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Abstract

The so-called Deep Image Prior (DIP) approach is an unsupervised deep learning
methodology which has gained great interest in recent years due to its effectiveness
in tackling imaging problems, such as denoising, inpainting, and super-resolution,
without the need for extensive pre-training. A key limitation of DIP is its tendency to
overfit noise if optimization runs too long, leading to the so called semiconvergence
effect, where the model begins to capture noise rather than improve image quality.
Although DIP has proven effective in tasks like denoising and super-resolution, its
potential in areas like blind deconvolution and segmentation remains under-researched.

The aim of this thesis is to contribute to the DIP framework by exploring new
possibilities for applying this approach to blind deconvolution and segmentation
tasks, as well as developing efficient early-stopping techniques that automatically halt
network optimization once an optimal reconstruction is achieved.

For addressing challenges in blind deconvolution and segmentation, the original
DIP framework has been extended to the variational models specifically tailored to cap-
ture the unique structural and statistical characteristics of these imaging applications,
enhancing DIP’s adaptability to complex image restoration tasks.

On the other hand, two early stopping strategies have been developed, each based
on a distinct approach. The first is based on a Neural Architecture Search to generate
optimal hyperparameter configurations for the neural network used in Deep Image
Prior, helping to prevent the semiconvergence effect. The second strategy relies on
a modified version of the BRISQUE metric, a no-reference image quality measure,
to track the behavior of the PSNR curve produced by Deep Image Prior, without
requiring the ground truth image.
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Introduction

The field of image reconstruction is crucial across a wide range of scientific domains. The ongoing
need for improved techniques to address imaging inverse problems has led to significant advancements
in computational methods, particularly in the realm of Deep Learning.

Deep Image Prior is a recent approach that leverages a specific type of artificial neural network
as a prior for image restoration tasks, including denoising, inpainting, and super-resolution. Unlike
traditional deep learning techniques, which require large training datasets, Deep Image Prior works
without any pre-training, relying on the structure of the network itself to encode prior information about
data, like statistical properties. Indeed, in Deep Image Prior, the model does not generalize from a
prior dataset but optimizes itself on the single image data during runtime to reconstruct a clean version
of that image. This approach is effective because it leverages the network’s tendency to reconstruct
meaningful structures (like edges, textures, and object continuity) before noise, which typically appears
as random patterns. This is a significant advantage in real case scenarios where large labeled datasets
are not available. Other advantages include its flexibility to adapt to different loss functions based on
the task and its reduced need for intensive hyperparameter tuning, since the process is mainly based on
the natural behaviour of network optimization during inference.

One major drawback of Deep Image Prior is its tendency to overfit the noise if optimization
continues for too long, leading to the so called ”semiconvergence” effect. Since DIP operates directly
on the noisy or corrupted image, after a certain number of iterations, the network starts fitting the
noise itself, which degrades the quality of restoration. This makes it crucial to apply early stopping
techniques to halt optimization at the right point. Another limitation is that DIP only uses the corrupted
image and lacks external data to guide the learning process; thus, it may struggle with highly noisy
or degraded images, especially when degradation is significant, as the model might fail to capture the
underlying structure. Additionally, the choice of network architecture is important, as a suboptimal
architecture can reduce performance or add complexity to practical application. Finally, although Deep
Image Prior has recently emerged as a landmark approach for addressing various imaging challenges,
such as denoising, JPEG artifact removal, inpainting, and super-resolution, its application to other areas
like blind deconvolution and segmentation remains relatively unexplored.

The aim of this thesis is to contribute to the Deep Image Prior framework by exploring new
possibilities for applying this approach to blind deconvolution and segmentation tasks, as well as
developing efficient early-stopping techniques that automatically halt network optimization once an
optimal reconstruction is achieved.

To provide a comprehensive foundation for the thesis, Chapter 2 reviews the background of Artificial
Neural Networks, summarizing key concepts behind Deep Learning strategies for solving minimization
problems.

Chapter 3 provides a comprehensive description of the Deep Image Prior approach, detailing
how regularization can be implicitly achieved by the structure of a neural network. It also covers the
optimization model used to solve imaging tasks via Deep Image Prior, and presents numerical results
showing the advantages and limitations of this approach.

