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Abstract. We prove generation results of analytic strongly continuous semigroups on LP R4, R™) (1 <
p < oo) for a class of vector-valued Schrodinger operators with unbounded coefficients. We also prove
Gaussian type estimates for such semigroups.

1. Introduction

Systems of elliptic and parabolic equations with (possibly) unbounded coefficients
arise quite naturally in the study of mathematical models which describe physical
phenomena such as Navier Stokes equations (see e.g. [17,19,20]). Differently from
the scalar case, where the theory of elliptic and parabolic operators with unbounded
coefficients is widely studied (see [24] and the reference therein), the interest on the
vector-valued case is quite recent as the quoted references show.

In this paper, we consider realizations in L”-spaces of Schrodinger type vector-
valued elliptic operators defined on smooth functions u : RY — R™, (d,m € N), by
Au = div(QVu) — Vu =: Apu — Vu, where the diffusion matrix Q(x) is posi-
tive definite at each x € R? and V is a measurable matrix-valued function. The first
problem is to find conditions on Q and V and identify a realization of the operator A
in L?(RY, R™) which generates a strongly continuous semigroup (T p())i>0; after-
wards one is interested in regularity properties of the semigroup, such as analyticity,
ultracontractivity and kernel estimates.

This type of operators have been recently studied in different settings. For an analysis
in the space of bounded and continuous functions we refer the reader to the papers
[1,4,12]. Also the L?-context has been investigated. As shown by the scalar case, the
L”-spacesrelated to the invariant measure represent the most suitable L”-spaces where
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to set problems associated with elliptic operators with unbounded coefficients, but, in
the vector-valued case, only partial results in this direction are available so far (see
[2,3]). Nevertheless, the classical L”-context is important in view of the applications.
A perturbation method, due to Monniaux and Priiss, see [29], has been applied in
the seminal paper [18], where generation results in L?(R?; R™) are proved for a
class of nondegenerate weakly coupled elliptic operators containing also a first-order
diagonal term, and more recently in [22], where a class of vector-valued Schrodinger-
type operators is considered, when the matrix-valued function Q is bounded and can
degenerate neither at some x € R? nor at infinity, while the potential V is quasi
accretive and locally Lipschitz continuous on R?, and |D V(=V)™¥ € L®(R%)
for some @ € [0, 1/2). In this case the domain of the LP”-realization of A is the
intersection of the domains of the diffusion and the potential part of the operator. By
perturbing V with a scalar potential v € WIL’COO (R?) satisfying the condition |Vv| < cv
on R for some positive constant ¢ (in the L>-setting, actually even with more general
matrix-valued perturbation), a larger class of potentials has been considered in [5,25],
by using perturbation results due to N. Okazawa [30]. In [23], assuming again strict
ellipticity and boundedness for the diffusion coefficients, pointwise accretivity and
local boundedness of the potential term, the authors prove that A, endowed with its
maximal domain, generates a strongly continuous semigroup in L? (R%; C™).

A different approach has been adopted in [7] to deal with a class of vector-valued
nondegenerate elliptic operators, coupled up to the first order. More precisely, using
the semigroup, obtained in [1] in the space Cp (Rd; R™), the authors of [7] provide
sufficient conditions which allow to extend this semigroup to the L? scale. It is worth
mentioning that this approach does not provide any sharp description of the domain
of the generator of the semigroup.

A class of vector-valued elliptic operators £, including also a first-order coupling
term, has been considered very recently in [6]. This class contains the operator .A,
but the presence of the drift term causes technical problems which prevent us from
both analyzing the L'-setting and proving an integral representation of the semigroup
(T »(1))i>0 associated with the operator £ in L” (R4; ©™). For this reason, it is of
interest to consider the operator .4 on its own. We introduce assumptions on its coef-
ficients that can be made independent of p € [1, co) and, as a consequence, allow to
prove summability improving properties as ultracontractivity and the integral repre-
sentation of the associated semigroup (7 (¢));>¢ in terms of a kernel K. A domination
with a scalar semigroup associated to a suitable form, allows us also to deduce some
Gaussian type estimates satisfied by the kernel K, which are expressed in terms of a
distance associated with the diffusion coefficients. To our knowledge, this result seems
to be new and of interest even in the scalar case.

Notation. Throughout the paper K = R or K = C. The Euclidean inner product
in K™ and the associated norm are denoted by (-, -) and | - | respectively. Given a
function u : 2 € R? — K™, we denote by uy its k-th component and we set
sign(u) = |u|’1ux{u7g0}. Foreach 1 < p < oo, LP(R?, K™) denotes the classical



Vol. 21 (2021) Vector-valued Schrodinger operators 3183

vector-valued Lebesgue space endowed with the norm || f1|, = ( fRd | f(x)|Pdx)l/P.
The pairing between L” (R?, K™) and LY (R4, K™) , where p’ is the conjugate index
of p, is defined by (u, v), , = fRd(u(x), v(x))dx for every u € LP(R?, K™) and
v € LP,(R”I, K™).If k € N, Wk’p(Rd, K™) is the classical vector-valued Sobolev
space, namely the space of all functions u € L?(R?, K™) whose components have
distributional derivatives up to the order k belonging to L?(R?, K). The norm of
Wk P (R4, K™) will be denoted by || - ||, . The spaces Wl’;’CP(Rd ,K™) are defined
analogously. C(R¢, K™) stands for the space of functions u : RY — K™ whose
components belong to C(R?, K). A similar notation is used for the subspaces of
C(R?, K™). The subscript “b* (resp. “c”) stands for “bounded” (resp. “compactly sup-
ported”). When m = 1 and K = R, we simply write CK(R¢), L?(R?) and W 1-2(R?)
instead of C¥(R?; R), L?(R?; R) and W!-2(R?; R). Finally, by B(r) we denote the
ball of R centered at 0 and with radius r.

