 0.038 Å, thus the Ru atoms that contributes the most in the electronic
properties determination are the least distorted and the distortion is small too.
Also, the summation of the contribution of all the atomic orbitals of Ru makes
insignificant the small contribution of the distortion of the Ru atoms nearest to
the muon. With the above results, the muon distorts its near environment in the
lattice but these distortions have no e↵ect on the density distribution of the states.

However, the calculations used to investigate the muon so far, do not consider
the e↵ects of electron correlation and spin-orbit coupling. Electron correlation ef-
fects and most importantly spin-orbit coupling have been shown to play important
roles in the electronic structure of Sr2RuO4.[138–141] The incorporation of these
e↵ects in DFT studies have allowed to properly reproduce the Fermi surface and its
sheet size, leading to a possible counter description of the the ordering mechanism
of the Cooper pairs. Also, with spin-orbit coupling further splitting of the band
at the Fermi energy has been observed [138]. Thus, the authors in Refs. [138–141]
have argued that for understanding the unconventional superconducting state in
Sr2RuO4 the spin and orbit contribution should not be decoupled.

Therefore, further studies and calculations of the muon distortions and e↵ects
in Sr2RuO4 incorporating electron correlation and most importantly the spin-orbit
coupling are necessary. This will also allow to investigate if the Fermi surfaces and
band degeneracy splitting are a↵ected by the implantation of the muon. More
general and convincing conclusions on possible muon induced e↵ects in Sr2RuO4

will be reached with these calculations.
In summary, at the level of the calculation for the muon in Sr2RuO4 presented

in this section, the muon was observed to distort the neighbour atoms away from
their equilibrium position. However, these distortions decay exponentially and
have no appreciable e↵ect on the DOS and electron distribution in Sr2RuO4.
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5

Muon contact hyperfine field in metals

In this chapter 1, I demonstrate the e↵ectiveness of a DFT-based approach, vali-
dated by the comparison with available experimental determinations in the calcula-
tion of the muon contact hyperfine field. For this study, five materials are selected
by this criterion from the literature, ranging from simple magnetic metals, Fe, Co,
Ni, to two additional chiral magnets of current high interest, MnSi and MnGe.
The list of metals where the hyperfine coupling is experimentally known is unfor-
tunately scarce, since they require quite accurate and time consuming experiments
on single crystals and other methods with huge limitations (See Sec. 2.7). This
provides an additional motivation for validating a more general ab-initio method.

In µSR the crucial point that provides quantitative access to electronic spin
degrees of freedom is the full knowledge of the muon couplings with its surround-
ings. The often missing key ingredient is the contact hyperfine interaction, notably
relevant in metals. These interaction constants between the muon and its atomic
surrounding give access to crucial material properties such as the value of the
ground state ion magnetic moment in ordered materials and possibly the magnetic
structure as well. The qualitative and quantitative knowledge of the di↵erent local
filed contribution together with the muon implantation site are often necessarily
for a complete analysis of available µSR data.

The contributions to the experimental local field, besides the already mentioned
dominant dipolar sums, include another trivial term that is shape-dependent (de-
magnetization) and proportional to the macroscopic sample magnetization. [4] (see
Sec. 2.5). In this chapter, the concentration is on the contributions that require a
quantum mechanical description of the host electrons in the vicinity of the probe.
In a localized spin magnet, they may give rise to direct transferred and super-
transferred couplings, depending on whether the wave-function overlap between
the muon probe and the magnetic ion is direct or through the polarization of the
wave-functions of intervening ligands. In metals, the conduction electrons provide
an example of the first kind, giving rise to a contact interaction term, that results

1The content of this chapter has been published by my research group at [I. J. Onuorah et
al.,Phys. Rev. B 97, 174414 (2018)]
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in a spin density at the muon site. The focus is only on the contact hyperfine
interaction at the muon.

The theory and source of the hyperfine field at the muon stopping sites are well
known and has already been discussed in Section 2.5. In metals, the spin density at
the muon site results from the polarization of conduction electrons by the localized
d or f shells having unpaired electrons. In the collinear spin approximation, the
contact hyperfine field at the muon Bc is(already described in Eq. 2.32);

Bc =
2

3
µ0µB⇢s(rµ) (5.1)

where µ0 is the vacuum permeability, µB is the Bohr magneton, and the spin
density, ⇢s defined as (⇢"(rµ)�⇢#(rµ)) with ⇢" and ⇢# being the density associated
to each spinor component at the muon site rµ.

This equation was used to evaluate the contact field at the muon with the spin
polarization and density obtained from DFT Kohn-Sham wavefunction described
in Sec. 3.2.1. The density is of the form;

⇢�(rµ) =
X

i

h �
i |rµi hrµ| �

i i

with superscript � denoting spin state.
First principle theory of the hyperfine parameters for both heavy and light

nuclei in magnetic materials is in principle well understood and has been studied
back from the mid 1960’s. [19, 20, 42, 157–163] Various approaches were proposed
to improve the accuracy of the calculated contact fields, but these investigations,
in particular for the muon in metals, were undertaken when computing resources
were orders of magnitude less powerful than today. Particularly, due to lack of
computing resources, the contact field at the muon was estimated by calculating
the unperturbed spin density at the muon while mimicking the e↵ects of the muon
on the lattice by a fictitious enhancement factor [19, 164] (See Eq 5.2). Also, the
spin density at the muon has been determined by calculating the spin polarized
local density of states (LDOS) at the muon interstitial position [161, 162] (See
Eq 5.3). These earlier approaches are summarised in the following equations:

Bc(rµ) =
2µo

3
µB⇢

unpt
s ⌘ (5.2)

where ⇢unpts denotes the unperturbed spin polarization at the muon site and ⌘ the
enhancement factor.

Bc(rµ) =
2µo

3
µB

Z Ef ⇥
⇢"(rµ, E)� ⇢#(rµ, E)

⇤
dE (5.3)

where the local density of states is ;
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⇢�(rµ) =
X

i

| �
i (rµ)|2�(E � E�

i )

where  �
i and E represents the eigenfunction and eigenvalue of the system

respectively.
The results of these earlier calculations are compared with our calculations in

Table 5.2 for the muon in elemental transition metals that form the basis for the
validation of the computational approach we propose in this chapter.

More recently valuable theoretical improvements [163, 165–172] have estab-
lished DFT as the standard for the calculation of NMR shift parameters, most
reliably in non magnetic insulators. However, these improved methods were never
directly applied to the muon case in metals especially the use of the Projector
Augmented-Wave (PAW) method already discussed in Eqs 3.30 and 3.31. The
main di↵erence as already noted, is that the location of the nuclei is extremely
well known from di↵raction, whereas the determination of the muon site is part
of the same DFT problem, requiring in addition large supercells to represent the
ideally diluted impurity while keeping an accurate description of the bulk sample.
Also, the core polarization e↵ects on the spin density that are significant for heavy
nuclei, have zero e↵ect on that of the muon with only the s-orbital of no core
electronic structure. With the current availability of HPC it is timely to extend
these modern methods to muon studies in metallic systems in order to establish
their accuracy and applicability.

5.1 Computational details

The pseudopotential and plane-waves (PW) basis approach were used for our cal-
culations.The plane-wave basis is generally used to describe artificially smooth
pseudo-wavefunctions thus avoiding the strong oscillations in the core region. In
particular, the Projector Augmented-Wave (PAW) method introduced by Blóchl
[40–43] allows to approximate the all-electron density using a frozen-core recon-
struction starting from the pseudo wavefunction. In the context of the PW basis,
the PAW reconstruction method is therefore the method of choice for an accu-
rate evaluation of Eq. 5.1. Since periodic boundary conditions are implied in the
description of the bulk system, the e↵ect of the extremely diluted muons in the
material must be modeled within the supercell approximation which reduces the
artificial interactions between the charged impurities. It must be carefully verified
that these artificial interactions of the muon periodic images are negligible on the
quantities under study.

For all the calculations in this work, the plane wave cuto↵s were always above
100 Ry, granting a convergence on total energy (threshold 10�4 Ry) and spin den-
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sity, while the exchange correlation functionals were treated within the semi-local
Generalized Gradient Approximation (GGA) using the Perdew-Burke-Ernzerhof
(PBE) formalism. [30] The calculations were done in the scalar relativistic ap-
proach, neglecting spin-orbit coupling. The scalar relativistic approximation is
su�cient for the theoretical calculation of the muon contact field since hydrogen
(hence the muon) has a small nuclear charge and the contact field is predominantly
due to on-site contributions of s-like states surrounding the muon. [163, 173, 174]
The Marzari-Vanderbilt [39] smearing function was used.

A uniform Monkhorst-pack [38] mesh was used for the k-points. The conver-
gence of the contact field depends strongly on how dense is the mesh of k-points.
A 16⇥16⇥16 mesh grid was used for the unit-cell of the transition metals and a
12⇥12⇥12 grid for the unit-cell of the B20 compounds. The mesh size were se-
lected following a systematic test to ensure independence on the size used to the
spin density and total energies. These grids were down-scaled proportionally for
each supercell size.

The first step for all calculations involves the optimization of the structure and
the correct reproduction of the electronic and magnetic properties of the pristine
material. The next step involves investigating the extent of the lattice distortion
around the muon and its influence on the electronic and magnetic properties of
the nearest neighbors. The muon was introduced as hydrogen while maintaining
a neutral cell considering that in metals, positive charges are e↵ectively screened
by the conduction electrons, enforcing charge neutrality of the whole system [61,
62, 65].

The PAW reconstruction and the spin density calculation from the Kohn Sham
wavefunction are contained in the PP package of the Quantum ESPRESSO suite
of codes. To obtain the spin density at the interstitial center of the muon, the
calculation were carried out with the charge density integration grid having a
point at the geometrical center of the muon or with re-scaling the atomic positions
that the muon position is at the origin while there is a charge grid point at the
origin.

Before systematically comparing calculations with experimental values, let us
further notice that we expect our results to overestimate the experimental absolute
value, in view of the light mass of the muon, which results in relatively large
amplitude of zero point vibrations. 2 The muon behaves as a quantum oscillator
and the extent of its wave function is completely neglected in the static contact
field from the DFT approach. The experimental value should be compared to
the average over the muon wave function, whose accurate determination will be
addressed in the next chapter. For what concerns this chapter, we demonstrate the

2The quantum average of the spin density at the muon results in a reduction of the point
value, since the spin density starts to decay away from that point.

74



5.1. Computational details

Figure 5.1: Convergence of the muon contact hyperfine field Bc with the distance
between muon periodic images for host systems of Fe, Ni and Co. The x,y,z
dimension are the supercell sizes with reference to the unit cells.

extent of the accuracy of the DFT based approach to estimate the muon contact
hyperfine field.

Figure 5.2: Calculated muon contact hyperfine field Bc for unrelaxed (unrlx)
and relaxed host atoms + muon at fixed cell volume (rlx), compared to the ex-
perimental value (Exp).
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5.2 Muon e↵ects on the lattice

The appropriate size of the supercell for each of the materials was carefully deter-
mined considering convergence of the total DFT energies, distortion of the lattice
and magnetic coupling in the vicinity of the muon and in particular the calculated
contact hyperfine field, as shown in Fig. 5.1. The plot shows that this quantity con-
verges at the 3⇥3⇥3 cell level, however we will compare results on the transition
metals obtained with 4⇥4⇥4 cells. Following the same systematic tests, a 2⇥2⇥2
cell was used for the B20 compounds. Incidentally, in these metals convergence is
achieved when the muon periodic replica are above 8.48 Å apart.

Next, we address the issue of whether the relaxation of the host atoms in the
supercell including the muon has a significant e↵ect on the quantity of interest.
This is obtained comparing muon contact field values Bc with and without atomic
relaxation. The results indicate that the relaxation around the muon a↵ects sig-
nificantly only the positions of the nearest neighbor ions. The distortions are short
ranged and small because the positive charge of the muon is screened by the elec-
tron cloud in metals, a fact that is directly shown in Fig. 5.3. Furthermore, Fig. 5.2

Figure 5.3: Atomic displacement in the presence of the muon in a relaxed
supercell, vs. the distance of each atom from the muon. Red lines are guide to the
eye showing the exponential decay.
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shows that the direct e↵ect of relaxation on the value of Bc is tiny compared to the
deviation between experiment and theory at this level of approximation. However,
the reported results in this work are those of the relaxed lattice.

