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Spiral Constellations for Phase Noise Channels
Alessandro Ugolini, Amina Piemontese, and Thomas Eriksson

Abstract—In this paper, we consider the design of spiral
constellations for channels affected by phase noise. The strength
of the proposed constellations resides both on the performance
and on the extreme simplicity of the design. The symbols
can in fact be expressed in analytical form, and are uniquely
defined through a single parameter that accounts for the phase
and thermal noise variances. The structure of the proposed
constellations allows to easily determine the points that are closest
to any point in the complex plane, therefore we also propose a low
complexity detector that is suitable for phase noise channels in
medium-high signal-to-noise ratio conditions. The performance of
the proposed constellations are assessed in terms of information
rate and error rate. Despite their simplicity, the new spiral
constellations have excellent performance, especially when the
constellation size grows large.

Index Terms—Phase noise; spiral constellations; constellation
design.

I. INTRODUCTION

High order constellations represent a possible answer to
the increasing demand for high datarate transmissions over
bandlimited channels. However, their sensitivity to channel
imperfections is a critical aspect. High order modulation
schemes are susceptible, for example, to phase noise (PN),
that can be considered one of the major impairments of
many communication links. In most wireless communication
systems, PN arises from local oscillator instabilities [1]. An
example is represented by the second generation digital video
broadcasting satellite (DVB-S2X) system [2], where inexpen-
sive low-noise block downconverters are employed in the
receiver outdoor unit, and introduce a strong PN. Another
example is the microwave backhaul link in mobile cellular
networks, where the PN introduced by the radio-frequency
oscillators used at the transmitter and the receiver has a high
impact on the performance [3]. Similarly, PN of the lasers at
the transmitter and receiver strongly degrades the performance
of long-haul optical coherent systems [4].

The problem of reaching near-coherent performance in the
presence of PN has been extensively studied in the past, con-
sidering both linear and continuous-phase modulations [5]–[7].
One solution consists of adopting advanced joint detection and
estimation techniques at the receiver side (e.g., see [8]–[14]
and references therein). Recently, algorithms for approximate
maximum likelihood detection for MIMO systems impaired
by PN have been proposed in [15] and [16].

To further improve the performance, a properly designed
constellation can be employed. The problem was addressed for

This paper was presented in part at the IEEE Wireless Communications
and Networking Conference, Marrakesh, Morocco, Apr. 2019.

A. Ugolini is with the Department of Engineering and Architecture, Univer-
sity of Parma, Italy (E-mail: alessandro.ugolini@unipr.it). A. Piemontese and
T. Eriksson are with the Department of Electrical Engineering, Chalmers Uni-
versity of Technology, Gothenburg, Sweden (E-mail: aminap@chalmers.se,
thomase@chalmers.se ).

example by Foschini et al. in [17] already in the early 70s.
In this work, an approximate maximum likelihood detector
was derived for a memoryless PN channel, and constellations
that optimize its symbol error probability were obtained.
More recently, in [18], constellation points are optimized by
maximizing the mutual information using a simulated anneal-
ing algorithm. In [19], the problem of finding the optimal
constellation for PN channel is investigated by considering
optimization formulations based on error rate and mutual
information. In [20], the performance of high order amplitude-
phase shift keying (APSK) constellations in PN channels are
compared to the conventional PSK and quadrature amplitude
modulation (QAM) constellations. Spiral constellations, called
spiral QAM, have been considered for PN channels in [21].

Although it has been well investigated in the past, the
problem of finding a good constellation robust to PN is
far from being solved. The main drawback of the design
approaches in the literature is the complexity, since they
require the optimization of several parameters and some of
them produce unstructured constellations that lack flexibility.

In this paper, we propose new spiral constellations for
PN channels, whose points are properly located along an
Archimedean spiral. The choice of this particular spiral is
motivated by its property of constant radial distance between
spiral laps. The proposed constellations have excellent per-
formance and are very simple to design. The constellation
symbols can in fact be expressed in analytical form, and are
uniquely defined through a single parameter, therefore they
are very versatile. Moreover, the structure of the proposed
constellation allows a very simple bit-to-symbol mapping,
inspired by the QAM mapping. The main difference with
respect to the work in [21] is that the design of the spirals
proposed in [21] is based on a more computationally intensive
process, and it does not allow for a closed form expression.

We also propose a low complexity detector based on a
novel closest point search strategy that exploits the regular
and simple shape of our spiral constellations. The proposed
detector allows to significantly reduce the complexity of the
receiver and has excellent performance in medium-high signal-
to-noise ratio conditions.

We demonstrate the effectiveness of the proposed new tech-
niques through a complete set of numerical results, taking into
account different scenarios and different performance metrics.
We show that the new spiral constellations allow to achieve
very high information rate (IR), and have superior performance
with respect to competing constellations. In particular, we
compare the proposed constellations with classical QAM and
APSK, and with the constellation scheme proposed in [21],
which is specifically designed for PN channels.

Interestingly, the new spiral constellations are shown to be
suitable for applications in practical coded systems adopting
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state-of-the-art channel codes, that is, they do not require a
redesign of the channel code.

