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Abstract: The aim of the present work is to extend the two-phase local/nonlocal stress-driven integral
model (SDM) to the case of nanobeams with internal discontinuities: as a matter of fact, the original
formulation avoids the presence of any discontinuities. Consequently, here, for the first time, the
problem of an internal discontinuity is addressed by using a convex combination of both local and
nonlocal phases of the model by introducing a mixture parameter. The novel formulation here
proposed was validated by considering six case studies involving different uncracked nanobeams
by varying the constrains and the loading configurations, and the effect of nonlocality on the
displacement field is discussed. Moreover, a centrally-cracked nanobeam, subjected to concentrated
forces at the crack half-length, was studied. The size-dependent Mode I fracture behaviour of the
cracked nanobeam was analysed in terms of crack opening displacement, energy release rate, and
stress intensity factor, showing the strong dependency of the above fracture properties on both
dimensionless characteristic length and mixture parameter values.

Keywords: energy release rate; internal discontinuity; mixture parameter; nanobeam; stress-driven
integral model; stress intensity factor

1. Introduction

In the last few decades, structures at the nanoscale level have gained an increasing
interest in engineering applications. The reason for such concern from the scientific com-
munity is mainly due to the outstanding mechanical, electrical, and thermal properties
resulting from the nanoscale sizes [1].

The behaviour of materials at the nanoscale level is significantly different from that
exhibited by the same materials at the macroscale level [2–6]. In order to both analyse the
so-called size effect and properly evaluate the size-dependent properties, two approaches
may be followed: experimental characterisation [7–9] and theoretical modelling [10–26].
For instance, the tensile yield strength of a gradient nano-grained (GNG) surface layer in a
bulk coarse-grained (CG) rod of a face-centred cubic Cu was investigated by Fang et al. [7],
who observed an increment of strength of about 100% with respect to that of a CG Cu. A
study on ductility and strain hardening on a sandwich sheet structure, composed by a CG
core between two GNG layers, was conducted by Wu et al. [8].Also, the fracture properties
of single-crystalline copper nanowires have been investigated by performing uniaxial
tensile tests through a micromechanical device inside a scanning electron microscope
chamber [9]. It was observed that the fracture strength was much higher than that of bulk
copper and that both ductile and brittle-like fracture modes were present in the same batch
of fabricated nanowires, depending on their diameters [9].

However, despite their high level of reliability, performing experimental tests at the
nanoscale may be quite expensive and time consuming, leading to often prefer theoretical
models that are reliable and low-cost tool to estimate the behaviour of the nanomaterials.
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As a matter of fact, several theoretical models have been proposed aiming to capture
the small-scale effect on the static [10–15] and dynamic responses [11–13,18–25], insta-
bility [12,24–28] and fracture behaviour [10,29,30] of nanomaterials at both the micro- or
nano-scale level. In addition, the stress-driven nonlocal integral model (SDM) is available
in the literature [31–38].

Such a nonlocal theory of elasticity is based on the well-known Eringen strain-driven
model [39,40], but, in order to overcome the solution inconsistencies of the original model
due to the incompatibility between nonlocal constitutive law and equilibrium require-
ments [41,42], the role of the strain field has been swapped with that of stress field. As
a matter of fact, the SDM assumes that the strains at a point of a body are the function
of the stresses at all points of the body. Consequently, the elastic strain field is defined
by an integral convolution between the elastic stress field and a suitable averaging ker-
nel as well as the associated constitutive boundary conditions, which are expressed in
terms of strains [31,32], leading to a well-posed elastostatic problem. The model has
been successfully applied to study nanobeams subjected to different loading configura-
tions such as bending [31,32,34], axial load [43], torsion [44], buckling [35–37,45], and free
vibrations [33,38,46].

A further development of the SDM has led to the implementation of a mixture pa-
rameter aiming to improve the applicability and accuracy of the model, named two-phase
local/nonlocal stress-driven model [47,48], defined by a convex combination of both local
and nonlocal phases. The two-phase local/nonlocal SDM has been applied to study free
bars under uniform tension, nanobeams under bending loading [47,48], and nanobeams
under free vibrations [49].

All the works above cited refer to continuous nanobeams subjected to smooth loading
distributions or loads applied at the beam ends, since the above two-phase local/nonlocal
model does not allow to consider the presence of discontinuities, which are very common in
engineering applications. Such discontinuities may be caused, for instance, by concentrated
forces and/or couples, non-uniform distributed loads, discontinuity in the beam geometry,
internal supports/constrains, and so on.

The novelty of the present paper is to extend the two-phase local/nonlocal stress-
driven integral model formulation in the case of problems with internal discontinuities.
Here, for the first time, such a problem of internal discontinuities is addressed by using a
convex combination of both local and nonlocal phases of the model (which the nonlocal
phase is modelled according to the SDM) by introducing the mixture parameter α.

In particular, in Section 2, the novel procedure is presented [50]. The above for-
mulation, applied to different static schemes and loading configurations of uncracked
nanobeams, is presented in Section 3, where the displacement field is analysed and the ef-
fect of both mixture and nonlocal parameters are discussed. Moreover, a centrally-cracked
nanobeam (CCN), subjected to concentrated forces at the crack half-length, is studied in
Section 4, where the novel procedure is employed to numerically investigate the fracture
behaviour of the CCN and the effect of both mixture and nonlocal parameters on the energy
release rate and the stress intensity factor. Finally, the main conclusions are reported in
Section 5.

