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Abstract

In view of a better understanding of the geometry of scalar flat Kéhler metrics, this
paper studies two families of scalar flat Kéhler metrics constructed by Hwang and
Singer (Trans Am Math Soc 354(6):2285-2325, 2002) on €**! and on O(—k). For
the metrics in both the families, we prove the existence of an asymptotic expansion
for their e-functions and we show that they can be approximated by a sequence of
projectively induced Kihler metrics. Further, we show that the metrics on C"*! are
not projectively induced, and that the Burns—Simanca metric is characterized among
the scalar flat metrics on O(—k) to be the only projectively induced one as well as
the only one whose second coefficient in the asymptotic expansion of the e-function
vanishes.
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Mathematics Subject Classification 32H02 - 53C07 - 53C42

1 Introduction and Statement of the Main Result

An important open problem in Kéhler geometry consists in characterizing projectively
induced metrics in view of the properties of their curvatures. A Kéhler metric g on a
complex manifold M is said to be projectively induced if there exists a local Kihler
immersion into the complex projective space CP", that is if for any p € M there
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exists an open set U C M, p € U, and a holomorphic function f : U — CPV,
such that f*grs = g. Here, we denote by grs the Fubini-Study metric, i.e., if
[Zog : --- : Zy] are homogeneous coordinates on CPY and (z1, ..., zy) are affine
coordinates on Uy = {Zy # 0}, grs is described on Uy by the Kihler potential
log(1 + |z1|> + - - - + |zn|?). Observe that we allow N to be infinite, where CP™ is
the quotient of / 2(0) \ {0} by the usual equivalent relation.

Many examples of projectively induced metrics can be constructed by taking the
pull-back of the Fubini—Study metric on holomorphic submanifolds of CP", although
it is more difficult to find projectively induced metrics with prescribed curvature. For
example, Hulin in [9] proved that the scalar curvature of a compact Kéhler—Einstein
manifold Kihler immersed into CPY is forced to be positive. Observe that if a compact
manifold admits a Kédhler immersion in CP*° then it is also a Kihler submanifold of
CPY for some finite N, as the immersion is given by a basis of the space of global
holomorphic sections of a suitable holomorphic line bundle, that when the manifold is
compact is always finite dimensional. Although this holds true only for global Kihler
immersions, in fact the flat torus is an example of compact manifold that is locally
projectively induced in CP* but does not admit any Kihler immersion in CPV for
finite N, as follows by Calabi’s rigidity Theorem in [4, Th. 9] (see also [16] for an
overview of Calabi’s work). Recently in [1], Arezzo, Li, and Loi proved that there are
not Ricci—flat submanifolds of CPY with N < oo. It is still an open question if there
exists a Ricci—flat (nonflat) Kéhler submanifold of CP*°. It is important to emphasize
that when the ambient space is taken to be infinite dimensional the situation could
be much different, for example in [15] Kihler-Einstein submanifolds of CP*> with
negative scalar curvature are given. In [13], Loi, Salis, and Zuddas conjectured that
the flat metric is the only example of projectively induced Ricci—flat metric and they
validate the conjecture when the metric is radial and the immersion is stable (see also
[17, 18, 22] for other results in the same context).

A very little is known for constant scalar curvature Kihler metrics. In the finite
dimensional context, it is conjectured by Loi, Salis, Zuddas in [14] that the only
projectively induced constant scalar curvature Kihler metrics lie on flag manifolds
(actually their conjecture includes also extremal Kihler metrics). The Burns—Simanca
metric on the blow—up of C? at one point is an example of scalar flat (nonflat) complete
projectively induced Kéhler metric, as shown by Cannas Aghedu and Loi in [6]. The
Burns—Simanca metric actually satisfies a stronger assumption than to be projectively
induced, namely it admits a regular quantization.

A geometric quantization (L, i) of a n-dimensional Kéhler manifold (M, w) con-
sists of an hermitian holomorphic line bundle L over M such that the first Chern class
of L is represented by w and its curvature Ric(h) := —i 99 log h satisfies Ric(h) = w.
Let H be the space of global holomorphic sections of L and denote by (-, -);, the scalar
product:

"
(s, 5 :=/ (s (), 5 ()~
M n.
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When H # {0} (condition that is always satisfied when M is compact), we can take
an orthonormal basis {s;}j—o,....¢ of H, and define a function on M by

d
€(x) = Y h(sj(x). s;(x)). (1.1)

j=0

In literature, this e-function was first introduced under the name of n-function by
Rawnsley in [21], later renamed as 6-function in [3] followed by the distortion function
of Kempf [12] and Ji [11], for the special case of Abelian varieties and of Zhang [24]
for complex projective varieties. The geometric quantization (L, &) of (M, w) is said
to be regular if €y is constant for all large enough o € Z* (when M is noncompact,
« is not necessarily an integer). Observe that in this case one considers the geometric
quantizations given by (L%, hy) such that Ric(hy) = aw. We also say that the metric
is regular. Regular metrics enjoy the properties of being projectively induced Kihler
metrics of constant scalar curvature. More precisely, for large enough o, one can
construct a holomorphic map F, : M — CPe, (dy < +00), called the coherent
states map, by

F,: M — (DPd“; X = [so(x) t -+ 8q,(x)].

which satisfies (see e.g., [2]):
i —
F}(wFs) = aw + Eaalogeag. (1.2)

In particular, one has that when €, is constant, Fy, is a holomorphic and isometric
immersion.

