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Abstract 

A strain-based multiaxial fatigue criterion previously proposed for 

fatigue assessment of unnotched specimens is here extended to the 

case of notched ones.  Such a criterion is a reformulation of the 

stress-based multiaxial High-Cycle Fatigue (HCF) criterion by 

Carpinteri and Spagnoli.  The extension herein presented considers 

as the critical point, where to perform the fatigue assessment, the 

material point located at a certain distance from the notch tip, 
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depending such a distance on both the biaxiality ratio (defined as 

the ratio between the applied shear stress amplitude and the normal 

stress amplitude) and the control volume radii 1R  (related to Mode 

I) and 3R  (related to Mode III).  Some multiaxial fatigue data 

related to specimens made of titanium grade 5 alloy (Ti-6Al-4V) and 

weakened by sharp notches are examined to validate the extended 

criterion. 

 

KEYWORDS: strain-based criterion; critical-plane approach; fatigue 

lifetime, control volume radius  
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NOMENCLATURE 

 

d  notch depth 

1e  notch geometry parameter related to Mode I 

3e  notch geometry parameter related to Mode III 

I  error index 

aN  reference number of loading cycles to failure 

fN  theoretical fatigue life 

exp,fN  experimental fatigue life 

uvwP  reference system attached to the critical plane 

Prtz  fixed frame 

123P  principal strain axes frame 

3̂2̂1̂P  principal strain axes frame at time instant for 

which the maximum principal strain, 1 , attains its 

peak value over the loading cycle 

mR  mean control volume radius 

1R  control volume radius related to Mode I 

3R  control volume radius related to Mode III 

t  time 

w unit vector normal to the critical plane 

a  Manson-Coffin shear strain amplitude 

  angle between the averaged direction 1 and the 

normal w to the critical plane 

AK1  Notch Stress Intensity Factor under Mode I 

AK3  Notch Stress Intensity Factor under Mode III 

W  Strain Energy Density range 

A1  High-Cycle Fatigue strength of smooth specimens 

under Mode I 

A3  High-Cycle Fatigue strength of smooth specimens 

under Mode III 

ε  strain tensor at material point P  

a,eq  equivalent normal strain amplitude 

a  Manson-Coffin normal strain amplitude 
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  phase angle between tension and torsion loading 

ν  elastic Poisson ratio 

effν  effective Poisson ratio 

η displacement vector at material point P , related 

to the critical plane 

Nη  normal displacement vector component of η, acting 

on the critical plane 

Cη  tangential displacement vector component of η, 

acting on the critical plane 

  biaxiality ratio, defined as the ratio between the 

applied shear stress amplitude and the normal 

stress amplitude 

1  eigenvalues for Mode I 

3  eigenvalues for Mode III 

  notch root radius 

af  normal stress fatigue limit 

af  shear stress fatigue limit 

 

 

Subscript 

a amplitude  
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1. INTRODUCTION 

 

The problem of the multiaxial fatigue behaviour of metallic 

materials is very challenging, still open and worth of 

investigation. 

Reviews of different fatigue criteria have recently been 

published by both Fatemi - Shamsaei [1] and Nieslony - Sonsino [2], 

who have analysed a large number of experimental data related to 

notched specimens, by using the most promising fatigue criteria 

available in the literature. 

Among these, the critical plane-based criteria perform fatigue 

failure assessment on a specific plane (critical plane) within 

specimen or structural component.  The common aspect of all criteria 

based on the critical plane approach is that fatigue assessment is 

carried out by employing a combination of stresses and/or strains 

related to such a plane. 

On the other hand, the above criteria are characterized by 

different methods to define the critical plane orientation.  More 

precisely, several researchers define the critical plane as the 

plane where some stress/strain components (or a combination of them) 

exhibit a maximum value.  For instance, the critical plane is 

assumed to be the maximum shear strain amplitude plane according to 

Fatemi et al. [3,4] and Li et al. [5], whereas it is assumed to be 

the plane experiencing the maximum shear stress according to Kluger 

[6].  The critical plane can also be defined as that containing the 

direction along which the variance of the resolved shear stress 

reaches its maximum value, by taking full advantage of the Shear 
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Stress-Maximum Variance Method ( -MVM) recently proposed by Susmel 

et al. [7]. 

Alternatively, the critical plane orientation may be connected 

with the principal stress directions, by using both suitable weight 

functions and an off-angle, the latter depending on the shear-to-

normal stress fatigue ratio [8,9]. 