2. The Two-Phase Local/Nonlocal SDM in the Presence of Internal Discontinuities
2.1. Integral Formulation

Let us consider the nanobeam shown in Figure 1 with a length equal to l and the
reference frame xy.

The nanobeam is subjected to a loading configuration presenting internal discontinu-
ities (due, for example, to concentrated forces and/or couples or due to discontinuity of
non-uniform distributed loads) at the material point characterised by x = xi.

The nanobeam is subdivided into two parts (the left one, also named as the first part,
with 0 ≤ x ≤ xi and the right one, also named as the second part, with xi ≤ x ≤ l), so
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that each nanobeam part does not present any internal discontinuity and its transversal
displacement could be described by a continuous function.
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where  1M x  is the bending moment acting on the first part, and  2M x  acts on the sec-
ond part of the nanobeam. 
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Figure 1. Nanobeam containing some loading discontinuities.

According to the two-phase local/nonlocal SDM [48], the flexural curvature χ(x) of
a nanobeam without discontinuity is defined as the integral convolution of the bending
moment, M(x), by introducing a suitable kernel function as reported in the following:

χ(x) = α
M(x)

IE
+ (1− α)

∫ l

0
ψ(x− t, Lc)

M(t)
IE

dt (1)

where IE is the nanobeam bending stiffness, and ψ(x− t, Lc) is an averaging kernel de-
pending on the small scale parameter Lc, named characteristic or internal material length.
α is the mixture parameter ranging from 0.0 to 1.0, so that for α = 0.0, the full nonlocal
stress-driven model is recovered, whereas for α = 1.0, the classical Bernoulli–Euler model
is obtained.

Let us consider an internal discontinuity in correspondence of xi (see Figure 1). In
such a case, χ(x) is given by:

χ(x) = α
[M1(x) + M2(x)]

IE
+ (1− α)

[∫ xi

0
ψ(x− t, Lc)

M1(t)
IE

dt +
∫ l

xi

ψ(x− t, Lc)
M2(t)

IE
dt
]

(2)

where M1(x) is the bending moment acting on the first part, and M2(x) acts on the
second part of the nanobeam.

2.2. Differential Formulation

In order to compute the transversal displacement field, it is more convenient to
not directly solve Equation (2), but to employ its equivalent differential formulation, by
following the procedure proposed by Caporale et al. in ref. [50] for the original full nonlocal
SDM and here developed, instead, for the two-phase local/nonlocal SDM.

The curvature along the nanobeam is given by:

χ1(x) = α
M1(x)

IE
+ (1− α)[χ1,l(x) + χ1,r(x) + χ1,2(x)] with 0 ≤ x ≤ xi (3a)

χ2(x) = α
M2(x)

IE
+ (1− α)[χ2,l(x) + χ2,r(x) + χ2,1(x)] with xi ≤ x ≤ l (3b)

with:

χ1,l(x) =
∫ x

0
exp

[
(t− x)

Lc

]
1

2Lc

M1(t)
IE

dt (4a)

χ1,r(x) =
∫ xi

x
exp

[
(x− t)

Lc

]
1

2Lc

M1(t)
IE

dt (4b)

χ1,2(x) =
∫ l

xi

exp
[
(x− t)

Lc

]
1

2Lc

M2(t)
IE

dt (4c)

and

χ2,l(x) =
∫ x

xi

exp
[
(t− x)

Lc

]
1

2Lc

M2(t)
IE

dt (5a)
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χ2,r(x) =
∫ l

x
exp

[
(x− t)

Lc

]
1

2Lc

M2(t)
IE

dt (5b)

χ2,1(x) =
∫ xi

0
exp

[
(t− x)

Lc

]
1

2Lc

M1(t)
IE

dt (5c)

Let us consider only the first part of the nanobeam, since for the second part, analogous
equations can be obtained.

First, the first, χ
(1)
1 , and second, χ

(2)
1 , derivatives of Equation (3a) are developed, that is:

χ
(1)
1 (x) = α

M(1)
1 (x)
IE + (1− α)

[
χ
(1)
1,l (x) + χ

(1)
1,r (x) + χ

(1)
1,2 (x)

]
=

= α
M(1)

1 (x)
IE + (1− α)

[
− 1

Lc
χ1,l(x) + 1

Lc
χ1,r(x) + 1

Lc
χ1,2(x)

] (6)

being

χ
(1)
1,l (x) =

dχ1,l(x)
dx

=
1
Lc

[
M1(x)

2IE
− χ1,l(x)

]
(7a)

χ
(1)
1,r (x) =

dχ1,r(x)
dx

=
1
Lc

[
χ1,l(x)− M1(x)

2IE

]
(7b)

χ
(1)
1,2 (x) =

dχ1,r(x)
dx

=
1
Lc

[χ1,2(x)] (7c)

and

χ
(2)
1 (x) = α

M(2)
1 (x)
IE + (1− α) 1

L2
c

[
−M1(x)

IE + χ1,l(x) + χ1,r(x) + χ1,2(x)
]
=

= α
M(2)

1 (x)
IE + 1

L2
c

−
M1(x)

IE + α
M1(x)

IE
+ (1− α)[χ1,l(x) + χ1,r(x) + χ1,2(x)]︸ ︷︷ ︸

χ1(x)


(8)

Then, according to the model, the differential equation for the first part of the beam is
obtained by imposing Equation (8) equal to 0:

χ
(2)
1 (x)− 1

L2
c

χ1(x) = α
M(2)

