
1.  Introduction
Flood risk in floodplains has increased significantly in the last decades due to both climate change (Blöschl 
et al., 2019; Fang, 2016; Feyen et al., 2012; Ji et al., 2015; Kundzewicz et al., 2014) and anthropogenic processes 
(Hu et al., 2018; Mazzoleni et al., 2021; Viero et al., 2019). The potential damaging consequences of levee fail-
ures have been illustrated in numerous studies (e.g., Dierauer et al., 2012; Hui et al., 2016; Mohor et al., 2020; 
Orlandini et al., 2015; Sills et al., 2008). For example, Pistrika and Jonkman (2010) described the widespread 
damages caused in the residential New Orleans metropolitan area by the flooding resulting from the levee 
breaches that occurred during the 2005 destructive Hurricane Katrina, while Ferdous et al. (2019) documented 
catastrophic damages caused by the inundations due to levee breaches along the Jamuna River (Bangladesh) in 
the last decades.

Various structural and nonstructural measures have been widely developed and implemented to mitigate flood 
risk in urbanized floodplains and improve flood resilience. Among the nonstructural ones, early warning systems 
are topical, adaptive, and effective tools for flood risk reduction, since they allow flooding evolution to be effi-
ciently predicted and emergency actions (such as evacuation of the exposed population) to be promptly activated 
(Alonso Vicario et al., 2020; Garcia & Fearnley, 2012; Mel et al., 2020). Classical structural measures, such as 
levee systems and flood retention basins, can also be adopted to provide protection of floodplain areas. In particu-
lar, levees ensure the protection of the surrounding floodplain areas by increasing the capacity and hydraulic 
conveyance of the river. However, the presence of levees does not completely eliminate the risk of inundation 
of flood-prone areas (e.g., Butera et al., 2020) and can even reduce flood risk awareness of communities living 
in the floodplains, producing the unintended effect of encouraging further urbanization, with consequent higher 
flood risk in the event of a levee failure (Akhter et al., 2021; Di Baldassarre et al., 2018; Hutton et al., 2019; 
White, 1945).

Flooding hazard assessment is crucial in the process of mitigating the potential catastrophic impacts of inun-
dations caused by levee failures on flood-prone areas. Indeed, in flood risk analysis, flood hazard mapping is 
preparatory for consequence and loss estimation, emergency management, and land use and protection measure 
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planning (de Moel et al., 2009; EXCIMAP, 2007; FEMA, 2013, 2020; Klemešová, 2016; Merz et al., 2007), and 
in general is deeply involved in the definition of resilience strategies for flood risk management (de Bruijn, 2004; 
Karrasch et al., 2021). Various methods, both deterministic and probabilistic, have been proposed in the literature 
to quantify the residual flood hazard (Di Baldassarre et al., 2010).

The deterministic approach combines design hydrologic conditions with historical observations of breach char-
acteristics, locations, and timing to empirically define a set of hypothetical scenarios based on selected inputs 
and parameter values (Aureli & Mignosa, 2004; Aureli et al., 2006; Ferrari et al., 2020; Kvočka et al., 2016; 
Shustikova et al., 2020; Urzică et al., 2021). In this deterministic context, the uncertainty in flood inundation 
predictions due to model inputs and parameters can be assessed by sensitivity analysis (Hall et al., 2005; Hesse-
link et al., 2003). The main advantage of this approach is that the results are direct and easily interpretable by 
decision-makers and stakeholders as well as conservative because they typically refer to the supposed “worst” 
scenario.

However, many sources of uncertainty, both aleatory and epistemic, potentially influence the accuracy of results 
(Beven et al., 2015; Dottori et al., 2013; Merwade et al., 2008; Pappenberger et al., 2006; Winter et al., 2018). 
For example, breach mechanism, location, size, geometry, and timing are highly dependent on the geometrical 
and geotechnical characteristics of the levee (Wahl, 2004), as well as on the severity of the flood event in the 
river. Probabilistic methods have been developed to take into account these uncertainties and provide valuable 
outcomes, such as inundation and hazard level probabilities (Apel et al., 2006; Most & Wehrung, 2005; Smemoe 
et al., 2007; Tyagunov et al., 2018; Vorogushyn et al., 2010, 2011). The characterization of the uncertainty is 
essential for a risk-based assessment in flood risk management processes (Hall et al., 2003; Harvey et al., 2014; 
Sayers et al., 2002). However, this additional information is usually obtained by stochastic Monte Carlo proce-
dures, which are computationally expensive due to the large number of simulations needed, especially when flood 
hazard analysis involves wide floodable areas. Moreover, effectively communicating uncertainty in flood hazard 
assessments to stakeholders and decision-makers is not an easy task (Beven et al., 2015) and would require the 
use of meaningful and easy-to-read probabilistic maps.

Levee breach location is one of the uncertain factors that most influence flood hazard mapping. In the framework 
of probabilistic methods, Di Baldassarre et al.  (2009) and Mazzoleni et al.  (2014, 2017) computed probabili-
ty-weighted hazard maps considering different flooding scenarios associated to overtopping- or piping-induced 
levee breaches characterized by different locations and geometric characteristics. D’Oria et al. (2019) proposed 
a probabilistic method based on the concept of levee fragility function and on the application of the probability 
multiplication rule to preselect single breach scenarios and calculate the associated probabilities for a design 
flood event of given return period. Recently, Curran, De Bruijn, Domeneghetti, et al. (2020) suggested a proba-
bilistic approach that takes into account uncertainties in the levee fragility in a system behavior analysis for flood 
hazard assessment.

Regardless of the approach adopted, flood hazard mapping in flood-prone areas is typically performed assuming 
that levee failures may occur one at a time in a specific location. For example, Pinter (2005) modeled the residual 
flood hazard along the Upper Mississippi River assuming that a levee failure caused such a reduction in river 
stages as to prevent further levee breaches downstream. However, the occurrence of multiple levee breaches (i.e., 
breaches at different locations along the levee during the same flood event) is absolutely realistic. Indeed, during 
the 2005 Hurricane Katrina and the floods occurred in the Netherlands in 1993, multiple levee failures were 
recorded at different locations (Özer et al., 2020). Similarly, during the 2002 and 2013 flood events in Saxony 
and Saxony-Anhalt regions (Germany), multiple levee failures occurred (Thieken et al., 2016). Other examples of 
multiple levee failures concern the extreme flood events that mainly affected the Oder and Morava basins in the 
Czech Republic in 1997 (Özer et al., 2020), various historical floods affecting the Carpathian basin in Hungary 
(Bodi et al., 2014), and recent flood events in Italy (e.g., Viero et al., 2013). Nevertheless, the possibility of the 
occurrence of multiple levee breaches is usually overlooked in flood risk management (Jonkman et al., 2008), 
mainly because such high-order breach events are assumed to be very unlikely.

Few studies have dealt with the complex issue of probabilistic flood hazard mapping in the presence of multi-
ple levee breaches. Dawson et  al.  (2005), Dawson and Hall  (2006), and Harvey et  al.  (2014) proposed effi-
cient techniques for flood risk analysis in floodplain areas protected by fluvial or coastal flood defense systems 
considering the failure (due to overflowing or breaching) of one or more components at selected sections. Apel 
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et al. (2006, 2009) analyzed the effect of the occurrence of a levee breach on the potential occurrence of further 
breaches downstream, based on probabilistic scenarios defined using levee fragility functions for overtopping. 
Courage et al.  (2013) proposed a computational framework for flood risk management explicitly considering 
the system behavior (i.e., the modification of the flood wave due to a local levee failure). Ciullo et al. (2019) 
compared two flood risk management strategies in which river system behavior and hydraulic interactions are 
taken into account when multiple levee breaches occur. Bomers et al. (2019) explored the importance of levee 
breaches in influencing downstream flood risk and discharge partitioning in a bifurcating river system. Finally, 
a semi-probabilistic approach is reported in Curran, De Bruijn, and Kok (2020), in which hydraulic interactions 
are taken into account in multiple levee breaches deterministically triggered on the basis of water levels and water 
level duration.

Despite recent advances, a unified probabilistic approach that accounts for the uncertainty in both hydraulic load 
and multiple dependent breach positions is still missing. While previous studies have explored the effects of a 
probabilistic hydraulic loading in case of multiple independent levee breaches (e.g., Apel et al., 2006; Curran, 
De Bruijn, & Kok, 2020; Dawson et al., 2005), other studies have considered multiple dependent breaches in 
case of deterministic loading conditions (e.g., Ciullo et al., 2019). However, considering only one of these two 
aspects could lead to misleading flood hazard assessment and consequent flood risk. For these reasons, this 
study proposes a probabilistic method that combines the epistemic uncertainty on the location of multiple levee 
breaches with the aleatory uncertainty on the flood event, which is included considering flood events of different 
return periods. Specifically, the concept of levee fragility function and basic probability rules are used to preselect 
potential breach locations and identify a set of scenarios of multiple dependent levee breach locations with asso-
ciated probabilities. A probabilistic inundation extent map and probabilistic flood hazard maps for given hazard 
levels are shown for a case study concerning a flood-prone area located on the right-hand side of the middle reach 
of the Po River (northern Italy). These maps are built on the basis of the inundation variables calculated using a 
combined 1D-2D shallow water hydrodynamic model.

The probabilistic hazard level information is summarized with a single “central” hazard level map coupled with 
an entropy index map representative of the uncertainty associated with the central estimate. The probabilistic 
maps obtained from two sets of breach scenarios — one formed only by single breaches and the other also includ-
ing multiple breaches — are compared to assess the effect of multiple breach scenarios in flood hazard analysis.

2.  Method
The probabilistic method presented in this paper extends the one recently proposed by D’Oria et al. (2019) by 
including multiple dependent breaches. The flowchart of the method is sketched in Figure 1.

