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1 Introduction and summary

Calculating observables in the 6d N = (2, 0) superconformal field theories is a challeng-
ing problem. Due to their lack of a lagrangian description, the theories remain largely
mysterious and outside the reach of conventional field theoretic methods.

The most established way to study these theories is through holography. At large N ,
the AN−1 and DN N = (2, 0) theories are dual to 11d supergravity on an AdS7 × S4 [1]
and AdS7 × S4/Z2 [2, 3] background respectively, where the radius of AdS7 (in Planck
units) is related to N as RAdS/lP = (8πN)1/3. This supergravity description is useful and
leads to concrete predictions; unfortunately it is also impractical beyond the large N limit:
subleading corrections probe high-energy corrections to 11d supergravity coming from M-
theory, and we currently have no way to determine these systematically. It is therefore
imperative to find new ways to calculate observables beyond the large N limit.

The more modern approach to calculating observables is to rely on the methods of
the conformal bootstrap [4–7] and the chiral algebra subsector [8, 9]. In the context of
the N = (2, 0) theories, the chiral algebra description was used to calculate protected
CFT data and obtain information about the spectrum of BPS operators [9, 10]. The
bootstrap constraints on the 4-point function of stress tensor supermultiplets were studied
first numerically in [11] and analytically at large N in [10, 12–15] (see also [16–20]). These
works have led to remarkable progress in understanding both the (2,0) theories at large
N and, through holography and the flat space limit of Mellin amplitudes [21], scattering
amplitudes in M-theory.

In this paper we take a first step to generalise this approach to include correlators
involving surface operators [22–25]. Surface operators are particularly interesting because
they play a role analogous to the Wilson lines of gauge theories and capture interesting
physical properties of these theories not accessible to local operators, such as higher-form
symmetries [26–29] and measuring the string potential [30–32]. In addition to what they
compute, they are useful because they provide a wealth of new observables, such as their ex-
pectation value and correlators with other operators, and thus provide a larger playground
to study the 6d theories.

More precisely, we study the 2-point function of the stress tensor superprimaries in
the presence of a 1/2 BPS defect V defined over a plane in R6. The set of such defects V
is expected to be equal to the set of finite dimensional representations of the ADE group
entering the classification of 6d N = (2, 0) theories [33, 34], and in the following we keep
the choice of representation arbitrary.

The bootstrap approach to this kind of correlator was first developed in the context
of boundary CFTs [35] and later generalised to defect CFTs [36] and super-CFTs [37]. At
large N , an effective approach to calculating correlators based on the defect version [38]
of the inversion formula [39] was outlined in [40] for the Wilson line in N = 4 SYM (see
also [41–43]). Here we adapt the strategy of [40] to obtain the first nontrivial correction to
our correlator at large N .

In the rest of this introduction we present a summary of our results.
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1.1 Summary

The superprimaries of the stress tensor multiplet are scalars transforming in the symmetric
traceless representation of so(5) R-symmetry, and we denote them by ΦI1I2 , with I =
1, . . . , 5 R-symmetry indices. Their conformal dimension is protected by supersymmetry
and fixed to ∆ = 4. It’s convenient to introduce a polarisation vector u to avoid carrying
indices, and we define

Φ(x, u) ≡ ΦI1I2(x)uI1uI2 , I = 1, . . . , 5 . (1.1)

Note that we can enforce tracelessness by requiring u to be a null vector, u2 = 0. A review
of this embedding space formalism can be found in [44].

In the absence of a defect, the 2-point functions of these operators are completely
fixed by conformal symmetry up to the choice of normalisation for the operators, but the
presence of the defect V breaks the conformal symmetry so(2, 6)→ so(2, 2)×so(4) and the
R-symmetry so(5) → so(4), leading to 3 independent cross-ratios z, z̄, ω. Writing x⊥ for
the coordinates perpendicular to the plane and taking n to be the unit vector specifying
the embedding of so(4) ⊂ so(5), we define these cross-ratios by

z + z̄

2
√
zz̄

= x⊥1 · x⊥2∣∣x⊥1 ∣∣ ∣∣x⊥2 ∣∣ , (1− z)(1− z̄)√
zz̄

= x2
12∣∣x⊥1 ∣∣ ∣∣x⊥2 ∣∣ , (1− ω)2

ω
= u1 · u2

(u1 · n)(u2 · n) .

(1.2)
Here and below we use the short-hand notation x12 ≡ x1 − x2, and when restricting to
coordinates along the plane we use the notation x‖. This choice of cross-ratios is convenient
and admits a geometric interpretation reviewed in section 2, see figure 3 there.

The 2-point function is then constrained by kinematics to take the form

〈Φ(x1, u1)Φ(x2, u2)V 〉 = (u1 · n)2(u2 · n)2

|x⊥1 |4|x⊥2 |4
F(z, z̄, ω) . (1.3)

As we derive in section 2 the function F is not arbitrary and must satisfy additional
constraints from supersymmetry known as superconformal Ward identities

(∂z + ∂ω)F(z, z̄, ω)|z=ω = 0 , (∂z̄ + ∂ω)F(z, z̄, ω)|z̄=ω = 0 . (1.4)

These constraints can be understood as Cauchy-Riemann equations for the functions
F(z, z̄, z) and F(z, z̄, z̄). They can be solved explicitly in terms of 2 functions F (z, z̄), ζ(z)

F(z, z̄, ω) = (z − ω)(z̄ − ω)(z − ω−1)(z̄ − ω−1)
(z − 1)2(z̄ − 1)2 F (z, z̄)

+ z(z̄ − ω)(z̄ − ω−1)(ω − 1)2

ω(z̄ − z)(z̄ − z−1)(z − 1)2 ζ̄(z̄) + z̄(z − ω)(z − ω−1)(ω − 1)2

ω(z − z̄)(z − z̄−1)(z̄ − 1)2 ζ(z) .
(1.5)

Our goal is then to calculate F and ζ at large N .
The structure of the correlator at large N is easy to understand from supergravity.

The stress tensor superprimaries are dual to Kaluza-Klein modes on the S4 [1, 45], and the
1/2 BPS plane in the fundamental representation of AN−1 is dual to an M2-brane extended

– 2 –
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Figure 1. Leading Witten diagrams at large N . In these pictures the orange curve represents the
minimal M2-brane dual to the surface operator V , and the black lines denote propagators in AdS.

along an AdS3 ⊂ AdS7×S4 [30]; for the symmetric representation with M indices we take
M coincident M2-branes [33, 34]. The leading contributions to the correlator are given by
the Witten diagrams presented in figure 1, and we can evaluate their respective order in
N and M by dimensional analysis. Propagators contribute as G−1

11 ∼ N−3, and conversely
vertices contribute as N3. Interactions with the M2-branes are proportional to the M2-
brane tension TM2 ∼ N , so for M M2-branes we expect a factor MN . Schematically we
then expect

〈Φ(x1, u1)Φ(x2, u2)V 〉 = (u1 · u2)2

|x12|8
+ M2

N

(u1 · n)2(u2 · n)2

|x⊥1 |4|x⊥2 |4
+ M

N2 (. . . ) +O(N−3) (1.6)

The relative factors of M2/N and M/N2 are in direct correspondence with the Witten
diagrams.

The first two terms correspond to disconnected correlators and are known exactly. The
first is the free propagator, its coefficient is one by normalisation. The second is the square
of the one-point function, which can be expressed in terms of anomaly coefficients c, d (see
appendix C for a derivation)

〈Φ(x, u)V 〉 = a2
(u · n)2

|x⊥|4
, a2 = − d√

c/2
. (1.7)

These anomaly coefficients are defined for any ADE group g specifying the N = (2, 0)
theory and any choice of representation for the surface operator V , defined by its highest
weight Λ. A conjecture for their exact values was proposed for c in [9] and d in [46]; both
pass many consistency checks. Writing dg, h∨g and rg for the dimension, the dual Coxeter
number and the rank of g, and ρ = 1

2
∑
α>0 α for the sum of positive roots (the Weyl

vector), they are given by

c = 4dgh∨g + rg , d = 1
2 (Λ,Λ) + 2 (Λ, ρ) . (1.8)

In particular for su(n) and for a symmetric representation of rank M , these coefficients are

c = 4N3 − 3N − 1 , d = M(N − 1)
(

1 + M

2N

)
. (1.9)

– 3 –
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The coefficient c agrees with the supergravity calculations of [47–50]. The coefficient d
was initially obtained from holographic entanglement entropy [46], and also agrees with a
calculation from the superconformal index [51] and explicit supergravity calculations for
M = 1 at large N [52–54]. With these results, we get that in the large N limit a2

2 ∼M2/N ,
which matches (1.6).

The term proportional to M/N2 in (1.6) multiplies a nontrivial function of the cross-
ratios, and encodes the interaction between Φ and V via the exchange of a stress tensor
multiplet. Its coefficient is also known exactly and follows from the superconformal block
decomposition of F

F(z, z̄, ω) = (zz̄)2(1− ω)4

(1− z)4(1− z̄)4ω2

∑
Ol

λ22lalGl(z, z̄, ω) . (1.10)

In this decomposition, the functions G are the superconformal blocks associated with the
exchange of a given bulk supermultiplet, and the coefficients λ22l, al are respectively the
structure constants appearing in the 3-point function of local operators and 1-point func-
tions in the presence of V . For the stress tensor, λ222 is known exactly and is given by

λ222 =
√

8
c
. (1.11)

In the large N limit we also reproduce a2λ222 ∼M/N2.
The expectations from supergravity then translate into the expansion

ζ(z) = z2

(1− z)4 + 2d2

c
− 4d

c
ζ(1)(z) +O(c−2)

F (z, z̄) = 0 + 2d2

c
− 4d

c
F (1)(z, z̄) +O(c−2) .

(1.12)

In section 4, we adapt the strategy presented in [40] to calculate ζ, F from bootstrap
techniques. The observation is as follows. The function F can have a branch cut at z̄ = 1
(physically this corresponds to having null separated bulk operators, refer to figure 3), and
its discontinuity along that branch cut can be used to reconstruct the correlator via the
dispersion relation derived in [55, 56]. From the block decomposition of F (1.10) one can
show that the only blocks contributing to the discontinuity are either those with low enough
twist ∆− ` < 8 or long multiplets with anomalous dimensions. Long multiplets arise from
double-trace operators (in the large N limit they have the schematic form Φk�n∂`Φk, with
Φk a 1/2 BPS operator of dimension 2k) and are expected to have conformal dimensions

∆ = 4k + 2n+ `+ γ

c
+ . . . , k ≥ 2 , (1.13)

so at large c their contribution to the discontinuity is subleading. We can conclude that
to order c−1, the only superblocks that contribute to the discontinuity are the exchange of
the identity and stress tensor multiplet, which correspond to diagrams 1 and 3 of figure 1.
A straightforward strategy is then to obtain their respective superblocks, calculate the
discontinuity and reconstruct the correlator from its discontinuity.

– 4 –



J
H
E
P
0
7
(
2
0
2
3
)
1
6
5

Unfortunately this strategy is incomplete for two reasons. First, the dispersion relation
of [55, 56] may not reconstruct the full correlator, for instance it misses the disconnected
diagram in the middle of figure 1. Second, it is also not manifestly supersymmetric, and
indeed to satisfy the superconformal Ward identities (1.4), the result obtained this way
must be supplemented by an infinite number of conformal blocks, see for instance [40].

In section 4 we resolve both of these issues by deriving a manifestly supersymmetric
inversion formula (4.3) (see [19] for a similar idea applied to 4-point functions of local
operators). As we review below, in addition to the decomposition into bulk superconformal
blocks (1.10), F admits a decomposition in defect superconformal blocks Ĝ

F(z, z̄, ω) =
∑
Ôl

b2klĜl(z, z̄, ω) . (1.14)

The supersymmetric inversion formula calculates the coefficients b2kl entering this decompo-
sition directly from the discontinuity of F . Resumming these superblocks we are guaranteed
to obtain a supersymmetric correlator, and furthermore we observe that it calculates all
but two superblocks contributing to F : the defect identity (corresponding to the middle
diagram in figure 1) and the displacement supermultiplet. The contribution from the de-
fect identity is simply the d2/c term in (1.12), and the contribution from the displacement
multiplet is fixed by kinematics [57] and proportional to d/c.

Implementing this strategy we obtain the subleading terms in (1.12)

ζ(1)(z) = z

(1− z)2 ,

F (1)(z, z̄) = zz̄

(1− zz̄)6

[
2
(
1 + zz̄ + (zz̄)2

) (
1 + 18zz̄ + (zz̄)2

)
− (z + z̄) (1 + zz̄)

(
1 + 28zz̄ + (zz̄)2

) ]
+ 6(zz̄)2 log zz̄

(1− zz̄)7

[
(1 + zz̄)

(
3 + 4zz̄ + 3(zz̄)2

)
− 2 (z + z̄) (1 + 3zz̄ + (zz̄)2)

]
.

(1.15)
We expect subleading corrections to F in d/c and 1/c, so this result is valid for any choice
of representation for V , as long as 1� d� c.

A nontrivial check of our result is that the correlator we obtain satisfies crossing sym-
metry, see figure 2. The terms corresponding to the exchange of bulk and defect identity
are known to be crossing symmetric by themselves, but in addition we check that ζ(1), F (1)

lead to a crossing symmetric correlator.
Finally our result leads to one more surprise. A fundamental difference between the

case of the Wilson line in N = 4 SYM studied in [40] and surface operators in the (2,0)
theories is the lack of results from supersymmetric localization. Yet, we show in section 3
that we can obtain exact results in 6d as well. As was shown in [9], a protected subsector
of the 6d theories obey the structure of a chiral algebra, and for the AN−1 6d theories the
corresponding chiral algebra is expected to be theWN -algebras. In parallel to the analogous
constructions in 4d [8, 58], we show in section 3 that surface operators are identified with
a module of the WN -algebras, and using that description we obtain exact results for the

– 5 –
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Φ Φ

Figure 2. Crossing symmetry constraint for a 2-point function of bulk operators with a defect.
On the left, the correlator is evaluated using the defect channel decomposition (1.14), on the right
with the bulk channel decomposition (1.10).

protected defect CFT (dCFT) data. In particular, we are able to calculate the holomorphic
function ζ(z) and find that the bootstrap result obtained above is exact

ζ(z) = z2

(1− z)4 + 2d2

c
− 4d

c

z

(1− z)2 . (1.16)

This is a nontrivial check of our bootstrap result, and unlike (1.12), this expression has no
further corrections in c, d, and we conjecture that it is valid for any ADE theory and any
choice of representation for V .