The range of the lattice strain introduced by the interstitial muon defect may be
directly quantified by comparing the position of each atom in the pristine material
with their position in the supercell DFT calculation, after lattice relaxation with
the muon. Fig. 5.3 shows the di↵erence of these two quantities versus the distance
from the muon site. The top four panel display the result for the 4⇥4⇥4 cell of
the elemental metals, with a clear exponential decay on a length-scale, � < 1.25
Å.

The data for the 2⇥2⇥2 cell of the B20 compounds are more scattered, as
expected in view of the presence of two di↵erent species. Interestingly, Si and Ge
show a decaying displacement with � < 3.0 Å whereas Mn ions show no systematic
deviation, perhaps indicating a much shorter value of �.

5.3 PAW reconstruction accuracy

Finally, we want to determine the relative accuracy of the pseudo-wavefunction
(PS) spin densities compared to those obtained by the PAW Reconstruction (PR)
method described in Sec. 5.1. These are reported in the last two columns of
Table 5.1 as ⇢PS

s (rµ) and ⇢PR
s (rµ) respectively and the corresponding contact field

is plotted in Fig. 5.4 and compared with the experimental values. The pseudo
wavefunctions even though do not include the actual core electron density, give

Figure 5.4: Muon contact hyperfine field Bc calculated with the spin densities
from the pseudo-wavefunction (PS) and from the all electron reconstruction with
the PAW method (PR), compared to the experimental value (Exp).

77



5.4. Fe, Co, Ni

Table 5.1: Spin only magnetic moment for each magnetic ion (without the muon)
for the conventional GGA calculation mGGA, the experimental value mexp and the
reduced Stoner theory calculation (see Sec.( 5.5) ) mRST in units of µB; muon
sites [57, 58, 161, 175–177] in fractional coordinates; calculated spin density at the
muon in atomic units of (a�3

0 ) resulting from the pseudo-wavefunction ⇢PS
s and the

PAW reconstructed value ⇢PR
s .

Host metals 1 mGGA mexp
2 mRST Muon site ⇢PS

s (rµ) ⇢PR
s (rµ)

Fe - bcc 2.17 2.22 - 0.50, 0.25, 0.00 -0.0179 -0.0238
Co - hcp 1.585 1.72 - 0.33, 0.67, 0.25 -0.0111 -0.0150
Co - fcc 1.645 1.59 - 0.50, 0.50, 0.50 -0.0109 -0.0139
Ni - fcc 0.638 0.606 - 0.50, 0.50, 0.50 -0.0020 -0.0028
MnGe 2.014 1.83 1.84 0.552, 0.552, 0.552 -0.0162 -0.0217
MnSi 1.00 0.4 0.401 0.541, 0.541, 0.541 -0.0031 -0.0042
1 The MnGe and MnSi structure are of P213 space group (cubic) with the Mn
atom at (0.138,0.138,0.138) crystal unit position.

2 See Refs. [57, 58, 178].

results remarkably close to the experimental values. It should be noted however
that this is probably due to an error compensation between the approximated core
electronic density and the missing zero point vibration corrections. In addition, the
overshooting of all estimations obtained with PR is in agreement with the fact that
corrections due to zero point vibrations may lead to a reduction of the absolute
value (as mentioned in Sec. 5.1) thus, systematically improving the agreement with
the experimental data for all the compounds reported in Fig. 5.4.

5.4 Fe, Co, Ni

We have investigated the accuracy of the calculated magnetic moments and the
e↵ects of the muon on them. The experimental total magnetic moments of the
transition 3d metals, shown in Table 5.1, are well reproduced within the con-
ventional GGA-DFT. The tabulated magnetic moment were estimated with the
Löwdin population analysis. [179] With the muon impurity in the lattice, the mo-
ment of the nearest neighbor host magnetic ions are negligibly perturbed. These
perturbations contribute to no appreciable change of the calculated contact field.
As we will further discuss, the contact field depends strongly on the accuracy of
the calculated spin moments.

The first important result obtained is that the calculated spin imbalance at the
muon, shown in Table 5.1, is negative for all the considered metals, in agreement
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5.5. MnGe and MnSi

with experiment and with the simple notion that the majority spin electrons are
in a direction opposite to the bulk magnetization at the muon. Furthermore, the
deviations, reported in Table 5.2, are on average 0.14 T and always within 0.2 T.
This may be considered a rather good agreement, compared to results from the
earlier works, since the averaging due to the muon’s vibration is not included yet.

Admittedly, many of these earlier works [19, 20, 164, 180] estimated the spin
density at the muon site by a simple re-scaling of the spin density of the bulk
material at the position of the known muon site with an empirical spin enhance-
ment factor that mimics the perturbation induced by the interstitial muon. This
is clearly an unpractical ad-hoc solution that impairs the ab-initio method. They
thus failed to establish the accuracy of the method over several materials.

In the earlier calculations, the large deviations between calculated and experi-
mental contact field values (on average) were consistently attributed to the lack of
muon zero point motion correction. Our more accurate results indicate that the
e↵ect of the zero point motion is needed but its extent is much smaller.

5.5 MnGe and MnSi

The muon implantation sites for MnSi and MnGe [57, 58] are reported in Tab. 5.1.
Their zero field magnetic structure, actually a spin spiral, was approximated by a
collinear ferromagnetic state since in both cases the pitch [57, 58, 181, 181–183] is
much longer than the lattice parameter.

The conventional DFT calculated spin only moment, mGGA, deviates signifi-
cantly from the experimental total magnetic moment for both B20 compounds,
and for MnSi in particular. This is a consequence of the poor standard DFT de-
scription of spin fluctuations in the magnetic ground state especially for itinerant
electron systems. This also a↵ects the calculated spin-density at the muon. For
MnSi mGGA = 1.0µB, while the experimental value is mexp = 0.4µB. Notably,
the ratio of these two values matches the ratio of the calculated and experimental
contact fields, for the calculated spin density of -0.0107 (a�3

0 ). This is also the case
for MnGe (see Table 5.1), with calculated spin density -0.0251 (a�3

0 ). Thus, the
accuracy of the calculated contact field is heavily influenced by how well the host
ground state magnetization is reproduced by DFT. A simple but non ab-initio way
to predict experimental contact field values would consist in re-scaling the fields by
the ratio mexp/mGGA or constraining the total moment of the bulk material [184]
to the known experimental value.

Ab-initio approaches have been discussed in the literature for MnSi. Attempts
to obtain the experimental local moment by the reduction of the lattice constant
within the local density approximation (LDA) [185] work only for unphysical lattice
constant values. Hubbard U correction (DFT+U) to redistribute electrons between
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5.5. MnGe and MnSi

Table 5.2: Calculated static contact hyperfine field at the muon Bc by PAW
reconstruction together with results from other works, experimental values Bexp

c

and deviations �exp = Bexp
c � Bc.

Bc [T]
Host metals this work other works exp �exp[T ]

Fe-bcc -1.25 -0.94 [19] -1.11 [175] 0.14
,, -1.01 [188]
,, -1.44 [161]
,, -1.03 [162]

Co-hcp -0.79 -1.34 [19] -0.61 [176] 0.18
,, -0.57 [188]

Co-fcc -0.73 -0.46 [161] -0.58 [161] 0.15
Ni-fcc -0.15 -0.69 [19] -0.071 [177] 0.08
,, -0.059 [188]
,, -0.13 [161]
,, -0.31 [20]
,, -0.059[159]

MnGe -1.14 - -1.08 [58] 0.06
MnSi -0.22 - -0.207 [57] 0.013

the majority and minority channels [186, 187] acknowledge unphysical results in
the pressure dependence of the magnetic moment (and we checked that the spin
density at the muon departs from experiment).

A di↵erent approach was proposed by Ortenzi [189] who implemented a reduced
Stoner theory (RST) modification to the exchange-correlation functionals. This
approach involves the reduction of the ab-initio Stoner parameter in the conven-
tional spin polarized DFT, by a spin-scaling factor (ssxc) in the exchange correla-
tion potential. As already discussed in section 3.4, for spin polarized calculations,
the dependent of the total DFT energy functional on the spinor component is real-
ized on the exchange correlation part (See Eq. 3.22). Since the exchange correlation
potential is a functional of the total charge and magnetization (see Sec. 3.4), the
scaling is such that the total energy remains unchanged while the magnetization
is scaled. For the purpose of scaling the magnetization, the exchange correlation
potential part with the magnetization Eq. 3.25 is now of the form:

B̃xc(r) = cBxc(r) (5.4)

where c represents the spin scaling factor of the exchange correlation potential
(ssxc)
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5.6. Conclusion

With this approach, the energy gain due to spin polarization within the con-
ventional Stoner interaction criterion is reduced. This reduction was shown [189]
to have a correspondence to the Moriya’s self-consistent renormalization (SCR)
theory. [190] The SCR theory is known to describe successfully the ground state
properties of weak itinerant ferromagnet, and in particular that of MnSi. [191, 192]

This method is variational and it adjusts the magnitude of the spin polarisa-
tion for all standard functionals. We re-implemented it in the Quantum Espresso
code, and obtained mRST ⇡ mexp with ssxc values of 0.83 and 0.95 respectively for
MnSi and MnGe, as in Table 5.1. The band structure remains negligibly changed,
although band are shifted in energy accordingly to the reduced Stoner parameter.
Our results for the contact field, in good agreement with experiments, were ob-
tained with spin densities calculated from this approach and are summarized in
Table 5.2.

5.6 Conclusion

We have reviewed and validated a systematic approach to the calculation of the
muon’s static contact hyperfine field in metals. We have successfully established
the accuracy of the estimation of the muon contact field in metallic compounds
with DFT. The pseudopotential DFT approach within the PAW formalism is good
even for itinerant magnets, notoriously di�cult systems.

The results may be a↵ected by poor DFT reproduction of the magnetic moment
which is common for these systems. The RSTmethod allows a variational approach
that may well reproduce the experimental results (both the magnetic moment and
spin density) without forcing unphysical values of the other lattice quantities.

DFT calculation of contact hyperfine fields is a viable assistance to µSR data
analysis. Its standard implementation may well replace expensive, time consuming
and often not readily available single crystal measurements in the future.

However, the final results even though at this level of approximation are con-
sistent with experimental values, they are obtained for an infinite muon mass and
do not account for its finite zero point vibrations. The full treatment of the e↵ects
of the muon’s zero point vibration will be considered and discussed in the next
chapter.
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6

Muon quantum motion e↵ects and
hyperfine fields in metals

The muon by reason of its very light mass (⇡ 1/9th of the proton mass) undergoes
a large zero-point motion when implanted in the host compound. The spread of
the muon wavefunction can be of the order of 1 Bohr radius. In most cases this
e↵ect is non-negligible in atomistic simulations involving the description of muon
states at rest in compounds. When treating the muon as a positive interstitial
impurity using ab initio electronic structure methods [20, 56, 62, 65] within the
Born-Oppenheimer approximation (see Sec. 3.1) where the nuclei and the electrons
are treated separately, muon mass induced e↵ects are neglected. The muon behaves
as a quantum oscillator and it is always important to include the extent and e↵ect
of its wave function spreading in calculations. The neglect of the quantum ground
state e↵ects of the muon in DFT calculations has two major consequences: it
yields inaccurate values of the contact hyperfine field and can also lead to the
trapping of the muon in di↵erent interstitial local minima during force relaxations
[66]. In this chapter, I describe an approach to treat the muon zero-point motion.
The e↵ects of these quantum motion are included in post DFT calculations on
the muon properties considered, which include the total DFT energy for stability
of muon localization site and in particular, the influence of this inclusion on the
calculation of the contact hyperfine field. For what concerns the latter, the e↵ects
of the muon motion are included by averaging over the extent of the muon wave
function spreading.