Potential breach locations are preselected through a preliminary breach scenario analysis exploiting the proba-
bilistic information provided by fragility functions of the discretized levee system. Single and multiple breaching 
events are identified using elementary combinatorics. Breach scenarios are then defined combining breaching 
events with selected flood events of different return periods. The probability of each scenario is calculated using 
basic probability rules. A 1D-2D shallow water model is used to simultaneously simulate flood propagation in 
the river (1-D model) and flooding in the flood-prone area (2-D model). Inundation and flood hazard maps for 
each breach scenario, associated with the corresponding probabilities, are finally processed to obtain probabilistic 
inundation and flood hazard maps.

The key elements and main assumptions of the method are the following.

1.	 �Different breach locations characterize the potential breaching events, thereby taking into account epistemic 
uncertainty on breach location. Actually, the breach location is one of the factors that mainly affects the 
dynamics of a flooding resulting from a levee breach.

2.	 �Levee reliability is described using fragility functions, which provide conditional failure probabilities for 
given river water stages at selected levee sections. Each individual section of the discretized levee system 
has a different resistance to flood loading and hence is characterized by a specific fragility function. Fragility 
functions for a given failure mechanism (piping) are considered in this paper as an example.
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3.	 �The flood hazard classification adopted inherently incorporates the return period of the flood event. Accord-
ingly, aleatory uncertainty on the loading flood event is taken into account considering synthetic inflow 
hydrographs with different return periods.

4.	 �Except for the inflow boundary condition and breach location, all the other model inputs and parameters (topo-
graphic data, roughness coefficient in the river and in the floodable area, downstream boundary condition in 
the river, breach geometry and development) are treated deterministically and fixed a priori because this study 
focuses on uncertainty in flood event intensity and multiple breach locations on flood hazard assessment.

5.	 �Multiple breach scenarios are considered, taking into account the effect of a breaching event on flood propa-
gation and, consequently, on the probability that other breaches occur downstream.

Figure 1.  Flowchart of the probabilistic method.
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6.	 �The proposed probabilistic approach can also be applied when multiple levee breaches occur in both left- and 
right-hand side of the river channel. However, in the application shown in this study, we only consider the 
effect of the vulnerability of a one-side levee on the flooding hazard of the flood-prone areas.

7.	 �The attainment of the peak flood level in the river triggers levee breaching at a specific section. Hence, 
breaches cannot occur at lower stages. Based on this hypothesis, the hydraulic load corresponding to the peak 
flow is assumed to be applied statically at each levee section, neglecting local unsteady effects associated with 
flood propagation. The effect of uncertainty in breach timing has been considered in D’Oria et al. (2019).

8.	 �Due to the directionality of the flood propagation in the river and the inherent attenuation effect, the hydraulic 
load is applied sequentially to successive discrete levee sections from upstream to downstream. Therefore, in 
multiple breach scenarios, different breaches open sequentially from upstream to downstream during the same 
flood event. Breach opening in a certain location excludes that later a breach can open upstream.

The steps of the method are described in detail in the following subsections.

2.1.  Preliminary Breach Scenario Analysis

The levee sections susceptible to failure are preselected based on the knowledge of the fragility functions of the 
discretized levee system.

The flood hazard classification is based on flooding variables concerning flood events of different return peri-
ods: 30, 100, and 200 years (see Section 2.3). Peak water levels at the cross sections used to discretize the river 
reach are predicted through a preliminary 1-D flood routing simulation of these three flood events. The potential 
breaches are located in those levee sections where a nonnegligible failure probability is computed for the less 
frequent flood event, even if the failure probability may be negligible or even zero for more frequent flood events. 
In this study, the failure probability is considered negligible if less than 0.015.

Once the potential breach locations are selected, elementary combinatorics is used to identify possible breaching 
events (defined in terms of location and number of breaches). Denoting the total number of preselected sections by 

NLS, the possible breach scenarios are either NLS + 1 if only single breaches are considered or 𝐴𝐴

𝑁𝑁𝐿𝐿𝐿𝐿
∑

𝑛𝑛=0

𝐶𝐶𝑁𝑁𝐿𝐿𝐿𝐿 ,𝑛𝑛
= 2

𝑁𝑁𝐿𝐿𝐿𝐿 if 
multiple breaches are taken into account (𝐴𝐴 𝐴𝐴𝑁𝑁𝐿𝐿𝐿𝐿 ,𝑛𝑛

  = NLS!/[n!(NLS – n)!] being the combinations without repetitions 
of NLS elements taken n at a time), including the no breach event in both cases (i.e., the event in which the levee 
withstands the flood loading without breaching).

To simplify the description of the method, NLS is set to 4. However, the probabilistic approach can be extended to 
a higher value of NLS, keeping in mind that if a long river reach is considered, the number of preselected breach 
locations (and consequently of potential breaching events) can be very large, making the analysis practically 
unfeasible. Limiting the application of the method to a relatively short river reach reduces the number of potential 
breaching events, allowing a detailed flood hazard analysis at a local scale.

Considering only single levee breaches, if NLS = 4, the space of the breaching events (Σ1) is composed of events 
B0, B1, B2, B3, and B4 (Figure 2a), where subscript “0” indicates the no breach event and subscripts “1”, …, “4” 
refer to the levee sections breached (LS1, LS2, LS3, and LS4, respectively). If multiple breaches are taken into 
account, the following combinations can be identified: C4,1 = 4, corresponding to four events with single breaches 
(B1, B2, B3, and B4); C4,2 = 6, referring to six breaching events with two breaches (B12, B13, B14, B23, B24, and B34); 
C4,3 = 4, concerning four events characterized by three breaches (B123, B124, B134, and B234); and C4,4 = 1, since 
only one event presents four breaches (B1234). The trivial no breach event (B0) completes a set of 2 4 = 16 combi-
nations, which constitutes the space of breaching events (Σ2) when multiple breaches are considered (Figure 2b). 

In Σ2, multiple breaching events are 𝐴𝐴

𝑁𝑁𝐿𝐿𝐿𝐿
∑

𝑛𝑛=2

𝐶𝐶𝑁𝑁𝐿𝐿𝐿𝐿 ,𝑛𝑛
 , which is equal to 11 for NLS = 4. In Figure 2b, Σ2 is divided 

into NLS + 1 mutually exclusive subsets of breaching events. Subset 𝐴𝐴 1 is composed of 𝐴𝐴

𝑁𝑁𝐿𝐿𝐿𝐿
∑
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𝑁𝑁𝐿𝐿𝐿𝐿−1 

events characterized by the occurrence of a breach at location LS1. Subsets 𝐴𝐴 𝑖𝑖 ∩ ̄𝑖𝑖−1 ∩ ... ∩ ̄1 (i = 2, …, NLS) 

are composed of 𝐴𝐴

𝑁𝑁𝐿𝐿𝐿𝐿
∑
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𝑁𝑁𝐿𝐿𝐿𝐿−𝑖𝑖 events characterized by a breach at LSi and no breaches at the upstream 

sections LSi−1, …, LS1. The last subset consists of 𝐴𝐴 2
𝑁𝑁𝐿𝐿𝐿𝐿 −
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∑
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2
𝑁𝑁𝐿𝐿𝐿𝐿−𝑖𝑖 = 1 element, which is the no breach event.



Water Resources Research

MARANZONI ET AL.

10.1029/2021WR030874

6 of 26

2.2.  Hydrodynamic Model

The hydrodynamic model is the Hydrologic Engineering Center River Analysis System (HEC-RAS v. 5.07; 
Brunner, 2016a), developed by the U.S. Army Corps of Engineers. In particular, a combined 1D-2D model is 
used, in which the 1-D component simulates flood routing in the river solving the De Saint-Venant equations, 
while the 2-D component simulates the inundation dynamics in the flood-prone area (when one or more breaches 
occur) solving the full 2-D shallow water equations. The 2-D model takes advantage of an efficient subgrid 
approach (Brunner, 2016b), which allows the use of a relatively coarse computational grid without losing the 
detailed information of the underlying topography. Coupling between the 1-D and 2-D models is performed by 
means of lateral structures placed along the levee system, which models the flow exchange between the river and 
the adjacent floodable area according to a weir-type equation.

2.3.  Flood Hazard Assessment

Flood hazard provides an overall quantification of the intensity and recurrence of a flooding and is usually 
expressed by a hazard level, which is evaluated through a classification based on suitable indexes (e.g., 
ACER,  1988; DEFRA,  2006). Hazard indexes are commonly defined as a function of one or more relevant 
flooding parameters, mainly maximum flood depth, maximum flow velocity, flood arrival time, rate of water 
depth rise, and flood duration. In most flood hazard analyses, flood hazard classification does not depend on 
the return period of the hydrologic event and hazard level estimates refer to a flood event of fixed recurrence 
interval (e.g., D’Oria et al., 2019; Mani et al., 2014; Mihu-Pintilie et al., 2019; Ongdas et al., 2020; Tingsanchali 
& Karim, 2005).

The flood hazard assessment method used in this study combines flooding intensity and flood recurrence. Differ-
ently from the method used by Aronica et al. (2012), which introduces distinct hazard level classifications for 
different selected return periods, this method defines hazard classes by setting specific thresholds on flood hazard 
indexes (namely maximum water depth and flow velocity) calculated for flooding scenarios of different return 
periods. The flood hazard level classification developed by the Adige River Basin Authority (northern Italy) and 
reported in Table 1 is implemented in this study. According to this classification, a hazard level is assigned to a 
flooded location if the corresponding condition is true, provided that the conditions relating to the higher hazard 
levels are not met. Five hazard levels (including the residual one) are defined in Table 1 on the basis of maximum 
values of water depth and flow velocity calculated for three flood events of different return periods (T = 30, 
100, and 200 years). A unique flood hazard level can then be predicted for each breaching event, even though 

Figure 2.  (a) Space Σ1 of breaching events including only single breaches for four preselected breach locations (NLS = 4). (b) Space Σ2 of breaching events including 
multiple breaches for four preselected breach locations (𝐴𝐴 1 is the space of breaching events with a breach at LS1; 𝐴𝐴 2 ∩ ̄1 is the space of breaching events with a breach 
at LS2 but not at LS1; 𝐴𝐴 3 ∩ ̄2 ∩ ̄1 is the space of breaching events with a breach at LS3 but not at LS1 and LS2; 𝐴𝐴 4 ∩ ̄3 ∩ ̄2 ∩ ̄1 is the space of breaching events 
with a breach at LS4 but not at LS1, LS2 and LS3; B0 denotes the no breach event).
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the analysis involves hydrologic events of different return periods. Moreover, inundations with equal hydraulic 
consequences resulting from more frequent hydrological events are classified as more hazardous.

