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Abstract Cone-disk systems find frequent use such as conical diffusers, medical de-
vices, various rheometric, and viscosimetry applications. In this study, we investigate the
three-dimensional flow of a water-based Ag-MgO hybrid nanofluid in a static cone-disk
system while considering temperature-dependent fluid properties. How the variable fluid
properties affect the dynamics and heat transfer features is studied by Reynolds’s lin-
earized model for variable viscosity and Chiam’s model for variable thermal conductivity.
The single-phase nanofluid model is utilized to describe convective heat transfer in hybrid
nanofluids, incorporating the experimental data. This model is developed as a coupled
system of convective-diffusion equations, encompassing the conservation of momentum
and the conservation of thermal energy, in conjunction with an incompressibility condi-
tion. A self-similar model is developed by the Lie-group scaling transformations, and the
subsequent self-similar equations are then solved numerically. The influence of variable
fluid parameters on both swirling and non-swirling flow cases is analyzed. Additionally,
the Nusselt number for the disk surface is calculated. It is found that an increase in the
temperature-dependent viscosity parameter enhances heat transfer characteristics in the
static cone-disk system, while the thermal conductivity parameter has the opposite effect.
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1 Introduction

The past few decades have indicated an exponential increase in energy demand which has
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led to energy shortage and environmental pollution. This has caused an urgent need to conserve
existing energy. Statistics predict an increase of 48% over the next 2 decades alone due to the
expanding population. A plausible solution to overcome this limitation could improve heat
transfer and reduce effective heat dissipation in various applications. This can be done by using
nanofluids as the operating fluid in industries. Nanofluids are colloidal suspensions containing
nanometer-sized particles. The addition of such ultra-fine particles in regular fluids was seen to
augment the heat transfer properties of regular fluids like water, oils, and ethylene glycol. Choi[1]

developed the revolutionary method of improving heat transmission, by suspending nano-sized
particles in the base fluids. This helped eradicate the barriers experienced by conventional fluids
in obtaining maximum thermal performance, by suspending uniformly tiny-sized particles with
a nanoparticle volume fraction of less than 5%. This category of fluids then became a potential
area for research due to its improved stability, and enhanced thermal, electrical, and mechanical
properties[2]. Another advantage of nanofluids is the flexibility to alter their composition for
various applications, which led to a wide range of applications capable of reforming the entire
field of heat transfer. Those included protein detection, drug, and gene delivery in biomedical
science to absorption of solar and geothermal energy, automotive cooling, heat exchangers,
chillers, radiators, and nuclear coolants in industries.

In general, the thermal behavior of nanofluids is studied using two well-known theoretical
models, namely, the Khanafer-Vafai-Lightstone (KVL) mono-phasic nanofluid model[3] and the
Buongiorno bi-phase model[4]. The former model assumes no slippage and the existence of
a local thermal equilibrium between the two fluid phases. This implies that the nanofluid
behaves more like a classical Newtonian liquid, with both the base fluid and nanoparticles having
the same local velocity and temperature, in contrast to the solid-liquid mixture considered in
the conventional bi-phase model. The effective properties of the base fluid were explained by
phenomenological relations and the mixture theory. Experimental data showed that better
heat transfer occurs when the nanoparticle concentration is dilute. Tiwari and Das[5] utilized
a single-phase mathematical model for nanofluids that incorporates the volume percentage of
nanoparticles.

The requirement for a cooling agent with more efficiency in heat transfer led to the novel
discovery of hybrid nanofluid which is a homogenous suspension of more than one nanoparticle
amalgamated in a base fluid. Because of the synergistic effects, hybridizing the appropriate
nanoparticles can aid in altering the pressure drop and heat transfer rates. The increased heat
transfer rate and advanced thermal properties made its usage suitable in microchip cooling,
solar collectors, heat sinks, pipes, and exchangers. The ideal combination of diverse nanopar-
ticles ensures improvement in both the thermal and rheological properties of the resultant
nanofluid. Oxides like Al2O3, MgO, etc. are known for their stability and chemical inertness
but are restricted by low thermal conductivity. On the other hand, particles like Ag, Cu, and
Al have much better thermal conductivity but poor stability and chemical inertness. Hence,
the combination of such nanoparticles helps tradeoff between the pros and cons of using a sin-
gle nanoparticle. Much more research has been conducted on hybrid nanofluids to critically
comprehend the preparation procedures, properties, stability, and many applications[6–8]. The
superiority in rheological and thermophysical properties in comparison with other fluids makes
it a prominent topic of research.