2. Generation results

We are going to consider the elliptic operator A acting on vector-valued smooth
functions u as follows:

Au =div(QVu) — Vu =: Apu — Vu (D

where the coefficients Q = (gij)1<i,j<q¢ and V = (vjx)1<h,k<m satisfy the following
assumptions:

Hypotheses 1. (i) ¢;j = qji € C'(RY) foreachi, j =1,...,d and (Q(x)&, &) is
positive for every x € R? and 0 # &€ € RY;
(i) vpg - R4 — R are measurable functions for every h,k =1, ..., m;
(iii) there exist a function v € C'(RY), with positive infimum vy, and positive con-
stants c1, y and C,, such that

@ (V)E, &) > v)ER, IVWEl <crv@)El,  x eRY & eR™,
(B (Q)V(x), Vo)? <y +Cp, xR

(iv) there exists a positive function ¥ € CY(R?) such that lim|y| 00 ¥ (x) = 00 and
Vi,V
(Y log )

Hypothesis 1(iii) goes back to the papers [8,9], where the domain of the realization
in L?(R?) of the scalar Schrédinger operator —A + v is characterized under suitable
assumptions on v. Afterwards the same type of assumptions, but for more general
diffusion matrices, have been considered in [26,27]. On the other hand, Hypothesis
1(iv) allows us to apply to the operator A in (1) the following result which is a particular
case of [0, Theorem 2.3].
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Theorem 1. Let p € (1, 00) and assume that Hypotheses 1(i) and 1(iv) are satisfied.
Further, assume that vy, € LY (Rd)foreveryh =1,...,mup € L (Rd)forevery

loc loc
h,k = 1,...,m with h # k and V is pointwise accretive. Then, the realization in

LP? (R4, R™) of the operator A with domain

Dpmax = {u € LP(RG R™) N WEP(RY R™) | Au € LP (R R™))
generates a contraction semigroup in L? (R?; R™). Moreover C o0 (R?; R™) is a core
for (A, Dp,max)-

For every &, 7 € C, we set 4(€, 1) = (Q()E, 1) and q(§) = (Q()E, £). We also
recall that for every u € Wh-? (R?, C™) it holds that

m m
Viul* =2Re Y (Vujuj.  q(Viu) <4jul>> q(Vu)). 2)
Jj=1 j=I1

For each p € (1,00), we consider the realization A, of the operator A in
LP(R?; R™) endowed with the minimal domain

D, = {ue Wil R R : u, Apu, Vu € LP(RY; R™)}
={u e Wli’cp(Rd; R™) : Agu, vu € LP(RY; R™)}.
On D, we consider the norm |ullp, = [ Aoull, + llvull,. By the assumptions on

Vand v, || - |p, is clearly equivalent to the norm u + ||u|l, + [Aoull, + [[Vul| .
Moreover, (Dp, || - |Ip,) is a Banach space, since Ay is a closed operator.

Proposition 1. Let Hypotheses 1(i), (ii), (iii)(a) be satisfied. Then, the operator
d . L d . .

(A, C MR ; C™)) is regularly dissipative in LP (R%, C™), i.e. there exists ¢ € (O, %)

such that e*'® A is dissipative.

Proof. 1t is well known that (A, Ccx R4, (C’”)) is regularly dissipative if and only if

/ (Au, u)|u|P~2dx
]Rd

< —SRe/ (Au, u)|u|P~2dx (3)
]Rd

forsome § > Oandallu € C2° (Rd ,C™), (see [14, Theorem I1.4.6] and [16, Theorem

1.5.9)).

To prove (3), we fix u € Cfo(Rd, C™), ¢ > 0 and consider the function u, =
(lu|> + €)'/2. Integrating by parts, we get

/ (Au, u)ué’*zdx
R4

m m
_ p—2 o
= _Z/d Q(Vup)ul " >dx — — Z/d a(Vup, Viu|Pipul 4 dx
h=1"F h=1 "R

— /Rd(Vu,u)uf_zdx.
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Therefore, using Hypothesis 1(iii)(a), we obtain

m
2
—Re/ (Au, u)ul 2dx =) :/ q(Vip)uP dx + p—/ q(VIu>)ul~*dx
Rd =1 R4 4 R4

+ / v|u|2uf_2dx
R4

and, using also both the two formulas in (2), we can estimate

/(Au,u)uffzdx
]Rd
& p
< Vup)ul~2d
_waq( up)ul "dx +
h=1
—i—cl/ v|u|2u§’72dx
]Rd
- P —2| +
-2 - 2 p—4
§Z/qu(vuh)u§ dy + = Z/qu(whnm ul~*dx
h=1 h=1
lp —2] 2y, p—4 2 p—2
+ m q(Viu|?)ul"dx + ¢y vlu[*ul""dx
4 Rd Rd
P =21\ « lp —2|
- ) - 2y, p—4
5<1+ Z >};fqu(vuh)u§ dx + m[qu(V|u|)u§ dx
—i—cl/ v|u|2uf_2dx
]Rd

2 m
<1+ P |+|p—2|m Z/ q(wh)ug’”dxjtcl/ vlu|?ul~2dx.
4 =1 R4 R4

If p > 2, then we get that

m
_Re/ (Au,u)uf_zdx > Z/ q(Vuh)uf_zdx—i—/ vlulzuf_zdx
R4 el R4 R4

f (Au, uyu?~2dx
R4

2 m
- ];/Rd (V. Viul®)| [aplu? = dx

> 8 )

by choosing 8 < min{(1 +4~!p — 2|+ |p — 2lm)~", ¢; '
On the other hand, if p € (1, 2), then, by applying the inequality in (2) and observing
that |u|? < ug, we obtain

m
—Re/ (Au, uyu?~2dx > (p — 1)2/ q(Vuh)u§—2dx+f vluPul~2dx
RRd hey JRY Rd

>4

; &)

/ (Au, uyul~>dx
R4
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by choosing 8§ < min{(1 + 4~ p — 2|+ [p —2lm)~'(p — 1), ¢; ')
The assertion follows letting ¢ tend to 0 in (4) and (5). ]

Theorem 2. Under Hypotheses 1, if p < 1+4y =2, then the operator A p generates an
analytic contraction semigroup (T ,(t));>o in L? (R?: R™). Moreover, cx (RY; C™)
is a core of Ap.