Further, in view of Zelditch work [23], when M is compact, the function €4, admits
an asymptotic expansion (the so-called Tian-Yau-Catlin-Zelditch expansion):

oo
€ag(¥) ~ Y aj(x)" 7,
—t

where ag(x) = landthea;(x), j = 1,2, ... are smooth functions on M depending on
the curvature and on its covariant derivatives at x of g. For this asymptotic expansion
it is meant that, for every integers /,  and every compact K € M,

SC(l,r,K)’

ol

!
€ag(X) — Z aj (x)a" 7

Jj=0

(1.3)
Ci‘

@ Springer



160 Page4of 23 S. Cristofori, M. Zedda

for some constant C(/, 7, K) > 0. In particular, Lu [19] computed the first three
coefficients, and the first two reads:

1

aq iO’g

{a2 = 1Ag, + 4 <|R |2 — 4|Ric |2 +302) (1.4)
3778 T 24 8 g g )

where oy, Ric, and R, denote, respectively, the scalar curvature, the Ricci tensor,
and the curvature tensor of g, and the norms are taken with respect to g. When M is
noncompact, the existence of such an expansion (known as Englis expansion) is not
guaranteed and only partial results are given (see Sect. 6 for details). Further, in [8],
Engli§ computed the a;’s coefficients obtaining the same results as Lu. All the a;’s
coefficients of regular metrics are constant. The Burns-Simanca metric shares with
the flat metric the property of presenting all the coefficients a;’s equal to zero [6].

Even if the metric is not regular, the existence of an asymptotic expansion for the
€ function has important geometric consequences. In particular, it turns out that the
coherent states map via (1.2) allows to approximate a Kéhler metric g with projectively
induced ones (see Lemma 5 in Sect. 6).

In this paper, we study families of scalar flat metrics constructed via Calabi ansatz on
the total space of a hermitian line bundle over Kédhler—Einstein manifolds by Andrew
D. Hwang and Michael A. Singer in [10]. The necessary hypotheses for the existence of
scalar flat metrics include the so-called sigma constancy, condition that is automatically
satisfied by polarized Kihler manifolds, which is the case we are interested in. In
particular, we consider the following families:

(A) the 1-parameter family of nontrivial scalar flat Kéhler metrics gg on <0
(described in Sect.4);
(B) the scalar flat metrics gx on O(—k) for integers k > 0 (described in Sect. 5).

Observe that the metrics gx in (B) reduce to the Burns—Simanca metric for k = 1,
and to the Ricci—flat Eguchi-Hanson metric for k = 2.
The first result of this paper is the following:

Theorem 1 Let gg be the Kdhler metric on C"*+! arising from Hwang-Singer con-
struction. Then, cgg is not projectively induced for any value of ¢ > 0 and 8 < 0, but
it can be approximated by a sequence of projectively induced metrics.

Our second result characterizes the Burns—Simanca metric among the Hwang—
Singer family g on O(—k). More precisely, we prove the following:

Theorem 2 Let gj be the Kdhler metric arising from Hwang—Singer construction on
O(=k). Then, g is projectively induced if and only if its second coefficient vanishes
identically, that is if and only if it is the Burns—Simanca metric on the blow-up of C*
at one point. Moreover, gi can be approximated by a sequence of projectively induced
metrics.

The paper is organized as follows. In Sect. 2, we recall what we need about Hwang-
Singer construction restricted to polarized Kihler—Einstein manifolds. In Sect. 3, we
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give an overview of Calabi’s criterion, deriving a necessary condition for the Hwang-
Singer metrics to be projectively induced. Sections 4 and 5 are devoted, respectively,
to the description of Hwang-Singer metrics on C**! and O(—k). Section6 contains
the existence results for the e-function associated to the Hwang-Singer metrics on
C"*! and O(—k), and for its asymptotic expansion, and the proofs of theorems 1
and 2. Finally, the appendix includes some computations regarding the a, coefficient.

2 Momentum Construction

A technique to produce complete Kéhler metrics with good curvature properties is
known as Calabi ansatz, firstly introduced by Calabi in [5] and later adopted by
several authors. Hwang and Singer generalized this construction on the total space of
an hermitian holomorphic line bundle & : L — M with “o-constant curvature” over a
Kéhler manifold (M, gys). In this section, we summarize Hwang—Singer construction,
restricting our attention to the case of polarized manifolds, where these hypotheses
are automatically satisfied.

Letrw : (L, h) — (M, wy) be apolarized hermitian holomorphic line bundle with
curvature formy = —idd logh € Q*(M) such that y = Bwy, over a Kihler—Einstein
manifold of complex dimension n, that is py; = Awps, where pyy is the Ricci form
associated to gps. This method, also known as momentum construction, gives rise to
bundle-adapted metrics on L, that is Kéhler metrics g, g whose Kihler form arises
from the Calabi ansatz

wp.p = Troy +2i90f (1),

where 7 is the logarithm of the norm function defined by 4 and f : (—o0, +00) —
[0, +00) is an increasing and strictly convex function of one real variable which makes
wy, g Positive definite.