2.4.  Breach Scenario Probability Assessment

D’Oria et al. (2019) proposed a probabilistic method based on fragility functions and basic probability rules to 
estimate the probability of preselected breaching events conditioned to a design flood of fixed return period. 
However, this method neglects multiple breaches, assuming that the occurrence of a breach excludes the possibil-
ity that further breaches open downstream.

By applying the method of D’Oria et al. (2019) to a space of breaching events that neglect multiple breaches (Σ1 
in Figure 2a, which refers to the case of NLS = 4) and assuming that levee failure can only occur at the attainment 
of the peak water level (ηmax,T), the probability of breaching event Bi at the ith preselected levee section condi-
tional to a design flood event of given return period T is

⎧

⎪

⎨

⎪

⎩

𝑃𝑃 (𝐵𝐵𝑖𝑖|𝑇𝑇 ) = 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿𝑖𝑖)
(𝜂𝜂max, 𝑇𝑇 ) if 𝑖𝑖 = 1

𝑃𝑃 (𝐵𝐵𝑖𝑖|𝑇𝑇 ) = 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿𝑖𝑖)
(𝜂𝜂max, 𝑇𝑇 )[1 −

𝑖𝑖−1
∑

𝑘𝑘=1

𝑃𝑃 (𝐵𝐵𝑘𝑘|𝑇𝑇 )] if 𝑖𝑖 = 2, ..., 𝑁𝑁𝐿𝐿𝐿𝐿

� (1)

where probability 𝐴𝐴 𝐴𝐴𝑓𝑓 (𝐿𝐿𝐿𝐿𝑖𝑖)
 provided by the fragility function for levee section LSi must be considered a failure prob-

ability conditioned to the fact that no breaches have occurred before at any upstream preselected levee section. 
Accordingly, the probability of no breach event B0 for a T-year return period flood event is

𝑃𝑃 (𝐵𝐵0|𝑇𝑇 ) = 1 −

𝑁𝑁𝐿𝐿𝐿𝐿
∑

𝑘𝑘=1

𝑃𝑃 (𝐵𝐵𝑘𝑘|𝑇𝑇 ).� (2)

Breaching event probabilities must be considered conditional to a flood of fixed return period also when multiple 
breaches are taken into account (space of breaching events Σ2 in Figure 5b). However, this specification is omitted 
in the following to lighten the notation. The meaning attributed to the fragility function probabilities yields

⎧

⎪

⎨

⎪

⎩

𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿𝑖𝑖)
(𝜂𝜂max, 𝐵𝐵0

) = 𝑃𝑃 (𝑖𝑖) if 𝑖𝑖 = 1

𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿𝑖𝑖)
(𝜂𝜂max, 𝐵𝐵0

) = 𝑃𝑃 (𝑖𝑖|̄𝑖𝑖−1 ∩… ∩ ̄1) if 𝑖𝑖 = 2,…, 𝑁𝑁𝐿𝐿𝐿𝐿

� (3)

where 𝐴𝐴 𝐴𝐴max, 𝐵𝐵0
 is the peak water level calculated for the preliminary flood routing simulation in the absence of 

breaches (event B0), 𝐴𝐴 1 is the space of breaching events in which a breach is present at LS1, and 𝐴𝐴 𝑖𝑖|̄𝑖𝑖−1 ∩ ... ∩ ̄1 
is the space of breaching events characterized by a breach at LSi conditional on the fact that no other breaches 
have occurred at upstream sections LSi-1, …, LS1. The probabilities of each breaching event (conditional to a flood 
event of given return period) can then be calculated from elementary probability theory extending the method 
proposed by D’Oria et al. (2019). Calculations are detailed in Table A1 (Appendix A) for NLS = 4. The analysis 
can be easily generalized to different values of NLS; however, it rapidly becomes complicated and laborious as 
NLS increases.

Condition h(T = 200) = 0 h(T = 200) > 0 h(T = 100) > 0
0.5 m < h(T = 30) < 1 m or 

h(T = 100) > 1 m or v(T = 100) > 1 m/s
h(T = 30) > 1 m or 
v(T = 30) > 1 m/s

Flood hazard level Residual Low Moderate High Very high

Flood hazard rating (HR) 0 1 2 3 4

Note. Flood hazard classification adopted by the Adige River Basin Authority (northern Italy), where h and v denote 
maximum values of water depth and flow velocity, respectively. T is the return period (in years). A flood hazard level (and 
the corresponding hazard rating [HR]) is assigned if at least one of the related conditions occurs and if, at the same time, the 
conditions reported in all columns on the right-hand side are not satisfied.

Table 1 
Flood Hazard Classification Adopted in This Study, Based on Flooding Variables Calculated for Different Return Periods
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The unconditional probability of each breaching event can be obtained by combining the conditional probability 
of the breaching events for a loading flood of given return period with the probability of occurrence of the flood 
events, according to the concept of compound probability of dependent events. In this analysis, rather than the 
annual probability 1/T, the probability that a T-year return period flood event occurs at least once in a long-term 
period of N years is considered (Chow et al., 1988)

𝑅𝑅𝑁𝑁 (𝑇𝑇 ) = 1 −

(

1 −
1

𝑇𝑇

)𝑁𝑁

.� (4)

This avoids having to handle extremely small probabilities, especially for high-order multiple breaching events. 
Since a discrete set of return periods Tj (j = 1, …, q) is involved in the flood hazard level classification, the space 
of possible flood events is discretized with q flood events of selected return periods (in the flood hazard classifi-
cation of Table 1, q = 3 and T1 = 30 years, T2 = 100 years, and T3 = 200 years). On the basis of this discretization, 
a “weight” 𝐴𝐴 𝐴𝐴𝑁𝑁𝑁𝑁𝑁𝑗𝑗

 is associated with each selected Tj-year return period flood event, representing the probability 
that a flood event equals or exceeds the Tj-year return period event without exceeding the Tj+1-one in a period of 
N years. Accordingly, for the case considered here (q = 3), the weights are

𝑊𝑊𝑁𝑁𝑁𝑁𝑁1
= 1 −𝑅𝑅𝑁𝑁 (𝑇𝑇2) ,𝑊𝑊𝑁𝑁𝑁 𝑁𝑁2

= 𝑅𝑅𝑁𝑁 (𝑇𝑇2) −𝑅𝑅𝑁𝑁 (𝑇𝑇3) ,𝑊𝑊𝑁𝑁𝑁 𝑁𝑁3
= 𝑅𝑅𝑁𝑁 (𝑇𝑇3) ,� (5)

where 𝐴𝐴 𝐴𝐴𝑁𝑁𝑁𝑁𝑁1
 includes also the long-term probabilities of flood events with a recurrence interval lower than T1. In 

this study, N is set to 200 years. Finally, the joint probability of a breaching scenario (defined as the combination 
of a breaching event B with a flood event of given return period Tj) in a period of N years is

𝑃𝑃𝑁𝑁 (𝐵𝐵 ∩ 𝑇𝑇𝑗𝑗) = 𝑊𝑊𝑁𝑁𝑁𝑁𝑁𝑗𝑗
⋅ 𝑃𝑃 (𝐵𝐵|𝑇𝑇𝑗𝑗).� (6)

2.5.  Probabilistic Mapping

Flood hazard maps are calculated independently for each breach scenario and associated with the corresponding 
probabilities. A flooding scenario probability analysis is then conducted, and the results are summarized in prob-
abilistic flood inundation and hazard maps, as described in the following.

2.5.1.  Probabilistic Inundation Extent Map

The probabilistic inundation extent map shows the probability of a given area to be flooded.

The inundation probability PI at each floodable location x is calculated by adding the probabilities of the breach 
scenarios B ∩ Tj that induce flooding in x, that is,

𝑃𝑃𝐼𝐼 (𝐱𝐱) =

∑

𝑙𝑙

𝑃𝑃𝑁𝑁 [(𝐵𝐵 ∩ 𝑇𝑇𝑗𝑗)𝑙𝑙 ∶ ℎmax, 𝑙𝑙(𝐱𝐱) > 0],� (7)

where j = 1, …, q refers to the different return periods considered, l is a counter of the breaching scenarios, and 
hmax is the maximum flood depth predicted by the hydrodynamic model.

2.5.2.  Probabilistic Hazard Level Maps

Probabilistic hazard level maps provide the probability that a location in the floodable area is subject to a given 
flood hazard level (according to the hazard classification adopted) in a period of N years.

Since the return period of the flood event inherently contributes to the assessment of the hazard level according 
to the classification of Table 1, a unique flood hazard level is assigned to each location in the flood-prone area 
for a fixed breaching event. Accordingly, the total N-year probability (including all considered flood events with 
different recurrence interval) is attributed to each breaching event in probabilistic flood hazard mapping.

The spatial distribution of the probability of each hazard level is given by the sum of the total probabilities (with 
reference to a period of N = 200 years) of all breaching events B that determine a certain hazard level in each 
point 𝐴𝐴 𝐱𝐱 of the floodable area:

���=�(�) =
∑

�

�� [�� ∶ ��(�) = �],� (8)
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where HR is the flood hazard rating (k = 0, …, 4 in the hazard classification of Table 1), which corresponds to 
a certain hazard level, and l is a counter of the breaching events. A discrete probability distribution of the flood 
hazard level is thus constructed for each location of the flood-prone area.

