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Abstract

We study partial C'® — regularity of minimizers of quasi—convex variational inte-
grals with non-standard growth. We assume in particular that the relevant inte-
grands satisfy an Orlicz’s type growth condition, i.e. a so—called general growth
condition. Moreover, the functionals are supposed to be non—autonomous and
possibly degenerate.

Keywords: Partial regularity; quasi—convex functional; non—autonomous
functional
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1. Introduction

In this paper we study partial C1® —regularity of minimizers of non—autono-
mous variational integrals of the form

Flu) = /Q f(x, Du(z)) dz,

where (2 is a bounded open set with smooth boundary in R (n > 2), u(z) € RV
(N > 1) and f is a possibly degenerate Caratheodory function featuring non—
standard growth. The non—standard growth condition we consider in this paper
is of Orlicz’s type and we assume that f satisfies a Holder continuity condition
for the = variable.

Partial regularity of solutions of nonlinear elliptic systems or minimizers of vari-
ational integrals with vector—valued admissible functions is a classical and still
active topic in the fields of partial differential equations and calculus of varia-
tions. In view of various examples (see for instance [35, 42] and the survey paper
[34]), only partial regularity of minimizers of F in the vectorial case (N > 1) is
naturally expected if the integrand f dose not have the so—called Uhlenbeck’s
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structure: f(z, A) = g(z,|A|). For instance, solutions to systems of the type
—div(a(x)|Du[P~2Du) = u are everywhere regular, provided data a(z) and p
are regular enough; see for instance [43, 31]. As for partial regularity in the gen-
eral quasi—convex case, we refer to [23, 1, 8] as far as functionals with standard
p—growth are concerned. We note that the main approach in these papers is
the blow—up technique, see [9, 2] for its origin. After then, a different technique
based on the A-harmonic approximation was adopted in [16, 18, 30, 17]. The
A—harmonic approximation was introduced in [22] where the approximation is
carried out in L? by using a compactness argument in the Sobolev space W12,
In the same spirit, the p—harmonic approximation was obtained in [19]. On the
other hand, using the Lipschitz truncation argument, the .4 —harmonic approx-
imation in the Orlicz space and the G —harmonic approximation were proved in
[12] and [14] respectively.

We note that the above results consider autonomous integrands f, i.e. f(z, A) =
f(A), satisfying a non—degeneracy condition. For degenerate quasi—convex func-
tionals with p—growth, Duzaar and Mingione in [20] proved partial C%<—
regularity under the assumption that f(z, A) — |A|? as A — 0 formally. The
corresponding parabolic result has been obtained in [5]. On the other hand,
non—autonomous quasi—convex functionals with p—growth were systematically
investigated by Foss and Mingione in [24], see also [6, 21, 39], and we also refer to
[4] for degenerate non—autonomous quasi—convex functionals with p—growth, to
[41] for non—degenerate quasi—convex functionals with (p, ¢) —growth and finally
to [7] for non—degenerate quasi—convex functionals with (¢, 1) —growth. Finally,
classical papers on non-standard growth conditions featuring everywhere regu-
larity results are those of Marcellini [32, 33]; for the non-autonomous case we
instead mention [3].

We point out that all quasi-convex functionals with non-standard growth con-
sidered in the papers mentioned above are autonomous and non—degenerate.
We note that the paper [12] considers degenerate quasi-convex functionals with
general growth. However, in this paper, partial regularity is obtained only in
a non—degenerate circumstance (which is connected with the inequality 43a)
and still consider autonomous functionals. This leads us to study a degenerate
non—autonomous problem. We also mention that in recent years, partial regu-
larity results for non—autonomous elliptic systems or convex functionalss with
non-standard growth have been obtained in [15, 25, 26, 27, 29, 36, 37, 38|.

Statement of the main result. We now turn to the hypotheses on the
integral functional that we are going to consider throughout the paper. We
refer to the next Section 2 for the notation.

Let G: [0,+00) — R be a function such that

(G1) G € CH([0,+00)) N C?((0,+00));

(G2) G(0) =0, G'(0) = 0, G'(t) > 0 for t > 0 and lim _G/(t) = +00;



RO <40
—1<
(G8) 0<g1 =L < inf =y <59

<g—1

for suitable constants 1 < g1 < go. Without loss of generality we can assume
that

1< g1 < 2 < g2.
In the sequel we shall refer to this set of assumptions as hypotheses (G).
Every function G satisfying the hypotheses (G) is an N —function and, given a
bounded open set Q C R™ with Lipschitz boundary, we denote by W& (Q, RY)
and Wli)’CG(Q]RN ) the corresponding Orlicz—Sobolev spaces endowed with the
usual norm and seminorms. We denote also by VVO1 ’G(Q,RN ) the closure of
D(Q,RY) in the W€ —norm.
With this function G, we associate a Caratheodory function f: Q x M™" — R
with the following properties:

(A0) differentiability: for every x € €, the function
A e MV s f(x, A)

is of class C1(M™®) N C2(MM" \ {0});

and throughout the paper we agree to write Df := D4 f and D?f := D% f for
the first and second gradients of the mapping A € M s f(z, A) for fixed
x € Q. The other assumptions on f are the following:

(A1) coercivity: = € Q — f(z,0) is integrable and there exists ¢y > 0 such
that
c«G(A]) < f(z,A) - f(2,0)
holds for every x € Q and A € MM
(A2) growth condition: there exists A > 0 such that

IDf(z, A)] < AG'(JA]) and  |D*f(z, A)| < AG"(]A])

hold for every x € Q and A € MM with A # 0;
(A3) strict W% — quasiconvexity: there exists A > 0 such that

/B [/(y, A+ D)) — f(y, A)] do > A /B G"(|A| + | Dep(x) )| Depl) ? e

holds for every y € Q and A € MM and for every open ball B C R™ and every
test function ¢ € D(B,RY);

(A4) Hélder continuity assumption with respect to x: there exist 5y €
(0,1) and a continuous, concave modulus of continuity w: [0, +00) — [0, +00)
with

Bo

w(r) < cur for every r > 0 (1)

and ¢, > 0 such that

[f (21, 4) = [f(za, A)| < w(]z1 — 22]) G(|A]),



holds for every x; € Q (i = 1,2) and A € M™M*";

(A5) assumption for the non—degenerate case: for the same [y € (0,1)
in (A4) there exists ¢; > 0 such that

Bo
B
D2, 4) ~ D2, A+ B) < e 6" (1))

holds for every x € 2 and for every A, B € M with 0 < |B| < |A|/2;
(A6) assumption for the degenerate case: for every x € (), the limit
Df(x,t4)
im ————~

t—ot  G'(t)

exists uniformly with respect to 4 € MY with |A| = 1 and for the same
Bo € (0,1) and ¢; > 0 in (A4) and (A5), the inequality

t

Bo
G7(5) — (s +1)] < 1 G"(s) (7) @)

s
holds for every 0 < t < s/2.
Without loss of generality in (A4) we can assume that
co=1 and w(r) <1 foreveryr >0.

We note also that the growth condition (A2) implies that

f(;r,A)ff(;r,O)§|A|/o \Df(;r,tA)|dt§A\A|/0 G (t|A]) dt = A G(|A]).
(3)

Moreover, the hypothesis of strict W1¢ — quasiconvexity (A3) implies that the
following Legendre-Hadamard condition

(D*f(z, A)n@&[n®E&) = NG (AP, neRY and £€R™,

holds for every z € Q and A € MM for some constant X = M (X, g1, ¢2) > 0.
Finally, in view of (A4), we see that f(x1,0) = f(x2,0) for all 21, x2 € Q which
means that f(z,0) = a for every z and for some constant a € R. Therefore,
since the minimization of F is unaffected by adding a constant to f, without
loss of generality we always assume that

f(2,00=0, z€Q.

To every function f: Q x MM — R satisfying (A0)—(A6) we associate the
corresponding variational integral

F(u,Q) = /Qf(x,Du(x))dx, u € WHE(Q,RY), (4)

which is well defined for all functions u € W& (Q, RY) because of (A1) and (3).
We can then state the main result of the paper.



Theorem 1.1. Let G satisfy the hypotheses (G) with 1 < g1 < 2 < ga, f: Q X
MM 5 R be a Caratheodory function such that the hypotheses (A0)—(A6)
hold and let u € Wli’CG(Q,RN) be a local minimizer of F. Then, there exist
v =7(n,N,g1,92,co,c1,\, Bo) € (0,1) and an open set Q,, C Q with |Q\Q,| =0
such that V(Du) € C7(Q, MY*™) and so Du € C?7/92(€,,, MN*").

It turns out that the singular set Q \ €, is contained in the set ¥ UX,, where

v, = {xo € Q: liminf \V(Du) — (V(Du)) gy | dz > o} ;

r—0+ B, (z0)

Yoo = {xo eN: limsup][ |V (Du)|? dx—Jroo};
Br(z0)

r—0+

and the function V: M™® — MM is defined by (11).

2. Notation and preliminary results

In this section we introduce the notation that we are going to use throughout
the paper and we recall some preliminary results.

Notation. We denote the norm of a vector x € R™ by |z| and the open ball in
R™ with center at xy € R™ and radius r > 0 by B,.(zo) and we briefly write B,
instead of B, (zp) when the center z( is immaterial or evident by the context.
We also write A € B to mean that the closure A of A is compact and contained
in B.

We denote the space of N xn matrices by MM and denote by C*(Q,RYN) (k €
NU {0} and « € (0, 1]) the spaces of functions which are o —Holder continuous
(when k = 0) or have a—Holder continuous derivatives of order k on © (when
k > 0). We denote also by D(£2, RY) the spaces of vector valued test functions
on (2 respectively.

We denote the (Lebesgue) measure of a measurable set E in R™ by |E| and
for an integrable scalar or vector valued function u: E — RN with |E| > 0 we
denote the average of u over E by

1
U g = ud;v:—/udw.
e = f wie =17 |

We briefly write (u)y, » or even (u), when E = B,(zo).
Finally, given two functions ¢,%: A — R, we write ¢ ~ 1 to mean that

L7ho(t) < o(t) < Lo(t),  te A,

for suitable constants L > 1. If this is the case, we say that the functions ¢ and
1) are equivalent.