The remainder of the paper is organized as follows. The
system model is introduced in Section II. The new constel-
lations are described in Section III, while the performance
metrics used to optimize them and to compare them with
state-of-the-art constellations are described in Section IV. A
low complexity detector is described in Section V. Section VI
presents and discusses numerical results and finally some
conclusions are drawn in Section VII.

II. SYSTEM MODEL

We consider the transmission of linearly modulated symbols
impaired by PN and additive white Gaussian noise (AWGN).
We assume Nyquist transmitted pulses, matched filtering, and
no intersymbol interference. We consider a modular receiver
architecture, where channel estimation is performed before
the symbol detection, and the discrete-time baseband received
signal is given by

yk = xke
jφk + wk , (1)

where xk is the transmitted symbol, φk is the PN sample,
representing the residual PN after the phase tracking and
compensation procedure, and wk is a complex AWGN term,
with variance σ2

w. For the PN, we assume that the samples
{φk} have a zero-mean Gaussian distribution with variance
σ2
φ, a reasonable assumption when PN has been tracked by

resorting, for example, to pilot symbols [19]. In general, the
residual PN samples may be correlated, however, in order to
simplify the analysis, we assume that an ideal estimator is
used that removes any correlation [15], [17], [19]. Therefore,
the residual PN sequence represents a memoryless phase noise
process [22]. The transmitted symbols are possibly obtained
from the encoding of a sequence of information symbols by
means of a code C. We assume that the symbol xk is drawn
from an M -point signal constellation {cm,m ∈ {1, . . . ,M}}
and that all the constellation points are transmitted with equal
probability 1/M . Our goal is to design constellations of order
M , whose points are placed along an Archimedean spiral.
The approach used to find good constellations is described in
Section IV and is based on the maximization of the achievable
and of the pragmatic IR.

III. SPIRAL CONSTELLATIONS DESIGN

In this section, we describe the proposed spiral constel-
lations. An Archimedean spiral is defined by the following
equation

s(t) = tejt . (2)

We propose to place the constellation points along the spiral,
according to the following rule,

cm = tme
jtm m = 1, . . . ,M , (3)

where M is the cardinality of the desired constellation and
t1 < t2 < . . . < tM . In the following, we describe how to
choose the parameters tm. We first consider the AWGN case,
then we describe the construction in the case of PN. We define
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Figure 1. Spiral constellation with M = 32 points.

as Dm the distance between two consecutive points on a spiral
expressed by (3):

Dm = |cm+1 − cm| . (4)

A. Spiral Constellations for the AWGN Channel

Since asymptotic performance on the AWGN channel de-
pends on the minimum distance of the adopted constella-
tion [23], a good way to place constellation points on a
spiral when the only impairment is AWGN is to choose the
points regularly along the spiral, so that the distance between
consecutive symbols is the same. With this aim, we formulate
the equation for the constellation points as explained by the
following theorem.

Theorem 1. If we place constellation points on the spiral
according to the equation tm =

√
2Dm, we will get a distance

between consecutive points that is approximately equal to D,
for all points. If we set D = 2π, the consecutive laps of the
spiral are at the same distance D as the points along the
spiral.

Proof: see Appendix A.
Fig. 1 shows with the solid line the Archimedean spiral (2),

and with the circles a spiral constellation with M = 32
points, built according to the design specified by Theorem 1.
In the figure, we have highlighted that the distance between
two consecutive points and that between two consecutive laps
are approximately the same and equal to D = 2π. The
constellation points are then normalized such that the resulting
constellation has unitary energy.

B. Spiral Constellations in Phase Noise

We extend the construction of a spiral constellation to take
into account the presence of PN. The proposed construction is
based on the observation that the PN affects more severely
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symbols with higher magnitude. To see this, let us start
from (1). For small φk, we can rewrite the observable yk as

yk ' xk + jφkxk + wk = xk + (jφk|xk|+ w′k) e
j∠xk (5)

= xk +R{w′k}ej∠xk︸ ︷︷ ︸
radial noise

+(φk|xk|+ I{w′k}) ej(∠xk+
π
2 )︸ ︷︷ ︸

angular noise

, (6)

where in (5) we have exploited the first order Taylor expansion
ejφk ' 1 + jφk, which is good if φk is small, and w′k is
statistically equivalent to wk. We can distinguish two different
noise components, a radial noise term, with variance σ2

w/2,
and an angular noise term, with variance

E
[
(φk|xk|+ I{w′k})

2
]
=
σ2
w

2
+ σ2

φ|xk|2 (7)

=
σ2
w

2

(
1 + |xk|2

2σ2
φ

σ2
w

)
=
σ2
w

2

(
1 + f |xk|2

)
, (8)

where we have defined f as the ratio between the PN variance
and the single-component AWGN variance. As we can see, the
angular noise variance increases with the magnitude of the
current symbol xk. For this reason, a good constellation for a
PN environment should increase the angular distance between
points for increasing magnitude. We propose to design the
spiral constellation in the presence of phase noise with the
aim of maintaining a constant distance between consecutive
laps, D = 2π, as derived in Theorem 1, and to increase
the distance between the consecutive points according to the
standard deviation of the angular noise term, which depends
on the magnitude of the symbol. Hence, we define the new
distance between consecutive points, on a spiral designed for
a phase noise channel, as

