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Abstract—This study applies nonlinear model predictive
control (NMPC) to the torque-vectoring (TV) and front-to-
total anti-roll moment distribution control of a four-wheel-
drive electric vehicle with in-wheel-motors, a brake-by-wire
system, and active suspension actuators. The NMPC cost
function formulation is based on energy efficiency crite-
ria, and strives to minimize the power losses caused by
the longitudinal and lateral tire slips, friction brakes, and
electric powertrains, while enhancing the vehicle corner-
ing response in steady-state and transient conditions. The
controller is assessed through simulations using an exper-
imentally validated high-fidelity vehicle model, along ramp
steer and multiple step steer maneuvers, including and ex-
cluding the direct yaw moment and active anti-roll moment
distribution actuations. The results show: 1) the substan-
tial enhancement of energy saving and vehicle stabiliza-
tion performance brought by the integration of the active
suspension contribution and TV; 2) the significance of the
power loss terms of the NMPC formulation on the results;
and 3) the effectiveness of the NMPC with respect to the
benchmarking feedback and rule based controllers.

Index Terms—Anti-roll moment distribution control, non-
linear model predictive control (NMPC), power loss, torque-
vectoring (TV).

I. INTRODUCTION

TORQUE-VECTORING (TV) control, i.e., the modulation
of the wheel torque distribution among the four vehicle
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corners, including generation of a direct yaw moment, has gained
interest in recent years for passenger cars, with increasingly
frequent experimental demonstrations on electric vehicles with
multiple powertrains [1]. TV allows: 1) shaping the understeer
characteristic, i.e., the level of lateral acceleration for given
steering angle and vehicle speed [1]; 2) enhancing yaw and
sideslip damping in extreme transients [1]; and 3) reducing
energy consumption during straight line and cornering operation
[2]–[6]. In this respect, the most recent TV implementations
include consideration of the power losses related to longitudinal
and lateral tire slip as well as electric powertrains [6].

In modern passenger cars, another typology of chassis actua-
tion is represented by active suspension control. Active suspen-
sion systems are normally used for: 1) active body control, i.e.,
for reducing the motion of the sprung mass induced by the longi-
tudinal and lateral accelerations during traction/braking and cor-
nering; 2) ride comfort control, to limit the vehicle body heave,
pitch and roll accelerations provoked by road irregularities; and
3) road holding control, expressed through the reduction of the
variation of the normal tire load on irregular surfaces. However,
active suspension systems also allow the control of the anti-roll
moment distribution between the front and rear axles [7]–[10].
In cornering, the increase of the anti-roll moment, and thus of the
lateral load transfer within the axle, tends to decrease the lateral
axle force for a given slip angle [10]. Hence, the increase of the
anti-roll moment on the front axle and/or a decrease on the rear
axle brings increased understeer; vice versa, increased anti-roll
moment distribution toward the rear axle reduces understeer.
This effect is particularly evident at medium-to-high lateral
accelerations, and can be used for yaw rate or sideslip angle
control, similarly to TV. Given the nonlinearity of the influence
of the anti-roll moment distribution on vehicle dynamics, this
kind of suspension controllers is usually empirically tuned.
Very recent studies [11] have proposed linearized models for
considering the effect of the anti-roll moment distribution on
the cornering response.

In the available active suspension research, the consideration
of energy aspects is limited to the power recovery capabilities of
the actuators [12]. However, during cornering, the variation of
the understeer characteristic induced by front-to-total anti-roll
moment distribution control has implications on the longitudinal
and lateral tire slip power losses, which have not been explored
yet. Moreover, integrated TV and active suspension control
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TABLE I
MAIN VEHICLE PARAMETERS

could enhance the cornering response and energy efficiency with
respect to the independent control of the actuators. The study in
[13] is one of the very few contributions in this area, and deals
with the concurrent actuation of active aerodynamics, active
rear steering, TV, and hydraulically interconnected suspensions.
However, the controllers are coexistent rather than integrated,
and the suspension system is passive–even if it is based on an ad-
vanced hydraulic layout–rather than active. The implementation
in [14] includes two feedback controllers–one for the reference
direct yaw moment and a second one for the reference anti-roll
moment distribution–using the same reference yaw rate. In [15],
a simplified model, assuming linear relationship between slip
angle and lateral tire force, is used to calculate the anti-roll
moments generating the reference yaw moment, and, if this is
not feasible through the active anti-roll bars, the friction brakes
are actuated. In the integrated controller in [16], the control
effectiveness matrix empirically imposes the difference between
the front and rear anti-roll moments to be directly proportional
to the one between the front and rear slip angles.

In conclusion, to the best of our knowledge, the literature
has a gap on the integrated and optimal model based control of
the wheel torque and anti-roll moment distributions. A fortiori,
there are not integrated TV and active suspension controllers
with consideration of vehicle energy consumption aspects. This
study targets the identified gap with the following contributions.

1) A novel nonlinear model predictive control (NMPC) imple-
mentation for integrated TV and anti-roll moment distribution
control, including consideration of the power losses associated
with the electric powertrains, tires, and friction brakes.

2) The performance comparison of the proposed NMPC with
benchmarking feedback controllers based on proportional inte-
gral (PI) technology.

The case study vehicle, considered in the European project
EVC1000 [17], see its main parameters in Table I, is simulated
with a high-fidelity and experimentally validated simulation
model, and is equipped with four in-wheel motors (IWMs), a
brake-by-wire system with independent control of the clamping
force of each brake caliper, and active suspension actuators.

The rest of the article is organized as follows. Section II
deals with the internal model formulation. Section III describes
the nonlinear optimal control problem. Section IV discusses
the simulation results. Finally, Section V summarizes the main
conclusions.

Fig. 1. (a) Top view and (b) rear view of the vehicle with indication of
the main variables and parameters.

