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Abstract

Variational models are a classical tool to solve inverse problems in a multitude of con-
texts. In contrast to other modern methodologies, they lay their foundations on an
established theoretical background. The advantage offered by their interpretability,
combined with a less intense requirement in terms of computational resources makes
the study and use of them still relevant to this day. To improve the performance of
these models, we address one of their main weaknesses: parameters selection. These
models are defined through an energy function which itself is characterized by one
or more variables. The absence of broad rules to set these variables often leads to
a tedious, and perhaps time consuming, empirical search for a good configuration.
Borrowing ideas from the machine learning realm to automate this process, we ef-
fectively train the energy functional with the goal of finding a more than satisfying
parameter setup. On one hand, we study a general formulation of a bilevel optimiza-
tion problem to carry out this task in a variety of imaging applications. In detail,
we develop an iterative general purpose inexact forward-backward algorithm which
is able to converge to a stationary point of the bilevel problem. The experiments
show that the algorithm is able to find more than valid solutions in a small amount of
time. Although these results are promising, there are still limitations to the approach.
To circumvent some of these, we also relax the lower level minimization problem by
replacing it with the unfolding of an iterative optimization algorithm. The number of
iterations that the chosen scheme performs is fixed a priori, so that the whole lower
level resembles a very basic neural network. The training of this algorithm unfolding
then aims at finding the best parameters (including some of the optimization algo-
rithm itself!) to make the most out of the given iterations. We tested these ideas
on different imaging problems, with surprising results, especially when compared to
deep learning methods.

| modelli variazionali rappresentano uno degli strumenti classici per risolvere problemi
inversi lineari in vari contesti. In contrasto con altri metodologie pit moderne, essi
poggiano basi teoriche che sono state studiate per decenni. La maggior interpretabili
che offrono, combinata con una minor richiesta in termini di risorse computazionali
fa si che lo studi di questi metodi sia ancora rilevante al giorno d'oggi. In questo
lavoro, per migliorare la performance di questi modelli, ci soffermiamo sui metodi di



selezione dei loro parametri. E ben noto che i funzionali che costituiscono i modelli
variazionali dipendono da uno o piu parametri di cui perd non si hanno regole pre-
cise su come sceglierli in modo efficace. Prendendo spunto da tecniche nell’ambito
dell’apprendimento automatico, andiamo ad imparare i modelli variazioni con lo scopo
di trovare in modo automatico una configurazione soddisfacente di parametri. In
questo lavoro proponiamo un algoritmo di ottimizzazione di tipo forward-backward,
di cui dimostriamo la convergenza ad un punto stazionario di un problema di ot-
timizzazione bilivello per I'apprendimento di un modello variazionale. Gli esperimenti
numerici mostrano che |'algoritmo riesce a raggiungere una buona soluzione in poco
tempo. Per aggirare alcuni limiti di questo approccio, modifichiamo il problema in-
feriore inserendo, invece che una minimizzazione completa, I'unfolding di un metodo
di ottimizzazione iterativo. Il numero di iterazioni che compie tale metodo ¢ fissato
a priori. L'apprendimento di questo algoritmo "srotolato” mira a trovare la migliore
configurazione di parametri (anche quelli dell’algoritmo stesso!) per sfruttare al
meglio le iterazioni concesse. Abbiamo testato queste idee su diversi problemi di ri-
costruzione di immagini, con buoni risultati, soprattutto in confronto con altri metodi
di tipo deep.

Keywords: Linear Inverse Problems, Variational Models, Bilevel Optimization, Algo-
rithm Unfolding, GreenAl



Notation

- All vectors and matrices are denoted in bold. Matrices are upper case while
vectors are in lower case (all exceptions are specified when necessary).

- If A is a matrix, then A; is its /-th column and Aj; is the element in the i-th
row and j-th column.

- If ais a vector, then a; it its /i-th component.

- Unless specified, we will always consider images in vector form, where the vector
is formed by stacking the columns of the image.

- The matrix Ay is the k-th element of a sequence of matrices.
- 1, denotes the identity matrix of size n x n.

- 1,, and 0,, denote the column vectors of length m made by all ones or zeros,
respectively.

- M, denotes the space of symmetric positive definite matrices with eigenvalues
in [L;0].

- ||a||a is the norm induced by a symmetric and positive definite matrix A, i.e.,
|a]|2 = a” Aa.

- R denotes the extended real line, i.e., R =R U oo

- R, denotes the non-negative real numbers, while R, denotes the positive real
numbers.

- Given a function f: R” — R, f* denotes its convex/Fenchel conjugate.

- Given a function f: R” — R, Of denotes the subdifferential operator associated
to it.

- In the experiments, D denotes the dataset, where each sample always contains
at least the corrupted image ys, whose corresponding ground truth to it, would
be x..



- The expression a x u represents the convolution between the kernel a and the

iImage u. It will also be expressed as Au where A is the corresponding convo-
lutional matrix.

- dom f denotes the effective domain of f, i.e., domf := {u: f(u) < +o0}
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Introduction

In many scientific disciplines, from archaeology to medicine, from physics to engi-
neering, it is possible to encounter objects or phenomena that cannot be directly
observable, but one is forced to study them only through the results that they pro-
duce in the environment. This methodology does, for instance, allow scientists to
detect the presence of black holes in space. Indeed, black holes are not visible by
conventional telescopes as they do not emit any light, but they heavily (pun intended)
affect the matter surrounding them, and by studying these effects we can infer their
position. Another space related example is the proof of heliocentrism by Galileo. The
italian scientist, in the 17th century, observed that Venus exhibited different phases,
like our Moon does, and those are explicable only by accepting that Venus is orbiting
around the Sun and not the Earth. These problem of finding the cause by studying
its effects is mathematically called an inverse problems. They are present also in
everyday lives in many different shapes. In particular, one big branch is Computa-
tional Imaging, which develops techniques to form digital images through algorithms
a significant computations. Computational imaging researcher have allowed us to
be able to scan our bodies with an MRI, or to take sharp pictures with our phone
cameras.

Although computational imaging is a field of research that has gathered its own
attention only in the past three decades, one of its classical tools, the so called
Variational Models have been around for quite some more time. As means to solve
inverse problems, they are obtained through a Bayesian analysis of the measurement
process. The winning traits of this procedure lie in the ability of incorporating into
the model specific information of the object in question. This is done in two simul-
taneous ways. On one hand, the acquisition of the data is modelled according to
the physical law of the measurement process. On the other, by properly defining the
variational model, we have the ability to enforce properties that we know are true for
the images of interest, that would otherwise be difficult to obtain.

Variational models have been around for so long, that of course other technologies
have been developed, that yields the same, and in many cases better, results. We
are talking about Machine Learning (ML) and Deep Learning (DL) methodologies,
placed under the Artificial Intelligence label by the general public. Their fundamental
strategy is to fit a model determined by thousands, if not millions, of parameters
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using a pre-obtained dataset of samples. The results they bring are already out-
standing, but they also have unavoidable flaws. This fixation on data also leads to
a certain degree of overfitting, which means that there is always a non-zero chance
that the ML/DL model produces, on unseen data, a prediction that is faulty, and
possibly we may not even be able to detect these errors. This means that, no matter
how much one tries to make the architecture as general as possible, they are perme-
ated by instability, which cannot be predicted due to their black-box nature.
Variational models, with their solid and established theoretical background, may still
be a better fit for some application. Whether it be because the human operator has
better tools to understand what is incorrect in the image, or simply because they
require a lot less computational resources, and we know how energy has been a quite
central topic in the past decades, we believe that variational models are still worth
studying.

One of the weaknesses of variational models is that they also depends on some hy-
perparameters, for which we do not really have broad and always valid strategies on
how to select them. Hyperparameter selection represents also a big open problem
in the ML and DL communities. This manuscript focuses on the recent trend of
borrowing ideas from ML and DL and use them to improve the performance of the
variational models. Since the number of their parameters is way lower than in ML or
DL, the resulting training operation is far less expensive, but can still lead to a clear
improvement over empirical techniques for hyperparameters selection.

The first chapter of this thesis is dedicated to describing the fundamental ideas be-
hind variational models, including some examples of some of the most notable ones.
Chapter 2 focuses on Bilevel Optimization. These kinds of problems were first in-
troduced in 1952 by Stackelberg in its book " The Theory of the Market Economy”
[89], and since then have come up in a variety of contexts. In our work, they are a
natural tool to carry out the training of the variational model. Due to their complex
and intricate structure, the mathematical analysis of bilevel optimization problems
Is seldom easy. In particular, we propose an algorithm that is able to solve a not
insignificant class of bilevel optimization problems that arise in imaging applications.
Chapter 3 studies the applications of algorithm unfolding as a mean to relax the is-
sues of bilevel optimizations. In particular, we tackle two different inverse problems, a
blind-deconvolution of text images and a super-resolution combined with deconvolu-
tion of microscopy images. Finally, the last chapter investigates the use of stochastic
schemes to train variational models. These optimization algorithms are widely used
in ML and DL, because it is simply impossible to process all the sheer amount of
data that they involve. However, the lesser requirements of the proposed approaches
in terms of number of data samples questions whether or not these schemes actually
bring any benefit.

Overall this thesis presents different interesting contributions, both theoretical and
practical, in the aforementioned topics.



Contents 3

- We propose a Forward-Backward algorithm to solve a bilevel optimization prob-
lem and prove its convergence to a stationary point.

- We develop a linesearch procedure to estimate the length of the step in a
descent direction, but in the case where the objective function, its gradient
and the proximal operator of its non-differentiable terms are not exact, but
computable only up to a certain tolerance.

- We study an explainable framework for the learning of parameters in variational
models and apply the relative techniques in two different scenarios: a blind
deconvoltion challenge and super-resolution problems in the microscopy field.



Chapter 1

Variational Models: Motivations and
Fundamentals

In this work, we always consider at the base a linear inverse problem arising from an
imaging application. Let y € R" be the raw captured image, i.e.,

y = N(Au'™ + bg) (1.1)

where the linear operator A: R"” — R has the role of modeling both the observation
process and the degradation that the acquisition instruments applies onto the image,
N(-) represents the inevitable noise that occurs because of the imperfect measure-
ments, and bg is the background distortion that can be seen in certain contexts. In
a perfect world we would be able to recover the real image u'™¢, but unfortunately
here we have no hope of doing that: by nature, the noise is an aleatory phenomenon
and there is no way of knowing exactly the realization, which means, in other words,
that some information is lost.

Finding a high quality approximation is not as straightforward as it might seem. Di-
rect inversion of the operator is a strategy almost never feasible. Consider the linear
inverse problem y = Au'™®, where we assume to have exact data. The first issue
would concern the well-posedness in the Hadamard sense [95]. It requires the exis-
tence and the uniqueness of the solution, as well as its continuity with respect to the
data. Even in the case where these properties are satisfied, we have to remember
that the data is not actually exact. A noisy image could be outside of the range of
A or could still lead to a poor reconstruction due to a ill-conditioned operator. Let
v = Au and vs = Aug be two vectors obtained by applying the operator A to vectors
such that ||jus — ul|, =6, then

[lus]|2
[lull2

sl _ [[Aug2 1
= < [[AZIA]
vl [[Aul2
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If the condition number k(A) = |[A7Y||||A]] is high, then for small changes § in the
input u one could possibly have striking differences in the outputs vs and v. All of
this contributes to a non-negligible instability of the solution.

Regularization refers to a broad variety of procedures with the aim of resolving the
issues of ill-posedness and ill-conditioning (as well as overfitting in machine learning
contexts). The most natural way is to add a regularization term through a penalty
or via constraints, making the solution unique, and, at the same time, enforcing
desirable properties on the reconstruction. Unfortunately, as will become even more
clear in the following sections, there is no general fit-all regularization procedure, and
there is always the need to find the correct model for the situation of interest and
the specific type of image.

1.1 Bayesian Formulation

In most images, pixels are not independent entities but often have some form of
correlation with some, or all, of their neighbours. So, whether in the spatial domain
or in some transformation space, we can deduce statistical properties on the images
[27,54,164]. This justifies the use of a bayesian framework, where both the data 'y and
the unknown ground truth u are considered as realizations of the random variables )
and U respectively, to obtain a possible reconstruction. Consider the probability that
the original image is u given the observed sampley, P(U =u | Y =y). A Maximum
A Posteriori (MAP) estimate is the solution u* to the optimization problem

u=argmaxP(U=u| )Y =Yy). (1.2)

ucR”

Unfortunately, basically nothing useful is known on this probability. The Bayes' the-

orem for the conditional probability can, however, shed some light on the situation:

PU=unY=y) PU=u) PQY=y|U=u)PU =u)
Py =y) P(U = u) Cy '

PU=u|Y=y)=

(1.3)
Here we have used the definition of conditional probability in the first equality and
we note that the probability P()) =y) is in fact a constant for our problem. Overall,
by taking the negative logarithm in this last equation, we can rewrite problem @)
as a composite minimisation problem:

u=argmin —log(P(Y =y |U =u)) — log(P(U = u)) (1.4)

ucR”

This reformulation is now something that can be dealt with.
As was said before, images are endowed with statistics. Thus, finding a probability
P(U = u), also called prior distribution (or simply prior), that can be a reasonable
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model fit for the specific application one is interested in, is less complicated than it
appears. The Gibbs distribution is the most widely employed prior:

1
P(U =u) = ?e_pR(”), (1.5)

where Z = [z € ?RWdu is the normalization constant of the distribution, and
R: R"™ — R is, traditionally, a convex functional, even though in recent times this
has bee shown to be more of a limitation than a perk and has been questioned quite
a lot |27, 87].

Example 1.1. Tikhonov.
Tikhonov regularization has been around for quite some time now and has found use
both in imaging and machine learning applications. It simply features a quadratic

penalty:
p

R(u) = [Wulj3 = > (Wu)?,
i=1
Here, W Is a matrix that maps the image into some appropriate domain, e.g., the
Wavelet Transform [14]. This regularization term promotes smoothness either on
the signal itself, when W =1, or on its representation through W.
When combined in @ with a least squares term, the resulting problem is also
known as Ridge Regression [52].

Example 1.2. ¢;-norm.
¢, —reqgularization, as the name suggests, employs the £;-norm:

p
R(u) = [Wull; = [(Wu),l,

i=1
It is well known that many signals, such as astronomic or text images, are sparse,
or they have a sparse representation in some space with only a few non-zero pixels.
Hence it is logical to promote this property through the regularizer. This is the main
purpose of the £; norm, and more in general of the £,-norms (or semi-norms) with
0 < p < 1, thanks to the different topology they induce. However, while the £;-norm
Is a convex function, the £,-norm for p < 1 is not. In the extreme case of p = 0 we
actually obtain the £y-norm:

R(u) = [[Wullo = {(Wu);: (Wu); # 03,

which counts the number of non-zero components of the vector. However, we note
that solving the minimization problem

min flullo

iIs NP-hard.
As its counterpart, when the £Z;-norm is used together with a least squares term
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in (1.4), the problem takes the name of LASSO (Least Absolute Shrinkage and
Selection Operator) [94].

Example 1.3. Total Variation.

A notable special case for the previous example is the Total Variation regularizer [81],
which imposes sparsity on the gradient of the image. For clarity, let us consider u
in its matrix form of dimensions n; X n,, with nyn, = n. We can define the finite
differences operator D : RM*™ — R"™?2 3s

Upgp— U2 Ui — Uz

Du — U2 — 13 U2 — Uz 2 (1.6)

Unl,ng - unl,H2+1 Unl,ng - Uﬂ1+l,n2

where we can use different boundary conditions whenever we have either n; + 1 or
n, + 1 as the subscripts:

- zero or Dirichlet: simply assumes that the out-of bound pixel is zero.
- periodiC: Up, 41, = Uy ; and Uj 41 = Ujq.
- reflective: Up11; = Up,j and Ujp,41 = Uj p,.

It is worth noting that applying D to an image can be considered as applying two
convolutional kernels to the image, one for the horizontal derivatives and one for
the vertical ones. If we assume to penalize equally the horizontal and the vertical
gradients, the regularizer has the form

TV (u) —||Du||1:—z||(Du>, ||2—zz¢<uu Uijin)? + (Ui — Ui1))?,

i=1j=1
(1.7)
and is called the isotropic total variation. However, it is also possible to consider the
anisotropic version

TV;(u) := [|(Du)s [z + [[(Du) \1—2\ (Du) /1!+Z! Du)jal. (1.8)

where (Du). is the c-th column of Du, for ¢ = 1,2. This second version allows for
weighting one direction more than the other.

In Figure[1.1 the reader can visualize the effects of the finite differences operator in
(1.6). Image (b) depicts the absolute value of the horizontal derivatives Duy, which
in fact highlight elements such as the window frames, while image (c) contains the
vertical derivatives that put more emphasis on the longitudinal details of the image.
Image (d) shows the sum of (b) and (c), which is the sum of the absolute value
of the two columns of Du. Unfortunately, some elements are lost or barely picked
up, such as the sky or the reflections in the water. Indeed, while this functional is
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excellent at reconstructing edges, a known shortcoming is the lack of texture in the
images as it tends to flatten image patches a bit too much.

Considering the already promising starting point offered by the TV, it is no wonder
that many variants have been proposed, all keen at reducing or directly eliminating its
shortcomings. One possible improvement is offered by the Weighted Total Variation
(WTV) |25, 53].

n
WTV(u) = ZP:‘H ((Du)i1, (Du)i2) |2,
i=1
were the amount of regularization is controlled pixel by pixel by the parameters p;.
Another strategy could be incorporating higher order derivatives, since they contain
more information of the textures of the image, which is an idea pursued for instance
by the Total Generalized Variation (TGV) in [23, [85].

The conditional probability P()) =y | U = u) is usually chosen according to the noise
N(-) that is present on the image, through a classical maximum likelihood approach.
Here we present the two, arguably by far, most common types of noise.

Example 1.4. Additive white Gaussian noise.
The most common type of noise can be modelled in the following way:

y=N(u)=u+n

where each component of 7 is an i.i.d. random variable with distribution N'(0, 02).
Taking into account the acquisition process ((1.1) we have that n = y — A/ (Au+ bg)
and

_ (y,-—(Au+bg),')
252

1 m
]P) p— p— = —-——
(y Y|u u) \/ler[le
Co
~log(B( =y | =) = Ty~ (Au + ba)l3

The constant C, is always automatically incorporated in other parameters of the
model and thus will be omitted from now on.

Example 1.5. Poisson noise.
Poisson noise is not additive, instead each pixel of the image becomes an independent
random variable with Poisson distribution, governed by the true value of the pixel:

Y~ P((Au + bg),-),

i.e., the observed pixel y; is sampled from the Poisson distribution with expected
value (Au + bg);.
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(b)

(d)

Figure 1.1: lllustration of the Finite Differences filter applied to (a).
The images in (b) and (c) show, respectively, the horizontal and vertical
gradients, while (d) contains the sum of image (b). and (c).

Similarly to the previous example

lr_n[ (Au+bg)f-/"e_(A“+b9)f

IP’(y:yIMZU):i:1 i
—log(P(Y =y |U =u)) = i (Au+ bg); + log(y;!) — y; log ((Au + bg),->

i=1

~ > " (Au+ bg); — yilog <

i=1

1

In the last line, the Stirling approximation formula yields log(y;!) ~ y;log(y;) — yi.
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Poisson noise is typically found in applications where the measurements to acquire
the image are done via photon counting. Photons obey quantum mechanics laws,
and thus, their behaviour is not deterministic but is more appropriately described
by a probability distribution function. The primary cause of Poisson noise is not a
miscalculation of the number of photons, but rather it is a good approximation of
their distribution [9].

In light of this analysis, the formulation ({1.4) is no other than a maximum likelihood
problem but with a regularization term and can be cast as a variational model

u= argggnin Ey(u) = Fy(u) + pR(u)
= argmin Ey(u; 0) = F,(u;0) + R(u; 6) (VM)

ucR”
where the energy functional Ey is composed by a data fidelity fy, which measures the
distance between Au and the datay, and the regularizer K. The balance between the
two terms is controlled by the so called regularization parameter p. In the second line
we have made explicit the dependence of the functionals on a set of hyperparameters
0 € RP (including p), which can be used to create more complex models.

1.2 Parameter Selection: an Overview

In the last few years, hyperparameter selection has been an important topic of re-
search. The issue lies in the fact that there really are no guidelines on how to choose
these quantities that work for every (or the vast majority of) task. This is also true in
almost all applications of machine learning, deep learning and imaging. Most of the
time one has to go on a case by case fashion and follow some empirical strategy. The
ultimate scope of this work is to investigate strategies to make a sensible selection.
Nonetheless, in the algorithms there will always be some variables that are left out
and still need to be manually tuned, ideally those that have a lesser influence on the
results. Thus, we are going to restrict the term hyperparameters only for these lat-
ter quantities, and simply call parameters all those that are automatically set by the
methods proposed in this manuscript. In this section we are going to present some
of the most known and general strategies for parameter selection, both in imaging
and machine learning.

Grid Search. The first, most basic, and instinctive way of selecting the parameters
is to discretize the domain in which they lie with an arbitrarily fine grid of equidistant
points, and then try every possible value. While this is rather simple to implement, it
suffers from the curse of dimensionality in multiple ways. Obviously, one would like to
try as many parameters as possible by increasing the resolution of the grid, however,
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this also potentially requires an extraordinary amount of time and/or computational
effort. This inefficiency worsens exponentially when there is more than one parame-
ter. Also, if one is dealing with an high dimensional problem or, in general, obtaining
a possible solution is expensive, they still are forced to use a coarser grid.

Random Search. Another possibility is to draw randomly a set of parameters from
a given distribution, usually the uniform one. The benefits of such choice have been
empirically shown in [7], where for all experiments proposed the number of random
trials needed to match or improve the performance of grid search is only a fraction
of the total number of nodes in the grid. Intuitively, the advantage lies in the fact
that this method better explores the space of more influential parameters while not
wasting resources on the lesser ones. In other words, the cost of tuning parameters
increases far less with their number, unlike grid search.

Bayesian Optimization. Bayesian optimization, also sometimes known as Sequen-
tial Model-Based Optimization (SMBQO) is a more sophisticated approach and presents
a notable improvement in the case where computing a solution or evaluating the loss
function is rather costly [46]. It can be summarised in three steps:

1. Fit a surrogate function, that is supposed to approximate the loss, based on
the points of the parameters space already established;

2. Use an acquisition function to find a promising new set of parameters;
3. Test the parameters and evaluate the loss function.

Unfortunately, at the end of the day SMBO is not as used as Random Search,
despite being a more refined tool. When evaluating the loss function truly requires
an unsustainable computational cost, then the method, with its philosophy of making
the most out of each loss evaluation, can actually be beneficial. However, in most
other cases, the efforts needed to put the approach in place are not worth the hassle.
The surrogate and the acquisition functions do have an influence on the results, thus
it is necessary to find a good fit and tune, which is what SMBO is supposed to do
for the underlying model.

