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Abstract In this paper unsteady motions generated by seismic-type excitation are simulated by a 2D depth-

averaged mathematical model based on the classic shallow water approximation. A suitable time-dependent 

forcing term is added in the governing equations, and these are solved by a MUSCL-type shock-capturing finite 

volume scheme with a splitting treatment of the source term. The HLL approximate Riemann solver is used to 

estimate the numerical fluxes. The accuracy of the numerical scheme is assessed by comparison with novel exact 

solutions of test cases concerning sinusoidally-generated sloshing in a prismatic tank, a rectangular open 

channel, and a parabolic basin. A sensitivity analysis is performed on the influence of the relevant dimensionless 

parameters. Moreover, numerical results are validated against experimental data available in literature 

concerning shallow water sloshing in a swaying tank. Finally, real‐scale applications to a reservoir created by a 

dam and an urban water-supply storage tank are presented. The results show that the model provides accurate 

solutions of the shallow water equations with a seismic-type source term and can be effectively adopted to 

predict the main flow features of the unsteady motion induced by horizontal seismic acceleration when the long 

wave assumption is valid. 

 

 

Highlights 

- Seismic-generated unsteady motions are modelled by the 2D depth-averaged shallow water equations. 

- The numerical solution is obtained by a Godunov-type shock-capturing finite volume scheme. 

- Numerical tests of sloshing motion are carried out and numerical results are compared with analytical 

solutions. 

- A sensitivity analysis is performed on the influential parameters. 

- The numerical model is validated against experimental data and two examples of field-scale applications to real 

reservoirs are presented. 
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1. Introduction 

The generation of water waves on free surface bodies is one of the damaging effects of earthquakes. In a 

lake formed by a dam, for instance, waves caused by seismic excitation may generate a run-up on the upstream 

face of the dam in the order of the freeboard available, thereby leading to the potential risk of dam overtopping 

[1,2]. Such an event may have serious consequences, including structural damages to the crest and downstream 

face of the dam (especially for embankment dams), and to power plants or other features located in the 

downstream area near the dam’s toe [3]. Hazards to the operating personnel cannot be ruled out either. Hence, 

national technical guidelines on dam safety and protection commonly prescribe freeboard requirements in order 

to provide for a reassuring safety margin against wave-induced dam overtopping, even during seismic events 

(e.g. [1,4,5]). The occurrence of seismic seiches in free surface water bodies, such as lakes, ponds, reservoirs, 

sewage or water supply storages, basins formed by dams, or even swimming pools, is actually documented in 

literature with reference to a number of strong historical earthquakes (see [68]). For example, remarkable 

seiches were observed in several lakes, rivers, and bays during the 1755 Lisbon earthquake, the 1950 Assam 

earthquake, and the 1964 Alaskan earthquake, even at a great distance from the epicentre [6,9]. More recently, 

according to Barberopoulou et al. [10], the 2002 Alaskan Denali earthquake triggered notable seiches as far 

away as British Columbia and Washington State. As regards dam reservoirs, Scawthorn [11] reports that during 

the Marmara earthquake on August 17, 1999, a seiche of 2 m amplitude was experienced in the lake created by 

the Yuvacik dam (western Turkey), and dam overtopping was prevented because the basin was not full at the 

time of the earthquake [2]. Hinks and Gosschalk [12] report the testimony of an eyewitness who observed the 

dynamics of the seismic seiches generated by the Yellowstone earthquake on August 17, 1959, in the lake 

formed by the Hebgen embankment dam (Montana, USA). During this seismic event, which occurred when the 

Lake Hebgen was full, the water flowed over the dam four times, and a maximum head of 1 m above the dam 

crest was estimated. Seismic-generated water oscillations generally also induce water run-up on the sloping 

edges of the reservoir and an increase in the pressure load on the retaining structures compared to the 

undisturbed stationary condition. In open channels, earthquakes may generate anomalous waves, with 

consequent risk of bank overtopping.  

In general, the analysis of the seismic response of a confined free surface body is very important in many 
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engineering problems, in order to prevent spillage or damages to retaining systems. Accordingly, the problem of 

liquid oscillations in a horizontally accelerated tank has gained great attention in the past few decades, and 

theoretical investigations have been carried out based on the assumption of small-amplitude waves (e.g. [1316]) 

or finite-amplitude waves (e.g. [1721]). In the latter case, depth-averaged flow equations can be used if the 

long-wave hypothesis is allowable. In this framework, Boussinesq-type models, accounting for a non-hydrostatic 

pressure distribution, are suitable to describe free surface flows when the vertical acceleration is not negligible 

(e.g. [2228]). On the contrary, when the vertical acceleration can be disregarded, the classic shallow water 

approximation can be adopted, based on the assumption of hydrostatic pressure distribution. This approach is 

commonly used in engineering practice in various free surface flow applications, mainly concerning flood 

routing in open channels (e.g. [2932]), and dam-break and flood inundation modelling (e.g. [3339]). 

A two-dimensional (2D) hydrostatic depth-averaged shallow water model is used in this paper to simulate 

seismic-generated unsteady motions in reservoirs and open channels. To this purpose a specific time-dependent 

source term is added to the governing equations in order to include the horizontal oscillating forcing effect due to 

an essentially undulatory earthquake. The 2D shallow water equations (SWE) are numerically solved using a 

second-order accurate shock-capturing Godunov-type finite volume scheme, coupled with a splitting 

decomposition of the source term. Boundary-extrapolated values are reconstructed by means of the classic 

MUSCL-Hancock scheme [40,41] according to the Weighted Surface-Depth Gradient Method (WSDGM) 

proposed by Aureli et al. [35], and numerical fluxes are computed using the HLL (Harten, Lax and van Leer) 

approximate Riemann solver [40,42].  