1 (x)
IE

− 1
L2

c

M1(x)
IE

(9)

and similarly, the differential equation for the second part of the beam is given by:

χ
(2)
2 (x)− 1

L2
c

χ2(x) = α
M(2)

2 (x)
IE

− 1
L2

c

M2(x)
IE

(10)

In order to compute a consistent solution of the above problem, constitutive boundary
conditions and constitutive continuity conditions have to be derived. Let us start by
considering Equation (3a) evaluated in x = 0 and x = xi:

χ1(0) = α
M1(0)

IE
+ (1− α)[χ1,r(0) + χ1,2(0)] (11a)

χ1(xi) = α
M1(xi)

IE
+ (1− α)[χ1,l(xi) + χ1,2(xi)] (11b)

being: χ1,l(0) = χ1,r(xi) = 0. Then, let us consider Equation (6) in x = 0 and x = xi, and

by exploiting Equation (11a,b), χ
(1)
1 is given by:

χ
(1)
1 (0) = α

M(1)
1 (0)
IE

+
(1− α)

Lc
[χ1,r(0) + χ1,2(0)] = α

M(1)
1 (0)
IE

+
1
Lc

χ1(0)−
α

Lc

M1(0)
IE

(12a)

χ
(1)
1 (xi) = α

M(1)
1 (xi)
IE + (1−α)

Lc
[−χ1,l(xi) + χ1,2(xi)] =

= α
M(1)

1 (xi)
IE − 1

Lc
χ1(xi) +

α
Lc

M1(xi)
IE + 2(1−α)

Lc
χ1,2(xi)

(12b)

By separating the variables, Equation (12a,b) can be rewritten as:

χ
(1)
1 (0)− 1

Lc
χ1(0) = α

M(1)
1 (0)
IE

− α

Lc

M1(0)
IE

(13a)
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χ
(1)
1 (xi) +

1
Lc

χ1(xi) = α
M(1)

1 (xi)

IE
+

α

Lc

M1(xi)

IE
+

2(1− α)

Lc
χ1,2(xi) (13b)

representing Equation (13a) the constitutive boundary condition, and Equation (13b) the
constitutive continuity condition for the first part of the beam. Similarly, the constitutive
boundary and continuity conditions for the second part of the beam are:

χ
(1)
2 (l) +

1
Lc

χ2(l) = α
M(1)

2 (l)
IE

+
α

Lc

M2(l)
IE

(14a)

χ
(1)
2 (xi)−

1
Lc

χ2(xi) = α
M(1)

2 (xi)

IE
− α

Lc

M2(xi)

IE
− 2(1− α)

Lc
χ2,1(xi) (14b)

2.3. Solution

Usually, it is more convenient to write the governing equations not in terms of curva-
ture (see Equation (3a,b)), but in terms of transversal displacement, v(x), by both exploiting
the well-known relationship χ(x) = v(2)(x), and deriving Equation (3a,b) two times with
respect to the variable x:

v(6)1 (x)− 1
L2

c
v(4)1 (x) = α

M(4)
1 (x)
IE

− 1
L2

c

M(2)
1 (x)
IE

(15a)

v(6)2 (x)− 1
L2

c
v(4)2 (x) = α

M(4)
2 (x)
IE

− 1
L2

c

M(2)
2 (x)
IE

(15b)

where v1 is the displacement of the first part of the nanobeam, and v2 is that of the second part.
The two constitutive boundary conditions (CBCs) in x = 0 and x = l are given by:

v(3)1 (0)− 1
Lc

v(2)1 (0) = α
M(1)

1 (0)
IE

− α

Lc

M1(0)
IE

(16a)

v(3)2 (l) +
1
Lc

v(2)2 (l) = α
M(1)

2 (l)
IE

+
α

Lc

M2(l)
IE

(16b)

whereas the two constitutive continuity conditions (CCCs) in x = xi are:

v(3)1 (xi) +
1
Lc

v(2)1 (xi) = α
M(1)

2 (xi)

IE
+

α

Lc

M1(xi)

IE
+

2(1− α)

Lc
χ1,2(xi) (17a)

v(3)2 (xi)−
1
Lc

v(2)2 (xi) = α
M(1)

2 (xi)

IE
− α

Lc

M2(xi)

IE
− 2(1− α)

Lc
χ2,1(xi) (17b)

By solving the sixth-order differential equations (see Equation (15a,b)), the general
integral solution depends on twelve integration constants. Therefore, the solving system is
obtained by imposing twelve boundary conditions: the two CBCs given by Equation (16a,b),
the two CCCs given by Equation (17a,b), and eight suitable kinematic/static boundary
conditions at the nanobeam ends (x = 0 and x = l) and at the internal point x = xi.

In the following, six examples of nanobeams, characterised by an internal loading
discontinuity, are solved.

3. Applications: Uncracked Nanobeams
3.1. Nanobeams with a Concentrated Force in the Midsection

Figure 2a shows a nanobeam of a length l with clamped extremities and subjected
to a concentrated force F in the midsection (i.e., x = l/2). According to the equations
presented in the above section, the nanobeam transversal displacement may be obtained
by considering, in addition to both Equation (16a,b) (CBCs) and Equation (17a,b) (CCCs),
the following conditions:

(i) six kinematic boundary conditions (KBCs):

v1(0) = 0 (18a)

v(1)1 (0) = 0 (18b)



Nanomaterials 2021, 11, 2651 6 of 19

v2(l) = 0 (18c)

v(1)2 (l) = 0 (18d)

v1(l/2) = v2(l/2) (18e)

v(1)1 (l/2) = v(1)2 (l/2) (18f)

(ii) two static boundary conditions (SBCs):

v(3)1 (l/2)− L2
c v(5)1 (l/2) +

F
IE

= v(3)2 (l/2)− L2
c v(5)2 (l/2) (19a)

v(2)1 (l/2)− L2
c v(4)1 (l/2) = v(2)2 (l/2)− L2

c v(4)2 (l/2) (19b)
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Figure 2. Nanobeam containing a loading discontinuity in the midsection due to a concentrated force
F, with the beam ends: (a) double-clamped and (b) simply-supported.