Discrepancy Principle. The (Morozov) Discrepancy Principle was established by
V. A. Morozov in the past century, but still finds applications to this day |90, 91]. Its
purpose is that of finding a meaningful regularization parameter p that balances the
tradeoff between data fidelity and regularization in the energy E(u;8) = F(u;0) +
pR(u; 8). Clearly, the minimum of E, i.e. @, depends of the value of p. Assuming
that the noise level on the image is 9, i.e.

|Au'™® + bg — y||» <6,
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the discrepancy principle revolves around finding a value p such that the restoration
u” satisfies
a6 < ||AU” +bg — y||» < &0

or equivalently
|AG” + bg — y|> = C§,

for some constants C > 0,0 < ¢; < . Although the discrepancy principle requires,
in theory, the level of the noise, there have been studies that show how it is possible
to apply the principle a posteriori. In particular, in [8] the author show, for differ-
ent standard regularization terms, how the method can be used in the presence of
unknown Poisson noise.
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Chapter 2

Bilevel Optimization

The advent of data driven methods, and their impressive results across many dis-
ciplines naturally leads to wonder whether there is a way to adapt some of their
underlying ideas to improve variational models, but sacrificing as less as possible of
their solid and established theoretical background. The most basic approach would
involve using a loss function to measure the performance of the underlying varia-
tional model and penalize wrong sets of parameters. The resulting scheme is what
is called a bilevel optimization problem. In this chapter, section [2.1 is dedicated to
the general formulation of this kind of problems, along with a brief description of
the principal strategies for their resolution in this form. Section 2.2 focuses on the
specific bilevel problems that arise from imaging applications, especially when tied to
variational models. Again, one of the most popular strategies is described. Section
[2.3 is a natural follow up to the previous section, as it contains our main result in
solving bilevel optimization problems for learning variational models.

2.1 General Formulation

Bilevel optimizatin problems, in the most general case, can be cast as

"argmin” L(u, 8)
o

sub. to G(u,0) <0 (2.1)
u € argmin{E(W’;0) : g(u’,08) <0},

where G: R"xRP — R" and g: R” xRP — R®. The bilevel approach involves solving
two optimization problems, where one appears as a constraint for the other. The
main problem, i.e. the outer one, is also called the upper level problem, while the
inner is called the lower level problem. The study and analysis of nested optimization
problems is especially difficult due to the upper level being dependent on the outcome
of the lower level, which usually does not have an explicit formula, i.e., the variable
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u is implicitly defined. Unless the lower level objective function admits only one
minimum, the problem as presented above is not well-defined, which is why the
argmin operator is between quotes. Thus, it is important to specify the strategy that
is used to obtain the lower minimum, as it heavily influences the general theoretical
approach to study the problem. The total spectrum of such strategies can be placed
within two extremum points. [If we denote the solution map for the lower level
problem with S(8) = argmin,{E(u;0) : g(u, ) < 0}, then

e The optimistic solution u* (@) is the one that produces the optimal value for
the loss function, i.e., u™(8) = argmin,{L(u,0): u € §(0),G(u,0) < 0}. It
is worth noting that, in this case, the bilevel problem can also be equivalently
rewritten as

argmin L(u, 6)
O.u

sub. to G(u,0) <0
u € argmin{E(v’;0) : g(u’, 0) <0},

where the upper level function is optimized also w.r.t. u.

e The pessimistic solution u™(8) is the one that produces the worst value for the
loss function, i.e., u=(0) = argmax,{L(u,8): u € §(8), G(u, 8) < 0}.

In applications, there are also cases where in practice the minimum of the lower
level is not even available, as we will see. As natural as it sounds the optimistic
solution is easier to deal with, and most of the time requires weaker assumptions to
achieve convergence to the solution of the bilevel problem [86]. In the case of an
optimistic approach, the two main strategies to solve bilevel optimization problems
can be formulated as follows.

Karush-Kuhn-Tucker Conditions. In the case where the lower level objective func-
tion is convex and differentiable, one possibility lies in replacing the lower level con-
strained optimization problem with its KK'T optimality conditions:

VuE(u,0) + 1" Vug(u;8) =0 (2.2)
Wi >0 =1, s (2.3)

9i(u,8) <0 i=1,..., s (2.4)

14igi(u,8) =0 i=1,..., s. (2.5)

Thus the bilevel problem is turned into a single-level Mathematical Program with
Complementary Constraints (MPCC), that are given by equations (2.3), (2.4) and
@. Unfortunately, especially in imaging applications, the energy functional is often
either non-smooth or non-convex, and sometimes both, which means that the algo-
rithms used for solving MPCCs are seldom applicable as they are. Thus, researchers
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of the field have mostly focused on determining the conditions for which the equiva-
lence actually holds, and eventually on developing extensions and generalizations for
the tools of MPCCs [31, |33].

Lower-Level Value Function. The Lower-Level Value Function (LLVF), also called
Optimal Value Function, approach offers the possibility to obtain a single-level opti-
mization problem. The LLVF is defined as

p:RPF— R
00— (0) = muin{E(u;G): g(u, 8) <0}, (2.6)

so that the bilevel problem can be rewritten as

argmin L(u, 6)
;

sub. to G(u, 0) (2.7)

This formulation was originally introduced by Outrata in [71] and a set of optimal-
ity conditions was first developed by Ye and Zhu in [98]. The downsides of the
approach are that the LLVF ¢ may not be easy to handle. For starters, it is not
always known in practice, and besides, it is often non-differentiable. Furthermore,
the resulting problem in often non-convex even in the case where the objectives and
the constraints are convex. However, in recent years, thanks to the fact that it does
not present derivatives of the lower level functions, it has allowed to develop second
order schemes for its solution [38, 39].

The book [32] by Stephan Dempe presents in detail and with much more depth the
ideas summed up above. In the rest of this thesis, we are going to focus on a specific
kind of bilevel problem, whose naturally suggests different approaches to reach its
solution.

2.2 Learning Variational Models Via Bilevel
Optimization

As we have already introduced, bilevel optimization is a suitable strategy to automat-
ically select the parameters 8 of variational models. However, formulation (2.1) is
actually more general, and in our applications we are naturally led to a simpler prob-
lem. In order to formulate the bilevel optimization problem for imaging applications,
we need;
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- A merit function L that is able to evaluate the quality of the lower level solution,
whether it be in a supervised or unsupervised fashion;

- A dataset D, where each of the |D| examples contains the features that we
need. Usually, it includes the features of corrupted samples, and if the merit
function is supervised then the corresponding ground truths are also required
to be in D.

8 € argmin Y2, L(15(6), 6)
6cOCRP (28)
subject to Uiy € argmin E,_(u;0), s=1,..., |D|,
uelU

where © C RP and U C R" are the spaces where the parameters 8 and the images ug
lie, respectively. Basically, once the underlying variational model is established and
the energy function in the lower level is set, the solution of the bilevel problem is a
point @ that achieves the best performance according to some criterion expressed by
the loss (or penalty) function L in the upper level. For instance, the loss function can
be chosen directly as the quality measure used to evaluate the model, or as some-
thing that is strictly related to it, like the £, norm can be used when the performance
is evaluated in terms of (P)SNR (Peak Signal-to-Noise Ratio). Also, natural images
may require a different loss functions than sparse images, or images that are known
to be sparse in some domain, in which case one would probably achieve better results
by transforming the solutions of the lower before feeding them to the upper level.
In this work, we are going to explore different choices and approaches both in the
upper and lower levels, for a variety of imaging problems.

In this thesis, we are going minimize the loss function via a gradient-based method.
Since computing the gradient of the loss function is linear in the number of samples,
for the rest of this manuscript we are always going to assume that |D| = 1 and omit
the subscript s. We are also going to assume the ability to split the loss function
into two/three terms:

L(u(6),8) = F.(u(8)) + R (68) + R;(6) (2.9)
= G, (u(8),0) + RL(8), (2.10)

The form for the loss function is actually quite reasonable in practice. Basically,
the F is a fidelity which penalizes reconstructions that are more distant from their
ground truth, or more in general it can be a quality measure, e.g. when the ground
truths are not available. On the other hand, R? and R} act as the regularization for
the variable 8. In particular, R is a differentiable function, while R} is convex but
non-differentiable. The second equation is a more operative and compact version of
the first one: under the function G, we have the differentiable terms F; and RE. in
the following, to ease the notation, we are going to drop the subscript L. o
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Considering the second split, Algorithm [2.1 describes the very general framework
that we are going to follow and try improve on.

Algorithm 2.1: Bilevel Optimization: general proximal gradient based
scheme
1 Input: starting point 89, k =0
2 while stopping condition is not met do
3 Compute G(8%) € argnl]in Ey(u;80).
uc

2 | Compute V4G(0%).
5 Compute a suitable steplength o, and a scaling matrix M.
6 Compute the updated 8%+1) by means of

6 = prox M, (8 — 0, M V4G (6)) . (2.11)

7 Set k =k + 1.
end
Output: learned parameters 0

[==]

The most critical steps are lines [3 and |4 due to their relation. The loss function
and its gradient are dependent on u which is a minimum point for Ey. Using the
definition of the solution map S(0) € argmin,{Ey(u;0): u € U} we can elaborate a
bit more on the gradient V,G:

G(@(6),6) = G(S(8), )
VoG(5(6),0) = Js(8)TVuF(S(8)) + VoR°(8). (2.12)

The clear troublemaker is the first term, that would be Vgf, which features the
gradient of F with respect to u, pre-multiplied by the Jacobian matrix of the solution
map, Js € R™P. Computing this Jacobian is not simple. Differentiating through the
argmin or argmax operators has gathered attention for quite some time now [6, 50,
63], as it is useful in many fields, from image reconstruction |27, 92] to the machine
learning [13, [72] realms and beyond.

Implicit differentiation exploits simple calculus rules to formulate an explicit expres-
sion for the jacobian Js under somewhat standard, but not weak or mild, assumptions.

Theorem 2.1

Assume that V@ € © C RP the function E,(-;0): U — R is twice continuously differ-
entiable and is strongly convex. If the gradient VE, is continuously differentiable
with respect to 0, then the solution map S is continuously differentiable with respect
to 8 and its jacobian can be written as

s=—V2,E/(S5(6);0) V3,E/(5(6):0). (2.13)

nxn nxp
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Proof: For any 6 € ©, 5(8) is the unique minimizer of Ey(+;8), hence if satisfies the first
order optimality conditions:
VuEy(5(6);6) = 0. (2.14)

The implicit function theorem gives us the continuous differentiability of S. Differentiating
with respect to @ through this last equation and applying the chain rule yields

VauEy(5(8):0)ds + V5,E4(5(6);6) = 0.
Since the hessian is strongly convex, it is invertible and we can then easily arrive at
Js = —ViuEy(5(8):6) 7 V5,E,(5(6):6).

]

Although the previous theorem gives us a fundamental result, there are still a few
aspects that need to be considered before making it viable in practice. Once this
result is implemented in equation (2.12) we obtain

VoG(S(8).8) = VoR(8) — (V2,E,(S(8):8) ' V,Ey(S(8); e))Tqu(S(e))
= VoR%(8) — V5,Ey(S(6):0)"V3i,Ey(S(6):0)'VuF(S(8)) (2.15)

The most obvious is the inversion of the hessian, which should be avoided in the vast
majority of cases. Denoting with

q=Vi,E(5(6):0)'V.F.(5(6)) €R",
we rather have to solve the linear system
V2,.Ey(S(6);8)a = VuFL(S(8)). (2.16)

This is a common approach that was followed, for instance, in [72] and [92]. Just
like in these two works, we avoid directly solving the linear system but rather we only
look for a sufficiently good approximation of its solution.

Unfortunately the linear system (2.16) can not be handled as it is, since, in appli-
cations, the minimum @(@) usually is not available in an explicit form that can be
computed exactly. Hence, in practice, we have to obtain approximation of (),
denoted with (@), via an optimization algorithm applied to the minimization of the
energy functional Ey(-,8). This operation, no matter how accurate @(0) is, does
always introduce some error in both the computation of the gradient of G, and of
the loss itself. Then, the inexact jacobian of the solution maps becomes

Js = —V2,E,(ii(6);0) ' V;,E(ii(8); 6). (2.17)

There is research in the literature that shows, under some strong but not unusual or
unseen assumptions, that the approximate jacobian in (2.17) does indeed converge
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to the true jacobian as @i(@) becomes a better approximation of @i(8), and the con-
vergence can also be as fast as the convergence of ii(6) to ti(8). These assumptions,
in general, are consistent with those of theorem 2.1, as the energy still needs to be
twice continuously differentiable and to have a unique minimum. In the next section,
following this approach, we are going to prove a very similar result to those, for
instance, in [50, [63].

2.3 Solving Bilevel Optimization Via an Inexact
Forward-Backward Scheme

In this section we are going to present an algorithm that solves the following bilevel
optimization problem:

6 < argmin L(i(8),0) = F((9)) + R°(9) + R'(9)

ocke , (2.18)
where @(8) = argmin E(u; ).
ucR”

Since the upper level problem requires the minimization to be carried out with respect
to the variable 8, with a slight abuse of notation, we will write L(8) and F(8) when
we do not care that the dependence from 6 of those functions is through u.

Assumptions 2.2.
For our scheme, we require the following properties:

(i) The function L: (u,8) € R” x R? — R is bounded from below.

(i) The function R%: 8 € R” — R is continuously differentiable and its gradient is
Ay ro-Lipschitz continuous.

(iii) The function R': 8 € R — R is proper, lower semicontinuous and convex.

(iv) The function F: u € R” — R is Ag-Lipschitz continuous, continuously differ-
entiable and its gradient is Ayg-Lipschitz continuous.

(v) The function E: R” x RP — R is twice continuously differentiable and V8 &€
dom R the function E(+; 0) is strongly convex with modulus .

vi) VO € dom R, the function V2, E(-;0): R" — R™" is Ago -Lipschitz continu-
uu ViuE
ous.

(vii) VO € dom R, the function VguE(~;6): R" — R"™P is Ay,,e-Lipschitz continu-
ous.
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(viii) The function
f:RPxR —R (2.19)
1
(0, p) — f(x) = L(8) + 5p? (2.20)

is a Kurdyka-tojasiewicz (KL) function (see definition [2.10)).

Under these assumptions on the structure of the problem, we are able to develop an
iterative algorithm whose generated sequence converges to a stationary point of L.
Note that R! is not necessarily differentiable. Also, Assumption implies that the
solution of the lower level problem is unique and that V2, E(u; 8) is invertible. Finally,
regarding Assumption (yviii)), it is shown in Remark 1 of [22] that, if L(0) satisfies the
KL property, then the function f as its defined above is still a KL function. However,
we do not have a sufficient condition to verify in practice that the function L is a
KL in the first place. In particular, we do not have any theoretical guarantee that
the composition of F with the solution map S is a KL function, especially because
we have little information on S.

As we did in the previous section, we are going to make the notation more compact
by denoting with G(u(0),8) = F(u(8)) + R°(8), that it is still has a Ayg-Lipschitz
continuous gradient.

2.3.1 The Algorithm

The method that we propose for the update of the parameters 8 involves a forward
gradient step, and a backward, proximal step on the non-differentiable function R.
Essentially, our algorithm can be cast under the umbrella of Forward-Backward (FB)
schemes, that are characterized by the iteration

29 = prox Zlkle <g(k) _ akMglng(B(k))) (2.21)
gt = 9 X, (20 — gk, (2.22)

where ay is the steplength along the arc, A, Is the steplength along the descent
direction z(¥) —0%) and M, € M,, is a scaling matrix. The idea behind these schemes
is to exploit the gradient when its available, while turning to the subdifferential and the
convexity of the non-differentiable terms. Behind FB methods there is an established
literature, where a variety of cases has been handled [19, [75]. Since we are going to
use some of the tools of this literature, we are going to recall some properties as we
go on, but we also refer the reader to Appendix|A for the basics of convex analysis.
Here we recall the definition of the proximal operator:

: 1
prox M., () := argmin [RY(8) + —[|0 — oI (2.23)
9ERP 2a

We can highlight two main obstacles in order to solve our problem with an FB
scheme:
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e The gradient V4F(8%)), and by extension the gradient VG (8¥)), cannot be
computed exactly, as we do not have the explicit minimum a®) of E£(-; 8(9),

e The proximal operator proxgl"Rl(-) may not have an explicit form. In fact, the
proximal operator is another case of a function defined though the argmin op-
erator.

Inexact Proximal Operator. In the general case, the proximal operator of R does
not have a closed form solution, and needs to be computed inexactly. In this spe-
cific context, even if the proximal operator does have an explicit formulation for its
minimum, the resulting point still has to be considered as inexact due to the approx-
imation of the gradient for the differentiable part. Provided that the approximation
that is computed satisfies a specific tolerance that we will discuss in a moment, we
can achieve convergence through the KL framework. In this paragraph, we are going
to present the basics of this operation, which can be found in full details in [20].
Let us start with the definition of descent directions for non-differentiable functions

(I78])

Definition 2.3. If L: R? — R, is a proper function, then a vector d € R” is a descent
direction for L at @ € dom L when it satisfies

L _
i sup L@+ 2d) = L(6)
ALO+ A

< 0. (2.24)

where, essentially, the limit is the one-sided directional derivative L’(u;d). Naturally,
the previous definition implies that 3\ > 0 such that

L@+ 2d) < L(B) VA<

When z(¥) is the exact proximal operator value, then its properties make z(¥) — (k)
a descent direction. The approximation () ~ z(¥) needs to be chosen so that it
maintains this quality. To do this, one can place the burden of identifying descent
directions, at the k-th iterate of a FB scheme, on the strongly convex function

A9 (z) == VoG (0¥ (z — 81) + 2C11||z — oW, + RY(z) — RY(6W). (2.25)
k

Indeed, if h)(z) < 0 then
L'(0%;z —80) = VeG(0") (z—0W) + (R (8W;z — W)
< VoG8 (z — 0% + RY(z) — RY(6)
< h¥(z) <0,
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where the first inequality is obtained from Theorem (23.1) in [78]. Also, it has a

clear relationship with the proximal operator. Indeed for the step (2.21), we have
z) = argmin h¥(z). (2.26)

zeRP

Considering the definition of h, it immediately holds that h®)(8%)) = 0 and also

h) () < 0 since z®) is a minimum of h*). Unfortunately, finding 29 so that

h (M) < 0 is still not enough. Following the criterion used in [19] and we need

to compute it so that

AU (20 — 40 (2(0) < _%h(m(z(k))' (2.27)

for some 7 > 0. While the presence of the true z(X) makes it look like there is no
way to satisfy this condition, it is actually not the case. Indeed, since solving the
optimization problem in (2.23) in 8% — o, M, 'V4G(69)) is equivalent to searching
for the minimum of h(®), then turning to its dual problem and exploiting the duality
gap to define the stopping criterion with —Zh(¥(Z()) as its tolerance (see Appendix
[A and [19] for more details).

We now give some inequalities on the relationship between ), z(¥) and () that
will be useful later on (Lemma 2 from [19]).

Lemma 2.4

Consider a point 8¥) ¢ RP and the vectors %) z(K) € RP defined according to
the equations ([2.26)) and . fFor some T > 0, assume that there exist some
0 < amin < Qmax SUCh that ay € [Qmin, max] and some v > 0 that satisfies M, € M,
for every k € N. Then the following inequalities hold

k) _ gk |2 < _< T) (K) ( 5(k)
s 2 WG < — (14 5 ) n9(2) (2.28)
1 T
(0 _ 0012 <« _T (k) (500 55
20Cmaxullz 29> = —5 A2 (2.29)
(G -
f\lz(k) —8W|2 < —hk (20, (2.30)
_ 1
where CT = 2(r+D) <1

Proof: A simple property of strong convexity (See Proposition [E in the Appendix) gives
(k) (k) (5(k) GIEONY (k) K (k)2
(2) = h9EW) + (VA @R)) " (2 —29) + Tz =295,

where actually VA9 (z(K)) = 0 since z(¥) is the minimum of hK). The constant & is the
strong convexity modulus of A(K), that thanks to the assumptions satisfies
1

K = .
AmaxV
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Algorithm 2.2: Computation of VoG at 6
1 Input: 1 > 0, Nyin, 0K, D
2 Set

M = nmin{]|8% — 8% V|12, 6% — 0% V|3, i} <1 M (2.32)
3 Compute @®) such that
IVLE@@®:;09)3 < ni (2.33)
4 Compute %), approximate solution of the linear system
V2,E,(ii%; 00)q = V,F () (2.34)
so that
IVEE@X;80)a® — v F (@), < nlle® — 6%V, (2.35)

Output: V,G(0%)) = VoR(8K)) — V2, E(ii); 9 Tk

[&,]

so that

1
(K) () — p) (Y > By, 012 > _ (02
ht"(z) — h'"(z )_2||Z z H2_2amaxu||z |3, (2.31)

Now, h(K)(8(K)) = 0 with the previous property implies that

CpR WYy s L0 g2
2

maxV

Using the condition (2.27)) in the previous inequality yields the first result. Similarly, choosing

z = 7% in (2.31) and applying again condition (2.27)) yields the second one.
Finally, the third inequality is a direct consequence of the first two, as its just an application

of the triangular inequality. In fact,

~ ~ 2 ~
125 = 6WB < (1299 — 25 + 28 — 805)" < 228 — 2003 + 2]|z%) — 9®3,

so that )
1o, < (1 + 7)hR ()
max
and ] )
20+ 1) 202~ 8N = 1)
max

Cr
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Inexact Gradient of G. Algorithm [2.2 describes, at step k, the details on how we
compute the approximate gradient @GG. The fundamental ideas are those introduced
in the previous section and in [72]. For each outer iteration, we need to compute
the minimum of the lower level with a stopping criterion that never involves the true
minimum. In particular, we want the norm of the gradient of the energy to be smaller
than the distance between the last two outer iterates. The linear system (2.34) also
shares the same accuracy for its solution. Here we show that, under these conditions,
we can also bound the error between the approximate gradient 696(0(’0) and the
true one VyG(0%)), again with the same tolerance.

The inexactness of the gradient can be handled with the described procedure, but it
also requires to slightly modify the FB-scheme, as we are performing the gradient step
with V4G instead of VoG. In particular, equation has to take into account
the error in the computation of the gradient of F:

z(9) = prox gﬂkle (B(k) — axM;* (VeG(9(k)) + e(k))) : (2.36)
where ~ -
e) = V,G(00)) — VoG (81)) = VoF (8K — VoF(8), (2.37)

is the said error. Note that VR°(%)) can be computed exactly. The definition of
the function h¥) in (2.25)) also needs to reflect this change. With a minor abuse of
notation, the new function is still denoted with h*) but is defined as

h9(z) = (VoG(6™) + e(k))T (z—6%) + 2;Hz —0W12 + RY(z) — RY(8W).
k

(2.38)
In this new version h'® still holds its most useful properties. In particular, it still
satisfies h(9)(z(K)), h)(z(K) < 0, equation (2.26) and the inequalities in Lemma
2.4.
Lemma 2.6, which is essentially Theorem 1 from [72]. However, we show that under
reasonable conditions on the (0%)),cy, the error ¥ is itself bounded adaptively by
16%) — 8<=1)||,, whereas in [72] the bound is determined by a summable sequence
chosen in advance. We just meed an auxiliary lemma first.

