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Figure 6-13. Optimized topologies for 𝛽 = 0 (purely thermal TO) under various BCs: initial configuration 

(a); optimized topologies for BCs (b)-(f); optimized LSF (g) for the case having the BCs shown in (d); 
convergence curves of area and thermal energy for case shown in (f), 𝑇1 = 293°𝐶, 𝑇2 = 403°𝐶 (h).

 
Figure 6-14. Optimal topologies derived from different initial domains: (a), (c), and (e), with their 

corresponding final configurations shown in (b), (d), and (f). Convergence of area and thermal energy 
for the three cases is depicted in (g) and (h).  
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Schoen 

Gyroid: 
sin (2𝜋𝑥/𝑑)  cos (2𝜋𝑦/𝑑) + sin (2𝜋𝑦/𝑑)  cos (2𝜋𝑧/𝑑)

+ sin (2𝜋𝑧/𝑑)  cos (2𝜋𝑥/𝑑) = 𝑡 

Schwarz-

Diamond: 

cos (2𝜋𝑥/𝑑)  cos (2𝜋𝑦/𝑑)  cos (2𝜋𝑧/𝑑)
− sin (2𝜋𝑥/𝑑)  sin (2𝜋𝑦/𝑑)  sin (2𝜋𝑧/𝑑) = 𝑡 

Schoen 

I-WP: 

2(cos (2𝜋𝑥/𝑑)  cos (2𝜋𝑦/𝑑) + cos (2𝜋𝑦/𝑑)  𝑐𝑜𝑠 (2𝜋𝑧/𝑑)
+ 𝑐𝑜𝑠 (2𝜋𝑥/𝑑)  𝑐𝑜𝑠 (2𝜋𝑧/𝑑) ) − (𝑐𝑜𝑠 (4𝜋𝑥/𝑑)
+ 𝑐𝑜𝑠 (4𝜋𝑦/𝑑) + 𝑐𝑜𝑠 (4𝜋𝑧/𝑑) ) = 𝑡 



𝑡 𝑥, 𝑦, 𝑧

𝑑

𝑡
𝑑

2𝜋
= 1 𝑑 = 6.28 𝑚𝑚

sin(𝑥) cos(𝑦) + sin(𝑦) cos(𝑧) + sin(𝑧) cos(𝑥) = 𝑡

cos(𝑥) cos(𝑦) cos(𝑧) − sin(𝑥) sin(𝑦) sin(𝑧) = 𝑡

 2(𝑐𝑜𝑠(𝑥) 𝑐𝑜𝑠(𝑦) + 𝑐𝑜𝑠(𝑦) 𝑐𝑜𝑠(𝑧) + 𝑐𝑜𝑠(𝑥) 𝑐𝑜𝑠(𝑧))
− (𝑐𝑜𝑠(2𝑥) + 𝑐𝑜𝑠(2𝑦) + 𝑐𝑜𝑠(2𝑧)) = 𝑡

𝜑𝑀𝑀𝐿 =  𝛾𝜑𝐺 + (1 − 𝛾)𝜑𝐷        

 𝜑𝑀𝑀𝐿 

 𝜑𝐺 𝑎𝑛𝑑 𝜑𝐷. 𝜑𝐺  𝜑𝐷 
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𝜌𝐿
∗

𝑘𝑈
∗

𝜌𝐿
∗ =

1

1− 𝑝
𝑘𝑈
∗ = 1 − 𝑝

𝑝



𝜌𝐿𝑖
∗ =

1+𝑝/2

1−𝑝
𝑘𝑈𝑖
∗ =

1−𝑝

1+𝑝

 

𝒒

 ∇𝑇 𝜿

𝒒 = −𝜿 ∇𝑇

𝜿 = 𝜆 𝟏 𝜆

𝜅𝑖𝑗 ≠ 0 𝑖 ≠ 𝑗



𝒒̃ = −𝜿̃ ∇𝑇 ≅ −𝜿 ∇𝑇̃ ,    𝑇̃,𝑋𝑖 = 𝑐𝑖
−1 𝑇,𝑋𝑖 

(2-13) 

𝒒̃ 𝜿̃ 

∇𝑇̃

∇𝑇̃ = 𝑇̃,𝑋𝑖

𝑐𝑖 ≥ 1 𝑖 = 1, 2, 3 𝑐𝑖 𝑖

𝑐𝑖 

𝑇ℎ 𝑇𝑙
𝑋1

𝑐1 =
1

𝐿
[
1

𝑛
∑ 𝑙𝑝𝑖
𝑛
𝑖=1 ] (2-14)

