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Abstract 17 

Flood hazard maps are useful tools for land-planning and flood-risk management in order to 18 
increase the safety of flood-prone areas that can be inundated in the event of levee failure. 19 
However, flood hazard assessment is affected by various uncertainties, both aleatory and 20 
epistemic. The flood hazard analysis should hence take into account the main sources of 21 
uncertainty and quantify the confidence of the results for a given design flood event. To this 22 
end, this paper presents a probabilistic method for flood hazard mapping which considers 23 
uncertainty due to breach location and failure time. A reliability analysis of the discretized 24 
levee system, performed using the concept of fragility function, enables the pre-selection of a 25 
set of levee sections more susceptible to failure. The probabilities of the breach scenarios 26 
(characterized by different breach locations and times) are then calculated using the 27 
probability multiplication rule, neglecting multiple breaches. The method is applied to a 96 28 
km levee-protected reach in the central portion of the Po River (northern Italy) and to an 29 
adjacent 1900 km2 flood-prone area on the right-hand side of the river, with a focus on the 30 
piping breach mechanism. The numerical simulations are performed through a combined 1D-31 
2D hydrodynamic model using widespread free software. The results show that the method is 32 
effective for probabilistic inundation and flood hazard mapping. In addition, it has the 33 
advantage of requiring a smaller computational effort in comparison with the methods based 34 
on a classic Monte Carlo procedure. 35 

1 Introduction 36 

Hydrological and meteorological hazards have increased worldwide in the last 37 
decades, and floods, together with storms, are currently the most recurrent natural disasters, 38 
causing the most fatalities, and major social impact and economic damage (CRED, 2018a). 39 
An estimated 2.0 billion people were affected by floods in the period 1998-2017, and the 40 
recorded economic losses amounted to US$ 656 billion (CRED, 2018b). In view of this, the 41 
recent international efforts to mitigate the impact of floods appear fully justified. Among 42 
these, the European Floods Directive 2007/60/EC (European Commission, 2007; de Moel et 43 
al., 2009) and the US National Flood Insurance Program (FEMA, 2016) require flood hazard 44 
assessment and mapping for flood safety and risk management purposes. Moreover, several 45 
national and international research projects have been funded to investigate extreme flood 46 
processes and study effective methodologies for flood risk assessment and management (e.g., 47 
IMPACT, 2005; FLOODsite, 2009). Several reports and guidance to flood risk reduction 48 
published in recent years (e.g., USACE 1997; DEFRA, 2006; USACE 2017) confirm the 49 
attention of national governments to this issue in order to achieve a more flood-resilient 50 
society (Merz et al., 2014; Surminski & Thieken, 2017). 51 

Flood risk assessment essentially consists in the estimate of the likelihood and 52 
severity of the adverse consequences of a flood event. It rationally supports a risk-based 53 
decision-making process aimed at developing effective risk communication and flood 54 
management policy, as well as at orienting judicious land-use planning and economic 55 
resources allocation (e.g., Sayers et al., 2002; Hall et al., 2003; Apel et al., 2004; Dawson et 56 
al., 2005; Gouldby et al., 2008; Sayers et al., 2010; Harvey et al., 2014; Wagenaar et al., 57 
2016). The flood hazard assessment, i.e. the quantification of the frequency and severity of a 58 
flooding event, is a fundamental phase of the overall flood risk analysis (USACE, 2017). 59 
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The flood hazard analysis can be advantageously applied also to flood-prone areas 60 
located close to river reaches and protected by levee systems, because of the residual risk due 61 
to potential levee breaches. Moreover, these areas often attract socio-economic activities, and 62 
are hence characterized by high exposure and vulnerability. Among the possible mechanisms 63 
causing a levee to breach (see, e.g., Wolff, 1997), under-seepage and through-seepage 64 
through the levee foundation or the levee core (with consequent retrogressive internal erosion 65 
and piping) are particularly worrying. Indeed, these phenomena can unexpectedly occur for 66 
ordinary flood events too, even in the recession stage, and can be triggered by hidden soil 67 
discontinuities, such as burrows (Orlandini et al., 2015; Palladino et al., 2019). Statistics 68 
related to several levee failures have also shown that piping is the most frequent breaching 69 
mechanism after overtopping (e.g., Vorogushyn et al., 2009; Vorogushyn et al., 2010; 70 
Mazzoleni et al., 2015). 71 

The accurate prediction of the flooding extent and the assessment of the related 72 
hazard are essential for a comprehensive and effective management of the residual flood risk, 73 
despite the inherent uncertainties affecting the parameters involved in the analysis. Due to the 74 
absence of standardized methodology to accomplish these tasks, several methods have been 75 
proposed in literature (see the review by Teng et al., 2017) which can be classified as 76 
probabilistic or deterministic depending on whether the scenarios considered in the analysis 77 
include an estimate of their frequency of occurrence (Bates et al., 2004; Di Baldassarre et al., 78 
2010; Beven et al., 2015). The deterministic approach is based on design scenarios suggested 79 
by empirical considerations or historical information, characterized by predefined breach 80 
locations and times, and by a single optimum parameter set calibrated against observed data, 81 
when available (e.g., Aureli & Mignosa, 2004; Aureli et al., 2006a; Aureli et al., 2006b). 82 
However, because of the uncertainty in breach location and failure time, such approach 83 
requires considering a number of different scenarios in order to provide meaningful results 84 
for flood risk management decisions. Moreover, a sensitivity analysis on the model 85 
parameters (e.g., roughness coefficient, breach size, etc.) is advisable in this case in order to 86 
take into account their inherent uncertainty and assess the effect of their variability on the 87 
results (e.g., Hesselink et al., 2003). On the other hand, in the probabilistic approach, the 88 
scenarios considered are coupled with their probability of occurrence, thereby providing a 89 
measure of the associated aleatory and epistemic uncertainties (Aronica et al., 2002; 90 
Romanowicz & Beven, 2003; Hall & Solomatine, 2008; Merwade et al., 2008; Merz and 91 
Thieken, 2009; Di Baldassarre et al., 2010; Dottori et al., 2013). Accordingly, the flooding 92 
extents and hazard levels predicted can be accompanied by an estimate of the related 93 
uncertainty, expressed in terms of probability. Several sources of uncertainty affect flood 94 
hazard and flood risk assessment (Apel et al., 2004; Bales & Wagner, 2009; Teng et al., 95 
2017; Winter et al., 2018), including the model boundary conditions (e.g., Pappenberger et 96 
al., 2006; Domeneghetti et al., 2013), the topographic data and the hydraulic parameters 97 
involved in the flood propagation modeling (e.g., Pappenberger et al., 2005; Jung & 98 
Merwade, 2015), as well as the levee failure location and the breach parameters (Wahl, 99 
2004). In any case, both the deterministic and probabilistic approaches require that key 100 
hydraulic variables describing the dynamics of the inundation (typically flood depth, velocity, 101 
and arrival time) are evaluated through suitable hydrodynamic models, which are usually 102 
validated against historical flood data (e.g., Hesselink et al., 2003; Di Baldassarre et al., 103 
2009a; Horritt et al., 2010; Masoero et al., 2013; Vacondio et al., 2016). 104 
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The probabilistic approach has recently gained great attention, and a large number of 105 
probabilistic methods have been proposed in literature to assess residual risk (e.g., Apel et al., 106 
2004; Apel et al., 2006; Smemoe et al., 2007; Merwade et al., 2008; Vorogushyn et al., 2010; 107 
Aronica et al., 2012; Domeneghetti et al., 2013). In particular, in recent years, several studies 108 
have taken into account uncertainty in breach position and geometry for probabilistic flood 109 
hazard mapping in flood-prone areas potentially subject to inundation as a result of a levee 110 
failure (e.g., Van Der Most & Wehrung 2005; Apel et al., 2009, Vorogushyn et al., 2009, 111 
2010, 2011; Mazzoleni et al., 2015, 2017, Tyagunov et al., 2018). In addition, semi-112 
probabilistic methods, which provide weight-averaged probabilistic flood hazard maps 113 
without explicit quantification of the associated uncertainty, are proposed by Di Baldassarre 114 
et al. (2009b), Viero et al. (2013), and Mazzoleni et al. (2014). The aforementioned 115 
probabilistic methodologies are typically based on Monte Carlo simulations that require a 116 
significant computational effort and can be prohibitive for wide river domains and complex 117 
topographies.  118 