Model accuracy is assessed on the basis of numerical tests concerning sloshing waves induced by 

sinusoidal time-varying horizontal acceleration on a water body initially at rest contained in a prismatic 

rectangular tank or a parabolic basin, and on a uniform flow taking place in a rectangular open channel. 

Numerical results are compared with the analytical solutions presented by Maranzoni and Mignosa [43] in Part I 

of this work. In particular, the test concerning sloshing in a parabolic basin is characterized by the presence of a 

moving shoreline, thus the numerical model must be able to accomplish a robust treatment of wetting and drying 

fronts [35]. A sensitivity analysis on the parameters characterizing the forcing excitation is performed to assess 

their influence on the flow dynamics and, especially, on the maximum free surface displacement. The model is 

then validated against experimental data available in literature concerning shallow water sloshing induced by a 

sway motion in a rectangular tank [21]. Finally, unsteady motions induced by a seismic-type loading in both a 

real lake created by a dam and a real water-supply storage tank are simulated to test the capabilities of the 
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numerical model in field-scale applications. In the former application, the cases of both sinusoidal and real 

seismic horizontal acceleration are considered. 

The paper is organized as follows. Section 2 is devoted to the description of the mathematical model and 

the numerical scheme used to solve the governing equations. The numerical results are compared with analytical 

solutions in Section 3. Validation of the model against experimental data available in literature is performed in 

Section 4, and two real-field applications are presented in Section 5. Conclusions are drawn in Section 6. 

 

2. Numerical model 

The 2D depth-averaged SWEs are suitable to model finite-amplitude long waves in shallow water and, in 

the vector conservation form, read (e.g. [40,41]): 

 S
GFU
















yxt
,         (1) 

where U is the vector of the conserved variables, F and G are the vectors of the physical fluxes along the 

horizontal x and y directions, respectively, S is the source term vector, and t is time. In a non-inertial frame of 

reference linearly accelerating relative to a stationary inertial one, it is [43]: 
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in which h is the water depth, u and v are the horizontal velocity components relative to the ground along the x 

and y axes, respectively, S0x and S0y are the bottom slopes in the x and y directions (i.e. S0x = ∂zb/∂x and 

S0y = ∂zb/∂y, zb being the bottom elevation above a datum), Sfx and Sfy are the friction slopes along the same 

directions, g is the acceleration due to gravity, and ax and ay are the x- and y-components of the apparent 

rectilinear acceleration in the non-inertial reference frame. The additional source terms in Eq. (2) are suitable to 

represent the forcing effect of a horizontal seismic excitation on a water body in the reference frame moving 

with the shaking ground, if accelerograms representative of the time variation of the ground acceleration during 

an earthquake are used. Real seismic accelerograms are usually provided as time series. However, unidirectional 

harmonic forcing excitation is often considered as a first approximation in earthquake engineering (e.g. [14]). In 

this case, ax and ay are assumed to vary sinusoidally in time, as 
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in which Ax and Ay are the amplitudes of the periodic acceleration in the x and y directions, respectively, ω is the 



5 

angular frequency of the oscillation, and D is the duration of the forcing excitation (which for simplicity is 

hypothesized equal to a multiple of the forcing period 2π/ω in this paper). The frictional terms are expressed 

through the classic Manning formula: 
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n being the Manning roughness coefficient. 

The dimensional analysis performed by Maranzoni and Mignosa [43] has shown that if unidirectional 

harmonic forcing is considered, the dimensionless parameters involved in the problem are the twin ratios 

AxL/(gh0) and AyL/(gh0), and the group ωL(gh0)1/2, where h0 is a characteristic water height and L a typical 

horizontal length scale of the flow field along the direction of the excitation. The first two groups are forcing 

parameters (denoted hereinafter as Fx and Fy, respectively) representing in dimensionless form the amplitude of 

the exciting acceleration components in the x and y directions, respectively, whereas the last group represents the 

Strouhal number (denoted by St hereinafter).  

Eq. (1) is solved numerically on a Cartesian grid by an explicit MUSCL-Hancock, Godunov-type finite 

volume scheme based on a second-order accurate Strang splitting decomposition of the source term [42]. For 

each cell (i, j), the current cell-average state n

ji,U  at time level tn is updated to the new flow state 1n

ji,U  at time 

tn+1 by the computational time step t = tn+1  tn through the following three-step algorithm: 
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in which 
ji,U  and 

ji,U  are two successive intermediate updates of Ui,j; ji ,/ 21F  and 21 /, jiG  are the numerical 

fluxes in the x and y directions, respectively, and Si,j is the cell-averaged source term. A pointwise discretization 

of the source term is performed in Eq. (5), and numerical fluxes are assessed in the advection step (based on 

intermediate update U*) by using the MUSCL-Hancock scheme coupled with the HLL approximate Riemann 

solver. According to the HLL approach, the Fi+1/2, j flux is given by [40,42] 
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in which UL and UR are the vectors of the evolved boundary-extrapolated conserved variables on the left- and 

right-hand sides of the cell boundary, respectively; correspondingly, FL and FR are the vectors of physical fluxes 

calculated for UL and UR, and cL and cR are suitable estimates of the left and right wave celerities [40]. The 

boundary-extrapolated variables are computed via a piecewise linear reconstruction based on the Weighted 

Surface-Depth Gradient Method (WSDGM) proposed by Aureli et al. [35], and the Van Leer slope limiter 

function [40,41] is applied to avoid spurious oscillations. A schematic of the linear extrapolation of interface 

values (along the x-axis direction) and HLL approximate Riemann solver for cL ≤ 0 ≤ cR is reported in Fig. 1. 

The mass-conserving flux correction technique proposed by Aureli et al. [35] is used at wetting and drying 

fronts. This special treatment, based on the introduction of a wet/dry threshold water depth, allows effective 

handling of the well-known numerical difficulties which arise near moving fronts [44,45]. For more detail about 

the numerical algorithm, see Aureli et al. [35]. 

