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CARLEMAN ESTIMATE FOR THE NAVIER-STOKES EQUATIONS AND
APPLICATIONS

1 OLEG Y. IMANUVILOV, 2 LUCA LORENZI, 3456 MASAHIRO YAMAMOTO

ABSTRACT. For linearized Navier-Stokes equations, we first derive a Carleman estimate
with a regular weight function. Then we apply it to establish conditional stability for
the lateral Cauchy problem and finally we prove conditional stability estimates for the the
inverse source problem of determining a spatially varying divergence-free factor of a source
term.

Key words. Navier-Stokes equations, Carleman estimate, inverse problem, lateral Cauchy

problem.

AMS subject classifications. 35R30, 35R25, 35Q30

1. INTRODUCTION

Let T'> 0 and Q2 C R3 be a bounded domain with smooth boundary 9Q. We deal with

the following linearized Navier-Stokes equations:

ow(z,t) — Av(z,t) + (A(x,t) - V)u(z, t)
(1.1) +(v(z,t) - V)B(x,t) + Vp(x,t) = F(z,t), (x,t) € Qx(0,7T),
divo(z,t) =0, (x,t) € 2 x(0,7),
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where A,B : Q x [0,T] — R? are given functions. Throughout this article, let x =
(z1,32,23) € R3, 0 = 2, i = 1,2,3, 0, = & and V = (01,02,0;). By a” we denote

the transpose of a vector a under consideration, and we set

3
dive = E djv;  for v = (v1,v9,v3)"

Jj=1

and

3 3 3 T
(A . V)U = (Z Ajajvl, Z Ajajl)g, Z Aj@j?)g)
j=1 j=1 j=1

for A = (Ay, Ay, A3)T and v = (vy,v9,v3)7T.
Given a subboundary I' C 9€) and a subdomain Qy C €2, we address the following two

problems.

e Continuation of solution by Cauchy data on lateral subboundary. Deter-
mine (v, p) in Qo x I by velocity field v and its derivatives on T x (0,T), where (v, p)
satisfies (1.1) with F'=10 and I is a subinterval of (0,T).

e Inverse source problem. Determine F by velocity field v and its derivatives on

I'x(0,7) andv(-,ty) in Q, where (v, p) satisfies (1.1) and ty is a fized point in (0,T).

The key machinery for solving the above problems, is Carleman estimates. A pioneering
paper Bukhgeim and Klibanov [5] proposed such a methodology and established the global
uniqueness results for inverse problems. It turned out that their method is applicable also for
proving stability estimates in determination of spatially varying functions in partial differ-
ential equations. Since then, the machinery developed in [5] has been used in many research
publications on inverse problems, where physical processes are modelled by parabolic, hyper-
bolic or other types of evolution equations. We refer to Beilina and Klibanov [1], Bellassoued
and Yamamoto [3], Imanuvilov and Yamamoto [14], [16], [17], Klibanov [19], Klibanov and
Timonov [20], Yamamoto [22]. Here, we limit our references on related works. For additional
literature, the reader may consult the references in the above articles.

On the other hand, there are not sufficient researches on inverse problems by a similar
methodology for the Navier-Stokes equations in spite of the importance. We refer only to
Imanuvilov and Yamamoto [15], Bellassoued, Imanuvilov and Yamamoto [2], Boulakia [4],

Choulli, Imanuvilov, Puel and Yamamoto [6], Fabre [7], Fan, Di Cristo, Jiang and Nakamura
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8], Fan, Jiang and Nakamura [9]. See also Imanuvilov and Yamamoto [17], [18] as for inverse
problems for the fluid equations.

Huang, Imanuvilov and Yamamoto [11] recently modified the method by [5] and, here,
we apply the method developed in [11]. We remark that we use the same type of Carleman
estimate for the Navier-Stokes equations as in [2], but the derivation of a Carleman estimate
is simpler than in [2].

Thus, in this article, we aim at improving [2]. Compared to the existing results, the main
achievements are:

e a more feasible Carleman estimate (Theorem 1) for the applications,

e an improvement of the conditional stability estimates for the continuation of solutions
by Cauchy data,

e novel conditional stability estimates in determining force term F'(z,t) in view of the
divergence-free component.

Now we state the key Carleman estimate, and to this end, we introduce some notations.
Let to € (0,7T) be arbitrarily taken. We choose 6 > 0 such that 0 <ty — 6 <ty +d < T and
we set

I=(ty—96,te+9), Q:=QxI.
Let v = (71,72,7v3) € (N\ {0})? and |y| =1 + 72 + 3. For each k, ¢ € NU {0}, we set
HH(Q) = {v e I*(Q): 0w € L(@). hl < b Ofv € ¥(Q) 0<5<0),

where 97 = 071 03203* for each v = (71, 72,73) € (NU{0})3. Throughout this article, we use

the following notations:
rotv = (32123 — 0309, O3v1 — Oyv3, O1U9 — 82U1)T7 vm,t = (V, 8t)7
rot’v =v, V% =, Vg}tv =,

and by [u]; with k& = 1,2, 3, we denote the k-th component of a vector v € R, and V(rot v)

means the 3 x 3 matrix whose (j, k)-element is 0;([rot v];) for a vector-valued function v =

(Uh V2, U3>T’

Let a function d € C%(Q) satisfy

IVd| #0 on Q. (1.2)
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Henceforth we fix a large constant A > 0, and we omit the A-dependency of the constants

which will appear later. For arbitrarily chosen constant 8 > 0, we set
p(a,t) = MIDB0P) (1 4) € .

We here do not pursue any optimal regularity issues and accordingly we assume that for
example, the R3-valued functions A(z,t) and B(x,t) in (1.1) are sufficiently smooth in order
to concentrate on the inverse problems.

Then, the following is our first main result.
Theorem 1 (Carleman estimate for linearized Navier-Stokes equations).
Let a pair (v, p) satisfy (1.1) and F,rot F € L*(Q). There exist constants sy > 0 and C > 0,

which are independent of s, such that
1
/ {—(|6trot v]? + |A(rot v)[?)
Q S

+s(|V(rot v) > + |[Vo* + |Av[?) + s*(Jrot v]* + |v|2)}62wdxdt

<C/ rot F|*e*?dxdt + Cs® / Z V3, (rot v)|? + |V70|?)e**?dSdt

1219294 j=0

1 1
1052 / SV (10t 0(, to + (—1)76)) 220y (13)
k=07 j=0

for all s > so and (v,p) satisfying (1.1), p € L*(I; H*(Q)) and v,rotv € H>(Q).

At the last term, we note that p(z,t) +0) = ¢(x,ty — §), v € .
Remark 1.
We can include also | [, [Vp[*e**?dzdt on the left-hand side of (1.3), by solving the first
equation in (1.1) with respect to Vp and substituting (1.3). However, we do not need such

an estimate for our purpose and we omit.

A similar Carleman estimate with the same type of weight function ¢ for linearized Navier-
Stokes equations is derived in [2], but our derivation of the Carleman estimate is simpler.
On the other hand, we can choose a different weight function with singularity at ¢ = 0,7,
which was created by Imanuvilov [12] for a single parabolic equation. See also Subsection

5.3 for further details. For Carleman estimates for linearized Navier-Stokes equations, we
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refer to Choulli, Imanuvilov, Puel and Yamamoto [6], Fan, Di Cristo, Jiang and Nakamura
8], Fan, Jiang and Nakamura [9], Fernandez-Cara, Guerrero, Imanuvilov and Puel [10].
Next we formulate the main result for the continuation of solution. We consider the
problem
Ow(x,t) — Av+ (A(z,t) - Vv + (v-V)B+ Vp =0, (1.4)
dive =0, (2,t) € Q:=Qx 1.
Then we are concerned with not only the uniqueness in the continuation of (v, p), but also
the estimation of (v, p) in some subdomain by prescribed knowledge of v on I" x (0,7"), where
I' C o5
For an arbitrarily chosen subboundary I' C 0f2, we choose an arbitrary subdomain €2 ; Q

such that
Qo CcQUTL, QuNoN cC Int (T).