Lemma 2.5

Assume that q, § € RP are the solutions to the systems

Ag=Db
(A+ AA)G = b+ Ab,

where A is invertible. Then

la —@ll> < [|A7*[| (||Abll> + [[AA] - [|g]|2)
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Proof: The second system reads Ag = b+ Ab — AAG. Subtracting that to the first system
and using basic linear operators properties we obtain

A(q—§) = —Ab + AAG.
qa—6G=A"1(—Ab+ AAQ)
la —&ll2 < [[A7Y] (||Abll2 + [[AA]| - [ldl2) -

O
Lemma 2.6

Under Assumptions[2.2, suppose that {89} ,cy is a bounded sequence and let &%)
be computed according to Algorithm[2.2, then:

1S(8X) — W, < ’L (2.39)

1€, = [VoF(8X)) — Vo F(0W)||, < Cyrl|8%) — 8%, (2.40)

Proof: By Assumption and a standard property of strongly convex functions (See
Proposition [A.4 in the Appendix) tells us that

ulIS8®) — GP)3 < (VuE(SOX):0)) — VLE@®X; 000)) " (5(0%)) — a®).

The Cauchy-Schwarz inequality, the fact that V,E(S(89)); 8(9)) = 0 and equation (2.33)
give us the first claim:

Mk

m (2.41)

1
(56 = @2 < I VuE@®: 0%z <
Also, denoting with 7 = 7 - Mmin We obtain that 7 > 1y, by (2.32), and

1S9y —a® |, <1 wkeN,
U

Now, since {B(k)}keN is a bounded sequence, then there exists a compact set B such that
{8} e € B. Also, the solution map is continuously differentiable, which means that it
is locally Lipschitz continuous, and specifically is it Lipschitz continuous in B with constant
Ns,, hence

15(89)) — SO)[|2 < As,]|8%) — 8. (2.42)

So that (S(8)))ken and consequently (i) cn are also bounded. By definition, we can
find an upper bound Mg > 0 so that ||ii(¥)|| < Mg for every k € N. In turn, thanks to the
continuity of V2,E(-;-), we have that ||V3,E(iik); 8(F)||, < Mvg £ for some Mvg £ > 0.

Now, let q(¥) be an exact solution of the linear system in (2.34), i.e.,
Vi E(5(6%):69)a") = VuF(5(6™))

Now, since V2,E(-;8%)) is continuous by assumption and ||S(8%)) — S(8(9))]| is bounded,
the same arguments can be repeated to show that q(k) is bounded as well. Let Mg > 0 be
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a value such that ||q(®)|| < M, for every k € N.
At the same time, %), is an approximate solution of the system:

VauE(@®;6%)a = v, F (@),
Hence, it can be seen as the exact solution to the perturbed system
V2,E@i9); 00))q = V, F (@) +¢0)
=GR = V2 E@@R; 9001V, F(a®) 4 rX).
In particular, the hessian V2,E(ii(%); 8()) is invertible because the function E(-;0()) is
strongly convex. Thanks to equation , the perturbation/residual satisfies
IF*) < @) — o1l

Again, exploiting the continuity of the hessian and of the gradient of F we deduce that the
sequence {§¥ }xen is also bounded by some constant denoted with Mg > 0.
We can exploit the previous Lemma by choosing

A =V2,E(S(0W); ()
AA = V2 E(@%);000) — w2 E£(S(6%)); 8))
b= F(S(81))
Ab = F(i0) — F(5(81)) + e,
to show that ||q(®) — (¥)||, is also bounded by [|8¢) — 8k=1)||5. Indeed
la® =Xz < [VEE(S09); 0%) 7 - (IVuF(@®) — VuF(S@X))]2 + le®]]2

+ (|2 EN:; 00) — V2,E(S(09));00)| - 64|

IN

1 - - .
- (AvrlE® — o + €@ 2 + Mahos g6 — i)

IN

1 _

m (||e(k)||2 + (AF + Mahyz,£)) 189 — 8% 1)H2)
n _

(14 Ave + Mahgs e ) 6% — 0

IN

where, again, in the second inequality we used the Lipschitz continuity of the functions
involved, that holds by assumption.
Finally, we can conclude that

IVeF(8X)) — VoF(89))||2 = | V2,E(S(8X));0%)Tq) — w2, E(@*); )T g+

V2 E([5%90; 00T g — w2 E(§0: 0N T g,

< [V2,E(S(8M)): 09N Tq(k) — w2 F(): 90T gk
+ | V3, E(i9); )T qk) — w2 E@@k); 00 gk,

< [ V3.E(S(6%));6%0) — V3, E@™); 04| - la¥||2
+IVEE@; 69N - g% — |2,

< [V2,E(5(8%)); ) — w2, £(ii); 0 - |g®|
+ /\/lvguEg (1 + Avr + Mﬁ/\vguE) 1609 — gtk=D)||,.

C1
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Once again, leaning on the assumed Lipschitz continuity we have that
nvaaswwmew)—vaEmwkm“mwm“WQS»mww“*—w“m2gna%.

Thus, we can conclude the claim hold for Cyr = C; + Mq7 by recalling the condition (2.32)
and combining it with the last findings. [

With these premises, we can illustrate in Algorithm [2.3 the full iterative FB-like
scheme that includes the update of 8%). While the parameters o and My are left
as a mostly free choice in the proposed method, all the heavy weight is placed on
the steplength .

The Linesearch Procedure. The steplength A, in (2.22) can be used to achieve
the sufficient decrease of the objective function in the KL framework. Our method
employs a backtracking loop until a sufficient decrease is verified for a tailored merit
function. In fact, &i*) being an approximation of the true minimum means that the
objective function is computed inexactly as well and subsequently that the sufficient
decrease condition cannot feature the true loss value. However, we are able to
circumvent this issue thanks to condition (2.33) as we are able to prove that, at
each iteration, we can compute an approximated value

LW = F®) + R°(8W) + R* (W) = G(ii®), 81)) + R*(8™), (2.43)

where @10 satisfies
IVLE(@"; 0], < ny, (2.44)

with n, = n - min{||@%) — @%=D|33,18%) — %=V, nmin}, and such that LK) is
sufficiently close to the true value:

LK) — L(8W)] < pl|®) — ot—1)2, (2.45)

where p > 0 is a fixed constant and not an hyperparameter as we will show it
depends on 7, the constant Ag and the strong-convexity modulus w. Essentially,
from equation ([2.45) we have that

L(8W) < [0 4 pllgt) — glk—1))2 (2.46)
[0 < [(8W) + pl|g®k) — g(k—l)”%_ (2.47)

The next Lemma proves that the algorithm does indeed satisfy this condition.

Lemma 2.7
Under Assumptions|2.2 (iv) and (v), if 8% € dom R' and ii¥) satisfies

IVLE®@™X; 00)|| < my,
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for some m, > 0, then

IF(S(8%X)) — F(a®)| < /\sz_ (2.48)

Proof: By definition of Lipschitz continuity we have
F(S(8™))) — F@™)| < Ap)|S(OW) — ¥,

Combining this inequality with the one in (2.39) we directly obtain the claim. ]

In (2.45) we have that L*) = F(@®)) + RO(6®)) + R* (™), with the second term
being exact, so that L) — [ (8()) = F(&i®) — F(8)). Hence, in light of (2.48) we
have that ([2.45) indeed holds with

Ne

p=n—.
7

Under this condition, the merit function that we use is
~ ’Y _
o) = [ ¢ §||e<k> — Y2, (2.49)

which is decreasing thanks to the While loop condition and the update rules. In fact
we have that @+ < o) 1 X, dW AR (2() < d)

The following Lemma guarantees, under a suitable choice of the hyperparameters,
that Algorithm [2.3 is well defined, i.e., the condition of the While loop is verified in
a finite number of steps.

Lemma 2.8

Under Assumpt/ons@ (i) and (iv), given the points 8%, 8%*~1) € dom R* and
7)€ dom R such that

R (3()) _ p) (200y <« _ T (k) (5(k)
(Z') (27) = =5 h5(Z7),

then, ify > 2p, we have that the While loop in Algorithm|2.3 ends in a finite numbers
of steps. More precisely, at most

m= {max{o,mg(S <1EU)H (2.50)

2I/O‘max /\VF i CVF
. (2 TPt St a5 )

where
E —

so that A\ > Apin = 0.
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Proof: Pick X € (0, 1] and denote with L any value such that
< L%+ xd™) + pa?[d |3,

with d®) = 2(k) — g(k) " |n light of this we have that
L+ P10 < L(6% +2d®) + (p+ T ) 223
= G(0W + AdX) + RY((1 — 2)oW) + Az 4 <,0—|— ) Ald)3.

Since G has a Lipschitz continuous gradient we can use the Descent Lemma [11], and we
can also use the convexity of R! to obtain

Ly+ %Azﬂd(")ll% < G(OW) + AV,G(81)Td) - <A2 +p+ ) 22(|d®k)|3
+ (1= N)RYOW) + AR (W) 1A (X)) Td) — x(e))TdW)
= LX) + X (RM(ZW) - R (61) + (VoG(6™) + &) Td¥))
<Ak

A
+<VG+ + )A2||d(k)||2 A(el0)T (k)

2

Following up with equation (2.46) we arrive at
.y _ ) Ay
Lo+ DR < 109 4 plo®) — 603 + 2y + (528 4 .+ 7 ) 3212
— A(e)Tdk),

where we recall that A, = h(F(2(K)) < 0. Now, if c;, ¢ > 0 and a,b € RP, then we have
the basi inequality

T cf 2 3 2
aca’b < Lyalg+ Zbl3

Using the previous inequality with ¢; = 7@_2", C = Acfl, a=e® and b=d®, as well as
. . . VF
inequality (2.40) we obtain

~ Y ~ _
Ly + A%1d)3 < L) + pl|6t) — 6 1>||% + 2D

Y —2p
) X093 + L2 e

Ay
+(2+++
VF

2 " 2(y 2)

~ Ny y Cy
< [(K) (F ! F) 2)14(k)12
st A 2 T35 2(y —2p) Al

i _
+ 516" — 63
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Finally, the definition of d¥) and inequality (2.30) yield:

Ly + 5273 < 100+ 716 — 0%~ |3 4 xa,

2V0tmax (/\VF Y Cvr ) 2
- mvE T _=YE ) a2
C, > TPt o K

¢
_ [k 4 %Hg(k) — 0513 4 A(1 — AE)Ax.

The While loop terminates if
[ 4 %He(k) — 0k V|3 - aap, > LW %Ha(k) — 0 TDIZ 4+ A1 — XE)A,
>4 gx2||d<k>||§.

In the algorithm we have that that A\ = ¢, which means that the loop ends, at worst, as
soon as m hits the smallest positive integer such that

UémAk > 5m(1 — 5m£)Ak (2.51)
;»o<5’”§120. (2.52)
O

Corollary 2.9

Under the same assumptions as the previous Lemma, we also obtain the following
inequalities:

L0 4 %He“m — W3 < LW+ %HB‘“ — 08UV + oo™ A (2.53)
- 04 ~ Y=
LU 4 Z)j0* D —g®|3 < LI+ 4 7120 — 6®)3 (2.54)
2
< L(2W) + Hzprlf(” - 63, (2.55)

where m is the smallest integer such that (2.52) holds.

Proof: This corollary was indirectly proves in the previous Lemma as a consequence of the
linesearch procedure and of the subsequent updating rule in Algorithm [2.3] ]

Before diving into the convergence analysis, let us discuss the results shown here
with other similar methods in literature.

Our assumptions on the functions that compose the bilevel problem are very similar
to those in [92]. In particular, in [92] the authors find the approximation &%) by
applying one step of gradient descent on E(-;O(k)), and then compute the product
d in an inexact relaxed way. Therefore, in contrast to our proposed method, they
never fully solve the lower level problem. Moreover, the algorithms proposed in [92]
require the knowledge of the Lipschitz constants involved. In fact convergence is
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assured when all the stepsizes involved satisfy certain conditions. These bounds,
however, are seldom verifiable in practice, i.e., the hyperparameters are chosen by
trial and error, as the authors confirm.

The scheme proposed in [72] also shares a good amount of similarities, but also
notable differences. In [72] the same stragegy to compute the inexact gradient
of the loss function is used, but as we have discussed already, the error in this
computation is controlled with a summable sequence, while in our approach we use
an adaptive strategy. Furthermore, the stepsize in [72] is chosen in an adaptive
strategy, that is shown to work empirically but no formal analysis of the algorithm
with said technique is available in the work. Last, but not least, the algorithm
proposed in [72] is not shown to converge, but rather that the limit points of the
sequence of the iterates satisfy the stationary point condition. By contrast, we are
going to show that our algorithm does indeed converge to a stationary point of the
loss function. In particular, we lean on a linesearch procedure which we are able to
carry out even though we can only have inexact values of the objective function and
its gradient. Moreover, we also include a non-differentiable term in the upper level
as well as an inexact computation of its proximal operator.
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Algorithm 2.3: Bilevel Line-Search Algorithm

1 Input: initial iterates 8- and 69, hyperparameters
7, NMmin, Y > 2p1p = n/\F/:u‘vT >0, 016 € (Ov 1)1 0< Qmin < Qmax,
w > 1, Maxlter > 1.
2 Set my = nmin{[|6® — 83,101 — 80Vl Nin}
3 Compute &i® such that ||V,E(@i(?; )| < n.
a4 Set [0 = F(ii®) + RO(8() 4 R1(8®).
5 for k=0,1,..., Maxlter do
Compute %) such that
IVa,E(@%);809)§H) — V7, F ()|, < n)|6%) — g%,
Compute V4G (8K)) = VoR(8%)) — W2 E(ii0); 0T k).
Choose ok € [0tmin, Otmax] and My € M,,.
Compute () ~ prox Nk, (0(") — akM;lﬁoG(e(“)) so that

6

10

11

12

13

14
15

16

17

18
19
20
21
22

23

end

Set

AU (30) — p (20) < _gh(k)(f(k))_
A = hR(z00) d*k) = z(k) — (k) and

Mer = nmin{[dY )3, 1dl, noin}-

Compute @iktD such that

z

IVLE@S ) 20| < mi .

Set LD = F(@k+D) 4+ RO(Z0)) 4 RY(2(K)), [(FHD) = [(k+D) X, =1
and m=0.
while

.ok Y ~ Y > i —
min{ L34 22 1d@ 3, LD+ 2 1dW 5} > LR4- 71600 —0% DB

do

end

else

end

if [

Update m = m+ 1 and A\, =06".

Set myr = nmin{AL N3, Al ld @]z, nin}-

Compute @™ such that

IVLE@F; 0% + Xd®@) 5 < M.

Update L = F@{* ™) + RO(6%) + A\ d®)) + RL(OP + A, d®).

7 (k+1
(D 4 2d@ 3 < L + 222 [d®]3 then
Update 8+ = (k)
Update L*+D) = [k+1) my ) = mz 1 and @+ = @lk+D),

Update 8%+ = (k) 4 X, d®).
Update L) = Z(Akﬂ): Mk+1 = Meyq and gkt = ﬁ§k+1)_
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2.3.2 Convergence

As we have already discussed, Algorithm[2.3 follows the two main steps of a Forward-
Backward scheme. Whenever the proximal operator has to be computed inexactly,
the convergence analysis becomes rather complicated. One efficient strategy to
obtain the desired results is working with the Kurdyka-tojasiewicz (KL) Property
[15]

Definition 2.10. A proper, lower-semicontinuous function f: R? — R satisfies the
Kurdyka-t.ojasiewiecz property at a point 8 € dom Of if there exist

- a constant ¢ € (0, +o0]
- a neighbourhood B of 8
- a continuous concave function @: [0,¢) — [0, +00), such that ¢ € C(0,c),

©(0)=0,¢">0in (0, c) and

©'(£(8) — £(8)) - dist(0,07(8)) >1 V8 e BU[F(B) < f < F(B) + cl.

In particular, if f satisfies the property for every point in dom Of it is called a Kurdyka-
t ojasiewicz function .

While this condition, at first glance, does not provide meaningful insights, it is espe-
cially useful in the convergence analysis. In fact, it is satisfied by the vast majority
of objective functions that come up in imaging applications, and, at the same time,
it excludes some of the pathological cases, e.g. the C* mexican hat. Furthermore,
it also provides a specific path that can be followed to achieve convergence [2, [67].

Theorem 2.11

If f is a KL function and {8%)} e is a sequence that satisfies:
o 0,y is bounded

e Sufficient Decrease: there exist a > 0 such that

F(OW) < F(O%D) — 5)0% — g-~V|12 vk eN

e Relative Error: there exist b > 0 and k¥ € 8f(89) such that

1“2 < bl|§™ — 8% V|, vk eN

e Continuity: there exist a subsequence {8} ,cy and a point 8 € RP such that

lim 6% =8, lim f(8%)=f(0)

J—+o0 J—+oo
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then {8%)} cn has finite length, that is
+oo
> 116% — %Y < +o0.
k=0

As a consequence, it converges to a stationary point 8 of f.

This framework has been extended in [22], in order to deal with a number of varia-
tions of the FB scheme, for instance by including an inertial term or, as in our case,
a possible error in the gradient of the differentiable part of the objective function.
Here we are going to work with an adaptation of Theorem 5 of [22]:

Theorem 2.12

Assume that f: RP x R™ — R js a proper, lower semicontinuous KL function. Given
the sequences {(0%), p)tken C R? X R™, {®}hen, {ritken C R, {¢W}en € RP
and {tx}ken C Ry, if they satisfy the conditions

o [HOJ: The sequence {(8%), py)}ren is bounded and {px}ren converges.

o [HI]: {®y}ken C R is bounded from below and admits a a > 0 such that

Py +ati <&, Yk >0.

o [H2]: limy_ 1o rk =0 and

Ppyr < FICR p) <D+ Yk >0.

o [H3]: For every k > 0, there exists a subgradient k*) € 8f(¢X), py) such that

IO < b &itkiny Yk >0,

i€T
where b > 0, T C 7Z is non-empty, & > 0 for every i € T with > ,cz& = 1 and
ty = 0 for k <0.

o [H4]:

{(6%, pi)}en imasNyT)

=l

) lim, 400 [[€%) — 8|, = 0 and
IiijjLoo f(c(kj), ka) = f(G, |_J)

e [H5]: There exists a w > 0 such that

6%+ — 9|, < wt, Vk > 0.

Then the sequence {(8%), pi)}ken converges to a stationary point (8,p) of f.
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Whenever this theorem holds, we can easily obtain the convergence of {B(k)}keN to
the stationary point. Indeed, since (8, p) is stationary for £, then (0,0) € 8f(0,p) =
0L(8) x {p}, where we have used the separability of f to split the subdifferential.
We can then conclude that 8 is stationary for L by definition, i.e., 0 € 8L(9_).

In the remainder of this section we are going to prove that the hypotheses of this
theorem hold in our setting. In particular, we recall that by Assumption 2.2

F0.0) = L(O)+ 50" pER (2.56)

Py = [0+ T — g1, (2.57)

where L9 is value of the loss function computed at the approximated minimum of
E(-;0%) in step k. We also impose the following

Assumptions 2.13.
The sequence {8%)},cx generated by Algorithm [2.3 is bounded.

Hypothesis 0. This will be proved as we proceed. In particular the last observation
that concludes the proof is at the end of Hypothesis 3.

Hypothesis 1. From the end of the proof of Lemma [2.8 we conclude that, for m
as in equation ([2.50), the value §™ is, by all means, a lower bound for Ax. The same
proof also directly shows that, with

a=o0" (2.58)
tk =/ —Dx, (2.59)
we have
Cbk+1 < (Dk - at,%

Furthermore, we also have that
+oo 1 +oo 1
Z t/% < - Zcbk — ch—i—l = — (CDO — Iﬂfq)k) < 400,
k=0 9 =0 a k

where the right-hand series is a telescopic series whose sum is the limit of {®y}ren,
which is lower bounded (from Assumption 2.2 (f)) and hence convergent to its in-
fimum. We can conclude that the left-hand series is convergent, A, tends to zero
and from (2.30) we know that

0= lim [|0%+) — W2 = |im A, =
k—-+o00 k—+o00 ~
(2.30))

12K — @], (2.60)

lim
k——+o0

in fact, since 8+t1) — k) = X, () —9() for A, € (0, 1], we have ||V -9 ||, <
|2(5) — 8|, with the latter converging to zero.
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Hypothesis 2. We are going to use Lemma 10 from [22], that we report here
slightly changed to be more apt to our context, to prove that [H2] holds with

¢k = z0 (2.61)
Lemma 2.14

Under Assumptions[2.2 (i), consider the sequence {81}y and {21} e generated
by Algorithm|2.3. There exist the constants c;, G2, ¢3, ¢4 € R that depend only from
A mins, Omax, T, V, Nvg and Cyg such that

L") > L(2W) + a b — [0 — 6% V|3 (2.62)
L(Z%) < L(OW) — A + ]| 0% — 8% V3 (2.63)

Proof: The Descent Lemma [11] tells us that
A
G(zW) > G(2W) — VoG (20T (20 — 200y — %an(k) — 2|3, (2.64)
Also, by definition of h(K) (2.38) and simple computations we have that

AR (3R — () 20y = RL(3()) — R1(z2(K)) + <VeG(9(k)) + e(k))T (300 — 200y
1

1
_= qztk) _ g2 _ =
+ 12 6"lIm, Do

5o 2% — 64|y, (2.65)

Rearranging the terms and using the condition (2.27) on h(®)(2(K)) we obtain

-
R1(z0)) > RY(z(0) + (VgG(B(k)) + e(k)) (300 — 200y

1 1 T
L osto _ g2 Lok g2 T k) 5(k) 5
Ay

Adding together this last inequality with (2.64) yields
-
L(zR) > (3 - (VgG(G(k)) _ VgG(z(k))) (2K — 300y — (z(K) — 5()Te(k)

Lok k)2 K k)2 T
+ EHZ( ) -6 )HMk - 29 — 6 )HMk + §Ak (2.67)

~|
20tk
To obtain the first result, we use the Cauchy-Schwarz inequality, the Lipschitz continuity of
VoG and the inequalities (2.28)) and ([2.29) so that

n
(V6G(8™) = VoG(2)) " (29 — 200) < |VoG(6X)) — VoG (2)) ]|z — 29|

< /\vgamaxl/’ 12T (1 + ;)(—Ak)

Furthermore, using the well known inequality a’b < Z||al|» + 4|/b||3, we have that

(24— 209)Te®) < Z[le|3 + 512 — 2093
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Combining these two bounds with (2.67)) and the properties imposed on My gives us

1 1
L(z0) = L(2W) + Avgamawy |27 (1 + ;)Ak =5 1e®@3 = 5129 - 293

1 1 T
= 3k g2 _ = g1,k _ g(k)2 i
+ o 170 = 00, — 5 12 — 6 WGy, + S

1 1
> L(209) + Avgompey 2 (14 3 ) = e[ = 52 - 293

s(k) _ g2 — Y00 g2 1 T A
2mmaxllz 613 2OCmmllz 07112 + - Ak

Now, using (2.28)-(2.29) and (2.40]) we have the first result

C2
L(z9)) > L(20)) + Avgamaxy | 2T <1 + ;>Ak - %He(k) — 0% V)3

T T\ &
+ S amaxV Ak + (1 + ) —mex U2Ak
2 2 A min

= L(Z9) + [ Avgamaxt/y [ 2T <1 + T) + Iamaxu + (1 + T) Fmax 2 Ay
2 2 2/ Omin

C1

Cé _
S A A X
N——"

e
For the second part, we restart from the Descent Lemma
G2 < G(6W)) + VoG (8¥NT (2K — gk /\%Hg(k) _ g(k)”%_
Adding and subtracting R*(2(%)) and R1(8(K)) gives us
G(ZMN+RY (W) < G(OUW)ER(8W) + RY(2R)) 4+ VG (81T (20 — gk)
+ 198200 g
L(2W) < L(8%)) + RN (2W) — RY(8M)) + VoG (61T (210 — 9))
+ 53820 g3
So that, using similar arguments as before, as well as inequality , we obtain
LRy < (80K 4 AR (z(F)) + /\%Hg(k) — 0|2 4 (200 — )T (k)

A 1 1
< LX) + A+ =52120) — 893 + S[1e®3 + 51120 —6W)3

2
< L(00) + 0 — TSIy, EE g0 — gtk 3
T
2
< L(e®) - (Q/\VGCW _ 1) Ay + % 16K — glk=1)12, [
T ~——

Cc3 C4
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From equations and we have
Busn < L0+ 112 - 602
< 1(20) + YL2) 500 g0op2
Now, using the result in equation we obtain

(v +2p)vamax
C,

and from the previous Lemma we get the inequality.