Temperature gradients highly impact the physical properties of the fluid. Machine lubrica-
tion, production of glass fiber or paper, extraction of crude oil, metal extrusion, hot rolling,
geothermal systems, and several other physical processes have differences in the temperature
gradients. Incorporating the temperature-dependent fluid properties helps capture the com-
plete dynamics of the heat transport features. Herwig et al.[9] provided factual evidence that
fluid properties like thermal conductivity and viscosity are very susceptible to temperature vari-
ations, which tend to alter the nature of the fluid flow. They analyzed the case of water and
noticed that the viscosity drastically decreased with an increase in temperature. This was ac-
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counted for by the growth in the transport phenomena consequently causing heat transfer at the
walls. The practical applicability of such inclusion has led many researchers to investigate flows
involving variable viscosity over multiple geometry configurations[10–12]. Meanwhile, Chiam[13]

evaluated the influence of variable thermal conductivity on heat transfer over a stretching sheet,
by considering thermal conductivity as a linear function of temperature. As a result, to evaluate
the heat transmission of the flow accurately, utilization of the variable fluid characteristics is
of utmost importance. The problem at hand, therefore, attempts to include such variations in
the thermophysical fluid properties, by considering the fluid viscosity and thermal conductivity
as a function of temperature.

The geometrical configuration of the cone and disk apparatus is of much significance due to
its wide spectrum of applications in several fields including biomedical research. This appara-
tus finds itself useful in analyzing Oldroyd-B creeping flow’s stability[14], in stationary conical
diffusers to compress air[15], and in viscosimetry[16]. Rheometers, which are instruments used
to calculate viscosity, and normal friction coefficients have also adopted a similar geometry.
Such devices are crucial for determining and managing the viscosities of liquids like ink, var-
nishes, glues, etc. Additionally, its use can also be observed in the sealing of rotating shafts, in
bio-medical devices that culture endothelial cells, in measuring oxygen concentration, as well
as in the convective diffusion of the feeding cultures[17]. Being a prospective area of research,
many researchers have studied various aspects of fluid flow using this cone-disk framework.
Fewell and Hellums[18] obtained the numerical solution for the flow amidst the cone and disk
apparatus when a very small conical gap is taken. This was further validated experimentally by
Sdougos et al.[19]. Shevchuk[20] conducted research in this area and highlighted characteristic
features of fluid flow and heat transfer in the cone-disk system. He obtained the Navier-Stokes
(NS) momentum equation for a cone-disk system in the self-similar form. Simulations were
done in Ref. [21], to analyze the steady-state axisymmetric flow of air in the cone-disk system.
This was carried out by keeping the disk at a radially dependent temperature and the cone
at a constant temperature. The velocity and thermal profiles were interpreted for cases when
either the disk or the cone was stationary, or when both were in rotation. A complementary
study was done to scrutinize the influence of Prandtl (Pr) and Schmidt (Sc) numbers in the
rotating cone-disk system[22]. This was done by varying the parameters Pr and Sc over a
range of 0.1 to 800 when the disk was in rotation, and over a range of 0.1 to 100 when the
cone was in rotation. Potential applications and scope of fluid flow in a cone-disk system were
also included in his study. Recently, Shevchuk[23] has obtained analytical solutions for the sim-
plified NS equations in a cone-disk system with conicity less than 5◦ for a non-swirling flow,
using the asymptotic series expansion method. Gul et al.[24] examined the temperature and
concentration distribution in the conical gap of the cone disk equipment incorporating mag-
netic effects. Turkyilmazoglu[25–26] indicated the necessity of considering the radial diffusive
terms to estimate the rate of heat transfer precisely. The extreme use of the cone disk con-
figuration inspired numerous researchers like Srilatha et al.[27], Moatimid et al.[28], Wang et
al.[29], Basavarajappa and Bhatta[30–31] to consider different physical aspects to analyze the
heat transport in a cone-disk apparatus.

Interestingly, many of the studies concerning the cone-disk system assume either one, or
both components in rotation. However, studies concerning the stationary cone-disk system,
with fluid flow caused by an external swirling device are very limited. Comprehensive literature
indicates that the modeling of fluid flow in a stationary cone-disk system was first reported by
Shevchuk[32]. He derived self-similar variables to transform the equations modeling the fluid flow
in a stationary conical diffuser and, provided physical interpretation of the boundary conditions
used. Heat transport features and the Nusselt number calculations, of the laminar swirled flow
of a clean fluid (air) in a stationary cone-disk system, were presented for the first time in these
works. Further, a detailed description and the modeling of the flow caused by an external
swirler at the inlet of a stationary conical diffuser were provided in Ref. [21]. The influence of



680 A. S. JOHN, B. MAHANTHESH, and G. LORENZINI

pre-swirl, as well as several non-dimensional parameters on the thermal and velocity profiles
was examined. However, in these studies, the fluid properties were considered to be constant.
To the best of the authors’ knowledge, studies concerning nanofluids in static cone-disk systems
with temperature-dependent properties are open questions.

Therefore, the scope of the present work is to examine the Ag-MgO-H2O hybrid nanofluid
flow in the conical gap between a stationary cone and a disk subject to variable fluid properties.
The chief objectives of the present analysis are as follows.