The above definitions represent only some of those reported in 

the literature [10], and a comparison of different methods to 

determine the critical plane orientation is reported in Ref.[11]. 

Within the framework of the critical plane approach, the concepts 

presented above are further elaborated to take into account the 

influence of stress/strain gradient on the fatigue strength.  In 

particular, specific critical plane-based models have recently been 

proposed for notched structural components, where the effect of 

multiaxial stress/strain gradient is significant [12], as well as 

for welded joints [13]. 

Regarding multiaxial fatigue assessment, energy-based criteria 

also find remarkable application [14].  The first researcher to use 

an energy-based parameter was Jasper in a pioneering work dated 1923 

[15] where fatigue strength of ferrous metallic specimens under 

tension–compression loading was analysed.  Worth mentioning is the 

contribution by Ellyin [16,17], who proposed an approach based on a 

combination of both plastic and elastic strain energy density (SED).  

A review of several available energy-based multiaxial fatigue life 

formulations can be found in Ref.[18].  The deviatoric strain energy 

density evaluated at the notch tip was used by Park and Nelson [19] 

to assess the fatigue behaviour of specimens weakened by blunt 



7 

notches under multiaxial stresses.  A deviatoric interpretation of 

the Neuber's rule and the Smith-Watson-Topper (SWT) parameter has 

recently been presented by Kujawski in Refs [20,21], where the 

criterion is successfully applied to multiaxial fatigue assessment 

of different metallic materials. 

Note that pointwise criteria as those reported above cannot be 

employed in the case of sharp notches.  In order to overcome such an 

issue, a volume-based SED approach originally proposed for sharp V-

notches and cracks under Mode I [22] has been extended to multiaxial 

fatigue loading [23–28]. 

In the present paper, the fatigue life estimation of severely 

notched specimens under low-cycle fatigue [28] is carried out by 

extending to notched structural components the strain-based 

criterion recently proposed by Carpinteri et al. for plain specimens 

[29–31].  Such an extension is formulated by implementing the 

concept of the control volume related to the Strain Energy Density 

(SED) criterion proposed by Lazzarin et al. [23–28].  More 

precisely, the material point P , where the fatigue strength 

assessment is carried out by employing the Carpinteri et al. 

criterion, is assumed to be at a distance which is function of the 

SED control volume radius provided by the SED criterion.  

The paper is structured as follows.  Section 2 summarises the 

analytical basis of the stain-based criterion here employed, with 

reference to both smooth and notched structural components.  Section 

3 briefly summarises the experimental work reported in Ref. [28], as 

far as specimen geometry, testing procedure and experimental results 

are concerned, such results being used to validate the criterion 
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herein proposed.  Finally, a comparison between experimental data 

and results deduced through the above criterion is reported in terms 

of fatigue life in Section 4. 

 

 

2. STRAIN-BASED MULTIAXIAL FATIGUE CRITERION 

2.1 Formulation for smooth structural components 

 

The strain-based criterion, recently proposed by Carpinteri et al. 

[29–31] in order to estimate the fatigue lifetime under low-cycle 

fatigue (LCF) regime, is a reformulation of the stress-based 

multiaxial High-Cycle Fatigue (HCF) criterion named Carpinteri-

Spagnoli (C-S) criterion [32–34], proposed in terms of strain since 

LCF is strain-controlled.  The aim of each of the above criteria, 

based on the critical plane approach, is to reduce the multiaxial 

stress/strain state to an equivalent uniaxial one.  Then, the 

fatigue strength evaluation is performed by employing an equivalent 

stress/strain amplitude together with a unique material reference 

curve, that is: either a Wöhler curve (for HCF) or a Manson-Coffin 

curve (for LCF). 

The main features of the C-S criterion are: 

(i) The orientation of the critical plane is linked to averaged 

directions of the principal stress axes; 

(ii) The fatigue strength evaluation is performed by employing the 

amplitude of an equivalent stress related to the critical plane. 
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Note that the fatigue strength estimation capabilities of the C-S 

criterion have recently been improved by varying the procedure to 

determine the orientation of the critical plane [35]. 

Taking the above concepts as a starting point, Figure 1 shows the 

framework of the strain-based criterion here proposed. 

 

Figure 1. 

