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Abstract 

Historically, the design of turbomachinery components was mainly done through experimental tests; over 

the years, with the increase of computing resources, there has been increasing use of computational analysis. 

Numerical simulations are important tools for designers because they allow having a complete 

understanding of the problem, in relatively short times and with low general costs. Although these analyses 

have a good predictive level, they are often used when input quantities that characterize the problem are 

roughly known. These gaps lead to the inclusion of uncertainties within the code, which propagate and 

eventually influence the solution. In the last fifteen years, statistical aspects have been combined into 

numerical simulations in order to assess the influence of the unknown parameters in the initial stages of the 

project. The final common objective is to optimize the various components in order to find out the 

configuration in which the machine is independent of the uncertainties that may afflict it, thus arriving at a 

robust design. 

The aim of this thesis was to explore and apply several methodologies of "uncertainty quantification" (UQ) 

to numerical codes used in turbomachinery applications, which allow estimating the uncertainties that affect 

the results of numerical simulations. Both sampling-based methods and stochastic expansion methods were 

investigated. After an initial benchmarking phase, the software DAKOTA was selected to carry out the UQ 

analyses. 

The first part of the work involved a 1-D thermal analysis on a full annular lean-burn aeronautical combustor 

tested at CIAM during the LEMCOTEC (Low Emissions COre-engine TEChnologies) European project. The 

analysis was carried out using the one-dimensional code "Therm-1D", developed by DIEF of the University 

of Florence. Three main uncertainty analyses were investigated depending on the input parameters 

considered: geometrical, heat transfer coefficient tuning factors, and thermal loads. In particular, the classical 

Monte Carlo analysis is compared with four stochastic expansion processes: Gauss quadrature, total order 

with LHS sampling, stochastic collocation, and Smolyak. The analyses proved how these methods give 

optimum results with a sensible lower amount of simulations. Lastly, an analysis including all the input 

variables considered was performed and results were compared with experimental data. Working on a 1-D 

solver has allowed obtaining a large amount of data with modest computational costs: this part was crucial 

in order to better understand the different methodologies and to have a clearer picture of the potentialities 

of the software. 

The second part of the work focused on applying the acquired concepts to a high-fidelity code. Based on 

an experimental study, a full 3-D computational fluid dynamic (CFD) study using the software ANSYS was 

carried out in order to assess the film cooling performance of a prismatic gas turbine vane made by additive 

manufacturing. Both steady and unsteady simulations were performed: the first ones using a RANS approach 

and the latter using a hybrid LES-RANS approach. For the UQ analysis, only RANS simulations in conjunction 

with a specific stochastic expansion method were adopted to save computational resources. The influences 

of the geometric uncertainties of the holes were evaluated: the hole dimension, the streamwise inclination 
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angle and the inlet fillet radius of the hole. Output parameters considered were the film cooling effectiveness, 

the blowing ratio and the discharge coefficients of the holes. Results will show how a polynomial chaos 

approach that required 8 evaluations is able to reproduce what the standard Monte Carlo analysis does (with 

more than 1000 evaluations) with an optimum grade of accuracy. Moreover, results prove how the position 

tolerance of the holes on the blade, as well as the hole dimension, is extremely important for the film cooling 

effectiveness, in particular when dealing with additive manufacturing processes. 
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1 - Introduction 

Technological development related to materials and manufacturing processes has led to a significant 

improvement in the reliability of gas turbines. 

Despite the technical progress, the operating conditions of the machines remain critical, this is due to the 

fact that the greatest contribution to the increase in engine efficiency is given by the increase in the Turbine 

Inlet Temperature (TIT) (Figure 1.1). 

 

 

Figure 1.1 – TIT increasing over the years [1] 

A careful design of both machines and cooling systems is mandatory, which requires extremely precise 

manufacturing processes: small geometric variations can have a strong impact on the performance and life 

of the machines. 

Often design is based on simplified approaches; in the initial phase of the design process it is not necessary 

to have a complete knowledge of all the phenomena involved, but it is essential to know the most promising 

configurations, which will then be refined with computational fluid dynamics and finally validated with 

experimental tests. 

It is known that each manufacturing process is associated with a certain tolerance that depends on the 

processing itself, but these aspects are usually not included in the computational analysis. 

The uncertainties in numerical simulations are not only of a geometric nature (Figure 1.2), for example all 

parameters assumed as inputs or boundary conditions that were measured directly or indirectly during 

experimental campaigns; even in this case, although the instrument can be well calibrated, it is known that 

the measurement will always be affected by an uncertainty. 
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Figure 1.2 – Gas turbine main uncertainties [2] 

Another important aspect of the computational approaches is related to the fact that the real initial problem 

is modelled in order to be solved (Figure 1.3): the studied case can present a reduced domain in comparison 

to the initial geometry, it is discretized both at spatial level, through a grid of calculation, and mathematical 

level and finally, as it happens for the great majority of the industrial applications, its turbulence is modelled 

[3]. 

 

 

Figure 1.3 – Scheme of a deterministic simulation [4] 
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In this context, uncertainty quantification plays an important role. With the introduction of this methodology 

within the design procedure it is possible to define components that are not intrinsically influenced by 

possible geometric variations and boundary conditions: this procedure is called robust design. 

The main difference between an experimental study and the corresponding numerical simulation is that the 

latter is usually considered a deterministic exercise, while the experiments are intrinsically influenced by 

uncertainty. 

The assessment of uncertainty affecting a measurement is a problem that arose in the 1950s and was 

addressed by Kline-McClintock [5] and later by Moffat [6]. In the experimental field, it is usual to report also 

the band of uncertainty connected with the measurement, which provides an index of the accuracy of the 

measurement itself. In the numerical field, the propagation of uncertainty within the codes is evaluated. This 

type of study has been developed mainly in recent years due to the fact that only in this period the availability 

of computational resources has promoted the development and application of this procedure. 

As reported by Iaccarino [7], in order to obtain the real predictive capacity of the simulation and, in turn, the 

correct validation, it is necessary the rigorous evaluation of the uncertainties that are introduced into the 

numerical code; in the same way as it happens for the tests carried out in the laboratory. 

1.1 - Details of Uncertainty Quantification 

Uncertainty quantification (UQ) is the science that quantitatively characterizes the uncertainty of a specific 

system, both in experimental and computational applications, and tries to determine and asses the 

probability of certain results. 

The first applications of these studies were carried out in the field of risk analysis [8]. 

Before entering in theoretical fields, the definitions of "error" and "uncertainty" given in [9] by the American 

Institute of Aeronautics and Astronautics (AIAA), to define the concept of uncertainty in the numerical field 

is: 

 Error: Deficiency recognizable at any stage or activity of modelling and simulation not due to lack 

of knowledge (Figure 1.4). 

 

Figure 1.4 – Errors [9] 

 Uncertainty: potential shortage at any stage or activity of the modelling process due to lack of 

knowledge (Figure 1.5). 
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Figure 1.5 – Uncertainties [9] 

The uncertainty, according to Casti [10], can be divided into two branches: epistemic and aleatory. Epistemic 

uncertainty, also called subjective or reducible, arises from incomplete knowledge of the phenomenon and 

can be reduced by further observations and measures; it can be reduced by increasing knowledge of the 

physical phenomenon considered. 

The aleatory uncertainty is due to the variability and stochastic nature of the studied phenomenon, which is 

why it cannot be reduced through further observations but can be characterized more accurately through 

additional studies to reduce its amplitude. Randomness can be interpreted as a probability and, therefore, 

must be studied using appropriate probabilistic models. 

The epistemic uncertainties can be reproduced as a bias in the prediction while aleatory uncertainties is 

normally characterised using probabilistic approaches [11]. Examples of aleatory uncertainties can be the 

determination of material properties or the operating conditions. 

As suggested by Fersun and Gingbur [12], given the different nature of the two types of uncertainty, they 

need to be treated differently. 

1.2 - Uncertainties related to turbomachinery 

The purpose of this chapter is to explore more in detail uncertainties related to turbomachinery and heat 

transfer.  

For "Oil&Gas" applications the first question mark is related to the real working conditions; in fact, with the 

increasing production of energy from renewable sources, these machines tend to work more and more often 

in off-design conditions compared to the nominal design conditions.  

Transient operation is of critical importance for machines and in this phase the greatest uncertainties related 

to operation and internal temperatures are found [13]. 

The other critical point is the composition of the fuel mixture that processes the combustor; this is different 

depending on the country in which the machine is installed and may undergo annual changes due to the 

import of gas depending on the country of production.  
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In recent years, in order to reduce polluting emissions, energy production machines have been working with 

lean premixed flames that cause combustion at the limit of the stability zone [14]; this can lead to instability 

and subsequent shutdown even for small variations in the fuel mixture. As reported in [15], variations in fuel 

composition do not significantly affect the machine and that the main differences occur in terms of pollutant 

emissions. 

In [16] it is pointed out that the responses of the machines are not linear with the variations of the fuel 

mixture; this aspect is mainly due to the physical phenomena that affect the combustion.   

As far as aero engines are concerned, in the work of Montomoli [17] a list of the most important uncertainties 

is given, followed by a summary. 

 Fan: This is the component that suffers the most wear due to external agents carried in suspension 

in the air (mainly sand and salt) [18]. Over the time, these external agents modify the shape of the 

blades: the erosion can lead to an increase of the clearance to the tip up to 65% and at the same 

time a reduction of the rope of 10% [19]; these variations lead to a consequent loss of pressure 

increase of 9%. Performance fluctuations due to geometric variations are greater for transonic fans, 

as reported by Klinner [20], which can have an efficiency reduction of up to 3.5%. 

Changes to the geometry due to erosion also have a strong impact on the aeroelastic aspects, which 

must be properly assessed at the design stage. 

 

 Axial compressor: The performance of this component strongly depends on the fluid-blade 

interaction; in particular it is essential to ensure the correct angle of incidence: this is the factor that 

most affects the recovery of pressure. The angle of incidence depends in turn on the shape of the 

LE. From [21] it can be seen that a variation in the shape of the leading edge (∼0,02mm) compared 

to the nominal one leads to an increase in pressure loss by 30%. 

The blade coating also plays an important role from a performance point of view, as this factor can 

also lead to changes of 20% in the shape of the LE defined in the design phase [22]. 

Another aspect to emphasize is that modern compressors have a radius of curvature at the leading 

edge of 0.1mm [22]; laser measurement techniques have an accuracy of 15µm [23], which means 

that this type of measure will have an uncertainty of 10%. 

 

 Combustion chamber: The great uncertainty within the combustors is related to the temperature 

profile at the outlet that goes to invest the first stage of the turbine. 

Although the TIT is a key parameter for the performance of the entire machine, it is difficult to 

measure it directly due to the problems related to high temperature and pressure values; the typical 

conditions of exit from the combustor are around 1800-2300K with pressures up to 40 bar [24].  

Temperature measurements are normally performed with thermocouples "K" and "N" type, whose 

maximum operating ranges are limited to about 1500K; this is the main reason why the temperature 

in real machines is typically measured at the second stage of the turbine. In addition, "K" type 

thermocouples, as reported in [18], provide an uncertainty close to 0,4% for 𝑇 > 650𝐾. 



1 – Introduction 

   6 

For the cooling of the combustor walls, the level of internal turbulence is a key parameter, which, 

however, is usually estimated only by numerical simulations. 

Another important aspect, which presents a high degree of uncertainty, is related to the type of 

temperature distribution at the outlet of the combustor; Salvadori [25] studies the effect of the 

different radial distribution, with the same average value, in terms of the useful life of the first nozzle. 

On this subject, an uncertainty quantification analysis has been carried out by Montomoli  [26] that 

evaluates, among other parameters, the influence of the position of the hot core coming from the 

combustion chamber with respect to the blade. 

The combustor is very sensitive to changes in the efficiency of the cooling system; this, in turn, is 

closely dependent on geometric tolerances; so the various uncertainties inherent in the 

manufacturing processes used are very impacting on the performance of the system. 

 

 Turbine: As already described, the parameter that has the greatest impact on the performance and 

useful life of the component is the TIT: for the first stage the correct design of the cooling systems 

is essential. Given the difficult machining operations that must be carried out on the complex blade 

geometry, the uncertainties involved are not negligible. 

Bunker’s study [2] was the first to report geometric tolerances related to blade cooling systems 

(Figure 1.6). 

 

Figure 1.6 – Blade cooling system [27] 

Bunker also assesses the impact of tolerances on some thermal-fluid dynamic factors including: the 

heat transfer inside and outside the blade, the film cooling effectiveness, the blade load and the 

external heat flow (Figure 1.7). 

The author assigns an index, which can take three values (L = Low, M = Medium, H = High), to 

indicate the impact that this uncertainty has on the parameter being studied. All the results are 

summarized in Figure 1.7. The greatest geometric tolerances are on the radii of the turbulators, for 

which there is a variation of up to 50% from the nominal value. The other most influential factors 

concern the TE of the blade: here, variations of 25% with respect to the design thickness are 

achieved; this parameter has a strong impact both on the heat transfer and on the effectiveness of 
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the film. As far as the film cooling is concerned, in addition to the trailing edge, the inclination of the 

holes (±5°), the diameter of the holes (±10%), the pitch (±10%) and the inclination of the shaped 

section (±30%) are of considerable influence. 

The parameter that most influences the external heat transfer is the surface roughness, the measurement 

shows a value of 1µm higher than the nominal 2.5µm. 

 

 

Figure 1.7 – Manufacturing tolerances and effects on blade cooling [2] 

These aspects have been further developed by Montomoli et al. [17]: the study focuses on the increase in 

creep and the reduction in useful life that would occur if the temperature of the metal were to rise due to 

the levels of uncertainty provided by Bunker's work [2]; results are provided in Figure 1.8. 

The creep increment has been calculated using the following exponential formula (Eq. 1-1), similar to that of 

Arrhenius, in which appears the activation energy ΔH necessary to trigger the creep, the temperature T and 

the constant of the gases R. 

 𝑟 = 𝐴 ∙ 𝑒
−𝛥𝐻
𝑅𝑇  

Eq. 1-1 

The useful life decay has been calculated by the authors with the formulation of Larson-Miller [28]. 

 ∆𝑇

𝑇𝑚

∙ (𝐶 + 𝑙𝑜𝑔 𝑡𝑟,2) + 𝑙𝑜𝑔
𝑡𝑟,2

𝑡𝑟,𝑚

 = 0 Eq. 1-2 

This last equation links the temperature variation of the metal ΔT and the expected temperature 𝑇𝑚 and its 

expected life 𝑡𝑟,𝑚, with the new life 𝑡𝑟,2. 
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According to the Larson’s study, 90% of the turbine blades have a useful life of 11077 hours at an average 

temperature of 900K, this value has been assumed in [12] as a reference value for 𝑡𝑟,𝑚. 

 

Figure 1.8 – Results obtained in [17] 

1.2.1 - Manufacturing processes and roughness 

The growing use of additive manufacturing (AM) manufacturing processes in the machinery sector will cause 

a further increase in the geometrical uncertainties listed above; in fact, these methods still present significant 

critical issues for this type of application. 

In the works of Stimpson et al. [29] and [30] a comparison between a film cooling hole obtained by AM and 

one by electric discharge machining (EDM) is made. 

The authors underline how the current AM metal technologies produce parts with a high surface roughness; 

since this has a strong impact on the external heat transfer [31], further sanding operations are required. 

In Figure 1.9 a visual comparison of the results obtained is reported; the holes obtained by AM have a 

roughness double that the ones obtained by EDM. Smoothing the internal surfaces of the holes, given their 

small size, is complicated; for this reason, the effects of greater surface roughness, i.e. increased pressure 

loss and greater heat transfer due to the higher turbulence level, must be taken into account already at the 

design stage [30]. 

Stimpson [29] concludes that, nowadays, there are no additive manufacturing processes on the market that 

could produce holes of a size comparable to those used for this type of application with reliable and 

predictable behaviour. 



1 – Introduction 

9 

 

 

Figure 1.9 – (a) AM cooling hole, vertical (b) AM cooling hole, horizontal (c) EDM cooling hole [29] 

In [30] the authors state that the film cooling effectiveness decreases with the surface roughness, therefore 

the holes made of AM guarantee lower performance. For this reason they provide a correlation for the 

increase in heat transfer due to the greater roughness. 

1.3 - Uncertainty Quantification procedures 

The uncertainties listed in the previous chapter are summarised in Figure 1.10 by [12]. 

The types of uncertainties that afflict the component are reported above the diagram of the aero-engine. As 

already described, the front parts of the engine are those that are most affected by wear. The compressor 

features mostly the manufacturing uncertainties, where the aerodynamic effects related to the shape of the 

leading edge of the blades account for the most and affect the stability of the operation of the entire engine. 

The early stages of the turbine are in an area where there is greater sensitivity to geometry, where cooling 

systems play an important role in the life of the machine.  In the combustion chamber the uncertainties are 

related to the lack of directly measured data. The image also shows the potential efficiency losses due to the 

various uncertainties and their impact on the life of the components. 

 

 

Figure 1.10 – Uncertainties in aeronautical gas turbines [17] 
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Given the high sources of uncertainty, both aleatory and epistemic, that could be found in the machines, it 

is appropriate to evaluate the effects within numerical simulations. 

The general objective of UQ analyses is to investigate the impact of uncertainties on a quantity of interest 

obtained as a response from the system, to define a confidence interval for the results obtained, and to 

assess the probability that a certain result will occur; the whole process leads to a better risk assessment 

analysis and therefore helps the designer in the decision-making process. 

In order to implement this procedure, it is necessary to adopt an approach that is no longer deterministic 

but probabilistic; this does not affect the standard procedure necessary to set up a simulation, but introduces 

considerable difficulties in the various phases (Figure 1.11). 

The parameters that one wishes to assume as uncertain must be defined as an average value plus an 

uncertainty range; therefore, the need to characterise the uncertainties described above in quantitative terms 

arises. 

For probabilistic approaches, data with uncertainty are usually random variables that assume certain values 

within specified intervals. In mathematical terms, this is equivalent to defining random variables with a certain 

probability distribution function (PDF). The definition of the type of distributions to be used is not easy. For 

the geometric uncertainties related to the manufacturing processes of components already in the production 

line, it is possible, through a series of measures, to trace the probability distribution that describes them. This 

process is expensive and cannot be carried out at the design stage and more in particular at the preliminary 

design stage. 

The same problem is found for all those uncertain parameters related to boundary conditions, often coming 

from experimental tests. Also in this case, it is necessary to repeat the same measure a certain number of 

times, in order for it to have statistical value. Unfortunately, this is not always possible because of the 

unrepeatability of the tests, the short time frames, or the costs associated with the measures. It is also 

complicated to proceed with methods of statistical inference [32]. 

In the uncertainty quantification studies reported in the literature all the distributions of uncertain variables 

are imposed and a priori established by the authors; this choice, given the lack of studies and 

documentations, does not always have a rigorous scientific basis but is often based on the common sense 

of the authors.  
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Figure 1.11 – Schematic procedure of a UQ analysis [4] 

Once the probability distributions for all the input quantities have been defined, the numerical simulation 

can be carried out. This passage requires a specific number of evaluations in order to be able to define the 

statistic of the outputs; this involves an increase of the computational cost tied to the standard deterministic 

approach. The number of simulations to be carried out depends on the method adopted: different 

techniques are available, from approaches based on random sampling (for example Monte Carlo), which is 

simple but requires a high number of evaluations, to more sophisticated stochastic spectral approaches that 

require a reduced number of simulations. The different methodologies will be described in the next chapter. 

Once the required simulations have been carried out, it is possible to calculate the probability distribution of 

the quantities of interest for the output; this result can be compared with the experimental one (if available) 

in order to estimate the confidence interval of the numerical solution and to validate it (Figure 1.12) [33]. 

 

Figure 1.12 – Uncertainty Quantification procedure [7] 
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This type of result, on the contrary to the one obtained by deterministic approaches, can be subsequently 

used for reliability studies; this aspect is particularly important for both heavy duty machines [34] and aero-

engines [35]. 

The range of uncertainty of the result will be a function of those uncertainties imposed as an input; this can 

be further investigated through a sensitivity analyses [36]. This analysis investigates the connection between 

input and output of the computational model; in particular it allows to identify how the variability of an 

output quantity of interest is linked to an input variable and which sources of uncertainty will dominate the 

response of the system.  

Indices called "Sobol’s indices" are defined, which indicate the weight of each uncertain contribution on the 

quantity obtained in output [37]. 

This information is extremely important for robust design and optimization because it allows you to focus 

the design only on the components that most affect the response function. 

1.4 - Heat transfer and cooling in gas turbine 

1.4.1 - Basics of heat transfer 

The heat transfer is defined as the energy transfer that occurs when two regions are characterized by a 

temperature difference and can be classified into three different modes: conduction, convection, and 

radiation. Even though all of them depend on the temperature gradient, the second one is distinguished 

from the others by its reliance on mass transport. It is beyond the scope of this activity to explore in detail 

all the principles of these methods and only a brief description of the first two is provided since the radiative 

heat transfer is not relevant for the following analyses. 

The heat conduction is defined by the Fourier’s Law which says that the heat flux is directly proportional to 

the temperature gradient by means of a constant: 

 𝑞 = −𝜆 𝑔𝑟𝑎𝑑 𝑇 Eq. 1-3 

Where q is the heat flux, λ is the thermal conductivity, which for a material following the Fourier’s law is 

dependent only by the temperature and T is the temperature.  

The heat convection occurs between solid and adjacent fluid/gas and involves the combined effects of both 

heat conduction and mass transfer. Even though the phenomenon is highly complex, it is possible to define 

the following equation (Newton’s law) for the heat convection: 

 𝑞 = 𝐻𝑇𝐶 ∙ (𝑇𝑤 − 𝑇∞) Eq. 1-4 

The HTC represents the heat transfer coefficient and is a number function of the geometry, the fluid dynamic 

conditions, and the fluid properties. 𝑇𝑤 is the temperature at the interface and 𝑇∞is the temperature of the 

fluid.  
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1.4.1.1 – Boundary layer 

The layer of fluid in the immediate vicinity of a bounding surface where there is a velocity profile due to the 

shear stress at the wall is called velocity boundary layer and is depicted in Figure 1.13. The thickness of the 

boundary layer δ is defined as the distance from the wall to the point where the velocity is 99% of the 

freestream velocity. The first part of the boundary layer is laminar and is characterized by regular streamlines: 

here the heat conduction dominates. There is an intermediate zone, or transition region, where the flow 

starts to become turbulent. The last zone, the turbulent one, features vortices and disordered behaviour 

which enhances the mass transfer and hence the convection heat transfer. In the region adjacent to the wall 

there are two particular zones: the viscous sublayer and the buffer sublayer. The first one is a region where 

the shear stresses are strong enough to keep the fluid in laminar motion whereas the latter features an 

intermediate behaviour between the viscous sublayer and the turbulent region. 

 

Figure 1.13 – Development of the velocity boundary layer (Courtesy of University of Florence) 

In analogy with the velocity boundary layer, there is also a thermal boundary layer, which develops as a result 

of the heat flux between the surface and the fluid and because of viscous dissipation (Figure 1.14). 

 

Figure 1.14 – Thermal boundary layer over a flat plate (Courtesy of University of Florence) 

While far away from the plate the fluid temperature is uniform, the temperature gradient gradually develops 

when in contact with the hot plate. Similarly to what previously defined for the velocity boundary layer, the 

thermal boundary layer is defined as the region in which the fluid temperature is less than 99% of freestream 

temperature. 

1.4.1.2 – Reynolds number 

The Reynolds number (Re) is a non-dimensional number used in fluid dynamics which is proportional to the 

ratio of inertia forces to viscous forces. It was firstly introduced by Osbourne Reynolds in 1883 an nowadays 

https://en.wikipedia.org/wiki/Fluid
https://en.wikipedia.org/wiki/Boundary_(thermodynamic)
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it is one of the most important parameters when dealing with fluid dynamics. Its formulation is explained as 

follow: 

 𝑅𝑒 =
𝑈 ∙ 𝛿

𝜈
=  

𝜌 ∙ 𝑈 ∙ 𝛿

𝜇
 

Eq. 1-5 

Where δ is the characteristic length and µ is the dynamic viscosity of the fluid. The Reynolds number allows 

to assess whether the flow rate has a laminar regime (low Reynolds number, where the viscous forces 

dominate) or a turbulent regime (High Reynolds number, where the inertial forces dominate). 

1.4.1.3 – Heat transfer coefficient 

When dealing with convective heat transfer, for compressible fluid, the concept of adiabatic wall temperature 

must be specified. The adiabatic wall temperature is the temperature that the wall would attain in adiabatic 

conditions. Wall temperatures lower or higher than the adiabatic wall temperature causes a heat transfer to 

or from the surface (Figure 1.15). 

 

Figure 1.15 – Thermal boundary layer (Courtesy of University of Florence) 

As a consequence it is possible to define the heat transfer coefficient as follows: 

 𝐻𝑇𝐶 =
𝑞

𝑇𝑤 − 𝑇𝑎𝑤
 Eq. 1-6 

It is worth underlying that considering the no-slip condition on the bounding surface, because of irreversible 

dissipation, the adiabatic wall temperature has a different concept with respect to the stagnation 

temperature, which does not occur precisely at the bounding surface.  

1.4.2 - Cooling techniques 

Blade cooling has been the main subject of study in the past years and this chapter aim is to underline the 

major cooling techniques adopted nowadays. It is worth noting that a detailed and extensive literature will 
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be provided at the beginning of each chapter, respectively Chapter 3 -4 -regarding combustors and Chapter 

4 -regarding film cooling, including the state-of-the-art developments. For the sake of clarity, this chapter 

aims to introduce the major cooling techniques for gas turbine applications.  

As already mentioned in Chapter 1 -(see Figure 1.1), the TET has progressively grown over the past years 

reaching up to 1700K causing continuous research in the field of gas turbine components. Basically, when 

dealing with blades and stators, blade cooling can be divided into two different groups, depending on 

whether the coolant inside the blade escapes through the blade or not. For internal cooling techniques, the 

objective is to design the geometry of the blade in the way the heat transfer between the metal and the 

coolant is maximized. On the other hand, for external cooling techniques, the objective is to reduce the 

external heat transfer between the mainflow and the metal. Examples of state-of-the-art internal cooling 

techniques are the impingement cooling, ribs and pin fins turbulence promoters as well as multi-pass 

serpentine (Figure 1.16). 

 

Figure 1.16 – Typical airfoil cooling design for a modern high-pressure gas turbine blade [38] 

Impingement cooling consists of ejecting the coolant flow which then impacts the surface considered. The 

heat transfer intensification is due to the decrease of the boundary layer thickness in the vicinity of the 

stagnation area. The main disadvantage of this technique is that it can weaken the metal structure, therefore 

it is generally used near the leading edge of the blade [39]. 

In order to increase the internal heat transfer, a higher turbulence level and a higher surface are needed in 

the region of interest; for these reasons, an array of short cylinders (pin-fins) are generally used, especially 

near the trailing edge of the blade. The distribution arrangement is of fundamental importance in order to 

obtain major benefits from this configuration [39]. 