Orlicz functions. We begin by recalling the notion of Orlicz N —functions.
We refer to [40] for details and proofs.



Let G: [0, +00) — [0, +00) be an N —function, i.e. G is defined by

G(t) = /Otg(s) ds, t >0,

for some right—continuous and increasing function g: [0, +00) — [0, 4+00) such
that g(0) = 0, g(s) > 0 for s > 0 and g(s) = 400 as s — +oco0. Thus, G is
convex, superlinear and has a right derivative G/, (t) = ¢(t) at every point ¢t > 0.
The conjugate function G*: [0, +00) — [0, +00) of N —function G is the function
defined by
G*(t) :==sup [st — G(s)], t>0.
s>0
Then G* is also an N —function, and G and G* together satisfy the following
Young’s inequality
st < G(s)+ G*(t), 5,t>0.

The N —function G satisfies the so-called Ay — condition if
G2t) < cG(t), t>0,

holds for some constant ¢ > 1 in which case we write G € Ay and ¢ = Ay(G)
for the optimal constant. As is well known, the As —condition holds if and only
if the inequality

G(at) < cG(t), t>0,

holds for every a > 0 for some constant ¢ = ¢(a) > 0. Moreover, the N —function
G satisfies the Vo — condition when G* € As in which case we write G € Va. If
G € Ay NV3, Young’s inequality can be written as

st <eG(s)+c(e)G*(t) or st<é(e)G(s)+eG*(t), 5,t >0,

for every € > 0 and suitable constants c¢(e), é(e) > 0.
The following proposition examines the relation between N —functions and the
hypotheses (G). The proof is elementary and well known.

Proposition 2.1. Let G: [0,+00) — R be a function such that the hypotheses
(G) hold. Then,

(a) G is an N - function and

G _ G

< inf ] < go;
n=EoTaw b e % (5)
(b) the mappings
G'(t) G(t) "t) G(t)
t e (0,400) — e and t € (0,+00) — P R

are increasing and decreasing respectively;



(c) the following inequalities hold for every t > 0:
a2G(t) < Glat) < a®G(t) and a% 'G'(t) < G'(at) <a” 'G'(t) if 0<a<1;
aG(t) < Glat) < a2G(t) and o 'G'(t) < G'(at) < a7 'G'(t) if a> 1.

In particular, it follows from (c) that both G and G* satisfy the A; —condition
with constants As(G) and Ag(G*) determined by g1 and go. Moreover, we have

G(t) ~tG'(t); G(t) = t*G"(t); G*(G'(t) ~G*(G(t)/t)) ~G(t);  (6)

for t > 0 and for the inverse function G~! and for G’ o G~! the following
inequalities hold:

a9 Gt < GTMat) < a2 GT(t); (7a)
(91/92)a' "2 GG (1) < GG (at)) < (g2/g1)a' VUG (GTHE))  (7D)

for every ¢t > 0 with 0 < a < 1. By exchanging the role of g; and gs the same
inequalities hold for a > 1.

Then, we present (reversed) Jensen’s and Sobolev—Poincaré’s type inequalities
for the N —functions satisfying the hypotheses (G). In fact, the following esti-
mates still hold for N —functions satisfying Ay — and Vs —conditions.

Lemma 2.2. Let G: [0,+00) — [0,400) be an N - function satisfying satisfying
the hypotheses (G).

(a) If u € LY(B.,RY), then

f o wsafo (]

(b) There exist 0 = 0(n,g1,g92) € (0,1) and ¢ = ¢(n, N, g1,g2) > 0 such that
the inequality

7{& G <M) dx < ¢ (7{9 [G(|Dul)]’ dx) v

r

holds for every function u € WH1 (B, RN).
Proof. (a) Let H(t): [0,400) — [0,400) be the function defined by
H(t) = [G@#)]Y9,  t>0.

Then, H is increasing whereas the function ¢t € (0, +00) — H(t)/t is decreasing
by Proposition 2.1 (b). Therefore, [37, Lemma 2.2] yields the existence of a
concave function K: [0, +00) — [0, +00) such that

%K(t) <H(t) < K(1), t>0,



and by Jensen’s inequality we get

]iTH(|u|)dw < ];‘K(\u\)dx < K<]€3T |u|d:r) <2H <]ir \u|dx>.

(b) It follows from [10, Theorem 7). O

Auxiliary functions. Let G be an N —function. Following [10], for a > 0 we
define the shifted function

t v
Go(t) ::/ %5 ds, t>0. (8)
0

Note that all shifted functions are also IV —functions such that G, and G, :=
(G,)* satisfy the Ay —condition uniformly with respect to a > 0. In particular,
if G satisfies the hypotheses (G) we have the following properties.

Proposition 2.3. Suppose that the N — function G satisfies the hypotheses (G)
with 1 < g1 < 2 < go and let G, (a > 0) be the shifted functions of G defined in
(8). Then, for b > 1 we have

b1 G, (1) < Gu(bt) < b92G, (), t>0, 9)

and the following relations

Ga(t) = GL(t)t; (10a)
~ 2NG(a+t)2NG'(a+t) 2,

Galt) = G (a0 o= 0 2t = = EEE, (10b)

Gla+1) ~ [Ga(t) + G(a)]; (10¢)

hold uniformly with respect to a > 0. Here relevant constants depend only on g1
and gs.

Proof. Though these properties have been already used in [10, 13, 12], we give
detailed proofs for the sake of completeness. In particular, we assume that
1<g1 <2<go.

We first observe that

2—2 2—2 12
<a—|—bs>g _ <b— (b—l)a)g < po2 and (a+bs>g S 2

a—+ s a—+ s a—+ s

for every s > 0. Then, we see by Proposition 2.1 (b) that

t v b t v N bs g2—2 t v N
Gaoty =42 [ CLaED) g g [T G0t (‘” é) 3ds§b92/ Glats) s < pmGo)
o a+bs 0o a+s a+s 0o a+s

which proves the second inequality in (9). The first one is similar.
The inequalities in (9) imply that the mappings t — G (t)/t9* and t — G,(t)/t92
are increasing and decreasing respectively. Therefore, by differentiating these



mappings, we obtain that g1G,(t) < G.(t)t < g2G,(t) for t > 0 and this proves
(10a). From (10a), the definition of G, and (G3) we get

= Mﬂ

~ U
Galt) = Gty =~ %

~ G"(a + t)t?

which is the first equivalence in (10b). The others follow from (G3) again.
We are thus left to prove (10c). By the very definition of G, we have
Gu(t) < Gla+t)—G(a), t>0.

On the one hand, if 0 < a < t, we have t < a+t < 2t and from Proposition 2.1 (c)
and (G3) we get

Go(t) > !

2t t/2

t
’ v g1 91
G'(s)sds > gG (t/2) > Tt G(2t) > 492+1G(a+t)

which gives

G(a+1t) = Gu(t) + G(a)

for 0 < a < t. On the other hand, if a > t, we have a < a + t < 2a and hence
from Proposition 2.1 (¢) again we get

1 1
G(a) > 2$G(2a) > 2@G(aﬂﬁ)

and this completes the proof of (10c). O

To the function G, we associate the matrix—valued function V: MM — MN*»
defined by
G'(14))

V(A) = A A, AeMV, (11)

Then,
V(AP = VG (A A| = G(|A)),

and the following relations between V and G
V(4) = V(B)]? ~ G4 (|A - B)) (12)

hold for every A, B € M™" (see [12, Lemma 7]). Moreover, recalling f in the
preceding section with the second inequality in (A2), we also have

G'(|A[+]A- B|)

IDf(e, 4) = Df e, B)| < cGlay(14 Bl = e e

|A—B|. (13)

for every x and every A, B € MM (see [12, (2.14)]).

Basic estimates. In this part we recall Caccioppoli inequality and local and
global higher integrability results for local minimizers of the integral functional
F defined by (4) where G satisfies hypotheses (G) and f is a Caratheodory
function satisfying (A0) and (3) (with f(z,0) = 0) only.

10



Theorem 2.4. Let u € Wli’CG(Q,RN) be a local minimizer of F. Then, the
following inequality

]ép G(|Du|) dz < c]irG (%) dx

holds for every € € RN and for every pair of concentric balls B, € B, € Q with
some constant ¢ = ¢ (n, N, g1, 92,co,A) > 0.

Theorem 2.5. Let u € WI})’CG(Q,RN) be a local minimizer of F. There exists
k1 = k1(n, N, g1, 92, co, A) > 0 such that G(|Dul) € Li-t" (Q) and the inequality

loc

]i [G(Dup]"" da < e (#) <]{3 G (|Dul) dm>m (14)

P

holds for every k € [0, k1] and for every pair of concentric balls B, € B, € Q
with some constant ¢ = ¢(n, N, g1, g2, co, A) > 0.

The proofs of Theorem 2.4 and Theorem 2.5 when p = r/2 are essentially the
same as Step 1 in the proof of Corollary 3.4 below. In addition, Theorem 2.5
for general p can follow from the case p = r/2 by using a standard covering
argument. Hence, we omit the proofs of these two theorems here.

The next result gives global higher integrability on balls of minimizers of F.
This can be shown by an argument similar to the one used in the above interior
result, see for instance [28, Theorem 6.8].

Theorem 2.6. Let ug € WHE(B,,RY) and k1 > 0 be such that
G(|Dug|) € L' (B,)

and let the function u € WHC (B, ,RN) be a minimizer of F with Q = B, such
that u = ug on 0B,.. Then, there exists ko = ka(n, N, g1, g2, co, A, k1) € (0, K1)
such that the inequality

/ [G(Dul)] ™ dx < c/ [G(|1Duo|)] ™" da (15)

r r

holds for every k € [0, ko] with some constant ¢ = ¢ (n, N, g1, g2, co, A) > 0.

Harmonic approximation results. In this part we recall some harmonic
approximation results in the setting of Orlicz functions.