In a coordinate chart U C M over which L is trivial, i.e., 7~ (U) =2 U x C, there
exists alocal coordinate system Z = (z, £) = (z!, ..., 7", &) for L where & = pe'% isa
fiber coordinate and z = (z1 , ..., 2" are pullbacks of coordinates on M, i.e.,ifg € M
is a point with coordinates z, then every point in the fiber 7 ! (¢) can be described by
coordinates z. In such a chart, there is a smooth positive function 2 : U ¢ M — R
such that

1
t:=1logllz|]| = Elog (ISIZh(Z)) .

As explained in [10], to simplify the construction of scalar flat Kéhler metrics on
L, it is advantageous to change coordinates. Setting

= f(1), o) =f"),
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so that f satisfies the differential equation

f(@) = (1)
f(0) = po > 0,

the Kihler metric wy, g reads as
* * 1 C
Wy p =T Wy — T y~|—;dr/\dr, 2.1

and along the fiber Ly over x € M restricts to

w(p,ﬂlﬁber = % d§ A d&__

The explicit expression for the profile function ¢ for scalar flat polarized metrics is

_ n+1 _ _
(T k((l BT) (1 ,3t)+,3n‘c)>' 2.2)

2
(1) = ——7F7— ot D)

(I =By

Observe that the factor (1 — Bt)" arises as the determinant of the endomorphism
Id — 7B, since B := a);,lly = pBldfory = Bouy.

Remark 1 The function f’ : (—oo, +00) — (0, +00) is an increasing and surjective
function (see Prop. 1.4. in [10]). In particular,

lim f/(t) = 0.
t——00

Remark 2 The derivatives of the function f(¢) are expressed recursively in the variable
T as

FP0 =@ )
for n > 3. In particular, we have

(@) = ()¢’ (1),

(iv) 1 / 2 (2.3)

FH0) = o(m)(@(0)e (7)) + (¢ (1)).

Proposition 1 Let ¢ > 0 be a positive real number. If f is a solution for the ODE
Y = (") with ¢ given by (2.2), then f := cf is a solution to y" = ¢(y'), where we

denote with ¢ the profile function with parameters p = g and A = %
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Proof 1t follows by noticing that

2 1 1 a1 = Beyyy ! — (1 = Bieyy) - nBeyy
o(y) = ﬂ7<f(cy)/+*2 (( () i ( ) nc(cy))>
(I=clenrie e [

_ 1 2 < +i((1—3<cy)/>”+1—<1—3<cy>’>+/§n<cy>’))

¢ (1= ey Pt
Thus,
201 = Bleny )™ — (1 — B(evY) + B ,
(1= Bleyyy B2n+1)

In this setting [10, Theorem B] by Hwang and Singer, reads

Theorem3 Let w : (L,h) — (M, wy) be a polarized hermitian holomorphic line
bundle over a complete Kdihler—Einstein manifold (M, wyy) such that y = By, with
B < 0. Then, the metric g, p on the total space of L is a complete scalar flat Kiihler
metric. Moreover, the metric g4 g is Ricci—flat if and only if py = —y.

Remark 3 For y = 0, we have local product metrics since they are bundle-adapted
metrics on flat-bundles, see ( [10], Remark 1.6).

3 Calabi’s Criterion Applied to g, g

In this section, we recall what we need on Calabi’s criterion for projectively induced
metrics and compute the diastasis function for our metrics.

Let (CPV, grs) be the complex projective space of dimension N < oo endowed
with the Fubini-Study metric. Let [Zg : --- : Zy] be homogeneous coordinates and
(z1, ..., zn) the respective affine coordinates on the coordinate charts U; = {Z; # 0}

defined by z; = % A Kaibhler potential for grs on Uy is
J

N
¢rs(z) =log<l+Z|z,~|2).

j=1

In [4], Calabi gives a criterion for a real analytic Kéhler manifold (M, g) to admit
a holomorphic and isometric (from now on Kdhler) immersion into a complex space
form in terms of the diastasis function associated to the metric g. Here, we consider
only the case when the ambient space is the complex projective space CP", that is
when the metric is projectively induced, which is the one we deal with. Observe that
it is not restrictive to assume the manifold to be real analytic, since a metric induced
by the pull-back through a holomorphic map of the real analytic Fubini-Study metric
is forced itself to be real analytic. The diastasis function can be viewed as a particular
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Kihler potential defined as follows. Fix a coordinates system (z1, ..., z,) on a chart
U C Mandlet¢p : U — R be a Kihler potential for g on U. By duplicating the
variables z and 7, the Kéhler potential ¢ on U can be complex analytically extended to
afunction ¢ : W — R on a neighborhood W of the diagonal in U x U. The diastasis
function is defined by

D(z,w) := ¢(z,2) + ¢(w, W) — ¢(z, W) — p(w, 7). 3.1)

Denote by p € U the point of coordinates wp. Observe that fixing w = wy, the
diastasis D, (z) := D(z, wo) is a Kihler potential for g on U.
The Calabi’s criterion is the following:

Theorem 4 (Calabi’s criterion [4]) Let (M, g) be a Kiihler manifold. An open neigh-
borhood of a point p € M admits a Kéhler immersion into CPV if and only if the
00 X 00 hermitian matrix of coefficients (b ji) defined by

o
ePr@ _ 1 = Z bj(z — p)™i @z —p)™ 3.2)
k=0

is positive semidefinite of rank at most N.

