UNIVERSITA
DI PARMA

DIPARTIMENTO DI SCIENZE MATEMATICHE, FISICHE E INFORMATICHE

Corso di Dottorato di Ricerca in Matematica
In convenzione con
I’Universita degli Studi di Ferrara e I'Universita di Modena e Reggio Emilia
XXXVI Ciclo

TESI DI DOTTORATO

On non autonomous Ornstein-Uhlenbeck evolution

operators in infinite dimension

Coordinatore:
Chiar.mo Prof. Leonardo Biliotti

Relatore:
Chiar.ma Prof.ssa Alessandra Lunardi

Correlatore: Dottorando:
Chiar.mo Prof. Michele Miranda Dott. Paolo De Fazio

Anno Accademico 2022/2023






Riassunto

La presente tesi riguarda equazioni di evoluzione non autonome associate a operatori di
Ornstein-Uhlenbeck dipendenti dal tempo in uno spazio di Hilbert separabile. Si presentano come
equazioni di Kolmogorov di equazioni di evoluzione stocastiche lineari a derivate parziali (SPDEs)
con rumore Gaussiano. Nel caso autonomo, le SPDEs e le loro equazioni di Kolmogorov sono state
ampiamente studiate; uno degli approcci piu fruttuosi & quello di Da Prato-Zabczyk, che sfrutta
la teoria dei semigruppi. Nel caso non autonomo i semigruppi sono sostituiti da operatori di
evoluzione la cui teoria non ¢ completa e soddisfacente come nel caso autonomo. Effettivamente,
lo studio delle equazioni di Kolmogorov non autonome in dimensione infinita € solo agli inizi.

Nel primo capitolo di questa tesi riassumiamo alcune nozioni di analisi funzionale, di analisi in
dimensione infinita e riguardo problemi parabolici astratti non autonomi. Nel secondo capitolo
consideriamo equazioni di Kolmogorov lineari retrograde non autonome e le loro soluzioni mild,
espresse attraverso 'operatore di evoluzione di Ornstein-Uhlenbeck P ;. Inoltre studiamo le
proprieta di regolarizzazione di Ps; lungo opportune direzioni e nel capitolo tre le utilizziamo per
dimostrare risultati di massima regolarita Hoélderiana per le soluzioni mild. Nel quarto capitolo
studiamo il comportamento di P; ; su un particolare spazio lineare di funzioni cilindriche e regolari
che sono essenziali per ulteriori risultati. Nel quinto capitolo estendiamo Ps; ad un operatore
continuo e limitato tra spazi LP rispetto ad opportune misure di probabilita. Per essere piu precisi,
sotto ipotesi naturali mostriamo l’esistenza di un sistema di evoluzione di misure Gaussiane, cio¢
una famiglia {7, },.cg di misure Gaussiane tale che per ogni s < ¢ e per ogni f: X — R continua e

limitata abbiamo
| Pt = | s
X X

In questo caso, Ps; pud essere esteso ad un operatore lineare limitato da LP(X, ;) a LP(X,s),
con s < t. Dimostriamo una famiglia di disuguaglianze di tipo Log-Sobolev e le usiamo per
dimostrare un risultato di ipercontrattivita per ’operatore di evoluzione di Ornstein-Uhlenbeck.
Nel sesto capitolo dimostriamo una formula di rappresentazione per P;; tramite 1'operatore di
seconda quantizzazione e la usiamo per dimostrare ulteriori proprieta di P ;.



ii



Abstract

The present thesis concerns non autonomous evolution equations driven by time depending
Ornstein-Uhlenbeck operators in an infinite dimensional separable Hilbert space. They arise
as Kolmogorov equations of linear stochastic evolution PDEs with Gaussian noise, rewritten as
stochastic evolution equation in suitable Hilbert spaces. In the autonomous case, stochastic PDEs
and their Kolmogorov equations are widely studied; one of the most fruitful approaches is the Da
Prato-Zabczyk one, that exploits semigroup theory. In the non autonomous case, semigroups of
operators are replaced by evolution operators whose theory is not complete and satisfying as in
the autonomous case. In fact, the study of non autonomous Kolmogorov equations in infinite
dimensions is just at the beginning.

In the first chapter of this thesis we recall some preliminaries about functional analysis, infinite
dimensional analysis and about abstract non autonomous parabolic problems. In chapter two
we consider backward linear non autonomous Kolmogorov equations and their mild solutions,
expressed through the Ornstein-Uhlenbeck evolution operator Ps ;. Moreover we study smoothing
properties of P, along suitable directions and in chapter three we use these results to prove
maximal Hélder regularity for the mild solutions. In chapter four we study the behavior of P ;
on a linear space of cylindrical and smooth functions that are essential for further results. In
chapter five we extend F; ; to a continuous and bounded operator between L? spaces with respect
to suitable probability measures. To be more precise, under natural assumptions we show the
existence of an evolution system of Gaussian measures, namely a family {7, },cg of Gaussian
measures such that for every s < ¢t and for every continuous and bounded f : X — R we have

f Py f dvs =f fdv.
X X

In this case, Ps; can be extended to a linear bounded operator from LP(X,~;) to LP(X,~s),
with s < ¢t. We prove a family of Logarithmic-Sobolev inequalities, and we use them to prove
a hypercontractivity result for the evolution operator. In chapter six we prove a representation
formula for P, ; as a second quantization operator and we use it to prove further properties of
Ps,t~
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Introduction

This thesis deals with Orstein-Uhlenbeck evolution operators P;; in a separable Hilbert space
(X, - |x). They arise as transition evolution operators of a general class of stochastic
differential equations with Gaussian noise, that are abstract models of certain stochastic partial
differential equations. However, our approach is purely deterministic, which is made possible by
the Mehler type representation formula (3) for P; ;.

The autonomous case is well understood. We recall that Ornstein-Uhlenbeck semigroups
P, are defined in the space By(X) of the bounded Borel measurable functions ¢ : X — R by
Pyp = ¢ and

(1) Pup(x) = L o) Noirn g (), £ 0,

where A : D(A) c X + X is the infinitesimal generator of a strongly continuous semigroup e‘4,
t
Q) = f e*AQe* ds, Q € £L(X) being self-adjoint and non negative, and Q(t) € £1(X) (namely,

0
it has finite trace) for every ¢ > 0. Here and in the following, N, r denotes the Gaussian measure
with mean m € X and covariance R € £1(X).

Detailed results about smoothing properties, asymptotic behavior, existence (and uniqueness)
of invariant measures 7, properties of the realizations of P, in the spaces LP(X,~) such as
analyticity, hypercontractivity, characterizations of the domains of the infinitesimal generators,
etc., are well known. See e.g | , Chapters 6, 10] and the bibliographies of the survey papers
[ ; ]. If X is finite dimensional, even more general transition evolution operators
have been widely studied, see e.g. | ; ; ; ; ; ; ; ;

]

In contrast to this rich theory, only a few papers, such as | ; ; ; ; ;

| have been devoted to the non autonomous case in infinite dimension.

This thesis is a step forward filling the gap. Its main results are smoothing properties of
P ; along suitable directions and optimal Schauder type theorems, still along suitable directions,
contained in Chapters 2 and 3, differentiability of Ps ;p(x) with respect to t and s for a class of
good functions ¢, contained in Chapter 4, logarithmic Sobolev inequalities and hypercontractivity
of P, in LP spaces with respect to suitable families of measures, contained in Chapter 5, which
rely on the results of Chapter 4. Most of these results are in the papers [ ; ; ].
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The Ornstein-Uhlenbeck evolution operator {P; ;}s<; is defined on B, (X) by

(2) Py =1 forany teR,
Py pl) = L o) Nows (10100000 ()
(3) = L oy +m”(t,s)) No,gu,s)(dy), s<t,

where (3) is a non autonomous Mehler formula. Here, for any s > ¢ we have

(4) Qt.s) = j Ut QU (L, r)* dr,

S

(5) m®(t,s) = U(t, s)x + g(t, s),

t
() alt.5) = [ U s

where {U(t,r)};>, is a strongly continuous evolution operator in X. Again, we need that the
operators Q(t, s) defined by (4.8) have finite trace. Clearly Ps, coincides with P,_, defined in (1)
if f=0,Q(t) = Q constant and U(t,s) = elt=)4,

As mentioned above P ; is the transition evolution operator associated to stochastic differential
equation. More precisely, let Y be a separable Hilbert space and {B(t)}e[0,7) S £(Y; X). We
consider the following forward stochastic differential equation
) dXi(s,x) = (A()X¢(s, ) + f(t))dt + B(t)dWy, t>s,

Xs(s,z) =z e X,

where W; is a Y-valued cylindrical Wiener process. If Q(t) = B(t)B(t)*, P is the transition
evolution operator associated to (7), namely

Py ip(z) = E(o(Xe(s,x))), s<t.

For a proof of this fact in the autonomous case see | ]. For the non asutonomous case we
refer to | ; ; ; ; J-

Let us give a detailed description of any chapter.

Chapter 1. Here we define the function spaces and we recall the results of functional analysis
that are used throughout the thesis. In particular, sections 1.5 and 1.7 are concerned with
Gaussian measures in infinite dimensional Hilbert spaces and to abstract non autonomous Cauchy
problems, respectively.

Chapter 2. This chapter is devoted to the study of P ; in spaces of continuous functions and we
study smoothing properties of P; ; along suitable directions. A part of our results are extensions to
the non autonomous case of some theorems from | , Sect. 3]. Tt is well known that in infinite
dimension the classical Ornstein-Uhlenbeck semigroup is smoothing only along suitable directions,
see | ], as well as the heat semigroup generated by the Gross Laplacian, see | ]. Non
autonomous Ornstein Uhlenbeck equations in infinite dimension were studied in | | under
the assumption that U(t, s)(X) < Q (¢, s)% (X). In this case, P, is strong Feller, namely it maps
By(X) (the set of bounded Borel measurable functions) into Cy(X). A more general class of non
autonomous evolution families Ps; associated to stochastic differential equations with Levy noise
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are studied in [ ] again in the Strong Feller case. Others authors looked for smoothing
results along suitable directions for perturbations of autonomous Ornstein-Uhlenbeck semigroups.
For further readings we refer to | ; ; ] and | ].

Chapter 3. Let T > 0. Given t € [0,T], in this chapter we consider the function

t

(8) u(s, @) = Poola) — f (Pootb(o,)) (@) do, @€ Cy(X), o€ Cy([0,] x X).

S

(8) turns out to be the mild solution to a class of backward non autonomous initial value problems,
) Osu(s,z) + L(s)u(s,x) = ¢¥(s,z), s<t, veX,
u(t,z) = p(z), zelX,

where the operators L(t) are of Ornstein-Uhlenbeck type

(10) Lte(x) = 5Tr(QD%e(x)) + (o, A Tpl@hx +((1), Veolw)x,

the family {A()}ie0,1] is associated to U(t,s) and Q(t) is a self-adjoint nonnegative operator
for every ¢ € [0,T]. In this chapter we use smoothing properties of Ps; to prove Schauder type
theorems for w along suitable directions. In | ], Ps; maps By(X) into CF(X) for every
k € N and it is proven that maximal Holder regularity for (8) holds along any direction. In
the autonomous case in | ] Schauder type theorems along suitable directions are proven in
the case of the classical Ornstein-Uhlenbeck semigroup. Still in the autonomous case, the first
Schauder estimates for Ornstein-Uhlenbeck type equations were proven in | ; ] in finite
dimension and in | | in some infinite dimensional equations. Maximal Holder regularity
along suitable directions was proved in | ] for a general class of autonomous equations. In
finite dimension Schauder theorems were proved in | ; ] for equations with bounded
coefficients.

In the next chapters we assume X =Y as Hilbert spaces and f = 0 in (3).

Chapter 4. The main purpose of this chapter is to prove that for every s <t and z € X we
have

() 2 Poaplw) = ~L(s)Prp(a)
0

(12) = Ps t@(x) = Ps,tL(t)90<m)7

ot
where ¢ belongs to the space of smooth cylindrical functions €;(X) defined in (4.27). Although (11)
and (12) are expected formulas, their proof is a non trivial issue. Even if X is finite dimensional,
the realizations of the the operators {P;;}(sea in Bb( ), Cb( ) and others function spaces,
do not satisfy the classical conditions of | ; ; ], and the
techniques used in | ] to overcome this problem are not extendable to the infinite dimensional
case since they heavily rely on local compactness, see Remark 4.2.18 for details. So we employ a
completely new procedure. It is worth to mention that it could be possible to derive (11) and (12)
via the Itd formula, such stochastic approach involves significant technical complexity compared
to the autonomous case, see Remark 4.2.17. So we decided to present a more direct and simple
deterministic proof.
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Chapter 5. The main result of this chapter is the hypercontractivity of P, ; in Lebesgue spaces
with respect to suitable measures. As noted e.g. in | ] a single invariant measure in general
does not exist in this setting, being replaced by an evolution system of measures, namely a family
of Borel probability measures {7, },cg in X such that

| Pest@ntan) = | _etutn)

for every s < t and for every bounded and continuous ¢ : X — R. So, an obviuous difficulty
arises, namely the spaces LP(X,~,) depend explicitly on r and we cannot set our problem in a
fixed L? space. In our case, under natural assumption, an evolution system of measure {~;}:er for
P, ; exists. This result was proven in [ ] in a more general setting; see also | 11 ]
for the case X = R™. It is easily seen that for ¢ > s P, ; has an extension (still denoted by P; ;)
belonging to L(LP(X,~:); LP(X,vs)) whith unit norm. We show that in fact Ps; is a contraction
from L9(X,v;) to LP(X,~s) with
p<(g—1e +1,

where k is the constant appearing in (13). The proof relies on a family of logaritmic Sobolev
inequalities,

1 2
(13) [ el oz (1gl") d < malloP o me (o) + 0 | 102 [ Q(0F T Ligmard

where ¢ € C}(X), t e R, pe (1,+m), my(p) := J ¢ dvy and k is an explicit positive constant (see

X
Theorem 5.2.2). If X = R™ (13) was proven in | ]. In infinite dimension a hyperboundedness
result for {P;;} (s,)cA Was proven in [ , Thm 5.9] as a consequence of a Harnack type
inequality; however the constant is not necessarily 1

Chapter 6. In this Chapter we give an alternative representation formula of P, ; as a second
quantized operator, in the case that there exists the evolution system of Gaussian measures above
mentioned. More precisely we prove that for every s <t and f € By(X) we have

(Ps,tf) © (I - Ps) = ]'—"Ysy'yt (L*)fv

where L := Q(t, —20)2U(t, s)Q(s, —0) 2 belongs to £(X) and P, is the orthogonal projection

on ker Q(s, —0). Here I',_ ,, is a non autonomous version of the second quantization operator.

Other consequences of such a representation formula are still under study. We refer to | ;
; ]. Besides its own interest such a formula allows to prove that

| Ps,t f —me(f)or(x,y.) < cpe =) I 2o (x e Ve LP(X,v),

where ¢, and w are two positive constants (see Proposition 6.2.5). Moreover we give an alternative
proof of the hypercontractivity of Ps; in LP spaces with respect to (5.18).

The results of Chapter 2 and Chapter 3 are contained in | ] and the results of Chapter 4
and Chapter 5 are in | ]. Chapter 6 is a collection of partial results of [AD].
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Chapter 1

Preliminaries

1.1 Function spaces

If (X, | -] x)and (Y,] - ||y-) are real Banach spaces we denote by £(X;Y") the space of bounded
linear operators from X to Y. If Y = R we simply write X* instead of £L(X;R). For k > 2,
L¥(X;Y) is the space of the k-linear bounded operators T : X* — Y endowed with the norm

T(zy, ...
|| (xl, ,l‘k)HY . 1‘1,---,5Ek€X\{O}}-
21 - ol x

1T erxvy = Sup{|

We set £L2(X) := X and £(X) := £(X;X). By B(X;Y), By(X;Y) and C,(X;Y) we denote the
space of bounded functions from X to Y, the space of bounded Borel functions from X to Y and
the space of bounded and continuous functions from X to Y, respectively. We endow them with
the sup norm
17l = sup [ F(@)]]y
zeX

If Y = R, we simply write By(X) and C,(X) instead of By(X;R) and Cp(X;R), respectively.

1.1.1 Hoélder, Zygmund and C* spaces

For o € (0, 1) we define the Holder spaces as

F h)—F
CH(X;Y) = {FE Cp(X5Y) [F]C{)x(X;Y) = sup 1P+ h) @)lly < +OO},

weX, 171
heX {0}

”FHC;}(X;Y) = sup [|F(z)[ly + [Flepxv),
reX

and the Lipschitz space as

F h)—F
Lipp(X;Y) = {F eCp(X;Y): [F]Lipb(x.?y) = su}? I1F (= +||})L @)lly < +OO},
reX, X

heX {0}



| i, (x5v) = su}? 1E(@)lly + [FlLip,(x5v)-
xTe

Again, if Y = R we write Cy*(X) and Lipy (X) instead of Cf*(X;R) and Lipy, (X;R), respectively.
ZHX;Y) is the Zygmund space. It is defined by

ZHX;Y) —{F e Cy(X;Y) -

F 2h) — 2F h)+ F
Flyon = sp LT 2FEen 2 Foly )
s & Tl
heX {0}

and it is endowed with the norm
||F||zg(x;y) = || F|, + [F]Z;(X;Y)-

We say that a map f: X — R is Gateaux differentiable at z € X if there exists a bounded
linear operator [, : X — R such that for every h € X we have

m L f G th) — ()~ L (h)
t—0 t

= 0.

I, is the Gateaux differential of f at z and we set I, = D% f(x).

We say that a map f: X — R is Fréchet differentiable at x € X if there exists a bounded
linear operator t, : X — R such that

flx+h)— fz) —ta(h)

1.2 im
(1.2) 1]l —0 1Al x

= 0.

ty is the Fréchet differential of f at z and we set t, = Df(z).

More generally, for every F': X — Y, we say that F' is Gateaux differentiable at x if there
exists L, € L(X,Y) such that for every h € X, we have

i IF (@ th) = () = LBy

(1.3) lim ;

= 0.

L, is the Gateaux differential of F' at x and we denote it by D% F(z). We say that F is Fréchet
differentiable at x if there exists T, € £L(X,Y) such that

oy NE@+h) = Fz) = To(h)]y
[l —0 1Al x

(1.4) —0.

T, is the Fréchet differential of F' at = and we denote it by DF(x).

If f: X — R is Fréchet differentiable at x, we say that f is twice Fréchet differentiable at x if
Df: X — X* is Fréchet differentiable at z. We denote by D?¢ the unique element of £2(X;R)
such that

D?p(z)(k,h) == (Tuk)(h), h,keX,

where T, is the operator in (1.4) with F replaced by Dy and Y = X*.
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If fis (k — 1)-times Fréchet differentiable at « with k > 2, we say that f is k-times Fréchet
differentiable at x if D*~1f : X — L£F71(X;R) is Fréchet differentiable at . In this case we
denote by DF¢ the unique element of £¥(X;R) such that

D f(z)(h1, ..., hx) == (Tph1)(ha, ..., hy)

where T}, is the operator in (1.4) with F(x) replaced by D*~1f(z) and Y = £F¥~1(X;R).

For every k € N, CF(X) is the subspace of Cy(X) consisting of all functions f : X — R
k-times Fréchet differentiable at any point with D7 f continuous and bounded from X to £7(X;R)
for j < k. CF(X) is endowed with the norm

k
(1.5) I ller x) = I1Fll +;22§ HDJf(x)HLJ(X;]R) :

Assume now that X is a separable Hilbert space equipped with the inner product {-,-) .

Let ¢ € CF(X). By the Riesz representation theorem, for every j = 1, ..., k, for every z € X
there are unique SJ € £771(X) such that

Dig(x)(hy,....hj) = (ST (h, .oy hj—1), hidx, hi,...hje X.

We set VIip(z) := SJ and we call V() and VZp(x) the gradient and Hessian operator of ¢ at
x € X, respectively. Moreover

k
lelscxy = lello + 3 sup IV 0@ s -
j=1 zeX

Let {ex}ren be an orthonormal basis of X and let ¢ : X — be a k-times Fréchet differentiable
function. As in the finite dimensional case, for all j = 1, ..., k we define the partial derivatives of
o of order j at z € X along the directions of such basis. Moreover it can be shown that for all
ji=1..k

")

m(x) = <V‘7§0(l’)(€21, ‘..767;]._1),€Z‘j>x, i17 7Zj e N.

Higher order Holder and Zygmund spaces are defined as follows. For a € (0,1) and n € N, we
set

opte(X) = {feCZ‘(X) : D"fecz?(X;L"(X;R))},

o— n
Iflleprexy = fllop ) + [P" flog (xien(ximy)

and for n > 2,

Zp(X) = {f e CpiX) - D fe z&(x;wX;R))},

||f‘|z;(x) = || f]

n—1
crrx) D" Flzyxien- (xim))-

3



Finally we introduce spaces of functions depending both on time and space variables. For
every a,be R, a < band a > 0, we denote by Cg”l ([a, b] x X) the space of all bounded continuous
functions v : [a,b] x X — R such that (s, ) € C*(X), for every s € [a, b], with

[Pl coe (fap)xx) = SElpb] 1908, Ml g (x) < +00-
s€la,

If @ = 1 we also require that the mappings

oy

(5,2) — ohy...0hn, (5,2)

are continuous in [a,b] x X, for every hq,...,hy € X with k < [«]. For every k € N we denote
by Z) ’k([a, b] x X) the space of all bounded continuous functions ¢ : [a,b] x X —> R such that
Y(s,-) € ZF(X), for every s € [a,b], with

191l 20% (fap1xxy = SWP_ 119085l 2 x) < +00-

s€la,b]
If £ > 2, we also require that the mapping

ohy.oh; 7

(s,2) —

are continuous in [a,b] x X, for every hq,...,h; € X with i < k — 1.

1.1.2 Hoélder, Zygmund and C* spaces along a subspace E

Let (E, |- | ) be a normed space such that £ € X with continuous embedding. For o € (0,1)
we define the Holder spaces along E as

Fx+h)—F(x
C%(X,Y) = {FE Cb(X,Y) : [F]Cg(X;Y) = sup ” ( ) o] ( )”Y < +OO},
zeX, iy
he EX{0}

HFHcg(X;Y) = ig}lg 1F @)y + [Flegxv)

and the Lipschitz space along E as

. F(x+h)— F(x
Lipg(X;Y) = {F€ Co(X5Y) 0 [Flrips(x;yy) = sup L ) @y
reX, HhHE
he EX{0}

< +oo},

||FHLipE(X;Y) = SU)IE 1E(@)lly + [FlLips (x;v)-
xTre

Again, if Y = R we write C%(X) and Lipg(X) instead of C%(X;R) and Lipg(X; R), respectively.
ZL(X;Y) is the Zygmund space along E. It is defined by

ZL(X;Y) ={F e Cp(X3Y) -

(Flooey) = sup L@ =2F@+h) + F@ly
LOX;

zeX, ||h||E
he EX{0}

<,



and it is endowed with the norm
”F”Z}E(X;Y) = Fllo + [Flzz (xv)-

We say that a map f : X — R is E-Géateaux differentiable at x € X if there exists a bounded
linear operator I, : E — R such that for every h € E we have

t—0 t

=0.

I, is the E-Gateaux differential of f at z and we set I, = DG f(x).
We say that a map f: X — R is E-Fréchet differentiable at x € X if there exists a bounded
linear operator t, : E — R such that

f(l‘+h)—f($)—t$(h)

[l 5 —0 Al &

(1.7) —0.

t, is the E-Fréchet differential of f at x and we set t, = Dgf(z). Clearly, if f is Fréchet
differentiable at x then f is E-Fréchet differentiable at x and this is due to the continuous
embedding of F in X.

More generally, for every F': X — Y, we say that I’ is E-Géateaux differentiable at z if there
exists L, € L(F,Y) such that for every h € E, we have

lim |F(z +th) — 1*;(93) — L.(h)ly

=0.

(1.8)

L, is the E-Gateaux differential of F' at x and we denote it by DGF(z). We say that F is
E-Fréchet differentiable at z if there exists T, € L(F,Y) such that

[1F(z+h) = F(z) = To(W)]ly

1.9 im
(1.9) IRl g0 Al

= 0.

T, is the E- Fréchet differential of F' at = and we denote it by DgF(x). Clearly, if E = X the
notions of E-Fréchet differentiability and F-Géteaux differentiability coincide with the usual ones.
In this case we omit the subindex F in the above notations. For instance, we write DF' instead of
DpgF for the Fréchet derivative.

If f: X — R is E-Fréchet differentiable at x, we say that f is twice E-Fréchet differentiable
at x if Dpf : X — E* is E-Fréchet differentiable at z. We denote by D% the unique element
of £L2(E;R) such that

D f(z)(k, h) := (Tuk)(h),
where Ty, is the operator in (1.9) with F(x) replaced by Dgf and Y = E*.

If fis (k—1)-times E-Fréchet differentiable at « with k& > 2, we say that f is k-times E-Fréchet
differentiable at z if D51 f : X — £F-1(E;R) is E-Fréchet differentiable at x. We denote by
D% the unique element of £*(E;R) such that

Dy f(@)(hy, .. hi) := (Twha)(ha, ..., hi)

where T}, is the operator in (1.9) with F(z) replaced by D5 ! f(x) and Y = L¥~1(E;R).

)



For every k € N, C%(X) is the subspace of Cy,(X) consisting of all functions f: X — R
k-times E-Fréchet differentiable at any point with D7, f continuous and bounded from X to
LI(E;R) for j < k. CE(X) is endowed with the norm

k
(1.10) 1Flle o = I1E1 + Y sup || D (a)
j=17€

Li(ER)

Assume now that E is a separable Hilbert space equipped with the inner product (-, ).

Let p e Ck (X). By the Riesz representation theorem, for every j =1,...,k, for every z € X
there are unique S7 € £/=(FE) such that

Do) (ha, .oy hj) = {(S3(hy ooy hj1), hidE, hi,...,hj € E.

We set Vip(x) := S and we call Vgp(x) and Ve (x) the E-gradient and E-Hessian operator
of p at x € X, respectively. Moreover

k
lellesex) = el + 35 sup | Vae()

Hae £i-1(E)

Let {ex}ren be a Hilbert basis of E and let ¢ : X — be a k-times E-Fréchet differentiable
function. As in the finite dimensional case, for all j = 1, ..., k we define the partial derivatives of
o of order j at z € X along the directions of such basis. Moreover it can be shown that for all
j=1,...k

")

m(fﬂ) = <VJEQ0((IJ)(€“, ceey eijil), ei].>X, 7;1, ceey Zj € N

Higher order Holder and Zygmund spaces along E are defined as in the case £ = X. Namely,
for « € (0,1) and n € N, we set

CEr(X) = {2 C0Y) + Dpf e CBOX " (ER) ),
||f|\cg+a(x) = ||fHCE,(X) + [DEflog (x;2n(m:R))

and for n > 2,

Z3(X) = {f eCp(X) : Dl fe z};(x;ME;R))},

11250 = 11

Clearly if F = X the functional spaces above coincide with the usual ones.

n—1
opiex) T IDE Flapoaen-mmy).

Finally we introduce spaces of functions depending both on time and space variables. For
every a,b € R, a < band o > 0, we denote by C’%a ([a, b] x X) the space of all bounded continuous
functions v : [a, b] x X — R such that ¥(s,-) € C%(X), for every s € [a, b], with

WHC%”([a,b]xX) = sS&pb] 14 (s, -)Hcg(x) < +00.

6



If @ > 1 we also require that the mappings

oy

ohy...0hy, (5,2)

(s,2) —

are continuous in [a,b] x X, for every hq,...,h € E with k < [a]. For every k € N we denote
by Z%’k ([a, b] x X ) the space of all bounded continuous functions % : [a,b] x X — R such that
Y(s,-) € ZE(X), for every s € [a,b], with

IIwIIng([a,b]xx) = Si&l?b] 4 (s, ')”Zé(X) < +o0.

If £ > 2, we also require that the mapping

(87 .’13) -

ohy...0h; (

are continuous in [a,b] x X, for every hy,...,h; € E with ¢ < k — 1.

1.2 Linear operators in a Banach space

In this section we recall some basic definitions and results about the theory of linear operators.
Let (X, |||l x) be a real Banach space.

Let A : Dom(A) € X — X be a linear operator. We say that A is closed if for every sequence
{@n}neny S Dom(A) such that x,, — x and Az, — y we have x € Dom(A) and y = Ax. If A is
closed operator then D(A) is a Banach spaces endowed with the graph norm

2l peay = Izl x + 1Azl @ e D(A).

We say that A is closable if for every {z,}neny © Dom(A) such that z,, — 0 and Az, — y
we have y = 0. In this case we define the closure of A in the following way

Dom(A) := {z € X | 3{xn}nen S Dom(A) | z,, —> @, {Az,}nen converges in X},

Ar = lim Az,, xe€Dom(A).

n—-+00

Given A : D(A) € X — X and a closed subspace of V € X, we call part of A in V the
operator A with domain D(A) = {x € D(A) nV | Az € V} defined by Az = Ax for all z € D(A).

Let A : Dom(A) € X — X be a linear operator such that Dom(A) is dense in X. The
adjoint of A is defined as the operator in X* with domain

Dom(A*) := {z* € X* | z € D(A) —> (Az,z*) has a linear continuous extension to the whole X}.

Since D(A) is dense in X the continuous extension of (A-,2*) is unique and by definition it is an
element of X* denoted by A*x*. Then we have

(Az,z*y = (x, A*z*), VxeDom(A), * € Dom(A*).



_ To define the resolvent set and the spectrum of an operator, we introduce the complexification
X of X defined by X = {x +iy|z,y € X} and we endow X with the norm

lz+iyllz = sup |wcos® +ysinfd .
—n<O0<m

In the following by abuse of notation we still denote the complexification of X by X.
Let A:Dom(A4) € X — X be a linear operator. We define the resolvent set of A as

p(A):={\eC :3(A - Ndy) ' e L(X)}.

o(A) := C~ p(A) is the spectrum of A and the elements A € o(A) such that A — Mdx is not
injective are called eigenvalues. The elements x € Dom(A) such that there exists an eigenvalue A
such that Az = A\x are called eigenvectors associated A. We denote by o, (A) the set of eigenvalues
of A and it is called point spectrum of A. Moreover for every A € p(A) we define the resolvent

operator of A as
R\ A) = (A—Ndx) ™t

1.3 Linear operators in a Hilbert space

In this section we assume that (X, ||-||,{:,)x) is a real separable Hilbert space. We say that
T € L(X) is non-negative (respectively negative, non-positive, positive) if for every z € X ~\ {0}

(Tz,zyx 20 (<0, =, >0).

Moreover we say that T is self-adjoint if T = T™.

Let A : Dom(4A) € X — X be a linear operator. If there exists a unique operator
B :Dom(B) € X — X such that Dom(B?) = Dom(A) and A = B? then we call B square root
of A and we denote it by v/A or Az, Clearly a general linear operator may not have a square
root. A sufficient condition is given by the following proposition.

We refer to | ] for the following results.

Proposition 1.3.1. Let T € £L(X) be a non-negative operator and let G € L(X). The following
statements hold true.