In order to overcome this limitation, this paper presents a new probabilistic method 119 
for the assessment of the flood hazard due to inundations subsequent to piping-induced levee 120 
breaches. The method identifies potential levee failure scenarios (defined in terms of breach 121 
locations and times) by using the probabilistic information on the levee reliability provided 122 
by the concept of fragility function, thereby avoiding computationally expensive Monte Carlo 123 
simulations. The fragility functions provide the probability of levee failure (for a specific 124 
breach mechanism) at selected locations as a function of the hydraulic load. By using this 125 
information, each breach scenario can be coupled with its probability, which represents how 126 
likely the scenario is for a design flood event of fixed return period. Such scenario 127 
probabilities are calculated by applying the probability multiplication rule for dependent 128 
events to the failure probabilities derived from the fragility functions of the successive 129 
selected levee sections, and neglecting multiple breaches. Furthermore, it is assumed that the 130 
levee breach can occur not only at the peak water level (as commonly hypothesized), but at 131 
previous times too, thus configuring breach scenarios potentially more dangerous for the 132 
adjacent flood-prone area. Breach location and failure time are actually among the aspects 133 
which impact more heavily on the dynamics of the subsequent inundation and, consequently, 134 
on the flood hazard assessment in the floodable area. Finally, probabilistic inundation and 135 
hazard maps are generated for the flood-prone area by performing a spatial probability 136 
analysis of the maximum water depths and flow velocities obtained from the numerical 137 
simulation of each inundation scenario, and of the predicted maximum value of a suitable 138 
flood hazard index.  139 

In order to show its effectiveness in probabilistic flood hazard mapping, the method is 140 
applied to a 96 km levee-protected reach in the central portion of the Po River (northern Italy) 141 
and an approximately 1900 km2 flood-prone area on the right-hand side of the river. The 142 
flood simulations are performed through a combined 1D-2D hydrodynamic model using the 143 
free software HEC-RAS (Brunner, 2016a). The classification proposed by DEFRA (2006) is 144 
adopted for the flood hazard assessment. 145 
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 2 Method 146 

The probabilistic method proposed in this paper is based on a chain of three main 147 
modules (Figure 1).  148 

The first module consists in a probabilistic levee breach model aimed at describing 149 
the reliability (against a given failure mechanism, piping in this study) of a discretized levee 150 
system, by pre-selecting potential sections susceptible to failure, and identifying potential 151 
breach scenarios characterized by different failure locations and times, with associated 152 
probabilities. To this end, the concept of fragility function and the probabilistic multiplication 153 
rule for dependent events are employed. The levee breach scenarios identified are then 154 
utilized in the second module to simulate the dynamics of the inundations caused by the 155 
corresponding breaching events. A combined 1D-2D hydrodynamic model is used to 156 
simultaneously simulate the river flood routing between the main levees through a 1D model 157 
and, in the event of a levee failure, the subsequent inundation of the flood-prone area through 158 
a 2D model. Finally, the results of the numerical simulations are processed in the third 159 
module through a spatial probability analysis model to calculate probabilistic flood 160 
inundation and hazard maps. 161 

The main assumptions of the method are: 162 
1) The analysis is performed for a design flood event of given return period. 163 
2) Only piping is considered among the various levee breach mechanisms. 164 
3) The topographic data, the spatial distribution of the roughness coefficient (in both the river 165 
channel and the flood-prone area), the upstream and downstream river boundary conditions 166 
are treated in a deterministic way, i.e. like model inputs free of uncertainty. Only levee 167 
porosity is considered as a stochastic variable in deriving the fragility functions for piping. 168 
4) The geometric characteristics of the breaches (length and shape) are treated 169 
deterministically and are fixed a priori. 170 
5) The levee failure can only occur during the rising stage of the flood wave, when the 171 
hydraulic load increases with time. Moreover, it is assumed that the load is applied separately 172 
on the successive pre-selected levee sections, in a sequential way from upstream to 173 
downstream, according to the propagation of the flood in the river. 174 
6) Multiple breach scenarios are ignored, i.e. it is excluded that the levee may breach in 175 
different locations during the same flood event. 176 

The three modules of the method are described in detail in the following subsections.  177 

 178 

Here Figure 1 179 

 180 

2.1 Probabilistic levee breach model 181 

The levee breach module (see Figure 1) is based on a reliability model which allows 182 
fragility curves for piping at each section of the discretized levee system to be obtained. In 183 
general, the levee performance function depends on various geometrical and geotechnical 184 
variables which in principle are all uncertain. Among these, only the levee porosity is 185 
considered as a stochastic variable in this paper, since its value is often highly uncertain due 186 
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to the high soil heterogeneity encountered in practical applications. Accordingly, levee 187 
porosity variability must be described through a probability density function (PDF). The 188 
conditional failure probabilities for given water levels derived from the fragility functions at 189 
selected levee sections are converted into breach scenario probabilities (for a given design 190 
flood event of assigned return period) by applying the probability multiplication rule for 191 
dependent events, as explained in detail below. The probability of each breach scenario 192 
(defined in terms of breach location and time) is then applied to the corresponding flooding, 193 
which is modeled by the hydrodynamic module.  194 

2.1.1 Levee reliability model 195 

The fragility function is a well-established mathematical tool commonly used in 196 
structural engineering and risk assessment in order to provide a description of the resistance 197 
capability of a protection structure subject to an external load (Schultz et al., 2010). This 198 
concept is also applied to earthen levees in flood hazard analysis by considering different 199 
failure mechanisms (e.g., Wolff, 1997; USACE, 1999; Hall et al., 2003; Dawson et al., 2005; 200 
Apel et al., 2006; Vorogushyn et al., 2009; Mazzoleni et al., 2015; Camici et al., 2017). 201 

In general, the reliability of a defense system is described by a limit state function G 202 
defined as the difference between the limit resistance R of the protection structure and the 203 
external load L (e.g., FLOODsite, 2007; Vorogushyn et al., 2009; Mazzoleni et al., 2015; 204 
Marijnissen et al., 2019): 205 

LRG  .           (1) 206 

Accordingly, the failure occurs when G < 0. When dealing with the reliability of levees to 207 
piping, Eq. (1) can be rewritten as 208 

jjG c  ,           (2) 209 

in which jc is the critical hydraulic head gradient triggering piping (which is dependent on the 210 
geotechnical properties of the levee), and j is the slope of the hydraulic grade line of the 211 
seepage flow (and associated piping) through the levee. According to Covelli (2006) and 212 
Mazzoleni et al. (2015), based on the equation proposed by Khilar et al. (1985), jc can be 213 
expressed as a function of the levee total porosity n only as 214 

)10(1



 n

n
nCjc ,         (3) 215 

C being a positive dimensionless constant equal to 0.237. Hence, Eq. (2) becomes 216 

Ln
nCG η1



 ,          (4) 217 

in which η represents the water level in the river with reference to the landside levee toe 218 
elevation, and L is the horizontal projected length of an idealized seepage path. Figure 2 219 
shows the definition of these variables and sketches the two main categories of levee 220 
configurations which can be encountered in piping failure analysis: in Figure 2a the landside 221 
levee toe is higher than the riverside one, whereas the opposite occurs in Figure 2b. As shown 222 
in Figure 2, L is considered as a decreasing function of η (which depends on the inner-side 223 
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slope of the bank) and in a simplified way can be assumed to approximate the water seepage 224 
length in the case of through-seepage in the levee core. This situation is potentially more 225 
dangerous than the case of under-seepage, in which L coincides with the length of the levee 226 
foundation. 227 

