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Abstract

This research delves into two primary domains: the intricate critical properties of long-range

systems and the feature learning mechanisms in deep neural networks.

In the study of long-range systems, we examined the ferromagnetic Ising model in both one
and two dimensions, characterized by interactions of the form J;; oc r~(4+9)  Utilizing a novel
local dynamics on a dynamical Lévy lattice (DLL), we were able to reproduce the static critical
exponents consistent with established literature, based on the interaction parameter o. This
localized approach offers a versatile methodology to probe the dynamical properties of various long-
range models. Notably, our analysis of the relaxation time at the critical temperature revealed
nuances in the relationship between the dynamical exponent z and the decay parameter o,
suggesting a potential disparity between dynamical and equilibrium critical properties. Moreover,
due to the versatility of our strategy (DLL), we were able to conduct preliminary work in the

study of the critical properties of the Long Range XY model.

Turning to deep neural networks, we explored the disparities in feature learning between fully-
connected networks (FCN) and convolutional architectures (CNNs). Empirical studies on fully-
connected networks in the infinite-width regime revealed a plateau in performance enhancement,
attributed to the static nature of their kernel during training. This suggests that any inherent
feature learning in such FCN structures has limited impact on generalization. Conversely,
convolutional architectures (CNNs), particularly in the finite-width setting, have shown superior
performance. Our theoretical framework for single hidden layer networks elucidates this disparity.
While an infinite-width FCN’s performance can be replicated by its finite-width counterpart
using specific Gaussian priors, CNNs with a single convolutional hidden layer undergo a different
kernel renormalization process. Unlike the global adjustments seen in FC networks, CNNs
experience a localized renormalization, enabling adaptive selection of data-dependent components
for predictions. This distinction emphasizes the advanced feature learning potential present in

overparametrized shallow CNNs, which is not observed in equivalent FC architectures.

Collectively, these studies shed light on the profound influence of topology in diverse systems,
ranging from the behavior of long-range physical models to the intricate feature extraction

processes in neural architectures.

Keywords — Statistical Mechanics, Long-Range models, Monte Carlo methods, Deep Learning,

Kernel methods, Bayesian Learning
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1 Introduction

Complex systems, characterized by a multitude of elementary units, inherently exhibit
behaviors that challenge conventional analytical approaches. The discipline of Statistical
Mechanics provides a rigorous mathematical framework, facilitating a structured

examination of these systems.

A critical observation in this field is the deterministic role of spatial configurations and the
connections that guide inter-unit interactions. These factors fundamentally alter system
behavior. This highlights the essential role of topology in determining the physics of

complex systems.

For systems with long-range interactions, the conventional understanding based on
Euclidean lattices is insufficient. These systems necessitate a conceptual shift, viewing
them as existing on a more intricate graph. The specific nature of long-range interactions
introduces modifications to the underlying geometry, leading to emergent behaviors that

diverge from standard models.

Similarly, in the context of deep neural networks, topological considerations are
fundamental. The architecture, defined by the connections between neurons, directly
influences information transmission, signal processing, and overall network efficacy.
Variations in this topological structure can result in significant differences in network

performance and adaptability.

The focus of my Ph.D. research has been to investigate the behaviors of long-range
systems and deep neural networks through the lens of Statistical Mechanics, employing
both theoretical and numerical methodologies. For this reason, this thesis is divided into
two main parts, one for each topic. In the following and for the entire elaborate, I will
use the first plural person, to indicate the fact this work is the fruit of a collaboration

between me, my supervisors, and some colleagues.

Part 1 explores the study of Long Range Complex Systems. Chapter 2 introduces the
basic concepts required in our work with long-range models. This will be followed by a
Renormalization Group overview concerning the Long Range Ising and Long Range XY,

concluding with a summary of current algorithms for simulating these models. Chapter



3 elucidates our approach, the Dynamical Lévy Lattice algorithm. Once introduced, we
show our numerical experiments aimed at identifying a static and a dynamical critical
exponent for the Long Range Ising model. Finally, we mention our preliminary work on

the Long Range XY model.

Part II is devoted to the study of Deep Neural Networks, emphasizing the differences
between two prevalent architectures, the fully-connected and the convolutional neural
network. In Chapter 4, we provide a review of Neural Networks working on a particular
setting called Infinite-Width limit, where they become equivalent to Gaussian Processes,
a type of kernel method. Standardly employed Neural Networks surpass kernel methods
in capability, and in Chapter 5 we discuss contemporary approaches to understanding
non-infinite-width networks, introducing our mathematical framework. This strategy
employs Statistical Mechanics tools and allows the formulation of an effective action for
fully-connected networks, working in the finite-width setting. Conclusively, in Chapter 6
we show how we managed to compute an effective action for convolutional neural networks.
Observing the order parameters that guide this action, we discern a mechanism for feature
learning in these networks. We analytically extrapolate some observables of interest and
employ them to highlight the differences between the two architectures examined. In the
end, we conclude by sharing our numerical tests to validate our theoretical assumptions

and some ongoing works.



Part 1

Long Range Complex Systems




2 Long Range models

Nature is rich in examples of Long Range interacting systems, both in the classical [1]
and quantum realm [2], in the microscopic world of charged particles and the macroscopic
one of astrophysical objects. The degrees of freedom of these systems interact through
a potential which is a power-law function of the distance. The long-range nature of the
interaction raises many difficulties in building a theoretical framework for describing these
systems. Indeed, these systems exhibit non-additivity, in the sense that the energy and
other thermodynamic functions of a composed system are not necessarily equivalent to
the naive sum of the corresponding quantities of its parts. This fact implies that many
of the properties of short-range systems are no longer present in long-range ones, as the
convexity of the free energy and the equivalence of statistical mechanics ensembles. Let

us make an example by taking the potential of the form
V(r)cr"?, (2.1)

with r the absolute value of the distance between two degrees of freedom, or particles.
One can compute the interaction energy £ of a particle. Assuming all the other particles
are distributed homogeneously within a d dimensional sphere of radius R, the interaction

energy goes as
Ri-r
Y d — p .

£ (2.2)

Thus, the energy remains finite increasing R if and only if p > d and so the total energy
E =VE& is extensive. For our purposes, we will restrict our next considerations only to

this type of interaction, and so it is useful to define the decay parameter o as

p=d+o, (2.3)

with ¢ > 0.

In the following, we will briefly present how one can exploit the theoretical framework
given by Statistical Mechanics to investigate Long Range Complex Systems, in particular

spin models.
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2.1 Brief review on critical exponents and spectral

dimension

Statistical Mechanics is a branch of physics that deals with systems composed of many
parts or degrees of freedom, also referred to as particles. Statistical Mechanics provides
the tools for investigating the behavior of these particles and for making predictions
about their future. The starting point for studying a system made of many particles is
to quantify how they interact with each other. This interaction could be of any kind:
short-range, long-range, pairwise, absent (free model)... The behavior of these particles is
fully characterized by the Hamiltonian H. At this point, to find statistical quantities of
interest, the goal of any Statistical Mechanics theory is to compute the partition function,
defined as

7 = / Do e ) (2.4)

where [ is the inverse temperature and the differential Do means that the integral is
performed over all the degrees of freedom, including every possible value of each one
of them. From Z, one can compute all the most important statistical functions and
calculate the average value of observables as (O) = Z~! [ Do O(o)e PH(@). Moreover,
given a particular configuration {o;}, the probability of finding the system in such a state

is given by the Boltzmann distribution

e—BH({o:})
P{o}) = (25)
One of the key phenomena that occurs when dealing with a large number of particles is the
emergence of a collective behavior, which serves as a bridge between the microscopic realm
where these particles live and the macroscopic one. This collective behavior, arising from
the intricate interplay of individual particle interactions, often manifests in ways that are
not immediately intuitive based on the properties of individual particles. Such behaviors,
when they lead to distinct macroscopic states of a system, are at the heart of what we
term as phase transitions. A phase transition can be thought of as a transformation

of a system from one state to another, driven by changes in external conditions like

temperature or pressure. The system, in the passage from one phase to another, often
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undergoes dramatic changes in its properties. For instance, the rigid structure of a solid
melting into a liquid form, or a magnet suddenly losing its magnetization, are classic

examples of phase transitions.

A simple, yet still studied, example of a system that undergoes a phase transition is the
Ising model. Conceived initially to understand ferromagnetism, the Ising model consists
of a lattice of spins o, where each spin can either point up (+1) or down (—1). These
spins interact with their neighbors, and the nature of their interactions determines the
overall state or phase of the system. In the absence of an external magnetic field, the

Ising model has two distinct phases:

e Ordered Phase: At low temperatures, the spins tend to align with each other,
resulting in a net magnetization. This phase is analogous to a ferromagnetic state,

where the material exhibits a net magnetic moment.

e Disordered Phase: At high temperatures, thermal fluctuations dominate, causing
the spins to orient randomly. This results in a net magnetization of zero, akin to a

paramagnetic state.

The transition between these two phases, driven by temperature, is the phase transition
of the Ising model. As the system is heated from the ordered phase, there comes a critical
temperature, 7., at which the system loses its net magnetization and transitions into the

disordered phase. This temperature, T,, is the critical point of the phase transition.

The beauty of phase transitions lies in their universality. Despite the vast diversity of
systems and materials in nature, phase transitions often exhibit common features and
behaviors. This universality stems from the fact that, near the transition point, the
details of the individual particles become less important than the collective behavior
of the system as a whole. One way of characterizing such universality is through the
use of critical exponents and scaling laws. Indeed, systems having the same critical
exponents, behave in the same way near the phase transition and they are said to belong

to the same universality class.
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2.1.1 Scaling laws

As the system approaches the critical temperature T, the point at which it undergoes a
phase transition, several physical quantities exhibit power-law behavior. This means they
can be described by functions of the form f(x) ~ x", where n is the critical exponent.
Taking as an example the Ising model, let us explore some of these quantities and their

associated exponents:

e Magnetization (M): This is a measure of the net magnetic moment of the system.

Near T,, it behaves as M ~ |T — T.|°.

e Susceptibility (x): It measures how much the magnetization changes in response

to an external magnetic field and near the critical points we have x ~ |T — T,| 7.

e Correlation length (£): This is a measure of how far apart two spins can be and
still be correlated with each other. As the system approaches T, the correlation

length behaves as { ~ [T — T.|7".

e Spatial correlation function (G(r)): It describes how two spins separated by a

distance r are correlated:

G(r) = (S(0) - S(r)) , (2.6)

where (-) denotes the average over all sites and the Gibbs ensemble, and it is defined
for spins of any dimension. Near T,, it behaves as: G(r) ~ r~(2=%7)_ This exponent
7 modifies the naive dimensional scaling of the spatial correlation function and for

this reason is also called anomalous dimension.

As mentioned before, these exponents are not specific to a particular material but are
shared among various systems that belong to the same universality class. This means
that systems with entirely different microscopic details can exhibit the same macroscopic
behavior near phase transitions, as characterized by their critical exponents. The concept
of scaling laws further deepens our understanding of universality. Scaling laws describe
how physical quantities change when the system length scales are transformed. They
capture the essence of how quantities like magnetization or susceptibility vary with the
system size, especially near the critical point. A fundamental scaling law near a critical

point can be represented as f(x, L) = Lbg(zL?), where f is a physical quantity, x a control
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parameter (like the temperature), L is the system size and ¢ a scaling function.

The interplay between critical exponents and scaling laws offers a comprehensive framework
for understanding the universality of phase transitions. Indeed, the critical exponents can
be derived from the symmetries and the dimensionality of the system, further emphasizing

the universality of critical phenomena.

One interesting thing about critical exponents is that they are not all independent. Indeed,
it can be shown that a universality class is defined with just 2 critical exponents, while all
the others can be derived through scaling relations. In our work, we will make use of one

of them:
y=v(2-n) (2.7)

2.1.2 Statistical physics on graph

Our work focused on the study of statistical systems having long-range interactions. The
non-local nature of these interactions allows us to perceive the system as being established
on a (strongly or fully-connected) graph instead of a traditional lattice. Essentially, long-
range interactions can be seen as generating an effective graph topology that progressively
breaks the 2D nearest-neighbor lattice topology as the system becomes increasingly
interconnected. Within this context, there is an effective mapping between the physical
system on the lattice and a comparable model on a suitable graph. This perspective
benefits from various findings in network and graph theory. Additionally, this approach
necessitates the introduction or reinterpretation of specific concepts, primarily the concept

of dimension.

The properties of a spin system defined on a graph depend on the large-scale topology of
the graph itself, which can be determined by means of a random walker (RW) [3]. Let
us assume that the RW is isotropic, is forced to move every time step and there are no

traps. Let P;;(t) be the probability for the RW of going from node ¢ to node j in ¢ steps.

It is known that the asymptotic power-laws of RW on lattices depend on the Euclidean
dimension d, i.e. for all site i, P;;(t) ~ t~%2. This relation still holds for infinite graphs

when one considers the average over the sites and can be used to define a generalized
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version of the Euclidean dimension, the so-called (averaged) spectral dimension d;:

- _ In(P(t))
OB (2.8)

assuming such a limit exists, and where P = (P;) over the sites. This spectral dimension
characterizes the presence or the absence of a phase transition of a model defined on
a graph, analogously to the Euclidean dimension for systems on a lattice. Indeed, a

generalized Mermin-Wagner theorem can be formulated [4, 5]:

Theorem 1. Spin models with continuous symmetries on a general graph with nearest-
netghbors bounded ferromagnetic coupling can not have a finite-temperature phase transition
with spontaneous symmetry breaking if the spectral dimension of that graph is ds < 2,

while it must present such a transition if ds > 2.

Moreover, it can be shown that the last statement (presence of a phase transition if dy > 2)

still holds in the presence of a discrete symmetry, like in the Ising model.

As a result, the critical behavior of a long-range model on a d-dimensional lattice can
be mapped with the spectral dimension of the corresponding graph where the model is
represented. Thus, a continuous phase transition must occur whenever a model is defined
on a graph whose spectral dimension is ds > 2. Since in the next sections we will deal

with long-range systems, it is useful to see what is d, in such cases. In general, for a

model defined on a d-dimensional lattice, whose long-range interactions decay as r~(@+7),
the spectral dimension of the equivalent graph is found to be [6]:
4 for o € (0,2
dy=24 ¢ (0,2) . (2.9)

d foro>2

2.2 Long Range classical spin models

Our work focuses on the study of how long-range interactions affect classical spin models,
and for this purpose, we concentrate on two particular models, the simplest one but yet

still under study, the Long Range Ising model, and a more general one, the Long Range

XY model.
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2.2.1 The Long Range Ising model

The general Hamiltonian which describes a model made of Ising 1/2-spins reads:

N
1
H = —5 Z Jijaiajy (210)
i,7=1
where 0; = +1. The Hamiltonian written in Eq. (2.10) is general and the particular
nature of the model depends on the choice of the parameter J;;. We will focus on the

ferromagnetic Long Range Ising model and so the interaction parameter is defined as
Ty = Jri (2.11)

where r;; is the euclidean distance between ¢ and j, o is the decaying parameter as
mentioned in Eq. (2.3), and for simplicity we will take from now on J = 1. The sum in
this Hamiltonian covers all the degrees of freedom and so the interactions have infinite
range and connect all the spin, making the system living on the nodes of a fully connected
graph. As we will see, this could be a problem of resources in numerical simulations,
because the number of interactions scales as O(N?), with N the total number of spins.
The peculiarity of this model is that the long-range interaction allows the presence of a
second-order phase transition at dimensions smaller than the lower critical one for the
short-range counterpart. Indeed, the one-dimensional Long Range Ising model exhibits a
transition at non-zero temperature. Furthermore, Renormalization Group calculations
show that this kind of system changes universality class, continuously with the decay
parameter o. Indeed, there is an entire region in the parameter landscape where the

critical exponent that governs spatial correlation, n is found to be
n=2-o. (2.12)
In the following, a review of known analytical results and conjecture is presented.

2.2.1.1 Fisher Renormalization Group approach

The first calculation of the d-dimensional Long Range Ising model, employing

Renormalization Group techniques is found in Ref. [7]. A few months before the
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publishing of this work, Wilson and Fisher itself [8] showed that for Short Range models,
the fixed point values are of order ¢ = 4 — d. Then, Fisher and some of his collaborators
extended this idea to Long Range forces, arguing that the role of dimension 4 is taken
over by 20. Thus, they managed to calculate the critical exponents for Long Range spin
models as power series in € = 20 — d. Through this definition, we can distinguish two
regimes, the "classical" one, valid for € < 0, and the non-trivial, for ¢ > 0.

In order to compute these exponents, the authors wrote the Hamiltonian in momentum

Space as

H
T :(27T)d/ddk ug(k)sk - s_x+

+ (2m) 7 / dkd k' d°K" uy(k, K K" (s - Si ) (S - S w1 ), (2.13)

where k denotes a d-dimensional momentum variable and sy is the Fourier transform of
the spin variable. The interaction term w4 corresponds to a four-spin local term, and
so it is constant for this model, uy = u. From the Fourier transform of the long-range

interaction (2.11), the first term reads
up(k) = 1+ jok® + jok? + o(k?), (2.14)

with r varying linearly with the reduce temperature temperature (7" — T,)/T..
Now, if 20 — d < 0, the fixed point u* = r* = 0 is "Gaussian" and stable and one finds

the following critical exponents
n=2-—o0, v=1/o, y=1. (2.15)

At the value € = 0, the fixed point becomes marginally stable, and a logarithmic correction
to (2.15) appears. Finally, for € > 0 the fixed point is unstable with respect to u and
one finds a new fixed point u* = O(e). In this regime, one has to distinguish two cases,
o > 2 and o < 2, and Fisher with Wilson managed these calculations following a simple
scaling argument. If ¢ > 2, the leading order of uy(k) is governed by k?, so we recover the
short-range regime, and the Renormalization Group analysis of the Short-Range Ising
model can be applied. Instead, if 0 < 2, the leading term is 77, and the following scaling

arguments lead to Eq. (2.12). The length scale is renormalized by a factor b, such that
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the correlation length changes as & — £/b. Then, if the spin variables are rescaled by a
factor ¢, the 1 exponent is determined, by definition, by the rescaling of the spin-spin
interaction term, for which we get ¢ = b>~97". Then, if the leading order is given by j°
and u, is small, the rescaling factor of the Hamiltonian (2.13) is b¢=°¢2. This implies that
at the fixed point n = 2 —o. More involved Renormalization Group calculations show that
the 1 exponent does not renormalize up to terms of O(€*) and it is believed to be valid
also for the successive orders. Note that this is not longer true for the exponent v, which
renormalizes, and then its value could in principle depend on the model under study.

The previous argument about 1 would lead to two singular consequences. First of all,
it implies that the lower critical exponent, which for Long Range systems is defined as
the value of the decay parameter o such that the Short Range behavior is recovered, is
equal to oy, = 2, for every dimension. This is in contrast with the one-dimensional case,
for which at ¢ = 1 there is a Kosterlitz-Thouless transition, as supported by analytical
and numerical evidence [9], and then for ¢ > 1 the model does not exhibit a non-zero
temperature phase transition. Moreover, for the two-dimensional system, setting the
Long-Short range crossover at 0 = 2 would imply a jump discontinuity in 7, which is a
quite peculiar yet not prohibited behavior. In order to overcome these facts, Sak [10]

provides a new way of thinking about the SR-LR crossover.

2.2.1.2 Sak picture for o € (2 — nsg, 2)

Sak argued that there is an entire interval of ¢ values lower than 2, such that term j5 is
not negligible. He showed that this term arises from Renormalization Group consecutive
transformations even if 75 is set to zero from the beginning. At the fixed point Fisher et al.
showed that r* = u* = O(e), ji = constant and j5 = 0 at order ¢, but this last statement
is not true for every o < 2. Indeed, Sak managed to compute the fixed point recursion
equations at order €2, found that jj = O(€?) # 0. This implies that, if €* and 2 — o are of
the same order, we must consider and not neglect the Short Range interaction term. Sak,
with a Renormalization Group tour de force, showed that this happens in the interval
o € (2 —nggr,2), where nggr denotes the n critical exponent of the short-range model.
Thus, for o > 2 — ngg, all the Short Range exponents are retrieved and the discontinuity
mentioned earlier disappears. Sak picture solves also the one-dimensional problem, since

in this case ngg is equal to 1, and so the Short Range regime starts exactly at o = 1.
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Let us summarize and look at the whole picture. The ¢ = 20 — d expansion allows one to
compute the critical exponents of the Long Range Ising Model. If € < 0, i.e. o < d/2, the
system behaves like a "classical" one, and the exponent can be found with a Mean Field
theory. If € > 0 and the interaction decays relatively fast, i.e. o > 2 — ngg, as argued
by Sak, the system is equivalent to its Short Range counterpart, and so are the critical
exponents. Finally, if € > 0 but ¢ < 2 — ngg, the system is in a "non-classical" regime,
and one has to compute the exponents as power series in €. Interestingly, one finds that
the 7 critical exponent does not renormalize, up to O(€?), and assumes its classical value

1 =2 — 0. In Table 2.1 we summarize schematically this picture.

’ o interval \ Regime \ n ‘
[0,9) Mean-Field 20
(2,2 — nsr) | Non-Classical (Long-Range) [ 2 — ¢
2 — ngr, 00) Short-Range NSk

Table 2.1: Long-Range model regimes. Scheme of the landscape in Long Range
models, varying the decay parameter o, as argued by Sak.

2.2.2 The Long Range XY model

2.2.2.1 BKT transition

The XY is a model that describes spins that are 2-dimensional vectors free to rotate on a
plane (the XY plane). This model respects the continuous O(2) symmetry, instead of the

discrete Zy of Ising. The Hamiltonian reads

H=-J>» 8;-S;=-J) cos(b; —0;), (2.16)
<> <>

where the sum runs over nearest-neighbor pairs and the spins are defined as S, =
(cos(#;),sin(6;)). As a consequence of the Mermin-Wagner theorem [11], there can not be an
ordered phase due to the presence of the O(2) continuous symmetry. However, Berenziskii,
Kosterlitz and Thouless (BKT) [12, 13] showed that below a critical temperature, the
model exhibits quasi-long-range order and a transition must take place. It can be shown
that this one can be described from a topological point of view, using the concept of vortex.
A vortex (antivortex) is defined as a topological defect that satisfies the Laplace equation

(V20(r) = 0), and whose contour integral is quantized and characterized by a positive
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(negative) integer, § VO(r) - dl = 27k. They showed that the low-temperature phase is
characterized by the presence of vortex-antivortex pairs, which can not be decoupled.

Instead, in the high-temperature phase isolated vortices are favorable and they proliferate.

Furthermore, there exists a whole phase (and not just a single point) in which the spatial
correlation function G(r), Eq. (2.6), decays as a power-law and not exponentially. This is in
contrast with the usual exponentially decaying at high temperatures, implying the presence
of a phase transition. Surprisingly, this power-law is governed by a temperature-dependent
exponent n(7T") o< T. Renormalization Group calculations show that at the transition

temperature, Tpxr the value of the correlation critical exponent is n(Tprr) = 1/4.

2.2.2.2 Presence of Long Range interaction

Analogously to the Ising model, we can build a Long Range XY model, by considering

the Hamiltonian N

H= % S Ji [1 = cos(ts — 6] (2.17)

ij=1
where J;; is defined as in Eq. (2.11). The presence of a long-range interaction alters the
behavior of the XY model, depending on the decay parameter o. Indeed, we have seen
that in long-range systems the presence of a spontaneous symmetry breaking depends
on the spectral dimension d,. Since the XY model is defined in two dimensions, the
generalized Mermin-Wagner theorem implies the existence of a magnetized phase for o < 2
and its absence for ¢ > 2. Thus, for ¢ > 2 the system will behave as in the presence of
only short-range interaction, and a paramagnetic-BKT phase transition will occur. At
this point, one can wonder if the Sak criterion can be applied to this model and then if
the system is found in a short-range regime for o € (2 — ngg, 2). The problem is that for
the XY model we can not formally define a value of ngg, since there is a whole line of
fixed point and the 1 exponent is temperature-dependent. However, one can conjecture
that the value of ngi for applying the Sak criterion is the one at the BK'T temperature,
i.e ngg = N(Tsxr) = 1/4. This would imply the presence of a BKT phase transition
for o € (7/4,2). Thus, from one point of view, this region should be characterized by
the presence of a BKT transition, and from the other, the generalized Mermin-Wagner
theorem states that the system should magnetized since ¢ < 2. In order to avoid the

fact that the theorem will be broken, the system should exhibit three different phases
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in this region: ferromagnetic (magnetized), BKT, and paramagnetic (disordered phase).
Recently, the authors of [14, 15] provided a Renormalization Group calculation based
on a perturbative treatment of the long-range interaction. Interestingly, they found that
the previous highlighted picture is valid and the region o € (7/4,2) exhibits the presence
of three phases: ferromagnetic up to a temperature 7., BKT in the range (7., Tsxr),

paramagnetic above Tggr.

Moreover, they found an interesting behavior of the scaling form of the connected spatial
correlation (S; - Sj), = (S; - Sj) — (Si)?. They found that in the whole ferromagnetic phase,
the connected spatial correlation goes as (S; - Sj), ~ rfj’2, while in the paramagnetic one
it reads (S; - S;), ~ ri;"_Q. Their calculations correctly provide that in the BKT region,

the temperature dependence of the correlation exponent is recovered.