 

By considering the strain state at a material point P  of a 

generic structural component, the averaged directions 3 2 1 ˆ,ˆ,ˆ  of the 

principal strain axes can be determined on the basis of the 

instantaneous ones.  In particular, the reference system 3̂2̂ 1̂P  

corresponds to the instantaneous one at time instant for which the 

maximum principal strain, 1 , attains its peak value over the 

loading cycle.  Then, the normal vector, w, to the critical plane 

is defined through the off-angle,  , by performing a counter-

clockwise rotation in the principal plane 3̂1̂ : 
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where eff  is the effective Poisson ratio, and a  and a  are defined 

by the well-known Manson-Coffin equations 
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being f' , f' , b , c and f' , f' , 0b , 0c  material constants, and fN  

the number of loading cycles to failure. 

Note that the above   expression is able to take into account 

the nature of fracture and, consequently, the degree of the 

ductility of the material [31]. 

When the fracture is extremely ductile ( 0fN ) the ratio aa /  is 

equal to: 
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Considering the above ratio equal to 3  [36] and 50  .eff  , the off-

angle   results to be equal to 45  (Eq.(1)). 

On the other hand, when the fracture is brittle (  6102fN , being 

 6102  the number of loading cycles in correspondence to the material 

fatigue limits, independent of the loading applied), the ratio aa /  

is given by: 
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where af  and af  are the fatigue limits for normal stress and shear 

stress, respectively.  In the limit case of extremely brittle 
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fracture, characterized by a ratio between the above fatigue limits 

equal to 1 (very hard metals), the off-angle   is equal to 0 . 

For brittle fracture, the expression of   (Eq.(1)) agrees with 

the expression employed in the C-S criterion for HCF regime [32–34], 

while it is different from that proposed in Refs [29,30], where   

is assumed to be constant and equal to 45 . 

Now let us consider the local reference system, uvwP , attached 

to the critical plane: the u -axis is the intersection line between 

the critical plane and the plane defined by the normal vector w and 

the z -axis, and the v-axis is such as to form a right-handed system 

together with the u -axis and the w-axis. 

The strain tensor related to both the material point, P , (Fig.1) 

and the above critical plane orientation can be computed and, 

consequently, the corresponding displacement vector, η, is 

determined.  Such a vector is decomposed into: 

(1) a normal vector Nη , with a norm represented by the normal 

strain w ; 

(2) a tangential vector Cη , with a norm which is a function of the 

shear strains uw  and vw  
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 vwuwCvCuCC  η  (5) 

 

Since the direction of the normal vector, Nη , is time-invariant, 

the corresponding amplitude in a loading cycle ( aN  , ) can easily be 

computed [31]. 
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On the other hand, the direction of the tangential vector, Cη , 

changes during a loading cycle, and the definition of the 

corresponding amplitude is not unique.  Therefore, several methods 

to evaluate such an amplitude are available in the literature: for 

instance, the Prismatic Hull method, recently implemented in the C-S 

criterion [37,38].  A min-max procedure is implemented in the 

present paper by using the Minimum Circumscribed Circle (MCC) method 

[39]. 

Note that, during a cycle of synchronous out-of-phase sinusoidal 

biaxial normal and shear stress loading, the tip of the tangential 

vector, Cη , describes an elliptical path, s, on the critical plane 

so that the above amplitude coincides with the major semi-axis a,C    

of the above ellipse (Fig.2), and is given by: 
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where functions p,g,f  and q  depend on both the strain tensor 

component signals (in terms of amplitudes and phase angles) and the 

normal vector w orientation. 

 

Figure 2. 

 

Then, the fatigue strength is assessed through an equivalent 

normal strain amplitude, a,eq , expressed by a quadratic combination 

of the norm amplitudes of both normal vector ( a,N   ) and tangential 

vector ( a,C   , Eq.(6)): 
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being a  and a  given by Eqs (2). 

All terms in Eq.(7) depend on the number fN  of loading cycles.  

Therefore, by equating Eq.(7) with Eq.(2a), the value of fN  can be 

found through an iterative procedure. 

The above criterion has successfully been used to evaluate the 

fatigue lifetime of plain specimens under low/medium-cycle biaxial 

loading [29–31]. 

 

 

2.2 Formulation for notched structural components 

 

In the present paper, an extension of the above criterion is 

formulated by implementing the concept of the control volume of the 

strain energy density criterion proposed by Lazzarin et al. [23–28].  