Here Int (T') denotes the interior of ' in the restriction of the Euclidean topology in R? to
o
We are ready to state the main result for the continuation.
Theorem 2 (Stability of continuation of solution).
Let (v,p) € H*Y(Q) x L*(0,T; H(Q)) satisfy (1.4) and

1

Z (||Vi,t(f0t af”v) ||L2(<9Q><(O,T)) + ||Vjafv||L2(an(o,T)))
4,k=0

1
+Z [[r0t Oy || oo o,r5r1(0)) < M (1.5)
k=0

with arbitrarily fized constant M > 0. Then for any € € (O, %), there exist constants C' > 0
and 0 € (0,1), which depend on M, e, Ty, such that

1
Z(HAIOt £U||H0,1(90X(E7T,€)) + HI"Ot EUHHl(s,T—e;Hl(Qg))) + Hl"Ot U||HO’2(90X(€, T—¢))
/=0
HVpll 20 x 72 < C(D(v) + D(v)?),

where

D) =Y (V2. (xot 0fv) | 2oy + IV 05V L2rx 01))- (1.6)

1
7,k=0
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This theorem asserts stability in determining a solution (v,p) in some subdomain by
boundary data of v on I' x (0,7") under a priori bound (1.5).

A similar conditional stability for the continuation for linearized Navier-Stokes equations
was proved in [2], but our proof is simplified by adapting the proof of Proposition 2 in Huang,
Imanuvilov and Yamamoto [11] which is concerned with a single parabolic equation. In [11],
differently from the conventional arguments by Carleman estimates, we do not use any cut-
off function x(x,t) which is compactly supported, and do not need to consider the function
X(x,t)v(x,t), but we argue directly on the function v(x,t). In the case of the Navier-Stokes
equations, the cut-off function destroys the original structure of the equations, that is, the
equation div (xyv) = 0 does not hold. Consequently, if we introduce a cut-off function, then
we have to prove a Carleman estimate for the solutions to linearized Navier-Stokes equations
without divv = 0. This causes an additional difficulty (see [2]). Since we do not here require
any cut-off argument at all, the proofs of Theorems 1 - 3 are simplified.

Finally we state the main result for the inverse source problem. For it, we introduce the

following three conditions on F":
div F(x,tp) =0 for all x € Q. (1.7)
There exists a constant C' > 0 such that
|OFrot F(xz,t)| < Clrot F(z,t,)| for all (z,t) € Q and k =0, 1. (1.8)
There exists a constant C' > 0 such that
|0Frot F(x,t)| < C(IVF(x,t0)| + |F(z,to)|) for all (z,¢) € Q and k=0,1,2.  (1.9)

Here t, € (0,7 is arbitrarily fixed.

We notice that, by right-hand side of (1.9), we can estimate the right-hand side of (1.8)
from above if we change the constant C' > 0 properly.

For example, in a special case where F'(z,t) is expressed by R(z,t)f(x) with a sufficiently
smooth 3 x 3 matrix-valued function R and a smooth R3-valued function f, we see that

condition (1.8) implies (1.9), that is, condition (1.9) is more generous than (1.8).

We are ready to state two conditional stability estimates according to choices among (1.7)

- (1.9).
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Theorem 3 (Inverse source problem).
Let I' C 02 be an arbitrary subboundary and Qg C 2 be a subdomain satisfying the conditions
Qo CQUT and QNI C Int(T), and let ty € (0,T).
(i) We set
Fi:={F € L*(Q); F,rot F,divF € H'(I; L*(0)), (1.8) is satisfied}

and

= (12,08 (rot )| 2wy + V080l 2owny) + l[0(, to) - (1.10)

7,k=0
Let My be an arbitrarily given positive constant and let Vy, be the set of all the functions
(v,p, F) € H*Y(Q) x HY(Q) x Fy which satisfy (1.1), the regularity conditions d;rotiv €
H?Y(Q) with j = 0,1, dyp € HY°(Q) and

1
E(v) := Z(ij :0F (rot v) || r200x 1) + | V7070 | 12(00x1))

7,k=0

+ > 9ot vl to+ (=1)"8) |10y < M. (1.11)

k=0 k=0
Then there exist constants C' > 0 and 0 € (0,1), dependent on Qy,T', My, such that

[rot F(+, o) || z2(qe) < C(D1(v)? 4+ D1 (v))  for all (v,p, F) € Var,.

(i1) Let my > 0 be an arbitrarily chosen constant. We set
Fo:=A{F € H*(I; H*(Q)); ||F(-.to)| 20 < mu,  F(-,t0) = |[VF(-,t)| =0 onT,

(1.7) and (1.9) are satisfied}

and
12
=3 ) (V2,07 (xot v) || 2osery + V70 vl| 2 owny) + 10 to) - (1.12)
j=0 k=0
Let My be an arbitrarily given positive constant and let Wy, be the set of all the functions
(v,p, F) € H*(Q) x HY°(Q) x Fy which satisfy (1.1), the regularity conditions dFrot’v €
H>Y(Q), 0Fp € HYO(Q) with j = 0,1 and k = 0,1,2 and the a priori bound

E(v) + E(dv) < M. (1.13)
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Then there ezist constants C' > 0 and 0 € (0,1), dependent on Qy, T, my, My, such that

(-, o) || 1 g00) < C(DQ(U)O + Dy(v))  for all (v,p, F) € Why,.

We can rewrite (1.13) by

1 2
>SS (VI 0ot vl 2axn + IV0F 0] 2 eaxn)

=0 k=0
12
+3 ) lofrotu(-, to+ (—1)%6) i) < Mo.
k=0 k=0

Theorem 3 asserts two kinds of conditional stability according to the admissible sets F;
and Fy. Theorem 3 (i) determines only the rotation component of F(z,ty) and so it is not
necessary to assume (1.7).

In Theorem 3, not assuming the boundary condition for v on the whole boundary of
), we establish stability in determining F' in a subdomain of 2. On the other hand, the
stability estimate over (2 is proved with the boundary condition of v on the whole 92 x (0, T')
in Choulli, Imanuvilov, Puel and Yamamoto [6] for the Navier-Stokes equations, and Fan,

Jiang and Nakamura [9] for the Boussinesq equations.

Next we illustrate conditions (1.7) - (1.9). First, as the following example shows, we stress
that the condition (1.7) is essential for the uniqueness in determining F(z, ) in Theorem 3

(i), if no data of p are observed.

Obstruction to the uniqueness in determining F:

We consider a simple case
ow(x,t) — Av+ Vp = F(x),
divo =0, (2,t)eQ :=QxI, (1.14)
v(x,tg) =0 forzeQ, suppvCQx(0,7).
Here F is an R3-valued smooth function. It is trivial that (v,p) = (0,0) satisfies (1.14) with
F =0. Let ¢ € C§°(Q) satisfy Vi # 0 in Q. Then (v,p) := (0, ¢) satisfies (1.14) with

F := V1. Since the velocity fields in both cases are identically equal to zero, for our inverse
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problem, the two distinct solutions (v, p) = (0, 0) and (v, p) = (0, 7)) generate the same data
Dy and D, as are given in Theorem 3. However, the corresponding sources are different, that
is, 0 and Vi # 0. Therefore, by the presence of the pressure field p in the Navier-Stokes
equations, there is no possibility for the uniqueness in determining the component of F' given

by a scalar potential.

Next we provide several examples of the right-hand side F' satisfying conditions (1.7) -
(1.9).

Example 1. We see that (1.7) is replaced in terms of a vector potential:
F(z,t) :=rotq(x,t), (z,t)€Q,

where ¢ = q(z,t) is sufficiently smooth. Then (1.7) is automatically satisfied. Moreover, we

see that (1.9) is equivalent to

[rot rot (97q(x, )| < C(|Vrot g(x, to)| + [rot g(x, to)]), (z,1) € Q, k=0,1,2.

