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INSTABILITIES IN A COMBUSTION MODEL
WITH TWO FREE INTERFACES

D. ADDONA, C.-M. BRAUNER, L. LORENZI, AND W. ZHANG

ABSTRACT. We study in a strip of R? a combustion model of flame propagation with stepwise
temperature kinetics and zero-order reaction, characterized by two free interfaces, respectively the
ignition and the trailing fronts. The latter interface presents an additional difficulty because the
non-degeneracy condition is not met. We turn the system to a fully nonlinear problem which is
thoroughly investigated. When the width £ of the strip is sufficiently large, we prove the existence
of a critical value Le. of the Lewis number Le, such that the one-dimensional, planar, solution is
unstable for 0 < Le < Le.. Some numerical simulations confirm the analysis.

1. INTRODUCTION
This paper is devoted to the analysis of cellular instabilities of planar traveling fronts for a thermo-
diffusive model of flame propagation with stepwise temperature kinetics and zero-order reaction. In
non-dimensional form, the model reads:

{ 0, = A® + W(®,0), "

o, = LAD - W(D,0),

where © and ® are appropriately normalized temperature and concentration of deficient reactant,
Le is the Lewis number and W (®, ©) is a reaction rate given by

A, if ©>0, and @ >0,

wW(o,®) = (1.2)
0, if ©<O; andfor ®=0.

Here, 0 < ©; < 1 is the ignition temperature and A > 0 is a normalizing factor.

Combustion models involving discontinuous reaction terms, including the system (1.1)-(1.2), have
been used by physicists and engineers since the very early stage of the development of the combustion
science (see Mallard and Le Chételier [34]), primarily due to their relative simplicity and mathe-
matical tractability (see, e.g., [5, 18, 22], and more recently [2, 4]). These models have drawn
several mathematical studies on systems with discontinuous nonlinearities and related Free Bound-
ary Problems which include, besides the pioneering work of K.-C. Chang [16, 17], the references
[1, 14, 24, 25, 26, 27, 36, 37], to mention a few of them. In particular, models with ignition tem-
perature were introduced in the mathematical description of the propagation of premixed flames to
solve the so-called “cold-boundary difficulty” (see, e.g., [15, Section 2.2], [3]).

More specifically, in this paper we consider the free interface problem associated with the model
(1.1)-(1.2). The domain is the strip R x (—¢/2,£/2), the spatial coordinates are denoted by (z,y),
t > 0 is the time. The free interfaces are respectively the ignition interface x = F(t,y) and the
trailing interface x = G(t,y), G(t,y) < F(t,y), defined by ©(t, F(t,y),y) = 0;, ®(¢t,G(t,y),y) = 0.

2000 Mathematics Subject Classification. Primary: 35R35; Secondary: 35B35, 35K50, 80A25.
Key words and phrases. Free boundary problems with two free interfaces, traveling wave solutions, instability,
fully nonlinear parabolic problems, analytic semigroups, dispersion relation.
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2 D. ADDONA, C.-M. BRAUNER, L. LORENZI, AND W. ZHANG

The system reads as follows, for ¢ > 0 and y € (—£/2,£/2):

00
E(Lx,y) = AO(t,z,y), x < G(t,y),
®(t,z,y) =0, r < G(t,y),
00
E(tw,y) = AO(t,z,y) + A, G(t,y) <z < F(ty),
0% 1 (1.3)
E(tx,y) = (Le) A@(t,x,y) - Av G(tay) <z < F(t,y)v
N ) v > Ft.y)
[0}
o = (Le) A1 2.), v > F(ty),

where the normalizing factor A will be fixed below. The functions © and ¢ are continuous across
the interfaces for ¢ > 0, as well as their normal derivatives. As x — =£o0, it holds

O(t, —o0,y) = ®(t, +o0,y) =1, O(t, +00,y) = 0. (1.4)

Finally, periodic boundary conditions are assumed at y = +¢/2.

As was noted in earlier studies (see [4, 6]), this system is very different from models arising in
conventional thermo-diffusive combustion. Two are the principal differences. (i) The first one is that
in the model considered here, the reaction zone is of order unity, whereas in the case of Arrhenius
kinetics the reaction zone is infinitely thin. This fact suggests to refer to flame fronts for stepwise
temperature kinetics as thick flames, in contrast to thin flames arising in Arrhenius kinetics. (ii)
The second, even more important difference, is that, in the case of Arrhenius kinetics, there is a
single interface separating burned and unburned gases. In contrast to that, in case of the stepwise
temperature kinetics given by (1.2), there are two interfaces, namely the ignition interface where
O = O, located at © = F(t,y), and trailing interface at © = G(t,y) being defined as a largest
value of x where the concentration is equal to zero. As a consequence of (i), the normal derivatives
are continuous across both interfaces, contrary to classical models with Arrhenius kinetics where
jumps occur at the flame front (see e.g., [15, Section 11.8] and [35, 39, 40] for the related Kuramoto-
Sivashinsky equation). There have been a number of mathematical works in the latter case based
on the method of [9] that we are going to extend below, see in particular [7, 8, 12, 13, 30, 31, 32]
for the flame front, and the references therein. Finally, note that Free Boundary Problems with
two interfaces have already been considered in the literature, especially in Stefan problems, see e.g.,
[20, 21, 42] (one-dimensional problem) and [19] (radial solutions).

The above system admits a one-dimensional traveling wave (planar) solution (09, ®()) which
propagates with constant positive velocity V' (see [4, Section 4]). It is convenient to choose the
normalizing factor A = 1/R in such a way that V' = 1, where the positive number R = R(6;) is
given by:

O;R=1—-e% 0<0;,<1. (1.5)
Thus, in the moving frame coordinate ' = x — ¢, the system for the traveling wave solution reads
as follows:
D00 + D00 =, in (—oo, 0],
D00 4+ D00 = _R-1 in (0, R),
Le Dy ®©) + D, ®© =TLeR™, in (0, R),
D00 + D00 =, in [R, 4+00),
LeDy®% + Dy ®© =0, in [R, +00),
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whose solution is

1, 7 <0, 0, 2’ <0,
, _ e—Lem' 1 '
@(0)(1:/) — 14+ %7 = (O,R), (I)(O)(J?/) — Lo R E’ x e (O,R),
R—2’ / 1-— eLeR
;e , ' > R, 1+LeReLe"” 2’ > R.
(1.6)

FIGURE 1. O (solid curve) and & (dashed curve) with 6; = 0.75, Le = 0.75
(R = 0.60586).

The existence of traveling fronts poses a natural question of one and multidimensional stability, or
especially instabilities of such fronts. It is known (see [35, 39]) that diffusional-thermal instabilities of
planar flame fronts, when the Lewis number is less than unity, generates cellular flames and pattern
formation. In this paper, we are not interested in high Lewis numbers, namely Le > 1: in that
case, it has been observed that large enough Lewis numbers give rise to pulsating instabilities, i.e.,
oscillatory behavior of the flame (see [4, 11]). We focus our attention on instabilities of the traveling
wave (O, &) and thus for the ignition and the trailing interfaces. Earlier studies have shown
(see [6]) that instabilities depend on the Lewis number and occur only when the width of the strip
¢ is large enough (in [4], ¢ is taken to infinity), which motivates the present study.

The main result of the paper is the following:

Main Theorem. Let 0 < 0; < 1 be fixed. There exist £y(0;) sufficiently large, such that, whenever
¢ > £y(0;), there exists a critical value of the Lewis number, say Le. € (0,1) (see (6.2)). If Le €
(0,Le.), then the traveling wave solution to problem (1.3)-(1.4) is unstable with respect to smooth and
sufficiently small two dimensional perturbation. Further, also the ignition and the trailing interfaces
are pointwise unstable.

The paper is organized as follows. In Section 2, we introduce the main notation and the functional
spaces. Section 3 is devoted to transforming problem (1.3)-(1.4) in the fully nonlinear problem for
the perturbation of the traveling wave solution (09, ®(©)) in (1.6), set in a fixed domain, which
reads

{ Dou(t,-,-) = Lu(t,-,-) + Z(ut,-,-), t=>0, an

A(u(t, ) = A (u(t,-)), t>0,

where .Z is a second-order linear elliptic operator, £ is a first-order linear boundary differential op-
erator, .%, J are suitable nonlinear terms and .% also depends on traces of second-order derivatives
of the unknown u. Here, u(t, ) = (uy(t,-), u2(t,)) where u; (¢, ) is defined in the strip Rx [—£/2, /2]
and ug is defined in the half-strip [0, +00) x [—£/2,¢/2]. Finally, periodic boundary conditions are
prescribed at +¢/2. We determine that the ignition interface meets the transversality (or non-
degeneracy) condition of [9]. Unfortunately, this is not the case of the trailing interface which is of
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different nature. In short, the idea is to differentiate the mass fraction equation, taking advantage
of the structure of the problems.

The theory of analytic semigroups plays a crucial role in all our analysis and is the core of
Section 4. We prove (Theorem 4.4) that the realization L of the operator ., with the homogeneous
boundary conditions u = 0 and periodic conditions on y = +¢/2, generates an analytic semigroup
et in a suitable space of continuous functions. To prove such a result, we take advantage of the
Fourier transform. Expanding u into a Fourier series, we are led to solve infinitely many ODE
for its modes and, coming back, we can formally write u as a sum of finite number of terms (see
(4.17)-(4.21)). The analysis of such terms is the content of Lemmata 4.1-4.3. As it has been already
stressed, the nonlinear term .# in (1.7) depends on traces of second-order derivatives of u, which are
not defined for functions in D(L), since the second-order derivatives of functions belonging to this
space are meant in the sense of distributions. To overcome this difficulty, we need to characterize
the interpolation spaces Dy (a/2,00) and Dp(1 4 «/2,00) (a € (0,1)) and deal with the restriction
of the semigroup e'* to the space Dy (a/2,00). It is well known that such a restriction is still an
analytic semigroup and it is associated with the part of L in Dy, («/2,00), which has Dy, (14 «a/2,00)
as domain. Finally, since the boundary conditions in (1.7) are nonhomogeneous, we also need to
introduce two lifting operators (say .# and .#"). This is the content of the last part of Section 4.
Theorem 4.4 contains also important results about the structure of the spectrum of operator L, in
particular the definition of the dispersion relations.

The first lifting operator is used in Section 5 to show that the linearized version of problem (1.7),
i.e., the problem

Dyu(t,-, ) = ZLu(t,-,-)+1f, t>0,
%(u(tv )) = dja t> 07 (18)

11(0, ) = o,

is uniquely solvable in a suitable space of Holder continuous functions and its solution u is given by
the following formula:

u(t,-) =e'(ug — A(0,-)) —i—/o eI (f(s,) + L AMY(s,-))ds

L / I rap(s, ) — (0, ))ds + A (0,-),

for ¢ > 0. Based on this formula and via a fixed-point argument, we then solve problem (1.7) proving
an optimal regularity result in Holder spaces.

Section 6 contains the proof of Theorem 1. To prove instability, we need to determine a range
of Lewis numbers Le which lead to eigenvalues of operator L with positive real part. In view of
Theorem 4.4, the characterization of the spectrum of operator L plays a very crucial role. In Section
6.1, we analyze the reduced dispersion relation

Do,k (A, Le) = exp (];(Le —1—-Xp(\) — Yk()\,Le))> — 14+ 6;RX;(N).

where Xj,(\) = VI+ 24X+ 4Xh;, V(M Le) = Yi(\) = VLe? +4\Le + 4\, and A, = 4n2k20~2 for
k € NU{0}. In Subsection 6.2, the lifting operator .4  is used to apply a variant of [28, Theorem
5.1.5] (see Lemma 6.5) in a suitable Banach space to prove instability of the free interfaces.

Finally, Section 7 is devoted to a brief presentation of a numerical method and computational
results, which show two-cell patterns (see [6] for further results).

2. NOTATION, FUNCTIONAL SPACES AND PRELIMINARIES

In this section, we collect all the notation, the functional spaces and the preliminary results that
we use throughout the paper
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2.1. Notation. We find it convenient to set, for each 7 > 0,
S=Rx (_6/236/2)7 Sj_r = (Ta +OO) X (_6/276/2)7 S; = (_OOaT) X (_6/276/2)7
H- = (—00,7) X R, HF = (1,400) X R, Ry =[0,T] x [—¢/2,4/2].

Functions. Given a function f : (a,b) — R and a point 2o € (a,b), we denote by [f]s, the jump of
f at o, i.e., the difference f(z{) — f(zy) whenever defined. For each function f : [—£/2,¢/2) — C
we denote by f* its {-periodic extension to R. If f depends also on  running in some interval I, we
still denote by f* its periodic (with respect to y) extension to I x R. For every f € L2((—£/2,£/2))
and k € Z, we denote by fk the k-th Fourier coefficient of f, i.e.,

£
o 1 2
-

where ey, (y) = e*7¥ for each h € Z and y € R. When f depends also on the variable z running in
some interval I, fi(z) stands for the k-th Fourier coefficient of the function f(z,-).
The time and the spatial derivatives of a given function f are denoted by D:f (= fi), Dif

(= fz); Dyf (= fy) Daaf (= foz) Dayf (= foy) and Dy, f (= fyy), respectively. If g = (51, B2)
with 81, B2 € NU {0}, then we set DY = D} D)z.

Finally, we denote by x4 the characteristic function of the set A C R? (d > 1).

Miscellanea. Throughout the paper, we denote by ¢y a positive constant, possibly depending on A
but being independent of k, n, x and the functions that we will consider, which may vary from line
to line. We simply write ¢ when the constant is independent also of A.

The subscript “b” stands for bounded. For instance Cy(€2;C) denotes the set of bounded and
continuous function from 2 to C. When we deal with spaces of real-valued functions we omit to
write “C”.

Vector-valued functions are displayed in bold.

2.2. Main function spaces. Here, we collect the main function spaces used in the paper pointing
out the (sub)section where they are used for the first time.