 228 

Here Figure 2 229 

 230 

If the porosity is treated as a stochastic variable in Eq. (4), the reliability function 231 
G(n; η) becomes a stochastic variable too, describing the levee system reliability for a given 232 
hydraulic load η in a probabilistic way. According to the rule of transformation of stochastic 233 
variables (e.g., Henderson & Plaschko, 2006), the probability density function of G(n) (the 234 
dependence on the parameter η is omitted for clarity) is  235 

dG
dnff GnG )( ,          (5) 236 

in which fn is the probability density function of the variable n and n(G) denotes the inverse 237 
of the function defined in Eq. (4). It is worth noting that, according to Eq. (4), G(n) is a 238 
strictly monotonic decreasing function, and thus it is invertible. Its inverse function is 239 

C
L

G

CGn


 η)( ,          (6) 240 

from which 241 

2η












C
L

G

C
dG
dn

.          (7) 242 

If a simple probability density function fn(n) is assumed for n, an analytical expression for 243 
fG(G) can be derived from Eq. (5) using Eqs. (6) and (7), and the cumulative probability 244 
function PG(G) can then be obtained by integration. Since the failure limit state of the 245 
protection system is attained for G = 0, PG calculated at G = 0 provides the probability 246 
PG(G ≤ 0 | η) of levee failure due to piping as a function of the hydraulic load η (i.e. 247 
conditioned to the hydraulic load), which represents the fragility function Pf (η) for piping at 248 
a selected levee section. 249 

A triangular probability density distribution is assumed for levee porosity n in the 250 
case study presented in the next section (see Appendix A for details), with n ranging from 251 
nmin = 0.25 to nmax = 0.55. This range is suitable for compacted heterogeneous soils which 252 
typically constitute earthen embankments and foundations. Mode n0 is set at 0.45, so that the 253 
probability density distribution of n is asymmetric toward the highest values of the porosity 254 
range, which are typical of fine sediments. The mean and median values of n are 255 
approximately 0.417 and 0.423, respectively. As an example, Figure 3 shows the fragility 256 
curve obtained for n0 = 0.45 at one of the cross-sections of the levee system analyzed in the 257 
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case study, along with the curves that can be obtained for different values of n0 (n0 = 0.30, 258 
0.35, 0.40, and 0.50). In Figure 3, the fragility functions are fictitiously extended (with 259 
dashed lines) over the levee crest supposing the levee crown to artificially extend upwards, in 260 
order to draw the curve up to Pf = 1. This example shows that the probability of failure for 261 
piping can be significantly less than unity even for water levels near the levee crown, if the 262 
levee is well designed and sufficiently thick. The sensitivity analysis on n0 shows that the 263 
greater n0, the greater the failure probability Pf at a fixed hydraulic load η. This means that, 264 
for the selected probability density function fn, lower modal values n0 induce a better 265 
performance of the levee against failure due to piping, ensuring that breach probability 266 
remains lower as the flood water level increases. 267 

The previous levee reliability analysis can in theory be easily adapted to any arbitrary 268 
probability density distribution function fn and can be extended to other types of levee failure 269 
mechanism. A numerical method based on a Monte Carlo procedure can be adopted when the 270 
analytical derivation of the fragility curves is not possible or excessively difficult (e.g., 271 
Vorogushyn et al., 2009; Mazzoleni et al., 2015). 272 

 273 

Here Figure 3 274 

 275 

2.1.2 Assessment of the breach scenario probabilities 276 

The levee breach module is based on the idea that fragility functions can be utilized to 277 
identify a set of potential breach scenarios, defined in terms of breach location and failure 278 
time. To this end, a preliminary 1D flood routing simulation is performed by assuming that 279 
no levee breaches occur along the river reach, in order to predict the peak water levels at the 280 
cross-sections used to discretize the river and to “pre-select” a set of locations (denoted by 281 
LSi, i = 1, …, N in Figure 4) where the discretized levee system is more susceptible to failure. 282 
The total number N of pre-selected levee sections depends on the severity of the loading 283 
flood event (i.e. its return period), for fixed geometrical and geotechnical characteristics of 284 
the levee. The probabilities corresponding to each scenario can then be assessed using the 285 
probability multiplication rule for dependent events, and must be regarded as probabilities 286 
conditional on a loading flood event of given return period.  287 

As mentioned in the previous subsection, fragility functions provide a measure of the 288 
vulnerability of a levee section (to a specific breach mechanism) as a function of the water 289 
stage, by considering the resistance of each levee section as independent of the others. 290 
However, the concept of fragility function is based on the assumption that external loading is 291 
applied statically, whereas a levee is subject to a dynamic loading, with water levels changing 292 
over time during a flood event. Reaching a certain peak water level at a selected river cross-293 
section depends on several factors, mainly including the severity of the input hydrological 294 
event, the intensity of the attenuation effect during the propagation of the flood wave in the 295 
river, and the occurrence of breaches at adjacent locations (especially upstream), which can 296 
significantly reduce water levels, depending on the breach length and the failure time. 297 

Levee breaching at a selected cross-section does not necessarily occur at the peak 298 
flood level (η = ηmax) when the hydraulic load is maximum, but it can happen at lower water 299 
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stages, even belonging to the rising limb of the flood wave, albeit with lower probability. 300 
Indeed, these intermediate flood states can induce significant seepage in the levee core and 301 
foundations, especially for long duration floods, thus realistically triggering piping. In these 302 
cases, conservative (from an engineering point of view) and potentially more dangerous 303 
failure scenarios originate, in which greater water volumes can be expected to flow out of the 304 
breach (and, consequently, higher flood hazard levels occur in the flood-prone area) 305 
compared to the case in which the levee breaches at the peak water level. To take into 306 
account the uncertainty affecting breach time, the physically relevant portion of the fragility 307 
curves (for η ≤ ηmax) can be discretized through a suitable number of points, as shown in 308 
Figure 4. Hence, an ensemble of loading conditions ηi,k potentially inducing levee breaching 309 
can be defined for each pre-selected section; the first subscript index i = 1, …, N refers to pre-310 
selected section LSi, while the second subscript index k = 1, …, Ni to the selected discrete 311 
loading stages (in increasing order), Ni being the total number of loading stages 312 
(corresponding to different potential failure times) considered for LSi. Accordingly, 

iNi ,η  313 

denotes the peak water level ηmax predicted at section LSi. As an example, in the case study 314 
presented in the next section, the partition of the fragility curves into discrete pieces is based 315 
on 5% probability intervals, and hence the number of loading water stages considered 316 
(including the peak one) is int[ )( iLSfP (

iNi ,η )/0.05] + 1, which varies from a levee section to 317 

another depending on the peak water level predicted (and hence the maximum failure 318 
probability), and on the features and shape of the corresponding fragility functions. This 319 
discretization criterion allows the fragility curves to be described with sufficient detail. 320 
Increasing discrete loading levels implies that a greater number of potential breach scenarios 321 
with less probability of occurrence will have to be considered at a given levee section. 322 

Here it is assumed that a levee can only fail during the rising phase of the flood wave, 323 
when it is subject to an increasing load. The occurrence of a breach at section LSi for loading 324 
ηi,k obviously excludes the possibility that another breach event occurs later at the same 325 
location for higher water levels. This means that, at a selected levee section, breach events 326 
induced by different water stages are mutually exclusive, and a failure at LSi for loading level 327 
ηi,k can only occur if the levee has not failed there previously at lower water levels ηi,1, …, 328 
ηi,k1. In light of this, the probability that a levee section breaches for a given discrete load 329 
(and no breaches occurred earlier at lower levels) can be derived from the fragility curves by 330 
assuming that the failure probability provided by them for ηi,k includes the probability 331 
concerning ηi,k1 (and lower discrete water levels). The fragility function can then be 332 
interpreted as a cumulative failure probability function, and can also be used in the case of 333 
unsteady loading events with increasing load. Accordingly, the difference 334 

)η()η( 1,)(,)(  kiLSfkiLSf ii
PP  represents the probability of failure of levee section LSi when 335 

water level ηi,k is reached, excluding the probability of previous failures at ηi,k1 and lower 336 
levels. Therefore, for the first pre-selected levee-section LS1, the failure probability at a given 337 
water level is 338 

