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A Sequential Algorithm for Jerk Limited
Speed Planning

Luca Consolini

Abstract—In this article, we discuss a sequential algorithm
for the computation of a minimum-time speed profile over a
given path, under velocity, acceleration, and jerk constraints.
Such a problem arises in industrial contexts, such as automated
warehouses, where LGVs need to perform assigned tasks as
fast as possible in order to increase productivity. It can be
reformulated as an optimization problem with a convex objective
function, linear velocity and acceleration constraints, and non-
convex jerk constraints, which, thus, represents the main source
of the difficulty. While existing nonlinear programming (NLP)
solvers can be employed for the solution of this problem, it turns
out that the performance and robustness of such solvers can be
enhanced by the sequential line-search algorithm proposed in
this article. At each iteration, a feasible direction, with respect
to the current feasible solution, is computed, and a step along
such direction is taken in order to compute the next iterate. The
computation of the feasible direction is based on the solution
of a linearized version of the problem, and the solution of the
linearized problem, through an approach that strongly exploits
its special structure, represents the main contribution of this
work. The efficiency of the proposed approach with respect to
existing NLP solvers is proven through different computational
experiments.

Note to Practitioners—This article was motivated by the needs
of LGV manufacturers. In particular, it presents an algorithm for
computing the minimum-time speed law for an LGV along a pre-
assigned path, respecting assigned velocity, acceleration, and jerk
constraints. The solution algorithm should be: 1) fast, since speed
planning is made continuously throughout the workday, not only
when an LGV receives a new task but also during the execution of
the task itself, since conditions may change, e.g., if the LGV has to
be halted for security reasons and 2) reliable, i.e., it should return
solutions of high quality, because a better speed profile allows
to save time and even small percentage improvements, say a 5%
improvement, has a considerable impact on the productivity of
the warehouse, and, thus, determines a significant economic gain.
The algorithm that we propose meets these two requirements, and
we believe that it can be a useful tool for LGV manufacturers
and users. It is obvious that the proposed method also applies
to the speed planning problem for vehicles other than LGVs,
e.g., road vehicles.
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I. INTRODUCTION

N IMPORTANT problem in motion planning is the

computation of the minimum-time motion of a car-like
vehicle from a start configuration to a target one while avoid-
ing collisions (obstacle avoidance) and satisfying kinematic,
dynamic, and mechanical constraints (for instance, on veloci-
ties, accelerations, and maximal steering angle). This problem
can be approached in two ways.

1) As a minimum-time trajectory planning, where both the
path to be followed by the vehicle and the timing law
on this path (i.e., the vehicle’s velocity) are simultane-
ously designed. For instance, one could use the RRT*
algorithm (see [1]).

2) As a (geometric) path planning followed by a minimum-
time speed planning on the planned path (see [2]).

In this article, following the second paradigm, we assume
that the path that joins the initial and the final configuration
is assigned, and we aim at finding the time-optimal speed
law that satisfies some kinematic and dynamic constraints.
The problem can be reformulated as an optimization problem,
and it is quite relevant from the practical point of view.
In particular, in automated warehouses, the speed of LGVs
needs to be planned under acceleration and jerk constraints.
As previously mentioned, the solution algorithm should be
both fast and reliable. In our previous work [3], we proposed
an optimal time-complexity algorithm for finding the time-
optimal speed law that satisfies constraints on maximum veloc-
ity and tangential and normal acceleration. In the subsequent
work [4], we included a bound on the derivative of the
acceleration with respect to the arc length. In this article,
we consider the presence of jerk constraints (constraints on the
time derivative of the acceleration). The resulting optimization
problem is nonconvex and, for this reason, is significantly
more complex than the ones that we discussed in [3] and [4].
The main contribution of this work is the development of a
line-search algorithm for this problem based on the sequential
solution of convex problems. The proposed algorithm meets
both requirements of being fast and reliable. The former
is met by heavily exploiting the special structure of the
optimization problem, the latter by the theoretical guarantee
that the returned solution is a first-order stationary point (in
practice, a local minimizer) of the optimization problem.

1545-5955 © 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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A. Problem Statement

Here, we introduce the problem at hand more formally.
Let y:[0,s/] — R? be a smooth function. The image set
v ([0, s¢]) is the path to be followed, p (0) the initial configu-
ration, and p (s ) the final one. Function y has arc-length para-
meterization, such that (VA € [0,s/]), [y’ (A)]l = 1. In this
way, s is the path length. We want to compute the speed-law
that minimizes the overall transfer time (i.e., the time needed to
go from y(0) to y(s¢)). To this end, let 1:[0,7¢] — [0, s¢] be
a differentiable monotone increasing function that represents
the vehicle’s arc-length position along the curve as a function
of time, and let v:[0,s7] — [0, 4o00[ be such that (V¢ €
[0,2/]) A(t) = v(A(t)). In this way, v(s) is the derivative of the
vehicle arc-length position, which corresponds to the norm of
its velocity vector at position s. The position of the vehicle as
a function of time is given by x:[0, #;] — R?, x(¢) = y (A(1)).
The velocity and acceleration are given, respectively, by

x(1) = y' (L))o (A1)
X(1) = ar(Oy' (A1) + an Oy (A1)
where ar (1) = v’ (A@)v(A(t)) and ay(t) = k(A(t)o(A(r))?

are, respectively, the tangential and normal components of the
acceleration (i.e., the projections of the acceleration vector
X on the tangent and the normal to the curve). Moreover
y'+(2) is the normal to vector y’(1) and the tangent of p’
at A. Here, k:[0, 5] — R is the scalar curvature, defined as
k(s) =< p"(s), y'(s)* >. Note that |[k(s)| = ||¥”(s)||. In the
following, we assume that k(s) € C!([0,s/],IR). The total
maneuver time, for a given velocity profile v € C!([0, 5s/], R),
is returned by the functional

sy
F:C'([0,s/].R) > R, F(v) :/ v (s)ds. (1)
0
In our previous work [3], we considered the problem
(2)

e F(@©)

where the feasible region V c C'([0, sr], R) is defined by the
following set of constraints:

0v(0) = 0, v(sf) =0 (3a)

0 < 0(s) < Umax» S €[0,5/] (3b)
'(s)o(s)] < A, s €][0,s/] (3¢c)
lk(s)|o(s)* < Ay, s €[0,s/] (3d)

where omax, A, and Ay are upper bounds for the velocity, the
tangential acceleration, and the normal acceleration, respec-
tively. Constraints (3a) are the initial and final interpolation
conditions, while constraints (3b)—(3d) limit velocity and the
tangential and normal components of acceleration. In [3],
we presented an algorithm, with linear-time computational
complexity with respect to the number of variables, which
provides an optimal solution of (2) after spatial discretiza-
tion. One limitation of this algorithm is that the obtained
velocity profile is Lipschitz! but not differentiable so that
the vehicle’s acceleration is discontinuous. With the aim

A function f:R — R is Lipschitz if there exists a real positive constant L
such that (Vx,y € R) |f(x) — f(»)| = L|x — yl.
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of obtaining a smoother velocity profile, in the subsequent
work [4], we required that the velocity be differentiable, and
we imposed a Lipschitz condition (with constant J) on its
derivative. In this way, after setting w = v?, the feasible region
of the problem W C C!([0, srl, R) is defined by the set of
functions w € C'([0, sr], R) that satisfy the following set of
constraints:

w(0) =0, w(s;)=0 (4a)

0 < w(s)<ovmy s€[0s;] (@b)
%|w/(s)| <A, sel0,s/] (4c)
lk(s)lw(s) < Ay, s €[0,s7] (4d)

[w'(s1) — w'(s2)] < Jls1 — s2l, 81,52 € [0,57]. (de)
Then, we end up with the problem

min G(w
wew ( )

)

where the objective function is
S
G:C'([0,5/].R) > R, G(w)= / w' P (s)ds. (6)
0

The objective function (6) and constraints (4a)—(4d) cor-
respond to the ones in problem (2) after the substitution
w = v>. Note that this change of variable is well known in
the literature. It has been first proposed in [5], while, in [6],
it is observed that Problem (2) becomes convex after this
change of variable. The added set of constraints (4e) is a
Lipschitz condition on the derivative of the squared velocity w.
It is used to enforce a smoother velocity profile by bounding
the second derivative of the squared velocity with respect
to arc length. Note that constraints (4) are linear, and the
objective function (6) is convex. In [4], we proposed an
algorithm for solving a finite-dimensional approximation of
Problem (4). The algorithm exploited the particular structure
of the resulting convex finite-dimensional problem. This article
extends the results of [4]. It considers a nonconvex varia-
tion of Problem (4), in which constraint (4e) is substituted
with a constraint on the time derivative of the acceleration
la(t)| = J, where a(r) = (d/dt)v(A(1)) = o' (A()v (A1) =
(1/2)w’(A(t)). Then, we set

1
Ju@) =a(r) = Ew”(S(t))x/ (w(s(1))).

This quantity is commonly called “jerk.” Bounding the
absolute value of jerk allows to avoid sudden changes of
acceleration and obtain a smoother motion. Then, we end up
with the following minimum-time problem.

Problem 1 (Smooth Minimum-Time Velocity Planning
Problem: Continuous Version):

Sy
min / w(s)™"?ds
0

weC?
w(©0) =0, w(ss)=0
0<w(s)<u'(s), sel0,s/]

%|w/(s)| <A, se [O,sf] 7
1
—w"(s)yw(s)| < J s€[0,s/] (8)
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where u is the square velocity upper bound depending on
the shape of the path, i.e.,

+(s) = mini v2 ﬂ]

o mm{”“‘“’ k(s)]
where vm.x, Ay, and k are the maximum vehicle velocity,
the maximum normal acceleration, and the path curvature,
respectively. Parameters A and J are the bounds represent-
ing the limitations on the (tangential) acceleration and the
jerk, respectively. For the sake of simplicity, we consider
constraints (7) and (8) symmetric and constant. However, the
following development could be easily extended to the non-
symmetric and nonconstant case. Note that the jerk con-
straint (8) is nonconvex. The continuous problem is discretized
as follows. We subdivide the path into n — 1 intervals of
equal length, i.e., we evaluate function w at points s; =
(i —=1sp)/(n—=1),i = 1,...,n, so that we have the fol-
lowing n-dimensional vector of variables:

W= (wy, W, ..., w,) = (w(s1), w(s2), ..., wW(sH))-

Then, the finite dimensional version of the problem is given
as follows.

Problem 2 (Smooth  Minimum-Time
Problem: Discretized Version):

Velocity Planning

. n—1 2%
min _ 9
weR” p /Wi + JWw;
O0<w<u (10)
wi+1—wi§2hA, i=1,...,n—1 (11)
wi—wi+1§2hA, i=1,...,n—1 (12)
g.
(wi—1 — 2w; + wiy1) IELW) < 2h*J
i=2,....,n—1 (13)
¢
—(wi—1 — 2w; + wiy1) ELW) <2h*J
i=2,. . .,n—1 (14)
where
(W) = wiy1 + wi— + 2w; (15)
while u; = u*(s;), for i = 1,...,n, and, in particular,

u; = 0 and u, = 0 since we are assuming that the initial
and final velocities are equal to 0. The objective function (9)
is an approximation of (6) given by the Riemann sum of
the intervals obtained by dividing each interval [s;, s;+], for
1,...,n — 1, in two subintervals of the same size.
Constraints (11) and (12) are obtained by a finite difference
approximation of w’. Constraints (13) and (14) are obtained by
using a second-order central finite difference to approximate
w”, while w is approximated by a weighted arithmetic mean
of three consecutive samples. Due to jerk constraints (13)
and (14), Problem 2 is nonconvex and cannot be solved with
the algorithm presented in [4].

I =

B. Main Result

The main contribution of this article is the development of
a new solution algorithm for finding a local minimum of the

nonconvex Problem 2. As detailed in next ¢.<..ons, we propose
to solve Problem 2 by a line-search algorithm based on the
sequential solution of convex problems. The algorithm is an
iterative one where the following operations are performed at
each iteration.

1) Constraint Linearization: We first define a convex prob-
lem by linearizing constraints (13) and (14) through a first-
order Taylor approximation around the current point w®.
Different from other sequential algorithms for nonlinear pro-
gramming (NLP) problems, we keep the original convex
objective function. The linearized problem is introduced in
Section II.

2) Computation of a Feasible Descent Direction: The con-
vex problem (actually, a relaxation of such problem) is solved
in order to compute a feasible descent direction §w®). The
main contribution of this article lies in this part. The compu-
tation requires the minimization of a suitably defined objective
function through a further iterative algorithm. At each iteration
of this algorithm, the following operations are performed:

C. Objective Function Evaluation

Such evaluation requires the solution of a problem with
the same objective function but subject to a subset of the
constraints. The special structure of the resulting subproblem
is heavily exploited in order to solve it efficiently. This is the
topic of Section III.

D. Computation of a Descent Step

Some Lagrange multipliers of the subproblem define a
subgradient for the objective function. This can be employed
to define a linear programming (LP) problem that returns a
descent step for the objective function. This is the topic of
Section IV.

Line Search: Finally, a standard line search along the half-
line w® + adw®, o > 0, is performed.

Sections II-1V detail all what we discussed above. Next,
in Section V, we present different computational experiments.

E. Comparison With Existing Literature

Although many works consider the problem of
minimum-time speed planning with acceleration constraints
(see [7]-[9]), relatively few consider jerk constraints. Perhaps,
this is also due to the fact that the jerk constraint is nonconvex
so that its presence significantly increases the complexity of
the optimization task. One can use a general-purpose NLP
solver (such as SNOPT or IPOPT) for finding a local solution
of Problem 2, but the required time is, in general, too large for
the speed planning application. As outlined in Section I-D,
in this work, we tackle this problem through an approach
based on the solution of a sequence of convex subproblems.
There are different approaches in the literature based on the
sequential solution of convex subproblems. In [10], it is first
observed that the problem with acceleration constraints but no
jerk constraints for robotic manipulators can be reformulated
as a convex one with linear constraints, and it is solved
by a sequence of LP problems obtained by linearizing the
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objective function at the current point, i.e., the objective
function is replaced by its supporting hyperplane at the
current point, and by introducing a trust region centered at the
current point. In [11] and [12], it is further observed that this
problem can be solved very efficiently through the solution
of a sequence of 2-D LP problems. In [13], an interior point
barrier method is used to solve the same problem based on
Newton’s method. Each Newton step requires the solution of
a KKT system, and an efficient way to solve such systems
is proposed in that work. Moving to approaches also dealing
with jerk constraints, we mention [14]. In this work, it is
observed that jerk constraints are nonconvex but can be
written as the difference between two convex functions.
Based on this observation, the authors solve the problem by
a sequence of convex subproblems obtained by linearizing
at the current point the concave part of the jerk constraints
and by adding a proximal term in the objective function that
plays the same role as a trust region, preventing from taking
too large steps. In [15] a slightly different objective function
is considered. Rather than minimizing the traveling time
along the given path, the integral of the squared difference
between the maximum velocity profile and the computed
velocity profile is minimized. After representing time-varying
control inputs as products of parametric exponential and
polynomial functions, the authors reformulate the problem in
such a way that its objective function is convex quadratic,
while nonconvexity lies in difference-of-convex functions.
The resulting problem is tackled through the solution of a
sequence of convex subproblems obtained by linearizing
the concave part of the nonconvex constraints. In [16], the
problem of speed planning for robotic manipulators with jerk
constraints is reformulated in such a way that nonconvexity
lies in simple bilinear terms. Such bilinear terms are replaced
by the corresponding convex and concave envelopes, obtaining
the so-called McCormick relaxation, which is the tightest
possible convex relaxation of the nonconvex problem. Other
approaches dealing with jerk constraints do not rely on
the solution of convex subproblems. For instance, in [17],
a concatenation of fifth-order polynomials is employed to
provide smooth trajectories, which results in quadratic jerk
profiles, while, in [18], cubic polynomials are employed,
resulting in piecewise constant jerk profiles. The decision
process involves the choice of the phase durations, i.e.,
of the intervals over which a given polynomial applies. A
very recent and interesting approach to the problem with
jerk constraints is [19]. In this work, an approach based
on numerical integration is discussed. Numerical integration
has been first applied under acceleration constraints in [20]
and [21]. In [19], jerk constraints are taken into account. The
algorithm detects a position s along the trajectory where the
jerk constraint is singular, that is, the jerk term disappears
from one of the constraints. Then, it computes the speed
profile up to s by computing two maximum jerk profiles and
then connecting them by a minimum jerk profile, found by a
shooting method. In general, the overall solution is composed
of a sequence of various maximum and minimum jerk
profiles. This approach does not guarantee reaching a local
minimum of the traversal time. Moreover, since Problem 4

IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING

has velocity and acceleration constraints, the jerk constraint
is singular for all values of s so that the algorithm presented
in [19] cannot be directly applied to Problem 4.

Some algorithms use heuristics to quickly find sub-
optimal solutions of acceptable quality. For instance,
Villagra et al. [22] propose an algorithm that applies to curves
composed of clothoids, circles, and straight lines. The algo-
rithm does not guarantee the local optimality of the solution.
Raineri and Guarino Lo Bianco [23] present an efficient
heuristic algorithm. Also, this method does not guarantee
global nor local optimality. Various works in the literature
consider jerk bounds in the speed optimization problem for
robotic manipulators instead of mobile vehicles. This is a
slightly different problem but mathematically equivalent to
Problem (1). In particular, paper [24] presents a method based
on the solution of a large number of nonlinear and nonconvex
subproblems. The resulting algorithm is slow due to a large
number of subproblems; moreover, the authors do not prove its
convergence. Zhang et al. [25] propose a similar method that
gives a continuous-time solution. Again, the method is com-
putationally slow since it is based on the numerical solution of
a large number of differential equations; moreover, this article
does not contain proof of convergence or local optimality.
Some other works replace the jerk constraint with pseudo-
Jjerk, that is, the derivative of the acceleration with respect
to arc length, obtaining a constraint analogous to (4e) and
ending up with a convex optimization problem. For instance,
Zhang et al. [26] add to the objective function a pseudo-jerk
penalizing term. This approach is computationally convenient,
but substituting (8) with (4e) may be overly restrictive at low
speeds.

F. Statement of Contribution

The method presented in this article is a sequential convex
one that aims at finding a local optimizer of Problem 2.
To be more precise, as usual with nonconvex problems, only
convergence to a stationary point can usually be proved.
However, the fact that the sequence of generated feasible
points is decreasing with respect to the objective function
values usually guarantees that the stationary point is a local
minimizer, except in rather pathological cases (see [27, p. 19]).
Moreover, in our experiments, even after running a local solver
from different starting points, we have never been able to
detect local minimizers better than the one returned by the
method we propose. Thus, a possible, nontrivial, topic for
future research could be that of proving the global optimality
of the solution. To the best of our knowledge and as detailed
in the following, this algorithm is more efficient than the ones
existing in the literature since it leverages the special struc-
ture of the subproblems obtained as local approximations of
Problem 2. We discussed this class of problems in our previous
work [28]. This structure allows computing very efficiently a
feasible descent direction for the main line-search algorithm;
it is one of the key elements that allow us to outperform
generic NLP solvers. In summary, the main contributions of
this work are: 1) on the theoretical side, the development of an
approach for which a rigorous mathematical analysis has been
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Initial solution w®
(e.g., w? =0)
Setk=0
!