Due to the explicit character of the algorithm, the computational time step must be set so as to satisfy a 

suitable stability condition which, for unsplit 2D schemes, can be adapted as [42,46] 
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where Cr (≤ 1) denotes the Courant number coefficient. However, the time step used to advance the numerical 

solution in time should also guarantee accurate discretization of the time-dependent forcing source term. To 

fulfil this requirement and prevent aliasing problems, the computational “sampling” frequency 1/Δt must be at 

least two (and preferably more) times the highest frequency of the time-varying forcing waveform, according to 

the Nyquist sampling criterion (e.g. [47]). Accordingly, the Nyquist number Nq of the computations, defined as 

the ratio of the sampling frequency to the forcing frequency [i.e. Nq = 2π/(ω Δt)], must be greater than 2 at each 

time step. In this work, it is assumed that a sufficiently accurate reproduction of the time-dependent forcing 

acceleration is ensured if Nq ≥ 20. In the cases in which this antialiasing condition is expected to be more 

restrictive than the stability condition, the calculations are performed by suitably reducing the value of the 

Courant number coefficient. 
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Fig. 1. Sketch of the linear extrapolation of interface variables along the x-axis direction (a) and structure of the 

Riemann problem solution at (i + 1/2,j)-intercell boundary for cL ≤ 0 ≤ cR according to the HLL approximate 

Riemann solver (b). 

 

3. Numerical tests 

In order to assess model accuracy some numerical tests concerning sloshing motions in systems subject to 

sinusoidal time-varying horizontal acceleration are performed in this section. The numerical results are 

compared with the analytical solutions obtained by Maranzoni and Mignosa [43] in Part I of this work. 

 

3.1. Seismic water waves in a prismatic tank 

The first numerical test concerns the frictionless sloshing induced by an earthquake on a water mass stored 

in a prismatic tank with a horizontal square bottom of size L = 10 m and lateral vertical sides normal to the 
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reference axes x and y (Fig. 1). The tank is initially filled with water at rest of height h0 = 1 m, and horizontal x-

acceleration varying sinusoidally in time is applied for a fixed duration D. The solid walls are assumed to be 

high enough to avoid overflow.  

 

 

Fig. 2. Definition sketch for the problem of seismic-generated oscillations in a prismatic tank (Oxz is a linearly-

accelerating non-inertial frame of reference, with the origin located at the left-hand lower corner of the tank). 

 

Two forcing excitations having the same frequency ω = 2π rad/s (St  20) are considered: the former is 

characterized by Ax = 0.1g, whereas the latter by Ax = 0.5g (corresponding to Fx = 1 and Fx = 5, respectively). 

These two situations are very different, but realistic: no surge develops in the former case, whereas in the latter 

the steepening of the wave front of smooth positive waves is expected to cause the formation of bores [43]. The 

numerical simulations are performed by discretizing the computational domain with square cells sized 

Δx = Δy =0.05 m. The Courant number coefficient is set at 0.9, which guarantees that the Nyquist number of the 

computations is in the order of 102. 

Figs. 3 and 4 compare analytical and numerical water depth and velocity profiles at selected times for the two 

cases considered. For the excitation characterized by Ax = 0.5g and ω = 2π rad/s (Fig. 4), the comparison is 

performed for time t = 0.69 s, when the positive wave originated at the right-hand side wall of the tank becomes 

a surge. Figs. 3 and 4 show that numerical results agree very well with the analytical solution. In particular, the 

numerical model correctly reproduces both the negative and positive waves originated at the end walls, and 

accurately predicts the intermediate flow state between the two waves. Due to its simplicity (see [48]) and its 

suitability in conservation law problems [41], the classic mean absolute error (MAE) is used here to provide a 

synthetic global quantification of the model’s accuracy in predicting water depth and velocity profiles at a 

selected time. The numerical water depth and velocity profiles reported in Fig. 3 approximate the exact solutions 

obtained by the method of characteristics with mean absolute errors of 2.2 ∙ 104 m and 6.8 ∙ 104 m/s, 
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respectively. As regard the profiles of Fig. 4, MAE is equal to 1.7 ∙ 103 m for the water depth profile, and to 

5.5 ∙ 103 m/s for the velocity profile. 

 

 

Fig. 3. Sinusoidally-forced oscillations in a prismatic tank (L = 10 m, h0 = 1 m, Ax = 0.1g, ω = 2π rad/s): 

comparison between analytical and numerical water surface (a) and velocity (b) profiles at t = 1.5 s 

(Δx = Δy =0.05 m). 

 

 

Fig. 4. Sinusoidally-forced oscillations in a prismatic tank (L = 10 m, h0 = 1 m, Ax = 0.5g, ω = 2π rad/s): 

comparison between analytical and numerical water surface (a) and velocity (b) profiles at t = 0.69 s 

(Δx = Δy =0.05 m). 
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Again with reference to the test case with Ax = 0.5g and ω = 2π rad/s, Fig. 5 shows the computed water 

depth and velocity time series at the middle section of the tank (x = L/2). The theoretical solution obtained by 

Maranzoni and Mignosa [43] for 0 ≤ t ≤ tM is also reported for comparison, where tM  1.31 s is the time at 

which the negative wave coming from the left-hand side wall of the tank reaches the middle section. Similarly, 