2.5.3.  Probabilistic Hazard Level Design Maps

Two “statistical” maps are introduced to summarize the main characteristics of the probability distribution of the 
flood hazard level (considered as a discrete random variable) at each location potentially affected by flooding. 
These maps provide concise and essential information from the probabilistic hazard level maps and can be useful 
tools for design and decision-making purposes.

The first map represents the spatial distribution in the flood-prone area of the “expected” flood hazard level, 
quantified through a suitable central index of the flood hazard level variable. The median parameter (i.e., the 
flood hazard level expected to be exceeded with 50% probability in a period of 200  years) is chosen as the 
expected flood hazard level in this paper. The second map provides the spatial distribution of the uncertainty 
associated with the central estimate. This uncertainty is expressed here by the normalized Shannon entropy 𝐴𝐴 𝐴𝐴 ′ , 
which is a variability index based only on probabilities (given the qualitative character of the random variable). It 
is defined as (Shannon, 1948; Singh, 2014)

𝐻𝐻
′
= −

1

ln𝑁𝑁𝐻𝐻𝐻𝐻

𝑁𝑁𝐻𝐻𝐻𝐻−1
∑

𝑘𝑘=0

𝑃𝑃𝐻𝐻𝐻𝐻=𝑘𝑘 ln𝑃𝑃𝐻𝐻𝐻𝐻=𝑘𝑘,� (9)

where PHR = k denotes the probability of the kth hazard level (of hazard rating k) in a period of N years and NHL 
is the total number of hazard levels considered (according to Table 1, NHL = 5). If the probability of the kth 
hazard class is zero, the corresponding term 𝐴𝐴 𝐴𝐴𝐻𝐻𝐻𝐻=𝑘𝑘 ln𝑃𝑃𝐻𝐻𝐻𝐻=𝑘𝑘 in the sum appearing in Equation 9 must be set 
to zero because 𝐴𝐴 lim

𝑃𝑃→0+
𝑃𝑃 ln𝑃𝑃 = 0

− . The normalized entropy index ranges from 0 to 1: it is equal to zero when 
the occurrence of a specific hazard level is certain (i.e., its probability is equal to unity), whereas it attains 
the maximum value of 1 when the variability of the probability distribution is maximum (i.e., all the hazard 
classes are equally probable). Therefore, values of 𝐴𝐴 𝐴𝐴 ′ close to zero indicate good reliability of the “expected” 
hazard level, whereas values close to unity indicate considerable uncertainty in the estimate of this design 
central parameter.

3.  Case Study
The study area encompasses the middle reach of the Po River (northern Italy) between two consecutive right-
hand side tributaries, the Taro and Parma Rivers (Figure 3). Along this 20 km river reach, a levee system protects 
highly anthropized areas on both river sides. Eleven surveyed cross sections are available for the description of 
the main channel, floodplains, and levees from the database of the Interregional Agency for the Po River (AIPo). 
Only the right-hand side levee is assumed to be susceptible to failure for simplicity, also because the historical 
breaching events documented in this reach of the Po River in the last 200 years mainly affected the right-hand 
side levee (Turitto et al., 2010). The levee breaches are assumed to be located just at the surveyed cross sections, 
where the geometry of the levees is known. The concept of fragility function is used to characterize the local 
reliability of the levee against a selected failure mechanism. The fragility functions for piping obtained by D’Oria 
et al. (2019) are used in this study since piping has been documented as the main cause of levee breaching in the 
middle reach of the Po River (Mazzoleni et al., 2015).

The river reach involved in the hydrodynamic simulations is 96 km long and extends up to the Cremona (upstream) 
and Borgoforte (downstream) gauging stations (Figure 3). Here, hydrological data are available to derive bound-
ary conditions for the hydrodynamic model. The overall river reach is described by 61 surveyed cross sections 
(from the AIPo database) spaced approximately 1.6 km on average. A 2 m resolution digital terrain model (DTM) 
based on LiDAR data is also available for the entire area of interest.

If a breach occurs along the right-hand side levee of the Po River between the Taro and Parma tributaries, 
a 240 km 2 densely-urbanized and highly vulnerable area could be affected by flooding, extending from the 
right-hand side levee of the Taro River up to the left-hand side levee of the Enza River (Figure 3). This area is 
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subdivided into two distinct regions by the levees of the Parma River. In general, the levee systems of the main 
tributaries compartmentalize the flood-prone areas on the right-hand side of the middle reach of the Po River. 
This subdivision into compartments deeply influences the dynamics of flooding caused by a levee breach and 
can confine the inundation in the compartment where the breach has occurred or, at most, to immediately 
adjacent compartments. In this paper, the levee reliability analysis is limited to a relatively short levee stretch 
belonging to a single compartment and flood hazard assessment is performed only for the area potentially floo-
dable as a result of breaching along this levee stretch. Since the method takes into account multiple breaches, 
this restriction reduces the total number of breach scenarios to consider avoiding a prohibitive computational 
effort.

In the 2-D model, the floodable area was discretized by a hybrid mesh composed of both structured and unstruc-
tured cells. To obtain this mesh, a preliminary structured mesh with a grid resolution of 30 × 30 m was built. The 
structured mesh was then locally refined using breaklines and unstructured cells to accurately reproduce the main 
barrier to flow (e.g., road embankments and levees), which can significantly affect the inundation process. The 
final mesh consists of 306,196 cells and 330,259 nodes.

In the 1-D model, two different values of the Manning roughness coefficient were set for the main channel and 
the floodplains along the Po River by calibration against hydrometric data measured during a severe histori-
cal flood event as described in D’Oria et al. (2019). In the 2-D computational domain, appropriate values of 
the Manning coefficient were selected (in the range 0.02–0.3 m −1/3s) on the basis of land use (Corine Land 
Cover, 2012).

Synthetic design hydrographs with different return periods (30, 100, and 200  years) were calculated by the 
method proposed by Maione et al. (2003) and imposed at the upstream end of the 1-D model (Figure 4a), while a 
site-specific rating curve was specified as the downstream boundary condition (Figure 4b).

All breaches, regardless of their location, were assumed to be rectangular with a depth equal to the levee height 
(with reference to the landside ground level) and a fixed width of 100 m. This is an average value of historical 

Figure 3.  Reach of the Po River considered in this study. The right-hand side levee between the two tributaries Taro and 
Parma is assumed vulnerable to breaching. The river reach between Cremona and Borgoforte gauging stations is considered 
for flood routing modeling. The floodable area is delimited by the levees of the tributaries Taro and Enza.
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breach width data concerning levee failures due to piping in the right-hand side levee of the considered river 
reach (Mazzoleni et al., 2015). Moreover, the levee failure was assumed to be instantaneous. The flow through 
the breaches was modeled using the standard weir equation, in which the dimensional weir coefficient was set to 
1.1 m 1/2s (Brunner, 2016a).

4.  Results
4.1.  Breach Scenarios and Associated Probabilities

Figure 5 shows the four preselected breach sections (LSi, i = 1, …, NLS = 4) for the case study considered along 
with the corresponding fragility functions for piping obtained following D’Oria et al.  (2019). Table 2 reports 
the conditional failure probabilities (Pf) derived from the fragility functions for the peak water levels calculated 
for the three flood events considered. It is worth noting that, at a fixed levee section, the failure probability 
increases with the return period of the flood. For the case study analyzed, failure probabilities are all zero for the 
1-in-30 year flood and hence breaches are not expected along the levee during the passage of a flood with this 
recurrence.

The potential breaching events involving the four preselected breach sections are shown in Figure 2, either includ-
ing or excluding multiple breaches.

The values of the “weights” defined in Equation 5 for the three flood events with different return periods (30, 100, 
and 200 years) are reported in Table 3 for N = 200 years. Finally, Tables 4 and 5 provide the breaching scenario 
probabilities PN (in a period of N = 200 years) calculated for the two sets of events Σ1 (including only single 
breaches) and Σ2 (including multiple breaches), respectively, for the case study analyzed. The total probability of 
each breaching event, which is

𝑃𝑃𝑁𝑁 (𝐵𝐵) =
∑

𝑗𝑗

𝑊𝑊𝑁𝑁𝑁 𝑁𝑁𝑗𝑗
⋅ 𝑃𝑃 (𝐵𝐵|𝑇𝑇𝑗𝑗),� (10)

is reported in the last row of the tables. The total probability of the multiple breaching scenarios is approximately 
0.026 for the case study considered, while the total breach probability (i.e., the probability that at least a breach 
occurs) is approximately 0.218. The probability that no levee failures occur in a time period of N = 200 years is 
approximately 0.782 for both sets of breaching events Σ1 and Σ2. Scenario probabilities PN reported in Tables 4 
and 5 are considered as probabilities of the levee breach-induced flooding scenarios for probabilistic inundation 
and flood hazard mapping.

Figure 4.  Boundary conditions of the hydrodynamic model: (a) inflow hydrographs for different return periods (T = 30, 100, 
and 200 years) at the Cremona gauging station and (b) rating curve at the Borgoforte gauging station.
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Figure 5.  Preselected levee sections susceptible to failure (for piping) in the levee system considered and corresponding 
fragility functions.
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4.2.  Probabilistic Inundation Extent Map

The first outcome of the flood hazard analysis is the probabilistic map 
of the inundation extent. Figure  6a shows the probabilistic inundation 
map obtained for the case study analyzed considering the complete set 
of breach events (which includes multiple breaches). The inundation 
probability reaches the maximum value of 0.218 in a large part of the 
flood-prone area. These zones are flooded for all breaching scenarios. 
On the other hand, probability values lower than 0.04 are observed in the 
south-eastern part of the flooded area. Abrupt changes in the inundation 
extent probability are caused by the secondary levee systems of the main 
right-hand bank tributaries of the Po River and by topographic obstacles 
that are barriers to flow.

