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Abstract

A variational approach to determine the deformation of an ideally plastic substance is pro-

posed by solving a sequence of energy minimization problems under proper conditions to

account for the irreversible character of plasticity. The flow is driven by the local trans-

formation of elastic strain energy into plastic work on slip surfaces, once that a certain

energetic barrier for slip activation has been overcome. The distinction of the elastic strain

energy into spherical and deviatoric parts is used to incorporate in the model the idea of

von Mises plasticity and isochoric plastic strain. This is a “phase field model” because the

matching condition at the slip interfaces are substituted by the evolution of an auxiliary

phase field that, similarly to a damage field, is unitary on the elastic phase and null on the

yielded phase. The slip lines thus diffuse in bands, whose width depends upon a material

length-scale parameter.

Numerical experiments on representative problems in plane strain give solutions with striking

similarities with the results from classical slip-line field theory, but the proposed model is

much richer because, accounting for elastic deformations, it can describe the formation of

slip bands at the local level, which can nucleate, propagate, widen and diffuse by varying the
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boundary conditions. In particular, the solution for a long pipe under internal pressure is

very different from the one obtainable from the classical macroscopic theory of plasticity. For

this case, the location of the plastic bands may be an insight to explain the premature failures

that are sometimes encountered during the manufacturing process. This practical example

enhances the importance of this new theory based in the mathematical sciences.

Keywords: Phase field model, elasticity, plasticity, slip line field theory, slip bands,

variational approach.

1. Introduction

The mathematical description of the plastic deformation of materials is traditionally ob-

tained by assuming that the total strain in the body can be decomposed additively (or

multiplicatively in the case of finite deformations) into two regular fields: the part that is

due to the reversible elastic distortion of the constituent volume elements, and the part that

is associated with the non-reversible modification of their shape. In the case of metals, the

first comes from small variation of the interatomic distance, whereas the second one is pro-

duced by a re-arrangement of the crystalline lattice facilitated by dislocation glide. Yield

criteria, flow rules and hardening laws allow to determine the deformation associated with

the prescribed boundary conditions [1].

In the case of a perfectly-plastic substance, with no work hardening, the deformation can

unboundedly grow when the yield limit is attained. The plastic flow is constrained by the

applied boundary condition and the problem consists in finding the corresponding strain

rate. In these situation, one can certainly neglect the elastic straining with respect to the

plastic distortion, and model the material as rigid-plastic. Since the volume change is null,

the problem can be solved in terms of the stress state only and associated yield function,

usually derived either from the Tresca or von-Mises criterion. The plastic equation are

hyperbolic, and the corresponding characteristics of shear-stress and shear-strain-velocities

coincide. In plane strain conditions, the characteristics form two orthogonal families of

curves, traditionally referred to as slip lines, whose direction coincide at every point with
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the those of the maximum shear strain rate. Slip-line theory [2, 1], introduced by Prandtl,

Hencky and Geiringer [3], aims at identifying the plastic state considering the field of slip

lines as the fundamental unknown to be determined.

The theory of the surfaces of slip represents a mesoscopic interpretation of the phenomena

occurring at the micro-level associated with strain localization such as in the case of the

formation of Lüders bands. The singular character of the deformation is lost in the traditional

mathematical theory of plasticity, which instead provides a smeared macroscopic view of

plastic distortions through a regular macroscopic plastic-strain field. This represents an

averaged description of a structured deformation [4], produced by the localization of plastic

distortions in narrow slip (or glide) bands. Such a mechanisms characterizes the response

of various substances over a broad range of scales, from several miles of the lithosphere [5],

down to the nano-level of metallic glasses [6]. Localization in the form of shear bands usually

represents the pre-failure deformation also of natural rocks [7], granular materials [8] and

polymers [9].

In metallic alloys, plasticity is associated with microscopic glide along Lüders bands, which

is justified at the atomic level by the movement of dislocations ([10] Sect. 13). Activation

of gliding along such bands requires the overcoming an energetic barrier, which allows to

maintain a pure elastic phase when the strain is relatively small, while the onset of the plastic

phase is marked by a sharp well point. Such a barrier is associated with the anchoring of the

dislocations in the energetic wells produced by the presence of solute atoms in the metallic

lattice. Under moderate strain the dislocations remain anchored and deformation is purely

elastic, but in overstrained condition, dislocations are unpinned and can glide to produce

inelastic distortions. This mechanism can also give reasons for the transition from an upper

to a lower yield point that is evident in the experiments, interpreted in [11] through a simple

but effective mechanical model, consisting in a particular arrangement of spring-dashpot

units.

Although dislocation movements should produce sliding at the atomic level, preferential

paths along macroscopic glide layers, or super-bands, can be favored by other phenomena,
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such as initial stress concentrations in the elastic regime. Nadai has provided an impressive

set of beautiful pictures of the formation of such bands produced by notches and holes [2].

In polycrystal the phenomenon is usually triggered by nucleation of micro-holes from brittle

micro-cracking or decohesion of inclusions [12]. As the strain is increased, the small voids co-

alescence through a band of localized shearing, whose progression presents strict similarities

with a crack opening because it is associated with energy consumption. Plastic localization

in super-bands has been observed in cylindrical bars under large torsional strains made of

AISI 4340 steel [13] and mild carbon steel [14]. The onset of plastic deformation is marked

by the formation of thin Lüders-like bands in the transversal direction but, as the twist is

augmented, single coarse slip bands form in a longitudinal direction where shear deforma-

tion is concentrated, which progress and open like as a fracture in mode II as the strain

is augmented [13]. Strain localization in super bands may also be facilitated by geomet-

ric effects (instabilities), as demonstrated in the famous experiments by Körber and Siebel

[15] on wide flat bars obtained from thin metal sheets when tested in tension. Judged as

three-dimensional cases, problems of this kind involve “geometric” as opposed to “material”

instability, but when modeled as two-dimensional continua, the localization is equivalent to

the post-critical phenomenon associated with the surmounting of an energetic barrier [16].

The progression of shear super-bands in a crack-like manner, rather than being the con-

sequence of a sudden bifurcation from a uniform deformation field, has been confirmed in

many experiments on metallic alloys [17].

The mathematical modelling of strain localization can follow two different approaches. It

can be considered as an instability [18], predictable by the pre-localization constitutive re-

lations of the material: at critical conditions a bifurcation occurs from a smoothly varying

deformation into a highly concentrated shear band mode [19]. Otherwise, it can be inferred

that alternative competing physical mechanisms of deformation come into play at a certain

stage of the load history. The transition from one to the other should be triggered by an

irreversible event with consequent energy dissipation, such as the rupture of an anchoring

ligament. Assuming that an energetic barrier has to be overcome to unpin a slip surface is
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mandatory, because no pre-localization (elastic) stage would be possible if this contribution

goes to zero, otherwise the body would present no resistance against plastic gliding at any

level of strain. This rationale has been assumed by Palmer and Rice [20] to model the growth

of localized shear bands in the progressive failure of over-consolidated clay or sand, by intro-

ducing an energetic competition à la Griffith for the propagation of the tip of a concentrated

shear band into the sound material.

