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Abstract

Recent frontiers in material development are represented by a class of so-called auxetic
metamaterials that, thanks to their structure rather than composition, are characterised by a negative
Poisson’s ratio. In the present paper a two dimensional auxetic plate, made by structural straight
elements forming a lattice periodic structure with re-entrant cells, is considered. A thorough
discussion on the linear and geometrically non-linear deformability of the auxetic plate is presented.
The key geometric parameters governing the deformability of the plate are identified and some
analytical expressions for calculating the Poisson’s ratio, as a function of the applied strain, are
given. Numerical (finite element) analyses and experimental tests on 3-D printed specimens are
carried out to verify the theoretical findings. For the latter ones, full field strain maps are obtained
by means of a suitable interpolation of the sampled displacement field measured by digital image

techniques.

Keywords: Metamaterials, Auxetic behaviour, Smart structures, Re-entrant lattice structure.

1. Introduction

So-called metamaterials, obtained through the proper design of their microstructure, can exhibit
particular mechanical properties corresponding to a smart behaviour. Among the large class of
metamaterials, auxetic materials — i.e. materials with a negative Poisson’s ratio (NPR) — are
characterized by an uncommon mechanical behaviour since they show an opposite tendency, with

respect to traditional ones: they transversally expand when stretched and contract when
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compressed'. Their behaviour is opposite to those exhibited by the incompressible materials, such
as rubbers for which the Poisson’s ratio tends to 0.5, and for this reason are also called anti-rubber
materials. Such an uncommon behaviour is usually determined by the material’s structure (at the
micro or mesoscale) rather than by its composition.

Typically the applications where NPR materials are involved, are mainly based on the
exploitation of their high toughness, resilience, shear resistance that assume relevant values with
respect to others traditional class of solids. In fact auxetic materials are usually characterized by
good shear resistance’™, indentation resistance’, noticeable fracture toughnessé, relevant sound and
vibration absorption”®, high load-carrying capacity due to friction in joints operating under shear
loads’. It can easily be argued that the negative value of the Poisson's ratio has relevant effects in
term of kinematics and deformation of structural elements, and heavily influences the distribution of
strains and stresses. As a matter of fact, NPR materials can reduce the stress concentration factor at
geometrical discontinuities, enhance the performance of piezoelectric transducers, improve the
behaviour of fasteners, bumpers, sound proofing systems and so on'’.

Other relevant applications of NPR materials, are in the biomedical field where the exploitation
of the auxetic property is made in the production of hollow pipes for artery opening, obtained by
the lateral expansion under tension of such elements and in the mechanical characteristics of
surgical implants'"'?. Suture or muscle/ligament anchors can benefit from these materials as well as
for the productions of scaffolds with porous structures, typical of auxetic materials, for tissue
regeneration purpose’ .

A relevant property of NPR materials can be observed under bending actions: in fact it is well
known as traditional materials deform by assuming a configuration that correspond to shrink in the
direction perpendicular to the bending plane (anticlastic curvature), while auxetic ones are
characterized by an opposite curvature of the edges, i.e. a convex shape occurs (dome-like pattern,
occurring in the same direction of the bending force, synclastic curvature). This particular
deformation shape can be considered in the design of smart textiles allowing to follow the
synclastic double curvatures of the human body, and enables to produce elements which easily
conform to shapes normally required in the automotive and aerospace industries' .

More traditional engineering applications can also have relevant advantages from the use of NPR
materials: fibre reinforced composites with auxetic reinforcement (auxetic fibres easily resist to
pull-out thanks to the expansion when stretched), smart fasteners and rivets, structural elements
with high impact and indentation strength, high shock and sound energy absorption' ', fasteners

and tuneable filters, materials for high technology packing, knee and elbow pads, etc.
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A relevant aspect concerning the NPR materials is that, typically, their auxeticity does not
depend on the size scale of the structural component, leading to the possibility to design auxetic
“expandable” elements, usefully adopted to realize space structures such as antennas and shields:
they have a compact shape and self-contained volume until they “open up” when tensioned in their
final destination place®.

It is worth mention that the design and production of materials having these unusual properties is
nowadays possible; materials with NPR property, such as microporous polymers, metallic foams,
auxetic fibres and rivets, paper sheets, natural materials (such as bone, e.g. see Ref. 23), in the last
decades have been recognized, designed or produced*.

In the present paper a brief introduction on auxetic materials is presented by underlying their
potentiality in the design of structural elements. Then, a metamaterial plate, obtained by
assembling elementary auxetic cells with different geometrical parameters, is considered: both
numerical analyses and experimental tests are performed on such an auxetic sheet and the results
are compared. A thourough discussion about the obtained structural response in terms of linear and
geometrically nonlinear deformability is given. Some preliminary results have been presented in

Ref. 25.

2. An auxetic material with re-entrant lattice structure
In the present study a lattice-like 2-D auxetic sheet is considered; its unit cell is characterised by a

re-entrant double arrow shape as shown in Fig. 1.

Fig. 1. Geometrical characteristics of the elementary auxetic cell (a). Structural scheme of the cell

(b).

2.1 Mechanical modeling of the elementary cell

The geometrical properties of the elementary cell are defined by three parameters, e.g. the
reference length a, and the two angles ay, By . On the basis of these three geometrical parameters,
all the relevant dimensions of the cell can be deduced:

senay,

lox = agcosay, loy = 2apsenay, by =a

tana0> (D)

Co = agcosay |1 —
0 0 0 ( tanf,

0 senp,’
The particular case of an elementary square cell corresponds to:
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1 )
lox = loy = 1> agcosay = 2aypsena, - tana, = >

Due to the discrete nature of the lattice structure, the Poisson’s ratio of the elementary cell (with
respect to the x- and y-axis) is defined with respect to a gauge length related to the reference lengths
of the cell itself. Therefore, the Poisson’s ratio is related to the ratio between the vertical

displacements at point B (vg) and the horizontal one at point A (u,), namely:

& u v 3
v=——y, with sx=—A,sy=—B )
&y L, ly
where I, Iy are the reference lengths of the cell, i.e. Iy = ¢o in x-direction, while I, = l%y in y-
direction. The deformability of the elementary cell can be determined by introducing some
hypotheses that can then be relaxed to get a better accuracy of the model.