Proof. We assume first that C,, = 0 and prove that there exists a constant C =
C(p,y) > 0 such that |vul|, < C|lAul, for every u € C2(RY; R™). For this
purpose, we fix u € C° (R4; R™), set f = —Au and, for every ¢ > 0, consider

the function u, introduced in Proposition 1. By using both the formulas in (2) and
integrating by parts, we obtain

(f, u)ué’fzvpfldx
R4

m
2 e p—2 4 o
= Z/Rd q(Vup)u? 2P~ ldx + T/qu(V|u|2)u§ 4P~ldx
h=1
—1
+pT/ Q(V|u|2,VU)u§_2vp_2dx+/ (Vu, wyuP 20"~ dx
R4 Rd

m
1
2. p-1 2y p—4. p—1
> hE_lfRd q(Vup)ul™“vP~ dx — Z/Rd q(Viu| Hul~ v’ dx

—1
— p—yZ/ v”ué’dx—i—/ P lu)Pul~2dx
4 d
supp(u) R
—1
= —p—V2/ vPuldx +/ P lu)Pul~2dx.
4 supp(u) R4

By applying Young’s inequality, we get that for every § > O there exists a positive
constant C = C(§, p) such that

—1
/}Rd vP|u|2ué’*2dx_pTy2/ vPuldx < /Rd(f, wyul " 2vP~dx
supp(u)

58[ vpufdx—f—C/ | f|Pdx.
supp(u) R4

Letting ¢ tend to O yields

—1
(1 _P e —3)/ P ulPdx < c/ | f1Pdx
4 ]Rd Rd

and we get the assertion by the assumptions on y and p, choosing § sufficiently small.
As a consequence of the estimate that we have proved, we can show that there exist
positive constants M and M, depending on ¢y, ¢1 and y such that

Millulp, <l Au —ul, < Malullp,. ue CERLRY). (6)

p —
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Indeed, for every u € C2° (R4; R™), it holds that

lulp, = Il Aoull, + lvull, < [Aull, + 1IVullp, + lvul,
< MAull, + (1 + cn)lvall, < (14 e)C + 1) Aull,
<2(1+eDC + 1)l Au — ul,

by the dissipativity of .A. Moreover,

I Au — ull, < [ Aoull, + llvull, + lull,
< I Aoull, + (1 + ¢ Hllvall,
< Malulp,. )

If C, # 0, then we fix A > O such that V + AI and v + A satisfy Hypothesis 1(iii)
with C,, = 0. Applying (6) to A — A7 and using the dissipativity of .A, we obtain

lulp, < CllAu—ru—ul, < CllAu—u|,+Crlul, < (1 +2)ClAu —u],,

while the other inequality follows as in (7).

Next, we show that D;, = D) max. Clearly, we just need to prove that D max C
Dy. We fix u € Dp max and a sequence (u,) C Cgo(Rd; R™) converging to u in
LP(R?; R™) and such that Au,, converges to JAu in LP (R4; R™) as n tends to 0o (see
Theorem 1). By (6), (u,) is a Cauchy sequence in the Banach space D, (endowed

with the norm || - |[p,). Hence, u € D), and the inclusion D) max C D) follows.
In particular, CZ° (R4; R™) is dense in D, and, by Theorem 1, (A, D p) generates a
contraction semigroup. U

Theorem 3. Under Hypotheses 1, suppose that v(x) blows up as |x| tends to co. Then,
for every p € (1, 1 + 4y ~2), the operator A has compact resolvent.

Proof. We have to show that the unit ball B of D), is totally bounded in L? (R%; R™).
First let observe that for every & > 0 there exists R > 0 such that v(x) > &~ ! if
|x| > R. Now, let us fix ¢ € (0, 1). Then,

/ )Py < ———— f v ()P () |Pdx < P ®)
[x|>=R R4

- (infB(R) v)P

for every u € B. Let B’ be the set of the restrictions of the elements of B to B(R). By
[15, Theorem 9.11], B is a bounded subsets of W2? (B(R), C™) and therefore is totally
bounded in L?(B(R), C™). So, there exist functions f,..., f, € LP(B(R),C")
such that B’ is contained in the union of the balls of L”(B(R); C™) centered at f;
(i = 1,...,n) with radius ¢. Letting 71- be the trivial extension of f; to R and by
taking (8) into account, we conclude that B is contained in the union of the ball of
LP(RY; C™), centered at 71’ (i =1,...,n) with radius 2e. O
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3. Consistency and summability properties
Let us define
11
D(a) = {u € W2 (R, C") | (q(Vw)2, v2|u| € L*(RY)} ©)

and a : D(a) x D(a) - C by

a(u, w) = / q(Vu, Vw)dx +/ (Vu, w)dx. (10)
R4 R4

As usually, we denote by || - ||o = /Rea(-, )+ - ||% the norm of D(a) associated

with the form a. The following properties hold true:

(i) a is densely defined since Cf"(Rd ,C™) C D(a), it is also continuous and
accretive;

(i) aisclosed: let (u,),cN be a Cauchy sequence in D(a). Then, (u,),cn converges
toafunctionu € W]L’CZ (RY; c™ynLP(RY; C™) and, up to a subsequence, we can
assume that Vu,, converges to Vu and u,, converges to # almost everywhere in
R4, Since la(Vu)ll2+11{Vu,, uy)|l2 < M foralln € N and a positive constant
M, by applying Fatou’s lemma we get thatu € D(a) and lim,,_, » || u, —ul|q =
0;

(iii)y C° (R4; C™) is a core for a: indeed, D(a) is a Hilbert space with respect to
the scalar product (u, w), = %[a(u, w) + a(w, u)] + (u, IU)LZ(Rd;(C). Then,
C§°(Rd; C™) is acore for a if and only if (u, ¢)q = Oforall ¢ € Cfo(Rd; c™),
implies that # = 0. The proof of this statement runs analogously to that of [6,
Theorem 2.2].

Since the diffusion part in A is diagonal, integrating by parts, we deduce that
the operator B associated with a coincides with —A, on C2° (Rd, C™). Thus, since
cx (R?, C™) is a core for A, (see Theorem 2), B = — A, follows from the closedness
of B.

Based on these remarks, we can prove the consistency of the semigroups (T, (t));>0.

Theorem 4. For every p,q € (1,1 + 4y~2), the semigroups (T p(®))i=0 and
(T 4(t))¢>0 coincide on LP (RY; R™) N L9 (RY; R™).

Proof. We begin the proof by observing that Hypotheses 1(ii) and (iii)(a) imply that,
for every r € (1, 00), the realization in L" (R?; R™) of the multiplication operator
u +— —Vu, with D(V) = {u € L"(R*; R™) : Vu € L"(RY; R™)}, generates the
strongly continuous semigroup of contractions (S (¢));>0, defined by (S, (¢) f)(x) =
eV f(x) foreveryt > 0, f € L"(R4; R™) and almost every x € R?. These
semigroups are clearly consistent.

