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Few may hear Galileo's song

Of tribulation

Adversities

Fuel for a living, feeds us all

Echo his madness

His heresy feeds us all

Spirit is �re

Uncompromising

Hidden hand, protect us from

The dead and dying

Spirit is �re

Feed on the senseless center
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Chapter 1

Molecular Nanomagnets: an

Emerging Platform for Information

Technology

1.1 MNM, fundamental properties and applications

Molecular nanomagnets (MNMs) are metal-organic molecules composed by a core
of a small number of magnetic ions surrounded by an organic ligand cage. The
ions are usually transition metals (3d), characterized by a dominant Heisenberg ex-
change interaction, or lanthanides (4f), characterized by high magnetic anisotropy
originating from unquenched orbital angular momentum. Magnetic interactions
within the molecular core are usually easy to describe with the spin Hamiltonian
formalism, given the �nite number of magnetic ions. When identical MNMs are
arranged in a crystal lattice each molecule behaves as a isolated magnetic unit,
since the screening due to the ligand cage suppresses inter-molecule magnetic in-
teractions between the cores. Hence, when macroscopically probing the entire
crystal one detects an ampli�ed signal associated to a single molecule. This means
that a crystal of identical MNMs probed by bulk measurements yields information
at single-molecule level, providing important insights about the properties of the
molecular core. This experimental opportunity have always brought much interest
in the �eld of molecular magnetism, due to the possibility of studying fundamental
quantum properties (like quantum tunnelling of the magnetization1 or of the Neel
vector) and innovative potential practical applications, such as quantum informa-
tion processing2�5 (QIP), high density information storage6�8 and magnetocaloric
refrigeration9. In this work I will focus on two very promising applications: one
is quantum computing, and speci�cally the role that MNMs can play in building
logical units embedding error correction10 (see chapters 3 and 4), and the other is
high density information storage using single-molecule magnets (a particular class
of MNMs, see chapter 5), as nanometer-sized memories.

1



CHAPTER 1. MOLECULAR NANOMAGNETS 2

1.1.1 MNMs as qubits

One of the most interesting applications of MNMs is the possibility of being used
as qubits in a future quantum computer. Quantum computing has attracted a
growing interest in the last few decades and great results have been achieved in the
most recent years11,12, making it one of the most groundbreaking research �elds in
modern physics. The basic building unit of quantum computers is called qubit and
it is a two-level quantum system, which can be prepared in both its states |0〉 and
|1〉, which de�ne the computational basis, as well as in any other superposition.
Further details on quantum computing will be given in chapter 2.

Finding the physical object which provides the best qubit implementation for a
quantum computer is one of the most challenging tasks in current research, given
the stringent requirements imposed by DiVincenzo criteria13. Various platforms
have been considered through the years: photons, cold atoms, trapped ions, nu-
clear and electron spins, nitrogen-vacancy pairs, and superconducting circuits14

have all been proposed as qubits, each one with its advantages and its disadvan-
tages. MNMs behaving as an e�ective spin S = 1/2 which splits in two levels
(m = ±1/2) in presence of a magnetic �eld represent the ideal physical imple-
mentation of a qubit, in which the computational basis states |0〉 and |1〉 can be
encoded in the two spin levels. QC operations can be implemented by manipulat-
ing the spin states of the system through electromagnetic pulses15�19. In some of
these MNMs the e�ective S = 1/2 is obtained as the ground state emerging from
transition metal ions coupled via a strong exchange interaction. As an example,
MNMs whose magnetic core is composed by [Cr7Ni] heterometallic antiferromag-
netic ring5 can feature the desired two-level ground state and have been extensively
studied as potential qubits16. Alternatively, MNMs composed by a single ion with
a S = 1/2 spin are attractive platforms, especially the highly investigated vanadyl-
based molecules, containing a single V4+ paramagnetic center2,20�25. In general,
practical realization of one-qubit gates on MNM-based qubits have already been
performed20,24, as well as two-qubit entangling gates between pairs of permanently
coupled qubits15,26. In addition, schemes for scalable two-qubit gates have already
been put forward16,27. Moreover, they ensure good scalability in building multiple-
qubit quantum hardware, which is a fundamental requirement for qubit candidates.
The possibility to graft MNMs onto surfaces6 together with their high chemical
functionalization potential also led to the proposal for the realization of a spin-
photon hybrid quantum hardware3,28, which exploits the main advantages of both
solid state and molecular spin quantum computing.

An important parameter to be taken in high consideration when evaluating
qubit candidates is the coherence time during which it is possible to perform quan-
tum gates without information loss. Advanced chemical engineering allowed a
constant improvement of coherence times in these systems, reaching striking val-
ues of hundreds of microseconds23,24,29. These already remarkable results can be
additionally improved by using quantum error correction codes, which encode a
logical qubit in a larger Hilbert space in order to protect it from errors (of which
dephasing is the most prominent one in molecular spins) achieving an even longer
e�ective phase memory times. In this respect, MNMs proved to be a promising
platform for the implementation of quantum error correction codes, something
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that is still missing in state-of-the-art quantum computing but that represents a
fundamental step towards the next generation of quantum hardwares.

However, in this work we won't simply treat single molecules as S = 1/2 qubits:
thanks to great advances in coordination chemistry it is possible to synthesize
molecules tailored for speci�c requirements, even exploiting multiple levels. In one
of the works presented in this thesis we characterize a molecule whose magnetic
core is composed by three weakly interacting rare-earth ions ([Er-Ce-Er]), each
one behaving as an e�ective spin S = 1/2. Thus, each molecule can host three
qubits and this enables us to implement within the molecule a minimal quantum
error correction code which uses three physical qubits to encode a single logical
qubit protected from a single phase error. Another way in which in this thesis we
propose to exploit the tunability of the energy spectrum typical of MNMs is by
using multiple levels (a qudit) in order to encode an error protected qubit into a
single molecule. This goal can be achieved by using coupled electronic levels or by
using nuclear energy levels in addition to the electronic ones (see chapter 4).

1.1.2 Single-molecule magnets as high-density information
storage units

A particular class of MNMs called single-molecule magnets (SMMs) is character-
ized by the presence of magnetic hysteresis at single-molecule level. This peculiar
phenomenon has been observed in a large variety of molecules since its discov-
ery in Mn12 7, which behaves as an e�ective giant-spin S = 10, experiencing a
double-well potential whose energy barrier determines magnetic bi-stability. A
great number of SMMs has been synthesised following the same recipe of Mn12,
namely with strongly coupled 3d ions generating an e�ective giant-spin ground
state30,31. However, low anisotropy energy barrier typical of transition metal ions
compounds leads to stringent temperature requirements for SMMs (usually liquid
He), hindering potential applications in high-density information storage. This
picture changed with the recent discovery of magnetic hysteresis up to 60 K in
the dysprosocenium molecule8, which belongs to a di�erent class of SMMs, often
referred to as single-ion magnets (SIMs). In these compounds the magnetic core
of the molecule is composed by a single 4f ion, whose unquenched orbital angular
momentum generates a high anisotropy barrier for the inversion of magnetization,
causing magnetic bi-stability to appear at temperatures much higher than those
previously reported. Further advances in the synthesis of SIMs led to temperatures
as high as 80K 32, e�ectively surpassing the important threshold of liquid nitrogen
temperature, opening up room for potential applications. The driving interest
behind this research �eld is the possibility of using SMMs in order to reach the
ultimate frontier in miniaturization in high-density information storage devices.
Indeed, magnetic hysteresis at the single-molecule level allows in principle to use
a single SMM as physical support for a classical bit of information.

However, slow spin relaxation in SMMs is not always easy to describe and fully
understand: di�erent processes are involved in this phenomenon and their inter-
play is often non-trivial. The most common description33 is obtained by combining
the e�ects of three di�erent relaxation mechanisms: quantum tunnelling of mag-
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netization, Raman relaxation (critically relevant in rare-earth SIMs) and Orbach
relaxation. The temperature dependence of their combined e�ect is what �nally
determines the blocking temperature of a given SMM, but it is often di�cult to
understand the role played by each one of them and how molecule structure and
properties in�uences their behaviour (further details in Chapter 5). In one of the
research works presented in this thesis we have thoroughly investigated relaxation
mechanisms in Dy-based SIMs by means of various experimental and theoretical
techniques, evidencing the prominent role of spin-phonon coupling. Theoretical
models for these interactions have been con�rmed through inelastic neutron scat-
tering experiments, which provided the phonon density of states for the analysed
systems. Results of this investigation (see chapter 5) showcase how appropriate
molecule design and synthesis can provide SMMs characterized by even better
performances.

1.2 Theoretical framework

In this section I will focus on introducing the main theoretical methods and models
used in the research work reported in this thesis. Most of the analysis I carried out
are based on spin Hamiltonian models, whose various terms will be discussed in
the next pages. Many-body models are also useful in gaining deeper and more fun-
damental insights, hence they will be extensively discussed too. Such models allow
us to precisely determine spin Hamiltonian parameters for speci�c systems, as well
as being useful tools in interpreting experimental data when a spin Hamiltonian
would have too many free parameters to get an unique �t.

1.2.1 Spin Hamiltonian

The spin Hamiltonian formalism is based on the assumption that each ion belonging
to the magnetic core of the molecule can be described as an e�ective spin. There-
fore, all magnetic contributions to the energy of the system can be expressed in
terms of spin operators ŝi, each one associated to a single ion. The main contribu-
tions to the spin Hamiltonian that we considered during our analysis are: Zeeman
interaction (ĤB), exchange interaction (Ĥex) and zero-�eld splitting ( ˆHZFS).

Ĥ = ĤB + Ĥex + ĤZFS (1.1)

Zeeman interaction The Zeeman Hamiltonian ĤB describes the interaction of
each spin with an external magnetic �eld B.

ĤB = µB
∑
i

B · g
i
· ŝi (1.2)

Where µB is the Bohr magneton and gi is the spectroscopic g-tensor of the i -th
ion. This term has the e�ect of breaking the (2si+1)-fold degeneracy of a spin
si multiplet and it will prove fundamental in all of the proposed applications of
MNMs in the next chapters.
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Exchange interaction This term represents two-body magnetic interactions:
the intensity, type and range of exchange interactions within a MNM are respon-
sible for a great number of interesting behaviours. A notable example is the giant-
spin ground state in 3d ions based SMMs, which arises from strong isotropic mag-
netic exchange coupling. Exchange interaction Hamiltonian couples electron spins,
and it can be written in its most general form as

Ĥex =
∑
i>j

ŝi · Jij · ŝj (1.3)

where Jij is the exchange coupling tensor. Usually in MNMs the two ions are
too far apart for the short-range direct exchange interaction to be relevant, and
hence they are magnetically coupled through super-exchange mediated by orbitals
belonging to interposed ions. In systems like 3d ions-based MNMs the exchange
Hamiltonian is usually dominated by its isotropic term, the well-known Heisenberg
Hamiltonian:

Ĥiso =
∑
i>j

Jij ŝi · ŝj (1.4)

Even though the ever-present dipole-dipole interaction has a completely di�erent
physical origin than exchange interaction (both direct and super-exchange), it is
possible to write it in the same form as Ĥex, since the two interactions share
the same dependence on spin operators si. Dipolar interaction contribution to
magnetic interaction is expressed by the dipolar coupling tensor Jdipij , which within
the point-dipole approximation only depends on the distance between the ions
(Rij) and their g-tensors:

(
Jαβij

)dip
=
µ2
B

R3
ij

[∑
δ

gαδ1 g
δβ
2 − 3

∑
δ g

αδ
1 Rδ

∑
γ Rγg

γβ
2

R2
ij

]
(1.5)

where α, β, γ, δ = x, y, z. Note that this term generally leads to an anisotropic
dipolar coupling tensor, which together with the exchange coupling tensor deter-
mines the overall interaction tensor.

Zero-�eld splitting The one-body zero-�eld splitting (ZFS) term of the spin
Hamiltonian accounts for the interaction of a single ion with its surrounding charges.
ZFS strongly depends on the symmetry and intensity of the �eld originating from
neighbouring ions and can cause a strongly anisotropic e�ect. The ZFS Hamilto-
nian can be written as:

ĤZFS =
∑
i

ŝi ·Di · ŝi (1.6)

where Di is the symmetric ZFS tensor on the i-th ion. By choosing the reference
frame as the one de�ned by the principal axes of Di we can rewrite the i-th term
of Equation 1.6 as

ĤZFS,i = Di

[
ŝ2i,z − si(si + 1)/3

]
+ Ei

(
ŝ2i,x − ŝ2i,y

)
(1.7)
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where Di = Di,zz − (Di, xx −Di,yy)/2 and Ei = (Di,xx −Di,yy)/2, given that the
i-th ZFS tensor is diagonal in this reference frame.

Nuclear spin Hamiltonian If some of the magnetic ions within the molecule
also have a magnetic nucleus, it is necessary to add to the spin Hamiltonian nuclear
spin-dependent terms. These account for the magnetic interaction of the nuclear
spin on the i -th site Ii with and external magnetic �eld (Zeeman interaction) as well
as with the corresponding electron spin si (hyper�ne interaction). Additionally,
quadrupole interaction represents the electrostatic interaction of each nucleus with
local �elds, hence its corresponding Hamiltonian term shares the same structure
with the electronic ZFS Hamiltonian 1.6.

Ĥnuc = µN
∑
i

gI,iB · Îi +
∑
i

Îi ·Ai · ŝi +
∑
i

Îi ·Ui · Îi (1.8)

where µN is the nuclear magneton, gI,i is the nuclear g-factor and Ai de�nes the
hyper�ne coupling between nuclear and electronic spin. Zeeman e�ect acts in
the same way as in the electron spin Hamiltonian, except that µN is more than
103 times smaller than µB, causing a much slighter splitting of the (2I + 1)-fold
degeneracy of the nuclear spin I. Hyper�ne is the leading interaction, translating
in an e�ective Zeeman splitting of the nuclear levels induced by the electronic spin.
Quadrupole terms are much smaller, but can be important to distinguish nuclear
excitations.

1.2.2 Many-body models

The spin Hamiltonian formalism gives a thorough representation of the magnetic
interactions within the core of a MNM, but its determination often requires strong
assumptions on its form and hierarchy of interactions. Moreover, the determina-
tion of Hamiltonian parameters can be inaccurate when computed ab-initio with
density-functional theory (DFT) simulations. In the work presented in chapter 6
we employed a combination of DFT simulations and many-body models to deter-
mine the spin Hamiltonian of a Ni dimer without any assumption on its form. This
result was achieved by using DFT simulations to �nd a basis to write a general-
ized Hubbard model and to determine its parameters. This model accounts for
strong electron-electron correlation e�ects, often not properly included in ab-initio
calculations. From this many-body model it is then possible to determine spin
Hamiltonian parameters and the hierarchy of the magnetic interactions by limiting
ourselves to the low-energy subspace.

We use the generalized form of the Hubbard model:
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Ĥ =
∑
i,m,σ

Eimn̂imσ +
∑
i,m

Uin̂im↑n̂im↓

+
1

2

∑
i,σ,σ′

∑
m 6=m′

(Ui − 2JH,i − JH,iδσ,σ′)n̂imσn̂im′σ′

−
∑

i,m 6=m′

JH,i

[
ĉ†im↑ĉ

†
im↓ĉim′↑ĉim′↓ + ĉ†im↑ĉim↓ĉ

†
im′↓ĉim′↑

]
+
∑
i,i′

∑
m,m′,σ

ti,i
′

m,m′ ĉ
†
imσ ĉi′m′σ − ĤDC + ĤSO

(1.9)

where i runs over each ion site, m runs over the orbitals on each site and σ =↑, ↓ is
the electron spin. In this notation ĉ†imσ (ĉimσ) creates (annihilates) an electron with
spin σ in the m-th orbital on the i-th site and we also used the number operator
de�ned as n̂imσ = ĉ†imσ ĉimσ. The �rst term accounts for orbital energy, with each
electron contributing by a quantity Eim which is the energy associated to the m-th
orbital on the i-th site. The second term includes Coulomb repulsion on the same
orbital, occurring when it is occupied by both a spin ↑ and a spin ↓ electron and
associated to the value Ui. The third term represents Coulomb repulsion between
electrons occupying di�erent orbitals on the same site and its intensity (written as
a function on Ui and JH,i) also depends on if the two electron spins are parallel
or antiparallel. The fourth term includes both pair hopping (a couple of electrons
with antiparallel spin on the same orbital moving to a di�erent orbital on the
same site) and spin-�ip (two electrons with antiparallel spin on di�erent orbitals
on the same site both change their spin state), their intensities both determined
by JH,i. The �fth term is the hopping term, associated to an electron moving
between di�erent sites, with the energy of each "jump" determined by the hopping
integrals ti,i

′

m,m′ . ĤDC is the double counting correction, subtracting the long-range
correlations of the Hubbard model already accounted for at a mean-�eld level in
the LDA simulations. For systems with homonuclear magnetic ions this term only
introduces an overall energy shift, identical for each orbital and each site. The last
term is the spin-orbit coupling

ĤSO =
∑
i

λi
∑
m

l̂im · ŝim =
∑
i

λi
∑
m

[
l̂zimŝ

z
im +

1

2
(l̂−imŝ

+
im + l̂−imŝ

+
im)

]
(1.10)

where l̂im and ŝim are the angular momentum operator and the electron spin op-
erator, respectively, on the m-th orbital on the i-th site. Spin-orbit coupling 1.10
can be written by using creation and annihilation operators ĉ†imσ (ĉimσ) as

ĤSO =
∑
i

λi
2

∑
m,m′

[
Lzi,mm′(ĉ

†
im↑ĉim′↑ − ĉ†im↓ĉim′↓)+

+ L+
i,mm′ ĉ

†
im↓ĉim′↑ + L−i,mm′ ĉ

†
im↑ĉim′↓

] (1.11)
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in which the spin of the ĉ†imσ (ĉimσ) operators is chosen respecting the action of
the operators ŝz, ŝ+, ŝ− (raising or lowering the electron spin) and Lzi,mm′ , L+

i,mm′ ,
L−i,mm′ are the matrix elements of the total angular momentum operators l̂z, l̂+, l̂−

written in the CF basis.

1.2.3 Construction of many-body models from DFT ab-initio

calculations

In this section we will focus on describing how we exploited DFT self-consistent
calculations combined with many-body models to get a full description of the in-
teractions within MNMs. In this compounds the partially �lled d and f shells ex-
hibit strong electron correlation, which are not included in most DFT calculations
(LDA) or are treated at mean-�eld level (LDA+U)34,35. These two assumptions
do not allow a precise determination of Hamiltonian parameters in most MNMs.
What we did instead was computing from ab-initio calculations the parameters of
a system-speci�c Hubbard model, which directly accounts for correlations and can
be used to obtain an in-depth knowledge of the system's properties, including spin
Hamiltonian parameters36,37.

The �rst step in this process consists in performing DFT self-consistent runs
in local density approximation (LDA) (See appendix), using the NWChem quan-
tum chemistry code38. In this step, which only needs the molecular structure and
the atomic basis choice as a starting point, we obtain the Kohn-Sham orbitals of
the molecule, their respective energy and their occupancy. The molecular struc-
ture must include nuclear coordinates, atomic numbers and number of electrons,
whereas the atomic basis choice is written in direct space as a linear combination
of gaussians, approximating the atomic orbitals. From this result we focus our at-
tention on the more correlated states, which in transition metal MNMs are d-states
with energy close to the Fermi level, occupied by the electrons responsible for mag-
netism in the molecule. On the subspace generated by these states we apply the
Foster-Boys localization, which minimizes their spatial extent, returning a set of
orbitals (Foster-Boys orbitals) localized around the metal ions, and written in the
one-electron basis {|βim〉} (using the same notation as before, where m runs over
the orbitals on the i-th site). From these orbitals we can calculate the hopping
integrals ti,i

′

m,m′ = 〈βim|ĥ|βi′m′〉, where ĥ is the one-body Hamiltonian obtain with
the initial LDA calculations. By diagonalizing the on-site hopping matrices ti,im,m′

it is possible to identify its eigenstates as the crystal �eld (CF) one-electron basis
{|ξim〉} and its eigenvalues εim are CF energy levels, whose splitting re�ects the
symmetry of the ligand �eld on the i-th site. At this point it is convenient to use
this new CF basis as the basis on which to write the generalized Hubbard model
in Eq. 1.9.

In order to build a system-speci�c model as in Equation 1.9, in which we have
already calculated the hopping integrals ti,i

′

m,m′ and the orbital energy εim, we now
need to determine for each site i the average screened direct Coulomb integral Ui
and the average screened exchange integral JH,i. These are obtained by performing
DFT calculations in constrained local density approximation (cLDA) on the CF
orbitals, in which the occupancy of each orbital is kept constant throughout the
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simulations. After various iterations of this calculations with di�erent �xed occu-
pancies, it is possible to determine Ui and JH,i for each site by writing the energy
di�erences (obtained from cLDA calculations) between di�erent con�gurations as
a function of these two parameters.