An arrangement including the two previous techniques is depicted in Figure 1.17. 
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Figure 1.17 – Turbine vane cross-section with impingement and TE pin-fins [39]  

Another technique adopted in order to increase the internal heat transfer is through the use of multi -pass 

channels which increase the surface and ribs or turbulence promoters which increase both the surface and 

the turbulence level (Figure 1.18). The fluid then separates and re-attaches downstream with a thinner 

boundary layer, causing the heat transfer to increase [40]. 

 

Figure 1.18 – Orthogonal, angled and V-shaped rib-induced secondary flow [40] 

Regarding external cooling techniques, film cooling will be treated more in deep in chapter 4.1 - 
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1.5 - Additive manufacturing 

This chapter illustrates the basic principles and cutting-edge technologies in the fields of additive 

manufacturing. No other manufacturing processes are investigated and considering the scope of the thesis, 

especially regarding the gas turbine vane analysed later, this manufacturing technique deserves several 

considerations. 

Regarding materials, huge efforts have been undertaken nowadays trying to develop new techniques, 

especially in the field of additive manufacturing. The advantage of this technique is the capability to 

reproduce advanced and complex geometry that cannot be manufactured with conventional manufacturing 

techniques. For instance, looking at Figure 1.16, this concept is surely clearer. Furthermore, the capability to 

realize multi-material arrangements, lattice structures, and fully functional components has allowed this 

technology to grow exponentially over the last two decades [41]. Moreover, there are additional benefits 

when dealing with additive manufacturing, such as flexibility usage, the on-demand manufacturing and last 

but not least lower scrap metal [42]. Focusing on gas turbine applications and related components, the 

benefits continue with the capability to manufacture a specific component with specific classified material 

composition [43], in particular for those component operating at extremely high temperatures, and with the 

repairing and overhaul of the most expensive components [44] [45] [46].  

Several metal additive manufacturing techniques are available in the industry and the three most relevant 

ones are Laser Sintering, Laser Melting and Laser Metal Deposition [47]. Generally, the technology can be 

classified following different aspects, including the form of metallic materials adopted. According to this 

classification, three techniques can be investigated: Powder bed, Powder feed and Wire feed [48]. Power 

bed additive manufacturing (Figure 1.19) consists in solidifying the metal powder layer upon layer. A layer is 

supplied by the powder delivery system, then spread by the roller or rake, and finally melted by an external 

energy source, for instance, a laser beam [49]. Powder feed (Figure 1.20) is slightly different: although the 

part is built layer by layer like the previous technology, here the metal powder is directly ejected through the 

nozzle feeder [50]. Wire feed technology (Figure 1.21), instead, uses metallic wires in conjunction with an 

external source of energy in order to build the final part.  
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Figure 1.19 – Powder bed AM technique [48] 

 

Figure 1.20 – Powder feed AM technique [48] 

 

 

Figure 1.21 – Wire feed AM technique [48] 
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1.6 - Thesis structure 

Given the generic nature of this research field, it was decided to provide in the first chapter a generic 

introductory overview of uncertainty, the main uncertainties affecting machines and a schematic procedure 

for carrying out an uncertainty quantification analysis aimed at showing the objectives and capabilities of 

this type of study. Furthermore, a description of heat transfer basics, as well as the main cooling systems 

adopted nowadays for gas turbine hot components and the different techniques used for additive 

manufacturing is provided. 

The second chapter will provide the theoretical and mathematical bases for the correct definition of the 

various techniques and methodologies. A quick overview of the software that allows the final user to carry 

out this type of study, with particular attention to the one used in this study. Subsequently, a literature review 

will be carried out. 

The third chapter will show the first application of these techniques to a one-dimensional fluid network 

solver, which solves the heat transfer on a combustor liner. A brief introduction to aeronautical combustors 

will be reported to better understand the problem from the correct physical point of view and the 1-D code 

used to validate the different UQ methodologies will be described. Finally, the different results obtained will 

be compared. 

The fourth part of the thesis will focus on the application of UQ techniques to a CFD simulation; in particular 

it is applied to the film cooling of a real gas turbine blade. Also in this case a brief introduction to the problem 

will be reported, as well as the hypotheses at the base of the simulation and the numerical setup used. Finally, 

the results obtained will be analysed and compared with the experimental ones already carried out by 

previous studies. 

The last part will be devoted to conclusions and possible future developments related to this type of activity. 
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2 - Uncertainty Quantification 

In the previous chapter, a generic treatment has been provided to set up an uncertainty quantification 

analysis; in this chapter, the theoretical bases that allow its use and the description of the various 

methodologies are reported. 

UQ techniques can be divided into two main groups: intrusive or non-intrusive. The former acts on the 

source code of the solver while the latter imposes an input uncertainty only on the input parameters and 

evaluate how these propagate within the code itself; in fact, through a finite number of deterministic 

numerical realizations of the code under investigation, the statistics of the output quantities are estimated. 

This type of study does not require any variation of the solver, which can be considered a black box that 

associates each realization of the input parameters sampled to the corresponding outputs of the model. The 

non-intrusive analyses allow obtaining probabilistic results from already existing deterministic codes whether 

it is a commercial or open source software. This aspect allows to carry out UQ analysis on any numerical 

model, without any limitation related to the complexity of the same. 

The main drawback of these techniques is that they require a number of deterministic simulations that 

depends on the number of uncertain variables considered and the level of approximation chosen; this aspect 

makes the non-intrusive analyses expensive from the computational point of view, a condition that worsens, 

therefore, with the growth of the computing resources required by the deterministic simulations to be solved. 

Such critical issue can be partially eliminated with the possibility to carry out deterministic simulations in 

parallel, working only on the deterministic code, and to carry out the UQ analysis, which, in fact, requires 

only the data to be processed a posteriori. 

Considering that often computational fluid dynamics analyses are carried out with commercial codes, the 

work has been focused only on non-intrusive techniques; an evaluation of the propagation of uncertainty 

between upstream and downstream of numerical codes has been carried out, without acting on the source 

codes, which is why the theoretical aspects of only these techniques are reported. 

2.1 - Probability theory 

It is considered a continuous function𝑋(𝜔)  ∈  {0,1} defined on the probability space (Ω, ℬ, 𝑃), in which Ω is 

the results space, ℬ are the sets of events and P is the probability value. 

𝑋 is a function that assigns to each result 𝜔 of the measurement space (Figure 2.1) an integer 𝑥 ∈ ℝ and for 

each event 𝒜𝑖 ∈ ℬ ⊆ Ω in an interval ℬ𝑖 ⊆ ℝ.  
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Figure 2.1 – Function X(ω) [51] 

The interval ℬ𝑖 is one of the infinite numerable sets that make up the Borel1 field ℬ∗ in 𝑋(Ω) ⊆ ℝ. 

The impossible event ∅ ∈ Ω is associated with the empty set of real numbers, while the certain event Ω is 

defined in the range 𝑋 ⊆ ℝ. In other words, the random variable 𝑋(𝜔) assumes the value 𝑥 ∈ ℝ with a 

probability defined in 𝑋(Ω) ⊆ ℝ from the probability 𝑃(𝜔) that 𝜔 ⊆ Ω will occur. In conclusion, a random 

variable is a transformation: 

 (Ω, ℬ, 𝑃)
𝑋
→ (Ω, ℬ∗, 𝑃∗) Eq. 2-1 

This transformation is applied to each element 𝜔 ∈ Ω and assigns each pair of real numbers (𝑥, 𝑃∗
(𝑥)) =

𝑋(𝜔). 

2.1.1 - Probability and distribution 

The probability is used to indicate the occurrence of a given event; this concept is based on empirical 

evidence and the theoretical justification is to be found in the theorem of J. Bernoulli on the law of large 

numbers [52].  

The probability distribution function of a random variable 𝑋(𝜔), on the space of probability (Ω, ℬ, 𝑃), is 

defined as follows:  

 𝐹𝑥(𝑥) = 𝑃(𝑋(𝜔) ≤ 𝑥) Eq. 2-2 

𝐹𝑥(𝑥) is called Cumulative probability distribution (CDF) of 𝑋(𝜔) and defines the sum of the probabilities 

that the random variable 𝑋(𝜔) assumes values less than or equal to value 𝑥 (Figure 2.2). 

                                                      

1 Borel field or σ-Algebra is the collection of Ω subassemblies meeting the following conditions: 

 It is not an empty set: ∅ ∈ ℬ and Ω ∈ ℬ 

 If 𝒜 ∈ ℬ then 𝒜𝑐 ∈ ℬ 

 If 𝒜1, 𝒜2, … . 𝒜𝑛 ∈ ℬ then:  

⋃ 𝒜𝑖 ∈ ℬ

∞

𝑖=1

    𝑎𝑛𝑑        ⋂ 𝒜𝑖 ∈ ℬ

∞

𝑖=1
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Figure 2.2 – Probability and cumulative functions for Gaussian distribution 

By definition, the cumulative probability distribution cannot assume negative values and is non-decreasing 

monotonous between 0 and 1. 

The main properties of probability are the following, given two events 𝐴, 𝐷 ∈ ℬ: 

1. 𝑃(𝐴 ⋃ 𝐷) = 𝑃(𝐴) + 𝑃(𝐷) − 𝑃(𝐴 ⋂ 𝐷), 

2. 𝑃(𝐴 ⋃ 𝐷) = 𝑃(𝐴) + 𝑃(𝐷), if A and D mutually exclusive events 

3. 𝑃(Ω)  =  1, certain event; 𝑃(∅)  =  0, Impossible event 

4. 𝑃 (𝐴̅)  =  1 –  𝑃(𝐴) 

2.1.2 - Continuous random variable 

The definition of probability presupposes the existence of an appropriate function 𝑓(𝑥), whose integral in a 

fixed generic range (𝑎, 𝑏) provides the probability that the continuous random variable 𝑋 assumes values 

belonging to the interval (𝑎, 𝑏); if the integral is reduced to only one point, this is null. 

Therefore, if 𝑋 is a continuous random variable, the probability that assumes a fixed value is always zero. 

 𝑃(𝑋 = 𝑥) = 0,     ∀𝑥 ∈ ℝ Eq. 2-3 

In the case of a continuous random variable, the probability that 𝑋 is within the continuous range (𝑎, 𝑏), 

where 𝑎 and 𝑏 are constant and with  𝑎 < 𝑏; is defined as follows: 

 
𝑃(𝑎 < 𝑋 < 𝑏) = ∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝑎

 

Eq. 2-4 

The probability density function of a continuous random variable shall meet the following conditions: 

  𝑓(𝑥𝑖) ≥ 0,     ∀𝑥 ∈ ℝ Eq. 2-5 

 

  
∫ 𝑓(𝑥)𝑑𝑥 = 1

∞

−∞

 
Eq. 2-6 

The probability distribution function of the continuous random variable X is defined with the following 

equation: 
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𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) = ∫ 𝑓(𝑥)𝑑𝑥

𝑥

−∞

 
Eq. 2-7 

This definition implies that 𝑓(𝑥) is integrable; by the definition of 𝐹(𝑥), it turns out that this is a continuous 

function; therefore, in all the points where 𝑓(𝑥) is continuous, the derivative of the distribution function 𝐹(𝑥) 

is precisely the density of probability 𝑓(𝑥).  

 𝑑𝐹(𝑥)

𝑑𝑥
= 𝑓(𝑥) 

Eq. 2-8 

2.1.2.1 – Gaussian distribution 

The normal or Gaussian distribution is very important in manufacturing processes and measurements 

because it describes the distribution of random errors; for this reason, it is also called the law of errors. 

Different phenomena in nature can be described by means of a normal distribution, and it is also suitable 

for the approximation of numerous discrete distributions. 

The density of the normal probability, or normal or Gauss distribution is defined by the following equation. 

 𝑓(𝑥) =
1

𝜎√2𝜋
𝑒

−
1
2

(
𝑥−𝜇

𝜎
)

2

      − ∞ < 𝑥 < ∞ 
Eq. 2-9 

Where 𝜇 and 𝜎 are parameters with 𝜎 > 0. It can be proved that 𝜇 and  𝜎 are respectively the mean value 

and the standard deviation of the random variable 𝑋 distributed according to normal distribution. 

The normal distribution 𝑓(𝑥) is defined on the whole axis of the real numbers and always assumes positive 

values; it is symmetrical with respect to the straight line 𝑥 = 𝜇, that is, with respect to the average value of 

the distribution, which also coincides with mode and median2. 

 

 

Figure 2.3 – Normal distribution 

 

The distribution has a bell shape, as reported in Figure 2.3. Its maximum value is inversely proportional to 𝜎; 

in addition, the standard deviation defines the distance of the inflection points from the mean value as they 

                                                      

2 The median corresponds to the value that separates the underlying region from the probability distribution curve in two parts of equal 

area equal to 
1

2
.  
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have abscissa respectively 𝜇 ± 𝜎. Since the distribution represents the trend of the density function of a 

random variable, the area underlying the entire curve has unitary value. Each pair of values 𝜇 and 𝜎 uniquely 

identifies a normal distribution, i.e. for each pair, a different normal curve is defined (Figure 2.4). 

 

Figure 2.4 – Normal distributions with different mean value and standard deviation 

The variation of 𝜎 with the same average value involves a greater width of the bell, while a variation of 𝜇 

with the same standard deviation, only involves a translation of the curve. 

The normal distribution or allocation function is given by the following equation. 

 

 
𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) =

1

𝜎√2𝜋
∫ 𝑒

−
1
2

(
𝑡−𝜇

𝜎
)

2
𝑥

−∞

𝑑𝑡     
−∞ < 𝑥 < ∞               

Eq. 2-10 

2.1.2.2 – Standardised normal distribution 

The most important curve of the family of normal distribution is the standardized curve; in order to obtain 

this distribution, given the variable 𝑋 normally distributed with mean value 𝜇 and variance 𝜎2, the random 

variable Z, called the standardised variable, is introduced. 

 𝑍 =
𝑋 − µ

𝜎
 

Eq. 2-11 

This transformation allows to centre the distribution in zero, this distribution, in fact, has an average zero 

value and a unitary variance, which is why it is indicated by the diction 𝒩(0,1). 

The probability distribution of the standardised normal variable Z is given by: 

 
𝑓(𝑧) =

1

√2𝜋
𝑒

𝑧2

2       − ∞ < 𝑧 < ∞ 
Eq. 2-12 

The standardised normal allocation function is defined as follows: 

 
𝐹(𝑧) = 𝑃(𝑍 ≤ 𝑧) =

1

2𝜋
∫ 𝑒−

𝑡2

2  𝑑𝑡

𝑧

−∞

 
Eq. 2-13 
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The area beneath the curve in the range 𝜇 ± 𝜎 is equal to 68,3%, the one in the range 𝜇 ± 2𝜎 is around 

95,4%, while in the range 𝜇 ± 3𝜎 is approximately 99,7% (Figure 2.5). 

 

Figure 2.5 – Standardised normal distribution intervals 

2.1.2.3 – Uniform distribution 

Given two numbers 𝑎 and 𝑏, with 𝑎 < 𝑏, the continuous random variable 𝑋 has a uniform distribution with 

parameters 𝑎 and 𝑏, if its probability density is constant over the whole range considered and equal to: 

 
{

1

𝑏 − 𝑎
          𝑎 ≤ 𝑥 < 𝑏

0         𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 
Eq. 2-14 

The uniform distribution function has the following expression: 

 

𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) = {

0                 𝑥 ≤ 𝑎
𝑥 − 𝑏

𝑏 − 𝑎
         𝑎 < 𝑥 < 𝑏

1                 𝑥 ≥ 𝑏

 

Eq. 2-15 

2.1.3 - Statistical moments 

The most important characteristics of a distribution associated with a random variable are the mean value 

or expected value, variance, and moments of higher degree such as "skewness" and "kurtosis", which 

characterize the form of the distribution itself. 

The average or expected value of a random variable 𝑋 with probability density 𝑓(𝑥) is given by:  

 
𝜇 = 𝔼[𝑋] = ∫ 𝑥𝑓(𝑥)𝑑𝑥

∞

−∞

 
Eq. 2-16 

The variance of 𝑋 is defined as follows: 

 
𝜎2 = 𝑣𝑎𝑟(𝑋) = ∫ (𝑥 − 𝜇)2𝑓(𝑥)𝑑𝑥

∞

−∞

 
Eq. 2-17 
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The square root of the variance is called the standard deviation. The statistical moments are defined with 

respect to the average value by means of the following general formulation [51]: 

 
𝔼[𝑋𝑚] = ∫ 𝑥𝑚𝑓(𝑥)𝑑𝑥

∞

−∞

 
Eq. 2-18 

In which 𝑚 is the degree of the moment. 

The moments centered on the mean value are often used 𝔼[(𝑋 − 𝜇)𝑚]. Since the central moments are zero 

up to the third degree, they are interesting for 𝑚 ≥ 3. 

The third moment, called asymmetry (𝑠𝑘𝑒𝑤𝑛𝑒𝑠𝑠, 𝑠𝑘) or Pearson's asymmetry coefficient, provides an index 

of symmetry of the distribution. In particular, for positive asymmetry the distribution will have a tail to the 

right, while for negative asymmetry the tail will be turned to the left (Figure 2.6). 

 

Figure 2.6 – Non-symmetric distribution 

The fourth degree moment, called kurtosis, like the previous moment, gives an indication of the shape of 

the distribution; in particular, it defines the size of the tails, measuring their "thickness" according to the 

flattening of the distribution itself. 

In other words, it indicates how much distribution is collected around the average value: a positive kurtosis 

implies a more concentrated distribution around the average and a higher fashion value, while a negative 

kurtosis implies a flatter distribution with more marked tails (Figure 2.7). 

 

Figure 2.7 – Different Kurtosis PDF 
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2.2 - Stochastic processes 

In physical systems, a random variable may vary continuously or discreetly with respect to physical space 

and/or time. Stochastic processes are used to study the evolution of random variables as a function of time 

and space; they are modelled as follows: 

 (𝑋𝑡 , 𝑡 ∈ 𝑇) = (𝑋𝑡(𝜔), 𝑡 ∈ 𝑇, 𝜔 ∈ 𝛺) Eq. 2-19 

defined on the probability space Ω. 

If 𝑇, which can represent time or space, identifies a continuous interval then 𝑋 will be a continuous process, 

on the contrary if 𝑇 is a discrete interval also the process will be discrete. 

A stochastic process can be considered as a function of two variables. 

 Given the index 𝑡, it is an aleatoric variable: 

 𝑋𝑡 = 𝑋𝑡(𝜔), 𝜔 ∈ 𝛺 Eq. 2-20 

 Given a probability 𝜔 ∈ 𝛺, is a function of the index:   

 𝑋𝑡 = 𝑋𝑡(𝜔), 𝑡 ∈ 𝑇 Eq. 2-21 

To simplify the treatment random vectors are introduced.  

 (𝑋𝑡1, 𝑋𝑡2, . . . , 𝑋𝑡𝑛), 𝑡1, 𝑡2, . . , 𝑡𝑛 ∈ 𝑇 Eq. 2-22 

These allow to consider a stochastic process of finite size but define the distribution of 𝑋𝑡.   

A stochastic process 𝑋𝑡 , 𝑡 ∈ 𝑇, can be defined as a set of random vectors; therefore the definitions of the 

matrices of mean value, variance, and covariance for the random vector to the stochastic process can be 

extended and these quantities can be considered as functions of 𝑡 ∈ 𝑇. 

The equation of the expected value is given by: 

  

 𝜇𝑋(𝑡) =  𝜇𝑋𝑡
= 𝔼[𝑋𝑡], 𝑡 ∈ 𝑇 Eq. 2-23 

The covariance function of 𝑋 is defined as follows. 

 𝐶𝑜𝑣𝑋(𝑡, 𝑠) = 𝑐𝑜𝑣(𝑋𝑡 , 𝑋𝑠) = 𝔼[(𝑋𝑡 − 𝜇𝑋(𝑡))(𝑋𝑠 − 𝜇𝑋(𝑠))], 𝑡, 𝑠 ∈ 𝑇 Eq. 2-24 

The variance function of 𝑋 is: 

 𝜎𝑋
2(𝑡) =  𝐶𝑜𝑣𝑋(𝑡, 𝑡) = 𝑣𝑎𝑟(𝑋𝑡), 𝑡 ∈ 𝑇 Eq. 2-25 

The variance defines the deviation of the distribution from the expected value, while covariance provides an 

estimate of how much the dependence of two factors affects the random variable.  
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2.2.1 - Convergence in distribution 

Given the sample {𝑋𝑛}, this converges in the distribution or converges weakly in the random variable 𝑋, if 

for all continuous and limited functions 𝑓, the following conditions are applicable: 

 𝔼[𝑓(𝑋𝑛)] → 𝔼[𝑓(𝑋)], 𝑛 → ∞ Eq. 2-26 

2.2.1.1 – Central limit theorem 

If 𝑋1, 𝑋2, . . . , 𝑋𝑛 are independent random variables having the same distribution, with 𝔼[𝑋𝑖] = 𝜇 and 

𝑣𝑎𝑟(𝑋𝑖) = 𝜎2 < ∞. Then: 

 
𝑋̅ =

1

𝑛
∑ 𝑋𝑖

𝑛

𝑖=1

 
Eq. 2-27 

 𝑈𝑛 = √𝑛 (
𝑋̅ − 𝜇

𝜎
) 

Eq. 2-28 

So the distribution 𝑈𝑛 converges into a standardised normal distribution 𝒩(0,1) for 𝑛→∞.  

This theorem implies that the average value of a set of random variables {𝑋𝑖}𝑖=1
𝑛  converges with the growth 

of n to a Gaussian distribution 𝒩 (𝜇,
𝜎2

𝑛
) in which 𝜇 and 𝜎2 are respectively the mean value and the variance 

of the set of random variables. 

2.3 - Theory of approximation 

In this paragraph the concepts underlying the theory of approximations are reported and orthogonal 

polynomials will be introduced briefly; more detailed information can be found in the following textbooks 

[53], [54], [55]. 

2.3.1 - Orthogonal polynomials 

A generic polynomial of degree 𝑛 may be expressed with the following equation. 

 𝑄𝑛(𝑥) = 𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1+. . +𝑎1𝑥 + 𝑎0 ,     𝑎𝑛 ≠ 0 Eq. 2-29 

Where 𝑎𝑛 is the main coefficient of the polynomial and is called the "leading coefficient"; dividing by this 

coefficient the polynomial in monic form is obtained. 

 𝑃𝑛(𝑥) =
𝑄𝑛(𝑥)

𝑎𝑛
 = 𝑥𝑛 +

𝑎𝑛−1

𝑎𝑛
𝑥𝑛−1+. . +

𝑎1

𝑎𝑛
𝑥 +

𝑎0

𝑎𝑛
  

Eq. 2-30 

A set of polynomials {𝑄𝑛(𝑥), 𝑛 ∈ 𝒩} is called orthogonal when their internal product 〈𝑄𝑛𝑄𝑚〉 is void every 

time 𝑛 ≠ 𝑚. 
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In other words, the following condition applies: 

 
〈𝑃𝑛𝑃𝑚〉 = ∫ 𝑃𝑛(𝑥)𝑃𝑚(𝑥)𝜔(𝑥)𝑑𝑥 = 𝛾𝑛𝛿𝑚𝑛

𝑏

𝑎

        𝑛, 𝑚 ∈ 𝒩 
Eq. 2-31 

In which 𝜔(𝑥) is the probability density (therefore its integral over the whole range is unitary), 𝛿𝑚𝑛 is the 

Kronecker Delta3 and 𝛾𝑛 is a positive constant called the "normalization constant" because for 𝛾𝑛 = 1 the 

polynomials are also ortho-normal. 

Orthogonal polynomials meet the following differential equation: 

 𝑔2(𝑥)𝑃𝑛
′′ + 𝑔1(𝑥)𝑃𝑛

′ + 𝑎𝑛𝑃𝑛 = 0 Eq. 2-32 

In which 𝑔1 and 𝑔2 are independent functions of 𝑛, while parameters 𝑎𝑛 are constant and depend only on 

𝑛.  Most orthogonal polynomials can be expressed as hypergeometric series, according to the Askey’s 

scheme [56]. 

 

Figure 2.8 – Askey’s scheme for different polynomials [57]   

Polynomials reported in Figure 2.8 are optimal polynomial bases for different probability distributions; this is 

because they are orthogonal to the weighting functions, which correspond to the distribution functions 

themselves. 

2.3.1.1 – Legendre’s polynomials 

Legendre’s polynomials (Figure 2.9) are an orthogonal basis for the distribution of uniform normalized 

probability in the interval [−1,1]. 

 

𝐿𝑒𝑛(𝑥) =
1

2𝑛
∑(−1)𝑙 (

𝑛

𝑙
) (

2𝑛 − 2𝑙
𝑛

) 𝑥𝑛−2𝑙

𝑛/2

𝑙=0

 

Eq. 2-33 

These polynomials are even when 𝑛 is even and odd otherwise. 

Legendre's polynomials satisfy the following condition of recurrence: 

 𝐿𝑒𝑛+1(𝑥) =
2𝑛 + 1

𝑛 + 1
𝑥𝐿𝑒𝑛(𝑥) −

𝑛

𝑛 + 1
𝐿𝑒𝑛−1(𝑥) 

Eq. 2-34 

                                                      

3 Kronecker delta 𝛿𝑛𝑚 = {
 0  𝑛 ≠ 𝑚
1  𝑛 = 𝑚
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In which the first two polynomials are given by 𝐿𝑒0(𝑥) = 0 and 𝐿𝑒1(𝑥) = 1. 

 

Figure 2.9 – Graphic representation of the first 6 Legendre’s polynomials 

2.3.1.2 – Hermite’s polynomials 

Hermite’s polynomials (Figure 2.10) are an orthogonal base for the Gauss distribution. Their explicit form is 

given by the following relation. 

 

𝐻𝑒𝑛(𝑥) = 𝑛! ∑ (−1)𝑛
1

𝑚! 2𝑚 (𝑛 − 2𝑚)!
𝑥𝑛−2𝑚 

𝑛/2

𝑚=0

 
Eq. 2-35 

Hermite’s polynomials are recursive according to the report: 

 𝐻𝑒𝑛+1(𝑥) = 𝑥𝐻𝑒𝑛(𝑥) − 𝑛𝐻𝑒𝑛−1(𝑥) Eq. 2-36 

The first two Hermite’s polynomials are 𝐻𝑒0(𝑥) = 1 and 𝐻𝑒1(𝑥) = 𝑥. 

 

Figure 2.10 – Graphic representation of the first 6 Hermite’s polynomials 
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2.3.2 - Polynomial interpolation 

The objective of polynomial interpolation is to construct a polynomial that approximates a function of which 

only a few discrete points are known. More precisely, given 𝑚 + 1 pairs of points (𝑥𝑖, 𝑦𝑖), the problem is to 

find a function 𝐺 =  𝐺(𝑥) such that 𝐺(𝑥𝑖)  =  𝑦𝑖 for 𝑖 = 0,1, . . , 𝑚; where points 𝑦𝑖 that the function 𝐺 

interpolates in nodes 𝑥𝑖 are known. 