Example 2.
Let

Flx,t)=r(t)f(x), z€Q0<t<T, r(ty)#0, divf=0 inQ,

where r € C%([0,T)) is real-valued, f = (f1, f2, f3)T and fi, fo, f3 € C1(Q2). Then (1.7) and
(1.8) are satisfied. Indeed we can directly verify div F'(x,tg) = r(to)div f(z) = 0 for z € Q,

which is (1.7). Moreover, we have

k

T ot f(x)

|OFrot F(z,t)| = T

< Clrot f(z)], (z,t)€Q, k=01

and

lrot F(z,to)| = |r(to)||rot f(x)|, (z,t) € Q,
which is (1.8).
Example 3.

For more general source F' unlike Example 2, it is not always easy to verify condition (1.8),

but in the following case the condition (1.9) can be readily verified. Let

Fa,t) = R(z,t) f(z),
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where R(x,t) = (rjk(x,t))1<jr<3 is a given matrix and each component r;; is smooth in
(z,t), and f(x) = (fi(x), fa(x), f3(x))T. Then, condition (1.9) is satisfied if there exists a

constant 0; > 0 such that
|det R(z,to)| > 01 >0 forx € Q.
Indeed, we have
|Ofrot F(z,1)] < C(IVf(2)| +|f(2)]), (z,t)€Q, k=012
Therefore it is sufficient to verify
V(@) +[f(2)] < CUVEF(x, to)| + [F(x, to)]), = €. (1.15)
Verification of (1.15). Since |det R(x,ty)| # 0 for z € Q, it follows that
[f(2)] < C|F(2,t)], €

Next, setting F' = (Fy, Fy, F3)T, we have

3
Oy Fy(z,to) = Zrk] 2, 10)0ufi(x) + Y _(Oerig) (@, to) fi(x), £ =1,2,3,
7=1

and so
ij(x,to)@efj(x) = OpFy(, to) — Z(amj(x,to))fj(x),
that is,
R(z,t0)00f (x) = OpF (z,t0) — (OeR(x, o)) f(x).

Therefore, by |det R(z,t)| > 6; > 0 for all x € Q, we deduce
00f (2)| < C(|00F (x,t0)| + |F (2, t0)]), 2€Q, 1<0<3.

Thus (1.15) is verified.

If F(x,t) = R(x,t)f(x) for (x,t) € @ with a 3 x 3 matrix R(x,t), then we do not know
a convenient sufficient condition for (1.8), but condition (1.9) can be more directly verified.
Therefore, Theorem 3 (ii) is more feasible in view of applications.
Remark 2.

A special case F(z,t) = f(x)r(z,t), where f is real-valued and r is R3-valued, is trivial by
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(1.7), since (1.7) means that f satisfies a first-order transport equation r(z,to) - Vf(z) +
f(z)divr(z,ty) = 0 for z € 2, and so f can be uniquely determined by additional boundary

data of f under a certain condition on r(z,tp).

This article is composed of six sections. In Sections 2-4, we prove Theorems 1-3 respec-
tively. Section 5 is devoted to concluding remarks and in Section 6, we derive Lemma 2

which is used for the proof of Theorem 1.

2. PROOF OF THEOREM 1

Thanks to the large parameter s > 0, it suffices to prove Theorem 1 for B = 0. Indeed,
suppose that the assertion (1.3) is true when B = 0. Then, writing (1.1) with F being
replaced by F' — (v - V)B, and observing that

rot (F' — (v-V)B) =rot F'+ G(Vv,v),

where G(Vwv,v) is a linear combination of Vv, v with bounded coefficients in (), we can easily

show that
/ [rot (F — (v - V)B)[*e**?dxdt < C/ rot F|?e**?dxdt + C/ (|v|? + |Vv|?)e***dzdt.
Q Q Q

Hence, we obtain (1.3) with the extra term C' [, (|v|* +|Vv[*)e*#dzdt on its right-hand side.
Taking sq larger, if needed, we can absorb this term on the left-hand side and obtain (1.3)
in the case of B # 0.

Now we proceed to the proof of Theorem 1. We set
z :=rotw.

Then, since rotrotv = —Av+ V(divv) = —Av by dive = 0 in @, system (1.1) is written as

Opz(x,t) — Az + (A(x,t) - V)z =10t F' — Z?Zl VA; x 0;v,
Av=—rotz, z€Q 0<t<T.

(2.1)

The system (2.1) provides a decomposition of the Navier-Stokes equations into a parabolic

equation in z := rotv and an elliptic equation in v, where p is eliminated.
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For proving Theorem 1, we combine two Carleman estimates for a simple parabolic oper-
ator J; — A and the Laplacian. We state such Carleman estimates. Let ¢ = ¢(z,t) be the

same weight function as in Theorem 1. Henceforth C' > 0 denotes generic constants which

are independent of s > 0.

First we show a Carleman estimate for 0; — A in Q.

Lemma 1.

Let the function ¢ satisfies all the conditions of Theorem 1. There exist constants C' > 0
and sy > 0 such that

1
/ {g(|8tu|2 + |Aul?) + s|Vul* + 53|u|2} 2P dxdt
Q

§C/ 0w — Aul?e**?dxdt + 033/ (|Vasul® + [ul*)e**?dSdt
Q ]

Qx1
1
+C's? Z/(]Vu(x,to + (=1)58) [ + Ju(z, to + (—1)70)|?)e2 e @0+ gy
k=07

for all s > so and all u € H*'(Q).

Lemma 1 is a standard Carleman estimate for a single parabolic equation, and a direct

proof can be found for example in Bellassoued and Yamamoto [3] (Lemma 7.1), Yamamoto

[22] (Theorems 3.1 and 3.2).

Next we state two Carleman estimates for the Laplace operator.

Lemma 2.

Suppose that the function ¢ satisfies all the conditions of Theorem 1. Let r € L*(I; H*(Q))
satisfy

—Ar(z,t) = g(x,t) in Q.

Then there exist constants C' > 0 and sg > 0 such that

/ (s|Vr(z, 1) + °|r(x, t))?)e* P =D dadt
Q

SC/ g(, t)|2e*? @D dadt + 053/ (V7| + [r[2)e2e@D St
Q o

Qx T
for all s > sq.

Lemma 3.
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Suppose that the function p satisfies all the conditions of Theorem 1. Let ty € (0,T) and let
w € H*(Q) satisfy

—Aw(z) = h(z), =z €.
Then there exist constants C' > 0 and s; > 0 such that

/(S|VU}(5L‘)|2 + S3|w(l‘)|2)628<‘0($’t0)d$
Q

SC'/ |h(x)\2625@(”’t0)dx + 053/ ([Vw(z)|? + |w(x)’2)628<p(x,t0)d5
& a0

for all s > sy.

The proof of Lemma 3 is standard and can be executed directly by integration by parts
(e.g., Lemma 7.1 in [3]). Lemma 3 is used also for the proof of Theorem 3 in Section 4.

Lemma 2 is proved by integrating the standard elliptic Carleman estimate in Lemma 3
over the time interval I. For completeness, the derivation of Lemma 2 from Lemma 3 is

provided in Appendix.