 𝐿 𝑇ℎ 𝑇𝑙 𝑛

𝑙𝑝𝑖 =
∑ 𝑤𝑗 𝑙𝑝𝑖𝑗
𝑚
𝑗=1   (2-15) 

𝑚

𝑖 − 𝑡ℎ 𝑤𝑗

𝑤𝑗

𝑤𝑗 = 1 +𝑊 ln (1 +
Δ𝑋2𝑗

Δ𝑋1𝑗
) ≥ 1     

𝑊

Δ𝑋2𝑗/Δ𝑋1𝑗

𝑛

𝑐1
𝑐1 𝑐1

𝑛

(2-13)



𝜿̃ = 𝜆 diag (𝑐𝑖
−1)  

𝝆̃ = 𝜿̃−1 = 𝜆−1 diag (𝑐𝑖)  

     (a) 

  
𝑛 = 4 

        (b) 

 

 

 

𝑝1 − 𝑝4 𝑇ℎ
𝑇𝑙

 

 

 𝑟 = 𝑏/𝑎 𝑏 𝑎

𝛼

 𝑟 𝛼

1 ≤ 𝑟 ≤ 3 −𝜋 ≤ 𝛼 ≤ 𝜋



𝑟 = 𝑏/𝑎
𝛼 𝑝 =

0.04𝜋 𝑟 = 1
𝑟 = 1.5 𝑟 = 2 𝑟 = 3 𝛼

𝛾 = 𝐿/𝑙

𝛾 = 5 , 𝛾 = 10, 𝛾 = 15, 𝛾 = 20

   

   

            



𝑝 = 0.04𝜋

𝛾 = 𝐿/𝑙 = 𝐻/ℎ = 5 𝛾 = 10 𝑎𝑛𝑑 𝛾 =
15 𝛾 = 20

 

𝛼

0 ≤ 𝛼 ≤ 𝜋/2

𝛾

 𝐿𝐻/𝑁

𝑙′ = √𝐿𝐻/𝑁

𝐿′ = 𝐻′ = √𝐿𝐻

𝛾′ = 𝐿′/𝑙′ = √𝑁  



𝑝 = 0.04𝜋

 

𝑓(𝜷𝒊) = 𝑎1 𝑓𝑀(𝜷𝒊) + 𝑎2 𝑓𝑇(𝜷𝒊)   

𝑓𝑀(𝛽𝑖)

𝑓𝑇(𝛽𝑖)

𝜷𝒊 𝑟 𝛼 𝛾 𝛾′ 𝑎1, 𝑎2
𝑓𝑀(𝜷𝒊) 𝑓𝑇(𝜷𝒊)

0 ≤ 𝑓𝑀 ≤

1 0 ≤ 𝑓𝑇 ≤ 1

 

𝛼 𝑟

𝑟 𝑟 = 1

𝛼

𝛼 ≅ 60° 𝑟

𝜌𝐿𝑖
∗

𝑟 = 3 𝛼 → 𝜋/2



𝑟 = 3

𝑟 > 1

𝛼 = 𝜋/2

𝑘𝑈𝑖
∗ 𝑟 > 1  𝛼 → 𝜋/2

𝜌𝑈𝑖
∗ 𝑘𝑈𝑖

∗

𝐸 = 2.182 𝐺𝑃𝑎



 

𝛼 𝑟

𝛾 𝑟 𝛼

𝛾

𝛾 = 5 𝛾 = 10 𝛾 = 15 𝛾 = 20

𝛾



 𝑟 = 3 𝛼 = 𝜋/2

𝑟 = 3  𝛼 = 𝜋/2

𝑓

 𝜷𝑘 = (𝑟𝑘, 𝛼𝑘)

𝒅

𝒅(𝜷𝑘) = ∇𝑓(𝜷𝑘) 𝜷𝑘 𝒑(𝜷𝑘)

𝒑(𝜷𝑘) = −𝑯
−1(𝜷𝑘) 𝒅(𝜷𝑘)  

𝑯(𝜷𝑘) = ∇
2𝑓(𝜷𝑘)

𝜒𝑘

𝜷𝑘+1 = 𝜷𝑘 + 𝜒𝑘 𝒑(𝜷𝑘)   

𝜒𝑘 

𝑓(𝜷𝑘 + 𝜒𝑘 𝒑(𝜷𝑘)) < 𝑓(𝜷𝑘)     

𝑓(𝜷𝑘 + 𝜒𝑘 𝒑(𝜷𝑘)) > 𝑓(𝜷𝑘)  
 