II. INTERNAL MODEL FORMULATION

The adopted internal model, i.e., the model used by the NMPC
for predicting the system response along the prediction horizon
[18], has 8 degrees of freedom, described by (1) and (3)–(6) (see
Fig. 1 for the nomenclature and sign conventions), which are in
explicit form with respect to the time derivatives of the states.

1) Longitudinal force balance

V̇ =
1
m

⎧⎨
⎩cos (β)

⎧⎨
⎩

4∑
j = 1

[Fx,j cos (δj)− Fy,j sin (δj)]− Fdrag

⎫⎬
⎭

+sin (β)
4∑

j = 1

[Fx,j sin (δj) + Fy,j cos (δj)]

⎫⎬
⎭ (1)

wherem is the vehicle mass; V is the magnitude of the speed of
the center of mass; β is the sideslip angle; ψ̇ is the yaw rate;Fx,j
and Fy,j are the longitudinal and lateral tire forces of the j-th
wheel, expressed in the wheel reference frame; δj is the steering
angle of the j-th wheel, comprehensive of the respective toe angle
contribution; and Fdrag is the aerodynamic drag force, which is
given by

Fdrag = 0.5ρairACd[V cos (β)]2 (2)

where ρair is the air density; A is the vehicle frontal cross-
section; and Cd is the aerodynamic drag coefficient.

2) Lateral force balance

β̇ =
1
mV

⎧⎨
⎩cos (β)

4∑
j = 1

[Fx,j sin (δj) + Fy,j cos (δj)]

− sin(β)

⎧⎨
⎩

4∑
j = 1

[Fx,j cos (δj)− Fy,j cos (δj)]− Fdrag

⎫⎬
⎭
⎫⎬
⎭− ψ̇

(3)

under the common assumption of neglecting the lateral
displacement of the center of gravity caused by the roll
motion, as this aspect has only a very marginal ef-
fect on the resulting cornering response, and the approx-
imation allows significant reduction of the computational
load.
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3) Yaw moment balance

..

ψ =
1
Jz

⎧⎨
⎩

2∑
j = 1

aF [Fx,j sin (δj) + Fy,j cos (δj)]

−
4∑

j = 3

aR [Fx,j sin (δj) + Fy,j cos (δj)]

− bF
2

[Fx,1 cos (δ1)− Fy,1 sin (δ1)]

+
bF
2

[Fx,2 cos (δ2)− Fy,2 sin (δ2)]

− bR
2

[Fx,3 cos (δ3)− Fy,3 sin (δ3)]

+
bR
2

[Fx,4 cos (δ4)− Fy,4 sin (δ4)]

⎫⎬
⎭ (4)

where Jz is the yaw mass moment of inertia of the vehicle; aF
and aR are the front and rear semiwheelbases; and bF and bR
are the front and rear track widths.

4) Roll moment balance

..
ϕ =

1
Jx

{may,ext[hCG − hroll] cos(ϕ)

+mg[hCG − hroll] sin(ϕ)

−MAR,PS,F −MAR,PS,R −MAR,PD,F

−MAR,PD,R −MAR,Act,F −MAR,Act,R} (5)

where ϕ is the roll angle; Jx is the roll mass moment of inertia;
ay,ext is the lateral acceleration, which is the one measured by
the vehicle’s inertial measurement unit, and is kept constant
along the prediction horizon; hCG is the center of gravity height
from the ground in static conditions; hroll is the roll axis height
from the ground at the longitudinal position of the center of grav-
ity; g is the gravitational acceleration; MAR,PS, and MAR,PS,

are the front and rear anti-roll moment contributions of the
passive springs and anti-roll bars; MAR,PD,F and MAR,PD,R

are the front and rear anti-roll moment contributions of the
passive dampers; and MAR,Act,F and MAR,Act,R are the front
and rear anti-roll moment contributions generated by the active
suspension actuators. The approximation of considering ay,ext
in (5), instead of the predicted acceleration profile, increases the
computational efficiency without compromising the results, as
the scope of the proposed nonlinear optimal control problem is
to optimize the vertical tire load distribution to allow the vehicle
to achieve desirable cornering response and minimize power
consumption, rather than controlling roll angle.

5) j-th wheel moment balance

Ω̇j =
1

Jw,j
[Tj − Fx,jRj −My,j ] (6)

where Ωj is the rotational speed of the j-th wheel; Jw,j is the
wheel mass moment of inertia; Rj is the wheel radius; My,j is
the rolling resistance moment; and Tj is the wheel torque, sum
of the IWM torque, Tel,j , and friction braking torque, Tbk,j , the

latter being relevant only for Tj < 0:

Tj = Tel,j + Tbk,j. (7)

My,j is given by

My,j = Fz,j

{
k0 + k1[Re,jΩj ]

2
}
Rj (8)

in which k0 and k1 are constant coefficients; Fz,j is the vertical
tire load; and Re,j is the effective rolling radius.

To achieve an integral yaw rate tracking contribution, the in-
tegral eint,ψ̇ of the yaw rate error is formulated as an augmented
system state

ėint,ψ̇ = ψ̇ − ψ̇ref (9)

where ψ̇ref is the reference yaw rate. Within the internal model,
for each vehicle corner the brake blending formulation prior-
itizes regenerative braking over friction braking, through the
following smooth saturation formulation, which approximates
Tel,j = max(Tj , Tel,min,j) and is suitable for the numerical
implementation of the NMPC algorithm

Tel,j =
Tj − Tel,min,j

1 + e−wss[Tj−Tel,min,j ]
+ Tel,min,j (10)

where Tel,min,j ≤ 0 is the minimum electric motor torque; and
wss is a positive coefficient that defines the desired degree
of smoothness. The friction brake torque, Tbk,j , is defined by
Tbk,j = Tj − Tel,j .