The spaces X and Xy, (Section 4). By X we denote the set of all pairs £ = (f1, f2), where f :
S — Cand fy : S§ — C are bounded functions, f; € C(S;; C)NC([0, R x[—£/2,£/2]; C)NC(S}; C),
f2 € C([0,R] x [—£/2,¢/2];C) N C(S%;C) and limy— 100 f1(2,y) = limy—s o0 f2(x,y) = 0 for each
y € [=€/2,£/2]. It is endowed with the sup-norm, i.e., [fllec = [[f1ll2¢(si0) + [ f2ll Lo (55 c)-

For each a € (0, 1], X, denotes the subset of X of all f such that (i) f; € Cg* (g; C)nCy ([0, R] x
[=€/2,0/2];C) N CP(SE;C), (i) fo € C([0, R] x [—€/2,£/2];C) N C(SE;C), (i) f;(, —0/2) =
fi(-,£/2) (and Vf;(-,—£/2) = Vf;(-,¢/2) if « = 1) for j = 1,2. It is endowed with the norm
[£lla = ”flllcg(f;(:) + 35 (I fsllog o mIx —/2.0/210) + Hfj”cg(ﬁ;c))'

For k € N and a € (0,1), Xpt1a (kK € N, a € (0,1)) denotes the set of all f € X such that
DPf = (DVf1,DVfs) € X, DV f;(-,—£/2) = DV f;(-,£/2) for each |y| < k, j = 1,2, and D'f € X,
for [y| = k. It is endowed with the norm |[f|[xra = 30, < [DElloc + 2200 1= [1D7f]la-

The spaces Y,(a,b) and Ys;(a,b) (Section 5). For o € (0,1) and 0 < a < b, we define by
Y, (a,b) the space of all pairs f = (f1, f2) such that fi : [a,b] x S = R, fa:[a,b] x Sg — R and

I£lly,ap) = sup [[£E - )lla+ sup [[fiz,9)llcarz@py + sup 202 9)|lcarziap) < +oo.
a<t<b (z,y)€S (Jc,y)ESO+
Similarly, Y2,4(a,b) denotes the space of all the pairs u such that D;* D2 Dju belongs to
Yal(a,b) for every v1,72,7v3 > 0 such that 271 + v2 + 73 < 2. These are Banach spaces with the
norms || - [ly,, a,6) a0d [[ly,, 0 (a,b) = Do, s ts<2 1D DD ully,, (a,p)-
If a =0 and b = T then we simply write Y, and Yoy, instead of Y, (0,T) and Yo1,(0,7T),
respectively.
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3. DERIVATION OF THE FULLY NONLINEAR PROBLEM

3.1. The system on a fixed domain. To begin with, we rewrite system (1.3) in the coordinates
t'=t, 2’ =x—t,y =y, Dy = Dy — D,/. Next, we look for the free interfaces respectively as:

G(ty') =gt y), F(t'y) =R+ f(ty),
where f and g are small perturbations. In other words, the space variable 2’ varies from —oo to
g(t',y"), from g(t',y') to R+ f(t',y’), and eventually from R + f(¢',y’) to +oo. As usual, it is
convenient to transform the problem on a variable domain to a problem on a fixed domain. To this

end, we define a coordinate transformation in the spirit of [9, Section 2.1], see also, in dimension
one, [20, Section 5],

t/:7—7 »TI:§+5(§)9(7777)+5(§*R)f(7',77)a y/:na

where 8 is a smooth mollifier, equal to unity in a small neighborhood of £ = 0, say [—d, ], and
has compact support contained in (—26,20) C (—R,R). When 2/ = g, £ = 0, and £ = R when
2’ = R+ f. Then, the trailing front and the ignition front are fixed at £ = 0 and £ = R, respectively.
Thanks to the translation invariance, (1.6) holds with the variable £. For convenience, we introduce
the notation

and we expand (1 + g¢)™' =1 — 0¢ + (0¢)%(1 + 0¢)~*. It turns out that

Dyr = D¢ — 0¢De + (0¢)* (1 + 0¢) ™' D,
Dy = D; — 9:D¢ + 0-0¢De — 0-(0¢)*(1 + 0¢) ' D,
Dy = Dy — 0y D¢ + 0n0¢De — Qn(96)2(1 + QE)_lDé

and system (1.3) reads:

O =O¢ + A0 + (0, — 08 — 20¢) (1 + 0¢) *Oge — 204(1 + 0¢) "' Ogy
+ [(0r — 0c — 0gn) (1 + 0¢) 7" +2090en(1 + 0¢) > — 0ec(1+07) (1 +06)°]Os, (3.2
d =0
in (0,400) x (—00,0) x (—£/2,0/2),
O, =O¢ + A0 + (0] — 0 — 20¢)(1 + 0) *Oe — 20,(1 + 0¢) 'Oy + R~
+ [(0r — 06 = o) (1 + 06) ™" + 20706y (1 + 0¢) > — 0ec(1 4 07) (1 4 0¢) ~*] O,

O, =D, + Le 'A® + Le_l(gi — Qg —20¢)(1+ ,Qg)_Q(bgg — 2Le_1gn(1 + 95)_1(1)5,, —R7!

+ [(0r—0e—Le oy (1 + 0¢) "' +2Le 0065 (1 + 0¢) > — Le ™ oee(1+ 02) (1 + 0g) %] ®¢
(3.3)

in (0,400) x (0, R) x (—£/2,¢/2) and
Or =O¢ + AO + (0] — 07 — 20¢)(1 + 0¢) *Occ — 20y (1 + 0¢) ' Og,
+ [(or — 0¢ = 0ny) (1 + 06) ™" + 200060 (1 + 0¢) > — 0ce(1+ 02) (1 + 0¢) *] O,

O, =P + Le 'A® + Le™ (0] — 0f — 20¢) (1 + 0¢) *Pee — 2Le "0, (1 4 0¢) ' Dgyy

+ [(or—0¢ —Le ™ ogy) (1 + 06) 7' +2Le ™ 0506y (1 + 0¢) 7> — Le™ e (1 + ) (1 + 0¢) ] ¢
(3.4)
in (0,+00) x (R,4+00) x (—¢/2,£/2). Moreover, © and ® are continuous at the (fixed) interfaces
& =0and £ = R, and so are their first-order derivatives. Thus,
[6(7—7 i 7])]0 = [95(7—7 "y 77)]0 = (I)(Tv 0, 77) = <I>§(T, 0, n) =0

and
®(T7 Ra 77) = eia [®(T7 ’777)]1% = [65(73 'an)]R = [(I)(Ta 377)] = [(1)5(7', 377)] = 0.



INSTABILITIES IN A COMBUSTION MODEL 7
Conditions (1.4) hold at £ = +00 and periodic boundary conditions are assumed at n = +£/2.

3.2. Elimination of the interfaces. From now on, with a slight abuse of notation, which does
not cause confusion, we write ¢ instead of 7 and x, y instead of £ and 1. So, we warn the reader
that, in the sections which follow, x and y are not the same as in the introduction.

In the spirit of [9, 31], we introduce the splitting:

o(t, z,y) = 00 (z) + olt, z,9)0) (z) + u(t,z,y), (3.5)
D(t,x,y) = O (2) + ot, 2, 1) (z) + v(t, z,y), (3.6)

which is a sort of Taylor expansion of (6, ®) around the traveling wave solution (©(®), ®(©)), Thus,
the pair (u,v) plays the role of a remainder and, since we are interested in stability issues, we can
assume that v and v are “sufficiently small” in a sense which will be made precise later on.

A long but straightforward computation reveals that the pair (u,v) satisfies the differential equa-
tions

u =ty + Au+ 0:(1+ 05) " (008 + uz) — (14 02) 2020 (1 + 02)(00%0) + uy)
-1+ Qz>_1 [(Qw + ny)(Q@ggc) + ug) + 2Qy(9y®§£s) + “fvy)]

+ (1+ 02) 2 [204 00y (008 + ) + (0} — 02)(0OF), + O) + uss) -7
—204(00), — 0200) + tz2)],
in (0, +00) x (R\ {0, R}) x (—£/2,£/2) and
v =vp + Le T Av+ (1 + 00) 7 (0P + v2) — Le T (14 00) 2020 (14 02) (0P + v2)
—Le 7 (1+ 02) 7 [(Le 0a + 04y) (021 + v2) + 20, (0, D) + vay)] (38)

+Le " (1+ 02) 2 [20y 02y (0@ + v2) + (0 — 02) (0@, + @) + vza)
- 2@%(9(1)3(::(;);3 - 932/‘1);(3(2 + Uwr)]

in (0, 400) x [(0, R) U (R, +00)] x (—£/2,¢/2) and v =0 in (0, +00) X (—00,0) x (—£/2,£/2).
Two steps are still needed:
(a) we have to determine the jump conditions satisfied by u and v;
(b) again in the spirit of [9, 31], we have to get rid of the function o from the right-hand sides of
(3.7) and (3.8). As we will see, some difficulties appear and, to overcome them, we will differentiate
the differential equation (3.8).
3.2.1. The ignition interface = R. Note that 0 &©) helong to C'(R). Thus, [u]g = [v]r =
0. Moreover, @&O)(R) = —6; and <I>g(co)(R) = (1 — exp(—LeR))/R, so that they do not vanish at
the interface x = R. The latter is a kind of transversality or non-degeneracy condition (see [9]).
Evaluating (3.5) at x = R, we get u(R) = 6, f.
Next, differentiating (3.5) and (3.6) for x # R, and taking the jumps across £ = R, it is not
difficult to show that [u,]r = —R~'f and [v,]r = R~ 'Le f. This is a key point since we are able to
express f in terms of u and write

f(t,y) = 0" u(t, R,y). (3.9)
Summing up, the interface conditions at z = R are the following:

[ulr =[wlr =0, w(R)+0;Rluylr =0, Lelug]r + [vz]r = 0. (3.10)

3.2.2. The trailing interface & = 0. Taking the jump at z = 0 of both sides of (3.5) and (3.6),
we get the conditions [u]p = v(0) = 0 for u and v. The trailing interface has a different nature with
respect to the ignition interface. Indeed, since @éo)(O) =o (0) = 0, the non-degeneracy condition
of [9] is not verified and we are able to express ¢ in terms neither of u or v. On the other hand,
0 (0+) = =R~ and % (0+) = R~1Le, so that they do not vanish. Differentiating (3.5) and (3.6)
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for # # 0, and taking the jumps yields: [u,]o = R~ lg, v.(-,0,:) = —R~1gLe. Hence, we get the
additional interface condition Le [u,]o + v, (-, 0", ) = 0, so that the interface conditions at z = 0 are

[ulo = v(0) =0, Lelug]o+ v(-,07,-) =0. (3.11)

We can also write
g(t,y) = —RLe v, (t,07,y). (3.12)
Although the front g could be eliminated, the method of [9] is not applicable since, in contrast to

(3.9), g is related to the derivative of v in the equation (3.12).

3.3. Differentiation and new interface conditions. To overcome the difficulty pointed out
above, the trick is to differentiate (3.8) with respect to z, taking advantage of the structure of the
system and consider the problem satisfied by the pair (u,v,). From (3.10) and (3.11) we get the
following interface conditions for v and w = v,:

[u]o = 0, Le [ug]o +w(0T) =0,

[ulr =0, u(R) + 0;Rlu,|r = 0, Lefus] g + [w]r = 0. (3.13)

We missed two jump conditions: one at the trailing interface and the other one at the ignition
interface. To obtain the additional condition at the trailing interface = 0, we differentiate (3.6)
twice in a neighborhood of x = 0 and take the trace at = 0". Using (3.12), we get

®up(-,07, ) =Le R~ 4+ Lew(-,07,-) + w,(-,07,). (3.14)

To get tid of ®,,(-,0T,-) from the left-hand side of (3.14), we observe that, for z > 0 sufficiently
small, the second equation in (3.3) reduces to

®; =P, + Le 'A® + Le ' go®,, — 2Le g, Poy — R + (g1 — Le” gy, ) ®a (3.15)

Taking the trace of (3.15) at & = 0 it is easy to check that ®,,(-,0%,-)(1+ g7) = Le R'. Hence,
using (3.12) and (3.14) we get the additional interface condition

Lew(-,07,-) 4w, (-,07,-) = Le R {[1 + R*Le *(w,(-,0,-))?]~* — 1}. (3.16)

We likewise identify the additional interface condition at the ignition interface = R. Differen-
tiating twice (3.6) in a neighborhood of z = R, taking the jump at © = R and using (3.9), (3.10)
gives

[®r2]r = —R 'Le + Le [w]g + [we]r- (3.17)
We need to compute [®,,]r: in a neighborhood of R, the second equation in (3.3) yields
Oy =D, +Le "A® + Le ' (f,) ®up — 2Le ' £, Buy — R+ (fr — Le ' fyy)®s,
while in a neighborhood of R from the second equation in (3.4) we get

Oy =P, + Le 'AD + Le  (f,) P — 2Le L £, oy + (fi — Le ™t fyy) ar.

Using the previous two equations it can be easily shown that [®,.]r(1+ (f,)?) = —R~'Le, which,
together with (3.9) and (3.17), gives

Le[w]g + [we]r = —Le RH[1 + 0, *(uz(-, R, -))?]~* — 1}. (3.18)

This is the additional condition we were looking for.



INSTABILITIES IN A COMBUSTION MODEL 9

3.4. Elimination of g and its time and spatial derivatives. Formulae (3.9) (3.12) enable the
elimination of the fronts f and ¢ from the differential equations satisfied by u and w. First, they
allow to write the following formula for p (see (3.1)):

o(t,z,y) = 0, Bz — R)u(t, R,y) — RLe™ Bx)w(t,07,y). (3.19)

Differentiation of (3.19) with respect to « and y is benign. The right-hand sides of (3.7) and (3.8)
depend also on p;. Hence, we need to compute such a derivative and express it in terms of (traces
of) spatial derivatives of u and w. Since

Qt(t7337y) = eiilﬁ(x - R)Ut(t, R7 y) - RL€_1ﬁ<$)’U)t(t,O+, y>7 (320)

we need to get rid of u; (¢, R,y) and wy(t,07,y). For simplicity, we forget the arguments ¢ and y.
We evaluate (3.7) at # = R (it would be equivalent at = R™). Recalling that all the derivatives
of p with respect of  vanish and taking (3.19) into account, we get

w(R) =ug(RY) + Au(R*) + 07wy (R) (u(R) +ug (RY)) — 07 uyy (R)us (RY)
= 20; "ug(R)uay (RY) + 072 (uy (R))? (uze(RY) — u(R) — 6i) — 07 u(R)uyy (R).
Since 6; is fixed, assuming that the perturbations are small we may invert and write
ur(R) = [1=0; " (u(R) +us (RT))] ua(RT) + Au(RT) = 07 uyy (R)us (RY) — 07 u(R)uy, (R)

=207 ug(R)ugy (RT) + 072 (uy (R))? (use (RT) — u(R) — 6;)].
(3.21)

Similarly, differentiating and evaluating (3.8) at z = 07 we get

w(01) =w, (01) + Le ' Aw(0T) — RLe *w, (01 (Le w(0") + w,(07))
+ RLe 2 [wyy (07) (Lew(0T) + wy (0)) + 2w, (07w, (01)]
+ R*Le ™3 (w, (07))?(~Le*w(0) + R Le? 4w, (07)),

so that
w(0%) = {Lew, (01) + Aw(0T) + RLe ™ [wy, (07)(Lew(0T) + w, (01)) + 2w, (07 )w,, (07)]
+ R*Le 2 (w, (0M))*(~Le*w(0") + R™'Le? + w,,(07))}
x [Le + R(Lew(0") +w,(07))] 1. (3.22)

A related remark is that equation (3.20) for ¢, together with formulae (3.21)-(3.22), may be viewed
as a second-order Stefan condition, see [10].