In a first attempt, by assuming that the elements of the cell behave as rigid trusses, its motion can
be studied through a trivial kinematic analysis under small displacement condition. Accordingly, the
Poisson’s ratio for an elementary cell is defined as:

1 4
tana, tanf,
that is, it depends only on the geometrical properties of the cell summarised by the two

angles o, Bo. The variation of the Poisson’s ratio as a function of the cell geometry is illustrated in
Fig. 2 (note that the relative size of the elememtary cell, defined as the ratio between a reference
length and the width of the lattice elements, e.g. ap/s where s = width of the lattice elements, does
not influence these kinematic analysis results). It can be observed that, irrespectively of the angle
. the Poisson’s ratio is negative for , < 90° and tends to unlimited values when £, —0°. It is
worth noticing also that Eq. (4) can be applied to a general current configuration of the elementary
cell under motion. In such cases, the angles oy, 3, have to be regarded as the current inclination
angles of the cell elements and the Poisson’s ratio as the tangent value related to the tangent
displacement vector of the current configuration (note that in this case the reference lengths

appearing in Eq. (3) are those related to the current configuration).

Fig. 2. Poisson’s ratio vs the inclination angle By for various values of the angle a, (for a square

cell ay = 27°)

An improvement of the above kinematic approach can be introduced by adopting for the

elementary cell a statically indeterminate structural scheme, which accounts for its deformation.
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Due to the periodic symmetry conditions arising when several cells are assembled together (see next
Section), some rotation constraints can be imposed. The resulting mechanical system can be
modelled as a statically undetermined framed structure under a prescribed horizontal displacement
at one of its nodes.

The framed structure is characterised by 3 degrees of freedom and the solving system of

equations can be written as:

S4 Q,
K-8, Q; (5a)
Sc Q.

where K ={u, 0 0}, s,/ ={u, v, 0},

s.. ={0 0 0} and Q,,Q,,Q, are the corresponding reaction force vectors.

is the stiffness matrix of the system, s,

By writing the stiffness matrix according to the classical Euler-Bernoulli beam formulation, the

vector of the unknowns of interest can be explicitly written as:

E4 ;x| 121

e

12E1

EA

12EI

12E1

d*+ i+ —cd - cd +— f* ef 0 f?
u 4o ao bO bo3 4o ao bo by b03 (Sb)
i EA 12EI 12E] EA 12EI EA 12E1 EA 12E1
vy r=| —ecd— cd +— f— —c2+73d +—ez+73f2 0 —ef - ef ru,
0o 4y a,’ by’ 4y aq 0 0 by b’
Be 6EI 6E1 6EI 6EI . 6EI
2 ¢t e y > d- 2 / 1 T2
ay b, a, b, b,

where c=sing,, d=cosq,, e=sinf,, f=cosf,, A=s is the area of the beam cross-section,
I=5 / 12 is the moment of inertial of the beam cross-section (a unit thickness is considered), E is
the Young modulus of the material, Oy, is the reaction moment at node B. The ratio v,/u,
corresponds to the Poisson’s ratio of the elementary cell.

By considering a square cell from now onwards (tana, = %), the Poisson’s ratio depends only on
the angle 3, and on a relative stiffness parameter defined as k=K, /K, (where K, = EA/a, and

K, =El/a}), i.c. on the ratio between the axial and the bending stiffness of the beam elements

composing the lattice cell.
After some simple but tedious algebraic manipulations, the following expression for the

Poisson’s ratio of the cell can be obtained:

f1(ﬂ0)+’('f,41(ﬂ0)+’(2'fA(ﬂo) (6)

g[(ﬂo)+K'gA1(ﬂo)+K2 -84(8y)
where f,(8),f.,(Bo).f.1(B): &, (By)-8.:(5).g.(B,) are known functions of the inclination angle 3.

In the case of beam elements constituting the cell with an axial stiffness much greater than the

2
v=—ﬁv—3=—(2—cotﬁ0)
[ u,

bending one, x >0, Eq. (6) reduces to the expression considered in Eq. (4). The above

Fatigue and Fracture of Engineering Materials and Structures
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expression (6) can be rewritten by using a relative density parameter p,, defined as the ratio
between the bulk density of the material and the theoretical density of the solid phase. Such a
parameter can be calculated (with a first order approximation, i.e. by neglecting the overlapped area
at the lattice nodes) as the ratio between the area occupied by the material and the whole area of the

auxetic cell and it is the complement to unity of the porosity ¢, namely

_ 2@ +by)s _ ()
pr - CO l - (p
The relative stiffness parameter for an elementary cell can be expressed as follows
K, A [y ®)
K=—a=—a02=12< )
K, I s cosay

By manipulating Eq. (7), the relative density p,, becomes:

senaq )
A 2(ag + by) i_ 2(1+senﬁ0) S
- 1

. =
€o L cosa, (1 — igzgo)
0

By comparing Eq. (8) with Eq. (9), k can be expressed as a function of p,.. Considering the fact that
for a square cell tana, = %, we have
T (10)
i
where T(B,) is the function of the inclination angle f,. Finally, by means of Eq. (6) the Poisson’s

ratio of the square cell can be expressed through the relative density:

fi(Bo) - pi + far(Bo) - T(Bo) * p7 + fa(Bo) - T(Bo)? (11)
91Bo) - pt + gar(Bo) - T(Bo) - pE + ga(Bo) - T(So)?

The graphical representation of Eq. (11) is illustrated in Fig. 3 where the dependence of the

v=—(2-cotfy,) -

Poisson’s ratio on the inclination angle /3, and on the relative density p, (ranging from 0 to 1) can

be observed.

Fig. 3. Poisson’s ratio vs the inclination angle Bo and the relative density p, in the case of a

square cell.

Now, by removing the small displacement hypothesis while assuming the cell elements as rigid
trusses (kinematic analysis), the cell size and the arrangement of its elements in the current
configuration must be considered. The current geometrical features of the cell can be expressed as a
function of the lengths a,, by of the rigid trusses and of the length ¢ which is linearly dependent on

the (longitudinal) normal strain along the x-axis &,:

Fatigue and Fracture of Engineering Materials and Structures
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a02+C2—b02

b02+C2—a02) (12)

2b0C

), [ = arccos (—

In the case of large deformation kinematic analysis, the definition of the Poisson’s ratio is

c=cy(l+e¢), a= arccos( 2aue
twofolds, depending on the strain measurement. A nominal (secant) Poisson’s ratio can be defined
by considering Eq. (3), where the displacement vector joins the reference undeformed configuration

. l
with the current one, and the lengths Iy, = ¢y and [, = % are related to the undeformed

configuration. Accordingly exploiting Eq. (12), we have:

&y _ senfi—senfy ¢o (13)

vV =-
Ex senfy c—Co

On the other hand, if one considers in Eq. (3) the tangent displacement vector and the lengths I,
and [l related to the reference undeformed configuration, the incremental strains &, and de;, can in

turn be calculated and a tangent Poisson’s ratio can be defined (again exploting Eq. (12)):

e 1 (14)
vtgz——yz— c

O&y ap sena tanf-tana

It is worth noticing that Eq. (14) represents the first derivative of the function &, = &, (g,). If
&, = 0 (i.e. for the reference undeformed configuration), nominal and tangent values of the
Poisson’s ratio coincide and Eq. (14) becomes Eq. (4).