The rest of this paper is organised as follows. In section 2 we review the definition of the
dCFT data, study the kinematics of the 2-point function, derive the superconformal Ward
identities and study the two superconformal blocks decompositions of F . In section 3 we
use the chiral algebra description to obtain protected dCFT data and calculate ζ(z) (1.16).
In section 4 we present a supersymmetric inversion formula and use it to obtain the dCFT
data associated with the defect channel and our main result (1.15). Finally, in section 5
we check crossing symmetry and obtain dCFT data associated with the bulk channel.

We also include three appendices. Appendix A contains a review of the conformal
blocks in the bulk channel, along with a derivation of the superconformal blocks relevant
to this paper. Appendix B does the same for defect channel blocks. Appendix C presents
the calculation of a2 in terms of the anomaly coefficients for our choice of normalisation.

2 Kinematics

We begin by reviewing the constraints from kinematics on correlators, the definition of
defect CFT data and the two superconformal blocks decomposition of the 2-point func-
tion (1.3).

2.1 Review of defect CFT data

A CFT can be defined by its spectrum of operators along with the structure constants
appearing in their 3-point functions. For the AN−1 N = (2, 0) theories, the spectrum is
expected to contain a set of 1/2 BPS operators Φk (k = 2, . . . , N) transforming in the
symmetric traceless representation of so(5) with k indices (Φk=2 ≡ Φ is the superprimary
of the stress tensor multiplet). For these operators the 3-point functions take the form

〈Φk1(x1, u1)Φk2(x2, u2)Φk3(x3, u3)〉

= λk1k2k3

(−2u1 · u2
x4

12

) k123
2
(−2u1 · u3

x4
13

) k132
2
(−2u2 · u3

x4
23

) k231
2

,
(2.1)

– 6 –



J
H
E
P
0
7
(
2
0
2
3
)
1
6
5

where we use the shorthand notation kijk ≡ ki+kj−kk, and the factors −2 are introduced
for later convenience. The constants λ are not fixed by symmetry and are pieces of CFT
data defining the theory.

The value for these structure constants λ depends on the choice of normalisation of
the operators, and for definiteness in this paper we take the 2-point function to be

〈Φk(x1, u2)Φk(x2, u2)〉 =
(2u1 · u2

x4
12

)k
. (2.2)

In addition to this usual CFT data characterising the algebra of local operators, surface
operators enrich the theory by a new set of defect CFT data that characterise correlators
involving the surface operators.

The 1/2 BPS operators Φk can acquire an expectation value in the presence of a surface
operators V and are constrained by the residual conformal symmetry to take the form

〈Φk(x, u)V 〉 = ak
(u · n)k

|x⊥|2k
. (2.3)

The coefficients ak are independent pieces of dCFT data.
Finally, the dCFT contains defect operators Ô that can be inserted on the defect

V . These defect operators sit in multiplets of the osp(4∗|2) ⊕ osp(4∗|2) algebra preserved
by the plane V , which includes as a bosonic subalgebra the so(2, 2) group of rigid 2d
conformal symmetries along the plane, the so(4) rotations of the space transverse to the
plane and the residual so(4) R-symmetry. For defect operators of conformal dimension ∆̂
and in representations of transverse spin s and R-symmetry spin r, we again introduce an
index-free notation by contracting the operators with polarisation vectors ui‖ and v

m (with
i,m = 1, 2, 3, 4 and u, v s.t. u2

‖ = v2 = 0)

Ô∆̂,s,r(x‖, u‖, v) ≡ Ôi1i2...irm1m2...ms(x‖)u
i1
‖ u

i2
‖ . . . v

m1vm2 . . . (2.4)

As above, for definiteness we assume the normalisation

〈
V [Ô∆̂,s,r(x1, u1, v1)Ô∆̂,s,r(x2, u2, v2)]

〉
= (2u1 · u2)r(2v1 · v2)s

x2∆̂
12

. (2.5)

Their correlators with bulk operators is fixed by kinematics up to a coefficient b

〈
Φk(x

‖
1, x
⊥
1 , u1)V [Ô∆̂,s,r(x

‖
2, u
‖
2, v2)]

〉
= b

k,{∆̂,s,r}
(u1 · n)k−r(−2u1 · u‖2)r(x⊥1 · v2)s

|x⊥1 |2k−∆̂+s
[
(x⊥1 )2 + (x‖12)2

]∆̂ . (2.6)

There are two distinguished defect operators. In the case of the defect identity (∆̂ =
s = r = 0), the correlators (2.6) reduce to a 1-point function (2.3) and bk,{0,0,0} ≡ ak.
The other universal operator is the displacement supermultiplet, which arises from the
broken symmetries in the presence of V . We denote it by B[1] anticipating the notation for
defect supermultiplets (see section 2.5), and its superprimary by ÔB[1]. This supermultiplet

– 7 –
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is studied in details in [57], and the coefficient b2,B[1] was shown to be fixed by Ward
identities to〈

Φ(x‖1, x⊥1 , u1)V [ÔB[1](x
‖
2, u
‖
2)]
〉

= b2,B[1]
(u1 · n)(−2u1 · u‖2)

|x⊥1 |2
[
(x⊥1 )2 + (x‖12)2

]2 , b2,B[1] = 2

√
d

c
.

(2.7)

2.2 Kinematics for 2-point functions

We now turn to the correlators involving two bulk operators at points x1 and x2 and a
defect V . The kinematics for these correlators are studied in [36] and reviewed below.
Unlike the previous correlators, these correlators are not completely fixed by kinematics
constraints and involve an arbitrary function of 3 cross-ratios z, z̄, ω.

To understand their origin, it is convenient to use the symmetries of the correlator
to fix the position of the operators. Using the translations and the special conformal
transformations preserved by the defect, one can show that there is a frame in which both
x
‖
1,2 = 0, so in that frame the only invariants under the residual symmetry are 2 linearly

independent combinations built out of1

x⊥1 · x⊥2
|x⊥1 ||x⊥2 |

,
|x⊥2 |
|x⊥1 |

,
(x⊥12)2

|x⊥1 ||x⊥2 |
. (2.8)

We can recover the full conformal invariants by undoing the frame fixing, and it is conve-
nient to take the 2 cross-ratios z, z̄ to be (1.2) as defined in [38].

These have a nice interpretation. If we further fix x⊥1 = (1, 0, 0, 0) and x⊥2 = (x, y, 0, 0),
then it’s easy to show that (1.2) is solved by z = x + iy and z̄ = x − iy, so in that frame
z, z̄ are interpreted as the location of one of the operators. In particular in Lorentzian
kinematics both z, z̄ are real and are interpreted as lightcone coordinates, see figure 3.

In addition to these spacetime cross-ratios, the correlator (1.3) admits many R-symme-
try tensor structures, and they can be packaged as a sum over an R-symmetry cross-ratio σ

2∑
j=0

Fj(z, z̄)σj , σ = u1 · u2
(u1 · n)(u2 · n) . (2.9)

We can interpret this geometrically as follows. Polarisation vectors u take values in the
projective space P4. The space of u subject to the tracelessness condition u2 = 0 can then
parametrised by coordinates y in R3

u = [yi : 1
2(1− y2) : i2(1 + y2)] . (2.10)

Surface operators preserve an so(4) ⊂ so(5), so they pick a direction n in projective
space. We can choose n to be a direction in R3, so that V splits y into

{
y‖, y⊥

}
. As for

the spacetime part we can act with preserved R-symmetry to set a frame where y‖1,2 = 0,
leaving only the invariant

ω = |y
⊥
2 |
|y⊥1 |

. (2.11)

1Transverse rotations and dilatations preserve this frame and act on x⊥1 , x⊥2 .
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V ΦΦ(z, z̄)

z̄
=

0 z =
1

z =
0 z̄

=
1

Vω = 0

Φω = 1

Φ(ω)

Figure 3. Interpretation for the cross-ratios z, z̄, ω in lorentzian kinematics. Upon choosing an
appropriate conformal frame, one can always bring the correlator (1.3) to the following kinematic
configuration. On the left, we draw a plane transverse to V and containing both bulk operators. One
can set V at the origin at fix the location of one Φ; z, z̄ are then the coordinates of the remaining Φ.
The dotted lines are the locations of the lightcones. On the right, we draw the transverse direction
to V in R-symmetry space. We can again fix V at the origin and set the location of one Φ. The
position of the other Φ is ω.

Comparing with (2.9) we can trade σ for ω using the relation

σ = (1− ω)2

ω
. (2.12)

2.3 Superconformal Ward identities

In addition to the constraints from conformal and R-symmetry, the correlator (1.3) obeys
constraints from supersymmetry. A nice way to derive them is to promote Φ to superfields
taking values in superspace, so that the correlator also encodes the 2-point functions of all
operators in the stress tensor multiplet.

In addition to the coordinates x ⊂ R6 and y ⊂ R3 (arising from realising geometrically
the R-symmetry, see the discussion around (2.10)), we can introduce 8 Grassmann param-
eters θαa, where the spinor indices run over α = 1, . . . , 4 and a = 1, 2. Together, x, θ, y
organise in the supercoordinates X of analytic superspace [17, 59]

X =
(
xαβ θαb
θaβ yab

)
∈ GL(4|2) . (2.13)

In this equation x is an antisymmetric matrix and y is symmetric. One can check that this
supermatrix X satisfies “graded antisymmetry” with respect to the supermatrix Σ, which
is the constraint (Xst is the supertranspose)

Xst = −XΣ , Σ =
(
14 0
0 −12

)
. (2.14)

With this property, X can be shown to parametrise the superspace OSp(8∗|4)/G, with G
the stabiliser of Φ (see [17] for more details).

Surface operators also have a simple description in this superspace similar to the one
presented in [37] for defects in four dimensional N = 4 SCFTs. The operator V picks a
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plane in R6 and a direction in R3, for definiteness we can take them along x1, x2 and y1.
Then V naturally defines the supermatrix

Π =
(
iγ12 0

0 ρ1

)
. (2.15)

This decomposes X into X‖ and X⊥ according to (anti)symmetry under

X = X‖ +X⊥ , (ΠX‖)st = −ΣΠX‖ , (ΠX⊥)st = ΣΠX⊥ . (2.16)

We are then interested in uplifting the 2-point function (1.3) to superspace. The
correlator is constrained to be a function of superconformal invariants, and as for the
case of 4-point functions of Φ discussed in [59], a simple counting argument shows that
there are no superconformal invariants built out of fermionic coordinates θ’s only. This is
because our 2-point function depends on 16 fermionic coordinates (θ for both X1 and X2),
and correspondingly the defect preserves 16 supercharges. So there are enough preserved
supersymmetries to fix a frame where all the θ’s vanish. In turn this implies that the 2-point
function of all the superdescendants is uniquely fixed in terms of the function F introduced
in (1.3) by finding the appropriate superspace extension to the cross-ratios z, z̄, ω.

To find the superspace cross-ratios, we can use the previous strategy and again fix a
frame where X‖1 = X

‖
2 = 0. For some appropriate choice of basis for the gamma matrices,

X⊥ takes the form

X⊥ =


0 x⊥ 0 θ⊥
−xT⊥ 0 η⊥ 0

0 ηT⊥ 0 y⊥
θT⊥ 0 y⊥ 0

 . (2.17)

The cross-ratios are then given by the superconformal invariants built out of 2 points,
which are the eigenvalues of X1X

−1
2 . Let us call them Z, Z̄ and Ω. If we set θ, η = 0 it is

simple to check that they match the definitions for z, z̄, ω introduced in (1.2).
When θ, η 6= 0 these eigenvalues receive corrections. To find them, we consider the 3

identities
1
2 str

(
X1X

−1
2

)n
= Zn + Z̄n − Ωn , n = 1, 2, 3 . (2.18)

For our purposes it is sufficient to take X2 purely bosonic. Solving these equations to first
order in θ, η we find (with π± some projector satisfying π+ + π− = 1; in the frame of
section 2.2 they are π+ = ( 1 0

0 0 ) and π− = ( 0 0
0 1 ))

Z = z − (ηTπ+θ)
z − ω

+ . . . , Z̄ = z̄ − (ηTπ−θ)
z̄ − ω

+ . . . ,

Ω = ω − ηTπ+θ

z − ω
− ηTπ−θ

z̄ − ω
+ . . .

(2.19)

Expanding F(Z, Z̄,Ω) in fermionic coordinates, we then get

F (Z, Z̄,Ω)− F (z, z̄, ω) = − (∂ZF |z + ∂ΩF |ω) (ηTπ+θ)
z − ω

− (∂Z̄F |z̄ + ∂ΩF |ω) (ηTπ−θ)
z̄ − w

+ . . .

(2.20)
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This has unphysical poles at z = ω and z̄ = ω. Indeed the correlator should be well-defined
at these points, and requiring the absence of singularities leads to the superconformal Ward
identities2 (1.4).

2.4 Superconformal block expansion: bulk channel

Consider evaluating the correlator (1.3) using the OPE of the two bulk operators ΦΦ. The
bulk operators that appear in this OPE are symmetric traceless tensors of dimension ∆,
spin ` and R-symmetry spin R. As we review in appendix A, for each of them we can
calculate a conformal block that encodes their contribution to F . These conformal blocks
consist of two parts. First, the spacetime dependence is encoded in a conformal block
gst∆,`(z, z̄) expressed in terms of the conformal blocks ga,b∆,` for 4-point functions of local
operators in 4d [63]

gst∆,`(z, z̄) = (1− z)(1− z̄)
1− zz̄ g0,0

∆−1,`+1 (1− z, 1− z̄) . (2.21)

The expression for g(a,b)
∆,` (z, z̄) is given in (A.14). The surprising appearance of 4d conformal

blocks in the context of surface operators in 6d is part of a set of relations between conformal
blocks uncovered and explained in [64].

Second, the R-symmetry dependence takes the form of a conformal block hR(ω) and
is given in terms of the Legendre polynomials PR(x)

hR(ω) = R!(R+ 1)!
(2R+ 1)!

