UNIVERSITA DI PARMA

ARCHIVIO DELLA RICERCA

University of Parma Research Repository

A variational characterization of complex submanifolds

This is a pre print version of the following article:

Original
A variational characterization of complex submanifolds / Arezzo, Claudio; J., Sun. - In: MATHEMATISCHE
ANNALEN. - ISSN 0025-5831. - 366:1-2(2016), pp. 249-277.[10.1007/s00208-015-1322-9]

Availability:
This version is available at: 11381/2673302 since: 2021-10-13T13:21:18Z

Publisher:
Springer New York LLC

Published
DOI:10.1007/s00208-015-1322-9

Terms of use:

Anyone can freely access the full text of works made available as "Open Access". Works made available

Publisher copyright

note finali coverpage

(Article begins on next page)

03 May 2024



A VARIATIONAL CHARACTERIZATION OF COMPLEX
SUBMANIFOLDS

CLAUDIO AREZZO, JUN SUN

ABSTRACT. In this note, we generalize our results in [6] to integer p-currents of any degree.
We prove that if the mass of a current, as a functional of the ambient metric, has a critical
or stable point in some special directions, then the current is complex. This holds for any
dimension and codimension. We also study a natural functional on the space of currents
representing a fixed homology class, closely related to the first derivative of the Mass in
our new approach, detecting the deviation of a surface from being holomorphic.

Mathematics Subject Classification (2010): 53A10 (primary), 53D05 (secondary).

1. INTRODUCTION

In this paper we expand in various directions the study started in [6] about the relation-
ship between volume minimizers and holomorphic submanifolds of K&hler manifolds. Let
us recall that, while classically known that positively oriented chains of holomorphic sub-
manifolds are volume minimizers in their homology class thanks to Wirtinger’s Inequality,
the converse is by now known to be largely false (see e.g. [5], [3], [4] and [18]). On top
of this, and in fact not unrelated, the limitation about the positive orientation of volume
minimizers (which appears clearly when looking for example at two parallel flat discs in R?)
prevents this classical approach to be of much use in attacking various natural problems in
Algebraic Geometry.

This has indicated the need for the search for more refined functionals, more capable to
detect the holomorphic properties of their minimizers and at the same time to get rid of
this orientation problem so that any integral chain of holomorphic submanifolds becomes a
minimum among its competitors.

In [6] we proposed the following construction: consider a fized immersion F' of a surface
Y inside (M?",@, Jyr), a compact symplectic manifold with compatible almost complex
structure Jps, and look at the space of potentials H = {p € C*(M,R) | @, = @ +
dd¢p tames Jps}, which is clearly a nonempty open subset of C*°(M, R).

Given p € H and @w,(t) = W, + dd°p(t) which tames Jjs, we can associate a family of
Riemannian metrics g,(t) on M given by

(1.1) gp(t)(X,Y) = % (@ () (X, JarY) + @0, () (Y, T X)) -

(denote g, = g,(0)) and we then define

(1.2) Ap) = Area(F(9),F*() = [ duy.

Key words and phrases. current, stationary, stable, complex.
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2 CLAUDIO AREZZO, JUN SUN

where dj, is the volume form of the induced metric g, := F*(g,).
We are then looking at the area functional not on the space of immersions but on the space
of metrics generated by potentials in H in the ambient manifold.

One of the main results in [6] was then

Theorem 1.1. Let (M?",&,J) be a compact symplectic manifold with compatible almost
complex structure J and F : ¥?> — M be an injective immersion. Set d: M — R any
smooth extension from a tubular neighborhood of F(X) to M of the distance function from
F(X), i.e. d(Q) =dist(Q, F(X)) for Q sufficiently near F(X). If

d2

;) =0

for some p € H, then the immersion is J-holomorphic. In particular, if the area functional
A has a critical point in H, then the immersion is J-holomorphic. Moreover this holds also
when F' is not injective and has branch points (but one need more than one function to test
the critical property).

d — c
£’t:0v4<wp + tdd (

In fact the proof of this result shows that the regular part of a union of injectively immersed
surfaces is a chain of holomorphic submanifolds with possibly different orientations, and
indeed it is easy to check that fixing such an object the Area is constant on the set of
potentials (hence it has infinitely many critical points).

The first aim of this paper is to extend the above Theorem to higher dimensional subman-
ifolds. But equally important is to extend the setup described above to much less regular
objects, building in this way an existence problem in Geometric Measure Theory with some
hope of having a positive solution, very much in the spirit of the classical volume-minimizing
problem which led to Almgren’s celebrated Big Theorem ([2], [9], [10], [11]). The area func-
tional above gets then substituted by the Mass (again for a fixed object and moving metric!)
and X by an integer multiplicity p-current.

Recall that an integer current S is called complex, if us-almost all tangent planes of S are
complex (see Definition 3.1). Since us(SingS) = 0, in order to prove that an integer current
is complex, we only need to prove that the tangent space at each regular point is complex.

The main result of this paper is then the following

Theorem 1.2. Let (M?",w, Jyr) be a compact symplectic manifold with compatible almost
complex structure Jyr and S € R,(M) be an integer p-current in M with p < 2n. If the
Mass has a critical point p € H, then any embedded C? component S; of Reg(S) is complex.

We pay the price of allowing singular competitors in our generalized setting by loosing the
possibility of studying deformations of metrics in one specific direction (given by the distance
square function in Theorem 1.1). We believe that the C? assumption is not necessary in
the above result in that even general C'' components will satisfy the same property, but it
naturally arises in our proof to construct some special test variations.

Thanks to Harvey-Shiffman ([16]) and Alexander’s results ([1]) in the case of integrable
complex structures, we immediately get the following

Corollary 1.3. If (M*", &, Jyr) is Kihler, Reg(S) has all C*-components and the Mass
has a critical point in H, then p = 2k and S is a holomorphic k-chain, i.e. it is the current
of integration over a finite integral combination of holomorphic submanifolds.
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Of course, the integrability of the ambient complex structure is crucial in applying Harvey-
Shiffman-Alexander’s Theorem and the analogue questions in the non-integrable case are
subject of intensive and deep research (see e.g. Tian-Riviere [22]).

Almgren’s Big Theorem on the other hand easily implies the following

Corollary 1.4. Let (M*", @, Jy,§) be a compact symplectic manifold with compatible al-
most complex structure Jy and S € R,(M) be an integer p-current in M with p < 2n.
Suppose the mass has a critical point p € H and that S is area-minimizing in (MQ”,gp) mn
the usual sense, then p = 2k and S is a holomorphic k-chain.

The above results show that the first variation of the Mass with varying metrics does detect
J-holomorphicity, but again as we proved for surfaces in our previous work, even the second
variation (without assuming to be at a critical point of course) does the same job:

Theorem 1.5. Let (M?", @, Jur, ) be a compact symplectic manifold with compatible almost
complez structure Jyr and S € Ry(M) be an integer p-current in M with p < 2n. If the
mass has a stable point p € H, then any embedded C* component S; of Reg(S) is complex.
In particular, if (M?",©, Jyr) is Kihler, Reg(S) has all C?-components and the Mass has
a stable point in H, then p =2k and S is a holomorphic k-chain.