1. If G is non-negative and G and T commute then GT is a non-negative operator.
2. T has a unique square root \/T. Moreover

(a) if G commutes with T then G commutes with /T,

(b) if T is bijective then /T is bijective.

Let T € L(X). Tt easy to see that T*T is a non-negative (self-adjoint) operator. Then we
define the absolute value of T' as

(1.11) 7| := VT*T

Let Re £(X). We denote by ker R the kernel of R and by (ker R)* its orthogonal subspace
in X.



We denote by Hg := R(X) the range of the operator R and we recall that (ker R)* = R(X).
In order to provide Hr with a Hilbert structure, we recall that the restriction R|(ker L 158

injective operator, and so
t(kerR)* € X — Hp

‘(kcr R)L

is bijective. We call pseudo-inverse of R the linear bounded operator R~! : Hgr — X where
for all y € Hr, R~y is the unique z € (ker R)* such that Rz =y, see [ , Appendix C]. We
introduce the scalar product

(112) <xay>HR = <R71$,R71y>X’ T,y € HR
and its associated norm ||z, := |[R™ @ x. Then (Hg, |- |4, ;< #s) is a separable Hilbert
space and a Borel subset of X (see | , Theorem 15.1]). A possible orthonormal basis of Hg

is given by {Rey}ren, where {eg}ren is any orthonormal basis of (ker R)*. Denoting by P the
orthogonal projection on ker R, we recall that

(1.13) RR™ =1dg,, R'R=1dx — P.
Notice that for every z € Hp
lzllx = [RR 2| x < |Rllcx) IR @lx < IRl gy ol -

Proposition 1.3.2. If ¢ € C}(X), then ¢ € C};, (X). Moreover for every x € X Vy,p(x) =
RV o(x) and ||V i, ()| 7, = RV (@)l x -

Proof. Let p € C}(X), v € X and h € Hg ~ {0}. We have

p(x +h) — () —(Ve(x), hx

1.14
(1.14) 1l

_ ‘ o+ h) — pl) — (Vo) x| [Ihllx
17l s

121l x

170l 1,
Moreover {Vp(x), hyx = {Vu,p(z),hym, for h € Hr. Denoting by P the orthonormal projection
on ker R, we get

Since Hp is continuously embedded in X is bounded and ¢ is Hp-differentiable at € X.

(Vipp(@), W, = (Vepl(a), hyx = (Vep(x), (I — P)hyx = (Ve(x), R 2R%h)x
=(R*Vp(z),h)m,,
IV (@) 3, = (R*V(x), R*Vo(2)yh, = (R R*Ve(z), R R*Ve(z))x
={(I - P)RVg(x),(I - P)RVep(x))x = |R V()| -

Since Vi is continuous at every x € X, we obtain that ¢ belongs to C’}L[R (X). O

We recall the following useful result.

Proposition 1.3.3. Let (X7 ” ’ ||X 7<'7 '>X)7 (X1= H ’ ”Xl 7<'= '>X1) and <X27 H : ||X2 7<'7 '>X2) be
Hilbert spaces and let L1 : X1 — X, Ly : X9 — X be linear bounded operators. The fol-
lowing statements hold.



1. Range Ly < Range Ly if and only if there exists a constant C' > 0 such that

(1.15) L1zl x, < CllL3zlly,, z€X.
In this case ’|L51L1HL(X1 X2) < C; more precisely
(1.16) L3 Ll o, x,) = IDf{C > 0 s.t. (1.15) holds}

2. If | Liz| s, = L5z, for every x € X then Range L, = Range Ly and
HL1_131”HX1 = HL2_1w||X2 for every x € X.

Proof. See Proposition B.1 in Appendix B in | , pag. 429]. O

1.4 Compact operators

Here we summarize basic facts on compact operators. We refer to | ; ; ] for
more details.

Let (X, [|-[lx <, »x) and (Y, - [ly-,{;,-)v) be separable Hilbert spaces.

Definition 1.4.1. Let T € £(X;Y). We say that T is a compact operator if for every bounded
M < X, the subset T'(M) is relatively compact in Y.

Therefore T is compact if and only if for every sequence {x,, }neny S X, the sequence {Tz, }neny S
Y has some converging subsequence. We denote by K(X;Y") the subspace of £(X) of the compact
operators from X to Y. If X =Y we simply write K(X) instead of K(X; X).

It can be shown easily that X(X;Y) is a closed subspace of £(X;Y) and that K(X) is a
two-sided ideal, namely for all T'e £(X) and S € K(X) we have T'S, ST € K(X).

We have the following basic results about compact operators.

Proposition 1.4.2. Let T € L(X). The following statements holds true.

1. T is compact if and only if T* is compact.

2. T is compact if and only if it maps weakly converging sequences into norm converging
sequences.

We finally recall results on the spectral theory of self-adjoint operators.

Theorem 1.4.3. Let T € K(X) be a self-adjoint operator. The following statements hold.

1. for every A € o,(T') such that X # 0, the eigenspace X with eigenvalue X is finite dimen-
sional.

2. 0,(T) € R is not empty and it is at most countable.

3. If 6,(T) has an accumulation point Ao then Ao = 0.
4 Tl = suplIA] + A€ oy (T)}

10



5. There exists an orthonormal basis of X consisting of eigenvectors of T'.

Proposition 1.4.4. Let T € L(X) be a self-adjoint operator. T is compact if and only if there
exist a Hilbert basis {eg}ren of X and a sequence {\;}ken S R converging to 0 such that

Tx = 2 Aelx, epyer, x€X,
keN

where the series converges in L(X). In this case {eg}ren and {\g}ren are the eigenvectors and
the eigenvalues of T respectively.

By Theorem 1.4.3, 0,,(T') is finite if and only if the range of T is a finite dimensional space. In
general the range of T' is not dense in X. However we have the following corollary.

Corollary 1.4.5. Let T € X(X) be a self-adjoint and injective operator. Then the range of T is
dense in X.

1.4.1 Hilbert-Schmidt operators

Now we introduce the Hilbert-Schmidt operators.

Definition 1.4.6. Let T € £(X;Y). We say that T is a Hilbert-Schmidt operator if there exists
a Hilbert basis {eg}ren of X such that

400

(1.17) DU ITex]ly < +oo.
k=1

It can be proven easily that the series in (1.17) does not depend on the choice of the Hilbert basis
of X. We denote by H(X;Y") the space of the Hilbert-Schmidt operators from X to Y, if Y = X
we set H(X;Y) = H(X).

H(X;Y) is endowed with the norm

(1.18) ||TH9{(X;Y) =

+00
S Texlly,
k=1

for every T € H(X;Y') and for every Hilbert basis {eg}reny of X. (1.18) comes from the inner
product

400

(1.19) (T, S>g-((x;y) = Z<T€k,sek>y,
k=1

where for every S,T € H(X;Y), the series on the right hand side of (1.19) does not depend on
the choice of the Hilbert basis {ex}ren of X. Hence we can state the following theorem

Theorem 1.4.7. (H(X;Y), [ ls¢xv) - <5 D3c(x;v)) is a Hilbert space. Moreover H(X;Y) is
continuously embedded in L(X;Y), every Hilbert-Schmidt operator is compact and the finite rank
operators are dense in H(X;Y).

11



We have the following characterization of the Hilbert-Schmidt self-adjoint operators.

Proposition 1.4.8. Let T € K(X) be a self-adjoint operator. T € H(X) if and only if

DA <+,
keN

where { i }ken are the eigenvalues of T. Moreover
400
”THS}C(X,Y) = Z )‘i‘
k=1

1.4.2 Trace class operators

Finally we define the trace class (or nuclear) operators.

Definition 1.4.9. Let T € £(X). We say that T is a trace class (or nuclear) operator if there
exists a Hilbert basis {eg}reny of X such that

(1.20) DT ex, enyy < +o0,
keN

where |T'| is defined in (1.11). In this case the trace of T'

Tr[T] = ). (Te,ex)-
keN

is well defined and it does not depend on the choice of the basis {e;}ren. Clearly T is a trace
class operator if and only if the operator 4/|T| is a Hilbert-Schmidt operator and

2
Tr|T] = H Y |T‘H%(X)'

We denote by £1(X) the space of the trace class operators. It is complete with respect to the
norm
||T||51(X) =Tr|T|], Tekbli(X).

Moreover £1(X) is continuously embedded in £(X); every trace class operator is compact and
the set of finite rank operators is dense in (£1(X), (|- ||z, (x)). Moreover £1(X) is a two-sided
ideal and ||THLI(X) = HT*||LI(X) for all T € £1(X).

Proposition 1.4.10. Let T € K(X) be a self-adjoint operator. T is a trace class operator if and
only if

Z ‘)\k‘ < +00,

keN

where { i }ken are the eigenvalues of T. Moreover

Tr[T] = ) M eR.
keN
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We say that a sequence {Lg}reny S £(X) is increasing if Ly1 — Ly is nonnegative for every
keN, ie., {((Lgt+1 — L)z, z)x > 0 for every x € X and for every k € N.

Here we recall a Proposition on increasing sequences of trace class operators.

Proposition 1.4.11. Let {Ly}ren S £1(X) be an increasing sequence of self-adjoint non-negative
nuclear operators such that sup |Lg| ¢, (x) < o0. Then there exists L € L1(X) such that L, — L
keN

Proof. We first show that there is L € £(X) such that Ly LNy W L(X). By hypothesis, we

have
P(x) == lim (x, Lpw)x < sup |Lillgx) = ¢ <o
k—c0 k—o0

whenever ¢ € X and ||z| < 1. Set now L., = L, — L,, for m < n, so that the L, are
non-negative, and observe that for every x,y € X we have

1 1 1 1
Ky, Lum@)x| = [(Lam@, Limy)x| < [Limz| x| Limy|x
= <J), anx>X<yv any>X < ¢(y)<l‘, an$>x

Therefore,

(1'21) HanZEHX = sup Kyv nm$>X‘ C<$C anm>X for every n,m e N.

lylx<1

We claim that the right hand side of (1.21) vanishes as n,m — oo0. Indeed, if this were not
the case there would exist z € X and a > 0 such that for every m € N there is p(m) € N such
that {((Ly4pem) — Lm)z,2)x = a > 0. Then, defining m; = 1,p1 = p(m1) and by iteration
mj41 = my; + p; we would have

<(LmN+pN - L1)$,$>X = Z<(Lmj+pj - Lmj)$7x>X = Na — +0,

which contradicts ¢(z) < ¢ for every x € X. Summarizing, {Liz}ren is a Cauchy sequence for

every x € X and defines the self-adjoint nonnegative limit operator Lz = lim Lyx.
k—+00

Let us show that L € £1(X) and that L Aot Lin £ 1(X). For an arbitrary orthonormal
basis {e}ren by the Fatou lemma applied to the series we have

e} a0
= ;(nggo Lpek,eryx < hr?iicgf ;1<Lnek, eryx = li’r?l)ig(}lf Tr(L,)

and L € £1(X). To prove the convergence, notice that by monotonicity (Lie,, enyx < (Len,en)x
for every k,n € N, whence the thesis follows by the Dominated Convergence Theorem applied to
series

0]
Tr(L—Li) = Y {(L— Li)en,en) — 0 as k — 0.
n=1
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1.5 Gaussian measures

Let (X, -]/x) be a real separable Banach space. In this section we summarize basic facts
about Gaussian measures on X. We refer to | ] for a detailed overview of this topic. We
start by setting some standard notations from probability theory.

Let (£2,F,P) be a complete probability space. We say that £ : (Q,F,P) — (X, B(X)) is a
random variable if £ is a Borel measurable function. We call law of £ in X the probability measure
on (X, B(X)) given by

Pot 1 (A):=PE1A) =P{we : £w)e A}), AeB(X).

The following change of variable formula is very useful and will be used frequently. If u €
LY(X,Po¢™1), then uo¢ e LY(Q,P) and

| w@Pos @) - | woe)w) ().

Moreover we denote by

Ble] = | €w) Plde) = | oo (da)

the expectation of £ with respect to P.

Given a probability measure v on (X, B(X)), the characteristic function of + is a mapping
7 : X* — R given by

)= [ e, fex,
X
As in the finite dimensional case the following result holds.

Proposition 1.5.1. Let (X, |- ||y) be a real separable Banach space and let 1,72 two probability
measures on (X, B(X)). If 31 =2 then y1 = ¥2.

Let « be a probability measure on (X, B(X)). The support of + is the intersection of all closed
sets C' such that v(C) = v(X) and we say that 7 is concentrate on £ < X if y(X N\ E) =0 .
Moreover we say that v is non degenerate if v(A) > 0 for all open set A € X. If not, we say that
v is degenerate.

Let {1}, € N be a sequence of measures on (X, B(X)). We say that p; weakly converges to a
Borel measure p and we write p1; — p if and only if

j fu(dz) — f fui(dz),  f e Cy(X).
X X

Let 1 and 2 be two probability measures on (X,B(X)). We say that v, is absolutely
continuous with respect to vz if for every B € B(X), v2(B) = 0 implies that v;(B) = 0. In this
case we write y; < 2. If 77 « 79 and v « 71 we say that 7; and 7, are equivalent and we
write v1 &~ 2. We say that v and 7, are mutually singular and we write v1 L 9 if there exists
B e B(X) such that v;(B) = 0 and 7»(B) = 1.

Let v and v be two probability measures on (X, B(X)). By the Radon-Nikodym Theorem
there exist 7, « v and v, | v such that v = v, + 5. Moreover there exists f € L'(X,v) such that
Yo = fv. The function f is called density or Radon-Nikodym derivative of v with respect to v.

14



A Borel probability measure « is called non degenerate Gaussian measure on (R, B(R)) if
there exist m € R and o > 0 such that

\z7m|2

7(A)=\/%Le g, Ac B(R),

where m is the mean of v and ¢? is the variance of . In this case we denote v by N, ,2 or by
N(a,0?). Instead we say that v is a degenerate Gaussian measure on (R, B(R)) if there exist
m € R such that

V(4) = dm(4), AeB(R),

where d,,(+) is the Dirac measure defined by

S (A) = {(1) Z;j Ae B(R).

We say that £ : (2, F,P) — (R, B(R)) is a real Gaussian random variable if £ is a random variable
and the law of ¢ in R is a Gaussian measure on (R, B(R)). We say that £ is non degenerate
(degenerate) if the law of & is non degenerate (degenerate).

Definition 1.5.2. Let v be a probability measure on (X, B(X)). We say that v is a Gaussian
measure on X if for every f € X* the probability measure v o f~1 on (R, B(R)) is a Gaussian
measure.

Remark 1.5.3. Any Gaussian measure vy on X is non degenerate if and only if for every f e X*
such that f # 0 the probability measure v o f~! is a non degenerate Gaussian measure.

Remark 1.5.4. If f € X* then f e LP(X,~) for all p > 1. Indeed

f @) (dz) = f 7y o £ (dr)
X R

and since the law of f in R is a Gaussian measure in R we conclude.

Definition 1.5.5. Let £ : (Q,F,P) — (X, B(X)) be a random variable. We say that & is a
Gaussian random variable if for every f € X* the random variable f o is a real Gaussian random
variable. We say that £ is a non degenerate Gaussian random variable if for every f e X* ~ {0}
the random variable f o £ is a real non degenerate Gaussian random variable.

We can define the mean and the covariance of ~.

Definition 1.5.6. Let v be a Gaussian measure on X. The functions a, : X* — R and
B, : X* x X* — R defined by

(1.22) as(f) = f f (@) y(dx), fex,

(1.23) By(f,9) = JR(f(x) —ay(f)(9(x) — ay(9))(dx), f,ge X"

are called mean and covariance of vy, respectively. We say that v is centered if a, = 0.

Clearly the mapping f € X* — a(f) is linear and (f,g) € X* x X* — B4(f, g) is bilinear.
Moreover By (f, f) = ||f — a,y(f)||iQ(Xﬁ) for every fe X*.
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Remark 1.5.7. Let £ : (Q,F,P) — (X, B(X)) be a Gaussian random variable with law ~. For
every f € X*, fo& is a real Gaussian random variable. In particular £ is a non degenerate
Gaussian random variable if and only if B (f, f) # 0 for every f e X*.

As in the finite dimensional case we have a characterization for the Gaussian measures via
their Fourier transforms.

Proposition 1.5.8. Let v be a probability measure on (X, B(X)). v is a Gaussian measure if
and only if there exist a, : X* — R linear and B, : X* x X* — R bilinear, symmetric and
non-negative such that

A(f) = el N=3B+(L) - e x*,

Now we state the Fernique Theorem whose consequences are relevant.

Theorem 1.5.9 (Fernique). Let v be a Gaussian measure on X.
Then there exists o > 0 such that

(1.24) J e?llelx y(dz) < +o0.
X

A first consequence of this theorem is that

f | 4(dx) < +oo
X

for all p = 1. Moreover the following proposition holds true.

Proposition 1.5.10. If v is a Gaussian measure on X then a., and b, given by (1.22) and (1.23)
respectively, are continuous. Moreover there exists a € X such that a(f) = f(a) for all f € X*.

1.5.1 The reproducing Kernel and the Cameron-Martin Space

Now we introduce the Cameron-Martin space that has a fundamental role in Gaussian analysis.

Let v be a Gaussian measure on X. By Remark 1.5.4 X* is contained in L?(X,~). Moreover
the map j : X* — L?(X,) defined by

](f):ffa’)’(f)a fEX*a
is continuous.

Definition 1.5.11. Let v be a Gaussian measure on X. The reproducing kernel of ~ is the space
defined by

N ———L?(X,7)
X7 = j(X*) .

It is not difficult to prove that a, and B, can be continuously extended to X7. Even the
Fourier transform can be extended to X7. We have the following result

Proposition 1.5.12. Let v be a Gaussian measure on X. Then
(1.25) A(f) = —%Hf”iz(x I fex:
. Y(f)=e€ N o
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Therefore every f € X7 is a Gaussian random variable and the law of f in R is given by
yo T =Noyy

In particular f € LP(X,~) for every p € [1, +00).

2 .
L2(X,v)

Now we define the operator R, : X3 — (X*)" by

Ry (1)0) = [ S@la@) = 0, (@)]9(d0) = foo =00,y SEXT g€ X"

Since X is separable, it can be shown that the range of R, is contained in X. Namely, for every
J € XJ there exists a unique zy € X such that

Ry(f)(9) = glag), geX™.
Hence, from here on, we identify R.(f) with the element z; € X and we write

R, (f)(9) = 9(R,(f)), geX~.

Definition 1.5.13. Let v be a Gaussian measure on X. Setting
1Pl = sup { F(R) : £ € X, 15Dy <1}
the Cameron—Martin space of the measure -y is the space defined by
H, = {he X |lhlly, < +oo}.

Proposition 1.5.14. The Cameron-Martin space is the range of R.. Then h € H, if and only if
there exists h € X3 such that h = R, (h). Moreover

12l ez, = 1Al (x,)-

Therefore R is an isometry from X} to H, and H. is a Hilbert space equipped with the inner
product

P kppy =< k)L (x -

Moreover every he X3 is a Gaussian random variable and the law oflAL in R is given by

oh ' =N - “N e
7 0.[[h][; o.[|][%,

L2(X,v)
In particular, he LP(X,5) for every p € [1,00), with

(1.26) <epllhlly

] e

Let h e X. We define the probability measure
w(B) =v(B—h), BeB(X).
If X = R", it is easy to see that if « is non degenerate, then v, and v are equivalent. However

in the infinite dimensional case this is not true in general, even if v is non degenerate. The
Cameron-Martin theorem shows exactly for which h € X this fact occurs.

Theorem 1.5.15. If h € H,, then v and vy, are equivalent, and we have

h—1L|n12
Ay = e B

If h ¢ H,, then v and 7y, are singular.
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1.5.2 The Hilbert case

In this subsection we consider the special case in which X is a separable Hilbert space. We
refer to the books | ; ; | for more details.

Let (X, | -1l x,<,)x) be a separable Hilbert space. Let v be a Gaussian measure on X with
mean a~ and covariance operator B,. After the canonical identification of X with X™, there exist
a € X and a non-negative operator ) € £(X) such that

a’Y(f)=<f7a>X7 fEX,
B’Y(fag):<Qfag>X7 fageX.

We have the following characterization for the Gaussian measures and for their Cameron-Martin
spaces.

Proposition 1.5.16. Let v be a probability measure on (X, B(X)). v is Gaussian if and only if
there exist a € R and a linear, non-negative self-adjoint trace class operator Q : X — X such
that

A(z) = é@ox—3IQ% Ik gy x.
In this case we denote v by Ny g or by N(a, Q).

We fix @ € X and a non-negative and trace class operator ). By Theorem 1.4.3, there exists a
Hilbert basis {e}xeny of X such that

Qe = A\ker, keN,
where {\;}ren are the eigenvalues of Q). In particular, since @ is non-negative then Ay > 0 for

every k € N.

We get a useful characterization for the random Gaussian variables.

Proposition 1.5.17. Let & : (2,F,P) — (X, B(X)) be a random variable. Let a € R and let
Q € L(X) be non-negative and trace class operator. The law of € in X is N(a, Q) if and only if

(1.27) €= BevAeex +a,
keN

where {Br}ren are independent real Gaussian random variables with mean 0 and variance 1.
Moreover the series in (1.27) converges in L?((, F,P), (X, B(X))) and we have

E[<§vu>X] = <m7u>X7 ue X,
E[<€ - a, U>X<€ - a,U>X] = <QU7U>X7 u,v € X,
E[||¢ - allX] = Tr[Q].

Proposition 1.5.18. Let X be a separable Hilbert space endowed with a Gaussian measure -y,
with mean a and covariance Q).

(i) If Y is a separable Hilbert space endowed with a Gaussian measure p with mean b and
covariance R, then v ® u is a Gaussian measure on X x Y with mean (a,b) and covariance

Qo defined by
Qyvau(f,9) =Q(f) + R(g), feX, geY.
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(i) If p is another Gaussian measure on X with mean b and covariance R, then the convolution
measure v * i, defined as the image measure in X of y® pu on X x X under the map
(z,y) — x +y, is a Gaussian measure with mean a + b and covariance Q + R.

(iii) If Y is a separable Hilbert space and A€ L(X,Y), be Y, setting T(x) = Az + b forz e X,
the measure p = v o T~ is a Gaussian measure in Y with mean Aa + b and covariance
AQA*.

We list in the next proposition the main properties of the Cameron Martin space in the Hilbert
setting.

Proposition 1.5.19. Let v = Ny g be the Gaussian measure with mean a and covariance Q. Let
{er}rey S X be a Hilbert basis of X consisting of eigenvectors of Q, Qe = Agey, for all k € N.
Moreover for all x € X we set xy, := (x,exyx.

For every z € X the series

(1.28) fu(z) = Z () — ak)zk)\,:%

1<k<n: A\ #0
converges in LP(X,~) for any p € [1,0). The reproducing kernel of v is given by

(1.29) X2 = {f:X—»]R L f@) = (xkak)zkA,;i}.

keN: A\ #0
The Cameron-Martin space H, of v is the subspace Q%(X), namely
(1.30) H, = {x eX : Z I < +oo}.
keN: Ay #0

and they have the same inner product, namely

hDa, =(Q 3 h,Q  kx = > hiled;l, hile QF(X),

keN: A\ #0

where Qf% is the pseudo-inverse of Q%

h is given by

N —l —
(L31) M) = 3 - a) (Q7F0) A = X (e - an) b A
keN, keN,
Ar#0 Ap#0

Moreover the following statements hold.

1
1. If v is non degenerate then for every a < inf {2)\ ke N}, (1.24) is verified.
k

1
2. {)\g er: ke N and M\ # O} is an orthonormal basis of the Cameron-Martin space H, =

1

Q2 (X).
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3. The Cameron-Martin space Hy has finite dimension < the set 0,(Q) of the eigenvalues of

Q s finite.

4. The Cameron-Martin space H-, is dense in X < A\ > 0 for every k € N < @ is positive <
¥
v s a non degenerate Gaussian measure in X.

In the Hilbert case the Cameron-Martin theorem can be generalized. Indeed we have the
following result that states necessary and sufficient conditions such that two Gaussian measure
are equivalent.

Theorem 1.5.20 (Feldman-Hajek). Let v1 = Ny, .0, and v2 = Ny, @, be two Gaussian measures
on X. v1 and vy are equivalent if and only if the following conditions are verified.

1. H = QF (X) = Q3 (X).

2. ml—mgeH

3. (Q %Qé)(Ql %QQ%)* —1d 4s a Hilbert-Schmidt operator on T~

In the Hilbert case it is possible to characterize the weak convergence of Gaussian measures in
a precise way. We recall the following Proposition proved in | , Example 3.8.15 page 135].

Proposition 1.5.21. For alln €N, let v, = Ng, ¢, be the Gaussian measure on X with mean
an and covariance Q. Moreover let a € X and let QQ be a non-negative trace class operator. The
following statements are equivalent.

1. The sequence {7V, }nen converges weakly to v =N, g.
1 1

2. ap, —ain X and Q3 — Q2 in H(X).

3. an, — ain X, Q, — Q in L1(X).

Remark 1.5.22. We recall that @Q,, — @ in £!(X) if and only if

Q] = | el n(dr) — T[] = |l (o)

1.6 Evolution families

In this section the state basic notions on evolution operators.

Let (X, | -||x) be a real Banach space. Let J < R be a closed interval and let
Ay ={(s,t)e J*: s<t}.
In the next chapters we set A := Ag and Ar = Ay p) for every T > 0.

20



1.6.1 Forward evolution operators

Definition 1.6.1. {U(t, 8)}(5 en, S L(X) is a forward evolution operator if

1. U(t,t) =1 for any t € J,

2. U(t,s) =U(t,r)U(r,s) for s,r,t € J such that s < r < t.
Moreover we say that {U(t, s)} (s.t)cR, 15 strongly continuous if for every x € X the map
(1.32) (s,t) e Ay —> U(t,s)z e X,
is continuous.

If no confusion may arise we omit the adjective "forward" and we simply write U (¢, s) instead

of {U(ta 8)}(s,t)€KJ.

We consider now an evolution operator {U(t, s)}( =, acting on By(X).

s,t)E
1. We say that U(t, s) is Feller, if for every s < t we have

Ul(t,s) (Cp(X)) € Cp(X).
2. We say that U(t, s) is Strong Feller, if for every s < t we have
U(t, s) (Bp(X)) = Cp(X).
3. We say that U(t, s) is contractive, if for every s < t and ¢ € B,y(X) we have

10 8)¢ello < el -

Definition 1.6.2. Let {{;},.p be a family of probability measures on (X, B(X)). We say that
{111},cp is an evolution system of measures for U(t, s) in R if, for every ¢ € C(X) and s < ¢, we
have

| vt os@unn - | el o).

X

1.6.2 Backward evolution operators

Definition 1.6.3. {Vs’t}(s ner, S L(X) is a backward evolution operator if

1. V4 =1 for any te J,

2. Ve =V, Ve for s <r <t
Moreover we say that {Vj ;} (s.0)eBy S L(X) is strongly continuous if for every x € X the map
(1.33) (s,t)e Ay — Viyz e X,
is continuous.
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Again we often omit the adjective "backward" and we simply write V; ; instead of {Vs,t}(s HeR,”

For a backward evolution operator {Vj .} (s.t)cn, acting on By(X), the definitions of Feller,

strong Feller and contractive evolution operator are the same as the forward case.

Definition 1.6.4. Let {y;},.p be a family of probability measures on (X, B(X)). We say that
{1t} ,cp is an evolution system of measures for V; ; in R if, for every ¢ € C,(X) and s < ¢, we have

| Verptawitdn) = | pta(an).

1.7 Abstract evolution problems

In this section we summarize results on abstract parabolic problems.

Let (X, ||| ) be a real Banach space and T' > 0. We consider the problem

(1.34) {U'(t) = A(t)u(t) t> s,

where s € [0,7), z € X, u: [0,T] — X and {A(t)}te[o, 7] is a family of linear closed operators,
possibly unbounded and with domains depending on t.

Definition 1.7.1.

1. A strict solution of (1.34) is a function u belonging to C*([s, T); X] such that u(t) € D(A(t))
for every t € [s,T] and u(s) = x and /(t) = A(t)u(t) for t € [s,T].

2. A classical solution of (1.34) is a function u belonging to C([s,T]; X) n C*((s,T]; X) such
that u(t) € D(A(t)) for every t € (s,T], u(s) = x and u/(t) = A(t)u(t) for t € (s,T].

Many authors gave suitable conditions on the operators A(t) to prove the existence of an
evolution operator U (t, s) such that for suitable z € X (tipically € D(A(s)) or x € D(A(s)) and
A(s)x € D(A(s))) u(t) := U(t, s)x is a classical or strict solution of (1.34). In such cases we say
that U(t, s) is associated to {A(t)}se[0,77. We refer to | ; ; ; ; ]
for many results in this direction. However the theory of evolutlon operators is not simple and
complete as in the autonomous case; for instance given an evolution operator U(t, s), there are
no theories that generalize the Hille-Yoshida theorem and there are no connections between the
spectra of the operators A(t) and the asymptotic behavior of U(¢,s) ast —s — +oo (if T = +0).

In this section we state the hypotheses of Acquistapace-Terreni who built an evolution operator
for (1.34) for abstract parabolic equations in a very general setting. In such case each A(t) is the
generator of an analytic semigroup. For what follows we refer to | ; ; ].

Hypothesis 1.7.2.

AT1 For every t € R, A(t) : D(A(t)) € X — X is a linear operator and there exist M > 0,
weRand ¢ € (g,ﬂ') such that

P(A(t) 2 Sup = {wp v {Ae C\{w}: Jarg(A —w)| < ¢},
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and
M

RO A 2 (x) < THh—w]
AT2 There exist L > 0, u,v € (0,1] such that g+ v > 1 and
A [ Aw () RO\ Aw(O)(Aw(8) ™ = Au(s) | oy S LIt = sl", JargA] < ¢,
where A, (t) := A(t) — w.

Theorem 1.7.3 (| , Thm. 2.3],] , Thm.6.1]). Assume that {A(t)}eo, 17 satisfies Hy-
pothesis 1.7.2. Then there exists a unique (forward) evolution operator U(t,s)( such
that

S,t)EZT

1. the mapping (s,t) —> U(t, s) belongs to B(Ar; L(X)) n C(Ar; £(X));

2. li;r% U, s)x — x|y =0 if and only if x € D(A(t));

3. li{g |U(t,s)x — x|y = 0 if and only if x € D(A(s));

4. U(t,s) maps X into D(A(t)) for every (s,t) € Ar and there exists C1 > 0 such that

Gy

(1.35) IO ) e x;peaqy) = [ADUE )4 x) < t—s

5. the mapping t —> U (t,s) belongs to C1((s,T]; L(X)) n C((s,T]; £L(X; D(A(t)))) and

(1.36) %U(t7 s) =AUt s);
6. U(t,s) maps D(A(s)) in D(A(t)) and there exists Co > 0 such that
(1.37) |A®U(t, s)(wld — A(s))—lﬂﬁ(x) < Co;

7. the mapping (s,t) — A(t)U(t, s)(wId — A(s))~" belongs to C(Ar; £(X)) n C(A; L(X));
8. the mapping s € [0,t) —> U (¢, s)x with x € D(A(s)) is right differentiable and
o+

(1.38) EU(t7 s)x = =U(t,s)A(s)x, =€ D(A(s)).