The comparison of the probabilistic maps obtained with the two different 
sets of breach scenarios (including or excluding multiple breaches) allows 
to assess the effect of multiple breach scenarios on the predicted inunda-

tion probabilities. Figure 6b displays the differences between probabilistic inundation maps estimated with the 
complete set of breach scenarios (Σ2) and the partial one (Σ1), which does not include multiple breaches. Overall, 
the differences are small, and specifically no differences are found in most of the flood-prone area. This could be 
due to the flat topography of the region, which induces a rather uniform flooding in each compartment, mask-
ing the effect of multiple dependent breaches. However, in the south-eastern part of the flooded area, negative 
differences can be observed due to the higher values of the inundation probability calculated for the partial set 
of breaching events. Because of the compartmentation determined by the levees of the tributaries in the case 
study considered, inundations generated by multiple breach scenarios may mutually interfere producing a smaller 
flooded area. The complete set of breach scenarios provides higher inundation probabilities along the edges of 
the flooded area, especially in the south-western portion.

4.3.  Probabilistic Hazard Level Maps

Figure 7 shows the probabilistic flood hazard maps for the study area for both the partial set Σ1 and complete 
set Σ2 of breaching events. Only four hazard levels appear in this figure (“high”, HR = 3; “moderate”, HR = 2; 
“low”, HR = 1; and “residual”, HR = 0) because the highest hazard level (“very high”, HR = 4) does not occur in 
the case study analyzed. It is noteworthy that different hazard levels can occur in a specific location of the flood-
prone area with different probabilities. This is a peculiarity that differentiates the proposed probabilistic method 
from the deterministic ones, in which a single hazard level is assessed for each location. The probabilities of the 
different hazard levels obviously sum to unity for each location.

For both Σ1 and Σ2 sets, the highest flood hazard levels occur close to the breach locations and tend to decrease 
far from them and the main levee. In the central part of the flood-prone area facing the three contiguous breaches, 
the probability of the “high” hazard level attains a maximum value of approximately 0.218 (Figures 7a and 7b), 
while the probabilities of the “moderate” and “low” hazard levels are equal to zero (Figures 7c–7f). Consequently, 
the probability of the residual level is approximately 0.782 (Figures 7g and 7h). This means that all breaching 
events induce the “high” hazard level in this area. On the other hand, the probability of the “residual” hazard level 

is higher than 0.782 in the zones where one or more breaching events do not 
cause inundation (Figures 7g and 7h).

Figure 8 shows the maps of the differences between the probabilistic hazard 
level maps obtained using the complete set of breach events (Σ2) and the 
partial one (Σ1) for the four relevant hazard levels. Small differences can 
be observed. In particular, in the western portion of the study area (on the 
left-hand side of the Parma River), the differences in the hazard level proba-
bilities range between −0.015 and +0.025 for all flood hazard levels. In this 
region, non-zero differences mainly occur at the boundaries of the flooded 
area. Non-zero differences affect a larger region in the eastern portion of the 

T (years)

Pf (−)

LS1 LS2 LS3 LS4

30 0 0 0 0

100 0.01841 0.02095 0.00139 0.03087

200 0.10456 0.09047 0.02764 0.14023

Note. Probabilities refer to the peak water level reached during the flood.

Table 2 
Conditional Failure Probabilities Obtained From Fragility Functions at 
Preselected Levee Sections for Three Flood Events of Different Return 
Periods

T (years) WN, T (−)

30 0.13398

100 0.23298

200 0.63304

Table 3 
“Weights” of Selected Flood Events of Different Return Periods (30, 100, 
and 200 Years) Based on the Probability That a T-Year Return Period Event 
Occurs at Least Once in N = 200 Years
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study area (on the right-hand side of the Parma River), with absolute values 
less than 0.025.

4.4.  Probabilistic Hazard Level Design Maps

To derive the probabilistic design maps of the “expected” hazard level and 
the normalized Shannon entropy, the hazard level probability functions are 
calculated at each location excluding the no breach event B0. Accordingly, 
the corresponding probabilities quantify the likelihood of given flood hazard 
levels, conditional to the occurrence of a breaching event. The hazard level 
statistics are then calculated on the basis of those events that induce flooding 
in the flood-prone area. Figure 9 shows an example of how the probability 
histogram of the flood hazard level variable changes at a selected location 
depending on whether the entire set Σ2 of breaching events (including multi-
ple breaches) or the reduced set Σ2\B0, which excludes the no breach event, 
is considered.

Figure 10 shows the map of the 50th-percentile hazard level coupled with the map of the normalized Shannon 
entropy for the case study considered. Both maps refer to the complete set of breaching events Σ2, which includes 
multiple breaches. The two different sets of breaching events Σ1 and Σ2 provide almost the same median hazard 
level map. However, differences in the Shannon entropy maps can be observed in Figure 11. Therefore, for the 
case study analyzed, considering multiple breaching events does not induce substantial changes in the median 
hazard level map, but noticeably influences the associated uncertainty. Moreover, it can be noted that the same 
estimate of the median flood hazard level in distinct locations can be affected by different uncertainty. The 
“expected” hazard level map is similar to the deterministic flood hazard maps usually provided as a result of 

Breach scenario

PN (−)

B0 B1 B2 B3 B4

T = 30 years 0.13398 0 0 0 0

T = 100 years 0.21668 0.00429 0.00479 0.00031 0.00690

T = 200 years 0.43102 0.06620 0.05128 0.01425 0.07030

Total 0.78168 0.07049 0.05607 0.01456 0.07720

Note. The probability that a breach event occurs in a period of N = 200 years is 
0.21832. The probability of the no breach event in a period of N = 200 years 
is 0.78168.

Table 4 
Estimated Probabilities of the Levee Breaching Scenarios in a Long-Term 
Period of N = 200 Years for the Space of Breaching Events Σ1 (Including 
Only Single Breaches)

Breach scenario

PN (−)

B0 B1 B2 B3 B4

T = 30 years 0.13398 0 0 0 0

T = 100 years 0.21668 0.00410 0.00465 0.00030 0.00690

T = 200 years 0.43102 0.05126 0.04298 0.01228 0.07030

Total 0.78168 0.05536 0.04763 0.01258 0.0772

Breach scenario

PN (−)

B12 B13 B14 B23 B24 B34

T = 30 years 0 0 0 0 0 0

T = 100 years 0.00008 0 0.00010 0.00001 0.00014 0.00001

T = 200 years 0.00476 0.00133 0.00779 0.00122 0.00689 0.00197

Total 0.00484 0.00133 0.00789 0.00123 0.00703 0.00198

Breach scenario

PN (−)

B123 B124 B134 B234 B1234

T = 30 years 0 0 0 0 0

T = 100 years 0 0 0 0 0

T = 200 years 0.00012 0.00071 0.00020 0.00020 0.00002

Total 0.00012 0.00071 0.00020 0.00020 0.00002

Note. The probability that a single breach event occurs in a period of N = 200 years is 0.19277. The probability that a multiple breach event occurs in a period of 
N = 200 years is 0.02555. The probability that a breach event occurs in a period of N = 200 years is 0.21832. The probability of the no breach event in a period of 
N = 200 years is 0.78168.

Table 5 
Estimated Probabilities of the Levee Breach Scenarios in a Long-Term Period of N = 200 Years for the Space of Breaching Events Σ2 (Including Multiple Breaches)



Water Resources Research

MARANZONI ET AL.

10.1029/2021WR030874

15 of 26

conventional flood hazard analyses. However, the use of the probabilistic approach allows to add valuable infor-
mation on the uncertainty in flood hazard level assessment.

An alternative “central” index of the hazard level probability distribution is the mode, which identifies the flood 
hazard level characterized by the highest probability. The contour map of the modal flood hazard level is shown 
in Figure 12a for the complete set of breaching events. A more precautionary prediction of the “expected” flood 
hazard level is provided by the map presented in Figure 12b, where the highest hazard level calculated at each 
location is shown, again for the complete set of breaching events. These maps can provide additional information 
useful to improve the robustness and informativeness of probabilistic flood hazard assessment in the area of 
interest to support flood-risk management actions and decision-making.

5.  Conclusions
A probabilistic method is presented for flood hazard assessment in areas protected by levees that can be flooded 
in the event of a levee breach. The method generalizes the one by D’Oria et al. (2019) to the case of the occur-
rence of multiple breaches. Fragility functions at given levee sections are used to describe the reliability of the 
flood defense system against a selected failure mechanism and preselect the levee sections more susceptible to 
failure at the passage of a flood in the river, thereby including uncertainty on breach location in flood hazard 
analysis. In fact, breach location is one of the most significant factors that concur with the definition of the breach 
scenario and affect the delimitation of flooded areas and the appraisal of flood hazard.

The main novelties of this study are: (a) the fact that multiple breaching events (with dependent levee breaches) 
are taken into account, so that potentially very hazardous (albeit unlikely) inundation scenarios are included in 
the analysis; (b) the adoption of a flood hazard level classification in which the return period of the flood event 
is a relevant variable, so that uncertainty in flood intensity is also taken into account.

Once potential breach scenarios are identified (defined in terms of breach location and recurrence of the flood 
event), elementary probability theory allows unconditional probabilities to be assigned to each scenario. In this 
study, the unconditional probabilities are calculated for a long-term period (200 years) in order to obtain non 
negligible probabilities even for high-order multiple breaching events.