Determining the muon wave function in each chemical environment entails
mapping the muon potential and solving the Schrodinger equation that describes
the muon interaction. However, mapping the potential felt by the muon is not
trivial and to a first approximation the muon potential has been taken to be
harmonic [62, 193] such that the muon quantum description involves studying its
vibrational modes. However, from ab-initio total energy calculations, the muon
potential is known to be very anharmonic.[20, 56, 193, 194]

In this chapter, I describe a stochastic self-consistent harmonic approximation
(SSCHA) that allows to include the e↵ects of anharmonicity in the muon potential
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6.1. Double Born-Oppenheimer approximation

starting from the harmonic approximation following the approach by I. Errea et
al. [195, 196]. This approach has been very successful in treating hydrogen for
calculating thermal expansion and superconducting[197] properties. With this
approach I demonstrate that huge anharmonicity renormalizes the harmonic muon
vibrational modes, as expected of the muon due to its light mass. Also, with the
anharmonicity renormalized muon harmonic vibrations, I included the quantum
corrections and e↵ect of the muon mass on the calculated static muon contact
hyperfine field in metallic systems discussed in the previous chapter.

6.1 Double Born-Oppenheimer approximation

As discussed earlier in Sec. 3.1, the Born-Oppenheimer(BO) approximation allows
to separate the motion of the electrons and the nuclei in view of their large mass
di↵erence, such that one can describe the Hamiltonian for the nuclei with an
e↵ective potential surface that describes the interaction with the electrons. Here,
for the quantum treatment of a single muon impurity in the compound, the Double
Born-Oppenheimer approximation (DBO) [56, 193, 198] is used, such that the
motion of the electron is separated from that of the muon and host nuclei, and
further the motion of the muon is separated from that of the nuclei. The separation
of the motion of the di↵erent particles is justified since the muon is 200 times
heavier than an electron, typically 400 times lighter than a transition metal nucleus
and 143 times lighter than oxygen (care must be taken when considering e.g.
hydrogen, only 9 times heavier than a muon). In the many body problem described
in Chapter 3.1 and Eq. 3.2 there are no coordinates describing explicitly the muon
mass motion, since the charged muon is treated as a charged hydrogen impurity
within the electronic problem. However, I re-write the total Hamiltonian in Eq. 3.2
including the muon kinetic energy as;

Htot = Te + Tµ + TN + V (re, rµ,RN) (6.1)

with subscript µ describing the muon related quantities while e and N describe
those of the electron and nuclei respectively. The Schrödinger equation is;

Htot | toti = Etot | toti (6.2)

With the DBO, the BO wavefunction in Eq. 3.3 can be re-written as a product
wavefunction of the electrons, the muon and the nuclei in the form;

| toti = | ei |�µi |�Ni (6.3)

The Hamiltonian for the electronic problem already discussed in Eq. 3.4 can
be re-written to specifically point out the presence of the muon position operator
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6.2. Stochastic self-consistent harmonic approximation (SSCHA) for muons

as;
He = Te + V (re; rµ,RN) (6.4)

Similar to the BO approximation, only the position operators of the muon and
the nuclei enter in the eigenvalue problem of the electrons. The solution of the
electronic problem gives the BO potential energy surface, V (rµ,RN) dependent on
the muon and the nuclei position operators. Hence, the ground state Hamiltonian
Hµ for the muon can be written as:

Hµ = Tµ + V (rµ;RN) (6.5)

where the muon kinetic energy Tµ is defined as

Tµ =
3X

�=1

p2�
2mµ

with p the momentum operator along the Cartesian component indexes, � while
mµ is the muon mass.

The solution of the Schrödinger equation of the muon Hamiltonian Eq. 6.5 is
not trivial, since the absence of the muon motion leads to the de-localization of
the muon in energy minima positions over large volumes of the shallow total DBO
potential energy surface V (rµ;RN) resulting from the solution of the electronic
problem. However, the DBO approximation is advantageous since it allows to
consider separately only the degrees of freedom relating to the muon, thus under-
standing the true muon motion behaviour. It also saves a lot of computational
e↵ort, time and resources as will be described in the next section.

6.2 Stochastic self-consistent harmonic
approximation (SSCHA) for muons

Before entering into the details of SSCHA let me first illustrate an important con-
sequence of the DBO approximation on this method when applied to the muon. In
solving the electronic problem Eq 6.4, the muon is treated as a hydrogen impurity,
such that within the periodic lattice approach in the DFT calculation, su�ciently
large supercell must be used to avoid the artificial interaction with the muon’s pe-
riodic images. With the increase in the size of the cell, the number of irreducible
modes and minimization components required for the SSCHA method grows. To
reduce drastically the computational resources and time required with the periodic
supercell in the SSCHA, the DBO approach is invoked to treat the muon quantum
nature while limiting the degrees of freedom to only those relating to the muon. In
the SSCHA, restricting the vibrational modes to only those relating to the muon
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6.2. Stochastic self-consistent harmonic approximation (SSCHA) for muons

Figure 6.1: Evolution of the muon frequency (!µ) and those of Fe (nearly static
low frequency lines in red-like colours) during SSCHA minimization for muon in
tetrahedral site of Fe-bcc. The figure depicts the expected strong anharmonicity
e↵ects on the muon frequencies and nearly non-existent anharmonicity e↵ects on
those of Fe, due to the large mass di↵erence of the muon and Fe nuclei. The muon
is ⇡ 490 times lighter.

is justified since the e↵ect of anharmonicity in the vibrations of heavier nuclei in-
cluding those of the 3d elements are largely negligible compared to those of the
muon (see Fig 6.1). In the following description of the SSCHA, the host nuclei
vibrations are kept fixed, such that only the muon vibrations and anharmonicity
on its vibration modes are considered.

To continue with the formal description of the SSCHA for the muon, the muon
Hamiltonian Hµ is simply written as H and the DBO potential energy surface
V (rµ;RN) can basically be described as V (rµ), since the interest is on a potential
for the muon influenced only by changes in the muon coordinates. In the formalism
for the SSCHA, the exact analytical form of the muon potential V (rµ) is not known.

The zero point energy of the exact muon Hamiltonian H is given as:

EH = h�H |H|�Hi (6.6)

where the density matrix is ⇢H =
P

A |�Hi h�H | and
P

A = 1 and |�Hi is the
muon ground state wavefunction.

Calculating EH is far from trivial since the form of the muon potential (Eq. 6.5)
is not known. However, it is possible to establish a quantum variational principle
for the muon ground state energy EH , by replacing the exact muon wavefunction
|�Hi with the wavefunction

��� eH
↵
of a trial muon Hamiltonian eH = Tµ + eV (rµ).
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6.2. Stochastic self-consistent harmonic approximation (SSCHA) for muons

This is such that one can define an energy functional of the trial Hamiltonian as;

eEH [ eH] =
⌦
� eH |H|� eH

↵
(6.7)

The variational form of the muon ground state energy can be written as:

EH  eEH [ eH] (6.8)

such the equality holds when the potentials are the same.
by adding and subtracting Eq. 6.10 to Eq. 6.7, eEH [ eH] can be written in the

form;
eEH [ eH] = E eH +

D
� eH

���(V � eV )
���� eH

E
(6.9)

while the energy resulting from the analytic trial Hamiltonian eH can be written
as;

E eH =
D
� eH

��� eH
���� eH

E
(6.10)

The above definitions allow to formulate a variational principle following the
Gibbs-Bogoliubov inequality theorem [199] at zero temperature, similar to the
Rayleigh-Ritz inequality[200].

The probability density ⇢ eH is defined as;

⇢(rµ) eH =
⌦
rµ
��⇢ eH

�� rµ
↵
=
��� eH(rµ)

��2 (6.11)

Provided the probability density for the system to be in the muon position
rµ can be calculated, an observable A dependent only on rµ can be averaged

statistically within the form of the corresponding Hamiltonian eH as;

hAi eH =

Z
drµA(rµ)⇢(rµ) eH (6.12)

Then the muon energy in Eq. 6.9 can be evaluated as;

eEH [ eH] = E eH +

Z
drµ⇢ eH(rµ)(V (rµ)� eV (rµ)) (6.13)

With the above form of eEH [ eH], the muon energy can be evaluated at each step
during the minimization and one can directly see that the equality in the form of
the variation in Eq. 6.8 holds if V = eV . Hence, with the variational principle, the
ground state potential V (rµ) of the muon is determined if the potential eV (rµ) that

minimizes eEH [ eH] is found.
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6.2.1. Initial harmonic potential

6.2.1 Initial harmonic potential

The starting trial potential for the muon in the variation is the harmonic potential.
This allows to study the vibrational modes of the muon and also feasible to allow
the renormalization of these vibrational modes by anharmonicity. The resulting
potential is therefore an e↵ective harmonic potential producing a ground state
muon wave function that approximates well that of the true anharmonic potential.
With this choice we exploit the fact that the ground state wave function is trivial to
write. Another justification for this choice of potential is that, with the harmonic
potential, it is easier and straightforward to describe the probability density of
the muon in the potential and express it in terms of the muon position, phonon
frequencies and the polarization vector. Thus, as the minimum potential is found,
the resulting muon vibrational modes and in turn the ground state energy are
those renormalized by anharmonicity.

The initial muon harmonic Hamiltonian is of the form;

eH =
3X

�=1

p2�
2mµ

+
1

2

3X

�⌫

K�⌫(rµ � reqµ )�(rµ � reqµ )⌫ (6.14)

where � and ⌫ are Cartesian component indexes, reqµ is the muon equilibrium
position, mµ is the mass of the muon and K�⌫ is the muon 3 ⇥ 3 force constant
matrix. The dynamical matrix K�⌫/mµ can be constructed and diagonalized as;

3X

⌫=1

K�⌫

mµ
✏⌫
i eH = !2

i eH✏
�
i eH (6.15)

where i is the index of each of the orthogonal modes, ✏⌫
i eH is the polarization

vector and !i eH is the muon vibration frequency corresponding to the trial Hamil-

tonian eH for each mode.
It is straightforward to demonstrate the solution of the Schrödinger equation

with the muon Hamiltonian of Eq 6.14 and the probability density of the harmonic
oscillator at the muon position rµ can then be written as:

⇢(rµ) eH =

0

BB@
1

⇡3
3Q

i=1
�2
i eH

1

CCA

1
2

exp

 
�

3X

�⌫i

✏�
i eH✏

⌫
i eH

�2
i eH

(rµ � reqµ )�(rµ � reqµ )⌫
!

(6.16)

where �i eH is the normal length for each of the mode i is given as:

�i eH =

s
~

mµ!i eH
(6.17)
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If the probability density is defined, with the quantum statistical averaging
already defined in Eq. 6.12, the ground state energy of the muon’s initial harmonic
Hamiltonian can be calculated as;

E eH =
3X

i=1

1

2
~!i eH (6.18)

6.2.2 Energy minimization and stochastic
implementation

From the variational principle already discussed above, the ground state muon
energy is achieved by a conjugate gradient (CG) minimization algorithm [201]
when;

EH = min
K
eEH [ eH] (6.19)

where the force constant matrix K is directly proportional to the muon fre-
quency (see Eq. 6.15), that the muon frequency that minimizes the energy is the
muon ground state frequency renormalized by anharmonicity.

If the equilibrium implantation site of the muon reqµ is known and also remain
fixed by symmetry, for example muons that occupy symmetrical octahedral and
tetrahedral interstitial positions, minimizing eEH [ eH] with respect to the trial po-
tential eV is similar to minimizing with respect to the force constant matrix K�⌫ .
Hence, the muon energy is minimized with respect to the force constant matrix.
For the muon in a high symmetry position, the force constant matrix is a 3 x 3
Hermitian matrix, and the only non-zero elements are the diagonal elements of the
matrix. If the equilibrium position of the muon is not precisely known and perhaps
not at a high symmetry position, the the muon energy can also be minimized with
respect to the muon position, such that the rµ and K�⌫ that minimizes eEH [ eH] are
those of the ground state [196]. Minimization with respect to rµ is beyond the
scope of this work, since the area of consideration for this work is on materials
where there is su�cient knowledge of the equilibrium muon implantation site.