Fig. 6 shows the time histories of the water depth at the two side walls; the exact solution is represented in the 

interval [0, tG  1.62 s] for x = 0, and [0, tF  1.10 s] for x = L [43]. During the first stages of the sloshing motion, 

at x = L/2 the water surface remains undisturbed until the arrival (at t = tM) of the negative wave originated at the 

left end wall (Fig. 5a), whereas the water velocity varies sinusoidally with time due to the sinusoidal acceleration 

transmitted to the water volume by the earthquake (Fig. 5b). At the end walls (Fig. 6), the water level varies 

sinusoidally, showing a negative variation with reference to the initial still-water level at x = 0, and a positive 

variation at x = L. After a few instants, the time series of Figs. 5 and 6 show a complex oscillating pattern caused 

by several wave interactions and the possible development of bores, and the oscillations of the flow variables 

appear quite asymmetric with reference to the initial undisturbed values. The frequency of the sloshing motion 

decreases sensibly once the seismic disturbance has ended. However, significant variations in water depth 

continue to occur in this transient free-oscillating phase, even if the excursion between positive and negative 

extrema diminishes compared to the excitation phase. It is worth noting that the predicted and analytical time 

series shown in Figs. 5 and 6 can be compared only in a limited time range, since the analytical solutions derived 

by Maranzoni and Mignosa [43] using the method of characteristics are limited to the first stages of the 

sinusoidally-forced sloshing and concern smooth waves only. 
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Fig. 5. Sinusoidally-forced oscillations in a prismatic tank (L = 10 m, h0 = 1 m, Ax = 0.5g, ω = 2π rad/s, D = 10 

s): time series of computed water height (a) and velocity (b) at x = L/2 (Δx = Δy =0.05 m). The analytical 

solution is reported for 0 ≤ t ≤ tM (tM  1.31 s). 

 

 

Fig. 6. Sinusoidally-forced oscillations in a prismatic tank (L = 10 m, h0 = 1 m, Ax = 0.5g, ω = 2π rad/s, D = 10 

s): time series of computed water height at x = 0 (a) and x = L (b) (Δx = Δy =0.05 m). The analytical solutions are 

reported for 0 ≤ t ≤ tG (tG  1.62 s) and 0 ≤ t ≤ tF (tF  1.10 s), respectively. 

 

The response of the system in Fig. 2 to a seismic-type disturbance is further characterized by a sensitivity 
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analysis aimed to assess the influence of the Strouhal number St and the dimensionless forcing parameter Fx on 

the local positive and negative relative wave extrema Δhext/h0, defined as the ratio of the maximum and the 

minimum value of the local free surface level variation to the initial still-water depth. The dimensionless 

duration D* = D(gh0)1/2/L of the excitation phase is assumed equal to approximately 3.13. Only the numerical 

results obtained at the left-hand side wall (x = 0) are discussed in the following. Fig. 7 shows the variation of the 

relative wave extrema with the Strouhal number for a fixed value of the forcing parameter (Fx = 5). Different 

values of St are obtained by changing the value of the forcing frequency ω. It can be noticed that positive 

extrema are systematically greater than the negative ones. For the smaller values of St, the negative wave 

extrema are equal to 1, which means that the minimum water depth at x = 0 is zero, and the seismic excitation 

is able to displace the water volume to the point of even temporarily drying up the bottom of the tank. Again 

from Fig. 7, it can be appreciated that relative wave extrema are highly sensitive to the seismic frequency and 

that the maximum positive wave amplitude grows significantly for St < 10, exceeding 2h0. Fig. 8 shows the 

influence of Fx for a fixed value of the Strouhal number (St  20) at x = 0. The value of the Fx parameter is 

changed by varying the value of the forcing acceleration amplitude Ax. As expected, the relative wave extrema 

increase monotonically with the intensity of the seismic disturbance. It is worth pointing out that wave extrema 

may occasionally occur in the first instants after the end of the excitation phase. 

 

 

Fig. 7. Sinusoidally-forced water waves in a prismatic tank: influence of the Strouhal number on the positive 

(diamonds) and negative (circles) relative wave extrema at x = 0 (Fx = 5, D* = 3.13).  
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Fig. 8. Sinusoidally-forced water waves in a prismatic tank: influence of the dimensionless forcing parameter on 

the positive (diamonds) and negative (circles) relative wave extrema at x = 0 (St = 20.06, D* = 3.13).  

 

The capability of the numerical model to track moving wetting and drying fronts is assessed in the case of 

Ax = 0.5g and ω = 2π/5 rad/s (Fx = 5 and St  4). In this situation, the external sinusoidal acceleration is able to 

displace the water mass to the point of drying a portion of the bottom close to the left wall. The water depth 

threshold required by the wetting-drying numerical treatment by Aureli et al. [35] is assumed equal to 104 m in 

the numerical simulation. Figs. 9a and b show water depth and velocity numerical profiles at selected times. 

Moreover, Fig. 9c shows that the analytical path of the drying front originating at the left hand-side wall is 

satisfactorily tracked by the numerical model. However, it is worth noting that the predicted position of the 

drying front is very sensitive to the threshold value, as shown by Aureli et al. [35]. 
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Fig. 9. Sinusoidally-forced oscillations in a prismatic tank (L = 10 m, h0 = 1 m, Ax = 0.5g, ω = 2π/5 rad/s): 

numerical profiles of water surface (a) and velocity (b) for selected times, and (c) comparison between analytical 

and numerical paths of the drying front (Δx = Δy =0.05 m). 

 

3.2. Seismic water waves in a rectangular open channel 

The disturbance induced by a seismic-type action on an initially uniform open channel flow is analyzed in 

this section (see Fig. 10). To this aim, a 100 m long reach of a 10 m wide rectangular channel with horizontal 

bottom without resistance is considered, in which the flow (along the x direction) is initially uniform with water 

depth h0 = 2 m and velocity u0 = 1 m/s. Transmissive boundary conditions are assumed both at the upstream and 

downstream ends of the channel, so that the inlet and outlet do not disturb the propagation of the generated 

waves in the flow direction. The two cases of seismic acceleration parallel to the flow direction (ay = 0) and 

perpendicular to the channel sides (ax = 0) are investigated. 

 

 

Fig. 10. Schematic of the problem of seismic-generated waves in a rectangular open channel: (a) longitudinal 

section; (b) cross-section. 