As explained in our previous work [6], this approach is inspired by a classical work of
Lawson-Simons [17], where the ambient manifold is assumed to be projective and the class
of deformations of metrics where restricted to families coming from the action of the au-
tomorphism group of the projective space. In the Section 4 of this paper we extend, in
analogy with the results obtained in [6] for regular 2-dimensional objects, these results to
this much more general setting. We believe these results explain, in connection with Tian
celebrated approximation Theorem ([21]), the naturality of our approach.

All this suggests to study a new type functionals F. defined on the space of immersions,
which come essentially from the integration of |J*|?, which is the first derivative in the
direction of the distance squared of the Mass functional studied up to now. Thus these
functionals can be used to detect the deviation of a submanifold from being holomorphic.
In the surface case, we compute the Euler-Lagrangian equation for F., and prove that
similar to minimal surface system, the equation with ¢ > 1 is weakly elliptic, with null
directions coming from those directions tangential to the surface, i.e. the kernel of the
principle symbol arises from the diffeomorphisms of the submanfold. We also conclude that
any symplectic F.-critical surface with ¢ > 1 in a K&hler-Einstein surface with nonnegative
scalar curvature must be holomorphic. One interesting and challenging problem is whether
Almgren’s Big Theorem is true for these functionals.

Aknowledgments: The first author wishes to thank C. De Lellis for pointing out ref-
erence [1] to our attention and him, G. De Philippis and E. Spadaro for many important
discussions. The first author was partially supported by FIRB Project RBFRO8B2HY, and
wishes to thank CIRM-FBK (Trento) for providing an ideal working atmosphere.

2. VARIATIONAL FORMULAS FOR THE MASS IN A SYMPLECTIC MANIFOLD

Let (M?",&, Jys) be a compact symplectic manifold with compatible almost complex struc-
ture Jys. Asin [6], let H = {p € C>*(M,R) | w, := w + dd°p tames Jys}, which is clearly a



4 CLAUDIO AREZZO, JUN SUN

nonempty open subset of C>*°(M,R). Given p € H and @,(t) = @, + dd°p(t) which tames
Ju, we can associated a family of Riemanian metrics g,(t) on M given by

(2.1) Gp(t)(X,Y) = % (@ () (X, JarY) + @, () (Y, T X)) -

Denote g, = g,(0).

Let S be an HP-measurable countably p-rectifiable set in M. Then we know that the
approximate tangent space 71,5 exists for HP-a.e. x € S. Actually, we can express S as the
disjoint union U32S; ([13], [20]), where HP(Sp) = 0, S; is HP-measurable, and S; C Nj,
with /V; an embedded p-dimensional C' submanifold of M. We have

1.5 = TmNj, HP —a.e. x € Sj.

We will denote SingS = Sp and RegS = U32;S;. Then HP(SingS) = 0, and RegS is
the disjoint union of pieces, each of which is a part of an embedded p-dimensional C!
submanifold of M.

Let S be an integer multiplicity p-current in (M, g,) (27.1 of [20]). Namely, it can be
represented as

(2.2) S(w) = [q(w(m),f(m))ﬁ(:ﬂ)dﬁp(m), we APM,

where S is an HP-measurable countably p-rectifiable subset of M, 6 is a locally HP-integrable
positive integer-valued function on S, and £ : S — AP(M) is an HP-measurable function
such that for HP-a.e. point = € S, £(x) can be represented in the form 74 A --- A 7, where
T1,- -+ ,Tp form an orthonormal basis for the approximate tangent space T, S with respect
to the metric g,. Furthermore, denote ps the Radon measure associated with the current
S, then we see that (26.7 and 27.1 of [20])

(2.3) dus = 0dH?,

and (2.2) can be written as
(2.4) Sw) = [ (w(o). ) dus(a), w e APM.
S

We plan to compute the first and second variation formulas for the mass of the current
when the target metric varies by w,(t) = @, + dd°p(t). When the variation of the target
metric is induced by a vector field on M, the formulas are well-known. (See, for example,
Theorem 1 of [17].) In our case, g,(t) are not induced by a vector field on M. So we need
to modify the argument. By Nash Embedding Theorem, we know that there exists a family
of isometric embeddings

(25) ip(t) : (M2nag,0(t)) - (RNagé\Lc),

ie., i,(t)* gl = g,(t). Here, g%, is the standard Euclidean metric on R". (Actually, we
can take N = n(6n+11) if M is compact and N = n(2n+1)(6n+11) if M in noncompact.)
It is obvious that i(¢) is smooth in ¢ if ¢(¢) is. Then the mass of the current S with respect
to g,(t) is given by (27.2 of [20])

(2.6) My (1) = MyGy(1):8) = [ Tsia(O)dps.
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where Jgi,(t) is the Jacobian of i,(t) relative to S, that is,

(2.7) Tsio(t)(x) = \Jdet(dSiy(),)* o dSi(t)..

Here, d%i,(t), : T.S — R is the gradient of i,(t) restricting on S, which is well-defined
HP-a.e. on S and (d%,(t),)* : RY — TS is its adjoint. (See section 12 of [20].) From
(2.6), we see that

d d
2.8 oMy (1) = [ o Jsip(t)d
(29 S0 (0) = [ oo Tsi, (0.
and

2 2 |
(2.9) @h:OMp(t) :/Scﬁﬂtzotfslp(t)dﬂs-

We will compute the integrand at the point x € S; for j > 1, where S; is a piece of a Ct
submanifold of M. Then Jgi(t) is well-defined near x. We take a local coordinate around
x. Namely, let W C R” be an open set, and the coordinate on W is given by {x1,--- ,x,}.
Let U : W — M be a C' immersion such that ¥(0) = z, \I!(W) U N Sj, for some open
set U C M containing x. Then T,S; is Spanned by {a\p( 0)}¥_,. We further assume that,
the coordinate {x;} is chosen so that {e; = 8 Y (0)} is an orthonormal basis of T;.S; = T,.S
with the induced metric by i,(0) (thus orthonormal by the induced metric from (M, g,)).
Note that (d%i,(t);)* o d%i,(t); : TS — TS can be represented as a p x p matrix. It is
easy to check that

((@%i(t)e)* 0 d%i(1)z) ;= Gbue (a(i(;i; \I]), 8“%;; qj)) = s‘zp(t)(gi gi).
Note that we have gp(O)(g;I'i (0), g%(())) = 0;;. Therefore, we have at x:
p
d |t 0J7i,(1) ;z; (e, €;)
and, as pus(Sp) = 0, by (2.3), we have
(210) o) = 53 [ 0ew s
=179

Here, the integrand is an HP-measurable function, and {e;}}_; is any orthonormal basis of
T, S with respect to the metric induced from g, for HP-a.e. z € S.

If g,(t) is given by (2.1), then we have

(2.11) |t oM, ( Z/ 00 (0)(es, Je;)dus.

If furthermore, we assume @, (t) = @, +dd“p(t) for a family of C? functions ¢(t) on M with
©(0) = 0, then we have

(2.12) |t oM, ( Z / (dd°)(es, Je;)dus,



6 CLAUDIO AREZZO, JUN SUN

where 1) = Bg—fphzo.

Similarly, by computing on the regular part of S and proceeding in the same way as for
smooth case (see [6] for p = 2), if

dy B 0% B
=0 = 1, ﬁh:o =,

then we have

d? 1< .
el = 53 [ [@dne T dus
i=1
1 C C
1 [ ) Te) + @) e, Je)) dus
1<i<j<p”?
1
1 X [l Te) — @) e e P dns
1<i<j<p”’9
P—2%
(2.13) +—=> / [(dd°p) (e, Je;))? dps.
b= s
For our later use, let’s recall the following simple facts:
Lemma 2.1. (1) For any smooth function ¥ on M, we have
(2.14) A = —dip o J.