𝜷𝑘
‖𝒅(𝜷𝑘)‖ ≤ 𝜖

𝜖



𝑝

𝑓(𝛽) 𝑎1 𝑎2 𝑎1 = 𝑎2 = 1
𝑎1 = 1, 𝑎2 = 4

𝑟 ≅ 2, 𝛼 = 0

𝑟 ≅ 3, 𝛼 = 𝜋/2

𝛼 = 0, 𝜋/2 𝑊 = 5

𝑟 = 1

𝛼 = 0, 𝜋/2



𝛾′
𝛾′

𝜌𝑈𝑖
∗ 𝑘𝑈𝑖

∗

 

 



 



 

 



 

min
𝑥𝜖𝑅𝑛

𝑓(𝒙)   

:                   {
𝑐𝑖(𝒙) = 0,   𝑖 𝜖 ℇ,

𝑐𝑖(𝒙) ≤ 0,   𝑖 𝜖 ℒ
 

𝑐𝑖 ℇ ℒ

𝑓(𝑥)

𝑥𝜖𝑅𝑛





 



 

𝐸(𝑥𝑖) = 𝑥𝑖
𝑝𝐸0

𝑝 𝑥𝑖
𝐸0

𝒌𝑖 =  𝐸(𝑥𝑖) 𝒌
∗ = 𝑥𝑖

𝑝𝐸0 𝒌
∗ 𝑥𝑖

𝑝 𝒌0

𝒌∗

𝒌0

𝑓(𝒙) = 𝑼𝑻𝑲𝑼 = ∑ 𝑥𝑖
𝑝𝒖𝑖

𝑇𝒌0
𝑁
𝑖=1 𝒖𝑖

𝑲𝑼 = 𝑭



∑ 𝑉𝑖𝑥𝑖
𝑁
1 − 𝑉∗ = 0  𝜀 ≤ 𝑥𝑖 ≤ 1

𝑓(𝒙) 𝑲

𝑼 𝑭

𝑉∗

∑ 𝑉𝑖𝑥𝑖
𝑁
1 − 𝑉∗ 𝑐𝑖(𝑥) 

https://innovationspace.ansys.com/courses/wp-content/uploads/sites/5/2022/07/topo-1-1024x263.png.webp
https://blogs.solidworks.com/solidworksblog/2019/10/integrating-next-generation-technology-topology-optimization.html
https://blogs.sw.siemens.com/nx-design/whats-new-in-nx-intelligence-driven-design-topology-optimization/
https://support.ntop.com/hc/article_attachments/360060726373
https://cdn.comsol.com/product-new/optimization-module/full/optimization-module-hero.webp
https://cdn.comsol.com/product-new/optimization-module/full/optimization-module-hero.webp


 

𝑅𝑅1 = 0.01

𝜎𝑖
𝜎𝑚𝑎𝑥

< 𝑅𝑅𝑖

𝜎𝑖 𝜎𝑚𝑎𝑥 𝑖 − 𝑡ℎ

𝑅𝑅𝑖

  

𝜎𝑖
𝜎𝑚𝑎𝑥

> 𝐼𝑅𝑖

𝐼𝑅𝑖

 



 



 



 



 





 

 



 

 

𝛤

𝐷

 𝜑(𝒙(𝑡))

𝛤(𝑡) = {𝒙(𝑡): 𝜑(𝒙(𝑡)) = 𝐶}  

𝒙 ∈ ℝ𝒹

𝒹 ∈ {2,3} 𝐶 𝜑(𝒙(𝑡)) 

𝛤 𝒹 −

1

𝐷\Ω 𝐷(⊇ Ω)

𝛤



𝐶

𝜑(𝒙)

𝒙

𝒙 ∈ Ω   if  𝜑(𝒙(𝑡)) > 0

𝒙 ∈ 𝐷\Ω if  𝜑(𝒙(𝑡)) < 0

𝒙 ∈ Γ = 𝜕Ω if  𝜑(𝒙(𝑡)) = 0

  

𝛤 𝛺 𝜑(𝒙) = 0 𝑡 = 𝑡1
𝑡 = 𝑡1 + ∆𝑡

𝒙 𝜑(𝒙) > 0

𝐻(𝜑) 𝒙

𝐻(𝜑) [207, 231]

𝐻(𝜑(𝒙, 𝑡)) = {
1  if 𝜑(𝒙, 𝑡) ≥ 0         (material )

0 if 𝜑(𝒙, 𝑡) < 0                   (void)
  



𝑓(𝒙)