We report in Fig. 2.1 a sketch of the expected behavior of the Long Range XY model in
the T'— o plane, taken directly from [15].
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Figure 2.1: Long Range XY model phase diagram. This sketch is directly taken
from [15]. Tt provides a visual representation of the behavior of the Long Range XY
model. For o € (0,7/4) the system behaves accordingly to the generalized Mermin-Wagner
theorem and a ferromagnetic-paramagnetic phase transition (red line) will occur. For
o > 2, the system is equivalent to the short-range model and it presents only a BK'T-
paramagnetic phase transition (grey line). Finally, for o € (7/4,2) all three phases are
present (ferromagnetic-BKT phase transition is represented with the blue line).
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2.3 Existing numerical solutions and known results

The model described by the Hamiltonian (2.10) lives in a hypercubic lattice in d dimension
and the long-range nature of the interaction connects every spin with all other spin. Then,
if N is the total number of degrees of freedom, the number of interactions scales as O(N?),
requiring large resources for simulations. Indeed, the fast-growing number of connections
with the size makes it unfeasible to simulate this kind of system with a standard local
Monte Carlo algorithm. To overcome this numerical challenge, several solutions were
proposed before ours, and in this section, we will briefly present them. One solution
is to drop locality and build a cluster algorithm, similar to the one conceived by Wolff
[16]. Indeed, the efficiency of this algorithm is independent of the number of interactions,
i.e. it has a computational cost of O(N), and due to the non-locality, it is not affected
by the critical slowing down effect near the transition. Another recent solution is the
so-called kinetic Monte Carlo algorithm. This is a local algorithm that implements a
clever way of reducing the rejection rate of spin flip. It is highly effective in conditions
of lower temperatures where the occurrence of spin flips is quite rare, while in scenarios
with high temperatures and at critical points, its efficiency matches that of the standard
Metropolis. Due to these characteristics, its application has been primarily in examining
non-equilibrium properties within the coarsening dynamics. Another interesting solution,
which is the playground of ours, is static Lévy lattices. These are randomly diluted graphs,
where interactions between pairs are constant and set with a probability proportional to
r~(@+9) with the overall quantity of interactions being on the order of O(N). Lévy lattices
significantly cut down the computational expenses while maintaining local dynamics, but
an average computed over multiple iterations is necessary. Let us illustrate these three

solutions, and why we need a new algorithm to simulate Long Range models.

2.3.0.1 Cluster Algorithm

The main feature of Monte Carlo cluster algorithms resides in the fact that they can flip
an entire set of spins at each time. The total amount of computational cost is due to the
formation of a cluster, which has to be built following the correct probability distribution.
By changing many degrees of freedom at one time, they are not affected by the critical

slowing down, because we can move entire domains, without any limit of size, at the same
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cost as a single spin-flip in local algorithms. Thus, the crucial step is the identification of
a cluster of spins with identical orientations. The basic steps of any cluster algorithm are

the following;:
(i) Randomly choose a spin o; from the lattice;

(ii) Consider each spin that interacts with this spin, having the same orientation, and add
it to the cluster with a probability p; = 1 — exp(—28J;;), where J;; is the interaction

strength between the two spins o; and o;, and § is the inverse temperature;

(iii) Repeat step 2 for each spin that is newly added to the cluster, until all neighbors of

all spins in the cluster have been considered.

While it is possible to construct a cluster algorithm for systems with long-range interactions,
its efficiency rapidly declines as the number of interactions increases. The usual value for
the coupling J;; in such a system tends to be small with the distance, meaning that each
spin considered for cluster inclusion has a lower chance of being added. As a result, a
substantial number of operations are needed to incorporate just a single spin into the
cluster. Then, Luijten and Bléte [17] designed a more efficient way for selecting a cluster
of spin, in the presence of long-range forces. Their strategy starts by computing the
probability P(n) that in the first step, n — 1 spins are skipped and the nth is added and
from that defining the cumulative bond probability C'(j) = 327 _, P(n). Thus, if we extract
a random number r uniformly in [0, 1] and the condition C(j — 1) < r < C(j) is satisfied,
then the spin added will be the jth, having checked that it has the same sign of the starting
spin. Having inserted the first spin, the next one to be added has to be at a distance k£ > j.
To do that, it is sufficient to define a generalized form of the probability and its cumulative.
This generalized cumulative probability reads C;(k) = 1 — exp (—ZB ZZ: i Jn>, where
J, denotes the strength of the interaction between two spins at distances n. Spins continue
to be added in this manner until the maximum distance of Lv/d/2 is reached, where L
is the system size. Following that, attempts are made to add neighbors, starting from
all the other spins that have already been added to the cluster, using the same process,
until all the spins added to the cluster are checked. Once the cluster is built, all the spins

within it are flipped and the whole procedure is started again.

This strategy is very efficient, compared to standard local Metropolis algorithms. Indeed,
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if the probability for adding a spin were equal for each spin pair, let us say p, then it
would take O(p~!) ~ O(L) operations per spin to update a configuration, compared to
the O(L?) of local algorithms. Moreover, by changing many spins each time, the effect of
critical slowing down near criticality decreases drastically, and so one can obtain a gain of

O(L%*#), 2 being the dynamical critical exponent of time correlation.

This algorithm has been utilized to examine Sak scenario and to affirm that it provides an
accurate depiction of the critical behavior in the Ising case [18, 19, 20, 21, 22|. However,
due to the absence of local dynamics, the algorithm cannot be employed to investigate
temporal evolution, that is, dynamical properties. Furthermore, while the identification of
clusters is simple for the Ising model, it cannot be executed in models with continuous
variables, such as the Long Range XY model. Moreover, the efficiency of the cluster
algorithm drops rapidly at low temperatures, since a O(N) of spins are added to the
cluster at each update, making the overall cost of O(N?). Recently, a cluster algorithm

has also been developed for the study of long-range percolation [23].

2.3.0.2 Kinetic Monte Carlo

The idea behind the Kinetic Monte Carlo algorithm is to avoid repetition of the expensive
calculation of the energy difference AE; in the Metropolis step. The strategy relies on
saving the effective field associated with each spin o;, i.e. Z#i Jijo;. In this way, the
energy difference due to a spin flip is easily computed as AE; = 20; > i Jijoj. Then, if
the spin is flipped, the effective field of all other spins o; changes of a quantity —20;.J;;. It
is easy to see that this operation has the same computational cost of calculating a single
energy difference in standard approaches. However, this is done if and only if the spin o;
is flipped, i.e. only when the configuration update is accepted. Thus, the computational
cost gain of this algorithm stands only for temperature below the critical one, where the
acceptance rate is low, while it behaves similarly to standard Monte Carlo methods at
higher T. For this reason, this algorithm is mostly used in the study of aging phenomena
[24, 25, 26, 27|, where one studies how the system behaves when cooled rapidly from a
high-temperature state to a temperature below the critical one, also called quenching,

while it is not so efficient for numerical extrapolation of static properties.



2.3 Existing numerical solutions and known results 19

2.3.0.3 Static Lévy Lattice

The Lévy lattice is a diluted graph with an adjacency matrix A;; = 0,1, constructed to
exhibit the same characteristics as the fully connected long-range model [28, 29, 30, 31].
Specifically, the long-range ferromagnetic model on a d-dimensional lattice is approximated
by a graph where two points are linked with a probability proportional to the long-range
interaction, i.e., A;; = 1 with a probability of P;; o r;j(d+'7). On the diluted Lévy lattice,
the standard local Monte Carlo simulations are implemented with the same cost of cluster

algorithm, i.e. O(N), as each node is connected to a finite and non-extensive number of

edges.

There is no analytical proof that models on Lévy lattices are equivalent to their fully
connected long-range counterparts. Specifically, for 1-dimensional lattices, numerical
evidence suggests that static long-range correlations can alter the critical properties in
the free model, modifying the spectral dimension [32]. Indeed, once the graph is built, a
random walker on it can not feel the presence of a long-range connection, i.e. starting from
a site, it could perform a small and a long jump with equal probability, which does not
depend on the distance, changing inevitably its dynamics. However, in the 2-dimensional
case, the spectral dimension of the Lévy lattice appears to match that of the long-range,

suggesting that the difference is confined to lower dimensions [31, 33].

Unlike the cluster algorithm, the Lévy diluted lattice can be used to simulate continuous
symmetry models. Valid simulations have been carried out for the 2-dimensional XY
model with long-range interaction [31, 34|, amid a Kosterlitz Thouless phase transition
[14]. We have already seen that the Long Range XY model presents an interesting region
where the presence of three phases should be found. However, numerical simulations in
[34] do not find any intermediate BKT region for o = 1.875, and the question about the
equivalence between the diluted model and the original Long Range XY model still holds.

On finite systems, simulations on Lévy lattices heavily rely on graph realization, and
averages over a significant number of samples are necessary to achieve stable results. In
this context, the issue of self-averaging remains unresolved; additionally, the averaging

procedure can be highly computationally demanding [34].
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3 Dynamical Lévy Lattice (DLL)

The core idea of our approach is a combination of two algorithms: the last one described
in the previous chapter, the static Lévy lattice, and the so-called ¢-Ising model [35, 36].
The scope is to exploit the non-extensive number of connections of Lévy lattices, while
simultaneously getting rid of averaging over different graph realizations. Moreover, we
want a model that has with certainty the same spectral dimension as the fully connected

system.

The ¢-Ising model is realized by an algorithm for which, at each interval of time, a spin o;
is randomly selected and interacts with the field created by ¢ neighbors, which are also
uniformly and randomly selected from the remaining N — 1 spins. Then, according to the
Metropolis [37] or Glauber [38] rule, the spin o; undergoes a flip. As pictured in [39], this
model has two fluctuating elements: the spins and the connections. The spins interact
with the heat bath, whereas the links are randomly rearranged during the dynamics,
without any need for an acceptance-rejection process. The links can be thought of as
being in thermal contact with a heat bath at an infinite temperature T' = oo, implying a
rewiring probability of 1. With two distinct heat baths controlling the dynamics, detailed

balance is not achieved and thermal equilibrium is not immediately clear.

Our approach is to extend the reasoning of the g-Ising model to long-range interactions,
simply changing the selection of the ¢ neighbors. We start with a regular lattice, with a

spin on each node. At each time step, we select one spin ¢; at random uniformly and its

q neighbors following the power-law probability distribution P;; o rl-;(d“’). Then o; flips,
according to a constant interaction J with the ¢ randomly selected spins. Note that in
this way the decay of the interaction as a power-law is recovered in a statistical sense, like
in static Lévy lattices. However, our algorithm does not explore all possible realizations
of the disorder and it does not sample different quenched realizations of the Lévy lattices:
it samples directly and dynamically the fully-connected topology. The physical quantities
are computed by averaging over the dynamic evolution of the fully connected model and
thus feature the same symmetries of the statistical model on the fully-connected graph.

Indeed, the model can be thought of as living on a dynamical Lévy lattice, i.e. a random
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diluted graph that evolves in time, with an interaction between spins of the form

Ty(t) = J x Ay(t), (3.1)

where A;;(t) represents the adjacency matrix of the underlying graph, and it is 1 if at

time ¢ the spin o; is drawn as a neighbor of ¢; and 0 otherwise.

By definition, random walks on a Dynamically Lévy Lattice (DLL) exhibit the same
behavior as random walks on a fully connected long-range graph. Indeed, in this scenario,
the walker jumps at each step from the initial node ¢ to any other nodes of the network j

with a probability of Pj; ri_j(dJrU)

. This probability is identical to that used on a DLL
at each step to select the ¢g-neighbors of the walker, with the jumps occurring uniformly
among these ¢ nodes. Therefore, the two dynamics are equivalent and, consequently, the
spectral dimension - as measured from the return probability of the random walker [40, 3|
- is the same on the fully connected graph and the DLL. For this reason, we expect that

the DLL belongs to the same universality class of the Long Range Ising model since it

shares with it the same symmetries and the same dimensionality.

On the contrary, on a static Lévy lattice, the walker evolves on a random static network,
thus in the presence of spatial correlations. For instance, when the walker crosses a link
connecting two distant sites, there is a significant probability of it retracing its steps
along the same link that remains active on the static graph. Conversely, it fails to reach
the lattice sites unconnected by long-distance links in that specific quenched realization
within a few steps. This introduces static long-range correlations that are absent in both
the fully connected lattice and the DLL. Specifically, in one dimension, such correlations
[32] can alter the spectral dimension compared to the fully connected long-range model.
Moreover, in the DLL, the correlation functions (o;0;) are computed by averaging over
the dynamic evolution of the model, hence naturally maintaining the symmetries of the
statistical model on the fully connected graph. Conversely, on a Lévy lattice, (0;0;) relies
on the quenched realization of the random structure, and the resulting disorder disrupts
the original translation invariance. As a result, the original spatial symmetries are only

reestablished after averaging over multiple realizations of the random lattice.

In the following, we present in detail the algorithm which implements our model, and the

methods that will allow us to verify a posteriori its validity since it is not guaranteed due
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to the fact the model does not preserve detailed balance.

3.1 Algorithm

The algorithm which implements the DLL is quite similar to a standard Monte Carlo local
algorithm. In the beginning, a spin o; is chosen randomly among all the /N spins and then
a flip of its sign is proposed. For doing that, we choose a set S, of ¢ spins, from which the
effective temporal field interacting with o; is computed. Those spins are chosen following
the distribution P(r) oc r=(4¥9) where r is the Euclidean distance from the initial spin.
Dealing with finite-size systems, there are several choices of this probability distribution,
depending on the choice of the boundary conditions, and later we will discuss them in
detail. The effective field is easily computed following the Ising Hamiltonian, considering
a constant interaction for every couple. From this, the energy difference in the system due

to flipping the initial spin is AE; =2-J-0; - > 0j. Finally, the spin-flip is proposed

oj €S5¢
following a standard Metropolis or Glauber prescription. A single Monte Carlo step is

defined as repeating this procedure N times. We schematize this procedure in Algo. 1.

Algorithm 1 DLL (single Monte Carlo step)

Require: ¢ € N and 0 € R™

1: Choose a random spin o;

2: Draw a node j # ¢ from the probability distribution P(r;;) ~ r;j(dM) where r;; is
the distance between nodes ¢ and j. Repeat the extraction ¢ times so that you get ¢
random nodes (the extraction of the same node more than one time in the list S, is
allowed)

3: Calculate the interaction energy AE =2-J-0; - Z]’esq of

4: Flip o; following a dynamics, Metropolis or Glauber, using AFE as flipping energy

5: Repeat steps 1-4 O(N) times

We want to stress that this algorithm can be easily generalized to more complex systems,
and also to model with continuous symmetries, for example, the XY model. Indeed, the
only part that changes with the model is step number 3 in Algo. 1, for which one has to

adapt it to the correct energy calculation, following the corresponding Hamiltonian.

In the fully connected standard g-Ising modeli.e. P(r;;) = constant, analytical calculations
show that for ¢ < 2 the system does not present a phase transition at finite temperature
i.e. T, = 0; with Metropolis dynamics, for ¢ = 3 there is a continuous phase transition

of the mean field universality class while for ¢ > 2 a first order transition is observed
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[35, 36]. For Glauber dynamics instead, a continuous transition is always observed for
q > 2. For this reason we choose the Glauber dynamics and set ¢ = 3 so that we expect a
second order phase transition, as we indeed observe in our simulations. In particular, we
verify that both lowering and increasing temperature the system never presents hysteresis.
A small value of ¢ allows for an efficient implementation of the algorithm while large
values are typically more demanding since the algorithm requires the extraction of ¢
random numbers in a microscopic step. In general the study of the dependence on ¢ of

the dynamical evolution is an interesting open issue.

Let us discuss the possible choices of the boundary condition and P(r;;). Note that in the
thermodynamic limit, where N — oo, all the choices lead to the same physical model,
and so they are all equivalent from a statistical point of view. Nevertheless, some choices
can better compensate for finite-size effects or they could be more suited depending on

the particular statistical analysis needed.

One possibility is to draw r;; from a truncated Pareto distribution, i.e. from a distribution
proportional to the correct power-law, but such that the possible distance lies in the
interval (v/d/2,L/2), where L is the linear size of the lattice. The choice of the upper
bound L/2, allows us to impose periodic boundary conditions, i.e. the system lives in a
hypertorus in d dimensions. While this strategy is efficient from a computational cost
point of view, since it does not require any control, it could lead to high finite-size effects.
Indeed, when dealing with systems of small sizes, such as O(10?), as it is typical when
simulating high dimensions systems, the bounded Pareto differs significantly from the
infinite, no-bounded one. This implies that the spins tend to interact more with their
nearest neighbors, making the long-range interaction weaker. Another possible choice,
which turns out to be very efficient, is to use the infinite images method. In practice, one
has to attach infinite copies of the original lattice across the borders, in every direction.
This is realized by drawing the distance r;; from the Pareto distribution, without an upper
limit, and taking the neighbor winding around the torus the correct number of times,
allowing also a spin to interact with itself. This method has the same computational
cost as the previous one, because there is no need for controls, at least when using our
algorithm. Instead, when dealing with cluster algorithms, one has to compute with

attention the interaction to correctly build the cluster and this was done |20, 22| by taking
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the continuum limit of the discrete sum in (2.10). This has the double effect to raise
the computational cost and to deal with an approximated version of the real interaction.
However, it was shown that this strategy deals better with finite-size effects, especially
near the long-short range crossover. In our analysis, we have tested both of these two
conditions. The former led to strong finite-size effects, due to the upper bound on the
probability distribution, making the interaction too similar to a short-range one, even
with small values of o. The latter mitigated this effect, but in this way, the system tended
to stay magnetized for a longer time, also at temperatures slightly above the critical
one. Indeed, the presence of infinite images has the effect of making the effective field of
neighbors spin stronger when dealing with systems of small size. This can lead to wrong
estimates of magnetization statistics, such as the mean and the variance, i.e. the magnetic
susceptibility y, which is needed for our scope of numerically computing the n exponent.
To overcome this issue, we adopted the following strategy. We drew again the distance r;;
from the unbounded distribution, but setting the value of spins o, situated farther than
L/2 from the starting spin o; to zero, o; = 0, while imposing standard periodic boundary
conditions if the distance is within half of the linear size. In this manner, when distant
coordinates are considered, it is supposed that interactions occur with nodes that have
an average magnetization of zero, i.e. the torus is surrounded by an infinite temperature
system. Meanwhile, spin-spin correlations are significant only at distances smaller than
L. This choice has a computational cost slightly greater than the previous ones, but we
found it compensates better both finite-size effects and spurious magnetization near the

critical temperature.

3.2 Theoretical expectations for the Long Range Ising

model

We have just seen that our algorithm, the Dynamical Lévy Lattice, is efficient compared to
existing solutions. Indeed, by choosing a not extensive value of ¢, the number of neighbors
extracted, the computational cost of a Monte Carlo step is of order O(N), the same as
cluster methods or static Lévy lattice (we are not considering here the problem of critical
slowing down, typical of local algorithms). Moreover, due to its locality, our algorithm is

easily generalized to many types of spin models, like the XY model or spin glasses (it
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is not clear if the DLL will lead a spin glass system to have only a paramagnetic phase,
due to the dynamical averaging process). However, it has an insidious drawback. As was
mentioned before, due to the presence of two different heath baths the detailed principle
is no longer valid, and then the existence of a equilibrium distribution in the Markovian
sense, is not guaranteed. For this reason, we have to test its validity a posteriori, via a
numerical comparison with existing results and the widely accepted theory, i.e. the picture
highlighted by Fisher and then by Sak. Once we have evidence of the correctness of our
model, we can make use of the algorithm to numerically estimate dynamical exponents,

exploiting its local nature.

3.2.1 Equilibrium properties

One way to check the validity of the DLL algorithm is to find numerically a critical
exponent, which depends on the decay parameter o, for example, the one governing the
behavior of the magnetic susceptibility at criticality. Indeed, this exponent changes its
value depending on the regime. In many cases, this exponent is identical to the one of
spatial correlations, but this is not true in the Mean Field regime. Then for clarity, we
will refer to it as y. We recall here the definition of the magnetic susceptibility y,
LA 2 2

X = ((m%) = (Iml)%), (3.2)
where m is the magnetization of the system, m = L~¢ Zf\;l o;, the average operator (-)
refers to the average over the Gibbs ensemble, d is the dimension of the underlying lattice
and for simplicity, we set all the quantities in units such that k, = 1. y diverges at

criticality in the presence of a continuous phase transition, following a power-law

X ~ LYR(tLv), (3.3)

where ¢ = % is the reduced temperature (7, being the critical temperature) and y is a

(&

finite scaling function. Then, since y > 0, for infinite systems, the susceptibility diverges.

Let us clarify now what is the expected value of y in the three different regimes. For
o€ (0, g), the Long Range Ising model attains a classical behavior and in this region, the

system can be described by the Mean Field (MF) theory. For magnetic spin models, the MF
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free energy can be written in terms of the total magnetization, Fyp = L4(Atm? + Bm*),
with ¢ the reduced temperature and A, B constants. From that, we can derive the power-
law Eq. (3.3) from a scaling argument. The average over the Gibbs ensemble of the

magnetization squared reads for definition
(m?) /dm e LA+ Bt 2 (3.4)

In order to compute how this average scales with the size, we have to normalize the
exponential, so that the system size dependency is made explicit. Since we are interested
in the behavior of y at criticality, and here ¢t = 0, it is sufficient to rescale the quartic
term in the free energy, changing the variable of integration such that Lm* = m*. By

doing so, Eq. (3.4) becomes
<m2> o Lig /dm/ ef(AL_%tm’2+Bm/4)m/2 ) (35)

At the critical point, the integral is no longer size-dependent, then, from the definition of
the susceptibility, we get
X ~ LYm?) ~ LL "% ~ L%, (3.6)

which implies that, in the Mean Field region, the y exponent has to be y = g. This has

already been tested numerically via cluster algorithm in [19].

For ¢ > d/2, the MF approximation is no longer valid, and one has to rely on
Renormalization Group calculations, briefly presented in Section 2.2. We have to
distinguish two cases depending on the value of the decay parameter, and from now
on we will consider the boundary found by Sak. For both these cases, the magnetic
susceptibility scales with the size as L+, and so from the scaling relations we can derive
y=2-—mn. For o € (%l, 2 — nsr), nsr being the 7 critical exponent of the corresponding
short-range model, the system behaves in a non-classical way, and the strength of the
long-range interaction modifies the value of the critical exponents. We will call this
regime the Long Range (LR) region. Here, Renormalization Group calculations show
that y = 2 — n = 0. Finally, for values of the decay parameter such that o > 2 — ngg,
the interaction decays so fast that the system behaves like the corresponding short-range

model, sharing the same critical exponents. In this region, which will be referred to as



3.2 Theoretical expectations for the Long Range Ising model 27

Short Range (SR), y = 2 — ngr. Note that, the value of ngg for a one-dimensional Ising

model is ng}? )

=1, and so for ¢ > 1, the Long Range 1D Ising model will not exhibit
a phase transition for any 7" > 0. We summarize the expected value of y in Fig. 3.1.
This picture, theorized by Sak, has been numerically corroborated by many experiments,

exploiting algorithms previously mentioned [18, 19, 20, 22, 21].

Nsr

LR

SR

Nl
N
|
>
)
bl

Figure 3.1: Sak picture. This sketch represents the expected value of the critical
exponent 2 — y when varying the decay parameter o, according to the picture outlined by
Sak. Note that, in the case of a 1D spin chain, the right region should be omitted, since
there is not a phase transition.

3.2.2 Dynamical behavior

One of the relevant features of our algorithm is its locality. On one hand, this makes
simulations near criticality numerically demanding, due to the critical slowing down effect,
on the other, we can exploit it for studying out-of-equilibrium and dynamical properties.
One of these is the dynamical critical exponent z, governing the behavior of the relaxation
time. Indeed, the autocorrelation time 7 diverges at criticality following the power-law
T ~ &%, where £ is the correlation length. We recall 7 being the Monte Carlo time required
to sample two statistically independent configurations and its divergence is a quantitative
measure of the critical slowing down [41]. Since we are dealing with finite-size systems, the

only characteristic length scale is the linear size L, then the 7 power-law can be written as

T~ L%,

(3.7)
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We choose to compute 7 from the autocorrelation time of the absolute value of the
magnetization |m|. Until now, there are no analytical studies of this dynamical critical
exponent, for Long Range spin models. Thus, in the following, we describe heuristically

what we can expect in the three regimes outlined in the Sak scenario.

In the Mean Field region, the long-range interactions are so strong that the system can be
considered as a Curie-Weiss model. This implies that the underlying geometry disappears
and the only remaining information is the total number of spins, which can be regarded
as the volume V = L4 = N. We can derive the dependence of 7 on V via the following

argument. Let us write the Fokker-Planck equation for the magnetization

OP(m,7) 0 D &?

P(m,T), (3.8)

with A, B arbitrary constant. Note that we have written the explicit dependency of
the diffusion coefficient on the system size. Thus, at the critical point, the equilibrium
distribution found in solving the Fokker-Planck equation is P9 (m) = Be*%m4, which
implies (m?) ~ V~z2. Near T,, the magnetization remains close to 0 and the expected
dynamics is purely diffusive. Then, initializing the system with zero magnetization we get
(m?) ~ %t. This is sufficient to conclude that the time needed to reach the equilibrium

scales as t ~ V%, and from that we derive our expectation for the z exponent in the Mean

d

: . . d
Field region z = g, i.e. 7~ L2.

As was briefly described in Section 2.2, Renormalization Group analysis shows that at
o= g a long-range spin model is equivalent to a Gaussian one and this implies that the

system is in a free super-diffusive regime, for which the dynamical critical exponent z is
z=—, (3.9)

with ds the spectral dimension of the underlying graph, defined in Section 2.1.2. The

dgLR) _ 2d

o’

authors of |6] have found that in long-range systems, the spectral dimension is
and from that and Eq. (3.9) we derive z = 0. When ¢ becomes larger than half the
dimension, the free random walk behavior will be perturbed by the interaction, which

implies z to be slightly larger than . This will be true up to a value of ¢ near d.

As soon as o approaches the dimension of the underlying lattice, we have to make the
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distinction between d = 1 and higher dimensions. For d = 1, we know that for values
of ¢ > 1 the short-range model is recovered, and so for the case of Ising spins, critical
dynamics will disappear. Instead, for d > 1, we know from the picture of Sak that the
short-range behavior is recovered when o > 2 — ngr. However, the anomalous diffusion
z = o of a free random walk surely becomes Gaussian when o = 2. Thus, it is not clear
if the dynamical exponent z follows the static picture of long-range spin models, and if
the short-range dynamics is recovered at ¢ = 2 — ngr or 0 = 2. We will see that our

simulations support the latter hypothesis.

3.3 Methods

Previously, we have outlined what are the expectations about the static critical exponent
y and the dynamical one z. In this section, we are going to explain our strategy for

numerically extrapolating such quantities to compare them with the theory.

3.3.1 The susceptibility critical exponent y

We know that the magnetic susceptibility x becomes infinity at the critical point. However,
in numerical simulations, we deal with finite-size systems so the magnetic susceptibility
can not diverge. Instead, it attains its maximum at a size-dependent temperature T,(L)
close to the critical temperature of the infinite-size system. The value of this maximum
follows the same power-law of Eq. (3.3), at least at the leading order. Thus, by taking

the logarithm of this equation, we can efficiently extrapolate the wanted exponent y,

log (Xmaz(L)) =y -log L + ¢, (3.10)

where (Xmaz(L)) is the maximum value that x can attain for a system of size L and ¢ is a

constant.