In a first approximation, the passive anti-roll moment contri-
butions can be calculated as linear functions of the roll angle
and roll rate

MAR,PS,i = ks,i ϕ

MAR,PD,i = kd,i ϕ̇ (11)

where the subscript i = F,R indicates the front and rear
axles; and ks,i and kd,i are the suspension roll stiffness and
damping coefficient. The active anti-roll moment contributions
are expressed as follows:

MAR,Act,F = fMAR,Act,tot

MAR,Act,R = [1 − f ] MAR,Act,tot (12)

where f ∈ [0, 1] is the front-to-total anti-roll moment distribu-
tion factor; andMAR,Act,tot is the total active anti-roll moment,
given by a linear function of the lateral acceleration

MAR,Act,tot = wr may,ext [hCG − hroll] (13)

where wr is a scaling coefficient that is tuned according to the
desired roll angle characteristic. The implication of (13) is that
roll angle control is not involved in the NMPC optimization, as
the total anti-roll moment considered in the internal model only
depends on the measured lateral acceleration.

The longitudinal and lateral tire forces, Fx,j and Fy,j , are
calculated through a simplified version of the Pacejka magic
formula (MF) as follows:

Fx,j =
sx,j
sj

μx0,jFz,j (14)
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Fy,j =
sy,j
sj

μy0,jFz,j (15)

where μx0,j and μy0,j are given by

μx0,j = Dx sin (Cx arctan (Bxsj)) (16)

μy0,j = Dy,j sin (Cy arctan (Bysj)) . (17)

sj is the combined theoretical slip

sj =
√
s2
x,j + s2

y,j (18)

with

sx,j =
σj

1 + σj
(19)

sy,j = − tan (αj)

1 + σj
. (20)

The longitudinal slip ratio, σj , and slip angle, αj , are defined
as

σj = − vx,slip,j
vx,j

(21)

αj = arctan

(
vy,slip,j
|vx,j |

)
(22)

where the longitudinal and lateral slip velocities, vx,slip,j and
vy,slip,j , are

vx,slip,j = vx,j − ΩjRe,j (23)

vy,slip,j = vy,j . (24)

The longitudinal and lateral speeds of the wheel hubs, vx,j and
vy,j in (23) and (24), expressed in the wheel reference frame,
are given by

vx,j = cos (δj)

[
V cos (β) + (−1)j

bF
2
ψ̇

]

+ sin (δj)
[
V sin (β) + aF ψ̇

]
(25)

vy,j = − sin (δj)

[
V cos (β) + (−1)j

bF
2
ψ̇

]

+ cos (δj)
[
V sin (β) + aF ψ̇

]
(26)

for j = 1, 2; whereas, for j = 3, 4

vx,j = cos (δj)

[
V cos (β) + (−1)j

bR
2
ψ̇

]

+ sin (δj)
[
V sin (β)− aRψ̇

]
(27)

vy,j = − sin (δj)

[
V cos (β) + (−1)j

bR
2
ψ̇

]

+ cos (δj)
[
V sin (β)− aRψ̇

]
. (28)

In (17), Dy,j varies linearly with Fz,j , according to

Dy,j = d1 Fz,j + d2 (29)

where d1 and d2 are constant coefficients. The feature in (29),
not included in the previous NMPC formulations for TV control
[6], is essential for active suspension control, since it allows
to model the nonlinear relationship between lateral force and
vertical load.

In (8), (14) and (15), the vertical tire loads are expressed as
follows:

Fz,j =
1
2
mg

aR
l

−ΔF xz + (−1)jΔF yz,F j = 1, 2 (30)

Fz,j =
1
2
mg

aF
l

+ΔF xz + (−1)jΔF yz,R j = 3, 4 (31)

where l = aF + aR and the longitudinal load transfer is

ΔF xz =
1
2
max,ext

hCG
l
. (32)

In (32) ax,ext is the longitudinal acceleration measured by the
IMU, which is kept constant along the prediction horizon. The
lateral load transfers are

ΔF yz,i =
may,ext [l − ai]hroll

lbi
+
MAR,i

bi
(33)

where i = F,R. In (33),MAR,i includes the passive and active
anti-roll moment contributions. The coupling in the effect of the
actuators is in the tire model in (14)–(17), as the TV control
action affects sj , while the suspension actuation affects Dy,j .

In the NMPC implementation, (1)–(33) are rearranged in the
following general form:

ẋ (t) = h (t, x (t) , u (t)) (34)

where x is the state vector

x =
[
V, β, ψ̇, ϕ̇, ϕ,Ω1,Ω2,Ω3,Ω4, eint,ψ̇

]T
(35)

t is time; and u(t) is the control input vector, including the slack
variables, defined in Section III.

Fig. 2 compares the tire characteristics of the case study
vehicle, resulting from the reference full MF model implemented
in the high-fidelity vehicle model (see Section IV), and the sim-
plified MF formulation of the internal model of the NMPC. The
internal vehicle model was validated against experimental data
obtained on the baseline electric vehicle demonstrator without
direct yaw moment nor active suspension control, e.g., along
40 m radius skidpad (Fig. 3) and transient steering (Fig. 4)
maneuvers. The results show a good agreement between experi-
mental data and internal model, both in steady-state and transient
conditions.

III. OPTIMAL CONTROL PROBLEM FORMULATION

A. Cost Function

The NMPC cost function, J , is expressed by the combination
of multiple terms
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Fig. 2. Comparison of full and simplified MF models. (a) and (b): Lateral tire force as a function of vertical load for two values of the longitudinal
slip ratio, 0 and 0.1. The four couples of curves correspond to slip angles equal to 2 deg (blue), 4 deg (red), 6 deg (yellow), and 8 deg (purple). (c)
and (d): Lateral tire force as a function of slip angle for two values of longitudinal slip ratio, 0 and 0.1, and three vertical load levels, namely, 2 kN
(blue), 7 kN (red), and 12 kN (yellow). The simplified tire model corresponds to the dash-dotted lines, while the reference full MF model corresponds
to the solid lines.