(I) Develop a mathematical model for the Ag-MgO-H2O hybrid nanofluid flow in a stationary
cone-disk system.

(II) Determine how the temperature-dependent viscosity and thermal conductivity affect the
flow pattern and heat transfer features of Ag-MgO-H2O composite nanofluid in the cone-disk
system.

(III) Obtain a self-similar equation model using the one-parameter Lie-group theory.
(IV) Perform comparisons between swirling and non-swirling flows.
(V) Analyze the Nusselt number at the disk surface.
The remaining part of the paper is structured as follows. The mathematical formulation and

physical configuration are presented in Section 2. It also consists of the governing equations
specific to the problem along with appropriate boundary conditions. The similarity transfor-
mations employed to obtain the self-similar equations are explained in Section 3. Section 4
highlights the validity and other pertinent details of the numerical procedure. This is followed
by the results in Section 5 which are discussed with the help of tables and graphs. Finally,
Section 6 provides a summary of the key findings.

2 Mathematical formulation

A steady and laminar flow of hybrid nanofluids is considered, in a stationary conical disk
system. The cylindrical coordinate system (r, ϕ, z) is taken, where r represents the radial axis,
ϕ represents the azimuthal axis, and z represents the axial axis (see Fig. 1). The two-component
framework comprises a non-rotating disk positioned at z = 0 and a cone positioned at z = h,
the gap of which is occupied by the Ag-MgO-H2O hybrid nanofluid. The conical gap height is
rtanγ, where γ is the angle between the cone and disk surface. The fluid flow is caused by a flow
swirler device[21,32]. Isothermal temperatures are maintained at the walls of the disk Td and
cone Tc, the difference of which causes effective heating up of the fluid. The bisector of the gap
angle at z = h

2 is neither a cone nor a solid surface. The study considers the thermal transfer
that occurs in the lower portion, i.e., between the bisector interface and the disk surface. The
bisector interface is assumed to have a constant temperature Tb. The mathematical models for
fluid flow in a static cone-disk system are presented in the monographs[21,33].
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Gap angle bisector

Ag-MgO hybrid

nanofluid
Flow

swirler

Stationary disk

T=Tb

h
=
r
ta

n
γ

T=Td

r

h

2

z

O

γ

Fig. 1 Physical configuration of the stationary conical diffuser problem (color online)

Furthermore, the following assumptions are taken to analyze the problem.
(I) The Ag and MgO particles which are of sizes 25 nm and 40 nm orderly, are dispersed in

water in equal proportions. The KVL model is adopted, which utilizes phenomenological and
effective medium laws to describe the effective nanofluid characteristics[3]. The state of local
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thermal equilibrium is maintained throughout by the nanometer-sized particles as well as the
base fluid. The fluid and the nanoparticles have the same relative velocity throughout. The
base fluid properties such as viscosity and thermal conductivity are temperature-dependent.

(II) The Boussinesq approximation is employed.
(III) The slow flow and incompressible fluid make the impact of viscous dissipation negligible.
(IV) By following Shevchuk[34], the radial diffusion terms in the energy equation are not

disregarded, as the conicity angle considered in the study is 35◦.
The governing equations of mass, linear momentum, and energy specified for an incompress-

ible hybrid nanofluid are as follows.
The conservation of mass is

∇ ·U = 0, (1)

the conservation of momentum is

ρhnf

(∂U

∂t
+ U · ∇U

)
= −∇p +∇ · (µhnf(T )∇U), (2)

and the conservation of energy is

(ρcp)hnf

(∂T

∂t
+ U · ∇T

)
= ∇ · (κhnf(T )∇T ), (3)

where U = (u, v, w) is the velocity matrix along the directions (r, ϕ, z), respectively, t is the time,
ρ, µ, (ρcp), and κ represent the density, viscosity, heat capacitance, and thermal conductivity
of the hybrid nanofluid, respectively, p is the pressure, T is the temperature of the nanofluid,
∇(·) = ∂(·)

∂r + 1
r

∂(·)
∂ϕ + ∂(·)

∂z is the gradient operator, and the subscript ‘hnf’ stands for hybrid
nanofluid.

For a steady-state axisymmetric flow, the following are the component forms of governing
equations (see Refs. [21], [32], [35], [36], and [37]):

(∂u

∂r
+

u

r
+

∂w

∂z

)
= 0, (4)

ρhnf

(
u

∂u

∂r
− v2

r
+ w

∂u

∂z

)
= −∂p

∂r
+

∂

∂r

(
µhnf(T )

∂u

∂r

)
+

∂

∂r

(
µhnf(T )

u

r

)
+

∂

∂z

(
µhnf(T )

∂u

∂z

)
, (5)

ρhnf

(
u

∂u

∂r
− uv

r
+ w

∂v

∂z

)
=

∂

∂r

(
µhnf(T )