Next, we denote by (T(t))zzo the semigroup associated with the form a in (10),
where we take V = 0. This semigroup coincides with the semigroup (that we denote
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by (T g(t)) (>0) associated with the operator Ay, provided by Theorem 2, since their
generators coincide. Since Ay is diagonal, the semigroup (T(z)(t)),zo is diagonal as
well and it consists of m copies of the scalar semigroup (TzO (t))s>0 associated with
the scalar version a; of the form a (with V = 0). The form a; satisfies the Beurling-
Deny criterion. Thus, the semigroup (T20 (t))¢>0 can be extended to the L"-scale (r >
2) and these semigroups are consistent, see [11, Theorem 1.4.1]. As a byproduct,
also the semigroup (Tg(t)),zo can be extended from L2(R?, R"™) N L™ (R4, R™) to a
strongly continuous semigroup (T +(t))i=oonL" (R4, R™) for everyr € [2, 00). These
semigroups are consistent. We claim that T?(t) = 7‘, (t) foreveryr € (2,00) and t >
0. For this purpose, we observe that [13, Lemma 1.11] (applied to the scalar semigroup
(TY(1)):>0) shows that, if f € D(AY) is such that f and A3 f € L"(R?, R™), then f
belongs to the domain of the infinitesimal generator A, of the semigroup (T, (1)) 1>0-
In particular, A, [ = A? f on C(R?; R™). This fact and Theorem 2 imply that
O — A)(CP R R™)) = (M — A)(CP(RY; R™)) is dense in LP(RY; R™). As
a consequence C>°(R?; R™) is a core both for .A? and A, and this is enough to infer
that the semigroups (T(r)(t)),zo and (T,(t)),zo coincide.

Now, we fix p, g as in the statement and we first assume that p,q € [2, 00).
Applying Trotter product formula (see [14, Corollary II1.5.8]), we conclude that

T,()f = lim (TOG) S(%)) foo feL®LRM,

foreveryt > Oandr € {p,q}. Fixt > 0and f € LP(RY; R™)N L9(R?; R™). Then,
from the above arguments we infer that

o ((2) s ()

where the limit is taken in L? (RY; R™). Then, up to a subsequence, we obtain that
(Tg(t/n) 08,(t/n))" f converges pointwise both to T, (t) f and to T', (¢) f as n tends
to 0o, so that the equality T, (¢) f = T, (¢) f follows.

Next, we assume that p, g € (1, 2] and observe that T ,(t) = Tp/ ®*and T, (1) =
?q/ (t)* foreveryt > 0, where Tpr (1) and Tq/ (#) denote the semigroup in LY (R4; R™)
and L9 (RY; R™), respectively, associated with the operator A*, adjoint to operator
A. Since the potential V* satisfies the same assumptions as the potential V and
p’,q' > 2, from the results so far proved we conclude that T p (t) and Tq/ (1) coincide
on LP/(R"; R™) N L‘f/(]Rd; R™) for every t > 0. Hence, for every t > 0, f €
LP(RY R™) N LY(RY; R™) and ¢ € C?O(Rd; R™), we can write

Ty 0y = Ty = (F Tyg®)@)gy = (T f, 0)gq

and the arbitrariness of ¢ € C>° (R%; R™) yields the equality T, (1) f = T ;(t) f.
Finally, if 1 < p <2 < ¢, then we observe that T, (¢) f = T2(t) f = T 4(¢t) f for

every t > 0 and f € C2°(RY; R™). Since every f € LP(RY; R™) N L4 (RY; R™) is

the limit (in L? (R?; R™) N L9(R4; R™)) of a sequence of functions which belong to
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C(RY; R™), the equality T (1) = T4 (t) on L? (RY; R™) N L9 (RY; R™) follows for
every t > 0. 0

Remark 1. As a straightforward consequence of Theorems 3 and 4, we deduce that if,
Hypotheses 1 hold true for every y > 0 and (Q(x)&, &) > qol&|? for every x, & € R4
and some positive constant go, then the spectrum of operator A, is independent of p
and consists of eigenvalues only.

Based on Theorem 3 we can now prove the following result.

Theorem 5. Assume that Hypotheses 1 hold true for somey > Qandlet1 < p < 1+
4y =2, Then the restriction of the semigroup (Tp(@®))i=0to LP (R R™MyN LY (RY; R™)
can be extended to a contraction Co-semigroup (T 1(t));>0 on the space LY(R?; R™),
which is consistent with (T 4(t));>0 for each q € (1, p). The spaces X; = {u €
D, NLY(RY; R™) | Aju € LY (RY; R™)} are cores for the generator A of (T1(t))i=0
and Aju = Agu = Au foreveryu € X, andq < 1+ 4y =2, Finally, if Hypotheses
1 hold true for every y < 2 and

(QE. &) = qolel*. & x eRY, (11)
then, for every t > 0, T1(t) is bounded from L (Rd; R™) into LE(RY; R™).

Proof. Fix f € LP(RY;R™) N L' (R?; R™) and r > 0. Then, f € L7(R?; R™) for
each 1 < g < p and, since the semigroups (T, (¢));>0 are consistent, we can estimate

1T, @) fllp ey rmy = Um I T¢(@) fllLaBe).rm)
g—>11

<lim Silip 11l L e mmy < IS IlL1ra:Rmy-
q—)

From this chain of inequalities and letting  tend to oo, it follows that we can extend the
restriction of the semigroup (T ,,(#));>0 to L” (R; R™yN LY (RY; R™) with a contrac-
tion semigroup (T{(¢));>0 on LY(R4; R™). This semigroup is strongly continuous.
Indeed, since it is uniformly bounded, it suffices to prove that T'|(¢) f converges to f
in L'(R?; R™) when f € C2°(RY; R™). For each f € C®°(RY; R™) and ¢ € (1, p),
we can write

Tnf—-f=T,0)f
t
—f= / T,(s)Afds.
0
and thus estimate || T1 () f — fllraB(),rm) < tIILAf 4. Letting g tend to 1 and then

r tend to 0o, we infer that T'1 () f converges to f in L' (R?; R™) as ¢ tends to 0.
Next, we observe that

T (t)u —u T,(H)u—u 1

t 1 [t
— — _/ Tq(s)Aquds = —/ Tl(s)Aquds
t t t Jo t Jo
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for every u € X,;. Thus, the ratio t~Y(T1(t)u — u) converges to Aguin LY(RY; R™),
as t tends to 0. This shows that X, C D(A;) and Aju = Aju foru € X,. To
conclude that the set X, is a core for Ay for every ¢ < 1 + 4y 2, it suffices to
apply [14, Proposition I1.1.7]. Indeed, the semigroup (T'{(¢));>0 leaves X, invariant,
since it is consistent with the semigroup (7', (#)),>0, and, clearly, X, is also dense in
L'(R?; R™) since it contains C o0 (RY: R™).