Dm ' D
√

1 + fs|cm|2 , (9)

where the parameter fs can be chosen according to the channel
conditions. One possible choice is to set fs = f . On the
other hand, we have observed that better results can be
achieved by a further tuning of this parameter by considering
a proper performance metric, as we will discuss in detail in
the following sections. We define the parameters tm, following
Theorem 1,r with an extension according to (9), as

tm =

√
4πm

√
1 + fst2m , (10)

which, solving for t2m, becomes

t2m =
(4πm)2fs

2
+

√
(4πm)4f2s

4
+ (4πm)2 . (11)

Finally, by replacing the expressions for tm in (3), we ob-
tain the final expression for the constellation points. Notice
that when fs = 0 the expressions for the points reduce to
those we obtained in Section III-A. The important aspect to
underline here is that the proposed constellations ensure a
very simple design, being dependent on a single parameter,
as opposed to other multilevel constellations usually adopted
in communication systems, such as APSKs, whose design
requires the optimization of multiple parameters, namely the
number of rings, the number of constellation points per ring,
the amplitude and phase rotation of each ring.

It is important to mention that the approximations adopted
in this section are based on the assumption of large m, so they
may not be totally accurate when m is small, that is, for the
innermost constellation points. In particular, the first points
of a spiral may not satisfy the property of constant distance
D between them. It is in principle possible to overcome this
problem by manually twealing the positions of the first points,
or by optimizing the starting value of m in eq. (3). We have
verified that manually changing the starting point does not
provide any information rate gain. This allows us to use eq. (3)
without incurring in performance penalties and to maintain a
simple and elegant expression for all constellation points.

IV. PERFORMANCE METRICS

In this section, we describe the figures of merit that we
will employ to evaluate the performance of the proposed
constellations, with the aim of finding both theoretical and
more practical results. Regarding the detection approach, we
consider the detectors suitable for a PN scenario described
in [24], based on different approximations of the received
signal. Moreover, we also consider the optimal detector for the
AWGN channel. These solutions are based on the principle
of mismatched detection [25], which assumes the use of a
properly selected auxiliary channel to approximate the real
channel under consideration. If an optimal detector is available
for the auxiliary channel, the results obtained represent a lower
bound on the performance of the real channel, achievable with
the considered detector.

A. Detection Strategies in the Presence of PN

Although an optimal detector for a channel affected by PN
is impractical [9], [24], different possible detection strategies
can be designed for a signal model defined as in (1), see
for example [24] and references therein. As a first possibility,
we can adopt a detector based on the low PN approximation
already exploited to design the spiral constellation in (5)–(8),
and proposed in [24]. However, we have verified that, for the
scenarios considered in this paper, this low PN detector is
outperformed by another detector, also proposed in [24], and
based on a different approximation of the received signal. In
the following, we report its derivation.

Let us start from the model (1). We can rewrite the ob-
servable yk using an approximation which assumes a high
signal-to-noise ratio (SNR) environment. The modulus of the
observable can be expressed as

|yk| =
∣∣xkejφk + wk

∣∣ (12)

=
∣∣|xk|ej∠xkejφk + w′ke

j∠xkejφk
∣∣ (13)

= ||xk|+ w′k| (14)

=

√
(|xk|+R{w′k})

2
+ I{w′k}

2 (15)

'|xk|+R{w′k} . (16)

The phase of the observable can be expressed as

∠yk =∠
(
xke

jφk + wk
)

(17)

=∠
(
|xk|ej∠xkejφk + w′ke

j∠xkejφk
)

(18)
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=∠xk + φk + ∠ (|xk|+ w′k) (19)

=∠xk + φk + tan−1
I{w′k}

|xk|+R{w′k}
(20)

'∠xk + φk +
I{w′k}
|xk|

+ `π . (21)

Eqs. (16) and (21) derive from a high SNR approximation.
We now define the following auxiliary variables to perform
detection:

uk =|yk| − |xk| (22)
vk =|xk|(∠yk − ∠xk)mod 2π , (23)

where |yk| and ∠yk are defined in (16) and (21), respectively,
and the operator (·)mod 2π represents a wrapping of the
phase in the interval (0, 2π]. Note that vk, as defined above,
represents the length of an arc of a circle corresponding to an
angle equal to (∠yk−∠xk)mod 2π and, hence, the pair (uk, vk)
represents a sufficient statistic for the detection of the observed
sample yk under the above mentioned high SNR assumption.