∂v

∂r

)
+

∂

∂r

(
µhnf(T )

v

r

)
+

∂

∂z

(
µhnf(T )

∂v

∂z

)
, (6)

ρhnf

(
u

∂w

∂r
+ w

∂w

∂z

)
= −∂p

∂z
+

∂

∂r

(
µhnf(T )

∂w

∂r

)
+

1
r

∂

∂r
(µhnf(T )w) +

∂

∂z

(
µhnf(T )

∂w

∂z

)
, (7)

(ρcp)hnf

(
u

∂T

∂r
+ w

∂T

∂z

)
=

∂

∂r

(
κhnf(T )

∂T

∂r

)
+

κhnf(T )
r

∂T

∂r
+

∂

∂z

(
κhnf(T )

∂T

∂z

)
. (8)

To solve Eqs. (4)–(8), the following boundary conditions are used (see Refs. [21] and [32]):




at z = 0: u = 0, v = 0, w = 0, T = Td,

at z = z1 : u = u1, v = v1,
∂u

∂z
= 0, T = Tb,

(9)

where z1 = r
2 tanγ, and the subscript ‘1’ denotes the boundary conditions at the center of

the gap angle where the free vortex develops, representing an exemplar free vortex pattern.
The fluid at the inlet to the gap close to the coordinate r = 0 has non-zero tangential and
radial velocity components. This causes the fluid to move radially outwards, having the swirl
components u = u1 = F1µ0

r and v = v1 = G1µ0
r , specified in accordance with the free vortex
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law[21,32]. Furthermore, the bisector is kept at a constant temperature, distinct from that of
the cone, except when r = 0, meaning that, the fluid at the bisector interface is not affected by
the heat transfer since it develops radially outwards along increasing radii. As the gap widens
and the local radius expands, any temperature variation across the gap does not affect the fluid
at the bisector.

The effective density and specific heat capacity are modeled by the mixture theory[38–39],

ρhnf

ρf
= (1− φMgO)

(
1− φAg

(
1− ρAg

ρf

))
+ φMgO

ρMgO

ρf
= B, (10)

(ρcp)hnf

(ρcp)f
= (1− φMgO)

(
1− φAg

(
1− (ρcp)Ag

(ρcp)f

))
+ φMgO

(ρcp)MgO

(ρcp)f
= C , (11)

where φAg represents the nanoparticle volume fraction (NVF) of the Ag nanoparticle, φMgO

represents the NVF of the magnesium oxide nanoparticle, and the subscript ‘f’ represents the
base fluid (water).

Esfe et al.[40] proposed an experimental model to determine the thermophysical properties
of the Ag-MgO nanofluid, based on regression analysis and curve fitting of experimental data.
The dynamic viscosity and thermal conductivity of Ag-MgO are taken in correspondence to
this model as

µhnf(T )
µf(T )

= 1 + 32.795φ− 7 214φ2 + 714 600φ3 − 0.194 1× 108φ4 = A , (12)

κhnf(T )
κf(T )

=
φ + 1.747× 104

1.997 7× 107φ3 + 1.117× 106φ2 − 1.498× 105φ + 1.747× 104
= D , (13)

where φ = φAg + φMgO is the total NVF of the Ag-MgO-H2O hybrid nanofluid, considered to
be between 0–2%, as these values have good correspondence with the experimental model.

The symbols A ,B,C , and D are used to denote the expressions µhnf
µf

, ρhnf
ρf

, (ρcp)hnf
(ρcp)f

, and
κhnf
κf

, respectively. In Eqs. (12) and (13), µf and κf are temperature-dependent.
The base fluid properties like viscosity (µf) and thermal conductivity (κf) are defined as

functions that vary with temperature linearly. The linearized Reynolds’s viscosity model is
considered for viscosity[41],

µf(T ) = µ0

(
1− α

T − Tb

∆T

)
, (14)

where α indicates the parameter of variable viscosity, µ0 is the uniform reference dynamic
viscosity, and ∆T = Td − Tb > 0.

As in Chiam’s proposed model[13], the variable thermal conductivity is taken as

κf(T ) = κ0

(
1 + β

T − Tb

∆T

)
, (15)

where β indicates the thermal conductivity parameter, and κ0 is the uniform reference thermal
conductivity.

3 Self-similar method

Lie-group analysis is used to develop invariant self-similar transformations, which aid in the
conversion of the modeled partial differential equations (PDEs) to the corresponding ordinary
differential equations (ODEs). This systematic and efficient technique has been utilized by
multiple researchers to study the fluid flow characteristics resulting from various flow config-
urations. The following self-similar variables are obtained. Details on the derivation of these
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transformations can be seen in Refs. [21], [30], [31], and [37],

η =
z

r
, F (η) =

ur

µ0
, G(η) =

vr

µ0
, H(η) =

wr

µ0
, P (η) =

pr2

ρfµ2
0

, θ(η) =
T − Tb

∆T
, (16)

where η is the similarity variable, and F (η), G(η), and H(η) are the non-dimensional velocities
along the r, ϕ, and z axes dependent on the self-similar variable η, respectively. P (η) and θ(η)
represent the non-dimensional pressure and temperature, respectively.