We consider first a bilinear form A on M™™ which we assume to be strongly
elliptic in the sense of Legendre-Hadamard, i.e.

XolnlPlEP < (A @ [ (@ &) < Aolnl?lé]*,  neRYN and £ eR™,

holds for some constants Ag > A9 > 0. Then, for a given Sobolev function
v E Wl’l(BT, IRN) on some open ball B,., we let h be the A—harmonic function

11



which agrees with v on 9B, i.e. h € WH1(B,.,RY) is the unique weak solution
to the Dirichlet problem

{ —div(ADh) =0 in B,

16
hev+Wy'(B,,RY). (16)

As is well known, the solution & is smooth. Then, the following A—harmonic
approximation result holds in the setting of Orlicz space.

Lemma 2.7. (Modified version of [12, Theorem 14]) Let A be a bilinear form
on MM qs above and let H: [0, +00) — [0,00) be an N —function such that
H H* € Ay and let 4 > 0 and p > 1. Then, for every ¢ > 0 there ezists
d = d(e,n, N, Aq(H), Aa(H*), Ao, Ao, p) > 0 such that the following holds: if
ve WHH (B, RN) satisfies

]iT H(|Dvl) dx < <]€3 [H(Dv)}pdxyl’ < H)

and the following almost A —harmonic condition

f (ADv | Dyp) dx

.

the (unique) weak solution h to (16) is in WHH (B, RY) and satisfies

]{BT H (M) dz + ]i H(|Dh — Dv|)dx < eH(p). (17)

r

i

S5MHD§0H007 VWED(BNRN%

The proof is exactly same as the proof of [12, Theorem 14] with ¢ = H and
with

s, ]é|Du|dac7 ][I;H(|Du|)dx, ]i[H(|Du|)]Sdac

replaced by p, u, H(p) and [H (u)]? respectively. We note also that if H satisfies
the hypotheses (G) with constants g; and g, then in the above lemma ¢ actually
depends on g; and g2 instead of Aq(H) and Aq(H*).

Then, we turn to the G —harmonic approximation. Let G satisfy the set of
hypotheses (G) and let g € WG (B,.,RY) be a G—harmonic map in some open
ball B,, i.e. g is a weak solution to

—div (G'(|Dg|)‘%) —0 (18)

in B,. Then, its gradient Du and V(Du) are Holder continuous due to the
following decay estimate.

Lemma 2.8. [13, Theorem 6.4] Let G satisfy the hypotheses (G) and (2) and
let g € WHG(B,,RY) be a G —harmonic map in the open ball B,.. Then, there
exists o = vo(n, N, g1, 92, c1, Bo) > 0 such that

f V(Dg) — (V(Dg))s.. |2 dz < c72% f V(Dg) — (V(Dg))s, > du
B, B,

holds for every T € (0,1) with some constant ¢ = ¢ (n, N, g1,92,¢1) > 0.

12



The next lemma is a G—harmonic approximation result.

Lemma 2.9. [14, Lemma 1.1] Let G satisfy the hypotheses (G). For every
e €(0,1) and 0 € (0,1), there exists § = d(n, N, g1, g2,€,0) > 0 such that the fol-
lowing holds: if v € WHC (By,,RYN) satisfies the following almost G — harmonic
condition

Dv

]i (GDuD oy | D) de

< 5( [ G<|Dv|>dx+c<|\Dw||oo)) (19)

for all functions ¢ € D(B,,RYN), then the (unique) weak solution g € WHG (B, RN)
of (18) subject to the Dirichlet boundary condition g = v on OB, satisfies

1/6
(7[ |V (Dv) — V(Dg)\wdz> <e G(|Dv]) dz. (20)
B, Bar
We note that the estimate (20) can be improved when G(|Dv|) satisfies a reverse
Holder inequality.

Corollary 2.10. Let G satisfy the hypotheses (G) and let v € WG (By,,RY)
be such that

(]iT[G(|Dv|)]l+mdx)”l’” < & ” G(|Dv]) dz (21)

forki,¢éo > 0. Then, for everye € (0, 1) there exists 5o = do(n, N, g1, g2, K1, Co, €) >
0 such that the following holds: if u satisfies the almost G —harmonic condition
(19) with & replaced by &, then the (unique) weak solution g € WG (B,,RY)
of (18) subject to the Dirichlet boundary condition g = v on OB, satisfies

][ |V(Dv) — V(Dg)|?dx < ¢ G(|Dv)) dx. (22)
B, Bar
Proof. Since g is a minimizer of F with f(A) = G(|A|), from Theorem 2.6 we
have that

F (GUDgD o < cf (6D da (23)

B, B,
where ko € (0, k1) depends on n, N, g1, g2 and k1. Then, for 7 € (0, 1) defined
by

1—7
2

applying Holder inequality and Lemma 2.8 with 6 = 1/2, we have

1=

+ (1 + ko), (24)

][BT|V(DU) — V(Dg)|?dx
<(f V(D) - V(D) iz o (. v - vwg)\?“wdw)T

By

(1-7)/2 T
< (s G(\Dv\)da;> <][ |V(Dv)—V(Dg)|2(1+“2)dx) .
Ba,. B,
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Since |V (A4)]? ~ G(|A]), we have from (23) that

]{37» [V (Dv)=V(Dg)P+2)da < c][BT (G(|Do|)] "2 da < (]{SM (Do) d$>1+n2 |

Therefore, combining the last two estimates and using (24) we obtain (22). O

3. Caccioppoli’s inequality and Ekeland’s variational principle

We derive in this section special versions of Caccioppoli’s inequality and Eke-
land’s variational principle which take into account the dependence of the inte-
grand f on the x variable.

Throughout this section we assume that G and f satisfy the hypotheses (G)
and (A0) - (A6) respectively, and that F is the integral functional defined by

(4).

Caccioppoli’s inequality and consequences. Let us first prove Cacciop-
poli’s type inequality for local minimizers of F involving affine functions. This
result is the z —dependent version of [12, Theorem 11].

Theorem 3.1. Let u € WL (Q,RY) be a local minimizer of F. Then, for

loc

every ball By, (z0) € Q and for every affine function L : R™ — RN defined by
Lz = Q(x — x0) + yo, z e R",
with @ € MM and yo € RY, the following inequality holds:

.y
][ G‘Q|(|Du—Q|)d$ < c][ G\q <L |> dx+cw(2r)G(|Q]) (25)
B, (zo) Ba,(z0) r

for some ¢ = ¢(n, N, g1, g2, co, A, A) > 0.

Proof. We assume that the center of balls is the origin and set B, = B,(0) for
p>0.ForO<r<ry <ry<3r/2andrsz = (ri1+r2)/2,let n € D(B,,) be a cut—
off function with 0 <9 <1,n=11in B,, and |Dn| <¢/(rs —r1) =2¢/(ra — 1)
and set ¢ = n(u— L) and ¥ = (1 —n)(w — L) on 2 so that o+ = u— L
and Dy + Dy = Du — @ a.e. on . Then, in view of (10b) and of the strict
WG — quasiconvexity assumption (A3) of f with ¢ as above, we have

| Gapehirse[ @ Ql+Delippl s <c [ 150,04+ Dp) - 1(0.Q))da
B,,

B, By

and we write

f(0,Q + Dyp(x)) — f(0,Q) < [f(0,Q + Dp(x)
+ [f(0, Du(x)

0, Q+Ds0( )+ Di(x))]

, Du(z))]

z, Du(z) — De(x))]
f(0,Q + Dy(x))]

£00,Q)]

)= f(
( - /(
+ [f (&, Du(z)) = f(
+ [f(2, Q@ + Dy(a)) -
+ [£(0,Q + Dy(x)) —

14



for a.e. x € 2 so that the following estimate holds
/ Gio|(IDg|) dz < ¢ (I + Io + I3 + Iu + I)
By

with obvious meaning of I, ..., I5.
(i) Estimate of I; + Is. We have from (13) that

1
:_/0 %[f(O»Q+D<p+tD1/))—f(O:Q+tD¢)] dt

— [ (D£0.Q++Dv) - DFO.Q)) - [DF(0.Q + Do +tDv) ~ DF0.Q)]| Dv) d
1
< [ [GlatID) + Glg (1Dl + 00| D

< cGio(IDY]) + ¢ Gl (1D¢| + [DY]) | D).

By Young’s inequality and (6), we have sG/,(t) < c(8)Gq(s) + dG,(t) for every
0 < § < 1 uniformly with respect to @ and hence we get

(oI (IDgl + DYDY < 6G g (IDg| + [ D)) + c(6)Giq|(1D¢]) < ¢6G q|(|1Dpl) + c(8)Gq (|1 DY)

Choosing ¢ > 0 small enough, we have
I +1Is < c/B G\q|(|D]) dx + %/B G\q|(|D¢|) dz.
- r3
(i1) Estimate of Is + Iy. By (A4) and (10c) we have
L+1, < cw(QT)/B G(|Dul) dz + cw(27‘)/B G(|Q| + |Dy|) dx
- "3

Scw(QT)/B G(|Du|)d:r—|—c/B Gq|(|D]) dx + cw(2r)r"G(|Q]).

(iii) Estimate of I3. The minimality of u yields I3 < 0.

Combining the previous estimates we get

| Gapedr<e | Gopude+cw) [ GIDU) s+ cwrG(Q)
By, By, By,

which, in view of the definition of ¢ and 1), yields

/ Gio|(|Du — Q|)dz < c/
By, By, \Bp,

+cw(2r)/B G(|Du|) dz + cw(2r)r"G(|Q)).