According to the above expression in Fig. 4 the tangent and nominal values of the Poisson’s ratio

against the longitudinal deformation in x direction are plotted for the case of a square cell with
Bo = 50°.

Fig. 4. Tangent and nominal values of the Poisson’s ratio vs the longitudinal deformation for the

case of a square cell with f, = 50°.

Finally, by removing all the above simplifying hypotheses, the elementary cell is studied as a
framed structure (see Fig. 1b) under a geometrically nonlinear large displacement analysis
considering the actual axial and bending stiffness of the cell elements.

Due to the complexity of the above defined problem, a numerical Finite Element (FE) solution
can be conveniently adopted. Two-dimensional Euler-Bernoulli beam elements are adopted;
geometrically nonlinear analyses are carried out by considering a total Lagrangian element
formulation with large displacements and small strains. In Fig. 5 the tangent and nominal values of
the Poisson’s ratio against the longitudinal deformation in x direction are plotted for the case of a
square cell with By = 50° and different values of the axial-bending relative stiffness parameter «

and the relative density p,..

Fatigue and Fracture of Engineering Materials and Structures
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Fig. 5. Nominal (a) and tangential (b) values of the Poisson’s ratio vs the longitudinal deformation

for the case of a square cell with B, = 50° (FE large displacement analysis).

2.2 Assembly of elementary cells

By joining repetitively the elementary cell in both the x- and y- directions, an auxetic plate can be
obtained (Fig. 6) with the same deformation characteristics of the elementary cell itself. Note that
the plate is characterized by an orthotropic overall constitutive behaviour, with the material
principal axes being aligned with x- and y-axis. In line with the discussion presented in the previous
Section, the Poisson’s ratio of the plate corresponding to the ratio between the (transversal) strain &,
along the y-axis and the (longitudinal) strain &, along the x-axis (v, according to the standard

notation for orthotropic materials) is studied.

Fig. 6. Assembly of the re-entrant double arrow elementary cells to get an auxetic plate.

Now the geometrical characteristics of the assembled plate can be defined:

Loy =mcy, Loy = nlyy (15)

where m and n represent the number of cells assembled in the x- and y-direction, respectively.
Under prescribed relative displacements normal to the two boundaries of the auxetic plate (Au =
relative displacement along the x-direction between the points located at x = bycosf, and at
x = Ly;; Av = relative displacement along the y-direction between the points located at y = 0 and
at y = Lo, ), the nominal deformations of the plate in the x- (longitudinal) and y- (transversal)

directions are given by:
_ Au _ Av (16)
Ext = E , Eyt = E

On the other hand, the longitudinal deformation in the elementary cell is:

_uy mu,  Au (17)

Ex = =T T &xt

T cg mey  Lox
The total displacement of the plate in the y-direction is given by:

Av = —nvely, = —nveyly, (18a)
and the corresponding deformation

Fatigue and Fracture of Engineering Materials and Structures
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nWegeloy  nmveyloy e (18b)
- — T Vext

vt = Loy nlyy
i.e. the Poisson’s coefficient of the plate is the same as that of the elementary cell.

The results shown in Eqs (16)-(18) are strictly valid for an infinite plate, i.e. for a large number
of cells along the x- and y-directions. In the case of finite size plates, the periodicity conditions
along the plate boundaries (implying zero rotation about the axis normal to the xy plane of the
boundary nodes) are not fulfilled. Consequently, the deformed plate presents some non uniform

normal displacements along its top and bottom edges (Fig. 7), which might affect the evaluation of

the Poisson’s ratio according to Eq. (14).

Fig. 7. Auxetic plate subject to a horizontal displacement applied to the right nodes of the
assembly: (a) undeformed configuration; (b) deformed configuration, (c) vertical displacements of

the nodes of the auxetic plate initially aligned along horizontal lines indicated in (a).

3. Experimental tests
In order to verify the auxetic property of a metamaterial constituted by the assembly of repeated
elementary arrow-shaped cells as described above, some experimental tests have been performed on

2-D plates.

3.1 Set up and specimens
A simple mechanical testing machine has been used to study the experimental behaviour of the

auxetic sheet under imposed displacements (Fig. 8).

Fig. 8. Experimental testing facility and image of the auxetic plate in its reference undeformed

configuration.

The auxetic specimens have been obtained by assembling two different elementary square cells
(Fig. 9) that are characterised by a reference length of their edges equal to 20 (sample A) and 15
mm (sample B). The two samples A and B are characterized by a relative density p, (see Eq. (7))
equal to 0.15 and 0.19, respectively. A 3-D printer, based on the so-called FFF technology, is used
to produce the specimens made of polylactic acid polymer (PLA). The main features of the printing
process are: printing temperature of 196°C, printing speed equal to 35mm/s, thickness of the single

printed layer thickness equal to 0.2 mm, nozzle diameter of 0.4 mm.

Fatigue and Fracture of Engineering Materials and Structures
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Fig. 9. Specimens of auxetic plate with elementary square cells (skecthes of the elementary cell
and of the assembled plate with details of the gripping system, pictures of the specimens being
tested): case of cell length equal to 20 mm, sample A (a), and 15 mm, sample B (b). All dimensions
are given in mm.

All the nodes located along the boundary on the right hand side of the plate are subjected to a
monotonically increasing longitudinal (along the x-direction) displacement measured through a
micrometer with a precision 10° m. A full map of deformed shape of the plate is evaluated through
a photographic technique by quantifying the absolute displacements of the nodes of the lattice

structure through high resolution pictures taken at given intervals of the applied deformation.

