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Riassunto

La presente tesi riguarda equazioni di evoluzione non autonome associate a operatori di
Ornstein-Uhlenbeck dipendenti dal tempo in uno spazio di Hilbert separabile. Si presentano come
equazioni di Kolmogorov di equazioni di evoluzione stocastiche lineari a derivate parziali (SPDEs)
con rumore Gaussiano. Nel caso autonomo, le SPDEs e le loro equazioni di Kolmogorov sono state
ampiamente studiate; uno degli approcci più fruttuosi è quello di Da Prato-Zabczyk, che sfrutta
la teoria dei semigruppi. Nel caso non autonomo i semigruppi sono sostituiti da operatori di
evoluzione la cui teoria non è completa e soddisfacente come nel caso autonomo. Effettivamente,
lo studio delle equazioni di Kolmogorov non autonome in dimensione infinita è solo agli inizi.

Nel primo capitolo di questa tesi riassumiamo alcune nozioni di analisi funzionale, di analisi in
dimensione infinita e riguardo problemi parabolici astratti non autonomi. Nel secondo capitolo
consideriamo equazioni di Kolmogorov lineari retrograde non autonome e le loro soluzioni mild,
espresse attraverso l’operatore di evoluzione di Ornstein-Uhlenbeck Ps,t. Inoltre studiamo le
proprietà di regolarizzazione di Ps,t lungo opportune direzioni e nel capitolo tre le utilizziamo per
dimostrare risultati di massima regolarità Hölderiana per le soluzioni mild. Nel quarto capitolo
studiamo il comportamento di Ps,t su un particolare spazio lineare di funzioni cilindriche e regolari
che sono essenziali per ulteriori risultati. Nel quinto capitolo estendiamo Ps,t ad un operatore
continuo e limitato tra spazi Lp rispetto ad opportune misure di probabilità. Per essere più precisi,
sotto ipotesi naturali mostriamo l’esistenza di un sistema di evoluzione di misure Gaussiane, cioè
una famiglia tγrurPR di misure Gaussiane tale che per ogni s ď t e per ogni f : X ÞÑ R continua e
limitata abbiamo

ż

X

Ps,tf dγs “

ż

X

f dγt.

In questo caso, Ps,t può essere esteso ad un operatore lineare limitato da LppX, γtq a LppX, γsq,
con s ď t. Dimostriamo una famiglia di disuguaglianze di tipo Log-Sobolev e le usiamo per
dimostrare un risultato di ipercontrattività per l’operatore di evoluzione di Ornstein-Uhlenbeck.
Nel sesto capitolo dimostriamo una formula di rappresentazione per Ps,t tramite l’operatore di
seconda quantizzazione e la usiamo per dimostrare ulteriori proprietà di Ps,t.
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Abstract

The present thesis concerns non autonomous evolution equations driven by time depending
Ornstein-Uhlenbeck operators in an infinite dimensional separable Hilbert space. They arise
as Kolmogorov equations of linear stochastic evolution PDEs with Gaussian noise, rewritten as
stochastic evolution equation in suitable Hilbert spaces. In the autonomous case, stochastic PDEs
and their Kolmogorov equations are widely studied; one of the most fruitful approaches is the Da
Prato-Zabczyk one, that exploits semigroup theory. In the non autonomous case, semigroups of
operators are replaced by evolution operators whose theory is not complete and satisfying as in
the autonomous case. In fact, the study of non autonomous Kolmogorov equations in infinite
dimensions is just at the beginning.

In the first chapter of this thesis we recall some preliminaries about functional analysis, infinite
dimensional analysis and about abstract non autonomous parabolic problems. In chapter two
we consider backward linear non autonomous Kolmogorov equations and their mild solutions,
expressed through the Ornstein-Uhlenbeck evolution operator Ps,t. Moreover we study smoothing
properties of Ps,t along suitable directions and in chapter three we use these results to prove
maximal Hölder regularity for the mild solutions. In chapter four we study the behavior of Ps,t

on a linear space of cylindrical and smooth functions that are essential for further results. In
chapter five we extend Ps,t to a continuous and bounded operator between Lp spaces with respect
to suitable probability measures. To be more precise, under natural assumptions we show the
existence of an evolution system of Gaussian measures, namely a family tγrurPR of Gaussian
measures such that for every s ď t and for every continuous and bounded f : X ÞÑ R we have

ż

X

Ps,tf dγs “

ż

X

f dγt.

In this case, Ps,t can be extended to a linear bounded operator from LppX, γtq to LppX, γsq,
with s ď t. We prove a family of Logarithmic-Sobolev inequalities, and we use them to prove
a hypercontractivity result for the evolution operator. In chapter six we prove a representation
formula for Ps,t as a second quantization operator and we use it to prove further properties of
Ps,t.
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Introduction

This thesis deals with Orstein-Uhlenbeck evolution operators Ps,t in a separable Hilbert space
pX, x¨, ¨y, } ¨ }Xq. They arise as transition evolution operators of a general class of stochastic
differential equations with Gaussian noise, that are abstract models of certain stochastic partial
differential equations. However, our approach is purely deterministic, which is made possible by
the Mehler type representation formula (3) for Ps,t.

The autonomous case is well understood. We recall that Ornstein-Uhlenbeck semigroups
Pt are defined in the space BbpXq of the bounded Borel measurable functions φ : X ÝÑ R by
P0φ “ φ and

(1) Ptφpxq “

ż

X

φpyqNetAx,Qptqpdyq, t ą 0,

where A : DpAq Ă X ÞÑ X is the infinitesimal generator of a strongly continuous semigroup etA,

Qptq “

ż t

0
esAQesA‹

ds, Q P LpXq being self-adjoint and non negative, and Qptq P L1pXq (namely,
it has finite trace) for every t ą 0. Here and in the following, Nm,R denotes the Gaussian measure
with mean m P X and covariance R P L1pXq.

Detailed results about smoothing properties, asymptotic behavior, existence (and uniqueness)
of invariant measures γ, properties of the realizations of Pt in the spaces LppX, γq such as
analyticity, hypercontractivity, characterizations of the domains of the infinitesimal generators,
etc., are well known. See e.g [DZ02, Chapters 6, 10] and the bibliographies of the survey papers
[GN03; LP20b]. If X is finite dimensional, even more general transition evolution operators
have been widely studied, see e.g. [Add13; AAL17; AL14a; AL14b; ALL13; DL07; GL08; GL09;
KLL10].

In contrast to this rich theory, only a few papers, such as [Knä11; De 22; BD23; CL21; OR16a;
AD] have been devoted to the non autonomous case in infinite dimension.

This thesis is a step forward filling the gap. Its main results are smoothing properties of
Ps,t along suitable directions and optimal Schauder type theorems, still along suitable directions,
contained in Chapters 2 and 3, differentiability of Ps,tφpxq with respect to t and s for a class of
good functions φ, contained in Chapter 4, logarithmic Sobolev inequalities and hypercontractivity
of Ps,t in Lp spaces with respect to suitable families of measures, contained in Chapter 5, which
rely on the results of Chapter 4. Most of these results are in the papers [De 22; BD23; AD].
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The Ornstein-Uhlenbeck evolution operator tPs,tusďt is defined on BbpXq by

Pt,t “ I for any t P R,(2)

Ps,tφpxq “

ż

X

φpyqNmxpt,sq,Qpt,sqpdyq

“

ż

X

φpy `mxpt, sqqN0,Qpt,sqpdyq, s ă t,(3)

where (3) is a non autonomous Mehler formula. Here, for any s ě t we have

Qpt, sq “

ż t

s

Upt, rqQprqUpt, rq‹ dr,(4)

mxpt, sq “ Upt, sqx` gpt, sq,(5)

gpt, sq “

ż t

s

Upt, rqfprq dr.(6)

where tUpt, rqutěr is a strongly continuous evolution operator in X. Again, we need that the
operators Qpt, sq defined by (4.8) have finite trace. Clearly Ps,t coincides with Pt´s defined in (1)
if f ” 0, Qptq “ Q constant and Upt, sq “ ept´sqA.

As mentioned above Ps,t is the transition evolution operator associated to stochastic differential
equation. More precisely, let Y be a separable Hilbert space and tBptqutPr0,T s Ď LpY ;Xq. We
consider the following forward stochastic differential equation

(7)
#

dXtps, xq “
`

AptqXtps, xq ` fptq
˘

dt`BptqdWt, t ą s,

Xsps, xq “ x P X,

where Wt is a Y -valued cylindrical Wiener process. If Qptq “ BptqBptq‹, Ps,t is the transition
evolution operator associated to (7), namely

Ps,tφpxq “ E
`

φpXtps, xqq
˘

, s ď t.

For a proof of this fact in the autonomous case see [DZ14]. For the non asutonomous case we
refer to [DIT82; Tub82; VZ08; Sei93; SS03].

Let us give a detailed description of any chapter.
Chapter 1. Here we define the function spaces and we recall the results of functional analysis

that are used throughout the thesis. In particular, sections 1.5 and 1.7 are concerned with
Gaussian measures in infinite dimensional Hilbert spaces and to abstract non autonomous Cauchy
problems, respectively.

Chapter 2. This chapter is devoted to the study of Ps,t in spaces of continuous functions and we
study smoothing properties of Ps,t along suitable directions. A part of our results are extensions to
the non autonomous case of some theorems from [GN03, Sect. 3]. It is well known that in infinite
dimension the classical Ornstein-Uhlenbeck semigroup is smoothing only along suitable directions,
see [Bog98], as well as the heat semigroup generated by the Gross Laplacian, see [DZ02]. Non
autonomous Ornstein Uhlenbeck equations in infinite dimension were studied in [CL21] under
the assumption that Upt, sqpXq Ď Q pt, sq

1
2 pXq. In this case, Ps,t is strong Feller, namely it maps

BbpXq (the set of bounded Borel measurable functions) into CbpXq. A more general class of non
autonomous evolution families Ps,t associated to stochastic differential equations with Levy noise
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are studied in [OR16b] again in the Strong Feller case. Others authors looked for smoothing
results along suitable directions for perturbations of autonomous Ornstein-Uhlenbeck semigroups.
For further readings we refer to [BF22a; BF23a; BF23b] and [Mas07].

Chapter 3. Let T ą 0. Given t P r0, T s, in this chapter we consider the function

(8) ups, xq :“ Ps,tφpxq ´

ż t

s

`

Ps,σψpσ, ¨q
˘

pxq dσ, φ P CbpXq, ψ P Cb

`

r0, ts ˆX
˘

.

(8) turns out to be the mild solution to a class of backward non autonomous initial value problems,

(9)
#

Bsups, xq ` Lpsqups, xq “ ψps, xq, s ă t, x P X,

upt, xq “ φpxq, x P X,

where the operators Lptq are of Ornstein-Uhlenbeck type

(10) Lptqφpxq “
1
2Tr

´

QptqD2φpxq

¯

` xx,Aptq‹∇φpxqyX ` xfptq,∇φpxqyX ,

the family tAptqutPr0,T s is associated to Upt, sq and Qptq is a self-adjoint nonnegative operator
for every t P r0, T s. In this chapter we use smoothing properties of Ps,t to prove Schauder type
theorems for u along suitable directions. In [CL21], Ps,t maps BbpXq into Ck

b pXq for every
k P N and it is proven that maximal Hölder regularity for (8) holds along any direction. In
the autonomous case in [CL19] Schauder type theorems along suitable directions are proven in
the case of the classical Ornstein-Uhlenbeck semigroup. Still in the autonomous case, the first
Schauder estimates for Ornstein-Uhlenbeck type equations were proven in [DL95; Lun97] in finite
dimension and in [CD96] in some infinite dimensional equations. Maximal Hölder regularity
along suitable directions was proved in [LR21] for a general class of autonomous equations. In
finite dimension Schauder theorems were proved in [LSU68; KKL75] for equations with bounded
coefficients.

In the next chapters we assume X “ Y as Hilbert spaces and f “ 0 in (3).
Chapter 4. The main purpose of this chapter is to prove that for every s ă t and x P X we

have
B

Bs
Ps,tφpxq “ ´LpsqPs,tφpxq,(11)

B

Bt
Ps,tφpxq “ Ps,tLptqφpxq,(12)

where φ belongs to the space of smooth cylindrical functions EtpXq defined in (4.27). Although (11)
and (12) are expected formulas, their proof is a non trivial issue. Even if X is finite dimensional,
the realizations of the the operators tPs,tups,tqP∆ in BbpXq, CbpXq and others function spaces,
do not satisfy the classical conditions of [Acq88; AT87; AT92; Sch04; Tan79; Paz83], and the
techniques used in [KLL10] to overcome this problem are not extendable to the infinite dimensional
case since they heavily rely on local compactness, see Remark 4.2.18 for details. So we employ a
completely new procedure. It is worth to mention that it could be possible to derive (11) and (12)
via the Itô formula, such stochastic approach involves significant technical complexity compared
to the autonomous case, see Remark 4.2.17. So we decided to present a more direct and simple
deterministic proof.
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Chapter 5. The main result of this chapter is the hypercontractivity of Ps,t in Lebesgue spaces
with respect to suitable measures. As noted e.g. in [DR08] a single invariant measure in general
does not exist in this setting, being replaced by an evolution system of measures, namely a family
of Borel probability measures tγrurPR in X such that

ż

X

Ps,tφpxqγspdxq “

ż

X

φpxqγtpdxq,

for every s ă t and for every bounded and continuous φ : X Ñ R. So, an obviuous difficulty
arises, namely the spaces LppX, γrq depend explicitly on r and we cannot set our problem in a
fixed Lp space. In our case, under natural assumption, an evolution system of measure tγtutPR for
Ps,t exists. This result was proven in [OR16a] in a more general setting; see also [GL08] [DR08]
for the case X “ Rn. It is easily seen that for t ą s Ps,t has an extension (still denoted by Ps,t)
belonging to LpLppX, γtq;LppX, γsqq whith unit norm. We show that in fact Ps,t is a contraction
from LqpX, γtq to LppX, γsq with

p ď pq ´ 1qe
t´s
2κ ` 1,

where k is the constant appearing in (13). The proof relies on a family of logaritmic Sobolev
inequalities,

(13)
ż

X

|φ|p log p|φ|pq dγt ď mtp|φ|pq log pmt p|φ|pqq ` κp2
ż

X

|φ|p´2
∥∥∥Q ptq

1
2 ∇φ

∥∥∥2
1tφ‰0udγt,

where φ P C1
b pXq, t P R, p P p1,`8q, mtpφq :“

ż

X

φdνt and κ is an explicit positive constant (see
Theorem 5.2.2). If X “ Rn (13) was proven in [ALL13]. In infinite dimension a hyperboundedness
result for tPs,tups,tqP∆ was proven in [OR16a, Thm 5.9] as a consequence of a Harnack type
inequality; however the constant is not necessarily 1

Chapter 6. In this Chapter we give an alternative representation formula of Ps,t as a second
quantized operator, in the case that there exists the evolution system of Gaussian measures above
mentioned. More precisely we prove that for every s ď t and f P BbpXq we have

pPs,tfq ˝ pI ´ Psq “ Γγs,γt pL‹qf,

where L :“ Qpt,´8q´ 1
2Upt, sqQps,´8q

1
2 belongs to LpXq and Ps is the orthogonal projection

on kerQps,´8q. Here Γγs,γt is a non autonomous version of the second quantization operator.
Other consequences of such a representation formula are still under study. We refer to [CG96;
Jan97; Sim74]. Besides its own interest such a formula allows to prove that

}Ps,tf ´mtpfq}LppX,γsq ď cpe
´ωpt´sq}f}LppX,γtq @f P LppX, γtq,

where cp and ω are two positive constants (see Proposition 6.2.5). Moreover we give an alternative
proof of the hypercontractivity of Ps,t in Lp spaces with respect to (5.18).

The results of Chapter 2 and Chapter 3 are contained in [De 22] and the results of Chapter 4
and Chapter 5 are in [BD23]. Chapter 6 is a collection of partial results of [AD].
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Chapter 1

Preliminaries

1.1 Function spaces

If pX, ∥ ¨ ∥Xq and pY, ∥ ¨ ∥Y q are real Banach spaces we denote by LpX;Y q the space of bounded
linear operators from X to Y . If Y “ R we simply write X‹ instead of LpX;Rq. For k ě 2,
LkpX;Y q is the space of the k-linear bounded operators T : Xk ÝÑ Y endowed with the norm

∥T∥LkpX;Y q “ sup
"

∥T px1, ..., xkq∥Y

∥x1∥X ¨ ¨ ¨ ∥xk∥X

: x1, ..., xk P X ∖ t0u

*

.

We set L0pXq :“ X and LpXq :“ LpX;Xq. By BpX;Y q, BbpX;Y q and CbpX;Y q we denote the
space of bounded functions from X to Y , the space of bounded Borel functions from X to Y and
the space of bounded and continuous functions from X to Y , respectively. We endow them with
the sup norm

∥F∥8 “ sup
xPX

∥F pxq∥Y .

If Y “ R, we simply write BbpXq and CbpXq instead of BbpX;Rq and CbpX;Rq, respectively.

1.1.1 Hölder, Zygmund and Ck spaces

For α P p0, 1q we define the Hölder spaces as

Cα
b pX;Y q “

"

F P CbpX;Y q : rF sCα
b

pX;Y q “ sup
xPX,

hPX∖t0u

∥F px` hq ´ F pxq∥Y

∥h∥α
X

ă `8

*

,

∥F∥Cα
b

pX;Y q “ sup
xPX

∥F pxq∥Y ` rF sCα
b

pX:Y q,

and the Lipschitz space as

LipbpX;Y q “

"

F P CbpX;Y q : rF sLipbpX;Y q “ sup
xPX,

hPX∖t0u

∥F px` hq ´ F pxq∥Y

∥h∥X

ă `8

*

,

1



∥F∥LipbpX;Y q “ sup
xPX

∥F pxq∥Y ` rF sLipbpX;Y q.

Again, if Y “ R we write Cα
b pXq and LipbpXq instead of Cα

b pX;Rq and LipbpX;Rq, respectively.
Z1

b pX;Y q is the Zygmund space. It is defined by

Z1
b pX;Y q “

"

F P CbpX;Y q :

rF sZ1
b

pX;Y q “ sup
xPX,

hPX∖t0u

∥F px` 2hq ´ 2F px` hq ` F pxq∥Y

∥h∥X

ă `8

*

,

and it is endowed with the norm

∥F∥Z1
b

pX;Y q “ ∥F∥8 ` rF sZ1
b

pX;Y q.

We say that a map f : X ÝÑ R is Gâteaux differentiable at x P X if there exists a bounded
linear operator lx : X ÝÑ R such that for every h P X we have

(1.1) lim
tÑ0

fpx` thq ´ fpxq ´ lxphq

t
“ 0.

lx is the Gâteaux differential of f at x and we set lx “ DGfpxq.
We say that a map f : X ÝÑ R is Fréchet differentiable at x P X if there exists a bounded

linear operator tx : X ÝÑ R such that

(1.2) lim
∥h∥X Ñ0

fpx` hq ´ fpxq ´ txphq

∥h∥X

“ 0.

tx is the Fréchet differential of f at x and we set tx “ Dfpxq.
More generally, for every F : X ÝÑ Y , we say that F is Gâteaux differentiable at x if there

exists Lx P LpX,Y q such that for every h P X, we have

(1.3) lim
tÑ0

∥F px` thq ´ F pxq ´ Lxphq∥Y

t
“ 0.

Lx is the Gâteaux differential of F at x and we denote it by DGF pxq. We say that F is Fréchet
differentiable at x if there exists Tx P LpX,Y q such that

(1.4) lim
∥h∥X Ñ0

∥F px` hq ´ F pxq ´ Txphq∥Y

∥h∥X

“ 0.

Tx is the Fréchet differential of F at x and we denote it by DF pxq.
If f : X ÝÑ R is Fréchet differentiable at x, we say that f is twice Fréchet differentiable at x if

Df : X ÝÑ X‹ is Fréchet differentiable at x. We denote by D2φ the unique element of L2pX;Rq

such that
D2φpxqpk, hq :“ pTxkqphq, h, k P X,

where Tx is the operator in (1.4) with F replaced by Dφ and Y “ X‹.

2



If f is pk ´ 1q-times Fréchet differentiable at x with k ě 2, we say that f is k-times Fréchet
differentiable at x if Dk´1f : X ÝÑ Lk´1pX;Rq is Fréchet differentiable at x. In this case we
denote by Dkφ the unique element of LkpX;Rq such that

Dkfpxqph1, ..., hkq :“ pTxh1qph2, ..., hkq

where Tx is the operator in (1.4) with F pxq replaced by Dk´1fpxq and Y “ Lk´1pX;Rq.
For every k P N, Ck

b pXq is the subspace of CbpXq consisting of all functions f : X ÝÑ R
k-times Fréchet differentiable at any point with Djf continuous and bounded from X to LjpX;Rq

for j ď k. Ck
b pXq is endowed with the norm

∥f∥Ck
b

pXq :“ ∥F∥8 `

k
ÿ

j“1
sup
xPX

∥∥Djfpxq
∥∥
Lj pX;Rq

.(1.5)

Assume now that X is a separable Hilbert space equipped with the inner product x¨, ¨yX .
Let φ P Ck

b pXq. By the Riesz representation theorem, for every j “ 1, ..., k, for every x P X
there are unique Sj

x P Lj´1pXq such that

Djφpxqph1, ..., hjq “ xSj
xph1, ..., hj´1q, hjyX , h1, ..., hj P X.

We set ∇jφpxq :“ Sj
x and we call ∇φpxq and ∇2φpxq the gradient and Hessian operator of φ at

x P X, respectively. Moreover

∥φ∥Ck
b

pXq “ ∥φ∥8 `

k
ÿ

j“1
sup
xPX

∥∥∇jφpxq
∥∥
Lj´1pXq

.

Let tekukPN be an orthonormal basis of X and let φ : X Ñ be a k-times Fréchet differentiable
function. As in the finite dimensional case, for all j “ 1, ..., k we define the partial derivatives of
φ of order j at x P X along the directions of such basis. Moreover it can be shown that for all
j “ 1, ..., k

Bjφ

Bei1 , ..., Beij

pxq :“ x∇jφpxqpei1 , ..., eij´1 q, eij yX , i1, ..., ij P N.

Higher order Hölder and Zygmund spaces are defined as follows. For α P p0, 1q and n P N, we
set

Cn`α
b pXq :“

"

f P Cn
b pXq : Dnf P Cα

b pX;LnpX;Rqq

*

,

∥f∥Cn`α
b

pXq
:“ ∥f∥Cn

b
pXq ` rDnf sCα

b
pX;LnpX;Rqq

and for n ě 2,

Zn
b pXq “

"

f P Cn´1
b pXq : Dn´1f P Z1

b pX;LnpX;Rqq

*

,

∥f∥Zn
b

pXq :“ ∥f∥Cn´1
b

pXq
` rDn´1F sZ1

b
pX;Ln´1pX;Rqq.
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Finally we introduce spaces of functions depending both on time and space variables. For
every a, b P R, a ă b and α ą 0, we denote by C0,α

b

`

ra, bsˆX
˘

the space of all bounded continuous
functions ψ : ra, bs ˆX ÝÑ R such that ψps, ¨q P Cα

b pXq, for every s P ra, bs, with

∥ψ∥C0,α
b

pra,bsˆXq
“ sup

sPra,bs

∥ψps, ¨q∥Cα
b

pXq ă `8.

If α ě 1 we also require that the mappings

ps, xq ÝÑ
Bψ

Bh1...Bhk
ps, xq

are continuous in ra, bs ˆ X, for every h1, ..., hk P X with k ď rαs. For every k P N we denote
by Z0,k

b

`

ra, bs ˆX
˘

the space of all bounded continuous functions ψ : ra, bs ˆX ÝÑ R such that
ψps, ¨q P Zk

b pXq, for every s P ra, bs, with

∥ψ∥Z0,k
b

pra,bsˆXq
“ sup

sPra,bs

∥ψps, ¨q∥Zk
b

pXq ă `8.

If k ě 2, we also require that the mapping

ps, xq ÝÑ
Bψ

Bh1...Bhi
ps, xq

are continuous in ra, bs ˆX, for every h1, ..., hi P X with i ď k ´ 1.

1.1.2 Hölder, Zygmund and Ck spaces along a subspace E

Let pE, ∥ ¨ ∥Eq be a normed space such that E Ď X with continuous embedding. For α P p0, 1q

we define the Hölder spaces along E as

Cα
EpX;Y q “

"

F P CbpX;Y q : rF sCα
E

pX;Y q “ sup
xPX,

hPE∖t0u

∥F px` hq ´ F pxq∥Y

∥h∥α
E

ă `8

*

,

∥F∥Cα
E

pX;Y q “ sup
xPX

∥F pxq∥Y ` rF sCα
E

pX:Y q,

and the Lipschitz space along E as

LipEpX;Y q “

"

F P CbpX;Y q : rF sLipEpX;Y q “ sup
xPX,

hPE∖t0u

∥F px` hq ´ F pxq∥Y

∥h∥E

ă `8

*

,

∥F∥LipEpX;Y q “ sup
xPX

∥F pxq∥Y ` rF sLipEpX;Y q.

Again, if Y “ R we write Cα
EpXq and LipEpXq instead of Cα

EpX;Rq and LipEpX;Rq, respectively.
Z1

EpX;Y q is the Zygmund space along E. It is defined by

Z1
EpX;Y q “

"

F P CbpX;Y q :

rF sZ1
E

pX;Y q “ sup
xPX,

hPE∖t0u

∥F px` 2hq ´ 2F px` hq ` F pxq∥Y

∥h∥E

ă `8

*

,
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and it is endowed with the norm

∥F∥Z1
E

pX;Y q “ ∥F∥8 ` rF sZ1
E

pX;Y q.

We say that a map f : X ÝÑ R is E-Gâteaux differentiable at x P X if there exists a bounded
linear operator lx : E ÝÑ R such that for every h P E we have

(1.6) lim
tÑ0

fpx` thq ´ fpxq ´ lxphq

t
“ 0.

lx is the E-Gâteaux differential of f at x and we set lx “ DG
Efpxq.

We say that a map f : X ÝÑ R is E-Fréchet differentiable at x P X if there exists a bounded
linear operator tx : E ÝÑ R such that

(1.7) lim
∥h∥EÑ0

fpx` hq ´ fpxq ´ txphq

∥h∥E

“ 0.

tx is the E-Fréchet differential of f at x and we set tx “ DEfpxq. Clearly, if f is Fréchet
differentiable at x then f is E-Fréchet differentiable at x and this is due to the continuous
embedding of E in X.

More generally, for every F : X ÝÑ Y , we say that F is E-Gâteaux differentiable at x if there
exists Lx P LpE, Y q such that for every h P E, we have

(1.8) lim
tÑ0

∥F px` thq ´ F pxq ´ Lxphq∥Y

t
“ 0.

Lx is the E-Gâteaux differential of F at x and we denote it by DG
EF pxq. We say that F is

E-Fréchet differentiable at x if there exists Tx P LpE, Y q such that

(1.9) lim
∥h∥EÑ0

∥F px` hq ´ F pxq ´ Txphq∥Y

∥h∥E

“ 0.

Tx is the E- Fréchet differential of F at x and we denote it by DEF pxq. Clearly, if E “ X the
notions of E-Fréchet differentiability and E-Gâteaux differentiability coincide with the usual ones.
In this case we omit the subindex E in the above notations. For instance, we write DF instead of
DEF for the Fréchet derivative.

If f : X ÝÑ R is E-Fréchet differentiable at x, we say that f is twice E-Fréchet differentiable
at x if DEf : X ÝÑ E‹ is E-Fréchet differentiable at x. We denote by D2

Eφ the unique element
of L2pE;Rq such that

D2
Efpxqpk, hq :“ pTxkqphq,

where Tx is the operator in (1.9) with F pxq replaced by DEf and Y “ E‹.
If f is pk´1q-times E-Fréchet differentiable at x with k ě 2, we say that f is k-times E-Fréchet

differentiable at x if Dk´1
E f : X ÝÑ Lk´1pE;Rq is E-Fréchet differentiable at x. We denote by

Dk
Eφ the unique element of LkpE;Rq such that

Dk
Efpxqph1, ..., hkq :“ pTxh1qph2, ..., hkq

where Tx is the operator in (1.9) with F pxq replaced by Dk´1
E fpxq and Y “ Lk´1pE;Rq.
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For every k P N, Ck
EpXq is the subspace of CbpXq consisting of all functions f : X ÝÑ R

k-times E-Fréchet differentiable at any point with Dj
Ef continuous and bounded from X to

LjpE;Rq for j ď k. Ck
EpXq is endowed with the norm

(1.10) ∥f∥Ck
E

pXq :“ ∥F∥8 `

k
ÿ

j“1
sup
xPX

∥∥∥Dj
Efpxq

∥∥∥
Lj pE;Rq

.

Assume now that E is a separable Hilbert space equipped with the inner product x¨, ¨yE .
Let φ P Ck

EpXq. By the Riesz representation theorem, for every j “ 1, ..., k, for every x P X
there are unique Sj

x P Lj´1pEq such that

Dj
Eφpxqph1, ..., hjq “ xSj

xph1, ..., hj´1q, hjyE , h1, ..., hj P E.

We set ∇j
Eφpxq :“ Sj

x and we call ∇Eφpxq and ∇2
Eφpxq the E-gradient and E-Hessian operator

of φ at x P X, respectively. Moreover

∥φ∥Ck
E

pXq “ ∥φ∥8 `

k
ÿ

j“1
sup
xPX

∥∥∥∇j
Eφpxq

∥∥∥
Lj´1pEq

.

Let tekukPN be a Hilbert basis of E and let φ : X Ñ be a k-times E-Fréchet differentiable
function. As in the finite dimensional case, for all j “ 1, ..., k we define the partial derivatives of
φ of order j at x P X along the directions of such basis. Moreover it can be shown that for all
j “ 1, ..., k

Bjφ

Bei1 , ..., Beij

pxq :“ x∇j
Eφpxqpei1 , ..., eij´1 q, eij yX , i1, ..., ij P N.

Higher order Hölder and Zygmund spaces along E are defined as in the case E “ X. Namely,
for α P p0, 1q and n P N, we set

Cn`α
E pXq :“

"

f P Cn
EpXq : Dn

Ef P Cα
EpX;LnpE;Rqq

*

,

∥f∥Cn`α
E

pXq
:“ ∥f∥Cn

E
pXq ` rDn

Ef sCα
E

pX;LnpE;Rqq

and for n ě 2,
Zn

EpXq “

"

f P Cn´1
E pXq : Dn´1

E f P Z1
EpX;LnpE;Rqq

*

,

∥f∥Zn
E

pXq :“ ∥f∥Cn´1
E

pXq
` rDn´1

E F sZ1
E

pX;Ln´1pE;Rqq.

Clearly if E “ X the functional spaces above coincide with the usual ones.
Finally we introduce spaces of functions depending both on time and space variables. For

every a, b P R, a ă b and α ą 0, we denote by C0,α
E

`

ra, bsˆX
˘

the space of all bounded continuous
functions ψ : ra, bs ˆX ÝÑ R such that ψps, ¨q P Cα

EpXq, for every s P ra, bs, with

∥ψ∥C0,α
E

pra,bsˆXq
“ sup

sPra,bs

∥ψps, ¨q∥Cα
E

pXq ă `8.
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If α ě 1 we also require that the mappings

ps, xq ÝÑ
Bψ

Bh1...Bhk
ps, xq

are continuous in ra, bs ˆ X, for every h1, ..., hk P E with k ď rαs. For every k P N we denote
by Z0,k

E

`

ra, bs ˆX
˘

the space of all bounded continuous functions ψ : ra, bs ˆX ÝÑ R such that
ψps, ¨q P Zk

EpXq, for every s P ra, bs, with

∥ψ∥Z0,k
E

pra,bsˆXq
“ sup

sPra,bs

∥ψps, ¨q∥Zk
E

pXq ă `8.

If k ě 2, we also require that the mapping

ps, xq ÝÑ
Bψ

Bh1...Bhi
ps, xq

are continuous in ra, bs ˆX, for every h1, ..., hi P E with i ď k ´ 1.

1.2 Linear operators in a Banach space

In this section we recall some basic definitions and results about the theory of linear operators.
Let pX, ∥ ¨ ∥Xq be a real Banach space.
Let A : DompAq Ď X ÝÑ X be a linear operator. We say that A is closed if for every sequence

txnunPN Ď DompAq such that xn ÝÑ x and Axn ÝÑ y we have x P DompAq and y “ Ax. If A is
closed operator then DpAq is a Banach spaces endowed with the graph norm

∥x∥DpAq “ ∥x∥X ` ∥Ax∥X , x P DpAq.

We say that A is closable if for every txnunPN Ď DompAq such that xn ÝÑ 0 and Axn ÝÑ y
we have y “ 0. In this case we define the closure of A in the following way

DompAq :“ tx P X | DtxnunPN Ď DompAq | xn ÝÑ x, tAxnunPN converges in Xu,

Ax “ lim
nÝÑ`8

Axn, x P DompAq.

Given A : DpAq Ď X ÝÑ X and a closed subspace of V Ď X, we call part of A in V the
operator rA with domain Dp rAq “ tx P DpAq X V | Ax P V u defined by rAx “ Ax for all x P Dp rAq.

Let A : DompAq Ď X ÝÑ X be a linear operator such that DompAq is dense in X. The
adjoint of A is defined as the operator in X‹ with domain

DompA‹
q :“ tx‹

P X‹
| x P DpAq ÝÑ xAx, x‹

y has a linear continuous extension to the whole Xu.

Since DpAq is dense in X the continuous extension of xA¨, x‹y is unique and by definition it is an
element of X‹ denoted by A‹x‹. Then we have

xAx, x‹y “ xx,A‹x‹y, @x P DompAq, x‹ P DompA‹q.
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To define the resolvent set and the spectrum of an operator, we introduce the complexification
rX of X defined by rX “ tx` iy |x, y P Xu and we endow rX with the norm

∥x` iy∥
ĂX

“ sup
´πďθďπ

∥x cos θ ` y sin θ∥X .

In the following by abuse of notation we still denote the complexification of X by X.
Let A : DompAq Ď X ÝÑ X be a linear operator. We define the resolvent set of A as

ρpAq :“ tλ P C : DpA´ λIdXq´1 P LpXqu.

σpAq :“ C ∖ ρpAq is the spectrum of A and the elements λ P σpAq such that A ´ λIdX is not
injective are called eigenvalues. The elements x P DompAq such that there exists an eigenvalue λ
such that Ax “ λx are called eigenvectors associated λ. We denote by σppAq the set of eigenvalues
of A and it is called point spectrum of A. Moreover for every λ P ρpAq we define the resolvent
operator of A as

Rpλ,Aq “ pA´ λIdXq´1.

1.3 Linear operators in a Hilbert space

In this section we assume that pX, ∥ ¨ ∥ , x¨, ¨yXq is a real separable Hilbert space. We say that
T P LpXq is non-negative (respectively negative, non-positive, positive) if for every x P X ∖ t0u

xTx, xyX ě 0 pă 0, ě, ą 0q.

Moreover we say that T is self-adjoint if T “ T ‹.
Let A : DompAq Ď X ÝÑ X be a linear operator. If there exists a unique operator

B : DompBq Ď X ÝÑ X such that DompB2q “ DompAq and A “ B2 then we call B square root
of A and we denote it by

?
A or A 1

2 . Clearly a general linear operator may not have a square
root. A sufficient condition is given by the following proposition.

We refer to [RS80] for the following results.

Proposition 1.3.1. Let T P LpXq be a non-negative operator and let G P LpXq. The following
statements hold true.

1. If G is non-negative and G and T commute then GT is a non-negative operator.

2. T has a unique square root
?
T . Moreover

(a) if G commutes with T then G commutes with
?
T ,

(b) if T is bijective then
?
T is bijective.

Let T P LpXq. It easy to see that T ‹T is a non-negative (self-adjoint) operator. Then we
define the absolute value of T as

(1.11) |T | :“
?
T ‹T

Let R P LpXq. We denote by kerR the kernel of R and by pkerRqK its orthogonal subspace
in X.

8



We denote by HR :“ RpXq the range of the operator R and we recall that pkerRqK “ RpXq.
In order to provide HR with a Hilbert structure, we recall that the restriction R|

pker RqK
is a

injective operator, and so
R|

pker RqK
: pkerRqK Ď X ÝÑ HR

is bijective. We call pseudo-inverse of R the linear bounded operator R´1 : HR ÝÑ X where
for all y P HR, R´1y is the unique x P pkerRqK such that Rx “ y, see [LR15, Appendix C]. We
introduce the scalar product

(1.12) xx, yyHR
:“ xR´1x,R´1yyX , x, y P HR

and its associated norm ∥x∥HR
:“ }R´1x}X . Then pHR, ∥ ¨ ∥HR

, x¨, ¨yHR
q is a separable Hilbert

space and a Borel subset of X (see [Kec12, Theorem 15.1]). A possible orthonormal basis of HR

is given by tRekukPN, where tekukPN is any orthonormal basis of pkerRqK. Denoting by P the
orthogonal projection on kerR, we recall that

RR´1 “ IdHR
, R´1R “ IdX ´ P.(1.13)

Notice that for every x P HR

∥x∥X “ }RR´1x}X ď ∥R∥LpXq }R´1x}X ď ∥R∥LpXq ∥x∥HR
.

Proposition 1.3.2. If φ P C1
b pXq, then φ P C1

HR
pXq. Moreover for every x P X ∇HR

φpxq “

R2∇φpxq and ∥∇HR
φpxq∥HR

“ ∥R∇φpxq∥X .

Proof. Let φ P C1
b pXq, x P X and h P HR ∖ t0u. We have∣∣∣∣∣φpx` hq ´ φpxq ´ x∇φpxq, hyX

∥h∥HR

∣∣∣∣∣ “

∣∣∣∣φpx` hq ´ φpxq ´ x∇φpxq, hyX

∥h∥X

∣∣∣∣ ∥h∥X

∥h∥HR

.(1.14)

Since HR is continuously embedded in X, ∥h∥X

∥h∥HR

is bounded and φ is HR-differentiable at x P X.

Moreover x∇φpxq, hyX “ x∇HR
φpxq, hyHR

for h P HR. Denoting by P the orthonormal projection
on kerR, we get

x∇HR
φpxq, hyHR

“ x∇φpxq, hyX “ x∇φpxq, pI ´ P qhyX “ x∇φpxq, R´2R2hyX

“ xR2∇φpxq, hyHR
,

∥∇HR
φpxq∥2

HR
“ xR2∇φpxq, R2∇φpxqyHR

“ xR´1R2∇φpxq, R´1R2∇φpxqyX

“ xpI ´ P qR∇φpxq, pI ´ P qR∇φpxqyX “ ∥R∇φpxq∥2
X .

Since ∇φ is continuous at every x P X, we obtain that φ belongs to C1
HR

pXq.

We recall the following useful result.

Proposition 1.3.3. Let pX, ∥ ¨ ∥X , x¨, ¨yXq, pX1, ∥ ¨ ∥X1
, x¨, ¨yX1 q and pX2, ∥ ¨ ∥X2

, x¨, ¨yX2 q be
Hilbert spaces and let L1 : X1 ÝÑ X, L2 : X2 ÝÑ X be linear bounded operators. The fol-
lowing statements hold.
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1. RangeL1 Ď RangeL2 if and only if there exists a constant C ą 0 such that

(1.15) ∥L‹
1x∥X1

ď C ∥L‹
2x∥X2

, x P X.

In this case
∥∥L´1

2 L1
∥∥
LpX1,X2q

ď C; more precisely

(1.16)
∥∥L´1

2 L1
∥∥
LpX1,X2q

“ inftC ą 0 s.t. (1.15) holdsu

2. If ∥L‹
1x∥X1

“ ∥L‹
2x∥X2

for every x P X then RangeL1 “ RangeL2 and∥∥L´1
1 x

∥∥
X1

“
∥∥L´1

2 x
∥∥

X2
for every x P X.

Proof. See Proposition B.1 in Appendix B in [DZ14, pag. 429].

1.4 Compact operators

Here we summarize basic facts on compact operators. We refer to [Sim15; DS88; RS80] for
more details.

Let pX, ∥ ¨ ∥X , x¨, ¨yXq and pY, ∥ ¨ ∥Y , x¨, ¨yY q be separable Hilbert spaces.