 

The numerical simulations are performed on a Cartesian mesh with cell size Δx = Δy = 0.1 m, assuming 

Ax = 0.5g (or Ay = 0.5g, depending on the case), ω = 2π rad/s, and D = 10 s. The Courant coefficient is set at 0.3, 

which allows obtaining Nq  4 ∙ 102 in the calculations. As for the case with external acceleration parallel to the 

flow direction, the water surface is not disturbed by the forcing excitation, whereas the flow velocity is 

uniformly affected by a periodic-in-time disturbance with the same frequency as the external acceleration. Fig. 

11 compares numerical and analytical time series of both water height and flow velocity at a generic observation 

point in the channel. After the end of the external excitation, the previous undisturbed flow conditions are 

restored in the channel, because the duration of the sinusoidal forcing is assumed to be exactly equal to a 

multiple of the forcing period. However, the numerical model slightly underestimates the theoretical value of the 

streamwise velocity after the end of the excitation. The mean absolute error of the predicted flow velocity time 

series is 1.4 ∙ 102 m/s in the interval [0, 12] s, in which the numerical solution is discretized by 4.85 ∙ 103 time 
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steps. The good agreement between numerical results and exact solution proves that, due to the second-order 

accuracy, the model does not introduce a significant amount of numerical diffusion, although a low value of the 

Courant number coefficient is used. 

 

 

Fig. 11. Sinusoidally-forced water waves in a rectangular open channel: comparison between analytical and 

numerical time series of water height (a) and velocity (b) for a forcing excitation in the flow direction (h0 = 2 m, 

u0 = 1 m/s, Ax = 0.5g, ω = 2π rad/s, D = 10 s; Δx = Δy =0.1 m). Only a subset of the numerical points is 

represented for clarity. 

 

In the latter case, in which the external forcing acts orthogonally to the direction of flow, water sloshes 

back and forth across the channel, and a component of velocity in the transverse direction y arises. Maranzoni 

and Mignosa [43] observed that the flow variables do not change with x, and the u-velocity preserves the initial 

undisturbed value u0 in the whole flow field. These peculiar flow features are captured by the numerical 

simulation. As an example, Figs. 12a and b show the water depth and transverse velocity numerical contour 

maps, respectively, at selected time t = 1 s for the following values of the forcing parameters: Ay = 0.5g, 

ω = 2π rad/s, and D = 10 s. The cross-sectional profiles of the flow variables are reported in panels c and d of 

Fig. 12. 
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Fig. 12. Sinusoidally-forced water waves in a rectangular open channel: numerical contour maps of water depth 

(a) and y-velocity (b), cross-sectional profiles of water depth (c), cross-sectional profiles of x- and y-velocities 

(d) at selected time t = 1 s for a forcing excitation normal to the flow direction (h0 = 2 m, u0 = 1 m/s, Ay = 0.5g, 

ω = 2π rad/s, D = 10 s; Δx = Δy =0.1 m). 

 

3.3. Seismic water waves in a parabolic basin 

The last numerical test concerns a seismic-generated sloshing in a frictionless parabolic basin with 

equation: 

 
2

22

0b ),(
L

yx
hyxz


 ,         (8) 

in which zb is the bottom elevation with reference to a horizontal plane and L is the radius at zb = h0 (Fig. 13). A 

water volume initially at rest, with free surface elevation h0 above the vertex of the parabolic basin, is disturbed 

by a horizontal excitation along the x-direction varying in time according to Eq. (3). The features of the induced 

oscillations, involving wetting and drying moving fronts, are described in detail by Maranzoni and Mignosa [43], 

who obtained a dimensionless exact solution of the problem. 
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Fig. 13. Definition sketch for the problem of sinusoidally-forced sloshing in a parabolic basin. 

 

The numerical simulation of this test case is performed using the following set of parameter values: 

h0 = 0.5 m, L = 2.5 m, Ax = 0.5g, ω = 2π rad/s, D = 10 s. The solution domain is discretized with Cartesian cells 

of size Δx = Δy = 0.02 m. The wetting-drying water depth threshold is assumed equal to 105 m, and the Courant 

coefficient is set at 0.9. This last choice guarantees that the Nyquist number of the computations is greater than 

2 ∙ 102, largely satisfying the antialiasing condition. 

The numerical results reported in Fig. 14a for a selected time show that the computed water surface is 

almost planar and the velocity field is nearly uniform, which matches the analytical solution. Moreover, Fig. 14b 

shows that numerical and analytical water surface profiles along the x-axis at selected times agree very well. 

MAE is equal to 6.2 ∙ 104 m for the water surface profiles at t = 0.5 s and t = 1 s, while it is equal to 1.3 ∙ 103 m 

for the profile at t = 3 s. Fig. 15 compares the numerical and analytical water depth and velocity times series at 

observation points (0, 0) and (2.2, 0) (Figs 14a and 14b, respectively). The former point is never crossed by the 

shoreline, whereas the latter gets dry and wet during the sloshing motion. The numerical model provides an 

overall good reproduction of the analytical time series, despite the tendency of slightly overestimating the flow 

velocities (which are derived quantities) close to the drying front. The model MAE in predicting the time 

evolution of water depth in the excitation phase (0 ≤ t ≤ D = 10 s) is equal to 9.1 ∙ 104 m at point (0, 0) and 

2.7 ∙ 103 m at point (2.2, 0); MAEs of the numerical velocity time histories are 1.3 ∙ 102 m/s and 1.9 ∙ 102 m/s, 

respectively. The predicted shoreline is almost circular (Fig. 14a) and its motion along the x axis accurately 

follows the analytical one for 0 ≤ t ≤ D (see Fig. 16) with a mean absolute error of 2.4 ∙ 102 m, which is in the 

grid size order of magnitude. 