The maximum deflection vmax is attained at the nanobeam half length (that is, for
x = l/2). The nanobeam transversal displacement is more conveniently normalised with
respect to the maximum deflection obtained according to the classical local Bernoulli–Euler
solution, that is, v∗1(x) = v1(x)/

(
Fl3/192EI

)
and v∗2(x) = v2(x)/

(
Fl3/192EI

)
.

In Figure 3, the normalised displacement is plotted against the dimensionless abscissa
x/l. Five values of the mixture parameter were considered (that is, α = 0.00, 0.25, 0.50, 0.75
and 1.00), together with two values of the dimensionless characteristic length, that is,
λ = Lc/l = 0.1 (Figure 3a) and λ = 0.5 (Figure 3b).

It is interesting to observe that the normalised transversal displacement strongly
depends on both the mixture parameter, α, and the dimensionless characteristic length, λ.
The case with α = 1.0 (thick line) corresponds to the case of the classical Bernoulli–Euler
local problem. For a smaller value of α, the normalised displacement values are lower,
showing a decrease of about 41% for λ = 0.1 (Figure 3a) and of about 92% for λ = 0.5
(Figure 3b) when α = 0.0 (full nonlocal model) and x/l = 0.5. Consequently, the nanobeam
shows a stiffer behaviour with respect to a large-scale beam. Moreover, it is interesting to
observe that by varying the mixture parameter between 0.0 and 1.0, the curves describing
the normalised displacement stay between the thick and the thin ones. This allows us to
improve the model applicability since α may be calibrated, in order to properly describe
the behaviour of real nanostructures.
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Figure 3. Double-clamped nanobeam (see Figure 2a): normalised transversal displacement against
the dimensionless abscissa, x/l, for (a) λ = 0.1 and (b) λ = 0.5. Five different values of α

were analysed.

Analogously, Figure 2b shows a nanobeam of a length l, with simply-supported
extremities, and subjected to a concentrated force F in the midsection. In such a case, the
eight suitable boundary conditions are:

(i) four kinematic boundary conditions (KBCs):
v1(0) = 0 (20a)

v2(l) = 0 (20b)

v1(l/2) = v2(l/2) (20c)

v(1)1 (l/2) = v(1)2 (l/2) (20d)

(ii) two static boundary conditions (SBCs) at the nanobeam extremities:

v(2)1 (0)− L2
c v(4)1 (0) = 0 (21a)

v(2)2 (l)− L2
c v(4)2 (l) = 0 (21b)

(iii) and the two static boundary conditions (SBCs)at the internal discontinuity point of
Equation (19a,b).

The maximum deflection vmax is attained at the nanobeam half length.
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Additionally, in this case, the transversal displacement is normalised with respect
to the maximum deflection according to the classical local Bernoulli–Euler solution, that
is, v∗1(x) = v1(x)/

(
Fl3/48EI

)
and v∗2(x) = v2(x)/

(
Fl3/48EI

)
. Such a normalised dis-

placement is plotted in Figure 4 against the dimensionless abscissa x/l for five values of
the mixture parameter (that is, α = 0.00, 0.25, 0.5, 0.75 and 1.00) and two values of the
dimensionless characteristic length, that is, λ = 0.1 (Figure 4a) and λ = 0.5 (Figure 4b).
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Figure 4. Simply-supported nanobeam (see Figure 2b): normalised transversal displacement against
the dimensionless abscissa, x/l, for (a) λ = 0.1 and (b) λ = 0.5. Five different values of α

were analysed.

It is noteworthy that the normalised displacement was less affected by nonlocality
with respect to that of the double-clamped nanobeam (see Figure 3), since the decrease was
equal to about 8% for λ = 0.1 (Figure 4a) and of about 50% for λ = 0.5 (Figure 4b) when
α = 0.0 and x/l = 0.5. Moreover, it is interesting to observe that by varying the mixture
parameter between 0.0 and 1.0, the curves describing the normalised displacement stay
between the thick and the thin ones. This allows us to improve the model applicability
since α may be calibrated in order to properly describe the behaviour of real nanostructures.

Additionally, in this case, the nanobeam shows a stiffer behaviour with respect to a
large-scale beam.
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3.2. Nanobeams with a Concentrated Couple in the Midsection

In the following case study, a double-clamped nanobeam with a length l and subjected
to a concentrated couple M in the midsection (i.e., xi = l/2) was considered (Figure 5a).
The nanobeam transversal displacement may be obtained by considering in addition to
both Equation (16a,b) (CBCs) and Equation (17a,b) (CCCs), the following conditions:

(i) the six kinematic boundary conditions (KBCs) of Equation (18a–f);
(ii) and two static boundary conditions (SBCs):

v(3)1 (l/2)− L2
c v(5)1 (l/2) = v(3)2 (l/2)− L2

c v(5)2 (l/2) (22a)

v(2)1 (l/2)− L2
c v(4)1 (l/2) +

M
IE

= v(2)2 (l/2)− L2
c v(4)2 (l/2) (22b)
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Figure 5. Nanobeam containing a loading discontinuity in the midsection due to a concentrated
couple M, with the beam ends: (a) double-clamped and (b) simply-supported.