- L
G|Q\(\DU—Q\)dx+C/ Glal <|u ‘) de
By \Bry

15



In addition, exploiting Holder’s inequality and the higher integrability property
(14) of u, we have

/ G(|Du|) dz < c< ! ) / G(|Dul) dw.
By r2—n By

Then, inserting this into the previous estimate, letting r1 = 7r and ro = tr with
1 <7 <t<3/2 and taking into account (9), we obtain

/B Gq|(|Du - Q) dx < c*/

T tr\Brr B3 2 r
cw(2r) n
+ G(|Dul) dz + cw(2r)r"G(|Q])
(t — ’7’) T+r1 B3, /2

for every t and 7 as above which, by filling the hole, yields

Cx

c lu— Lj
_ < — —
/B Glqi(|Du ~ Q) do < 3=~ /B Giq(|Du— Q) dz + i /BW Glol ( - ) dz

i /B G(|Du|) dz + cw(2r)r"G(|Q)).
3r/2

(t—r)Tim

Therefore, in view of a standard iteration argument ([28, Lemma 6.1]) we get

/Br Go|(|Du— Q|) dz < c/BW Go| ('“*”) dac+cw(2r)/ G(|Du)) dz + cw(2r)r"G(|Q|)

r B3, /2

and we are left to get rid of the integral of G(|Du|) at the right hand side.
Exploiting the standard Caccioppoli’s inequality (Theorem 2.4) with £ = L(0) =
yo and 3r/2 and 2r in place of p and 7 and taking into account (10c) that

6 (") <o (M H e <clan (") vanan|. e

r

we get

[ cupuasse[ G (") drercia),
Bgz/a

27 r

Inserting this into the above estimate and recalling that w(r) < 1, we get the
desired estimate. O

We next exploit Gehring’s lemma to obtain a reversed Holder inequality for the
local minimizer u.

Corollary 3.2. Let u € W29 (Q,RN) be a local minimizer of F. There exists

loc

k € (0,1) and ¢ > 0 depending on n, N, g1, g2, co, A and X such that the

16



following inequality

1/(14)
][ [Glo)(1Du — Q)] da <cCpy ][ \Du— Q| d | +ew(2r)G(Q))
Br(x0) Bar(x0)

(26)
holds for every ball Ba, (o) € Q and for every matriz Q € MY,

Proof. Let Bs,(y) C Bar(wo) and L : R® — RY be the affine function defined
by

Lz = Q(z — o) + (u)y,2p, x € R™
Since (v — L)y 2, = 0, Poincaré’s inequality (Theorem 2.2 (b)) applied to u — L

gives
| I 1/6
u— 0
f (M) s (f (Gla1Du Q)] d:c)
. B2p(y) P BQp(y)

for some 6 € (0,1) and so, from (25), we have

1/0
f ()GQ|<|Du—Q|>dx<c<7i ()[G@(Du—cz)}gdx) +ew2)G(Q):

Hence, the inequality

1/6
][ Glo(|Du—Q|) dz < ¢ (J[ (G| (|Du — Q)}edﬁﬂ) +ew(2r)G(Q))
Bp(y) sz(y)

holds on every ball Ba,(y) C Ba,(x) and therefore, being the last summand
on the right independent of the choice of the ball, Gehring’s lemma ([28, Theo-
rem 6.7] for instance) yields the existence of £ > 0 such that

1/(14r)
(f {G@(Du—m)}”“dx) <of  GulIDu-Gl) drres2G(Q)
By (y)

2p y)

holds on every ball Bs,(y) C Bar(2). Hence applying the same argument of
[28, Remark 6.12] we have in particular that

1/(14+) g2
(][ [GQ(|DU—Q|)]””dm> < c(][ [G|Q‘(\Du—QD}”” dx) + cw(2r)G(|Q))
B (z0) Ba, (o)

Finally, applying Lemma 2.2 (a), we obtain formula (26). O

From now on, we define

E(z9,p,Q) ::][ Gq|(|Du — Q|) da;

P (zo

W(zg,p) == ]{Bp(m G (%) dx; (27)
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for every zo € Q and p > 0 such that B,(z¢) € Q2 and we note that following
relations

Blro.p @~ VIDw - V@Q) ds: (25)
Vg <cf . GUDu) i (28b)

hold by (12) and by Poincaré’s inequality respectively.

Ekeland’s variational principle. The x—dependence of f can be dealt with
by a freezing argument based on Ekeland’s variational principle ([28, Theo-
rem 5.6]).

In this part, we fix a ball B,(z¢) € 2 and we set

fo(A) = f(xo, 4), A e MV, (29)

and

K(z0, p)

K(wo.p) =w(p)¥(e0.p)  and  Kolwo.p) = oyree. -

(30)

Theorem 3.3. Let u € Wl’G(Q,RN) be a local minimizer of F. Then, for

loc

every ball B,(zo) € 2 there exists v € u+ W&’G(Bp/g(xOLRN) such that

][ fo(Dv)dx < ][ fo(Du) dz, (31)
B, (z0) B, /2(z0)
][ |Du — Dv|dx < ¢cG™1(K (x0, p)) (32)
B, /2(z0)
for some ¢ =c(n,N,g1,92,co, A\, \) > 0 and the following inequality
][ fo(Dv)dx < ][ fo(Dw) dx + Ko(zo, p) ][ |Dw — Dv| dx
B, /2(wo) B, /2(x0) B, /2(zo)
(33)

holds for every function w € u + Wol’G(Bp/g (w0), RN) with Ko(xg, p) defined by
(30). Moreover, the following inequality

f (Dfo(Dv)| D) da
B, /2(x0)

SKO(CUOW)][ Dgldz,  (34)
B, /2(z0)

holds for every ¢ € Wy (B, s(x0), RN).

Proof. Since the point z is fixed throughout the proof, we briefly write B,, (u),,
¥(p) and so on omitting the dependence on zg and we let ¥ € u + Wol’G(Bp/Q, RY)
be a minimizer of

Folw) = Fo(w, Byj) := ][ fo(Dw)dz,  weut WEC(B, RY).
B2

18



We want to estimate Fo(u) — Fo(?) and to this aim we write
- 1 1 -
Falu) = Fo@) = [Folwd = 5P By + | 5 P By Folo)]
B2l | Bpy2|

As to the first summand, by (A4) and the standard Caccioppoli inequality
(Theorem 2.4) we have

Folu) (u, B,2) :][ [f(z0, Du) — f(z, Du)] da

B2

1
.
|Bp/2|

<culn) f @D < ) f K (M=) do = cutopio),

We then turn to the second summand. Since w is a local minimizer of F, we
have
1 1

m}'(w B,s) — Fo(0) < m}'(@,Bp/Q) — Fo(v) = ]{Bm [f(x, D) — f(x0, DD)] da

< Cw(p)][ G(|Dd)) da.
B2

by (A4) again. Then, a standard energy estimate which exploits (A0) and (3)
gives

][ G(|D?)) da < c7[ G(|Du)) dx
B2 JBp2

and hence by the same argument used above we conclude that
1 -
B (s Bpa) — Fo(0) < cw(p)¥(p).
1B/
We have thus proved that
Folw) < Fo0) + K(p) = min { Fo(w) : w € ut W (B, RY)} + e K ()

and finally, choosing the distance defined by

1

d(vi,v2) = ¢.G-(K(p))

]i | Dvy — D) dz, v1,v9 € u—i—Wol’G(Bp/z,}RN)7
p/2

Ekeland’s variational principle yields a function v € u + W, ’G(Bp /2(x0), RY)
which satisfies (31), (32) and (33). (It is clear that (u+ W% (By,),d) is a com-
plete metric space and that Fo : u + Wh%(B,,) — R is lower semicontinuous
in this metric topology.) Moreover, since v is a minimizer of the functional

Fa(w) = ][ fo(Dw) dx + Ko(xo, p) ][ |Dw — Dv|dx (35)
Bp/z(wo) B

p/2(T0)

defined for every function w € u + Wol’G(Bp/Q(a:O),RN), it is a solution of the
Euler-Lagrange system for the functional 74 whence (34) follows. O
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Corollary 3.4. Let v € u+ W&’G(Bp/z(xo),RN) be as in Theorem 3.3. Then,
for 7 =71(n, N, g1, 92,c0,A) € (0,1) defined by
1
1 + K3

+(1-7)g2 =1, (36)
where kg > 0 is determined by (38) below, we have

f . GDu = D) de < o)™ W) (37)
By a(zo

for some ¢ = c(n, N, g1, g2, c0, A, X) > 0.

Proof. We set ¥(p), K(p) and so on as in the proof of Theorem 3.3.
Step 1. Higher integrability of Dv. We first prove that

1/(1+k3)
<][ G(| D)) da:) < c][ G(IDv]) de + K (p) (38)
By, /a(xo) B, /2(x0)

for some kg = k3(n, N, A\, A, g1, 92, co,c1) > 0. Without loss of generality, we
may assume that k3 < k1 where k4 is the exponent determined in Theorem 2.5.
Since v is a minimizer of F, defined by (35), we have for every ball Bas = Bag(y)
with Bog C B,/2(0) and for every 1 <7 <t <2,

Jo(Dv)dz < [ fo(Dlv —n(v = (v)B,,)]) dx + KO(P)/ [D[v = n(v = (v)B,,)] — Dvl|dx
Bis Bys Bis

< [ fold=mDv=(v=(v)p.,)Dn) dw+Ko(p)/B [nDv + (v = (v) B,, ) D] da,

where n € D(Bgs) with 0 < n <1 and n = 1 in B;s. Then by (Al), (3) and
Young’s inequality with (6) and (30),

/BTS G(|Dv|) dx < 6/1st [G((l —n)|Dv|) + G (%)} dx

+C/Bts {G(|Dv|) e (%) +G*(K0(p))] do

Sc*/ G(|Dv|)dm+;/ ol =We.lY
Bt:\Brs (t—7)92 Jp,. 3

+c [ G(Dv]) +cK(p)|Bys|
Bas

and so

Cs c [v — (v)Ba.|
< - 7 \"/bas|
/BTS G(|Dv|)dx < T o /Bts G(|Dvl|) dx + i /B2SG< . ) dx

+c/ G(|Dv]) dz + ¢ K ()| Bas|-
Ba,
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Here we used the fact that

& (Kolp)) = G (W} < GO (K (p) = cK(p).

Therefore, in view of a standard iteration argument ([28, Lemma 6.1]) and
Poincaré’s inequality (Lemma 2.2) we get

]{55 G(|Dv|)dzx < c]izs G (%) dx +c¢ . G(|Dv|)dx + cK(p)

Sc( G(|Du|)9d:ﬂ> +c][ G(|Dv|) dx + cK(p)
Bas Bas

for every ball Bag C B,/2(20). Therefore, in view of Gehring’s lemma (see [28,
Theorem 6.7]), we obtain (38).