If one accepts that the plastic deformation is due to strain localization along slip surfaces

of infinitesimal thickness, the kinematical description of yielding presents strict similarities

with mode II fracture, in the fact that it allows for discontinuities in the displacement

fields along the gliding surfaces. However, whereas in classical brittle fracture the surface

energy is either independent or a fast-decreasing function of the crack opening, the work

to let the surfaces slip is never zero whatever the amount of slip is. Therefore, models

of this kind can interpret the intermediate asymptotic stage of plastic flow, but not the

phenomena that eventually lead to failure. A mathematical description of this type of plastic

flow has been presented in [21] for the case of antiplane shear. Under the hypothesis that

sliding occurs at constant shear stress (perfectly plastic body), the deformation consequent

to an applied load history is found as the solution of a sequence of minimization problems

for a functional of the displacement field, introducing an energetic competition between

(reversible) elastic straining and (irreversible) plastic glide along unknown free-discontinuity

slip surfaces. The minimization is sought under irreversibility conditions for the inelastic

phenomena. A key hypothesis is consideration of a primitive energetic barrier for plastic

slip analogous to fracture energy, i.e., an energy per unit area has to be expended right

at the beginning to unpin any two gliding surfaces. Without such a contribution, a purely

elastic phase could never be attained because plastic slip would occur just “touching” the

body.

The model leads to a free-discontinuity variational problem set in the space of SBV functions

that is difficult to handle. Remarkably, within the framework of Γ−convergence [22], it is

shown in [21] that the energy functional can be approximated by a sequence of regularized
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two-field elliptic functionals, where one field represents the macroscopic displacement in

the body, while the second one denotes the local value of an order parameter, of the type

commonly employed to describe phenomena of phase transition, which is 0 for the sound

state of the body and 1 for the yielded state. The regularized theory fits in the class of phase-

field models, for which the regularization is obtained through the introduction of gradient

terms inducing a rapid, but smooth, transition on both sides of the interface in lieu of a

sharp discontinuity. To this respect, the regularized variational model for plastic slip present

similarities with the phase-field models of fracture [23], although it differs because of the

addition of a surface energy term, accounting for the work to be consumed in plastic gliding.

It also represents a particular two-dimensional extension of the general theory proposed in

[24] for the one-dimensional case.

The numerical implementation of the regularized model, extended to the two-dimensional

case of plane strain, has been conducted in [25]. Numerical experiments on paradigmatic

case-studies have confirmed that the plastic strain concentrates in bands, but the bands may

coalesce to form a plastic region, depending upon the shape and size of the body, the presence

of pre-existing defects (voids, holes, notches) and the values of the governing parameters.

Although results are in fair agreement with those obtained with the classical continuum

plasticity theory, the model suffers some major drawbacks. First of all, the plastic bands

are more similar to mode I cohesive fractures than to glides surfaces, because the bands in

general form at right angle to the direction of maximal tensile stress and the plastic strain

associated with them is coaxial with the stress. Moreover, since the model is defined by

quadratic quantities it is symmetric in tension-compression, but this does not rule out the

possibility of plastic contractions causing an unrealistic material interpenetration.

The purpose of this article is to conceive a plasticity theory based upon energy minimiza-

tion by altering the associated functional to incorporate idea of “deviatoric-strain-driven”

plastic slip, in agreement with the most traditional plasticity theories. The proposed model

allows to calculate a slip-line framework of interface bands where shear-strain localizes, so

to approximate the kinematics of the relative gliding of the neighboring surfaces, with no
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risk of material interpenetration. The elasticity of the body is not neglected and, indeed, it

represents an indispensable feature of the model, because the process is governed by an ener-

getic competition between elastic deformation and plastic slip. The width of the slip bands

depends upon a characteristic material parameter that also governs their relative spacing

and, consequently, their number, but the slip-band pattern remains substantially unaltered.

Numerical experiments on paradigmatic problems confirm that this approach is able to re-

produce the slip-band pattern that can be inferred starting from the traditional theory, with

a computational effort substantially moderate due to the fact that the deformation is de-

scribed by smooth fields. We repute this approach much richer and more comprehensive

than the traditional macroscopic theories of plasticity, since it provides indication on the

mechanism of strain localization due to inelastic glide.

2. Phase field model for non-smooth plasticity

After revisiting various variational formulations that associate the plastic deformation with

the formation of slip bands, we propose a new theory that represent the counterpart, for this

type of problems, of a plasticity theory à la von Mises, driven by the deviatoric part of the

strain energy.

2.1. Strong and weak formulations in antiplane shear

For the sake of completeness, it is useful to first recall the main results of the mathematical

theory proposed in [21] for the case of antiplane shear. Suppose that Ω ⊂ R2 represent

the undistorted reference configuration of the cross section of a cylindrical body and let

u : Ω → R indicate the corresponding out-of-plane displacement. The body is linear elastic

with shear modulus µ, but plastic slip can localize on surfaces orthogonal to the plane of Ω,

where the field u exhibits the jump |u+−u−| in absolute value. Let Su ∈ Ω be the trace of all

the discontinuity surfaces on Ω. From a mathematical point of view, the variational problem

needs to be set in the space of Special functions of Bounded Variation SBV : Ω → R, that
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not only allows for discontinuities of u, but implies that the jump set Su of u is rectifiable

[26], i.e., in rough terms it is a curve contained in Ω.

One can then define the functional Π(u) for the energy per unit-height of the body, as

Π(u) =
µ

2

∫
Ω\Su

|∇u|2dx+ γmeas(Su) + σ0

∫
Su

|u+ − u−| dr , (2.1)

where σ0 is the yielding stress, whereas γ represents an “activation” energy per unit area,

analogous to Griffith’s, that needs to be expended to nucleate new plastic slip. The strong

formulation for the case of antiplane shear consists in the minimization problem

min
u∈A

Π(u) , A = {u ∈ SBV (Ω,R) : u = ū on ∂ΩD} , (2.2)

where ∂ΩD is that part of the boundary ∂Ω where Dirichlet boundary conditions u = ū are

assigned, whereas the remaining part, identified by ∂ΩN = ∂Ω \ ∂ΩD, is supposed to be

traction-free.