The spin-orbit coupling λi can be computed by performing ab-initio simula-
tions including spin-orbit interaction, and then by comparing the results of these
relativistic calculations with those obtained before. This process is highly time-
consuming and in the work presented in this thesis we opted to use tabulated values
of λi for single ions39, which give a very good approximation, as demonstrated in
[36].

Advantages of many-body DFT When determining spin Hamiltonian param-
eters from standard ab-initio calculations (LDA or LDA+U), an initial guess on the
form of the Hamiltonian is needed in order to correctly address all contributions.
Moreover, if one opted to include all possible interactions and corrections, results
would not be good enough to justify the method, which quickly becomes greatly un-
practical and time consuming. By exploiting the determination of a system-speci�c
many-body model as an intermediate step we are not making any assumption on
the magnetic interactions involved. From the many-body model by a canonical
transformation it is then possible to limit ourselves to the low-energy subspace, in
which we can determine spin Hamiltonian parameters in the most general way. The
crucial advantage of this approach is the direct inclusion of strong electron-electron
correlations in the Hubbard model, given how relevant these e�ects can be in the
open d or f shells responsible for magnetism in MNMs. A determination of the spin
Hamiltonian from DFT calculations may not correctly include such e�ects, with
dramatic consequences on the correct description of magnetic interactions within
the molecule.

The many-body DFT approach has already proven itself to be a valuable tool in
determining spin Hamiltonian parameters with great accuracy in compounds whose
magnetic properties are associated to transition metal ions36,37,40. The extension
of this method to MNMs with rare-earth ions will be a topic of great interest in
the near future as well as other implementations of the Hubbard model determined
from ab-initio calculations, as discussed in chapter 6.

1.3 Experimental techniques

Theoretical methods only o�er one side of the picture for MNMs: experimental
characterization is complementary and fundamental in understanding the proper-
ties of these compounds. Moreover, tailored experiments allow the development of
better theoretical tools by con�rming or confuting theorized results, providing an
ever-growing depth of understanding in the �eld of MNMs. In the research works
presented in this thesis various experimental results have been of crucial impor-
tance, of which I carried out the data �tting procedure, based on the theoretical
models described before. An experimental technique with which I had an hands-on
experience is inelastic neutron scattering (INS), with two experiments performed
at the MERLIN spectrometer at the ISIS neutron and muon source. The impor-
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tance of neutron scattering in my PhD is also consolidated by my attendance to
two extensive summer schools on the technique and its applications, especially in
the �eld of magnetism. In the following, the �rst few sections will describe the ex-
perimental techniques used to characterize MNMs along with the most important
formulas used for data interpretation. The next section will more extensively treat
neutron scattering, with greater focus on INS and the theory behind the technique.

1.3.1 Magnetometry

One of the most important experimental techniques involved in the characterization
of MNMs is SQUID (superconducting quantum interference device) magnetometry.
A SQUID magnetometer works by moving the sample in a superconducting loop
containing Josephson junctions, generating a superconducting current in the loop,
directly linked to the magnetic moment of the sample. By measuring the variation
of �ux induced by the sample it is possible to detect extremely small magnetic
moments with great precision. With this technique the physical quantities that
can be extracted are magnetization and magnetic susceptibility, both as a function
of temperature (T ) and applied magnetic �eld (B).

Starting from the spin Hamiltonian of the system, magnetization can be com-
puted as

M(T ) =
µB
Z

∑
n

〈ψn|µ|ψn〉 e−βEn ,µ = −
∑
i

g
i
· si (1.12)

where µB is the Bohr magneton, |ψn〉 are the eigenstates of the system, En are
their corresponding eigenvalues, Z =

∑
n gne

−βEn is the partition function, gn is
the degeneracy of the eigenvalue En and µ is the magnetic moment of the molecule.
Magnetic susceptibility can be derived from magnetization as the low magnetic �eld
(B) limit of the ratio M/B. The most general formula for the susceptibility tensor
can be written as

χαβ = µB
∂ 〈µα〉
∂Bβ

(1.13)

where α, β = x, y, z and 〈...〉 represents thermal averaging.

1.3.2 Calorimetry

Speci�c heat measurements give important insight on the energy level structure of
the spin Hamiltonian describing the magnetic core of a MNM. Speci�c heat can
be derived as a function of the magnetic �eld B and of the temperature T as the
thermodynamic derivative of the internal energy 〈E〉:

Cv =
∂ 〈E〉
∂T

= − 1

KBT 2

∂ 〈E〉
∂β

(1.14)

where β = 1/KBT , KB is the Boltzmann constant and 〈E〉 = 1
Z

∑
n gnEne

−βEn .
From this formula it is trivial to deduce an expression for the speci�c heat for unit
mole as a function of the energy levels of the system:
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Cv
R

=
Nβ2

Z2

∑
m>n

gngm(En − Em)2e−β(En+Em) (1.15)

where N is the number of magnetic ions in the molecule.
Signi�cant information can be gained on the energy levels by plotting Cv as a

function of T : increasing the temperature causes an increment in the population
of the excited states, more precisely at temperatures comparable to the energy
gap ∆ij = Ej − Ei a great number of transitions takes place between the states
i and j. This is directly associated to a steep increase in the internal energy
of the system, therefore showing a peak (Schottky peak) in the speci�c heat at
temperatures centred around ∆ij/2. The same peaks can be detected as a function
of magnetic �eld, in which case the population change is due to the shift of the
energy levels with varying B. Therefore, studying the position of Schottky peaks
as a function of both B and T is useful in determining the energy level structure of
the Hamiltonian (even detecting energy crossings and/or anti-crossings) and how
it interacts the external �eld.

This type of analysis can be hindered by the presence of a phonon contribution
to speci�c heat, which quickly grows with T and can dominate the signal associ-
ated to the magnetic properties of the sample, especially at higher temperatures.
However, this contribution can be easily modelled41 as

Cph
v

R
=

r234T 3

(Θ + δT 2)3
(1.16)

where r is the number of atoms per molecule and (Θ + δT 2) is the Debye tem-
perature. Including this e�ect in simulations can help correctly address magnetic
contributions even at temperatures at which the vibrational contribution has a
non-negligible e�ect.

1.3.3 Continuous-wave EPR

Continuous-wave electron paramagnetic resonance (cw-EPR) is a spectroscopic
technique useful to study magnetic properties of atoms or molecules with unpaired
electrons. A static magnetic �eld B is applied on the sample, which is then probed
by an oscillating magnetic �eld of frequency ω, perpendicular to B and signi�cantly
smaller. The response of the sample induced by this oscillating �eld is associated
to intra-multiplet transitions excited by the applied frequency ω. Then, by varying
the static �eld while keeping ω �xed, one can probe how the excited transitions
change with the applied �eld, gaining important insights on the magnetic ions
of the sample. A great advantage of this technique comes from the negligible
probability of transitions between di�erent multiplets to take place within an EPR
experiment, reducing the eventual noise that other techniques are susceptible to.
Data collected by the means of cw-EPR experiments are �tted with the following
formula for the imaginary part of susceptibility:

χ
′′

AA(θ, φ) = π
∑
i,i′

Ii,i′(θ, φ)(ni − ni′)δ(~ω −∆Ei,i′) (1.17)
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where (θ, φ) are polar coordinates for the orientation of the static �eld with respect
to the reference frame in which the magnetic ions are described and ni is the
statistical population of the i-th state, de�ned as ni = e−βEi/Z. The term δ(~ω −
∆Ei,i′) selects the transitions with energy equal to ~ω and it is to be replaced with
the instrument resolution when �tting a real experiment, usually with a Gaussian
or a Lorentzian line-shape. The transition intensity Ii,i′(θ, φ) between the states i
and i′ is de�ned as

Ii,i′(θ, φ) = (1− sin2 θ cos2 φ)S∗x,ii′Sx,ii′ − sin2 θ sinφ cosφ(S∗x,ii′Sy,ii′ + S∗y,ii′Sx,ii′)+

− cos θ sin θ cosφ(S∗x,ii′Sz,ii′ + S∗z,ii′Sx,ii′) + (1− sin2 θ sin2 φ)S∗y,ii′Sy,ii′+

− cos θ sin θ sinφ(S∗y,ii′Sz,ii′ + S∗z,ii′Sy,ii′) + sin2 θS∗z,ii′Sz,ii′

(1.18)

where Sk,ii′ = 〈i|Ŝk|i′〉 and Ŝk =
∑

j gj,kŜj,k is the total spin operator of the
molecule along the direction k = x, y, z, in which the contribution of each ion
j of the molecule is weighted by its g-factor. Since all cw-EPR experiments anal-
ysed in this work are performed on powder samples, we computed the spherical
average of χ

′′
AA(θ, φ):

χ
′′

AA =

∑
θ,φ χ

′′
AA(θ, φ) sin θ∑
θ,φ sin θ

(1.19)

Therefore, the �tting procedure for a cw-EPR experiment involves the diagonal-
ization of the spin Hamiltonian for each magnetic �eld B, then we use the eigen-
states and the eigenvalues to compute χ

′′
AA, averaging for all the di�erent orienta-

tions (θ, φ). What is usually compared with experimental results is the derivative
dχ

′′
AA/dB, much more sensitive to small variations in signal. Please note that in

order to obtain an exact �t of a cw-EPR spectrum we would also need to determine
the rescaling factor. This quantity is related to several experimental parameters
(such as cavity quality factor and sample mass) which often are not precisely
known. Hence, simulations are reported in arbitrary units.

Performing a cw-EPR experiment on a MNM yields detailed insights on the
structure of the energy levels of the spin Hamiltonian and how they interact with an
external magnetic �eld. This is especially useful for determining g-tensors for ions
with a well-isolated doublet ground state as well as other Hamiltonian parameters
(exchange, ZFS, hyper�ne interaction) when combined with other techniques like
the ones described in the previous sections.

1.4 Inelastic neutron scattering

1.4.1 Neutron scattering

Scattering experiments cover a crucial role in modern physics since they enable
the precise determination of structure, dynamics and properties of matter at the
atomic level. This thorough description can be obtained by studying the de�ection
and change in energy of a coherent radiation beam incident on a sample, provided
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that the interaction of the beam with the sample is known and well-described. In
neutron scattering experiments the probe of choice is a neutron beam, bringing
along many advantages: thermal neutrons have an energy of ≈ 12−100 meV, close
to the energy typical of interactions at the atomic level, and a wavelength of a
few Å, similar to interatomic distances in solids. Another important property of
neutrons when compared to other scattering probes (e.g. electrons) is the absence
of an electric charge: neutrons do not strongly interact with electron clouds as
they do with nuclei and are therefore highly penetrating and non-destructive with
respect to the sample. Moreover, neutrons have a non-zero spin s = 1/2 and
interact with spin and orbital momenta associated to unpaired electrons by the
dipole-dipole interaction, making neutrons a great probe for investigating magnetic
properties of materials. From these properties it is clear that neutron scattering is
an optimal technique for studying MNMs: the interaction with nuclei allows one
to probe molecular vibrations and the magnetic interaction allows for a precise
determination of the spin Hamiltonian of the magnetic core and the coherent spin
dynamics of these systems.

1.4.2 Neutron-scattering experiment

As for most scattering experiments each neutron of a monochromatic beam with in-
cident energy Ei and wave vector ki that experiences scattering from the sample is
collected by a detector at position (θ, φ), which determines its �nal wave-vector kf
and energy Ef (in time-of-�ight spectrometers determined by the detection time).
These quantities de�ne the exchange in energy ~ω and momentum Q between the
sample and the neutron: {

~ω = Ef − Ei
Q = kf − ki

(1.20)

An elastic neutron scattering experiment assumes that there is no energy exchange
between sample and neutron (~ω = 0), whereas in the more general case ~ω 6= 0
the experiment is called inelastic neutron scattering.

The measured quantity in a neutron scattering experiment is the neutron count
rate at the detector Imeas, de�ned as the number of neutrons which emerge, per
unit time, in a small solid angle ∆Ω centred around the (θ, φ) direction with �nal
energy between Ef and Ef +∆Ef (∆Ef is the uncertainty in determining the �nal
energy).

Imeas = η(Ef )Jin(Ei)

(
d2σ

dΩdEf

)
∆Ω∆Ef (1.21)

where Jin(Ei) is the incident neutron current, η(Ef ) is the e�ciency of the detector
and d2σ/dΩdEf is the double di�erential cross-section. By realistically assuming
that all the other terms of equation 1.21 are known, the relevant quantity to de�ne
is the double di�erential cross-section, as it contains all physical information about
the sample.
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1.4.3 Double di�erential cross-section

Given the neutron being a weak probe with regard to the sample, its interaction
can be treated as a perturbation of the system, therefore an expression for the
double di�erential cross-section can be obtained by employing Fermi's Golden Rule
(FGR). In this approximation neutrons are treated as plane waves both before and
after the scattering event and the neutron-sample system changes its state from
|ki, νi〉 to |kf , νf〉, with ~kf determined by dΩ. The double di�erential cross-section
associated to the transition νi → νf can be written as a function of the transition
rate given by the FGR as:

(
d2σ

dΩdEf

)
νi→νf

=
( mn

2π~2
) kf
ki
| 〈kf , νf |V |ki, νi〉 |2δ(Eνi − Eνf + ~ω) (1.22)

where V is the interaction potential between the neutron and the sample. In an
inelastic neutron scattering experiment there is no control over the initial and
�nal state of the system: to �nally obtain the doule-di�erential cross section that
appears in equation 1.21 we need to sum over all the possible �nal states of the
sample νf and to average over all its possible initial states νi employing Boltzmann
statistics. Moreover, the interaction potential V (r, t) can be expressed through its
Fourier transform V (Q, t), �nally obtaining the formula:(

d2σ

dΩdEf

)
=
( mn

2π~2
) kf
ki

∫
〈V †(Q, 0)V (Q, t)〉 e−iωtdt (1.23)

where 〈〉 denotes the thermal expectation value. From this expression we can
further de�ne the scattering function S(Q, ω), in which all information about the
physics of the sample is stored:

S(Q, ω) =
1

2π~

∫
〈V †(Q, 0)V (Q, t)〉 e−iωtdt (1.24)

The determination of this quantity is the ultimate goal of an inelastic neutron
scattering experiment. The physical origin of the interaction potential V deter-
mines whether the nature of the scattering process is nuclear, magnetic or both,
as it often is in the case of MNMs. Hence, the scattering function can be further
decomposed into its nuclear and magnetic contributions as:

S(Q, ω) = Snuc(Q, ω) + Smag(Q, ω) (1.25)

which can be both determined, as shown in the next two sections.

1.4.4 Nuclear contribution to double di�erential cross-section

The interaction potential relevant for the determination of the nuclear contribution
to the double di�erential cross-section is called Fermi's pseudopotential and is
expressed as:

Vnuc(r) =
N∑
j=1

2π~2

mn

bjδ(r −Rj(t)) (1.26)
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where the neutron at position r interacts with the j-th nucleus (at position Rj(t))
with intensity related to the scattering length bj, which can be a complex number
(its imaginary part associated to neutron absorption). Given the short range nature
of nuclear forces (10−15 m) when compared to thermal neutron wavelength (10−10

m), the nuclei are seen as point-like particles from the viewpoint of the neutrons,
hence the Dirac delta. Calculating the double di�erential cross-section with this
potential gives:

(
d2σ

dΩdEf

)
=
kf
ki

1

2π~
∑
j,k

〈bkbj〉
∫
〈e−iQ·Rk(0)eiQ·Rj(t)〉 e−iωtdt (1.27)

where 〈bkbj〉 = 〈b2j〉 = b2 if k = j and 〈bkbj〉 = 〈bk〉 〈bj〉 = b
2
otherwise. By adding

and subtracting the terms with k = j multiplied by b
2
and de�ning coherent and

incoherent cross sections as {
σcoh = 4πb

2

σinc = 4π(b2 − b2)
(1.28)

we can write the double di�erential cross-section as the sum of two terms:(
d2σ

dΩdEf

)
=
σcoh
4π

kf
ki
S(Q, ω) +

σinc
4π

kf
ki
Sself (Q, ω) (1.29)

where S(Q, ω) = Sdist(Q, ω) + Sself (Q, ω), in which Sself (Q, ω) contains all the
terms with j = k and Sdist(Q, ω) all the other terms. Incoherent scattering ac-
counts for correlations between the position of the same nucleus at di�erent times,
whereas coherent scattering also includes correlations between the positions of dif-
ferent nuclei at di�erent times, therefore accounting for interference e�ects. This
distinction arises from the random distribution of the scattering lengths around
their mean value. In fact, scattering lengths bj also depend on the total spin of the
nucleus-neutron system in a scattering event: both neutron spin and the isotope
of the nucleus in�uence the value of bj.

1.4.5 Inelastic neutron scattering probing phonon density of
states

The time-dependency of the k-th nucleus positions Rj(t) can be expressed as mo-
tion around an equilibrium position lj as Rj(t) = lj + uj(t). Substituting this
expression in S(Q, ω) and de�ning U = −iQ · uk(0) and V = iQ · uj(t) we obtain
this formula:

S(Q, ω) =
1

2π~
∑
j,k

eiQ·(lj−lk)
∫
〈eUeV 〉 e−iωtdt (1.30)

In the harmonic approximation the displacement induced by uj(t) can be ex-
pressed in terms of phonon creation and annihilation operators â†(q) and â(q)
(n̂(q) = â†(q)â(q)), thus Û and V̂ are Hermitian operators. Therefore, after some
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considerations on the distribution of displacements within the harmonic approxi-
mation42�44 we can write:

〈eÛeV̂ 〉 = e〈Û
2〉e〈Û V̂ 〉 (1.31)

where e〈Û
2〉 = e−2W (Q) is called the Debye-Waller factor. Now we can expand e〈Û V̂ 〉

into a Taylor series, based on the fact that displacements are small compared to
lattice parameters, obtaining:

e〈Û V̂ 〉 ≈ 1 + 〈Û V̂ 〉+
1

2
〈Û V̂ 〉

2
+ · · ·+ 1

n!
〈Û V̂ 〉

n
+ . . . (1.32)

where the �rst term (0-th order, therefore 〈uj(t)〉 = 0) gives the elastic scattering
function, the second term gives the scattering function for all one-phonon pro-
cesses, and so on the n-th order term gives the scattering function for all n-phonon
processes. If we consider only the one-phonon term, we can calculate the matrix
element of Û V̂ , where only terms involving the products â†(q)â(q) and â(q)â†(q)
yield a non-zero contribution, raising or lowering by ~ω the energy of the harmonic
oscillator. Now we can write the scattering function for phonon emission (−1) and
absorption (+1) as:

S(Q, ω)±1 =
(2π)3

2Mv0
e−2W (Q)

∑
s,q,G

(Q · εs(q))2

ωs(q)
〈n̂s(q) +

1

2
± 1

2
〉 δ(ω∓ωs(q))δ(Q∓q−G)

(1.33)
where q is the wave-vector of a normal mode, s its polarization index, ω(q) its
eigenvalue, ε(q) its eigenvector,M the atomic mass, v0 the volume of the unit cell of
the crystal and G a vector in the reciprocal lattice. The two Dirac-δ factors in this
formula ensure that the energy and momentum transferred from (to) the neutron
to (from) the sample are equal to those of the created (annihilated) phonon. This
strict selection on both energy and momentum allows to measure phonon dispersion
relations by studying how the energy of each mode ωs(q) varies with q.

If we now consider an incoherent scattering experiment, where lj = lk, we
obtain:

S(Q, ω)self,±1 =
1

2M
e−2W (Q)

∑
s,q

(Q · εs(q))2

ωs(q)
〈n̂s(q) +

1

2
± 1

2
〉 δ(ω∓ωs(q)) (1.34)

where we immediately note that there in the incoherent contribution to the double-
di�erential cross section of an inelastic neutron scattering experiment there is no
selection over the exchanged momentum, but only over the exchanged energy ω.
Thus, S(Q, ω)self,±1 only depends on the number of modes whose ωs(q) respects
δ(ω ∓ ωs(q)) and because of this we can write this quantity as a function of the
phonon density of states ρ(ω), where we average over all (s,q).

S(Q, ω)self,±1 =
N

4M
e−2W (Q)Q

2

ω
ρ(ω) 〈n+

1

2
± 1

2
〉 (1.35)

where 3N is the total number of modes, 〈n+ 1
2
± 1

2
〉 stands for the Bose-Einstein

occupancy factor and since this formula does not depend on the direction of Q,
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we averaged (Q · εs(q))2 over all directions, obtaining Q2/3. In presence of more
elements and/or nuclear isotopes, what is probed by an INS experiment is the
neutron-weighted phonon density of states 45, de�ned as:

ρnw(ω) =
∑
k

σinc,k
2Mk

ρk(ω) (1.36)

where k runs over all the elements (isotopes), and each ρk(ω) (partial density of
states) is weighted by the mass and the cross section of its corresponding element
(and isotope). A valuable tool in determining the phonon density of states for
non-entirely incoherently scattering samples is the incoherent approximation 42,43.
This consists in measuring the double-di�erential cross section over a wide range
of Q, e�ectively suppressing the Q-dependence of the coherent contribution to the
signal and approximate all the signal as incoherent, thus determining the (neutron-
weighted) phonon density of states.