𝐷

∫ 𝑓(𝒙)
 

Ω
 𝑑𝑉 = ∫ 𝑓(𝒙)

 

𝐷
𝐻(𝜑(𝒙)) 𝑑𝑉   

𝑓(𝒙) = 1

𝑉(𝜑) = ∫ 𝐻(𝜑(𝒙))
 

𝐷
𝑑𝑉 = ∫ 𝑑𝑉

 

Ω
,     𝐴(𝜑) = ∫ 𝐻(𝜑(𝒙))

 

𝐷
𝑑𝐴 = ∫ 𝑑𝐴

 

Ω
   

 

𝜑(𝒙, t)

𝑑𝜑

𝑑𝑡
= 0  

𝑑𝜑

𝑑𝑡
=
𝜕𝜑

𝜕𝑡
+ 𝛻𝒙𝜑(𝒙, 𝑡) 𝒙̇ = 0  

𝛤

 

𝒗(𝒙, 𝑡)

𝒗(𝒙, 𝑡) = −𝑣𝑛(𝒙, 𝑡)
𝛻𝒙𝜑

|𝛻𝒙𝜑|
  

𝑣𝑛(𝒙, 𝑡)
∇𝒙𝜑

|∇𝒙𝜑|

𝒙

𝑑𝜑

𝑑𝑡
=
𝜕𝜑

𝜕𝑡
− 𝑣𝑛(𝒙, 𝑡)|𝛻𝒙𝜑(𝒙, 𝑡)| = 0  



𝜑𝑡  = 𝜑0 +∫ 𝑣𝑛|𝛻𝒙𝜑|𝑑𝑡
𝑡

0

  

𝜑0 𝑡 = 0

Ω0
∆𝑡

𝜑𝑖+1  = 𝜑𝑖 + ∆𝑡|𝛻𝒙𝜑|𝑣𝑛  

∆𝑡 ≤
𝑑𝑠

𝑚𝑎𝑥|𝒗𝑛(𝒙)|
 𝑑𝑠

  

 

 

𝜑(𝒙, 𝑡)

𝐷

𝜑0 = 𝜑(𝒙, 𝑡 = 0)

𝜑0 = 𝜑(𝒙, 𝑡 = 0) = {
𝑑(𝑥),  if 𝜑(𝒙, 𝑡) ≥ 0          (material )

−𝑑(𝑥),   if 𝜑(𝒙, 𝑡) < 0                   (void)
  

𝑑(𝑥) 𝒙

|∇𝜑(𝒙, 0)| = 1



 

𝜑(𝒙, 𝑡) = 𝑤𝑖(𝑡) 𝑅𝑖(‖𝒙 − 𝒙𝑖‖),    𝑅𝑖 = √||𝒙 − 𝒙𝑖||
2
+ 𝑐2  

𝑅𝑖 𝒙 =

(𝑥1, 𝑥2)  𝒙𝑖 = (𝑥𝑖1, 𝑥𝑖2) 𝑐

𝑤𝑖(𝑡) 𝒙𝑖

𝜑̃𝑗 𝝋̃

𝑤𝑖 𝒘

𝑅𝑗𝑖 = 𝑅𝑖𝑗 = ‖𝒙𝑗 − 𝒙𝑖‖ 𝑹

𝒘(𝑡) = 𝑹−1 𝝋̃(𝑡)  

𝒘𝑖(𝑡)



𝑨𝒘(𝑡) =  𝝋̃(𝑡)  

𝑨

𝑨 = [
𝑹 𝑷
𝑷𝑇 𝟎

]  

𝑹 𝑁 ×𝑁 𝑁

𝑷 = [𝟏 𝒙1 𝒙2]

𝑁 × 3

∑ 𝒘𝑖(𝑡) = 0
𝑁
𝑖=1 ,   ∑ 𝒘𝑖(𝑡)𝒙𝟏𝑖 = 0

𝑁
𝑖=1 ,   ∑ 𝒘𝑖(𝑡)𝒙𝟐𝑖 = 0

𝑁
𝑖=1    

𝒘(𝑡) = 𝑨−1 𝝋̃(𝑡)  

𝑨−1

𝜑(𝒙, 𝑡)

∇𝒙𝜑(𝒙, 𝑡) = 𝒘𝑖(𝑡) ∇𝒙𝑅(‖𝒙 − 𝒙𝑖‖)  

𝑥1, 𝑥2 

𝛻𝑥1𝜑(𝒙, 𝑡) = 𝒘𝑖(𝑡)
(𝑥1−𝑥𝑖1)