In order to estimate the maximum of the susceptibility, we adopt the following strategy.
During the Monte Carlo simulations the value of the magnetization, m = L™¢ Zfil 0;, is
saved every step, i.e. every N spin-flip trial. For every simulation, at every temperature,
we checked a posteriori that the system had thermalized, discarding the very first steps.

Obviously, due to the locality nature of the algorithm, near the critical temperature the
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integrated autocorrelation time, a measure of how different Monte Carlo configurations
are correlated, diverges, and so the number of steps required for thermalization becomes
high. This issue affects also the analysis of average quantities because to have a significant
statistical sample, one has to simulate longer Monte Carlo stories. To mitigate this effect
and to have a better estimate of the statistical error on the average magnetization, we
simulate O(10%) independent stories in parallel. Thus, we take as the average value of
the wanted quantities, the mean value over the simulations of the Monte Carlo temporal
averages, and similarly, we consider as its error the standard deviation over these parallel
stories. Once we have a statistical sample of the magnetization, we can compute the
susceptibility following its definition (3.2), where the averages and errors are estimated
as previously mentioned. The next step is to extrapolate the maximum value of y. A
standard way to do so is to apply the so-called histogram reweighting method [42]. In very
few words, it is a technique that allows to compute the expected value of some observable
at a given temperature from that simulated at a nearby temperature, simply by storing
the energy of the system at each Monte Carlo step. While this method turns out to be
very efficient, it is not directly applicable to our algorithm, since it requires computing the
energy. Indeed, we recall that the underlying graph of the DLL is built dynamically and
there is no way to define and compute the global energy of a particular configuration at
each Monte Carlo step. Therefore, we estimate the maximum concentrating the simulations
near the peak and extrapolating this value with a quadratic fit, supposing a polynomial
trend. In this way, for every setting of parameters (dimension and o), we collect a set of

pairs (Xmaz(L), L) and start our analysis of the wanted critical exponent.

Long Range models are known to be affected by strong finite-size effects, especially near
the LR-SR crossover [43, 22]. Typically, Eq. (3.10) is valid only asymptotically and one
has to manage higher order correction due to the distance of the system from the true
thermodynamic limit. Our strategy is to measure how much the angular coefficient y
varies with the linear size. We take three (two for the 1D case) consecutive sizes in the
power of 2, and we compute y(L) with a linear fit against them. Finally, we extrapolate
the thermodynamic limit L = co with a new linear fit against the reciprocal of the size,
supposing a dependency of the form y(L) =y + const. - L™'. Fig. 3.2 shows an example

of how the slope varies when bigger and bigger sizes are considered.
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Figure 3.2: Finite-size extrapolation example for a 1D spin chain at ¢ = 0.35.
Each line is the result of a linear fit of two consecutive sizes and it is clear how the slope
changes with increasing sizes.

As we will show in the next section, this strategy seems to work well for a wide range
of o, but it fails to manage stronger finite-size effects near the LR-SR crossover. Near
this region, one has to take into account explicitly higher order terms in L in Eq. (3.10).
Indeed, the authors of [22]| showed evidence that the correction to scaling of this equation
at o = 1.75 vanishes more slowly than linearly. In particular, they considered a scaling
law of the form

X ~ L*7"(a +bL™°), (3.11)

where a,b and § are parameters in principle o dependent. They empirically found that
a value of 0 = 0.42 can be taken into account for the correct scaling corrections. In our
methods, we can incorporate this correction, by simply modifying the angular coefficient
dependency, i.e. by considering a fit with the law y(L) = y + const. - L™°. In the next
section, we will see that, by using the value 6 = 0.42 for every o simulated, we can get rid
of finite-size effects and get results in great agreement with Sak picture. Moreover, we
anticipate that we found an interesting relation between o and the ratio a/b, which seems
to have a sharp minimum exactly at the LR-SR crossover, validating again the hypothesis

that here the finite-size effects are stronger than in any other value of o.

3.3.2 The dynamical critical exponent z

In the previous section, we argued about what is the expected behavior of the dynamical

critical exponent z in the three regimes. In the following, we define the numerical procedure
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we adopted to test it. As was mentioned before, we proceed by estimating the scaling of
the autocorrelation time of the magnetization with the size. In standard practice [41],

this quantity is related to the error £ on the mean value m by the following relation

52
28_12’

T (3.12)

where we have defined by & the estimate of the error on m without considering Monte

Carlo time correlations, i.e. £2 = ZZT;”lC (]7\,”(’];7_711))2 , with m; the value of the magnetization at

the i-th time step and T)sc the total simulation time. One way to numerically estimate 7
is the Jackknife method, which we recall briefly. The strategy is to construct new samples
aggregating temporally consecutive blocks of magnetization, substituting an entire block
with its mean mP¥. Thus, if the block size (BS) is tpg, we build a new sample made of

Ty /tps elements. Then, we compute the statistical error of this new sample

Tymc/tes BS =12
m; —m
Etps) = . # (3.13)
= (as )

For large values of tpg, the quantity £?(tps) is independent of the block size. So the best
estimate of the error on the mean m of the time series is the limit value of E(tpg), i.c.
from Eq. (3.12) 7 = tBlsiIEOOSQ(tBS)/€2(1). Let us define the normalized error ratio for
each linear size of the system to be Ex(tps, L) = E(tps, L)/E(1, L). At criticality and for
large values of tpg, this quantity is expected to scale with the only intrinsic time in the

dynamical evolution, L?, and since tgg is a time length, we can write

Enltps, L) = L*2E,(\/tps L), (3.14)

with éc a scaling function. Let us discuss the limits of this function. Since for tgg > 7,
En(tps, L) = 7'/% ~ L#/? then E.(z) is constant for large x. Instead, when tzg < 7, the
variance of the new sample should be quite similar to the one of the original time series.
Then, from the definitions, their ratio is near to the value tgg. Thus, for  ~ 0, g’c(x) ~ .
The previous arguments are valid exactly at criticality, 7' = T,.. Close to this point, we

expect a more general scaling relation, considering the reduced temperature,

Enltps, L,t) = L*2E(\/tps L=t L") (3.15)
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In order to deal with the dependency on ¢, we exploit the scaling form of the susceptibility
(3.3). Indeed, at the peak of y, the quantity tL'* = x,; is constant, and independent
of the system size. Then, for every size we have Ey(tps, L,t) = LZ/Q(‘E(\/W, ) =
En(tps, L), and the previous analysis continues to be valid. In the following, we explain
how we managed to estimate z for all the o simulated since there is no standard procedure
for doing it. The strategy relies on defining a function of z, whose minimum is an
indication of the best estimate of the exponent. For every possible values of z, we rescale

/2 and we

the normalized error £y with the corresponding power of the linear size, L~
consider the curves L=*/2Ey as a function of £ = \/tggL—=. Since the best estimate of z
is the one for which the rescaled curves collapse onto each other, we compute, for every

time step ¢, the difference between consecutive curves in size,
AEN(E, L) = L™*2EN (T, L) — (L/2)*2EN(T, L)2). (3.16)

Then, To consider the impact of finite-size effects, we estimate the thermodynamic limit

of A&y, relying on an assumption of linear correlation with the inverse of the size:
AEN(t, L) = const. - L + AEn(f, 0) . (3.17)

During our experiments, we have tested also other trends L™, with x # 1, but we found
small deviations from the final z estimate. Finally, to penalize discrepancies from 0, we
take the square sum of AEy(f, 00) for all values of £. Thus, this entire procedure leads to

the definition of the following function

AEn(z) =) A& (T, ), (3.18)

{t}
where the sum is performed over all the value of ¢ considered. We take as the best estimate
of z, the one for which this function presents a minimum. To estimate its error, we take

an interval over this z, such that the function Ey(z) reaches five times its minimum value.

We want to stress that our newly proposed approach proves to be highly effective. Indeed,
when dealing with strong finite-size effects, one needs to include in the scaling analysis

large systems, for which often the simulation time is not significantly greater than the



34 3.4 Results and numerical subtleties

decorrelation time. Because of this, the asymptotic value of 7 is not reached, as it is
evident for example for the size L = 512 in Fig. 3.3, where we show &y for a 2D spin
lattice at ¢ = 1.75. While a distinct plateau has not been reached for this size, our
technique enables us to extrapolate z, even when working with short time series. An
alternative way to measure the z exponents using even shorter simulations is through
a critical quench [44], in which equilibration of the system is not even required. This
method, however, requires knowledge of the static equilibrium critical exponents, while

our approach is completely agnostic to them.
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Figure 3.3: Example of normalized error £y trend against the block size time
tps, before and after the rescaling with z, for a 2D spin lattice at ¢ = 1.75.
Left: £% for o = 1.75 for a 2D spin lattice. The value of the autocorrelation time 7 is the
plateau, which is not yet reached for the biggest size L = 512. Right: Rescaling of &y
using our estimation z = 1.75. The collapse improves with increasing size, suggesting the
differences at small sizes are due to finite-size effects. Our methods enable us to estimate
z even if not all the curves have reached their asymptotic value.

3.4 Results and numerical subtleties

In this section, we will show all the numerical results obtained for the Long Range Ising
model. All the simulations were carried out on the HPC (High Performance Computing)
facility of the University of Parma. The codes that run the simulations are written in

C+-+, while the data analysis was performed using Python as the programming language.

To test the validity of our algorithm, we have to compare our numerical results with
theoretical expectations. In order to do so, we simulate a 1-dimensional and 2-dimensional
Ising spin lattice, and then check if the vastly accepted Sak picture is recovered. As
mentioned before, we manage this comparison by numerically extrapolating the critical
exponent governing the magnetic susceptibility behavior at criticality, i.e. we estimate
the value of the y exponent, defined in Eq. (3.3). For every parameter setting, dimension

and o, and for every temperature, we collect the total magnetization m = L~¢ Zfil oi,
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for a total of O(10°) realizations. In each case, we check a posteriori the thermalization
of the system, by waiting for a sufficient number of Monte Carlo steps, before saving the
data. The standard way is to wait for a number of steps proportional to the integrated
autocorrelation time 7, which depends on the size and temperature. Since 7 is maximum
at criticality, we wait for every temperature simulated at least 5 x 7r,(z), where T,(L)
is the temperature for which y presents a peak. To improve statistics and overcome
the critical slowing down effect, we perform a O(10%) of parallel simulations for every
parameter setting, and thus every (m) is the result of an average over different time series
of mean values over Monte Carlo time. In this way, we can estimate the error on (m)
and y, by taking the standard deviation of the average over the different stories. In the
previous section, we explained how we extrapolated the maximum of the susceptibility
and how we managed finite-size effects, through the application of various consecutive fits,
linear and quadratic. The errors on each final estimate are computed by propagating the
statistical error from the direct measurement, ensuring that the corresponding reduced y?

remains close to unity.

3.4.1 1D Ising spin chain

First of all, we test our algorithm on a 1-dimensional spin chain. We consider length sizes
from L = 2% to L = 2'° covering three orders of magnitude. We choose five values of
o: 0.35 for the Mean Field region, 0.6, 0.8, and 0.9 for the Long Range region, and 1.2
for the Short Range one. We will first present our estimate of y exponent, for which we
find good agreement with Renormalization Group expectations and then we will show the

results about the dynamical critical exponent z.

3.4.1.1 Statics (y exponent)

We begin by looking at the Short Range region, for which the one-dimensional Ising
model behavior should be recovered. It is known that this model does not exhibit a phase
transition for any temperature 7' > 0. This implies that the spins can not be aligned
to a global direction, and the system is always found in a paramagnetic phase, i.e. the
total magnetization per spin m is zero for every temperature. Obviously, this is true only
in the thermodynamic limit, when the number of spins N is led to infinity. Thus, one

way to find if our simulated system is compatible with a 1-dimensional Ising model is
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to check the behavior of (|m|) with the linear size. Indeed, we simulate a system with
decay parameter o = 1.2 > d and we find that (|m|) goes to zero for each temperature
as the linear size is increased, as it is shown in Fig. 3.4. This is true for a wide range of

temperatures, up to the lowest simulated, 7" = 0.01.
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Figure 3.4: Short Range regime for a 1D spin chain. |m| vs T, for increasing
values of the linear size, at ¢ = 1.2. It is clear that increasing the size, the magnetization
goes to 0, even at low temperatures (the lowest temperature is 7' = 1072). Errors are
computed considering the integrated autocorrelation time, indeed they grow bigger near
T = 0, which is the transition temperature for a 1D Short Range Ising model.

Having checked the short-range behavior is recovered, we move to the extrapolation of
the y exponent in the remaining regions. For the Mean Field one, we simulate o = 0.35,
while for the Long Range region, we took ¢ = 0.6,0.8,0.9. We find good agreements
with the picture outlined by Renormalization Group calculations, as it is clear from the
plot of Fig. 3.5, whose details are collected in Table 3.1. Near the LR-SR crossover, the
simulations are more demanding, as can be seen by the presence of larger errors in the
y estimate. This could be a consequence of the fact that at o = 1, the one-dimensional
Long Range Ising model exhibits a Kosterlitz-Thouless phase transition [9], and a detailed

study requires further investigations.
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Figure 3.5: 2 — y exponent for a 1D spin chain. Our estimate of the y critical
exponent for the values of ¢ simulated. The black dashed line represents the theoretical
expectation, as described in Section 3.2, for which we have y = d/2 = 0.5 in the Mean
Field region and y = 2 —n = ¢ in the Long Range one. As mentioned in the text, the
errors are computed propagating the statistical error on the measures. We found good
agreements with Sak scenario. Getting closer to o = 1, the simulations become demanding
and the errors grow. This could be due to the vicinity of a Kosterlitz-Thouless transition,
which takes place at exactly o =1 [9].

’ o \ 2 — y extrapolated \ A2 —y) ‘
0.35 0.507 £ 0.015 0.007 £ 0.015
0.6 0.612 £ 0.016 0.012 £ 0.016
0.8 0.761 +0.032 0.039 £ 0.032
0.9 0.861 £ 0.041 0.039 £ 0.041

Table 3.1: Numerical details of our 2—y extrapolation for a 1-dimensional spin
chain. The last column indicates the discrepancy concerning the expected theoretical
exponent.

3.4.1.2 Dynamics (z exponent)

There is clear evidence that our algorithm works well for a one-dimensional Long Range
Ising model, and then we exploit its local nature to extrapolate the dynamical critical
exponent z, through the strategy previously mentioned. We collect our results in Fig. 3.6

and Table 3.2. The errors are computed as explained in Section 3.3.
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Figure 3.6: z exponent for a 1D spin chain. Our estimate of the z critical exponent
for the values of o simulated. The black dashed line represents the expectation coming from
our arguments. It is clear that in the Mean Field region, the hypothesis z = d/2 = 0.5 is
corroborated. In the Long Range one we observe a small perturbation to the free diffusive
behavior in the Long Range one, which would lead to z = ¢, and this perturbation gets
bigger in the vicinity of the point ¢ = 1, where critical dynamics disappears.

’ o ‘ z extrapolated ‘

0.35 0.52 +=0.05
0.6 0.63 = 0.04
0.8 0.85 £ 0.04
0.9 0.97£0.03

Table 3.2: Numerical details of our z extrapolation for a 1-dimensional spin
chain. We found good agreements with the picture we have outlined in the text. We
observed that in the Mean Field region z = d/2, while in the Long Range region, this
exponent is slightly perturbed from the value z = o.

3.4.2 2D Ising spin lattice

The 2-dimensional case is more subtle for several reasons. The number of spins N scales
squarely with the linear size L, increasing the computational cost. Because of this, we
restricted L to be in the interval [2%,2°]. Since we deal with smaller linear sizes with
respect to the 1D case, the finite-size effects are more significant. Indeed, in simulating
the 2D lattice, the furthest distance on which we can rely is LED) /2 = 256, which is three
orders of magnitude lower than that of the 1D case LGD) /2 = 16384. The issue of strong

finite-size effects is well known in the literature, especially near the LR-SR crossover
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[43, 22]. As was mentioned in previous sections, we managed these effects by choosing
suitable boundary conditions and including second-order terms in the scaling relation (see
Eq. (3.11)). Similarly to the 1D case, we will first show our study of the critical static

exponent y and then of the dynamical one z.

3.4.2.1 Statics (y exponent)

We collect our results in Fig. 3.7 and Table 3.3. The brown circles in this figure, whose
detailed values are shown in the second column of the table, represent our estimate
using just the leading terms, i.e. Eq. (3.3). It is evident that those points deviate
significantly from the expected values, represented in the figure by a black dashed line
and this deviation is bigger near the LR-SR crossover, at ¢ = 1.75. We simulate the same
linear sizes with the cluster algorithm and it reveals the same discrepancies, which implies
they are attributable to finite-size effects rather than pathologies of the DLL algorithm.
Indeed, the authors of [22], argued that by considering second-order terms, in the form of
Eq. (3.11), one can recover the analytical predictions of Sak calculations. In particular,
they found that a value of § = 0.42, accounts for the correct scaling at o = 1.75. Guided
by their results, we consider the same correction to scaling 6 = 0.42, and we find it is
consistent also for the other values of o. Indeed, the quantity xL~?" displays a linear
dependency on L~°, as shown in Fig. 3.8 for ¢ near the LR-SR crossover, which validates
the scaling corrections considered (we recall that in this region y is by definition equivalent
to n). Interestingly, these straight lines, extrapolated with a linear fit, are parallel to
each other, meaning they share the same coefficient b (see Eq. (3.11)). Nevertheless, they
move toward the z-axis approaching the crossover o = 1.75, which implies that finite-size
effects are stronger near this point since the coefficient a becomes less significant. Indeed,
we study the ratio a/b over the whole set of o simulated, finding a sharp minimum at
o = 1.75. These ratios can be seen in the plot of Fig. 3.9, where the y-axis is represented
in a logarithmic scale, to better highlight the sharpness of this minimum. We show our
estimate of 2 — y with the L™ correction as blue stars in Fig. 3.7, whose details can
be found in the last two columns of Table 3.3. Note that the errors in this case become

bigger since it assumes larger scaling corrections.

Our analysis has shown that, by applying known finite-size effects strategies, our algorithm

provides the expected equilibrium critical properties even for the two-dimensional case,
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thus we can investigate the dynamical critical exponent z.

N $____$\ —— =042

\ ]
0.8 # 7

\

> \ ]
| 0.6 \ .
o ]
. ]

0.4 o) 1

\ ﬁr ]

0.2 +‘ $ ]

0 T

g

Figure 3.7: 2—y exponent for a 2D spin lattice. Here we collect our estimate of the
y exponent, both with and without scaling corrections. The brown circles represent the
results without considering second-order terms. The discrepancy from the expected values,
shown with the black dashed line, grows bigger near the LR-SR crossover, at ¢ = 1.75.
Nevertheless, by taking into account next to leading order corrections, our simulations
show good agreements with the Sak scenario. We made use of the same correction L™ of
[22], with 6 = 0.42 and we pictured these points as blue stars.

’ o ‘ 2 — y (leading) ‘ A2 —y) H 2—y (0 =042) ‘ A(2 —y) ‘
0.5 0.95 £ 0.03 0.05+£0.03 1.022 £+ 0.059 0.022 £ 0.059
0.9 1.019 £0.025 | 0.019 £ 0.025 0.995 + 0.051 0.005 £ 0.051
1.2 | 1.168 £0.033 | 0.032 £ 0.033 1.169 +0.064 | 0.031 £ 0.064
1.5 1.424 +0.061 | 0.076 £ 0.061 1.516 4+ 0.062 0.016 £ 0.062
1.75 | 1.608 £0.032 | 0.142 £+ 0.032 1.766 + 0.068 0.016 £ 0.068
1.9 1.679 4 0.046 | 0.071 & 0.046 1.766 4+ 0.069 0.016 £+ 0.069
2.0 1.685 £+ 0.048 | 0.065 £ 0.048 1.761 £ 0.07 0.011 £ 0.07

2.15 | 1.705+0.038 | 0.045 £ 0.038 1.793 £ 0.076 0.043 £ 0.076
2.5 | 1.7544+0.026 | 0.004 £ 0.026 1.789 £0.075 | 0.039 £ 0.075

Table 3.3: Numerical details about our estimate of 2 — y in the 2D case. The
second and third columns collect our results when neglecting second-order corrections
to scaling. The discrepancies are greater near the point ¢ = 1.75. These discrepancies
become compatible with zero when considering next-to-leading-order terms. In the last

two columns are presented our estimate of 2 — y, when using a correction L™ as described
by Eq. (3.11), with § = 0.42.
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Figure 3.8: Linear dependency of YL~ =" respect to L=, with § = 0.42. Here
we show only the o near the LR-SR crossover. The straight lines were extrapolated using
a linear fit of the points. We have checked that these fits gave a reduced x? close to
unity, validating the linear trend of the points. The lines are quite parallel to each other,
meaning that the strength of the finite-size effects is due to the value of the intercept a,
which is minimum near o = 1.75, where it is known these effects are stronger.
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Figure 3.9: a/b ratio at various o. The ratio of the linear fit coefficients is shown for
the whole set of ¢ simulated. We choose to put the logarithmic scale on the y-axis to
better highlight the sharpness of the minimum, which is found at ¢ = 1.75. This study
validates the already formulated hypothesis that finite-size effects are much stronger near
the LR-SR crossover.

3.4.2.2 Dynamics (z exponent)

We conclude our analysis by extrapolating the dynamical critical exponent z for a 2D spin

lattice. We have already argued what are the expectations in Section 3.2. In the Mean
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Field region, due to the disappearance of the geometry, the relaxation time is expected to
scale as LY2, i.e. z = 1 for the 2D lattice. At o = d/2, the model is Gaussian, meaning
the system is in the free super-diffusive regime, which implies for Long Range systems
z =2d/ds = 0. Then, in the Long Range region, we expect z to be slightly greater than o,
since the interactions perturb the free random walk behavior. Finally, in the Short Range
region, z should be equal to the one of the corresponding short-range model. The most
recent estimate of the z exponent in a Short Range 2D Ising model is z = 2.14 £ 0.02,
as taken from [45]. It is not necessarily true that Sak boundaries are valid also for the
dynamical critical behavior. If this was the case, in the Long Range region z should
deviate rapidly from the free super-diffusive regime 2z = o, to recover the short-range
value at ¢ = 1.75. However, our simulations invalidate this scenario, since they suggest
the short-range regime is recovered smoothly at o = 2. We collect our results in Fig. 3.10
and Table 3.4. In this picture, the black dashed line represents the expectation if the Sak
scenario can be applied to dynamical properties, while the lighter one shows the behavior
of z when this hypothesis is no longer valid. The dark horizontal line is the value of z
with its error of the 2D Short Range Ising model, as found in [45]. By looking at the value
of z for 0 = 1.75, it is evident that the effect of interactions does not perturb strongly the
free super-diffusive behavior, and from the value of z at ¢ = 1.90 Sak picture is clearly
violated and the short-range behavior is recovered smoothly for ¢ > 2. From this picture
we have just highlighted, more extensive simulations are needed to better understand the
dynamical critical properties of the 2D Long Range Ising model in the range o € (1.75,2).
This would also benefit from an analytical Renormalization Group argument, although it

lies outside the scope of our current study.
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’ o \ z extrapolated ‘

0.5 1.01 £0.04
0.9 1.01 £0.04
1.2 1.24+0.035
1.5 1.55 £0.04
1.75 1.76 £ 0.02
1.9 1.91£0.03
2.0 | 2.016 £0.035
2.15 2.07 £ 0.06
2.5 2.12£0.04

Table 3.4: Numerical details of our z extrapolation for a 2D spin lattice. In
this table, we collect the numerical values of the points in Fig.3.10, which highlight the
agreement with the expectations and the discovered behavior in the region o € [1.75,2].
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Figure 3.10: 2 exponent for a 2D spin lattice. The dashed lines represent the
leading order of theoretical expectations. The black one shows the expected behavior if
the Sak scenario is valid also for dynamical properties. When this is no longer true, we
expect z to follow the lighter dashed line, for which the short-range behavior is recovered
at 0 = 2. The dark horizontal line is the value of z with its error of a 2D Short Range
Ising model, as taken directly from [45]. We found good agreement both in the Mean
Field region (z = d/2) and in the Long Range one, up to o = 1.75, (z = o). The value
of z at 0 = 1.75 suggests the long-range interactions poorly deviate the behavior of the
system from a free super-diffusive regime. Moreover, the result of ¢ = 1.90 highlights
the fact that the short-range regime is recovered smoothly at ¢ = 2, invalidating the Sak
scenario for dynamical critical properties.
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3.4.3 2D Long Range XY

We have collected evidence that our algorithm, the DLL, can numerically simulate the
Long Range Ising model [46]. Moreover, due to the local nature of the DLL, it can be
exploited to study various complex systems, for example, the Long Range XY model. In
this final section, we will explain our methods and the early results of our preliminary

work on this model.

In Section 2.2.2 we have seen that long-range interactions change the behavior of the
XY model, and Renormalization Group calculations [14] highlight the presence of three

regions of interest depending on o:

e For o € (0,7/4) the system exhibits a ferromagnetic-paramagnetic phase transition.
Moreover, it appears that the connected spatial correlation function assumes a
power-law behavior in the whole ferromagnetic phase (S(0) - S(r)),. = (S(0) - S(r)) —
(S(0))" ~ 7772,

e For o € (7/4,2) the system presents two phase transitions. Raising the temperature,
the system passes from a magnetized phase to a BKT one, and eventually, it

undergoes a BKT-paramagnetic phase transition.

e For o > 2 the system behaves like the short-range model and a BKT-paramagnetic
phase transition is present. In the BK'T phase, the connected spatial correlation is

again a power-law, with a temperature-dependent exponent 7n(7T") o T

In order to test these predictions, we choose to extrapolate the so-called Binder cumulant
of the magnetization, a statistical observable that can serve as a phase marker. It is
defined as
(m")
B(m)=2- —%, (3.19)
(m?)
where m is the magnetization per site. It can be shown that, in the thermodynamic
limit, B(m) = 1 in the ferromagnetic phase, while B(m) = 0 in the paramagnetic one.
In the BKT phase, it assumes a value between 0 and 1, depending on the temperature
B(m)gxr = B(m,T). Numerical studies suggest that the value of the Binder cumulant

at the BKT transition, Tggr, is close to 1: B(m,Tgrr) =~ 0.982 [47|. For this reason,

following the strategy designed in [34], we study a quantity derived from the Binder
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cumulant, to better highlight the deviation from the value 1:

B(L) =log (B(m,L)™" = 1), (3.20)

where B(m, L) denotes the value of B at the particular finite-size L of the system simulated.