Now we complete the proof of Theorem 1. We apply Lemmata 1 and 2 to system (2.1),

and obtain

1
[ {200+ 18+ 192+ 91ap b
Q

SC/
Q

< C’/ [rot F|*e*?dxdt + C/(|Vv\2 + [v|?)e**?dxdt + C’/ \Vz|?e**?dxdt + CJ; (2.2)
Q Q Q

3 2
rot FF =Y " Aj x (0jv) — (A V)z| e*?dadt + C.J,

j=1

and
/(5|V1}|2 + 8%|v|?)e*?drdt < C’/ rot z|2e**?dxdt + C'Js. (2.3)
Q Q
Here and henceforth we set
Jy = 83/ (|Vai(rot v)|* + [rot v|?)e**?dSdt
oOxI
1

+5° Z/<|V(r0t v(z, to + (—1)%6))[* + |rot v(z, to + (—1)”5)|2)€25¢(ac,t0+5)d$

k=0 Q
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and

Jy e 53/ (Vo2 + [o]2)e22dSdt.
oOxT

Hence, substituting (2.3) into the second term on the right-hand side of (2.2) we obtain

1
/ {—(|8tz\2 + [Az*) + 5| V2 + s3|z\2} e**?dxdt
Q S

SC’/ rot F|*e**?dxdt + C'/ rot z|?e**?dxdt + C'/ |V z|?e**?dxdt
Q Q Q

O (T, + J). (2.4)

Absorbing the second and the third terms on the right-hand side into the left-hand side of
(2.4), we reach

/ {§(|@t2|2 +|Az)?) + 8| Vz|* + s3|z|2} e**?drdt < C’/ lrot F|*e*?dxdt + C(J; + Jo).
¢ ¢ (2.5)
Combining (2.3) and (2.5), and using the equation Av = —rot z in (2.1), we see that |Av| <
C|Vz| in @, and we complete the proof of Theorem 1. B

3. PROOF OF THEOREM 2

Theorem 1 holds true with a weight function ¢(z,t) = MA@ =A1=10)*) where d € C2(Q) is
an arbitrary function satisfying (1.2). However, in order to apply Theorem 1 for the proof
of Theorems 2 and 3, we have to choose d(x) closely related to the geometry of I' as follows.
First we construct a suitable domain €2; which contains €. For a relatively open subset

I' € 99, we choose a bounded domain €2; with smooth boundary such that
QCcQ, T=00nQ;, 00, =(00\02)UOQ\T).

In particular, ©; \ Q contains some non-empty open subset. We note that €, can be con-
structed as the interior of a union of € and the closure of a non-empty domain 0 satisfying
the condition Q C R” \ Q and 90N 00 = T. We remark that we have to connect smooth
subboundaries 9€2; \ 99 and 0 \ " smoothly in I, in order that 92 is smooth.

We choose a domain w such that @ C Q; \ Q. Then, thanks to Imanuvilov [12], we can

find d € C?(Q;) such that
d>0 in{y, |Vd >0 onQ\w, d=0 on d. (3.1)

We recall that a domain Qy C € satisfies 9Q N 9Q C Int(T") and Qy C QUT.
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Then, by Qo € Q1 and 9Q \ T C 99, we see

d>0 on€Qy d=0 ondQ\TI. (3.2)

Henceforth we fix d satisfying (3.1) and a sufficiently large constants A > 0 and define
o(x,t) = MNd@)=B(=10)*) i Theorem 1. Later by (3.15), we choose a constant 3 > 0.

For given to € (0,7) and 6 > 0 satisfying 0 < ¢ty — dy < to + 62 < T, we apply the
Carleman estimate (1.3) proved in Theorem 1 in the domain Q X (ty — d2, tg + 02) to system

(1.4), so that we obtain
/ (|rot dv|? + |V (rot v)|? + |Vvl|?
Qx (t07§2 ,t0+52)

+A(rot v)|* + |Av]* + [rot v|? + |v|?)e**Pdxdt

1
<Cs* / > (V4 (xotv)[? + [V70]*)e*?dSdt
O x (tofisg,t0+52)

Jj=0

1 1
+Cs') / > IV (rot v(z, tg + (—1)762)) Pe> 00 dy (3.3)
k=0 j=0

for all s > sq.

Here we note that the constants C' > 0 and sy > 0 are independent of t;, because the
Carleman estimate is invariant by the translation in time provided that the translated time
interval is included in (0, 7).

Setting v, := 0;,v, we have

(

Oy (z,t) — Avy + (A, t) - V)vy + (vy - V)B(z,t) + VOip

= —(QA- V- (v-V),B, (3.4)

divoy(z,t) =0, 2€Q,0<t<T.
Here we have

rot ((;A - V)v) = (0,A - V)rotv (3.5)

3 3 3 T
+ <Z(82aj)0jvg — (83aj)8jv2, Z(Ogaj)ajvl — (81(1j)ajl}3, Z(@laj)é?jvg — (agaj)ajvl) s

Jj=1 Jj=1 Jj=1
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where we set 9, A := (a1, as,a3)”. By (3.3) and (3.5), we have
/ (|rot ((0,A - V)v)|* + |rot ((v - V)0, B)|*)e***dxdt
QX(t0752,t0+52)

§C’/ (|V(rot v)|* 4+ |Vo|? + [v]?)e***dzdt
QX(t07527t0+52)
1 .
§C’s4/ > (V4 (xotv)[? + [V7v]*)e*?dSadt
39X(t0752,t0+52) j=0
1 1
105t / SV (ot o(, to + (—1)6))|Pe2eetetoton) gy
k=07 j=0
for all s > sq. Therefore, we apply Theorem 1 to system (3.4) to obtain
/ (1ot o] + |Byrot v]2 + |V (rot A) | + | VO
Qx (t0—52,t0+(52)
+Adw|* + |A(rot 9w)|? + |0pv|*)e* P dadt

1

§054/ Z(Wiﬂ,t(ro‘c o) |? + |V 0w |*)e**?dSdt
8Q><(to—52,t0+52) =0

1 1
+Cs? Z/ Z |V (rot Qyu(z, to + (—1)%8,)| 2?5 @10 +02) gy
k=07 j=0

for all s > so. Hence, applying (3.3) and (3.6), we obtain

1

(3.6)

/ Z (|A(rot “OFv)|? + |V OFu|* + |V (rot OFv)|?) + |0rot v|? | e**?dadt
QX(to—ﬁg,to+52) k,6=0

(|Viyt8frot o2 4+ |VIOFu|*)e*?dSdt

1
7,k=0

<Cs* /
00 x (t0—52,t0+52) .

1 1
+Cs" / > [V (rot 0fv(x, to + (—1)70y)) [P0t dyy
k=0 Q

J,k=0
for all large s > 0.
We set

dp = mind(z), dy = maxd(z).

meﬁo zeQ

By d > 0 in €2, we notice that d; = ||d| g, and do > 0.

(3.7)

(3.8)
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We fix € > 0 such that 0 < € < §,. Here we recall that ¢ty € (0,7) and 0, > 0 satisfies
0 <ty—dy <top+ 0y <T. Then, by (3.2), we have

maXmE@Q\F,to—52§tSto+52 SO(’CE? t) S 1a
max, q (2,0 — 02) = max, g ¢(x,to + d2) < M1 —553) (3.9)

in o~ Ado—pBe?)
Hllnxeﬂ(),to—gﬁtﬁto-f—ggO(x? t) >e :

For concise descriptions, we set
N(v;to —€,t0 +€)
1
= ([[Arot €U||§{0’1(Qox(t07§,t0+§)) + ||rot ev||§{1(tofg,to+§;H1(Qo))) + HrOtU||%{0’2(Qo><(tof€,to+§))‘
=0

Therefore, shrinking the integral domain Q X (tg — d2, %9 + d2) to Qg X (tog — &,to + €) on
the left-hand side of (3.7), in terms of (1.5) and (3.9), we obtain

exp(2seMO ) N (v: g — &, to + ) (3.10)

1
<Cs* (/ +/ ) (IV2 ,(Ofrot v)|* + | V7 0F v|*) e dSdt
Fx(to—ég,to-‘r(sg) (8Q\F)X(t0—(52,to+5g) 4,k=0