1.4.6 Magnetic contribution to double di�erential cross-section

Magnetic scattering is given by the Zeeman interaction of the magnetic moment
of the neutron µn with the magnetic �eld distribution B(r) inside the sample:

Vmag = µn ·B(r) (1.37)

where B(r) depends on both spin and orbital angular momenta of the unpaired
electrons. Magnetic moments of neutrons and electrons are given by µn = −γµNσn
(γ = 1.913) and µe = −2µBse. By writing pe as the electron's momentum oper-
ator and R as the distance vector from the electron, we can write the interaction
potential 1.37 in more detail:

Vmag(R) = −µ0

4π
2γµBµNσn ·

[
∇×

(
se ×R

R2

)
+

1

~
pe ×R

R2

]
(1.38)

where the �rst term between square brackets accounts for dipolar interaction, while
the second term accounts for the magnetic interaction associated to the motion of
the electron. Given the magnetic origin of the scattering event, calculating the
matrix element of this interaction potential also requires to consider the spin state
of the neutron: the initial state is |ki, νi, σi〉 and the �nal state is |kf , νf , σf〉.
For the purposes of this thesis we only show the resulting formula for the double-
di�erential cross section in the case of spin-only magnetic scattering of unpolarized
neutrons by identical magnetic ions with localized electrons:

(
d2σ

dΩdEf

)
mag

= (γr0)
2kf
ki
F 2(Q)e−2W (Q)

∑
α,β

(
δαβ −

QαQβ

Q2

)
Sαβmag(Q, ω) (1.39)

where r0 = µ0e
2/(4πme) is the classical electron radius, α, β = x, y, z and F (Q) is

the magnetic form factor, de�ned as the Fourier transform of the spin density on
the magnetic ions. The magnetic scattering function Sαβmag(Q, ω) can be written as:
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Sαβmag(Q, ω) =
∑
j,k

eiQ·(Rj−Rk)
∑
λ,λ′

pλ 〈λ|Ŝαk |λ′〉 〈λ′|Ŝ
β
j |λ〉 δ(~ω + Eλ − Eλ′) (1.40)

where Ŝαk is the spin operator along direction α on the k-th nucleus site at position
Rk. All relevant information on the magnetic properties of the sample is stored in
the magnetic scattering function, but the Q-dependence of the double-di�erential
cross section is also interestingly relevant thanks to the polarization factor and the
magnetic form factor. The factor with the Kronecker delta in equation 1.39 (po-
larization factor) showcases how neutrons are sensitive only to components of the
magnetic moment perpendicular to the scattering vector Q, therefore allowing to
determine moment directions or to distinguish di�erent orientation of spin �uctu-
ations. The magnetic form factor F (Q) on the other hand, decreases by increasing
the modulus of Q, marking a behaviour typical of magnetic scattering and useful
in isolating the magnetic contribution to the double-di�erential cross section.

1.4.7 Time-of-�ight spectrometers

All the experiments performed throughout this work consisted in inelastic neutron
scattering experiments on MERLIN46, a time-of-�ight (TOF) spectrometer located
at the ISIS Neutron and Muon Source facility (UK). The basic working principle
of a TOF spectrometer is that, by knowing the energy of the incident neutron, we
can determine its �nal energy by measuring the time it took to �y from the sample
to the detector. In fact, if L is the sample-detector distance and ∆t is the elapsed
time between sample and detector, the �nal energy is:

Ef =
1

2
mn

L2

∆t2
(1.41)

Since the exchanged energy is obtained by measuring a time delay, detectors allow
to determine the exchanged momentum Q by measuring the scattering angle. On
MERLIN it is possible to measure all three components of Q by exploiting its
position-sensitive detectors, but it in this work we limited ourselves to measure its
modulus, given the powder samples we studied.

A pulsed neutron beam is required for a TOF spectrometer since it allows
us to exactly determine the time at which the neutron reaches the sample. This
condition is easily met on MERLIN, where the neutrons originate from a spallation
source, whose neutrons come naturally in pulses. On the other hand, the incident
energy needs to be �xed by a monochromator before the sample, namely with a
Fermi chopper46. In the experiments carried out in this work, we employed a Gd
chopper, which imposes a 200 meV upper bound to the incident energy, but allows
the use of the repetition-rate multiplication mode 47 (RRM). By exploiting RRM
it is possible to separate the incoming pulse in pulses of di�erent incident energy,
determined by the rotating frequency of the Fermi chopper. All these pulses travel
to the sample at di�erent times, given the di�erent energies, therefore it is possible
to obtain spectra generated from multiple incident energies within a single neutron
pulse. However, it is important to make sure that neutrons belonging to faster
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pulses reach the detectors before neutrons belonging to slower pulses, otherwise
causing a frame overlap and disrupting collected spectra. An example of this mode
is displayed in Figure 1.1, representing the time at which neutrons with di�erent
energies reach the sample, in a particular RRM con�guration.

Figure 1.1: Left: distance vs time of �ight plot for neutrons with incident energy
Ei = 90 meV and Fermi chopper frequency ν = 250 Hz. The four di�erent energies
incident on the sample are indicated at the solid line representing the detectors.
Red lines de�ne the TOF (i.e. exchanged energy) range that we can detect for
each incident energy. Note that some of these regions slightly overlap each other,
hindering signal collection in those energy ranges. Right: accessible kinematic
range (Q,ω) for the same four con�guration shown in the left panel.

Another relevant point for inelastic neutron scattering experiments concerns
the accessible kinematic range of neutrons: with a given incident energy not all
(Q,ω) values can be measured in an experiment. In fact, starting from equations
1.20 we can write energy Ei,f as a function of the modulus of the wave-vector |ki,f |,
obtaining a formula for Q2:

Q2 = k2i + k2f − 2kikf cos(2θ)

=
2mn

~2
[
2Ei − ~ω − 2

√
Ei(Ei − ~ω) cos(2θ)

] (1.42)

where 2θ is the scattering angle and, since it ranges from 0 to π, we can see that
not every Q value is permitted for a given Ei, as shown in the right panel of Figure
1.1.



Chapter 2

Quantum Information Processing

In this chapter I will give an introduction to quantum information processing (QIP),
starting from the basic mathematical concepts48,49. Then, I will introduce the topic
of quantum error correction50,51 (QEC) and its importance in the evolution of QIP.
This topic will prove fundamental in two distinct sections of this thesis (see 3 and
4), since the works exposed within those chapters show how MNMs can be exploited
in the future of QEC in an unparalleled manner.

2.1 Introduction to QIP

2.1.1 The qubit

The basic component of a quantum computer is the qubit (quantum bit), a quantum
object de�ned in a 2-D Hilbert space spanned by the computational basis {|0〉 , |1〉}.
Here resides the main di�erence between a qubit and a classical bit: the former
can exist in the states |0〉, |1〉 and in every possible superposition of these two.

|ψ〉 = α |0〉+ β |1〉 (2.1)

where α and β are both complex numbers, denoting the fact that a qubit can
be prepared in an in�nite number of di�erent states. However, always due to its
quantum behaviour, a qubit can only be measured in |0〉 and |1〉 depending on the
values of the coe�cients α and β. In fact, a measurement of the generic state |ψ〉
will yield |0〉 with probability |α|2 and |1〉 with probability |β|2. Since probability
must sum to one it is safe to assume that |α|2 + |β|2 = 1, therefore we can de�ne
the two complex coe�cients as

α = cos(θ/2) , β = eiφ sin(θ/2) (2.2)

By using this notation |ψ〉 can be easily visualized as a point on a unitary sphere
(Bloch sphere) de�ned by the two angular coordinates (θ, φ), where the two basis
state occupy the two poles. With this picture in mind it might seem that a qubit can
represent an in�nite quantity of information, given the in�nite points on the sphere.
However, this analogic property of QIP is directly hindered by the fact that the
measurement process can only yield one of two states, without further knowledge
on an eventual previous superposition, hence the output is digital. In fact, the

20
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quantum properties of qubits become especially relevant when considering multiple
qubits, where the computational capabilities of the system increase exponentially.

If we consider the quantum state of two qubits, it can be written as a superpo-
sition of the four computational basis states

|ψ〉 = α |00〉+ β |01〉+ γ |10〉+ δ |11〉 (2.3)

where normalization still holds as |α|2 + |β|2 + |γ|2 + |δ|2 = 1, in which each term
represents the probability of measuring the associated 2-qubit state. It is trivial
to extend these considerations to n qubits, de�ning the computational basis as
composed of 2n di�erent states, each one with its own coe�cient in a generic su-
perposition. Even by considering a relatively small number of qubits n u 100, the
number of states contributing to the n-qubit state becomes incredibly large. There-
fore, the size of the Hilbert space and how it scales exponentially with the number
of qubits are key factors behind the computational power of quantum systems.
Moreover, multiple qubits can experience entanglement, a quantum phenomenon
which is also crucial in the development of quantum algorithms which outclass
classic computation.

In order to comprehend how we can talk about computation with qubit-based
systems, we must �rst de�ne single-qubit gates and multiple-qubit gates, the build-
ing blocks of quantum computing.

2.1.2 One-qubit gates

Qubit gates are the quantum equivalent of logic gates in classical computation. A
general qubit state, such as in Eq. 2.1, can be written in vector notation as:

|ψ〉 =

(
α
β

)
(2.4)

Therefore, single qubit gates can be expressed as 2 × 2 unitary matrices which
change the state of the qubit. Basic single qubit operations can be represented by
the Pauli matrices:

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
(2.5)

where σx has the e�ect of switching the coe�cients of |0〉 and |1〉, σz �ips the sign
of |1〉 and σy switches the coe�cients while also �ipping the sign. Note that, by
considering the qubit state as a point (θ, φ) on Bloch sphere (2.2), every rotation
about the x, y and z axis on the surface of the sphere can be expressed in terms
of Pauli matrices as:

Rx(θ) = e−iθσx/2 = cos
θ

2
1− i sin

θ

2
σx =

(
cos θ

2
−i sin θ

2

−i sin θ
2

cos θ
2

)
Ry(θ) = e−iθσy/2 = cos

θ

2
1− i sin

θ

2
σy =

(
cos θ

2
− sin θ

2

sin θ
2

cos θ
2

)
Rz(θ) = e−iθσz/2 = cos

θ

2
1− i sin

θ

2
σz =

(
e−iθ/2 0

0 eiθ/2

) (2.6)
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Another important single qubit gate is the Hadamard gate, which transforms
a computational basis state in a superposition of both, and is de�ned as:

H =
1√
2

(
1 1
1 −1

)
, H |0〉 =

|0〉+ |1〉√
2

, H |1〉 =
|0〉 − |1〉√

2
(2.7)

2.1.3 Two-qubit gates and beyond

Since the computational power of QIP arises when considering multiple qubits, it
is important to de�ne also gates acting on more than one qubit. In fact, some
properties of multiple-qubit gates have no classical counterpart and are key to
the success of quantum computing. Additionally, such gates will hereby help us to
introduce the phenomenon of quantum entanglement, which introduces correlations
between distinct qubits which cannot be replicated by classical computation in any
way. The most well-known of these gates is the controlled-not (CNOT) gate. This
two-qubit gate has two input qubits, de�ned as the control qubit (C) and the target
qubit (T). The CNOT gate applies a σx gate on the target qubit only if the control
qubit is in |1〉, otherwise the target qubit is una�ected. This gate belongs to a class
of two-qubit gates (controlled-U) which perform a one-qubit gate (U) on the target
qubit depending on the state of the control qubit. Therefore, the CNOT gate can
be seen as a controlled-σx gate and we can de�ne in the same fashion any other
controlled gate based on one-qubit gates, like controlled-σz (CZ). By writing the
two-qubit state as a column vector of its coe�cients in the order |00〉, |01〉, |10〉
and |11〉 and considering the �rst qubit as the control qubit, we can write CNOT
and CZ gates in matrix form as

UCNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 , UCZ =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 (2.8)

and thanks to this matrix representation we can easily note how these gates leave
unchanged the states |00〉 and |01〉 (with the control qubit in |0〉) whereas they
perform a σx or σz on the subspace de�ned by the other two states (with the control
qubit in |1〉). Two-qubit gates have an extraordinary property which closely links
to the computational power of quantum computation: given that the operators
associated to these gates are unitary, they are perfectly revertible. Hence, if we
know the output state of a two-qubit gate, we can exactly determine the input
state of that gate, which is not possible to do with classical logic gates.

Another innovation of quantum computation which separates it from classical
computation is entanglement. In this regard, it is of great interest to see how a
CNOT gate acts on the following state:

ÛCNOT

[
1√
2

(|0〉C + |1〉C) |0〉T
]

=
1√
2

(|0〉C |0〉T + |1〉C |1〉T ) =
1√
2

(|00〉+ |11〉)

(2.9)
In the initial state the target qubit is perfectly factorized from the control qubit,

hence a measurement of one of the two qubits will yield no information about
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the state of the other. This is not valid after the e�ect of the CNOT gate: by
measuring one of the two qubits we are certain that the other qubit is found in the
same state, without directly investigating its state. Therefore in the �nal two-qubit
state the two qubits are correlated in such a way that they cannot be independently
described. This property is called entanglement and it is of crucial importance in
QIP, as well as being something strictly belonging to quantum physics, without
a real classical counterpart. The aforementioned entangled state (|00〉+ |11〉)/

√
2

is one of the so-called Bell states, de�ned as being maximally entangled, since the
measurement of one qubit ensures the state in which we can �nd the other. As a
matter of fact, qubits can also be entangled in such a way that the measurement of
one qubit in�uences the measurement outcome on the other but without providing
certainty of its state, like in 2.3.

However, not all two-qubit gates have this entangling property: gates such
as the swap gate (exchanging the state of the two qubits) do not introduce any
entanglement between unentangled qubits.

USWAP =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 (2.10)

All these considerations on two-qubit gates and entanglement are easily ex-
tended on a greater number of qubits, keeping in mind that the number of multiple-
qubit states accessible increases exponentially with the number of qubits. A three-
qubit gate that will be used in one of the works presented in this thesis is the To�oli
gate (also known as controlled-controlled-NOT gate, CCNOT), which switches the
state of the target qubit T depending on the state of the other two control qubits
C1 and C2. By using the same criteria of the CNOT gate for control qubits, we
can summarize the action of the To�oli gate as:

ÛCCNOT |110〉 = ÛCCNOT |1〉C1 |1〉C2 |0〉T = |1〉C1 |1〉C2 |1〉T = |111〉
ÛCCNOT |111〉 = ÛCCNOT |1〉C1 |1〉C2 |1〉T = |1〉C1 |1〉C2 |0〉T = |110〉

(2.11)

since it does not have any e�ect on the other six states of the three-qubit basis
set. Therefore the matrix representation of this gate is an identity matrix in the
subspace of these six states and a σx matrix in the {|110〉 , |111〉} subspace.

Entanglement on more than two qubits works in the same way as noted above,
but with the main di�erence that within multiple qubits it is possible to have
entanglement show up between a subset of qubits as well as between all of them.

2.1.4 Quantum circuits and algorithms

Analogously to classic computers, a quantum computing algorithm is associated
to a precise sequence of gates, which in this case can be a bit more intricate to
visualize. An accessible representation of quantum algorithms is given by quantum
circuits, in which each wire represents a qubit and each gate is represented by a
"box" or a symbol that connects all the qubits (wires) over which it acts. The order
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in which the gates must be implemented is read from left to right and usually a
quantum circuit ends with one or more measurements of the state. An example of
a simple quantum circuit is given by the swap algorithm in �gure 2.1, in which we
swap the state of two qubits by the means of three CNOT gates. Note that the
same result can be obtained by applying the swap gate, also represented in �gure
2.1.

Figure 2.1: Left: representation of the swap gate in a quantum circuit. Right:
decomposition of the swap gate in terms of three CNOT gates. The target qubit
is indicated by the cross, whereas the dot indicates the control qubit.

The great interest of modern physics and IT in quantum computing emerges
from the incredible possibilities granted by the quantum algorithms proposed in
the last decades. A notable example of these is Shor's algorithm, which allows one
to �nd the prime factors of an integer in a much more e�cient way than what is
possible within classical computation. This algorithm, as many others, is based on
the idea of quantum parallelism: with a quantum computer it is indeed possible to
evaluate a function f(x) for di�erent values of x at the same time. This is based
on the possibility to obtain a generic superposition of all the states of the system.
As an example, if we start with n qubits in |0〉 and we apply to each one of them
a Hadamard gate, we obtain the n-qubit state

|ψ〉 =

(
|0〉+ |1〉√

2

)
⊗
(
|0〉+ |1〉√

2

)
⊗ · · · ⊗

(
|0〉+ |1〉√

2

)
=

1

2n/2

∑
x

|x〉 (2.12)

where x runs over all the 2n possible n-qubit states, all of them equally represented
in this superposition, thanks to the action of the Hadamard gates. Now we consider
an n + 1-qubit state de�ned as |ψ〉 |0〉 and a function which has the �rst n qubits
as input and the last qubit as the output. If the function is implemented by the
operator Uf , we de�ne its action on a generic n+ 1-qubit state as

Ûf |x〉 |0〉 = |x〉 |f(x)〉 (2.13)

where the output of f(x) is computed on the n+1-th qubit. Therefore, if we apply
this operator to the n+ 1-qubit state de�ned above, we obtain the state

Ûf |ψ〉 |0〉 = Ûf

(
1

2n/2

∑
x

|x〉

)
⊗ |0〉 =

1

2n/2

∑
x

|x〉 |f(x)〉 (2.14)

in which the n+ 1-th qubit is in a superposition of all the possible values of f(x).
We have apparently calculated f(x) for 2n di�erent values of x by applying only
n Hadamard gates before implementing Uf . However, measurement and state
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collapse put a limit to this procedure since only one output state can be measured
of all the 2n computed ones. Nonetheless, it is possible to extract information from
such states with proper algorithms, still making some tasks exponentially faster
thanks to quantum computers.

2.1.5 No-cloning theorem

The extraordinary properties of quantum entanglement have already shown us
some of the great advantages it brings to quantum computation, but it can also
cause some hurdles which are not trivial to circumvent. An important limit of
QIP is the so-called no-cloning theorem. Being able to perfectly copy a bit of
information is a key process in classical computing, but its implementation in
quantum computing is much more di�cult. The easiest method we could think
of for copying a qubit onto another one is by using a CNOT gate: we begin by
initializing the �rst qubit as |ψ〉 = α |0〉 + β |1〉 and the second one as |0〉, then
we apply a CNOT gate which has the �rst qubit as control and the second one as
target, obtaining:

ÛCNOT (α |00〉+ β |10〉) = α |00〉+ β |11〉 (2.15)

At �rst sight this may look like a successful cloning of |ψ〉, but in reality this is
true only if α = 0 or β = 0, and note that these two cases represent the action
of copying a classical bit of information. The correct copy of the state |ψ〉 should
lead to the two-qubit state

|ψ〉 |ψ〉 = α2 |00〉+ αβ |01〉+ αβ |10〉+ β2 |11〉 (2.16)

which is impossible to obtain from the initial qubit, as we will shortly see. Another
problem associated to the "badly-cloned" state α |00〉+ β |11〉 is that it is a highly
entangled state: by measuring one of the two qubits we also exactly determine the
state of the other one. This prevents us to obtain further information from these
two qubits. On the other hand, by measuring one qubit in the "correctly-cloned"
state α2 |00〉+ αβ |01〉+ αβ |10〉+ β2 |11〉 we do not lose the information stored in
the other qubit at all, since it is a non-entangled state.

This is a simple and intuitive explanation of the no-cloning theorem, but it can
be exactly proved in a fairly easy manner48: suppose we want to copy the unknown
quantum state |ψ〉 in a target state which starts out in |s〉, so that the initial state
of our system is |ψ〉 ⊗ |s〉. If we now suppose that the unitary operator Ûc ideally
performs the copying procedure for every possible input:

Ûc(|ψ〉 ⊗ |s〉) = |ψ〉 ⊗ |ψ〉
Ûc(|φ〉 ⊗ |s〉) = |φ〉 ⊗ |φ〉

(2.17)

where we applied Ûc on two di�erent unknown states. By taking the inner product
of these two equations (left-hand side with left-hand side and right-hand side with
right-hand side) we �nally obtain

〈ψ|φ〉 = 〈ψ|φ〉2 (2.18)
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which is true only when 〈ψ|φ〉 = 1 or when 〈ψ|φ〉 = 0. The former represents the
trivial case in which |ψ〉 = |φ〉. The latter represents the case in which |ψ〉 and |φ〉
are orthogonal, therefore it is not possible to perform quantum cloning operation
on a generic state.

2.2 QIP: state of the art and current limits

In the most recent years, QIP received an important boost towards practical ap-
plications, occurred thanks to the e�orts of the scienti�c community together with
great IT companies (Google, Microsoft, Rigetti, Intel, IBM). These joint e�orts ul-
timately culminated in building quantum processors composed of up to 53 qubits52.
Some smaller quantum devices are already publicly available53: anyone can write
simple quantum algorithms on its laptop and then run them remotely on quan-
tum computers composed of few qubits. While these are all outstanding goals,
QIP scienti�c research managed to reach the most important non-scienti�c news
pages with the publication of an article announcing the achievement of quantum
supremacy 52, the point at which quantum computers outclass the best classical
computers available today. Despite being a controversial statement54, it clearly
displays how quantum computing is rapidly growing as a research �eld, really close
to bringing information technology to an unprecedented turning point.