(2) For any C? function ¢ on M and any tangent vector fields X,Y on M, we have
(215)  (dd)(X,Y) = (V) (X, JY) + (V )V, IX) + (Vo (Vy DX — (Vx)Y),

Here, (-,-) is any Riemannian metric on M and V is its Levi-Civita connection.

3. PROOF OF THE MAIN RESULTS

In this section, we will prove that, each C? component of an integer current in a symplectic
manifold for which the mass has a critical point or stable point is complex. In the following,
we will denote R, (M) the space of integer multiplicity p-currents in M. Let us first recall
the definition of complex current.

Definition 3.1. Let (M?", @, Jy) be a compact symplectic manifold with compatible almost
complex structure Jyr. Then an integer p-current S is said to be complex if pus-almost all
tangent planes of S are complez, i.e., for us-a.e. x € S, (Jar)r maps TS onto itself.

Recall that when p = 2 and S is a smooth submanifold of (M?",w,.J,3), we can define
the Kéahler angle of the surface ([8]). In the current case, we can also define this similarly.
The cosine of the Kéhler angle of a rectifiable 2-current S = (5,6, ¢) is a us-measurable
function cos a : S — R such that for pus-almost all z € S with &, = e; Aeg, cosa = w(eq, e2).
Here, {e1, es} is any orthonormal basis of T,.S.

Similar to the smooth case, we can easily see that
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Proposition 3.1. Let (M?",@,.J,g) be a compact symplectic manifold with compatible al-
most complex structure Jyy. A current S € Ro(M) is complex if and only if sin « vanishes
as a measurable function, namely, sina(x) =0 for us-a.e. x € S.

Now can now give the following

Definition 3.2. Given a current S € Ry(M) in M, we say that the mass M has a critical
point p € H if for any p(t) € H with ¢(0) = p

d
—|i=0M(t) = 0.
Sli=oM(t) = 0

Definition 3.3. Given a current S € Ry(M) in M, we say that the mass M has a stable
point p € H if

d2
T3l M(t) > 0
for any o(t) € H, (0) = p.

As before, let (M?",&,, Jar, ,) be a compact symplectic manifold with compatible almost
complex structure Jy; and S = (S,6,&) be an integer p-current in M. We have shown
that, for w,(t) = w, + dd°p(t) with %—f]tzg = 1), the first variation formula is given by
(2.12). We already know that HP(SingS) = 0, and RegS can be expressed as disjoint
unions RegS = U32,S;, where each component S; (j > 1) is contained in an embedded
p-dimensional C'' submanifold of M. Our main result in this section is as follows:

Theorem 3.2. Let (M?", @, Jyr) be a compact symplectic manifold with compatible almost
complex structure Jyr and S € Ry(M) be an integer p-current in M with p < 2n. If the
mass has a critical point p € H, then any embedded C? component S; of Reg$ is complex.

Proof: By our assumption, for any x € S, there exists a ball Bs,(z) C M, such that
Bs,(z) NS = By (z) N S; is a C? submanifold of M, and d(y,S) = d(y, Bs.(z) N S;)
for y € Bay(x). Here, the distance is measured by the metric g,, and we will denote
d(y) = d(y,S). Then it is known that { = 3d* is a C? function in B.(z) for r small.
Taking a cutoff function ( € C§°(B2,(x)) on M, so that ( =1 in B,(z). Then ¢ = ({ is a
C? function on M with the property that: suppy C Ba.(z) and ¢ = £ = %dQ in B,(x). By
(2.15) and (2.12), we have

0 = 53 [ [T centened + (T ceNtmes e dus

(3.1) +53 [[(T6E Tauanes = (Tuat) i

Note that by the choice of £, we have £ = 0 and V& = 0 on Ba,(z)NS;. Furthermore, { = 0
outside By, (z). Therefore,

%hzoMp(t) = ;;/Sj |:<(§2£)(e@, ei) + C(vzg)(JMez, JMel)} dus.
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Recall that (Proposition 2.5 of [6]) for any x¢ € S;, Hess(£)(xo) represents the orthogonal
projection on the normal space to S; at xp. Namely, for each U,V € T,,; M and x¢ € S;, we
have

(3.2) (V) (U, V) (wo) = (U, V),

where T,y M = Ty, Sj ® NyyS; and UL is the projection of U onto N, S;. With ¢ chosen
as above, we have

d 1< 2
@|t=0Mp(t)) =3 ZZ;/S] ¢ ‘(JMei) ‘ dps.

In particular, by the definition of critical point, we have that (Jys)* =0 on B,(z) N S;. In
particular, Jys maps 1,S; onto itself. As x € S is arbitrary, by Definition 3.1, we see that
S, is complex. Q.E.D.

Remark 3.3. In the proof of Theorem 3.2, we see that we actually only need the mass to
have a critical point along some special directions at each reqular point. More precisely, at
each regular point, if the mass has a critical point in the direction % locally, then the tangent
space at this point is complex. When S is a closed C? embedded submanifold of M, we can
define the function d? globally in a neighborhood of ¥ in M. In this case, we only need

one special direction % , and Theorem 3.2 reduces to a higher dimensional generalization
of Theorem 1.1.

Let us now recall the following definition due to Harvey and Shiffman (Definition 1.7 of
[16]):

Definition 3.4. Let (M?",@,Jy,§) be a compact Kihler manifold. A current T is said
to be a holomorphic k-chain in M, if it can be written as a finite sum T = ) n;[Vj],

where each n; € Z and V = UVj is a pure p-dimensional subvariety of M with irreducible
components {V;}.

Roughly speaking, a holomorphic k-chain is a locally finite integral combination of complex
subvariaties. It is known that (Proposition 3.1 of [16]), a positive holomorphic current is
homologically area-minimizing, while a holomorphic k-chain is stable in the usual sense.
It is obvious that a holomorphic k-chain is a complex 2k-current. The main result of
Harvey-Shiffman (Theorem 2.1 of [16]) says that a complex 2k-current S with dS = 0 and
H?+1(suppS) = 0 is a holomorphic k-chain and later Alexander [1] removed the support
hypothesis.

Corollaries 1.3 and 1.4 follow then immediately (in the second case applying Almgren’s Big
Theorem) from our main result.

The case of a stable point can be easily handled thanks to

Proposition 3.4. If p € H is a stable point of the mass M, then it is also a critical point
of the mass M.

Proof: To this end, we consider special path in H, which is given by ¢(t) = p+ %n with
n € C*(M,R). In this case, we have ¢/(0) =1 = 0 and ¢”(0) = 7. By (2.13), we have

2 p
im0 = 3 2 [ [ e el s



A VARIATIONAL CHARACTERIZATION OF COMPLEX SUBMANIFOLDS 9

Suppose p € H is a stable point of the mass M, then by definition, j—;h:OMp(t) > 0 for
any ¢(t) € H, ¢(0) = p. In particular, for ¢1(t) = p + %n and pa(t) = p — %n, we have

1< .
52 [ ldan) e Je)] dus > 0
=1
and
1 p
53 [ se)dus =0
=1
In particular, we have
1< .
B Z/s [(dd“n)(ei, Je;)| dus =0
=1

for every n € C*°(M,R). By the first variation formula (2.12) and Definition 3.2, we see
that p is a critical point. Q.E.D.