3.5. The final system. Using (3.7), (3.8), (3.13), (3.16), (3.18)-(3.22), we can write the final

problem for u = (u, w), which is fully nonlinear since the nonlinear part of the differential equations

contains traces at x = 07 and R of (first- and) second-order derivatives of the unknown u itself.
Summing up, the pair u = (u,w) solves the nonlinear system

Diu(t,-, ) = ZLu(t,-,-) + Z(u(t,--)), t=>0, 393
B(u(t, ) = H(ult,")), t>0, (3.23)
and satisfies periodic boundary conditions at y = +£/2, where
ZLv = (A + ¢, Le 'Av + Uz ), (3.24)
C(OJrv ) - C(Oiv )
C(R+a ) - C(R_a )
Le[: (07, ) = (07, )] + v (0T, )
Pv = | Lev(0T,-) +uv,(0F,") , (3.25)

C(R+’ ) + ezR[Cw(R+7 ) - Ca:(R_a )]
Le[Cx(RJr’ ) - C.’c(R77 )} + U(R+7 ) - U(Riv )
Le[U(R+7 ) - U(R_v )] + UI(R+7 ) - U:L’(R_v )
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F(v) =(Av)F1(v) — F2(v), A(V)D,% (v) + D A(V)% (V) — Le_legg(v)),

7 (v) 0 BOB(RY ) — RLe™ BO0(0,) + &,
U078 (- RIC(RY, ) — RLe T B0(0, )

Fa(v) ={(0;7'8'(- = R)((RT,) — RLe™ " B'v(0,) + 6; ' BrCyy(RT, ) — RLe™ ' Buy, (0, )
x (6,1 BrOD)C(RY,-) — RLe ™' 80{0)0(0,) + ()
+2(0;7 ' Br¢y(RT, ) — RLe™'Bu,(0,-))?0)
+2(0; ' BrCy(RT, ) — RLe™ ' Buy (0,))¢ay M1 4+ 6; ' 8'(- — R)C(RT,-) — RLe ™' 8'v(0,-))
—{2(0;' Br¢y (BT, ) — RLe™ " Buy(0,-)) (6;'B'(- — R)Gy(RT, ) — RLe ™" 8'v,(0,))
x (6, BrOV)C(RT, ) — RLe™ ' BOY)v(0, ) + (,)
+ [(67 Br¢y (R, ) — RLe™ By (0,))” — (671'(- = R)C(R*, ") — RLe™'f'v(0,))’]
x (071 BrOV)LC(RT, ) — RLe™ ' 8O, v(0,-) + O + Cur)
—2(0;"B'(- = R){(RT,-) = RLe™'8'v(0, "))
x [0, BrOYLC(RT, ) — RLe™ 809, v(0, )
— (071 BrC,(R*,) — RLe ™" v, (0,)) 0% + (i }
x (146;'8'(- = R)C(RT,") — RLe™ " 8'v(0,)) >
+{(6;18"(- — R)C(R*,-) — RLe ' 8"0(0,)) [1 + (6; " Br¢y (R, ) — RLe™ ' Bu,(0,-))’]
x (07 BrOYIC(RT, ) — RLe™'BO)v(0,) + ()}
x (1+6;7'8'(-— R)¢(RT, ) — RLe ' 8'v(0,-)) %,
07 Br®C(RT,) — RLe ' B0 (0, ) + v
Alv) =7 + 60718 (-— R)C(R*,-) — RLe '8'0(0,-)

%(v) ={[Le6; ' B'(- = R)C(R™,-) = RB'0(0,-) + 0;  BrCyy(R*, ) — RLe™ ! Buy, (0, -)]
x [0, BrOL)C(RY, ) — RLe ™' B0 v(0, ) + 0]
+2(0; ' Br¢y(RT, ) — RLe !By, (0,-))?@)
+2(0; ' Br¢y(RT, ) — RLe™ By (0,-))u, Y(1 +6; 1 8'(- = R)((R™, ) = RLe™ 8'v(0,-)) "
—{2(6; ' Br¢y(R*,-) — RLe™ " Buy(0,)) (6; '8'(- — R)(y(R™, ) — RLe™ ' 8'v,(0, )
x (071 Br®YC(RT, ) — RLe B0 0v(0, ) +v)
+ [(6; ' Br¢y (R, ) — RLe™" Buy (0, ~))2 — (0;'8'(- = R)¢(RT,-) — RLe™ ' 8'v(0, ~))2]
x (07 BrEWL((RT, ) — RLe™ 50 0(0,-) + @5) + v,)
—2(0;'8'(- = R)(R™, ) — RLe™ ' 8'0(0, -))
x (071 Br®LC(RY, ) — RLe ™ B8, 0(0, )
— (6, BrGy(RT, ) = RLe ™" Buy (0,)) ") + v, }
x (140,18 (-— R)C(RT,-) — RLe ' f'v(0,-)) 2
+{(6,18"(- — R)C(RT,-) = RLe ™' 8"0(0,)) [1 + (6, ' Br¢y(RT,-) — RLe ™! Bu,(0,-))’]
x (0; ' BrOGIC(RT, ) = RLe ™' 0Q)0(0, ) +v) }
X (1+0;'3'(- = R)C(R*,-) — RLe™''v(0,-)) ™%,
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A(v) =(0;—C(RT, )= (o (R, ) 7!
X [Go(RT,) + AR, ) = 071Gy (R, )Ca(RY ) = 207 ¢y (R, )Gy (R )
2 (G (R ) (Gow(RY,) = (R, ) = 03) = 0, C(R, )y (R, )]
— [Le? + RLe(Lev(0%, ) + v, (0%, )] ~*
x {Levg(07,-) + Av(0T, )
+ RLe " [y, (01, ) (Le v(0T, ) + 0507, ) + 2uy (0T, )y (0T, )]
+ R?Le ?(v, (0", ))*(=Lev (07, ) + R™'Le? + v, (0T, )},
Le(¢y(R*,))*
R(07 + (Gy(RT,-))?)’

e(v )2
AW =0 EAT, ) = S () =

on smooth enough functions v = (¢, v), where g = 3(- — R).

Remark 3.1. Note that each smooth enough function u, which solves problem (3.23), has its first
component u; which is continuous on {R} x [—£/2,¢/2]. Therefore, the operator % can be replaced

with the operator % which is defined as % with the fifth equation being replaced by the condition
%(’Ul (R+, ) + v (R_, )) + HZ‘R[DJC’Ul (R+, ) — D, v <R+, )] =0.

We will use the above remark in Subsection 4.3.

4. TooLs
In this section we collect some technical results which are used in the next (sub)sections.

4.1. Preliminary results needed to prove Theorems 4.4 and Proposition 4.5. We find it
convenient to set

1 L 1 A p—
(Frpf)(x) := Z—/ e_fse_fz’“ls‘fk(m — 8)ds, zeR, feCy(S;0), keZ,
k Jr

where Zi, = Zr(\, p) = \/p? +4\p+ 4\, for every k € Z and A, = (4¢?)~1k%7x2. Moreover, we
denote by ¥ the set of A € C with positive real part.

Lemma 4.1. For every p € (0,40), A € C with ReX > —p~1(ImA\)? and f € C,(S;C), the series
1 Y kez(Trpf)er defines a bounded and continuous function £, f in R? which, clearly, is periodic
with respect to y. Moreover,

(i) Zrpf € Mpesoo WL (R%:.C) and A% o f — p 'A% of — Dairof = f in S;
(ii) V%, f € Cp(R%C) x Cy(R%; C) and

Mo fllco + VIMIVZrp flloo < €l flloo A € Xo; (4.1)

(iii) of further limy o f(z,y) = 0 (resp. lim, 400 f(x,y) = 0) for every y € [—£/2,¢/2], then
(Zx.pf) (-, y) vanishes as x — —oo (resp. & — 400) for every y € R;

(iv) for every f € C2(S;C), such that f(-,—€/2) = f(-,£/2), and X\ € C with ReX > —p~1(ImA)?,
the function Z ,f admits classical derivatives up to the second-order which belong to C¢(R?; C).
Moreover,

1250 f lc2+e g2,y < exllfllop(sio)- (4.2)

Proof. To begin with, we claim that, for each f € Cy(S;C) and X € C, such that pReX + (Im\)?
the series in the statement converges uniformly in R?. To prove the claim, we observe that Re(Z) >
p and |Z;| > Re(Zy) > ex(k + 1) for every k € Z. Thus, we can estimate

o 1 p=Re(Zy) | C)
(Fep)@)] < 590 | (@)l 7 / e 7 Flds< oo, TER kEZ, (43)

and this is enough to infer that the series converges locally uniformly on R? and, as a byproduct,
that the operator %, , is bounded from C,(S;C) into C,(R?;C). Moreover, if f(-,y) vanishes at
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—o0o (resp. +00) for each y € [—£/2,£/2], then by dominated convergence the function F f vanishes
at —oo (resp. +00) and, in view of the uniform convergence of the series which defines the function
Zx,p, this is enough to conclude that this latter function tends to 0 as © — —oo (resp. z — +00)
for each y € R.

Now, we prove properties (i), (ii) and (iv).

(i) Let us prove that the function %, , f is the unique solution to the equation Au—p~'Au—D,u =
ffin D= {uecCHR*C) Nt W2P(R%C) : Au € L=(R?.C) N Cy(S; C), ul-,- + £) = u}. For
this purpose, for every n € N we introduce the functions wu, = ¢~*Y7_  (Fy,f)er and f, =

D f(-,k)er. Note that Au, — p~'Au, — Dyup, = fp in R2, for every n € N, since the
function F , f (k € Z) solves the differential equation (A + p~*A\g)w — p~lw” —w’ = f in R. Thus,

<una P_lASO - @w) = /R2 un(p_lA@ - @w)dmdy = /]Rz ()‘un - fn)@dmdy = </\un - fn7 <P>

for every ¢ € C°(R?; C). Letting n tend to +00 and applying the dominated convergence theorem, it
follows that #, , f is a distributional solution to the equation A% ,f —p 'A% o f — Du%r o f = 1.
By elliptic regularity (see e.g., [23]), we can infer that 2 ,f € (N, W2P(R%;C). Since Z,f is
bounded and continuous in R? and A%y ,f + Dy % pf = A%» ,f — f* belongs to L>°(R?; C), again
by classical results we can infer that Z ,f € Cblﬂ (R%;C) for each v € (0,1) and, as a byproduct,
that A%y ,f € L>®(R%;C) N C,(S;C). We can thus conclude that %) ,f belongs to D.

To prove uniqueness, we assume that v is another solution in D of the equation Au—p~tAu—u, =
f%. The smoothness of v implies that, for each k € Z, the function @, belongs to C}(R; C). Moreover,
integrating by parts we obtain that

1 1
/@kgp”dac zf/ o verdrdy = 7/ PUzCrdrdy
; 7 0

for each ¢ € C°(R). By Fubini theorem, v; belongs to VV1 P(R; C). Since \v — p~'Av—wv, = f in
S, we can write

/S pw)urrddy = lim [ @)y wendedy

n—-+oo

:)\p/ pvpdr — lim /gpvyyq/)nﬁdxdyfp/ @@Ldmfp/ pfrdr,  (4.4)
R n—+oo Jg R R

where 1, (y) = 9 (nly|/f +1—n/2) for each y € [-£/2,¢/2), n € N, and 1 is a smooth function such
that ¢ = 1 in (—o0,1/2] and ¢ = 0 outside (—oc, 3/4]. Clearly, 1, converges to 1 in L1((—£/2,£/2))
as n tends to +0o. An integration by parts shows that

lim < P(z)vyy (T, y)?ﬂn(y)mdxdy

n—r—+0oo
. n . —
=— lim */ ¢(2)x a(z)signum(y)vy (z, ) ( ly| +1— >XB (y)ex(y)dedy
n—=+too { Jp2 2
— Ak / o(x)vg(z)dz, (4.5)
where A = supp(y) and B,, = {y eR:z— % <yl < < = — —} for every n € N. We claim that the
first term in the last side of (4.5) is zero For this purpose we split
2 [ caiatelsigmm(uy ) ( ol 1= 5 o, ()en ey

2 [ et >s1gnum<y><vy<x,y>—vy<x,e/2>>w'( 1= 5 ) dady

é / z)vy (@ E/Z)dx/Rsignum(y)z//<Z|y| +1- Z)XBn(y)ek(y)dy
-:Kjl7 ( )+g<2n(x y)
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for every (z,y) € R2. Since v is f-periodic with respect to y, Dyv is {-periodic with respect to y as
well. Moreover, this latter function is 1/2-Holder continuous in R? since it belongs to D. Hence, we
can estimate

. 1
oy (2, ) — vy (@,€/2)] = |vy(@,y) = vy(x, —0/2)] < [Vylor2(ax(e2.0/2:0) mindly — /2], ly + £/2]} 2
for every x € A and y € [—¢/2,¢/2]. Thus,
Krnl < cllelloolld loonm(A x By) < clleflocl¥|lon™ 2,  neN,

where m(A x B,,) denotes the Lebesgue measure of the set A x B, so that X; ,, vanishes as n tends
to +o0o. As far as Ky, is concerned, we observe that

2in

4 £
2 (n on\ . (2km
- /ADyv(x,(/2)<p(x)dx/l L P (éy—l—l 2>Sm (E y)dy

27 2n

£ £
| 4kmi (27 (n n 2km v . [ kT
c{ 7 /{;i@ w(€y+12> cos (E y)dyZ(l) sin <n)}

2n

fKZ,n(xa y) =

Hence, Xy 5, vanishes as n tends to +o00. The claim is so proved.

From (4.4) and (4.5), we can now infer that p=19/ = (A + p~'\g)ir — 0}, — fr. Thus, vy = Fp.f
for every k € Z and, as a byproduct, we deduce that v = %) , f.

(ii) By classical results, the realization A, in L>(R?;C) of the operator p~'A + D, with domain
D(A,) = {u e Cp(R*C)NM, <4 o W2P(R2;C) : Au € L=(R% C)} D D, generates an analytic semi-

loc
group. Moreover, [|[R(A, A,)||L(rem®ey) < ¢[A|7! for every A € B¢ and [|[Vv[le < c||v||(1>éz\|Avaéé2

for every v € D(A,). Note that the function R(A, Ap)fﬁ is f-periodic with respect to y. Indeed,
R(A\, Ap) f* and (R(\, A,) f#)(+, - +£) both solve (in D(A,)) the equation Au—p~tAu—u, = f¥ and,
by uniqueness, they coincide. Finally, since f* is continuous in S, AR(A, 4,) f* belongs to Cy(S; C).
Hence, R(\, A,)f* € D and, by (i), it coincides with %, ,f*. Using the above estimates, inequality
(4.1) follows immediately.

(iv) Since f € C(S;C) and f(-,—£/2) = f(-,£/2), the function f* belongs to C(R?;C). Hence,
ARy o f = p(AZBrpf — f* — Dy %>, f) is an element of C2(R?;C). Classical results (see e.g., [29])
yield (4.2). O

Lemma 4.2. For g € Cb(ﬁ; C) and A € C, such that ReX > —Le ' (Im\)?, the function \g =
1 > rez(Srg)er is bounded and continuous in R2. Here, Grg := Fk.1e(g) for each k € Z, and G is
the trivial extension of g to R x [—£/2,£/2]. Moreover,

(i) Ag belongs to N W2P(R2;C) and \.S\g — Le ' ASAg — DS g =g in S

p<+4o00o loc
(ii) there exists a positive constant c1, independent of A, such that

IA[Z2glloe + VIAIVZAglleo < crllglloo, A € Xo; (4.6)

(iil) of further limy 100 g(x,y) = 0 for each y € [—€/2,£/2], then (Z»g)(-,y) vanishes as x — 400
for each y € R;

(iv) if g € CX(SS;C) and g(-, —£/2) = g(-,£/2), then #\g belongs to C2T*(R?;C) for every A € C
such that ReA > —Le™!(Im\)2. Moreover,

||L7/\9||c§+“(ne2;<c> < C2,A||9||c;;(sj;@)’ (4.7)
with the constant ca ) being independent of g.

Proof. We split the proof into two steps: in the first one we prove properties (i), (ii) and (iii) and
in the second step we prove property (iv).

Step 1. Let us fix g and A as in the statement. Arguing as in the first part of the proof of Lemma
4.1, taking the continuity of the functions Grg (k € Z) into account, it can be checked that the series
in the statement converges uniformly in R?, so that the function . g is well defined and it vanishes
as ¢ — +oo for every y € R, if lim, 4 g(x,y) = 0 for every y € [—£/2,0/2].
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To check properties (i) and (ii), for each n € N we set g, := § *, ¥, where x, stands for
convolution with respect to the variable x and (v,,) is a standard sequence of mollifiers. Clearly,
A\Gn = P Legn- The sequence (g,,) converges to g pointwise in R? as n — +00 and ||gn [|oo < [|9]]oo
for each n € N. Thus, we can infer that J} ,g, converges to Grg pointwise in R as n tends to +oo0,
for every k € N and, by dominated convergence, Zy 1cgn tends to .#\g pointwise in R2.