This approach establishes an energetic competition between three terms: i) the elastic strain

energy, which provides the driving force; ii) the surface activation energy that is necessary

to unpin the slip in the unitary area; iii) the work dissipated against the cohesive forces at

yielding during the plastic glide. The plastic part of the deformation is associated with the

discontinuities in the displacement field due to plastic slips and, to this respect, this approach

presents analogies with that of cohesive fracture. It is worth remarking that, as discussed

in [21], without the surface-activation term there would be no purely elastic phase, because

plastic glide would spread at any whatever small level of strain1. Indeed, it is the presence of

1This conclusion is not valid in the 1-D case, for which the model of (2.1) and (2.2) results included, as

a particular case, in the class of functionals considered in [27] for cohesive crack propagation in bars. It is

shown in [27] that just a cohesive energy term à la Barenblatt (no activation term) is sufficient to account

for a purely elastic phase at small strains. Evidently, the 1-D case cannot account for stress concentrations,

that instead occur at the border of a slipping surface and are captured only by increasing the dimension
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such term that introduces a yield limit in the material. For mild steel, it can be supposed to

be representative of the energetic barrier that has to be overcome to unpin the dislocations

and produce the orderly formation of shear bands [11]. For rocks and geomaterials, like

over-consolidated clay or sand, it can model the work necessary to break the ligaments at

the tip of a localized shear band before gliding can start [20].

The main results of [21] consists in demonstrating that the strong formulation can be ap-

proximated, in the sense of Γ−convergence, by a weak (regularized) formulation. To do so,

define the auxiliary field s : Ω → [0, 1], whose significance is analogous to that of a damage

parameter since s = 1 where the material is sound and s = 0 where yielding has occurred.

Both u and s are regular fields (with no discontinuities) belonging to the Sobolev space

W 1,2(Ω,R) of functions with square-summable derivatives (in the sense of distributions).

The regularized minimization problem is

min
u∈Â

Πl(u, s) , Â = {(u, s) ∈ W 1,2(Ω,R)×W 1,2(Ω,R) : u = ū and s = 1on ∂ΩD} , (2.3)

where the energy functional Πl(u, s) reads

Πl(u, s) =
µ

2

∫
Ω

(s2+ol)|∇u|2dx+ γ

2

∫
Ω

(
l|∇s|2 + (1− s)2

l

)
dx+σ0

∫
Ω

(1−s)2|∇u|dx . (2.4)

The quantity ol, usually supposed to be very small, is introduced to stabilize the regularized

formulation.

The parameter s evolves according to an energetic competition stated by the minimization

problem (2.3). Observing the expression (2.4), in order to minimize the elastic part of the

energy s should be zero, but this produces, on the other hand, the increase of the term

of the space where the problem is set. Such stress concentrations cannot be locally constrained by a pure

cohesive term, hence the need for the surface-activation term.
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(1 − s)2/l, while the effect of |∇s|2 is that of penalizing the transition between the zones

s = 1 and s = 0. The optimal condition is achieved when the region s = 0 concentrates

in thin bands, so to produce a localized compliance that can release the whole body. The

last term of (2.4) implies an energy consumption in the region where s < 1, proportional to

the norm of the displacement gradient. This indicates that the work to be done is a linear

function of the strain increase on the glide band.

It is proved in [21] that, as l → 0, provided that ol is an infinitesimal faster than l, the

regularized problem (2.3) Γ−converges to the strong formulation (2.2) and (2.1). Thinking

of this limit, in any simulation that makes use of the weak formulation it is customary to

consider very small values of ol (in the following we will assume ol of the order 10−5). The

presence of this term implies that there is a residual non-zero elastic-stiffness in the com-

pletely damaged material but this effect, for the aforementioned reasons, is not considered

relevant.

In terms of plastic deformation, the sharp surfaces of discontinuity for the displacement

field that characterize the strong formulation become slip bands of thickness of the order

of l in the regularized weak formulation, where the displacement field exhibits a very high,

but finite, gradient. Therefore l is an important parameter that represents the material

intrinsic length scale [28]. This is why the regularized formulation should not be considered

just a mathematical “trick” to approximate sharp discontinuities in the displacement field.

Indeed, it provides a view of the phenomenon closer to reality than the strong formulation,

as corroborated by experiments on metallic alloys and other materials, showing that yielding

is characterized by strain localization in bands of small, but finite, width.

2.2. Regularized formulation in plane strain or generalized plane stress

Let now Ω represent the undistorted reference configuration of a body in plane strain (or

generalized plane stress) and let u : Ω → R2 indicate the in-plane displacement field (or its

average-in-the-thickness, supposed small). Using a procedure formally similar to that used
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in [28, Sect. 3.3], the regularized formulation of (2.3) and (2.4) can be extended to this case

as

min
u∈Ā

El(u, s) , Ā = {(u, s) ∈ W 1,2(Ω,Rd)×W 1,2(Ω,R) : u = ū and s = 1on ∂ΩD} , (2.5)

where the energy functional El(u, s) is composed of three terms, i.e.,

El(u, s) = Eelast(u, s) + Eact,l(s) + Eplast(u, s) . (2.6)

Here Eelast(u, s) is the energy associated with elastic straining; Eact,l(s) is representative of

the surface-activation energy, necessary to unpin the slip surface; finally, Eplast(u, s) indicates

the work dissipated into plastic slip. Denoting with ∇s the symmetric part of the gradient

operator ∇, analogously to (2.4), one will define

Eact,l(s) =
γ

2

∫
Ω

(
l|∇s|2 + (1− s)2

l

)
dx , (2.7)

and

Eplast(u, s) = σ0

∫
Ω

(1− s)2 |∇su| dx . (2.8)

There is clearly an energetic competition between the elastic energy stored inside the mate-

rial, on the one side, and the energy necessary to nucleate new slip surfaces and dissipated

during plastic slip, on the other side. Indeed, The term Eelast(u, s) represents the energy as-

sociated with elastic straining, from which comes the driving force for the occurrence plastic

slip. Different in type models can be obtained while varying the form of this term, while

maintaining fixed the expressions given by (2.7) and (2.8).
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2.2.1. Phase-field model for plastic cleavage bands

Assume, as in [25], that the elastic part of the energy takes the form

Eelast(u, s) =
1

2
(s2 + ol)C [(∇su)] · (∇su) , (2.9)

where C : Sym → Sym denotes the elasticity tensor of the sound material and, again, ol

is an infinitesimal faster than l. For l → 0 no Γ−convergence result is yet available, to

our knowledge, for the minimization problem (2.5) of the functional defined by (2.6), (2.7),

(2.8) and (2.9). Nevertheless, we are interested in this model per se, without any need for a

legitimation by a theorem of variational convergence.