The maximum run-up achieved during the oscillating motion depends on both the amplitude and frequency 

of the earthquake. Based on the dimensionless exact solution of the problem, Maranzoni and Mignosa [43] 

derived the expression of the dimensionless maximum run-up 
max1R  along the x-axis during the first oscillation 
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as a function of the dimensionless parameters Fx and St. Fig. 17 shows the comparison between analytical and 

numerical dimensionless run-up heights for some values of St, with Fx = 2.5 (Ax = 0.5g). Different values of St 

ranging from 0.47 to 9.46 are obtained by changing the forcing period value in the range [0.75 s, 15 s]. The 

special values of (2)1/2 and 0.873 are also considered for St, which correspond to the two notable situations in 

which the forcing frequency equals the natural frequency and the maximum run-up is expected, respectively 

[43]. However, it is worth noting that too low values of St (namely smaller than 3 in this test case) correspond to 

forcing periods which are not plausible for a realistic seismic excitation. In Fig. 17 the numerical results fit the 

analytical solution well, confirming the capability of the model to track wetting and drying fronts.  

 

 

Fig. 14. Sinusoidally-forced oscillations in a parabolic basin: (a) numerical flow field at t = 1 s; (b) slice of 

analytical and numerical water surfaces along the x-axis for selected times (h0 = 0.5 m, L = 2.5 m, Ax = 0.5g, 

ω = 2π rad/s, D = 10 s; Δx = Δy =0.02 m). Only a subset of the numerical points and vectors are represented for 

clarity. 
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Fig. 15. Sinusoidally-forced oscillations in a parabolic basin: comparison between analytical and numerical time 

series of water depth and u-velocity component for two selected observation points: (a) x = 0, y = 0; (b) 

x = 2.2 m, y = 0 (h0 = 0.5 m, L = 2.5 m, Ax = 0.5g, ω = 2π rad/s, D = 10 s; Δx = Δy =0.02 m). Only a subset of the 

numerical points is represented for clarity. 

 

 

Fig. 16. Sinusoidally-forced oscillations in a parabolic basin: comparison between analytical and numerical time 

histories of the shoreline position along the x-axis (h0 = 0.5 m, L = 2.5 m, Ax = 0.5g, ω = 2π rad/s, D = 10 s; 

Δx = Δy =0.02 m). Only a subset of the numerical points is represented for clarity. 
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Fig. 17. Sinusoidally-forced oscillations in a parabolic basin: comparison between analytical and numerical 

dependences of the dimensionless maximum run-up during the first oscillation on the Strouhal number for 

Fx = 2.5 (h0 = 0.5 m, L = 2.5 m, Ax = 0.5g; Δx = Δy =0.02 m). 

 

4. Validation of the model 

In this section the numerical model is validated against some experimental data acquired by Antuono et al. 

[21] during a laboratory investigation on shallow water sloshing in a swaying or rolling rectangular tank. The 

tank was 1 m long and 0.1 m wide (refer to the sketch in Fig. 2), and was mounted on a suitable mechanical 

device able to transmit both sinusoidal sway and roll motions to the tank (see also [49]). The water depth was 

measured by capacitance transducers at four gauge points located at 0.05, 0.1, 0.2, and 0.3 m from the left-hand 

side wall. Of the various test conditions considered by Antuono et al. [21] to explore different breaking types, 

only the S1 sway motion condition is analyzed here, which concerns very shallow water depths and gives rise to 

moderate oscillations with bores. This test is characterized by 0.034 m initial water depth, 2.272 s1 forcing 

frequency (corresponding to a period of approximately 2.765 s), and 0.176 m/s2 acceleration amplitude in the 

longitudinal x-direction. 

The numerical simulation is performed by discretizing the computational domain through square cells sized 

0.002 m and neglecting friction. The Courant number coefficient is set at 0.9 and correspondingly the Nyquist 

number of the computations is in the order of 103. 

Fig. 18 compares experimental and numerical time histories of water level variation at the four gauge 

points. Time is expressed in dimensionless form (t/T) in terms of number of forcing periods. The comparison is 

restricted to the steady state wave condition, which occurs after the end of the transient phase [21]. This flow 

condition was observed to occur after more than 40 excitation periods in the test considered here. The predicted 

time evolution of water surface displacement at the selected gauge points shows overall good agreement with the 
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experimental data. In particular, the timing and shape of the water level hydrographs are well reproduced by the 

numerical model, as well as the typical sawtooth waveform of moving bores, which is fairly pronounced at the 

gauge points located at x = 0.20 m and x = 0.30 m. The predicted positive wave peaks compare well with the 

measured ones, even if a slight underestimation can be noticed at x = 0.10 m and x = 0.30 m. The height of the 

secondary peaks preceding the maximum ones is also slightly underestimated. On the other hand, the amplitude 

of the negative oscillations is systematically overestimated by the numerical model; such behaviour is also 

shown by the numerical results presented in Antuono et al. [21]. The numerical results are free of spurious 

oscillations. 

 

 

Fig. 18. S1 sway motion test by Antuono et al. [21]: comparison between experimental and numerical water 

level variation time series at x = 0.05 m (a), x = 0.10 m (b), x = 0.20 m (c), x = 0.30 m (d). 

 

5. Applications 

5.1 Reservoir formed by a dam 

In this subsection the numerical model is applied to a real-field case concerning the propagation of water 

waves induced by a seismic-type excitation in the lake created by the Mignano dam, a concrete gravity dam 

located in Northern Italy, in the upper course of the Arda River (a right-bank tributary of the Po River). The 

maximum water depth of the Mignano reservoir is 45 m, with a total storage capacity of 15.5 ∙ 106 m3 and a 

surface area of approximately 0.85 km2 [5052]. At the maximum storage level (340.5 m a.s.l.), the average 
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water depth is approximately equal to 16.3 m and the lake is approximately 2.8 km long from the dam face to the 

opposite side. Fig. 19 shows the contour map of the lake bathymetry. 

 

 

Fig. 19. Bathymetry of the lake created by the Mignano dam. 