Applying the classical interior LP-estimates for the operator Le 'A + D, and using (4.1), which
allows us to write

1
IAIVZ Legnlloo + [AIZ V22 Legnlloc < cllgnlloe < cllgllso, neN, (4.8)

we can estimate

1%, Legn w2 (B0,r):0) SCp,r([1%,Legn | Lr(B(0,2r)0) + |Le™ A% Legn + DaLegnllLr(B(0,2r):0))
Scp,r[(l + |)‘D||%A,Legn”c(3(o72r);c) + Hg”HC(W;C)]
<cprallgnlloe < cprallglloo

for every p € [1,400) and r > 0. Hence, by compactness we conclude that % 19, converges
to .#g in C1(B(0,7);C) for each r > 0, g € W2P(R%C) for every p € [1,+00) and \Sg —
Le 'ASg — Dy.Prg = g in S . Finally, estimate (4.6) follows at once from (4.8).

Step 2. To complete the proof, here we check property (iv), which demands some additional effort.
We begin by checking that the function ¢ = . ¢(0, -) belongs to C’f+o‘ (R; C). For this purpose, we
set ¢, = 071300 __ (Sk9)(0)ex, for n € N. Clearly, each function ¢, is smooth and

) oo Le
¢ 27” Z ek/ eTse 27 gk (s)ds + 222 Z (k_f_>ek/ e 5 s 22ks Jr(s)ds
0

Zy;
|k|<ko ko<|k|<n
n +oo +oo
Z ek/ k2 *’Z’cs—e* )gk ds—i—— Z ek/ eF s Ak(s)ds
\kl ko Ik\ ko
=Jo+ Z Ihins
h=1
where kg € N is chosen so that wko > fLe. As it is easily seen,
k Y4 C)\
— — —| £ =, keZ, 4.9
Zy ml T k241 ( )
so that Jy ,, converges uniformly in R? as n — 4oc0. On the other hand,
1 2
e~ 3Zks _ - / A 1) gy < 5/ Le” +4MLe| —ire(zi(r))s gy
0 42Z(r)

1

where we have set Zy(r) = ((Le2 + 4\Le)r + kz;rz * . Note that Re(Zk(r)) > calk| for |k| > ko.

For such values of k and for ReX > 0 (which implies that Re(Zy(r)) > Le for every r € [0,1] and
|k| > ko) we can estimate

+00 2 1 +o0

. ™ L 4L

‘/ ezs<eézks—eﬂlfls>§k(s)ds‘ §7| ° Z|—k| e‘HgHoo/ r’%dr/ se's 573 (Re(Zr(r))s g g
0 0 0

<2 lglle. (410)

so that the sequence (J2,,) converges uniformly in R2. Next, we observe that

2 [t 3
J3.n(y) = 7 ), dS/ , Kon(s,m)gn(s,y —n)dn, y€R, neN,
-2
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where K, (z,y) = Hp(x,y) + Hp(x, —y) and

(x—4iy)(ko—1) _ ,— & (z—4iy)n n
6 24 e 21 o A "
ese(z—4iy) _ 1 ) gn(z,y) =1 Z gz, ke e Y

k=—n

Hn(xay) =ec 2 T

for # >0,y € R? and n € N. We set

7277(19%—1)71?’/ ZW(k%—l)ty
= - + —= ,
eae(x—4iy) _ 1 eaze(x+diy) _ 1 )’

and prove that J3 , converges pointwise in R to the function J3, defined byt

Le _ m(kg—1)
(7* 27 x

K(z,y)=e

x>0, yeR,

it [t i
y) = ;/ ds [ K(s,m)g*(s,y — n)dn, yeR.
0

2

For this purpose, we split

+oo %
g [ s [ G =) = e = ) K

+o0
/ dS/ . Kn(87 77) - K(San))dn = Al,n + A2,n
2

for every n € N and observe that

—+oo
A1 oo < /0 llgn(s,-) = g(s, Mr2((—e/2,0/2) | Kn (8, ) L2((=2/2,0/2))d5, n € N.

Since (7) [|gn(0,)—=9g(0, )|| L2((=¢/2,¢/2);c) Vanishes as n — 400, (i1) ||gn(z, ) —g(x, )| 12((=/2,¢/2):0) <
2|lg(x, ) z2((=/2,0/2):0) < 20]|glloo, for £ > 0 and n € N, and (i77) |K,| < 2|K|in Ry x R for every
n € N, the dominated convergence theorem shows that A; , converges to zero pointwise in R as n
tends to +o0o0. Moreover, [[A1 llco < ¢||glloo- That theorem also shows that A, , converges to zero

pointwise in R as n tends to 4-o00; moreover, ||.A2 nlloo < ¢||g]loo for each n € N. Now, writing

Cn(y)=<n(0)+/0< +ZJM )dr yER, neN,

and letting n tend to +o00, again by dominated convergence we conclude that

2 2 k¢ T L
/ m Z 7€k/ 62 Se~ 32 ()ds—i—%; Z (Zk_W)ek/O eLzSe 3Zks gk(s)ds

k| <ko k| > ko
“+o0 ) . “+oo
—|—— Z ek/ 625 em2Zks _ o 5ps )gk )ds + — / ds/ K(s,n)g —n)dn.
|k|>ko

Denote by ¢1,...,¢4 the four terms in the right-hand side of the previous formula. Clearly, ¢
belongs to Cs°(R; C). In particular, ||¢; ||C;+a(R;C) < ¢|lglloo- As far as ¢2 and ¢3 are concerned, using
(4.9), (4.10), the same arguments here above and in the first part of the proof of Lemma 4.1, it can be
easily shown that such functions belong to C} t*(R; C) and b2l citemicy + 193l cpre@icy < €llglloo-
The function ¢4 is the limit in Cy(R; C) of the sequence (¢4,,) defined by
it [t s
$an=— [ ds | K(ssmg'(s,-—mdy, ~ neN
£

™ 1

2

195 belongs to Cy(R;C). Indeed, H € L! (S3;C) as it follows observing that leZe (®E4W) _ 1| > ¢3¢® — 1, which

Le _ m(kg—1) x
implies the inequality |K(z,y)| < e( 2 22 )xmin{2(eﬁ — 1)1, ¢(z? 4 y?) "2} for every (z,y) € S+. This
shows that J3 is bounded in R2. Moreover, J3 is the uniform limit as ¢ — 01 of the function f+°° ds f%% K(s,- —
1)g(s,n)dn, which is clearly continuous in R thanks to the above estimate for K. Hence, J3 is itself continuous in R.
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Clearly, each function ¢4, is continuously differentiable in R and

i e 5
/
by = ;/1 ds | Ky(s,m)g*(s,- — n)dn,
n -2
where
2w(k071)iy 721(%71)1‘

211 Le _m(ko—1)Y . e e
Ky(xvy) ¢ (kO_]-) ( £ ) < = (z+4iy) _ - (z—4iy) _ )

o
271 (%_w(#ﬂ)z e3¢ (z—4ikoy) o3z (w+4ikoy) B
e ((62’2(14@) 12 (eFraw) _qy2) T Li(z,y) + La(x,y)
(4.11)

for (z,y) € Hiof Since K is {-periodic with respect to y, it follows that fzjz Ky(s,n)dn = 0. Hence,
we can write

_ it oo 5
O =" [ s [ Koy gt yER meN

2
By assumptions, g € C2(S;; C) and this allows us to estimate
1Ky (5,m) (9" (5,9 — 1) — g% (5,9)| < cmin{(s* +7°) 271, (3! — 1) 7"} gl ca (10, 4-00) x i)

for every (s,n) € R x Ry and y > 0. Thus, we can let n tend to 400 in (4.11) and conclude that
(bﬁl,n converges uniformly in R%. As a byproduct, ¢4 is continuously differentiable in R,

+o0 ﬁ
di= [ as [ K (sl =) - (s,

£
2

and [|¢}|loo < CHchg(sOﬂc)-
To prove that ¢} belongs to Cf*(R; C) we split

“+oo
o = / ds / (L1 (5,7) + (5, m)X(1,100) (5)) (65, — 1) — g5, )y

M\(\

Nl

/ s / La(s,n)(g*(s, - — 1) — g(s,))d. (4.12)

£
2

Since the function L1+ LaX (1 40c) € L(Sg; C), the first term in the right-hand side of (4.12) belongs
to C*(R; C) and its Cy*(R; C)-norm can be estimated from above by c||g||cé,(55r_(c). To estimate the
other term, which we denote by ¥, we observe that

e 37 (z—4ikoy) 0? 42% + 32izy — 649>
e T @aieEE Y@y @) €0 x (=2,02),

for some function v € L1((0,1) x (—£/2, 6/2)' C). Thus,

_ 128%2 n)
v =25 [ / 6 e s w)dn

- 2/ dS/ . U(s, =) (g*(s,y — n) — g(s,9))dn =: W1 (y) + ¥a(y)

for every y € R. The function ¥ is clearly a-Holder continuous in [—£/2, £/2] since 1 € L'((0,1) x
(—£/2,£/2);C). Moreover, [[Vz||ceric) < cllgllce®c)- As far as the function ¥y is concerned, we
approximate it with the family of functions ¥, ;, defined by

1282(2 y 77)
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Each of these functions is continuously differentiable in R with bounded derivative, so that, we can
estimate

(W1 (y2) — W1(y1)| <IW1(y2) — Yan(y2)| + [W1n(y2) — Yin(y) + [Yin(yr) — Vi(ys)]
<L2)1¥1 — Uy pfloo 4+ 19 4 llooly2 — 31l (4.13)
for y1,y2 € [—£/2,£/2]. Note that

25602 |sn|h?
v, — U o S——— ofat. dsd
[Py Lilloo < ) ||g||cb (8F:0) /]R? (2 + 1672 + h2)2(52 + 1677) samn

—+o00 a+1
2 P o
<ch Hchg(sg;C)/o mdﬂ:ch 19llce (st

and

128¢2 2 4+ 48n% + h2)|n|®
/ (8% +48n° + h?)|n| dsdn
R2

/
1Walle <= lollop o) o, G+ T + h2)e
+oo p2+o¢ N
SCHg”C,?(S(T;C)/O mdﬂ < C”chg(S;r;(C)h )
Replacing these inequalities into (4.13) and taking h = |ya — 1|, we conclude that
W1 (y2) = Ya(ya)l < ellgll oo stz — w1l
Therefore, ¢} € Cf'(R;C) and [|¢4/|co ric) < c||g||C?(SO+_C). Putting everything together it follows
that ¢ € CZT*(R;C) and ||<||Cf+u(R;c) < cHgHCg(Sg;C).

Finally, we consider the function #yg—( =: v € Cy([0, +00) xR; C)NM), . | o WP ((0, +00) xR; C).
Since Le™'Av + v, € Cf((0,400) x R;C) and by construction v(0,-) = 0, by classical results (see
e.g., [29]) v € CZT((0,4+00) x R) and

[oll g2+ (e <elllvlloo + [Le™ Av + Vallea ity + ISl o2te i)
<c([lvlloc + [XF2g — 9||cg(HO+;C) + ||C||CE*Q(R;C)) < C||9||cg(H;r;<C)-

Formula (4.7) follows as once. O

Lemma 4.3. For each A € C such that Re\ > —(Im\)?, f € Cu(S;C) and g € Cb(g; C), we
denote by %if :Hf — C and Uy - H — C, respectively, the functions defined by

(FEf) (@ y) = e FE DS EE NG F(Rien(y),  (a,y) € Hy,
keZ
(Wg)(x,y) = E73 e F(Gug)(O)erly),  (a,y) € Hy -
kEZ

Then, the following properties are satisfied.
(i) ?Aif belongs to C’;(ﬁ; C)n W2’p(H;tf;(C), for each p < +o0, solves the equation Au —

loc

Le 'Au—wu, =0 in HE and, for each M > 0, there exists a constant cpr > 0 such that

INIZE Flloe + VANV IR flloo < et fllso, Al = M; (4.14)
(i) lim (7 f)(@,y) = lim (Ff)(@,y) =0 for everyy € R and f € Cy(S;C);

(iii) if f € 05(5; C) and f(-,—£/2) = f(-,—£/2), then the function Tt f belongs to CZT*(H};C)
and ||y fHCf*“(Hﬁ) < I flleg(sic) for each Rel > —(Im\)?;

(iv) g belongs to C} (?J; C)NW2P(H ; C), for each p < 400, solves the equation Au—Le™* Au—

loc
D,u =0 and, for every M > 0 there exists a positive constant ¢, such that

IMIZglloe + VIMIVZarglloe < crllglloo Al = M;
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(v) EIE (% g)(x,y) =0 for each y € R and g € C’b(ﬁ; C);

(vi) if g € C2(SF;C) is such that g(-,—€/2) = g(-,—£/2), then the function %U\g belongs to
Cet(H;C) and ||52/Ag||C§+O(H;;C) < C”g”C{f(S’g';(C) for each A € C such that ReX > —(Im\)2.

Proof. (i) The arguments as in the proof of Lemma 4.1 show that the function 7% f is continuous
in Hf and smooth in its interior, where it solves the equation \u — Le 'Au — u, = 0. Further, the
function vt = ZFf — %1 f is bounded, vanishes on {R} x R and A\v* — Le *Av* —vf = h in
HE, where L°(HE;C) > h = —Le ' fi + (Le ™! — 1)(AZx1f — DuZrn f).

By classical results, the realization of the operator Le A + D, in L>(H}; C) with homogeneous
Dirichlet boundary conditions generates an analytic semigroup with domain {u € Cy(HZ;C) N
Np<too W2P(HE;C) : Le *Au + Dyu € L=(HZ;C)}. In particular, for every A € %o it holds
that |A|[[vE|lee + /M [VVE |lee < ¢||h]|oo. From the definition of v* and taking (4.1) into account,
estimate (4.14) follows immediately.

(ii) The proof of this property is immediate since the series defining Z," f (resp. 7, f) converges
uniformly in Hj (resp. in H}) and each of its terms vanishes as ¢ — —oo (resp. = — +00),
uniformly with respect to y € R.

(iii) Fix A € C with ReX > —(Im\)?. Since f € C2(S) and f(-,—¢/2) = f(-,£/2), thanks to
Lemma 4.1(44i) we can infer that the function h € Cf*(R?;C). Hence, Le ' Av* + v € C(HE; C)
and by classical results it follows that v € CZT*(HF;C) and

o= lczeuz ) < e([|vF ]l + L™  Av* + Uf”c,?(Hﬁ;(c))'

From the definition of v* and the above estimate, the assertion follows at once.
(iv)-(vi) The proof of these three properties follows applying the procedure of the first part of the
proof, with Z 1 f being replaced by the function .#)g. The details are left to the reader. O

4.2. Analytic semigroups and interpolation spaces. To state the main result of this subsection,
for each k € NU {0} we introduce the functions (the so-called dispersion relations)

D(A) = (Le — Y3) {exp <§(Le —1- X — Yk)) —1+ 91-RX,€} :

Di(A) = (Le — Yz) {exp <§(Le —1— X5 — Yk)) — exp <§(Le — 1+ X5 — Yk)) - oink],

where X = Xp(A) = V1+4X+4X,, Vi = Y (A) = \/Le2 + 4)\Le + 4\, A\, = 472k2¢72, and the
sets
Q. ={\ € C:ReXr > —(Im))? — A\, and Dx()\) = 0}, (4.15)
={AeC:—Le }((Im\)? + Ap) < ReA < —(ImA)? — Ag, and Dy () = 0}.