Ppiq < L(ZW) Ay,

(7 + 20)Votmax
C,

So, if in the definition of f in (|2.56) we choose
+ 20)V0max _ 3
Pk = \/§ (- <C1 + 9 é)) 2 ) Ay + C2||9(k) — g UH%) .

we have the first inequality of the claim.
For the other inequality, we use first the equation (2.63) of the previous Lemma and
then the bound on the approximate value of the loss as in ([2.46):

Ppiy < L(2W) - <C1 + > Ay + co]|8%) — gt—1)2.

1 1
L(2%) + 5p? < L(8%) = sty + o]0 — 0D 4 =

2
< L0 — A+ (ca+ p) 6% — 0% 3
v _ 1
+ 211619 — 0% V|3 +

_ [0y %Hg(k) — kD2 4,

by

where we have that

1 y _
Ik = 519/% — A + <C4 +o— 2) 189 — 613,

Lastly, the convergence of r, to zero is assured by equation (2.60).

Hypothesis 3. We are going to show that there is a subgradient k%) € 8f (%), py)

such that
kW) < € (\/_Ak + \/_Ak—1> :

for some € > 0. This would mean that [H3] is verified for Z = {1,2}, b = 2¢ and
&1 =& = 3, with t, given by (2.59).
Similarly to the previous hypothesis, we base the proof on Lemma 3 from [|19] that
Is recalled here adapted to our case.
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Lemma 2.15

Under Assumptions @ if {8%)} e is a sequence generated by Algorithm E then
there exists a subgradient w® € AL (z¥) such that

lw®ll2 < ¢ (Jl2% — 8%, + 6% — 6% V]l2) (2.68)

< cs (=it 189 — 04 2). (2.69)

with c¢s, cg € R depends only on omin, Qmax, Cvr and Nyg.

Proof : By definition, z(K) = argmin, h(¥)(z). The relative optimality condition reads

- _Mk(z(k) —0(h) B

0 € or(R) (2K -
k

(VoG (6) + ™)) € aR* (219) (2.70)

Which in turn, considering simple subdifferential calculus rules, means

(K) _ g(k)
w<k>:—Mk(Za o )—(VgG(G(k))+e(k))—i—VgG(z(k))e@L(z(k)). (2.71)
k

Then, a direct application of the triangular inequality and (2.40) yields

1
w®ll2 < —— IMel[[2%) ~ 8¥]1> + e ]2 + V4G (2)) ~ VoG (6%))2
k

< < < /\VG) 1209 — 80|15 + Cyrl|0) — k1))

min

< max{ + Avg, CVF} (Hz(k) — g(k)||2 + ||9(k) — 9(k—1)||2> ,

A max

Cs

and the desired result is obtained via (2.28) (recall A, = h(K)(z(K)))

T —
lw 2 < c5 <\/ A (1 + 2) 2atmat + 104 — 8 1>||2>

< ¢5 - max {1, \/<1 + T) 2amaxu} (\/—Ak + ||6(k) — 0(k_1)||2)

2

C6

]

Recalling that 8% — @1 = ), _; (29 — k1) for A,_; < 1, from this Lemma we
have that, for the subgradient w)

lw®ls < ( “ho (200 + 0% — e<k—1>y\2)

< G <\/—h(k>(2(k>) + |20 — e<k1>\|2> .
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Also, inequality (2.30) gives us

< G <\/_Ak + \/—AkT—1) ,

with ¢, = s - max{1, 2gma=}.
Due to basic subdifferential calculus rules, we need to check if a similar inequality
holds for |px| = px. The same results that we just used lead us also to have that

2va
lw® |2 < coy/—D + CG\/ " (—Dka)

1
+ 2 VOmax ~ _ 2
= V(- <c1 i O 20 50 1 o - o)

1

sﬁ(

+ 2 max 2 max %
< \/§< ( (ry ,o)l/a > Ay — & u? Akl)

< G/ =Dk — Dy,

2 2
=v2max{c + (v + p)uamax, o Y@max
c, c,

Finally, with a basic inequality of the square root we get

+ 20)V0max . - _ ?
(v P) ma ) AR (300) 4 6, || 200 — gtk 1)||§>

where

jo)% < Cp (\/—Ak + \/—Ak_;[) . (272)
Putting everything together we obtain the required inequality, in fact:

195 = [[(w™, pi)|l2
< Hw(k)H2 + Pk

<(cw+¢cp) (\/_Ak + \/_Akl) :

Note that, in view of (2.60), what we have just shown also proves that px — 0, so
that Hypothesis 0 also holds true.

Hypothesis 4. Consider a limit point (8, p) for the sequence {(8%), pi)}xen and
let {(8%), px;)}jen be any of the subsequences that converge to it. From inequality
(2.28) we have that

lim [z — W], = lim A=0,
k—+00

k—+o00
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because we have already shown in (2.60) that the second limit is indeed zero. This
limit also tells us that z(A) also converges to 8. As a direct consequence of Assump-
tion [2.2 (i) and (iv), f is lower semicontinuous, so that, by definition:

lim f(z% . p) > (8, D).

J—+oo

In particular, the limit exists and is equal to limx_ 1o Px = infx P, € R. thanks to
Hypothesis 1 and 2 which have already been proved. Now we only need the inequality
in the opposite direction.

The same reasoning leads us to conclude that ||k(¥||, tends to zero, as well as
lw®]5, w® and p,, which are the components of k().

Basic subdifferential calculus rules say that

w = VyG(zW) + s, s € oR(zW).

The gradient of G is continuous by assumption and z(¥) goes to 8 means that
J—+o0

sth) 2222 V4G (). Now we recall the basic subgradient inequality (A.1)
RY(6) > R'2*) + (s)) (6 2®).
We add 2 to both sides and +G(z)) to the right-hand side:
_ 1 ‘
RY8) + 507 = (2%, p) — G2 + (%) (6 - 2).

Taking the limit and reordering the terms does indeed vyield

lim (2%, py) < £(8, ).
J—=+00

Hypothesis 5. Recalling that t, = y/—h()(Z(K)), we have that, thanks to how the
algorithm updates the variable 8(%:

Cr .
161 — U3 = AFIdWI3 = X[ 24 — 8|3 < —Xim ~T—h(2),

max

where we have also used (2.30). Hence, [H5] holds with w = A,/

21/Otmax

2.3.3 Numerical Experience

Problem Setting. The proposed Algorithm [2.3 has been tested in a problem of
deblurring. In this scenario, the image formation model can be formulated as

y = Hutrue —|—N(O,’U2) c Rn,

where the forward operator H € R™™" is a convolution operator, i.e., a matrix built
from a convolution kernel h € R™*™ which is also known as the Point Spread
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Function (PSF). The effect of the PSF is, as the name suggests, spreading the
intensity of every pixels across its neighbours. It can be visualised by applying the
kernel to an image with just one pixel activated. The PSF is, more often than not, a
low—pass filter, which means that the matrix H is usually very ill conditioned. Directly
solving the inverse problem, even when it is feasible, would then lead to unmeaningful
solutions. If the underlying convolution kernel h is completely unknown and needs
to be retrieved together with u(™® ¢ R”, then we are facing a blind deconvolution
problem. In this experiment we can say we are in the presence of a semi-blind
deconvolution problem, since we assume to have partial knowledge on h. When
looking for reconstructions u it is important to also find a good approximation of the
kernel. Indeed, simply solving a variational model with a wrong PSF often leads to
undesirable artifacts and ringing effects on the restorations. This problem is more of
a semi-blind deconvolution, as we assume to know the kernel size m = 5. We also
take for granted that the corner pixels of h are zero, the center pixel has unknown
value 6, its four nearest neighbours have all equal intensity 65/4, and, similarly, 6,/16
is the value of the remaining components of the kernel. The parameters 65, 85 and
0, are unknown and need to be estimated. In the experiments, the true kernel is
characterized by 6, = 0.15,63 = 0.1 and 6, = 0.75, and the standard deviation of
the Gaussian noise is 5-1073.

The energy functional used is

1
Ey(u;0) = EHH(B)U—YH2+C191HDU|’1,5- (2.73)

The operator D is the finite difference operator as in (11.6), with zero boundary
conditions. Moreover || - |1 is a C?-differentiable Huber-like approximation of the
Z1-norm, and is defined as

IVllLe =D Ye(vi), (2.74)
=1
where
LB s <.
Pe(s) = 3¢ € - (2.75)
s| — £ |s| > €.

In the experiments € is set at 1072. The constant C; is not learned, and serves
the sole purpose of rescaling the first component of the loss gradient so that the
update of @ does not require different steplengths for the parameters. As for the loss
function, we have that

Ns 4
L(U, 9) = z HUS — Xng + CQ(Z 9,‘ — 1)2 + L{gzo}(e), (276)
2N5 s=1 =2

C, is an eventual hyperparameter that controls the amount of regularization of the
parameters, in order to force the kernel pixels to sum up to one, a fundamental
property of PSFs. Finally, to(-) represents the indicator function of a set:

b(s) = {ioo z;g (2.77)
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Training the Model. The training of this variational model is carried out with the
use of Ny = 20 samples (ys,Xs), where yg is the blurred image and x its clean
ground truth. All the images are from the Berkley Segmentation Dataset [62] and
are cropped to have size 128 x 128. From the same dataset, a separate test set
of 10 images with the same dimensions is selected. The final performance is then
measured on the restoration of the test images in terms of the Peak Signal-to-Noise
Ratio (PSNR) and of the Structural SIMilarity index (SSIM) [100]. For the energy
minimization, once the parameters are learned, we used the Scaled Gradient Projec-
tion method [17]. The SGP scheme was allowed to run for at most 5000 iterations
and was stopped when the relative difference between two consecutive energy values,
the relative distance of two 8 values or the norm of the approximate gradient loss
were less than 1077,

This setting is an extension to that proposed in [92], which also gives us an algo-
rithm to compare against: the Forward-Inexact-Forward-Backward method (FIFB).
To implement the FIFB method, we heavily relied on the code provided, having the
algorithms share as much code as possible to make the comparison more fair.All tests
were conducted on a remote server equipped with 48Gb of RAM, 48 AMD EPYC
7552 CPUs and MATLAB version 2018a.

We now turn to the details of the proposed Bilevel Linesearch Algorithm [2.3. The
approximate minima were computed with SGP until the required stopping criterion
(2.33) was satisfied. For safety purposes, a maximum number of 25000 iterations
was placed, but it was enforced very rarely or in extreme cases. Also, the linear
system was computed with the conjugate gradient method until the prescribed tol-
erance (2.35)) on the residual was met. The hyperparameters of the model were
set according to Table [2.1. We note that the first regularization term in the loss
function is differentiable, hence the proximal operator is limited to that of the indica-
tor function, which is the standard Euclidean projection. Hence, there was no need
to set 7. The proposed method was set to perform no more than 250 iterations,
with similar stopping criteria to those described above. In particular, it was stopped
when the relative difference between two consecutive approximate loss values or the
norm of the loss gradient were less than 10~° or when the relative difference between
two consecutive iterates was less than 10™*. This weaker tolerance on the iterates
is motivated by the fact that it also directly influences the inner problem stopping
criterion, where the norm squared between consecutive iterates appears. Setting a
really strict threshold for this means that the inner solver may end up running for a
tremendous amount of time, but at the same time the overall performance does not
show sufficient improvements to justify the extra computational efforts.

As for the FIFB, we followed the choices made by the authors in [92] and in the
relative code, and was let run for at most 10° iterations. The significantly higher
number of iterations is expected because of the different nature of the algorithms.

"https://zenodo.org/records/7974062
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Each iteration of the FIFB method performs only one gradient step on the images,
which obviously leads to smaller gains in terms of loss function. We also placed the
same stopping criteria, but again with a stricter threshold of 1072,

‘n‘nmln")"é‘ o ‘amin‘amachl‘C2‘
(1001 [1/03[107*|107|0.01 | 1 | 1 |

Table 2.1: Hyperparameters chosen for Algorithm in the proposed

semi-blind deconvolution problem (2.73)-(2.76).

Results. Figure 2.1 illustrates the comparisons between the two algorithms. For
the FIFB scheme, the initial values for u(® are pre-computed with an optimization
algorithm, and then used to obtain also the starting point for the adjoint variable.
We used this u® to computed the initial approximated value for the loss function,
and consequently the time required for iteration zero includes the time used for this
"pre-processing” . On the other hand, in our proposed method the value of the
approximate loss function is plotted at time zero because we are able to obtain it
indirectly in the required computations for the first iterate.

The graphs shows how both methods needs some time to adjust before seeing a
significant decrease in the approximate loss function. The difference between the
two is that our proposed method is faster in reaching this break-point while the FIFB
method is slower but a bit steadier, only showing signs of an acceleration towards the
end of its runtime. The very strict threshold for the stopping of FIFB is motivated by
the behaviour exhibited by the method: if the threshold is set less severe, these small
steps accidentally leads to a premature stop of the algorithm, at least compared to
the performance shown by our proposed approach.

Table [2.2 reports the numbers for the two methods in question. It is interesting to
notice how the improvement between the blurred images and the final reconstructions
is more evident in terms of the SSIM. This is not by chance. In fact, the PSNR is
notoriously not a good metric to measure the distortion caused by blur, while the same
cannot be said for the SSIM [64]. Overall, the performance of the two algorithms in
terms of validation is essentially the same.
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Figure 2.1: (a) Approximate value of the loss function through time;
(b) Distance of the estimated kernel from the true one; (c) Evolution
of the mean PSNR computed on the test images; (d) Evolution of the

mean SSIM computed on the test images.

| Blurred | Ours | FIFB
Avg. PSNR | 24.63 |29.39 | 29.35
Avg. SSIM | 0.701 | 0.860 | 0.858
Castle PSNR | 18.75 | 24.70 | 20.54
Castle SSIM | 0.592 | 0.871 | 0.723
Dog PSNR | 25.98 | 30.13 | 28.32
Dog SSIM 0.769 | 0.870 | 0.823

Table 2.2: Numerical results in terms of PSNR and SSIM for the meth-

ods compared. The average PSNR and SSIM were computed for the

10 images of the test set, while " Castle” and " Dog" refer to the values
for the images shown in Figures and 2.3} respectively.
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Figure 2.2: From the top left image, going clockwise: ground truth,
blurred sample, reconstruction obtained with 6 learned by FIFB, recon-
struction obtained with 6 learned by our proposed algorithm.

Summary and Possible Improvements.

In this chapter we have introduced bilevel optimization as a tool for the learning
of parameters in variational models. In particular, we have described the implicit
differentiation technique, one of the prevalent strategies in the literature to solve
this kind of problems in imaging applications. Moreover, we have proposed a general
optimization scheme to solve the bilevel problem. The algorithm is classified in the
Forward-Backward framework, where the novelty lies in the fact that it can include
some form of error in the computation of the gradient for the differentiable part.
The algorithm was also compared to other schemes present in literature that solve
the same problem under very similar, if not exactly the same, assumptions. The
results of this comparisons are strongly promising. Our proposed bilevel linesearch
algorithm exhibits a comparable performance to other bilevel optimization schemes,
while doing that in a relatively short amount of time. This line of work has many
natural continuations and directions of improvement, some of them clearly dictated
by the strict assumptions placed on the objective functions. The obvious one is
smoothness. The assumption that wants a twice continuously differentible energy
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Figure 2.3: From the top left image, going clockwise: ground truth,
blurred sample, reconstruction obtained with 6 learned by FIFB, recon-
struction obtained with 6 learned by our proposed algorithm.

functional is fundamental and at the very base of the algorithm. However, the vast
majority famous regularizers are not even differentiable, think of the Total Variation
in Example [1.3 or the £;-norm in Example [1.2. Although it is possible to find many
smooth and proficient approximations for many non-differentiable functions, it would
be ideal to be able to deal with them without workarounds. Another crystal clear
limitation is convexity, especially considering the recent advent of better performing
and more suitable non-convex regularizers [27, [87]. Our scheme relies on the strong
convexity of the lower energy to link the magnitude of the error in the approximate
gradient to the difference between the last two iterates, which is a key passage to
prove the convergence. However, this assumption also serves a second purpose. It
forces the energy to have a unique minimizer. In the non-convex case there can be
multiple non-global minima and the convergence analysis needs to take into account
that the approximate solution obtained from the lower level may just be a local
minimum.
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Chapter 3

Algorithm Unrolling

The ideas presented in the previous chapter had the fundamental assumption that
we are willing to carry out the energy minimization as far as necessary, in order to
get an approximation of the minimum that satisfies certain convergence conditions.
This had the obvious consequence of having to optimize the energy, sometimes even
multiple times for each outer iteration, even though error still needs to be considered
as the minimum is not exact. There is an alternative way of framing the problem of
learning the parameters of the variational model, which is going to be the object of
this chapter. We are talking about algorithm unrolling/unfolding which is going to be
described in section [3.1 along with some other data driven methods that are natural
comparisons to it. Sections [3.2 and [3.3 are dedicated to two different applications
of this strategy.

3.1 Framework Definition
The problem of learning the unrolling of an algorithm can be formulated as

6 c argmin Y2 1 (1i,(8), 6)
9cOCR? (3.1)
subject to ;s = A" (ug; ys, 6).

Essentially, we give up the requirement that u is constrained to be within a certain
distance from a minimum of the energy. Here, A represents any optimization algo-
rithm, suitable for the energy functional E, that is applied K times starting from the
initial point ug. Needless to say, the choice of A and K has to produce an image
that is somewhat close to the true minimum, in order to feed the upper level with
relevant information.

In practice, the composition of the K steps of A becomes the restoration algorithm,
as once problem @) is solved, we just need to apply the learned iterations to clean
a new image y. While the scheme is still tied to the energy E, it also has more room
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for movement. For instance, one of the goals of problem (3.1) is still that of learning
the parameters of E, but this time it can be extended so that 6 also includes (some
of) those of the optimization algorithm itself.

This reformulation takes the name of algorithm unrolling/unfolding. As far as we are
aware of, was originally proposed in [34], but as gained a lot of attention in both the
imaging and machine learning communities [41, 47, |61, |69, 70, [74]. In particular,
[34] shows in detail how to compute the loss gradient. In fact, as the lower level
solution is now exact, the gradient of the loss function can now be obtained by re-
peated applications of the chain rule. For simplicity, we will consider the derivative
w.r.t. only one parameter 6, and for one sample. In this passage, we are going to
make use of both the total derivative notation and the partial one to help make it
more clear w.r.t. what we are differentiating. Then, we have that

Cdiéj(ﬁ(e), 0) = V,L(u, e)Tj;(e) + gg(ﬁ, 0) (3.2)
:VUL(G,B)TSQJ( u“=1(0);0) + SQL( 0). (3.3)

If we return to the formulation (2.9) introduced in the previous chapter, then we can
assume that R?(0) is differentiable and R} can be dealt with using an appropriate
outer optimizer. Then, the main difficulty lies in obtaining the total derivative of A
w.r.t. 8;. The first thing we notice is that we actually do not need to form it, as we
are interested in its product with a vector v € R”. To compute the scalar product

+dA

T4 W 0):0) (3.4)

V')

there are two main modalities.

e A backward mode or reverse mode, where, in a first phase, one needs to compute
and store the sequence of iterates (u(k))k:() ,,,,, x, and then with a second loop the
chain rule is applied starting from the last iterate. Observing that

d.A du(K_l) a.A
(K-1) — T (K-1). (K-1)
) —(u (0);0) =v'V,A(u :0) a6, +v’ 36, —(u (6);0)
——

=&, W 2(0):0)
u(K_Z)
do;

=v'V,Au*Y;0)v,Au"2(0);0) ‘
+ vV, A(uKY; 9)%(U(K_2); ) + VT%(U(K_D(G); 9),
26, 36,

it is possible to compute the product ([3.4) following algorithm [3.1. This scheme
has been used for quite some time in other fields as well. Namely it is known as
backpropagation in deep learning contexts [59].
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e A forward mode, which perhaps is a bit more straightforward as the derivatives are
computed alongside the iterates, without the need for a second loop. Noting that
the initial iterate u(® does not depend on 6, the product (3.4) can be obtained as
the output of algorithm [3.2

Algorithm 3.1: Backward Mode
1 Input: (u®),_,
2 Set

Z(K) — VT c Ran

w —=

3fork=K K—-1,...,1do

Update
0A
wj = w; + Z(k)%(u(k_l)J 0)
J
(k=1) _ (k) (k—1).
y4 2"V, A(u :0)
end
d
4 Output: VT—A(U(K_U(B);B) = w;.

do;

Although the two modes yield the same final output, their implementations bear
significant differences. From a theoretical point of view, the forward mode is, in
general, preferable. The fact that the derivatives are compute online and also the
inner iterates do not need to be stored makes the modality more efficient. However,
in practice, this is often not the case. If the number of parameters p is quite large,
in particular when p >> n, then the tables are turned. As a matter of fact, we have
expressed two modalities only for one parameter, but obviously the computations are
carried out simultaneously for all 8;,j =1,..., p. At each iteration of the backward
mode needs to store the vector w € RP and z(K) € R”, which is the same for every
parameter 6;. On the other hand, the forward mode requires the update of the
variables r© q(¥) € R"™*P, where there is also a lot of redundant information stored
multiple times.