Figure 6.  Probabilistic inundation extent maps (the probabilities indicated are 200-year probabilities). (a) Map obtained considering the complete set of breaching 
events (Σ2) including multiple breaches. (b) Difference in estimated 200-year inundation probability between the complete set of breaching events (Σ2) and the partial 
one (Σ1) excluding multiple breaches.
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Figure 7.  Probabilistic maps for four hazard levels according to the adopted classification: high (a and b); moderate (c and d); low (e and f); and residual (g and h). On 
the left-hand side, maps obtained considering the complete set of breaching events (Σ2) including multiple breaches. On the right-hand side, maps obtained considering 
the partial set of breaching events (Σ1) excluding multiple breaches. The probabilities indicated are 200-year probabilities. The heavy-gray background indicates the 
potential flooded area (i.e., the envelope of the inundation extents resulting from all breach scenarios).
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Figure 8.  Difference in estimated 200-year probability of different hazard levels between the complete set of breaching 
events Σ2 (including multiple breaches) and the partial one Σ1 (including only single breach events): (a) high; (b) moderate; 
(c) low; and (d) residual.
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The method is applied to a flood-prone area located along the middle stretch of the Po River in northern Italy, 
focusing on a compartment delimited by the levees of two right-hand bank tributaries. The method is easily 
generalizable to other applications in different regions of the world, but the accuracy of the results is strictly 
connected with the quality of the input data, and in particular of the fragility functions of the levee system. In 
any case, an extensive application of the method to very long river stretches would become prohibitive due to the 
potentially large number of levee sections preselected as susceptible to failure and the consequent unmanageable 
number of breaching events. In this case, the calculation of breach scenario probabilities would become difficult 
and the hydrodynamic simulations computationally expensive, especially if a two-dimensional model is used on 
a high-resolution mesh to obtain an accurate description of the flooding in the flood-prone area.

The main outcomes of the method after spatial frequency analysis are the probabilistic inundation extent map 
and the probabilistic flood hazard level maps. The former shows the probability of each location in the floodable 

Figure 9.  Flood hazard level probability histogram at a selected location based on (a) the entire breaching event set Σ2 or (b) the reduced set Σ2\B0, which does not 
include the no breach event.

Figure 10.  Probabilistic flood hazard maps for the complete set of breaching events (Σ2): (a) 50th-percentile hazard level (excluding the no breach event), which is 
assumed as a design hazard level and (b) normalized Shannon entropy (ranging from 0 to 1), which is assumed as an estimate of the design hazard level uncertainty 
(values close to zero indicate good reliability of the design hazard level, whereas values close to unity indicate poor reliability).
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area to be inundated. The latter maps provide the probability with which each 
distinct flood hazard level (defined according to a selected flood hazard clas-
sification) can occur in each location. Compared to the conventional deter-
ministic flood hazard maps, the probabilistic ones contain richer information 
and support a more informed and effective identification of exposed infra-
structure and population-at-risk sites requiring protective and flood mitiga-
tion measures, as well as warning and evacuation planning.

However, probabilistic flood hazard data cannot be exhaustively represented 
in a single map of practical and immediate use by decision-makers. To 
overcome this limitation, coupling the map of an “expected” hazard level 
(quantified through a suitable central index of the flood hazard level, consid-
ered as a stochastic variable) with the map of an uncertainty index (such as 
the normalized Shannon entropy) is proposed in this paper. This allows to 
condense the available probabilistic flood hazard information into just two 
statistical maps and provides a concise and effective idea about the spatial 
distribution of a “design” flood hazard along with the associated uncertainty. 
The representation of the results through an expected value along with the 
associated uncertainty is indeed sufficiently concise and easily interpretable 
and represents a possible improved way of communicating the results of a 
flood hazard analysis. Furthermore, this pair of maps can help to identify 
priorities in planning strategies, also based on the propensity to risk of the 
exposed areas (for example, investing economic resources primarily in the 
areas where highest flood hazard levels occur with the lowest uncertainty).

The comparison of the probabilistic maps obtained on the basis of the two 
sets of breaching events, including or not including multiple breaches, allows assessing the contribution of multi-
ple breach scenarios on the predicted flood hazard. For the case study analyzed, taking into account multiple 
breaches does not induce substantial changes in the map of the median hazard level but noticeably influences the 
associated uncertainty, which increases if multiple breaches are considered.

Figure 11.  Difference in Shannon entropy between the complete set of 
breaching events Σ2 (including multiple breaches) and the partial set Σ1 
(excluding multiple breach events).

Figure 12.  Maps of (a) the modal flood hazard level and (b) the maximum hazard level for the complete set of breaching events Σ2 (including multiple breaches).
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Appendix A:  Table A1

Step no. Preliminary knowledge Breaching events Adopted tool Probability calculation Description

1 Maximum water level 
at LS1 from the 
preliminary flood 
routing simulation

𝐴𝐴 1
Fragility function 

of LS1

� (1) = �� (��1)
(

�max ,�0

)

=

� (�1 ∪ �12 ∪ �13 ∪ �14 ∪ �123 ∪ �124 ∪ �134 ∪ �1234)

Total probability of all 
breaching events 
including a breach 
at LS1

2 Maximum water level at 
LS2 from the flood 
routing simulation of 
breaching event B1

𝐴𝐴 2|1 Fragility function 
of LS2

𝐴𝐴 𝐴𝐴 (2|1) = 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿2)

(

𝜂𝜂max ,𝐵𝐵1

)

Probability of all 
breaching events 
including a breach 
at LS2 conditional to 
the occurrence of a 
breach at LS1

3 Probabilities 𝐴𝐴 𝐴𝐴 (1) and 
𝐴𝐴 𝐴𝐴 (2|1) from Steps 

1 and 2

𝐴𝐴 1 ∩2
Probability 

multiplication 
rule for 
dependent 
events

� (1 ∩2) = � (1) ⋅ � (2|1)

= � (�12 ∪ �123 ∪ �124 ∪ �1234)

Total probability of all 
breaching events 
including breaches 
at LS1 and LS2

4 Maximum water level at 
LS3 from the flood 
routing simulation of 
breaching event B12

𝐴𝐴 3| (1 ∩2) Fragility function 
of LS3

𝐴𝐴 𝐴𝐴 (3|1 ∩2) = 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿3)

(

𝜂𝜂max ,𝐵𝐵12

)

Probability of all 
breaching events 
including a breach 
at LS3 conditional 
to the occurrence 
of breaches at LS1 
and LS2

5 Probabilities 𝐴𝐴 𝐴𝐴 (1 ∩2) 
and 𝐴𝐴 𝐴𝐴 (3|1 ∩2) 
from Steps 3 and 4

𝐴𝐴 1 ∩2 ∩3
Probability 

multiplication 
rule for 
dependent 
events

� (1 ∩2 ∩3) = � (1 ∩2) ⋅

� (3|1 ∩2) = � (�123 ∪ �1234)

Total probability of all 
breaching events 
including breaches 
at LS1, LS2, and LS3

6 Maximum water level at 
LS4 from the flood 
routing simulation of 
breaching event B123

𝐴𝐴 4| (1 ∩2 ∩3) Fragility function 
of LS4

𝐴𝐴 𝐴𝐴 (4|1 ∩2 ∩3) = 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿4)

(

𝜂𝜂max ,𝐵𝐵123

)

Probability of all 
breaching events 
including a breach 
at LS4 conditional 
to the occurrence of 
breaches at LS1, LS2, 
and LS3

7 Probabilities 
𝐴𝐴 𝐴𝐴 (1 ∩2 ∩3) and 
𝐴𝐴 𝐴𝐴 (4|1 ∩2 ∩3) 

from Steps 5 and 6

𝐴𝐴 1 ∩2 ∩3 ∩4
Probability 

multiplication 
rule for 
dependent 
events

� (1 ∩2 ∩3 ∩4) = � (1 ∩2 ∩3) ⋅

� (4|1 ∩2 ∩3) = � (�1234)

Probability of breaching 
event B1234

8 Probabilities 
𝐴𝐴 𝐴𝐴 (1 ∩2 ∩3) and 
𝐴𝐴 𝐴𝐴 (1 ∩2 ∩3 ∩4) 

from Steps 5 and 7

(1 ∩2 ∩3) ∖
(1 ∩2 ∩3 ∩4)

Total probability 
rule

𝐴𝐴 𝐴𝐴 (𝐵𝐵123) = 𝑃𝑃 (1 ∩2 ∩3) − 𝑃𝑃 (𝐵𝐵1234) Probability of breaching 
event B123

9 Probabilities 𝐴𝐴 𝐴𝐴 (1 ∩2) 
and 𝐴𝐴 𝐴𝐴 (1 ∩2 ∩3) 
from Steps 3 and 5

(1 ∩2) ∖
(1 ∩2 ∩3)

Total probability 
rule

�
(

1 ∩2 ∩ ̄3
)

= � (1 ∩2) −

� (1 ∩2 ∩3) = � (�12 ∪ �124)

Total probability of all 
breaching events 
including breaches 
at LS1 and LS2, but 
not at LS3

Table A1 
Calculations for the Assessment of the Probabilities (Conditional to a Flood Event of Given Return Period) of Breaching Events Belonging to Space Σ2 Including 
Multiple Breaches (NLS = 4)
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Table A1 
Continued

Step no. Preliminary knowledge Breaching events Adopted tool Probability calculation Description

10 Maximum water level at 
LS4 from the flood 
routing simulation of 
breaching event B12

𝐴𝐴 4|

(

1 ∩2 ∩ ̄3

)

Fragility function 
of LS4

𝐴𝐴 𝐴𝐴
(

4|1 ∩2 ∩ ̄3

)

= 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿4)

(

𝜂𝜂max ,𝐵𝐵12

)

Probability of all 
breaching events 
including a breach 
at LS4 conditional 
to the occurrence of 
breaches at LS1 and 
LS2, but not at LS3

11 Probabilities 
𝐴𝐴 𝐴𝐴

(

1 ∩2 ∩ ̄3

)

 and 
𝐴𝐴 𝐴𝐴

(

4|1 ∩2 ∩ ̄3

)

 
from Steps 9 and 10

𝐴𝐴 1 ∩2 ∩ ̄3 ∩4
Probability 

multiplication 
rule for 
dependent 
events

�
(

1 ∩2 ∩ ̄3 ∩4
)