Let now (M, wyy) be a Kidhler-Einstein manifold with Einstein constant A, that is
pm = Awy. As described in Sect. 2, the momentum construction gives a 1-parameter
family of scalar flat Kihler metrics @y, g on the polarized line bundle (L, /) described
by the Kihler potential:

1
V(z,8) = P(2) +4f <§10g[lél2h(Z)]) ; (3-3)

where we can take as & the diastasis function for wyy, centered at z = 0. We now
describe the diastasis function for the metrics g, g and give a necessary condition
for these metrics to be projectively induced, which follows directly by applying the
Calabi’s criterion to them.

By (3.1), the diastasis function associated to wy, g, centered at p = (0, s) with
seRTis

1 2 1 2
D(z,8)|p = P(2) +4f <§ log (IEI h(z))) +4f <§ log s )
1 1
—4f (5 log(és)> —4f (5 log(és)>, (3.4)

where we set 2(0) = 1.
In particular, for the fiber metric, we have
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I 5 1, I 1
Dp(®)liver =4/ (5 log (| )) +4f (5 log s ) —4f (5 log@s)) —4f (5 log@s)) :
(3.5)

Proposition 2 Let ¢ > 0 be a positive real number. Then, the metric c wy g = ® o
where @ is the profile function defined by (2.2) Withparameters,é = B/c andh = M.

Proof Observe that
Ccwy g = coy + 2id9cf (1),

and cw)s is a Kihler—Einstein metric with Einstein constant ’% Conclusion follows
since by Proposition 1 f = c¢f is a solution to y” = ¢(y'). O

Remark 4 We note that if g is a scalar flat projectively induced Kihler metric, then its
(scalar flat) multiples cg may not be so. If the base manifold is Kihler—Einstein with
Einstein constant A, we find a close connection between the parameters ¢ and X (as in
the previous proposition). Namely, it turns out that varying the parameter c over the
positive real line corresponds to construct the Hwang—Singer metrics on the same line
bundle over a rescaled Kihler-Einstein manifold with Einstein constant % Thus, it is
equivalent to study the metric cw,, as ¢ varies and the metric w, as A varies in the base
manifold.

Lemma 1 In the notation above, a necessary condition for the metric wy g to be
projectively induced is that
n(+28) = —4. (3.6)

3*(Pr—1)

dE29¢2
onal of the matrix (bj;) in (3.2), a necessary condition for the metric w, g to be
projectively induced is that

Proof By Calabi’s Criterion Theorem 4, since |p is an element on the diag-

34 (ePr — 1)
9E29¢82

1 {1 log 52 log 52 logs2 >
N I C)] _ £ "
=i (3 () () e ()
. log 52
+f (T)) > 0. 3.7)

By (2.3) and since ¢(z) > O for every T € R*, (3.7) is equivalent to

p

4+ 8¢(wo) — 49 (10) + ¢’ (10)* + @(0)¢” (110) = 0,
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2 .
where 1o 1= f’ (l"%), ie.,

2 — ¢ (110)* + ¢(10) (8 + ¢” (o)) = 0,
that is
(2 — ¢/ (120))?

3.8
(o) G5

¢" (o) > —8 —

By the definition of ¢ (2.2),

2(+ DB+ (1= (= o)) + (B2 + D(n = 1)+ 21 = o)™ ) o)
(n+ DB = Bugy™+!
(n+ 28+ (1 = DB +Mino)

¢’ (o) =

)

¢ (no) = (A= Bugy 2

Since we can choose s > 0 arbitrarily small, then (3.8) must hold for g — 0 (see
Remark 1). It is not hard to see that as ug — 0,

2 — ¢ (ro))?

— 0,
@(ro)

and

9" (10) — 2n (A +28).

Thus, (3.8) implies

n(A+2p) = -4,
as wished. O
2j(,Dp_
Remark 5 Considering the j-th derivatives %| p» We get sharper necessary

conditions for the metric g, g to be projectively induced. However, such conditions
will always depend on the choice of 8 and A.

Remark6 When B = —J, the metric g, g is Ricci-flat. In this case, condition (3.6)
givesthat g, g isnotprojectively induced forany A > %. This estimate can be improved
38Pr—1

to A > 1 also for n = 2, 3, and 4, by computing the 4-th derivative 2673E7 Ip

evaluated at ;g = ﬁ. Further, observe that when n = 1, g, g is the Eguchi—-Hanson
metric on CP!, which has been proven to be not projectively induced in [18]. As
before, observe that such condition can be improved considering higher derivatives
but will always depend on the choice of A, as in the above remark.
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4 Hwang-Singer Metrics on "’

Let (M, wy) = (C", wp), where wq is the canonical flat metric, i.e., wy = %85|Iz|l2.
The momentum construction in this case gives a l-parameter family of scalar flat
Kéhler metrics wy g on C"*! described by the Kihler potential (see 3.3):

(2, §) = |I2I +4f< log [ g2 511! ]) 1)

obtained setting (z) = e‘gHZ”z in (3.3), for B < 0, so that y = —idd logh(z) =
/3 88| 1z] |2 Bwy and by (3.4) the diastasis function for w, g centered at (z,§) =
(O s) reads

D 0)(z, é)—l|z||2+4f< 10g[|$|26 Sl ]>+4f< logv>—4f( log[ss])

—4f (7 log [ss]) 4.2)

The profile function obtained setting A = 0 in (2.2) is given by

()= —t “3)
T a— o |

for t € [0, +00).