Chapter 4 is devoted to analyzing how Deep Image Prior can be exploited to address a blind
deconvolution problem where the data are corrupted by Poisson noise. This results in a min-max
problem depending on the weigths of two different neural networks. Proper optimization methods
are discussed to solve this problem. The effectiveness of the proposed approach is evaluated on blind
deconvolution problems arising from confocal microscopy.

13



Introduction

The aim of Chapter 5 is to extend the Deep Image Prior idea to the segmentation of noisy images
in order to benefit of both traditional variational models and new deep learning techniques. Indeed
the resulting method consists of an unsupervised deep learning approach based on the minimization
of very well known variational energies (such as the Mumford-Shah functional and its approximation
proposed by Ambrosio and Tortorelli) properly parametrized in terms of the weights of convolutional
neural networks. The implicit regularization provided by the network allows to make the traditional
variational models more robust with respect to both the noise corrupting the data and the selection of
the parameters which balance the role of the regularization terms. Several numerical experiments on
noisy segmentation problems show promising results of the suggested approach.

In Chapter 6, two early stopping procedures for Deep Image Prior are illustrated. The first technique
relies on the Neural Architecture Search strategy by generating hyperparameters configurations for the
neural network employed in Deep Image Prior, configurations that shall be able to provide clean images
comparable to those obtained by the standard configuration, optimally stopped, but with significantly
fewer iterations. The second proposed early stopping strategy is based on a modified version of the
so-called BRISQUE metric, a no-reference image quality measure, and it aims to track the behaviour
of the PSNR curve, obtained by applying Deep Image Prior, without knowing the ground truth image.
While the NAS-based early stopping technique is particularly suited in those situations where the
computational time is limited, this latter one is also relevant when a larger number of iterations
is allowed. Several numerical experiments on different denoising applications show a promising
performance of Deep Image Prior combined with the suggested early stopping procedures.

The last chapter sums up the achievements and the conclusions of this thesis.

Related publications

This thesis presents a selection of articles and results that have been published or are under review in
journals and conference proceedings. It represents the main part of the research conducted during the
doctoral program.

• Benfenati A., Catozzi A. and Ruggiero V., ”Neural blind deconvolution with Poisson data”,
Inverse Problems 39.5, 2023.

• Benfenati A., Catozzi A., Franchini G., Porta F., ”Early stopping strategies in Deep Image Prior”,
submitted, 2024.

• Benfenati A., Catozzi A., Franchini G., Porta F., ”Piece-wise Constant Image Segmentation
with a Deep Image Prior Approach”, International Conference on Scale Space and Variational
Methods in Computer Vision. Cham: Springer International Publishing, 2024.

• Benfenati A., Catozzi A., Franchini G., Porta F., ”Unsupervised noisy image segmentation using
Deep Image Prior”, submitted, 2024.

Other results obtained during the PhD have led to the following publications:

• Bubba T.A., Calatroni L., Catozzi A., Crisci S., Pock T., Pragliola M., Rautio S., Riccio D.,
Sebastiani A., ”Bilevel Learning of Regularization Models and Their Discretization for Image
Deblurring and Super-Resolution”, Advanced Techniques in Optimization for Machine Learning
and Imaging, 2024;

• Franchini G., Verucchi M., Catozzi A., Porta F., Prato M., ”Biomedical Image Classification via
Dynamically Early Stopped Artificial Neural Network”, Algorithms 15(10):386, 2022.
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Background on Artificial Neural Networks

Artificial Intelligence (AI) describes a system’s ability to exhibit human-like capabilities such as
reasoning, learning, planning, and creativity. Today, AI is pervasive across various fields, including
Medicine, Philosophy, Information Technology, and the Arts. A specific branch of AI focuses on
investigating and implementing algorithms necessary for modeling observed phenomena, processing
large amounts of data, or predicting events. This field is known as Machine Learning (ML), which aims
to leverage statistical tools and concepts to analyze, evaluate, and optimize mathematical functions
used for making decisions or predictions based on data.

Specifically, the aim of ML is to efficiently train models by learning from available data. In the
literature, learning is described as a process in which performance on a specific task improves with
experience in relation to a set of tasks and a performance measure. The performance is usually measured
by a metric, which depends on the type of problem, indicating whether the method produces good
results. Common tasks in ML include classification, regression, image restoration, and segmentation.

To facilitate learning, ML models rely on a training set, which is a collection of data examples
provided to the algorithm to learn patterns or relationships. The quality, size, and diversity of the
training set play a crucial role in the model’s ability to generalize to unseen data.