In this way, for the three phases, in the thermodynamic limit, we expect:
e In the paramagnetic phase, B — 400, since B — 0;
e In the ordered phase, B — —o0, since B — 1;

e In the BKT phase, B — B*(T), since B approach a temperature-dependent value
B*(T).

In order to find the asymptotic behavior of B, we study the trend of its logarithmic
discrete derivative, i.e. we compute how goes |B(L) — B(2L)| with growing sizes. In the
ferromagnetic (paramagnetic) phase, we expect this derivative to reach asymptotically a
negative (positive) constant, so B can diverge to +oo ( —00). Meanwhile, in the BKT phase,
the derivative should approach 0, since B tends to be a constant in the thermodynamic
limit.

For our preliminary experiments, we simulate three values of o, one for each region of
interest: 0 = 1.2, 1.8, 4. The linear sizes considered are L = 16, 32,64, 128,256 for 0 = 1.2
and 4, while we add also L = 512 and L = 1024 in the more interesting intermediate

region.

In Fig. 3.11, we show our results for the ferromagnetic-paramagnetic region. It is evident
that this system undergoes a phase transition at a temperature between 7' = 0.68 and
T = 1.19. The two higher temperatures send B to increasing positive values, while for
the other temperatures tested this quantity seems to quickly decreasing. Indeed, by
looking at the logarithmic derivative, we find it reaches a negative value already with
small sizes. These are clear signals that for this value of o, the system undergoes the

expected magnetized-disordered phase transition.

In the short-range region, we simulate a system with 0 = 4 and we collect the results in
Fig. 3.12. Again, it is clear that there is some phase transition between the temperatures

T = 0.42 and T = 0.6 since for the latter, B is fast growing with the size. Meanwhile,
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the lower temperatures seem to reach an asymptotic value. This can be checked from the
derivative plot, where it is evident that the difference |B(L) — B(2L)| approaches zero

with respect to increasing sizes.

_e
44 -7 —0.514
e 0.51 .
______ b
oTIIIIINes e T }
1 -zl \ R UL
2 __-z3z=EE -0.52 1 N R S
g===7" -4- T0.38 _ AN
—_ - \
7 -4- T053 N N
0 - o \
a $- To0.68 S .53 \
s} -$- T119 - N
> i \
8 -t- T126 3 \
—2 F‘--_ \\\
______ — 4 \
e 0.54 b
- - ——— N
____________________ AN
T ‘ ““““ RN ey
-~»--_____'_';‘ —0.55 1 Sgommmm
1.2 1.4 1.6 1.8 2.0 2.2 2.4 1.2 1.4 1.6 1.8 2.0
log(L) log(L)

Figure 3.11: Behavior of the Binder cumulant at ¢ = 1.2. On the left, we show
how B = log (B(m, L)™' — 1) behaves at different temperatures. It is quite clear that the
two higher temperatures diverge positively when increasing sizes, while the others quickly
decrease. This last phenomenon is verified by the behavior of the logarithmic derivative
on the right, where it is pictured how they approach a negative constant value.
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Figure 3.12: Behavior of the Binder cumulant at ¢ = 4. Here we show the trend
of B in the short-range region, for o = 4. At high temperatures, this quantity diverges,
highlighting the presence of a paramagnetic phase. For low temperature, it seems B
reaches an asymptotic value, suggested also by the behavior of the derivative, on the right.
It is evident that the derivatives approaches quickly the zero value, meaning B becomes
constant in the thermodynamic limit.

There is empirical evidence that our algorithm is able to capture the expected behavior

for a 2D XY Long Range model, in the regions o ¢ (7/4,2). For this reason, we move to



3.4 Results and numerical subtleties 47

study the intermediate region o € (7/4,2). Here, we expect all the three behaviors already
highlighted: some temperatures with B positively and negatively diverging and some
with a constant value of it. We simulated several temperatures, ranging three orders of
magnitude, and in Fig. 3.13, we show a sample of them, T = 1.0, 0.72, 0.667, 0.023, 0.001.
At T = 1.0, we find the paramagnetic behavior and we avoid simulating the size L = 1024
since it is computationally demanding. Then, we check that T = 0.72 is the highest
temperature that does not present a positively diverging behavior of B. For every
temperature below this one, we extrapolate a ferromagnetic-like behavior. It seems that
the derivative starts from negative values and increases with the size, but then it reaches
a plateau far from zero. With our experiments and sizes simulated, we can not still say
if the absence of a BKT phase is due to strong finite-size effects or if it derives from
some approximations done in Renormalization Group calculations. The same results were
found in [34], where o = 1.875 were simulated. Then, it is clear that the Binder strategy
employed is not able to highlight the presence of a triple phase in the intermediate region.
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Figure 3.13: Behavior of the Binder cumulant at ¢ = 1.8. Here we show the
behavior at some temperatures at o = 1.8. At the highest temperature, 7' = 1, the system
is clearly in the paramagnetic phase, and there was no need to simulate bigger sizes than
L = 512. For all the temperatures below T" = 0.72, we find an asymptotic behavior quite
similar to a ferromagnetic one, as was already found in [34]. However, at this stage of our
work, we can not exclude that the absence of a BKT phase is due to strong finite-size
effects. In the picture on the right, we deliberately show a wide range of the y-axis, to
better highlight the distance from the expected value 0 for a BKT phase.

Since the Binder strategy is not sufficient for gaining insights about the intermediate region,
we are currently studying the critical exponent governing the connected spatial correlation

function G.(r;;) = (S; - Sj), = (Si - Sj) — (S;)?, where the average is over both the Gibbs
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ensemble and the lattice points, and 7;; is the distance between the two spins. In the
ferromagnetic region, we recall we expect to recover the Sak scenario G.(r) ~ r=" ~ 172,
while in the BKT phase, the exponent 1 depends linearly on temperature. Dealing with
systems having finite linear size L, we want to study the scaling form of G.(r)

G.(r,L) = L™y (%) , (3.21)

with g(r/L) a scaling function. The goal is to extrapolate 7, such that if we have G.(r)
for different sizes and we rescale them properly, then they will collapse onto the same
curve, as when we extrapolated the dynamical critical exponent z for the Long Range
Ising model (see for example Fig. 3.3). In order to do so, we numerically compute G.(r, L)
for every size, with r ranging from 1 to L/2. Then, we consider the values taken at the

same ratio r/L and we perform a linear fit following the scaling law
log(Ge(r(L), L)) = —nlog(L) + C, (3.22)

where (L) denotes the fact we are choosing a suitable distance such that r/L is equal
for any size, and C' is a constant independent from L. Since we collect many distances,
we extrapolate the value of 1 for many (L) and we consider the average and standard
deviation over this sample of ns. To get rid of finite-size effects, when fitting Eq. (3.22),

we employ the same strategy already discussed in Section 3.3 (see Fig. 3.2).

In the region o € (0,7/4), we extrapolate n for two values, 0 = 0.5, 1.2. We collect our
results in Fig. 3.15. It is clear that in this region, we can find the expected Sak law
n=2—o0. In Fig. 3.14, we show also how well the found exponent collapses the curves

for the o = 1.2 case.

e—— +— 32

»>

SSe T2, 64
. . 22

< 10 Y

=

O 1044

1075 4
1074

100 10! 102 1072 107
.
r T

1024 10° 4

1071 4

L="g(r/L)

)=

Il 10-24

£ 1034
9

Figure 3.14: Collapsing the G.(r) curves with the 1 found with our strategy. In
this example, we show that our method is able to find the correct exponent for collapsing
the curves G.(r) at different linear sizes.
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Figure 3.15: 7 extrapolation for the ferromagnetic-paramagnetic region o €
(0,7/4). We extrapolate n for o = 0.5 and 0 = 1.2. We recover Sak law n = 2—o0, indicated
in the plot with the black dotted line. The exponents found are n(c = 0.5) = 1.55 4+ 0.03
and n(c = 1.2) = 0.81 £ 0.03

In the Short Range region o > 2, we expect to recover the short-range XY behavior. If
the system is in the BK'T phase, then the exponent 7 should present a linear dependency
on the temperature. In Fig. 3.16, we show our results for 0 = 2.5 and it seems n follows

the expected linear scaling.
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Figure 3.16: n(7T) at o = 2.5. In the temperature region tested, the extrapolated
exponent 1 seems to follow a linear dependency on T' (the black dotted line represents the
best linear fit we found).

Finally, we manage to test the intermediate region o € (7/4,2) and we extrapolate n for
the same temperatures tested at ¢ = 1.8 (Fig. 3.13). Here, we should expect a different

behavior depending on the temperature. At low temperatures, 1 should follow the usual
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Sak law n = 2 — o, while at higher temperatures (below Tggr) n should be a linear
function of T. We collect our results in Fig. 3.17. It is clear that from our preliminary
analysis, both the expected behaviors are not recovered. Again, at this stage, we can
not claim that the found discrepancies are not due to strong finite-size effects. Indeed,
one can ask if a correction like the one in Fig. 3.7 is sufficient to get rid of these effects.
Using the same correction with = 0.42, the blue stars in the figure, we found a behavior
that seems to be in line with theoretical expectations. At low temperatures, 1 seems
constant and near to the value 2 — 0 = 0.2, while at higher temperatures a linear trend
is suggested. For these reasons, we plan to investigate this region with more intensive

simulations. Moreover, a more involved study on the correction § should be performed.
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Figure 3.17: Behavior of n at different 7" at ¢ = 1.8. It is clear that neither the
17 = 2 — o nor the linear dependency is highlighted by our analysis. We conjecture these
discrepancies are due to strong finite-size effects. Indeed, by employing the same strategy
used for the Ising model (see Fig. 3.7), we observe a behavior quite similar to the one
expected. We plan to investigate this region with more intensive numerical simulations.
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Deep Neural Networks
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4 Deep Learning theory in the Infinite-Width
limit

In the contemporary era, the advent of deep learning models has marked a significant

milestone in the realm of artificial intelligence. These models, characterized by their deep

architectures and vast number of parameters, have demonstrated proficiency in numerous

tasks, ranging from image recognition to natural language processing. Their success has

not only reshaped industries but has also piqued the curiosity of the broader scientific

community.

However, with this surge in popularity and application, there arises a pressing challenge:
the intricacy of these models often renders them as "black boxes." The complexity inherent
in their design, combined with the multitude of layers and connections, makes it daunting
to decipher their inner workings. This opacity is not just a theoretical concern but has
practical implications, especially when these models are employed in critical applications

where transparency and interpretability are paramount.

It is worth noting that the landscape of machine learning is vast, encompassing a variety of
learning problems. These can be broadly categorized into supervised learning, unsupervised
learning, semi-supervised learning, and reinforcement learning, among others. Each of
these paradigms addresses distinct challenges and is suited for specific types of tasks.
For instance, unsupervised learning focuses on finding patterns in unlabeled data, while

reinforcement learning is concerned with decision-making in dynamic environments.

In the context of this chapter, our primary focus will be on supervised learning.
This paradigm, where models are trained using labeled data to make predictions or
classifications, serves as the backbone for many of the most celebrated achievements of
deep learning. As we delve deeper into the statistical mechanics of neural networks, we’ll
explore how the principles of this discipline can shed light on the behavior of supervised
learning models, offering a clearer understanding of their strengths, limitations, and

potential avenues for innovation.
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4.1 Supervised learning

The starting point for defining a supervised learning problem is the training set Dp. This
set consists of a number P of input-output pairs, where the input represents some data or
pattern, and the output represents a particular label associated with the corresponding
input. From now on, for simplicity, we will consider vectors belonging to a high dimensional
space as input, and binary outcomes as output. Then, the training set is defined as

Dp = {x",y"},, (4.1)

u:l )

where x* € R™ | for some integer Ny, and y* € Y, where Y denotes a general set, which
can be discrete for classification tasks or continuous for regression ones. Formally, we
assume that the pairs (x,y) are random variables distributed according to an unknown
joint distribution P(x,y), and the particular training set Dp is a random instance of this
distribution. Then, the goal of any learning algorithm is to find a function f : RN — {0, 1}
that approximate the conditional probability distribution P(y|x), such that for a new
pair (X,7) ~ P(x,y) drawn from the same probability distribution of the training set,
it predicts with high probability the correct output, i.e. f(X) =g. In order to find this
function, one has to restrict the search within a particular set of possible functions, also
called the hypothesis class. For our scopes, we will focus on functions that implement
artificial neural networks (ANN). ANNs are computational graphs made of neurons, which
are a model of the biological neurons in the brain, in the sense that they receive a signal
as input and they eventually propagate it when a certain threshold is exceeded. ANNs
are usually defined by consecutive layers of neurons, where each one takes as input the
output of the previous layer and applies a non-linear transformation. In general, these
transformations depend on the neural network architecture chosen. In the following,
we will describe the two types of architecture that are the focus of our studies, the

Fully-Connected neural Network, and the Convolutional Neural Network.

4.1.1 Fully-Connected neural Network (FCN)

We now describe the easiest architecture one can think of, the Fully-Connected neural

Network (FCN), also called Multi-Layer Perceptron (MLP). Each layer ¢ of an FCN
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consists of N, neurons, associated with a real-valued number. The value carried by a
neuron depends on the value of all the neurons in the previous layer, whose signal is
transformed with the application of a non-linear affine transformation. This is defined
by a matrix of weights W) ¢ RNexNe1 and a vector b® € RV called bias, followed
by a non-linear function 0¥ applied element-wise. In this way, the signal is propagated
through the layers until the output layer is reached. In Fig.4.1 we show an example of

how FCN architectures are usually represented.

Figure 4.1: Example of a FCN architecture. In this picture is shown an example
of a FCN architecture. The circles represent the neurons and the links between them are
the affine transformations which depend on the weights and biases. In this example, the
input is a 16-component vector, while the output is binary.

It is useful to define the pre-activation h(® of a layer as

No_y
hOx) =3 WPl (x) + b (4.2)

j=1

where ¢(x) is the activation vector and is defined as (15,(;@ (x) =o® (hgé) (X)) We collect
all the parameters in each layer in the set § = {(W®), b(é))}le, where L is the number of
layers, also called network’s depth. Finally, we can define the function which implements

a FCN architecture as
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where we have used a compact notation for the affine transformation A (x) = W® . x +

b®.

4.1.2 Convolutional Neural Network (CNN)

In the realm of artificial neural networks, Convolutional Neural Networks (CNNs) are a
specialized kind designed for processing grid-like data structures, usually images. The
very first idea about CNNs can be traced back to the work of Fukushima [48], where he
introduced the concept of Neocognitron. However, it was Yann LeCun’s work [49] in the
late 1990s on the LeNet-5 architecture for digit recognition that truly characterized and
started the development of CNNs.

The fundamental components of a CNN are the Convolutional layers. These layers perform
a convolution operation, applying a filter to an input to produce a feature map. This
operation involves a sliding filter (also called mask) over the input data and computing
the dot product between the mask and the section of input it covers at each position. The
mask slides a fixed number S of positions (or coordinates or pixels), referred to as stride.
Mathematically, the convolution operation for a 2D input [ and a filter K, considering

S =1, is given by:

(I*K>($ay): Z [(l‘—i,y—j)'K(i,j), (4'4)

where the filter dimensions are taken to be M, x M,. In Fig. 4.2 we show a visual

representation of the convolution operation.
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Figure 4.2: Example of convolution operation. This sketch is taken from
https://anhvnn.wordpress.com/2018/02/01 /deep-learning-computer-vision-and-
convolutional-neural-networks/. It illustrates how the convolved image I * K is
built through the application of a filter K to an input data (an image) I. Each element
(pixel) of I * K is computed as the dot product between the filter and the corresponding
portion of the input data.

The neurons on the mask interact only with a local neighborhood of neurons in the
previous layer, implementing the so-called local connectivity. In the context of NNs,
the convolution filter K is made of weights and biases that can be updated through the
learning phase. Since the filter is sliding through the entire input data, the neurons of
the feature map (the convolved image) share the same set of weights and biases. This
principle drastically reduces the number of parameters in the network and it ensures that
the same feature can be detected anywhere in the input (the convolution operation is
said to be equivariant under shifts of the locations of input features). This fundamental
property is known as weight sharing, and we will see how it is crucial. Finally, multiple
feature maps are stacked on top of each other by applying a set of independent filters,
each one called channel. Each channel has its own set of weights and in principle, it
detects different features in the input. Finally, the feature maps are collected as single
neurons in a one-dimensional layer, which serves as a hidden layer of an FCN. In this way,
a final output can be produced. We schematize the most simple CNN architecture in Fig.
4.3: a single convolutional layer, followed by the collection of all features maps (Flatten

operation) and finally a Fully-Connected (Dense) layer which produces the output.
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Input

Output

Convolution

Figure 4.3: Example of the simplest CNN architecture. This picture shows the
simplest CNN architecture: a convolution layer, followed by a flattened operation (the
feature maps are collected in a one-dimensional layer of neurons), and finally a Fully-
Connected (Dense) operation that produces the output (represented as a single neuron).
In this example, the convolutional layer has 12 independent channels.

Note that, we can use the same notation of Eq. (4.3) for representing a CNN function,

obviously changing the definition of the affine map.

4.1.3 Loss Function

It can be proved that a function in the form of f, (4.3), whatever the affine transformation
is, satisfies the so-called Universal Approximation Theorem [50], which stands that
for every function g defined on a compact space K C R and every ¢ > 0, there is a

particular choice of 6 such that sup,.x |fo(x) — g(x)| < e.

Now that the type of function that would solve the supervised problem is defined, the next
step is to find the best function within the hypothesis class. This step actually defines
the learning procedure and it often involves an optimization schedule. In order to find
the best solution for a particular problem, a definition of best is required, which accounts
for the evaluation of a hypothesis function. This is done through the definition of the
so-called Loss Function £ : Y x Y — R, which takes as input the labels of the set of
data and the outputs of the network, and returns the distance between them. There are
several choices of £, depending on the kind of supervised problem. For our scopes we will
focus only on regression problems, where the labels are a continuous real-value vectors

y € R¥, and typically the chosen Loss Function is the Mean Squared Error, defined as

P
Lusz =53 lly — oI (4.5)
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Given a Loss Function £ and an architecture fy, the goal is to find the set of parameter 6,
which minimizes L, i.e. the distance between original labels and network’s predictions.
One starts with a random initialization of the parameters # and then evolves them. The
evolution follows the gradient descent of the Loss Function and the dynamics of the

parameters through the learning algorithm is described by the relation 0=—VoL.

An efficient way for computing the gradient of £ with respect to the weights is the
backpropagation algorithm. Briefly, it computes the gradient one layer at a time and
then iterates backwardly from the last layer to avoid redundant calculations, exploiting
the chain rule of differentiation. For simplicity, in the following, we will describe this
mechanism in the case of an FCN. It is easy to prove through induction that the dynamics

of the weights W are described by the following relation

w_ 9L
ij
where
Noq1
¢ ‘ ‘ ¢
0 = 32 W 10,
j=1
ql(L) _ <yu _ ¢(L) (x“)) a'(hl(-L)) : (4.7)

recalling that h( and ¢© are respectively the pre and post-activation of the ¢-th layer
(see Eq. (4.2)), and where we have considered the same activation function o for every
layer. The whole process of finding the minimum of the Loss Function by adjusting the

parameters 6 is referred to as the training phase.

When dealing with a supervised problem, it would be useful to obtain an inference model
capable of good performance on new examples, which are not visible during the training
phase. For this purpose, it is defined the generalization error ¢,, which is a measure of
how accurately an algorithm is able to predict outcome values for previously unseen data.
It is defined as the average distance between the label y, of a new unseen pattern x, and

the output of the trained neural network. The formal definition of ¢, reads

&0(fo) = / dxdy P(x,)L(y, folx)) . (48)
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where P(x,y) is the unknown joint probability distribution for the pairs (x,y). Clearly,
it would be useful to build a theory that can predict the minimum ¢, reachable, given a
desired function fy. For this reason, studying the generalization error is the core of any

learning problem and this will be the topic of the following section.

4.2 The problem of generalization in

overparameterized neural networks

Any learning algorithm aims to build a model of inference, which is gaining knowledge
and being able to make predictions from a set of data. We have already seen that the
starting point is to search for a function f, under some assumptions, which define the
space of possible functions, the hypothesis class. For every fy, we can then compute the

generalization error as

eo(fo) = Eny () = ") = [ dxdy (folx) = 9)*Plx.1). (49)

where E. represents the expected value of a quantity over the probability distribution
P(z) of the variable z, and we consider the MSE as Loss Function, since we are dealing
with a regression problem. Note that, fy is a function whose parameters are adjusted to
predict pairs of the dataset, then it depends on the particular choice of Dp. However,
Dp is itself drawn from the distribution P(x,y)" and it must be taken into account if we
want a full understanding of the generalization error. Then, in the following, we explain
an argument to quantify the expected generalization error, i.e. Ep[¢,(fy)]. The first
step is to introduce the expected value of fy over the dataset distribution, which for the

sake of notation we will call fy = Ep [f5(x)]:

Ep [¢4(f0)] = By [fo(x = 4)*] = Epxy [(fo(x) = fo) + (fo — 9))?] =
= Epx [(fo(x) — fo)?] +2Ep .y [(fo(x) = fo)(fo — )] +
+Exy [(fo—v)?] - (4.10)

It is easy to check that the double product term, the second one in the second row, is

zero. The term Epx [(fo(x) — fo)?] is the variance of the random variable f, over the
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distribution of D. This quantity is a measure of how much f, varies when changing
elements in the training set and it tells how much the function specializes in predicting the
particular drawn D and fails in predicting unseen data. The variance is a direct measure
of the phenomenon called overfitting, and heuristically it grows with the complexity of
the model.

The other term which is not zero, Ex, [(fs — y)?], can be rewritten by inserting the

expected label given a particular input, referred to as § = Eyx[y|:

Exy [(fo —9)°] =Exy [(fo—0) + (7 —9)°] =
= Ex [(f_e - 5)2} + Ex,y [(?j - y)z} +2 Ex,y [(f@ - ﬂ)(?j - y)} . (4‘11)

Again the last term, the one coming from the double product, is equal to zero. The second
term, Ex, [(7 — y)?] is the noise of the label in the dataset. It is an inevitable aspect of
the data and it can not be made smaller.

Finally, the term Ex [(fs — )] is the square of the so-called bias. It represents how much
the best possible function within the chosen hypothesis class will inevitably differ from
the real unknown function which describes the relation between the pairs in the dataset.
This can be made smaller by taking more complex models, for example, in the case of
ANNS, by taking more neurons or adding layers.

In summarizing, given a distribution of data and a hypothesis class from which we draw a
predictive function, the expected value of the generalization error can be decomposed in
three terms, each one characterizing the learning problem considered. This decomposition

is called bias-variance decomposition:

Ep [64(fo)] = Exy [(5 = 9)°] +Epx [(fo(x) = fo)*] +Ex [(fo - 9)°] - (4.12)
noise Var?afnce b;;s2

For better understanding, we draw a picture of how the generalization error should behave

when adding complexity to the model in Fig. 4.4.
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Figure 4.4: Bias-variance tradeoff. Sketch of the expected behavior of the
generalization error trend with the model complexity. If we consider more complex
models in the hypothesis space, the bias will reduce, because the possible functions will
have more expressivity. Meanwhile, the variance will grow because of the overfitting
phenomenon, i.e. the minimization of the Loss Function over the training set tends to
select overspecialized functions, which fail to generalize on unseen data.

From the perspective of the bias-variance decomposition, for every learning problem, there
should be an optimal choice of model complexity. In the case of neural networks, there
should be a suitable number of layers and neurons, such that an optimal function can
be learned. This function should achieve a small but non-zero error on the training set,
to avoid overfitting, and should minimize the generalization error. However, in recent
years, practitioners have been using increasingly larger neural networks for fitting datasets
made of a large number of pairs, achieving errors on the training set near zero. Despite
the high complexity of the functions and the near-perfect fit to training data, these big
models often give accurate predictions on unseen data, breaking completely the previous
picture. Indeed, empirical evidence shows that there is a certain value of complexity, called
interpolation threshold, for which the model can perfectly interpolate the training
data and the generalization error shows a maximum. However, after this point, ¢
seems to decrease monotonically, typically going below the minimum reached before the
interpolation threshold. This phenomenon is called double-descent, and it is represented

skeptically in Fig. 4.5.
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Figure 4.5: Double-descent. Sketch of the empirical behavior of the generalization
error trend with the model complexity. There is a point, the interpolation threshold, which
highlights two regimes, under and over-parameterized. Below this point, the training
error is almost zero because the model is complex enough (it has a sufficient number
of parameters) to perfectly interpolate the training data. Despite the bias-variance
decomposition picture, adding complexity to the model has the effect of decreasing
the generalization error, even to values lower than the minimum reached in the under-
parameterized regime.

This peculiar phenomenon highlights the fact that there is something hidden underneath
the simple picture of the bias-variance decomposition and a theory that explains with

more details the behavior of the generalization is needed.

4.3 Kernel methods and Gaussian Processes

Many years before the rise of neural networks, practitioners have been focused on kernel
methods, which represent a practical way for building a model of inference. Moreover,
there is a particular case, the Gaussian Processes, from which the generalization
error can be computed analytically and we will see they are also useful in describing

overparameterized neural networks.

