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Introduction

T his thesis relies on Analytical Mechanics which is a formulation of Clas-
sical Mechanics, developed by Lagrange at the end of the eighteenth
century [1]. This formalism describes motion in a system by means of the con-
figuration space. The configuration space is a differentiable smooth manifold,
which can be locally represented by generalized coordinates. The degrees of
freedom of a mechanical system, (DOF), are the dimension of the configura-
tion space. The set of the generalized coordinates defines the configuration of
the system, ¢, and its derivative with respect to the time is denoted by ¢. The
state of the system is the pair (g, ¢).

A Lagrangian mechanical system is described by the configuration space,
and by a scalar function, the Lagrangian function, which depends on the state.

We consider Lagrangian functions with the following special structure

Z(q,q4) = K(q,4) — P(q)

where K is the kinetic energy and P is the potential energy. The motion of
a Lagrangian mechanical system is given by the solutions ¢(t) of the Euler-

Lagrange equations (for details see [2])

d0L(¢.d)  0L(a.d)

dt 0q og

As a consequence, the motion of a mechanical system is described by a second

order differential equation.



2 Introduction

In this thesis, we consider control affine mechanical systems. Let m denote
the number of linear independent controls acting on the system. The motion of
a Lagrangian mechanical control system is given by the solutions of the forced

Euler-Lagrange equations

d0Z(q.q) _0Z(a.d) <~
e A = Bi(q)

where B;,i € {1,...,m}, are vector fields which specify the directions of the
control forces and 73,7 € {1,...,m}, are real functions which specify the control
force magnitudes. If m is equal to the degrees of freedom, then the controlled
system is called fully actuated. On the other hand, if m is less than the degrees of
freedom, the controlled system is called underactuated. The difference between
the degrees of freedom of the system and the number of actuators is called the
underactuation degree.

One of the most interesting challenges in the study of Lagrangian me-
chanical control systems is motion control. Traditionally, the resolution of this
problem is divided in two parts, the generation of a reference signal, the motion
planning, and the design of the feedback law making the mechanical system
track the signal. This paradigm has been successfully employed in the control
of fully actuated mechanical systems. Instead, for underactuated mechanical
systems, the lack of direct control of each degree of freedom implies hard restric-
tions in motion planning. Indeed, the control design for fully actuated systems
is an old area of research whereas the control design for underactuated systems
has a more recent origin.

This thesis is focused on a particular motion control paradigm which dif-
fers from traditional approaches. It has been introduced by Grizzle et al. in [3]
to solve a specific application problem: the locomotion of a bipedal robot. In
particular they have shown that an effective way to encode a desired gait is
to enforce desired relations between the joint angles by control, reducing the
degrees of freedom of the controlled system. This control approach is called

virtual holonomic constraints (VHCs). More specifically, a virtual holonomic
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constraint is a relationship among the coordinates of the system (as a phys-
ical holonomic constraint) which is made invariant via feedback control. The
difference between a physical holonomic constraint and a VHC is that, in the
first, the relationship is maintained by the physical structure of the constraint,

instead, in the latter, the relationship is maintained by virtue of actuators.

Few years later, Shiriaev, Canudas-de-Wit and collaborators initiated a
study on VHCs. In [4], they studied VHCs on general mechanical systems
with n degrees of freedom, n — 1 actuators and a cylindrical configuration
space. The aim of that work is to enforce a specific stable oscillation. They
represented the VHC as a closed curve in the configuration space. Then, they
showed that the dynamics of the constrained system (namely the dynamics on
the closed curve) are governed by an unforced second-order system. Then, they
developed a methodology for stabilizing a closed curve based on a time-varying

linearization.

Consolini, Maggiore and collaborators investigated on VHCs applied to n
dimensional Lagrangian mechanical systems with n — 1 actuators and a cylin-
drical configuration space. Their works cover some unaddressed questions on
this control paradigm. First, they gave a formal and explicit definition of VHCs.
They investigated conditions for the feasibility of VHCs and developed a sys-
tematic procedure for generating feasible VHCs [5]. The authors focused on
the study of the dynamics on the constrained system, called reduced dynam-
ics, and noted that, under some conditions, the constrained system is not a
Lagrangian mechanical system [6]. This mean that the reduced dynamics may
not be obtained through the Euler-Lagrange equations of a suitable Lagrangian
function. The problem of finding the Lagrangian function is known as the in-
verse Lagrangian problem. The intuitive explanation of this behavior is that, in
the case of VHCs, the relation between the coordinates is enforced by the actu-
ators, which may do work on the system. Instead, in case of physical holonomic
constraints, the forces do not do work on the system, since they are always or-
thogonal to the velocity vectors (as stated in the d’Alembert Principle). Thus,

the constrained system is a Lagrangian mechanical system. An in-depth study
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of this topic is given by Mohammadi et al. in |7, 8|. The authors provided
necessary and sufficient conditions under which the reduced dynamics admit a
Lagrangian function.

The following toy example allows to understand the meaning of VHCs.
Consider a unit point mass in R? with configuration ¢ and subject to a control
force T

G(t) = R(a)q(t)7(t) , (1)

where R(a) = C?S @ e is the rotation matrix associated to angle «,
sina  cos

which is an assigned constant. This system has two configuration variables and

one control, corresponding to an underactuation degree of one. Assume that

q(0) = (1,0)7, 4(0) = (0,1)T. We want to design a feedback control law for 7

such that the mass remains on the unit circle, that represents the VHC we

want to enforce. Namely, we require the existence of a real-valued function A,

representing the mass position along the circle, such that

cos A(t
4t = < sin)\((t)) ) '
It is easy to show that, if cosa # 0, the control law 7(t) = —(cos o) L A(t)?
is such that the solution ¢ of (1) remains on the unit circle. The intuition of
this control law is depicted in Figures 1a, 1b, 1c: the normal component of the
control acceleration corresponds to the centripetal acceleration ¢, required to
maintain the mass on the unit circle. Since, if sin o # 0, the control force is not

normal to the circle, a tangential acceleration §; component is also present.

By substituting this control law in (1), we obtain the reduced dynamics
A =—-A2 tana.

Their explicit solution is given by

1
 l4ttana

A(t)

At this point, we can distinguish three cases.
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1. If @ = 0 (Figure 1a), the control force is orthogonal to the circle and
corresponds to the centripetal force that is required to keep the mass
on the circle. The control force does not do work on the system, the
mass velocity is constant and the reduced dynamics admit a Lagrangian
function. This corresponds to the case in which the mass is maintained

on the unit circle by a physical holonomic constraint.

2. If tan > 0 (Figure 1b), limy 1o A(t) = 0, that is the mass asymptoti-
cally stops.

3. If tana < 0 (Figure 1c), the mass speed goes to infinity at the finite

escape time —(tan o)L

It is evident that the reduced dynamics in case 2) and 3) are not Lagrangian.

As shown above, a feasible VHC may exhibit unstable dynamics and,
clearly, the implementation of a such VHC in a real application is unpracti-
cal. The first objective of this thesis is to provide a procedure for synthesizing
feasible VHCs whose reduced dynamics possess an asymptotically stable limit
cycle. The proposed synthesis procedure is an extension of [9]. Given a closed
curve, it allows to generate, under some hypotheses, a feasible VHC. More-
over, we present conditions under which it is possible to find a curve passing
through a given configuration such that the corresponding VHC possesses an
asymptotically stable limit cycle.

The results presented in [6, 5] apply to systems whose configuration space
is a generalized cylinder. This is a limitation since it is not satisfied by sev-
eral mechanical systems of practical relevance (for instance, manipulators with
spherical joints, UAV and cranes). The second objective of this thesis is to
provide a coordinate free formulation that allows extending the results pre-
sented in [6, 5| with two respects: firstly, the configuration space is a generic
manifold, secondly, the underactuation degree may be greater than one. Even
though the treatment of Lagrangian mechanics with a coordinate free formal-
ism is widely used, at least to our knowledge, this has not been done before in

virtual constraints theory.
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Finally, we address the inverse Lagrangian problem in this coordinate free
formalism. Using renown results from differential geometry, we provide nec-
essary and sufficient conditions for a constrained system to be a Lagrangian
mechanical system.

This thesis is divided in two parts. The first concerns the study of VHCs
for mechanical systems with a cylindrical configuration space and an underac-
tuation degree of one. Chapter 1 gives an introduction on mechanical systems
and introduces the notion and the formalism used in this first part. It describes
the state of the art on VHCs. The generation of feasible and stable VHCs is
presented in Chapter 2. This chapter shows a generalization of the synthesis
method developed in [9] and proposes conditions for choosing a feasible VHC
whose dynamics possess a stable limit cycle.

The second part of this thesis is the core of this work. Chapter 3 introduces
the notion of a Lagrangian system with a Riemannian manifold. It defines the
concept of induced connection associated to the application of a VHC on a
mechanical system. Several examples are shown in order to help the reader
to understand the key passages. Chapter 4 deals with the inverse Lagrangian

problem.






Part 1

Virtual Holonomic Constraints

on Generalized Cylinders






Chapter 1

State of the Art

To live with honor you have to pine, trouble, contend, mistake,
start again from the beginning and throw everything away
and begin again and fight and eternally lose.

Calm is a poltroonery of the soul.

— Lev Tolstoj

I n this chapter, we describe the state of the art on virtual holonomic con-
straints. In Section 1.1, we introduce the notation and summarize the main
concepts. The notation presented there refers to Part I of this thesis. In Sec-
tion 1.2, we discuss some results on VHCs literature, focusing on the motiva-
tion and presenting some recent applications. In Section 1.3 we focus on some
results presented by Consolini and Maggiore in [6, 5, 10]. Even though the
material presented in this section is not an original contribution of this thesis,

it is necessary for understanding the contributions presented in next chapters.
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1.1 Notation

We denote by N, Z, R the sets of natural numbers, integer numbers and real

numbers, respectively. We denote by S the unit circle, that is
S={(z,y) eR?: 2?4+ 42 = 1}.

Let T € R be a constant value, we denote by [R]r, the quotient space of R
with respect to the equivalence relation ~ on R such that x ~ y if and only
if there exists k& € Z such that x —y = T k. Note that, [R]p is diffeomorphic
to S. For vectors f,g € R™, (f,g) denotes the Euclidean inner product and
£l = \/(f, ) the Euclidean norm of f. The distance between p € R™ and a
subset S C R" is denoted by ||p||s.

Let M be an m-dimensional smooth manifold, we denote by T'M its tan-
gent bundle. Given p € M, we denote by T, M the tangent space to M at p.
Let N be an n-dimensional smooth manifold and let F': M — A be a smooth
map, we denote by dF : TM — TN the global differential of F. We denote by
dF (p) : TyM — Tp(p)./\/ the differential of F' at p € M, that is the restriction
of dF' to the tangent space 1), M.

In this part of the thesis, we consider only manifolds defined as follows.
The n-dimensional smooth manifold Q is a generalized cylinder if there
exist p,l € N such that p4+1 = n and @ = (S)? x R\ In other words, a
generalized cylinder is a manifold whose coordinates are linear displacements
or angles. The tangent bundle of a generalized cylinder is given by TQ =
Q x R™ Map p: R — S, defined as p(z) = (sin(z), cos(x)), is a covering map
from R to S. A covering map p : R" — Q is defined by p((z1,...,2z,)) =
(p(z1),p(x2), ..., P(Xp), Tpt1,-- -, Tn).

If Q is a generalized cylinder, a vector field v on Q is a function v : Q —
R™. We use the notation v, in place of v(g) to represent the vector obtained
by evaluating v at g. We denote by v;, with i € {1,...,n}, the i-th element of
the vector field v, which is a function v; : @ — R. If v, # 0 Vg € Q, 7 is the

corresponding normalized vector field (i.e., 9, = vy|lvy|| =1, Vg € Q). If v, w are
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vector fields on Q, their Lie Bracket is the vector field [v,w] = (c1,...,cn)T
where
" Bwi ({91)2‘
¢ = Vpm— — W .
> (v )

Given a vector field v on Q@ and a vector f € R”, the directional derivative

of v along f is given by the vector field Lv on Q such that

d
([’fv)q = %Uquzﬁ Vge Q.

A distribution on Q is a map U that assigns to each ¢ € Q a sub-
space U(q). Given vector fields u!,u?,...,u™ on Q, the distribution U(q) =
span{ué,uﬁ,...,ufln} is involutive at ¢y € Q if, for any 4,57 = 1,...,m,
i, gy € Ulgo).!

Let M : Q@ — R™*P be a matrix-valued function on Q, we denote
by M;;,i€1,...,nand j € 1,...,m, the ij-th element of the matrix-valued
function M, which is a scalar function M; ; : @ — R. For simplicity of notation,
we refer to the matrix-valued function with the term matrix. We define the
directional derivative of the matrix M as

(LgM)(a) = 5-M(q +2f), Ya € Q.

Let I C R be an interval, then a curve ~ in a manifold Q is a smooth map
v:1I — Q. A vector field along the curve 7 is a smooth map V : I — R",
such that V(t) € Ty)Q for all t € I. We denote by 7 the velocity of the
curve 7, which is the vector field along v defined as

_ dyi(?)

Yi(t) = pm ,Vie{l,...,n}.

The curve 7 is called regular if 4 does not vanish on the interval I.

Consider z € Q, and let v be a vector field on Q. The differential equation

T = v,

!Note that [u®,u],, is the vector obtained by evaluating the vector field [u®,u’] at go.
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is the ordinary differential equation associated with v and x is the state of
the system. Let 2° € Q be the initial state and let I C R be an interval
containing 0. The curve v : I — Q is an integral curve of v through z° if
v(0) = 2% and ¥(t) = Va(r)- The set O(z°) = ~(I), namely the image of

the integral curve, is called the orbit of v through xg.

1.1.1 Lagrangian Mechanical Systems with Generalized Cylin-
drical Configuration Space

A Lagrangian system is given by an n—dimensional smooth manifold Q, called
configuration space, and a function defined on its tangent bundle T'Q, called
Lagrangian function . : TQ — R. In this part of the thesis we consider
only Lagrangian systems for which O is a generalized cylinder. Thus, the
generalized coordinates, ¢;,7 € {1,...,n), are either linear displacements in
R or angular displacement in [R]7. The set of the generalized coordinates
q="(q1,...,qn) € Q, is the configuration of the system. We denote by ¢ € T,Q
the derivative with respect to time of the configuration.

The Lagrangian system is mechanical if the Lagrangian function has the

following special form

#(3,4) = 5i" Dla)i ~ Pla). (11)

where D : @ — R™ " is the inertial matriz, which is symmetric and positive
definite, and P : @ — R is the potential function. The motion of the system is

given by the curves which satisfy the Fuler-Lagrange equations

do¥ 0%
— = = (1.2)
dt 0q dq
These curves are called solutions of (1.2).

We call Lagrangian mechanical control system a Lagrangian mechan-
ical system endowed with controls. Let m be the number of controls and let

7 € R™ be the control inputs vector. The motion of a Lagrangian mechanical
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control system is given by the solutions of the forced Euler-Lagrange equations

A T Ta. — (Q)Ta (13)

where B : @ — R™ ™ is a matrix assumed to have full rank for all ¢ € Q,
that is rank(B) = m.

This system is called fully actuated if n = m and underactuated if n > m.

Definition 1.1 (Underactuation degree). The difference between the de-
grees of freedom n and the number of linear independent actuators m is called

underactuation degree.

With the above mentioned assumptions, the Lagrangian mechanical control

system takes on the form of a system of n second order differential equations?

D(q)i+ C(q.9)q¢ + VP, = B(q)T (1.4)

where C(q,q) : TQ — R™ " is the Coriolis force matriz and VP, : @ — R" is
the gradient of the potential (a vector field). Each component of the Coriolis

force matrix can be obtained by equation
n
Cc,b(% Q) = Zrc,a,b(Q)q.m v(% Q) ceTQ.
a=1

where I'gp .1 @ = R, a,b,c € {1,...n}, are the Christoffel symbols of the first
kind defined by
1 8DC a aDc 8Da
van(q) = ald) | b(@)  9Dap(q)
2 a(Ib anL aqc
Since the inverse of the inertial matrix is well defined on Q, we can rewrite
(1.4) as

>,Vq€Q.

§=-D"q)(C(¢,4)¢+VP,) + D *B(qg)r (1.5)

2Note that, ¢ in (1.5) defines an ODE on T7Q = Q x R™. Let = (¢,¢)”. Then, given an

initial condition 2° = (¢°, ¢°) the integral curve of (1.5) through z° is given by the curve q

and its velocity ¢. Since the curve ¢ identifies directly its velocity, the integral curve of (1.5)
can be identified univocally by the curve ¢, which is the solution of (1.3) with initial condition
(¢°,d%).
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where D! B(q) represents the term D~1(q)B(q) and is called the input distri-

bution matriz. By the previous assumptions and the Sylvester’s rank inequal-

ity, the rank of D~1'B is full. Let u!,...,u™ be the vector fields such that
D7 'B(q) = (u é, -y ug'), the m- dlmensmnal subspace
U(q) - span{uq, Z’ . au:]n}

is called input distribution and represents the set of acceleration vectors
that can be obtained with all possible choices of the control input vector 7.

Let I C R be an interval and let v be a vector field defined along a curve
v : I — Q. We denote by Vv the covariant derivative of v along ~y (see [11]
and [12]). It is a vector field defined along 7 and its components are defined
by the following equation

(Vi vr), = (Lsyv)yw) , + Z Tk (D) vi(y(1), Ve e

1,j=1
where Fﬁj : Q@ > R, with k,7,7 € {1,...,n}, are the Christoffel symbols of the

second kind and are defined as
ZDkl Flz,] ),VQGQ-

Consider a curve ¢ : I — Q and its velocity ¢ : I — R™. Then the covariant

derivative of ¢ along ¢ is given by
n,n
(V@) =dr+ > TFjdids, ke {1,... ,n}.
ij=1

Equation (1.5) can be compactly rewritten as
Vi =-D'VP,+ D 'B(g)r, (1.6)

where D™V P, denotes the vector field given by D~1(¢)VP,,Vq € Q, that is
the acceleration due to the potential force. The covariant derivative includes

the accelerations due to the Coriolis forces, defined by the following equation

(D™ (g)C erk q) gk, ¥(q.4) € TQ.
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A holonomic constraint of order & for (1.6) is a relation H(q) = 0, where
H : Q — R* is a smooth map and rank(dH(q)) = k, V¢ € H~'(0). Since
dH has full rank, map H is a submersion, and by the submersion level set
theorem ((5.13) in [13]), H~1(0) is a smooth manifold of dimension n — k. We
call constrained system a Lagrangian mechanical (control) system subjected
to a holonomic constraint H. In particular, the configuration space of the
constrained system is H~!(0) and its motion is given by an (n —k)-dimensional
second order differential equation.

The constrained system is a Lagrangian mechanical (control) system if
there exists a Lagrangian function with the form (1.1), defined on the tangent
bundle of H~%(0), such that the motion of the constrained system satisfies (1.2)
or (1.3). The problem of finding this Lagrangian function is called the inverse

Lagrangian problem.

1.2 Literature on Virtual Holonomic Constraints

Enforcing constraints by actuators is a concept that can be tracked back to the
work of Paul Appell [14]| and, more explicitly, to the work of Henri Béghin [15]
in the early part of the 20th century. This concept is known as servoconstraints
and has been intensively investigated afterward, for instance in [16], and more
recently in [17, 18]. For almost one century, the studies on servoconstraints
concerned the field of physics. In the last decade, this concept has emerged in
control engineering as a valuable tool to solve motion control problems.
Motion control has always been one of the main challenges in robotic ap-
plications. Traditionally, trajectory tracking has been the dominant paradigm
for designing motion control algorithms. In general, it consists of a two-step
design: the generation of a timed reference trajectory signal using specific plan-
ning algorithms and the implementation of a suitable control method, which
makes the system follow the reference trajectory signal (for instance, with a
PID controller or a sliding mode controller). The popularity of this paradigm is

justified in industrial manufacturing settings, where the environment is highly
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structured. Recently, emerging robotic applications, such as bio-inspired robots
and mobile robots, have shown the limitations of this approach. Namely, the
high number of DOF and the underactuated nature of these systems make the
generation of reference trajectory signals an extremely difficult task. Moreover,
unstructured environments may inject notable disturbances in the controller
and desynchronize the motion prescribed by the reference trajectory signal. As
a consequence, if the controller attempts to regain the synchronism when the
tracking error is high, the overcompensation may cause damage to the system

itself and to the environment around it.

An early trace of the virtual constraint idea in applications can be found
in the work of Nakanishi and collaborators [19]. The group enforced through
feedback a constraint on the angles of an acrobot (a double pendulum with
an actuator at the elbow), in order to imitate the pendulum-like motion of an

ape’s brachiation.

Meanwhile, the virtual constraint paradigm was pioneered by Grizzle and
collaborators for solving a specific applicative challenge, the motion control
of a planar bipedal robot [3, 20, 21]. The planar bipedal model considered in
their previous works is a planar open kinematical chain, which is composed by
a single joint, the hip, which connects two identical open chains called legs and
a third chain called torso. Two torques are applied between the legs and the
torso. In [3] the legs are simple links, while in [22] the legs have knees, namely
they are composed by two joined links, and for each knee a torque is applied. It
is assumed that the motion takes place in the sagittal plane on a level surface

and the robot can touch the surface only with the end of the legs.

Grizzle et al. modeled the walking cycle as successive phases of single
support, with a stance leg touching the ground and a swing leg, and dou-
ble support, with both legs touching the ground. Our interest concerns the
single support phase, in which the dynamics are described by a second or-
der n-dimensional differential equation. In this phase, the system can be de-
scribed by n — 1-angular coordinates representing the joints of the robots and

an angular coordinate representing the position of the stance leg with respect
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to the ground. Hence, the configuration space @) is the generalized cylinder,

Sx---xSeq.

Even though every joint of the robot is actuated, the overall system is un-
deractuated, indeed actuators do not act on the coordinate representing the
angle between the stance leg and the ground. In order to simplify the motion
design, instead of generating a trajectory, Grizzle et al. defined a set of out-
puts, equal in number to the inputs, and designed a feedback controller that
asymptotically drives the outputs to zero. The novelty was in the definition of
these outputs, which were defined as a relationship between the coordinates of
the system, in this way, the overall procedure corresponds to enforcing a holo-
nomic constraint. Moreover, the subset of Q enforced by actuators is required

to be an attractive invariant set.