The maximum deflection, as the absolute value, |vmax| is attained at the nanobeam
points x1 = l/3 and x2 = 2l/3.

The transversal displacement is normalised with respect to the absolute value of
the maximum deflection according to the classical local Bernoulli–Euler solution, that is,
v∗1(x) = v1(x)/

∣∣M · l2/216EI
∣∣ and v∗2(x) = v2(x)/

∣∣M · l2/216EI
∣∣.

Such a normalised displacement is plotted in Figure 6 against the dimensionless
abscissa x/l for the five values of the mixture parameter (that is, α = 0.00, 0.25, 0.5, 0.75 and
1.00) and two values of the dimensionless characteristic length, that is, λ = 0.1 (Figure 6a)
and λ = 0.5 (Figure 6b).

Analogously, Figure 5b shows a nanobeam of a length l with simply-supported
extremities and subjected to a concentrated couple M in the midsection. In such a case, the
eight suitable boundary conditions are:

(i) the four kinematic boundary conditions (KBCs) of Equation (20a–d);
(ii) the two static boundary conditions (SBCs) at the nanobeam extremities of Equation (21a,b);
(iii) and the two static boundary conditions (SBCs) at the internal discontinuity point of

Equation (22a,b).

Additionally, in this case, the maximum deflection, as the absolute value, |vmax| is
attained at the nanobeam points x1 =

√
3 · l/6 and x2 =

(
6−
√

3
)
· l/6.
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Figure 6. Double-clamped nanobeam (see Figure 5a): normalised transversal displacement against
the dimensionless abscissa, x/l, for (a) λ = 0.1 and (b) λ = 0.5. Five different values of α

were analysed.

The transversal displacement is then normalised with respect to the absolute value of
the maximum deflection according to the classical local Bernoulli–Euler solution, that is,
v∗1(x) = v1(x)/

∣∣∣√3Fl2/216EI
∣∣∣ and v∗2(x) = v2(x)/

∣∣∣√3Fl2/216EI
∣∣∣.

Such a normalised displacement is plotted in Figure 7 against the dimensionless ab-
scissa x/l for the five values of the mixture parameter and two values of the dimensionless
characteristic length, that is, λ = 0.1 (Figure 7a) and λ = 0.5 (Figure 7b).

It is interesting to observe that, in the case of the double-clamped nanobeam, the
normalised transversal displacement strongly depends on both the mixture parameter,
α and the dimensionless characteristic length, λ, showing a decrease of about 52% for
λ = 0.1 (Figure 6a) and of about 96% for λ = 0.5 (Figure 6b) when α = 0.0 and x/l = l/3
or x/l = 2l/3. In contrast, such a decrease was lower in the case of the simply-supported
nanobeam, since it is equal to about 26% for λ = 0.1 (Figure 7a) and of about 86% for
λ = 0.5 (Figure 7b) when α = 0.0 and x/l =

√
3/6 or x/l =

(
6−
√

3
)

/6.
Consequently, the nanobeams generally show a stiffer behaviour with respect to

large-scale beams.
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Figure 7. Simply-supported nanobeam (see Figure 5b): normalised transversal displacement against
the dimensionless abscissa, x/l, for (a) λ = 0.1 and (b) λ = 0.5. Five different values of α

were analysed.

3.3. Nanobeams with a Non-Uniform Distributed Load

Finally, the last two case studies considered a nanobeam with a length l subjected to a
non-uniform distributed load q (q = const.), as shown in Figure 8.

In particular, in the first case, a double-clamped nanobeam was considered and the
internal loading discontinuity was in the midsection (i.e., x = l/2, Figure 8a). According to
the above dissertation, the nanobeam transversal displacement was obtained by consider-
ing in addition to both Equation (16a,b) (CBCs) and Equation (17a,b) (CCCs), the following
conditions:

(i) the six kinematic boundary conditions (KBCs) of Equation (18a–f);
(ii) and two static boundary conditions (SBCs):

v(3)1 (l/2)− L2
c v(5)1 (l/2) = v(3)2 (l/2)− L2

c v(5)2 (l/2) (23a)

v(2)1 (l/2)− L2
c v(4)1 (l/2) + αL2

c
q

IE
= v(2)2 (l/2)− L2

c v(4)2 (l/2) (23b)

As can be noted, particular attention is paid to the definition of the second SBC, since,
by imposing the continuity of the bending moment at the point x = l/2, the second-order
derivative of the bending moment is also added in the equation, with it being different from
zero. More precisely, the bending moment is defined, according to Equation (15a,b), as:
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M1(x) = IE

[
v(2)1 (x)− L2

c v(4)1 (x) + αL2
c

M(2)
1 (x)
IE

]
(24a)

M2(x) = IE

[
v(2)2 (x)− L2

c v(4)2 (x) + αL2
c

M(2)
2 (x)
IE

]
(24b)
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Figure 8. Nanobeam containing a loading discontinuity in the midsection due to a non-uniform
distributed load q with the beam ends: (a) double-clamped and (b) simply-supported.