)1(
...,,2for)η()η()...()(

1for)η()(

11,1)(,1)(1,11,1,1,1

1,1)(1,1

11

1 






i
NkPPBBBPBP

kPBP

kLSfkLSfkkk

LSf , 339 

            (8) 340 
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where event Bi,k represents levee breaching at section LSi for loading level ηi,k (i = 1 in Eq. 341 
(8)), and the overbar denotes the opposite (non-failure) event. Since breaching event Bi,k 342 
automatically excludes the occurrence of subsequent events kiB , , …, 

iNiB , , the specification 343 

iNiki BB ,1, ...  is omitted in the definition of the Bi,k event. Because events B1,k (k = 1, …, 344 

N1) are mutually exclusive, the total probability P(B1) of breaching at levee section LS1 (for 345 
any discrete water level) is  346 





1

1
1

,1,11,11 )()...()(
N

k
kN BPBBPBP ,       (9) 347 

while the residual probability 1  P(B1) is the no breach probability at the same section, i.e. 348 





1

1
1

,11,11,11 )(1)(1)...()(
N

k
kN BPBPBBPBP .    (10) 349 

In the previous analysis the attention was on the first upstream section of the pre-350 
selected ones (i = 1). However, it can be extended to the others levee sections to assess the 351 
probability of a generic breach event Bi,k at LSi, with i > 1. To this end, the two following 352 
assumptions are made: 353 
1) Considering the discretized levee as an in-series protection system, it is assumed that the 354 
hydraulic load is applied sequentially to the successive levee sections, one after another, from 355 
upstream to downstream, according to the natural temporal sequencing determined by the 356 
propagation of the flood wave in the river. In addition, it is assumed that one pre-selected 357 
levee section at a time is affected by the flood. Hence, the loading event is considered as 358 
acting separately on the successive pre-selected sections, as if they were ideally very far apart 359 
compared with the flood wave length. In reality, a flood event can simultaneously affect 360 
various river sections (with different water levels), depending on the distance between them, 361 
as well as the duration and the celerity of the flood wave. The maximum loading intensity 362 
(represented by the peak water level) decreases in the flow direction due to the attenuation 363 
effect inherent in flood wave propagation.  364 
2) Although the occurrence of a breach event at a certain levee section does not eliminate the 365 
possibility that further breaches may happen in other sections during the same flood event, 366 
the occurrence of multiple breaches is ignored, based on the empirical observation that 367 
multiple breaches typically occur with low frequency during real floods. Breach events in 368 
different locations are therefore assumed mutually exclusive. Accordingly, in the case of a 369 
breach upstream, the conditional probability of additional breaches downstream is set to zero, 370 
as if the occurrence of a levee breach at a certain location caused a considerable drop in the 371 
water surface downstream, to the point of reducing to zero the risk of further breaches in the 372 
downstream sections. Consequently, the possible “failure states” of the levee system (with 373 
reference to the breach locations, including the no breach scenario) are reduced from 2N to 374 
N + 1, with significant computational saving, especially for high values of N. This hypothesis 375 
makes the occurrence of a downstream breach dependent on the event that none of the 376 
upstream sections have breached earlier.  377 

In view of the previous assumptions, the failure probability at section LSi (with i > 1) 378 
deduced from the fragility function for fixed discrete water levels ηi,k can be interpreted as 379 
conditional on the fact that no breach events occurred previously at the upstream sections. 380 
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Thus, breaching probability P(Bi,k) at water level ηi,k is the joint probability of Bi,k and 381 

)...( 11 BBi  , the latter expression meaning that none of the upstream sections LSi1, …, 382 

LS1 breached previously. Event Bi denotes levee breaching at section LSi regardless of the 383 
water stage that induces failure, thus it includes all events Bi,k for k = 1, …, Ni. The 384 
probability multiplication rule for dependent events yields 385 
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and recalling that  388 
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because events Bi are mutually exclusive, Eq. (11) becomes 390 
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           (13) 392 

The calculations proceed from upstream to downstream according to Eqs. (8) and (13). 393 
Finally, the probability that a breach occurs somewhere in the discretized levee system (at 394 
any discrete water level) is 395 





N

i
iN BPBBP

1
1 )()...( ,        (14) 396 

and the probability of the no breach scenario (i.e. the levee system withstands the water load 397 
caused by the design flood event without breaching) is 398 





N

i
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1
11 )(1)...(1)...( .    (15) 399 

The cross-sections at which the boundary conditions are specified are usually gauged 400 
sections, where discharge or water level data are available. It is desirable that the failure 401 
probability of such boundary sections is equal to zero so as to avoid the interference between 402 
the breach outflow and the boundary conditions imposed. For this reason, the boundary 403 
sections are not included in the set of the pre-selected sections susceptible to breach. 404 
Moreover, the input flood hydrograph (of given return period) is typically obtained from the 405 
frequency analysis of historical data, which implies that breach events occurring upstream of 406 
the inflow section are not considered. The method is applied to either the right- or the left-407 
bank levee of a river reach, thus neglecting the effects of potential levee breaches on the 408 
opposite side. 409 

Ultimately, as a final outcome of the levee breach module, an ensemble of breach 410 
scenarios can be assembled, composed of breach events Bi,k along with the no breach 411 
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scenario. Each breach scenario (labeled Sj hereinafter) is coupled with its probability P(Sj), 412 

being j = 1, …, NS a scenario index and NS = 1
1




N

i
iN  the total number of scenarios, 413 

including the no breach scenario. Within this ensemble, the scenarios are ordered by breach 414 
location LSi from upstream to downstream and, for each location, according to increasing ηi,k 415 
values of the breach water level. Accordingly, breach event Bi,k corresponds to breach 416 

scenario Sj, with j = k for i = 1 and j = 





1

1

i

l
lNk  for i > 1; j = NS refers to the no breach 417 

scenario. The probabilities associated with each breach scenario represent the scenario 418 
chances conditioned to a design flood event of given return period and constitute the weights 419 
to be assigned to the corresponding subsequent flooding for probabilistic flood inundation 420 
and hazard mapping.  421 

 422 

Here Figure 4 423 

 424 

2.2 Hydrodynamic model 425 

Both deterministic and probabilistic flood hazard mapping require a hydrodynamic 426 
model capable of accurately simulating the flood dynamics and predict the key hydraulic 427 
variables involved in the flood hazard assessment (Teng et al., 2017). One‐dimensional (1D) 428 
and two‐dimensional (2D) models based on the shallow water equations are widely used in 429 
literature because of their ability to effectively simulate rapidly varied unsteady free surface 430 
flows, such as the flood wave routing in river channels (1D models) and the inundation of 431 
flood-prone areas (2D models), even in the presence of highly irregular topography (e.g., 432 
Horritt & Bates, 2002; Horritt et al., 2007; Tayefi et al., 2007; Aureli et al., 2008a; Pilotti et 433 
al., 2011; Pilotti et al., 2014; Vacondio et al., 2014; Costabile & Macchione, 2015). In the 434 
case of long river stretches and wide flood-prone areas, combined 1D-2D models can be very 435 
useful, ensuring a good compromise between model accuracy and computational efficiency 436 
(e.g., Dhondia and Stelling, 2002; Kamrath et al., 2006; Liu et al., 2015). 437 

The hydrodynamic model used in this paper is a combined 1D-2D model in which the 438 
1D and 2D modules are linked by means of lateral structures. In the event of breach opening, 439 
a weir-type formula is applied at these structures to model the flow exchange between the 1D 440 
and 2D computational domains through the levee breach.  441 

The free software HEC-RAS v. 5.06 (Brunner, 2016a) is used for the numerical 442 
simulations due to its wide application for river flood modeling (e.g., Horritt & Bates, 2002; 443 
Tayefi et al., 2007; Cook & Merwade, 2009) and, recently, for 2D flood inundation modeling 444 
(see, for example, Quirogaa et al., 2016; Teng et al., 2017; Afshari et al., 2018). HEC-RAS 445 
solves the 1D De Saint Venant equations by the four-point Preissman implicit finite-446 
difference scheme, and the full 2D shallow water equations by a semi-implicit, Eulerian-447 
Lagrangian, finite volume scheme (Brunner, 2016b). An accurate description of the 448 
inundation process in the 2D flooding area is obtained through a sub-grid model (Brunner, 449 
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2016b), in which the bottom of the computational cells is not horizontal but follows the 450 
underlying terrain topography.  451 