Definition 1.4.1. Let T P LpX;Y q. We say that T is a compact operator if for every bounded
M Ď X, the subset T pMq is relatively compact in Y .

Therefore T is compact if and only if for every sequence txnunPN Ď X, the sequence tTxnunPN Ď

Y has some converging subsequence. We denote by KpX;Y q the subspace of LpXq of the compact
operators from X to Y . If X “ Y we simply write KpXq instead of KpX;Xq.

It can be shown easily that KpX;Y q is a closed subspace of LpX;Y q and that KpXq is a
two-sided ideal, namely for all T P LpXq and S P KpXq we have TS, ST P KpXq.

We have the following basic results about compact operators.

Proposition 1.4.2. Let T P LpXq. The following statements holds true.

1. T is compact if and only if T ‹ is compact.

2. T is compact if and only if it maps weakly converging sequences into norm converging
sequences.

We finally recall results on the spectral theory of self-adjoint operators.

Theorem 1.4.3. Let T P KpXq be a self-adjoint operator. The following statements hold.

1. for every λ P σppT q such that λ ‰ 0, the eigenspace Xλ with eigenvalue λ is finite dimen-
sional.

2. σppT q Ď R is not empty and it is at most countable.

3. If σppT q has an accumulation point λ0 then λ0 “ 0.

4. ∥T∥LpXq “ supt|λ| : λ P σppT qu.
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5. There exists an orthonormal basis of X consisting of eigenvectors of T .

Proposition 1.4.4. Let T P LpXq be a self-adjoint operator. T is compact if and only if there
exist a Hilbert basis tekukPN of X and a sequence tλkukPN Ď R converging to 0 such that

Tx “
ÿ

kPN
λkxx, ekyek, x P X,

where the series converges in LpXq. In this case tekukPN and tλkukPN are the eigenvectors and
the eigenvalues of T respectively.

By Theorem 1.4.3, σppT q is finite if and only if the range of T is a finite dimensional space. In
general the range of T is not dense in X. However we have the following corollary.

Corollary 1.4.5. Let T P KpXq be a self-adjoint and injective operator. Then the range of T is
dense in X.

1.4.1 Hilbert-Schmidt operators

Now we introduce the Hilbert-Schmidt operators.

Definition 1.4.6. Let T P LpX;Y q. We say that T is a Hilbert-Schmidt operator if there exists
a Hilbert basis tekukPN of X such that

(1.17)
`8
ÿ

k“1
∥Tek∥2

Y ă `8.

It can be proven easily that the series in (1.17) does not depend on the choice of the Hilbert basis
of X. We denote by HpX;Y q the space of the Hilbert-Schmidt operators from X to Y , if Y “ X
we set HpX;Y q “ HpXq.

HpX;Y q is endowed with the norm

(1.18) ∥T∥HpX;Y q :“

g

f

f

e

`8
ÿ

k“1
∥Tek∥2

Y ,

for every T P HpX;Y q and for every Hilbert basis tekukPN of X. (1.18) comes from the inner
product

(1.19) xT, SyHpX;Y q :“
`8
ÿ

k“1
xTek, SekyY ,

where for every S, T P HpX;Y q, the series on the right hand side of (1.19) does not depend on
the choice of the Hilbert basis tekukPN of X. Hence we can state the following theorem

Theorem 1.4.7. pHpX;Y q, ∥ ¨ ∥HpX;Y q , x ¨ , ¨ yHpX;Y qq is a Hilbert space. Moreover HpX;Y q is
continuously embedded in LpX;Y q, every Hilbert-Schmidt operator is compact and the finite rank
operators are dense in HpX;Y q.
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We have the following characterization of the Hilbert-Schmidt self-adjoint operators.

Proposition 1.4.8. Let T P KpXq be a self-adjoint operator. T P HpXq if and only if
ÿ

kPN
λ2

k ă `8,

where tλkukPN are the eigenvalues of T . Moreover

∥T∥HpX,Y q “

g

f

f

e

`8
ÿ

k“1
λ2

k.

1.4.2 Trace class operators

Finally we define the trace class (or nuclear) operators.

Definition 1.4.9. Let T P LpXq. We say that T is a trace class (or nuclear) operator if there
exists a Hilbert basis tekukPN of X such that

(1.20)
ÿ

kPN
x|T | ek, ekyX ă `8,

where |T | is defined in (1.11). In this case the trace of T

TrrT s :“
ÿ

kPN
xTek, ekyX .

is well defined and it does not depend on the choice of the basis tekukPN. Clearly T is a trace
class operator if and only if the operator

a

|T | is a Hilbert-Schmidt operator and

Tr |T | “

∥∥∥a|T |
∥∥∥2

HpXq
.

We denote by L1pXq the space of the trace class operators. It is complete with respect to the
norm

∥T∥L1pXq :“ Tr |T | , T P L1pXq.

Moreover L1pXq is continuously embedded in LpXq; every trace class operator is compact and
the set of finite rank operators is dense in pL1pXq, ∥ ¨ ∥L1pXqq. Moreover L1pXq is a two-sided
ideal and ∥T∥L1pXq “ ∥T ‹∥L1pXq for all T P L1pXq.

Proposition 1.4.10. Let T P KpXq be a self-adjoint operator. T is a trace class operator if and
only if

ÿ

kPN
|λk| ă `8,

where tλkukPN are the eigenvalues of T . Moreover

Tr rT s “
ÿ

kPN
λk P R.
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We say that a sequence tLkukPN Ď LpXq is increasing if Lk`1 ´ Lk is nonnegative for every
k P N, i.e., xpLk`1 ´ Lkqx, xyX ě 0 for every x P X and for every k P N.

Here we recall a Proposition on increasing sequences of trace class operators.

Proposition 1.4.11. Let tLkukPN Ď L1pXq be an increasing sequence of self-adjoint non-negative
nuclear operators such that sup

kPN
}Lk}L1pXq ă 8. Then there exists L P L1pXq such that Lk ÝÑ L

in L1pXq.

Proof. We first show that there is L P LpXq such that Lk
kÑ`8

ÝÝÝÝÑ L in LpXq. By hypothesis, we
have

ϕpxq :“ lim
kÑ8

xx, LkxyX ď sup
kÑ8

}Lk}LpXq “: c ă 8

whenever x P X and ∥x∥ ď 1. Set now Lnm “ Ln ´ Lm for m ă n, so that the Lnm are
non-negative, and observe that for every x, y P X we have

|xy, LnmxyX | “ |xL
1
2
nmx, L

1
2
nmyyX | ď }L

1
2
nmx}X}L

1
2
nmy}X

“ xx, LnmxyXxy, LnmyyX ď ϕpyqxx, LnmxyX .

Therefore,

(1.21) }Lnmx}X “ sup
}y}X ď1

|xy, LnmxyX | ď cxx, LnmxyX for every n,m P N.

We claim that the right hand side of (1.21) vanishes as n,m Ñ 8. Indeed, if this were not
the case there would exist x P X and α ą 0 such that for every m P N there is ppmq P N such
that xpLm`ppmq ´ Lmqx, xyX ě α ą 0. Then, defining m1 “ 1, p1 “ ppm1q and by iteration
mj`1 “ mj ` pj we would have

xpLmN `pN
´ L1qx, xyX “

N
ÿ

j“1
xpLmj `pj

´ Lmj
qx, xyX ě Nα ÝÑ `8,

which contradicts ϕpxq ď c for every x P X. Summarizing, tLkxukPN is a Cauchy sequence for
every x P X and defines the self-adjoint nonnegative limit operator Lx “ lim

kÑ`8
Lkx.

Let us show that L P L1pXq and that Lk
kÑ`8

ÝÝÝÝÑ L in L1pXq. For an arbitrary orthonormal
basis tekukPN by the Fatou lemma applied to the series we have

TrpLq “

8
ÿ

k“1
x lim

nÑ8
Lnek, ekyX ď lim inf

nÑ8

8
ÿ

k“1
xLnek, ekyX “ lim inf

nÑ8
TrpLnq

and L P L1pXq. To prove the convergence, notice that by monotonicity xLken, enyX ď xLen, enyX

for every k, n P N, whence the thesis follows by the Dominated Convergence Theorem applied to
series

Tr pL´ Lkq “

8
ÿ

n“1
xpL´ Lkqen, eny ÝÑ 0 as k Ñ 8.
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1.5 Gaussian measures

Let pX, ∥ ¨ ∥Xq be a real separable Banach space. In this section we summarize basic facts
about Gaussian measures on X. We refer to [Bog98] for a detailed overview of this topic. We
start by setting some standard notations from probability theory.

Let pΩ,F,Pq be a complete probability space. We say that ξ : pΩ,F,Pq ÝÑ pX,BpXqq is a
random variable if ξ is a Borel measurable function. We call law of ξ in X the probability measure
on pX,BpXqq given by

P ˝ ξ´1pAq :“ Ppξ´1pAqq “ Pptω P Ω : ξpωq P Auq, A P BpXq.

The following change of variable formula is very useful and will be used frequently. If u P

L1pX,P ˝ ξ´1q, then u ˝ ξ P L1pΩ,Pq and
ż

X

upxqP ˝ ξ´1pdxq “

ż

Ω
pu ˝ ξqpωq pdωq.

Moreover we denote by

Erξs :“
ż

Ω
ξpwq Ppdωq “

ż

X

x P ˝ ξ´1pdxq

the expectation of ξ with respect to P.
Given a probability measure γ on pX,BpXqq, the characteristic function of γ is a mapping

pγ : X‹ ÝÑ R given by
pγpfq :“

ż

X

eifpxqγpdxq, f P X‹.

As in the finite dimensional case the following result holds.

Proposition 1.5.1. Let pX, ∥ ¨ ∥Xq be a real separable Banach space and let γ1, γ2 two probability
measures on pX,BpXqq. If pγ1 ” pγ2 then γ1 “ γ2.

Let γ be a probability measure on pX,BpXqq. The support of γ is the intersection of all closed
sets C such that γpCq “ γpXq and we say that γ is concentrate on E Ď X if γpX ∖ Eq “ 0 .
Moreover we say that γ is non degenerate if γpAq ą 0 for all open set A Ď X. If not, we say that
γ is degenerate.

Let tµjuj P N be a sequence of measures on pX,BpXqq. We say that µj weakly converges to a
Borel measure µ and we write µj ÝÑ µ if and only if

ż

X

fµjpdxq ÝÑ

ż

X

fµjpdxq, f P CbpXq.

Let γ1 and γ2 be two probability measures on pX,BpXqq. We say that γ1 is absolutely
continuous with respect to γ2 if for every B P BpXq, γ2pBq “ 0 implies that γ1pBq “ 0. In this
case we write γ1 ! γ2. If γ1 ! γ2 and γ2 ! γ1 we say that γ1 and γ2 are equivalent and we
write γ1 « γ2. We say that γ1 and γ2 are mutually singular and we write γ1 K γ2 if there exists
B P BpXq such that γ1pBq “ 0 and γ2pBq “ 1.

Let γ and ν be two probability measures on pX,BpXqq. By the Radon-Nikodym Theorem
there exist γa ! ν and γs K ν such that γ “ γa `γs. Moreover there exists f P L1pX, νq such that
γa “ fν. The function f is called density or Radon-Nikodym derivative of γ with respect to ν.
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A Borel probability measure γ is called non degenerate Gaussian measure on pR,BpRqq if
there exist m P R and σ ą 0 such that

γpAq “
1

?
2π

ż

A

e
|x´m|2

2σ2 dx, A P BpRq,

where m is the mean of γ and σ2 is the variance of γ. In this case we denote γ by Na,σ2 or by
Npa, σ2q. Instead we say that γ is a degenerate Gaussian measure on pR,BpRqq if there exist
m P R such that

γpAq “ δmpAq, A P BpRq,

where δmp¨q is the Dirac measure defined by

δmpAq “

#

1 m P A

0 m R A,
A P BpRq.

We say that ξ : pΩ,F,Pq ÝÑ pR,BpRqq is a real Gaussian random variable if ξ is a random variable
and the law of ξ in R is a Gaussian measure on pR,BpRqq. We say that ξ is non degenerate
(degenerate) if the law of ξ is non degenerate (degenerate).

Definition 1.5.2. Let γ be a probability measure on pX,BpXqq. We say that γ is a Gaussian
measure on X if for every f P X‹ the probability measure γ ˝ f´1 on pR,BpRqq is a Gaussian
measure.

Remark 1.5.3. Any Gaussian measure γ on X is non degenerate if and only if for every f P X‹

such that f ‰ 0 the probability measure γ ˝ f´1 is a non degenerate Gaussian measure.
Remark 1.5.4. If f P X‹ then f P LppX, γq for all p ě 1. Indeed

ż

X

|fpxq|p γpdxq “

ż

R
|t|p γ ˝ f´1pdtq

and since the law of f in R is a Gaussian measure in R we conclude.

Definition 1.5.5. Let ξ : pΩ,F,Pq ÝÑ pX,BpXqq be a random variable. We say that ξ is a
Gaussian random variable if for every f P X‹ the random variable f ˝ ξ is a real Gaussian random
variable. We say that ξ is a non degenerate Gaussian random variable if for every f P X‹ ∖ t0u

the random variable f ˝ ξ is a real non degenerate Gaussian random variable.

We can define the mean and the covariance of γ.

Definition 1.5.6. Let γ be a Gaussian measure on X. The functions aγ : X‹ ÝÑ R and
Bγ : X‹ ˆX‹ ÝÑ R defined by

aγpfq :“
ż

R
fpxqγpdxq, f P X‹,(1.22)

Bγpf, gq :“
ż

R

pfpxq ´ aγpfqqpgpxq ´ aγpgqqγpdxq, f, g P X‹.(1.23)

are called mean and covariance of γ, respectively. We say that γ is centered if aγ ” 0.

Clearly the mapping f P X‹ ÞÝÑ aγpfq is linear and pf, gq P X‹ ˆX‹ ÞÝÑ Bγpf, gq is bilinear.
Moreover Bγpf, fq “ ∥f ´ aγpfq∥2

L2pX,γq
for every f P X‹.
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Remark 1.5.7. Let ξ : pΩ,F,Pq ÝÑ pX,BpXqq be a Gaussian random variable with law γ. For
every f P X‹, f ˝ ξ is a real Gaussian random variable. In particular ξ is a non degenerate
Gaussian random variable if and only if Bγpf, fq ‰ 0 for every f P X‹.

As in the finite dimensional case we have a characterization for the Gaussian measures via
their Fourier transforms.

Proposition 1.5.8. Let γ be a probability measure on pX,BpXqq. γ is a Gaussian measure if
and only if there exist aγ : X‹ ÝÑ R linear and Bγ : X‹ ˆ X‹ ÝÑ R bilinear, symmetric and
non-negative such that

pγpfq “ eiaγ pfq´ 1
2 Bγ pf,fq, f P X‹.

Now we state the Fernique Theorem whose consequences are relevant.

Theorem 1.5.9 (Fernique). Let γ be a Gaussian measure on X.
Then there exists α ą 0 such that

(1.24)
ż

X

eα∥x∥2
Xγpdxq ă `8.

A first consequence of this theorem is that
ż

X

∥x∥p
X γpdxq ă `8

for all p ě 1. Moreover the following proposition holds true.

Proposition 1.5.10. If γ is a Gaussian measure on X then aγ and bγ given by (1.22) and (1.23)
respectively, are continuous. Moreover there exists a P X such that aγpfq “ fpaq for all f P X‹.

1.5.1 The reproducing Kernel and the Cameron-Martin Space

Now we introduce the Cameron-Martin space that has a fundamental role in Gaussian analysis.
Let γ be a Gaussian measure on X. By Remark 1.5.4 X‹ is contained in L2pX, γq. Moreover

the map j : X‹ ÝÑ L2pX, γq defined by

jpfq “ f ´ aγpfq, f P X‹,

is continuous.

Definition 1.5.11. Let γ be a Gaussian measure on X. The reproducing kernel of γ is the space
defined by

X‹
γ :“ jpX‹q

L2
pX,γq

.

It is not difficult to prove that aγ and Bγ can be continuously extended to X‹
γ . Even the

Fourier transform can be extended to X‹
γ . We have the following result

Proposition 1.5.12. Let γ be a Gaussian measure on X. Then

(1.25) pγpfq “ e
´ 1

2 ∥f∥2
L2pX,γq , f P X‹

γ .
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Therefore every f P X‹
γ is a Gaussian random variable and the law of f in R is given by

γ ˝ f´1 “ N0,∥f∥2
L2pX,γq

.

In particular f P LppX, γq for every p P r1,`8q.

Now we define the operator Rγ : X‹
γ ÝÑ pX‹q1 by

Rγpfqpgq :“
ż

X

fpxqrgpxq ´ aγpgqs γpdxq “ xf, g ´ aγpgqyL2pX,γq
, f P X‹

γ , g P X‹.

Since X is separable, it can be shown that the range of Rγ is contained in X. Namely, for every
f P X‹

γ there exists a unique xf P X such that
Rγpfqpgq “ gpxf q, g P X‹.

Hence, from here on, we identify Rγpfq with the element xf P X and we write
Rγpfqpgq “ gpRγpfqq, g P X‹.

Definition 1.5.13. Let γ be a Gaussian measure on X. Setting

∥h∥Hγ
:“ sup

!

fphq : f P X‹, ∥jpfq∥L2pX,γq ď 1
)

,

the Cameron–Martin space of the measure γ is the space defined by

Hγ :“
!

h P X : ∥h∥Hγ
ă `8

)

.

Proposition 1.5.14. The Cameron-Martin space is the range of Rγ . Then h P Hγ if and only if
there exists ph P X‹

γ such that h “ Rγpphq. Moreover

∥h∥Hγ
“ }ph}L2pX,γq.

Therefore Rγ is an isometry from X‹
γ to Hγ and Hγ is a Hilbert space equipped with the inner

product
xh, kyHγ

:“ xph,pkyL2pX,γq.

Moreover every ph P X‹
γ is a Gaussian random variable and the law of ph in R is given by

γ ˝ ph´1 “ N0,∥ph∥2
L2pX,γq

“ N0,∥ph∥2
Hγ

.

In particular, h
Ź

P LppX, γq for every p P r1,8q, with

(1.26)
∥∥∥hŹ∥∥∥

LppX,γq
ď cp ∥h∥Hγ

Let h P X. We define the probability measure
γhpBq “ γpB ´ hq, B P BpXq.

If X “ Rn, it is easy to see that if γ is non degenerate, then γh and γ are equivalent. However
in the infinite dimensional case this is not true in general, even if γ is non degenerate. The
Cameron-Martin theorem shows exactly for which h P X this fact occurs.
Theorem 1.5.15. If h P Hγ , then γ and γh are equivalent, and we have

γh “ e
ph´ 1

2 ∥h∥2
Hγ γ.

If h R Hγ , then γ and γh are singular.
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1.5.2 The Hilbert case

In this subsection we consider the special case in which X is a separable Hilbert space. We
refer to the books [DZ14; LR15; Kuk20] for more details.

Let pX, ∥ ¨ ∥X , x¨, ¨yXq be a separable Hilbert space. Let γ be a Gaussian measure on X with
mean aγ and covariance operator Bγ . After the canonical identification of X with X‹, there exist
a P X and a non-negative operator Q P LpXq such that

aγpfq “ xf, ayX , f P X,

Bγpf, gq “ xQf, gyX , f, g P X.

We have the following characterization for the Gaussian measures and for their Cameron-Martin
spaces.

Proposition 1.5.16. Let γ be a probability measure on pX,BpXqq. γ is Gaussian if and only if
there exist a P R and a linear, non-negative self-adjoint trace class operator Q : X ÝÑ X such
that

pγpxq “ eixx,ayX ´ 1
2 }Q

1
2 x}

2
X , x P X.

In this case we denote γ by Na,Q or by Npa,Qq.

We fix a P X and a non-negative and trace class operator Q. By Theorem 1.4.3, there exists a
Hilbert basis tekukPN of X such that

Qek “ λkek, k P N,

where tλkukPN are the eigenvalues of Q. In particular, since Q is non-negative then λk ě 0 for
every k P N.

We get a useful characterization for the random Gaussian variables.

Proposition 1.5.17. Let ξ : pΩ,F,Pq ÝÑ pX,BpXqq be a random variable. Let a P R and let
Q P LpXq be non-negative and trace class operator. The law of ξ in X is Npa,Qq if and only if

(1.27) ξ “
ÿ

kPN
βk

a

λkek ` a,

where tβkukPN are independent real Gaussian random variables with mean 0 and variance 1.
Moreover the series in (1.27) converges in L2ppΩ,F,Pq, pX,BpXqqq and we have

Erxξ, uyX s “ xm,uyX , u P X,

Erxξ ´ a, uyXxξ ´ a, vyX s “ xQu, vyX , u, v P X,

Er∥ξ ´ a∥2
X s “ Tr rQs .

Proposition 1.5.18. Let X be a separable Hilbert space endowed with a Gaussian measure γ,
with mean a and covariance Q.

(i) If Y is a separable Hilbert space endowed with a Gaussian measure µ with mean b and
covariance R, then γ b µ is a Gaussian measure on X ˆ Y with mean pa, bq and covariance
Qγbµ defined by

Qγbµpf, gq “ Qpfq `Rpgq, f P X, g P Y.
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(ii) If µ is another Gaussian measure on X with mean b and covariance R, then the convolution
measure γ ˚ µ, defined as the image measure in X of γ b µ on X ˆ X under the map
px, yq ÞÑ x` y, is a Gaussian measure with mean a` b and covariance Q`R.

(iii) If Y is a separable Hilbert space and A P LpX,Y q, b P Y , setting T pxq “ Ax` b for x P X,
the measure µ “ γ ˝ T´1 is a Gaussian measure in Y with mean Aa ` b and covariance
AQA‹.

We list in the next proposition the main properties of the Cameron Martin space in the Hilbert
setting.

Proposition 1.5.19. Let γ “ Na,Q be the Gaussian measure with mean a and covariance Q. Let
tekukPN Ď X be a Hilbert basis of X consisting of eigenvectors of Q, Qek “ λkek for all k P N.
Moreover for all x P X we set xk :“ xx, ekyX .

For every z P X the series

(1.28) fnpxq “
ÿ

1ďkďn: λk‰0
pxk ´ akqzkλ

´ 1
2

k

converges in LppX, γq for any p P r1,8q. The reproducing kernel of γ is given by

(1.29) X‹
γ :“

#

f : X ÝÑ R : fpxq “
ÿ

kPN: λk‰0
pxk ´ akqzkλ

´ 1
2

k

+

.

The Cameron-Martin space Hγ of γ is the subspace Q 1
2 pXq, namely

(1.30) Hγ :“
#

x P X :
ÿ

kPN: λk‰0
x2

kλ
´1
k ă `8

+

.

and they have the same inner product, namely

xh, lyHγ
“ xQ´ 1

2h,Q´ 1
2 kyX “

ÿ

kPN: λk‰0
hklkλ

´1
k , h, l P Q

1
2 pXq,

where Q´ 1
2 is the pseudo-inverse of Q 1

2 .

h
Ź

is given by

(1.31) h
Ź

pyq “
ÿ

kPN,
λk‰0

pyk ´ akq

´

Q´ 1
2h

¯

k
λ

´ 1
2

k “
ÿ

kPN,
λk‰0

pyk ´ akqhk λ
´1
k .

Moreover the following statements hold.

1. If γ is non degenerate then for every α ă inf
"

1
2λk

: k P N
*

, (1.24) is verified.

2.
!

λ
1
2
k ek : k P N and λk ‰ 0

)

is an orthonormal basis of the Cameron-Martin space Hγ “

Q
1
2 pXq.
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3. The Cameron-Martin space Hγ has finite dimension ô the set σppQq of the eigenvalues of
Q is finite.

4. The Cameron-Martin space Hγ is dense in X ô λk ą 0 for every k P N ô Q is positive ô

γ is a non degenerate Gaussian measure in X.

In the Hilbert case the Cameron-Martin theorem can be generalized. Indeed we have the
following result that states necessary and sufficient conditions such that two Gaussian measure
are equivalent.

Theorem 1.5.20 (Feldman-Hajek). Let γ1 “ Nm1,Q1 and γ2 “ Nm2,Q2 be two Gaussian measures
on X. γ1 and γ2 are equivalent if and only if the following conditions are verified.

1. H :“ Q
1
2
1 pXq “ Q

1
2
2 pXq.

2. m1 ´m2 P H

3. pQ
´ 1

2
1 Q

1
2
2 qpQ

´ 1
2

1 Q
1
2
2 q‹ ´ Id is a Hilbert-Schmidt operator on H

X .

In the Hilbert case it is possible to characterize the weak convergence of Gaussian measures in
a precise way. We recall the following Proposition proved in [Bog98, Example 3.8.15 page 135].

Proposition 1.5.21. For all n P N, let γn “ Nan,Qn
be the Gaussian measure on X with mean

an and covariance Qn. Moreover let a P X and let Q be a non-negative trace class operator. The
following statements are equivalent.

1. The sequence tγnunPN converges weakly to γ “ Na,Q.

2. an ÝÑ a in X and Q
1
2
n ÝÑ Q

1
2 in HpXq.

3. an ÝÑ a in X, Qn ÝÑ Q in L1pXq.

Remark 1.5.22. We recall that Qn ÝÑ Q in L1pXq if and only if

Tr rQns “

ż

X

∥x∥2
X γnpdxq ÝÑ Tr rQs “

ż

X

∥x∥2
X γpdxq.

1.6 Evolution families

In this section the state basic notions on evolution operators.
Let pX, ∥ ¨ ∥Xq be a real Banach space. Let J Ď R be a closed interval and let

∆J “
␣

ps, tq P J2 : s ă t
(

.

In the next chapters we set ∆ :“ ∆R and ∆T “ ∆r0,T s for every T ą 0.
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1.6.1 Forward evolution operators

Definition 1.6.1. tUpt, squ
ps,tqP∆J

Ď LpXq is a forward evolution operator if

1. Upt, tq “ I for any t P J ,

2. Upt, sq “ Upt, rqUpr, sq for s, r, t P J such that s ď r ď t.

Moreover we say that tUpt, squ
ps,tqP∆J

is strongly continuous if for every x P X the map

(1.32) ps, tq P ∆J ÞÝÑ Upt, sqx P X,

is continuous.

If no confusion may arise we omit the adjective "forward" and we simply write Upt, sq instead
of tUpt, squ

ps,tqP∆J
.

We consider now an evolution operator tUpt, squ
ps,tqP∆J

acting on BbpXq.

1. We say that Upt, sq is Feller, if for every s ă t we have

Upt, sq pCbpXqq Ď CbpXq.

2. We say that Upt, sq is Strong Feller, if for every s ă t we have

Upt, sq pBbpXqq Ď CbpXq.

3. We say that Upt, sq is contractive, if for every s ă t and φ P BbpXq we have

∥Upt, sqφ∥8 ď ∥φ∥8 .

Definition 1.6.2. Let tµtutPR be a family of probability measures on pX,BpXqq. We say that
tµtutPR is an evolution system of measures for Upt, sq in R if, for every φ P CbpXq and s ă t, we
have

ż

X

Upt, sqφpxqνtpdxq “

ż

X

φpxqνspdxq.

1.6.2 Backward evolution operators

Definition 1.6.3. tVs,tups,tqP∆J
Ď LpXq is a backward evolution operator if

1. Vt,t “ I for any t P J ,

2. Vs,t “ Vs,rVr,t for s ď r ď t.

Moreover we say that tVs,tups,tqP∆J
Ď LpXq is strongly continuous if for every x P X the map

(1.33) ps, tq P ∆J ÞÝÑ Vs,tx P X,

is continuous.
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Again we often omit the adjective "backward" and we simply write Vs,t instead of tVs,tups,tqP∆J
.

For a backward evolution operator tVs,tups,tqP∆J
acting on BbpXq, the definitions of Feller,

strong Feller and contractive evolution operator are the same as the forward case.

Definition 1.6.4. Let tµtutPR be a family of probability measures on pX,BpXqq. We say that
tµtutPR is an evolution system of measures for Vs,t in R if, for every φ P CbpXq and s ă t, we have

ż

X

Vs,tφpxqνspdxq “

ż

X

φpxqνtpdxq.

1.7 Abstract evolution problems

In this section we summarize results on abstract parabolic problems.
Let pX, ∥ ¨ ∥Xq be a real Banach space and T ą 0. We consider the problem

#

u1ptq “ Aptquptq t ą s,

upsq “ x,
(1.34)

where s P r0, T q, x P X, u : r0, T s ÝÑ X and tAptqutPr0,T s is a family of linear closed operators,
possibly unbounded and with domains depending on t.

Definition 1.7.1.

1. A strict solution of (1.34) is a function u belonging to C1prs, T q;Xs such that uptq P DpAptqq

for every t P rs, T s and upsq “ x and u1ptq “ Aptquptq for t P rs, T s.

2. A classical solution of (1.34) is a function u belonging to Cprs, T s;Xq X C1pps, T s;Xq such
that uptq P DpAptqq for every t P ps, T s, upsq “ x and u1ptq “ Aptquptq for t P ps, T s.

Many authors gave suitable conditions on the operators Aptq to prove the existence of an
evolution operator Upt, sq such that for suitable x P X (tipically x P DpApsqq or x P DpApsqq and
Apsqx P DpApsqq) uptq :“ Upt, sqx is a classical or strict solution of (1.34). In such cases we say
that Upt, sq is associated to tAptqutPr0,T s. We refer to [Acq88; AT87; Tan79; Yag76; Sob61; Paz83]
for many results in this direction. However the theory of evolution operators is not simple and
complete as in the autonomous case; for instance given an evolution operator Upt, sq, there are
no theories that generalize the Hille-Yoshida theorem and there are no connections between the
spectra of the operators Aptq and the asymptotic behavior of Upt, sq as t´ s Ñ `8 (if T “ `8).

In this section we state the hypotheses of Acquistapace-Terreni who built an evolution operator
for (1.34) for abstract parabolic equations in a very general setting. In such case each Aptq is the
generator of an analytic semigroup. For what follows we refer to [Acq88; AT87; Sch04].

Hypothesis 1.7.2.

AT1 For every t P R, Aptq : DpAptqq Ď X ÝÑ X is a linear operator and there exist M ě 0,
ω P R and ϕ P

´π

2 , π
¯

such that

ρpAptqq Ě Sω,ϕ :“ tωu Y tλ P C∖ tωu : |argpλ´ ωq| ă ϕu,
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and
∥Rpλ,Aptqq∥LpXq ď

M

1 ` |λ´ ω|
.

AT2 There exist L ě 0, µ, ν P p0, 1s such that µ` ν ą 1 and

|λ|ν
∥∥AωptqRpλ,AωptqqpAωptq´1 ´Aωpsq´1q

∥∥
LpXq

ď L |t´ s|µ , |argλ| ď ϕ,

where Aωptq :“ Aptq ´ ω.
Theorem 1.7.3 ([Acq88, Thm. 2.3],[AT92, Thm.6.1]). Assume that tAptqutPr0,T s satisfies Hy-
pothesis 1.7.2. Then there exists a unique (forward) evolution operator Upt, sq

ps,tqP∆T
such

that

1. the mapping ps, tq ÞÝÑ Upt, sq belongs to Bp∆T ;LpXqq X Cp∆T ;LpXqq;

2. lim
sÕt

∥Upt, sqx´ x∥X “ 0 if and only if x P DpAptqq;

3. lim
sŒt

∥Upt, sqx´ x∥X “ 0 if and only if x P DpApsqq;

4. Upt, sq maps X into DpAptqq for every ps, tq P ∆T and there exists C1 ą 0 such that

(1.35) ∥Upt, sq∥LpX;DpAptqq “ ∥AptqUpt, sq∥LpXq ď
C1

t´ s
;

5. the mapping t ÝÑ Upt, sq belongs to C1pps, T s;LpXqq X Cpps, T s;LpX;DpAptqqqq and

(1.36) B

Bt
Upt, sq “ AptqUpt, sq;

6. U(t,s) maps DpApsqq in DpAptqq and there exists C2 ą 0 such that

(1.37)
∥∥AptqUpt, sqpωId ´Apsqq´1∥∥

LpXq
ď C2;

7. the mapping ps, tq ÝÑ AptqUpt, sqpωId ´Apsqq´1 belongs to Cp∆T ;LpXqq X Cp∆;LpXqq;

8. the mapping s P r0, tq ÝÑ Upt, sqx with x P DpApsqq is right differentiable and

(1.38) B`

Bs
Upt, sqx “ ´Upt, sqApsqx, x P DpApsqq.

In this thesis we assume that DpAptqq is dense in X for every t P r0, T s so that by Theorem 1.7.3
2 and 3, Upt, sq turns to be strongly continuous. Moreover we consider the following (backward)
adjoint problem

#

v1psq “ ´Apsq‹vpsq s ă t,

vptq “ x‹,
(1.39)

where x‹ P X‹ and v : r0, T s ÝÑ X‹.
If tAptq‹u satisfies Hypothesis 1.7.2 there exists a unique (backward) evolution operator

tVs,tups,tqP∆T
with similar properties to the ones stated in Theorem 1.7.3. By [AT92, Rmk. 6.2]

and [AFT91, Prop. 2.9], Vs,t “ Upt, sq‹ for all ps, tq P ∆T . Moreover we have the following result.
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Proposition 1.7.4 ([AT92, Thm.6.4]). Assume that tAptqutPr0,T s and tAptq‹utPr0,T s satisfy
Hypothesis 1.7.2. Let J : X ÝÑ X‹‹ be the canonical injection. Then the operator

Rpt, sq “ ´J´1pApsq‹Upt, sq‹q‹J

is such that

1. B

Bs
Upt, sq “ Rpt, sq and B

Bs
Upt, sqx “ ´Upt, sqApsqx, x P DpApsqq;

2. there exists C3 ą 0 such that

(1.40) ∥Rpt, sq∥LpXq ď
C3

t´ s
.
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Chapter 2

The Ornstein-Uhlenbeck evolution
operator in CbpXq

The (backward) evolution operator tPs,tups,tqP∆T
is defined by

Pt,t “ I for any t P r0, T s,

Ps,tφpxq “

ż

X

φpyqNmxpt,sq,Qpt,sqpdyq

“

ż

X

φpy `mxpt, sqqN0,Qpt,sqpdyq, ps, tq P ∆T , φ P CbpXq(2.1)

where we denote by Nm,Q the Gaussian measure in X with mean m and covariance Q. Here, for
any ps, tq P ∆T we have

Qpt, sq “

ż t

s

Upt, rqQprqUpt, rq‹ dr,(2.2)

mxpt, sq “ Upt, sqx` gpt, sq,(2.3)

gpt, sq “

ż t

s

Upt, rqfprq dr.(2.4)

where tUpt, squ
pt,sqP∆T

is a strongly continuous evolution operator in X, f : r0, T s ÝÑ X,
Qptq “ BptqBptq‹ with Bptq P LpXq for all t P r0, T s, satisfy Hypothesis 2.0.1.

Fixed ps, tq P ∆T , we are interested in smoothing properties of Ps,t along some normed spaces
E, continuously embedded in X. Such properties will be proved under the assumption

(2.5) Upt, sqpEq Ď Ht,s :“ Q pt, sq
1
2 pXq and Upt, sq|E

P LpE,Ht,sq.

In this case we define the operator

Λpt, sq “ Q pt, sq
´ 1

2 Upt, sq, ps, tq P ∆T ,

where Q pt, sq
´ 1

2 is the pseudo-inverse of Q pt, sq
1
2 .
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If (2.5) holds, we prove that for all k P N, Ps,t maps CbpXq (the space of continuous and
bounded functions from X to R, see Sect. 2) into Ck

EpXq (the space of the functions from X to
R k-times Frèchet differentiable along E having bounded Frèchet differentials along E see Sect.
2). Moreover, we give an explicit formula for the Frèchet derivatives of Ps,t of any order along E,
that involves the operators Λpt, sq and allows to estimate such derivatives.

In Section 2.1 we study the smoothing properties of Ps,t. In particular we prove that, if (2.5)
holds, Ps,t maps CbpXq in Ck

EpXq for every k P N and moreover there exists a constant Ck ą 0
such that

(2.6) sup
xPX

∥∥Dk
EpPs,tφqpxq

∥∥
LkpEq

ď Ck ∥Λpt, sq∥k
LpE;Xq ∥φ∥8 .

In Section 2.2 we extend to our non autonomous case a result of [GN03, Sect. 3], giving
sufficient conditions in order that E “ Q psq

1
2 pXq satisfies (2.5) for s P p0, tq.

Smoothing estimates such as (2.6) are basic tools for several developments of the theory
besides Hölder maximal regularity. For instance we use them in the study of hypercontractivity
properties of Ps,t in Lp spaces with respect to suitable measures (see Chapter 5).

Our basic assumptions are the following.

Hypothesis 2.0.1. Let pX, ∥ ¨ ∥X , x¨, ¨yXq, pY, ∥ ¨ ∥Y , x¨, ¨yY q be two real separable Hilbert spaces.

(1) tUpt, squ
ps,tqP∆T

Ď LpXq is a strongly continuous evolution operator, namely for every
x P X the map

(2.7) ps, tq P ∆T ÞÝÑ Upt, sqx P X,

is continuous and

(a) Upt, tq “ I for any t P r0, T s,
(b) Upt, rqUpr, sq “ Upt, sq for s ď r ď t.

(2) The family of operators tBptqutPr0,T s Ď LpY ;Xq is bounded and strongly measurable,
namely

(a) there exists K ą 0 such that

(2.8) sup
tPr0,T s

∥Bptq∥LpY ;Xq ď K,

(b) the map

(2.9) t P r0, T s ÞÑ Bptqx P X

is measurable for any x P X.

(3) The map f : r0, T s ÝÑ X is bounded and measurable.

(4) Setting Qptq “ BptqBptq‹ for all t P r0, T s, the trace of the operator Qpt, sq, defined in (2.2),
is finite for every s ă t.

By the Uniform Boundedness Theorem, there exists N ą 0 such that

(2.10) ∥Upt, sq∥LpXq ď N, ps, tq P ∆T .
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2.1 Smoothing properties of Ps,t

If Hypothesis 2.0.1 holds, the evolution family

Ps,tφpxq “

ż

X

φpy `mxpt, sqqN0,Qpt,sqpdyq, x P X, ps, tq P ∆T , φ P CbpXq,

is well defined.

Definition 2.1.1. For every ps, tq P ∆T we denote by Ht,s the Cameron-Martin space of the
measure N0,Qpt,sq. Moreover, for every t P R we denote by Ht the space Q ptq

1
2 pXq endowed with

the scalar product
xh, kyHt

“ xQ ptq
´ 1

2 h,Q ptq
´ 1

2 kyX , h, k P Ht,

where Q ptq
´ 1

2 is the pseudo-inverse of Q ptq
1
2 .

We recall here some basic results proved in [CL21].

Proposition 2.1.2 ([CL21, Cor. 2.2]). We assume that Hypothesis 2.0.1 holds true. Then for
every fixed t P r0, T s the mappings

s P r0, ts ÞÝÑ Qpt, sq P LpXq, s P r0, ts ÞÝÑ Tr rQpt, sqs P R

are both continuous.

Proposition 2.1.3 ([CL21][Lemma 2.3]). We assume that Hypothesis 2.0.1 holds true. Then for
every φ P CbpXq the mapping

ps, t, xq P ∆T ˆX ÞÝÑ Ps,tφpxq P R

is measurable. Moreover if for every t P p0, T s the mapping

ps, xq P r0, ts ˆX ÞÝÑ Ps,tφpxq P R

is continuous. If in addition the mapping

ps, tq P ∆T ÞÝÑ Upt, sq P LpXq

is continuous, then the mapping

ps, t, xq P ∆T ˆX ÞÝÑ Ps,tφpxq P R

is continuous.

In [CL21] it was proved that Ps,t maps C1
b pXq into itself, and

∇pPs,tφqpxq “ Upt, sq‹Ps,t∇φpxq, ps, tq P ∆T , x P X, φ P C1
b pXq,

so that

sup
xPX

∥DpPs,tφqpxq∥X‹ ď ∥Upt, sq∥LpXq ∥Dφ∥8 ď M ∥φ∥C1
b

pXq , ps, tq P ∆T , φ P C1
b pXq.