In this thesis we assume that D(A(t)) is dense in X for every ¢ € [0, 7] so that by Theorem 1.7.3
2 and 3, U(t, s) turns to be strongly continuous. Moreover we consider the following (backward)
adjoint problem

(1.39) {U’(S) = —A(s)*'v(s) s<t,

v(t) = z*,
where z* € X* and v: [0,T] — X™*.

If {A(t)*} satisfies Hypothesis 1.7.2 there exists a unique (backward) evolution operator
{Vs,t}(S ten, With similar properties to the ones stated in Theorem 1.7.3. By [ , Rmk. 6.2]

and [ , Prop. 2.9], V,, = U(t, s)* for all (s,t) € A7. Moreover we have the following result.
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Proposition 1.7.4 (] , Thm.6.4]). Assume that {A(t)}iefo,r) and {A(t)" }e(o,r) satisfy
Hypothesis 1.7.2. Let J : X — X be the canonical injection. Then the operator

R(t,s) = —Jfl(A(s)*U(t, s)* ) J
s such that

1. %U(t, s) = R(t,s) and %U(t, s)w = —U(t,s)A(s)x, =€ D(A(s));

2. there exists C3 > 0 such that

C
(1.40) IR e < 7=

_5'
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Chapter 2

The Ornstein-Uhlenbeck evolution
operator in C}(X)

The (backward) evolution operator {P; ;} (s.t)cB 18 defined by
P,y =1 forany te[0,T],
Putst@) = | 000) Noee.200(@)
(2.1) = | et Mg @), (5.6 < B, peCHX)

where we denote by N,, ¢ the Gaussian measure in X with mean m and covariance (). Here, for
any (s,t) € Ar we have

(2.2) Qlt, 5) :f Ut 1) QU ()" dr,
(2.3) m*(t,s) = U(t,s)x + g(t, s),
(2.4) ot 5) :f Ut ) f(r) dr.

where {U(t,s)}(t s)cA, 18 a strongly continuous evolution operator in X, f : [0, 7] — X,
Q(t) = B(t)B(t)* with B(t) € L(X) for all t € [0, T, satisfy Hypothesis 2.0.1.

Fixed (s,t) € Ap, we are interested in smoothing properties of Ps; along some normed spaces
FE, continuously embedded in X. Such properties will be proved under the assumption

(2.5) U(t,s)(E) € He s :=Q (1, s)% (X) and U(t, s)), € L(E,H ).
In this case we define the operator

At,s) = Q(t,s) 2 Ut s), (s,t)€Ar,

=

where Q (t,s)” 2 is the pseudo-inverse of Q (¢, s)%.
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If (2.5) holds, we prove that for all k € N, P, ; maps Cy(X) (the space of continuous and
bounded functions from X to R, see Sect. 2) into C%(X) (the space of the functions from X to
R k-times Frechet differentiable along F having bounded Frechet differentials along E see Sect.
2). Moreover, we give an explicit formula for the Fréchet derivatives of Ps; of any order along FE,
that involves the operators A(t, s) and allows to estimate such derivatives.

In Section 2.1 we study the smoothing properties of Ps;. In particular we prove that, if (2.5)
holds, Ps; maps Cp(X) in C(X) for every k € N and moreover there exists a constant Cj > 0
such that

k
(2.6) sup | D (Ps) @) o ) < CoIACE3) o e
In Section 2.2 we extend to our non autonomous case a result of [ , Sect. 3], giving

sufficient conditions in order that E = @ (s)% (X) satisfies (2.5) for s € (0,¢).

Smoothing estimates such as (2.6) are basic tools for several developments of the theory
besides Holder maximal regularity. For instance we use them in the study of hypercontractivity
properties of Ps; in LP spaces with respect to suitable measures (see Chapter 5).

Our basic assumptions are the following.

Hypothesis 2.0.1. Let (X, ||x,{,0x), (Y5 -[ly < )y) be two real separable Hilbert spaces.

(1) {U(t,s)}(s HeRy S L(X) is a strongly continuous evolution operator, namely for every
r € X the map

(2.7) (s,t) e Ap —> U(t,s)r e X,
is continuous and

(a) U(t,t) = I for any t € [0,T7],
(b) U(t,r)U(r,s) =Ul(t,s) for s <r <t

(2) The family of operators {B(t)}iwcjo,r7 S £(Y;X) is bounded and strongly measurable,
namely

(a) there exists K > 0 such that

(2.8) sup || B(t)ll(y,x) < K,
te[0,T]
(b) the map
(2.9) tel0,T]— B(t)re X

is measurable for any = € X.
(3) The map f : [0,T] — X is bounded and measurable.

(4) Setting Q(t) = B(t)B(t)* for all ¢ € [0,T], the trace of the operator Q(t,s), defined in (2.2),
is finite for every s < t.

By the Uniform Boundedness Theorem, there exists N > 0 such that

(2.10) Ut )l ex) <N, (s,8) € Br.
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2.1 Smoothing properties of P,

If Hypothesis 2.0.1 holds, the evolution family

PSJ‘)D(J") = f QO(:U + mm(tv S)) NO,Q(t,s)(dy)a T e X, (Svt) € AT) pe Cb(X)’
X

is well defined.

Definition 2.1.1. For every (s,t) € Ar we denote by H; s the Cameron-Martin space of the

measure Ny q¢,s)- Moreover, for every t € R we denote by H; the space @ (t)% (X) endowed with
the scalar product

_1 _1
Chy ko, =<Q (1) 2 h,Q(1) % k)x,  h,k e Hy,
where Q (t)fé is the pseudo-inverse of @ (t)%.
We recall here some basic results proved in | ]

Proposition 2.1.2 (] , Cor.2.2]). We assume that Hypothesis 2.0.1 holds true. Then for
every fized t € [0,T] the mappings

se€[0,t] — Q(t,s) e L(X), s€[0,t] — Tr[Q(t,s)]eR
are both continuous.

Proposition 2.1.3 (| |[Lemma 2.3]). We assume that Hypothesis 2.0.1 holds true. Then for
every ¢ € Cy(X) the mapping

(5,t,) € Ap x X v Py 0(x) e R
is measurable. Moreover if for every t € (0,T] the mapping

(s,x) €[0,t] x X —> Psp(x) e R
is continuous. If in addition the mapping

(s,t) e Ap —> Ul(t,s) € L(X)

is continuous, then the mapping

(s,t,7) € Ap x X > P, 0(x) e R
s continuous.

In | ] it was proved that P ; maps C}(X) into itself, and
V(Psi0)(z) = U(t, )" Ps;Vo(x), (s,t)€Ar, ze X, peCp(X),

so that

sup [[D(Ps1) (@)l < MU 8o o) 1Pl < Mol x> (:1) € Ars e Gy (X).

More generally it was proved that P ; maps Cf(X) into itself for every k € N. Here we extend
this results working along the directions of a suitable subspace E.
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Lemma 2.1.4. We assume that Hypothesis 2.0.1 holds and that there exists a normed space
(E,||-|lg) continuously embedded in X such that for some (s,t) € Ap

(2.11) U(t,s)(E) < E, Ul(t,s), € L(E) and 3 M > 0 such that |U(t,s M.

)|E||L(E) S
Then Ps; maps CE(X) into itself for every k € N and

(2.12) Dig(Pspp)(@)(h1, ooy hi) = Pot (Do) (U(t, 8)ha, ..., U(t, 5)hy)) (),

for any x € X and hy, ..., hy € E. In particular for every ¢ € CF(X)

(213) | DEPy (@) (s hie)| < Ps,t(ypg@(.)(U(t, s)hl,...,U(t,s)hk);),

k
(214)  sup||DE(Poo)| gu gy < NV () 50p | Do g ) < M sup | Dhol| gy -
reX zeX reX
If pe C&(X), where a =k + 0, ke NU {0} and o € (0,1), then P o € C%(X) and
k
(2.15) [DE(Pseo)logx) < U 9)|lz gy [DE¢log x) < MF[DFplog x)-
If pe Z%(X), where k € N, then Ps 0 € ZE(X) and
_ k—1 _
(2.16) (D} I(Ps,t%’)]zg(x) < U@ )z (m) [Dllfj@]zg(x) < M* 1[DII€390]Z§(X)'
Remark 2.1.5. By abuse of language, we will often write U(t, s) instead of U(t, s)|,.

Proof. We start proving (2.12) and (2.14) by recurrence over k. If k =1, let z € X, h € FE and
€ > 0, we have

(2.17) < .

Py ip(z + eh) — Ps () oy +m=reh(t, s))—¢(y + m®(t, s)
t - t < JX ‘ ( ) ( )‘ NO,Q(t,s)(dy)~

Since

|<p(y +m (L, 5)) — o(y + mU (L, s)) ’
e

<IDeell, IUE )bl g < I1De@llg 1U(E )l o &) 121l g
by the Dominated Convergence Theorem, as € — 07, we get
(2.18) DgPsp(x)(h) = Ps:Dep(-)(U(t, s)h).
Moreover
[DpPsp(x)(h)] < L Dy +m*(t,5))(U(t, s)h)| No,q,s)(dy)

< sup [|Deell g U )l g 1Pl 5
zreX

and

(2.19) 1D Ps o) ge < 1De@lle U)o -
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Hence

(2:20) sup | DgPs il g < sup [Deell g [UE ) o) < M lleller x) -
zeX zeX

We assume now ¢ € Ck(X) and that (2.12) and (2.14) hold. Let x € X, hy,...,hx41 € E and
€ > 0. Then we have

2 (Poa (Do)t ), s ULt ))&+ hin) = Pr (D@t 5)hn, o Ut 5)0) ()
< 1 J ’D%gp(y + mETehen (t, 5))(U(t7 s)hi, ..., U(t, s)hy)
€Jx
— Dho(y +m*(t,s)) (U(t, $)ha, .., U(t, s)hk)) No.oe.s) ().
Since

é |DEp(y + m™ " 41 (¢, 9)) (U(t, $)ha, .., U(t, )hi) — Dip(y + m* (¢, 5)) (U(t, s)ha, .., U(t, s)hi) |

1 te . g
< 2 [DEely + m™ =1t 5)) = Dip(y +m” (49) | sy [ T IV il
im1

k+1
< 90 |57 s g 106 TR [T 0
zeX

by the Dominated Convergence Theorem, as e — 07, we get

(2.21) Dt (Poa@) (@) (M oy hisr) = Poy (Do () (UL 8) s, UL 8)hisr)) ().

Moreover

| D (Pap) (@) (ha,y o i) | f |DE oy + m®(t, ) (Ut $)ha, ., UL, ) higr)| No.ge,) (dy)

< 5up || DE" | s gy 10 ﬁm e
so that
(2.22) D5 (Pot@) @] sy < 592 [ DE ¢l o ) U2 9y
Hence

k+1 :
(2'23) Slel)lz HD%JFI(PS,tSO)HLkJrl(E HU(t S)HL-*(_E Sup HDkJrl(‘OHL’“+1(E) S M HL'OHC])?I(X) ’

Finally (2.15), (2.16) are consequences of (2.12) and of the definition of Ps ;. O

Remark 2.1.6. If E and F are Banach spaces continuously embedded in X such that U(¢, s)(F) € F
then U(t,s)|, € L(E; F). Indeed, if x, %» x and U(t, s)
n—

)

F
. Ty Yy, then z,
n e}

e n—+0o0

and U(t, s)xy, Y since the embeddings of £/ in X and of F' in X are continuous. Since
U(t,s) € L(X) then y = U(t, s)z and by the Closed Graph Theorem U (t, s)|, € L(E, F).

|e
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Lemma 2.1.7. We assume that Hypothesis 2.0.1 holds and that (2.11) holds for every (s,t) € Arp.
Then, for every fizedt e R, p € CE(X) and hy, ..., hi € X, the mapping

(2.24) (s,2) € (0,t] x X —> D% (P, ;0)(x)(h1,..., hx) € R,

s continuous.

If in addition the mapping (s,t) € Ar —> U(t, s) € L(X) is continuous, then the function
(2.25) (s,t,2) € Ap x X > D%(P, 10)(x)(h1,..., hy) € R,

s continuous.

Proof. The proofs of these continuity properties follow from (2.12) and Proposition 2.1.3. O
Corollary 2.1.8. We assume that Hypothesis 2.0.1 holds and that there exists a normed space
(E,||-|lg) continuously embedded in X such that (2.11) holds for every (s,t) € Ar. Then, for
every o > 0 and for every p € C%(X), t € (0,T], the function

(s,x) €[0,t] x X —> ug(s,x) := Ps p(x) € R,
belongs to C%’O‘([O,t] x X), and there exists C = C(a,T) > 0 such that

(2.26) [wollcoe(fo.0xx) < C lellog(x) -

Similarly, if p € ZE(X) for some k € N, then the function ug belongs to Z%’k([(),t] X X), and
there exists C = C(k,T) > 0 such that

(2.27) ||U0||zgvk([o,t]xx) <C ”‘P”ZE(X) :

Proof. Tt follows from Lemma 2.1.4 and by Lemma 2.1.7. O
Theorem 2.1.9. Assuming that Hypothesis 2.0.1 holds and there exists a normed space (E, || - || z)

continuously embedded in X such that (2.5) holds, Psp € ﬂ CR(X) for every ¢ € Cy(X) and
keN

(2.28) Di(Py1p)(x)(h) = jX oy +m®(t,5)) U(t,5)h(y) No.ge (dy), heE,

where ~ is with respect to the Gaussian measure Ny g.s) (see Proposition 1.5.19).

Moreover, there exists C > 0 such that

(2.29) sup [DE(Ps,0)()| g < CIA[E ) ¢ (px) 1€l -
xe
Forn>=2

(2.30) DE(Ps,tp)(@)(hi, ..., hpn) = JX go(y + m” (¢, s)) In(t, s)(y)(h1, ... hn) No,ot,s)(dy), hi,....hn € E,
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i=1
(2'31) + Z (_1)S Z H<A(t7 S)hi'zk—l ) A(t7 S)hi2k>x H U(tz S)him (y)
s=1 i1,...025, i=1 im=1,
i2;71<2i2k7 i #i1,...,02s

i2k—1<9i2k+1

and
)5 ifnis even,
A if n is odd
5 '

It follows that for every n = 2 there exists C,, > 0 such that

(2.32) sup ID% (Pst0) (@)l g 15y < Cr A )z () 12]]cc -
T

Proof.

Step 1. We prove that Psp(x) € Cp(X) for every ¢ € Cp(X). For z, 29 € X we have

(2.33)  |Psrp(x) — Psr(xo)| < JX lo(y +m®(t,s)) — o(y +m™(ts))| Noge.s)(dy).
Since

lo(y +m®(t,s)) —o(y +m™(ts))] <2l

the statement follows letting x — x¢, by the Dominated Convergence theorem .

Step 2. We prove that Ps ;¢(z) € CL(X) for every ¢ € Cp(X) and that (2.28) holds.
For every € € (0,1), z € X and h € E we have

P (x4 eh) — Psro(x 1 -
@t eh) = Prapl(@) _1 ( jX o+ 17 (1)) Nttty ()

13 €
- [t mt ) Nogreaan)).
Since e U(t, s)h € H; 5, thanks to the Cameron-Martin formula we get
N.o ot (@) = exp( 3 [EU( )b, + ETE 700 ) No g @)
= exp( == 1Ae Al + T () ) N0 )
Therefore, setting
(234 7o) = 5= 1A )R + T (),

we get

(2.35)

Posp(@ +eh) = Pop(a) _ L ODESD L) 4 (1, 5)) Noygpne (@)

S e

31



Now

lim f-(y) = U(t, $)h(y) for ae. y

e—0

exp(c1:) 1

- ey +m*(t,9)| < C L) (explf)] +1) ¢l

= Tl xp (T Th0) ) € 10X Vo)
Hence by the Dominated Convergence theorem we obtain

Py sp(x + eh) — P 1o() f
X

(2.36)  lim =

e—0 9

oy +m®(t,8)U(t,s)h(y) No,q(t,s)(dy).

Moreover, by (1.26) with p = 1 we get

[ oty 0, DT ) N0 < i, [T TR

< 10llo et 1A )L e ) Il

LY (X, No,q(t.s))

so that P, is I-Gateaux differentiable at x and

DY(P.p)(x) = L oy + (1, )T (6 5)R() Nooge.s (dy).

To conclude we prove that DE(P; ;) : X —> E* is continuous. Indeed for z, 79 € X we
apply (1.26) with p = 2 and we have

|DE(Ps10) () (h) — DE(Ps 10) (o) (h)]|

< | oty +m (1.5) = oty + (e )] TSR] N0, QL0 9) ()

< ez oy +m* (¢, 5)) — oy +m™ (& 9) L2 (x N o 00y) 1AE )2 (:x) 121l -
Hence

|DE (P 1) () = DE (P 1) (0) |

g <Cllo(y +m*(t,5)) = oy +m™ (€ 9))l L2 (x N 000)

and since |@(y +m®(t,s)) — ¢(y + m™(t,s))| < 2|¢ll,, the statement follows from the
Dominated Convergence Theorem letting x — xg.

Step 3. We prove that Ps ;¢ € C%(X). We show first that for every h € E, the mapping

Dg(Ps0)(-)(h) : X — R

is E-Gateaux differentiable. Let h e FE, we set

£l = —5e A )R]+ UG 9,
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Step 4.

and due to (2.28) and using again the Cameron-Martin formula, for every € > 0 we have

Dg(Ps ) (x + €h)(h) — Dg(Pssp)(x)(h)

€

= é [JX o(y+m®(t,s)) m(y —eU(t, 3)%) NsU(t,s)E,Q(t,s) (dy)
- JX @(y +m” (ta S)) m(y) NO,Q(t,s) (dy)]
- } J;(, ('O(y +m*(t, S))m(g/) (exp(&fg(x)) - I)NO,Q(t,s) (dy)

— ||ty m ) A A I exple ()N ) ()
Proceeding as in Step 2, we obtain

i DE(Po9) @ + R)h = Di(Posi) (@)h
e—0 e

- L oy +m®(t,5)) U (6 () Ut 5)h() No.ogr (dy)

(2.37) — (A(t, 8)h, A(t, )y x Py rp(x).

The right-hand side of 2.37 is the Géateaux derivative of DgPs ;¢(-)h at z. In the same
way we did in Step 2, we can show that the mapping DG(DE( +@9)()h) : X — E* i
continuous, so that we conclude that P, ;o € C4(X).

We prove that P;p € C(X) for every n € N and that (2.30) holds. We proceed by recur-
rence, so we assume that Ps ;p € O3~ (X) and that formula (2.30) holds for D% (Ps 1),
for some n > 3.

We first show that D% ! (Ps ) is E- Gateaux differentiable. For z € X, hy, ..., hy—1,h, € E
and € > 0 we set

1 _
Je) = =5 A $)hall + Ut 5)hn(y)-
and due to the Cameron-Martin Formula we have

D (Pyvp) (@ + chn) (R ooy hy1)

= J-X @(mac (t7 5) + y)In—l(tv S)(y - EU(t7 s)hn) GXp(EfE (y))NO,Q(t,s) (dy)
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Moreover we have

Lno1(t,8)(y — €Ut 8)hn) (Bt ooy 1) = T (£, 8) (@) (R, ooy hn1)

n—1 n—1

—& DAt 8)hi, At )hayx | [ Ut 9)h;(y)
i=1 j=1
j#i

—¢€ Z (_1)5 Z H<A(ta S)hi2k71 ’ A(t’ S)hi2k>X
s=1 i=1

1500255
12k —1 <12k,
12k—1<12k+1

n—1 n—1

x> (Ats)h, Al kx| Ut s)hs (y) + O(E2).

im=1, ij=1
I 11,0125 1 FCm 01505025

In the same way we did in Step 2 and in Step 3, by the Dominated Convergence theorem

we have
lim D%_l(PS’tQO)(:E + Ehn)(h’lﬂ ) hnfl) — D%‘_l(PS,t(P)(x)(hla ) hnfl) _
e—0 £ -
= |05+ DT () @) 1) T s (0) Mot )+
n—1 n—1 o
- L e(m®(t,s) +y) l DA 9)hi, At )hnyx [ [ U, 9)hy () +
1=1 j=1
i
+ 2 (_1)5 2 H<A(t’ S)hizk—lvA(tvs)hi2k>Xx
s=1 i1yeing, i=1
Jdgk—1<i2k,
12k —1<12k+1
n—1 n—1 I
X Z <A(t7 S)him’ A(ta S)h’n>X n U(t7 S)hij (y) NO,Q(t,s) (dy)
=1, i;=1
P R D T Fbms01,. 5025

It is easy to show that the right hand side of the equation above coincides with the expression

of D%(Ps 10)(ha, ..., hy) given in (2.30). The same arguments of Step 2 and Step 3 imply
that P € CR(X).

O

Remark 2.1.10. We assume that the hypotheses of Theorem 2.1.9 hold and that F is a Banach
space. Then U(t, )|, € £(E, ;) if and only if A(t, s) € L(E; X). Indeed, [U(t, )| ¢ p.a¢, ) =
[A(t, $)ll ¢ (5, x) and by Remark 2.1.6 U(Z, s) belongs to £(E, Hys).

Remark 2.1.11. If E = X in Theorem 2.1.9, then P; ; is strong Feller as proved in | ; ].

Remark 2.1.12. Similarly to | ], fixing (s,t) € A we define the operator L : L*((s,t);Y) —
X given by

¢
(2.38) Ly := f U(t,o)B(o)y(o)do, ye L*((s,t);Y).
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The adjoint operator L* : X — L?((s,t);Y) satisfies (Ly,z)x = Y, L) r2((s,0),v) for every
ze€ X and y € L*((s,t);Y), which means

| WitoBowe) 05 do = | o) (oo do, we Xoye P((s,0:Y),

so that

(L*z)(0) = B*(0)U*(t,0)z, z€ X, a.e o€ (st)
and we get

¢
LL*x = f U(t,o0)B(c)B*(o)U*(t,0)xdo = Q(t,s)x, z€ X.

Therefore, by the general theory of linear operators in Hilbert spaces (e.g., | , Cor. B3]), we
get

Range L = RangeQ (t, s)%
(2.39)

1
-3 _lr-1
|Qts) 5 a| = L7 pagurys @€ Has:
Since in general L is not invertible, L™! is meant as the pseudo-inverse of L. Hence

(240) HL_l‘rHLH(s,t);Y) = min{”y”Lz((&t);Y) : Ly = ./L'}, T e j{ns.

The range of L is the set of the traces at time ¢ of the mild solutions of the evolution problems

(2.41) {“/W = A(r)u(r) + B(r)y(r), s<r<t,

u(s) =0

where y varies in L?((s,t);Y). So (2.5) may be reformulated requiring that U(t, s) maps E in the
trace space.

Now we combine Lemma 2.1.4 and Theorem 2.1.9 to obtain the following result.

Corollary 2.1.13. We assume that Hypotheses 2.0.1 holds and there exists a normed space
(E,||-|lg) continuously embedded in X satisfying (2.5) and (2.11). Then for every k,n e N u {0}
such that k +n =1, p € CE(X), Py sp € CET(X) and

Dt (Pyy) (@) (hay vees i)
(2.42) = JX D%@(U(t, s)x + y) (U(t, $)hi, .., U(t, s)hk)In(t, $) (W) (hkg1y ooy Plotn) NO)Q(t7S)(dy).
For every as = ay = 0 there exists C = C(a1, ) such that
(2.43) 1Psspllcon x) < CUIAE 9)IiEx) + 1) @llea x)» ¢ € CgH(X).

Proof. Formula (2.42) follows applying (2.12) and (2.30). Moreover, by (2.14) and (2.32) there
exists C = C'(k,n) > 0 such that

(2'44) JSCE)I? ||D1]€E+n(PS-,t90)(x)H5k+n(E) <C HA(ta S)HZ‘(E;X) ||90||C§(X) , PE CE(X)v
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and for every a € (0,1)
245) D5 P g enss ) < CIAE By el vy - @ € CE(X).

We point out that if a3 = aw, then (2.43) follows from Lemma 2.1.4; so we may assume ag > ;.
Now if g — a3 =neN, we set oy = m + o, where m € N and o € (0,1). We have

m—+n

1Pecllogs = IPasl + 2 sup | D(Purg) @)

j=1 TE€

Dm+n]3S -
£3(B) + [DE Plce (x)

< + su HDj x‘ + C-At,sj oy sup || Deo(x)|| pon oy +
Ilke + 2 sup [Dhe@] )+ 2 ColIAL Ol gy SR IDE @) e

+ C AL, )12 (5:x) [PDEPleg ) < Clax, a2) (IAE ) 2TEx) +1) lellca x) -

If ag — a1 ¢ N, we set as = a3 + n+ o with n e Nu {0} and o € (0,1). We apply the following
interpolation inequality

l1—0c o 147
(246) ”ZZJ”C;?(X) < ||1/}||C;1+"(X) ||7/1||Cg1+n+1(x) s 'I/J € C% + L+1(X)
to ¥ = Ps . Then, due to (2.43) with a; replaced by a; + n and as by a; + n + 1, we have
(2.43) in the general case. O
Remark 2.1.14. The interpolation inequality (2.46) is proved in [ , Prop. 2.8] in the case

FE = X with equivalent norms. Anyway the proof of the general case is the same.

Corollary 2.1.15. We assume that Hypotheses 2.0.1 holds and there exists a normed space
(E,||-|lg) continuously embedded in X satisfying (2.5) and (2.11) for all (s,t) € Ap. Then for
every j €N, hq,....,h; € E, t€[0,T] and ¢ € Cg(X) the mapping

(s,x) € [0,1) x X —> DL P, ;0(x)(h, ..., h;) € R

s continuous.

If in addition the mapping (s,t) € Ap —> U(t, s) € L(X) is continuous, then the function
(2.47) (s,t,2) € Ap x X —> Dp(Py 1) () (R, ..., hy) € R,

s continuous.

Proof. The statement about the continuity of the derivatives is a consequence of Lemma 2.1.4
and Theorem 2.1.9. Indeed for a fixed ¢ > 0 and € € (0,¢), we have

Poywo=PFP Py, 0<s<t—e<T.
Since ) = Pi_.+p € CE(X) by Theorem 2.1.9, the function
(s,2) € [0,t — ] x X —> DEP; cp(x)(hy, ..., hy) = D& P, sp(h) (R, .., hy)
is continuous by Lemma 2.1.4. The proof of the last claim is similar. O
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2.2 Examples of smoothing directions

In the following propositions we give some examples of Hilbert spaces E satisfying (2.5) and
(2.11). We start with two preliminary results.

Lemma 2.2.1. Under Hypothesis 2.0.1, the following properties hold.

1. the mapping s — Q(t, s) is Lipschitz continuous with values in L(X) and it is decreasing,
namely
Q(t,s1)x,x)x ={Q(t, s2)x,xyx forany 0<s1 <sg <t <T.

2. s, © Hys, for every 0 < 51 < 52 <t < T and the norm of the embedding is < 1.

3. Ker (Q(t,s1)) < Ker (Q(t,52)) € Ker (Q(t)) forany 0<s1 <s2<t<T.
Proof.

1. Let 0 < sy <sg<t<T and x € X. We have

< MPK? ||z x [s2 — 51
X

Jsz U(t,m)Q(r)U(t,r)*xdr

S1

1Q(t, s1)x — Q(t, s2)z|| = ‘

so that
HQ(t,Sl) - Q(t752)||5(x) < N2K2 |32 - 31| s

where N and K are the constants defined in Hypothesis 2.0.1 and in (2.8). Moreover

(Qt, s2)x,2)x = J WUEMQ (1) Q(r)? Ut r)w, z)x dr =

J‘t
S2

< Jt Q(r)2U(t,r)x ’i dr ={Q(t, s1)z,z)x.

51

Q(r)? U(t,r)*xHi dr <

Nl

2. The continuous embedding H; 5, = H; s, is an immediate consequence of proposition 1.3.3

L2
and statement 1, observing that HQ (t,8)2 .’L‘H ={(Q(t,s)x,z)x.
X

3. Let z € Ker (Q(t, s1)). Since

‘Q (r)% U(t, r)*x”i dr,

@)oo = [ i

we obtain ) (T)% U(t,r)*z = 0 for almost every r € (s1,t), so that x € Ker (Q(t, s2)).

Let z € Ker (Q(t, s2)). Then @ (r)% U(t,r)*z = 0 for almost every r € (s2,t) and for y € X
we have

0=4(Q (7‘)% Ult,r)z,y>x =<z, U(t,r)Q (T)% Yx, a.e sy <r <t
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Letting (7, )neny < {r € [0,T] | s2 < r < t and (2.48) holds} be such that r,, — ¢, we obtain

(2.48) 0={2,Qt): yox =(Qt)? z,1)x, forall ye X.

1

Hence Q (t)2 = 0 and since Ker (Q(t)) = Ker (Q (t)%), the statement holds.

Here we extend some results of | , Sect. 3] to the non autonomous case.

Proposition 2.2.2. Let Hypothesis 2.0.1 hold. We assume that for a fized s € [0,T) there exists
a normed space E € X with continuous embedding and that U(t, s)(E) € Hy for every t € (s,T]
and that there exist M > 0 and o € [0 1) such that

12
2.4 M T
(2.49) U@ ) g mm,) < =) te(s,T].
Then for every t € (s,T], U(t,s)(E) € H; s and

1 M
2.50 U(t, s), :H t,s) 2 U(t, <—
(250) 0 eqwoe, = @0 F 0@, <o

Proof. We consider the operator L from remark 2.1.12 with @ (0)_% instead of B(c). We know
1
that Range L = Range @ (¢, s)2. On the other hand, for every x € E we have

t

(t—9s)U(t,s)x = J U(t,s)rdo = J U(t,o)U(o,s)xdo =

S

(2.51) — | Ut,0)Q(0)2 Q (o) % U(o, s)x do.

S

where y(o) :=Q (o)~

L, and since o € [0, L

U(o, s)z belongs to L*((s,t); X). Hence U(t, s)x belongs to the range of
3) by (

by (2.40) we get

~— N~

|@ .5 (=90t 52| < Iylliaeex) < ( f t [@@) U, 5)a] da) <

t M2 9 % 1, M
<£(U_S)gal'||Ed0> < (t—s)? 7a|‘x”E7

which yields (2.50). O

A

Theorem 2.2.3. Let Hypothesis 2.0.1 hold. We assume that U(t, s)(Hs) € H; for any (s,t) € Ar

and that there exist M > 0 and o € [0, %) such that

M
(2.52) U ) g, i,y < = (s,t) € Ar.
Then the following statements hold.
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1. For every 0 < s <t < T, U(t,s)(Hs) < H s and

M

2.53 Ut :H t,5) 2 U(t, <—0
(25) 106w, = QT F U@, < o=

2. For every 0 < s <t <T, U(t,s)* (Ker (Q(t))) < Ker (Q(s)) and Ker (Q(t, s)) = Ker (Q(t)).
3. For every 0 < 51 < s <t <T, Hys, = Hys, and their norms are equivalent.