A very important quantity required for the CG minimization is the gradient of
the energy rK

eEH [ eH] with respect to the force constant K. The gradient can be
obtained by the chain rule as partial derivatives with respect to the mode length
�i and polarization vector ✏i (see Eqs. 6.15 and 6.17) :

rK
eEH [ eH] =

X

i

@ eEH [ eH]

@�i eH
rK�i eH +

X

i�

@ eEH [ eH]

✏�
i eH

rK✏
�
i eH (6.20)
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with the analytic form written as [196]:

rK
eEH [ eH] =�

X

i�⌫

r
mµ

2

�
✏�
i eHrK�i eH +rK✏

�
i eH

�
✏⌫
i eH⇥

Z
drµ[f

�(rµ)� f �eH(rµ)](rµ � reqµ )⌫⇢ eH(rµ)

(6.21)

where f �(rµ) is the muon force component in the direction of the Cartesian indexes

� for all muon positions rµ and f �eH(rµ) are the forces obtained with the eV potential.
In the minimization of the initial harmonic Hamiltonian, the symmetry of the

system is preserved. It is assumed that the anharmonic ground state Hamiltonian
of the muon has the same symmetry as the harmonic one, such that the anharmonic
Hamiltonian obeys and performs operations with the symmetry of the harmonic
ones.[196]

In principle, solutions to higher order (order > 3) terms in the anharmonic
coe�cients are computationally expensive and complicated to calculate. [202–204]
Also, they are overly computationally heavy when a large cell supercell is con-
sidered. Instead, the approach to include anharmonicity e↵ects involves evaluat-
ing the integral in Eq. 6.12 stochastically by statistically averaging over a num-
ber of ionic configurations chosen by importance sampling technique[205] and re-
weighting technique if required. The advantage of this approach is that it makes
use of the known analytic form of ⇢ eH(rµ).

From importance sampling, for an operator A that depends on the atomic po-
sition, its quantum statistical average can be calculated by averaging the operator
over su�ciently large number of configurations, Nc. Thus, the statistical average
Eq. 6.12 is performed stochastically over Nc random configuration in the form:

Z
drµA(rµ)⇢(rµ) eH0

' 1

Nc

NcX

n=1

A(rnµ) ⌘ hAi eH0
(6.22)

The Nc random muon configurations are generated by making use of random
numbers {⇠in}n=1,...,Nc

created with the Gaussian distribution of ⇢ eH(rµ) and re-
scaled by the corresponding normal length modes �i eH⇠in and polarization vector
✏�
i eH . As already discussed, the host nuclei are kept fixed and the random muon
position configurations are then generated with the following distribution;

(rnµ)
� = (reqµ )� +

3X

i=1

1p
2
✏�
i eH�i eH⇠in (6.23)

For each of the Nc configuration, the forces on the muon f(rµ) and the BO en-

ergy eV due to the muon displacement are calculated, these are used for the stochas-
tic statistical averaging while evaluating the gradient (See Eqs. 6.21 and 6.22 ).
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6.2.3. Self-consistent cycle

The forces and energy are calculated outside the SSCHA with any of the ab initio
methods including DFT[27] and Hartree-Fock[24–26] methods.

Calculation of the forces and energy for the Nc configuration accounts for the
computationally expensive part in the SSCHA minimization cycle. After the first
step in the CG minimization, these expensive force and energy calculations are
circumvented by a reweighing procedure at each step for j > 0 in the minimization
cycle, considering that hundreds of step are required before the minimum is found.
The reweighing procedure involves multiplying the importance sampled integral
Eq. 6.22 at each step j by a factor }(rnµ) defined as:

}(rnµ) =
⇢ eHj

(rnµ)

⇢ eHo
(rnµ)

(6.24)

such that for each step j in the CG minimization, the muon energy eEH( eH) and
the energy gradient rK

eEH( eH) are averaged statistically by importance sampling
and reweighing techniques as:

Z
drµA(rµ)⇢(rµ) eHj

' 1

Nc

NcX

n=1

A(rnµ)}(r
n
µ) ⌘ hAi eHj

(6.25)

If j = 0, }(rnµ) = 1. Eq. 6.25 has real e↵ects only for j > 0. The operator A

represents the quantity being evaluated, which is either the muon energy eEH( eH)
or the energy gradient rK

eEH( eH).
The use of the stochastic approach allows to evaluate the stochastic error on

the quantities of interest. The error also gives information on the su�ciency of
the number of configuration Nc used in the calculation. The choice of Nc should
be such that the numerical noise is almost non-existent i.e the statistical error
vanishes. For Eq. 6.25 the statistical error � hAi eHj

is ;

� hAi eHj
= � 1p

Nc

p
s2 (6.26)

where the variance s2 can be written as;

s2 =
1

Nc � 1

NcX

n=1

(A(rnµ)� hAiNc
)2 (6.27)

6.2.3 Self-consistent cycle

In the minimization process there are two stopping criteria that must be satisfied
to achieve the minimum muon energy.
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6.2.3. Self-consistent cycle

a.) In the first criterion the minimization is aborted without finding the min-
imum. It involves the failure of the reweighing procedure for the forces and BO
energy needed for the stochastic averaging at each minimization step j. In this
criteria a threshold, ⌧1 is set such that for the minimization to continue;

����1�
⌧⇢ eHj

⇢ eHo

����� < ⌧1 (6.28)

This condition ensures that the reweighed forces and energies of Nc muon
configuration at the first minimization step used in stochastic averaging of eEH [ eHk]
and rK

eEH [ eHk] are su�cient to accurately calculate them. Small values of ⌧1

between 0.2 to 0.3 were used to enforce that
D ⇢ eHj

⇢ eHo

E
does not significantly deviate

from 1. When the condition (Eq. 6.28) is not obeyed, that is the value on the
left-hand side is above the threshold ⌧1 , the minimization is stopped indicating
that the number of random configuration, Nc used for the stochastic averaging is
not su�cient. At this point one restarts the minimization, while regenerating a
larger number of random configuration preferably using the potential (dynamical
matrices) before the previous minimization step j�1 that failed owing to the above
stopping criteria. This allows to speed-up the minimization and reach convergence
in fewer iterations.

b.) The second criterion indicates the end of the minimization, such that the
potential(dynamical matrix) that minimizes the muon ground state energy has
been found. The minimization should in principle continue until the gradient of
the free energy vanishes. Here, a threshold ⌧2 is set for the gradient of the muon
energy rK

eEH [ eH] such that;
���rK

eEH [ eHj]
���  ⌧2 (6.29)

where the value of ⌧2 should be close to zero and also preserve numerical sta-
bility. In this work values of the order 10�4 in Hartree atomic units were used.

When the minimum has been found i.e the condition in Eq. 6.19 is obeyed, the
resulting dynamical matrix and thus muon frequency has been renormalized by
anharmonicity. The resulting frequency is an e↵ective vibrational frequency !eff

i

that the muon ground state energy EH can be written as:

EH =
3X

i=1

1

2
~!eff

i (6.30)

A flowchart that describes the minimization cycle of the SSCHA method is
presented in Fig. 6.2. The SSCHA results in renormalizing the muon harmonic
vibrational modes by anharmonicity. Basically, this is achieved by minimizing the
harmonic potential by a CG minimization technique with respect to the vibrational
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6.2.3. Self-consistent cycle

frequencies, such that by stochastic statistical averaging of the minimization gra-
dient with random forces acting on the muon in the compound,the anharmonicity
of the muon potential is incorporated in the minimization.

Figure 6.2: Flowchart describing the cycle for the stochastic self-consistent
harmonic approximation for evaluating the muon zero point vibration. The charts
on sky blue are only the part of the method contained in the SSCHA code.
The solution of the initial trial harmonic Hamiltonian and the force calculation
(chart in pink) are carried out outside the code by other ab initio methods and
constitute the time consuming part of SSCHA with more computational resource
requirements.
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6.3. E↵ective muon frequencies

6.3 E↵ective muon frequencies

With the SSCHA described above, the zero point energy of the muon is calculated
for same set of metallic systems (Fe, Co, Ni, MnSi, MnGe) for which the static
muon contact hyperfine field was calculated in the previous chapter (Chapter 5).
The already calculated static hyperfine fields do not include the e↵ect of the muon
zero point motion which is principally realized by averaging over the spreading of
the muon wavefunction. In this section, the SSCHA approach is used to describe
the zero point motion of the muon and form of the muon wavefunction in each of
these magnetic materials.

(a) (b)

Figure 6.3: (a) Evolution of the muon frequency during the SSCHAminimization
(b) Evolution of muon energy as in Eq. 6.13 during the SSCHA minimization. In
both figures the starting point for the minimization step number = 0 is that of the
initial trial harmonic Hamiltonian

The muon dynamical matrix of the trial starting harmonic Hamiltonian were
calculated by the finite di↵erence method [206, 207]. With the finite di↵erence
approach, it is easier to consider only the muon modes and also the resulting
muon dynamical matrix compares well with those calculated by the linear response
approach[208, 209] provided the displacement is along same direction. Only the
frequency mode corresponding to the muon has been considered since, strong an-
harmonicity e↵ects are observed only for the muons and the frequency of the host
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6.3. E↵ective muon frequencies

Table 6.1: Anharmonic renormalized e↵ective muon harmonic frequencies !i

for di↵erent mode direction i, the corresponding muon energy E0 and the muon
energy with a pure harmonic approximation eE0.

Host metals !x (cm�1) !y (cm�1) !z (cm�1) E0(eV) eE0 (eV)

Fe - bcc a 2572.58 4769.08 5088.37 0.77 0.68
Fe - bcc b 2011.64 2011.64 6358.46 0.64 - c

Co - hcp 3741.10 3741.10 3476.24 0.68 0.53
Co - fcc 3424.16 3424.16 3424.16 0.64 0.49
Ni - fcc 3317.78 3317.78 3317.78 0.62 0.44
MnGe 3470.29 3470.29 3470.29 0.65 0.58
MnSi 3685.25 3685.25 3685.25 0.69 0.61
a Here muon is at the tetrahedral site
b Here muon is at the octahedral site
c The muon is not stable at the octahedral site within the harmonic
regime.

nuclei remains negligibly unchanged by anharmonicity (see Fig. 6.1 for muons in
Fe). SSCHA minimization with only the muon modes simplifies the whole process
considering that a suitably large cell has been used in the calculation to incorporate
the convergence of the muon impurity induced e↵ects.

For the minimization and the stochastic averaging (see Eq 6.22) implemented
within the SSCHA, to ensure that the muon energy gradient vanishes, hundreds of
random configurations where generated for the muon while keeping the host atoms
fixed. For these configurations, the Hellmann-Feynman forces[210] and energy were
calculated with DFT1 as contained in the Quantum ESPRESSO suite of code
[46]. The evolution of the muon frequencies in these materials during the SSCHA
minimization Fig. 6.3a, show that the muon frequencies are strongly renormalized
by anharmonicity. The stochastic implementation ensures that the e↵ect of the
muon vibrations, the e↵ect of the chemical environment around the muon and
anharmonic contributions to the forces acting on the muon are all incorporated in
the muon’s ground state minimum.

The muon zero point energy for the di↵erent materials were calculated from
Eq. 6.30 and shown in Fig. 6.30 with the anharmonicity renormalized frequency
used as an e↵ective frequency !eff

µ in the harmonic regime. The e↵ect of the
anharmonicity in this e↵ective approximation is a change in the spreading of the

1The DFT computational details for a muon in a supercell of Fe, Ni, Co, MnGe and MnSi
are the same as described in Sec. 5.1 of the previous chapter except for the supercell size of the
elemental metals used in the force calculation. A 2⇥ 2⇥ 2 cell was used for Fe and 3⇥ 3⇥ 3 cell
for Ni and Co.

94



6.4. Quantum corrections on muon contact hyperfine field

muon’s wavefunction. The calculated zero point vibrations with the anharmonicity
renormalized frequency along the direction of mode displacement are reported in
Table 6.1 and compared to the harmonic ones.

6.3.1 Tetrahedral and octahedral muon site in Fe

Conflicting experimental and theoretical reports attribute the Fe muon site to
either the tetrahedral (T) or to the octahedral (O) site. From the point of view
of the total DFT energy, the T site is 0.184 eV lower that the O site. This would
indicate that the T site is the stable one, although the small di↵erence doesn’t
exclude that both may be populated.

Phonon calculations using density functional perturbation theory provide fur-
ther insight on the stability of the two candidate sites: unphysical negative fre-
quencies generally signal an instability. This is the case for the muon at the O site,
as opposed to those of the T site, always positive. The harmonic approximation
then appears to indicate instability of the muon at the O site.