More generally it was proved that Ps,t maps Ck
b pXq into itself for every k P N. Here we extend

this results working along the directions of a suitable subspace E.
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Lemma 2.1.4. We assume that Hypothesis 2.0.1 holds and that there exists a normed space
pE, ∥ ¨ ∥Eq continuously embedded in X such that for some ps, tq P ∆T

(2.11) Upt, sqpEq Ď E, Upt, sq|E
P LpEq and D M ą 0 such that

∥∥Upt, sq|E

∥∥
LpEq

ď M.

Then Ps,t maps Ck
EpXq into itself for every k P N and

(2.12) Dk
EpPs,tφqpxqph1, ..., hkq “ Ps,t

`

Dk
Eφp¨qpUpt, sqh1, ..., Upt, sqhkq

˘

pxq,

for any x P X and h1, ..., hk P E. In particular for every φ P Ck
b pXq∣∣Dk

EPs,tφpxqph1, ..., hkq
∣∣ ď Ps,t

´∣∣Dk
Eφp¨qpUpt, sqh1, ..., Upt, sqhkq

∣∣¯,(2.13)

sup
xPX

∥∥Dk
EpPs,tφq

∥∥
LkpEq

ď ∥Upt, sq∥k
LpEq sup

xPX

∥∥Dk
Eφ

∥∥
LkpEq

ď Mk sup
xPX

∥∥Dk
Eφ

∥∥
LkpEq

.(2.14)

If φ P Cα
EpXq, where α “ k ` σ, k P N Y t0u and σ P p0, 1q, then Ps,tφ P Cα

EpXq and

(2.15) rDk
EpPs,tφqsCσ

E
pXq ď ∥Upt, sq∥k

LpEq rDk
EφsCσ

E
pXq ď MkrDkφsCσ

E
pXq.

If φ P Zk
EpXq, where k P N, then Ps,tφ P Zk

EpXq and

(2.16) rDk´1
E pPs,tφqsZk

E
pXq ď ∥Upt, sq∥k´1

LpEq rDk
EφsZk

E
pXq ď Mk´1rDk

EφsZk
E

pXq.

Remark 2.1.5. By abuse of language, we will often write Upt, sq instead of Upt, sq|E
.

Proof. We start proving (2.12) and (2.14) by recurrence over k. If k “ 1, let x P X, h P E and
ε ą 0, we have

Ps,tφpx` εhq ´ Ps,tφpxq

ε
ď

ż

X

∣∣φ`y `mx`εhpt, sq
˘

´φ
`

y `mxpt, sq
˘
∣∣

ε
N0,Qpt,sqpdyq.(2.17)

Since∣∣φ`y `mx`εh
pt, sq

˘

´ φ
`

y `mx
pt, sq

˘

∣∣
ε

ď ∥DEφ∥
8

∥Upt, sqh∥E ď ∥DEφ∥
8

∥Upt, sq∥LpEq
∥h∥E ,

by the Dominated Convergence Theorem, as ε Ñ 0`, we get

(2.18) DEPs,tφpxqphq “ Ps,tDEφp¨qpUpt, sqhq.

Moreover

|DEPs,tφpxqphq| ď

ż

X

|DEφpy `mxpt, sqqpUpt, sqhq| N0,Qpt,sqpdyq

ď sup
xPX

∥DEφ∥E‹ ∥Upt, sq∥LpEq ∥h∥E ,

and

∥DEPs,tφpxq∥E‹ ď ∥DEφ∥8 ∥Upt, sq∥LpEq .(2.19)
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Hence

sup
xPX

∥DEPs,tφ∥E‹ ď sup
xPX

∥DEφ∥E‹ ∥Upt, sq∥LpEq ď M ∥φ∥C1
E

pXq .(2.20)

We assume now φ P Ck
EpXq and that (2.12) and (2.14) hold. Let x P X, h1, ..., hk`1 P E and

ε ą 0. Then we have
1
ε

´

Ps,t

`

Dk
Eφp¨qpUpt, sqh1, ..., Upt, sqhkq

˘

px` εhk`1q ´ Ps,t

`

Dk
Eφp¨qpUpt, sqh1, ..., Upt, sqhkq

˘

pxq

¯

ď
1
ε

ż

X

ˇ

ˇ

ˇ
Dk

Eφ
`

y `mx`εhk`1 pt, sq
˘

pUpt, sqh1, ..., Upt, sqhkq

´Dk
Eφ

`

y `mxpt, sq
˘

pUpt, sqh1, ..., Upt, sqhkq

ˇ

ˇ

ˇ
N0,Qpt,sqpdyq.

Since
1
ε

∣∣Dk
Eφ

`

y `mx`εhk`1 pt, sq
˘

pUpt, sqh1, ..., Upt, sqhkq ´Dk
Eφ

`

y `mx
pt, sq

˘

pUpt, sqh1, ..., Upt, sqhkq
∣∣

ď
1
ε

∥∥Dk
Eφ

`

y `mx`εhk`1 pt, sq
˘

´Dk
Eφ

`

y `mx
pt, sq

˘

∥∥
Lk`1pEq

k
ź

i“1

∥Upt, sqhi∥E

ď sup
xPX

∥∥Dk`1
E φ

∥∥
Lk`1pEq

∥Upt, sq∥k`1
LpEq

k`1
ź

i“1

∥hi∥E

by the Dominated Convergence Theorem, as ε Ñ 0`, we get

(2.21) Dk`1
E pPs,tφqpxqph1, ..., hk`1q “ Ps,t

`

Dk`1
E φp¨qpUpt, sqh1, ..., Upt, sqhk`1q

˘

pxq.

Moreover∣∣Dk`1
E pPs,tφqpxqph1, ..., hk`1q

∣∣ ď

ż

X

∣∣Dk`1
E φpy `mx

pt, sqqpUpt, sqh1, ..., Upt, sqhk`1q
∣∣ N0,Qpt,sqpdyq

ď sup
xPX

∥∥Dk`1
E φ

∥∥
Lk`1pEq

∥Upt, sq∥k`1
LpEq

k`1
ź

i“1

∥hi∥E ,

so that

(2.22)
∥∥Dk`1

E pPs,tφqpxq
∥∥
LkpEq

ď sup
xPX

∥∥Dk`1
E φ

∥∥
Lk`1pEq

∥Upt, sq∥k`1
LpEq .

Hence

(2.23) sup
xPX

∥∥Dk`1
E pPs,tφq

∥∥
Lk`1pEq

ď ∥Upt, sq∥k`1
LpEq sup

xPX

∥∥Dk`1
E φ

∥∥
Lk`1pEq

ď Mk`1 ∥φ∥Ck`1
E

pXq
.

Finally (2.15), (2.16) are consequences of (2.12) and of the definition of Ps,t.

Remark 2.1.6. If E and F are Banach spaces continuously embedded inX such that Upt, sqpEq Ď F ,
then Upt, sq|E

P LpE;F q. Indeed, if xn
E

ÝÝÝÝÝÑ
nÑ`8

x and Upt, sq|E
xn

F
ÝÝÝÝÝÑ
nÑ`8

y, then xn
X

ÝÝÝÝÝÑ
nÑ`8

x

and Upt, sqxn
X

ÝÝÝÝÝÑ
nÑ`8

y, since the embeddings of E in X and of F in X are continuous. Since
Upt, sq P LpXq then y “ Upt, sqx and by the Closed Graph Theorem Upt, sq|E

P LpE,F q.
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Lemma 2.1.7. We assume that Hypothesis 2.0.1 holds and that (2.11) holds for every ps, tq P ∆T .
Then, for every fixed t P R, φ P Ck

EpXq and h1, ..., hk P X, the mapping

(2.24) ps, xq P p0, ts ˆX ÞÝÑ Dk
EpPs,tφqpxqph1, ..., hkq P R,

is continuous.
If in addition the mapping ps, tq P ∆T ÞÝÑ Upt, sq P LpXq is continuous, then the function

(2.25) ps, t, xq P ∆T ˆX ÞÝÑ Dk
EpPs,tφqpxqph1, ..., hkq P R,

is continuous.

Proof. The proofs of these continuity properties follow from (2.12) and Proposition 2.1.3.

Corollary 2.1.8. We assume that Hypothesis 2.0.1 holds and that there exists a normed space
pE, ∥ ¨ ∥Eq continuously embedded in X such that (2.11) holds for every ps, tq P ∆T . Then, for
every α ą 0 and for every φ P Cα

EpXq, t P p0, T s, the function

ps, xq P r0, ts ˆX ÞÝÑ u0ps, xq :“ Ps,tφpxq P R,

belongs to C0,α
E

`

r0, ts ˆX
˘

, and there exists C “ Cpα, T q ą 0 such that

(2.26) ∥u0∥C0,α
E

pr0,tsˆXq
ď C ∥φ∥Cα

E
pXq .

Similarly, if φ P Zk
EpXq for some k P N, then the function u0 belongs to Z0,k

E

`

r0, ts ˆ X
˘

, and
there exists C “ Cpk, T q ą 0 such that

(2.27) ∥u0∥Z0,k
E

pr0,tsˆXq
ď C ∥φ∥Zk

E
pXq .

Proof. It follows from Lemma 2.1.4 and by Lemma 2.1.7.

Theorem 2.1.9. Assuming that Hypothesis 2.0.1 holds and there exists a normed space pE, ∥ ¨ ∥Eq

continuously embedded in X such that (2.5) holds, Ps,tφ P
č

kPN
Ck

EpXq for every φ P CbpXq and

(2.28) DEpPs,tφqpxqphq “

ż

X

φ
`

y `mxpt, sq
˘

Upt, sqh
Ź

pyqN0,Qpt,sqpdyq, h P E,

where p̈ is with respect to the Gaussian measure N0,Qpt,sq (see Proposition 1.5.19).
Moreover, there exists C ą 0 such that

(2.29) sup
xPX

∥DEpPs,tφqpxq∥E‹ ď C ∥Λpt, sq∥LpE;Xq ∥φ∥8 .

For n ě 2

(2.30) Dn
EpPs,tφqpxqph1, ..., hnq “

ż

X

φ
`

y `mx
pt, sq

˘

Inpt, sqpyqph1, ..., hnqN0,Qpt,sqpdyq, h1, ..., hn P E,
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where

Inpt, sqpyqph1, ..., hnq :“
n
ź

i“1

Upt, sqhi

Ź

pyq

`

rn
ÿ

s“1

p´1q
s

n
ÿ

i1,...i2s,
i2k´1ăi2k,

i2k´1ăi2k`1

s
ź

i“1

xΛpt, sqhi2k´1 ,Λpt, sqhi2k yX

n
ź

im“1,
im‰i1,...,i2s

Upt, sqhim

Ź

pyq(2.31)

and

rn “

#

n
2 if n is even,
n´1

2 if n is odd.

It follows that for every n ě 2 there exists Cn ą 0 such that

(2.32) sup
xPX

∥Dn
EpPs,tφqpxq∥

LnpEq
ď Cn ∥Λpt, sq∥n

LpE;Xq ∥φ∥8 .

Proof.

Step 1. We prove that Ps,tφpxq P CbpXq for every φ P CbpXq. For x, x0 P X we have

|Ps,tφpxq ´ Ps,tφpx0q| ď

ż

X

∣∣φ`y `mxpt, sq
˘

´ φ
`

y `mx0 pt, sq
˘
∣∣ N0,Qpt,sqpdyq.(2.33)

Since ∣∣φ`y `mxpt, sq
˘

´ φ
`

y `mx0 pt, sq
˘
∣∣ ď 2 ∥φ∥8

the statement follows letting x Ñ x0, by the Dominated Convergence theorem .

Step 2. We prove that Ps,tφpxq P C1
EpXq for every φ P CbpXq and that (2.28) holds.

For every ε P p0, 1q, x P X and h P E we have

Ps,tφpx` εhq ´ Ps,tφpxq

ε
“

1
ε

ˆ
ż

X

φpy `mxpt, sqqNεUpt,sqh,Qpt,sqpdyq

´

ż

X

φpy `mxpt, sqqN0,Qpt,sqpdyq

˙

.

Since εUpt, sqh P Ht,s, thanks to the Cameron-Martin formula we get

NεUpt,sqh,Qpt,sqpdyq “ exp
ˆ

´
1
2 ∥εUpt, sqh∥2

Ht,s
` εUpt, sqh
Ź

pyq

˙

N0,Qpt,sqpdyq

“ exp
ˆ

´
1
2ε

2 ∥Λpt, sqh∥2
X ` εUpt, sqh
Ź

pyq

˙

N0,Qpt,sqpdyq.

Therefore, setting

(2.34) fεpyq “ ´
1
2ε ∥Λpt, sqh∥2

X ` Upt, sqh
Ź

pyq,

we get

(2.35) Ps,tφpx` εhq ´ Ps,tφpxq

ε
“

ż

X

exppεfεpyqq ´ 1
ε

φ
`

y `mxpt, sq
˘

N0,Qpt,sqpdyq.
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Now

lim
εÑ0

fεpyq “ Upt, sqh
Ź

pyq for a.e. y∣∣∣∣∣∣
exp

´

εfεpyq

¯

´ 1
ε

φ
`

y `mxpt, sq
˘

∣∣∣∣∣∣ ď C |fεpyq|
´

exp |fεpyq| ` 1
¯

∥φ∥8

y ÞÑ Upt, sqh
Ź

pyq exp
ˆ

Upt, sqh
Ź

pyq

˙

P L1pX,N0,Qpt,sqq.

Hence by the Dominated Convergence theorem we obtain

(2.36) lim
εÑ0

Ps,tφpx` εhq ´ Ps,tφpxq

ε
“

ż

X

φpy `mxpt, sqqUpt, sqh
Ź

pyqN0,Qpt,sqpdyq.

Moreover, by (1.26) with p “ 1 we get∣∣∣∣ż
X

φpy `mxpt, sqqUpt, sqh
Ź

pyqN0,Qpt,sqpdyq

∣∣∣∣ ď ∥φ∥8

∥∥∥Upt, sqh
Ź

p¨q

∥∥∥
L1pX,N0,Qpt,sqq

ď ∥φ∥8 c1 ∥Λpt, sq∥LpE;Xq ∥h∥E ,

so that Ps,tφ is E-Gâteaux differentiable at x and

DG
E pPs,tφqpxq “

ż

X

φpy `mxpt, sqqUpt, sqh
Ź

pyqN0,Qpt,sqpdyq.

To conclude we prove that DG
E pPs,tφq : X ÝÑ E‹ is continuous. Indeed for x, x0 P X we

apply (1.26) with p “ 2 and we have∣∣DG
E pPs,tφqpxqphq ´DG

E pPs,tφqpx0qphq
∣∣

ď

ż

X

|φpy `mxpt, sqq ´ φpy `mx0 pt, sqq|
∣∣∣Upt, sqh
Ź

pyq

∣∣∣ Np0, Qpt, sqqpdyq

ď c2 ∥φpy `mxpt, sqq ´ φpy `mx0 pt, sqq∥L2pX,N0,Qpt,sqq ∥Λpt, sq∥LpE;Xq ∥h∥E .

Hence∥∥DG
E pPs,tφqpxq ´DG

E pPs,tφqpx0q
∥∥

E‹ ď c ∥φpy `mxpt, sqq ´ φpy `mx0 pt, sqq∥L2pX,N0,Qpt,sqq

and since
∣∣φ`y `mxpt, sq

˘

´ φ
`

y `mx0 pt, sq
˘
∣∣ ď 2 ∥φ∥8, the statement follows from the

Dominated Convergence Theorem letting x Ñ x0.

Step 3. We prove that Ps,tφ P C2
EpXq. We show first that for every h P E, the mapping

DEpPs,tφqp¨qphq : X ÝÑ R

is E-Gâteaux differentiable. Let rh P E, we set

fεpyq “ ´
1
2ε

∥∥∥Λpt, sqrh
∥∥∥2

X
` Upt, sqrh

Ź

pyq,

32



and due to (2.28) and using again the Cameron-Martin formula, for every ε ą 0 we have

DEpPs,tφqpx` εrhqphq ´DEpPs,tφqpxqphq

ε

“
1
ε

„
ż

X

φ
`

y `mxpt, sq
˘

Upt, sqh
Ź

`

y ´ εUpt, sqrh
˘

NεUpt,sqrh,Qpt,sq
pdyq

´

ż

X

φ
`

y `mxpt, sq
˘

Upt, sqh
Ź

pyqN0,Qpt,sqpdyq

ȷ

“
1
ε

ż

X

φ
`

y `mxpt, sq
˘

Upt, sqh
Ź

pyq
`

exppεfεpxqq ´ 1
˘

N0,Qpt,sqpdyq

´

ż

X

φpy `mxpt, sqqxΛpt, sqh,Λpt, sqrhyX exppεfεpyqqN0,Qpt,sqpdyq.

Proceeding as in Step 2, we obtain

lim
εÑ0

DEpPs,tφqpx` εrhqh´DEpPs,tφqpxqh

ε

“

ż

X

φ
`

y `mxpt, sq
˘

Upt, sqh
Ź

pyqUpt, sqrh

Ź

pyqN0,Qpt,sqpdyq

´ xΛpt, sqh,Λpt, sqrhyXPs,tφpxq.(2.37)

The right-hand side of 2.37 is the Gâteaux derivative of DEPs,tφp¨qh at x. In the same
way we did in Step 2, we can show that the mapping DG

E pDEpPs,tφqp¨qhq : X ÝÑ E‹ is
continuous, so that we conclude that Ps,tφ P C2

EpXq.

Step 4. We prove that Ps,tφ P Cn
EpXq for every n P N and that (2.30) holds. We proceed by recur-

rence, so we assume that Ps,tφ P Cn´1
E pXq and that formula (2.30) holds for Dn´1

E pPs,tφq,
for some n ě 3.

We first show that Dn´1
E pPs,tqφ is E- Gâteaux differentiable. For x P X, h1, ..., hn´1, hn P E

and ε ą 0 we set

fεpyq “ ´
1
2ε ∥Λpt, sqhn∥2

X ` Upt, sqhn

Ź

pyq.

and due to the Cameron-Martin Formula we have

Dn´1
E pPs,tφqpx` εhnqph1, ..., hn´1q

“

ż

X

φpmxpt, sq ` yqIn´1pt, sqpy ´ εUpt, sqhnq exppεfεpyqqN0,Qpt,sqpdyq.
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Moreover we have

In´1pt, sqpy ´ εUpt, sqhnqph1, ..., hn´1q “ In´1pt, sqpyqph1, ..., hn´1q

´ ε
n´1
ÿ

i“1
xΛpt, sqhi,Λpt, sqhnyX

n´1
ź

j“1
j‰i

Upt, sqhj

Ź

pyq

´ ε

rn´1
ÿ

s“1
p´1qs

n
ÿ

i1,...i2s,
i2k´1ăi2k,

i2k´1ăi2k`1

s
ź

i“1
xΛpt, sqhi2k´1 ,Λpt, sqhi2k

yX

ˆ

n´1
ÿ

im“1,
im‰i1,...,i2s

xΛpt, sqhim
,Λpt, sqhnyX

n´1
ź

ij “1
ij ‰im,i1,...,i2s

Upt, sqhij

Ź

pyq `Opε2q.

In the same way we did in Step 2 and in Step 3, by the Dominated Convergence theorem
we have

lim
εÑ0

Dn´1
E pPs,tφqpx` εhnqph1, ..., hn´1q ´Dn´1

E pPs,tφqpxqph1, ..., hn´1q

ε
“

“

ż

X

φpmxpt, sq ` yqIn´1pt, sqpyqph1, ..., hn´1qUpt, sqhn

Ź

pyqN0,Qpt,sqpdyq`

´

ż

X

φpmxpt, sq ` yq

«

n´1
ÿ

i“1
xΛpt, sqhi,Λpt, sqhnyX

n´1
ź

j“1
j‰i

Upt, sqhj

Ź

pyq`

`

rn´1
ÿ

s“1
p´1qs

n
ÿ

i1,...i2s,
i2k´1ăi2k,

i2k´1ăi2k`1

s
ź

i“1
xΛpt, sqhi2k´1 ,Λpt, sqhi2k

yXˆ

ˆ

n´1
ÿ

im“1,
im‰i1,...,i2s

xΛpt, sqhim ,Λpt, sqhnyX

n´1
ź

ij “1
ij ‰im,i1,...,i2s

Upt, sqhij

Ź

pyq

ff

N0,Qpt,sqpdyq.

It is easy to show that the right hand side of the equation above coincides with the expression
of Dn

EpPs,tφqph1, ..., hnq given in (2.30). The same arguments of Step 2 and Step 3 imply
that Ps,tφ P Cn

EpXq.

Remark 2.1.10. We assume that the hypotheses of Theorem 2.1.9 hold and that E is a Banach
space. Then Upt, sq|E

P LpE,Ht,sq if and only if Λpt, sq P LpE;Xq. Indeed, ∥Upt, sq∥LpE,Ht,sq “

∥Λpt, sq∥LpE,Xq and by Remark 2.1.6 Upt, sq belongs to LpE,Ht,sq.
Remark 2.1.11. If E “ X in Theorem 2.1.9, then Ps,t is strong Feller as proved in [CL21; OR16b].
Remark 2.1.12. Similarly to [CL21], fixing ps, tq P ∆T we define the operator L : L2`ps, tq;Y

˘

ÝÑ

X given by

(2.38) Ly :“
ż t

s

Upt, σqBpσqypσq dσ, y P L2`ps, tq;Y
˘

.
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The adjoint operator L‹ : X ÝÑ L2`ps, tq;Y
˘

satisfies xLy, xyX “ xy, L‹xyL2pps,tq;Y q for every
x P X and y P L2`ps, tq;Y

˘

, which means
ż t

s

xUpt, σqBpσqypσq, xyX dσ “

ż t

s

xypσq, pL‹xqpσqyY dσ, x P X, y P L2`ps, tq;Y
˘

,

so that
pL‹xqpσq “ B‹pσqU‹pt, σqx, x P X, a.e σ P ps, tq

and we get

LL‹x “

ż t

s

Upt, σqBpσqB‹pσqU‹pt, σqx dσ “ Qpt, sqx, x P X.

Therefore, by the general theory of linear operators in Hilbert spaces (e.g., [DZ14, Cor. B3]), we
get

(2.39)

$

’

’

&

’

’

%

RangeL “ RangeQ pt, sq
1
2

∥∥∥Q pt, sq
´ 1

2 x
∥∥∥

X
“

∥∥L´1x
∥∥

L2pps,tq;Y q
, x P Ht,s.

Since in general L is not invertible, L´1 is meant as the pseudo-inverse of L. Hence

(2.40)
∥∥L´1x

∥∥
L2pps,tq;Y q

“ min
!

∥y∥L2pps,tq;Y q : Ly “ x
)

, x P Ht,s.

The range of L is the set of the traces at time t of the mild solutions of the evolution problems

(2.41)
#

u1prq “ Aprquprq `Bprqyprq, s ă r ă t,

upsq “ 0

where y varies in L2pps, tq;Y q. So (2.5) may be reformulated requiring that Upt, sq maps E in the
trace space.

Now we combine Lemma 2.1.4 and Theorem 2.1.9 to obtain the following result.

Corollary 2.1.13. We assume that Hypotheses 2.0.1 holds and there exists a normed space
pE, ∥ ¨ ∥Eq continuously embedded in X satisfying (2.5) and (2.11). Then for every k, n P N Y t0u

such that k ` n ě 1, φ P Ck
EpXq, Ps,tφ P Ck`n

E pXq and

Dk`n
E pPs,tφqpxqph1, ..., hk`nq

“

ż

X

Dk
Eφ

`

Upt, sqx` y
˘`

Upt, sqh1, ..., Upt, sqhk

˘

Inpt, sqpyqphk`1, ..., hk`nqN0,Qpt,sqpdyq.(2.42)

For every α2 ě α1 ě 0 there exists C “ Cpα1, α2q such that

(2.43) ∥Ps,tφ∥C
α2
E

pXq
ď C

`

∥Λpt, sq∥α2´α1
LpE;Xq ` 1

˘

∥φ∥C
α1
E

pXq , φ P Cα1
E pXq.

Proof. Formula (2.42) follows applying (2.12) and (2.30). Moreover, by (2.14) and (2.32) there
exists C “ Cpk, nq ą 0 such that

(2.44) sup
xPX

∥∥Dk`n
E pPs,tφqpxq

∥∥
Lk`npEq

ď C ∥Λpt, sq∥n
LpE;Xq ∥φ∥Ck

E
pXq , φ P Ck

EpXq,
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and for every α P p0, 1q

(2.45)
∥∥Dk`n

E pPs,tφq
∥∥

Cα
E

pX,Ln`kpEqq
ď C ∥Λpt, sq∥n

LpE;Xq ∥φ∥Ck
E

pXq , φ P Ck`α
E pXq.

We point out that if α1 “ α2, then (2.43) follows from Lemma 2.1.4; so we may assume α2 ą α1.
Now if α2 ´ α1 “ n P N, we set α1 “ m` σ, where m P N and σ P p0, 1q. We have

∥Ps,tφ∥C
α2
E

“ ∥Ps,tφ∥
8

`

m`n
ÿ

j“1
sup
xPX

∥∥∥Dj
EpPs,tφqpxq

∥∥∥
Lj pEq

` rDm`n
E Ps,tφsCσ

E
pXq

ď ∥φ∥8 `

m
ÿ

j“1
sup
xPX

∥∥∥Dj
Eφpxq

∥∥∥
Lj pEq

`

n
ÿ

j“1
Cj ∥Λpt, sq∥j

LpE;Xq
sup
xPX

∥Dm
E φpxq∥LmpEq `

` C ∥Λpt, sq∥n
LpE;Xq rDm

E φsCσ
E

pXq ď Cpα1, α2q
`

∥Λpt, sq∥α2´α1
LpE;Xq ` 1

˘

∥φ∥C
α1
E

pXq .

If α2 ´ α1 R N, we set α2 “ α1 ` n` σ with n P N Y t0u and σ P p0, 1q. We apply the following
interpolation inequality

(2.46) ∥ψ∥C
α2
E

pXq ď ∥ψ∥1´σ

C
α1`n

E
pXq

∥ψ∥σ

C
α1`n`1
E

pXq
, ψ P Cα1`n`1

E pXq

to ψ “ Ps,tφ. Then, due to (2.43) with α1 replaced by α1 ` n and α2 by α1 ` n ` 1, we have
(2.43) in the general case.

Remark 2.1.14. The interpolation inequality (2.46) is proved in [CL21, Prop. 2.8] in the case
E “ X with equivalent norms. Anyway the proof of the general case is the same.

Corollary 2.1.15. We assume that Hypotheses 2.0.1 holds and there exists a normed space
pE, ∥ ¨ ∥Eq continuously embedded in X satisfying (2.5) and (2.11) for all ps, tq P ∆T . Then for
every j P N, h1, ..., hj P E, t P r0, T s and φ P CEpXq the mapping

ps, xq P r0, tq ˆX ÞÝÑ Dj
EPs,tφpxqph1, ..., hjq P R

is continuous.
If in addition the mapping ps, tq P ∆T ÞÝÑ Upt, sq P LpXq is continuous, then the function

(2.47) ps, t, xq P ∆T ˆX ÞÝÑ Dj
EpPs,tφqpxqph1, ..., hjq P R,

is continuous.

Proof. The statement about the continuity of the derivatives is a consequence of Lemma 2.1.4
and Theorem 2.1.9. Indeed for a fixed t ą 0 and ε P p0, tq, we have

Ps,tφ “ Ps,t´εPt´ε,t, 0 ď s ă t´ ε ď T.

Since ψ “ Pt´ε,tφ P Ck
EpXq by Theorem 2.1.9, the function

ps, xq P r0, t´ εs ˆX ÞÝÑ Dk
EPs,t´εψpxqph1, ..., hjq “ Dk

EPs,tφphqph1, ..., hjq

is continuous by Lemma 2.1.4. The proof of the last claim is similar.
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2.2 Examples of smoothing directions

In the following propositions we give some examples of Hilbert spaces E satisfying (2.5) and
(2.11). We start with two preliminary results.

Lemma 2.2.1. Under Hypothesis 2.0.1, the following properties hold.

1. the mapping s ÞÝÑ Qpt, sq is Lipschitz continuous with values in LpXq and it is decreasing,
namely

xQpt, s1qx, xyX ě xQpt, s2qx, xyX for any 0 ď s1 ď s2 ă t ď T.

2. Ht,s2 Ď Ht,s1 for every 0 ď s1 ă s2 ă t ď T and the norm of the embedding is ď 1.

3. Ker pQpt, s1qq Ď Ker pQpt, s2qq Ď Ker pQptqq for any 0 ď s1 ď s2 ă t ď T .

Proof.

1. Let 0 ď s1 ď s2 ă t ď T and x P X. We have

∥Qpt, s1qx´Qpt, s2qx∥X “

∥∥∥∥ż s2

s1

Upt, rqQprqUpt, rq‹xdr

∥∥∥∥
X

ď M2K2 ∥x∥X |s2 ´ s1|

so that

∥Qpt, s1q ´Qpt, s2q∥LpXq ď N2K2 |s2 ´ s1| ,

where N and K are the constants defined in Hypothesis 2.0.1 and in (2.8). Moreover

xQpt, s2qx, xyX “

ż t

s2

xUpt, rqQ prq
1
2 Q prq

1
2 Upt, rq‹x, xyX dr “

“

ż t

s2

∥∥∥Q prq
1
2 Upt, rq‹x

∥∥∥2

X
dr ď

ď

ż t

s1

∥∥∥Q prq
1
2 Upt, rq‹x

∥∥∥2

X
dr “ xQpt, s1qx, xyX .

2. The continuous embedding Ht,s2 Ď Ht,s1 is an immediate consequence of proposition 1.3.3
and statement 1, observing that

∥∥∥Q pt, sq
1
2 x

∥∥∥2

X
“ xQpt, sqx, xyX .

3. Let x P Ker pQpt, s1qq. Since

xQpt, s1qx, xyX “

ż t

s1

∥∥∥Q prq
1
2 Upt, rq‹x

∥∥∥2

X
dr,

we obtain Q prq
1
2 Upt, rq‹x “ 0 for almost every r P ps1, tq, so that x P Ker pQpt, s2qq.

Let x P Ker pQpt, s2qq. Then Q prq
1
2 Upt, rq‹x “ 0 for almost every r P ps2, tq and for y P X

we have

0 “ xQ prq
1
2 Upt, rq‹x, yyX “ xx, Upt, rqQ prq

1
2 yyX , a.e. s2 ă r ă t.
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Letting prnqnPN Ă tr P r0, T s | s2 ă r ă t and (2.48) holdsu be such that rn ÝÑ t, we obtain

0 “ xx,Q ptq
1
2 yyX “ xQ ptq

1
2 x, yyX , for all y P X.(2.48)

Hence Q ptq
1
2 x “ 0 and since Ker pQptqq “ Ker

´

Q ptq
1
2
¯

, the statement holds.

Here we extend some results of [GN03, Sect. 3] to the non autonomous case.

Proposition 2.2.2. Let Hypothesis 2.0.1 hold. We assume that for a fixed s P r0, T q there exists
a normed space E Ď X with continuous embedding and that Upt, sqpEq Ď Ht for every t P ps, T s

and that there exist M ą 0 and α P
“

0, 1
2
˘

such that

(2.49) ∥Upt, sq∥LpE,Htq ď
M

pt´ sqα
, t P ps, T s.

Then for every t P ps, T s, Upt, sqpEq Ď Ht,s and

∥Upt, sq∥LpE,Ht,sq
“

∥∥∥Q pt, sq´ 1
2 Upt, sq

∥∥∥
LpE,Xq

ď
M

pt´ sq
1
2 `α

.(2.50)

Proof. We consider the operator L from remark 2.1.12 with Q pσq
´ 1

2 instead of Bpσq. We know
that RangeL “ RangeQ pt, sq

1
2 . On the other hand, for every x P E we have

pt´ sqUpt, sqx “

ż t

s

Upt, sqx dσ “

ż t

s

Upt, σqUpσ, sqx dσ “

“

ż t

s

Upt, σqQ pσq
1
2 Q pσq

´ 1
2 Upσ, sqx dσ.(2.51)

where ypσq :“ Q pσq
´ 1

2 Upσ, sqx belongs to L2`ps, tq;X
˘

. Hence Upt, sqx belongs to the range of
L, and since α P

“

0, 1
2
˘

by (2.40) we get

∥∥∥Q pt, sq
´ 1

2 ppt´ sqUpt, sqxq

∥∥∥
X

ď ∥y∥L2pps,tq;Xq ď

ˆ
ż t

s

∥∥∥Q pσq
´ 1

2 Upσ, sqx
∥∥∥2

X
dσ

˙
1
2

ď

ď

ˆ
ż t

s

M2

pσ ´ sq2α
∥x∥2

E dσ

˙
1
2

ď pt´ sq
1
2 ´α M

p1 ´ 2αq
1
2

∥x∥E ,

which yields (2.50).

Theorem 2.2.3. Let Hypothesis 2.0.1 hold. We assume that Upt, sqpHsq Ď Ht for any ps, tq P ∆T

and that there exist M ą 0 and α P
“

0, 1
2
˘

such that

(2.52) ∥Upt, sq∥LpHs,Htq ď
M

pt´ sqα
, ps, tq P ∆T .

Then the following statements hold.
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1. For every 0 ď s ă t ď T , Upt, sqpHsq Ď Ht,s and

∥Upt, sq∥LpHs,Ht,sq
“

∥∥∥Q pt, sq´ 1
2 Upt, sq

∥∥∥
LpHs,Xq

ď
M

pt´ sq
1
2 ´α

.(2.53)

2. For every 0 ď s ă t ď T , Upt, sq‹
`

Ker pQptqq
˘

Ď Ker pQpsqq and Ker pQpt, sqq “ Ker pQptqq.

3. For every 0 ď s1 ă s2 ă t ď T , Ht,s1 “ Ht,s2 and their norms are equivalent.

4. For every 0 ď s ă t ď T , Ht,s is continuously embedded in Ht.

Proof.

1. Apply Proposition 2.2.2 with E “ Hs.

2. We first remark some facts.

(a) Since Upt, sqpHsq Ď Ht, by continuity we get Upt, sqpHsq Ď Ht.

(b) Ker
´

Q ptq
1
2
¯

“ Ker pQptqq,
`

Ker pQptqq
˘K

“ Ht and consequently Ht “ pI ´ PtqpXq,
where we denote by Pt the orthogonal projection on Ker pQptqq.

(c) By statements (a) and (b) we have Upt, sq‹pKer pQptqqq Ď Ker pQpsqq. In fact

Upt, sqpHsq Ď Ht ðñ Upt, sqpI ´ PsqpXq Ď pI ´ PtqpXq

ðñ PtUpt, sqpI ´ Psq “ 0.

Hence

pI ´ Psq‹Upt, sq‹P ‹
t “ pI ´ PsqUpt, sq‹Pt “ 0,(2.54)

namely Upt, sq‹pKer pQptqqq Ď Ker pQpsqq.

For every x P Ker pQptqq, we have Upt, rq‹x P Ker pQprqq “ Ker
´

Q prq
1
2
¯

for every r P ps, tq

and therefore ∥∥∥Q pt, sq
1
2 x

∥∥∥2

X
“ xQpt, sqx, xyX “

ż t

s

∥∥∥Q prq
1
2 Upt, rq‹x

∥∥∥2

X
dr,

so that x P Ker pQpt, sqq. Conversely, the inclusion of Ker pQpt, sqq in Ker pQptqq follows
from statement 3 of lemma 2.2.1.

3. The continuous embedding Ht,s2 Ď Ht,s1 is statement 2 of lemma 2.2.1. Concerning the
reverse embedding, we first point out that the adjoint of the operator Upt, sq|Hs

: Hs ÝÑ Ht

is the operator pUpt, sq|Hs
q‹ : Ht ÝÑ Hs such that

xx, pUpt, sq|Hs
q‹yyHs

“ xUpt, sq|Hs
x, yyHt

, for all x P Hs, y P Ht.

Now we claim that

(2.55) pUpt, sq|Hs
q‹Qptqx “ QpsqUpt, sq‹x, x P X, ps, tq P ∆T ,
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where Upt, sq‹ denotes the adjoint operator of Upt, sq P LpXq. Indeed for all h P Hs we have
pI ´ Psqh “ h, pI ´ PtqUpt, sqh “ Upt, sqh and

xpUpt, sq|Hs
q‹Qptqx, hyHs

“ xQptqx, Upt, sq|Hs
hyHt

“ xpI ´ Ptqx, Upt, sqhyX

“ xx, pI ´ PtqUpt, sqhyX “ xUpt, sq‹x, hyX

“ xUpt, sq‹x, pI ´ PsqhyX “ xQpsqUpt, sq‹x, hyHs

“ xQpsqUpt, sq‹x, hyHs
,

where the last equality follows from statement 2.
Hence we get for 0 ď s1 ă s2 ă t ď T∥∥∥Q pt, s1q

1
2 x

∥∥∥2

X
“

ż t

s1

∥∥∥Q prq
1
2 Upt, rq

‹x

∥∥∥2

X
dr

“

ż s2

s1

∥∥∥Q prq
1
2 Upt, rq

‹x

∥∥∥2

X
dr `

ż t

s2

∥∥∥Q prq
1
2 Upt, rq

‹x

∥∥∥2

X
dr

“

ż 2s2´s1

s2

∥∥∥Q pσ0 ` s1 ´ s2q
1
2 Upt, σ0 ` s1 ´ s2q

‹x

∥∥∥2

X
dσ0 `

∥∥∥Q pt, s2q
1
2 x

∥∥∥2

X
,

where σ0 “ r ´ s1 ` s2 in the first integral.
If t ą 2s2 ´ s1, by (2.55) we have

ż 2s2´s1

s2

∥∥∥Q pσ0 ` s1 ´ s2q
1
2 Upt, σ0 ` s1 ´ s2q‹x

∥∥∥2

X
dσ0

ď

ż t

s2

∥∥∥Q pσ0 ` s1 ´ s2q
1
2 Upt, σ0 ` s1 ´ s2q‹x

∥∥∥2

X
dσ0

“

ż t

s2

∥Qpσ0 ` s1 ´ s2qUpσ0, σ0 ` s1 ´ s2q‹Upt, σ0q‹x∥2
Hσ0`s1´s2

dσ0

“

ż t

s2

∥∥∥pUpσ0, σ0 ` s1 ´ s2q|Hσ0`s1´s2
q‹Qpσ0qUpt, σ0q‹x

∥∥∥2

Hσ0`s1´s2

dσ0

ď M2
ż t

s2

∥Qpσ0qUpt, σ0q‹x∥2
Hσ0`s1´s2

dσ0

“ M2
ż t

s2

∥∥∥Q pσ0q
1
2 Upt, σ0q‹x

∥∥∥2

X
dσ0 “ M2

∥∥∥Q pt, s2q
1
2 x

∥∥∥2

X
.

Hence

(2.56)
∥∥∥Q pt, s1q

1
2 x

∥∥∥2

X
ď p1 `M2q

∥∥∥Q pt, s2q
1
2 x

∥∥∥2

X
.

If s2 ă t ď 2s2 ´ s1, by (2.56) we have
ż 2s2´s1

s2

∥∥∥Q pσ0 ` s1 ´ s2q
1
2 Upt, σ0 ` s1 ´ s2q

‹x

∥∥∥2

X
dσ0

“

ż t

s2

`

ż 2s2´s1

t

∥∥∥Q pσ0 ` s1 ´ s2q
1
2 Upt, σ0 ` s1 ´ s2q

‹x

∥∥∥2

X
dσ0

ď M2
∥∥∥Q pt, s2q

1
2 x

∥∥∥2

X
`

ż 3s2´s1´t

s2

∥∥∥Q pσ1 ` t` s1 ´ 2s2q
1
2 Upt, σ1 ` t` s1 ´ 2s2q

‹x

∥∥∥2

X
dσ1,
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where σ1 “ σ0 ´ t` s2.
If t ą 3s2 ´ s1 ´ t ðñ t ą 3s2´s1

2 , hence for any t P

´

3s2´s1
2 , 2s2 ´ s1

ı

we have
ż 3s2´s1´t

s2

∥∥∥Q pσ1 ` t` s1 ´ 2s2q
1
2 Upt, σ1 ` t` s1 ´ 2s2q‹x

∥∥∥2

X
dσ0

ď

ż t

s2

∥∥∥Q pσ1 ` t` s1 ´ 2s2q
1
2 Upt, σ1 ` t` s1 ´ 2s2q‹x

∥∥∥2

X
dσ1

and by (2.55)
ż t

s2

∥∥∥Q pσ1 ` t` s1 ´ 2s2q
1
2 Upt, σ1 ` t` s1 ´ 2s2q‹x

∥∥∥2

X
dσ1

“

ż t

s2

∥Qpσ1 ` t` s1 ´ 2s2qUpσ1, σ1 ` t` s1 ´ 2s2q‹Upt, σ1q‹x∥2
Hσ1`t`s1´2s2

dσ1

“

ż t

s2

∥∥pUpσ1, σ1 ` t` s1 ´ 2s2qHσ1`t`s1´2s2
q‹Qpσ1qU‹pt, σ1qx

∥∥2
Hσ1`t`s1´2s2

dσ1

ď M2
∥∥∥Q pt, s2q

1
2

∥∥∥2

X
.