Solve (a relaxation of) Problem 3 around w®
and let 5w® be its solution

1

v

Perform a line search along
wh 4 asw® € Q
Let a® > 0 be the computed step-length

Setk=k+1

Set WD = wk 4 a(“)ﬁw‘

¥

NO

STOP
Return w®

Fig. 1. Flowchart of algorithm SCA. The dashed block corresponds to a call
of the procedure ComputeUpdate, proposed to solve Problem 3, which
represents the main contribution of this article.

performed, proving a convergence result to a stationary point
(see Section II) and 2) on the computational side, to exploit
heavily the structure of the problem in order to implement the
approach in a fairly efficient way (see Sections III and IV)
so that its computing times outperform those of nonlinear
solvers and are competitive with heuristic approaches that are
only able to return suboptimal solutions of lower quality (see
Section V).

II. SEQUENTIAL ALGORITHM BASED ON CONSTRAINT
LINEARIZATION

To account for the nonconvexity of Problem 2, we propose
a line-search method based on the solution of a sequence of
special structured convex problems. Throughout this article,
we call this algorithm Sequential Convex Algorithm (SCA),
and its flowchart is shown in Fig. 1. It belongs to the class of
Sequential Convex Programming algorithms, where, at each
iteration, a convex subproblem is solved. In what follows,
we denote by Q the feasible region of Problem 2. At each
iteration k, we replace the current point w® e Q with a
new point w® + a®sw® ¢ Q, where the step size a® €
[0, 1] is obtained by a line search along the descent direction
Sw®  which, in turn, is obtained through the solution of a
convex problem. The constraints of the convex problem are
linear approximations of (10)-(14) around w®, while the
objective function is the original one. Then, the problem that
we consider to compute the direction w®) is given in the
following (superscript k of w®) is omitted):

Problem 3:
n—1
2h
min »" (16)
dweR" <= NWwiz1 + 0wyt + Vw; + ow;
Ig < dw <ug (17)
owiy) —ow; <by, i=1,...,.n—1 (18)

ow; —ow;jy <bp;, i=1,...,n—1 (19)

ow; — nidw;_; — Kiow;+1 <bn, i=2,...,n—1
(20)

niow;—1 + niow;+; —ow; <bp, i=2,...,n—1
(21)

where Iy = —w and ug = u — w (recall that u has been
introduced in (10), and its components have been defined
immediately in Problem 2), while parameters n, ba, bp,
bn, and bp depend on the point w around which the con-
straints (10)—(14) are linearized. More precisely, we have

bA,. =2hA — w1 + w;

bpi = 2hA — w; + w; 11
3wit1 + 3wt + 2w;

" 2(wit1 + wi—1 + 6wW;)
8h2J i—1 — 2Ww; i C;
by = e L 20 00 )
2(wip1 + wi—1 + 6w;)
8h2J — (i1 — 2w; + wi VT,
by, = VEW) izt = 201+ W) VG (55

2(wip1 + wi— + 6w;)

where ¢; is defined in (15). The following proposition is an
immediate consequence of the feasibility of w.

Proposition 1: All parameters 1, ba, bp, by, and bp are
nonnegative.

The proposed approach follows some standard ideas of
sequential quadratic approaches employed in the literature
about nonlinearly constrained problems. However, a quite
relevant difference is that the true objective function (9) is
employed in the problem to compute the direction, rather
than a quadratic approximation of such function. This choice
comes from the fact that the objective function (9) has some
features (in particular, convexity and being decreasing), which,
combined with the structure of the linearized constraints,
allows for an efficient solution of Problem 3. Problem 3 is
a convex problem with a nonempty feasible region (§w = 0 is
always a feasible solution) and, consequently, can be solved by
existing NLP solvers. However, such solvers tend to increase
computing times since they need to be called many times
within the iterative algorithm SCA. The main contribution of
this article lies in the routine computeUpdate (see dashed
block in Fig. 1), which is able to solve Problem 3 and effi-
ciently returns a descent direction §w®. To be more precise,
we solve a relaxation of Problem 3. Such relaxation, as well
as the routine to solve it, is detailed in Sections III and IV.
In Section III, we present efficient approaches to solve some
subproblems, including proper subsets of the constraints. Then,
in Section IV, we address the solution of the relaxation of
Problem 3.

Remark 1: 1t is possible to see that, if one of the con-
straints (13) and (14) is active at w*, then, along the
direction w® computed through the solution of the linearized
Problem 3, it holds that w®) +-a§w® e Q for any sufficiently
small & > 0. In other words, small perturbations of the current
solution w® along direction §w® do not lead outside the
feasible region Q. This fact is illustrated in Fig. 2. Let us
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Fig. 2. Constraints (13) and (14) and their linearization (C = 4n% ).

rewrite constraints (13) and (14) as follows:
[ —2y)Vax| < C

where x = £;(W), y = 2w;, and C = 4h*J] is a constant. The
feasible region associated with constraint (23) is reported in
Fig. 2. In particular, it is the region between the blue and red
curves. Suppose that constraint y < (x/2)+(C/2/x) is active
at w®) (the case when y > (x/2) — (C/2/x) is active can
be dealt with in a completely analogous way). If we linearize
such constraint around w®, then we obtain a linear constraint
(black line in Fig. 2), which defines a region completely
contained into the one defined by the nonlinear constraint
y < (x/2)+(C/2/x). Hence, for each direction §w® feasible
with respect to the linearized constraint, we are always able to
perform sufficiently small steps, without violating the original
nonlinear constraints, i.e., for ¢ > 0 small enough, it holds
that w® + adw® € Q.

Constraints (13) and (14) can also be rewritten as follows:

(23)

Wiy + i1 — 2w — 40 T (Li (W)
2w; — Wiy — wig1 — 4> J (L (W)

(24)

)72 <0
)2 <0, (25

Note that the functions on the left-hand side of these
constraints are concave. Now, we can define a variant of
Problem 3 where constraints (20) and (21) are replaced by

the following linearizations of constraints (24) and (25):

—pidwi—1 — Piow;y1 + ow; < by (26)
6;0w; 1 + ;0w — ow; < by, 27)
where
b + 2R3 T (€;(W)) "2
L2 ARt (w))
1202 (W)
pi= 2+ 42T (L (w)) 3
p, = OIIGon)
L2 AR2T (L (w))
Y 6w 08)

B anryiwy)

The following proposition states that constraints (26)
and (27) are tighter than constraints (20) and (21).

IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING

Proposition 2: For all i =2,...,n — 1, it holds that f; <
n; < 6;. Equality #; = 6; holds if the corresponding nonlinear
constraint (24) is active at the current point w. Similarly, n;, =
p; holds if the corresponding nonlinear constraint (25) is active
at the current point w.

Proof: We only prove the results about 6; and #;. Those
about f; and #; are proved in a completely analogous way.
By definition of #; and 6;, we need to prove that

3wips 43w +2wi _ 1+ 2h%J (6:(w))~
wit1 0w +wimt T 2 —4R2J(C;(W))”

After few simple computations, this inequality can be
rewritten as

olw | ol

AR2T(C; (W) "2 > (wi_1 — 2w; + Wis1)

which holds in view of feasibility of w and, moreover, holds
as an equality if constraint (24) is active at the current point
w, as we wanted to prove. O

In view of this result, by replacing constraints (20) and (21)
with (26) and (27), we reduce the search space of the new
displacement §w. On the other hand, the following proposition
states that, with constraints (26) and (27), no line search is
needed along the direction dw, i.e., we can always choose the
step length o = 1.

Proposition 3: If constraints (26) and (27) are employed as
a replacement of constraints (20) and (21) in the definition of
Problem 3, then, for each feasible solution §w of this problem,
it holds that w + éw € Q.

Proof:  For the sake of convenience, let us rewrite

Problem 2 in the following more compact form:

min f(w + dw)

c(w+dw) <0 (29)

where the vector function ¢ contains all constraints
of Problem 2 and the nonlinear ones are given as
in (24) and (25) (recall that, in that case, vector ¢ is a vector of
concave functions). Then, Problem 3 can be written as follows:

min f(w+40ow) ¢(w)+ Ve(w)ow < 0. (30)

Now, it is enough to observe that, by concavity,
c(w+ 8w) < c(w) + Ve(w)ow

so that each feasible solution of (30) is also feasible for (29).
O
The above proposition states that the feasible region of
Problem 3, when constraints (26) and (27) are employed
in its definition, is a subset of the feasible region Q of
the original Problem 2. As a final result of this section,
we state the following theorem, which establishes convergence
of algorithm SCA to a stationary (KKT) point of Problem 2.
Theorem 1: If algorithm SCA is run for an infinite number
of iterations and there exists some positive integer value K
such that for all iterations kK > K, constraints (26) and (27) are
always employed in the definition of Problem 3, and then, the
sequence of points {w®)} generated by the algorithm converges
to a KKT point of Problem 2.
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In order to prove the theorem, we first need to prove some
lemmas.

Lemma 1: The sequence {f(w®)} of the function values
at points generated by algorithm SCA converges to a finite
value.

Proof: The sequence is nonincreasing and bounded from
below, e.g., by the value f(up), in view of the fact that the
objective function f is monotonic decreasing. Thus, it con-
verges to a finite value. (]

Next, we need the following result based on strict convexity
of the objective function f.

Lemma 2: For each 6 > 0 sufficiently small, it holds that

X+Yy

min[max{f(x)» - f(T)

‘X,yeQ, [x—yl 25] > > 0. (1)
Proof: Due to strict convexity, it holds that, Vx #y,

max( 7. /) = 1 (*37) > 0

Moreover, the function is a continuous Next,

we observe that the region

one.

x,yeQ: [x—yl >4}

is a compact set. Thus, by the Weierstrass theorem, the
minimum in (31) is attained, and it must be strictly positive,
as we wanted to prove. (]
Finally, we prove that also the sequence of points generated
by algorithm SCA converges to some point, feasible for
Problem 2.
Lemma 3: It holds that

low® ] = 0.

Proof: Let us assume, by contradiction, that, over some
infinite subsequence with index set /C, it holds that |[ow® || >
2p > 0 for all k € K, i.e.,

[wD — w® > 2p > 0 (32)

where w*D = w® 1 §w®  Over this subsequence, it holds,
by strict convexity, that

FWED) < f(wh) —¢ vkek (33)

for some ¢ > 0. Indeed, it follows by optimality of w® 4
ow® for Problem 3 and convexity of f that

f(w(k-H)) < f(

wlk+D 4 w®

so that

max{ f (W), f (WD)} = f(w).

Then, it follows from (32) and Lemma 2 that we can choose
¢ =¢, > 0. Thus, since (33) holds infinitely often, we should
have f(w®) — —oo, which, however, is not possible in view
of Lemma 1. O

Now, we are ready to prove Theorem 1.

Proof: As a consequence of Lemma 3, it also holds that

wh = weQ. (34)

Indeed, all points w* belong to the compact feasible region
Q so that the sequence {w} admits accumulation points.
However, due to Lemma 3, the sequence cannot have distinct
accumulation points.

Now, let us consider the compact reformulation (29) of
Problem 2 and the related linearization (30), equivalent to
Problem 3 with the linearized constraints (26) and (27). Since
the latter is a convex problem with linear constraints, its local
minimizer ow®) (unique in view of strict convexity of the
objective function) fulfills the following KKT conditions:

Vi (wh +owh) + plve(w®) =0
c(w(k)) + Vc(w(k))éw(k) <0
1l (c(w®) + Ve(w®)ow®) =0

e = 0 (35)

where p, is the vector of Lagrange multipliers. Now, by taking
the limit of system (35), possibly over a subsequence, in order
to guarantee convergence of the multiplier vectors u; to a
vector ji, in view of Lemma 3 and (34), we have that

VW) + i Ve(w) =0
c(w) <0
ile(w)=0
=0

or, equivalently, the limit point W is a KKT point of Problem 2,
as we wanted to prove. 0
Remark 2: In algorithm SCA at each iteration, we solve to
optimality Problem 3. This is indeed necessary for the final
iterations to prove the convergence result stated in Theorem 1.
However, during the first iterations, it is not necessary to solve
the problem to optimality: finding a feasible descent direction
is enough. This does not alter the theoretical properties of the
algorithm and allows to reduce the computing times.

In the rest of this article, we refer to constraints (18) and
(19) as acceleration constraints, while constraints (20) and (21)
[or (26) and (27)] are called (linearized) negative acceleration
rate (NAR) and positive acceleration rate (PAR) constraints,
respectively. Also, note that, in the different subproblems
discussed in the following, we always refer to the linearization
with constraints (20) and (21) and, thus, with parameters
n;, but the same results also hold for the linearization with
constraints (26) and (27) and, thus, with parameters 6; and ;.

III. SUBPROBLEM WITH ACCELERATION AND NAR
CONSTRAINTS

In this section, we propose an efficient method to solve
Problem 3 when PAR constraints are removed. The solution
of this subproblem becomes part of an approach to solve
a suitable relaxation of Problem 3 and, in fact, under very
mild assumptions, to solve Problem 3 itself. This is clarified
in Section IV. We discuss: 1) the subproblem including
only (17) and the acceleration constraints (18) and (19); 2) the
subproblem including only (17) and the NAR constraints (20);
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and 2) the subproblem including all constraints (17)—(20).
Throughout the section, we need the results stated in the
following two propositions. Let us consider problems with the
following form, where N = {1,...,n}and M; = {1, ..., m;},
Jj €N:

min g(xy,...,x,)
xjfa,-,jxj_l—i—b,-,jxﬁl—i—cijj, iEMj, jeN
lj=xj=<uj, jeN (36)

where g is a monotonic decreasing function; a; ;, b; j, ¢; ; > 0,
fori € Mj and j € N; a;; = 0 fori € M;; and b;,, =0
for i € M,. The following result is proven in [28]. Here,
we report the proof in order to make this article self-contained.
We denote by P the feasible polytope of problem (36).
Moreover, we denote by z the componentwise maximum of all
feasible solutions in P, i.e., for each j € N, z; = maxyep x;
(note that the above maximum value is attained since P is a
polytope).
Proposition 4: The unique optimal solution of (36) is the
componentwise maximum z of all its feasible solutions.
Proof: If we are able to prove that the componentwise
maximum z of all feasible solutions is itself a feasible solution,
by monotonicity of g, it must also be the unique optimal
solution. In order to prove that z is feasible, we proceed
as follows. For j € N, let.x*j be the optimal solution of
maxyep X; O that z; = x;”. Since x*/ € P, then it must
hold that £; < z; < u;. Moreover, let us consider the generic
constraint

Xj = @i jXj-1+DbijXjp1 + ¢

for i € M;. It holds that
zj =X a4 bl e

< aijzj-1+bijzj + i
where the first inequality follows from feasibility of x*/, while
the second follows from nonnegativity of a;; and b;; and the
definition of z. Since this holds for all j € N, the result is
proven. U

Now, consider the problem obtained from (36) by removing
some constraints, i.e., by taking MJ’. C M; for each j € N

min g(xy,...,x,)
Xj < @i jXj-1+bijxjp+cij,

Jj €N.

ieM,

j JeN

(37

ij)ijuj,

Later, we also need the result stated in the following
proposition.

Proposition 5: The optimal solution X* of problem (37) is
an upper bound for the optimal solution x* of problem (36),
ie., X* > x*.

Proof: It holds that x* is a feasible solution of prob-
lem (37) so that, in view of Proposition 4, X* > x*
holds. =

A. Acceleration Constraints

The simplest case is the one where we only consider the
acceleration constraints (18) and (19), besides constraints (17)
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with a generic upper bound vector y > 0. The problem to be
solved is
Problem 4:

. n—1 %
min

SweRn 4 N \/wi+1 + ow;1 + \/w,' + ow;

i=

Ip <dw <y
5w,~+1—5w,~§b/\i, i=1,...,n—1

5wi—5wi+1§bDi, i=1,...,n—1.

It can be seen that such a problem belongs to the class
of problems (36). Therefore, in view of Proposition 4, the
optimal solution of Problem 4 is the componentwise maximum
of its feasible region. Moreover, in [3], it has been proven that
Algorithm 1, based on a forward and a backward iteration
and with O(n) computational complexity, returns an optimal
solution of Problem 4.

Algorithm 1 Routine SolveAcc for the Solution of the
Problem With Acceleration Constraints
input : Upper bound y
output: §w
1 ow; =0, ow, =0 ;
2fori=1ton—1do
3 L oWy = min{&wi + by, yiH}
4fori=n—1to 1 do
5 L ow; = min{&wiﬂ + by, yi}

6 return éw

B. NAR Constraints

Now, we consider the problem only including NAR con-
straints (20) and constraints (17) with upper bound vector y
Problem 5:

n—1

min 2h
SweR “= Jwiy1 + dwir1 + Vw; + ow;
0<dw=<y (38)
ow; < ni(0w;—y + owiy1) + by, 1 =2,...,n—1
(39)
where y; = y, = 0 because of the boundary conditions.

Also, this problem belongs to the class of problems (36)
so that Proposition 4 states that its optimal solution is the
componentwise maximum of its feasible region. Problem 5 can
be solved by using the graph-based approach presented in [4]
and [28]. However, Cabassi et al. [4] show that, by exploiting
the structure of a simpler version of the NAR constraints, it is
possible to develop an algorithm more efficient than the graph-
based one. Our purpose is to extend the results presented in [4]
to a case with different and more challenging NAR constraints
in order to develop an efficient algorithm outperforming the
graph-based one.

Now, let us consider the restriction of Problem 5 between
two generic indexes s and ¢ such that | <s < r < n, obtained
by fixing dw; = y,; and dw, = y, and by considering only the
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NAR and upper bound constraints at s +1, ..., — 1. Let §w*
be the optimal solution of the restriction. We first prove the
following lemma.

Lemma 4: The optimal solution §w* of the restriction of
Problem 5 between two indexes s and 7, 1 < s <t < n,
is such that, for each j € {s+1,...,¢ — 1}, either 5w;f <y
or dw; < n;(0wj, | + owj_;) + by, holds as an equality.

Proof: 1Tt is enough to observe that, in case both inequali-
ties were strict for some j, then, in view of the monotonicity of
the objective function, we could decrease the objective func-
tion value by increasing the value of 5w;‘f, thus contradicting

optimality of w*. O
Note that the above result also applies to the full Problem 5,
which corresponds to the special case s = 1, r = n with

yi = y, = 0. In view of Lemma 4, we have that there exists
an index j, with s < j < ¢, such that: 1) 5w;‘f =y;; 2) the
upper bound constraint is not active at s + 1,..., j — 1; and
3) all NAR constraints s + 1, ..., j — | are active. Then, j is
the lowest index in {s + 1, ..., — 1} where the upper bound
constraint is active If index j were known, then the following
observation allows returning the components of the optimal
solution between s and j. Let us first introduce the following
definitions of matrix A and vector (:

1 - 0 0
A = —Hs4+2 1 —Ns42
0 0
L0 0 g
_sz-H + Hs4+1Ys
bN.s+2
q= : (40)
byj_s
L by j—1 + -1y

Note that A is the square submatrix of the NAR constraints
restricted to rows s + 1 up to j — 1 and the related columns.