Equations (14) and (15) are expressed in dimensionless forms as follows:

µf(θ) = µ0(1− αθ), (17)

κf(θ) = κ0(1 + βθ). (18)

Using Eqs. (16)–(18) and Eqs. (10)–(13), the set of Eqs. (4)–(8) subject to the conditions (9)
takes the subsequent form of ODEs as

H ′ − ηF ′ = 0, (19)

A χΛF ′′ + (A (3χη − Λαθ′)−B(H − ηF ))F ′ + B(F 2 + G2) + 2P + ηP ′ = 0, (20)

A χΛG′′ + (A (3χη − Λαθ′)−B(H − ηF ))G′ = 0, (21)

A χΛH ′′ + (A (3χη − Λαθ′)−B(H − ηF ))H ′ + (A χ + BF )H − P ′ = 0, (22)

(1 + βθ)Λθ′′ + (D(1 + βθ)η − C Pr(H − ηF ))θ′ + DΛβθ′2 = 0, (23)

where Λ = 1 + η2, χ = 1 − αθ, the prime ′ denotes the derivative with respect to η, and Pr
represents the Prandtl number, which is a non-dimensional parameter. It quantifies the impact
caused by momentum diffusivity and thermal diffusivity and is defined as Pr = µ0(cp)f

κ0
. The

Pr value of the base fluid water is calculated to be 6.067 4, using the thermophysical properties
of water at 300K.

The transformed boundary conditions are as follows:
{

at η = 0: F = 0, G = 0, H = 0, θ = 1,

at η = η1 : F = F1, G = G1, F ′ = 0, θ = 0,
(24)

where η1 = 1
2 tan γ, and F1 and G1 are constants, for the case when a free vortex is created

by the radial and azimuthal velocities at η = η1. Alternatively, the boundary conditions imply
that swirling flow develops as a free vortex along the gap angle bisector[32].

One can also eliminate the pressure from Eqs. (20) and (22) to get

A χΛ2F ′′′ + Λ(η(10A χ + BF )−BH − 2A αΛθ′)F ′′

+ (3(A χ(2 + 7η2) + B(1 + 2η2)F −BηH)−A αΛ(10ηθ′ + Λθ′′))F ′

+ 2BGG′ + (3(A χ + BF )−A αηθ′)H = 0. (25)

Using Fourier’s heat law, the Nusselt number at the disk surface is defined as[21,30]

Nud =
rqh|z=0

κ0∆T
, (26)

where qh is the heat flux and is given by

qh = −κhnf
∂T

∂z
. (27)

The dimensionless Nusselt number (Nud) at the disk surface becomes

Nud = −D(1 + β)θ′(0). (28)
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4 Solution methodology

The non-linear system of differential equations (19)–(23) poses complexity making it ex-
tremely difficult to solve it analytically. Thus, these equations are solved numerically using the
MATLAB solver (finite difference method-based solver). This function helps find solutions to
boundary value problems (BVPs) containing differential equations of degree one,

y′(x) = f(x, y(x),=), x ∈ [L,R]

along with the two-point boundary conditions of 0 = G (xL, xR, y(xL), y(xR),=). Here, G
denotes the initial conditions, and = symbolizes the vector whose parameters are to be
determined[42]. The run time and efficiency of the solver depend on the initial guess value.
Further details concerning the methodology are available in our earlier publications[30–31].

The following variables are adopted to convert the higher-order ODEs to single-order ODEs:

(~1, ~2, ~3, ~4, ~5, ~6, ~7, ~8) = (F, F ′, F ′′,H,G, G′, θ, θ′). (29)

Equation (29) yields the following first-order ODE system:

~′1 = ~2, (30)
~′2 = ~3, (31)

~′3 =
1

A χΛ2

(
Λ(η(10A χ + B~1)−B~4 − 2A αΛ~8)~3

+ (3(A χ(2 + 7η2) + B(1 + 2η2)~1 −Bη~4)−AαΛ(10η~8 + Λ0))~2

+ 2B~5~6 + (3(Aχ + B~1)−Aαη~8)~4

)
, (32)

~′4 = η~2, (33)
~′5 = ~6, (34)

~′6 = − 1
A χΛ

(A (3χη − Λα~8)−B(~4 − η~1))~6, (35)

~′7 = ~8, (36)

~′8 = − 1
(1 + β~7)Λ

((D(1 + β~7)η − C Pr(~4 − η~1))~8 + DΛβ~2
2) = 0, (37)

and the boundary conditions are
{

at η = 0: ~1 = 0, ~5 = 0, ~4 = 0, ~7 = 1,

at η = η1 : ~1 = F1, ~5 = G1, ~2 = 0, ~7 = 0.
(38)

The accuracy of the obtained results has been evaluated by comparing the Nusselt number
values obtained by considering a clean fluid, specifically, air, and the Prandtl number 0.71
with those reported by Shevchuk[21] (see Table 1). This comparison highlights the consistency
between the solutions, and consequently the reliability of the method is used.