𝑅(‖𝒙−𝒙𝑖‖)
  ,     𝛻𝑥2𝜑(𝒙, 𝑡) = 𝒘𝑖(𝑡)

(𝑥2−𝑥𝑖2)

𝑅(‖𝒙−𝒙𝑖‖)
   

|∇𝜑(𝒙, 0)| = 1

|𝛻𝒙𝜑(𝒙, 𝑡)|: = 𝛿̅(𝜑(𝒙, 𝑡)) = {
0                        if  |𝜑(𝒙, 𝑡)| > 𝛥
3

4𝛥
(1 −

𝜑2

𝛥2
)     if  |𝜑(𝒙, 𝑡)| ≤ 𝛥

   

Δ

𝛥

 

𝜑(𝒙)



|∇𝜑(𝒙)| = 1

𝜕𝜑

𝜕𝑡
+ sign (𝜑0) (|∇𝜑(𝒙)| − 1) = 0   

𝜑0(𝒙) = 𝜑(𝒙, 𝑡 = 0)

𝜑𝑎𝑝𝑝(𝒙):=
𝜑(𝒙)

|∇𝜑(𝒙)|̅̅ ̅̅ ̅̅ ̅̅ ̅̅    

|𝛻𝜑(𝒙)|̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝜑𝑎𝑝𝑝(𝒙)

φ(𝐱) 𝜑(𝒙)



 

Ω 

𝑉̅

𝐷 𝐽(𝒖, Ω)

: 

 𝐽(𝒖,Ω) = ∫ 𝐻(𝜑)𝜓𝑠𝑡(𝒖)𝑑𝑉
 

𝐷
 

such that:∫𝐻(𝜑) 𝛿𝜓𝑠𝑡(𝒖,𝒘)𝑑𝑉
𝐷

−∫𝐻(𝜑)𝑩 ⋅ 𝛿𝔀𝑑𝑉
𝐷

−∫𝒕 ⋅ 𝛿𝒘 𝑑𝑠
𝛤

= 0 



with   𝑐(Ω(𝜑)) = ∫𝐻(𝜑)𝑑𝑉
 

𝐷

− 𝑉̅ = 0 

𝐽(𝒖,Ω) 𝜓𝑠𝑡(𝒖) = ½ 𝜺: 𝑪𝜺

𝒖 𝔀

𝑩

𝒖0 𝒕

𝛤𝑢 𝛤𝑡 𝛤 =

𝛤𝑢 ∪ 𝛤𝑡

𝒖

∫𝑪𝜺 ∶ 𝛿𝜺 𝑑𝑉
 

𝐷

= ∫𝑩 ⋅ 𝛿𝔀𝑑V
 

𝐷

+∫ 𝒕 ⋅ 𝛿𝔀 𝑑𝑠
 

𝛤𝑡

 

𝒖 = 𝒖0  𝛤𝑢 𝝈 ⋅ 𝒏 = 𝒕 𝛤𝑡

𝑢(𝒙) = 𝑵(𝒙) 𝒖𝒏, 𝜀(𝒙) = 𝑩(𝒙) 𝒖𝒏  

𝑵(𝒙) 𝑩(𝒙)

𝒖𝒏 

𝑲 𝒖𝑛 = 𝒇 

𝑲 = ∫ 𝐻(𝜑) 𝑩𝑻𝑪𝑩𝑑𝑉
 

𝐷
𝒇

𝒖𝒏 ,

𝜺(𝒙) 𝜓𝑠𝑡(𝒖) 

𝑉̅ 𝑉̅ = 𝜉 𝑉𝐷 0 ≤ 𝜉 ≤ 1 

𝑉𝐷

𝐽(̅𝒖, 𝜑, 𝑡) = ∫𝐻(𝜑(𝒙, 𝑡))𝜓𝑠𝑡(𝒖)𝑑𝑉
 

𝐷⏟              
𝐽(𝒖,Ω)

− 𝜆 (Ω(𝜑), 𝑡) 

𝜆

𝑐(𝜑, 𝑡)

𝑐(𝜑, 𝑡) = ∫𝐻(𝜑(𝒙, 𝑡)) 𝑑𝑉
 

𝐷

− 𝜉 𝑉𝐷 



𝑣𝑛 = 𝐽(̅𝒖, 𝜑, 𝑡)

𝑣𝑛 = 𝐽(𝒖, 𝑇, Ω, 𝑡) − 𝜆 

𝑣𝑛

 

 