Combining Proposition 3.4 and Theorem 3.2, we obtain:

Theorem 3.5. Let (M?", @, Jur, ) be a compact symplectic manifold with compatible almost
complez structure Jyr and S € Ry(M) be an integer p-current in M with p < 2n. If the
mass has a stable point p € H, then any embedded C* component S; of RegS is complez.

Remark 3.6. As in Remark 3.3, to obtain the conclusion of Theorem 3.5, we only need
to ask for the mass to have a stable point in the directions £ around each reqular point,
where 1 is defined in the proof of Theorem 8.2. 1 is essentially % locally.

Corollary 3.7. Let (M?",@,.Ju,g) be a compact symplectic manifold with compatible al-
most complex structure Jyr and S € R,(M) be an integer p-current in M with p < 2n.
Suppose the mass has a stable point p € H and that S is area-minimizing (MQ”,gp) in the
usual sense, then p = 2k and S is a holomorphic k-chain.

In particular, by Remark 3.3 and Remark 3.6, when X is a smooth manifold and F': ¥ — M
is an injective immersion, Theorem 3.2 and Theorem 3.5 generalize the first two theorems
of [6] to arbitrary dimension and codimension. Note that, by definition, an immersion
F : 3 — M is £Jp-holomorphic if and only if F'(S) is a complex current.

Corollary 3.8. Let (M?",@,.Jy) be a compact symplectic manifold with compatible almost
complex structure J and F : 3P — M be an injective immersion. Set d: M — R any
smooth extension from a tubular neighborhood of F(X) to M of the distance function from
F(X), i.e. d(Q) = dist(Q, F(X)) for Q sufficiently near F(X). If

d e d?
&’t:OA(w +t (5)) =0,

or
2

d? 9 e, d
for some p € H, then the immersion is +Jyr-holomorphic.

Remark 3.9. Comparing with Theorem 3.2 of [6] (with p = 2), we even do not need
the stable point to be compatible with respect to the almost complex structure Jy; here.
Moreover, for any immersion (without injectivity assumption), existence of critical points



10 CLAUDIO AREZZO, JUN SUN

or stable points is enough to guarantee that the immersion is +Jyr-holomorphic. In this
case we can not find one special direction as in the injective case.

Corollary 3.10. Let (M?",@,Jy,G) be a compact symplectic manifold with compatible
almost complex structure Jy; and F : XP — M>™ be an immersion with p < 2n. If p is odd,
then the area functional A does not have any critical point or stable point in H.

4. APPROXIMATION RESULTS

In order to understand the nature of the new stability previously introduced, we take any
holomorphic vector field V' on a Kéahler manifold M. Then V will generate a family of
holomorphic diffeomorphisms of M, denoted by ®;. We know that ®}@ = @ + /—190¢(t)
for a family of smooth functions ¢(¢) on M. Furthermore, as V is a holomorphic vector
field, we know that if we denote g(t) = ®;g, then (w(t),g(t),J) is a compatible triple for
each t. Note that the former (namely, g(t) = ®;g) is in the classical category, while the
latter is in our category. In particular, if the area functional is stable in our sense, then
the second variation of the area functional in the classical sense is nonnegative when the
variation is induced by ®;.

In fact, we can say more about this, relating the classical case to our case. If we denote ¢ =
¥, and ¢ = 7, then in our language, the second variation formula is given by (2.13), where
¥ and 7 are two independent functions. However, when () is induced by a holomorphic
vector field V' as above, we know that both v and n are determined by V. In fact, we have

V=100 = Lyw, +/—100n = Ly(Ly®) = Ly (v/—190v),

which shows that ¢ and 7 are not independent in this case. Actually, we can give more
precise relation between 1 and 7. By Moser’s trick, it is easy to see that, if we take

X(t) = —%Vﬂp(t) and ¥, the family of diffeomorphisms generated by X (t), then we have

Uiw(t) = w. Here, V' is the gradient taken with respect to the metric g(¢). In particular,
combining with the choice of w(t), we see that we have ¥; = ®&; 1. Tt is easy to see that

(4.1) V = —(@0.X(0) = 5(20).'6(1).

Then we have V = —X(0) = V. Using this fact and taking derivative with respect to ¢
on both side of (4.1), we can obtain

d =t.
(42) T oTet) =0,
Using the fact that g(¢)(U, V) = w(t)(U, JV), we can finally get that
(4.3) dn = —(V=100¢)(JV,-).

The point we want to explore now is that one should not restrict only to holomorphic vector
fields on M, but to the effect any holomorphic vector field of an ambient projective space.
In fact, in the projective case looking at the space of metrics in a given cohomology class
induced by an embedding into projective spaces of increasing dimension (the so-called
Bergman space By), thanks to Tian’s celebrated approximation result ([21])) we know we
can approximate any potential in H and moreover such approximation is sufficiently strong
that we can also approximate tangent directions and accelerations of curves in H with
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corresponding objects in the Bergman spaces (this boils down to the uniformity of the
Tian-Yau-Zelditch expansion as noted in [12], Proposition 6).

This immediately implies that our stability can be thought as the limit of the stability of
the volume functional of the triple (X C M C CP™*), i.e. when restricted to the Bergmann
space of degree k. This gives the following

Theorem 4.1. If for any k sufficiently big there exists a function py € By s.t. py is a stable
point for ]Wlsk and py converges to p is H, then p is a stable point for M.

It is then natural to ask whether the existence of a stable point of M| 5, for a given fixed k is

enough to guarantee our conclusion. That’s the problem we address in the next subsections
under various conditions (for p = 2).

4.1. Algebraic case (Lawson-Simons [17]). Let us now assume that the target manifold
is an algebraic manifold that embeds into some complex projective space CP? holomor-
phically and isometrically, namely that there is an embedding

L (M)Q7J7§) — (CPN,WFS,JFS,QFS),
which is holomorphic, such that

(4.4) Cwps =@, 'grs = g.

Denote by Hy and K the space of holomorphic vector fields and Killing vector fields on
CPY. Then it is well-known that Hy = Ky ® JKy. Given any W € JKy, it will generate
a one parameter family of diffeomorphisms ®; of CP™. It is known that there exists a
family of smooth functions ¢(t) on CP¥, such that &(t) = ®fwrs = wrs + dd°¢(t). Set
©(t) = ¢(t) o ¢, which is a family of smooth functions on M. Set ¢ = %\tzogo(t).

Definition 4.1. Given a current S € Ry(M) in M, we say that the mass M has a linearly
projectively stable point at p € H if &, is projectively induced and

d2
@h:oM(t) >0

for any @,(t) = 0, + tdd°p, where p(t) is defined with @ replaced by W, as above.

We can then give a new more geometric proof of the following result of [17] (in fact they
proved it without restrictions on p) :

Theorem 4.2. Let (M,w, J,g) be an algebraic manifold with all structures induced by the
projective space as above and S € Ro(M) be a current in M. If the mass has a linearly
projectively stable point, then the current S is a holomorphic 1-chain.