Adding up,

(2.57)
∥∥∥Q pt, s1q

1
2 x

∥∥∥2

X
ď p1 ` 2M2q

∥∥∥Q pt, s2q
1
2 x

∥∥∥2

X
.

Instead, if s2 ă t ď
3s2 ´ s1

2
ż 3s2´s1´t

s2

∥∥∥Q pσ1 ` t` s1 ´ 2s2q
1
2 U‹

pt, σ1 ` t` s1 ´ 2s2qx

∥∥∥2

X
dσ1

“

ż t

s2

`

ż 3s2´s1´t

t

∥∥∥Q pσ1 ` t` s1 ´ 2s2q
1
2 U‹

pt, σ1 ` t` s1 ´ 2s2qx

∥∥∥2

X
dσ1

ď

ż 4s2´s1´2t

s2

∥∥∥Q pσ2 ` 2t` s1 ´ 3s2q
1
2 U‹

pt, σ2 ` 2t` s1 ´ 3s2qx

∥∥∥2

X
dσ2

`M2
∥∥∥Q pt, s2q

1
2 x

∥∥∥2

X
,(2.58)

where σ2 “ σ1 ´ t` s2.
Let k P N. Now we prove the following.

• If t P

´

pk`2qs2´s1
k`1 , pk`1qs2´s1

k

ı

, then∥∥∥Q pt, s1q
1
2 x

∥∥∥2

X
ď
“

1 ` pk ` 1qM2‰
∥∥∥Q pt, s2q

1
2 x

∥∥∥2

X
.(2.59)

• If t P

´

s2,
pk`2qs2´s1

k`1

ı

, then
ż sk

s2

∥∥∥Q ptkq
1
2 U‹

`

t, tk
˘

∥∥∥2

X
dσk ď

ż sk`1

s2

∥∥∥Q ptk`1q
1
2 U‹

`

t, tk`1
˘

∥∥∥2

X
dσk`1

`M2
∥∥∥Q pt, s2q

1
2

∥∥∥2

X
,(2.60)
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where

sk “ pk ` 2qs2 ´ s1 ´ kt,

tk “ σk ` kt` s1 ´ pk ` 1qs2,

σk`1 “ σk ´ t` s2.

We proceed by recurrence over k.
For k “ 1 (2.59) and (2.60) have been already proved in (2.57) and (2.58).
We assume now that (2.59) and (2.60) hold for a given k P N and we prove that they hold
for k ` 1.
Let t P

´

s2,
pk`2qs2´s1

k`1

ı

.

If t ą sk`1 ðñ t ą
pk`3qs2´s1

k`2 , for any t P

´

pk`3qs2´s1
k`2 , pk`2qs2´s1

k`1

ı

we have
ż sk`1

s2

∥∥∥Q ptk`1q
1
2 U‹

`

t, tk`1
˘

∥∥∥2

X
dσk`1 ď

ż t

s2

∥∥∥Q ptk`1q
1
2 U‹

`

t, tk`1
˘

∥∥∥2

X
dσk`1

and by (2.55)
ż t

s2

∥∥∥Q ptk`1q
1
2
˘

Upt, tk`1q‹
∥∥∥2

X
dσk`1 “

ż t

s2

∥Qptk`1qUpt, tk`1q‹x∥2
Htk`1

dσk`1 “

“

ż t

s2

∥∥∥pUpσk`1, tk`1q|Htk`1
q‹Qpσk`1qUpt, σk`1q‹x

∥∥∥2

Htk`1

dσk`1 “

ď M2
∥∥∥Q pt, s2q

1
2

∥∥∥2

X
.

Moreover ∥∥∥Q pt, s1q
1
2 x

∥∥∥2

X
ď
“

1 ` pk ` 2qM2‰
∥∥∥Q pt, s2q

1
2 x

∥∥∥2

X
,

and (2.59) holds for k ` 1.

Now if t P

´

s2,
pk`3qs2´s1

k`2

ı

, then
ż sk`1

s2

∥∥∥Q ptk`1q
1
2 Upt, tk`1q‹

∥∥∥2

X
dσk`1 “

ż t

s2

`

ż sk`1

t

∥∥∥Q ptk`1q
1
2 Upt, tk`1q‹

∥∥∥2

X
dσk`1

ď

ż sk`2

s2

∥∥∥Q ptk`2q
1
2
˘

Upt, tk`2q‹
∥∥∥2

X
dσk`2 `M2

∥∥∥Q pt, s2q
1
2

∥∥∥2

X
.

and (2.60) holds for k ` 1.

Therefore if k P N and t P

´

pk`2qs2´s1
k`1 , pk`1qs2´s1

k

ı

,∥∥∥Q pt, s1q
1
2 x

∥∥∥2

X
ď
“

1 ` pk ` 1qM2‰
∥∥∥Q pt, s2q

1
2 x

∥∥∥2

X
.

Since
ď

kPN

˜

pk ` 2qs2 ´ s1

k ` 1 ,
pk ` 1qs2 ´ s1

k

ff

“ ps2, 2s2 ´ s1s

and (2.56) holds for t P p2s2 ´ s1,`8q, statement 3 follows.
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4. For ps, tq P ∆T and x P X we use again (2.55), to get∥∥∥Q pxq
1
2

∥∥∥
X

“

ż t

s

∥∥∥Q prq
1
2 Upt, rq‹x

∥∥∥2

X
dr “

ż t

s

∥QprqUpt, rq‹x∥2
Hr

dr

“

ż t

s

∥∥pUpt, rq|Hr
q‹Qptqx

∥∥2
Hr

dr ď M2pt´ sq
∥∥∥Q ptq

1
2 x

∥∥∥2

X
.

By Proposition 1.3.3 the statement follows.
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Chapter 3

Maximal Hölder regularity

In this Chapter we assume that Hypothesis 2.0.1 holds true.
Let t P r0, T s, let φ P CbpXq and let ψ P Cb

`

r0, ts ˆX
˘

. We consider the function

(3.1) ups, xq :“ Ps,tφpxq ´

ż t

s

`

Ps,σψpσ, ¨q
˘

pxq dσ,

and we prove Schauder type theorems for such u. If Upt, sq is associated to a family of linear closed
operators tAptqutPr0,T s, then (3.1) is the mild solution to a class of backward non autonomous
initial value problems,

(3.2)
#

Bsups, xq ` Lpsqups, xq “ ψps, xq, ps, tq P ∆T , x P X,

upt, xq “ φpxq, x P X,

where the operators Lptq are of Ornstein-Uhlenbeck type

(3.3) Lptqφpxq “
1
2Tr

´

QptqD2φpxq

¯

` xx,Aptq‹∇φpxqyX ` xfptq,∇φpxqyX .

Here Qptq is a self-adjoint nonnegative operator for every t P r0, T s.
In Chapter 2 we have studied smoothing properties of Ps,t along a subspace E Ď X such that

(2.5) holds for every ps, tq P ∆T . Estimates (2.14) and (2.43) depend on ∥Λpt, sq∥LpE,Xq that, in
general, blows up as t´ s Ñ 0`. Here we assume (2.5) holds and in addition that ∥Λpt, sq∥LpE,Xq

has a powerlike bound, namely there exist θ, C ą 0 such that

(3.4) ∥Λpt, sq∥LpE,Xq ď
C

pt´ sqθ
, ps, tq P ∆T .

In this case we prove Hölder maximal regularity of (3.1) along E. More precisely, if α P r0, 1q,
α `

1
θ

R N, φ P C
α` 1

θ

E pXq and ψ P C0,α
E

`

r0, ts ˆ X
˘

, then ups, ¨q P C
0,α` 1

θ

E

`

r0, ts ˆ X
˘

. Moreover
there exists C “ CpT, αq ą 0, independent of φ and ψ, such that

(3.5) ∥u∥
C

0,α` 1
θ

E
pr0,tsˆXq

ď C
`

∥φ∥
C

α` 1
θ

E
pXq

` ∥ψ∥C0,α
E

pr0,tsˆXq

˘

.
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If α `
1
θ

is an integer, ups, ¨q only belongs to the Zygmund space Zα` 1
θ

E pXq for every s. For the
definitions of the spaces Cγ

EpXq, Zk
EpXq and C0,γ

E pr0, ts ˆXq see Sect. 2. Zygmund regularity in
place of Ck regularity is not due to the infinite dimensional setting nor to the time dependence
of the data. Indeed, we have the same result even in finite dimension for the heat equation
us ` ∆u “ ψ.

Section 3.2 concerns four genuinely non autonomous examples. In the first example Aptq and
Bptq are diagonal operators with respect to the same Hilbert basis of X. This allows to give easily
necessary and sufficient conditions for (2.5) and (3.4) to hold.

In the second example we consider Aptq “ aptqI, where a is a continuous function. We get a
non autonomous version of the Ornstein-Uhlenbeck semigroup used in the Malliavin calculus and
we extend to such non autonomous case the results of [CL19].

In the third example the operator Aptq is the realization of a second order elliptic differential
operator in X “ L2pOq with Dirichlet, Neumann or Robin boundary conditions and smooth
enough coefficients, O is a bounded open smooth subset of Rd.

3.1 Schauder type theorems

Besides Hypotheses 2.0.1 we assume also the following hypothesis.

Hypothesis 3.1.1.

1. There exists a normed space pE, ∥ ¨ ∥Eq continuously embedded in X satisfying (2.5) and
(2.11) for all ps, tq P ∆T .

2. There exist C, θ ą 0 such that

(3.6) ∥Λpt, sq∥LpE;Xq ď
C

pt´ sqθ
, for all ps, tq P ∆T .

We prove maximal Hölder regularity for the mild solution of problem (3.2), that is given by
(3.1). We argue as in the papers [LR21] and [CL21].

We have immediately the following

Corollary 3.1.2. Let Hypotheses 2.0.1 and 3.1.1 hold. For every n P N there exists Kn ą 0 such
that

(3.7) ∥Dn
EPs,tφpxq∥

LnpEq
ď

Kn

pt´ sqnθ
∥φ∥8 , ps, tq P ∆T , φ P CbpXq.

For every α P p0, 1q and n P N there exists Kn,α ą 0 such that

(3.8) ∥Dn
EPs,tφpxq∥

LnpEq
ď

Kn,α

pt´ sqpn´αqθ
∥φ∥Cα

b
pXq , ps, tq P ∆T , φ P CbpXq.

Proof. Estimates (3.7) and (3.8) follow from Theorem 2.1.9 and Corollary 2.1.13 taking into
account Hypothesis 3.1.1.
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We set

u0ps, xq “ Ps,tφpxq, ps, tq P ∆T , x P X(3.9)

u1ps, xq “ ´

ż t

s

`

Ps,σψpσ, ¨q
˘

pxq dσ, ps, tq P ∆T , x P X,(3.10)

and we split u “ u0 ` u1.

Proposition 3.1.3. For every t P r0, T s and ψ P Cb

`

r0, ts ˆX
˘

, u1 is continuous and

(3.11) ∥u1∥8 ď t ∥ψ∥8 .

Moreover the following statements hold.

(1) Let θ ă 1. For every n P N such that n ă
1
θ

, the function u1 belongs to C0,n
E

`

r0, ts ˆ X
˘

and there exists C ą 0, independent of ψ and t, such that

(3.12) ∥u1∥C0,n
E

pr0,tsˆXq
ď C ∥ψ∥8 .

(2) Let α P p0, 1q be such that α `
1
θ

ą 1. For every ψ P Cα
EpXq and for every n P N such that

n ă α `
1
θ

, the function u1 belongs to C0,n
E

`

r0, ts ˆX
˘

and there exists C ą 0, independent
of ψ and t, such that

(3.13) ∥u1∥C0,n
E

pr0,tsˆXq
ď C ∥ψ∥C0,α

E
pr0,tsˆXq

.

Proof. Estimate (3.11) is obvious and the proof that u is continuous is in [CL21, Prop. 3.2].
Concerning statements (1) and (2), due to Corollary 3.1.2 we can differentiate in the integral

that defines u1 to obtain

(3.14) Bu1

Bh1, ..., Bhk
ps, xq “

ż t

s

Dk
EPs,σψpσ, ¨qpxqph1, ..., hkq dσ, s P r0, tq, x P X,

for every h1, ..., hk P E and k P t1, ..., nu. We prove now that the mapping

(3.15) ps, xq P r0, tq ˆX ÞÝÑ Dk
Eu1ps, ¨qpxqph1, ..., hkq P R,

is continuous for every h1, ..., hk P E and k P t1, ..., nu.
For 0 ď s0 ď s ă t ď T and x, x0 P X, we write∣∣∣∣ Bu1

Bh1, ..., Bhk
ps, xq ´

Bu1

Bh1, ..., Bhk
ps0, x0q

∣∣∣∣ “

ż s

s0

∣∣Dk
EPs0,σψpσ, ¨qpx0qph1, ..., hkq

∣∣ dσ(3.16)

`

ż t

s0

1rs,tspσq
∣∣Dk

EPs,σψpσ, ¨qpxqph1, ..., hkq ´Dk
EPs0,σψpσ, ¨qpxqph1, ..., hkq

∣∣ dσ.
Since for every σ ě s0 the mapping

ps, xq P r0, T s ˆX ÞÝÑ 1rs,tspσqDk
EPs,σψpσ, ¨qpxqph1, ..., hkq P R,
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is continuous by Lemma 2.1.7 and by Lemma 2.1.4 and

∣∣Dk
EPs,σψpσ, ¨qpxqph1, ..., hkq ´Dk

EPs0,σψpσ, ¨qpx0qph1, ..., hkq
∣∣ ď 2Mk sup

xPX

∥∥Dk
Eψ

∥∥
LkE

k
ź

i“1
∥hi∥E ,

by the Dominated Convergence Theorem the first integral in 3.16 vanishes as s Ñ s`
0 and x Ñ x0.

Moreover, since
ż s

s0

∣∣Dk
EPs0,σψpσ, ¨qpx0qph1, ..., hkq

∣∣ dσ ď Mk
∥∥Dk

Eψ
∥∥

8

k
ź

i“1
∥hi∥E ps´ s0q,

even the second integral in 3.16 vanishes as s Ñ s`
0 and x Ñ x0.

If s ă s0 we split∣∣∣∣ Bu1

Bh1, ..., Bhk
ps, xq ´

Bu1

Bh1, ..., Bhk
ps0, x0q

∣∣∣∣ ď

ż s0

s

∣∣Dk
EPs0,σψpσ, ¨qpx0qph1, ..., hkq

∣∣ dσ
`

ż t

s0

∣∣Dk
EPs,σψpσ, ¨qpxqph1, ..., hkq ´Dk

EPs0,σψpσ, ¨qpx0qph1, ..., hkq
∣∣ dσ

and we proceed as before to show that Bu1

Bh1, ..., Bhk
is continuous.

Theorem 3.1.4. Assume that Hypotheses 2.0.1 and 3.1.1 hold. Let φ P CbpXq, ψ P Cb

`

r0, tsˆX
˘

and let u be defined by (3.1).

(1) If 1
θ

R N, φ P C
1
θ

E pXq and ψ P Cb

`

r0, ts ˆ X
˘

, then u P C
0, 1

θ

E

`

r0, ts ˆ X
˘

. Moreover there
exists C “ CpT q ą 0, independent of φ and ψ, such that

(3.17) ∥u∥
C

0, 1
θ

E
pr0,tsˆXq

ď C
`

∥φ∥
C

1
θ

E
pXq

` ∥ψ∥8

˘

.

(2) If α P p0, 1q, α `
1
θ

R N, φ P C
α` 1

θ

E pXq and ψ P C0,α
E

`

r0, tsˆX
˘

, then u P C
0,α` 1

θ

E

`

r0, tsˆX
˘

.
Moreover there exists C “ CpT, αq ą 0, independent of φ and ψ, such that

(3.18) ∥u∥
C

0,α` 1
θ

E
pr0,tsˆXq

ď C
`

∥φ∥
C

α` 1
θ

E
pXq

` ∥ψ∥C0,α
E

pr0,tsˆXq

˘

.

Proof. We can assume that φ ” 0 since, by Corollary 2.1.8, we know that for every γ ą 0 u0
belongs to Cγ

Epr0, ts ˆXq, if φ P Cγ
EpXq; moreover there exists C “ Cpγ, T q ą 0 such that

(3.19) ∥u0∥C0,γ
E

pr0,tsˆXq
ď C ∥φ∥Cγ

E
pXq .

We already know that ψ P Cbprs, ts ˆXq .

Let us prove statement (1). Setting n :“
„

1
θ

ȷ

, we have

nθ P p0, 1q, pn` 1qθ ą 1.
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We have to show that u1ps, ¨q P C
1
θ

E pXq for every s P r0, ts.
If n ą 0, we know from Proposition 3.1.3 that u1 P C0,n

b

`

r0, ts ˆ X
˘

. Hence, we have to

prove that Dn
Eu1ps, ¨q is

ˆ

1
θ

´ n

˙

-Hölder continuous with values in LnpEq, with Hölder constant
independent of s.

Let h, h1, ...hn P E. We split every partial derivative Dn
Eu1ps, yqph1, ...hnq into ahps, yq `

bhps, yq where

ahps, yq :“ ´

ż ps`∥h∥
1
θ
E

q^t

s

Dn
EPs,σψpσ, ¨qpyqph1, ..., hnq dσ, s P r0, ts, y P X,(3.20)

bhps, yq :“ ´

ż t

ps`∥h∥
1
θ
E

q^t

Dn
EPs,σψpσ, ¨qpyqph1, ..., hnq dσ, s P r0, ts, y P X.(3.21)

Due to (3.7), we obtain

|ahps, x` hq ´ ahps, xq| ď |ahps, x` hq| ` |ahps, xq|

ď 2Kn ∥ψ∥8

n
ź

j“1
∥hj∥E

ż ps`∥h∥
1
θ
E

q^t

s

pσ ´ sq´nσ dσ.

ď
2Kn

1 ´ nθ
∥h∥

1´nθ
θ

E ∥ψ∥8

n
ź

j“1
∥hj∥E .

Since if ∥h∥
1
θ

E ě t ´ s bhps, ¨q vanishes, we estimate |bhps, x` hq ´ bhps, xq| when ∥h∥
1
θ

E ă t ´ s.
Again, by (3.7) we get

∥Dn
EPs,σψpσ, ¨qpx` hq ´Dn

EPs,σψpσ, ¨qpxq∥
LnpEq

ď sup
yPX

∥∥Dn`1
E Ps,σψpσ, ¨qpyq

∥∥
LnpEq

∥h∥E

ď
Kn`1

pσ ´ sqpn`1qθ
∥ψ∥8 ∥h∥E σ P ps, tq(3.22)

and

|bhps, x` hq ´ bhps, xq| ď Kn`1 ∥ψ∥8 ∥h∥E

n
ź

j“1
∥hj∥E

ż t

ps`∥h∥
1
θ
E

q^t

pσ ´ sq´pn`1qθ dσ.

ď
Kn`1

pn` 1qθ ´ 1 ∥h∥
1
θ ´n

E ∥ψ∥8

n
ź

j“1
∥hj∥E .

Summing up we get

∣∣`Dn
Eu1ps, x` hq ´Dn

Eu1ps, xq
˘

ph1, ..., hnq
∣∣ ď C ∥h∥

1
θ ´n

E ∥ψ∥8

n
ź

j“1
∥hj∥E

with
C “

2Kn

1 ´ nθ
`

Kn`1

pn` 1qθ ´ 1 .
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Therefore,
rDn

Eu1ps, ¨qs
C

1
θ

´n

E
pX;LnpEqq

ď C ∥ψ∥8 .

The case n “ 0 is analogous to the previous one where instead of (3.7) we use (3.11).

Let us prove statement (2). Setting n :“
„

α `
1
θ

ȷ

, we have

pn´ αqθ P p0, 1q, pn` 1 ´ αqθ ą 1.

We already know that u1 P C0,n
E pXq by Proposition 3.1.3 (2) and we have to show that

u1ps, ¨q P C
α` 1

θ

E pXq for every s P r0, ts.

If n ą 0, we have to prove that Dn
Eu1ps, ¨q is

ˆ

α `
1
θ

´ n

˙

-Hölder continuous with values in

LnpEq, with Hölder constant independent of s.
Let h, h1, ...hn P E. We split every partial derivative Dn

Eu1ps, yqph1, ...hnq into ahps, yq `

bhps, yq where

ahps, yq :“ ´

ż ps`∥h∥
1
θ
E

q^t

s

Dn
EPs,σψpσ, ¨qpyqph1, ..., hnq dσ, s P r0, ts, y P X,(3.23)

bhps, yq :“ ´

ż t

ps`∥h∥
1
θ
E

q^t

Dn
EPs,σψpσ, ¨qpyqph1, ..., hnq dσ, s P r0, ts, y P X.(3.24)

Due to (3.8), we obtain

|ahps, x` hq ´ ahps, xq| ď |ahps, x` hq| ` |ahps, xq|

ď 2Kn,α ∥ψ∥Cα
E

pr0,tsˆXq

n
ź

j“1
∥hj∥E

ż ps`∥h∥
1
θ
E

q^t

s

pσ ´ sq´pn´αqσ dσ.

ď
2Kn,α

1 ´ pn´ αqθ
∥h∥

1´pn´αqθ
θ

E ∥ψ∥Cα
E

pr0,tsˆXq

n
ź

j“1
∥hj∥E .

We observe that if ∥h∥
1
θ

E ě t´s, bhps, ¨q vanishes. Hence, we estimate now |bhps, x` hq ´ bhps, xq|
when ∥h∥

1
θ

E ă t´ s. Again, by (3.8) we get

∥Dn
EPs,σψpσ, ¨qpx` hq ´Dn

EPs,σψpσ, ¨qpxq∥
LnpEq

ď sup
yPX

∥∥Dn`1
E Ps,σψpσ, ¨qpyq

∥∥
LnpEq

∥h∥E

ď
Kn`1,α

pσ ´ sqpn`1´αqθ
∥ψ∥Cα

E
pr0,tsˆXq ∥h∥E , σ P ps, tq

(3.25)

and

|bhps, x` hq ´ bhps, xq| ď Kn`1,α ∥ψ∥Cα
E

pr0,tsˆXq
∥h∥E

n
ź

j“1

∥hj∥E

ż t

ps`∥h∥
1
θ
E

q^t

pσ ´ sq´pn`1´αqθ dσ.

ď
Kn`1,α

pn` 1 ´ αqθ ´ 1 ∥h∥
1
θ

`α´n

E ∥ψ∥Cα
E

pr0,tsˆXq

n
ź

j“1

∥hj∥E .
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Summing up we get

∣∣`Dn
Eu1ps, x` hq ´Dn

Eu1ps, xq
˘

ph1, ..., hnq
∣∣ ď C ∥h∥

1
θ `α´n

E ∥ψ∥Cα
E

pr0,tsˆXq

n
ź

j“1
∥hj∥E

with

C “
2Kn,α

1 ´ pn´ αqθ
`

Kn`1,α

pn` 1 ´ αqθ ´ 1 .

Therefore,

rDn
Eu1ps, ¨qs

C
1
θ

`α´n

E
pX;LnpEqq

ď C ∥ψ∥Cα
E

pr0,tsˆXq .

The case n “ 0 is analogous to the previous one where instead of (3.8) we use (3.11).

Theorem 3.1.5. Assume that Hypotheses 2.0.1 and 3.1.1 hold. Let φ P CbpXq, ψ P Cb

`

r0, tsˆX
˘

and let u be defined by (3.1).

(1) If 1
θ

“ k P N and if φ P Zk
EpXq, then u P Z0,k

E

`

r0, ts ˆ X
˘

. Moreover there exists C “

CpT q ą 0, independent of φ and ψ, such that

(3.26) ∥u∥Z0,k
E

pr0,tsˆXq
ď C

`

∥φ∥Zk
E

pXq ` ∥ψ∥8

˘

.

(2) If α P p0, 1q and α `
1
θ

“ k P N and if φ P Zk
EpXq and ψ P C0,α

E

`

r0, ts ˆ X
˘

, then u P

Z0,k
E

`

r0, ts ˆX
˘

. Moreover there exists C “ CpT, αq ą 0, independent of φ and ψ, such that

(3.27) ∥u∥Z0,k
E

pr0,tsˆXq
ď C

`

∥φ∥Zk
E

pXq ` ∥ψ∥C0,α
E

pr0,tsˆXq

˘

.

Proof. We can assume that φ ” 0 since, by Corollary 2.1.8, we know that for every k P N u0
belongs to Zk

Epr0, ts ˆXq, if φ P Zk
EpXq; moreover there exists C “ Cpk, T q ą 0 such that

(3.28) ∥u0∥Z0,k
E

pr0,tsˆXq
ď C ∥φ∥Zk

E
pXq .

Let us prove statement (1). In this case we have ψ P Cb

`

rs, ts ˆ X
˘

and k “
1
θ

. If k ě

2, we know from Proposition 3.1.3 that u1 P C0,k´1
E

`

r0, ts ˆ X
˘

. So we have to show that
rDk´1

E u1ps, ¨qsZ1
E

pX;Lk´1pEqq is bounded by a constant independent of s.

Let h, h1, ...hn P E. We split every partial derivative Dk´1
E u1ps, yqph1, ...hnq into the sum

ahps, yq ` bhps, yq defined in (3.23) and (3.24), as we did in the Theorem 3.1.4. Due to (3.7), we
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obtain

|ahps, x` 2hq ´ 2ahps, x` hq ` ahps, xq| ď |ahps, x` 2hq| ` 2 |ahps, x` hq| ` |ahps, xq|

ď 4Kk´1 ∥ψ∥8

k´1
ź

j“1
∥hj∥E

ż ps`∥h∥
1
θ
E

q^t

s

pσ ´ sq´pk´1qσ dσ.

ď
4Kk´1

1 ´ pk ´ 1qθ
∥h∥

1´pk´1qθ
θ

E ∥ψ∥8

n
ź

j“1
∥hj∥E .

“ 4kKk´1 ∥h∥E ∥ψ∥8

n
ź

j“1
∥hj∥E .

We observe that if ∥h∥
1
θ

E ě t´ s, bhps, ¨q vanishes. Hence we estimate

|bhps, x` 2hq ´ 2bhps, x` hq ` bhps, xq|

when ∥h∥
1
θ

E ă t´ s. Again, by (3.7) we get

|bhps, x` 2hq ´ 2bhps, x` hq ` bhps, xq|

ď

ż t

s`∥h∥
1
θ
E

ˇ

ˇ

ˇ

`

Dk´1
E Ps,σψpσ, ¨qpx` 2hq ´ 2Dk´1

E Ps,σψpσ, ¨qpx` hq

`Dk´1
E Ps,σψpσ, ¨qpxq

˘

ph1, ..., hk´1q

ˇ

ˇ

ˇ
dσ

ď ∥h∥2
E

k´1
ź

j“1
∥hj∥E

ż t

s`∥h∥
1
θ
E

sup
yPX

∥∥Dk`1
E Ps,σψpσ, ¨qpyq

∥∥
Lk`1 dσ

ď Kk`1 ∥ψ∥8 ∥h∥2
E

k´1
ź

j“1
∥hj∥E

ż t

s`∥h∥
1
θ
E

pσ ´ sq´pk`1qθ dσ ď kKk`1 ∥ψ∥8 ∥h∥E

k´1
ź

j“1
∥hj∥E .

Summing up we get

rDk´1
E u1ps, ¨qsZ1

E
pX;Lk´1pEqq ď kp4Kk´1 `Kk`1q ∥ψ∥8 .

The case k “ θ “ 1 is analogous to the previous one where instead of (3.7) we use (3.11).

In the case of statement (2) we have ψ P C0,α
E

`

rs, ts ˆ X
˘

and k “ α `
1
θ

. If k ě 2,
we know from Proposition 3.1.3 that u1 P C0,k´1

E

`

r0, ts ˆ X
˘

and so we have to show that
rDk´1

E u1ps, ¨qsZ1
E

pX;Lk´1pEqq is bounded by a constant independent of s.

Let h, h1, ...hn P E. We split every partial derivative Dk´1
E u1ps, yqph1, ...hnq into ahps, yq `

52



bhps, yq as we did in the proof of Theorem 3.1.4. Due to (3.8), we obtain

|ahps, x` 2hq ´ 2ahps, x` hq ` ahps, xq| ď |ahps, x` 2hq| ` 2 |ahps, x` hq| ` |ahps, xq|

ď 4Kk´1,α ∥ψ∥C0,α
E

pr0,tsˆXq

k´1
ź

j“1
∥hj∥E

ż ps`∥h∥
1
θ
E

q^t

s

pσ ´ sq´pk´1´αqσ dσ.

ď
4Kk´1,α

1 ´ pk ´ 1 ´ αqθ
∥h∥

1´pk´1´αqθ
θ

E ∥ψ∥C0,α
E

pr0,tsˆXq

n
ź

j“1
∥hj∥E .

“ 4pk ´ αqKk´1,α ∥h∥E ∥ψ∥C0,α
E

pr0,tsˆXq

n
ź

j“1
∥hj∥E .

We observe that if ∥h∥
1
θ

E ě t´ s, bhps, ¨q vanishes. Hence we estimate

|bhps, x` 2hq ´ 2bhps, x` hq ` bhps, xq|

when ∥h∥
1
θ

E ă t´ s. Again, by (3.8) we get

|bhps, x` 2hq ´ 2bhps, x` hq ` bhps, xq|
ż t

s`∥h∥
1
θ
E

∣∣`Dk´1
E Ps,σψpσ, ¨qpx` 2hq ´ 2Dk´1

E Ps,σψpσ, ¨qpx` hq `Dk´1
E Ps,σψpσ, ¨qpxq

˘

ph1, ..., hk´1q
∣∣ dσ

ď ∥h∥2
E

k´1
ź

j“1
∥hj∥E

ż t

s`∥h∥
1
θ
E

sup
yPX

∥∥Dk`1Ps,σψpσ, ¨qpyq
∥∥
Lk`1 dσ

ď Kk`1,α ∥ψ∥C0,α
E

pr0,tsˆXq
∥h∥2

E

k´1
ź

j“1
∥hj∥E

ż t

s`∥h∥
1
θ
E

pσ ´ sq´pk`1´αqθ dσ

ď pk ´ αqKk`1,α ∥ψ∥C0,α
E

pr0,tsˆXq
∥h∥E

k´1
ź

j“1
∥hj∥E .

Summing up we get

rDk´1
E u1ps, ¨qsZ1

E
pX;Lk´1pEqq ď pk ´ αqp4Kk´1,α `Kk`1,αq ∥ψ∥8 .

The case k “ θ “ 1 is analogous to the previous one where instead of (3.8) we use (3.11).

3.2 Examples

In this section we give three genuinely non autonomous examples.

3.2.1 Diagonal operators

Let T ą 0 and let Aptq, Bptq be self-adjoint operators in diagonal form with respect to the
same Hilbert basis tek : k P Nu, namely

Aptqek “ akptqek, Bptqek “ bkptqek 0 ď t ď T, k P N,
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with continuous coefficients ak, bk. We set

µk “ min
tPr0,T s

akptq, λk “ max
tPr0,T s

akptq

and we assume that there exists λ0 ą 0 such that

(3.29) λk ď λ0, @ k P N.

In this setting the operator Upt, sq is defined by

Upt, sqek “ exp
ˆ
ż t

s

akpτq dτ

˙

ek, ps, tq P ∆T , k P N

is the strongly continuous evolution operator associated to the family tAptqutPr0,T s. Moreover we
assume that there exists K ą 0 such that

(3.30) |bkptq| ď K, t P r0, T s, k P N.

Hence Bptq P LpXq for all t P r0, T s, the function B : r0, T s ÞÝÑ LpXq is continuous and

sup
tPr0,T s

∥Bptq∥LpXq ď K.

The operators Qpt, sq are given by

Qpt, sqek “

ż t

s

exp
ˆ

2
ż t

σ

akpτq dτ

˙

pbkpσqq2 dσ ek “: qkpt, sqek, ps, tq P ∆T , k P N.

Hypothesis 2.0.1 is fullfilled if

(3.31)
8
ÿ

k“0
qkpt, sq ă `8, ps, tq P ∆T .

We give now a sufficient condition for (3.31) to hold. We assume that λk is eventually nonzero
(say for k ě k0). Given ps, tq P ∆T , we have∣∣∣∣ż t

s

exp
ˆ

2
ż t

σ

akpτq dτ

˙

pbkpσqq2 dσ

∣∣∣∣ ď ∥bk∥2
8

∣∣∣∣ż t

s

exp
`

2λkpt´ σq
˘

dσ

∣∣∣∣
“

∥bk∥2
8

2 |λk|
|1 ´ expp2λkpt´ sqq| ď

∥bk∥2
8

2 |λk|
`

1 ` expp2λ0T q
˘

.(3.32)

Hence (3.31) holds if we require

(3.33)
8
ÿ

k“k0

∥bk∥2
8

|λk|
ă `8.

In [CL21] sufficient conditions for Upt, sqpXq Ď Ht,s were given. We look now for a condition
such that there exists ps, tq P ∆T such that

(3.34) Upt, sqpXq Ę Ht,s.
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Since Q pt, sq
1
2 ek “ pqkpt, sqq

1
2 ek for every k P N, (3.34) holds if either some of the qkpt, sq vanishes

(so that the measure N0,Qpt,sq is degenerate) or if none of the qkpt, sq vanishes, but

(3.35) sup
kPN

exp
ˆ
ż t

s

2akpτq dτ

˙

qkpt, sq
“ `8.

We obtain a sufficient condition for (3.35) if we assume that λk is eventually negative (say for
k ě k1 ě k0). We have

exp
ˆ
ż t

s

2akpτq dτ

˙

ż t

s

exp
ˆ

2
ż t

σ

akpτq dτ

˙

pbkpσqq2 dσ

ě
exp

`

2µkpt´ sq
˘

∥bk∥2
8

ż t

s

exp
`

2λkpt´ σq
˘

dσ

“
exp

`

2µkpt´ sq
˘

∥bk∥2
8

1
´2λk

`

1 ´ expp2λkpt´ sqq
˘

“

“
2 |λk|

∥bk∥2
8

“

exp
`

´2µkpt´ sq
˘

´ exp
`

2pλk ´ µkqpt´ sq
˘‰ .

So (3.35) is fullfilled if

(3.36) sup
kěk1

2 |λk|
∥bk∥2

8

`

exp
`

´2µkpt´ sq
˘

´ expp´2pµk ´ λkqpt´ sqq
˘ “ `8, for some ps, tq P ∆T .

Now we want to find some conditions such that the hypotheses of Theorem 2.2.3 are satisfied.
Let ps, tq P ∆T , we assume that bkptq is nonzero for all k P N. Hence we have Upt, sqHs Ď Ht if

(3.37) sup
kPN

b2
kpsq

b2
kptq

exp
ˆ
ż t

s

2akpτq dτ

˙

ă `8.

Since
b2

kpsq

b2
kptq

exp
ˆ
ż t

s

2akpτq

˙

ď
b2

kpsq

b2
kptq

expp2λkT q, k P N

a sufficient condition for (3.37) to hold is

(3.38) sup
kPN

b2
kpsq

b2
kptq

expp2λkT q ă `8.

Now we investigate when (2.52) holds. We observe first that for y “ Q psq
1
2 x with x P Hs, we

have

∥Upt, sqy∥2
Ht

“

∥∥∥Q ptq
´ 1

2 Upt, sqQ psq
1
2 x

∥∥∥2

X
“

ÿ

kPN

ˆ

|bkpsq|
|bkptq|

exp
ˆ
ż t

s

akpτq

˙

xx, eky

˙2

“
ÿ

kPN

ˆ

|bkpsq|
|bkptq|

exp
ˆ
ż t

s

akpτq

˙

xy, eky

|bkpsq|

˙2
“

ÿ

kPN

ˆ

1
|bkptq|

exp
ˆ
ż t

s

akpτqxy, ekyHs

˙˙2
.
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We assume that there exist L ě 0 such that

(3.39) |bkptq| ě L, for all k P N.

Hence for any k P N, we have

1
b2

kptq
exp

ˆ
ż t

s

2akpτq dτ

˙

ď
1
L2 exp

`

2λ0T
˘

,(3.40)

and

(3.41) ∥Upt, sq∥LpHs,Htq ď
1
L

exppλ0T q, 0 ď s ă t ď T.

Therefore, by Theorem 2.2.3 there exists M ą 0 such that

∥Upt, sq∥LpHs;Ht,sq ď
M

pt´ sq
1
2

(3.42)

Moreover, Ht1 “ Ht2 as Hilbert spaces for every t1, t2 P r0, T s. Indeed, let y P Ht1 , we know that

(3.43) Q pt1q
´ 1

2 ek “
bkpt2q

bkpt1q
Q pt2q

´ 1
2 ek, for any k P N

and

∥y∥Ht1
ď
K

L
∥y∥Ht2

.(3.44)

So, Hypothesis 3.1.1 is satisfied by Ht for every t P r0, T s with θ “ 1
2 . Fixing E “ Ht0 with

t0 P r0, T s, Theorems 3.1.4(2) and 3.1.5(1) may be applied to obtain maximal Hölder regularity of
the mild solution to (3.2).

We summarize what we obtained in the following theorem.

Theorem 3.2.1. Let X be a real separable Hilbert space. Let T ą 0 and let Aptq, Bptq be
self-adjoint operators in diagonal form with respect to the same Hilbert basis tekukPN, namely

Aptqek “ akptqek, Bptqek “ bkptqek 0 ď t ď T, k P N,

with continuous coefficients ak, bk. Under conditions (3.29) and (3.30), Hypothesis 2.0.1 is
verified. Moreover if (3.33), holds, there exists ps, tq P ∆T such that Upt, sqpXq Ę Ht,s and if in
addition (3.36), (3.38) and (3.39) hold, the spaces Ht coincides with equivalent norms. Hence
E “ H0 satisfies 3.1.1 with θ “ 1

2 . We can apply Theorems 3.1.4 and 3.1.5 with E “ H0.

Remark 3.2.2. As an explicit example we can choose akptq “ ´k2ptk ` 1q and bkptq “ sinpktq ` c,
c ą 1 for all t P r0, T s.

3.2.2 A non autonomous version of the classical Ornstein-Uhlenbeck
operator

Let Aptq “ aptqI, where a is a continuous real valued map on r0, T s and set ∥a∥8 “ a0. Hence

Upt, sq “ exp
ˆ
ż t

s

apτq dτ

˙

I, ps, tq P ∆T

56



is the strongly continuous evolution operator associated to the family tAptqutPr0,T s.
Let tBptqutPr0,T s Ď LpXq be a family of operators satisfying Hypothesis 2.0.1 (2). Since

Qpt, sq “

ż t

s

exp
ˆ

2
ż t

σ

apτq dτ

˙

Qpσq dσ ps, tq P ∆T ,

where Qpσq “ BpσqBpσq‹, an obvious sufficient condition for Tr rQpt, sqs ă `8 is that the
mapping σ ÞÝÑ Tr rQpσqs belongs to L1p0, T q. In this case, Ps,t is a non autonomous generalization
of the classical Ornstein-Uhlenbeck semigroup widely used in the Malliavin Calculus. We refer to
[CL19] for Schauder theorems in such autonomous case.

Since Upt, sq is a multiple of the identity, if X is infinite dimensional Upt, sq cannot map X
into Ht,s for any ps, tq P ∆T and Upt, sqpHsq “ Hs for all ps, tq P ∆T . We look for sufficient
conditions such that the hypotheses of Theorem 2.2.3 are satisfied.

