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THE CAUCHY-DIRICHLET PROBLEM
FOR A GENERAL CLASS OF PARABOLIC EQUATIONS

PAOLO BARONI AND CASIMIR LINDFORS

ABSTRACT. We prove regularity results such as interior Lipschitz regularity and boundary
continuity for the Cauchy-Dirichlet problem associated to a class of parabolic equations
inspired by the evolutionary p-Laplacian, but extending it at a wide scale. We employ a
regularization technique of viscosity-type that we find interesting in itself.

1. INTRODUCTION

The aim of this paper is the study of the behaviour of solutions to a wide class of
nonlinear parabolic equations modeled after

D

u; — div (9(|D“|)Du) =0 in  Qp:=0Qx(0,7T)CR"xR, (1.1)
u

n > 2, where Q is a bounded domain with C*# boundary and g : R, — R, is a C*

function satisfying

sg'(s)
g(s)
with 1 < gg < g1 < oo. Notice that we can assume gy < g; without loss of generality.
Indeed, if Og4(s) is constant, say O,4(s) = p—1 for some p > 1, a simple integration shows
that g(s) = sP~! up to a constant factor, and therefore in this case (1.1) gives back the
evolutionary p-Laplacian widely studied in particular by DiBenedetto, see the monograph
[14]. This reveals that (1.1) is a natural generalization of the p-Laplacian, and in effect
this class of growth conditions was mathematically introduced exactly in these terms by
Lieberman in [28], even if this kind of condition appears earlier in the applications, see the
forthcoming lines.
We stress that quite a comprehensive study of non-negative solutions to the equation

go— 1< 0y(s) := <g1—1 for every s > 0 (1.2)

uy — div [¢'(w)Du] =0 (1.3)
where the function ¢ : [0, 00) — [0, 00) satisfies
/
1
0<a<O4(s) = S:DO(S) < - for s > 0; 14+a<0,(s) fors>sy (1.4)

for some a € (0,1) and some sy > 0 has been provided by Dahlberg and Kenig [10, 11];
see also the books [12, 35]. Clearly, while (1.3) is a generalization of the porous medium
equation that happens when o (u) = u™, m > 0, in the same spirit (1.1) can be seen as a
generalization of the p-Laplacian.

As in (1.4), we shall also consider a more stringent growth assumption for g for large
values of its argument. In addition to (1.2), we shall assume that there exist constants
ce, € > 0 such that

g(s) > clgs%“ for any s > 1. (1.5)

Date: September 2, 2015.
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Note that in the p-Laplacian case (1.5) reads precisely as p > 2n/(n + 2), a completely
natural assumption in the theory of the evolutionary p-Laplacian operator, see [14, 25, 1].
Note moreover that (1.5) is implied by assuming go > 2n/(n + 2), see Paragraph 2.2.

The regularity for the elliptic and variational counterpart of (1.1) is quite well under-
stood, see for instance [28, 3, 9, 16] for the first argument and [17, 20, 7, 8] for the second,
just to cite some indicative references. In the parabolic setting, however, very few re-
sults are available, and some of them only in particular cases: to our knowledge, only
[22, 23, 29, 30], all by Lieberman and Hwang, and the recent [5].

The difficulty, in particular in finding zero-order results, stems from several facts, the
main one perhaps being that the equation has very different behaviour, already in the p-
Laplacian case, in the degenerate (p > 2) and singular (p < 2) cases. In the degenerate case
phenomena such as expansion of positivity occur, see [15, 26], and the diffusion dominates
[13]. On the other hand, in the singular case the evolutionary character dominates [6] and
extinction of positive solutions in finite time could happen, see [14]. In our general setting
the degenerate case occurs when s — ¢(s)/s is increasing, and when it is decreasing we
have the singular case. However, it might also happen that s — ¢(s)/s has no monotonicity
whatsoever, making the handling of the equation all the more difficult. The comprehension
of the interaction of these different phenomena is the key for a better understanding of the
behaviour of local solutions to (1.1), and in this paper we hope to start to clarify this
difficult point, which will be the object of future investigations.

The class of differential operators we study, besides being quite a general extension of
a well-known operator, finds important applications in the applied sciences, also in view
of the following observation. Take the convex primitive G of ¢ and consider the general
minimization problem

u € ug+ Wyt (Q) = / G(|Dul) dz; (1.6)
Q

it is often convenient to have energies with a precise dependence on | Du| of more general
type than monomial (that is, the case of the p-Dirichlet energy or appropriate extensions).
For instance, in mechanics, fluid dynamics and magnetism, as first approximation it is cus-
tomary to have dependencies of the energy on the modulus of the gradient of monomial
type but with exponent depending on the size of | Du/, in order to have mathematical mod-
els fitting the experimental data. In this case g is given by the gluing of different monomials
(see the example in Paragraph 2.3). At this point, elliptic and parabolic equations having
the growth described in (1.1) arise naturally as Euler equations or flows of the functional
in (1.6). In [34], for instance, the two-dimensional stationary, irrotational subsonic flow of
a compressible fluid is described using an energy defined in the following way:

-1 ) . .
G(s) = — (1 - 7732) " for small s, G(s) = quadratic  otherwise, (1.7)

where v € (1,2) is the exponent in the law p & p? characteristic of polytropic gases.
More in general, see [4, 18, 19], one is lead to consider quasilinear static equations in
dimension two and three of the type

div [p(|Du\2)Du} =0,

with Du representing the velocity field of the flow and ¢ = |Du| being the speed of the
flow. In this context one introduces the Mach number

(note that we must have p’ < 0). In our context, where g(s) = p(s?)s, we compute
O4(s) = 1 — M(s)?. The general theory asserts that a point is elliptic if M < 1 and in
this case the flow is subsonic, while if M > 1 the point is hyperbolic and the flow there is
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supersonic. If M = 1 the flow is called sonic. A solution of the boundary value problem
is called a subsonic (supersonic) flow according to whether all points are subsonic (super-
sonic); note that mixed, or transonic flows can exists, with obvious meaning. However,
if for some reason we know that the flow maintains a controlled, small speed ¢, then the
problem falls in the class of operators we consider; the approximation in (1.7) is a way to
study flows in the subsonic regime.

The object of our study will be the Cauchy-Dirichlet problem

ug — div A(Du) =0 in Qp,
(1.8)
u =1 on 9,07,

where A : R® — R" is a C! vector field modeled after the one appearing in (1.1). In
particular, we assume it satisfies the following ellipticity and growth conditions:
g(l¢
(DAEN) = 1 EL
(€D ’
DA < L L)
4
for any £ € R™ \ {0}, A € R™ and with structural constants 0 < v < 1 < L; we assume
without loss of generality that A(0) = 0. The function g is a C* function as in (1.1),
satisfying only (1.2) and (1.5). For what concerns 1, we assume it to be continuous in
0p§2r with modulus of continuity w,; with respect to the natural distance distpar, ¢, that is,
there exists a continuous, concave function wy, : Ry — R with wy,(0) = 0 such that

(@, t) = W (y, 5)| < wy(max{le —yl,[GTH(1/[t = s[)]'})

for every (z,t),(y,s) € 0,Qr. As already mentioned, € is a bounded domain of R”,
n > 2, whose boundary is of class C LB for some B € (0,1); we shall provide some more
details at the beginning of Section 2.

(1.9)

In this setting, we state the main result of our paper, which concerns at the same time
the existence and regularity of a (unique) solution to (1.8).

Theorem 1.1. There exists a unique solution u, in the sense of Definition 2, to the Cauchy-
Dirichlet problem (1.8), where the vector field A satisfies the assumptions (1.9), with g €
CY(R,) satisfying (1.2) and (1.5). In particular, u is continuous up to the boundary and
moreover if the boundary datum ) is Holder continuous with respect to the natural metric
distyar, ¢ defined in (2.1), then so is u.

The following theorem gives some properties together with quantitative estimates for
the solution described in the previous statement.

Theorem 1.2. Let u be the solution to (1.8) given by Theorem 1.1. Then u is locally
Lipschitz continuous and the following estimate holds:

max{ 3, o }

[ Dul| o (gr) < c(][ [G(|Dul) + 1] dmdt) (1.10)
QQR

for every parabolic cylinder Qo € Qp. The constant ¢ depends on n, gy, g1,V, L, €
and cy. Moreover, there exists a modulus of continuity w,, : Ry +— R, depending on
n, go, 91, V, L, €, co, || ¥ oo , wyy, OSY such that

lu(z,t) — u(y, s)| < wy(max {|z —y|, [G'(1/]t — s|)]71}) (1.11)

for every (2,1), (4, s) € Oz
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We refer the reader to Paragraph 2.1 for the definitions of the standard parabolic cylin-
ders Qr(xo, to) and of the parabolic closure of Q7. We also mention that in the standard
case of the evolutionary p-Laplacian our estimate (1.10) gives back exactly the gradient
sup-estimate available for degenerate and singular equations, see [14, Chapter VIII, Theo-
rems 5.1 & 5.2].

Remark 1. Theorems 1.1 and 1.2 hold for a wider class of operators generalizing (1.1),
which allow the presence of a function g that is not C! but merely Lipschitz. Indeed,
we may consider Lipschitz functions g : R, — R, satisfying (1.2) almost everywhere
and vector fields A : R"® — R™ in W1>°(R") satisfying the monotonicity and Lipschitz
assumptions

(A€ — A6), &1 — &) > vIUSIHIED o
&)+ 1 )
) glal+ ), : '
|A(&1) A(§2)|SL7‘£1|+|£2‘ &1 — &2,

for every &1,&> € R™ such that |§1] + |£2] # 0 and for some 0 < v < 1 < L. For a proof
of this fact see the end of Section 6.

1.1. Novelties and technical tools. We believe that the main interest of this paper, apart
from the results of Theorems 1.1 and 1.2 themselves (that will be used for instance in
[31]), is the development of some tools for the treatment of the difficult equation (1.8)
(see Paragraph 2.3). We prove the Lipschitz estimate as an a priori estimate for problems
enjoying further regularity. Instead of using a regularization of the type used in [28, 22, 29],
the regularization we employ is of viscosity type, closer to that in [2]: we consider a vector
field of the type

A () = (de x A)(E) +e(1+ €)%, €eRYee(0,1),

where p > 1 is a large exponent and {¢.} a family of mollifiers. This allows us to
overcome the difficulties of deriving regularity estimates for the approximant problems,
which we were not able to find in the literature. At this point continuity up to the boundary
becomes an essential ingredient in the proof of the convergence, as well as the fact that we
are solving a Cauchy-Dirichlet problem and therefore have a uniform bound on ||u.||
given by the maximum principle.