Basically, a kernel method is a way of performing a non-linear regression with the same
cost as a linear one. In practice, the strategy is to build a learning algorithm for discovering
linear patterns in a high-dimension space, where the inputs are embedded through a
non-linear transformation. In order to explain kernel methods, we have to introduce first
the concept of linear regression. Let us take the dataset Dp, considering the targets
y € R and the input data x € RY. The goal of linear regression is to find a linear function

f(x) = vazol W;x;, that best interpolates the given training set. The strategy is to define
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a Loss Function, which quantifies both the error committed by a particular function f
and the norm of the weights W. The standard Loss Function for linear regression is again

the MSE, to which the contribution of the weights norm is added

1 F No 2 3\ Mo
£:§Z<y“—ZVVixf> +§ZWQ2, (4.13)
p=1 i=1 i=1
where )\ is a positive constant that controls the regularization, i.e. which one of the two
terms is most considered in computations. In this way, we can select the function f that
both minimizes the Loss Function and has the smallest weights. Finding the vector W
which minimizes £ is straightforward and can be done in two parallel ways. One is to

directly solve the minimization problem and to find the suitable values of the weights:
N\ -1
W = <)\1 + c) B, (4.14)

where C is defined as C;; = Zle zjw’;, and the vector B is defined as B; = Zf oYl
Note that, the role of the regularization term in £ and the fact that A > 0, ensures the
invertibility of the matrix A1+ C, and this implies the existence of a solution. Solving this
system of Ny linear equations has a computational cost of O(Ng). Another strategy is to
consider linear combinations of the training examples. Indeed, it is easy to see that the

weights can be expanded as W = 25:1 atx” where the coefficients « are computed as

a=(A1+ C)_1 y, where y denotes the vector that collects all the labels. Here, C denotes

No
=1

the covariance matrix (also called Gram matrix) of the training set, i.e. C,, = >, zf'zl.
In this case, finding « requires an O(P?) operations, and so, depending on the number
and the dimensionality of the input data, one can choose the most efficient way. In any
case, the key point of the linear regression problem is that finding the solution requires
only the inner product between elements of the training set, and this concept will be

extended in kernel methods.

This whole procedure is efficient and can give insights into the relations between the
training set pairs, but in most cases, this is not sufficient. In general, these relations are
highly non-linear and the approach of linear regression will lead to wrong predictions.
Here come kernel methods. In few words, the strategy is to map through a non-linear

function ¢ : R™ — R™ the input data into a high dimensional space R™¢, called feature
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space, such that the relations of the embedded dataset, whose elements are (¢(x*), y"),
are nearly linear. Thus, kernel methods aim to find a suitable embedding map ¢ and
then to perform a linear regression in the feature space. To do that, one has to repeat
the previous reasoning about linear regression, substituting any inner product with the
so-called kernel. A kernel is defined as a positive semi-definite map K : RV x RN — R,

which represents the inner product after the transformation ¢, i.e.

K(x" x") = Z di(x") s (V) . (4.15)

Note that, by definition K(-,-) is positive semi-definite. Thus, one has to search for a

function in the form f(x) = nyjl W;¢;(x), which minimizes the Loss Function

P

2
N, N,
1 A
_ = po_ b (xc* Z W2
L 5 E y ;1 Wigi(x*) | + 5 ;1 =z (4.16)

p=1

It can be shown that in this setting, but this is still true for classification problems and
for other types of Loss Functions, the function f satisfies the Representer Theorem [51],

which states that it can be expanded as a linear combination of kernels,

p

Fx) =) oK (x" x), (4.17)

p=1

where o, are coefficients that can be easily computed. When the Loss Function is the one
in (4.16), these coefficients can be found as a = (K 4+ A1) ™'y, where K is the P x P kernel
matrix of elements K, = K (x*,x"). Therefore, kernel methods provide a clever way for
inferring non-linear functions with the same computational cost of linear regression, once
the kernel matrix is computed. A naive example of how kernel methods can be applied is

represented in Fig. 4.6.
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Figure 4.6: Example of kernel method. This sketch represents an example of how
kernel methods can be applied to a problem that linear regression can not solve. Suppose
to have a dataset where x € R? and y = XOR(x), i.e. y = 1 if the component of x
share the sign, y = —1 otherwise. As shown on the left side, this dataset is not linearly
separable (the green dots represent the y = 1 data, and the red crosses the y = —1 one).
It is easy to see that the mapping ¢(x) = (z1, T9, 1122) : R? — R3, makes the embedded
dataset separable by a plane, the blue one on the right side of the figure. Thus, one has
to compute only the kernel K and then perform a simple linear regression. Note that this
is actually a classification problem, but in general, we can treat classification as regression
on class labels.

In the realm of kernel methods, there is a particular case, which we will see is deeply
connected with overparameterized neural networks, called Gaussian Process (GP). Let

us start with the definition:

Definition 1. A Gaussian Process (GP) is a collection of random variables, any finite

number of which have joint Gaussian distributions.

Any GP can be thought of as a distribution over functions, fully specified by the mean
function p and covariance function 3. Then, given a regression problem, the goal is to
find the appropriate (u, ), from which a good predictive function can be drawn. The
peculiarity of GP regression is that it provides the posterior predictive distribution of
the dataset, marginalizing the distribution over the parameter vector W. In this sense,
it provides a way for considering every possible model with every possible parameter,
without concentrating on finding a particular suitable one. Formally, the goal is to find

the distribution

P(y|x,W)P(W|D)dWo</WP(y|x,W)P(D|W)P(W)dW, (4.18)

PP - |

W

where the Bayes rule has been used on the conditional probability of W over the dataset D.



66 4.3 Kernel methods and Gaussian Processes

The starting assumption is that the distribution P(y|x, W) is a Gaussian distribution with
mean value W - ¢(x) and covariance matrix proportional to the identity matrix. P(D|W)
is simply the product of P distribution of the element of the dataset, P(y*|x*, W), and
so it is again a Gaussian distribution. Finally, we can assume the prior distribution over
the parameter vector W to be Gaussian (this assumption will be discussed in detail in the
next chapters). Since we deal with the integral over a product of Gaussians, we can solve
analytically Eq. (4.18) and we can marginalize the probability distribution over W. This
allows one to make predictions without selecting a particular model over the hypothesis

space.

In order to solve the regression problem with GP, first the covariance matrix > must
be computed. This is done through the application of a kernel function, which is the
reason why GPs are considered as a type of kernel method. We remember that kernels
are functions that quantify the similarities between data inputs. Then, one has to choose
a kernel function, compute with the feature map the kernel matrix K, and then consider
this matrix as the covariance matrix of the GP. Instead, the mean p is simply the vector
whose components are the average values of the corresponding components of the input
data. Once having constructed the GP, we can make predictions over new data x*, i.e.
we can compute the probability distribution of P(y*|y,---yF, x!, - x¥ x*). It is easy
to check, applying the rule of conditioning Gaussian distributions, that the prediction is

drawn from the distribution

Py lyt, -yt xt o xP x) = N (KT K+ A1)y, K - KT (K + A1) K*) ,

(4.19)
where K = K (x*,x"), K** = K(x*,x"), A is a regularization term which takes in account
the inherent noise over the training labels, and for simplicity we consider the input data
having zero mean. Note that the mean value of the predictive distribution is equal to the
solution of the kernel regression problem, Eq. (4.17). Moreover, the power of GPs stands
to the fact they also provide the confidence of such a prediction, since its variance can be
computed explicitly. This variance depends only on the value of the inputs and not on

the labels y.

In the following section, we will see how GPs are connected to neural networks, and how

this connection can provide an estimate of the generalization error.
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4.4 Bayesian Learning and Neural Network Gaussian

Process (NNGP)

In this section, we introduce the concept of Bayesian Neural Network, a theoretical
framework that allows to study of the behavior of ANNs (4.3). A Bayesian Neural
Network is a type of neural network that incorporates Bayesian probability theory. Instead
of having fixed weights, BNNs treat them as probability distributions. First, a prior
distribution, before any type of training, is assumed. In the following, we will assume
independent zero-mean Gaussian distributions as priors for the weights, and for simplicity,
we will take all the biases b to zero. Indeed, one can map a system with non-zero biases
in a zero-bias one increasing by one the dimensions of the input and of the activations
at each layer. The original biases are then trivially mapped in the extra weights of the

augmented system. We denotes the prior over W as P(W) = N (0, o%,).

In the Bayes view of NN, predictions for the output value y* corresponding to a new input
value x* are made by integrating over the posterior distribution in weight space. Given
the training set Dp, this distribution is denoted as P(W|X,y), where X and y denote
the collection of inputs and labels. Then, the predictive distribution for the new unseen

data is

P@W&yxﬂ=/$W>¢W@wPWWXmmwa (4.20)

where fyw(x*) is the output of the NN having as parameter W, when the input is x*. It
can be shown [52, 53|, by means of the Bayes theorem, that this can be viewed as making

predictions over functions z(x) rather than weights:

mmemw:/Pwvwmwm. (4.21)

This distribution can be evaluated in many ways, for example by means of a Monte
Carlo routine. However, there is a special case for which this distribution can be found
analytically [52, 53, 54]. In the case of one-hidden layer (1HL) neural networks, if the
number of neurons in the hidden layer is much bigger than the number of data, then this

distribution is equivalent to the one of a particular GP. The regime just mentioned is
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called the infinite-width (IW) limit of neural networks:

P fixed, Ny, — oo. (4.22)

Let us suppose for simplicity, a 1HL FCN with binary output. Then, the output of this

network is computed as

1 & W, - x 1 &
fo(x) = \/—N—lgvﬂ( N ) = mzvm(hi), (4.23)

where v; are the weights of the last layer (v = W) and where we have used the
standard normalization (parameterization), which allows us to make use of the Central
Limit Theorem (CLT), and the definition of pre-activations (4.2). We want to stress out
that this is not the only possible normalization for defining a NN function. For example,
the authors of [55] normalize with the factor 1/Ny, thanks to which they build a mean-field
theory for NNs with two layers. Nevertheless, in the following of the entire thesis, we will

focus on the standard normalization.

Since the weights are taken to be i.i.d, then the components of the post-activations o(h)
are independent. fy(x) is a sum of i.i.d. terms, and so from the CTL, it follows that in the
IW limit fy will be Gaussian distributed. Moreover, from the multidimensional CLT, any
finite collection of different fy will have a joint multivariate Gaussian distribution, which
is exactly the definition of a GP (Def. (1)). Thus, fp is drawn from a GP with mean

w(x) = E[fp(x)] = 0 (the parameter are taken with zero mean) and covariance function
K(x,x) = ELfo(x)fo(x)] = oY Elo(h(x))o (h(x)] (4.24)

which is called the Neural Network Gaussian Process (NNGP) kernel. This argument
about the correspondence of a one hidden layer NN and a GP can be extended to deeper
architectures, by induction. It is sufficient to take the hidden layer widths to be infinite
in succession, to guarantee the presence of a GP as input in the layer under consideration,

as was demonstrated in [54].

The expression of the prior distribution of the outputs of a wide network in the IW limit

can be derived informally using the physics formalism. This is instructive to introduce the
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reader to the method used in our work. Drawing parallels between BNNs and Statistical
Mechanics, one can think of the weights in a BNN as analogous to particles in a physical
system. The probability distributions over these weights can be linked to the Boltzmann
distribution. The energy landscape of a neural network, defined by its Loss Function, is
reminiscent of the potential energy landscapes in physical systems. Training a neural
network can then be seen as finding low-energy configurations, much like how physical
systems tend to states of lower energy. Then, if the NN function fy is fully defined by
the set of its parameter 6, the aim for solving a statistical mechanics theory of NN, is to

compute the partition function. Given a dataset Dp, the partition function reads
7 = / Dh e PEO) | (4.25)

where we included the prior distribution of the weights in the differential D and (3 is the

inverse temperature.

We can show that a 1-hidden layer neural network is equivalent to a GP in the infinite-
width limit, by integrating out the weights in Z. Note that, while the following is not
a formal proof (which was previously mentioned in a few words), it is more transparent

from the point of view of Statistical Mechanics.

First of all, we take the NN function in the form defined in Eq. (4.23). Note that in [52]
the normalizing factor /Ny is directly inserted in the weights prior, but our choice is
equivalent. Indeed, we take as prior distribution for the weights Gaussian distributions
with variance A\;' and A\;', for W and v respectively and we incorporate them into the

Loss Function, as regularization terms

P

LR 4 3 0~ o)) (1.26)

/ Mil
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|| 2

~\~
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where ||[WW]|? is computed as the Frobenius norm for matrices. With these definitions, the

partition function reads

No,N1

/ H dv; [ dWiy e~ $IWIP= 3P4 £ = fole)? (4.27)

3,j=1
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Following the GP reasoning, we have to integrate out the weights, to gain a prior over
functions. For doing that we have to decouple them in fy, by defining auxiliary variables,
the network output s* = fy(x*) and the preactivation h}' = (Np)~' 3, Wiz, We insert

these new variables into Z as constraints through Dirac’s deltas

P P,N1
7 = / DvDW [[ds* [ dn o5 Ty —st)?
pn=1

w,i=1

P | PN, | Mo
X |16 s"— v;o(hl 5| hl— Wial |, 4.28
[T (- o) Is (- o) .

where we have incorporated the weights prior into the differential form DvDW. In this
way, the weights of different layers are decoupled, and we have to compute the average

value of the deltas over the prior distributions

<H b} (S# - \/LN_I Zvia(hf)>> < H 5 (hg‘ - \/LN_O Z Wijx;‘>> o (4.29)

)

with (O(v)), = [ DvO(v). These two integrals are easily solvable once we introduce the

Fourier representation of the deltas §(z) o< [ dze™™, and give the contribution

P N ) )
<>W <>v — /H dst eizu sHEH H [th<0’ C>6_ﬁ<zu s#a(h7)> :| 7 (430)
p=1 i=1
where we have already integrate out the Fourier variables h and we remind that N (0, C) =
(det(27C))~"/2 exp (—% > C’;Jx”x”). Here, C is the covariance matrix of the input
data and it is defined as C,,, = (A\gNp) ™! Zfﬁ’l zh'x¥. We can now focus on the integrals
over the preactivations h”, noting that we can treat them as N; equal integrals of the

quantity in square brackets in Eq. (4.30). At this point, the partition function reads

P N
Z :/Hds“dE“ e 5 i =) Hi T, st [/ d”h Nu (0, C)e‘wfm (z, 5#a(nt))’
pn=1
(4.31)

From this step, we can make use of the infinite-width limit (4.22). Since P, the size of

the training set is kept finite and N; is taken large, we can expand the exponential in the
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square bracket quantity, obtaining up to leading order

_ N
1
Ny P =, v\ =V
A AL AP d"hNw(0,C) [ 1— sta(h*")o(hY)s
-] / l >( s e ) )]
- ) Ny
_ . ==V P o v
1 SN ;S 5 /d h Nu(0,C)o(h*)o(h )]
_ , N
=[1- Y #K(C)s" =2 D KOs 4.32
_ 2N1§8 (C)yws ]\];,lﬁ—j%OGQ " ) (4.32)

where we have defined with K(C),, the integral on h, which can be regarded as a
correlation function of a Gaussian field. It is easy to check that
Cuu Chv

K(C)u =" /dtldtQM(07 C)o(t1)o(ty), where C,, = - . (4.33)
uv vv

Inserting this result in the partition function (4.31), we are left with a last Gaussian

integral on the variables S, and the final form of Z reads

1

P
7= / [ ds e 3 Tut" =" P (s)  whete Poor(s) = (det (27K)) % e~ 3755 (4.34)
pn=1

This is exactly the form of a Gaussian Process, where we have a prior distribution over
function which is Gaussian and depends on the kernel K, which is equal to the one in
(4.24), the NNGP kernel. As was mentioned earlier, this argument can be extended to
deeper networks and we can write the following recurrence relation for K, the NNGP

kernel of the corresponding GP process of the ¢-th layer:

/—1 /—1
KV KV
K& ki

Kl(fl’) =\t [ dtidt, Ny (07 R(Ll)> o(ty)o(tz) , where K1)

(0) _ oxkxv __
Ky = XoNo — TH

(4.35)

The Statistical Mechanics framework we have introduced, from one point gives a new
way for proving the convergence of an NN to a GP in the infinite-width limit, and on the

other hand, it is a useful tool for computing expectation values. For example, we can
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compute the expected generalization error, made on a new unseen data pair (x*,y*), as
the expected value of (y* — fp(x*))?, in the zero-temperature limit, which correspond to
put the system in the minimum of the energy landscape, i.e. selecting the weights that

minimize the training Loss Function:

(eals)) = ({0 = folx")?)
e (y* - ZKu<x*>K;;yy> ¥ (wx*) - ZKu<x*>K;V1KV<x*>> . (436)

. / 2
~~ N~

Bias2 Variance

where K,(x*) = K(x,,x*) and K,(x*) = K(x*,x*). By recalling the solution of the GP
(4.19), taken with no label noise A = 0, it is evident that this equation corresponds to the

same bias-variance decomposition of the predictor statistics of a GP having as kernel K.

We conclude this section by mentioning the fact that the authors in [56] have proven that
also a CNN with infinitely many channels (having number P of pattern fixed) is indeed a

Gaussian Process, whose NNGP kernel reads

1 B
KENN) — = N\ " 4.37
nv )\ILNO/SJZ 2z ( )

7

where Kfjl, is defined in a way analogously of the one in (4.33), with the introduction of
an extended covariance matrix, which incorporates also the spatial correlations. In the

next chapter, we will define and study it in detail (see Eq. (6.11) for anticipations).

4.5 Gradient Descent and Neural Tangent Kernel

We conclude this chapter by briefly explaining how one can study the training dynamics
of a wide NN. Indeed, the authors of [57], found that not only NNs at initialization are
equivalent to GP, but also their evolution during training can be described by a kernel, the
Neural Tangent Kernel (NTK). In the following, we will show with a heuristic argument
that this implies that in the infinite-width limit, the weights of the network move slightly
compared to initialization.

In the first section, we have seen that one way for finding the best values of the parameters,

collected in the vector 6, is to follow the gradient of the Loss Function, and this is done
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operatively with the backpropagation algorithm. Indeed, the dynamics of the weights is
described by the formula 0 = —VoL. Then, let us write this expression explicitly for the
weights of a THL NN, whose function was described in Eq. (4.23), and in the case of MSE

as Loss Function:

(4.38)

o

i = ot S 0 = o) o ()

' P i X
Wiy = e S — R e’ (W)

where o’(+) is the derivative of the activation function o. Note that, both these derivatives
are the sum of P random variables, and this implies that they are of order O(\/LN%). This
means that, in the infinite-width limit, the weights slowly evolve from the initialization
state. For this reason, let us see how the outputs of the network evolve, the already

defined variables s = fp(x*):

Ny N1,No P

. : . Ofp(x* o O fp(xH v

st = fo(x") =) 4 fg(v} )4 3 Wij% =Sy — KN, (4.39)
i=1 v i,j=1 & v=1

where 6; denotes the value of the parameters at time ¢t and where we have introduced the

so-called Neural Tangent Kernel
KNTK (g 1 W, - xt W, - x”
w8 ‘Eg"( VR )"( Vo )+

N
1 xH - x" ,<Wi-x“) ,<Wz~-x”)
b 2o [ X o (X 4.40
N 2 No VN VN (440)

where it is implied that the weights are taken at time ¢. The form of Eq. (4.39) highlights

that the gradient descent of a 1HL NN is equivalent to a kernel gradient descent with
respect to KL\IVTK(Ht). By repeating the previous reasoning, it is clear that the kernel
K5 (6,) is of order O(1), and that implies the order of 5 being O(v/P). This means
that, in the infinite-width limit, on the same evolving time scale of s* the weights stay
basically still and do not evolve from initialization. Then, when studying the dynamics of

the outputs, we can take the NTK at initialization & ~ Y20 (v — V)5 (6) and we
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can write

(e (250 (5)),
= e (2) (),

where the averages are taken respect the probability distribution P(v, W) of the weights

at initialization. Note that, if we take as the prior distribution of the weights a Gaussian,

the first expected value is the definition of the NNGP kernel.

The fact that in the infinite-width limit, the NTK converges to an explicit limiting kernel
and stays constant during training, makes it possible to study the training of ANNs in
function space instead of parameter space. Moreover, this is a clear indication of the
fact that NNs operating in the infinite-width limit do not evolve significantly from the
initialization. In the following chapter, we will argue that this fact suggests that in this

regime there can not be any type of feature learning.



75

5 Beyond the Infinite-Width limit

Let us briefly recap what we have said so far. The statistical mechanics framework is
naturally applicable to the so-called Bayesian Neural Networks (BNN), a type of NN
where the weights are not fixed by the training phase, but they are considered as degrees
of freedom of a statistical system. Indeed, they evolve and eventually reach the stationary

state, following a Hamiltonian, which is described in terms of the Loss Function.

The statistical mechanics of NNs it not yet fully understood nor analytically tractable,
due to the presence of non-linearities. However, there is a particular setting, the so-called
infinite-width (IW) limit, for which a Gaussian equivalence can be found. Indeed, in the
case of a one-hidden layer neural network (1HL NN), when the number of the neurons in
the hidden layer Vi is sent to infinite while keeping the number of training pairs P finite,
the predictor statistics of the NN is equivalent to the one of a Gaussian Process (GP),
having as kernel the so-called Neural Network Gaussian Process (NNGP) kernel, described
in Eq. (4.33). This reasoning can be extended to an NN with L layer by induction, and
we have already mentioned the recurrence relation of the NNGP kernel in Eq. (4.35). One
can exploit this Gaussian equivalence to compute expectation values of quantities, like for
example the generalization error (4.36). Since in the IW limit, the number of parameters,
that scales as O(L x N?), is much bigger than the number of patterns P, the NN is found
in the overparameterized regime (see Fig. 4.5), where we have seen the generalization

error €, behaves unexpectedly.

Recently, it has been studied also the dynamics under gradient descent of NNs in the IW
limit (see Sec. 4.5). It was found [57] that the evolution of an NN during the training
phase is described by a kernel, the Neural Tangent Kernel. In the IW limit, this kernel
converges to a limiting kernel and it stays constant. This implies that in IW architecture,
there can not be any type of feature learning, since the corresponding kernel does not

change from the one at initialization.
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5.1 Finite-width networks: empirical evidence and

theoretical approaches

In the search for insights about feature learning mechanisms, the authors of [54, 58, 59|
conducted a large-scale empirical study comparing finite-width FCNs; CNNs with a finite
number of channels and their infinite-width limit kernel counterparts, exploring a plenitude
of possible settings to improve generalization. For better understanding, we report directly

one plot of their work in Fig. 5.1.
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Figure 5.1: Performance on the test set for different architectures, compared
with the corresponding NNGP kernel method. This plot is taken directly from [56].
They performed an intensive numerical simulation on a classification task (in particular
using the CIFAR10 [60] dataset), and for this reason, the quantity that quantifies the
performance is the test accuracy. The accuracy is simply the percentage of correct
classifications of the elements in the test set. The blue line with the superscript "NN"
refers to the accuracy found in training neural networks through stochastic gradient
descent, while the red one ("NN-GP") is the accuracy of the corresponding infinite-width
model (i.e. the corresponding GP). It is clear that, in FCN the infinite-width network
outperforms the finite one, while it happens the contrary for CNNs. Meanwhile, for LCNs
(which are CNNs without weight sharing) it is not clear which model performs better.

Their analysis prompts a few striking empirical observations:

(i) Infinite-width kernels systematically outperform their finite-width counterpart in

the case of fully-connected deep neural networks;

(ii) CNNs with a finite number of channels often outperform their corresponding infinite-

width kernel performance.

Moreover, in one of the seminal papers dealing with the infinite-width limit [54], they

observe that increasing the hidden layers size leads to optimal test accuracy on deep
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FCN architectures trained on MNIST and CIFAR10, two of the benchmark datasets for
computer vision learning problems. Such evidence is further corroborated by a difference
in the behavior of the test accuracy as a function of the size of the hidden layers: whereas
for FCNs the accuracy monotonically approaches the kernel performance from below, in
CNNs one often observes a non-monotonic behavior with a region, at finite-width, where
the network is capable of outperforming the CNN GP. Similar results were found by the
same authors in [58]. We report an example of their experiment in Fig. 5.2.

Several analogous observations have been reported in the literature: very recently, the
authors of [61] pointed out that infinite-width deep FCNs eventually outperform their
finite-width counterparts as the size of the training set grows. The interplay between
the lazy training regime and the mean-field limit [62| has been the subject of a thorough
investigation in [63, 64].
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Figure 5.2: Performance behavior with increasing hidden layer size for
different architectures. These two plots are taken from [54, 59|. In (a) the accuracy
on the test set is shown against the size P of the training set, for FCNs with various
sizes of the hidden layer (from 5 to 5000). The solid black line represents the accuracy of
the corresponding NNGP. It is evident that this one outperforms any other finite-width
architectures tested. Similarly, in (b) they show the performance behavior when increasing
the width Ny, for various settings (learning rate LR, regularization L.2), and both FCNs
and CNNs. The acronym "GAP" means that a global average pooling is performed after
the convolutional layer (a standard practice, which is an average of pixels in the feature
maps). The performance of FCNs reaches the NNGP one from below, while this is not
true for CNNs, where the best performance is found for finite-width architectures.

These observations suggest that CNNs leverage a better feature-learning mechanism at
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finite width than FCNs and LCNs, and prompt at least two conceptual questions:

(i) Why is it ultimately convenient to employ large-width architectures when only

fully-connected layers are available?

(ii) Why is this not the case when convolutional layers are employed? And how does a

CNN operatively exploit the finite-width regime for efficient feature learning?

To answer these questions, it is needed a more enlightened theory that can incorporate
also the finite-width limit of NNs, since this kind of network is mostly used in practice
and can exhibit feature learning. For this reason, the effort of the community working in
deep learning theory is now devoted to understanding how to move beyond the elegant
and mathematically rigorous framework of infinite-width networks. Research lines in this

direction include:
e standard perturbation theory in 1/N, at finite size of the training set P |65, 66];

e proportional limits where both the size of the layers N, and the depth L are taken
to infinity keeping their ratio fixed [67];

e thermodynamic descriptions to capture finite-width effects based on separation of

scales |68, 69];

e analytically solvable toy models such as deep linear or globally-gated deep linear

networks |70, 71, 72].

Moreover, the authors of Refs. |73, 74] analytically investigated the advantages of
employing convolutional neural tangent kernels in the infinite-width limit and understood
why infinite-width FCNs perform worse in the mean field regime than in the lazy-training
one [75]. Recently, the authors of [76] built a general theory from which one can derive
the infinite-width limit of a NN, starting from any parameterization, and they started
a strategy for analytically computing these limits, which they called Tensor program
[77, 78, 79, 80]. We have already seen that our study focused on the so-called standard
(or NTK) parameterization (Eq. (4.23)), where the pre-activations are rescaled with
(Ny_1)~'/? and the post-activation by (N,)~'/2, and in this setting the NTK does not
evolve in the IW limit, implying no feature learning. On the contrary, the authors of

the Tensor program claim that there is one particular parameterization that allows the
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network to deviate from the kernel regime and gain feature learning in the IW limit, even
for an FCN architecture. Therefore, as we will see, their weight normalization is not yet
directly applicable to our methods, and determining how to incorporate the regime they

investigate will be a topic for future investigations.