However, the anharmonic e↵ects, fully captured by the SSCHA method, yield
positive frequencies also for the O site, indicating the instability as an artifact
of the harmonic approximation. The calculated SSCHA values are reported in
Table 6.1 for all studied metals and in particular for the two muon candidate sites
in Fe. All of them are positive. Therefore both sites for the muon appear to be
stable when anharmonicity in the muon vibration is fully taken into account. This
is an important result of the SSCHA treatment.

Coming back to the problem of which candidate site is occupied in Fe, since
both T and O turn out to be stable with SSCHA, the only subtle di↵erence between
them is the total energy of the DFT calculation, that favours the T site, but is not
large enough to guarantee that the O site should be excluded.

6.4 Quantum corrections on muon contact
hyperfine field

The light muon mass e↵ect is included in the contact field by considering the extent
of the spread of its wavefunction in the host metal, such that the magnitude of the
muon-motion-averaged contact field is smaller than the static contact field at the
muon geometrical interstitial center. This explains the systematic overestimation
of the calculated static contact hyperfine field (see Table. 6.2 and Fig 6.5)

The quantum e↵ects of the muon vibration were calculated by averaging with
the e↵ective harmonic muon wavefunction the static contact hyperfine field of the
muon randomly displaced along the muon frequency mode direction within the
normal length �i Eq. 6.17 (see Eq. 6.23). The muon averaging is given as; [62]
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6.4. Quantum corrections on muon contact hyperfine field

Figure 6.4: 100 random position generated using Eq. 6.23 for the muon at
octahedral site in Co-fcc unit cell. The geometrical octahedral center is depicted
by the pink sphere, while the small dark spheres represents the di↵erent muon
positions where the muon static contact hyperfine fieldBc(rµ) where also calculated
for averaging the e↵ects of the muon motion.

hBci =
R
r2µdrµ |�(rµ)|

2 Bc(rµ)R
r2µdrµ |�(rµ)|

2 (6.31)

The probability density |�(rµ)|2 for a quantum oscillator describing the muon is
defined in Eq. 6.16, with the muon wavefunction spreading already renormalized by
anharmonicity. To ensure a three dimensional averaging of Bc(rµ), the integration
was weighted by r2µ. However, it is important to note that even though the points
used for the averaging are random as shown in Fig. 6.4, the averaging method
is su�cient for such random configurations. Su�cient number of configurations
were sampled considering the extent of the wavefunction spreading for each of the
compound considered.

Bc(rµ) is the static contact field calculated at the muon position rµ. The in-
tegral in Eq 6.31 was achieved for each of the metals by averaging over Bc(rµ)
calculated on a number (hundreds) of muon configuration randomly displaced o↵
the muon equilibrium position reqµ (see Fig. 6.4). The various muon configurations
were sampled following the description in Eq. 6.23. These random muon config-
uration are the same configurations used for the muon total energy minimization
within the SSCHA method. Since the positions are displaced while considering
the muon modes, the maximum displacement of any of the random muon position
is within the vibration amplitude of the muon. The amplitude of vibration is of
the order of 1 Bohr radius.

The calculated static Bc(rµ) and averaged hBci contact field are listed and
compared to the experimental value in Table 6.2 and Fig. 6.5. From the results,
the averaged contact fields are in better agreement with the experimentally ob-
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Table 6.2: Calculated static contact hyperfine field at the muon Bc(rµ) , Bc

averaged over the spreading of the muon wavefunction hBci and experimental
values Bexp

c

Host metals Bc(rµ) [T] hBci [T] Exp
Fe-bcc -1.25 -1.09 -1.11 [175]
Co-hcp -0.79 -0.64 -0.61 [176]
Co-fcc -0.73 -0.69 -0.58 [161]
Ni-fcc -0.15 -0.14 -0.071 [177]
MnGe -1.14 - 1.02 -1.08 [58]
MnSi -0.22 - 0.19 -0.207 [57]

Here muon is at the tetrahedral site

Figure 6.5: Static contact hyperfine field Bc(rµ) at the muon implantation
position rµ, the muon contact field averaged over the muon wavefunction spreading,
hBci and experimentally observed contact field Exp

served values than those of the static contact field. This indicates the influence
of the muon wavefunction spreading on its interaction with the electrons in the
host compound. However, even though the muon has a large zero-point vibration
energy, the e↵ect of the muon motion when averaged on the contact field is not
large. In earlier calculations[20, 161, 162], the large deviation of the spin densities
and in turn the contact field were explained with the absence of the large muon
zero-point motion e↵ects. We however point out that this is not the case, even
though we don’t rule out entirely the e↵ects of the zero point vibration, large por-
tion of the deviation on their results is due to an incomplete representation of the
density of the system by the electronic structure theory method they used.
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6.5 Conclusion

The absence of the muon motion e↵ects in DFT calculations for muons is a ma-
jor challenge that has limited the accuracy in the prediction of calculated muon
properties including the hyperfine fields and its site of implantation in the lattice.
The stochastic self consistent harmonic approximation described in this chapter
allowed an improvement with respect to the harmonic approximation already used
for treating of the muon quantum e↵ects. Indeed the anharmonic contributions to
the muon potential is incorporated by considering the anharmonicity in the forces
acting on the muon in the lattice instead of the cumbersome outright calculation
of the higher order anharmonic coe�cients. In principle, the code runs in minutes
on personal computers, however huge computational resources goes into the com-
putation of total-energy and forces of the large number of ionic configuration used
in the muon total energy calculation. The reweighing technique approach to avoid
the force calculation for each minimization step has been discussed.

The method has been used to describe the muon potential and zero-point mo-
tion energy in the elemental metals Fe, Co, Ni and the material of current interest
of MnSi and MnGe. The e↵ects of the muon zero-point motion was incorporated
in the calculation of the muon contact hyperfine field in these materials by av-
eraging over the spreading of the muon wavefunction. The SSCHA method for
the muons, show strong anharmonic renormalization of the harmonic muon poten-
tial in orders of 0.08 - 0.18 eV for the materials considered in this chapter. The
stochastic implementation ensures that the e↵ect of the muon vibrations and the
e↵ect of the chemical environment around the muon are all incorporated in the
muon’s ground state minimum. The calculated zero-point energy of the muon,
even though large constitutes small relaxations in the averaging of the calculated
contact field. Nevertheless, the calculated hyperfine fields including the e↵ects of
the muon wavefunction spreading compares better with experimentally observed
values than the static hyperfine fields.
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7

Hydrogen defect states and muon
hyperfine coupling in MnO and NiO

This chapter includes discussion on DFT+U studies of the hydrogen defect sites
and their e↵ects on the electrical conductivity properties of transition metal mono-
oxides(TMMO) of MnO and NiO. Also, this chapter includes the studies of the
muon implantation site in these materials and confirmation of the spin moment
alignment direction in the antiferromagnetically (AF) ordered samples by dipolar
field calculations.

MnO and NiO are wide band gap insulators of the unfilled 3d manifold, whose
electronic and optical properties have been widely studied because of the inter-
esting properties they possess and possible application in optical computing due
to their large optical response. [211] Interest in these materials is also motivated
because of the failure of the conventional band theory within DFT to correctly
describe the insulating band behaviour. Correct description of electron correla-
tion is not well represented within the conventional DFT. The band width of the
3d electrons is smaller than the Coulomb energy U acting among electrons, giv-
ing rise to the correlation between the electrons and accounting for the band gap
opening at the Fermi energy. In order to retrieve correctly these features within
DFT, strong electron correlation must be treated by incorporating the Hubbard
U corrections, as described in Sec. 3.3. The standard correlated systems were the
DFT+U approach has been benchmarked are mostly those of the TMMO including
NiO and MnO [36, 37, 212, 213]. This approach has also been implemented in the
calculation of the optical spectra and dielectric function of MnO, NiO, CoO, and
FeO. [214] Thus, calculation details including the values of U used for calculations
presented in this chapter were adopted from previous studies [213].

In early years the transport properties of TMMO were widely studied to estab-
lish their insulating behaviour. The influence of vacancies and interstitial defects
on their transport and optical properties were also highlighted. Neutron di↵rac-
tion measurements and theoretical studies show that these vacancy and interstitial
defects in TMMO exist mostly in clusters rather than isolated in the lattice except
for NiO. [211, 215–221] The defects were reported to have induced the rerrange-
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ment of the magnetic moment and oxidation states of the cations in the vicinity
of the defects in the magnetic TMMO due to the perturbation of the magnetic
exchange interaction/superexchange of the neighbour cation sites as observed in
FeO. [215] Cation vacancies give rise to p-type conduction, [219] and modify other
thermodynamic properties [222]. Modifications are reported also by neutral oxy-
gen vacancies in TM dioxides. [223] Further surface studies on the TMMO and
possible applications in solar energy has also been studied by DFT+U [224] to-
gether with defect e↵ects in the surfaces of these oxides.[225] Also surface studies
on Fe2O3, Cr2O3, V2O3 has been reported [226, 227]. Point defects including
mostly the vacancy defects and self interstitial defects have been studied in NiO
and MnO. However, the defect properties on the band gap of light mass interstitials
like hydrogen have not been reported.

In sample growth and preparation, hydrogen can be incorporated unintention-
ally from sample interaction with the environment, hence the need to understand
the e↵ects of hydrogen defects. Also, another motivation for the study of the light
impurity defect in NiO and MnO includes: the various reports of the emergence
of hydrogen induced donor and acceptor states in the band gap, and modification
of the 3d and 2p bands by the hydrogen defects. Hydrogen defect is important for
its influence on transport properties in a wide range of semiconductors and insu-
lators: hydrogen induces acceptor level (0/-) states in Si, GaAs, ZnSe, ZnTe and
ZnS [8, 228, 229], donor level (+/0) states in CdTe, CdS, CdSe and ZnO [54, 230–
232] and amphoteric defect levels in Y2O3 and Lu2O3 [52, 233–235]. Hydrogen in
ZnO forms a shallow donor state, a fact demonstrated by the observed muon rad-
ical state. Instead, in the semiconducting oxide TiO2,[236] the e↵ect of hydrogen
defect is to change the band edges at the Fermi level.

Measurements and characterization of hydrogen defects in samples are not triv-
ial since they require high sensitivity. However, since the muon can be regarded
as a pseudo isotope of hydrogen, µSR is used to study hydrogen defects in various
semiconducting and insulating materials. The muon can exist in insulators as a
diamagnetic muon that is chemically bound to one of the host atoms in particular
the anions e.g oxygen and as a paramagnetic muonium atom, i.e when it is bound
to an electron to form muonium (µ+e�). [8, 237] A non-exhaustive list of materials
where µSR has been used to characterize hydrogen defects include; Si, where muo-
nium forms a bond at the centre between two Si atoms with intermediate properties
on electron binding energy and hyperfine interaction [8, 228], ZnO and cadmium
chalcogenides (eg. CdS) [232] where they form shallow bound donor states and are
sources of n-type conductivity [54, 230, 231]. Also, muonium has been observed
in magnetic MnF2 ([1] and references there in), TiO2 [238], Lu2O3 [235]. Muons
most often form diamagnetic states in inorganic insulators. Muonium radicals
are usually found in organic unsaturated compounds (they form breaking double
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and triple bonds). They are much less frequent in inorganic materials and can
be found for instance in quite a number of insulators. The use of muonium as
hydrogen proxy for the study of conducting behaviour in semiconductors has been
reviewed in Ref. [8].

In this chapter, using DFT+U, I study both the neutral and charged hydrogen
defect sites and their e↵ects on the band gap of MnO and NiO, together with
the stability of these defect states by considering the formation energies. Also, I
further discuss the muon implantation site in these materials together with the
magnetic moment alignment direction by dipolar summation and comparison with
the already reported µSR measured muon precession frequency in MnO [22] and
NiO [239].

7.1 Structural and computational details

The hydrogen defects in MnO and NiO were studied using plane-wave DFT+U
with the GGA approximation for the exchange correlation functional, while the
PAW formalism was used for the pseudopotentials. U values of 5.25 eV and 5.77
eV for the 3dMn and Ni ions respectively, were adopted following Ref. [213]. These
values of U have been demonstrated to reproduce well the electronic structure and
insulating character of MnO and NiO. In this case, I will show that the use of the
DFT+U is necessary for the correct identification of the muon site in the structural
relaxations.