Theorem 4.4. The realization L of the operator £ in X, with domain

D(L){uE Xui(-,—4/2) = u;(-,£/2),j =1,2, “1 cC} HO HON n W12p Hy;C)
p<+oo
ut b e C([0, R] x R; C)NCE( H}E,C ﬂ W2P(Ry\{R})xR;C), LucX, Bu= 0},
p<+o0o

(see (3.24) and (3.25)) generates an analytic semigroup in X. Moreover,

(i) the spectrum o(L) of L is the set {\ € C: ReX < —Le™'(Im\)?} U Urenugoy (2w U );

(ii) there exist two positive constants M and ¢ such that \/|M||[VR(\, L)f]|co < ¢||f|jeo for X € C

with ReA > M and f € X;

(iii) if £ € Xy for some o € (0,1), then for each X € p(L) the function R(A, L) belongs to Xaiq
and IR\ D24 < 2 [f]a
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Proof. Since it is rather long, we split the proof into four steps. In Steps 1 and 2, we characterize
o(L), whereas in Step 3 we prove that L generates an analytic semigroup in X as well as the estimate
for the spatial gradient for the resolvent operator. Finally, in Step 4, we prove property (iii).

Step 1. Fix f € X and A € C such that ReA > —(Im\)? and A ¢ Q. for each k € NU {0}, and
assume that the equation Au — %u = f admits a solution u = (u3,us) in D(L). The arguments in
the proof of Lemma 4.1(i) show that for every k € Z the functions @ ;, and 4 (see Subsection 2.1),
solve, respectively, the differential equations iy, — @), — 4y + A\l = ka in R\ {0, R} and Aoy, —
o —Le Y0 + Le ' \py = for in Ry \ {R}. Moreover, they belong to C}(R; C) and C([0, +00); C),
respectively. Thus,

~ viz v, T vz v, T
Uy k(%) = (Fg,1 f1)(T) + 1 ke “X(—o0,0(T) + (c2,6€”* * + c3 k"5 7)) X (0,r) (T) + Cak€"F “X[R,+00)(T)
for every z € R, k € Z and
~ — +o -
g k(%) = (Grf2) () + (dire!s " + da ke *)X(0,r) (T) + d3 k"s “X[R,+00)(T) (4.16)

for every x > 0 and k € Z, where u? = —% + %Yk, V,ff = —% + %Xk and ¢y, C2,k, C3,k, Ca ks
di k,dak,dsr (k € Z) are complex constants determined imposing the conditions #(41 , t2x) = 0
that the infinitely many functions 4; ;, and 49 ; have to satisfy. It turns out that the above constants
are uniquely determined if and only if D (\) # 0, as we are assuming, and as a byproduct,

1 2 -
u =%r1fi+ 7 Zp1,k(3"k,1f1)(R)€k + Tol szk(gkfz)(o)ek, in Hy, (4.17)
keEZ kezZ
=% af1+ 5 Zp?m (Fe,1f1)( €k+7ZP4k (Skf2)(0)er, (4.18)
v kez
ug = Afa— 50, R£<7+f1+ ?/ f2+ Z(hk Frafr)(R)ex + - thk Skf2)(0)er, (4.19)
= bt
n (0,R) x R, and
— B fi+ 2 pss TS Bk + 2 S o k(S12)(0) (4.20)
ur =11+ 2 psk(Frah e+ o7 D6,k(Gkf2)(0)ex, .
kez kez
Le 1
uy = A fa+ 50, ng ht+5 %%Q&k(?k,lfl)(R)ek +t7 I;ZQ4,k(9kf2)(0)ek7 (4.21)

in Hikf, where Zy 1 f and #»g have been introduced in Lemmata 4.1 and 4.2,

TR — iR 8,RX), — 1+ e Xk},
pl,k(x) = %el/;m, sz( ) ( XkW (;6 Le) ) key;ra:
k EVWE\LE —
(m) B eu,:r(ac—R) _ eu;x—qu (m) B Yk[(ezRXk _ 1)61/;90 + e—XkRel/;r:c]
p37k - Wk I p47k - Xka (Yk — Le) 5
e R _emnlR Y _
- oYk Z TR VT
Psx(z) Wi o Por(®) = G Tom
(ve —ui)R _ X, e MR _
e 'k k e k +
Q1 k(x) = We pi(z—R) _ ;}ciwk[(Le_i_Yk)eukx — Leet+ ™),
2Le(0:RXy —1) - eWy —uiR N
[ i A=) L Y My, T My T
qQ’k(aj) Wi (Yk — Le) € W (6 te )’
a3.1(x) = ﬂeu;(%m _ Le(etem TR — e Ry, Xpetk v R
B 6;:RW, YW T
q ($) Yk(GZRXk — 1)6“;1 — Le etr o+ (v _M;)R + (Yk + Le)eV,;R-ﬁ—u;(x—R)
4.k =

Wi (Yr — Le)
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and Wy, = Wi () = ;RX), — 1 + Wi —ri)E,

In view of Lemmata 4.1 to 4.3, to prove that the pair u defined by (4.17)-(4.21) belongs to D(L)
and Au — Zu = f we just need to consider the series in the above formulae, which we denote,
respectively by Py okt f; (1 =1,2, k=0,1,2), Dront;f; (j =1,2, h =0,1). To begin with, we
observe that, by (i) in the proof of Lemma 4.1, we already know that Re(X}) + Re(Y%) > cx|k| and
| Xk| + Y| < ea(Jk| + 1) for each k € Z. As a byproduct, taking also (4.3) into account, we can
infer that [(F,1.f1)(R)| < ex(1+ &%) f1lloo and [(Srf2)(0)] < ex(1 + &*)7H[| fo]loo for each k € Z.
Moreover, we can also estimate

Wil = 0;R|X,| — 1 — R =R > R X, | — 1 — "5 1 > ey |R], keZ\{0}. (4.22)
Putting everything together, we conclude that ||p1 k|l cn((—s0,050) < cre~°2* for each h € N and

2

||P2,k||cg((_oo,o];c) + Z[H(pi+2,k7 aik)llcio,ric2) + 11 (Patik, qi+2,k)||cg([R,+oo);<c2)] <k
i=1

for each k € Z\{0}. Using these estimates, it is easy to check that &5 1 f1 € CbB (Hy ;C) for 8 > 0and
Profr € C*(Hy ;C)NCL(H{ ; C). Moreover, they solve the equation Aw — Ayw—Dyw =0 in Hy .
Since the series which define &) 1 fi and &) » fo converge uniformly in H; and each term vanishes
as ¥ — —oo, uniformly with respect to y € R, we immediately infer that lim,_, o (Zx1f1)(x,y) =
limg oo (Pr1f2)(z,y) = 0 for each y € R. On the other hand, the functions &y sf1, P afo
and 2, 1f1, 2x2f2 belong to C*((0,R) x R;C) N CL([0, R] x R;C) and solve, in (0, R) x R, the
equations \w; — Ayw; — Dywy = 0 and Aws — Le ™ *Ayws — Dyws = 0, respectively. Finally, the
functions P 5 f1, Prefe and 2y 3f1, 2 4f2 belong to COO(H;E; C)nCy (Hj.tf; C) solves, in HE, the
equations Aw; — Azw; — Dywy = 0 and Aws — LeflAsz — D,wy = 0, respectively, and vanish
as x tends to oo for each y € R. Therefore, the function u defined by (4.17)-(4.21) belongs to
Np<too Wi’f((R\ {0, R}) X R) X (< 400 I/Vli’f((RJr \ {R}) xR), solve the equation A\u—.%u = f and
limg 400 w1 (2, y) = limg 1o uz(x, y) = 0 for each y € R. Moreover, ||Vu|ls < ¢||f]|c- To conclude
that u € D(L), we have to check that u = 0, but this is an easy task taking into account that all
the series appearing in the definition of u may be differentiated term by term and #(4; k, G2x) =0
for every k € Z. We have so proved that u € D(L) and that

U @ co@)c{reC:ReA<—(mN)}U () .
keNu{0} keNu{0}

Step 2. To complete the characterization of (L), let us check that o(L) D {A € C : Re)X <

—Le ' (Im))?} U Ukenugoy 2% Clearly, each A € C such that ReA < —Le ' (ImA)? belongs to

o(L), since in this case ugt and u(jf have nonpositive real parts so that the more general solution

to the equation Au — Lu = 0, which belongs to X and is independent of y, is determined up to 8
arbitrary complex constants and we have just 7 boundary condition. Thus, the previous equation
admits infinitely many solutions in X. Similarly, if A € Q} for some k& € N U {0}, then the pair
u = (dlykek, ’11271@616), where

. - + - +
iy g (z) = (Fp,1 f1) (@) + (e e’ “+ca ke’ “)x(0,r) (T) + (31" “+ca k€ “X (R +00) (T), r €R,

and 9, is still given by (4.16), is smooth, belongs to X and solves the differential equation Au —
Zu = f for every choice of ¢; &, d; (1 =1,...,4, 7 =1,2,3). Imposing the condition Zu = 0, we
get to a linear system of 7 equations in 7 unknowns whose determinant is Dy ()). Since A € ., the
above equation admits infinitely many solutions in D(L).

Step 3. Since the roots of the dispersion relation have bounded from above real part (see also
the forthcoming computations), Step 1 shows that the resolvent set p(L) contains a right-halfplane.
Hence, to prove that L generates an analytic semigroup it remains to prove that |A|||R(A, L)f||oc <
c||/f||oo for each X in a suitable right-halfplane. Again, in view of Lemmata 4.1, 4.2 and 4.3, we can
limit ourselves to dealing with the functions & or+;f; and 2 an+j fj-
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For each A € C with positive real part, we can refine the estimate for Re(X}) and Re(Y%); it turns
out that

1AM+ 20g | +Re(1 + 4X + 40 3
|Xk|2Re(Xk)_\/| A+ l+ 26( taAt k)2«/2\)\|\/1\/2\//\k2%\/|A\+1+/\k,
X0 < 20T F N+

and, similarly, ¢14/1 4+ |A| + A < Re(Yr) < |Yi| < cay/1+ |A| + A for each k € Z and A € C with
positive real part. As a byproduct, we get |(Fi.1f1)(R)| + |(Skf2)(0)] < cr(|A| + 1 + k?)7Y|f]|x for
each k and X as above. Moreover, using (4.22) we can also estimate |Wy| > cg/1+ |A| + A\i for
each k € Z and A\ € ¥y := {A € C: ReX > M} with M large enough. Finally,

4LeX + 4\ LelA| + A L
_ALeA £ AN > e+ A > VI D+ A
VLe? + 4LeA + Ag + Le \/Le2+Le|/\|—|—)\k

‘Yk — Le| =

for each A\ € ¥; and k € Z, since Le € (0,1). Hence, up to replacing M with M V 1, if necessary, we
can estimate
2 4
Y (Upiw(@)] + gz (@) + D (pjw(a)] + laju(z") +le7, M < er(l+ N + )72
j=1 Jj=3
for each k € Z, A € Xy, # < 0, 2’ € (0,R) and 2" > R. We are almost done. Indeed, taking the
above estimates and the fact that

S e <l [ (A1 r0) R < e
2 1+ ) : E

into account, we easily conclude that

3

2
S U P21 f1llse + | Pa2ifolloc) + D (1252061 f1lloo + 12226 folloc) < carl A7 €]
k=1 k=1

for every A € C with ReA > M and some positive constant c¢p; independent of A. Similarly,

K I{DDpi k()] + DY piya k(@) + DD gi k(2] + 1D gi ke (2)] + DU pisa (@)} < ear,
for each z < 0,2’ € [0,R], 2" >0,i=1,2,j=0,1 and

€]l +oo
_||f||/ (N 1472 ldr <
;ZW—H—H@? *Jo

Thus, we deduce that

C
———|fllo-
V14

3 2
D (VP21 filloo + 1VPr2kfalloe) + D (IV2x 251 filloo + V22 2k f2loo) < ear] A2 |£]| oo

k=1 k=1

Step 4. Finally, we show that if f € X, then u € Xo,. Again, in view of Lemmata 4.1-4.3
and the estimate [[p1,kllcp((—oo00) < cre~ 2k (for every h € N) in Step 3, which shows that the
function &, ;1 f1 belongs to C’f(H&) for every 8 > 0 and ||<@>\71f1”cf(Hg) < x|l filloos it suffices
to deal with the other functions Py ok f; and 2 on+;f;. We adapt the arguments in Step 2 of
the proof of Lemma 4.2. To begin with, we consider the function £, ofs € CZ(H; ) which solves
the equation APy ofo — APy ofs — Dy P 2fo =0in Hy . To prove that it belongs to C§+O‘(HO_),
we check that (25 2/2)(0,-) € CfT*(R). Note that p x(0) = £(7k) ™' + pa, for every k € Z\ {0},
where po ;, = O(k~2). Therefore, we can split

(Pr2£2)(0,) = % > k(G f2)(0)ex t o7 Zm k(Gkf2)(0)er = Y1+ a.

keZ keZ
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Since P2 k(S5 f2)(0)| < c|k|~4|| f2]|oo for every k € Z\ {0}, it follows immediately that 1, € CZT*(R)
and H1/)2||C§+a(R) < ¢||f2]lo- As far as 11 is concerned, a straightforward computation reveals
that ¥} = c(# f2)(0,-) so that, by Lemma 4.2, ¢} € C;7*(R) and ||1/’1HC;+“(R) < ¢||f||o. Thus,
(P.2£2)(0,-) belongs to CZT*(R) and ||( P 2f2)(0, )ch+a(R) < cy||f|la- By classical results for
elliptic problems (see [29]), 2, 2 f2 belongs to CZT*(H, ) and || 2y, 2f2||c2+“(H y S axllflla-
Next, we split 3”,\,3]01 into the sum of the functions
—R) e —uiR _
P3anfi = gz W (FTkafr)(R)ex, P3r2f1 = gz W (Fr,1f1)(R)e” ex.

kEZ keZ

The first function belongs to C2(Hp; C) and APy 1 f1 — APs a1 fi —De P a1 fr = 0in Hy,. Since

(P31 f1)(R,-) = (%1 fr)(R Zpgk Fr1f1)(R)ex

keZ

and |p3 x| < ck™!, the same arguments as above and Lemma 4.1 allow to show first that the
function ((2s1f1)(R,-))" belongs to C}T*(R) and then to conclude that 231 f1 € CET*(Hy)
and | Ps a1 f1 ||C§+Q(HE) < ex|lf]la. The smoothness of the function &5 5 2f1 is easier to prove, due
to the uniform (in [0, R]) exponential decay to zero of the terms of the series. It turns out that
12352 illczve ) < exllfilloo-

Let us consider the function & j fo, which we split it into the sum of the functions Z » ; fo and
P4z 2f2 defined, respectively, by

2 .
Parife = Tol > pajik(Set2)(0)ex, J=12

keN
where

- - _ +
O:R -, 0; RLe e”i © Y€V @ Ve~ XuRtviz
e’k

Wi, ’ Pa2k(®) = Wi(Yy —Le) X Wi(Yy — Le) " X Wi (Y = Le)’

pa1 k() =

Function &4 x1f2 belongs to Cg(HiJ) and APy 1fo— APyr1fo— DePyr1fo=0in H . More-
over, (P41f2)(0,-) is an element of CZt*(R) and ||(¢@47>\71f2)(0,~)HC§+Q(R) < ¢x||f|las so that
Pyrifo € CFT(HY) and |\¢@4,)\’1f2||cg+a(ng) < ¢x||f]la. On the other hand, the series, which de-
fines P, y 2 [ is easier to analyze since it converges in C;**(H},) and ||<@47,\,2f2||05+a(H1;) < e lf]a-

All the remaining functions &y ox4;f; and 2 2n4;f; can be analyzed in the same way. The
details are left to the reader. ]

Now, we characterize the interpolation spaces Dy, (a/2,00) and Dr (1 4 /2, 00). To simplify the
notation, we introduce the operator %, defined by

PBou = (u1(07,-) —u1(07,-),ua (R*,-) —us (R™,-)), ucX, (4.23)

and the sets Xo. 2, = {u € X, : Bou = 0} (a € (0,1]) and Xoyoz = {u € Xoyy : Bu =
0,%pLu = 0, lim,;_, 1o (Lu)i(z,y) = lim;—,1oo(Lu)a(z,y) = 0} (a € (0,1)), equipped with the
norm of X, and Xo4,, respectively.