(1− ω
1 + ω

)
PR+1

(1 + ω

1− ω

)
. (2.22)

Together they contribute to F as

g∆,`,R(z, z̄, ω) = gst∆,`(z, z̄)hR(ω) . (2.23)

The derivation of these conformal blocks along with their appropriate normalisation is
reviewed in appendix A.

In a SCFT, operators organise into supermultiplets, and correspondingly the contribu-
tions from conformal blocks organise into superconformal blocks. For instance, the stress
tensor multiplet (denoted D[2, 0]) contains the operators listed in table 1. The only oper-
ators that can contribute to the exchange are the superprimary ΦIJ and the stress tensor
Tµν , so the superconformal block is a linear combination

GD[2,0] = g4,0,2 + αg6,2,0 . (2.24)

Imposing the superconformal Ward identity (1.4) fixes the parameter α = − 3
700 , and plug-

ging the explicit conformal blocks we get

GD[2,0](z, z̄, ω) = −12
[
1 + 1(1 + z)(z − ω)(zω − 1)(z̄ − 1)2

2(1− z)(z − z̄)(zz̄ − 1)(ω − 1)2 log(z)− (z ↔ z̄)
]
. (2.25)

We can read the contribution to F, ζ (1.5) by taking the limits ω → z̄ and ω → 1

ζD[2,0](z) = − 12z2

(1− z)4

[
1 + 1

2
1 + z

1− z log z
]
, FD[2,0] = 0 . (2.26)
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Primary Representation
Tµν [2, 0, 0](0,0)

6

Jµ [1, 1, 0](0,1)
11/2

jµ [1, 0, 0](0,2)
5

Hµνρ [0, 2, 0](0,1)
5

χI [0, 1, 0](1,1)
9/2

ΦIJ [0, 0, 0](2,0)
4

Table 1. Content of the stress tensor multiplet derived in [65]. We specify the representations by
their Dynkin labels as [j1, j2, j3](k1,k2)

∆ . Here [j1, j2, j3] denotes the Dynkin labels for so(6) Lorentz
symmetry; the spin l representations are [0, l, 0]. (k1, k2) denote the so(5) Dynkin labels; the spin
R representations are (R, 0).

The superblocks that can contribute to the 2-point function of 1/2 BPS operators Φk

are constrained by selection rules. These were derived in [16, 17, 66, 67], see also [11]. For
two stress tensor superprimaries (k = 2) they read

D[2, 0]×D[2, 0] = 1 +D[4, 0] +D[2, 0] +D[0, 4]

+
∑

`=0,2,...
B[2, 0]` + B[0, 2]`+1 +

∑
L[0, 0]∆,` . (2.27)

For the supermultiplets appearing on the right we follow the notation from [11]. The first
letter indicates the shortening condition, while [k1, k2] specify the so(5) representation of
the superprimary.

The representations appearing on the right are all those allowed by representation
theory (B[0, 0]` multiplets are also allowed on the grounds of representation theory but
they contain higher spin conserved currents). Out of these only 1, D[2, 0],D[4, 0],B[2, 0]`
and L[0, 0] have symmetric traceless tensors that can acquire an expectation value and
contribute to the correlator. We derive their superblocks in appendix A and collect the
results in table 2.

We note that the relation between gst∆,` and the 4d conformal blocks g(a,b)
∆,` also extends

to a relation between the superconformal blocks of table 2 and the superconformal blocks
of local operators in 4d N = 2 theories [68]. The relation to N = 2 blocks in particular
is natural because the latter depend on a single R-symmetry cross-ratio. Comparing our
table 2 with their table 4, we see that the superconformal blocks share the same structure.
It would be interesting to understand how the relations of [64] extend more generally to
superconformal blocks for arbitrary defects and bulk operators.

2.5 Superconformal block expansion: defect channel

A second way to evaluate the 2-point function (1.3) is to use the defect operator expansion
(dOE). This expresses bulk operators in terms of defect operator insertions Ô on the

2This strategy has been originally applied in [59] and later in a variety on examples, see e.g. [37, 60–62].
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Multiplet ∆ R G(z, z̄, ω) ζ(z) F (z, z̄)

1 0 0 1 z2

(1−z)4 0

D[2, 0] 4 2 (2.24) z2

(1−z)4 k4(1− z) 0

D[4, 0] 8 4 (A.18) z2

(1−z)4 k8(1− z) (zz̄)2

(1−z)4(1−z̄)4 g
st
8,0(z, z̄)

B[2, 0]` 8 + ` 2 (A.19) − z2

(1−z)4 k2(`+6)(1− z) − (zz̄)2

(1−z)4(1−z̄)4 g
st
`+10,`+2(z, z̄)

L[0, 0]∆,` ∆ > 6 + ` 0 (A.20), (A.21) 0 (zz̄)2

(1−z)4(1−z̄)4 g
st
∆+4,`(z, z̄)

Table 2. List of supermultiplets contributing to the correlator, along with ∆, R for the superpri-
mary. The conformal blocks entering each superblock are detailed in the appendix A.3. We also
list the contributions of each superblock to ζ and F , with k2h(z) defined in (A.15) and gst

∆,`(z, z̄)
defined in (2.21).

defect V . To see which defect operators can enter the dOE, recall that defect operators
Ô transform under the symmetry so(2, 2)× so(4)× so(4) preserved by the plane V . Their
representations are labelled as [s, r]h[s̄, r̄]h̄, where s, r, s̄, r̄ are su(2) labels and h, h̄ are sl(2)
labels. Their conformal dimension is ∆̂ = h+ h̄, and their 2d spin is h− h̄.

Consider then the correlator〈
Φk(x1, y1)V [Ô(x‖2, y

‖
2)]
〉
, (2.28)

where Φk is the 1/2-BPS primary and Ô is a defect operator in an arbitrary representation
(we suppress the additional indices). First, notice that we can choose a frame where
x
‖
1 = x

‖
2 = 0, idem for y‖, so there is no quantity that carries 2d spin. This means that the

only defect operators Ô that can have a nonzero correlator (2.28) are those with

h = h̄ = ∆̂
2 , r = r̄ . (2.29)

A second constraint is that the only quantity that transforms under the so(4) acting on the
transverse space is x⊥1 . Therefore the only representations that can arise are the symmetric
traceless, which are those for which

s = s̄ . (2.30)

We label these defect operators as Ô∆̂,s,r, and their correlator with bulk operators Φk are
given in (2.6).

From these selection rules we can write a dOE for ΦkV

Φk(x, y)V =
∑
{∆̂,s,r}

b
k,{∆̂,s,r}

|y⊥|k−r

|x⊥|2k−∆̂
C
k,{∆̂,s,r}V [Ô∆̂,s,r(x

‖, y‖, v)] , (2.31)

where C
k,{∆̂,s,r} are differential operators encoding the contribution from the descendants.

Acting twice with the dOE inside the correlator (1.3) gives a sum of 2-point functions
of defect operators Ô∆̂,s,r. As we review in appendix B, for each of them we can calculate
a conformal block ĝ that encodes their contribution to F , we find

ĝ∆̂,s,r(z, z̄, ω) = (−1)r (zz̄)
∆−s

2

(1− zz̄)
zs+1 − z̄s+1

z − z̄
ωr+1 − ω−(r+1)

ω − ω−1 . (2.32)
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Multiplet ∆̂ r Ĝ ζ(z) F (z, z̄)

1 0 0 1 1 1

B[1] 2 1 (B.12) −z −zz̄
[
1 + (1−z)(1−z̄)

1−zz̄

]
B[2] 4 2 (B.12) z2 (zz̄)2

[
1 + 2(1−z)(1−z̄)

1−zz̄

]
A[0]s 2 + s 0 (B.13) −zs+2 z̄zs+2(1−z)2−zz̄s+2(1−z̄)2

(z−z̄)(1−zz̄)

A[1]s 4 + s 1 (B.14) zs+3 − z̄2(z̄−2)zs+3(1−z)2−z2(z−2)z̄s+3(1−z̄)2

(z−z̄)(1−zz̄)

L[0]s ∆̂ > 2 + s 0 (B.15) 0 (zz̄)
∆̂+s

2
(z−1)2(z̄−1)2

1−zz̄
zs+1−z̄s+1

z−z̄

Table 3. List of defect supermultiplets contributing to the correlator. ∆̂, r denote the conformal
dimension and R-symmetry charge of the superprimary of the supermultiplet. For each supercon-
formal block, its content in terms of conformal blocks is written in appendix B.3, and we write its
contribution to ζ, F .

As for the bulk channels, defect operators also organise into supermultiplets, this time
of the osp(4∗|2)⊕ osp(4∗|2) superalgebra. The corresponding unitary supermultiplets were
obtained in [57, 69, 70]. The supermultiplets that can appear in the dOE are those which
contain defect operators with at most r ≤ 2, in order to respect the decomposition (2.9)
of F . The list of superconformal blocks that correspond to these selection rules and can
contribute to the correlator are given in table 3.

Note that at the unitarity bound ∆̂→ 2 + s, the long multiplets decompose according
to the recombination rules [70]

L[0]s=0|∆→2 = A[0]0 +B[2] ,
L[0]s≥1|∆→2+s = A[0]s +A[1]s−1 .

(2.33)

Correspondingly, we find that the superconformal blocks obey the identities

ĜL[0]0 |∆=2 = ĜA[0]0 + ĜB[2] ,

ĜL[0]s |∆=2+s = ĜA[0]s + ĜA[1]s−1 .
(2.34)

These recombination rules suggest that the multiplet B[2] is the analytic continuation of
A[1]s to s = −1. Indeed, we find that the superconformal blocks satisfy ĜB[2] = ĜA[1]−1 ,
and furthermore ĜB[1] = −ĜA[1]−2 , Ĝ1 = −ĜA[0]−2 .

3 Chiral algebra

We now show how to obtain exact dCFT data and calculate ζ(z) directly from the chiral
algebra.

3.1 Reminder of the chiral algebra map for local operators

As shown in [9], to any 6d N = (2, 0) superconformal field theory one can associate a chiral
algebra (or VOA) by passing to the cohomology of a certain nilpotent supercharge. Under
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this cohomological reduction χ, representations of osp(8∗|4) are mapped into representa-
tions of sl(2). For the representations appearing in this work, this map gives (see table 1
in [9] for the complete list)

χ : D[k, 0] 7→ vk , B[k1, k2]` 7→ vk1+k2+4+` , L[k1, k2]∆,` 7→ 0 , (3.1)

where vh denotes the highest weight representation of sl(2) with highest weight h. This
fact has a manifestation at the level of the conformal blocks in the bulk channel, see the
fifth column of table 2 where one recognizes k2h(1 − z) as the sl(2) conformal blocks for
the exchange of an operator of weight h. It is clear that the map (3.1) cannot be inverted
as different osp(8∗|4) representations map to the same representation vh.

There is more structure to the map χ, and also the OPEs of the 6d theory reduce to
OPEs for operators associated with the representations vh, giving rise to a VOA. In the
case of the (2, 0) theories of type AN−1, the associated VOA is (conjecturally) the well-
known WN algebra, where the central charge takes the value c given in (1.9) (see [71] for
a pedagogical introduction to W-algebras and [72] for a review).3

The WN algebra is generated by primary operators Wp(z) (p = 2, 3, . . . , N) of confor-
mal weight h = p, whereW2(z) = T (z) is the stress tensor. Under the map χ, the half-BPS
operators that generate the chiral ring map to the generators of the W-algebra as

χ : Φk(x, y) 7→Wk(z) , (3.2)

up to a factor coming from the relative normalisation of Φk and Wk.
At large N , the operators Φk have a simple interpretation in holography as the “single-

trace” Kaluza-Klein modes on S4, and the spectrum of local operators is freely generated
by these modes along with their derivatives. Correspondingly, at large N the Hilbert space
H of the VOA is freely generated by Wk(z) and their derivatives, as can be seen from the
(unrefined) superconformal index [9, 73, 74]

IAN−1(q) = TrH qL0 = q−
c
24PE

(
q2 + q3 + · · ·+ qN

1− q

)
, (3.3)

with L0 the generator of the Virasoro algebra.
The structure constants appearing in the 3-point functions of Φk (2.1) are captured

by the VOA and can be calculated exactly at any N . Restricting the points xi to lie on a
plane (arbitrary but fixed, referred to as the chiral algebra plane) with coordinate (zi, z̄i)
and taking the R-symmetry variables yi to lie on a line with coordinate ωi, one finds that
upon setting ωi = z̄i the correlator (2.1) reduces to

〈Φk1(z1, z̄1; z̄1)Φk2(z2, z̄2; z̄2)Φk3(z3, z̄3; z̄3)〉 = λk1k2k3

(z12)k123(z13)k132(z23)k231
, (3.4)

with the short-hand notations zij = zi − zj , kijk = ki + kj − kk, and Φp(z, z̄; z̄) = Φp(x‖ =
0, x⊥ = diag(z, z̄), y‖ = 0, y⊥ = z̄). The twisted operators Φk(z, z̄, z̄) sit in the cohomology

3ThisWN algebra can be constructed from the corresponding current algebra using the Drinfel’d-Sokolov
construction. W-algebras also exist for the DN and E6,7,8 current algebras, and the proposal of [9] extends
to these theories as well.
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used to define the VOA, and using the map χ the structure constants λk1k2k3 can be
identified with the corresponding structure constants of the VOA. As pointed out in [9],
using results from [75] one can reproduce the supergravity results of [76] (see also [77]) at
leading order at large N , which read

λk1k2k3 = 2k1+k2+k3−2

(πN)3/2 Γ
(
k1 + k2 + k3

2

) Γ
(
k123+1

2

)
Γ
(
k231+1

2

)
Γ
(
k312+1

2

)
√

Γ(2k1 − 1)Γ(2k2 − 1)Γ(2k3 − 1)
+ . . . . (3.5)

An example: as an example let us recall how to compute the 4-point function of the
stress tensor T from the singular part of the OPE:

T (z)T (w) = c/2
(z − w)4 + 2T (w)

(z − w)2 + ∂T (w)
(z − w) + . . . (3.6)

We consider the 4-point function

〈T (z1)T (z2)T (z3)T (z4)〉 , (3.7)

and think of it as a function of z2 with the other point fixed. This is a meromorphic function,
whose poles arise when z2 approaches any of the other three points and its residues are
related to lower point correlators of T by (3.6). This information is enough to completely
determine the function, and following this strategy one finds that

〈T (0)T (z)T (1)T (∞)〉
〈T (0)T (z)〉〈T (z)T (1)〉 = 1 + z4 +

(
z

z − 1

)4
+ 8
c

(
z

z − 1

)2
(z2 − z + 1) . (3.8)

This function can be expanded in sl(2) blocks as

〈T (0)T (z)T (1)T (∞)〉
〈T (0)T (z)〉〈T (z)T (1)〉 = 1 + 8

c
k2(z) +

∞∑
n=0

λ2
n k2hn(z) , (3.9)

where k2h(z) = zh 2F1(h, h, 2h; z), hn = 2n+ 4 and the structure constants are

λ2
n = (2n+ 6)!(2n+ 3)!(2n+ 1)(n+ 1)

18(4n+ 5)! + 8
c

(2n+ 3)!(2n+ 2)!(4n2 + 14n+ 11)
(4n+ 5)! . (3.10)

It is instructive to identify the operators that are exchanged in (3.9) and write

T (z1)T (z2) = c/2
z4

12
+ 2
z2

12
D2,2;2(z12, ∂2)T (z2) +

∞∑
n=0

λTT
[TT ]n

z4−hn
12

D2,2;hn(z12, ∂2)[TT ]n(z2) ,

(3.11)
where D2,2;hn are differential operators encoding the contributions from descendants; their
explicit expression can be found in e.g. appendix A of [78] to which we also refer for further
explanations. The expansion (3.11) is a completion of (3.6) to include all the regular terms
where

[TT ]n(z) :=
2n∑
`=0

(−1)`
(

2n
`

)
(2n+3)!