Proof: As J is compatible with any Kéhler metric in [w], without loss of generality, we
assume that p = 0 so that @, = . Recall that for @w(t) = @ + tdd“), the second variation
formula is given by (see (2.13))

d? 1 1
— |=oM(t) = —/D2d,u,3 — / D2dus > 0,
dt2 4 Jg 1 4 )g 2

where

Dy = sina|—(dd))(e1, eq) + (ddp)(e2, e3)], D2 = sina [(ddp)(e1, e3) + (ddp)(ea, eq)] .
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By the choice of 1, we can see that (see Section 4 of [6])
Dy(W) = —2sina |(Va V, &) + (Vo V,é1)] .

We know that cos « is well-defined and continuous on RegS. Now, we by our assumption,
we see that

Dy(W) =0, onM;, j>1.
Using Lemma 4.2 of [6], similar to the proof for smooth case, we see that we must have
sina = 0 on RegS. As H?(SingS) = 0, we have us(SingS) = 0. Therefore, we see that
sina = 0 ps-a.e. on S. By Proposition 3.1, we see that the current is complex. Then the
conclusion follows from Harvey-Shiffman-Alexander’s Theorem. Q.E.D.

4.2. Symplectic case with rational class. Let (M?", &, g, Jy) be a compact symplectic
manifold with symplectic form @, compatible almost complex structure Jjs and associated
Riemannian metric g, such that for any X, Y € TM,

(4.5) (X, Y) = &(X, JuY).

Since w defines a rational cohomology class, by a Theorem of Borthwick and Uribe (Theorem
1.1 of [7]), we known that there exists a sequence of embeddings

(4.6) vt M — (CP™, wpg, grs, Jrs),
such that, if we put

(4.7) W = LWFS, Gk = LIPS,
then for k > kg

1 &)
4.8 —Wp — W < —,
(4.8) Hk g ook
and

1 Cy
4.9 Zan — 0§ < 2=
(4.9) ’ pRLI e

for some constants C'y and Cs and large integer k.

Let § be an integer multiplicity p-current in M. Denote « and oy the Kéhler angle of RegS
in (M?",@,3,Jy) and (CPM wrg, grs, Jrs), respectively. More precisely, for z € Regs,
let {e1,ea} be an orthonormal basis of T, S with respect to the induced metric from g,
and {ejy, ez} be any orthonormal basis of T,.S with respect to the induced metric from
g = ngfvs, then

cosa(x) = w(er,e2)(x), cosay(x) = (e, ez ) ().

We can take

el ea — gr(ez, e1 ek
€Lk =T €2k = - .
le1lgy le2 = gr(e2; erk)erklg
By (4.8) and (4.9), we see that
(4.10) cosag(x) = cosa(x), sinag(x) — sina(x) for = € regs.

Set K, the space of Killing vector fields on CP"*. Given any holomorphic vector field
W € JrpsKy, let ®; be the one-parameter family of diffeomorphisms generated by W. Set
wi(t) = Pjwps = wps + dd$gp(t) for a family of smooth functions ¢(t) on CPV*,
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Note that %@k and @ are in the same cohomology class. Thus, there exists a smooth one
form ~; on M, such that w = %(Dk + dvi. We consider a family of projectively induced
symplectic forms on M given by

1, 1, .. 1_ 1, . _
w(t) = %Lkwk(t) = %%‘I)thS = 20, + d(%[’deSSO(t» = w+dpi(t),

where Bi(t) = 1¢5d%gp(t) — Yk is a family of smooth 1-forms on M.

Definition 4.2. Given a current S € Ry,(M) in M, we say that M has a compatible
linearly MP"-stable point at p € H if w, 1s compatible with J and
d2

@h:oM(t) >0

for any w(t) =w +tdBy,, where Bi(t) is defined with w replaced by w, in the above construc-
tion.

Similar to the proof of Theorem 5.1 in [6] and the proof of Theorem 4.2 above, we can show
that:

Theorem 4.3. Let (M?*", &, Jy,g) be a symplectic manifold as above and S € Ra(M) be
a current in M. There exists an integer K1, such that if the mass has a compatible linearly
MPF_stable point for some k > K1, then the current S is holomorphic 1-chain.

4.3. Kidhler case with possibly non rational Kéahler class. We now assume that
(M, J) is an algebraic manifold, that is, a submanifold of some complex projective space.
When [@] is a rational class and g is the metric induced by the Fubini-Study metric, we
showed in Sections 4.1 that, existence of linearly projectively stable point also implies
holomorphicity. In this subsection we allow [@| to be any real Kéhler class and g any J-
induced metric. Take any Kihler metric @ on M with [@] € H?(M,R) N H“' (M, C). Let
g be the Riemannian metric associated to @ and J.

As (M, J) is an algebraic manifold it is easy to see that there exists a sequence of Kéhler
forms 7,,, with [7,,] € H*(M, Q) N H(M, C), such that

(4.11) [|7m — @||c2 < em,

with €,, — 0 as m — oo. Here, the C? norm is taken with respect to the metric @. Since [7,,]
is rational, there exists, for every m € N, a holomorphic line bundle (L,,, hy,) — M carrying
a hermitian connection D,, of curvature gD?n = Tp. In particular, ¢i(L,,) = [T
For each positive integer k > 0, the hermitian metric h,, induces a hermitian metric hfn

on L. Choose an orthonormal basis {an,Ov e, Sk N, .} of the space HO(M, LE) of all

holomorphic global sections of LF . Here, the inner product on H°(M, L* ) is the natural
one induced by the Kihler metric 7, and the hermitian metric h*, on L. By Kodaira
embedding theorem, there exists an integer k,, o such that if £ > k,, o, then such a basis
induces a holomorphic embedding W, ;. of M into CPVmk given by

(4.12) Upp s M — CPYmk W, 0 (2) 1= [Sg(2) 1o 2 S v (2)]
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Let wpg be the standard Fubini-Study metric on CPYm#5. Then %‘Iffn Wrs is a Kahler

form on M which lies in the same Kéahler class as 7,,,. We call %\Ilfn sWrs the Bergman
metric. A famous Theorem proved by Tian ([21]) tells us that

C

< —.
o2~ Vk
Here the C? norm is taken with respect to the metric 7, and the constant C' depends on
Tm. Because of (4.11), we can assume that the constant is uniformly bounded with respect
to m. Although the Bergman metric %\I'fn wrs depends on the Kahler metric 7,,, the set
of Bergman metrics

(4.13)

’ E\Ij:n,kaS — Tm

(4.14) P = {;\Il:fn’ka*(wlns)a € Aut(CPva’“)} ,

is independent of the choice of 7,,, in [73,,] and P, := U2 P is dense in [1,] N Ka(M) in
the C2-topology induced by the one on A?M. Here, Ka(M) is the space of Kihler metrics
on M. It is known that P, ;. has finite dimension for each £ and m. Set

1
(4.15) Om = {W\P:n,k(m)a*(wzrs)b € Aut(CPNm,k(m))} 7

where k(m) > ky, 0 is a sequence of integers such that k(m) — oo as m — oc.

Define

By i={w} —{tm} + Qm = {w —Tm + Uy kom0 (wrs)lo € Aut(CPNm’k(m)}

1
k(m)
Then B, is a finitely dimensional submanifold of [@]. In particular, for any o(t) C
Aut(CPNmJ@(m)), there exists a smooth function ¢(t) on M, such that

1

(416) aj(t) I:@—Tm‘Fm

Uy kom0 (0) (wrs) = @ + 2V =109p(t) = @ + dd°p(t).