 

It is assumed that the water stored in the reservoir (supposed initially at rest at the maximum storage level) 

is disturbed by 20 s horizontal acceleration varying sinusoidally in time with 0.2g amplitude, which is the 

seismic peak ground acceleration (with a return period of approximately 1425 years, corresponding to the life 

safety performance level) for the area of interest, according to the Italian seismic hazard map. The reservoir 

being initially full is a precautionary hypothesis, since the occurrence of a strong earthquake when the reservoir 

is filled to its maximum water level is quite improbable [2]. Two scenarios are considered, i.e. the forcing 

acceleration is assumed to be either normal (Scenario 1) or parallel (Scenario 2) to the dam, with periods ranging 

from 0.5 to 2 s. The numerical simulations are performed on a Cartesian mesh with cell size Δx = Δy = 5 m, and 

are extended for a total time of 2 min in order to predict the effects of the seismic disturbance during the first 

stages after the end of the external excitation. Since historical data for the calibration of the Manning roughness 

coefficient are lacking, n is assumed equal to 0.06 m1/3s; this value is suitable for mountain valleys with 

irregular side slopes and bottom (e.g. [53]). In any case, the effect of friction is expected to be quite irrelevant in 
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a sloshing process, which is mainly affected by inertia, except near wetting-drying boundaries. The wetting-

drying water depth threshold is set at 103 m, while the Courant number coefficient is set at 0.2, which ensures 

that aliasing problems are prevented in the time discretization of the forcing source term, at least for the periods 

investigated. The dam is represented as a rigid solid wall with unlimited height and identifies the only 

(reflective-type) boundary condition imposed in the computational domain. 

The main results of the computations are reported in Table 1 in terms of maximum water level increase 

behind the dam (at the location where the thalweg of the river intersects the dam), additional flooded areas (with 

reference to the undisturbed lake surface area), and maximum run-up height at the lake sides. The cases in which 

the maximum water level increase at the dam exceeds the freeboard available are highlighted in bold in Table 1. 

For all the simulations, Nq is greater than 20, thus the assumed antialiasing condition is always satisfied with the 

adopted value of Cr. The results show that seismic-type excitations with longer periods are more dangerous and 

that a sinusoidal disturbance with 0.2g amplitude and 1.5-2 s period is potentially capable of causing dam 

overtopping. 

As an example of numerical results, Fig. 20 shows a perspective view of the predicted water surfaces at 

t = 10 s for the two scenarios considered, and a forcing period of 1 s (ω = 2π rad/s), together with the 

corresponding water surface profiles at the two sections indicated in Fig. 19. In the first scenario, a positive wave 

originates at the dam and spreads backwards in the reservoir (Figs. 20a and b), whereas in the second scenario 

the run-up on the lake edge induces a wave which propagates towards the opposite side of the lake (Figs. 20c 

and d). Fig. 21 shows the numerical time series of water level variation at the intersection between the river 

thalweg and the dam for the two different scenarios, again with a forcing period of 1 s. In the case of a seismic 

action normal to the dam (Scenario 1), the predicted water levels oscillate in time with the forcing frequency 

during the excitation phase (t ≤ 20 s). The maximum rise in the water level is attained in this phase. After the end 

of the forcing action, the oscillating motion is characterized by a lower water level excursion and a longer 

period. On the other hand, for an excitation parallel to the dam (Scenario 2), the maximum water level increase is 

comparable to that predicted in Scenario 1 and occurs after the end of the excitation phase, at the transit of the 

positive wave originated at the lake side. 

 

Table 1. Water waves induced by a sinusoidal excitation in Lake Mignano: sensitivity analysis on the forcing 

period. 

Scenario Excitation 

period 

(s) 

Nyquist 

number 

() 

Water level 

increase at the 

dam (m) 

Flooded area 

increase 

(%) 

Run-up height 

on the lake 

sides (m) 
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Excitation 

normal to the 

dam 

(Ay = 0.2g) 

0.5  20 0.41 1.02 1.28 

0.75  30 0.75 1.13 1.89 

1.0  40 1.13 2.06 2.34 

1.5  60 1.90 2.22 3.18 

2.0  80 2.63 3.96 4.36 

Excitation 

parallel to the 

dam 

(Ax = 0.2g) 

0.5  20 0.54 1.76 2.52 

0.75  30 0.30 1.55 1.81 

1.0  40 1.09 3.81 4.74 

1.5  60 0.72 3.13 3.26 

2.0  80 2.19 7.44 8.19 

 

 

Fig. 20. Perspective view of the water surface waves induced by a sinusoidal excitation in Lake Mignano, and 

water surface profiles at Sections A and B indicated in Fig. 19 at selected time t = 10 s: forcing acceleration 

normal to the dam (a, b); forcing acceleration parallel to the dam (c, d). (Amplitude of the forcing acceleration: 

0.2g; excitation period: 1 s; duration of the excitation: 20 s.) 
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Fig. 21. Numerical time series of water level variation at the dam site for the two excitation scenarios considered 

(amplitude of the forcing acceleration: 0.2g; excitation period: 1 s; duration of the excitation: 20 s). 

 

The response of Lake Mignano to real seismic excitation is analyzed in the following. To this aim, seismic 

acceleration records including the acceleration components in two orthogonal horizontal directions are 

considered, namely the N-S and E-W accelerograms measured at Forca Canapine Station during the recent 2016 

earthquake in Central Italy [54]. It is hypothesized that the N-S and E-W accelerograms act simultaneously along 

the directions normal and parallel to the dam, respectively. A 20 s time interval is selected, in which the recorded 

seismic acceleration is significant (see Figs. 18a and b). The numerical simulation is performed on the same grid 

described above and is extended for a total time of 1 min. The Courant number coefficient is set at 0.1 in order to 

accurately reproduce the acceleration time series available, provided with time resolution of 0.005 s. The 

predicted water surface fluctuations at the location where the thalweg of the river intersects the dam are shown in 

Fig. 18c. A maximum water level increase of 0.71 m is expected at the dam site as a result of this specific 

seismic excitation. 
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Fig. 22. Numerical modelling of the water waves induced by real seismic excitation in the Mignano reservoir: 

(a) component accelerogram in the direction normal to the dam; (b) component accelerogram in the direction 

parallel to the dam; (c) predicted water surface fluctuations at the dam site. 