In addition to the above assumptions on the trace of the operators Qpσq, we require that for
every ps, tq P ∆T there exists C ą 0 such that

(3.45) ∥Bpsq∥LpXq ď C ∥Bptq∥LpXq .

It follows ∥∥∥Q psq
1
2

∥∥∥2

LpXq
“ ∥Bpsq‹∥2

LpXq ď C ∥Bptq‹∥2
LpXq “ C

∥∥∥Q ptq
1
2

∥∥∥2

LpXq
.(3.46)

Then, by Proposition 1.3.3, Hs Ď Ht with continuous embedding and for x P Hs we have

∥Upt, sqx∥Ht
“

∥∥∥∥exp
ˆ
ż t

s

apτq dτ

˙

x

∥∥∥∥
Ht

ď ea0T
?
C ∥x∥Hs

.(3.47)

Hence, we can take E “ Hs in Theorem 2.1.9.
In order to have (3.45), we assume now that there exists m ą 0 such that

(3.48) 0 ă m ď ∥Bptq∥LpXq ď K, for any t P r0, T s.

In this case, for every t1, t2 P r0, T s

(3.49) ∥Bpt1q∥LpXq ď
K

m
∥Bpt2q∥LpXq

and (3.45) holds with C “
K

m
. Moreover Ht1 “ Ht2 as Hilbert spaces for every t1, t2 P r0, T s.

Hence Hypothesis 3.1.1 is satisfied by choosing as E “ H0 with θ “
1
2 and we can apply Theorems

3.1.4 and 3.1.5.
We can state the following theorem.

Theorem 3.2.3. Let X be a real separable Hilbert space and let T ą 0. Let Aptq “ aptqI, where
a is a continuous real valued map on r0, T s. Let tBptqutPr0,T s Ď LpXq be a family of operators
such that

1. there exists K ą 0 such that

(3.50) sup
tPR

∥Bptq∥LpXq ď K,
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2. the map

(3.51) t P R ÞÑ Bptqx P X

is measurable for any x P X.

3. t ÞÝÑ Tr rBptqBptq‹s P L1p0, T q.

Then Hypothesis 2.0.1 is satisfied and Upt, sqpXq Ę Ht,s for all ps, tq P ∆T . If in addition (3.48)
holds, then Ht1 “ Ht2 as Hilbert spaces for every t1, t2 P r0, T s, Hypothesis 3.1.1 is satisfied by
choosing as E “ H0 with θ “ 1

2 and we can apply Theorems 3.1.4 and 3.1.5.

3.2.3 A non autonomous parabolic problem

We generalize now Example 2 of [CL21]. Let T ą 0 and let O Ď Rd be a bounded open set
with smooth boundary. We consider the evolution operator Upt, sq in X :“ L2pOq associated to
an evolution equation of parabolic type,

#

utpt, xq “ Aptqupt, ¨qpxq, pt, xq P ps, T q ˆ O,

Bptqupt, ¨qpxq “ 0, pt, xq P ps, T q ˆ BO.
(3.52)

The differential operators Aptq are defined by

(3.53) Aptqφpxq “

d
ÿ

i,j“1
aijpt, xqDijφpxq `

d
ÿ

i“1
aipt, xqDiφpxq ` a0pt, xqφpxq, t P r0, T s, x P O

and the family of the boundary operators tBptqutPr0,T s is either of Dirichlet, Neumann or Robin
type, namely

Bptqu “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

u (Dirichlet),
d
ÿ

i,j“1
aijpx, tqDiu νj (Neumann),

d
ÿ

i,j“1
aijpx, tqDiu νj ` b0px, tqu (Robin),

(3.54)

where ν “ pν1, ..., νdq is the unit outer normal vector at the boundary of Ω.
We make the following assumptions.

Hypothesis 3.2.4. We assume aij “ aji and for some ρ P

ˆ

1
2 , 1

˙

, aij , b0 P Cρ,1 `r0, T s ˆ O
˘

,

ai, a0 P Cρ,0 `r0, T s ˆ O
˘

. Moreover, we assume that there exists ν ą 0 such that for all ξ P Rd

(3.55)
d
ÿ

i,j“1
aijpt, xqξiξj ě ν |ξ|2 , t P r0, T s, x P O.
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Under Hypothesis 3.2.4, for all t P r0, T s, we define

DpAptqq “
␣

u P H2pOq : Bptqu “ 0
(

,(3.56)
Aptqu “ Aptqu, u P DpAptqq.

In [Dan00, Thm 2.4] it is proved that for all u0 P X there exists a unique weak solution u of
(3.52). Setting Upt, squ0 “: uptq, Upt, sq turns out to be an evolution operator in L2pOq. Moreover
in [Dan00] it is shown that Upt, sq has an extension (still denoted by Upt, sq) to the whole space
L1pOq that belongs to LpL1pOq;L8pOqq and it is represented by

(3.57) Upt, sqφpxq “

ż

O

kpx, y, t, sqφpyq dy, φ P L1pOq

where for every 0 ď s ă t ď T , kp¨, ¨, t, sq P L8pO ˆ Oq and there exist M,m ą 0 such that

(3.58) |kpx, y, t, sq| ď
M

pt´ sq
d
2
e´

|x´y|2
mpt´sq , x, y P O, 0 ď s ă t ď T.

Moreover in [Sch04, Ex. 2.8 and Ex. 2.9] it is proven that the family tAptqutPr0,T s satisfies the
assumptions of [Acq88; AT87]. Then by Theorem 1.7.3, Upt, sq P L pDpApsq;DpAptqqqq X

LpX;DpAptqqq with norms bounded by a constant independent of s and t. Hence, there ex-
ists C ą 0 such that for every ps, tq P ∆T we have

∥Upt, sq∥LpXq ď C,(3.59)

∥Upt, sq∥LpX;DpAptqqq ď
C

t´ s
,(3.60)

∥Upt, sq∥LpDpApsqq;DpAptqqq ď C.(3.61)

By (3.59) and (3.61) for every ps, tq P ∆T and β P p0, 1q,

Upt, sq P L ppX,DpApsqqβ,2; pX,DpAptqqβ,2qq ,

where for every r P r0, T s, pX,DpAprqqβ,2 is the standard real interpolation space. Moreover
there exists a constant C1 “ C1pβq ą 0 such that

(3.62) ∥Upt, sq∥LppX,DpApsqqβ,2;pX,DpAptqqβ,2qq
ď C1, ps, tq P ∆T .

We consider first Neumann and Robin boundary conditions for Aptq. Due to [Gui91, Thm. 3.5,
Thm. 4.15] for all 0 ď t ď T and 0 ă γ ă 2, we have

pX,DpAptqq γ
2 ,2 “

$

’

’

’

&

’

’

’

%

HγpOq if 0 ă γ ă 3
2

!

u P H
3
2 pOq | rBptqu P H̊

1
2 pOq

)

if γ “ 3
2

tu P HγpOq | Bptqu “ 0u if 3
2 ă γ ă 1

,(3.63)

where

rBptqu “

$

’

’

’

’

’

&

’

’

’

’

’

%

d
ÿ

i,j“1
aijpx, tqDiu rνj (Neumann)

d
ÿ

i,j“1
aijpx, tqDiu rνj ` b0px, tqu (Robin)

,(3.64)
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rν is a smooth enough extension of ν to O and H̊
1
2 pOq consists on all the elements φ P H

1
2 pOq

whose null extension outside O belongs to H 1
2 pRq.

One simple example of the family tBptqutPr0,T s is given by Bptq “ pId ´ ∆q´
γ
2 for all t P r0, T s,

where ∆ is the realization of the Laplace operator in L2pOq with Neumann boundary conditions.
We have

D
´

pId ´ ∆q
γ
2

¯

“ pL2pOq, Dp∆qq γ
2 ,2

“

$

’

’

’

&

’

’

’

%

HγpOq if 0 ă γ ă 3
2

!

u P H
3
2 pOq | x∇u, rνy P H̊

1
2 pOq

)

if γ “ 3
2

␣

u P HγpOq | x∇u, νy|BO
“ 0

(

if 3
2 ă γ ă 2

,(3.65)

where x∇u, νy|BO
is the trace of x∇u, νy at BO.

In [CL21, Lemma 4.3] it is proven that if Bptq P LpL2pOq;LqpOqq with q ě maxt2, du and
sup

tPr0,T s

Bptq ă `8, then Tr rQpt, sqs ă `8 for all ps, tq P ∆T . In our case for every q ě 2, the

embedding of D
`

pId ´ ∆q
γ
2
˘

in LqpOq is continuous for γ ě d
´

1
2 ´ 1

q

¯

. Hence for such choices of
γ, pId ´ ∆q´

γ
2 P LpL2pOq;LqpOqq. In the same way, we can prove that if q ą d, then Qpt, sq has

finite trace for all 0 ď s ă t ď T and, in this case, Hypothesis 2.0.1 holds.
We check now that the space E “ HγpOq with 0 ă γ ă 3

2 satisfies Hypothesis 3.1.1. In fact by
(3.63) and (3.65) we have E “ pX,DpAptqqq γ

2 ,2 “ Ht for all t P r0, T s. Then Upt, sq P LpE,Htq for
all 0 ď s ă t ď T with norm bounded by a constant independent of s and t and (2.49) holds with
α “ 0. By Proposition 2.2.2, Hypothesis 3.1.1 is satisfied by E “ pX,DpAptqqq γ

2 ,2 with θ “ 1
2 .

Summarizing, we need q ě 2, q ą d and d

ˆ

1
2 ´

1
q

˙

ď γ ă
3
2 . Namely,

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

q ě 2, q´2
2q ď γ ă 3

2 if d “ 1

q ą 2, q´2
q ď γ ă 3

2 if d “ 2

q ą 3, 3 q´2
2q ď γ ă 3

2 if d “ 3

4 ă q ă 8, 2 q´2
q ď γ ă 3

2 if d “ 4

.(3.66)

So we can take
$

’

’

’

’

’

&

’

’

’

’

’

%

0 ď γ ă 3
2 if d “ 1

0 ă γ ă 3
2 if d “ 2

1
2 ă γ ă 3

2 if d “ 3

1 ă γ ă 3
2 if d “ 4

.(3.67)

With the same choices of γ and d, we can also take E “ L2pOq. Indeed, since Upt, sq P

L
`

L2pOq
˘

X L
`

L2pOq;DpAptqq
˘

, then by interpolation Upt, sq P L
`

L2pOq, HγpOq
˘

. Moreover
there exists C2 ą 0 such that

(3.68) ∥Upt, sq∥LpL2pOq,Hγ pOqq
ď

C2

pt´ sq
γ
2
, ps, tq P ∆T .
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Hence, choosing E “ L2pOq and noting that Ht “ HγpOq for all t P r0, T s, (2.49) holds for α “
γ

2
and therefore by Proposition 2.2.2, Hypothesis 3.1.1 holds with θ “

1
2 `

γ

2 . Moreover, since for
all p ą 2 LppOq Ď L2pOq with continuous embedding, we can choose E “ LppOq. Hence for
0 ă γ ă 2, (2.49) holds for α “

γ

2 and therefore by Proposition 2.2.2, Hypothesis 3.1.1 holds with

θ “
1
2 `

γ

2 .

We consider now Dirichlet boundary conditions for Aptq. In this case DpAptqq “ H2pOqXH1
0 pOq

for all t P r0, T s.
One simple example of the family tBptqutPr0,T s is given by Bptq “ p´∆q´

γ
2 for all t P r0, T s

and γ P p0, 2q, where ∆ is the realization of the Laplace operator in L2pOq with Dirichlet boundary
conditions. Due to [Gui91, Thm. 3.5, Thm 4.15] we have

D
´

p´∆q
γ
2

¯

“
`

L2pOq, H2pOq XH1
0 pOq

˘

γ
2 ,2

“

$

’

&

’

%

HγpOq if 0 ă γ ă 1
2

H̊
1
2 pOq if γ “ 1

2
␣

u P HγpOq | u|BO
“ 0

(

if 1
2 ă γ ă 2

.(3.69)

For every q ě 2, the embedding of D
`

p´∆q
γ
2
˘

in LqpOq is continuous for γ ě d
´

1
2 ´ 1

q

¯

.
Hence for such choices of γ, p´∆q´

γ
2 P LpL2pOq;LqpOqq. Similarly to [CL21, Lemma 4.3], we can

prove that if q ą d, then Qpt, sq has finite trace for all 0 ď s ă t ď T and, in this case, Hypothesis
2.0.1 holds.

We check now that the space E “ D
`

p´∆q
γ
2
˘

still for every 0 ă γ ă 2 satisfies Hypothesis
3.1.1. In fact by (3.63) and (3.69) we have E “ D

`

p´∆q
γ
2
˘

“ Ht for all t P r0, T s. Then
Upt, sq P LpE,Htq for all 0 ď s ă t ď T with norm bounded by a constant independent of
s and t and (2.49) holds with α “ 0. By Proposition 2.2.2, Hypothesis 3.1.1 is satisfied by
E “ D

`

p´∆q
γ
2
˘

with θ “ 1
2 .

Summarizing, we need q ě 2, q ą d and d

ˆ

1
2 ´

1
q

˙

ď γ ă 2. Namely,

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

q ě 2, q´2
2q ď γ ă 2 if d “ 1

q ą 2, q´2
q ď γ ă 2 if d “ 2

q ą 3, 3 q´2
2q ď γ ă 2 if d “ 3

q ą 4, 2 q´2
q ď γ ă 2 if d “ 4

5 ă q ă 10, 5 q´2
2q ď γ ă 2 if d “ 5

.(3.70)
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So we can take
$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

0 ď γ ă 2 if d “ 1

0 ă γ ă 2 if d “ 2
1
2 ă γ ă 2 if d “ 3

1 ă γ ă 2 if d “ 4
3
2 ă γ ă 2 if d “ 5

.(3.71)

We prove now that we can take E “ L2pOq for 0 ă γ ă 2. Indeed, since Upt, sq P L
`

L2pOq
˘

X

L
`

L2pOq;H2pOq X H1
0 pOq

˘

, then by interpolation Upt, sq P L
`

L2pOq, HγpOq
˘

for all 0 ă γ ă 2.
Moreover there exists C3 ą 0 such that

(3.72) ∥Upt, sq∥LpL2pOq,Hγ pOqq
ď

C3

pt´ sq
γ
2
, ps, tq P ∆T .

Hence, choosing E “ L2pOq, (2.49) holds for α “
γ

2 and therefore by Proposition 2.2.2, Hypothesis

3.1.1 holds with θ “
1
2 `

γ

2 . Moreover, since for all p ą 2 LppOq P L2pOq with continuous

embedding, we can choose E “ LppOq. Hence for 0 ă γ ă 2, (2.49) holds for α “
γ

2 and therefore

by Proposition 2.2.2, Hypothesis 3.1.1 holds with θ “
1
2 `

γ

2 .

Now, we fix d “ 1. In this case O is a bounded open interval I and we can choose γ “ 0,
namely Bptq “ Id for all t P r0, T s. We take now E “ Eα,p :“

`

L2pIq, H2pIq XH1
0 pIq

˘

α,p
for

every 0 ă α ă 1
2 and p P r1,`8q.

In this particular case we can characterize the Cameron Martin space Hts for every 0 ď s ă

t ď T as the space pL2pIq, H2pIq XH1
0 pIqq 1

2 ,2q “ H1
0 pIq by (3.69). The proof is in [CL21].

Since Upt, sq P L
`

H2pIq XH1
0 pIq

˘

XL
`

L2pIq
˘

with norms bounded by a constant independent
of s, t and (3.60) holds, we obtain that Upt, sq P L

`

H1
0 pIq

˘

with norms bounded by a constant
independent of s, t, Upt, sq P L

`

L2pIq;H1
0 pIq

˘

and there exists C4 ą 0 such that

(3.73) ∥Upt, sq∥
LpL2pIq;H1

0 pIqq ď
C4

pt´ sq
1
2
, ps, tq P ∆T .

By reiteration, for every 0 ă α ă 1
2 and p P r1,`8q, we get

`

L2pIq, H1
0 pIq

˘

2α,p
“
`

L2pIq, H2pIq XH1
0 pIq

˘

α,p
,

for every 0 ă α ă 1
2 , p P r1,`8q.

Hence, by interpolation
Upt, sq P L

`

Eα,p;H1
0 pIq

˘

and there exists a constant C5 ą 0 independent of s and t such that

(3.74) ∥Upt, sq∥LpEα,p;H1
0 pIqq ď

C4

pt´ sq
1
2 ´α

, ps, tq P ∆T .
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Hypothesis 3.1.1 is satisfied by Eα,p with θ “ 1
2 ´ α.

We recall the following characterization of the spaces Eα,p as Besov spaces with (possibly)
boundary conditions. For all q P r1,`8q we have

(3.75) Eα,p “ pLqpIq,W 2,qpIq XW 1,q
0 pIqqα,p “ B2α

q,p,0pIq,

where

B2α
q,p,0pIq “

$

’

’

’

&

’

’

’

%

B2α
q,ppIq if 0 ă α ă 1

2q

B̊
1
q
p,qpIq if α “ 1

2q
␣

u P B2α
q,ppIq | u|BI

“ 0
(

if 1
2q ă α ă 1

2

,

where B̊
1
q
p,qpIq consists on all the elements u P B

1
q
q,ppIq whose null extension outside I belongs to

B
1
q
p,qpRq, and for α ą 1

2q u|BI
means the trace of u at BI. See [Gui91, Thm. 3.5, Thm 4.15]. We

refer to [Tri95, Ch. 2, 4] for the standard theory of the Besov spaces Bk
p,qpRq, Bk

p,qpIq.
We summarize what we obtained in the following theorems.

Theorem 3.2.5 (Neumann or Robin boundary conditions). Assume the following conditions
hold true.

1. X :“ L2pOq where O Ď Rd is a bounded open set with smooth boundary and d “ 1, 2, 3, 4.

2. The operators Aprq given by (3.53) verify Hypothesis 3.2.4 with Neumann or Robin boundary
conditions.

3. For every r P r0, T s we have

Bprq “ pId ´ ∆q´
γ
2 , r P r0, T s,

where ∆ is the realization of the Laplacian operator in L2pOq with Neumann boundary
conditions and γ P r0, 2s.

Then Hypothesis 2.0.1 holds and Hypothesis 3.1.1 is satisfied by E “ HγpOq with θ “ 1
2 for all

0 ă γ ă 3
2 .

Moreover, if we choose γ as in (3.67), then Hypothesis 3.1.1 is satisfied by E “ LppOq, p ě 2
with θ “ 1

2 `
γ
2 .

So we can apply Theorem 3.1.4 and 3.1.5 with such choices of E.

Theorem 3.2.6 (Dirichlet boundary condition). Assume the following conditions hold true.

1. X :“ L2pOq where O Ď Rd is a bounded open set with smooth boundary and d “ 1, 2, 3, 4, 5.

2. The operators Aprq given by (3.53) verify Hypothesis 3.2.4 with Dirichlet boundary conditions.

3. For every r P r0, T s we have

Bprq “ p´∆q´
γ
2 , r P r0, T s,

where ∆ is the realization of the Laplacian operator in L2pOq with Dirichlet boundary
conditions and γ P r0, 2s.
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Then Hypothesis 2.0.1 holds and Hypothesis 3.1.1 is satisfied by E “ Dpp´∆q
γ
2 q with θ “ 1

2 for
all 0 ă γ ă 2.

Moreover, if we choose γ as in (3.71), then Hypothesis 3.1.1 is satisfied by E “ LppOq, p ě 2
with θ “ 1

2 `
γ
2 .

So we can apply Theorem 3.1.4 and 3.1.5 with such choices of E.

Theorem 3.2.7 (Dirichlet boundary condition). Assume the following conditions hold true.

1. X :“ L2pIq where I Ď Rd is a bounded open interval.

2. The operators Aprq given by (3.53) verify Hypothesis 3.2.4 with Dirichlet boundary conditions.

3. For every r P r0, T s we have
Bprq “ Id, r P r0, T s.

Then Hypothesis 2.0.1 holds and Hypothesis 3.1.1 is satisfied by E “ B2α
q,p,0pIq, p, q P r1,`8q and

0 ă α ă 1
2 , with θ “ 1

2 ´ α.
So we can apply Theorem 3.1.4 and 3.1.5 with such choices of E.
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Chapter 4

Time-differentiation formulas
for Ps,t

In this Chapter we study the case f “ 0.
Let tUpt, squ

pt,sqP∆ be an evolution operator in X and let tBprqurPR be a strongly continuous
family of linear bounded operators on X. In this chapter we consider the Ornstein-Uhlenbeck
evolution operator tPs,tups,tqP∆ on BbpXq defined by

Pr,r “ I, @ r P R,

Ps,tφpxq “

ż

X

φpyqNUpt,sqx,Qpt,sqpdyq, ps, tq P ∆, φ P BbpXq, x P X(4.1)

where NUpt,sqx,Qpt,sq is the Gaussian measure in X with mean Upt, sqx and covariance operator

Qpt, sq “

ż t

s

Upt, rqQprqUpt, rq‹ dr, Qprq :“ BprqBprq‹.(4.2)

The starting point of our analysis are basic (but not trivial in this setting) results on the
relation between Ps,t and the family of operators Lptq given by (3.3) with f “ 0.

In Section 4.2 we prove that for every ps, tq P ∆ and x P X we have

B

Bs
Ps,tφpxq “ ´LpsqPs,tφpxq,(4.3)

B

Bt
Ps,tφpxq “ Ps,tLptqφpxq,(4.4)

where φ belongs to the space of smooth cylindrical functions EtpXq defined in (4.27). Besides
their use in the proof of Log-Sobolev inequalities and hypercontractivity, (4.3) and (4.4) have
independent interest and may be used as a starting point for other results, for instance in the
study of classical and strict solutions to evolution equations driven by the operators Lptq.

Our basic assumptions are stated in the following hypothesis.

Hypothesis 4.0.1.
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1. tUpt, squ
ps,tqP∆ Ď LpXq is a (forward) strongly continuous evolution operator.Moreover we

assume that there exist M ą 0 such that

(4.5) ∥Upt, sq∥LpXq ď M, ps, tq P ∆.

2. tBptqutPR Ď LpXq is a bounded family of strongly continuous linear and bounded operators,
namely

(a) there exists K ą 0 such that

(4.6) sup
tPR

∥Bptq∥LpXq ď K,

(b) the map

(4.7) t P R ÞÑ Bptqx P X

is continuous for every x P X.

3. For every ps, tq P ∆ the operator Qpt, sq : X Ñ X given by

Qpt, sq “

ż t

s

Upt, rqBprqBprq‹Upt, rq‹ dr,(4.8)

has finite trace.

Remark 4.0.2. In the next chapters we assume f ” 0 only for the presentation. All the results of
this chapters are extendable to the general case assuming that the function gpt, sq given by (6) is
differentiable. More precisely we need that gpt, sq is a strict solution of

#

u1ptq “ Aptquptq, t ą s,

upsq “ 0.
(4.9)

4.1 Preliminary results

We notice that, by the Fernique Theorem, it is possible to define Ps,t on Borel measurable
functions with power growth, namely for Borel measurable functions φ : X ÝÑ R such that there
exists C,m ą 0 such that

(4.10) |φpxq| ď Cp1 ` ∥x∥m
Xq, x P X.

Moreover Ps,t leaves invariant the space of Borel measurable functions having fixed power growth
m ą 0. Indeed, by Theorem 2.1.3 Ps,tφ is a Borel measurable. Moreover, if φ satisfies (4.10),
then for every x P X we have

|Ps,tφpxq| ď

ż

X

|φpy ` Upt, sqxq| N0,Qpt,sqpdyq ď C

ż

X

r1 ` p∥y∥X ` ∥Upt, sqx∥Xq
m

s N0,Qpt,sqpdyq

ď Cm

„

1 ` ∥Upt, sq∥m
LpXq ∥x∥m

X `

ż

X

∥y∥m
X N0,Qpt,sqpdyq

ȷ

,

where Cm is a positive constant.
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Lemma 4.1.1. Let φ : X ÝÑ R be a continuous function verifying (4.10). The mapping
ps, t, xq P ∆ ˆX Ñ Ps,tφpxq is continuous.

Proof. Let tpsk, tk, xkqukPN Ď ∆ ˆX be a sequence convergent to ps, t, xq. The claim holds true
if we prove that

(4.11) lim
kÑ`8

Psk,tk
φpxkq “ Ps,tφpxq.

By (4.10) we get
(4.12)

K :“ sup
kPN

ż

X

|φpyq|NUptk,skqxk,Qptk,skqpdyq ď C

ˆ

1 ` sup
kPN

ż

X

∥y∥m
X NUptk,skqxk,Qptk,skqpdyq

˙

,

where C and m are the constants given by (4.10). By [CL21, Lemma 2.3], NUptk,skqxk,Qptk,skq

weakly converges to NUpt,sqx,Qpt,sq as k Ñ `8, so by [Bog98, Remark 3.8.16(iii)]

(4.13) sup
kPN

ż

X

∥y∥m
X NUptk,skqxk,Qptk,skqpdyq ă `8,

and K is finite. For every R ą 0, by the Chebyshev inequality (e.g. [Bog07, Theorem 2.5.3]) and
(4.12) we get

(4.14)
ż

|φ|ěR

|φpyq|µkpdyq ď
1
R

ż

X

|φpyq|µkpdyq ď
K

R
.

Hence by (4.14) we have

(4.15) lim
RÑ`8

sup
kPN

ż

|φ|ąR

|φpyq|µkpdyq “ 0.

Since NUptk,skqxk,Qptk,skq weakly converges to NUpt,sqx,Qpt,sq as k Ñ `8, (4.15) and [Bog07,
Lemma 8.4.3] yield that (4.11) holds true.

We conclude this section studying some regularization properties of Ps,t. In the autonomous
case the smoothing properties of Ornstein-Uhlenbeck semigroups are well known, see for instance
[BF23b; BF22b; Mas07; CL19; LR21; MP23; GN03; DZ02; LP20c]. Time dependency of diffusion
operator (Qptq :“ BptqBptq‹) yelds significant differences in the regularity properties of Ps,t.

Let E be a subspace of X. In the following we often denote Upt, sq|E
by Upt, sq by abuse of

language. Moreover we recall that Ht “ Q ptq
1
2 pXq for all t P R. We state here a similar result to

Proposition 2.1.4.
Proposition 4.1.2. Assume that Hypothesis 4.0.1 holds true and that for every ps, tq P ∆

Upt, sq P LpHs; Htq.

Then for every ps, tq P ∆ we have

Ps,tpC
1
Ht

pXqq Ď C1
Hs

pXq.

Moreover for every φ P C1
Ht

pXq, x P X and h P H

DHs pPs,tφqpxqh “ Ps,t

`

DHtφp¨qUpt, sqh
˘

pxq,(4.16)
∥∇HsPs,tφpxq∥Hs

ď ∥Upt, sq∥LpHs;Htq Ps,t

`

∥∇Htφp¨q∥Ht

˘

pxq.(4.17)
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Proof. Let x P X, h P Hs and ε ą 0. For all ps, tq P ∆, we have

Ps,tφpx` εhq ´ Ps,tφpxq

ε
ď

ż

X

∣∣φ`y ` Upt, sqpx` εhq
˘

´φ
`

y ` Upt, sqx
˘
∣∣

ε
N0,Qpt,sqpdyq.(4.18)

Since ∣∣φ`y ` Upt, sqpx` εhq
˘

´ φ
`

y ` Upt, sqx
˘
∣∣

ε
ď sup

xPX
∥DHt

φ∥Ht
∥Upt, sqh∥Ht

ď sup
xPX

∥DHt
φ∥Ht

∥Upt, sq∥LpHs;Htq ∥h∥Hs
,

by the Dominated Convergence Theorem, as ε Ñ 0`, we get

(4.19) DHsPs,tφpxqh “ Ps,t pDHtφp¨qUpt, sqhq pxq.

Moreover we get

|x∇HsPs,tφpxq, hyHs | “ |DHsPs,tφpxqh| “

∣∣∣∣ż
X

DHtφpy `mxpt, sqqUpt, sqhN0,Qpt,sqpdyq

∣∣∣∣
“

∣∣∣∣ż
X

x∇Ht
φpy `mxpt, sqq, Upt, sqhyHt

N0,Qpt,sqpdyq

∣∣∣∣
ď ∥Upt, sq∥LpHs;Htq ∥h∥Hs

Ps,t

`

∥∇Ht
φp¨q∥Ht

˘

pxq,

so (4.17) holds true.

Remark 4.1.3. In view of Proposition 1.3.2 for every φ P C1
b pXq, x P X and ps, tq P ∆, inequality

(4.17) reads as

(4.20)
∥∥∥Qpsq

1
2 ∇Ps,tφpxq

∥∥∥
X

ď ∥Upt, sq∥LpHs;Htq Ps,t

´
∥∥∥Qptq

1
2 ∇φp¨q

∥∥∥
X

¯

pxq.

4.2 Connections between tPs,tups,tqP∆ and tLprqurPR

One of the main issues working on non autonomous problems is the lack of similar theories
to the ones of strongly continuous or analytic semigroups for evolution operators. We cannot
even define the weak genertor of Ps,t via Laplace transform as in the case of Ornstein-Uhlenbeck
semigroups in [Cer94; Lun22; Pri99]. In this section we prove that for suitable functions φ : X Ñ R
we have

B

Bs
Ps,tφpxq “ ´LpsqPs,tφpxq, ps, tq P ∆, x P X,(4.21)

B

Bt
Ps,tφpxq “ Ps,tLptqφpxq, ps, tq P ∆, x P X,(4.22)

where tLprqurPR is the family of operators given by

(4.23) Lprqφpxq “
1
2Tr

´

QprqD2φpxq

¯

` xx,Aprq‹∇φpxqyX .
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Hypothesis 4.2.1. Assume that Hypothesis 4.0.1 holds true and that tVs,tups,tqP∆ :“ tUpt, sq‹u
ps,tqP∆ Ď

LpXq is a (backward) strongly continuous evolution operator and there exists a family of closed
linear operators Aprq : DpAprqq Ď X Ñ X, r P R, satisfying

i) DpAprqq and DpAprq‹q are dense in X for every r P R;

ii) for every ps, tq P ∆ we have

Upt, sq‹DpAptq‹q Ď DpApsq‹q

iii) for every t P R and h P DpAptq‹q the function s ÝÑ Apsq‹Upt, sq‹h belongs to Cpp´8, tq;Xq;

iv) for every ps, tq P ∆ and x P DpAptq‹q we have

B

Bs
Upt, sq‹x “ ´Apsq‹Upt, sq‹x,(4.24)

B

Bt
Upt, sq‹x “ Upt, sq‹Aptq‹x.(4.25)

Remark 4.2.2. In Section 5.3 we consider a family tAprqurPR associated to a non autonomous
abstract parabolic problem in the sense of Acquistapace-Terreni ([Acq88; AT87]) and such that
DpAprqq is dense for all r P R. We show that such a family satisfies Hypothesis 4.2.1.

4.2.1 Cylindrical functions

In this subsection we define a space of smooth cylindrical functions such that (4.21) and (4.22)
hold true. We define suitable trigonometric polynomials on X and we introduce the space of Bohr
almost periodic functions that will be crucial in Section 5.2.

Throughout this subsection we fix r P R.

Definition 4.2.3 (Trigonometric polynomials). Let V be a subspace of X. We denote by EpX;V q

the linear span of all real and imaginary parts of the functions

(4.26) x Ñ φphqpxq :“ eixx,hyX ,

where h P V (we shall omit h from the notation φphq when it is not necessary).

Remark 4.2.4. We note that TrigpRnq :“ EpRn;Rnq is the usual space of trigonometric polynomials
on Rn.

We set

(4.27) ErpXq :“ EpX;DpAprq‹qq.

Remark 4.2.5. The set of functions ErpXq is often used in the autonomous case in which it
represents a core for Ornstein-Uhlenbeck type operators in Lp spaces with respect to the in-
variant measure, see for instance [DZ02]. However in general there is not a dense subspace
D Ď

č

rPR
DpAprq‹q, which prevents from using a unique space independent of r.
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Let Lprq be the operator defined in (4.23). If h P DpAprq‹q and φphq is defined by (4.26), then
we have

(4.28) Lprqφphqpxq “

„

ixx,Aprq‹hyX ´
1
2

∥∥∥Q prq
1
2 h

∥∥∥2

X

ȷ

φphqpxq, x P X.

Here we introduce a space of functions that contains ErpXq and that will be used in the proofs
of Section 5.2.

Definition 4.2.6. Let k P N Y t0u. We denote by FrC
k
b pXq the space of functions φ such that

there exists n P N, ψ P Ck
b pRnq and h1, . . . hn P DpAprq‹q orthonormal such that

(4.29) φpxq “ ψ pxx, h1y, . . . , xx, hnyq , x P X.

If k “ 0 we write FrCbpXq instead of FrC
0
b pXq.

Remark 4.2.7. Let φ P FrC
2
b pXq be given by (4.29). Since h1, . . . hn P DpAprq‹q are orthonormal

then

Lprqφpxq “
1
2

n
ÿ

i“1
xQprq∇2φpxqhi, hiyX `

n
ÿ

i“1
xx,Aprq‹hiyXx∇φpxq, hiyX , x P X,(4.30)

where Lprq is the operator defined in (4.23). Moreover if I Ď X is an interval, g P C2
b pI;Rq and

φ takes values in I then

pLprqpg ˝ φqqpxq “ g1pφpxqqLprqφpxq ` g2pφpxqq

∥∥∥Qprq
1
2 ∇φpxq

∥∥∥ , x P X.(4.31)

By (4.27) and Definitions 4.2.3 and 4.2.6 it follows immediately that

(4.32) ErpXq Ď FrC
k
b pXq, @ k P N.

Definition 4.2.8. Let n P N and φ P CbpRnq. We say that φ is Bohr almost periodic if for every
ε ą 0 there exists ρ ą 0 such that for all x0 P Rn there exists τ P Bpx0, ρq such that

(4.33) |φpx` τq ´ φpxq| ă ε, @ x P Rn.

We denote by APbpRnq the subspace of CbpRnq of Bohr almost periodic functions from Rn to R.
Moreover we denote by AP 2

b pRnq the subspace of C2
b pRnqXAPbpRnq of the functions φ : Rn ÝÑ R

such that the partial derivatives Bφ

Bxi
and B2φ

BxiBxj
belongs to APbpRnq, for every i, j P N.

For more details about Bohr almost periodic functions in several variables we refer to [Pan90;
Chá+23; Kos22].

Definition 4.2.9. We denote by B2
rpXq the subspace of FrC

2
b pXq of the functions φ : X Ñ R

given by (4.29) with ψ P AP 2
b pRnq, for some n P N.

Proposition 4.2.10. Let h P NY t0u. For every φ P FrC
h
b pXq there exist a sequence tφkukPN Ď

ErpXq and C ą 0 such that

∥φk∥Ch
b

pXq ď C ∥φ∥Ch
b

pXq , k P N,(4.34)
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and for every x P X we have

lim
kÑ`8

´

|φkpxq ´ φpxq| `

h
ÿ

j“1
}∇jφkpxq ´ ∇jφpxq}Lj´1pXq

¯

“ 0.(4.35)

Moreover if φ P B2
rpXq then

(4.36) lim
kÑ`8

ˆ

∥φk ´ φ∥C2
b

pXq ` sup
xPX

|Lprqφkpxq ´ Lprqφpxq|
1 ` ∥x∥X

˙

“ 0.

Proof. Let h P N Y t0u and let φ P FrC
h
b pXq. There exist n P N, ψ P Ch

b pRnq and h1, . . . hn P

DpAprq‹q orthonormal such that

(4.37) φpxq “ ψ pxx, h1y, . . . , xx, hnyq , x P X.

We define the orthogonal projection P r
n on spanth1, . . . , hnu, namely

(4.38) P r
nx :“

n
ÿ

k“1
xx, hkyhk.

We denote by Ir
n : P r

npXq Ñ Rn the canonical isometry given by

(4.39) Ir
nhj “ ej , j P t1, . . . , nu,

where e1, . . . en is the canonical basis of Rn. By the definitions of P r
n and Ir

n formula (4.37) reads
as

φpxq “ ψ pIr
nP

r
nxq , x P X.

By [DLT18, Lemma 8.1], there exists C ą 0 (depending only on n) and a sequence of trigonometric
polynomials tψkukPN Ď TrigpRnq such that

∥ψk∥Ch
b

pRnq ď C ∥φ∥Ch
b

pRnq , k P N,

lim
kÑ`8

´

|ψkpxq ´ ψpxq| `

h
ÿ

j“1
}∇jψkpxq ´ ∇jψpxq}Lj´1pRnq

¯

“ 0, x P Rn.

Setting φkp¨q :“ ψkpIr
nP

r
np¨qq for every k P N and recalling that }P r

n}LpXq “ }Ir
n}LpXq “ 1 we

obtain (4.34) and (4.35). Now we prove that ψk P TrigpRnq implies φk P ErpXq, for every k P N.
Indeed, for every h P Rn and setting

Φphqpξq “ exh,ξyRn , ξ P Rn,

we get

ΦphqpIr
nP

r
nxq “ eixIr

nP r
npxq,hyX “ eixx,Ir

n
‹hyX , x P X.(4.40)

Since Ir
n

‹h P P r
npXq and h1, . . . hn P DpAprq‹q then Ir

n
‹h P DpAprq‹q and so φk P ErpXq, for

every k P N (see Definition 4.2.3 and (4.27)).
Now we prove 4.36. Let φ P B2

rpXq given by

φpxq “ ψ pxx, h1yX , ..., xx, hnyXq , x P X,
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where ψ P AP 2pRnq and h1, ..., hn P DpAprq‹q. By [Pan90, Prop. 6.1] AP 2
b pRnq is the closure in

C2
b pRnq of TrigpRnq, then there exists tψkukPN Ď TrigpRnq such that

lim
kÑ`8

∥ψk ´ ψ∥C2
b

pRnq “ 0.

Hence we get

(4.41) lim
kÑ`8

∥φk ´ φ∥C2
b

pXq “ 0,

where the functions φk are defined as in the previous approximation procedure. Finally combining
(4.30) and (4.41) we obtain (4.36).

It is well know that trigonometric polynomials are not dense in CbpXq even if X “ R, however
it is possible to prove the following weaker approximation result.

Proposition 4.2.11. Let h P NYt0u. For every φ P Ch
b pXq there exist a 2-sequence tφn,mun,mPN Ď

ErpXq, tφnunPN Ď FrC
h
b pXq and tcnunPN Ď r0,`8q such that

∥φn,m∥Ch
b

pXq
ď cn ∥φn∥Ch

b
pXq , n,m P N,(4.42)

∥φn∥Ch
b

pXq ď ∥φ∥Ch
b

pXq , n P N,(4.43)

lim
mÑ`8

´

|φn,mpxq ´ φnpxq| `

h
ÿ

j“1
}∇jφn,mpxq ´ ∇jφnpxq}Lj´1pXq

¯

“ 0, x P X, n P N,(4.44)

lim
nÑ`8

´

|φnpxq´φpxq| `

h
ÿ

j“1
}∇jφnpxq ´ ∇jφpxq}Lj´1pXq

¯

“ 0, x P X.(4.45)

Proof. Since DpAprq‹q is dense in X there exists an orthonormal basis ter
kukPN of X such that

er
k P DpAprq‹q, for every k P N. Let n P N and let P r

n be the orthogonal projection on
spanter

1, . . . e
r
nu. Let h P N Y t0u and let φ P Ch

b pXq. We define

φnpxq :“ φpP r
nxq, x P X.

Since φ P Ch
b pXq and ∥P r

n∥LpXq “ 1, we obtain (4.43) and (4.45). Fixed n P N the function φn

belongs to FrCbpXq so by Proposition 4.2.10 there exists a sequence tφn,mumPN Ď ErpXq and
cn ą 0 such that (4.42) and (4.44) are verified.

Remark 4.2.12. Let γ be a Borel probability measure on X. By Proposition 4.2.11 ErpXq is dense
in LppX, γq for all p ě 1.

4.2.2 Differentiation formulas for Ps,t

In this subsection we prove formulas (4.21) and (4.22).