We use the a priori Lipschitz continuity (and the further regularity) of the approximating
solutions in a way inspired by [27]. First, we employ the fact that the function v = | Dul|?
is a subsolution to a similar problem, see Lemma 3.1. Then, we define an appropriate
intrinsic geometry (see (3.7)) depending on the growth of the approximating vector field
A, which allows us to rebalance estimates, in the sense that the weight appearing in the
Caccioppoli estimate for the equation satisfied by v turns out to be essentially constant, see
(3.8). Here the fact that we can bound the supremum of Du, and thus of v, from above
is essential. Finally, we conclude the proof using an argument based on an alternative in
order to get rid of the possible dependence on ¢ in terms of the aforementioned geometry,
depending in turn on the growth of A..

2. PRELIMINARY MATERIAL: NOTATION, THE FUNCTION g, MISCELLANEA

For what concerns 0f, we assume that there exists a radius R > 0 such that for every
point xp € Of2 there is a unit vector é,, such that the restriction of OS2 is a graph of a
CYP function in Bp,, along the é,, direction, in the following sense: with 7' being an
orthogonal transformation that maps é,, into (0,0,...,0,1), for every 0 < r < Rg it
holds

T71(0Q — 20) N (B, x (—r,r)) = graph §
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(see below for the precise meaning of these symbols) with 6 = 6,,, € C1#(BL), §(B.) C
(—r,r) and the C*# norm of 6 uniformly bounded:

[9]01,/3 <0o.

Note that without loss of generality, we can take é,, as the inner normal vector in zg:
{v : (v,é4,) = 0} is the tangent hyperplane to € in x¢; therefore DO(0) = 0. D@ is
the full gradient of 6 with respect to its n — 1 variables. Finally, by saying that a constant
depends on OS2, we shall mean it depends on O.

2.1. Notation. We denote by c a general constant always larger than or equal to one,
possibly varying from line to line; relevant dependencies on parameters will be emphasized
using parentheses, i.e., ¢; = ¢1(n, p, q) means that ¢; depends on n, p, g. For the ease of
notation, we shall also use the following abbreviation:

data = {n, 90,91, V, L}-

We denote by

Bgr(zg) :={z € R" : |z —x9| < R}
the open ball with center zy and radius R > 0; when clear from the context or otherwise
not important, we shall omit denoting the center as follows: Bg = Bg(x¢). The standard
parabolic cylinder is defined as

Qr(wo,to) := Br(w) x (to — R?,t0),
while we define the natural cylinder as
Qg(l‘o,to) = BR(ZC()) X (to — [G(I/R)]il,to)

The latter is strictly linked to the scaling of the equation, see Paragraph 2.6. Unless other-
wise explicitly stated, different balls and cylinders in the same context will have the same
center. We shall denote, for a factor o > 0, by aBpg the ball B, i and by a@Q g(xo,to) the
cylinder Byr(z0) X (to — (aR)?, to); similarly for Q% (zo, to). The parabolic boundary
of a cylindrical domain K = D x I', where D is an open domain and I" an open interval of
the real line, is defined as

9K := (D xinfI") U (0D x I).

Naturally, the parabolic closure of K is then K= KUd,K. Accordingly with the custom-
ary use in the parabolic setting, when considering a sub-cylinder /C (as above) compactly
contained in 7, we shall mean that D € 2 and 0 < inf ' < supI' < T'; we will write in
this case K € Qp. By 092 — zp we mean the set {x € R" : & + x9 € 9§2}. The standard
parabolic distance is

distpar ((2,1), (y,5)) := max {|z — y[, /|t — s|}

for any (z,t), (y,s) € R**!, while a distance strictly related to the scaling properties of
the differential operator is

distpar, (2, 1), (y, s)) := max {|m —yl, {Gil ( i i P )] _1}. 2.1)

Note that Q% (o, t0) = {(z,t) € R : distpar.c((2,1), (z0,t0)) < R,t < to} and
similarly for Qg (zo, to). Accordingly we define the parabolic distance between sets as
distyar (A, B) := inf disty,, ((z,1), (v,
istpar(A, B) == inf  distpar ((,1), (4, 5))
(y,s)EB

for A, B C R™"!; similarly for distyar (4, B).

At a certain point it will be useful to split R” = R"~! x R. We agree here that we shall
write a point z € R™ as (2/, z,,) € R"~! x R; moreover, with BL. (/) we shall denote the
ball of R"~! with radius r and center x}, € R"~ 1.
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With B C R being a measurable set, y denotes its characteristic function. If further-
more B3 has positive and finite measure and f : B — R* is a measurable map, we shall
denote by

Umﬂﬂw@:AAﬂw@

the integral average of f over B. If B is a cylinder, B := K x I' C R"*!, then we shall
denote the slicewise average by

mMﬂ;ﬂﬂwWy

for almost every 7 € I'. By sup we shall mean possibly the essential supremum, and
similarly for inf. We shall also as usual denote

B , _ |f(z) — f(y)]
ose f = Stépf —imff, [flooas) = f?}ps -y
TFY

D;f = 0f/0x;, fori € {1,...,n}, will stand for the partial derivative of f in the é;
direction, and Di j f will denote 92 f/ Ox;0x;. Here €; is the i-th element of the standard
orthonormal basis of R™. By 2* we shall denote the Sobolev conjugate exponent of 2, with
the agreement that in the case n = 2 we fix the value of 2* as 4, i.e.,

2n
n> 2,
2= n—2 (2.2)
4 n=2.
With s being a real number, we shall denote s := max{s, 0} and s_ := max{—s, 0}. For

avector § = (§1,...,&,) € R", diag§ denotes the diagonal matrix (£;6; ;);';_;. Finally,
R, :=[0,00), Nis the set {1,2,...} and Ny = NU {0}.

By “equation structurally similar to (1.8);” we mean an equation of the type d;u —
div A(Du) = 0 with A satisfying assumptions (1.9) with v, L and g replaced by #, L and
g. Both ﬁ,z will depend on data, while g will satisfy (1.2) and (1.5) with gg, go, Ce
depending on data and ¢,.

2.2. Properties of g. Without loss of generality we assume that

1
/ g(p)dp = 1. (2.3)
0

Since (1.2) implies that the map r + g(r)r~(9=1) is increasing, while r s g(r)r—(91=1)
turns out to be decreasing, we have
min{ago*l,aglfl}g(r) < g(ar) <max{a® " a9 }g(r)

for every r, & > 0; clearly g(0) = 0 and lim, o, g(r) = oo. Since moreover g is strictly
increasing, it has a strictly increasing inverse function g~ € C1(R) with

_1y/ _ 1
0= S

1

for every r > 0.

Using (1.2) we then see that also g~
—1y/
N (G
g —1 g '(r) go—1
Therefore, anything derived from (1.2) for g holds for g—! with gy — 1 and g; — 1 replaced
by 1/(g1 — 1) and 1/(go — 1), respectively.
Define the function G : R, — R, as

G(r) = /0 ' 9(p) dp. (2.5)

satisfies an Orlicz-type condition

for every r > 0. 24)
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Clearly G'(r) = g(r) > 0 and G”’(r) = ¢'(r) > 0 implying that G is both strictly
increasing and strictly convex in (0,00). Moreover, G(0) = 0 and G(1) = 1 due to
(2.3). We also define 1/G(1/s) = 1/G=*(1/s) = 0 for s = 0. It is simple to check by
integrating the function r — rg(r) by parts and using (1.2) that also

G'(r)r
< < 2.6
g0 < Gy = g1 (2.6)
holds true for » > 0.
Define the Young complement of G as
Gy =swp(rs—G(s))  or G(r) = [ g7 o) dp @7
s>0 0

in our setting these definitions are equivalent, see [33]. Note that the Young’s inequality
sr < G(s) + G(r) (2.8)

holds true for every r, s > 0 and by (2.4) and the second definition in (2.7) also G satisfies
an Orlicz-type condition

g1 < é’(r)r < 90

S —= < . (2.9)
=17 Gr) ~9-1
Now starting from (2.6) and (2.9), we deduce precisely as for g the inequalities
min{a?, o }G(r) < G(ar) < max{a’,a* }G(r), (2.10)

and

min{a%,a%}é(r) < G(ar) < max{a%,a%}é(r)
for every a, 7 > 0. These, together with Young’s inequality (2.8), imply for 0 < e < 1
st < G(e s) + G(e~ m01) < eG(s) + c(go, €)G(r).
Another useful property is

C:'(@) < G(r) for every r > 0,
r
see again [33] for the easy proof.
From the second assumption of (1.9) we easily derive an upper bound for .A. Indeed,

when & € R™ \ {0} we have

@<l [ 1Dacelas <vig [ LD g

3¢
[€]
< o(L,go) /0 §(r)dr < c(go,gl,L>G|(5'); @.11)

this holds also for £ = 0 by our conventions, since .4(0) = 0. Similarly, the first assump-
tion of (1.9) yields

[€]
(A@©).6) = / (DA(sE)E,€) ds > (g1, v)[€] / ¢ () dr > c(go, g1 V)GU€])-

1
0
(2.12)
We define the quantity V, : R® — R" by

Vo - (1) g
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when & # 0 and set V,;(0) = 0. Clearly Vj is a continuous bijection of R” and, moreover,
has a continuous inverse by the inverse function theorem. Furthermore, the following
monotonicity formula holds true:

et ey > LT 8D
<A(£l) A(f?)agl £2> 2 ‘§1| + |£2|

for a constant ¢ = ¢(go, g1, V) and for every &1, & € R™, see [16, 17].