The stability analysis of the walking cycle is the principal issue considered
in [3|] and the method of Poincaré section is the natural tool to study its
stability. Unfortunately, the hypersurface transversal to the orbit has dimension
n, and the computation of the Poincaré map is impractical. The intuition
was to analyze only the internal dynamics of the system compatible with an
identically null output, called the zero dynamics. The state space on which
the zero dynamics evolve is called zero dynamics manifold and, in this specific
case, is diffeomorphic to S x R. Therefore, the computation of the Poincaré
map is easier and the result allows understanding the stability property of the
closed orbit on the zero dynamics manifold. The analysis and study of the
zero dynamics inspired the development of the virtual holonomic constraints
theory. An extensive survey on the work of Grizzle et al. can be found in [23], in
particular in Chapter 5, where the authors started to call this approach virtual
constraint. Further works of the group extended the results to 3D bipedal
robot 24, 25, 26] and, recently, the group started the investigation of virtual

non holonomic constraints [27].

Shiriaev, Canudas-de-Wit and collaborators developed a procedure for sta-
bilizing repetitive behaviors on underactuated mechanical systems based on

the virtual constraint idea. Indeed, an early appearance of virtual constraints
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term can be found in [28|, although that paper refers also to [4] (which was
published a year later). A hint of this terminology can be found also in [29].
In [28], the term wvirtual constraint is defined as a set of relations among the
coordinates (or links) of the system imposed through feedback control.

In [4], the authors considered mechanical systems with underactuation de-
gree of one. The aim was to determine a family of feedback control laws and
conditions which ensure exponential stability of the virtual constraint and of
a target periodic solution orbit v which lies on the zero dynamics manifold.
The existence of 7 has been assumed. The group gave an explicit expression
of the zero dynamics.? Let 6 be a parametrization variable of the orbit -y, then
the zero dynamics are the solutions of the following second order differential
equation

a(0()6(t) + B0(1)6% +~(0(t)) =0 (L.7)
where «(t), 3(t),0(t) are smooth scalar functions. Note that, function « is
assumed to be not vanishing in a neighborhood of v. They also found a first
integral of the zero dynamics (detailed information can be found in [30]).

The main contribution of [4] extends the results of [29] on which Canudas-
de-Wit and collaborators proposed a technique for finding virtual constraints
and a control law that stabilizes a desired closed orbit. In [4] the group de-
veloped a constructive procedure based on a time-varying linearized feedback
such that the given virtual constraints and the desired T-periodic orbit 6., are
exponentially stable. In [31], the transverse linearization technique is general-
ized to the case of mechanical systems with underactuation degree greater than
one. Shiriaev et al. applied their results to various experimental set-ups, for
instance a Furuta pendulum [32], a pendubot [33], a passive walker robot [34]
and a simplified helicopter [35].

Consolini, Maggiore and collaborators started investigating on the virtual
constraint paradigm motivated by Grizzle’s approach. At the time, despite
the growing interest on this paradigm in control applications, several question

remained unaddressed. The group began formalizing the definition of wvirtual

3In their works they refer to the zero dynamics with the term wirtual limit system.
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holonomic constraint as a relationship among the generalized variables of the
system which is made invariant by feedback. Of notable importance for the
development of their framework is the definition of a regular VHC. A regular
VHC is a VHC which, under mild hypotheses, can be made invariant with an
input-output linearizing feedback. The zero dynamics? of a regular VHC is well
defined and, in case of one dimensional VHCs, has the form of (1.7).

For Lagrangian mechanical systems with underactuation degree of one, the
group has extensively studied the properties of the associated zero dynamics,
focusing on the inverse Lagrangian problem. In particular, they showed that,
if the zero dynamics manifold® is diffeomorphic to S x R, there may not exist
a Lagrangian function defined as (1.1) on S x R, such that the zero dynamics
satisfy the Euler-Lagrange equations (1.2). This means that the reduced sys-
tem, which is defined by the zero dynamics and the zero dynamics manifold,
is not a Lagrangian mechanical system. Sufficient and necessary conditions for
a reduced system to be Lagrangian can be found in [7].

Focusing on the pendubot, Consolini, Maggiore and collaborators investi-
gated on the stabilization of a specific orbit on the zero dynamics manifold,
preserving its invariance. In case of Lagrangian constrained systems, the first
integral found in [30] can be viewed as an energy function. Given suitable initial
conditions, the orbit lies on a level set of the zero dynamics manifold such that
the value of the that function remains constant. The aim is to stabilize a target
orbit, that corresponds to a certain value of the energy function, taking into
account the lack of control input on the zero dynamics. The group presented
two different approaches which dynamically change the geometry of the VHC.
The first approach, presented in [36], is based on the transversal linearization,

while the second one, presented in [37], is based on passivity.

Recently, the VHCs approach has been employed for the motion control of

*In the works of Consolini and Maggiore the zero dynamics are denoted with the terms

constraint dynamics or reduced dynamics. In this thesis we will use the latter term.
®In the works of Consolini and Maggiore the zero dynamics manifold is called constraint

manifold.
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snake holonomic robots [38, 39, 40, 41, 42|. Even more recently, éelikovsky has
been investigating on VHCs for mechanical systems with degree of underactu-

ation greater than one [43, 44].

1.3 Virtual Holonomic Constraints as Controlled In-

variant
This section reports some results developed by Consolini and Maggiore.

Definition 1.2 (Virtual holonomic constraint). A virtual holonomic con-
straint (VHC) of order k for system (1.6) is a relation h(q) = 0, where
h(q) : Q@ — RF is a smooth map, rank(dh(q)) = k, Vg € h~1(0), and the

set
I'={(¢,¢) : h(g) = 0,dh(q)¢ = 0} (1.8)

is controlled invariant. That is, there exists a smooth feedback 7(q, ¢) such
that I' is positively invariant for the closed-loop system.

The set I is called the constraint manifold associated with the VHC h(q) = 0.
A VHC is called stabilizable if there exists a smooth feedback 7(q,q) that
asymptotically stabilizes I". In this case, the feedback 7(q, ¢) is said to enforce
the VHC.

Since dh(gq) has full rank for all ¢ € Q, the map h is a submersion. As
a consequence, by the submersion level set theorem (5.13 in [13]), h=1(0) is a
smooth manifold of dimension n— k. The relation h(q) = 0 univocally identifies
h=1(0), for simplicity we will call also the latter a VHC.

The controlled invariance of I" means that, if the control system is ini-
tialized on T', that is (¢(0),¢(0)) € T, there exists a smooth feedback which
enforces (q(t),q(t)) € T', Vt € RT. The controlled invariance of I is a necessary
condition for the asymptotical stability of I'.

The manifold I' is asymptotically stable for the closed-loop system if,
for all € > 0, there exists § > 0 such that, for all (¢(0),4(0)) € ||(g,4)|[r < 9,
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the solution of the closed-loop system remains in ||(q(t),4(¢))||lr <€, t > 0 and
asymptotically converges to I' (limy— 1 ||(q(2),4(¢))||lr = 0).

Example 1.1. Consider a unitary mass particle lying on R?. Its configura-
tion is ¢ = (q1,q2)7 € Q = R2 The Lagrangian function is Z(q,q) =
%q'TD(q)q — P(q), where D(q) is the identity matrix and the potential is
P(q) = ¢3. Moreover, 7 € R is the control input and B(q) = (¢? + ¢3,0)7,
so that the system has underactuation degree equal to one. Since D is the
identity matrix, the input distribution U is spanned by B. Following (1.5), the

dynamics of the system are given by

G1= (ii+a3)7

. (1.9)
Go = —2qo.

Consider the relation hi(q) = g2 — 1, that is, we would like to constraint
the motion on the horizontal line g2 = 1. Let I'; be the set defined as (1.8) and
let (¢(0),4(0)) € I'y be the configuration at ¢ = 0. The set I'; is a controlled
invariant if there exists a smooth feedback such that % (dh(q)¢) = 0, that is
Go = 0. Thus, relation h; is not a VHC because there does not exist any control
input 7 that makes hq a controlled invariant.

Then, consider the relation ha(q) = ¢1 — g2 — 1, that is we would like to
constraint the motion on the diagonal line passing through (0, —1). Let I'y
be the set defined as (1.8), it is a controlled invariant if there exists a smooth

feedback such that ¢ = §o. The relation ho is a VHC since I's can be made
—2q2

ai+as”

Intuitively, in the first case, the control input can not compensate for the

invariant by the feedback 7 =

acceleration due to gravity. The reason is that the input distribution is tangen-
tial to the manifold hfl(()), as shown in Figure 1.1a. In the second case, the
control is transversal to hy 1(0) and can modify the acceleration of the particle
such that its velocities remain on the tangent space of hy'(0), as shown in
Figure 1.1b.

Definition 1.3 (Regular VHC). A relation h(q) = 0 is a regular VHC if the
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hy ' (0)
7
7/
i 1 B 0) ot 7
- — —-g— . — — - B(q(t)) - 7 s
Ul(q(t))
4 U(a(t))
VP,
q(t) §
V()
(a) No choice of T can maintain the
the particle on I'y. Indeed, the control 4
7/
input can not compensate for the ac- y;

celeration due to potential (b) The control law 7 is able to enforce

the system on I's.

Figure 1.1: Example 1.1. The Lagrangian mechanical system (1.9) subjected
to the relations hy and hs.

output function e = h(q) yields vector relative degree {2,...,2} everywhere
on the set I' (1.8).

Let h(q) be aregular VHC, then system (1.6) endowed with output e = h(q)
is input-output feedback linearizable, and the corresponding zero dynam-
ics manifold is I". Then, I is controlled invariant and h(q) is a VHC.

The following proposition gives a sufficient and necessary condition for a
smooth map h : @ — RF to be a regular VHC.

Proposition 1.1. Consider (1.6), let n be its dimension and let m be the
number of its actuators. Let h : Q — R¥ be a smooth map with rank(dh(q)) =
k,Yq € h=1(0) and k < m. The relation h(q) = 0 is a reqular VHC of order k
for (1.6) if and only if

rank (dh(q) D™'B(q)) = k, Vg € h1(0). (1.10)

Proof. Consider a Lagrangian control mechanical system (1.6) endowed with

output e = h(q). We can rewrite this system as a 2n-dimensional nonlinear
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T

affine control system with configuration variable x = (¢, ¢)" , namely

- o)
f(g;9) D~'B(q)

e= h(q)

where function f : TQ — R"™ represents the unforced part of equation (1.5).
This nonlinear system has relative degree 2 for all components of the output

if the following two conditions are satisfied (see 12.2 of [45])

oh(q) 0 _
o (DlB(q)> =0 (1.11)

9 [ 9h(q) q 0
370( Ox <f(q7(1)>> (DlB(Q)> 7 -

For a Lagrangian mechanical system condition (1.11) is always satisfied, indeed

@%1%%)Qﬂ;@>:@M®0)@ﬂZ@>ZQWEQ

Condition (1.12) can be rewritten as

9 g o\ o , 0
z <<‘”‘ ) <f<q, q>)> (D—lB<q>> R (D—lB<q>>

_ <a(dh<q>q> a(dh(_q)cz)) 0
o % J\D'B(g)

= dh(q) D™'B(q),

then condition (1.12) can be satisfied if and only if rank (dh(q) D~'B(q)) is
maximum for all ¢ € h=1(0). O

Corollary 1.1. Let h : Q — R* be a smooth map with full rank. For all
q € h=1(0) the tangent space of h=1(0) is ker(dh(q)) which is a subspace of R™.
Condition (1.10) is equivalent to the following condition

dim (ker(dh(q)) N Im (D_lB(q))) =m — k,Yq € h=1(0). (1.13)
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A regular VHC has an important property: under mild hypotheses it is a
stabilizable VHC. If there exist increasing functions «, 3 : [0,7) — [0, 4+00)
with » > 0, such that the map H : (¢,4) — (h(q),dh(q)q) is bounded as
all(g,d|r < H(q,q4) < Bl|(q,4)||r, then an input-output linearizing feed-
back asymptotically stabilizes I'. Consider a Lagrangian control mechani-
cal system represented as a 2n-dimensional nonlinear system as shown in proof
of proposition 1.1. The following input-output linearizing feedback® (see Cap.12
of [45] for more details)

~ = (dh(q)D "' B(g) " (— (2 (dn(g)d) dn(g)) ( “ ) +v>
f(g:4)
renders the input-output map equal to € = v, where v is the auxiliary control
signal.
In order to asymptotically stabilize manifold I', a suitable choice of v is
given by a PD regulator, that is v = —kje — kqé, so that e(t) — 0 exponentially
(it has been done in [6]). Then, given a regular VHC h(q) = 0, satisfying the

mild assumptions above, a suitable feedback which render h(g) = 0 stable is

7= (dh(g)D"'B(q)) " {~dh(q) (-D'C(q,§) — D'V P,) +

_5(#((;1)% — kyh(q) — kgdh(q)q'} (1.14)

where ki, ko € R are positive constants.

Example 1.2. Consider the system presented in Example 1.1 and the smooth
map ha(q) = ¢1 — g2 — 1. The relation ho(q) = 0 is a regular VHC, indeed

2 2
2 +q _
<1 —1)(10 2>:q%+q§#0ﬂq€hzl(0)-

Equation (1.14) gives a feedback which exponentially stabilize the relation

51t is also known as computed torque method.
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ha(q) = 0, that is

T = @ (— <1 —1) <—2q2> —kilgn—q2—1) — ko <1 —1) (J>

_ 2¢2 — ki(g1 —q2 — 1) — k2(d1 — g2)
4+ ¢

Figure 1.2 shows the support of the solution curve (in blue) of the closed-

loop system with feedback constants k1 = 10, ko = 3, passing through ¢(0) =
(2,—1)T, ¢(0) = (1,—1)T. The red line represents the desired VHC.

hy *(0)
]_ L
g 0+
q(0)
—1bL
I I I >
0 1 2

q1

Figure 1.2: Example 1.2. Asymptotical stabilization of hs through the
input-output linearizing feedback (1.14).

Example 1.3. The pendulum on a cart is a set of two particles on R?, where
the first particle can move only on the horizontal axis, and the second main-

tains a fixed distance with respect to the first. Namely, the two particles are



28 Chapter 1. State of the Art

connected by a link.” We assume that both particles have unitary mass. The

gravitational force acts on both particles.

RQ

q2

q1 |

Figure 1.3: Pendulum on a cart.

The configuration space of this Lagrangian mechanical system is the cylin-
der @ = R x S. We choose the coordinates as shown in Figure 1.3, where
¢1 € R is the displacement along the x-axis and go € [R]a, is the orientation
of the link. The Lagrangian function is given by (1.1) and, for this choice of

coordinates, the inertial matrix is

9 _
D COS Q2
— COS @2 1

and the potential function® is P = cosgs. A control input 7 acts on the first
T
particle, thus B(q) = <1 O) . The forced Euler-Lagrange equations are given
by
21 — G cos g2 + 3 sin =T
C]'l' q% a2 (J2‘ a2 (1.15)
Go — qicosqa —singy  =0.

Consider the relation h(q) = ¢ — Lsingy = 0, with L € R. If L > 1, this

relation is not a regular VHC since condition (1.10) is not satisfied on all

"The link has unitary length and negligible mass.
8Without lost of generality, we consider unitary gravitational acceleration.
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q € h=1(0), indeed

2L —1

dh(q) D™'B(q) =L — sin(qa) 1 1

vanishes when ¢go = £ arcsiny/1 — % + km, where k£ = {0,1}. For example,
consider h with L = —2 and the control input 7 given by (1.14) with k; = 15
and ko = 5. Figure 1.4 shows the support of the solution curve of the closed
loop system (1.15) with initial condition ¢(0) = (2, )7, ¢(0) = (0,0)7.

A

2r -
3r |
4
@ T T
s
z G
0 L
P
—2 —1 0 1 2
q1

Figure 1.4: Example 1.3. Asymptotical stabilization of h through the input-
output linearizing feedback (1.14). The solution is depicted in blue, the

virtual constraint h~! is depicted in red.
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1.3.1 VHCs for Mechanical Systems with Underactuation De-
gree Equal to One

In this subsection, we consider Lagrangian controlled mechanical systems with
underactuation degree equal to one. This class of underactuated systems in-
cludes popular nonlinear benchmarks such as the pendubot, the acrobot, the
pendulum on a cart, and robotic applications such as biped robots and bicy-
cles. The analysis provided in this subsection is not only relevant for presenting
the state of the art on VHCs, but it is also necessary for understanding the
next Chapter 2. We consider only VHCs of order n — 1.

As before, we consider Lagrangian mechanical control systems whose con-
figuration spaces are generalized cylindrical manifolds. For VHC of order n—1,
the set h~1(0) is a one dimensional manifold without self intersection. Namely,
h=1(0) is a regular curve embedded in Q and it is diffeomorphic to either the
real line R (open curve) or the unit circle S (closed curve). In some circum-
stances, it might be convenient to represent the manifold h~1(0) as a paramet-

ric curve.

Definition 1.4 (Parametric VHC). Let h(q) = 0 be a VHC of order n — 1
for a Lagrangian mechanical control system. Let v : ® — Q be a regular
parametrization of A~1(0), where © = R if h=1(0) is diffeomorphic to R, or
© = [R]r is h~1(0) is diffeomorphic to S. Then, a parametric VHC is a
regular embedded curve

q=7(\), A€V
such that Im(y) = h~1(0) and A € © is the parametrizing variable of the VHC.

Remark 1.1. The VHCs studied in [6, 5| are parametric VHCs where the
parametrizing variable is one of the configuration variables. Let ¢, € © be a

configuration variable of Q, a parametric VHC is the curve

Y(gn) = (¢1(gn), - - -, Pn-1(qn), Qn)Ta

where ¢; are smooth functions.
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We assume the existence of a left annihilator of the input distribution
represented by matrix D~!B. We denote by 1 : Q@ — R the vector field which
is a basis of such left annihilator, namely, for all ¢ € Q, anDle(q) = 0.
The following proposition presents a sufficient and necessary condition for a
parametric VHC to be a regular VHC.

Proposition 1.2. Let h : Q — R ! be a smooth map with full rank and let
v : 0O — Q be a parametric VHC of h=1(0). Then, h is a regular VHC of
order n — 1 if and only if

<77'y()\)’r7/()‘)> 7£ O’V)‘ € 0. (116)

Proof. 1t is a direct consequence of Corollary 1.1. Indeed
Im(y'(A)) = ker(dh(y(}))
for all A € ©, then (1.13) is satisfied if and only if
Im(y'(A)) NIm(D™'B(y(A))) = {0}, A € ©

which corresponds to condition (1.16). O

Reduced Dynamics

Consider the smooth map h : @ — R"~! with full rank and such that h(q) =0
is a reqular VHC. The dynamics of the system subject to the VHC are called
the reduced dynamics. Since the feedback law 7(q,¢) that stabilizes I' is
unique, the reduced dynamics are represented by an autonomous system.
The following proposition gives an explicit formulation for the reduced
dynamics for regular VHC of order n — 1 on underactuated mechanical system

with underactuation degree one.

Proposition 1.3. Consider a n-dimensional Lagrangian control mechanical

system with underactuation degree of one. Let v : © — Q be a parametric
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regular VHC, with parametrizing variable A € ©, with either © = R
or © = [R]p. The reduced dynamics are given by
A =1(N) + Yo (A)A2 (1.17)
where
Nviony, DIV
U1(N) = _ oy i) (1.18)
(11 A) 7))
1) V)Y ()
Po(N) = — (v ) (1.19)

(M7 ’(A)>
Being a reqular VHC, functions 11,19 are well defined by condition (1.16).

Proof. Following [6], the reduced dynamics is obtained multiplying (1.6) by n
and substituting ¢ with (), that is

<77w()\)7 V(a/(,\),'\) (V,()\)}\)> == <77V(A)7D_1vpv(/\)> :

From the properties of the covariant derivative (see definition 2.1 of [12]) the

following equality holds
V(i) (7’(>\)5\> =M () + AV 5007 ) =Y A+ XV 07 ().
Then, (1.17) is obtained by the following straightforward manipulations
(12,7 A+ 32V0007 () = = (2, DTV Py ()
(s R) + (1) R T07' (V) = = (), DT TPy )

Ay 7' V) = =2 (), Var)? (V) = (1500, DTV Py ) -

Shiriaev et al. in [30] provide a first integral function. Setting

M(\) =e 2 J§ 2 (w)du (1.20)

/ Y1 () M (p)dp, (1.21)
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function E(\,\) = %M()\))\2 + V(X) is an integral of motion for (1.17). This
fact may seem to imply that the reduced dynamics satisfy Euler-Lagrange func-
tion (1.2) for the Lagrangian function Z(\,A\) = IM(A\)A% — V()). Actually,
this is true only if © = R, in fact, if © = [R], the energy function £ may be
multivalued. Indeed function M and V are not necessarily T-periodic functions.
In this case, there not exist a Lagrangian function of the form (1.1) defined on
T'[R]r such that the solutions of the corresponding Euler-Lagrangian equations
are the same solutions of the reduced dynamics, thus the reduced system is
not a Lagrangian mechanical system.

For VHCs of order n — 1, this problem has been deeply investigated by
Mohammadi et al. in [7]. The following theorems report the main results of
that work.

Theorem 1.1 (Theorem 3.3 in [7]). If © = R, the motion of the Lagrangian
mechanical system with Lagrangian function £\, \) = %M()\))\Q —V(A) and
configuration space R satisfies the reduced dynamics (1.17).

Theorem 1.2 (Theorem 3.5 in [7]). If © = [R]r, the motion of the Lagrangian
mechanical system with Lagrangian function £\, \) = %M()\))\Q —V(A) and
configuration space [R]p satisfies the reduced dynamics (1.17) if and only if M
and V' are T-periodic, that is M(A\) = M(A+kT), V(A) =V A+ kT) for all
k € N and for all X\ € [R]r.

Note that, if © = [R]7 and Theorem 1.2 holds, the reduced dynamics (1.17)
are completely characterized by V. A closed orbit o of (1.17) is said to be a
rotation of A, if o is homeomorphic to a circle {(A,A) € [Rlz xR : A = ¢}, for a
given constant c¢. The closed orbit o of (1.17) is said to be an oscillation of A,
if o is homeomorphic to a circle {(A\, A) € [R]y x R: A2 + A2 = ¢}, for a given

constant c.

Generation of Regular VHCs

Here, we present a constructive procedure for finding regular VHCs for La-

grangian mechanical systems with degree of underactuation of one. This pro-
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cedure is a slightly modified version of the procedure reported in [5], in which
the VHCs are expressed in the parametric form described in Remark 1.1. Here,
we consider VHCs diffeomorphic to S expressed in the form reported in Defi-
nition 1.4.