Definition 4.3. Given a current S € R,(M) in M, we call the mass M has an m-
linearly projectively stable point at p € H if there exists a smooth function p on M,
such that @, € Ka(M) and

d2

@h:oM(t) >0
for any w(t) = w + tdd°p, where p(t) is given with 0(0) = id and @ replaced by ©, in the
above construction.

Similar to the proof of Theorem 6.1 in [6] and the proof of Theorem 4.2 above, we can show
that:

Theorem 4.4. Let (M, J) be an algebraic manifold, & be any Kdhler metric and S € Ro(M)
be a current in M. Then there exists an integer K, such that if the mass has an m-linearly
projectively stable point at p € H for some m > K, then the current S is holomorphic
1-chain.



A VARIATIONAL CHARACTERIZATION OF COMPLEX SUBMANIFOLDS 15

5. F.-FUNCTIONAL

All we have seen up to now naturally induces to study a new type of functionals which
measure the deviation of a surface from a holomorphic curve. We will carry out this analysis
which resembles what Han-Li have done in [14] and [15] for a different type of functionals
defined on the space of symplectic surfaces in a 4-manifold.

Let M?" be a compact Kihler manifold with Kihler form @, complex structure .J, and
compatible Kahler metric g, such that for any U,V € T'M,

(5.1) gU,V)=w(U,JV).

Let ¥ be a compact real surface. Fix an immersion
F:%¥— (M,g).

We consider the functional

(52) Fo®) =5 |17

Notice that this precisely (up to a multiple) the functional associated to every embedded %
when computing the first derivative of the Mass in the direction of the distance squared.

Fix a point z € X, it is easy to see that we can choose a g-orthonormal frame {e1, e2, €3, -, eap }
of T, M, such that {e,ea} spans the tangent space of X, {es,--- ,ea,} spans the normal
space of X, and the complex structure takes the form
(5.3) J— ( (J1)axa O4x(2n—4) ) 7
O2n—ayxa  (J2)(2n—1)x (2n—1)

where

0 cosa  sina 0

—cos 0 0 —sin«

(5-4) Si=| sin « 0 0 cos « ’

0 sina —cosa 0

. 0 1 0 1 .

and Jy = diag 10 )l 21 o . From (5.3), we can easily see that

2n 2
(5.5) T2 =) (G(Jeiea))® = 2sin’ o

a=3 i=1
Therefore, actually we have
(5.6) Fo= / sin? adp.

b

For our later use, it natural and does not matter to add a constant in the integrand and we
will consider the functional

(5.7) Fe(X) = / (c+sin® a)du = /(c +1—cos?a)dy, ceR.
) b
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5.1. The first variation formula. In this subsection, we first compute the first variation
formula. Given a family of immersions

Fr % x (=6,8) — M.

At a fixe point © € X, let {z;} be the normal coordinate on ¥ around z. The induced metric
on Fy(X) is
OF; OF;
(1) = (=, =),
For simplicity, we denote %—i? by e;, gi;j(t) by gi; and F; by F. Suppose V = % lt=0 is the
variational vector field. Then it is easy to see that

a o —

(5.8) a1 lt=0 gij = <VeiV, ej> + {es, vejV>'
Since

—( 0 oOF

Wl 5.7, Oz
(5.9) cosa; = M’

V/det(giz)
we have

c+ 1) det(g;;) — @? 8—F,8l
(510) fC(Ft) :/ ( ) (g]) (am1 amz)dgjl /\dl’2
b V/det(gi;)

Denote

)
(5.11) [ _ (c+ 1) det(gij) _@2(%7%)‘

\/det(gij)

Then using (5.8), we can easily get
oI,

ot
Therefore, we have

(5.12)

lt=o= (c+ 1+ cos? a)(Ve, V,e;) —2cosa(@(Ve, V,e2) +w(e1, Ve, V).

(5.13)  FL(0) = /Z e+ 1+ cos? ) (Vo V, e5) — 2cos a(@(Ve, V, e) + G(er, Ve, V))]di.

In order to obtain Euler-Lagrangian equation for the functional )V, we suppose the varia-
tional vector field V is a normal vector field. Then we have by (5.13)

Fl0) = - /Z(c+ 1+ cos? ) (V,H)du — 2/Ecos a(@(Ve, V,e3) +@(er, Ve, V))dp

= — / (¢4 1+ cos® a)(V,H)du
b
—2/ cosa (e1[@(V, e2)] + ezw(er, V)] + @(V, Ve,e1 — Ve, €2)) dp
b

= - / (c+1+cos®a)(V,H)du + 2/ [w(V,e2)Ve, cosa + w(er, V)V, cos aldu
b b

(5.14) = /E(V7 2.J(Ve, cos ey — Ve, cosaes) — (¢4 1 + cos® a)H)dp.

Therefore, the Fuler-Lagrangian equation is given by
(5.15) (¢4 1+ cos? a)H + 2(J(V, cos aey — Ve, cosaer ) = 0.
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We call a surface satisfying (5.15) an F.-critical surface.
Using (5.3), we can easily obtain that ([14])
(5.16) (JV cosa)l = (V,, cosaey — V,, cos aey) cos a.

If we further assume that ¥ is simplectic, i.e., cosa > 0, then we see from (5.16) that (5.15)
is equivalent to

(5.17) cosa(c+ 1+ cos>a)H + 2(J(JV cos ) )+ = 0.

It is known that the minimal surface equation H = 0 is a weakly elliptic system, where
the kernel of the principle symbol arises from the diffeomorphisms of ¥. By computing
the principle symbol of the equation (5.15), we can obtain the following for the F,-critical
equation:

Proposition 5.1. The equation (5.15) is an elliptic system modulo the diffeomorphisms of
3 forc> 1.

We will present the proof of the proposition in the appendix.

5.2. Elliptic equation of Kahler angle on F.-critical surfaces. In this subsection, we
will compute the elliptic equation satisfied by cosa on a F,-critical surface. We assume
that M is a Kéhler surface, i.e., n = 2. Let’s first recall the following result proved in [14]:

Proposition 5.2. Let M be a Kdhler surface with Kdhler form w and let J be the complex
structure compatible with w on M. If ¥ is a surface which is smoothly immersed in M with
Kdahler angle o, then

Acosa = cosa(—|h3, — ha|? — |hip + h3el?)
(5.18) +sina(Hﬁ —I—H’?’Q) — Ric(Jey, e)sin® a,

where Ric is the Ricci curvature tensor of (M,g) and Hf = (VI H, v,).
The main result in this subsection is as follows:

Theorem 5.3. Suppose that M is a Kahler surface and % is an F.-critical surface in M
with Kahler angle . Then we have
2(c? +2c+3 4(c — 1) cos® a + 6 cos®
(3cos?a+c—DAcosa = — (¢® +2c+3)cosa+4(c—1)cos’ o+ 6cos a|va|2
c+ 1+ cos?a
(5.19) —sin?a(c+ 14 cos® a)Ric(Jey, ea).

In particular, if M is a Kahler-Finstein surface with scalar curvature R, then

2(c? +2c+3)cosa + 4(c — 1) cos® a + 6 cos® a

V 2
c+ 1+ cos?a Vel

(3cos*a+c—1)Acosa = —

R
(5.20) 7 sin a cos ac + 1 + cos? ).