Observation 1: Let dw* be the optimal solution of the
restriction of Problem 5 between s and 7 and let s < j.
If constraints dw; < yj, 5w;f < yj, and dw; < n,-(éwj‘+1 +
ow; )+ by, fori =s+1,...,j — 1, are all active, then
owgyy, ..., 0w;_; are obtained by the solution of the following
tridiagonal system:

ows = ys
5wr_77r5wr+l_77r5wr—1:bNra r=s+l,...,j—1

5w = y j
or, equivalently, as

OWsi1 — Ns11X542
- szJrl + Ns+1Ys
ow, — N0Wy41] — NpOWr—y =by,, T=5+2,...,]—2

5ws+l — N1 Xg42 = sz-H + Ny s (41)

In the matrix form, the above tridiagonal linear system can
be written as

ASW i =q (42)

where matrix A and vector q are defined in (40) and dw7,, .,
is the restriction of vector §w to its components between s + 1
and j — 1.

Tridiagonal systems

aixi1 +bixi texipn=di, i=1,...,m

with a; = ¢, = 0 can be solved through so-called Thomas
algorithm [29] with O(m) operations. In order to detect the
lowest index j € {s+1,...,¢— 1} such that the upper bound
constraint is active at j, we propose Algorithm 2, also called
SolveNAR and described in what follows. We initially set
Jj = t. Then, at each iteration, we solve the linear system (42).
Let X = (Xs41,...,Xj—1) be its solution. We check whether
it is feasible and optimal or not. Namely, if there exists k €

{s+1,...,j — 1} such that either X, < 0 or X, > y, then
X is unfeasible, and consequently, we need to reduce j by 1.
If X, = y; for some k € {s +1,...,j — 1}, then we also

reduce j by 1 since j is not in any case the lowest index
of the optimal solution where the upper bound constraint is
active. Finally, if 0 < X; < yy, fork=s+1,...,j — 1, then
we need to verify if X is the best possible solution over the
interval {s + 1,..., j — 1}. We are able to check that after
proving the following result.

Proposition 6: Let matrix A and vector q be defined as
in (40). The optimal solution §w* of the restriction of
Problem 5 between s and ¢ satisfies

owy=ys, owr=3%,r=s+1,...,j—1, 5w}‘:yj (43)
if and only if the optimal value of the LP problem
max 17¢
‘ Ae <0
€e<y—X (44)

is strictly positive or, equivalently, if the following system
admits no solution:

ATr =1, »>0. (45)

Proof: Let us first assume that §w* does not fulfill (43).
Then, in view of Lemma 4, j is not the lowest index such
that the upper bound is active at the optimal solution, and
consequently, dw; = yr > X, for some k € {s+1,...,j—1}.
Such optimal solution must be feasible, and in particular,
it must satisfy all NAR constraints between s + 1 and j — 1
and the upper bound constraints between s + 1 and j, i.e.,

oW, — Ns410W;
< bygpr + Ns41s
ow; — now; —now;_y <by,, r=s+2,...,j—2
oWy = nj10w_, — nj—10w; < by,
510:‘ <y, r=s4+1,...,]j.

In view of 5wjf < y;and n;_; > 0, dw* also satisfies the
following system of inequalities:
5wj+1 - 173+1(5w;“+2
< bygy1 + Ns1s

ow; — nowyyy — now y <by,, T=5+2,...,j=2
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oWl = Nj-10W5 5 < byj_i +nj-1Y;

owr <y, r=s+1,...,j—1L

After making the change of variables dw} = %, + ¢, for
r=s+1,...,j—1, and recalling that X solves system (41),
the system of inequalities can be further rewritten as

€541 — Nst1€542 < 0
€ — N6y — N6 <0,
€j—1—1nj—1€j2 =0
r=s+1,...,j—1.

r=s+2,...,j—2

€ 5 yr _ira

Finally, recalling the definition of matrix A and vector q
given in (40), this can also be written in a more compact form
as

Ae <0
€ <y—X
If ow} = yr > X for some k € {s+1,..., j — 1}, then the

system must admit a solution with €; > 0. This is equivalent
to prove that problem (44) has an optimal solution with at
least one strictly positive component, and the optimal value
is strictly positive. Indeed, in view of the definition of matrix
A, problem (44) has the structure of the problems discussed
in Proposition 4. More precisely, to see that, we need to
remark that maximizing 17 € is equivalent to minimizing the
decreasing function —17 €. Then, observing that € = 0 is a
feasible solution of problem (44), by Proposition 4, the optimal
solution €* must be a nonnegative vector, and since at least
one component, namely, component k, is strictly positive, then
the optimal value must also be strictly positive.

Conversely, let us assume that the optimal value is strictly
positive, and €* is an optimal solution with at least one strictly
positive component. Then, there are two possible alternatives.
Either the optimal solution §w* of the restriction of Problem 5
between s and ¢ is such that (3ij < yj, in which case (43)
obviously does not hold, or 5w;‘f = y;. In the latter case, let
us assume by contradiction that (43) holds. We observe that
the solution that is defined as follows:

Xg = Vs

X, =% te=0w+e, r=s+1,...,j—1
! L *

xj—yj—éwj

X, =0w:, r=j+1,...,1¢

is feasible for the restriction of Problem 5 between s and t.
Indeed, by feasibility of €* in problem (44), all upper bound
and NAR constre . between s and j — 1 are fulfilled. Those
between, j + 1 .l ¢, are also fulfilled by the feasibility of
dw*. Then, we only need to prove that the NAR constraint at j
is satisfied. By feasibility of w* and in view of e;‘_l, nj >0,
we have that

IA

Xj = 0w} < njowi_; +njowi + by,
0 (Owi_y +€j-1) +nj0wiy, + by

= 0jX;_y + 10X + by

IA
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Thus, x’ is feasible such that X’ > §w* with at least one strict
inequality (recall that at least one component of €* is strictly
positive), which contradicts the optimality of §w* (recall that
the optimal solution must be the componentwise maximum of
all feasible solutions).

In order to prove the last part, i.e., problem (44) has a
positive optimal value if and only if (45) admits no solution,
and we notice that the optimal value is positive if and
only if the feasible point € =0 is not an optimal solution,
or equivalently, the null vector is not a KKT point. Since,
at € =0, constraints € < y — X cannot be active, then the
KKT conditions for problem (44) at this point are exactly those
established in (45), where vector A is the vector of Lagrange
mutlpliers for constraints Ae < 0. This concludes the
proof. 0

Then, if (45) admits no solution, (43) does not hold, and
again, we need to reduce j by 1. Otherwise, we can fix the
optimal solution between s and j according to (43). After that,
we recursively call the routine SolveNAR on the remaining
subinterval {j, ..., t} in order to obtain the solution over the
full interval.

Remark 3: In Algorithm 2, routine isFeasible is the
routine used to verify if, fork =s+1,...,j—1,0 < X < w,
while isOptimal is the procedure to check optimality of X
over the interval {s +1,..., j — 1}, i.e., (43) holds.

Now, we are ready to prove that Algorithm 2 solves
Problem 5.

Proposition 7: The call solveNAR(y, 1, n) of
Algorithm 2 returns the optimal solution of Problem 5.

Proof: After the call solveNAR(y, 1, n),we are able
to identify the portion of the optimal solution between 1 and
some index ji, 1 < j; <n.If j; = n, then we are done. Oth-
erwise, we make the recursive call solveNAR(y, j, n),
which enables to identify also the portion of the optimal
solution between j; and some index j,, j; < jo <n.If j, =n,
then we are done. Otherwise, we make the recursive call
solveNAR(y, Jj», n) and so on. After at most n recursive
calls, we are able to return the full optimal solution. U

Algorithm 2 SolveNAR(y, s, t)
input : Upper bound y and two indices s and ¢ with
l1<s<t<n

output: Jw*
1 Set j =t;
2 6WF =y;

3 while j > s+ 1 do

4 | Compute the solution X of the linear system (42);
5 | if isFeasible(X) and isOptimal(X) then
6 L Break;

7 | else

8 | | Setj=j—1

gfori=s+1,...,j—1do

10 L Set dw} = x;;

11 return §w* = min{éw*, SolveNAR(W*, j, 1)};
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Remark 4: Note that Algorithm 2 involves solving a signifi-
cant amount of linear systems, both to compute X and verify its
optimality [see (42) and (45)]. Some tricks can be employed to
reduce the number of operations. Some of these are discussed
in [30].

The following proposition states the worst case complexity
of solveNAR(y,1,n).

Proposition 8: Problem 5 can be solved with O(n®) oper-
ations by running the procedure SolveNAR(y, 1,n) and by
using the Thomas algorithm for the solution of each linear
system.

Proof: In the worst case, at the first call, we have j; =2
since we need to go all the way from j = n down to j = 2.
Since, for each j, we need to solve a tridiagonal system, which
requires at most O (n) operations, the first call of SolveNAR
requires O(n?) operations. This is similar for all successive
calls, and since the number of recursive calls is at most O (n),
the overall effort is at most of O(n?) operations. ]

In fact, what we observed is that the practical complexity
of the algorithm is much better, namely, @(nz).

C. Acceleration and NAR Constraints
Now, we discuss the problem with acceleration and NAR
constraints, with upper bound vector y, i.e.,
Problem 6:
= 2h
min
SweR” P VWil + 0wy + Jw; + dw;
Ig <dw<=<y

5wi+1—5wi§bAi, i=1,...,n—1

5wi—5wi+1§b1)i, i=1,....,n—1

ow; — 17,-511),-_1 < i7,~5w,-+1 < bN,., i=2,...,n—1.

We first remark that Problem 6 has the structure of
problem (36) so that, by Proposition 4, its unique optimal
solution is the componentwise maximum of its feasible region.
As for Problem 5, we can solve Problem 6 by using the graph-
based approach proposed in [28]. However, Cabassi et al. [4]
show that, if we adopt a very efficient procedure to solve Prob-
lems 4 and 5, then it is worth splitting the full problem into two
separated ones and use an iterative approach (see Algorithm 3).
Indeed, Problems 4-6 share the common property that their
optimal solution is also the componentwise maximum of
the corresponding feasible region. Moreover, according to
Proposition 5, the optimal solutions of Problems 4 and 5 are
valid upper bounds for the optimal solution (actually, also for
any feasible solution) of the full Problem 6. In Algorithm 3,
we first call the procedure SolveACC with input the upper
bound vector y. Then, the output of this procedure, which,
according to what we have just stated, is an upper bound for
the solution of the full Problem 6, satisfies dwac. <y, and
becomes the input for a call of the procedure SolveNAR.
The output §wnar of this call is again an upper bound for
the solution of the full Problem 6, and it satisfies dwnar <
dWacc. This output becomes the input of a further call to the
procedure SolveACC, and we proceed in this way until the
distance between two consecutive output vectors falls below a

prescribed tolerance value ¢. The following proposition states
that the sequence of output vectors generated by the alternate
calls to the procedures SolveACC and SolveNAR converges
to the optimal solution of the full Problem 6.

Proposition 9: Algorithm 3 converges to the the optimal
solution of Problem 6 when ¢ = 0 and stops after a finite
number of iterations if ¢ > 0.

Proof: 'We have observed that the sequence of alternate
solutions of Problems 4 and 5, here denoted by {y,}, is: 1) a
sequence of valid upper bounds for the optimal solution of
Problem 6; 2) componentwise monotonic nonincreasing; and
3) componentwise bounded from below by the null vector.
Thus, if ¢ = 0, an infinite sequence is generated, which
converges to some point ¥, which is also an upper bound
for the optimal solution of Problem 6 but, more precisely,
by continuity, is also a feasible point of the problem and,
is thus, also the optimal solution of the problem. If ¢ > 0, due
to the convergence to some point y, at some finite iteration,
the exit condition of the while loop must be satisfied. 0

Algorithm 3 Algorithm SolveACCNAR for the Solution

of Problem 6
input : The upper bound y and the tolerance &
output: The optimal solution §w* and the optimal value

f*

1 §Wace = SolveACC(y);

2 §WNnaAR = So0lveNAR(8Wacc, 1, n);

3 while ||6Wyar — 6Wacel| > ¢ do

4 | Wace = SolveACC(dw™);

5 L SWNAR = SO1veNAR(§Wace, 1, n);

6 SW* = 6WNAR;
7 return dw*, evaluateObj(dw")

IV. DESCENT METHOD FOR THE CASE OF ACCELERATION,
PAR, AND NAR CONSTRAINTS

Unfortunately, PAR constraints (21) do not satisfy the
assumptions requested in Proposition 4 in order to guarantee
that the componentwise maximum of the feasible region is
the optimal solution of Problem 3. However, in Section III,
we have shown that Problem 6, i.e., Problem 3 without the
PAR constraints, can be efficiently solved by Algorithm 3.
Our purpose then is to separate the acceleration and NAR
constraints from the PAR constraints.

Definition 1: Let f:R" — R be the objective function of
Problem 3, and let D be the region defined by the acceleration
and NAR constraints (the feasible region of Problem 6).
We define the function F:R" — R as follows:

F(y) = min{f(x)|x € D,x <y}.

Namely, F' is the optimal value function of Problem 6 when
the upper bound vector is y.
Proposition 10: Function F is a convex function.
Proof: Since Problem 6 is convex, then the optimal value
function F is convex (see [31, Sec. 5.6.1]). ]
Now, let us introduce the following problem:
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Problem 7:
min  F(y) (46)
yeR®
Ni(Vi1 +Yig1) =yi<bp, i=2,....,.n—1 (47)
I <y < ug. (48)

Such a problem is a relaxation of Problem 3. Indeed, each
feasible solution of Problem 3 is also feasible for Problem 7,
and the value of F at such solution is equal to the value
of the objective function of Problem 3 at the same solution.
We solve Problem 7 rather than Problem 3 to compute the
new displacement dw. More precisely, if y* is the optimal
solution of Problem 7, then we set

dw=arg min f(x). (49)

D, x<y
In the following proposition, we prove that, under a very
mild condition, the optimal solution of Problem 7 computed
in (49) is feasible and, thus, optimal for Problem 3 so that,
although we solve a relaxation of the latter problem, we return
an optimal solution for it.
Proposition 11: Let w® be the current point. If

€;@w)<{;(w®)(3+min{0,&(Ww™)}), j=2,...,n-1

(50)
where dw is computed through (49) and

(k) (k) (k)
6’]-(w("))(wj71 +wjyy — 2w; )
>

k) —

§w?) = 2127 -

(the inequality follows from feasibility of w®)), then §w is
feasible for Problem 3, both if the nonlinear constraints are
linearized as in (20) and (21), and if they are linearized as
in (26) and (27).

Proof: First, we notice that, if we prove the result for
the tighter constraints (26) and (27), then it must also hold
for constraints (20) and (21). Thus, we prove the result only
for the former. By definition (49), §w satisfies the acceleration
and NAR constraints so that

-2

ow; < 6wjy1 +bp,

ow;j < owj_; +ba,_,

ow;j < ﬁj(éij +(5wj,1) —i—b;\,f
ow; < y;‘. ‘

At least one of these constraints must be active; otherwise,
ow; could be increased, thus contradicting optimality. If the
active constraint is ow; < f;(0w;+1 + ow;1) + by, then
constraint (27) can be rewritten as follows:

4R2 T (€;(WP)) 7 (0w41 + 20w, + dw; )
< 12027 (¢;(w®))
or, equivalently,
€;(w) < 3¢;(w®)

implied by (50), and thus, the constraint is satisfied under the
given assumption. If dw; = y7, then

0;(0wj—1+0wj11) <0; (¥ + Y1) S¥j +bp, = ow; + b

IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING

where the second inequality follows from the fact that y*
satisfies the PAR constraints. Now, let dw; = dw;41 + bp,
(the case when dw; < dw;_; + bAj_l is active can be dealt
with in a completely analogous way). First, we observe that
ow; = owj_y — bD,_l- Then,

2(5wj > (5wj+1 + (5wj_1 +bDj — bDj,p

In view of the definitions of bDj and bDH, this can also be
written as

20w; > owjqy + owj—1 + w5k+)1 — 2w5.k) ¥ wﬁl‘jl (51)
Now, after recalling the definitions of ¢; and b}~ given

in (28), and setting A = h”J, (27) can be rewritten as
260; > Sw ;1 + w1 +2A(; (W) 22, (Bw)
INGIC)
Taking into account (51), such inequality certainly holds if

N

© —2u® 4 B > 2A (5 (W) T e 6w)

~6A(£;(w®))
which is equivalent to
€;(8w) < €; (W) (3 4+ &(wh)).

This is also implied by (50). 0

Assumption (50) is mild. In order to fulfill it, one can
impose restrictions on ow;_i, 6w, and éw;4. In fact, in the
computational experiments, we did not impose such restric-
tions unless a positive step-length along the computed direc-
tion dw could not be taken (which, however, never occurred
in our experiments).

Now, let us turn our attention toward the solution of
Problem 7. In order to solve it, we propose a descent method.
We can exploit the information provided by the dual optimal
solution v € R’ associated with the upper bound constraints
of Problem 6. Indeed, from the sensitivity theory, we know
that the dual solution is related to the gradient of the optimal
value function F (see Definition 1) and provides information
about how it changes its value for small perturbations of the
upper bound values (for further details, see [31, Secs. 5.6.2 and
5.6.5]). Let y) be a feasible solution of Problem 7 and v € R".
be the Lagrange multipliers of the upper bound constraints of
Problem 6 when the upper bound is y®. Let

¢i =bp — i (yl'(i)l + yi(f:l) +y i=2. -

Then, a feasible descent direction d® can be obtained by
solving the following LP problem:

Problem 8:
min —v’d (52)
deR”
nidi—1 +diy1)—di <¢;, i=2,....,n—1 (53)
I <y”+d<ug (54)

where the objective function (52) imposes that d® is a
descent direction, while constraints (53) and (54) guarantee
feasibility with respect to Problem 7. Problem 8 is an LP
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problem, and consequently, it can easily be solved through a
standard LP solver. In particular, we employed GUROBI [32].
Unfortunately, since the information provided by the dual
optimal solution v is local and related to small perturbations of
the upper bounds, it might happen that F(y® +d®) > F(y®).
To overcome this issue, we introduce a trust-region constraint
in Problem 8. Thus, let ¢ € R, be the radius of the trust
region at iteration ¢; then, we have

Problem 9:
min —v'd (55)
deR”
nildi—1+diy1)—di <¢;, i=2,....,n—1 (56)
Iy <d<ipg (57)
where Ip = max{lp — yi(l), —c®W} and it = minfup —
y,.(t), oW} fori =1,...,n. After each iteration of the descent

algorithm, we change the radius ¢ ) according to the following
rules.

1) If F(y® 4+dY) > F(y"), then we set yt) = y® and

we tight the trust region by decreasing ¢® by a factor

7 € (0,1).