Our work, carried out together with some of the authors of [81], fits into this vast
community but it focuses on another point of view. Indeed, our approach relies on
studying the statistical mechanics of NNs in the thermodynamics limit where both P and

N, are sent to infinity, but their ratio is kept constant:

P
P,N; — oo, such that oy = N = const . (5.1)
¢

We will refer to this regime as the proportional limit or finite-width limit. Note that
in this setting, the NN is still in the overparameterized regime, where the training set can

be exactly interpolated, since the number of parameter L x N7 > P V(.

Let us set again the problem. Our theory applies to a supervised regression problem. The

numerical parameters will be:
e P is the size of the training set, i.e. the number of pattern-label pairs;

e N, will be the number of neurons in the ¢-th layer of the neural network architecture,

(=1,---,L;
e Ny will be the size of the input.

The training set is defined as Dp = {x*, 4"}, where each x* € R0 and we will consider
one-dimensional output label, y* € R. From now on, for the sake of clarity, we will denote
vectors and matrices with bold characters, using lowercase letters for the former, v, and
capital letters for the latter, M. In general, we can define a neural network as a function
fo : RN — R, which depends on a set of trainable parameters 6, also called weights.
These parameters can evolve from the initialization to complete a particular task. In the
following, we will make use of a standard notation for 6. The weights of the last layer L

will be denote by v € RV and the weights of the (-th hidden layer by W®) ¢ RNexNe—1,
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We consider a supervised regression problem with a quadratic loss function

1 P
5 Z — fo(x")] 2+ Lreg (5.2)
pn=1

T2
where we have made explicit the dependence on the network parameters and £, refers
to a regularization term, which is inserted as standard practice when training a neural

network. In our case, we will focus on the so-called L? regularization, which is defined as

L
1
_ 2 2
Lreg = % (;1 AW+ Arfv]] > : (5.3)

where ||v|| is the norm of the weight vector of the last layer, ||| is the Frobenius
norm of the hidden layer weight matrices, A\, are coefficients which can be regarded as
Gaussian priors over the weights of each layer, and ( is the inverse temperature. Later,
we will discuss in detail the meaning and the properties of the Gaussian priors A,. The
L? regularization will favor weights with a small L, norm. In order to follow a statistical
mechanics approach to our Deep Learning problem, the loss function is regarded as an
energy function, i.e. as the Hamiltonian of a system, whose degrees of freedom are the

weights. In this way, having inserted the factor 1/, the L., acts as an entropic term.

As standard practice in Statistical Mechanics, we define the partition function

Z = / DY e PO (5.4)

where [ D denotes the integration over the whole set of weights 6. In this manner, for
B — oo, the first term of £, the mean-squared error, will enforce minimization of the
training error, while the entropic term will increase the chance of having configurations

with a small norm.

The partition function allows us to compute several statistical quantities. The

generalization error is one of them, whose definition we recall being

(e(x",9°)) /D9 Y0 — fo(x0)] " e PEO) (5.5)

where the pair (x°,4°) belongs to the test set (the set of data not used during the training
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phase), and the average is performed over the Gibbs distribution of . Another quantity,
which we studied in detail in our work and we will explain in the next chapter is the

similarity matrix, i.e. the average correlation matrix of internal representations
E) (é
O = 37 2 Z 37 (x") 67 (x") | (5.6)

where gzﬁge) (x*) is the i-th component of the internal representation on the ¢-th layer of the
p-th pattern of the training set, i.e. the value of the i-th neuron of the ¢-th layer when
the network is fed with x* as input. The importance of these matrices relies on the fact
they give information about how features of the input stimulate the neurons, and how the

input is represented and transformed through the layers of the network.

In order to calculate these quantities, one has to solve the theory, i.e. to compute
the partition function. This task depends on the form of the neural network and the
architecture chosen, and so on fy. Recently, Li and Sompolinksy [70] found a strategy
for doing so in the presence of a Fully-connected neural network with linear activation
function, which they called Back-Propagating Kernel Renormalization. With their method,
they were able to analytically evaluate properties of a finite-width deep linear networks,
trained on a generic fixed training set. Recently, some of our collaborators found a way
to solve the partition function in the presence of a non-linear activation function. In
their work [81], they focused on solving the theory for a Fully-Connected Network (FCN),
finding an interesting behavior of the generalization error, and its dependency from the
Gaussian priors. In this perspective, our work is directed to extend the same reasoning

for solving a more interesting architecture, a Convolutional Neural Network (CNN).

In the following, we will give a brief review of what they found about FCNs, recalling the

main mathematical aspects, which will serve as a playground for our calculations.

5.2 Bayesian effective action for FCNs in the

proportional limit

The starting point is to define the neural network function fy. In the following, we will drop

the 6 subscript and we will replace it with the acronym of the corresponding architecture.
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Then, the function for a shallow (which means one hidden layer) Fully-Connected (FCN)

architecture reads
Wi; T

fron(x") mzvz (Z m) : (5.7)

The choice of inserting the square root of the layer length as normalization will allow us

to apply an informally justified Gaussian equivalence through the Breuer-Major theorem

[82].
Having defined the neural network function, the partition function (5.4) becomes

N1,No
Zpen = / Hdvl [T awiye 2 Zimt- frow (x))? =3 fwl?= 3 oll* (5.8)

1,j=1

where we have added the FFC'N subscript to remark the fact it works for Fully-Connected
Networks. The strategy is to integrate out the weights of the network forwardly, from
the input weights to the output, as we have already done in Section 4.4 when we proved
the NN-GP equivalence. For doing so, we introduce two sets of new variables, the network

outputs s* and the pre-activations h*, defined as

N
=5~ Wit (5.9)
7 P /_NO
Ny L
st = vior (') (5.10)

i

These new sets of variables allow us to decouple the weights of different layers and then
integrate them out. Thus, we insert two families of Dirac’s delta represented in Fourier

transform, exploiting the identities

H Z vio (hi) HP dstdst iy, stst——io 3, s M vio (bt
1 — 12 7 = 1 /N I 1=1 (3
/ dS 5 ( \/Wl ) /Ml 27T ¢ 1

=1
(5.11)
Ni, No oh NP o rp e . o
/Hdhw( Z ]> /H dh—édh" ¢! St M = 7 B 2 W
b=l j=1 ip=1 T
(5.12)

(5.13)
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where we have inserted the correct coefficients 27, which will be omitted in the following
since they contribute to Z with an irrelevant constant term. Moreover, for the sake of
notation and readability we will often drop the extremes of summations, referring with
Greek letters p, v to the index over the training set and with Latin one ¢, over the
neurons.

In this way, the partition function can be written as

Zron = / T e T] dstds? e & Bt =245, o758 i 5

(N7 M

) <€_izusu( ﬁziw<h5>)> y <€—i2i,uhi-‘ (ﬁoszijx?)> L (5.14)

w

where the operation () means the mean value over the probability distribution of v,
ie. (0), = [dP(v)O(v). These two mean values are simply Gaussian integrals and by

solving them we remain with the following partition function

ZpoN = /H ds“dgﬂe—gzu(y“—s“)%rizﬂ shgh
o

N1
X {/ Hdh“dﬁ“eizu h%“*wllm [Zu gﬂg(hu)r*ﬁzi [Zu Buﬁf} ’ (5.15)

In

where we have dropped the index i on h! and collected the N; identical integrals under

the curl brackets. At this point, the integral on h is again Gaussian and it leaves the term

Do

. . . . . . 1 /_L v
where C is the covariance matrix of the training set, defined as G, = 5 >, #fay.

(5.16)

Thus, we are in a situation similar to the one present in Eq. (4.31). In that case, we
expanded the exponential and then we made use of the CLT to gain a Gaussian equivalence.
However, here we can not repeat this strategy, because the quantity (Ny)='(> " 5thH)?
is of order a« = P/Ny, which is finite in the finite-width limit. Moreover, the presence of
the non-linear function ¢ does not make this integral analytically solvable through any
kind of transformation, like for example the Hubbard-Stratonovich one (this would be the
case if o(x) = ). However, there is a theorem that can be invoked to regain some sort

of Gaussian equivalence. Note that Gaussian equivalence principles have been already
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employed for random and generic feature models |55, 83, 84, 85].
Let us describe briefly what states the Breuer-Major theorem.
The Breuer-Major theorem

The Breuer-Major (BM) theorem and its extensions deal with sequences of random

variables in the form of N
1
N \/N ;:1 ( ) ( )

where N > 1, ¢; are coefficient and x; denotes some variables that can be collected in
the vector x. It is clear that if the x; are distributed independently, i.e. the covariance
matrix C = N7!'x'x = 1 and F is the identity function or a well-behaved non-linearity,
the random variable S = limy_.o, Sy is normally distributed, providing that the mean
and variance of x; are finite and the coefficients ¢; satisfy the Linderberg’s condition. The
BM theorem extends this reasoning to Gaussian Processes, providing the conditions that
guarantee the convergence of Sy to a Gaussian distribution. Let us state the theorem as
it is reported in [86], recalling the Hermite rank of a function F' is the smallest positive

integer that appears in the decomposition over the Hermite polynomials:

Theorem 2 (Breuer and Major,1983). Let © = (x)kez be a stationary unidimensional
GP with covariance C(i — j). Let E[F(x1)] = 0 and E[F?(x1)] < oo and assume the
function F' has Hermite rank R > 1. Suppose that

> 10,1 < 0. (5.18)

jez

Then o = E[F?(21)] + 2372, E[F(x1) F(x;)] is finite. Moreover, the sequence of random

variables
N

> F(z) N>1 (5.19)

=1

1
Sy = —
VN
converges in distribution to a Gaussian distribution with zero mean and variance o2, i.e.

to N (0, 02).

For the aim of the calculations, we need stronger statements than the hypothesis. Indeed,
we would like to exploit the BM theorem with the quantity ¢ = (A\;N;) /2 >, sta(ht).

There are two concerns for doing that. First, we have to consider a non-stationary
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covariance matrix, because for the vast majority of real datasets, this is no longer true.

However, this condition can be relaxed and substituted by the weaker one

> |Cyl" < By VieZ, (5.20)
j€z
where By is a positive constant, and this requires a uniform convergence of the elements
of the covariance. The second concern is the fact we will need to consider a more
general sequence of nonlinear function ¢; F'(x;), with weights ¢; # 1. This statement has
been addressed recently in [87] under some technicality. While these conditions are not
mathematically guaranteed, in the case of real datasets and most used activation functions,

it is reasonable to take them as assumptions, at least at the physics level of rigor.

Let us return to the computation of Zrpcy. We have to calculate Ny identical integrals in

the form

2
/dPhNh(O, Ce |7 S o] (5.21)

In order to do this, we include in the partition function the variable g, previously defined
in text right after the BM theorem, inserting a Dirac’s delta, leaving to the problem of

finding its probability distribution P(q):

P(g) = / 4" h N0, C)5 <q _ \/ﬁ ZE“a(h“)) | (5.22)

In the proportional limit (5.1) and making the assumptions for which the extension
statements are guaranteed, ¢ satisfies the hypothesis of the BM theorem, and so its
probability distribution converges to a Gaussian, P(q) — N(0,Q(s, C)), where Q(s, C) is
defined by the theorem as

= 1 d = vy | =v 1 d = —v
Q(5,C) = N, WZZI st [/ d”h Ny (0, C)o(h)a(h )} = N, WZZI K ,,s", (5.23)

where we have introduced the matrix K, which turns out to be exactly the NNGP

kernel, defined in (4.33), apart from the factor Aq, that it is deliberately kept explicit.

It is crucial to note that, there exist special configurations § in the domain of integration for

which it is not allowed to invoke such a Gaussian equivalence, for example, § = (1,0, --- ,0)
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(remember that the components of § here play the role of the coefficients ¢; previously
mentioned). In our derivation, we are assuming that the contribution of these special
configurations is negligible in the thermodynamic limit. Moreover, for simplicity here we

have assumed that the variable ¢ has zero mean, a condition verified as long as
/dPhNh(O, C)o(h*) =0, (5.24)

which means ¢ has to be an odd-function. The extension to even activation functions

requires further calculations that can be found in [81].

Now, from the N; identical integrals in curl bracket in Eq. (5.15), it remains to integrate

only the variable ¢, and this gives

22 M
dq e 2 2Q(s,0)

V271Q(8,C)

N1 _ _N
{37 = ={QC)+1} = . (5.25)
For completing the calculation, we have to introduce a new set of variable @, Q, again
inserting a Dirac’s delta, to deal with the implicit dependency of Q(S, C) on the S. In this
way, the integrals on § and s are Gaussians and easy to compute. The final form of the

partition function, after dropping constant terms which do not affect the theory, reads
Zron = / 1QAQ ¢~ 3 5ren(@Q) (5.26)

where Spon(Q, Q) is an effective action defined as

Sron(Q, Q) =—-QQ+ log(1+ Q) + %Tr log {B (1 + Q—K>] +
B M

~ -1
— -+ = 5.27
where we denote v Mv = ZW M, v,v,. We can think of the quantity QK as a rescaling

of the NNGP kernel, due to the effect of training on an extensive (respect to N;) number

of data, i.e. as a Kernel Renormalization.

Since N7 — 00, one can exploit the form (5.26) of Zpon to perform the saddle-point (SP)

method. By taking the zero-temperature limit 5 — oo, the solution of the SP equations
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6QSFCN =0 and %SFCN =01is

= 1 aq Oél]. T K -1
Q=01+Q), Q_Q_@ﬁ <>\—1) Y., (5.28)

from which the unique solution (given the condition ¢ > —1 which derives from (5.25))

reads

Q=3 \/<a1—1>2+4alp—1yT (AE) y— (-1 . (5.20)
1

We focus on the zero-temperature limit because in this regime the system described by
(5.4) is forced to configurations that minimize the energy, i.e. the training loss, and this
implies we can consider the neural network in the regime after the interpolation threshold
(see Fig. 4.5). However, the whole framework provides analytical results for any non-zero

temperature, and one can manage to compute deviation from the ideal zero-loss situation.

Moreover, this theoretical framework allows us to compute observables, like the
generalization error. Indeed, following the same reasoning for finding the effective action

(5.27), one can easily recover the usual bias-variance decomposition:

(e(x*5°)) = (4 = T1)" + 07,

Q 1 QK\ '
e, DR (5450w
_ _ K\ !
0'% :)\Ql [K()(XO) — %%};KM(X ) <E Q)\l ) K,,(XO)] , (530)

where K, (x) and K(x) can be computed from the functional definition of the NNGP
kernel K:

K, () = K(x,x%) = / I N 0,6,)0(t)o(t)

det(27C,,)
KO(XO);K(XO,XO)—/ U N0, Coo)or(1)2, (5.31)
\/271'000
where
= C,uu C,uO 0)\2
CM_ s CMO_ )\0N0 Zl‘z X, CQ()— /\oN()) Z((L’Z) . (532)

Cuo Coo i
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In the zero-temperature limit, the form of the bias and variance is quite similar to the
one found for the predictor statistics of Bayesian Neural Network in the IW limit (4.36),
i.e. when the BNN is equivalent to a Gaussian Process. The difference stands in the
variance because in the finite-width limit, it is scaled from the NNGP one by a factor Q*,
where Q* is the solution of the SP equation in the zero-temperature limit (5.29) (note
that the Gaussian prior \; is made explicit here, while included in the definition of K for
the NNGP kernel). The exact form of the NNGP predictor statistics is correctly recovered
in the IW limit, i.e. for oy = 0, since in this case Q* = 1. Then, in the proportional
limit (5.1), the predictor statistics of an FCN is the same as a GP, where the kernel K is

renormalized, naively by rescaling it with a constant, even though its posterior distribution

is not equivalent to the one of a GP.

Moreover, by performing a Taylor expansion around the IW limit a; = 0, we can compute

the corrections to the IW of the generalization error, which at the leading order reads

Aeg =€, — €, x a (%yTK_ly - 1) : (5.33)
This means that the finite-width network will outperform its IW counterpart whenever
%yTK*Iy < 1. Surprisingly, it seems there is a hidden relation with Student’s ¢-processes.
Indeed, the authors in 88| showed that whenever this quantity is smaller than one then
the Student’s t-process having as kernel K has a smaller variance with respect to the
corresponding GP having the same kernel. This is connected directly to the fact that, in

the bias-variance decomposition, the variance of the finite-width network is lower than

the IW counterpart.

This effective theory for a 1HL FCN was corroborated by intensive numerical simulations,
performed in [81]. In Fig. 5.3, we report one of their checks, whose details can be found
in the article. When taking Eq. (5.30) at 5 = oo and at the saddle-point, one realizes
that the bias term remains constant and it is independent on both the ratio Q*/\; and
N;. Instead, the variance depends on N; and decreases as 1/y/A; (see Eq. (5.29)). For
these reasons, at fixed P the generalization error should approach monotonically the IW
one from above or below, depending on the value of the observable %yTK_ly (see Eq.
(5.33)). Moreover, increasing the magnitude of the Gaussian prior A; should improve the

generalization error for any hidden-layer size and the dependence on N; should disappear
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in the A;-large limit.
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Figure 5.3: Testing the prediction of the effective theory of a FCN. This picture
is a revised version of one of the figures in [81]. With their experiments, they show (a) that
the experimental test loss (points) is in good agreement with the theoretical expectation
(solid lines), computed from Eq. (5.30) taken at 5 = co. The generalization curves are
monotonically decreasing or increasing with N; depending on the fact that the observable
%yTK_ly is larger or smaller than 1, respectively for the dataset CIFAR10 or MNIST.
Moreover, panels (b) and (c) show that the generalization loss decreases for any Ny when
the magnitude of the Gaussian prior of the last layer A\; grows and the dependence of the
layer size disappears in the A\;-large limit.
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6 Feature Learning in finite-width networks

In this chapter, we will exploit the theoretical framework previously defined for FCNs, to
formulate an analogous effective theory in the presence of a convolutional layer, which
was part of our work [89]. For simplicity, we will restrict to the case of one-dimensional
convolutions, but the formalism can be easily generalized to higher dimensions. These
calculations will allow us to study the behavior of the generalization error and to compare
FCNs and CNNs. Moreover, we will show how to compute the expected value of the
similarity matrix in both architectures, highlighting the major differences. Finally, we

will present numerical experiments to test our theory.

6.1 Bayesian effective action for CNNs in the

proportional limit

Let us collect the weights of a mask of a particular channel, from now on indexed with
the letter a, in a N, x M matrix W, where N, is the number of channels, while M is
the dimension of the mask. Following the reasoning on the FCNs, we first define the

pre-activations as

Ly
h(x) = —— W 2 gitm (6.1)
M m=—|M/2]

where S is the stride of the filter (the mask is convolved every S pixels) and the spatial
index 7 runs over the input coordinate from 1 to | Ny/.S|. For simplicity, we define periodic
boundary conditions over the input coordinates and we consider odd values of M (the
floor operation |-| takes the integer part of a rational number). In this way, the N,
feature maps are vectors of length | Ny/S|. This means that the "flatten" layer, where
we collect all the neurons in all the feature maps, will have N, x | Ny/S| neurons. Then,
we collect the weights of the last layer, the one that produces the output, in the matrix
whose elements are v{. Thus, the function which implements a shallow CNN architecture

is given by s
No N,

TR & e

fenn(x) = (6.2)
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Our goal is to derive an effective action as was done for FCNs in [81], considering as

thermodynamic limit the conditions

P
P, N. — oo, such that a. = — = const . (6.3)

=

The strategy and computation are quite similar to the FCN case but with few important
differences. The starting point is the definition of the partition function, which is the

same as Eq. (5.8), apart from the differentials and NN function

[No/S),Ne [M/2] N, . .
Zonn = / [T dr I [Lawee s S o SIWE=30 - (6.4)
ia=1 m=—|M/2] a=1

Similarly to the FCN case, we introduce two sets of new variables, the pre-activations hf,

and the outputs s, inserting families of Dirac’s deltas in Fourier representation, gaining

7 | —sM)244 SH1g Ko
Zonw = | [ drtdnty, T] dstdst e=s Zul s i 2y sS4 i Wl

1,0, M

—i s —L_ S pag(hM . - 1 [ M/2] a
% <e ZZHS ( /7N1 Zzavz U( za)) > % <€_Zziau hra(ﬁ Z'm:f\_]\/f/Qj megl+m>>
v

)
\)\%

(6.5)

where we have defined the number of neurons in the last layer as Ny = N.|Ny/S], and for
the sake of notation we dropped any extremes of production and summation (remember
thata =1,--- N, i=1,---,|Ny/S| and p=1,---, P). The pre-activation hf, is the
one defined in Eq. (6.1), with x* as input, and thus we consider it as a three-dimensional
matrix of dimensions P x N.x | Ny/S]. The two average values over the prior distributions
(which are Gaussian) of the weights are both multivariate Gaussian integrals and give the

contributions

2
1 1 o
— " 1Y ) v
1;[ exp N, zl: [Zl; s“a(hm)] : 1;[ exp {5 %: %; hmqjyhja} : (6.6)
respectively for the integrals on v and W, and we recall Ay and A\; being the variance of
the Gaussian priors of the convolution and last layer respectively. Here, we have already

highlighted the fact we can factorize over the channel index a and we have defined the
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local covariance matrix C, whose entries are

R/
CZLJV = )\OM Z $gi+mxl§j+m : (67)
m=—|M/2|

Then, the integrals on the h variable can be done since Gaussian, and we get

ZonNN = / H dstdate™ 3 Zn—t (W —sH)P+i S, sts
"

Nc
1 o M 2
X { / [ art Mo, C)e™ 7w Lil Tt 90 (h) } . (6.8)

ui

As was done for the FCN case, to deal with the non-linear term, we define a collection of

| No/S| deltas:

1= /quié (qi - )\11N1 Zs“a(hf)) . (6.9)

1
Analogously to the FCN case, to continue the calculation, we need to invoke a multivariate
version of the B-M theorem (Th. 2). Despite the fact there are no tracks of an extended
version of this theorem, it seems reasonable to assume its validity. In this way, we retrieve
an informally justified Gaussian equivalence on the variables ¢;. This implies that their
joint distribution converges to a multivariate Gaussian distribution with zero mean and

covariance matrix Q, whose elements, which depend on § and C, are given by

— 1 —, v SV 1 Sl ij SV
Qi (5.C) = (@ay)y = 5y~ D_ 7 (o () (W), 5" = 3 D_F"KRs", (610)
uv

puv

where the average operation is done over the distribution of h, which is the Gaussian
M (0, C), and where we have defined the local kernel K to be the four-indices matrix,
of dimensions | Ny/s|? x N2, whose entries are computed via the same functional relations

of the FCN case:

K, = / PN (0,C1,) olt)o(ta).

ci,  Ci
cio =1 " "], (6.11)

m ij (v
OMV OVV :
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In this way, the integral in the curl brackets in (6.8) is Gaussian and reads

Ne 2 L 0 (d+@" oy N _Ne —NeTrlog(14Q)
b= /Hd% det(27Q) Sl Q) = ’
Z (6.12)

where we have omitted the dependency of Q on § and C. At this stage, as was the case
when dealing with the FCN, we have to introduce the variable Q to deal with the implicit

dependency on s:

1 .
1= / Hsz’j 0 (Qij TN, ZE“KL{,E“)
ij

pv

o / H dQ;;dQ;; o L Qi Qui— sy Lij Qi Lo, 3 K5 , (6.13)
]

where we have shown explicitly the Fourier representation for clarity. Indeed, Eq. (6.13)
shows the main difference between the FCN and CNN, which stands in the renormalization
of the kernel. In the FCN case, the kernel K is globally renormalized, in the sense that
each element of the matrix is rescaled by the same scalar factor Q. Instead, in the CNN
case, the kernel is a 4-indices matrix and the renormalization acts locally, in the sense
that K is rescaled through a matrix multiplication with Q in the subspace regarding the

pixel positions. We then define the local kernel renormalization of K to be:

® - 1 [No/S] - -
K = — K 14
Q)= S X @k (6.1

where the choice of the coefficient will allow us to factorize the term N, in the effective
action. At this point, we are left with the integrals on the variables s and s, which are
both Gaussian, and the remaining terms form the effective action for a shallow CNN

architecture

ZCNN = /HdQZ]dQU 6_%SCNN<Q’Q) , (615)
ij

where the action reads

Senv (Q,Q) = —TrQQ + Trlog (1+ Q) +

~1
I K%(Q)) | QeyT (1 T Ké%%N(Q)) y, (6.16)

%
+—Trlog g (ﬁ P 3

P
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where the first two traces are over |Ny/S| x |Ny/S| operators, while the operator
% + K(CR]%N(Q) is of dimension P x P.

6.1.1 Local Kernel Renormalization as a mechanism of feature

learning

Having defined an effective action, we can now analyze the relative saddle-point equations,
dq,; Sonn (Q, Q) = 0 and 9g,,Scnn (Q, Q) = 0, for all ij pairs, in the zero-temperature

limit. Exploiting the so-called Jacobi’s formula we find

Qi =(1+Q); (6.17)

Qij = & ZKU[ CNN )Lv+

Qe M) % M a v
P y" (Z [ CNN(Q)] KJ [ CNN(Q)] ) y - (6.18)

Qv we
In contrast to the FCN case, we can not obtain these matrix equations in closed form.
However, we can manage to compute the perturbation around the IW limit a, — 0. We
can parameterized the solution of the first equation as Q;; = 0;; + a.0Q;; + o(c.), where

the perturbation reads

6Qy; = %Zy“ <ZK KUK ) T ZK” K, (6.19)
ny we

where we have introduced the IW CNN averaged kernel defined as

1 .
K,=-—— S Ki | 2
- = s A o

It is worth noting that this averaged kernel has been already found in [56]. In this work,
the authors found that a CNN with infinitely many channels, N, > P, is equivalent to
a GP having as kernel the one defined in Eq. (6.20). In our theoretical framework, we
recover this result solving the SP equations in the IW limit o, = 0, for which Qij = 0;;

and so the renormalized local kernel (6.14) becomes equal to the averaged one (6.20).