1 1
+C's* VidFrot v(z, ty + (—1)%6,)|2e?s?(@tot02) gy
o t
k=0

4,k=0

<Cs*e® D(v)? + Cs'e® M? + Cs* M? exp(2seM 1 =9%))

for all s > sp and 8 > 0. Here M and D(v) are defined by (1.5) and (1.6). Constant C' in
(3.11) is independent of s but might be dependent on f.
Now we will make a specific choice of § > 0, € > 0 and o > 0 such that 0 < &€ < §,. First

fix sufficiently large N > 1 such that

dy — d, d
N—1>-2""2" thatis, — <N. (3.11)
do do
For given € > 0 in the statement of the theorem, we set
€ Ne
£ = dy := Ne = E. 3.12
ei=g—1 % E=y_—17°¢ (3.12)
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Since it suffices to consider the case where ¢ > 0 is sufficiently small, we can assume that
09 > 0 is small, in particular, 0 < do < T — 9o < T'. Then, we can prove
dy—dy d

B2 S

(3.13)

Indeed, by the second equality in (3.12) and N > 1 we deduce

05 _
Using (3.11), we have
d; o3 . dy—dy 63— 22
— < N< = that <
do 2 TR 2

which yields (3.13) by multiplying with (SQdTOEQ > 0.
2

Therefore, we can choose > 0 such that

dy — do do
I

which implies
do — B2 >0, dy— BE* > dy — 63,
that is,
= AMdo—52%) o = max{1, eMdl*B‘SS)}.

We arbitrarily choose ty € (09, T — d2). We notice that (tg — do,to + d2) C (0,7). Hence
(3.10) yields
N(vitg — & tg +8) < Cs*M?e > 4 Cs*e“ D(v)?
for all s > sy. Here we note
o = 1 — o > 0.
Replacing s and C by s + sy and e“*° respectively, we see

N(vity — & tg +2) < O(s + so) M%7 4 C(s + s9)*e“* D(v)?

for all s > 0. Since 1y > 0, we easily verify sup,. (s+5)%e 0 < oo and (s+sp)%e”® < Cre“1*

with a large constant C; > 0. Hence we obtain

N(vity — & tg + &) < OM?*e 0 4 Ce“ D(v)?
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for all s > 0. Here we note that C' > 0 is a generic constant which is independent of s > 0.
We make the right-hand side small by choosing s > 0 suitably. We now distinguish the two
cases D(v) < M and D(v) > M.
Case 1: D(v) < M.
We choose s > 0 such that

M2e=510 = D(v)2eC®,

that is,
2 M

= 1 > 0.
Ctm ° D)

S

Then
~ _2C 2p0
N(vity —&,tg + &) < 20MCFmo D(v)Ctuo.

Case 2: D(v) > M.

Then we can directly estimate
N(v;ty — &t + &) < CD(v)*(e 4 %),

Hence taking s = 1, we deduce that N(v;ty — &ty + &) < CD(v)%eC.

Thus in both cases, we obtain

N(vity — &ty + 2) < C(M)(D(v)? + D(v)?), (3.14)

where 0 = C’fLO € (0,1). Here the constants C' and # are dependent on £,6, > 0, but

independent of ¢y. Varying ty over (02, T'— d2), in view of (3.14) we reach
N(v;dy —&,T — 8,4+ 8) < C(M)(D(v)? + D(v)*).
Since §p — & = (N —1)g = ecand T —ds + € = T — ¢, by (3.10) and observing that
Vp=Av— 0w — (A-V)v— (v-V)B, we obtain
HVPH%Q(QOX(E,T—E)) < C(HatUH%Q(QOX(s,T—s)) + ”AUH%Q(QOX(E,T—E)) + HU“%Q(E,T—E;Hl(QO)))'

Thus we can complete the proof of Theorem 2. W

In Theorem 2, in order to estimate Vp, we have to apply the Carleman estimate not only
for v but also for O,v to obtain (3.7). If we are not interested in estimating Vp, then we can

prove estimates of v with weaker norms of data.
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4. PROOF OF THEOREM 3

We divide the proof into three steps.
First Step: Inequalities obtained by the Carleman estimate.
We recall
I:=(ty— 9, ty+9)

with given constant ¢ > 0, and that C' > 0 denotes generic constants which are independent
of s > 0 provided that s > 0 is sufficiently large.
We set

Di(v) = 3t o (IV2,0F (ot )| 2y + VI0F0]| 2y,

' (4.1)
Da(v) =3 o S oIV, 08 (rot v) || arxry + IV0F | L2rxry)-

In this step, by Theorem 1 we will obtain two inequalities (4.7) and (4.10) stated below.
By (4.1), (1.10) and (1.12) we have
Dy(v) = Dy(v) + lv(-,to)l| a3y, Da(v) = Dy (v) + |[v(-; to)ll 2 (o) -
We choose the function d € C?(€) satisfying (3.1) and (3.2) and we set
o(z,t) = MUD=BE) (3 1y e Q

with sufficiently large A > 0 and some parameter 5 > 0 which will be fixed later. Let the
constants dy and d; be determined by (3.8). By (3.2) we have

o(x,t) <1 for (z,t) € (OQ\T) x I, d(z)>dy>0 forx e Q. (4.2)

We set
A

=, gy = max{1, ) (4.3)
For positive constants dy, d; and 9, we can choose 5 > 0 large such that
dy > dy — 36°. (4.4)
Therefore, in view of (4.1) and (1.11), from (4.2) and (4.3) if follows that

Joanryxr S koI V2 0F (rot v) [ + [VI0Fv|?)e*¢dSdt < CE(v)?e*,

Jor Zinco(I V2, 0F (ot v) 2 + | VIOFv]?)e?#dSdt < Ce* Dy (v)?.
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Moreover, using (1.1) and (4.3) again, we obtain

Z / ZW] (vot 9} v) (. to + (=1)°8) P10+ dy

7,k=0
< CE( )2 2ser(d1—B5%) < CE( )2 28#2 (46)
We apply Theorem 1 to system (1.1). By (4.5) and (4.6), we obtain

/(S|Vv]2 + 5|V (rot v)|* + s*|v]?)e**?dxdt < C’/ [rot F|*e*?dxdt
Q Q

+OSPE ()22 4+ Cs%e% Dy (v)? (4.7)

for all s > 5.

Next we set vy := 0;v. Then

(

Oy (z,t) — Avy + (A(x,t) - V)vy + (v1 - V)B(z,t) + VO

= 9, F(x,t) — (BA Vv — (v V)8,B, (4.8)

divoy(z,t) =0, 2€Q,0<t<T.

\

By (3.5) and (4.7), we have
/Q ([rot ((BA - V)0)|2 + [rot (v - V)3, B)[2)e2*dadt

C/(|V(rot v)|* 4+ | Vol + [v]?)e**?dadt
Q

< ¢ / rot F2e®?dxdt + Cs*E(v)?e?2 + C's?eC* Dy (v)?. (4.9)
s
Q
Therefore, we apply Theorem 1 to system (4.8) in v; and use (4.5), (4.6) and (4.9) to obtain
1
/ (—|E)t2r0t v]? + s*|Orot v|* + s(|V (rot O)|* + |VOw|?) + 33|8tv|2) e**?dxdt
Q S