In particular, the radii 1R  and 3R  of such a control volume, related 

to the loading conditions of Mode I and Mode III, respectively, can 

be computed by means of the following expressions: 
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where 
1

e  and 
3

e  are two parameters that summarise the dependence on 

the notch geometry [28],   is the elastic Poisson ratio, and 
1

  and 

3
  are the eigenvalues of Mode I and Mode III, respectively.  

Moreover, the control radii are functions of the mean values of Mode 

I and Mode III Notch Stress Intensity Factors (NSIFs) ranges (
A1

K  

and 
A3

K , respectively) and of the high-cycle fatigue strengths of 

smooth specimens (
A1

  for Mode I and 
A3

  for Mode III), all 

referred to the same reference number of loading cycles to failure 

(
A
N ). 

According to the control volume radii concept applied to the 

above criterion, the fatigue strength assessment is carried out at 

point P  (verification point), which is distant r  from the notch 

tip.  Such a distance r , measured along the notch bisector line, is 

here proposed to be directly linked to the mean control volume 

radius, mR , computed by averaging the control volume radius related 

to Mode I, 1R , and that related to Mode III, 3R : 

 

  mm RRr 1.31  221.0 
484.1




 (9) 

 

where   is the biaxiality ratio, defined as the ratio between the 

remote applied shear stress amplitude and the normal stress 

amplitude. 

Then, the steps discussed in the previous Sub-Section have to be 

followed to perform the fatigue life estimation. 
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3. FATIGUE EXPERIMENTAL CAMPAIGN 

 

The strain-based multiaxial fatigue criterion formulated for notched 

specimens is here applied to a set of data, recently published in 

the literature [28].  In particular, a large bulk of uniaxial and 

multiaxial tests have been carried out on V-notched round bars made 

of grade 5 titanium alloy (Ti-6Al-4V).  Figure 3a displays the 

geometry of the notched specimens tested. 

Each cylindrical notched specimen presented a V-notch depth equal 

to 6 mm and an opening angle equal to 90 degrees, whereas the notch 

root radius, , was lower than 0.1 mm (Figure 3). 

 

Figure 3. 

 

As is reported in Ref. [28], the above tests were performed by 

using a MTS 809 servo-hydraulic biaxial machine, with a 100 kN axial 

load cell and a torsion load cell of 1100 Nm.  All tests were 

conducted under load control at a frequency from 10 to 15 Hz, as a 

function of the applied load.  The details of the tests are reported 

in the original work [28].  The experimental data numerically 

examined in the following are shown in Tables 1 to 4. 

 

Tables 1 - 4. 

 

According to Eq. (8), the values of the volume control radii are 

evaluated by taking: 
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(a) The parameters 
1
e  and 

3
e , which are linked to the integral of 

the stress functions inside the control volumes, are equal to 0.146 

and 0.310, respectively (details on the values of 
1
e  and 

3
e  are 

provided in [23]); 

(b) The elastic Poisson ratio 3.0 ; 

(c) The eigenvalues 
1

  and 
3

  equal to 0.545 and 0.667, 

respectively; 

(d) The mean values of the NSIFS, 452
1


A

K MPa mm0.445 (Mode I) and 

1216
3


A

K MPa mm0.333 (Mode III)  (with the number of loading cycles 

to failure 
A
N  equal to 2 (10)6); 

(e) The high-cycle fatigue nominal stress range of smooth specimens, 

950
1


A

 MPa (Mode I) and 776
A3
 MPa (Mode III) (with the number of 

loading cycles to failure 
A

N  equal to 2 (10)6) [28]. 

According to these parameter values, 1R  is equal to 0.051 mm, 

whereas 3R  is equal to 0.837 mm.  These differences in the control 

volume can be explained by the different behaviour in the crack 

propagation life under tension and torsion loading, but also by the 

fact that plasticity under torsion is usually much higher around the 

notch tip as is discussed in Ref. [25].  Further investigations are 

needed to better explain this behaviour by monitoring more precisely 

the crack initiation and propagation phases.  

Data related to notched specimens and examined in the present 

work are shown in terms of SED in Figure 4.  The scatter band 

includes all the data under pure tension, pure torsion and 

multiaxial loading, regardless the phase angle.  The unifying 
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capacity of the SED approach can easily be observed: as a matter of 

fact, such an approach is capable of synthesize all the fatigue 

strength data in a single quite-narrow scatter band regardless of 

the loading mode. 