Fig. 3. Understeer, sideslip angle, and roll angle characteristics as functions of lateral acceleration (ay) during a 40 m radius skidpad maneuver
(δsw is the steering wheel angle). The dots correspond to the experimental results, the solid lines to the high-fidelity simulator (see Section IV), and
the dash-dotted lines to the internal model.

Fig. 4. Time profiles of steering wheel angle, yaw rate, sideslip angle, and roll angle during a transient steering maneuver at a vehicle speed of
approx. 100 km/h. The dots correspond to the experimental results, the solid lines to the high-fidelity simulator (see Section IV), and the dash-dotted
lines to the internal model.

J (x0, u, p) =
th∫
0
‖[ΔTtot (t) , eψ̇ (t) , Ploss (t) , Pbrakes (t) ,

ΔTf,L (t) , ΔTf,R (t) ,Δf (t) , zσ (t) , zαF
(t) , zαR

(t) ]T ‖2
Sdt

+ wfe
2
ψ̇
(th) (36)

where x0 = x(0) is the initial value of the states of the system in
(34), th is the prediction horizon, S ∈ R10×10 is a strictly posi-
tive definite diagonal scaling matrix for weighting the elements
of the stage cost, and wf is the weight of the final cost relative
to the equivalent yaw rate error, eψ̇ .

The contributions in (36) are based on

1)ΔTtot, which aims to fulfill the torque request at the vehicle
level, set by a higher level drivability and brake controller, and
is defined as

Δ Ttot =

4∑
j=1

Tj − Treq (37)

where Treq is the total torque request, which is a function of the
accelerator and brake pedal positions, and vehicle speed.

2) eψ̇ , which instigates the tracking of ψ̇ref :

eψ̇ = ψ̇ − ψ̇ref + wieint,ψ̇ (38)
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Fig. 5. Example of reference yaw rate curves as functions of the aver-
age front steering angle for different vehicle speeds and zero longitudinal
acceleration.

wherewi is a coefficient that adjusts the integral contribution. In
the controller implementation, ψ̇ref is expressed through a map,
as a function of steering angle, vehicle speed, and longitudinal
acceleration, see an extract of the look-up table in Fig. 5, which
targets a more agile behavior, i.e., with less understeer, than the
vehicle without control, up to the limit handling condition, in
which some conservativeness is imposed to enhance stability.
Details on the generation method of the reference yaw rate map
are reported in [1].

3) Ploss, which is the sum of the three main power loss
contributions that are affected by the considered actuators

Ploss (t) = Ploss,σ (t) + Ploss,α (t) + Ploss, el (t) (39)

where
a) Ploss,σ is the power loss due to the longitudinal tire slips,

computed as the product of the longitudinal slip speed and
longitudinal tire force [6], [19]:

Ploss,σ (t) =

4∑
j=1

−vx,slip,j (t)Fx,j (t) . (40)

b) Ploss,α is the power loss due to the lateral tire slips, given
by the product of the lateral slip speed and lateral tire
force [6], [19]

Ploss,α (t) =

4∑
j=1

−vy,slip,j (t)Fy,j (t) . (41)

c) Ploss,el are the power losses of the electric powertrains
[6]

Ploss,el (t) =

4∑
j=1

P̂loss,el (Tel,j (t) ,Ωj (t)) . (42)

In (42), P̂loss,el(t) is the power loss of each powertrain,
expressed in the following polynomial form, function of the
electric motor torque Tel, and motor speed Ω (which is the same

Fig. 6. Polynomial fitting of the measured powertrain power losses.
The dots correspond to experimental data, whereas the mesh is the
polynomial fitting.

as the wheel speed in the considered direct drive IWMs)

P̂loss,el (Tel,Ω) =
5∑

m=0

(
5∑

n=0

pm,nT
n
el

)
Ωm (43)

where the notation pm,n indicates the coefficients of the polyno-
mial. The polynomial fitting that approximates the experimental
powertrain power losses (data provided by the IWM supplier,
Elaphe Propulsion Technologies), displayed in Fig. 6, is charac-
terized by an R-squared value equal to 0.982.

As the implemented NMPC formulation outputs the front-to-
total anti-roll moment distribution factor f , but does not affect
the total anti-roll moment generated by the active suspension
system, which is only a function of lateral acceleration according
to (13), following conversations with the suspension system
provider involved in the project, it was decided not to include
the suspension actuation power losses in the cost function. In
fact, in a first approximation, these power losses depend on the
total anti-roll moment, rather than on f .

4) Pbrakes(t), which is the power dissipated in the friction
brakes

Pbrakes (t) = −
4∑

j = 1

Tbk,j (t) Ωj (t) . (44)

Although this is a power loss, it is assigned a distinct weight
with respect to Ploss(t), to tune the intervention of the friction
brakes.

5) ΔTf,L and ΔTf,R, for tracking reference front-to-total
motor torque distributions within each vehicle side

Δ Tf,L = |[fT,L,opt − 1]Tel,1 + fT,L,optTel,3| (45)

Δ Tf,R = |[fT,R,opt − 1]Tel,2 + fT,R,optTel,4| (46)

wherefT,L,opt andfT,R,opt are the reference front-to-total motor
torque distribution coefficients, which are computed offline for
each combination of electric motor speed and total side torque
demand, Ttot,side, to minimize the powertrain power losses.
The online implementation approximates the solution calculated
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offline through a hyperbolic tangent function, as described in [2]
and [6]

fT,opt = ζ2 + 0.5 [ζ3 − ζ2] tanh (ζ4 [Ttot,side − ζ1]) (47)

where the parameters ζ1, ζ2, ζ3 and ζ4 depend on the average
motor speed on the considered side.