Lemma 4.2.13. Assume that Hypothesis 4.2.1 holds true. Fix ps, tq P ∆, h P DpAptq‹q and let
φphq be defined by (4.26). Then

Ps,tφ
phq

pxq “ e´ 1
2 xQpt,sqh,hyXφpUpt,sq‹hq

pxq.(4.46)
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It follows that Ps,tpEtpXqq Ď EspXq. Furthermore for all x P X we have

LpsqPs,tφ
phq

pxq “

„

ixx,Apsq‹Upt, sq‹hyX ´
1
2

∥∥∥Q psq
1
2 Upt, sq‹h

∥∥∥2

X

ȷ

Ps,tφ
phq

pxq,(4.47)

Ps,tLptqφphq
pxq “

„

ixx, Upt, sq‹Aptq‹hyX ´ xQpt, sqAptq‹h, hyX ´
1
2

∥∥∥Q ptq
1
2 h

∥∥∥2

X

ȷ

Ps,tφ
phq

pxq.(4.48)

Proof. Let h P Xt and let φphq be defined by (4.26). For all x P X we get

Ps,tφ
phqpxq “

ż

X

eixh,yyX NUpt,sqx,Qpt,sqpdyq “ N
Ź

Upt,sqx,Qpt,sqphq

“ eixh,Upt,sqxyXe´ 1
2 xQpt,sqh,hyX “ e´ 1

2 xQpt,sqh,hyXφpUpt,sq
‹hqpxq,

so that (4.46) holds and Ps,t maps EtpXq into EspXq for every ps, tq P ∆.
Recalling that by Hypothesis 4.2.1 Upt, sq‹h P Xs, we have Ps,tpEtpXqq Ď EspXq. Let us

prove (4.47). By (4.28) for all x P X we have

LpsqPs,tφ
phqpxq “ Lpsq

´

e´ 1
2 xQpt,sqh,hyXφpUpt,sq

‹hq
¯

pxq

“ e´ 1
2 xQpt,sqh,hyX

„

ixx,Apsq‹Upt, sq‹hyX ´
1
2

∥∥∥Q psq
1
2 Upt, sq‹h

∥∥∥2

X

ȷ

φpUpt,sq
‹hqpxq

“

„

ixx,Apsq‹Upt, sq‹hyX ´
1
2

∥∥∥Q psq
1
2 Upt, sq‹h

∥∥∥2

X

ȷ

Ps,tφ
phqpxq

and (4.47) holds. To prove (4.48), we combine (4.28) and (4.46) and for all x P X we get

Ps,tLptqφphq
pxq “ Ps,t

ˆ„

ix¨, Aptq‹hyX ´
1
2

∥∥∥Q ptq
1
2 h

∥∥∥2

X

ȷ

φphq
p¨q

˙

pxq

“

ż

X

´

ixUpt, sqx` y,Aptq‹hyXφ
phq

pUpt, sqx` yq

¯

N0,Qpt,sqpdyq ´
1
2

∥∥∥Q ptq
1
2 h

∥∥∥2

X
Ps,tφ

phq
pxq

“: I1 ´
1
2

∥∥∥Q ptq
1
2 h

∥∥∥2

X
Ps,tφ

phq
pxq.

We note that

I1 “

ż

X

pixUpt, sqx` y,Aptq‹hyXφh pUpt, sqx` yqq N0,Qpt,sqpdyq

“

ż

X

B

B pAptq‹hq
eixUpt,sqx`y,hyX N0,Qpt,sqpdyq “

B

B pAptq‹hq

ż

X

eixy,hyX NUpt,sqx,Qpt,sqpdyq

“
B

B pAptq‹hq
pNUpt,sqx,Qpt,sqphq “

B

BpAptq‹hq

´

e´ 1
2 xQpt,sqh,hyXeixx,Upt,sq

‹hyX

¯

“ rixx, Upt, sq‹Aptq‹hyX ´ xQpt, sqAptq‹h, hyX s e´ 1
2 xQpt,sqh,hyXeixx,Upt,sq

‹hyX

“ rixx, Upt, sq‹Aptq‹hyX ´ xQpt, sqAptq‹h, hyX sPs,tφ
phqpxq.

Summing up, (4.48) follows.

By Hypotheses 4.2.1 and Lemma (4.2.13) we deduce the following remark.
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Remark 4.2.14. Fix ps, tq P ∆, h P DpAptq‹q and let φphq be defined by (4.26). There exists C 1 ą 0
such that

(4.49)
∣∣∣LprqPr,tφ

phqpxq

∣∣∣ ď C 1p1 ` ∥x∥Xq, r P rs, ts, x P X.

Let φ P EtpXq. By definition, φ is a linear combination of real and imaginary parts of functions
φphiq defined by (4.26) with hi P DpAptq˚q and i “ 1, . . . n for some n P N. Hence by (4.49), there
exists C ą 0 such that

(4.50) |LprqPr,tφpxq| ď Cp1 ` ∥x∥Xq, r P rs, ts, x P X.

Lemma 4.2.15. Assume that Hypothesis 4.2.1 holds true. For each s0, t0 P R, we have
ˆ

B

Bt
xQpt, sqh, hyX

˙

∣∣∣∣
t“t0

“

∥∥∥Q pt0q
1
2 h

∥∥∥ 1
2

X
` 2xQpt0, sqApt0q

‹h, hyX , h P DpApt0q
‹
q, s ď t, t0,(4.51)

ˆ

B

Bs
xQpt, sqx, xyX

˙

∣∣∣∣
s“s0

“ ´xUpt, s0qQps0qUpt, s0q
‹x, xyX , x P X, t ě s, s0.(4.52)

Proof. We start by proving (4.51). Let h P DpApt0q‹q and ε ą 0. Then for s ď t0 ´ ε we have

´
xQpt0 ´ ε, sqh, hyX ´ xQpt0, sqh, hyX

ε

“ ´
1
ε

ˆ
ż t0´ε

s

xUpt0 ´ ε, rqQprqUpt0 ´ ε, rq‹h, hyX dr ´

ż t0

s

xUpt0, rqQprqUpt0, rq‹h, hyX dr

˙

“ ´
1
ε

„
ż t0´ε

s

`

xUpt0 ´ ε, rqQprqUpt0 ´ ε, rq‹h, hyX ´ xUpt0, rqQprqUpt0, rq‹h, hyX

˘

dr

´

ż t0

t0´ε

xUpt0, rqQprqUpt0, rq‹h, hyX dr

ȷ

“: ´
Iε ´ Jε

ε
.

Since for every h P DpApt0q‹q the mapping

r P rt0 ´ ε, t0s ÞÝÑ xUpt0, rqQprqUpt0, rq‹h, hyX P R

is continuous, by the Mean Value Theorem for integrals there exists rε P pt0 ´ ε, t0q such that
Jε

ε
“ xUpt0, rεqQprεqUpt0, rεq‹h, hyX

and
lim

εÑ0`

Jε

ε
“ lim

εÑ0`
pxUpt0, rεqQprqUpt0, rεq‹h, hyXq “

∥∥∥Q ptq
1
2 h

∥∥∥2

X
.

Let us consider Iε. We have

´
Iε

ε
“ ´

1
ε

ˆ
ż t0´ε

s

xpUpt0 ´ ε, rqQprqUpt0 ´ ε, rq‹ ´ Upt0 ´ ε, rqQprqUpt0, rq‹qh, hyX dr

`

ż t0´ε

s

xpUpt0 ´ ε, rqQprqUpt0, rq‹ ´ Upt0, rqQprqUpt0, rq‹qh, hyX dr

˙

“

ż t0´ε

s

B

Upt0 ´ ε, rq‹ ´ Upt0, rq‹

´ε
h,QprqUpt0 ´ ε, rq‹h

F

X

dr

`

ż t0´ε

s

x
Upt0 ´ ε, rq‹ ´ Upt0, rq‹

´ε
h,QprqUpt0, rq‹hyX dr.
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By the Dominated convergence Theorem we get

(4.53) lim
εÑ0`

Iε

ε
“ 2xQpt0, sqApt0q‹h, hyX .

Since we can compute with similar arguments the right derivative, (4.51) follows. (4.52)is an
immediate consequence of the Fundamental Theorem of Calculus.

Theorem 4.2.16. Assume that Hypothesis 4.2.1 holds true. For every ps, tq P ∆ and φ P B2
t pXq

we have

Ps,tφ P B2
spXq,(4.54)

B

Bs
Ps,tφpxq “ ´LpsqPs,tφpxq, x P X,(4.55)

B

Bt
Ps,tφpxq “ Ps,tLptqφpxq, x P X.(4.56)

In addition, if φ P EtpXq then, for every x P X the function s Ñ B
BsPs,tφpxq “ LpsqPs,tφpxq is

continuous from p´8, ts in R.

Proof. We start by proving the statements of the theorem for φphq defined by (4.26) with
h P DpAptq‹q. Lemmas 4.2.13 and 4.2.15 yield (4.55) and (4.56). Moreover, by Hypothesis 4.2.1
and (4.47) we deduce that the function s Ñ LpsqPs,tφ

phqpxq is continuous from p´8, ts in R.
Now we consider φ P EtpXq. The statements of the theorem hold true for such φ, since by
definition, φ is a linear combination of real and imaginary parts of functions φphiq defined by
(4.26) with hi P DpAptq˚q and i “ 1, . . . n for some n P N.

Let us now prove the statements for φ P B2
t pXq, in which case

φpxq :“ ψpIt
nP

t
nxq, x P X,

where n P N, ψ P AP 2pRnq and the operators Ir
n and P r

n are defined in (4.38) and (4.39),
respectively. Let tφkukPN Ď EtpXq be the approximation built in the proof of Proposition 4.2.10,
namely

φkpxq :“ ψkpIt
nP

t
nxq, x P X,

where ψk P TrigpRnq. We recall that since ψk P TrigpRnq then φk P EtpXq, for every k P N (see
(4.40)). Let h P Rn we set

Φphqpξq “ exh,ξyRn , ξ P Rn.

So by (4.40) and (4.46) we have

Ps,tΦphqpIt
nP

r
nxq “ e´ 1

2 xQpt,sqh,hyXeixx,Upt,sq
‹It

n
‹
hyX , x P X.

Recalling that It
n

‹
h P DpAptq‹q and that Upt, sq‹pDpAptq‹qq Ď DpApsq‹q, for every k P N we

deduce
Ps,tφk P EspXq,

so by the first part of this proof for every k P N we have
B

Bs
Ps,tφkpxq “ ´LpsqPs,tφkpxq, x P X,(4.57)

B

Bt
Ps,tφkpxq “ Ps,tLptqφkpxq, x P X.(4.58)

So by (4.36) letting k Ñ `8 in (4.57) and (4.58) we obtain (4.55) and (4.56), respectively.
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Remark 4.2.17. Let x P X and s ě 0. We consider the stochastic partial differential equation

(4.59)
#

dZptq “ AptqZptqdt`BptqdW ptq, t ą s,

Zpsq “ x,

where the operators Aptq satisfies Hypothesis 4.2.1 and tW ptqutě0 is a X-cylindrical Wiener
process. We assume that, for every s ě 0 and x P X, (4.59) has a unique mild solution to (4.59)
having continuous trajectories, namely a X-valued stochastic process tZspt, xqutěs such that

(4.60) Zspt, xq “ Upt, sqx`

ż t

s

Upt, rqBprqdW prq, t ą s, P´a.s,

where Upt, sq is the evolution operator assocuiated to Aptq. We note that by Hypothesis 4.2.1
the first term in the right-hand side of (4.60) is well defined, instead additional assumptions are
needed to ensure that the stochastic convolution

"
ż t

s

Upt, rqBprqdW prq

*

těs

is a X-valued stochastic process having continuous trajectories, see for instance [Sei93; DIT82;
VZ08]. Under such assumptions tPs,tu0ďsďt is the Markov evolution operator associated to (4.59).
In this framework one could expect to derive formulas (4.55) and (4.56) via the Itô formula. We
discuss some different cases.

1. If X “ Rn, then the calculations are standard since (4.60) is a strong solution to (4.59),
namely for every s ě 0, x P X and t ě s

(4.61) Zspt, xq “ x`

ż t

s

AprqZpr, xqdr `

ż t

s

BprqdW prq,

see e.g. [Bal17].

2. If for every r ě 0 Aprq and Bprq are diagonal operators with respect to the same Hilbert
basis tekukPN of X, then we can consider the time independent cylindrical functions φ
defined by

(4.62) φpxq “ ψpPnxq, x P X,

where ψ P C2
b pRn;Rq, Pn is the orthogonal projection on spante1, . . . , enu and n P N. In this

case, for every s ě 0 and x P X the process tPnZspt, xqutąs is the unique strong solution of
the following finite dimensional approximation of (4.59)

(4.63)
#

dZnptq “ PnAptqPnZnptqdt` PnBptqPndW ptq, t ą s

Znpsq “ x.

In view of 1. we can deduce formulas (4.55) and (4.56) for cylindrical functions of the type
(4.62) tracing back to the finite-dimensional case.

3. In the general case a natural idea is to replace the finite dimensional approximations by
suitable Yosida approximations at least in the case DpAptqq “ DpAp0qq for t ě 0. However
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this has not been performed up to now to prove (4.55) and (4.56). Indeed it has to be
proved that the sequence tUnpt, squnPN given by the Yosida approxiamations converges to
Upt, sq in a suitable sense. If the domains vary with time and

č

rě0
DpAprqq is not dense in

X, there are no results in this direction.

Taking into account the above considerations, we preferred to avoid the use of the Itô formula
by proposing a more direct procedure, in the same spirit of [DZ14, Prop. 3.19] in the autonomous
case.
Remark 4.2.18. In the autonomous case, where Ps,t “ P0,t´s is a semigroup, formulas similar to
(4.55) and (4.56) are known for suitable functions φ accordingly to the theory of weakly continuous
semigroups (see [Cer94; Lun22; Pri99]). Currently in the non-autonomous case there is no similar
theory that can be exploited. We remark that we cannot use the abstract results on evolution
operators of [AT87; Tan79], since the family of realizations of the operators tLprqurPR in spaces
of bounded and continuous functions from X to R does not satisfy their assumptions. If X “ Rn,
then (4.56) and (4.55) were proven in [KLL10] for smooth functions with compact support, but
in infinite dimension compactly supported functions are not relevant and must be replaced by
other classes of functions such as EtpXq defined in (4.27), which is dense in LppX, γq for every
p P p1,`8q and for every Borel probability measure γ in X. Moreover, such spaces depend
explicitly on t, so it is not possible to use a technique similar to the one presented in [KLL10] to
prove (4.56) and (4.55).

The following proposition is a technical result needed to prove Theorem 5.2.2.

Proposition 4.2.19. Assume that Hypothesis 4.2.1 holds true. Let I Ď R be an open interval
and g P C3

b pI;Rq. Let ps, tq P ∆ and let φ P B2
t pXq be a function taking values in I. For every

x P X the function r Ñ Ps,rpgpPr,tφqqpxq is differentiable from ps, tq to R and

B

Br
Ps,rpgpPr,tφqqpxq “ Ps,r

`

´g1pPr,tφqLprqPr,tφ
˘

pxq ` Ps,r pLprqgpPr,tφqq pxq.(4.64)

Proof. Let ps, tq P ∆ and φ P EtpXq. We start by proving that (4.64) holds true for such a φ. We
set

ψpr, xq :“ gpPr,tφpxqq, r P rs, ts, x P X.

Since g is continuously differentiable, by Theorem 4.2.16, for every x P X the function r Ñ ψpr, xq

is continuously differentiable from rs, ts to R and

(4.65) B

Br
ψpr, xq “ ´g1pPr,tφpxqqLprqPr,tqφpxq.

Fix r P ps, tq and x P X. For every v P ps´ r, t´ rq we have

Ps,r`vrψpr ` v, ¨qspxq ´ Ps,rrψpr, ¨qspxq

v
“
Ps,r`vrψpr, ¨qspxq ´ Ps,rrψpr, ¨qspxq

v

`
Ps,r`vrψpr ` v, ¨q ´ ψpr, ¨qspxq

v
.

Since g P C2pI;Rq then ψpσ, ¨q P B2
σpXq, for every σ P ps, tq. By (4.56) we know that

lim
vÑ0

Ps,r`vrψpr, ¨qspxq ´ Ps,rrψpr, ¨qspxq

v
“ Ps,rrLprqψpr, ¨qspxq.
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We only have to prove that

(4.66) lim
vÑ0

Ps,r`vrψpr ` v, ¨q ´ ψpr, ¨qspxq

v
“ Ps,r

„

B

Br
ψpr, ¨q

ȷ

pxq.

We note that∣∣∣∣Ps,r`vrψpr ` v, ¨q ´ ψpr, ¨qspxq

v
´ Ps,r

„

B

Br
ψpr, ¨q

ȷ

pxq

∣∣∣∣ ď I1pvq ` I2pvq

where

I1pvq “ Ps,r`v

„
∣∣∣∣ψpr ` v, ¨q ´ ψpr, ¨q

v
´

B

Br
ψpr, ¨q

∣∣∣∣ȷ pxq,(4.67)

I2pvq “

∣∣∣∣Ps,r`v

„

B

Br
ψpr, ¨q

ȷ

pxq ´ Ps,r

„

B

Br
ψpr, ¨q

ȷ

pxq

∣∣∣∣ .
By (4.50), (4.65) and Remark 4.1.1 we get

lim
vÑ0

I2pvq “ 0.

Hence if

(4.68) lim
vÑ0

I1pvq “ 0,

then (4.64) follows. By Theorem 4.2.16, for every y P X the function ψp¨, yq P R is continuously
differentiable, so that∣∣∣∣ψpr ` v, yq ´ ψpr, yq

v
´

B

Br
ψpr, yq

∣∣∣∣ ď
1
v

ż r`v

r

∣∣∣∣ B

Br
ψpσ, yq ´

B

Br
ψpr, yq

∣∣∣∣ dσ.(4.69)

By (4.65), for every σ P rr ` 0 ^ v, r ` 0 _ vs we get∣∣∣∣ B

Br
ψpσ, yq ´

B

Br
ψpr, yq

∣∣∣∣ “
∣∣g1pPσ,tφpyqqLpσqPσ,tφpyq ´ g1pPr,tφpyqqLprqPr,tφpyq

∣∣
ď ∥g∥C2

b
pI;Rq |LprqPr,tφpyq| |Pσ,tφpyq ´ Pr,tφpyq|

` ∥g∥C2
b

pI;Rq |LpσqPσ,tφpyq ´ LprqPr,tφpyq| .

By (4.50), there exists K ą 0 independent of r and y such that∣∣∣∣ B

Br
ψpσ, yq ´

B

Br
ψpr, yq

∣∣∣∣ ď Kp1 ` ∥x∥XqR1pσq `KR2pσq,(4.70)

where

R1pσq :“ |Pσ,tφpyq ´ Pr,tφpyq|
R2pσq :“ |LpσqpPσ,tφp¨qqpyq ´ LprqpPr,tφp¨qqpyq| .
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We begin to estimate R1 and R2 with φ replaced by φphq defined by (4.26) with h P DpAptq‹q.
By (4.46)∣∣∣Pσ,tφ

phqpyq ´ Pr,tφ
phqpyq

∣∣∣ “

∣∣∣e´ 1
2 xQpt,σqh,hyXeixy,Upt,σqy

‹
X h ´ e´ 1

2 xQpt,rqh,hyXeixx,Upt,rq
‹hyX

∣∣∣
ď

∣∣∣eixy,Upt,σq
‹hyX

∣∣∣ ∣∣∣e´ 1
2 xQpt,σqh,hyX ´ e´ 1

2 xQpt,rqh,hyX

∣∣∣
`

∣∣∣e´ 1
2 xQpt,rqh,hyX

∣∣∣ ∣∣∣eixy,Upt,σq
‹hyX

∣∣∣ ∣∣∣eixy,pUpt,rq
‹

´Upt,σq
‹

qhyX ´ 1
∣∣∣ ,

recalling that Qpt, rq is a non-negative operator and
∣∣eiλ ´ 1

∣∣ ď |λ|, we have∣∣∣Pσ,tφ
phqpyq ´ Pr,tφ

phqpyq

∣∣∣ ď

∣∣∣e´ 1
2 xQpt,σqh,hyX ´ e´ 1

2 xQpt,rqh,hyX

∣∣∣
` ∥y∥X ∥pUpt, rq‹ ´ Upt, σq‹qh∥X ,(4.71)

By (4.47)

|LpσqpPσ,tφ
phq

p¨qqpyq ´ LprqpPr,tφ
phq

p¨qqpyq|

ď
∣∣Pσ,tφ

phq
pyq

∣∣ |ixy, pApσq
‹Upt, σq

‹h´Aprq
‹Upt, rq

‹
qhyX |

`
1
2

∣∣Pσ,tφ
phq

pyq
∣∣ ∣∣∣∣∥∥∥Q pσq

1
2 Upt, σq

‹h

∥∥∥2

X
´

∥∥∥Q prq
1
2 Upt, rq

‹h

∥∥∥2

X

∣∣∣∣
`

∣∣∣∣ixy,Aprq
‹Upt, rq

‹hyX ´
1
2

∥∥∥Q prq
1
2 Upt, rq

‹h

∥∥∥2

X

∣∣∣∣ ∣∣Pσ,tφ
phq

pyq ´ Pr,tφ
phq

pyq
∣∣ ,

and by Hypothesis 4.2.1 and (4.71) we have

|LpσqpPσ,tφ
phqp¨qqpyq ´ LprqpPr,tφ

phqp¨qqpyq| ď ∥y∥X ∥pApσq‹Upt, σq‹h´Aprq‹Upt, rq‹qh∥X

`

∣∣∣∣∥∥∥Q pσq
1
2 Upt, σq‹h

∥∥∥2

X
´

∥∥∥Q pσq
1
2 Upt, rq‹h

∥∥∥2

X

∣∣∣∣
` Cp1 ` ∥y∥Xq

∣∣∣e´ 1
2 xQpt,σqh,hyX ´ e´ 1

2 xQpt,rqh,hyX

∣∣∣
` Cp1 ` ∥y∥Xq ∥y∥X ∥pUpt, σq‹ ´ Upt, rq‹qh∥X ,(4.72)

for some constant C :“ Cs,t ą 0. Now we can estimate R1 and R2. By definition, φ is a linear
combination of real and imaginary parts of functions φphiq defined by (4.26) with hi P DpAptq˚q

and i “ 1, . . . n for some n P N. Hence by (4.71) and (4.72)

R1pσq ď C1p1 ` ∥y∥Xq

n
ÿ

i“1

∣∣∣e´ 1
2 xQpt,σqhi,hiyX ´ e´ 1

2 xQpt,rqhi,hiyX

∣∣∣ ` ∥pUpt, rq
‹

´ Upt, σq
‹
qhi∥X(4.73)

R2pσq ď C2p1 ` ∥y∥2
Xq

n
ÿ

i“1

ρipσq(4.74)

where C1 and C2 are two positive constants and

ρipσq :“ ∥pApσ0q‹Upt, σq‹ ´Aprq‹Upt, rq‹qhi∥X `

∣∣∣e´ 1
2 xQpt,σqhi,hiyX ´ e´ 1

2 xQpt,rqhi,hiyX

∣∣∣
` ∥pUpt, σq‹ ´ Upt, rq‹qhi∥X `

∣∣∣∣∥∥∥Q pσq
1
2 Upt, σq‹hi

∥∥∥2

X
´

∥∥∥Q pσq
1
2 Upt, rq‹hi

∥∥∥2

X

∣∣∣∣ .
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By (4.70), (4.73), (4.74) for every σ P rr ` 0 ^ v, r ` 0 _ vs and y P X we have∣∣∣∣ B

Br
ψpσ, yq ´

B

Br
ψpr, yq

∣∣∣∣ ď Mp1 ` ∥y∥2
Xqρpσq(4.75)

where M :“ Ms,t is a positive constant and

ρpσq :“
n
ÿ

i“1
ρipσq.

Using (4.75) in (4.69) we get∣∣∣∣ψpr ` v, yq ´ ψpr, yq

v
´

B

Br
ψpr, yq

∣∣∣∣ ď Mp1 ` ∥y∥2
Xq

1
v

ż r`v

r

ρpσqdσ.(4.76)

Now exploiting (4.76) in (4.67), by (4.13) we get

I1pvq ď K
1
v

ż r`v

r

ρpσqdσ.

where K “ M r1 ` suplPrs,ts Ps,lp∥¨∥2
Xqpxqs. By Hypothesis 4.2.1 the function σ Ñ ρpσq is

continuous from rr ` 0 ^ v, r ` 0 _ vs to R and ρprq “ 0, so by the integral mean value theorem
(4.68) is verified and (4.64) holds true.

Now let φ P B2
t pXq. By Proposition (4.2.10) there exists tφkukPN Ď EtpXq such that

lim
kÑ`8

∥φk ´ φ∥C2
b

pXq “ 0,

hence we get

(4.77) lim
kÑ`8

sup
rPrs,ts

∥Pr,tφk ´ Pr,tφ∥C2
b

pXq
“ 0.

Since g P C3
b pI;Rq and I is open, by (4.77) we get

(4.78) lim
kÑ`8

sup
rPrs,ts

∥gpPr,tφkq ´ gpPr,tφq∥C2
b

pXq
“ 0.

By the first part of this proof, for every k P N and x P X we have

B

Br
Ps,rpgpPr,tφkp¨qqqpxq “ Ps,r

`

´g1pPr,tφkp¨qqLprqPr,tφkp¨q
˘

pxq ` Ps,r pLprqgpPr,tφkp¨qqq pxq.

(4.79)

By (4.54), for every r P ps, tq the function x Ñ gpPr,tφpxqq belongs to B2
rpXq and so, by (4.31),

(4.36), (4.78) and (4.79) we obtain the statement letting k Ñ `8 in (4.79).
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Chapter 5

The Ornstein-Uhlenbeck evolution
operator in Lp spaces with respect
to evolution systems of measures

We consider the Ornstein-Uhlenbeck evolution operator given by 4.1 and we extend it as a
bounded operator between suitable Lp spaces. We recall that in the autonomous case, Ps,t “ P0,t´s

is a semigroup and it is usually settled in Lebesgue spaces with respect to its invariant measure,
that exists and is unique under suitable assumptions.

In the non autonomous case a single invariant measure does not exist in general, being replaced
by evolution systems of measures, namely families of Borel probability measures tγrurPR in X
such that

ż

X

Ps,tφpxqγspdxq “

ż

X

φpxqγtpdxq,

for every s ă t and for every bounded and continuous φ : X Ñ R. So, an obviuous difficulty
arises, namely the spaces LppX, γrq depend explicitly on r and we cannot set our problem in a
fixed Lp space.

In Section 5.1 we provide conditions that guarantee existence of an evolution system of
measures tγrurPR where γr is a Gaussian measure with mean zero and it satisfies

lim
sÑ´8

Ps,tφpxq “

ż

X

φpyq γtpdyq, t P R, x P X,

for every bounded and continuous function φ : X Ñ R. Such results are already contained
in [OR16a] (see also [GL08] [DR08] for the case X “ Rn), however we give the proofs for the
convenience of the readers.

As in the finite dimensional setting, if an evolution system of measures tγrurPR exists, then it
is possible to extend each operator Ps,t to a linear bounded operator from LppX, γtq to LppX, γsq,
denoted by P

ppq

s,t , for every p ě 1. Such operators are consistent, i.e. for every s ă t and
f P LppX, γtq X LqpX, γtq it holds P ppq

s,t f “ P
pqq

s,t f . For this reason, we omit the index p if no
confusion can arise, and we denote them by Ps,t.
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In Section 5.2, for the Gaussian evolution system of measures constructed in Section 5.1, we
prove a family of logarithmic Sobolev inequalities,

(5.1)
ż

X

|φ|p log p|φ|pq dγt ď mtp|φ|pq log pmt p|φ|pqq ` κp2
ż

X

|φ|p´2
∥∥∥Q ptq

1
2 ∇φ

∥∥∥2
1tφ‰0udγt.

where φ P C1
b pXq, t P R, p P p1,`8q, mtpφq :“

ż

X

φdνt and κ is an explicit positive constant
(see Theorem 5.2.2).

Exploiting (5.1) we prove a hypercontractivity result for tPs,tups,tqP∆, namely for every
ps, tq P ∆, q ą 1 and p ď cps, t, qq :“ pq ´ 1qe

t´s
2κ ` 1 we have

(5.2) ∥Ps,tφ∥LppX, γsq
ď ∥φ∥LqpX, γtq , φ P LqpX, γtq,

where κ is the constant appearing in (5.1) and we still denote by Ps,t the extension of Ps,t from
LgpX, γtq to LgpX, γsq for every g ą 1. We stress that cps, t, qq is the non autonomous version of
the optimal constant in the autonomous case, see Remark 5.3.10.

Finally in Section 5.3 we present different examples of tPs,tups,tqP∆ that verify our assumptions.
In our most significant example, Aprq is the realization of a negative second order elliptic
differential operator inX “ L2pOq with Dirichlet or Robin boundary conditions and smooth enough
coefficients; O is a bounded open smooth subset of Rd. tUpt, squ

ps,tqP∆ is the evolution operator
associated to tAprqurPR according to Acquistapace-Terreni [Acq88; AT87] and Bprq :“ p´Aprqq´γ

with γ ě 0.

5.1 Evolution systems of measures

In this section we will investigate existence of an evolution system of measures for tPs,tups,tqP∆.

Definition 5.1.1. An evolution system of measures for tPs,tups,tqP∆ is a family of Borel probability
measures tνrurPR such that

(5.3)
ż

X

Ps,tφpxqνspdxq “

ż

X

φpxqνtpdxq, s ď t, φ P CbpXq.

First of all we prove the following useful characterization of evolution system of measures.

Proposition 5.1.2. Assume that Hypothesis 4.0.1 holds true. Then tνrurPR is an evolution
system of measures for tPs,tups,tqP∆ if and only if

(5.4) ν
Ź

tphq “ e´ 1
2 xQpt,sqh,hyXν

Ź

spUpt, sq‹hq, s ď t.

Proof. Let h P X and let s ď t. If tνrurPR is an evolution system of measures for tPs,tups,tqP∆,
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then we have

ν
Ź

tphq “

ż

X

eixh,xyX νtpdxq “

ż

X

Ps,tpe
ixh,¨yX qpxq νspdxq

“

ż

X

ż

X

eixh,yyX NUpt,sqx,Qpt,sqpdyqνspdxq “

ż

X

N
Ź

Upt,sqx,Qpt,sqphqνspdxq

“

ż

X

eixh,Upt,sqxyXe´ 1
2 xQpt,sqh,hyXνspdxq “ e´ 1

2 xQpt,sqh,hyX

ż

X

eixh,Upt,sqxyX νspdxq

“ e´ 1
2 xQpt,sqh,hyXν

Ź

spUpt, sq‹hq,

and (5.4) holds.
Conversely, we assume that (5.4) holds true. Given h P X, we first show that (5.3) holds for

φpxq “ eixh,xyX , x P X. If s ď t, we have by definition

(5.5) ν
Ź

tphq “

ż

X

eixh,xyX νtpdxq,

and by (5.4) we have

ν
Ź

tphq “ e´ 1
2 xQpt,sqh,hyXν

Ź

spUpt, sq‹hq “ e´ 1
2 xQpt,sqh,hyX

ż

X

eixh,Upt,sqxyX νspdxq

“

ż

X

eixh,Upt,sqxyXe´ 1
2 xQpt,sqh,hyXνspdxq

“

ż

X

ż

X

eixh,yyX NUpt,sqx,Qpt,sqpdyqνspdxq “

ż

X

N
Ź

Upt,sqx,Qpt,sqphqνspdxq

“

ż

X

Ps,tpe
ixh,¨yX qpxq νspdxq.(5.6)

By (5.5) and (5.6), (5.3) holds for φpxq “ eixh,xyX .
If φ P CbpXq by Proposition 4.2.11 there exist a 2-sequence tφn,mun,mPN Ď ErpXq, tφnunPN Ď

FrCbpXq and tcnunPN Ď r0,`8q such that

∥φn,m∥CbpXq
ď cn ∥φn∥CbpXq , n,m P N,(5.7)

∥φn∥CbpXq ď ∥φ∥CbpXq , n P N,(5.8)
lim

mÑ`8
|φn,mpxq ´ φnpxq| “ 0, n P N, x P X,(5.9)

lim
nÑ`8

|φnpxq ´ φpxq| “ 0, x P X.(5.10)

Of course φn,m satisfies (5.3) for every n,m P N. To prove that φ satisfies (5.3) we apply two
times the dominated convergence theorem: the first time as m Ñ `8 thanks to (5.7) and (5.9)
and the second as n Ñ `8 thanks to (5.8) and (5.10).

Remark 5.1.3. We consider the problem

(5.11)

$

&

%

Bu

Bt
pt, xq “ Aptqupt, ¨qpxq, s ă t

ups, xq “ y P X
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whose corresponding transition evolution operator tVs,tups,tqP∆ is given by

(5.12) Vs,tφpxq “ φpUpt, sqxq, φ P CbpXq, x P X, s ď t.

In this case (5.3) reads as

(5.13)
ż

X

φpUpt, sqxqµspdxq “

ż

X

φpxqµtpdxq, s ď t

and by Proposition 5.1.2 tµrurPR is an evolution system of measures for tVs,tups,tqP∆ if and only if

(5.14) µ
Ź

tphq “ µ
Ź

spUpt, sq‹hq, s ď t, h P X.

We recall the infinite dimensional version of the Bochner theorem for the characteristic
functions of Borel probability measures in separable Hilbert spaces (see [DZ14, Thm 2.27 pag.
61]).

Theorem 5.1.4 (Bochner). Let X be a real separable Hilbert space and let φ : X ÝÑ C. φ is the
characteristic function of a probability measure µ on pX,BpXqq if and only if

(1) φ is continuous and φp0q “ 1,

(2) φ is a positive definite function, namely for every k P N and every choice of x1, ..., xk P X
and c1, .., ck P C we have

(5.15)
k
ÿ

i,j“1
cicjφpxi ´ xjq ě 0,

(3) for every ε ą 0 there exists a non-negative nuclear operator Sε such that

(5.16) 1 ´ Reφpxq ď ε,

for all x P X satisfying xSεx, xyX ď 1.

Remark 5.1.5. Condition (3) is related to the continuity with respect to the Sazonov topology
that is relevant in our setting (see [Bog07, Thm 7.13.7]). If X “ Rn then condition (3) is verified
and Theorem 5.1.4 is the Bochner Theorem (see [Bog07, Thm. 7.13.1]).

Theorem 5.1.6. Assume that Hypothesis 4.0.1 holds true. If for every t P R

(5.17) sup
săt

rTr rQpt, sqss ă `8

then the operator

Qpt,´8q :“
ż t

´8

Upt, rqQprqUpt, rq‹dr

is well defined and it has finite trace for every t P R . The family of measures t γtutPR given by

(5.18) γt :“ N0,Qpt,´8q, t P R,

is an evolution system of measures for tPs,tups,tqP∆.
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Moreover tνtutPR is an evolution system of measures for tPs,tups,tqP∆ if and only if

νt “ γt ‹ µt, t P R,

where tµtutPR is an evolution system of measures for tVs,tups,tqP∆ and tVs,tups,tqP∆ is given by
(5.12)

Proof. By Proposition 1.4.11 Qpt,´8q is well defined and it belongs to L`
1 pXq. Now we show

that the measures γt satisfy (5.4). Let s ď t and h P X, then

Upt, sqQps,´8qUpt, sq‹h “

ż s

´8

Upt, sqUps, rqQprqU‹ps, rqUpt, sq‹h dr

“

ż s

´8

Upt, rqQprqUpt, rq‹h dr “ Qpt,´8qh´Qpt, sqh.

Moreover

γ
Ź

tphq “ e´ 1
2 xQpt,´8qh,hyX

γ
Ź

tpUpt, sq‹hq “ e´ 1
2 xQps,´8qUpt,sq

‹h,Upt,sq
‹hyX .

Therefore, we have

xQps,´8qUpt, sq‹h, Upt, sq‹hyX “ xUpt, sqQps,´8qUpt, sq‹h, hyX

“ xQpt,´8qh´Qpt, sqh, hyX .(5.19)

Hence, we get

(5.20) γ
Ź

spUpt, sq‹hq “ eixgpt,´8q´gpt,sq,hyXe´ 1
2 xQpt,´8qh,hyXe

1
2 xQpt,sqh,hyX

and

(5.21) γ
Ź

tphq “ e´ 1
2 xQpt,sqh,hyXγs

Ź

pUpt, sq‹hq.

Now we prove the last statement. Let tµtutPR be an evolution system of measures for Vs,t, we set
νt “ γt ‹µt and we show that tνtutPR is an evolution system of measures for Ps,t, namely we show
that for all νt satisfies (5.4) for all t P R. Let t P R and h P X, then for every s ď t by (5.19) we
have

ν
Ź

tphq “ γ
Ź

tphqµ
Ź

tphq “ e´ 1
2 xQpt,´8qh,hyXµ

Ź

spUpt, sq‹hq

“ e´ 1
2 xQpt,sqh,hyXe´ 1

2 xQps,´8qUpt,sq
‹h,Upt,sq

‹hyXµ
Ź

spUpt, sq‹hq

“ e´ 1
2 xQpt,sqh,hyXν

Ź

spUpt, sq‹hq.

Conversely, if tνtutPR is an evolution system of measures for Ps,t, then

(5.22) ν
Ź

tphq “ e´ 1
2 xQpt,sqh,hyXν

Ź

spUpt, sq‹hq, h P X, s ď t.

We set

(5.23) ψtphq “ lim
sÑ´8

ν
Ź

spUpt, sq‹hq “ e
1
2 xQpt,´8qh,hyXν

Ź

tphq,

and so

(5.24) ν
Ź

tphq “ e´ 1
2 xQpt,´8qh,hyX lim

sÑ´8
ν
Ź

spUpt, sq‹hq “ γ
Ź

tphqψtphq.

To conclude the proof is sufficient to show that
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(a) for all t P R, ψt is the characteristic function of a Borel probability measure µt;

(b) the family tµtutPR is an evolution system of measure for Vs,t.

To prove (a), we note first that e´ixgpt,´8q,hyXν
Ź

tphq is the characteristic function of the measure
ζt :“ δgpt,´8q ‹ νt . Then, we apply Theorem 5.1.4 to ζt and we obtain that

1. ζ
Ź

tp0q “ 1,

2. ζ
Ź

t is positive definite,

3. for every ε ą 0 there exists a non-negative nuclear operator Sε such that

(5.25) 1 ´ Re ζ
Ź

tphq ď ε,

for all h P X satisfying xSεh, hyX ď 1.

Since
ψtphq “

ν
Ź

tphq

γ
Ź

tphq
“ e

1
2 xQpt,´8qh,hyX ζ

Ź

tphq, h P X,

then ψtp0q “ 1, ψt is positive definite and

(5.26) 1 ´ Reψtphq ď 1 ´ Re ζ
Ź

tphq ď ε,

for all h P X satisfying xSεh, hyX ď 1. Hence, by theorem 5.1.4 for all t P R there exists a Borel
probability measure µt such that µ

Ź

t ” ψt and for all h P X we get

µ
Ź

spUpt, sq‹hq “ ψspUpt, sq‹hq “ lim
σÑ´8

ν
Ź

rpUps, σq‹Upt, sq‹hq

“ lim
σÑ´8

ν
Ź

rpUpt, σq‹hq “ µ
Ź

tphq.

Hence tµtutPR is an evolution system of measure for Vs,t and the statement follows.

Theorem 5.1.7. Assume that Hypothesis 4.0.1 holds true. If for every t P R

sup
săt

rTr rQpt, sqss ă `8

and for every t P R and x P X

(5.27) lim
sÑ´8

Upt, sqx “ 0,

then for every f P CbpXq we have

(5.28) lim
sÑ´8

Ps,tfpxq “ mtpfq :“
ż

X

fpyq γtpdyq, t P R, x P X.

where tγtutPR is the evolution system of measures for tPs,tups,tqP∆ given by (5.18).

Proof. The statement follows from [Bog98, Example 3.8.15 page 135] since Upt, sqx
sÑ´8

ÝÝÝÝÑ 0 in
X and Qpt, sq

sÑ´8
ÝÝÝÝÑ Qpt,´8q in L1pXq.
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Remark 5.1.8. We note that if tUpt, squ
ps,tqP∆ verifies (4.5) with ζ ą 0 then it verifies (5.27) and

by [OR16a, Cor. 4.12] tγtutPR is the unique evolution system of measures uniformly tight for
tPs,tups,tqP∆. Moreover, if (5.27) does not hold then there may exist many evolution systems of
measures for Ps,t , see Remark 5.3.8.