61— &l 2 c[Vy(&r) = Vy(&2)]* (2.13)

2.3. A concrete example. We give here a nontrivial example of a Lipschitz function g
satisfying our assumptions - see Remark 1. This example is inspired by [28]. In particular
we want to demonstrate the possibility that g oscillates between degenerate and singular
behaviour. Suppose 2n/(n + 2) < go < g1 and set § = (g1 — go)/3 > 0. Define the
sequence s = 22" for k € Ny and the function

590~ 149 0<s<?2
—5 _
9(3) = 82k+1sgl 1, Sk < 8 < Sopt1

89108907, sopp1 < 5 < Sopga
Clearly g is Lipschitz and it satisfies (1.2). Moreover, (2.3) holds after scaling by a suitable
normalization constant. We observe that
00, g1>249 Gff  go + 291 > 6)
limsupﬁz 1, ¢g1=249 Gff go+ 291 =6),
e ? 0, g1<2+46 Gff go+2g1 <6)

00, gg>2-—90 Gff 299+ g1 > 6)
I, go=2-6  (ff 2g0+g1 =6).
0, go<2-—96 Gff 290+ 91 <6)

lim inf @ =
5—00 S

By taking go = 2 — %, g1 =2+ % we obtain a particularly interesting case, that is, we
have lim inf,_, o g(s)/s = 0 but limsup,_, . g(s)/s = co. Furthermore, if we consider

the function
3(s) 1
g\s) = ——F >
9(1/s)

we find similar behaviour as s — 0. This is to say, we can build a structure function g (and
accordingly a vector field A as in (1.1)) that, for £ € N, along the sequence {£~*} ¢y, the
function g(s)/s is at the same time as large and as close to zero as we wish, and therefore
it does not enjoy any monotonicity properties. This gives a clue about the difficulty of
the application of De Giorgi-type methods, in particular when they have to be matched
with intrinsic geometries: note that the expressions of the type G(s)/s?> ~ g(s)/s appear
already in the energy estimate for (1.1), see Lemma 2.3. On the other hand, when the
quantity g(|Dul)/|Du| is known to be under control, then the equation becomes treatable,
see for instance Proposition 3.4 and in particular (3.8).

2.4. Orlicz spaces. For G as in (2.5), a measurable functionu : A - R, A CR* ke N
belongs to the Orlicz space LE(A) if it satisfies

/AG(|u|) de < 0.

The space LG (A) is a vector space, since G satisfies the Ao-condition (2.10), and it can be
shown to be a Banach space if endowed with the Luxemburg norm

: |ul
_ , July
[FEE lnf{)\>0./AG<>\)d:v_1 .
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G (A),if u € LE(A’) for every A’ € A. If also the weak
gradient of u belongs to LE (A), we say that u € W1 (A). The corresponding space with
zero boundary values, denoted WOI’G(A), is the completion of C'S°(A) under the norm

A function v belongs to L&

lullwrcay == lullLecay + [[DullLe a)-

We denote by V& (Qr) the space of functions u € LY (Qr) N LY(0,T; Wh(Q)) for
which also the weak spatial gradient Du belongs to LE (Q7). The space V(1) is also
a Banach space with the norm

lullve@ry = lullLe @y + 1Dull Lo -

Moreover, we denote by V7 (27) the space of functions u € VY (Qr) that belong to
Wy % () for almost every ¢ € (0,T), while the localized version V,€(Qr) is defined, as
above, in the customary way. We also shorten

V24(Qr) == L>(0,T; L*(Q)) NV (Qr)

and similarly for the localized and the zero trace versions. We shall moreover denote
V2P(Q7), for p > 1, the space V% (Qr) for the choice G(s) = sP.

2.5. The concept of solution and consequences. We fix here the notions of solution em-
ployed in this paper.

Definition 1. A function u is a weak solution to (1.8); in a cylindrical domain X C R+,
with the vector field A satisfying the assumptions (1.9), if u € V;2¢ (KC) and it satisfies the
weak formulation

/ [ — udn + (A(Du), Dn)] dzdt =0 (2.14)
K

for every test function n € C2°(K). If instead of equality we have the < (>) sign for every
nonnegative 7 € C°(K), we say that u is a weak subsolution (supersolution) in K.

Definition 2. A function u is a solution to the Cauchy-Dirichlet problem (1.8) if u €
C°(Qr) is a weak solution to (1.8); in 27 and moreover u = 1) pointwise on OpSir.

A very useful formulation, equivalent to (2.14), is the one involving Steklov averages.
Indeed, the mild regularity of a solution does not allow us to use it as a test function.
Furthermore, it is sometimes useful to have a weak formulation allowing for test functions
independent of time, or test functions possibly vanishing only on the parabolic boundary
of a cylinder. Apart from mollification, the possible way to have such properties involve
the so-called Steklov averaging regularization of a function: for f : K = D x (¢1,t2) = R
measurable and 0 < |h| < 1 appropriate, it is defined as

t
fn(z,t) = % f(z,s)ds for (x,t) € D x (t1 + h, t2);
t—h

note that we employ the backward regularization. If f € L(K) for some ¢ > 1, then
frn — fin LY(Dx (t,+¢,t5)) forevery & > 0; the same holds in the L spaces. Moreover,
if f € C%ty,to; LY(D)) then fr,(-,7) — f(-,7) in L4(D) for a.e. T € (t; + ¢, t) and for
every € > 0.

At this point it is quite easy to infer the following slicewise formulation for weak solu-
tions (see [14]) using density arguments with respect to the spatial variable:

/D [Ovun (-, 7)n + (JA(DW)]y (-, 7), Dn)] dz =0 (2.15)

for every n € W, ‘“(D), almost every T € (t1 + h, t3), and h > 0 such that the functions
are well defined. Similar results hold also for weak super- and subsolutions.
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Proposition 2.1. (Comparison principle) Let K := D x (t1,t3) C Qr and letu € C° (fp)
be a weak subsolution to (1.8); and v € C° (Kp) a weak supersolution to (1.8)1 in K. If
u < wvondpk, thenu < vin K.

Proof. For ¢ > 0 fixed define ¢ (t) := (t2 — & — t) and test (2.14) formally with

n=(un—vp = &)+ ..
Note that 1 is compactly supported in /C due to the continuity of w and v and the fact that
u < v on J,Q). Subtracting the Steklov version of the variational inequality of v from that
of u and integrating over (¢, t2) yields

/ O (up, — vp)n dx dt + / ([A(Dw)]n — [A(Dv)]n, Dn) dz dt < 0.
K K

By the monotonicity of .4, Lemma 2.13, we have
[ 4D}, ~ [ADO), D) o
K

— (A(Du) — A(Dv), Du — Dv))p. dzdt > 0,
Kn{u>v+e}

and for the parabolic term we obtain using integration by parts

1
/ Or(up, — vp)(up —vp — €) e dr dt = —3 / (up, —vp — 6) Oy e dx dt

to—e
- — / / u—v—¢) da: dt
as h — 0. Combining these gives

to—e
/ /(u—vfs)id:z:dtg(),
t1 D

which implies u < v + ¢ almost everywhere in D x (t1,t2 — ). Since this holds for every
e > 0and u,v € C(Q), the result follows. O

Observe that the uniqueness of a solution to the Cauchy-Dirichlet problem (1.8) follows
immediately from the previous result. Moreover, we have the following corollary.

Corollary 2.2. (Maximum principle) Let K C Qr and let u € C(K") be a weak solution
to (1.8)1 in KC. Then

inf u <u <supu

0K 9K
in K" and, moreover,

sup |u| = sup |ul.

K K
We recall the following standard energy inequality for local weak solutions. We give it

in a more general form for future reference.

Lemma 2.3 (Caccioppoli’s inequality). Let K := D X (t1,t2) € Qr and let u be a weak
solution to (1.8) in K. Then there exists a constant ¢ = ¢(go, g1, v, L) such that

sup /D[(U*k)igﬁgl](gT)der/KG’ﬂD(ufk)i|)<p91dxdt

TE(t1,t2)

< [ [w-bzem)emdese [

| [oUpeltn— b)) + (u =B o0l dodt

for any k € R and for every ¢ € W>°(K) vanishing in a neighborhood of 0D x (t1,t2)
and with 0 < ¢ < 1. The same inequality but only with the “+” sign holds for weak
subsolutions.
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Proof. Fix ¢ € W1°°(K) as in the statement of the Lemma, call w := 4(u — k)4
and choose 77 = w9 as the test function in (2.15). Then we integrate over (¢, 7) for

T € (t1,1t2) to obtain

/ Opun wp P9 X (¢, 7y dv dt + / <[.A(Du)]h,7 D(wh@gl)>x(tl77) dedt =0. (2.16)
K K

Integration by parts gives

1 T
/ Osun wre? X (1, ,r) dx dt = f/ / Ot (W) 9" da dt 2.17)
K ’ 2 t1 D

T 1 T
—5/ /wi@t(wgl)daﬁdt
t=t; ty JD

T 1 T
—f/ /w28t(gpgl)dxdt
t=t; 2Jy Jo

1
= 5/ wi 9t dx
D

1
— f/ w29t da
2/)p

as h — 0. For the elliptic part we have by (2.12)

[ (ADW D)) o

—>/ /<A(Du),Dw>gpg1 dxdt—i—gl/ /<A(Du),D<p>w<pgl_ld:rdt
t1 D t1 D

201/ /G(|Dw|)<,og1 dx dt —
t, JD

where ¢; depends on go, g1, v. Furthermore, by (2.11), Young’s inequality with ¢ € (0, 1)
to be chosen and the properties of g we obtain

91/ (A(Du), Do) w ! da dt
K

gl/ <A(Du),Dcp>w<pgl_1 dz dt|,
K

<o / |A(Dw)|| D[] da dt
K

Secz/ 6<G(|Dw|)<pgll> dmdt+c(5)/ G(|Dypl|w]) dx dt
K | Dw| K

§€cz/ G(|Dw|)p% d:cdt—f—c(s)/ G(|Dyl|w|) dz dt, (2.18)
K K

where ¢ depends on g, g1, L and ¢(¢) depends on go, g1, L as well as on £. Now, com-
bining (2.17)-(2.18) with (2.16) yields

1 " 1 T
f/ w9 dx —f/ w28t(<pgl)da:dt—|—cl/ /G(\Dw|)<pg1 dx dt
2Jp 2 Jk t; JD

t=ty
gecQ/ G(IDw|)p" d:cdt+c(s)/ G(|Dy||w|) dx dt.
K K

We conclude by taking the essential supremum with respect to 7 € (1, ¢2), choosing
€ € (0,1) such that eco < ¢1/2, reabsorbing the term on the right-hand side and recalling
the definition of w.