(`+3)!(2n−`+3)!NO[∂`T,∂2n−`T ]− 1
4(n+1)(2n+5)∂

2n+2T ,

(3.12)
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where NO denotes normal ordering. With these conventions we can compute the norm and
OPE coefficients to find

〈[TT ]n(z1) [TT ]m(z2)〉 = δn,m gn
(z1 − z2)2(2n+4) , λTT

[TT ]n = (2n+ 1)(n+ 1)(2n+ 6)!
(4n+ 5)! ,

(3.13)
and the coefficients λ2

n in (3.10) are recovered as

λ2
n = 1

(c/2)2

(
λTT

[TT ]n
)2

gn . (3.14)

3.2 Adding a surface defect

The VOA also captures surface operators V orthogonal to the chiral algebra plane, since the
osp(4∗|2)⊕osp(4∗|2) subalgebra preserved by V contains the supercharge used to define the
cohomology. This is very similar to the case of surface defects in four dimensional N = 2
SCFTs considered in [58, 79] (see also [80]): the defect V intersects the chiral algebra plane
at z = 0 and z = ∞, and under the map χ corresponds to inserting two vertex operators
VΛ(0) and V̄Λ(∞) at these points, which defines a module of the associated W-algebra.

The fate of defect operators V [Ô] under the chiral algebra map presents some important
differences compared to the case of the bulk operators, which are related to the fact that
these operators are bound to V and therefore cannot be translated away from the origin
(or infinity). While primary bulk operators are mapped to sl(2) primaries, defect primary
operators can be mapped to sl(2) descendants. The simplest but very important example
is given by the displacement operator which, as we will see below, is mapped to ∂VΛ(0)
(or equivalently L−1 |VΛ〉).

The cohomological reduction carries over to representations of osp(4∗|2) ⊕ osp(4∗|2).
In this work we consider only representations with same left/right quantum numbers (they
satisfy (2.29) and (2.30)), and for these the map χ gives

χ : B[r] 7→ sr , A[r]s 7→ sr+s+2 , L[r]s 7→ 0 , (3.15)

where sd denotes a one dimensional representation of C∗ with weight d. The weights d can
be read from table 3.

W modules. Modules for the W-algebras introduced in section 3.1 have been extensively
studied in the literature. The ones relevant to surface operators V are a special class of
the so-called completely degenerate representations, see e.g. [81] (also [51, 82–84]), and
are labelled by a single highest weight Λ.4 The module is constructed by acting with
the negative modes of the W-algebra generators on the highest weight vector |VΛ〉, which
satisfies

Ln |VΛ〉 = W (p)
n |VΛ〉 = 0 , n > 0 , p = 3, 4, . . . , N , (3.16)

and is labelled by its weights under the W-algebra generators

L0 |VΛ〉 = ∆(Λ) |VΛ〉 W
(p)
0 |VΛ〉 = ωp(Λ) |VΛ〉 , p = 3, 4, . . . , N . (3.17)

4The value of the central charge for the W-algebra in this work corresponds to setting b = 1 in [81].
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The eigenvalue of L0 in particular is the conformal weight and is given by

∆(Λ) = −1
2(Λ,Λ)− 2 (ρ,Λ) = −d(Λ) , (3.18)

with d the anomaly coefficient introduced in (1.8). The appearance of the coefficient d
supports the identification of |VΛ〉 as the module associated to the surface operator V with
representation Λ, and remarkably indicates that the entire dependence on d is captured by
the chiral algebra.

The expressions for ωp(Λ) are obtained from a free field realization of the WN algebra
in [85].5 For example, with their choice of normalisation for W3, w3(Λ) reads

w3(Λ) =
∑

1≤i1<i2<i3≤N
(Λ + 2ρ, εi1)(Λ + 2ρ, εi2)(Λ + 2ρ, εi3)

+ 2(N − 1)
∑

1≤i1<i2≤N
(Λ + 2ρ, εi1)(Λ + 2ρ, εi2) + 8

(
n+ 2

4

)
,

(3.19)

where εi are the weights of the fundamental representation of su(N). Taking for example
the totally symmetric representation Λ = [M, 0, . . . ], the expression above reduces to

w3(M) = (M −N)(N − 1)
3N2

(
M2(N − 2) +MN(N − 5)− 3N2(N + 1)

)
. (3.20)

Let us look more closely at the structure of these modules. Their character is captured
by the surface index computed in [74]6 (up to a factor q−

c
24 ). It can be written as a

plethystic exponential

IΛ = q∆(Λ)− c
24PE

(
(N − 1)q

1− q −
∑
α>0

q(ρ+Λ,α)
)
, PE (f(q)) ≡ exp

( ∞∑
k=1

f(qk)
k

)
,

(3.21)
where the sum runs over the positive roots. Setting Λ = 0 we recover the supercon-
formal index without defects given in (3.3). For the totally symmetric representations
Λ = [M, 0, . . . ], the index above reduces to

IΛ = q∆(Λ)− c
24PE

(
qN+M − qM+1 +

∑N−1
k=1 qk

1− q

)
. (3.22)

The structure of these modules at large N (for any M) is encoded in this formula

PE
(
qN+M − qM+1 +

∑N−1
k=1 qk

1− q

)
= PE

(∑N
k=1 q

k

1− q

)
M∏
`=1

1
1− q` +O(qN ) . (3.23)

By looking at the index for more general Λ, we notice a puzzling feature: if we count how
many states in the module have the same L0 quantum number as the state associated to

5This free field realisation appears naturally since the WN algebra is the chiral sector of Toda field
theory which in turn can be obtained by compactifying the (2,0) theories on a 4-sphere, see [86, 87].

6The character of fully degenerate module and the surface index can be computed independently. The
fact that they are equal provides strong evidence for the conjectured identification of the corresponding
modules, see [74].
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the displacement operator, namely ∆(Λ) + 1, we find that this number coincides with the
number of non-zero entries in the weight Λ. This feature is not new and something similar
happens for surface defects in four dimensions, see [79]. We postpone the analysis of these
states from the point of view of the surface defect to the future.

The module structure can be translated in the language of OPEs

T (z)VΛ(0) ∼ ∆(Λ)
z2 VΛ(0) + 2

z
∂VΛ(0) , (3.24)

Wk(z)VΛ(0) ∼ ωk(Λ)
zk

VΛ(0) + 1
zk−1

(
k ωk(Λ)
2 ∆(Λ) ∂VΛ(0) + V(k)

Λ (0)
)

+ . . . (3.25)

In this way we can make direct contact with the (cohomological reduction of the) defect
OPE of the Φk half-BPS operators. We will now use these OPEs to determine certain
quantities exactly in the 6d theory with the surface defect.

A correlator of the 1/2-BPS bulk operators Φk (with appropriate twist ω = z̄) in the
presence of the surface defect V is given by

〈Φp1(z1, z̄1; z̄1) . . .Φpn(zn, z̄n; z̄n)VΛ〉 ∝

〈
V̄Λ(∞)Wp1(z1) . . .Wpn(zn)VΛ(0)

〉
〈
V̄Λ(∞)VΛ(0)

〉 , (3.26)

where we have used “∝” instead of “=” due to different normalization conventions in the
two sides (recall that on the left 〈VΛ〉 = 1 so the normalisation is omitted). On the left we
write VΛ to emphasize the dependence on the representation Λ. On the right V̄Λ denotes
the conjugate of VΛ.

Several generalizations of the correlator (3.26) can be computed in the chiral algebra.
For example, we can insert (twisted translated) defect operators at zero or infinity, which
corresponds to replacing VΛ(0) and V̄Λ(∞) in the right hand side with the appropriate
descendants.

The simplest quantity of the type (3.26) is the one point function of the half-BPS
operators Φk starting with k = 2 which is the stress tensor. In this case, the OPEs (3.24)
immediately allow to compute〈

V̄Λ(∞)T (z)VΛ(0)
〉

〈
V̄Λ(∞)VΛ(0)

〉 = ∆(Λ)
z2 . (3.27)

Dividing by
√
c/2 to account for the normalisation of the stress tensor and recalling the

identity ∆(Λ) = −d(Λ) pointed out above, we recover precisely the coefficient a2 (1.7)!
The next quantity that can be determined using the connection to the W-algebra is

the 2-point function of the stress tensor superprimary with the displacement operator given
in (2.7). Setting x‖1,2 = y

‖
1,2 = 0, x⊥ = (z, z̄), y⊥ = z̄, we get a holomorphic correlator

〈
Φ(z, z̄; z̄)V [ÔB[1](0, 0)]

〉
=
b2,B[1]
z3 . (3.28)

In the chiral algebra, the insertion of the displacement operator at the origin is equivalent
to replace VΛ(0) in (3.26) with its descendant ∂VΛ(0). Using the OPEs (3.24) one easily
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computes 〈
V̄Λ(∞)T (z)∂VΛ(0)

〉
〈
V̄Λ(∞)VΛ(0)

〉 = 2∆(Λ)
z3 . (3.29)

To reproduce the coefficient b2,B[1] given in (2.7) we have to divide this expression by the
square root of the norm of T , namely

√
c/2, and the square root of the norm of ∂VΛ(0),

which is
√
−2∆(Λ).7 The result is 2

√
−∆(Λ)/c which matches (2.7).

The next quantity we consider is the 2-point function of Φ in the presence of the defect.
In this case, the protected part ζ(z) of the correlator 〈ΦΦV 〉 is captured by the 4-point
function

〈V̄Λ(0)T (z)T (1)VΛ(∞)〉
〈V̄−Λ(0)VΛ(∞)〉〈T (z)T (1)〉

= 1 + ∆(Λ)2

c
2Z2 + ∆(Λ)

c
4Z , Z := (z − 1)2

z
. (3.30)

More precisely the quantity (3.30) is equal to Z2ζ(z). The expression on the right is
obtained using similar methods as the one used to compute (3.8), namely by reconstructing
the function from its poles in z and the OPE of T (z).

We can identify the protected CFT data by expanding (3.30) in conformal blocks. In
the bulk channel z ∼ 1, the function can be expanded in sl(2) blocks k2h(z)

Z2ζ(z) = 1 + 4∆(Λ)
c

k4(1− z) +
∞∑
n=0

αn k2hn(1− z) , (3.31)

where hn = 4 + 2n and

αn = (2n+ 2)!(2n+ 3)!
(2n+ 3)!(4n+ 5)

(
(2n+ 5) ∆(Λ)2

c
+ 1
n+ 1

∆(Λ)
c

)
. (3.32)

The operators exchanged in the TT OPEs (singular and regular) entering (3.31) are the
same as the one contributing to (3.9) and (3.11). Using the explicit expressions for the
bilinears in the stress tensor in (3.12) and the OPEs (3.24) one finds

[TT ]n(z)VΛ(0) ∼ un
zhn

VΛ(0) + . . . , un = (2n)!
(
(n+ 1)(2n+ 5)∆(Λ)2 + ∆(Λ)

)
(n+ 2)(n+ 3)(2n+ 5) .

(3.33)
Inserting the explicit expression of λTT [TT ]n given in (3.13) we can check that

αn = λTT
[TT ]n un
c/2 , (3.34)

as it should. By comparing to the content of table 2 we can read off the “aλ” OPE
coefficients to be

(aλ)D[2,0] = 4∆(Λ)
c

, (aλ)D[4,0] = α0 , (aλ)B[2,0]`=2n−2 = −αn . (3.35)

7The norm is computed by recalling that ∂VΛ(0) ∼ L−1|VΛ〉. By inspecting the defect OPE in 6d
we obtain that the conjuguate is −〈VΛ|L+1. We obtain the norm by using the commutation relation
[L+1, L−1] = 2L0 and the properties |VΛ〉: L+1|VΛ〉 = 0 and L0|VΛ〉 = ∆ |VΛ〉.
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Notice that for any central charge and for any ∆(Λ) the operator transforming in the D[4, 0]
representation being exchanged here is a composite operator which is orthogonal to Φ4.

To obtain OPE data associated to the defect operator expansion (dOE) we need to
expand the function ζ(z) in defect channel blocks (which are simply the monomials zk) for
z close to zero

ζ(z) = 2∆(Λ)2

c
+
∞∑
n=1

βn z
n , βn = n

(1
6(n2 − 1) + 4∆(Λ)

c

)
. (3.36)

We can identify the coefficients b2 in 6d from table 3 and obtain

b2I = 2∆(Λ)2

c
, b2

B̂[1] = −β1 , b2
B̂[2]−b

2
Â[0]0

= β2 , b2
Â[1]s
−b2

Â[0]s+1
= βs+3 , (3.37)

where s = 0, 1, . . . . Notice that there is an ambiguity here since the chiral algebra
map (3.15) is not invertible and the blocks zn may originate from multiple defect blocks in
6d. However in section 4, we show that the supermultiplets of type A[0]s do not appear in
this OPE. With this additional input we can identify the coefficients b2 in 6d uniquely from
the W-algebra. It would be interesting to understand if there is a deeper reason for the
absence of these A[0]s multiplets. We leave the detailed study of the W-algebra, its mod-
ules and other exact computations, such as the protected part of correlators 〈Φk1Φk2VΛ〉,
for future work.