= �
(

1 ∩2 ∩ ̄3
)

⋅

�
(

4|1 ∩2 ∩ ̄3
)

= � (�124)

Probability of breaching 
event B124

12 Probabilities 
𝐴𝐴 𝐴𝐴

(

1 ∩2 ∩ ̄3

)

 and 
𝐴𝐴 𝐴𝐴

(

1 ∩2 ∩ ̄3 ∩4

)

 
from Steps 9 and 11

(

1 ∩2 ∩ ̄3
)

(

1 ∩2 ∩ ̄3 ∩4
)

Total probability 
rule

�
(

1 ∩2 ∩ ̄3 ∩ ̄4
)

= �
(

1 ∩2 ∩ ̄3
)

−

�
(

1 ∩2 ∩ ̄3 ∩4
)

= � (�12)

Probability of breaching 
event B12

13 Probabilities 𝐴𝐴 𝐴𝐴 (1) and 
𝐴𝐴 𝐴𝐴 (1 ∩2) from 

Steps 1 and 3

𝐴𝐴 1 ∩ ̄2
Total probability 

rule
�
(

1 ∩ ̄2
)

= � (1) − � (1 ∩2)

= � (�1 ∪ �13 ∪ �14 ∪ �134)

Total probability of all 
breaching events 
including breaches 
at LS1, but not at LS2

14 Maximum water level at 
LS3 from the flood 
routing simulation of 
breaching event B1

𝐴𝐴 3|

(

1 ∩ ̄2

)

Fragility function 
of LS3

𝐴𝐴 𝐴𝐴
(

3|1 ∩ ̄2

)

= 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿3)

(

𝜂𝜂max ,𝐵𝐵1

)

Probability of all 
breaching events 
including a breach 
at LS3 conditional to 
the occurrence of a 
breach at LS1 but not 
at LS2

15 Probabilities 𝐴𝐴 𝐴𝐴
(

1 ∩ ̄2

)

 
and 𝐴𝐴 𝐴𝐴

(

3|1 ∩ ̄2

)

 
from Steps 13 and 14

𝐴𝐴 1 ∩ ̄2 ∩3
Probability 

multiplication 
rule for 
dependent 
events

�
(

1 ∩ ̄2 ∩3
)

= �
(

1 ∩ ̄2
)

⋅

�
(

3|1 ∩ ̄2
)

= � (�13 ∪ �134)

Total probability of all 
breaching events 
including breaches 
at LS1 and LS3, but 
not at LS2

16 Maximum water level at 
LS4 from the flood 
routing simulation of 
breaching event B13

𝐴𝐴 4|

(

1 ∩ ̄2 ∩3

)

Fragility function 
of LS4

𝐴𝐴 𝐴𝐴
(

4|1 ∩ ̄2 ∩3

)

= 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿4)

(

𝜂𝜂max ,𝐵𝐵13

)

Probability of all 
breaching events 
including a breach 
at LS4 conditional 
to the occurrence of 
a breach at LS1 and 
LS3, but not at LS2

17 Probabilities 
𝐴𝐴 𝐴𝐴

(

1 ∩ ̄2 ∩3

)

 and 
𝐴𝐴 𝐴𝐴

(

4|1 ∩ ̄2 ∩3

)

 
from Steps 15 and 16

𝐴𝐴 1 ∩ ̄2 ∩3 ∩4
Probability 

multiplication 
rule for 
dependent 
events

�
(

1 ∩ ̄2 ∩3 ∩4
)

= �
(

1 ∩ ̄2 ∩3
)

⋅

�
(

4|1 ∩ ̄2 ∩3
)

= � (�134)

Probability of breaching 
event B134

18 Probabilities 
𝐴𝐴 𝐴𝐴

(

1 ∩ ̄2 ∩3

)

 and 
𝐴𝐴 𝐴𝐴

(

1 ∩ ̄2 ∩3 ∩4

)

 
from Steps 15 and 17

(

1 ∩ ̄2 ∩3
)

∖
(

1 ∩ ̄2 ∩3 ∩4
)

Total probability 
rule

�
(

1 ∩ ̄2 ∩3
)

− �
(

1 ∩ ̄2 ∩3 ∩4
)

= � (�13)

Probability of breaching 
event B13

19 Probabilities 𝐴𝐴 𝐴𝐴
(

1 ∩ ̄2

)

 
and 𝐴𝐴 𝐴𝐴

(

1 ∩ ̄2 ∩3

)

 
from Steps 13 and 15

𝐴𝐴 1 ∩ ̄2 ∩ ̄3
Total probability 

rule
�
(

1 ∩ ̄2 ∩ ̄3
)

= �
(

1 ∩ ̄2
)

− �
(

1 ∩ ̄2 ∩3
)

= � (�1 ∪ �14)

Total probability of all 
breaching events 
including breaches 
at LS1 but not at LS2 
and LS3
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Table A1 
Continued

Step no. Preliminary knowledge Breaching events Adopted tool Probability calculation Description

20 Maximum water level at 
LS4 from the flood 
routing simulation of 
breaching event B1

𝐴𝐴 4|

(

1 ∩ ̄2 ∩ ̄3

)

Fragility function 
of LS4

𝐴𝐴 𝐴𝐴
(

4|1 ∩ ̄2 ∩ ̄3

)

= 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿4)

(

𝜂𝜂max ,𝐵𝐵1

)

Probability of all 
breaching events 
including a breach 
at LS4 conditional to 
the occurrence of a 
breach at LS1 but not 
at LS2 and LS3

21 Probabilities 
𝐴𝐴 𝐴𝐴

(

1 ∩ ̄2 ∩ ̄3

)

 and 
𝐴𝐴 𝐴𝐴

(

4|1 ∩ ̄2 ∩ ̄3

)

 
from Steps 19 and 20

𝐴𝐴 1 ∩ ̄2 ∩ ̄3 ∩4
Probability 

multiplication 
rule for 
dependent 
events

�
(

1 ∩ ̄2 ∩ ̄3 ∩4
)

= �
(

1 ∩ ̄2 ∩ ̄3
)

⋅

�
(

4|1 ∩ ̄2 ∩ ̄3
)

= � (�14)

Probability of breaching 
event B14

22 Probabilities 
𝐴𝐴 𝐴𝐴

(

1 ∩ ̄2 ∩ ̄3

)

 and 
𝐴𝐴 𝐴𝐴

(

1 ∩ ̄2 ∩ ̄3 ∩4

)

 
from Steps 19 and 21

𝐴𝐴 1 ∩ ̄2 ∩ ̄3 ∩ ̄4
Total probability 

rule
�
(

1 ∩ ̄2 ∩ ̄3 ∩ ̄4
)

= �
(

1 ∩ ̄2 ∩ ̄3
)

−

�
(

1 ∩ ̄2 ∩ ̄3 ∩4
)

= � (�1)

Probability of breaching 
event B1

23 Maximum water level 
at LS2 from the 
preliminary flood 
routing simulation

𝐴𝐴 2|̄1
Fragility function 

of LS2

𝐴𝐴 𝐴𝐴
(

2|̄1

)

= 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿2)

(

𝜂𝜂max ,𝐵𝐵0

)

Probability of all 
breaching events 
including a breach 
at LS2 conditional to 
the fact that a breach 
has not occurred 
at LS1

24 Probabilities 𝐴𝐴 𝐴𝐴
(

̄1

)

 and 
𝐴𝐴 𝐴𝐴

(

2|̄1

)

 from Steps 
1 and 23

𝐴𝐴 2 ∩ ̄1
Probability 

multiplication 
rule for 
dependent 
events

�
(

2 ∩ ̄1
)

=
[

1 − � (1)
]

⋅ �
(

2|̄1
)

= � (�2 ∪ �23 ∪ �24 ∪ �234)

Total probability of all 
breaching events 
including breaches 
at LS2 and not at LS1

25 Maximum water level at 
LS3 from the flood 
routing simulation of 
breaching event B2

𝐴𝐴 3|

(

2 ∩ ̄1

)

Fragility function 
of LS3

𝐴𝐴 𝐴𝐴
(

3|2 ∩ ̄1

)

= 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿3)

(

𝜂𝜂max ,𝐵𝐵2

)

Probability of all 
breaching events 
including a breach 
at LS3 conditional 
to the occurrence of 
a breach at LS2, but 
not at LS1

26 Probabilities 𝐴𝐴 𝐴𝐴
(

2 ∩ ̄1

)

 
and 𝐴𝐴 𝐴𝐴

(

3|2 ∩ ̄1

)

 
from Steps 24 and 25

𝐴𝐴 2 ∩3 ∩ ̄1
Probability 

multiplication 
rule for 
dependent 
events

�
(

2 ∩3 ∩ ̄1
)

= �
(

2 ∩ ̄1
)

⋅ �
(

3|2 ∩ ̄1
)

= � (�23 ∪ �234)

Total probability of all 
breaching events 
including breaches 
at LS2 and LS3, but 
not at LS1

27 Maximum water level at 
LS4 from the flood 
routing simulation of 
breaching event B23

𝐴𝐴 4|

(

2 ∩3 ∩ ̄1

)

Fragility function 
of LS4

𝐴𝐴 𝐴𝐴
(

4|2 ∩3 ∩ ̄1

)

= 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿4)

(

𝜂𝜂max ,𝐵𝐵23

)

Probability of all 
breaching events 
including a breach 
at LS4 conditional 
to the occurrence of 
breaches at LS2 and 
LS3, but not at LS1

28 Probabilities 
𝐴𝐴 𝐴𝐴

(

2 ∩3 ∩ ̄1

)

 and 
𝐴𝐴 𝐴𝐴

(

4|2 ∩3 ∩ ̄1

)

 
from Steps 26 and 27

𝐴𝐴 2 ∩3 ∩4 ∩ ̄1
Probability 

multiplication 
rule for 
dependent 
events

�
(

2 ∩3 ∩4 ∩ ̄1
)