2.3. Spatial probability analysis model and probabilistic flood hazard mapping 452 

After the probabilities of each breach scenario have been assessed using the 453 
probabilistic levee breach model previously described, the probability analysis of the 454 
hydrodynamic model results of the whole scenario ensemble allows producing the 455 
probabilistic flood inundation and hazard maps. Three different types of maps are used in this 456 
paper to represent the model outputs: 1) the probabilistic inundation extent map; 2) percentile 457 
maps of the key hydraulic quantities (such as maximum inundation depth, maximum flow 458 
velocity, and flooding arrival time) and of the flood hazard index; 3) the probabilistic maps of 459 
hazard levels defined according to a chosen flood hazard classification. 460 

1) The probabilistic inundation extent map illustrates the areas expected to be 461 
inundated with a given probability, thereby providing, in each position of the flood-prone 462 
area, the probability of being flooded for the design flood event of given return period (e.g., 463 
Smemoe et al., 2007; Vorogushyn et al., 2010; Beven et al., 2015). The inundation 464 
probability PI at each floodable location x is calculated by adding the probabilities of the 465 
breach scenarios inducing flooding in that location, that is 466 

  
j

jjI hSPP 0)(:)( max xx ,       (16) 467 

in which hmax j (x) is the maximum inundation depth predicted at position x for scenario Sj.  468 

2) A further outcome of the probability analysis is the spatial distribution in the 469 
floodable area of key flood quantities which are not exceeded with a given probability. This 470 
information is effectively visualized through percentile maps (see Vorogushyn et al., 2010). 471 
For instance, referring to inundation depth h, the X-percentile map of the maximum 472 
inundation depth hmax represents, for each floodable location x, the local maximum value of 473 
the water depth which is exceeded with a probability of (100  X)% for the selected design 474 
flood event of given return period, that is 475 

 100/X);(:)()( maxmax%Xmax, max
 xxx hPhh h ,     (17) 476 

);( maxmax
xhPh  being the cumulative probability function of the stochastic variable hmax at 477 

position x, defined as 478 

  
j

jjh hhSPhP maxmaxmax )(:);(
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xx .      (18) 479 

In addition, to provide summary information on the spatial variability of the central tendency 480 
of the probability distribution of hmax, a probability-weighted average map can be generated 481 
as follows: 482 

 
j
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3) The last result of the spatial probability analysis is the probabilistic assessment of 484 
the flood hazard in the floodable area. To this end, it is necessary beforehand to define a 485 
flood hazard classification, based on an index representative of the flood hazard intensity 486 
(e.g., Aureli et al., 2008b; Di Baldassarre et al., 2009b; Aronica et al., 2012; Mazzoleni et al., 487 
2014). Several flood hazard classifications are present in literature and are adopted by 488 
government agencies for flood hazard management (e.g., ACER, 1988; DEFRA, 2006; 489 
Aronica et al., 2012); the flood hazard indexes are typically defined as a combination of 490 
inundation depth and flow velocity, sometimes dependent on the return period (Aronica et al., 491 
2012). The classification suggested by DEFRA (2006) for people has been adopted in this 492 
paper. Such classification is based on flood hazard index HR defined as 493 

DFhHR  )5.0( v ,        (20) 494 

h being the flooding depth (in m), |v| the magnitude of the flow velocity (in m/s), and DF a 495 
debris factor (which depends in turn on the flood depth and velocity, and on the land use), 496 
assumed equal to zero for simplicity. According to DEFRA (2006), flood hazard for people is 497 
categorized in four classes as low, moderate, significant, or extreme, depending on the fact 498 
that the maximum value of HR predicted belongs to the ranges 1 = (0, 0.75), 499 
2 = [0.75, 1.25), 3 = [1.25, 2.5), or 4 = [2.5, +), respectively (see Figure 5). The 500 
probabilistic flood hazard maps can then provide, for the design flood event of given return 501 
period, the spatial distribution of the probability of each flood hazard class, i.e. the 502 
probability of each position x to fall in the different flood hazard classes, that is 503 

 

j
mjj HRSPP

m
))(:()( max xx ,       (21) 504 

in which m is an index referring to the hazard class, and HRmax j (x) is the maximum value of 505 
HR evaluated at position x for the j-breach scenario. Accordingly, a probabilistic flood hazard 506 
map can be drawn for each hazard class considered. In addition, the maximum value of the 507 
flood hazard level corresponding to a given probability can be calculated in each location 508 
according to Eqs. (17) and (18) modified by replacing hmax with HRmax. Percentile maps of 509 
the flood hazard index can then be generated. Similarly, a probability-weighted average flood 510 
hazard map can be obtained adapting Eq. (19). 511 

It is worth noting that the flood hazard classification can be adapted to the jeopardized 512 
element being considered (see ACER, 1988). With respect to this, it should be borne in mind 513 
that various stability criteria have been proposed in literature for persons, buildings, and 514 
vehicles (see Milanesi et al., 2016; Milanesi et al., 2018; Martínez-Gomariz et al., 2018, 515 
respectively). 516 

 517 

Here Figure 5 518 

 519 
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2.4. Limitations of the method 520 

The implications of the main assumptions of the method are discussed in this 521 
subsection. 522 