By Proposition 1.2, a VHC is regular if and only if the following equation
holds

Do () KA =6(N), A € [R]r (1.22)
i=1

where n; is a component of the vector field n and § : [R]y — R\ {0} is a
continuous function bounded away from zero. Let {i1,...,4,} be a permutation
of the set {1,...,n}, and consider i; such that 7;, is bounded away from
zero.” Besides, consider an arbitrarily selection of n — 1 continuous functions
Yigs - - - Vi, » Such that functions 7; : [R]7 — R are T-periodic.'? Equation (1.22)
can be rewritten as a first order differential equation of ~;, with independent

variable A,

) = ——— [ =3, () 7 () + 63, (), ) (1.23)

"o &

where we allow ¢ to depend also on ~;, for greater flexibility. Given an initial
condition ~;, (0), it is possible to find the missing function ~;, solving the
differential equation (1.23) over the interval [0,7"]. The solution is valid if and
only if it is T-periodic, namely the solution has to be a continuous function
on [R]r. In detail, if v;, : [R]y — R the solution is valid if 7;, (0) = ~;, (T),
otherwise if v;, : [R]z — [R]z, the solution is valid if ~;, (0) = d T; ;, (T'), with
d € Z. The number d is called degree of the function 7;, : [R]r — [R]r, and
represents the number of revolution of the angle ~;, () per each revolution

of \.

In general, this condition is not essential. Example 3.4 in [5] shows a way to overcome
this limitation.

Tn case of v; : [R]r — [R]z, the continuity property implies that ~;(0) = kT;~:(T),
with k& € N.
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The following lemma, thoroughly inspired by Lemma 3.1 in [5], gives nec-
essary and sufficient conditions for the existence of a function ¢ such that the

solution of (1.23) is T-periodic.

Lemma 1.1. Consider equation (1.23), suppose that n;, is bounded away from
zero, and that for each gi;, j € {2,...,n} the function g, — nlg—y\) 15
bounded. Fiz an initial condition v;, (0) = 72 and, if v, : Rlr — [R]p,
a desired degree d € 7 (otherwise d = 0). Then, there exists a continuous
function 0 : © x [R]y — R\ {0} such that the solution ~;, of (1.23) is T-
periodic with degree d if, and only if, the solution of (1.23) with 6 = 0, denoted
by 7i,, satisfies

Vi (T) = i, (0) # d T, - (1.24)

Moreover, for any p: © x [R]p — R\ {0}, there exists a unique e € R\ {0}
such that the solution of (1.23) with 6 = € u is T-periodic.

Remark 1.2. The assumption that ¢;, — 7is bounded for all ¢;;, j € {2,...,n}
is mild, indeed typically B is constant and D, the inertial matrix, is bounded.
For instance, all robot manipulators with revolute joints have bounded inertial

matrix.

The following procedure can be used to generate regular VHCs for a cyclic

variable.

Procedure 1.1 (Generation of regular VHCs). 1) Choose a component of 75
such that it is bounded away from 0. Given {iy,...,i,} a permutation

of the set {1,...,n}, we denote the index of this component with ;.

2) Choose n — 1 arbitrary continuous functions v;;,j € {2,...,n}, such that

functions ~; : [R]z — R are T-periodic.
3) Write the first order differential equation (1.23).

4) Fix an initial condition 4 and, if v : [Rlz — [R]y, a desired degree d
(otherwise fix d = 0).
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5) Check whether the solution of (1.23) with 6 = 0, denoted by 7;,, satis-
fies (1.24). If it does not, change the function -;, .

6) Set 0(7vi,,A) = e pu(viy, A), where u(vi,,A) is a continuous and T-periodic
function bounded away form zero. Find the unique € € R\ {0} such that

the solution of (1.23) with initial condition »{ satisfies

Yir (T) =i, (0) = d Ty, if vy 2 Rl — [R]Til
Yir (T) =i, (0) = 0, if 7, : [R]r — R.

The check in step 5) can be done using numerical integration, and the value
€ in 6) can be found with a one dimensional search based on the numerical

integration of (1.23).

Assumption 1.1. For some q¢ € Q, it holds that D(q), P(q) and B(q) in
(1.6) are even with respect to q, that is, for all ¢ € Q, D(7+ q) = D(q — q),
P(G@+q)=P(@—q), B(a+q) =BG —q).

Remark 1.3. Several robotic system satisfy Assumption 1.1, such as double

pendulum, Furuta pendulum and planar biped robot.

Lemma 1.2 (Lemma 3.3 in [5]). Suppose that Assumption 1.1 holds and that
the functions in 2) are chosen to be also odd. Consider Procedure 1.1 and fix

the initial condition ’ylol = 0. Then, the corresponding T -periodic solution of
(1.23) is odd and v is an odd parametric VHC.

The following proposition gives a sufficient condition for a reduced system
to be Lagrangian, and together with Lemma 1.2 can be used in a procedure

for finding regular VHCs whose constrained system is Lagrangian.

Proposition 1.4 (Proposition 4.4 in [6]). Suppose that Assumption 1.1 holds
and that y is an odd parametric VHC. Then function £\, \) = %1\4()\))\2 -
V(X) is the Lagrangian function of the constrained system on S x R, where
M(X) and V(X) are given by (1.20) and (1.21), respectively.
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Example 1.4. The double pendulum is a set of two particles on R?, where the
first particle maintains a fixed distance with respect to a fixed point, and the
latter maintains a fixed distance with respect to the first one. Namely, a link
connects the first particle to the origin and a second one the second particle to
the first.'! We assume that both particles have unitary mass and are subject

to gravity.!?

R2

Figure 1.5: Double pendulum.

The configuration space of the system is a torus @ = S x S. We choose the
coordinates as depicted in Figure 1.5, where ¢ € [R]2, denotes the orientation
of the first link and g2 € [R]2, denotes the orientation of the second one. The

Lagrangian function has the form (1.1), where the inertial matrix is

_ 2 cos(q1 — q2)
Do = (COS((h - q2) 1 )

HThe masses of these two links are considered negligible.
12The gravity acceleration is considered unitary.
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and the potential function is P(q) = 2 cos g1 +cos g2. A control input 7 acts on

T
the first link, thus B(q) = (1 O) . This Lagrangian mechanical control sys-
tem is known also as pendubot. The motion of the system satisfies the following

forced Euler-Lagrange equations

21 + cos(q1 — q2)da +sin(q1 — q2)§3 — 2singr =7
cos(q1 — q2)d1 + Go — sin(q1 — g2)¢? —sing; = 0.

Now, we want to find some regular VHCs ~ for this system, parametrized

with respect to variable A € [R]a,. Consider Procedure 1.1 with the annihilator

_ cos(q1 — q2)
Nq 1 :

Following the procedure, set 72 = 7i;, 71 = 7%i,- We choose the function®?
~v2(A) = A then, the first order differential equation (1.23) becomes

vector field

Y (A) = —cos(A =11 (N)) + 6. (1.25)

Moreover, we choose the initial condition 72(0) = 0 and the degree of ~; is
chosen to be d = 0. The solution of (1.25) with § = 0 is not a 27-periodic
function, therefore (1.24) is satisfied. Finally, setting p = 1, we found that
the solution of (1.25) is 2m-periodic if € = 0.4142. Thus, the VHC given by
v = (v2,m)7 is regular. Figure 1.6a shows the component functions of the
obtained regular VHC. Figure 1.6b depicts the configurations of the double
pendulum satisfying the VHC.

By Proposition 1.4, the constrained system is a Lagrangian mechanical sys-
tem with configuration space S. The Lagrangian function has the form (1.1)
with inertial matrix M given by (1.20) and potential V' given by (1.21). Fig-
ure 1.6¢ shows the functions M and V', which are 2m-periodic as expected by
the statement of Theorem 1.2. Figure 1.6d depicts the orbit of the reduced
dynamics such that A(0) = 0.1 and A = 0.

3 Note that the function is continuous and odd.
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v2(blue), 71 (red)

(a) Component functions of .

)
g
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0 5 ™ 37"
A (d) Orbit of the reduced dynamics
(c) Functions M and V' for the con-  with initial condition A(0) = 0.1,
strained system. A(0) = 0.

Figure 1.6: Example 1.4. The regular VHC ~ obtained by Procedure 1.1 setting
Y2(A) = X and d = 0.
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In the following examples, we try to generate regular VHCs following Proce-
dure 1.1. As before, we choose the second component of 7, the initial condition
~1(0) = 0 and the function p = 0.

Case v2 = sin .

Setting 2 = sin A and d = 0 condition (1.24) is not satisfied. Instead, setting
d = 2, condition (1.24) holds. Then, the regular VHC is given by v = (y2,71)"
where 7y, is given and 7 is the solution of (1.23) with e = 2.3391. Figure 1.7a
shows the component functions of the obtained regular VHC. Figure 1.7b de-
picts the configurations of the double pendulum on the VHC. Since the hy-
potheses of Proposition 1.4 are satisfied, the constrained system is a Lagrangian
mechanical system on S. Figure 1.7¢ shows functions M and V. Figure 1.7d
shows the orbit on the constraint manifold for the initial condition A(0) = 0.1,
A=0.

Case 72 = A — cos A.

Set v9 = A—cos A and d = 1. Condition (1.24) is satisfied, and for e = —1.3420
the solution of (1.23) is 27-periodic, so that v = (y2,v1)7 is a regular VHC.
Since 1 is not an odd function, the hypotheses of Proposition 1.4 do not hold.
Moreover, functions M and V given by (1.20) and (1.21), are not 27-periodic
(as shown in Figure 1.8¢). Then, by Theorem 1.2, the constrained system is not
a Lagrangian mechanical system on S. As shown in Figure 1.8d, the reduced
dynamics are unstable.

Other examples.

Figure 1.9 depicts the configuration of the double pendulum subjected to other
regular VHCs generated by Procedure 1.1.
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Figure 1.7: Example 1.4. The regular VHC ~ obtained by Procedure 1.1 setting
v2(A) =sin A and d = 2.
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Figure 1.8: Example 1.4. The regular VHC ~ obtained by Procedure 1.1 setting
v2(A) =X —cos A and d = 1.
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T

(a) The two particles subjected to the
VHC generated by setting y2(A\) = A—

3sin A and d = 0.
9 4

(¢) The two particles subjected to the
VHC generated by setting y2(A) = A
and d = —5.

(b) The two particles subjected to the
VHC generated by setting y2(A\) = A—
3sin A and d = 2.

(d) The two particles subjected to the
VHC generated by setting v2(\) = A+
4cos A and d = —3.

Figure 1.9: Example 1.4. Some examples of regular VHCs generated by Proce-

dure 1.1.






Chapter 2

Synthesis of One Dimensional

Virtual Holonomic Constraints

If people do not believe that mathematics is simple,

it is only because they do not realize how complicated life is.

— John von Neumann

I n this chapter, we consider Lagrangian mechanical control systems with
underactuation degree equal to one and a configuration space given by an
n-dimensional generalized cylindrical manifold, with n > 3. We present
a synthesis method that, under some hypotheses, allows to generate regular
VHCs, with order n — 1, whose reduced dynamics possess an asymp-
totically stable limit cycle. Remember that a regular VHC is a VHC that,
under mild hypotheses, is stabilizable with an input-output linearized feed-
back, and possesses well defined reduced dynamics. Some of the results in this

chapter have been presented in [46].

In Subsection 1.3.1, we reported a synthesis approach developed by Con-
solini and Maggiore in [5]. Under some hypotheses, if n — 1 components of

a parametric VHC are freely assigned, Procedure 1.1 allows to compute the
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remaining component as the solution of a scalar differential equation, so that
the resulting VHC is regular.

The synthesis approach presented in this chapter is different with respect
to Procedure 1.1. It transforms a given periodic curve v, starting at an as-
signed configuration g, into a regular VHC, denoted by G[y], similar to ~.
This procedure is a generalization of the procedure developed in [9] and it is
described in Section 2.1.

The main contributions of this chapter are presented in Section 2.2. In
particular, Theorem 2.2 and Proposition 2.4 present sufficient conditions on -y
such that the reduced dynamics of G[y] have an asymptotically stable limit
cycle or are unstable. Finally, Theorem 2.3 presents a constructive procedure
for finding a VHC, starting at an assigned configuration g, that possesses an
asymptotically stable limit cycle.

The synthesis method presented here is valid only for system with n > 3
and number of actuators n — 1. Moreover, the method is valid only for para-
metric VHCs diffeomorphic to S. We refer to the notation of Section 1.1, and,

in the following, we add some useful definitions.

A closed regular curve is a smooth function ~ : [R]o; — Q such that 7/,
its velocity, never vanishes. The curve is simple if it does not have self-
intersections. The length function of v is L, : [0,27] — R defined as
L,(\) = fo)\ 17/ ()]|dpe and the length of v is given by L, = L(2m). Curve
v is planar if there exists a two dimensional subspace V' C R™ such that
v'(A\) € V, VX € [0,27]. For a regular, closed, planar and simple curve -, the
isoperimetric quotient is the ratio

4 Ay
Q’Y - L?Y b

where A, is the area enclosed by curve . In other words, @ is the ratio of
the area enclosed by « and the area of the circle with the same perimeter.

The following assumptions define the class of systems that we consider in
this part of the thesis.
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Assumption 2.1. Fach component q;, 1 = 1,...,n, is either a linear displace-

ment in R or an angular displacement in [R]oy.

Assumption 2.2. There exists a left annihilator of DB, that is, there
exists a smooth vector field n which does not vanish in Q and is such that
ne D~Yq)B(q) =0, Vg € Q.

Remark 2.1. Given 7 : [R]o; — R”, define ¥(\) = p(y()\)), where p is the
covering map from R” — Q. We say that v is a regular VHC if 7 is a regular
VHC. In this way it is possible to define VHCs as closed curves on R" instead

of Q. Note that this can be done since Q is a generalized cylinder.

A limit cycle is a nontrivial closed isolated orbit. Consider the differen-
tial equation given by the reduced dynamics such that (A, )\) € © x R. The
limit cycle A is asymptotically stable if for all € > 0 there exists § > 0
such that for all (A(0), A(0)) € ||(\, )\)H)\ < ¢ the integral curve of the system
remains in H()\(t),)\(t))H/\ < €t > 0 and asymptotically converges to 4, if
limg 0 [|(A), A5 = 0.

Since the VHC is regular, the reduced dynamics are given by Proposi-
tion 1.3. As discussed in [7], the stability properties of the reduced dynam-
ics (1.17) depend on 7 and 5. These dynamics can be Lagrangian, such as
the case considered in [47|, have an asymptotically stable limit cycle, such as
for the bicycle model discussed in [48], or be unstable. The last two cases are
characterized by the following proposition, which completes Proposition 4.1
of [48].

Proposition 2.1. Let be given the differential equation
A =r(A) + (WA (2.1)

where Y1 and 1y are continuous 2m-periodic functions, and Y1 (\) > 0, VA €
[0, 27], then:

1) If f027r Ya(N)dA < 0, (2.1) has two limit cycles T, X\~ with AT (t) > 0 and
A7 (t) = AT (=t), Vt € R. Moreover \* is asymptotically stable, while A\~ is

unstable.
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2) If f027r Ya(A)dX > 0, (2.1) has no limit cycles and satisfies lim;_,oo A(t) =
+00.

Proof. Part 1). Consider the differential equation

{ Z'(A) = 21 (N) + 202 (N)z (2.2)

2(0) = zo

and set m(\) = elo 202N\ The solution of (2.2) satisfies z(2m) — 29 =
f(20), where

2
f(z0) = m(2m)z0 + /0 m(2m)m(T) "y (T)dT — 2 .

Since f(0) = [T m(2r)m(r) i (r)dr > 0 and f'(z) = m(27) — 1 < 0,
by continuity of f, there exists Zy > 0 such that f(zy) = 0. Let z be the
solution of (2.2) with the initial condition zp = Zp (note that z(t) > 0, Vt € R)
and let At be the solution of A*(t) = \/Z(AF(t)), with the initial condition
A(0) = 0. Then X is a 27 - periodic solution of (2.1) with AT (¢) > 0, V¢ € R. Set
A7 (t) = AT(—t), then a direct substitution shows that also A~ is a solution
of (2.1). The asymptotic stability of AT is a consequence of Proposition 4.1
of [48]. Finally, since A~ (t) = AT(—t), A~ is an unstable limit cycle.
Part 2). Consider the differential equation

{ Z(A) = 201 (A) + 2¢2(N)2 (2.3)

2(0) = \(0)*,

the assumptions on ¢, and 9 (i.e. ¥1(\) > 0, Vt € R and fo% P2 (X)dA > 0)
imply that limy o 2(A) = +oo and limy_,_, z(\) = —oo. Note that the

solution of (2.3) satisfies
A (t) — z(A(t)) = 0. (2.4)

By continuity of ¢; and 1o, there exists p > 0 such that the set Q = {(\, ) :
|A| < p} is such that ¢y (X) + ¢a(MN)A2 > 0, V(X A) € Q. There exists a time £
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for which A(f) > —p. In fact, if this is not the case, then lim;_, o A(t) = —0c0
and lim; o0 2(A(f)) = limy—,_o 2(\) = —oo which contradicts the fact that
z(A) > 0 as a consequence of (2.4). Hence, by the definition of set 2, there
exists a time 7 such that the solution of (2.1) satisfies A(t) > p, V¢ > . This

implies that lim; o, A(t) = +o0, and, by (2.4), that limy_, . A(t) = +00. O
In case 1) of the statement of Proposition 2.1, we will say that the reduced

dynamics have an asymptotically stable limit cycle, in case 2) we will

say that the reduced dynamics are unstable.

Remark 2.2. The case in which ¢1(A) < 0, VA € R, can be reduced to the case
discussed in Proposition 2.1. Namely, setting v = —\, equation (2.1) becomes
¢ = —h1(—v) — Pa(—v)i2. Setting P1(v) = —¢h1(—v) and P(v) = —¢ha(—v),
the system has the form (2.1), with 11 (v) > 0, Vv € R.

2.1 Synthesis of Regular VHCs

In this section, we address the problem of determining a closed VHC that starts

at an assigned configuration, namely:

Problem 2.1. Let gy € Q be an assigned configuration, find a closed reqular
curve 7y : [Rlor — Q, that defines a reqular VHC and such that v(0) = qo.

As anticipated in Section 1.1.1, we denote by U the input distribution
of the Lagrangian mechanical control system. For an assigned configuration

qo € Q, we consider a curve 7y that satisfies the following assumptions.

Assumption 2.3. Curve 7 : [R]ar — R™ is smooth, regqular, planar and simple,
moreover p(v(0)) = qo and 7' (X) € U(qo), YA € [0,27]. Note that the function
p is the covering map p : R™ — Q (see Section 1.1).

In particular, the last assumption requires  to belong to the affine subspace
passing at gy and parallel to U(qg). We will define a map G that determines a
new closed curve, denoted by G[v], that starts at gy and defines a regular VHC.
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In the following, we will assume that the following regularity properties are
satisfied.

Assumption 2.4. There exist real constants Dy, D1, Dy, D3, Dy such that,
Yge Q, r,s € R",

17l <Do ,
I(£s0)qll <Dulls]l (2.5)
1L (Ls)qll <D2|ir|lllsl,
I(£sV P)gll <Ds]|s]l, (2.6)
I(£s D) (@)l <Dalls]- (2.7)

For ¢ € Q, denote by II, : R®™ — R" the orthogonal projection onto the

input subspace at ¢, namely, Yv € R",

y(v) = v — g {1y, v) (2.8)

and let the complementary projection I+ be defined as HqL =I-1I,, Vq € R".

For the sake of simplicity, if ¢ € R", we write Il

Let § € R™ be an assigned parameter and define a curve ~; as the solution

) as I1,.

of the following differential equation

{ Yooy = gty (V) + 8 (| 29

75(0) = 7(0).

The form of equation (2.9) comes from the observation that, since
(ng,Iy(v)) = 0,Vq e Q,VveR",
the transversality condition (1.16) for curve 5 evaluates as
/ / .
(M50 V(N = (13500, 6) 1V (NI # 05 (2.10)
this implies that, if

75(0) = 75(277) and <77'y5(>\)’6> 7& 0, VA € [0’ 277]’ (211)
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then s is a closed curve that defines a regular VHC.

The following theorem shows that, if the input distribution is not involutive
at qo, then, for every curve « of sufficiently small length, whose isoperimetric
constant is bounded from below by a positive constant, there exists a value of §
such that conditions (2.11) hold and, consequently, curve ~ys5 defined in (2.9) is
a regular VHC.

Theorem 2.1. Let v,w be vector fields on Q such that v,w C U and [v,w]q, ¢
U(qo). Then, for every real positive constant C, there exist a real constant L
such that, for any closed planar regular curve v satisfying Assumptions 2.3 and
such that ~'(X) € span{vg,,wq,}, Ly < L and Q, > C, there exists a vector §*
for which the solution of (2.9) is 2m-periodic and s« defines a reqular VHC.

Moreover §* is the limit as i — oo of the iteration

. . o (2m)—
{ d(i+1)=0()— W (2.12)
5(0) =0.
Hence, if the hypotheses of Theorem 2.1 are satisfied, iteration (2.12) and
equation (2.9) allow finding a modified trajectory ~ys+ that solves Problem 2.1.
As a consequence of Theorem 2.1, for all curves « satisfying the hypotheses of

Theorem 2.1, operator
Gl =5

is well defined. In this way, operator G transforms an assigned curve <y into
a new curve G[y] that defines a regular VHC. For this reason, we refer to
operator GG as the virtual constraint generator; note the structure similar
to equation (6) in [5]. We postpone the proof of Theorem 2.1 to Section 2.1.1.

The following proposition, that will also be proved in Section 2.1.1, is a
direct consequence of Theorem 2.1. It shows that, if the input distribution U
is not involutive at qg, then it is always possible to choose a curve v such
that G[v] is well defined and is a regular VHC.

Proposition 2.2. Assume that the input distribution U is not involutive at
qo € Q, then there exists a curve -y that satisfies Assumption 2.3 and such that
iteration (2.12) is convergent (i.e., G| is well defined and is a regular VHC).
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2.1.1 Proofs

Note 2.1. The proof of Theorem 2.1 can be split in two part. The first part
proves that, given a curve v and under the assumptions of the claim, there
exists a vector §* such that the curve obtained solving (2.9), s+, is a closed
curve. The second part proves that such curve is a regular VHC.

The first part is given by part i) of Lemma 2.3, which proves that there
exists a length L such that, if the length of ~ is less than L, function (2.12) is
a contraction.