3.2 Results

The deformation maps in the specimens at different deformation steps are obtained on the basis
of the nodal displacements measured through photographic technique. In order to get full field maps
of displacements from the measured nodal values, bilinear interpolation functions are used. In
particular, by considering a regular mesh of four-node finite elements (where each element
corresponds to a single elementary cell of the auxetic lattice), Fig. 10, nodal displacements are
interpolated through the bilinear shape functions of the elements, , and the strain field in a
continuous-like equivalent plate is obtained according to the standard procedure of the finite
element method. The nodal displacements are evaluated with respect to their reference undeformed
configuration, while an interior region of the plate is adopted for the numerical evaluation of the

mean values of the Poisson’s ratio (see shaded region in Fig. 10, Tab. 1).

Fig. 10. Scheme of the interior regions adopted for the definition of a mean value of the
Poisson’s ratio of the sample: sample A (a), and sample B (b).

In Fig. 11 the contour maps of the x- and y-displacements, and of the corresponding strains, for
the sample A are shown. It can be noticed that the displacements field is regular in both the x- and
y-direction, while the strains appear to be not uniform in the considered domain due to small
irregularities in the displacements of neighbour nodes. Such irregularities in the strain field are

attenuated by increasing the applied deformation.

Fig. 11. Contour maps of the x- and y-displacements (in mm, a, b) and the corresponding strain
fields &, €, (c, d) for a mean plate longitudinal strain e, = 5.6% in sample A.

The map of the local values of the Poisson’s ratio obtained by using Eq. (3) is presented for

different deformation levels; in Fig. 12 the contour map of the Poisson’s ratio for the sample A is

Fatigue and Fracture of Engineering Materials and Structures
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displayed for an increasing value of the applied longitudinal strain. It can be noted that the
Poisson’s coefficient tends to attain a nearly uniform distribution inside the plate with a value that is

equal to about -0.9.

Fig. 12. Contour maps of the Poisson’s ratio for four different levels of the mean plate
longitudinal strain (g, = 2.8% (a),5.6% (b),8.5% (c), 14% (d)) in sample A.

In Fig. 13 the same contour map of the Poisson’s ratio for the sample B is displayed for different
levels of the applied longitudinal strain; it can be noted that the Poisson’s coefficient tends not to

attain a nearly uniform distribution inside the plate with a value that is equal to about -1.0.

Fig. 13. Contour maps of the Poisson’s ratio for four different levels of the mean plate
longitudinal strain (e, = 3.3% (a), 5.4% (b), 6.3 (¢),9.7% (d)) for sample B.

A mean value of the Poisson’s ratio (calculated through a weighted average) is summurized in

Tab. 1 as a function of the applied longitudinal strain for the two specimens.

Tab. 1. Mean Poisson’s ratio for the sample A and B obtained from experiments.

4. Comparison of theoretical and experimental results and discussion

In order to assess for the suitability of FE models for the auxetic plates under study, some
geometrically nonlinear numerical analyses are carried out. In order to take into account for the
finite size of the nodes of the analysed specimens, a proper rigid link option is introduced in the FE

models (Fig. 14a).

Fig. 14. Beam-like model of the of the auxetic cells by considering rigid node features and detail
of the rigid parts of the unit cell (a) (dimensions in mm),; comparison of the experimental and FE
Poisson’s ratio for the sample A (b) and B (c) vs the applied longitudinal deformation with and
without considering rigid node features in the FE analyses.

As illustrated in Fig. 14b-c and Tab. 2, for both the two samples the average Poisson’s ratio
obtained from numerical analyses is lower (about 10 to 40%) than the corresponding experimental
one, unless the effect of the finite node size is properly accounted for. This correction enables to
estimate the Poisson’s ratio with a good accuracy compared with the experimentally determined

values.

Fatigue and Fracture of Engineering Materials and Structures
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Tab. 2. Average Poisson’s ratios for the sample A and B obtained from experiments.

5. Conclusions

So-called metamaterials, i.e. engineered materials having particular and unusual properties
obtained thanks to their structure rather than composition, have gained a wide popularity in the last
decades. In this context a class of materials known as auxetic are of particular interest due to their
negative values of the Poisson’s ratio. This enables to produce structural components with, in
comparison to traditional couterparts, superior properties (high toughness, resilience, shear
resistance, indentation resistance, improved fracture toughness and particular vibration absorption
and acoustic properties), which can be exploted in a wide range of applications (biomedical,
aerospace, automotive, etc.).

In the present paper a two dimensional auxetic elementary cell, used to generate 2-D sheets by its
repetitive assembly, is studied theoretically, experimentally and numerically. The linear and
geometrically nonlinear deformability of such auxetic plates is investigated and different
approaches to its characterization are critically compared and discussed. Some conclusions related
to the relevant potentialities due to the mechanical capability of the auxetic materials in advanced

applications involving structural elements, is presented.
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Nonlinear deformation behaviour of auxetic cellular materials
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with re-entrant lattice structure
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1. Introduction
So-called metamaterials, obtained through the proper design of their microstructure, can exhibit
particular mechanical properties corresponding to a smart behaviour. Among the large class of

metamaterials, —auxetic materials — i.e. materials with a negative Poisson’s ratio (NPR) — are

characterized by an uncommon mechanical behaviour since they show an opposite tendency, with

respect to traditional ones: they transversally expand when stretched and contract when

compressed'. Their behaviour is opposite to those exhibited by the incompressible materials, such

as rubbers for which the Poisson’s ratio tends to 0.5, and for this reason are also called anti-rubber

materials.th

partiealarinterest: Such an uncommon behaviour is usually determined by the material’s structure
(at the micro or mesoscale) rather than by its composition.

Typically the applications where NPR materials are involved, are mainly based on the

exploitation of their high toughness, resilience, shear resistance that assume relevant values with

respect to others traditional class of solids. In fact auxetic materials are usually characterized by

good shear resistancez'4, indentation resistances, noticeable fracture toughness6, relevant sound and

vibration absorption”®, high load-carrying capacity due to friction in joints operating under shear

loads’. It can easily be argued that the negative value of the Poisson's ratio has relevant effects in

term of kinematics and deformation of structural elements, and heavily influences the distribution of

strains and stresses. As a matter of fact, NPR materials can reduce the stress concentration factor at

geometrical discontinuities, enhance the performance of piezoelectric transducers, improve the

. 10
behaviour of fasteners, bumpers, sound proofing systems and so on .