The stress tensor T, dual in energy with respect to the strain ∇su, reads

T = (s2 + ol)C [∇su] + σ0(1− s)2
∇su

|∇su|
. (2.10)

Since in general it is assumed that ol ≪ 1, modulo the effect of ol when s = 1 one obtains

the stress in the pristine elastic material, whereas when s = 0 the stress is proportional to

∇su and its norm is equal to σ0. Moreover, one can demonstrate [25] that the regions where

s → 0 tends to concentrate in bands of thickness of the order of l [28], where the strain

localizes (|∇su| becomes very large). There is no restriction in this theory on the principal

components of strain in the yielded zone and, in particular, the normal component of strain

in the direction orthogonal to the slip band can become very large. In the language of

fracture mechanics this is equivalent to the “opening” in mode-I of a plastic band and hence

this approach could be referred to as phase field model for plastic cleavage bands.

Although the kinematics of deformation that can be obtained with this model is against

the assumption that plastic flow is due to pure slipping along thin bands, the analysis of

paradigmatic examples, considered in [25], provides solutions in agreement with the classical

continuum plasticity theory. The reason is that the continuum theory can only furnish an
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average view of the plastic deformation, independently of the phenomena occurring at the

micro/mesoscopic level from which it originates.

2.2.2. Phase-field model for plastic slip bands

Consider now the case in which the elastic part of the energy takes the form

Eelast(u, s) =
1

2
C
[
(∇su)sph

]
· (∇su)sph +

1

2
(s2 + ol)C [(∇su)dev] · (∇

su)dev , (2.11)

where, indicating with Tr(·) the trace operator,

(∇su)sph =
1

3
Tr(∇su)I , (∇su)dev = ∇su− (∇su)sph , (2.12)

represent the spherical and deviatoric part of the infinitesimal strain tensor, respectively.

Suppose that C[(∇su)sph]·(∇su)dev = C[(∇su)dev]·(∇su)sph = 0, as in the case of an isotropic

elastic solid. Then, the driving force for plastic yielding is directly related, as in classical von

Mises’criterion of plasticity, to the deviatoric strain energy term. The corresponding stress

tensor reads

T = (s2 + ol)C [(∇su)dev] + C [(∇su)sph] + σ0(1− s)2
∇su

|∇su|
. (2.13)

Modulo the infinitesimal ol, again one recovers the stress in the pristine elastic material

when s = 1, but observe that, on the contrary of (2.10), when s = 0 the stress is not any

more bounded for |∇su| → +∞. Indeed, only the deviatoric part of the elastic strain energy

of (2.11) is multiplied by the field parameter s2, and consequently, on a slip band, only

the deviatoric part of ∇su is allowed to grow with negligible energy consumption, whereas

the energetic contribution of the spherical part remains unaffected. Therefore, the preferred

straining for the material on the slip bands is a shear strain with small dilatation, i.e., the

two faces in contact with the band undergo a plastic slip.
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To illustrate in more detail, let the rectangle Ω = {−d/2 ≤ x1 ≤ d/2}×{−h/2 ≤ x2 ≤ h/2}

denote the undistorted reference configuration of a body in plane strain, of the same type

represented later on in Figure 9. Indicating with (e1, e2, e3) the unit vectors associated with

the reference system (x1, x2, x3), let the body be subject to the tractions per unit area t e1

on the face x2 = h/2 and −t e1 on x2 = −h/2. Supposing h > d, consider the formation

of a slip band whose width is of the order of l ≪ d, so that s ≃ 0 in the band and s ≃ 1

outside the band. As a zero order approximation, the state of strain in the yielded portion

is supposed to be of the form ∇su = ε1e1 ⊗ e1 + ε2e2 ⊗ e2, with ε1 and ε2 constants to be

determined.

If the material is elastically homogeneous and isotropic, denoting with λ and µ the Lamé

constants so that C = λI ⊗ I + 2µI, for s = 0 and ol → 0, the state of stress (2.13) results

to be of the form

T = κ(ε1 + ε2)(e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3) +
σ0√
ε21 + ε22

+ (ε1 e1 ⊗ e1 + ε2 e2 ⊗ e2) , (2.14)

where κ = λ + 2
3
µ is the Kelvin’s modulus. Equilibrium with the external applied loads

for one of the two parts of the body split by the band or, equivalently, equilibrium at the

interface, gives conditions

κ(ε1 + ε2) +
σ0 ε1√
ε21 + ε22

= 0 , κ(ε1 + ε2) +
σ0 ε2√
ε21 + ε22

= t . (2.15)

By defining a = (ε2 − ε1) and ϱ2 = (ε21 + ε22), so that (ε1 + ε2)
2 = 2ϱ2 − a2 > 0, one finds

from (2.15)

σ0
a

ϱ
= t ⇒ (ε1 + ε2)

2 = ϱ2
(
2− a2

ϱ2

)
= ϱ2

(
2− t2

σ2
0

)
≥ 0 , (2.16)

from which it follows that |t| ≤
√
2σ0. Therefore, there is an upper bound for the applied

stress.
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Moreover, one finds that

ϱ =
σ0

2κ

|t|/σ0 −
√

2− (t/σ0)2√
2− (t/σ0)2

, a =
t

2κ

|t|/σ0 −
√
2− (t/σ0)2√

2− (t/σ0)2
, (2.17)

which is well defined when σ0 < |t| <
√
2σ0. Besides

ε1 + ε2 =
t

|t|
√
2ϱ2 − a2 =

t

|t|
σ0

2κ

(
|t|/σ0 −

√
2− (t/σ0)2

)
. (2.18)

Therefore, |ε2| > |ε1| and when t > 0 (t < 0) then ε2 > 0, ε1 < 0 (ε2 < 0, ε1 > 0).

Moreover, observe that when |t| → (
√
2 σ0)

−, one obtains from (2.17) and (2.18) that a → ∞,

ϱ → ∞ and 2ϱ2 − a2 → 1
2
σ2
0/κ

2, or equivalently, |ε1 − ε2| → ∞ and (ε1 + ε2)
2 → 1

2
σ2
0/κ

2. In

words, the band tends to be inclined at 45o and inside it the deformation is approximately

an unbounded pure shear. The band is exactly inclined at 45o and the deformation is pure

shear in the limit κ → ∞.

Where s ≃ 0, the strain in the direction of the band tends to

ε045 =
ε1 + ε2

2
→ t

|t|

√
2σ0

4κ
. (2.19)

On the other hand, in the unyielded portion where s = 1, the strain of fibers inclined at 45o

can be calculated assuming that, here, the stress is T = t e2⊗e2, so that for |t| → (
√
2 σ0)

−,

to give

ε145 =
ε1 + ε2

2
=

t

4(λ+ µ)
=

t

4(κ+ 1
3
µ)

→ t

|t|

√
2σ0

4(κ+ 1
3
µ)

. (2.20)

Therefore, in general there is a strain mismatch at the interface between the yielded band

and the unyielded portion, which should be accommodated at the price of elastic straining

thus defining a transition zone with 0 < s < 1. However, it must be observed from (2.19) and

(2.20) that in the limit in which the elastic moduli tend to infinity, such mismatch vanishes.