4 Obtaining the correlator

The superconformal block expansion (1.14) constructs the function F in terms of the
coefficients b2kl and the spectrum of supermultiplets contributing to the correlator. The
inverse relation is known as the (lorentzian) inversion formula [38, 39] and expresses the
dCFT data in terms of the discontinuity of F at its branch cut z̄ = 1, defined as8

DiscF(z, z̄, ω) = F(z, z̄, ω)−F(z, z̄, ω)|(1−z̄)→e2πi(1−z̄) . (4.1)

The inversion formula of [38] applies to defects of general dimension (and codimension)
and doesn’t take into account R-symmetry or supersymmetry, which are specific to each
setup. To address the first we can apply the formula to each R-symmetry channel F|r(z, z̄),
which is the restriction of F to the contributions of defect conformal blocks (2.32) of a fixed
representation r (for our correlator, r can take values 0, 1, 2).

For every r, the inversion formula defines a function Br(∆̂, s) constructed in such a
way that it has poles at isolated values of ∆̂ = ∆̂m,s,r whenever a block with these quantum
numbers contributes to F|r. At each pole the residue gives the OPE coefficient

b2∆̂m,s,r ,s,r
= −Res∆̂=∆̂m,s,r

Br(∆̂, s) . (4.2)

This gives the conformal block decomposition of F . There is a simple observation
made in [19, 88] to reorganise these conformal blocks into superconformal blocks, thus

8More precisely the correlator is a distribution and the discontinuity should be understood in that sense.
In particular rational functions can have discontinuities.
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ensuring that supersymmetry is preserved. From the explicit expression for defect channel
superblocks (see appendix B.3) we observe that R-symmetry blocks with r = 2 and given
labels ∆̂, s appear only once in any given superconformal block, except for the superblocks
associated to the identity, B[1] and A[0]s operators, for which the r = 2 component is
absent. This means that, from the conformal block decomposition of F|r=2 we can read
the superconformal block decomposition of F , up to the OPE coefficients of identity, B[1]
and A[0]s operators (more on that below). Explicitly, we define the function B(∆̂, s) from
the inversion formula [38] applied to F|r=2 as

B(∆̂, s) = Br=2(∆̂ + 2, s) =
1∫

0

dz
2 z−

∆̂−s
2 −2

1/z∫
1

dz̄
2πi(1− zz̄)(z̄ − z)z̄−

∆̂+s
2 −3 DiscF|r=2(z, z̄).

(4.3)
The shift in ∆̂ is included so that for long supermultiplets (B.15), B(∆̂, s) has poles at
the location of the superprimary. For short and semishort multiplets the shift is different
and can be treated separately, for instance the As[1] multiplets correspond to poles of
B(∆̂, s + 1) at ∆̂ = s + 3, see (B.14). F|r=2 can be expressed directly in terms of ζ, F
by extracting the part of (1.5) proportional to the R-symmetry block with r = 2 (the
Chebyshev polynomial of second kind U2(ω+ω−1

2 )), which gives

F|r=2 = zz̄

(1− z)2(1− z̄)2F (z, z̄)+ zz̄

(z − z̄)(1− zz̄)

(
z̄

(1− z̄)2 ζ(z)− z

(1− z)2 ζ̄(z̄)
)
. (4.4)

Following [38, 39], we can evaluate the discontinuity of F by relying on the bulk
channel decomposition of F , which converges in the region of integration. Consider then
calculating the contribution to the discontinuity from a single bulk superblock and applying
the inversion formula to it. There is a contribution to the discontinuity if the block gives
rise to a branch cut for F at z̄ = 1, or as shown in [38, 40] if it gives rise to a pole in F .

Comparing with table 2 and using the z̄ = 1 expansion of gst

gst∆,`(z, z̄) = (1− z̄)
∆−`

2 k∆+l(1− z) + . . . (4.5)

it’s easy to see that branch cuts can only arise from long operators with anomalous di-
mensions. At large N the exchanged operators are “double-traces” and their anomalous
dimension is suppressed by a factor c−1, see (1.13). Since long multiplets enter the correla-
tor at order d2/c, they would contribute to branch cuts at order d2/c2, so do not contribute
to the order we consider in our calculation. This suppression of double-trace operators is a
general feature of the inversion formula at large N and means the correlator is completely
fixed in terms of the exchange of single-trace operators [39].

Superblocks may also lead to a pole in F , either from a pole in F (z, z̄) when the
superprimary satisfies ∆ − ` < 8, or from a pole in ζ(z). Again comparing to table 2 we
find that the only superblocks which may contribute to the discontinuity by this mechanism
are the (bulk) identity and the stress tensor superblock.

This observation was translated into a concrete bootstrap strategy for the 2-point func-
tion of stress tensors in the presence of a Wilson line in [40], and we adapt it in the following.
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From the discontinuity of the superblocks for the bulk identity and stress tensor and the
inversion formula (4.3), we calculate the dCFT data entering the superblock decomposition
of F , up to the defect identity, B[1] and A[0]s blocks not captured by the inversion formula.
The contributions from the defect identity and displacement supermultiplet B[1] are fixed
by the correlators (1.7) and (2.7) respectively which encode the choice of d and c so they
are unambiguous. The contributions from the A[0]s multiplets can be inferred from the
chiral algebra once the contribution from the A[1]s multiplets is known and we find that
they are absent; alternatively, we can check that crossing symmetry is satisfied without
adding A[0]s multiplets. Resumming all these blocks we obtain the correlator.

There is one more subtlety. The inversion formula may miss the contribution of defect
multiplets with low-spins, so not reconstruct the full correlator. Using the variables z = rw

and z̄ = r/w, F may have singularities at w = 0. Assuming it is bounded by a power

|F(z = rw, z̄ = rw−1)| . w−s∗ , as w → 0 , (4.6)

then the convergence of the inversion formula is guaranteed only down to spin s > s∗ [38].
This constraint is easy to understand from the procedure described above: poles at w = 0
naturally arise from an infinite sum of bulk blocks, whose discontinuity vanishes identically
term by term and thus are not captured by the inversion formula.

We address this issue by checking crossing symmetry in section 5, and surprisingly we
find that the inversion formula along with the input from kinematics reconstructs the full
correlator.

In the following we use the inversion formula (4.3) to calculate the contributions from
the bulk identity and stress tensor multiplet.

To simplify our calculation, it is convenient to massage the inversion formula (4.3)
as follows. The contributions to B from F and ζ can be calculated separatly, with the
contribution from F

BF (∆̂, s) = 1
2

1∫
0

dz z
− ∆̂−s

2 −1

(1− z)2

1/z∫
1

dz̄
2πi

(1− zz̄)(z̄ − z)
(1− z̄)2 z̄−

∆̂+s
2 −2 DiscF (z, z̄) . (4.7)

In the present case, neither of the bulk identity and the stress tensor contribute to F , so
for these BF = 0.

The contribution from ζ is more subtle. The function ζ(z) may only have poles at
z = 1 by kinematics and unitarity. The integral (4.3) can be evaluated from a careful
regularisation of the singularities, but a simpler approach is to express the discontinuity
as a contour integral. Going back to the Euclidean inversion formula of [38], using the
variables z = rw and z̄ = r/w, and expressing the Chebyshev polynomials as (B.11) we get

1
2πi

1∫
0

dr(r∆̂+1 − r−(∆̂+1))
∮
|w|=1

dw(ws+1 − w−(s+1))
[
ζ(rw)

(r − w)2 −
ζ(rw−1)

(rw − 1)2

]
. (4.8)

The contour integral picks up residues inside the disk |w| = 1, which can only be located
at the point w = r.
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The integral contains poles corresponding to exchanged operators and their shadow
blocks. Keeping only poles corresponding to physical operators we get

Bζ(∆̂, s) = − 1
2πi

1∫
0

drr−(∆+1)
∮
|w|=1

dwws+1
[
ζ(rw)

(r − w)2 −
ζ(rw−1)

(rw − 1)2

]

= −
1∫

0

drr−(∆+1) Resw=r

[
ws+1

(
ζ(rw)

(r − w)2 −
ζ(rw−1)

(rw − 1)2

)]
.

(4.9)

4.1 Inverting the bulk identity

As a check of the supersymmetric inversion formula (4.3) we consider the inversion of the
bulk identity, which corresponds to the disconnected correlator 〈ΦΦ〉 〈V 〉. From the table 2,
the identity block contributes to ζ and F as

ζ1(z) = z2

(1− z)4 , F1(z, z̄) = 0 . (4.10)

Plugging in (4.9), we calculate the residue

Resw=r

[
ws+1

(
ζ(rw)

(r − w)2 −
ζ(rw−1)

(rw − 1)2

)]

= −(s+ 1)rs+2

6(1− r2)4

[
s(s− 1)r4 − 2(s+ 3)(s− 1)r2 + (s+ 3)(s+ 2)

]
.

(4.11)

Including the kernel r−(∆+1), the integral of this over r diverges near r = 1. This divergence
can be understood by expanding the integrand in powers of r using

(1− r2)−4 =
∞∑
n=0

(n+ 1)(n+ 2)(n+ 3)
6 r2n , (4.12)

and interchanging the sum and integral. In that case the integrals converge term by term
for large enough ∆̂ and we find

B(∆̂, s)|poles =
∑
m≥0

(m+ 1)(s+ 1)(m+ s+ 2)(2m+ s+ 3)
6(2 + 2m+ s− ∆̂)

. (4.13)

From this we read the dimension of long supermultiplets and the corresponding OPE
coefficients

(∆̂m,s)(0) = 2(m+ 1) + s , (b2m,s)(0) = (m+ 1)(s+ 1)(m+ s+ 2)(2m+ s+ 3)
6 . (4.14)

We added a label (0) in anticipation of subleading corrections in c discussed in section 4.2.
Notice that when m = 0, the dimension of operators sit at the unitarity bound and

split into short multiplets according to the recombination rules (2.34). We can identify
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the resulting superblocks by shifting appropriately the labels according to where the r = 2
block appear (see appendix B.3) to get

(b20,0)(0)ĜB[2] +
∑
s≥0

(b20,s+1)(0)ĜA[1]s +
∑
m>0
s≥0

(b2m,s)(0)ĜL[0]∆̂m,s,s
=
(

zz̄(1− ω)2

(1− z)2(1− z̄)2ω

)2

.

(4.15)
In the last step we resummed the superconformal blocks. The result is indeed the con-
tribution from the bulk identity, it decomposes into ζ and F exactly as (4.10). Since the
expansion (4.15) is unambiguous, this shows that, at this order, there is no exchange of
A[0]s supermultiplets.

Note that the dCFT data (4.14) doesn’t depend on the choice of defect operator V ,
since it corresponds to a disconnected correlator. So the result simply follows from the
branching rules for the decomposition of bulk operators in terms of representations of
osp(4∗|2)⊕ osp(4∗|2). It is clear that this decomposition in defect blocks always exists, so
the bulk identity is always crossing symmetric.

Focusing on the conformal blocks with r = 2, this dCFT data matches the general
result of [38] for a defect of dimension 2 in 6d.

4.2 Inverting the stress tensor exchange

Next we consider the contribution to the correlator arising from the exchange of a stress
tensor supermultiplet. The contribution to ζ, F from the stress tensor is given in (2.26),
which we reproduce here for convenience

ζD[2,0](z) = − 12z2

(1− z)4

[
1 + 1

2
1 + z

1− z log z
]
, FD[2,0] = 0 . (4.16)

Calculating the residue gives

r2

2(1− r2)5

(
s+ 2 + (38 + 9s)r2 + r4(20− 9s)− sr6

)
− 6r4

(1− r2)6

(
s+ 3 + 6r2 − (s− 1)r4

)
log r .

(4.17)

Again expanding (1− r2) in series around r = 0 we can perform the integral as above. The
log r terms gives rise to double pole. They should be understood as the small c expansion
of the dCFT data

b2m,s = (b2m,s)(0) + 4d
c

(b2m,s)(1) + . . . , ∆̂m,s = 2(m+ 1) + s+ 4d
c
γ(1)
m,s + . . . (4.18)

where the leading terms are simply the OPE data found in (4.14). This leads to an
expansion

b2m,s

∆̂m,s − ∆̂
=

(b2m,s)(0))

2(m+ 1) + s− ∆̂
+ 4d

c

 (b2m,s)(1)

2(m+ 1) + s− ∆̂
−

(b2m,s)(0)γ
(1)
m,s

(2(m+ 1) + s− ∆̂)2

+ . . .

(4.19)
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Performing the integral and comparing with this expansion we can read the dCFT data

γ(1)
m,s = − 6m(m+ 1)(m+ 2)

(s+ 1)(2m+ s+ 3) ,

(b2m,s)(1) = −
[
(m+ 1)(s+ 1)− 1

2(m+ 1)2(5m2 + 2m(2s+ 7) + 4s+ 6)
]
,

(4.20)

where m = 1, 2, . . . correspond to long operators while the case m = 0 corresponds to A[1]s
operators. Note that at this order they do not acquire an anomalous dimension.

4.3 The result

As anticipated in the beginning of this section, the supersymmetric inversion doesn’t cap-
ture the contributions from the defect identity and the displacement supermultiplet; how-
ever these blocks are special and their contribution is fixed by (1.7) and (2.7) respectively.

Including these and using the dCFT data (4.14) and (4.20), the full superconformal
block decomposition of the correlator is

F(z, z̄, ω) = 2d2

c
+ 4d

c
ĜB[1] + b20,0ĜB[2] +

∑
s≥0

b20,s+1ĜA[1]s +
∑
m≥1
s≥0

b2m,sĜL[0]∆̂m,s,s
+O(c−2) ,

(4.21)
where the OPE coefficients and spectrum are given in (4.18). Notice that all the coefficients
b2 in this expansion are positive, as expected from unitarity. For m = 0 the coefficients b
encode the contribution of short superblocks, and we find that (4.20) agrees with the chiral
algebra calculation (3.37).