The proof for subsolutions is very similar, taking into account that the test function 7
must be nonnegative. (]

2.6. The geometry of the problem. In order to understand the equation, the first thing
we want to stress is its scaling. Suppose u solves the model equation (1.1) in Q; =
By x (—1,0) and let £ > 0. Then the function
_ r—x9 1 K
= (225, L 6(5) - )
a(z,t) := Ku =6 ( 0)

r

solves in

Q7 (2o, to) := Br(z0) X (to — K [G(E)} 71,to)

r
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the equation

i, — div (g(lgleDa) -0, (2.19)

where

g(s) === {G(E)} 719(25). (2.20)

r r

The function g has the same structure as g, in the sense that it satisfies (1.2) exactly with
parameters go and g; and moreover, we have G(1) = 1, where

a0 = s = [o(2)] "e().

Conversely, if we have a solution w to (1.8) in Q¥, then

w(x,t) := %w(xo + rx, to 4 K2 [G(;)} 7175)

solves (2.19) in Q1 with g as in (2.20). In case we consider the general equation (1.8), the
same scaling argument holds if we consider the vector field

2= £[a(5)] "A(e)

T T

which satisfies the structural conditions (1.9) with g replaced by the function g.

2.7. Other auxiliary results. The following Lemma encodes the self-improving property
of reverse Holder inequalities. We take the form proposed in [27, Lemma 5.1] with slight
changes in order to meet our purposes.

Lemma 2.4. Let i1 be a nonnegative Borel measure with finite total mass. Moreover, let
v > land {oQ}o<o<1 be a family of open sets with the property

c'QCcoQCcl9=090

whenever 0 < o' < o < 1. Ifw € L*(Q) is a nonnegative function satisfying

ey 1/2
(o)™ =2 )
o' Q g — 0 cQ

forall 1/2 < ¢’ < o < 1, then for any 0 < q < 2 there is a positive constant ¢ =
¢(co,7y,q) such that

) 1/(27) c 1/q
w”du) S(/ wqdu> ,
(/ag (1-0)*\Jg

forall0 < o <1, where £ := qz(:j:‘f).

The next one is a classic iteration Lemma.

Lemma 2.5. Let ¢ : [R,2R] — [0, 00) be a function such that

1 A
P(r) < 5¢(s)+ —=5+B  forevery R<r <s<2R,
2 (s=1)

where A, B > 1 and 8 > 0. Then
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3. A PRIORI LIPSCHITZ ESTIMATES

In this section we impose on v an additional regularity assumption and prove intrinsic
estimates for the gradient of u. To be precise, we shall suppose

u,Due CO.(Qr),  we L (0,T;W22(Q)). (3.1)

loc loc
This is to say, we shall prove the estimates of this section as a priori estimates, leaving
to Section 4 the approximation procedure which will explain how to deduce the desired
estimates without the additional assumption (3.1). Notice that the continuity of « and Du
allows us to treat their pointwise values. Due to the assumed extra regularity it will be
possible to differentiate the equation; this will be done by showing that the function

v := |Dul? (3.2)
is a subsolution to a similar equation.

Lemma 3.1. Let u be a weak solution to (1.8)1 in Qr and, moreover, assume that the
regularity assumptions (3.1) hold. Then v is a weak subsolution to

O — div(DA(Du)Dv) =0 in Qrp. (3.3)
Proof. Formally, the idea is to differentiate equation (1.8); with respect to x; for j =
1,...,n, then multiply by D;u, and finally sum over j. To this end, let 0 < ¢ € C°(Qr),
and test (2.14) with
1 =—D;(Djup).
This choice can be justified by using Steklov averages, as done previously in the paper; we
shall proceed formally. Integration by parts yields

0= 7/ u@t(—Dj(Djmp))do:dt+/ (A(Du), D(—D;(Djuep))) dz dt
Qr Q

T

= 3t(Dju)Djutpdxdt+/ (D;A(Du), D(Djup)) dz dt
QT QT

1 1
:_5/ |Dju|28t<pdxdt+§/ (DA(Du)D(|Djul?), Dy) dz dt
QT QT

—|—/ (DA(Du)DDju, DD;u)p dx dt.
Qr
Now, since

|DDjul?pdrdt >0

/ (DA(Du)DDju, DD;u)g da dt > y/ 9(|Dul)
Qr ar Dyl

by (1.9);, summing up over j = 1, ..., n leads to

_/ \Du\zatgadxdt—i—/ (DA(Du)D|Dul?, Dg) dz dt < 0,
QT QT

This proves the claim. U
Next we prove a Caccioppoli inequality of porous medium type for the function v.

Lemma 3.2. Let u be a weak solution of (1.8) in Qr and assume that (3.1) holds. Let
K :=D x (t1,t2) € Qr and k € R. Then there exists a constant ¢ = c¢(v, L) such that

9(|Dul)
sup v—Ek)2Q% (T dx—|—/
o /D (=03 det [ L0

Dul)
< AV 9(] 2
_C/K(v k:)+< D Dl + 0l ) e

|D(v — k)1 |*¢?* dx dt

for every ¢ € C'°°(K) vanishing in a neighborhood of 9, K.
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Proof. We can take
_ 2
n=(0=k)+9" X 7

for 7 € (t1,t2) as the test function in the weak formulation of (3.3), up to a regularization
similar to the previous ones. For the parabolic part we have

//U@t v—k)4¢?) drdt = //8,51)— k)2 o dx dt
:%/D[(U k)% 0%)( x—f//v— 3 0up* da dt.

The elliptic term can be estimated from below by using the assumptions (1.9) and Young’s
inequality with e = v/(2L). This gives

[ [ AD0D0 D0~ 1))

-/ [ (DADODG— 1) Do~ ) ) deds
+2/T/ (DADWD(® — k) v, D) (v — k) s p da dt
/ L25 'D“' k)4 PR dudt
—2L/t1/ I~ k)11l (0~ ko d
/tl / ']f“' (0 — k)4 [20? du dt

nt) [ [ AZ D 0 by ds

and thus, we obtain

L= ki

— k)4 ?¢? da dt

D
<ec / 9( |)| o> (v—k)3 dacdt—i—/( — k)3 |0pp| dx dt.
x  |Dul
Since 7 € (t1,t2) was arbitrary, the result follows. O

Combining the previous lemma with Sobolev’s inequality leads to the following esti-
mate.

Lemma 3.3. Let the assumptions of Lemma 3.2 be in force. Then there exists a constant
¢ = ¢(n, g1, v, L) such that

g(|Du
]{C (||Du||)(v — k)2 da dt

.
< efDP/n(ts = 1) (f (0= 103 (L2 iDgl + gl ) et} . )
K | Dul

where - recall (2.2) -

2
=2—-—>1
Y o

Proof. By Holder’s and Sobolev’s inequalities we have

Du
]{cg(|Du||) (v—k)T™ da dt
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|DU| 2 2 2 2\1-2/2"
= —k —k dx dt
to — 11 / ][ \DU| S (0= Re) !
1 (|DU|)>1/2 )2* )2/2*
v—k dx
to —t /t1 <][73<( | Dul ( +¢
1-2/2*
X (][ (v — k)% dm) dt
D

c<n>|2>|2/"( sup (0= kR 7) dx)l "

TE(t1,t2)
(B e 0.

A straightforward calculation yields

() o)
_ H( S (1D DU) Y ) (o100

IA

2
dzdt. (3.5)

2

o\ g(Du) Dyl
9(|Dul) /2 ’
+( D ) (”_’“)+D‘P‘
<o 22 ipe — k) P +2 L0 - w2 D

and thus, integrating and estimating the first term using Lemma 3.2 yields

Ao(CFD e-ne)]
< c]{c(v k2 (9(||D D pgp + |5tg0|> da dt,

where the constant ¢ depends only on g3, v/, and L. From Lemma 3.2 it also follows that

dx dt

sup ]i (0 — k)20, 7) da

TE(t1,t2)
etz - 1) f (0= R (g('D D Dyl + |atga|> du dt:
. Dul

therefore, by inserting the previous two inequalities into (3.5) we obtain (3.4). (]

Next the aim is to prove an intrinsic reverse Holder’s inequality. To this end, let
Qp(zo,t0) C Qp, let A > 1 be such that

1
A>- sup |Dul, (3.6)
4 Qp(zo,to)
and set
A
9)\ = 79()\ )

We introduce the intrinsic cylinder

QA = Q (20, t0) := min{1, 9,\}1/23 (z0) X (to — min{l,@;l}pQ,to). (3.7)
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Note that we have the alternative expression

By(wo) x (to — 05" p* o), Or > 1
Q) =
L 1/2 9
9)\ Bp(l‘o)x (to—p ,to), O<9)\<1,

from which we easily see the analogy with the intrinsic geometry used to handle the par-
abolic p-Laplacian, recalling that in this case g(s)/s = sP~2 and A is “dimensionally
comparable” to | Du|. Observe that we clearly have Q7 (o, o) C Q,(xo,to) in any case.

Lemma 3.4. Let u be a weak solution to (1.8)1 in Qr, assume that (3.1) and (3.6) hold
and let ¢ > 0. Then there exists a constant ¢ = ¢(n, g1, v, L, q) such that

2 1/(27) . 1/q
(v—k), dedt <c (v—k){ dedt
Q Q)

for every k > \2.

A
p/2

Proof. Let 1/2 < ¢’/ < o < 1 and choose a cut-off function ¢ € C’OO(UQ;\) vanishing in
the neighborhood of Bp(O'Qi)\) suchthat 0 < o < 1, = 1in o’ ;\, and

c . —1/2 c . 1y -1
7p(0—0/) mln{lﬁ)\} /7 \3t<p|§7p2(0_0/)2 mln{l,@/\l} .

Observe that by the inclusion Q;‘(xo, to) C Qp(xo,to) and (3.6) we have

|Dyp| <

|Du| <4\ inQ).