(a) (b)

Figure 7.1: All plots are along the b axis (a) 2⇥2⇥2 supercell structure of MnO.
Red spheres are the oxygen atom while the ash spheres represents Mn atoms.
The structure of NiO is same with Ni occupying the Mn positions (b) Supercell
showing the AF ordering of the Mn ions (same for Ni in NiO). For clarity the O
atoms are not shown. The AF order consists of ferromagnetic sheets along the
(111) direction, with opposite moment alignment of the nearest neighbour sheets
(shown in di↵erent sphere colours). Figures were plotted with VESTA.[67]
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The paramagnetic phase of MnO and NiO are of the rocksalt structure [240,
241] with the Fm3m crystal symmetry, where each atom has six nearest neigh-
bour forming an octahedron. At the ground state, both compounds are ordered
antiferromagnetically, where magnetic moments (see Fig. 7.1b) are ferromagnetic
within 111 planes, lie within that plane and are aligned in opposite direction in
adjacent planes. [240–242] To accomodate the magnetic structure and defects in
the lattice, a 2⇥2⇥2, 64 atom supercell with lattice parameters of 8.8630 Å and
8.3408 Å [241] were used for MnO and NiO respectively.

The electronic structure and stability of the magnetic structure in MnO have
been studied theoretically in Ref. [243] where the AF ordering as shown in Fig. 7.1b
was confirmed to be the most stable in agreement with experimental results.[240]
The magnetic structures of TMMO have been observed with neutron di↵raction
measurements to be slightly distorted by magnetostriction from the perfect cubic
structure with an elongation of the cell along the edge of the (111) direction into
a rhombohedral structure [240]. This distortion has also been observed in DFT
calculations. [244] These slight distortions were neglected in the calculations with
the cell volume kept fixed, assuming that they have negligible e↵ect on the elec-
tronic and magnetic properties. Also, it was assumed that the hydrogen interstitial
defects do not alter the magnetic ordering of the TMMO systems. This was later
confirmed by the resulting total magnetization from the structural relaxations with
the impurity. In the calculations, the AF order described above was used within
a collinear spin formalism.

A 4⇥4⇥4 Monkhorst-pack grid was used for the Brillouin zone sampling of the
2⇥2⇥2 supercell. For the structural optimization and relaxations, the energy and
forces were relaxed till threshold of 10�4 Ry and 10�3 Ry/a.u respectively.

7.2 Hydrogen sites and band gap defect levels

In order to study the e↵ects of point hydrogen defect on the band behaviour
of MnO and NiO, all the possible charged states of hydrogen have been consid-
ered: the positively charged (H+ ), neutral (H0), and the negatively charged (H�)
states. The allowed hydrogen charged states in the considered TMMO can be
understood by studying the site of localization and stability of the resulting sites.
With DFT+U, force and energy relaxations of the MnO and NiO supercell con-
taining the di↵erent charged hydrogen state impurity were performed. The initial
trial positions are those from the uniform grid that spans the whole cell, while for
H+ and H� impurity, the supercells were kept positively and negatively charged
respectively.

The structural relaxations result in several local minima energy sites for each
of the hydrogen charged states. By clustering the resulting H sites considering
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7.2. Hydrogen sites and band gap defect levels

A - H+ a B - H+ C - H+ 2A - H0 2B - H0 3A - H�

MnO
0.0 eV 0.22 eV 1.53 eV 14.44 eV 14.54 eV 27.77 eV

NiO
0.0 eV 0.21 eV 1.0 eV 12.57 eV 14.05 eV 27.14 eV

a A represents the site label, while H+ indicates the charged state of the hydrogen
impurity

Figure 7.2: Localiztion sites of the hydrogen impurity for di↵erent charged states
H+, H0 and H� shown with bonds to their near neighbour host atoms. A, B, C
represents site labels for each charged state. The hydrogen atoms are represented
with the pink spheres, oxygen the red spheres and Mn the violet and Ni the ash
spheres. The energy in eV are the DFT total energy with respect to the structure
with the lowest energy for MnO and NiO. E↵ects of the ionic distortion in the
vicinity of the H impurity are not shown in the images. Figures were plotted with
VESTA.[67]

the positions and total DFT energies, 3 di↵erent energy minima positions were
found for H+, 2 for H0 and 1 for H� in both MnO and NiO. Fig. 7.2 shows the
resulting hydrogen sites with the bonds they make with neighbour ions together
with their di↵erent DFT energies in eV relative to the site with the lowest energy
for each sample. Large di↵erences in DFT energy among the positive and negative
or positive and neutral defect is due to the di↵erences in the number of electrons.
However the energy di↵erences reported is just a way of showing the DFT energies.

As shown in Fig. 7.2, there are di↵erent types of bond formation which include:
an oxygen-hydrogen (O-H) bond, an oxygen-hydrogen-oxygen (O-H-O) bond and
a Ni-H-O bond. Also, a body center interstitial position was recovered in both
MnO and NiO. For the H0 impurity, the minimum energy site is the site with the
O-H0 bond in MnO, while the Ni-H0-O is the lowest for NiO. In both MnO and
NiO the O-H site are the lowest energy sites for the positively charged states with
O-H bond length between 0.96 and 0.98 Å. The resulting localization site for the
H� in NiO has an O-H bond of 0.7 Å, this is surprisingly small.

The study of the charged hydrogen impurity localization sites shows that cor-
rect description of the ground state band structure and gap opening are essential.
The conventional DFT treats the insulating TMMO as metals because of incorrect
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7.2. Hydrogen sites and band gap defect levels

(a) (b)

(c) (d)

(e)

Figure 7.3: The projected density of states (PDOS) on each of the atomic orbital
of (a) MnO (b) MnO with H+ impurity (c) MnO with H0 impurity (d) MnO with
H� impurity (e) MnO with H+ impurity at Mn vacancy site. The Fermi energy
has been scaled to 0 eV. The insets are of the projection on the hydrogen orbital,
showing its behaviour in the vicinity of the band gap.
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(a) (b)

(c) (d)

(e)

Figure 7.4: The projected density of states (PDOS) on each of the atomic orbital
of (a) NiO (b) NiO with H+ impurity (c) NiO with H0 impurity (d) NiO with H�

impurity (e) NiO with H+ impurity at Mn vacancy site. The Fermi energy has
been scaled to 0 eV. The insets are of the projection on the hydrogen orbital,
showing its behaviour in the vicinity of the band gap.
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7.3. Stability of defect states

description of electron correlation. Thus, most of the local minima sites shown in
Fig. 7.2 were not found with the standard DFT. For example the O-H-O site was
not found as a minimum energy site and also the O-H site was uncovered with
bond lengths of 0.5 Å, very small to allow localization of the O and H atoms
considering the atomic radius.

Furthermore, since earlier studies on TMMO have reported possibilities of
cation vacancy complexes, calculations for the charged hydrogen interstitial at
a Mn2+ or Ni2+ vacancy site were performed. Even though, these impurities in-
troduce the defect levels in the band gap (See Fig. 7.3e and 7.4e), they have
large formation energies when compared to other void interstitial hydrogen states.
Hence, the emphasis in this study is on the interstitial hydrogen states.

Figs. 7.3 and 7.4 show the plot of the projected density of states (PDOS) for
each of the atomic orbitals in MnO and NiO for the lowest energy structure for
each of the charged states. The gaps (Figs. 7.3c and 7.3d) obtained by DFT+U in
MnO and NiO are consistent with previous studies [243, 245, 246] and the insets
zooms in the gap region to highlight possible hydrogen related in-gap states.The
neutral and negatively charged hydrogen defects introduce localized defect levels
in the band gap for MnO (Figs. 7.3c and 7.3d). This is also the case for the H+

impurity at an Mn vacancy site, Fig. 7.3e. However, for NiO the e↵ect of the
negatively charge hydrogen defect is to shift closer to the Fermi level the valence
band maximum (VBM) and conduction band minimum (CBM) ( see Fig. 7.4d)
while the neutral charged and H+ at Ni vacancy site introduce defect levels at
the band gap (see Figs. 7.4c and 7.4e). The observed emergence of hydrogen
states in the band gap is expected to provide mechanism for enhancing electrical
conductivity and optical properties of the wide band gap insulators, MnO and
NiO.

7.3 Stability of defect states

The stability of the hydrogen defect states is studied by calculating the forma-
tion energies and understanding the behaviour in the band gap. The formation
energy Efm for each of the defect states in the supercell is evaluated using the
relation [247];

Efm = E(Hq)� E(bulk)� 1

2
E(H2) + q(EF + EV BM) (7.1)

where E(Hq) and E(bulk) are the DFT total energy of the supercell with the
hydrogen q charged defect and bulk supercell respectively. E(H2) is the energy of
hydrogen molecule at T= 0 [248], this is used as the reference energy for hydrogen.
Ef is the Fermi energy referenced to the valence band maximum (VBM). The
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electrostatic correction on the formation energy due to the use of compensating
charge to avoid the divergence of the systems electrostatic energy when a charged
supercell is considered, is neglected. The supercell used was considered to be large
enough, such that this correction vanishes and can be neglected.

(a) (b)

Figure 7.5: Formation energy of di↵erent charged states vs Fermi Energy refer-
enced to the VBM for (a) MnO and (b) NiO.

Fig. 7.5 shows the plot of the formation energy and the behaviour of the defect
states within the band gap, in the vicinity of the Fermi level. The plot allows
to understand the stability of the di↵erent defect charged states. For each of the
charged defect state of MnO and NiO, the lowest energy defect structure (see
Fig. 7.2) was consdered for the plot in Fig. 7.5. In the same figure, the transition
levels ✏(0/-), ✏(+/-) and ✏(+/0) represent the point in the band gap where the
formation energies of two di↵erent hydrogen charged states are equal. The position
of these transition levels in the formation energy plot are important for describing
the hydrogen defect behaviour. [247, 249, 250]

For MnO (Fig. 7.5a), the transition level, ✏(+/-) between negative and positive
charged defect is at 1.9 eV within the Fermi energy, such that below 1.9 eV and
closer to the VBM the H+ is the preferred stable hydrogen defect while the H� is
preferred above 1.9 eV. This indicates that hydrogen in MnO is amphoteric, i.e ac-
commodates both the positive and negative charged states. This behaviour is com-
mon among many semiconductors and insulators including GaN. [247, 249, 250]
Notice that the neutral state is never predicted as the most stable, in agreement
with experiment, and that the negatively charged state is expected only in heavily
n-doped MnO.

The behaviour of hydrogen is quite di↵erent for NiO. From Fig. 7.5b, the
transition level ✏(+/-) occurs inside the conduction band above the CBM, such that
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7.4. µSR and calculated muon dipolar coupling

within the band gap, the H+ defect always has the lowest formation energy than
H�. This suggests that for NiO, the electron donor defect state H+ of hydrogen is
preferred and hydrogen in NiO acts like a shallow donor. This behaviour is similar
to that of ZnO and InN. [247, 249, 250]

7.4 µSR and calculated muon dipolar coupling

To account for the zero temperature muon precession frequency of 155 MHz in
MnO and 61.3 MHz in NiO from the positive ZF-µSR measurements already re-
ported in Refs. [22] and [239] respectively, the muon implantation sites in both
compounds were studied. Both materials are antiferromagnets, so that the ob-
served ZF frequency is directly proportional to the muon local field (⌫ = �Bµ

2⇡
Sec. 2.4.3). Since the muon is treated as an analogue of hydrogen in DFT calcu-
lations, the possible muon stopping sites were considered to be the same as the
minima energy sites of only the positively charged states (H+) of hydrogen dis-
cussed above and shown in Fig. 7.2 with labels A, B and C for both MnO and
NiO.

The A site requires an additional discussion. There are four sites A, that
are crystallographically equivalent and bond with an oxygen atom. The distance
among any pair of sites is only 1.1 Å. In the following we assume that the muon in
site A is tunneling among these four replica sites and the field measured by µSR
is the average of the four. This could be checked by lengthy calculations of the
total DFT energy profile around oxygen, a task beyond the present scope.

The contact field has been calculated for both materials and its contribution
to the muon precession frequency is in the range -12 MHz to 6 MHz, negligible in
comparison with the experimental local field at the muon, in view of the remaining
numerical and experimental uncertainties. Therefore from now on we neglect it
and consider only dipolar sums.