<C Z |0Frot F2e®*?dadt + Cs°E(v)?e®#2 + Cs%e“* Dy (v)? (4.10)
Q k=0

for all large s > sq.
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Second Step: Proof of Theorem 3 (i) .
Recalling that F(v) is defined by (1.11), we estimate

to d
/\rotatv(x,to)IQeZW(x’tO)dx:/ —/ [rot Byv(, t)[e*** ) da | dt
Q Ey dt Q

to—

—l—/ rot Opv(z, tg — 6)[2e2*#( @t =9 gy

Q
to

:/ / (2((rot Bv) - (rot B7v)) + 2syp|rot dyvl?) 2P dodt
to—06 JQ

+/ [rot dyv(x, tg — 6)[2e? @t qyg
0

SC’/ (s|rot d,v]? + [rot dyv|[rot O2v])e** @D dadt + CE(v)?e*H2,

Q

Here we used

2 2
62390(36,1‘,075) — 628(a>‘(d(3”)_ﬁ‘S ) < 6256)‘(‘11_&5 ) < eQS,LLQ

by (4.3). We notice that E(v) < M; by (1.11). Therefore,
/ Irot Qyv(z, ty) | €210 dy:
Q
<C / (s|rot Byw|* + |rot dyvl|rot D2v|)e** P @ dxdt + C M2 2.,
Q
Moreover we have
2 1 2
[rot Oyv||rot 0y v| = | —|rot O;v]| | (s|rot Oyv])
s
<1 i|1rot Otv|* + s*|rot O|* | = 1 1|1r0t v + s°|rot Opul?
2\ s? ! ‘ 25 \ s ! ! ’
and so (4.10) implies
C [ < ~
/ |rot O;v||rot fv|e*Pdrdt < —/ Z |0Frot F|?e*?dxdt + Cs* MEe*2 + C's?e”* D, (v)?
Q 5 JQ =0
and
C [« ~
/ s|rot Oyv|*e**Pdxdt < - / Z |OFrot F|?e**?dxdt + CsMie*#? 4+ Cse®* Dy (v)?,
Q Q5o

Hence,

rot (91) x,t 2625 ( ’to)dx
t » YO
Q
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< = Z |OFrot F|*e*%dxdt + Cs*M?2e*H2 + Cs?e®* Dy (v)>. (4.11)
@ k=0

The a priori regularity assumption dyv € H*'(Q) and the Sobolev embedding yield d,v €
C(I; L*(Q)) and v € C(I; H*(R)). Therefore, by (1.1) we have

F(z,tg) = Ow(z, tg) — Av(z,to) + (A - V)v(z, to) + (v(x, ty) - V)B(x,ty) + Vp(x, tp).

Moreover, since the a priori regularity assumption d;rotv € HY(I; L*(Q)) € C(I; L*()), we
obtain

rot F'(x,ty) = rot Qv (z, to) + a(x), x € Q, (4.12)

where

a(z) = rot (—Av(z,ty) + (A - V)v(z, to) + (v(z,ty) - V)B(x,tp)). (4.13)

Observe that

/|a|2 2setato)gy < 0y / 1020 (1, 1) P20z < CeC o o) sy < Ce®* Dy (0)?.

|a| <3

Consequently, from (4.11) and (4.12), there exists s; > 0 such that

I'O‘] x,t 628 ( 7t0)d..'2§'
» L0
Q

< = Z |0Frot F|*e**%dxdt + Cs* MEe*H2 + Cs?e“* Dy (v)? (4.14)
Q@ k=0

for all s > s¢. By (1.8) and inequality ¢(x,t) < ¢(x,tg) for (z,t) € @), we have

gho

for all s > sg. Therefore,

|rot@k (z,1)e2° @D dxdt < —/ rot F(z, to)|?e?*# @) dy
k=0

C
/ rot F(z, to)|?e?# @) dy < —/ rot F(x, to)|2e®*? @) dy 4+ C's? MEe*#2 4 C's*e“* D, (v)?
Q s Ja

for all large s > s.
Choosing s; > 0 large, we can absorb the first term on the right-hand side into the
left-hand side, and obtain

/ [rot F(z, to)|?e??@0) dy < Cs* M2e*H2 + C's*e“* Dy (v)?
0
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for all s > s;. Recalling that d(x) > dy > 0 for x € Qg and Qy C €2, and noting p(x,ty) =

Ad(z)

e , We see

gwf/mmw%WMg/mwu@W$Wmm
Qo Q

Therefore,

[rot F(x, ty)|*dz < CsszeQS“Qe_zseAdo + Cs%e%* Dy (v)>.
Qo

By (4.3) and (4.4), we see e M > ¢Mh=59) Since dy > 0, we have e’ > 1. Therefore
= Mo > max{1, e)‘(dl_f@52)} = lis.

Consequently,
po = p1 — pig > 0.

Hence, we reach

Irot F(x,t)|2dx < Cs?MZe 20 4 C's?e“* Dy (v)?
Qo

for all s > s;. By the same argument as in the final part of the proof of Theorem 2, we

complete the proof of Theorem 3 (i).

Third Step: Proof of Theorem 3 (ii).
For short notation, we set
Es(v) :== E(v) + E(Ow).
We choose the same weight function ¢(x,t) = eMd@)=B(t=10)*) a5 in First Step.

Next, we set vy := 92v. Then

(

Opvg(z,t) — Avg + (A(z,t) - Vg + (vo - V)B(z,t) + V?p

= O2F(x,t) — 2(0,A-V)vy — 2(vy - V)9,B — (9?A-V)v — (v V)I?B, (4.15)

divug(x,t) =0, 2€Q,0<t<T.

We apply Theorem 1 to system (4.15) in ve, and similarly to (4.5) and (4.6), in terms of
Es(v) and Do(v), we estimate the boundary terms

1

2
/ (ZZ V7 ,0F (rot v)[? + |vfafv|2> e**°dSdt
oxI 0 k=0

J
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and

1 12
Z/ DO |V (ot 0fv) (w, to + (—1)"0) P2 el ot dy.
k=0 Q5

=0 k=0
These terms are of the same kind as (4.5) and (4.6) but the orders k of the t-derivatives

change over 0, 1, 2. Hence we obtain
/ s|V (rot 02v) [*e***dadt < C/ rot 02 F|?e***dxdlt
Q Q
—l—C/ (Jrot {2(8,A - V)vy + 2(vy - V)8, B} |* + |rot {(07A- V)v + (v-V)I;B} }2)623¢d:cdt
Q

+C5° By (v)%e?2 + Cs%e% Dy(v)? (4.16)

for all large s > 0. Now we need to estimate the second integral on the right-hand side of
the inequality (4.16).
Since A and B are assumed to be sufficiently smooth (e.g., A, B € W2>(0,T; W (Q))),

in view of (3.5), we have
/Q ot (2(0,A - V) + 2(vy - V)0, B) [*e**?dxdt
gc/Q(W(mt o2 + Vo2 + [on[2)e2 dadt
:C’/Q(|V(r0t o) |2 + |VOow|? + |0w|?)e**#dadt.

Therefore, by means of (4.10), we obtain

/ [rot (2(0A - oy + 2(vy - V)0, B) e dadt
Q

1
< g / Z rot OF F|2e®*?dadt 4+ Cs*E(v)2e®#2 + Cs?e“* Dy (v)?. (4.17)
@ k=0

Similarly, using (3.5) and (4.7), we have

/ Irot ((92A - Vv + (v - V)2 B)[2e*¢ dudt
Q

C ~
< — / rot F|2e**?dxdt + Cs*E(v)?e*#2 + Cs*e“* Dy (v)>. (4.18)
s
Q

Since D;(v) < Dy(v) and E(v) < Es(v), in terms of (1.13) we now replace E(v) and D, (v)
by M, and Ds(v), respectively.
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Substituting (4.17) and (4.18) into (4.16), we obtain

/ 5|V (rot 0}v) [*e**?dxdt

<C Z rot OF F2e®*%dadt 4+ C's> M2 4 C's*eC* Dy(v)2.
Q k=0

Combining this estimate with (4.10), we deduce

/( |V (rot 020)|* + 5|V (rot Opv) |*)e** P dadt

<C Z|rot OFF |22 dadt + Cs> M2e*H2 + C's3eC* Dy(v)? (4.19)
@ k=0

for all large s > 0.