2) If F(y”+d®) < F(y"), then we set y'*!) = y® 44"

and enlarge the radius ¢ by a factor p > 1.
The proposed descent algorithm is sketched in Fig. 3, which
reports the flowchart of the procedure ComputeUpdate used
in algorithm SCA. We initially set y® = 0. At each iteration ¢,
we evaluate the objective function F (y") by solving Problem 6
with upper bound vector y® through a call of the routine
solveACCNAR (see Algorithm 3). Then, we compute the
Lagrange multipliers v associated with the upper bound con-
straints. After that, we compute a candidate descent direction
d® by solving Problem 9. If d”) is a descent step, then we set
y*D) =y 4+ d® and enlarge the radius of the trust region;
otherwise, we do not move to a new point, and we tight the
trust region and solve again Problem 9. The descent algorithm
stops as soon as the radius of the trust region becomes smaller
than a fixed tolerance ¢;.

Remark 5: Note that we initially set y® = 0. However, any
feasible solution of Problem 9 does the job, and actually, start-
ing with a good initial solution may enhance the performance
of the algorithm.

Remark 6: Problem 9 is an LP and can be solved by
any existing LP solver. However, a suboptimal solution to
Problem 9, obtained by a heuristic approach, is also accept-
able. Indeed, we observe that: 1) an optimal descent direction
is not strictly required and 2) a heuristic approach allows to
reduce the time needed to get a descent direction. In this
article, we employed a possible heuristic, whose description
can be found in [30], but the development of further heuristic
approaches is a possible topic for future research.

V. COMPUTATIONAL EXPERIMENTS

In this section, we present various computational experi-
ments performed in order to evaluate the approaches proposed
in Sections III and IV.

In particular, we compared solutions of Problem 2 computed
by algorithm SCA to solutions obtained with commercial NLP

solvers. Note that, with a single exception, we did not carry out
a direct comparison with other methods specifically tailored to
Problem 2 for the following reasons.

1) Some algorithms (such as [22] and [23]) use heuristics to
quickly find suboptimal solutions of acceptable quality
but do not achieve local optimality. Hence, comparing
their solution times with SCA would not be fair. How-
ever, in one of our experiments (see Experiment 4),
we made a comparison between the most recent heuristic
proposed in [23] and algorithm SCA, both in terms
of computing times and in terms of the quality of the
returned solution.

2) The method presented in [26] does not consider the
(nonconvex) jerk constraint but solves a convex problem
whose objective function has a penalization term that
includes pseudojerk. Due to this difference, a direct
comparison with SCA is not possible.

3) The method presented in [24] is based on the numerical
solution of a large number of nonlinear and nonconvex
subproblems and is, therefore, structurally slower than
SCA, whose main iteration is based on the efficient
solution of the convex Problem 3.

In the first two experiments, we compare the computational
time of IPOPT, a general-purpose NLP solver [33], with that
of algorithm SCA over some randomly generated instances of
Problem 2. In particular, we tested two different versions of
the algorithm SCA. The first version, called SCA-H in what
follows, employs the heuristic mentioned in Remark 6. Since
the heuristic procedure may fail in some cases, in such cases,
we also need an LP solver. In particular, in our experiments,
we used GUROBI whenever the heuristic did not produce
either a feasible solution to Problem 9 or a descent direc-
tion. In the second version, called SCA-G in what follows,
we always employed GUROBI to solve Problem 9. For what
concerns the choice of the NLP solver IPOPT, we remark
that we chose it after a comparison with two further general-
purpose NLP solvers, SNOPT and MINOS, which, however,
turned out to perform worse than IPOPT on this class of
problems.

In the third experiment, we compare the performance of
the two implemented versions of algorithm SCA applied to
two specific paths and see their behavior as the number n of
discretized points increases.

In the fourth experiment, we compare the solutions returned
by algorithm SCA with those returned by the heuristic recently
proposed in [23].

Finally, in the fifth experiment, we present a real-life speed
planning task for an LGV operating in an industrial setting,
using real problem bounds and paths layouts, provided by an
automation company based in Parma, Italy.

We remark that, according to our experiments, the spe-
cial purpose routine solveACCNAR (Algorithm 3) strongly
outperforms general-purpose approaches, such as the graph-
based approach proposed in [28], and GUROBI, when solving
Problem 6 (which can be converted into an LP as discussed
in [28]).

Finally, we remark that we also tried to solve the con-
vex Problem 3 arising at each iteration of the proposed
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Fig. 3. Flowchart of the routine ComputeUpdate.

method with an NLP solver in place of the procedure
ComputeUpdate, presented in this article. However, the
experiments revealed that, in doing this, the computing times
become much larger even with respect to the single call to the
NLP solver for solving the nonconvex Problem 2.

All tests have been performed on an IntelCore i7-8550U
CPU at 1.8 GHz. Both for IPOPT and algorithm SCA, the
null vector was chosen as a starting point. The parameters
used within algorithm SCA were ¢ = le?® ¢ = le®
(tolerance parameters), p = 4, and v = 0.25 (trust-region
update parameters). The initial trust region radius ¢® was
initialized to 1 in the first iteration k = 0 but adaptively
set equal to the size of the last update |[w® — w*=D|
in all subsequent iterations (this adaptive choice allowed to
reduce computing times by more than a half). We remark that
algorithm SCA has been implemented in MATLAB, so we
expect better performance after a C/C++ implementation.

A. Experiments 1 and 2

In Experiment 1, we generated a set of 50 different paths,
each of which was discretized setting n = 100, n = 500,
and n = 1000 sample points. The instances were generated
by assuming that the traversed path was divided into seven
intervals over which the curvature of the path was assumed
to be constant. Thus, the n-dimensional upper bound vector
u was generated as follows. First, we fixed u; = u, = 0,
i.e., the initial and final speeds must be equal to 0. Next,
we partitioned the set {2,...,n — 1} into seven subintervals
I;, j € {1,...,7}, which corresponds to intervals with
constant curvature. Then, for each subinterval, we randomly
generated a value u; € (0, if], where @ is the maximum upper
bound (which was set equal to 100 m?s~2). Finally, for each
J e f{l,...,7}, we set uy = ii; Yk € I;. The maximum
acceleration parameter A is set equal to 2.78 ms™2 and the
maximum jerk J to 0.5 ms™, while the path length is s, =
60 m. The values for A and J allow a comfortable motion for
a ground transportation vehicle (see [34]).
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STOP Return

Sw=arg min y(x)
xeD.x<y?

=

Set y(1+1) = y(l)
Set 6D = 760
Sett =t+1

In Experiment 2, we generated a further set of 50 different
paths, each of which was discretized using n = 100, n = 500,
and n = 1000 variables. These new instances were randomly
generated such that the traversed path was divided into up to
five intervals over which the curvature could be zero, linear
with respect to the arc length or constant. We chose this kind
of path since they are able to represent the curvature of a
road trip (see [35]). The maximum squared speed along the
path was fixed equal to 192.93 m?s~2 (corresponding to a
maximum speed of 50 kmh~!, a typical value for an urban
driving scenario). The total length of the paths was fixed to
57 = 1000 m, while parameter A was set equal to 0.25 ms™2,
J t0 0.025 ms3, and Ay to 4.9 ms2.

The results are reported in Table I, in which we show
the average (minimum and maximum) computational times
for SCA-H, SCA-G, and IPOPT. They show that algorithm
SCA-H is the fastest one, while SCA-G is slightly faster than
IPOPT at n = 100 but clearly faster for a larger number of
sample points n. In general, we observe that both SCA-H and
SCA-G tend to outperform IPOPT as n increases. Moreover,
while the computing times for [IPOPT at n = 100 are not much
worse than those of SCA-H and SCA-G, we should point out
that, at this dimension, IPOPT is sometimes unable to converge
and return solutions whose objective function value differs
from the best one by more than 100%. Also, the objective
function values returned by SCA-H and SCA-G are sometimes
slightly different, due to numerical issues related to the choice
of the tolerance parameters, but such differences are mild ones
and never exceed 1%. Therefore, these approaches appear to
be fast and robust. It is also worthwhile to remark that SCA
approaches are compatible with online planning requirements
within the context of the LGV application. According to
Haschke et al. [18] (see also [36]), in “highly unstructured,
unpredictable, and dynamic environments,” there is a need to
replan in order to adapt the motion in reaction to unforeseen
events or obstacles. How often to replan depends strictly on the
application. Within the context of the LGV application (where
the environment is structured), replanning every 100-150 ms
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TABLE I

AVERAGE (MINIMUM AND MAXIMUM) COMPUTING TIMES (IN SECONDS)
FOR SCA-H, SCA-G, AND IPOPT OVER EXPERIMENTS 1 AND 2

Exp. n SCA-H SCA-G IPOPT
min 0.012 0.042 0.03
1 100 mean 0.016 0.072 0.132
max 0.026 0.138 0.305
min 0.042 0.21 0.352
1 500 mean 0.064 0.276 1.01
max 0.104 0.456 1.828
min 0.1 0.426 1.432
1 1000 | mean 0.149 0.626 3.289
max 0.237 0.828 7.137
min 0.012 0.036 0.052
2 100 mean 0.02 0.047 0.113
max 0.038 0.073 0.263
min 0.049 0.102 0.534
2 500 mean 0.093 0.172 0.886
max 0.212 0.237 1.457
min 0.083 0.228 1.733
2 1000 | mean 0.242 0.386 2.487
max 0.709 0.539 3.74

is acceptable, and thus, the computing times of the SCA
approaches at n = 100 are suitable. Of course, computing
times increase with n, but we notice that the computing times
of SCA-H still meet the requirement at n = 500. Moreover,
a relevant feature of SCA-H and SCA-G is that, at each
iteration, a feasible solution is available. Thus, we could stop
them as soon as a time limit is reached. At n = 500, if we
impose a time limit of 150 ms, which is still quite reasonable
for the application, SCA-G returns slightly worse feasible
solutions, but these do not differ from the best ones by more
than 2%.

B. Experiment 3

In our third experiment, we compared the performance
of the two proposed approaches (SCA-H and SCA-G), over
two possible automated driving scenarios, as the number
n of samples increases. As a first example, we considered
a continuous curvature path composed of a line segment,
a clothoid, a circle arc, a clothoid, and a final line segment
(see Fig. 4). The minimum-time velocity planning on this
path, whose total length is sy = 90 m, is addressed with the
following data. The problem constants are compatible with a
typical urban driving scenario. The maximum squared velocity
is 225 m?s~? (corresponding to 54 km h™!), the longitudinal
acceleration limit is A = 1.5 ms~2, and the maximal normal
acceleration is Ay = 1 ms~2, while, for the jerk constraints,
we set J = 1 ms™>. Next, we considered a path of length
sy = 60 m (see Fig. 5) whose curvature was defined according
to the following function:

1 . /s
k(s) = s sm(lo), s €[0,s/]
and parameter A, Ay, and J were set equal to 1.39 ms~2,
4.9 ms~2, and 0.5 ms~3, respectively. The maximum squared
velocity is still equal to 225 m?s~2. The computational results
are reported in Figs. 6 and 7 for values of n that grows
from 100 to 1000. They show that the performance of SCA-H
and SCA-G depends on the path. In particular, it seems that
the heuristic performs in a poorer way when the number of

Fig. 4. Experiment 3—first path.

y[m]

Vax[m]

Fig. 5. Experiment 3—second path.
3
—#—SCA-H
—#—SCA-G
25 Ipopt
2
g 15
£
;
0.5 e
*””*,,,,,,*77—*""":://*’”74*
e e s
100 200 300 400 500 600 700 800 900 1000
Samples
Fig. 6. Computing times (in seconds) for the path in Fig. 4.

points of the upper bound vector at which PAR constraints are
violated tends to be large, which is the case for the second
instance. We can give two possible motivations: 1) the direc-
tions computed by the heuristic procedure are not necessarily
good descent directions, so routine computeUpdate slowly
converges to a solution and 2) the heuristic procedure often
fails, and it is in any case necessary to call GUROBI. Note
that the computing times of IPOPT on these two paths are
larger than those of SCA-H and SCA-G, and, as usual, the gap
increases with n. Moreover, for the second path, IPOPT was
unable to converge for n = 100 and returned a solution, which
differed by more than 35% with respect to those returned by
SCA-H and SCA-G.

As a final remark, we notice that the computed traveling
times along the paths only slightly vary with n. For the first
path, they vary between 14.44 and 14.45 s while, for the
second path, between 20.65 and 20.66 s. The differences are
very mild, but we should point out that this is not always
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Fig. 7. Computing times (in seconds) for the path in Fig. 5.

TABLE I

MINIMUM, AVERAGE, AND MAXIMUM COMPUTING TIMES (IN SECONDS)
AND RELATIVE PERCENTAGE DIFFERENCE BETWEEN THE TRAVELING
TiMES COMPUTED BY THE HEURISTIC PRESENTED IN [23] AND
THE SCA APPROACHES WITH n = 100 FOR THE INSTANCES OF
EXPERIMENT 1

Heuristic from [23] min mean max
Time 0.016 0.048 0.2049
Relative percentage difference 5.5% 12.1% 31.2%

the case. We further comment on this point when presenting
Experiment 5.

C. Experiment 4

In this experiment, we compared the performance of our
approach with the heuristic procedure recently proposed
in [23]. In Table II, we report the computing times and the
relative percentage difference [(furur — fsca)/fscal * 100%
between the traveling times computed by the heuristic and
the SCA approaches for the instances of Experiment 1 with
n = 100. Algorithms SCA-H and SCA-G have comparable
computing times (actually, better for what concerns SCA-H)
with respect to that heuristic, and the quality of the final
solutions is, on average, larger than 10% (these observations
also extend to other experiments). Such difference between
the quality of the solutions returned by algorithm SCA and
those returned by the heuristic is best explained through the
discussion of a representative instance, taken from Experiment
1 with n = 100. In this instance, we set A = 2.78 ms 2,
while, for the jerk constraints, we set J = 2 ms~3. The total
length of the path is sy = 60 m. The maximum velocity
profile is the piecewise constant black line in Fig. 8. In the
same figure, we report in red the velocity profile returned
by the heuristic and in blue the one returned by algorithm
SCA. The computing time for the heuristic is 45 ms, while,
for algorithm SCA-H, it is 39 ms. The final objective function
value (i.e., the traveling time along the given path) is 15.4 s
for the velocity profile returned by the heuristic and 14.02 s
for the velocity profile returned by algorithm SCA. From the
qualitative point of view, it can be observed in this instance
(and similar observations hold for the other instances that we
tested) that the heuristic produces velocity profiles whose local
minima coincide with those of the maximum velocity profile.
For instance, in the interval between 10 and 20 m, we notice
that the velocity profile returned by the heuristic coincides
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E
<
-1 1 L L L 1 I
0 10 20 30 40 50 60
s[m]
Fig. 8. Velocity profile returned by the heuristic proposed in [23] (red line)

and by algorithm SCA (blue line). The black line is the maximum velocity
profile.

with the maximum velocity profile in that interval. Instead, the
velocity profile generated by algorithm SCA generates velocity
profiles that fall below the local minima of the maximum
velocity profile, but, this way, they are able to keep the
velocity higher in the regions preceding and following the local
minima of the maximum velocity profile. Again, referring to
the interval between 10 and 20 m, we notice that the velocity
profile computed by algorithm SCA falls below the maximum
velocity profile in that region and, thus, below the velocities
returned by the heuristic, but, this way, velocities in the region
before 10 m and in the one after 20 m are larger with respect
to those computed by the heuristic.

D. Experiment 5

As a final experiment, we planned the speed law of an
autonomous guided vehicle operating in a real-life auto-
mated warehouse. Paths and problem data have been provided
by packaging company Ocme S.r.l., based in Parma, Italy.
We generated 50 random paths from a general layout. Fig. 9
shows the warehouse layout and a possible path. In all paths,
we set maximum velocity to 2 ms~!, maximum longitudinal
accelerationto A = 0.28 m/ s, maximum normal acceleration
to 0.2 m/s?, and maximum jerk to J = 0.025 m/s>. Table III
shows computation times for algorithms SCA-H, SCA-G, and
IPOPT for a number of sampling points n € {100, 500, 1000}.
SCA-H is quite fast although it sometimes returns slightly
worse solutions (the largest percentage error, at a single
instance with n = 1000, is 8%). IPOPT is clearly slower than
SCA-H and SCA-G for n = 500 and 1000, while, for n = 100,
it is slower than SCA-H but quite similar to SCA-G. However,
for these paths, the difference in terms of traveling times as
n increases is much more significant with respect to the other
experiments (see also the discussion at the end of Experiment
3). More precisely, the percentage difference between the
traveling times of solutions at n = 100 and » = 1000 is
0.5% on average for Experiment 1 with a maximum of 2.1%,
while, for Experiment 2, the average difference is 0.3% with
a maximum of 0.4%. Instead, for the current experiment,
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30 40 50 60 70 80 20 100 110 120 130
x[m]

Fig. 9. Warehouse layout considered in Example 5 and a possible path.
TABLE III

AVERAGE, MINIMUM, AND MAXIMUM COMPUTING TIMES (IN SECONDS)
FOR SCA-H, SCA-G, AND IPOPT OVER EXPERIMENT 5

n SCA-H SCA-G IPOPT
min 0.009 0.033 0.029
100 mean 0.013 0.043 0.037
max 0.026 0.062 0.052
min 0.032 0.104 0.222
500 mean 0.068 0.146 0.289
max 0.174 0.224 0.423
min 0.078 0.249 0.744
1000 | mean 0.201 0.385 1.25
max 0.501 0.65 3.359

the average difference is 2.7% with a maximum of 7.9%.
However, the average falls to 0.2% and the maximum to 0.6%
if we consider the percentage difference between the traveling
times of solutions at n = 500 and n = 1000. Thus, for this
experiment, it is advisable to use a finer discretization or,
equivalently, a larger number of sampling points. A tentative
explanation for such different behavior is related to the lower
velocity limits of Experiment 5 with respect to the other
experiments. Indeed, the objective function is much more
sensitive to small changes at low speeds so that a finer grid of
sampling points is able to reduce the impact of approximation
errors. However, this is just a possible explanation. A further
possible explanation is that, in Experiments 1-4, curves are
composed of segments with constant and linear curvature,
whereas curves on industrial LGV layouts typically have
curvatures that are highly nonlinear with respect to arc length.