Step 2. Proof of (37). We we omit the dependence on zy. In view of the
definition of 7y, Holder’s inequality gives

T ) (1=71)g2
][ G(|Du - Do|) dz < (][ (G(|Du — Do) dac) (7[ [G(|Du — Du|)|% dm) .
By/a By/a By/a

By Lemma 2.2 (a) and (32), the second factor on the right hand side above can

be estimated such that
(1—71)g2 1—-71
1
][ (G(|Du — Do|))% da <cla (7[ \Du — Do|dz < c[K(p).
By/a By/a

As to the first factor, we have

<][ [G(|Du — Dul)]* " da:)
Bp/a

<e (f (G D)+ dx> e <][ G(Du)) das>
Bp/a Bp/a

For the first summand, the higher integrability inequality (14) with k3 < k3
and Caccioppoli’s inequality yield

(][ [G(|Du|>1“'€3dx) 39][ G(|Dul) da
Bpy/a B

p/2

cof o= 4o cug

P

As to the second summand, since

][ G(|Dv)) do < c][ Fo(Dv) dz < c][ Fo(Du) dz < c][ G(|Du)) dx
B2 B2 B2 B2
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by (A1), (3) and (31), we have from (38), Caccioppoli’s inequality and the
definitions of K(p) and ¥(p) and Theorem 2.4 that

(f [G(Dv)}lmdx) scf G(|Dulydz + ¢ K (p)
B,/ B2

< c]i G (Lp(“)”‘) dz+c¥(p) < c¥(p).

P

Finally, combining all the previous estimates we obtain
]i ., GUDu = Do dz < e[V K (o)™ = elu(p)]' T ¥(p)
p/4{T0

and this completes the proof. O

4. Decay estimates via harmonic approximations

In this section we prove decay estimates for local minimizers via harmonic ap-
proximation in both non—degenerate and degenerate cases. These cases are
distinguished by the inequalities (43a) and (61a) and, in order to obtain the
decay estimates, we exploit the assumption (A5) for the non-degenerate case
and (A6) for the degenerate case.

Throughout this section we assume that G and f satisfy the hypotheses (G)
and (A0)—(A6) respectively and that F is the integral functional defined by
(4). Moreover, we fix a ball B,(z¢) € (2, we let the functions fo be defined by
(29) and u € W2%(Q,RY) be a local minimizer of F.

loc

Non-degenerate case. For Q € MM Q #0, let L: R® — RY be the affine
function defined by

Lz = Q(z — x0) + (W)ay,ps z € R"
and A: MM x MM 5 R be the bilinear form defined by

D*fo(Q)
A = 39
@ = Grig) (39)
Then the following result holds.
Lemma 4.1. Suppose that
E(z0,p,Q) < G(|Q)). (40)

Then, there exists f1 = B1(n, N, g1, g2, co0, A, Bo) € (0,1/2) such that

1489

[QUIDel

[, QD) Dy i< o o) + b (EEs)
By a(zo

G(QlD G(Qh

holds for every ¢ € D(Bp/4(x0),]RN) for some ¢ = ¢(n, N, ¢1,92,co,c1,A,\) >
0.
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The exponent (37 is given by

1+6 1 (1*71)(1+50)}<1
2

117

, a1
292 91 2 (41)

fB1 := min {

where 7 is defined by (36).

Proof. Since the point xg is fixed throughout the proof, we omit the dependence
on zo and we write B4, ¥(p), K(p), E(p) and so on as we did before.
We first observe that, since L(zg) = (u),, the definition of ¥(p) and (10c) give

\If(p):]{B G(@) dazgji G<\Q|+%) dw§0<]ipG|Q<

P p

and hence, since (u — L), = 0, Poincaré’s inequality and (40) yield

u— L
f o (") ar<ef Go(pu-ahds=cpip.Q) <caia.
B, P B,
Therefore, we have

U(p) <cG(lQ)  and  K(p) < cw(p)G(Q)) (42)

Then, we consider the function v € u + WOI’G(B,J/Z,RN) associated to u by
Theorem 3.3 and choose ¢ € D(B,,4,RY) with || D¢/ < 1. Then, taking into

account that Dfo(@)
0 Dy)dx =
ﬁm%%w'¢>ma

we compute

f:f (A(Q)(Du — Q)| Dy) dx
B

p/4

—f  AQDu-Dv)[ Do+ (AQ(DY - Q)| D) s
Bpy/a

Bp/a

Dfo(D’U)
= (A(Q)(Du — Dv) | D) dx + — A | Do) dx
éw ) )| D) ﬁmﬁu@n@

+][ {<D fo(Q) (Dv— Q) — D fo(Dv) — D fo(Q) |D¢>}
Bpy/a

G"(1Ql) G"(1Ql)
= Il + 12 + 13

and we estimate the three terms thus obtained.
As to the first term Iy, since |A| < A by (A2), || D¢l <1 and w(p) < 1, from
(32), (42) and (7a) we get

e Du-Dulde < cG K@) < clulp)]/[Q).

BP/4
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We then turn to the second term I5. Since |Dyllo < 1, by (34), (30), (7a),
(42) and (6) we have

(@Dl =|f (DD D) 3cK0<p>:c[w<p>P-l/gl%sc[w(p)Jl-l/-‘hG"<|Q|>\Q|,
Bp/a
whence
L] < c (1)
follows.

We are thus left to estimate I3. Since

Dfo(Dv) — DfolQ) = /0 (D1o(Q + (Dv — Q)) | Dv — Q) dt,

we have
I T S ) i
Iy = a"(1Q) ]ip/4A ((D*fo(Q) — D*fo(Q + t(Dv — Q)))(Dv — Q) | D) dt dx:
1 1 1 1
_G”(CQD][BPM 1E(I)/O dtd$+Gw(|Q)f;p/4 ].F(SL')/O co.dtdx
=: 134 + I3p

where the sets F and F' are defined by
E:={2|Dv-Q| > |Ql} NB,y and F:= {2|Dv — Q| < |Q|} N B,s-
We first estimate I3,. Recalling that
/1 G'(tA+ (A -t)B)) .,  G'(Al+|Bl)
o [tA+(1—-1)B| |A] + | B

holds uniformly with respect to A, B € M with |A|+|B| > 0 ([10, Lemma 20]),
from (A2) and (6) we obtain that

c ! 1 1
Tl < gy £, |12 ) €1QD + @ (Do +-(1 - 0@ ailpe — Qs

¢ G(Q) . G'(Dv] +1Q)
SG"<|c2|>7{g‘,/f’f< @ TTIDd+

1p G'(|Q| + |Dv|)| Dv — Q| d

) |Dv — Q| dx

C
< - -
— Qe ]im

QI / B
<caiol ]ém 15 G'(Q| + | De])| Dv — Q| d.

Noting that |Q| + |Dv| < 2|Q| + |Dv — Q| < 5|Dv — Q| holds a.e. in E and
recalling that G(a +t) < ¢G,(t) holds for ¢ > a because of (10b), we obtain
that

G'(1Q+|Dv])|Dv—Q| < cG(|Dv=Ql) < cG(2|Dv=Q|+|Q]) < cGq((|Dv—Q))
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holds a.e. in E and this implies that

1
[I34] < ¢ <G(|Q) ]ip/4 Gq|(|1Dv — Q) dx) Q.

We next estimate Is;. Because of (A5) the inequality

Y
|D?£5(Q) — D fo(Q + t(Dv — Q))| < cG"(1Q]) (%)

holds a.e. in F' for every t € [0,1] and from this we obtain
1+8g
Do — @I\ G'(QDIDv - QP
| < cIQI][ 1p (7 do<clQlf 1p (VN ZER) C g,
By/s QI Bys G'(1QDIQI?

Then, taking into account that G’ is increasing, that |Q| + |Dv — Q| < 3|Q|/2
a.e. in F and that G'(t) ~ G(¢)t, we obtain

148¢
| &l + |Dv—@|>|Dv—Q|2>T
vl < C'Qﬁ,,/4 1F( c(Qn(Ql + 1Dv—qQl e

and hence, using once more (10b) and that G'(t)/t ~ G'(t) and exploiting
Jensen’s inequality with (1 + §p)/2 < 1, we finally get

1480
2

1
|I3p] < ¢ <G(|Q) ]{B,,M G\Q\(|DU - Q) dx) Q.

Therefore, combining the inequalities obtained for I3, and I3, we have that

1+8g
2

c 1
‘13‘ < G(|QD ][Bp/4 G|Q‘(‘D1}*Q|)dﬂ?+€ <G(|Q|) ][Bp/4 G\Q|(|DU - Q|)d.7?>

Moreover, since

]{B Cw‘@|(|Dq)—CQ|)CZJB§c]{B G\o|(|Du — Dvl|) dz 4 c E(p)
p/4 p/4

and, from G, (t) < ¢[G(t) + G(a)t/a] with a = |Q| and t = |Du — Dwv,

][ G\q|(|Du—Duv|)dx < c f G(|Du—Dwvl|) dx+c ¢(Ql) ][ | Du—Dv| dx
Bp/a B,/a ‘Q| B,s

we have

G(\QD][ | Du—Dv| dz4c E(p).

][ Gq(|Dv—Q|) dz < c][ G(|Du—Dvl|) dx+c
Bo/a B4 |Q‘ B4
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Hence, taking into account formulas (32), (37) and (42) and recalling that
G (K(p)) < c[w(p)]'/92|Q| as in the estimate of I;, we obtain that

E(p)

v — r<c =71 4 clw(p)|V/92 + e =22
|Q|f Gioi(1Du = @) do < clulp) ™ + el /7 + O

Combining the results for I;, Iy and I3 and choosing ; as in (41), we finally
get the desired estimate. O

Lemma 4.2. For everye € (0,1) there exist §; = §;(n, N, g1, g2, co, c1, A, X, Bo, €) >
0 (i = 1,2) with the following property: if
][ [V (Du) = (V(Du))ay | da < 51][ \V(Du)|? da; (43a)
B, (o) B,(x0)

w(p)]? < 6a; (43D)

then the following inequality

f V(D) — (V(D)) g dit

Brp(20)

<er?(1+=5) (. V00 = (VO o+ o) £ V(D0 ds ).
T Bp(wo) Bﬂ(zo)
(44)
holds for every T € (0,1) for some ¢ = c(n, N, g1, ge, co,c1,A, X) > 0.