The likelihood function for the observation in the kth time
instant (given xk is transmitted) to be used for detection is a
Gaussian probability density function (PDF) in the variables
uk and vk, and can be expressed as [24]

fhsnr(uk, vk|xk) =
1

2π

√
σ2
w

2

(
σ2
w

2 + σ2
φ|xk|2

)
exp

−1

2

 u2k
σ2
w

2

+
v2k(

σ2
w

2 + σ2
φ|xk|2

)
 , (24)

and it represents the channel law we can use to design an
optimal detector for the channel expressed by (16) and (21).
The covariance matrix of the PDF (24) is

Ck =

[
σ2
w

2 0

0
σ2
w

2 + σ2
φ|xk|2

]
. (25)

From (25), we can clearly see how PN affects the received
sample only in the angular part, given by eq. (23), and that the
angular noise variance increases with the squared magnitude of
the transmitted symbol, |xk|2, while the variance of the radial
noise is unaffected by xk. We once again repeat that the detec-
tor based on the channel law (24) allows us to compute a lower
bound to the capacity of the channel (1), which is achievable
with this detection strategy. The approximations (16) and (21)
are adopted only at the detector, as an auxiliary channel law,
while the received sample yk is always generated according
to (1).

B. Reference Detector for the AWGN Channel

As a benchmark to compare the considered detection
scheme, we will use an optimal detector for the AWGN
channel, which is based on the following channel law

fawgn(yk|xk) =
1

πσ2
w

exp

{
−|yk − xk|

2

σ2
w

}
. (26)

Notice that (26) is designed for the AWGN channel, and hence
it does not take into account the presence of PN.

C. Figures of Merit

We use different figures of merit. The first performance met-
ric is the achievable IR [26], computed numerically through
the Monte Carlo technique described in [27]. According to
mismatched detection, this measure represents a lower bound
to the channel capacity, which is achievable with joint detec-
tion and decoding, computed without reference to any practical
coding scheme. If we define by x = {xk}K−1k=0 a sequence
of transmitted symbols, by y = {yk}K−1k=0 the corresponding
received samples, and by p(y|x) the PDF of the selected
auxiliary channel law, the lower bound on the achievable IR
can be computed numerically as

I(x;y) = lim
K→∞

1

K
E

[
log2

p(y|x)∑
x′ p(y|x′)P (x′)

]
, (27)

where the summation at the denominator is performed over the
M symbols of the constellations, and P (x′) is the probability
distribution of the transmitted symbols, in this paper equal to
1/M because the symbols are assumed to be equally likely.
Moreover, we will consider the channel to be memoryless,
hence (27) can be simplified by replacing the vector PDF
with its scalar version p(yk|xk), which is representative of
a symbol-by-symbol detector. In this work, invoking the
principle of mismatched detection [25], we set p(yk|xk) equal
to one of the described likelihood functions, fhsnr(yk|xk) or
fawgn(yk|xk), to obtain a lower bound on the IR, achievable
with the considered detectors. The parameter fs of the spiral
constellation can be chosen as the one providing the largest
IR. More details on the optimization of fs are reported in
Appendix B.

We also consider an alternative theoretical measure, given
by the pragmatic IR [28], [29]. This represents an upper bound
to the IR achieved by a practical modulation and coding format
(ModCod) following a pragmatic approach, that is, without
iterations between detector and decoder. The pragmatic IR
depends on the adopted bit-to-symbol mapping, which controls
how transmitted bits are mapped on the complex constella-
tion symbols. Therefore, we use this performance metric to
optimize the parameter fs given a particular bit-to-symbol
mapping. The usual approach for PSKs and QAMs is Gray
mapping, which ensures that adjacent constellation points
differ by only one bit. APSKs usually adopt a quasi-Gray
mapping, as they do not normally allow a fully Gray mapping.
See for example those proposed in the DVB-S2X standard [2].
When the constellation is not regular, a good mapping has
to be found through optimization as well, possibly jointly
with the constellation points [30]. In the case of the spiral
constellations proposed in this work, we observed that points
tend to form branches. When the number of branches is√
M , we propose to map the columns of symbols of QAM

modulations to the branches of the spiral. More generally, if
the number of branches is a power of 2, we can easily identify
a transformation of the QAM symbols to map them into the
branches of a spiral. In Fig. 2, we show an example of a spiral
with M = 256 points and fs = 0.00413. We can clearly see
how the points are arranged in 8 branches, each composed
of 32 points; in this case, it is easy to adapt two columns of
the 256 QAM mapping to each of the branches, in order to
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Figure 2. Spiral constellation with M = 256 points and fs = 0.00413.

achieve a mapping that is Gray along each branch and between
adjacent branches. We point out that spirals with a number of
branches equal to a power of 2 are not necessarily optimal
from an IR point of view. However, in order to avoid a complex
optimization involving also the bit-to-symbol mapping, when
we evaluate the pragmatic IR and the coded performance, we
adopt only spirals with a number of branches equal to a power
of 2. This further constraint is unnecessary, and not imposed,
when using other performance metrics, like the achievable IR.

We will compare these theoretical bounds with a more prac-
tical measure, given by the IR achieved by real coded schemes.
To this purpose, we will evaluate by computer simulation the
packet error rate of coded transmissions based on one of the
low-density parity-check (LDPC) codes defined by the DVB-
S2X standard [2], which have excellent performance on the
AWGN channel. In this case, we will use the parameter fs
optimized through the pragmatic IR.