15



In this case the material is rigid-plastic and the resulting deformation coincides with that

predicted by classical slip-line field theory.

As a final remark, notice that problems of the type (2.5) do not make any distinction between

tension and compression, in the sense that by reversing the sign of the boundary data

one obtains exactly the same plastic-band pattern. In fact, the energy functionals to be

minimized remain unaltered by changing the sign of ∇su, whatever the expression of the

elastic contribution, either (2.9) or (2.11), is. In principle, neither the cleavage-band model

nor the slip-band models are able to avoid material interpenetration on a plastic line, but

whereas in the former the whole infinitesimal strain tensor can grow unboundedly where

s = 0, the latter allows only the deviatoric part to explode, preserving the full elastic

strain energy associated with the hydrostatic part of the strain. In the language of fracture

mechanics, the model derived from (2.9) allows for mode-I plastic bands, whereas using

(2.11) the bands can slip in mode II. The possibility of material interpenetration on a mode-

II plastic band is mitigated, being possible only in the case of extreme spherical deformations,

which are limited by the fact that the corresponding elastic strain energy remains unaffected

by the field s.

2.3. Numerical implementation

The minimization problem (2.5) is numerically solved using an incremental procedure analo-

gous to that proposed in [25]. Firstly the quasi-static evolution of the problem is discretized

in time. Let the non-dimensional loading (and time-like) parameter t be increased from 0 to

the final value T with N finite increments of amplitude t0 = T/N . Accordingly, ut and st

represent the displacement and damage field evaluated at time t respectively.

At each time step the minimization of (2.5) requires a discretization in space. Due to

non-convex nature of the problem the implemented numerical scheme is based upon an

alternate minimization algorithm which, in short, consists in solving for each time-step t a

series of minimization sub-problems on u at fixed s and, viceversa, on s at fixed u up to

convergence.
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Moreover, a further condition must be considered which accounts for the irreversibility of the

yielding process, equivalent to the requirement that s cannot increase with t. Since evolution

is evaluated numerically at discrete steps, the condition becomes

st (x) 6 st−t0 (x) , ∀x ∈ Ω . (2.21)

Numerical details concerning the numerical treatment can be found in [25]. The minimization

problem is numerically solved using a finite element method, implemented in an appositely

conceived program based upon the Open Source package deal.II [29].

An accurate finite element treatment of the phase-field formulations of fracture is com-

putationally demanding task in two or three dimensions. The need to resolve the small

length-scale l implies extremely fine meshes, at least locally in the transition or totally dam-

aged zones. A robust and efficient fully adaptive mesh refinement strategy for phase field

formulation is far from being consolidated. Traditional estimators based on adaptive mesh

refinement schemes are not appropriate. In fact, an alternative predictor-corrector scheme

for local mesh adaptivity to reduce the computational cost was recently proposed in [30] for

pressurized fracture. Moreover, the path of crack evolution can be strongly influenced by the

choice of the refinement algorithm and the parameters in the adaptive algorithm as indicated

in [31]. Again, the crack path can also be influenced by mesh orientation and anisotropy

[32] thus generating spurious solutions characterized by unrealistic crack paths.

In this work the main focus is the determination of the slip lines in a smeared approach. So,

in order to limit the drawbacks previously described a uniform structured mesh has been

adopted for the numerical examples. Quadrilateral four nodes finite elements with linear

shape function have been considered in the numerical simulations. The size of the finite

element has been chosen smaller than l, to correctly determine the width of the transition

zone and to avoid influence on the crack paths.
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3. Numerical experiments

In this section two paradigmatic numerical experiments will be illustrated. The first one

will reproduce the compression test of a lamina, while the second one represents a pipe line

under internal expansion.

3.1. Compression of a lamina

In a number of important practical problems, such as drawing, extrusion, indentation, and

piercing, the unrestricted plastic flow begins while the body is still partially plastic. In such

cases, the elastic strain becomes soon negligible throughout the plastic zone except in a

certain transition region bordering the elastic zone. If the transition region is sufficiently

narrow, no significant error is introduced by neglecting the elastic strains. It is therefore

a reasonable approximation to regard the material as rigid-plastic for the determination of

the stress and velocity distributions in the plastically deforming region. For such cases,

classical slip-line theory is an effective instrument to determine the surfaces of plastic flow.

The analysis determines plane-strain deformation fields that are both geometrically self-

consistent and statically admissible and, therefore, they correspond to exact solutions.

One classic example is the compression between rigid platens of a rectangular solid in plane

strain or generalized plane stress. This setup approximates conditions during hot forging,

when a rectangular block of material is compressed symmetrically by a pair of rigid parallel

platens under conditions of plane strain. The numerical experiment reproduces the loading

conditions depicted in Figure 1 for a specimen geometry with height H and width L.

The problem is traditionally solved by using slip-line field theory for both cases of com-

pression between rough (sticky) platens and smooth (slippery) platens. The two solutions

substantially differ one another and both depend upon the ratio L/H, so that different geo-

metric dimensions of the specimen have been considered. The element is loaded by applying

a vertical displacement on the upper base, while the lower base is kept fixed and the two

vertical borders are unconstrained and traction free. The horizontal displacement of both
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Figure 1: Schematic representation of the compression of a rectangular solid.

the lower and upper bases is kept fixed in the case of rough sticky platens, whereas the

specimen is left free to laterally expand when in contact with smooth slippery platens.

The problem is here solved by using the phase field model for plastic slip bands defined

by (2.5), where the energy functional is provided by (2.6), (2.7) and (2.8), being the elastic

contribution of the type (2.11). The material properties adopted for the simulations are listed

in Table 1. The boundary conditions in terms of tractions and displacement are immediately

recognizable. For what the field s is concerned, the natural conditions from the variational

problem imply that on the two vertical free surfaces the derivative of s in the direction of

the outward unit normal is null, whereas on the horizontal basis we impose s = 1. The latter

requirements and its physical interpretation have been discussed in [33] and [25].

E (MPa) ν γ (N/mm) l (mm) σ0 (MPa)

210000 0.3 2.5e-2 2.5e-2 120

Table 1: Material parameters used in the numerical experiments of the compression of a rectangular solid.

In the numerical discretization, a structured and homogeneous mesh composed by quadri-

lateral finite element with size equal to 0.25l has been used.

3.1.1. Rough (sticky) platens

Consider the compression between rough platens for a rectangular specimen with different

geometric ratio L/H. The analytic solution provided by slip-line field theory as per [34] is
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outlined in Figure 2, where the slip-lines are plotted for increasing values of L/H. Zones

of plastic material are always initiated at the corners of the platens. Since the material is

rigid/plastic, the platens cannot approach one another until the plastic zones have spread

through the whole block, to form an admissible kinematic mechanism. When the yield point

is attained, the plastic compression of the block begins, and the rigid overhangs are thrust

apart. 