Proof. We fix ¢ € (0,1) and, as usual, we omit the dependence on the point xg
which is fixed throughout the proof.
We first note from (28a) and [11, Lemma A.2] that

B(p.(Du),) = f V(Du) = V(D)) da (45)

P

and from [12, Lemma 23 and 25] and (12) that

][ V(D) d < 4|V ((Du),)|* ~ G(|(Du),))- (46)

B,

Throughout the rest of the proof we set

Q= (Du)p

and from (28a), the previous estimates and (43a) we obtain

Q) <cf [V(Du) - V(QPF dr < 200:G(Q) (47)

B,
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for a suitable constant ¢ > 0. Then, for sufficiently small §; > 0, we see that
(40) holds and, letting A = A(Q) be defined by (39) with Q = (Du),, in view
of Lemma 4.1, for every ¢ € D(B,,4, RY) with |[Dg|« < 1 we have

f @(Pg?) ipaasa {[wm)fs v [Z((f’é%)r +[ 502 &} S

o=

(48)
for some ¢; > 0 where
E*(p,Q) = E(p, Q) + [w(p)]" G(IQ)). (49)
In view of from (47) and (43b), we note that
L;E'pég) < o 61 + 02
We next define
~ =~ G
H() = (G)1(t)  where  G(t) = G((%f)). (50)

(Here (é)l is the shifted function of G with @ = 1. Then @ satisfies the hy-
potheses (G) and it is easy to check that

_ Ge(1Q)

Then, recalling (10b) and that G is increasing, we have

Cu+)p_ CUQIHIQN oy £ o 2y )

HO) = @) 2 e mm " = qionar o2’ = @roe -

and so the inequality
t? < & H(t), telo,1],

follows for a suitable constant ¢ > 0. Moerover, we observe also from Corol-
lary 3.2 that

(£ b)) - (h ot ")

c(1Q Ji Gla/(1Du = Q) do + cw(p)

E*(p,Q)
Aele))

IN

t

IN

holds for some constant ¢z > 0.
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Then, with ¢, é2, ¢35 > 0 determined above, by choosing d; (i = 1,2) sufficiently
small we see that

W= max{él, @} [L(m ’

G(\QI)} < max {1, V&l | (@i +62)7 < 1. (51)

Therefore, combining the previous estimates, we obtain

(7@ {H (w%?lq)]mdx)liﬁ <5 EQ)
»

2

_ - 1
STeqqn @

(max {51, \/5263})
and, inserting (47) and (51) into (48),

- T gy
£ a(Zigr) 1peas < 2B AL
B,a |Q| max {Cl, 6263}
Therefore, we can apply Lemma 2.7 to the function
— L
Y where
Q|

v =

Lz = Q(z — zo) + (u), and p=1+k,
by choosing ¢; (i = 1,2) sufficiently small, so that we have

1
caan 7{%/4 G(|IDu — Q — |Q|Dh) dx = ]{Bm H (|Dv — Dh|) dz < eH(p).

(53)
Here h is the A - harmonic function in B/, with h = v on 9B,/4. In addition,
since

G(QI+p) o 2
H
() < P e
we finally obtain

f Gi(Du-Q- QD) ds < e12E"(.Q) (54)

B2

for a suitable constant ¢4 > 0. Next, we choose 7 € (0,1) and we note that it

suffices to consider 7 < 1/16. Then, from (12) we get

F VD0~ (VD)L <t f VDU - VIQ+ [QIDA),,) P de
Brp B

Tp

= c]i Gia+iql(on).,|([Du = Q = |Q|(Dh)-,|) du
and we note from (52) and (53) that

]{SW H(|Dh|) dz < c][

28

2
(52

<

)

H(|Dv|) dm+c][ H(|\Dv—Dh|) dz < c(14+&)H(1) < ¢ H(p)
By/a By/a

N

‘ =

2



so that basic regularity properties of .A—harmonic functions, Jensen’s inequality
and (51) give

sup |Dh| < c][ |Dh|dx < cH~ <][ H(|Dhl) dx) < ¢ max {017 \/0203} (60514—52)%
B

By/s p/4 By/a
for sufficiently small §; > 0 (¢ = 1,2). This yields
9101 (1 = 1(DR).l) < 1@ + 1QIDR)| < 1Q1 (1 1 1(DB)p]) < T2 (55
9 = Tpl) = TPl > Tl) = T

and
2
QI (1 + |(Dh),s]) = 1@ (1 +7|(Dh),s]) > 1Q| = 31Ql (L+[(Dh)ys]) . (56)
Therefore, we have from (55) that

Gla+iQlon,,|(t) = Gig|(t)
and from (10b), (56) and Jensen’s inequality that

G'(1QI+ 7IQII(Dh) ps)
QI+ 7|QII(Dh) 5]

Gq(T|Q[I(Dh),ys]) ~ (TIQII(DR),s))° = TG (1QII(DR) s])

<} GolQIDA) ds
By/s

In addition, by regularity results for the harmonic maps, we also have

sup |Dh — (Dh).,| < CT][ |Dh — (Dh),/sldz < cT(Dh),s.
B p/8
Therefore, using the above results we have

][ V(Du) — V(D) di < f Gio|(|Du — Q — [QI(DR).|) dx
B Brp

TP

TP

< c][ Gq(|Du— Q — |Q|Dh]) da +c][ Giq|(1QIIDh — (Dh)rl) dz
By Bro
CT—n]i Gio|(|Du — Q — |Q|Dh|) dx + ¢G\q|(7|Q||(Dh),,s|) dz
m—”]i G|Q\(\Du—Q—IQ\DhDdCL‘JrC#]{9 GlqI(IQIIDh) dz
Y p/4

c7'7"]€3 G|Q\(\DU —Q —|Q|Dh|) dx + CTQE(ﬂ’ Q)

where the last inequality follows from

Giai(lQIIDH) | .
Jim QD 7[ (DA

vo f GalDu=0D, _ mEp.Q)
7{9 (Dl ‘Ji alay “=*"G0q)
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with H defined by (50), which is the Calder6n—Zygmund estimate for A-—
harmonic equation (16) in Orlicz spaces (see [12, Theorem 18]). Therefore,
by (54) and (49), we have

€
. VD0 = V(D) P o < o [ 25 1] (B Q) + (o) " G(1QD)
TP
Finally, recalling that ¢ = (Du), and using (45) and (46) we get the desired
estimate. O

Degenerate case. From the assumption (A6), we have the following fact: for
every § > 0 there exists 0 = ¢(d) > 0 such that

O0<t<o Dfo(tA)
= — L _A| <. 57
{A € MM and |A| =1 ‘ G'(t) - (57)
Putting A = B/|B| and ¢t = |B| we have
B
‘Dfo(B) - fG’(\BI)’ < 5¢(1B)) (59)

Bl

for every matrix B € MM with 0 < |B| < 0. We recall ¥(zq, p) defined by
(27).

Lemma 4.3. There exists B2 = fa(n, N, g1, 92,0, A) > 0 such that, for every
d > 0 and for o = o(d) > 0 given by (57), the inequality

Du
(G'(|Dul) = : D) dx
]{3!,/4(10) | Dul

<e (54 Ly + S (ﬁ  GDuyar s G(IDsﬁloo))

holds for every ¢ € D(Bp/4(a:0),RN) for some ¢ = c¢(n, N, g1,92,co, A, A) > 0.

The exponent (3, is actually given by

1 —1
Bo = (lle)min{lf—,E} with 7 ::min{g1 , 9 } <
g1 92 2 g0

where 71 is defined by (36).

Proof. As in the previous proofs, we write B,, ¥(p) and so on omitting the
dependence on the point xg.

We first note that (G’ o G1)(t) ~ t/G~(t) and that the function H(t) =
t/GL(t) satisfies the assumptions of [37, Lemma 2.2]. Therefore we have

ji(G’oG‘l)(|w|)dxgc(G’oG_l) <]€ |w|dx> (60
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for every measurable set U with positive measure and for every function w
integrable over U.

Let ¢ € D(B,/4(20), RY) be such that | Dyl < 1andlet v € u+W()1’G(Bp/27RN)
be the function associated to u by Theorem 3.3. Then,

! Du_, x = u u x
1, (@pupi: ede=f (@ (Dub g~ DD D)

N ]{3 (Dfa(Du) - DI(D) | D) do+f  (Dfu(Dv)| D) d

p/4 By/a

=: Il + [2 + 13‘
(i) Estimate of I,. Let o = o(8) > 0 be defined by (57), set
E:={|Du|<0o}NB,y and F:={|Du|>0c}NB,,

and denote by I; g and I; ¢ the integrals I; over the sets I¥ and F' respectively.
We first estimate Iy . From (58), (60) with U = B,/, and w = Du and from
the standard Caccioppoli’s inequality (Theorem 2.4) we have

| g| < G'(|Du | — Dfo(Du)| dzx

IB \

<5][ G (|Dul) dz < ¢6(G" 0 G- (7[ G|Du|)dx> < e8(G 0 G-1)(W(p)).
p/4 p/4

We then turn to the estimate of I; p. From (A2) and (60) with U = F and
w = G(|Du|) we have

|F|
|Bp/al

1< %G‘l (]iGﬂDu\)dx),

and recalling that G™1(¢)(G’' o G™1)(t) ~ ¢, from the inequality above and the
standard Caccioppoli’s inequality (Theorem 2.4) we obtain

F
I r| <c |7 G'(|Dul)dx < ¢

|Bp/al /By (G OG_I)( . G(|DU|)CZ$>

and, noting that

|F|

4|U

LG ()

g

el <oy o f Gz < 2 f - GUDdr < () < (60 G)(¥(p)
Combining the previous inequalities for I g and I; g, we conclude that

Ll <e (6 v %W) (G 0 G (U(p)).