= �
(

2 ∩3 ∩ ̄1
)

⋅

�
(

4|2 ∩3 ∩ ̄1
)

= � (�234)

Probability of breaching 
event B234

29 Probabilities 
𝐴𝐴 𝐴𝐴

(

2 ∩3 ∩ ̄1

)

 and 
𝐴𝐴 𝐴𝐴

(

2 ∩3 ∩4 ∩ ̄1

)

 
from Steps 26 and 28

(

2 ∩3 ∩ ̄1
)

∖
(

2 ∩3 ∩4 ∩ ̄1
)

Total probability 
rule

�
(

2 ∩3 ∩ ̄1
)

− �
(

2 ∩ B3 ∩ B4 ∩ ̄1
)

=

� (�23)

Probability of breaching 
event B23
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Table A1 
Continued

Step no. Preliminary knowledge Breaching events Adopted tool Probability calculation Description

30 Probabilities 𝐴𝐴 𝐴𝐴
(

2 ∩ ̄1

)

 
and 𝐴𝐴 𝐴𝐴

(

2 ∩3 ∩ ̄1

)

 
from Steps 24 and 26

𝐴𝐴 2 ∩ ̄1 ∩ ̄3
Total probability 

rule
�
(

2 ∩ ̄1 ∩ ̄3
)

= �
(

2 ∩ ̄1
)

− �
(

2 ∩3 ∩ ̄1
)

=

� (�24 ∪ �2)

Total probability of all 
breaching events 
including breaches 
at LS2 but not at LS1 
and LS3

31 Maximum water level at 
LS4 from the flood 
routing simulation of 
breaching event B2

𝐴𝐴 4|

(

2 ∩ ̄1 ∩ ̄3

)

Fragility function 
of LS4

𝐴𝐴 𝐴𝐴
(

4|2 ∩ ̄1 ∩ ̄3

)

= 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿4)

(

𝜂𝜂max ,𝐵𝐵2

)

Probability of all 
breaching events 
including a breach 
at LS4 conditional to 
the occurrence of a 
breach at LS2 but not 
at LS1 and LS3

32 Probabilities 
𝐴𝐴 𝐴𝐴

(

2 ∩ ̄1 ∩ ̄3

)

 and 
𝐴𝐴 𝐴𝐴

(

4|2 ∩ ̄1 ∩ ̄3

)

 
from Steps 30 and 31

𝐴𝐴 2 ∩4 ∩ ̄1 ∩ ̄3
Probability 

multiplication 
rule for 
dependent 
events

�
(

2 ∩4 ∩ ̄1 ∩ ̄3
)

= �
(

2 ∩ ̄1 ∩ ̄3
)

⋅

�
(

4|2 ∩ ̄1 ∩ ̄3
)

= � (�24)

Probability of breaching 
event B24

33 Probabilities 
𝐴𝐴 𝐴𝐴

(

2 ∩ ̄1 ∩ ̄3

)

 and 
𝐴𝐴 𝐴𝐴

(

2 ∩4 ∩ ̄1 ∩ ̄3

)

 
from Steps 30 and 32

(

2 ∩ ̄1 ∩ ̄3
)

∖
(

2 ∩4 ∩ ̄1 ∩ ̄3
)

Total probability 
rule

�
(

2 ∩ ̄1 ∩ ̄3
)

− �
(

2 ∩4 ∩ ̄1 ∩ ̄3
)

=

� (�2)

Probability of breaching 
event B2

34 Maximum water level 
at LS3 from the 
preliminary flood 
routing simulation

𝐴𝐴 3|

(

̄1 ∩ ̄2

)

Fragility function 
of LS3

𝐴𝐴 𝐴𝐴
(

3|̄1 ∩ ̄2

)

= 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿3)

(

𝜂𝜂max ,𝐵𝐵0

)

Probability of all 
breaching events 
including a breach 
at LS3 conditional to 
the fact that a breach 
has not occurred at 
LS1 and LS2

35 Probabilities 𝐴𝐴 𝐴𝐴
(

̄1 ∩ ̄2

)

 
and 𝐴𝐴 𝐴𝐴

(

3|̄1 ∩ ̄2

)

 
from Steps 1, 24, 
and 34

𝐴𝐴 3 ∩ ̄1 ∩ ̄2
Probability 

multiplication 
rule for 
dependent 
events

�
(

3 ∩ ̄1 ∩ ̄2
)

= �
(

̄1 ∩ ̄2
)

⋅ �
(

3|̄1 ∩ ̄2
)

=
[

1 − � (1) − �
(

2 ∩ ̄1
)]

⋅ �
(

3|̄1 ∩ ̄2
)

=

� (�3 ∪ �34)

Total probability of all 
breaching events 
including breaches 
at LS3 and not at LS1 
and LS2

36 Maximum water level at 
LS4 from the flood 
routing simulation of 
breaching event B3

𝐴𝐴 4|

(

3 ∩ ̄1 ∩ ̄2

)

Fragility function 
of LS4

𝐴𝐴 𝐴𝐴
(

4|3 ∩ ̄1 ∩ ̄2

)

= 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿4)

(

𝜂𝜂max ,𝐵𝐵3

)

Probability of all 
breaching events 
including a breach 
at LS4 conditional to 
the occurrence of a 
breach at LS3 but not 
at LS1 and LS2

37 Probabilities 
𝐴𝐴 𝐴𝐴

(

3 ∩ ̄1 ∩ ̄2

)

 and 
𝐴𝐴 𝐴𝐴

(

4|3 ∩ ̄1 ∩ ̄2

)

 
from Steps 35 and 36

𝐴𝐴 3 ∩4 ∩ ̄1 ∩ ̄2
Probability 

multiplication 
rule for 
dependent 
events

�
(

3 ∩4 ∩ ̄1 ∩ ̄2
)

= �
(

3 ∩ ̄1 ∩ ̄2
)

⋅

�
(

4|3 ∩ ̄1 ∩ ̄2
)

= � (�34)

Probability of breaching 
event B34

38 Probabilities 
𝐴𝐴 𝐴𝐴

(

3 ∩ ̄1 ∩ ̄2

)

 and 
𝐴𝐴 𝐴𝐴

(

3 ∩4 ∩ ̄1 ∩ ̄2

)

 
from Steps 35 and 37

(

3 ∩ ̄1 ∩ ̄2
)

∖
(

3 ∩4 ∩ ̄1 ∩ ̄2
)

Total probability 
rule

�
(

3 ∩ ̄1 ∩ ̄2
)

− �
(

3 ∩4 ∩ ̄1 ∩ ̄2
)

=

� (�3)

Probability of breaching 
event B3

39 Maximum water level 
at LS4 from the 
preliminary flood 
routing simulation

𝐴𝐴 4|

(

̄1 ∩ ̄2 ∩ ̄3

)

Fragility function 
of LS4

𝐴𝐴 𝐴𝐴
(

4|̄1 ∩ ̄2 ∩ ̄3

)

= 𝑃𝑃𝑓𝑓 (𝐿𝐿𝐿𝐿4)

(

𝜂𝜂max ,𝐵𝐵0

)

Probability of all 
breaching events 
including a breach 
at LS4 conditional to 
the fact that a breach 
has not occurred at 
LS1, LS2, and LS3
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Data Availability Statement
The cross-sectional data of the Po River are available on the Italian Interregional Agency for the Po River (AIPo) 
website at http://geoportale.agenziapo.it/web/index.php/it/. The topographic data of the flood prone area can 
be accessed on the National Geoportal of the Italian Ministry of Environment and Protection of Land and Sea 
website at http://www.pcn.minambiente.it/mattm/en/data-distribution-service-pst/. All data used in this paper can 
be accessed in a public repository at https://doi.org/10.6084/m9.figshare.15016371.
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Table A1 
Continued

Step no. Preliminary knowledge Breaching events Adopted tool Probability calculation Description

40 Probabilities 
𝐴𝐴 𝐴𝐴

(

̄1 ∩ ̄2 ∩ ̄3

)

 and 
𝐴𝐴 𝐴𝐴

(

4|̄1 ∩ ̄2 ∩ ̄3

)

 
from Steps 1, 24, 35, 
and 39

𝐴𝐴 4 ∩ ̄1 ∩ ̄2 ∩ ̄3
Probability 

multiplication 
rule for 
dependent 
events

�
(

4 ∩ ̄1 ∩ ̄2 ∩ ̄3
)

=

�
(

̄1 ∩ ̄2 ∩ ̄3
)

⋅ �
(

4|̄1 ∩ ̄2 ∩ ̄3
)

=
[

1 − � (1) − �
(

2 ∩ ̄1
)

− �
(

3 ∩ ̄1 ∩ ̄2
)]

⋅

�
(

4|̄1 ∩ ̄2 ∩ ̄3
)

= � (�4)

Probability of breaching 
event B4

41 Probabilities from Steps 1, 
24, 35, and 40

B0 Total probability 
rule

� (�0) = 1 − � (1) − �
(

2 ∩ ̄1
)

− �
(

3 ∩ ̄1 ∩ ̄2
)

−

�
(

4 ∩ ̄1 ∩ ̄2 ∩ ̄3
)

Probability of no breach 
event B0

Note. The table is ideally divided in five sections: the first section (Steps 1–22) refers to the calculation of probabilities of breaching events belonging to space 𝐴𝐴 1 ; the 
second section (Steps 23–33) refers to space 𝐴𝐴 2 ∩ ̄1 ; the third section (Steps 34–38) refers to space 𝐴𝐴 3 ∩ ̄2 ∩ ̄1 ; the fourth section (Steps 39–40) refers to space 

𝐴𝐴 4 ∩ ̄3 ∩ ̄2 ∩ ̄1 ; and the last section (Step 41) refers to no breach event B0.
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