The most advanced quantum computers available nowadays are built using
superconducting circuits as qubits, which guarantee good scalability and control.
These quantum hardware are de�ned as noisy intermediate scale quantum com-
puters11 (NISQ) and represent the �rst big step towards the so-called "second
quantum revolution". With these systems it will be in fact possible to perform
calculations out of reach for a classical hardware and even quantum simulations
of simple systems. However, even with the high control over qubit state and ma-
nipulation typical of superconducting qubits, there is a limit to the precision of
each operation, hence the "noisy" de�nition. The more we increase the number
of qubits and operations, the more we obtain imperfect results, causing the need
to implement quantum error correction (QEC) codes. These codes aim to com-
pensate the inherent errors in qubit manipulation and environment interaction by
subsequently correcting such errors. However, QEC requires the information of a
single logical qubit to be encoded in a larger Hilbert space, causing an additional
growth of the size of the system. An e�ective implementation of QEC codes is
one of the most challenging tasks to go beyond NISQ devices, towards a scalable,
fault-tolerant architecture.

Given the limits of current technologies, it is a pro�table time to look for
physical alternatives to superconducting qubits. In this regard, S = 1/2 MNMs
are interesting platforms. The possibility of chemical functionalization allows one
to build supramolecular structures, as well as to graft these systems on surfaces.
Moreover, one can engineer environmental interactions and coherence times. In
this thesis we will introduce a striking advantage of molecular spins for QIP: the
possibility of implementing simple QEC codes within a single molecule, e�ectively
de�ning error-protected units. This possibility is of great interest, circumventing
the inherent problem of QEC codes needing multiple physical units within current
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NISQ hardware.
In the remaining sections of this chapter we will more extensively discuss the

problem of errors in quantum systems and how QEC codes aim at correcting them.
In Chapters 3 and 4 we will instead show how we implemented error-protected
qubits within single-molecule systems, obtaining promising results.

2.3 Quantum error correction

Strictly quantum properties like superposition and entanglement are the key ingre-
dients making QIP a thriving and fascinating research �eld, but quantum advan-
tages are often associated to quantum problems. The main problem can in fact be
identi�ed in quantum errors : interaction with the environment can easily disrupt
quantum information stored in a qubit, let alone in a whole quantum computer.
Moreover, quantum gates and measurements are inherently �awed to some extent,
introducing additional errors during their implementation. Many e�orts in design-
ing and building quantum hardware resistant to such errors have been successfully
made: either by directly enhancing error resistance of the qubit and improving
gate implementation, or by increasing computation speed, e�ectively reducing the
probability of such errors taking place. However, qubits are intrinsically susceptible
to such errors and, in order to reach a de�nitive breakthrough of quantum com-
putation, this problem must be challenged head-�rst. Not surprisingly, the idea of
being able to prevent or correct quantum errors have always been taken into high
consideration since the birth of this research �eld. The most seminal papers on
quantum error correction 55,56 (QEC) were in fact published in the same years as
Shor's crucial publication of his algorithm for factoring integers57. QEC main goal
consists in developing quantum algorithms suited for correcting errors that would
otherwise disrupt quantum information. An inherent �aw of this approach can be
summed up in the obvious question "How can we be sure to not introduce fur-
ther errors during error correction procedures?". This problem is addressed by the
theory of fault-tolerant quantum computation, which considers how even without
a perfect implementation of QEC algorithms it is possible to obtain a substantial
information recovery. In the next few sections we will discuss the physical origin
and properties of quantum errors, the ideas behind QEC codes, some notable ex-
amples and how MNM can prove fundamental in the race towards fault-tolerant
quantum computation.

2.3.1 Quantum errors

When a qubit interacts with the environment, it becomes entangled with it and
this may lead to a loss of the information stored in the qubit. This phenomenon
is referred to as environmental decoherence and it is the main source of error that
QEC codes aim at correcting. On the other hand, incorrect implementation of
the gates leads to a coherent and systematic error, better �xed by improving gate
realization (if possible) or by coherent manipulation targeted for that speci�c error.

As an example, a generic quantum error on a single qubit can be written as
a function of Pauli matrices (Eq. 2.6)48. Therefore, a quantum error on a single
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qubit can act in three di�erent ways: phase �ip, bit �ip, a combination of both, or
neither. Phase �ip can be represented with the action of the σz Pauli matrix on
the qubit state. In the same fashion bit �ip and bit & phase �ip act as σx and σy
matrices. To these three matrices we also add the 2×2 identity matrix (σI), which
represents the "no error" case. Every error on a single qubit can be expressed as
a linear combination of these matrices, which form the Pauli group.

At this point we have to address two important issues: the continuous nature
of quantum errors and the possibility of multiple errors to be correlated. The
former is quite obvious: qubits do not undergo discrete phase �ips or bit �ips,
but continuous errors. In this regard QEC protocols have the e�ect of digitizing
the error by collapsing through a non-destructive measurement the state of the
system into a discrete set of bit �ips and/or phase �ips (depending on the speci�c
code). This will be much clearer when we will introduce some notable examples
of QEC algorithms. The latter, on the other hand, represents a weakness of QEC:
a crucial assumption of the simplest QEC codes is that errors on di�erent qubits
are independent from one another. This is not always true and, as we will shortly
see, most QEC codes are based on the idea of encoding a single logical qubit in
multiple physical qubits, exploiting the larger size of the Hilbert space. This choice
has the side-e�ect of introducing the possibility of errors occurring on more than
one qubit, therefore physical implementations of such codes have to be carefully
designed in order to avoid correlated errors.

Lastly, there are other possible errors in QIP that we will not further investigate
but it is nonetheless important to mention them. The �rst two are qubit loss and
leakage. Qubit loss occurs when the information of a qubit is entirely lost, usually
through relaxation, whereas qubit leakage is associated to the unwanted population
of a level of the system outside of the computational basis. Other potential sources
of error are state initialization and measurement, usually found at the beginning
and at the end, respectively, of a quantum algorithm. In the former case the initial
state is di�erent from what had to be prepared, while in the latter the measurement
outcome does not match to the real collapsed state.

2.3.2 QEC: basic ideas and QEC codes

In classical information processing, the preservation of the bit state against errors
is based around the idea of redundancy : the bit state (either 0 or 1) is copied
to other qubits and, when each one of them is measured after a given time, the
correct state is chosen as the most measured of the bunch. This is called majority
voting, which is a simple but e�cient way of detecting and correcting errors on
classical bits of informations and its only assumption is a low enough error proba-
bility on each qubit. In QIP the idea of majority voting has an inherent problem:
the no-cloning theroem (2.1.5) prevents us from copying the qubit state without
irreversibly entangling it with its copy. However, QEC codes circumvent this major
hurdle by exploiting this entanglement.

Three-qubit code The paradigm of all QEC codes is the three-qubit code
(TQC), and it is indeed really useful in understanding the key ideas behind QEC,
as well as all the more complex repetition codes, of which the TQC is the easiest
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example. Such codes are based on encoding a single logical qubit into multiple
physical qubits,a process reminiscent of the redundancy typical of classical ma-
joruty voting-based error correction. Not surprisingly, TQC utilizes three physical
qubits to correct a single error on a logical qubit. The version of the TQC that
we are going to introduce now is designed to correct a single bit-�ip error, whereas
the TQC that corrects phase-�ip errors will be shortly treated afterwards, since it
involves only small tweaks to the bit-�ip TQC.

We start with a generic qubit state |ψ〉 which we would like to preserve:

|ψ〉 = α |0〉+ β |1〉 (2.19)

Then we prepare a three qubit state |ψ〉 by entangling this qubit with two other
qubits both previously prepared in |0〉 via the quantum circuit in �gure 2.2. This
procedure is called encoding : the state of a single physical qubit |ψ〉 is encoded in
three physical qubits, de�ning a logical qubit |ψ〉, with its own logical |0〉 and |1〉
states.

Figure 2.2: Quantum circuit for the encoding of the qubit state |ψ〉 in the three-
qubit state |ψ〉.

The quantum circuit implementing the encoding is composed of two CNOT
gates, which act on the initial three-qubit state α |000〉 + β |100〉 obtaining the
encoded state:

|ψ〉 = α |000〉+ β |111〉 = α |0〉+ β |1〉 (2.20)

The encoded state is the state on which any single bit �ip error on one of the
three physical qubits can be detected and corrected. Note that any error that
takes place before or during encoding (e.g. poor initialization or imperfect gate
implementation) is impossible to detect with this code, and the same is true for all
QEC codes.

At this point the encoded state can experience four di�erent scenarios that we
are able to detect with the TQC:

no error: |ψ〉 = α |000〉+ β |111〉
bit �ip on qubit 1: |ψ〉 = α |100〉+ β |011〉
bit �ip on qubit 2: |ψ〉 = α |010〉+ β |101〉
bit �ip on qubit 3: |ψ〉 = α |001〉+ β |110〉

(2.21)

We now have to distinguish which one of these four events actually took place,
but keep in mind that measuring the state of the logical qubit would destroy the



CHAPTER 2. QUANTUM INFORMATION PROCESSING 30

quantum information associated to the superposition. Therefore, we need two
ancillary qubits (simply referred to as ancillae, both prepared in |0〉) which are
coupled to the three physical qubits and that we can measure without collapsing
the logical qubit state. The measurement of these ancillae is called syndrome
diagnosis (�gure 2.3) and it determines in which one of the four cases we �nd the
system is.

Figure 2.3: Quantum circuit implementing the error detection procedure in the
TQC. The bottom two wires are the two ancillae, whereas the top three are the
qubits encoding the logical qubit. The boxes at the end of the ancillae wires
represent a measurement process.

By applying the quantum circuit in �gure 2.3 to each case reported in 2.21 it
is easy to see that we obtain these four di�erent states:

no error: (α |000〉+ β |111〉)⊗ |00〉A
bit �ip on qubit 1: (α |100〉+ β |011〉)⊗ |11〉A
bit �ip on qubit 2: (α |010〉+ β |101〉)⊗ |10〉A
bit �ip on qubit 3: (α |001〉+ β |110〉)⊗ |01〉A

(2.22)

where |〉A indicates the state of the two ancillae, which are disentangled from the
logical qubit, hence they can be measured preserving the superposition of the logical
state. Each one of the four possible ancillae measurement outcomes (syndromes) is
univocally associated to one of the four cases which the TQC can correct. Once we
know the error syndrome we can easily correct any error by applying a σx one-qubit
gate to the physical qubit for which we diagnosed the error, or by doing nothing
in the no error case. At this point we have successfully restored the encoded state
from a single bit �ip on one of the three physical qubits.

If we wanted to write a quantum circuit for a TQC that corrects a single phase
�ip on one qubit we should have added to the encoding procedure an Hadamard
gate on each qubit after the two CNOT gates, obtaining the encoded state

|ψ〉 = α |+ + +〉+ β |− − −〉 = α |0〉+ β |1〉 (2.23)

where |+〉 = (|0〉 + |1〉)/
√

2 and |−〉 = (|0〉 − |1〉)/
√

2. On this encoded state the
e�ect of a phase �ip error is that of switching |+〉 and |−〉 on the qubit on which
it acts, causing four possible scenarios, analogous to those of the TQC for bit �ip
errors. In order to correctly perform the syndrome detection procedure we now
have to add a Hadamard gate on each qubit before the CNOT gates that couple
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the qubit to the ancillae. In this way we obtain the same logical qubit states as
in 2.22, where by measuring the ancillae state we are now able to detect a single
phase �ip error on one of the physical qubits and then correct it with the action of
a σz gate on that speci�c qubit.

As already stated, the TQC is able to correct only a single error on a qubit,
but what happens if an error occurs on more than one physical qubit? Let us focus
on the bit-�ip code since it is easier to visualize and every observation that will be
made still holds true for the phase-�ip code, given that the syndrome extraction
is analogous. In the case of two or three independent bit-�ip errors we have four
possible outcomes:

bit �ip on qubit 1 and 2: |ψ〉 = α |110〉+ β |001〉
bit �ip on qubit 1 and 3: |ψ〉 = α |101〉+ β |010〉
bit �ip on qubit 2 and 3: |ψ〉 = α |011〉+ β |100〉

bit �ip on qubit 1, 2 and 3: |ψ〉 = α |111〉+ β |000〉

(2.24)

Each one of these logical qubit states then interacts with the ancillae in the same
way as before, as shown by the circuit in �gure 2.3, �nally measuring the following
error syndromes:

bit �ip on qubit 1 and 2: (α |110〉+ β |001〉)⊗ |01〉A
bit �ip on qubit 1 and 3: (α |101〉+ β |010〉)⊗ |10〉A
bit �ip on qubit 2 and 3: (α |011〉+ β |100〉)⊗ |11〉A

bit �ip on qubit 1, 2 and 3: (α |111〉+ β |000〉)⊗ |00〉A

(2.25)

If we now apply a σx gate correcting the errors associated to each syndrome follow-
ing what we learnt in 2.22 we notice that we do not correctly restore the encoded
state while instead we further destroy the information stored in the logical qubit.
Hence, not only the TQC is not able to correct more than one error, but it is also
not possible for it to detect multiple errors, since it mistakes those cases for single
correctable errors. Therefore, it is important in all implementations of such codes
to have a very low probability of an error occurring on more than one qubit, given
the impossibility to detect this event as a fail-case scenario.
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This work has been made possible thanks to the help of the group from Uni-
versitat de Barcelona, which synthesized the molecule and performed chemical and
structural characterization, and of the group from Universidad de Zaragoza, which
performed magnetic characterization of the sample.

This chapter presents the �rst of two di�erent works which constituted a big
part of the research I carried out in my PhD years, the second one being shown in
the next chapter. Both are focused on the innovation that MNMs can bring to QIP,
namely in the �eld of QEC. The possibility to perform entire QEC schemes within
a single molecule, which encodes a logical qubit, is the common ground between
the two chapters. This innovation could solve big limits for the implementation
of such codes in current quantum computation hardware. Moreover, chemical
engineerability of MNMs allows one to synthesize tailored molecules for speci�c
codes. In this chapter we propose to use three rare-earth ions of a MNM to encode
as many physical qubits into a molecular logical qubit. By designing a proper pulse
sequence, a variation of the TQC can be implemented on this molecule, protecting
one of the qubits from a single phase �ip error.

The main protagonist of this work is the molecule [CeEr2(LA)2(LB)2(py)(NO3)],
whose molecular structure is shown in Figure 3.1 and from now on referred to as
[ErCeEr]58 (1). As clearly displayed in the �gure, the magnetic core of this MNM
is composed of three rare-earth ions, whose positions are almost collinear. All three
ions can be e�ciently described as an e�ective spin 1/2, given their well isolated
ground state. Hence, by using each ion as a single physical qubit, we can exploit
all three of them to encode a logical qubit on which it is possible to perform a
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QEC code based on the well-known three qubit code (TQC, see section 2.3.2).
This has been made possible by thorough experimental characterization, which al-
lowed us to determine the Hamiltonian parameters describing the 8 lowest energy
levels of the trimer. Moreover, the same characterization has also been performed
on the isostructural analogues [LuCeLu] (2) and [ErLaEr] (3), in which Ce3+ and
Er3+ ions have been replaced by the diamagnetic ions La3+ and Lu3+, respectively.
This allowed an even more precise determination of the aforementioned parame-
ters. With the Hamiltonian describing the trimer fully �eshed out, we proceeded to
simulate the performance of the TQC, correcting a phase �ip on the central Ce3+

ion. This has been achieved by numerically simulating a tailored pulse sequence
together with pure dephasing in the Lindblad formalism, obtaining a signi�cant
suppression of the error.

Figure 3.1: Molecular structure of 1. Er3+ ions are displayed in green and Ce3+ in
yellow. O atoms are in red, C in grey and N in light purple. Hydrogen atoms not
shown for simpler visualization.

3.1 Characterization

All three molecules have been characterized via continuous wave EPR (cw-EPR),
magnetometry and calorimetry measurements. Experiments on 2 and 3 allowed us
to independently determine g tensors for both magnetic ions. Using these values
when �tting experimental data collected on 1, we have been able to more precisely
determine the nature and intensity of magnetic interaction between the ions.

Magnetic measurements were performed using a Quantum Design SQUIDMPMS-
XL magnetometer through the Physical Measurements unit of the Servicio de
Apoyo a la Investigación-SAI, Universidad de Zaragoza. Heat capacity data were
measured with a commercial physical property measurement system (PPMS, Physi-
cal Measurements unit of the Servicio de Apoyo a la Investigación-SAI, Universidad
de Zaragoza) that makes use of the relaxation method. Cw-EPR measurements
were performed in Universidad de Zaragoza with a Bruker Biospin ELEXSYS E-580
spectrometer operating in the X-band.
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All experiments were performed on polycrystalline samples obtained by crush-
ing single crystals. We also performed cw-EPR measurements on a frozen saturated
solution of 1 in a 1 : 1 MeOH/EtOH nondeuterated mixture. My contribution to
sample characterization consisted in properly �tting all data collected on the three
samples, �nally obtaining the spin Hamiltonian parameters.

In addition, pulsed Time Domain (TD) EPR measurements were performed
at X-band frequencies on the aforementioned frozen solution of 1. These experi-
ments were done by the group in Universidad de Zaragoza in order to estimate the
coherence time scales typical of this system, even under non-optimal conditions.

3.1.1 [LuCeLu]

Through susceptibility measurements performed on 2 (Figure 3.2) it has been pos-
sible to ensure that, at liquid Helium temperatures, the Ce3+ ion can be described
as an e�ective spin doublet, separated from the closest excited doublet by a gap
∆ = 210 K. Data analysis of susceptibility measurements was performed by our
collaborators at Universidad de Zaragoza.

Figure 3.2: χT as a function of T measured on samples 2 and 3. its increase with
T is associated to a growing population of excited doublets, showing that at liquid
Helium temperatures Ce3+ and Er3+ behave as e�ective spin doublets. Solid lines
are least-square �ts made with a simpli�ed version of the Van-Vleck susceptibility59

model that takes into account two spin doublets, allowing the estimation of the
energy gap ∆ that separates them. Reproduced from Ref. [60] with permission
from the Royal Society of Chemistry.

Given the possibility to describe the Ce3+ ion as an e�ective spin S = 1/2, the
low-energy Hamiltonian describing this molecule is the easiest of the three:

H2 = µBS · gCe ·B (3.1)

which only contains a Zeeman term, given the absence of interaction with other
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magnetic ions. The g-tensor gCe was determined through combined cw-EPR, mag-
netization and speci�c heat measurements.

By �tting cw-EPR data with the model in Eq. 1.19 (Figure 3.3, right panel),
we determined an almost isotropic gCe ≈ 1.85. Note that the dip near 200 mT
in the EPR spectrum and the background signal above 500 mT correspond with
features observed in measurements of the bare quartz tubes, which have likely not
been completely corrected, on account of the low signal arising from the sample.
Magnetization data allowed for a more precise determination of gCe, by �tting
experimental data with the model in Eq. 1.12, obtaining an axially anisotropic
gCe = (1.7, 1.7, 2.2) (Figure 3.3. left panel). The �tting of speci�c heat data
using the model 1.15 with the same choice gCe = (1.7, 1.7, 2.2) gave a really good
agreement (Figure 3.3, central panel), therefore �xing the value of the Ce3+ ion
g-factor.

Figure 3.3: Left panel: magnetization as a function of magnetic �eld on 2, experi-
mental data (circles) and calculation (solid lines) at three di�erent temperatures.
Central panel: speci�c heat as a function of temperature on 2, experimental data
(circles) and calculation (solid lines) at �ve di�erent static �eld values. Right
panel: cw-EPR data measured on 2 (blue line) at T = 4.5K together with the
spectrum simulated with the Easyspin61,62 package for MATLAB (red line). In
all calculations we used an anisotropic gCe = (1.7, 1.7, 2.2). Reproduced from Ref.
[60] with permission from the Royal Society of Chemistry.

In order to simplify the subsequent determination of magnetic interactions be-
tween the ions, we chose to keep the model as simple as possible by using the
isotropic gCe = (1.85, 1.85, 1.85), which still shows an overall very good agreement
with experimental data, as shown in Figure 3.4. Both choices for gCe are compat-
ible with the lowest energy doublet of a spin J = 5/2 (with gJ = 6/7) in a proper
crystal �eld cage, albeit not with cubic symmetry. The isotropic gCe choice proved
itself very helpful when �tting experimental data collected on 1, given the higher
number of degrees of freedom that would be introduced by having three anisotrop-
ical g-factors. Moreover, eigenvalues and eigenstates of 1 used for simulations of
the QEC code are not sensitively in�uenced by this choice, making our conclusions
valid in both cases.
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Figure 3.4: Left panel: magnetization as a function of magnetic �eld on 2, experi-
mental data (circles) and calculation (solid lines) at three di�erent temperatures.
Central panel: speci�c heat as a function of temperature on 2, experimental data
(circles) and calculation (solid lines) at �ve di�erent static �eld values. Right
panel: cw-EPR data measured on 2 (blue line) at T = 4.5K together with the
spectrum simulated with the Easyspin61,62 package for MATLAB (red line). In all
calculations we used an isotropic gCe = (1.85, 1.85, 1.85). Reproduced from Ref.
[60] with permission from the Royal Society of Chemistry.