In order to prove the first part of Theorem 1, i.e., that (Cntt, cwy p) is not projec-
tively induced for any ¢ and g, let us first show how to drop the dependence on the
parameters 8 and c.

Lemma 2 Up to an affine change of coordinates on C", the metric cw, g on s
equivalent to wy, _1.

Proof Let us first deal with 8. The metric a)(p _1 is obtained by a momentum construc-

tion on (C", wg) with profile ¢(7) = T +r)" Perform a change of coordinates on C”

by setting 7’ = FZ Then,
wo = 931217 = —ﬁiaénz/nz,
2 2

Observe that while in the z coordinates y = —ay, in the coordinates 7/, y = Bwy.
The determinant of the endomorphism Id — tB (see Sect. 2 after formula (2.2)), that
in the z coordinates was (1 + 7)", now in z’ reads (1 — Bt)". Thus, the change of
coordinates transforms the metric @, 1 on C"*! in the metric w,, g.
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Let us now prove that the multiplication of wy 1 by ¢ > 0is equivalent to consider
W, _1. By (4.1), a Kihler potential for cw,, 1 is given by

2 ! 2,41l
c®(z.§) = cllzll? +4ef ( 5 log [ Ig 121 ] ).
Performing a change of coordinates 7’ = \/cz, we get
/ e 1 2, 2012117
e §) = 17|17 +4ef ( 5 log[lPex <] ).

Conclusion follows observing that by Proposition 1, if f satisfies the ODE given by

_ 2t : . _ 2T
p(t) = Tro™ then cf satisfies the ODE given by ¢(7) = Tl O

5 Hwang-Singer Metrics on Line Bundles Over CP’

Let L be a holomorphic line bundle over CP! endowed with the Fubini-Study metric
normalized so that A = 1, that is, in affine coordinates z = 1Z_Zl on Uy = {Zy # 0}
340

Lo atog (14 2|2
w = — (0] — .
FS = 5 g 2%
Since L is a holomorphic line bundle over CP!, then L is of the form O(—k), k € Z.
The natural hermitian metric on the line bundle O(—1) on CP! is given by restricting

the hermitian metric of C2 to each fiber / = L, C C2. So if {Uy, U1} is a cover of
CP! with

Uy ={Zy #0} , a«=0,1,
then

_ZolP+ 1212

hy = , =0,1.
« 1Za 2 *

So, on each open set Uy, if we take z as local coordinate, we have
@ =1+ L1z
7)) = 1 z|”.

For k > 0, the line bundles O(—k) := Ok)* = O(1)* ® - - - ® O(1)* inherit natural

hermitian structures given by
1 k
2
hi(z) = (1 mrid ) :
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The curvature form is then

1o\ &k
= —iddlog|( 1+ —1z1*) = —-wrs
Y 4 2
and the line bundle is polarized, with A = 1 and 8 = —%, with k a positive integer.
So the profile 2.2 reads
2t + 72
@r(t) = P
1 ET
and the momentum construction gives a 1-parameter family w; = o o,k of scalar

flat Kdhler metrics on the polarized line bundle O(—k) described by the potentials
1 2 1 2 1 2 ¢
W(z,§) =4log I+Z|Z| +4f Elog €] l—l—leI : 5.1

Remark 7 For k = 0, the metric w reduces to the local product metric on CP! x C,
see Remark 3.

In the proof of Theorem 2, we need the following lemma.
Lemma 3 The metric wy on CP! is not projectively induced for any k > 3.

Proof Let p € O(—k) be the point of coordinates (s, 0) and let D), be the diastasis
function for the metric wy as in (3.5). The fourth derivative of e?» — 1 evaluated at p
is given by

38ePr — 1)
de4aEd
1

= €78 ( + 24f

p

4 72

+21617 + 73O —a5f@ —66) + (18 @ — 216" +242) f
1
i ® 245D £ 2327© _ 115250 4 136(f @)% + 3088 @)

6) 5) 4) 2 " ” 2 log 52
+(fY =18 f Y+ 125 43677 =396 +36)f" + 114 f — |
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that written in terms of ¢ (@) with o = f/ (log 5 ) up to the multiplication by the

positive constant 3 , reads g 4(,o(uo)A(ga (mo)), with (to simplify the notation we drop
the dependence from Ko in @ (o) and its derivatives):