 

a)   b)   c)   

�

Figure 2: Slip line field for the compression of a rectangular block between parallel rough (sticky) platens,

as indicated in [34]. Cases: a) L/H = 1; b) L/H ≃ 2; c) L/H ≃ 4.

In particular, for the square specimen of Figure 2a, the slip-line field assumes the classical

criss-cross path. For longer specimen, the slip-line field presents curved paths (Figure 2b).

The slip lines are always parallel and perpendicular to the platens and there are two dead

(inactive) zone, approximatively triangular, in proximity of the free edges. Two central rigid

regions delimited by the plate borders move down with the platen, losing material to the

plastic region as the compression proceeds. The triangular region at the sides of the block

is then uniformly stressed to the yield point, and is moved outward as a rigid block. For

extremely long specimen the slip lines meet the platens tangentially over a certain length,

showing the recurring behaviour represented in Figure 2c.

Numerical computations have been performed for values of the ratio H/L = 1, 4 and 8,

while maintaining fixed the height H = 50 mm. Figures 3, 4 and 5 summarize the damage

evolution obtainable for the different geometric ratios.

Figure 3 represents the evolution of the damage field s(x) predicted by the model for in-

creasing values of vertical displacement in the case of a square H/L = 1. The slip band field,

where the deformation localizes, is represented by the locus of points where s ≃ 0. The path
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is typical of specimens subject to shear band failure mode. Two x-shaped shear bands are

nucleates (Figure 3a) where deformation strongly localizes; as the compression increases the

width of the bands also increases, as indicated in Figure 3b as the compression increases.

The numerical result clearly is in agreement with the analytic solution. However, here we can

notice the formation of partially yielded zones, which widen as the platens become closer.

This is due to the fact that in the proposed theory the material is not rigid but elastically

deformable. Partial yielding is indicated by values of the variable s that are intermediate

between zero and one.
 

a)     b)��� �

�

 

Figure 3: Quadratic specimen (H/L = 1) compressed by rough (sticky) platens. Evolution of the field s

when the distance between the platens is diminished.

For the case H/L = 4, the evolution of the slip lines is much more complex, as indicated

in Figure 4. Since the material is not rigid in the unyielded condition, the nucleation of

slip lines is not instantaneous but occurs gradually as the relative distance between the

loading platens is diminished. In particular, in the loading history considered here, four

new curvilinear slip-lines initiate and start propagate at different compression levels. The

solution is again in substantial agreement with the analytic predictions, even if a difference

can be noticed in the triangular regions where no rectilinear slip-line, but rather a diffuse

plasticization takes place and progresses towards the free, traction-free, borders. Increasing

the compression, the characteristic inclination of π/4 of the rectilinear slip-lines that delimit

the extreme triangular portions can be reconciled through the increase in the width of the

bands, as outlined in Figures 4d-e.

For a very long specimen, the extreme slip lines present no longer an inclination of π/4 with

respect to the loading plates. As represented in Figure 5, where the rectangular specimens
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Figure 4: Rectangular block (H/L = 4) compressed by rough (sticky) platens. Evolution of the field s when

the distance between the platens is diminished.

are rotated of 90o for convenience of representation, the slip bands are progressively nucleated

starting from the extremities, and gradually progress towards the center of the specimens.

Partially yielded regions smoothly fit with the bands where the strain localizes. In any case,

there is again a good accordance with the analytic solution.

3.1.2. Smooth (slippery) platens

If there is no tangential component of stress at the interface between the material and

the plates (slippery platens condition), a very simple analytic solution for the compression

problem can be obtained in the limit L/H → ∞. As illustrated in Figure 6, the block

results divided into a number of independent rigid units identified by a symmetrical criss-
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Figure 5: Elastic plastic block in the shape of an elongated rectangle (H/L = 8) compressed by rough

(sticky) platens. Evolution of the field s when the distance between the platens is diminished.

cross system of slip lines inclined, at a constant acute angle θ, with respect to the plane of

the platens.

For a block of finite length the solution is slightly more complex. As represented in Figure 7,

taken from [35], the system of slip lines is similar to that associated with the limit condition,
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Figure 6: Slip-line field for frictionless compression of a very long block. Limit solution for L/H → ∞ as

per [34].

but the lines results slightly curved.

�

Figure 7: Slip-line field for frictionless compression of a block of finite length L. Two general solutions for

different values of the ratio L/H [35].

�  

Figure 8: Elastic plastic block H/L = 4 compressed by smooth (slippery) platens. Evolution of the field s

when the distance between the platens is diminished.

The numerical solution obtained with the proposed approach for the case L/H = 4 is

represented in Figure 8. It is characterized by a pattern of the plastic bands in excellent

accordance with the analytic solutions. However, even if symmetry with respect to the

middle axis parallel to the platens is lost, the numerical solution exhibits rectilinear slip-
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lines at the extremities, while the inner slip-lines are characterized by curvilinear paths.

Only one family of the expected slip-lines is fully developed; the second family is nucleated

after this, when the displacement at the boundary is increased. The numerical solution, that

corresponds to a local minimizer for the energy, resumes both the aforementioned analytic

solutions of Figures 6 and 7.

3.2. Expansion of a pipe line under applied internal pressure

This problem is suggested by a very practical application. Large-diameter pipes, extensively

used in offshore applications and oil pipelines, are commonly manufactured by cold-forming

plates through the UOE process. The plate is crimped along its edges, formed into a U-shape

and then pressed into an O-shape between two semicircular dies. Then the pipe is welded

closed and then circumferentially expanded to obtain a highly circular shape. Collapse

experiments have demonstrated that these steps, especially the final expansion, can degrade

the mechanical properties of the pipe and result in a reduction in its collapse pressure

upwards of 30% [36]. Recent researches have attributed such a degradation of mechanical

properties to the Bauschinger effect and the work hardening during UOE forming process,

which modify the yield strength of the UOE pipe with respect to that from pristine steel

plates [37].

However, the question arises whether the traditional model of plasticity is able to represent

the complex phenomena that occur during the cold forming process, especially the radial

expansion. If the equations of the mathematical plasticity theory are applied to a long hollow

cylinder in plane strain subjected to internal pressure, one derives that the plasticization of

the tube is progressive and is represented by a radially symmetric flow gradually invading the

whole cross section of the tube (see, e.g., [2], Sect. 30). However, the type of plasticization

predicted by slip line theory is completely different, being the slip lines two orthogonal fam-

ilies of logarithmic spirals ([2], Sect. 37). Understanding the real mechanism of deformation

and the resulting state of stress is of crucial importance to detect the critical steps in the

production process.
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Here, we apply the proposed model to the case of a circular pipe under internal pressure,

starting from the characterization of material properties that could be obtained by means of

an uniaxial traction test. Then, a comparison is made between the results obtainable either

by applying the model for plastic cleavage bands, associated with the elastic strain energy

(2.9), or the model for slip bands, characterized by the deviatoric specialization of the energy

functional as per (2.11).