3.1.2 [ErLaEr]

In the same fashion as on 2, susceptibility measurements on 3 allowed the detection
of an e�ective spin S = 1/2 ground state, well isolated from the closest excited
doublet by a gap ∆ = 77 K (Figure 3.2). The low-energy Hamiltonian describing
this molecule includes Zeeman contributions from the two ions, as well as magnetic
interaction between them:

H3 = µB(S1 · gEr,1 ·B + S2 · gEr,2 ·B) + S1 · J1,2 · S2 (3.2)

Given the distance between the magnetic Er3+ ions and the abundance of inter-
posing ligands (as shown in Figure 3.5), we expected the strength of the exchange
interaction to be negligible. On the other hand, dipolar interaction has to be eval-
uated (point dipole approximation with Eq. 1.5) in order to correctly determine
the value of J1,2. Additionally, molecules in the crystal are arranged in such a way
that the two closest Er3+ ions of neighbouring molecules are closer to each other
(≈ 6 Å) than the two belonging to the same molecule (≈ 7.9 Å), causing a size-
able inter-molecule dipolar interaction. This interaction is fortunately restricted to
couples of molecules, since each molecule has only one nearest neighbour. Hence,
simulations on 3 have been performed by considering two molecules, whose spin
Hamiltonian describes a "chain" of four Er3+ ions with closest-neighbour magnetic
interaction:

H3 =µB(S1 · gEr,1 ·B + S2 · gEr,2 ·B + S1 · gEr,3 ·B + S2 · gEr,4 ·B)

+ S1 · J1,2 · S2 + S2 · J2,3 · S3 + S3 · J3,4 · S4

(3.3)



CHAPTER 3. A RARE-EARTH TRIMER AS A QEC UNIT 37

where subscripts 1 and 2 denote the ions of one molecule, 3 and 4 those of the
other, J1,2 and J3,4 intra-molecule interaction, and J2,3 inter-molecule interaction.
Quite obviously, all observables computed from these simulations must be divided
by 2 to refer to the single molecule. Another important consideration we made by
observing the molecular structure is that the two Er3+ ions within a single molecule
have almost the same ligand cage, albeit rotated. Therefore, their g-tensors are
also related by a rotation matrix, which we determined by comparing the two
surroundings:

R =

−0.9980 0.0628 0.0000
0.0568 0.9030 −0.4258
−0.0267 −0.4249 −0.9048

 (3.4)

With this matrix we de�ned gEr,2 = R−1gEr,1R, leaving us with gEr,1 as the only
free parameter of the �t, together with an eventual exchange interaction on top of
dipolar interaction.

Figure 3.5: Two neighbouring [ErCeEr] molecules in a crystal. Note that Er3+

ions of di�erent molecules are closer than those in the same molecule (distances
are reported in Å), hence inter-molecule dipolar interaction is relevant. Er3+ ions
are displayed in green and Ce3+ in yellow. O atoms are in red, C in grey and N
in light purple (H atoms not shown). Note that this �gure only shows the ligand
cage of each magnetic ion, for an easier readability.

With this in mind we can now fully characterize 3. Speci�c heat experiments
clearly display the presence of an energy gap at B = 0 T, indicating sizeable mag-
netic interaction (3.6, central panel). This is very well represented by simulations
including only dipolar interaction and considering the largest gEr,1 component to
be around (11.5 ± 0.3) and directed along the axis between the two ions of the
same molecule. Such a big value of gEr,1 is also con�rmed by the low-�eld fea-
tures of the cw-EPR spectrum measured on 3 (Figure 3.6, right panel). Moreover,
features around 100− 200mT clearly point towards an intermediate gEr,1 value of
(5.0±0.3). Finally, by simultaneously �tting magnetization measurements (Figure
3.6, left panel) and other experimental data, we found the lowest value of gEr,1 to
be of (1± 1). Such a big uncertainty in its determination is due to the broadening
of high-�eld features in cw-EPR spectra and the consequent di�culty in precisely
determine a lower bound.
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Figure 3.6: Left panel: magnetization as a function of magnetic �eld on 3, experi-
mental data (circles) and calculation (solid lines) at three di�erent temperatures.
Central panel: speci�c heat as a function of temperature on 3, experimental data
(circles) and calculation (solid lines) at �ve di�erent static �eld values. Right panel:
cw-EPR data measured on 3 (blue line) at T = 4.5K together with the spectrum
simulated with the Easyspin61,62 package for MATLAB (red line). Reproduced
from Ref. [60] with permission from the Royal Society of Chemistry.

In summary, by �tting experimental data collected on 3, we obtained:

gEr,1 =

1 0 0
0 5 0
0 0 11.5

 (3.5)

which through the rotation matrix R allows us to calculate gEr,2. Note that these
two g-tensors exactly determine the dipolar interaction between the two Er3+ ions
(Eq. 1.5), since no additional term was needed.

3.1.3 [ErCeEr]

Having determined g-tensors for Ce3+ and both Er3+ ions, we proceeded by using
these parameters in the Hamiltonian describing 1, looking for a potential exchange
interaction between the closest Er and Ce ions.

H0 =µB(SEr,1 · gEr,1 + SCe · gCe + SEr,2 · gEr,2) ·B
+ SEr,1 · J1,2 · SCe + SCe · J2,3 · SEr,2 + SEr,1 · J1,3 · SEr,2

(3.6)

where J1,2 and J2,3 describe dipolar magnetic interaction between the ions of di�er-
ent species, and J1,3 describes dipolar magnetic interaction between the two Er3+

ions within the same molecule. Similarly to what we did for 3, we had to consider
two adjacent molecules when simulating data for speci�c heat and magnetization
measurements, given the relevant inter-molecule dipolar interaction. However, cw-
EPR measurements were performed on a diluted sample, allowing us to focus on
the intra-molecular interaction. Without including any additional isotropic Er-Ce
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magnetic interaction besides dipolar interaction in the Hamiltonian, our model rea-
sonably �ts the zero-�eld gap which appears on speci�c heat measurements (3.7,
panel (a)). Additionally, it gives a good �t also for magnetization data (3.7, panel
(b)) and the cw-EPR spectrum (3.7, panel (c)).

Figure 3.7: Left panel: magnetization as a function of magnetic �eld on 1, experi-
mental data (circles) and calculation (solid lines) at three di�erent temperatures.
Central panel: speci�c heat as a function of temperature on 1, experimental data
(circles) and calculation (solid lines) at �ve di�erent static �eld values. Right panel:
cw-EPR data measured on a diluted 1 sample (blue line) at T = 4.5K together
with the spectrum simulated with a tailored program (red line), which uses an
energy-�xed peak width63,64. Reproduced from Ref. [60] with permission from the
Royal Society of Chemistry.

We also performed some simulations in presence of a smaller isotropic exchange
contribution J to be added to J1,2 and J2,3. Also in this case, zero-�eld speci�c
heat measurements allow us to rule out a signi�cant ferromagnetic exchange, since
even a small J = −0.1cm−1 clearly worsens the agreement between data and
simulation (Figure 3.8). Anti-ferromagnetic exchange is more easily ruled out by
cw-EPR spectra, where J = 0.1−0.15cm−1 evidently distorts various features in an
incompatible way (Figure 3.9). Such small values for the exchange interaction J do
not alter the performance of our code, hence we opted to neglect them for the sake of
simplicity. Note that, in the case of anisotropic gCe, the relative orientation of gEr,1
and gCe is unknown and can only be determined by single crystal measurements.
Although these experiments would help to precisely conclude the experimental
characterization of the sample, they do not change our conclusions on the use of
this molecule as a QEC unit.

In summary, the model describing the trimer that we used for simulations
implementing the TQC is the one in Eq. 3.6. The three g-tensors we determined
are:
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Figure 3.8: Low-�eld speci�c heat vs. T on 1: simulated without (continuous
line) or with (dashed line) a ferromagnetic isotropic exchange contribution J =
−0.1cm−1. Reproduced from Ref. [60] with permission from the Royal Society of
Chemistry.

Figure 3.9: Cw-EPR spectra (black lines) on 1, simulated with (red lines) or
without (blue lines) an anti-ferromagnetic isotropic exchange contribution J =
0.1cm−1 (left) or J = 0.15cm−1 (right). Reproduced from Ref. [60] with permission
from the Royal Society of Chemistry.
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gEr,1 =

1 0 0
0 5 0
0 0 11.5

 ,gCe =

1.85 0 0
0 1.85 0
0 0 1.85


gEr,2 =

1.0203 0.3242 0.1569
0.3242 6.1572 2.4987
0.1569 2.4987 10.3212

 (3.7)

We recall that gEr,2 is obtained from gEr,1 by a rotation. We used these g-factors
to calculate J1,2, J2,3 and J1,3 with Eq. 1.5 since we did not add any additional
exchange coupling. The resulting magnetic interaction is:

J1,2 =

0.0129 0.0000 0.0016
0.0016 0.0581 −0.0347
0.0161 −0.0799 −0.2823

 cm−1

J2,3 =

 0.0137 0.0105 0.0186
0.0024 0.0363 −0.0815
−0.0056 −0.1202 −0.2621

 cm−1

J1,3 =

0.0008 0.0008 −0.0040
0.0008 0.0153 −0.0879
0.0016 −0.0210 −0.2081

 cm−1

(3.8)

3.1.4 Pulsed EPR experiments on [ErCeEr]

The aim of these experiments was that of measuring the decoherence time T2 on
1, giving us a reasonable guess for the performance of this molecule as an error-
protected unit. The amplitude of the spin echo (ESE) as a function of magnetic �eld
was recorded using a Hahn echo pulse sequence (π/2− τ −π− τ− echo) for a �xed
pulse separation τ = 120ns (Fig. 3.10, top left panel). A direct comparison between
the derivative of the ESE spectrum and the cw-EPR spectrum is not an easy task,
mainly due to the modulation of the ESE signal associated to the coupling to
nuclear spins, more relevant at short times and low magnetic �elds. The decays
with τ of the ESE signals show a non-exponential dependence (Fig. 3.10, right
panel), likely associated with the still non-negligible in�uence of inter-molecule
dipolar couplings, thus of spin di�usion phenomena, in a relatively concentrated
solution. Fits to a double exponential decay, with two components of comparable
amplitudes but di�erent T2, provide a reasonably good account of these data.
The data reported in Fig. 3.10, (bottom left panel), with T2 ≈ 0.5µs and nearly
independent of magnetic �eld, correspond to the slower decaying component, which
eventually determines the characteristic time for which coherence vanishes at each
�eld29.

It is important to note that longer (and better) coherence times could be ob-
tained by chemically optimizing these samples. In fact, inter-molecule dipolar cou-
pling and nuclear spins �uctuations surrounding the magnetic ions are the most
relevant decoherence sources in this system. Performing experiments on frozen so-
lutions using a deuterated solvent should reduce the e�ect of coupling to H nuclei
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Figure 3.10: Top left: echo-induced EPR spectrum on 1 at T = 6K; red triangles
indicate the magnetic �eld values at which τ dependence was measured through
two-pulse experiments. Right: decay of the ESE measured with a two-pulse se-
quence (π/2− τ − π− ESE) at the magnetic �elds shown in labels; solid lines are
least-squares �ts to the sum of two exponential decays. Bottom left: phase memory
time T2 at various magnetic �elds obtained from the slower decaying exponential
used to �t the curves in the right panel. Reproduced from Ref. [60] with permission
from the Royal Society of Chemistry.
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in the solvent, signi�cantly improving T2, especially at low temperature65. Along
the same line, deuteration of the ligand cage of the rare-earth ions would e�ectively
eliminate the coupling to protons, leading to even longer T2 values. Additionally,
the aforementioned e�ect of inter-molecule interaction could be weakened by re-
ducing the concentrations, which were kept relatively high for signal measurements
purposes.

3.2 The QEC code

Since in MNMs the most common source of decoherence is pure dephasing, we
chose to study the e�ciency of the TQC in which the encoded state is protected
from phase-�ip errors, which are the direct e�ect of pure dephasing on a qubit.
The circuit we considered is shown in �gure 3.11.

Figure 3.11: Quantum computing circuit describing the version of the TQC imple-
mented in this work, which corrects a single phase-�ip error on the central qubit.
The encoding step is composed of two CNOT gates (both with the central qubit
as control qubit) and three qubit rotations Ry(π/2), one for each qubit. After
memory time τ the decoding step consists in three Ry(−π/2) rotations followed by
the same CNOT gates found during encoding. Correction is achieved via a To�oli
gate, in which the central qubit acts as target. Reproduced from Ref. [60] with
permission from the Royal Society of Chemistry.

This QEC code is aimed at correcting a single phase-�ip error on the central
qubit (Ce), which is the unit carrying the logical information and is initialized in
a generic state |ψ〉 = α |0〉 + β |1〉. The other two qubits are instead initialized in
|0〉.

The �rst step of the code is the encoding : two CNOT gates followed by a
rotation on each qubit bring the three-qubit state |ψ〉 to an encoded state, which
protects the information from a phase error. The two CNOT gates both have
the central qubit as control, while targeting each one a di�erent qubit. Their
action brings the three-qubit state to |ψ〉 = α |000〉 + β |111〉. The three Ry(π/2)
rotations (see Eq. 2.6) are used in place of the three Hadamard gates which
should be implemented in the phase-�ip TQC (see Section 2.3.2). This choice is
made since in the proposed implementation a Hadamard gate would require an
additional Rx(π) rotation, overall taking three times longer to perform. A simpler
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(and faster) Ry(π/2) rotation still works �ne in this case, provided that after the
error we apply a Ry(−π/2) rotation, obtaining only an overall phase on the three-
qubit state with respect to the code using Hadamard gates. The encoded state
is then stored for a memory time τ , during which it is supposed to be subject
to environmental pure dephasing. Afterwards, the decoding step is composed of
the three aforementioned Ry(−π/2) and two CNOT gates perfectly analogous to
those of the encoding step. Note that the e�ect of the Ry(±π/2) rotations is that
of transforming σx errors into σz errors, since Ry(π/2)σxRy(−π/2) = σz. Hence,
after decoding, any single phase-�ip error on one qubit is converted into a bit-�ip
on the same qubit, obtaining one of the four possible three-qubit states:

no error: |ψ〉 = α |000〉+ β |010〉 = |0〉 ⊗ (α |0〉+ β |1〉)⊗ |0〉
phase-�ip on qubit 1: |ψ〉 = α |100〉+ β |110〉 = |1〉 ⊗ (α |0〉+ β |1〉)⊗ |0〉
phase-�ip on qubit 2: |ψ〉 = α |111〉+ β |101〉 = |1〉 ⊗ (α |1〉+ β |0〉)⊗ |1〉
phase-�ip on qubit 3: |ψ〉 = α |001〉+ β |011〉 = |0〉 ⊗ (α |0〉+ β |1〉)⊗ |1〉

(3.9)

Di�erently from the general description provided in Section 2.3.2, here error cor-
rection is implemented via a To�oli gate, with the central qubit (Ce) as target and
the other two (Er) as control, e�ectively switching the two states |111〉 and |101〉.
This allows us to correct the state of the central qubit without using ancillae for
error detection. It is immediate to see that this gate has e�ect only in the case
in which the phase-�ip error happened on the central qubit, bringing its state to
|ψ〉 = α |101〉+ β |111〉 = α |111〉+ β |101〉 = |1〉 ⊗ (α |0〉+ β |1〉)⊗ |1〉. Note that
in this corrected state and in all the other una�ected states in 3.9 the superposi-
tion |ψ〉 = α |0〉+ β |1〉 is preserved for the central qubit, and its state is perfectly
factorized from that of the other two qubits.

3.3 Implementing the phase-�ip TQC

The manipulation of quantum states necessary to implement quantum gates is
achieved through Gaussian-shaped micro-wave pulses resonant with targeted tran-
sitions. An important requirement for this kind of manipulation to be possible is
that each transition must be individually addressable. This is made possible by
the dipolar couplings that we found in this molecule, which make the transition
energy of each qubit dependent on the state of the other two qubits. Note that
Er-Er interaction is not strictly needed for this implementation, but it nonetheless
helps by further improving spectral resolutions of some transitions. Having well-
distinguishable transition energies means that the To�oli gate can be implemented
by a single pulse resonant with the |101〉 ↔ |111〉 (see the correction step in Figure
3.12), given that its action is conditioned by the states of both the external qubits.
On the other hand, two-qubit CNOT gates must be done regardless of the state
of the other qubit, hence each one of them is implemented via two pulses (see the
decoding step in Figure 3.12). Lastly, single-qubit rotations all require four di�er-
ent pulses (see the decoding step in Figure 3.12), one for each possible state of the
other two qubits. However, being well separated in energy, these four pulses can
be sent at the same time, hence not causing a slowdown of the QEC code at all.
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Figure 3.12: Left panel: decoding and correction blocks of the TQC highlighting
the approximate duration of each set of gates. The three Ry(−π/2) gates are
performed in parallel with an overall duration of 8 ns (shaded areas with di�erent
colours refer to di�erent qubits); the two CNOT gates are performed in sequence
with a total duration of 11.2 ns (red shaded area); the To�oli gate is by far the
longest one, with a duration of 16.1 ns (grey shaded area). Right panel: scheme
of the transitions that we need to excite performing each gate (energies calculated
with a 1T static �eld along z), with the colour code being the same as in the left
panel for better readability. Reproduced from Ref. [60] with permission from the
Royal Society of Chemistry.

Very good factorization of the states, fundamental in the de�nition of the com-
putational basis, is obtained via a static �eld of 1T applied along the z direction,
as shown in Figure 3.13. As a matter of fact, an important aspect that we need to
take into account at this point is that the computational basis on which we work
must consist of direct product states. This is mandatory, since the QEC code we
introduced is only able to correctly detect independent errors and a basis composed
of entangled states would instead introduce correlated errors. In our case, this con-
dition is met as the transverse component of the magnetic interaction between the
ions is not big enough (J⊥ . 0.3cm−1) to induce mixing between the basis states
(see Figure 3.13).

The micro-wave pulses are sent via an oscillating �eld B1 = 50G along the y
axis, that is the direction in which we �nd the intermediate value of gEr,1 and gEr,2,
ensuring short transition times.

3.4 Simulating the QEC code

Simulations implementing the proposed QEC code on 1 have been performed by
numerically integrating the Liouville-von Neumann equation of motion for the sys-
tem density matrix ρ66:

ρ̇ = −i[H0 +H1, ρ] +
∑
i

2

T2,i

(
Szi ρS

z
i −

ρ

4

)
(3.10)

where H0 is the static spin Hamiltonian (Eq. 3.6), H1 is the time-dependant spin
Hamiltonian including all of the gaussian-shaped pulses, and T2,i is the phase mem-
ory time of the i-th qubit. The �rst term simulates the coherent evolution associ-
ated to the spin Hamiltonian, whereas the second term models pure dephasing. In
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Figure 3.13: Left: static �eld dependency of the energy levels, labelled on the right
in the order in which the states are found at 1T. Reproduced from Ref. [60] with
permission from the Royal Society of Chemistry. Right: 〈j|Sz,i|j〉 computed for
each ion on all basis states |j〉; note the good approximation of this basis with
direct product states.

all simulations, the central qubit was initialized in the state |ψ〉 = (|0〉+ i |1〉)/
√

2,
which is the most susceptible to pure dephasing (see next section), and the other
two qubits were both initialized in |0〉. The e�ciency of the error recovery proce-
dure was quanti�ed by computing the error probability

E = 1− 〈ψ|ρCe|ψ〉 (3.11)

where ρCe is the density matrix reduced on the second qubit and |ψ〉 the initial
error-free logical state. This quantity is a measure of the distance between the
Ce3+ qubit state after QEC and the logical state |ψ〉 we want to preserve, hence a
small value of E corresponds to a good recovery. Another quantity we used to gain
further insights on the performance of the code is the ratio

R = EU/EC (3.12)

where EC is simply the error probability after QEC and EU is the error probability
computed on an uncorrected isolated qubit undergoing pure dephasing. We refer
to R as gain, since it indicates an advantage of the QEC procedure when R > 1
and higher values correspond to better performances.

3.4.1 Testing the pulse sequence

As a �rst step, we checked the performance of our proposed pulse sequence simulat-
ing only the coherent evolution of the system (�rst term in Eq. 3.10), introducing
an instantaneous phase-�ip error between encoding and decoding on one of the
three qubits or none of them. In all four cases we correctly recovered the logical
state on the central qubit, as we can see from Figure 3.14. Here, we plot the diag-
onal element of ρ for each state as a function of time, evidencing the action of the
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pulse sequence and the e�ectiveness of the code. Coloured panels showcase how
the �nal states in all four cases represent the α |0〉 + β |1〉 superposition that we
want to preserve.