Consider 𝑁 + 1 pairs of points (𝑥𝑖 , 𝑦𝑖), the interpolating polynomial 𝑄𝑀 ∈ ℙ𝑀 must be defined as follows: 

 𝑄𝑀(𝑥𝑖) = 𝑎𝑀𝑥𝑖
𝑀+. . +𝑎1𝑥1 + 𝑎0 = 𝑦𝑖  ,        𝑖 = 0,1, . . , 𝑁        Eq. 2-37 

The points {𝑥𝑖} are the interpolation nodes; if 𝑁 ≠ 𝑀 the problem is over or under-determined.  

For 𝑁 = 𝑀, given 𝑁 + 1 different points 𝑥0, 𝑥1, . . . , 𝑥𝑁 and 𝑁 + 1 corresponding values of 𝑦0, 𝑦1, . . . , 𝑦𝑁, 

then there is only one polynomial 𝑄𝑁 ∈ ℙ𝑀 for which 𝑄𝑁(𝑥𝑖)  =  𝑦𝑖 for each 𝑖 = 0,1, . . , 𝑁. 

Let 𝑓(𝑥), 𝑥 ∈ 𝐼 be a known function and 𝑄𝑁𝑓(𝑥) its interpolating polynomial of degree 𝑁, built using the 

values 𝑓(𝑥) in 𝑁 + 1 different points. 

It is assumed 𝐼𝑥 as the minimum interval containing all the 𝑁 + 1 interpolating nodes 𝑥0, 𝑥1, . . . , 𝑥𝑁; then the 

interpolation error at the point 𝑥 is given by: 

 𝐸𝑥(𝑥) = 𝑓(𝑥) − 𝑄𝑁(𝑥)𝑓(𝑥) =
𝑓𝑁+1(𝜉)

(𝑁+1)!
𝑞𝑁+1(𝑥)        Eq. 2-38 

In which 𝜉 ∈ 𝐼𝑥 and 𝑞𝑁+1 = ∏ (𝑥 − 𝑥𝑖)𝑁+1
𝑖=0  is the nodal polynomial of degree 𝑁 + 1. 

Let {𝑄𝑛(𝑥)}𝑥∈ℕ, with 𝑥 ∈ 𝐼, be an orthogonal polynomial; for each 𝑛 ≥ 1, 𝑄𝑛 has exactly 𝑛 real and distinct 

zeros in the range 𝐼.  

This result implies several properties for the zeros of interpolating polynomials, including two interpolating 

polynomials of degree 𝑛 and 𝑛 − 1, 𝑄𝑛 and 𝑄𝑛−1, that do not have common zeros; it is also possible to 

demonstrate that between two successive zeros of 𝑄𝑛−1 there is only one zero of 𝑄𝑛. 

2.3.3 - Stochastic systems 

Given a deterministic model that describes the physical phenomenon it is necessary to correctly set up a 

stochastic model to study the effect of the uncertainty in the inputs of the system; upstream of the 

simulations, the key step consists in correctly characterizing the random inputs. The objective is to reduce 

the space of infinite probability in a space with finite dimension: this is done by parameterizing the space 

with a finite number of random variables. 

The mathematical models of UQ require a set of random variables independent of each other. In other 

words, the critical phase for the stochastic formulation of the problem consists in correctly characterizing the 

space of probability defined by the random inputs of the physical system with a finite number of mutually 

independent random variables. The condition of independence of the variables is particularly complex in the 

field of application under investigation; regarding gas turbine heat transfer there are many factors that come 

into play and it is even more complicated to identify two or more variables totally independent of each other. 
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From a purely theoretical point of view this condition is not so stringent, and most of the software that 

perform UQ analysis have already implemented a procedure for the treatment of variables that are not 

independent of each other. 

The procedure that allows passing from distributions of correlated variables between them to independent 

variables happens through a transform 𝜉 = 𝑇(𝑥) generally non-linear. 

This procedure is purely mathematical and is carried out autonomously by the software, which is why it is 

omitted from the treatment in this thesis; for a complete study of the subject please see [51], [4] and [58]. 

2.4 - Uncertainty quantification methodologies 

This section describes the techniques for performing non-intrusive uncertainty quantification analyses. 

 Those methods that allow to approximate an output of a model involved by random variables, 

parameterized on a finite set of independent random variables 𝑋(𝜔), defined on a space of probability 

(Ω, ℬ, 𝑃) and having a probability density of 𝑓𝑋(𝑥) are defined. 

2.4.1 - Sampling based methods 

2.4.1.1 - Monte Carlo  

This algorithm is very popular for stochastic simulations because it is simple, flexible and its convergence is 

not dependent on the number of input random variables of the system.  

The Monte Carlo method consists in generating a sample of independent input variables 𝑥 using a random 

number generator, run the evaluations required and calculate the statistics on the outgoing quantity of 

interest.  

Since the condition of independence among the variables 𝑥𝑖 is valid, it is sufficient to go back to their 

probability value 𝜔𝑖 from their respective distributions 𝑓(𝑥𝑖) previously fixed. 

Let 𝑥𝑖 be the generic element of the generated sample and let 𝑦𝑖 ≡ 𝑦(𝑥𝑖) be the corresponding output value 

then its average value is given by:  

 
𝑦̅(𝑥) =

1

𝑁
∑ 𝑦(𝑥𝑖)

𝑁

𝑖=1

≈ 𝔼(𝑦) 
Eq. 2-39 

In which 𝑁 indicates the number of simulations performed, coinciding with the sample size. The estimation 

of the error committed is obtained directly from the application of the theorem of the central limit: in fact, 

since the variables are independent and identically distributed, the function 𝑦̅(𝑥) converges for 𝑁 → ∞ to a 

normal distribution 𝒩(𝔼(𝑦),
𝜎𝑦

2

𝑁
), in which the standard deviation is defined as 

𝜎𝑦

√𝑁
 and 𝜎𝑦 is the standard 

deviation of the exact solution.  

Although this method is widely used it suffers from a low convergence rate, this implies that the error made 

decreases with the size of the sample, therefore with the number of simulations performed. 

The convergence rate or the error committed is in the order of 𝑜 (
1

√𝑁
), this means that for an increase in 

accuracy of a 10−2 factor, 104 additional evaluations are required. 
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Although the Monte Carlo method is rather expensive, the fact of having the convergence rate invariant with 

respect to the size of the random space, defined by the number of variables, is a property that makes it 

unique: no other methodology has this peculiarity and this is could be useful for a large number of input 

variables. 

2.4.1.2 – Sampling methods 

In order to speed up the convergence rate of the Monte Carlo method, the choice of the sample can be 

varied. In particular, one of the most used technique is the Latin Hypercube Sampling strategy (LHS). 

This sampling technique proposed by Helton [59] consists in dividing the distributions of each input 

parameter into intervals, the number of segments is equal to the number of samples and these will divide 

the distributions into portions having all the same area, therefore all equally possible (Figure 2.11). The points 

are then randomly selected within each area. 

 

Figure 2.11 – LHS sampling for two variables 

With this sampling strategy it is possible to exploit the advantages of the MC method but with a committed 

error order reduced to 𝑜 (
1

𝑁
). 

The advantage in terms of speed of convergence of this method is that a smaller number of points far from 

the mean value of the distribution of the inputs are selected; by dividing the probability distribution function 

is different sector, the number of points having a smaller probability of occurrence are surely taken at least 

once, depending on the number of points selected. 

2.4.2 - Stochastic expansion methods 

Since the systems are often very complex, the most used approach is to realize a simpler model, called 

surrogate model that can approximate the real starting model. 
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These methods are based on the spectral decomposition of the stochastic process through correlation 

functions; more precisely, the set of orthogonal polynomials, of the Askey’s scheme, is used as an orthogonal 

base to approximate the functional link between the output of the stochastic system under examination and 

each of its random variables. 

There are two approaches to the basis of stochastic expansion: the polynomial chaos expansion (𝑃𝐶𝐸), which 

uses the bases of orthogonal polynomials and the stochastic collocation (SC) method which uses the bases 

of interpolating polynomials. Both methods allow to obtain the functional relation that links the output of 

the studied system to the incoming random variables. 

2.4.2.1 - Polynomial Chaos   

The polynomial chaos expansion of a generic response function R takes the following form: 

 
𝑅 = 𝑎0𝐵0 + ∑ 𝑎𝑖1𝐵1(𝜉𝑖1

) +

∞

𝑖1=1

∑ ∑ 𝑎𝑖1𝑖2
𝐵2(𝜉𝑖1

𝜉𝑖2
)

𝑖1

𝑖2

+

∞

𝑖1=1

∑ ∑ ∑ 𝑎𝑖1𝑖2𝑖3
𝐵3(𝜉𝑖1

, 𝜉𝑖2
, 𝜉𝑖3

)

𝑖2

𝑖3=1

𝑖1

𝑖2=1

+

∞

𝑖1=1

… 
Eq. 2-40 

 

In which the size of the independent random vector 𝜉𝑖 is unlimited and each additional set of nested 

summations indicates an additional order of polynomials in the expansion. 

Changing the indexing to order, with a term-based one, a reduced formulation can be found: 

 
𝑅 = ∑ 𝛼𝑗𝜓𝑗(𝜉)

∞

𝑗=0

 
Eq. 2-41 

In Eq. 2-41 there is a univocal correspondence between the coefficients 𝑎𝑖 and the coefficients 𝛼𝑗 and 

between polynomials 𝐵𝑛(𝜉𝑖1
, . . , 𝜉𝑖𝑛

) and 𝜓𝑗(𝜉). 

Terms 𝜓𝑗(𝜉) are multivariate polynomials involving the products of one-dimensional polynomials derived 

from a single random variable; a multivariate polynomial may be indicated with the following equation: 

 
𝐵𝑛(𝜉𝑖1

, . . , 𝜉𝑖𝑛
) = 𝜓𝑗(𝜉) ∏ 𝜓

𝑡𝑖
𝑗(𝜉𝑖).

𝑛

𝑖=1

 
Eq. 2-42 

In which with the diction 𝑡𝑖
𝑗
 indicates the term of multi-index expansion. 

When the input variables have different distributions, therefore polynomial bases of different families, the 

given definition remains valid but the one-dimensional polynomials of the different distributions must be 

considered. In practice, Eq. 2-41 is always truncated with a finite number of random variables and a fixed 

polynomial of degree P. 

 
𝑅 = ∑ 𝛼𝑗𝜓𝑗(𝜉)

∞

𝑗=0

≈  ∑ 𝛼𝑗𝜓𝑗(𝜉)

𝑃

𝑗=0

 
Eq. 2-43 

The polynomial can be truncated in two ways: by fixing the total order of the polynomial, or by defining the 

maximum order of the polynomial bases; this aspect plays a fundamental role as it defines the number of 

simulations to be carried out, so that it directly affects the computational costs. 

 The final interpolating polynomial includes a complete polynomial base up to a specified total order. 
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In this case, the number of terms 𝑁𝑡 of the expansion with total order p involving n random variables 

are given by the following relation: 

 𝑁𝑡 = 1 + 𝑃 =
(𝑛 + 𝑝)!

𝑛! 𝑝!
 

Eq. 2-44 

This type of approach is called “total or fixed order expansion”. 

When searching for the functional link between the output parameter and two random variables 

(𝑛 = 2) with a polynomial of order two (𝑝 = 2), the total number of terms and therefore the number 

of simulations to be performed are six. 
 

The other type of approach is called "tensor-product expansion "; in this case the limits to the order 

are not defined on the final polynomial but on the bases of the polynomial and all the combinations 

of the individual one-dimensional polynomial are included. 

The number of total evaluations is given by: 

 
𝑁𝑡 = 1 + 𝑃 = ∏(𝑝𝑖 + 1)

𝑝

𝑖=1

 
Eq. 2-45 

This technique allows imposing different polynomial orders for the various bases of the input 

variables; in other words, it allows to impose heterogeneous problems, properties that do not have 

the method of total order expansion. 

 

Figure 2.12 – Total-order expansion (left); tensor-product expansion (right) [57] 

From Figure 2.12 it is evident that with the two different truncation methods a different type of approximation 

is obtained. 

The imposed total order approach overlooks a significant part of the polynomial coverage of the tensor 

product approach, which is why, unless a very small number of variables is involved, the fixed total order 

method requires fewer evaluations (Figure 2.13). 
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(a) (b) 

Figure 2.13 – Number of evaluations required for different order (a) and variables (b) [57] 

As far as the validation of uncertainty quantification methodologies is concerned, the work taken as reference 

by all the other articles in the literature is the one carried out by Eldred [60]. This shows that the number of 

evaluations required for the total order method imposed is higher than that one defined by Eq. 2-44; the 

author shows how it is necessary to oversample, at least twice the minimum number required, in order to 

obtain a more robust and accurate analysis response. 

 𝑁𝑡 = 1 + 𝑃 =
(𝑛 + 𝑝)!

𝑛! 𝑝!
      ⇒       𝑁𝑡𝑒𝑓𝑓

≥ 2𝑁𝑡 
Eq. 2-46 

As will be reported later, this expediency is implemented in all the works in the literature and in the next 

chapter it will be clear that was also necessary for this study as well in order to obtain reasonable results. 

2.4.2.2 – Stochastic collocation 

The stochastic collocation expansion is made by the sum of a set of multidimensional interpolating 

polynomials for the collocation points and a polynomial that interpolates the results on the adjacent points 

that can be made up of some components of the gradient of the function between the points themselves. 

For the evaluation in the interpolating points, Lagrange polynomials are used, which interpolate a set of 

points with a functional one in the following form: 

 
𝐿𝑗 = ∏

𝜉 − 𝜉𝑘

𝜉𝑗 − 𝜉𝑘

𝑚

𝑘=1
𝑘≠𝑗

 
Eq. 2-47 

The one-dimensional interpolation of the response function 𝑅, for a portion 𝑙 containing 𝑚𝑙 points is given 

by the following expression:  

 
𝑅(𝜉) ≅ ∑ 𝑟(𝜉𝑗)𝐿𝑗(𝜉)

𝑚𝑙

𝑗=1

 
Eq. 2-48 

The approximation given here reproduces the values of the response 𝑟(𝜉𝑗) at the interpolation points and 

it interpolates between these and other points. 

For multidimensional interpolations the formulation remains similar, with the difference that the limit of the 

summation will be the number of the collocation points in the portion of space considered. 
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Hermitian polynomials are used for the interpolation of point values with gradients. 

2.4.3 - Spectral projection 

The main difference between the polynomial chaos expansion and the stochastic collocation is that for the 

first method the coefficients of the interpolating polynomial must be estimated starting from known 

polynomial bases, while for the stochastic collocation the interpolating polynomial must be found from 

known coefficients. 

For polynomial chaos approach the polynomial coefficients can be found by a spectral projection method 

or by linear regression.  

The first approach implies the numerical integration on the points that can be randomly sampled, or on 

special calculation grids that optimize the procedure. The most used grids are Gauss quadrature grids and 

Smolyak's sparse grids. Stochastic collocation, since it requires a structured data set for multidimensional 

interpolation of both point values and gradients, does not allow random sampling, but only the above-

mentioned grids. The spectral projection consists in projecting the output of the system on each polynomial 

base by means of tensorial products, then the conditions of orthogonality are imposed in order to obtain 

the polynomial coefficients. Starting from Eq. 2-41, by carrying out an internal product with 𝜓𝑗 from both 

sides and by isolating the polynomial coefficients, the following equation is obtained: 

 

𝑅 ≈  ∑ 𝛼𝑗𝜓𝑗(𝜉)

𝑃

𝑗=0

⇒ 𝛼𝑗 =
〈𝑅, 𝜓𝑗〉

〈𝜓𝑗 , 𝜓𝑗〉
=

1

‖𝜓𝑗
2‖

∫ 𝑅𝜓𝑗𝜌(𝜉)𝑑𝜉

Ω

 

Eq. 2-49 

Each internal product involves a multidimensional integral on the space in which the weight function is 

defined 𝜌(𝜉); since this is a probability, the integral is defined in an interval of the space of probability.  It is 

pointed out that the internal product of two quantities defined as positive coincides with the norm, so the 

denominator of the equation is the squared norm of the orthogonal polynomial multivariate, in which its 

structure depends on the type of distribution and its shape is that shown in the Askey’s scheme. The integral 

approach is equivalent to calculating the mean value of the response function for each polynomial base; the 

first coefficient of the polynomial is, in fact, the mean of the response obtained at the exit of the code.  The 

random sampling from a calculation point of view does not exist, this is generated with special algorithms 

that generate pseudo-random numbers; in practice, however, this type of generation is not an effective 

system for estimating the moments of the response function. 

In accordance with what has already been described in the paragraph on the Monte Carlo method, a 

sampling method based on the LHS algorithm, which is the standard for this type of application, is more 

efficient. Subsequently, the sampling grids, which can be used for both PCE and SC methods, are described. 

2.4.3.1 – Gauss quadrature grid 

With this grid the integral of the Eq. 2-49 is solved using one-dimensional quadrature rules; with this 

approach the polynomial zeros are chosen in order to verify the condition of orthogonality with the weight 

functions.  
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Let us assume that {𝜉1
𝑖 , . . , 𝜉𝑚𝑖

𝑖 } ⊂ Ω𝑖 is a sequence of abscissae by quadrature on Ω𝑖 and 𝑓 ∈ 𝐶0(Ω𝑖), then 

it is possible to introduce a sequence of one-dimensional quadrature operators. 

 
𝒰𝑖(𝑓)(𝜉) = ∑ 𝑓(𝜉𝑗

𝑖)𝜔𝑗
𝑖

𝑚𝑖

𝑗=1

 
Eq. 2-50 

With 𝑚𝑖 ∈ ℕ. 

The newly introduced equation allows for the correct integration of any polynomial of less than 2𝑚𝑖 − 1, for 

each 𝑖 = 0,1, . . , 𝑛. 

Once a certain polynomial order 𝑝 is set, the assessments of the highest order coefficient include an 

integrand function of a minimum order of 2𝑝 (𝜓 of order 𝑝 modelling the response function 𝑅 with order 

𝑝) in each dimension, for which, in order to obtain a good accuracy of the coefficients, a minimum order 

𝑝 + 1 of Gauss quadrature is required. 

The formulation for the multidimensional case is defined by a complete tensor product:   

 
𝒬𝑖

𝑛𝑓(𝜉) = (𝒰𝑖1⨂. . ⨂ 𝒰𝑖𝑛)(𝑓)(𝜉) = ∑

𝑚𝑖1

𝑗1=1

. . ∑ 𝑓

𝑚𝑖𝑛

𝑗𝑛=1

(𝜉𝑗1

𝑖1 , . . , 𝜉𝑗𝑛

𝑖𝑛) (𝜔𝑗1

𝑖1⨂. . ⨂ 𝜔𝑗𝑛

𝑖𝑛)  
Eq. 2-51 

This type of formulation requires ∏ 𝑚𝑖𝑗
𝑛
𝑗=1  evaluation functions. 

When the number of input random variables is reduced, this approach is very efficient as it requires minimal 

computational effort. However, as the size increases, this method presents always a lower efficiency; this is 

due to the fact that the number of points to be evaluated increases exponentially with the number of input 

variables. By imposing the same polynomial order for all variables, 𝑚𝑖𝑗 = 𝑚, the previous equation requires 

a number of assessments equal to 𝑚𝑛.      

2.4.3.2 – Smolyak sparse grid 

When the number of variables is moderately high and the sampling on the Gauss quadrature grid becomes 

too expensive, it is possible to use the Smolyak grid [61]. 

This approach allows to drastically reduce the collocation points while maintaining a high level of precision 

(Figure 2.14 and Figure 2.15). The number of points required by this method is obtained from the following 

relationship, expressed for simplicity in a reduced form: 

 𝒜(𝑤, 𝑛) = ∑ (−1)𝑙+𝑛−|𝑖| (
𝑛 − 1

𝑙 + 𝑛 − |𝑖|
)

𝑙+1≤|𝑖|≤𝑙+𝑛

∙ (𝒰𝑖1⨂. . ⨂ 𝒰𝑖𝑛) 
Eq. 2-52 

In the formula 𝑛 which is the number of input variables and 𝑙 which is the parameter that indicates the 

Smolyak level and it is independent of the number of variables considered. 

This formula results in a linear combination of the Gauss formula (last factor of the summation) with a factor 

that reduces the number of points. 
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Figure 2.14 – Points required with the Gauss grid (5th order) and Smolyak (1st level) [51] 

     𝑙 = 0     𝑙 = 1       𝑙 = 2      𝑙 = 3     𝐺𝑎𝑢𝑠𝑠 𝑔𝑟𝑖𝑑 

     

Figure 2.15 – Visual comparison for different levels of Smolyak and Gauss for a two variables problem [51]  

It is important to underline how, for problems with reduced number of variables and limiting the polynomial 

order, the most efficient approach in terms of computational expenditure remains the one defined by the 

use of the Gauss tensorial grid.  

2.4.4 - Linear regression 

The interpolating polynomial can be obtained without using integral formulations but from the solution of 

the linear system defined by the set of polynomial coefficients that best approximate the response function 

𝑅. 

 𝜓𝛼 = 𝑅 Eq. 2-53 

In this case, the sampling can be carried out either on a structured grid (Gauss or Smolyak), with the 

carefulness to maintain a sampling order higher than the polynomial order to avoid selecting the zeroes of 

the polynomial base, or on a non-structure grid as for pseudo-random sampling. In both cases in each row 

of the matrix 𝜓 there are 𝑁𝑡 multidimensional polynomial terms evaluated at a given point. 

 
[

𝜓0(𝜉1) ⋯ 𝜓𝑁𝑡
(𝜉1)

⋮ ⋱ ⋮
𝜓0(𝜉𝑛) ⋯ 𝜓𝑁𝑡

(𝜉𝑛)
] (

𝛼0 
⋮

𝛼𝑁𝑡

) = (

𝑅(𝜉1)
⋮

𝑅(𝜉𝑁𝑡
)
) 

Eq. 2-54 

When: 

 𝑛 = 𝑁𝑡 the system is solved directly 

 𝑛 > 𝑁𝑡 the system is over-determined and it is resolved by minimum squares approaches 

 𝑛 < 𝑁𝑡 the system is under-determined and it is solved with decomposition and elimination 

algorithms 
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2.4.5 - Analytics moments 

The statistical moments previously defined are obtained differently using the methods of polynomial 

expansion. Mean value and covariance of polynomial expansions can be defined in closed form and provide 

the exact moments of the response functions. 

 
𝜇𝑖 = 〈𝑅𝑖〉 ≅ ∑ 𝛼𝑖𝑘〈𝜓𝑘(𝜉)〉 = 𝛼𝑖0

𝑃

𝑘=0

 
Eq. 2-55 

 
𝑐𝑜𝑣𝑖𝑗 = 〈(𝑅𝑖 − 𝜇𝑖)(𝑅𝑗 − 𝜇𝑗)〉 ≅ ∑ ∑ 𝛼𝑖𝑘

𝑃

𝑙=1

𝛼𝑖𝑙〈𝜓𝑘(𝜉)𝜓𝑙(𝜉)〉 = ∑ 𝛼𝑖𝑘𝛼𝑗𝑘〈𝜓𝑘
2〉

𝑃

𝑘=1

𝑃

𝑘=1

 
Eq. 2-56 

Similar formulations are obtained for stochastic collocation. 

 
𝜇𝑖 = 〈𝑅𝑖〉 ≅ ∑ 𝑟𝑖𝑘〈𝐿𝑘(𝜉)〉 = ∑ 𝑟𝑖𝑘𝜔𝑘

𝑁𝑃

𝑘=1

𝑁𝑃

𝑘=0

 

 

Eq. 2-57 

 
𝑐𝑜𝑣𝑖𝑗 = 〈𝑅𝑖𝑅𝑗〉 − 𝜇𝑖𝜇𝑗 ≅ ∑ ∑ 𝑟𝑖𝑘

𝑁𝑃

𝑙=1

𝑟𝑖𝑙〈𝐿𝑘(𝜉)𝐿𝑙(𝜉)〉 − 𝜇𝑖𝜇𝑗 = ∑ 𝑟𝑖𝑘𝑟𝑗𝑘𝜔𝑘 −

𝑁𝑃

𝑘=1

𝑁𝑃

𝑘=1

𝜇𝑖𝜇𝑗 

Eq. 2-58 

Expressions for asymmetry and kurtosis are obtained by direct numerical integration of the response 

function. 

 
𝑠𝑘 = 𝛾1𝑖 = 〈(

𝑅𝑖 − 𝜇𝑖

𝜎𝑖
)

3

〉 ≅
1

𝜎𝑖
3 [∑(𝑟𝑖𝑘 − 𝜇𝑖)3𝜔𝑘 

𝑁𝑃

𝑘=1

]    

 

Eq. 2-59 

 
𝐾𝑢 = 𝛾2𝑖 = 〈(

𝑅𝑖 − 𝜇𝑖

𝜎𝑖
)

4

〉 − 3 ≅
1

𝜎𝑖
4 [∑(𝑟𝑖𝑘 − 𝜇𝑖)4𝜔𝑘 

𝑁𝑃

𝑘=1

] − 3 

Eq. 2-60 

2.5 - UQ software 

The number of software and libraries for the uncertainty quantification is already considerable and will 

continue to grow over the years; in the literature, many highly custom programme performing uncertainty 

quantification analysis can be found. Moreover, calculation tools have been developed in the MATLAB 

environment and function libraries written in C/C++ and Python programming languages can be found as 

well.  

This section describes the software used for the development of the workpiece and gives an overview of the 

other programs that are most interesting for this type of analysis. 
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2.5.1 - DAKOTA 

The software used for the development of the entire work was DAKOTA [57]: a multidisciplinary executable 

capable of performing, in addition to UQ analysis, experimental test design, sensitivity analysis, reliability 

studies, parameter estimation and which has optimization algorithms incorporated, including multi-objective 

ones; it was developed by the "Sandia National Laboratories" and is completely open-source. 

The software has the advantage of interfacing, potentially, with any other solver from which it receives data 

for subsequent statistical processing; moreover, the interface with Python environments for the pre-

processing of the data is directly provided.  

The software needs a first input, in the form of a text file, in which the type of analysis, the distributions of 

the input variables, the interface and the number of response functions to be analysed are specified; at this 

point, the simulation cycle begins. For each sample input, DAKOTA, through the interface, launches the third-

party software and quantities of interest are then obtained; the procedure is repeated for the number of 

simulations required, depending on the type of analysis. The block diagram of the procedure is shown in 

Figure 2.16. Once all the evaluations have been completed, the statistics of the parameter studied are 

provided at the output. 

 

Figure 2.16 – General UQ analysis procedure using DAKOTA [57]   

In terms of output, the software provides the four statistical moments for each response functions; the 

discretization of the functions and the number of output quantities must be specified in the input file. The 

data coming out from the software are in the form of text files; this aspect is rather critical in terms of data 

processing: in fact when the number of "response functions" increases, the size of the output file is too big 

and it cannot be processed directly; for this reason it is necessary to use reading and processing scripts to 

obtain the results in graphic terms. It was decided not to include input and output files in this work as not to 

weigh the writing down: all the relevant information are provided in the body text and in Chapter 3.2.2 -. 