(ii) Estimate of Is. Let B2 > 0 and 0 < 75 < 1/2 be defined by (59), set

E :={|Du| < |Du—Dv|} "B,y and F :={|Du|>|Du— Dv|l}N B,
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and define by Is  and I r the integrals I» over the sets £ and F' respectively.
As to I g, recalling that ||Dylls < 1, from (13) and (60) we have

1 G'(|Du| + |Du — Dvl)
I < Du — Dol d
‘Z’E'*C|Bp/4|/E Dl + [Du— Do 20T Dol

§C][ G'(|Du — Dv|)dz < c¢(G' o G™1) (][ G(Du—Dv|)dx) .
Bp/4 B/J/4

As to I p, exploiting (13) as before and the fact that 0 < 72 < 1/2, from Hélder
inequality with conjugate exponents ga/[g2 — (1 + 72)] and g2/(1 + 72) we get

1 G'(|Du| + | Du — Dul)
Iyl < Du— Dold
‘2=F‘*C\Bp/4|/F |Du| + |Du — Do | Du = Dv|dz

/
<c ! G(‘DUD|DU—DU|T2 dx
[Boal Jp [Dul™
! G(|Dul) |Du — Dv|™ dx

s cC
[Bojal Jp [Dul 72

g2=(+72) 147o

92
D G3=(1F72) ” 9272 92
<c ][ {Lﬁb} gz *dr ][ |Du — Dv| 5 da
By/a |Du| T2 By/a

Then, we define

~ 7292

H(t) = [(éoa—l)(t)}”“"“*”’ and  H(t) =[G ()],

where G(t) := G(t)/t**™ which is an increasing function because of Proposi-
tion 2.1 (b) and 1+ 72 < g;. Since

and Ht(t) =

T292

G (0] 7

H(t) {G(G*l(t))] =t

- e |
)T ’

the functions H(t)/t and H(t)/t turn out to be decreasing too because of Propo-
sition 2.1 (b) and 72g2/(1 + 72) < g1 (see (59)). Therefore, H and H satisfy the
assumptions of [37, Lemma 2.2] and hence we have

92—(1+72)

G<|Du|>}w-ff+w> > Goa (£
_ dx <c(GoG G(|Dul)dx | ;
(7[31)/4 [‘Du‘lJrTz ( ) Bﬁ/4 (‘ |)

1479 s
(][ |DufDu|% d;r) . <c|G! (][ G(DuDv|)dm)} .
Bp/a Bp/a
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Hence, in wiew of the previous inequalities we have

L] <c(G'oG™Y) (7{3 G(Du—Dv|)dx>

p/4

Jrc(éoGl)(]i G(|Du|)d:c) G1<]€3 G(DuDu)dxﬂ .
p/4 p/4

Then, on account (37) and (7b), for the first summand on the right we have

(G'oG™H) (Ji G(|Du — Dol) dw) < elw(p) TG 0 G (U (p))
p/4

and for the second, from Caccioppoli’s inequality (Theorem 2.4), the definition
of G and (7a), we have

(GoG™) (]i ) G(Du)daz) < c%;

[G‘l (7[ G(IDu—DvU‘”ﬂ < clw(p)) IR (E (W ()]
Bp/a

Finally, combining these inequalities we conclude that

U(p)
GI(U() =
with 2 > 0 defined by (59).

(i11) Estimate of Is. Since | Dy|loo < 1, from (34), the definition of K (p), (30)
and (7b) we have

II2] < e [w(p)] clw(p))(G 0 GH)(¥(p)

K(p)

= GG

< e(GoGTN(w(p)¥(p) < clw(p)]' (G 0 GTH(X(p)).

Therefore, combining the previous results and noting that 0 < 82 < 1—1/gy,
we get

Dol oo

][ ( )(G’(|Du|)‘g—z‘: Dg)dz| < ¢(G'oG™)(¥(p)) <5+[w(p)152+w>
By a(zo

for every ¢ € D(Bp/47 RY). Finally, using Young’s inequality and (6), we have

(G0 GTH(¥(P)IDplloc < G* ((G"0 GTH(¥(p)) + G(IIDplloc) < c¥(p) + G([| Do)

which gives the desired estimate. O
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Lemma 4.4. Let vy > 0 be defined by Lemma 2.8. Then for every 0 < vy < 7
and for every small x € (0,1), there exist &; > 0 (i = 1,2) and 7 € (0,1)
depending on n, N, g1, g2, co, c1, A, A, Y0, v and x (g1 depends also on o(9)
where § satisfies (62) below) with the following property: if

V(Du)|? dz < V(Du) — (V(Du))s, p|? d; 61a
X]i,,w' (Du) _]fw) (Du) = (VD))o | (61a)
][ [V(Du) — (V(Du)) p|? dv < e1; (61b)
By (z0)

w(p)]? < ea; (61c)

where B2 > 0 is defined in (59), then

F WD - (VDU do <7 f VD)~ (VD) de
Brp(w()) BP(IU)
Proof. As usual, throughout the proof we omit the dependence on the point zg.
First, we fix v and x as in the statement, we choose 7 = 7(7, 70, x) € (0,1/4)
such that .

Gyl < 2 — r< (51_1X> 2(0-m
where ¢ > 0 is an absolute constant (depending only on g1, g2, n, N and ¢1)
to be specified below and we set

g =720tn 5 .

Next, we let o = dp(g) > 0 be associated to € > 0 by Corollary 2.10 where ¢ is
the G~ harmonic function in B, /4 such that g = v on 9B,,4 and the assumption
(21) is replaced by (14). Then, we choose § = d(¢) > 0 such that
0
0 < 0 (62)
2
where ¢, > 0 denotes the constant in Lemma 4.3. This choice of § determines
o =o0(d) > 0 by (57). Next, on account of (28b), (61a) and (61b), we note that

U(p) <c ]{3 G(|Du|)dz < ¢ ]i |V (Du)? dx < cxflf |V(Du) — (V(Du)),*dz < cx 'e;

B,

and hence from the assumptions we obtain that

o (st 4 L) By RO o

g

for suitable choices of ¢; > 0 (¢ = 1,2). Therefore, in view of Lemma 4.3, the
function w satisfies the almost G —harmonic condition

Du

]i (@D | D)

< &% <]{3 G<|Du|>dx+a(||w|oo>>
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for every ¢ € D(B,4,RY) which gives

]ipM |V (Du) — V(Dg)|* dx < sjip G(|Du|) dz < 05][ |V(Du)|“dz  (63)

o

by Corollary 2.10. Then, by a standard energy estimate we have

][ |V(Dg)|* dx < c][ G(|Dg|) dx < c][ G(|Dul)dz < c][ |V (Du)|? dz
Bp/a Bp/a Bp/a B,

and, since 7 € (0,1/4), by Lemma 2.8 we get

/i

Therefore, in view of the previous inequalities (63) and (64) and of the choice
of ¢ we have

]{3 V(D) = (V(DW) P <4 V(D) = (V(Dg))r, [ do

o Brp

[V(Dg) = (V(Dg))rp|* dz < CTQW][ [V(Dg) = (V(Dg))yal® da. (64)

p By/a

ss]i |v<Du>fv<Dg>|2dx+87f3 V(Dg) — (V(Dg))rp|?

TP K TP

< CT’”E][ |V (Du)? da + ¢ 727 ][ [V(Dg) = (V(Dg))rp|* dz
5 B

I p/4

L 720 ][ |V(Du)\2 dx
B

P

<

[N

for some ¢ = é1(n, N, g1, g2, 1) > 0. Finally, on account of (61a), we conclude
that

]{9 V(Du) — (V(Dw) P dr < & xé IV(Du) — (V(Du)), 2

which is the desired inequality because of the choice of 7. O

5. Iteration: proof of C1'® —regularity

In this final part, we set up the iteration scheme which proves the partial regu-
larity of minimizer u of the functional F defined by (4). we assume that G and
f satisfy the hypotheses (G) and (A0)—(A6) respectively. First we consider the
non—degenerate case and, from Lemma 4.2, we prove the following result.

Lemma 5.1. Let B € (0,1) and Br(xzo) € Q with 0 < R < 1, and let
Bo, B1 € (0,1) be given by (1) and (41) respectively. Then, there exist §3,04 > 0
depending only on n, N, g1, g2, co, c1, A, A\, Bo and B with the following
property: if

w(R)Pr < RPOPr < 4y (65a)

fB ( )|V(Du) — (V(Du)) sy g|? dx 353][ |V (Du)|? da, (65b)

Br(zo)
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then we have

]i VD0 (VD) f e

r 28 2 23 2
r V(Du) — (V(Du))ay .zl d V(D) d
<e(f) £, WO VO0af deser® f VD0l
(66)
for every r € (0, R) where
B := min {ﬁ, 60251 } . (67)

Proof. As usual, throughout the proof we omit the dependence on the point xg
and without loss of generality we assume that R € (0, 1).

Step 1. Choice of parameters. We let ¢* > 0 by the constant given in (44) and
we choose the parameters 7 and € in Lemma 4.2 as follows:

1 1
] 1 \ T8 1\ T8 148
T := min { <20*) , (TG) } and €= - (68)

This determines §; and d9 in Lemma 4.2. We next choose d3 and d4 as follows:

1 (V2 —1)2(1 —77)%"

03 := min {51, } and 04 := min {dz, 03} .

8(1+7—m)’ 2
(69)
Step 2. Induction. We prove by induction that the following inequalities hold
][ |V (Du) — (V(Du)) i g)? de < T25k53][ |V (Du)|? dz; (70a)
B kg Bikp

V(Du) = (V(Du)) i gl dw < 705 )’“][ V(Du) = (V(Du))gf? do

/.

kR Br
_ F1=P)k _
ol T T T Ry V(D) da
1-—711-8 Br
(70b)
][ |V (Du)? dx < 2][ |V (Du)|? dx (70c)
B B

kR R

for every k£ > 0.