Proposition 4.5. For each o € (0,1) the following characterizations hold:
(i) Dp(a/2,00) = X, (#7) Dp(1+ a/2,00) =Xota,2, (4.24)
with equivalence of respective norms. Moreover,
X1 %, — Dr(1/2,00). (4.25)

Proof. Throughout the proof, we assume that « is arbitrarily fixed in (0, 1).
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Step 1: proof of (4.24)(i) and (4.25). Given f = (f1, f2) € Xqa, 2, and t > 0, we introduce the
functions f;1 and f; o defined by

fralz,y) = /H+ ff(z ity + ty )2,y )da' dy, (z,y) € R?,
0
fro(z,y) = /H+ fola —ta' g+t )o(a,y )da' dy/ (z,y) € [0, R] X R,
0
fea(z,y) = /H+ fgﬁ(:v +ta y+ ty)o(a Y )da' dy (z,y) € HE,
0
where ¢ is a positive smooth function with compact support in (0,R) x R, [|¢|z1@2) = 1 and

fa: Hj — C equals the function f49 in [0, R] x R, whereas folz, ) = fgj(O7 J9(z) if x < 0 and 9 is
a smooth function compactly supported in (—1,4+00) and equal to 1 in (—1/2,400). Since Zof =0
and f;(-,—¢/2) = f;(-,£/2) for j = 1,2, the function ff belongs to Cg*(R?;C). On the other hand,
the functions fg and f§ belong to C*(Hp;C) and to C(Hp;C), respectively. Moreover, flﬁ(,y)
and fg(-, y) vanish at £oo and at 400, respectively, for every y € R. Hence, if we set f; = (fi.1, fi,2),
then f; belongs to X, ||f — fi]|ec < ct®||f]la and [|fi]jc < c||/f]|o for every ¢ > 0. Similarly, since

fH(T D7p(a,y")da'dy’ = 0 for every multi-index 7, we can write

D fia(x,y) =t~ / +(ff(w +ta' y 4+ ty') — fl(x,y)DVp(,y')dz'dy, (z,y) € R?,

Hg

so that |[D7Yfyq(z,y)| < ct® |||, for every (z,y) € R2. In the same way we can estimate the
derivatives of the function f; 2, and conclude that ¢t~ Df;||o < cr||f]lo for every t € (0,T] and
T > 0.

Now, we split w*/2LR(w, L)f = w*?LR(w, L)(f — £,-1/2) + w*?LR(w, L)f,,-1,> for each w €
p(L) NR. By Theorem 4.4, for w € R sufficiently large (let us say w > wg > 0), it holds that
|LR(w, L)||r(x)y < M for some positive constant M, independent of w. Hence, using the above
estimates, we can infer that ||w*/?LR(w,L)(f —f-1/2)]lcc < c||f]la- Next, we consider the term
v = LR(w, L)f,1/2, which belongs to D(L) and solves the equation wv — Lv = Lf 1/2. If w > wo,
then we can estimate w||v|joo < ¢||Lf,—1/2]jc < cw!™%/2||f|o. Putting everything together, we
conclude that w®/?||LR(w, L)f||s < c||f||o for each w > wy and this shows that f € Dy, (a/2, 00) and
11D (o2.00) < lEll

Formula (4.25) can be proved just in the same way observing that, if £ belongs to X; g,, then
the functions ff, ]?2 and fg are bounded and Lipschitz continuous in R? in [0, R] x R and in Hg,
respectively.

The embedding “—” in (4.24)(i) is a straightforward consequence of two properties:

(@) [Vulleo < clluflSollully,y,  we D), () (X, X1,20)a00 = X, 5,

Indeed, property (a) shows that X; 5, belongs to the class J /o between X and D(L), so that apply-
ing the reiteration theorem, we get Dy (ca/2,00) = (X, D(L))a/2,00 C (X,X1,%,)a,00 and conclude
using (b).

Proof of (a). It is an almost straightforward consequence of the estimate |VR(A, L)f|oc <
c|A|7V2||f||o for each A € C with ReX > M, contained in Theorem 4.4. Indeed, let Ly = L — M1I.
As it is easily seen, p(Lps) D (0,4+00) and R(A, Lys) = R(A+ M, L) for each A > 0. It thus follows
that \f/\HVR()\,LM)HL(x;xXx) < ¢ for each XA > 0, so that we can estimate

[Vullso = VRO, La) (A = Layw) oo < eA™#{Au = Laguoo < e(A% [uloe + A% | Larullc)

for each u € D(L) = D(Ljps) and A > 0. Minimizing with respect to A > 0, we conclude the proof.
Proof of (b). Let us fix a nontrivial f € (X, X1 2,)a,00- Since (X, X1, 2,)a,00 — (X, X1,2,)a/2,1
and Xy, 4, is dense in (X, X1 %, )a /2,1, we immediately deduce that f;(-, —£/2) = f;(-,£/2) forj = 1,2
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and %yf = 0. Next, we recall that

inf {||glloc +¢[[hfls : f =g+ h, g€ X,h € Xy g, } < t%f]|(x,x, 2, t>0.

)a,oo’

Fix (z;,y;) € Sg, j = 1,2, and take t = \/|za — 1|2 + [y2 — y1]2. Then, we can determine g € X
and h € X; g, such that f =g+ h and

a
2

Iglloo + V]2 — 21 + Jy2 — y1 PRl < 20fll(x2, sg ooo (22 = 1] + 92 — 11]?)
From this estimate we can infer that
|f1(22,92) — fr(z1, y1)]
<|g1(z2,y2) — g1(z1,71)| + |h1(x2,y2) — hi(z1,y1)| < 2]l8lloe + VT2 — 21]2 + Y2 — v1 2]/ 0|1
A€l (x5 g oo (122 = 21>+ g2 — 91 *) %
Hence, fi € C'(Sq ) and [[f1llce(syy < SIEllx.x1 a0 e

The same argument can be used to prove that fi, fo € C%((0,R) x (—¢/2,¢/2);C) N C&(S#;C)
and

2
il sty + D Milloao.mx—erzermie) + 1fellop st ey < ellfll e, mg)eme
j=1

The proof of (b) is now complete.

Step 2: proof of (4.24)(ii). The embedding “<=” easily follows from the first part of the proof.
The other embedding follows from Theorem 4.4. Indeed, fix u € Dy (1 + «/2,00) and A € p(L).
Then, the function f := Au — Lu belongs to D (a/2,00) = X 5, and [|f||lo < cl|ullp, (14a/2,00) for
some positive constant ¢, independent of u. Since u = R(A, L)f, Theorem 4.4 implies that u € Xo4,
and [[ullz4a < cllflla < cllullp, (1+a/2,00)- Clearly, Zu = 0, BoLu = 0 and lim,_, 1+ (L)1 (z,y) =
lim, 400 (Lu)2(x,y) = 0, and this completes the proof. O

Remark 4.6. From the classical theory of analytic semigroups (see e.g., [33]) and Proposition 4.5
it follows that the part L, of L in X, 4,, i.e., the restriction of L to Xay 4,, generates an analytic
semigroup for each o € (0,1).

4.3. The lifting operators. In this subsection we introduce some lifting operators which are used
in the proof of the Main Theorem and Theorem 5.1.

To begin with, we consider the operator .# defined by .#v = (0, M1y + 5 (M2)(- — R,-)) on
functions ¥ € C([—£/2,¢/2];R?) such that 1(—¢/2) = 1p(¢/2), where

(M) (2, 9) = |l () / POy +En)dE,  (n.y) € R

Here, 1 and ¢ are smooth functions such that x(_g/4,r/4) < 1 < X(—R/2,R/2); ¥ IS an even nonneg-
ative function compactly supported in (—1,1) with ||| 1) = 1. As it is easily seen, .#ZvY € Xojq,
B = (0,0,0,11,0,0,19) for each ¢ as above.

Next, we introduce the operator .4 defined by

Nah Nohs)oT 1
(AHh)1 =Nihy + (Niha) o T + — o= + ( 22533 BN, (hg — s h’f)

1
+ l:N3<h9 — ﬁh{-} — hg):| O TR,

L 1 Le?
(JVh)Q —|:N1 <h5 - © h5>:| OTR+N2h4+ 2{N3(h7—Leh6—|— ¢ h5>:| OTR

0;R 0;R
on smooth enough functions h : [—£/2,£/2] — R?, where 7r(z,y) = (x — R,y),

(V) ) =510 X0 (2) = X ()] [ 9A)GF 0 + 0o,
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(N2Q)(z,y) =|w|77(93)/R<p(0)C”(y+Ulwl)dm (N3Q)(,y) = %(%C)(%y),

for each (z,y) € R2. Moreover, we set B,v = (Bv, Bo.Lv) for cach v € Xy o, where £ is the
operator in Remark 3.1 and the operator % is defined in (4.23).

In the next lemma, we deal with real valued spaces. In particular, by ﬁ(La) we denote the subset
of D(L,) of real valued functions.

Lemma 4.7. The following properties are satisfied.
(i) The operator A is bounded from the set (Xa1a)? X (X11a)® X (Xo)? into Xoyo. Moreover, the
operator P =1 — N By : Xora — KXot is a projection onto the kernel of B, which coincides
with D(Lg) 2
(ii) Let 3 denote the set of all functions u € Xoy, such that Bu = 7 (u), Bo(Lu+ F(u)) = 0.
Then, there exist rg,r1 > 0 such that 3 N B(0,7¢) is the graph of a smooth function YT :
B(0,r1) C D(Ly) = (I — P)(Xa44) such that T(0) =0

Proof. (i) Showing that .4 is a bounded operator is an easy task. Some long but straightforward
computations reveal that B,/ = I on (Xa14)? X (X114)° X (X4)? and allow to prove that P is
a projection onto Ker(4,) = D(Lg). In particular, we can split Xorq = D(La) & (I — P)(Xota).
The details are left to the reader.

(i) Let ¢ : B(0,79) C D(Lqa) & (I — P)(Xa21a) — (Xata)? X (X114)° x (Xa)? be the operator
defined by # (u,v) = (#B(u+v)— (u+v), Bo(Lu+Lv+.F (u+v))) for each (u,v) € B(0,ry), with
ro small enough to guarantee that ¢ is well defined. Since the functions .% and . are quadratic
at 0, it follows that .#7(0,0) = 0 and % is Fréchet differentiable at (0,0), with #,(0,0) = Z,. In
view of (i), %, is an isomorphism from (I — P)(X244a) t0 (X21a)? X (X14a)? X (X4)?. Thus, we can
invoke the implicit function theorem to complete the proof. O

5. SOLVING THE NONLINEAR PROBLEM (3.23)

Now we are able to solve the nonlinear Cauchy problem
Diu = Zu+ Z(u),
Pu = ' (u), (5.1)
D;’phD;Qu(', ) _£/2) = D;HD;IQU(W 76/2)7 Y1+ 72 < 27
for the unknown u = (u,w). Also in this section we assume that the function spaces that we deal

with are real valued ones.

Theorem 5.1. Fiz a € (0,1) and T > 0. Then, there exists ro = ro(T) > 0 such that, for each
ug € B(0,r9) C Xoyq satisfying the compatibility conditions Bug = H (), Bo(Lug+F(ug)) =0
and D7ug(-,—€/2) = DVug(-,£/2) for each multi-index v with length at most two, problem (5.1)
admits a unique solution u € Yoo with u(0,-) = ug. Moreover, ||ully,, . < c/uoll24a-

Proof. The proof can be obtained arguing as in the proof of [30, Theorem 4.1]. For this purpose, we
just sketch the main points.

We first need to prove optimal regularity results for the linear version of problem (5.1), i.e., with
the problem

aa(t,-,) = Zu(t,-,) +£(t, ), te 0,17,
( (t,,-)) =h(t,-), te (0,77, (5.2)
D'“D"’2 (t,-,—2/2) = D'YlD'Y2 (t,-,£/2), t€[0,T], M+ <2 ’
u(0, ) = ug,

when f € Y., up € Xojo, when h; = 01if j # 4,7, ha = Y1, hy = 2, ¥ = (P1,¢2) €
CO+a)/21+e((0,T) x (—£/2,£/2); R?) satisfy the compatibility conditions
L4 %’uo = h(oa ')a %0(3110(07 ) + f(07 )) =0

256e Remark 4.6
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o £(0,-,—£/2) = £(0,-,£/2), D"ug(-,—£/2) = Duo(-,£/2) and DY (-, —£/2) = D)4 (-,¢/2)
for every multi-index v with length at most two and 7 =0, 1.

We also need to show the estimate

[ully, . < colllflly, + [Wollz+a + [Pllcater/zivao,r)x(—e/2,0/2)R2))- (5.3)

for its unique solution u € Yai . This is the content of Steps 1 to 3.
Step 1. To begin with, we note that Mh € C’éHa)/z’%a((O, T) x HO_)OCZSHQ)/Q’HQ((O, T)x Hy)
for all h € C(+)/21%e((0, T) x (—£/2,£/2)) such that DY h(-, —£/2) = DS h(-,£/2) (j = 0,1), and

||MhHC£1+O‘)/2’2+°‘((O,T)><Hg) + HMh”Cé”")/z‘“a((O,T)xHJ) < CHh||c(1+a)/2,1+a((O’T)X(,Z/Q’E/Q)).

Thus, the function f + .Z.# belongs to C*/2([0,T];X). Moreover, by Proposition 4.5 and the
compatibility conditions on ug it follows that ug —.# (¥ (0,-)) € D(L), Luo+£(0,-) € Dp(a/2,0).
The theory of analytic semigroups (see e.g., [33, Chapter 4]), Theorem 4.4 and Proposition 4.5 show
that there exists a unique function v € C*+/2([0, T]; X) N C([0, T); D(L)) which solves the equation
Div = Lv +f + LA and satisfies the condition v(0,-) = ug. In addition D;v is bounded with
values in X, ¢, (which implies that D;v € Y,,) and .Zv € C*(]0,T];X). By difference, .£v = Lv
is bounded in [0,7] with values in X, and, in view of Theorem 4.4, v is bounded in [0,7] with
values in Xg44. In particular, Zv = 0 and DVv(-,-,—£/2) = DVv(-,-,£/2) for every |y| < 2.
Further, |v(Z,-)[l24+a +[[Deviy. < c(l[flly. +lwollz+a+[¥llcatm/zivao,ryx(—e/2,6/2)r2)) for every
te 0,7

Step 2. Let w be the function defined by w(t, -, ) = fot e (pap(s, ) — Mp(0,-))ds for every
t € [0,T], where {e'F} is the analytic semigroup generated by L in X. Taking (4.25) into account,
it follows that H%’w||C(1+°‘)/2([O,T],DL(l/Q,oo)) S C”"!’”C(Ha)/?’Ha((0,T)><(-e/2,e/2);R2)~ Again by the
theory of analytic semigroups we infer that w € C([0,7; D(L)), D;w is bounded in [0, 7] with values
in Xopa,z, Lw € CF/2([0,T];X), Dyw = LW + .4 — A p(0,-) and | DeW||r+ar2(0 19:0(1)) +
supyefo, 1] ILDW(E, )xo w, < clltbllcarerszate(o,r)x(~2/2,0/2);r2)- From these properties and using
the same arguments as above, it can be easily checked that the function w = —Lw+.# (1 (0, -)) is as
smooth as v is. Moreover, Dyw = ¥w — LM, Bw = (0,0,0,11,0,0,12), w(0,-, ) = 4 (¢(0,"))
and Dw(-,—£/2) = DVw(-,£/2) for every |y| < 2.