The second part is given by Proposition 2.3. The proof of that proposition
consider condition (2.11), which can be written as

I () (6%) # 0,9\ € [Rlay. (2.13)

The left member of 2.13 can be written as the sum of three terms (see 2.33).
By ii) and iii) of Lemma 2.3, two of these terms are upper bounded, whereas,
by Lemma 2.4 and the condition (2.32), the remaining term is lower bounded.
These bounds depend on the length of ~. If the length of v is less than a
constant L and condition (2.32) is satisfied, the last member is greater than
the sum of the other two. In this case, the sum of these three members does not
change sign on 7 and (2.11) is satisfied. The hypotheses of Theorem 2.1 on the
involutivity of gyp and on the isoperimetrical quotient imply condition (2.32)
and, as a consequence, the regularity of the curve ~g«.
Note that, conditions 4i) and ii7) of Lemma 2.3 are consequences of Lemma 2.2

when § is chosen equal to *. Lemma 2.1 and Remark 2.3 are instrumental to

the next results of this section.

For all ¢ € Q, let X, : R" — R™ be a linear function. Analogously as
before, the directional derivative of X at ¢y with respect to v € R" is the
linear function (£,(X))g, : R™ — R™, such that

(£o(X))go(10) = (X (), Y € B
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Remark 2.3. A straightforward computation shows that Assumption 2.4 im-
plies that, Vq,r € Q,v,z,w € R",

I(£oID)g ()] < 2D1]jof[l]]

, (2.14)
(Lo LoIl)g(z)|| < 2(D2 + DY)|[vll[Jw]/[|],

Mg (v) = I (0) || < 2D1lg — r{l[Jo]] - (2.15)

The following lemma characterizes the distance between the solutions of

similar differential equations.

Lemma 2.1. Let C, M be real positive constants and f,g : R x R" — R”,
s: R — R be smooth functions such that

[f A z) —gAy)ll < Cllz =yl + s(A), Vo,y € R", VA € [0,M].  (2.16)
Let x,y : R — R” be solutions of the differential equations
£(A) = f(A ), g(A) = g(\y),

with initial conditions x(0) = y(0). Then, it follows that

A
X — BMC S\V vV .
oA — (V)] < (/0 s()ld ) A€ [0, M]
Proof. Set e = x — y, then
{ e\ = fF(\2) — g(\y)

by hypothesis (2.16)
eI < ClleMN)] + s(A)

by integration
el < [ " OO
Then, VA < M ’
el < e [ )
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Consider the following function

A
z5(A) =v(A) + /0 (L5(u)-g01Dao ('Y/(M)) dp+ Ly (X)) . (2.17)

The next Lemma shows that function (2.17) is an approximation of the solution

of (2.9) and gives an upper bound of the difference.

Lemma 2.2. There exists a positive real constant Cy such that, for any § € R™

and any closed curve 7y : [0,27] — R™ such that
Mgey'(N) = 7' (V)5 (2.18)
the following inequality holds
lvs(A) = 25 < C1(Ly (W) + Ly (N2 [6]), YA € [0, 2a] (2.19)
where 75 is the solution of (2.9) and zs defined as (2.17). Moreover
l20(27) — 20(0)]] < DyL2. (2.20)

Proof. Inequality (2.20) follows from (2.14) since

Jao(2m) 0001 = | [ oMy (7)) |

2
< 2D1/0 Ly () |7 (w)]| dpp < D1 L3

By (2.18), differentiating (2.17):
25(A) =Ty (Y(N)) + (Ly)—go Do (Y (V) + 7' (VI8
then
(75 = 26)'(N) = I, ) (V/(N) = Tge (V(N) = (£y ()= o (VX)) =

(s 0 = Mayn) (VV) + (Ieyn) — Iy ) ( N) +
(Hv()\) - H(Io) ('7/()‘)) (‘Cv()\ H)Qo ( ( )) .
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Moreover, by (2.15)

(0000 = M) (YOOI < 201 1358 = 25N max [/ ()]

[(I5 00 = Iy) (YY) |

A
<21 | [ (yr-a i (0 00) i+ 2,08 12/

A
< (20% [ a0 I+ 2012, H5H> Ol
< Dy (DyLy (V)2 + 2L, () 15]) [ V1.

Note that, by Taylor’s theorem with remainder and (2.14),

HHV(A) (7,()‘)) — 1l ('Y/()‘)) - (ﬁw/()\)—qu)qo ('Y/()\)) | <
(Da + D)Ly (A2l (M1l; YA € [0, 27] .

From the previous inequalities, it follows that

s = 2009l < 21 (e I/ O0) 05 = z8) 1+

((2DF + D2) Ly () + 2D1I8]1) Ly (MY (M

then, (2.19) is a consequence of Lemma 2.1, with Cy defined appropriately in
terms of Dy and Ds. O

The following proposition shows that, if curve v is sufficiently short, then
(2.12) is a contraction, moreover, if ¢* is its limit as ¢ — +oo, G[y] = s«
is 2m-periodic. Further, it provides a closed-form approximation of ¢* and a
maximum bound between the closed curves vs+ and . These are mainly derived
by previous Lemma 2.2. It is convenient to rewrite (2.12) as 6(k+1) = T'(§(K)),
where T : R™ — R" is given by

7(6) = 5 — 2627 ~%(0) (2.21)

L, ’
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and define
20(0) — 20(27)

5=
Ly

Lemma 2.3. There exist positive real constants L, Csy, Co, Cy, C5 such that for

every closed curve vy, with L, < L, the following properties hold:

i) T is a contraction and converges to a fized point 0*, such that G[y| = s«

18 2m-periodic;
i) the following bounds hold

16%|| < CaL, ||6 — &%) < CsL2; (2.22)

i11) the following bounds hold

IGIIN) = vV < CaLy (N2, G = qoll < C5Ly(N), YA € [0, 2]
(2.23)

Proof. Let 01,02 € R"™ and define es, 5, : R — R" as

€51,62 ()‘) = (51 — 52) L’IY_J()\) - L ()\)L_ Vo2 ()\) . (224)

”
Note that T'(01) — T'(d2) = es, 5,(2m). The derivative of e is given by

5, (N) =5,
L’Y

& 5 (N) = (61— 6 )||7'( )

L,
— (51 - 2)IIVL(V)H L%
(I, 0 ~ o) (FOV) + (1 = 82 ]
- <H'\/51 o — Iy, (A)) (Y (N)
L"/

then, by (2.15),

€5, 8N < H’Yal A) =M M- (2.25)
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From (2.24), it follows that
Vo1 (A) = Y8, (A) = —€5,,5,(A) Ly + (01 = 62) Ly(A) ,
therefore (2.25) implies
€58, (M| < (les, oo (M + 1161 = G21l) 2D 17 (W]
By integration,
lesy (M < (2PN —1) |51 — 62
setting A = 2, it follows that

IT(31) = T(02)] < (e2P1F = 1) [|61 — 8ol (2.26)

hence, if e2P15v — 1 < 1, that is if L, < 1201%12, T is a contraction and admits a
unique fixed-point, §*. Moreover, §* = T'(6*) implies 5+ (27) = 75+ (0), which

proves part i) of the thesis.

By (2.26),
7657 = TO)] < (22~ 1)]15" ] o

16" =T ()] < (X5 — 1) ||6"|
therefore, by triangle inequality

16°) = 1T} < (2715 — 1) ]]*|

N IT(0)]]
[[67] < 5 2l

moreover, by (2.27),

16 = T()| < 222D, L, 167 (2.28)

By (2.20) of Lemma 2.2, it follows that ||§|| < Dj L., moreover, by (2.19)
evaluated with 6 = 0,

L, L,
Y0(2m) — 20(27)
L'Y

17(0) — 8| = 1 (2.20)

|

70(27) —70(0)  20(27) — 20(0) H

< ClL?y )
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thus [|[T(0)]| < ClL,QY + DL, which implies the first of (2.22). The second
of (2.22) follows from bound,
|6 = &% < [|6 —T(0) +T(0) — &
< |0 =T )| + IT(0) — &7
inequalities (2.29), (2.28) and the first of (2.22).

The first of (2.23) is a consequence of (2.19), (2.22), the definition of zs«
in (2.17), and the bound

IGII) =W < s (A) = 25+ (V] + [l25=(A) = (V]
and the second of (2.23) holds since the definition of s+ in (2.9) and (2.22)

imply
v+ (\) = qoll < Ly + C2L3 .

O

At this point we need some additional definitions. Let X,Y be vector fields
on Q such that X,Y € U and q € O, define the 2-forms
hi (X,Y) =T, (LxY + Ly X)g,
hy (X,Y) =TI, (LxY — Ly X),) =T [X,Y],.
Form h™ is called the second fundamental form of the distribution U, while

form h~ is called the integrability tensor (for more details, see chapter 2.1
of [49]). Further, set h(X,Y )y = II7(LxY),, note that

MY )y = 5 (V) + g (X)),
hence h(X,Y) is also a tensor (for each ¢ € Q it is a linear function with
respect to vectors Xg, Yy).
Note that, given a vector field v on Q such that II(v) = v, for any w € R",
Hl(ﬁw(v)) :HL(['w(H(U))
=IT" (L (I1) (v)) + (L)) (2.30)

I (£ (1) (0))
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Given a simple closed curve v = (v1,72)7 : [0, 27] — R2,

A
P / AN = 72 (M) () dA
0

represents the area enclosed by ~y, positive if v is positively oriented. Similarly,
for a simple closed curve v : [0,27] — R™, P; j = fo)‘ Yi(A)7;(A) =7 (M) v (A)dA is
the (signed) area of the projection of the curve on the plane of coordinates (i, 7).

The following proposition computes I (z5(27) — 25(0)), which is the com-
ponent of vector zs(2m) — z5(0) orthogonal with respect to U(gp). This result
will be of key importance to prove that G[v| is a regular VHC.

Lemma 2.4. Let qo € Q, let vectors v;, i = 1,...,n—1 be an orthonormal
base of the image of Iy, and let v be a curve that satisfies Assumptions 2.3,
then

T, (25(2m) — 25(0)) = > B (03, v1)g0 Prj + LTl (8)
4,7=1,..,n—1
1>

where P ; denotes the (signed) area of the projection of curve y onto the (v;,vj)

plane.

Proof. Since y(2m) = v(0), it follows that
1 1 o 1
/
T, (25(2m) — 25(0)) = T, (/0 (Lyn)=goID g0 ()\)d)\> + L, 11, (6) -
Write y(A) — g0 = Yo7y vivi(A) and /() = 571 v;95()), then, by (2.30),

2m 2
T, </0 wv(k)—qoﬂ)qov'(/\)d)\) = Zﬂé((ﬁvivj)qo)/o % (A7 (A)dA

i?jzlv"'vn_l
= 1(vi,v5) g8 5 (2.31)
i?jzlv"'vn_l

where s; ; = fOA ’yl-()\)'y;()\)d)\ and we have used the definition of h. Decompose

h = h™ 4+ h~ and consider the following expressions, where i,j =1,...,n — 1
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and ¢ > j,

27
(R (v, v))si5 + BT (vj,03)85,) = hT (v, Uj)/o (VW)Y A) 4+ (A)vi(N)) dA
= h* (v, 05) (i (2m)7;(2m) — 7i(0)7;(0))

=0

and

2T
(R (v5,v5)8i5 + b (vj,v:)85:) = h_(viuvj)/o (VW)Y A) =i (A)vi(N)) dA
=h" (v, Uj)PZ‘J .

where P, ; = s; j — s;,; is the signed area of the projection of v onto the (v;, v;)

plane. Hence, the symmetric part A" of h cancels out from (2.31) and

T, (25(2m) = 25(0) = > B (vi,v;)q0 Prj -
i7j:17"'7n71
1>7

O

The following Proposition presents a sufficient condition for G[vy] to be a

regular VHC. This result is based on Lemma 2.3 and Lemma 2.4.

Proposition 2.3. For any qo € Q and any real positive constant K, there
exists a positive real constant L such that for any closed reqular curve vy that
satisfies Assumptions 2.3, such that L, < L and

> b (i v)e Pyl > KL, (2.32)

i,j=1,...,n,1>]

iteration (2.21) converges to a solution 6* and G[y] = s« is a reqular VHC.
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Proof. By (2.9)

T oy (5-() =TI () (T (57 O0) + Y/ (V)1167)
= IV (VI ) (6°)
= I I ( (T ) = T ) (6%) + T, (6 = ) + 105 (3) ).
(2.33)

Note that, by ii) of Lemma 2.3, (2.15) and (2.23), VA € [0, 27],

(50 =) 6

by (2.22) H(JJB (5* — 5) H < Cng/. By Lemma 2.4 and hypothe-
sis (2.82), T, (6) = g, 207280 > KL Hence, YA € [0, 2],

| <2D1 s (V) = ol 6°]] < 2D1(C5L,)C L

T oy (Y (V) | = Ly(K = 2D1(C5Cy + C3) L) ,

and, choosing L < for any curve « such that L, < L,

K
2D1(C5C2+C3)?

oy (75 (N) | > 0, € [0,2n]

[T,

hence ~s+ is a regular VHC.
O

Finally, the hypothesis of Theorem 2.1 imply the existence of a K in (2.32).
Proof of Theorem 2.1.
By hypothesis (It [v,w])gy = 2™ (Vg9 Weo)go # 0, hence, since |A| > i—f’,
where A is the signed area enclosed by 7,

C’L2
Z h™ (vi, v5)g0 Pij —|h Yqo0s Wao qu‘ > |h™ (vg0, Wao)ao | — Ar

1,j=1,...,n,1>J

and the thesis is a consequence of Proposition 2.3. |

Proof of Proposition 2.2.

Since the input distribution U is not involutive at qg, there exist vector fields
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X,Y € U such that (TI*[X,Y])y, = 227 (X,Y) # 0. Let v be a closed planar
simple curve such that v(0) = go and 7/(\) € span{X,,,Y,,} with signed
area Pio. Let vy,...,v,—1 be a base of U(go) with v; = X, vo = Yy, consider
the family of planar closed curves v¢ = qo + €(y — qo), with € € (0,+00)
and let Pjg . denote its area. Note that L., = €L, and Pp, = €2Py5, then,
Ve € (0,400)

Dijetmyisg B0 ) Pije i1 i BT (Vi 0) P

2
22 7

_ Pyo
=h (qu qo) 12 #0,
o

since P; ; = 0 in the above sum if (4, j) # (1,2), due to the fact that v belongs
to the affine plane parallel to span{vi,vs}, passing at go. Then, by Proposi-
tion 2.3, it is possible to choose a sufficiently small € such that the fixed point

iteration (2.21) converges to a solution ¢* and s+ is a regular VHC. |

2.1.2 Example

Example 2.1. As an application of Theorem 2.1, consider the simplified PV-
TOL aircraft model (see [50])

g1 = —sings 71 + v cosqs T
g2 = cosqs 71 +vsings T2 — 1 (2.34)
g3 = T2

where q1,q2 € R are the horizontal and vertical coordinates of the center of
mass, while g3 € S is the rotation angle. Figure 2.1 shows the chosen generalized
coordinates. The controls are given by 71 and 7. The parameter v is the
coupling between the rolling moment and the lateral acceleration of the aircraft.

The constant —1 is the normalized gravitational acceleration. System (2.34) is
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R2

Figure 2.1: PVTOL aircraft model.

in the form (1.5), with D(q) =1, C(q,q4) =0, P = ¢2, and

—sings vcosqs

B(q) = cosq3 vsings
0 1
Note that
COS q3
Ng = | sings
—v

In the following, we consider v = 0.1. Let u!, u? be the vector fields on Q

such that B(q) = (ué,ug), Vg € Q, then [u!,u?] = (- cosqs, —sings, 0)T. Set

q0 = (0,0, %)T, the configuration in which the center of mass is at the origin

and the rotation angle is 7. Note that the input distribution is not involutive
at q0-
As a first case, define curve ! : [R]o, — R? as

1 COS A —
() = Blao) ( Y j) (0'25 - ”) + 0. (2.35)
! .
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Note that 7! is an ellipse passing through ¢o and belonging to the affine
plane parallel to U(go) = Im B(qp), hence ~' satisfies Assumption 2.3. It-
eration (2.12) converges to 6* = (—0.0412, —0.0538, 0.0068)”. The resulting
curve G[y!] defines a regular VHC since condition (1.16) is satisfied. Figure 2.2a
represents y! (blue), G[y!] (red), and the affine plane {go + U(qo)} (green sur-
face). In this case ¥1(A) > 0, A € [R]ar and fo% o (A)dA = 2.1173, therefore,
in accordance with Proposition 2.1, the reduced dynamics are unstable. Fig-
ure 2.2b shows the phase portrait of the reduced dynamics and the positive
semi orbit of (1.17) with the initial condition A(0) = 0, A(0) = 1.

el
)

—025

(b) Phase portrait of the reduced dy-

(a) Curves 7! (blue), and G[y'] (red).  pamics on G[y!].

Figure 2.2: Example 2.1. Synthesis of a regular VHC starting from curve 1.

As a second case, consider the curve 72 : [R]a, — R3 defined as

B L 1) (0.2(cosA—1)
72(A)—B(qo)<i %>< 0Lsin ) >+qo,

which, again, is an ellipse passing through ¢y and belonging to the affine
plane parallel to U(qp). The fixed-point iteration (2.12) converges to §* =
(—0.0618, —0.0251, 0.0066)”, and, also in this case, curve G[y?] defines a reg-
ular VHC since condition (1.16) is satisfied. Figure 2.3a depicts curves ~2
and G[y%]. Since ¥1(\) > 0,\ € [R]2; and fo% Pa(A)dA = —2.3103, in ac-
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cordance with Proposition 2.1, the reduced dynamics on G[y?] have an expo-
nentially stable limit cycle. Figure 2.3b shows the phase portrait of the re-
duced dynamics and the positive semi orbit of (1.17) with the initial condition
A(0) = 0,A(0) = 1. The representation of the PVTOL configuration on the
VHCs is given by Figure 2.6a. In particular the green curve represents G[y!]
and the yellow curve represents G[y2].

\\%/X\\//

q0 <

k]
!

q2

70.25
<0
o T <_0.25
—0.25 0

025

(b) Phase portrait of the reduced dy-
(a) Curves 42 (blue), and G[v?] (red). namics on G[y2].

Figure 2.3: Example 2.1. Synthesis of a regular VHC starting from curve ~2.

Note that, even if ellipses 4! and v? are similar, the VHCs G[y!] and G[v?]
have different stability properties: G[y?] has an asymptotically stable limit
cycle, while G[y!] is unstable. Hence, G[y?] induces a stable periodic motion
on the controlled system that can be maintained with bounded control forces,
while G[y!] has reduced dynamics with unbounded speed and requires un-
bounded control forces to be enforced. The next section shows that, in some
cases, the stability properties of the VHC G[y] can be inferred a priori from
the curve v without the actual computation of G[y]. Moreover, it shows that,
in some cases, it is possible to choose curve v in such a way that the resulting

VHC GJv] has reduced dynamics with an exponentially stable limit cycle.
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2.2 Synthesis of Stable VHCs

The discussion of Example 2.1 shows that the synthesis method presented in
Section 2.1 has one important limitation: the reduced dynamics of G[y] can be
evaluated only a posteriori with respect to the choice of curve . Since VHCs
with unstable dynamics are not practically desirable, it is natural to formulate

the following problem:

Problem 2.2. Let gy € Q be an assigned configuration, find a closed reqular
planar curve v : [Rlor — Q, with v(0) = qo, such that G[| exists and defines a
reqular VHC whose reduced dynamics possess an exponentially stable limit

cycle.

We present a possible solution to this problem based on Proposition 2.1,
which gives sufficient conditions for the presence of a stable limit Cycle in the re-
duced dynamics that depend on the signs of 11 (A), A € [0, 27] and f A)dA.
Roughly speaking, we will show that, if ~ is of sufficiently small length curves
~ and G[y] are very similar, so that the signs of 11 () and f A)d\ can be
inferred directly from ~, without the actual computatlon of G [ ]

As a first step, in the following lemma, we rewrite term fozﬂ Yo (A)dA in a

more convenient form.
Lemma 2.5. Let 1)y be given by (1.19) and set

(Vo )my): 7' (V)
oy Y(N) 7

P3(A) =

then [27 Pa(N)dA = [T 1bs(\)dA

Proof. Proof of Lemma 2.5. The numerator of ¥5 contains one of the two terms
of the derivative of the denominator:

(2.36)

Vo) (0> Y (V) = (Var om0 7 () + (02 Vor 1" (V)
by adding and removing the missing term from the numerator, we rewrite o

as
(VY Myn, 7' (N)

(130057 (A))
=V 108((ny0): 7 (N)) + h3(N) .

Ya(A) = =V 1og((nyn), 7 (V) +
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The thesis follows from the fact that the integral of —V./(y) 10g(<77,y(>\), 7’()\)>)
over [0, 27| is 0, since it is the integral on a closed curve of the covariant deriva-

tive of a scalar function. O

Then, it is convenient to adopt the following notations.

Definition 2.1. Define function w(q) : @ — R as

w(q) = (1g: D~ (q)VFy) .-

Definition 2.2. Define the 2-form M : T,9 x T,Q — R as

My(x,y) = ((Van)g, )

and define M, : U(q) x U(q) — R as the restriction of M to the image of the

input distribution (i.e., My(z,y) = My(z,y),Vz,y € U(q)).
In this way, equations (1.18) and (2.36) are rewritten as

~w(V) ¢3()\):My(>\)(7/()‘)77/()‘))
()Y (V) (7' (N)

Assume that, for an assigned curve +, the fixed point iteration (2.12) con-

P1(A) =

verges and that the resulting curve G[y] defines a regular VHC. Let 7, ¥5 be
the functions ¢; and 3 computed on the VHC G[v], namely

w(GY](N) GEN) = Mepon (G (N, GV (V)
nomoy GV 0 (e, G (V)

Our main results are based on the following observations, that will be

T;Z)T()‘) = _<

proved in Section 2.2.1.

1) If ~ satisfies the hypotheses of Theorem 2.1 and is of sufficiently small
length, there exists a constant C, independent on +, such that ||G[y](\) —
YN[ < CL,(N)?, VA € [0,27], that is G[y] is very similar to v (see
Lemma 2.3).



68 Chapter 2. Synthesis of One Dimensional VHCs

2) By (2.10), the denominators of ] and 3 have a constant sign, for A €
[0, 27].

3) Since w is smooth, if w(qy) # 0, by continuity, if «y is sufficiently small, the

sign of the numerator of 7, is equal to the sign of w(qp).