As a last figure of merit, we also analyze the uncoded
symbol error rate (SER) performance of the proposed so-
lutions. While using long capacity-achieving codes (such as
LDPC or turbo codes) is the solution for spectrally efficient
communication systems, there are still reasons that make
uncoded performance significant. In fact, for example, many
receiver algorithms, such as clock recovery and equalization,
work directly on the channel outputs. Moreover, in packet-
oriented transmissions, the data is usually preceded by a fixed
preamble marking the beginning of the packet and including
information on the packet itself. This preamble cannot be
coded, since the received stream cannot be decoded unless
it is first partitioned into blocks. Another motivation is that in
systems with extreme low-latency requirements, coding is not
a feasible option.

V. CLOSEST POINTS SEARCH

In this section, we propose a low complexity detection
approach that can be easily applied to the described spiral
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Figure 3. Example of reduced complexity detection on a spiral with M = 64
points and fs = 0.

constellations. Let us assume that the observed sample is yk,
depicted with the square in the example reported in Fig. 3,
which reports M = 64 points on a spiral in the form (2). Let
us consider the equation for the constellation points (3). As we
show below, it is now easy to find the two closest points on the
spiral, highlighted with the circles in the figure. Our hypothesis
is that one of these four points is also the maximum likelihood
optimal point, which we validate numerically in Section VI-D.

We first notice that the closest point on a spiral s(t) defined
as in (2) must have the same phase value as yk. Hence, the
value of this point will be for t = ∠yk + n2π, where n is
unknown. In this point, the spiral has a magnitude of |s(t)| =
∠yk + n2π.

We can now find the point on the spiral lap inside yk, as
|yk| ≥ ∠yk + n2π, which gives us

n =

⌊
|yk| − ∠yk

2π

⌋
and tin = ∠yk+2π

⌊
|yk| − ∠yk

2π

⌋
. (28)

It is easy to repeat this approach to find the closest point on
the spiral lap outside yk, getting tout = tin + 2π. Given these
points on the spiral, we now want to find the constellation
symbols near them. First, we solve the spiral (10) for m, to
obtain

m =
t2m

4π
√
1 + fst2m

. (29)

Replacing the values of tin and tout in (29), we can find the
indexes of the closest constellation points, on the inner and
outer laps, as

min =

⌊
t2in

4π
√
1 + fst2in

⌉
(30)

mout =

⌊
t2out

4π
√
1 + fst2out

⌉
, (31)

where the operator bae computes the closest integer to a. This
entire procedure is reported in Fig. 4, a magnified version
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Figure 4. Points of the spiral closest to the observable.

of Fig. 3. We can then run a reduced complexity version
of the detection algorithm, by evaluating the metrics (24)
or (26) only on the identified two points of the constellation.
This leads, particularly for high-order constellations, to a
considerable complexity reduction. It is important to underline
that the search of the closest points is made simple by the
mathematical formulation of the constellation. In other cases,
like APSK constellations from the DVB-S2X standard [2]
or those obtained by means of more complex optimization
strategies, this mathematical formulation is not available, and
the closest points cannot be computed in a straightforward
way. We also point out that the proposed closest point search
approach is derived based only on the geometry of the spiral
constellation, and it can be applied with any detection scheme.

VI. NUMERICAL RESULTS

In this section, we present a set of numerical results and
simulations regarding the application of spiral constellations
in the considered PN environment. As a means of compari-
son, we use the most commonly used multilevel modulation
formats, namely QAM and APSK. For APSK, we adopt
the ones proposed by the DVB-S2X standard [2], and the
ones described in [31], which are designed to satisfy a Gray
mapping. Using the same notation as in [31], a (m1,m2)
Gray APSK constellation is composed of 2m2 rings, each
containing 2m1 equally spaced points; in this paper, we adopt
the options, among those listed in [31], which ensure the
best performance in presence of PN, namely the (4, 2) 64
Gray APSK and the (4, 4) 256 Gray APSK. We also analyze
the spiral QAM constellations proposed in [21], specifically
designed for PN channels. We consider, as an application
example, constellations with M = 64 and M = 256 points.
This choice is dictated by the fact that multilevel constellations
with medium-large sizes are one of the key solutions to
deliver high transmission rates, a topic of great importance in
present and future communication scenarios. It is also worth

mentioning that PN is much more critical when the SNR is
higher, that is, when multilevel constellations with large sizes
are adopted by common communication standards. The whole
analysis proposed in this paper can be easily applied to any
constellation size. Indeed, we have performed the same kind of
analysis for constellations with M = 16 points. For the sake
of clarity, the results are not reported in the paper, but we will
briefly comment on the performace in the next subsections.

All performance curves in this section are reported as a
function of the ratio between the average energy per symbol
and the thermal noise variance, Es/N0. We recall that, for the
spiral constellations, an optimization is performed to select
the best value of the parameter fs for each Es/N0 value. This
choice is justified by the fact that, in common adaptive coding
and modulation (ACM) schemes, the modulation and coding
formats are changed according to the channel conditions.