Step 3. Clearly, the function u = v+ w € Yoy, solves the Cauchy problem (5.2), satisfies (5.3)
and it is the unique solution to the above problem in C([0,7];X) N C([0,T]; D(L)). Moreover,

tSE%R[] [u(t, )ll2+a + [Deally, < c(lflly, + [[ollz+a + ¥ lcater/zitao,r)x(—2/2,0/2)m2))-  (5:4)
€lo,

To conclude that u € Yoy, and it satisfies estimate (5.3), we use an interpolation argument. It is
a2 ”.Hl—a/Q

well known that || - ||CS(H§;R2) <cl- ||C€<H§;R2) Rt (it e

) Using this estimate and the formula

¢
u(t,z,y) —u(s,z,y) = / Dyu(r, z,y)dr, s,t€[0,T], (z,y) € Hg,

to show that ||u(t,-) — u(s,-)HCba(Hg;RQ) < || Deully, |t — s|, we get ||u(t,-) — u(s,~)||cg(H§;R2) <
a/2 1-5 o
el Deull? sup, ejor la(r, )57 2 [t = |72, -
In the same way, we can show that u; € C*/2([0,T]; C}(Hy;R?)), u € C*/2([0,T); CZ([0, R] x
(~£/2, /2] R2)) and

lallowrs oz omst-rzeren + 1l oo ez < o Dely. + st o ).

Taking (5.4) into account we complete this step of the proof. In particular, from all the above
results it follows that

u(tv ) ) = etLuO +/t e(tis)L[f(sv " ) +$%(¢(87 ))}ds —L /75 e(tis)L%(dJ(s? ))dsv te [07 T]
" ’ (5.5)
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Step 4. Let r > 0 and €, be the space of all u € Yy, such that D;lD;fu(-,-,—E/Q) =
DY Dyru(-, -, £/2), for every 0 < 71,72 such that v + 92 < 2, [lully,,, <7 and u(0,-,-) = uo.

In view of Steps 1-3, for every ug € B(0,70) C Yot satisfying the compatibility conditions in the
statement of the theorem, we can define the operator I', which to every u € €, (with r sufficiently
small norm to guarantee that the nonlinear terms % (u(t, -, -)) and . (u(t,-,-)) are well defined for
every t € [0,7T]) associates the unique solution v of the Cauchy problem (5.2) with f = .%#(u) and
1 = ' (u). Since the maps u — Z(u), u — J(u) are smooth in €, and quadratic at u = 0, we
can estimate

17 (Wlly.. <clullg,, . |7 (u) = F(V)lly, <crlu—vly,,
[ (W) | ¢+ /2140 ((0,1) x (—/2,0/2)m2) < cllallg, (5.6)
H%(u)_%(V)”C(HO‘)/?’HQ((0,T)><(—€/2,£/2);]R2) <ecrllu—vly,.

These estimates combined with (5.3) show that r and r¢ can be determined small enough such that
I' is a contraction in C,,.

Uniqueness of the solution u to (5.1) follows from standard arguments, which we briefly sketch
here. At first, for every to € [0,7], R,d > 0 and u; € Xo4,, which satisfies the compatibility
conditions #(uy) = H#(uy), $Bo(Lus + % (u1)) = 0 and DVuy(-,—¢/2) = DVuy(-,£/2) for each
multi-index v with length at most two, we set

2 g (u1) = {u € Yaya(to, to +0) s ulto,) = ur, lu—wlly,, . (tt+s < R}
Given R > 0 we can determine 7; > 0 and § > 0 (independent of ¢y) with §%/2R sufficiently small
such that, if u; belongs to B(0,71) C Xoyq, then the Cauchy problem
Dyw = Xw + F(w),
Bw = H(w),
Dy Dpw(, -, —/2) = Dy Dpw(, - 0/2),  m+72 <2

w(to,) = uy,

(5.7)

admits a unique solution w € Q’}t’%(ul). We are almost done. Indeed, let u € @, be the unique
fixed point of T, and take ry small enough such that u € B(0,p;) C Ya10. Assume that v €
Ya1a is another solution to (5.1), and let ¢ty > 0 denote the supremum of the set {r € [0,7T] :
u(t,) = v(t,-),t € [0,7]}. Suppose by contradiction that ¢z < 7. Then, both u and v are
solutions in Yaia(to,to + d) to the Cauchy problem (5.7), with u; := u(to,:) = v(fo,-). Taking
R > 2max{||ully,,.,||Vly.,.} large enough and § > 0 small enough, it follows that u and v both
belong to Zg‘?R(ul), so that they do coincide, leading us to a contradiction. ]

Remark 5.2. Since problem (5.1) is autonomous, under the same assumptions as in Theorem 5.1,
for each @ > 0 and T > 0 there exists a unique solution u € Yay4(a,a + T') such that u(a,-) = ug.

6. PROOF OF THE MAIN RESULT

6.1. Study of the dispersion relation and the point spectrum. Since we are interested in the
instability of the traveling wave solution (©(*), &) to problem (1.3)-(1.4), we need to determine
a range of Lewis numbers Le which lead to eigenvalues of L, (see Remark 4.6) with positive real
part. In view of Theorem 4.4, such eigenvalues will lie in Qj (see (4.15)). For simplicity, we will
look for positive real elements of €. Note that Le — Y}, vanishes for no A’s with positive real part.
To determine elements of o(L,) with positive real part we need to analyze the reduced dispersion
relation

Do,k (A, Le) = exp (];(Le —1-Xp(\) — Yk()\,Le))> — 14+ 6;RX,(N).

We recall that Xz(A\) = I+ 4X+ 4N, Yi(A\Le) = Yi(A) = VLe®> + 4 Le+4)\; and A\, =
47%k?¢=2 for each k € N U {0}. Throughout this subsection we assume 0; is fixed in (0,1); so
is R > 0 via (1.5).
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Lemma 6.1. There exists (o(0;) such that, for all £ > £y(6;), Do,1(0,Le) = 0 has a unique root
Le. = Le.(1) € (0,1). Moreover, for each ¢ fived as above, there exists a mazximal integer K > 1
such that, for k € {1,..., K}, Do x(0,Le) =0 has a unique root Le.(k) € (0,1). Finally, it holds:

0 < Le.(K) <...<Le.(2) <Le.1). (6.1)
Proof. An easy but formal computation shows that, if Le.(k) is a root of Dg (0, -), then
Lec(k) = 1+ X5 (0) 4 Y3 (0, Lec(k)) + 2R~ In(1 — 6; RX,(0)),
or equivalently:
(1 + X5(0))[R? + 2R1og(1 — 0, RX;,(0))] + 2|log(1 — 0; RX+(0))|?
R2(1+ X1(0)) + 2R1log(1 — 6; RX(0)) '

However, Formula (6.2) makes sense only if 1 — 6; RX;(0) > 0. Hence, for each fixed ¢ > 0 there
exists K € N such that 1 — 0, RX;(0) > 0 if and only if k < K.

Further, Le.(k) is required to meet the physical requirement that 0 < Le.(k) < 1. In this respect,
£ should be large enough:

Le.(k) =

(6.2)

1672602 (1 — 0,ef?)
(20;eft —1)¢2
as { — +o0, where Ley = R(2¢® — R — 2)~! belongs to (0,1) see [4, Formula (43), p. 2083]. Thus,
there exists £o(6;) > 0 such that, if £ > £5(6;), then Le.(1) € (0,1).
Finally, it remains to prove property (6.1), for a fixed ¢ > £y(6;) which in turn defines the integer
K > 1. The latter property follows from the following estimate (see [6, Proposition 3.1]):

( (Leo (k)2 + 4hg — Lec(k;)) dLec(k) 4<1 - 9)

Le.(1) = Leg + +0(£72)

dAy; 1-6;R
0; 1—¢ R R _1 dLe.(k
Obviously, 14, = Re(i 7 = ¢ I > 1, which implies that de)\lE ) <0. ]

In view of Lemma 6.1 our focus will be on the case when Le € (0,Le.(1)). Hereafter we will
simply denote the critical value Le.(1) by Le,, keeping in mind that Le, at fixed 0 < 8; < 1 depends
on £ > 50(01)

oD
Lemma 6.2. The function Doy is smooth in [0,+/A1] x [0,Le.]. Moreover, L positive in

oA
[0, vA1] x [0, Le.], is positive in [0,v/A1) x [0, Le.] and vanishes on v/A; x [0, Le.].

D7
OLe

oD
Proof. The proof of the positivity of 01 g straightforward and based on the observation that

OLe
Y1(\,Le) —Le — 2\ > 0 for A > /A1 and Y;(v/ A1), Le) = Le+2y/A;1. On the other hand, we observe

that
8‘D0,1
oA
Since Le Y, ! < (X;)~! and Le — 1 — X;()\) — Y1(\, Le) < —2, we can estimate

D
aai’l(A Le) > 2(1 — (R+ 1)e” B)Xx[ 1, (M Lee) € [0, v/A1] x [0, Le],

(A, Le) = —Rexp (I;(Le —1-X;(\) — Yl(A,Le))) (X7 '+ LeYy ) +2(1 —e B)XL

oD
and the positivity of 8;)\ L in [0,v/A1] x [0, Le,] follows immediately. O

We can now prove the following result.

Proposition 6.3. Under the assumptions of Lemma 6.1, there exist A« € (0,4/A1) and a decreasing,
continuously differentiable function @ : (0,Le.) — (0, ) such that Do 1(p(Le),Le) = 0 for all
Le € (0, Le.).
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Proof. From Lemma 6.2 it follows that aa:Dﬁ’él (0,Le.) > 0. We can thus apply the implicit function
theorem, which shows that there exist &1, d2 > 0 and a unique function ¢ € C([Le. — 1, Le. + d1])
such that, if (A, Le) € [Le. — d1,Le. + 1] x [—d2,d2] is a root of Dy 1, then A = ¢(Le). In view
of the previous lemma, ¢ is a decreasing function. As a byproduct, taking the restriction of ¢ to
[Lec — d1, Lec], we have constructed a (small) branch A = ¢(Le) of positive roots of Dg 1 (A, Le) = 0.
We may reiterate the implicit function theorem and continue this branch up to a left endpoint
(A, Les) € [0,4/A1] x [0,Le.]. By continuity, Do 1(As, Les) = 0. This maximal extension of ¢ is a
non-increasing, C'-function @ : (Le,, Le.] — [0, \s).

To complete the proof, we need to show that Le, = 0. If Le, > 0 then A, = v/\; otherwise,
applying the implicit function theorem again, we could extend ¢ in a left-neighborhood of Le,, con-
tradicting the maximality of . On the other hand, it is not difficult to check that D 1 (v/A1, Les) # 0
whenever R > 0. Indeed, using condition (1.5) we can easily show that

DO,l(V )\1, Le*) = 67R(1+2m) -1+ QzR(l + 2\/ )\1) = 67R(1+2\/H) + 2\/ )\1 — EiR(l + 2\/ )\1)

and the function = s f(z) = e *(1H2VA) 4 9\/X] — e7%(1 + 24/A;) vanishes at = 0 and its
derivative is positive in (0, +00). |

0.04 —

0.0315

0.03 -

0.02 -

0.01 -

0.5641

T T T T 1
0.2 0.4 0.6 0.8 1

Le

-0.01 -

FIGURE 2. Numerical computation of the implicit curve A = ¢(Le) for Le € (0, Le,),
extended beyond Le.. Here §; = 0.75, £ = 100, Le. ~ 0.5641, A, ~ 0.0315. Note
that /A1 = 7/50 =~ 0.0628.

Corollary 6.4. The spectrum of the operator L contains elements with positive real parts. Moreover,
the part of o(L) in the right halfplane {\ € C : ReX > 0} consist of 0 and a finite number of
eigenvalues.

Proof. By Theorem 4.4 we know that if A\ ## 0 is an element in the spectrum of L with nonnegative
real part, then it is an eigenvalue and it belongs to € for some k € NU{0}. Hence, Dy(\) =0 or,
equivalently, Dg (A) = 0 for some k € NU{0}. As it is immediately seen, each function A — Dg ()
is holomorphic in the halfplane II = {A € C : ReXA > 0} and it does not identically vanish in it.
Therefore, its zeroes in II are at most finitely many. Moreover, for each A € II and k € NU {0} we

can estimate
1 Le?
ReXy(N\) > B + 2k, ReYx (A, Le) > 5 + 2k,

so that the real part of Dg (-, Le) diverges to +o0o, as k — 400, uniformly with respect to A € II.
As a byproduct, we deduce that there exists kg € N such that the nontrivial eigenvalues A € II lie
in Ui():o Q) and this completes the proof. a
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6.2. Proof of Main Theorem. To prove the main result of this section, we also need the following
result which is a variant of [28, Theorem 5.1.5] and [13, Theorem 4.3].

Lemma 6.5. Let X be a complex Banach space, v > 0 and T,, : B(0,r) C X — X (n € N)
be a bounded operator such that T,(x) = Mz + O(||z||?) as ||| — 0, for some p > 1 and some
bounded linear operator M on X with spectral radius p > 1. Further, assume that there exists an
eigenvector u of M with eigenvalue X\ € C such that |A\|P > p and that there exists ' € X' such that
2'(u) # 0. Then, there exist ¢ > 0 and, for any 6 > 0, g € B(0,0) and ng € N (depending on 0)
such that the sequence xo, ..., Tn,, where x, = Tp(zp—_1) for any n =1,...,ng, is well defined and
%" (2, )| = cfa’ ()]

Proof. Without loss of generality, we assume that ||u|| = 1 and ||| < 1. Moreover, we choose
a,b > 0 such that | T, (z) — Mz|| < bljz||” for each x € B(0,a) C X and n € N. Since |A|? > p, we
can fix n > 0 such that [A|? > p + n and, from the definition of the spectral radius of a bounded
operator, we can also determine a positive constant K such that |M"|x) < K(p+n)" for any
n € N. Finally, we fix § > 0, choose ng € N be such that |A|7"° < §, and set g := ou|\|~"™, where
o € (0,1) is chosen so as to satisfy the conditions

a 2PDK 1
< = R bl B gl P . 6.3
T AL 0] (6.3)
To begin with, we prove that the sequence xo, ..., z,, is well defined. For this purpose, in view of
the condition in (6.3) it suffices to check that, if 2, is well defined, then ||x%|| < 20|A[¥~"0. We prove
by recurrence. Clearly, xg satisfies this property. Suppose that the claim is true for k =0,...,n—1.
Then, x,, is well defined and it easy to check that
n—1 n—1
Tn = M"zo + Z Mn—l—k(karl — Ml‘k) = M"xqg + Z Mn_l_k(Tk+1(.’L'k) — Ml‘k) (64)
k=0 k=0
Thus, we can estimate
n—1
]l < (A" |zoll + KDY (p+m)" [l . (6.5)
k=0

Let us consider the second term in the right-hand side of (6.5), which we denote by S,,. Since we
are assuming that ||z3|| < 20|A|*~"0 for each k =0,...,n — 1, we can write

n—1 n—1—k
o p+1n _ WK .
Sy P KboP AP o) §° < > <o 20 gp
=\ AP AP —p—mn

and, using the second condition in (6.3) and the fact that ' has norm which does not exceed 1, we
conclude that

1 1
S < SOl ()] < Sl (6.6)

Since |A|"||zol| < o|A|" ™0, from (6.5) and (6.6) the claim follows at once.
To conclude the proof, it suffices to use (6.4) with n = ng, as well as (6.5) and (6.6) again, to
estimate

1 1
[ (@no )| Z[a" (M7 20)| = [&"(Sno)| = ola’ (w)] = 5ola’(w)] = ola’(u)].
The assertion follows with ¢ = /2. O

Now, we can state and prove the following theorem.