This executable was chosen because it is open-source, easily interfaced with other software and because it 

does not only perform UQ analysis but also combines it with sensitivity analysis; moreover, as already 

mentioned, it can also be used for optimization studies. 
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From the point of view limited to uncertainty quantification, DAKOTA is not the most complete software 

(Figure 2.17), but it represents a tool that allows fluctuating in different fields, which, for turbomachinery and 

heat transfer application, could simplify the procedure of design and optimization in every aspect. 

The strength of this executable, which in fact has been preferred over other software, is its simplicity; it 

elaborates text files suitably formatted, in which the different methodologies and set up to be carried out 

are specified through keywords. It presents special commands to manage any errors or particular operation 

of the software to which it is interfaced with; in this way it can independently solve situations where the result 

obtained is incorrect or when the software interfaced to DAKOTA presents sudden crashes. It also is well 

suited to the analysis of data already in the possession of the user, or it allows the processing of data already 

acquired stand-alone. In this configuration it is possible to import a certain set of points as sample input; in 

CFD simulations this aspect is particularly interesting, in fact the simulations can be priory performed and 

then the analysis of UQ can be carried out a posteriori, only after verifying the results obtained. 

2.5.2 - Python libraries 

 OpenTURNS [62] is a C++ library then also translated into Python language; it is very similar to 

DAKOTA in terms of computing capacity but, currently, has not implemented any method for 

numerical integration and has no optimization packages. 

It should be noted that this toolbox was funded by a consortium formed by industrial leaders in the 

aeronautical sector such as Airbus and ONERA; this is to highlight once again how much uncertainty 

quantification analysis plays an increasingly central role in the aeronautical field. 

 Chaospy [63] is a library completely written in Python for UQ analysis. In the article cited, the authors 

show detailed comparisons between the various capabilities of the newly introduced software. This 

is the most complete library in terms of distributions assignable to the different inputs of the 

problem, it also shows how OpenTURNS is more developed than DAKOTA in mathematical terms, 

to make the input variables independent and also has a greater number of sampling methods. 

Chaospy is the basis of another Python library, "Uncertainpy" [64] developed in the field of neural networks 

by the University of Oslo. 

 

 

Figure 2.17 – Main characteristics of different software [63] 
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2.5.3 - MATLAB environment 

UQ analyses can be carried out in the MATLAB environment using an extension created by the ETH Zurich, 

called "UQLab” [65]. Although the tool's capabilities are similar to those of the other software mentioned 

above, the need for the license makes the software more suitable for research environments, limiting its use 

in industrial applications. This module has more critical issues than the other codes just described in the 

interface with other software, the absence of optimization methods restricts the use of the activities of UQ. 

2.6 - Sensitivity analysis 

Since DAKOTA carries out sensitivity analyses independently whenever a spectral method is used, it is 

considered appropriate to describe this type of procedure, even though it is not the main focus of the thesis 

work. 

This type of analysis allows to estimate, in mathematical terms, through the Sobol’s indices [37], how much 

a particular input random variable affects the output quantity considered. This characteristic is very 

interesting in the field of heat transfer in turbomachinery because there are a large number of factors and 

physical phenomena that could affect the results. 

The mathematical procedure is based on the decomposition of the variance from which two different indices 

are obtained, one due strictly to the input variable considered, indicated with 𝑆𝑖 , and called main Sobol’s 

index; the other, indicated by 𝑆𝑇𝑖
, takes into account all the effects due to the interaction between the variable 

considered and the others; for this reason, it is defined as total Sobol’s index. 

The main index corresponds to that fraction of uncertainty of the output 𝑌 which is generated solely by the 

presence of the variable 𝑥𝑖 under consideration; the main indices of the first order are defined as the ratio 

between the variance of the expected value conditioned by the variable considered and the variance of the 

output variable. 

 𝑆𝑖 =
𝑉𝑎𝑟[𝐸(𝑌|𝑥𝑖)] 

𝑉𝑎𝑟(𝑌)
 Eq. 2-61 

Considering also the main indices of greater order (interaction) that define how much the variation of a 

variable is related to another one on the output of the system, the following property can be obtained, valid 

for the principal Sobol’s indices: 

 
∑ 𝑆𝑖

𝑛

𝑖=1

+ ∑ 𝑆𝑖𝑗

𝑛

𝑗<𝑖

= 1 
Eq. 2-62 

In which 𝑛 is the number of random variables used for the analysis. 

The total Sobol’s index takes into account all the interactions that concern a given variable and they are 

defined as follows:  

 𝑆𝑇 𝑖
=

𝐸[𝑉𝑎𝑟(𝑌|𝑥𝑖)]

𝑉𝑎𝑟(𝑌)
=

𝑉𝑎𝑟(𝑌) − 𝑉𝑎𝑟[𝐸(𝑌|𝑥𝑖)]

𝑉𝑎𝑟(𝑌)
 Eq. 2-63 

The definition of the total Sobol’s indices necessarily implies the following condition: 
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∑ 𝑆𝑇𝑖

𝑛

𝑖=1

≥ 1 
Eq. 2-64 

In this thesis it has decided not to report the equations by which DAKOTA analytically calculates the Sobol’s 

indices, for the complete treatment of the subject please refer to the article of Tang et al. [66]. 

2.7 - Bibliography 

As already mentioned, the propagation of uncertainty within the numerical codes used for turbomachinery 

application is relatively recent, nevertheless, there are works in the literature that deal with different aspects 

related to heat transfer in turbomachinery applications. 

It has already been mentioned that the first work regarding comparison and validation of UQ methods was 

carried out by Eldred [60]; this article shows how the residuals of a CFD analysis vary with the variation of the 

mathematical approach used.  

The treaty shows that the performance of PCE and SC is much more effective than the Monte Carlo method. 

A comparison is then made between the main methods of UQ, the polynomial chaos expansion and 

stochastic collocation, which shows that they have similar performance; the author says that for an equal 

number of points sampled the two different methods give approximately the same results. 

For Eldred, the main advantage of the PCE method compared to the SC is the possibility to carry out the 

sampling also on unstructured grids. 

In terms of computational costs, for a low number of uncertain variables, the best method is linked to the 

tensorial product on the Gauss grid; as the size increases, Smolyak grids are increasingly advantageous, 

allowing high accuracy with a reduced number of evaluations. 

Another important result reported by the author is the one related to the PCE method with fixed total order, 

for which there is the need to use an oversampling in order to obtain an accurate response. 

As far as the applications of UQ to the heat transfer in turbomachinery are concerned, there are not so many 

works currently in the literature and they cover different problems: from the most classic issues related to 

the cooling of components at high temperature to emissions due to new types of combustion to more 

complex issues such as the phenomena of thermal-acoustic stability inside the combustor or applications for 

the study of turbulent flames with LES simulations. 

The UQ studies applied to CFD that one can find in the literature are characterized by having a limited 

number of uncertain variables, three at most, generally; this is due to the high increase in the computational 

cost that occurs with the increase in the number of variables, a problem known as curse of dimensionality. 

The studies in which a higher number of inputs are considered are applied to low-fidelity codes that allow a 

high amount of information to be obtained with reduced computational efforts. 

The study carried out by Durocher et al. [67]  assesses the impact of atmospheric carbon compounds on the 

emissions of a combustor, in particular, changes in hydrocarbon (𝐶𝐻) concentrations are estimated, of 

nitrogen oxides (𝑁𝑂𝑥) output and flame speed, with a one-dimensional simulator called “Cantera” [68]. 
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In this study validation of the PCE methods and of the relative calculation grids with the Monte Carlo method 

is carried out; the uncertain variables considered are the kinetic coefficients that govern the chemical 

reactions that take place in the combustor. The author evaluated the impact of nine reactions on the 

quantities of interest, those with the highest kinetic coefficients and considered them uniformly distributed. 

The specific analyses carried out and the results obtained from the simulations are reported in terms of mean 

value and standard deviation in Figure 2.18; the uncertain variables are eight because one same factor act 

on two different reactions. 

 

Figure 2.18 – Analyses and results carried out by Durocher et al. [67] 

The results obtained by Durocher et al. [67] reflect what was stated in [60]: in order to obtain more accurate 

analyses, the total order PCE methodology requires over-sampling, and for this application the authors 

carried out samples three times as high as required. 

It can be seen that the Gauss tensor product method is also less efficient than the Monte Carlo method, 

which required four thousand evaluations to reach convergence, although no data on the actual 

convergence of the method has been reported. 

Another aspect is the efficiency shown by the Smolyak grid which, overall, finds the best agreement with the 

MC method. 

The study showed that the one-dimensional solver, subject to nine uncertain parameters, produces a 

variation of 400% in the output quantities with respect to the nominal values, while the band of uncertainty 

obtained from experimental tests is 20%, which shows that the solver must be implemented with more 

accurate chemical mechanisms. 

Also in the field of combustion, a UQ study on a CFD analysis with LES approach was carried out by Mueller 

et al. [69]. This article assesses the uncertainty associated with modelling chemical kinetics for an unmixed 

turbulent flame. The uncertain variable considered is the coefficient of "reaction rate", the probability 

distribution is imposed by the authors as log-normal and sampled with LHS method. The technique used for 

UQ analysis is stochastic expansion through polynomial chaos. 

The author reports the temperature and mass fraction of carbon monoxide (𝑦𝐶𝑂) for the different mixture 

fractions (𝑍) in which, for both quantities is also reported the confidence interval of the 99% (Figure 2.19). 
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(a) (b) 

  

(c) (d) 

Figure 2.19 – (a) Confidence interval of 99% for temperature as a function of mixture fraction; (b) Confidence 

interval of 99% for the mass fraction of CO; (c) Comparison of average over-time radial temperature profile; (d) 

Comparison of average radial fraction profile by mass of CO [69] 

In the study, a comparison between the values numerically and experimentally obtained (the latter, acquired 

from previous studies) is made, along with the relative error bands. The average radial profiles of temperature 

and mass fraction of 𝐶𝑂 are compared. 

From the previous figure it can be noticed how the experimental results are overestimated by the LES 

simulation; but also how, considering the uncertainties both numerical and experimental, especially for the 

𝑦𝐶𝑂 there is a good agreement. The author, considering the results, decided to validate the combustion 

models used.  

In the field of heat transfer, one of the most important theme is the film cooling for turbine blades; the most 

studied uncertain variables are those related to the boundary conditions that occur inside the machine. This 

theme is treated by D'Ammaro [70]; in his study the pressures of the main flow and that of the flow that 

generates the film are assumed as uncertain variables, both considered distributed according to a normal 

distribution.  
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Figure 2.20 – Test case analysed by D’Ammaro et al. [70] 

Simulations were carried out on a simplified geometry with RANS approach (Figure 2.20) with reduced 

domain: there is only one film cooling hole and a plenum from which the flow that will form the film and the 

fluid domain affected by the main flow comes out; in this study the real geometry of the blade is not 

considered; instead, the blade surface is approximated like a flat plate. 

A comparison between the MC method (242 simulations) and the stochastic expansion method is carried 

out for two different total orders of the PCE procedure, two and four; for the latter case instead of carrying 

out the required simulations only, according to Eq. 2-44, about twice as often the simulations are performed 

to obtain a more precise solution. The results obtained in [70] are reported in Figure 2.21. 

 

Figure 2.21 – film cooling effectiveness for MC approach and PCE 2nd and 4th order [70] 

The probability distributions of the pressures are imposed in order to obtain a variation up to 100% on the 

main flow pressure and 20% on that of the coolant.  

From the graph, it is clear that the polynomial of 2nd order does not give a reliable result while the polynomial 

of 4th order, which however requires a number of simulations ten times lower than the Monte Carlo method, 

is in total agreement with the solution predicted by the MCM. 

A similar work to the one just mentioned is that of Babaee [71], in which the influence of the uncertainty of 

the blowing ratio on the film cooling effectiveness is evaluated. The particularity of this study is that the 

turbulence is not modelled but completely resolved: in fact, DNS (𝐷𝑖𝑟𝑒𝑐𝑡 𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 𝑆𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛) simulations 

are carried out. The geometric domain is similar to the case already described above. 
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The author validates the computational results with those experimentally obtained by comparing the axial 

velocity at different heights of the duct, and they ended up with an excellent agreement between the two 

approaches. In terms of UQ analysis the polynomial chaos expansion is explored with a total order of three; 

the only uncertain parameter, the blowing ratio, is modelled with a normal distribution 𝒩(0.3, 0.01).  

 

 

 
 

 

 

 

 

 

(a) 
 

(b) 

Figure 2.22 – Evolution 𝜎𝑇/𝔼(𝑇) for different BR (a); Effectiveness and relative uncertainty (b) [71] 

The study shows that the input uncertain considered produces the maximum excursion in terms of film 

cooling effectiveness immediately downstream of the hole (Figure 2.22a), although the average protection 

in this area is good, this portion of the blade is subject to a considerable temperature excursion range.   

There are works in literature that evaluate the impact of geometric uncertainties on the film cooling 

effectiveness; the first study related to these issues with a probabilistic approach was carried out by 

Montomoli et al. [72] in which the effect of the fillet radius at the base of the cylindrical section of the hole 

is evaluated. The test case is similar to the studies described above, i.e. a plenum with a single film cooling 

hole and a flat plate, the variable considered is the variation of the ratio between the curvature radius of the 

fillet and the diameter of the hole; four cases are studied within the range defined by the ideal case without 

fillet (𝑟/𝐷 = 0%) up to a maximum value of 5%, with a pitch of 1.25%.  

In this study, no stochastic expansion techniques or sampling techniques on particular grids are used, instead, 

different variations of Mach number and pressure drop are imposed for the various fillet radii dispersed 

according to a Gaussian distribution. At the end of the simulations the probability distributions of the 

pressure loss coefficient 𝐶𝑑 and the film cooling effectiveness 𝜂 are constructed. 

Regarding film cooling, a real UQ analysis based on the geometric parameters of the hole was carried out 

by Shi et al. [73]; in this article three uncertain parameters are set: the diameter of the cylindrical section of 

the hole, assumed with normal distribution 𝒩(7.75, 0.7752), which implies a variation of the 10% with respect 

to the nominal diameter; the fillet radius, discretized in four values of 𝑟/𝐷 in the interval 0 ÷ 10% uniformly 

distributed and the countersink angle of the end part of the hole, also uniformly distributed in the range 

0° ÷ 0.8°. 
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An analysis is carried both with the Monte Carlo method and with the polynomial chaos expansion. The 

output quantities of the CFD analysis were the discharge coefficient 𝐶𝑑 and the film cooling effectiveness 𝜂; 

for the latter, results are obtained in total agreement with the articles already mentioned, i.e. the maximum 

dispersion of the film occurs near the edge of the hole (Figure 2.23a). The author also reports a comparison 

between the discrete probability obtained from Monte Carlo simulations with the continuous distribution 

obtained from the PCE (Figure 2.23b), showing how the latter perfectly underlies the other. 

  

(a) (b) 

Figure 2.23 – (a) Effectiveness on the centreline and spanwise average in 95% confidence interval;  

(b) Comparison of probability distribution of 𝐶𝑑. Shi et al. [73] 

As previously introduced, a UQ study was carried out to assess the impact of uncertainties related to the 

thickness of TB, the tangential position of the hot core from the burner, and the intensity of the turbulence 

on the blade temperature of the first nozzle [26]. 

All variables considered are distributed according to a Gaussian distribution. The test case and uncertain 

variables are reported in Figure 2.24. 

  

(a) (b) 

 Figure 2.24 – (a) 1st stage nozzle analysed; (b) Probability distribution [26] 
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The author used the methodology of the polynomial chaos expansion by imposing a total order to two. 

Since there are three random variables considered, with the chosen polynomial order, ten simulations would 

be necessary; in order to increase the accuracy of the solution, an oversampling is performed and twenty-

seven simulations are carried out. From the uncertainty propagation analysis the temperature trend on the 

blade surface is obtained, including the probability distribution (Figure 2.25a). The author provides a 

histogram showing the weight of the uncertainty of the individual variables on the temperature (Figure 

2.25b). 

 

 
 

(a) 
 

 

(b) 

Figure 2.25 – (a) Blade temperature distribution; (b) Sensitivity analysis [26] 

In Figure 2.25a it can be noticed how the experimental data are almost contained within the band of 

uncertainty of the computational results and, therefore, how the two approaches are in agreement; in the 

last part of the pressure side this phenomena does not occur: this discrepancy, according to the author, is 

to be attributed to the real shape of the "hot streak" that does not result symmetrical as hypothesized. 

Instead, it could present pronounced asymmetry towards the side of the nozzle. From the sensitivity analysis, 



2 – Uncertainty Quantification 

   52 

it is clear that the position of the "hot core" has a dominant influence with respect to the other two variables 

in each position of the blade. 
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3 - UQ analysis on low-order-code 

3.1 - Aeronautical combustors 

The combustor is the component of the machine in which the combustion takes place. The exothermic 

reaction allows the potential energy contained in the fuel to be converted into enthalpy, which will then be 

converted into mechanical energy by the turbine. It is clear that the performance of the entire machine is 

dependent on its proper operation. 

The layout of the combustor is such as to guarantee the correct fluid-dynamic and chemical conditions to 

obtain a stable and efficient combustion (Figure 3.1). To ensure stoichiometric combustion and, at the same 

time, correct cooling of the surfaces, the combustor is divided into two volumes: one in which the flame 

bounded by the liner develops and one in which only air circulates, between the casing and the liner. 

 

 

 
 

 

 

 

(a) Cross-sectional view of a combustor 

 

(b) Annular combustor 

 

 (c) Can annular combustor 

Figure 3.1 – General layout of an aeronautical combustor [74] 

The most used configurations in the aeronautical field are basically two, both developed starting from the 

tubular combustors that are too heavy for this type of applications: the annular section combustor provides 

a light and compact solution, has minimal pressure losses but the surfaces of the liner are subject to high 

heat loads (Figure 3.1b); while can annular configurations (Figure 3.1c) have cylindrical liners inside an annular 

case, allow a better control of the flame compared to the previous ones while maintaining a reduced size, 

but they are heavier and more expensive. 
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The research on combustors stems from the need to respect the emission limits, during the take-off and 

landing phase, set by ICAO-CAEP [75] which define the limits within which an engine can be certified (Figure 

3.2). 

 

Figure 3.2 – 𝑁𝑂𝑥 emission limits for engines with thrust greater than 89𝑘𝑁 [75] 

The objectives set by the European project “Clean Sky 2” [76] (Figure 3.3), currently underway, push research 

towards new generation combustors in order to develop a stable, but at the same time low environmental 

impact combustion, to meet the abatement of pollutants summarized in the following figure. 

 

Figure 3.3 – European project Clean Sky objectives [76] 
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3.1.1 - RQL combustors 

The research has led to the development of RQL (Rich-burn/quick-Quench/Lean-burn) combustors that 

represent the standard for low emission engines of 𝑁𝑂𝑥 .   

In these combustors it is possible to limit polluting emissions, through the control of the local  fuel-air ratio; 

in particular, there is an area with 𝜙 = 1.2 ÷ 1.6 in the primary zone, which guarantees a high stability of the 

flame (combined with the recirculation of hot gases through the swirled flow) and a low temperature; 

subsequently there is a strong input of primary air, which involves a rapid cooling and the achievement of 

lean mixture conditions (𝜙 = 0.5 ÷ 0.7) (Figure 3.4). 

The diffusive flame is fed by 30% of the air exiting the combustor while the remaining 70% is used to control 

the diffusive process, the temperature profile at the burner outlet and to feed the cooling systems. 

The purpose of the whole procedure is to reduce to a minimum the presence of stoichiometric conditions 

inside the combustor, to which the maximum emissions are associated. 

 

 

(a)  

 

(b) 

Figure 3.4 – (a) Emissions as a function of Φ. (b) RQL combustor conditions [74] 
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3.1.2 - Lean combustors 

In order to further reduce emissions of 𝑁𝑂𝑥 lean premixed flame burners are being studied. They are based 

on the concept of global control of the total equivalence ratio, keeping it mainly lean, which is why these 

types of combustors are more complicated than the previous ones, as they suffer from problems of flame 

stability. They consist of a primary zone in which a pilot flame with a slightly lean, almost stoichiometric 

equivalence ratio is exploited, ensuring stable combustion and reduced emissions of CO and hydrocarbons, 

while the rest of the chamber is kept in lean conditions (Figure 3.5). 

To ensure the conditions listed above, the fuel must enter the chamber already completely evaporated so 

that the injectors play a fundamental role. 

 

Figure 3.5 – Lean combustor performance 

Although the thermal loads on the liner walls are lower, cooling for this type of combustor is critical because 

the available air is limited (Figure 3.6), since most of it is used to maintain lean conditions in the chamber 

[77]. 

 

(a) (b) 

Figure 3.6 – Air splitting for RQL (a) and Lean (b) [78] 

 



3 – UQ analysis on low-order-code 

57 

3.1.3 - Combustor cooling 

With the increase in the maximum temperature and the need to reduce polluting emissions, the cooling the 

combustor walls requires increasingly demanding solutions. For nickel-based alloys, the maximum operating 

temperature must not exceed 1300𝐾, with flame temperatures generally higher than 2000𝐾 [74]. 

The cooling systems of the liner walls play a key role in the durability of the combustor; the main 

methodologies are reported by Cerri et al. [79] and are shown in Figure 3.7.  

 

 

Figure 3.7 – Main cooling techniques: convective and transpiration [79] 

With the growing need to limit the flow of refrigerant fluid in order to control combustion in the chamber, 

the current trend is to use effusion cooling to protect the liner wall. This cooling technique allows avoiding 

the high quantity of air that only film/slot cooling would require and the reliability problems linked to the 

cooling techniques by transpiration using porous materials. It consists of a series of inclined cylindrical holes 

with a small diameter, similar to those of film cooling, but closer together, ensuring more uniform protection 

(Figure 3.8). Since the holes are characterized by a high length/diameter ratio, there is a high heat removal 

due to the sink effect [80]. Effusion cooling protection only begins after the first holes, which is why the initial 

area of the liner is usually protected by a slot from which the cooling air escapes. 

 

 

 

(a) (b) 

Figure 3.8 – (a) Effusion cooling (b) Heat removal and protection 

The effusion cooling is a cooling technique studied for at least 50 years; in the literature there are many 

works that assess the efficiency in different operating conditions. The first studies concern the influence of 

spacing and hole diameter on the global coverage [81]. Krewinkel [82] reports a review of the main studies 

carried out on this cooling procedure; the efficiency is evaluated varying the blowing ratio (𝐵𝑅) [83] (Figure 

3.9a) and varying the inclination angle of the hole [84] (Figure 3.9b). 
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(a) Effectiveness for different BR (b) Effectiveness for different inclination angle 

Figure 3.9 – Krewinkel results [82] 

In [85], an experiment is conducted to quantify the influence of the velocity ratio (𝑉𝑅) and the effect of the 

Reynolds' number (𝑅𝑒) on the film cooling effectiveness. 

Andreini et al. [86] carries out an extensive study in which they assess the influence of the blowing ratio (𝐵𝑅), 

of the density ratio (𝐷𝑅) and of the turbulence level (𝑇𝑢) on the main stream (Figure 3.10); the same author 

in [87] carries out a numerical study to quantify the pressure losses associated with effusion cooling. 

 

Figure 3.10 – Adiabatic effectiveness with varying 𝐵𝑅 and 𝑇𝑢 [86] 

Scrittore et al. [88] carries out an experimental study to investigate the flow motion field near a dilution hole; 

a similar evaluation was carried out, using CFD, by Tarchi et al. [89], quantifying the effect that the 

recirculation area has on the effectiveness of the system. 
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3.2 - LEMCOTEC project 

The combustor considered for the UQ analysis was the one developed for the European project LEMCOTEC 

(Low EMission COre-engine TEChnologies) which ended in June 2017. The main objectives of the European 

project were focused on the development of a new engine with greater thermal efficiency, with a high overall 

pressure ratio (OPR) up to 70, which results in a reduction of the 𝐶𝑂2 emitted. The increase in TIT due to the 

higher OPR inevitably leads to an increase in 𝑁𝑂𝑥 emissions; therefore, research focused on the development 

of new lean combustion techniques to compensate for this phenomenon. 

The combustor is of the lean type, has an annular structure and develops combustion in lean mixture 

conditions guaranteed by a particular injection system, in which the stability of the flame is ensured by the 

staging of the fuel with a pilot injection by an atomizer. Part of the primary air is used for the cooling of the 

swirler and the dome, the latter cooled by jets of impingement, the remaining feeds the annuli for the cooling 

of the liner walls protected in the first part with a slot and for the major zone by effusion cooling.  

The LEMCOTEC combustor can be considered as the successor to the one developed by GE Avio during the 

NEWAC programme (Figure 3.11a); the new combustor has an optimised structure and cooling system to 

minimise pollutant emissions and improve the life of the component itself. 

 
(a) (b) 

Figure 3.11 – (a) NEWAC combustor (GE Avio) (b) Temperature distribution for the approach condition 

estimated by Bertini et al. [90]. 

The validation of the project was carried out, in part, through experimental tests carried out at CIAM (Central 

Institute of Aviation Motors) for the conditions of Idle, Approach and Cruise; the working conditions at Take-

Off were simulated by Bertini et al. [77] and [90]. The points tested are shown in Figure 3.12. 

 

Figure 3.12 – Conditions tested at CIAM and simulated (Take-Off) of the LEMCOTEC combustor [77] 
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3.2.1 - One-dimensional approach 

One-dimensional codes are simulation tools that are based on simplified approaches: they allow rapid results 

to be obtained by providing a one-dimensional calculation, which is why these are ideal in the preliminary 

design phase. This is the main reason why it was decided to use this type of approach in order to carry out 

a first UQ study; with the aim to validate methods and sampling grids, a simplified procedure is more suitable 

as a large number of discrete evaluations are required. The code used in this study is called Therm-1D [91] 

and is intended for the preliminary design of the cooling system of the combustor, both to define a 

preliminary arrangement of the cooling system, and to assess the performance under different operating 

conditions. 

This tool is able to predict the temperature of the walls and the thermal loads on different liner positions, 

coupling a fluid network solver, well tested and developed internally at the DIEF of the University of Florence, 

with a standard heat transfer model based on the methodology proposed by Lefebvre [74].  

 

 

 

(a) (b) 

Figure 3.13 – (a) Heat transfer in the combustor [74] (b) 1D thermal flux scheme [92] 

In Figure 3.13 the convective thermal loads have been indicated with 𝐶𝑖 , the radiative ones with 𝑅𝑖 , while 𝐶𝐻𝑆 

indicated the contribution of heat removal for the sink effect.  

The thermal balance of a single liner element will be obtained by imposing the equality of the internal and 

external heat flows, which in turn will be equal to the radial conductive thermal load. 

 

 𝐶1 + 𝑅1 = 𝐶2 + 𝑅2 + 𝑄𝐻𝑆 = 𝐾1−2 Eq. 3-1 

For combustors operating in lean conditions, sink effect heat removal plays a key role in total cooling (≈

45 ÷ 60%), while the thermal radiative load on the cold side produces a contribution lower than the 10% 

[92]. 