Corollary 5.1.9. Assume that Hypothesis 4.0.1 holds true. If for every t P R

sup
săt

rTr rQpt, sqss ă `8

and for every t P R and x P X
lim

sÑ´8
Upt, sqx “ 0,

then for every φ P CbpXq with strictly positive infimum and t P R we have

(5.29) lim
sÑ´8

ż

X

Ps,tφpxq logPs,tφpxqγtpdyq “ mtpφq logmtpφq.

Proof. Let φ P CbpXq have strictly positive infimum. Then Ps,tφ belongs to CbpXq and has
positive infimum. Since the mapping y ÞÝÑ y log y is 1

2 - Hölder continuous on bounded sets of
p0,`8q, we get ∣∣∣∣ż

X

Ps,tφpxq logPs,tφpxq γtpdyq ´mtpφq logmtpφq

∣∣∣∣
“

∣∣∣∣ż
X

pPs,tφpxq logPs,tφpxq ´mtpφq logmtpφqq γtpdyq

∣∣∣∣
ď C

ż

X

|Ps,tφpxq ´mtpφq|
1
2 γtpdyq,

for some constant C ą 0. By the Dominated Convergence Theorem and (5.28) the statement
follows.

5.2 Logarithmic Sobolev inequalities and the hypercontrac-
tivity property of Ps,t

In this Section we need all the results proved in the previous sections, so we assume the
following hypothesis.

Hypothesis 5.2.1. Assume that Hypothesis 4.2.1 holds true and that (5.17) and (5.27) are
satisfied.

Let tγtutPR be the evolution system of measures for tPs,tups,tqP∆ given by (5.18).
Now we can prove one of the main result of this chapter.

Theorem 5.2.2. Assume that Hypothesis 5.2.1 holds true. Moreover we assume that Upt, sqHs Ď

Ht for every ps, tq P ∆ and that there exist C, η ą 0 and α P

„

0, 1
2

˙

such that

(5.30)
∥∥Upt, sq|Hs

∥∥
LpHs;Htq

ď C
e´ηpt´sq

pt´ sqα
, @ ps, tq P ∆.
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Then, for every φ P C1
b pXq, t P R and p P p1,`8q we have

(5.31)
ż

X

|φ|p log p|φ|pq dγt ´mtp|φ|pq log pmt p|φ|pqq ď κp2
ż

X

|φ|p´2
∥∥∥Q ptq

1
2 ∇φ

∥∥∥2

X
1tφ‰0udγt.

where

(5.32) κ “ Cp2ηq2α´1Γp1 ´ 2αq,

and Γ is the Euler Gamma function.

Proof. Let p P p1,`8q and r P R. We prove first that (5.31) holds for φ P B2
t pXq such that

inf
xPX

φpxq ą ε for some ε ą 0. Let ps, tq P ∆ and s ă r ă t; we define a mapping ψ : rs, ts ˆX Ñ R
by

ψpr, xq :“ Pr,tφ
ppxq.(5.33)

By (4.54), ψpr, ¨q P B2
rpXq for every r P rs, ts and

(5.34) inf
rPrs,ts

inf
xPX

ψpr, xq ą εp,

and thanks to (4.55) we get
Bψ

Br
pr, xq “ ´Lprqψpr, ¨qpxq, r P rs, ts, x P X.(5.35)

Now we consider the function G : rs, ts Ñ R defined by

Gprq :“
ż

X

ψpr, xq logpψpr, xqq γrpdxq “

ż

X

Ps,r pψpr, ¨q logpψpr, ¨qqq pxq γspdxq.

We claim that
B

Br
Gprq “

ż

X

B

Br
Ps,r pψpr, ¨q logpψpr, ¨qqq pxq γspdxq.(5.36)

To prove (5.36)we argue as follows.
Since ψpr, ¨q P B2

rpXq has positive infimum independent of r P rs, ts, then logpψpr, ¨qq P B2
rpXq

for every r P rs, ts. Hence by (4.64), with gpξq “ ξ log ξ where ξ P

ˆ

εp

2 , 2 ∥φ∥p
8

˙

, we get
ż

X

B

Br
Ps,r pψpr, ¨q logpψpr, ¨qqq pxq γspdxq “

ż

X

Lprq pψpr, ¨q logpψpr, ¨qqq pxq γrpdxq

´

ż

X

Lprqψpr, ¨qpxq logpψpr, xqq γrpdxq

´

ż

X

Lprqψpr, ¨qpxq γrpdxq.(5.37)

Let ∇ be the gradient with respect to the variable x. By (4.30) and (4.31), for every r P rs, ts
and F,Ψ,Φ P FrC

2
b pXq with F having positive infimum we have

LprqpΦΨq “ ΦLprqΨ ` ΨLprqΦ ` xQ prq
1
2 ∇Φ, Q prq

1
2 ∇ΨyX ,(5.38)

LprqplogF q “
1
F
LprqF ´

1
2

∥∥∥Q prq
1
2 ∇F

∥∥∥2

X

F 2 .(5.39)

88



Using (5.38) in (5.37) we obtain

ż

X

B

Br
Ps,r pψpr, ¨q logpψpr, ¨qqq pxq γspdxq “ ´

ż

X

Lprqψpr, ¨qpxq logpψpr, xqq γrpdxq

´

ż

X

Lprqψpr, ¨qpxq γrpdxq `

ż

X

logψpr, xqLprqψpr, ¨qpxq γrpdxq

`

ż

X

ψpr, xqLprq logpψpr, ¨qqpxq γrpdxq `

ż

X

xQ prq
1
2 ∇ψpr, xq, Q prq

1
2 ∇ logψpr, xqyX γrpdxq.

Hence by (5.39) we have

ż

X

B

Br
Ps,r pψpr, ¨q logpψpr, ¨qqq pxq γspdxq “

ż

X

¨

˚

˝

∥∥∥Q prq
1
2 ∇ψpr, xq

∥∥∥2

ψpr, xq
´

1
2

∥∥∥Q prq
1
2 ∇ψpr, xq

∥∥∥2

ψ2pr, xq

˛

‹

‚

γrpdxq.

(5.40)

We prove now that (5.36) follows from the dominated convergence theorem. Indeed we rewrite
(5.40) as

ż

X

B

Br
Ps,r pψpr, ¨q logpψpr, ¨qqq pxq γspdxq “

ż

X

Ps,r

¨

˚

˝

∥∥∥Q prq
1
2 ∇ψpr, ¨q

∥∥∥2

ψpr, ¨q
´

1
2

∥∥∥Q prq
1
2 ∇ψpr, ¨q

∥∥∥2

ψ2pr, ¨q

˛

‹

‚

pxq γspdxq.

(5.41)

We recall that as an easy consequence of [CL21, Lemma 2.4], for all h P C1
b pXq we have

(5.42) ∇Ps,thpxq “

ż

X

Upt, sq‹∇hpy ` Upt, sqxqN0,Qpt,sqpdyq, ps, tq P ∆, x P X.

By (4.6), (5.34) and (5.42) we get∣∣∣∣∣∣∣Ps,r

˜

∥∥∥Q prq
1
2 ∇ψpr, ¨q

∥∥∥2

X

ψpr, ¨q
´

1
2

∥∥∥Q prq
1
2 ∇ψpr, ¨q

∥∥∥2

X

ψ2pr, ¨q

¸

pxq

∣∣∣∣∣∣∣ ď
p2 ∥φp∥8 ` 1qK2

2ε2p
Ps,r

´

∥∇ψpr, ¨q∥2
X

¯

pxq

“
p2 ∥φp∥8 ` 1qK2

2ε2p
Ps,r

´

∥∇Pr,tφ
p∥2

X

¯

pxq ď
p2 ∥φp∥8 ` 1qK2

2ε2p
∥Upt, rq‹∥LpXq Ps,r

´

Pr,t ∥∇φp∥2
X

¯

pxq

ď
p2 ∥φp∥8 ` 1qK2M

2ε2p
Ps,t

´

∥∇φp∥2
X

¯

pxq,

and the function in the right side belongs to L1pX, γsq.
Since the second summand in the right hand side of (5.40) is negative, we get

G1prq ď

ż

X

∥∥∥Q prq
1
2 ∇ψpr, xq

∥∥∥2

X

ψpr, xq
γrpdxq “

ż

X

∥∥∥Q prq
1
2 ∇pPr,tφ

pqpxq

∥∥∥2

X

pPr,tφpqpxq
γrpdxq.
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Applying (4.20), we obtain

G1prq ď C
e´2ηpt´rq

pt´ rq2α

ż

X

´

Pr,t

∥∥∥Q ptq
1
2 ∇φp

∥∥∥
X

¯2
pxq

pPr,tφpqpxq
γrpdxq(5.43)

and by the Hölder inequality we get

(5.44) Pr,t

´
∥∥∥Q ptq

1
2 ∇φp

∥∥∥
X

¯

ď

¨

˚

˝

Pr,t

¨

˚

˝

∥∥∥Q ptq
1
2 ∇φp

∥∥∥2

X

φp

˛

‹

‚

˛

‹

‚

1{2

pPr,t pφpqq
1{2

.

Applying (5.44) to (5.43), by (5.3) we get

G1prq ď C
e´2ηpt´rq

pt´ rq2α

ż

X

Pr,t

∥∥∥Q ptq
1
2 ∇φp

∥∥∥2

X

φp
pxq γrpdxq

“ C
e´2ηpt´rq

pt´ rq2α

ż

X

∥∥∥Q ptq
1
2 ∇φppxq

∥∥∥2

X

φppxq
γtpdxq

“ p2C
e´2ηpt´rq

pt´ rq2α

ż

X

φpxqp´2
∥∥∥Q ptq

1
2 ∇φpxq

∥∥∥2

X
γtpdxq.

Integrating with respect to r over rs, ts we obtain
ż

X

φp logφp dγt ´

ż

X

Ps,tφ
p logPs,tφ

p dγs ď p2
ˆ

C

ż t

s

e´2ηpt´rq

pt´ rq2α
dr

˙
ż

X

φp´2
∥∥∥Q ptq

1
2 ∇φ

∥∥∥2

X
dγt,

Letting s Ñ ´8 and using Proposition 5.1.9 we conclude
ż

X

φp logφp γtpdxq ď mtpφ
pqmtplogφpq ` p2κ

ż

X

φp´2
∥∥∥Q ptq

1
2 ∇φ

∥∥∥2

X
γtpdxq,(5.45)

where

(5.46) κ :“ C

ż `8

0

e´2ηr

r2α
dr “ Cp2ηq2α´1Γp1 ´ 2αq.

We obtain (5.31) for every φ P B2
t pXq applying (5.45) to the standard approximation

φn “

c

φ2 `
1
n2 and letting n Ñ `8 in (5.45). We remark that, fixed n P N, the function

φn belongs to B2
t pXq since the function hpxq “

b

x2 ` 1
n has continuous and bounded derivatives

of every order.
Finally, if φ P C1

b pXq by Proposition 4.2.11 there exist a 2-sequence tφn,mun,mPN Ď ErpXq,
tφnunPN Ď FrC

1
b pXq and tcnunPN Ď r0,`8q such that

∥φn,m∥C1
b

pXq
ď cn ∥φn∥C1

b
pXq , n,m P N,(5.47)

∥φn∥C1
b

pXq ď ∥φ∥C1
b

pXq , n P N,(5.48)

lim
mÑ`8

p|φn,mpxq ´ φnpxq| ` |∇φn,mpxq ´ ∇φnpxq|q “ 0, n P N, x P X,(5.49)

lim
nÑ`8

p|φnpxq ´ φpxq| ` |∇φnpxq ´ ∇φpxq|q “ 0, x P X.(5.50)
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Noting that EtpXq Ď B2
t pXq, φn,m satisfies (5.31) for every n,m P N. To prove that also φ

satisfies (5.31), we apply two times the Dominated Convergence Theorem: the first time as
m Ñ `8 thanks to (5.47) and (5.49) and the second time as n Ñ `8 thanks to (5.48) and
(5.50).

Remark 5.2.3. Let us compare the Logarithmic Sobolev Inequality provided by L. Gross in [Gro75;
Gro93; Gro67] with the one in (5.31). We fix r P R and we consider the operator Lprq defined by
(4.23). We assume that Aprq is the infinitesimal generator of a strongly continuous semigroup
tT prqptqutě0 such that

(5.51)
∥∥∥T prqptq

∥∥∥
LpXq

ď e´cprqt, t ą 0,

for some positive constant cprq and
ż `8

0
Tr

”

T prqptqBprqBprq‹
´

T prqptq
¯‹ı

dt ă `8.

Under these assumptions we consider the Ornstein-Uhlenbeck semigroups tRprqptqutě0, given by

Rprqptqφpxq “

ż

X

φpyqN
T prqptqx,Q

prq

t
pdyq, t ą 0, x P X, φ P CbpXq,

where
Q

prq

t :“
ż t

0
T prqpsqBprqBprq‹T prqpsq‹ds.

Setting Qprq
8 :“

ż `8

0
T prqpsqBprqBprq‹

´

T prqpsq
¯‹

ds, the Gaussian measure µprq “ N0,Q
prq
8

is the

unique invariant measure of tRprqptqutě0. Moreover it is well known that tRprqptqutě0 is uniquely
extendable to a strongly continuous semigroup in L2pX,µprqq, still denoted by tRprqptqutě0. Its
infinitesimal generator is the closure in L2pX,µprqq of the second order Kolmogorov operator Lprq

given by (4.23) defined on ErpXq (see [DZ02; Big21]). We still denote it by Lprq.
We note that µprq is not necessarily the Gaussian measure γr of our evolution system of

measures tγtutPR of tPs,tups,tqP∆. Moreover by [Gro75; Gro93; Gro67] the measure µprq verifies
the following logarithmic Sobolev inequality

(5.52)
ż

X

|φ|p log
`

|φ|2
˘

dµprq ´mprqp|φ|2q log
´

mprq
`

|φ|2
˘

¯

ď ´
4
cprq

ż

X

φLprqφdµprq,

where φ P DpLprqq, cprq is the constant in (5.51),

mprqpψq :“
ż

X

ψpxqµprqpdxq, ψ P L1pX,µprqq.

We recall that under suitable assumptions on Aprq and Bprq, we have
ż

X

φLprqφdµprq “ ´
1
2

ż

X

∥∥∥Q prq
1
2 ∇φ

∥∥∥2

X
dµ.

So (5.31) does not coincide in general with (5.52). In the next theorem we will see that (5.31)
implies a hypercontractivity result for tPs,tups,tqP∆.
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Lemma 5.2.4. Assume that there exists a unique evolution system of measures tγtutPR for Ps,t.
Then for any p ě 1 and ps, tq P ∆ the operator Ps,t is extendable to a linear bounded operator
from LppX, γtq to LppX, γsq, with unit norm.

Proof. For every f P CbpXq, ps, tq P ∆ and x P X we have

|Ps,tfpxq|p ď

ż

X

|fpy ` Upt, sqxq|pdγt “ Ps,tp|f |pqpxq.

Integrating over X and recalling (5.3) we obtain
ż

X

|Ps,tf |pdγt ď

ż

X

Ps,tp|f |pq dγt “

ż

X

|f |pdγs.

Since CbpXq is dense in LppX, γq, Ps,t has a unique bounded extension from the whole LppX, γtq

into LppX, γsq, with norm ď 1. Taking f ” 1, Ps,tf ” 1 so that the norm of the extension is
1.

Definition 5.2.5. We still denote by Ps,t the extension of the Ornstein-Uhlenbeck evolution
operator to LppX, γtq.

Remark 5.2.6. In general the spaces LppX, γtq and LppX, γsq are different if t ‰ s, and the classical
theory of evolution operators in fixed Banach spaces cannot be used.

Theorem 5.2.7. Assume that Hypothesis 5.2.1 holds true. Moreover we assume that Upt, sqHs Ď

Ht for every ps, tq P ∆ and that there exist C, η ą 0 and α P

„

0, 1
2

˙

such that

∥∥Upt, sq|Hs

∥∥
LpHs;Htq

ď C
e´ηpt´sq

pt´ sqα
, @ ps, tq P ∆.

Then, for every ps, tq P ∆, q P p1,`8q and p ď pq ´ 1qe
t´s
2κ ` 1 we have

(5.53) ∥Ps,tφ∥LppX, γsq
ď ∥φ∥LqpX, γtq , φ P LqpX, γtq.

where κ is given by (5.32).

Proof. Let ps, tq P ∆ and let r P rs, ts. We prove first that (5.53) holds for φ P B2
t pXq such that

inf
xPX

φpxq ą ε for some ε ą 0. We consider the mapping ψ : rs, ts ˆX Ñ R given by

ψpr, xq :“ Pr,tφpxq.(5.54)

By Lemma 4.54, ψpr, ¨q P B2
rpXq for every r P rs, ts and

(5.55) inf
rPrs,ts

inf
xPX

ψpr, xq ą ε

and thanks to (4.55) we get

Bψ

Br
pr, xq “ ´Lprqψpr, ¨qpxq, r P rs, ts, x P X.(5.56)
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Now we define the functions G : rs, ts Ñ R and H : rs, ts Ñ R by

(5.57) Gprq :“
ż

X

ψpr, xqpprq γrpdxq, Hprq “ Gprq
1

pprq ,

where

(5.58) pprq :“ pq ´ 1qe
t´r
2κ ` 1.

B

Br
Gprq “

ż

X

B

Br
Ps,r

´

ψpr, ¨qpprq
¯

pxq γspdxq.(5.59)

Since ψpr, ¨q P B2
rpXq has positive infimum independent of r P rs, ts, since logp¨q : rε,`8q Ñ R

has continuous and bounded derivatives of every order, then ψpr, ¨qpprq P B2
rpXq for every

r P rs, ts. Hence by a slight modification of (4.64), where gpξq is replaced by gpr, ξq “ ξpprq with
ξ P

´ε

2 , 2 ∥φ∥8

¯

) , we get

ż

X

B

Br
Ps,r

´

ψpr, ¨qpprq
¯

pxq γspdxq “

ż

X

ψpr, xqpprq logψpr, xq p1prq γrpdxq

´

ż

X

ψpr, xqpprq´1pprqLprqψpr, ¨qpxq γrpdxq

`

ż

X

Lprqψpr, ¨qpprqpxq γrpdxq.(5.60)

For every r P rs, ts, p ě 1 and Φ P FrC
2
b pXq, by (4.31) we have

(5.61) LprqΦp “
1
2ppp´ 1qΦp´2

∥∥∥Q prq
1
2 ∇Φ

∥∥∥2

X
` pΦp´1LprqΦ,

and applying (5.61) to (5.60), we get
ż

X

B

Br
Ps,r

´

ψpr, ¨qpprq
¯

pxq γspdxq “ p1prq

ż

X

ψpr, xqpprq logψpr, xq γrpdxq

`
1
2pprqppprq ´ 1q

ż

X

ψpr, xqpprq´2
∥∥∥Q prq

1
2 ∇ψpr, xq

∥∥∥2

X
γrpdxq.(5.62)

We prove now that (5.59) follows from the dominated convergence theorem. Indeed we rewrite
(5.62) as

ż

X

B

Br
Ps,r

´

ψpr, ¨qpprq
¯

pxq γspdxq “ p1prq

ż

X

Ps,r

´

ψpr, ¨qpprq logψpr, ¨q
¯

pxq γspdxq

`
1
2pprqppprq ´ 1q

ż

X

Ps,r

ˆ

ψpr, ¨qpprq´2
∥∥∥Q prq

1
2 ∇ψpr, ¨q

∥∥∥2

X

˙

pxq γspdxq.(5.63)
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By (4.6), (5.58) and (5.42)we obtain∣∣∣∣p1prqPs,r

´

ψpr, ¨qpprq logψpr, ¨q
¯

pxq `
1
2pprqppprq ´ 1qPs,r

ˆ

ψpr, ¨qpprq´2
∥∥∥Q prq

1
2 ∇ψpr, ¨q

∥∥∥2

X

˙

pxq

∣∣∣∣
ď
q ´ 1

2κ e
t´s
2κ ∥φ∥pptq

8 log ∥φ∥8 `
1
2pptqppptq ` 1qK2Ps,r

´

∥∇ψpr, ¨q∥2
X

¯

pxq

“
q ´ 1

2κ e
t´s
2κ ∥φ∥pptq

8 log ∥φ∥8 `
1
2pptqppptq ` 1qK2Ps,r

´

∥∇Pr,tφp¨q∥2
X

¯

pxq

ď
q ´ 1

2κ e
t´s
2κ ∥φ∥pptq

8 log ∥φ∥8 `
1
2pptqppptq ` 1qK2 ∥Upt, rq‹∥LpXq Ps,r

´

Pr,t ∥∇φp¨q∥2
X

¯

pxq

ď
q ´ 1

2κ e
t´s
2κ ∥φ∥pptq

8 log ∥φ∥8 `
1
2pptqppptq ` 1qK2M Ps,t ∥∇φp¨q∥2

X pxq P L1pX, γsq.

By (5.59) and (5.62) we get

B

Br
plogHprqq “

1
pprqGprq

G1prq ´
p1prq

pprq2 logGprq

“
p1prq

pprq
ş

X
ψpr, xqpprq γrpdxq

ż

X

ψpr, xqpprq logψpr, xq γrpdxq

`
pprq ´ 1

2
ş

X
ψpr, xqpprq γrpdxq

ż

X

ψpr, xqp´2
∥∥∥Q prq

1
2 ∇ψpr, xq

∥∥∥2

X
γrpdxq

´
p1prq

pprq2 log
ˆ
ż

X

ψpr, xqpprq γrpdxq

˙

“
p1prq

pprq2Gprq

„
ż

X

ψpr, xqpprq logψpr, xqpprq γrpdxq ´mrpψpr, ¨qpq logmrpψpr, ¨qpq

ȷ

`
pprq ´ 1
2Gprq

ż

X

ψpr, xqp´2
∥∥∥Q prq

1
2 ∇ψpr, xq

∥∥∥2

X
γrpdxq.

Since pprq is given by (5.58) and p1prq ă 0, by (5.31) we get
(5.64)

B

Br
plogHprqq ě

1
2Gprq

`

2p1prqκ` pprq ´ 1q
˘

ż

X

ψpr, xqp´2
∥∥∥Q prq

1
2 ∇ψpr, xq

∥∥∥2

X
γrpdxq “ 0,

and logHprq is a non decreasing function. Hence also Hprq is a non decreasing function and
(5.53) holds true for every φ P B2

t pXq with positive infimum.
Arguing as in Theorem 5.2.2, we obtain (5.53) for every φ P B2

t pXq applying (5.53) to the

standard approximation φn “

c

φ2 `
1
n2 and letting n Ñ `8 in (5.53). Since EtpXq Ď B2

t pXq

(5.53) holds for all φ P LqpX, γtq by Remark 4.2.12.

5.3 Examples

In this section we consider again examples of Section 3.2 with ∆T replaced by ∆ and with
suitable assumptions that allow to prove the existence of an evolution system of Gaussian measures
and to apply Theorem 5.2.2 and Theorem 5.2.7.
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5.3.1 A non autonomous parabolic problem

Let d P N and let O Ď Rd be a bounded open set with smooth boundary. We consider the
evolution operator tUpt, squ

ps,tqP∆ in X :“ L2pOq associated to an evolution equation of parabolic
type,

#

utpt, xq “ Aptqupt, ¨qpxq, pt, xq P ps,`8q ˆ O,

Bptqupt, ¨qpxq “ 0, pt, xq P ps,`8q ˆ BO.
(5.65)

The differential operators Aprq are now written in divergence form as

(5.66) Aprqφpxq “

d
ÿ

i,j“1
Di paijpr, xqDiφpxqq `

d
ÿ

i“1
aipr, xqDiφpxq ` a0pr, xqφpxq, r P R, x P O

and the family of the boundary operators tBprqurPR is either of Dirichlet, Neumann or Robin
type, namely

Bprqu “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

u (Dirichlet),
d
ÿ

i,j“1
aijpx, tqDiu νj (Neumann),

d
ÿ

i,j“1
aijpx, tqDiu νj ` b0px, tqu (Robin),

(5.67)

where ν “ pν1, ..., νdq is the unit outer normal vector at the boundary of Ω.
We make the following assumptions.

Hypothesis 5.3.1. We assume aij “ aji and for some ρ P

ˆ

1
2 , 1

˙

, aij P Cρ,2
b

`

R ˆ O
˘

, b0 P

Cρ,1
b

`

R ˆ O
˘

, ai, a0 P Cρ,0
b

`

R ˆ O
˘

. Moreover, we assume that there exist ν, ω ą 0 such that

d
ÿ

i,j“1
aijpr, xqξiξj ě ν |ξ|2 , r P R, x P O, ξ P Rd,(5.68)

sup
pr,xqPRˆO

a0pr, xq ď ´ω,(5.69)

δ0 ´ ω ă 0,(5.70)

where δ0 “
1
ν

˜

d
ÿ

i“1
∥ai∥2

8

¸

1
2

.

For every r P R we denote by Aprq the realization in L2pOq of Aprq with one of the boundary
conditions 5.67. In [Sch04, Ex. 2.8, Ex. 2.9, Rmk 3.19 and Ex. 4.9] it is proven that the families
tAprqurPR and tAprq‹urPR satisfy the assumptions of [Acq88; AT87] and of [AT92, Sect. 6], so by
[Acq88, Thm. 2.3] and [AT92, Prop. 6.1, Thm 6.4] there exists an evolution operator tUpt, squsďt

on X such that Hypothesis 4.2.1 holds true.
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Proposition 5.3.2. Under Hypothesis 5.3.1, we have

∥Upt, sq∥LpXq ď e´pω´δ0qpt´sq, ps, tq P ∆.

Proof. We consider the family of operators
!

´ rAprq

)

rPR
defined by

(5.71) ´ rAprq “ ´Aprq ` ωIdX , r P R.

Since tAprqurPR verifies Hypothesis 4.2.1 then
!

rAprq

)

rPR
verifies Hypothesis 4.2.1 and it is

associated to the evolution operator trUpt, squsďt, given by

(5.72) rUpt, sq “ eωpt´sqUpt, sq, s ď t.

Moreover
!

´ rAprq

)

rPR
satisfies all hypotheses of [Dan00] and by [Dan00, Thm 5.1] we have∥∥∥rUpt, sq

∥∥∥
LpXq

ď eδ0pt´sq, s ď t,(5.73)

and

∥Upt, sq∥LpXq “ e´ωpt´sq
∥∥∥rUpt, sq

∥∥∥
LpXq

ď e´pω´δ0qpt´sq, s ď t.(5.74)

Proposition 5.3.3. Assume that Hypothesis 5.3.1 holds true. Let tBprqurPR be a family of
operators such that

1. for every r P R, Bprq P LpL2pOq, LqpOqq for some q P r2,`8q X pd,`8q and

sup
rPR

∥Bprq∥LpL2pOq;LqpOqq ă `8;

2. for every φ P L2pOq the mapping r P R ÞÝÑ Bprqφ P LqpOq is continuous.

Then

(5.75) Tr rQpt, sqs ď C2 |O|M
2
q1

q1

ż t

s

e´ωpt´rq

pt´ rq
d
q

dr.

and the operator Qpt, sq has finite trace for all s ă t. Moreover there exists a unique evolution
system of measures tγtutPR for Ps,t given by (5.18).

Proof. We adapt to our setting the arguments of [CL21, Lemma 4.3].
By [Dan00] rUpt, sq defined in (5.72) may be exended to the whole L1pOq, and the extension

(still denoted by rUpt, sq) belongs to L
`

L1pOq;L8pOq
˘

. Moreover rUpt, sq is represented by

(5.76) rUpt, sqφpxq “

ż

O

kpx, y, t, rqφpyq dy, φ P L1pOq, s ă t,
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where kp¨, ¨, t, sq belongs to L8 pO ˆ Oq and by [Dan00, thm. 6.1] there exist M,m ą 0 such that

(5.77) |kpx, y, t, rq| ď
M

pt´ sq
d
2
e´

|x´y|2
mpt´sq , x, y P O, s ă t,

and recalling (5.72), we get

Upt, sqφpxq “ e´ωpt´sq

ż

O

kpx, y, t, rqφpyq dy, φ P L1pOq, s ă t, x P O.(5.78)

Let tekukPN be a Hilbert basis of X. Then

(5.79) Tr rQpt, sqs “

ż t

s

8
ÿ

k“1
∥Bprq‹Upt, rq‹ek∥2

L2pOq dr, s ă t.

By the representation formula (5.78), we get

(5.80) pUpt, rq‹ekqpyq “ e´ωpt´rq

ż

O

kpx, y, t, rqekpxq dx, a.e. y P O,

and then

(5.81) pBprq‹Upt, rq‹ekqpyq “ e´ωpt´rq

ż

O

pBprq‹kpx, ¨, t, rqq pyq ekpxq dx, a.e. y P O.

We obtain

Tr rQpt, sqs “

ż t

s

e´ωpt´rq

ż

O

8
ÿ

k“1

ˆ
ż

O

pBprq‹kpx, ¨, t, rqq pyq ekpxq dx

˙2
dydr

“

ż t

s

e´ωpt´rq

ż

O

ż

O

ppBprq‹kpx, ¨, t, rqq pyqq
2
dxdydr

“

ż t

s

e´ωpt´rq

ż

O

ż

O

ppBprq‹kpx, ¨, t, rqq pyqq
2
dydxdr.(5.82)

Since Bprq P LpL2pOq;LqpOqq then Bprq‹ P LpLq1

pOq;L2pOqq and there exists C ą 0 such that
for every x P O we have

∥Bprq‹kpx, ¨, t, rq∥L2pOq ď ∥Bprq‹∥LpLq1
pOq;L2pOqq ∥kpx, ¨, t, rq∥Lq1

pOq

ď C ∥kpx, ¨, t, rq∥Lq1
pOq .(5.83)

By (5.77), for every p ą 1 there exists Mp ą 0 independent of x such that

∥kpx, ¨, t, rq∥p
LppOq

ď
M

pt´ rq
dp
2

ż

Rd

e´
p
m

|x´y|
t´r dy “

Mp

pt´ rq
dpp´1q

2

.(5.84)

Choosing p “ q1 we obtain

∥Bprq‹kpx, ¨, t, rq∥2
L2pOq ď

C2M
2
q1

q1

pt´ rq
d
q

.(5.85)
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Combining (5.82) and (5.85) we obtain

(5.86) Tr rQpt, sqs ď C2 |O|M
2
q1

q1

ż t

s

e´ωpt´rq

pt´ rq
d
q

dr.

where |O| is the d-dimensional Lebesgue measure of O.
Since q ą d, (5.75) implies that the trace of Qpt, sq is finite for every s ă t and

sup
săt

rTr rQpt, sqss ă `8.

By Corollary 5.1.7, Remark 5.1.8 and (5.74), there exists a unique evolution system of measures
for Ps,t and it is given by (5.18).

We just have to give sufficient conditions guaranteeing that (5.30) holds true. To this aim we
need to recall some preliminary results. By [Acq88, Thm. 2.3], Upt, sq P LpX;DpAptqqq and there
exists C1 ą 0 such that for every 0 ă t´ s ď 1 we have

∥Upt, sq∥LpXq ` ∥AptqUpt, sq∥LpXq “ ∥Upt, sq∥LpX;DpAptqqq ď
C1

t´ s
,(5.87)

∥Upt, sq∥LpDpApsqq;DpAptqqq ď C1.(5.88)

By Proposition 5.3.2 and (5.87), for every t´ s ą 1 we have

∥Upt, sq∥LpDpApsqq;DpAptqqq ď ∥Upt, sq∥LpX;DpAptqqq

“ ∥Upt, t´ 1qUpt´ 1, sq∥LpXq ` ∥AptqUpt, t´ 1qUpt´ 1, sq∥LpXq

ď

´

∥Upt, t´ 1q∥LpXq ` ∥AptqUpt, t´ 1q∥LpXq

¯

∥Upt´ 1, sq∥LpXq

ď C1e
ω´δ0e´pω´δ0qpt´sq(5.89)

so by Proposition 5.3.2 and combining (5.87), (5.88) and (5.89) there exists C ą 0 such that for
every s ă t we have

∥Upt, sq∥LpXq ď C e´pω´δ0qpt´sq,(5.90)

∥Upt, sq∥LpX;DpAptqqq ď C max
␣

1, pt´ sq´1( e´pω´δ0qpt´sq,(5.91)

∥Upt, sq∥LpDpApsqq;DpAptqqq ď C e´pω´δ0qpt´sq.(5.92)

By (5.90) and (5.92) for every 0 ă θ ă 1 and for every s ă t we have

(5.93) ∥Upt, sq∥LppX,DpApsqqθ,2;pX,DpAptqqθ,2qq
ď C e´pω´δ0qpt´sq,

where, for every r P R, pX,DpAprqqθ,2 is the standard real interpolation space between X and
DpAprqq. Moreover by (5.90) and (5.91) for every 0 ă θ ă 1 and for every s ă t we have

(5.94) ∥Upt, sq∥LpX;pX,DpAptqqθ,2qq
ď C maxt1, pt´ sq´θu e´pω´δ0qpt´sq.

Combining (5.93) and (5.94) for every 0 ă σ ă 1 and s ă t we get

(5.95) ∥Upt, sq∥LppX,pX,DpApsqqθ,2qσ,2;pX,DpAptqqθ,2qq
ď C max

!

1, pt´ sq´θp1´σq
)

e´pω´δ0qpt´sq.
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Recalling that by reiteration pX, pX,DpApsqqθ,2qσ,2 “ pX,DpApsqqθσ,2, for every θ P p0, 1q,
ρ P p0, θs and s ă t we get

(5.96) ∥Upt, sq∥LppX,DpApsqqρ,2;pX,DpAptqqθ,2qq
ď C maxt1, pt´ sq´pθ´ρqqu e´pω´δ0qpt´sq,

where we have chosen σ “
ρ

θ
in (5.95). Now we recall the characterization of DpAprqq for every

r P R.

• Neumann or Robin boundary condition In this case for every r P R we have

DpAprqq “
␣

u P H2pOq : Bprqu “ 0
(

.(5.97)

Moreover by e.g. [Gui91, Thm. 3.5, Thm. 4.15] for every r P R and 0 ă γ ă 1, we have

pX,DpAprqqγ,2 “

$

’

’

’

&

’

’

’

%

H2γpOq if 0 ă γ ă 3
4

!

u P H
3
2 pOq | rBprqu P H̊

1
2 pOq

)

if γ “ 3
4

␣

u P H2γpOq | Bprqu “ 0
(

if 3
4 ă γ ă 1

,(5.98)

where

rBprqu “

$

’

’

’

’

&

’

’

’

’

%

d
ÿ

i,j“1
aijpx, rqDiu rνj (Neumann)

d
ÿ

i,j“1
aijpx, rqDiu rνj ` b0px, rqu, (Robin)

,(5.99)

rν is a smooth enough extension of ν to O and H̊ 1
2 pOq consists on all the elements φ P H

1
2 pOq

whose null extension outside O belongs to H 1
2 pRdq.

• Dirichlet boundary condition In this case for every r P R we have

DpAprqq “ H2pOq XH1
0 pOq.(5.100)

Moreover by [Gui91, Thm. 3.5, Thm. 4.15] for every r P R and 0 ă γ ă 1, we have

`

L2pOq, H2pOq XH1
0 pOq

˘

γ,2 “

$

’

&

’

%

H2γpOq if 0 ă γ ă 1
4

H̊
1
2 pOq if γ “ 1

4
␣

u P H2γpOq | u|BO
“ 0

(

if 1
4 ă γ ă 1

.(5.101)

Now we present two explicit examples of tBprqurPR where all the hypotheses of Theorems
5.2.2 and 5.2.7 are verified.

Theorem 5.3.4. Assume the following conditions hold true.

1. X :“ L2pOq where O Ď Rd is a bounded open set with smooth boundary and d “ 1, 2, 3, 4, 5.

2. The operators Aprq given by (5.66) verify Hypothesis 5.3.1.

3. The realization Aprq in L2pOq of Aprq with one of the boundary conditions 5.67 is a negative
operator for every r P R.
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4. For every r P R we have
Bprq “ p´Aprqq´γ , r P R,

for some γ ě 0.

In the following cases
$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

0 ď γ ă 1 if d “ 1

0 ă γ ă 1 if d “ 2
1
4 ă γ ă 1 if d “ 3
1
2 ă γ ă 1 if d “ 4
3
4 ă γ ă 1 if d “ 5

,(5.102)

there exists and evolution operator Upt, sq satisfing Hypothesis 5.2.1. Moreover for every s ă t we
have

(5.103) ∥Upt, sq∥LpHs,Htq ď Ce´pω´δ0qpt´sq,

where C, ω and δ0 are the constants in (5.93).

Proof. Let us show that Hypothesis 5.2.1 is satisfied. We have already mentioned that Hypothesis
4.0.1 holds. Moreover Proposition 5.3.2 yields (5.27), since δ0 ´ω ă 0 by Hypothesis 5.3.1. Let us
check that the operator Bprq “ p´Aprqq´γ verify the assumptions of Proposition 5.3.3 for every
r P R. By [Lun18, Thm. 4.36] we get

(5.104) Hr :“ Q prq
1
2 pXq “ Dpp´Aprqqγq “ pX,DpAprqqqγ,2.

It follows that for every q ě 2, the embedding of D pp´Aprqqγq in LqpOq is continuous for
γ ě 2d

´

1
2 ´ 1

q

¯

. Hence for such choices of γ, Bprq P LpL2pOq;LqpOqq. The rest of the assumptions
of Proposition 5.3.3 follows by the representation formula of p´Aprqq´γ through a Dunford integral,
see e.g. [Lun18, Def. 4.3]. Hence, by Proposition 5.3.3, (5.17) holds. Estimate (5.103) follows by
(5.93) and (5.104).

Remark 5.3.5. If ai ” 0 for all i “ 1, .., d hypothesis 3 of Theorem 5.3.4 is satisfied. If not, by
standard arguments, one can find sufficient conditions on the coefficients ai such that hypothesis
3 holds.

So by Proposition 5.3.3 and recalling (5.98) (5.101), for every s ă t the operator Qpt, sq given
by (2.2) has finite trace in all the cases (5.102). Hypothesis 5.2.1 holds true in view of Proposition
5.3.2. Finally (5.103) holds true by (5.93) and (5.104) with θ “ γ.

Theorem 5.3.6. Assume the following conditions hold true.

1. X :“ L2pOq where O Ď Rd is a bounded open set with smooth boundary and d “ 1, 2, 3.

2. The operators Aprq given by (5.66) verify Hypothesis 5.3.1.
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3. For every r P R we have
Bprq “ p´∆q´γprq, r P R,

where ∆ is the realization of the Laplacian operator in L2pOq with Dirichlet (Neumann or
Robin) boundary conditions, γ : R Ñ r0, αs is a non-decreasing continuous function and
0 ă α ă

1
2 .

In the following cases
$

’

’

’

&

’

’

’

%

inf
rPR

γprq ě 0 if d “ 1

inf
rPR

γprq ą 0 if d “ 2

inf
rPR

γprq ą
1
4 if d “ 3

,(5.105)

there exists and evolution operator Upt, sq satisfing Hypothesis 5.2.1. Moreover for every s ă t we
have

(5.106) ∥Upt, sq∥LpHs,Htq ď C maxt1, pt´ sq´αue´pω´δ0qpt´sq,

where C,ω, δ0 are the constants appearing in (5.96).

Proof. We prove the statement in the case where tAprqurPR is the realization in L2pOq of Aprq

with Robin boundary condition, the case with Dirichlet or Neumann boundary conditions can be
treated in the same way.

The same arguments used in the proof of Theorem 5.3.4 show that Hypothesis 5.2.1 holds
true.

Moreover, since sup
rPR

γprq ă
1
2 by (5.98) and (5.101) for every r P R we have

(5.107) Hr :“ Q prq
1
2 pXq “ Dpp´∆qγprqq “ pX,DpAprqqqγ,2 “ H2γpOq.

It follows that for every q ě 2, the embedding of D pp´Aprqqγq in LqpOq is continuous for
γ ě 2d

´

1
2 ´ 1

q

¯

. Hence for such choices of γ, p´Aprqq´γ P LpL2pOq;LqpOqq.