Proof: Note that the we can choose local coordinate around the fix point p such that
at p, the complex structure J takes the form of (5.4). However, we can not assure that it
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is of this form in a neighborhood of p. Since we will take derivatives with respect to the
components of J, so around p, we assume that J takes the form

0 =z Y z

. —z 0 z =y

(5.21) J = Ly -z 0 = |

—z Y —T 0
where 22 4 y? + 22 = 1. By definition of the Kéhler angle, we know that

x =cosa =w(er,ex) = (Jep,es).

Note also that at the fixed point p, we have that y = sina and z = 0. Now we have around
p that

(J(Ve, cosaeg — Ve, cosaer))t = 0y cosa(Jex)t — dycosa(Jer)t
= —sinadia(zes — yeyq) + sinadsa(yes + zey)
= sina(ydea — z01a)es + sin a(ydia + z02c0)ey.
Combining this with (5.15), we finally get that

2sin 2sin
5.22 H3 = ————— _ (ybha — 20 HY= —— " _ (yd Osx).
(5-22) c+1—|—0052a(y 20 — 2010), c+1+cosQa(y 1+ 2050)
Furthermore,
dicosa = w(Veer,e)+w(er, Ve ea)

= hlfl(‘]eﬁ? e2) + hiy(Jex, eg)
(5.23) = (B + hi)y + (hiy — hi)z.
Similarly, we can get that,
(5.24) By cosa = (h3y + hia)y + (he — hiy)z.
In particular, at p, we have
(5.25) O = —(hiy + hiy), Oacr = —(h3y + hiy).
If we set V = Oyaes + O1aey, then by direct computation, we have at p

B3y, — ho* + iy + B3> = [HP +2|V]> +2H-V
4sin* o 4sin? o
= 22— ———— ) |Va|?
((c—i—l—l—cosZQ)QjL c—i—l—i—cosza)' ol

(5.26) _ 2(c? 4+ 1) +4(2¢ — 1) cos? a + 10 cos* o Vol

(c+ 14 cos? a)?
Furthermore, using (5.22), we have at p,
sin a(Hﬁ + H?’Q) = sina((Ve, H,e4) + (Ve,H, e3))
= sina(o1(HY) + H3(V,,e3,eq) + 02(H?) + H (V. e, e3))

. 2sin o
= —Sln« {81[Hl+cos2a(y51a + 2'820[)]
2sina
Oyl ——————(yOaax — 20
+ 2[c—i-1+(:0520z(y 2T 1a)]}

+sina(H3 (Ve es,e4) + HY(Ve,eq,e3))
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2sin a 2sin «
.9
= — O (—————0 Oy(————0
S a 1<c+1+c082a 1)+ 2(c—l—l—i-cosza 20)
2sin? « (D1001y + Doaday) 2sin? « (D00 D10ds2)
- (O« o - (OyaD1z — O1aDaz
c+1+cosla 1y T 200y c+14cos2a 200 1952
+sina(H3 (Ve e3,e4) + HY(Ve,eq,e3))
_ 2sin® o AOé_2(04—3)(}050(—2(c+4)cos?’oz+2(zos5oz|v042
¢+ 1+ cos? (c+ 1+ cos?a)?
2sin? « 2sin? «
(810&81?] + 820482y) — (8204612: — 810&822)

et 14cos2a c+1+cos?a
(5.27) +sina(H3(Ve, e3,eq) + HY(Ve,eq, e3)).
From y = (Jey, e3), we have at p,
0101y + Doadoy = O1a((JVe e1,e3) + (Jeq, Ve e3)) + Oaa((JV e, e1, e3) + (Je1, Ve, e3))
= 81a(h?1<JeB, e3) + (cos aes + sin aes, Ve, e3))
+82a(hf2<Jeg, es) + (cos aes + sinaes, Ve,es))
= —cosa(h], + hiy)01a — cosa(hy + hiy)doar
(5.28) = cosa|Val?.
Here, we have used (5.25). Similarly, from z = (Jey, e4), we have at p,
o012 — Ohadhz
(5.29) = (¢ = 1) cosar+ 3cos® a\Va|2 —sina((Ve,e3, e4)a + (Ve,eq, e3)010).
c+1+4cos?a Y 2
Putting (5.28) and (5.29) into (5.27) and using (5.22) yields

sina(Hf‘l + H32)

(5.30) _ 2sin? o Acosa + —4(c+ 1)cosa+4600530¢+4cos5a|va|2‘
c+1+cos?a (c+ 1+ cos?a)?
Then (5.19) follows from (5.26), (5.30) and Proposition 5.2. Q.E.D.

Applying the maximum principle to (5.20), we have

Corollary 5.4. Suppose that M is a Kdhler-FEinstein surface with positive scalar curvature.
Then any symplectic F.-critical surface with ¢ > 1 in M is a holomorphic curve.

By a standard computation as above and in [19], [14], we can obtain the second variation

formula:

Proposition 5.5. Let M be a Kdhler-Einstein surface with scalar curvature R. If we choose
X = z3e3 + x4eq and Y = —J, X = z4e3 — x3€4, then the second variation formula of the
functional F. on a F.-critical surface is

[L(X) + IL(Y) = —2(c+1) / | X2 1psadpt + 2(c + 1) / VX Pdp
> >

1 _
—2/(c—k1+COSQoz)|X|2Rsin2cmlu+/(2<:os204—1)](9X|2
) by
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2 cos? 3 cos? -1
(5.31) _2/ |X|2( cos® a + ¢)( cos2a—|—c )|Voz|2d,u.
) c+ 1+ cos®a

APPENDIX A

In this appendix, we will prove Proposition 5.1. Before we prove the proposition, we first
recall some basic facts on principle symbols.

Let X be a smooth manifold and suppose E is a smooth vector bundle over M. To a linear
differential operator P : I'(E) — T'(E) of order k, at every point x € M and for every
¢ € TyM one can associated an algebraic object, the principle symbol o¢(P;x), often
written simply by o¢(P). If, in local coordinate,

(A1) Pu= Z a(z)0%u,
|la|<k
where a, are dimE x dimFE matrices, then o¢(P;x) is the matrix
(A2) oe(Pia) = 3 an(w)e",
|a|=k
Here, ¥ = &1 -+ - €5

Definition A.1. A linear differential operator P : T'(E) — I'(E) is (strictly) elliptic if
there exists A > 0 such that

(A.3) {oe(P;2)v,v) > Mol

for all (x,&) € T*(M) and v € I'(E).

For a nonlinear differential operator P(z, 8’%), its linearization at u is the linear operator

(A.4) DP(u)v = %P(az, O*(u + tv))|s=o.

The nonlinear equation P(x,d%u) = 0 is elliptic at w, if its linearization at u is elliptic in
the sense of Definition A.1.

Now we can prove the following proposition:

Proposition A.1. The equation (5.15) is a weakly elliptic system for ¢ > 1. The kernel of
the principle symbol arises from the tangential directions of 3.