Until this point we have not specified any kind of assumption on the functions in
question. As we have said, the upper level loss function is assumed to be in the form
(2.9), where the term F,(u) needs to be differentiable. Regarding A itself, in order
to be able to apply either one of the algorithms here presented, we need that the
general iteration of A is differentiable w.r.t. u and 8. This property is achieved, for
instance, if A is a first order method, i.e., it only involves E or V,E, and E is twice
continuously differentiable. However, as we already discussed, this requirement is a
bit strict and excludes a multitude of powerful functionals, unless some relaxation is
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Algorithm 3.2: Forward Mode
1 Input: u®®
2 Set

0A
0) — 2% ((0).
' 06, (u™:6)

q(0) — ¢©
3fork=1,2 ..., K—1do
4 Compute
) 8A(u; 6)
00;
end

5 Compute ut) = A(uk=1. 9)
6 Compute v = V,L(u);9)
7 Output: v gV,

employed. There are, however, other ways to obtain the same regularity. If the energy
can be written as E(u; 8) = fo(u; 8)+1(u; 8), where f; is a continuously differentiable
function, and f; is proper, convex and lower semicontinuous, FB schemes as described
in and ([2.22) represents a class of first order methods that can be rielaborated
to yields the desired properties. In fact, the proximal operator as defined in ([2.23))
is based on the standard euclidean distance. Bregman distances can help to further
generalize the proximal operator with the dual goal of obtaining an explicit closed
formula for the minimization in the proximal operator [3, 4] and, at the same time,
making the single iteration of A differentiable. Of course, this approach is not limited
to FB schemes but can be applied to a variety of first order proximal algorithms [47,
70].

Algorithm unfolding has another, more subtle, improvement compared to the full
bilevel optimization problem: the hessian of the energy functional, even when needed,
is not inverted. Furthermore, in practice, the hessian does not even need to be
completely formed, since in most cases one just needs its action against a vector.

There is also the obvious question is how to select the hyperparameter K. The
most natural strategy is comparing problem @ which is technically not a bilevel
problem anymore, to its cousin @ While it is possible, for various choices of A, to
prove the convergence of the "unrolled” loss derivative to the " full” one expressed in
(2.12)), as in [63] for instance, it is never going to be case as the number of iterations
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K is fixed a priori, and ideally as low as possible. An interesting study was conducted
in [84], where the authors considered the class of quadratic functions with A being
a first order optimization scheme. They observed that the distance between the
gradient computed according to algorithm [3.2 or [3.1 and the full one from
initially increases, and only after a sufficient number of inner iterations it becomes to
decrease. These unwanted effects can be mitigated by reducing the inner steplength,
which however then leads to remaining farther from the energy minimum and possibly
an inferior quality in the final reconstruction.

There is, of course, also the strategy of somehow learning the lower steplengths
as well. In [36], the authors observe of often the best image is not actually the
minimum of the energy, but is obtained by early stopping. Following this argument,
they develop a strategy to learn K from data by means of the optimal control theory.
Overall, in most cases, K is left as an hyperparameter of the model. It is set
according to the specific task in question as well as in relation to the steplengths
in A. Also, K cannot be chosen arbitrarily high, as after some point the procedure
suffers of diminishing returns in terms of distance form the minimum of E, while
the computational cost increases (especially when the backward mode is used to
compute the loss gradient).

3.1.1 Extension to Deep Methodologies

The concept of unrolling an optimization algorithm leads to a final learned model that
can be viewed as a very basic Neural Network (NN). A NN is essentially a composition
of multiple functions Ny, ..., N, , where most depend on a set of parameters 8 =

(6y,...,0,)
NN(;0) = N (N._1(... No(Ny(u;8,);8,)...:0,_1);0,),

where L is the number of so called /layers. Due to their versatility and capabilities
of abstracting the images and the data they are presented with, NNs have attracted
enormous attention for quite some time now. NNs, as many other deep learning
methodologies, are able to set all of their parameters through a supervised or unsu-
pervised learning procedure, and once these are learned, they can be used to directly
process new data. The connection between NNs and algorithm unfolding is clearly
drawn, but there are still differences as well as ways to fill the gaps in between.

Plug and Play Models. Let us consider a general variational model E(u) = F(u)-+
R(u), where F is a differentiable term while R is a convex but non-differentiable
function. In the optimization literature there exists many different schemes to tackle
the corresponding minimization problem by performing a variable split [28]. One
example is the family of FB schemes as in (2.21) and (2.22). Another popular
strategy is the Half-Quadratic Splitting which rewrites the problem as

min F(u) + R(z) + gHz —ul? (3.5)
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and then solves Is with the alternating steps

uc ) = prox 1 -(z)) (3.6)
zFY) = prox 1 5(uktY), (3.7)
P
At this point, the fundamental idea of Plug and Play (PnP) models is to replace one

or more proximal operators with pre-learned denoisers, which act as the new prior for
the images:

2 =u® — oV F(u®) (3.8)
uh = NNE(2), (3.9)
in the case of a FB scheme, or
uk ) = M NE(Z9) (3.10)
Z(k+1) :NNg(U(k+1)), (3_11)

for the half-quadratic split. This is motivated by the fact that known, explicitly
formulated regularizers are not usually easy to handle, or have limitations in their
performance. The first obstacle is finding and/or developing the right prior for the
specific images in question. A second one is related to its properties. If the regularizer
is non convex then the energy admits local minima, which may all lead to different
levels of quality in the restoration. Another aspect is whether or not the proximal
operator has a closed form solution to its own minimization problem. So, overall, a
winning strategy might be that of the proximal operator with a NN, so that we could
even draw from distribution that do not have explicit regularizer.

The question whether or not this NN, in the end, is truly a proximal maps always
looms over this approach. However, there have been works where the denoiser is
indeed shown to be a proximal map [55, 65, [88], in particular when the denoiser is
nonexpansive. This, Iin turn, also ensures the convergence of the resulting iterative
algorithm to a stationary point.

Deep Unfolding. Deep unfolding/unrolling is a natural variant of the PnP ap-
proach. In fact, the iterative schemes described in the previous paragraph can be
truncated after a number of iterations, and then learned similarly to an normal al-
gorithm unrolling. In general, the concept of deep unfolding refers to a broader
multitude of strategies where the layers of one or more NNs, and the overall pipeline
is guided by an optimization algorithm [10, 99], so that the uncertainty of the NNs
is mitigated by the solid theoretical background of variational models.

Some considerations are in order. It is true that NNs have been, and still are, revo-
lutionizing the literature thanks to their outstanding results across many disciplines.
However, they still come with notable downsides.
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What makes deep learning methods so powerful also constitutes their biggest limita-
tion. The data driven nature that is at the core also enforces a non-negligible task
dependence. While the same could also be said for variational models, and even more
for learned variational models, deep architectures not only needs to be constructed
based on the problem at hand, but are also heavily affected by the specific samples
that are used in learning. The bias-variance tradeoff or, in broader terms, the gen-
eralization capabilities, are always relevant in the design and the training of a NN.
Overfitting is a constant obstacle in many machine and deep learning applications,
and although there are many tools to address and mitigate it, no clear ever-effective
resolution exists. On the other hand, variational models, in virtue of being simpler
entities, require less data and thus are a lot less at risk of adapting too much to what
they see in training, i.e., there are less chances that a variational models performs
way better on the training set than on the test set.

The data driven nature is also strictly connected to another weakness of NNs: they
have no interpretability, or barely any. Hybrid schemes such as PnP and deep un-
folding aim at giving sense to the structure and the millions of parameters of NNs,
so that there is some hope in understanding their behaviour. In practical terms,
this lack of understanding translates in an unpredictability of the results. There are
countless examples where the NN returns an answer that is just plainly wrong [93)].
When this happens because the network was fed with an image that was corrupted
to levels beyond those that the network is able to handle, then it is still reasonable.
However, when this happens on images that do not have anything wrong (at least
to the human eye), then it is a not so insignificant problem. Studies on the stability
of NNs have been conducted [37], but still, in the end, the black-box nature of NNs
makes them never one hundred percent reliable and it does not allow us to safely
predict when they are going to fail nor why. The well established theoretical grounds
of variational models, both in terms of functional analysis and practical applications,
allow us to have a more precise overall picture and better intuition regarding the
outcome.

Finally, in order to have a decent level of stability as well as accuracy, a model usu-
ally undergoes multiple design changes and trainings. In light of the recent trend of
a green ans sustainable artificial intelligence, the computational resources required
for this, i.e., to develop a satisfying deep model should be taken into account. An
entire branch of research, called Neural Architercture Search [45], is focused on
finding an efficient way of designing NNs, exactly because otherwise it can truly be
overwhelming.

3.2 The Helsinki Deblur Challenge

One suitable application in which we decided to learn the unrolling of an optimization
algorithm was the Helsinki Deblur Challenge (HDC) of 202]H. This proved to be a

"https://www.fips.fi/HDC2021 .php
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solid benchmark for the proposed approach. This scenario, in fact, not only offers
the possibility of learning the variational model, but it also adds a few interesting
complications, namely, a blind deconvolution problem and the difficulty of working
with real pictures.

3.2.1 Challenge Rules

The primary goal of the challenge was to deconvolve a collection of text images of
size n; X n, = 1460 x 2360 pixels. These images portrayed black characters against
a light background and were written in two distinct fonts: Verdana and Times New
Roman. Each image contained a randomized text string comprising 10 characters
distributed across three separate lines. These images were categorized into 20 lev-
els, each corresponding to a different degree of blur. As one progressed to higher
levels, the images exhibited progressively more degradation. Additionally, for each
level, two subsets of 100 images were provided, one for each font. All these images
were captured by two digital cameras, denoted as CAM1 and CAM2, simultaneously
aimed at the same e-ink screen displaying the text string. CAM1 was in sharp focus
and thus served as the benchmark, constituting the first subset of data. The second
subset, on the other hand, contained images captured by CAM2, which experienced
a misfocus, leading to images that were both blurry and noisy. Furthermore, these
images suffered from various optical distortions. Effectively, the dataset consisted
of two versions for each text string at every blur level: a high-quality image and a
blurred, noisy, and distorted counterpart. Figure[3.1 depicts the setting in which the
images were obtained.

Following the conclusion of the challenge, a separate test set was released, con-
sisting of 40 images per level and constructed in a manner almost identical to the
original dataset. The most significant difference was the addition of more possible
characters, such as numbers and spaces. the quality of an image was assessed by
subjecting it to Optical Character Recognition (OCR) software, which was included
with the initial dataset. This assessment was based on the Levenshtein distance [60],
which essentially returns the smallest possible number of substitutions, insertions or
deletions needed to transform one string into another. It is also important to note
that the OCR would always first try to identify the three lines, and if it recognized
anything other than three, whethere it be more or less, it would instantly assign a
score of 0.

Competing algorithms were evaluated against the test set, and achieving an average
score of at least 70 out of 100 correctly recognized characters by the OCR software
signified a successful pass at the respective level. Notably, the images captured by
CAM2 in the first three levels managed to clear the OCR test as they were, without
requiring any additional post-processing. However, in the later levels, the degree
of blur reached an extreme level. It is important to highlight that the OCR score
exhibited a higher sensitivity to blur as compared to noise or warp, making it a viable
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metric for assessing image quality under these specific conditions.
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Figure 3.1: Experimental setup for the HDC.

3.2.2 The Variational Model

Let us first work on the underlying variational model, as it is at the center of our
proposed framework. For this challenge, we assumed the following acquisition model
for the images:

y = H(r)(u™® 4 bg) + o, uyecR" (3.12)

with n = n; X n,. The noise o is assumed to be a realization of a Gaussian distribu-
tion. Gaussian noise is the most common, and there are no other signs or indicators
that the images are affected by other forms of noise. Both the ground truths and the
noisy samples presented a background bg distortion, which if not addressed withing
the energy functional would most probably cause issues. In particular, it would hinder
the variational model in producing sharp, sparse and binary images, which are some
of the main characteristics of text images. Last, but not least, the operator H(r),
that with an abuse of notation represents both the linear operator and the corre-
sponding matrix, is the main culprit of the challenge and represents the convolution
operator. The HDC is structured as a blind deconvolution problem, as the challenge
itself did not provide any information regarding the PSF. However, a preliminary
analysis showed us that the data was afflicted by an out-of-focus blur, or something
very similar. This helped us giving a reasonable, although not perfect, structure to
the kernel. An out-of-focus blurring kernel can be considered as a flat disc, with its
radius r controlling the intensity of the degradation. We used the MATLAB built-in
function fspecial to obtain, whenever needed, a disc kernel and its derivatives with
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Figure 3.2: Sample images from the test set for selected levels. Level
19 is the last level, and in the blurred images (right column) even the
human eye is incapable of discerining any character whatsoever.

respect to the parameter r.

The variational model featured the constraint u € [0, 1]” in combination with two
regularization terms:

e The indicator function

Lo(u) = {j—oo : Z g (3.13)

when Q = [0, 1]" is tasked with enforcing the boundaries for the pixels.

e The Total Variation (TV) is extremely well versed in this context. The main
drawback of the TV is the unpleasing visual effect of having big image patches
with constant pixels. Indeed, while it is proficient in reconstructing the edges of
the images, sparsifying the gradient also produces the effect of having the region
between the edges to be flat. This turns out to be a perk in recovering characters,
as having a well defined edge is as important as having a solid black character
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when feeding the image to the OCR. Formally, the TV term used was

m.n

T\/(s(u) = ZZ \/(U,‘J — U,'J.,.l)z + (U,'J' — U,'+1J)2 + 62. (314)

i=1j=1

Here, the small adjustment is the presence of § to obtain a smooth functional.

e As a prior for binary images, we employed the following function

n

1
B(u) = 5 > ui(1— w). (3.15)
i=1
This is a downward parabola which serves the purpose of forcing the pixels towards
the boundary of the feasible region, i.e., to be either 0 or 1, in order to highlight
and define as much as possible the characters.

To sum up, the energy functional involved was
1
Ey(u;8) = S[H(r)u+bg —y|5 + pB(u) + 7TV (u; ), (3.16)

where the parameters to learn are 8 = (r, p,7, 9).

3.2.3 Unrolling Technique

The Fast Iterative Soft-Thresholding Algorithm (FISTA) [5, 26] is an extremely
renowned and effecient optimization methods which can be employed to solve an
optimization problem of the form

min fo(u) + f,(u), (3.17)
ucR”
where fy: R” — R is a convex function that is also continuously differentiable on a
closed convex set Q C R”, while f;: R” — R is proper, lower semicontinuous and
convex function with €2 C dom f;. Since its first publication, it has attracted the
attention of most of the optimization community, and several variants have been
proposed. Here, we use the following FISTA iteration:

uc ™ = prox 4,7 (v — a, Vi (v)).

Pq(+) represents the orthogonal projection onto the set €2 and the proximal oper-
ator is defined as in equation . Furthermore, ayx and Bk are the steplength
and extrapolation parameters, respectively. The convergence properties of the above
iteration have been established in [18], for a suitable set of (ak)ken and (Bx)ken-
Results in the non-convex set have also been established such as those in [68].

The optimization problem min, Ey(u; @) can be dealt with the FISTA iteration de-
scribed, by setting Q = [0,1]", fo = Ey and fi = tjp1o(u). It is well known that
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the proximal operator of the indicator function of a set reduces to the orthogonal
projection onto said set. This proximal operator would not normally be problematic.
However, computing the gradient loss is much easier to handle if the single algorithm
iteration A is smooth, as we have desscribed in section [3.1. To achieve the desired
differentiability, we developed the following component-wise projection function:

max{min{s,1},0} ifs€[-00,0]U[e,1 —¢€] U1, +o0]
Ns)=<(2-2)< if s €[0,¢ (3.18)

€

1-(2-122) 02 ifse[l-¢1]

€ €

where € is a positive parameter. In practice, the function coincides with the Euclidean
projector everywhere outside of [0, €], [1—¢, 1], a third degree polynomial interpolates
through the points (0, 0), (¢, €) and, by symmetry, (1 —¢,1—¢€),(1,1). A behaviour
that is as close as possible to the Euclidean projection is more synergistic with the
concave function [3.15] Especially compared to other projection-like functions, like
the interior barrier function from [10] or the sigmoid function, it maps the points
outside of the box exactly to the closest bound of the box. In our experiments, we
have found this to be a crucial aspect to recover good quality images. However,
it also suffers from the unavoidable oscillations that appear when interpolating via
polynomials. In Figure [3.3 we compare our proposed projection to the standard
Euclidean one and that from [10] in the interval [0, 0.1]. In the experiments that will
be discussed later, we always set € = 1074

Algorithm [3.3 reports the general unrolling procedure based on the elements pre-
sented in this paragraph. Similarly to the convex case, we use the extrapolation step
Bx = % to accelerate the energy decrease through the iterations, as shown in [26,
66]. When dealing with a deblurring problem via variational models, it is important
to get as close as possible to the minimum, in order to reduce the ringing effects
in the reconstruction. This is especially true in a blind deconvolution problem where
the PSF used in the model is not even the correct one, emphasizing the Gibbs phe-
nomenon. In our energy the regularization terms, especially the concave function,
help attenuating these artifacts, but it still proves necessary either apply the iteration
A for a notable amount of times or to accelerate the convergence.

Regarding the steplength o, we consider them as parameters to be learned along with
the energy functional parameters 8. Then, denoting by a € R¥ the vector containing
all the steplength parameters, we have the full picture with all the dependencies of
the lower level solution:

=]

=u(0,a).

The idea of including the FISTA iteration in a learning procedure has been already
proposed in several contexts, often in combination with neural networks and deep
learning techniques (see for example [1, |10, 51, 97] and references therein). As
explained above, here we consider the FISTA unrolling in the framework of bilevel
optimization, which is closer to the traditional variational approach.
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Figure 3.3: Plot of the projection-like function in the interval
[0, 1], for different choices of the parameter €. The dashed line shows

the standard Euclidean projection, while the dash-dotted line represents
the interior barrier projection proposed in [10] with parameter 1074,

Finally, we compute the gradient of the loss function with the backword mode de-
scribed in Algorithm [3.1. Here we describe the details of said scheme in this specific
instance, which can be summarised by following Algorithm [3.4. For the sake of ease
of notation, we consider the partial derivative of the loss function L with respect to
only one parameter 6;. First, we can observe that

v =N((1+Bu — D)

av(k) au(k) au(kfl)
(e _

With a small abuse of notation, N’ denotes the jacobian matrix of the projection
(), which is diagonal since the projection acts component-wise. Exploiting the
previous formula we get:
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Algorithm 3.3: FISTA-like deconvolution procedure
1 Input: y e R”, u® u-b =y

3 V9 = u® 4 B, (u®) — u=D)
a | v =)
5 |t =v -, V,E,(v7;0)
6 | ut =n(k)

end
7 Output: & = u(<+D.

8u(k+1)
a6,

0
09,

= ' (tW) <(In ~ a,V2,E(v®;9)) ag ; VL E(®, e))

= (1+BINE) (1 — o V3, E,0)) () 2t

au(kfl)

= B (%) (1, — 0, V2,E(v0; 9)) (W) —— 56,

— ozkl'l’(t(k))ﬁVUE(v(k); 9).
36,

This is the j — th column of the Jacobian matrix for the function ut**%) = uk+1)(g).
Using these findings and a smart variable notation, we can define a procedure to
compute the gradient that avoids building explicitly the Jacobian of u**1) and is
also well versed for the practical experiments as all the computations can be done
efficiently in the context of the HDC. The inizialization reads:

Z(K+1) V.L (D) (K1) — o WJ_(K+1) —0,

Then
ol Autk+n "

296('_‘):[691] VUL(G):[ 56, ] V,L(a)

_ [a“g:l)l 2(K+D) [829 ] r(K+1)+W(K+1)
J

Au¥)

J

—(1+[3K)[ ] (05 (I — ax VE,E(W™), 8)) I (£4))z(<+D

oulK-1)
26,

— Br l ] M%) (I — ax V2,EWT, 8)) (£00)2(<+D

) 7 ut]’
— ax [89 VENWK, 9)1 M’ () K+ 1 [ ;9 ] p(K+1) W(K+1)
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Algorithm 3.4: FISTA-like backpropagation procedure for a parameter 6,

1 Input: @ from Algorithm E

Set zK+) = V,L (@), r’"+Y = 0 and WJ-(KH) =0.
for k=K, K—-1...,1do

a |z =M'(x0R)zk+D)

.
5 Wj(k) N [(%VUE(V(“; 9)} 7(K)

6 | q=n'(vk) (In — a,V2,E, (v9; 9)) z(K)
7 |z = (1+B4)q" + rkD)
s | 1= _B.q®

end

;
Output: g—éj(ﬁ) = Wj(l) —ag [G%VUE(V(O); 9)} n'(¢©)zW.

w N

o

Now by defining

2% = (14 BN @Y) (In — a VZ,EWX),8)) IV (£4))z4+) 4 ¢kt
r) = B (F9) (I —  V2,E(W™), 8)) ' (£)z% D

a T
Wj(k) = —au L%VUE(V(/O, 9)] n/(t(k))z(k—H) + Wj(k+1),
J

we get

(K)
i

G (k=177
oL _ (o™l iy, |Ou ) 4
00; 09, 00;
Proceeding with the recursion, and using the notation indicated, we get the desired
derivative as written in Algorithm [3.4.

3.2.4 Learning the Model

We can now turn our attention to the learning problem, which is described only for
one training sample. We need to solve

r{r’win L(@(0, a)) = L(AY)(y; 0, a)) (3.19)
s. 100 €O CR* ac[amn tmal”.

The parameters of the model are bounded to be in a reasonable space dictated by
their role in the variational model.