To prove the last part of the assertion, we assume that Hypotheses 1 hold true
for every ¥y < 2 and recall that (T2(¢));>0 is the semigroup associated with the
quadratic form a. By (11) there exists C > 0 such that a(f, f) > C||f||i2 for
every f € D(a). Since by a straightforward adaptation of Nash’s inequality to the

vector-valued case, ||f||§+4/d < C; ||f||% 2||f||‘1‘/d for some constant C; > 0 and

every f € WI2(RY R™) N L' (RY R™), we get that || £157¢ < Ka(f, HIFI}
for some constant K > 0 and, therefore, T (¢) is bounded from L!(R4: R™) into
L2(R4: R™) (see for instance the proof of [18, Lemma 4.1]). O

If Hypotheses 1 hold true for each y > 0, then, by Theorem 4, the semigroups
(T 5 (1)):>0 exist for each p € [1, c0) and are consistent. In this case, we will write
(T (t))r>0 instead of (T ,(1));>0.

Theorem 6. Assume that Hypotheses 1 hold true for every y > 0 and that estimate
(11) is satisfied too. Then, for everyt > 0and1 < p < g < 0o, (T (t));>0 is bounded
from LP(R%; R™) into L(R?; R™). Moreover, for every t > 0 there exists a kernel
K(t,- ) € L®°[R? x RY; R™*™) such that

T f)(x) = /Rd Ko fO)dy, xR, feLP@®:RM).

Proof. By observing that A*u = div(QVu) — V*u foreachu € C° (R4; R™) and
that V* satisfies the same assumptions as V, we deduce that T*(¢) is bounded from
L'(R?; R™) into L>(R?; R™) for every t > 0. Thus, by applying the usual duality
argument and the semigroup law, it follows that T'(¢) is bounded from L'(R?; R™)
into LOO(Rd ; R™) and, hence, from LP(Rd ; R™) into Lq(Rd; R™) for every p,q €
(1, 00) U {oo}, with p < ¢.

To establish the existence of the kernel, observe that

T f =) Ti0(pei.  f=1,... fm) € LPRERY,

i,j=1

where {ey, ..., e;} is the canonical basis of R™ and T;;(H)u = (T (t)(ue;), e;) for
every u € LP(R?). Since T (r) maps L' (RY; R™) into L>°(R¢; R™), also every T;;(1)
maps L! (Rd) into L*° (]Rd), and therefore, by the Dunford—Pettis theorem, there exists
kij(t,-,-) € L®(R? x RY) such that

Tij (Hu(x) =/ kij(t, x, Yu(y)dy, xeR? ueL'R?).
Rd
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We get the assertion by defining K (¢, x, y) as the matrix with entries k;; (¢, x, y) for
every ¢ > 0 and almost every x, y € R?. O

Finally, we establish a domination property of the semigroup (7 (¢));>0 with the
scalar semigroup generated by Ay — v/.

Proposition 2. Assume Hypotheses 1 with y < 2 and that (11) holds true. Then,
the semigroup (T (t));>0 is dominated by the analogous scalar semigroup (T>(t)):>0
generated by the realization of the operator div(QV) — vl in L*(RY), namely
IT(t)f| < T-(t)| f| foreveryt > 0 and f € L*(RY; R™).

Proof. As in the proof of Theorem 4, we denote by a; the sesquilinear form a in the
scalar case. Observe that for every u € D(a), by the formulas in (2) and using also the
formula V|u| = |u|~'Re Z;’Ll (Vu j)uj xus0y, we can show that |u| belongs to D (ay)
and Zle q(Vuy, V(|u|_luk)) > 0. Moreover, for every f € D(ay), | f|sign(u)
belongs to D(a) if | f| < |u| and

Rea(u, |flsign@)) = Re 3 / 4(Vu . V(| flsign(u))dx
j=1 7R
+/ (Vu, ulu| ™" f)dx
Rd
z/ q(V|u|,V|f|>dx+§:/ AV, V(| up))| £ldx
Re k=1 /R

+/ oluel| fldx
]Rd
> ag((ul. | f])-

Thus, the assertion follows by applying [31, Theorem 2.30]. 0

4. Gaussian estimates

In this section we mainly focus on the scalar operator Ay — vI, where Ay =
div(QV), assuming that Hypotheses 1 hold true for some y € (0, 2) and that condition
(11) is satisfied. We prove a sharp Gaussian estimate for the kernel of the semigroup
generated by Ao — v/, with explicit control on the constants appearing. Based on this
result, we will prove a Gaussian estimate for the kernel of the semigroup (T (¢));>0.

In the scalar case, we adapt the arguments in [31, Chapter 6] to our situation in
which the matrix Q is allowed to be unbounded. As a consequence, the Gaussian
estimate will be expressed in terms of a distance associated with the diffusion term,
namely

do(x, ) = sup{l¥r(x) — ¥ (M| | ¥ € CoR) N C' R, 1q(VY)lloo < 1}

forevery x, y € R4,
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It is well known (see e.g. [10, Theorem 7]), that this distance is equivalent to the
Euclidean metric if there exist two positive constants go and ¢; such that go|£|?> <
(Ox)&, &) <q1 |€|? for every &, x € R?. In our case, only the inequality

1
do(x,y) < —Ix—yl,  x,yeR% (12)
¢ N
holds true in general. We will provide an example at the end of the section.

Theorem 7. Assume Hypotheses I for every y > 0 and condition (11) hold true. Then
there exist positive constants Hy, K4 and cq, depending only on the dimension d, such
that the kernel of the semigroup generated by As in L*(R?) satisfies the estimate

do(.y)? cadg(x, y)? g
(1 25)

_d g
k(t,x,y) < Huq, 2477 o v0Kat =g Y

forallt > 0 and almost every x, y € RY.