3.2.1. Material Characterization

The model is here applied to reproduce the mechanical characterization of the material

properties by means of uniaxial tensile tests. The test setup shown in Figure 9 represents

a prismatic body, supposed for simplicity in plane strain condition, whose section of sides d

and h is denoted with Ω. The element is loaded by applying a vertical displacement on the

upper base Γ2, while the lower base Γ1 is kept fixed, not impeding the lateral contraction;

the vertical borders Γ3 and Γ4 are unconstrained and traction free. Moreover, as discussed

in [25], we set s = 1 on Γ1 and Γ2. In summary, the boundary conditions for this problem

read


u · e2 = 0, Te2 · e1 = 0, s = 1, onΓ1 ,

u · e2 = u, Te2 · e1 = 0 , s = 1, onΓ2 ,

Te1 = 0, ∇s · e1 = 0, onΓ3 and Γ4 ,

(3.22)

where e1 and e2 are the horizontal and vertical unit vectors, respectively, u is the displace-

ment parameter and T is the Cauchy stress tensor. The geometry of the specimen is h = 100

mm and d = 30 mm, while the mechanical parameters used in the numerical experiments

are listed in Table 2.

E (MPa) ν γ (N/mm) l (mm) σ0 (MPa)

210000 0.3 2.e-1 3.e-1 120

Table 2: Material parameters used in the numerical experiments for the expansion of a pressurized pipe.
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The value of the energy functional (2.6) is plotted in Figure 9b as a function of the ver-

tical displacement with distinction of the elastic part, represented by (2.9), the activation

part (2.7) and the plastic part (2.8). Observe that the nucleation and propagation of slip

bands is characterized by a transformation of the elastic energy into activation and plastic

energy.
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Figure 9: Uniaxial tensile dilatation. a) Section of the specimen in plain strain; b) energy diagram as a

function of the applied dilatation with distinction of the elastic, activation and plastic parts.

The formation of the slip bands is represented in Figure 10 for three different values of the

applied displacement: u = 0.12 mm, u = 0.14 mm and u = 0.215 mm. A classical criss-

cross pattern is attained at the lower value of the considered displacement. Increasing the

traction the width of one dominant band increases as well. To be noticed here is that the

slip bands are not nucleated at the corners of the specimen, even if here some plasticity is

clearly present. This may be attributed to the fact that, since the horizontal displacement

is not constrained on the loaded bases (slippery platens conditions), the state of stress at

the beginning of the loading history is uniform uniaxial, and there is no stress concentration

at the corners. Consequently, the imposed Dirichlet condition s = 1 on Γ1 and Γ2 prevents,

here, the formation of the band. On the other band, if the band was nucleated at the corner,

there would be a conflicting deformation with the movement of the loaded bases, as indicated

in [2], Chapter 15, Figure 15-19. It should also be observed that the bands are nucleated

symmetric with respect to the horizontal mid-plane of the specimen and the axis of the
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specimen. No other bands need to be nucleated because, once the glide surface is unpinned,

it is energetically mode favorable to increase the plastic glide on one of them, rather than

producing new surfaces of slip. This may give reasons why there is no reflection in the bands

when the free boundary is met.

a)  b)       c)  �

A 

 

B 

C 

 

Figure 10: Uniaxial tensile dilatation. Formation of the slip bands for different values of the applied dis-

placement: a) u = 0.12 mm; b) u = 0.14 mm; c) u = 0.215 mm.

The measured vertical load per -unit-thickness P is plotted in Figure 11a as a function of

the vertical displacement u. One can observe a transition from an (pseudo) upper to a lower

yield, after which the force asymptotically approaches a horizontal plateau.
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Figure 11: Uniaxial tensile dilatation. a) Vertical load per unit thickness P as a function of the corresponding

vertical displacement; b) graph of the stress σ22 vs. u at points A, B, C of Figure10a.

28



The local response of the material has been also investigated at points A, B and C of Figure

10. In particular, point A is far from the yielded zone, point B is exactly in the plastic

zone and point C is located in the process zone in a neighborhood of the band. In Figure

11b we report the stress σ22, obtained from the numerical experiment, as a function of the

vertical displacement u. At all the points the response is similar and is again characterized

by a transition from an upper to a lower yield point, similar in type to the gross response of

Figure 11a. It should also be observed that the peaks are reached in practice at the same

time: there is a slight time shifting but, as in the classical slip-line theory, the formation of

the bands is almost an instantaneous process during the loading history. By insight, such

a strain localization is due to the fact that no material strain-hardening is included in the

model. In fact, as discussed at length in [11, 38], strain-hardening represents the important

feature that allows the orderly formation of multiple slip bands, gradually invading the bar

as a plastic slow wave, associated with a pronounced plastic plateau.

3.2.2. Long pipe under internal pressure

Consider a long pipe for which a radial displacement u, dual in energy with the internal

pressure pi, has been applied along the inner surface. Due to the axial symmetry, we can

consider just one quarter of the pipe, whose cross section is thus represented by a quarter

of an annulus delimited by the orthogonal radial sections Γ1 and Γ2. Indicate with Γ3 and

Γ4 the boundary arcs of circle corresponding to the inner and outer surfaces of the pipe,

respectively, and suppose that an orthogonal reference system with origin at the center

of the annulus is introduced, with corresponding unit vectors e1 and e2 such that e1 (e2)

is normal to Γ2 (Γ1). If en denotes the outward unit normal to the external surface Γ4,

coinciding with the inward normal to Γ3, and et is such that et · en = 0, then the boundary

conditions are of the type
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Te2 · e1 = 0, u · e2 = 0, ∇s · e2 = 0, onΓ1 ,

Te1 · e2 = 0, u · e1 = 0, ∇s · e1 = 0, onΓ2 ,

u = u en, Ten · et = 0, ∇s · en = 0, onΓ3 ,

Ten = 0, ∇s · en = 0, onΓ4 .

(3.23)

The material parameters are taken from Table 2. In the considered case, the outer diameter

D of the pipe is equal to 200 mm and the thickness t is 15 mm.

Figure12a shows the graph of the internal pressure pi as a function of the radial displacement

u. Similarly to the one dimensional dilatation of Figure 10, the pressure reaches a maximum

upper value, then decreases, but no horizontal plateau is approached. Indeed, the response

is strain softening in a test where the radial displacement is imposed, like the one considered

here. Consequently, in a test where the internal pressure is gradually increased, the response

would be almost linear up to the peak value, after which a brittle collapse would occur.