VI. CONCLUSION

In this article, we considered a speed planning problem
under jerk constraints. The problem is a nonconvex one,
and we proposed a sequential convex approach, where we
exploited the special structure of the convex subproblems
to solve them very efficiently. The approach is fast and is
theoretically guaranteed to converge to a stationary point of the
nonconvex problem. As a possible topic for future research, we
would like to investigate ways to solve Problem 9, currently
the bottleneck of the proposed approach, alternative to the
solver GUROBI, and the heuristic mentioned in Remark 6.
Moreover, we suspect that the stationary point to which the
proposed approach converges is, in fact, a global minimizer

of the nonconvex problem, and proving this fact is a further
interesting topic for future research.
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A Sequential Algorithm for Jerk Limited
Speed Planning

Luca Consolini®, Member, IEEE, Marco Locatelli®, and Andrea Minari®

Abstract—In this article, we discuss a sequential algorithm
for the computation of a minimum-time speed profile over a
given path, under velocity, acceleration, and jerk constraints.
Such a problem arises in industrial contexts, such as automated
warehouses, where LGVs need to perform assigned tasks as
fast as possible in order to increase productivity. It can be
reformulated as an optimization problem with a convex objective
function, linear velocity and acceleration constraints, and non-
convex jerk constraints, which, thus, represents the main source
of the difficulty. While existing nonlinear programming (NLP)
solvers can be employed for the solution of this problem, it turns
out that the performance and robustness of such solvers can be
enhanced by the sequential line-search algorithm proposed in
this article. At each iteration, a feasible direction, with respect
to the current feasible solution, is computed, and a step along
such direction is taken in order to compute the next iterate. The
computation of the feasible direction is based on the solution
of a linearized version of the problem, and the solution of the
linearized problem, through an approach that strongly exploits
its special structure, represents the main contribution of this
work. The efficiency of the proposed approach with respect to
existing NLP solvers is proven through different computational
experiments.

Note to Practitioners—This article was motivated by the needs
of LGV manufacturers. In particular, it presents an algorithm for
computing the minimum-time speed law for an LGV along a pre-
assigned path, respecting assigned velocity, acceleration, and jerk
constraints. The solution algorithm should be: 1) fast, since speed
planning is made continuously throughout the workday, not only
when an LGV receives a new task but also during the execution of
the task itself, since conditions may change, e.g., if the LGV has to
be halted for security reasons and 2) reliable, i.e., it should return
solutions of high quality, because a better speed profile allows
to save time and even small percentage improvements, say a 5%
improvement, has a considerable impact on the productivity of
the warehouse, and, thus, determines a significant economic gain.
The algorithm that we propose meets these two requirements, and
we believe that it can be a useful tool for LGV manufacturers
and users. It is obvious that the proposed method also applies
to the speed planning problem for vehicles other than LGYVs,
e.g., road vehicles.
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Index Terms— Optimization, sequential line-search method,
speed planning.

I. INTRODUCTION

N IMPORTANT problem in motion planning is the

computation of the minimum-time motion of a car-like
vehicle from a start configuration to a target one while avoid-
ing collisions (obstacle avoidance) and satisfying kinematic,
dynamic, and mechanical constraints (for instance, on veloci-
ties, accelerations, and maximal steering angle). This problem
can be approached in two ways.

1) As a minimum-time trajectory planning, where both the
path to be followed by the vehicle and the timing law
on this path (i.e., the vehicle’s velocity) are simultane-
ously designed. For instance, one could use the RRT*
algorithm (see [1]).

2) As a (geometric) path planning followed by a minimum-
time speed planning on the planned path (see [2]).

In this article, following the second paradigm, we assume
that the path that joins the initial and the final configuration
is assigned, and we aim at finding the time-optimal speed
law that satisfies some kinematic and dynamic constraints.
The problem can be reformulated as an optimization problem,
and it is quite relevant from the practical point of view.
In particular, in automated warehouses, the speed of LGVs
needs to be planned under acceleration and jerk constraints.
As previously mentioned, the solution algorithm should be
both fast and reliable. In our previous work [3], we proposed
an optimal time-complexity algorithm for finding the time-
optimal speed law that satisfies constraints on maximum veloc-
ity and tangential and normal acceleration. In the subsequent
work [4], we included a bound on the derivative of the
acceleration with respect to the arc length. In this article,
we consider the presence of jerk constraints (constraints on the
time derivative of the acceleration). The resulting optimization
problem is nonconvex and, for this reason, is significantly
more complex than the ones that we discussed in [3] and [4].
The main contribution of this work is the development of a
line-search algorithm for this problem based on the sequential
solution of convex problems. The proposed algorithm meets
both requirements of being fast and reliable. The former
is met by heavily exploiting the special structure of the
optimization problem, the latter by the theoretical guarantee
that the returned solution is a first-order stationary point (in
practice, a local minimizer) of the optimization problem.

1545-5955 © 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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A. Problem Statement

Here, we introduce the problem at hand more formally.
Let y:[0,s/] — R? be a smooth function. The image set
v ([0, s¢]) is the path to be followed, p (0) the initial configu-
ration, and p (s ) the final one. Function y has arc-length para-
meterization, such that (VA € [0,s/]), [y’ (A)|l = 1. In this
way, s is the path length. We want to compute the speed-law
that minimizes the overall transfer time (i.e., the time needed to
go from y(0) to y(s¢)). To this end, let 1:[0,7¢] — [0, s/] be
a differentiable monotone increasing function that represents
the vehicle’s arc-length position along the curve as a function
of time, and let v:[0,s7] — [0, 4o00[ be such that (V¢ €
[0,2/]) A(t) = v(A(1)). In this way, v(s) is the derivative of the
vehicle arc-length position, which corresponds to the norm of
its velocity vector at position s. The position of the vehicle as
a function of time is given by x:[0, #;] — R?, x(¢) = y (A(1)).
The velocity and acceleration are given, respectively, by

x(1) = y' (A1) (A1)
(1) = ar(0)y'(2(1) + an )y (2(1))

where ar(t) = 0o’ (A(t))v(A(1)) and ay(t) = k(A (1)o(A(?))?
are, respectively, the tangential and normal components of the
acceleration (i.e., the projections of the acceleration vector
X on the tangent and the normal to the curve). Moreover
y'+(2) is the normal to vector y’(1) and the tangent of yp’
at A. Here, k:[0, 5] — R is the scalar curvature, defined as
k(s) =< p"(s), ¥'(s)* >. Note that |[k(s)| = ||¥”(s)||. In the
following, we assume that k(s) € C'([0, s 1, R). The total
maneuver time, for a given velocity profile v € C ([0, s 1, R),
is returned by the functional

‘Y/
F:C'([0,s/].R) > R, F(v) :/ v (s)ds. (D)
0
In our previous work [3], we considered the problem
min F(v) 2)
veVy

where the feasible region V c C'([0, s 71, R) is defined by the
following set of constraints:

v(0) = 0, v(sf) =0 (3a)

0 < 0(s) < Umax» S €[0,5/] (3b)
'(s)o(s)| < A, s €]0,s/] (3¢c)
lk(s)lo(s)* < Ay, s €[0,s/] (3d)

where omax, A, and Ay are upper bounds for the velocity, the
tangential acceleration, and the normal acceleration, respec-
tively. Constraints (3a) are the initial and final interpolation
conditions, while constraints (3b)—(3d) limit velocity and the
tangential and normal components of acceleration. In [3],
we presented an algorithm, with linear-time computational
complexity with respect to the number of variables, which
provides an optimal solution of (2) after spatial discretiza-
tion. One limitation of this algorithm is that the obtained
velocity profile is Lipschitz' but not differentiable so that
the vehicle’s acceleration is discontinuous. With the aim

A function f:R — R is Lipschitz if there exists a real positive constant L
such that (Yx,y € R) [ f(x) — f())| < Llx — yl.

IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING

of obtaining a smoother velocity profile, in the subsequent
work [4], we required that the velocity be differentiable, and
we imposed a Lipschitz condition (with constant J) on its
derivative. In this way, after setting w = v?, the feasible region
of the problem W c C!([0, s¢l, R) is defined by the set of
functions w € C'([0, s7], R) that satisfy the following set of
constraints:

w(0) = 0, w(sf) =0 (4a)

0 <w(s)<ovmy S€[0s;] (@b)
%|w’(s)| <A, sel0,s/] (4¢)
lk(s)|w(s) < Ay, s € [0, sf] (4d)

[w'(s1) — w'(s2)| < Jls1 —s2l, 81,5 € [0,57]. (4e)
Then, we end up with the problem
)

iy 6w
where the objective function is
sf
G:C'([0,s/].R) > R, G(w)= / w2 (s)ds. (6)
0

The objective function (6) and constraints (4a)—(4d) cor-
respond to the ones in problem (2) after the substitution
w = v>. Note that this change of variable is well known in
the literature. It has been first proposed in [5], while, in [6],
it is observed that Problem (2) becomes convex after this
change of variable. The added set of constraints (4e) is a
Lipschitz condition on the derivative of the squared velocity w.
It is used to enforce a smoother velocity profile by bounding
the second derivative of the squared velocity with respect
to arc length. Note that constraints (4) are linear, and the
objective function (6) is convex. In [4], we proposed an
algorithm for solving a finite-dimensional approximation of
Problem (4). The algorithm exploited the particular structure
of the resulting convex finite-dimensional problem. This article
extends the results of [4]. It considers a nonconvex varia-
tion of Problem (4), in which constraint (4e) is substituted
with a constraint on the time derivative of the acceleration
la(t)| = J, where a(r) = (d/dt)v(A(r)) = o' (A(1)v (A1) =
(1/2)w’(A(t)). Then, we set

1
Ju@) = a(r) = Ew”(S(l))x/ (w(s(1))).

This quantity is commonly called “jerk.” Bounding the
absolute value of jerk allows to avoid sudden changes of
acceleration and obtain a smoother motion. Then, we end up
with the following minimum-time problem.

Problem 1 (Smooth Minimum-Time Velocity Planning
Problem: Continuous Version):

Sf
min / w(s)™"?ds
0

weC?
w(0) =0, w(ss)=0
0<w(s)<ut(s), sel0,s/]

%|w’(s)| <A, se]0,s/] (7
1
—lw"(s)yw(s)| < J s€[0,s/] (8)
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where uT is the square velocity upper bound depending on
the shape of the path, i.e.,

, Ay ]
Tk (5)]

where vmax, An, and k are the maximum vehicle velocity,
the maximum normal acceleration, and the path curvature,
respectively. Parameters A and J are the bounds represent-
ing the limitations on the (tangential) acceleration and the
jerk, respectively. For the sake of simplicity, we consider
constraints (7) and (8) symmetric and constant. However, the
following development could be easily extended to the non-
symmetric and nonconstant case. Note that the jerk con-
straint (8) is nonconvex. The continuous problem is discretized
as follows. We subdivide the path into n — 1 intervals of
equal length, i.e., we evaluate function w at points s; =
(i =1)sp)/(n—=1),i =1,...,n, so that we have the fol-
lowing n-dimensional vector of variables:

ut(s) = minlv

w = (wy, W, ..., w,) = (w(s1), w(s2), ..., wW(s,))-

Then, the finite dimensional version of the problem is given
as follows.

Problem 2 (Smooth  Minimum-Time
Problem: Discretized Version):

Velocity Planning

. n—1 2%
min y — 9)
weR" P /Wiy + JWw;
O0<w<u (10)
wi+1—wi§2hA, i=1,...,n—1 (11)
wi—wi+1§2hA, i=1,...,n—1 (12)
[.
(wi—1 — 2w; + wiy1) IElW) < 2n*J
i=2,...,n—1 (13)
¢
—(wi—1 — 2w; + wi41) E‘W) <2h*J
i=2,...,n—1 (14)
where
(W) = wiy1 + wi + 2w; (15)
while u; = u*(s;), for i = 1,...,n, and, in particular,

u; = 0 and u, = 0 since we are assuming that the initial
and final velocities are equal to 0. The objective function (9)
is an approximation of (6) given by the Riemann sum of
the intervals obtained by dividing each interval [s;, s;+], for
1,...,n — 1, in two subintervals of the same size.
Constraints (11) and (12) are obtained by a finite difference
approximation of w’. Constraints (13) and (14) are obtained by
using a second-order central finite difference to approximate
w”, while w is approximated by a weighted arithmetic mean
of three consecutive samples. Due to jerk constraints (13)
and (14), Problem 2 is nonconvex and cannot be solved with
the algorithm presented in [4].

I =

B. Main Result

The main contribution of this article is the development of
a new solution algorithm for finding a local minimum of the

nonconvex Problem 2. As detailed in next sections, we propose
to solve Problem 2 by a line-search algorithm based on the
sequential solution of convex problems. The algorithm is an
iterative one where the following operations are performed at
each iteration.

1) Constraint Linearization: We first define a convex prob-
lem by linearizing constraints (13) and (14) through a first-
order Taylor approximation around the current point w®.
Different from other sequential algorithms for nonlinear pro-
gramming (NLP) problems, we keep the original convex
objective function. The linearized problem is introduced in
Section II.

2) Computation of a Feasible Descent Direction: The con-
vex problem (actually, a relaxation of such problem) is solved
in order to compute a feasible descent direction §w®). The
main contribution of this article lies in this part. The compu-
tation requires the minimization of a suitably defined objective
function through a further iterative algorithm. At each iteration
of this algorithm, the following operations are performed:

C. Objective Function Evaluation

Such evaluation requires the solution of a problem with
the same objective function but subject to a subset of the
constraints. The special structure of the resulting subproblem
is heavily exploited in order to solve it efficiently. This is the
topic of Section III.

D. Computation of a Descent Step

Some Lagrange multipliers of the subproblem define a
subgradient for the objective function. This can be employed
to define a linear programming (LP) problem that returns a
descent step for the objective function. This is the topic of
Section IV.

Line Search: Finally, a standard line search along the half-
line w® + adw®, o > 0, is performed.

Sections II-IV detail all what we discussed above. Next,
in Section V, we present different computational experiments.

E. Comparison With Existing Literature

Although many works consider the problem of
minimum-time speed planning with acceleration constraints
(see [7]-[9]), relatively few consider jerk constraints. Perhaps,
this is also due to the fact that the jerk constraint is nonconvex
so that its presence significantly increases the complexity of
the optimization task. One can use a general-purpose NLP
solver (such as SNOPT or IPOPT) for finding a local solution
of Problem 2, but the required time is, in general, too large for
the speed planning application. As outlined in Section I-D,
in this work, we tackle this problem through an approach
based on the solution of a sequence of convex subproblems.
There are different approaches in the literature based on the
sequential solution of convex subproblems. In [10], it is first
observed that the problem with acceleration constraints but no
jerk constraints for robotic manipulators can be reformulated
as a convex one with linear constraints, and it is solved
by a sequence of LP problems obtained by linearizing the
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objective function at the current point, i.e., the objective
function is replaced by its supporting hyperplane at the
current point, and by introducing a trust region centered at the
current point. In [11] and [12], it is further observed that this
problem can be solved very efficiently through the solution
of a sequence of 2-D LP problems. In [13], an interior point
barrier method is used to solve the same problem based on
Newton’s method. Each Newton step requires the solution of
a KKT system, and an efficient way to solve such systems
is proposed in that work. Moving to approaches also dealing
with jerk constraints, we mention [14]. In this work, it is
observed that jerk constraints are nonconvex but can be
written as the difference between two convex functions.
Based on this observation, the authors solve the problem by
a sequence of convex subproblems obtained by linearizing
at the current point the concave part of the jerk constraints
and by adding a proximal term in the objective function that
plays the same role as a trust region, preventing from taking
too large steps. In [15] a slightly different objective function
is considered. Rather than minimizing the traveling time
along the given path, the integral of the squared difference
between the maximum velocity profile and the computed
velocity profile is minimized. After representing time-varying
control inputs as products of parametric exponential and
polynomial functions, the authors reformulate the problem in
such a way that its objective function is convex quadratic,
while nonconvexity lies in difference-of-convex functions.
The resulting problem is tackled through the solution of a
sequence of convex subproblems obtained by linearizing
the concave part of the nonconvex constraints. In [16], the
problem of speed planning for robotic manipulators with jerk
constraints is reformulated in such a way that nonconvexity
lies in simple bilinear terms. Such bilinear terms are replaced
by the corresponding convex and concave envelopes, obtaining
the so-called McCormick relaxation, which is the tightest
possible convex relaxation of the nonconvex problem. Other
approaches dealing with jerk constraints do not rely on
the solution of convex subproblems. For instance, in [17],
a concatenation of fifth-order polynomials is employed to
provide smooth trajectories, which results in quadratic jerk
profiles, while, in [18], cubic polynomials are employed,
resulting in piecewise constant jerk profiles. The decision
process involves the choice of the phase durations, i.e.,
of the intervals over which a given polynomial applies. A
very recent and interesting approach to the problem with
jerk constraints is [19]. In this work, an approach based
on numerical integration is discussed. Numerical integration
has been first applied under acceleration constraints in [20]
and [21]. In [19], jerk constraints are taken into account. The
algorithm detects a position s along the trajectory where the
jerk constraint is singular, that is, the jerk term disappears
from one of the constraints. Then, it computes the speed
profile up to s by computing two maximum jerk profiles and
then connecting them by a minimum jerk profile, found by a
shooting method. In general, the overall solution is composed
of a sequence of various maximum and minimum jerk
profiles. This approach does not guarantee reaching a local
minimum of the traversal time. Moreover, since Problem 4
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has velocity and acceleration constraints, the jerk constraint
is singular for all values of s so that the algorithm presented
in [19] cannot be directly applied to Problem 4.

Some algorithms use heuristics to quickly find sub-
optimal solutions of acceptable quality. For instance,
Villagra et al. [22] propose an algorithm that applies to curves
composed of clothoids, circles, and straight lines. The algo-
rithm does not guarantee the local optimality of the solution.
Raineri and Guarino Lo Bianco [23] present an efficient
heuristic algorithm. Also, this method does not guarantee
global nor local optimality. Various works in the literature
consider jerk bounds in the speed optimization problem for
robotic manipulators instead of mobile vehicles. This is a
slightly different problem but mathematically equivalent to
Problem (1). In particular, paper [24] presents a method based
on the solution of a large number of nonlinear and nonconvex
subproblems. The resulting algorithm is slow due to a large
number of subproblems; moreover, the authors do not prove its
convergence. Zhang et al. [25] propose a similar method that
gives a continuous-time solution. Again, the method is com-
putationally slow since it is based on the numerical solution of
a large number of differential equations; moreover, this article
does not contain proof of convergence or local optimality.
Some other works replace the jerk constraint with pseudo-
Jjerk, that is, the derivative of the acceleration with respect
to arc length, obtaining a constraint analogous to (4e) and
ending up with a convex optimization problem. For instance,
Zhang et al. [26] add to the objective function a pseudo-jerk
penalizing term. This approach is computationally convenient,
but substituting (8) with (4e) may be overly restrictive at low
speeds.