5 Results and discussion

This section aims to analyze the velocity, thermal, and Nusselt number profiles of a station-
ary cone-disk system. The analysis is done for two different types of flow, non-swirling flow
where there exists no swirl in the flow (G1 = 0), and swirling flow where swirl exists in the flow
(G1 = 97.96). Calculations are done numerically for the fluid flow in a stationary cone-disk
apparatus, with a conicity angle of 35◦ and η1 = 0.350 1[32]. Further, the effects of variable
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Table 1 The rates of heat transport (Nud) of air from the surface of a disk with those provided by

Shevchuk[21] when Pr = 0.71

F1
G1 = 0 G1 = 97.96

Shevchuk[21] Present result Shevchuk[21] Present result

2 2.891 2.890 8 2.228 2.228 1
10 3.016 3.015 7 2.311 2.310 7
20 3.147 3.147 1 2.398 2.398 0
45 3.330 3.330 4 2.532 2.531 6
63 3.320 3.320 0 2.553 2.552 6
70 3.286 3.286 1 2.545 2.545 5
90 3.123 3.122 9 2.487 2.487 4

These numerical values of Ref. [21] are provided by Prof. I. V. SHEVCHUK upon our request

fluid viscosity (α), variable thermal conductivity (β), and F1 and G1 on the heat transfer in the
system are scrutinized using tables (see Tables 2–3) and graphs (see Figs. 2–11). In the graphs,
the solid lines correspond to the Ag-MgO-H2O nanofluid flow, and the dashed lines represent
that of water.

Table 2 depicts the rate of heat transfer on the surface of a stationary disk for different values
of F1, G1, and α. The heat transport rate (Nud) at the disk surface increases by increasing the
F1 values from 2 to 45 for non-swirling flow when α 6= 0. However, Nud decreases for increasing
F1 values as F1 = 63, 70, and 90. Introducing a swirl in the flow broadens the range over which
the heat transfer increases at the disk surface. In a swirling flow with variable viscosity, the
rate of heat transfer increases in the range [2, 63] after which it deteriorates. However, in the
absence of variable viscosity, the increment takes place over a range of [2, 63] for a non-swirling
flow and over a range of [2, 70] for a swirling flow. In addition, in a non-swirling flow, it can
be noted that the increase enhances the effective heat transport at the walls of the disk till
F1 approaches 63. This trend reverses as F1 is further increased. However, strengthening the
variable viscosity parameter α in a swirling flow causes the heat transfer to decrease at the disk
surface, irrespective of the F1 value.

Table 2 The heat transport rate on the disk surface (Nud) for several values of F1 and α when
Pr = 6.067 4, and β = 0.3

F1
G1 = 0 G1 = 97.96

α = 0 α = 0.25 α = 0.45 α = 0.75 α = 0 α = 0.25 α = 0.45 α = 0.75

2 4.157 6 4.170 3 4.185 1 4.225 7 0.711 7 0.446 7 0.270 6 0.136 0
10 5.162 5 5.226 5 5.299 6 5.499 1 1.053 5 0.665 2 0.389 1 0.171 3
20 6.122 6 6.234 7 6.361 7 6.703 1 1.545 7 0.996 8 0.564 8 0.212 0
45 7.287 5 7.412 0 7.547 0 7.885 4 2.623 5 1.803 3 0.979 6 0.265 4
63 7.342 2 7.376 1 7.393 5 7.322 3 2.945 8 2.029 1 1.051 1 0.251 5
70 7.221 9 7.195 5 7.133 1 6.761 3 2.959 1 2.011 2 1.011 0 0.237 7
90 6.508 1 6.229 8 5.818 8 3.691 4 2.723 1 1.709 3 0.770 0 0.187 9

Table 3 illustrates the rate of heat transfer on the surface of a stationary disk, for several
values of F1, G1, and β. For a non-swirling flow, strengthening the F1 parameter causes the
rate of heat transfer to increase in the domain [2, 45], after which it begins to decrease. For a
swirling flow, enhancing F1 values causes the heat transfer to increase over the domain for small
values of the variable thermal conductivity parameter β in the domain [2, 45]. However, greater
variations in the thermal conductivity parameter cause the heat transfer to increase over the
domain [2, 63] after which it deteriorates. Further, as β increases, the rate of heat transfer
grows exponentially at the disk irrespective of the swirling parameter. Table 3 also indicates
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that introducing a swirl in a flow with variable thermal conductivity diminishes the transfer
of thermal energy at the disk surface. The impact of the thermal conductivity parameter, for
both swirling and non-swirling flow, appears to be direct for the rate of heat transport at the
disk surface, for all values of F1.