Note that by comparing the coefficients b20,s+1 of the A[1]s multiplets to the chiral
algebra result (3.37) we can conclude that, at this order, there are no A[0]s multiplets
exchanged, provided the inversion formula captures all the A[1]s multiplets. We cannot
exclude the possibility that the inversion formula misses a finite number of A[1]s multiplets
with s < s∗ for some s∗, and correspondingly the correlator could receive contributions from
a finite number of A[0]s multiplets; however we find that no such multiplets are required
(and are likely excluded) by crossing symmetry.

Resumming these blocks, we find our main result (1.15). The function ζ we obtain
reproduces the result from the chiral algebra (1.16), which suggests that the bootstrap
result captures the full protected sector of the dCFT.

The function F given in (1.15) has several interesting features. From the definition of
cross-ratios (1.2) we see that z ↔ z̄ corresponds to an equivalent kinematic configuration,
so is a symmetry of F . Additionally, (z, z̄)→ (1/z, 1/z̄) is also a symmetry and corresponds
to exchanging the two bulk operators.

The dependence of F on z + z̄ is linear so that F|r=2 satisfies the expected Regge
behavior (4.6) for s∗ = −1, which is a consistency check of the inversion formula. The
dependence on zz̄ is more complicated, and we note that it has no branch cut or pole at
zz̄ = 1. Note that the coefficient of the log zz̄ captures information about the anomalous
dimensions of defect operators.
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In euclidean signature, z̄ is the complex conjugate of z, and F is manifestly real. If we
analytically continue the result by taking z, z̄ real, we get a spacelike defect in lorenztian
signature (see figure 3). A different analytic continuation is to take

√
zz̄ → i

√
zz̄ with z/z̄

fixed, which corresponds to a timelike defect [89]. In that case we have log zz̄ → log zz̄+iπ,
so on this sheet F develops a pole at zz̄ = 1, which is where both bulk operators become
lightlike separated from the same point on the defect. The corresponding singularity can
be interpreted as arising from the exchange of “double-trace” defect operators, see [89, 90].

4.4 An equivalent calculation

In the calculation of section 4.2 we apply the inversion formula to the discontinuity arising
from the stress tensor block exchange (2.26). Since we know the protected sector of the
dCFT from the chiral algebra in section 3 and in particular the exact ζ(z) (1.16), it is
natural to write an inversion formula that already includes the contribution from these
protected multiplets.

The only bulk supermultiplets that contribute to the function ζ(z) are the short bulk
supermultiplets 1,D[2, 0],D[4, 0] and B[2, 0]l (refer to table 2). The coefficients of that
expansion are known exactly from the chiral algebra and are given in (3.35). Resumming
these superblocks, we find the contribution to F which we call Fshort

9

Fshort(z, z̄)

= 2d2

c
− 4d

c

[
− 12zz̄

(1− z)2(1− z̄)2 + 6zz̄
(z − z̄)(1− zz̄)

(
−z(z + 1)

(1− z)3 log z + z̄(z̄ + 1)
(1− z̄)3 log z̄

)]
.

(4.22)

The full function F = Fshort + Flong also receives contributions from long supermultiplets,
which are not protected by supersymmetry.

The inversion formula applied to the exact ζ(z) and Fshort + Flong is equivalent to the
original one, and it only depends on the unknown Flong encoding the contribution of long
multiplets, making it an excellent starting point for higher order computations. We can
recover the results of section 4.2 by noting that to order d/c, Flong does not contribute.
Plugging ζ(1) in the inversion formula, we find that Bζ vanishes identically. F

(1)
short does

not have a discontinuity at z̄ = 1, but it leads to poles in the inversion formula which
contribute to BF . To calculate their contributions, one needs to regularise the integrals as
in [40], and one can show the result agrees with the dCFT data (4.20).

5 Crossing symmetry

A nontrivial check of our result (1.12) is that it can be decomposed both in defect and bulk
channels. This suggests that, up to the missing contributions from the defect identity and
displacement supermultiplet, the inversion formula (4.3) reconstructs the full correlator at
this order in c. We note that crossing symmetry is satisfied independently for all three
pieces appearing in (1.12), respectively with coefficients 1, d2

c and d
c .

9Such a splitting was first introduced in [91] in a similar context.
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The leading contribution is associated with the exchange of a single bulk supermulti-
plet, the bulk identity, and is independent of the choice of defect. In particular it can be
calculated from the trivial defect, and it is known to be universally crossing symmetric.
The corresponding defect channel block decomposition is obtained in (4.15).

In this section we verify that crossing symmetry is satisfied also for the two other
terms: we obtain the explicit bulk channel decomposition of F , given by

F(z, z̄, ω) =
(

zz̄(1− ω)2

(1− z)2(1− z̄)2ω

)2 [
1− 4d

c
GD[2,0] + (aλ)0,0GD[4,0]

−
∑
`≥0

(aλ)0,`+2GB[2,0]` +
∑
n,`≥0

(aλ)n+2,`GL[0,0]∆,`

]
,

(5.1)

where ` is even, the dimension of the long superblock is ∆ = 8+2n+`+O(c−1) as in (1.13)
and the OPE coefficients are

(aλ)n,` = n!(n+1)!(n+`+2)!(n+`+3)!
(2n+1)!(2n+2`+5)! ×[

2d2

c
δn,even(`+2)(2n+`+5)+ d

2c(−1)n(n+4)(n+2)(n+1)(n−1)+O(c−2)
]
.

(5.2)
The terms proportional to d2

c encode the exchange of the defect identity, and for n = 0
these coefficients match the chiral algebra results (3.35) and also the leading lightcone limit
obtained in [92]. The terms proportional to d

c include the stress tensor multiplet D[2, 0]
and are the bulk channel decomposition of (1.15).

The appearance of double-trace operators with only even n suggests that the defect
identity enjoys an additional Z2 symmetry; it would be interesting to understand it.

In the following we present a supersymmetric inversion formula, this time for the
bulk channel. Applying it to the defect identity we obtain an analytic derivation of its
bulk channel decomposition. The decomposition of the rest of the correlator (1.15) can be
obtained in principle from the inversion formula as well, but here we obtain it directly from
the result by matching an ansatz like (5.1) to high order in z, z̄ → 1 using Mathematica.

5.1 The bulk channel inversion formula

The OPE coefficients (aλ) entering the conformal block decomposition of F can be ex-
tracted from the bulk channel inversion formula of [92]. Again this formula is general and
doesn’t explicitly account for R-symmetry; to apply it we can decompose F in represen-
tations of bulk operators labelled by R. The inversion formula then defines a function
CR(∆, l) given in terms of the double discontinuity of F|R

dDiscF|R(z, z̄) = cos
((∆2 −∆1)π

2

)
F|R(z, z̄)

− 1
2e
−iπ∆1+∆2

2 F|R(z, e2πiz̄)− 1
2e

iπ
∆1+∆2

2 F|R(z, e−2πiz̄) .
(5.3)

CR is constructed in such a way that it has poles at the location of exchanged bulk operators
∆ = ∆n,l and residue containing the OPE coefficients.
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To include supersymmetry we use the fact that each conformal block with R = 4 and
given ∆, ` appears in a single superconformal block (apart from the identity and the stress
tensor supermultiplet D[2, 0] when it does not appear), so we can read the superconformal
block decomposition of F from the R = 4 channel, see A.3. From the inversion formula
of [92] we can define

Ct(∆, `) =CtR=4(∆+4, `)

=−κ∆+`+4
2

1∫
0

dz
1∫

0

dz̄ |z−z̄|2(1−zz̄)2

(zz̄)
∆φ
2 [(1−z)(1−z̄)]6−∆φ

gst5+`,∆−1(z, z̄)dDiscF|R=4(z, z̄) .

(5.4)
We included a shift ∆ → ∆ + 4 so that the function C has poles at the location of the
superprimary operator, assuming a long supermultiplet (the corresponding superblock is
given in (A.21)). In this equation, gst∆,`(z, z̄) are the (spacetime part of the) bulk channel
blocks (2.21) and the coefficient κβ is given [92]10

κβ =
Γ
(
β
2

)2
Γ
(
β
2 + a

)
Γ
(
β
2 − a

)
2π2Γ(β)Γ(β − 1) , a = ∆2 −∆1

2 . (5.5)

The label t in (5.4) indicates that this captures the bulk blocks appearing in the
“t-channel”. We also need to add the contributions from the “u-channel” obtained by
exchanging the external bulk operators (here Cu = Ct)

C(∆, `) = Ct(∆, `) + (−1)`Ct(∆, `) . (5.6)

Finally we can express F|R=4 directly in terms of ζ, F by extracting from (1.5) the
contribution proportional to the R-symmetry block (2.22). We find simply

F|R=4 = F (z, z̄) . (5.7)

5.2 Inverting the defect identity

As an example of application of the inversion formula (5.4) we reproduce the defect identity
contribution to the correlator, i.e. the term of order d2

c in (1.12). This calculation is a simple
extension of the one presented in [92].

For an external operator of dimension ∆Φ, the double discontinuity of a constant is

dDisc 1 = 2 sin2
(
π∆Φ

2

)
. (5.8)

In the limit ∆Φ → 4 the double discontinuity vanishes, but correspondingly the integral
in (5.4) diverges such that Ct has a well-defined limit.

Since the discontinuity is independent of z, z̄, the inversion formula becomes very
simple to evaluate. Plugging the conformal blocks (2.21) in the inversion formula (5.4), we
obtain (up to a prefactor)

1∫
0

dzdz̄ [(1− z)(1− z̄)]∆Φ−4

(zz̄)∆Φ/2
(z − z̄)(zz̄ − 1)k2+`−∆(1− z)k`+∆+4(1− z̄)− (z ↔ z̄) . (5.9)

10There is a typo there, see also the original definition in [39].
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Since the integral is symmetric in z, z̄, we get a factor of 2 and the inversion formula
reduces to

Ct(∆, `) = − κ∆+` sin2
(
π∆Φ

2

)
×

1∫
0

dzdz̄ [(1− z)(1− z̄)]∆Φ−4

(zz̄)∆Φ/2
(z − z̄)(zz̄ − 1)k2+`−∆(1− z)k`+∆+4(1− z̄) .

(5.10)
Introducing the short-hand notation

I∆Φ,β ≡
∫ 1

0
dz (1− z)∆Φ−2

z∆Φ/2
kβ(1− z) , (5.11)

we see that (5.10) factorises and the integral can be written as
1∫

0

dzdz̄ [(1− z)(1− z̄)]∆Φ−4

(zz̄)∆Φ/2
(z − z̄)(zz̄ − 1)k6+`−∆(1− z)k`+∆(1− z̄)

= I∆Φ,2+`−∆I∆Φ−2,∆+`+4 − I∆Φ−2,2+`−∆I∆Φ,∆+`+4 .

(5.12)

The integral I can be evaluated. We expand the hypergeometric function in series, integrate
and resum to get

Γ
(
1− ∆Φ

2

)
Γ
(
∆Φ + β

2 − 1
)

Γ
(

∆Φ+β
2

) 3F2

(
β
2 ,

β
2 ,

β
2 + ∆Φ − 1

β , β+∆Φ
2

; 1
)
. (5.13)

This can be simplified using Watson’s theorem (see (6) of section 4.4 of [93]), which is the
identity

3F2

(
a , b , c

a+b+1
2 , 2c

; 1
)

=
Γ
(

1
2

)
Γ
(
c+ 1

2

)
Γ
(
a+b+1

2

)
Γ
(
c+ 1−a−b

2

)
Γ
(
a+1

2

)
Γ
(
b+1

2

)
Γ
(
c+ 1−a

2

)
Γ
(
c+ 1−b

2

) . (5.14)

With appropriate values of a = b and c we find

I∆Φ,β = 2∆Φ+β
2−2

Γ
(
β+1

2

)
Γ
(
1− ∆Φ

2

)2
Γ
(
β
4 + ∆Φ−1

2

)
Γ
(
β+2

4

)2
Γ
(
β
4 + 2−∆Φ

2

) . (5.15)

Finally, we can evaluate Ct by substituting I∆Φ,β , simplifying the gamma functions
and eliminating the sin

(
π∆Φ

2

)
by using the following identity for Beta functions

B(x, y)B(x+ y, 1− y) = π

x sin πy . (5.16)

We obtain

Ct(∆, `)|poles = lim
∆Φ→4

22∆Φ−9−∆(`+ 2)(∆ + 1) ×

Γ
(
2− ∆Φ

2

)2

Γ
(

4+`−∆
4

)2

Γ
(

∆+`+4
4

)2
Γ
(

∆+`+2∆Φ−2
4

)
Γ
(

3+`−∆
2

)
Γ
(

2∆Φ−4+`−∆
4

)
Γ
(

∆+`+3
2

)
Γ
(

10+`−2∆Φ−∆
4

)
Γ
(

12+`+∆−2∆Φ
4

)
Γ
(

∆Φ
2

)2

∣∣∣∣∣∣∣
poles

.
(5.17)
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This expression has poles in ∆ whenever the gamma functions in the numerator diverge,
which happens for11

2∆Φ − 4 + `−∆
4 = −n ⇒ ∆ = 2∆Φ − 4 + `+ 4n , n ∈ Z≥0 . (5.18)

Near these poles the gamma function behaves as

Γ(z)|z→−n = (−1)n

n!(z + n) + . . . . (5.19)

with the subleading terms regular as z → −n. The residue at these poles is thus trivial to
calculate. Notice also that while the limit ∆Φ → 4 of the gamma functions diverges above,
it is finite at the poles. We obtain

Ct(∆, `)|poles =
∑
n≥0

2−2n−1 (`+ 2)(4n+ `+ 5)(2n+ 1)!(2n+ `+ 2)!(2n+ `+ 3)!
(4n+ 1)!!(4n+ 2`+ 5)!(4 + 4n+ `−∆) . (5.20)

Finally, adding the contribution for the u-channel, we can read the OPE coefficients and
reproduce the result (5.2) presented at the beginning of this section.

6 Conclusions and outlook

It is an interesting problem to understand how to perform calculations in a nonlagrangian
theory. For such theories with a large N limit, the conformal bootstrap offers a systematic
approach to calculate correlators perturbatively in 1/N , with minimal assumptions, and
thus provides a working definition of these theories.