The dipolar contribution to the local field at the muon is calculated for the
di↵erent DFT energy minima sites. The absolute value of the Mn and Ni moment
used for the dipolar field calculations are 4.58 µB and 1.9 µB respectively. [241]
More recent measurements from powder di↵raction report a large value of 5.65
µB [251] for MnO, not commenting on the discrepancy. The older paper agrees
better with DFT+U calculations (this is significant in 3D insulators, unlike in
magnetic metals and in low dimensional system, where DFT systematically over-
estimates the moment size). For this reason we adopt the values reported in
Ref. [241].

The AF magnetic orders already described in Sec. 7.1 were adopted for both
MnO and NiO. The magnetic moment has been reported [252] to be aligned in the
[112] and its equivalent directions for MnO. I performed dipolar calculations for the
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moment aligned in di↵erent directions within the (111) family of directions [240],
in order to check the actual alignment by comparing the results with the µSR
data. The moments are aligned parallel and anti-parallel to each of the directions.

Table 7.1: Calculated dipolar contributions to the frequency ⌫dip in MHz for the
magnetic moment aligned in di↵erent direction of the muon at site A, B and C in
MnO and NiO. ⌫expµ is the ZF-µSR measured value.

⌫dip a

Site [111] [110] [112] [112] ⌫expµ
a

A b 302.89 215.52 271.77 186.52
MnO B b 243.51 319.50 319.77 227.87 155.5 [22]

C 370.29 185.15 354.52 185.14
A b 156.929 109.67 140.73 93.64

NiO B b 121.195 159.03 159.16 113.41 61.3 [239]
C 184.30 92.15 176.45 92.15

a Units in MHz.
b Calculated ⌫dip at this site are averaged over muon assumed
to hop between equivalent sites

Figure 7.6: Supercell showing the (112) axis of the magnetic moment on the
cations.

Table 7.1 shows the result of dipolar sums for the three candidate sites and a
few significant directions of the moment, compared with the measured values, for
both materials.

The smallest value for site A is with the moment along [112], the known exper-
imental direction for MnO. A very similar result is obtained for site C in the same
conditions, although site C reproduces the same minimum value also for moments
along [110].

I conclude that site A is the stable site in both material because DFT+U
calculations show (Fig. 7.2) that its total energy is 1.5 (1.0) eV lower for MnO
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(NiO), a significant di↵erence. Therefore, DFT assisted µSR results confirm the
known alignment of the moment in MnO and demonstrate that the same alignment
along [112] holds true for NiO. Fig. 7.6 shows the representation of the magnetic
moment aligned in the (112) direction for MnO or NiO supercell.

In the remaining part of this section I give further details on the site analysis,
beside these main conclusions.

If the tunneling model were not assumed for site A, this site would produce
four rather high frequencies in the muon spectrum, in contrast with experimental
observation. Since site A is strongly supported by quite accurate DFT energy
calculations we assume the tunneling model without further checks. The tunneling
model yields an overestimation by 20% in MnO and by 50% in NiO. This could
be partly corrected by a contact contribution.

At site B, the muon forms an O� µ�O bond. For site B, the equivalent sites
are a bit farther apart with distances in the range of 1.57 Å for MnO and 1.47 Å
for NiO. In this configuration, similar to that of the F-µ-F center in fluorides [62],
the muon may di↵use at higher temperatures, but is highly unlikely to tunnel at
low temperatures.

At site C, the muon is at the body center position. The muon field is same for
the crystallographic equivalent positions of this site. No quantum tunneling can
be envisaged for this site.

Furthermore, no evidence of the muon hopping from one site to another has
been reported yet for the ground state measurement of these materials. Also
hopping and barrier calculations for these site has not been considered yet.

Finally, earlier work suggested di↵erent assignments. The C site was indicated
in Ref. [22] on the basis of paramagnetic shift measurements [21]. This is perhaps
borderline to our discussion. The same site was assumed by comparison with
dipolar field distribution calculations [253] and this would agree with the analysis
presented here, but the DFT total energy is quite a strong argument for site A
with tunneling.

7.5 Conclusion

With DFT+U, hydrogen defects and muon sites in MnO and NiO have been
discussed. The e↵ects of electron correlation are observed to be crucial for site
localization. Thus reproducing the band gap and insulating behaviour is crucial
for defect studies in these wide band gap insulating materials. The localization
site of the neutral, positively and negatively charged hydrogen defect states has
been investigated for MnO and NiO. The neutral and negatively charged hydrogen
states introduce in gap defect states in the wide band gap for MnO. For NiO, it
is the neutral state that introduces in gap defect states at the band gap while
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the negatively charged impurity modifies and bring closer the VBM and CBM.
Also, the less stable positively charged hydrogen defect at the cation (Mn2+ or
Ni2+) vacancy position introduces in-gap defect states in the band gap. These
observed defect levels are expected to be of relevance in the emergence of interesting
electrical, optical and thermodynamic properties. Further study of the formation
energies suggests that hydrogen exists as amphoteric defect in MnO and as a
shallow donor in NiO.

The possible muon implantation sites in MnO and NiO have been determined
and by dipolar simulations and comparison with the measured precession fre-
quency, the magnetic moments were confirmed to align in the [112] direction for
MnO and NiO.
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Summary and Conclusion

In this thesis, I have discussed the computational approach within density func-
tional electronic theory method for the determination of the muon implantation
site and its Fermi-contact hyperfine coupling. In µSR, the muon implantation site
is important because in some cases it allows for completeness in the analysis of
experimental data. Also the knowledge of the muon implantation site and the
e↵ects of the muon in the sample, made available by the computational methods,
allow to explain some of the observed phenomenon from µSR measurements. The
muon implantation site(s) has been successfully determined in a range of selected
magnetic and superconducting materials, especially those of current interest due to
the intriguing properties they exhibit, especially when subjected to temperature,
pressure and chemical doping variations. Furthermore, the muon site calculation
approaches discussed in this thesis allowed to understand and explain the e↵ect
and the extent of perturbation introduced in the sample by the implanted muon.
This is also important to ascertain how intrinsic are the measured properties in
these materials.

Particularly, the muon implantation sites have been calculated in NaFe1�xNixAs,
where by µSR measurements the coexistence of magnetism and superconductivity
has been observed. Three muon implantation sites were found both in the parent
compound and in Ni doped samples by DFT calculations and using further stabil-
ity analysis calculations. The calculated sites are consistent with the three muon
precession frequencies observed in ZF-µSR measurements. By dipolar calculations
at the muon sites and comparing with the measured frequencies, the magnetic mo-
ment size was determined. This was found to be consistent with the value obtained
by other experimental methods including neutron scattering and Mössbauer.

The muon implantation site has been calculated in Yb2Pd2In1�xSnx. µSR
measurements and results for this compound under hydrostatic pressure were also
presented. In Yb2Pd2In1�xSnx, with µSR measurements, a steep change in the
local field at the muon has been observed by doping with Sn and by applying
hydrostatic pressure above 10 kbar. The calculated muon site together with dipolar
field calculations allowed to explain the origin of the pressure induced changes. The
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origin of the steep change in the measured muon local field is due to a possible
reordering of the Yb moments thus a transition from the AF magnetic order.

Also in Sr2RuO4, the muon implantation site has been determined and the
extent of the perturbation due to the muon in the sample and subsequent e↵ects
of the perturbation on the density of states have been discussed. Sr2RuO4 is a
non-copper layered superconductor, where in the mechanism that drives super-
conductivity, time reversal symmetry breaking has been observed by spontaneous
magnetization measured with µSR. However this particular e↵ect has not been
observed by other scanning probe methods. The study of the perturbation of the
muon shows no appreciable change in the density of state distribution even though
the muon distorts the neighbour host ions from their equilibrium positions. Our
calculations so far suggest that the implanted muon does not influence the intrinsic
properties of this material. However, further studies are required especially the
inclusion of the spin-orbit couplings since it has been shown to be important for
the correct description of the Fermi surface of Sr2RuO4. Although this is expected
not to influence the muon localization site, it is important to understand the e↵ect
of the muon together with those of spin-orbit interaction in Sr2RuO4.

Also, to understand the coupling of the muon with the host electrons, we have
described an approach that makes use of the core reconstruction with the pro-
jector augmented wave method to successfully calculate the muon Fermi-contact
hyperfine interactions. These calculations were performed on metals, first with a
benchmark of the approach on the elemental transition metals of Fe, Co and Ni
and further on MnSi and MnGe, two samples of current interest for the study and
possible observance of Skyrmion physics.

The calculations involving the muon within the available theoretical approx-
imation is far from trivial considering that the light mass of the muon and its
subsequent high amplitude zero point vibrations at the implantation site. The
treatment of the muon as a point defect within the conventional DFT approach
does not take into account the e↵ect of the muon zero point vibration. To ac-
count for these vibrations, the self-consistent stochastic harmonic approximation
(SSCHA) has been described. With the SSCHA approach the e↵ect of the muon
mass was successfully included in the calculation of the contact hyperfine field in
metals. This also allowed to discuss the preferred octahedral or tetrahedral im-
plantation site of the muon in Fe. With the inclusion of the quantum e↵ect of the
muon, there is better agreement between the calculated Fermi contact hyperfine
field and the experimental results.

Finally, hydrogen defect sites and muon coupling parameters where studied in
the antiferromagnetically ordered transition metal mono-oxide (TMMO) of MnO
and NiO. Both the neutral and charged hydrogen defects where considered. The
minima energy localization sites of these defects were determined. The hydrogen
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defects where observed to introduce defects levels in the band gap which are im-
portant for enhancing electrical conductivity and optical properties of the TMMO.
Further study of the stability of the defects revealed that hydrogen can exist as an
amphoteric defect in MnO and as a shallow donor in NiO. With the established
defects localization site, the muon dipolar coupling were calculated of which with
comparison with the already measured zero temperature muon fields, the magnetic
moments were confirmed to align in the (112) direction.
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C. Hess, G. Behr, B. Büchner, and H.-H. Klauss, “Interplay of rare earth
and iron magnetism in RFeAsO (R = La, Ce, Pr, and Sm): Muon-spin
relaxation study and symmetry analysis,” Phys. Rev. B 80, 094524 (2009).

[50] M. Bendele, A. Ichsanow, Y. Pashkevich, L. Keller, T. Strässle, A. Gusev,
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I. L. M. Locht, S. Lubeck, M. Marsman, N. Marzari, U. Nitzsche, L. Nord-
ström, T. Ozaki, L. Paulatto, C. J. Pickard, W. Poelmans, M. I. J. Probert,
K. Refson, M. Richter, G.-M. Rignanese, S. Saha, M. Sche✏er, M. Schlipf,
K. Schwarz, S. Sharma, F. Tavazza, P. Thunström, A. Tkatchenko, M. Tor-
rent, D. Vanderbilt, M. J. van Setten, V. Van Speybroeck, J. M. Wills, J. R.
Yates, G.-X. Zhang, and S. Cottenier, “Reproducibility in density functional
theory calculations of solids,” Science 351 (2016), 10.1126/science.aad3000.

[118] V. KOPTSIK, “Generalized symmetry in crystal physics,” in Crystal Sym-
metries , International Series in Modern Applied Mathematics and Computer
Science, edited by I. HARGITTAI and B. VAINSHTEIN (Pergamon, Ams-
terdam, 1988) pp. 407 – 424.

[119] J. Perez-Mato, S. Gallego, E. Tasci, L. Elcoro, G. de la Flor, and M. Aroyo,
“Symmetry-based computational tools for magnetic crystallography,” An-
nual Review of Materials Research 45, 217–248 (2015).

126

http://dx.doi.org/10.1080/08957959.2017.1373773
http://dx.doi.org/10.1080/08957959.2017.1373773
http://dx.doi.org/10.1103/PhysRevB.41.7892
http://adsabs.harvard.edu/abs/2014arXiv1404.3015K
http://dx.doi.org/10.1126/science.aad3000
http://dx.doi.org/10.1146/annurev-matsci-070214-021008
http://dx.doi.org/10.1146/annurev-matsci-070214-021008


Bibliography

[120] Bilbao-Crystallogr.-Serv., “MAXMAGN:maximal magnetic space groups for
a given propagation vector and resulting magnetic structural models,”
(2014).