𝛻 ⋅ 𝒌 𝛻𝑇 + 𝑸 = 0 

𝑇 𝒌

𝒌 = 𝑰 𝜅 𝜅 𝑸

= 𝑇̅  on 𝛤𝑇  𝒌 𝛻𝑇 ⋅ 𝒏 = 𝒒̅  on 𝛤𝑞 𝒏

𝒒̅

𝛿𝑇

∫(𝒌 ∇𝑇) ⋅ 𝒏 𝛿𝑇 𝑑𝛤
 

𝛤

−∫(𝒌 ∇𝑇) ∇𝛿𝑇 𝑑Ω
 

Ω

+∫𝑸 𝛿𝑇 𝑑Ω
 

Ω

= 0 



𝑇(𝒙)

𝑻𝑛
𝑵(𝒙) 

𝑇(𝒙) = 𝑵(𝒙)𝑻𝑛, ∇𝑇(𝒙) = 𝑩(𝒙) 𝑻𝑛 

𝑩(𝒙) =
𝜕𝑵(𝒙)

𝜕𝒙

[∫𝑩𝑇𝒌 𝑩 𝑑Ω
 

Ω

 ] 𝑻𝑛 = ∫𝑵
𝑇𝑸 𝑑Ω

 

Ω

+∫ 𝑵𝑇𝒒𝑛 𝑑𝛤
 

𝛤𝑞

 

𝑲 𝑻𝑛 = 𝑹𝑄 + 𝑹𝑞 

𝑲 𝑹𝑄 and 𝑹𝑞

𝑓(𝒙) =
1

|Ω|
∫𝑇𝑑Ω
 

Ω

 

𝑓(𝒙) = ∫∇𝑇 ⋅ (𝜅∇𝑇)𝑑Ω
 

Ω

 

 

𝑓(𝒙) = ∫𝑄 𝑇𝑑Ω
 

Ω

 

𝑄 



 

𝜓𝑡ℎ 

𝜓𝑡ℎ

𝜓𝑡ℎ =
1

2
𝜅 |∇𝑇|2 =

1

2

𝑞2

𝜅
 

𝜓𝑡ℎ

 

𝑓(𝒙) 𝑐(𝒙) = 0



𝜆

ℒ(𝒙, 𝜆)

ℒ(𝒙, 𝜆) = 𝑓(𝒙) +  𝜆𝑐(𝒙) 

∇𝑓(𝒙) +  𝜆∇𝑐(𝒙) = 0, 𝑐(𝒙) = 0 

𝑐(𝒙) = 0

𝜆

 

𝑐(𝑥) = 0

ℒ(𝒙, 𝜆) = 𝑓(𝒙) −  𝜆𝑐(𝒙) + 
𝜇

2
𝑐2(𝒙) 

𝜆𝑛+1 = 𝜆𝑛 + 𝛾𝑛𝑐𝑛(𝒙) 

𝜆

𝑛

𝛾𝑛

𝛾𝑛+1 = min (𝛾𝑛 + ∆𝛾, 𝛾max ) 

∆𝛾 𝛾max  

𝛾

 

(𝑛 + 1) − 𝑡ℎ



𝜆(𝑛+1) = { 
𝜇 𝑐 𝑛 ≤ 𝑛𝑟

𝜆(𝑛) + 𝛾(𝑛+1)𝑐 𝑛 > 𝑛𝑟
  

𝜇

𝑛 ≤ 𝑛𝑟 𝛾(𝑛+1) 

𝑉0  𝜉 𝑉𝐷

𝑉𝑛 = {
𝑉0 +

𝜉 𝑉𝐷−𝑉0

𝑛𝑟
(𝑛 − 1) 𝑛 ≤ 𝑛𝑟

𝜉 𝑉𝐷 𝑛 > 𝑛𝑟
  

𝑐(𝜑, 𝑡) = ∫𝐻(𝜑(𝒙, 𝑡)) 𝑑𝑉
 

𝐷

− 𝑉𝑛  

 





 

 



 

 

 



Γ 𝜑(𝒙)

 

𝜑(𝒙)

𝛺 𝛤



 

 

𝛹𝑡ℎ

𝜓𝑡ℎ(𝒙) =
1

2
 𝛻𝑇 ⋅ 𝑪𝑡 𝛻𝑇  

𝛻𝑇 𝑪𝑡 



𝛹𝑡ℎ = ∫ 𝜓𝑡ℎ(𝒙, 𝑇)𝑑𝐴
 

𝐷

 

𝜓𝑠𝑡 =
1

2
 𝜺 ∶ 𝑪𝑒  𝜺  

𝑪𝑒(𝜑(𝒙))