Proof. Observe first that the semigroup generated by A, in L>(R?) is positive. Hence
k(t,x,y) > O0forallt > 0andae. x, y € R?. Define W = {y € C,(R) N C'(R?) |
lg(VY¥)|leo < 1} and observe that for every v € W and every p € R it holds that
ePYu € D(a) for every u € D(a), where a denotes the sesquilinear form associated
with — Ay + v/, i.e., the scalar version of the form a in (9) and (10). Fix p € R,
¥ € W and consider the form a, y : D(a) x D(a) — C, defined by a, y (1, w) =
a(e PV u, eP¥ w) for every u, w € D(a). Straightforward computations show that

ap,l//(u» U)) = a(uv w) - p/ ; q(vws Vu))btdx
R{
+ ,0/ q(Vu, Vy)wdx — ,02/ q(Vy)uwdx
R4 R4

forevery u, w € D(a). It follows that a, y is continuous with respect to || - || 4. Indeed,
taking into account that a is a continuous form, we can estimate

1 1
oy (u, w)| < la(u, w)| + ""/Rd (q(Vu)2 jw| +q(Vw)z|u|)dx+p2fR, |u||w|dx
< la(u, w)| + p*llul2wll2

+ |p|/ﬂéd<q<vm+ )2 (q(Vw) + [w]?) 2 dx

< Cllullallwlla

for every u, w € D(a), where C is a positive constant not depending on u, w. More-
over, by observing that

Rea, y(u, u) = a(u, u) — /R 2 q(Vy) |ulPdx > a(u, u) — p*lul3,  (13)
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we get that a, y is closed and quasi-accretive. Therefore, the opposite of the operator
associated with a, y generates a Co-semigroup (T*V (1)) on L2(R?, C). An easy
calculation shows that 72-¥ (1)(-) = eP¥ T>(t)(eP¥ ") for t > 0, where (T2(1))s>0 1s
the (contraction) Co-semigroup associated with a on L%(R4, C).

We need to estimate the norm || 7°¥ (1) || |- o0 and we do this through several steps.

Step 1. Here, we show that, for every p € [2, 00) and ¢ > 0, the operator T'° *‘p(t) is
bounded on L?(R¥, C) and

1TV 1) psp < 7', 1>0, (14)

where
21)() 4 2
aq,p=7_ LI+;+1,07 q=2. (15)

This step is a bit trickier. To prove estimate (14) we decompose the form a, y into
the sum of two forms, say b, y and b, y, which are defined on D(a) x D(a) as follows:

1 1
bp,y (U, w) = —/ q(Vu, Vw)dx — p/ q(Vyr, V(uw))dx + —/ vuwdx
’ 2 R4 R4 2 R4
and
~ 1
bp,y (U, w) = —/ q(Vu, Vw)dx + 2,0/ q(Vu, Vir)wdx
2 Jrd RA

1
+ —/ vuwdx — ,02/ q(Vy)uwdx
2 R4 R4

for u, w € D(a). We prove that we can associate two semigroups (Tlp ’w(t))tzo and
(SP-¥ (t)):>0 with these forms and they satisfy the estimates

2w
1Y Ol psp < e(pp ”>t, t >0, (16)

v 2(4
1SPY @)l psp <€ 7' Gk s (17

Applying the Trotter product formula, we can write

TPV (0 f = lim (Tf’"”(%) ° S“”(%)) fi feL’®RY,

so that, using (16) and (17), estimate (14) easily follows.

For every z € C, consider the form b,; y : D(a) x D(a) — C which is defined
as the form b, y, with p being replaced by pz. Clearly b, y is densely defined,
continuous with respect to || - || (this can be proved adapting the argument used to
prove the continuity of the form a,_y ). Moreover, it is closed and quasi-accretive since
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for every u € D(a)

1
Re b,y (u, u) z—/ q(Vu)dx
2 Rd
1
—PR6<Z/ q(VI//,ﬁVu+uVﬁ)dx> +—f v|u|2dx
R4 2 R4

| |
z—/ q(Vu)dx—2|Rezp|/ q(Vu)%|u|dx+—/ vlul?dx
2 Rd ]Rd 2 Rd

1 1
>(=—¢ / q(Vu)dx—8*1|Rez|2p2||u||§+—/ vlul?dx
2 R4 2 R4
(18)

for every ¢ > 0. Taking ¢ = 1/4, we deduce that
1
Rebyz (. 1) = Jalu, u) — 4|Rez|*p?lull3,

so that the opposite of the operator associated with b,(z) generates a Cy-semigroup
(sz’l'/’(t)),zo in L2(R?, C). On the other hand, taking ¢ = 1/2 yields

Vo
Re b, y(u, u) > <3 — 2|Rez|2p2)||u||%,

which implies that | 72" (1) o> < e@RezP2* =) for every ¢ > 0.

Now, we prove that the semigroups (Ti’; ’w(t))tzo are L°°-contractive for every
s € R. By [31, Theorem 2.15], it suffices to show that the function (Ju| A 1)sign(u)
belongs to D(a) for every u € D(a) and

Re bips,y ((Jul A Dsign(u), (ju| — 1) sign(u)) > 0. 19)

Indeed, observe that for every u € D(a), (Ju| A 1)sign(u) € Wlé’f(Rd, C) (see e.g.
[31, Proposition 4.11]) and

. iIm(sign(u)Vu) .
V((lul A Dsign(u)) = TSlgn(u)x{|u|>1} + X{lu<y Vu.

It then follows that q(V ((|u| A D)sign(u)))?, v2 (ju] A Dsign(u) belong to L2(R?, C),
and therefore (|u| A 1)sign(u) € D(a). Consequently, (Ju| — 1)Tsign(u) = u — (ju| A
I)sign(u) € D(a) and

V((Jul — D sign(u)) = (w _ AmEgn@Vu) ) X{ju|>1}-

sign(u)
|t
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Based on the above remarks, we can write
Re bips,y ((|u| A Dsign(u), (|lu| — 1)*sign(u))
1 i Im(sign(u)V i Im(sign(u)V
_ —Re/ <Ql m(sign(u)Vu) sign(u)) . <z m(sign(u)Vu) sign(ﬁ))dx
lul>1

2 [u| |u]