For convenience, in the sequel we shall write (70a),, (70b), and (70c), to denote
(70a), (70b) and (70c) for a specific value of k. Clearly, (70a), (70b) and (70c)
hold for £ = 0. We next suppose that (70a),, (70b), and (70c), hold for
h=0,1,2,...,k —1 for some k > 1 and then prove (70a),, (70b), and (70c),.
By (65a), (70a),_, and (69), we see that (43a) and (43b) hold for p = 7*~1R.
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Hence, we can apply Lemma 4.2 for p = 7*71 R to get

][B V(Du) — (V(Du)) g ? de

kR

< rP(l4er ™2 ][ [V(Du) = (V(Du)) i1 g|* de 4 (7571 R)% 5 ][ |V (Du)[* dz
Bk 1p B k-1p
and from (68) we see that ¢*7'~# < 1/2 and ¢*er~#7"1 <1/2 which yield
FT (14 er 72 = 70! 4 rer P < 1P
Hence, recalling (67), we have
7[ [V(Du) — (V(Du)) s of? da
/B kg
< 71+ ][ \V(Du) — (V(Du)),n-15|? do + (7" R)PoPr ][ V(Du)[* dx
B k-1p Brk-1p
< 71HP ]l |V (Du) — (V(Du)) o g da + 747 (77 R)? ][ |V (Du)[* da.
By 1, B k-1p
(71)
Using the first inequality in (71), (70a),_,, (65a) and the facts that 7'7% <
1/(16) by (68) and d4 < 05 by (69), we see that
F VD0 - (VD) s
B kg
< p1+8 ][ \V(Du) = (V(Du))ps1g|* do + (7571 R) PP ][ V(Du)|? dz
Bi 1p B k-1p
< 710728 | 20D, ][ [V(Du)|? dz + rQﬁ(k*”&;][ V(D) da
B7k71R B'rkflR
1 ~
< ,7261«53][ V(Dw)P? da.
8 B k-1p
(72)

On the other hand, by (70a),_, and the fact that 4(1 +77")d3 < 1/2 by (69),
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we have

1,

|V (Du)|? dz < 4][ [V(Du) — (V(Du))px-15|* dz

B

7k—1R rk—1R

HUV D)= (VOO +4f VDU do

kR

<4(1+77") ][ |V (Du) — (V(Du)) -1 5|* dz + 4][ |V (Duw)|? dz
B k-1p B kg
<4(1+77") 53][ |V(Du)\2dm+4][ |V (Du)|? da
B B

sk—1pR kR

3
< —

|V (Du)|? da + 4][ |V (Du)|? dz

rh—1R Bkg

which implies that

1,

Inserting this into (72), we obtain (70a), .
We next show that (70b), holds. From the second inequality in (71) and from
(70b),_; and (70c),_,, we have

|V (Du)|? dx < 8][ |V (Du)|? dx.

Tk—1R B kg

]i [V(Du) — (V(Du))e f? di

kR

< 7.1+B ][
B

< T<1+5>’€]{3 WV (Du) — (V(Du))r? da

[V (Du) — (V(Du))ye-1 5|2 dz + Tl—B(TkR)ﬁ]i |V (Du)? dz

rk—1Rr rk—1Rr

1 — =B k=1) . 5 2B 2
+or e (7F7R) B][ |V (Du)|? dz + 2(7* R) ﬁ][ |V (Du)|? da
1—71-8 Bnr Bn

5 — 7(1=P)k .
- T<1+5)k][ \V(Du) — (V(Du))g|? dz + 217747'“3)25][ V(Du)? do
Br 1—71-8 Br
which is (70b),..
Finally, by (70a), and (70c), with h = 0,1,2,...,k — 1 and the fact that
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778 (263)5 1= < V2 — 1 by (69), we obtain

V(D) — (V(Du)),r P dw) Y (f

R

|V(Du)|2dx>é

0 s
k-1 3 1
<853 S P (]{3 |V(Du)|2da:> + <][ |V(Du)|2dx>
h=0 Th R Br

< <T—%(253)% 1 _173 + 1) (7{% |V(Du)\2dx> ’

which implies (70c), .
Step 3. Decay estimates. Let r € (0, R). Then 7**1R < r < 7FR for some
k > 0. Therefore, by (70b), we have

7[ V(Du) — (V(Du)), |? da
JB,
< 4f"f |V (Du) — (V(Du)),xg|* do
B kg
_ _ . (1-B)k
- 4T—n7<1+mk][ V(Du) — (V(Dw)pl do + 87—
Br 1—71-8

r

(5 R)2P ]i WV (Du)|? da

< d4rn1ioh ()2372 V(D) - (V(Dw)af do + ———— (T)QB]{B |V (Du)|* da.

R 1— 7'1_3 T
Consequently, recalling 7 denoted by (68), we have (66). O
We can finally give the proof of the main theorem.

Proof of Theorem 1.1. Let vy be defined by Lemma 2.8. We fix v € (0,71)

where
R { BoS1 }
~1 := min < Yo, 5

and we let 03 and d4 be associated to 8 = v by Lemma 5.1. This implies that
B = [ =~. We also set

X = (53.
Consequently, 3 and d4 in Lemma 5.1 and €1, e and 7 in Lemma 4.4 are
determined and depend only on the structure constants and on ~ and ~g.
Now, suppose that a point o € {2 satisfies

lim mf][ [V (Du) — (V(Du))y.r|*dz =0
By (z0)

r—0t
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and
M = limsup][ |V(Du)? dz < +o0.
Br(xo)

r—0t

Then, there exists Ry > 0 with Bag,(zo) € €2 such that
][ V(Du)|?de < M +1; ][ V(Du) — (V(Du))ag.ry |2 doe < 2
Brg (z0) Brg (z0) 4

and moreover

Bob1 €1 Bob1 5 d BoB2 7
Ry < 1) Ry < 0y, an Ry < . (73)

Therefore, by the continuity of the integrals above with respect to the translation

of the domain of integration, there exists R; > 0 with Ry < Ry such that for

every y € Bg, (z¢) we have

][ V(Dw)2de < 2(M+1)  and ][ V(D)= (V(Du))y.r, |2 do < L.

Bro (9) Bro (9) 2

(74)

Now we fix an arbitrary point y € Bg, (z¢). We first suppose that

63][ |V (Du)? dx < 7[ [V (Du)—(V(Du))y g, |* dx for every k > 0.

Bokp,(¥) B kg, W)

(75)
In view of (74) and of the third inequality in (73) with w(r) < r, applying
Lemma 4.4 inductively with B,(xo) replaced by B, g, (o), we have that

][ [V (Du) — (V(Du))y rx g, | dz < TQWf [V(Du) — (V(Du))y rx-1p,|* dz
Bk, (¥)

Blk-1g, (v)

<..< f V(Du) — (V(Du))y o |2 da
Br, (y)

<f VDW= VD) ds < T
By (v) 2

(76)
holds for every k > 0. Therefore, for » € (0, Ry) there exists k > 0 such that
TFIRy < r < 7Ry and so

F D0 - VD0 Par<ar VD0 - (VD) do
By (y)

B kR, (v)

2y
<4rn <L> ][ V(Du) = (V (D)), o |* da
RO Brg (y)

Therefore, by (74) we have

: Du) — (V(Du)), |2 2
]L |V (Du) (;/( u))y.r| dr< — 2L (77)
Br(y) e TR
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We next suppose that (75) does not hold. Then there exists ko > 0 such that

53][ |V (Du)|* dz < ][ \V(Du) — (V(Du))y rrg,|*dz (78)
Bk, (®) B kg, (¥)
for every k =0,..., ko — 1 (this is meaningless when ko = 0) and
][ V(D) — (V(Dw)y pe0 | dr < 53][ V(Du)2dz.  (79)
B ko gy (¥) B ko gy (¥)

If ko = 0, in view of Lemma 5.1 with R = Ry, the equality 8 = v and (74), for
every r € (0, Ry) we have

fBr(y) |V (Du) — (V(Du)), > dz < ¢ <7"0>2’V ]iR . V(Du) — (V(Dw))y | de

—|—c7‘27][ |V (Du)|? dz
Brgy (y)

2y
sea(f) eeorey
0

and so

][ V(Du) = (V(DW)yol? ) (1 ariq) . (80)
Br(y) B i

2y
r 0

It remains the case when (78) and (79) hold for some ky > 1. For r €
[7% R, Ry), we obtain (77) by the very same argument already used when (75)
holds. On the other hand, if » € (0,7% Ry), by Lemma 5.1 with R = 7% R and
(77) with r = 7% Ry, we have

F o VDu) = V(D) da
B(y)

2y
<e <i) f V(D) = (V(DW)y gt ds + 5 f [V (Dw)? dx
T ORO B kg Rg () B ko Ro 2
€1 T 2
<ce | = +cr27][ V(Du)|* dz.
272y (RO) B kg, ()

Moreover, arguing as in (76), in view of (78) and Lemma 4.4, we have that

][ IV(Du)—(V (D)) o1 |2 < -+ < f IV (Du)—(V(Du))y o | da < =
B kg1, ) Bry(y) 2
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and

][ WV (Du) 2 dz < 27*”][ V(Du) — (V(Du))y po0s o, P do
BTkURo(y)

Bﬂ_kalRO(y)
+ 2][ |V (Du)|? d
B ko-1p,(¥)

<2(r7"+65") ][ [V(Du) — (V(Du))y rro-1p,|° da

B ko-1g, (v)
< (M Hd e

Therefore, for every r € (0, Ry) we have
2

" D - D T - - o
f o OGOl gy o e i) e (o)
Br(y) e TRy

Consequently, by (77), (80) and (81) we have that the inequality

][ |V (Du) — (V(Du))y,r|2
B (y)

5 de < C
reY
holds for every ball B,.(y) with y € Bg,(x¢) and for every r € (0, Rp) and
this implies that V(Du) is in C7(Bg, (o)) and so u € C¥(Bg, (o)) for some
a=qaf) O
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