The influence of the convective load on the cold side, in some areas of the liner, can make a greater 

contribution than the protection due to the film, but this effect decays along the advancement of the annulus: 

the reduction in mass flow rate of the coolant affects more than the greater discharge coefficient that occurs 

in the terminal holes of the liner, causing an overall reduction in the heat transfer coefficient.  
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3.2.2 - Therm-1D 

The Therm-1D procedure solves the conjugated fluid-wall calculation by imposing the condition of the radial 

thermal equilibrium of the liner, neglecting the heat transfer in circumferential and axial direction. 

The whole procedure is carried out in an iterative way by different sub-codes and is outlined in Figure 3.14. 

 

Geometric inputs and boundary conditions 

⇩  

Start the external iterative cycle 

 ICONS1d 

o Solves coolant flow network 

o Assess convective load gas side 

 MESH1d 

o Defines the mesh 

Start the internal iterative cycle 

 COWL 

o Assess radiative load gas side 

 THERM1D 

o Solves the conduction 

End of the internal iterative cycle 

End of the external iterative cycle 

⇩  

Liner wall temperature gas side 

Liner wall temperature coolant side
 

 

Figure 3.14 – Therm-1D procedure 

The Therm-1D code uses the output files generated by ICONS1D and COWL as boundary conditions for the 

resolution of the one-dimensional heat conduction equation (Eq. 3-1) by which it determines the equilibrium 

temperature of the liner wall in each node of the calculation domain. 

To speed up convergence, in addition to the external iterative cycle, there is an internal iterative cycle that 

involves the evaluation of radiative loads, whose sensitivity to temperature is much more pronounced than 

that of convective loads. Once the iteration has reached convergence, it is possible to establish the 

temperature of the liner and therefore evaluate the efficiency of the cooling system. 

The procedure requires a certain set of input files in order to carry out correctly the whole routine; the main 

files are linked to the geometric discretization of the combustor, to the definition of the cool ing techniques 

and to the thermal-fluid-dynamic conditions of the hot gas; in fact, the gas define the operating conditions 

of the machine. The main input files are described below. As already mentioned in Chapter 2.5.1 -it was 

decided not include input and output files in the annex as not to weigh the writing down: all the relevant 

information are provided below. 
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 Mod.dat It discretizes the combustor and the cooling techniques to which it is subjected, in simplified 

interconnected models, among which the continuity of the flow rates and the equality of 

temperature and pressure are imposed; moreover, it adds a set of correlations that characterize the 

specific fluid-dynamic behaviour of the single model.  

The code allows different types of operation, depending on the boundary conditions imposed: 

1. Imposed massflow rate: all inlet sizes are fixed, such as flow rate, total pressure, and total 

temperature; the code calculates how the various flow rates are distributed in the points of 

interest of the system and the pressure with which they are discharged. 

2. Imposed pressure: total pressures are imposed at each input point, and static pressures at each 

output point; the iteration provides the distribution of flow rates along the network. 

3. Mixed mode: the code requires the flow rate values at the inlet and the static pressure values at 

the outlet; the total pressures at the inlet are calculated in an iterative manner by the code. 
 

 Geometry.dat Allows the user to define the geometry and structure of the combustor; it is in this file 

that one specifies the number of fluid domains, liners and their conditions of heat transfer. Each liner 

is characterized in terms of cylindrical coordinates. The code also allows the inclusion of a possible 

cover by TBC. 
 

 SC1_lin.dat Defines the type of cooling system, discretizing it into cylindrical coordinates; the number 

of rows of holes and their dimensions are defined. This file contains the generic parameters for both 

the geometrical quantities and the heat transfer. 
 

 Gas.xxx Here the characteristics of the hot gas are specified, in terms of temperature, temperature 

at which the radiation takes place, pressure, density, and speed; in fact, these are the conditions that 

define the operating conditions of the machine. 
 

 Mesh.dat Allows the user to set the number of points in which to calculate the liner temperature. 
 

 Therm1D.dat Here convergence criteria for iterative cycles are defined. 
 

 Tunehext.xxx Allows tuning of the external heat transfer coefficient by means of an additive 

coefficient and a multiplicative factor.  

3.3 - Uncertainty quantification analysis 

The uncertainty quantification analysis was carried out with a double purpose, the first objective was to verify 

the accuracy of the uncertainty propagation methods and the relative sampling grids, comparing the spectral 

methods with the Monte Carlo method and verifying how much the polynomial order affects the final 

interpolating solution. The second aim was to carry out a further validation of the one-dimensional code 

used in order to assess which are the aspects that most affect the response of the system. 

In the following chapters, the applicative part of the thesis work is reported: the description of the fluid 

network used, all the assumptions made for the choice of the uncertain variables and their relative 

distribution, the procedure performed to interface the network solver with DAKOTA and the post process 

for the subsequent data processing. 
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3.3.1 - Test case 

The UQ analysis was carried out on the fluid network relating to the inner liner of the LEMCOTEC combustor 

supplied by GE Avio Aero. The network under examination has only two regions, one of the main flow and 

one, between the liner and the casing, affected by the cooling fluid (Figure 3.15). The network has been 

supplied without slot cooling modelling, which effect is simulated by imposing a lower hot gas temperature 

than the real ones in the initial part of the liner. As it can be seen from the results section, this modelling will 

be highly impacting in terms of liner wall temperature for this part of the liner. 

The initial fluid network was provided under Max Take-Off conditions; given the absence of experimental 

points in these conditions it was decided to analyse the Approach conditions, as both the experimental data 

and those obtained by numerical methods are available. 

Despite the availability of the full 3D conditions found through CFDs in Bertini's work previously cited [90], it 

was preferred, under GE Avio Aero's indication, to use specific equations in order to scale the physical 

quantities with a simplified approach, according to the standard procedures of the industrial partner. In this 

way, acting on the file gas.xxx, the fluid network was brought back from the conditions of the Max Take-Off 

to those of the Approach. 

The conditions imposed on the various planes of the model were obtained from the experimental tests 

carried out at CIAM, performed under different operating conditions of the machine. The tests show the 

pressures at plane 31 and 36 of the combustor. 

As far as the cooling system is concerned, the outlet flow rate has been set, as the bleeding flow rate is fixed 

in the actual operation; in other words, the effusion cooling has been modelled as operating with the 

pressure drop, actually measured, and with the outlet flow rate set equal to the bleed one. From the point 

of view of the code, this last condition has been realized imposing the output flow rate, equal to the bleed 

flow rate, to the last row of effusion holes. 

 

Figure 3.15 – Flow network discretization 

The liner was discretized with a one-dimensional mesh having 712 nodes, the output size studied is the wall 

temperature of the liner.  
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3.3.2 - Uncertain variables and simulations 

A total of four types of macro-analysis were carried out. In the first one, the influence of the uncertainty of 

two geometric parameters was evaluated, another was conducted for the three heat transfer tuning factors 

of the code and in the third one, the uncertainties of the quantities defining the boundary conditions inside 

the machine were considered. For all three analyses the liner wall temperature was evaluated as the output 

variable. The last and final analysis carried out contains all the previous random variables (seven) and was 

performed to assess the behaviour of the Smolyak sparse grids. 

The first analysis of uncertain geometric factors was the one used to verify the correct number of samples to 

ensure the convergence of the Monte Carlo method, the sensitivity of the final interpolating polynomial to 

the various polynomial orders, and the relative sampling methods.  

The LHS sampling technique has always been used for both the Monte Carlo method and the fixed-order 

polynomial chaos expansion method. It has been demonstrated that for this spectral expansion method it is 

necessary to over-sample by a factor of at least two with respect to the number of evaluations required, and 

this has been done by default for the other analyses under examination.  

As will be shown below, the stochastic collocation method provides the same results as the polynomial chaos 

expansion with tensor product, which is why this method was carried out only for geometric analysis. 

For all the analyses mentioned, a Monte Carlo simulation was also carried out in order to validate the results 

obtained by stochastic expansion methods. 

In Table 3.1 a summary of the simulations carried out is provided, divided by type of analysis, by UQ 

methodology and providing the number of evaluations required. The selection of the collocation points was 

made according to what already described in Chapter 2.4.3 -and 2.4.4 -. 

Table 3.1 – Different analyses carried out  

 Geometric HTC Boundary 
Conditions  

Overall 

Monte Carlo 10-100-1000 1000 1000 50 -100-250-500-
1000 

Tensor product 1 4 8 4 128 

Tensor product 2 9    

Tensor product 3 16    
 

Total order 2 
CR=1 6    

CR=2 12 20 12 72 
 

Total order 3 
CR=1 10    

CR=2 20    
 

Total order 4 
CR=1     

CR=2 30    

Stochastic coll 1 4    

Stochastic coll 2 9    

Stochastic coll 3 16    

Smolyak level 1    15 

Smolyak level 2    128 

Smolyak level 3    807 
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3.3.2.1 – Geometric analysis 

For this type of analysis two uncertain variables have been considered, the first, purely geometric, is the 

inclination angle 𝛼 of the effusion cooling hole (Figure 3.16).  

 

Figure 3.16 – Inclination angle 

The second variable considered is the discharge coefficient, 𝐶𝑑; this is not properly a geometric parameter 

but it is an index of how much the flow actually disposed of by the hole tends to the ideal isentropic one; 

through this factor, it is included in the fluid dynamic behaviour the real geometry of the hole and therefore 

of the manufacturing process by which it is realized. 

 

𝑚̇ = 𝐶𝑑𝑚̇𝑖𝑠 ⇒ 𝐶𝑑 =
𝑚̇

𝑚̇𝑖𝑠

 Eq. 3-2 
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Eq. 3-3 

Both parameters are contained in the input file “SC1_lin.dat”. 

In order to carry out the sampling on the input variables, DAKOTA requires the relative probability 

distributions; as previously stated, this step is critical because there are no data available in the literature and 

performing tests and measurements to define how a given parameter is distributed is expensive and difficult 

to implement. For this reason, the distributions have been hypothesized basing the choices on the works 

currently present in the literature and according to the industrial partner.  

From the bibliographic review, it is clear that the most common and reasonable trend is to impose a normal 

distribution to the uncertainties of geometric nature that depend on a manufacturing process; reason for 

which both the considered variables have been assumed with Gaussian distribution. 

For the distribution limits of 𝛼 the work of Bunker [2] has been taken as a reference, reported in the 

introductory chapter in Figure 1.7, in which a tolerance of ±5° on the inclination angle is considered for a 

film cooling hole with respect to a mean value of 30°. Although the cooling system is not the same, it was 

decided to use this parameter because of the high affinity between film and effusion cooling and the absence 

of data for this type of application of the system considered. 

The uncertainty was modelled with a truncated normal distribution 𝒩(30°, 2.5°), whose extreme values 

(25°, 35°) are located at a distance 2𝜎 from the mean value. 

With no direct information on the variation of the 𝐶𝑑 it has been decided by analogy to impose the limit 

values of the normal distribution with a variability equal to 2𝜎 with respect to the mean value. 
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The characteristics of the distributions, imposed for the geometric variables, are summarized in Table 3.2. 

Table 3.2 – Geometric variables probability distribution 

 𝝁 𝝈 𝑳𝒊𝒎𝒖𝒑  𝑳𝒊𝒎𝒍𝒐𝒘 𝑫𝒊𝒔𝒕𝒓𝒊𝒃𝒖𝒕𝒊𝒐𝒏 

 𝜶 30° 2.5° 35° 25° 𝑁𝑜𝑟𝑚𝑎𝑙 

𝑪𝒅 0.7 0.05 0.8 0.6 𝑁𝑜𝑟𝑚𝑎𝑙 

3.3.2.2 – Heat transfer tuning factors analysis  

In this analysis, the three heat transfer tuning factors were considered as uncertain variables: hot gas side 

(𝐻𝑇𝐶ℎ𝑜𝑡), coolant side (𝐻𝑇𝐶𝑐𝑜𝑙𝑑) and the one inside the hole related to the sink effect (𝐹𝑎𝑡𝑡ℎ𝑡). 

The study was conducted in order to assess how much these uncertainties affect the final result; this aspect 

is interesting because these parameters are calibration factors that are imposed in order to achieve the 

correct heat transfer value, obtained from experimental tests or more accurate CFD simulations. Especially 

in the early stages of design, where most of the quantities involved are not yet defined, these factors could 

lead to inconsistent results with respect to the physical phenomenon investigated. A proper assessment of 

how much the response function may differ to changes in these parameters can lead to the definition of a 

possible range in which to vary the coefficients of heat transfer and speed up the whole design process.  

The heat transfer factors of cold side and sink effect are contained in the input file “SC1_lin.dat”, while the 

hot side one is in the “tunehext.xxx”; for this last parameter there is no single value, but one can specify both 

a multiplication factor and an additive coefficient. 

Given the purposes of this analysis, in accordance with Durocher et al. [67], it has been defined a variable 

with uniform distribution for each of the three parameters. The three variables have been assumed as 

multiplicative factors, which increase or reduce the relative nominal heat transfer factor supplied by GE Avio 

Aero. All three distributions are centred around the unitary value; the limits of the distributions are fixed in 

order to obtain a variation of the 20% for the cold side and sink effect factors, while a variation of 30% for 

the factor acting on the heat transfer coefficient on the hot gas side has been imposed. 

For uniform distributions DAKOTA requires only the entry of the upper and lower limit; these are summarized 

in Table 3.3. 

Table 3.3 – Probability distribution for heat transfer tuning factors 

 𝑳𝒊𝒎𝒖𝒑  𝑳𝒊𝒎𝒍𝒐𝒘 𝑫𝒊𝒔𝒕𝒓𝒊𝒃𝒖𝒕𝒊𝒐𝒏 

 𝑯𝑻𝑪𝒄𝒐𝒍𝒅 1.2 0.8 𝑈𝑛𝑖𝑓𝑜𝑟𝑚 

𝑭𝒂𝒕𝒕𝒉𝒕 1.2 0.8 𝑈𝑛𝑖𝑓𝑜𝑟𝑚 

𝑯𝑻𝑪𝒉𝒐𝒕 1.3 0.7 𝑈𝑛𝑖𝑓𝑜𝑟𝑚 

3.3.2.3 – Boundary conditions analysis  

The analysis has the objective to study the impact of the conditions that occur inside the combustion 

chamber on the considered response function. The uncertain quantities taken into consideration are the 

temperature of the gas, the radiative temperature with which the radiation is modelled, the type of mixture 

through 𝐹𝐴𝑅 (Fuel-Air ratio) and the kinetic conditions of the gas. 
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The random variables considered were only two; in practice, the same procedure as the previous analysis 

was carried out: it was considered a single multiplier factor for the thermal conditions just listed including 

the 𝐹𝐴𝑅 and another factor for gas velocity. 

This type of approach has allowed to reduce the computational cost related to the type of analysis, since 

only two variables have been considered and not one for each named quantity, remembering that the 

number of simulations increases exponentially with the variables for spectral methods. Moreover, it allowed 

to avoid non-physical conditions by placing a multiplicative factor for each quantity: a non-real situation 

could have occurred in which the two temperatures could have had a contrasting trend, such as, for example, 

a growth of the radiative temperature with a simultaneous decreasing of the total temperature of the gas, 

due to a simultaneous sampling of a multiplicative factor and a reductive one for the quantities.   

As far as the distributions are concerned, two normal distributions have been assumed; in the literature there 

are no works analogous to the cases analysed, for this reason a Gaussian distribution was chosen so as to 

be able to give greater probabilistic value to the nominal working conditions of the machine. In other words, 

it was considered to vary the boundary conditions with respect to the condition of maximum probability 

defined by the nominal working point. By defining the factor that multiplies the temperatures and the 𝐹𝐴𝑅 

with 𝑥𝑇 and the factor affecting the velocity with 𝑥𝑣, the characteristics of the two distributions are defined 

as follows in Table 3.4. 

Table 3.4 – Probability distribution for boundary conditions variables 

 𝝁 𝝈 𝑳𝒊𝒎𝒖𝒑  𝑳𝒊𝒎𝒍𝒐𝒘 𝑫𝒊𝒔𝒕𝒓𝒊𝒃𝒖𝒕𝒊𝒐𝒏 

 𝒙𝑻 1 0.05 1.1 0.9 𝑁𝑜𝑟𝑚𝑎𝑙 

𝒙𝒗 1 0.25 0.5 1.5 𝑁𝑜𝑟𝑚𝑎𝑙 

3.3.3 - DAKOTA / Therm-1D interface 

The distributions on which DAKOTA has to carry out the sampling procedure have been defined but it has 

not been yet specified how the interface between the executable and the fluid network solver occurs. Once 

the sampled data have been obtained, they must be replaced within the correct input files of Therm-1D; this 

procedure is carried out by a specific script, written in Python language, provided by Sandia Laboratories, 

called “dprepro.py”. 

Once the fluid network solver has completed the single evaluation for a given set of inputs sample, the results 

of the studied response function must be re-introduced into DAKOTA, so that DAKOTA, once all the 

evaluations have been completed, can calculate the statistics and generate the interpolating polynomials 

constituting the surrogate model, which are then interrogated to obtain the output results in the study. 

This task is done by a Python script “read_Tw.py”, specifically created for this type of application, which 

executes the following commands: opens the correct output file of Therm-1D, which contains the response 

function, reads and then saves the results in a text file that will then be read by DAKOTA; the whole routine 

is summarized in Figure 3.17. 

For simplicity, since the work was done on a Windows operating system, the actual interface called by 

DAKOTA is a batch executable "simulator.exe" which, in turn, calls the script "dprepro.py" to replace the 
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sampled points within the input files of Therm-1D; then after the simulation, calls the Python file "read_Tw.py", 

which reads the desired result and saves it, and then return them back to DAKOTA. 

Since the dimensional results are not publishable, the reading file also performs the task of making them 

dimensionless: all subsequent graphs report a dimensionless temperature on the y-axis. 

 

 

Figure 3.17 – UQ analysis diagram with Therm-1D 

The subsequent processing of the DAKOTA output file, to extrapolate the desired quantities, was done with 

a Python script specifically created for this analysis. The script has been designed to perform a keyword 

reading of the output file in order to provide the user with the type of uncertainty quantification method 

adopted, the number of assessments made, the graphical trend of mean, maximum and minimum values 

(both for the values actually obtained by Therm-1D and those resulting from the surrogate model built by 

DAKOTA), the sensitivity analysis (only for stochastic expansion methods) and a possible reliability analysis 

under a particular imposed conditions. Another information obtained is a probabilistic map that links every 

temperature value that the liner can assume to the probability of occurrence of the event. 

3.4 - Results 

This section will provide and describe all the results obtained from the study of uncertainty quantification on 

the fluid network solver "Therm-1D". 

Before showing the results of the analyses it is necessary to make a preface on the type of approach used 

and on the results obtained; for this reason the results obtained with a deterministic approach are shown in 

Figure 3.18. 
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Figure 3.18 – Comparison among results: Therm-1D, Experimental test at CIAM, and CFD [77] 

The one-dimensional approach is greatly influenced by the internal temperature range imposed in the input 

file "gas.xxx". As already mentioned, the temperature range has been defined according to GE Avio Areo's 

best practices; the temperature distribution of the gas inside the chamber has been imposed in order to 

model the effect of the slot cooling since it is not present in the fluid network supplied; this involves an initial 

trend of the liner wall temperature which does not depend on the behaviour of the solver itself, but is 

attributable to the temperature range of the hot gases imposed. 

As expected, the trend of the liner wall temperature obtained by CFD simulation from Bertini  et al. [77] has 

a greater agreement with experimental data than the one-dimensional approach. 

From the results shown it can be seen how the maximum excursion between the two approaches is found 

in the initial section of the combustor and in the temperature rise ramp, which can be attributed to the slot 

cooling modelling. 

With this assumption it is possible to better understand the result provided by the fluid network solver and 

proceed to the description of the results obtained with the uncertainty quantification analysis. 

The parameter used as a reference was the liner wall temperature: mean value, maximum and minimum 

values, and standard deviation are measured both for the results obtained from the simulations carried out 

with Therm-1D and for those obtained from the surrogate model. 

It should be stressed that uncertainty propagation analysis is a purely mathematical study. In fact, the 

interpolating polynomial obtained from the surrogate model does not provide the development of the wall 

temperature along the axis of the combustor; this is due to the fact that DAKOTA creates an interpolating 

polynomial for each response function; in other words, as many polynomials as response functions are 

obtained. It should be remembered that the liner is discretized in 712 points, so from the UQ analysis 712 

polynomial expansions are obtained; the graphs provided below show the values of the 𝑇𝑤 in the above 

points, obtained from the respective polynomials, so that there is no physical continuity between two 

contiguous curvilinear abscissae. 
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The results obtained with the spectral methods are validated with the Monte Carlo method, from which it is 

obtained a temperature value averaged over a number so that it can be assumed that the method is 

convergent. 

With the aim of making a precise comparison among the methods, when the surrogate model was used, a 

further LHS sampling of 1000 points was performed in order to obtain the same sample size obtained with 

the MC method; thus, the results obtained were used to make the comparison among the various methods. 

In order to obtain a probabilistic estimate linked to the temperature range provided by the UQ methods, a 

further procedure that exploits the non-parametric estimate of the probability density [93] based on sampled 

data on the surrogate model was carried out. This procedure allows obtaining an estimate of the continuous 

probability starting from the results obtained of 𝑇𝑤 and has been preferred for the final comparison.   

3.4.1 - Geometric analysis results 

The sample size for the Monte Carlo method has been defined in order to be able to evaluate the 

convergence. All samples were taken with the LHS method in order to speed up convergence. 

The tests were carried out for three sample sizes: 10, 100 and 1000 samples. It should be noted that, although 

the approach is simplified, a simulation of the solver Therm-1D takes a couple of minutes to perform the 

complete calculation on a high-performance personal computer, so a Monte Carlo simulation of 1000 

samples requires a total computational cost of almost 36 hours. 

The average values obtained from the Monte Carlo analysis are presented in Figure 3.19. 

 

Figure 3.19 – Mean values of 𝑇𝑤 

The Monte Carlo method is not affected by the sample size regarding the mean value, but the same cannot 

be said for the extreme values found for the different samples and for the standard deviation (Figure 3.20). 

Considering the identical trend of the three mean values, in the graphs of Figure 3.20 (a) it was chosen not 

to show all the mean terms, in order not to complicate the reading of the graph. 
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(a) (b) 

Figure 3.20 – (a) Maximum and minimum values of 𝑇𝑤 (b) Standard deviation 

As the sample size increases, the gap between the minimum and maximum values increases: this 

phenomenon is explained by the type of sampling carried out. In fact, the LHS technique divides the initial 

distribution into areas of equal probability and then randomly samples a point within each area; this causes 

many more points to be considered in the analysis at the far end of the distribution, leading to an increase 

in the dispersion of the results. 

The main differences between the sample sizes can be seen from the graph of the standard deviations; as 

expected, it can be noticed a greater difference of the minimum sample size compared to other sizes, 

indicating a lack of convergence. 

In order to evaluate the convergence of the Monte Carlo method, larger sample sizes were evaluated, but 

given the high calculation times and the minimal differences, it was possible to see how the size of 1000 

samples guarantees a good compromise between computational effort and convergence; for this reason it 

was decided to base the subsequent comparisons with this size. 

Moving on to spectral expansion methods, the first comparison carried out is that one between the 

polynomial chaos expansion method based on the tensor product of the bases and the stochastic collocation 

method. The results obtained with the two methodologies are almost identical (Figure 3.21).     
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Figure 3.21 – Comparison PCE (quadrature order) and SC 

In Figure 3.22 the change in liner temperature as the polynomial order increases for both methods is shown.  

  

(a) (b) 

Figure 3.22 – Order sensitivity for PCE quadrature order (a) and SC (b) 

The results obtained are in accordance with Montomoli et al. [26], which declared a variation between the 

two methods of 0.6%.  

Since the two methods provide the same result, both in terms of average and interval, the stochastic 

collocation method was not considered for the subsequent analyses and comparisons. 

The last stochastic expansion methodology to be shown is that one of the PCE with total order imposed; in 

this case, the polynomial order coincides with the degree of the final interpolating polynomial. 

In Figure 3.23 (a) the analysis with a polynomial order of two is reported, in which a sampling equal to the 

minimum required from Eq. 2-44 has been considered; in Figure 3.23 (b) the result obtained by carrying out 

twice the required sampling is provided. Results show clearly how the first analysis gives non-sense results. 
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(a) (b) 

Figure 3.23 – PCE total order 2 without over-sampling (a) and with double over-sampling (b) 

As already stated in [60], also for this analysis, operating with this methodology, an over-sampling is 

mandatory in order to obtain results comparable with the previous methods. For all subsequent analyses, 

carried out with this expansion technique, an over-sampling of a factor of two was carried out 

(𝑐𝑜𝑙𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑖𝑜 =  2).  

The results are then displayed when changing the polynomial order (Figure 3.24). 

 

Figure 3.24 – Mean values for different orders of PCE with total order 

It can be observed that the mean values are not sensitive to the polynomial orders studied. 

In Figure 3.25 the trends in terms of maximum values, minimum values, and standard deviation are reported; 

these trends show that this method is the most sensitive to the polynomial order. In particular, it is noted 

that the polynomial of higher order has fluctuations with respect to those of lower order. 

On the contrary to how one might think, a single increase in the polynomial order does not lead to any 

benefit in terms of approximation of the function considered, in contrast, it can lead to results with a lower 

degree of accuracy. 
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(a) (b) 

Figure 3.25 – (a) Maximum and minimum values for PCE total order (b) Standard deviation 

Combining these results with those of the following chart (Figure 3.26), in which the various methods of 

uncertainty quantification are compared, it is possible to conclude that this method has a good behaviour 

in predictive terms with the growth of the polynomial order only if this is coupled with an increase in the 

over-sampling, which therefore translates into higher computational costs. Comparing the results obtained 

with the Monte Carlo method and those obtained with stochastic methods (Figure 3.26), it is clear that the 

latter are much more efficient; in fact, a surrogate model obtained with only 4 simulations can predict both 

the average trend and the limit values of the metal temperature. 

Subsequently, it will be shown that these will be able to predict also the probabilistic distribution with 

excellent results. 

 

  

(a) (b) 

Figure 3.26 – Comparison between MC and PCE for mean values (a) and standard deviation (b) 

When the number of variables is low, the need to ensure over-sampling for the fixed-order PCE results in a 

higher computational cost than with the tensor-product method and, thus, also with the stochastic 

collocation method. 
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It should be emphasized that the results obtained in terms of the agreement between the Monte Carlo 

method and those of stochastic expansion are not generalizable in the absolute sense; the extreme efficiency 

that the polynomial chaos expansion presents is attributable also to the system studied. 

Most likely, with a model having a response function with a highly non-linear trend, in order to obtain a 

good level of prediction, it would have been necessary to have a higher polynomial order and, therefore, a 

higher computational cost linked to the uncertainty quantification analysis. 