4) Since the two-form M, is smooth with respect to g, if v is sufficiently small,

the numerator of ¢ can be approximated by My, (7' (\),7 ())).

In some cases, for a closed curve y of sufficiently small length, these observa-
tions allow inferring a priori the stability properties of the reduced dynamics
for the VHC GJr]. This fact is shown in the following two theorems, whose

proofs are reported in Section 2.2.1.

Theorem 2.2. Assume that the hypotheses of theorem 2.1 hold and that one

of the following conditions is satisfied
a) Mgy > 0,w(qo) >0 or My, < 0,w(qo) <0,
b) My, > 0,w(qo) <0 or My, < 0,w(go) > 0.

Then, if a) holds, the reduced dynamics of G[y] have an exponentially stable
limit cycle, if b) holds, the reduced dynamics of G|y| are unstable.

Proposition 2.4. Let qo € Q be an assigned configuration and let V be a 2-
dimensional subspace of U(qy) such that there exist two vector fields f,g on Q
such that V' = span{ fq,, 9q0} and [f,glqo ¢ U. Let v be a curve that satisfies

Assumption 2.8 and set

2m
r= [ o). (2.37)

Then, there exists € > 0 such that, Ve € (0,€|, iteration (2.12) is convergent

for curve
Y =qo+ (7 — o) (2.38)

and G[v¢] defines a reqular VHC. Moreover,
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a) If I > 0,w(qp) >0 or I <0,w(qgo) <0, the reduced dynamics of G[¥¢] have

a stable limit cycle.

b) If I > 0,w(qo) < 0 or I < 0,w(qo) > 0, the reduced dynamics G[~] are

unstable.

In particular, Theorem 2.2 shows that, if w(qy) # 0 and if M, is positive
or negative defined, the stability properties of the reduced dynamics associated
to G[v] are the same for all curves v of sufficiently small length. Proposition 2.4
shows that, if w(qo) # 0 and I # 0, then, there exists a value € > 0, sufficiently
small such that, for any e € (0,€), curve 4¢ defined in (2.38) is such that
iteration (2.12) converges and the resulting curve G[¢] defines a regular VHC,
whose reduced dynamics have stability properties that depend only on the signs
of w(qo) and I. Note that 7€ represents a rescaling of +: in other words, in the
hypotheses of Theorem 2.2, it is always possible to rescale v so that G[y] is
well defined.

The following theorem completes the previous results. In particular, it
shows that, if w(gp) # 0 and My, is indefinite, then it is possible to find a
curve v such that the resulting VHC G[y] has reduced dynamics characterized

by the presence of an exponentially stable limit cycle.

Theorem 2.3. If My, is indefinite and w(qo) # 0, then, for any positive real
constant L, it is possible to find three VHCs v*, ¥, 4> such that, fori =1,2,3,
q0 =7i(0), Ly, < L, and

a) the reduced dynamics of v' have an exponentially stable limit cycle,
b) the reduced dynamics of v* are unstable,

c) the reduced dynamics of v* are SEL.!

The following remark illustrates how to choose 7 in such a way that the
reduced dynamics of G[y| have a stable limit cycle. It is a direct consequence

of Theorems 2.2 and 2.3.

'For the definition of SEL (singular Euler-Lagrange) systems, we refer the reader to
definition 3.1 in [7].
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Remark 2.4. Assume that f, g are vector fields on Q such that [f, glq, ¢ U(qo),
set V' = span{ fy,, gq } and N = My |y. Assume that one of the following two

cases holds:
1) N >0, w(g)>0o0r N <0, w(g) <O0.
2) N is indefinite.

In case 1), let v be any curve satisfying Assumption 2.3 and such that 7/()\) €
V, VA € [0,27]. Then, there exists €, sufficiently small, such that, Ve € (0, €], it-
eration (2.12) converges and curve G[y€| defines a regular VHC, whose reduced
dynamics have an exponentially stable limit cycle by Theorems 2.1 and 2.2.

In case 2) Denote with T the positive eigenvalue of N, with p~ the negative
eigenvalue, and with v™, v~ the corresponding eigenvectors. Consider a curve
defined as

Yoo =qo+ p (vF cosf(cos A — 1) + v~ sin6 sin \) (2.39)

where p € RT and 6 € [0, ] are two parameters. Consider function

27

F(0) = ; N, 9(N), A5 0(N)dA,

with 4/ = L. If w(qo) > 0 (respectively, w(qgy) < 0), choose 6 such that

0e(0,%) arllé”F(H) > 0, (respectively, F'(f) < 0). The existence of such values
of 0 is discussed in the proof of Theorem 2.3, in Section 2.2.1.

Then, there exist a sufficiently small p, such that Vp € (0, pl, iteration (2.12)
is convergent and curve G[v,, 9] defines a regular VHC, whose reduced dynamics

have a stable limit cycle (see the proof of Theorem 2.3 in Section 2.2.1).

2.2.1 Proofs

Note 2.2. Let v be a given curve satisfying Assumption 2.3 and let 4 be
the corresponding regular VHC obtained by (2.12) (that is, ¥ = G[y]). By
Proposition 2.1 the stability properties of the reduced dynamics of 4 depend on
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signs of 9] and ¢2 Moreover, Lemma 2.5 states that there exists a function 3
such that f A)d\ = OZW P5(A)dA. Our aim is to estimate the signs of
these functlons, in order to understand the stability properties of 4, from the
knowledge of the curve ~. Set gy = v(0).

w(go) G\ and Mgy (M)A V)

Consider the following approximations: u ~
& apb <nq0,> E)

P5(A), YA € [R]ar. By Lemma 2.7, the difference between them is upper
bounded by the length of the curve . Then, there exists a constant L such

that, if the length of « is less than L, the signs of the approximations are
equal to the signs of the functions ] and 5 (). If My, is positive or negative
definite, the sign of (2.37) is positive (or negative) for any choice curves 7. On
the other hand, if My, is indefinite, the sign of (2.37) depends on the choice of
the curve . An iterative procedure for the construction of regular VHC with

stable reduced dynamics is shown in Remark 2.4.

Lemma 2.6. Let be given functions N,N',D,D’,d,n : R — R such that,
VA eR,

IN(A) = N' (V)] < n(A), [DA) = D'(V)] < d(A), [D(A) —d(N)]#0, (2.40)
then

N N’(A)‘ < INV[AA) + [DN)[n(A)
D) D'~ DDA —d(A)
Proof. Note that
N N NAYD'A) = N'(N)DK

D(\) D'(\) D(\)D'(\) '
then Assumptions (2.40) imply
ID'(MNQA) = N'(AN)DN)| = [D'(AN(A) = N'(A)D(A)

(
= [D)(N(A) = N'(A)) + NA)(D'(A) = D))
1 D(
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Lemma 2.7. There exists positive real constants Cg, Cy, Cg such that, for any
curve 7y for which the fixed point iteration (2.21) converges to a value § = §*
and ¥ = G[v] is a feasible VHC, the following bounds hold

[w(F(A) —w(qo)| < CeLy(A) (2.41)

(' (M)A (V)| < CrLy. (2.42)

ISV wmu) Moo

[y, ") = (405 6)| < CsL2, (2.43)

Proof. By assumptions (2.5), (2.6), (2.7), there exists a positive real constant
E; such that function w(q) = <77q, D_l(q)VPq> is such that, for any ¢g,q € Q,
llw(q) —w(qo)|l < E1|lg — qol|, hence (2.41) follows from the second of (2.23).

Further, by assumptions (2.5), (2.7) and the definition of the Christoffel’s
symbols, there exist positive real constants Fs, E5 such that function H(gq,v) =
((Vym)g, v) is such that, for any ¢,qo € Q, v,w € R",

1H (g, v) = H(qo, w)l| < [|H(g,v) — H(g, w)| + [[H (g, w) — H(qo, w)]|
< By |lv —w| + Esllg — goll[[w]*. (2.44)

Being My, (4, 4) = H(qo,q), (2.44) implies that

)t

|
))4'5*”7( )=~

HMW <|| EXH %ii

T30 ('
< E + Es||7(A) —
< B |5 - Hw) )| + Bsl3 ) - ol
< B3 |5 + B> H(H%) — 118 ) [ 17 OO+ Esl3 () = aoll,

property (2.42) then follows from (2.15), (2.22) and the second of (2.23).
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Finally (2.43) is a consequence of bound

‘<n’7()\)’5*> B <77€I0’5>‘
< (5030, 87) = (oo, 0] + [ {102 %) = (1. 5)]
< Di|7(A) = qoll[|67]| + Dolls* — 4|

and (2.23), (2.22). O

Proof of Theorem 2.2.
Set o = (1g0,0) and ¢ = LW%. Assume My, > 0, w(gp) > 0, a > 0, the

other cases are analogous. Note that, by Lemma 2.4, |a| = |h™ (vgy, Wgq ) o %;’Ly],

then, setting dy = |h~ (qu7wqo)qo%‘7 da = |~ (vgy, Weo)go =, it follows that

dlL,y <a< dQL,y .

Note that ) > wglq;) > 0, moreover

U7 = LallY (Dl (V) = Ly (w(%) w(75) )

« - <77“/5* ’ 6*>

By (2.22), Lemma 2.6, Lemma 2.7, it follows that

w(go)  w(vs)

@ (Thyse» %)

If needed, reduce L such that d; — CgL > %1, then, setting d3 = QWM
1

aCs L~ + |w(qo)|Cs L2 < d2Cs + |w(qo)|Cs
Oé(Oé — CgL?Y) - d (dl — CSL'y)

the previous inequality implies that

W’? - LVH'YI()‘)HT/H M < dsL . (2.45)

Set ¥(\) = LVW' Assume that My, > 0 (the case My, < 0

is analogous) and let gy, po be its minimum and maximum eigenvalues. Note

that ¥J > & > 0, moreover

YN e )
W0 — wgi _ [ MaN)YN) M. (—“3/@)”,—”%)”)
’ [RACY ] — @ (1l > 8%
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By (2.22), Lemma 2.6 and Lemma 2.7, it follows that

l

hence, setting dy = 2d2d§7, ds = 2@

aC7L + p2Cs L2 < ©Cr + 1aCs Ly

wg H 2 — )
H’y )l afa — CsL2) di(dy — CsL)

- dyLy + dsL2 . (2.46)

Yo H'

Thus, by (2.45), (2.46), there exists L sufficiently small such that, if L, < L,
3(A) > 0 and ¥1(N) > 0, VA € [0,27], which imply the thesis by Proposi-
tion 2.1. |

Proof of Proposition 2.4.

Set a = (14,6) and define ¢ = _wa(gm and ¥) = L,Y—Mqoa(ﬁ;f?;;ﬁ;@)). By

Theorem 2.1, there exists a sufficiently small €, such that, Ve € (0,¢], the

fixed point iteration (2.21) converges to a value §*(e) and curve G[y¢] defines
a regular VHC.

Let ¥1 (A, €) and 13(\, €) be the functions defined in (1.18) and (2.36) for ~¢.
As a consequence of (2.45) and (2.46), there exists a sufficiently small € such
that, Ve € (0, €), the sign of ¢! is equal to the sign of 11 (), €), YA € [0, 27] and
the sign of fo% PI(N)d\ = %I is equal to the sign of fo% Y3(\, €)d\. Then, the

thesis is a consequence of Proposition 2.1. |

Proof of Theorem 2.3.
Let v1, v2 be the eigenvectors of M, with associated eigenvalues p1 > 0,

p2 < 0. Let 7,0 : [0,27] — R™ be the closed curve
Yp,0(A) = qo + p(cos 8 (cos(A) — 1)vy + sinf sin(\) vg),

where p is a positive real constant and 6 € [0, §]. Define the real valued function

2 My (7, 0N, ¥ g (V)
F o) = /O ERO
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Note that F' is constant with respect to p, F/(0) = pu12m, F(5) = pe2m, hence,
by continuity, there exist ¢ > 0 and 61,62 € (0, §) such that F\(6;) > ¢, F'(02) <
—c. Note that @), , is independent on p and that mingejg, 9,) @+, , > 0. Hence,
there exists pg > 0 such that the family of curves {v,4,p € (0, pol,0 € [01,62]}
satisfies the hypothesis of Theorem 2.1. Let 11 (\, p, 0), ¥3(A, p, ) be the cor-
responding functions defined as in (1.18), (2.36) and set 19(9) = %,
v8(0) = <nq§f§()e>>'

By (2.46), (2.45), there exists a positive constant p such that, Vp € (0, p), in-
tegrals fo Y3(\, 01, p)d\ and f ¥3(, B2, p)d)\ have opposite signs, while inte-
grals fo P1(A, 01, p)dX and fo 11 (X, B2, p)dX have the same sign. Moreover, by
continuity, there exists a function of f3(p) such that f P3(X, 03(p), p)d\ =0,
Vp € (0,p). Hence, there exists a sufficiently small p such that G|y, 4,] defines
a regular VHC whose reduced dynamics have an asymptotically stable limit
cycle, G[v,,9,] defines a regular VHC whose reduced dynamics are unstable,

and Gy, g,(p)] defines a regular VHC whose reduced dynamics are SEL. W

2.2.2 Example

Example 2.2. We continue the discussion of Example 2.1 related to the PV-
TOL system with the initial configuration go = (0,0, %) Note that w(g) =
sin(gs) = 0.7071 and

0 0 —0.351
Myy(v,w) =0" | 0 0 0351 |w.
—0.351 0.351 0
Since the input distribution has dimension 2, V' = U(qy), moreover M =
0 1
My lv = (1 8) is indefinite, with eigenvalues u™ = %, uoo= —% and eigen-
2

vectors v = (0.707, 0.707)", v~ = (-0.707, 0.707)7.
Consider the curves 4!, 42 defined in Example 2.1. For 42, the index defined
in (2.37) is given by I = 0.6244. Since I and w(qp) are positive, in accordance
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with Proposition 2.4, there exists € > 0, such that, Ve € (0, €), the fixed point
iteration (2.12) is convergent and G[y?€] defines a regular VHC whose reduced
dynamics have a stable limit cycle.

For +!, the index defined in (2.37) is I = —0.6260. In accordance with
Proposition 2.4, there exists € > 0, such that, Ve € (0,€), the fixed point
iteration (2.12) is convergent and G[y!¢] defines a regular VHC whose reduced
dynamics are unstable.

For instance, choosing ¢ = 1, G[y!] and G[y?] are well defined and the
stability properties of the associated reduced dynamics are in accordance with
the results of Theorem 2.2.

Now we want to generate a VHC such that the reduced dynamics have
a stable limit cycle. In accordance with Remark 2.4, since w(qp) > 0 define
73 = ,0 as in (2.39) with § = 0.3, p = 0.2. The fixed-point iteration (2.12)
converges to 0* = (0.0318, 0.0269, —0.0042)7, and G[y3] is a regular VHC.
The reduced dynamics have a stable limit cycle, indeed 1 (A) < 0, A € [0, 27]
and f02 Yo (N)d\ = 7.1648. The curves obtained are depicted in Figure 2.4a,
(in blue the curve 4% and in red the curve G[y®], while the faded green plane
represents the affine subset {go+U(qo)}). Figure 2.4b shows the phase portrait
of the reduced dynamics and the positive semi orbit of (1.17) through A(0) =
0, A\(0) = 1. Curve G[y%] is depicted in Figure 2.6a with the color black.

As a second example, set 74 = Yp,p asin (2.39) with = §—0.3 and p = 0.2.
The fixed-point iteration (2.12) converges to 6* = (0.0363, 0.0204, —0.0042)7,
and G[y%] defines a regular VHC (Fig. 2.5a). Figure 2.5b shows the phase
portrait of the reduced dynamics and the positive semi orbit of (1.17) through
A(0) = 0,A(0) = 1. As expected, G[y*] has unstable reduced dynamics, indeed
P1(A) <0, € [R]ar and f02 Pa(A)d\ = —7.1636. In Figure 2.6a curve G[y?] is
depicted in blue.
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q3

N
|

(b) Phase portrait of the reduced dy-
namics on G[?].

(a) Curves v3 (blue), and G[y?] (red).

Figure 2.4: Example 2.2. Synthesis of a regular VHC starting from curve ~3
and possessing a stable limit cycle.

g3

el

A

3m
5 21

(VB
3

o A
0.25 q1

(b) Phase portrait of the reduced dy-

(a) Curves v* (blue), and G[y*] (red).  namics on G[y*].

Figure 2.5: Example 2.2. Synthesis of a regular VHC starting from curve ~v*
and possessing unstable reduced dynamics.
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021
0.1
G2 0 +
—0.11
—0.20
—0.3L

—-0.2 -0.1 0 0.1 0.2 —0.3
q1

(a) PVTOL configurations for G[y!] (green), G[y?] (yellow) G[y?]
(black), and G[v*] (blue).

q3
A UQO

qo

INE

q2
= 0.25

0.25 ”
(b) VHCs G[y'] (green), G[y?] (yellow), G[y?] (black) and G[y?]

(blue).

Figure 2.6: Examples 2.1 and 2.2. Illustrations of the VHCs obtained in these
examples though the synthesis method of Theorem 2.1.
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Chapter 3

Coordinate Free Formulation of

Virtual Holonomic Constraints

Mathematics is the art of giving

the same name to different things.

— Henri Poincaré

I n this chapter, we present a coordinate free formulation for VHCs. This
formalism is based on a differential and Riemannian geometry setting. A
Lagrangian mechanical system can be naturally identified with a Riemannian
manifold. With this approach, the trajectories of the Lagrangian mechanical
system correspond to the geodesic curves of the associated Levi-Civita connec-
tion. Even though this identification is natural, to our knowledge, it has not
been used before in VHCs theory.

Following this formalism, we extend some results presented in [6, 5] (and
summarized in Chapter 1 of this thesis) to Lagrangian mechanical systems on a
generic manifold. We present the contributions on virtual constraint theory in
Section 3.2. The first result, Proposition 3.1, shows that a VHC is a controlled

invariant set if its tangent bundle and the input distribution are transver-
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sal. This condition is a straightforward generalization of the one presented in
Propositions 1.2. Theorem 3.1 shows that the projection of the Levi-Civita
connection on the tangent bundle is still a connection, called the induced con-
nection. Then, Proposition 3.2 shows that the reduced dynamics correspond
to the geodesics of the induced connection. In Section 3.3 we present some
examples of VHCs described with this formalism. Some of these results have

been presented in [51].

3.1 Mechanical Systems and Riemannian Geometry

In this section, we present a coordinate free description of Lagrangian me-
chanical systems. In the first subsection, we summarize the basic concepts of
differential and Riemannian geometry that we will use in this part of the thesis.
The notation has been adapted from [13| and [11].

3.1.1 Notation

In this part of the thesis we adopt the Einstein summation convention. Fol-
lowing this convention, if in a given expression the same index appears twice, as
an upper index of a term and the as a lower index of another one, these terms

are understood to be summed over all possible values of that index. For in-

. ) i . : o
stance, 2'y; means ) _; x'y; and z; ; @y wiu; means Y o, Yyl 3057 2y 4w

Differential Geometry Notation

In this thesis, we deal with manifolds which are smooth, Hausdorff and sec-
ond countable. Let M be an n-dimensional manifold, a coordinate chart
on M is a pair (U, ), where U is an open subset of M, called coordinate
neighborhood, and ¢ : i/ — U is a diffeomorphism, called local coordinate
map, with & an open subset of R”. The component functions (z!,...,2") of ¢,
denoted by ¢(q) = (z(q),...,2™(q)), ¢ € M, are called local coordinates
on U. Given p € U, if ¢(0) = 0, we say that the coordinate chart is centered
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at p. Two coordinate charts, (U, ¢) and (V, 1), are said to be smoothly com-
patible if either U NV = 0 or 1 o ¢~ ! is a diffeomorphism. A smooth atlas
A for M is a collection of charts whose domains cover M and any two charts
in A are smoothly compatible with each other.

Let M be an n-dimensional manifold, f : M — R* is a smooth function
if, for each p € M, there exists a coordinate char (U, ¢) such that p € U and
fo¢~!issmooth to the open set U = ¢(U) C R™. We call the smooth function
f: U — RF defined as f(x) = f o ¢~'(x), the coordinate representation
of f. We denote the family of all smooth scalar function on M, f : M — R,
by C*°(M).

Let M, N be smooth manifolds, ' : M — N is a smooth map if, for
each p € M there exists a coordinate char on M, (U, ¢) containing p € U, and
a coordinate char on N, (V, 1) containing F(p) € (V,), such that F(U) C V
and the composite map 1 o F o ¢! is smooth from ¢(U) to (V). We call
the smooth map F : ¢(U) — (V), defined by F(x) = 1 o F o ¢~ (x), the
coordinate representation of F.

Let M be a smooth manifold and let p € M. A derivation at p is a linear
map v : C°(M) — R satistying v(fg) = f(p)vg + g(p)vf,Vf,g € C*(M).
The set of all derivation of C*°(M) at p is a n-dimensional vector space called
tangent space to M at p, and it is denoted by 7, M. The elements of
T,M are called tangent vector at p. Given a coordinate char (U, ¢), the

local coordinates (z!,...,2") give a basis for T, M, consisting of the partial

derivative operators a(zi’ called coordinate basis of T, M. When there is no
confusion about which coordinates are meant, we abbreviate the coordinate
basis by the notation d;. Then a tangent vector v € T),M can be described by
v = v'0;, where v’ are its components with respect to the coordinate basis.
Let M be an n-dimensional smooth manifold. The disjoint union of the
tangent spaces to M at all points of M is called tangent bundle of M and
it is denoted by T'M. The tangent bundle is a 2n-dimensional smooth manifold,

and its elements are denoted by the pair (p,v). Moreover, the tangent bundle

Note that, a smooth function is a special case of smooth map.
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is endowed with a natural projection map « : TM — M.

Let M, N be smooth manifolds and let F' : M — A be a smooth map.
For each p € M the map dF, : T,M — Tr,) N is called differential of F
at p. Let (U, ¢) and (V, ) be the coordinate charts on M and N, respectively.

Denote by « the local coordinates on U and by y the local coordinates on V.

Then, for each p € U, the action of dF}, on the coordinate basis a(zi is given by
0 OFJ 0
’ (8961 p) Oar Oy’ F(p)

Namely, dF}, is represented in coordinate basis by the Jacobian matrix of the
coordinate representation of F'. By putting together the differentials of F' at all
the points of M, we obtain the global differential of F', which is a smooth
map dF : TM — TN.