 

5.2 Storage tank of a water supply system 

The application of the numerical model to the simulation of seismic-generated waves in a real tank for 

storing drinking water is presented in this subsection. An underground storage reservoir of the water supply 

system of the town of Parma (Northern Italy), denominated “Giovanardi” tank, is considered. This facility is a 

prismatic concrete structure with a flat bottom, having a quadrilateral base with an area of approximately 845 m2 

and a height of 4.6 m. A system of square pillars sized 0.4 m supports 0.45 m high beams on which the plane 

ceiling rests. Fig. 23 reports the plan view sketch of the facility. 

The water (initially at rest) contained in the storage tank is disturbed by sinusoidal acceleration with a 0.3g 

design amplitude (which is the seismic peak ground acceleration corresponding to a return period of 1900 years, 

according to the Italian technical regulations) and a period of 1 s, acting along either the x or y direction (see Fig. 

23), for a duration of 20 s. Initial water depths of 2 and 4 m are considered, which correspond to the minimum 

and maximum depths in the normal operating conditions, respectively. 
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A Cartesian mesh with square cells sized 0.05 m is adopted in the simulations. The Manning roughness 

coefficient is set at 0.013 m1/3s, owing to the very smooth surface of the reservoir’s concrete walls [53]. The 

Courant number coefficient is set at 0.9, which ensures that the numerical solution advances with a Nyquist 

number abundantly greater than 102 in the simulations performed.  

 

 

Fig. 23. Plan view of the “Giovanardi” storage tank (water supply system of the town of Parma, Italy). The 

traces of the beams supporting the ceiling of the tank are reported in dashed lines. 

 

As an example of numerical results, Fig. 24 shows the predicted water depth and velocity fields at t = 5 s 

for the two forcing directions considered, when the initial water depth h0 is equal to 2 m. In both situations, the 

flow fields are very complex and show marked 2D features, due to the multiple reflections against the pillars and 

the lateral walls, especially those arranged obliquely with reference to the hypothesized directions of the seismic 

excitation. Moreover, for h0 = 2 m, the predicted maximum water level increase is in the order of 1 m, and thus 

the water surface never reaches the ceiling of the covered tank. However, the possibility that a portion of the 

ceiling goes under pressure, with a consequent simultaneous presence of free surface and pressurized flow 

regimes, cannot be excluded a priori. In the case study considered here, this occurs, for example, when the initial 

water level in the tank is maximum (h0 = 4 m) and the seismic disturbance has the characteristics described 

above. In such a case, the 2D generalization of the Preissmann slot concept proposed by Maranzoni et al. [46] 

and Maranzoni and Mignosa [55] can be exploited to correctly model this peculiar flow condition. As an 

example, Fig. 25 shows computed piezometric head profiles (with reference to the bottom of the tank) along 

selected sections at t = 3 s, for the case of h0 = 4 m and a seismic excitation in either the x- or y-direction. It can 

be noted that pressurized flow occurs only at the beams and in small regions close to the pillars. In the 

calculations concerning this case, the widths of the Preissmann slots along the x and y directions are assumed 

equal to Δy/100 and Δx/100, respectively. 
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Fig. 24. Example of numerical results obtained for the case study of sinusoidally-forced water waves in the 

“Giovanardi” storage tank: water depth contour maps and velocity fields at t = 5 s for forcing acceleration in the 

x (a, b) and y (c, d) directions in the case of h0 = 2 m (amplitude of the forcing acceleration: 0.3g; excitation 

period: 1 s). Only a subset of the numerical velocity vectors is represented for clarity. 

 

 

Fig. 25. Numerical piezometric head profiles along selected sections at t = 3 s for sinusoidal excitation with 0.3g 

amplitude and 1 s period, in the case of h0 = 4 m: (a) section y = 4 m and forcing acceleration in the x-direction; 

(b) section x = 27.5 m and forcing acceleration in the y-direction. 

 

6. Conclusions 

In this paper finite-amplitude water waves generated by a horizontal seismic-type disturbance are modelled 

by the 2D depth-averaged shallow water equations, in which a sinusoidal time-varying source term is added in 
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order to represent the forcing effect due to an essentially undulatory earthquake.  

The numerical tests show that a finite volume high-resolution scheme, coupled with a splitting pointwise 

treatment of the source term, is an effective and robust computational tool to integrate the governing equations. 

Actually, the numerical model used in this work can accurately reproduce exact solutions of theoretical sloshing 

problems involving smooth waves, even with wetting and drying, as confirmed by the estimates of the numerical 

errors based on the mean absolute error. Adopting a suitable antialiasing condition in the computations based on 

the Nyquist number can guarantee accurate time discretization of the oscillating forcing term. The sensitivity 

analysis on the influential dimensionless parameters performed in the test case of oscillations in a prismatic tank 

shows that the relative wave extrema are very sensitive on the Strouhal number (especially the positive wave 

extrema) and increase with the dimensionless forcing parameter representing the amplitude of the exciting 

acceleration. 

The comparison of model results with experimental data available in literature on shallow water sloshing in 

a swaying rectangular tank confirms the effectiveness of the numerical model in predicting sloshing phenomena 

in shallow water conditions, even in the presence of bores. 

Finally, the simulations of water waves induced by both sinusoidal and real seismic horizontal acceleration 

in real storage reservoirs prove that the model can be effectively used in field-scale applications and can provide 

useful information about the freeboards which need to be ensured in order to provide a suitable margin of safety 

during an earthquake. 
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