6) Δf , defined as:

Δf = |f − fpass| (48)

which smoothens the active suspension control action, and tends
to keep the anti-roll moment distribution f in the neighborhood
of its baseline value, fpass, corresponding to the set-up for the
passive vehicle.

7) The slack variables, zσ , zαF
, and zαR

, which are used to
set up the soft constraints.

B. Optimal Control Problem

The optimal control problem is formulated as

min
u
J (x0, u, p)

s.t.

i. ẋ (t) = h (t, x (t) , u (t)) , x (0) = x0

ii. Tel,min,j + Tbk,min,j ≤ Tj (t) ≤ Tel,max,j

iii. T1 (t) + T2 (t) ≤ λ

4∑
j = 1

Tj (t)

iv.
4∑

j = 1

Tel,j ≤ Ttot,max

v.
4∑

j = 1

Tj ≥ Ttot,min

vi. fmin ≤ f (t) ≤ fmax

vii. |MAR,Act,F (t)| ≤MAR,Act,F,max

viii. |MAR,Act,R (t)| ≤MAR,Act,R,max

ix. σmin − zσ (t) ≤ σj (t) ≤ σmax + zσ (t)

x. αF,min − zαF
(t) ≤ αj (t) ≤ αF,max + zαF

(t) , j = 1, 2

xi. αR,min − zαR
(t) ≤ αj (t) ≤ αR,max + zαR

(t) , j = 3, 4

xii. zσ (t) ≥ 0

xiii. zαF
(t) ≥ 0

xiv. zαR
(t) ≥ 0 (49)

where u is the decision variable vector, consisting of the indi-
vidual wheel torques, front-to-total anti-roll moment distribution
factor, and slack variables, namely

u = [T1, T2, T3, T4, f, zσ, zαF
, zαR

]T . (50)

The constraints ii-vi) in (49) act on the torques; in particular, ii)
sets the upper and lower bounds for each wheel torque, where
the subscripts “min” and “max” indicate the minimum and
maximum values of the variable; iii) imposes a front-to-total

Fig. 7. Real-time implementation of the proposed controllers on a
dSPACE MicroAutoBox unit.

braking torque distribution limitation at the wheels through
the coefficient λ, output by the electronic brake distribution
algorithm, which in production vehicles limits the rear wheel
slip with respect to the front wheel slip in braking conditions,
and is located externally to the NMPC, as an independent safety
feature. This constraint is disabled in motoring conditions. iv)
and v) set the upper (Ttot,max) and lower (Ttot,min) bounds for
the total torques. vi) limits the range of f ; vii) and viii) limit the
maximum absolute value of the anti-roll moment, calculated by
a specific external function within the low-level controller of the
suspension actuators; ix)–xi) impose soft constraints on the slip
ratios and slip angles; finally, xii–xiv) impose the positive sign
of the slack variables. The reduced number of slack variables
with respect to the number of constraints limits the number of
control variables, and thus the computational load.

The control problem formulation in (49) uses the following
parameter vector, p, which includes the variables that are mea-
sured or estimated outside the NMPC, and are kept constant
throughout the prediction horizon

p = [δ1, . . . , δ4, ax,ext, ay,ext, λ, Tel,min,1, . . . , Tel,min,4,

Tel,max,1, . . . , Tel,max,4,MAR,Act,F,max, MAR,Act,R,max,

wr, fmin, fmax].
T (51)

C. Controller Implementation

The NMPC algorithms were implemented via the ACADO
toolkit [20], which offers a powerful interface for NMPC de-
velopment, with the following settings: Gauss Newton Hessian
approximation, multiple shooting discretization, fourth order
implicit Runge Kutta integrator, and qpOASES solver. The
controller sampling time was set to 35 ms, while the number
of optimization steps was set to 2, which corresponds to a
prediction horizon of 70 ms. The discretization time of the
internal model is 1 ms, which ensures its numerical stabil-
ity without significantly affecting the computational time. Ex-
tensive simulations showed that these parameterizations are a
good compromise between performance and computational effi-
ciency. The resulting controllers run in real-time on the dSPACE
MicroAutoBox system (900 MHz, 16 Mb flash memory)
in Fig. 7.
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Fig. 8. Simplified schematic of the simulation environment.

IV. SIMULATION RESULTS

A. Simulation Environment

The simulation environment (Fig. 8) consists of the following
blocks.

1) The driver model, generating the accelerator and brake
pedal positions, θacc and θbk, as well as the steering wheel angle
δsw.

2) The reference generation block, defining Treq and ψ̇ref
starting from the driver inputs and measured or estimated signals,
such as vehicle speed.

3) The electric powertrain and anti-roll moment distribution
controller, generating Tj and f . In parallel with the proposed
NMPC, a benchmarking controller was implemented, based
on independent proportional integral (PI) contributions for the
actuation of the direct yaw moment and front-to-total anti-roll
moment distribution. The tuning of the direct yaw moment con-
tribution ensures desirable tracking performance and stability,
according to the design method in [21], while the PI controller
computing the front-to-total anti-roll moment distribution was
designed according to the model based method recently pro-
posed in [10] and [11].

4) The brake blending controller, defining the torque distri-
bution between IWMs and friction brakes, by prioritizing brake
regeneration within each corner.

5) The suspension force allocator, generating the individual
suspension actuator forces, Fact,j , which are given by

Fact,j =
MAR,Act,i

bi IRi
(−1)j (52)

where IRi, with i = F,R, is the installation ratio of the
front/rear actuators.