Let M be an m-dimensional smooth manifold and let V' be an n-dimensional
smooth manifold. Consider a smooth map F : M — N and p € M, then the
rank of F at p is the rank of dF), (that is, the rank of the Jacobian ma-
trix). The map F' has full rank in p if the rank is equal to the minimum of
{dim M, dim N}. The map F' has full rank if it has full rank for all p € M.
The map F : M — N is a smooth submersion if its rank is equal to dim N
(that is its differential is surjective for each point). The map F : M — N is
a smooth immersion if its rank is equal to dim M (that is its differential
is injective for each point). If dim(M) = dim(N') and the smooth map F has
a smooth inverse, F' is a diffeomorphism from M to N. The n-dimensional
manifolds M, N are diffeomorphic if there exists a diffeomorphism between
them.

In this thesis we consider a particular subfamily of smooth immersions, the
embeddings. A smooth embedding is both a smooth immersion and a topo-
logical embedding. Let M and N be smooth manifolds and let F : M — N
be a smooth embedding. The image of this map, S = F(M), is an embed-
ded submanifold of N with the property that F is a diffeomorphism onto
its image. The embedding ¢ : § — M is called inclusion map and it is de-
fined as « = F(F~!). We define codimension of S in M the difference
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dimS — dimM. For each p € M and ¢ = F(p) € S, the image of the injective
linear map dFy, : TyM — Tp)N, is a linear subspace of Tp(,) M and it is
denoted by TS, namely TS = dFy(T,M). Let M be an n-dimensional
manifold and & C M an embedded submanifold with codimension m. By The-
orem 5.8 of [13], for all p € S, there exists a coordinate chart (U, ¢) such that
o(S)={x € o) : 2" ™ =... =z" = 0}. In other words, in a neighborhood
of p, § is locally parametrized as the subset of M on which the last m com-

ponents of the local coordinates are null.

A smooth vector field is a smooth map X : M — T'M, with the property
X, € T,M, ¥p € M. The support of X is the closure of the set {p € M : X, #
0}. Let (U, ®) be a coordinate chart on M and let (x!,... 2") be the local
coordinates. For each p € U we can write X in terms of the coordinate basis
Xp= X(p)9;. The n functions X? : U — R are the component functions of X
on the chart. We denote by X(M) the set of all vector fields on M.

Let M and N be smooth n-dimensional manifolds and let F' : M — A be
a diffeomorphism. Then, the pushforward of X € X(M) by F is a vector
field F. X € X(N) defined as

(F*X)q = dFF*I(q) (XF*I(q)) ,Vq € N.

Let dimN > dimM and let F : M — N be an embedding with S = F(M).
Since F' is a diffeomorphism from M to S, for any X € X(M), F. X is a vector
field which lies, for each ¢ € S, in the subspace T,S5.

Let V be a vector space, a covector on V is a linear map w : V — R.
The space of all convectors is itself a vector space, V*, which is called the
dual space of V. Let M be an n-dimensional smooth manifold and let p €
M, the cotangent space to M at p is the dual space of T, M, denoted
by TyM. Let (U, ¢) be a coordinate chart on M and let (z',...,2™) the
local coordinates on U. For each p € U, the coordinate basis of Ty M, called
coordinate dual basis, is denoted by dz* such that Vi, j € {1,n} 5; = dz'0;,
with § the Kronecker delta.
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Let M be a smooth manifold, the disjoint union of the cotangent spaces to
M at all points of M is called the cotangent bundle of M and it is denoted
by T*M. A smooth covector field is a smooth map w : M — T*M, with
the property w, € TyM, Vp € M. Let (U,¢) be a coordinate chart on M
and let (z',...,2") be the local coordinates. For each p € U we can write w
in terms of the dual basis w, = w;(p)dz’. The n functions w; : U — R are
the component functions of w on the chart. We denote by (M) the set of all
covector fields on M. Then, given X € X(M) and w € UY(M), w(X): M =R
is a smooth function on M, defined as w,(X,) = w;(p) X' (p), ¥p € M.

Let M and N be smooth manifolds and let ' : M — A be a smooth
map.? Given w € U(N), the covector field F*w € U(M) is the pullback of
w € (M) by F, defined by

(F'w), = dFy (wr(p)) -

Let M be a smooth manifold and let f : M — R be a smooth function.
The differential of f is the covector field denoted by df. Considering the
dual basis, the differential of f can be written by df, = gg (q)dz’,Vp e M. A
covector filed w € (M) is called exact on M if there exists a smooth function
f € C*°(M) such that w = df. In this case, the function is called a potential
for w.

Let V be a vector space and let V* be its dual space. A (k,l)-tensor F

is a multilinear smooth map which associates to k vectors and [ covectors a

real number, F : V¥ x (V*)! — R. Given a n-dimensional manifold M, a
smooth (k,l)-tensor field T on Q is a smooth map which assigns a tensor
to each element of Q. We use the notation 7}, to represent the tensor obtained
evaluating T at p € M, that is a linear map T}, : (T,M)* x (T;M)l — R.
Let (U, $) be a coordinate chart, and let (z',...,2") be the local coordinates
on U. In terms of the coordinate basis (9;) and the coordinate dual basis (dz?),

T has the coordinate expression

Ty =TI 9 (p) Dy X ... 0y, X - x da't x ...da™*, ¥peU

11,00k

2For pullbacks, it is not necessary that F' is a diffeomorphism.
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where the n(k 4 ) functions szll”_'_'_;’ii’ : M — R are the component functions
of T on the chart. Note that a scalar function is a (0, 0)-tensor field, a vector
field a (0, 1)-tensor field, a covector field a (1,0)-tensor field.

A k-dimensional smooth distribution (codistribution) D on a n-
dimensional (m > k) smooth manifold M is a smooth k-subbundle of T'M
(T*M).3 Namely, for each p € M, D, is a subspace of dimension k of T, M
(Ty M). A k-dimensional smooth distribution (codistribution) D can be de-
scribed by the span of k vector (covector) fields, called generators of D,
X € X(M) (fw e U(M)), i €{0,...,k}. These vector (covector) field are the
coordinate basis of D), on T, M (T; M) for all p € M.

An annihilator of D, ann(D), is a (n— k)-dimensional smooth codistribu-
tion (distribution), such that its generators and the generators of D commute.
Namely, given a distribution generated by ‘X € X(M), the covector fields
‘w € (M) is a generator of ann(D) if ‘w,(*X,) = 0,Vp € M.

We denote by the operator [,] the Lie bracket of vector fields. A smooth
distribution D is involutive if, for all p € M, and for each pair of generators of
D, XY, [X,Y] € D. A maximal local integral manifold through py € M
for D is an immersed smooth submanifold S containing pg, such that 7,S =
D, for all p € §. The smooth distribution D is integrable if there exists a
maximal local integral manifold for each p € M. By Frobenius’s Theorem (cf.
Theorem 3.90 in [52] or see Ch.19 of [13]), a smooth distribution is integrable

if and only if it is involutive.

Riemannian Geometry Notation

A Riemannian manifold is a pair (Q,g), where Q is a smooth manifold
and g is a smooth (2,0)-tensor field on Q, symmetric (i.e., g(X,Y) = g(Y, X),
for any X,Y € X(Q)) and positive definite, called Riemannian metric. In
this way, for each ¢ € Q, g, : T;Q x T,Q — R is an inner product on 7,Q.

3Note that, these distributions represent a subclass of the distributions described in 3.88
of [52], possessing the regularity property and being continuously differentiable.
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The flat map associates to X € %(Q) the unique covector field X” € £1(Q)
such that X*(Y) = g(X,Y), VY € X(Q). Its inverse, the sharp map, associates
to w € YU(Q) the unique vector field w# € X(Q) such that w(X) = g(w?, X),
VX € X(Q). In terms of coordinate basis and dual basis, given X € X(Q),
the component functions of the unique covector field obtained by its flat map
are given by (X); = gij X7. Given w € $4(Q), the component functions of the
unique covector filed obtained by its sharp map are given by (wf)’ = g% Xj,
where the component functions ¢*7 satisfy g%’ Gjk = 5};.

Now, we want to differentiate vector fields in a coordinate free way. Since
the values of a vector field live on different tangent spaces, we need a way to
compare or connect these values. An affine connection? V on Q is a map
V : X(Q) x X(Q) — X(Q) which assigns to the pair X,Y € X(Q), a vector
field VxY € X(Q), such that the following properties are satisfied

VixievZ = [VxZ +gVyZ,
VX(Y+Z):VXY+VXZ, (3.1)
Vx(fY) = fVxY + X(f)Y,

where Z € X(Q) and f,g are real-valued smooth functions. The torsion of

VxY is given by
T(X,Y)=VxY -VyX - [X,Y].

Let (U, ¢) be a coordinate chart on Q and let 9; be the coordinate basis on U,

for any choice of i, j, the affine connection is
Vo,0; =T7 0k, (3.2)

where the n? functions Fﬁ ; : U — R are called Christoffel symbols of V.

Given X,Y € X(Q), the affine connection VxY in coordinate basis is given by

(VXY )y = (X)) + TH ()X ()Y (9) )

for all p e Y.

4In [11] it is denoted by linear connection.
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The vector field VxY is also called covariant derivative of Y in direc-
tion of X . Actually, any affine connection induces the covariant derivative of
a given tensor in the direction of a given vector field. Let T be a (k,[)-tensor
field, the total covariant derivative of T is a (k + 1,1)-tensor field, denoted
by VT'. In coordinate basis, for all p € U, it is denoted by

.]17 7.]1
J1seesJi Ti1,e0g M 7% 2 : _]1...6...]l s
(1—;1,7Zk7m)(p) axl + 1—121 Zk F ( )

A curve is a smooth map v : I — M, with I C R is an interval. For any
t € I, the velocity of the curve is a vector field with support on () defined
as j(t) = 1
the covarlant derivatives along the curve, which is defined by Vy¥(t). A

¢
).5 The acceleration of a curve in a coordinate free way is given by

geodesic is a curve satisfying V. ¥(t) = 0,Vt € I. Let (U, #) be a coordinate
chart on Q and let 0; be the coordinate basis on U/, the coordinate representa-
tion of the curve is ¥ : I C I — R™, defined by 7(t) = ¢(7(t)). The interval T
satisfies v(I) € U. The velocity vector is written in terms of coordinate basis
as §(t) = 34(t)0; = QM( 20t 5. The covariant derivative is written in terms of

coordinate basis as

Lk . . _
TriOo = (T 4tk @i 0ie)onvee . @9

The Fundamental Theorem of Riemannian Geometry (see Theorem 5.4
of [11]), states that, in a Riemannian manifold (Q,¢g), there exists a unique
affine connection, the Levi-Civita connection, which is compatible with the
Riemannian metric, that is Vg = 0, and symmetric, that is its torsion is equal
to 0. We denote the Levi-Civita connection by %. Given a coordinate chart

(U, ), the Christoffel symbols of the Levi-Civita connection are given by

I () = LM () <<?gj,z(p) L Oaulp) 0gm(p)> R

"I 2 oxt oxJ ox!

5This is the same concept of vector field along curves cited in 1.1.
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Remark on Notation

Smooth manifolds and embedded submanifold are denoted by a calligraphic
capital letter, for instance M. The evaluation of a smooth map/function, F,
in a given point of a manifold, p, is represented by F(p). The evaluation of a
smooth tensor field, T, in a given point of a manifold, p, is represented by T),.

The coordinate representation of a smooth map/function, F', is denoted
by the bar, F. The representation in coordinate basis and/or dual basis of a
smooth tensor, T, is given by Tij 0; x da’. The evaluation of the component
functions at a given point of the manifold, p, is written as Tij (p). Moreover,
since these component functions are univocally identified by the choice of the

coordinates, we avoid to add the bar.

3.1.2 Lagrangian Mechanical Systems

In this subsection, following the book [52], we present a coordinate free defini-

tion of some concepts of mechanics.

Definition 3.1 (Lagrangian mechanical system). A Lagrangian mechan-

ical system is a triple (Q, g, P), where

e Q is a n-dimensional configuration manifold, called configuration space,
e g is a smooth symmetric and positive definite (2,0)-tensor field on Q,

e P:Q — Ris a scalar function.

A Lagrangian system is naturally associated to the Riemannian manifold
(Q,g), where, for all ¢ € Q, the kinetic energy is given by %gq(q',q') and the
potential energy is given by P(gq). The Lagrangian function is given by

2(0,4) = S9(0:0) — P(@)

The motion of a Lagrangian system is given by the curves which minimize the

following function, called action associated with .Z,

@mmmmz/zmmwwa (3.4)
I
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where [ is an open interval of R and ¢ : I — Q is a curve on Q. The curve ¢(t)
minimizes (3.4) if, for any coordinate chart (U, ¢) such that ¢(t) € U, its
coordinate representation z(t) = ¢(q(t)) is a solution of the FEuler-Lagrange

equations (see Theorem 4.38 in [52])

d oL (x, &) 0L (x, 1)
dt 0z ox

= 07
where Z(z,%) = £ (q,4q).

Definition 3.2 (Lagrangian mechanical control system). A Lagrangian

mechanical control system is a quadruple (Q, g, P, B), where
e (Q,g,P) is a Lagrangian mechanical system;

e B is am-dimensional codistribution generated by covector fields ' B, ... ,™ B,

it is assumed that B is smooth and that B, has dimension m, Vq € Q.

The solutions of a Lagrangian control system satisfy (see Proposition 4.57
in [52])

d oL (x,@) 0L (x,%) ~—~; ‘
TR PR D DR R (3:5)

=1

where B, is the representation in coordinate basis of qu. Note that equa-
tion (1.3) has the same form of (3.5). Setting grad P = (dP)* and 'F = (*B)#,
a coordinate free representation of (3.5) is given by the following equation (see
Proposition 4.82 of [52])

g Ny
V4 ¢ = —gradP(q) + Z 'Fyri(t), Yqe€ Q, (3.6)
i=1

where % is the Levi-Civita connection of the Riemannian manifold (Q, g).
The distribution F, defined as F, = span {}F, 2 F,,...,™ F,}, is called input

distribution.
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Physical Holonomic Constraints

Following Ch.4.5 of [52], let Q be a smooth manifold. A physical constraint is
described by a k-dimensional smooth distribution D on Q, called constraint
distribution. A curve v : I — @, with I C R an interval, satisfies the
constraint distribution D if §(t) € D), Vt € I. Given a constraint distribution
D, a constraint force for D is a force taking values in the codistribution ann(D).
Given v : I — Q, the constraint force along -~ is a covector field o« : I —
T*Q along v such that o) € ann(D), Vt € I.

The Lagrangian mechanical control system (Q,g, P, B) is called physi-
cally constrained by D, if for each smooth curve v : I — Q there exists a

constraint force o along - such that
e ~ satisfies D;

e -y satisfies the Lagrange-d’Alembert Principle for the force BT 4+ a and
the Lagrangian function (see Proposition 4.59 of [52]).

We denote that system with (Q, g, P, B, D).

Let D+ be the g-orthogonal complement to D in TQ. For each ¢ € Q,
we denote by II, : T,Q — D, and by H; :T,Q — DqL the unique smooth

submersions such that, Vv € T,Q, v = F,(v) + PqL(v). Then Hq,HqL are

1
q >

(Q, g, P, B, D) are given by the curves satisfying the following equations

the g-orthogonal projections onto D, and D_-, respectively. The solutions of

Vi d = —gradP(q) + 3 ' Eyri(t) + (a)f, (3.7)
=1
I, (4) = 0, (3.8)

where () is the acceleration due to the constraint force along a solution. The



3.1. Mechanical Systems and Riemannian Geometry 93

equation 3.8 is satisfied if («)* holds the following form®
oy g -
() = —l'IqL <—gradP(q) + ZquTi(t)> —(V Hl)q(q, q).
i=1

Note that (04)ﬁ annihilates the g-orthogonal projections onto DqL of the accel-
eration forces and of the covariant derivative. Then the solutions of (3.7) are

equal to the solutions of the g-orthogonal projection of (3.7) on D, that is
Vg =TI, (—gradP(q)) + 11, <Z inTi(t)> (3.9)
i=1

where %q = Hq(%q 4), Vg € Dy, is called the constrained connection.

If the constraint distribution D is integrable, the constraint is called holo-
nomic. Let § be a maximal local integral manifold for D, which is assumed
to be an embedded submanifold, S C Q. Let gg = t*g be the pullback of the
metric tensor on S, then the solutions of physical constrained by the holonomic
distribution D are given by equation (3.9), where the constraint connection is
the Levi-Civita connection compatible with gg, that is @qq :gvoq q,%(q,q) € TS
(see Proposition 4.97 in [52]). Moreover, (S, go) is a Riemannian manifold and

(S, go, P,1*'B) is a Lagrangian mechanical control system.

Remark 3.1. For g € S, it is possible to decompose the tangent space T Q into
two orthogonal subbundles, T,S and N,S. Along S, the covariant derivative

can be decomposed as follows (The Gauss Formula, Theorem 8.2 of [11])
g . g . .o
Vidi=(Vqd)" +1(4,9),

g ~

where (V4 ¢)1 = V4 € T,S and I : T,S x T,§ — N,S is the second
fundamental form of S. In order to satisfy (3.8), the constraint force «
annihilates II. Note that, the dynamics of a physically constrained system are

given by the orthogonal projection on T'S of the dynamics (3.6).

®Note that, II* is a (1, 1)-tensor field, then VI is a (2, 1)-tensor field and v It (¢,9)
is a (0, 1)-tensor field, that is a vector field.
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]I(q7 q) g

A Vi q

T,S Viq

Figure 3.1: Representation of the constraint connection.

3.2 Description of the Reduced Dynamics of VHCs

Consider a Lagrangian mechanical control system (Q, g, P, B), where Q denote
a smooth manifold of dimension n. Let E be a smooth manifold of dimension
p=n—mandlet f: F — Q be a smooth injective map of rank p. Under
these hypotheses f is a smooth embedding (see Proposition 4.22 of [13]), the
we denotes by C denotes an embedded submanifold of Q, that is C = f(F).
Since f is a smooth embedding, TC is a subbundle of T'Q on C.

Definition 3.3 (Controlled invariant manifold). Let C be a closed and em-
bedded submanifold of Q, manifold TC is controlled invariant for system (3.6)
if, for any (qo, 4o) € T'C, there exists a control function 7 : TC — R™ such that
the solution of (3.6) satisfies

{ q(t) €C,
(4(0),d(0)) = (g0, do) .

for all ¢ belonging to the interval of existence of the solution. For simplicity,

we also say that C is controlled invariant.
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Definition 3.4 (Virtual Holonomic Constraint). A virtual holonomic con-
straint is a closed and embedded submanifold C such that TC is controlled

invariant for system (3.6).

Remark 3.2. Definition 3.4 generalizes definition 1.2. In fact, in the special
case in which Q is a generalized cylinder, definition 3.4, with C = h=1(0), is

equivalent to Definition 1.2.

Two subbundles of the tangent space of Q are transversal if their sum is

the full tangent space of Q, that is:

Definition 3.5 (Transversality). Let H be a subbundle of the tangent bun-
dle of a manifold @ and let C be an embedded submanifold of Q. We say that

H and C are transversal if
H,oT,C=T,Q, VgeC.

A sufficient condition for C to be a VHC is the transversality of the input
subbundle F' and the tangent subbundle T°C.
The following proposition, which generalizes Proposition 3.2 of [6], states

a sufficient condition for an embedded manifold to be a controlled invariant.

Proposition 3.1. Let C be a closed embedded submanifold of Q, if the in-
put subbundle F' and C are transversal, then C is controlled invariant for sys-

tem (3.6). Moreover, the feedback law T that renders C invariant is unique.

Proof. Let IT: R™ — R™ be the projection on the last m coordinates. Since C
is a p-dimensional embedded submanifold of Q, by Theorem 5.8 of [13], there
exists a chart (U, ¢), such that ¢ € 4/ C Q and II(¢(CNU)) = 0.

For each r € U, define map o, : F, — R™ as o,(v) = II((d¢),(v)). Since F, and
C are transversal, F,,+T,C = T, Q. Since (d¢), is bijective, II((d¢), (F,+1,C)) =
II(R™) = R™. Being II((d¢),(T,C)) = 0 (from the definition of ¢), it follows
that II((d¢),(F,)) = R™. Hence, o, is injective and, being a map between
vector spaces of the same size, it is a bijection. Set z(t) = II(¢(q(t)), then
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£(t) = 1 ((dg) g (4(t))), and

S =TI ((éq@ 06) (0 (1)) + (d6) (¥ q‘<t>>)
=1I (%q'(t) do)qe) (d(t)) + (do)qe) (—grad Py + Fq(t)T(t))>

=1I (%q(t) do)q (d(t)) + (d¢)q(t)(—gradpq(t))> + 04 (Fyy (1))

which we rewrite as 2(t) = f(q(t),q(t), 7(t)). Since, for all ¢ € Q, o, is a bijec-
tion, there exists (one and only one) control 7(q, ¢) for which f(q,q,7(g,q)) =
0, Vq € C.

By continuity, there exists a positive real constant ¢ such that the solution
of (3.6) with 7(¢) = 7(q(t),q(t)), satisfies q(t) € U, Vt € [0,t]. Hence, z(t) is
well defined for t € [0,¢]. Being (¢(0),¢(0)) € TC, =z satisfies the differential
equation Z(t) = 0,2(0) = 2(0) = 0, so that z(¢t) = 0, Vt € [0,¢], which implies
that IT (¢(q(t))) = 0, Vt € [0, t].

Let £ be the maximum interval of existence of the solution of (3.6) with con-
trol 7(q, ¢) defined above. Set t = sup,{q(s) € C, Vs € [0,t]}. To complete the
proof we need to show that ¢ = {. By contradiction, assume that £ < £. There
exists a sequence t; such that lim;_,..t; = t. Since T'C is closed, the sequence
(q(ti),q(t;)) is convergent to an element of T'C, set ¢ = lim;_,oo(q(t:), 4(t:)).
Then, since ¢ € TC, by the first part of this proof there exists an interval
I = [t,t + €] such that ¢(t) € C, Vt € I, contradicting the definition of ¢. O

The previous proposition justifies the following definition.

Definition 3.6 (Regular Virtual Holonomic Constraint). A VHC C is

regular if the input distribution F' and C are transversal.