4. For every 0 < s <t <T, H; s is continuously embedded in H;.
Proof.

1. Apply Proposition 2.2.2 with £ = H;,.
2. We first remark some facts.
(a) Since U(t,s)(Hs) < Hy, by continuity we get U(t, s)(Hs) < H;.

(b) Ker (Q (t)%) = Ker (Q(t)), (Ker (Q(t)))L = H; and consequently H; = (I — P;)(X),
where we denote by P, the orthogonal projection on Ker (Q(t)).
(c) By statements (a) and (b) we have U(¢, s)*(Ker (Q(t))) < Ker (Q(s)). In fact

U(t,s)(Hs) € Hy == U(t,s)(I — Ps)(X) < (I - P)(X)
<= PRU(t,s)(I —Ps)=0.
Hence
(2.54) (I —=P)'U(t,s)*P; =(I— P)U(t,s)" P, =0,

namely U(t, s)*(Ker (Q(t))) < Ker (Q(s)).
For every x € Ker (Q(t)), we have U(t,r)*z € Ker (Q(r)) = Ker (Q (T)%) for every r € (s,1)
and therefore
t Q (r)% Ut,r)'x ’i dr,

HQ(t,s)% x”i —(Q(t, s)x, 2)x = f

S

so that x € Ker (Q(t, s)). Conversely, the inclusion of Ker (Q(t, s)) in Ker (Q(t)) follows
from statement 3 of lemma 2.2.1.

3. The continuous embedding H; ,, & H; s, is statement 2 of lemma 2.2.1. Concerning the
reverse embedding, we first point out that the adjoint of the operator U(t, s)),, :Hs — H;
is the operator (U(t, s),,.)* : H, — H; such that

18

{x, (U(t, s)|HS Yy, = U, s)|st, you,, forall zeH,, yeH,.
Now we claim that
(2.55) (U(t, s)|HS)*Q(t)J: =Q(s)U(t,s)*x, e X, (s,t) € Ar,
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where U(t, s)* denotes the adjoint operator of U(¢, s) € £L(X). Indeed for all h € Hy we have

(I — P)h=h, (I—P)U(t s)h=U(t,s)h and

(U 8)1,) Q) hyn, = Q) UL, 8)jy, oy, = (I = P)x, U(t, s)h)x

={x,(I = P)U(t,s)hyx =U(t,s)*z, h)x

= Ut 8)"x, (I = P)hyx =(Q(s)U(t, 8)"x, hym,

={Q(s)U(t,s)*z, hyn,,

where the last equality follows from statement 2.
Hence we get for 0 < s1 <so <t <T

-
- j Q)

J‘252 —s1
s2

where 09 = r — s1 + so in the first integral.
If t > 2s9 — s1, by (2.55) we have

2

dr

X

2 t
dr—|—j
X 52

Q(O’o + S1 —82)

HQ(t,sl)%x QUM 1)z

2

dr
X

wl=
=

U(t,r)x

QMU r)z

2

[NE

U(t,o0 + 81 — s2)"w

252—51 1 2
J Q(JO+81_82)§ U(t,00+81—82)*xHX dog
s2

¢ i 2
< J- Q (oo +51—82)2U(t,00 + 81— 32)*37HX dog

82

t

= f |Q(co + s1 — $2)U (00,00 + 81 — 52)"U(t,o’o)*a:||f1100+51752 dog
s2
t 2

_ f (U000 + 51 = 2, ,) Qo0)U(E,0)"a] doo
82 opg+ts1—s2 H0'0+51752

dO‘O

t
<2 [ 1QUan)U(t.0) sl

ogts1—s2

9 t 1 2 12
=M f Q (00)2 U(t,ao)*xHX dog = M? HQ(t,52)2 xHX

S2
Hence

1 2 1 2
(2.56) HQ(usl)foX <(1+M?) HQ(t,sz)éxHx

If s9 <t < 289 — s1, by (2.56) we have

J‘252751
s2
t 289 —3S1
ED) t

<M? Q(t,sz)%m

2
dO’()

1 *
Q (oo +s1—82)2U(t,00 + 81 — s2)"x

2

dO'()
X

1 *
Q (oo +s1—82)2U(t,00 + 51 — $2)"

2 3sp—s1—t
+ J\
X S92

Qo1 +t+ 51 —232)% U(t,o1 +t+s1 —282)"x
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dog + HQ(t, 52)% T
X

2

)
X

2

dO'l,
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where 01 = 09 — t + $9.

Ift>3s0—851—t < t> 332%, hence for any t € (3327_81,252 — 51] we have

J~352 —s1—t
S0

t 2
< f Qo1 +t+ s — 252)% U(t,o1 +t+ s1 *252)*3:HX doy

S2

2
Qo1 +t+s1 — 252)% U(t,o1 +t+s1 — 232)*33HX dog

and by (2.55)

t 2
f Q(O’l +t+517282)% U(t,01+t+517282)*1’Hx doy

S2

t
= J ||Q(01 +t+ 5 — 282)U(0’1,O’1 +t4+ 51— 282)*U(t’01)*3"”?]61“,4-51—252 doy
s2
t
* * 2
= ‘[ H(U(Uhgl +it+s51— 232)H01+t+317252) Q(Ul)U (taal)xHHUﬁrHSl,%z doy
s2

2
< M2 |Q(ts2)*
X

Adding up,
1 2 1 2
(2.57) HQ (t,51)3 xHX < (1+2M?) HQ (t, 50)? acHX .
355 —
Instead, if so <t < %
3sg—s1—t 1 2
J Qo1 +t+s1—28)2 U (t,01 +t+ 51— 2s2)z|| dor
ED) X

t 3sg—s1—t 1 2
=J +J Qo1 +t+s1—28)2 U (t,o1 +t+ 51— 2s2)z|| dor
ED] t X
4sg—s1—2t 1 2
< J Qo2 +2t + 81 —352)2 U™ (t,00 + 2t + 81 — 3s2)x|| do2
s2 X
2
(2.58) +M2|Q (t,s2)? o
b
where o9 = 07 — t + s9.
Let £ € N. Now we prove the following.
(k+2)sa—s1  (k+1)sa—s
oIfte( T o 1],then
1 2 1 2
(2.59) HQ (t,51)? mHX < [1+ (k+ 1)M2) HQ (t,82)? mHX

o Ifte (32, m], then

k+1
Sk
L2

(2.60)  + M? HQ (t, 50)?

Sk+1

Q (1) U*(t,tk)Hi doy, < J

So

L 2
Q (tre1)? U* (b, trr) HX doki1

2

)
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where

sk = (k+2)sy — s1 — kt,
ty = o + kt+ s1 — (k+ 1)sa,

Ok+1 = Ok — T + s2.

We proceed by recurrence over k.

For k =1 (2.59) and (2.60) have been already proved in (2.57) and (2.58).

We assume now that (2.59) and (2.60) hold for a given k € N and we prove that they hold
for k + 1.

Let t e (827 7(“—?3 gl]

(k+3)sa—s1
k+2

(k+3)sz s1 (k+2)sa—s1

Ift>spp = t> o E e |

, for any t € ( ] we have

2
(t’tkH)HX dog41

Sk41 1 2
J Q(tk+1)2U*(t7tk+1)H dogi1 < J

and by (2.55)

t

t 1 2
[ @t ny|, dov = [ 1Qwsvt el dows -

S2 52

t 2
= J. ‘(U(0k+17tk+1)|1{tk+l )*Q(0k+1)U(t7Jk+1)*m) d0k+1 =

S2 ty1

2
< M2 HQ(t,SQ)%
X

Moreover

1

2 2
HQ (t,81)2 HX < [1 + (k+ 2)M2] HQ(t,Sz)% xHX,
and (2.59) holds for k + 1.

Now if t € (52, (’CJ“Z)%], then

Sk+1 1 2 Sk+1
f Q (tps1)? U(t,tk:+1) d0k+1 = J f
S2

Sk+2 1 2
<f Q (trs2) Ut tisa)"||  doea + M2||Q (¢, ) HX
s2

1 LI2
Qter)* Ulttisn)*|| dons

and (2.60) holds for &k + 1.

. (k42)s2—s1 (k+1)sa—s;
Therefore if k € N and t € ( e - ]7

2 2
HQ(t,sl)%xH [1+(k+1 ]\/[2 HQ (t, 52)% H
X X

Since

(/ﬂ + 2)82 — 81 (/ﬂ + 1)82 - 81]
) = (52,252 — 1]

and (2.56) holds for t € (2s5 — s1, +00), statement 3 follows.
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4. For (s,t) € Ap and x € X we use again (2.55), to get

|e@?

t X 9 t
o | lewtvenya| ar = [ 1o als, o

S

=LtH(U(t,r)mr)*Q(t)mH; drgMz(t_s)HQ(t)%xHQ |

X
By Proposition 1.3.3 the statement follows.
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Chapter 3

Maximal Holder regularity

In this Chapter we assume that Hypothesis 2.0.1 holds true.
Let ¢ € [0,T], let ¢ € Cyp(X) and let 1 € Cy,([0,¢] x X). We consider the function

t

(3.1) u(s, ) := Psp(x) — f (Ps,gw(o, ))(a:) do,

S

and we prove Schauder type theorems for such u. If U(t, s) is associated to a family of linear closed
operators {A(t)}sefo,77, then (3.1) is the mild solution to a class of backward non autonomous
initial value problems,

(3.2) {f%u(w:) T L(s)u(s,a) = ¥(s,2),  (s,6) € A, w€ X,

u(t,z) = o(x), zeX,

where the operators L(t) are of Ornstein-Uhlenbeck type

(33) L(t)p(a) = 3T (QUD0()) + G At Vipla)x + (F(1), Vola)x.

Here Q(t) is a self-adjoint nonnegative operator for every ¢ € [0, T].

In Chapter 2 we have studied smoothing properties of P ; along a subspace £ < X such that
(2.5) holds for every (s, t) € Ar. Estimates (2.14) and (2.43) depend on [|A(Z, 5) ¢ (g x) that, in
general, blows up as t —s — 07. Here we assume (2.5) holds and in addition that [[A(t, s)|| ;5 x)
has a powerlike bound, namely there exist 6, C' > 0 such that

C
(3-4) 1A $) g x) < =) (s,t) € Ar.

In this case we prove Holder maximal regularity of (3.1) along E. More precisely, if « € [0,1),
1 at+l a a+i

aty ¢N, pe C'E+é (X) and 1 € C'% ([0,£] x X), then u(s,-) € CJOE’ 3 ([0,¢] x X). Moreover

there exists C = C(T,«) > 0, independent of ¢ and 1, such that

(35) el oy <c(
CE

oy S CUPlost o)+ I¥lege o)
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1 1
If o + 7 is an integer, u(s,-) only belongs to the Zygmund space Zg+" (X) for every s. For the

definitions of the spaces C%(X), Z%(X) and C%’V([O, t] x X) see Sect. 2. Zygmund regularity in
place of C* regularity is not due to the infinite dimensional setting nor to the time dependence
of the data. Indeed, we have the same result even in finite dimension for the heat equation
Us + Au = ).

Section 3.2 concerns four genuinely non autonomous examples. In the first example A(t) and
B(t) are diagonal operators with respect to the same Hilbert basis of X. This allows to give easily
necessary and sufficient conditions for (2.5) and (3.4) to hold.

In the second example we consider A(t) = a(t)I, where a is a continuous function. We get a
non autonomous version of the Ornstein-Uhlenbeck semigroup used in the Malliavin calculus and
we extend to such non autonomous case the results of | ].

In the third example the operator A(t) is the realization of a second order elliptic differential
operator in X = L?(O) with Dirichlet, Neumann or Robin boundary conditions and smooth
enough coefficients, O is a bounded open smooth subset of R%.

3.1 Schauder type theorems

Besides Hypotheses 2.0.1 we assume also the following hypothesis.

Hypothesis 3.1.1.

1. There exists a normed space (E, || -||5) continuously embedded in X satisfying (2.5) and
(2.11) for all (s,t) € Ar.

2. There exist C, 0 > 0 such that

C
(3.6) A )| gm0y < (L for all (s,t) € Ar.

We prove maximal Holder regularity for the mild solution of problem (3.2), that is given by
(3.1). We argue as in the papers | ] and | ]

We have immediately the following

Corollary 3.1.2. Let Hypotheses 2.0.1 and 3.1.1 hold. For every n € N there exists K, > 0 such
that

n Kn
(3.7) I DEPse0(2) | g () < s el > (s,) € Ar, @ € Cp(X).

For every a € (0,1) and n € N there exists K, o > 0 such that

Kn,a
)0 HSOHC;Y(X) ) (87t) € AT? (RS Cb(X)

(3.8) 1D Peeo(@) gn () < (t — 5)(n—a)8

Proof. Estimates (3.7) and (3.8) follow from Theorem 2.1.9 and Corollary 2.1.13 taking into
account Hypothesis 3.1.1. O
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We set
(3.9) uo(s,z) = Ps (), (s,t)€Ap, ze X

(3.10) ui(s,x) = —f (Ps,otb(0,-))(z)do, (s,t)eAr, z€X,

and we split u = ug + u1.
Proposition 3.1.3. For every t € [0,T] and ¢ € C,([0,t] x X), uy is continuous and
(3.11) lurlle < 9l -

Moreover the following statements hold.

1
(1) Let 8 < 1. For every n € N such that n < 7’ the function u; belongs to C%’n([O,t] X X)
and there exists C > 0, independent of v and t, such that

(3.12) ”ul”C%”([O,t]xX) <Ol -

1
(2) Let ac€ (0,1) be such that o + 7> 1. For every ¢ € C%(X) and for every n € N such that

1
n<a+t 7 the function uy belongs to C’%"([O,t] X X) and there exists C > 0, independent
of ¥ and t, such that

(3.13) luallcom o, x) < ClIYllco o,0xx) -

Proof. Estimate (3.11) is obvious and the proof that v is continuous is in [ , Prop. 3.2].

Concerning statements (1) and (2), due to Corollary 3.1.2 we can differentiate in the integral
that defines u; to obtain

t
(314) aul (}hk (S;Qj) = J DI%PS,Uw((L )(‘T)(hla ---ahk) dO’, S€ [Oat)a T e Xa

Ohi, ...,
for every hy,...,h; € E and k € {1,...,n}. We prove now that the mapping
(3.15) (s,2) € [0,t) x X —> DXy (s, )(z)(h1, ..., hs) € R,

is continuous for every hq,...,hx € E and k € {1,...,n}.
For 0 <sg <s<t<T andz,xy € X, we write

311,1
Ohy, ..., 0h

(9u1

(5,2) = ohy, .. Ohn

(3.16) ‘ (s0,0)

=J DY Py o t6(0, (o) (s oo )| do

S0

t
+f L5, (0) |DEPs o00(0, ) (2)(ha, ..., hy) — DE Py o¥(0, ) (2)(ha, ..., hy,)| do.

S0

Since for every o > sg the mapping
(S,Ji) € [OaT] x X — ]l[s,t] (U)D%Ps,aw(o'v )(x)(hh "~7hk) eR,
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is continuous by Lemma 2.1.7 and by Lemma 2.1.4 and

k
Db Py (0. ) (@)1 ) = D Py ) (a0) (b, )] < 2MF s1p [ D [Tkl
TE

i=1

by the Dominated Convergence Theorem the first integral in 3.16 vanishes as s — sg and z — zo.
Moreover, since

s k
f ‘szso,ow(aa ')(Jfo)(hl, ceey h’k)‘ do < Mk ‘|D§¢‘|w n ||h1HE (3 - 80)7

S0 1=1

even the second integral in 3.16 vanishes as s — s and = — zo.
If s < sg we split

‘ é’ul 6u1

m(s’x) - m(SO, J}O)

S0
sf | D}, Pyy 0tb(0, ) (@) (B, ..o )| do

t
+ J | DY Py o1(0, ) (@) (R, . hie) — Dy Pay 010(0, ) (@) (B, ..oy )| do

8u1
Ohy, ..., 0hy

and we proceed as before to show that is continuous.

O

Theorem 3.1.4. Assume that Hypotheses 2.0.1 and 3.1.1 hold. Let p € Cy(X), ¢ € C’b([O, t] x X)
and let u be defined by (3.1).

(1) If % ¢N, pe CE(X) and 1 € Cy([0,¢] x X), then u € C’%’é([o,t] x X). Moreover there
exists C = C(T) > 0, independent of ¢ and v, such that

(3.17) lull o.3 <C( . 191l

Ee([O,t]xX) ”(p”Cé(X
1 a+ L o a+ i
(2) Ifae(0,1),a+ ¢ N, pe Co 7 (X) and e C%([0,£]x X)), thenu e Cy 7 ([0,£] x X).
Moreover there exists C = C(T, @) > 0, independent of ¢ and 1, such that

(3.19) Jull g <Ol o, + Wy o).

(0,4]xX)

Proof. We can assume that ¢ = 0 since, by Corollary 2.1.8, we know that for every v > 0 ug
belongs to C%([0,t] x X), if ¢ € C}L(X); moreover there exists C' = C(v,T) > 0 such that

(3.19) l[uollcor o.7xx) < Cllelloy x) -
We already know that ¢ € Cyp([s,t] x X)) .
1
Let us prove statement (1). Setting n := [0], we have
nfe (0,1), (n+1)0 > 1.
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We have to show that wuy(s,-) € ol 5 (X) for every s € [0,1].
If n > 0, we know from Proposition 3.1.3 that u; € C’g’”([O,t] X X). Hence, we have to

1
prove that D%uq (s, ) is (0 — n) -Holder continuous with values in £™(E), with Hélder constant

independent of s.

Let h,hq,...h, € E. We split every partial derivative Dkuq(s,y)(h1,...hy) into ap(s,y) +
br(s,y) where

s+rll
(320) ah(s,y) = _J D%PS,U’(/)(O'7')(y)(h17~'~7hn) dga Ss€ [O7t]7 yGX,

¢
(3.21) br(s,y) = —f . DEPsst(o,)(y)(hi,....hn)do, s€]0,t], ye X.
(s+lhlI ) At

Due to (3.7), we obtain

lan (s, @ + h) — ap(s, )| < lan(s,x + h)| + |an(s, x)]

n (s+lRI )t )
< 2K, ¥, H 11l f (0 — )™ dor

Nl l_[ 17l -

2K,
< Tl

Since if ||h\|é >t — s by(s,-) vanishes, we estimate |by (s, + h) — by (s, x)| when ||h||?5 <t-—s.
Again, by (3.7) we get
1D Peirt(e,) (o + 1) = DEP g0, gy < 50D | DB Prct ()0 I
ye

Kn+1
< (o —s)mi10 9]l 1Bl o € (s,2)

(3.22)
and

|bn (s, 2 + h) — br(s, )| < n+1||¢||oo|\hllEnllh IIEL ciniyne (0 — )~ "% do.

Kn+1 7—n
< =g —1 MlE vl l_[ 17l -
(n+1)0 — ~11

Summing up we get
|(Dpur (s, 2+ k) = Diyus(5,2)) (ha o) < C RG]0 ]_[ 175l

with
2Kn Kn+1

T-nd  miDo—1

C =
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Therefore,

[DEua(s, )] <Ol -

i, x
Ch (X3Lm(E))

The case n = 0 is analogous to the previous one where instead of (3.7) we use (3.11).

1
Let us prove statement (2). Setting n := [04 + 9], we have

(n—a)fe(0,1), (n+1—a)f>1.
We already know that u; € Cy™(X) by Proposition 3.1.3 (2) and we have to show that
ui(s,-) € C’g+§(X) for every s € [0,1].
1
If n > 0, we have to prove that Dbu(s,-) is (a + 7 n) -Hélder continuous with values in

L™(E), with Holder constant independent of s.

Let h,hy,...h, € E. We split every partial derivative D%uy(s,y)(hi,...h,) into ap(s,y) +
bn(s,y) where

(s+1hl Ty nt

(3.23) an(s,y) —J DLPy b0, ) () (b, s ) dor, s € [0,8], y € X,
S
t

(3.24) br(s,y) := ff R D%Psyaw(a, Iy)(h1, ..., hp) do, s€[0,t], ye X.
s+l E) at

Due to (3.8), we obtain
lan (s, + h) — an(s,z)| < |an(s,x + h)| + |an(s, z)]

1
(s+lIRlig) At

< 2Kn,a ||’¢)||Cg([0,t]><X) 1_[ ”hJ”EJ (O’ — S)*(n*a)a dO’.
j=1 s
2Kn,a 1—(n—a)b n
ST moapg Ml 7 Wlleg o Hl 1511 -

1
We observe that if ||h||f, =t —s, by (s, ) vanishes. Hence, we estimate now |by (s, z + h) — by(s, x)]

1
when ||h||Z <t —s. Again, by (3.8) we get

IDEPaot(0,)(x + h) = DE P otb(0, ) (@)l gn gy < sup 1D P o0, ) )| o i) 1l
(3.25)

< (U_IZ;L(J;;O{—OC)@ [¥llca 0,05 x) 10l s o € (5,1)
and

t

nto,2 4 ) =, )] < Ko e oo s [l |y (o= 900570

=1 (S+HhHg)/\t

K7L+1,a dia-—n L
j=1
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Summing up we get
n n §Ha—n -
|(Dpur(s,z + h) = Digua (s, @) (ha, ..., hn)| < C[B 191l 2 (10,67 x x) [Tl s
j=1

with
2Kn,o¢ KnJrl,a

¢= 1—(nfa)9+ m+1-—a)f—1

Therefore,

(D (5, g

<C o .
(X;Lm(E)) H¢||CE([0¢]X}()

The case n = 0 is analogous to the previous one where instead of (3.8) we use (3.11).
O

Theorem 3.1.5. Assume that Hypotheses 2.0.1 and 3.1.1 hold. Let ¢ € Cy(X), ¢ € Cy([0,] x X))
and let u be defined by (3.1).

1
(1) If 7= keN and if p € Z%(X), then u € Z%’k([(),t] x X). Moreover there ezists C =
C(T) > 0, independent of v and 1, such that

(3.26) ||u||ZOEvk([o,t]xX) < C(”‘P”zg(x) + H¢||oo)

1
(2) If a € (0,1) and o + 7= keN and if ¢ € Z5(X) and ¢ € C%’a([(),t] x X), then u €

Z%k([(),t] X X). Moreover there exists C = C(T, ) > 0, independent of ¢ and ¥, such that

(3.27) ||“|‘Z%’“([o7t]xx) < C(H‘PHZ%(X) + ||7/}H0%“([0,t]xx))'

Proof. We can assume that ¢ = 0 since, by Corollary 2.1.8, we know that for every k € N wg
belongs to Z%([0,t] x X), if ¢ € Z&(X); moreover there exists C = C(k,T) > 0 such that

(3.28) luoll 20 (fo.41xx) < C el 22 (x) -

1
Let us prove statement (1). In this case we have ¢ € Cy([s,t] x X) and k = 7 Ifk>

2, we know from Proposition 3.1.3 that u; € C%’kil([o,t] x X). So we have to show that
[DE s (s, ')]Z}{:(X;Lk—l(E)) is bounded by a constant independent of s.

Let h,hq,...h, € E. We split every partial derivative D’fEflul(s,y)(hl, ...hy,) into the sum
an(s,y) + br(s,y) defined in (3.23) and (3.24), as we did in the Theorem 3.1.4. Due to (3.7), we
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obtain

lan (s, @ + 2h) — 2ap(s,z + h) + ap(s,z)| < |an(s,z + 2h)| + 2|an(s,z + h)| + |an(s, z)]

1
k-1 (s+lRlIE) At )
< 4K [l [T sl j (0 — 5)~®7 g,
j=1 s
4K Y n
<—FL _p| hall
et R T B

j=1
= 4k [Pl g 10 [ T 1Al -
j=1
1
We observe that if ||h||f, =t — s, by (s, ) vanishes. Hence we estimate
|br (s, 2 + 2h) — 2by (s, 2 + h) + by (s, x)

when ||h||é <t —s. Again, by (3.7) we get

|br (s, 4+ 2h) — 2by (s, + h) + by (s, 2)|

t
< J (D Py otb(0, ) (z + 2h) — 2D Py o4p(0, ) (2 + h)
s+|nlg

+ Djkgilps,ow(o'v )(.1?)) (R, ooy hk_l)‘ do

k—1 +
A ||hj|\Ej sup | D5 Payto(0,) ()| s do
j=1

1
stl|hll g yeX

k—1 t k—1
2 —
< Kir 10l 1005 T thllEJ Hh”%(U — )5 do < KKy 9]0 1815 [T 11 -
j=1 s+ E j=1

Summing up we get

[DE s (s, Nzrxior-1(my) < k(AKk-1 + K1) [[¥]] 5 -

The case k = 6 = 1 is analogous to the previous one where instead of (3.7) we use (3.11).

1
In the case of statement (2) we have 1) € C’%’a([s,t] x X) and k=a+ 7 If k > 2

we know from Proposition 3.1.3 that u; € C%’k_l([o,t] X X) and so we have to show that
(D uy (s, 21 (x,ex-1(m)) is bounded by a constant independent of s.

Let h,h1,...h, € E. We split every partial derivative Dgﬁlul(s,y)(hl, ...hy) into ap(s,y) +
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bn(s,y) as we did in the proof of Theorem 3.1.4. Due to (3.8), we obtain

lan (s, z 4+ 2h) — 2an(s,z + h) + an(s, )| < |an(s,x + 2h)| + 2 |an(s,z + h)| + |an(s, x)|

(s+IRIE) e I
< 4K 6] o) mh ||Ef (0 — )~ -1-907 g,

4Kk 1,0
ST hoi-a) [ W”c"a [0.41% %) ]_[ 1 -

=4k = ) K10 1P g 191 = (10,17 ) H 171l -

We observe that if ||h\|?5 >t —s, by(s,-) vanishes. Hence we estimate
|br (s, + 2h) — 20 (s, + h) + bp(s, x)]

when ||hH% <t —s. Again, by (3.8) we get

|br(s, z 4+ 2h) — 2bp(s, 2 + h) + bp(s, )|

t
j | [(D ' Paotp(0,) (@ + 2h) = 2D Py g(0, ) (@ + h) + Dy~ Pegth(o

g+Hh||

< Ihl3 H 1B f sup | D1 Pyyi(@,) ()

1
s+|hllg yeX

HLkH do

k—1

t
< Kisva ¥y o 113 [ il |40 =s) #4727 o
j=1 s+l g

k—1
< (k~ ) Kisra [ oo o 1l [T 1705
j=1

Summing up we get

(@) (b, ..o

[DE  un (s, )z (xierrmy) < (k= ) (4Rk10 + Kira) (¥l -

The case k = 0 = 1 is analogous to the previous one where instead of (3.8) we use (3.11).

3.2 Examples

In this section we give three genuinely non autonomous examples.

3.2.1 Diagonal operators

hi—1)| do

O

Let T > 0 and let A(t), B(t) be self-adjoint operators in diagonal form with respect to the

same Hilbert basis {e; : k € N}, namely

A(t)ex = ax(t)ex, B(t)ex =bp(t)er 0<t<T, keN,
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with continuous coefficients ay, br,. We set

= mi t), A= t
ST R R

and we assume that there exists A\g > 0 such that
(3.29) A <X, VEkeN.

In this setting the operator U(t, s) is defined by

t
Ul(t,s)er = exp(f ak(T) d7> ex, (s,t)eAr, keN

S

is the strongly continuous evolution operator associated to the family {A(t)}e[o,77. Moreover we
assume that there exists K > 0 such that

(3.30) |be(t)| < K, te€[0,T], keN.
Hence B(t) € £(X) for all ¢ € [0,T7], the function B : [0,T] — £(X) is continuous and

sup [[B(t)]lz(x) < K.
te[0,T]

The operators Q(t, s) are given by

Q(t, s)ex — f exp (2 f an(7) d7> (b (0))2 doex —: qu(t, s)en, (s,1) € A, ke N,

S o

Hypothesis 2.0.1 is fullfilled if
e}

(3.31) D ak(t,s) < +oo, (s,t) € Ar.
k=0

We give now a sufficient condition for (3.31) to hold. We assume that A is eventually nonzero
(say for k > ko). Given (s,t) € A, we have

J exp (2] ax(7) dT) (bp(0))*do| < Hb;@HiO J exp(2X(t — o)) do
(3.32) = ”;r/\”]j |1 —exp(2A;(t — 9))| < ”;IjLOT (1 + exp(2AT)).

Hence (3.31) holds if we require

(3.33) i ol _ o
k=ko | Ak
In | | sufficient conditions for U(t, s)(X) € 3, s were given. We look now for a condition

such that there exists (s,t) € Ar such that
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Since Q (¢, s)% er = (qr(t, s))Z ey for every k € N, (3.34) holds if either some of the gy (£, s) vanishes
(so that the measure Ny g(¢,s) is degenerate) or if none of the gx(t, s) vanishes, but

. Lo ([ 2y (7) ar)

keN qx(t, 8)

= +o0.

We obtain a sufficient condition for (3.35) if we assume that Ay is eventually negative (say for
k= ki = ko). We have

exp (Lt 2a(T) dT) i exp (2Mk(t B s))
[ew (2 e i) tu(o)?do [[eponte o) ao

_ exp(2ux(t — s))
el 55 (1= exp(Au(t - )
_ 2 | Ak '
[B11%, [exp (=24 (t — 5)) — exp(2(h — px) (t — 5)) |

So (3.35) is fullfilled if

2|A
(3.36) sup 5 Al = 400, for some (s,t) € Ap.
ks [1oelP%, (exp(—20(t — 5)) — exp(—2(ux — A)(E - 9))
Now we want to find some conditions such that the hypotheses of Theorem 2.2.3 are satisfied.
Let (s,t) € A, we assume that by (t) is nonzero for all k € N. Hence we have U(t, s)Hs < H if

(3.37) sup ?}i((g exp (f 25 (7) dr) < +o0.

Since

=

b2(5) t bQ(s)
b%(t) eXP(J 2ak(7)> < %(t) exp(2\T), keN

a sufficient condition for (3.37) to hold is

S

bi.(s)
(3.38) sup b]; exp(2A,T) < +00.
ken b (1)

Now we investigate when (2.52) holds. We observe first that for y = @ (s)% x with x € Hy, we
have

Wil = et vt el = X (e [ ak<r>)<x,ek>)2

-3 (et esn([[ vt ) = 33 (e ([ svtrmenn.))
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We assume that there exist L > 0 such that
(3.39) |br(t)] = L, for all ke N.

Hence for any k € N, we have

1 ¢ 1
(3.40) % exp (L 2ay,(7) dr) < 73 €XP (2XT),
and
1
(3.41) WU ) g, i,y < I exp(AoT), 0<s<t<T.
Therefore, by Theorem 2.2.3 there exists M > 0 such that
M
3.42 Ult,s . <

Moreover, H;, = Hy, as Hilbert spaces for every t,ts € [0,T]. Indeed, let y € Hy,, we know that

(3.43) Q (tl)_% e = bk(tQ)Q (tg)_% ex, forany ke N
b (t1)
and
K
(3.44) I, < 5 ol

So, Hypothesis 3.1.1 is satisfied by H; for every ¢ € [0,T] with = 1. Fixing E = H;, with
to € [0,T], Theorems 3.1.4(2) and 3.1.5(1) may be applied to obtain maximal Hélder regularity of
the mild solution to (3.2).