1) The method requires that a design flood event of given return period be assigned. Hence 523 
the results of the flood hazard analysis are conditional on a hydrologic load of given 524 
frequency of occurrence. However, this not preclude the application of the method to 525 
hydrological events of different return periods. In this regard, Vorogushyn et al. (2010) 526 
obtained probabilistic inundation hazard maps, and Winter et al. (2018) estimated monetary 527 
damages caused by floods for different return periods. Incidentally, flood events of different 528 
severity must be taken into account when the criterion chosen for flood hazard classification 529 
includes the return period (Aronica et al., 2012). Using a different approach, Hall et al. 530 
(2003), Dawson et al. (2005), and Dawson and Hall (2006) combined the levee fragility 531 
function with the probability density function of the hydraulic loading in order to estimate the 532 
unconditional probability of failure of selected defense sections, thereby taking into account 533 
all relevant hydrologic scenarios in flood risk analysis in a probabilistic way. In the method 534 
proposed in this paper, a design flow hydrograph is imposed as an upstream boundary 535 
condition for the selected return period. The influence of uncertainty in boundary conditions 536 
on flood inundation predictions was analyzed in detail by Pappenberger et al. (2006) and 537 
Domeneghetti et al. (2013). 538 
2) Only levee failure due to piping is considered in the method. However, the analysis of the 539 
levee reliability can easily be extended to other failure mechanisms, even multiple ones, by 540 
adequately adapting the fragility functions (Apel et al., 2006; Dawson and Hall, 2006; 541 
Vorogushyn et al., 2010; Marijnissen et al., 2019). It is worth noting that in the case of 542 
complex probabilistic reliability procedures involving different failure mechanisms, the 543 
Monte Carlo method is a general feasible solution, albeit computationally expensive 544 
(Vorogushyn et al., 2009). 545 
3) Only levee porosity is treated as a stochastic variable in the reliability function adopted for 546 
piping (Khilar et al., 1985). Indeed, porosity is among the most uncertain parameters in the 547 
levee reliability assessment. However, more complex piping models and various empirical 548 
reliability functions can be used (Vorogushyn et al., 2009), even considering several 549 
parameters as stochastic. The geotechnical and geometrical properties of the levee sections, 550 
excluding levee porosity, are considered as deterministic in this paper, as well as the other 551 
model inputs and parameters. The influence of the uncertainty associated with such elements 552 
on flood inundation predictions has been extensively analyzed in literature (see Merwade et 553 
al., 2008). In particular, Sanyal (2017) recently developed a probabilistic methodology for 554 
dealing with the effect of uncertainty in levee heights on the inundation pattern.  555 
4) Breach development is assumed instantaneous, and breach length and shape are fixed a 556 
priori since the focus of the paper is on the effects of breach location and time. A plausible 557 
value of the breach width could generally be derived from the historical field data concerning 558 
the study area, when available. Alternatively, simple empirical models proposed in literature 559 
could be used to estimate the breach growth rate and the final breach width (IMPACT, 2005; 560 
Dawson et al., 2005; Dawson and Hall, 2006). However, breach geometry characteristics are 561 
highly uncertain, and their correct estimation is important to accurately predict flooding 562 
extent (Mazzoleni et al., 2014). For this reason, several studies have dealt with the effect of 563 
uncertainties in breach size (Di Baldassarre et al., 2009; Vorogushyn et al., 2010; 564 
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Domeneghetti et al., 2013; Mazzoleni et al., 2017) and breach development (Vorogushyn et 565 
al., 2011) on flood hazard mapping. When an empirical frequency distribution of breach 566 
width can be computed, different breach lengths (with the associated frequencies) could be 567 
considered for each breach location and time (Apel et al., 2006; Vorogushyn et al., 2010; 568 
Mazzoleni et al., 2014). Accordingly, the number of breach scenarios to be taken into account 569 
may increase considerably, along with the computational effort required.  570 
5) The hydraulic load on a river levee system varies in time during a flood event. The method 571 
assumes that levee breaching can only occur during the rising stage of the flood (i.e. for 572 
increasing water levels). Moreover, hydraulic loading is assumed to act sequentially and 573 
separately on the successive pre-selected levee sections from upstream to downstream, 574 
according to the natural temporal sequencing determined by the propagation of the flood 575 
wave in the river. Uncertainty in the loading conditions on a levee system has been 576 
extensively investigated in literature (Apel et al., 2004; Dawson et al., 2005, Dawson and 577 
Hall, 2006; Hall and Solomatine, 2008; Lendering et al., 2018; Winter et al., 2018). However, 578 
the temporal component of load sequencing is usually neglected, i.e. all sections of the 579 
defense system are assumed to be subject to the same peak hydraulic load at almost the same 580 
time (Hall et al., 2003; Dawson et al., 2005; Harvey et al, 2014). 581 
6) Multiple breach scenarios are ignored, i.e. the probability that two or more breaches occur 582 
at different locations during the same flood event is neglected, based on the empirical 583 
observation that multiple breaches are rather infrequent in real flood events. Indeed, the 584 
occurrence of an upstream breach may significantly reduce downstream water levels and, 585 
consequently, the conditional probability of failure at downstream levee sections. In view of 586 
the present and previous assumption 5), breach scenarios characterized by different breach 587 
locations and failure times are considered as mutually exclusive. On the other hand, multiple 588 
failure states are usually treated as independent in literature (Hall et al., 2003; Dawson et al., 589 
2005; Gouldby et al., 2008; Harvey et al., 2014), which means that the hydraulic interactions 590 
between breach events occurring during the same flood event are neglected. Including 591 
multiple breaches in the analysis can imply that a large number of combinations of breach 592 
locations and possibly times should be considered, especially for long levee reaches 593 
described with many cross-sections, thus requiring a prohibitive computational effort 594 
(Dawson et al., 2005). Dawson and Hall (2006) and Harvey et al. (2014) developed efficient 595 
flood risk methodologies to reduce this problem.  596 

3 Case study 597 

The probabilistic method is applied to a 96 km reach located in the central portion of 598 
the Po River (northern Italy), between the Cremona and Borgoforte gauging stations (Figure 599 
6). Along this reach, the river is braided, with wide and flat floodplains, and the average 600 
riverbed slope is approximately 0.2 m per km; five main tributaries on the right-hand side and 601 
one on the left-hand side flow into the river. A levee system provides protection to the 602 
adjacent flood-prone areas on both the right and left banks. Only breach events on the right-603 
hand side levee system are considered in this paper. In the case of this type of event, a 604 
densely-urbanized area of approximately 1900 km2 is potentially exposed to flooding. Only 605 
failures caused by piping are considered here, since the historical records show that this 606 
breaching mechanism has been the primary cause of levee failures in this specific reach in the 607 
last two centuries (Turitto et al., 2010; Mazzoleni et al., 2015). It is worth noting that most of 608 
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the recent levee failures which caused large flooding in northern Italy were not triggered by 609 
overtopping, but were likely induced by internal erosion due to seepage phenomena (e.g., 610 
Serchio River in 2009, Bacchiglione River in 2010, Secchia River in 2014). 611 

 612 

Here Figure 6 613 

 614 

The database from the Italian Agency for the Po River Management (AIPO) was used 615 
to collect sixty-one cross-sections between the main levees for the reach analyzed (Figure 6); 616 
these derive from a ground survey and have an average distance of 1.6 km. The right-hand 617 
side levee system was discretized according to these cross-sections, where the fragility 618 
functions for piping were evaluated. In addition to these 61 river cross-sections, a 2 m 619 
resolution digital terrain model (DTM) based on LiDAR data is available which covers most 620 
of the floodable area of interest. Additional 5 m and 20 m resolution DTMs, obtained from 621 
vector contour lines, were used to complete the topographic description of the flood-prone 622 
area where gaps in the 2 m DTM were present. Between the main levees of the Po River, the 623 
LiDAR data were combined with a sonar survey covering the submerged portion of the main 624 
channel to enhance the description of the river bed geometry. 625 

Supplementary cross-sections extracted from the DTM at an average distance of 626 
100 m were added to the 61 cross-sections mentioned above to accurately reproduce the river 627 
geometry in the 1D model. The model was calibrated against a severe flood event (of 628 
approximately 50-year return period) which had occurred in October 2000. To this end, the 629 
inflow hydrograph at the Cremona gauging station, estimated on the basis of the recorded 630 
water levels by using a reliable rating curve, was imposed at the upstream boundary, while 631 
the stage hydrograph recorded at the Borgoforte gauging station was used as downstream 632 
boundary condition. The calibration was performed by adjusting the Manning coefficients of 633 
the main channel and of the floodplains to satisfactorily reproduce the water levels recorded 634 
at the intermediate Boretto gauging station (Figure 6). The PEST suite (Doherty, 2010) was 635 
adopted to automate the calibration procedure and it returned roughness values of 0.045 and 636 
0.1 m1/3s for the main channel and the floodplains, respectively. These estimates agree with 637 
the ones obtained in previous studies on the same river reach (e.g., Mazzoleni et al., 2014 and 638 
2015). 639 

In the HEC-RAS hydrodynamic model, lateral structures (which act as internal 640 
boundary elements) were used to represent the right-hand side levee and link the 1D river 641 
reach to the 2D floodable area in the event of levee failure. A weir-type formula was adopted 642 
to model the flow exchange between the two computational domains through the breach. 643 
Based on Brunner (2016a), the dimensional weir coefficient C was set at 1.1 m1/2/s, which 644 
corresponds to a conventional dimensionless discharge coefficient μ = C/(2g)1/2 equal to 645 
approximately 0.25, g being the acceleration due to gravity.  646 

The flood-prone area was discretized through a mixed structured-unstructured 2D 647 
mesh. It was built starting from a 50 m  50 m structured grid that was then refined near the 648 
main topographic singularities by means of unstructured cells. Breaklines were inserted along 649 
the topographic elements that could significantly affect the flood propagation (such as levees 650 
or road embankments), with the aim of forcing the cell boundaries to follow these lines. A 651 
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total of 887993 cells and 940969 nodes were obtained in the 2D computational domain, 652 
where the Manning roughness coefficient was assumed to vary spatially with the land use 653 
reported in the Corine Land Cover (2012) database. Roughness values in the range from 0.02 654 
to 0.3 m1/3s were set according to the land cover type (Chow, 1959). 655 

The numerical flood simulations were performed imposing a 100-year return period 656 
synthetic design hydrograph (Maione et al., 2003) at the upstream boundary (Cremona 657 
gauging station) of the 1D hydrodynamic model (Figure 7a). A reliable rating curve was 658 
specified at the downstream end of the model (Borgoforte gauging station; Figure 7b). The 659 
tributary flow contributions were neglected, thus assuming that the flood event affected the 660 
main stem only. A preliminary 1D flood routing simulation was performed without levee 661 
breaches in order to predict the maximum water levels at the 61 primary cross-sections and 662 
pre-select the locations where the levee system has the greatest chance of failing. 663 