Figure 3.14: Populations of each state as a function of time. From left to right:
no error is introduced after encoding; Sz error on the �rst qubit; Sz error on the
second qubit; Sz error on the third qubit. Blue (yellow) panels represent �nal
states with the central qubit in |0〉 (|1〉).

A more realistic error implementation allows us to see how our proposed scheme
performs on a mixture state. This is modelled considering a phase-�ip error that
happens instantaneously after encoding on any one of the three qubits with proba-
bility p. The expected error probability after QEC can be analytically computed as
a function on p in an ideal implementation of the code48, starting from the density
matrix mixture after the error:

ρerr = (1− 3p(1− p)2 − 3p2(1− p)− p3)ρ+

+ p(1− p)2
3∑
i=1

σz,iρσz,i+

+ p2(1− p)
3∑

i,j=1
i 6=j

σz,iσz,jρσz,iσz,j+

+ p3σz,1σz,2σz,3ρσz,1σz,2σz,3

(3.13)

where ρ = |ψ〉 〈ψ| and |ψ〉 is the three-qubit state after encoding. ρerr is a mixture
of four terms, each one with its probability: the �rst describes the "no error" case,
the second describes all three possible single-qubit phase-�ips, the third describes
all three possible two-qubit phase-�ips and the fourth is the three-qubit phase �ip.
The error detection and correction procedure has a di�erent e�ect when applied to
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each one of these terms. In the �rst term it leaves intact the logical superposition
on the central qubit. In the second term it restores the superposition in the case
in which the error happened on the central qubit, otherwise it is left in the correct
state. In the third and fourth term it always gives the wrong superposition α |1〉+
β |0〉 on the central qubit. Hence, the reduced density matrix on the Ce3+ ion after
correction can be written as

ρCe = (1− 3p2(1− p)− p3)ρCe,corr + (3p2(1− p) + p3)ρCe,err (3.14)

where ρCe,corr = |ψ〉 〈ψ|, with |ψ〉 being the correct logical state and ρCe,err =
|ψ〉err 〈ψ|err, with |ψ〉err = α |1〉 + β |0〉. If we now calculate the error probability
E with equation 3.11 we obtain

E =
(
3p2(1− p) + p3

) [
1− 4|Re(α∗β)|2

]
(3.15)

where we exploited the fact that 〈ψ|ρCe,corr|ψ〉 = 1 and 〈ψ|ρCe,err|ψ〉 = |αβ∗ +
α∗β|2 = 4|Re(α∗β)|2. Note that for a given p the maximum of E is obtained when
α∗β is purely imaginary, hence the logical state |ψ〉 = (|0〉 + i |1〉)/

√
2 leads to

the highest error probability after correction, as stated before. We then performed
numerical simulations in this ideal case as a function of p in order to compare
our result with this analytical expression for the error probability, with our results
shown in Figure 3.15. In this �gure we immediately note how our simulations (blue
circles) are really close to the ideal performance of the QEC code (black line). This
means that the pulse sequence we designed correctly implements the desired code.
Moreover, we compared the computed E with that of an uncorrected isolated qubit
prepared in |ψ〉 undergoing a phase-�ip error with probability p, noticing a relevant
gain in our recovery of the correct logical state.

Figure 3.15: Simulated E after implementation of the QEC code as a function of the
probability p of a phase-�ip error occurring on any of the three qubits immediately
after encoding. Simulations (blue circles) are compared to the ideal performance
of the TQC (black line) and with an isolated qubit on which no QEC has been
applied (red line). Reproduced from Ref. [60] with permission from the Royal
Society of Chemistry.
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3.4.2 Simulations with pure dephasing

After having con�rmed the e�ectiveness of the pulse sequence in implementing
the QEC code, we proceeded to perform simulations including pure dephasing
e�ect, that is the second term in Eq. 3.10. We considered various T2 values
in order to get a better understanding of our code performance under various
conditions, using for simplicity the same T2 for each ion in all simulations. A
parameter of great importance in these simulations is the memory time τ during
which the encoded state is only subject to pure dephasing, without additional
external manipulation. The e�ect of pure dephasing on the encoded state is that
of creating a ρerr analogous to that in Eq. 3.13, where we obtain its dependency
on τ by substituting p = (1− e−τ/T2)/248. On this state we reasonably expect the
designed pulse sequence to work correctly as it was in the case of instantaneous
phase-�ip errors. However, the main di�erence with the previous case is that now
pure dephasing introduces errors also during encoding, decoding and correction
steps, whose realistic durations are not negligible compared to the phase memory
time. The results for E and R are reported in Figure 3.16 for seven di�erent values
of T2 and compared to the e�ect of pure dephasing on an isolated qubit.

Figure 3.16: Left: �nal error E as a function of memory time τ in units of T2
for seven di�erent values of T2. Solid black line represents E for an isolated qubit
undergoing pure dephasing. Right: gainR after correction as a function of memory
time τ/T2. Reproduced from Ref. [60] with permission from the Royal Society of
Chemistry.

Note that by varying T2 the error on the isolated qubit does not change when
plotted against τ/T2, that is because it can be analytically computed as:

EU = 2|α|2|β|2
(
1− e−τ/T2

)
(3.16)

where its dependence on T2 appears only through the ratio τ/T2. The same is
not true for the results of our simulations: shorter T2 times are associated to
higher-error plateaus at low τ/T2 values. This is the disruptive e�ect of pure
dephasing during pulse sequences, in fact errors that occur during this steps are
not correctable with the TQC code, thus introducing a deviation from the ideal
case that depends only from the duration of the pulse sequences with respect to
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T2. At higher τ/T2 all simulated curves converge to one another: that is the ideal
performance of the code. This happens because the uncorrectable errors introduced
during pulse sequences become negligible compared to two- and three-qubit errors
that are more likely to happen at longer memory times.

The gain R, shown in the right panel of Figure 3.16, is useful in understanding
the performance of our procedure. For a given T2 eachR shows a maximum R̃ at τ̃ ,
which we identi�ed as the optimal working point for this QEC code, where the most
gain is obtained by its implementation. Quite obviously, higher R̃ correspond to
better performances, but it is nonetheless important to take into account the value
of E at τ̃ /T2, since R does not give any information on the �nal error probability.
The value of τ̃ is also really useful: since QEC codes are meant to be repeated
after a �xed memory time, τ̃ represents a good choice given the higher gain. Thus,
a long τ̃ is important since it is related to a greater number of operations that
can be performed before repeating the error correction. Our simulations display
an overall good performance, since even with a T2 ≈ 3 µs we have R̃ ≈ 2, which
means that the error is halved by our procedure, and τ̃ ≈ 700 ns, during which
it is possible to implement up to 50 − 100 gates. However, even at shorter T2 we
always �nd a τ after which it is advantageous to implement the QEC code with
respect to the uncorrected qubit case.

3.4.3 Performance in less optimal experimental conditions

The performance of our proposed implementation was also simulated in less optimal
experimental condition, testing the robustness of the scheme. In particular, we
considered a lower (B = 0.5 T) and slightly tilted (θ = 5◦) static �eld, causing a
weaker factorization of the basis states. Nevertheless, as we can see from Figure
3.17, the performance of our code is only slightly worsened when compared to the
previous case (B = 1T, θ = 0◦).

Figure 3.17: Simulation (with T2 = 5µs) of the �nal error E as a function of
τ/T2 with a smaller (B = 0.5T) and slightly tilted (θ = 5◦) external �eld (pink
circles), compared with the B = 1T, θ = 0◦ case reported in the text (blue circles).
Reproduced from Ref. [60] with permission from the Royal Society of Chemistry.

An approach we undertook in order to circumvent the uncorrectable errors
caused by pure dephasing during gate implementation, especially relevant when
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considering shorter T2, is that of shortening the duration of the code. This is
achieved by using a stronger oscillating �eld B1, which in turn speeds up qubit
manipulation time. In Figure 3.18 we report a comparison between E simulated
with T2 = 0.5 µs and two di�erent oscillating �elds: B1 = 50 G (the same as in
Figure 3.16, left panel) and B1 = 100 G, which halves gate duration. The use of
faster pulses clearly displays a big improvement in the performance of the code,
whose �nal error probability is close to that of the T2 = 1 µs and B1 = 50 G
simulation (also reported in Figure 3.18). It is natural to expect that these last
two cases should have the exact same performance, since the initial error plateau
depends on the ratio between code implementation time and T2, both changed by
a factor 2. However, the slightly worse performance of the B1 = 100 G case is due
to the fact that shorter pulses are broader in energy, hence leakage is more likely
to happen during certain transitions.

Figure 3.18: Simulation of the �nal error E as a function of τ/T2 comparing the
decrease of T2 with the increase of the oscillating �eld amplitude B1. T2 = 0.5 µs
for red and blue points, T2 = 1 µs for green points. B1 = 50 G for red and green
points, B1 = 100 G for blue points. Reproduced from Ref. [60] with permission
from the Royal Society of Chemistry.

3.5 Conclusion and perspectives

In summary, we fully characterized three rare-earth ions of a molecular [Er-Ce-Er]
trimer, thanks to properly synthesized [Er-La-Er] and [Lu-Ce-Lu] analogues, ob-
taining highly anisotropic g-factors and weak magnetic interactions. These Hamil-
tonian parameters ful�l the requirements to implement the three-qubit phase �ip
code within a single molecule, encoding quantum information in three qubits (each
ion acts a physical qubit) within the same molecule and protecting it from pure
dephasing. We performed numerical simulations, obtaining a good performance
of the QEC code using experimentally-determined parameters and demonstrating
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that this trimer can e�ectively encode an error-protected qubit. It is important to
point out how an experimental test of the proposed QEC scheme would require a
diluted single crystal, exploiting the co-alignment of all molecules. Single crystal
measurements would also be valuable in obtaining an even more precise determi-
nation of the directions of all g-factors. We also note how several improvements
can be made in this system: longer dephasing times T2, pulse sequence design and
tailored molecule synthesis can all lead to even better performances.

This work, together with the one exposed in next chapter, represents the �rst
proposal for using a MNM as a single unit embedding a quantum error-corrected
qubit. The possibility of enabling QEC within a single physical unit allows much
easier implementation of codes, without the major hurdle of having to perform
quantum gates between a large number of physical objects. Moreover, the single
molecule nature of our approach is a key element towards the realization of a scal-
able quantum processor. Here we utilized a standard QEC code which suited the
molecular trimer, but speci�c QEC schemes can be derived for speci�c energy level
structures. In this regard, molecule synthesis and QEC code design are mutually
fundamental in future improvements of such implementations.
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The work presented in this chapter shows how multiple low-energy states acces-
sible in MNMs can be exploited to encode an error-protected qubit within a single
molecule. As shown in chapters 2 and 3 the standard approach for QEC theory
is that of encoding a single logical qubit in multiple levels, obtained by combining
many physical qubits. Nevertheless, manipulation of the states in such systems
can be di�cult, given the potentially large numbers of physical units on which to
operate both locally and non-locally. Here we propose to use a single multi-level
quantum object to encode a logical unit. In this regard, a possibility would be to
implement standard QEC codes on a single n-level unit, as an example by mapping
the 23 levels of the TQC to an 8-level molecule67. However, this strategy does not
properly work because real errors in these systems do not directly correspond to
single-qubit errors on the encoded states that the QEC procedure is built to cor-
rect. Hence, we derived a QEC procedure tailor-made for this class of molecules
and aimed at correcting dephasing errors (as in Chapter 3), the most common
source of errors in MNMs. We also designed the magnetic pulse sequence that
implements this code on a generic spin S system and simulated its performance in
a wide variety of cases. Additionally, we simulated the performance of the minimal
S = 3/2 case using the nuclear spin levels on an existing molecule.
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4.1 Dephasing of spin S MNMs

The prototypical system that we investigated in this work can be described with
the following Hamiltonian:

H = gµBSz + gAµBBσ
A
z +DS2

z + S · Γ · σA (4.1)

where S is the (2S + 1)-levels qudit spin, D its single spin anisotropy and σA =
1/2 an ancillary electronic spin used for error detection (ancilla), coupled to the
qudit via the ancilla-qudit coupling Γ. In this work we proposed two possible
implementations that are described by this Hamiltonian: a nuclear spin S coupled
to its electronic spin σA or a dimer where a (molecular) spin S weakly interacts with
a spin σA. In the former case µ = µN and Γ describes hyper�ne interaction; in the
latter case µ = µB and Γ describes a weak exchange interaction. It is important
to have Γx,y values much smaller than S and σA excitation energies in order to
obtain eigenstates which can be written as simple products of the eigenstates of Sz
({|m〉}) and of σAz ({|σ〉}). This is because error detection is implemented through
the measurement of the ancilla state, which is required to be performed without
collapsing the qudit state.

The e�ect of pure dephasing on a multi-level spin S can be described by using
the Lindblad formalism as:

ρ̇(t) =
2

T2

(
Szρ(t)Sz +

1

2
S2
zρ(t) +

1

2
ρ(t)S2

z

)
(4.2)

where ρ(t) is the density operator of the qudit and T2 its characteristic dephasing
time. For small t/T2 values we can perform a perturbative expansion of ρ(t) using
the error operators Ek:

ρ(t) =
∞∑
k=0

Ekρ(0)E†k , Ek =

√
(2t/T2)k

k!
e−S

2
z t/T2Skz (4.3)

If we want our QEC code to correct errors up to order (t/T2)
n in ρ(t) we need it

to be able to correct error operators Ek up to k = n. Inspired by bosonic binomial
codes68 we introduced the code words {|0〉 , |1〉}. These code words are the logical
qubit computational basis on which we need our information to be encoded in
order for it to be protected from dephasing errors. They are de�ned as a linear
combination of the Sz eigenstates {|m〉} as:

|0〉 =
1√

22S−1

2S∑
k=1
kodd

√(
2S

k

)
|k − S〉

|1〉 =
1√

22S−1

2S∑
k=0
keven

√(
2S

k

)
|k − S〉

(4.4)

The error operators Ek that can be corrected using these code words can be deter-
mined by requiring them to satisfy the Knill-La�amme conditions69:
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〈0|E†kEj|0〉 = 〈1|E†kEj|1〉
〈0|E†kEj|1〉 = 0

(4.5)

which ensure that the code words {|0〉 , |1〉} are a valid choice for correcting the
error operators Ek. The �rst condition implies that correctable errors Ek preserve
the superposition α |0〉 + β |1〉, making it possible to exactly recover the correct
state. The second condition ensures that the Ek brings the two code words to
orthogonal subspaces, which are detectable from one another. One can verify that
the code words in Equation 4.4 satisfy these two conditions for Skz with 0 ≤ k ≤ 2n.
Hence, perturbative order n needs at least a spin S = n+ 1

2
qudit. As an example

a spin S = 5/2 qudit encoding the code words in Equation 4.4 protects from errors
described by k = 2. Note that each perturbative order needs two more levels in
the qudit, therefore an integer spin Sint will correct the same powers of Sz as the
half-integer spin Sint − 1/2. Because of this, we only focused on half-integer spins
in this work.

In order to implement these code words on qudits to correct Skz errors, we
designed a pulse sequence that accounts for information encoding, error detection
through measurement of the electronic ancilla and error correction. Let us go into
more detail in regard of the QEC procedure in the following section, where we use
an existing molecule to simulate the performance of the code in the minimal case
of qudit spin S = 3/2.

4.2 Minimal implementation: S=3/2 qudit

If we choose a qudit spin S = 3/2 we are able to detect and correct only Sz errors,
which however represent the leading contribution with k 6= 0 to the expansion of
ρ(t) for low t/T2. In this case, the code words in Equation 4.4 can be explicitly
written as:

|0〉 =
1

2

(√
3 |−1/2〉+ |3/2〉

)
|1〉 =

1

2

(
|−3/2〉+

√
3 |1/2〉

) (4.6)

And we can see that an Sz error on these encoded states leads to:

|E0〉 =
Sz |0〉
||Sz |0〉 ||2

=
1

2

(
− |−1/2〉+

√
3 |3/2〉

)
|E1〉 =

Sz |1〉
||Sz |1〉 ||2

=
1

2

(
−
√

3 |−3/2〉+ |1/2〉
) (4.7)

where both states have been renormalized after the error. Note that the two error
states are orthogonal to each other and also to both the code words {|0〉 , |1〉}, thus
making the error detectable and correctable.
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Error detection is performed through the use of a two-level ancilla. Initially
the code words are de�ned within the subspace where the ancilla is in its |↓〉
state. During error recovery the ancilla is excited to |↑〉 only in presence of a Sz
error (further details in the next section). This is realized by exciting the ancilla
conditionally on the qudit state |m〉, which is made possible by the presence of the
ancilla-qudit coupling Γ. By measuring the ancilla state we therefore collapse its
state either in the |↑〉 (error) or in the |↓〉 (no-error) state and �nally encode again
the information in the code words {|0〉 , |1〉}. This is possible since Knill-La�amme
conditions ensure us that the information carried by the superposition is not lost
through this process and we know how it can be re-encoded from the measured
state.

We performed simulations for this code, which is implemented through a carefully-
designed pulse sequence, using Hamiltonian parameters reported in [70] for the
compound (PPh4)2[Cu(mnt)2] (1). In this complex the spin qudit consists in a
nuclear spin I = 3/2 (which in this case corresponds to the qudit spin S) cou-
pled through hyper�ne coupling Γ = (118, 118, 500)MHz to an electronic spin with
gAz = 2.09. We assumed D = 50 MHz for the nuclear quadrupole term of the
Hamiltonian, which is a reasonable value for a 63Cu nucleus. A static �eld B = 0.3
T gives a good factorization of the states, which can be expressed as |m〉 |σ〉 tensor
products (see Figure 4.1). In [70] it is reported a TA2 ≈ 10−1ms for the electronic
ancilla, making it safe for us to assume a T2 ≈ 1ms for the nuclear qudit. In the
next section we will go into details on how the pulse sequence was designed in order
to implement our code on a I = 3/2 nuclear qudit.

Figure 4.1: Left: static �eld dependency of the energy levels, labelled on the right
in the order in which the states are found at 0.3T. Right: 〈m,σ|σAz |m,σ〉 and
〈m,σ|Iz|m,σ〉 computed on basis states |m,σ〉; note the good approximation of
this basis with direct product states.

4.2.1 Pulse sequence on a I=3/2 qudit

The pulse sequence implementing our QEC code on a I = 3/2 qudit is shown in
its entirety in Figure 4.2, divided in three sections that we now describe in detail:
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encoding, detection and recovery.

Figure 4.2: Visual representation of the pulse sequence designed to implement the
QEC code on the I = 3/2 qudit. Horizontal lines represent the time evolution (from
left to right) of the four eigenstates of the Hamiltonian in Eq. 4.1 with the ancilla in
its non-excited state: |m, ↓〉. Gaussian-shaped peak functions placed between two
levels represent magnetic pulses resonant with the associated ∆m = ±1 transitions,
with the rotation angle θ indicated. Blue (red) circles represent |0〉 (|1〉) states
and blue (red) triangles represent Iz |0〉 (Iz |1〉) states. The colour intensity of
circles and triangles is proportional to the modulus of the component. After the
conditional excitation of the ancilla at the end of detection our procedure splits
in two distinct path, depending on the result of ancilla measurement. Reprinted
(adapted) with permission from [71]. Copyright (2020) American Chemical Society.

We initialize the system into the generic superposition:

α |−1/2, ↓〉+ β |−3/2, ↓〉 (4.8)

This state is then encoded in α |0〉+β |1〉 through four resonant pulses, as shown in
the �rst section of Figure 4.2. After encoding we have the memory time T , during
which information is stored in the qudit. After this time, the density matrix ρ
is in a mixture given by Eq. 4.3, whose main contributions at short T/T2 comes
from Ek operators with k = 0 (identity) and k = 1 (Iz). The error detection step
requires us to be able to distinguish the correct state α |0〉 + β |1〉 from the erred
state α |E0〉 + β |E1〉. This is achieved by performing three distinct steps. First,
we use three magnetic pulses (second section of Figure 4.2), which act on the two
possible states as:

α |0〉+ β |1〉 →α |3/2〉+ β |−1/2〉
α |E0〉+ β |E1〉 →α |1/2〉+ β |−3/2〉

(4.9)

Note how in these two states the superposition containing the information is still
preserved. Second, by applying two magnetic pulses resonant with the transitions
|−3/2, ↓〉 ↔ |−3/2, ↑〉 and |1/2, ↓〉 ↔ |1/2, ↑〉 we are able to distinguish these two
states, exciting the ancilla state only in presence of a Iz error. Third, we measure
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the ancilla causing its state to collapse either in |E0〉 = (α |3/2〉+ β |−1/2〉)⊗ |↓〉,
meaning that no error is detected, or in |E1〉 = (α |1/2〉+β |−3/2〉)⊗|↑〉, detecting
a Iz error. After measurement the recovery process consists in rebuilding the
encoded state starting from |E0〉 (three pulses) or from |E1〉 (four pulses). Note
that this case is di�erent from what described in Figure 4.6 for a general qudit spin
S, where we start by exciting the ancilla in the k = 0 case. This is because we only
need one ancilla excitation for the qudit spin I = 3/2, making the two cases almost
identical, except for the de-excitation of the ancilla, associated to a longer recovery
step. In fact we decided to excite the ancilla in the k = 1 case given the higher
probability of measuring k = 0 at short times, slightly improving the performance
of our code. The recovered state is then ready to be used in a new QEC cycle. At
this point it is also important to point out how short is the time during which the
ancilla is excited (evident from Figure 4.3), so that its shorter electronic TA2 is not
able to relevantly hinder the performance of the code.