So by Proposition 5.3.3, for every s ă t the operator Qpt, sq given by (2.2) has finite trace in
all cases (5.105). Hypothesis 5.2.1 holds true in view of Proposition 5.3.2 and for every s ă t, by
(5.96)(with θ “ γptq and ρ “ γpsq) and (5.107) we have

∥Upt, sq∥LpHs,Htq
ď C maxt1, pt´ sq´pγptq´γpsqque´pω´δ0qpt´sq,

so recalling that γ : R Ñ r0, αs is a non-decreasing continuous function and 0 ă α ă
1
2 we obtain

(5.106).

Under the assumptions of Theorem 5.3.4 or Theorem 5.3.6, by Theorem 5.1.6 there exists
an evolution system of measures tγtutPR for Ps,t given by (5.18). Such evolution system of
measures satisfies the Logaritmic-Sobolev inequalities (5.31) and Ps,t is hypercontractive as stated
in Theorem 5.2.7.
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5.3.2 Diagonal operators

Let pX, ∥ ¨ ∥X , x¨, ¨yXq be a real separable Hilbert space. Let t P R and let Aptq, Bptq be
self-adjoint operators in diagonal form with respect to the same Hilbert basis tek : k P Nu, namely

Aptqek “ akptqek, Bptqek “ bkptqek t P R, k P N,

with continuous coefficients ak, bk. We set λk “ sup
tPR

akptq and we assume that there exists λ0 P R

such that λk ď λ0, @ k P N.
In this setting the operator Upt, sq defined by

(5.108) Upt, sqek “ exp
ˆ
ż t

s

akpτq dτ

˙

ek, ps, tq P ∆, k P N,

is the strongly continuous evolution operator associated to the family tAptqutPR. Moreover we
assume that there exists K ą 0 such that

|bkptq| ď K, t P R, k P N.

Hence Bptq P LpXq for all t P R, the function B : R ÞÝÑ LpXq is continuous and

(5.109) sup
tPR

∥Bptq∥LpXq ď K.

The operators Qpt, sq are given by

Qpt, sqek “

ż t

s

exp
ˆ

2
ż t

σ

akpτq dτ

˙

pbkpσqq2 dσ ek “: qkpt, sqek, ps, tq P ∆, k P N.

Hypothesis 4.0.1 is fulfilled if

(5.110)
8
ÿ

k“0
qkpt, sq ă `8, ps, tq P ∆.

We give now a sufficient condition for (5.110) to hold. We assume that λk is eventually nonzero
(say for k ě k0). Given ps, tq P ∆, we have∣∣∣∣ż t

s

exp
ˆ

2
ż t

σ

akpτq dτ

˙

pbkpσqq2 dσ

∣∣∣∣ ď ∥bk∥2
8

∣∣∣∣ż t

s

exp
`

2λkpt´ σq
˘

dσ

∣∣∣∣
“

∥bk∥2
8

2 |λk|
|1 ´ expp2λkpt´ sqq| ď

∥bk∥2
8

2 |λk|
`

1 ` expp2λ0pt´ sqq
˘

.(5.111)

Hence (5.110) holds if we require

(5.112)
8
ÿ

k“k0

∥bk∥2
8

|λk|
ă `8.

We note that DpAptqq “ DpAptq‹q “ X for all t P R and Hypothesis 4.2.1 is easily checked.
In order to have existence of an evolution system of measures for Ps,t, the hypotheses of

Theorem 5.1.6 are satisfied if we require λ0 ď 0 in (5.111). Moreover if we require λ0 ă 0, (4.5)
holds with ζ ă 0 and by Theorem 5.1.7 there exists a unique system of measures for Ps,t .
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Now we investigate when (5.30) holds. We observe first that for y “ Q psq
1
2 x with x P Hs, we

have

∥Upt, sqy∥2
Ht

“

∥∥∥Q ptq
´ 1

2 Upt, sqQ psq
1
2 x

∥∥∥2

X
“

ÿ

kPN

ˆ

|bkpsq|
|bkptq|

exp
ˆ
ż t

s

akpτq

˙

xx, eky

˙2

“
ÿ

kPN

ˆ

|bkpsq|
|bkptq|

exp
ˆ
ż t

s

akpτq

˙

xy, eky

|bkpsq|

˙2
“

ÿ

kPN

ˆ

1
|bkptq|

exp
ˆ
ż t

s

akpτqxy, ekyHs

˙˙2
.

We assume that there exist L ą 0 such that

(5.113) |bkptq| ě L, k P N, t P R.

Hence for any k P N, we have

1
b2

kptq
exp

ˆ
ż t

s

2akpτq dτ

˙

ď
1
L2 e

2λ0pt´sq,(5.114)

and

(5.115) ∥Upt, sq∥LpHs,Htq ď
1
L
eλ0pt´sq, ps, tq P ∆.

Since λ0 ă 0, hypotheses of Theorems 5.2.2 and 5.2.7 are satisfied.
Theorem 5.3.7. Let pX, ∥ ¨ ∥X , x¨, ¨yXq be a separable Hilbert space. Let Aptq, Bptq be self-adjoint
operators in diagonal form with respect to the same Hilbert basis tekukPN, namely

Aptqek “ akptqek, Bptqek “ bkptqek t P R, k P N,

with continuous coefficients ak, bk. We set λk “ sup
tPR

akptq. If that there exists λ0 P R such that

λk ď λ0, @ k P N and (5.109), (5.112) hold, then Hypothesis 4.0.1 and Hypothesis 4.2.1 are
satisfied with Upt, sq given by (5.108). If in addition λ0 ă 0, then there exists an evolution system
of measure for Ps,t given by (5.18). Finally assuming also (5.113), hypotheses of Theorems 5.2.2
and 5.2.7 are satisfied.

As an explicit example we can choose akptq “ ´
k2 ` c1

t2k ` 1 , c1 ą 0 and bkptq “ sinpktq ` c2,
c2 ą 1 for all t P R.
Remark 5.3.8. We assume now that max

tPR
a1ptq “ 0, a1 P L1pRq and there exists c ą 0 such that

λk ă ´c for k ě 2. In this case λ0 “ 0 and we can show that there exist at least two different
evolution system of measures uniformly tight for Ps,t. Setting

(5.116) Vs,tφpxq “ φpUpt, sqxq, φ P CbpXq, x P X, s ď t,

we show first that there exist at least two evolution system of measures for Vs,t. We claim that
the families tµ

p1q

t utPR and tµ
p2q

t utPR defined by µp1q

t ” δ0 and µ
p2q

t “ δ e1
mt

with mt “ e
şt

´8
a1pτq dτ

for all t P R, are evolution system of measures for Vs,t. Indeed given φ P CbpXq, we have
ż

X

φ pUpt, sqxq δ0pdxq “ φ pUpt, sq0q “ φp0q “

ż

X

φ pxq δ0pdxq,

ż

X

φ pUpt, sqxq δ e1
mt

pdxq “ φ

ˆ

Upt, sq
e1

mt

˙

“ φ

ˆ

e1

ms

˙

“

ż

X

φ pxq δ e1
ms

pdxq.
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Hence, by Theorem 5.1.6, tγtutPR with γt given by (5.18) and tνtutPR with νt “ γt ‹ µ
p2q

t are
evolutions systems of measures for Ps,t .

5.3.3 A non autonomous version of the classical Ornstein-Uhlenbeck
operator

Let Aptq “ aptqI, where a is a continuous and bounded real valued map on R and set
sup
tPR

a0ptq “ a0. Hence

(5.117) Upt, sq “ exp
ˆ
ż t

s

apτq dτ

˙

I, ps, tq P R2

is continuous with values in LpXq and it is associated to the family tAptqutPR.
Let tBptqutPR Ď LpXq be a family of operators satisfying Hypothesis 4.0.1 (2). Since

Qpt, sq “

ż t

s

exp
ˆ

2
ż t

σ

apτq dτ

˙

Qpσq dσ ps, tq P ∆,

where Qpσq “ BpσqBpσq‹, a sufficient and obvious condition for Tr rQpt, sqs ă `8 is that the
mapping σ ÞÝÑ Tr rQpσqs belongs to L1pRq. Indeed, if tekukPN is a Hilbert basis of X, we have

xQpt, sqek, ekyX ď e2a0pt´sq

ż t

s

xQpσqek, ekyX dσ ps, tq P ∆.(5.118)

We note that DpAptqq “ DpAptq‹q “ X for all t P R and Hypothesis 4.2.1 is obviously satisfied.
In addition to the above assumptions on the trace of the operators Qpσq, we require that for

all t P R there exists Ct ą 0 such that

(5.119) ∥Bpsq∥LpXq ď Ct ∥Bptq∥LpXq , @ s ă t.

Moreover we assume also that a0 ă 0.
By (5.118) and (5.119), (4.5) holds and

∥Upt, sq∥LpXq ď ea0pt´sq, ps, t P R2q.

For all ps, tq P ∆ we have

xQpt, sqek, ekyX ď e2a0pt´sq

ż t

s

xQpσqek, ekyX dσ “ e2a0pt´sq

ż t

s

∥Bpσq‹ek∥2
X dσ

ď e2a0pt´sqpt´ sqC2
t ∥Bptq‹ek∥2

X “ C2
t e

2a0pt´sqpt´ sqxQptqek, ekyX .(5.120)

Therefore
sup
săt

Tr rQpt, sqs ă `8

and by Theorem 5.1.7 there exists a unique evolution system of measures for Ps,t.
Moreover (5.30) holds. Indeed∥∥∥Q psq

1
2

∥∥∥2

LpXq
“ ∥Bpsq‹∥2

LpXq ď C2
t ∥Bptq‹∥2

LpXq “ C2
t

∥∥∥Q ptq
1
2

∥∥∥2

LpXq
.(5.121)
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Then, by Proposition B.1 in Appendix B in [DZ14, pag. 429], Hs Ď Ht with continuous embedding
and for x P Hs we have

∥Upt, sqx∥Ht
“

∥∥∥∥exp
ˆ
ż t

s

apτq dτ

˙

x

∥∥∥∥
Ht

ď Cte
a0pt´sq ∥x∥Hs

.(5.122)

Since a0 ă 0, the hypotheses of Theorems 5.2.2 and 5.2.7 are satisfied.

Theorem 5.3.9. Let pX, ∥ ¨ ∥X , x¨, ¨yXq be a separable Hilbert space. Let Aptq “ aptqI, where a
is a continuous and bounded real valued map on R and set

sup
tPR

a0ptq “ a0.

Let tBptqutPR Ď LpXq be a family of operators satisfying Hypothesis 4.0.1 (2).
If (5.119) holds, then Hypothesis 4.0.1 and Hypothesis 4.2.1 are satisfied with Upt, sq given by

(5.117). If in addition a0 ă 0, then there exists an evolution system of measure for Ps,t given by
(5.18). Moreover hypotheses of Theorems 5.2.2 and 5.2.7 are satisfied.

Remark 5.3.10. We state here some final remarks.

1. If aptq “ ´1 and Range
´

Qptq
1
2

¯

“ Range
´

Qp0q
1
2

¯

for every t P R, then a0 “ ´1 and

ct “ 1 in (5.122) so κ defined in (5.32) is equal to 1
2 . Moreover (5.53) holds for every

ps, tq P ∆ and p ď Cpt, s, qq :“ pq ´ 1qet´s ` 1. We stress that Cpt, s, qq is non autonomous
version of the optimal constant given in [Gro75, Rmk. 3.4] and [Fuh98, p. 242 under (1.3)].

2. We now give an explicit example where RangepBptqq “ RangepBp0qq for every t P R. Let
d P N, let X “ L2p0, 1q. We choose Bptq “ pAptqq´ 1

2 where Aptq is the realization of Aptq
given by (5.66) with Dirichlet boundary conditions. The proof that Tr rQpt, sqs is finite
is the same as in Theorem 5.3.4. In this case RangepBptqq “ RangepBp0qq “ H1

0 p0, 1q for
every t P R.
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Chapter 6

The Ornstein-Uhlenbeck evolution
operator as a second quantized
operator

In this Chapter we give an alternative representation formula of Ps,t as a second quantized
operator, provided that there exists the evolution system of measure tγtutPR for Ps,t, where γt is
given by (5.18). We start by defining the operator L P LpXq ÝÑ Γµ,νpLq where µ and ν are two
centered (possibly degenerate) Gaussian measure on X.

The second quantization operator was introduced in [Sim74] and we refer to [Nel73; FP94;
CG96; Jan97] for several applications to the Ornstein-Uhlenbeck semigroup represented as a
second quantized operator. In [Nel73; CG96; Jan97; Sim74] the second quantization operator
is defined as a series using the Wiener Chaos decomposition. In this Chapter we follow the
approach of [FP94] where the authors represented the second quantization operator by the so
called generalized Mehler formula. Our aim is to make it simpler.

6.1 The second quantization operator

Let µ “ Np0, Qµq and ν “ Np0, Qνq be two centered Gaussian measures on X with Cameron-
Martin spaces Hµ and Hν , respectively. We recall that Hµ “ Q

1
2
µ pXq and Hν “ Q

1
2
ν pXq and

we denote by Pµ e Pν the ortogonal projections on kerQµ and on kerQν , respectively. We fix
L P LpXq and we consider the linear operator Q

1
2
ν LQ

´ 1
2

µ : Hµ Ñ X. If teµ
nunPN and teν

nunPN are
orthonormal bases of X consisting of eigenvectors of Qµ and Qν , with corresponding eigenvalues
tλµ

nunPN and tλν
nunPN, respectively, then for every h P Hµ we get

Q
1
2
ν LQ

´ 1
2

µ h “

8
ÿ

n“1
pλν

nq
1
2

8
ÿ

k“1
λµ

k
‰0

xeµ
k , hyX

pλµ
kq

1
2

xeν
n, Le

µ
kyXe

ν
n.
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The function h ÞÝÑ Q
1
2
ν LQ

´ 1
2

µ h belongs to LpHµ, Xq. We shall study an extension of it belonging
to L2pX,µ;Xq. For this purpose, we introduce the linear approximations Lν,µ

8,m : X Ñ X, m P N,
defined as

Lν,µ
8,mx “

8
ÿ

n“1
pλν

nq
1
2

m
ÿ

k“1
λµ

k
‰0

xeµ
k , xyX

pλµ
kq

1
2

xeν
n, Le

µ
kyXe

ν
n, @x P X.

We notice that the operators Lν,µ
8,m are well-defined for every m P N. Further, the sequence

tLν,µ
8,mumPN converges in L2pX,µ;Xq, as stated in the following result.

Proposition 6.1.1. The sequence tLν,µ
8,mumPN converges in L2pX,µ;Xq as m goes to 8. Its

limit Lν,µ
8 is a centered X-valued Gaussian random variable with law

µ ˝ pLν,µ
8 q´1 “ Np0, Q

1
2
ν LpI ´ PµqL‹Q

1
2
ν q.(6.1)

Moreover
ż

X

|Lν,µ
8 x|2Xµpdxq ď TrX rQνLL

‹s,

and for every h P X we get

(6.2) xLν,µ
8 ¨, hyX “ pQ

1
2
µL

‹Q
1
2
ν hqp.

Proof. We show that tLν,µ
8,mumPN is a Cauchy sequence in L2pX,µ;Xq. For every m,h P N with

h ą m we get

}Lν,µ
8,m ´ Lν,µ

8,h}2
L2pX,µ;Xq “

ż

X

∥∥∥∥∥∥∥∥
8
ÿ

n“1
pλν

nq
1
2

¨

˚

˚

˝

h
ÿ

k“m`1,
λµ

k
‰0

xeµ
k , xyX

pλµ
kq

1
2

˛

‹

‹

‚

xeν
n, Le

µ
kyXe

ν
n

∥∥∥∥∥∥∥∥
2

X

µpdxq

“

ż

X

8
ÿ

n“1
λν

n

¨

˚

˚

˝

h
ÿ

k“m`1,
λµ

k
‰0

xeν
n, Le

µ
kyX

xeµ
k , xyX

pλµ
kq

1
2

˛

‹

‹

‚

2

µpdxq,(6.3)

where we have used the fact that teν
nunPN is an orthonormal system in X. Now we recall that

ż

X

xeµ
k , xyXxeµ

j , xy2
Xµpdxq “ 0, k ‰ j,(6.4)

ż

X

xeµ
k , xy2

Xµpdxq “
1

a

2πλµ
k

ż

R
ξ2e

´ 1
2λ

µ
k

ξ2

dξ “ λµ
k , @ k P N.(6.5)

By replacing (6.5) and (6.4) in (6.3) we infer

}Lν,µ
8,m ´ Lν,µ

8,h}2
L2pX,µ;Xq “

8
ÿ

n“1
λν

n

h
ÿ

k“m`1,
λµ

k
‰0

xeν
n, Le

µ
ky2

X “

8
ÿ

n“1
λν

n

h
ÿ

k“m`1,
λµ

k
‰0

xL‹eν
n, e

µ
ky2

X .
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Moreover
h
ÿ

k“m`1,
λµ

k
‰0

xL‹eν
n, e

µ
ky2

X ď

h
ÿ

k“m`1
xL‹eν

n, e
µ
ky2

X ,

that vanishes as m,n Ñ `8. Since

h
ÿ

k“m`1
xL‹eν

n, e
µ
ky2

X ď

h
ÿ

k“1
xL‹eν

n, e
µ
ky2

X “ ∥L‹eh∥2
X ,

by the dominated convergence theorem for series we have that tLν,µ
8,mumPN is a Cauchy sequence

in L2pX,µ;Xq and then it converges in L2pX,µ;Xq.

Let us denote by Lν,µ
8 its limit. Then, arguing as above and recalling that pλν

nq
1
2 eν

n “ Q
1
2
ν eν

n

for every n P N, we get

}Lν,µ
8 }2

L2pX,µ;Xq “

ż

X

|Lν,µ
8 x|2Xµpdxq ď

8
ÿ

n“1
λν

n

8
ÿ

k“1
xL‹eν

n, e
µ
ky2

X “

8
ÿ

n“1
λν

n ∥L‹eν
n∥2

X

“

8
ÿ

n“1
xλν

nLL
‹eν

n, e
ν
nyX “ TrrQνLL

‹s.

Let us fix y P X. For all n P N, we set yν
n “ xy, eν

nyX and we have

xLν,µ
8,mx, hyX “

8
ÿ

n“1
pλν

nq
1
2

m
ÿ

k“1
λµ

k
‰0

xeµ
k , xyX

pλµ
kq

1
2

xL‹eν
n, e

µ
kyXy

ν
n “

m
ÿ

k“1
λµ

k
‰0

xeµ
k , xyX

pλµ
kq

1
2

xL‹Q
1
2
ν y, e

µ
kyX ,

which converges to pQ
1
2
µL‹Q

1
2
ν hqp in L2pX,µq by Proposition 1.5.19. Hence (6.2) follows, xLν,µ

8 ¨, hyX

equals pQ
1
2
µL‹Q

1
2
ν hqp, and so it is a centered X-valued Gaussian random variable with variance∥∥∥Q 1

2
µL‹Q

1
2
ν h

∥∥∥2

Hµ

“

∥∥∥pI ´ PµqL‹Q
1
2
ν h

∥∥∥2

X
.

To conclude, we prove that the law of Lν,µ
8 is given by (6.1). Indeed, for every h P X we get

{pµ ˝ pLν,µ
8 q´1qphq “

ż

X

eixx,hyX pµ ˝ pLν,µ
8 q´1qpdxq “

ż

X

eixLν,µ
8 x,hyXµpdxq

“ exp
ˆ

´
1
2

∥∥∥pQ
1
2
µL

‹Q
1
2
ν hqp

∥∥∥2

L2pX,µq

˙

“ exp
ˆ

´
1
2

∥∥∥Q 1
2
µL

‹Q
1
2
ν h

∥∥∥2

Hµ

˙

“ exp
ˆ

´
1
2

∥∥∥pI ´ PµqL‹Q
1
2
ν h

∥∥∥2

X

˙

“ exp
ˆ

´
1
2xQ

1
2
ν LpI ´ PµqL‹Q

1
2
ν h, hyX

˙

.

Remark 6.1.2. From now on, if µ “ ν we simply write Lµ
8 instead of Lµ,µ

8 .

Let L P LpXq with }L}LpXq ď 1. Hence, pI ´ L‹Lq
1
2 P LpXq is self-adjoint, nonnegative and

has operator norm less than or equal to 1.
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Definition 6.1.3. Let L P LpXq with }L}LpXq ď 1. For every f P BbpXq we set

pΓµ,νpLqfqpxq “

ż

X

f rpL‹qν,µ
8 x` ppI ´ L‹Lq

1
2 qν

8ys νpdyq, for µ a.e. x P X(6.6)

If µ “ ν, then L ÞÝÑ ΓµpLq :“ Γµ,µpLq coincides with the second quantization operator on
L2pX,µ;Xq. Formula (6.6) is called generalized Mehler formula.

Setting z “ ppI ´ L‹Lq
1
2 qν

8y, by Proposition 6.1.1 we obtain

pΓµ,νpLqfqpxq “

ż

X

fppL‹qν,µ
8 x` zq γν,Lpdzq,(6.7)

where

(6.8) γν,L “ Np0, Q
1
2
ν pI ´ L‹Lq

1
2 pI ´ PνqpI ´ L‹Lq

1
2Q

1
2
ν q.

If Qν is one to one then Pν “ 0 and γν,L “ Np0, Q
1
2
ν pI ´ L‹LqQ

1
2
ν q. The same holds if L vanishes

on kerQν . Indeed LPν “ 0 if and only if PνL
‹ “ 0 and I ´ L‹L maps pI ´ PνqpXq into itself.

Hence, even pI ´ L‹Lq
1
2 maps pI ´ PνqpXq into itself. So if LPν “ 0 we get

pΓµ,νpLqfqpxq “

ż

X

fppL‹qν,µ
8 x` zqNp0, Q

1
2
ν pI ´ L‹LqQ

1
2
ν qpdzq,(6.9)

Remark 6.1.4. We compute here the second quantization operator for two special operators L.

(i). If L “ 0, then pL‹q
ν,µ
8 “ 0 and ppI ´ L‹Lq

1
2 qν

8 “ I ´ Pν . Hence

pΓµ,νp0qfqpxq “

ż

X

fppI ´ Pνqyq νpdyq “

ż

X

fpyq νpdyq µ a.e. x P X, @f P BbpXq,

i.e., Γµ,νp0qf is constant for µ a.e. x P X. Such a constant coincides with the mean of f on
X with respect to ν.

(ii). If L “ c I with c P p0, 1s, then Lµ
8 “ c pI ´ Pµq and ppI ´ L‹Lq

1
2 q

µ
8 “

?
1 ´ c2pI ´ Pµq.

Therefore

pΓµpcIqfqpxq “

ż

X

f rc pI ´ Pµqx`
a

1 ´ c2 ysµpdyq µ a.e. x P X, f P BbpXq,

so that, if c “ 1 we get pΓµpIqfqpxq “ fppI ´ Pµqxq for µ a.e. x P X, while if c P p0, 1q then

pΓµpcIqfqpxq “

ż

X

fpe´tpI ´ Pµqx`
a

1 ´ e´2tyqµpdyq µ a.e. x P X, f P BbpXq,

where c “ e´t. We get that Γµpe´tqf “ pPµ
t fq ˝ pI ´ Pµq where Pµ

t is the classical
Ornstein-Uhlenbeck semigroup in X with respect to the Gaussian measure µ, i.e.

Pµ
t fpxq “

ż

X

fpe´tx`
a

1 ´ e´2tyqµpdyq µ a.e. x P X, f P BbpXq.

Proposition 6.1.5. Let L P LpXq∖ t0u be such that ∥L∥LpXq ď 1, LPν “ 0 and PµL “ 0. Then
for every p P r1,`8q the operator Γµ,νpLq is extendable to a linear continuous operator from
LppX, νq to LppX,µq with unit norm.
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Proof. Let L P LpXq with }L}LpXq ď 1, let us fix p P r1,`8q and let f P CbpXq. By (6.9), for
all x P X we get

ż

X

|Γµ,νpLqfqpxq|pµpdxq “

ż

X

ˇ

ˇ

ˇ

ˇ

ż

X

fppL‹qν,µ
8 x` zqγν,Lpdzq

ˇ

ˇ

ˇ

ˇ

p

µpdxq

ď

ż

X

ż

X

|fppL‹qν,µ
8 x` zq|pγν,Lpdzqµpdxq

where γν,L is given by (6.8). Since LPν “ 0 and PµL “ 0, by Proposition 1.5.18 (i) we have
ż

X

ż

X

|fppL‹qν,µ
8 x` zq|pγν,Lpdzqµpdxq “

ż

X

|fpxq|pνpdxq.

This implies that }Γµ,νpLqf}LppX,µq ď }f}LppX,νq for every f P CbpXq. The statement follows
from the density of CbpXq in LppX, νq. Taking f ” 1, Γµ,νpLqf ” 1 so that the norm of the
extension is 1.

Definition 6.1.6. We still denote by Γµ,ν the extension of the second quantization operator to
LppX, νq.

Proposition 6.1.7. Let L P LpXq∖ t0u be such that ∥L∥LpXq ď 1, LPν “ 0. For every c P p0, 1s

and f P BbpXq, we have

Γµ,νpcLqf “Γµ,νpLqΓνpcIqf.(6.10)

If in addition PµL “ 0, then

Γµ,νpcLqf “ ΓµpcIqΓµ,νpLqf.(6.11)

Moreover (6.10) and (6.11) hold also for every f P LppX, νq.

Proof. Let f P BbpXq and x P X. We set

γν,c :“ Np0, p1 ´ c2qQνq, γν,L :“ Np0, Q
1
2
ν pI ´ L‹LqQ

1
2
ν q,

and by (6.9), we get

pΓνpcIqfqpxq “

ż

X

fpcpI ´ Pνqx` zqγν,cpdzq,

pΓµ,νpLqΓνpcIqfqpxq “

ż

X

ż

X

f rcpI ´ PνqpL‹qν,µ
8 x` cpI ´ Pνqw ` zs γν,cpdzqγν,Lpdwq.

We notice that

(6.12) γν,L ˝ pcpI ´ Pνqq´1 “ Np0, c2Q
1
2
ν pI ´ L‹LqQ

1
2
ν q

and by Proposition 1.5.18 (ii) we have

Np0, p1 ´ c2qQνq ˚ Np0, c2Q
1
2
ν pI ´ L‹LqQ

1
2
ν q “ Np0, Q

1
2
ν pI ´ c2L‹LqQ

1
2
ν q.
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By (6.12) and by Proposition 1.5.18 (ii) and (iii), we get

pΓµ,νpLqΓνpcIqfqpxq “

ż

X

ż

X

f rcpI ´ PνqpL‹qν,µ
8 x` cpI ´ Pνqw ` zs

Np0, p1 ´ c2qQνqpdzqNp0, Q
1
2
ν pI ´ L‹LqQ

1
2
ν qpdwq

“

ż

X

ż

X

f rcpL‹qν,µ
8 x` y ` zs

Np0, p1 ´ c2qQνqpdzqNp0, c2Q
1
2
ν pI ´ L‹LqQ

1
2
ν qpdyq

“

ż

X

f rcpL‹qν,µ
8 x` ξsNp0, Q

1
2
ν pI ´ c2L‹LqQ

1
2
ν qpdξq

“Γµ,νpcLqfpxq.

To prove (6.11), we argue in the similar way assuming in addition that PµL “ 0. Let f P BbpXq

and x P X. We get

pΓµpcIqpΓµ,νpLqfqqpxq

“

ż

X

pΓµ,νpLqfqrcpI ´ Pµqx`
a

1 ´ c2ysµpdyq

“

ż

X

f rpL‹qν,µ
8 rcpI ´ Pµqx`

a

1 ´ c2 ys ` ppI ´ L‹Lq
1
2 qν

8ws νpdwqµpdyq

“

ż

X

f rcpL‹qν,µ
8 x`

a

1 ´ c2 pL‹qν,µ
8 y ` ppI ´ L‹Lq

1
2 qν

8ws νpdwqµpdyq.

We notice that

γν,c,L “ µ ˝ p
a

1 ´ c2 pL‹qν,µ
8 q´1 “ Np0, p1 ´ c2qQ

1
2
ν L

‹LQ
1
2
ν q

and

pΓµpcIqpΓµ,νpLqfqqpxq “

ż

X

f rcpL‹qν,µ
8 x` ξ ` ηs γν,Lpdηq γν,c,Lpdξq.

By Proposition 1.5.18 (ii) we have

γν,L ˚ γν,c,L “ Np0, Q
1
2
ν pI ´ c2L‹LqQ

1
2
ν q,

and (6.11) follows for all f P BbpXq. Finally if PµL “ 0, then (6.10)and (6.11) hold also for
f P LppX, νq by the density of CbpXq in LppX, νq.

Proposition 6.1.8. Let L P LpXq∖ t0u be such that ∥L∥LpXq ă 1, PµL “ 0 and LPν “ 0. Then
Γµ,νpLq is a contraction from LppX, νq into LqpX,µq, where q “ 1 ` pp´ 1q}L}

´2
LpXq

.

Proof. Let f P LppX, νq. We consider the operator M “ }L}
´1
LpXq

L which belongs to LpXq and
∥M∥LpXq “ 1. By (6.10) we infer that

Γµ,νpLqf “Γµ,νpMqpΓνp}L}LpXqIqf.
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By Remark 6.1.4(ii) Γνp}L}LpXqIqf “ P ν
t f ˝ pI ´ Pνq with t “ ´ logp}L}LpXqq. It is well-known

(see e.g [Bog98, Thm. 1.6.2], [Nel73]) that P ν
t is a contraction operator from LppX, νq into LqpX, νq

with q “ 1 ` pp´ 1qe2t. Therefore, if we choose q “ 1 ` pp´ 1q}L}
´2
LpXq

, we get

}Γµ,νpLq}LpLppX,νq;LqpX,µqq “}Γµ,νpMqpΓνp}L}LpXqIq}LpLppX,νq;LqpX,µqq

ď}Γµ,νpMq}LpLqpX,νq;LqpX,µqq}Γνp}L}LpXqIq}LpLppX,νq;LqpX,νqq

“}Γµ,νpMq}LpLqpX,νq;LqpX,µqq}P ν
t ˝ pI ´ Pνq}LpLppX,νq;LqpX,νqq

“}Γµ,νpMq}LpLqpX,νq;LqpX,µqq}P ν
t }LpLppX,νq;LqpX,νqq

ď1

with t “ ´ logp}L}LpXqq. Since Γµ,νpMq is a contraction in LpLqpX, νq;LqpX,µqq for every
q P r1,`8q and P ν

t is a contraction from LppX, νq into LqpX, νq with q “ 1 ` pp´ 1q}L}
´2
LpXq

“

1 ` pp´ 1qe2t.

6.2 Applications to the Ornstein-Uhlenbeck evolution op-
erator

In this section we give a representation formula of Ps,t in terms of the operator Γγs,γt where
γr is given by (5.18) for all r P R. Before we need a preliminary result.

Proposition 6.2.1. We assume that Hypothesis 5.2.1 is verified. The following statements hold
for every ps, tq P ∆.

(1) Ht,s Ď Ht,´8 with continuous embedding and the norm of the embedding is ď 1. Conse-
quently, KerpQ

1
2 pt,´8qq Ď KerpQ

1
2 pt, sqq.

(2) Upt, sq maps Hs,´8 into Ht,´8 and

(6.13) ∥Upt, sq∥LpHs,´8;Ht,´8q “

∥∥∥Q´ 1
2 pt,´8qUpt, sqQ

1
2 ps,´8q

∥∥∥
LpXq

ď 1.

(3) Ht,s “ Ht,´8 if and only if

(6.14) ∥Upt, sq∥LpHs,´8;Ht,´8q “

∥∥∥Q´ 1
2 pt,´8qUpt, sqQ

1
2 ps,´8q

∥∥∥
LpXq

ă 1.

Proof. The main tool to prove this proposition in Proposition 1.3.3 with X1 “ X2 “ X.

(1) Let x P X. We have

(6.15)
∥∥∥Q 1

2 pt, sqx
∥∥∥2

X
“

ż t

s

∥∥∥Q 1
2 prqUpt, rq‹x

∥∥∥2

X
dr ď

ż t

´8

∥∥∥Q 1
2 prqUpt, rq‹x

∥∥∥2

X
dr.

Hence by Proposition 1.3.3 with L1 “ Q
1
2 pt, sq and L2 “ Q

1
2 pt,´8q, (1) follows.
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(2) We apply again Proposition 1.3.3 with L1 “ Upt, sqQ
1
2 ps,´8q and L2 “ Q

1
2 pt,´8q. For

every x P X we have∥∥∥Q 1
2 ps,´8qUpt, sq‹x

∥∥∥2

X
“

ż s

´8

xUpt, rqQprqUpt, rq‹x, xyX dr

“ xQpt,´8qx, xyX ´ xQpt, sqx, xyX

“

∥∥∥Q 1
2 pt,´8qx

∥∥∥2

X
´

∥∥∥Q 1
2 pt, sqx

∥∥∥2

X
.(6.16)

Since ∥∥∥Q 1
2 ps,´8qUpt, sq‹x

∥∥∥
X

ď

∥∥∥Q 1
2 pt,´8qx

∥∥∥
X
,(6.17)

statement (2) follows.

(3) By Proposition 1.3.3, (6.14) holds if only if there exists α P p0, 1q such that∥∥∥Q 1
2 ps,´8qUpt, sq‹x

∥∥∥
X

ď α
∥∥∥Q 1

2 pt,´8qx
∥∥∥

X
, x P X.(6.18)

By (6.16) for every x P X∥∥∥Q 1
2 ps,´8qUpt, sq‹x

∥∥∥2

X
“

∥∥∥Q 1
2 pt,´8qx

∥∥∥2

X
´

∥∥∥Q 1
2 pt, sqx

∥∥∥2

X
.(6.19)

(6.18) and (6.19) yield∥∥∥Q 1
2 pt,´8qx

∥∥∥
X

ď
1

?
1 ´ α2

∥∥∥Q 1
2 pt, sqx

∥∥∥
X
, x P X.(6.20)

Still by Proposition 1.3.3, (6.20) is equivalent to Ht,´8 Ď Ht,s.

Proposition 6.2.2. We assume that Hypothesis 5.2.1 holds true. For every ps, tq P ∆ and
f P BbpXq we have

pPs,tfq ˝ pI ´ Psq “ Γγs,γt pL‹qf,

where L :“ Qpt,´8q´ 1
2Upt, sqQps,´8q

1
2 belongs to LpXq.

Proof. Let ps, tq P ∆, f P BbpXq and x P X. Since L P LpXq and PtL “ 0, then L‹ P LpXq and
L‹Ps “ 0. Hence by (6.9) we have

pΓγs,γt
pL‹qfqpxq “

ż

X

fpLγt,γs
8 x` zqNp0, Q

1
2
γt pI ´ LL‹qQ

1
2
γt qpdzq, f P BbpXq, γt a.e. x P X.

(6.21)

Moreover Lγs,γt
8 “ Upt, sqpI ´ Psq and

Qpt,´8q
1
2 pI ´ LL‹qQpt,´8q

1
2 “Qpt,´8q ´ Upt, sqQps,´8qUpt, sq‹ “ Qpt, sq,
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from which it follows that

pΓγs,γt pL‹qfqpxq “

ż

X

fpLγs,γt
8 x` yqNp0, Qpt,´8q

1
2 pI ´ LL‹qQpt,´8q

1
2 qpdyq

“

ż

X

fpUpt, sqpI ´ Psqx` yqNp0, Qpt, sqqpdyq

“pPs,tfq ˝ pI ´ Psqpxq.

By Propositions 6.1.8 and 6.2.2 we obtain again the hypercontractivity of Ps,t. We remark
that the result below is a bit different from Theorem 5.2.7 since we have different assumptions on
Upt, sq.
Corollary 6.2.3. We assume that Hypothesis 5.2.1 holds true and that there exists ps, tq P ∆ such
that }Qpt,´8q´ 1

2Upt, sqQps,´8q
1
2 }LpXq ă 1. Given p ě 1, the operator Ps,t maps LppX, γtq into

LqpX, γsq, for every q ě 1 if Upt, sqQps,´8q
1
2 “ 0, for every 1 ď q ď q0 with

q0 “ 1 ` pp´ 1q}Qpt,´8q´ 1
2Upt, sqQps,´8q

1
2 }

´2
LpXq

,

if Upt, sqQps,´8q
1
2 ‰ 0. In any case

∥Ps,tf∥LqpX,γsq
ď ∥f∥LppX,γtq , f P LqpX, γtq.

Proof. Let ps, tq P ∆. For every f P CbpXq, by Proposition 6.2.2 we get

(6.22)
ż

X

|Ps,tf |q dγs “

ż

X

|pPs,tfq ˝ pI ´ Psq|q dγs “

ż

X

|ΓpL‹qf |q dγs,

where L “ Qpt,´8q´ 1
2Upt, sqQps,´8q

1
2 . Since ∥L‹∥LpXq “ ∥L∥LpXq ă 1 by Proposition 6.2.2

we have
∥Ps,tf∥LqpX,γsq

ď ∥f∥LppX,γtq , f P CbpXq.

The statement follows by the density of CbpXq in LppX, γtq.

Hypothesis 6.2.4. There exists ω ą 0 such that }Qpt,´8q´1{2Upt, sqQps,´8q1{2}LpXq ă

e´ωpt´sq for every ps, tq P ∆.
Proposition 6.2.5. Assume that Hypothesis 5.2.1 and Hypothesis 6.2.4 holds true. Then for
every p P r1,`8q there exists a positive constant cp such that for every ps, tq P ∆

}Ps,tf ´mtpfq}LppX,γsq ď cpe
´ωpt´sq}f}LppX,γtq @f P LppX, γtq.

Proof. Let ps, tq P ∆ and let f P LppX, γtq. We set L “ Qpt,´8q´ 1
2Upt, sqQps,´8q

1
2 ,c “

∥L∥LpXq and τ “ ´ log c. From Remark 6.1.4(ii) and Proposition 6.1.7, for every ps, tq P ∆ we
infer that

mtpfq “

ż

X

fdγt “

ż

X

Ps,tfdγs “

ż

X

Ps,tf ˝ pI ´ Psqdγs “

ż

X

Γγs,γt
pL‹qfdγs

“

ż

X

Γγs,γt

`

cc´1 L‹
˘

fdγs “

ż

X

Γγs
pcIqΓγs,γt

`

c´1L‹
˘

fdγs

“

ż

X

P γs
τ Γγs,γt

`

c´1L‹
˘

f ˝ pI ´ Psqdγs “

ż

X

P γs
τ Γγs,γt

`

c´1L‹
˘

fdγs.
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Recalling that for every h P LppX, γsq we have

(6.23)
ż

X

P γs
τ h dγs “

ż

X

h dγs,

we obtain

(6.24) mtpfq “

ż

X

Γγs,γt

`

c´1L‹
˘

fdγs.

Setting g “ Γγs,γt pc´1L‹qf , for every ps, tq P ∆ we get

}Ps,tf ´mtpfq}LppX,γsq “}pPs,tfq ˝ pI ´ Psq ´mtpfq}LppX,γsq

“}Γγs,γt
pL‹qf ´mtpfq}LppX,γsq

“}Γγs pcIqg ´mspgq}LppX,γsq.

From Remark 6.1.4(ii) we deduce that

}Ps,tf ´mtpfq}LppX,γsq “ }pP γs
σ gq ˝ pI ´ Psq ´mspgq}LppX,γsq

“ }P γs
σ g ´mspgq}LppX,γsq,(6.25)

where σ “ ´ log c and tP γs
σ uσě0 is the classical Ornstein-Uhlenbeck semigroup with respect to

the measure γs. It is well-known (see for instance [Fuh98; LP20a]) that for every p ą 1 there
exists a positive constant cp such that for every Gaussian measure µ we get

}Pµ
σ pφq ´mspφq}LppX,µq ď cpe

´σ}φ}LppX,µq(6.26)

for every σ ą 0. From (6.25) and (6.26) we infer that

}Ps,tf ´mtpfq}LppX,γsq ď cp c }g}LppX,γsq,

which gives

}Ps,tf ´mtpfq}LppX,γsq ď cp e
´ωpt´sq}f}LppX,γtq.(6.27)
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