A key aspect of the methodolgy that we used to solve the HDC is the choice of the
merit function L. It is tasked with a number of objectives. The images obtained from
A need to be sufficiently cleaned from the blur and noise in order to received the
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highest score possible from the OCR. At the same time, it has to be differentiable
and it would not hurt if it is also easy to handle with known optimization schemes.
Retaining both there purposes, we devise two different strategies for this parameter
learning phase: the first one is as standard as it can get, and revolves around com-
paring the reconstruction u to the ground truth image x € R”, that is provided by
the HDC; the second is focused on building a differentiable and " nice” enough OCR
score predictor. The latter, in particular, works around a fundamental assumption
that can be a weakness of the first method, i.e., the ground truth x needs available
and suitable to use.

Supervised SSIM-Based Merit Function. Here we want to measure the distance
of the reconstruction from its corresponding ground truth. An aspect that must not
be neglected, is the choice of the metric function that penalizes errors. This can be
influenced by many factors. In the HDC, due to the unknown distortion that afflicts
each and every image, ground truths included, a loss function that compares the
images pixel by pixel is not the best course of action. With these considerations we
adopted the Structural SIMilarity index (SSIM) as it was presented in [100]:

1 m
SSIM(u,x) = EZSfl)(u,x) - 59(u,x), (3.20)
=1

with
2+ C 20% + C
(1) _ adilad 1 2 _ 40 tCa o1
U a O MY T avarg B

The quantities p", p*, o, d*, 0", € R™ are defined through a convolution matrix
W € R™*" that acts as a mask by selecting the correct pixels:

n n
W= Wi, =3 Wi,
=1 j=1
n n
of =X Wyui — (u)?, o= Wix? — (u))?
j=1 j=1
n

o =Y Wyujul —pinf,  i=1....m.
Jj=1
In the experiments W is a Gaussian filter with standard deviation 1.5 and size 11,

C; = 107* and C, = 3-107%, which are standard choices for images with pixels in
[0, 1].
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The gradient of the SSIM can be computed as follows:

5% (u,x) (uu G )
()2 + ()2 + G\ T ()2 + ()2 + G

b = Sfl)(u,x) x 20" + G,
o+ o+ G\ T oot + G

Ai =

S (u,x)

V= —————
O',u—i‘O'f‘i‘CQ

& = 5/(2)('1:)() Vi,

fori=1,...,m, and then, for yj=1,...,n,

2 0 2 m 2 m
V.SSIM(u,x); = - S Wi — ¢i) + prosa’ > Wiy — Ui > Wi
i—1 i—1

i=1

The SSIM assigns to u a score of 1 when it is x, and 0 when there is similarity
whatsoever. Hence, a suitable loss function becomes:

L(@i(8,@)) =1 — SSIM(@(8, a), ). (3.22)

Unsupervised OCR Score Predictor Based Merit Function. In real world appli-
cation, having a dataset with clear ground truths and images with the same char-
acteristics of those in object is definitely not always a given. In this scenario, an
unsupervised training procedure becomes necessary. The ground truths of the HDC
could not be considered the real clean images that we seek to obtain, as they were far
from being clean. Indeed, as described in section [3.2.1] the so called " true images”
from CAM1 are taken simultaneously as those from CAM2 and the true only differ-
ence in the acquisition procedure is the fact that CAM?2 has misfocused lens. Hence,
except for the blur, the "true images” were corrupted by noise and the inevitable
camera distortion. This is enough to justify a more difficult to control unsupervised
training model. The goal then becomes to produce an image that maximizes the
OCR score. There is also a second reason that prompted us to follow this path. The
judgment of the OCR is faulty. It is possible to have crystal clear images that still
do not achieve a perfect score. Thus, predicting how good a reconstruction would
score is a way to try to have the training adjusting to this uncontrollable flaw.

The OCR is given by the HDC, but as a black-box. Using directly that as merit
function is not a road that can be pursued in our scheme. Instead, we trained a
standard regression model by feeding it an image and the OCR score. The choice
of the regressor is left to us. Differentiability still remains a requirement, thus all
machine learning techniques based on binary decisions, like Random Forests, are au-
tomatically excluded. We also feel that deep learning frameworks, besides increasing
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the computational cost for the backpropagation, would necessitate of an amount of
data that is beyond the Green Al philosophy that is one of the underlying motivations
of this work. A Support Vector machine for Regression (SVR) |29, 35] was then
our function of choice. An SVR is a standard machine learning tool that has already
been employed as a performance predictor, e.g. in [45], with similarly to how it is
done here. To train the SVR, separate training dataset Dsyr = {(¥s, s)}%,, with
ys being an image and /s its OCR score. Let us denote with /yeq the predicted score
given to an image u according to

Ns
hrea = P(u) = > (& — CHK(u™, u) + b, (3.23)

having K: R” x R” — R as a kernel function [83] and ¢, {* € R" as the solution to
optimization problem

. 1 NS * * NS * Ns *
min = > (=) (Ce — K (Ys, ) + €D (G4 CE) — D 1s(¢s — €2)
(.(rERNs 2 s,5'=1 s=1 s=1
Ns (3.24)
s.to Y (= =0
s=1
0<(:<C 0<Z((<C s=1,..., S.
The bias b is determined by either one of the following relations:
— NS —_ —
b=1ly— Y ((— COK(Ys ys) — €
s=1
~ Ne (3.25)
b=1ly =Y (C—CK(Ys, ¥s) +€
s=1

for a given training sample (us, /s) for which we 0 < (¢ < Cor 0 < (} < C. The
hyperparameters C and € in ([3.24)-(3.25) are tasked with balancing the tradeoff
between accuracy and generalization. In particular C acts as an upper bound for
the coefficients (s, (I, while € determines the insensitive region for the SVR. In the
practical case, we chose a Gaussian kernel function:

Ju —u'|]?

Kuu)=e 202 | o>0. (3.26)

With these instruments, we can define the unsupervised merit function as:
P(u(6, a))
LG8, a)) =e 100 (3.27)

where P is the function from equation (3.23). Since the OCR has a score between
0 and 100, we divided the predicted score by 100 as a normalization. The training of
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the SVR was done in MATLAB. We followed its formulation to derive the formula
for the gradient of the merit function:

PlE0.a) 5 = u(o —52_9, —Ys
VUL(E(B,a))zl(:;Oe(l(OO)) (G - &e I 332 vel (u( 32 y>

s=1

3.2.5 Numerical Experience

In this part we give the full details for the practical implementation of the tools
described until now. Including how we built the dataset to train the SVR, a more
precise definition of the distortion effect and how we dealt with it in the SSIM-based
loss function and of course how our method compares to the results of the HDC
when the winner was declared.

Dataset Definition for SSIM Optimization. For the reasons already introduced,
the HDC dataset need to undergo a pre-processing procedure. The very first step was
to invert the intensity of the pixels so that all the images featured white characters
on a (ideally) black background and rescale the pixels values to be in [0, 1]. We also
resized the images to an eighth of their original size. This operation had the dual
goal of making handling the otherwise big images easier, and to help in reducing the
blurring present. Indeed, considering what a PSF does, it is natural to deduce that
any image resize algorithm is going to mitigate its effects.

The background was empirically estimated for each level of the challenge. This was
done by extracting the frame around the three lines of text for all corrupted images
and then averaging all these frames. As for the central part that was cut out, we
filled it with by interpolation. This consituted the term bg in equation (3.16). The
reader can visualize the estimated background for level 10 in Figure[3.4 (c) and (d).
The distortion effect present on the images is not a pressing issue when trying to
obtain a high OCR score, but it certainly becomes one when trying to penalize
wrong reconstructions through a supervised loss function. Figure @ (e) contains
the binarization of a reconstruction (highlighted in blue for visualization purposes),
and in red the borders of the same characters of the ground truth. As the reader can
see, there is not an exact match. This needs to be corrected. The type and degree
of the distortion are properties inherent to the camera used. In fact, it is technically
possible to estimate having the camera on hand, which unfortunately is not our case.
We observed that a rather basic radial model determined by two hyperparameters,
I.e., the center and radius of the distortion, is close enough to the true model. These
hyperparameters were manually tuned for each blur level, all with the same strategy.
Let xcam1 be the binarization of a clean image and let (p;, q;), with i =1,...,m
and j =1,..., n», be the spatial coordinates of the nodes of a grid corresponding
the the image pixels. The we "correct” the distortion in xcam: with the function
x: R> = R:

pi = ¢+ R(pi—c)

x(pi, G;) = |x ii, Where _ ,
(Bi, @;) = [Xcamlij { G = cq+R(qg—cy)
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where R > 0 and (c,, ¢4) are the radius and the center of the distortion. Abusing
the notation a little, x also denotes the image obtained by sampling the interpolation
function over the gridpoints.

The tuning of the hyperparameters R, ¢, ¢, was carried out in the following way:
a decent reconstruction from the corresponding image from CAM2 was obtained
with a simple TV model, which takes into account also the estimated background;
then we binarized said restoration, let us denote with i said binarization; finally, the
hyperparameters are moved so that the edges of the characters in @t match those in
x. See Figure [3.4 (f) for reference. Although this distorion model could have been
included in the lower level, we opted to use it to preprocess the "ground truth” as
to avoid further complications.

In summary, the preprocessing consisted in:

e Each blurred image y is flipped, resized and then the estimated background is
subtracted from it.

e Each ground truth x is flipped, resized and warped with the radial distortion model.

OCR Predictor via Support-Vector machine for Regression. The SVR used as
a performance predictor becomes a useful tool, that is however task dependent. In
fact, it needs to be trained with a very significant dataset in order to be able to
capture all the possible outcomes of the underlying model.

For the HDC we created a mixed dataset with images from the challenge as well as
synthetic images with very similar properties. The synthetic images were included
mainly to have a better representation in the dataset, as the images provided by the
challenge, in most cases, achieved either a score above 60 or flat 0. This happened
every time the OCR would not pick up exactly three lines, which was the norm from
a certain level onward. As explained before, the SVR also wants to see possible
outcomes from the unrolling, especially considering that an overestimated radius for
the PSF leads to a ringing effect, which is detrimental to the OCR score. For this
reason we also included reconstructions obtained with random set of parameters
(6, a) in the dataset Dsyr. More specifically, it was composed as follows:

e 400 images obtained by CAM2, 50 for each level from 1 through 8.

e 1230 synthetic images. For each score interval [0, 10],]10,20], ..., 190, 100], 123
Images were selected.

e 429 extra images. Most of them were obtained by applying the unrolling to the
samples from CAM?2 with random parameters. We also included some specific
"structured” images, such as constant images, as we noticed the SVR would
otherwise assign a high score to them.
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Figure 3.4: Dataset definition for the SSIM loss function. Upper row:
original HDC data from step 10, Times New Roman, image n.51,
CAM1 (a) and CAM2 (b). Middle row: estimated background, repre-
sented as an image (c) and as a surface (d). Bottom row: estimated
distortion. Panel (e) shows the binarized reconstruction (light blue)
of image (b) obtained with a variational method and the edges of the
binarized version of (a) (red). The white lines correspond to the pixels
where the two images are superimposed. In panel (f), the red edges
are obtained after applying the estimated radial distortion to (a).

The images underwent a similar preprocessing procedure. In particular they were
again flipped, resized to a quarter of their original size and rescaled to have pixels be-
tween 0 and 1. We also noticed that these operations, besides helping the variational
model, also improved the performance of the SVR. However, before being given to
the OCR, they were flipped again a upscaled to their original size. In Figure[3.5 we
show one SVR sample per kind. The synthetic image does not have any distortion
or noise, and unsurprisingly performs the best, while the last one clearly illustrates
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how the ringing effect ruins the score.

The hyperparameters of the SVR were finetuned with crossvalidation strategies. The
final values employed in the model were € = 4.8 and C = 48. The average error on
an isolated test set was 16 OCR points.

(a) (b) (c)

Figure 3.5: Samples from the SVR training dataset. (A) Noisy image

from the step 4 of the Helsinki dataset (OCR score = 52); (B) Syn-

thetic image blurred with a disc PSF of radius 9 (OCR score = 84);

(C) Reconstruction with wrong parameters for the variational model
(OCR score = 11).

Setting of the Unrolling Framework. The unrolling scheme was tested for three
different numbers of iterations, namely K = 60,70,80. As explained before, the
more blur is present on the image, the more iterations we need to let A run for.
The parameters 6 and a were constrained to be in sensible ranges, which were de-
termined easily in the process of choosing a decent starting point. This boundaries
also serves as the only form of regularization, and limit the chances for the merit
function of overfitting and introducing undesired artifacts on the restorations. The
outer optimization problem was handled with the Scaled Gradient Projection method
(SGP) [16, [17, [21]. The algorithm was stopped either when the distance of succes-
sive values of the merit function was less than 10~ or after 50 iterations. Different
steplengths were used, in particular for each element of 6, since the components of
the loss gradient had different scaling levels.

The variational training phase only required 4 samples, indipendelty of the merit func-
tion used. This is a clear showing of the advantages that the framework and ideas
presented in this elaborate possess, as other teams, including the eventual winners,
had to obtain a not so insignificant amount of images exactly as those from the
HDC. Using a limited number of training images also balanced the computational
cost of the backpropagation. In particular, the optimization of the SSIM-based merit
function ([3.22) took about 15-30 minutes on a workstation equipped with a multi-
core CPU Intel(R) Core(TM) i7-6700 CPU ©3.40GHz, on the other hand, for the
SVR merit function a few hours were required on the same architecture. All
the routines have been implemented and run in Matlab R2021b.
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Results. Although the variational model is just the one in (3.16)), it was trained for
levels 6, 8, 10, and 12, once for each level. This is not surprising, nor outside of the
rules of the challenge. Afterall, the PSF does change through the levels, thus the
algorithm needs to adapt to it. The testing phase, where we collected the recon-
structions and their OCR score, was conducted on the test sets for the said levels.
This phase was significantly less expensice, as most of the computational efforts were
dedicated to the learning phase. Indeed, to infer a reconstruction one just needs to
apply the learned iterations of A to the new corrupted image. It is worth pointing
out that the background estimation was not repeated for the test images, but we
kept the same one that was used for the training.

The time required to compute a new reconstruction by applying the iterations of A
is clearly dependent on the number K of them. Another aspect to remember is that
the SVR approach only resized each image dimension by a factor of i, while the
SSIM loss function used a factor of é. This obviously affects the restoration time,
even with the same number of iterations. Averaging the recorded times for 5 runs,
the SVR-trained unrolling required 1.15, 1.29 and 1.57 seconds for K = 60, 70 and
80, respectively. On the other hand, the SSIM-trained unrolling took 0.37, 0.44 and
0.50 seconds.

Table[3.1 reports the final average true OCR scores for the images from the test sets.
For each level, it was composed by a total of 40 images, 20 per font. By this time
we have mentioned a few times how more iterations are, in theory, an advantage in
terms of restoration quality when it comes to deconvolution. However, the numbers
obtained for the different choices of K, a bit surprisingly, do not show any sign this.
Also, there is not a clear choice to what the best number of K is across all levels.
Perhaps this can be attributed in the learning of the steplength a of A, that can
make up for a lesser number of iterations.

Table [3.2 offers a more in depth illustrations of the SVR as a performance predictor,
while Figures[3.6 and[3.7 contain the images related to this table. The first column is
the ground truth, the second is the blurred sample and the last one Is the restoration
obtained. Overall we observe a bit of conservatism in the scores assigned by the
SVR, as they rarely get to either 100 or O (note that the SVR output does not have
bounds, i.e., scores could have been much bigger or even in the negative numbers).
The average error of 16 OCR points certainly seems significant, however, from the
table we can appreciated how the SVR is still able to differentiate between very good
images, decent reconstructions and the blurred samples. It is also worth noticing
that the scores predicted by the SVR for the presented restorations are indeed close
to the final performance of our algorithm.
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Table 3.1: Average OCR scores obtained on the 40 test images of each
step. Up until level 10 would be a pass, level 12 would have been failed.

K=60 | K=70 | K=80
| SSIM SVR [SSIM SVR [ SSIM  SVR
Step 6 | 85.20 85.60 | 85.60 82.45 | 85.08 83.28
Step 8 | 83.88 82.63 | 84.15 81.80 | 82.45 80.13
Step 10 | 70.88 73.90 | 71.35 76.30 | 72.72 73.23
Step 12 | 60.23 61.53 | 61.73 48.58 | 61.90 61.53

Table 3.2: Comparison between the SVR prediction and the true OCR

score for the images of Figure and .

Ground truth

Noisy sample

Reconstruction

OCR SVR |OCR SVR | OCR SVR

Step 6 Times 100 81.84 0 42.17 | 100 71.71
Step 6 Verdana | 100 81.91 0 4564 | 100 74.18
Step 8 Times 100 81.91 0 34.44 | 90 70.1
Step 8 Verdana | 100 81.98 0 37.68 | 86 75.48
Step 10 Times 100 81.92 0 31.22 | 90 66.32
Step 10 Verdana | 100 81.96 0 30.67 | 100 68.44
Step 12 Times 100 82.03 0 2407 | 76 67.42
Step 12 Verdana | 100 82.03 0 29.05| 70 71.53

Regarding Table[3.3, without claiming to be fully exhaustive of extremely precise, we
briefly discuss here the methodologies proposed by other teams:

e Team 15_A, from the Technische Universitat Berlin, Institut fir Mathematik in
Berlin, Germany, proposed a end-to-end deblurring neural network, with a similar
architecture to that of the standard U-Net [80], which involves around 2.6 million
parameters. As one of the rules of the HDC was that the algorithms needed to be
for deconvolution in general settings, and not just of text images, some expedients
to avoid overfitting were incorporated.

e Team 12_B, from the Institution Department of Mathematics, National University
of Singapore, proposed to use the a deep learning approach DeblurGanV2 [58] but
without using the GAN training loss.

e Team 01, from Leiden University, Leiden, The Netherlands, used a Mixed-Scale

Dense CNNs [73] to deblur text images.



Chapter 3. Algorithm Unrolling

72

957u6JiN9n 95263iNIn
VLEkeajJE2 Vi tkeajdb?2
9HSHVByY9YWu HHEHVBYIWU
NXNcBkKJIY8 nXNCBKKIYS
gCpcHrgih4 gCpcHrgih4
6ZK Y3qvsc &ZK Y3qvsc
MSJTsM3RtZ MBITsM3RIZ
SP8dSVRhy9 SP8dSVRhy9
gXcEYhbNKA X cEYhbNKA
KK9GxW6g8 KK9GxW6g8
jQCr5us9km jQCr5us9km
RFQUMBkK5N2 RFQUMBKSNZ

Figure 3.6: From left to right: ground truth, noisy sample and recon-

struction using the SVR merit function with K = 70 inner iterations.

From top to bottom, two images, one per font, are selected for the
steps 6 and 8. The corresponding scores are shown in Table .

e Team 11_C, from ZeTeM Uni Bremen Team, employed an inversion model, the
StepNet, a fully-learned model that operates in a stratifies fashion. It consists
in 20 sequential sub-networks. Each one of them is tasked with removing the
blur from level / in order to produce an image with blur from level i — 1. All the
sub-netoworks were small UNets[80].

e Team 06, from the University of Diisseldorf, Department of Computer Science,
Germany, first augmented the data with the DIV2K dataset, then trained a neural
network to deconvolve samples from both the DIV2K dataset and the HDC dataset
itself. The neural network proposed is an adaptation from [40], with an architecture
similar to a UNet (see [49]).

e Team 13, from the Federal University of ABC, Center for Engineering, Modeling
and Applied Social Sciences, Brazil, based their approach on the Deep Image Prior
(DIP), originally from [96], which is an unsupervised scheme that only requires the
blurred image. However, Instead of using just the DIP, a secondary DNN with a
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Figure 3.7: From left to right: ground truth, noisy sample and recon-

struction using the SVR merit function with K = 70 inner iterations.

From top to bottom, two images, one per font, are selected for the
steps10 and 12. The corresponding scores are shown in Table .

bottleneck architecture (like an autoencoder) is proposed to facilitate the deblur-
ring goal, by incorporating additional (prior) information from the clean images as
well.

e Team 16_B, from the Technical University of Denmark, DTU Compute Denmark,
implemented a deconvolution algorithm with an estimation procedure for the PSF
radius [76].

e Team 09_B, from the University of Campinas (UNICAMP), School of Electrical and
Computer Engineering, Brazil, in a first step, they obtained an estimation of the
PSF from special dot images provided by the HDC, then used this information to
deconvolve the image with the inverse-problems fixed-point scheme REgularization
by Denoising (RED) [79].

If we compare them to those in Table[3.3, i.e., the final standings at the conclusion
of the challenge in 2021, we can appreciated how our method places relatively well,
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especially under the light shed by the analysis of the methods in Table [3.3. Our
proposed method would have placed just above Team 11_C, as neither them nor
us were able to go further than step 10. However, the striking difference is in the
number of parameters that our unrolled algorithm uses. While A is dependent by
at most 84 parameters, all the other deep approaches had no less than hundreds of
thousands of parameters, averaging over one million. This of course can translates in
a lot more computational resources used. Also, our algorithm still maintains all the
established theoretical properties of variational models and SVRs, but still performs
better than the purely classical ones from Teams 16_B and 09_B. This is a promising
sign that this mixed strategy between machine learning and variational models can
lead to satisfying results.

Table 3.3: Results of the HDC published in November 2021. The
number of used parameters for the other teams is an estimation based
on the model used or from the github codes in the HDC page.

Team | Step 6 Step 8 Step 10 Step 12 | #parameters

15.A | 9403 9312 9375  91.42 | 2.6 millions
12.B | 9262 9262 8580 8595 | 11 millions
01 | 91.75 91.65 88.67  87.12 | 0.187 millions
11.C | 87.78 81.25 79.15  62.80 |
06 | 9433 8592 7017  0.00 |
13 | 7112 67.12 5438  64.83 | 2.2 millions
|
|

52 millions

2.6 millions

16.B | 76.45 6835  4.03 7.42 3
09B | 633 227 262 4.03 z

Finally, we recall that the HDC, by virtue of being a general blind deconvolution
challenge, wanted to promote algorithms that worked for as many image classes
as possible, and not just text images. This was implemented in the rules of the
challenge by means of a "sanity check”, which consisted in applying the proposed
methodologies to other types of images and controlling whether the restorations
showed any signs that the algorithms were calibrated only for text images. The
quality of the reconstruction did not influence if this sanity check was passed or not.
Figure[3.8 includes some of the general images of this check and what happens when
Algorithm [3.4 is used on them. In particular, the images shown are from step 6 of
the challenge. We note that the training was done for text images, and the energy
functional is tailored for that kind of samples. This is enough to explain why these
reconstructions may not be satisfactory, like the deer picture. This is both a flaw
and a perk of bilevel/unrolling approaches. While the energy needs to be carefully
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chosen to cater toward the specific images in question, the philosophy and the ideas
behind are transferable to a variety of applications and contexts.

Figure 3.8: Results of Algorithm with the SSIM loss function and
60 unrolled iterations applied to some of the test images employed for
the sanity check (step 6).

Possible Improvements

The specific tools presented in this section can clear favor some modifications to
obtain a better performance and/or more generalization.