 664 

Here Figure 7 665 

 666 

A rectangular-shaped breach of constant width and depth was assumed in the flooding 667 
simulations, regardless of the failure location. The breach width was set at 100 m, which is 668 
the median value of the historical data concerning breaches due to piping in the right-hand 669 
side levee of the river reach considered (Turitto et al, 2010; Mazzoleni et al., 2015). The 670 
levee failure was triggered by the reaching of prescribed water levels (determined on the 671 
basis of the probabilistic levee breach model), and the breach opening was assumed to 672 
instantaneously reach the landside natural ground level, since the breach developing time is 673 
reasonably shorter than the overall flood duration.  674 

The variable time stepping algorithm, recently implemented in HEC-RAS (Brunner, 675 
2018) and based on the Courant stability condition, was used to improve the model’s stability 676 
and reduce the computational burden of the numerical simulations. A simulation time of 677 
approximately 5 h is required on average on a desktop computer with an Intel Xeon processor 678 
(3.6 Ghz) and 16 GB of RAM to simulate a physical 10 d flooding on a mesh with 887993 679 
cells. Differences between the scenarios depend on the specific features of the predicted 680 
inundation dynamics and, mainly, on the flooding extent. 681 

4 Results 682 

This section presents the results obtained by applying the probabilistic method to the 683 
case study described in the previous section.  684 

The first key result is provided by the probabilistic levee breach module and consists 685 
in the assessment of the breach scenario probabilities, i.e. the levee failure probability for 686 
piping at selected locations and times. Fourteen of the 61 sections used to discretize the levee 687 
system are potentially susceptible to failure for the 100-year return period flood event 688 
(N = 14), and represent the locations most critical to piping. After discretization of the 689 
corresponding 14 fragility curves based on 5%-probability intervals (see Figure 4), 26 breach 690 
scenarios can be defined (NS = 26), including the no breach one. Breach scenarios with 691 
estimated probability lower than the 0.5% threshold are disregarded for simplicity. Figure 8 692 
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shows the 14 “pre-selected” potential breach locations; the probabilities reported are 693 
calculated by adding the probabilities of all the breach scenarios (characterized by different 694 
failure times, corresponding to different flow conditions in the river) defined at the same 695 
location. Of the 14 breach positions six are located in the central portion of the river reach, 696 
while the remaining are concentrated in the downstream portion. It is worth noting that the 697 
locations agree fairly well with the positions of the main sand boils observed during the 698 
severe flood events which occurred in the Po River in 1994 and 2000 (see Coratza, 2004; 699 
Mazzoleni et al., 2014). Conversely, no levee breaching induced by piping is expected in the 700 
upstream part of the reach, where the levee exhibits a high resistance against piping for the 701 
flood event considered. The highest breach probabilities are estimated for the levee cross-702 
sections with smaller width, or in which the landside levee toe is lower than the riverside 703 
floodplain (see Figure 2b). The sum of all the breach scenario probabilities, indicating the 704 
chance that a breach occurs somewhere in the levee system, is approximately 65%. The 705 
residual probability of approximately 35% refers to the case of no occurrence of breaches 706 
along the levee system for the design flood event considered. However, these values are 707 
influenced by the assumption of neglecting multiple breach scenarios. In the case study 708 
analyzed (see Figure 8), the joint probability that levee section LS1 fails at the peak water 709 
level and later section LS2 breaches, again at the peak water level (obviously influenced by 710 
the breaching at LS1), is equal to approximately 0.15%. This result confirms that the 711 
individual impact on the total probability of high order scenarios characterized by two (or 712 
even more) multiple breaches is not particularly significant, at least in the case study 713 
considered. 714 

 715 

Here Figure 8 716 

 717 

After simulating the inundations related to each breach scenario through the 718 
hydrodynamic model, the different maps listed in Section 2.3 can be obtained through the 719 
probability analysis of the numerical results. A first outcome of this analysis is the 1-in-100 720 
year flood probabilistic map of the inundation extent shown in Figure 9. This map illustrates 721 
the areas that can be expected to be inundated with different probabilities for the design flood 722 
event with a recurrence interval of 100 years. The inundation probabilities reach the highest 723 
values (greater than 25%) in the eastern part of the flood-prone area because different breach 724 
scenarios determine predicted flooded areas overlapping to a large extent. Moreover, distinct 725 
circumscribed flooded areas are clearly recognizable, due to the presence of the levee systems 726 
of the main right-hand bank tributaries of the Po River, which constitute barriers to the flow 727 
in the floodable plain. The borders of the flooded areas are distinctly defined by the 728 
topographic obstacles, where they affect the evolution of the inundation process. Conversely, 729 
wherever the inundation extent is determined by the natural mild terrain slope, the borders of 730 
the inundated area appear blurred, with a gradual decrease to zero in inundation probability. 731 

 732 

Here Figure 9 733 

 734 
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Another significant result of the spatial probability analysis is the distribution of 735 
selected percentiles of the maximum inundation depth in the flood-prone area for the design 736 
flood event of given return period. This information can effectively be represented by 737 
percentiles maps. As an example, panels a-c in Figure 10 show the 1-in-100 year flood maps 738 
of the 75th, 90th, and 99th percentile of the maximum inundation depth for the case study 739 
analyzed. Percentile maps provide a more comprehensive characterization of the probability 740 
distribution of the variable represented in comparison with a concise probability-weighted 741 
average map (see Figure 10d), where the estimated mean values at each location cannot be 742 
realistically attributed to any breach scenario. It can be noted from Figure 10 that both the 743 
extent of the flooded area and the maximum inundation depth at a selected position increase 744 
for increasing percentile, as expected. Moreover, the 99th percentile map (Figure 10c) shows 745 
that water depths up to approximately 10 m might occur in the central portion of the flood-746 
prone area, due to the combined presence of depressed lands and high embankments. Similar 747 
maps can be produced for any other significant hydraulic quantity, such as maximum flow 748 
velocity or flood arrival time. These maps are not shown here for the sake of brevity. 749 

 750 

Here Figure 10 751 

 752 

The ultimate outcome of post-processing the simulation results is represented by 753 
probabilistic flood hazard maps. Figure 11 shows 1-in-100 year flood probabilistic maps that 754 
depict the spatial distribution of the probability of the four flood hazard levels (low, 755 
moderate, significant, and extreme; see Figure 5) identified by DEFRA (2006) for the 100-756 
year return period design flood event. The flood hazard level is evaluated on the basis of the 757 
predicted maximum value of index HR defined in Eq. (20). It should be noted that a specific 758 
location in the flood-prone area can fall in different hazard classes at the same time, with 759 
different probabilities. Figure 11d shows that the extreme flood hazard level occurs with 760 
significant probability (10-15%) in the central region of the flood-prone area, where the 761 
highest values of the maximum water depth are expected. 762 

 763 

Here Figure 11 764 

 765 

Probabilistic flood hazard maps can also be represented in terms of percentile maps, 766 
as for the probabilistic inundation maps in Figure 10. Figure 12a-c shows the 75th, 90th, and 767 
99th percentile maps of the maximum value of the flood hazard index for the design flood 768 
event of 100-year return period. For each location, the flood hazard intensity expected to be 769 
exceeded with 25%, 10%, and 1% probability, respectively, can be extracted from these 770 
maps. Alternatively, the areas characterized by the highest values of the flood hazard index 771 
(or by values greater than a fixed threshold) can easily be identified for a given percentile. 772 
This probabilistic information can be very useful for the assessment and management of the 773 
flood risk in the area analyzed. Finally, Figure 12d shows the probability-weighted average 774 
map of the maximum value of the hazard index. Such a map appears to be very similar to the 775 
flood hazard maps usually generated in the conventional flood hazard analyses, and provides 776 
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a concise “average” probabilistic assessment of the flood hazard; it can thus be adopted as a 777 
first approach for land-planning and flood-risk management purposes. 778 