6) The high-fidelity vehicle simulation model for control
system assessment, implemented via the software package VSM
by AVL [22], and parametrized with the data provided by the
industrial partners of the EVC1000 project. Examples of ex-
perimental validation results in quasi-steady-state and transient
conditions for the baseline configuration of the demonstrator
vehicle are reported in Figs. 3 and 4.

7) The vehicle parameter generation block, which outputs p,
as defined in (51).

B. Considered Configurations

The following vehicle control configurations are compared.

1) fpass + fT,pass, with active roll angle compensation
through active suspension control with fixed front-to-total anti-
roll moment distribution ratio fpass = 0.67, which was selected
to be aligned with the one of the vehicle configuration without
active suspension actuators; zero direct yaw moment, i.e., the
total wheel torque is the same on the left and right wheels; and
front-to-total wheel torque distribution within each vehicle side
according to the fixed ratio fT,pass = 0.5, which is the natural
baseline choice for a four-wheel-drive vehicle.

2) fpass + fT,act, with active roll angle compensation with
fixed fpass = 0.67; zero direct yaw moment; and variable front-
to-total wheel torque distribution according to a ratio, fT,act,
defined in a look-up table function of the torque on the vehicle
side and speed, to minimize the electric powertrain power loss.
The fT,act map is the one used for deriving the approximate
solution expressed by (47).

3) fpass +TV (NMPC) and fpass +TV (PI), including
active roll angle compensation with fixed fpass = 0.67, and
TV control contributions based on the proposed NMPC or
benchmarking PI. In fpass +TV (PI), the front-to-total wheel
torque distribution within each vehicle side uses the fixed ratio
fT,pass = 0.5.

4) fact +TV (NMPC) and fact +TV (PI), including active
roll angle compensation with active anti-roll moment distribu-
tion and TV, based on NMPC or PI control.

In summary, all considered arrangements use the active sus-
pension actuators for roll moment compensation; 3) includes
direct yaw moment control through TV, while 4) includes both
direct yaw moment control through TV and anti-roll moment
distribution control. Unless otherwise specified, the configura-
tions in 3) and 4) track the reference yaw rate defined by the
map in Fig. 5. In the remainder, the superscript “1” indicates
controlled configurations using reference yaw rate maps aligned
with the yaw rate response of the uncontrolled vehicle, i.e.,
fpass + fT,pass, while the superscript “2” indicates an NMPC
calibration in which the weights on the power loss related terms
(Ploss, Pbrakes, ΔTf,L, ΔTf,R, zσ , and zαF

) of J are set to
zero.

Despite the high number of weights, the tuning of the specific
NMPC formulation is rather intuitive also for nonspecialists in
model predictive control, as each cost function weight has a
clear physical meaning. In the implementation phase, the yaw
rate tracking weight of the NMPC cost function was set to
achieve better tracking performance than with the benchmarking
PI controllers. Then the weights of the power loss contributions
of the NMPC cost function were designed to reduce the power
losses.

Thanks to their limited computational burden, the fpass +
fT,pass, fpass + fT,act, fpass +TV (PI) and fact +TV (PI)
set-ups are implemented at 20 ms, i.e., at a lower step than the
NMPC.

C. Ramp Steer Maneuver

The ramp steer maneuver consists of a steering wheel an-
gle ramp applied at a rate of 1 deg/s, while the vehicle is
kept at the constant speed of ∼100 km/h, for dry tarmac
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Fig. 9. Summary plots for the ramp step steer maneuver.

TABLE II
PERFORMANCE INDICATORS FOR THE CONSIDERED VEHICLE

CONFIGURATIONS DURING THE RAMP STEER MANEUVER

conditions. The main variables are plotted in Fig. 9, while
Table II includes a selection of performance indicators as
follows.

1) D̄Mz
, i.e., the average value of |T2 + T4 − T1 − T3| for

all the operating points in the 1–9 m/s2 lateral acceleration
(ay) range. This index measures the intensity of the direct yaw
moment control effort.

2) D̄f , i.e., the anti-roll moment distribution index, calculated
as the average value of |f − fpass| in the 1–9 m/s2 lateral

acceleration range, which measures the intensity of the active
suspension control effort toward yaw rate tracking.

3) P̄loss+bk, i.e., the average value of Ploss + Pbrakes, com-
puted from the data within three lateral acceleration ranges,
namely 1–3 m/s2, 3–6 m/s2, and 6–9 m/s2.

Given the absence of direct yaw moment and anti-roll moment
distribution actuation and the relatively low traction force, the
cornering response of the rule based cases fpass + fT,pass and
fpass + fT,act is mainly determined by the vehicle hardware
set-up, e.g., in terms of tires, mass distribution and suspensions,
rather than by the controller. The look-up table based side
torque distribution of fpass + fT,act effectively reduces Ploss
throughout the lateral acceleration domain. In general, in the
low ay region, where the tire slip power losses are negligible, the
power loss results are substantially aligned, and∼9% lower than
in fpass + fT,pass, for all controllers considering the optimal
side torque distribution based on the powertrain power loss,
either as a look-up table or through (47). The fpass +TV
and fact +TV configurations track the reference understeer
characteristic defined by the yaw rate map in Fig. 5, which brings
a significant extension of the linear vehicle response region
up to a lateral acceleration of ∼7.5 m/s2, against the ∼5 m/s2

of fpass + fT,pass and fpass + fT,act [Fig. 9(a)]. Consistently
with the reduced level of understeer and more reactive steady-
state cornering behavior, the TV cases show marginally higher
sideslip angle values [Fig. 9(c)] than the configurations without
direct yaw moment control.
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Despite the substantial coincidence of their cornering re-
sponses, fpass +TV (NMPC) and fact +TV (NMPC) impose
very different control actions. In fact, in presence of fact, for a
wide range of ay it is more energy-efficient to achieve the refer-
ence understeer characteristic by reducing f [Fig. 9(d)], which
lowers the magnitude of the direct yaw moment (see the D̄Mz

values) and IWM torques [Fig. 9(e)–(h)]. Hence, for fact +TV
all IWMs are always in traction, whilst for fpass +TV the
IWMs on the inner side of the corner operates in regeneration
for ay > ∼5 m/s2.