We summarize what we obtained in the following theorem.

Theorem 3.2.1. Let X be a real separable Hilbert space. Let T > 0 and let A(t), B(t) be
self-adjoint operators in diagonal form with respect to the same Hilbert basis {ey}ren, namely

A(t)ek = ak(t)ek, B(t)ek = bk(t)ek 0<t<T, keN,

with continuous coefficients ay, by. Under conditions (3.29) and (3.30), Hypothesis 2.0.1 is
verified. Moreover if (3.33), holds, there exists (s,t) € Ar such that U(t, s)(X) &€ H, s and if in
addition (3.36), (3.38) and (3.39) hold, the spaces H; coincides with equivalent norms. Hence
E = Hj satisfies 3.1.1 with 6 = % We can apply Theorems 3.1.4 and 3.1.5 with E = Hy.

Remark 3.2.2. As an explicit example we can choose ax(t) = —k?(t* + 1) and by (t) = sin(kt) + c,
c¢>1forallte0,T].

3.2.2 A non autonomous version of the classical Ornstein-Uhlenbeck
operator

Let A(t) = a(t)I, where a is a continuous real valued map on [0,7] and set ||al|., = ap. Hence

U, 5) — exp (f o) d7> I, (s,4)€Ar

S
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is the strongly continuous evolution operator associated to the family {A(t)}e[o,77-

Let {B(t)}ie[o,71 S £(X) be a family of operators satisfying Hypothesis 2.0.1 (2). Since

t ¢
Q(t,s) = J exp <2J a(T) dT>Q(J) do (s,t) € Ar,
where Q(0) = B(o)B(0)*, an obvious sufficient condition for Tr[Q(t, s)] < +o is that the
mapping o — Tr [Q(o)] belongs to L1 (0,T'). In this case, Ps; is a non autonomous generalization
of the classical Ornstein-Uhlenbeck semigroup widely used in the Malliavin Calculus. We refer to
[ ] for Schauder theorems in such autonomous case.

Since U(t, s) is a multiple of the identity, if X is infinite dimensional U (¢, s) cannot map X
into H, s for any (s,t) € Ap and U(t,s)(Hs) = H, for all (s,t) € Ap. We look for sufficient
conditions such that the hypotheses of Theorem 2.2.3 are satisfied.

In addition to the above assumptions on the trace of the operators Q (o), we require that for
every (s,t) € Ar there exists C' > 0 such that

(3.45) HB(S)HL(X) <C ”B(t)HL(X) :
It follows

1|2 12
(3.46) le@? ], = 1BO e < CIB@ Iz = ClR®?*], . -

Then, by Proposition 1.3.3, Hy < H; with continuous embedding and for = € H; we have

exp (f al(7) dT) .

Hence, we can take E = H in Theorem 2.1.9.

(3.47) 1t s)all g, =

<e®T\/C ||£L'||H .
H, )

In order to have (3.45), we assume now that there exists m > 0 such that
(3.48) 0<m<|[[B(t)|lgx) <K, foranytel0,T]

In this case, for every t1,t2 € [0,T]
K
(3.49) 1B ex) < 1B (E2)l o x)

K
and (3.45) holds with C' = —. Moreover H;, = H;, as Hilbert spaces for every t1,ts € [0,T].
m

1
Hence Hypothesis 3.1.1 is satisfied by choosing as £ = Hy with 6 = 3 and we can apply Theorems
3.1.4 and 3.1.5.

We can state the following theorem.

Theorem 3.2.3. Let X be a real separable Hilbert space and let T > 0. Let A(t) = a(t)I, where
a is a continuous real valued map on [0,T]. Let {B(t)}iwep0,r S £(X) be a family of operators
such that

1. there exists K > 0 such that

(3.50) sup || B(t) || ;) < K,
teR
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2. the map
(3.51) teRw— B(t)re X
is measurable for any r € X.

3. t— Tr[B(t)B(t)*] € L*(0,T).

Then Hypothesis 2.0.1 is satisfied and U(t, s)(X) &€ H s for all (s,t) € Ap. If in addition (3.48)
holds, then Hy, = Hy, as Hilbert spaces for every tq,ts € [0,T], Hypothesis 3.1.1 is satisfied by
choosing as E = Hy with 6 = % and we can apply Theorems 3.1.4 and 3.1.5.

3.2.3 A non autonomous parabolic problem

We generalize now Example 2 of | ]. Let T > 0 and let O < R? be a bounded open set
with smooth boundary. We consider the evolution operator U(t, s) in X := L%(0) associated to
an evolution equation of parabolic type,

(3.52)

The differential operators A(t) are defined by
d d
(3.53) A(t)p(z) = Z a;;(t, ) Dijo(x) + Z a;(t,z)Dip(x) + ao(t, z)p(z),t € [0,T], x €O
i,j=1

i=1

and the family of the boundary operators {B(t)}c[o,r] is either of Dirichlet, Neumann or Robin
type, namely

(Dirichlet),

:M& S

a;j(z,t)Duv; (Neumann),
(3.54)

%
—~
~
~—
IS
I
N
-~
<
Il
—

M~

aij(x,t)Dyuvy + bo(z,t)u  (Robin),

S

<.
Il

—

where v = (11, ..., 14) is the unit outer normal vector at the boundary of €.

We make the following assumptions.

1 _
Hypothesis 3.2.4. We assume a;; = a;; and for some p € <27 1), aij, by € CP1 ([O,T] X O),

a;,ap € CPY ([0, T] % 6). Moreover, we assume that there exists v > 0 such that for all £ € R?
d
(3.55) D it 2)&8 = vIEf, te[0,T], ze0.
i,j=1
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Under Hypothesis 3.2.4, for all ¢ € [0,T], we define

(3.56) D(A(t)) = {ue H*(O): B(t)u=0},
Alt)u = A(t)u, ue D(A(L)).

In [ , Thm 2.4] it is proved that for all uy € X there exists a unique weak solution u of
(3.52). Setting U(t, s)ug =: u(t), U(t, s) turns out to be an evolution operator in L?(0). Moreover
in [ | it is shown that U(¢, s) has an extension (still denoted by U(¢, s)) to the whole space
L'(0) that belongs to £(L*(0); L*(0)) and it is represented by

(3.57) U(t, s)p(x) = j k(e 0,1, 8)p(y) dy, € L1(O)

where for every 0 < s <t < T, k(-,-,t,s) € L(0 x O) and there exist M, m > 0 such that

M _lz—yl?
(3.58) |k(z,y,t,8)| < ———e ==, z,ye0, 0<s<t<T.
(t—s)2
Moreover in | , Ex. 2.8 and Ex.2.9] it is proven that the family {A(#)};c[0,7] satisfies the
assumptions of | ; ]. Then by Theorem 1.7.3, U(t,s) € L (D(A(s); D(A(t)))) n
L(X;D(A(t))) with norms bounded by a constant independent of s and ¢. Hence, there ex-
ists C' > 0 such that for every (s,t) € Ap we have

(3.59) IUE s)llex) < C,

C
(3.60) I ) exipamy S 7=
(3.61) IU ()l e (peacs)ipany) < C-

By (3.59) and (3.61) for every (s,t) € Ap and g € (0, 1),
U(t,s) € £ ((X, D(A(s))p.2; (X, D(A(t)),2)) »

where for every r € [0,T], (X, D(A(r))gs,2 is the standard real interpolation space. Moreover
there exists a constant C; = C1(8) > 0 such that

(3.62) IU ) 2 ((x,D(A())5 21X, D(A@)52)) < C1r (1) € A
We consider first Neumann and Robin boundary conditions for A(t). Due to | , Thm. 3.5,
Thm. 4.15] for all 0 < ¢ < T and 0 < v < 2, we have
H(0) ifo<y<2
(3.63) (X, D(A()3.2 = | {ue HE(O) | Byue it @)} ify=3
{ue HY(O) | B(t)u = 0} if2<vy<1
where
d
2 a;;(z, t)Dyu U; (Neumann)
(3.64) Bltyu=1{""" ,

d
Z a;j(z, t)Diuv; + bo(z,t)u  (Robin)
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o

¥ is a smooth enough extension of v to O and H2(0O) consists on all the elements ¢ € Hz (0)
- 1
whose null extension outside O belongs to Hz (R).

One simple example of the family {B(t)}c[o,77 is given by B(t) = (Id — A)~73 for all t € [0, 7],

where A is the realization of the Laplace operator in L?(0) with Neumann boundary conditions.
We have

(L2(0), D(A))3 5

)

D«mfAﬁ>
H(0) fo<y<32

(3.65) {ueHaoH<vwweﬁ%wﬁ ify=3

{ue HY(0) | (Vu,v),, =0} if 2 <vy<2
where (Vu,v)_, is the trace of (Vu,v) at 00.

In | , Lemma 4.3] it is proven that if B(t) € L£(L?*(0); L9(0)) with ¢ > max{2,d} and
sup B(t) < 40, then Tr[Q(t, s)] < +oo for all (s,t) € Ap. In our case for every ¢ > 2, the
te[0,T7]

embedding of D ((Id — A)%) in L7(0) is continuous for v = d (% — %) Hence for such choices of

v, (Id — A)~% € L(L*(0); L9(0)). In the same way, we can prove that if ¢ > d, then Q(Z, s) has
finite trace for all 0 < s <t < T and, in this case, Hypothesis 2.0.1 holds.

We check now that the space E = HY(0) with 0 < v < % satisfies Hypothesis 3.1.1. In fact by
(3.63) and (3.65) we have E = (X, D(A(?f)))%’2 = H; for all ¢ € [0, T]. Then U(t, s) € L(FE,H;) for
all 0 < s <t < T with norm bounded by a constant independent of s and ¢ and (2.49) holds with
a = 0. By Proposition 2.2.2, Hypothesis 3.1.1 is satisfied by F = (X, D(A(t)))%2 with = 1.

1 1 3
Summarizing, we need ¢ > 2, ¢ > d and d (2 - > <y < 5 Namely,
q

q=2, L2 <y<d ifd=1

N

q>2, =

<y<3 ifd=2
(3.66) 2

¢g>3, 3L2<y<$ ifd=3

=) 3 .

MQQ

So we can take

0<y<3 ifd=1

O<y<3 ifd=2

(3.67) 2
%<7<% ifd=3

3

l<y<gy ifd=4

With the same choices of v and d, we can also take E = L?(0). Indeed, since U(t,s) €
L(L*(0)) n £(L?*(0); D(A(t))), then by interpolation U(t,s) € £ (L*(0), H?(0)). Moreover
there exists Cy > 0 such that

C
(3.68) 1O 8)l| 2220y, 57 (0)) < ( 2, (s,t) € Ag.

t—s)7
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Hence, choosing E = L?(0) and noting that H; = HY(0) for all ¢ € [0, 7], (2.49) holds for o = %
1

and therefore by Proposition 2.2.2, Hypothesis 3.1.1 holds with 8 = 3 + % Moreover, since for

all p > 2 LP(0) < L?(0) with continuous embedding, we can choose E = LP(O). Hence for
0 <v<2,(2.49) holds for o = % and therefore by Proposition 2.2.2, Hypothesis 3.1.1 holds with
I v
0=-+—.
2 * 2
We consider now Dirichlet boundary conditions for A(¢). In this case D(A(t)) = H?(O)nHg(0)
for all ¢t € [0,T7.
One simple example of the family {B(t)};c[0,r] is given by B(t) = (—A)~= for all t € [0,T]
and «y € (0,2), where A is the realization of the Laplace operator in L?(0) with Dirichlet boundary

conditions. Due to | , Thm. 3.5, Thm 4.15] we have
A2 (72 2 1
D ((-2)%) = (12(0), HX(0) n H}(0)) 4 ,
HY(0) fo<y<i
(3.69) —{H(0) iy =1

{ue HY(O) | u,, =0} if5<vy<2

For every ¢ = 2, the embedding of D ((—A)%) in L9(0) is continuous for v = d (% - %)
Hence for such choices of v, (—A)~% € £L(L?(0); L4(0)). Similarly to | , Lemma4.3], we can
prove that if ¢ > d, then Q(¢, s) has finite trace for all 0 < s <t < T and, in this case, Hypothesis

2.0.1 holds.

We check now that the space E = D ((—A)%) still for every 0 < « < 2 satisfies Hypothesis
3.1.1. In fact by (3.63) and (3.69) we have E = D ((fA)%) = H; for all t € [0,7]. Then
U(t,s) e L(E,H;) for all 0 < s < ¢t < T with norm bounded by a constant independent of
s and ¢t and (2.49) holds with @ = 0. By Proposition 2.2.2, Hypothesis 3.1.1 is satisfied by

E =D ((-A)?) with 6 = 1.

1 1
Summarizing, we need ¢ > 2, ¢ > d and d (2 — ) < v < 2. Namely,
q
q=2, 2<y<2 ifd=1
g>2,  LE<y<2 ifd=2
q—2

(3.70) q >3, = <y<2 ifd=3

3
q >4, 202 <y <2 ifd=4

5<q<1Q5%§<7<2ﬁd=5
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So we can take

0<vy<2 ifd=1
0<y<2 ifd=2
(3.71) l<y<2 ifd=3
l<y<2 ifd=4

3<y<2 ifd=5

We prove now that we can take E = L?(0) for 0 < v < 2. Indeed, since U(t, s) € £(L?(0)) n
L(L*(0); H*(0) n H}(0)), then by interpolation U(t,s) € £ (L?(0), H?(0)) for all 0 < vy < 2.
Moreover there exists Cs > 0 such that

C
(3.72) 1O 9)l| 2220y, 57 (0)) < ( S, (s,t) € Ag.

t—s)2

Hence, choosing E = L?(0), (2.49) holds for a = % and therefore by Proposition 2.2.2, Hypothesis

1
3.1.1 holds with 6 = 3+ g Moreover, since for all p > 2 LP(0) € L%*(O) with continuous

embedding, we can choose E = LP(0). Hence for 0 < v < 2, (2.49) holds for a = % and therefore

1
by Proposition 2.2.2, Hypothesis 3.1.1 holds with § = 3 + %
Now, we fix d = 1. In this case O is a bounded open interval I and we can choose v = 0,

namely B(t) = Id for all t € [0,T]. We take now E = E, ;, := (L*(I),H*(I) n H&(I))ap for
every 0 < a < % and p € [1, +0).

In this particular case we can characterize the Cameron Martin space H;s for every 0 < s <
t < T as the space (L*(I), H*(I) n Hy(I))1 ) = Hg(I) by (3.69). The proof is in | -

Since U(t,s) € £ (H*(I) n H{(I)) n£ (L*(I)) with norms bounded by a constant independent
of s, t and (3.60) holds, we obtain that U(t, s) € £ (H}(I)) with norms bounded by a constant
independent of s, t, U(t,s) € £ (L*(I); H}(I)) and there exists Cy > 0 such that

C
(3.73) U@ e () < (t_‘;)%, (s,t) € Ag.

By reiteration, for every 0 < a < % and p € [1,+00), we get

(L*(I), Hy (D)) L*(I), H*(I) n Hy(D))

2a,p = ( a,p’

for every 0 < a < %, pe[1,+0).

Hence, by interpolation
U(t,s) € L(Eap; Hy (1))

and there exists a constant Cs > 0 independent of s and ¢ such that

Cy
(3.74) WU ) e,y S =5’ (s,t) € Ar.
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Hypothesis 3.1.1 is satisfied by E, , with § = % —a.

We recall the following characterization of the spaces E, , as Besov spaces with (possibly)
boundary conditions. For all ¢ € [1, +o0) we have

(3.75) By = (LYI), W>UI) A Wy (I))ap = B2 (1),
where
B2(I) if 0<a<sg,
o 1
BZ% o(I) = $ B, (I) ifa=4& |

{ue B22(I) | u,, =0} if2—1q<oz<%

.1 1 _
where By ;(I) consists on all the elements u € B4 ,(I) whose null extension outside I belongs to
1

Bg4(R), and for o > 2—1(] u),, means the trace of u at 0. See | , Thm. 3.5, Thm4.15]. We
refer to | , Ch. 2, 4] for the standard theory of the Besov spaces B (R), BE (I).

We summarize what we obtained in the following theorems.

Theorem 3.2.5 (Neumann or Robin boundary conditions). Assume the following conditions
hold true.

1. X := L*(0) where O € R? is a bounded open set with smooth boundary and d = 1,2, 3, 4.

2. The operators A(r) given by (3.53) verify Hypothesis 3.2.4 with Neumann or Robin boundary
conditions.

3. For every r € [0,T] we have
B(r)=(Id-A)"2, rel0,T],

where A is the realization of the Laplacian operator in L*(O) with Neumann boundary
conditions and «y € [0,2].

Then Hypothesis 2.0.1 holds and Hypothesis 3.1.1 is satisfied by E = HY(O) with § = % for all
0<vy<3i.

Moreover, if we choose v as in (3.67), then Hypothesis 3.1.1 is satisfied by E = LP(0Q), p = 2
with =  + 1.

So we can apply Theorem 8.1.4 and 3.1.5 with such choices of E.

Theorem 3.2.6 (Dirichlet boundary condition). Assume the following conditions hold true.

1. X := L?(0) where O R? is a bounded open set with smooth boundary and d = 1,2, 3,4, 5.
2. The operators A(r) given by (3.53) verify Hypothesis 3.2.4 with Dirichlet boundary conditions.

3. For every r € [0,T] we have
B(T) = (7A)7%a re [OaT]a

where A is the realization of the Laplacian operator in L?(O) with Dirichlet boundary
conditions and v € [0, 2].
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Then Hypothesis 2.0.1 holds and Hypothesis 3.1.1 is satisfied by E = D((—A)2) with § = % for
all 0 < v < 2.

Moreover, if we choose v as in (3.71), then Hypothesis 3.1.1 is satisfied by E = L?(0Q), p = 2
with = 3 + 1.
So we can apply Theorem 3.1.4 and 3.1.5 with such choices of E.

Theorem 3.2.7 (Dirichlet boundary condition). Assume the following conditions hold true.

1. X := L*(I) where I € R? is a bounded open interval.
2. The operators A(r) given by (3.53) verify Hypothesis 3.2./ with Dirichlet boundary conditions.
3. For every r € [0,T] we have

B(r)y=1d, re[0,T].

Then Hypothesis 2.0.1 holds and Hypothesis 3.1.1 is satisfied by E = B2 o(I), p,q € [1,+) and
0<a<%, wz’th9=%—a.

So we can apply Theorem 3.1.4 and 3.1.5 with such choices of E.
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Chapter 4

Time-differentiation formulas
for P

In this Chapter we study the case f = 0.

Let {U(t, s)}(t «)c& be an evolution operator in X and let {B(r)}rer be a strongly continuous
family of linear bounded operators on X. In this chapter we consider the Ornstein-Uhlenbeck
evolution operator {Ps ;} (s,t)cA On By(X) defined by

P.,=1, VrekR,
(41) Ps,ﬂp(w) = jX @(y) NU(t,s)r,Q(t,s) (dy)v (57 t) € Av pEe Bb(X)v rze X
where Ny (4 6)2,Q(t,s) 18 the Gaussian measure in X with mean U(t,s)r and covariance operator
t
(12) Qt.s) = | UENQUUE N dr Q) i= BOIBG)"
The starting point of our analysis are basic (but not trivial in this setting) results on the

relation between P;; and the family of operators L(t) given by (3.3) with f = 0.

In Section 4.2 we prove that for every (s,t) € A and x € X we have

(43)  Porgle) = ~L(s) Possp(a),
(4.4)  Pupla) = PuL(D)p(a),

where ¢ belongs to the space of smooth cylindrical functions €;(X) defined in (4.27). Besides
their use in the proof of Log-Sobolev inequalities and hypercontractivity, (4.3) and (4.4) have
independent interest and may be used as a starting point for other results, for instance in the
study of classical and strict solutions to evolution equations driven by the operators L(t).

Our basic assumptions are stated in the following hypothesis.

Hypothesis 4.0.1.
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1. {U(t,s)} (s.)en S L(X) is a (forward) strongly continuous evolution operator.Moreover we
assume that there exist M > 0 such that

(4.5) U)oy < M. (s.1) €.

2. {B(t)}er € £(X) is a bounded family of strongly continuous linear and bounded operators,
namely

(a) there exists K > 0 such that

(4.6) sup [ B()[| ¢(x) < K,
teR
(b) the map
(4.7 teR— B(t)zre X

is continuous for every z € X.

3. For every (s,t) € A the operator Q(t,s) : X — X given by

(4.8) Q(t,s) = | U(t,r)B(r)B(r)*U(t,r)* dr,

S

has finite trace.

Remark 4.0.2. In the next chapters we assume f = 0 only for the presentation. All the results of
this chapters are extendable to the general case assuming that the function g(¢, s) given by (6) is
differentiable. More precisely we need that g(¢, s) is a strict solution of

u'(t) = A(t)u(t), t>s,
(4.9) {u(s) =0.

4.1 Preliminary results

We notice that, by the Fernique Theorem, it is possible to define P, ; on Borel measurable
functions with power growth, namely for Borel measurable functions ¢ : X — R such that there
exists C,m > 0 such that

(4.10) p(@)] < CA+ al}), weX.

Moreover P ; leaves invariant the space of Borel measurable functions having fixed power growth
m > 0. Indeed, by Theorem 2.1.3 P, ;¢ is a Borel measurable. Moreover, if ¢ satisfies (4.10),
then for every x € X we have

IPsiple)] < fX lo(y + Ut 9)2)| No.o(e.s(dy) < C L [+ (lyllx + 10 9)2)5)™ Noogs (dy)

<G [1 U )T e el + fx il NO,Q<t,5><dy>] ,

where C,, is a positive constant.
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Lemma 4.1.1. Let ¢ : X — R be a continuous function verifying (4.10). The mapping
(s,t,x) € A x X — Py () is continuous.

Proof. Let {(sg,t, Tx)}ken S A x X be a sequence convergent to (s,¢,z). The claim holds true
if we prove that

(4.11) kl{r—? Py, 1, o(xy) = Ps,t‘ﬁ(x)'
By (4.10) we get
(4.12)
K := iug JX |§0(y)| NU(tk,Sk)mk,Q(tk,Sk)(dy) <C <1 + Supf Hy”X NU(tk,sk)wk,Q(tk,sk)(dy)>
€
where C' and m are the constants given by (4.10). By | , Lemma 2.3], Ny (¢, s0)2r,Q(te,s1)
weakly converges to Ny (; s)z,0(t,s) a8 k — +00, so by [ , Remark 3.8.16(iii)]
(413) SupJ ”y”;NU(tk,Sk)me(tk,Sk)(dy) <+,
keN JX
and K is finite. For every R > 0, by the Chebyshev inequality (e.g. [ , Theorem 2.5.3]) and
(4.12) we get
K
(4.14) o) e (dy) < |<P ) m(dy) <
lol=R
Hence by (4.14) we have
(4.15) Jlim sup [ oty ue(dy) =0
=40 keN Jjp|>R
Since Ny (t,,s0)2r,Q(tr,s5) Weakly converges to Nyt o)z.0(t,s) as k — +00, (4.15) and | ,
Lemma 8.4.3] yield that (4.11) holds true. O

We conclude this section studying some regularization properties of P; ;. In the autonomous
case the smoothmg propertles of Ornstein-Uhlenbeck semigroups are well known, see for instance
[ ; ; ; ; ; ; ; ]. Time dependency of diffusion
operator (Q(t) =B (t)B( %) yelds 51gn1ﬁcant dlfferences in the regularity properties of P ;.

Let £ be a subspace of X. In the following we often denote U(t,s)|, by U(t,s) by abuse of

language. Moreover we recall that Hy = Q (t)% (X) for all t € R. We state here a similar result to
Proposition 2.1.4.

Proposition 4.1.2. Assume that Hypothesis 4.0.1 holds true and that for every (s,t) € A
Ul(t,s) e L(Hg; Hy).
Then for every (s,t) € A we have
P, 4(Cyy, (X)) € Cfy_(X).
Moreover for every ¢ € Cy (X), v € X and he H
(4.16) D, (Poyo)(@)h = Poy (D, oYU (1, 5)1) (),
(4.17) IV, Poso@) g, < NUE ) g, Pot (V20 15,) ().
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Proof. Let x € X, he Hg and € > 0. For all (s,t) € A, we have

Puip(a +eh) = Ppl) _ f lo(y + U(t,s)(x + eh))—p(y + U(t, s)z)|
X

(4.18) - -

NO,Q(t,s) (dy)

Since

lo(y + U(t,s)(x +ch)) —o(y + U(t,s)z)]|
€

< sup || Dy, @lly, IU(E, s)hlly,
rzeX

= Hy H, ) L(Hg;Hy H,
< sup [ Dy, @y, 1UE ) ¢, m,) 171
reX

by the Dominated Convergence Theorem, as ¢ — 07, we get
(419) DHspstw(x)h = Ps7t (DHt@()U(ta S)h) (.T)

Moreover we get

KV, Ps1p(x), hon,

_ D Pasipla)h] = \ [ Puetw + mI(t,8))U(t78)hNo7Q(t,s)(dy)‘
X

_ \ [ oty w0, U No g <dy>'
H, PS;t (Hth(p()”Ht) (.’L‘),

o (4.17) holds true. O

S NUE ) g,y 121

Remark 4.1.3. In view of Proposition 1.3.2 for every ¢ € C}(X), z € X and (s,t) € A, inequality
(4.17) reads as

(4:20) |@)VPwe@)|| < IUE S e,y P ([QOIVR0)| ) @)

4.2 Connections between {P;;} .z and {L(r)}.er

One of the main issues working on non autonomous problems is the lack of similar theories
to the ones of strongly continuous or analytic semigroups for evolution operators. We cannot
even define the weak genertor of P, ; via Laplace transform as in the case of Ornstein-Uhlenbeck

semigroups in [ ; ; ]. In this section we prove that for suitable functions ¢ : X — R
we have
0
(4.21) a—PS,tcp(x) = —L(s)Ps1p(x), (s,t)eA, xe X,
s
0
(4.22) %Psytgp(m) =P L(t)p(z), (s,t)eA, zeX,

where {L(r)},cr is the family of operators given by

(423) L(r)e () = 5 Tx(QUID?6(x)) + G, A Vipla)ix.
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Hypothesis 4.2.1. Assume that Hypothesis 4.0.1 holds true and that {Vs’t}(s Hed = {U(t, s)*}(s ned S

L(X) is a (backward) strongly continuous evolution operator and there exists a family of closed
linear operators A(r) : D(A(r)) € X — X, r € R, satisfying

i) D(A(r)) and D(A(r)*) are dense in X for every r € R;
ii) for every (s,t) € A we have
U(t,s)"D(A(t)") = D(A(s)")
iii) for everyt e Rand h € D(A(¢)*) the function s — A(s)*U (¢, s)*h belongs to C((—o0,t); X);

iv) for every (s,t) € A and x € D(A(t)*) we have

(4.24) %U(t, s)'x = —A(s)*U(t,s) z,
(4.25) %U(t, s) e =U(t,s)"A(t)*x.

Remark 4.2.2. In Section 5.3 we consider a family {A(r)},er associated to a non autonomous
abstract parabolic problem in the sense of Acquistapace-Terreni (] ; ]) and such that
D(A(r)) is dense for all » € R. We show that such a family satisfies Hypothesis 4.2.1.

4.2.1 Cylindrical functions

In this subsection we define a space of smooth cylindrical functions such that (4.21) and (4.22)
hold true. We define suitable trigonometric polynomials on X and we introduce the space of Bohr
almost periodic functions that will be crucial in Section 5.2.

Throughout this subsection we fix r € R.

Definition 4.2.3 (Trigonometric polynomials). Let V be a subspace of X. We denote by &(X; V)
the linear span of all real and imaginary parts of the functions

(4.26) z — M (z) 1= x|
where h € V (we shall omit & from the notation (" when it is not necessary).

Remark 4.2.4. We note that Trig(R™) := £(R™; R™) is the usual space of trigonometric polynomials
on R™.

We set
(4.27) & (X) = E&(X; D(A(r)")).

Remark 4.2.5. The set of functions &,(X) is often used in the autonomous case in which it
represents a core for Ornstein-Uhlenbeck type operators in LP spaces with respect to the in-
variant measure, see for instance [ ]. However in general there is not a dense subspace
D c ﬂ D(A(r)*), which prevents from using a unique space independent of r.

reR
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Let L(r) be the operator defined in (4.23). If h e D(A(r)*) and ¢ is defined by (4.26), then

we have
(4.28) L(r)e™ (z) = [i(w, AP Ry — % HQ (r)? hHi] o™ (z), zeX.

Here we introduce a space of functions that contains &, (X) and that will be used in the proofs
of Section 5.2.

Definition 4.2.6. Let k € N U {0}. We denote by F,.C¥(X) the space of functions ¢ such that
there exists n € N, ¢ € CF(R") and hy,...h, € D(A(r)*) orthonormal such that

(4.29) o) =9z, hy), ..., {x, hn)), re X.
If k = 0 we write F,.Cy,(X) instead of F,.CP(X).

Remark 4.2.7. Let ¢ € F,.C%(X) be given by (4.29). Since hq,...h, € D(A(r)*) are orthonormal
then

(130)  Lipla) = 5 3QUITplelhe i + Yo Ay O x(Vepla). hyx, € X

where L(r) is the operator defined in (4.23). Moreover if I € X is an interval, g € CZ(I;R) and
i takes values in I then

(43)  (ZM)(gee)@) = ¢ (p@)LE)e) + " (p(@) |QEVe(@)|,  wex.

By (4.27) and Definitions 4.2.3 and 4.2.6 it follows immediately that
(4.32) & (X) < T.CFX), VkeN.

Definition 4.2.8. Let n € N and ¢ € C,(R™). We say that ¢ is Bohr almost periodic if for every
€ > 0 there exists p > 0 such that for all o € R™ there exists 7 € B(xg, p) such that

(4.33) lp(x +7) — p(z)| <e, V2 eR"™

We denote by AP,(R™) the subspace of C,(R™) of Bohr almost periodic functions from R™ to R.
Moreover we denote by AP?(R™) the subspace of CZ(R™) N AP,(R™) of the functions ¢ : R — R
Op and Py

such that the partial derivatives

belongs to AP,(R™), for every i, j € N.

For more details about Bohr almost periodic functions in several variables we refer to | ;
; J
Definition 4.2.9. We denote by B2(X) the subspace of F,.CZ(X) of the functions ¢ : X — R
given by (4.29) with ¢ € APZ(R"), for some n € N.

Proposition 4.2.10. Let he NuU {0}. For every p € F,Cl(X) there exist a sequence {@y }ren S
Er(X) and C > 0 such that

(4.34) lekllonxy < Cligllonxy, kel
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and for every xr € X we have

h
(4.35) kEToo (\on ; IV or(x (x)“LJ'fl(X)) =0.

Moreover if p € B2(X) then

|L(r)px(z) — L(r)so(@l) _o.

4. li -
(4.36) kirfw <||90k <PHC§(X) + :g)lz 1+ [Jz] 5

Proof. Let h € Nu {0} and let ¢ € F,C}/(X). There exist n € N, ¢ € CI(R"™) and hy,...h, €
D(A(r)*) orthonormal such that

(4.37) o(@) =9 (z,hi), ..., {x, hpn)), reX.