𝜑(𝒙) ≤ 0

 

𝐽(𝒖, 𝑇, 𝛺)

Find the minimum of: 

  𝐽(𝒖, 𝑇, 𝛺) = 𝛽 ∫ 𝐻(𝜑) 𝜓𝑠𝑡(𝒖)𝑑𝐴 + (1 − 𝛽) ∫ 𝐻(𝜑) 𝜓𝑡ℎ(𝑇)𝑑𝐴
 

𝐷

 

𝐷
 

with: 

 𝒖 = 𝒖0  on  𝛤𝑢,    𝑇 = 𝑇̅ on 𝛤𝑇  

𝝈 ⋅ 𝒏 = 𝒕  on  𝛤𝑡,     and    ∫ 𝐻(𝜑)𝑑𝐴 −
 

𝐷
𝐴̅ ≤ 0 

 

𝒖 = 𝒖0 𝛤𝑢
𝒖0 𝑇 = 𝑇̅ 𝛤𝑇 𝑇̅

𝛤𝑇
𝝈 ⋅ 𝒏 = 𝒕 𝛤𝑡 𝝈 𝒏



𝛤𝑡 𝒕

∫ 𝐻(𝜑)𝑑𝐴 −
 

𝐷
𝐴̅ ≤ 0 𝐻(𝜑)

𝜑 𝐴̅

𝛽

𝛽 = 0

𝛽 = 1

0 ≤ 𝛽 ≤ 1

 

𝐴̅ = 𝜉 𝐴𝐷 𝜉

𝐴𝐷

𝐽(̅𝒖, 𝑇, 𝛺, 𝑡) = 𝐽(𝒖, 𝑇, 𝛺, 𝑡) − 𝜆 (𝛺(𝜑), 𝑡)  

𝜆

𝛺

(𝑛 + 1)

𝜆(𝑛+1)

𝜆(𝑛+1) = { 
𝜇 𝑐 𝑛 ≤ 𝑛𝑟

𝜆(𝑛) + 𝛾(𝑛+1)𝑐 𝑛 > 𝑛𝑟
  

𝜇

𝑛 ≤ 𝑛𝑟 𝛾(𝑛+1)

∆𝛾 𝛾𝑚𝑎𝑥

𝑛𝑟 



𝜇 𝛾𝑚𝑎𝑥
𝜇

∆𝛾

𝜇 = 40 ∆𝛾 =

0.05 𝛾𝑚𝑎𝑥 =

𝛾𝑚𝑎𝑥 = 50, ∆𝛾 = 3, 𝜇 = 50.

∫ 𝐻(𝜑(𝒙, 𝑡)) 𝑑𝐴
 

𝐷
− 𝜉 𝐴𝐷 =

0

𝑐(𝜑, 𝑡) =
∫ 𝐻(𝜑(𝒙, 𝑡)) 𝑑𝐴
 

𝐷
− 𝐴𝑛

𝐴𝐷
  

𝐴0= 𝐴(𝜑0) 𝐴̅ = 𝜉 𝐴𝐷
𝐴𝑛 𝐴0 𝐴̅

𝑛𝑟

 𝐴𝑛 = {
𝐴0 +

𝜉 𝐴𝐷 − 𝐴0
𝑛𝑟

(𝑛 − 1) 𝑛 ≤ 𝑛𝑟 + 1

𝐴̅ 𝑛 > 𝑛𝑟 + 1

  

 



 

∆𝑡 ≤ 𝑐𝑡
𝐿𝑒

𝑣𝑛,𝑚𝑎𝑥
  

𝑐𝑡 𝐿𝑒
𝑣𝑛,𝑚𝑎𝑥

𝐿𝑒 = √𝐴𝐹𝐸,𝑚𝑎𝑥  

𝐴𝐹𝐸,𝑚𝑎𝑥 

∆𝑡

𝛿̅

𝛿̅

𝛿̅  

𝛥 𝛥

 𝛥

𝛥

𝛥 𝛥 =  𝑓 𝐿𝑒 𝐿𝑒
𝑓 𝑓 = 15

∆𝑡

∆𝑡 =
∆

𝑣𝑛,𝑚𝑎𝑥
  



 
𝑑𝑠 𝛥

𝛿̅

𝑣𝑛,𝑚𝑎𝑥 𝛿̅

𝛿̅

𝜑(𝒙, 𝑡 + 1) = {

0                                                                               if  |𝜑| > Δ