On the one hand, the consequence is that at high ay the
selected sport-oriented reference understeer characteristic, al-
though desirable from the viewpoint of the vehicle cornering
response, increases the power loss of the fpass +TV set-ups,
which have the highest P̄loss+bk among all configurations for 6
m/s2 < ay < 9 m/s2, see [4] and [6] for the analysis of the effect
of the understeer characteristic on the power consumption of
TV controlled vehicles. On the other hand, starting from ∼4
m/s2, when the lateral load transfer becomes significant, the
active anti-roll moment distribution of fact +TV (NMPC) of-
fers remarkable power consumption reductions [see the battery
power Pbatt profiles in Fig. 9(i)] with respect to the fpass +TV
configurations, because of the lower powertrain and longitudinal
tire slip power losses [Fig. 9(j) and (k)]. As expected, since the
understeer and sideslip characteristics are the same, the lateral
tire slip power losses [Fig. 9(l)] are substantially coincident for
all fpass +TV and fact +TV configurations.

The effectiveness of the proposed NMPC implementations
is highlighted by the comparison with the corresponding PI
configurations. In the fpass +TV case, the power loss reduction
achieved by the NMPC is > 2% for 1 m/s2 < ay < 6 m/s2,
and becomes substantial for ay > 6 m/s2, especially because of
the NMPC capability of limiting longitudinal tire slip, which
compromises the sideslip angle characteristics of fpass +TV
(PI) for ay > 8 m/s2. Conversely, the fact +TV (PI) config-
uration smoothly follows the desired understeer characteristic,
although with consistently higher P̄loss+bk values than those
of fact +TV (NMPC). The profile of f for the fact +TV
(PI) configuration starts from a different value from the one
of the corresponding NMPC, because of the effect of the PI
control action in the initial part of the test (not reported in
the graph). Table II also includes the results for fpass +TV1

and fact +TV1. With this reference yaw rate setting, also the
NMPC configuration based on TV control reduces P̄loss+bk with
respect to the fpass + fT,pass case, e.g., from 31.52 to 30.88
kW in the 6–9 m/s2 range, while the inclusion of the anti-roll
moment distribution brings further improvements, e.g., P̄loss+bk
in the 6–9 m/s2 interval amounts to 29.76 kW. Also in this
case, the P̄loss+bk results consistently favor the NMPC with
respect to the PI, with average 5% power loss reductions across
the lateral acceleration range for fpass +TV1 and fact +TV1.
Interestingly, because of the lack of integration between TV and
anti-roll moment distribution and the impossibility to formally
consider the energy efficiency aspects in the control design, in the
PI configuration fact +TV1 consumes more than fpass +TV1.
The fact +TV (NMPC)2 configuration, which excludes the
power loss reduction terms from the cost function and tracks

the yaw rate in Fig. 5, brings a power loss increase ranging from
1% to 4% with respect to fact +TV (NMPC), which confirms
the effectiveness of the proposed energy-efficient formulations.

In summary, the important conclusion of the ramp steer analy-
sis is that for medium-to-high lateral accelerations the redundant
actuation of the fact +TV configuration not only permits en-
hanced flexibility in shaping the vehicle cornering response, but
also achieves an evident and consistent power loss reduction
with respect to all other cases, as it allows the powertrains and
tires to work in their most efficient region, independently from
the selected reference understeer characteristic.

D. Multiple Step Steer Maneuver

The considered multiple step steer is an extreme transient test,
and consists of a rapid sequence of fast steering wheel inputs
with a magnitude of ∼110 deg, applied at a rate> 500 deg/s, see
Fig. 10(a), while maintaining a constant 20% accelerator pedal
position, from an initial speed of ∼107 km/h, with a tire-road
friction factor corresponding to dry tarmac conditions.

The profiles of the main variables are in Figs. 10 and 11, while
Table III reports the relevant performance indicators, which, in
addition to those in Table II, include

1) Δψ̇RMS , i.e., the root mean square (RMS) value of the
yaw rate error, which evaluates the tracking performance of the
controller and overall vehicle agility.

2) |βmax|, i.e., the maximum absolute value of the vehicle
body sideslip angle, which is a vehicle stability indicator.

3) ΔF yz,RMS , i.e., the RMS value of Fz,1 + Fz,3 − Fz,2 −
Fz,4, which assesses the magnitude of the total lateral load
transfer, and thus vehicle rollover propensity.

4) D̄cut, i.e., the average value of Dcut = Treq −
(T1 + T2 + T3 + T4), which expresses the magnitude of the total
wheel torque reduction with respect to the driver torque request,
e.g., to facilitate yaw rate tracking or meet tire slip constraints.

5) Vend, i.e., the vehicle speed at the end of the test, which
assesses the total power loss at the vehicle level, as the maneuver
is executed at constant accelerator pedal position.

Differently from the ramp steer maneuver, the performance
indicators for the multiple step steer are computed across the
whole lateral acceleration range. The results show the following.