Henceforth we set

3
Z [rot 0yv)1,)0; [rot O7v)y..

7,k=1

(V(rot ) - V(rot 97v))
Now, arguing as in the Second Step, using (4 19) and (4.6), we see
/Q |V (rot Qyv(z, ty)) [2e?*¢ @) dg = ( / |V (rot Qyv(z, t))| 2P @t dw) dt
+/ |V (rot Opv)(z, to — 5)|2625‘p(r’t°_5)dx
/ y / V(rot dyw) - V(rot 02v)) + 250,p|V (rot 9,v)|?)e**# @ dadt
to—
+/Q |V (rot Oyv) (, tg — 0)|2e>¢@t0=9) gy

<C / (s|V(rot 9,v)|? + |V (rot dyw)||V (rot 02v)|)e**# =D dadt + C Mie*H2,
Q

Since

|V (rot 0,v) ||V (rot 92v)| < =(|V(rot ,v) > + |V (rot 07v)[?),

1
2
we apply (4.19) to obtain

/ IV (vot Qyv(z, tg)) |2 = 00) g
Q

2
< CZ/ rot OF F|2e**%dadt 4+ C's> M2e*2 4 C's*eC* Dy(v)2. (4.20)
k=0 @
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Applying (1.9) to the first term on the right-hand side of (4.20), we obtain
/ |V (rot Qyu(z, ty)) [P ¢ @) dy < C’/ (|F(z,t0)|> + |V F(x,t0)|?)e***dxdt
Q Q

+Cs* M2e*2 4 C's°e%* Dy(v)? (4.21)

for all large s > 0.
By (1.7), we have

rotrot F(x,tg) = —AF(x,ty) + V(div F(z,t)) = —AF(x,ty), x€Q
and (4.12) yields
rot rot F'(z,tg) = rotrot dyv(x, to) + rota(z), =z €9,
where a is defined by (4.13). Hence,
—AF(z,tg) = rotrot (Qyv(x,tg)) + rota(x), x € Q.

Therefore,

|AF (z,t0)| < C(|V(rot dw(x,ty))| + [rot a(z)]), x € Q
and so (4.21) implies
/Q|AF(;c,t0)|262W<$vt0>dx < O/Q(yF(x,to)F + |VF(z,t)[})e®* @D dxdt
+Ce (5* Da(v)? + [0 (-, to) [ a(y) + C's* M e+
for all large s > 0. Since p(z,t) < ¢(z,to) for (z,t) € ), we obtain
/Q ]AF(x,to)\Qe%“’(”’tO)dx < C’/Q(|F(x,to)|2 + |VF(x,t0)\2)eQS“"(“’t0)dx

+Ce“ 53 Dy(v)? + Cs® My e (4.22)

for all large s > 0
Next we apply Lemma 3 proved already in Section 2, which is an elliptic Carleman esti-

mate. Since F(x,tg) = |VF(x,ty)| =0 for x € T', applying Lemma 3 to (4.22), we see

/(SIVF(«T, to)|? + 83| F(z, to)|?) e @ ) dg:
Q
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<c / ([F (2, t0)2 + [V (2, £o) P)e2 @0 dg 4+ CeCo63 Dy(0)? + Cs* M2
Q

+C's* / (|VF(z,to)|]? + |F(z, to)|)e??@t)qs (4.23)
AO\D

for all sufficiently large s > 0. Recalling that ¢(z,t) <1 for (z,t) € (0Q\T") x I from (4.2),
by ||F(-,to)|| m2() < m1 and (4.3), we apply the trace theorem to obtain

/ (IVF(x,t)|> + |F(x,t0)[})e?* @) ds < mf/ e**dS < Cmie* < Cmie* 2.
OO\T OO\T
Henceforth we set Mg := My + my. Choosing s > 0 large, we can absorb the first term on
the right-hand side of (4.23) into the left-hand side, and so
/ S(IVF(z,t0)* + |F(x, t)|?) €@ dy < Ce®s* Dy(v)? + C's® M
Q

for all large s > 0. Shrinking the integral domain €2 on the left-hand side to €2y and using
(4.2) and (4.3) and e25¢(@to) > 25X — 251 for o € (), we obtain
625“1|]F(-,t0)\|§{1(90) < Ce®s*Dy(v)? + CSSZ/\\/[;QezS“?
for all large s > 0. By (4.4), we have p; > po and so
| F(-, t0)||%11(90) < Ce¥ 53Dy (v)? + O M2e= 250

for all large s > 0. Here we set g := p1 — o > 0. Therefore, by the same argument as in

the final part of the proof of Theorem 2, we can complete the proof of Theorem 3 (ii). B

5. CONCLUDING REMARKS

5.1. The Navier-Stokes equations
In this article we mainly consider linearized Navier-Stokes equations. The original Navier-

Stokes equations reads as

ow(z,t) — Av(z,t) + (v- V)v(z,t) + Vp= F(x,t), 2€Q,0<t<T. (5.1)
Let v; and vq satisfy (5.1) with F; and F; respectively. Then, setting v := vy — vy, we have
Ow(x,t)—Av(z,t)+ (v1-V)v(x, t)+(v-V)ve(z,t) +Vp = (F1 — Fy)(z,t), 2€Q,0<t<T,

which corresponds to (1.1) with A = v; and B = vy. Although the existence of solutions

v1, U9 to the initial boundary value problems in € x (0,7T") for the Navier-Stokes equations, is
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in general, not completely solved with our regularity assumptions, for our inverse problems
we assume the existence of vy, v, with such regularity. Moreover, we see by the proof that
T > 0 can be arbitrarily small, and our inverse problem requires the existence of the solution
(v,p) local in time. We further notice that for the inverse problems we consider the solutions
only for positive time interval t > t; — d > 0, so that there is a possibility that we rely on
the smoothing property in time of solutions to the Navier-Stokes equations, in order to gain
the necessary regularity of solution for the inverse problem.

On the other hand, in our inverse source problems, we cannot choose ty = 0, in other
words, our problem is not an inverse problem for any initial boundary value problem. In
particular, we remark that we do not assume any initial conditions, but we need v(-,#g) in
Q) with some ¢ty > 0. In general, the inverse problem with our formulation for parabolic
equations as well as the Navier-Stokes equations has been a long-standing open problem for
the case of ty = 0.

5.2. Data of pressure p.

In this article, we do not use any data of p. Therefore, in Theorem 3 (ii), we have to
assume (1.7): div F'(-,to) = 0 in Q. With additional information of p, we do not need such
assumption for unknown sources, but here we do not pursue this direction.

5.3. Available Carleman estimates.
As Carleman estimates for parabolic equations including the Navier-Stokes equations, we

can obtain two types according to the following choices of weight functions:

e weight function without singularity:
SO(':E’ t) = e/\(d(x)—ﬁ(t—to)Q); (52)

e weight function with singularities at ¢t =ty + §:

6)\77(5()) . 62/\”77”0(6)

h(t) ’

p(z,t) =

where lim 415 h(t) = 0.

Here d,n € C?(Q) are chosen suitably.
The Carleman estimate with the weight (5.3) was proved firstly by Imanuvilov [12] for a

parabolic equation.
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As for related inverse problems for the Navier-Stokes equations, Choulli, Imanuvilov, Puel
and Yamamoto [6], Fan, Di Cristo, Jiang and Nakamura [8], Fan, Jiang and Nakamura [9]
used Carleman estimates with (5.3), while Bellassoued, Imanuvilov and Yamamoto [2] and
the current article rely on (5.2).

Moreover, in order to derive Carleman estimates for the Navier-Stokes equations with (5.2)

or (5.3), we have two options.

(1) First take the rotation operator rot to obtain a parabolic equation in rot v and then
a Poisson equation in v. See [6], [8], [9] with the weight in form of (5.3).
(2) First take the divergence operator div to obtain a Poisson equation in p and then a

parabolic equation in v. See also [2] with the weight in form of (5.2).

In the present article, the proof of the Carleman estimate is by the above option (1), so
that our Carleman estimate established by Theorem 1 is different from [2] by option (2),
although the weight function is the same.