4.2.2 Simulating the QEC code on a nuclear I=3/2 qudit

The implementation of this QEC code on compound 1 was simulated by numer-
ically integrating the Liouville-Von Neumann equation of motion for the density
matrix:

ρ̇ = −i[H0 +H1, ρ] +
2

T2

(
IzρIz +

1

2
I2zρ+

1

2
ρI2z

)
+

2

TA2

(
σAz ρσ

A
z +

ρ

4

)
(4.10)

where H0 is the static spin Hamiltonian (Eq. 4.1), H1 is the time-dependant spin
Hamiltonian including all magnetic pulses and the second an third terms model
pure dephasing as in Eq. 4.2 for the qudit and the ancilla, respectively. Gaussian-
shaped circularly polarized pulses with peak amplitude B1 = 50G and are sent in
a direction orthogonal to that of the static �eld. We report in Figure 4.3 the time
evolution of the populations of the 8 states of the system as a function of time in
units of the elementary gating time τ = 6~

√
π/2/g⊥B1, which corresponds to a

few times the duration of a π rotation. In this �gure we separated the "no error"
case (for which we did not show the states with the ancilla in |↑〉, since it is never
populated) from the Iz error case for the sake of clarity.

The performance of the code was quanti�ed as a function of memory time T
by analysing the �nal error probability E and the gain R, which are de�ned as:

E = 1− 〈ψ|ρf |ψ〉 ,R = EU/E (4.11)

where |ψ〉 is the ideal encoded state that our code is aimed at preserving, ρf is
the density matrix obtained after simulating the code and EU is the �nal error
probability of an uncorrected isolated qubit undergoing pure dephasing. Results
for E and R are shown in Figure 4.4 as a function of T/T2 (blue and red circles),
compared to the same quantities calculated on a S = 1/2 qubit subject to pure
dephasing. It is evident how our procedure overcomes the uncorrected spin S = 1/2
case after T/T2 ' 10−2, reaching its maximum gain R̃ ≈ 2.5 at T = T̃ = 0.06T2,
which we de�ned as the optimal working point for this system. The initial plateau
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Figure 4.3: Diagonal elements of ρ as a function of t/τ . Bottom panel represents
the states with the ancilla in |↓〉 without any error acting on the system. Central
panel represents the states with the ancilla in |↓〉 with a Iz error acting on the
system after encoding. Top panel represents the states with the ancilla in |↑〉 with
a Iz error acting on the system after encoding. In both cases idle states during
memory time. Reprinted (adapted) with permission from [71]. Copyright (2020)
American Chemical Society.
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in E is caused by two factors: �nite bandwidth of magnetic pulses leading to
imperfect transitions and pure dephasing during QEC, introducing errors which
the code is not able to correct. We report in Figure 4.4 the results of simulations
performed ignoring gating errors (blue and red solid lines), which can be further
reduced through a careful design of both molecule and pulse shape. Note that the
improvement with respect to previous more realistic simulations is small. Hence
the error that we introduce is mainly due to the non-negligible duration of the
QEC procedure.

Figure 4.4: Simulated �nal error E (blue circles) as a function of T/T2 and corre-
sponding gain R (red), for the nuclear I = 3/2 63Cu qudit. Solid lines represent
the same quantities for the same system ignoring gate errors (red and blue), and
for an uncorrected qubit subject to pure dephasing (black). We also report the
ideal performance of the code without both gate errors and dephasing during pulse
sequences (dashed line). Reprinted (adapted) with permission from [71]. Copyright
(2020) American Chemical Society.

A large T̃ value is of great importance for a QEC code since it represents the
ideal idle time between subsequent implementations of the QEC code. The T̃ =
0.06T2 obtained from these simulations is really good, since it is enough to perform
numerous gates between each correction step. In this regard, we simulated the
e�ect of repeating the error-correction procedure in order to extract an enhanced
T2 describing the dephasing of our error-corrected logical qubit. We repeated n
times the free evolution step and the detection/recovery steps, using T̃ as the idle
time between correction cycles. In Figure 4.5 we report the result of this simulation,
showing how the repetition of this code yields an e�ective T eff2 = 3.1T2 for the
I = 3/2 nuclear qudit. The quantity plotted in Figure 4.5 is 2F2−1 (F2 = 1−E),
since for the uncorrected qubit it can be easily shown that 2F2 − 1 = e−t/T2 ,
obtaining a simple and e�ective comparison with our simulation.
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Figure 4.5: Simulated �nal 2F2 − 1 (blue circles) as a function of nT̃/T2, where
T̃ is the optimal working point and n the number of QEC cycles performed. An
exponential �t to our simulation (red line) shows how we e�ectively improve the
T2 of our system by a factor ≈ 3 if compared to the uncorrected qubit (black
line). Reprinted (adapted) with permission from [71]. Copyright (2020) American
Chemical Society.

4.3 S > 3/2

4.3.1 Pulse sequence

As stated before, incrementing the qudit spin S by 1 allows us to correct one
additional power of Skz errors, constantly improving the performance of the code
for longer T/T2. Here, we generalised the pulse sequence for a half-integer S spin
qudit, correcting Skz up to k = S − 1/2 (Figure 4.6). By expanding ρ(t) over the
eigenstates {|m〉} we obtain this formula, describing the e�ect of pure dephasing
on its matrix elements:

ρ(t) =
S∑

m,m′=−S

e−(m−m
′)2t/T2 〈m|ρ(0)|m′〉 |m〉 〈m′| (4.12)

where we note that o�-diagonal elements experience an exponential decay which
becomes faster for larger |m − m′|. Hence, dephasing has a much more disrup-
tive e�ect on a high-S qudit, causing an ampli�cation of dephasing errors during
pulse sequences. Moreover, higher spin systems are also associated to longer pulse
sequences, mitigating the increased correcting power of such systems.

The three sections of the code are the same shown before for the I = 3/2 qudit:
encoding, detection and recovery. Encoding starts form the state

α |−1/2, ↓〉+ β |1/2, ↓〉 (4.13)

and through a carefully determined sequence of pulses (shown in Figure 4.6) we
obtain the desired encoded state. The rotation angles of |1/2, ↓〉 ↔ |3/2, ↓〉 and
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Figure 4.6: Visual representation of the pulse sequence designed to implement the
QEC code on a generic half-integer spin S qudit. Horizontal lines represent the
time evolution (from left to right) of the 2S + 1 eigenstates of the Hamiltonian in
Eq. 4.1 with the ancilla in its non-excited state: |m, ↓〉. Gaussian-shaped peak
functions placed between two levels represent magnetic pulses resonant with the
associated ∆m = ±1 transitions, with the rotation angle θk determined by Eq.
4.14. Blue (red) circles represent |0〉 (|1〉) states and blue (red) polygons represent
Skz |0〉 (Skz |1〉) states. The colour intensity of circles and polygons is proportional
to the modulus of the component. Mrot is an unitary transformation implementing
the detection procedure. After the conditional excitation of the ancilla at the end
of detection our procedure splits in S + 1/2 distinct path, depending on the result
of ancilla measurement. Reprinted (adapted) with permission from [71]. Copyright
(2020) American Chemical Society.
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|−1/2, ↓〉 ↔ |−3/2, ↓〉 transitions are determined as:

sin2

(
θk
2

)
=

(
2S
k−1

)
22S−1 −

∑k−2
j=0

(
2S
j

) (4.14)

All other encoding pulses are ±π rotations with alternating signs in the |1/2, ↓〉 ↔
|−1/2, ↓〉 transitions.

Note that in this more general case, the error states Skz |0〉 and Skz |1〉 do not
form an orthonormal set like in the I = 3/2 case. However, implementing Gram-
Schmidt orthonormalization of Skz |0〉 and Skz |1〉 allowed us to de�ne the basis
|Ek

0 〉 and |Ek
1 〉 for the error space. These orthonormal basis span the error space

and ful�l Knill-La�amme conditions (Equation 4.5). Keeping this in mind, the
�rst step of our detection procedure is that of designing for a general spin S an
unitary transformation U that brings each error state |Ek〉 = α |Ek

0 〉+β |Ek
1 〉 into a

superposition of two qudit spin eigenstates |m〉, di�erent for each k = 0, . . . , S−1/2:

U |Ek〉 = α |−1/2− k, ↓〉+ β |S − k, ↓〉 (4.15)

Note that the error states Note that the initial superposition is still preserved and
each k is associated to two di�erent |m〉, hence the error is always detectable and
correctable. The determination of the pulse sequence implementing such transfor-
mation is non-trivial and details on its derivation can be found in the Supplemen-
tary Information for article [71], along the lines of [72]. The second step of error
detection, just like for the S = 3/2 qudit, is that of conditionally exciting the
ancilla to |↑〉 for a given two-state superposition U |Ek〉 and measuring its state.
If the measurement returns a |↑〉 result, it means that the state collapsed into the
corresponding error case and we proceed to the recovery step. Otherwise, if the
measurement result is |↓〉, then we know that the Skz error is not detected and we
repeat this procedure for another k. We start from k = 0 up to k = S−3/2. If the
last measurement returns |↓〉, we apply recovery for the k = S− 1/2 case, which is
the only one that we do not need to conditionally excite. Recovery of the encoded
state after ancilla measurement is achieved through a fairly simple sequence of
pulses (see Figure 4.6) after which the encoding step has to be performed again.

The maximum total number of pulses needed for the implementation of this
QEC code can be easily computed as S2 + 6S + 3/4. However, if we calculate
the duration TQEC of the pulse sequence we obtain an almost linear scaling with
S (Figure 4.7). This behaviour is explained by the increasingly great number of
pulses that can be performed in parallel and by the faster transitions associated to
larger S values.

4.3.2 Simulations

Simulations for a generic qudit spin S were performed as a function of T2 ignoring
errors arising from gate implementation, which, as shown above for the I = 3/2
case, give a minor e�ect. By analysing the gain R, we focused on its optimal
working point T̃ and maximum value R̃ at T̃ . These two values are reported in
Figure 4.8 up to S = 11/2 as a function of T2 in units of the elementary gating
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Figure 4.7: Duration TQEC of the pulse sequence in units of the elementary gating
time τ as a function of S. Reprinted (adapted) with permission from [71]. Copyright
(2020) American Chemical Society.

time τ . A cut-o� was applied excluding data with E < 0.03 at T̃ , hence all shown
results have large �nal �delities.

T̃ /τ grows with the qudit spin S, thus large spin molecules require less frequent
repetition of the correction procedure, which is an important aspect towards practi-
cal implementations. Moreover, such large T̃ /τ values are associated to large error
reductions R̃. However, R̃ shows a maximum for S = 5/2, indicating a trade-o�
between the longer duration of the code (causing more uncorrectable dephasing
errors) and the higher number of correctable errors (up to Skz , with k = S − 1/2).

4.4 Conclusion and perspectives

In summary, in this work we have demonstrated how MNMs can prove crucial in the
ongoing rush to fault-tolerant quantum computation. A single MNM with many
accessible spin levels (electronic or nuclear) coupled to an electronic spin 1/2 can
exploit the expanded Hilbert space to encode an error-corrected qubit. Inspired by
bosonic binomial codes, we designed a QEC code able to correct dephasing errors
(the most common source of errors in MNMs) on a generic spin S, even correcting
higher-order Sz errors for higher qudit spins. Our proposed code has the great
advantage of working within a single molecule when compared to standard QEC
approaches which exploit multiple physical units. Moreover, this scheme makes
much easier to implement logical operations on encoded states. As an example two-
qubit gates could be implemented through the combined excitation of two coupled
electronic ancillae, each one associated to its nuclear qudit, in the same fashion of
what proposed in [2]. Code performance was simulated for a generic qudit spin S
as a function of phase memory time T2, obtaining promising results, especially for
intermediate values of S. Additionally, realistic simulations were performed for the
minimal case S = 3/2, correcting only Sz errors, using Hamiltonian parameters
and T2 measured on an already existing molecule70, showing good gain and optimal
working point even in this non-optimized system.
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Figure 4.8: T̃ in units of τ and R̃ as function of both qudit spin S and T2/τ . Results
from simulations with E > 0.03 have been removed, showing only data associated
to high �delities. Reprinted (adapted) with permission from [71]. Copyright (2020)
American Chemical Society.

It is relevant to point out that many improvements can be brought to this
scheme: molecule design could lead to the synthesis of MNMs tailored for this
application, careful pulse shape design could improve both gating errors and code
duration, and MNMs with di�erent level structures could be used to implement
similarly derived codes. As an example for the latter possibility, molecules with
competing magnetic interactions with low-spin and low-energy multiplets are good
candidates. A smaller ∆m between the states when compared to a spin S qudit
should ensure slower dephasing (Eq. 4.12) and non-zero matrix elements between
multiplets obtained with di�erent g values could enable a shorter pulse sequence.
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This chapter is focused on the three inelastic neutron scattering (INS) experi-
ments in which I took part during the �rst two years of my PhD. All the experiments
have been performed on single molecule magnets (SMMs) containing a single Dy3+

ion and were aimed at determining the phonon density of states of such samples.
This work was inspired by the recent discovery of magnetic hysteresis up to

60 K8 in the [Dy(Cpttt)2][B(C6F5)4] (from now on referred to as dysprosocenium 8)
single ion magnet (SIM), where the high energy barrier for inversion of magneti-
zation is generated by the high anisotropy of the ion's ligand cage. This discovery
led to the design of similar molecules with really high energy barriers, obtain-
ing both outstanding results32 as well as less performing systems73�75. This wide
performance gap is associated to the temperature dependence of magnetization
relaxation times, which strongly varies between di�erent samples. The slow re-
laxation of magnetization within these SIMs is strongly a�ected by phonons, with
various e�ects contributing to its overall temperature dependence. Because of this,
we decided to use neutrons as a probe to extract the phonon density of states
(DOS) of three prototypical SIMs with high energy barriers but extremely dif-
ferent temperature performances. With these experimental data we have been
able to both validate ab-initio calculations of the phonon DOS and to assess the
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role of various spin relaxation processes, obtaining important indications to reach
high-temperature magnetic bi-stability in this class of SIMs.

5.1 Background: high-temperature magnetic bi-stability

in SIMs

Dysprosocenium-inspired SIMs are characterized by a strong easy-axis anisotropy
of the ligand cage around the single rare-earth ion contained in their magnetic core.
This causes a high energy barrier (Ueff ) to separate the two magnetic ground states,
hence at low temperature the system displays magnetic bi-stability and slow re-
laxation of magnetization between the two states. The most-important parameter
when evaluating the performance of SMMs is the blocking temperature, which in
this work is de�ned as the temperature at which the magnetic relaxation time
reaches 100 s33,76. Usually, for transition metal ions-based SMMs7, slow relax-
ation of magnetization in SMMs was mainly described with thermally activated
Orbach processes over the energy barrier77,78, with a rate ≈ e−Ueff/KBT , hence
with Ueff as the main �gure of merit of the performance. However, in lanthanide-
based SIMs this process alone is not able to describe the experimental results: a
high Ueff value is not always associated to high TB 73,75. An evident trend in this
class of SMMs is shown by the temperature dependence ≈ T n of the relaxation
rate in the lower-temperature regime driven by two-phonons Raman processes33.
In fact, high TB compounds are characterized by small n values, causing Raman
relaxation to become ine�cient. Greater n values are instead associated to fast
Raman relaxation, leading to TB values lower than temperatures typical of the
Orbach regime. Another important process that contributes to the determination
of TB is the quantum tunnelling of magnetization (QTM), which is a temperature-
independent phenomenon. The magnetization relaxation rate associated to QTM
is therefore another crucial parameter, since it can hinder magnetic bi-stability
even at low temperatures.

The INS experiments presented here are part of a bigger work in which com-
bined experimental techniques and theoretical calculations have been used to un-
derstand relaxation in this class of SIMs. A precise determination of the phonon
DOS of a particular system is in fact crucial to derive the correct Raman exponent
which, together with Ueff , allows one to estimate the system's overall performance.
Comparison between theoretical predictions (from ab-initio calculations) and ex-
perimental results allowed us to validate such simulations, obtaining an e�ective
way to determine relaxation properties. In fact, being the INS detection of the
phonon DOS too much of a cumbersome task to be undertaken for every newly-
synthesized molecule, the possibility to achieve reliable predictions from ab-initio
calculations is important. Moreover, the experimentally-detected ρnw(E) is dif-
ferent from the phonon DOS ρ(E) required for computing the relaxation dynam-
ics. Indeed, ab-initio calculations allowed us to obtain both quantities, comparing
ρnw(E) with the experiments to validate the approach and then using ρ(E) when
computing relaxation dynamics.
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5.2 INS experiments

INS experiments were performed on three di�erent Dy-based SIMs: [Dy(Cpttt)2][B(C6F5)4]
(1)8, [Dy(tBuO)Cl(THF)5][BPh4]·2THF (2)73 and [Dy(Mes∗O)2(THF)2Br] (3)79.
All molecules were synthesized and characterized by our collaborators from the
University of Manchester, and the three molecular structures are shown in Figure
5.1.

Figure 5.1: From left to right: molecular structures of 1, 2 and 3. Carbon atoms
are in grey, hydrogen atoms are not shown for the sake of clarity and other elements
are labelled within the �gure.

All three molecules display high Ueff : 1760 K for 1, 950 K for 2 and 1210 K for
3. However, a greater disparity is shown in the blocking temperatures TB of the
same samples: 60 K for 1 and 4 K for 2. Note that for 3 it is not possible to de�ne
a TB, since relaxation due to quantum tunnelling of magnetization is too fast for
this sample to display magnetic bi-stability79. The Raman-associated exponents
were measured as n ≈ 2 for 1, n ≈ 5 for 2 and n ≈ 2 for 3, matching the expected
correlation between low n and high TB for the �rst two samples.

For INS experiments we used ≈ 2 g of polycrystalline powder of the three
samples, as well as the same amount for diamagnetic analogue samples containing
a Y3+ ion in place of Dy3+. These three additional samples allowed us to identify
crystal �eld (CF) transitions, not present in the diamagnetic sample, and ensure
the vibrational origin of the other excitations. We performed the experiments on
the MERLIN spectrometer46, at ISIS Neutron and Muon Source (STFC Rutherford
Appleton Laboratory, UK). Using neutron beams with incident energies Ei = 90
meV, Ei = 130 meV and Ei = 180 meV, combined with a Gd Fermi chopper in
repetition rate multiplication mode, we have been able to measure spectra using
four/�ve di�erent incident energies on the sample at the same time (Figure 5.2).
This allowed us to collect spectra with optimized experimental resolution for each
exchanged energy (E) regions, as shown in Figure 5.2. All spectra used for the
determination of the phonon DOS have been collected at T = 5K.

5.3 Results

The �rst step of our investigation was to identify the CF excitations, expected
around 50− 60 meV8,73. The spectra collected with Ei = 90 meV on 1 and 2 had
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Figure 5.2: Left column: neutron incident energies for the three di�erent experi-
mental con�gurations (Ei = 90 meV and ν = 250 Hz, Ei = 130 meV and ν = 350
Hz, Ei = 180 meV and ν = 350 Hz). Right column: experimental resolution
(FWHM) of the measured signal for the same three con�gurations. Each plot
shows all the possible incident energies of that con�guration given the RRM mode.
Figures generated using the Mantid software package45.
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the right experimental resolution to detect CF excitations at energies close to those
expected. This was possible through careful subtraction of the spectra collected
on the analogue diamagnetic samples to those collected on magnetic samples. By
studying the dependence of the remaining signal on the exchanged moment Q we
found only one peak for each compound to be of magnetic origin (Figure 5.3, top
panels). In fact, vibrational excitations' signal increases with Q2, as opposed to
magnetic excitations, which rapidly decrease by increasing Q. These magnetic
excitations were found at E = 67 meV for 1 and at E = 62 meV for 2, compatible
with previous ab-initio simulations (≈ 58 meV for 18 and ≈ 49 meV for 273).

Figure 5.3: Spectra collected with Ei = 90 meV on 1 (left) and 2 (right) after the
subtraction of the same spectra collected on the respective diamagnetic analogues.

Our next step consisted in the extraction of the neutron-weighted phonon DOS
ρnw(E) through the incoherent approximation (Eq. 1.35), using the Mantid built-in
function ComputeIncoherentDOS 45. In order to correctly implement the function,
we had to carefully choose an (E,Q) range, respecting the requirements of the
incoherent approximation (see section 1.4.5). By doing so, we obtained a ρnw(E)
for each measured spectrum, which we successively merged into one single curve
by keeping for each energy range only the values with the best resolution (i.e. the
smallest Ei, Figure 5.2 bottom row). It is worth to underline that in order to
merge di�erent curves we had to normalize each spectrum based on the intensity
of the neutron beam incident on the sample, which varies for di�erent Ei. This
quantity, measured during the experiments by several monitors, was used to correct
the corresponding spectra, obtaining a good agreement in all the merging points
between di�erent Ei measurements.