Proof: For simplicity, we suppose that 3 is a surface in C™. The general case is similar.
In local coordinate, we can express the surface as

F:% — C'=RY
(z1,22) — F(z1,22) = (Fl(zy,22), -, F?(x1, 29)).
We will use the following conventions:

1<i,j,--<2 3<afB,--<2n 1<AB, - <
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The tangent space of ¥ at a fixed point = € ¥ is spanned by {e1, ea} given by
oF  oFA oF  oFA

€y =
8.%1 8331 2 8:[:2 aIQ

where {Ej,---, Ey,} is the standard orthonormal basis of R?". Therefore, the induced
metric on X is given by

(A.5) €1 =

OFA 9FA

61’1' 8.1‘j '

We can take the coordinate so that at the fixed point = € 3, we have g;;(x) = d;;. We will
also take the standard complex structure J on C" given by

(A.6) 9ij = (€i,€j) =

0 -1
1 0
(A7) J=
0 -1
1 0
Then we have
FEor 1 =F
(A.8) JEa—1 2%
JEs, = Fop_1.

Furthermore, we choose any orthonormal basis {n4}2™ 5 of the normal space. Denote
(A.9) P = (c+ 14 cos? a)H + 2(J(V,, cos aey — V., cos aep)) .
We will compute the principle symbol of P.

First we consider the principal part of H. Note that by (A.6), we can easily see that the
Christoffel symbol of the induced metric is:

ko Lok 9gi . 9gjt _ 9gij | _ w 02°FP OFF
K 2 8$j ox; ox; 8:6,83:] oxy .

Therefore, we have

oF
H=AsF = ¢ (8371837] kjaxk>
( k,a?FB 8FBéﬂ7>
8371837] 89528:6] ox; Oxy,
g ((OPFY L OFAOFB 92FB
<8$ial’j 9 8xk 81’1 8:1:iaxj> A
The linearization of the operator at F' in the direction G is:

L (02GA OFAQFB 9°GB
A D(H)(F G — 4l Kl E .
(A.11) (H)(F) g (8%81‘]- g Oz Oxy 8ﬂzi32:j> A+ first order terms.

(A.10) =

Next, we will consider the second part of P. By definition,
@(61,62) _ <J€1,62>
Vdet(gi)  +/det(gij)

(A.12) cos o =
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By (A.5) and (A.7), we have:

(A13) <J€1,€2> =

n <8F2k—1 aFQk 8F2k 8F2k—1>

el E)xl 8:752 8:U1 8$2

Therefore, we have

n 8F2k71 aFQk 8F2k 8F2k71
Zkzl dx1 Oz Ox1 Oz

COS (x = )
det(gi;)
dcosa
8901
1 n 82F2k71 8F2k 8F2k71 82F2k 82F2k 8F2k71 8F2k 82F2k71
- det(gij) —1 ( 6:15% 0xo 0x1 0x10x9 B 8.%'% 0xo B 0x1 0x10x9 >
L Jer.eng O*rA oF%  OF4 92FA
——= €1, €
2 L e2/g al‘lal‘l al‘j &r, 81‘18117]' ’
and
dcosa
0xo

1 n 82F2k_1 6F2k N 8F2k_1 62F2k B a2F2k aFZk—l B aFQk 62F2k—1
det(gij) —1 0x10x2 Oxo 0x (‘)x% O0x10x9 Oxo ox1 ax%

L e e O?F4 oF4 N OFA 9?F4
g \ene2/g 0x90x; Ox; O0z; 0rq0x; ’

By our choice of the frame, at the fixed point x, we have

dcosa 0 cos «
(J(Ve, cosaeg — Ve, cosaey))t = . (Jeg)t — . (Jer)*
dcosa 0 cos «
(A.14) = Tom (Jea, o) Ne — D9 (Je1, )N

Notice that cosca, g;j, €; and n, only involve first order derivative of the immersion F.
Therefore, by (A.11) and (A.14), we know that the linearization of the operator P at F' in
the direction G' (computed at the point z) is:

i les OF4 oFP 9*GP
_ 2\ ij _ Kl
D(P)(F)G (c+14cos“a)g <8xi81:j g 9zr O axia%) A

n 82G2k_1 aFQk 8F2k—1 82G2kz 82G2k 8F2k—1 aFQk 82G2k—1
9 _ _
+ ‘ 1( ﬁx% 0x9 + 0xr1 0x10x9 8:1;% 0x9 O0xr1 0x10x2 )

—1<Je ea) g 0*G" OF" + ort 1 (Jea,nq)n
2 1 e219 a.%lal'z 8xj 8.% 6x18xj 2 T

n 82G2k—1 6F2k 8F2k—1 aQGQk 82G2k 3F2k_1 6F2k 62G2k—1
-9 — _
Z < 6m16:c2 8{[}2 + 8:131 8:::% 8:1318%’2 8:@ 6:51 8:3% >

k=1
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1 g
—§<J61,eg>g” (

(A.15)  + first order terms.

9?°GA oFA N OFA 92GA (Jernayn
a$26$i aiﬁj 83%- 8:628.7:]' b Po

We will denote GT and G the projection of G € R*" on the tangent bundle and normal
bundle of ¥, respectively. It is easy to see that

a aF OFA9rb
T2 _ K Gy _ grgagB
Then we see that the principle symbol of P is given by:
w OF* OF
(0(D(P)(@,6)G,G) = (c+1+cos®a)g¥ (&&IGF (%&@GAGB)
n 8F2k 8F2k_1

9 GQk—l _G2k J GJ_ 2
+ {;( 85[?2 8562 < €2, >§1

n 8F2k 6F2k—1
2k—1 2k 1y g2
+k§_1 <G A G A ) (Je1,G—)&

" OF2k OF2k—1
2k—1 2k 1
E:KG o -G o >(J62,G )

OF?k OF2k—1
(GQ’“ — G 53 )<Je1,GL>} 616

A A
G e G - Gt 6hag ) |

(A.16) +cos ag? G4 <

By (A.8), we have
(o(DP)(@,)G,G) = (c+1+cos’a)lef*|GH?
+2{ (= (Je2, GH)(Jes, G) = (Jer, e2)(Gen) (Jeo, GH)) F
+ (=(Jer, GH(Ter, G) + (Jer, e2)(G, ea) (Jer, GH)) €3
+ ((Jeg, GHY(Jer, G + (Jer, GH) (Jea, G)
(A.17) H(Jer, e2)(Gen) (Jer, GH) = (Jer, e2)(G,en) (Jeo, GH)) 1o }
Note that (Jer)T = (Jer,ez)es and (Jes)T = —(Jer, ez)er. Thus we have
(o(DP)(@,6)G,G) = (c+1+cos®a)lg*|GH?
=2 ((G*, Jea)’6] — 2GH, Jen)(GH, Jea)as + (G, Jer)?3)
= (e 1+ cos? )| GHP = 2G*, Jea)?) €
HA(GT, Je) (G, Jea) 61 &
(A.18) + ((e+ 1+ cos? ) |GH2 = 2(G, Jen)?) €3,
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The coeflicient matrix is given by

(A.19)
0— (c+ 1+ cos?a)|GH|? — 2(GT, Jey)? 2(Gt, Jel (G, Jes)
- 2(G*, Jer) (G, Jea) (c+1+cos?a)|GH|? —2(G+, Jey)? )
We have

detA = (c+1+cos2oz)|GL\2((c+1+0082a)|GL|2—2(<GL,J61>2+<GL,J62)2)>

(A20) > (c—1+cos?a)(c+1+cos®a)|GHh

From (A.19) and (A.20), we see that if ¢ > 1, then for any (£1,&) # (0,0) and G € R*",
we have

(o(D(P))(z,8)G, G) =0,

and the inequality is strict unless G- = 0, i.e., G is tangential to ¥. This finishes the proof
of the Proposition. Q.E.D.

1]
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