As previously mentioned, another important result obtained from this type of analysis is that of evaluating 

in probabilistic terms the probability distribution associated with the temperature range achieved with the 

surrogate model. The estimation of the probability density obtained with the Monte Carlo method (1000 

samples) and those obtained by sampling on the surrogate models of the two PCE methods, one based on 

the Gauss grid and the other with a fixed total order, which respectively require 4 and 12 simulations, are 

reported in Figure 3.27. The result obtained with the stochastic collocation is also reported (4 simulations). 

In this way, it is possible to observe the variation of the PDF of the wall temperature as a function of the non-

dimensional abscissa of the liner. 

  
(a) (b) 

  
(c) (d) 

Figure 3.27 – Geometric analysis output probability: (a) MC (b) PCE tensor-product  

(c) PCE total order (d) SC 

It should be noted that these graphs are based on independent points, so it is not possible to have an 

indication of the axial development of the liner temperature; in other words each point has a probability of 
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occurrence that does not depend on the others. The correct use of this type of graph is to fix a coordinate 

of the liner and assess the probability to get a certain wall temperature because at each point of the liner 

there is a certain probability distribution that is independent of the previous and following one. 

Overall, it can be seen that the methods are also in agreement with themselves in probabilistic terms. In all 

the regions of the liner there is a zone with a greater probability, associable to the modal value of the 

probability distribution. This assumption is not valid for the most critical condition in terms of wall 

temperature: where the maximum value is reached there is not a zone to which a higher probability of 

occurrence can be associated; this involves an almost equal probability (almost equal colour) of obtaining a 

value between the maximum and the minimum temperature, in which there is a range of variability of 30%.  

In Figure 3.28 the sensitivity study is reported as a histogram. It revealed that the discharge coefficient has a 

generally greater influence on liner temperature than the angle of inclination of the effusion hole. Sobol’s 

indices are reported in a cumulative graph. 

 

Figure 3.28 – Sensitivity analysis for geometric parameters 

The study has shown that spectral expansion methods are in good agreement with the Monte Carlo method 

for reduced polynomial orders; this has allowed to conduct the remaining analysis of UQ with minimum 

polynomial orders and therefore, ensuring the lowest computational cost. 

For the remaining analyses, only comparisons among methods will be provided. 

3.4.2 - Heat transfer factor analysis results 

The purpose of this analysis is to quantify how and which heat transfer tuning factor most influences the 

response function. The study shows a perfect agreement between the stochastic expansion methods with 

the Monte Carlo method, both in terms of temperature trend and standard deviation. 

As further explained below, by comparing the various analyses, it appears that the uncertainties regarding 

the heat transfer coefficients have a greater impact on the liner temperature than the geometrical factors 

studied in the previous chapter. This can be seen from the fact that the latest analysis conducted has led to 

a greater range of temperature variability for each response function considered (Figure 3.29).   
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(a) (b) 

Figure 3.29 – Comparison HTC analysis (a) Temperature (b) Standard deviation 

From the sensitivity analysis using Sobol’s indices reported in Figure 3.30, it appears that the heat transfer 

coefficient on the gas side has a predominant effect on the liner temperature. 

In accordance with what has been stated in [92], the second major contribution is represented by the factor 

that acts on the heat transfer coefficient linked to the sink effect. The cold side heat transfer tuning factor 

has a limited influence on the liner wall temperature 

 

Figure 3.30 – Sensitivity analysis for heat transfer tuning factors analysis 

The probability maps obtained for the four methods are provided below in Figure 3.31. 

The results are analogous to those already described for the geometric analysis; from the graphical 

visualization of the data obtained it is highlighted the greater variability associated with the temperature 

range of the liner. As for the previous analysis, the maximum excursion occurs in those areas of the liner 

where the temperature peak is reached; in this area the uncertainty on the heat transfer factors leads to a 

maximum variability on the results of the 40%.   
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(a) (b) 

  
(c) (d) 

Figure 3.31 – Output probability for HTC analysis (a) MC (b) PCE tensor product (c) PCE total order (d) SC 

3.4.3 - Boundary conditions analysis results 

Also for this type of analysis, multiplicative factors that act on different quantities have been considered, all 

related to the boundary conditions that occur inside the combustor. In particular, one factor acts on the 

temperature of the hot gas, on the 𝐹𝐴𝑅 and on the temperature at which the radiation occurs; the other 

factor acts on the velocity of the gas inside the chamber, which in practice influences two parameters of the 

fluid network: the velocity of the gas and the product density-velocity. 

From the comparison of the UQ methods, the results are shown in Figure 3.32. 

It is worth noting that in average terms both stochastic expansion methods present good agreement with 

the Monte Carlo method; as far as the standard deviation is concerned, the method based on the Gauss grid 

tends to differ from the other two.  
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(a) (b) 

Figure 3.32 – Boundary condition analysis comparison (a) 𝑇𝑤 (b) Standard deviation 

Sensitivity analysis using Sobol’s indices (Figure 3.33) shows how the factor acting on thermal parameters 

has a greater impact in the first zone of the liner wall temperature compared to the kinetic variable, while 

the factor acting on kinetic terms takes on greater weight in the final region of the combustor. In the middle 

of the liner the situation is well balanced. 

 

Figure 3.33 – Boundary conditions sensitivity analysis 

This study confirms what has been hypothesized in the discussion of the results obtained by the deterministic 

approach (Figure 3.18) i.e. that the solution obtained by the fluid network solver is extremely dependent on 

the conditions that are imposed in the input file “gas.xxx”. 

It can be concluded that acting on the temperature of the internal gas to model the effect of the film cool ing 

with the fluid network supplied by GE Avio Aero, in fact, is equivalent to impose a priori the temperature of 

the liner wall. This approach is correct; however, it is necessary to insert gas temperature values such as to 

make the liner wall temperature supplied by the fluid network solver coincide with the experimental data 

measured during the test phase. From the results obtained, the temperature inserted according to the 

indications provided by GE Avio Aero is not correct in order to obtain the experimental result hoped for with 
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a deterministic approach; however, it should be remembered that this aspect was not an objective of this 

work. The probability maps obtained with the different methods are reported in Figure 3.34. 

 

  
(a) (b) 

  
(c) (d) 

Figure 3.34 – Boundary conditions analysis output probability  

(a) MC (b) PCE tensor product (c) PCE total order (d) SC 

All four probabilistic approaches provide qualitatively the same result. It can be seen that this type of analysis 

involves the largest amplitude in terms of liner wall temperature. A variation of 20% on the temperature 

conditions of the hot gas inside the combustor causes a maximum variability of 54% on the liner wall 

temperature, which occurs, as in previous analyses, at the abscissae where the temperature peak is located. 

Contrary to what has been obtained from previous analyses, this study shows a zone with a higher probability 

in each zone of the combustor; it is underlined that this portion of the map is the one defined by the 

deterministic response of the fluid network.     

Even if it was not part of the objectives of the work, the experimental points were also included in a dedicated 

graph (Figure 3.35); from visual comparison, it is evident that the one-dimensional approach with the 

boundary conditions provided does not succeed in predicting the trend of the liner wall temperature 

obtained experimentally. From the graph, it is evident that the methodology used, with the conditions 

already described of the fluid network, does not allow to obtain a probabilistic estimate that reflects the real 

trend of the liner temperature. It is underlined once again that for the two experimental tests there is the 
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possibility to obtain the temporal and axial development of the wall temperature, while similar considerations 

are not valid for the probabilistic estimate because for each discretized point of the liner a probability 

distribution is obtained and this is independent of the others.  

 

 

Figure 3.35 – Probabilistic map including experimental data 

It is recalled that this type of graphs, such as those in which the minimum and maximum trend is shown (for 

example Figure 3.32), do not show the axial development of the liner wall temperature, but only the limit 

values within which this can occur; in other words, values beyond which no temperature condition linked to 

the specified operating point of the machine should occur are obtained, according to the fluid network 

model used and the uncertainty quantification analysis carried out,. 

3.4.4 - Comparison among analyses 

Before moving on to the validation of the Smolyak grid, a brief summary of the results obtained should be 

carried out. From the comparison of the results of the different analyses (Figure 3.36), it is more evident what 

has already been mentioned in terms of variability of the response function.  

Regarding mean terms, each analysis gives the same result. The uncertainty about the boundary conditions 

produces the maximum variability of the response function analysed; after the peak temperature, the analysis 

produces a sudden decrease in the wall temperature: this is attributable to the different velocity field to 

which the burner has been subjected, as it was imposed an uncertain factor that affects the velocity of the 

gas, which in turn affects the convective heat transfer. 

The boundary conditions produce a translation with respect to the mean value, as constant variations are 

imposed throughout the development of the combustor. 

Heat transfer factors have a strong incidence in the central areas of the liner, where the heat transfer is 

higher, while in the initial and final areas of the combustor they do not make a very different contribution 

from the one due to the geometric factors of the holes.  
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(a) (b) 

Figure 3.36 – Comparison for (a) 𝑇𝑤 (b) Standard deviation 

3.4.5 - Overall analysis and Smolyak grid validation 

For heat transfer on high temperature components in turbomachinery applications, it is not always possible 

to carry out studies with a small number of variables; for this reason an additional analysis has been 

conducted for the validation of the Smolyak grid, which has an excellent efficiency as the number of variables 

increase, whereas the other spectral methods, especially when the polynomial order is greater than three, 

require a huge computational costs. 

The analyses carried out have been combined in a macro-study; this has been exploited, in addition to the 

validation of Smolyak grids, also to assess which are the parameters that affect the response function 

obtained by the fluid network solver. 

In addition to the objectives listed above, a study is carried out on the sensitivity of the Smolyak grid to the 

level (Eq. 2-52), and for this reason three levels are considered: 𝑙 = 1, 𝑙 = 2 ed 𝑙 = 3. 

The more the level grows and the more the Smolyak grid tends to the Gauss one, for which the 

computational cost increases exponentially.  

In Figure 3.37 the number of simulations for the different UQ method are provided. The figure summarizes 

all the conditions described above. Generally, the lowest computational cost would be guaranteed by the 

total order polynomial chaos expansion, but since this methodology requires sampling at least twice the 

minimum value required, the condition that requires the least number of evaluation is based on the Smolyak 

grid. 

In this analysis, the seven variables previously analysed were evaluated at the same time. 
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Figure 3.37 – Number of evaluations required by each method 

For this study, the sensitivity of the Monte Carlo method to the size of the sample was re-evaluated and the 

results are shown in Figure 3.38. As for the previous analyses, also for this case the size of 1000 samples was 

considered a good compromise between the calculation time and the convergence of the solution. 

  

(a) (b) 

Figure 3.38 – Monte Carlo sensitivity analysis (a) 𝑇𝑤 (b) Standard deviation 

From the analysis it is clear that the trend is different from the one of the geometric parameters. The trend 

of minimum values obtained with the sample with 500 points is lower than that obtained with 1000, this may 

be due to the fact that some values of the sampled quantities have a greater weight for the one-dimensional 

code than others. 

To further justify this trend, it should be remembered that the values of 𝑇𝑤 graphically reported, are not to 

be intended as values of a single sample set: in fact, the maximum and minimum values obtained for each 

calculation point of the fluid network have been considered, so they are not physically contiguous values 

along the non-dimensional abscissa. 
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In conclusion, the points represented by the minimum line of the sample with 500 points may be due to a 

singularity, for which values are obtained lower than all the other points considered. In terms of standard 

deviation, the maximum excursions are due to smaller samples. Moving to the Smolyak grid, three levels 

were considered; in this way the behaviour of the method was evaluated for an extremely reduced number 

of evaluations, going from15 simulations for level one up to a number of simulations comparable to that of 

the Monte Carlo method: 800 simulations for level three. The results are shown in Figure 3.39. 

 

  
(a) (b) 

Figure 3.39 – Smolyak grid order sensitivity (a) 𝑇𝑤 (b) Standard deviation 

From this analysis it is clear that the grid level does not affect the mean term; the lowest level, requiring only 

fifteen evaluations, does not have very different results from the other two, only a slight underestimation of 

the minimum values. The difference between this level and the others is less than 3%. In terms of standard 

deviation, the trend from the highest level is lower than the other two levels. For a more detail comparison, 

the methods of polynomial chaos expansion with Gauss grid and fixed order, respectively of order one and 

two, have also been evaluated. Figure 3.40 reports all the comparison of the methods. 

 

  

(a) (b) 

Figure 3.40 – Comparisons (a) 𝑇𝑤 (b) Standard deviation 
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The polynomial chaos expansion based on the Smolyak grid slightly underestimates both the maximum and 

minimum trends, but given the extremely low computational cost, it can be an important tool for applications 

where simulation requires more computational resources. 

For completeness, in Figure 3.41 the probabilistic maps of the Monte Carlo method and the three cases for 

the polynomial chaos expansion are reported. 

 

  
(a) (b) 

  

(c) (d) 

Figure 3.41 – Probabilistic maps (a) MC (b) PCE Smolyak (c) PCE Gauss (d) PCE total order 

The results are analogous to what already described previously; from this kind of diagram it is possible to 

notice more clearly the slight underestimation of the 𝑇𝑤 provided by the method based on the Smolyak grid. 

Another important consideration is focusing on the possible range of the output temperature: this range is 

the higher one, as expected if compared to the previous analyses, but the important result is the 

quantification of this uncertain considering all the variables. In fact, the range is slightly more extended than 

the one of the boundary conditions analyses, indicating that, of course, the output range has not a linear 

dependence over more analyses with parameters individually taken. 

The sensitivity analysis provides very interesting information, the results are shown in Figure 3.42. 
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Figure 3.42 – Sensitivity analysis for the overall analysis 

From the histogram it is clear that, excluding the initial part in which the results strongly depend on the 

temperature distribution of the gas set, in the central zone the variable that acts on the heat transfer 

coefficient inside the combustor assumes an importance approximately equal to the variables related to the 

boundary conditions; overall, these three quantities have the greatest weight on the response function.   

In the last part of the component, the variable that has the greatest impact on the 𝑇𝑤 is the one related to 

the temperature field. 

The terms related to the geometry of the holes have a cumulative Sobol’s index of less than 5% over almost 

the entire development of the liner, excluding the last part. Regarding heat transfer it can be concluded that 

the current modelling of the geometrical effects of the fluid network does not affect the response function; 

this behaviour is in accordance with what is reported in the study of Bunker [2] in which, although it is focused 

on film cooling and not properly on effusion cooling, the uncertainty related to the diameter of the hole and 

its inclination angle with respect to the direction "streamwise" have a medium-low influence on the heat 

transfer. 
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4 - UQ analysis applied to CFD 

The second part of the thesis is based on the application of uncertainty quantification methodologies to 

computational fluid dynamics. The selected case study focuses on the evaluation of the impact of geometric 

uncertainties on the film cooling effectiveness evaluated on a gas turbine vane; this type of analysis was 

chosen because film cooling plays a fundamental role in the cooling system of the blade profile. In [17] is 

indicated that a variation of 10% in diameter or ratio 𝐿/𝐷 of the hole with respect to the nominal conditions 

may lead to a reduction in service life of more than 80%.   

Some authors have already undertaken UQ studies for this type of application [70], [72] and [73], however, 

all of them have considered a simplified geometric domain with a flat plate and not on a real geometry. 

Therefore, the main contribution of this work is to try to evaluate and asses the uncertainties on a real gas 

turbine vane geometry. 

4.1 - Film cooling 

Film cooling is one of the most important cooling systems for turbine blades and vanes; the profile is 

generally provided with holes that allow the coolant fluid to flow from the internal cavity to the external 

surface; an example of film cooling blade configuration is given below in Figure 4.1. 

 

Figure 4.1 – Film cooling configuration [94] 

The coolant flow creates a protective layer around the blade profile: since it is at a lower temperature than 

the main flow it reduces the amount of heat entering the blade. The adiabatic film cooling effectiveness is 

used as a parameter to quantify the degree of protection offered by the film; it is defined as follows in Eq. 

4-1: 

 𝜂 =
𝑇∞ − 𝑇𝑎𝑤

𝑇∞ − 𝑇𝑐
 

Eq. 4-1 



4 – UQ analysis applied to CFD 

   88 

In which 𝑇∞ is the temperature of the main flow, 𝑇𝑎𝑤 is the wall temperature and 𝑇𝑐 is the temperature of the 

coolant. 

The reduction of the thermal flow entering the blade profile (𝑞𝑓) is evaluated with respect to the case in the 

absence of film cooling (𝑞0); in fact, the local injection of the cooling jet leads to an increase in turbulence 

with a consequent increase in the heat transfer coefficient which could result in a condition for which the 

film cooling does not offer protection, instead it increases the heat load. 

For this reason, the performance of the film in relation to heat reduction is evaluated in terms of reduction 

of the net heat flow (Net Heat Flux Reduction “𝑁𝐻𝐹𝑅”). 

 

 
𝑁𝐻𝐹𝑅 = 1 −

𝑞𝑓

𝑞0
= 1 −

𝐻𝑇𝐶𝑓(𝑇𝑎𝑤 − 𝑇𝑤)

𝐻𝑇𝐶0(𝑇∞ − 𝑇𝑤)
= 1 −

𝐻𝑇𝐶𝑓

𝐻𝑇𝐶0
(1 −

𝜂

𝜑
) 

Eq. 4-2 

In which 𝜑 represents the cooling efficiency defined as follows. 

 𝜑 =
𝑇∞ − 𝑇𝑤

𝑇∞ − 𝑇𝑐

=  {
0.6 → 𝑇𝑢𝑟𝑏𝑖𝑛𝑒

 0.8 ÷ 0.9 → 𝐶𝑜𝑚𝑏𝑢𝑠𝑡𝑜𝑟
 

Eq. 4-3 

 

From this definition, it is clear that the film produces, in addition to protection, a reduction in the thermal 

load entering when 𝑁𝐻𝐹𝑅 > 0 or when this reduction is greater than the increase in the heat transfer 

coefficient. 

It is also clear that the more the coolant jet remains attached to the surface of the blade, the longer is the 

duration of the protection offered by the film: this phenomenon is characterized by the blowing ratio (𝐵𝑅 or 

𝑀) (Figure 4.2) and defined by Eq. 4-4. 

 

Figure 4.2 – Film cooling characteristics 

 

𝐵𝑅 = 𝑀 =
𝜌𝑐𝑉𝑐

𝜌
∞

𝑉∞

 

 

Eq. 4-4 

 

As reported by Goldestein [95] for high blowing ratio 𝑀 > 1.5 the coolant has a momentum capable of 

perforating the main flow and that does not adhere to the pallet; while for 𝑀 < 0.2 the coolant flow rate is 

too low to ensure efficient coverage. 



4 – UQ analysis applied to CFD 

89 

4.1.1 - Literature review 

Film cooling plays a central role in the cooling system of the blade profile, for this reason, it is one of the 

most studied techniques: the different forms of hole, the inclination angle of the hole, the geometry of the 

hole matrix and various operating conditions have been evaluated in previous studies. 

The first studies carried out by Goldestein [95] show the behaviour of the film when the blowing ratio varies 

for different distances from the hole (Figure 4.3). 

 

Figure 4.3 – film cooling effectiveness for a single hole for different distances and M [95] 

Similar results have been obtained by Baldauf et al. [96], reported in Figure 4.4. 

 

Figure 4.4 – mean film cooling effectiveness along streamwise direction for different M [96] 

Goldestein et al. [97] evaluated the influence of the surface roughness of the blade on the film cooling 

effectiveness. In the study it was demonstrated that the behaviour of the film for a single hole, depending 

on the surface roughness, varies with the blowing ratio: for low M the surface roughness worsens the 

performance offered by the film by 10 ÷ 20% compared to the case with smooth wall, while for high blowing 

ratios the surface roughness increases the performance up to 40 ÷ 50%; the enhancement of the film effect 
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is due to the greater turbulence that increases the mixing of the jet of coolant dissipating part of the energy 

unfavourable to the penetration of the main flow. 

The continuous research on film cooling has allowed its development and a progressive performance 

increase. Over the years, the greatest increase has been due to the transition from the completely cylindrical 

holes to the flared ones (shaped), which still represent the standard configuration today. In the work carried 

out by Saumweber et al. [98] the comparison between the effectiveness obtained with cylindrical and shaped 

holes for two different levels of turbulence is shown (Figure 4.5); it can be seen how this geometry allows to 

reach higher and always increasing effectiveness values in the blowing ratio interval considered by the 

author. 

 

 

Figure 4.5 – Comparison between standard and shaped cooling holes [98] 

The shaped holes are the subject of many works carried out by Bunker in [99], in which the results obtained 

by Takeishi et al. [100] are reported: a series of comparisons between standard shaped holes and with 

laidback angle are reported, including the variation of blowing ratio and turbulence level (Figure 4.6). The 

laidback angle consists in making a further countersink in the shaped section of the hole; this shrewdness 

allows to reduce the relative angle between the exit of the film and the surface: this configuration allows to 

reduce the separation of the coolant flow at the exit of the hole.  
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Figure 4.6 – Comparison of geometries for different operating conditions [100] 

Ekkad and Han [101]  carry out a literature review on the main studies related to film cooling for the last forty 

years. In the treatment, they focus on the effects related to the different density between the coolant and 

the main flow. The results obtained by Pedersen et al. [102] show, in Figure 4.7, how for increases in the 

density ratio there is a first increase in effectiveness for blowing ratio below 0.8 and a subsequent decrease 

in performance; a different trend is found for fluids with very high density, for which there is a continuous 

growth as the blowing ratio increases. 

 

Figure 4.7 – Film cooling effectiveness performance varying density ratio [102] 
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Over the years, the idea of positioning the film cooling holes with a yaw angle with respect to the axis defined 

by the hole itself has been considered; the results obtained by Gao et al. [103], showed in Figure 4.8, indicate 

that the angled configuration ensures greater coverage of the wall of the blade profile. 

 

Figure 4.8 – Comparison between straight cooling holes (top) and angled (bottom) [103] 

The effects related to the geometry of the shaped hole are evaluated in the work of Gritsch et al. [104] in 

which the performances of more than fifteen different hole geometries are compared. The authors point out 

that the geometry has a little influence on the flow coefficient, and therefore, on the pressure drops; as 

regards the film cooling performance, the parameters evaluated in the study have a relatively low impact, in 

fact, the authors additionally point out that a greater tolerance on the shaping can be tolerated if the 

manufacturing process used would require it. 

One of the most studied geometrical configurations is the one related to the shaped hole “7-7-7” [105], in 

which the performances are evaluated with the variation of the blowing ratio. The same authors evaluate the 

effect of the turbulence level of the main flow in [106] and the effect of the roughness inside the hole [107]. 

In [108] the blockage due to the thermal barrier coating on the coolant is evaluated; while in [109] the impact 

of the hole length on film cooling performance is assessed. 

In recent years, the impact of the manufacturing process used to produce the hole has been evaluated, as 

well as how the geometry obtained varies with respect to the design conditions and the respective variations 

in the performance of the film cooling associated with them. 

Bohn and Krewinkel [110] evaluate the performance of the film cooling hole of the real geometry obtained 

by the EDM manufacturing process compared to the ideal geometric model (Figure 4.9). 
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(a) M = 0.28 (b) M = 0.48 

 

Figure 4.9 – Comparison of film cooling performance between ideal and real geometry at different BR [110] 

Similar considerations on laser drilling are carried out by Jovanovic et al. [111]; the effects of geometric 

imperfections produce the same results as surface roughness: at high blowing ratios they can lead to an 

increase in protection near the hole. 

Aghasi et al. [112] carry out a comparison between six different additive manufacturing processes for the 

production of film cooling holes for various blowing ratio conditions (Figure 4.10); also from this study it 

emerges that the surface roughness is the main factor influencing the film cooling performance. 

  

(a) M = 1.5 (b) M = 3.5 

Figure 4.10 – Film cooling effectiveness for different additive manufacturing processes [112] 
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4.2 - Test case 

A UQ analysis using computational fluid dynamics is carried out in order to assess the impact of geometric 

uncertainties on the film cooling effectiveness on a gas turbine vane. The suction side of a second stage 

turbine stator blade made in additive manufacturing with EDM-made standard shaped holes was considered.  

The aerodynamic profile considered has already been treated in previous studies; an initial work, both 

experimental and numerical, was carried out by Bacci et al. [113], in order to validate the conjugated heat 

transfer procedure between fluid domain, through CFD and solid domain, using FEM analysis from which 

the temperature distribution on the blade profile is obtained; RANS simulations have been used and the 

result numerically obtained has been compared with the measured experimental one. In this specific test 

case, the blade profile did not have a film cooling system but only a smooth internal cooling channel with 

"U" shaped bend (Figure 4.11). 

 

Figure 4.11 – Internal convective cooling channel [113] 

In [113] the CFD analysis was also carried out with the aim of optimizing the test rig, specifically designed to 

carry out the test campaign. The test rig thus defined, reported in Figure 4.12, was also used to carry out a 

second study, also carried out by Bacci et al. [114]; for this case film cooling performance is assessed.  

 

(a)  (b)  

Figure 4.12 – (a) test rig (b) blade optical accesses details [114] 
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This experimental test was conducted using the analogy between heat and mass transfer: the effectiveness 

of the film was measured with PSP (Pressure Sensitive Paint), special fluorescent paints sensitive to the partial 

pressure of oxygen. 

4.2.1 - Mass transfer analogy 

The development of the PSP measurement technique has allowed overcoming the problem of conductive 

heat transfer within the component during adiabatic wall temperature measurements; with this experimental 

technique the test is truly under adiabatic conditions, therefore, measurement is more accurate. 

The physical principle at the base of the analogy is reported in Figure 4.13; in order to ensure the adiabatic 

wall condition it is necessary to ensure the condition of impenetrability of the wall itself. 

 

  

(a) Heat transfer (b) Mass transfer 

Figure 4.13 – Analogy between heat (a) and mass transfer (b) [94] 

When the Lewis number4 is equal to 1, the film cooling efficiency is given by Eq. 4-5 and can be calculated 

using the oxygen concentrations contained in the different flows.  

 
𝜂 =

𝑇∞ − 𝑇𝑎𝑤

𝑇∞ − 𝑇𝑐
≡

𝐶𝑤 − 𝐶∞

𝐶𝑐 − 𝐶∞
=

𝐶𝑂2𝑓
− 𝐶𝑂2∞

𝐶𝑂2𝑐
− 𝐶𝑂2∞

 
Eq. 4-5 

The coverage efficiency offered by the film is given by the difference in oxygen concentration contained in 

the film (𝐶𝑂2𝑓
) and that one of the main flow (𝐶𝑂2∞

), in relation to the difference between the oxygen 

                                                      

4 Lewis number (𝐿𝑒): ratio between thermal diffusion (𝛼) and mass transfer (𝒟) ⇒ 𝐿𝑒 =
𝛼

𝒟
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concentration in the coolant flow (𝐶𝑂2𝑐
) and that one of the main flow; It is also stressed that there is no 

difference between oxygen concentration and partial pressure of oxygen, as they are identical.  

The advantage of using the analogy is the usage of oxygen-sensitive luminescent paints, thanks to which, 

once the cameras have been calibrated, the oxygen concentration is measured in terms of the light intensity 

emitted by the painted surfaces. PSP emit luminescent radiation only if excited with ultraviolet radiation; 

moreover the emitted radiation is in the infrared field, which is why the test rig (Figure 4.14b) needs an 

exciting lamp and a camera with infrared filter for image recording and subsequent acquisition. 