For one, the modelling of the corruption presented are perhaps a little on the simpler
side. A more complex model for the PSF, such as, for instance, an elliptic shape,
would have probably led to better results and more levels being passed.

Another key aspect that is worth pursuing is the upper level unsupervised merit
function. Indeed, being able to train the model without ever needing the exact ground
truths of the images involved can definitely boost the versatility of the algorithm. In
particular, what was done here had the help of having a clear reference in the OCR. A
similar approach applied to natural images, say a PSNR-predictor, requires a lot more
thought: withouth any form of feature extraction, natural images have way less in
common among them than structured text images. Turning to No-Reference quality
measures such as BRISQUE may be an answer to this. Another advantage is
that we could actually train the unrolling scheme A once for each corrupted sample,
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in the same spirit as the DIP [96], something that does not make sense in a supervised
setting. Finally, it may also free us from the constraint in the image dimensions: as
it is, the SVR wants as input images always with n = n;n, pixels.

3.3 Single Molecule Localization Microscopy

In a variety of applications from the biomedical field to astronomy, the technical
instruments are physically unable to produce images at an adequate resolution, due
to light phenomena. This can cause the obvious issue where two objects become
indistinguishable, such as two close stars in the distance. In the field of fluorescent
microscopy, fluorophores are attached to the molecules of interest in order for them
to be more easily observed. Since the information regarding the positions of said
molecules is carried through light, it becomes necessary to develop techniques to
recover the images at an higher resolution.

Single Molecule Localization Microscopy (SMLM) encompasses a large family of
methods, such as PALM [12] or STORM [82], that aim at obtaining the desired
resolution by capturing many under-sampled acquisitions of the object, but where
only a handful of molecules are activated each time. Each image, is then passed
through a super-resolution scheme, and at the same time is cleaned of the inevitable
noise and blur present. Finally, all the frames can be summed together to obtain the
full picture. Obviously, the success of this methodology is affected by the density of
the molecules in each frame: more acquisitions can lead to better quality images,
but can also damage the object that is to be observed; reducing the number of
acquisitions, and thus increasing the density of the molecules, can again lead to
having smaller features to be lost. One possible strategy to address the issue is to
enforce sparsity when restoring each frame.

In this section we are going to explore the use of algorithm unrolling in the context
of SMLM problems. In particular, the first three experiments in subsection|3.3.4| are
all focused on testing different choices in super-resolution problems, while the last
one offers a semi-blind deconvolution similar to that in[3.2, but in a different domain
and, technically a different operator.

3.3.1 Problem Definition

Here we describe the general super-resolution problem which is going to be the object
of the first three experiments (for the details of the last one we refer the reader
directly to the dedicated paragraph in subsection . Super-resolution viewed
under an inverse problem formulation means that, given an observation

y = N(Au'™ + bg) € R = RV™V™, (3.28)

we want to recover an image u € R” = RY"V" with n = mA?, where X is the
desired super-resolution factor. We also assume that m and n are perfect squares
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for simplicity in the description. This means that the operator A: R” — R™ is the
composition of two operators:

e A convolution matrix H: R” — R"” which is caused by the lens of the microscope.
In our experiments this is modeled as Gaussian kernel, as it is one of the more
common types of blur in these microscopy applications.

e A super-resolution operator S: R” — R™, which is responsible for the down-
sampling of the image. Obviously, the down-sampling can be carried out in different
ways. In our experiments, we use the super-resolution operator as in [48], which
Is defined through

1; QI (]I
OT 1T OT

My= | M e Y™V, (3.29)
0;\' ();' ]_Z\'

so that, considering the images in their matrix form, we have
Su = M,uM] . (3.30)

In practice, S computes the sum of non-overlapping patches of dimension A x X\
when applied to u.

3.3.2 The Model

We now describe in detail the variational model that we employed to solve the SMLM
problems. We also illustrate the training procedure, which algorithm A we decided
to use.

3.3.3 The Proposed Model

The variational model at the center of this application is characterized by the follow-
ing energy functional:

Ey(u;0) = F(Au;y, bg) + pllull + as (u), (331)

Where the indicator function tgs is defined as in (3.13). Note that the non-negativity
constraint makes it so that the £;-norm is differentiable, as it becomes a simple sum
of the pixels. One of the best possible regularizers that can be used in SMLM would
be the £y-norm, which is technically not even a norm. Unfortunately, minimizing
such functional is extremely hard, thus it is sensible to instead turn to a suitable
approximation. One of the scopes of this work is to somehow test the limits £;-norm
in super-resolution and deconvolution of sparse images in SMLM. Indeed, it is well
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known that in this kind of problems the ¢;-norm can have issues in producing recon-
structions that are sparse enough. lts core weakness, compared to other regularizers,
Is its convexity, which limits the ability of the £;-norm of approximating the £y-norm.
By adopting a strategy that is supposed to find the best value for the regularization
for p, we hope that the £;-norm can still produce decent results. Moreover, in order
to further improve the quality of the reconstruction, we also developed other tools
to help alleviate the flaws of the £;-norm.

Since we are going to work with images corrupted with either Gaussian or poisson
noise, we tested two different data fidelity terms:

- F(u;y) = 3||Au—y|3

- F(u;y, bg) = KL(u;y, bg) = S, (Au); + bg — y; — y; log (At24),

where bg € R represents a constant background when present, or a very small term
to avoid numerical issues. The first fidelity is the quadratic penalty that is more
suitable for Gaussian noise, while the second one is the Kullback-Leibler (KL) diver-
gence that is obtained from the bayesian approach when poisson noise is present on
the image as shown in example[L.5. In practice, it can happen that poisson noise is
not as impacting as it should be, making the quadratic fidelity still a more preferable
choice, due to it being more controllable. With a similar motivation, the training of
the variational model may also be easier and provide better results. In the second and
third experiments we placed part of our focus on checking when the KL divergence
does truly show its benefits.

We followed the same choices for A as done in the previous application (Algorithm
@ as well as for its backpropagation (Algorithm @ including the learning of the
parameters a for A. The startinf point chosen was either the corrupt data y, or
S"y when downsampling is involved. The only difference is pertaining the differen-
tiable projection. Considering that in SMLM we are primarily interested in finding
the correct positions of the molecule, mostly disregarding the intensity of the light
they omit, we only want to constraint the images into the non-negative orthant.
This constraint also serves a secondary purpose: it makes the £;-norm regularizer
differentiable.

We also point out that the CELO regularizer [87], which serves as a non-convex
approximation of the £y-norm, and that is known to produce better results com-
pared to the £;-norm, does not satisfy the necessary differentiability assumptions.
Indeed, while the constraint allows for CELO to be differentiable, its gradient in non-
differentiable with respect to the regularization parameter that governs it.

We turned to two approaches to penalize errors in the reconstruction: a common £»-
norm and the £;-norm with a binarization of the image that results from the unrolling.
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Given a dataset D{(y:, x:)}!_;, where y; is the spoiled frame observed at time t and
X; is the underlying ground truth, we can express the two loss functions as:

L2(@(0):%) = 513(0) — x.[. (332)
L0 30 = 53y (Bocc(@®)) ~ %)) (3.33)

Here, 4, is the Huber function placed instead of the absolute value to achieve dif-
ferentiability:
s if s <2

Py (s) = {?@‘”’ 502 (3.34)

The motivation that prompted us towards trying the loss L; can again be found in
the fact that we care more for the correct localization rather than having a good
intensity estimation. This inconsistency between what the L, loss promotes and what
we want is less emphasized in the L loss. Intuitively, when the difference between
a pixel in the restoration and in the ground truth is particularly high, then this error
weighs way more heavily in L, than in L; that has means to ignore this potential
gap. Considering also that we do not place any upper bound on the pixels value, it
becomes clear how L, may end up prioritizing less the localization: a false positive
caused by a spurious point very close to zero will have a minimal impact on L,, while
a true positive where however the pixel intensity is completely wrong will have clear
effects on L,, and we want the exact contrary to happen.

While the Huber-like function 9 is a step towards the desired direction, it is not
enough. For this reason, we also developed a differentiable binarization Bs .. that
acts pixel-wise. The binarization is used as a post processing function, which sets the
maximum pixel value at p, while also trying to have as less pixels as possible in the
interior points of [0, p]. In this light, X is a binarized version of x, which is however
obtained by setting all non-zero entries to p. The binarizaion is defined as

0 s<§
(2-20) s f<s<b+e

Bs.ce(s) == 55 (s = 9) d+e<s<2c—06—c¢
p— (2 - 2(6_56)_”5) (Aeb)-s P sy 2c—0—€<s<2c—0
p s>2c—0.

(3.35)

This binarization is dependent on three (hyper)parameters. The hyperparameter €
has the same philosophy and purpose as is then differentiable projection 1, ¢ is the
point that is going to be transformed into g, and last, but definitely not least, § sets
the threshold under which everything is set to zero, and, by symmetry, it also controls
those that will be set to p. Figure 3.9 shows various shapes for this binarization for



Chapter 3. Algorithm Unrolling 80

three values of 9. lIdeally, we want to operate in a situation where the slope is as
steep as possible, provided we avoid any numerical issue, meaning that we want ¢ to
be really close to 9.

Effectively these are technically three more hyperparameters of the model. However,
in practice, € does not need any tuning as is should be set to fairly low value. Also,
as we as just said, to obtain a steep slope we choose ¢ = § + ¢y, with ¢ > €, but
still low, otherwise the definition of the binarization has no sense. With this choice,
the binarization actually becomes differentiable with respect to §, which means that
we can (and we will) learn the parameter ¢ as well. For this specific parameter we
have:

6L1 . n , - ~ \2 aBéce(ﬁ(e))l
B = 2 ¥ ((Bace(8(8) = %)) =57 (3.36)
where

0 0>s
N e I
%;(;5: _% s—e>0>s+e—2c (3.37)

— 2 (azezstd _ 3 sl s4e_26>0>5- G
0 0 <s—2¢

09

08 B

07

06 7

05 B

0.4

03 q

0.2 B

0.1

Figure 3.9: Binarization in [0,1] with ¢ = 0.5, € = 10~* for three
different values of ¢: 0.1 (blue), 0.25 (red), 0.49 (yellow).

3.3.4 Numerical Experience

This section Is dedicated to illustrate the results that we have obtained testing the
tools that we have presented in the previous section. Since we are working in a
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SMLM context, we are mostly interested in obtaining reconstructions that better
localize the molecules, disregarding whether the intensity of the pixel matched that
of the ground truth. For this reason, we evaluated the quality of the reconstructions
with the Jaccard index, which is expressed as:

# of correct detections

(# of correct detections) + (# of false negatives) + (# of false positives)
(3.38)

where p € {0,2,4} is the number of pixels of tolerance. A zero pixels tolerance
means that a detection is counted as correct only if it is in the precise pixel, a tol-
erance of p means that a correct detection is valid even if the molecule is localized
in a pixel that is within a radius of p pixels from the position of interest. In other
practical terms, the Jaccard index is no other than the Intersection-over-Union mea-
sure. As the name suggests, it computes the ratio between the cardinality of the
intersection of the set of detections in the reconstruction and the set of detections
in the reference over the cardinality of the union of the same two sets.

p

In all experiments, the optimization of the upper level problem is carried out via the
Scaled Gradient Projection method (SGP) [17, 21], so that we can impose reasonable
bounds on the parameters. In particular, whenever possible we exploited proposition
[1.1 from [57] and chose the upper bound on p as

Pmax = mtin HATYtHoo- (339)

Although it is technically possible to use the test set, as it is based on the noisy
images, we computed this upper bound only using the images of the training set.
This was implemented to prevent the variational model to admit only the trivial zero
solution. At the same time, the upper bound on § was set at half the maximum pixel
value. Again, the goal was to avoid obtaining all null reconstructions. The lower
bounds were all set at 1071°. The training was stopped when the norm of the loss
gradient was less than 107> or when the relative difference between two consecutive
loss values was less than 10~7. For safety purposes, a maximum number of 1000
iterations was also set.

Experiment 1: super-resolution and deconvolution of sparse images. The ob-
jective of this first toy experiment was twofold. On one hand we wanted to see that
there is indeed hope for the £;-norm as the regularizer. On the other, we needed
to see if the combination of the binarization with the smoothed £;-norm in the loss
function does indeed a better job at promoting localization over intensity estimation.
Each ground truth x; contains between 75 and 150 activated pixels with integer
values from 100 to 255. The downsampled images have size 64 x 64 and the super-
resolution factor is A = 4. We deal with the imaged in vector form. Let A = SH
be the acquisition operator. In particular, H € R™*" is the convolution operator
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with a Gaussian kernel of standard deviation 2.5, while S is the operator described in
(3.29). The images were also afflicted by additive white Gaussian noise of standard
deviation 0.15. The algorithm A was applied for a total of kK = 190 iterations, while
the parameter ¢ was set as ¢ + 0.01.

Although rather simple, this experiment shed some light onto our model. As we ex-
pected, the L; loss achieves significantly better results. Table[3.4 shows the results
obtained on the 25 images of test set. What was not expected, was that in order to
obtain meaningful results with the quadratic loss, we needed to train on a tailored
dataset. Indeed, when using in training images with the same molecules density as
those in the test set, the quadratic loss would struggle to find a big enough value for
p, so that in the end the images would not be sufficiently sparse. However, it still
deemed a better choice to keep p in a low range as the intensities estimation was
good enough to have a small error when comparing the reconstruction to its ground
truth. So we created a special dataset of very sparse images that contained exactly
4 activated pixels and used that to train the model with the L, loss. This had the
wanted effect of improving its performance in terms of the Jaccard index.

Figure [3.10] contains a sample image, in all of its forms, from the test set.

Table 3.4: Results. R = Number of examples used in the training; RS
= Number of special examples used in the training. The test set is
made by 25 images.

Loss function R /RS| Jo | J2 | J4 |Avg. J|PSNR
Lo 0/8 |0.3878 | 0.4179 | 0.4179 | 0.4079 | 35.76
L1 (6 learned) 10 /0 | 0.7452 | 0.8480 | 0.8583 | 0.8172 | 33.09

Experiment 2: super-resolution and deconvolution of images form the ISBI
2013 miscroscopy challenge. A more interesting problem for our model was the
simulated dataset provided by the ISBI 2013 SMLM challenge. Unfortunately this
dataset is not available anymore, but other similar datasets can be found on the
challenge Websit. The dataset featured 361 ground truth images. Each one had
on average about 200 pixels activated, with values in {1, 2, 3}, which is the number
of molecules activated in said pixel. For our experiments we rescaled them so that
the maximum value was 255. The PSF was obtained using information provided by
the challenge organizers. Specifically, in the simulation the camera had a resolution
of mx m = 64 x 64 pixels of 100nm each. The PSF was a Gaussian convolution
kernel with Full Width at Half Maximum (FWHM) of 258.21nm. The resolution

“https://srm.epfl.ch/srm/index.php
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(b)

(c) (d)

Figure 3.10: (a) Ground Truth; (b) Noisy; (c) Reconstruction from the
L5 loss training; (d) Reconstruction from the L; loss training.

factor considered was A\ = 4.
This time, we also added different levels and types of noise:

- Gaussian noise with standard deviation 0.15.
- Poisson noise with background emission of intensity 0.1.
- Poisson noise with background emission of intensity 12.75.

By definition, Poisson noise does not truly allows the concept of " weak” and " strong”
intensity, unlike Gaussian noise. However, the intensity of the background emission,
when combined with this type of noise, can significantly impact the quality of the
observed image. In this sense, when the background is higher, we talk about there
being more or stronger Poisson noise. In this scenario, we wanted to see if the KL
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divergence does provide the supposed benefits compared to a quadratic data fidelity.
In this experiment we also trialled two extra empirical strategies to set the binariza-
tion threshold 9, besides the training approach. Both took advantage of the fact
that, on average, there were 217 pixels per ground truth image, less than 0.05% of
the total number of pixels in each image. One possibility is take the 99.5-th percentile
of the pixels values of the observed data, possibly rounding the by defect to be more
safe. The other is to take the same value, but from the reconstruction obtained
from the starting point of the training when the L, loss is used. This makes sense
since we are in a non-convex context, and we have to select a decent starting point
as to not get stuck in a bad local minimum. For the parameter ¢, again we simply
took ¢ =90 4 0.01 in all cases.

For the training dataset we used only 20 images of the stack. The FISTA-like algo-
rithm was ran for 300 iterations, as this time the PSF was more aggressive.

All the results are reported in Tables 3.5, [3.6 and [3.7, while the images can be seen
in figure[3.11 and [3.12. Regarding the choice whether to learn or not the value §, we
observe that, out of the two empirical rules, the one that selects § from the recon-
structions shows better results, often with a significant margin. However, including
0 in the training procedure always nets the best results both in terms of Jaccard
index and of PSNR. Although this is effectively another parameter to learn, the cost
in the backpropagation is still limited as it only requires to compute one time the
simple derivative of the binarization. In contrast, the empirical rule based on the
reconstruction requires first a whole training phase and a validation phase yield the
value of §. In the tables the symbol { denotes a value of § set according to the
empirical strategy applied to the data, while = is for when it is obtained from the
reconstructions.

In this experiment the KL divergence did not show any sign meaningful of improve-
ment over a quadratic fidelity term, despite the theoretical background says oth-
erwise. The worse performance can be attributed to the fact that we are in a
non-convex optimization problem, and the £>-norm being easier to handle, may lead
the training to a better local minimum. The only case where the KL divergence does
better, is when it is paired with the L, loss, that however achieves only mediocre
results, at best.

Experiment 3: super-resolution and deconvolution of images with random par-
ticle activation length. For this experiment we used the ground truth positions for
the ISBI dataset https://srm.epfl.ch/DatasetPage?name=MT1.N1.LD. Specif-
ically, the first operation involved discretizing the positions of the 8731 molecules
acquired to obtain the full ground truth stack. The second focused on creating the
singular ground truths images, where only a handful of molecules is activated. For this
scope we selected, at each new synthetic frame, about 20 new random molecules
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Table 3.5: Results in the case of additive white Gaussian noise. 1 and
x mean that § was read, respectively, from the noisy data and fro the
L reconstructions, according to the empirical rules.

Loss Fun. & | Jo | J2 | J4 |Avg. J|PSNR
Lo - | 0.1147 | 0.2175 | 0.2194 | 0.1839 | 34.27
Ly of 0.1283 | 0.3764 | 0.4075 | 0.3041 | 20.57
Ly 16.4796* | 0.1323 | 0.4743 | 0.5622 | 0.3896 | 21.96
L learned | 0.1309 | 0.4889 | 0.5921 | 0.4040 | 22.45

Table 3.6: Results in the case of Poisson noise with background 0.1.
and = mean that ¢ was read, respectively, from the noisy data and fro
the L, reconstructions, according to the empirical rules.

Loss Fun. Fidelity & | Jo J2 J4 | Avg. J | PSNR
L, KL - 0.0921 | 0.2633 | 0.3159 | 0.2238 | 33.94
L, [ P— 0.1057 | 0.1205 | 0.1211 | 0.1158 | 34.74
L, KL of 0.0895 | 0.1723 | 0.1882 | 0.1500 | 24.39
L, KL 0.2592* | 0.0959 | 0.4000 | 0.5424 | 0.3460 | 21.89
Ly KL  learned | 0.0907 | 0.4250 | 0.5924 | 0.3694 | 22.66
L, [Pl 0.1244 | 0.3688 | 0.4220 | 0.3051 | 20.81
L, |-l 15.970* | 0.1293 | 0.4407 | 0.5229 | 0.3643 | 21.93
L, |-l learned | 0.1287 | 0.4494 | 0.5358 | 0.3713 | 22.52

Table 3.7: Results in the case of Poisson noise with background 12.75.
t and x mean that § was read, respectively, from the noisy data and
fro the L, reconstructions, according to the empirical rules.

Loss Fun. Fidelity & | Jo J2 J4 | Avg. J | PSNR
L, KL - 0.0589 | 0.0909 | 0.0987 | 0.0828 | 34.35
L, [ P— 0.0544 | 0.0778 | 0.0829 | 0.0717 | 34.36
L, KL 3t 0.0933 | 0.2896 | 0.3695 | 0.2508 | 20.84
L, KL  3.8133* | 0.0940 | 0.3051 | 0.3905 | 0.2632 | 21.14
L, KL  learned | 0.0982 | 0.3684 | 0.4771 | 0.3146 | 25.31
L, -] 3 0.0620 | 0.2534 | 0.3463 | 0.2205 | 22.86
L, |-l 11.572* | 0.0557 | 0.2479 | 0.3397 | 0.2145 | 23.41
L4 |-l learned | 0.0950 | 0.3902 | 0.5012 | 0.3288 | 25.74
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Figure 3.11: Stack of the ground truths images.

from the collection and simulated their activations. The particularity of this ex-
periment is that we simulated a real phenomenon where the very same molecule,
once activated, actually emits light for a few successive frames. This behaviour
is rarely modelled when treating SMLM problem with variational models, thus we
believe this experiment to be a meaningful step as this data is more realistic. In
this optic, every time a molecule was activated for the first time it was assigned
a counter in {0,1,2,3,4} that signified how many more frames the molecule was
going to be activated. The counter was drawn according to the probability density
[0.1,0.25,0.3,0.25,0.1] on said set of values. Regarding the forward operator, we
used the same as in the previous experiment, while we only placed Poisson noise with
background 10 on the images. For reference, the pixel values still lied in the interval
[0,255]. The binarization was fully learned again with ¢ = § 4+ 0.01, for the reasons
explained in the previous paragraph. We tested the £, loss function one more time
as well as the two different fidelity terms. The unrolling of A still involved K = 300
iteration. Finally, the number of training samples used was, again, 20.

Table @ contains the results, in terms of Jaccard index (3.38) and PSNR, while
the visuals are contained in figures [3.13] and [3.14] Two things are worth noticing.
The first is that the KL divergence outperforms the quadratic fidelity, by a margin.
This may be attributed to the lower overall density of the molecules. Indeed the
ISBI tubular structures contained almost ten times the number of molecules of this
dataset. The other aspect that the results reveal, is the fact that almost, if not all,
the errors of the L ;-trained model are false negatives, as can be deduced from Figure
[3.14. This is not surprising as its the already discussed flaw of the £;-norm as the
regularized for the energy.
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(d)

Figure 3.12: Image (a) contains the stack of the 361 noisy samples of

the dataset in the case of Gaussian noise. Images (b), (c) and (d) shows

the stacks of the reconstructions obtained (in order, Gaussian noise,

Poisson noise with background 0.1 and Poisson noise with background
12.75).

Table 3.8: Results in the case of Poisson noise with background 10.