5.4. Improvement of Theorem 3 (ii)

So far, we used an elliptic Carleman estimate with L?-norm for non-homogeneous term.
More precisely, for the Carleman estimate for the Laplace operator, we are restricted to
Lemma 3 where the right-hand side of the Carleman estimate is taken in the weighted L?-
norm. On the other hand, we can apply an H~!-Carleman estimate for A and improve
Theorem 3 (ii).

Indeed we can relax condition (1.9) as
|0Frot F(x,t)| < C(IVF(2,t0)| + |F(z,to)]), (z,t) €Q, k=0,1. (5.4)

Compared with (1.9), condition (5.4) does not require the second-order time derivative on
the left-hand side. Then reducing the time regularity by order 1 in boundary data and a
priori bound, we can improve the conclusion in Theorem 3 (ii) as follows. Here we recall

that the functional D;(v) is defined by (1.10).

Proposition 1.

There exist constants C' > 0 and 0 € (0,1), which are dependent on Qqy, I', My such that

1F || 1(0) < C(D1(v) + Di(v)") (5.5)
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for each
FeF3:={F¢cH(I;H*Q)) : supp F(-,ty) C Q, (1.7) and (5.4) are satisfied},

provided that (1.11) holds with arbitrarily chosen constant My > 0.

We can relax also the condition supp F(+, ty) C €2, but for simplicity we keep this condition
in F3 and here give
Sketch of the proof of Proposition 1.

Under the assumption, we can follow the argument in the proof of Theorem 3 (i) and reach

(4.14). Application of (5.4) to the first term on the right-hand side of (4.14) yields
C
/ rot F(z, to)|2e? @) dr < = / (|F(z,to)|* + |VF(x,to) |*)e**? @D dadt
Q S JQ

+Cs*M2e*H2 - Ce®*s* Dy (v)? (5.6)
for all large s > 0. We estimate the first term on the right-hand side of (5.6) as follows:

/ (F(x, t0)2 + [V F(z, to) P)e2@ D dudt
Q

to+0
:/(|F(x, to)]* + |VF(z, t0)|2)e25”(x’t0) </ eQS(W(w’t)_‘p(r’tO))dt) dz.
Q t

0=
Since d > 0 on €, we obtain

oo 2s(p(z,t)—p(z,to)) o0 7286)‘d(z)(17€7)‘ﬁ(t7t0)2)
e dt = e dt
to—0 to—0

to+o —AB(t—tg)2
< / e~ 2sll—e Jdt = o(1)
to—0

as § — oo by the Lebesgue theorem. Therefore,
/Q(yF(x,to)P + |V F(x,t0)[})e** ™ dxdt = o(1) /Q(|F(:c,t0)|2 + |V F(x, to)[2)e2# @) 4y
and so (5.6) yields
S/Q rot F(z, to)|?e®?@t) dy
< o(1) /(|F(x, to)|? + |VF(z,t0)|?) e @0 dy 4 C's* M2e*H2 + Ce®*s° Dy (v)? (5.7)
for all large SQ> 0.

Choosing a bounded domain £ C R™ with n € N, we prove an H~!-Carleman estimate

for the operator A as follows.
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Lemma 4.
Let F, E C R be bounded domains with smooth boundaries OE and OE such that E C E,
and w C E \ E be an arbitrarily chosen non-empty open set. Let n € CQ(E) satisfy

n=0 ondE, n>0 inkE |Vn>0 onE\w. (5.8)

Let g1, ..., gn € H3(Q) and w € HZ(E) satisfy
Aw(z) = Zﬁjgj(a:), r e L.
j=1

Then, for all sufficiently large X > 0, setting po(x) = e’ we can find constants C > 0,

and sg > 0 such that
/(|Vw($)|2 + s*w(x)|?)e** @ dr < Cz s/ 19;(2) 2e20@ dy
E ~" Jp

for all s > sq.

This is a Carleman estimate where the right-hand side is estimated in the norm of H~!-
space, while Lemma 3 in Section 2 is a Carleman estimate whose right-hand side is estimated
in the norm of L?-space.

Proof of Lemma 4.

By the same letters w and g; with 7 = 1,...,n, we denote the zero extensions of the
functions w and g¢; from E to E. Since w € HZ(E) and g1,...,g, € H}(E) we have
w e Hg(E),gl, ey n € H&(E) and w = g; = 0in E\ E. Hence the equation Aw = > -1 0595
holds true in the domain E. Applying Theorem 2.2 in Imanuvilov and Puel [13], we obtain

J(ve@P @) @ae < 03 s [ lg@Pes i =3 [ g @
E - JE - JE

for all large s > 0, which proves Lemma 4. B

Now by (1.7), we have
—AF(x,ty) =rotrot F(x,tg), x€Q, (5.9)

and supp F(-, %) C S
Here we recall that we fix sufficiently large A > 0 and so in the Carleman estimate we can

omit the dependence of the constants on .
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Let €5 be a subdomain of Q such that Q, C Q and supp F(-,ty) C Q. We apply Lemma
4 by setting £ = Qy and E = ;. Moreover, € and 5(z) = d(z) satisfy (3.1). Moreover
rotrot F'(z,tp) is given by a linear combination of 0;[rot F(x, )|k, 1 < j, k < 3, where [-],
denotes the k-th component of a vector under consideration. By noting that supp F'(+, zg) C

(29, the application of Lemma 4 to (5.9) implies

/(|VF($, to)|? + $°|F(x, to)|?) e @) dx < C’s/ rot F(z, to)|2e?*#@10) 4y (5.10)
v Q

for all large s > 0. Substituting (5.7) into (5.10), we obtain

/(|VF($, to))? + $%|F(x, to)|?)e?*# (@10 dy
0

< o(1) /(|VF(Q:, to)|? + |F(xz, to)[)e* @) dy + Cs3M2e*H2 4 Ce“*s*Dy(v)?  (5.11)
Q

for all large s > 0.
Choosing s > 0 sufficiently large, we can absorb the first term on the right-hand side of
(5.11) into the left-hand side, and obtain

/(|VF(:B,t0)|2 + |F(2,t0)|})e?? @) dy < Cs* M2Ee*H2 + Ce®* s Dy (v)?
Q

for all large s > 0. Then, by the same argument as in the final part of the proof of Theorem

3 (i), we can complete the proof of (5.5). B

In place of Lemma 4, one may apply a Carleman estimate (e.g., Vogelsang [21]) for a
system rot w = g and divw = 0, but we do not exploit here.
6. APPENDIX. DERIVATION OF LEMMA 2 FROM LEMMA 3.

Let t € I be arbitrarily fixed. Then, applying Lemma 3 to —Ar(z,t) = g(x,t) in Q, we

have that there exist constants C' independents of s and constant s; such that

[ eIV 0 + 5 (a, ) 0 da
Q

< C’/ lg(x, t)|262§“"(’”’t0)dx + C§3/ (|Vr(z,t)|* + |7’(x,t)\2)e2§“0(”’t0)d5 (6.1)
Q o0

for all 5> s;.

We set s, := 816)‘652. Let s > s,. Then

se*’\ﬁ(t*m2 > se*)‘ﬁ‘s2 > 351
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for all t € T = [ty — &, to + 6]. Then in (6.1), taking 3 := se~(=1)° e obtain

/(Se‘kﬂ(t_tO)QWT(x, O + 3310 (5, t)|2)6256”5“*”2so(z,to)dm
Q

SC/ |9(:c,t)!26256_”3“”0)2<P(w¢o)dx + 05363w(tt0)2/ (|Vr]* + |7’\2)62“%%_’50)2‘p(m’tO)dS.
Q 0
Here, by e M(=10)* > =209 for t € [ and e 010 (2, 1) = @(x,1), we see

/(se_’\f352|Vr(:v, t)* + 536_3)"862]7“(35, t)|2)623¢(x’t)dx
Q

<C [ Jolw ) Peesetda 0 [ (02 4 rfetieas,
@ o0

37352

Multiplying with e and integrating over ¢ € I, we complete the derivation of Lemma 2.
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