ML algorithms can be classified in two categories: supervised and unsupervised methods. In
the supervised approach, the input training data are mapped to corresponding outputs, called labels,
allowing the model to learn from input-output pairs. In contrast, in the unsupervised approach, the
model identifies inherent structures or relationships within the data without reference to any output or
label.

Deep Learning (DL), a subset of ML, is designed to handle large datasets and solve tasks with
specific structures by leveraging different levels of abstraction. DL can address problems such as image
classification, segmentation, restoration, regression, and natural language processing, all of which
involve vast amounts of data, requiring a model capable of feature extraction ([1]).

2.1 Artificial Neural Networks

Artificial Neural Networks (ANNs) are DL techniques that allow modeling phenomena and predicting
events, finding application in numerous fields ([2]). Depending on the type of problem and the nature
of the data to be examined, like time series, images or categorical data, just to name a few, specific
network architectures can be constructed.

The structure of various artificial neural networks will be described below, starting with the basic
unit, the artificial neuron. Each neuron processes a weighted sum of its inputs, which represents the
information being processed, and this signal is passed through an activation function to produce an
output. There is a clear analogy between the chemical transmission of information in a human neuron,
represented in Figure 2.1, and the logical operations in an artificial neuron, which was first formalized
in 1943 (see [3] and Figure 2.2 for a visual inspection). In details, a single unit is constituted by:

• an input x = (x1, x2, . . . , xn) ∈ Rn,

• some weights θ = (θ1, θ2, . . . , θn) ∈ Rn,

• an activation function fa : Rn → Rm,

15



Background on Artificial Neural Networks

Figure 2.1: Representation of a neuron.

n∑
i=1

xiθi + b...

b

x1 θ1

x2 θ2

xn

θn

fa
y := fa

(
n∑

i=1

xiθi + b

)

Figure 2.2: Mathematical representation of an artificial neuron.

• a bias b ∈ R,

• an output y ∈ Rm.

In Table 2.1 are listed the most popular examples of activation functions ([4, 5]).
Inputs can be processed in parallel and distributed across neurons at the same level, forming a

structure known as a layer. Typically, an artificial neural network consists of an input layer, an output
layer, and a certain number of hidden layers in between. The input layer receives and processes
the data, the output layer generates the final result—such as a prediction, image reconstruction, or
response—and the hidden layers transform the input data and perform computations. Additionally,
these layers extract features by learning hidden patterns from the inputs. In particular, a network can be
seen as the composition of many functions, so much so that it can be described as a directed acyclic
graph. For example, in Figure 2.3 there are three hidden layers, that are the functions h1, h2 and h3
linked in chain: f(x) = h3(h2(h1(x))), whose length is called depth, while the dimensionality of the
hidden layers is the width.
To summarize, a deep neural network is structured as follows.
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Figure 2.3: Example of feedforward neural network.
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2.1 Artificial Neural Networks

Name Domain and
codomain Definition Graph

Sigmoid R→ (0, 1) fa(x) =
1

1+e−x

−10 −5 5 10

0.5

1

x

y

Hyperbolic
tangent

R→ (−1, 1) fa(x) =
ex−e−x

ex+e−x −10 −5 5 10

−1

1

x

y

Rectified
Linear Unit

(ReLU)
R→ [0,∞) fa(x) = max(0, x)

−10 −5 5 10

5

10

x

y

Leaky ReLU R→ R fa(x) =

{
x if x ≥ 0

ax if x < 0, a ∈ R
−10 −5 5 10

5

10

x

y

Softmax R→ (0, 1) fa(x) =
ex

ex+ex′

−4 −2 2 4

0.5

1

x

y

Table 2.1: Examples of activation functions in one dimensional case, x ∈ R.
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Figure 2.4: Example of convolution in CNNs from [7].

• Input layer. This layer consists of N units. These input units do not perform any computations;
instead, they simply transmit information to the subsequent layers.

• Hidden layers. The network contains a series of L hidden layers, where L ≥ 2.

• Output layer. The final layer is the output layer, which is made up of K neurons, where K ≥ 1.

• Synaptic weights. There are synaptic weights that denote the strength of the connections between
the neurons in adjacent layers.