Moreover, we have |Du| > ) in the support of (v — k)4, since k¥ > A\? and v = |Du|?.
Thus, by using the properties of g we obtain

9(|Dul)
| Dul

1
19,\ < < c(g1)0x (3.8)
in @) N{v > k}. Now Lemma 3.3 yields

D
][ (v— ,lf)ﬁ_ﬂy dr dt < c(n) 6" ]l 9(1Dul) (v— k)i_’ygph dx dt
a'Q) oQ |Du‘

~v—1

o ( min{1, 0;1}(0p)2>

« <]{,Q; (0 — k)% (gﬁgj) D2 + |at¢|> da dt)W

< 69;1 min{1, 0y} min{1, 9;1}7_1p2'7

0y min{1,0,}~! + min{1,0;"'} 1 5 !
X ( 20— o) ]{Qk(v—k)_s_dxdt

- m(]{m(v_k)idmty.

This is to say

1/(27) . 1/2
(][ (v— k)2 dzx dt> < ,(][ (v—k)2 d:cdt) ,
G’lQ?; g —0 UQZ\

where the constant ¢ depends only on n, g1, v, L.

< 00;1‘ min{1,6,}'/?B,,
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Next we use Lemma 2.4 with w = (v — k)1 and dpu = \QilAI dx dt. This gives for every
P
0 < ¢ < 2 aconstant ¢ = ¢(n, g1, v, L, q) such that

1/(27) 1/q
(][ (v—k)zgdxdt> < c<][ (u—k)idxdt) ;
Q) Qp

the case ¢ > 2 now follows from Holder’s inequality. (|
Iterating the previous result yields the following pointwise estimate.

Proposition 3.5. Let u be a weak solution to (1.8) in Q and assume that (3.1) holds.
Then for every q > QO there exists a constant ¢ = c¢(n, g1, v, L, q) such that

1/(2q)
| Du(z0, to)] < )\—l—c(][ (|Dul? —)\Q)idxdt)
Q3 (zosto)

holds for every X satisfying (3.6).

Proof. The idea is to apply De Giorgi’s iteration method with the aid of Lemma 3.4. Let
us first consider the case 0 < ¢ < 2. To this end, choose for j € Ny

pj=2"p, kj =X+ (1-277)d,

where d > 0 is to be determined later. Observe that py = p, kg = A2, and p; decreases
to zero and k; increases to A% + d as j tends to infinity; clearly k; > A2, Denote Q; :=

Q;\j (:1707150) and
Y, =
= (f,

By Lemma 3.4 we have

1/(27) 1/a
<][ (vkj)_ﬂdxdt) Sc(]l (v—k;)% dxdt) ,
Qj+1 Qj

J

1/q
(v—Fk;)4 do dt> for j € Ny.

J

and since k;11 > k; implies
(0= k)3 > (kjer — k)* ™90 = ki) X ozky 00

we obtain

2v/q
& 2 x ]— iv1+08
Y»+1§(][ (v—k:l)”dxdt) < crdPPIY P
J (kj+1 _ kj)ﬁ Qi1 77+ J

for every j € Ny, where 8 := 27/¢ — 1 > 0 and ¢* = ¢*(n, g1, v, L, q). Then a standard
hyper-geometric iteration lemma implies Y; — 0 as j — oo, provided that

Yo < (2¢*)7d

and this can be guaranteed by choosing

L 1/q
d:(20*)ﬁ<][ (v—)ﬁ)idmdt) .
Q} (zo,to)

Now Lebesgue’s differentiation theorem yields

J]—00 J—00

1/q
(v(zo,t0) — (A* + d))+ = lim <]{2 (v— (N2 +d))idmdt> < lim Y; =0,

which implies, recalling the choice of d,

1/q
v(xo,to) S)\2+c(][ (v—/\Q)idxdt> :
Q) (zo,to)

The case ¢ > 2 follows again by Holder’s inequality. U
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4. APPROXIMATION

In this section we regularize the equation in order to apply the results of the previous
section and show that the gradient of the solution to the regularized equation is uniformly
bounded. Then all we have left to prove is that the approximating solutions converge to a
function that solves the original equation.

To this end, define for ¢ € (0, 1)

A(€) == (¢ x A)(E) +e(1+1¢)) 7 2, @.1)

where ¢.(£) = ¢(£/e)/e"; ¢ is a standard mollifier with [, ¢dz = 1. That is, we
mollify the vector field A and perturb it with the nondegenerate ¢, -Laplacian, where ¢g; >
max{g1, 2}; we can take for example g1 := g1 + 1. It is straightforward to see that A,
satisfies (1.9) with g replaced by

g(s+e)

1+5)072 42
e s+e(l+s) s 4.2)

g:(s) ==
and L, v replaced by L = ¢(n, 91)L, v =v/e(n, g1), see also Paragraph 6.1. Now the key
point is that O,_ can be bounded independently of €. Indeed, we have

go—1<0y.(s) < g1 —1,

where go := min{go, 2}. Note that g. also satisfies the lower bound in (1.5), since g (s) >
g(s)/2fors > 1.

Let u. € V291 (Qr) N C°(Qr) be the solution to the Cauchy-Dirichlet problem

{&uE —div A (Dues) =0 in Qp, 4.3)

Ue = Y on 0,Q7;
for existence and uniqueness of such solutions see for instance [24]. Since

ge(s) _ c(g1)

S

e(l+s)72< <891 4 gyn-2,

in addition to satisfying g.-ellipticity and -growth conditions analogous to (1.9), the vector
field A, also enjoys nondegenerate p-Laplacian growth conditions with p = g;. Hence, by
standard theory, u. satisfies the assumption (3.1), see [14, 27]; therefore the results of the
previous section are at our disposal for u = u.. Note that all the constants will turn out to
be effectively independent of .

Let us then show how to apply the result of the previous section in order to locally
bound the gradient of the approximating solution uniformly in terms of €. Here we also
prove an estimate that, once convergence is established, leads to (1.10). Observe that the
assumption (1.5) is crucial in this proof. We shall shorten |[¢)[| L = [|¥)| (0,01

Proposition 4.1. Let u. be a solution to (4.3) and let K € Qp. Then ||Ducl|p~ k)
is bounded by a constant depending on data,e,cy, ||V| Lo, and distya, (0,01, K), but
independent of €.

Proof. Let us consider a standard parabolic cylinder Qur = Q4r(z*,t*) C Qr and a
subcylinder Q, (o, tg) C Q2r. Moreover, let A > 1 be such that

A sup |Dug]|. 4.4)

2 —
4 Qp(z[)!to)

We divide the proof into two cases depending on which term of g. dominates at \.



THE CAUCHY-DIRICHLET PROBLEM FOR A CLASS OF PARABOLIC EQUATIONS

Case I. Assume

g(}\)\ij;) <e(l4+N)12
Setting
e 95/(\A) _ g(;jj) i
we clearly have
e(1+ 0972 <05 <2e(14 N2, (4.5)

By applying Proposition 3.5 to u. with ¢ = g1 /2 we obtain

_ /g1
| Due (o, t0)] < A+ C<][ (|Du.|* — )\2)3_1/2 dx dt)
Q

2 (@o,t0)
max{1, 65}

_ 13
— A |Du |9 dx dt) ,
min{1, 65 }"/2 Qp(z0,t0) :

S)\—i-c(

since Qi)‘(xo, to) C Qp(xo, to).
We further distinguish two cases: in the case when 65 > 1 we get

max{1, 05}

—— LA g5 < 2e(1 4 \)9 2
mm{l,@i}”m P~ 5( + ) )

while when 0 < 65 < 1 we have

max{1, 65}

. —n/2 .
— (pE\—n/2 < 1 g1—2 — 14+2/n 1 g1—2
min{1, 65 }/2 (63) - (6( ) ) €<5 (1+2) )

—-n/2

)

(4.6)

in both cases we have used (4.5). Since

g(A+¢)
TEAT NI o)

> cp(A+e) R (1+2)>"
> Cg(l n )\)2—§1+min{e—4/(n+2),0} — ¢ (1 4 )\)'ﬁ

by (1.5) and the fact that A > 1, plugging this estimate into (4.6) yields

(51+2/n(1 + A)51—2) —n/2 < c(n,e)(1+ )\)—(77(1+2/n)+51—2)n/2
< e(mye) (14 N) T minteln2/22),
a direct computation shows indeed the relation between the exponents. Hence we have

) 1—min{e(n+2)/(291),2/91}

_ 1/
X (5][ | Du|9* dx dt)
Qp(o,to)
_ max{ iy 4}
< 2)\+c(5][ | Du |9+ dxdt)
Qp(zovt())

by Young’s inequality; we also used g; > 2.

|Duc(zo,t0)] < A+ c(1+ A

+1
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Case II. Suppose then that

gA+e) G1—2
> e(14+ NN
Ate el +2)
Here we have
90+2) _ e _pohte)

Ate A+te
and again by Proposition 3.5

max{1, 65} %

| Du (g, t0)| < >\+c( (|Du.? —A2)jdxdt>

min{1,05}"/% /g, (xq 1)
When 65 > 1, choosing ¢ = 1 leads to

g(A+e) 2 42 :
| Due(zo,t0)| < )\+c<][ (|Duc|* = X°), dx dt
€ )\+E Q,p(wo,to) ¢ +

D 2
S)\+c<][ g(|u5)(|Dus|2>\2)+dxdt>
Qp(Ig,t()) |Du5|

1
2
< )\+C<]l G(|Dus|)X{\Du5\21} d:l?dt)
Qp(xo,to)

The second inequality stems from the fact that
1
5(A+e) < [Du| <4(A+e) 4.7)

in the set Q,(xo,%0) N {|Duc| > A} by (4.4), while for the last one we used (2.6) and the
fact that A > 1.