 

Figure 4. 

 

 

4. CRITERION VALIDATION 

 

Now the strain-based multiaxial fatigue criterion is employed for 

fatigue life estimation of the V-notched specimens made of Ti-6Al-4V 

titanium alloy, whose experimental campaign is examined in Section 

3. 

The data series here discussed are characterised by both nominal 

load ratio equal to -1.0 and experimental fatigue life lower than 

400,000 loading cycles (LCF regime).  More precisely, we examine: 

(1) Two series of tests on V-notched specimens under pure tension 

and pure torsion fatigue loading (Tables 1 and 2);  

(2) Two series of tests under combined tension and torsion loading, 

with a constant biaxiality ratio 60  .  and phase angle  = 0° (in-

phase loading) or  = 90° (out-of-phase loading) (Tables 3 and 4). 

Different values of the distance r  to determine the position of 

the verification point P  are computed through Eq.(9): 

(a) for pure tension loading, that is 0   , r  is equal to mR9.1 ; 

(b) for pure torsion loading, that is    , r  is equal to mR3.11 ; 
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(c) for combined in- and out-of-phase tension and torsion loading, 

that is for the data examined ( 60  . ), r  is equal to mR5.7 . 

Note that Eq.(9) here proposed, describing as the distance r  

increases with the biaxiality ratio   , has been obtained from a 

best-fit procedure.  The data-points to be interpolated have been 

determined (for some values of    related to the experimental tests 

reported in Ref. [28]) by optimising the following error index, I : 

 

   

a

aaC
a

a
aN

I


















- 

  

2
 ,

2

2
 ,

 
(10) 

 

a  and a  being defined by Eq.(2). 

In order to estimate the fatigue lifetime of the above V-notched 

specimens, the strain tensor at the verification point P  is 

obtained from a linear finite element analysis, by employing the 

commercial software Straus7®.  In more detail, the strain state at 

point P  is determined through a tridimensional model for each 

investigated fatigue test.  The effective Poisson ratio, eff , is 

assumed to be equal to the elastic Poisson ratio ( 30  . ). 

The material parameters of the Manson-Coffin curves are shown in 

Table 5 [40,41].  Note that the parameters of the tensile curve are 

reported in Ref. [41], whereas the corresponding ones for the 

torsional curve are evaluated by using the von Mises criterion [42].  

 

Table 5. 
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After the strain state and the above material parameters are 

deduced, the proposed strain-based criterion can directly be applied 

to the experimental data in order to estimate the fatigue lifetime. 

Figure 5 shows the diagram of the experimental, exp,fN , against 

the theoretical, fN , fatigue life.  Note that 88% of the 

theoretical results fall within the scatter band 3, and this holds 

true independent of the applied loading conditions (that is, for 

both uniaxial and multiaxial fatigue tests). 

 

Figure 5. 

 

Figure 6 shows the experimental fatigue life plotted against the 

equivalent strain amplitude a,eq  (see Eq.(7)).  The solid curve 

corresponds to the experimental Manson-Coffin equation related to 

tensile loading (Eq. (2a)).  The satisfactory accuracy level of the 

proposed strain-based criterion in estimating notch fatigue lifetime 

can be deduced from Fig.6, where the theoretical data lie very close 

to the experimental curve. 

 

Figure 6. 
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6. CONCLUSION 

 

A strain-based multiaxial fatigue criterion previously proposed for 

smooth specimens has been here extended to notched specimens.  This 

criterion is a reformulation of the stress-based multiaxial high-

cycle fatigue (HCF) criterion by Carpinteri and Spagnoli. 

The extension herein formulated is connected to energy concepts:  

as a matter of fact, it considers as the critical point (where to 

perform the fatigue assessment) the material point located at a 

certain distance from the notch tip, depending such a distance on 

the control volume radii under Mode I and Mode III, related to the 

strain energy density criterion proposed by Lazzarin and co-authors. 

Some multiaxial fatigue data available in the literature have 

been here analysed by employing the proposed formulation.  In 

particular, specimens made of titanium grade 5 alloy (Ti-6Al-4V) and 

weakened by a sharp notch have been examined to validate the 

proposed criterion. 

The agreement between experimental data and estimated fatigue 

lives is quite satisfactory and promising for application to 

experimental tests characterised by fatigue ratio different from -

1.0. 
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