A. Achievable Information Rate

First of all, we want to assess the performance of spiral
constellations on the AWGN channel, that is, when the ob-
servable is modeled as in (1), with σ2

φ = 0. Fig. 5 shows
the achievable IR comparison in this case, for M = 64
(Fig. 5 (a)) and M = 256 (Fig. 5 (b)). We can notice that
the spiral designed with fs = 0 is essentially equivalent to
QAM. On the other hand, an optimization of fs can ensure
theoretical gains up to almost 1 dB with respect to QAM
constellations. The DVB-S2X APSKs show performance at the
same level as the optimized spiral, except for small losses in
the high SNR region, while Gray APSKs exhibit larger losses.
Spiral QAMs exhibit performance comparable with the spiral
with fs = 0. The same can be observed for constellations
with M = 16 points. This first analysis tells us that a
properly designed spiral can achieve, on the AWGN channel,
a theoretical performance that is slightly better than that of
other commonly adopted constellations.

We then consider the channel affected by PN. We use
two values of PN variance, one relatively low, σ2

φ = 0.01,
representative of a well tracked PN, and one 10 times higher,
σ2
φ = 0.1, corresponding to a poor tracking performance. The

results, in terms of achievable IR, are reported in Fig. 6.
Let us first consider the σ2

φ = 0.01 case. We first notice
that the detector for AWGN, unsurprisingly, exhibits very
poor performance if associated with QAMs and APSKs, and
also with spiral QAMs. In these curves, we can observe an
effect that commonly arises when resorting to the mismatched
detection framework. We can see that the curves decrease
when the SNR increases. At medium-high SNR, PN tends to
become the main impairment of the channel, while the adopted
detector is designed for a completely different auxiliary chan-
nel model, the AWGN channel. Hence, in these regions, this
detector is unable to work properly, since it does not represent
a good approximation of the actual channel. Replacing the
constellation with a suitable spiral, without changes at the
receiver side, is sufficient to ensure a maximum achievable
IR significantly higher than that achievable with the other
constellations. The reference detector is clearly outperformed
by the use of the alternative detection scheme, specifically
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Figure 5. Achievable IR on the AWGN channel for constellations with 64
and 256 points.

designed for a PN environment. By comparing the different
constellation types, we see that spirals ensure significant gains
over QAMs, and that the gaps increase with the SNR. For
example, at 7 bit/ch. use (with M = 256), the gains are in the
order of 3 dB. APSKs outperform QAMs in most SNR regions,
but are generally inferior to spirals, with the exception of the
256 Gray APSK, which is comparable with the spiral almost
everywhere. Spiral QAMs have performance similar to square
QAMs. The curves tend to coincide around 10 dB, but it is
worth to mention that an ACM scheme would probably adopt a
lower constellation size in that SNR range, so the performance
of higher order constellations is less relevant.

If we analyze the σ2
φ = 0.1 case, instead, we see that

spirals ensure much larger gains with respect to the other
constellations. Also in this case, the best alternative is 256
Gray APSK, which, however, suffers large losses at high SNR.
In this case we report only the curves obtained with the PN
detector, since the AWGN detector is unable to work with this
PN value.

We can also notice that most constellations are not robust
enough to ensure that their achievable IR can reach the
maximum theoretical value of log2(M), even when the PN
is relatively low. Instead, we show that a suitably designed

constellation, like a spiral, can achieve log2(M) bit/ch. use
even in stronger PN conditions. If we consider constellations
with M = 16 points, it is possible to show that, also in
this case, a properly designed spiral can outperform other
constellation types in all PN conditions. However, as could be
easily foreseen, the possible gains are smaller, since 16-points
constellations operate at lower SNR, where AWGN may be a
more critical impairment than PN.

Finally, if we compare the results in Fig. 6 with the
corresponding curves for the AWGN channel reported in
Fig. 5, we see that the difference is significant, and the gaps
increase with the SNR. This is not surprising as, when the
SNR increases, PN becomes the main impairment of the
channel. However, we can notice that spiral constellations are
the solution which offers the best performance in terms of
achievable IR in all channel conditions. These results show
that the spiral QAM constellations proposed in [21] exhibit
significant losses with respect to our proposed spirals in all
PN conditions. This is mainly due to the lack of flexibility of
their construction process, which does not allow an optimized
design based on the PN conditions of the channel. Moreover,
their design process does not allow for a simple mathematical
formulation and, instead, relies on a more computationally
intensive procedure. For these reasons, we will not consider
them further.

B. Pragmatic Information Rate

Fig. 7 reports the pragmatic IR curves for the same cases
as in Fig. 6, adopting only the detector for PN. For σ2

φ =
0.01, we can notice that in the medium-low SNR range Gray
APSKs provide the best performance, outperforming spirals
and QAMs of at most 1 dB for M = 64 and 2 dB for M =
256. Also in this case, spirals outperform all alternatives at
high SNR, for M = 64, and are comparable to the 256 Gray
APSK. The loss of the spiral constellations is probably due to
the suboptimality of the adopted bit-to-symbol mapping, and
could be recovered with a more complex mapping obtained
through optimization. For σ2

φ = 0.1, spirals show extremely
large gains starting from lower SNR values, so they certainly
represent the desirable solution.