Remark 3.3. Definition 3.6 generalizes definition 1.3. In fact, if Q is a gener-
alized cylinder, the transversality of F' and C is equivalent to the fact that the
relative degree of the output function e = h(q) is well-defined and equal to 2,
Vq € C.
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Since the feedback law 7 for which C is invariant is unique, the solution
of (3.6), with input 7(¢) = 7(q(¢), ¢(t)) and initial conditions (¢(0),4(0)) € T,C,
belongs to TC, Vt € [0,t], the associated dynamics are called the reduced

dynamics and are defined by

g ¢ L
Vi d=—gradP, + Y (F))4%i(g,q). (3.10)
i=1

3.2.1 Induced Connection

In this section, we rewrite dynamics (3.10) in a different form. As previously
shown on physical holonomic constraints, the solutions for constrained La-
grangian mechanical systems may be represented as the geodesic curves of an
affine connection. In this section, using basic tools from the theory of affine con-
nections, we show that this fact also holds for constraints enforced by control
forces, that, differently from constraint forces, are generically not orthogonal
to the tangent space of C but only transversal. Namely, we will show that a
VHC C naturally defines a connection on C (the induced connection), that al-
lows representing the trajectories of the reduced dynamics (3.10) as geodesic

curves.

Lemma 3.1. If C is a reqular VHC, for any q € C and any v € T;Q there
exist unique smooth submersions o4 : T,Q — T,C, v, : T,Q — F, such that
v =0q(v) + v4(v).

Proof. The existence and the uniqueness of the two submersions is a direct
consequence of the fact that F,, and C are transversal. They are smooth since
F and C are smooth. O

Figure 3.2 represents the decomposition of vector v in the two components
o4(v) and v4(v).
Theorem 3.1 (Induced Connection for VHC). IfC is a regular VHC, for any

X, Y € X(C), set
VxY =0o(VxY),
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Figure 3.2: Decomposition of a vector v € T Q.

then
i) V is a connection on C,
i) if V is torsionless then V is torsionless.

Proof. Let X,Y,Z € X(C) and let f,g : C — R be continuous functions. To
prove i) we check conditions (3.1). Since V is a connection and o is a linear

map,

VixigvZ = 0(VixigvZ) = fo(VxZ) + go(VyZ) = fVxZ + gVy Z,
Vx(Y+2)=0(Vx(Y +2))=0(VxY + VxZ) =
o(VxY)+0o(VxZ)=VxY +VxZ,

Vx(fY) = o(Vx(fY)) = o(fVx(Y) + X(f)Y) =
FeVx(fY)) +X(flo(Y)) = fVx(Y) + X(f)Y

where o(Y) =Y since Y is a vector field on C.
To prove ii), denote by T,T the torsion tensors of connections V and @,
then . . .
T(X,Y)=VxY -VyX - [X,Y] =

o(VxY — VyX) - [X,Y]) = o(T(X,Y)) = 0,
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where we used the fact that o([X,Y]) = [X,Y], since [X,Y] € TC (see Corol-
lary 8.31 in [13]) and the hypothesis that V is torsionless. O

Connection V is called the induced connection on C. Note that Proposi-
tion 3.1 is an adaptation to our setting on VHC of a basic result in the theory of
affine connections, see for instance Section 3.1, Chapter 9, of [53]. The induced

connection V allows writing in a compact form the reduced dynamics (3.10).

Proposition 3.2. The reduced dynamics (3.10) can be rewritten as

VG = —o4(gradPy) . (3.11)

Proof. From Lemma 3.1, Vw € F,,w = v4(w). Since for any vector field v,

(c+vjv=v

g . g . ~ “
Vi d=(0+v)V4q=V4q+v(—(gradPy) + Fy7(q))
= @q(j - (1~ aq)graqu + Fq%(Q)) )

hence

g
V4q + o(gradP;) =V4 ¢+ gradP, — Fy7(q) .

Remark 3.4. If P =0, the constrained dynamics (3.11) reduce to
Vi =0, (3.12)

thus, the reduced dynamics correspond to the geodesic curves of the induced

connection V.

Remark 3.5. The induced connection can be rewritten as

Vi = 0(V4 0)7 + o(1(d,d)) = Vad + o(11(d, d))-

The induced connection can be viewed as the sum of the constrained connection
(see Subsection 3.1.2) and the projection o on T'C of the second fundamental

form II.
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(¢, q)

Figure 3.3: Representation of the induced connection.

3.2.2 Coordinate Representation

Let £ be a p-dimensional smooth manifold and Q be a n-dimensional smooth
manifold. Let C be a virtual holonomic constraint, defined as the image set
of the smooth embedding f : &€ — C C Q. For each e € &, there exist
smooth charts (V,1) for £ centered at e, and (U, ¢), centered at ¢ = f(e),
such that f(V) C U. The associated local coordinates are denoted by z =
(z1,...,2P), 2 =(e) and x = (xl,...,2"), 2 = ¢(q).

Denote by f : (V) — ¢(U) the injective map from the local coordinates
of £ to the local coordinates of Q. Then, f = ¢ o f o1~ as is apparent from

the following commutative diagram

vee—1 Luco

b b

(V) C R —L s () ¢ R™.

A chart for C, centered ad ¢, is given by (C NU,?), where ¥ : CNU — RP,
0= o f~1 then 9(f(p)) = b(p),¥p € V.
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The differential of f is denoted by df. Remember that, for each e € V,
df. represents in coordinate basis the Jacobian matrix of f. Since f is an
embedding, the image of df : TE — T'C is a p-dimensional smooth distribution
on C. In coordinate basis the component functions of df are given by df]’ :

(V) — R, then the component functions of & are given by
it =dfj(2) 2, ¥z € p(V), Vie {1,...,n}. (3.13)

In this subsection, we omit the domain of the component functions when it is
clear from the context.

We denote by H f the differential of df. Then, for each e € V, H f, represents
in coordinate basis the Hessian matrix of f. Moreover, the component functions
of H f are given by (Hf)fj : (V) — R, then the component functions of # are
given by

iF = dff E 4 (Hf)F 2, vk e {1,... n}. (3.14)

For each g € C, the coordinate representation G4, : R™ — R? of projection

o4 satisfies the following commutative diagram

7,9 *>d¢q R™

iaq J&é(q)

T,c -2, Ry,
Thus, G4y = dig0 040 d¢¢j(1q). Alternatively, let M, € R™P N, € RP*" be
such that Im M, = (d¢)g-1(3)(Ty-1(;)C) and Ker Ny = (dd)y-1(z)(Fp-1(2)),
then
— -1
Tg(q) = (N M) " N,.

Let F* be the annihilator of the input distribution F. Consider ‘F1,i €
{1,...,n} the generator of the codistribution F-. Then we denote by (Fl); :
() — R the component functions of F'* in coordinate basis, namely (F' l); =
ZFJl Since Fql and df, are bases of ker Fy; and T;C for each ¢ € C, the coordi-

nate representation of the component functions of &, 5f :o(U) — R, can be
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expressed by the following equation

ot = (7 dfg')*1 (FLF e {l,....n}, ke {l,....p} (3.15)

Let ¢ € S, then for any vector v € T,Q there exists an unique vector w €

TF—I(q)g such that, in coordinate basis,
w' = _;»vj, Vie{l,...,p}.

The coordinate representation v X(RP) x X(RP) — X(RRP) of the induced
connection V = (V) : X(C)xX(C) — X(C) satisfies the following commutative

diagram

X(R") x X(R") $— X(C) x X(C)

ls |o=o)

X(RY) ¢ X(0)

Thus, for V,W € X(RP)
Vv W = 0,0(Vy 1, (0, 1W)) .

The Christoffel symbols f’ﬁ ; of the induced connection can be computed
from (3.2), that is @(az)i(az)j = f‘f’j(@z)k, where {(02)1,...,(02)p} is the

coordinate basis of RP. Thus,

~ g = k o
Ph = (v(az)i(az)j)  Vk,i,j€{1,....p} (3.16)

A more explicit formulation of the Christoffel symbols of the induced connec-

tion is given by the following lemma.

Lemma 3.2. Let (U,¢p) and (V, 1) be coordinate chart for Q and & respec-
tively, and let v = ¢(q),q € U, z = Y(e),e € V be their local coordinates. Let
f € — Q be a smooth embedding such that C is an embedded submanifold
f(€)=C. Let 0 : T,Q — T,C, Yq € C be a local map with coordinate represen-
tation given by (3.15). Then, the covariant derivative is written in coordinate
basis by

Vi = (z'l + fﬁvjzizﬂ’) (92);
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where the Christoffel symbols f‘f’] (V) = R are given by

fi,j = 5-2 <(Hf)f:,_] + FgL,o dflm df_yo) 9 \V/Za.]’k: € {15 s ,p} (317)

Proof. By Theorem 3.1 the induced connection in coordinate basis is given by
(Vi) = 5(%33 @) for all z € Ty-1(,)€ and & = f.2, such that & € Tyy-1(,)C.
Then, by (3.3), we can rewrite, in coordinate basis, the component functions

of the covariant derivative as

where [ € {1,...,p}. Considering (3.13), (3.14) and the equality &' = 5fgdff,

the thesis follows from the following equivalences
(Va2)! = ol (dff 2+ (p)E 2 20 4 T, i 2 dfy 7).
EES VI R ((7—[ P+ Tk dfm df;) 539,

where [ € {1,...,p}. O

3.3 Examples

In this section we present some examples of VHCs described with the formalism
previously presented. In Example 3.1, we analyse a simple mechanical system,
a particle lying in R?, enforced to lie on a circle by a single actuator. This
example is the same one considered in the Introduction but presented in the
formalism of this chapter. In Example 3.2, a particle lying in a tridimensional
space is enforced to lie on a sphere by a single actuator. This example shows the
application of VHCs on a system with underactuation degree greater than one.
Moreover, the configuration space of the system is not a generalized cylinder.
Example 3.3 presents a double pendulum on a cart, with an underactuation

degree equal to 2.
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Example 3.1. Particle in R? constrained on S. Consider again the system
presented in the Introduction: a unit point mass in Q = R? with configuration
q € R2 The metric tensor is given by the Euclidean metric g4(¢,q) = |4/
The dynamics of this system are obtained from (3.6) and can be written in
coordinates as

G(t) = Fyu7(t) — grad P (3.18)

where 7(t) € R is the control input. We consider a VHC given by the embedding
f i [R]ar — C C R? defined as
COS z
(=)
sin z

whose image is a unit circle, centered at the origin and is the VHC we want to
enforce. In the following, we compute the reduced dynamics on f for different
choices of the input distribution and the potential function.

Case a)

The input distribution is the image of the vector field
F, = R(a)g, (3.19)

where R(«) is the rotation matrix associated to angle o, which is an assigned
constant. No potential forces act on the particle, that is P = 0. Figure 3.4
represents vector field F' for « = 0.5.

By Proposition 3.1, the embedded submanifold is a regular VHC if T;,C and
F,, (defined in (3.19)) are linearly independent for each ¢ € C. Since the image
of df f-1(¢) = (—qQ, ql)T is a basis of T,C, this is equivalent to condition

det[df y-1(q), Fy] = —cosa # 0,

so that C is feasible if cos a # 0.
We compute the reduced dynamics according to Subsection 3.2.2. The Hes-
sian of the VHC f is Hf = (—cosz,—sinz)? and the annihilator of the in-

put distribution evaluated on the constraint is Ffl(z) = (sinz, —cos z) R(—a).
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Figure 3.4: Example 3.1 case a). Representation
ates the input distribution.

By (3.15),

) -1
G, = ((sin z,—cosz) R(—a) (;2:;) ) (sinz, — cos z) R(—a)

(sinz, —cos z) R(—a)

COS «v

and the induced Christoffel symbol is given by (3.17), that is

COS z

f;z('z) _ (sinz, —cosz) R(—a) (— cos oz)

—sin«

Then, the dynamics on the constraint submanifold are given by

2, (3.20)

Z=—tanaz

Figure 3.5 shows the phase portrait of the reduced dynamics for @ = 0.5. Note

of a vector field which gener-
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Figure 3.5: Example 3.1 case a). Phase portrait on the constraint manifold,

with initial condition Z > 0.

that {(z,2) : 2 =0} is a set of unstable equilibria and that, if the initial con-
dition satisfy £2(0) > 0, then lim;_,~ 2(¢) = 0 (see the red curve in Figure 3.5).
This implies that system (3.20) is not Lagrangian for o = 0.5.

Case b)
The input distribution is the image of the vector field

(4
F,= (dq2> (3.21)

where d € R is a constant. Figure 3.6a shows the vector field F' for d = 2. No
potential acts on the system.

As shown above, the transversality of C and the input distribution can be
checked by the following inequality

det[df., Fy-1(q)] = sin? z # %

d,\V/Z € [R]Qﬂ.

Then, the VHC is regular if and only if d > 0.
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(a) Representation of a vector field (b) Phase portrait on the constraint
which generates the input distribu- manifold, with initial condition z = 1,
tion. z=2.

Figure 3.6: Example 3.1 case b). Representation of the input distribution (3.21)

with d = 2 on C and illustration of the reduced dynamics on C.

The reduced dynamics can be computed following (3.15) and (3.17), and

are given by
(d—1)sin(2z) 4
Z
2 [(d—1)sin® z 4 1]

(3.22)

F=—

For d = 2, Figure 3.6b shows the orbit of the reduced dynamics with initial
condition z = 2, Z = 1.
Case c)

The input distribution is given by (3.21) with d = 2. The potential is given by

P = ¢' + ¢, so that
1
grad P, = <1> .

Figure 3.7a shows a representation of the input distribution and the vector

field grad P on C. The reduced dynamics are given by

sin(2z) ., cosz—2sinz
 2sin®z 42 cos? z — 2

(3.23)
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Figure 3.7b shows the orbits of the reduced dynamics with initial condition
z=1,2z=2and z=m, 2=0.
Case d)
The input distribution is given by (3.21) with d = 2. The potential function is
given by
P=q¢,

2
grad P, = <q1> .
q

Figure 3.7c shows a representation of the input distribution and the vector

so that

field grad P on C. The reduced dynamics are given by
sin(2z) ., 4
T2 2T
2sin” z + 2 sin“ z + 1

+3. (3.24)

Figure 3.7d shows the orbits of the reduced dynamics with initial condition

z=1,2z=2and z=m, 2=0.

Example 3.2. Particle in R? constrained on S?. Consider a unit point
mass in @ = R3 with configuration ¢ € R3. The metric tensor is Euclidean
(94(d,d) = ||4]|?) and the related Christoffel’s symbols are null (I’f’j = 0). No
potential forces act on the particle, that is P = 0. Consider as input distribution
the image of the vector field F, = (¢',¢%,2¢>)" then the dynamics of this

system are obtained from (3.6) and can be written in coordinates as

G(t) = Fyy7(t), (3.25)

where 7(¢) € R is the control input. System (3.25) has underactuation de-
gree equal to two, since it has only one control input. Let C = S? be the
VHC to be enforced, that is a unit sphere centered at the origin. Let P =
{(0,0,1)T,(0,0,—1)T} denote the poles of S%. Then, if ¢ ¢ P, T,C = Im M,,

where
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(b) Case c) Phase portrait on the con-

(a) Case c¢) The green arrows repre- ) )

. straint manifold. The red curve repre-
sent the vector field which generates
the input distribution on C. The red

arrows represent the acceleration due

sents the orbit with initial condition
z =1, 2 = 2. The green curve repre-

sents the orbit with initial condition
to the potential, gradP, on C.

(d) Case d) Phase portrait on the con-

(c) Case d) The green arrows repre- . .
straint manifold. The red curve repre-

sent the vector field which generates
the input distribution on C. The red

arrows represent the acceleration due

sents the orbit with initial condition
z =1, 2 = 2. The green curve repre-
sents the orbit with initial condition

to the potential, gradP, on C. ]
z=m,z=0.

Figure 3.7: Example 3.1 case c) and case d).
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ifge P,

1
T,C=Im| 0
0

S = O

Since det[My, F,] # 0, Vg € S?, F and C are transversal and C is a VHC by
Proposition 3.1. Figure 3.8 shows the input distribution on the VHC C.

Figure 3.8: Example 3.2. Representation of the input distribution on C.

The sphere S? has a local chart 1 : C\ P — (0,7) x [0,27), defined as

arccos 3
Y(q) = ( 1 ) : (3.26)

atan? (q2, ql)

Moreover, F, = ker N, with
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In local coordinates z = (q), the induced Christoffel symbols are given
by (3.16):
T sin(2z1)
#28T 9(cos?(21) + 1)
P sin(2z1)
#2 Sin?(2l) 41
Azizz = f‘j;zl = cot 2t

Thus, the reduced dynamics (3.11) are given by

~1  _ sin(2z) 2112 sin(2z') (22
= 2(cos?(z1)+1) (Z ) T osin?(zh)+1 (Z ) (327)
32 = —2cot 2! 2122

Figure 3.9 shows some geodesics for the system (3.27).

(a) Solution of (3.27) with initial con- (b) Solution of (3.27) with initial con-
dition 2(0) = (5,0), £(0) = (1,1). dition 2(0) = ({5,0), 2(0) = (0,1).

Figure 3.9: Example 3.2. Some solutions of (3.27).
Example 3.3. Double pendulum on a cart. Consider the double pendulum

on a cart depicted in Figure 3.10. The configuration manifold of this system is

Q =R x S x S, where ¢! is the horizontal displacement of the cart, while ¢



112 Chapter 3. Coordinate Free Formulation of VHCs

RQ

Figure 3.10: Double pendulum on cart.

and ¢* are the joint angles. All masses and rods lengths are assumed to be

unitary. The kinetic energy is given by g,(q, ¢), where

3 —2 cos ¢° —cos ¢®
gg= | =2 cos¢? 2 cos(q® — ¢%)
—cosq®  cos(q® —¢) 1

and the nonzero Christoffel symbols are

qu _ 4 sin g2 qu _ sin(2 ¢®>—¢3)+sin ¢3

qz ,q2 2 co§(2 q2)+co§(2 q? ;2 q3 g—5 ’ qg ,q3 2 cosl(2 q22) -l—c3os(2lq2 —22 q3g—5 ’
¢ _ 2 sin(2 z2)+sin(2 ¢*—2¢°) ¢ _ 3 sin(¢®—¢°)+sin(g*+¢°)

q2,q2 2 cos(2¢?)+cos(2¢2—2¢3)—5" q3,q3 2 cos(2 ¢?)+cos(2¢2—2¢3)—5’
e 4 sin(q*>—¢°) e . — sin(2¢°—24°)

q2,q> 2 cos(2 g2)+cos(2¢2—2¢3)-5" 3,43 2 cos(2q?)+cos(2¢2—2¢3)—5 *

The gradient of the potential force is

T
VP:<0 —2¢gsin ¢? —gsinq3) )
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with g = 9.855. Set £ =R x S, 2z € £, and consider as VHC the image of the
embedding f: £ - C C Q

1) = | o) (3.28)

where p: S — S is a smooth function that relates the angles of the two joints.
We want to choose function p so that C is a VHC. Note that, for all ¢ € C,
T,C = Im M,, where

We consider the presence of a single actuator (that corresponds to an un-

deractuation degree on 2) with two possible configurations:

T
a) B= (1 0 0) , that is the control is a force on the cart,

T
b) B = (0 0 1) , that is the control is a torque on the second joint.

Case a), control force on cart

T
Consider the input codistribution B = (1 0 O) , so that F, = g(;lB =
ker N, with

—2cos ¢? 2 cos(q® — ¢%)
Ng = 3 2 _ 3 :

—cosq®  cos(¢® — q°) 1
T,C and F, are transversal if and only if det (IV,M, # 0), that is

cos 22 cos(p(2?) — 2?) — 2cos p(2?)

+2p/(2%) (cos 2% — cos p(2?) cos(p(2?) — 2%)) #0, Vz € E. (3.29)

We need to choose function p in order to satisfy this condition. Note that,

if p = 0 the condition is satisfied, hence, by continuity, it is still satisfied if the
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image of p is contained in a sufficiently small neighborhood of 0. For instance
we can set, for k € R,
p(2?) = k sin 22, (3.30)

then condition (3.29) is satisfied if
1
| cos k| > 5t 2|k| . (3.31)

The choice k = 0 corresponds to a configuration in which the first rod is
vertical at all times. The reduced dynamics (3.11) can be written in coordinates

as

Fo= 1% .(2) 222 4 P7(2) (332)
22 =17 ,(2) 222 + P (2) '
where the induced Christoffel symbols are given by
. 2 : 2
. sin z .2 sin(2z)
1% ,(2) = —, I? 2) = —5 ",
ZZ’ZQ( ) sin?(22) + 1 22722( ) sin?(22) + 1
and
1 g sin(2z?) 2 sin 22

PPl = g SEE) iy g, SME
(2) 2sin?(22) + 1’ < gsin2(22) +1

Figure 3.11a depicts the configuration of the double pendulum on cart on the
VHC obtained by setting & = 0 in (3.30).

For k > 0 satisfying (3.31), the reduced dynamics are such that the only
nonzero Christoffel symbols are f’j;zg and f’j;zg as in (3.32). For example,
with & = 0.2, the induced Christoffel symbols are depicted in Figure 3.12a and
the induced potential accelerations are depicted in Figure 3.12b. Figure 3.13a
shows the configuration of the double pendulum on cart on the VHC obtained
with £ = 0.2.

Case b) , control force on second joint

T
In this case B = <0 0 1) . Consider again the VHC defined in (3.28), in

this case the transversality condition is given by

60/ (22) —4p'(22) cos?(p(2?)) + 3 cos(p(2?) — 22) —2cos p(2%) cos 2% # 0, Vz € £.
(3.33)
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2
y 1
0t : -
-1 1
z (b) The solution on the constraint
(a) Double pendulum on a cart subject manifold.
to (3.28).

Figure 3.11: Example 3.3 case a) and p = 0: solution of the reduced dynamics
with initial conditions z = (0,107%)7, z = (0,0)T.

A
0.5 10
~0.5| , _10|

0 5 7r2 = 2 0 5 ™ 5 27
z 22
(a) Functions f§;722 (blue) and ff;,ZZ (b) Functions P?" (blue) and P*
(green). (green).

Figure 3.12: Example 3.3 case a) and p = 0.2: the component functions of the

reduced dynamics.
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-1

(b) The solution on the constraint
(a) Double pendulum on a cart subject

to (3.28).

manifold.

Figure 3.13: Example 3.3 case a) and p = 0.2: solution of the reduced dynamics
with initial conditions z = (0,107%)7, 2 = (0,0)7.

Note that the condition above depends only on coordinate ¢2. One possible way
to find p is to use the same idea of the virtual constraint generator (see [37]).
Namely, we set the right hand side of (3.33) to a real constant § # 0, obtaining

a differential equation of the form

&1(p, %) (2%) + &a(p, 2°) = 6. (3.34)

Since &1(p, 2%) = 6 — 4cos?(2%) # 0,V22 € S, by Proposition 2.3 of [37], there
exists a value of 0 such that the solution of (3.34) satisfies p(0) = p(27). In
particular, by numerical computation, 6 = —0.5683 and the corresponding
function p is depicted in Figure 3.16a.