 

  

(a) PSP working principles (b) Test rig 

Figure 4.14 – PSP measuring technique, principle of operation and components [94] 

4.2.2 - Results 

In order to validate the numerical procedure carried out subsequently, the experimental results obtained 

from Bacci's et al. [114] tests are here described and used as a reference for the comparison. 

The objective of the experimental study was to measure the film cooling effectiveness through PSP on both 

the pressure side (PS) and suction side (SS) surfaces and compare it with that measured on a flat plate; the 

blade geometry on which the experimental tests [114] were carried out is reported in Figure 4.15. 
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Figure 4.15 – Geometrical detail of the vane considered [114] 

Several tests were carried out as the blowing ratio varied and for a fixed density ratio; all the conditions 

tested are summarised as follows Figure 4.16. 

 

Figure 4.16 – Operating conditions [114] 

The density ratio 𝐷𝑅 = 2.5 was obtained using a mixture of gases consisting of 𝑁2 and 𝑆𝐹6. 
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Part of the experimental results obtained by Bacci et al. [114] is reported in Figure 4.17. These represent the 

one-dimensional profile of the film cooling effectiveness averaged along the radial development of the blade 

("spanwise" direction). 

 

 

Figure 4.17 – Average film cooling effectiveness 1D profile [114] 

The discontinuity in the results concerning the suction side is due to the fact that, given the reciprocal position 

between the holes of the first and last rows, it was not possible to measure both zones simultaneously with 

a single camera. Therefore, the results shown for the first two rows and for the last one are not simultaneous: 

for each condition tested two data acquisitions were carried out: one for the first two rows of holes and the 

other for the last row. 

To obtain the 1D profiles of the film effectiveness, the data obtained from the experimental campaign were 

processed as follows: each pixel was associated with an effectiveness value based on the colour of the pixel 

itself, then an average along the "spanwise" direction was carried out in a sector defined by the coordinate 

ℎ, which is the variable identifying the height of the portion of the vane considered. In particular, for the 

pressure side, the average is carried out in the interval ℎ/𝐻 = 10 ÷ 35%; while for the suction side the 

average was carried out in the portion defined by the range ℎ/𝐻 = 35 ÷ 65%.  

4.3 - Numerical methodology 

The first part of the activity focuses on the validation of a numerical procedure to be used as a baseline for 

the UQ analysis. A simulation using the analogy between heat and mass transfer was then carried out 

through the CFD software ANSYS Fluent. For the purposes of the study, it has been decided to take the film 

cooling effectiveness as a measure only for the test concerning the "suction side". The numerical work was 

based on further experimental results obtained by Bacci, similar to those carried out in [114], on behalf of an 

industrial partner, in which the 𝐶𝑂2 is used as a coolant. Eventually, the numerical approach will be based on 

this particular test case, so the numerical analysis will only cover the geometric parameters of the 

experimental case [114]; the characteristics of the holes taken into consideration are provided in Figure 4.15 

and synthetically reproduced in Figure 4.18.   
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Figure 4.18 – Geometric details of the shaped holes 

In order to perform an analysis as faithful as possible to the experimental tests, the numerical study was 

carried out using the analogy between heat and mass transfer and a two-fluid air/carbon dioxide approach 

was adopted. Given the purpose of numerical activity, i.e. to carry out an evaluation of the propagation of 

uncertainties within the numerical code, it was decided to consider only one operating condition for the flow, 

i.e. the analyses were carried out for a single value of blowing ratio, in particular the study was carried out 

with a 𝐵𝑅 = 1. The results of the corresponding experimental test condition were used to make the 

comparison. It is emphasized that working in analogy, to derive the film cooling effectiveness, as introduced 

by Eq. 4-5, it is sufficient to calculate the carbon dioxide concentration on the surface wall under 

investigation. The fluid domain was taken from [114], and it is shown in Figure 4.19. 

 

  
(a)  (b)  

Figure 4.19 – (a) Fluid domain (b) internal coolant channel 

 

Considering that the UQ analysis requires a much greater computational effort than a classical deterministic 

approach, it was decided to reduce the fluid domain to save, where possible, computational resources. As 
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carried out also in [70], [71] and [73], the initial geometry has been reduced to a portion of the blade, while 

maintaining the real curvature of the surfaces. As for the works mentioned above, the fluid domain has been 

reduced to the minimum periodic geometry: this has allowed minimizing the volume being studied. The 

number of holes in the three rows of holes, reported in Figure 4.18, did not allow this reduction, because the 

number of holes in the first two rows (with the same pitch) and the last are prime numbers among each 

other; to overcome this problem it was decided to reduce the pitch between the holes in the third row by 

the minimum allowed in order to obtain a periodic geometry: two holes in the third row were brought closer 

together and the pitch was reduced by 15% with respect to the real geometry. The resulting portion of the 

aerodynamic profile thus obtained has a radial development ℎ/𝐻 =  7.3% with respect to the real geometry. 

The domain is represented in Figure 4.20. From the figure it is clear that the coolant supply duct has a radial 

development double than the one considered for the aerodynamic profile: this configuration allows a better 

development of the flow starting from the inlet and consequently more uniform conditions; this choice will 

be further explained in the following chapter specifically dedicated to numerical setup.  

 

 

 

Figure 4.20 – Resulting portion of the fluid domain considered ℎ 𝐻⁄ = 7.3% 

Given the high distance of the aerodynamic profile with respect to the inlet and outlet sections, it was decided 

to further reduce the fluid domain by bringing the inlet and outlet of the main flow closer to the blade.  By 

carrying out this modification, the decay of the total pressure was taken into account by applying the correct 

pressures, obtained from an analysis previously carried out on the initial fluid domain. The reduction of the 

length of the inlet and of the outlet channel is shown in Figure 4.21; in this case, it is compared with the initial 

geometry; the reduced geometry thus obtained was used to carry out the uncertainty quantification analysis .  
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Figure 4.21 – Reduced fluid domain adopted for the UQ analysis  

The validation of this procedure will be based on the film cooling effectiveness; a comparison will be made 

with the data experimentally obtained and will show the changes in the efficiency due to the reduction of 

the fluid domain, which depends on the reduced pitch in the third row. All the results just introduced will be 

shown in the next chapter, after describing the numerical setup. 

4.3.1 - Numerical setup 

Both steady and unsteady simulations are carried out: the first one using a RANS approach and explained in 

this chapter, the second one using a hybrid LES-RANS approach and explained in chapter 4.3.3 -. Since the 

purpose of the study is to carry out an uncertainty quantification analysis, the numerical investigation for the 

UQ study was conducted with a RANS approach (𝑅𝑒𝑦𝑛𝑜𝑙𝑑𝑠 𝐴𝑣𝑒𝑟𝑎𝑔𝑒𝑑 𝑁𝑎𝑣𝑖𝑒𝑟 − 𝑆𝑡𝑜𝑘𝑒𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛); this 

approach gives, as a result, the variation of the average quantities, as each parameter in the study is averaged 

over time and the turbulence is only modelled through a turbulence model. This approach has been adopted 

because it requires a sensible lower computational effort than LES approaches (𝐿𝑎𝑟𝑔𝑒 𝐸𝑑𝑑𝑦 𝑆𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛), 

which solving almost 70-80% of the turbulence length scale require a huge computational effort. In terms of 

results, a LES approach could represents the physical problem with a higher accuracy [115], but for the scope 

of the analysis (the UQ) and based also on the results provided soon it will be clear that the RANS approach 

is sufficient enough to accurately represent the experimental test. 

The turbulence model used was the 𝑘 − 𝜔 𝑆𝑆𝑇 that guarantees robust behaviour both on the wall side and 

in the central zones of the fluid domain [3]; this model is the most adopted in the literature for heat transfer 

applications in which the effects of the behaviour of the flow on the wall are dominant [116], [117], [118]. As 

far as the spatial discretization is concerned, an approximation to the second order of all the quantities has 

been imposed. For the boundary conditions it has been chosen to impose a total pressure on the inlet of 
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both the main flow and the coolant flow, and static pressure at the outlet of the fluid domain; the conditions 

imposed are summarised in Table 4.1 

Table 4.1 – Boundary conditions 

𝑰𝒏𝒍𝒆𝒕 𝑴𝒂𝒊𝒏𝒇𝒍𝒐𝒘 𝑷𝟎 = 𝟏𝟑𝟓𝟕𝟕𝟎𝑷𝒂 𝑻𝟎 = 𝟐𝟖𝟔. 𝟏𝟓𝑲 

𝑶𝒖𝒕𝒍𝒆𝒕 𝑴𝒂𝒊𝒏𝒇𝒍𝒐𝒘 𝑷 = 𝟏𝟐𝟑𝟐𝟕𝟗𝑷𝒂  

𝑰𝒏𝒍𝒆𝒕 𝑪𝒐𝒐𝒍𝒂𝒏𝒕 𝑷𝟎 = 𝟏𝟒𝟒𝟕𝟔𝟎𝑷𝒂 𝑻𝟎 = 𝟐𝟖𝟔. 𝟏𝟓𝑲 

It was decided to impose this type of condition, as the purpose of the study was to evaluate the influence of 

the geometric uncertainties of the holes on the film cooling effectiveness, on the discharge coefficient and 

on the blowing ratio; it is also the most representative condition of the actual operation in the machine. 

Moreover, this type of boundary condition allowed to avoid further preliminary studies: since the fluid 

domain was reduced to a single blade portion, setting the coolant flow rate would have required a non-

trivial and certainly not productive study thinking about geometrical discrepancies on the holes. Instead, by 

setting the pressure value at the inlet of the coolant supply duct, a most confident zone, the calculation of 

the correct mass flow is carried out internally by the solver during the analysis. From the analysis of the initial 

and complete fluid domain it was obtained the confirmation that the coolant supply duct acts a plenum, 

therefore, it is admissible to set the same total pressure on the whole section considered. 

As far as the volume supply of coolant is concerned, it can be seen from Figure 4.20 that this has a greater 

thickness than the aerodynamic profile considered, in fact, an additional thickness of 𝑝/2 on both sides has 

been imposed. It was decided to study this configuration because it was preferred not to impose the 

conditions of periodicity in this area: the conditions imposed for the plenum were all "wall" unless the inlet 

section of 𝐶𝑂2: these properties are more representative of actual operation than periodicity properties. An 

enlarged domain with respect to that of the aerodynamic profile was therefore considered to ensure a 

coolant flow developed downstream of the inlet section before entering the film cooling holes. A detail  of 

the inlet area of coolant flow and of the portion of the aerodynamic profile studied is reported in Figure 

4.22. 

 

Figure 4.22 – Inlet plenum for 𝐶𝑂2 and the portion of the aerodynamic profile considered in the analysis 
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All boundary conditions imposed on the various sections of the domain are listed in Figure 4.23, where only 

one of the two surfaces with periodicity conditions is reported to make the image clearer. 

 

Figure 4.23 – Boundary conditions imposed form the simulation 

The domain was discretized with tetrahedral elements; ten prismatic layers of elements were arranged on 

the wall; the general dimension of the elements was set to 8 ∙ 10−3𝑚𝑚; only on the "suction side" surface 

finer elements were placed with the sizing of 5 ∙ 10−4𝑚𝑚 in order to better reproduce the objective zone. A 

sensitivity study was carried out on the calculation grid: three meshes were compared, in which the size of 

the elements was varied by a scale factor of 1.5; in this way, a coarser grid and a finer one were obtained. 

The y+ is approximately 1 for the coarse mesh and well below 1 for the fine mesh. The characteristics in terms 

on number of elements of the three meshes are reported in Table 4.2. 

Table 4.2 – Mesh sensitivity details 

 𝑪𝒐𝒂𝒓𝒔𝒆 𝑴𝒆𝒅𝒊𝒖𝒎 𝑭𝒊𝒏𝒆 

𝑬𝒍𝒆𝒎𝒆𝒏𝒕𝒔 2.06 𝑀 3.18 𝑀 4.33 𝑀 

𝑵𝒐𝒅𝒆𝒔 635 𝑘 972 𝑘 1.33 𝑀 

The comparison between the results obtained with the different calculation grids is shown in Figure 4.24 

below; the term of comparison used was the one-dimensional profile of the film cooling effectiveness 

averaged along the "spanwise" direction. 
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Figure 4.24 – Mesh sensitivity results 

The comparison of the results shows that the calculation grid does not have a great influence, although the 

coarse grid produces results more similar to the fine grid, it was decided to use the mesh medium as it 

guaranteed a good compromise between computational costs and geometric discretization. As can be 

observed in Figure 4.25 the coarse calculation grid is not able to represent the holes correctly; the medium 

mesh, on the other hand, despite the smaller number of elements compared to the fine one, does not 

present any particular criticality in approximating the geometry. 

 

   

(a) Coarse (b) Medium (c) Fine 

Figure 4.25 – Mesh details 

4.3.2 - Results validation 

In this chapter, the results of this first numerical activity are reported which are the basis for the uncertainty 

quantification analysis. The results obtained are compared with the experimental data in order to validate 

the procedure implemented and proceed with the further objective of the study. 

The results of the numerical analysis have been appropriately processed in order to carry out the correct 

comparison with the experimental data. A special macro-function has been created to allow the export of 

the values of the 𝐶𝑂2 concentration on the blade portion under investigation; this area was discretized by 

means of 50 two-dimensional profiles. The efficiency values obtained are not ordered with respect to the 

streamwise direction of the blade, so they were processed through a Python code, written specifically to 
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perform the following actions: sort the data vectors of each individual profile with respect to the non-

dimensional abscissa, interpolate them in order to obtain a common dimension to all the vectors, and finally, 

perform an average in the spanwise direction to find, in a manner similar to what was done in the 

experimental activity of Bacci et al. [100], the one-dimensional profile of the film cooling effectiveness.  

First of all, it was preferred to show the numerical results obtained considering the whole geometry, reported 

in Figure 4.19, which is the same as in the experimental test case. 

The comparison between the numerical and experimental results are reported in Figure 4.26. 

 

 

Figure 4.26 – Comparison between numerical and experimental results of Bacci et al. [114] 

From the comparison, it is clear that the first two holes have a good agreement with the experimental data 

while for the last row of holes the numerical data overestimates by 5-10% the effectiveness measured 

experimentally by Bacci et al. [114]. Near the exit of the holes it can be noticed how the experimental result 

presents a peak with a more gentle variation in slope: this is due to the process that has undergone the data 

acquired in the laboratory. In fact, in the image obtained by the camera, the areas affected by the exit 

sections of the holes have the effectiveness very close to the unit, as there is the maximum concentration of 

𝐶𝑂2. Near the leading edge of the hole there are high values of effectiveness, therefore, there will be a high 

number of pixels affected by a high concentration of coolant so that the change of slope immediately after 

the peak will be less intense. In the numerical analysis the opposite happens: since the data are measured 

on the nodes of the elements of the various profiles and since the area inside the hole does not belong to 

the blade profile, in this area there will be a null concentration of 𝐶𝑂2. This aspect involves a strong 

discontinuity of effectiveness at the exit edge of the hole, which in turn causes a much more intense variation 

in slope, with the peak of 𝜂 located right at the end of the film cooling hole. For the data processing carried 

out, an interpolation grid is defined and points are formed within the area inherent in the holes due to the 

interpolation of the data of the various two-dimensional profiles made necessary to carry out the "spanwise" 

average on the aerodynamic profile and in order to have data vectors of the same size and then average 
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the values of 𝐶𝑂2 with the same non-dimensional abscissa. For this reason the values numerically obtained 

that define the rising line are not properly significant: because they do not derive from the CFD simulation 

carried out but from the post-process suffered by the data. 

From the comparison it results that a numerical approach based on the analogy between heat and mass 

transfer produces reliable results, except for an overestimation of 10% in the last row of holes under 

examination; this overestimation, however, is considered attributable to the 𝑅𝐴𝑁𝑆 approach used rather than 

the methodology itself. 

The following figure shows the comparison with the results obtained using the reduced geometry using the 

periodicity condition. 

 

 

Figure 4.27 – Reduced domain results validation  

Compared to the complete geometry, the reduced one has a greater efficiency downstream of the third 

row of holes: this was predictable, having slightly reduced the pitch between the holes in order to exploit 

the periodicity. This geometric modification led to an increase of about 5%, compared to the numerical 

conditions obtained with the real geometry. 

Focusing attention on the areas near the beginning of the holes it is clear how the numerical study produces 

an increase in effectiveness. This effect is clearly visible from the maps of effectiveness of Figure 4.28. 
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(a) First row (b) Third row 

Figure 4.28 – Details of film cooling effectiveness maps  

The behaviour highlighted could be due to the turbulence, which causes a return of flow upstream, but in 

this case, it is probably due to a diffusion of the numerical solution attributable to the sparse calculation grid 

and to the RANS approach adopted, which, however, showed a good approximation of the experimental 

data. 

From Figure 4.28 it is evident the dual-horn conformation of the jet coming out of the first row of holes and 

how this phenomenon does not occur in the last row; this behaviour is verified by the maps obtained by 

Bacci experimentally. The comparison is reported in Figure 4.29. It should be noted that also for the 

experiments, in order to calculate the film cooling effectiveness, an average between 35% and 65% of the 

"span" of the blade is performed; for this reason, the boundary effects and the flow migration towards the 

midspan going to the trailing edge are not included in the one-dimensional profile of film cooling 

effectiveness. However, they are actually present and clearly visible in Figure 4.29 and they also can be found 

in the numerical analysis for the complete geometry. Comparing the results obtained it can be seen how a 

RANS approach can predict the real configuration of the film coming jet out of the holes, both for the first 

rows in which the dual-horn shape is confirmed and at the exit from the third hole in which this configuration 

does not occur.  

For completeness, in Figure 4.30 the maps of the Mach number inside the film cooling holes are also shown. 

It can be seen that at the end of the cylindrical section area of the hole flow separation zones are formed, 

with greater intensity for the first two rows of holes. These zones, which are also supposed to be present in 

the experiments, however, are the results of the particular shape of the hole and of the inlet section and for 

this particular boundary conditions cannot be avoided. 
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First rows Last row 

 
 

(a) Experimental results 

 

 

 

(b) Numerical results 

Figure 4.29 – Comparison between experimental (a) and numerical results (b) 

 

   

(a) First row (b) Second row (c) Third row 

Figure 4.30 – Mach number inside the holes 
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4.3.3 - Unsteady approach 

As far as the validation of the results is concerned, an unsteady approach is also adopted in order to show 

the capability of this approach for modelling the film cooling effect. It is beyond the scope of this activity to 

explain in detail all the governing equations relating to an unsteady CFD approach. Instead, an exploitation 

of this methodology with particular attention to the setup and the results will be provided in this chapter. It 

also stressed that this methodology could not be used for the uncertainty quantification analysis carried out 

later due to the high computational cost required (almost 10 times greater than a RANS approach). 

In previous chapters, it is clear how a RANS approach could accurately approximate the experimental results. 

However, it is also clear that film cooling is a high unsteady phenomenon, especially near the exit of the hole. 

For this reason, an LES approach could probably be the best choice in order to obtain more reasonable 

results. Without entering too much into details, a few explanations of the unsteady procedure is given here. 

While RANS simulations solve the Navier-Stokes equations conveniently time-averaged and use turbulence 

models in order to “model” the turbulence, a LES approach is capable of simulating the larger-scale vortices 

(up to 80-90%, depending on the mesh sizing), modelling the turbulence only at the smaller scales. In order 

to capture the different scale sizes, a finer grid is usually required: this implies an increase in the 

computational cost required. 

ANSYS Fluent v19.2 was used for the analysis. A particular simulation setup was imposed: the Stress-Blended 

Eddy Simulation (SBES) option. It should be highlighted that a wall-resolved LES approach would be 

unfeasible, due to the very large number of elements required to properly reproduce the boundary layer. 

Therefore, a hybrid RANS-LES approach has been employed. Such an approach has been proposed by Frank 

and Menter [119] as further development of the Detached Eddy Simulation (DES) model. As other hybrid 

models, it is based on a dynamic blend between RANS and LES closures for the eddy viscosity [120]:  

 𝑣𝑡
𝑆𝐵𝐸𝑆 = 𝑓𝑠 ∙ 𝑣𝑡

𝑅𝐴𝑁𝑆 + (1 − 𝑓𝑠) ∙ 𝑣𝑡
𝐿𝐸𝑆 Eq. 4-6 

The shielding function is adopted to prevent the use of LES subgrid model to unresolved boundary layers, 

where instead a RANS approach is imposed. Thus, a lower mesh resolution is demanded, allowing to 

consistently reduce the required computational effort. Regarding the RANS approach, a 𝑘 − 𝜔 𝑆𝑆𝑇 

turbulence model was adopted, while for the unsteady approach a dynamic Smagorinsky subgrid-scale 

model was employed [121], [122], [123]. The advantage of this method is the amount of computational 

resources saved using a RANS approach in low-interest zone and a LES approach in high-interest zone. 

Therefore, the mesh was built appropriately using a high refinement in the vicinity of the hole and along the 

suction side, whereas far away from the blade profile a mesh similar to the one adopted for the previous 

simulation was used.  

Regarding the specific test case, a new mesh sensitivity was required in order to properly adopt the new 

approach (including an unsteady test using the same grid used for the RANS simulation). The final selected 

grid features approximately 32 million elements. The general size remained the same as the one used for 

the RANS approach; however, 40 prismatic layers around the blade surface and inside the hole were adopted, 

instead of 10 used for the RANS simulation, in order to capture smaller scale turbulences. Moreover, a size 

of 1 ∙ 10−4𝑚𝑚 instead of 5 ∙ 10−4𝑚𝑚 was adopted for the refinement on the suction side of the blade. 
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Furthermore, a different layout and local bodies of influence were adopted in order to increase the mesh 

quality while keeping the computational cost acceptable. The medium grid selected for the RANS simulations 

has around 3 million whereas for the unsteady approach it ended up with 32 million elements (Figure 4.31). 

The unsteady simulation required approximately 13.000 CPU Hours in order to converge, in contrast with the 

100 CPU Hours required by the RANS approach. It is clear also from this point of view that the uncertainty 

quantification could not be performed with this approach. 

 

Figure 4.31 – 32 million elements mesh for unsteady calculation 

An important thing to notice is the shielding function, defined by Fluent as the zone in which it solves for 

RANS equations (1) and where it solves for LES equations (0). Details of this could be found in Figure 4.32. 

 

Figure 4.32 – Shielding function for SBES simulation 

It is important to notice that, even if the majority of the zones are solved with RANS approach, especially the 

initial part, this does not affect the unsteady solutions obtained in the zone of interest , the suction side. In 

fact, a sensitivity analysis to the inlet turbulence intensity specified by the user was conducted and the results 

show, in accordance also to the previous RANS approach, how this parameter had a low effect on the film 

cooling effectiveness for this particular test case. This is a film cooling application and the first row of hole, 

indeed, is very close to the LE of the blade, causing a complete mixing of the flow immediately after the hole. 

Figure 4.33 provides the results for the instantaneous values of the CO2 mass fraction for a plane that cut 

row 1 and 3 (a) and for the suction side (b). It is clearly visible the unsteady that occurs at the exit of the holes 

and which propagate through the surface moving towards the trailing edge of the blade. 
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(a) 

 

(b) 

Figure 4.33 – Instantaneous CO2 mass fraction a) cross-sectional view 1st and 3rd hole b) suction side 

Figure 4.34 provides the same results but in average terms: here results are more similar to the one obtained 

with the full RANS approach. It is decided to show only the CO2 mass fraction (equivalent to film cooling 

effectiveness) on the suction side for the sake of clarity. 

 

Figure 4.34 – Average CO2 mass fraction for the suction side 

As far as the result is concerned, Figure 4.35 shows the average film cooling effectiveness profile on the 

suction side for different approaches: the unsteady solution with the 32 million elements grid (SBES), the 

unsteady solution with the same mesh of the RANS approach (SBES_COARSE), the RANS approach and the 

experimental results. The first thing to notice is the fact the, obviously, unsteady approaches require finer 

meshes in order to better capture and solve turbulence with smaller scale. Here, results are not as good as 

expected: in fact, the SBES simulation, if compared to the RANS approach, has a closer agreement with the 

experiments in the last part of the blade, after the third row of holes, and for the peaks value, especially the 

ones for the 2nd and the 3rd row. However, the middle zone between the 2nd and the 3rd row has a slight 

overestimation with respect to both experiments and RANS. Moreover, the rate of decay immediately after 
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the hole does not follow precisely the experimental trend. This could be related to this particular test case 

and to the fact that only three rows of holes are widely distributed along the blade surface. In fact, with this 

configuration and with low blowing ratio, the medium-low turbulence mixing after the hole and the probably 

high isotropy of the turbulence could justify the worthy RANS results and the small differences between 

RANS and SBES approach. 

 

Figure 4.35 – Average film cooling effectiveness profiles on the suction side 

It is reminded that this is a hybrid RANS-LES approach and not a full LES simulation, which would have 

required additional computational resources and, perhaps, would have had an even better agreement in 

average terms. 

At the end of this chapter, it should be clear that, given the objectives of the thesis, the RANS approach is 

adopted for the uncertainty quantification analysis to be carried out. The huge additional amount of 

computational resources required by the SBES approach, looking at the results, on the one hand, does not 

justify this approach, and on the other hand would not have made it possible to implement the analysis itself. 

4.4 - UQ analysis 

The purpose of the study is to evaluate how the geometric uncertainties linked to the film cooling hole 

propagate on the results; in particular, the quantities used as a measure of reference were the film cooling 

effectiveness, the blowing ratio "BR", and the discharge coefficient “𝐶𝑑”. 

Being aware of the works present in the literature regarding this field and of the computational expenditure 

inherent to the UQ analysis, it was decided to limit the dimension of the problem by considering only the 

effect of three uncertain variables on the output considered, as previously done in [26] and [73]. It should be 

noted that currently, in the literature, there are no uncertainty quantification studies applied to computational 
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fluid dynamics in which more than three random variables are evaluated. Additionally, regarding film cooling 

applications, there are no works based on real gas turbine blade geometry. 

From the work done on the one-dimensional code described in chapter 3.3 -it was evident that a polynomial 

chaos expansion analysis based on the Gauss grid allows obtaining a good agreement with the Monte Carlo 

method even with a minimum polynomial order, minimizing the number of evaluations to be carried out. 

Therefore, it was decided to use this methodology which requires, with a unitary polynomial order and for 

three random variables considered, eight discrete simulations.  

Since this type of study requires the modelling of uncertainties, in software terms this translates into the 

creation of a parametric CAD of the geometry analysed. It was decided to carry out all the work within the 

ANSYS Workbench suite. In particular, the eight required evaluations were carried out in series and 

automatically; this procedure was made possible with the parameterization of uncertainties divided into 

"design point" a priori defined: UQ activity was carried out a posteriori with respect to CFD simulations, in 

particular, after defining the uncertain variables, sampling was performed using DAKOTA, the points thus 

obtained were imposed in the respective "design points" of the ANSYS Workbench suite and only after 

completing all the simulations the UQ analysis was then carried out. 