Loss function Fidelity ¢ Jo J2 J4 | Avg. J | PSNR
Lo KL - 0.0619 | 0.1285 | 0.1363 | 0.1089 | 39.88
Lo -1 - 0.0545 | 0.0812 | 0.0837 | 0.0731 | 39.97
L, KL  learned | 0.0776 | 0.3688 | 0.4966 | 0.3144 | 27.39
L, | -1l learned | 0.0661 | 0.2291 | 0.3259 | 0.2070 | 28.00

87
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(a) (b)

(d)

Figure 3.13: (a) Ground truth stack; (b) Noisy stack; (c) Reconstruc-
tion stack from the model trained with the L5 loss; (d) Reconstruction
stack from the model trained with the L loss

Experiment 4: Blind-deconvolution of images corrupted with a Gaussian PSF
with unknown variance. In this application, we assume a slightly different image
acquisition model that we now describe that is analogous to that in [90, |91]. In this
case, the dataset D = {(Ys; X,)}2_, is not made by single frames but by the variance
of the stack. More in detail, each sample (Vg, V¥) is obtained with the following
procedure:

- Step 1: a collection of T = 1000 true images is obtained for the molecular struc-
ture of interest, {x{V}]_,.

- Step 2: each frame is corrupted with a Gaussian PSF of standard deviation 0 = 3
and additive white Gaussian noise with standard deviation n = 3. Effectively, this
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Figure 3.14: False negatives and false positives for the reconstruction
obtained with the £ loss. Yellow points denotes false negatives, while
blue points are false positives.

lead to a second stack of the corrupted images:

v = H(o)x{" + N (0, 7%).

- Step 3: the variance through the index t of the stack is computed for both the
clean and noisy collections, giving us Vx and V§ respectively:

M5 = L3 My = L3y
Tt=1 Tt:l
Vit GOm0 )’
X T_].t:1 s X Y T_lt::l s Y

The variance image that is obtained is, in its appearance, not much different from
what we would obtain by stacking directly the images instead of computing their
variance through time. However, by working with the second order statistics of the
image we are reducing the effects of the blur. In practice, if h(o) is the kernel of the
PSF, by turning to the variance domain the convolution kernel simply becomes h?(o),
where the square operator acts pixel-wise. Let (/, /) denote the discrete coordinates
of a pixel in the kernel matrix h, then we have that

o 1 (=2) ()
h(i,j) = 27ra2e 252

. 1 ()
h(l'.j)2:4ﬂ_2o_4e o2 I,_/:].,...,n,
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where we recall that a single frame has dimension n x n. Unlike in the previous
experiments, this time we are going to assume that the kernel is partially unknown,
I.e., we take for granted a Gaussian shape, but we leave the parameter o for the
learning procedure.

This different acquisition process is also reflected in the energy functional. For a
single stack, as in [90] 91], we adopt the following functional:

argmin IH® (o)W + 112 — Vy|3 + ol Vull1 + tivuzo}. (3.40)
VueR?

where H® is the convolution matrix corresponding to the kernel hZ.

As we are going to consider o a parameter of the model, in the backpropagation
procedure we are going to need the derivative of the gradient of E w.r.t to o:

aaavqu(v.,) = 660 ((H@))T (HOV, +7%1, — vY))
0 T T( 0O
_ 9 (4@ @) 21 @) [ ° yo
_60<H ) (HOV, + 7?1 — Vy) + (H®) (aaH vu>,

(3.41)

where we have omitted the dependence on 0. Further dissecting the previous formula,
we have that the derivative of the convolution w.r.t. o is the convolution with the
derivative of the kernel, i.e.,

o} 0 0
~ H® — [ 2 H® I I
H'“V, <6 H )Vu (6 h),*Vu,

oo o o

where % denotes the convolution operation and

8 , .. e 2 1 (/. n+1\2 [  n+1\2
g0 ) = T e <a2<('_ 2 >+<_ 2 >>_2>

The dataset D is made of 30 different samples, and was split into a training set
with 20 elements and a test set with the remaining 10 images. The specifics for the
lower level model were kept as in the last two experiments, including the number of
iterates for the unrolling. For the loss function we only used the L; penalty given,
at this point, that it is clearly the better one between the two. The binarization was
fully learned with ¢ = § + 0.01.

Over the whole test set the average Jaccard index is reported in Table [3.9. It also
contains the Jaccard index computed on the images before the binarization is applied,
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so that its beneficial effect can be better appreciated.

The value learned for the parameter of the convolution kernel was o* = 2.87. Despite
the fact that the parameter in slightly underestimated, the images do no show the
typical artifacts of deconvolution with a wrong PSF, ringiing in particular. This is a
positive effect of the reqgularization via £;-norm which helps in sharpening the edges
and clear out these flaws. In Figure [3.15 we illustrate one reconstruction from the
test dataset. As it can be seen again from the pictures, the areas where there is a
higher concentration of molecules remain a little bit too much thick. This is probably
caused by a mix of factors. The main contributor are the limits of the £;-norm as
the regularizer. As previously discussed, it tends to not achieve the desired sparsity
in areas where molecules are denser. This causes the filaments to appear as one
when they are close, with the gaps between them not being recovered. However,
it can also be a limitation of the whole model. In fact, this is still a non-convex
optimization model, whose performance can vary as the local minimum that is found
changes. Figure [3.16 specifically shows how the binarization is actually a bit too
aggressive as it ends up deleting molecules that were not meant to be cancelled. It
still serves its purpose of clearing all the spurious points. These pixels have values
so low that are not actually visible in the pictures, but the count as any other false
negative for the Jaccard index.

Table 3.9: Results over the whole dataset, including the numbers ob-

tained from the reconstruction before the binarization is applied. PSNR

is not reported as the model in ((3.40) in only meant to find the local-
ization of molecules completely disregarding the intensity.

Binarization ‘ Jo ‘ J2 ‘ J4 ‘ Avg. J
No | 0.7096 | 0.7164 | 0.7208 | 0.7156
Yes | 0.7922 | 0.8362 | 0.8582 | 0.8289
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(b)

()

Figure 3.15: (a) Ground truth variance; (b) Noisy variance; (c) Recon-
struction pre-binarization; (d) Reconstruction post-binarization.
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Figure 3.16: False negatives and false positives for the reconstruction
obtained post-binarization. Yellow points denotes false negatives, while
blue points are false positives.
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Chapter 4

Stochastic Algorithms in Bilevel
Optimization

In this chapter we are going to experiment on whether stochastic algorithms are a
viable tool to optimize the upper level loss function in bilevel optimization [2.8 or for
the learning of an unfolded algorithm [3.1. In the applications shown up until this
point, the variational models depended only on a handful of parameters. Thus, a
limited number of samples would suffice to train the model. If we are interested
in using more sophisticated energies, with more parameters to be set, then more
data is required. Even computing 200 approximate minimums and then solving the
same amount of linear systems, in the spirit of the algorithm proposed in section
2.3, may prove to be computationally challenging. Similar arguments apply in the
algorithm unrolling context. However, just because the problem presents itself in a
way that is suitable to be addressed by stochastic optimization schemes, this does
not automatically mean that they are going to provide meaningful results. The loss
gradient obtained with the ideas presented in this thesis is noisy. Combining this
flaw with the randomness of the stochastic gradient may prove to be destructive for
the whole process. However, since we are going to work with a non-convex problem,
the randomness introduced may also prove useful in escaping unwanted local minima.

4.1 Problem and Model Definition

Image denoising is the most basic type of linear inverse problem in imaging. This
translates to having A as the identity operator in the formulation @ Due to
the simplicity of the problem, variational approaches are perhaps one of the best
strategies to follow, as in this scenario they are able to produce great results with
relatively low computational cost.
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In this application we work with the MRF energy functional as proposed in [27],
which is formulated as

Ey(u;0) = *HU—Y||2+ZOt ¢(a' *u). (4.1)

i=1

The central piece of the functional is the regularizer. Essentially, it can be seen as
a generalization of the TV functional. Instead of the finite differences operator, it
generalizes it by featuring a weighted sum of Nf filters each encoded in the convo-
lutional kernel a’. The convolution a’ * u will also be written as the matrix-vector
product A'u. More specifically, each filter/matrix is not let completely free but is
taken as the linear combination of the DCT basis. We work with filters of size 7 x 7,
hence

A' =(;B;, (4.2)

fori=1,...,Nr =48 and j =1,...,48. Normally, a basis for 7 x 7 filters would
include 72 = 49 elements. However, for this application the first filter of the DCT
basis is discarded as it is constant, and zero mean filters are shown to be more effec-
tive for natural images [54]. The representation of the image obtained through each
filter is supposed to be sparse. Much like in the TV functional, after the filtering is
done, sparsity is induce throug the function ¢. While the £;-norm is still pretty good
at inducing sparsity, its convexity is constantly hindering it. As shown in Figure [4.1
a non-convex penalty offers a far better approximation of the pixels distribution in
the transformed domain. In particular, we worked with ¢(t) = log(1 + t?). This is
a clear example of how, in general, convex regularizer are limited in their qualitative
performance, as many distribution are, in fact, not convex at all.

Finally, given the dataset D = {ys,xs}le, the loss function used was

S
Z Hus XSH;

Ln \

with U being the solution of the lower level problem corresponding to the noisy
sample ys and xs the relative ground truth.

4.2 Numerical Experience

Implementation Details. From the BSDS500 dataset [62], we took 200 image
patches of size 64 x 64 that constituted the training set D, and 68 different sample
of size 481 x 321 to obtain a test set. The noisy samples were obtained by applying
additive white Gaussian noise with a standard deviation that was 10% of the maxi-
mum pixel value.
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3.25log(1 + 5|t])
, \ log(1+ (15t)%) /
6 / 7
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Figure 4.1: The blue line shows the empirically computed negative
logarithm of the probability density function (PDF) for the pixels of the
convolution between 100 natural images and one of the filters of the
basis. The other lines represents the functions c;|t| (red), ¢ log(1 +
cs|t]) (vellow) and cglog(1 + (cst)?) (purple). As it can be seen, for
some fitted regularization constants ¢y, .. ., Cs it is possible to obtain a
better approximation of the pursued prior distribution with non-convex
functions rather than using the £;-norm.

For the energy presented in (4.1) and (4.2), the parameters that we want to learn
are 8 = (a,B), i.e., the weights {a;}", and the coefficients {3; 8_, of the lin-
ear combinations. In this application we followed both the approaches illustrated in

Chapters 2| with equation (2.8) and [3in the problem (3.1).

The energy functional in question is particularly complex, as it depends on 482 +48 =
2352 parameters. This mandates the use of a bigger training set. Both in the full
bilevel optimization formulation and for algorithm unfolding, the computation of the
loss function for hundreds of images becomes basically unfeasible, at least on an aca-
demic budget. In an optic of Green Al, we opt to use stochastic algorithms and pro-
cess only a handful of samples for each outer iteration. We employed the stochastic
gradient in its standard version (SGD) [77], the stochastic gradient with momentum
(MOM) and AdaM [56]. It is well known that the performance of stochastic opti-
mizers is stricly connected the their hyperparameters, in particular their learning rate.
In the literature, various strategies to make this selection automatically have been
proposed [42, 43|, also including schemes [44] that aim at reducing the variance of
the true gradient estimator. All these methods are particularly important in contexts
such as deep learning, but in comparison our model in still on the simpler side, thus
we deemed reasonable to only opt to process 20 images at a time for a constant
minibatch size. Also, the learning rates were manually tuned.

In order to have a reference for our tests, we also used a deterministic optimizer
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which processed the whole dataset at each outer iteration. The method used was a
variation of the Scaled Gradient Projection method (SGP) [16, [17] which featured
a BFGS scaling matrix in the spirit of [24].

The training phase was halted when the relative change in the loss function value
between two subsequent iterations was less than 107°. In order to be sure to get
close to a stationary point, the SGP method had a maximum number of 500 itera-
tions. On the other hand, the stochastic schemes featured 100 epochs, a value that
was determined empirically based on when we observe the typical stalling behaviour
of the methods in question.

Regarding the lower level problem, in the bilevel optimization case we used the quasi-
Newton L-BFGS algorithm [24], which was set to run for a maximum number of
500 iterations (rarely reached) or until [V E(u;0)|]> < 1073, The gradient of the
loss function was then computed following equations (2.15) and (2.16).

In the unrolling case we chose as A a simple gradient descent step

k) =y — X\, V,E,(u®);9),

where we also had the possibility of learning the steplengths \,. The algorithm A
was unfolded for K =5, 10, 15, 20 iterations and its gradient was learned according
to the backward mode described in 3.1

Numerical Results. Figure[4.2 reports the loss decrease for the bilevel optimization
problem. The experiments confirmed what is expected of the stochastic methods
from the literature: if the learning rate is too high, the loss has an unbearably os-
cillating behaviour, if it is too low, then the convergence is slow. Also, the inertial
scheme show the desired acceleration in the first few epochs, and then reach the
stalling point rather quickly. Overall, we found that all three stochastic schemes
performed better than the quasi-Newton deterministic algorithm in the beginning,
which was able to find lower loss values only after more than 50 epochs, and even
then, after 100 epochs the gap was not too wide.

In table[4.1 we have summed up the final values, with the average PSNR computed
on the 68 images of the test set for these experiments.

!We used the coded that is provided at https://github.com/stephenbeckr/L-BFGS-B-C
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Table 4.1: Summary of the training results for the bilevel optimization

problem. The final loss value and the relative average PSNR are com-

puted after 100 epochs for the stochastic schemes. The values for the
L-BFGS algorithm are taken from the original article [27]

Optimizer Final Loss Value Average PSNR

L-BFGS 388053 28.66
SGD 5e—-8 392187 28.57
MOM 5e—38 400388 28.51
AdaM le—3 402266 28.50

6.5

¥ SGD 5e-8
—8— MOM 5e-8
—&— ADAM 1e-3

L
0 10 20 30 40 50 60 70 80 20 100

Figure 4.2: Plot of the loss decrease with the best fixed learning rates
for each stochastic scheme tested.

Turning to the algorithm unrolling problem we confirmed that, as one would suppose,
the more inner iterations the better. There is a significant increase in the perfor-
mance when using 5 inner iterates or 10, as well as going from 10 to 15 (see figure
@. However, the same does not apply with more than 15 iterates, 1.e., the increase
in the quality of the reconstruction probably does not justify the extra computational
effort.

In table [4.2 we have reported the final numbers for the unrolling experiments. The
full-gradient loss optimizer is for reference, and again it does just slightly better, but
only after quite some time and effort.
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Table 4.2: Summary of the training results for the algorithm unfolding

model.
Optimizer Final Loss Value Average PSNR
K =10
Quasi-Newton SGP 387441 28.57
SGD le—7 396262 28.52
MOM 1le—8 400209 28.46
AdaM le—4 401220 28.49
K =15
Quasi-Newton SGP 386698 28.6
SGD le—7 393670 28.55
MOM 1le—8 395823 28.52
AdaM le—4 398806 28.51

PSNR K =10
—B8—PSNRK =15
Loss K =10

—O-- LossK=15

28.1 | 42

2 41

27.8

Figure 4.3: Loss and average PSNR behaviour for the cases K = 10
and K = 15. Loss optimizer: SGD with A = 1e—7

In conclusion, our experiments showed comparable results to those originally shown
in [27], which in tunr means that the method is comparable to notable algorithms
such as BM3D [30] and GMMs [102]. In particular, the numerical experiments
show that the results of a combination of the unrolling approach with the stochastic
optimization for the loss minimization are comparable with those of the original bilevel
approach in terms of accuracy. On the other side, the unrolling approach leads to a



Chapter 4. Stochastic Algorithms in Bilevel Optimization 100

computable, explicit form of the gradient of the loss function and also to a reduction
of the complexity of the overall learning algorithm, since the lower level only requires
a few iterations of A. Technically the same can also be said for the processing of
new, unseen images once the model is learned.

Figure 4.4: Example of a reconstruction: (a) ground truth; (b) noisy

image; (c) and (d) reconstructions obtained with the unrolling of re-

spectively 10 and 15 steps of gradient descent, where the parameters
of the model were learned with SGD.
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Appendix A

Convex Analysis.

In this brief appendix we are going to recall some basic notions that were used in
Chapters |2 and |3| regarding convex optimization. For a more detailed illustration,
including the proofs, we refer the reader to [78] or [101].

We start by recalling that, given a function f: R” — R, then its effective domain is
the set dom f := {u € R": f(u) < +oo} and f is called proper if dom f is non-empty.

Fundamentals of Convex Functions
Definition A.1. A set 2 C R” is said to be convex if
Au+ (1—=XANveQ Yu,v € QVX€0,1]
Essentially, given any two elements in 2, then the segment that joins them lies com-

pletely in €2. In this section €2 C R” will denote a convex set, as that is the base do
define convex functions.

Definition A.2. A function f: Q C R" — R is convex if
fu+ (1 =X)v) < Af(u) + (1 —X)f(v) Yu,v e QVXe|0,1],

and is stricly convex if the previous inequality is strict. Furthermore, f is strongly
convex with modulus v > 0 if y
F(w) — 5 lull

IS convex.
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As intuitively as it sounds, strong convexity = strict convexity but the reverse is not
true in general.

A notable property of convex functions is that every minimum is a global minimum.
If the function is strictly convex, then the minimum is unique (provided it exists).
Also, the following properties hold whenever the function is also differentiable.

Proposition A.3

If f: Q CR" — R is a differentiable convex function, then for every u,v € 2

f(v) > f(u) + V,f(u) (v—u)

Proposition A.4

If f: Q C R” — R is a differentiable function, then the following conditions are
equivalent
- f Is strongly convex with modulus v

- For everyu,v € Q

F(v) = F(u) + Vuf(u) (u—v) + 5 lv—ul

- For everyu,v € Q

(Vuf(v) = Vuf ()" (v —u) > vlv —ul3

We also note that, from the definition of strongly convex functions, if f is twice
continuously differentiable then vl, < V2 f.

Now, these are all useful properties that can actually be generalized and obtained
whenever f is convex but does not have a gradient. The key is replacing the gradient
with the subgradient. A subgradient is based on extending the property in Proposition
|A.3l to non-differentiable functions.

Definition A.5. Given a proper function f: X — R, a vector w € R" is a subgradient
for f at u € dom f if, for every v € €2, it satisfies the subgradient inequality:

f(v) > f(u) +w’ (v—u). (A.1)
The set of all subgradients for f at u is denoted with 8f(u). The multivalued operator

of: Q — R"
u— 0f(u),
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is called the subdifferential of f.

In practice, any subgradient w € 9f (u) identifies a line tangent to the graph of f in
u, that is also never above the graph. Although any function f can have subgradi-
ents, convexity allows for an easier and systematic use of the subdifferential thanks
to the following properties.

Proposition A.6

Given a proper convex function f: 2 — R, then the following properties hold
- Ifu is a point in the interior of dom f, then Of (u) is non-empty.

- If f is continuous at u then Of (u) is non-empty.

- If f is continuously differentiable at u, then 0f (u) = {Vf(u)}.

The last property In particular, even though it seems rather natural, does not hold
for any differentiable function. In fact, it may happen that 0f(u) is empty even if
f is differentiable at u, as the subgradient inequality for differentiable functions is
always true only for convex function (Proposition .

Last, but not least, we have a reformulation of the first order optimality condition
in the case of non-differentiable functions. As in the case of convex functions, this
is a direct consequence of the subgradient inequality (A.1).

Proposition A.7
Given a proper function f: X — R, then u € argmin f if and only if 0 € 8f(u).

Proximal Operator
Definition A.8. The proximal operator of a function f: X — R is defined as

1
prox £(v) = argmin f(u) + EHu —v|3 (P)

It is easy to show that the proximal operator of f is no other than what is called the
resolvent operator of 8f, i.e., (I + 0f)~1, where [ is the identity operator.

Again, in the case of convex function, the proximal operator gains important prop-
erties:

Proposition A.9

If f: Q — R is proper, convex and lower semi-continuous, then the function

1
Rulu) = F(u) + 5 lu — vl
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is strictly convex and admits a unique minimum. In other terms, the proximal operator
is well-defined and is a single-valued operator.

o

The proximal operator as is defined, may not have a closed form solution and needs to
be computed inexactly. In order to do so efficiently, we can turn to its dual problem.

Definition A.10. Given a function f: X — R, its convex conjugate or Fenchel
conjugate is the function

f*(w) =sup w'u — f(u),

ueX

The convex conjugate is always convex (even if f itself is not) and is proper if f
Is proper, convex and lower semi-continuous. Also, we have the following notable
results:

Theorem A.11 (Biconjugation Theorem)

A proper, convex and lower semi-continuous function f: Q2 — R coincides with is
biconjugate, i.e.
flu)=Ff*u)= sup u'w— F(w).

wedom f*

Proposition A.12

Let f: Q — R be a proper, convex and lower semicontinuous function, then the
following are equivalent
- f(u) + F*(w) =w'u

- w € 9f(u)

- u€of*w

Now, the optimization problem in (]E[) can be referred to as the primal problem,
whose is counterpart is the dual problem

1 1 .
argmax 5 |3 = S Iv — w3 - *(w). (D)

Let us denote with

1 *
Sliv = wi — £ (w),

the objective function of the dual problem. Then, under reasonable hypothesis, a
simple application of the results just recalled shows that R, (u) > Q,(w) for all u,w
and

1
Qu(w) = S Ivlj3 -

u* = argmin R,(u) = argmin Qy(w) = w*
u w
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with u* = v — w*. Furthermore, in the case where f(u) = g(Au), then simple
subdifferential and linear algebra calculus give us u* = v — AT w*,

The advantage of turning to dual problems is that, in the majority of cases, they are
simpler to solve. If (WU))JEN is the sequence that converges to the solution of @
then usually one would stop whenever

'Dv(v - W(J)) - QV(W(J)) S €,

for a given tolerance €.

In Chapter [2| the tolerance in the inexact computation of the proximal operator
actually depends on ht)(z(K)), where z(¥) is the exact solution. It is actually possible
to circumvent this issue. We recall that

H9(2) = VaF (6%0)" (2~ 090) + 12— 0¥}y + R(z) — R(6™)
so that the dual function associated with the primal problem argmin, h)(z) is
Qpio (W) = _QikHO‘kM;lW — 0% + M 'V F (0|, — R*(w)
— ROW) — o VoF (0 [y, + 509 cuMAVaF(6%)

and with the same arguments as before, it can be shown that Q,w(w) < h¥(z) for
all w, z, and that z) = %) — @, VgF (%) — a, M, 'w*, where w* is the solution
of the dual problem. If (w%));cy is a sequence that converges to the dual maximum
w*, then 2K = 9 — o, V4 F (%)) — oM 'wU) is the approximate solution of the
primal problem that needs to satisfy

AR (200 — p) () < O (2Y — Q, 1y (WY)).

Hence, by asking that h®) (2(0) — Q0 (W) < —Zh((2(K)), we obtain the stopping

criterion 5
KK (5K — 0y < .
(') = Quu(w) < Y
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