[121] E. Hovestreydt, M. Aroyo, S. Sattler, and H. Wondratschek, “ KAREP - a
program for calculating irreducible space-group representations,” Journal of
Applied Crystallography 25, 544 (1992).

[122] C. M. Aegerter, S. H. Lloyd, C. Ager, S. L. Lee, S. Romer, H. Keller, and
E. M. Forgan, “Evidence for a square vortex lattice in Sr2RuO4 from muon-
spin-rotation measurements,” Journal of Physics: Condensed Matter 10,
7445 (1998).

[123] G. M. Luke, Y. Fudamoto, K. M. Kojima, M. I. Larkin, J. Merrin,
B. Nachumi, Y. J. Uemura, Y. Maeno, Z. Q. Mao, Y. Mori, H. Naka-
mura, and M. Sigrist, “Time-reversal symmetry-breaking superconductivity
in Sr2RuO4,” Nature 394, 558–561 (1998).

[124] G. Luke, Y. Fudamoto, K. Kojima, M. Larkin, B. Nachumi, Y. Uemura,
J. Sonier, Y. Maeno, Z. Mao, Y. Mori, and D. Agterberg, “Unconventional
superconductivity in Sr2RuO4,” Physica B: Condensed Matter 289-290, 373
– 376 (2000).

[125] S. J. Ray, A. S. Gibbs, S. J. Bending, P. J. Curran, E. Babaev, C. Baines,
A. P. Mackenzie, and S. L. Lee, “Muon-spin rotation measurements of the
vortex state in Sr2RuO4: Type-1.5 superconductivity, vortex clustering, and
a crossover from a triangular to a square vortex lattice,” Phys. Rev. B 89,
094504 (2014).

[126] Y. Maeno, H. Hashimoto, K. Yoshida, S. Nishizaki, T. Fujita, J. G. Bednorz,
and F. Lichtenberg, “Superconductivity in a layered perovskite without cop-
per,” Nature 372, 532 (1994).

[127] A. P. Mackenzie and Y. Maeno, “The superconductivity of Sr2RuO4 and the
physics of spin-triplet pairing,” Rev. Mod. Phys. 75, 657–712 (2003).

[128] A. P. Mackenzie, T. Sca�di, C. W. Hicks, and Y. Maeno, “Even odder
after twenty-three years: the superconducting order parameter puzzle of
Sr2RuO4,” npj Quantum Materials 2, 40 (2017).

[129] T. M. Rice and M. Sigrist, “Sr2RuO4 : an electronic analogue of 3He?”
Journal of Physics: Condensed Matter 7, L643 (1995).

[130] I. I. Mazin and D. J. Singh, “Ferromagnetic spin fluctuation induced super-
conductivity in Sr2RuO4,” Phys. Rev. Lett. 79, 733–736 (1997).

127

http://www.cryst.ehu.es/cgi-bin/cryst/programs/msglist2.pl
http://www.cryst.ehu.es/cgi-bin/cryst/programs/msglist2.pl
http://stacks.iop.org/0953-8984/10/i=33/a=013
http://stacks.iop.org/0953-8984/10/i=33/a=013
https://www.nature.com/articles/29038
http://dx.doi.org/10.1103/PhysRevB.89.094504
http://dx.doi.org/10.1103/PhysRevB.89.094504
https://www.nature.com/articles/372532a0
http://dx.doi.org/10.1103/RevModPhys.75.657
https://www.nature.com/articles/s41535-017-0045-4
http://stacks.iop.org/0953-8984/7/i=47/a=002


Bibliography

[131] K. Deguchi, Z. Q. Mao, and Y. Maeno, “Determination of the superconduct-
ing gap structure in all bands of the spin-triplet superconductor Sr2RuO4,”
Journal of the Physical Society of Japan 73, 1313–1321 (2004).

[132] K. Deguchi, Z. Q. Mao, H. Yaguchi, and Y. Maeno, “Gap structure of the
spin-triplet superconductor Sr2RuO4 determined from the field-orientation
dependence of the specific heat,” Phys. Rev. Lett. 92, 047002 (2004).

[133] K. D. Nelson, Z. Q. Mao, Y. Maeno, and Y. Liu, “Odd-parity superconduc-
tivity in Sr2RuO4,” Science 306, 1151–1154 (2004).

[134] K. Ishida, Y. K. H. Mukuda, K. Asayama, Z. Q. Mao, Y. Mori, and
Y. Maeno, “Superconductivity in a layered perovskite without copper,” Na-
ture 396, 658–660 (1998).

[135] A. P. Mackenzie, R. K. W. Haselwimmer, A. W. Tyler, G. G. Lonzarich,
Y. Mori, S. Nishizaki, and Y. Maeno, “Extremely strong dependence of
superconductivity on disorder in Sr2RuO4,” Phys. Rev. Lett. 80, 161–164
(1998).

[136] J. Xia, Y. Maeno, P. T. Beyersdorf, M. M. Fejer, and A. Kapitulnik, “High
resolution polar kerr e↵ect measurements of Sr2RuO4: Evidence for broken
time-reversal symmetry in the superconducting state,” Phys. Rev. Lett. 97,
167002 (2006).

[137] S. Raghu, A. Kapitulnik, and S. A. Kivelson, “Hidden quasi-one-dimensional
superconductivity in Sr2RuO4,” Phys. Rev. Lett. 105, 136401 (2010).

[138] E. Pavarini and I. I. Mazin, “First-principles study of spin-orbit e↵ects and
nmr in Sr2RuO4,” Phys. Rev. B 74, 035115 (2006).

[139] M. W. Haverkort, I. S. Elfimov, L. H. Tjeng, G. A. Sawatzky, and A. Dam-
ascelli, “Strong spin-orbit coupling e↵ects on the fermi surface of Sr2RuO4

and Sr2RhO4,” Phys. Rev. Lett. 101, 026406 (2008).

[140] C. N. Veenstra, Z.-H. Zhu, M. Raichle, B. M. Ludbrook, A. Nicolaou,
B. Slomski, G. Landolt, S. Kittaka, Y. Maeno, J. H. Dil, I. S. Elfimov,
M. W. Haverkort, and A. Damascelli, “Spin-orbital entanglement and the
breakdown of singlets and triplets in Sr2RuO4 revealed by spin- and angle-
resolved photoemission spectroscopy,” Phys. Rev. Lett. 112, 127002 (2014).

[141] G. Zhang, E. Gorelov, E. Sarvestani, and E. Pavarini, “Fermi surface of
Sr2RuO4: Spin-orbit and anisotropic coulomb interaction e↵ects,” Phys. Rev.
Lett. 116, 106402 (2016).

128

http://dx.doi.org/10.1143/JPSJ.73.1313
http://dx.doi.org/10.1103/PhysRevLett.92.047002
http://dx.doi.org/10.1126/science.1103881
https://www.nature.com/articles/25315
https://www.nature.com/articles/25315
http://dx.doi.org/10.1103/PhysRevLett.80.161
http://dx.doi.org/10.1103/PhysRevLett.80.161
http://dx.doi.org/10.1103/PhysRevLett.105.136401
http://dx.doi.org/10.1103/PhysRevLett.116.106402
http://dx.doi.org/10.1103/PhysRevLett.116.106402


Bibliography

[142] J. R. Kirtley, C. Kallin, C. W. Hicks, E.-A. Kim, Y. Liu, K. A. Moler,
Y. Maeno, and K. D. Nelson, “Upper limit on spontaneous supercurrents
in Sr2RuO4,” Phys. Rev. B 76, 014526 (2007).

[143] C. W. Hicks, J. R. Kirtley, T. M. Lippman, N. C. Koshnick, M. E. Huber,
Y. Maeno, W. M. Yuhasz, M. B. Maple, and K. A. Moler, “Limits on
superconductivity-related magnetization in Sr2RuO4 and PrOs4Sb12 from
scanning squid microscopy,” Phys. Rev. B 81, 214501 (2010).

[144] P. J. Curran, V. V. Khotkevych, S. J. Bending, A. S. Gibbs, S. L. Lee, and
A. P. Mackenzie, “Vortex imaging and vortex lattice transitions in supercon-
ducting Sr2RuO4 single crystals,” Phys. Rev. B 84, 104507 (2011).

[145] K. Miyake and O. Narikiyo, “Model for unconventional superconductivity
of Sr2RuO4: E↵ect of impurity scattering on time-reversal breaking triplet
pairing with a tiny gap,” Phys. Rev. Lett. 83, 1423–1426 (1999).

[146] A. Steppke, L. Zhao, M. E. Barber, T. Sca�di, F. Jerzembeck, H. Rosner,
A. S. Gibbs, Y. Maeno, S. H. Simon, A. P. Mackenzie, and C. W. Hicks,
“Strong peak in Tc of Sr2RuO4 under uniaxial pressure,” Science 355 (2017),
10.1126/science.aaf9398.

[147] C. W. Hicks, D. O. Brodsky, E. A. Yelland, A. S. Gibbs, J. A. N. Bruin,
M. E. Barber, S. D. Edkins, K. Nishimura, S. Yonezawa, Y. Maeno, and
A. P. Mackenzie, “Strong increase of tc of Sr2RuO4 under both tensile and
compressive strain,” Science 344, 283–285 (2014).

[148] G. M. Luke, A. Keren, L. P. Le, W. D. Wu, Y. J. Uemura, D. A. Bonn,
L. Taillefer, and J. D. Garrett, “Muon spin relaxation in UPt3,” Phys. Rev.
Lett. 71, 1466–1469 (1993).

[149] R. H. He↵ner, J. L. Smith, J. O. Willis, P. Birrer, C. Baines, F. N. Gygax,
B. Hitti, E. Lippelt, H. R. Ott, A. Schenck, E. A. Knetsch, J. A. Mydosh,
and D. E. MacLaughlin, “New phase diagram for (U,Th) Be13: A muon-spin-
resonance and Hc1 Study,” in Ten Years of Superconductivity: 1980–1990 ,
edited by H. R. Ott (Springer Netherlands, Dordrecht, 1993) pp. 168–171.

[150] R. F. Kiefl, J. H. Brewer, I. A✏eck, J. F. Carolan, P. Dosanjh, W. N. Hardy,
T. Hsu, R. Kadono, J. R. Kempton, S. R. Kreitzman, Q. Li, A. H. O’Reilly,
T. M. Riseman, P. Schleger, P. C. E. Stamp, H. Zhou, L. P. Le, G. M.
Luke, B. Sternlieb, Y. J. Uemura, H. R. Hart, and K. W. Lay, “Search for
anomalous internal magnetic fields in high-Tc superconductors as evidence
for broken time-reversal symmetry,” Phys. Rev. Lett. 64, 2082–2085 (1990).

129

http://dx.doi.org/10.1103/PhysRevB.84.104507
http://dx.doi.org/10.1103/PhysRevLett.83.1423
http://dx.doi.org/10.1103/PhysRevLett.71.1466
http://dx.doi.org/10.1103/PhysRevLett.71.1466
http://dx.doi.org/10.1103/PhysRevLett.64.2082


Bibliography

[151] D. R. Hamann, “Optimized norm-conserving vanderbilt pseudopotentials,”
Phys. Rev. B 88, 085117 (2013).

[152] V. G. Storchak, J. H. Brewer, D. G. Eshchenko, P. W. Mengyan, O. E.
Parfenov, A. M. Tokmachev, P. Dosanjh, and S. N. Barilo, “Local mag-
netic order in La2CuO4 seen via µ+SR spectroscopy,” Journal of Physics:
Conference Series 551, 012024 (2014).

[153] X.-P. Hao, H.-L. Cui, Z.-L. Lv, and G.-F. Ji, “Electronic and elastic proper-
ties of Sr2RuO4 with pressure e↵ects by first principles calculation,” Physica
B: Condensed Matter 441, 62 – 67 (2014).

[154] T. Oguchi, “Electronic band structure of the superconductor Sr2RuO4,”
Phys. Rev. B 51, 1385–1388 (1995).

[155] D. J. Singh, “Relationship of Sr2RuO4 to the superconducting layered
cuprates,” Phys. Rev. B 52, 1358–1361 (1995).

[156] M. Schmidt, T. R. Cummins, M. Bürk, D. H. Lu, N. Nücker, S. Schuppler,
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