Other relevant applications of NPR materials, are in the biomedical field where the exploitation

of the auxetic property is made in the production of hollow pipes for artery opening, obtained by

the lateral expansion under tension of such elements and in the mechanical characteristics of

surgical implants'"*'%. Suture or muscle/ligament anchors can benefit from these materials as well as

for the productions of scaffolds with porous structures, typical of auxetic materials, for tissue
13,14

regeneration purpose

A relevant property of NPR materials can be observed under bending actions: in fact it is well

known as traditional materials deform by assuming a configuration that correspond to shrink in the

direction perpendicular to the bending plane (anticlastic curvature), while auxetic ones are

characterized by an opposite curvature of the edges, i.e. a convex shape occurs (dome-like pattern,

occurring in the same direction of the bending force, synclastic curvature). This particular

deformation shape can be considered in the design of smart textiles allowing to follow the
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synclastic double curvatures of the human body, and enables to produce elements which easily

conform to shapes normally required in the automotive and aerospace industries'>'°.
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o

More traditional engineering applications can also have relevant advantages from the use of NPR

[
-

materials: fibre reinforced composites with auxetic reinforcement (auxetic fibres easily resist to

pull-out thanks to the expansion when stretched), smart fasteners and rivets, structural elements

with high impact and indentation strength, high shock and sound energy absorption'’ %!, fasteners

B e
AWN

[
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and tuneable filters, materials for high technology packing, knee and elbow pads, etc.

A relevant aspect concerning the NPR materials is that, typically, their auxeticity does not

e
~N o

[
o

depend on the size scale of the structural component, leading to the possibility to design auxetic

=
©

“expandable” elements, usefully adopted to realize space structures such as antennas and shields:

N
o

N
=

they have a compact shape and self-contained volume until they “open up” when tensioned in their

N
N

final destination place®.
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It is worth mention that the design and production of materials having these unusual properties is

N
ol

nowadays possible; materials with NPR property, such as microporous polymers, metallic foams,

N
(o3}

auxetic fibres and rivets, paper sheets, natural materials (such as bone, e.g. see Ref. 23), in the last

N
~

N
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decades have been recognized, designed or produced™.
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In the present paper a brief introduction on auxetic materials is presented by underlying their
potentiality in the design of structural elements. Then, a metamaterial plate, obtained by
assembling elementary auxetic cells with different geometrical parameters, is considered: both

experimental-and-numerical analyses and experimental tests are performed on such an auxetic sheet

and the results are compared. A thourough discussion about the obtained structural response in
terms of linear and geometrically nonlinear deformability is given._Some preliminary results have

been presented in Ref. 25.
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23. An auxetic material with re-entrant lattice structure

In the present study a lattice-like 2-D auxetic sheet is considered; its unit cell is characterised by a

re-entrant double arrow shape as shown in Fig. 1.

Fig. 1. Geometrical characteristics of the elementary auxetic cell (a). Structural scheme of the cell

(b).

23.1 Mechanical modeling of the elementary cell
The geometrical properties of the elementary cell are defined by three parameters, e.g. the
reference length a, and the two angles oy, By . On the basis of these three geometrical parameters,

all the relevant dimensions of the cell can be deduced:

Fatigue and Fracture of Engineering Materials and Structures
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] l ) b sena, <1 tanao) (1)
= aycosay, = 2aysenay, =aqy———, Co = aCosa -
0x 0 0 0y 0 0 o 0 senB, 0 0 0 tanB,
The particular case of an elementary square cell corresponds to:
1 2)

lox = loy =1 > agcosay, = 2apsenay — tanay = 5
Due to the discrete nature of the lattice structure, the Poisson’s ratio of the elementary cell (with
respect to the x- and y-axis) is defined with respect to a gauge length related to the reference lengths
of the cell itself. Therefore, the Poisson’s ratio is related to the ratio between the vertical

displacements at point B (vg) and the horizontal one at point A (u,), namely:

£ u v 3
v= -2, with ex=—A, £, =2 @)
gx lx

. . o . loy -
where L, l, are the reference lengths of the cell, i.e. Iy = ¢y in x-direction, while [, = % in y-

direction. The deformability of the elementary cell can be determined by introducing some
hypotheses that can then be relaxed to get a better accuracy of the model.

In a first attempt, by assuming that the elements of the cell behave as rigid trusses, its motion can
be studied through a trivial kinematic analysis under small displacement condition. Accordingly, the
Poisson’s ratio for an elementary cell is defined as:

1 “4)

V=
tana, tanp,

that is, it depends only on the geometrical properties of the cell summarised by the two
angles ag, By. The variation of the Poisson’s ratio as a function of the cell geometry is illustrated in
Fig. 2 (note that the relative size of the elememtary cell, defined as the ratio between a reference
length and the width of the lattice elements, e.g. ap/s where s = width of the lattice elements, does
not influence these kinematic analysis results). It can be observed that, irrespectively of the angle

g, the Poisson’s ratio is negative for §, < 90° and tends to unlimited values when £, —0°. Tt is

worth noticing also that Eq. (4) can be applied to a general current configuration of the elementary
cell under motion. In such cases, the angles o, 3, have to be regarded as the current inclination
angles of the cell elements and the Poisson’s ratio as the tangent value related to the tangent
displacement vector of the current configuration (note that in this case the reference lengths

appearing in Eq. (3) are those related to the current configuration).

Fig. 2. Poisson’s ratio vs the inclination angle By for various values of the angle a (for a square

cellay = 27°)

Fatigue and Fracture of Engineering Materials and Structures
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An improvement of the above kinematic approach can be introduced by adopting for the
elementary cell a statically indeterminate structural scheme, which accounts for its deformation.
Due to the periodic symmetry conditions arising when several cells are assembled together (see next
Section), some rotation constraints can be imposed. The resulting mechanical system can be
modelled as a statically undetermined framed structure under a prescribed horizontal displacement
at one of its nodes.

The framed structure is characterised by 3 degrees of freedom and the solving system of

equations can be written as:

S Q,
K-is;r=4Q; (5a)
Sc Q.

where K is the stiffness matrix of the system, sAT:{uA 0 O}, sBT:{uB Vg 0},
sc. ={0 0 0}and Q,,Q,,Q. are the corresponding reaction force vectors.