In the case 0 < 65 < 1 we choose ¢ = €(n + 2)/4 and use (1.5) and again (4.7) to
obtain

n

g\ +¢e)\ 2 2 2\4 %
| Du (2o, o) < A+ c(() ][ Duc? = X2)¢ dodt
Ate Qp(zo, to)( )+
| Due |

</\+c ( ) |Du52—/\2qudt)2q
Qn (zo,to) |Du5|) ( | )+

1
_ " 2q
< A+C( |Du5|( _"+§_€)5+2qx{|Du€\Zl} dIdt)
Qp(o,to)

EeE=)
][ | Du,| Lot X{|Du.|>1} dxdt)
p(x0,t0)

| /\

c(nt2)
][ ‘Du5|)X{|Dus‘>1} dmdt) ;
Qp (zo,to)
note that

(1 n—2 >n+2_( 4 )n+n+2_1+n—2+
nt2 I THT e YT Ty T e

Therefore in both cases we have

maxc{ 3. 77y )
|Duc(zo,t0)] < A+ C<][ G(|Duc|)X{|Du.|>1} dxdt) .
Qp(o,to)

Combining Cases I and II and denoting 7} := max { %, ﬁ} yields

|DU5(I0, t0)|
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_ n
<2\ +ec (][ (G(|DUE)X{DUE|>1} + 5|Du5|91> dxdt) +1
Qp(m(hto)

RN (n42)7 n
§2>\+c(—) n( G6(|DUE|)d$dt> +1, 4.8)
p Q2r
since
1 4 g(s+¢e) 5, 4 4q1
G(s) < —g(s+e)(s+e) < —T—Ls* < —50.(s) < —=—=G(s
() € —gls+e)(s+e) € T < —ag(s) < ()

for s > 1 and trivially
es9t <e(148)97252 < G1G.(s).
The constant c in (4.8) depends only on data, ¢, cy.

Let us now choose two intermediate cylinders Qr C Q, € Qs C Q2r and fix
S—7T

0.
2>

1
Ai=1+ Z”DUE”Lm(QS) < o0, (zo,t0) € Qr, p =
Clearly Q,(z0,t0) C Qs so that (4.4) holds. Then (4.8) implies

1
IDucl (@) < 5lIDuellieq.)

R\ ()i i
+C(s—7“) <][R GE(|Du€|)dxdt> +3.

Now, by choosing ¢(r) = || Duc|| . (q,), iteration Lemma 2.5 gives

U]
| Ducl| Lo (@r) < c(][ [G<(|Duc|) + 1] dx dt) . 4.9)
Q2r

At this point, in order to get rid of the dependence on € on the right-hand side, the idea is to
use the Caccioppoli inequality of Lemma 2.3 to translate the dependence on Du, to one on
e, and the latter in turn into a dependence on ¢. Indeed, take ¢ € C°°(Q4g) vanishing in
aneighborhood of 9,Q4r such that 0 < ¢ < 1, ¢ = 1in Qap, and |Dp|*+ 0| < ¢/R2.
Since

sup [u| < sup [uc| = sup || <[4 L~

AR 811 Qp BPQT

by the maximum principle, Corollary 2.2, we can estimate by Lemma 2.3

G.(|Du.|) dw dt < c][ [G-(IDgl[ue]) + u2|ep]] da dt

Q2r Qar
ol \* el \®
<cll4 —F—
< c< + R +c R
= c(data,€, ¢, |[Y] L=, R). (4.10)
Note that the constant does not depend on . Therefore we conclude the proof of the
Proposition, modulo a standard covering argument. (]

4.1. A uniform interior modulus of continuity via Lipschitz regularity. In this section
we prove that the approximating solutions u. are equicontinuous in the interior of the
domain; in particular we shall show their equi-Lipschitz regularity with respect to the
parabolic metric.

Proposition 4.2. Let u. be a solution to (4.3). Then u. € Lip(1,1/2)(Qr) locally, uni-
Sformly in g; this is to say, for every subcylinder KC € Q there exists a constant ¢ depending
on data, e, cg, ||| Lo, and distpar (0,827, K) such that

e (2, t) — ue(y, s)| < cdistpar ((z,1), (¥, 5)) 4.11)
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forevery (z,t), (y,s) € K and for every e € (0, 1).
Proof. Fix an intermediate set K’ such that K € K’ € Qr and
distpar (2, 0pQr) = distya, (K, 9,Qr1)/2 =: d/2

for every 2 € 9,K’. Take also a cylinder Q,(zo,t9) C K’ with (zg,t9) € K; this will
happen for instance if » < d/2. Since Du, is continuous, by applying the divergence
theorem and using the bound for A. in (2.11) we infer

to to .
][ w(yr)de| = ﬁ/ ][ <A5(Dus), S >dH”*1dt
By(z0) " Jt, JoB,.(zo) |z — 20

to
<¢ / ][ ge(Duz) dH ' dt
r t1 aBT(ﬁo)

forall tg — r? < t; < ty < to, where H"~! stands for the (n — 1)-dimensional Hausdorff

measure. We thus estimate
][ ue (-, 7) dx
B, (130) T=11

¢ ([t
- / ][ ge(Du.) dH™ dt
T Jtg—r2 OBy (x0)

)51—1

T=1%1

to

osc_ (Ue)B,(wo) (T) = sup
TE(tQ—T 7t0) t0—7"2<t1§t2<t()

IA

< er(1+ [1Duell 2 (@, (zo.ta))
-1
< cr(l + ||Du5||Loo(,C/))g1 )
Now by Proposition 4.1, in particular by (4.9)-(4.10), we have

osc.  (Ue)p,(xo)(T) < c(data, ce, €, [¢]| oo, d) 7. (4.12)
TE(to—12,t0)

At this point we simply split for (z1,t1), (z2,t2) € Qr(z0, t0)

|u€($1at1) - us(m2at2)| <

ue(21,t1) —][ u€(~,t1)dx‘
B,,.(wo)

][ ue(-, t1) de —][ e (-, to) d e (T2, t2) —][ ug(-,tg)dx‘.
B, (zo) B, (zo) B, (o)

While in order to bound the second term we shall use (4.12), the first and last terms can be
estimated using the mean value theorem as follows:

us(x’wtz)*][ us(atz)dx' S][ |u€(xlvtl)7u€(xﬂt2)|dx
B, (x0) B, (zo)

<2r

+ +

|.D’Ll,,5 HLOO(K/)7
for i € {1, 2}. Therefore, using again Proposition 4.1, we have

osc uU: Zcr 4.13)
Qr(zo,t0)

with ¢ as in (4.12), in particular not depending on . To conclude the proof, for (z1,t1),
(x2,t2) € K, we simply check whether distpar ((xl, t1), (z2, tg)) < d/4 holds true or not;
if so, then there exists a cylinder Q. (xo, to) with r = distya, ((xl, t1), (z2, tg)) such that
(21,1t1), (x2,t2) € Qr(x0,to) and we can apply (4.13) that directly yields (4.11). If on
the other hand distpa, ((x1,%1), (2,t2)) > d/4, then, again simply using the maximum
principle, we have

dist ar 7t ? 7t
ist,, ((xl dl) (22 2)) l]|pe;  (4.14)

the proof is concluded. O

\us(x,t) - us(y75)| < 2Hu€||L°°(QT) <8
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Remark 2. Notice that, tracking the dependence on d of the constant in Proposition 4.2 and
in turn the dependence on R of estimate (4.10), and also slightly modifying the previous
proof, we deduce that estimate (4.11) can be rewritten as
c .
|u5(:17, t) - Us(y7 5)| < dT dlStpar ((1'7 t)v (Z—h 5))7 (4.15)
Z,W

for an exponent v = 7(n,g1,€) > 1 and a constant ¢ depending only on data, e, ¢y,
||| Lo, with z = (x, ), w = (y, s) and accordingly

d o := min {distpa, (2, OpQr), distpar (w, 9p27), 1}

Indeed, if distpa, (2, w) < d. ., /8, then we can apply the argument in the first part of the
proof of Proposition 4.2 with r = distpa, (2, w) to get (suppose s < t)
c
Ue(2) —ue(w)| < osc ue < —— distyar (2, w),
e (2) = )| < g5 e < 7 disyun (2.0
where v = g1 (g1 — 1)7, since we have Q,(2) C Qq, ,, /8(2), Qa, ., /2(2) C Qr and so

C
[Duc| (@, (2)) < [DucllLe(qu, ,/s(z)) < i

The case where d, ., < 8distpay (2, w) can be approached exactly as in (4.14).

5. CONTINUITY AT THE BOUNDARY

In this section we prove that the solution to the approximating problem (4.3) is continu-
ous up to the boundary independently of ¢ by building an explicit barrier. We do not want
to enter the details of the theory and the general relation between existence of barriers and
regularity of the boundary points; the interested reader can see the nice paper [24] for the
evolutionary p-Laplacian, while [21, 32] summarize the results in the elliptic setting.

We shall begin with the proof of the continuity at the lateral boundary; here we shall
give all the details needed. For the continuity at the initial boundary we shall however only
sketch the proof, which on the other hand is very similar and easier than the lateral case.
Again, we will prove the existence of a uniform (in the sense that it will be independent
of €) modulus of continuity for u.; in the last section we shall show that this modulus is
easily inherited by the limit of u..

Let us begin with the construction of an explicit barrier at the lateral boundary. Due to
a scaling argument that will be clear soon it is enough to consider a very special case.

5.1. An explicit construction of a supersolution at the boundary. We define the func-
tion

v (x,t) = |2 )> + My/z, + (2t +1)_,
where M > 1 is to be chosen depending on data. We aim to show that vt is a weak
supersolution in

Q:={(z,t) e R"™ : |2/| <1, z, €[0,2], t € [-1,0]}.
Simple calculations show that
Dut = (23:’,Mx;1/2/2), vt = —2X{-1<t<-1/2}>
D*vt =diag (2,...,2, —Muz;%/%/4),
and moreover, since Di jv+ = (0 whenever i # j, we have

div A(Dvt) = ZDiAi(DU+) = Z De; Ai(Dv*) D} ju™*
i=1 t,j=1

n—1
M
=27 De, Ai(Dv+) = -De, An(Dut ) /2,
i=1
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The first term we estimate from above using (1.9), and for the second term we can ap-
ply (1.9), since D¢, A, (Dv") = (DA(Dv")éy,, é,). Furthermore, if we require M >
23/216(n — 1)L /v, we obtain

g9(|Dv))

\Dut] (5.1)

div A(Dvt) < (2(n 1)L %Mx;?’ﬂ)

v _329(|Dvt])
— S M3 U
8 T Do

Now, observe that since M > 4 we also get

IN

|Dvt| = \/4|x’|2 + (M2 ?)2) < M2
in Q. On the other hand, we have
|Dvt| > Mz /2/2 > 1.
Using these estimates we obtain

g(|Dv*])

17 9022
> |Dyt|9072 >
| D] > [Du™| —{

(wagl/Q)go—2 go < 2’
and thus
div A(Dvt) < _ Y pymin{go0,2}—1,,—(min{go,2}+1)/2_
— 8 n

The exponent of x,, is negative, so that by choosing M = M (data) large enough (recall
that gg > 1), we finally obtain

ot —divA(DvT) > -2+ Y 9= (min{go,2}4+1)/2  rmin{go,2}-1 > .
> 3 >

It is easy to see that v € Vli’,G(Q) and thus v is a (weak) supersolution in Q.