+ lRe/ Qw -sign(u)Vu dx + l/ v(lu| — 1)dx
2 [u|>1 |ue] 2 Jju>1

2 Jjug=1 |ue] |ul

+ lf v(lu] — Ddx > 0, (20)
2 Jiup>1

where & - n = Zle gn; for every &, n € C¢. This proves (19). Moreover, by [21,
Theorems VII-4.2, IX-2.6], the operators T/ v (t) depend analytically on z for every
¢ > 0. Hence we can apply Stein’s interpolation theorem and, by interpolating the L>-
and L*-estimates, we get

4.2 %
T2 )l psp < e(”p ? )t, t >0, Q2D
P

for every p > 2. Since b, y = bzﬁ,v/’ where p = %,0, we conclude that Tlp"”(t) =

p

Tg v (t) for every t > 0 and estimate (16) follows at once from (21).
P

Next, we consider the form E,,J/, : D(a) x D(a) — C, which is densely defined
and continuous with respect to || - ||4. Moreover, using Cauchy-Schwartz inequality
as in (18), we can estimate

~ 1 1
bp.y(u, u) > —/ q(Vu)dx — 2|p|/ q(Vilf)%q(Vu)%Iuldx + —/ vlu*dx
2 R4 R4 2 R4
0 [ avu s
R4
1 1\ , 2 1
>|=-—¢ qVu)ydx — {14+ - )p |u|“dx + = v|u|dx
2 R4 & R4 2 R4
for every u € D(a) and ¢ > 0. Taking ¢ = 1/4 and ¢ = 1/2, we get
r 1 o2 2
py (U, u) = —a(u,u) —5p lul"dx,
4 R4

so that Epu// is closed and quasi-accretive too and the opposite of its associated operator
generates a Cp-semigroup (SP-¥ (t))s>0 In L%*(R4, C), and

by, (u, u) > (7 — 3,02) /;{d |u|2dx,

which shows that | S®*V (£)[la—2 < e®?*=%/2 for every ¢ > 0.



Vol. 21 (2021) Vector-valued Schrodinger operators 3197

Arguing as in the proof of (20) we can show that

ReEp,w((|u| A Dsign(u), (Ju| — 1)+sign(u))

_ l/ Im (Ign@ VW) o) - (Wsign(ﬁ)>(lul ~ Dydx
2 Jlu>1 |u |ue]

1
+—f v(|u|—1>dx—p2/ (ul = Ddx
2 Jju=1 =1

> —p2/ (Ju| — 1)dx
|u|>1

for every u € D(a) Therefore, the semigroup (e_pz’ SPY (1)) ¢>0 18 L°°-contractive by
[31, Theorem 2.15]. Hence, by interpolating between L? and L using Riesz-Thorin’s
theorem, estimate (17) easily follows.

Step 2. Here, we prove the following properties:

(1) ifd > 3,then TV : L2(RY) — L% (R¢) continuously and

C
1T (0l < ﬁf%ﬂzw’, t>0, (22)

where 2* = 2d(d — 2)~! and C; is the Sobolev constant such that [u[,+ <
C4||Vul| for every u € W2(RY);

(2) ifd <2, then TV (¢) : L2(RY) — L9(RY) continuously for every ¢ > 2 and
there exists a positive constant C, such that

Py e Ly
1777 (D) ll2—q < Cyqq T N t>0. (23)

Let us begin by proving (22). Using Sobolev’s inequality, we can estimate
q0
Gy (1) = /R A(Vidx = (p* = wo)llully = o= lullz: = (0 = vo)llully  (24)

for every real-valued function u € D(a) C WL2(RY). By Step 1, 7Y (r) maps
LY (RY) intoitselfand || T7Y () |2+ 2+ < e~%2*0! Forevery f € L2(RY)NLY (RY),
we set v(t) = ||e“2*vﬂtT"’"/’(t)f||%* for ¢+ > 0. The function v is decreasing since
(%2l TPV (1))s>0 1s a contraction semigroup on LY (R?), and therefore, taking (24)
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into account and observing that ap« , + p? — vy < 0, we get

t
tv(t) 5/ v(s)ds
0

C t t
< =d / ap,,/,(eaz*"’STp"/j(S)f, eaz*‘ﬂSTp’w(S)f)dS—{—(pz—vo)/ v(s)dsi|
qo L Jo 0
C,[ 1 [ d !
— 4| _/ 22505 —||TPY (s) f|3ds + (p° — vo)/ v(s)ds]
gl 2Jo ds 0
Cd i 2 ! 1 ! /
= —| (a2+,p + P~ — v0) v(s)ds — = V' (s)ds
q0 L 0 2 Jo
< —Ifl
2q0 " 2

for every r > 0. Estimate (22) easily follows.

If d < 2, then, by the Gagliardo—Nirenberg interpolation inequality, for every g > 2
(which implies that 0 < d % < 1) there exists a positive constant ¢; > 0 such that,

for every real-valued function u € D(a) C W2(RY),

_g4=2 q=2
2
cqllully < llully, ™ IIVull, =,

or equivalently

2 Tt 2 ey
4 , a
IVullsllully? > cpllullg ™,

4q
dG—2 . . .
where c/q =y @~ Hence, taking (13) into account, we can write

4q 4q

C—) =2
Gy ()l = <fqu<w>dx_(p2_vo)||u||§>

Tty 2 2 _ (2 D
> qollully” IVully = (o= — vo) llull,™
4q 49
aq-2 2 G2
> qocyllully ™ — (o~ — vo)llully . (25)

By Step 1, ||Tp’¢(t)||q_>q < e %r! where a, , is given by (15). Hence, the function
vy (1) = ||e°‘q~ﬂ’Tp"”(t)f||q for t > 0, is decreasing for every f € L*(R%) N L9 (RY)
and, therefore, taking (25) into account, setting vy 4 (1) = ||e¥-+’ TPVt f ||% for every
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t > 0 and arguing as in the case d > 3, we can show that
4q 1 ! Qo pS 0 Sp. Y 2 2
tvg (D) 4a=2 < —— ap,y (P TPV () f, e TPV (s) f)+(p™—v0) V2,4 (5)
q0
q

_2__o
X 12,4(s)9@=2 “ds

) t
|| f||d<q 2 / |:ap,¢(e“‘1'”‘YTp"//(S)f, e%rSTPY (s) f)
q 0

+ (0% - vo)vz,q(s)]ds

-2 1 (! d
||f||d<q T =g [ e S s
q -

+(0? = ) / vz,q(s>ds]

201 1 t
‘“" Y 5||f||%—Evz,q(r>+(aq,p+p2—vo) fo vz,q(s)ds}

q

d( 2)
(WA

IA

Zqu
for every t > 0. Estimate (23) follows since ey, , + p% — vy < 0.