F. Statement of Contribution

The method presented in this article is a sequential convex
one that aims at finding a local optimizer of Problem 2.
To be more precise, as usual with nonconvex problems, only
convergence to a stationary point can usually be proved.
However, the fact that the sequence of generated feasible
points is decreasing with respect to the objective function
values usually guarantees that the stationary point is a local
minimizer, except in rather pathological cases (see [27, p. 19]).
Moreover, in our experiments, even after running a local solver
from different starting points, we have never been able to
detect local minimizers better than the one returned by the
method we propose. Thus, a possible, nontrivial, topic for
future research could be that of proving the global optimality
of the solution. To the best of our knowledge and as detailed
in the following, this algorithm is more efficient than the ones
existing in the literature since it leverages the special struc-
ture of the subproblems obtained as local approximations of
Problem 2. We discussed this class of problems in our previous
work [28]. This structure allows computing very efficiently a
feasible descent direction for the main line-search algorithm;
it is one of the key elements that allow us to outperform
generic NLP solvers. In summary, the main contributions of
this work are: 1) on the theoretical side, the development of an
approach for which a rigorous mathematical analysis has been
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Initial solution w'®
(e.g.w?=0)
Setk=0
|
Solve (a relaxation of) Problem 3 around w®
and let 5w be its solution

1

v

Perform a line search along
wh +aowh € @
Let a® > 0 be the computed step-length

Setk=k+1

Set wtD = wh 4 a(k)ﬁw‘

v

NO

STOP
Return w®

Fig. 1. Flowchart of algorithm SCA. The dashed block corresponds to a call
of the procedure ComputeUpdate, proposed to solve Problem 3, which
represents the main contribution of this article.

performed, proving a convergence result to a stationary point
(see Section II) and 2) on the computational side, to exploit
heavily the structure of the problem in order to implement the
approach in a fairly efficient way (see Sections III and IV)
so that its computing times outperform those of nonlinear
solvers and are competitive with heuristic approaches that are
only able to return suboptimal solutions of lower quality (see
Section V).

II. SEQUENTIAL ALGORITHM BASED ON CONSTRAINT
LINEARIZATION

To account for the nonconvexity of Problem 2, we propose
a line-search method based on the solution of a sequence of
special structured convex problems. Throughout this article,
we call this algorithm Sequential Convex Algorithm (SCA),
and its flowchart is shown in Fig. 1. It belongs to the class of
Sequential Convex Programming algorithms, where, at each
iteration, a convex subproblem is solved. In what follows,
we denote by Q the feasible region of Problem 2. At each
iteration k, we replace the current point w® e Q with a
new point w® + a®§w® e Q, where the step size a® €
[0, 1] is obtained by a line search along the descent direction
Sw®  which, in turn, is obtained through the solution of a
convex problem. The constraints of the convex problem are
linear approximations of (10)-(14) around w®, while the
objective function is the original one. Then, the problem that
we consider to compute the direction w® is given in the
following (superscript k of w® is omitted):

Problem 3:
n—1
2h
min Z (16)
SwelRr p VWit + 0wy + Jw; + ow;
Ig < dw <ug (17)
oWy —ow; <bys, i=1,...,n—1 (18)

ow; —ow;y <bp;, i=1,...,n—1 (19)

ow; — nidw;—; — Kiow;+1 <by, i =2,...,n—1
(20)

niow;—1 + Niow;y1 —ow; <bp, i=2,...,n—1
(21)

where Iy = —w and ug = u — w (recall that u has been
introduced in (10), and its components have been defined
immediately in Problem 2), while parameters n, ba, bp,
bn, and bp depend on the point w around which the con-
straints (10)—(14) are linearized. More precisely, we have

bA,. =2hA — w1 + w;

bp; = 2hA — w; + wj4
3wiyr + 3w + 2w;

" 2(wis1 + wi—1 + 6w;)
8h2J i1 — 2w; i l;
b =y S 1 20 ) /)
2(wit1 + wi—; + 6w;)
8h2J — i—1 — 2Ww; i C;
by, = JEW) izt = 201 + W) VG (55

2(wit1 + wi—; + 6w;)

where ¢; is defined in (15). The following proposition is an
immediate consequence of the feasibility of w.

Proposition 1: All parameters 5, ba, bp, by, and bp are
nonnegative.

The proposed approach follows some standard ideas of
sequential quadratic approaches employed in the literature
about nonlinearly constrained problems. However, a quite
relevant difference is that the true objective function (9) is
employed in the problem to compute the direction, rather
than a quadratic approximation of such function. This choice
comes from the fact that the objective function (9) has some
features (in particular, convexity and being decreasing), which,
combined with the structure of the linearized constraints,
allows for an efficient solution of Problem 3. Problem 3 is
a convex problem with a nonempty feasible region (§w = 0 is
always a feasible solution) and, consequently, can be solved by
existing NLP solvers. However, such solvers tend to increase
computing times since they need to be called many times
within the iterative algorithm SCA. The main contribution of
this article lies in the routine computeUpdate (see dashed
block in Fig. 1), which is able to solve Problem 3 and effi-
ciently returns a descent direction §w®. To be more precise,
we solve a relaxation of Problem 3. Such relaxation, as well
as the routine to solve it, is detailed in Sections III and IV.
In Section III, we present efficient approaches to solve some
subproblems, including proper subsets of the constraints. Then,
in Section IV, we address the solution of the relaxation of
Problem 3.

Remark 1: 1t is possible to see that, if one of the con-
straints (13) and (14) is active at w*, then, along the
direction w® computed through the solution of the linearized
Problem 3, it holds that w® +-a8w® e Q for any sufficiently
small & > 0. In other words, small perturbations of the current
solution w along direction §w* do not lead outside the
feasible region Q. This fact is illustrated in Fig. 2. Let us
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Fig. 2. Constraints (13) and (14) and their linearization (C = 4h2J).

rewrite constraints (13) and (14) as follows:
|(x —2y)Vx| = C

where x = ¢;(w), y = 2w;, and C = 4h?J is a constant. The
feasible region associated with constraint (23) is reported in
Fig. 2. In particular, it is the region between the blue and red
curves. Suppose that constraint y < (x/2)+(C/2./x) is active
at w®) (the case when y > (x/2) — (C/2/x) is active can
be dealt with in a completely analogous way). If we linearize
such constraint around w®, then we obtain a linear constraint
(black line in Fig. 2), which defines a region completely
contained into the one defined by the nonlinear constraint
y < (x/2)+(C/24/x). Hence, for each direction §w® feasible
with respect to the linearized constraint, we are always able to
perform sufficiently small steps, without violating the original
nonlinear constraints, i.e., for & > 0 small enough, it holds
that w® + adw® € Q.

Constraints (13) and (14) can also be rewritten as follows:

(23)

(24)

w1 + w1 — 2w; — 4h2J(€i(W))_% 0
)y 1 <0. (25

<
2w; — wi—y — wis1 — 4R* T (€ (W) "7 <

Note that the functions on the left-hand side of these
constraints are concave. Now, we can define a variant of
Problem 3 where constraints (20) and (21) are replaced by
the following linearizations of constraints (24) and (25):

—pidwi—1 — iow;y1 + ow; < by (26)
6;0w;—y + ;0w — ow; < by, 27)
where
g _ L2
L2 aR2T (i (w))
=202 (W)
h= 2+ 4h2J (6i(w)) 3
y, = _SIE)
L2 AR2I (€ (w)) 2
o 6h2J (€;(w)) "2 08)

"2 anr@wy

The following proposition states that constraints (26)
and (27) are tighter than constraints (20) and (21).
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Proposition 2: For all i =2,...,n — 1, it holds that f; <
n; < 6;. Equality #; = 6; holds if the corresponding nonlinear
constraint (24) is active at the current point w. Similarly, n, =
p; holds if the corresponding nonlinear constraint (25) is active
at the current point w.

Proof: We only prove the results about 6; and #;. Those
about f; and #; are proved in a completely analogous way.
By definition of #; and 6;, we need to prove that

3u),-+1 + 311),',1 + 211),' - 1+ 2]’12](5,(W))7
wit1 0w +wimi T 2 —4R2J (€ (W)~

After few simple computations, this inequality can be
rewritten as

olw | lu

AR2J(E; (W) "2 > (wi_1 — 2w; + Wis1)

which holds in view of feasibility of w and, moreover, holds
as an equality if constraint (24) is active at the current point
w, as we wanted to prove. O

In view of this result, by replacing constraints (20) and (21)
with (26) and (27), we reduce the search space of the new
displacement §w. On the other hand, the following proposition
states that, with constraints (26) and (27), no line search is
needed along the direction dw, i.e., we can always choose the
step length o = 1.

Proposition 3: If constraints (26) and (27) are employed as
a replacement of constraints (20) and (21) in the definition of
Problem 3, then, for each feasible solution §w of this problem,
it holds that w + éw € Q.

Proof:  For the sake of convenience, let us rewrite

Problem 2 in the following more compact form:

min f(w + éw)

c(w+édw) <0 (29)

where the vector function ¢ contains all constraints
of Problem 2 and the nonlinear ones are given as
in (24) and (25) (recall that, in that case, vector ¢ is a vector of
concave functions). Then, Problem 3 can be written as follows:

min f(w+40ow) c¢(w)+ Ve(w)ow < 0. (30)

Now, it is enough to observe that, by concavity,
c(w+ 8w) < c(w) + Ve(w)ow

so that each feasible solution of (30) is also feasible for (29).
O
The above proposition states that the feasible region of
Problem 3, when constraints (26) and (27) are employed
in its definition, is a subset of the feasible region Q of
the original Problem 2. As a final result of this section,
we state the following theorem, which establishes convergence
of algorithm SCA to a stationary (KKT) point of Problem 2.
Theorem 1: If algorithm SCA is run for an infinite number
of iterations and there exists some positive integer value K
such that for all iterations kK > K, constraints (26) and (27) are
always employed in the definition of Problem 3, and then, the
sequence of points {w®)} generated by the algorithm converges
to a KKT point of Problem 2.

509

510

511

512

513

514

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558



559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

583

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

CONSOLINI et al.: SEQUENTIAL ALGORITHM FOR JERK LIMITED SPEED PLANNING 7

In order to prove the theorem, we first need to prove some
lemmas.

Lemma 1: The sequence {f(w®)} of the function values
at points generated by algorithm SCA converges to a finite
value.

Proof: The sequence is nonincreasing and bounded from
below, e.g., by the value f(up), in view of the fact that the
objective function f is monotonic decreasing. Thus, it con-
verges to a finite value. (]

Next, we need the following result based on strict convexity
of the objective function f.

Lemma 2: For each ¢ > 0 sufficiently small, it holds that

X+Yy

min[maX{f(X), FWi - f(T)

‘X, yeQ, [x—yl 25] >e > 0. (1)
Proof: Due to strict convexity, it holds that, Vx #y,

max{ £ (%), £(y)} - f(%) > 0,

Moreover, the function is a continuous Next,

we observe that the region

one.

xX,yeQ: [x—yl >4}

is a compact set. Thus, by the Weierstrass theorem, the
minimum in (31) is attained, and it must be strictly positive,
as we wanted to prove. (]
Finally, we prove that also the sequence of points generated
by algorithm SCA converges to some point, feasible for
Problem 2.
Lemma 3: It holds that

low® | = 0.

Proof: Let us assume, by contradiction, that, over some
infinite subsequence with index set /C, it holds that |[ow® || >
2p > 0 for all k € K, i.e.,

WD — w® > 2p > 0 (32)

where w*D = w® 4 sw® _ Over this subsequence, it holds,
by strict convexity, that

FWED) < f(wh) —¢ vkek (33)

for some ¢ > 0. Indeed, it follows by optimality of w® 4
ow® for Problem 3 and convexity of f that

f(w(k+1)) < f(

wlHD 1 )

so that

max{ f (W), £ (W)} = £ (w®),

Then, it follows from (32) and Lemma 2 that we can choose
¢ =¢, > 0. Thus, since (33) holds infinitely often, we should
have f(w®) — —oo, which, however, is not possible in view
of Lemma 1. Il

Now, we are ready to prove Theorem 1.

Proof: As a consequence of Lemma 3, it also holds that

wh > weQ. (34)

Indeed, all points w* belong to the compact feasible region
Q so that the sequence {w)} admits accumulation points.
However, due to Lemma 3, the sequence cannot have distinct
accumulation points.

Now, let us consider the compact reformulation (29) of
Problem 2 and the related linearization (30), equivalent to
Problem 3 with the linearized constraints (26) and (27). Since
the latter is a convex problem with linear constraints, its local
minimizer ow®) (unique in view of strict convexity of the
objective function) fulfills the following KKT conditions:

VE(w® +owh) + plve(w®) =0
c(w(k)) + Vc(w("))éw(") <0
1l (c(w®) + Ve(w®)ow®) =0

we=0 (35)

where p,; is the vector of Lagrange multipliers. Now, by taking
the limit of system (35), possibly over a subsequence, in order
to guarantee convergence of the multiplier vectors u; to a
vector jt, in view of Lemma 3 and (34), we have that

VW) + i Ve(w) =0
c(w) <0
ale(w)=0
=0

or, equivalently, the limit point W is a KKT point of Problem 2,
as we wanted to prove. O
Remark 2: In algorithm SCA at each iteration, we solve to
optimality Problem 3. This is indeed necessary for the final
iterations to prove the convergence result stated in Theorem 1.
However, during the first iterations, it is not necessary to solve
the problem to optimality: finding a feasible descent direction
is enough. This does not alter the theoretical properties of the
algorithm and allows to reduce the computing times.

In the rest of this article, we refer to constraints (18) and
(19) as acceleration constraints, while constraints (20) and (21)
[or (26) and (27)] are called (linearized) negative acceleration
rate (NAR) and positive acceleration rate (PAR) constraints,
respectively. Also, note that, in the different subproblems
discussed in the following, we always refer to the linearization
with constraints (20) and (21) and, thus, with parameters
n;, but the same results also hold for the linearization with
constraints (26) and (27) and, thus, with parameters 6; and ;.

III. SUBPROBLEM WITH ACCELERATION AND NAR
CONSTRAINTS

In this section, we propose an efficient method to solve
Problem 3 when PAR constraints are removed. The solution
of this subproblem becomes part of an approach to solve
a suitable relaxation of Problem 3 and, in fact, under very
mild assumptions, to solve Problem 3 itself. This is clarified
in Section IV. We discuss: 1) the subproblem including
only (17) and the acceleration constraints (18) and (19); 2) the
subproblem including only (17) and the NAR constraints (20);
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and 2) the subproblem including all constraints (17)—(20).
Throughout the section, we need the results stated in the
following two propositions. Let us consider problems with the
following form, where N = {1,...,n}and M; = {1, ..., m;},
Jj €N:

min g(xi,...,x,)
xjfai,jxj_1+bi,jxj+1+ci,j, iEMj, jeN
lj<xj=uj, jeEN (36)

where g is a monotonic decreasing function; a; ;, b; j, ¢; ; > 0,
fori € Mj and j € N; a;; = 0 fori € M;; and b;,, =0
for i € M,. The following result is proven in [28]. Here,
we report the proof in order to make this article self-contained.
We denote by P the feasible polytope of problem (36).
Moreover, we denote by z the componentwise maximum of all
feasible solutions in P, i.e., for each j € N, z; = maxyep x;
(note that the above maximum value is attained since P is a
polytope).
Proposition 4: The unique optimal solution of (36) is the
componentwise maximum z of all its feasible solutions.
Proof: If we are able to prove that the componentwise
maximum z of all feasible solutions is itself a feasible solution,
by monotonicity of g, it must also be the unique optimal
solution. In order to prove that z is feasible, we proceed
as follows. For j € N, let'x*j be the optimal solution of
maxyep X; so that z; = xjfj. Since x*/ € P, then it must
hold that £; < z; < u;. Moreover, let us consider the generic
constraint

Xj < @i jXj-1+DbijXji1 + i
for i € M;. It holds that
;
j
< Gijzj-1+Dijzie e

- K X 4
Tj =X = ai X0+ waj+1 +cij

where the first inequality follows from feasibility of x*/, while
the second follows from nonnegativity of a;; and b;; and the
definition of z. Since this holds for all j € N, the result is
proven. U
Now, consider the problem obtained from (36) by removing
some constraints, i.e., by taking MJ’. C M; for each j € N

min g(xy,...,x,)
Xj < @i jXj-1+bijxj+cij,

JjEN.

ieM,

j jeN

(37)

fjngfuj,

Later, we also need the result stated in the following
proposition.

Proposition 5: The optimal solution X* of problem (37) is
an upper bound for the optimal solution x* of problem (36),
ie., X* > x*.

Proof: Tt holds that x* is a feasible solution of prob-
lem (37) so that, in view of Proposition 4, X* > x*
holds. =

A. Acceleration Constraints

The simplest case is the one where we only consider the
acceleration constraints (18) and (19), besides constraints (17)

IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING

with a generic upper bound vector y > 0. The problem to be
solved is
Problem 4:

. n—1 %
min

SweR" “— VWir1 + 0wiry + Jw; + dw;

i=

Ip <dw <=y
5wi+1—5wi§bA,., i=1,...,n—1

5w,»—5w,-+1§bD,», i=1,...,n—1.

It can be seen that such a problem belongs to the class
of problems (36). Therefore, in view of Proposition 4, the
optimal solution of Problem 4 is the componentwise maximum
of its feasible region. Moreover, in [3], it has been proven that
Algorithm 1, based on a forward and a backward iteration
and with O(n) computational complexity, returns an optimal
solution of Problem 4.

Algorithm 1 Routine SolveAcc for the Solution of the
Problem With Acceleration Constraints
input : Upper bound y
output: w
1 ow; =0, ow, =0 ;
2fori=1ton—1do
3 L oWy = min{éwi + by,, y,-“}

4fori=n—-1to1 do
5 | ow; = min{dw;1 +ba,, i}

6 return §w

B. NAR Constraints

Now, we consider the problem only including NAR con-
straints (20) and constraints (17) with upper bound vector y
Problem 5:

. n—1 2%
min
SweR" “— VWil + Swiry + Jw; + ow;
0<dw=y (38)
ow; < 7’]1'(511)5_1 +5U)i+1) + bN,., i=2,...,n—1
(39)
where y; = y, = 0 because of the boundary conditions.

Also, this problem belongs to the class of problems (36)
so that Proposition 4 states that its optimal solution is the
componentwise maximum of its feasible region. Problem 5 can
be solved by using the graph-based approach presented in [4]
and [28]. However, Cabassi et al. [4] show that, by exploiting
the structure of a simpler version of the NAR constraints, it is
possible to develop an algorithm more efficient than the graph-
based one. Our purpose is to extend the results presented in [4]
to a case with different and more challenging NAR constraints
in order to develop an efficient algorithm outperforming the
graph-based one.

Now, let us consider the restriction of Problem 5 between
two generic indexes s and ¢ such that | <s <t < n, obtained
by fixing dw; = y,; and dw, = y, and by considering only the
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NAR and upper bound constraints at s +1, ..., — 1. Let §w*
be the optimal solution of the restriction. We first prove the
following lemma.

Lemma 4: The optimal solution §w* of the restriction of
Problem 5 between two indexes s and 7, 1 < s <t < n,
is such that, for each j € {s+1,...,t — 1}, either 5ij <vy;
or ow; < n;(0wj, | + owj_;) + by, holds as an equality.

Proof: 1Tt is enough to observe that, in case both inequali-
ties were strict for some j, then, in view of the monotonicity of
the objective function, we could decrease the objective func-
tion value by increasing the value of 5w;‘f, thus contradicting

optimality of w*. O
Note that the above result also applies to the full Problem 35,
which corresponds to the special case s = 1, r = n with

vi = yp = 0. In view of Lemma 4, we have that there exists
an index j, with s < j < ¢, such that: 1) 5w;‘f =yj; 2) the
upper bound constraint is not active at s + 1,..., j — 1; and
3) all NAR constraints s + 1, ..., j — | are active. Then, j is
the lowest index in {s + 1,...,7 — 1} where the upper bound
constraint is active If index j were known, then the following
observation allows returning the components of the optimal
solution between s and j. Let us first introduce the following
definitions of matrix A and vector q:

moq - 0 . 0
A= —Ns42 1 —Hs+2
o . . 0
[0 0 g
_bNH—l + Ms41Ys
bnsio
q= : (40)
by
L by j—1 + -1y

Note that A is the square submatrix of the NAR constraints
restricted to rows s + 1 up to j — 1 and the related columns.