By denoting with Ni the size of each layer, the synaptic weights are organized in weight matrices
W (i) ∈ RNi×Ni−1 where an element W (i)

sr encodes the weight between the r-th neuron in the (i−1)-th
layer and the s-th neuron in the i-th layer. Hence each matrix W (i) for i = 1, . . . , L contains the
weights of the edges which connect the (i− 1)-th layer to the i-th. Moreover we denote the bias vectors
as b(i) ∈ RNi for i = 1, . . . , L. Note that activation functions are specific to each neuron, and they can
vary between layers to selectively transmit processed information to the next neuron.
The weight matrices and the bias vectors defining a neural network are learned during the training
process, as discussed in Section 2.3. On the other hand, the architecture of a neural network - including
the size of each layer, the activation function for each neuron, and the network’s depth - is predetermined
based on heuristic strategies and the specific application.

Since the arguments investigated in this thesis concern inverse problems in image processing, the
focus will now shift to Convolutional and Encoder-Decoder Neural Networks, which are the most
suitable for image analysis.

2.1.1 Convolutional Neural Networks

For solving Computer Vision tasks, Convolutional Neural Networks (CNNs, [6]) present the best
architecture, because they resemble the biological behaviour of the human visual cortex. Such structures
are capable of successfully capturing spatial dependencies in an image through the application of specific
filters that reduce its complexity. A visual example of CNN is reported in Figure 2.4. This kind of
nets are characterized by a specific mathematical operation called convolution which is suitable for
analyzing spatial relationships in data, differing from the classical product between matrices.

Definition 2.1. The convolution between two well defined functions i : R2 → R and k : R2 → R is
given by

(i ∗ k)(x, y) =
∫
R2

i(s, r)k(x− s, y − r)dsdr (2.1)

where the convolution is indicated by ∗.

It is possible to express (2.1) in a discrete domain, essential for practical implementation such as
in image processing, where the domain is represented by a grid of pixels. In real-world applications,
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2.1 Artificial Neural Networks

(a) Valid padding (b) Average padding

Figure 2.5: Examples of valid and same padding.

signals like images must be represented digitally, employing a finite process for storing discrete sets.
Moreover (2.1) involves an integral over an infinite range, while 2.2 simplifies the computation to a
finite sum, making it manageable for digital processing.

Definition 2.2. The discrete convolution between two functions I : Z2 → R and K : Z2 → R is given
by

(I ∗K)(x, y) =
∑
s

∑
r

I(s, r)K(x− s, y − r) (2.2)

where the discrete convolution is indicated by ∗ and the input data is I and the so-called kernel or filter
K is a feature extraction matrix with smaller dimensions.

The output of the operation described in (2.2) is called feature map, because it is able to enhance
and extract the characteristics of the input. For example, in image processing the feature map brings
out patterns, pixel intensities or boundaries.
Since also in the discrete context the operations are performed near to the boundary pixels, it is
mandatory adding new pixels framing the input image before the convolution. This technique is called
padding and it allows to maintain the spatial dimensions of the image after the convolution and there
exist two different methods. The first is the valid padding where the output dimensions decrease, since
the kernel K is applied only at pixels that allow it to be contained entirely in the input data I (see
Figure 2.5(a)). The second way is the same padding, where the output admits the same size of the input
image; the number of pixels for framing the input is computed using the dimensions of the kernel and
the required feature map dimensions (see Figure 2.5(b)). An example is the zero-padding, where zero
pixels are added to the border of the input.

The dimensions of the feature map can be reduce through the pooling layers, cutting off the number
of net parameters, thus the computational cost, and it can be seen as a downsampling procedure. The
most common pooling layers acting on the feature map patches are:

• max pooling, which saves the maximum value in each patch, that is the pooling window (see
Figure 2.6(a)), and it aids in making feature detection in input data robust to changes in scale and
orientation;

• average pooling, which saves the average value in each patch (see Figure 2.6(b)).

2.1.2 Encoder-decoder

An encoder-decoder network [8] is a type of neural network architecture that is widely used for tasks
where the input data needs to be transformed into some intermediate representation (encoded), and then
the output data is generated from that representation (decoded). This architecture is particularly useful
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Figure 2.6: Examples of max and average pooling: the input matrix is 4 × 4 with integer values in
[1, 16], the pooling windows are 2× 2 and the output matrix is the orange 2× 2 matrix, containing the
maximum or the average values from each pooling window.

in applications where the input and output are of different formats or sizes, such as in image processing,
NLP, and signal processing. The first part of the architecture is called encoder and it compresses the
input data into a lower-dimensional representation or latent space, thanks to the presence of many
layers, then its output is a compact and abstract representation of the input that captures the most
significant information. The second part, namely the decoder, reconstructs the data from the latent
space.