4.4.1 - Uncertain variables 

As already mentioned, there were three uncertain variables considered; in particular, the quantities chosen 

were the angle of inclination of the film cooling hole, the fillet radius, and the dimension of the holes. For 

each one, considerations of a different nature have been made and described individually in the following 

chapters. As for the previous analysis, the selection of the collocation points was made according to what 

already described in Chapter 2.4.3 -and 2.4.4 -. 

 

4.4.1.1 – Inclination angle of the hole 

The angle of inclination of the holes is a variable that has not been considered in any of the works concerning 

uncertainty quantification literature. The choice of plausible values for this type of parameter was based on 

the manufacturing process considered and on the work done by Bunker [2], in which he indicates an average 

tolerance of ±5° for all angles involving the film cooling hole: the inclination with respect to the internal flow, 

with respect to the external flow, and the angle with respect to the surface tangent to the hole. It should be 

noted that the inclination angle of the holes varies for the different rows of holes, as reported in Figure 4.36, 

for this reason, it has been chosen to set as uncertain variable a constant tilt angle with respect to the nominal 

axis of each hole. 
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Figure 4.36 – Holes geometries 

Since the holes are made by EDM, it was decided to rotate the hole with respect to the suction side surface 

of the aerodynamic profile. This type of approach was suggested by an industrial partner, who stressed that 

EDM drilling is a very accurate process and it is able to reproduce the nominal values imposed on the 

diameter of the hole, but at the same time suffers from the radial curvature of the profiles: this is due to the 

fact that for this type of process only the path of the machine tool and the point on the blade surface where 

the drilling begins are specified. For twisted blades, there may be a partial failure to drill or a complete failure 

to drill since the relative inclination between blade and tool may cause, for the same path specified for the 

machine tool, different drilling from the desired one. Moreover, from a CAD modelling point of view, a 

rotation with respect to any other point of the hole would have caused a considerable variation of the shaped 

area of the hole itself, resulting in a variation of the ratio between the areas defined in terms of area ratio 

(AR) and in total disagreement with the drilling manufacturing procedure used.  

Initially, in order to evaluate the effects of the problem previously described, the idea was to set a greater 

uncertainty than the value suggested by Bunker [2]. However, the high vicinity of the first row of holes to the 

leading edge of the coolant supply plenum led to a critical condition for which the hole did not completely 

intersect the plenum. This condition is reported in Figure 4.37.     
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Figure 4.37 – First row of holes drilling problem 

Assuming that such a configuration is discarded during the quality control phase after the profile has been 

drilled, it is considered that this type of conformation cannot actually be used in the real machine. Aiming to 

analyse the effect of this factor on the film cooling during real operating conditions, it was decided to reduce 

the amplitude of the uncertainty to the minimum value that would allow the complete drilling of the supply 

plenum to take place. For this reason, a Gaussian distribution with a mean null value was considered on the 

angle of inclination of the hole, coinciding, therefore, with the condition in which the angle of inclination is 

identical to the nominal one, and truncated to the extreme values of ±5°, in total agreement with what was 

reported by Bunker [2]. 

In conclusion, an uncertainty on the angle of inclination of the holes with a truncated normal distribution 

𝒩(0°, 2.5°) has been considered. For the uncertainty quantification methodology chosen, this results in 

discrete simulations with two angles of inclination with respect to the nominal condition of ±2.2°.  

The conditions analysed are reported in Figure 4.38. 

  

(a) Positive rotation (b) Negative rotation 

Figure 4.38 – Inclination angle for the third row of holes 
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4.4.1.2 – Fillet radius 

The second uncertainty considered in the study is the fillet radius of the film cooling holes. This type of 

geometrical dimension has already been the subject of a dedicated studies [72], [73] but, as already 

described, there were not exploited methods of stochastic expansion for this parameter. 

The choice of this random variable precludes further comparisons with the baseline experimental work 

previously cited [114]: in this case, in fact, there was no fillet radius; however, it was decided to consider this 

parameter because, in real conditions, a connection for the cylindrical section of the hole is always present 

and, moreover, it is a factor that greatly influences the discharge coefficient of the hole. The random variable 

has been considered in dimensionless terms as 𝑟/𝐷, in which 𝑟 is the fillet radius and 𝐷 is the diameter of 

the cylindrical section of the hole. For the definition of a plausible range of variability, reference has been 

made to [72], in which the variability reported is between 𝑟 𝐷⁄ = 0 ÷ 5%. In this activity it has been decided 

not to include the case with no fillet radius, but a variability of the connection radius has been imposed as a 

percentage of the nominal diameter. In particular, in analogy to what has been done in [72], a fillet radius 

included between (1 ÷ 9%)𝐷 has been considered. In terms of ratio 𝑟 𝐷⁄ , this condition results in a variability 

between 𝑟 𝐷⁄ = (0.6 ÷ 5.4) ∙ 10−5; it is necessary to specify that a fillet radius equal to 1% of the diameter is 

extremely small and the result associated should be very close with the condition of no fillet radius. In order 

to be able to discretize the fillet radius in an appropriate way, these zones have been modelled with reduced 

size elements compared to the other parts of the fluid domain. 

Also for this variable, it has been decided to impose a truncated normal distribution with extreme values 

placed at ±2𝜎; the distribution of the variable 𝑟 𝐷⁄  in percentage is defined by 𝒩(5%, 2%). This variability, 

for the UQ method performed, requires the performance of simulations with discrete values of 𝑟 𝐷⁄  equal to 

1.94 ∙ 10−5 and 4.05 ∙ 10−5. The conditions analysed are shown in Figure 4.39. 

 

  

(a) 𝑟 𝐷 = 1.94 ∙ 10−5⁄  (b) 𝑟 𝐷 = 4.05 ∙ 10−5⁄  

Figure 4.39 – Fillet radius evaluated points 
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4.4.1.3 – Scale factor 

In order to evaluate the effects of drilling, it was decided to consider a scale factor compared to the nominal 

value: the overall size of the hole is going to increase or decrease while maintaining a constant area ratio. 

By imposing a scale factor that is consistent with the manufacturing process used, given that EDM drilling 

has extremely small tolerances, this would have resulted in a range of uncertainty for the random variable 

considered exceptionally narrow with no difference in the output. In order to obtain a result that can be 

extended to different manufacturing processes, a hole size variability of 10% was therefore considered; this 

is a common tolerance value for the manufacturing processes carried out for additive manufacturing. 

It should be noted that, regardless of the amplitude of the uncertain variable imposed, the sensitivity analysis 

will provide a general data which does not depend on the range previously imposed but on the solver used 

to perform the analysis and on the system considered.  

As for the other two uncertain variables, also for scale factor a normal distribution centred in the unit value 

and truncated to the limit values 0.9 − 1.1 was considered in order to associate the nominal size of the hole. 

In this way it is considered a dimension variation of the holes around 10% with respect to the nominal 

conditions; similarly to what has already been done, the standard deviation was set to be twice the distance 

between the mean value and an extreme value, or rather 𝒩(1 , 0.05). This variability implies to perform two 

evaluations of the scale factors in the CFD analysis respectively of 0.956 and 1.04. In Figure 4.40 a comparison 

is proposed between the two factors used to carry out the analyses. For the sake of clarity, the last row of 

holes in which the two holes are respectively subject to the two different scale factors has been reported. 

 

 

Figure 4.40 – Scale factors used for the evaluations 
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4.4.2 - Results 

Regarding the development of the UQ study, the methodology of polynomial chaos expansion using a 

unitary order was considered, which requires eight discrete simulations for the three variables taken into 

account. In fact, as already seen in the previous chapter for the low order code, the 1 st order approximation 

is able to reproduce with an optimum grade of accuracy the analysis. It is reminded that a unitary order with 

three input variables, for the tensor product method, means a 3rd order interpolating polynomial. In Table 

4.3 the conditions imposed, for the three uncertain variables, in the eight simulations carried out through 

ANSYS Workbench are summarised. 

Table 4.3 – Evaluations required  

 𝑨𝒏𝒈𝒍𝒆 𝑭𝒊𝒍𝒍𝒆𝒕 𝒓𝒂𝒅𝒊𝒖𝒔 𝑺𝒄𝒂𝒍𝒆 

𝑫𝑷𝟎 −2.2° 1.94 ∙ 10−5 0.956 

𝑫𝑷𝟏 2.2° 1.94 ∙ 10−5 0.956 

𝑫𝑷𝟐 −2.2° 1.94 ∙ 10−5 1.04 

𝑫𝑷𝟑 2.2° 1.94 ∙ 10−5 1.04 

𝑫𝑷𝟒 −2.2° 4.05 ∙ 10−5 0.956 

𝑫𝑷𝟓 2.2° 4.05 ∙ 10−5 0.956 

𝑫𝑷𝟔 −2.2° 4.05 ∙ 10−5 1.04 

𝑫𝑷𝟕 2.2° 4.05 ∙ 10−5 1.04 

 

Once the results of the eight simulations had been obtained, the UQ analysis was carried out through 

DAKOTA and the surrogate model is obtained. Subsequently, as in the previous chapter, the surrogate model 

was then called with a set of one thousand sample points. 

This procedure was carried out for all three quantities: the film cooling effectiveness, the blowing ratio, and 

the discharge coefficient. In particular, for the effectiveness, the same types of graphs were obtained as those 

already proposed in the previous chapter for the study of the one-dimensional model, i.e. with development 

along the non-dimensional abscissa. 

For the blowing ratio and the discharge coefficient it was necessary to have another kind of visualization of 

the results and to carry out an expensive data processing procedure, as it required the execution of further 

CFD analysis in the absence of film cooling in order to estimate the isentropic Mach number on the wall, 

necessary to calculate then 𝐵𝑅 and 𝐶𝐷. 

The results obtained in terms of film cooling effectiveness are here reported and described. In chapter 4.3.2 

-, the post-process of the data obtained from the CFD simulations has already been described. 

In Figure 4.41 the estimated trends of the surrogate model in terms of mean, maximum and minimum value 

for the adiabatic effectiveness with respect to the non-dimensional of the "suction side" are reported. 
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Figure 4.41 – Surrogate model results 

Similar to the results obtained in the previous chapter, this graph should not focus the attention on the 

continuous development of the film effectiveness along the non-dimensional coordinate but only on the 

probabilities distributions read independently. In fact, considering, for example, the curve of the maximum 

values, the value generated at the non-dimensional abscissa 0.4 is completely independent of what was 

obtained for the abscissa 0.6. In other words, the points reported in the graph do not reflect a continuous 

evolution for the same evaluation, neither temporal nor even spatial; they are only the limit values of the 

probability distributions associated with a specific abscissa.  

The graph shows peaks for the second and third rows of holes in terms of effectiveness immediately 

upstream of the holes for the line representing the maximum values, whereas for the minimum values a 

small valley can be noticed near the leading edge of the first and second rows of holes. This result is to be 

attributed to the post-process used: the interpolation necessary in order to create a vector of constant size 

for each profile, obtained from the intersection of a plane and the aerodynamic profile, and carrying out the 

average in the "spanwise" direction of the effectiveness of the film have generated null points. In fact, inside 

the holes there is no blade surface, so the values of effectiveness in the vicinity of these portions of the area 

have no physical significance, as already explained. From the graph, it is clear that the maximum variability 

between the potential results is downstream of the third row of holes, in which they reach a possible range 

of 20% immediately downstream of the hole and then settle at 15%. This can be attributed to the fact that 

in the blade radial portion considered, there are two holes and not a single hole as for the first two rows. 

Exploiting the procedure already used for the "low-order" analysis, it has been obtained the probability map 

for the film cooling effectiveness, shown in Figure 4.42. 
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Figure 4.42 – Film cooling effectiveness probability map 

From the graph, it is possible to evaluate in probabilistic terms what has already been described for Figure 

4.41. The graph shows that downstream of the first hole there is an area defined by a high probability of 

occurrence, as well as in the wake of the second row of holes near the leading edge of the third row of holes. 

Even downstream of the third row of holes there is a zone with a higher probability of occurrence but with 

an intensity about halved to the maximum value found for the previous trails. On the contrary, immediately 

after the peak of the second and of the third row of hole there is the maximum uncertain zone: in fact, not 

only the range is the highest, especially for the third row, but also the colour map shows a widespread PDF. 

It is important to notice, in fact, that the uncertainty is not related to the range of possible value: the zone 

immediately before the second hole, in fact, features a high range of potential values for the film cooling 

effectiveness, but the PDF showed by the colour map indicates that this is a low uncertainty zone with a very 

low standard deviation. To obtain a complete picture, Figure 4.43 shows the sensitivity analysis of the three 

random variables using the Sobol’s indices. For this case the first-degree indices which define how much the 

interaction between the variables affects the output considered are also reported. 

It is underlined, once again, that the graph is a cumulative histogram, so the relative influence of a single 

parameter is to be read in terms related to its own coloured band and for each non-dimensional abscissa, 

each associated with the respective parameter in the study. 

In the first part of the graph, all the parameters have a flat and comparable amplitude: in fact, in this area 

there is no film cooling protection as it is located upstream of the first row of holes. For this reason the 

sensitivity analysis is interesting only after the first row of holes, approximately at 𝑠 = 0.1. 
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Figure 4.43 – Film cooling sensitivity analysis using Sobol’s indices 

Moving on to the analysis of the results, as one might expect, the maximum influence on 𝜂 is given by the 

scale factor. Near the first and third rows of holes, there is a clearly visible increase in the Sobol’s index 

connected to the inclination angle of the holes; the fact that this increase does not occur for the second row 

of holes can be attributed to the position and to the inclination angle of the hole itself. As it is clearly visible 

from Figure 4.44, the second hole is the one that, with the same variation in angle, sweeps over a surface 

that is more linear and less curved than the other holes, which means less deformation of the input area. By 

combining this aspect with the fact that the second row of holes does not determine either the start of the 

coverage, as in the case of the first row of holes, nor the point where it ends, as for the third row of holes, 

one can explain the lack of dependence of the effectiveness of the second row of holes with respect to the 

angle. Regarding the fillet radius, excluding the area upstream of the first row of holes, this has a reduced 

influence. It grows slightly between the first and second row of holes and downstream of this has a maximum 

and constant width up to the third row of holes, beyond which it has a collapse, assuming a minimal influence 

among all the parameters. The Sobol’s indices linked to the interactions between the variables account for 

less than 10% in the area affected by film cooling effectiveness.     
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Figure 4.44 – Holes location 

Moving on to the UQ analysis on the blowing ratio and on the discharge coefficient, for the post-processing 

it was necessary to carry out a CFD simulation in the absence of film cooling: in this way, it was possible to 

find the isentropic Mach number on the surface of the blade. This was necessary in order to calculate the 

blowing ratio; in fact, for a correct estimation and remembering Eq. 4-4, the velocity of the main flow around 

the holes of the film cooling is necessary. 

Static pressure “𝑃” was obtained on the exit areas of the holes and in order to obtain a single value, an 

average was carried out on the area; this information, combined with the total pressure “𝑃0” (imposed at the 

inlet of the duct) and the adiabatic constant 𝛾 of the air, from Eq. 4-7 it has been possible to obtain the Mach 

number in the vicinity of the film cooling hole. 

 𝑃0

𝑃
= (1 +

𝛾 − 1

2
𝑀2)

𝛾
𝛾−1

  
 

Eq. 4-7 

Having the Mach number and the total temperature “𝑇0” set as a boundary condition of the simulation, 

exploiting Eq. 4-8, it was possible to obtain the static temperature near the holes. 

 𝑇0

𝑇
= 1 +

𝛾 − 1

2
𝑀2  

 

Eq. 4-8 

With the static temperature "𝑇” and knowing the gas constant "𝑅" of the air the speed of sound “𝑎” was 

found, defined by Eq. 4-9. 

  𝑎 = √𝛾𝑅𝑇   

Eq. 4-9 

Isolating the velocity from the definition of the Mach number from Eq. 4-10. 

 

𝑀 =
𝑣

𝑎
 

 

Eq. 4-10 
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and the density by the perfect gas law, reported in Eq. 4-11, in which  𝑛 is the molar mass of the air, it is 

possible to obtain the product 𝜌∞𝑣∞, the denominator of Eq. 4-4.  

 

𝑃 =
𝜌𝑅𝑇

𝑛
 

 

Eq. 4-11 

For the calculation of the blowing ratio, the term at the numerator of Eq. 4-4 is given by the product between 

the density and the velocity of the coolant, which was obtained directly by dividing the flow rate of the hole 

by the passage area, using "ANSYS CFX post" for the post process of simulations. Obviously, this procedure 

was carried out for each hole of each condition of the eight simulated holes. 

Regarding the discharge coefficient 𝐶𝑑, the work of Mazzei et al. [124] has been taken as a reference, in 

which the discharge coefficient for a generic film cooling hole is defined with the formulation shown in Eq. 

4-12. 

 

𝐶𝑑 =
𝑚̇

𝑃0,𝑐 (
𝑃∞
𝑃0,𝑐

)

𝛾+1
2𝛾

√
2𝛾

(𝛾 − 1)𝑅𝑇0,𝑐 
((

𝑃0,𝑐

𝑃∞
)

𝛾−1
𝛾

− 1)
𝜋
4

𝐷2  

 

 

Eq. 4-12 

The capacity of the hole has been indicated to the numerator, the subscript “𝑐” refers to the quantities of 

the coolant flow while the subscript "∞” indicates the quantities of the main flow and D the diameter of the 

cylindrical section of the hole. 

Once all the quantities making up the blowing ratio BR and the discharge coefficient  𝐶𝑑have been defined, 

the results obtained from the UQ analysis are discussed. As for the film cooling effectiveness, the results 

generated by the surrogate model will be shown. 

The probability distributions of the single blowing ratios for the three holes are reported in Figure 4.45. 

 

   

Figure 4.45 –𝐵𝑅 probability distribution for the three rows of holes 

It should be noted that for the third row of holes, only one hole was considered and not two. By doing this, 

it is possible to compare the blowing ratios of the single hole for the three rows on the blade. By reporting 

the three curves on a single graph, as shown in Figure 4.46, it is possible to do a more direct comparison. 

It is possible to notice that the three holes have a more likely value different from each other. The first hole 

and the third have similar probability values but the two curves have a different modal value. In terms of BR 

the first row of holes is affected by a reduced value compared to the other two rows and the modal value of 

the third hole is the higher than that of the second line.  
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Figure 4.46 – BR probability distribution 

The same types of graphs have been obtained also for the discharge coefficient, as shown in Figure 4.47 

   

Figure 4.47 – 𝐶𝑑 probability distribution for the three rows of holes 

As for the blowing ratio, the comparison is also provided in a single graph (Figure 4.48). From the data 

obtained it is worth noting that the considerations already made for the trends of the blowing ratio  are still 

valid: the graph is very similar, except for a greater probability of the modal values of the distributions for 

the first and third rows. 

 

Figure 4.48 – 𝐶𝑑 probability distribution 
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In conclusion, the sensitivity analysis to the three uncertain variables considered is also reported. The 

histograms containing the Sobol’s indices are reported in Figure 4.49. 

  

Figure 4.49 – Sensitivity analysis of 𝐵𝑅 and 𝐶𝑑 to the three variables for the three holes 

From the graph it is clear that the most influential parameters vary from hole to hole; this is not surprising 

because, both the conditions to which they are subjected and the size of the holes vary from row to row. 

The high influence of the scale factor for the first row of holes may be due to the fact that in this area the 

pressure disposed of by the aerodynamic profile is fairly small, so, a variation in the size of the hole influences 

very much the coolant flow that passes through it. For the third row of holes, however, the opposite condition 

may apply: since this is the hole that has to work with the maximum pressure drop, being the closest to the 

trailing edge, the scale factor has a very limited influence on the two output quantities.  

For the second row of holes, conversely to what emerged for the film cooling effectiveness, the parameter 

that most influences the 𝐵𝑅 and 𝐶𝑑 in the hole inclination angle, followed by the scale factor, which in any 

case has a Sobol’s index very similar to that of the fillet radius. 

Given the high physical dependence between the two output quantities, it should not be surprising that the 

parameters that most influence the 𝐵𝑅 and 𝐶𝑑, for the same hole, are the same ones. For example, an 

increase in the fillet radius causes an increase in the discharge coefficient; but with the same diameter of the 

hole, for the continuity law, the velocity of the flow increases, which in turn causes an increase in the blowing 

ratio. Conversely, increasing the diameter of the hole does not cause a change in the discharge coefficient 

𝐶𝑑, but it will produce an increase in flow rate without a change in the velocity, so the BR also remains 

unchanged. 

As already mentioned, given the different geometries of the various rows of holes and the different fluid-

dynamic conditions in which they are located, it is not possible to define a unique trend for the entire blade 

surface.   

 

 

 



 

   126 

 

 

 

 

 

 

  



Conclusion 

127 

Conclusion 

This thesis describes some of the main uncertainty quantification techniques used for turbomachinery 

applications. This methodology can evaluate the effect of uncertainties of one or more variables on selected 

output quantities; in particular, it allows to estimate the propagation of an error within a numerical code. 

These methodologies, if correctly used, can lead to a complete understanding of how the mathematical 

model approximates and solves the real physical problem; then, through the sensitivity analysis, it is possible 

to quantify, in mathematical terms, which quantities mostly affect the response functions considered. 

The first activity was to validate the different methodologies of an uncertainty quantification analysis using 

the open-source code DAKOTA. For this reason, the study was performed on a one-dimensional code 

developed by DIEF of the University of Florence, which performs heat transfer analyses on combustors liner. 

A low-order approach has allowed to carry out a high number of evaluations with a relatively low 

computational cost. The fluid network under examination was provided by the industrial partner GE Avio 

Aero and simulates the behaviour of a combustor operating under lean flame conditions, developed and 

tested at CIAM during the European project LEMCOTEC. 

The procedure established for this study has allowed comparing both the average trend and the maximum 

and minimum value for the different methods used. Furthermore, probability distribution maps were also 

obtained: in this case, a probability of occurrence was associated with each temperature of the liner and, 

spatially, for a specific non-dimensional abscissa.  

Different types of analyses were carried out, specifically focusing on some key quantities of the one-

dimensional code: geometrical, heat transfer tuning factors, thermal loads, and a final analysis including all 

the previous parameters. The conclusion was that the most influencing parameters on the selected output 

quantities are those related to temperature conditions and FAR in the combustion chamber, for which an 

uncertainty of 20% of these parameters causes a range of output variability of up to 54%. Also the factors 

related to the heat transfer are very influential on the liner wall temperature; the knowledge of how much 

these parameters influence the output is particularly interesting, especially for the preliminary design 

activities. For this type of analysis, it was recorded that an uncertainty of the heat transfer factors of 20% 

causes a variability of the wall temperature of up to 40%. Compared to the previous factors, the geometrical 

variables have a moderate influence on the output considered: less than 10%. 

Regarding the UQ methodology, from this first application, it was evident how efficient the spectral 

expansion methods are. In fact, these methods can create a surrogate model with a reduced number of 

evaluations able to approximate the response function considered: for the model taken into consideration, 

for the geometrical analyses, only 4 discrete simulations required by the polynomial chaos method were 

sufficient to obtain the same range of variability obtained with 1000 simulations using the Monte Carlo 

method. For each analysis, the classical Monte Carlo analysis was compared with four stochastic expansion 

processes: Gauss quadrature, stochastic collocation, total order with LHS sampling, and Smolyak. It was 

demonstrated how the first two methods are the most effective when the number of variables considered is 

reduced (generally speaking, from 1 to 5). The polynomial chaos expansion technique with fixed total order 
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requires at least twice as many evaluations as the minimum required in order to obtain good results and the 

method could be effective when the number of variables moderate (from 3 to 7). During this first activity, 

the Smolyak grid was also validated, which is extremely effective when the number of random variables 

considered increases because other models (except for the Monte Carlo Simulation) suffer from the curse of 

dimensionality. For the complete analysis with 7 input variables, this calculation grid allowed to obtain, with 

15 evaluations, the same output probability field obtained with 1000 evaluations carried out with the Monte 

Carlo method, against the 128 required for the Gauss grid (and, thus, for the stochastic collocation) and the 

72 for the PCE of 2nd order.    

The second part of the thesis was focused on carrying out an uncertainty quantification analysis on a high-

fidelity computational fluid dynamics application. The case chosen was a real stator blade, made by additive 

manufacturing, of a second turbine stage. A previous experimental campaign was conducted on this vane 

profile in order to carry out the adiabatic effectiveness results: fluorescent paints sensitive to the partial 

pressure of oxygen (PSP) were used in order to assess the film cooling effectiveness. 

The propagation of three geometric uncertainties acting on the film cooling holes was evaluated using the 

commercial CFD code ANSYS Fluent. The CFD analysis was also carried out using the analogy of heat and 

mass transfer through a two-fluid approach: air for the main flow and CO2 for the coolant. The initial fluid 

domain was reduced in order to limit the calculation resources; after validating the procedure, the UQ 

analysis was carried out imposing three random variables: the streamwise angle of the holes, a scale factor, 

and the fillet radius. The effects of these uncertainties were evaluated on the film cooling effectiveness, on 

the blowing ratio and on the discharge coefficient of the holes. 

Both steady (RANS) and unsteady (hybrid LES-RANS) simulations were carried out. For the UQ analysis, only 

the polynomial chaos approach with the Gauss grid method in conjunction with RANS simulations was used. 

The number of evaluations required was eight. The resources required were approximately 800 CPU Hours 

for the overall analysis. 

The complicated physic of the problem, combined with the different geometry of the holes among the 

various rows, does not allow to obtain generalized results in absolute terms for all the output quantities. As 

far as the sensitivity analysis is concerned, it should be noted that the scale factor is the parameter that has 

the greatest impact on the film cooling effectiveness: it has an influence up to 60%. The angle of the holes 

near the first and third rows have an impact of 20% on the effectiveness. The greatest variability in film 

cooling effectiveness is achieved downstream of the third row of holes, where it can vary up to 20%. The 

behaviour of the discharge coefficient and the blowing ratio show the same trends, as one might expect due 

to the high physical dependencies between these parameters. As the non-dimensional abscissa increases, 

the most probable values of these two quantities tend to increase: the third hole is subject to a 𝐶𝑑 and 𝐵𝑅 

greater than the second row, which in turn feature values greater than the first row. The probability 

distributions of the two parameters for the first row of holes have the lowest standard deviation. 

For the sensitivity analysis, there was no univocal trend of the results of the three rows of holes, but also in 

this case similar trends were obtained between the discharge coefficient and the blowing ratio. 

The scale factor accounts for around 55% in the first row of holes, the fillet radius accounts for 35% and the 

inclination angle accounts only for 10%. For the second row, instead, the most influential parameter is the 

inclination angle, which affects the BR and 𝐶𝑑 for 60% and the remaining two variables for 20% each. The 
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last row of holes is not dependent on the scale factor: the Sobol’s index is lower than 1%. This changing 

behaviour is supposed to be attributed to the different pressure drop that the different rows of holes feature. 

For the second row the angle is the parameter that mostly affects the blowing ratio and the discharge 

coefficient, and also in this case it has an incidence of 60%; the remaining 40% depends on the fillet radius.     
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