Observation 1: Let §w* be the optimal solution of the
restriction of Problem 5 between s and 7 and let s < j.
If constraints dw; < yj, (5ij < yj, and dw} < m(éw?}rl +
ow! )+ by, fori =s+1,...,j — 1, are all active, then
owy ., 0w’_, are obtained by the solution of the following

PESERE
tridiagonal system:

owy = ys
Sw, — 10w, 41 — N 0w,y =by,, r=s+1,...,j—1

511) i = y j
or, equivalently, as

OWs g1 — Ny+1 X542
= DNsi1 + Ns+1)s
Sw, — 10wy — NpOWr—y =by,, r=s5+2,...,j—2

5wx+l - 77s+lxs+2 = sz-t,-] + Hs+1Ys- (4’1)

In the matrix form, the above tridiagonal linear system can
be written as

ASW, i =q (42)

where matrix A and vector q are defined in (40) and 6w, .,
is the restriction of vector §w to its components between s + 1
and j — 1.

Tridiagonal systems

aixi—1 +bixi +cixip1=d;, i=1,...,m

with a; = ¢, = 0 can be solved through so-called Thomas
algorithm [29] with O(m) operations. In order to detect the
lowest index j € {s+1, ..., — 1} such that the upper bound
constraint is active at j, we propose Algorithm 2, also called
SolveNAR and described in what follows. We initially set
Jj = t. Then, at each iteration, we solve the linear system (42).
Let X = (Xs41,...,Xj—1) be its solution. We check whether
it is feasible and optimal or not. Namely, if there exists k €
{s+1,...,j — 1} such that either X, < 0 or X > y, then
X is unfeasible, and consequently, we need to reduce j by 1.
If X, = y; for some k € {s +1,...,j — 1}, then we also
reduce j by 1 since j is not in any case the lowest index
of the optimal solution where the upper bound constraint is
active. Finally, if 0 < X; < yy, fork=s+1,...,j — 1, then
we need to verify if X is the best possible solution over the
interval {s + 1,..., j — 1}. We are able to check that after
proving the following result.

Proposition 6: Let matrix A and vector q be defined as
in (40). The optimal solution §w* of the restriction of
Problem 5 between s and ¢ satisfies

owr=y,, ow'=x,r=s+1,...,j—1, 5w;‘.:yj (43)
if and only if the optimal value of the LP problem
max 17
‘ Ae <0
€e<y—xX (44)

is strictly positive or, equivalently, if the following system
admits no solution:

ATr =1, r>0. (45)

Proof: Let us first assume that §w* does not fulfill (43).
Then, in view of Lemma 4, j is not the lowest index such
that the upper bound is active at the optimal solution, and
consequently, dw; = yr > X for some k € {s+1,...,j—1}
Such optimal solution must be feasible, and in particular,
it must satisfy all NAR constraints between s + 1 and j — 1
and the upper bound constraints between s + 1 and j, i.e.,

oW, — Ny410W;
= sz.t,_] + Ny11Ys

ow; — now; —nowr_y <by,, r=s+2,...,j—2

oWy = nj10w_p — nj—10w; < by,

owr <y, r=s+1,...,]j.

In view of (5w;f < yjand n;_; > 0, dw* also satisfies the
following system of inequalities:
5’0;-1 - 7’ls+15w;k+2
< sz+1 + Hs+1Ys

ow; — nowyyy — now_y <by,, T=5+2,...,j=2
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ow;_y —nj—10w;_, by 1+ 1j-1y;

owr <y, r=s+1,...,j—1L

After making the change of variables dw) = %, + ¢, for
r=s+1,...,j—1, and recalling that X solves system (41),
the system of inequalities can be further rewritten as

Ex+l - 7’]s+les+2 f O

€& — M€y —Nr€r—1 <0, T=54+2,...,]—2
€j—1—1j-1€;—2 <0
& <y, —X, r=s+1,...,j—1.

Finally, recalling the definition of matrix A and vector q
given in (40), this can also be written in a more compact form
as

Ae <0

€ <y—X

If ow} = yr > X for some k € {s+1,..., j — 1}, then the
system must admit a solution with € > 0. This is equivalent
to prove that problem (44) has an optimal solution with at
least one strictly positive component, and the optimal value
is strictly positive. Indeed, in view of the definition of matrix
A, problem (44) has the structure of the problems discussed
in Proposition 4. More precisely, to see that, we need to
remark that maximizing 17 ¢ is equivalent to minimizing the
decreasing function —17 €. Then, observing that € = 0 is a
feasible solution of problem (44), by Proposition 4, the optimal
solution €* must be a nonnegative vector, and since at least
one component, namely, component k, is strictly positive, then
the optimal value must also be strictly positive.

Conversely, let us assume that the optimal value is strictly
positive, and €* is an optimal solution with at least one strictly
positive component. Then, there are two possible alternatives.
Either the optimal solution §w* of the restriction of Problem 5
between s and ¢ is such that 5w;f < yj, in which case (43)
obviously does not hold, or 5w;‘f = y;. In the latter case, let
us assume by contradiction that (43) holds. We observe that
the solution that is defined as follows:

Xg = Vs

X, =Xt =0w+e, r=s+1,...,j—1
x}:yjzéw;‘f

X, =0w:, r=j+1,...,1¢

is feasible for the restriction of Problem 5 between s and t.
Indeed, by feasibility of €* in problem (44), all upper bound
and NAR constraints between s and j — 1 are fulfilled. Those
between, j + 1 and ¢, are also fulfilled by the feasibility of
dw*. Then, we only need to prove that the NAR constraint at j
is satisfied. By feasibility of w* and in view of e;‘_l, n;j >0,
we have that

IA

Xj = 0w} < njowi_; +njowi + by,
0 (Owi_y +€j-1) +nj0wiy, +by;

= nX;_y + 10X + by

IA
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Thus, x’ is feasible such that X’ > §w* with at least one strict
inequality (recall that at least one component of €* is strictly
positive), which contradicts the optimality of §w* (recall that
the optimal solution must be the componentwise maximum of
all feasible solutions).

In order to prove the last part, i.e., problem (44) has a
positive optimal value if and only if (45) admits no solution,
and we notice that the optimal value is positive if and
only if the feasible point € =0 is not an optimal solution,
or equivalently, the null vector is not a KKT point. Since,
at € =0, constraints € < y — X cannot be active, then the
KKT conditions for problem (44) at this point are exactly those
established in (45), where vector A is the vector of Lagrange
mutlpliers for constraints Ae < 0. This concludes the
proof. g

Then, if (45) admits no solution, (43) does not hold, and
again, we need to reduce j by 1. Otherwise, we can fix the
optimal solution between s and j according to (43). After that,
we recursively call the routine SolveNAR on the remaining
subinterval {j, ..., ¢} in order to obtain the solution over the
full interval.

Remark 3: In Algorithm 2, routine isFeasible is the
routine used to verify if, fork =s+1,...,j—1,0 < X < w,
while isOptimal is the procedure to check optimality of X
over the interval {s +1,..., j — 1}, i.e., (43) holds.

Now, we are ready to prove that Algorithm 2 solves
Problem 5.

Proposition 7: The call solveNAR(y, 1, n) of
Algorithm 2 returns the optimal solution of Problem 5.

Proof: After the call solveNAR(y, 1, n),we are able
to identify the portion of the optimal solution between 1 and
some index ji, 1 < j; <n.If j; = n, then we are done. Oth-
erwise, we make the recursive call solveNAR(y, j, n),
which enables to identify also the portion of the optimal
solution between j; and some index j,, j; < jo <n.If j, =n,
then we are done. Otherwise, we make the recursive call
solveNAR(y, j», n) and so on. After at most n recursive
calls, we are able to return the full optimal solution. U

Algorithm 2 SolveNAR(y, s, )
input : Upper bound y and two indices s and ¢ with
l1<s<t<n

output: Jw*
1 Set j =t;
2 6WF =y;

3 while j > s+ 1 do
4 | Compute the solution X of the linear system (42);
5 | if isFeasible(X) and isOptimal(X) then

6 LBreak;

7 | else

8 | | Setj=j—1
ofori=s+1,...,j—1do

10 L Set dw} = x;;

11 return §w* = min{édw*, SolveNAR(§W", j, 1)};
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Remark 4: Note that Algorithm 2 involves solving a signifi-
cant amount of linear systems, both to compute X and verify its
optimality [see (42) and (45)]. Some tricks can be employed to
reduce the number of operations. Some of these are discussed
in [30].

The following proposition states the worst case complexity
of solveNAR(y,1,n).

Proposition 8: Problem 5 can be solved with O(n®) oper-
ations by running the procedure SolveNAR(y, 1,n) and by
using the Thomas algorithm for the solution of each linear
system.

Proof: In the worst case, at the first call, we have j; =2
since we need to go all the way from j = n down to j = 2.
Since, for each j, we need to solve a tridiagonal system, which
requires at most O (n) operations, the first call of SolveNAR
requires O(n?) operations. This is similar for all successive
calls, and since the number of recursive calls is at most O (n),
the overall effort is at most of O(n?) operations. t

In fact, what we observed is that the practical complexity
of the algorithm is much better, namely, @(nz).

C. Acceleration and NAR Constraints
Now, we discuss the problem with acceleration and NAR
constraints, with upper bound vector y, i.e.,
Problem 6:
. n—1 2%
min
SweR" “= Jwi 1 + 0wiy1 + VWi + ow;
Ip <dw <y

5w,»+1—5w,»§bAi, i=1,...,n—1

5w,»—5w,-+1§b13,-, i=1,....,.n—1

ow; — m&wi_l — 775511)1'4_1 < bN,., i=2,...,n—1.

We first remark that Problem 6 has the structure of
problem (36) so that, by Proposition 4, its unique optimal
solution is the componentwise maximum of its feasible region.
As for Problem 5, we can solve Problem 6 by using the graph-
based approach proposed in [28]. However, Cabassi et al. [4]
show that, if we adopt a very efficient procedure to solve Prob-
lems 4 and 5, then it is worth splitting the full problem into two
separated ones and use an iterative approach (see Algorithm 3).
Indeed, Problems 4-6 share the common property that their
optimal solution is also the componentwise maximum of
the corresponding feasible region. Moreover, according to
Proposition 5, the optimal solutions of Problems 4 and 5 are
valid upper bounds for the optimal solution (actually, also for
any feasible solution) of the full Problem 6. In Algorithm 3,
we first call the procedure SolveACC with input the upper
bound vector y. Then, the output of this procedure, which,
according to what we have just stated, is an upper bound for
the solution of the full Problem 6, satisfies dwac. <y, and
becomes the input for a call of the procedure SolveNAR.
The output §wnar of this call is again an upper bound for
the solution of the full Problem 6, and it satisfies dwnar <
dWacc. This output becomes the input of a further call to the
procedure SolveACC, and we proceed in this way until the
distance between two consecutive output vectors falls below a

prescribed tolerance value ¢. The following proposition states
that the sequence of output vectors generated by the alternate
calls to the procedures SolveACC and SolveNAR converges
to the optimal solution of the full Problem 6.

Proposition 9: Algorithm 3 converges to the the optimal
solution of Problem 6 when ¢ = 0 and stops after a finite
number of iterations if ¢ > 0.

Proof: 'We have observed that the sequence of alternate
solutions of Problems 4 and 5, here denoted by {y,}, is: 1) a
sequence of valid upper bounds for the optimal solution of
Problem 6; 2) componentwise monotonic nonincreasing; and
3) componentwise bounded from below by the null vector.
Thus, if ¢ = 0, an infinite sequence is generated, which
converges to some point ¥, which is also an upper bound
for the optimal solution of Problem 6 but, more precisely,
by continuity, is also a feasible point of the problem and,
is thus, also the optimal solution of the problem. If ¢ > 0, due
to the convergence to some point y, at some finite iteration,
the exit condition of the while loop must be satisfied. U

Algorithm 3 Algorithm SolveACCNAR for the Solution

of Problem 6
input : The upper bound y and the tolerance &
output: The optimal solution §w* and the optimal value

f*

1 §Wace = SolveACC(y);

2 §WnaR = SolveNAR(Wace, 1, n);

3 while ||§Wyar — 6Wacel| > ¢ do

4 | 8Wace = SolveACC(dw);

5 L SWNAR = SO1veNAR(§Wacc, 1, n);

6 SW* = SWNAR;
7 return §w*, evaluateObj(dw")

IV. DESCENT METHOD FOR THE CASE OF ACCELERATION,
PAR, AND NAR CONSTRAINTS

Unfortunately, PAR constraints (21) do not satisfy the
assumptions requested in Proposition 4 in order to guarantee
that the componentwise maximum of the feasible region is
the optimal solution of Problem 3. However, in Section III,
we have shown that Problem 6, i.e., Problem 3 without the
PAR constraints, can be efficiently solved by Algorithm 3.
Our purpose then is to separate the acceleration and NAR
constraints from the PAR constraints.

Definition 1: Let f:R"™ — R be the objective function of
Problem 3, and let D be the region defined by the acceleration
and NAR constraints (the feasible region of Problem 6).
We define the function F:R" — R as follows:

F(y) = min{f(x) [x € D,x < y}.

Namely, F' is the optimal value function of Problem 6 when
the upper bound vector is y.
Proposition 10: Function F is a convex function.
Proof: Since Problem 6 is convex, then the optimal value
function F is convex (see [31, Sec. 5.6.1]). ]
Now, let us introduce the following problem:
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Problem 7:
min  F(y) (46)
yeR®
(Vi1 +Yig1) —=yi<bp, i=2,....,n—1 (47)
Ig <y < ug. (48)

Such a problem is a relaxation of Problem 3. Indeed, each
feasible solution of Problem 3 is also feasible for Problem 7,
and the value of F at such solution is equal to the value
of the objective function of Problem 3 at the same solution.
We solve Problem 7 rather than Problem 3 to compute the
new displacement dw. More precisely, if y* is the optimal
solution of Problem 7, then we set

min
xeD,x<y

Sw = arg S(x). (49)

In the following proposition, we prove that, under a very
mild condition, the optimal solution of Problem 7 computed
in (49) is feasible and, thus, optimal for Problem 3 so that,
although we solve a relaxation of the latter problem, we return
an optimal solution for it.

Proposition 11: Let w® be the current point. If

€;@w)<t;(w®)(3+min{0,E(W™)}), j=2,...,n-1

(50)
where dw is computed through (49) and

(k) (k) (k)
fj(w(k))(wFl +wjy — 2w )
>

k)) —

w?) = 2127 -

(the inequality follows from feasibility of w®)), then dw is
feasible for Problem 3, both if the nonlinear constraints are
linearized as in (20) and (21), and if they are linearized as
in (26) and (27).

Proof: First, we notice that, if we prove the result for
the tighter constraints (26) and (27), then it must also hold
for constraints (20) and (21). Thus, we prove the result only
for the former. By definition (49), §w satisfies the acceleration
and NAR constraints so that

-2

ow; < 6wjy1 +bp,

ow; < owj_; +ba,_,

ow;j < ﬂj(éij + 5wj,1) —i—b;\,f
ow; < y;‘f. ‘

At least one of these constraints must be active; otherwise,
ow; could be increased, thus contradicting optimality. If the
active constraint is ow; < ;(0w;+1 + dw;—1) + bl , then
constraint (27) can be rewritten as follows:

AR (€5 (W) 7 (0w 41 + 20w, + dw; )
< 12h21(5,-(w<k>))‘%
or, equivalently,
€;(8w) < 3¢;(w®)

implied by (50), and thus, the constraint is satisfied under the
given assumption. If dw; = y7, then

0;(0wj—1+0wj11) <0; (¥ + Y1) S¥j + by, = ow; + b

IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING

where the second inequality follows from the fact that y*
satisfies the PAR constraints. Now, let dw; = dw;41 + bp,
(the case when dw; < dw;_| + ba,_, is active can be dealt
with in a completely analogous way). First, we observe that
ow; > owj_ — bp,_,. Then,

2511)]' > 511)]4.1 + 511)]'_1 +b1_)j — bDj,p

In view of the definitions of bDj and bDH, this can also be
written as

20w; > owjqi 4+ owj—1 + wﬁkll — 2w§k) + wﬁ"jl (51)
Now, after recalling the definitions of #; and bj, given

in (28), and setting A = hJ, (27) can be rewritten as
260; > Ow; 1+ w1 +2A(; (W) 22, (Bw)
INGIC)
Taking into account (51), such inequality certainly holds if

)

© —2w® 4 B > 2A (e (W) T e 6w)

—6A(¢;(wh))
which is equivalent to
€;@w) < €;(WwP) (3 +&(wh)).

This is also implied by (50). U

Assumption (50) is mild. In order to fulfill it, one can
impose restrictions on ow;_i, 6w, and éw;4. In fact, in the
computational experiments, we did not impose such restric-
tions unless a positive step-length along the computed direc-
tion dw could not be taken (which, however, never occurred
in our experiments).

Now, let us turn our attention toward the solution of
Problem 7. In order to solve it, we propose a descent method.
We can exploit the information provided by the dual optimal
solution v € R’ associated with the upper bound constraints
of Problem 6. Indeed, from the sensitivity theory, we know
that the dual solution is related to the gradient of the optimal
value function F (see Definition 1) and provides information
about how it changes its value for small perturbations of the
upper bound values (for further details, see [31, Secs. 5.6.2 and
5.6.5]). Let y) be a feasible solution of Problem 7 and v € R”.
be the Lagrange multipliers of the upper bound constraints of
Problem 6 when the upper bound is y®. Let

gi =bp, — i (yfi’l + yi(i)l) +y i=2. -

Then, a feasible descent direction d® can be obtained by
solving the following LP problem:

Problem 8:
min —v’d (52)
deR”
nidi—1 +diy1)—di <¢;, i=2,....,n—1 (53)
I <y +d<ug (54)

where the objective function (52) imposes that d® is a
descent direction, while constraints (53) and (54) guarantee
feasibility with respect to Problem 7. Problem 8 is an LP
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problem, and consequently, it can easily be solved through a
standard LP solver. In particular, we employed GUROBI [32].
Unfortunately, since the information provided by the dual
optimal solution v is local and related to small perturbations of
the upper bounds, it might happen that F(y" +d®) > F(y®).
To overcome this issue, we introduce a trust-region constraint
in Problem 8. Thus, let ¢ € R, be the radius of the trust
region at iteration ¢; then, we have

Problem 9:
min —v’d (55)
deR”
nildi-1+diy1)—di <¢;, i=2,....,n—1 (56)
Iy <d<ip (57)
where Ip = max{lp, — yi(l), —c®W} and it = minfup —
y,.(t), oW} fori =1,...,n. After each iteration of the descent

algorithm, we change the radius ¢ ) according to the following
rules.