In this paper we present a case study, the 2-point function of stress tensor superpri-
maries Φ in the presence of a surface operator V , and adapt and develop bootstrap tech-
niques to calculate the first subleading contribution at large N to their correlator 〈ΦΦV 〉.
In doing so we extract dCFT data characterising the surface operators: we find partial
information about the spectrum of operators in the 2d dCFT associated to V , and their
interactions with local bulk operators in the form of the coefficients ak and bkl entering
respectively the 1-point functions (2.3) and bulk-defect 2-point functions (2.6).

The coefficients we calculate are the combinations b2m,s in (4.14) and (4.20), and (aλ)n,`
in (5.2). In the large N limit we expect degeneracies in the spectrum of operators, and
therefore these coefficients to correspond to averages for all corresponding superblocks of
the same representation. Extracting the individual coefficients a, b from this data would
require lifting the degeneracies; this is not something we attempt here.

The result for the correlator and dCFT data we obtain depends on the choice of
N = (2, 0) theory and representation for V solely through the anomaly coefficients c, d (1.9),
which are known exactly. Our result is valid for both the AN−1 and DN series of N = (2, 0)
theories at large N , and for any representation so long as 1� d� c. We emphasize that

11There are also poles at ∆ = 7 + ` + 2n which come from poles in the conformal blocks gl+5,∆−5, rather
than the integral. They do not contribute to the dCFT data so we ignore them; for a proper treatment
see [39].
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the correlator we calculate contains information about defect operators in long supermul-
tiplets not protected by supersymmetry. For these operators we calculate their anomalous
dimension to first order.

The main tool in our analysis is the supersymmetric inversion formula, presented
respectively for the defect and bulk channels in (4.3) and (5.4). These formula are par-
ticularly useful at large N , since the (double) discontinuity suppresses the contribution
from long operators. In the context of 4-point functions of the stress tensor, this sup-
pression and crossing symmetry was used to obtain the 1-loop correction to the correlator
by “squaring” the tree-level anomalous dimensions of all double-trace operators [88, 94].
Similarly, at order 1/c2, we expect contributions to the discontinuity from the tree-level
anomalous dimensions of double-trace operators, leading to subleading corrections to the
2-point function of order d2/c2 and d/c2.

The inversion formula is known to miss contributions to the correlator coming from
defect operators with spins below a certain value s∗, so a natural question is whether
the correlator we obtain should be supplemented by additional superblocks. Clearly the
inversion formula misses the contributions from the defect identity and the displacement
supermultiplet, but both of these supermultiplets are special and their contributions are
fixed independently by kinematics, see (1.7) and (2.7). Adding these to our result, we
find that the correlator we obtain also admits a bulk channel decomposition and so is a
nontrivial solution to the crossing symmetry constraints. This provides substantial evidence
that the inversion formula recovers completely the dynamical part of the correlator at order
d/c (1.15), and so that our result is complete and unambiguous. We expect that a similar
strategy based on the supersymmetric (as opposed to regular) inversion formula would also
resolve the ambiguities faced in [40].

The value of s∗ is not known a priori and rather enters as an assumption on the validity
of the inversion formula (4.6). From the result (1.15) we can check that this assumption
is verified for the R-symmetry channel F|r=2 and the inversion formula converges down to
negative spin s∗ = −1 (this is similar to the case of 4-point function [19]). This exceptionally
low-value for s∗ explains the surprisingly simple dependence on z + z̄ in (1.15). This
constrains superblocks containing a primary with r = 2 to sit on Regge trajectories, with
s > s∗ for long superblocks and s > s∗ − 1 for A[1]s (shifting s for the superprimary). For
A[1]s, the Regge trajectory is extended to negative spin by identifying B[2] as the analytic
continuation to s = −1 (see table 3). We note that even though the inversion formula
does not converge at s = s∗, the coefficient of the displacement multiplet is correctly
reproduced by identifying B[1] as the analytic continuation of A[1]s to s = −2. This is
surprising given that the supersymmetric inversion formula is oblivious, by construction,
to the short multiplets B[0], B[1] and A[0]s.

Subleading corrections to the correlator are determined by long supermultiplets acquir-
ing an anomalous dimensions, however the corresponding superblocks do not contribute to
the function ζ(z), which suggests that ζ(z) is in fact exact. We prove that this is the case
by showing that ζ(z) is captured by the chiral algebra subsector identified in [9] and can be
calculated exactly using standard techniques from chiral algebras. This is an exact result
for any ADE theory and any representation for V , and it encodes the OPE data of the
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BPS sector of defect operators. We emphasize that this approach from chiral algebras does
not assume a lagrangian description for the (2,0) theories and offers a viable alternative to
supersymmetric localization.

At the technical level, the setup we study here is surprisingly simple: we could obtain all
the superconformal blocks explicitly, are able to perform all the integrals and resummations
exactly. We believe that this makes these surface operators an excellent playground to test
and develop analytical bootstrap methods.

Beyond this technical aspect, the setup we introduce here is interesting because it
makes manifest the relation between the 6d CFT of local operators and the 2d dCFT of
defect operators. In this paper we use our knowledge of the 6d theory (in particular the
existence of a stress tensor) to infer properties of the 2d dCFT, but it would be interesting
to learn something about the 6d theories by bootstrapping directly the 2d dCFT at large
N as initiated in [54].

The correlator we obtain has a natural interpretation in holography as the propagator
for Kaluza-Klein modes in the graviton supermultiplet in the presence of M2-branes. It
would be interesting to confirm this calculation directly from supergravity. In particular,
when the number of M2-branesM is large, the M2-branes backreact on the AdS7 geometry
and give rise to the bubbling geometries [33, 34]. A hint of that change in geometry is that
when d� c, the leading term in ζ is (1− z)−2, which can be interpreted as the chiral part
of the propagator of a graviton in AdS3.

It would also be interesting to understand the structure of our result (1.15) in Mellin
space, in analogy with the simplifications for the 4-point functions of local operators (see
for instance [12, 21, 95, 96]). Mellin space for defects has recently been introduced in [97].
Mellin space amplitudes are also interesting for their flat space limit, and it would be
interesting to study the analogous limit for defects.

Finally, this work sets the basis for further explorations of the 2d dCFT associated
with V , and a natural goal for the future is to bootstrap this correlator at the next order
in c. This is complicated by the degeneracies at large N which need to be resolved by
considering additional correlators (a similar problem was recently studied in the context of
Wilson lines [98]). We hope to report on it in the near future.
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A Bulk channel blocks

In this appendix we present the superconformal blocks G arising in the bulk channel decom-
position of the correlator (1.10). These superconformal blocks are given by combinations
of conformal blocks gst and h as in (2.23) and (2.24), and we begin by reviewing the deriva-
tion of the latter directly from the OPE in the limit z, z̄, ω → 1. The full conformal blocks
can then be recovered from the Casimir equation. Finally we present the complete list of
superconformal blocks that may contribute to the correlator.

A.1 OPE and normalisation

A straightforward (if cumbersome) approach to calculating the contribution to the corre-
lator corresponding to the exchange of a given bulk operator is to use the bulk OPE of
ΦkΦk. Consider a bulk operator with weights ∆, `, R and nonzero 3-point function (`, R
are even)

〈
Φk(x1, y1)Φk(x2, y2)O∆,`,R(x3, y3, v)

〉
= λkk,{∆,`,R}

|y12|2k−R

|x12|4k−∆
|y13|R

|x13|∆
|y23|R

|x23|∆
(2x12 · v)`

|x12|`
.

(A.1)
The coordinate y encodes the R-symmetry polarisation and is defined in (2.10); v is a
polarisation vector for the spin. If λ is nonzero, the operator O∆,`,R appears in the OPE
of ΦkΦk. Expanding near x2 → x1 and similarly for y2 → y1 leads to the OPE

Φk(x1, y1)Φk(x2, y2) ⊃ λkk,{∆,`,R}
(y2

12)
2k−R

2

(x2
12)

4k−∆+`
2

[1 + . . . ]O∆,`,R(x1, y1, x12) . (A.2)

The ellipsis contains terms with derivatives in x1 and y1 and suppressed in the coincident
limit. Since v = x12 does not satisfy the condition v2 = 0, to ensure consistency we rewrite
O|v=x12 using the Todorov operator Dv [99, 100] (see also [44]) defined as

x ·Dv =
(
q − 2

2 + v · d
dv

)(
x · d

dv

)
− 1

2(x · v) d2

dv · dv
, here q = 6 . (A.3)

This satisfies the identity (with (n)` ≡ Γ(n+ `)/Γ(n) the Pochhammer symbol)

O∆,`,R(x1, v, y1)|v=x12 = (2x12 ·Dv)`

(`!)(2)`
O∆,`,R(x1, v, y1) , (A.4)

and ensures tracelessness. The operator O∆,`,R can have a nonzero expectation value with
V whichs take the form

〈
O∆,`,R(x1, v, y1)V

〉
= a{∆,`,R}

|y⊥1 |R(x⊥1 · v)`

|x⊥1 |∆+` . (A.5)
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Taking the expectation value of (A.2) in the presence of V and plugging (A.5) gives the
contribution to the correlator for the exchange of O∆,`,R

〈Φk(x1, y1)Φk(x2, y2)V 〉O∆,`,R

= λkk,{∆,`,R}a{∆,`,R}
(y2

12)
2k−R

2

(x2
12)

4k−∆+`
2

[1 + . . . ] (2x12 ·Dv)`

`!(2)`
|y⊥1 |R(x⊥1 · v)`

|x⊥1 |∆+` .
(A.6)

The action of the Todorov operator on the 1-point function can be calculated exactly using
the identity [44] (C(α)

` are the Gegenbauer polynomials)

(x ·Dv)`(−2v · w)` = (`!)2(x2w2)`/2C
( q2−1)
`

(
x · w

(x2w2)1/2

)
(A.7)

In the present case this implies

(2x12 ·Dv)`

`!(2)`(x2
12)`/2

(x⊥1 · v)`

|x⊥1 |`
= 1
`+ 1C

(2)
`

(
x12 · x⊥1
|x12||x⊥1 |

)
.

In terms of the cross-ratios defined in (1.2) we find to leading order

g∆,`,R(z, z̄, ω) = 1
`+ 1 |(1− z)(1− z̄)|

∆
2 |1− ω|−RC(2)

`

(
2− z − z̄

2
√

(1− z)(1− z̄)

)
+ . . . (A.8)

with subleading terms suppressed in the limit z, z̄, ω → 1. In particular in the lightcone
limit z̄ → 1 we recover

g∆,`,R(z, z̄, ω) = |1− z|
∆+`

2 |1− z̄|
∆−`

2 |1− ω|−R + . . . . (A.9)

A.2 Casimir equation

A more convenient approach to compute the full conformal blocks is to use that bulk oper-
ators exchanged in the bulk channel OPE transform in representations of the 6d conformal
group and so(5) R-symmetry. These properties can be shown to lead respectively to two
constraints satisfied by the conformal blocks g∆,`,R in the form of Casimir equation [36, 101]

2
[
(z − 1)2z∂2

z + (z − 1)
(
−(z + 3) + 2z(z − 1)

z − z̄
+ 2(z − 1)

zz̄ − 1

)
∂z + (z ↔ z̄)

]
g∆,`,R(z, z̄, ω)

= C2,6(∆, `)g∆,`,R(z, z̄, ω) , (A.10)

and
− (1− ω)2

[
ω∂2

ω + ∂ω
]
g∆,`,R(z, z̄, ω) = C2,3(−R, 0)g∆,`,R(z, z̄, ω) . (A.11)

In these equations, C2,d(∆, `) is the quadratic Casimir of so(d) for the representation of
dimension ∆ and spin `

C2,d(∆, `) = ∆(∆− d) + `(`+ d− 2), (A.12)

while the differential operators on the left are the differential representations of the same
Casimir operators acting on the correlator.

– 35 –



J
H
E
P
0
7
(
2
0
2
3
)
1
6
5

These two equations are separated, and accordingly their solution is given in terms of
the product g∆,`,R(z, z̄, ω) = gst∆,`(z, z̄)hR(ω).

The first equation (A.10) was observed in [92] to reduce to the Casimir equation of
the 4d conformal blocks for 4-point functions of local operators g(a,b)

∆,` , with a = b = 0.
Following their observation it is easy to verify that a solution to the Casimir equation is
given by

gst∆,` = (1− z)(1− z̄)
1− zz̄ g

(0,0)
∆−1,`+1 (1− z, 1− z̄) , (A.13)

with g(a,b)
∆,` given by [63]

g
(a,b)
∆,` (z, z̄) = zz̄

z − z̄
(k∆+`(z)k∆−`−2(z̄)− k∆+`(z̄)k∆−`−2(z)) , (A.14)

k2h(z) = zh2F1

(
h− a

2 , h+ b

2 , 2h; z
)
. (A.15)

This solution also has the correct asymptotics required by the OPE analysis (A.8). To see
this, expand the blocks first in z̄ → 1 and then z → 1.

The second equation (A.11) is closely related to the equation for Legendre polynomials,
and its solution is given by

hR(ω) = NR
(1− ω

1 + ω

)
PR+1

(1 + ω

1− ω

)
. (A.16)

The normalisation factor NR can be fixed by expanding this block in the limit ω → 1 and
comparing to (A.8). Matching the normalisation we find

NR = R!(R+ 1)!
(2R+ 1)! . (A.17)

The result (A.16) can be understood by realising the so(5) R-symmetry as the (com-
plexified) conformal group in 3d. From the point of view of kinematics, V specifies a plane
(or boundary) in R3, and operators in symmetric traceless representations of rank R give
scalar operators with conformal dimension −R. And indeed one can show that (A.16)
matches the 3d boundary blocks obtained in [102].

Assembling both results we obtain the blocks given in (2.23).

A.3 Table of superconformal blocks

As reviewed in section 2.4, conformal blocks assemble in superconformal blocks describing
the exchange of all the operators of a given supermultiplet appearing in the OPE. Here
we tabulate the conformal blocks content of the various superconformal blocks relevant for
our analysis.