Alp(o) = 909 + (¢") — 12(¢))* + 449" — 48)” + 0(¢') — 2)(—8(193¢" + 968)
+ ()3 (579" +392) — 2(¢)*(255¢" + 1624) + 4¢’ (383¢" + 2200)) + 2¢*(16(—36¢>
+29(¢")? 4 2509" + 432) + 619 (¢')* 4+ 2(¢)2(96(9 — 290 + 45(¢")* + 4369 )+
— 4¢' (—203¢D 4+ 102(¢")? 4+ 936¢" + 1728)) + 2¢° (17(¢")? + 196(¢")?
+20W(19(p')* — 669" + 58) + 649 (5¢" — 9) + 12(¢P (8¢ — 15) + 48)¢" + 768)
+9' (1560 + 89D 29" - 3) + 0V (260" + 64)),

. . - . 38(ePr—1)
since ¢ (Lp) is positive, the sign of W

(2.2), we get

p is the same as that of A(¢(j0)). From

() +18J
— (L T R
¢ (1) = (=1 2+ kr)it1

’

that substituted into the expression of A(¢ (1)) gives

1
P 9

where Py (10) is the polynomial in po:
12
Pi(110) = 105 — 113k +48k* — 8k> + > g5 (k).
s=1
for given g, (k) that are not relevant for our analysis. Since g can be chosen small

enough in [0, +o00) taking s — 0, the sign of A(¢(uo)) is the same as the sign of
Py (1p) for positive values of g. Conclusion follows by noticing that

lim Pe(0) = 105 — 113k + 48k> — 8k3,
Ho—

and the right hand side is negative for any £ > 3. O

6 Asymptotic Expansion of @, g and Proofs of Theorems 1 and 2

Throughout this section, let us write (X, wy, g) for either X = Cor X = O(—k).
LetLbea holomorphic line bundle over X and let /; be an hermitian metric on L such
that Ric(fz) = w,,g- Notice that such an (i, fz) exists if and only if w, g is integral. In
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our case, this occurs since the base metric wyy is an integral form and
[wp.p] = [T w0y +2i30 f (1)] = [ *ou],

where 7 : L — M is the projection given in Sect. 2 (here M = C" or CP'). Consider
the tensor power (L%, he) and let H, be the space of global holomorphic sections
of L¥. In order to define the e-function for (X, wy g), we first need to show that

Ha # {0}

Lemma4 In the notation above, 1 € H, for either X = ((D"H,a)(p,ﬁ) or X =
(O(=k), wp)).

Proof Observe that by formula (2.21) in [10], we have

o A
. = det — | = d d dzj ANdzZ;.
e = Qe <2> & ndE []dzj ndz;

j=1

where Q is the determinant of the endomorphism Id — tB, as after equation (2.2) of
the profile.

Let us deal first with the case X = C"*1. In this case, H,y is the weighted Hilbert
space of global holomorphic functions over C"*! that are L? limited in norm, namely:

vl
_ n+1 2 —ad @,
Hy = {MEHOI(C )| - |u|“e it D <+oo},

where @ is given by (4.1).
Due to Lemma 2, we can set § = —1. In order to prove that 1 € H,, it is enough
to check the convergence of the integral:

277ty (i \"H! .
/ e—a(llz||2+4f(t)))& (i) dE A dE 1_[ dz; AdZ;
Cn+l

2
g2 \2 =
00 o] 00 R 2f/(f) n (6'1)
:nn+1/ / / PO ACIN o AN
0 o Jo o i—1
/_
where we set polar coordinates & := poeieo, Zj = pjeio-i andr; := pjz.,j =0,...,n,

and we denote { = %(log ro + % > ;7j)- The function under the integral is positive

e ﬂltz) — g as & |> — 0, so its integral converges inside any closed

and smooth, sinc
ball of ray R > 0 centered at the origin. Thus, it is enough to check that the integral

outside the ball is finite. Using that the function under the integral is positive and that

oo rar 2 O aarin2fO 1 d _aapa
oo r0 a drg '
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/ / / o(Zyrear@) 2/ @ Hdr
J

ro

__ —da f (D)

< / / / e «f O gr 1_[ dr; 6.2)
l / o / e—4af %log R+% Z_/ r_,-) 1—[ drj.

@ JR R =1

The last integral in (6.2) converges at least for « > n/4 and for a large enough R,
since

we have,

| 1 4n
e defGGlogRYg ) o 7
— 4da/n 4a/n”
rl .. .rn

. . . . . . 92 1 o1 .
More precisely, since f is an increasing function and W S =zf" >0, there exists

R € Rsuchthatforr; > R, j=1,...,n,

thus
f 11 R+lg >1§l1 !
—lo - ri — og|-ri).
) g 4j J —nj_l g 4’

Let us now deal with X = O(—k) over CP!. In this case, it is enough to check the
convergence of the following integral over the chart Uy x C ~ C?:

—daf(t) ’ 1 (4\2 .\ 2
/2( e 2f'@) + £ (1) (5) dE NdE Adz A d7
C

4a+2 2
+ l|z|2) “ 1 2
e D 2 f1@) + f10)?
=2 4a+2 . drodry,

where we set polar coordinates & = ,ooeieo, 71 = pleigl, rj = pjz., j =0,1, and set
i=1 > logro + K > log(1 + }trl) As before, since the function we are integrating is
smooth on any closed ball of ray R > 0 (since ‘f‘;"z) — 8o as |E> — 0), we reduce
to check that the integral converges outside such ball. First observe that