Due to the particular loading configuration, M(2)
1 (x) = q, whereas M(2)

2 (x) = 0.
Consequently, by equating the two bending moments of Equation (24a,b) for x = l/2, the
SBC of Equation (23b) can be obtained.

The maximum deflection vmax was attained at the nanobeam point x ' 0.443 · l.
The transversal displacement was then normalised with respect to the max-

imum deflection according to the classical local Bernoulli–Euler solution, that is,
v∗1(x) = v1(x)/

(
1.34 · 10−3ql4/EI

)
and v∗2(x) = v2(x)/

(
1.34 · 10−3ql4/EI

)
.

Such a normalised displacement is plotted in Figure 9 against the dimensionless abscissa
x/l for the five values of the mixture parameter (that is, α = 0.00, 0.25, 0.50, 0.75 and 1.00)
and two values of the dimensionless characteristic length, that is, λ = 0.1 (Figure 9a) and
λ = 0.5 (Figure 9b).

Analogously, Figure 8b shows a nanobeam of a length l with simply-supported extremi-
ties and subjected to a non-uniform distributed load q (q = const.) with internal discontinuity
at the point x = l/2. In these cases, the eight suitable boundary conditions are:

(i) the four kinematic boundary conditions (KBCs) of Equation (20a–d);
(ii) two static boundary conditions (SBCs) at the nanobeam extremities:

v(2)1 (0)− L2
c v(4)1 (0) + αL2

c
q

IE
= 0 (25a)

v(2)2 (l)− L2
c v(4)2 (l) = 0 (25b)

(iii) and the two static boundary conditions (SBCs) at the internal discontinuity point of
Equation (23a,b).
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Figure 9. Double-clamped nanobeam (see Figure 8a): normalised transversal displacement against
the dimensionless abscissa, x/l, for (a) λ = 0.1 and (b) λ = 0.5. Five different values of α

were analysed.

Furthermore, in this case, particular attention was paid to the definition of Equation (25a),
since by imposing M1(0) = 0, the second-order derivative of the bending moment can also

be introduced, with it being different from zero (M(2)
1 (x) = q).

The maximum deflection vmax was attained at the nanobeam point x ' 0.460 · l.
The transversal displacement was then normalised with respect to the max-

imum deflection according to the classical local Bernoulli-Euler solution, that is,
v∗1(x) = v1(x)/

(
6.56 · 10−3ql4/EI

)
and v∗2(x) = v2(x)/

(
6.56 · 10−3ql4/EI

)
.

Such a normalised displacement is plotted in Figure 10 against the dimensionless ab-
scissa x/l for the five values of the mixture parameter and two values of the dimensionless
characteristic length, that is, λ = 0.1 (Figure 10a) and λ = 0.5 (Figure 10b).

It is interesting to observe that, in the case of the double-clamped nanobeam, the
normalised transversal displacement strongly depends on both the mixture parameter, α
and the dimensionless characteristic length, λ, showing a decrease of about 42% for λ = 0.1
(Figure 9a) and of about 92% for λ = 0.5 (Figure 9b) when α = 0.0 and x/l ' 0.443. In
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contrast, such a decrease was lower in the case of the simply-supported nanobeam, since it
was equal to about 8% for λ = 0.1 (Figure 10a) and of about 49% for λ = 0.5 (Figure 10b)
when α = 0.0 and x/l ' 0.460.

Consequently, the nanobeams generally show a stiffer behaviour with respect to
large-scale beams.
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Figure 10. Simply-supported nanobeam (see Figure 8b): normalised transversal displacement
against the dimensionless abscissa x/l for (a) λ = 0.1 and (b) λ = 0.5. Five different values of α

were analysed.

4. Application: Cracked Nanobeam

In the present section, a centrally-cracked nanobeam (CCN) was considered. The
CCN, with a rectangular cross-section with thickness, 2h, and width, b, contains a central
crack with length, l, and is subjected to a pair of concentrated forces at the half crack length
(Figure 11a).

The presence of the crack may be conveniently modelled by assuming it as a pair
of double-clamped nanobeams having a length equal to the cracked one, as shown in
Figure 11b [51]. The deformed crack faces of the pair of double-clamped nanobeams
under the action of the external loads may be analysed by computing the deflection of the
two identical clamped-clamped nanobeams. By taking advantage of the symmetry, a single
double-clamped nanobeam was considered (i.e., the upper one in Figure 11b), where the
solution of such a problem in terms of transversal displacement was previously presented
in Section 3.1.
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Figure 11. Centrally-cracked nanobeam: (a) geometry and (b) where the crack is schematised as a
double clamped-clamped nanobeam.

The maximum crack opening displacement (COD), δ, may be computed as two-times
the deflection at the half length of the double-clamped nanobeam, that is,
δ = 2 · v1(l/2) = 2 · v2(l/2). The COD is conveniently normalised with respect to the well-
known classical local Bernoulli–Euler solution, that is, δ∗ = δ/

(
2 · Fl3

192IE

)
, and plotted in

Figure 12a against the dimensionless characteristic length λ for five values of the mixture
parameter (that is, α = 0.00, 0.25, 0.50, 0.75 and 1.00).