The �nal results for the experimental determination of ρnw(E) are shown as
coloured circles in Figure 5.4 for all three molecules. Each colour indicates a
di�erent incident energy: for 1 we used Ei = 13, 25, 54, 90, 180 meV; for 2 we
used Ei = 13, 27, 54, 90, 180 meV; for 3 we used Ei = 13, 25, 27, 54, 90, 130 meV.
The same quantity was also determined ab-initio by our collaborators, starting
from the partial phonon DOS ρk(E) which are computed for each element. Ab-
initio calculations on 1 were performed by the Manchester group using CASTEP
software80 for structure optimization and Phonopy81 for phonon DOS calculations
on an 8× 8× 8 grid in k space. The same calculations on 2 and 3 were performed
here in Parma using QuantumESPRESSO code82�84 for structure optimization and
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Phonopy81 for phonon DOS calculations on a 2×2×2 grid in k space. In all three
simulations (Figure 5.4, solid lines), ρnw(E) was obtained using the experimental
FWHM (Figure 5.2, bottom row) for each energy range.

Figure 5.4: Comparison between experimentally-determined ρnw(E) (circles) and
those obtained from ab-initio calculations (solid lines) for 1 (top), 2 (middle) and
3 (bottom).

5.4 Discussion and conclusions

The agreement between the experimentally determined ρnw(E) and the calculated
ones is excellent, demonstrating the robustness of ab-initio calculations in de-
termining the phonon DOS of these compounds. The neutron-weighted phonon
DOS ρnw(E) =

∑
k
σinc,k

2Mk
ρk(E) is calculated based on simulations of all the par-

tial DOS ρk(E), which can also be combined to reconstruct the phonon DOS
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ρ(E) =
∑

k ρk(E). In fact, INS experiments are only able to probe ρnw(E), whereas
ab-initio calculations require ρ(E). Hence, through INS experiments we validated
DFT calculations, which have been then used to compute relaxation dynamics for
1.

A reliable method for calculating the phonon DOS of rare-earth SIMs is crucial
for determining the e�ciency of relaxation driven by Raman processes. These
have been modelled on 1 starting from the ab-initio calculated phonon DOS and
compared with experimental �ndings (DC and AC magnetometry and high-�eld
NMR). A very good agreement was found between prediction and experimental
results (see Figure 5.5) over a very wide temperature range85. This results also
yield profound insight on relaxation mechanisms, con�rming the important role of
Raman processes in the high-temperature magnetic bi-stability of 1. The Raman
exponent derived from the calculated DOS is n = 2.1− 2.3, in excellent agreement
with experiments8. This low n value is associated to the �at shape of the phonon
DOS in the range ≈ 5− 20 meV (associated to low-energy optical modes) and to a
large CF energy gap between the two lowest Kramers doublets. These are the key
ingredients leading to the suppression of Raman relaxation and high-temperature
magnetic bi-stability in rare-earth SIMs.

Figure 5.5: Left: relaxation rate τ−1 as a function of magnetic �eld at 24 K (blue)
and 40 K (red). Experimental data (circles) extracted from DC magnetization
measurements are compared to calculations (lines). Data in green circles are col-
lected at 24 K and θ = 0◦. Right: relaxation rate τ−1 as a function of temperature
with B = 0.1 T and θ = 60◦. Experimental data (circles) extracted from DC mag-
netization measurements are compared to calculations (lines). Reprinted �gure
with permission from [A. Chiesa, F. Cugini, R. Hussain, E. Macaluso, G. Allodi,
E. Garlatti, M. Giansiracusa, C. A. P. Goodwin, F. Ortu, D. Reta, J. M. Skelton,
T. Guidi, P. Santini, M. Solzi, R. De Renzi, D. P. Mills, N. F. Chilton, and S. Car-
retta, Physical Review B, 101, 174402 (2020), DOI: 10.1103/PhysRevB.101.174402
]85, Copyright (2020) by the American Physical Society.

Looking at the phonon DOS of 2, we expect to �nd a higher Raman exponent,
given the steeper growth in the 5 − 8 meV range when compared to 1, similar to
what was experimentally determined73. This large n value leads to fast relaxation
driven by Raman processes, at temperatures much lower than those associated to
Orbach relaxation, which is consistent with the low blocking temperature measured

https://doi.org/10.1103/PhysRevB.101.174402
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for 2. However, further analysis of relaxation dynamics based on the phonon DOS
of 2 and 3 are in the works.

In summary, the INS experiments presented in this chapter played a key role in
the validation of the DFT simulations of the phonon DOS, allowing one to compute
relaxation properties of SIMs starting from ab-initio calculations. A comparison
between experimental results and theoretical calculations of the relaxation dynam-
ics on 1 con�rmed the fundamental role played by slow Raman relaxation in order
to achieve more performing SIMs. However, thermally-activated Orbach processes
are still crucial when describing these systems, e�ectively determining the blocking
temperature of a given compound.



Chapter 6

Many-body+DFT Investigating

Transport Through a Molecular Ni

Dimer

A. Chiesa, E. Macaluso, P. Santini, S. Carretta and E. Pavarini, First-principles
many-body models for electron transport through molecular nanomagnets, Physical
Review B, 99, 235145 (2019)

In this chapter we focus on how the combination of density functional theory
(DFT) and many-body (MB) methods can yield profound insight on electron trans-
port through strongly-correlated MNMs. In recent years, advances in molecular
spintronics have led to the possibility of manipulating a single molecular spin86

by electric �elds, which is of great interest for quantum information processing87.
Such systems could in principle be used for gate implementation and read-out of
single qubits86�90. Molecular qubits enable the bottom-up construction of complex
structures binding MNMs to each other or grafting them to surfaces91,92. One
of the simplest physical realizations of a transport experiment with MNMs con-
sists in linking the molecule to two conducting nanoleads and to a gate voltage
(VG), which guarantees control over the quantized charge on the MNM. This con-
�guration resembles a single-electron transistor93,94, in which we can control the
electron tunnelling through the molecule by manipulating VG and the bias voltage
V applied to the nanoleads. In this work we simulated transport phenomena on
a prototypical Ni2 molecular dimer in a junction con�gured as described above.
In order to do this, we combined ab-initio calculations with many-body models
(DFT+MB), in the same fashion of [36], correctly describing e�ects associated to
the strong correlation typical of these systems. The results con�rmed the e�ciency
of our method, demonstrating how DFT+MB proves itself as a valuable tool even
in describing transport properties of strongly-correlated systems, in addition to
static magnetic properties.
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6.1 Outline

A precise theoretical prediction of electron transport is essential for the correct de-
sign of molecular spintronic nanostructures. However, strongly-correlated molecules
such as MNMs pose a challenge to most ab-initio simulations of transport ex-
periments. Most classical DFT approaches include correlation e�ects at a static
mean-�eld level34, thus failing in correctly representing phenomena out of reach for
this description, such as negative di�erential conductance or current suppression95.
What we propose in this work was describing transport properties of MNMs using
the MB+DFT approach described in Section 1.2.3, which is e�ective in describ-
ing magnetic properties of MNMs at equilibrium by correctly including correlation
e�ects36. The use of a generalized Hubbard model naturally suits to transport phe-
nomena, since it describes states with a di�erent number of electrons using the same
parameters. Therefore, we tested the performance of this method on a prototypical
Ni2 molecular dimer96,97 ([(Ni(hfacac)2)2(bpym)], see Figure 6.1 for its molecular
structure), weakly coupled to two clusters modelling the gold nanoleads98,99. This
is an ideal system in which we reasonably expected to �nd e�ects clearly associated
to strong correlation.

Figure 6.1: Molecular structure of the molecule [(Ni(hfacac)2)2(bpym)]. Ni atoms
are shown in green, O in red, N in light purple, F in yellow and C in grey. H atoms
are not shown for better visualization of the structure. The orange triangles on
both sides represent the two gold leads weakly coupled to the molecular dimer.

In order to obtain a complete description of transport properties we �rst need to
build a system-speci�c Hubbard model for the system. This is what my work was
mainly focused on obtaining. These results are the basis on which the transport
model was then built through the master equation formalism, simulating transport
phenomena strictly associated to strong correlation, which we explicitly considered
with the DFT+MB method.

6.2 Hubbard model for the Ni dimer

The �rst step consisted in performing local density approximation (LDA) DFT
calculations for the molecule on the NWChem38 code, employing a triple-zeta
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valence basis set. This process allowed us to recognize the d-like states close to the
Fermi level on which we apply the Foster-Boys localization100. The Foster-Boys
orbitals obtained from this process were used to build a generalized Hubbard model
for the molecule:

Ĥ = −VG
∑
i,m,σ

c†imσcimσ −
∑
i,i′

∑
m,m′,σ

ti,i
′

m,m′c
†
imσci′m′σ+

+
1

2

∑
i,σ,σ′

∑
m 6=m′

(U − 2JH − JHδσ,σ′)n̂imσn̂im′σ′+

−
∑

i,m 6=m′

JH

[
ĉ†im↑ĉ

†
im↓ĉim′↑ĉim′↓ + ĉ†im↑ĉim↓ĉ

†
im′↓ĉim′↑

]
+

+
∑
i

λi
∑

m,m′,σ,σ′

ξimσm′σ′c
†
imσcim′σ′ − ĤDC

(6.1)

where c†imσ and cimσ are, respectively, creation and annihilation operators of 3d
electrons with spin σ on site i in the Foster-Boys orbital m. The �rst term ac-
counts for gate potential energy VG, which is multiplied to the total number op-
erator. The second term is the hopping term, where the parameters ti,i

′

m,m′ are the
crystal-�eld (CF) integrals if i = i′ or the hopping integrals if i 6= i′. The third
term includes same-site Coulomb repulsion and the fourth term pair-hopping and
spin-�ip (explained in Section 1.2.3), both depending on the averaged screened
Coulomb couplings U and JH . The �fth term accounts for spin-orbit interaction,
whose strength is quanti�ed by the parameter λi, equal for all electrons of the
same site; ξimσm′σ′ are spin-orbit matrix elements written in the Foster-Boys basis
(see Section 1.2.3). HDC is the double-counting correction, removing the already
included mean-�eld part of same-site Coulomb interaction.

The determination of these parameters was done based on the results obtained
by DFT-LDA simulations. Coulomb couplings U and JH were calculated with
a constrained-LDA (cLDA, see Section 1.2.3) approach, obtaining U = 6.3 eV
and JH = 0.26 eV. CF integrals are evaluated by diagonalization of the on-site
matrix ti,i

′

m,m′ , obtaining orbital energies ε1m = 0, 0.116, 0.248, 1.666, 1.721 eV on
the �rst Ni site and ε2m = 0.071, 0.155, 0.260, 1.662, 1.716 eV on the second Ni
site, where energy grows by increasing m = 1, ..., 5 on each site. Note that the
approximately octahedral environment of the Ni2+ ions splits the energy levels into
higher eg-like states and lower t2g-like states, as outlined in Figure 6.2. The strength
λi of the spin-orbit coupling can be determined by comparing single-electron CF
splittings calculated with or without the inclusion of spin-orbit interaction in the
DFT calculations. Since such relativistic self-consistent calculations are extremely
time-consuming, we opted to use tabulated39 single-ion λi values, which yield a
very good approximation in these compounds, as already shown in [36].

6.3 Low-energy e�ective spin Hamiltonian

In order to correctly describe the neutral molecule we need to diagonalize H within
the subspace with N = 16 electrons (8 per site). The lowest energy states with
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N = 16 electrons are a singlet, a triplet and a quintet, arising from si = 1 ionic
con�gurations, as shown in �gure 6.2. This subspace can be described with an
e�ective spin Hamiltonian composed of an isotropic Heisenberg exchange term and
a zero-�eld splitting (ZFS) term:

Heff = Js1 · s2 +
∑
i

si ·Di · si (6.2)

where J is the isotropic coupling and Di the ZFS tensor. Di is determined by the
combined e�ect of CF and spin-orbit interaction and was calculated by downfold-
ing the spin-orbit matrix in the si = 1 ground multiplet, obtaining the e�ective
ZFS Hamiltonian. From this Hamiltonian we derived the Di tensor, whose diago-
nalization allowed us to determine ZFS parameters d1 = 90 µeV, d2 = 34 µeV and
ei = 0.12di, indicating easy-plane anisotropy in both Ni2+ ions. Small di�erences
between the ligand cages of the two ions (a compression along z and a tilt with
respect to the anisotropic axis) are associated to the di�erent values of d1 and d1
Isotropic coupling J is obtained as the sum of the ferromagnetic screened Coulomb
coupling JH (already obtained by cLDA calculations) and an antiferromagnetic
superexchange J . The latter was determined by considering the e�ect of the hop-
ping term of H in the N = 16 subspace with N1 = 7, 8, 9 electrons on the �rst ion
and N2 = 9, 8, 7 electrons on the second, respectively. Through diagonalization of
the hopping matrix written in this subspace, the 9 lowest energy states that we
found correspond to the same three total spin multiplets described by the e�ective
Hamiltonian 6.2. This procedure allowed us to precisely determine J = 3.3 meV,
since those levels are separated by energies J and 2J (Figure 6.2), with a negligi-
ble split induced by anisotropic exchange. This value is in accordance with what
was previously experimentally measured via inelastic neutron scattering97.

Figure 6.2: Left: orbital occupations on both sites in the N = 16 ground state.
Right: energy scheme described by Hamiltonian 6.2, evidencing the splitting be-
tween total-spin multiplets induced by isotropic exchange J .

Moreover, to describe transport phenomena we need to study the properties of
the ionized system with N + 1 electrons. In this case we found a ground multiplet
with S = 3/2, which means that the ground state of the system changes from
S = 0 to S = 3/2 upon injecting an extra electron. This happens because the anti-
ferromagnetic superexchange between the two ions is dominated by the Nagaoka 99

mechanism, which maximizes the spin. In this state, in fact, it is possible for the
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extra electron to gain kinetic energy by hopping between ion sites without any
Coulomb energy cost, causing an energy gain in the hopping integral and an e�ec-
tive ferromagnetic interaction between the ions. This property potentially enables
control over the spin state by manipulating bias and gate voltage. Moreover, since
without spin-orbit coupling transitions with ∆S > 1/2 are forbidden, interesting
transport phenomena like spin blockade and negative di�erential conductance are
possible for certain (V, VG) values.

6.4 Simulations of transport and conclusions

Whereas my work was for the most part focused on obtaining the parameters of the
many-body model studying the properties of theN = 16 andN+1 electrons ground
states, we also simulated transport phenomena through the sample. Using these
precisely determined parameters we were able to compute current and di�erential
conductance through the molecule. The �rst step towards this goal was including
the two gold electrodes in the DFT calculations as �nite clusters. With the orbitals
obtained from these calculation we built the total Hamiltonian

Htot = H +Hel +HT (6.3)

where H is the Hubbard Hamiltonian de�ned in Eq. 6.1 Hel is the Hamiltonian
written on the two electrodes and HT the Hamiltonian describing electron tun-
nelling between electrodes and molecular orbitals. In the weak electrode-molecule
interaction limit we can treat HT as a perturbation of the system, considering only
single-electron tunnelling processes. Htot was then used in the master equation
formalism to compute time-dependent transport phenomena. This allowed us to
calculate the current in an out of the molecule as a function of bias (V ) and gate
(VG) voltage (we report current and di�erential conductance in Figure 6.3). Results
included negative conductance (represented by the dark line in the right panel of
Figure 6.3) and spin blockade e�ect, in which certain transitions are suppressed in a
�xed (V, VG) region, allowing controlled current suppression through the molecule.
This possibility of electrically controlling the spin state of this system is of great
interest in the �eld of both spintronics and QIP.

In summary, we simulated transport phenomena through a Ni2 dimer weakly
coupled to gold leads. In order to correctly consider the strong-correlation typical
of MNMs, we used the DFT+MB method (Section 1.2.3). This approach exploits
DFT calculations to determine the parameters of a many-body Hubbard Hamilto-
nian for the system, without any a priori assumption on its form. By studying the
lowest energy states of the molecule with N = 8 + 8 electrons, we were able to de-
scribe this 9-levels subspace with a spin Hamiltonian comprised of an Heisenberg
exchange term and a ZFS term, which were both precisely determined starting
from the many-body model. This model, with the addition of many-body Hamil-
tonians for the gold leads and tunnelling electrons, was then used to calculate
single-electron currents through the molecule as a function of both V and VG. The
N+1 electrons state in which the molecule is brought by adding an electron during
transport is really interesting, since it has a S = 3/2 (maximum spin) ground mul-
tiplet, as opposed to the S = 0 ground state of the neutral system. This leads to



CHAPTER 6. MB+DFT INVESTIGATING A MOLECULAR NI DIMER 79

Figure 6.3: Calculated current I (left) and di�erential conductance dI/dV (right)
as a function of bias (V ) and gate (VG) voltage at T = 2 K. Reprinted �gure with
permission from [A. Chiesa, E. Macaluso, P. Santini, S. Carretta and E. Pavarini,
Physical Review B, 99, 235145 (2019)]101 Copyright (2019) by the American Phys-
ical Society.

spin blockade and negative conductance for certain values of bias and gate voltages.
These phenomena are direct consequences of strong intra-molecular correlations,
which we explicitly included in our model using the DFT+MB approach. This
method had been previously proven36 as a valuable tool in calculating magnetic
properties of strongly-correlated MNMs and, in this case, we also tested its reliabil-
ity in simulating transport properties of the same systems. Such properties of this
Ni2 molecular dimer have been investigated only in the strong electrode-molecule
coupling regime102, evidencing Kondo mechanisms at play. Hence experiments in
the weak-coupling regime, as we simulated within this work, would make for an
interesting test for the reliability of this method.



Chapter 7

Conclusions

Drawing a comprehensive conclusion covering the di�erent chapters of this PhD
thesis is not an easy task, but I feel that it is possible to con�dently separate the
�nal remarks into two distinct areas.

Molecular magnetism and quantum error correction. The two works ex-
posed in chapters 3 and 4 place themselves in a really important and thriving
theme in quantum information processing: the realization of logical units support-
ing quantum error correction, which represents one of the most important steps of
the NISQ era11. Future upscaling of quantum computers' size and computational
power requires this step to be taken in order to ful�l the extraordinary expectations
in this �eld. Molecular nanomagnets have already been extensively studied as po-
tential S = 1/2 qubit candidates, given the remarkably long coherence times found
in certain compounds and the high degree of control given by coordination chem-
istry. In these two works we propose a di�erent role for molecular nanomagnets in
the rush towards scalable quantum computing architecture. Tailored interaction
between di�erent magnetic ions and the use of nuclear spins allowed us to exploit
the additional spin levels of these systems to encode an error-protected qubit within
a single physical unit. We followed two di�erent approaches: a repetition code on
multiple spins S = 1/2 and a binomial code using higher-spin states S ≥ 3/2. In
both cases, my contribution was focused on designing the actual codes and per-
forming realistic simulations of their implementation, using parameters determined
from real molecules, �nally obtaining really promising performances. Moreover, in
chapter 3 I also determined spin Hamiltonian parameters through an extensive
�tting of experimental data. These results showcase how molecular nanomagnets
tunability could be a key factor in the development of quantum error-corrected
units for quantum computation, even through targeted molecule design.

Theoretical investigation of molecular nanomagnets. In the last two chap-
ters molecular nanomagnets and molecule design are indeed the major focuses. In
fact, the predictive power of theoretical tools in determining the properties of a
given molecule is fundamental in improving design and driving synthetic e�orts. In
chapter 5 we outline how rare-earth single-ion magnets represent the ultimate goal
in miniaturization of magnetic information storage units. I directly contributed
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to performing the inelastic neutron scattering experiments and the subsequent ex-
traction of neutron-weighted phonon density of states from collected spectra. This
quantity allowed us to validate ab-initio simulations of phonon density of states of
Dy-based single-ion magnets, obtaining an excellent agreement. These results are
essential in understanding the main mechanisms of spin relaxation and their inter-
play in rare-earth single-ion magnets, as well as in improving theoretical prediction
methods. In chapter 6, the combination of many body (MB) models with ab-initio
density functional theory (DFT) simulations allowed us to prove the possibility of
extending such predictive methods to transport phenomena. In particular, I per-
formed MB+DFT calculations on a prototypical Ni dimer, as described in section
1.2.3, fully accounting for electron correlations, which play a key role in deter-
mining the properties of strongly correlated systems like molecular nanomagnets.
Transport phenomena are also of great interest in potential quantum information
processing applications for molecular nanomagnets, since read-out and manipu-
lation of molecular spins by electronic means are de�nitely a promising way of
addressing single quantum units.

Nonetheless, these diverse research topics share a prominent position in current
research on quantum computation and information storage. A series of important
breakthroughs is to be expected in the next few years, with new technologies
constantly on the rise and new research avenues opening up. I think that the
possibility to spend my PhD years working in �elds of such current relevance
constitutes an invaluable income for me, both as a scientist and as a person.
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