By writing the stiffness matrix according to the classical Euler-Bernoulli beam formulation, the

vector of the unknowns of interest can be explicitly written as:

-1

EA g VOB o BA o 12D, B, NEL, EA . B o [EA s 126D
Uy, 4o ay by by 4o a, by o b, by (Sb)
oo Lo\ EA g 2T g B4 VOB EA o 1BL g BA o D2EL | JEA . 8L
0 ay a, by o a, a, by b, by b,
Be 6EI 6EI 6EI 6El . 6El
Sct— e -—d-——~f 1 -—e
a, o a, by by

where c=sing,, d=cosq,, e=sinf,, f=cosf,, A=s is the area of the beam cross-section,
I=s5 / 12 is the moment of inertial of the beam cross-section (a unit thickness is considered), E is
the Young modulus of the material, O, is the reaction moment at node B. The ratio v,/u,
corresponds to the Poisson’s ratio of the elementary cell.

By considering a square cell from now onwards (tana, = %), the Poisson’s ratio depends only on
the angle /3, and on a relative stiffness parameter defined as x =K, /K, (where K, = E4/a, and
K, =EI/a}), ie. on the ratio between the axial and the bending stiffness of the beam elements

composing the lattice cell.
After some simple but tedious algebraic manipulations, the following expression for the
Poisson’s ratio of the cell can be obtained:

_2 Vs

yp=_20 =—(2—Cotﬂ0)fl(ﬂO)-FK.fA[(ﬁO)-FKz.‘fA(ﬂO) (6)
l U, g1(ﬂo)+K‘gA1(ﬂo)+K ’gA(,Bo)
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where  f,(5,), £ (B> f1(Bo)>&:(5y), 8., (S),g.(,) are known functions of the inclination angle 3.

In the case of beam elements constituting the cell with an axial stiffness much greater than the
bending one, x >, Eq. (6) reduces to the expression considered in Eq. (4). The above
expression (6) can be rewritten by using a relative density parameter p,, defined as the ratio
between the bulk density of the material and the theoretical density of the solid phase. Such a
parameter can be calculated (with a first order approximation, i.e. by neglecting the overlapped area
at the lattice nodes) as the ratio between the area occupied by the material and the whole area of the

auxetic cell and it is the complement to unity of the porosity ¢, namely

2(ag + by) s (7
p=———r=1-¢
Co l
The relative stiffness parameter for an elementary cell can be expressed as follows
K, A N (®)
K=—a=—a02=12( )
K, I s cosay,

By manipulating Eq. (7), the relative density p, becomes:

sena, 9
_2ariys_ 2(1+50R) ®

Pr =
o l cosa, <1 - igzgo)
o

s
l

By comparing Eq. (8) with Eq. (9), k can be expressed as a function of p,.. Considering the fact that
for a square cell tana, = %, we have
T(Bo) (10)
K=—7
pr
where T(f,) is the function of the inclination angle f,. Finally, by means of Eq. (6) the Poisson’s

ratio of the square cell can be expressed through the relative density:

fi(Bo) - i + far(Bo) - T(Bo) - p7 + fa(Bo) - T(Bo)? (11)
91(Bo) - P + ga1(Bo) - T(Bo) - p? + ga(Bo) - T(By)?

The graphical representation of Eq. (11) is illustrated in Fig. 3 where the dependence of the

v=—(2—cotBy) -

Poisson’s ratio on the inclination angle /3, and on the relative density p, (ranging from 0 to 1) can

be observed.

Fig. 3. Poisson’s ratio vs the inclination angle By and the relative density p, in the case of a

square cell.

Now, by removing the small displacement hypothesis while assuming the cell elements as rigid

trusses (kinematic analysis), the cell size and the arrangement of its elements in the current

Fatigue and Fracture of Engineering Materials and Structures
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1
2
3
4
5
6
7 configuration must be considered. The current geometrical features of the cell can be expressed as a
g function of the lengths ag, by of the rigid trusses and of the length c which is linearly dependent on
10 the (longitudinal) normal strain along the x-axis &,:
11

_ _ ag?+c2—by? _ bo%+c2—ay? (12)
ig ¢ =cy(1+¢,), a=arccos (T)' B = arccos (— T)
14 In the case of large deformation kinematic analysis, the definition of the Poisson’s ratio is
15 twofolds, depending on the strain measurement. A nominal (secant) Poisson’s ratio can be defined
i? by considering Eq. (3), where the displacement vector joins the reference undeformed configuration
18 with the current one, and the lengths I, = ¢, and [, = lOTY are related to the undeformed
19
20 configuration. Accordingly exploiting Eq. (12), we have:
21 = 2 senp-senfy co (13)
22 x senfy c—Co
23
;g On the other hand, if one considers in Eq. (3) the tangent displacement vector and the lengths I,
26 and [y related to the reference undeformed configuration, the incremental strains §&, and ¢, can in
gg turn be calculated and a tangent Poisson’s ratio can be defined (again exploting Eq. (12)):
29 _ 8y ¢ 1 (14)
30 Vtg = Sex  agsena tanf—tana
31
gg It is worth noticing that Eq. (14) represents the first derivative of the function &, = g, (g,). If
34 & — 0 (i.e. for the reference undeformed configuration), nominal and tangent values of the
gg Poisson’s ratio coincide and Eq. (14) becomes Eq. (4).
37 According to the above expression in Fig. 4 the tangent and nominal values of the Poisson’s ratio
38 against the longitudinal deformation in x direction are plotted for the case of a square cell with
39 o
41
42 Fig. 4. Tangent and nominal values of the Poisson’s ratio vs the longitudinal deformation for the
43 case of a square cell with , = 50°.
44
45 : . o . .
46 Finally, by removing all the above simplifying hypotheses, the elementary cell is studied as a
47 framed structure (see Fig. 1b) under a geometrically nonlinear large displacement analysis
jg considering the actual axial and bending stiffness of the cell elements.
50 Due to the complexity of the above defined problem, a numerical Finite Element (FE) solution
g; can be conveniently adopted. Two-dimensional Euler-Bernoulli beam elements are adopted;
53 geometrically nonlinear analyses are carried out by considering a total Lagrangian element
54 formulation with large displacements and small strains. In Fig. 5 the tangent and nominal values of
55
56
57
58
59
60
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the Poisson’s ratio against the longitudinal deformation in x direction are plotted for the case of a
square cell with B, = 50° and different values of the axial-bending relative stiffness parameter x

and the relative density p;-.