There exists a subset of encoder-decoder architectures that are trained through unsupervised learning
to reconstruct their input data; they are called autoencoders and usually are applied in denoising
problems. Furthermore, variational autoencoders (VAEs) are encoder-decoder networks that are able
to generate new data samples by learning a probabilistic representation of the input data.

An example of encoder-decoder is the U-Net architecture (introduced in [9] and designed for
biomedical images). It is a CNN highly effective in image segmentation tasks, where the goal is to
assign a class label to each pixel in an image, because it combines high-resolution spatial information
from the encoder with contextual information from the decoder. Its ability to provide precise, pixel-level
segmentation has made it a popular choice for many Computer Vision problems. Its name comes from
the shape of the architecture since it is composed by two symmetric parts:

• the encoder, responsible for capturing the image features by downsampling (reducing the spatial
dimensions) while increasing the number of feature channels, i.e. the output of a convolutional
filter applied to an input image or feature map, thanks to convolutional layers followed by
max-pooling operations to reduce the size of the feature maps. It uses repeated applications of
two 3× 3 convolutional layers, followed by a ReLU activation and a 2× 2 max-pooling layer to
downsample the image. Each step doubles the number of feature channels.

• the decoder, responsible for upsampling the image back to the original size while using the
features extracted by the encoder, exploting the so-called skip connections between the encoder
and the decoder parts. It upscales the feature maps using transposed convolutions (or up-
convolutions) and halves the number of channels. At each step, the corresponding feature map
from the contracting path is concatenated with the upsampled map via skip connections.

The skip connections allow the network to transfer high-resolution features from the contracting path
directly to the corresponding upsampling layers in the expanding path. This helps the network recover
fine details lost during the downsampling process.
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2.2 Batch Normalization

A technique for improving the velocity and the accuracy of ANNs in general is the Batch Normalization
(BN, [10]), which normalizes the layers’ inputs through scaling and centering procedures such that
they have zero mean and variance one. In the BN step, the mean and the variance are calculated over a
mini-batch x = {x1, . . . ,xm}, i.e. a subset of samples from the training set:

µB =
1

m

m∑
i=1

xi σ2
B =

1

m

m∑
i=1

(xi − µB). (2.3)

Thus the input normalization is given by

x̂i =
xi − µB√
σ2
B + ε

(2.4)

where ε is a small constant for avoiding the denominator annihilation. This practice is useful for
increasing the stability, allowing higher learning rates, and the problems related to the exploding or
vanishing gradient are reduced, making more robust the models [1].

2.3 Training deep neural networks

A deep neural network can be viewed as a function that relies on a set of weights and biases, represented
as Z = {(W (i), b(i)) for i = 1, . . . , L}. Therefore, a deep neural network is formally defined as a
function N (θ, x) parameterized by θ ∈ Rd, exploiting the column vectorization [1].

In supervised learning, the aim is to adjust the parameters θ in order that N (θ, ·) represent a
prediction function from an input space Rdx to an output space Rdy such that, given x ∈ Rdx , the value
N (θ, x) offers an accurate prediction about the true output y. To achieve this, a so called loss function
ℓ : Rdy × Rdy → R is introduced; it is such that, for a given input-output pair (x, y), calculates the
loss ℓ(N (θ, x), y), where N (θ, x) is the predicted output and y is the true output. By assuming that
the input-output space Rdx × Rdy is endowed with a probability distribution P : Rdx × Rdy → [0, 1],
representing the true relationship between inputs and outputs, the parameters θ should minimize the
following objective function

R(θ) =

∫
Rdx×Rdy

ℓ(N (θ, x), y) dP (x, y) = E[ℓ(N (θ, x), y)]. (2.5)

The function R : Rd → R is called the expected risk, given a parameter vector θ, with respect to the
probability distribution P .
Although it would be ideal to minimize (2.5) directly, this is often not feasible due to incomplete
information about the distribution P . Therefore, in practice, one aims to solve a problem based on
an estimate of the expected risk R. In supervised learning, a set of n ∈ N independently drawn
input-output samples {(xi, yi)}ni=1 ⊂ Rdx × Rdy is available (either all at once or incrementally).
Using this dataset, one can define the empirical risk function Rn : Rd → R as