The reduced dynamics have the same structure as (3.32). Figures 3.15a
and 3.15b show the numerically computed nonzero Christoffel symbols of the
induced connection on C and the induced potential accelerations respectively.

Figure 3.16a shows the configuration of the system on the submanifold C.
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Figure 3.15: Example 3.3 case b): the component functions of the reduced

dynamics.
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-1

(b) The solution on the constraint
(a) Double pendulum on a cart subject

to (3.28).

manifold.

Figure 3.16: Example 3.3 case b): solution of the reduced dynamics with initial
conditions z = (0,10~%)7, 2 = (0,0)T.



Chapter 4

Inverse Lagrangian Problem

Ognuno sta solo sul cuor della terra
trafitto da un raggio di Sole:

ed é subito sera.

— Salvatore Quasimodo

I n the previous chapters we presented some examples in which the reduced
dynamics exhibit behaviors that are not possible for Lagrangian mechanical
systems. In fact, as shown in Chapter 2 it is possible to find constraints in
which the reduced dynamics possess stable limit cycles. On the other hand, a
system constrained by physical holonomic constraints is always a Lagrangian

mechanical system. Then, the following question arises naturally:

e under which conditions the reduced dynamics of a VHC are a Lagrangian

mechanical system?

As reported in Chapter 1, for mechanical systems whose configuration space

is a generalized cylinder, with an underactuation degree equal to one, an

answer has already been given in [7]. Here, using the formalism presented in
Chapter 3, we address this same question in a more general setting.

The answer to this question is related to the inverse problem of Lagrangian
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mechanics. This problem consists in determining whether a system of differ-
ential equations can be obtained by the Euler-Lagrangian equations of some
Lagrangian function. The sufficient and necessary conditions for the existence
of such a Lagrangian function are called Helmholtz conditions. These condi-
tions were found by Helmholtz towards the end of the nineteenth century and
are formalized as an algebraic-differential system. These conditions have been
extensively studied in mathematical literature in the subsequent years [54]. In
relation to the publication of the Santilli’s book [55] and the growing interest in
symmetries and first integrals for second order differential equations, this prob-
lem has received a renewed interest in the last decades and some researchers
recast the conditions into a coordinate free formalism [56].

In the following, we complete the notation introducing the concept of La-
grangian second order differential equation and formalize the above question.
Let 7 : TQ — Q, m(q,q) = q be the natural projection map, a second order
differential equation on Q is defined by a smooth vector field on the tangent
bundle, X € X(T'Q), such that (dm)(X(44)) = ¢- Given (qo,qdo) € T'Q, a solu-
tion of the second order differential equation on Q is a differentiable function
~v: 1 — TQ, where [ is an open interval of R, such that v(0) = (qo, do) and
fl—z = X(qo,d0)- Let (U, @) be a coordinate chart centered at ¢ € Q with local
coordinates z = (z!,...,2™), then the solutions of a second order ordinary

differential equation satisfy
i = f(z,)

where f: R"™ x R™ — R" is the local representation of X.

Definition 4.1 (Lagrangian second order differential equation). A sec-
ond order differential equation X on Q is called Lagrangian if there exist a
symmetric, definite positive (2,0)-tensor g, : T,Q x T,Q — R,q¢ € Q and a
potential function P : @ — R, such that every solution ¢(¢) of X satisfies

g .
Vi ¢ = —grad P,

g
where V is the Levi-Civita connection of the Riemannian manifold (Q, g).
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A second order differential equation on Q is called Lagrangian if its so-
lutions are the solutions of a Lagrangian mechanical system. Then, we can

formally state the problem concerning this chapter.

Problem 4.1. Give necessary and sufficient conditions such that the reduced

dynamics are Lagrangian.

An affine connection is called metrizable if it is the Levi-Civita connec-
tion of a Riemannian metric. In the following, Proposition 4.1 shows that the
metrizability of the induced connection, together with a condition on potential
function, is equivalent to the fact that the reduced dynamics are Lagrangian.
The conditions for the metrizability of the induced connection are presented
in Subsection 4.1.1, where we adapt well-known results from the literature on
the metrizability problem. Sections 4.2 and 4.3 presents explicit conditions for
the metrizability of reduced dynamics of dimension 1 and 2. In particular, in
dimension 1, it shows a different derivation of some of the conditions presented

in [7].
4.1 General Conditions
The following proposition gives a first answer to Problem 4.1.

Proposition 4.1. The following statements are equivalent:

a) the induced connection V is metrizable with associated metric § and the

following equation has a solution PonC

o(gradP) = gradP . (4.1)

b) the reduced dynamics (3.11) are Lagrangian.

Proof. a) — b)
Let g be the metric associated to the induced connection and define the

Lagrangian, . = % 9(q,q) — P. The solution of the EL equations are given by
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ﬁq-q = —gradpq , by (4.1) this equation can be rewritten as ﬁq-q = —o,(gradFy),
which corresponds to the reduced dynamics (3.11).

b) = a)

By hypothesis, there exists a Riemannian metric § and a potential func-
tion P such that the dynamics are obtained from the EL equation for a La-
grangian . = %g(q, q) — P and are given by
Vid = —gradpq , (4.2)
where V is the Levi-Civita connection of §. If ¢ = 0, (4.2) and (3.11) imply that
G = oq(g; ' (dP)g) = grad P, which corresponds to (4.1). Subtracting (3.11)
from (4.2) it follows that (V4 — V)¢ = 0 which implies that the connections
V and V determine the same geodesic curves. Since V and V are torsion-less,

they are the same connection (see the first proposition of Section 3 of [57]),
hence V = V and V is metrizable. O

If P =0, we obtain the following corollary.
Corollary 4.1. If P =0, the following statements are equivalent:
a) the reduced dynamics (3.12) are Lagrangian,
b) V is a metrizable connection.

Note that, in the general case, the induced connection V is not metrizable.
Indeed, in general, control forces do work on the system and the constrained
system may exhibit features (e.g., presence of limit cycles) that are not possible
for a Lagrangian system. One important case in which V is metrizable is when
the input codistribution is the orthogonal bundle of T'C. This corresponds to
the case of physical holonomic constraints, in which the control forces are
orthogonal to TC and do not do work on the system. In this case, the affine
connection V is the Levi-Civita connection of the restriction of the metric

tensor g on T'C (see for instance Section 4.5.7 of [52]).
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4.1.1 Conditions for Metrizability

The problem of deciding if a connection is metrizable corresponds to the inverse
of the Fundamental Theorem of Riemannian geometry. This relevant problem
has received a considerable degree of attention in literature, but, in general, it
is not of easy solution. In this section we make use of some of the related main
results.

We briefly recall the definition of the holonomy group of a connection V.
Roughly speaking, it is the group of transformations that can be obtained by
parallel transport of a vector on a closed curve (see for instance [58]). In the
following, we say that a piecewise smooth closed curve v : [0,27] — Q is a

loop based on ¢ if v(0) = v(27) = ¢. For any v € T,Q, consider the differential

{ Viz(A) =0 (43)
z(0) =v,

equation

and set Py (v) = z(2m). Thus, P,(v) is the result of the parallel transport of
vector v on . Moreover, P, (v) is a linear and invertible function of v. The

holonomy group of C based at g is given by
Hol, (V) = {Py|v is a loop based on ¢} .

while the restricted holonomy group is made only by contractible loops (i.e.,

loops that are homotopic to a point), that is
HOIS(V) = {P,|v is a contractible loop based on ¢} .

Note that Holg is a normal subgroup of Hol, (see Theorem 4.2 of [59]),
so that the quotient group Hol,/ Holg is well defined. Let II;(Q) be the first
homotopy group of Q with reference point ¢, there exists a surjective homo-
morphism f : II1(Q) — Holq/Holg, such that f(v) is the equivalence class
of P,.

A fundamental result on metrizability is due to Schmidt; it relates metriz-

ability to the properties of the holonomy group of the connection:
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Proposition 4.2 (see [60]). The following statements are equivalent:
a) V is a metrizable connection,

b) the holonomy group of V keeps a non degenerate and symmetric (2,0)-tensor

field g invariant, that is,

9(T'(v),T(v)) = g(v,v),Yq € Q,T € Holy(V) .

Note that the verification of condition b) of Proposition 4.2 can be a very
complex task since it involves the computation of the holonomy group of the
induced connection.

In general, the subgroup Holg can be computed from the curvature tensor
with the Ambrose-Singer Theorem (see Theorem 8.1 of [59]). In particular, if
the curvature tensor of the connection is null (i.e., the connection is flat) H012
is trivial. In this case, to satisfy ii) of Proposition 4.2, it is sufficient to verify
that ¢ is invariant with respect to the loops representing a set of generators of
the fundamental group of Q. Thus, the following proposition holds, which is a

direct consequence of Theorem 2 of [61].

Proposition 4.3. Let G be a set of generators for the group I1;(Q). A flat
connection V on a path-connected manifold Q is metrizable if and only if there
exists a symmetric positive definite (2,0)-tensor field g such that, for any ¢ €
G, there exists a loop v € ¢ for which

9(Py(v), Py(v)) = g(v, v). (4.4)

The following discussion shows that simpler conditions hold if C has dimen-

sion 1 or 2.

4.2 Case with Underactuation Degree Equal to One

If C is a smooth connected one dimensional manifold without boundaries, then

it is diffeomorphic either to the circle S or to the set of real numbers R (see
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the Appendix of [62]). Any affine connection of a one dimensional manifold is
flat, then its restricted holonomy group is trivial.

We represent the manifold C in coordinate by z € R if C is diffeomorphic
to R or by z € [R]a, if C is diffeomorphic to S. The coordinate representation

of the reduced dynamics (3.11) can be written in the following form

7= —a,(gradP,) — f’j,z(Z) 22 =11(2) + ¥2(2)3% (4.5)

where z € R. Note that (4.5) is equal to (1.17).
In this case, a solution of the inverse Lagrangian problem has been provided
in Theorems 3.3, 3.5 of [8], which, in the notation of this chapter, lead to the

following result
Theorem 4.1. a) IfC is diffeomorphic to R, then system (4.5) is Lagrangian.
b) If C is diffeomorphic to S, then the following statements are equivalent:

i) System (4.5) is Lagrangian.
ii) The following identities hold

2

; Yo(x)dr =0, (4.6)

2

; 1/)1(56)6’2 J5 e2(mdn gy — . (4.7)

In the following, we presents a different derivation of Theorem 4.1 based on

Propositions 4.1 and 4.3. First, consider the following result on metrizability.

Proposition 4.4. Let C be a one dimensional smooth manifold with an affine

connection V:
a) if C is diffeomorphic to R, connection V is metrizable.

b) if C is diffeomorphic to S, connection V is metrizable if and only if

/27T I'2,(2)dz =0. (4.8)
0
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Proof. a) Since R is flat and simply connected, Hol(V) = Hol’(V) is trivial,
hence V is always metrizable (see Proposition 2.2.6 of [63]).

b) The fundamental group of S is isomorphic to (Z, +), one generator being
the loop 7 : [0,27] — S, defined as y(\) = [cos A,sin A]T, that winds once
around the circle in a counterclockwise direction. Being S flat, Hol?(V) is
trivial. Map P, (v) is given by (4.3), that is P, (v) = x(27) where

t=-I%z
z(0)=v

P, (v) = exp <— /0 7 Fﬁz(z)dz> v.

By Proposition 4.3, V is metrizable if and only if there exists a symmetric and
positive definite (2,0)-tensor g such that g(v,v) = g(Py(v), Py(v)), Vv € R.
Since TS has dimension 1, it is satisfied if P,(v) = v, that is if condition (4.8)
holds. O

that is

If an affine connection V is metrizable there exists a Riemannian metric g
such that V is the Levi-Civita connection of g. Then, the metric can be found
from the compatibility condition of the Levi-Civita connection, that is V§ = 0.

The metric § satisfies the following differential equation

where ¢ is a positive real constant. In case of C diffeomorphic to S, setting

¢ =1, the coordinate representation of the induced metric g is given by
§(2) = e2Jo TE=(mdn, (4.9)

Equation (4.9) can be rewritten as §;.1 = e 2 K" V2lmdk which is equal to (1.20).
The following proof of Theorem 4.1 present a different approach with respect

to [7]. Here, the proof is a consequence of Proposition 4.1.
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Proof of Theorem 4.1.

a): Equation (4.1) can be rewritten as dP = o(grad P)’. Being V metrizable
by a) of Proposition 4.4, the 1-form o(gradP)” is well defined and, being a 1-
form on R, it is exact (see Corollary 16.27 in [13]), then equation (4.1) admits
a solution P.

b): =, equation (4.6) follows from Propositions 4.1 and 4.4. Equation (4.7)
follows from the fact that the 1-form

o(gradP)’ = g.iby (2) = elo 2 ()

is exact by hypothesis.

<, the first of (4.6) implies that V is metrizable by Proposition 4.4. Since
IT;(S) is generated by the loop 7 defined before, the second of (4.7) implies
that the 1-form

a(gradP)" = g1 (2) = eJo W(“)mel(z)

is exact. Hence, equation (4.1) admits a solution and proposition 4.1 implies
the thesis. [

If the induced connection is metrizable and the 1-form o(gradP)” is exact,

the coordinate representation of the induced potential is given by
z
P(z) = / §(z) 6 (grad P)’ d. (4.10)
0

and can be rewritten as P(z) = — Iy 9(x) ¥y (z)dz, which corresponds to (1.21).

4.2.1 Examples

Example 4.1 (Cont. Example 3.1 case a)). Consider again system (3.18)
and the embedded submanifold S. Since f‘j,z = tan «, condition (4.8) implies
that the induced connection is metrizable if and only if tanaw = 0. This
corresponds to the case in which the input codistribution is orthogonal to the

tangent space of C (that is o = 0, 7).
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Example 4.2 (Cont. Example 3.1 case b)). In this case the Christoffel
symbol is given by f’;z(z) = % Since P = 0, by Corollary 4.1, the
system is Lagrangian if and only if the induced connection is metrizable. For
d > 0, condition (4.8) is always satisfied, thus system (3.22) is Lagrangian.

The induced metric is given by

_ (d—1) sin? z
2arctanh (7@71) 2 Z+2)

9(z) =e :

2
—2arctanh ( B2 )
sin“ z+2 .

in particular, for d = 2, g(z) = e

Example 4.3 (Cont. Example 3.1 cases c), d)). As shown in Exam-
ple 4.2, in these two cases the induced connection is metrizable, therefore
condition (4.6) is satisfied. Moreover, since P # 0, the reduced dynamics are
Lagrangian if and only if condition (4.7) holds.

We verified this condition by numerical integration as follows. For case c),
condition (4.7) is satisfied, then (gradP)” of (3.23) is an exact 1-form and
the reduced dynamics are Lagrangian. The induced potential, P, can be ob-
tained by (4.10). Figure 4.1a shows the induced potential function P obtained
by numerical integration. Instead, for case d), condition (4.7) is not satisfied.
The result of the numerical integration is shown in Figure 4.1b, and it is not a
continuous function. Then, (gradP)" is not an exact 1-form and the reduced dy-
namics (3.24) are not Lagrangian. Indeed, the red orbit depicted in Figure 3.7d

shows that the reduced dynamics are unstable.

4.3 Case with Underactuation Degree Equal to Two

The inverse Fundamental Theorem of Riemannian geometry has a relatively
simple formulation in the case of manifold with dimension equal to two (see [64]).
The result makes use of the Ricci tensor R related to the induced connection.
We briefly recall its definition. The curvature of a connection V is the (1,3)
tensor field R such that (see [59], Section 3, Theorem 4.1)

R(X,Y)Z =VxVyZ =VyV,Z —Vxy|Z .
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Figure 4.1: Example 4.3. Functions obtained by (4.10) for the systems (3.23)
and (3.24).

The Ricci tensor is then defined as the trace of the linear operator Z —
R(Z,Y )X, that is
R(X,Y)=Tr[Z - R(Z,Y)X] .

A tensor T is called recurrent if there exists a one-form w such that the

covariant derivative of T satisfies
VI=w®T, (4.11)

where ® is the tensor product (see [13]).
The following result can be obtained by applying Theorem 3.3 of [64] to
Corollary 4.1.

Proposition 4.5. Consider a two dimensional configuration space and P = 0.
If the Ricci curvature of the induced connection is symmetric, non-degenerate
and recurrent and if the one-form w for which VR = w ® R is exact with

w = dh, where h is a scalar function, then
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a) V is metrizable and the metric is related to the Ricci tensor by g = e "R,

b) the constrained dynamics are Lagrangian.

Proposition 4.5 allows checking if the induced connection is metrizable. The
involved computation is not trivial since it requires the covariant derivation of
the Ricci tensor. Proposition 4.5 also gives the explicit form of the induced

metric.

4.3.1 Examples

Example 4.4 (Cont. Example 3.2). Since S? is a 2-dimensional manifold,
its metrizability can be determined with Proposition 4.5. Using chart ¢ defined
in (3.26), the coordinate representation of the Ricci curvature tensor for S?,

with respect to the induced connection, is given by

% 0
cos4(z*)+1
R = < (O ) 2sin?(z1) ) )

sin?(z1)—2
which is symmetric and non-degenerate. The total covariant derivative of the
tensor R with respect to the coordinates are given by

25sin(2z1) 0

- TeosZ(zDF 172 - 0 0
VaR = (cos?z )" —8cos 2! sin®(z!) | > V2R = ( ) .
O e 00

Then, R is recurrent because (4.11) holds with the one-form

sin? (zl)—4> ’
Note that, since any closed path on S? is contractible to a point, w is exact

if and only if it is closed. By Proposition 4.5, the induced connection V is

0201
moreover, this one-form is exact since w = dh with h = —4arctanh < sin’(z7)

metrizable and the metric is given by

cos?(z1)+1 0
- 1
9= ( sin2(zl)> .
0 2
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Example 4.5 (Cont. Example 3.3 case a)). We use Proposition 4.1 to
determine if the reduced dynamics are Lagrangian. First, we check if the in-
duced connection V is metrizable. Note that C is isomorphic to R x S, the
fundamental group of R is trivial, while the fundamental group of § is iso-
morphic to (Z,+). Thus, one generator of the fundamental group of C is the
loop 7 : [0,27] — R x S, defined as y(A\) = [0,cos \,sin \]”. Curve v rep-
resents a trajectory in which the position of the cart remain fixed, while the
angle g% performs once a full rotation in a counterclockwise direction. Since the
only nonzero Christoffel symbols are f’j; 2 and f’;i L2 and these are functions
of 22 only, the curvature tensor is null, s;) that the 7induced connection is flat.
Then, by Proposition 4.3, V is metrizable if and only if there exists a sym-
metric, positive definite (2,0)-tensor ¢ such that go(v,v) = go(Py(v), Py(v)),
Vv e T,C = R2
By (4.3), Py(v) = z(2m), with

Set 1(A) = [ T% »(n)dp, M(N) = [ T2 o I(u)dp, then

22(N) = IM)o?, 2" (0) = MO + vy, Py(v) = < o Tom) ) -

0 I(2m)

1 a
Let g = < ) be the coordinate representation of a generic (2,0)
a

symmetric tensor, then condition (4.4) is given by PVT gP, = g, that is
a(l1—1I)=M,b(1—1% = M(M +2al).

If I # 1 the only solution is given by
M

— " ph=4d2
a 1_[, a
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however, the resulting ¢ is not positive definite. Hence, for I # 1 the induced
connection is not metrizable but admits a degenerate metric tensor. If I = 1,
then it must be M = 0, then condition (4.4) is satisfied for all choices of a, b.
Note that, in the VHC defined in (3.28), f;; Zg,f’jz ,2 are odd functions, which
imply that I = 1 and M = 0, so that the 7induce;i connection is metrizable.
The associated metric can then be computed by parallel transport of the (2,0)-

tensor ¢ using relation Vg = 0.

By Proposition 4.1, if the induced connection is metrizable, the reduced
dynamics are Lagrangian if and only if condition (4.1) holds. This is equivalent
to check if the 1-form w = o(gradP)® is exact, or that w is closed and f7 w =0,
where ~ is the path defined above.

The 1-form w is closed if its mixed partial derivatives are equal (Proposi-
tion 11.45 of [13]), then, since w depends only on 22, this condition is satisfied

if and only if

0 (gz1,zl a(gradP)z1 + g1 2 a(gradP)Z2>
022

= 0. (4.12)

If the equation above is satisfied, w is exact if and only if
2m | 2 g
/w :/ G.2 1 0(gradP)® + g,2 ,2 o(gradP)* dz” = 0. (4.13)
¥ 0

The explicit computation of the above conditions (4.12), (4.13) is rather
complex, it was done with a symbolic manipulation program. It turns out that
they are satisfied in case a) (control on the cart) for p = 0. In this case,
we numerically found a(0) = —0.5,b(0) = 1.0398. Figure 4.2a depicts the
induced metric components: in blue the function a, in red the functions b and
in green the function c. Figure 4.2b depicts the potential function obtained
solving (4.13). For p # 0, conditions (4.12), (4.13) are not satisfied, hence the

induced connection is metrizable but the reduced dynamics are not Lagrangian.
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Figure 4.2: Example 4.5. Representation of the induced metric § and the in-

duced potential P for the double pendulum on a cart with £ = 0.






Conclusion

I n this thesis we have considered two aspects of virtual holonomic constraint
theory: the synthesis of regular VHCs and the coordinate free description
of VHCs.

Regarding the first topic, our main contribution is a synthesis procedure
that generates regular VHCs whose reduced dynamics possess a stable limit
cycle. This fact has relevance in applications.

The second topic of this thesis concerns the description of VHCs in a co-
ordinate free formalism. This formalism is based on a Riemannian geometry
setting, which allows to represent a wide class of Lagrangian mechanical sys-
tems. We have extended some results of |6, 5| for such systems. In particular,
we have extended the regularity condition and we have given a coordinate free
representation of the reduced dynamics (introducing the induced connection).
Finally, we have addressed the inverse Lagrangian problem. In particular, we
have shown that it is strongly related to the metrizability of the induced con-
nection.

A possible future development concerns the extension of Noether’s Theorem
to symmetric Lagrangian mechanical systems subject to symmetric virtual
holonomic constraints. Another important development is the investigation
of possible industrial and control applications of this theory. For instance,
formation control problem for unmanned aerial vehicles could be addressed

within this framework.
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