Fig. 5. Nominal (a) and tangential (b) values of the Poisson’s ratio vs the longitudinal deformation

or the case of a square cell with = 50° (FE large displacement analysis).
. ) q 0 ( &g P )

23.2 Assembly of elementary cells

By joining repetitively the elementary cell in both the x- and y- directions, an auxetic plate can be
obtained (Fig. 6) with the same deformation characteristics of the elementary cell itself. Note that
the plate is characterized by an orthotropic overall constitutive behaviour, with the material
principal axes being aligned with x- and y-axis. In line with the discussion presented in the previous
Section, the Poisson’s ratio of the plate corresponding to the ratio between the (transversal) strain &,
along the y-axis and the (longitudinal) strain &, along the x-axis (v, according to the standard

notation for orthotropic materials) is studied.

Fig. 6. Assembly of the re-entrant double arrow elementary cells to get an auxetic plate.

Now the geometrical characteristics of the assembled plate can be defined:

Lo, = mc, Loy = nlgy (15)
where m and n represent the number of cells assembled in the x- and y-direction, respectively.
Under prescribed relative displacements normal to the two boundaries of the auxetic plate (Au =
relative displacement along the x-direction between the points located at x = bycosf, and at
x = L,;; Av = relative displacement along the y-direction between the points located at y = 0 and
at y = Lgy), the nominal deformations of the plate in the x- (longitudinal) and y- (transversal)
directions are given by:

_ Au A (16)

On the other hand, the longitudinal deformation in the elementary cell is:

uy  muy,  Au (17)

& = —=c
* Co MC Loy xt

Fatigue and Fracture of Engineering Materials and Structures
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The total displacement of the plate in the y-direction is given by:

Av = —nvegly, = —nveyly, (18a)

©CoO~NOUTA,WNPE

10 and the corresponding deformation

1 . NVextloy _ _nvextloy — e (18b)
13 yt L()y nl()y xt

14 i.e. the Poisson’s coefficient of the plate is the same as that of the elementary cell.

The results shown in Eqs (16)-(18) are strictly valid for an infinite plate, i.e. for a large number
17 of cells along the x- and y-directions. In the case of finite size plates, the periodicity conditions
18 along the plate boundaries (implying zero rotation about the axis normal to the xy plane of the
20 boundary nodes) are not fulfilled. Consequently, the deformed plate presents some non uniform
21 normal displacements along its top and bottom edges (Fig. 7), which might affect the evaluation of

the Poisson’s ratio according to Eq. (14).

Fig. 7. Auxetic plate subject to a horizontal displacement applied to the right nodes of the
27 assembly: (a) undeformed configuration, (b) deformed configuration, (c) vertical displacements of

28 the nodes of the auxetic plate initially aligned along horizontal lines indicated in (a).

32 34. Experimental tests
33 In order to verify the auxetic property of a metamaterial constituted by the assembly of repeated
35 elementary arrow-shaped cells as described above, some experimental tests have been performed on

36 2-D plates.

39 43.1 Set up and specimens
A simple mechanical testing machine has been used to study the experimental behaviour of the

42 auxetic sheet under imposed displacements (Fig. 8).

45 Fig. 8. Experimental testing facility and image of the auxetic plate in its reference undeformed

46 configuration.

49 The auxetic specimens have been obtained by assembling two different elementary square cells
50 (Fig. 9) that are characterised by a reference length of their edges equal to 20 (sample A) and 15
52 mm (sample B). The two samples A and B are characterized by a relative density p, (see Eq. (7))
53 equal to 0.15 and 0.19, respectively. A 3-D printer, based on the so-called FFF technology, is used

to produce the specimens made of polylactic acid polymer (PLA). The main features of the printing

Fatigue and Fracture of Engineering Materials and Structures
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process are: printing temperature of 196°C, printing speed equal to 35mm/s, thickness of the single

printed layer thickness equal to 0.2 mm, nozzle diameter of 0.4 mm.

Fig. 9. Specimens of auxetic plate with elementary square cells (skecthes of the elementary cell
and of the assembled plate with details of the gripping system, pictures of the specimens being
tested): case of cell length equal to 20 mm, sample A (a), and 15 mm, sample B (b). All dimensions
are given in mm.

All the nodes located along the boundary on the right hand side of the plate are subjected to a
monotonically increasing longitudinal (along the x-direction) displacement measured through a
micrometer with a precision 10° m. A full map of deformed shape of the plate is evaluated through
a photographic technique by quantifying the absolute displacements of the nodes of the lattice

structure through high resolution pictures taken at given intervals of the applied deformation.

43.2 Results
The deformation maps in the specimens at different deformation steps are obtained on the basis

of the nodal displacements measured through photographic technique. In order to get full field maps

of displacements from the measured nodal values, bilinear interpolation functions are used. In

particular, by considering a regular mesh of four-node finite elements (where each element

corresponds to a single elementary cell of the auxetic lattice), Fig. 10, Suehnodal displacements are
interpolated through theelassieal bilinear shape functions_of the elements, referred-to-abaeckeround
rectangular—eell{frameweork (Fig—10), andin—orderto—get the strain field in a continuous-like

equivalent plate_is obtained according to the standard procedure of the finite element method. The

nodal displacements are evaluated with respect to their reference undeformed configuration, while
an interior region of the plate is adopted for the numerical evaluation of the mean values of the

Poisson’s ratio (see shaded region in Fig. 10, Tab. 1).

Fig. 10. Scheme of the interior regions adopted for the definition of a mean value of the
Poisson’s ratio of the sample: sample A (a), and sample B (b).

In Fig. 11 the contour maps of the x- and y-displacements, and of the corresponding strains, for
the sample A are shown. It can be noticed that the displacements field is regular in both the x- and
y-direction, while the strains appear to be not uniform in the considered domain due to small
irregularities in the displacements of neighbour nodes. Such irregularities in the strain field are

attenuated by increasing the applied deformation.
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Fig. 11. Contour maps of the x- and y-displacements (in mm, a, b) and the corresponding strain
fields &, €, (c, d) for a mean plate longitudinal strain &, = 5.6% in sample A.

The map of the local values of the Poisson’s ratio obtained by using Eq. (3) is presented for
different deformation levels; in Fig. 12 the contour map of the Poisson’s ratio for the sample A is
displayed for an increasing value of the applied longitudinal strain. It can be noted that the
Poisson’s coefficient tends to attain a nearly uniform distribution inside the plate with a value that is

equal to about -0.9.

Fig. 12. Contour maps of the Poisson’s ratio for four different levels of the mean plate
longitudinal strain (e, = 2.8% (a),5.6% (b),8.5% (c), 14% (d)) in sample A.