C. Coded Performance

In order to confirm these theoretical results, we have se-
lected one of the LDPC codes from the DVB-S2X standard [2],
with codeword size 64800 bits and rate r = 5/6. The results
are reported in Table I, where the achieved IR (3rd column) is
computed as r log2M , and it represents the number of bits that
can be effectively transferred in a single use of the channel.
The SNR column of the table contains the value of Es/N0

needed to achieve a bit error rate (BER) of 10−6. When this
value is ∞, it means that the ModCod does not converge and
that the BER never reaches low values. The table also reports
the gaps of each ModCod from the corresponding achievable
and pragmatic IR, and the peak to average power ratio (PAPR)
of each constellation, which is another crucial measurement
for wireless communications, where high power amplifiers are
used. The values of fs for the spiral constellations are those
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Figure 6. Achievable IR on the channels affected by PN, for constellations with 64 and 256 points.

selected by means of the technique described in Section IV.
By analyzing the table, we see that the results are perfectly
in line with what foreseen by the pragmatic IR. In particular,
if we look at the σ2

φ = 0.01 case, we see that the 64 Gray
APSK exhibits a 0.4 dB gain over the spiral, with a comparable
PAPR, and that both QAM and DVB-S2X APSK have a lower
PAPR and slightly worse performance, comparable to that of
the spiral. For M = 256, instead, the Gray APSK shows
a 0.9 dB performance gain with respect to the spiral, with
a 0.65 dB higher PAPR. Both the QAM and the DVB-S2X
APSK show poor convergence in this case. In the σ2

φ = 0.1,
on the other hand, spiral constellations are the only solution
which is able to converge, for both M = 64 and M = 256,
and that the gaps from the corresponding pragmatic IR are
not excessive, despite the fact that the adopted code has been
specifically optimized for the AWGN channel. Notice that the
constellation reported in Fig. 2 is used in this case.

D. Uncoded Symbol Error Rate

Finally, we assess the performance in case of uncoded trans-
mission. In Fig. 8, we report the uncoded SER performance
for constellations with 256 points. Similar results have been
obtained for M = 64, not reported here due to the lack

of space. The first thing we notice is the poor performance
of APSKs even on the AWGN channel (σ2

φ = 0), where
QAM and spiral are almost equivalent. When PN affects the
channel,1 APSKs and QAM do not converge. Instead, the
spiral constellation offers satisfactory performance. Regarding
the selection of the parameter fs, the values optimizing the
pragmatic IR are the same which are also optimal for the SER.
The optimized values for the achievable IR, instead, coincide
with the other two cases only at high SNR, while they tend
to be lower for low SNR values.

Fig. 9 shows the same uncoded SER results for spiral
constellations, but it includes also the reduced complexity
strategy proposed in Section V. For these results, we operate
the detector on the two closest points, as reported in Fig. 4,
achieving a complexity reduction of a factor M/2 = 128, for
a 256 points constellation. We see that the detector running on
the two closest points achieves exactly the same performance
as the detector evaluating the value of the metric (24) on all
the constellation points, in both PN scenarios. This shows
that 2 points are sufficient to achieve optimal performance

1In presence of PN, the detector for AWGN does not converge at all, for
any constellation. For this reason, the corresponding curves are not reported
in the figures.
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Figure 7. Pragmatic IR on the channels affected by PN, for constellations with 64 and 256 points.

Table I
CODED PERFORMANCE.

σ2
φ = 0.01 σ2

φ = 0.1

M PAPR IR SNR Gap from Gap from fs SNR Gap from Gap from fs
[dB] [dB] A. IR [dB] P. IR [dB] (spirals) [dB] A. IR [dB] P. IR [dB] (spirals)

QAM
64 5.02 5.00 19.72 1.86 1.69 - ∞ - - -
256 5.07 6.67 32.39 6.65 3.88 - ∞ - - -

DVB-S2X APSK
64 5.15 5.00 19.63 2.06 1.88 - ∞ - - -
256 5.21 6.67 ∞ - - - ∞ - - -

Gray APSK
64 5.48 5.00 19.34 1.95 1.87 - ∞ - - -
256 6.12 6.67 25.94 2.12 2.02 - ∞ - - -

Spiral
64 5.45 5.00 19.72 2.66 1.37 0.00413 24.87 2.76 1.66 0.01830
256 5.47 6.67 26.84 2.93 1.70 0.00112 34.98 3.57 2.93 0.00413
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Figure 8. Uncoded SER for constellations with M = 256 points.

in this scenario. It is worth mentioning that the closest point
search can be beneficial also to reduce the complexity of coded
performance. However, LDPC codes are powerful channel
coding schemes, which achieve quasi-error-free performance
at much lower SNR values with respect to uncoded transmis-
sion (compare, for example, the SNR values in Table I with
the curves in Fig. 8). For this reason, limiting the search to
only the two closest points is not a feasible solution, as the
additive noise level is too high to be reasonably certain to
find the correct point close to the received sample. Increasing
the size of the constellation subset, instead, can ensure very
good performance, although with a more limited complexity
reduction with respect to the uncoded case.