Table 3 The heat transport rate on the disk surface (Nud) for several values of F1 and β when
Pr = 6.067 4, and α = 0.6

F1
G1 = 0 G1 = 97.96

β = 0 β = 0.5 β = 2 β = 7 β = 0 β = 0.5 β = 2 β = 7

2 3.689 7 4.540 0 7.066 3 15.479 9 0.052 0 0.315 8 2.044 8 9.894 6
10 4.813 8 5.741 9 8.314 7 16.626 5 0.078 4 0.408 1 2.298 3 10.318 5
20 5.840 3 6.912 6 9.690 5 17.922 4 0.117 3 0.527 1 2.588 4 10.773 3
45 6.900 8 8.179 9 11.480 3 19.968 6 0.196 9 0.740 4 3.050 5 11.450 7
63 6.626 0 7.867 7 11.022 7 19.249 3 0.192 5 0.736 8 3.066 9 11.499 9
70 6.297 7 7.485 5 10.526 1 18.653 8 0.177 4 0.701 3 3.007 0 11.432 2
90 4.643 9 5.601 3 8.252 8 16.399 9 0.120 5 0.549 6 2.705 7 11.046 6

The development of radial velocities, for non-swirling and swirling flows in the presence of
variable viscosity can be analyzed from Fig. 2. In a non-swirling flow (G1 = 0), the radial
flow starts separating from the surface boundaries at F1 ∼ 63. At values below that, the
flow seems to be merged with the walls, and for values above 63, there appears a significant
region over the disk where recirculation occurs. The cause for this behavior is attributed to the
increased conicity of the diffuser. These facts contribute to the reasoning behind the nature of
the radial velocity profiles indicated in Figs. 2(a)–2(c). For small values of F1, the radial velocity
component of the non-swirling flow increases with the increase in variable viscosity. Here, the
case of constant viscosity exhibits a minimum radial velocity. In addition, as the values of F1

increase, the trend reverses, and the constant viscosity case achieves a greater radial velocity.
When the swirling parameter is increased to 97.96, there emerges an amplified recirculation
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zone over the surface of the disk. Strengthening the F1 value causes enhancement in the
recirculation zone. Further, the flow caused by centrifugal forces decays as it approaches the
middle of the disk-bisector interface. This accounts for the shape of the graphs in Figs. 2(d)–
2(f). The trends in these velocity profiles for both swirling and non-swirling flows are in line
with those reported by Shevchuk[21,32]. Further, a swirling flow with constant viscosity achieves
a maximum radial velocity, in contrast to that of a non-swirling flow.

The development of the radial velocities for the nanofluid flow with variable thermal con-
ductivity (see Figs. 3(a)–3(f)) is analogous to that of variable viscosity (see Figs. 2(a)–2(f)).
Further, they also coincide with the results presented by Shevchuk[21,32]. For small values of
the F1 parameter, the variation of thermal conductivity does not create changes in the radial
velocities of a non-swirling flow. The growth of the thermal conductivity decreases the ra-
dial velocity in case of a non-swirling flow. Meanwhile, in a swirling flow, the radial velocity
is enhanced by the thermal conductivity. A similar trend was also observed in the work by
Animasaun[43], wherein he studied the effect of temperature-dependent variable viscosity and
thermal conductivity on the heat transfer of a nanofluid flow along a vertical plate.
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Fig. 3 Radial velocity fields for distinct values of thermal conductivity parameter (β) when (a) F1 =
2, (b) F1 = 63, (c) F1 = 90, (d) F1 = 0, (e) F1 = 10, and (f) F1 = 20 (color online)

The development of the tangential velocities for the swirling flow can be seen in Figs. 4 and
5. From Fig. 4, it can be observed that the maximum tangential velocity is attained when the
variable viscosity parameter is 0.25, followed by α = 0, α = 0.45, and α = 0.75, irrespective
of the F1 value. As the variable viscosity parameter increases, the tangential profiles lose their
linear nature gradually. Figure 5 indicates that increasing the thermal conductivity parameter
increases the tangential velocities for all values of F1. It is evident that the tangential velocity
profile varies linearly between the disk (η = 0) and the bisector (η/η1 = 1). This result agrees
with that provided by Shevchuk[21,33]. Further, higher tangential velocities appear for the
hybrid nanofluid in comparison to pure water.