As can be observed, the normalised COD, δ∗, decreases by increasing the value of λ
for all the considered values of the mixture parameter, with the exception of α = 1.0 (thick
line), for which δ∗ = 1.0 (local Bernoulli–Euler problem). The nanobeam also behaves
like a large scale beam when λ = 0.0, whereas the effect of nonlocality is maximum when
λ = 1.0 and α = 0.0 (thin continuous line), with a maximum decrease in the COD equal
to about 95%, corresponding to the case of the full nonlocal model. Consequently, it is
possible to observe that in a centrally-cracked nanobeam, the crack is less open than in a
large-scale one.
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Figure 12. Centrally-cracked nanobeam: (a) normalised COD, δ∗, (b) normalised energy release rate,
G∗, and (c) normalised stress intensity factor, K∗, against the dimensionless characteristic length, λ.
Five different values of α were analysed.

Finally, by increasing α from 0.0 to 1.0, δ∗ progressively increases up to the limit value
equal to 1.0 (pure local problem).

Energy Release Rate and Stress Intensity Factor

The energy release rate per unit width (or crack extension force), ERR, is determined
by deriving the total strain energy stored in the deformed cracked nanobeam with respect
to the crack length l:

G =
1
b

dW
dl

(26)

with the work done by the two external forces, F, expressed as:

W = 2
[

1
2

Fv1(l)
]
= 2

[
1
2

Fv2(l)
]

(27)

The above energy release rate of Equation (26) is then normalised with respect to the
classical local solution, GC =

(
F2l2)/(64bEI), so that:

G∗ =
G

(F2l2)/(64bEI)
(28)

Such a normalised ERR is then plotted in Figure 12b against the dimensionless charac-
teristic length, λ , for different values of α . It is interesting to note that the normalised ERR,
G∗, always decreases by increasing λ for all the considered values of the mixture parameter,
with the exception of α = 1.0 (thick line), for which G∗ = 1.0 (i.e., local Bernoulli–Euler



Nanomaterials 2021, 11, 2651 17 of 19

problem). This decrease was quicker for small values of α, reaching its maximum equal
to about 94% when α was equal to 0.0 (thin continuous line) and λ tending to unity 1.0.
From Figure 12b, it is possible to conclude that, in a centrally-cracked nanobeam (λ 6= 0.0
and α 6= 1.0), the energy delivered for an additional crack of size dl is lower than that
corresponding to a crack in a large-scale centrally-cracked beam, where the crack growth
also depends on the material characteristic length, Lc.

Finally, the stress intensity factor (SIF) for CCN is computed by exploiting the its
relationship with the energy release rate per unit width by assuming, for the sake of
simplicity, a plane stress state:

K =
√

EG (29)

where E is the elastic modulus of the material.
Even in this case, it is more convenient to introduce a normalised quantity by dividing the

above SIF by the well-known classical local Bernoulli–Euler solution, KC = (Fl/8)
√
(bI)−1,

as:
K∗ =

K

(Fl/8)
√
(bI)−1

(30)

In Figure 12c, the normalised SIF is plotted against λ for different values of α . Similar
comments may be made for K∗ and the maximum decrement (of 80%) was observed when
α = 0.0 and λ tends to 1.0 (thin continuous line).

5. Conclusions

In the present paper, the two-phase local/nonlocal stress-driven integral model was
extended in order to consider the internal discontinuities caused, for instance, by concen-
trated forces and/or couples, non-uniform distributed loads, discontinuity in the beam
geometry, internal supports/constrains, and so on. To this aim, the original two-phase
local/nonlocal SDM formulation, which avoids internal discontinuities, was revised.

The presented formulation was validated by considering six case studies, that is,
two nanobeam constrain configurations (i.e., double-clamped and simply-supported
nanobeams) and for each of them, three loading configurations (i.e., a concentrated force
and a couple applied at the nanobeam midsection, and a non-uniform distributed load).
For the above cases, the displacement field was determined and the effect of nonlocality
by means of both the dimensionless characteristic length and mixture parameter was
discussed by observing that:

(i) high degree of nonlocality, that is, greater values of the dimensionless characteristic
length and small values of the mixture parameter cause a stiffer behaviour of the
nanobeam with respect to the large-scale counterpart, especially for the double-
clamped nanobeams;

(ii) by increasing the value of the mixture parameter up to the unit, the nanobeam behaves
as a large-scale beam according to the classical local Bernoulli–Euler model; and

(iii) the combined use of both mixture parameter and dimensionless characteristic length
allows us to improve the applicability of the SDM. This is possible, since, while the
dimensionless characteristic length depends on the material microstructures through
the characteristic length, Lc, and this parameter is a constant for a nanobeam with a
fixed length and made of a given material, so the mixture parameter may be calibrated
in order to properly describe the behaviour of real nanostructures.

Finally, a centrally-cracked nanobeam, subjected to concentrated forces at the crack
half-length, was studied. The crack opening displacement was computed by varying both
dimensionless characteristic length and mixture parameter values, whereas the energy
release rate and the stress intensity factor were determined by employing the compliance
method and the linear elastic fracture mechanics concepts. From the obtained results, it was
observed that the analysed fracture properties vary significantly with the dimensionless
characteristic length of the material, manifesting the so-called small-scale effect. As a
matter of fact, the crack growth depends not only on the crack length (like in a large-scale
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cracked beam), but also on the characteristic length of the material. Moreover, the energy
release rate strongly decreases by increasing the nonlocality, showing the potential superior
fracture performance of nanobeams with respect to large-scale beams.

Author Contributions: Conceptualization, D.S. and S.V.; formal analysis, R.L. All authors have read
and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Bhushan, B. Nanotribology and nanomechanics of MEMS/NEMS and BioMEMS/BioNEMS materials and devices. Microelectron.