𝜑(𝒙, 𝑡) + 𝑣𝑛(𝒙, 𝑡)  
3

4Δ
(1 −

𝜑2

Δ2
)

∆

𝑣𝑛,𝑚𝑎𝑥
        if  |𝜑| ≤ Δ

  

𝜑(𝒙, 𝑡 + 1) = {

0                                                                               if  |𝜑| > Δ

𝜑(𝒙, 𝑡) + 
3

4
(1 −

𝜑2

Δ2
) 𝑣̅𝑛(𝑥, 𝑡)                         if  |𝜑| ≤ Δ

  

𝑣̅𝑛(𝑥, 𝑡) =
𝑣𝑛(𝒙,𝑡)

𝑣𝑛,𝑚𝑎𝑥

𝜑
3

4
(1 −

𝜑2

Δ2
) 𝑣̅𝑛

𝑣̅𝑛(𝑥, 𝑡)

𝑣̅𝑛(𝑥, 𝑡)

𝛿̅



∆

 

𝐽(𝒖, 𝑇, Ω)

𝜓𝑡ℎ , 

𝜓𝑠𝑡

𝐵 𝑗 − 𝑡ℎ

 at the 𝑖 − 𝑡ℎ

𝐵𝑖 =
∑ 𝑤𝑖𝑗
𝑛𝐺𝑃
𝑗=1 𝐵𝑗

∑ 𝑤𝑖𝑗
𝑛𝐺𝑃
𝑗=1

  

𝑛𝐺𝑃 𝑤𝑖𝑗

𝑖 − 𝑡ℎ 𝑗 − 𝑡ℎ

𝑤𝑖𝑗 = [max (0,
1

 𝑑𝑖𝑗 + 𝑒
− 
1

𝑅
 )]𝑝, where  𝑑𝑖𝑗 = |𝒙𝑖 − 𝒙𝑗|  

𝑅

𝑤𝑖𝑗  𝑑𝑖𝑗 < 𝑅 𝑒

𝑒 =

10−8 𝑝 𝑝 = 0.5

𝑅 𝑅 = 𝑔 ⋅ 𝐿𝑒 𝐿𝑒
𝑔

𝑔



𝑔

 

 

|∇𝜑(𝒙)| = 1  

𝜑(𝒙) = 0 



 

𝐽(𝒖, 𝑇, 𝛺, 𝑡)  

𝑛𝑟 − 𝑡ℎ

𝐴𝑛−𝐴𝑛−1

𝐴𝐷

3 × 10−3



 





 

𝑅

𝑝





 
 



 

 

𝛽 = 1

𝛽 = 0

 



𝛽

𝑅

𝑓 = 10, 𝑔 = 1, and 𝜉 = 0.5,  ,  , , 

 . 

 

𝑃 𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑎𝑡 (𝑥𝑝, 𝑦𝑝) = (2𝑎,
𝑎

2

2𝑎 × 𝑎



𝐸 = 1 𝑃𝑎

𝜈 = 0.3

𝑎 = 1𝑚 0.1𝑚



 

 



𝑔 𝑅

𝑔 = 3

𝑔 = 2

𝑔

 

𝑔 = 3 𝑔 = 2



𝑔 = 2.0 𝑔 = 3.0

 

 



 𝐶𝑡 = 1, 5, 10, 15

 





2 𝑚2
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x
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Figure 6-13

𝑇1 𝑇2

 



(a) 

 

(b) 

  

(c) 

 

(d) 

 

(e) 

 

(f) 

 

(g) 

 

(h) 

 

Figure 6-13. Optimized topologies for 𝛽 = 0 (purely thermal TO) under various BCs: 

initial configuration (a); optimized topologies for BCs (b)-(f); optimized LSF (g) for the 

case having the BCs shown in (d); convergence curves of area and thermal energy for 

case shown in (f), 𝑇1 = 293°𝐶, 𝑇2 = 403°𝐶 (h). 

𝜉 = 0.5 𝑖𝑛 𝐸𝑞. (5-6) 



𝑇1 𝑇2

𝑥 −

 

 

 



(a)

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

 

(g) 

 

(h) 

 

Figure 6-14. Optimal topologies derived from different initial domains: (a), (c), and 

(e), with their corresponding final configurations shown in (b), (d), and (f). 

Convergence of area and thermal energy for the three cases is depicted in (g) and (h). 
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https://www.ansys.com/applications/topology-optimization#tab1-3
https://www.solidworks.com/
https://plm.sw.siemens.com/en-US/nx/
https://www.ntop.com/software/capabilities/topology-optimization/
https://www.comsol.com/
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