From Eq. (6.19), we can gain some important insights about the role of the local kernel

renormalization, and here we explain our claim about how it is related to the characteristic
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feature learning in CNN architectures. In our framework, the effect of training leads back
to the optimization of the variables that describe the effective action of the architecture,
namely the elements of the matrix Q for the shallow CNN case. These elements are in one-
to-one correspondence with the combinations of pairs of the | Ny/S| patches of the local
covariance matrix. The first term in Eq. (6.19) is a measure of the relative importance
of the pairwise spatial correlations in the input dataset w.r.t. the labels. Indeed, if the
CNN local kernel K/"jl', at the spatial position (7, 7) will have a significant overlap with
the effective label > K oy, the element Q;; will differ from one. In this sense, we can
interpret the matrix Q as a data-dependent feature matrix, which gives information about

(R)

how a given component of the local kernel contributes to the renormalized one Ky -

At this point, one can wonder what are the characteristics of the CNNs that lead to this
peculiar local kernel renormalization. Certainly, the first difference between FCNs and
CNNs resides in the local connectivity. In FCNs, all the neurons of a layer interacts with
all the neurons in the next layer, while in CNNs a patch of neuron in the convolutional
layer interacts only with a single portion of the input data at a time. However, we find
this ingredient to be not sufficient, since at the core of the local kernel renormalization
seems to be the weight sharing. Indeed, with our framework we study a particular type of
CNN, called Locally Connected Network (LCN) and we find that in this case, the local
renormalization does not occur. LCNs are CNN-like structures, with the difference that
the mask of a channel is not shared with the whole input data. Instead, each local patch
interacts with a different set of neurons in the convolutional layer. In the CNNs, the
weights are described by a N, x M matrix Wy, while in the LCNs these are collected in a
N.x M x | No/S| matrix W.. The absence of weight sharing leads to a different kernel

renormalization, which reads

| No/s|

R i1
KR = NO/S Z QK. (6.21)

Then, for LCNs, i.e. for CNNs without weight sharing, the effect of training is
to renormalize only the diagonal components of the local kernel Kf]l', through the
multiplication with a vector Q;, and this implies these networks exploit only the correlation
of a single local patch with itself through the dataset. Meanwhile, in CNNs, the presence

of weight sharing allows to gain information about correlation between different local
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Architecture | Kernel type Dim. IW Kernel | Renormalized Kernel
FCN K,, PxP K, QK.
LCN K¥%, 2] x Px P > KL > QK
CNN K, el x @l xPxP | 35K > QiKY

Table 6.1: Summary of the analytical results for 1HL networks. We identify
three different types of kernels in the Bayesian effective action for FCN, LCN, and
convolutional networks: a global kernel in the FCN case, a local diagonal kernel in LCNs,
and a local (with additional non-diagonal components) in CNNs. The infinite-width kernel
that describes LCNs and CNNs is the same, as shown in [56]. In the proportional limit,
the renormalization of the FCN kernel is scalar, i.e. the NNGP kernel is only globally
rescaled by a data-dependent number Q. In LCNs, we can adjust a vector of components
Q;, which determines how much the self-correlations of the i-th patch of the diagonal local
kernel contribute to the final prediction. In CNNs, due to locality and weight-sharing, we
can fine-tune a full matrix Qij, which controls how much the local correlations of patches
1 and j will enter in the effective kernel learned by the network after training. This is
what we call local kernel renormalization.

patches at different locations through the dataset. Details about the computation of the
effective action for an LCN can be found in Appendix A1l. We summarize the analytical
results for shallow networks in Table 6.1, where we collect the kernel behavior under the
different architectures, how they are affected by the training in the proportional limit
(finite width), and the form they assume in the infinite-width limit. In order to visualize
the different types of kernel in FCNs and CNNs; in Fig. 6.1 we show an example of kernel
matrix for a subsample of the CIFAR10 dataset [60].

6.2 Computing observables: the stmzilarity matrix

The formalism we have employed allowed us to integrate over the weights of the NN
and to describe the effect of training with an effective action. Moreover, we can exploit
standard methods of Statistical Mechanics to predict statistical values of observables of the
theory, i.e. we can compute expected values as (O) = [ Df e *@0(#). One interesting
quantity to observe is the so-called similarity matrix, which is the covariance matrix
of the hidden representations of the training set. This quantity is related to the inner
product of the data in the latent space (the one on which the data are described in the
internal layers of the network) and so to the renormalized kernel of the architecture under

study. Indeed, at the moment, we do not have a way to extract the renormalized kernel
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Figure 6.1: Global and local kernels in fully-connected and convolutional one
hidden layer networks. Our calculations in the proportional limit P, N; — oo at fixed
a; = P/Nj reveal a striking difference between FCNs and CNNs. In the first case, the
NNGP kernel K, that enters into the Bayesian effective action is a global one, which is
only capable of tracking global correlations between different training patterns (u, v) (left).
An FCN in this regime will use the information contained in the dataset to fine-tune
a single parameter, (), that will globally rescale the kernel matrix K w- On the other
hand, in the CNN case, we identify a local kernel with two additional (spatial) indices. If
we consider 2d images, the effect of the local components is to track local correlations
between different patches ¢ and j of (possibly) different pairs of images (u, ) (right). The
spatial information contained in these correlations allows the CNN to optimize a matrix
of parameters Qij, which will renormalize the kernel matrix Kfﬁ, in a non-trivial way. In
the figure, we display the four-index local kernel K7, as a matrix using the multi-index
notation K, ;) ;) and choosing an ordering for the multi-index (1, 7). Global and local
kernels are computed for a subset of P = 10 gray-scaled CIFAR10 images down-sized to
Ny = 784. The local kernels are empirically evaluated for 2d convolutions with the linear
size of the filter mask M = 14 and stride S = 14 (non-overlapping filters).
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directly from the measure of a physical observable. The similarity matrix can represent
one indirect experimental evidence of the fact the kernel renormalizes differently in FCNs

and CNNs.

The definition of the similarity matrix, introduced in Eq. (5.6), depends on the architecture,
and specializing to FCN and CNNs; it reads

N1
1 W..XN
FCN no__ 1
0] FZ:: Wt = i (6.22)
Ne [No/S] 1 [M/2]
00 = E S D e, W= Wik, (633
¢ a=1 S i=1 m=—|M/2]

The average FCN similarity matrix turns out to have a simple form, and it depends only

on the NNGP kernel K, and on a naive combination of the labels y*:

1 A
(O™) = (1 B ) Ko + 57 g4y (6.24)
1

Note that our formalism allows us to retrieve this observable for deep linear networks,
consistently finding the same result of [70], that is the same expression with the replacement
of the NNGP kernel with the data covariance matrix C,,.

The CNN case turns out to be more complicated. Indeed, there is again a dependency on

the NNGP kernel, but the convolutional architecture mixes different labels in a non-trivial

way:
[No/S]
OCNN i
K,
(02 =73 2
(No/S| P »
‘. K®H -1 RN\—1( 7 (R)\—1, €, w
w No/s Do > QuBh, [(K™)5 — 3 7 (KO (E™), Jyy
t,j=1 Ap=1 e,w=1
(6.25)
where P ZL],\V,O =32 [K WK+ K ’;;Kg’;] In this case, the labels are mixed through

the application of the renormalized kernel, incorporating the effect of training. The
calculations that lead to these expressions can be found in Appendix A2, and in the next

section, we will show our numerical experiments for checking these predictions.
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6.3 FCNs vs CNNs

In the previous sections, we have seen how the theoretical framework introduced in [81]
made it possible to gain insights about the hidden behavior of deep non-linear networks.
In this framework, NNs are treated as a complex system described by the Loss Function
as Hamiltonian, whose degrees of freedom are the weights. In order to solve the theory,
i.e. to gain information from the partition function, the paradigm is to switch to other
variables, the pre-activation and the network’s output, and to integrate out the weights,
as it is done in the Bayesian view of NNs. If one carries out the calculations, the partition
function reduces in the integration over new variables Q and Q, treated as order parameter,
and the system is described by a new effective action S(Q, Q). We report here the one for
an FCN found in [81] and the one for a CNN, which is part of our work [89]:

Sren(Q,Q) = — QQ +log(1+ Q) + %Tf log {5 (% + K%RC)'N<Q)):| +

~1
T (5HEIQ) v (6.20
Soww (Q.Q) = = TrQQ + Trlog (1 + Q) + S Trlog [ﬁ (% + Ké%(@)ﬂ +
-1
5y (5 REN@) . (6.27

Note that these actions share the same functional form, except for the two facts; the
variables Q, Q in the CNN case are | Ny/S| x | Ny/S], while they are scalars for FCNs,

and the definition of kernel renormalization is quite different since they read

A [No/S]
® (] = ® A&l - 1 A i
[KFCN(Q)] » = )\_leM [KCNN(Q)LV = /\ﬂNo/SJ ; Qinujw (6-28)

where K, is the NNGP kernel (4.33), and K}, is its CNN extension defined in (6.11).
It is clear that these two architectures FCN and CNN have important differences, and
one of our scope is to gain insights about these. This final section is devoted to briefly
presenting what is already known empirically and explaining how our theory can capture
these phenomena. Moreover, we show the results of our numerical experiments for testing

and corroborating the predictions of the theory.
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6.3.1 Generalization error through the predictor statistics

As was already mentioned in the introduction of this chapter, recently, the authors of |56]
carried out an intensive numerical analysis of the different behavior of the generalization
error for different architectures and regimes. For every network type, they compared the
generalization error of a finite-width NN trained with stochastic gradient descent and
the corresponding infinite-width GP, i.e. a Bayesian NN having as kernel the NNGP
kernel. They found that the infinite-width FCN slightly outperforms the finite-width one.
Moreover, for the same task, which is the classification of the CIFAR10 [60] dataset, the
CNNs, both finite and infinite wide, outperform the FCN. In the infinite/finite comparison,
they found that CNNs can outperform the corresponding NNGP, but only in the presence
of weight sharing. Indeed, it seems LCNs perform equally in both regimes. Let us see

how these facts can be explained in our theoretical framework.

Our theory allows us to compute the predictor statistics of a NN, and the expected value

of the generalization error over a new sample (xg, o) reads

(eg(x",9)) = (1° = T)* + 0 (6.29)
with:
P 1 B _1
r=> K9 (g + Km)(@)) Y, (6.30)
pr=1 uv
P 1 _1
ot = Ky = D K (g + K(R’(Q)) K. (6.31)
pr=1 nv

These expressions are valid both for FCNs and CNNs, considering the corresponding
kernel K(®)(Q). We recall K and K, being the extended kernel functional in the presence
of a new sample, and defined in Eq. (5.31). In the case of CNNs, these quantities are
computed in the same way, starting from the local covariance matrix Cff;,. These terms

undergo the same type of renormalization as the correspondent kernel matrices (see Table
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6.1), that is:
Q
[K%)N]u =3 K (6.32)
® 1 [No/S]
K3 = i K" 6.
[ CNN:|“ /\ILNO/SJ ZJZ:I Q] wo ( 33)

First, let us focus on the form of the biases I'. The  — oo limit of Eq. (6.30) yields

different behaviors in the two cases:

P
I'ren = Z KMKM_ul Yv s (634)
pr=1
P —1
R R A
Fonn = Z [KéN)N]M (K(CI\?N<Q)>/W Yo - (6.35)
pr=1

From these expressions, it is clear (as was discussed in [81]) that the FCN bias at finite-
width is independent of Q, and then it is identical to the infinite-width case (4.36) for any
hidden layer size. This implies that the only difference in the generalization error between
the finite and infinite width case resides in the variance term. In the zero-temperature

limit and for a FCN, the variance reads

52— i [KO - ZKMKM‘VlK,,] , (6.36)
p
where Q* is the solution of the saddle-point equation (5.29). This expression clearly states
that the only difference between the variance of a finite-width FCN and the one of the
predictor statistics of an NNGP is the proportional term Q*/)\; in front of the square
brackets. Once evaluated on the saddle-point, Q* is a data-dependent scalar. This implies
that, once the hyperparameters (P, o,...) are fixed, it is always possible to re-obtain the
performance of any finite-width network by carefully fine-tuning the Gaussian prior A\; in
the corresponding infinite-width kernel. Therefore, the generalization performance of any

finite-width one hidden layer FCN is bounded by the one of a suitable infinite-width kernel

with optimal choice of the Gaussian prior.

Moreover, from Eqs. (6.36) and (5.29) we see that the variance goes to zero as 1/4/A; in

the FCN case, while this is not obvious in CNNs. However, we can always factorize a global
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1/A; term (see the form the the renormalized kernel (6.33)). This means that training at
large values of the Gaussian prior of the last layer should improve generalization at any
finite-width since only the bias term remains as leading factor for the error. Furthermore,
when A\; > 1 the analytical criterion (5.33) to predict whether a finite-width FCN will
outperform its IW counterpart, is never satisfied, since the term P~'y K~y present the
term A\; in the numerator and so it can not be made lower than 1. These observations lead
to the conclusion that for any finite-width FCN there exists a fully-connected
NNGP that outperforms it. We have seen in Section 4.5 that in infinite-width FCNs
the kernel does not evolve from the initialization, then we can conclude that feature
learning is not particularly effective in networks with fully-connected layers alone at

finite-width.

We stress here that the aforementioned observations are not ruling out all other possible
forms of feature learning in FCN architectures: (i) Renormalization of the infinite-width
kernel is not the only source of feature learning possible. Higher order kernels, irrelevant
in the infinite-width limit, may play a role in feature learning, especially as long as
one considers the case where the size of the dataset P roughly scales as the number of
parameters ~ O(L x N?) (N, = N V{) of the fully-connected deep neural network. The
recent work [90] is a notable example of how an FCN can learn a convolutional structure
in special settings; (ii) Our result holds for Bayesian learning, i.e. when the weights of
the networks are sampled from the canonical Gibbs ensemble. This is only obtained if
training is governed by a Markov chain Monte Carlo. Practical learning algorithms with
state-of-the-art optimizers may behave differently and possibly activate alternative forms
of feature learning; (iii) We are limiting our analysis to the standard parametrization
setting where the last layer is normalized as 1/1/N7, and we cannot describe the mechanism
for feature learning that may occur in the mean field regime [62] where the last layer is
normalized as 1/N; (we note that the framework of [69] seems more suitable to deal with
this case). Nonetheless, it must be also said that the empirical evidence provided in Refs.
[61, 54, 56, 59, 64] is quite against the fact that these forms of feature learning can play a

significant role in improving the generalization performance of FCNs.

All the observations we have made for the FCN case, derive from the fact that the kernel

-1
renormalization with global scalar constant implies » | i [K gg N] [K gg N} =5 o KK I;VI.
p v
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This is no longer true for the CNN case, where the renormalization of the kernel is not
trivial. The fact that the kernel renormalizes locally, with the application of a matrix Qij,
implies that the bias I'cyn depends on it and can be reduced through the optimization of
this matrix. This means that, in principle a finite-width CNN can select a suitable
set of parameters, far from the initialization, such that the generalization error
is lower than the one of the NNGP counterpart, i.e. the CNN with infinitely many

channels.

To test these predictions, we perform numerical simulations with 2d CNNs trained
on CIFARI10 examples, close to the zero-temperature limit and in the bias-dominated
setting where we let the Gaussian prior A\; be large. As shown in Fig. 6.2, the
test loss of the FCN is a monotonically decreasing function of the hidden layer
size N1 and it does reach its asymptotic (best) performance already for a ~ 1.
Compatibly to local kernel renormalization, CNNs with a finite number of channels
beat their infinite-width counterpart, already for large filter sizes (M = 14,7), and
ultimately approach the infinite-width limit performance from below. It is worth
stressing that we do not expect that local kernel renormalization will lead to improved
generalization performance for generic learning tasks, but only in those cases where the

training patterns exhibit local spatial correlations, as it occurs in computer vision problems.

6.3.2 Differences in the similarity matrix

We have already seen that in our formalism one can compute the expected value of
observables. It would be nice to extract the renormalized kernel from a trained network,
however, at the moment, we have no way to directly access it in numerical experiments.
One indirect experimental blueprint of the form of kernel renormalization at finite width
in different architectures is given by the similarity matriz of the internal representations

before and after training. We have already defined it in Section 6.2:

N1
1
— E i v
OMV Nl pa o (hz ) o (hz ) ’ (637)

where N; denotes the number of neurons in the last layer (for CNNs we have N; =

N:|Ny/S]). We can track the effect of training by taking the difference between the
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Figure 6.2: Test loss vs number of 2d convolutional filters for one hidden layer
CNNs with different filter sizes M. All the networks are trained on the same binary
regression task with P = 500 examples from two classes of the CIFAR10 dataset, "cars"
and "planes", respectively labeled 0 and 1. Error bars represent one standard deviation.
The images are gray-scaled and coarse-grained to Ny = 28 x 28. We choose the filter
size M to be an integer divisor of 28, and the filters to be non-overlapping (taking stride
S = M). A sketch of how the images are parsed by filters is reported for each network.
With this choice, the FCN is retrieved setting M = 28. The nets are trained with a zero
temperature Langevin dynamics (see Appendix A3), and with large Gaussian priors A;. In
this bias-dominated regime, we observe that: (i) In FCNs, the best possible performance
is the infinite-width one. Here the variance is monotonically decreasing with the width N,
while the bias is a constant. Therefore, the test loss approaches its minimum monotonically
from above, as predicted by our theory. (ii) Finite-width CNNs can outperform their
infinite-width counterpart. The local kernel renormalization mechanism allows the CNN
to optimize both bias and variance at finite width, making it even more convenient to
have a small number of filters (the minimum is reached for N. ~ 50). Eventually, the
CNNs reach their asymptotic performance from below.



6.3 FCNs vs CNNs 105

similarity matrix at initialization, which is by definition the NNGP kernel (up to the
Gaussian prior A;), and the same quantity after training: AK,,, = (O,,) — K,,,,, where the
average is done over the Gibbs ensemble of the weights. In this way, we can gain insights
into how the training phase affects the internal representation of the training set. We have
analytically computed this observable for FCNs and CNNs,; as shown in Appendix A2.

The final result in the two cases reads (at zero temperature):

1 A
AKFON — — — [, — 2 .
i N, { Qy y” (6.38)
1 [No/S],P
AKCNN — ; Pz]
= ST & Gt
® Vo ® \ o e® Ve
X (KCNN)AP - WZ:l (KCNN> N (KCNN)pw vy, (6.39)

where PMJM — [K WK+ KK, g’;} . Let us now highlight a few interesting physical
implications that directly follow from these formulas and can be checked with numerical

experiments:

(i) The difference between the trained and untrained similarity matrix AKFEN

converges
to zero in the thermodynamic limit P, N; — oo at fixed a; = P/Ny, as long as the
terms in the square brackets are of order o(/N7). This means that in the proportional
regime under consideration the effect of training on the internal representations is
just a finite-size correction O(1/N7) and the trained similarity matrix stays very close
to its value at initialization. In particular, we expect that the empirical distribution
of the elements of the matrix AKSSN will be increasingly peaked around zero in

finite-size scaling experiments where we consider increasing values of P and NV;

keeping their ratio oy = P/N; fixed;

(ii) By choosing a learning task with labels y* = 0,1 and input patterns z* such that the
matrix elements of the kernel K, are on average centered in zero, the distribution of
the matrix elements of the block AKEENhl (corresponding to the subset of training
patterns with label one) should drift towards zero at a rate 1/Ny, if one performs
experiments at constant a;; while increasing P and ;. Instead, the remaining blocks

of the matrix AKFN should not be affected by this drift;
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(iii) The difference between the trained and untrained convolutional similarity matrix
AKS™N displays a different behavior, due to local kernel renormalization. For
instance, even if we restrict our analysis to the learning setting outlined in bullet (ii),
the elements of the block AK[o; (or AKN|) should not identically converge
to zero in the thermodynamic proportional limit. A straightforward scaling analysis
shows that the contribution due to the term in the square bracket does not vanish

in the proportional limit.

In order to check the aforementioned predictions we set a series of numerical experiments.
For each architecture, we train a sample of one hidden layer neural networks on the same
task and we collect the similarity matrix, averaged over this sample, before and after the
training. We train the networks on a synthetic dataset composed of random Gaussian
patterns whose labels were given by a linear teacher function, i.e. y = % [1+ sign(t - x)],
where t is an Np-dimensional vector with unitary entries. The numerical details of the
simulations are shown in Appendix A3, but we want to stress here that these experiments
are carried out using gradient descent and the so-called ADAM optimizer [91]. Interestingly,
even though our theory should be valid only in the Bayesian setting, it turns out to be also
predictive for a learning algorithm that does not explicitly sample from the Gibbs posterior
distribution. We note that the clean signature of the differences between FCNs and CNNs
((6.38), (6.39)) derives also from our choice of working close to zero temperature (where
the architectures can precisely fit the training data). To reach such a regime, we set
a threshold value close to zero (O(107'%)) and we train the networks until the training
loss is lower than this threshold (thanks to Adam, we have reached very often values
of the training loss of O(107'*) with a small number of epochs). Overall, the fact that
the change in the internal representations of FCNs is a finite-size effect is confirmed
by the experiments. On the other hand, the same numerical simulations with CNNs
clearly identify a genuine change in the internal representations that occurs also in the

thermodynamic proportional limit. In the following, we will show our results.

6.3.2.1 FCN at a; =1

In Fig. 6.3, we show the numerical experiments using an FCN as architecture, with a
fixed value of a; = P/N; = 1 and increasing value of the number P of elements in the

training set and the number N; of neurons in the hidden layer. In particular, we train
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architectures with a single hidden fully-connected layer with tanh activation (see details
in Appendix A3) on a learning task with random Gaussian inputs and zero/one labels
given by a linear teacher. In the picture, we show the distribution of the elements of
the difference similarity matrix, in two subspaces: the one where both the labels are
y* = y” =1, indicated as subspace "11", and the one with discordant labels, the subspace
"01". Our experiments show a good agreement with the predictions derived from Eq.
(6.38). In the subspace "11", we observe that the distribution of the matrix elements
shrinks while drifting towards zero at a rate ~ 1/N;. Instead, in the subspace "01", we
find that the distributions are peaked around zero, and their variance rapidly converges to
zero as N1 grows, in particular, we observe it goes to zero as ~ N; 2 (the results about the
scaling are shown as linear fit in log-log scale in panel (c)). Overall, our numerical analysis
suggests that all the differences before and after training in the similarity matrix are due
to finite-size effects, and they should disappear in the thermodynamic limit. This fact
suggests that in FCNs the effects of training are not visible in the internal representation
of the network, even in the finite-width limit (we recall that in the IW limit, the weights

do not evolve from the initialization and so the similarity matrix).

6.3.2.2 CNN at o, = 1

In Fig. 6.4 we repeat the previous analysis for the CNNs case, using the same training
setting, fixing the ratio between the number of patterns and the number of channel
a, = P/N. =1 and using 1d convolutional filters. Again, we show the distribution of the
elements in the subspaces "11" and "01" and we study their scaling with the size. The
main difference with respect to the FCN case can be deduced from Eq. (6.39). Indeed,
the label term yy“ enters in the expression of AK,, in a non-trivial way, and also in the
subspace "00" the matrix depends on the mixing between labels and the renormalized
kernel. Moreover, due to the form of the local kernel renormalization, the renormalized
terms remain explicit. These facts suggest that in CNNs the effect of training could
be visible in the difference between the similarity matrix before and after the training.
Indeed, we observe that, in both the subspaces, the variance of the empirical distribution
of the matrix elements does not shrink to zero as N, grows and «. is kept fixed (as can be
seen from the fit in the upper plot in the panel (c)). Interestingly, the drift towards zero

in the subspace "11" seems to be present, with the same scaling law of the FCN case (see
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the lower plot in panel (c)), although these peaks are small with respect to the one in the
FCN case for at least one order of magnitude. Overall, our experiments make evident that
the distribution of the elements of AKGNY does not disappear in the thermodynamic

limit, suggesting the training phase has some effects on the internal representation.
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Figure 6.3: Predicting the effect of global kernel renormalization on the
internal representations of FCNs. A finite-size scaling analysis. Here we show
the results of numerical experiments performed to check the predictions of Eq. (6.38) for
the difference AK,, between the similarity matrix after and before training. We perform
a finite-size scaling analysis by keeping ar; = 1 and choosing increasing values of P, Nj.
In panel (a) we show the zero-one block AKFN|o;. At the top, there is a subsample of
this submatrix for every value of N; tested (note that P = N; for a; = 1), while the
distribution of the elements is represented in the histogram on the bottom. It is clear
that this distribution becomes more peaked around the value 0 when increasing the size,
which suggests that in the thermodynamic limit, the similarity matrices after and before
training become more and more similar. The shrinking is also evident from the upper plot
in panel (c¢), where the variance of these distributions is shown against the size, and it
goes to zero as ~ Ny 2 (m reported is the value founded with a linear fit). Analogously, in
panel (b) we show the same analysis for the one-one block AK}7N|y;. Here, it is evident
that the distributions (bottom) shrink while drifting towards zero. From the bottom
side of panel (c), it is clear that they drift at a rate ~ 1/N; (see the m reported in the
plot), as expected from the theory. Overall, this analysis represents a clear indication that
the change in the after-training internal representations in one hidden layer FCNs is a
finite-size effect.
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Figure 6.4: Predicting the effect of global and local kernel renormalization on
the internal representations of CNNs. A finite-size scaling analysis. Analogously
to the previous picture, here we show the results of numerical experiments on the CNNs, to
check the predictions of Eq. (6.39). Again, in panels (a) and (b) we show the distribution
(bottom) of the matrix elements in the subspaces "01" and "11" respectively, and an array
plot representing a subsample in these subspaces (up). It is clear that in this case, the
distributions do not shrink as the size N, grows, as we can see also from the linear fit
of the variance in the upper part of the panel (c¢). Surprisingly, there is a drift towards
zero in the "11" subspace, although the distributions are peaked around small values with
respect to the one found in FCNs. Overall, it is evident that these distributions do not
disappear in the thermodynamic limit and the effect of training should remain visible in
the internal representation.

6.4 The predictive power of the theory at non-zero

temperature

This ending section is devoted to introducing our ongoing work, in collaboration with the
Lattice Group here in Parma (Dott. P. Baglioni and Prof. F. Di Renzo). This project aims
to perform intensive numerical simulations to test our theory on non-zero temperature
regimes. Our strategy is to train a Fully Connected Network on the CIFAR10 and MNIST
datasets using a discretized Langevin dynamics, as it is explained in Appendices, Eq.
(A3.2). This is done to sample configurations of the weights from the correct Gibbs

ensemble. In this way, we can perform a standard Monte Carlo routine that allows us
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to extrapolate average values of observables, in particular the generalization error, at
non-zero temperatures. We are exploring the predictive power of the theory for an FCN as
a function of the parameters: the temperature 1/, the magnitude of the Gaussian priors
A1, Ao, the size of the hidden layer N; and the size of the training set P. In the following,
we present our preliminary results on the CIFAR10 dataset. The lines representing the

theoretical expectations are computed by numerically solving the saddle-point equations.