The superblocks for D[2, 0] are given in (2.24). For D[4, 0], B[2, 0]` and L[0, 0]∆,` they
are respectively

GD[4,0] = g8,0,4 −
25

6237g10,2,2 + 1
58212g12,0,0 . (A.18)
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GB[2,0]` = g`+8,`,2 −
3

700g`+10,`−2,0 −
3

700g`+10,`+2,0

− (`+ 2)(`+ 9)
90(2`+ 9)(2`+ 13)g`+10,`+2,2 − g`+10,`+2,4 + 3(`+ 4)(`+ 7)

7000(2`+ 9)(2`+ 13)g`+12,`,0

+ 3
700g`+12,`,2 + (`+ 6)2(`+ 7)2

16(2`+ 11)(2`+ 13)2(2`+ 15)g`+12,`+4,2

− 3(`+ 6)2(`+ 7)2

11200(2`+ 11)(2`+ 13)2(2`+ 15)g`+14,`+2,0 .

(A.19)

GL[0,0]∆,`=0 = g∆,0,0 −
∆(∆ + 6)

40(∆ + 1)(∆ + 5)g∆+2,2,0

− g∆+2,2,2 + 9(∆− 4)(∆− 2)(∆ + 4)(∆ + 6)
8960(∆− 3)(∆− 1)(∆ + 3)(∆ + 5)g∆+4,0,0

+ (∆− 4)(∆ + 6)
36(∆− 3)(∆ + 5)g∆+4,0,2

+ g∆+4,0,4 + (∆ + 4)2(∆ + 6)2

256(∆ + 3)(∆ + 5)2(∆ + 7)g∆+4,4,0

− (∆− 4)(∆ + 2)(∆ + 4)2(∆ + 6)2

10240(∆− 3)(∆ + 1)(∆ + 3)(∆ + 5)2(∆ + 7)g∆+6,2,0

− (∆ + 4)2(∆ + 6)2

256(∆ + 3)(∆ + 5)2(∆ + 7)g∆+6,2,2

+ ∆2(∆ + 2)2(∆ + 4)2(∆ + 6)2

216(∆− 1)(∆ + 1)2(∆ + 3)2(∆ + 5)2(∆ + 7)g∆+8,0,0 .

(A.20)

GL[0,0]∆,` = g∆,`,0 −
(∆− `− 4)(∆− `− 2)

40(∆− `− 3)(∆− `− 1)g∆+2,`−2,0

− g∆+2,`−2,2 −
(∆ + `)(∆ + `+ 6)

40(∆ + `+ 1)(∆ + `+ 5)g∆+2,`+2,0

− g∆+2,`+2,2 + (∆− `)2(∆− `+ 2)2

256(∆− `− 1)(∆− `+ 1)2(∆− `+ 3)g∆+4,`+2,0

+ 11∆4 + 44∆3 − (22`2 + 88`+ 124)∆2 − 4(11`2 + 44`+ 84)∆ + 11`4 + 88`3 + 140`2 − 144(`+ 1)
2240(∆− `− 3)(∆− `+ 1)(∆ + `+ 1)(∆ + `+ 5) g∆+4,`,0

+ ∆4 + 4∆3 − (2`2 + 8`+ 19)∆2 − 2(2`2 + 8`+ 23)∆ + `4 + 8`3 + 5`2 − 44`− 24
36(∆− `− 3)(∆− `+ 1)(∆ + `+ 1)(∆ + `+ 5) g∆+4,`,2

+ g∆+4,`,4 + (∆ + `+ 4)2(∆ + `+ 6)2

256(∆ + `+ 3)(∆ + `+ 5)2(∆ + `+ 7)g∆+4,`+4,0

− (∆− `)2(∆− `+ 2)2(∆ + `)(∆ + `+ 6)
10240(∆− `− 1)(∆− `+ 1)2(∆− `+ 3)(∆ + `+ 1)(∆ + `+ 5)g∆+6,`−2,0

− (∆− `)2(∆− `+ 2)2

256(∆− `− 1)(∆− `+ 1)2(∆− `+ 3)g∆+6,`−2,2

− (∆− `− 4)(∆− `+ 2)(∆ + `+ 4)2(∆ + `+ 6)2

10240(∆− `− 3)(∆− `+ 1)(∆ + `+ 3)(∆ + `+ 5)2(∆ + `+ 7)g∆+6,`+2,0

− (∆ + `+ 4)2(∆ + `+ 6)2

256(∆ + `+ 3)(∆ + `+ 5)2(∆ + `+ 7)g∆+6,`+2,2

+ (∆− `)2(∆− `+ 2)2(∆ + `+ 4+)2(∆ + `+ 6)2

216(∆− `− 1)(∆− `+ 1)2(∆− `+ 3)(∆ + `+ 3)(∆ + `+ 5)2(∆ + `+ 7)g∆+8,`,0 .

(A.21)
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B Defect channel blocks

In this appendix we detail the derivation of the defect channel superconformal blocks.
We follow the same strategy as for the bulk channel superconformal blocks presented in
appendix A. We start by reviewing the calculation of the leading behavior of the conformal
blocks from the OPE. This fixes the normalisation and asymptotics of the conformal blocks.
We then proceed to recover the full blocks by using the Casimir equation. Finally we
tabulate the relevant superconformal blocks.

B.1 OPE and normalisation

In the presence of the defect V , bulk operators admit a defect operator expansion (dOE)
(2.31), which we reproduce here for convenience

Φk(x, y)V =
∑
{∆̂,s,r}

b
k{∆̂,s,r}

|y⊥|k−r

|x⊥|2k−∆̂
C
k,{∆̂,s,r}V [Ô∆̂,s,r(x

‖, y‖, v)] . (B.1)

The coefficients b
k{∆̂,s,r} are the dCFT data entering the correlators (2.6). C

k,{∆̂,s,r} are
differential operators acting on Ô and encoding the contributions of the descendants; they
can be calculated by requiring the dOE to reproduce the correlators (2.6) and to leading
order are given by

C
k,{∆̂,s,r}|1 = (1 + . . . )(x⊥1 ·Dv)s

|x⊥1 |s(s!)2 , (B.2)

with terms suppressed by |x⊥1 |/|x
‖
12|, and similarly for y. Dv is the Todorov operator

defined in (A.3) (here with q = 4).
From the dOE we can directly evaluate the leading contribution to F due to the

exchange of a defect operator of weights ∆̂, s, r. Acting twice on (1.3) and taking the
expectation value leads to an expression for the conformal block ĝ∆̂,s,r of the form

ĝ∆̂,s,r = |x
⊥
1 |∆̂|x⊥2 |∆̂

|y⊥1 |r|y⊥2 |r
C|1C|2

〈
V [Ô∆̂,s,r(x

‖
1, y
‖
1, v1)Ô∆̂,s,r(x

‖
2, y
‖
2, v2)]

〉
, (B.3)

where C|i are the differential operators (B.2) acting on the point i. The action of Dv on
the 2-point function is easy to evaluate from the identity (A.7), and to leading order we get

ĝ∆̂,s,r =
(
|x⊥1 ||x⊥2 |
(x‖12)2

)∆̂(−(y‖12)2

|y⊥1 ||y⊥2 |

)r
Us

(
x⊥1 · x⊥2
|x⊥1 ||x⊥2 |

)
+ . . . (B.4)

with Us(x) the Chebyshev polynomials of second kind. This is a function of the cross-ratios
introduced in (1.2) and provides the normalisation for the conformal blocks.

B.2 Casimir equation

We can derive the full defect channel conformal blocks from a Casimir equation follow-
ing [36, 101]. The defect operators exchanged in (1.3) transform in the 2d (global) confor-
mal group, along with so(4) rotations tranverse to the plane and so(4) residual R-symmetry.
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For each of these symmetries there is a corresponding Casimir equation. These take a nice
form in terms of the cross-ratios

χ = (x‖12)2 + |x⊥1 |2 + |x⊥2 |2

2|x⊥1 ||x⊥2 |
= 1 + zz̄

2
√
zz̄

, cosφ = x⊥1 · x⊥2
|x⊥1 ||x⊥2 |

= z + z̄

2
√
zz̄
,

ψ = (y‖12)2 + |y⊥1 |2 + |y⊥2 |2

2|y⊥1 ||y⊥2 |
= ω + ω−1

2 .

(B.5)

They read respectively[
(1− χ2) ∂

2

∂χ2 − 3χ ∂

∂χ
+ 4∆̂(∆̂− 1)

]
ĝ∆̂,s,r(χ, cosφ, ψ) = 0 , (B.6)[

sin2 φ
∂2

∂ cosφ2 − 3 cosφ ∂

∂ cosφ + s(s+ 2)
]
ĝ∆̂,s,r(χ, cosφ, ψ) = 0 , (B.7)[

(1− ψ2) ∂
2

∂ψ2 − 3ψ ∂

∂ψ
+ r(r + 2)

]
ĝ∆̂,s,r(χ, cosφ, ψ) = 0 . (B.8)

The equations are separated and can be solved straightforwardly. Picking the solution with
the right asymptotics, we find respectively

χ−∆̂
2F1

(
∆̂ + 1

2 ,
∆̂
2 ; ∆̂;χ−2

)
, Us(cosφ) , Ur(ψ) . (B.9)

We note that the solution for χ matches the conformal block found in [36] for a plane, and
the solution for ψ matches the boundary block for ∆ = −r and d = 3 found in [102].

The conformal block ĝ∆̂,s,r is given by the product of these 3 blocks, up to an overall
normalisation factor. Taking the limit χ → ∞ and ψ → ∞ and matching with the OPE
result (B.4) we can fix the normalisation of the blocks to get

ĝ∆̂,s,r(z, z̄, ω) = (2χ)−∆̂
2F1

(
∆̂ + 1

2 ,
∆̂
2 ; ∆̂;χ−2

)
Us (cos(φ))Ur (−ψ) . (B.10)

Expressing the cross-ratios in terms of z, z̄, ω and using the identity

Ur

(
ω + ω−1

2

)
= ωr+1 − ω−(r+1)

ω − ω−1 . (B.11)

we find the conformal blocks (2.32).

B.3 Table of superconformal blocks

Finally we tabulate the various superconformal blocks appearing in the OPE. Here we list
the conformal blocks content of each superconformal blocks.

The short multiplets B[r] (for r = 1, 2) have superconformal blocks

ĜB[r] = ĝ2r,0,r + ĝ2r+1,1,r−1 + ĝ2r+2,0,r−2 . (B.12)

Note that for B[0] is the defect identity. The special case B[1] is the displacement operator
supermultiplet and has a shortened superconformal block. It contains only the blocks g2,0,1
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and g3,1,0, and correspondingly we can check that the last term in the ansatz above vanishes
identically.

The semishort multiplets A[r]s (defined for r = 0, 1) respectively have superblocks

ĜA[0]s = ĝ2+s,s,0 + ĝ3+s,s+1,1 + ĝ4+s,s+2,0 , (B.13)

and

ĜA[1]s = ĝ4+s,s,1+ĝ5+s,s−1,0+ĝ5+s,s+1,0+ĝ5+s,s+1,2+ĝ6+s,s,1+ĝ6+s,s+2,1+ĝ7+s,s+1,0 . (B.14)

Again for the special case s = 0 some of these conformal blocks vanish identically, which
reflects the shortening of the multiplet.

Finally the long supermultiplet have superconformal blocks

ĜL[s,0]∆̂ = ĝ∆̂,s,0 + ĝ∆̂+1,s+1,1 + ĝ∆̂+1,s−1,1 + ĝ∆̂+2,s−2,0 + ĝ∆̂+2,s,0

+ ĝ∆̂+2,s+2,0 + ĝ∆̂+2,s,2 + ĝ∆̂+3,s+1,1 + ĝ∆̂+3,s−1,1 + ĝ∆̂+4,s,0 .
(B.15)

Notice that the blocks ĝ appear, for our normalization, all with unit coefficient.

C Calculation of a2

We can calculate the coefficient a2 appearing in (2.3) by relating it to the anomaly coeffi-
cients c, d. The transformation rules for operators of the stress tensor multiplet are given
in [57]

δTµν = 1
2εγ

ρ(µ∂ρJ
ν) ,

δJµ = 2εγνTµν + 2α2
5α3

(
6ηρµ

(
γνσλ + 3ησνγλ

)
− ηµνγρσλ

)
γ̌I∂νH

I
ρσλ

+ 1
10ε (γµνρ − 4ηµργν) γ̌IJ∂νjρIJ ,

δjµIJ = −1
2εγ̌IJJ

µ + 1
5α3

εγµν∂ν γ̌[IχJ ] ,

δHI
µνρ = α3

8α2
εγ̌Iγ[µνJρ] + 1

120α2
εγσγ̄µνρ∂

σχI ,

δχI = α2εγ
µνρ

(
γ̌IJ + 4δIJ

)
HJ
µνρ + α3εγµ

(
γ̌IJK + 3δIJ γ̌K

)
jµJK

+ 1
α1
εγµγ̌J∂µO

IJ ,

δOIJ = α1εγ̌
(IχJ) . (C.1)

The constants α1, α2, α3 are arbitrary constants that can absorbed in the normalisation
for the operators O, χ,H .

The coefficient of the 1-point function of Tµν in the presence of V is known to be
related to the anomaly coefficient d [57, 103, 104]. Acting with supersymmetry, we find
that the 1-point function of the superprimary Φ has coefficient [57]

a2 = 5α1α3d

4π3 . (C.2)
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We can fix the coefficients α1α3 by requiring Φ to be normalised as in (2.2). A simple
way to do so is to compare the 2-point function of Φ with the 2-point function of R-
symmetry currents jµ, which is fixed by conformal symmetry to take the form〈

jµij(x1)jνkl(x2)
〉

= Cj
(
δikδjl − δilδjk

) Iµν(x12)
|x12|10 , Iµν(x) = δµν − 2xµxν

x2 . (C.3)

The constant Cj is related to the anomaly coefficient c as [105]

Cj = 5c
2π6 . (C.4)

Acting twice with supersymmetry, a short calculation shows that

〈Φ(x1, u1)Φ(x2, u2)〉 = 25α2
1α

2
3c

32π6
(2u1 · u2)2

|x12|8
. (C.5)

Matching with the normalisation of Φ (2.2) fixes (α1α3)2, and we should take the negative
branch to match the supergravity calculation

α1α3 = −4
√

2π3

5
√
c
. (C.6)

Plugging back into (C.2) gives the result (1.7).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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