 779 

Here Figure 12 780 

 781 

5 Conclusions 782 

A probabilistic multi-module method for the assessment of the flood hazard due to 783 
piping-induced levee failures in flood-prone areas has been proposed in this paper. The 784 
concept of fragility function (which describes the vulnerability of a levee system at a selected 785 
section) and the probability multiplication rule for dependent events were employed to 786 
estimate breach scenario probabilities, representative of the uncertainty of levee breaching at 787 
selected locations and times, conditioned to a design flood event of given return period. 788 
Fragility functions for piping were obtained for the cross-sections of a discretized levee 789 
system through a reliability analysis based on a suitable performance index. Only levee 790 
porosity was considered as a stochastic variable in assessing this index. 791 

Attention was focused on the uncertainty about breach location and failure time due to 792 
the significant influence that these factors have on the dynamics of the subsequent inundation 793 
and on the delimitation of the flooded areas. An ensemble of potential levee failure scenarios 794 
was pre-selected on the basis of a preliminary hydrodynamic simulation performed by 795 
assuming no levee breaches along the river. Thanks to the preliminary identification of the 796 
sections where the levee is more susceptible to breach, the method offers the advantage of 797 
requiring fewer simulation runs in comparison with most probabilistic methods proposed in 798 
literature, typically based on computationally expensive Monte Carlo procedures. Moreover, 799 
since the method assigns a probability to each breach scenario and subsequent flooding, it 800 
allows the quantification of the uncertainty of the hydraulic variables involved in the flood 801 
hazard assessment, thus providing more comprehensive information compared to the 802 
conventional deterministic methods. Indeed, the deterministic methods are typically based on 803 
a single “optimum” scenario and, in the best cases, are accompanied by a sensitivity analysis 804 
on the key parameters. 805 

The main assumptions and limitations of the proposed method are recalled below. 806 
1) The analysis was performed for a design flood event of given return period. 2) Only piping 807 
was considered among the different levee breach mechanisms. 3) Topographic and 808 
hydrologic data were treated in a deterministic way. Only levee porosity was considered as a 809 
stochastic variable in the derivation of the fragility functions for piping. 4) The geometric 810 
characteristics of the breaches were treated as deterministic and fixed a priori; the breach was 811 
assumed to occur instantaneously. 5) It was assumed that levee failure could only occur 812 
during the rising stage of the flood wave, and that the hydraulic load was applied separately 813 
to the successive pre-selected levee sections from upstream to downstream. 6) Multiple 814 
breach scenarios were neglected. Due to its relevance, this specific topic ought to be further 815 
analyzed, and will indeed be investigated in a future study. 816 
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The method was applied to a 96 km reach of the central portion of the Po River 817 
(northern Italy) to verify its effectiveness in probabilistic inundation and flood hazard 818 
mapping. The spatial probability analysis conducted on the numerical results of the 819 
hydrodynamic model allows the following maps to be generated (for a design flood event of 820 
given return period): 1) the probabilistic inundation extent map; 2) percentile maps of the key 821 
hydraulic quantities (such as the maximum inundation depth and velocity, and the flooding 822 
arrival time) and of the flood hazard index; 3) the probabilistic map of the hazard levels 823 
defined according to a chosen classification. Unlike conventional deterministic maps, which 824 
typically define the flooded area boundaries on the basis of a “best” scenario, the 825 
probabilistic inundation extent maps identify the areas that are expected to be inundated with 826 
different probabilities. Similarly, unlike conventional maps of the maximum inundation 827 
depth, which represent an inundation pattern derived from a single scenario, percentile 828 
probability maps take into account different possible flood scenarios. For each location in the 829 
flood-prone area they provide the maximum water depth value which it is expected not to be 830 
exceeded with fixed probabilities. In addition, interpercentile ranges can be extracted for each 831 
location from different percentile maps. Similar considerations apply to the percentile maps 832 
of flood hazard. Probabilistic flood hazard maps can also represent the spatial distribution of 833 
the probability of each hazard level defined in the classification adopted. The flood hazard 834 
assessment is based on an ensemble of breach scenarios (along with the associated 835 
probabilities), each producing different inundation effects, so distinct flood hazard levels can 836 
be predicted in the same location, with different probabilities. 837 

Probabilistic flood hazard mapping does have the drawback that results cannot be 838 
exhaustively represented in concise thematic maps as in the deterministic analyses. However, 839 
incorporating uncertainty (in terms of probability) in flood hazard assessment supports more 840 
informed and flexible management and planning decisions. The information concerning 841 
probability is indeed an additional useful element to better orient land-use planning strategies 842 
and structural interventions for flood hazard mitigation, which can be adequately designed on 843 
the basis of the risk propensity of the floodable areas. Moreover, the probabilistic analysis 844 
helps differentiate between situations characterized by similar “average” flood hazard 845 
conditions and carefully use the economic resources available by concentrating preventive 846 
measures in the areas where significant flood hazard is predicted with the highest probability 847 
in the first instance. Finally, effective communication of the uncertainty affecting the results 848 
contributes to forming a correct perception of risk in society. 849 
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Appendix A 863 

In the case study shown in the paper, a triangular probability density distribution is 864 
assumed for levee porosity, with n ranging from nmin to nmax (see Mazzoleni et al., 2015), i.e. 865 
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with Gmin = G(nmax), G0 = G(n0), and Gmax = G(nmin). The cumulative probability of the 871 
stochastic variable G can be obtained from Eq. (A2) by integration: 872 
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where 
0GP  indicates the cumulative probability at G = G0. It can easily be verified that PG is 875 

equal to one for G = Gmax. PG calculated at G = 0 according to Eq. (A3) provides the 876 
probability PG(G ≤ 0 | η) of levee failure as a function of the hydraulic load η, which 877 
represents the fragility function Pf (η) at a selected section, that is 878 
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 1182 

Figure 1. Diagram of the method for probabilistic flood hazard mapping. The light blue and 1183 
green boxes indicate model inputs and outputs, respectively, while the grey boxes represent 1184 
the modules of the method. 1185 

Figure 2. Sketch of levee geometries for piping failure analysis: (a) landside levee toe higher 1186 
than the riverside floodplain; (b) landside levee toe lower than the riverside floodplain. 1187 

Figure 3. Example of fragility curve for piping at a levee section (left-hand side) and 1188 
sensitivity on the modal value n0 of the porosity in the range (nmin, nmax) (right-hand side). WL 1189 
denotes the water level at the riverside levee bank above a reference horizontal datum (e.g., 1190 
the sea level). 1191 

Figure 4. Sketch for the application of the probability multiplication rule to assess the 1192 
probability of different levee breach scenarios. Labels LSi (i = 1, …, N) refer to the “pre-1193 
selected” levee sections; label k (= 1, …, Ni) refers to different hydraulic loadings; WL 1194 
denotes the water level. 1195 

Figure 5. Flood hazard classification by DEFRA (2006) for people. 1196 

Figure 6. Reach of the Po River (northern Italy) between the gauging stations of Cremona 1197 
(upstream) and Borgoforte (downstream), levee system and cross sections. Plan view of the 1198 
study area and 2D computational domain. 1199 

Figure 7. Boundary conditions used in the simulations: (a) inflow hydrograph of 100-year 1200 
return period at the Cremona gauging station; (b) rating curve at the downstream section 1201 
(Borgoforte gauging station). 1202 

Figure 8. Probabilistic levee breach map for the 100-year return period flood event. The 1203 
probabilities reported are the sum of the probabilities of all the breach scenarios concerning 1204 
the same levee section. 1205 

Figure 9. Probabilistic inundation extent map for the 100-year return period flood event. 1206 

Figure 10. Probabilistic maximum inundation depth maps for the 100-year return period 1207 
flood event: (a) 75th, (b) 90th, (c) 99th percentile, and (d) probability-weighted average values. 1208 

Figure 11. Probabilistic maps for four hazard levels according to the DEFRA classification: 1209 
(a) low; (b) moderate; (c) significant; (d) extreme. The maps refer to the 100-year return 1210 
period flood event. 1211 

Figure 12. Probabilistic maximum hazard index maps for the 100-year return period flood 1212 
event: (a) 75th, (b) 90th, (c) 99th percentile, and (d) probability-weighted average values. 1213 
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