We define the orthogonal projection P! on span{hi,...,h,}, namely

n

(4.38) Plx:= Z (&, by h.
k=1

We denote by 77 : P7(X) — R™ the canonical isometry given by

(439) j;hj = €y, jE {1,...,71},
where ey, ... e, is the canonical basis of R™. By the definitions of P} and J7 formula (4.37) reads
as

o(x) =9 (3, Prx), zeX.

By | , Lemma 8.1], there exists C' > 0 (depending only on n) and a sequence of trigonometric
polynomials {¢x}ren < Trig(R™) such that

¥kl o @ny < Cllellon@ny » keN,

k—+00

h
lim (m(x)—wx)+j§||vjwk<x>—vw<x>|m1(Rn>) =0, zeR™

Setting ¢ (-) := ¥x (T}, P} (-)) for every k € N and recalling that |P)|cx) = [T [cx) = 1 we
obtain (4.34) and (4.35). Now we prove that 1y, € Trig(R™) implies ¢y € €,.(X), for every k € N.
Indeed, for every h € R™ and setting

o) (&) = e<h’§>R”, £eR",
we get
(4.40) dM (J7 Pry) = HInPL@ X _ (i@ I X e

Since J7*h € P7(X) and hy,...h, € D(A(r)*) then 3"*h € D(A(r)*) and so ¢y € &,.(X), for
every k € N (see Definition 4.2.3 and (4.27)).

Now we prove 4.36. Let ¢ € B2(X) given by
(p(x) = ¢ (<1‘,h1>X7 ~-~7<xahn>X)a TE X,
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where 1) € AP?(R") and hy, ..., h, € D(A(r)*). By | , Prop.6.1] APZ(R™) is the closure in
CZ(R™) of Trig(R™), then there exists {1y }ren S Trig(R™) such that

Jm{lve =Yl ez gn) = 0.
Hence we get
(4.41) Jm ek = ellezx =0,

where the functions ¢y, are defined as in the previous approximation procedure. Finally combining
(4.30) and (4.41) we obtain (4.36). O

It is well know that trigonometric polynomials are not dense in Cp(X) even if X = R, however
it is possible to prove the following weaker approximation result.

Proposition 4.2.11. Let h € NU{0}. For every p € Cl'(X) there exist a 2-sequence {n.m }n.men S
Er(X), {pn}tnen S FrOM(X) and {cp}nen S [0, +0) such that

(4.42) H‘Pn,m”cg(x) S Cn H@n”(jg(x) ) n,m €N,

(4.43) lenllenxy < llellorx » netl

h
(4.44) mlirﬂoo (|90nm(x) — ()] + Z]l IV? o m(x) — VJSDn(CU)”Ufl(X)) =0, zeX, neN,
j=

h
(445)  lim (lea(@)=p(@)] + X, [V pu(@) = V(@) e ) =0, reX.

=1

Proof. Since D(A(r)*) is dense in X there exists an orthonormal basis {e}}xeny of X such that
e, € D(A(r)*), for every k € N. Let n € N and let P} be the orthogonal projection on
span{e],...e"}. Let he NU {0} and let p € CJ*(X). We define

pul@) == p(Plz), weX.

Since ¢ € CM(X) and P51l (x) = 1, we obtain (4.43) and (4.45). Fixed n € N the function ¢,
belongs to F,.Cy(X) so by Proposition 4.2.10 there exists a sequence {@., m }men S €,(X) and
¢n, > 0 such that (4.42) and (4.44) are verified. O

Remark 4.2.12. Let v be a Borel probability measure on X. By Proposition 4.2.11 €,.(X) is dense
in LP(X,) for all p > 1.
4.2.2 Differentiation formulas for P,

In this subsection we prove formulas (4.21) and (4.22).

Lemma 4.2.13. Assume that Hypothesis 4.2.1 holds true. Fiz (s,t) € A, he D(A(t)*) and let
0™ be defined by (4.26). Then

(4.46) Pyap™ (z) = e 3CQ@mMx (U@ R) ()
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It follows that Ps(E4(X)) € Es(X). Furthermore for all x € X we have

(4.47)  L(5)Poso™ () = [i(az,A(s)*U(t, )" hyx — % HQ(S)% Ult,s)*h

2
‘ ]Ps,t@(h)(l'L
X

(118)  PLLe @) = |65 A0 Wy - QA0 nwx - 3@l | P

Proof. Let h e Xt and let " be defined by (4.26). For all z € X we get

Py oM (z) = JX PN Ny w0009 ([@Y) = Nue0).0(t,5) (B)

= Kh U)o~ FQUARMX _ o= 5QURMX (U 1:8)R) (1)

)

so that (4.46) holds and Ps; maps £;(X) into £4(X) for every (s,t) € A.

Recalling that by Hypothesis 4.2.1 U(t, s)*h € X*, we have P, (€,(X)) € €4(X). Let us
prove (4.47). By (4.28) for all z € X we have

L(s)Py oM (2) = L(s) (67%<Q(t’s)h’h>x(p(U(t»S)*h)> (z)

1 1 2
=e“mmWWP@JMVWLW®xH@@VUW$%X

‘ ]SD(U(t,s)*h) (x)

= [i(m,A(s)*U(t, 8)*hyx — % HQ (5)% U(t,s)"h

2
P

and (4.47) holds. To prove (4.48), we combine (4.28) and (4.46) and for all x € X we get

Pt 09®(@) = P [iC 4005 — 5 e[| |7 0)) @

— [ (s + 540 W6 Ut + ) Nogo(d) - 5 @@ 4] P

|
~
iy
I
|
O
—~
-
~—
Nl=
=
N
20
hG/\
Z
—~
8
—

We note that

L= L (U (t, s)a +y, A1) hyxon (UL, 8)z + y)) Nog(rs) (dy)

ez(U(t,s)x+y,h>x NO,Q(t,S) (dy) = m JX ez<y,h>X NU(t,S)va(t’S) (dy)

LammW>

0 (A(t)rh)~Im QDT 9(A(1)*h)

= [ie, U(t, )" A®) hyx —(QUt ) A(1)*h, hyx] e 3@ iU I
)

= [i€a, U(t, )" A(1)"hyx — (Q(t, 5)A(t)"h, byx] Py so™ ().

_ (e—é@(t,s)hmx ez‘<z,U<t,s>*h>x)

Summing up, (4.48) follows. O

By Hypotheses 4.2.1 and Lemma (4.2.13) we deduce the following remark.
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Remark 4.2.14. Fix (s,t) € A, h e D(A(t)*) and let ) be defined by (4.26). There exists C’ > 0
such that

(4.49) L(r)Pryp™ (2)| < C'(1 + ||| ), relst], zeX.

Let ¢ € €;(X). By definition, ¢ is a linear combination of real and imaginary parts of functions
") defined by (4.26) with h; € D(A(t)*) and i = 1,...n for some n € N. Hence by (4.49), there
exists C' > 0 such that

(4.50) IL(r)Prap(@)] < CA + |zl x),  relst], ve X
Lemma 4.2.15. Assume that Hypothesis 4.2.1 holds true. For each sg,tg € R, we have

(4.51) (%<Q(t,s)h,h>x> ) =HQ(tO)%hHi+2<Q(to,s),4(t0)*h,h>x, he D(A(to)*), s < 1, to,

(4.52) <%<Q(t,s)x,x>x> = —(U(t,50)Q(s0)U(t,50) "z, z)x, € X, t>s,50.

s=sq

Proof. We start by proving (4.51). Let h € D(A(to)*) and € > 0. Then for s < ¢y — & we have
o <Q(t0 — ¢, S)h7 h>X B <Q(t07 S)h, h>X
1 to—e c to
=5<f Uty —&,1)Q()U (tg —&,7)"h, hyx dr — @wmﬂmwv%wfhmxw)
f - ((U(to —&,m)Q(r)U(to — &,7) h, hyx — U (to,)Q(r)Ul(to,r)*h, hyx) dr

S S
S

a L 0 U (to, r)Q(r)U(to, )" by hyx d?“] =: —u.

0—E&
Since for every h € D(A(typ)*) the mapping
re [to — &, to] — <U(t0, ’I“)C?(’I“)U(to7 T)*h, h>X eR
is continuous, by the Mean Value Theorem for integrals there exists r. € (to — &,t9) such that

2 Wlt0,r QU 10, 72)h B

and

lim £ = lim ((U(to,r:)Q(r)U(to,r=)"h,hyx) = HQ(w% th(

e—0t € e—0+

Let us consider I.. We have

L1
6_ 9

f°?W%sMQUU%7>mmmmmemwmmxm)
< 0*6 7‘ U(to,’r‘)*

JOEGU@m—aﬂQWﬂHm—EWY—Uﬁo—aﬂ@@ﬂ%mmYﬂuwxw

S

h, Q(r)U(to — E,T)*h> dr

X

+f0 (Ulozer) U(to’”*h,Q(r)U(to,r)*mX dr.

s —&
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By the Dominated convergence Theorem we get
1,
(4.53) lim = = 2(Q(to,s)A(to)*h, h)x.
e—0t €

Since we can compute with similar arguments the right derivative, (4.51) follows. (4.52)is an
immediate consequence of the Fundamental Theorem of Calculus. O

Theorem 4.2.16. Assume that Hypothesis 4.2.1 holds true. For every (s,t) € A and p € B?(X)
we have

(4.54) Py 10 € B3(X),
0

(4.55) %Ps,t@('x) = _L(S)Ps,t90(33)7 T e X,
0

(4.56) aP&tap(z) =P, L(t)p(z), zeX.

In addition, if p € (X)) then, for every x € X the function s — %Psytgo(:c) = L(s)Ps 1p(x) is
continuous from (—oo,t] in R.

Proof. We start by proving the statements of the theorem for o defined by (4.26) with
h e D(A(t)*). Lemmas 4.2.13 and 4.2.15 yield (4.55) and (4.56). Moreover, by Hypothesis 4.2.1
and (4.47) we deduce that the function s — L(s)P; ;0™ () is continuous from (—oo,t] in R.
Now we consider ¢ € €¢(X). The statements of the theorem hold true for such ¢, since by
definition, ¢ is a linear combination of real and imaginary parts of functions @) defined by
(4.26) with h; € D(A(t)*) and ¢ = 1,...n for some n € N.

Let us now prove the statements for ¢ € B?(X), in which case
() = (3, Pr), we€X,

where n € N, ¢ € AP?(R™) and the operators J7 and P! are defined in (4.38) and (4.39),
respectively. Let {¢pg}ren S E+(X) be the approximation built in the proof of Proposition 4.2.10,
namely

op(x) = Yp(3t Plz), xe X,

where ¥y, € Trig(R™). We recall that since ¢y, € Trig(R™) then ¢ € £,(X), for every k € N (see
(4.40)). Let h € R™ we set
M (g) = h&rn e R,

So by (4.40) and (4.46) we have
Py @M (3L Pra) = e 3R glaUts) T, x| zeX.
Recalling that 3% "h € D(A(t)*) and that U(t,s)*(D(A(t)*)) < D(A(s)*), for every k € N we
deduce
Ps’tSOk € SS(X),
so by the first part of this proof for every k € N we have

0

(4.57) %Ps,t@k(x) = —L(s)Ps,1px(z), we€X,
0

(4.58) aps,twk(x) = P, L(t)pr(z), zeX.

So by (4.36) letting k — 400 in (4.57) and (4.58) we obtain (4.55) and (4.56), respectively. [
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Remark 4.2.17. Let z € X and s > 0. We consider the stochastic partial differential equation

= t)dt + B(t)d t t

(159) 4Z(t) = AW Z(W)dt + BOAW (@), 1> s
Z(s) =ux,

where the operators A(t) satisfies Hypothesis 4.2.1 and {W(t)};>0 is a X-cylindrical Wiener

process. We assume that, for every s > 0 and x € X, (4.59) has a unique mild solution to (4.59)
having continuous trajectories, namely a X-valued stochastic process {Z;(t,z)}+>s such that

(4.60) Zs(t,x) =U(t,s)x + ft U(t,r)B(r)dW(r), t>s, P-as,

where U(t, s) is the evolution operator assocuiated to A(t). We note that by Hypothesis 4.2.1
the first term in the right-hand side of (4.60) is well defined, instead additional assumptions are
needed to ensure that the stochastic convolution

U Ut r)B(r)dW (r )}t%

is a X-valued stochastic process having continuous trajectories, see for instance | ; ;

]. Under such assumptions {Ps ;}o<s<: is the Markov evolution operator associated to (4.59).
In this framework one could expect to derive formulas (4.55) and (4.56) via the It6 formula. We
discuss some different cases.

1. If X = R", then the calculations are standard since (4.60) is a strong solution to (4.59),
namely for every s >0,z € X and t > s

t

(4.61) Zu(la) — 3+ J A Z(r,2)dr + J B(r)dw (r),

see e.g. | ].

2. If for every r = 0 A(r) and B(r) are diagonal operators with respect to the same Hilbert
basis {eg}reny of X, then we can consider the time independent cylindrical functions ¢
defined by

(4.62) p(z) =¢v(Pyx), z€X,

where 1) € CE (R™;R), P, is the orthogonal projection on span{e,...,e,} and n € N. In this
case, for every s = 0 and x € X the process {P,Zs(t, z)};>s is the unique strong solution of
the following finite dimensional approximation of (4.59)

(4.63) {dZ;(t()S;_P;%(t)PnZn(t)dt + PuB(t)PudW (1), t>s

In view of 1. we can deduce formulas (4.55) and (4.56) for cylindrical functions of the type
(4.62) tracing back to the finite-dimensional case.

3. In the general case a natural idea is to replace the finite dimensional approximations by
suitable Yosida approximations at least in the case D(A(t)) = D(A(0)) for ¢ = 0. However
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this has not been performed up to now to prove (4.55) and (4.56). Indeed it has to be
proved that the sequence {U,(t, s)}nen given by the Yosida approxiamations converges to
U(t, s) in a suitable sense. If the domains vary with time and ﬂ D(A(r)) is not dense in

r=0
X, there are no results in this direction.

Taking into account the above considerations, we preferred to avoid the use of the It6 formula
by proposing a more direct procedure, in the same spirit of | , Prop. 3.19] in the autonomous
case.

Remark 4.2.18. In the autonomous case, where Ps; = Py, is a semigroup, formulas similar to
(4.55) and (4.56) are known for suitable functions ¢ accordingly to the theory of weakly continuous
semigroups (see [ ; ; ). Currently in the non-autonomous case there is no similar
theory that can be exploited. We remark that we cannot use the abstract results on evolution
operators of | : ], since the family of realizations of the operators {L(r)},er in spaces
of bounded and continuous functions from X to R does not satisfy their assumptions. If X = R™,
then (4.56) and (4.55) were proven in | | for smooth functions with compact support, but
in infinite dimension compactly supported functions are not relevant and must be replaced by
other classes of functions such as £;(X) defined in (4.27), which is dense in L?(X,~) for every
p € (1,400) and for every Borel probability measure v in X. Moreover, such spaces depend
explicitly on ¢, so it is not possible to use a technique similar to the one presented in [ ] to
prove (4.56) and (4.55).

The following proposition is a technical result needed to prove Theorem 5.2.2.

Proposition 4.2.19. Assume that Hypothesis 4.2.1 holds true. Let I € R be an open interval
and g € C3(I;R). Let (s,t) € A and let ¢ € B?(X) be a function taking values in I. For every
x € X the function r — Ps . (g(Pr1))(x) is differentiable from (s,t) to R and

(4.64) %PS,T(Q(PTW))(SE) = Pyy (=9 (Prap) L(r) Prog) (%) + Por (L(r)g(Pra)) ().

Proof. Let (s,t) € A and ¢ € £;(X). We start by proving that (4.64) holds true for such a ¢. We
set

P(r,x) == g(Prp(x)), relst], ze X.

Since g is continuously differentiable, by Theorem 4.2.16, for every z € X the function r — ¢ (r, x)
is continuously differentiable from [s,¢] to R and

(4.65) ©0r,2) =~ (Prap@) L Pr)o(a).

Fix r € (s,t) and x € X. For every v € (s —r,t —r) we have

Poriolt(r + 0, )](2) = P r[9(r, )](@) _ Porio[to(r, )](@) = P r[$(r, )] ()

Ps,r+v W(T + v, ) B ¢(Ta )] (.13) )

v

J’_
Since g € C?(I;R) then (0, ) € BZ(X), for every o € (s,t). By (4.56) we know that
lim Ps,v"-‘rv [1;[}(7"7 )] (ZE) - Ps,T[w(Ta )](il?)

v—0 v

= Py [L(r)y(r,)](@).
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We only have to prove that

(4.66) i Popsol(r + v;) G (O [ aﬁ ol .)] ()
We note that
Ps,r+v[¢(7“ +v,) —P(r,)](@) — P, [;w(n )] ()] < I1(v) + Ix(v)
where
(467) 1) = P || 2] 0,

0

B(0) = [P | 00| @) = 2oy | 0000 | @)

By (4.50), (4.65) and Remark 4.1.1 we get

lir% I)(v) = 0.
Hence if
(4.68) lim I; (v) = 0,
v—0

then (4.64) follows. By Theorem 4.2.16, for every y € X the function ¢(-,y) € R is continuously
differentiable, so that

(469) ‘W toy vy 9, y>\ <[ Even - Lty o

or or

v or

T

By (4.65), for every o € [r + 0 A v,7 4+ 0 v v] we get
0 0 , ,
5 010.9) = 50| = o (P Prio) o (P DL Prsolo)]

< llgllez (rmy L(r) Prae@)] | Foep(y) — Prap(y)]
+ 9l e rmy 1L(0) Poasp(y) — L(r) Prasp(y)] -

By (4.50), there exists K > 0 independent of r and y such that

(1.70) Svlon) = Svln)| < KO+ el Ri(o) + Kafo).

where

Ri(0) == [Prip(y) — Prap(y)
Ry(0) = |L(0)(Potp(-))(y) — L(r)(Pre()) (W)] -
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We begin to estimate R; and Ry with ¢ replaced by ¢*) defined by (4.26) with h e D(A(t)*).
By (4.46)

Prap™ (y) — Pnt@(h)(y)‘ _ ‘e—%<Q(t,a)h,h>X WU EODKR _ = 3Q(tr)hhyx ei(m,U(t,r)*h);(’

ei<y,U<t,a)*h>x‘ )e—%@(ma)h,m _ e 3Qtnh )

+ ’(;%@a,r)h’h»(’ ez—<y,U(t,o>*h>X’ (U ) =U(t,0) ) hyx _ 1‘,

recalling that Q(t¢,r) is a non-negative operator and |ei’\ — 1’ < |A], we have

Pyyo™(y) — prvtsp(h)(y)‘ < ‘ef%@(w)h,m _ e%@(m)mh»’

(4.71) +lyllx U E,r)" = U 0))hllx
By (4.47)
L) (Prse™ (o) - L(r )(Prtso(h)( D)
|Pots0 )] 1i€w, (A(0)"Ult,0)"h = AG)'U(t,1)" x|
3 [P @) IH\Q uors| - [emuen |
iy, A UE ) hyx — HQ Ult,r)*h m |Poie™ () — Pru™ (W),

and by Hypothesis 4.2.1 and (4.71) we have
|L(0) (Poae™ () (y) = L) (Prae™ () ()] < Hyllx I(A(e)"U(t,0)"h — A(r)"U (2, ) )hllx
|lewtviora] -
+ O+ [yl ) ‘675<Q(t,0)h7h>x — 6*%<Q(tm)h,h>x’

(4.72) + O+ lyllx) lyllx (U o) = U r) )bl x

for some constant C' := Cs; > 0. Now we can estimate R; and Ry. By definition, ¢ is a linear

combination of real and imaginary parts of functions (") defined by (4.26) with h; € D(A(t)*)
and ¢ = 1,...n for some n € N. Hence by (4.71) and (4.72)

0): U

t,r)*h

n

(4.73)  Ri(o) < Ci(1+ |lyllx) Z e~ 3QUONihDX _ (=3 QUNRRIX | L (U (4 7) — U(t o) Vhil

(4.74)  Ra(o) < Co(1+ lylI%) Z

where C7 and Cs are two positive constants and

—3Qt0)hishiyx _ = 3QE)hihidx ’

pi(0) := [[(A(o0)"U(t,0)" = A(r)"U(t, )" hill x + |e

1

It o) = Ut il + || Uit.orn

1

* o vy

X"
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By (4.70), (4.73), (4.74) for every c € [r + 0 A v,7 + 0 v v] and y € X we have

0

(4.75) Soblo) = Sulr)| < MO+ 1R

where M := M, is a positive constant and

p(o) == pi(0).
=1

Using (4.75) in (4.69) we get

(476) ¢(T + v, yz _ ¢(T7 y)

0 1 T+v
- ot < i+ It [ sl

v Jr

Now exploiting (4.76) in (4.67), by (4.13) we get
1 r+v
Li(v) < K- f p(o)do.
v T

where K = M[1 + supep, 4 Psl(||||§()(x)] By Hypothesis 4.2.1 the function ¢ — p(o) is
continuous from [r +0 A v,7 + 0 v v] to R and p(r) = 0, so by the integral mean value theorem
(4.68) is verified and (4.64) holds true.

Now let ¢ € B?(X). By Proposition (4.2.10) there exists {¢x }ren S €¢(X) such that
kl{ffoo ler = ¢llez(x) =0,
hence we get

(4.77) lim sup |[Prior — Prillzx) = 0-

k—+o0 re(s,t]
Since g € C3(I;R) and I is open, by (4.77) we get

(4.78) lim —sup g(Fr,e0r) = 9(Pre)llc2(x) = 0-

k=40 re(s,¢]
By the first part of this proof, for every k € N and z € X we have
(4.79)

%Re,r(g(Pr,twk(')))(z) = P (=9 (Prasp () L(r) Prgipr () () + Poye (L(r)g(Pregr())) (@).

By (4.54), for every r € (s,t) the function x — g(P,+¢(z)) belongs to B2(X) and so, by (4.31),
(4.36), (4.78) and (4.79) we obtain the statement letting k — 400 in (4.79). O
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Chapter 5

The Ornstein-Uhlenbeck evolution
operator in L” spaces with respect
to evolution systems of measures

We consider the Ornstein-Uhlenbeck evolution operator given by 4.1 and we extend it as a
bounded operator between suitable LP spaces. We recall that in the autonomous case, Ps ; = Py ;s
is a semigroup and it is usually settled in Lebesgue spaces with respect to its invariant measure,
that exists and is unique under suitable assumptions.

In the non autonomous case a single invariant measure does not exist in general, being replaced
by evolution systems of measures, namely families of Borel probability measures {7, },er in X
such that

| Past@nitan) = | _et@putan)

for every s < t and for every bounded and continuous ¢ : X — R. So, an obviuous difficulty
arises, namely the spaces L?(X,~,) depend explicitly on r and we cannot set our problem in a
fixed LP space.

In Section 5.1 we provide conditions that guarantee existence of an evolution system of
measures {7, }regr where 7, is a Gaussian measure with mean zero and it satisfies

§—>—00

lim Pspo(x) = f oY) n(dy), teR, ze X,
X

for every bounded and continuous function ¢ : X — R. Such results are already contained
in | ] (see also [ 11 | for the case X = R™), however we give the proofs for the
convenience of the readers.

As in the finite dimensional setting, if an evolution system of measures {7, }.cr exists, then it
is possible to extend each operator P ; to a linear bounded operator from LP(X, ;) to LP(X,s),
denoted by Ps(f;), for every p = 1. Such operators are consistent, i.e. for every s < ¢ and
fe LP(X,y) n LI(X,~) it holds Ps(g)f = Ps(,?f For this reason, we omit the index p if no
confusion can arise, and we denote them by P ;.
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In Section 5.2, for the Gaussian evolution system of measures constructed in Section 5.1, we
prove a family of logarithmic Sobolev inequalities,

1 2
) [Tl 1og (6l7) de < mallol)og (ms (1617) + w” [ 1ol |Q(0F T 1gmarane

where p € CH(X), t € R, p € (1,40), my(p) := J wdy, and k is an explicit positive constant
e
(see Theorem 5.2.2).

Exploiting (5.1) we prove a hypercontractivity result for {Ps,t}( namely for every

s,t)EA?
(s,t) €A, g>1and p < c(s,t,q) := (g— 1)e= + 1 we have

(5.2) ”PS,t‘PHLp(X’%) < ||‘P||Lq(X,7,,)> pe LUX, ),

where k is the constant appearing in (5.1) and we still denote by P; ; the extension of P;; from
LI(X, ) to LI(X, ) for every g > 1. We stress that c(s, ¢, q) is the non autonomous version of
the optimal constant in the autonomous case, see Remark 5.3.10.

Finally in Section 5.3 we present different examples of {Ps,t}(s’ en that verify our assumptions.
In our most significant example, A(r) is the realization of a negative second order elliptic
differential operator in X = L?(O) with Dirichlet or Robin boundary conditions and smooth enough
coefficients; O is a bounded open smooth subset of RY. {U(t, 5)}(s_t)eZ is the evolution operator
associated to {A(r)}rer according to Acquistapace-Terreni | ; | and B(r) := (—A(r))™"
with v > 0.

5.1 Evolution systems of measures

In this section we will investigate existence of an evolution system of measures for {Ps,t}(s eR-

Definition 5.1.1. An evolution system of measures for {Psﬁt}( = Is a family of Borel probability

s,t)e
measures {V, }.er such that

(5.3) JX P 1p(x)vs(dx) = JX p(x)v(de), s<t, peCy(X).

First of all we prove the following useful characterization of evolution system of measures.

Proposition 5.1.2. Assume that Hypothesis 4.0.1 holds true. Then {v,}.cr is an evolution

system of measures for {Ps,t}(S Her if and only if

(5.4) Dy(h) = e~ FRUOIMIIXG (U (¢, 5)*h), s<t.

Proof. Let h € X and let s < ¢. If {v,.},er is an evolution system of measures for {Ps,t}(S Her
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then we have

De(h) = L X 1y (d) = JX Py o(¢h0%) () v, (d)

= f f e PVX Nir(s w09 (dy)vs (d) = J /ﬁU(t,s)x,Q(t,s) (h)vs(dx)
X JX X

_ f (MU x (=HQUAIx (47} — =3 @(Es)hb)x j FRUEDDx (1)
X X

e~ HQUORDXG ([7(t, 5)*R)

)

and (5.4) holds.

Conversely, we assume that (5.4) holds true. Given h € X, we first show that (5.3) holds for
o(x) = eP®x ze X. If s < t, we have by definition

(5.5) Du(h) f FMDX b (da),
X
and by (5.4) we have
Dy(h) = e_%@(t’s)h’h”‘ﬁs(U(t,s)*h) — ¢~ 3{Q(t:8)h,hyx J iU B8)0)x ), ()

X
_ f (iU (E8)5)x (=1 QDRI ()
X

= J‘ J ei<h,y>x NU(t7s)x,Q(t,s) (dy)Vs(dI) = f /NU(t,S)m,Q(t,s)(hA)Vs(dl‘)
X JX x
(5.6) = f Ps,t(ei<h">x)(x) Vs (dz).
X
By (5.5) and (5.6), (5.3) holds for ¢(z) = eimex,

If ¢ € Cp(X) by Proposition 4.2.11 there exist a 2-sequence {@r, m tn,men S Er(X), {@ntnen S
F,Cp(X) and {cp tnen < [0, +00) such that

(5.7) ||<Pn,m“cb(x) gcn”@ﬂ”@,(}()a n,m € N,
(5.8) lenlle,x) < llell,x) - neN,

(5.9) hr{ﬁ-loc [on,m(x) — pn(z)| =0, neN, zeX,
(5.10) n1—1>r4r-loo |on(x) —@(x)| =0, rxeX.

Of course ¢, satisfies (5.3) for every n,m € N. To prove that ¢ satisfies (5.3) we apply two
times the dominated convergence theorem: the first time as m — 40 thanks to (5.7) and (5.9)
and the second as n — 400 thanks to (5.8) and (5.10).

O

Remark 5.1.3. We consider the problem

ou
(5.11) = (62) = Ault, ) (@), s <t
u(s,z) =ye X
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whose corresponding transition evolution operator {V; .} (s.)eA is given by
(5.12) Vspo(x) = (Ut s)x), e Cp(X), ve X, s<t.
In this case (5.3) reads as

(5.13) fx o(U(t, s)x) ps(dx) = fx o(x) pe(de), s<t

and by Proposition 5.1.2 {g, },er is an evolution system of measures for {Vs,t}(s HeR if and only if

(5.14) (k) = 7, (Ut )'R), s<t, he X.

We recall the infinite dimensional version of the Bochner theorem for the characteristic
functions of Borel probability measures in separable Hilbert spaces (see [ , Thm 2.27 pag.
61]).

Theorem 5.1.4 (Bochner). Let X be a real separable Hilbert space and let ¢ : X —> C. ¢ is the
characteristic function of a probability measure p on (X, B(X)) if and only if

(1) ¢ is continuous and ¢(0) = 1,

(2) ¢ is a positive definite function, namely for every k € N and every choice of x1,...,x € X
and cq, ..,c € C we have

(5.15) Zk: cicjp(x; — ;) =0,
i,j=1
(8) for every e > 0 there exists a non-negative nuclear operator Se such that
(5.16) 1 —Rep(x) < ¢,
for all x € X satisfying {(Sex,x)x < 1.

Remark 5.1.5. Condition (3) is related to the continuity with respect to the Sazonov topology
that is relevant in our setting (see [ , Thm 7.13.7]). If X = R™ then condition (3) is verified
and Theorem 5.1.4 is the Bochner Theorem (see | , Thm. 7.13.1]).

Theorem 5.1.6. Assume that Hypothesis 4.0.1 holds true. If for every t e R

(5.17) sup [Tr [Q(¢, s)]] < +o0

s<t

then the operator
t
Qlt, ) = f U, r)Qr)U (¢, r)*dr
—00
is well defined and it has finite trace for every t € R . The family of measures {y:}er given by
(518) Tt i = NO,Q(t,foo)a te Ra

is an evolution system of measures for {]357t}(S Her”

84



Moreover {vi}ier s an evolution system of measures for {Ps?t}(s N if and only if
Vi = Tt * [t tER7
where {ps}er s an evolution system of measures for {Vs,t}(s Her and {V&t}(s HeR is given by

(5.12)

Proof. By Proposition 1.4.11 Q(t, —0) is well defined and it belongs to £ (X). Now we show
that the measures ; satisfy (5.4). Let s <t and h € X, then

U(t,s)Q(s,—0)U(t,s)*h = fj U(t,s)U(s,m)Q(r)U*(s,r)U(t,s)*hdr

= J U(t,")Q(r)U(t,r)*hdr = Q(t,—oo)h — Q(t, s)h.
—00
Moreover
3, (h) = e~ 3R R)x
at(U(ty 8)*]1) _ e—%(Q(s,—oo)U(t,s)*h,U(t,s)*h}X )
Therefore, we have
<Q(57 7OO)U(t7 S)*hv U(tv S)*h>X = <U(t7 S)Q(Sa 7OO)U(t7 5)*h, h>X

Hence, we get

(5.20) 3,(U(L, s)*h) = e/ 9(tm0)=9(t:5).h)x o= 5Q(t=0) ) x 3 (QE )R, x
and
(5.21) Flh) = em 2 QUMD (U (1, 5)"h).