VII. CONCLUSIONS

We have proposed new spiral constellations, specifically
designed for phase noise channels. The points of the new
constellations are described by an elegant analytical form, that
allows an extremely simple design. In terms of performance,
they outperform other competing constellations for a large
range of SNR, especially in harsh phase noise conditions.
Moreover, we have shown that they allow to achieve high
information rate, close to 8 bits per channel use, and they are
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Figure 9. Uncoded SER for spiral constellations with M = 256 points and
the reduced complexity detector.

suitable for application in practical coded systems adopting
state-of-the-art channel codes, without the need for a redesign
of the code.

APPENDIX A
PROOF OF THEOREM 1

Proof: We can compute the distance Dm in (4) as

Dm =
∣∣tm+1e

jtm+1 − tmejtm
∣∣ (32)

=
∣∣tmejtm ∣∣ ∣∣∣∣ tm+1

tm
ej(tm+1−tm) − 1

∣∣∣∣ (33)

=
√
2Dm

∣∣∣∣∣
√
1 +

1

m
e
j
(√

2D(m+1)−
√
2Dm

)
− 1

∣∣∣∣∣ (34)

'
√
2Dm

∣∣∣∣ (1 + 1

2m

)
·[

1 + j
(√

2D(m+ 1)−
√
2Dm

)]
− 1

∣∣∣∣ (35)

=
√
2Dm

∣∣∣∣j (1 + 1

2m

)
·(√
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√
2Dm

)
+

1

2m
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= 2Dm

∣∣∣∣∣j
(√

1 +
1

m
− 1

)(
1 +

1

2m

)
+

1

2m
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' 2Dm
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1

2m
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+

1
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2Dm

∣∣∣∣ (38)

= D

∣∣∣∣j + j

2m
+

1√
2Dm

∣∣∣∣ ' D , (39)

where (34) is computed by replacing the expression for the
constellation points, tm =

√
2Dm, (35) is obtained expressing

the square root and the exponential through a Taylor series,
(38) is also computed by means of a Taylor series expansion of
the square root, and (39) derives from the assumption of a large
value of m. In general, all the involved approximations are
accurate if m is sufficiently large and the difference tm+1−tm
is sufficiently small, which again happens if m is sufficiently
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large. Now, we also want the laps of the spiral (perpendicular
to the spiral) to be at the same distance D as the distances
along the spiral. So, if we move a full lap, the magnitude
should be increased by D, according to the following equation,∣∣∣(t+ 2π)ej(t+2π)

∣∣∣ = ∣∣tejt∣∣+D , (40)

from which D = 2π follows. For small values of m, the
distances between points deviate slightly from the desired
constant 2π. It is easy to verify that, if m ≥ 9, the error on the
distance due to the adopted approximation is below 1%, and it
quickly decreases as m becomes larger. The final expression
for placing the points is then tm =

√
4πm. This definition

approximately leads to constant distances 2π between consec-
utive points along the spiral and between consecutive laps of
the spiral.

APPENDIX B
OPTIMIZATION OF fs

Formally, we select the optimal value of fs as

f∗s = argmax
fs

I(fs) , (41)

where I is the bound on the achievable IR, computed as
in (27), in which we have explicitly shown the dependence
on the adopted constellation, defined by the parameter fs. In
order to narrow down the search domain for fs, we observe
that it is convenient to place the points on consecutive laps
of the spiral in such a way that points on the two laps are
not aligned in phase with each other; this ensures a larger
distance between the points, and it is more critical for the
outermost laps of the spiral, where more points are placed.
We start from (11), which defines how the points are placed
along the spiral. For the most external lap of the spiral, indexed
by the largest values of m, (11) can be approximated as

t2m ' (4πm)2fs , (42)

from which
tm ' 4πm

√
fs . (43)

We define by Mout the number of points on the outermost lap
of the spiral. From (3), the last point of the spiral is

cM = tMe
jtM . (44)

According to our previous observation, we impose the phase
of the last point to be approximately half way between those
of the two nearest point on the inner lap, cM−Mout

and
cM−Mout−1, so the phase of cM can be computed as

∠cM =
1

2
(∠cM−Mout

+ ∠cM−Mout−1) + 2`π (45)

where the term +2`π takes into account the inherent period-
icity of the phases. From (43), we have that

∠cM = tM ' 4πM
√
fs (46)

∠cM−Mout
= tM−Mout

' tM − 4πMout

√
fs (47)

∠cM−Mout−1 = tM−Mout−1 ' tM − 4πMout

√
fs − 4π

√
fs .

(48)

By replacing (46)–(48) in (45) and setting ` = 1, we get

tm = 2π + tm − 4πMout

√
fs − 2π

√
fs , (49)

from which we obtain

fs =
1

(2Mout + 1)2
. (50)

Eq. (50) gives us a set of possible values of fs, which depend
on the number of points on the outermost lap of the spiral.
For example, for Mout ∈ [8, 15], we obtain that good values
of fs belong to the set

[3.46 2.77 2.27 1.89 1.60 1.37 1.19 1.04]×10−3 . (51)

The maximization in (41) is then performed on this set of
values of fs, and a fine search is subsequently carried out
around the value of fs which ensures the maximum IR.
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