In Fig. 13 the same contour map of the Poisson’s ratio for the sample B is displayed for different
levels of the applied longitudinal strain; it can be noted that the Poisson’s coefficient tends not to

attain a nearly uniform distribution inside the plate with a value that is equal to about -1.0.

Fig. 13. Contour maps of the Poisson’s ratio for four different levels of the mean plate
longitudinal strain (e, = 3.3% (a),5.4% (b), 6.3 (¢),9.7% (d)) for sample B.

A mean value of the Poisson’s ratio (calculated through a weighted average) is summurized in

Tab. 1 as a function of the applied longitudinal strain for the two specimens.

Tab. 1. Mean Poisson’s ratio for the sample A and B obtained from experiments.

45. Comparison of theoretical and experimental results and discussion

In order to assess for the suitability of FE models for the auxetic plates under study, some
geometrically nonlinear numerical analyses are carried out. In order to take into account for the
finite size of the nodes of the analysed specimens, a proper rigid link option is introduced in the FE

models (Fig. 14a).

Fig. 14. Beam-like model of the of the auxetic cells by considering rigid node features and detail
of the rigid parts of the unit cell (a) (dimensions in mm),; comparison of the experimental and FE
Poisson’s ratio for the sample A (b) and B (c) vs the applied longitudinal deformation with and
without considering rigid node features in the FE analyses.

As illustrated in Fig. 14b-c and Tab. 2, for both the two samples the average Poisson’s ratio

obtained from numerical analyses is lower (about 10 to 40%) than the corresponding experimental

Fatigue and Fracture of Engineering Materials and Structures
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one, unless the effect of the finite node size is properly accounted for. This correction enables to
estimate the Poisson’s ratio with a good accuracy compared with the experimentally determined

values.

Tab. 2. Average Poisson’s ratios for the sample A and B obtained from experiments.

56. Conclusions

So-called metamaterials, i.e. engineered materials having particular and unusual properties
obtained thanks to their structure rather than composition, have gained a wide popularity in the last
decades. In this context a class of materials known as auxetic are of particular interest due to their
negative values of the Poisson’s ratio. This enables to produce structural components with, in
comparison to traditional couterparts, superior properties (high toughness, resilience, shear
resistance, indentation resistance, improved fracture toughness and particular vibration absorption
and acoustic properties), which can be exploted in a wide range of applications (biomedical,
aerospace, automotive, etc.).

In the present paper a two dimensional auxetic elementary cell, used to generate 2-D sheets by its
repetitive assembly, is studied theoretically, experimentally and numerically. The linear and
geometrically nonlinear deformability of such auxetic plates is investigated and different
approaches to its characterization are critically compared and discussed. Some conclusions related
to the relevant potentialities due to the mechanical capability of the auxetic materials in advanced

applications involving structural elements, is presented.
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FIGURE AND TABLE CAPTIONS

Fig. 1. Geometrical characteristics of the elementary auxetic cell (a). Structural scheme of the cell

(b).

Fig. 2. Poisson’s ratio vs the inclination angle 3, for various values of the angle a, (for a square

cell ay = 27°)

Fig. 3. Poisson’s ratio vs the inclination angle 3, and the relative density p, in the case of a square

cell.

Fig. 4. Tangent and nominal values of the Poisson’s ratio vs the longitudinal deformation for the

case of a square cell with 3, = 50°.

Fig. 5. Nominal (a) and tangential (b) values of the Poisson’s ratio vs the longitudinal deformation

for the case of a square cell with B, = 50° (FE large displacement analysis).

Fig. 6. Assembly of the re-entrant double arrow elementary cells to get an auxetic plate.

Fig. 7. Auxetic plate subject to a horizontal displacement applied to the right nodes of the assembly:
(a) undeformed configuration; (b) deformed configuration; (c) vertical displacements of the nodes

of the auxetic plate initially aligned along horizontal lines indicated in (a).

Fig. 8. Experimental testing facility (a) and image of the auxetic plate in its reference undeformed

configuration (b).

Fig. 9. Specimens of auxetic plate with elementary square cells (sketches of the elementary cell and
of the assembled plate with details of the gripping system, pictures of the specimens being tested):
case of cell length equal to 20 mm, sample A (a), and 15 mm, sample B (b). All dimensions are

given in mm.

Fig. 10. Scheme of the interior regions adopted for the definition of a mean value of the Poisson’s

ratio of the sample: sample A (a), and sample B (b).
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Fig. 11. Contour maps of the x- and y-displacements (in mm, a, b) and the corresponding strain

fields &, €, (c, d) for a mean plate longitudinal strain e, = 5.6% in sample A.

Fig. 12. Contour maps of the Poisson’s ratio for four different levels of the mean plate longitudinal

strain (gx = 2.8% (a), 5.6% (b), 8.5% (c), 14% (d)) in sample A.

Fig. 13. Contour maps of the Poisson’s ratio for four different levels of the mean plate longitudinal

strain (g, = 3.3% (a), 5.4% (b), 6.3 (c), 9.7% (d)) for sample B.

Tab. 1. Mean Poisson’s ratio for the sample A and B obtained from experiments.

Fig. 14. Beam-like model of the of the auxetic cells by considering rigid node features and detail of
the rigid parts of the unit cell (a) (dimensions in mm); comparison of the experimental and FE
Poisson’s ratio for the sample A (b) and B (c) vs the applied longitudinal deformation with and

without considering rigid node features in the FE analyses.

Tab. 2. Average Poisson’s ratios for the sample A and B obtained from experiments.
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Tab. 1.
Sample A Sample B
&x [%0] v &x [%0] v
2.8 -1.22 33 -0.93
5.6 -1.15 54 -0.95
8.5 -1.03 6.3 -0.9
140  -0.89 9.7 -0.84

FEM with rigid nodes
FEM without rigid nodes
Exp. results

Bo = 50°

(b)
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Tab. 2.
Sample A
& [%0] v v (%) Error % v (%) Error %

2.8 -1.22 -1.41 13.5 -1.23 0.81
5.6 -1.15 -1.15 13.5 -1.15 0.00
8.5 -1.03 -1.23 16.3 -1.04 0.96
14.0 -0.89 -0.96 7.3 -0.87 2.14

Sample B
33 -0.93 -1.32 29.5 -0.94 1.06
5.4 -0.95 -1.26 24.6 -0.9 5.56
6.3 -0.9 -1.23 26.8 -0.88 2.27
9.7 -0.84 -1.14 26.3 -0.81 3.7

* FEM results without rigid nodes; ** FEM results with rigid nodes
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