I = /oo —e74af(;(m))mdro — i * ie*“"‘f _ L [6740[];]00 < o0
R ro 2 Jr drg 2o R
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and

o0 74af(t)
/ / L 2f (t) drodry = —f/ / ie 4afdr()dr1
2 drg

]—|— "1

1 [ 1 00 1 —4Ol.f(t(r1))
= —7/ — e74°‘f]R dry = f/ eizdrl < 0.
“IR(144n) IR (14 4n)

So, since a > 0, we have

et D2 f@) + f1(0)?
e 4a+2 70 drodry
_40‘](0) 2 t
/ / 4a+2 I Odr odry
(1+ r 7o

—4a f(t) A2
T
1 + 4 o

—4af(t) "($)?2
<Dbh +/ / —f @ drodry.

1+ rl 70

It remains to check that

ot f A2
1 —/ / f @ —drodr;

ro

converges. Integrating by parts, since

e—4af(f) f/(i)Z 2 d —4af(f) f/(i)
- =—— ¢ . 7 7
(1+71Lr1)2 0 ko dry ro (1~|-‘1—tr1)

we get

2 [ [ d - "t
1 ——/ / — SO 7}6 © drodry
R R

ko dry ro(] +%r1)
2 o] / 00 1 nk _ Jl

= - / e*““f#l S e f fid” dro
ko R ro(l-}-zrl) R ro (1+ rl)

2 e—daf ¢ 00 9 flo—daf
7] — */ / f drldro + = / f fe drldro
k 1 + 3 R r() 1 +
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2 / / et (Zf/ + () b
= -7 , ro+ —
ka 1+4R ro(14 3 (1456 8
o] —4aj
S—i 1 / / (2f+(f)) rldro-&-g
ke | (1 + 4R ro(1+ rl) 8
2 I k k 163
where in the second equality we used that
) f/e—4af
lim ——— =
n=toe (14 gr1)
as follows by applying de I’Hopital and using that " = f . Further the inequality

follows by (1 + 5 f ) > 1, since f’ is a positive funct10n. From (6.3), we obtain

(

for a suitable constant C € R. In particular, I converges at least for o >

| — —

! 1 <C
p) <

o

1

I m}

Unlike the compact case, for a noncompact manifold, it is not guaranteed in general
the existence of the Engli§ expansion of the function €, and only partial results in
this direction are known (see e.g., [7] for the case of strongly pseudoconvex bounded
domains in C" with real analytic boundary). In [20, Theorem 6.1.1], X. Ma and G.
Marinescu state sufficient conditions for the expansion to exist in a very general con-
text. A version of their theorem adapted to our setting reads as follows (cf. [17, Theorem

7:

Theorem 5 Let (X, g, w) be a complete Kiihler manifold and let (i, fz) be an hermitian
line bundle on X. Then, €,y admits an asymptotic expansion in a with coefficients given
by 1.4 provided there exist constants | > 0 and ¢ > 0 such that

iRL > 1w, iR > (6.4)

—cw, |dwlg <c,

where Rt denotes the curvature of the connection on det(T"°X) induced by g and
RL the curvature of the connection on L induced by the hermitian metric h.

In the following theorem, we prove that conditions (6.4) hold for Hwang—Singer
metrics based on a Kdhler—Einstein polarized manifold. Recall that from [10] Section
2, the Ricci form py, of w, g is given by

1 |: 1
2

y—— | =(@0)

i
" dt A dt,
20 | Q

—(<PQ)( )7

— *
Py =T pM+2Q
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thus, when wyy is polarized, we have

1 / k 1 1 / ' C
Py = T (Aoy) + EGPQ) (O™ (Bom) — % [E(QDQ) } dr Nd°T ©s)
=+ %((pQ)’)n*a)M - %[é(wQ)’]/dr Adr.

Theorem 6 Let w, g be the Hwang—Singer metric on a polarized line bundle over a
Kiihler—Einstein manifold with integral Kdhler form. Then, if Hy # {0}, the Englis
expansion of the function €qq, , exists and the coefficients aj are given by 1.4.

Proof Let us check that conditions (6.4) hold for w, g. The first condition is satisfied
forl € (0, 1) since

— ~ — 1
iR = —i3dlogh = —iddloge 2V = W, B,
while the third condition is satisfied for every positive ¢ > 0, since dw, g = 0, being
the metric Kihler. Let us now deal with the second condition. We want to show that
there exists a positive ¢ > 0 such that the form given by

iRY + cwyp = py + cwyp

is positive. Thus, using 6.5 and 2.1, it is sufficient to show that there exists ¢ > 0 such
that

(/\+£( Q)/+c(1—tﬁ))w +(—i[i( Q>’]’+5>dmd%>o
207 M 20107 0 ‘

Being A > 0 and ¢ > 0, we show that there exists ¢ > 0 such that

%590 +c(1—18) >0
1[50 +c=0,

namely, we want a positive ¢ that satisfies

¢>—4500) 25
c>3($00)).