D) If F(y® +d®) > F(y®), then we set y'*) =y, and

we tight the trust region by decreasing ¢® by a factor

7€ (0,1).

2) If F(y+d®) < F(y"), then we set y'*! = y® 44"

and enlarge the radius ¢ by a factor p > 1.
The proposed descent algorithm is sketched in Fig. 3, which
reports the flowchart of the procedure ComputeUpdate used
in algorithm SCA. We initially set y® = 0. At each iteration ¢,
we evaluate the objective function F(y") by solving Problem 6
with upper bound vector y® through a call of the routine
solveACCNAR (see Algorithm 3). Then, we compute the
Lagrange multipliers v associated with the upper bound con-
straints. After that, we compute a candidate descent direction
d® by solving Problem 9. If d” is a descent step, then we set
y*D) =y 4+ d® and enlarge the radius of the trust region;
otherwise, we do not move to a new point, and we tight the
trust region and solve again Problem 9. The descent algorithm
stops as soon as the radius of the trust region becomes smaller
than a fixed tolerance ¢;.

Remark 5: Note that we initially set y® = 0. However, any
feasible solution of Problem 9 does the job, and actually, start-
ing with a good initial solution may enhance the performance
of the algorithm.

Remark 6: Problem 9 is an LP and can be solved by
any existing LP solver. However, a suboptimal solution to
Problem 9, obtained by a heuristic approach, is also accept-
able. Indeed, we observe that: 1) an optimal descent direction
is not strictly required and 2) a heuristic approach allows to
reduce the time needed to get a descent direction. In this
article, we employed a possible heuristic, whose description
can be found in [30], but the development of further heuristic
approaches is a possible topic for future research.

V. COMPUTATIONAL EXPERIMENTS

In this section, we present various computational experi-
ments performed in order to evaluate the approaches proposed
in Sections III and IV.

In particular, we compared solutions of Problem 2 computed
by algorithm SCA to solutions obtained with commercial NLP

solvers. Note that, with a single exception, we did not carry out
a direct comparison with other methods specifically tailored to
Problem 2 for the following reasons.

1) Some algorithms (such as [22] and [23]) use heuristics to
quickly find suboptimal solutions of acceptable quality
but do not achieve local optimality. Hence, comparing
their solution times with SCA would not be fair. How-
ever, in one of our experiments (see Experiment 4),
we made a comparison between the most recent heuristic
proposed in [23] and algorithm SCA, both in terms
of computing times and in terms of the quality of the
returned solution.

2) The method presented in [26] does not consider the
(nonconvex) jerk constraint but solves a convex problem
whose objective function has a penalization term that
includes pseudojerk. Due to this difference, a direct
comparison with SCA is not possible.

3) The method presented in [24] is based on the numerical
solution of a large number of nonlinear and nonconvex
subproblems and is, therefore, structurally slower than
SCA, whose main iteration is based on the efficient
solution of the convex Problem 3.

In the first two experiments, we compare the computational
time of IPOPT, a general-purpose NLP solver [33], with that
of algorithm SCA over some randomly generated instances of
Problem 2. In particular, we tested two different versions of
the algorithm SCA. The first version, called SCA-H in what
follows, employs the heuristic mentioned in Remark 6. Since
the heuristic procedure may fail in some cases, in such cases,
we also need an LP solver. In particular, in our experiments,
we used GUROBI whenever the heuristic did not produce
either a feasible solution to Problem 9 or a descent direc-
tion. In the second version, called SCA-G in what follows,
we always employed GUROBI to solve Problem 9. For what
concerns the choice of the NLP solver IPOPT, we remark
that we chose it after a comparison with two further general-
purpose NLP solvers, SNOPT and MINOS, which, however,
turned out to perform worse than IPOPT on this class of
problems.

In the third experiment, we compare the performance of
the two implemented versions of algorithm SCA applied to
two specific paths and see their behavior as the number n of
discretized points increases.

In the fourth experiment, we compare the solutions returned
by algorithm SCA with those returned by the heuristic recently
proposed in [23].

Finally, in the fifth experiment, we present a real-life speed
planning task for an LGV operating in an industrial setting,
using real problem bounds and paths layouts, provided by an
automation company based in Parma, Italy.

We remark that, according to our experiments, the spe-
cial purpose routine solveACCNAR (Algorithm 3) strongly
outperforms general-purpose approaches, such as the graph-
based approach proposed in [28], and GUROBI, when solving
Problem 6 (which can be converted into an LP as discussed
in [28]).

Finally, we remark that we also tried to solve the con-
vex Problem 3 arising at each iteration of the proposed
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Sety® =0ands =0

Evaluate F/ (y(’)) by solving Problem 6
and let v be the Lagrange multipliers
associated to the upper bound vector y*

A
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Fig. 3. Flowchart of the routine ComputeUpdate.

method with an NLP solver in place of the procedure
ComputeUpdate, presented in this article. However, the
experiments revealed that, in doing this, the computing times
become much larger even with respect to the single call to the
NLP solver for solving the nonconvex Problem 2.

All tests have been performed on an IntelCore i7-8550U
CPU at 1.8 GHz. Both for IPOPT and algorithm SCA, the
null vector was chosen as a starting point. The parameters
used within algorithm SCA were ¢ = le 8 ¢ = le®
(tolerance parameters), p = 4, and v = 0.25 (trust-region
update parameters). The initial trust region radius ¢ @ was
initialized to 1 in the first iteration k = 0 but adaptively
set equal to the size of the last update |[w® — w*=D|
in all subsequent iterations (this adaptive choice allowed to
reduce computing times by more than a half). We remark that
algorithm SCA has been implemented in MATLAB, so we
expect better performance after a C/C++ implementation.

A. Experiments 1 and 2

In Experiment 1, we generated a set of 50 different paths,
each of which was discretized setting n = 100, n = 500,
and n = 1000 sample points. The instances were generated
by assuming that the traversed path was divided into seven
intervals over which the curvature of the path was assumed
to be constant. Thus, the n-dimensional upper bound vector
u was generated as follows. First, we fixed u; = u, = 0,
i.e., the initial and final speeds must be equal to 0. Next,
we partitioned the set {2,...,n — 1} into seven subintervals
I;, j € {1,...,7}, which corresponds to intervals with
constant curvature. Then, for each subinterval, we randomly
generated a value u; € (0, if], where @ is the maximum upper
bound (which was set equal to 100 m?s~2). Finally, for each
Jj e {l,...,7}, we set uy = ii; Yk € I;. The maximum
acceleration parameter A is set equal to 2.78 ms~2 and the
maximum jerk J to 0.5 ms™, while the path length is s, =
60 m. The values for A and J allow a comfortable motion for
a ground transportation vehicle (see [34]).
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xeDx<y"

o

Set y™* = y®
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In Experiment 2, we generated a further set of 50 different
paths, each of which was discretized using n = 100, n = 500,
and n = 1000 variables. These new instances were randomly
generated such that the traversed path was divided into up to
five intervals over which the curvature could be zero, linear
with respect to the arc length or constant. We chose this kind
of path since they are able to represent the curvature of a
road trip (see [35]). The maximum squared speed along the
path was fixed equal to 192.93 m?s~2 (corresponding to a
maximum speed of 50 kmh~!, a typical value for an urban
driving scenario). The total length of the paths was fixed to
sy = 1000 m, while parameter A was set equal to 0.25 ms~2,
J t0 0.025 ms3, and Ay to 4.9 ms2.

The results are reported in Table I, in which we show
the average (minimum and maximum) computational times
for SCA-H, SCA-G, and IPOPT. They show that algorithm
SCA-H is the fastest one, while SCA-G is slightly faster than
IPOPT at n = 100 but clearly faster for a larger number of
sample points n. In general, we observe that both SCA-H and
SCA-G tend to outperform IPOPT as n increases. Moreover,
while the computing times for [POPT at n = 100 are not much
worse than those of SCA-H and SCA-G, we should point out
that, at this dimension, IPOPT is sometimes unable to converge
and return solutions whose objective function value differs
from the best one by more than 100%. Also, the objective
function values returned by SCA-H and SCA-G are sometimes
slightly different, due to numerical issues related to the choice
of the tolerance parameters, but such differences are mild ones
and never exceed 1%. Therefore, these approaches appear to
be fast and robust. It is also worthwhile to remark that SCA
approaches are compatible with online planning requirements
within the context of the LGV application. According to
Haschke et al. [18] (see also [36]), in “highly unstructured,
unpredictable, and dynamic environments,” there is a need to
replan in order to adapt the motion in reaction to unforeseen
events or obstacles. How often to replan depends strictly on the
application. Within the context of the LGV application (where
the environment is structured), replanning every 100-150 ms
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TABLE I

AVERAGE (MINIMUM AND MAXIMUM) COMPUTING TIMES (IN SECONDS)
FOR SCA-H, SCA-G, AND IPOPT OVER EXPERIMENTS 1 AND 2

Exp. | n SCA-H | SCA-G | IPOPT
min 0.012 0.042 0.03
1 100 mean 0.016 0.072 0.132
max 0.026 0.138 0.305
min 0.042 0.21 0.352
1 500 mean 0.064 0.276 1.01
max 0.104 0.456 1.828
min 0.1 0.426 1.432
1 1000 | mean 0.149 0.626 3.289
max 0.237 0.828 7.137
min 0.012 0.036 0.052
2 100 mean 0.02 0.047 0.113
max 0.038 0.073 0.263
min 0.049 0.102 0.534
2 500 mean 0.093 0.172 0.886
max 0.212 0.237 1.457
min 0.083 0.228 1.733
2 1000 | mean 0.242 0.386 2.487
max 0.709 0.539 3.74

is acceptable, and thus, the computing times of the SCA
approaches at n = 100 are suitable. Of course, computing
times increase with n, but we notice that the computing times
of SCA-H still meet the requirement at n = 500. Moreover,
a relevant feature of SCA-H and SCA-G is that, at each
iteration, a feasible solution is available. Thus, we could stop
them as soon as a time limit is reached. At n = 500, if we
impose a time limit of 150 ms, which is still quite reasonable
for the application, SCA-G returns slightly worse feasible
solutions, but these do not differ from the best ones by more
than 2%.

B. Experiment 3

In our third experiment, we compared the performance
of the two proposed approaches (SCA-H and SCA-G), over
two possible automated driving scenarios, as the number
n of samples increases. As a first example, we considered
a continuous curvature path composed of a line segment,
a clothoid, a circle arc, a clothoid, and a final line segment
(see Fig. 4). The minimum-time velocity planning on this
path, whose total length is sy = 90 m, is addressed with the
following data. The problem constants are compatible with a
typical urban driving scenario. The maximum squared velocity
is 225 m?s™? (corresponding to 54 km h~!), the longitudinal
acceleration limit is A = 1.5 ms~2, and the maximal normal
acceleration is Ay = 1 ms~2, while, for the jerk constraints,
we set J = 1 ms™>. Next, we considered a path of length
sy = 60 m (see Fig. 5) whose curvature was defined according
to the following function:

1 . /s
k(s) = s s1n(10), s €[0,s/]
and parameter A, Ay, and J were set equal to 1.39 ms~2,
4.9 ms~2, and 0.5 ms~?, respectively. The maximum squared
velocity is still equal to 225 m?s~2. The computational results
are reported in Figs. 6 and 7 for values of n that grows
from 100 to 1000. They show that the performance of SCA-H
and SCA-G depends on the path. In particular, it seems that
the heuristic performs in a poorer way when the number of

Fig. 4. Experiment 3—first path.

y[m]

“yx[m]

Fig. 5. Experiment 3—second path.
3
—*— SCA-H
—#—SCA-G
o5 Ipopt
2
g 15
£
)
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k" ¥
¢
= i f f | . . .
100 200 300 400 500 600 700 800 900 1000
Samples
Fig. 6. Computing times (in seconds) for the path in Fig. 4.

points of the upper bound vector at which PAR constraints are
violated tends to be large, which is the case for the second
instance. We can give two possible motivations: 1) the direc-
tions computed by the heuristic procedure are not necessarily
good descent directions, so routine computeUpdate slowly
converges to a solution and 2) the heuristic procedure often
fails, and it is in any case necessary to call GUROBI. Note
that the computing times of IPOPT on these two paths are
larger than those of SCA-H and SCA-G, and, as usual, the gap
increases with n. Moreover, for the second path, IPOPT was
unable to converge for n = 100 and returned a solution, which
differed by more than 35% with respect to those returned by
SCA-H and SCA-G.

As a final remark, we notice that the computed traveling
times along the paths only slightly vary with n. For the first
path, they vary between 14.44 and 14.45 s while, for the
second path, between 20.65 and 20.66 s. The differences are
very mild, but we should point out that this is not always
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Fig. 7. Computing times (in seconds) for the path in Fig. 5.

TABLE II

MINIMUM, AVERAGE, AND MAXIMUM COMPUTING TIMES (IN SECONDS)
AND RELATIVE PERCENTAGE DIFFERENCE BETWEEN THE TRAVELING
TIMES COMPUTED BY THE HEURISTIC PRESENTED IN [23] AND
THE SCA APPROACHES WITH n = 100 FOR THE INSTANCES OF
EXPERIMENT 1

Heuristic from [23] min mean max
Time 0.016 0.048 0.2049
Relative percentage difference 5.5% 12.1% 31.2%

the case. We further comment on this point when presenting
Experiment 5.

C. Experiment 4

In this experiment, we compared the performance of our
approach with the heuristic procedure recently proposed
in [23]. In Table II, we report the computing times and the
relative percentage difference [(furur — fsca)/fscal * 100%
between the traveling times computed by the heuristic and
the SCA approaches for the instances of Experiment 1 with
n = 100. Algorithms SCA-H and SCA-G have comparable
computing times (actually, better for what concerns SCA-H)
with respect to that heuristic, and the quality of the final
solutions is, on average, larger than 10% (these observations
also extend to other experiments). Such difference between
the quality of the solutions returned by algorithm SCA and
those returned by the heuristic is best explained through the
discussion of a representative instance, taken from Experiment
1 with n = 100. In this instance, we set A = 2.78 ms~2,
while, for the jerk constraints, we set J = 2 ms~>. The total
length of the path is s, = 60 m. The maximum velocity
profile is the piecewise constant black line in Fig. 8. In the
same figure, we report in red the velocity profile returned
by the heuristic and in blue the one returned by algorithm
SCA. The computing time for the heuristic is 45 ms, while,
for algorithm SCA-H, it is 39 ms. The final objective function
value (i.e., the traveling time along the given path) is 15.4 s
for the velocity profile returned by the heuristic and 14.02 s
for the velocity profile returned by algorithm SCA. From the
qualitative point of view, it can be observed in this instance
(and similar observations hold for the other instances that we
tested) that the heuristic produces velocity profiles whose local
minima coincide with those of the maximum velocity profile.
For instance, in the interval between 10 and 20 m, we notice
that the velocity profile returned by the heuristic coincides
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s[m]
Fig. 8. Velocity profile returned by the heuristic proposed in [23] (red line)

and by algorithm SCA (blue line). The black line is the maximum velocity
profile.

with the maximum velocity profile in that interval. Instead, the
velocity profile generated by algorithm SCA generates velocity
profiles that fall below the local minima of the maximum
velocity profile, but, this way, they are able to keep the
velocity higher in the regions preceding and following the local
minima of the maximum velocity profile. Again, referring to
the interval between 10 and 20 m, we notice that the velocity
profile computed by algorithm SCA falls below the maximum
velocity profile in that region and, thus, below the velocities
returned by the heuristic, but, this way, velocities in the region
before 10 m and in the one after 20 m are larger with respect
to those computed by the heuristic.

D. Experiment 5

As a final experiment, we planned the speed law of an
autonomous guided vehicle operating in a real-life auto-
mated warehouse. Paths and problem data have been provided
by packaging company Ocme S.r.l., based in Parma, Italy.
We generated 50 random paths from a general layout. Fig. 9
shows the warehouse layout and a possible path. In all paths,
we set maximum velocity to 2 ms~!, maximum longitudinal
accelerationto A = 0.28 m/ s, maximum normal acceleration
to 0.2 m/s?, and maximum jerk to J = 0.025 m/s>. Table III
shows computation times for algorithms SCA-H, SCA-G, and
IPOPT for a number of sampling points n € {100, 500, 1000}.
SCA-H is quite fast although it sometimes returns slightly
worse solutions (the largest percentage error, at a single
instance with n = 1000, is 8%). IPOPT is clearly slower than
SCA-H and SCA-G for n = 500 and 1000, while, for n = 100,
it is slower than SCA-H but quite similar to SCA-G. However,
for these paths, the difference in terms of traveling times as
n increases is much more significant with respect to the other
experiments (see also the discussion at the end of Experiment
3). More precisely, the percentage difference between the
traveling times of solutions at n = 100 and » = 1000 is
0.5% on average for Experiment 1 with a maximum of 2.1%,
while, for Experiment 2, the average difference is 0.3% with
a maximum of 0.4%. Instead, for the current experiment,
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Fig. 9. Warehouse layout considered in Example 5 and a possible path.
TABLE I

AVERAGE, MINIMUM, AND MAXIMUM COMPUTING TIMES (IN SECONDS)
FOR SCA-H, SCA-G, AND IPOPT OVER EXPERIMENT 5

n SCA-H | SCA-G | IPOPT
min 0.009 0.033 0.029
100 mean 0.013 0.043 0.037
max 0.026 0.062 0.052
min 0.032 0.104 0.222
500 mean 0.068 0.146 0.289
max 0.174 0.224 0.423
min 0.078 0.249 0.744
1000 | mean 0.201 0.385 1.25
max 0.501 0.65 3.359

the average difference is 2.7% with a maximum of 7.9%.
However, the average falls to 0.2% and the maximum to 0.6%
if we consider the percentage difference between the traveling
times of solutions at n = 500 and n = 1000. Thus, for this
experiment, it is advisable to use a finer discretization or,
equivalently, a larger number of sampling points. A tentative
explanation for such different behavior is related to the lower
velocity limits of Experiment 5 with respect to the other
experiments. Indeed, the objective function is much more
sensitive to small changes at low speeds so that a finer grid of
sampling points is able to reduce the impact of approximation
errors. However, this is just a possible explanation. A further
possible explanation is that, in Experiments 1-4, curves are
composed of segments with constant and linear curvature,
whereas curves on industrial LGV layouts typically have
curvatures that are highly nonlinear with respect to arc length.

VI. CONCLUSION

In this article, we considered a speed planning problem
under jerk constraints. The problem is a nonconvex one,
and we proposed a sequential convex approach, where we
exploited the special structure of the convex subproblems
to solve them very efficiently. The approach is fast and is
theoretically guaranteed to converge to a stationary point of the
nonconvex problem. As a possible topic for future research, we
would like to investigate ways to solve Problem 9, currently
the bottleneck of the proposed approach, alternative to the
solver GUROBI, and the heuristic mentioned in Remark 6.
Moreover, we suspect that the stationary point to which the
proposed approach converges is, in fact, a global minimizer

of the nonconvex problem, and proving this fact is a further
interesting topic for future research.
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