5.2. A reduction of the oscillation in a significant case. We set ourselves now in what
seems to be a very particular, unitary case; it will be clear soon that, up to a simple rescaling
procedure, this will be the significant case for the proof.

Let  be a bounded C'+# domain and Q7 := © x (—1,0). Suppose that 0 € 9 and
the orthonormal system where the boundary is a graph is the standard cartesian one, with
the direction where 0f2 is a graph given by é,,. We hence have

0N {|z'| <1,|z,| < 1} = graph®, with 6: Bj(0) — (—1,1) and 6(0) =0
and QN {|2’| < 1,|z,| < 1} is the epigraph of 6. Let % be a weak solution to (1.8); in
QrnQ;  with  Q;:=B} x(-1,1) x (=1,0) c R**1,

such that % = v in 9,Qr N Q1. Moreover, we suppose ¢/(0) = %(0) = 0. Take § € (0, 1)
to be fixed later. We assume that

the graph of  over B is contained in the cylinder B} x (-4, ) (5.2)
and moreover that
_osc <o and “osc u<1 (5.3)
00N B x (—1,1) OrnQ,

Let us take the barrier v built in the previous paragraph and shift it in the é,, direction
as follows:
vi (2! 2, t) =0T (2, 2, +6,) + 6
Now v? is defined and continuous, in particular, over the parabolic closure of Qr N Qy,
where Q5 = B} x(—6,1)x(—1,0), and there it is still a supersolution to an equation struc-
turally similar to (1.8);. The aim is to prove that u < v; on 9, (Qr N Q5) by considering
the different pieces:
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e on [0 x (—1,0)] N Q5 we estimate

using (5.3); and since v+ > 0;
e on [(0B] x [-4,1]) N Q] x (—1,0) we have

u—vy <1-1-6§<0,

by (5.3), together with %(0) = 0 and the fact that v > 1, since |2/| = 1;
e on B} x {1} x (—1,0) we have

u—vf <1-M<0, (5.4)

since 4 < 1 as above and on {z,, = 1} we have ’u; > M >1;

e finally,on QN (B} x (=6, 1)) x{—1} we again have vy > 1 due to the expression
of the time-dependent part, and therefore the conclusion again follows.

Note that the first three pieces exhaust the lateral boundary of Q7 N Qjs, while the fourth
one makes up its initial boundary. Therefore, we have u < 11;' on the parabolic boundary
of Q7 N Q5 and hence, by Proposition 2.1, @ < v in Q7 N Q5. Now, if § < 1/2, we have

vy <824+ M(26)Y%  in[(Bj x (=6,8)) N Q] x (=4,0).

Therefore, if we choose § small enough, depending only on M and so ultimately on data,
such that 62 + M (26)'/? < 1/4, then we have

A~ =

sup u <
(B3 x(—6,6))N] x (—4,0)
Completely analogously we may consider the subsolution v_ (', x,,,t) = —vy (2, zy, )
to obtain a corresponding bound from below. All in all, we conclude with

_ 1
0sc u <

—. 5.5
[BsNQ)x (—6,0) 2 (5-5)

5.3. Iteration. Let Ry < min{Rq, 1} be fixed and let Q¥ (z¢, to) be a cylinder not inter-
secting the initial boundary, with zo € 02, w > 0 and r < Ry. Since we are supposing
Ry < Rgq, we have that the boundary of € can be written as a C''*# graph in B, there
exists a unitary vector € € R"™ such that if we set 7' : R® — R" for the orthogonal
transformation that maps é,, = (0,...,0, 1) into é, we have

T71(0Q — 20) N (B, x (—r,r)) = graph 0
for some 6 € C*#(B’) with values in (—r, 7). We now start from the assumption

0sC Ue < W. 5.6)
QrNQY (xo,to)

We define, for j € N, the quantities
wj = 27w, Tj+1 = min {O'Tj,fj_,_l}, ro="
where o € (0,1/2) is such that o < -5 and (20)9% < 4(v/2)79§ (see (5.9)), with

= V2
d € (0,1/2) being the constant defined in the previous paragraph, and 7; is such that

0sC P < 0wj. 5.7

Orat Q01 ﬂQ:j (zo,to)

Note that this is possible, since 1 is continuous so that at w; fixed the map p OSCH¥I (40 10) P
P 3

vanishes as p — 0. We prove by induction

0sC Uue < wj. (5.8)
QTﬂer (zo,to)
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Now (5.8)¢ is simply (5.6), so we suppose that (5.8); holds and we prove (5.8);41, for
7 € Np. Rescale u. as follows:

1 T V2w;i\1-1 ue (2o, to)
u(z,t) == — ( ~LTx,t Q{G(ij)} t)—gi’.
a(z,t) wjus To + 7 z,to + w; - o
This is a solution to an equation structurally similar to (1.8);, see Paragraph 2.6, in partic-
ularin [(B] x (—1,1)) N Q] x (—1,0), with boundary datum

7 _ 1 " 2 V2wi\1 ue (2o, to)

Y(x,t) = ;jw(zo + ETaz,tg + wj {G(Tﬂ t) R
and where the boundary of  := [v/2T~1(Q — ) /r;] N (B} x (—1,1)) is given by the
graph of the function 0(z') = 6(r;2’ /A/2)/r; over B}. We have

R
osc |DO| < —= osc |[DO| < —20.

1 1

N VoY A
Now we choose Ry small enough so that the right hand side of the chain of inequalities in
the above display is smaller than d, where ¢ is the quantity fixed in the previous paragraph.
This ensures that (5.2) is satisfied (since D(0) = D#(0) = 0 = §(0) = 6(0)). Since all
the other assumptions in Paragraph 5.2 are satisfied (in particular by our choice of 7;), we
have estimate (5.5) at hand; therefore (5.8),41 follows by our definition of ;41 and wj .
Indeed, scaling back we have

osc |Df| =
B

1 A V2wiN1-1
osc ue < sw; with O =By, (o) X (t —6w2[G(7J)} ,t)
QrnQ,, =2 i 5:/\/5( 0) 0 J > 0

and by (2.10) and our definition of o, we infer

alo ()] = el

Tyl T
< lel] oo 2] o

Finally, we note that the lengths of the time intervals also go to zero, that is, the cylinders
are shrinking. Indeed, the first inequality in the above computation shows that the ratio of
two consecutive time scales is bounded by (20)9° /4, which is clearly strictly smaller than
one.

5.4. Some quantitative estimates. Let us set

W= 2”w||L°° +1,
fix a radius < Ry, and take a point (zg, tg) € O1at§2r such that anx{l,w/go*l}r(%’ to)
does not intersect the initial boundary. Clearly (5.6) holds by the maximum principle. Now
we recall that 1) has the modulus of continuity w.:

|'¢J(x, t) —P(y, 3)‘ < Wy (diStpar,G((xv t), (y, 3)))
for all (z,t), (y, s) € 0p€r. Since
Q57 (w0, t0) C By(wo) x (to — [G(27I1=2/90)1=2/90 ) p)] =1 ),
we have
Q}7 (wo,t0) C Qi,}(xo,to),

with A; := max{1,2/(1=2/91)y2/90=11 > 1. Thus we see that if we want (5.7) satisfied,
it is enough to require
ATy < max{l,wz/go_l}r,
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so that ng 7, (20, to) does not intersect the initial boundary, and
wy () < 5A;1wj = dmin{2 7w, 272(171/91),2(1=1/90)}

by the concavity of wy(-). At this point we have (5.8) at our disposal, and this will be used
noting that in particular we have

Q5 (w0, t0) D QF /. (0, t0)

with B; := max{1,277(1=2/90)1=2/91} > 1. Hence, for (z,t) € Qr N Q%) g, (xo, t0)
fixed we find the largest j € Ny such that

Tj+1 .
——— < dist t), ,t <
B < distpara((@:0), (w0 t0)) < 7

A

Note that this is possible, since clearly r;/B; < r; — 0 as j — oco. At this point

lue(x,t) — ue(zo, to)| < osc ue < 279w,
QrNQ:;] (zo,to)
Let {(rj+1/Bj+1,277w)};en, be a sequence of points in R? and call w,, the smallest con-
cave function such that wy, (7;4+1/B;j+1) > 277 w; note that w,, is a modulus of continuity.
For instance, one can take the piecewise linear interpolation of the sequence {(z;, ;) }jen
given by z; = maxy>;417%/Bk,y; = 277w, which is component-wise decreasing as j
increases. This finally leads to

|us(x7t) - us(x07t0)| < 279w < Wu(rj+1/Bj+1) < Wu(diStpar,G((xat)v (antO)))v
(5.10)
and this holds for (x,t) € Qr ﬂQf/BO (20, o). In fact, it also holds for points (z, t) outside

QTG/BO (@0, to), since then we have distpar. ¢ ((, t), (zo,t0)) > r/Bop and thus

25,

[ue(,t) — ue (o, o) < "

r .
[[¢]] Lo By < edistpar,c((7, 1), (0, t0))

by the maximum principle. Note that the modulus of continuity w,, at this point depends
on data, ||¢|| L=, wy but also on r.

If now % is y-Holder continuous with respect to the G-parabolic metric, then we see
that it is enough to take 7#; = c(data,w,)2 r for some n = 7(g1,7). This yields
that the numbers 7; can be written as 777 for some 7 € (0, 1). Now the Hélder continuity
follows, for instance, similarly to [14, Chapter III, Lemma 3.1].