Now we prove the last statement. Let {4 }er be an evolution system of measures for Vj ;, we set
vy = 7y, * iy and we show that {1 }ier is an evolution system of measures for P; ;, namely we show
that for all v, satisfies (5.4) for all ¢ € R. Let ¢ € R and h € X, then for every s < ¢ by (5.19) we
have

Da(h) = Ay (Wi (h) = e 3 QO OMING (Ut 5)"h)
_ e—%(Q(t,s)h,h);ge—%(Q(s,—oo)U(t,s)*h,U(t,s)*h>XﬁS(U(t, S)*h)

= 6_%<Q(t15)hah>x /V\S(U(t, S)*h)

Conversely, if {v;}ier is an evolution system of measures for P; ;, then

(5.22) Dy(h) = e 2 QRUEDMIXG ([(t 5)*h), he X, s <t
We set

(5.23) () = lm D,(U(t5)"h) = ez QU=HMIxp, (h),
and so

(5.24) De(h) = e 2 QETONDX Tim D (U(t,)*h) = 5, ()i (h).

To conclude the proof is sufficient to show that
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(a) for all t € R, 1), is the characteristic function of a Borel probability measure pu;

(b) the family {4 }+er is an evolution system of measure for V; ;.

To prove (a), we note first that e=*9(t:=%):2x 9, (h) is the characteristic function of the measure
Gt 1= 0g(t,—c0) * V¢ - Then, we apply Theorem 5.1.4 to ¢; and we obtain that

1. ¢,(0) =1,
2. Zt is positive definite,

3. for every ¢ > 0 there exists a non-negative nuclear operator S. such that
(5.25) 1—Re(,(h) <e,
for all h € X satisfying (Sch,h)x < 1.

Since

vi(h N
di(h) = 5((;3 = 2 QUORIXE (h), he X,
t

then 1;(0) = 1, ¢ is positive definite and
(5.26) 1—Repy(h) <1—Rel,(h) <e,

for all h € X satisfying (Sch, h)x < 1. Hence, by theorem 5.1.4 for all ¢t € R there exists a Borel
probability measure p; such that 7i, = ¢, and for all h € X we get

U, (Ut s)*h) = s (U(t,8)*h) = lim 9,(U(s,0)*U(t, s)*h)

o——00
= lim 9, (U(t,0)h) = fi,(h).

Hence {1 }ier is an evolution system of measure for Vs, and the statement follows. O

Theorem 5.1.7. Assume that Hypothesis 4.0.1 holds true. If for every t € R

sup [Tr[Q(¢, s)]] < +o0

s<t

and for everyt e R and x € X

(5.27) lim U(t,s)x =0,

§——00
then for every f € Cp(X) we have
(5.28) ,hmoo Py f(x) = mi(f) := J f(y) n(dy), teR, zeX.
5= X

where {Vi}er @S the evolution system of measures for {PS,t}(S HeR given by (5.18).

Proof. The statement follows from [ , Example 3.8.15 page 135] since U(t, s)x ~——= 0 in
X and Q(t,s) === Q(t, —0) in £1(X). O
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Remark 5.1.8. We note that if {U (¢, 5)}(3 tea verifies (4.5) with ¢ > 0 then it verifies (5.27) and

by [ , Cor. 4.12] {7}ser is the unique evolution system of measures uniformly tight for
{Ps+} (s,y)ea- Moreover, if (5.27) does not hold then there may exist many evolution systems of
measures for P;; , see Remark 5.3.8.

Corollary 5.1.9. Assume that Hypothesis 4.0.1 holds true. If for every t € R
sup [Tr [Q(t, 5)]] < +o0
s<t

and for everyt € R and x € X
lim U(t,s)x =0,

§—>—00

then for every ¢ € Cy(X) with strictly positive infimum and t € R we have

(5.29) lim . Ps 1p() log Ps 1o(x) v (dy) = ma() log my ().

§—>—00

Proof. Let ¢ € Cy(X) have strictly positive infimum. Then Ps:p belongs to Cp(X) and has
positive infimum. Since the mapping y — ylogy is %— Holder continuous on bounded sets of
(0, +00), we get

UX Py () log Py 1p(x) 71 (dy) — ma () log mt(@‘
- UX (Ps. () 10g Posp(w) = muli) log ma()) %(dy)’

<c L Py o) — ma(@)|F yuldy),

for some constant C' > 0. By the Dominated Convergence Theorem and (5.28) the statement
follows. O

5.2 Logarithmic Sobolev inequalities and the hypercontrac-
tivity property of P,

In this Section we need all the results proved in the previous sections, so we assume the
following hypothesis.
Hypothesis 5.2.1. Assume that Hypothesis 4.2.1 holds true and that (5.17) and (5.27) are
satisfied.

Let {7:}ter be the evolution system of measures for {Ps’t}(s,t)eZ given by (5.18).

Now we can prove one of the main result of this chapter.
Theorem 5.2.2. Assume that Hypothesis 5.2.1 holds true. Moreover we assume that U(t,s)H, <

1

H; for every (s,t) € A and that there exist C,n > 0 and a € [O, 2) such that

e n(t—s)

(5.30) (LR PR CW’

Y (s,t) € A.

[H,
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Then, for every ¢ € CL(X), t € R and p € (1,4w0) we have

1 2
531) [ el oz (o) dre = mullol) og (mi (167) <m0 | 1oP=2 Q0 Ve[ 1omarane
where
(5.32) k= C(20)**7'T(1 - 20),

and I' is the Euler Gamma function.

Proof. Let p € (1,+o) and r € R. We prove first that (5.31) holds for ¢ € B?(X) such that
in}f{ p(x) > e for some € > 0. Let (s,t) € A and s < r < ¢; we define a mapping ¢ : [s,t] x X -> R
Te

by

(5.33) P(r,x) := P (x).
By (4.54), 9(r,-) € B2(X) for every r € [s,t] and

.34 inf inf P
(5.34) ot Inf (r,z) > e”,

and thanks to (4.55) we get

(5.35) %/j(r,ac) =—L(r)Y(r,)(x), relst], xeX.

Now we consider the function G : [s,t] — R defined by

G(r) = J P(r, ) log((r, ) yr(dz) = J P (§(r, ) log(4(r,))) (x) 7s(d).
X b'e

We claim that
(5.36) T60) = [ 2P (00 g0 ) () 70(d)

. or < or 8,7 3 g ) Vs .
To prove (5.36)we argue as follows.

Since (7, -) € B2(X) has positive infimum independent of r € [s,t], then log(¢(r, -)) € B2(X)

for every r € [s,t]. Hence by (4.64), with g(§) = {log& where £ € (621),2 ||<p||§o>, we get

L %Ps,r (4 (r,-)log(¥(r,-))) () vs(dx) = f L(r) (¢ (r, ) log (4 (7, -))) (2) yr (dz)

X
- JX L) (r, ) (@) log (i (r, 2)) 7, (da)
(5.37) - JX L) (r, ) (@) 7o (da).

Let V be the gradient with respect to the variable x. By (4.30) and (4.31), for every r € [s,t]
and F, ¥, ® € F,C¢(X) with F having positive infimum we have

(5.38) L(r)(®T) = BL(r)¥ + TL(r)® + (Q (r)2 VD, Q (r)? V),
Q(r* vF||
(5.39) L(r)(log F) = %L(T)F - ;HFQHX
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Using (5.38) in (5.37) we obtain

|| 5P 0108007 ) (@) o) = = [ L0000} o) o) 3 )
- [ L)@ ) + f log 0 ) L)) ) e ()
X

+ [ vt L) g D @) (o) + | Q1)E Vo). Q1) Vlog (v, ) 3 (do).
X X

Hence by (5.39) we have

(5.40)

[ st et - | lew)t voea| 1w voa| -
oo 8 7 x o(r, ) 2 (ra) o

We prove now that (5.36) follows from the dominated convergence theorem. Indeed we rewrite
(5.40) as

(5.41)
| 2 s ) ) wtan) = [ 2 ot vue 1@t vue) () 7a(d2).
x Or X 1/1(7"7 ) 2 ¢2(7"> )

We recall that as an easy consequence of | , Lemma 2.4], for all h € C}(X) we have
(5.42) VP, h(z) = J U(t,s)*Vh(y + Ul(t,s)r) No g, (dy), (s,t) €A, veX.
X

By (4.6), (5.34) and (5.42) we get

eiver | | lew? e
Ps’?"(H ) ’X‘;H oy X)($)<

2P ll,, + 1)K 2 (2Pl + 1) K2
s = O (T IO R -7

21l + DKM
< P (V1) (@),

and the function in the right side belongs to L'(X,~s).

2lePll, + DE?
2e2p

Por (IV6(r, )% ) (@)

N

10 ) Peor (Pre 199715 ) (@)

<

Since the second summand in the right hand side of (5.40) is negative, we get

2

X v, (dx).

1

Joc’ W” [0 e)* vPren @]
J J (Pr1eP)(z)

89



Applying (4.20), we obtain

(5.43)

Qwtver| ) @)

(Prpe?) ()

, 67277(t7r) (Pr,t
G'(ry<cC fX ~r(dzx)

(t—r)2

and by the Hoélder inequality we get

(5.44)

2

e v )Y v
e e | BN

P (|lo®? ver >

)<~
X

Applying (5.44) to (5.43), by (5.3) we get

i 2
e—2n(t—7) HQ (t)2 VP
G'(ry<cC J g1 X

Integrating with respect to r over [s,t] we obtain

t —2n(t—r)
J ©" log " dy —f Ps 1" log Py 1" dys < p <CJ eﬁdr) f P
X X X

2
QW vy dn,

s (t*’f’)

Letting s — —o0 and using Proposition 5.1.9 we conclude

(5.45)

where

(5.46)

1 2
|| o108 utdo) < muerymaliog ) + 5% | 72| @ 1) Vo[ ),
X X

+00 e—277r
K= Cf 5 dr = C(20)**7'T(1 — 2).
0

We obtain (5.31) for every ¢ € B7(X) applying (5.45) to the standard approximation

1
On = AP+ 2 and letting n — +o0 in (5.45). We remark that, fixed n € N, the function

©n belongs to B7(X) since the function h(x) = 4 /22 + * has continuous and bounded derivatives
of every order.

Finally, if ¢ € C}(X) by Proposition 4.2.11 there exist a 2-sequence {©y m }n,men S &,(X),
{@n}tneny € FrCL(X) and {c, }nen S [0, +00) such that

(5.47)
(5.48)
(5.49)
(5.50)

HQPn,chg(x) gCnHSDn”c;(X)a n,me N,
H<Pn||cb1(X) < ||<P||cg(x)v neN,

L ([on,m (2) = @n (@) + [Venm (@) = Ve (2)]) = 0, neN, zeX,
Jm (len (@) — o(@)] + [V (@) = Vie(z)]) =0, zeX.
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Noting that &;(X) S B7(X), pn.m satisfies (5.31) for every n,m € N. To prove that also ¢
satisfies (5.31), we apply two times the Dominated Convergence Theorem: the first time as
m — 400 thanks to (5.47) and (5.49) and the second time as n — +o0 thanks to (5.48) and
(5.50). O

Remark 5.2.3. Let us compare the Logarithmic Sobolev Inequality provided by L. Gross in | ;

; ] with the one in (5.31). We fix r € R and we consider the operator L(r) defined by
(4.23). We assume that A(r) is the infinitesimal generator of a strongly continuous semigroup
{T)(t)}4>0 such that

™
5.51 HT(’") t H <e ¢t >0,
(5.51) (t) ey S€

for some positive constant ¢{") and

foo Tr [T(” (t)B(r)B(r)* (T“‘)(t))*] dt < +.

Under these assumptions we consider the Ornstein-Uhlenbeck semigroups {R(")(t)}¢=0, given by

R(T) (t)(p(‘r) = J;( ('O(y)NT(T‘)(t)a:,QE"‘) (dy)v t>0,x¢€ Xv p e Cb(X)v

where

Q" = J t TT) (8)B(r)B(r)*T™ (s)*ds.

~+00 *
Setting Q) = f T (s)B(r)B(r)* (T(T)(s)) ds, the Gaussian measure u(") = N, is the
0

QY
unique invariant measure of { R(")()};50. Moreover it is well known that {R(")(t)};>¢ is uniquely
extendable to a strongly continuous semigroup in L?(X, u("), still denoted by {R")(#)};>0. Its

infinitesimal generator is the closure in L?(X, u(")) of the second order Kolmogorov operator L(r)
given by (4.23) defined on &,.(X) (see [ ; ]). We still denote it by L(r).

We note that u(") is not necessarily the Gaussian measure 7, of our evolution system of
measures {7y }er of {P&t}(S ten- Moreover by [ ; ; ] the measure (") verifies
the following logarithmic Sobolev inequality

4
652 | lePlog (16R) du® —m (o) tog (m (10)) < -

@ L(r)pdp ™,
c(T) X

where p € D(L(r)), ¢ is the constant in (5.51),

m") () = 2)p") (dz e LY(X, u™).

(4 Y(x)p s Y

X
We recall that under suitable assumptions on A(r) and B(r), we have
1 1 2

f P L(r)pdu'” = —gf Q) V|| du.

X X X

So (5.31) does not coincide in general with (5.52). In the next theorem we will see that (5.31)
implies a hypercontractivity result for {P&t}(s HeR
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Lemma 5.2.4. Assume that there exists a unique evolution system of measures {7i}ter for Ps.:.
Then for any p = 1 and (s,t) € A the operator Ps ; is extendable to a linear bounded operator
from LP(X, ;) to LP(X,~s), with unit norm.

Proof. For every f e Cy(X), (s,t) € A and x € X we have

[Pt f () < L [f(y+ Ut s)x)[Pdye = Ps ([ f7)(2).

Integrating over X and recalling (5.3) we obtain

f Py flPdy < f Ps,t(\ﬂp)d%:j FIPdr..
X X X

Since Cp(X) is dense in LP(X,~), Py, has a unique bounded extension from the whole L? (X, ;)
into LP(X, ), with norm < 1. Taking f =1, P;;f = 1 so that the norm of the extension is
1. O

Definition 5.2.5. We still denote by P;; the extension of the Ornstein-Uhlenbeck evolution
operator to LP(X, ).

Remark 5.2.6. In general the spaces LP (X, ;) and LP(X, ;) are different if ¢ # s, and the classical
theory of evolution operators in fixed Banach spaces cannot be used.

Theorem 5.2.7. Assume that Hypothesis 5.2.1 holds true. Moreover we assume that U(t,s)Hs <
1
H; for every (s,t) € A and that there exist C;n >0 and o € [0, 2> such that

e_n(t_s)

HU(t,S)\HSHuHS;Ht)< (t—s)~

, Y (s,t) € A.

Then, for every (s,t) € A, g€ (1,+00) and p < (¢ — 1)6% + 1 we have
(5-53) ||P87t<P||Lp(X7 ) < ”‘P”Lq(x, vy PE Lq(X7 'Yt)-
where k is given by (5.32).

Proof. Let (s,t) € A and let 7 € [s,t]. We prove first that (5.53) holds for ¢ € B7(X) such that
in}f{ o(x) > e for some € > 0. We consider the mapping 1 : [s,t] x X — R given by
xTEe

(5.54) P(r,z) == Prap(a).
By Lemma 4.54, 9(r, ) € B2(X) for every r € [s,t] and

(5.55) inf inf ¢(r,z) > €

rels,t] z€X
and thanks to (4.55) we get

aw

(5.56) o (r,x) = —L(r)y(r, ) (z), re€][st], zeX.
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Now we define the functions G : [s,¢{] > R and H : [s,t] — R by

(5.57) GO 1= [ WP (dn),  H) = G),
where

(5.58) p(r) == (q— l)e% + 1.

(5.59) a—iG(r) - JX a%PS”” (w(r, .)p(r>) () 7o (da).

Since 1(r, -) € B2(X) has positive infimum independent of r € [s, ], since log(-) : [¢, +0) — R
has continuous and bounded derivatives of every order, then v (r,-)P(™ e B2(X) for every
€ [s,t]. Hence by a slight modification of (4.64), where g(€) is replaced by g(r, &) = £€P(") with

S
ge(52lels)) s we get

JX a—é;PS,,, (w(n ~)p(7')) () vs(dx) = fX P(r, x)p(T) log ¢(r, z) p'(r) v-(dx)
- | v L)l @) )

(5.60 s L0 @) ),
p's
For every r € [s,t], p > 1 and ® € F,.C%(X), by (4.31) we have
1 N 2
(5.61) L(r)®” = Sp(p— 1)@~ HQ (r)? V<I>HX + p®P 1 L(r)®,
and applying (5.61) to (5.60), we get

JX %PS*T (1/’(7"’ ')p(T)) () ys(dx) = p'(r) fx P(r, ac)p(r) log (7, x) v (dz)

662 +5pe0) =1 | wra 7 [Qw veea)| o).

We prove now that (5.59) follows from the dominated convergence theorem. Indeed we rewrite
(5.62) as

L & P (00,70 (@) () = p'(r) jX Py (00r, )7 10g (1)) (&) 74 (de)

669+ 500 1) [ P (w, 072 Q (1) T, ~>Hi) () 7s(d).
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By (4.6), (5.58) and (5.42)we obtain

) Per (3070 U0)) (2) 4 5p0)0) — Py (wr, P02 ) vy, ~>H1) ()

P 1og (|l

-1
gq e2n

2K
q—

t—s
= e32r

+ 50 + DKy (1900 )]% ) (0)
- Vog gl + gp(t)(p(t) + DEPur (IVP0()I% ) (2)
2

1 t=s 1 *

I e ||so||§§” 1og ¢, + 5p()(P(t) + VE U)o ix) Por (Pre IVeOIX ) (@)
g—1 i t

e el log lelly, +

N

N

SR (B(0) + DKM Py [0k (2) € L1 (X, 7).

By (5.59) and (5.62) we get

0 _ 1 / p'(r)
g(lOgH(T)) = WG (r) — o log G(r)

P'(r)
) § 5 0(r, x)P(T) v (dx)

2§X¢Z;(x)) 0 7, (d2) f W(r,z)P HQ Vw(r,x)Hi e (dz)

(o)

U b, 2)7) log ()P0 fmdx)—mrwm-)p>1ogmr<¢<r,->p>}

j B, 2P log i (r, 2) 7 (dz)

(

f 9,21 [Q ) Vot o[ el

Since p(r) is given by (5.58) and p'(r) < 0, by (5.31) we get

(5.64)
5o H) > 5o (20 n 90 = V) [ 02 [0 Vot o) =0,

and log H(r) is a non decreasing function. Hence also H(r) is a non decreasing function and
(5.53) holds true for every ¢ € BZ(X) with positive infimum.

Arguing as in Theorem 5.2.2, we obtain (5.53) for every ¢ € B7(X) applying (5.53) to the

1
standard approximation ¢, = /% + 2 and letting n — +00 in (5.53). Since &;(X) < B (X)
(5.53) holds for all ¢ € L9(X,~;) by Remark 4.2.12. O

5.3 Examples

In this section we consider again examples of Section 3.2 with A7 replaced by A and with
suitable assumptions that allow to prove the existence of an evolution system of Gaussian measures
and to apply Theorem 5.2.2 and Theorem 5.2.7.
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5.3.1 A non autonomous parabolic problem

Let d € N and let © < R? be a bounded open set with smooth boundary. We consider the
evolution operator {U(, s)}( = in X := L*(0) associated to an evolution equation of parabolic

s,t)e
type,
ue(t,x) = A®)u(t, ) (x), (t,z)e (s,+0) x 0,
(5.65) {B(t)u(t, Ix) =0, (t,x) € (s,4+0) x 0.

The differential operators A(r) are now written in divergence form as

d d
(5.66) A(r)p(z) = Z D; (a;j(r,x)Dip(x)) + Z a;(r,x)Dip(z) + ag(r,z)p(z), reR, z€0

and the family of the boundary operators {B(r)},er is either of Dirichlet, Neumann or Robin
type, namely

(Dirichlet),

a;j(z, t)Dyuv; (Neumann),

B

<
Il
—

IM& &

(5.67) B(r)u =

agj(z,t)Diuvy + bo(x, t)u (Robin),

ZM&

-

<
Il
—

where v = (11, ..., /4) is the unit outer normal vector at the boundary of .

We make the following assumptions.

1 _
Hypothesis 5.3.1. We assume a;; = a;j; and for some p € (2,1>, ai; € Cg”Q (R X O), by €

Cf’l (R X 6), a;,ag € C{:,o (R X 6). Moreover, we assume that there exist v,w > 0 such that

d
(5.68) D aij(ra)&é = vE?, reR, ze0, (eRY
i,j=1
(5.69) sup  ap(r,z) < —w,
(r,z)eERx O
(5.70) 5o —w < 0,

1 :
where §p = » (Z ||al||§o> .
i=1

For every r € R we denote by A(r) the realization in L?(0) of A(r) with one of the boundary

conditions 5.67. In | , Ex. 2.8, Ex. 2.9, Rmk 3.19 and Ex. 4.9] it is proven that the families
{A(r)}rer and {A(r)*},cr satisfy the assumptions of | ; ] and of | , Sect. 6], so by
[ , Thm. 2.3] and | , Prop. 6.1, Thm 6.4] there exists an evolution operator {U (¢, s)}s<t

on X such that Hypothesis 4.2.1 holds true.
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Proposition 5.3.2. Under Hypothesis 5.3.1, we have

10(t,8)l oy < €06, (5,1) € A

Proof. We consider the family of operators {—ﬁ(r)} N defined by

TE

(5.71) —A(r) = —A(r) + wldx, reR.

Since {A(r)}, g verifies Hypothesis 4.2.1 then {ﬁ(r)} N verifies Hypothesis 4.2.1 and it is
re

associated to the evolution operator {U(t, s)}s<¢, given by

(5.72) Ut,s) = e’ 2U(t,s), s<t.
Moreover {—A(T)} . satisfies all hypotheses of | | and by | , Thm 5.1] we have
TE
5.73 H(? t, H <ehl=s) g <,
(5.73) (0], < s
and
__—w(t—s) —(w—60)(t—s)
(5.74) 10 8)Leoy = e [Tt s) | <em@0, s <

O

Proposition 5.3.3. Assume that Hypothesis 5.53.1 holds true. Let {B(r)}rer be a family of
operators such that

1. for every r e R, B(r) € L(L?(0), L1(0O)) for some q € [2,+) n (d, +0) and

sup 1B(r)ll 2220y pa(0)) < %
Te

2. for every ¢ € L*(0) the mapping r € R — B(r)p € L1(0) is continuous.

Then

—w(t—r)

5 dr.
q

(5.75) Tr[Q(t,s)]<CQ|O\M5J ?t_r)

and the operator Q(t,s) has finite trace for all s < t. Moreover there exists a unique evolution
system of measures {yi}er for Ps: given by (5.18).
Proof. We adapt to our setting the arguments of | , Lemma 4.3].

By | ] U(t, s) defined in (5.72) may be exended to the whole L!(0O), and the extension
(still denoted by U (t,s)) belongs to £ (L*(0); L*(0O)). Moreover U(t, s) is represented by

(5.76) U(t,s)p(x) = Jo E(z,y,t,")o(y)dy, ¢e L*'(0), s<t,
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where k(-, -, ¢, s) belongs to L* (O x O) and by | , thm. 6.1] there exist M, m > 0 such that

M _le—yl?
e mE=s) z,ye 0, s<t
(t )g ) Y ) )
—5)%

(5.77) k(z,y,t,7)| <
and recalling (5.72), we get

(5.78) U(t, s)p(x) = e (%) J k(z,y.t,r)e(y)dy, ¢eL'(0), s<t, ze€O.
O

Let {ex}ren be a Hilbert basis of X. Then

(579 TR = [ X IBO) UGl dn s <t
S k=1

By the representation formula (5.78), we get

(5.80) U e)w) =07 | Ko tnen)ds, ae.yeo.
V)

and then

(5.81) (B(r)*U(t,r)*er)(y) = e_“’(t_r)J (B(r)*k(z, -, t,r)) (v) ex(z) dz, a.e yeO.

We obtain )
Qo) = [ e [ i ([, B0 bt et o) dyar
= [ [ [ @0kt @) dodyar
(5.52) = [t [ [ By Ksntor) W) dydaar

Since B(r) € £(L?(0); LI(O)) then B(r)* € L(LY(0); L*(0)) and there exists C' > 0 such that
for every x € O we have
IBE) K@) ooy < IOV e onezzcon 15 ) o)

<

(5.83) C Ik, t, 7)o o -

By (5.77), for every p > 1 there exists M, > 0 independent of = such that

M _p le—yl M,
(5.84) ||k(x,~7t,r)H1£p(o) S — e~ m i dy = %.
(t—T)Z Rd (t—r) Pl
Choosing p = ¢’ we obtain
yr 3
C?’MY
* 2 4
(585) ||B(’I“) k(.ﬁ,',t,’l")HL’z(o) < q@'
(t—r)a
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Combining (5.82) and (5.85) we obtain

—w(t—r)

5 dr.
q

2ty
(5.86) Tr[Q(t,s)] < C* 0| M} f

s (t—?")

where |0] is the d-dimensional Lebesgue measure of O.

Since ¢ > d, (5.75) implies that the trace of Q(t,s) is finite for every s < ¢ and

sup [Tr [Q(¢, s)]] < +0o0.

s<t
By Corollary 5.1.7, Remark 5.1.8 and (5.74), there exists a unique evolution system of measures
for P, ; and it is given by (5.18). O

We just have to give sufficient conditions guaranteeing that (5.30) holds true. To this aim we
need to recall some preliminary results. By | , Thm. 2.3), U(t,s) € L(X; D(A(t))) and there
exists C7 > 0 such that for every 0 <t — s < 1 we have

C
(5.87) IU(E,9)ll o x) + AU @ )l o xy = U9 2 xspeacey)) < tflv

S
(5.88) IU 9 2 peags)ypaw) < Cr-

By Proposition 5.3.2 and (5.87), for every t — s > 1 we have

NU(E9)l| 2 pacs)yipeay) < NUE S cx;pany)
= ”U(tvt - 1)U(t - 17 S)HL(X) + ”A(t)U(tvt - 1)U(t - 17 S)HL(X)
< (Wt t = Dll ey + IABTEE = Dllo)) 10 = 1,9)lLex)
(5.89) < Cpe@ %0 (@m00)(t=s)

so by Proposition 5.3.2 and combining (5.87), (5.88) and (5.89) there exists C' > 0 such that for
every s < t we have

(5.90) Ut )l (x) < C e~ (w=d0)(t=s)
(5.91) U 9l x:pae) <C max {1, (t —5)"'} e (@=80)(t=s)
(5.92) 10U 9)llepacsyiawy < C e,

By (5.90) and (5.92) for every 0 < 6 < 1 and for every s < ¢ we have

(5.93) 1T )L (ox.peane sicxameay < @0,

where, for every r € R, (X, D(A(r))g,2 is the standard real interpolation space between X and
D(A(r)). Moreover by (5.90) and (5.91) for every 0 < 6 < 1 and for every s < t we have

(5.94) U (¢, S)HL(X;(X,D(A(t))s,Q)) < C max{l, (t — 5)79} o~ (W=00)(t—5)_
Combining (5.93) and (5.94) for every 0 < 0 < 1 and s <t we get

(5.95) ||U(t, S)”L((X7(X7D(A(s))9,2)g,2;(X,D(A(t))g,z)) < C max {17 (t _ 5)79(170)} e~ (w=00)(t—s)
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Recalling that by reiteration (X, (X, D(A(s))g2)s2 = (X, D(A(s))ss,2, for every 6 € (0,1),
pe(0,0] and s <t we get

(5.96) U 8) | 2 ((x.D(A(s)) 25X, D(A(0))g)) < C max{L, (t — 5)~ (=P} g~ (w=do)(t=s)

where we have chosen o = g in (5.95). Now we recall the characterization of D(A(r)) for every
reR.

e Neumann or Robin boundary condition In this case for every r € R we have

(5.97) D(A(r)) = {ue H*(O): B(r)u=0}.
Moreover by e.g. [ , Thm. 3.5, Thm. 4.15] for every r € R and 0 < v < 1, we have
H?7(0) fo<y<?2
(5.98) (X, D(A(r))y2 = {u e H2(0) | B(rjue ﬁ%(o)} ify=3 ;
{ue H?(O) | B(r)u =0} if 2 <y<1
where
d
Z ai;(z, ) Dyu U; (Neumann)
(5.99) Blryu={ 7! ,
Z a;j(z,r)Dyuvj + bo(x,r)u, (Robin)
ij=1

7 is a smooth enough extension of v to O and H2(0O) consists on all the elements o € H2 (0)
whose null extension outside O belongs to Hz (R%).

¢ Dirichlet boundary condition In this case for every r € R we have

(5.100) D(A(r)) = H*(0) n Hy(0).

Moreover by | , Thm. 3.5, Thm. 4.15] for every r € R and 0 < v < 1, we have
H?7(0) fo<y<1

(5.101) (L*(0), H*(0) n Hy(0)), , = { H?(0) if 4 = 1

{ue HY(O) |y, =0} ifi<y<l1

Now we present two explicit examples of {B(r)},er where all the hypotheses of Theorems
5.2.2 and 5.2.7 are verified.

Theorem 5.3.4. Assume the following conditions hold true.
1. X := L*(0) where O < R? is a bounded open set with smooth boundary and d = 1,2,3,4,5.

2. The operators A(r) given by (5.66) verify Hypothesis 5.3.1.

3. The realization A(r) in L*(O) of A(r) with one of the boundary conditions 5.67 is a negative
operator for every r € R.
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4. For every r € R we have

for some v = 0.
In the following cases

0<y<1 ifd=1

0<v<l ifd=2
(5.102) <v<l1l 4fd=3 ,
ifd=4

B0 N= =
A
=2
A
[t

<v<1l ifd=5

there exists and evolution operator U(t, s) satisfing Hypothesis 5.2.1. Moreover for every s <t we
have

(5.103) 1U Gt )|, agyy < Ce =009,

where C, w and 0y are the constants in (5.93).

Proof. Let us show that Hypothesis 5.2.1 is satisfied. We have already mentioned that Hypothesis
4.0.1 holds. Moreover Proposition 5.3.2 yields (5.27), since 09 —w < 0 by Hypothesis 5.3.1. Let us
check that the operator B(r) = (—A(r))~" verify the assumptions of Proposition 5.3.3 for every
reR. By | , Thm. 4.36] we get

(5.104) H, := Q () (X) = D((=A(r)") = (X, D(A(r))) 2.

It follows that for every ¢ > 2, the embedding of D ((—A(r))Y) in L%(O) is continuous for
v=2d (% - %) Hence for such choices of y, B(r) € £(L?(0); L4(0)). The rest of the assumptions
))~7 through a Dunford integral,

of Proposition 5.3.3 follows by the representation formula of (—A(r
see e.g. | , Def. 4.3]. Hence, by Proposition 5.3.3, (5.17) holds. Estimate (5.103) follows by
(5.93) and (5.104). O

Remark 5.3.5. If a; = 0 for all i = 1,..,d hypothesis 8 of Theorem 5.3.4 is satisfied. If not, by
standard arguments, one can find sufficient conditions on the coefficients a; such that hypothesis
& holds.