This response is different in type to that predicted by classical plasticity theory, where the

pressure vs. radial-displacement graph is always non-decreasing.
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Figure 12: Expansion of a pipe line under internal pressure. a) Pressure pi as a function of the corresponding

radial displacement; b) graph of the hoop stress σθ as a function of the radial displacement u, evaluated at

points A and B of Figure 13.

The map of the parameter s for the three different values of radial displacement u = 0.3,

0.35 and 0.4 mm is reported in Figure 13. Slip bands are formed that cross the whole pipe,
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from the internal to the external surface. As the radial displacement increases, the thickness

of the bands increases as well, and they tend to spread in the entire circular crown.

a) b)  c)  

�
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Figure 13: Expansion of a pipe line under internal pressure. Plot of the field s for different values of the

radial displacement: a) u = 0.3 mm; b) u = 0.35 mm; c) u = 0.4 mm.

The local response of the material is investigated at the points A and B indicated in Figure

13a. Point A is located in an apparently neutral portion of the pipe, whereas point B is

exactly on the slip band. In Figure 12b, the corresponding hoop stress component σθ is

plotted as a function of the radial displacement u. Here the interpretation is more difficult

than for the case of Figure 11b, because the state of stress if far from being uniaxial. In any

case, observe that, as in the uniaxial dilatation, both the points are characterized by plastic

deformations. Comparing with the graph of Figure 12a, observe that the gross response of the

pipe is substantially different from the local response. This could also give reasons to explain

the experimentally-verified pseudo-brittle response of the expanding pipe [37, 36].

Indeed, the embrittlement is associated with the strain-softening character evidenced in the

pressure vs. displacement graph of Figure 12a, which is not caught by the classical theory

for perfectly plastic materials. However, until the peak is not overcome, the classical theory

furnishes a very good approximation. Using the maximum stress obtained in the uniaxial-

dilatation experiment of Figure 11b, i.e., σmax = 195.82 MPa, the application of Barlow’s

formula [39], usually adopted for pipe design, furnishes an allowable value of the maximum

internal pressure pmax
i = 2 · σmax · t/D = 29.37 MPa, which is in perfect agrement with the

value 29.53 MPa found numerically.
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Figure 14: Expansion of a pipe line under internal pressure. Plot of the field s, obtained with the cleavage-

band model, for different values of the radial displacement: a) u = 0.3 mm; b) u = 0.35 mm; c) u = 0.4

mm.

For the sake of comparison, the cleavage band model of Section 2.2.1 has also been applied

to the same model. The pattern assumed by the plastic bands is represented in Figure 14,

which is the counterpart of Figure 13. Now the development of the bands is purely radial,

at right angle to the direction of the (maximal) hoop stress. At the beginning of the loading

process just a few bands are produced (Figure 14a). Increasing the radial displacement, their

number also increases (Figure 14b) and, eventually, they tend to coalesce (Figure 14c).

4. Conclusions

The proposed approach to plasticity is based upon an energetic competition between different-

in-type deformation sources, which can be traced back either to a reversible distortion of bulk

material portions, or to strain localization in narrow bands that, in the limit of infinitesimal

thickness, can be treated as surfaces of slip. The resulting deformation is structured, in the

sense that it is composed of a smoothly varying elastic part and the plastic part, character-

ized by very high displacement gradients localized in thin layers of slip. The problem has

been treated with a “phase field” approach, following which an auxiliary field s (the phase

field) is introduced, playing the role of an order parameter taking the 1 value on the elastic

phase and the 0 value on the yielded phase. The location of the slip bands is thus defined as

the set of points where s is null. The phase field is analogous to a damage field because the
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material stiffness associated with the deviatoric part of the strain is annihilated as s → 0.

The main advantage of this approach is that all the unknowns are regular fields, so that

numerical implementation is greatly facilitated.

The proposed formulation is substantially different from that of [25], because here plastic

flow is driven by the deviatoric part of the strain energy only. This represents an alternative

interpretation of von Mises’ idea that plasticity affects the deviatoric part of the strain,

being the changes in volume negligible with respect to the change in shape. The presence

of an activation term in the energy functional allows for the possibility of attaining a pure

elastic phase below the yield point. With respect to classical slip-line theory, the material

comprised between the plastically deformed lamellae is not rigid. This implies that the

energetic competition between plastic and elastic deformation is played at the local level.

The proposed model thus permits the gradual plasticization of the body, because the transfer

of energy from the elastic to the plastic part can occur in a whatever small portion, whereas

in the classical rigid-plastic theory the whole slip-line pattern occurs instantaneously. In

other words, whereas the classical slip-line method is essentially a limit-state theory, the

proposed approach can describe all the phases of the yielding process. The proposed theory

provides a better description of the structured nature of plastic deformation than the classical

continuum theory of plasticity, because it can keep track of shear localization. Remarkably,

there is also a scale-parameter that governs width of the developing bands, which represents

the intrinsic material-length-scale.

A numerical code has been implemented to solve the variational problem under the constraint

that plastic deformation is irreversible. Numerical experiments are in agreement with clas-

sical solutions of slip-line field theory, but this model is much richer, since it allows to follow

the nucleation and development of the slip bands as the boundary conditions are varied. By

increasing the external load, new shear bands can be nucleated and/or the existing bands

can become wider. Some bands may coalesce, whereas there may be zones only partially

yielded, i.e., where the phase field takes an intermediate value between zero and one.

The yielding of thick long pipes under internal pressure has been examined in detail. The
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elastic-plastic solution of our model is completely different from that obtainable from the

classical continuum plasticity theory, since it implies a different location of the yielded zones

in the form of slip bands crossing the entire thickness of the pipe, from the inner to the

outer surface. This scenario is associated with a strain-softening internal-pressure vs. radial-

displacement response, which can justify the unexpected brittle failures during the expansion

stage that are often experienced in the UOE manufacturing process [36].

Of course, the theory is far from being exhaustive. A major limitation is in the fact that the

material is considered perfectly plastic. This implies that the amount of slip on a band, as

well as the work consumed on it, can be virtually infinite without producing material sepa-

ration. Further developments may consists in introducing the possibility of work hardening,

eventually followed by a strain-softening regime. In any case, it is remarkable, in our opinion,

that in the proposed approach the plastic flow, traditionally described by macroscopic fields,

is reconciliated with its origin, experimentally verified, from the relative slip of material

portions along bands of very small thickness, with a kinematics somehow resembling that of

a fracture opening under mode II. Moreover, the regularized approach is obtained through

the introduction of the phase field, which is indeed analogous to a damage field, so that the

model may be placed in the class of pseudo non-local gradient-damage models [40, 41, 42].

To this respect, a little step has perhaps being made towards the Aristotelian “reductio ad

unum” principle for fracture, damage and plasticity, phenomena usually modelled with very

different-in-type approaches, but that should be referable to one single entity within the

broad science of the mechanics and physics of solids.
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