Figures 6 and 7 show that in a non-swirling flow, there is an exponential increase in the
axial velocities, with the lowest being at the boundaries of the disk and the highest at that of
the bisector interface. In the case where variable viscosity is incorporated, a unique behavior is
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Fig. 4 Tangential velocity fields (G/G1) for distinct values of viscosity parameter (α) when (a) F1 =
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Fig. 5 Tangential velocity fields (G/G1) for distinct values of thermal conductivity parameter (β)
when (a) F1 = 20 and (b) F1 = 90 (color online)

recognized. For lower values of F1, enhancing variable viscosity α reduces the axial velocities
at the bisector interface, and increases the same at the disk. Meanwhile, for larger values of F1

approximately larger than 55, we can observe an opposite trend, where there is a direct relation
of variable viscosity parameter and radial velocity at the bisector and an inverse relation of the
same at the disk surface. Further, the variable thermal conductivity parameter β is directly
proportional to the component of axial velocity at the bisector and inversely proportional to
the same at the disk.

In the case of swirling flow as seen in Figs. 8 and 9, the axial velocity profile obtained by
varying viscosity as well as thermal conductivity is analogous. It deteriorates gradually until it
reaches a minimum, which happens at approximately η/η1 = 0.5, followed by a rapid increase.
Consequently, the axial velocity at the bisector is higher than that of the disk. An increase
in the variable viscosity diminishes the axial velocity at the disk and enhances the same at
the bisector. In all the above figures (see Figs. 2–9) representing the velocity profiles, we can
scrutinize the impact of nanoparticles. The presence of ultra-refined nanometer-sized particles
can be seen to enhance the radial velocity as well as the tangential velocity. These outcomes
align with the findings reported in Refs. [44] and [45]. Furthermore, greater velocity components
are observed at the bisector interface in comparison with that of the disk.
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Fig. 6 Axial velocity fields (H/Hmax) of non-swirling flow for distinct values of viscosity parameter
(α) when (a) F1 = 2 and (b) F1 = 90 (color online)
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The temperature profiles of swirling flow with variable viscosity and variable thermal con-
ductivity, for several values of F1 are shown in Figs. 10 and 11 respectively. The graphs in Fig. 10
indicate the direct proportionality between the viscosity parameter and the temperature. These
results are similar to those obtained in Refs. [46] and [47]. As the value of F1 increases, the tem-
perature difference between the constant viscosity case and the variable viscosity case widens.
From Fig. 9, we can infer that the growth in the thermal conductivity parameter causes the
temperature to reduce. In both instances, the temperature is maximum at the disk which ex-
ponentially decays and reaches 0 at the bisector interface. Also, in all the above temperature
profiles the presence of nanoparticles reduces the temperature of the apparatus.
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Fig. 10 Thermal fields (θ) for distinct values of viscosity parameter (α) when (a) F1 = 10 and (b)
F1 = 90 (color online)

6 Concluding remarks

The study investigates the three-dimensional flow of the Ag-MgO-H2O hybrid nanofluid in a
stationary cone-disk system. The effects of temperature-dependent viscosity and temperature-
dependent thermal conductivity are examined. The current problem can be categorized into
two problems, namely, one is the swirling parameter G1 being 0, for a non-swirling flow, and
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Fig. 11 Thermal fields (θ) for distinct values of thermal conductivity parameter (β) when (a) F1 = 10
and (b) F1 = 90 (color online)

the other is G1 being 97.96 for a swirling flow corresponding to a conicity of 35◦. The PDEs
administering the flow in the cone and plate instrument are simplified into the corresponding
non-dimensional ODEs using similarity variables that are specifically suitable for this problem.
The results obtained by Shevchuk[21,32] can be recovered by nullifying the variable viscosity
and fluid thermal conductivity parameter as well as neglecting the presence of nanoparticles
and radial diffusive terms which directly guarantee the accuracy and precision of the algorithm
used. The key conclusions of the study at hand can be put in a nutshell as follows.

(I) The addition of nanometer-sized particles enhances the transfer of heat which conse-
quently causes enhancement of the transport of heat within the system. This result is also
concurrent to the findings in Refs. [44] and [45].

(II) In a non-swirling flow, the radial flow is unified with the walls as the value of F1 increases
to 63, after which it starts dissociating at F1 = 63 beyond which enhanced recirculation occurs.
Similar results were also found in the works by Shevchuk[21,32].

(III) The azimuthal velocity component increases linearly from the surface of the disk to the
bisector, and the changes caused by F1 are almost imperceptible[21,32].

(IV) The axial velocity component at the bisector interface appears to follow a trend opposite
to that of the disk surface in all cases.

(V) The heat transfer at the disk surface reaches a maximum with the variation in thermal
conductivity as well as an absence of swirl in the flow.

(VI) With a swirl in the flow and increases in variable fluid properties, especially for smaller
values of F1, the heat transmission is maximized at the bisector interface.

(VII) The consequences to the temperature profiles obtained by varying viscosity and ther-
mal conductivity are qualitatively similar. Increasing the F1 values reduces the effective tem-
perature of the system.

(VIII) Varying the viscosity escalates the system’s temperature while varying the thermal
conductivity decreases the temperature of the system.

The above problem demonstrates its uses in bio-medical devices, clinical engineering, and
industrial settings, where disk-cone equipment is of much significance.
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