So by Proposition 5.3.3 and recalling (5.98) (5.101), for every s < t the operator Q(t, s) given
by (2.2) has finite trace in all the cases (5.102). Hypothesis 5.2.1 holds true in view of Proposition
5.3.2. Finally (5.103) holds true by (5.93) and (5.104) with § = v

Theorem 5.3.6. Assume the following conditions hold true.

1. X := L*(0) where O € R? is a bounded open set with smooth boundary and d = 1,2, 3.

2. The operators A(r) given by (5.66) verify Hypothesis 5.5.1.
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3. For every r € R we have
B(r) = (—A)7"" reR,

where A is the realization of the Laplacian operator in L*(O) with Dirichlet (Neumann or
Robin) boundary conditions, v : R — [0, «] is a non-decreasing continuous function and

O<a< -—.
43

In the following cases

infy(r) =0 dfd=1

reR

(5.105) infy(r) >0 ifd=2

reR

1
inf'y(r)>i ifd=3

reR

there exists and evolution operator U(t, s) satisfing Hypothesis 5.2.1. Moreover for every s <t we
have

(5.106) Ut s) g, 1,y < Cmax{l, (t - 5) " e (Wmdo)(t=s)
where C,w, 69 are the constants appearing in (5.96).

Proof. We prove the statement in the case where {A(r)},er is the realization in L?*(O) of A(r)
with Robin boundary condition, the case with Dirichlet or Neumann boundary conditions can be
treated in the same way.

The same arguments used in the proof of Theorem 5.3.4 show that Hypothesis 5.2.1 holds
true.

1
Moreover, since sup y(r) < B by (5.98) and (5.101) for every r € R we have

reR

Nl

(5.107) H, :=Q(r)? (X) = D((-=A)"") = (X, D(A(r)))y.2 = H?(0).

It follows that for every ¢ > 2, the embedding of D ((—A(r))”) in L%(O) is continuous for

v =2d <% - %) Hence for such choices of v, (—A(r))™" € L(L?*(0); L1(0)).

So by Proposition 5.3.3, for every s < t the operator Q(t, s) given by (2.2) has finite trace in
all cases (5.105). Hypothesis 5.2.1 holds true in view of Proposition 5.3.2 and for every s < t, by
(5.96)(with 6 = y(t) and p = v(s)) and (5.107) we have

U, )l g, a1,y < Cmax{l, (¢ —s)" OO jemwm00)lt=s),

1
so recalling that v : R — [0, ] is a non-decreasing continuous function and 0 < « < 3 we obtain
(5.106). O

Under the assumptions of Theorem 5.3.4 or Theorem 5.3.6, by Theorem 5.1.6 there exists
an evolution system of measures {y;}ier for Ps; given by (5.18). Such evolution system of
measures satisfies the Logaritmic-Sobolev inequalities (5.31) and P; ; is hypercontractive as stated
in Theorem 5.2.7.
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5.3.2 Diagonal operators

Let (X, |||l x,{>x) be a real separable Hilbert space. Let ¢t € R and let A(t), B(t) be
self-adjoint operators in diagonal form with respect to the same Hilbert basis {e; : k € N}, namely

A(t)ek = ak(t)ek, B(t)ek = bk(t)ek te R, ke N,
with continuous coefficients ag, by. We set A\, = sup ax(t) and we assume that there exists A\g € R

teR
such that A\ < Ao, V keN.
In this setting the operator U(t, s) defined by

(5.108) U(t, s)e, = exp (f ar(r) dr) er, (5,8) €A, keN,

S

is the strongly continuous evolution operator associated to the family {A(¢)}+cr. Moreover we
assume that there exists K > 0 such that

b ()] < K, teR, keN.
Hence B(t) € £(X) for all ¢t € R, the function B : R — £(X) is continuous and

(5.109) sup [|B(1)] ¢ x) < K-
teR

The operators Q(t, s) are given by

Q(t, s)ex = f exp (2 f an () dT) (be(0))2 do g, =: qio(t, )ex, (s,8) € A, keN.

S o

Hypothesis 4.0.1 is fulfilled if
[e0]
(5.110) Z ) < 4w, (s,t) €A,

We give now a sufficient condition for (5.110) to hold. We assume that Ay is eventually nonzero
(say for k = ko). Given (s,t) € A, we have

J exp(ZJ ar (1) d7> (br(0))? do| < kuHic J exp (2 (t — o)) do
_ ol |, B 15212, B
(5.111) EIW] |1 — exp(2Ax(t — 5))| < 2 2 (1 + exp(2Xo(t — 5))).

Hence (5.110) holds if we require

(5.112) Z HII;JJIOO

We note that D(A(t)) = D(A(t)*) = X for all t € R and Hypothesis 4.2.1 is easily checked.

In order to have existence of an evolution system of measures for Ps;, the hypotheses of
Theorem 5.1.6 are satisfied if we require A\g < 0 in (5.111). Moreover if we require Ag < 0, (4.5)
holds with ¢ < 0 and by Theorem 5.1.7 there exists a unique system of measures for P ; .
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Now we investigate when (5.30) holds. We observe first that for y = @ (8)% x with x € Hy, we
have

Wit = e v« = 5 (B oy [ ) e)

X keN |bk5 (t) | S

- S (o ([ ) 0N 5 (e[ v Iewn.))

keN

We assume that there exist L > 0 such that
(5.113) |bp(t)] = L, keN, teR.

Hence for any k € N, we have
114 : Y dr) < L Polt=9)
(5- ) % exp . ak(T) T s ﬁe )

and

1
(5.115) 10 e, my < 70 (D€A.

Since A\g < 0, hypotheses of Theorems 5.2.2 and 5.2.7 are satisfied.

Theorem 5.3.7. Let (X, ||| x,<{, )x) be a separable Hilbert space. Let A(t), B(t) be self-adjoint
operators in diagonal form with respect to the same Hilbert basis {ex}ren, namely

A(t)ek = ak(t)ek, B(t)ek = bk(t)ek te R, ke N,
with continuous coefficients ay, b. We set A\, = sup ag(t). If that there exists A\g € R such that
teR

M < Ao, YV keNand (5.109), (5.112) hold, then Hypothesis 4.0.1 and Hypothesis 4.2.1 are
satisfied with U(t,s) given by (5.108). If in addition Ao < 0, then there exists an evolution system
of measure for P, given by (5.18). Finally assuming also (5.113), hypotheses of Theorems 5.2.2
and 5.2.7 are satisfied.

k2+61

As an explicit example we can choose ai(t) = ——=——
P p W) =~

cy > 1forallteR.
Remark 5.3.8. We assume now that max ai(t) =0, a; € L' (R) and there exists ¢ > 0 such that
€.

c1 > 0 and bg(t) = sin(kt) + ca,

A < —c for k = 2. In this case A\g = 0 and we can show that there exist at least two different
evolution system of measures uniformly tight for P ;. Setting

(5.116) Vsip(x) = o(U(t, s)z), peCh(X), zeX, s<t,

we show first that there exist at least two evolution system of measures for V, ;. We claim that

the families {,ugl)}teR and {u£2)}t€R defined by ugl) = Jp and ,ugz) = §op with my = el @1 (M4

t
for all t € R, are evolution system of measures for V; ;. Indeed given ¢ € C,(X), we have

f o (U(t, $)2) do(da) = o (U(t, $)0) = p(0) = f o (@) Solda),
X X

@ <:;S> = L{ap(m) 5%(dx).

[ w0 0@ - ¢ (v )

€1
my mye
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Hence, by Theorem 5.1.6, {v;}ier with v given by (5.18) and {v4}ier with vy = 7y * /~L§2) are

evolutions systems of measures for P; ; .

5.3.3 A non autonomous version of the classical Ornstein-Uhlenbeck

operator
Let A(t) = a(t)l, where a is a continuous and bounded real valued map on R and set
sup ag(t) = ag. Hence
teR
¢
(5.117) U(t,s) = exp <J a(T) dT) I, (s,t)eR?

is continuous with values in £(X) and it is associated to the family {A(¢)}er.
Let {B(t)}ier < £(X) be a family of operators satisfying Hypothesis 4.0.1 (2). Since

Q(t, s) = Jt exp<2 fta(T) dT)Q(J) do (s,t) € A,

S o

where Q(c0) = B(o)B(0)*, a sufficient and obvious condition for Tr [Q(¢,s)] < 400 is that the
mapping o —> Tr[Q(c)] belongs to L!(R). Indeed, if {ex}ren is a Hilbert basis of X, we have

t
(5.118) (Q(t, 8)ex, exdx < 2%0(t=5) f (Q(0)er, exdx do (s,t) € A.

We note that D(A(t)) = D(A(t)*) = X for all ¢ € R and Hypothesis 4.2.1 is obviously satisfied.

In addition to the above assumptions on the trace of the operators Q (o), we require that for
all ¢ € R there exists C; > 0 such that

(5.119) [1BS)lgxy < CellB)llgxy, Vs<t

Moreover we assume also that ag < 0.
By (5.118) and (5.119), (4.5) holds and

Ut )]l ox) < e, (s, t e R?).

For all (s,t) € A we have

t t
(Q(t, 8)ex, eryx < e20t=9) f (Q(o)ek, ex)x do = 62a°(t_s)J ||B(0)*€k|\?x do
(5.120) < 200 (1 — )OF ||B(t) er|| % = CE2 0= (t — 5)(Q(t)ex, ex)x-

Therefore
sup Tr [Q(t, s)] < 400

s<t

and by Theorem 5.1.7 there exists a unique evolution system of measures for P ;.
Moreover (5.30) holds. Indeed

2 2

(5.121) HQ ()% Q@

= IB(s)"lzx) < CEIB®)" Iz (x) = CF

£(X) £(x)’
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Then, by Proposition B.1 in Appendix B in | , pag. 429], H; € H, with continuous embedding

and for z € Hy; we have
t
exp (J a(T) dT)x
S

Since ag < 0, the hypotheses of Theorems 5.2.2 and 5.2.7 are satisfied.

(5.122) Ut )], = < Gy |g]

Hg -

Hy

Theorem 5.3.9. Let (X, | ||y, )x) be a separable Hilbert space. Let A(t) = a(t)I, where a
is a continuous and bounded real valued map on R and set

sup ap(t) = aop.
teR

Let {B(t)}ter € £(X) be a family of operators satisfying Hypothesis 4.0.1 (2).

If (5.119) holds, then Hypothesis 4.0.1 and Hypothesis 4.2.1 are satisfied with U(t, s) given by
(5.117). If in addition ag < 0, then there exists an evolution system of measure for Ps, given by
(5.18). Moreover hypotheses of Theorems 5.2.2 and 5.2.7 are satisfied.

Remark 5.3.10. We state here some final remarks.

1. If a(t) = —1 and Range (Q(t)%) = Range (Q(O)%) for every ¢t € R, then ¢y = —1 and

¢ = 1in (5.122) so k defined in (5.32) is equal to 7 Moreover (5.53) holds for every

(s,t) e A and p < C(t,s,q) := (¢ —1)e!~% + 1. We stress that C(¢, s, q) is non autonomous
version of the optimal constant given in | , Rmk. 3.4] and | , p- 242 under (1.3)].

2. We now give an explicit example where Range(B(t)) = Range(B(0)) for every ¢t € R. Let
de N, let X = L?(0,1). We choose B(t) = (A(t))~2 where A(t) is the realization of A(t)
given by (5.66) with Dirichlet boundary conditions. The proof that Tr [Q(, s)] is finite
is the same as in Theorem 5.3.4. In this case Range(B(t)) = Range(B(0)) = H(0,1) for
every t € R.
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Chapter 6

The Ornstein-Uhlenbeck evolution
operator as a second quantized
operator

In this Chapter we give an alternative representation formula of P ; as a second quantized
operator, provided that there exists the evolution system of measure {y;}:er for P;;, where =y, is
given by (5.18). We start by defining the operator L € L(X) — I',, ,(L) where p and v are two
centered (possibly degenerate) Gaussian measure on X.

The second quantization operator was introduced in | ] and we refer to | ; ;

; ] for several applications to the Ornstein-Uhlenbeck semigroup represented as a

second quantized operator. In [ ; ; ; ] the second quantization operator

is defined as a series using the Wiener Chaos decomposition. In this Chapter we follow the

approach of | ] where the authors represented the second quantization operator by the so
called generalized Mehler formula. Our aim is to make it simpler.

6.1 The second quantization operator

Let 1 = N(0,Q,) and v = N(0,Q,) be two centered Gaussian measures on X with Cameron-

1 1
Martin spaces H,, and H,, respectively. We recall that H, = Q3 (X) and H, = Q2 (X) and
we denote by P, e P, the ortogonal projections on ker Qu and on ker Q),,, respectively. We fix

L e £(X) and we consider the linear operator Ql, LQ,? : H, » X. If {e!} ey and {el },en are
orthonormal bases of X consisting of eigenvectors of (), and Q,,, with corresponding eigenvalues
{ M4 nen and {2 }en, respectively, then for every h e H,, we get

Tm\»—A
l\?
\

a0
1 h
- z Z <ek7 >X €n> Le/kL>X€n'
)\"
n=1 k=1

A #0
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11
The function h — Q2 LQ, ? h belongs to L(H,,, X). We shall study an extension of it belonging
to L2(X, u; X). For this purpose, we introduce the linear approximations Ly, : X — X, m e N,
defined as

o0
<e x>X
5 — k’ nw
Lyt x = E )\” E ——=(ey, Ley )xer, Vo e X.
n=1 k“ 1
AL #0

We notice that the operators Ly, are well-defined for every m € N. Further, the sequence
{L i }men converges in L?(X, u; X), as stated in the following result.

Proposition 6.1.1. The sequence {Li),,}men converges in L*(X, pu; X) as m goes to . Its
limit Ly is a centered X -valued Gaussian random variable with law

(6.1) po (L)~ = N(0, Q2 L(I — P)L* Q).

Moreover

| peBntao < Tex1QuLL)
and for every h € X we get
(62 Ly Wyx = (QRL'QEN)"

Proof. We show that {L3',}men is a Cauchy sequence in L?(X, u; X). For every m, h € N with
h > m we get

2

0 h o
1 (e, T)x
HL%’fm_L;%H%%X,H;X) :J Z()\Z)z Z % en, Leyyxen|  p(dr)
X {|ln=1 k=m+1, (A2
A0 X

2

(6.3) f ZA” ST e el <‘z’“’§>x lda),
k=m+1,
AL #0

where we have used the fact that {e”},en is an orthonormal system in X. Now we recall that

(6.4 | ety otntan 0. k4

X
(6.5) J (et x)2% p(dx) ! f 52{@%5 M VEkeN

: kL)X = = Ak .

X \/27r)\f: R

By replacing (6.5) and (6.4) in (6.3) we infer
h s h
|5 — Lo (x ) = Z Ao DL e ek = A ) (Lren ek
n=1 k=m+1, n=1 k=m+1,
A0 AL 20
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Moreover

Z (Lrey, Z (L ey, ek
k=m+1, k=m+1
A#0

that vanishes as m,n — +00. Since
h h
2
D, (L, Z<L*€Z’€i>§< = L enll ,
k=m+1 k=1

by the dominated convergence theorem for series we have that {L5;, }men is a Cauchy sequence
in L?(X, u; X) and then it converges in L*(X, u; X).

R ol=
o

Let us denote by L" its limit. Then, arguing as above and recalling that ()\Z)%e’;l Q
for every n € N, we get

SN

0 o0 0

)= | ralntan < XX Swre i = M el
n=1 k=1 n=1

- Z<A;LL*e;,e;>X = Tr[Q,LL*].

Let us fix y € X. For all n € N, we set y% = (y, e’ >x and we have

(L, hyx = Z 0t Y <e’“’x>X et = Y. <e’“f>x< Qi e,
k=1 k=1

Aj#0 A #0

which converges to (Qu L*Q,E hYin L?(X, ) by Proposition 1.5.19. Hence (6.2) follows, (Li"-, h)x

equals (Qu L*QV h)", and so it is a centered X-valued Gaussian random variable with variance
1 2
Jats-ab}, - 1-ras-ab
n X

To conclude, we prove that the law of L" is given by (6.1). Indeed, for every h e X we get

2
H,

1 12 1, 1 1
—exp <_2 H(I —P)L*Q} hHX) — exp (—2<Q5 LI - P)L*QZh, h>X) .

(1o ()1 (h) = JX eKEmx (1o (L)1) (dx) = JX (KL RN ()

2

1 1 1
e (—2H< brQiny]

1 1 1
) o (- oizol

L2 (X,p)

Remark 6.1.2. From now on, if 4 = v we simply write L/, instead of L4".

Let L € £L(X) with |L|¢(x) < 1. Hence, (I — L*L)z € £(X) is self-adjoint, nonnegative and
has operator norm less than or equal to 1.
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Definition 6.1.3. Let L € £(X) with ||L]|z(x) < 1. For every f € By(X) we set
06 CuslDNE) = [ AL+ (0 -1} ulvldy). for pac. ve X
X

If p =v, then L — T',(L) := T, u(L) coincides with the second quantization operator on
L?(X, pu; X). Formula (6.6) is called generalized Mehler formula.

Setting z = (({ — L*L)%)’goy, by Proposition 6.1.1 we obtain

(©.7) Coa D)) = | FE) 0+ 20 (d),
X

where

(6.8) Yor, = N(0,QE (I — L*L)* (I — B,)(I — L* L)} Q3).

1 1
If @, is one to one then P, = 0 and ~, 5, = N(0,QZ (I — L*L)Q2). The same holds if L vanishes
on ker @,. Indeed LP, = 0 if and only if P,L* =0 and I — L*L maps (I — P,)(X) into itself.
Hence, even (I — L*L)z maps (I — P,)(X) into itself. So if LP, = 0 we get

(69 Ol D)) = | FUL 4 2)N0.QE (1 = 1 1)QE)(d2)
Remark 6.1.4. We compute here the second quantization operator for two special operators L.
(i). If L = 0, then (L*)%" = 0 and ((I — L*L)2)%, = I — P,. Hence
(T (0) J f((I-=P))y)v(dy) = J fly) v(dy) pae xeX, Vfe By(X),

ie., I'y,(0)f is constant for 11 a.e. x € X. Such a constant coincides with the mean of f on
X with respect to v.

(ii). If L = ¢I with ¢ € (0,1], then L5 = ¢(I — P,) and ((I — L*L)2)k = V1—( - P, )
Therefore

(Tpled) f)(= J fle(I = Pz +/1—cy] pu(dy) pae xeX, fe By(X),
so that, if ¢ = 1 we get (T',(I)f)(z) = f((I — P,)z) for p a.e. x € X, while if c € (0,1) then
(Tpled) f) (= J f(e™" (I = Pz ++/1— e 2ty)u(dy) pae xeX, feBy(X),

where ¢ = e7'. We get that T\ (e7")f = (Pf'f) o (I — P,) where P} is the classical
Ornstein-Uhlenbeck semigroup in X with respect to the Gaussian measure p, i.e.

Pl'f(x J fle 7tz + — e 2ty u(dy) pae xeX, fe By(X).
Proposition 6.1.5. Let L € L(X) \ {0} be such that || L| zx) <1, LP, =0 and P,L = 0. Then
for every p € [1,+x) the operator T'y, ,,(L) is extendable to a linear continuous operator from

LP(X,v) to LP(X, u) with unit norm.
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Proof. Let L € L(X) with [L|¢x) <1, let us fix p € [1,+0) and let f € Cy(X). By (6.9), for
all z e X we get

[ ew@n@ean = [ [ @y |
J f lf((LF)gF e 4+ 2)|Py, 0 (dz) p(dx)

p(dz)

where 7, 1, is given by (6.8). Since LP, = 0 and P,L = 0, by Proposition 1.5.18 (i) we have

[ [ s v o s = [ 1@,

This implies that [T, (L) fllrx,p) < | fllzr(x,) for every f e Cy(X). The statement follows
from the density of Cy(X) in LP(X,v). Taking f =1, T',,(L)f = 1 so that the norm of the
extension is 1. O

Definition 6.1.6. We still denote by I',, ,, the extension of the second quantization operator to
LP(X,v).

Proposition 6.1.7. Let L € L(X) \ {0} be such that ||L||;(y) < 1, LP, = 0. For every c € (0,1]
and f € By(X), we have

(6.10) Ly.(cL)f =T, (L)L, (cI)f.
If in addition P,L = 0, then
(6.11) Lpw(el)f =Tu(eD)Ty, (L) f.

Moreover (6.10) and (6.11) hold also for every f e LP(X,v).
Proof. Let f € By(X) and 2z € X. We set
1 1
Toe = N0, (1 =e)Qu), w,r:=N(0,Q2 (I — L*L)Q2),

and by (6.9), we get

(T, (D) )(x) = JX eI = Pz + 2)weldz),

(P (LT, (eI) f) () = fX L Sl = PYEAS 2 + eI — PYw + 2] e (=), 1 (do).
We notice that
(6.12) o o (e(I = P,))~t = N(0,2Q2 (I — L*L)QZ)

and by Proposition 1.5.18 (ii) we have

N(O, (1 = A)Q,) * N(0,2QE (I — L*L)Q3) = N(0, Q2 (I — L*L)Q2).



By (6.12) and by Proposition 1.5.18 (ii) and (iii), we get

(T (L)T, fff (I - B)(L*)o e + (I — Pyw + 2]
(1 - )Qu)(d=) N(0, Q2 (I — L*L)QE ) (dw)
fff Vobr +y + 2]
N(O, (1~ *)Q,)(dz) N(0, Q3 (I — L*L)Q¥ ) (dy)
- | stz 0.0 1 - Ar el
=T, (cL)f ().

To prove (6.11), we argue in the similar way assuming in addition that P,L = 0. Let f € By(X)
and z € X. We get

(D (D) (L)) (1)
~ | Cus DDA = Po)a+ V1= ]ty
= | A = P+ VI= @)+ (0 = 1 D) ] i) )
=ij[c Yt 4 /1= @ (L)y + (1 - L*L)3) ] v(dw) pldy).
‘We notice that
er = o (VI (L)) = N(O, (1 - )QEL*LQE)
and
DA N@) = [ FEelL) € 11,0 () 21 (09)
By Proposition 1.5.18 (i) we have

1 1
Yv,L * Yv,e,L = N(Oa Qﬁ (I - CQL*L)Q’E )7

and (6.11) follows for all f € By(X). Finally if P,L = 0, then (6.10)and (6.11) hold also for
f € LP(X,v) by the density of Cp(X) in LP(X,v).

O
Proposition 6.1.8. Let L € £(X) \ {0} be such that || L zx) <1, P.L =0 and LP, = 0. Then

I',.(L) is a contraction from LP(X,v) into L9(X, u), where ¢ =1+ (p — 1)HLHZ(2X).

Proof. Let f e LP(X,v). We consider the operator M = HLHL )L which belongs to L(X) and
M|l ;(x) = 1. By (6.10) we infer that

LD f =T (M) (| L2 x) D) f-
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By Remark 6.1.4(ii) T, (| L] c(x)I)f = P fo (I — P,) with t = —log(| L] ¢(x)). It is well-known
(seee.g| , Thm. 1.6.2], | ]) that P} is a contraction operator from L?(X,v) into LY(X,v)
with ¢ = 1 + (p — 1)e?!. Therefore, if we choose ¢ = 1 + (p — 1)||LHZ?X), we get

T (D)2 (e (x0)sp0 (1)) =T (M) (o (1L 2 x) D e (2 (x0);00 (1))
<IT o (M) g naxwyina (x0T UL e (x0) D e (20 ()0 (X 0)
=T (M)l (Lo (x0)n9(x ) | P 0 (T — P)HL(LP(XV)LG(XV))
(M)

=T (M)l g (na(x,0)na (x| P | ez (xv)ina(x,0))

<1
with ¢ = —log(|L]¢(x)). Since 'y, (M) is a contraction in L(LY(X,v); LY(X,u)) for every
g€ [1,+©) and P} is a contraction from LP(X,v) into L9(X,v) with g =1+ (p — 1)HLHZ?X) =
1+ (p—1)e. O

6.2 Applications to the Ornstein-Uhlenbeck evolution op-
erator

In this section we give a representation formula of P, ; in terms of the operator I, ,, where
v, is given by (5.18) for all r € R. Before we need a preliminary result.

Proposition 6.2.1. We assume that Hypothesis 5.2.1 is verified. The following statements hold
for every (s,t) € A.

(1) Hys € Hyi—oo wzth continuous embeddmg and the norm of the embedding is < 1. Conse-
quently, Ker(Q2 (t, —o0)) < Ker(Qz (t, 5)).

(2) U(t,s) maps Hs,_o into Hy _oo and

613) U)o, i, 0 = [Q7HE 0GR —0)| | <1

(8) Hys = Hy—oo if and only if

6.14) U e, o, ) = |@FHE-2)U(E )@ (s, )|

s,—03

£(X)
Proof. The main tool to prove this proposition in Proposition 1.3.3 with X; = X5 = X.
(1) Let z € X. We have
2 J t LU 2
< LUt ryal
ar LO |esewe |

Hence by Proposition 1.3.3 with L1 = Q2 (¢, s) and Ly = Q2 (t, —0), (1) follows.

Q%(T)U(t,r)*:c dr.

019 [t =
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(2) We apply again Proposition 1.3.3 with L; = U(t, s)Q%(s, —o0) and Lo
every x € X we have

HQ%(s,— YU ( J UMW, )z, )x dr
:<Q( —o)z,2)x —(Q(t, s)z, 2)x
(6.16) = ot =]l - [t e
Since
(6.17) |3~ 9ra| < [@it—o)| .

statement (2) follows.

(3) By Proposition 1.3.3, (6.14) holds if only if there exists a € (0, 1) such that

(6.18) HQ%(S, —oo)U(t,s)*mHX <a HQ%@, —oo)xHX , zeX.

By (6.16) for every x € X

S T T P
(6.18) and (6.19) yield
(6.20) |@% ¢, ~)a < ﬁ |Qt )|, wex.

Still by Proposition 1.3.3, (6.20) is equivalent to H; _o & Hy 5.

o). For

O

Proposition 6.2.2. We assume that Hypothesis 5.2.1 holds true. For every (s,t) € A and

f € Bp(X) we have
(Ps,tf) o (I - P ) ’Ys Yt (L*)f

where L := Q(t,—0)~2U(t, s)Q(s, —0)2 belongs to L(X).

Proof. Let (s,t) e A, f e By(X) and x € X. Since L € £(X) and P,L = 0, then L* € £(

L*P; = 0. Hence by (6.9) we have

(6.21)

X) and

(T (L)) () = fo<Lzofv%x+z>N<o,Qi<f—LL*>Q%t><dz>, feBy(X), wae aeX.

Moreover Ly = U(t,s)(I — Ps) and

Q(t’ _OO)%(I - LL*)Q(t’ _OO)% :Q(t7 —OO) - U(t7 8)@(57 _OO)U(t’ 8)*
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from which it follows that

(Do (L) () = L FILE 2+ y) N(0, Q(t, —0) (I — LL*)Q(t, —o0) % )(dy)

- fX FU (6 8)(T — Py + 1) N, Q(t, 5)) (dy)
:(Ps,tf) S (I - Ps)(m).
O

By Propositions 6.1.8 and 6.2.2 we obtain again the hypercontractivity of P, ;. We remark
that the result below is a bit different from Theorem 5.2.7 since we have different assumptions on

Ult,s).

Corollary 6.2.3. We assume that Hypothesis 5.2.1 holds true and that there exists (s,t) € A such
1 1

that |Q(t, —0) 72U (t,5)Q(s, —20)2 | ¢(x) < 1. Givenp > 1, the opemtor P, maps LP(X, ) into

LU(X,~y), for every q = 1 if U(t, s)Q(s,— )% =0, for every 1 < q < qp with

g =1+ (p—1)|Q(t, =) 2 U(t,5)Qs, ) Izt
if U(t,s)Q(s,—0)2 # 0. In any case
1Pt flla(x sy S W lox ey s € LUX 0.
Proof. Let (s,t) € A. For every f € Cy(X), by Proposition 6.2.2 we get
(6.22) | 1Pttt = [ (s o (= PO e = [ D@ e
b's X b's

where L = Q(t,—0)~2U(t, s)Q(s, —o0)z. Since IL*[| s (x) = [ILll g (x) < 1 by Proposition 6.2.2
we have
1Pt lasensy < I linixon s 1 € CH(X).

The statement follows by the density of Cp(X) in LP(X, ). O

Hypothesis 6.2.4. There exists w > 0 such that |Q(t, foo)’l/zU(t,s)Q(s,700)1/2H£(X) <
e=<(t=5) for every (s,t) € A.

Proposition 6.2.5. Assume that Hypothesis 5.2.1 and Hypothesis 6.2.4 holds true. Then for
every p € [1,+00) there exists a positive constant ¢, such that for every (s,t) € A

| Ps,ef —me(f)or(x,y) < cpe (72 [FAVZIE SN Ve LP(X,v).

Proof. Let (s,t) € A and let f € LP(X,v). We set L = Q(t, —0)"2U(t, s)Q(s, —0)2,c =
IL]| ¢ (x) and 7 = —logc. From Remark 6.1.4(ii) and Proposition 6.1.7, for every (s t) eEAw
infer that

:J fd% = f Ps,tfd’ys = f Ps,tf o (I - Ps)d’Ys = J F'ys,'y,g (L*)fd’Ys
X X X X
= JX Lol (cc_l L*) fdys = JX Lo (el 4, (C_lL*) fdvs

— J PYT., o, (c7'L*) fo (I — Py)dys =f PYT., , (¢c7'LY) fdys.
X X
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Recalling that for every h € LP(X,~;) we have

(6.23) j PYhdy, = f by,
X X
we obtain
(6.24) my(f) = JX | (C_lL*) fdvs.

Setting g = Iy, -, (c7*L*) f, for every (s,t) € A we get

|Ps.ef = mi(f)Lr(xy.) =I(Psf) o (I = Ps) —me(f)llLexq.)
:HFVSW (L*)f - mt(f)HLp(X7'yS)
=T, (cD)g — ms(9)|Lr(x0)-

From Remark 6.1.4(ii) we deduce that

|Psef = mi(F)e(xq) = (P g) o (I = Ps) = mis(9)| Lo (x.4.)

(6.25) = [P g —ms(9)lr(x)s
where 0 = —logc and {P)+},>¢ is the classical Ornstein-Uhlenbeck semigroup with respect to
the measure 7,. It is well-known (see for instance | ; ]) that for every p > 1 there

exists a positive constant ¢, such that for every Gaussian measure ;1 we get

(6.26) 125 () = ms (@) Loy < ep ™7 Il Lo
for every ¢ > 0. From (6.25) and (6.26) we infer that

| Ps,t.f —me(f)or(x,70) < pellglirix,q.)s

which gives

(6.27) 1Ps,t.f —me(f)| e (x,0) < Cp e w(t=s) Il e (x e -
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