1) The NMPC configurations ensure stable yaw rate tracking
[Figs. 10(b) and 11], with very small overshoots following
each steering angle variation, and effectively constrain sideslip
angle [Fig. 10(c)], with |βmax| values lower than 2.5 deg for
the formulations considering all cost function terms, while the
exclusion of the power loss terms of J yields higher |βmax|. On
the contrary, fpass + fT,pass and fpass + fT,act reach |βmax|
values in excess of 14 deg, and experience significant delays with
respect to the steering angle profile in returning to the condition
of zero yaw rate and sideslip angle at the end of the test. Although
the PI controllers provide desirable vehicle response, the NMPC
configurations achieve better yaw rate tracking performance
than the corresponding PI counterparts, as demonstrated by the
Δψ̇RMS values in Table III, and the yaw rate profiles in Fig. 11.

2) The front-to-total anti-roll moment distribution profile of
fact +TV [Fig. 10(e)] shows pronounced peaks in the transients
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Fig. 10. Summary plots for the multiple step steer maneuver.

TABLE III
PERFORMANCE INDICATORS FOR THE CONSIDERED VEHICLE CONFIGURATIONS DURING THE MULTIPLE STEP STEER MANEUVER

Fig. 11. Reference and actual yaw rate profiles for fact +TV (PI) and
fact +TV (NMPC).

following each steering input, which contribute to the reduction
of the yaw rate oscillations. This behavior can be considered
realistic and implementable, as it is similar to the one observed in
the suspension control analysis in [10], including experimental
vehicle validation. On average, the anti-roll moment distribu-
tion contribution is biased towards the front axle, and tends to
increase the level of understeer and vehicle stabilization. The PI
and NMPC configurations produce similar f profiles, with the
exclusion of the initial and final parts of the test, which are not
meaningful because ay is approximately zero [Fig. 10(d)].

3) The NMPC and PI configurations bring a reduction of the
lateral load transfers during the steering transients, highlighted
by the lower values of ΔF yz,RMS . With respect to fact +TV,
the increase of ΔF yz,RMS is negligible for fpass +TV, but
it exceeds 20% for fpass + fT,pass and fpass + fT,act. After
the second steering wheel stroke and the sign inversion of



DALBONI et al.: NMPC FOR INTEGRATED ENERGY-EFFICIENT TV AND ANTI-ROLL MOMENT DISTRIBUTION 1223

the steering angle, both the front and rear internal wheels lift
from the ground in fpass + fT,pass and fpass + fT,act, posing
a rollover risk, whilst in the NMPC and PI configurations wheel
lift only occurs on the front inner corners for more limited
time. Wheel lift, together with the subsequent wheel spinning
and individual speed-dependent motor torque saturations, is the
cause for the marginal non-zero values of D̄Mz

and D̄cut also
in the configurations without TV.

4) The NMPC set-ups bring very major power loss reductions
in transient conditions, with P̄loss+bk values below 54 kW, with
respect to the ∼96 kW of fpass + fT,pass and fpass + fT,act.
This difference is mainly caused by the reduction of the lateral
tire slip power losses, and is confirmed by the values of Vend,
ranging from 92.1 km/h for fpass + fT,act, to 116.1 km/h for
fact +TV (NMPC)2. Such final vehicle speed increment is
achieved despite the torque request reductions, measured by
D̄cut, imposed by the NMPC implementations in the critical
phases of the test, immediately after the δsw variations, to facil-
itate reference yaw rate tracking. The torque reductions also im-
ply moderate friction brake actuation in very limited parts of the
maneuver. Also in this respect, the NMPC solution with active
front-to-total anti-roll moment distribution outperforms the one
based on TV only, with >12% P̄loss+bk reduction. Significant
advantages in terms of energy-efficiency are provided by the
NMPC set-ups with respect to the corresponding PI alternatives,
with 16% and 6% P̄loss+bk reductions for the fpass +TV and
fact +TV configurations. Finally, the inclusion of the power
loss terms in the NMPC formulation brings a >13% P̄loss+bk
decrease, see the results for fact +TV (NMPC) and fact +TV
(NMPC)2.

V. CONCLUSION

The article presented a novel NMPC implementation for TV
and front-to-total anti-roll moment distribution control, con-
sidering vehicle dynamics as well as powertrain and tire slip
power loss aspects in its cost function. The integrated controller
was compared with its simplified version including TV only,
its simplified version excluding the power loss aspects, two
PI implementations for the same actuators, and two rule based
algorithms. The simulation results for an electric vehicle with
IWMs, active suspension actuators and a brake-by-wire system
show the following.

1) In quasi-steady-state cornering, the integration of active
suspension and TV for vehicle dynamics control provides a
consistent power loss reduction across the whole range of lateral
accelerations, rather independently from the selected reference
understeer characteristic, which is a major benefit of the active
suspension system. In fact, for medium-to-high lateral accelera-
tions, the variable front-to-total anti-roll moment distribution is
actuated by the proposed NMPC to make the electric powertrains
and tires work in their most effective conditions.

2) Although TV on its own offers significant shaping capabil-
ity of the understeer characteristic, its power loss performance
is strongly affected by the selected reference yaw rate response,
which, for the specific vehicle parameters, results in a trade-off
between desirable vehicle cornering behavior and energy effi-
ciency.

3) In quasi-steady-state cornering, an appropriate selection of
the front-to-total wheel torque distribution within each vehicle
side can make rule based algorithms very effective in terms of
power consumption performance, especially at low-to-medium
lateral accelerations.

4) In extreme transient conditions, the advantages of advanced
nonlinear control are evident in terms of yaw rate and sideslip
damping, limitation of the total lateral load transfer, total power
loss reduction, as well as increase of the exit speed, with a
systematic benefit in all aspects brought by the integrated TV
and active suspension solution.

5) The proposed NMPC consistently outperforms the corre-
sponding benchmarking PI configurations, and its own version
excluding consideration of the power loss aspects.

Future developments will include the assessment of the inte-
grated controller in a wider range of conditions, and its experi-
mental evaluation on an electric vehicle demonstrator.
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