Eng. 2007, 84, 387–412. [CrossRef]
2. Rezaiee-Pajand, M.; Mokhtari, M. Size dependent buckling analysis of nano sandwich beams by two schemes. Mech. Adv. Mater.

Struct. 2020, 27, 975–990. [CrossRef]
3. Ferreira, M.C.; Pimentel, B.; Andrade, V.; Zverev, V.; Gimaev, R.R.; Pomorov, A.S.; Pyatakov, A.; Alekhina, Y.; Komlev, A.;

Makarova, L.; et al. Understanding the dependence of nanoparticles magnetothermal properties on their size for hyperthermia
applications: A case study for la-sr manganites. Nanomaterials 2021, 11, 1826. [CrossRef] [PubMed]

4. Du, B.W.; Chu, C.Y.; Lin, C.C.; Ko, F.H. The multifunctionally graded system for a controlled size effect on iron oxide–gold based
core-shell nanoparticles. Nanomaterials 2021, 11, 1695. [CrossRef] [PubMed]

5. Jin, X.; Wen, X.; Lim, S.; Joshi, R. Size-dependent ion adsorption in graphene oxide membranes. Nanomaterials 2021, 11, 1676.
[CrossRef]

6. Phung-Van, P.; Ferreira, A.J.M.; Nguyen-Xuan, H.; Thai, C.H. Scale-dependent nonlocal strain gradient isogeometric analysis of
metal foam nanoscale plates with various porosity distributions. Compos. Struct. 2021, 268, 113949. [CrossRef]

7. Fang, T.H.; Li, W.L.; Tao, N.R.; Lu, K. Revealing Extraordinary Intrinsic Tensile Plasticity in Gradient Nano-Grained Copper.
Science 2011, 331, 1587–1590. [CrossRef]

8. Wu, X.L.; Jiang, P.; Chena, L.; Yuan, F.; Zhu, Y.T. Extraordinary strain hardening by gradient structure. Proc. Natl. Acad. Sci. USA
2014, 111, 7197–7201. [CrossRef]

9. Peng, C.; Zhan, Y.; Lou, J. Size-dependent fracture mode transition in copper nanowires. Small 2012, 8, 1889–1894. [CrossRef]
10. Li, X.F.; Wang, B.L. Bending and fracture properties of small scale elastic beams—A nonlocal analysis. Appl. Mech. Mater. 2012,

152–154, 1417–1426. [CrossRef]
11. Yan, Z.; Jiang, L. Size-dependent bending and vibration behaviour of piezoelectric nanobeams due to flexoelectricity. J. Phys. D

Appl. Phys. 2013, 46, 355502. [CrossRef]
12. Li, Y.S.; Ma, P.; Wang, W. Bending, buckling, and free vibration of magnetoelectroelastic nanobeam based on nonlocal theory. J.

Intell. Mater. Syst. Struct. 2016, 27, 1139–1149. [CrossRef]
13. Wang, Y.; Xie, K.; Fu, T.; Shi, C. Bending and elastic vibration of a novel functionally graded polymer nanocomposite beam

reinforced by graphene nanoplatelets. Nanomaterials 2019, 9, 1690. [CrossRef] [PubMed]
14. Malikan, M.; Eremeyev, V.A. On nonlinear bending study of a piezo-flexomagnetic nanobeam based on an analytical-numerical

solution. Nanomaterials 2020, 10, 1762. [CrossRef] [PubMed]
15. Vaccaro, M.S.; Pinnola, F.P.; de Sciarra, F.M.; Barretta, R. Elastostatics of bernoulli–euler beams resting on displacement-driven

nonlocal foundation. Nanomaterials 2021, 11, 573. [CrossRef]
16. Ugolotti, A.; Di Valentin, C. Ab-initio spectroscopic characterization of melem-based graphitic carbon nitride polymorphs.

Nanomaterials 2021, 11, 1863. [CrossRef]
17. Bellussi, F.M.; Sáenz Ezquerro, C.; Laspalas, M.; Chiminelli, A. Effects of graphene oxidation on interaction energy and interfacial

thermal conductivity of polymer nanocomposite: A molecular dynamics approach. Nanomaterials 2021, 11, 1709. [CrossRef]
18. Liu, D. Free vibration of functionally graded graphene platelets reinforced magnetic nanocomposite beams resting on elastic

foundation. Nanomaterials 2020, 10, 2193. [CrossRef]
19. Kiani, K.; Żur, K.K. Dynamic behavior of magnetically affected rod-like nanostructures with multiple defects via nonlocal-

integral/differential-based models. Nanomaterials 2020, 10, 2306. [CrossRef] [PubMed]
20. Monaco, G.T.; Fantuzzi, N.; Fabbrocino, F.; Luciano, R. Critical temperatures for vibrations and buckling of magneto-electro-elastic

nonlocal strain gradient plates. Nanomaterials 2021, 11, 1–18.
21. Penna, R.; Feo, L.; Fortunato, A.; Luciano, R. Nonlinear free vibrations analysis of geometrically imperfect FG nano-beams based

on stress-driven nonlocal elasticity with initial pretension force. Compos. Struct. 2021, 255, 112856. [CrossRef]
22. Lu, L.; Wang, S.; Li, M.; Guo, X. Free vibration and dynamic stability of functionally graded composite microtubes reinforced

with graphene platelets. Compos. Struct. 2021, 272, 114231. [CrossRef]
23. Arefi, M. Electro-mechanical vibration characteristics of piezoelectric nano shells. Thin-Walled Struct. 2020, 155, 106912. [CrossRef]
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