5.5. Continuity at the initial boundary. We begin by modifying the barrier built in Para-
graph 5.1 to meet the different situations at the initial boundary. We start by considering the
case where, before rescaling, we have a solution in a cylinder B,.(zo) x (0,w?/G(w/r)),
with B,.(x) C €, equal to ¢ over B,(z¢) x {0}; that is, the true case of initial bound-
ary continuity. Later on we shall face the “corner case”, that is the case of cylinders
By(z0) x (0,w?/G(w/r)) with 2o € O

After rescaling, one sees that it is enough to build a supersolution in Q := B; x(0,1). In
this case the explicit expression is simply v (, ) := |x|*/2. We then have vt € V;2°(Q)
and v is a supersolution to (1.8); in Q. Moreover, if we further suppose that

) < 6, u<l1, %(0,0) = (0,0) =0

5055, ¥ S osc @ < u(0,0) = ¢(0,0)

for some & € (0,1), it is easy to see that & < v + ¢ on 9,Q. Indeed on OB x (0,1) we
have v+ = 1 but u < 1, while on By x {0} we have @ = v < § and v+ > 0. Therefore
we can deduce by Proposition 2.1 that & < v* + § in Q. Now the proof goes on similarly
as in Paragraphs 5.2 to 5.4, with possibly new constants ¢ and Ry.

For the “corner situation”, we are lead to consider a solution in a domain of the type
Q := Bj x (—1,1) x (0,1); the supersolution in this case is v = |2'|? + Mz/?, with
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M as in Paragraph 5.1. The fact that the function is a supersolution follows plainly from
(5.1). Assuming now that the boundary graph 6 over B takes values in (—4, ) and

) <6, u<1, u0,0)=1(0,0)=0,
%8§@¢“ osca <1, (0,0)=1(0,0)

we have 1 < v; in 3PQT N Q, since u = 1/_) < 9 there; on the remaining part of the
parabolic boundary of Q we use the fact that v; is larger than one, as in (5.4). Again, now
the proof is similar as above.

In both cases, a scaling and iteration procedure like the one used in Paragraph 5.4 allows

us to prove the reduction of oscillation in a sequence of nested cylinders of the type Qn
B, (0)) x (0,w?G(w;/r;)), with 25 € Q. This leads to

lue(x,t) — ue(z0,0)] < wy (distparyg((x,t), (xO,O))). (5.11)

for every (z,t) € Qr. Moreover, opportune statements similar to above still hold in the
case 9 is Holder continuous.

At this point we call R the smallest value of Ry coming from the three different cases,
ultimately a constant depending on data and 0f2. Choose r = E/ 2. Now r is a constant
depending only on data and 0f2. By combining the boundary estimates (5.10) and (5.11)
with the interior estimate in Remark 2 we obtain

[uc (2, 1) — ue(y, 8)| < wy (distpar,c((z, 1), (y,5))) (5.12)

for every (z,t), (y,s) € Q" , where w, depends on data, e, ¢, Wy, [|¥|| L, 0. Indeed,
if one of the points is in 9,{27, then (5.12) is either (5.10) or (5.11). In the case where both
(x,t), (y,s) € Qr we consider two different cases. Either the mutual distance of (z,t)
and (y, s) is small compared to their distance to the boundary, in which case we use the
interior estimate, or otherwise we can again use the boundary estimates.

Let us make this rigorous. Denote z = (z,t), w = (y, s). If distpar. g (2, w) > 1, we
are done by the maximum principle. Note now that if dist,a, (2, w) < 1, we have

diStpar,G(Z7 w)max{LQl /2} < distpar(z7 ,w) < diStpar,G(Z, w)min{l,go/z}_
Observe that (4.15) can be written in terms of the parabolic G-distance as follows:
lue(2) — ue ()| < c [de,w] —ymax{1,91/2} diStpar,G(Z, w)min{l,gg/2}’

where
S, = min {distpar, (2, Q7 ), distpar,c (w, 0pQ7), 1}.

R

] 2y max{1,91/2}

If now distpar,g(z, w) < [de,w , that is, the mutual distance of z and w is

small compared to their distance to the boundary, then we have

lue(2) — ue(w)| < cdistpar,a(2, w)mi“{1790_1}/2.

On the other hand, when distyar (2, w) > [dfw]%{ maxthor/2h (here exists a cylinder

Qf(xo,to) > z,w with p = 2distyar ¢ (2, w)™11/2:1/913/7 quch that either 29 € 9Q or
the bottom of Qf(mo, to) touches the initial boundary. Now using triangle inequality and
the boundary estimates yields

[ue(2) — ue(w)] < 2wy (p) < 4w, (distpar,g(z,w)min{l/z’l/gl}/v).

Finally, we take the largest modulus of continuity w,, for which all the conditions proved
above are satisfied, and this proves (5.12). The proof in the Holder case is similar, since in
this case we can quantify all the moduli.
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6. CONCLUSION

Call u; := u, fore = 1/4, j € N, and similarly A;, g;, ¢;. From the results of the
preceding section, that is, from the equi-boundedness of the sequence {u; },cn following
from the maximum principle Corollary 2.2 and the global equi-continuity coming from the
results of Sections 4 and 5, using Ascoli-Arzela theorem we see that u; — u uniformly

in C°(Q7") for some u € C°(Q7"). Now all we have left to prove is that u is a weak
solution to (1.8)1, which follows easily from the next proposition.

Proposition 6.1. Let u; € V24 (Qr) N COQ1") be the solutions to (4.3) defined above.

loc
Suppose there exists a function u such that w; — u almost everywhere in Qp. Then

Duj; — Du almost everywhere.

Proof. Take K € Qg and choose a cutoff function ¢ € C2°(Qp) such that 0 < ¢ <
1, ¢ = 1Lin K, and [|0s0| o (p)s |1 D@l L () < ¢ for some ¢ > 1 depending on

dist(KC, 0,82r). Let j, k € N and test the weak formulations of u; and ug with n = w; o,
where w; . := u; — ug. This choice can be justified by standard methods such as Steklov
averages. By subtracting we obtain

0= —/ w; k0 (wj k) da dt+/ (A;(Duj) — Ak(Dug), D(wj k) da dt
Qr Qr

1
T T

+/ (A;(Duj) — A(Du;), Dw; i ) da dt
Qr
+ (A(Du;) — A(Dug), Dw; i, Yo da dt
Qr

-|-/ (A(Duy) — Ap(Duy), Dwj ik ypdudt = T+ 1T+ 111+ IV + V.
Qr

Since || Du|| o (a,) < ¢ uniformly with respect to j by Proposition 4.1, we also have
145 (D)l o @y < eg; (1Dl = (2r) < c.
Thus, by the definition of A;
[+ 1T+ T + V| < ¢ lluj = urllL2or) + cll(@5 ¥ A)(Duy) — A(Duj)l| L2 (o)

+ | A(Dug) — (9 * A)(Du)l|L2r) + ¢ (1/5 + 1/F).

The first term on the right-hand side tends to zero as j, K — oo by Lebesgue’s dominated
convergence theorem and the second and third by the properties of mollifiers; the last one
is obvious. On the other hand, by (2.13)

IV >e¢ / |V (Duj) — Vy(Duy)|? da dt.
K
Thus

¢ / IV, (Duy) — Vy(Du) 2 dwdt < IV < T+ I +IIT+ V] = 0
K

as j,k — oo. We have shown that the sequence {V,(Du;)};jen is Cauchy in L*(K)
and therefore there exists a function w € L?(K) such that V,(Du;) — w in L*(K) as
j — oo. This implies that there exists a (nonrelabeled) subsequence V,(Du;) converging
to w almost everywhere in K. Now the fact that V;, has a continuous inverse yields

Duj =V, (Vy(Duy) = Vy ™ (w) =2 v

almost everywhere in /C.
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Now, since u; — u almost everywhere in C, we have for any ¢ € C2°(KC) that

/ uD¢dxdt = lim u;Dodrdt = — lim / Duj ¢pdxdt = f/ vodrdt
i J—oo ¢ J—0 Jo c

by Lebesgue’s dominated convergence theorem and the definition of weak gradient, show-
ing that v = Du. Thus, we have Du; — Du almost everywhere in K for any K &€ ()r,
which implies that Du; — Dwu almost everywhere in (7. (]

To conclude, (1.10) follows from (4.9) simply using the local almost everywhere con-
vergence of Du,, and (1.11) follows from (5.12) using the global uniform convergence of
Ue.

6.1. Weakening the assumptions. As mentioned in Remark 1, in this paragraph we show
how to modify the proofs of the paper in order to obtain Theorems 1.1 and 1.2 for vector
fields satisfying the weaker assumptions (1.12).

We observe that assumptions (1.9) are only used in order to have the analogous proper-
ties for the regularized vector field A, defined in (4.1). Moreover, (2.11) and (2.12) trivially
hold by taking £, = 0 in (1.12). Thus, it suffices to show that under the assumptions (1.12)
we still have (1.9) for A, with g replaced by g. defined in (4.2).

We shall focus only on the convolution part of the vector field A., since for the part
involving the nondegenerate g;-Laplacian the corresponding estimates are classic and easy
to verify. Therefore, we only need to prove (1.9) with A replaced by ¢. * A and g(s)

g(s+e)

replaced by =——s. Using (1.12) we have

(D6 * AYEONN) = Jim & [ (A€ + DA~ ) — A(E ), N-(n) d
- B (0)
oo, [ E—en)
> 2 V/Bl(o) € el ¢(n) dn Al

and

1D;(6. % A)E)] = Jim &

—0

woop [ gllemen
<9 /Bl@ O

/ (A€ + e — ) — A(E —n)ée(n) dn
B.(0)

Hence, if we can show that

g(|€ —enl) g(l¢] +¢€)
/Bl@ € en P Tge (6D

independently of ¢, we are done.
Consider first the case |¢| > 2e. This implies [ —en| > £(|¢| +¢), and thus | — e ~
|€] + € so that (6.1) holds. On the other hand, if |£| < 2¢, we have

g(1§ —enl) 1 g([€l +¢)
_ d d
/Bl(o) |§ —enl o) dn < EII(E)QS By(e/e) 1§/ — T e
9([§] +¢)
< cln) b ¢ el e

and

g(|€ —enl) g(|€ —enl)
_ dn > EANL R VA d
/Bl(o) 1§ — en| olm) dn 2 /31/2(0)\31/4(5/6) € — en o) dn

. 4
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: 9(l¢l +¢)
> f
= C(n’gl)Bll/Ii(O) |§| T

Note that we can assume without loss of generality that supp, () ¢ < cand infp, /2(0) o>
1/c for some ¢ = ¢(n) > 0.
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