Step 3. In this part we prove that there exist strictly positive constants K4, My, cq4,
depending only on d, such that forevery p e R, ¢y ¢ W

t>0. (26

177V (1) 200 < Magqy St omkat (1 1 cgp?n)t

If d > 3, then we interpolate between the estimates (14) and (22) to get

1—1
IT @O, g < ITPY (r)nzﬁz*uTW Ol 1y 201y

Ca 1 s b ni-4
< 4 T %% (e az(,,_w) P
“\V 290

1 2
Cs\ % 2 1 4 2p-1) 1
< 4\ R (F )P (P(2 )+ 205 +1+P)’
290 .

By applying the same bootstrap argument as in [31, Theorem 6.8], one gets that
there exist positive constants By, K4 and ¢y such that
d
1

d .. 2,
Byt~ eCat Dot jmvoKat t > 0.

Cy
IT7Y (1) =00 < (—)
2q0
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Since | T2V (1) |r—2 < P’ for every t > 0, by (13), [31, Lemma 6.5] applied to the
semigroup (e 0K TPV (1)), yields that

C 4
”Tp’l//(t)”2—>oo =< (ﬁ) Bd[_%gpzte—UOKdl(l + Cd,02t)%, r=0.
0

d
The assertion follows by taking My = te ;1 Ba-
If d <2, we fix anumber r > 2 and we apply Step 2 with g = rzTrz Hence

C, _g4=2
170V Olag =[5 el 1> 0,
q0

The same bootstrap argument as in the case d > 3 gives the assertion.

Step 4. Finally, we prove that
¢ &
12V ()00 < Hagy >t~ e~ 0Kit 0 (1 + %"pzr) . 1=0. @D
for some strictly positive constant H; depending only on d.
It is immediate to check that a”¥ (w, u) = a2V (u, w) for every u, w € D(a).
Hence the adjoint operator of 77V (¢) is T~V (¢) for every ¢t > 0 and, therefore,

_d g4 d
ITPY ()12 < Magg *t~5e 0K e (1 4 cgpns, 1> 0,

From this estimate and (26), estimate (27) follows, with H; = 24/2M?2, if we write
ITPY (D) l1>00 < 1TV /DMl I TPV (/)12

Now, we have all the tools to prove the assertion of the theorem. By (27), the kernel
of TP Y (¢) satisfies the estimate

_d 2
0 < PV Ok(t, x, y)e PO < Hugr Zt_ge—UOKdte/721<l n %de,>
for every ¢ > 0, where k is the heat kernel of the semigroup (7°(¢)),>0 and therefore

_d 2
k(. x.y) < Hady 2t_gg—voKdteP(‘/f(Y)—'/f(X))ep%<1 N %’,&t) s

Minimizing the sum p?t + p(¥(y) — ¥ (x)) with respect to p > 0, i.e., taking p =
QO W (x) — ¥ (y)), we get

|y ) - w(y>)2)51

-4 a4 _ _ -y
k(t,x,y) < Haq, *t 2e voKat @ y

d
-4 g4 _W—pe)? cado(x, y)*\ 2
SHa’qut Te v()Kdte = (1+ d Qét Y)

for every t > 0. The assertion follows by minimizing over . 0
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Example 1. Let Q(x) be a diagonal matrix for every x € R?, where qii (x) = a; (x;)
and ¢; € C'(R) has positive infimum over R4 for everyi =1,...,d. Set

t
1
Ui(t)=/ —ds, i=1,...,d, teR,
0 +ai(s)

and o (x) = (o1(x1), ..., 0,(xy)) for every x € R?. Given ¢ € Cp(RY) N C'(RY)
such that [|[Ve|lee < 1, set ¥y = ¢ o o. Then ¥ € Cp(RY) N CH(R?) and

d d
AV () = Y ai(x)(Diy(x)* =Y IDiglec () <1, xeR”

i=1 i=1

It follows that

do(x,y) = sup{[y(x) — ¥y | ¥ € C,R) N C'RY), q(Vy) < 1}
> supf{|¢ (0 (x)) — p(a(M)] | ¢ € CoR) N C'RY), |Vl < 1}
> lo(x) —o()|, x,yeR’
The last inequality is obtained by considering the function ¢,y : RY — R, defined
by

Ve+lx —o(y)?
l+ee+x—oMP?

for fixed y € R? and letting ¢ — 0. Taking (12) into account, the Gaussian estimate
becomes, in this case,

xeRd,

¢e,y(x) =

d
4y lo ()= (»)2 cq lx — y2\ 2
k(t,x,y) < Huq, 245 e vokKat p =S (1 + —d| 8ty| ) , t>0.
q0

As a concrete example, we take a;(s) = 1 + s2 for everys € Randi =1,...,d,
and obtain that o; (t) = log(t + +/1 + t2) for every t € R.

As an immediate consequence of Proposition 2, Theorem 6 and Theorem 7, we can
prove the following Gaussian type estimates for the matrix-valued kernel K which
generalizes Theorem 5.4 in [25].

Corollary 1. Under the assumptions of Theorem 6, there exist constants Hy, K,
cq > 0, depending only on the dimension d, such that

d
_d do .y do(x, y)?\ 2
Ikij (2, %, )| < Hygy >t~ 2 0Kt~ (”W)

foreveryt > 0,i,j=1,...,m and almost every x, y € RY.
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Proof. From the proof of Theorem 6, we know that

T f =Y Ty0O(e,  feLl*RLR™,

i,j=1

where {ey, ..., e,} is the canonical basis of R™ and T;;(1)u = (T (t)(ue;), e;) =
fRd kij(t,x, yu(y)dy fort > 0,i,j=1,...,m,u € LZ(R"). Moreover, Proposi-
tion 2 shows that |7;; (*)u(x)| < (T (¢)|u])(x) and hence

‘/ iy (0. x. y)u(y)dy sf K(t, x, Y)u(y)ldy
R4 R4

forallr > 0, u € L>(R%) and a.e. x € R?. Applying [28, Theorem 3.3.5] we deduce

that |k;; (¢, x, ¥)| < k(¢, x,y) holds true for all # > 0,7, j = 1,..., m and almost
every x, y € R?. So, the assertion follows from Theorem 7. O
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