In Fig. 6.5, we extrapolate the generalization error dependency on N; at fixed o =
P/N; = 0.25, for three temperatures T' = 1.0, 0.5, and 0.01 (fixed Gaussian priors \g = 1
and A\; = 1). For every point simulated, we take a new subsample of the entire dataset,

which leads to small fluctuations between points at different Nj.

In Fig 6.6, we test our predictions about the dependency of the generalization to the

Gaussian prior Aj, at fixed A\g = 1.0 and P = 1000, for two values of Nj.

Finally, in Fig. 6.7 we present our experiments when keeping fixed all the parameters
(P = 1000, Ay = 1, Ay = 1) except the hidden size Ny, at different 7. For the CIFAR10
case, the best generalization error is found for non-zero temperatures. Indeed, our theory

predicts a crossing point of the generalization error curves between 7' = 0.1 and 7" = 0.03.

From all these preliminary results, it is clear that our theory is in good agreement with the
numerical experiments. Quite remarkably, it seems to capture also the small fluctuations
due to changing examples in the dataset. We observe little deviations at small values of
Ny, that quickly disappear for larger sizes, suggesting they are caused by finite size effects.
Our ongoing research will be focused on studying these deviations in detail. Moreover, we
want also to explore other combinations of the hyperparameters and then we are going
to extrapolate with more accuracy another observable, already discussed, the similarity
matrix. Finally, we will investigate the predictive power of the effective theory for a

convolutional neural network.
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Figure 6.5: Predicting the generalization error dependency on N; at a = 0.25
fixed. We show the predictive power of our theory (TH). The lines are extrapolated
solving the saddle-point equations, while the points are the result of intensive Monte Carlo
(MC) simulations. The inset on the upper right shows the good agreement between the
experiments and the theory, even in the presence of small fluctuations due to the choice
of different examples in the dataset.
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Figure 6.6: Predicting the generalization error dependency on )\;. Here we test
the prediction of our theory about the dependency of ¢, on the Gaussian prior of the
last layer A\;. The dotted line represents the generalization error of the correspondent
infinite-width network. The discrepancies quickly disappear considering larger widths of
the hidden layer, suggesting they are due to finite-size effects.
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Figure 6.7: Predicting the generalization error dependency on N; at fixed
P =1000. In this plot, we show that our theory can predict also particular behaviors of
the generalization error, as the crossing point between different temperatures. Indeed, for
the dataset considered (CIFAR10), it seems the best generalization error can be found at
a non-zero temperature and our experiments are in good agreement with this observation.
Again, it seems the deviations are due to finite-size effects. The dotted lines represent the
generalization error of the correspondent infinite-width networks.
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Appendix

A1 LCN effective action derivation

Here we present the explicit computation of the effective action for one hidden layer LCNs.
For simplicity, we consider one-dimensional local interaction, but the calculation can be
generalized to a d-dimensional setting. For LCNs, the pre-activations of the hidden layer

are given by:

a Rl W xSH—m
m=—|M/2]

where M indicates the size of the filter and S denotes the value of the stride. The index
a =1... N, runs over the filters. From the pre-activations, we can define the output of

the LCN as:
[No/S| N

\/TO/SZZUOW

We recall the notation for the total number of weights in the last layer Ny = N.|Ny/S].

Jren(z) = (A1.2)

Note that in the special case S = Ny we recover the FCN architecture.

Our objective is to construct the data-dependent partition function for this learning

problem in the proportional limit:

P
/Hdv H dWw. exp{ — %HUHQ — %HVV”2 — gz [y" — fLCN(ilC“)]2 } )

zma

(AL.3)

Here, we employ the same notation of the main text, where \y and \; are respectively
the Gaussian priors of the hidden and last layer. We introduce two sets of Dirac deltas,
corresponding to the pre-activations of the hidden layer and the output of the network.

We denote these new degrees of freedom as hl, and s* respectively:

1M RETWA

[Io(t- o= S wieho,).  I[6(+-—% 3 wotit). (a1

2,Q, [0 m=—| [J “w i,a=1

w‘?
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Expressing the deltas directly in their standard Fourier representation, we have:

72 = [ T st T dstdste5 Sulr =72 shstri S, M,

a
4,0, Iz

o <6—i >, (ﬁ > vfd(hfﬂ) >

—i Rt = wa xt >
<6 Ey,,z,a 1a(mz’m im” Si+m > ] (A15)

v w

where the average is over the distribution of the weights. Performing these integrals yield

a simple expression for the quantities in brackets. Respectively:

2
[y, o] SRR
— wr=1"%a~ pv'“ia
! al exp { — NN , ! al exp{ — 5 , (A1.6)

where the matrix C'', is the diagonal part of the local covariance matrix defined in Eq.

(6.7), i.e.

) L]
C.Zl” - m Z xgi+m‘rgi+m' (A17)
0™ =My

This quantity provides information on the self-correlation of the local patch in position 5%
for any pair of training patterns pu,v in the dataset. These steps allow to factorize the
integrals on the h-h variables over the patch indices ¢ and channel one a, leading to the

following equation for the partition function

4= / H dstdshe s Sum (W' —s"PH T st
M

Ne
X { / H dphl dPBZ 6_% Zuui chﬁiﬁi“ri Zm hfﬁf_ﬁ Zi[25:1 gug(hf)]Z } . (Alg)
After the integration over the h-variables, the quantity in curly brackets becomes:

I1 [ 0 it e a9

where the probability distribution Pl(i) is given by:

—inf(C?)~1h;

M

(&

J/@m)P det i’

PO} = (A1.10)
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To proceed in the calculation, we introduce a new set of variables ¢; through Dirac’s §

identities. In this way Eq. (A1.9) becomes:

H/dqie_éqlzp(qi), P(q) = /dphin({h“})(S(qi - \/ﬁ EP: glﬁdh?))

i p=l

Similarly to the FCN and CNN case, we perform a Gaussian approximation on the limiting

distribution of P(g;), heuristically justified by the Breuer-Major theorem [82]:

where the variances are:
1 P 1 P
(s (A =i P 7 o o VY| gV — Ut <V
@(5.C) = g::ls [/d AP Do) = - g::ls Kis . (AL13)

here K, = K}/, is a compact notation for the diagonal part (in the spatial indices) of
the kernel matrix defined in (6.11). After performing the (Gaussian) integrals in the ¢;

variables, we have:

N[

}Nc — e_% Zilog(1+Qi(§,Ci))‘ (A1.14)

{TI0+@is.c)

We insert a new set of deltas to handle the 5 dependency in Q;(5, C")):
P

1= / iné(Qi - Aif\ﬁ 3 E“K;l,g”). (AL.15)

pr=1

In this way, we can perform the Gaussian integration on the § variable, after a rescaling
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) — —iYe(), obtaining:
2

:/HininHds“ exp( —gz (y" — s")?
i p

X exp <—%ST [KI(%)N} -1 log det [KLF({))N} — % Z (QzQZ — log(l -+ Qz))) s

where we have identified the renormalized kernel for the LCN:

No/5|
K@) | LNO 5] Z . (AL1T)

which contains only the diagonal elements of the local kernel matrix.

Finally, we perform this last Gaussian integral and we are left with a partition function

that depends only on Q and Q:
= / 11 dQ;dQ;e™ % 51ox(@(@), (A1.18)

where the LCN effective action Spcon is given by:

Q. 1 -1
+ KN + Sy (5 K v

Son == ) (QiQi —log(1+ Qy)) + Tflogﬁ( P’ \3

%

g
(A1.19)

We recall that (% + Kﬁlé)N) is a P x P matrix. Note that this action shares the same
functional form as the one for FCNs and CNNs.

A2 Similarity matrix

In the main text, we have already said that our formalism allows us to compute
physical observables. One interesting observable, which gives insights about the internal
representation of the network and which is deeply connected with the NN kernel, is the
similarity matrix, whose definition can be found in Eq. (5.6). In this appendix, we will

show how our theoretical framework can be exploited to analytically compute this quantity,
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at least in the zero-temperature regime.

A2.1 FCN averaged similarity matrix

This subsection is devoted to showing our strategy for computing the expected similarity

matrix for an FCN architecture. Then, we want to calculate the quantity

Ny
1 ..XM ..XV 1
o1 = (1850 (%) (W)} L1 [y seogpe
(O <N1 ; VN, VNo Zrow - (A21)

Note that this quantity depends on 3, but since we are interested in the regime where

the network perfectly interpolates the training data, we will consider the § — oo limit.
Moreover, the mean operation over the neuron index i commutes with the average operation
over the Gibbs ensemble, then we have to compute only the expected value for a particular

index. Thus, we study the expected value of the inner product over the 7-th neuron,

1 W, - xH W, - x¥
/D@e‘ﬁﬁ((’)a( i % )U( iz ) : (A2.2)
Zren vV No vV No

and then we compute the mean value over all the neurons in the layer. We will see

that the quantity in (A2.2) does not depend on the particular choice of the neuron since
the variables bt = V\V/]TX are statistically identical. This integral is not directly solvable
through the reasoning applied when the effective action was found, but we need a subtle
trick. In the following, we explain our strategy. In order to fix the idea, we will consider

the neuron indexed with 7 = 1.

As a standard practice in statistical mechanics, we need to define a modified partition
function adding a source term to one of the identical N; neurons of the last layer:

2
5 N1 <Z J,o(hY )> . The extended partition function reads:

p 2
2§ = [ POy e (-5 3 >l = fron(a)f + " (Z Jw(h*f)) (42.3)
p=1 j

where we have reabsorbed the Gaussian priors A, A; in the term P(0) = P(v, W). In this

way, the expected value (A2.2) is easily computed from the derivatives of the partition
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function with respect to the source J,:

1 927N
(o(h)o(hY)) = =M N — /

) A2.4
7 FON) 5. Jrd Jv l3=0 ( )
J

Let’s take the FCN partition function at the stage where we have already integrated over

v, W and h, but considering the source term:

Ni—1
_ 2
Z‘(]FCN) —/HdsudguegZu(y“S“)2+iZu shsh {/Hdh“ M (0,C) 6_72,\11N1 [, 8o (ht)] }
o

I

y / T b N (0, C) ¢ im0 o0 ol 52, 740 0 (A2.5)
I

where we have separated the h; integral, but we can immediately drop the dummy index
1 = 1, that was reported for the sake of clarity. The integral in curly brackets is the same
found in the calculation of the FCN partition function in [81], and the result is the same

as the one of Eq. (5.25), with the substitution N; — N; — 1.

The same reasoning can be applied to the integral on hy, but with an arrangement. First,

we need to introduce two more delta function identities:

1:/dQ15<Q1—\/%Zs“U(h”)> ) 1:/dQ25(Q2—

where we have already dropped the i = 1 index. Identifying a collective variable q = (q¢1, ¢2),

o9 J”“M) ’
' (A2.6)

the integral in the last row of (A2.5) can be rewritten as:

/ d*q P(q) eI,

where

P(q) = / [ dn N (0,C) § (ql - ﬁ 3 §“a(h“)> 5 <q2 - \/ﬁ S Jﬂa(hu>>
(A2.7)

If the BM theorem’s hypotheses hold for ¢; and ¢, we can use it again to justify a
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Gaussian equivalence for the distribution P(q):

P(q) — Ng(0,%(8)) = (A2.8)

where X(8) is a 2 X 2 covariance matrix defined as:

1 §s'Ks s'KJ

Z_ p—
&) MM \5TKI JTKJ

(A2.9)

where K is the NNGP kernel matrix, whose components we recall being K,, =
[ d”h Nuw(0,C)a(h*)o(h”). In this way, the integral on q is Gaussian and Eq. (A2.5)

becomes:

Ni—1

ZSFCN) _ /Hds,udg,uegzu(y“s“)QJriZ# sHH [Q(g) 4 1]_ 2 {det (1 + 2(§))]_

I

D=

(A2.10)
Let us focus on the determinant in the equation above, which is the only term that depends
on the source J*. Firstly we point out that, when the source is vanishing, equation (A2.10)

correctly reduces to the FCN partition function already computed:

det(1+ X) =Q()+1, (A2.11)

To avoid heavy notation, we have dropped the explicit dependence ¥(§), which will be
understood implicitly in the following. The derivatives with respect to J* and J” can be

computed using the Jacobi’s identities:

D=

Dudyv [det(1 + )72 = [det(1 + X)] 2 {%Tr((l + z)—layzﬁr(a + z)—lafﬂz>+

—%Tr((l +2)719,.8(1 + z)—laJm) n %Tr((l + 2)—18JuaJyz> ,

(A2.12)

o 1 0 (Ks)» 9?x 2 0 0
oJHly=0 A\ DN (Ks)~ 0 aJrdJv1s=0 A\ N1 \ K,

(A2.13)
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where (K8)" =} K,,5". One can see that the first term in curly brackets in Eq. (A2.12)

vanishes when J = 0, since the matrix

0 1+ Q) (Ks)~
L+%)0nz| = ! (L+QE)EKs) (A2.14)
J=0 >\1N1 (Kg)“ 0
has zero trace. The two non-zero contributions give:

(D)0 B+ D) 10,8) = - (Ks)"(Ks)” (A2.15)
2 (AN 1+QB) .
1
5T]f((1 + z:)—la,ua,uz) = K /(MNY), (A2.16)

Collecting what we have computed so far, we have:

N[

NN DO (det(1+2)) 73| = (1+Q(5)"

J=0

1 (Ks)*(Ks)” }
K,, — . (A2.17
{ NN 14+Q(S) ( )
The next step is to put back this result in Eq.(A2.4), having already set J = 0, and to

apply the same strategy adopted for computing the effective action. Thus, we insert the

Dirac’s delta for the Q(8). The integral on s is Gaussian, and dropping constant terms we

get
o (B 1 5 o~ 5 105(14Q)+ 310Q
(o(h*)a(h")) = Zron dQdQ e = 2 (A2.18)
_, —L gh i ngn_ Qg s 1 (Kg)M(Kg)V
d M 23 Z#(s )2+Zzuy $ Q%STKS [K — .
. /1;[ e ONMND 1+Q
(A2.19)
The integral on § is again Gaussian and can be written as
e_%yT[I"{(R)]—ly / 2Ps e*%(gﬂ[f{(m}_l'}’)—rkm) (5+i[R(M]-1y) {KW _ 1 (K§)“(K§)u:| |
AMN 1+0Q
(A2.20)

where we call K®) = (% + K(R)), with K(®) = QK /\; the renormalized kernel matrix.
Note that, in the zero-temperature limit, K® reduces to K®, The first term in the
square brackets of Eq. (A2.20) does not depend on § and so it will give us a term K, Zpcn,

~ w
proportional to the partition function. After the transformation s# — s#—i ([K(R)]_1 . y) ,
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we have a zero-mean Gaussian integral, whose solution reads:

[j\if;\fl =y )2 ZKHPKV)‘ [ ]M — ([K(R)]fl ,y)p([K(R)]fl _y))\] _ (A2.21)

Then, we can write

(oo )) = Kt [ deQ o~ HSren(@.0)

A
—1
—)\1N1 1+Q [ Z )\Kup )\p+
+ ) KKK AS KOy (A2.22)
Apew

where we recall the summations over Greek indexes are in the range (0, P). Finally, we
can take the saddle point solution of the effective action, for which (1 +@Q)~! = Q and in

the zero-temperature limit 8 — oo, we get

(o(h*")a(h")) = <1 - N%) K,, + ]QQy y” (A2.23)

Since this result is independent on the index 4, the average of the observable in (6.22) is

trivially retrieved:

(05) = < ;1Za<h¢>a<hz>> N D ()0 () = 0 () (1) (4220

A2.2 CNN averaged similarity matrix

In this subsection, we extend the previous calculation to CNNs. We want to compute
the average <OCNN where the observable OS},\IN is defined in (6.23). In this case, we will
compute the expectation value for only one particular channel, whose index is a, since
they are all statistically independent. Thus, in the following, we will drop the channel
suffix.

Similarly to the previous section, we add a source term to the CNN’s partition function

2
> [Zﬂ J”O’(h?):| . Here Ny = N.|Ny/S| denotes the number of neurons in the last

1
A1 Ny
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layer of the CNN. The modified partition function reads:

Nc.—1
7™ = / HdsudgueSzuw#sﬂwzﬂsﬂsﬂ{ / aP () e-mzi[zusww}

I
> /dp(hf) 677”111\’1 2, E“a(hf)}Qe*Wle 2, J“o(hf)]27 <A225)

where:

67% Zuyz] hf[c }U h,l; . (A226)

dht
ht) = S —
) 1;[ vdet 2rC

Analogously to the FCN case, one can check that:

e 1 pZFON
<@ ; U(hi“)a(h?”)> = —A N, 2T GIRoT |0 (A2.27)

Again, we need to find a strategy to compute the integral in the last row of (A2.25). To
do that, we repeat the resoning made before for the FCN case and we insert two families

of Dirac’s §’s:

1 _
/ [Laata e O [T ds6(as = e 2200
(A2.28)

and so we are left to the problem of finding the joint distribution P(qs,qy) of the new
variables. We employ a multivariate version of the BM theorem to make the usual Gaussian

approximation:

1
P(ds, q3) — (det 27%) "/ exp (—5(% [as) "= (as]| CIJ)) : (A2.29)
where we made use of the following notation for the concatenation of two vectors:

(g0, gWNors ) (1No/SDy (A2.30)

(CI§|CI) qs - ydy 554y

Furthermore, the covariance matrix of this joint distribution is a block matrix of the form

1 (TK”S‘ TKUJ\

ST \s"K%3 | 3K93 )

(A2.31)
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where 5" K%S represents the | Ng/S| x | No/S| matrix which remains after contracting
K], with two vectors on the pattern indices y and v, i.e. 8" K¥§ =3 K/} 55" From
now on, every block in the following matrices will be | Ny/S| x | No/S]| matrices. The
integral on the q variables is Gaussian and gives the term det(1 + X)~/2. Then, we have
to compute the second derivative of this term, analogously as was done for the FCN case,
recovering Eq. (A2.12), obviously with a different definition of the matrix ¥. Then, for
the CNN case, we have

(1+ E)*laﬂz‘J_O 1 / 0 ‘ > (14 Q(8)); (KFs)#

_ )
= A1lV; \(Kijg)u ‘ 0 /

(1+3) 19,1+ 2)—laJu2]J_0 —

L[S+ Qe (KMs) (Ks) : )

(M) | 0 (KR (L + Q) (KYS)”

(1+ z>—1aﬂapz‘ko — Ale (Z f:ﬁ;) , (A2.32)

where we have defined [Q(8)];; = -5 K8 and (Ks)* = Y K/J5". Note that the

iy = A1 N1
four blocks in each matrix are a | Nog/S| x | Ny/S]| matrix, whose indices, when made
explicit, are indicated with Latin letters (ij). In these equations, the second one has zero

trace, while the trace of the third reads

[No/S] P
_ - 2 “\\—12Azp pij
Tr((l + 2) 18];12(1 + E) 18JUE‘J:0) = Z Z W(l -+ Q(s))ijls’\sppuj)\yp s

ij=1 Ap=1

(A2.33)
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where, for the sake of notation, we have defined the six-indices matrix:

[No/S]
> KXEE + EKRKE) (A2.34)

m

o _
b HAVp T

l\DI»—t

Now we are able to solve Eq. (A2.12) and we get

1 [No/S|
~ M N.Oudyo(det(1 4+ X))z = NO/S Z Kl +
. | Woss) op o
N ANYEE ; g:l 14+Q());' 85 B,

(A2.35)

where ZZU:Vf/ 5] Kffl, is the trace of K along the spatial indices (i, 7). Since it is a constant
we can take it outside the integral. Thus, let’s compute the second contribution. For the

sake of notation and since the only non-contracted indices are (u,v), we will refer to it as
P, (8).

First, we insert the deltas for the Q(S) variables, to get rid of the explicit dependency on
S, and we make use again of the Fourier representation of these deltas, with the variables
Q. Since the new term depends only on §, we can easily integrate on s, obtaining (we

write only the § integral)

., L GH2 pgn_ 1 KR sugy _

In

o3y KWy / H ds" e—%(§+i(K(R))*1y)TK(R>(§+i(K‘R))fly)pw(g) : (A2.36)

where KM is the renormalized local kernel defined in (6.14) and K® = 5+ K®.
Following an analogous strategy already performed in the FCN case, this integral can
be solved performing the transformation 3 — 3 — iy [K ()] Ly, which implies that

P,,(8) becomes

1 1 LNO/SJ P P
P, 1 IPZ] gAgP _ K(R) -1 K( N—1, €, w
u(8) = )\1N NO/S Z; )\; +Q(s N e;1( )xe ( ) Y'Y

(A2.37)
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With this change of variables, we can perform the Gaussian integral, and we are left only
with the CNN partition function having only the Q, Q terms. Finally, we take all the
contributions at the saddle-point solution and at the zero-temperature regime, which

means

1+Q7"' = Q
K® 5 K®), (A2.38)

Collecting what we have achieved so far and noting that Eq. (A2.27) is independent wrt
to the channel index, we get the final form of the similarity matrix for a CNN shallow

architecture

[No/S|
K
e
No/S P P
-1 (R)y-1 (R)\—1,,€,,w
/\1N No/S 2 Z Z Qz] “)‘Vp )/\P Z(K >)\e (K )pwy Yy ]
t,j=1 A,p=1 e,w=1

A3 Beyond the IW limit: numerical subtleties

We perform numerical experiments both with shallow FCNs, and CNNs with 1d and 2d
convolutions. The networks are trained on two different regression tasks. Respectively:
(i) a synthetic random dataset, whose elements have entries sampled from a Gaussian
distribution A (0, 1), with labels given by a linear teacher function with unitary weights
t=A{1...1}:

y* (14 sign (t-2")) (A3.1)

[\:Jlr—l

(ii) a computer vision task: we use the 0 and 1 classes of the CIFAR10 datasets, respectively
corresponding to the labels “cars” and “planes”. The images are coarse-grained to Ny =

28 x 28 = D? pixels and converted to grayscale.
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Figure A3.1: Additional finite-size scaling experiments on the similarity
matrix, o = 0.1.

A3.1 Experiments with 1d convolutions

The finite-width analysis presented in Figs. 6.3 and 6.4 is carried out by training a one
hidden layer network with 1d convolutional filters on the synthetic dataset described in the
previous section. The network implements exactly the function reported in Eq. (6.2), with
activation function o(z) = tanh(z). The FCN architecture is retrieved by setting both the
filter size M and the stride S equal to the input dimension Ny = M = S. This correctly
implements the function given in Eq. (5.7). Here the networks are trained using full-batch
gradient descent, with ADAM optimizer, implemented with TensorFlow (TF) [92]. We
train using a large value of the last layer Gaussian prior A\, until the loss reaches a value
of O(1071%). We employ a scheduler for the learning rate, reducing its value from 1073 to
10~7 with the so-called ReduceLROnPlateau scheduler of TF. The experiments shown in
Figs. 6.3 and 6.4 are performed fixing the value of oy = P/N; = 1 with increasing values
of Ni. The input size is set to Ny = 6400 and we choose non-overlapping convolutional
filters, taking the size of the mask and the stride equal to M = S = 400. We build a
statistical sample of O(10%) networks, trained independently, over which we averaged each
result. In Fig. A3.2 and A3.1 we show the result for ar; = 10 and oy = 0.1, respectively.
In order to test the consistency of our results, we carried out the same experiments for a
smaller value of Ny, in particular, we chose Ny = 1600 and the same values of P and V.
We find similar results, also in this regime where Ny is comparable with N;. We collect

all the numerical fit of every experiment in Table A3.1.
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Additional finite-size scaling experiments on the similarity

Fully-connected network Convolutional network
No A1/c = P/Nl/c ) — 5 —
o*(AKuo1) AKuuln o*(AKuo1) AKuln
0.1 —2.01 £0.11 | 1.221 4+0.009 —0.51£0.03 | —1.212£0.352
6400 1 —2.154+0.01 | 1.1534+0.011 —0.2+0.01 —1.045 £ 0.355
10 —1.81+0.05 | —0.980£0.014 | —0.36 £ 0.06 0.998 £ 0.409
0.1 —1.344+£0.23 | —1.278 £ 0.018 | —0.014 + 0.046 —-09+29
1600 1 —1.434+0.22 | —1.154 £ 0.017 | 0.008 = 0.051 —0.9+28
10 —1.354+0.13 | —1.003 £ 0.021 | —0.087 + 0.029 —0.9+28

Table A3.1: Additional finite-size scaling experiments on the similarity matrix.
In this table, we summarize the results of the various fits for oy, = 0.1, 1, 10, with
two choices of Ny = 6400,1600. The values of P used in all experiments are P =
200, 400, 800, 1600. The column denoted by 6*(AK,,,|o1) shows the trend of the variance
of the elements in the submatrix with labels 0,1, while in the one denoted by AK |11 we
put the fit of the mean value of the elements in the submatrix with labels 11.
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A3.2 Experiments with 2d convolutions

The results shown in Fig. 6.2 are obtained by training a one hidden layer architecture
with Erf activation and 2d non-overlapping convolutional filters on the CIFAR10 binary
task discussed in the main text. This is achieved by setting the stride S to be equal to the
filter mask size M. To avoid information loss, we choose M to be an integer divisor of the
linear input size d = 28. To ensure convergence of the posterior weights distribution to the
Gibbs ensemble, we train our networks using a discretized Langevin dynamics, similarly
to what is done in [70, 69, 81]. At each training step ¢ the parameters § = {W, v} are

updated according to:

O(t+1) = 0(t) — Ve LO(L)) + /2Tne(t) (A3.2)

where T'= 1/ is the temperature, 7 is the learning rate, €(¢) is a white Gaussian noise
vector with entries drawn from a standard normal distribution, and the loss is the one
defined in equation (5.2). We employ T'=n = 2 - 102 throughout all these experiments.
This is sufficient to approximate the 7' = 0 dynamics in the regime we are considering.
This dynamics requires ~ 10° steps to reach thermalization, in particular, we run the
experiment for 5 - 10% epochs. When possible, we extract the generalization loss within
a single run: after the training, the error has reached its minimum and the test loss is
thermalized, we average test loss values every 10° epochs. In the case of FCN architecture

in Fig. 6.2, we averaged over n = 3 samples to reduce the error.
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