Theorem 6.6. Let 0 < 0; < 1 be fized, £ > £y(0;) as in Lemma 6.1, Le. = Le (1) defined by (6.2).
Then, for each Le € (0,Le.), the null solution u of problem (5.1) is pointwise unstable with respect
to small perturbations in Xoyo. More precisely, there exists a positive constant C such that for each
Yo € R and & > 0 there exist Ug,ufy € B(0,0) C Xatq and n,n. € N depending on § such that
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min{|u2(7,0,y0)|, |uf(n«, R, yo)|} > C, where 0 = (U1, u2) and u, = (uj, ud) denote the solution to
the Cauchy problem with initial datum 1y and ug, respectively.

Proof. We split the proof into two steps. The first one is devoted to prove an estimate which will
allow us to apply Lemma 6.5. Then, in Step 2, we prove the pointwise instability.

Step 1. The smoothness of T implies that there exists ¢ > 0 such that || T(vo)|l2+a < ¢[|Voll2+as

for each vg € D(L,) with sufficiently small norm. Here, T is defined in Lemma 4.7(4i). Fix r so
small such that [|[vo + Y (vo)l|l2+a < 70 for each vo € B(0,7) C D(L,), where 1o = ro(1) is defined
in the statement of Theorem 5.1._ _

Forn e N, let R, : B(0,p) C D(Ly) = D(L,) be the map defined by R, (vo) = P(u,(n,-,-)) for
each vg € B(0, p) (see Lemma 4.7), where u, is the solution to problem (5.1) with initial condition
up = vo+7Y(vo) at t = n—1. (Note that, by Lemma 4.7(i7), ug satisfies the compatibility conditions
in Theorem 5.1. Further, by Remark 5.2, u,, is well defined in the time domain [n —1,n].) We claim
that

IR (Vo) = e"Voll2ta < cllvoll31as vo € B(0,7). (6.7)

Estimate (6.7) follows from the integral representation of the solution of problem (5.1) and estimates
(5.6). Indeed, again by Remark 5.2, u,(n,-,-) is the value at ¢ = 1 of the solution u to problem
(5.1), with u(0,-) = ug and, by the proof of Theorem 5.1 (see, in particular, formula (5.5)),

1 1

u(l,--) — elug = / L[ Z (u(s, -, )+ Lot (A (u(s, -, -))]ds—L/ (L (A (uls, -, -))ds.
0 0

Since F and # are quadratic at 0, it follows immediately that [[u(1,-,-) — e“ug||2+a < c[|vo|[34a-

Noting that P(u(l,-, ) — efoug) = R, (vo) — el=vy, formula (6.7) follows at once.

Step 2. Let us begin by proving that there exists C' > 0 such that for any yg € R and § > 0
there exists ug € B(0,0) C Xa4q and ng € N depending on ¢ such that |ua(ng, 07, y0)| > C, where
u = (u1,uz) is the solution to (5.1) with initial datum ug at time ¢ = 0. For this purpose, we want
to apply Lemma 6.5 with X = D(L,,) endowed with the norm of Xs,. To begin with, we observe
that, by Corollary 6.4, there exists only a finite number of eigenvalues of L (and hence of L) with
positive real part. From the spectral mapping theorem for analytic semigroups it thus follows that
the spectral radius p of the operator M = el= is larger than one and there exists an eigenvalue \
such that |[A\| = p. Let us fix yo € R and 6 > 0. It is not difficult to show that a corresponding
eigenfunction is the function w = (wye1(- — 2m¢ " yg)), waer (- — 2w~ 1yp))), where

+ - + -
w1(x) = €1 X (—o0,0(T) + (c1” ¥ + 2" T )X (0,r) () + 3" “X[R,400)(T),

wo(x) = (dietr ™ 4 dge”TI)X[O’R) (z) + dge“;IX[R,Jroo) (z),

for every z € R and

_ e(X1+/t1+)R(9iRX1 —-1) _ ehi B B eiRe(Xl-HLT)RXl
‘= e,u;rR _ euer ’ €2 = m’ €= e,u;rR _ €V1+R
Le(Le + pf )eri BX _
dl = — ( ul )e 17 d2 = _(Le + /“Ll )d17 d3 = (1 - eYlR)dl’

(em B — vl RYY,

1 N 1 N
Uli:_§i 1+4)\+4)\17 Mit:—gei\/L62+4Le)\+4)\1

Note that

LeX, e" B X, 20
(e B — evi R)Y,

Hence, if we set 2/ (f) = f2(07, o) for any £ € D(L,,), then |z'(w)| # 0. As in Step 1, we fix r > 0
such that ||vg; + T(vo )|l24a < 7o for j = 1,2 for each vo = vg1 +ivge € B(0,7) C D(L,).

wy (07, y0) = (d1 + da) =

By Theorem 5.1 both u(n,vo1 + T(vo,1),n — 1) and u(n, vz + Y(vo2),n — 1) are well defined
for any n € N. We can thus introduce the operator T,, : B(0,7) C D(L,) — D(Ls) (n € N) by
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setting T;,(vo) = Pu(n,vo1 + Y(vo1),n — 1) +iPu(n,vo2 + Y(vg2),n — 1) for each vy € B(0,r),
where P is the projection in Lemma 4.7(i). By the arguments in Step 1 we deduce that ||T),(vo) —
elavy|lx < C|vol|% for some positive constant C' and each vy € B(0,7). We can thus apply Lemma
6.5 with M = e~ p = 2 and conclude that there exist ¢ > 0 and, for each § > 0, a function
vo = Vg1 +ivoe € B(0,8) C D(L,) and ng € N such that v,, = T),(v,,—1) is well defined for each
ne{l,...,no} and |z'(vy,)| > c. Since v,, = Pu(ng, vo,1+Y(vg1),0)+iPu(ng, voz2+ Y(voz2),0),
where u(ng, ug, 0) denotes the value at ng of the unique solution to problem (3.23) with initial datum
ug at time t = 0, we have so proved that

|(Pu(ng, vo1 + Y(vo,1),0))2(07,50)[* + [ (Pu(ng, vo,2 + Y (vo,2),0))2(07, 50)[* > . (6.8)

By definition, P = I — A4 B, (see Lemma 4.7(i)) and (4 u)2(0",-) = 0 for any function u. Hence,
(Pu(no, vo,; + Y(vo,7),0))2(0",90) = (u(no, vo; + Y(vo,;),0))2(0%, o) for j = 1,2. From (6.8) it
thus follows that there exists j such that [(u(no,ve; + T(v(3),0))2(0",50)] > ¢/2 and the thesis
follows with C' = ¢/2, n = ng and u = u(n, vy ; + T(v(;),0).

To prove the existence of u, as in the statement of the theorem, it suffices to take as z’ the
functional defined by 2'(f) = f1(R,yo) for each f € D(L,). The missing easy details are left to the
reader. ]

Remark 6.7. Clearly, Theorem 6.6 implies the C?T“-instability of the null solution u to (5.1).

Remark 6.8. The C?*“-instability of the null solution u to (5.1) can be directly obtained by
applying [28, Theorem 5.1.5], taking advantage of Step 1 of Theorem 6.6 and arguing as in [13,
Corollary 4.5]. Finally, it can also be proved in a slightly different way adapting the arguments in
[32, Theorem 3.4].

From Theorem 6.6 we can now easily derive the proof of the main result of this paper.

Proof of Main Theorem. Taking the changes of variables and unknown in Subsections 3.1 and 3.2
into account, the result in Theorem 6.6 allows us to conclude easily that the normalized temperature
© and the normalized concentration of deficient reactant in problem (1.3)-(1.4) are unstable with
respect to two dimensional C?*® perturbations. Similarly, using formulae (3.9) and (3.12) and
again Theorem 6.6, we can infer that there exist initial data (6, ®) and (©,, ®,) with C2+*norm,
arbitrarily close to the traveling wave solution (1.6) such that the trailing front G (resp. the ignition
front F) to problem (1.3)-(1.4) with initial datum (©(0, -), (0, -)) = (O, ®) (resp. (©(0,-),®(0,-)) =
(04, ®.)) is not arbitrarily close to 0 (resp. R). O

7. NUMERICAL SIMULATION

In this section, we are going to use some high resolution numerical methods, including Chebyshev
collocation and Fourier spectral method (see, e.g., [38, 41, 43]). We consider the problem (3.23) in
the finite domain Q@ = Q_ U Qo U Q4 = ([-4,0] U [0,R] U [R, B]) x [—£/2,¢/2], where A > 0 and
B > 0 are large enough, see Figure 3. The independent variables are —A < < B, —{/2 <y < (/2.

FiGUuRrE 3. Computational domain.
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7.1. The linear system. Here, we consider the linearized system around the null solution (5.2)
with f = 0 and h = 0 and we map Q_, Qg and Q4 toD = [-1,1] x [0, 27]. Then, we consider in D the
system for the three pairs of unknowns (uy,w1), (ug, ws2) and (us, ws), corresponding respectively to
(u,w) in Q_,Qp and Q. The new independent variables are denoted by z € [—1,1] and y € [0, 27].
Therefore, the system is equivalent to:
2 4 4n? —
Diuy = £ Dzuy + 53 Dazzur + =5 Dggur, wr =0,
2
Dyus = £ Dzus + 35 Dazus + 457 Dyzus,
2
Diwy = %Dg’wg + ﬁDgng + %Dggw% (7.1)

2 4 4n®
Diuz = ﬂDFEUS + WD%EUB + %Dggu&

2
Dyws = 525 Dzws + ﬁl}fzm + 125 Dyyws,
together with the boundary conditions:

ul('afla'):u&’o('aL )*wﬁ"( )*O ul(';l,'):u2 '*1,‘)7
w2('a -1, ) = %Diul('a 1, ) - LIL;D~U2( 77]-7 ')7 DEU)Z(') 717 ) = 7%"02('7 71» '),

D5w2('7 1’ ) = i-D~/u)3( _1 ) LeR(w3< ) 1; ) - wQ('a 17 ))7 (72)
Dzus (-, ~1,7) = B3 Dzuz (-, 1, ) — Bl (ws (-, —1,-) —wa(-, 1,)),
u?('ulv') :_%ﬂ?{DEUS(v_ 7')+29iD:Cu2('7]-7')7 U3(',—1,') :u2('71a')'

Let us give a brief overview of the numerical method. Hereafter, we denote by (u,w) any pair of
unknowns (u;, w;), 1 <14 < 3. We discretize system (7.1)-(7.2) using a forward-Euler explicit scheme
in time. Then, we use a discrete Fourier transform in the direction 3 € (0, 27), namely:

Ny/2 Ny/2
u(t,T,7) = > d(t,T)e, wt,Z,g) = Yt 7)Y,
k=—Ng/2 k=—Ng/2
and
Ny/2 Ny/2
Dyyu(t,z,y) = — Z K2, (t, %)e™, Dyzw(t,z,y) Z k24 (t, 7)e.
k=—Ny/2 k=—Ny/2

Finally, we use a Chebyshev collocation method in z € (—1,1). Let {i; (~)}N_'~'O be the Lagrange
polynomials based on the Chebyshev-Gauss-Lobatto points {Z;}2* 2o = {cos(jm/Nz )} . We set:

Nz Nz
T) =Y dgly(t,F), W, T) =Y il (L, T).
j=0 =0

Denoting the differential matrix of order m associated with {fj}?]:io by D™ = (d§?))i7j:0,..47N;E,
where dgn) = lém)(-, Z;) and [;(-,&;) = 4,5, we eventually obtain

Nz ki

T;) = Zﬁkj(sija Dz (- Zuk] ij 7 nyﬁk(’%z) = Zakjdl(?)’
=0 =0

T;) = Z?%j&ﬁ Dok (- Zwky ij ), Dz (-, ;) = wkidz(‘?)'
- =0

As initial data, we take w2(0,9) = (1 4 sin®(y)), § € [0, 27}, which corresponds to z = R/2; the
other unknowns are taken as 0. The following pictures are for ¢ = 1072, 4 = B = 10,¢ = 100, At =
1073, As expected, the two profiles blow up for Lewis number below critical.
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(A) Evolution of u(t,0,7) (B) Evolution of w(t,0,y)

FIGURE 4. Evolution of (u,w) solution of the linear problem (3.23) (with f = 0 and
h = 0) for 0; = 0.75,Le = 0.3 < Le. ~ 0.56. (A) u(t,0,y) varies from 0 to 1074,
0<t<1,0<y<2m (B) w(t0,y) varies from 0 to 2.1072, 0 <t < 1,0 < y < 27.

7.2. The fully nonlinear system. By treating the nonlinearities explicitly, we can use the same
algorithm as in the linear case. We approximate the mollifier 8 by the following trapezoid, see Figure
5:

2+2x/6, —20 < x < -9,

1, ) <x <4,
pla) = 225, d<u<20,

0, elsewhere,

Then, the fully nonlinear terms in system (3.23), namely %, %2, %, %, ¥5, as well as o, 0-¢, have

B(z) Bz — R)
o \ o Qy
f | | | | } @
—A 26 =5 0 & 25 R-25 R R+25 B

FIGURE 5. Approximation of the mollifier 5.

to be computed separately in eight intervals, as they are zero elsewhere: [—26, —§]U- - -U[R+4, R+24],
see Figure 5. We refer to the Appendix for the formulae.

Hereafter, we present some typical numerical results for the fully nonlinear problem. Simulations
were performed using a standard pseudo-spectral method with small time step At = 10~° and small
amplitude of initial perturbations (of order 10~# to 1073), to ensure sufficient accuracy.

We consider the situation when ignition temperature is fixed at 6; = 0.75 and ¢ = 100, in such
a case Le. ~ 0.5641. Three significant values of the Lewis number have been chosen in the interval
(0,Le.), namely Le = 0.10, Le = 0.20 and Le = 0.50. Figures 6 and 7 represent the interface
patterns and temperature levels. Numerically, we observe that, after a rapid transition period,
a steady configuration consisting of “two-cell” patterns for the ignition and trailing interfaces is
established. These simulations confirm the theoretical analysis, that is instability of the planar
fronts for Le € (0, Le.).
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0.75, ¢ = 100, Le. ~ 0.5641.
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8. APPENDIX

In this Appendix, we write explicitly the formulae for the fully nonlinear terms in system (3.23), namely %1, %2,
%G1, %2, 43. They have to be computed separately in 8 intervals, as they are zero elsewhere: [—2§, —§]U[—4,0]U [0, 6] U
[6,26] U[R—26,R—6]U[R—6,R|U[R,R+ 8] U[R+ 6§, R+ 26], see Figure 5. The formulae for g; and gtz can be
easily derived. We refer to Subsection 7.1 for the notation Z, §. Moreover, we recall that Sg = B(- — R) where 8 is
as in Subsection 7.2.

(1) For z € [—26,—6] and = = %(57 1),
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