. 1
Since T=p < 1, we reduce to prove that

(pQ) ((wQ)/)/
0’ 0
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are limited functions, proving the existence of such a c. Using the expression of the
profile function 2.2 and since Q(t) = (1 — Bt)", we get

vQ  _ 2 a2
Q  pU-por B (A=)
%2
B (1—=po)"
<—2—)L+2
8 )
and
@@\ _ 2n(B+n)
( 0 )—Wﬂ”““)’
concluding the proof. O

From the existence of an asymptotic expansion of the e-function, it follows that
the metric can be approximated by a sequence of projectively induced ones in the
following way (cf. [17, Corollary 9]).

Lemma5 Let (M, g) be a polarized Kihler manifold such that the 1 € H, where
‘H is the weighted Hilbert space of holomorphic functions on M limited in norm.
Then, the e-function associated to g exists and, if it admits an asymptotic expansion
whose coefficients are given by (1.4), then g can be approximated by a sequence of
projectively induced Kdhler metrics.

Proof Denote by w the Kihler form associated to g. Let F, : M — CP% be the
coherent states map, i.e., Fy(x) = [oo(x) : -+~ : 0j(x) : ... ], where {0} j=0,1,.. is an
orthonormal basis of H such that 6y = 1. Since ‘H # {0}, we can define the e-function
for g by (1.1), and we have

Flops = aw+ %Zﬁlogeag.

By (1.3), since ap = 1, we have that limy— o éF; grs = g&. m|
Remark 8 Observe that the assumption 1 € H is needed to define the coherent states
map. When M is a compact polarized Kdhler manifold, the existence of Fy is guaran-
teed by Kodaira’s Theorem. In the noncompact case, one can always define the map
F, for example when g is regular, i.e., when €4, is constant. In this case, (1.1) implies
that for each x € M there exists a nonvanishing o (x).

We are now in the position of proving Theorem 1.

Proof of Theorem 1 By Lemma 2, we can reduce ourselves to prove that w, g is not
projectively induced for a given value of . By Lemma 1, a necessary condition for the
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metric wy g on C"*! to be projectively induced is that n > —2. Thus, it is enough

toset B < —%.
The second part follows by Lemma 4, Theorem 6, and Lemma 5. O

Let us now complete the proof of Theorem 2.

Proof of Theorem 2 By Lemma 3, wy is not projectively induced for any £ > 3. For
k = 2, w» is the Eguchi-Hanson metric on the canonical line bundle O(—2), that is
not projectively induced as shown by Loi, Zedda, Zuddas in [18]. For k = 1, w is the
Burns-Simanca metric that is projectively induced as shown by Cannas Aghedu and
Loi in [6]. The second part follows by Lemma 4, Theorem 6, and Lemma 5. Finally,
a direct computation (see Appendix A below) gives

2k —1) (kPT — 2kt —2)
T (kT +2)°

)

that is identically zero if and only if k = 1, concluding the proof. O

Remark 9 In [6], Cannas Aghedu and Loi showed that the Simanca metric g is pro-
jectively induced, and this implies that any of its integer multiples kg; also are. We
note here that these are the only possible multiples that can be Kidhler immersed in
CP®°. In fact, by momentum construction, the Simanca metric on O(—1) arises as a
metric on a line bundle over CP'. In particular, CP' is a Kihler submanifold of O(—1)
(obtained setting the fiber coordinate & = 0) and the Fubini—Study form is not integral
when multiplied by a noninteger factor.
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Appendix A: Computations of a>

We compute here the a; coefficients for the metrics w, g in the case where the base
manifold M is the complex projective line CP!, completing the proofs of Theorem 2.
From (5.1), the metric g; reads

Kz f" (048K ()+16 _kaf" (1)

_ (12P+4)? £(127+4)
8k = KZf(0) Jid0)
E(Iz+4) HE
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It follows that

(1+547)0(m

det(gy) = ~— 29
) = e (T 1P

and

(1z12+4)2 _ kEz(1z1*+4)

—1 _ | 8&70D B/ (N+2)

8k KzE(1P ) 5P (K2 () 48k (1)+16)
B8R/ (0+2) FUOTHORSY

The norms of the Riemann and Ricci tensors are

gp= L ({002 OO0 8®FO0 -2k —4) 8 S0)?
16\ f"* ~ fr@° (kf'(t) +2) (kf'() +2)*
16k /"0 2/00 N0 A O0?
(kf'(t) +2)? fr@? frO*kf' () +2)* )
and
Ricf? = & L A O M a0 A O ot A O WY Al O o8 A O)
I \GO+2D? T 08 T RO+ k(D) +2)3 £1?
42O a)? Af DDy 2kkf PO +4PV0)  fDe)?

FIOXEf @) +2)2 O3S (1) +2) PO ks (1) +2)2 O

%)’
kf')+2f"0* )

By (2.3) with ¢(7) = 21:?: , the a; coefficient for the metrics w; on O(—k) is given
by ’
2(k — 1) (K>t — 2kt —2)
(kT +2)°

0 = (A.1)

Remark 10 A similar computation for the Hwang—Singer metric on C"+! gives:

/32
a0, 1) =4(1 — Br)2(n+2)

+ B3 T(BQR" = 2T +4) + T (BQ" —3)T +2(2" +2)).
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