Rn(θ) =
1

n

n∑
i=1

ℓ(N (θ, xi), yi), (2.6)

where ℓ(N (θ, xi), yi) denotes the loss for the predicted output N (θ, xi) relative to the true output yi.
The set of input-output samples {(xi, yi)}ni=1 ⊂ Rdx × Rdy is referred to as the training set and the
process of finding the optimal parameter θ is called training the network.
Thus, the two fundamental components of learning in a network are its architecture - essentially, the
composite function it represents - and the optimization algorithm used for training.
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A widely recognized and effective algorithm is gradient descent, which optimizes a function by moving
in the direction opposite to its gradient. This approach is commonly referred to as steepest descent, and
its general iteration for minimizing (2.6) can be expressed as

θ(k+1) = θ(k) − α∇Rn(θ
(k)) = θ(k) − α

n

n∑
i=1

∇θℓ(N (θ, xi), yi), given θ(0), for all k ≥ 0

where α is positive learning rate. For a complete overview on numerical optimization methods
refer to [11]. It is worth noting that the analytical expression for the gradient can be derived using
the chain rule. However, evaluating such expressions can often be computationally intensive. The
backpropagation algorithm enables the computation of partial derivatives in a time that scales linearly
with the depth of the computational graph1 associated with the neural network. A detailed explanation
of the backpropagation algorithm can be found in [12].

Given that n in (2.6) can be extremely large, calculating all the terms of the objective function Rn(θ)
or its gradient can be prohibitively costly. Additionally, the entire dataset may be too large to fit
into memory. In the context of online learning, where the dataset is not fully available from the very
beginning and is instead gathered throughout the learning process, it becomes impractical to work
directly with Rn(θ). In these situations, the minimization of Rn(θ) is addressed using stochastic
approximations of the gradient, leading to the class of stochastic gradient descent (SGD) methods [13].
At each iteration k, a sample Sk of size nk ≪ n is randomly and uniformly selected from the set
{1, . . . , n}. The SGD algorithm for minimizing (2.6) can be expressed as:

θ(k+1) = θ(k) − αg(θ(k)) given θ(0), for all k ≥ 0

where the stochastic direction g(θ(k)) is computed as

g(θ(k)) :=
1

nk

∑
i∈Sk

∇θℓ(N (θ, xi), yi).

The sample Sk represents the mini-batch at the k-th iteration, and its size nk is referred to as the
mini-batch size.

Selecting an appropriate learning rate for the SGD algorithm is quite challenging. Indeed, a learning
rate that is too large can prevent convergence, while one that is too small can result in a very slow
training process. A very popular alternative to SGD is represented by the Adam method [14], which
falls under the class of adaptive stochastic gradient schemes. Given α > 0, ϵ̂, β1, β2 ∈ (0, 1], θ(0) and
setting m−1 = 0, v−1 = 0, the Adam k-th iteration is provided by the following recurrence formulas
for k ≥ 0:

mk = β1mk−1 + (1− β1)g(θ
(k))

vk = β2vk−1 + (1− β2)g
2(θ(k))

αk = α

√
1− βk

2

1− βk
1

θ(k+1) = θ(k) − αk
mk√
vk + ϵ̂

where the gradient squaring is to be intended element-wise. In [14], the authors proposed to set
β1 = 0.9 and β2 = 0.999.

Unsupervised training of a neural network involves using unlabeled input data to discover inherent
patterns and structures within the dataset. During this process, the network learns to represent the data

1A computational graph of an ANN is a structured representation of the sequence of operations and computations
performed by the network during both the forward pass and in the backpropagation pass.
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by identifying similarities and differences among the input features without any explicit guidance from
labeled outputs. Chapter 3 is devoted to the analysis of a very recently proposed unsupervised approach
especially tailored for image restoration problems.
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Deep Image Prior

Over the past decade, supervised deep learning methods have achieved state-of-the-art performance
in addressing imaging inverse problems. This success can be attributed to their ability to learn the
relationships between degraded images and their corresponding cleaned versions by utilizing highly
representative models, such as deep neural network architectures, along with an external training set
of paired degraded and clean examples. However, these approaches often face challenges, including
limited generalization when trained on insufficient data. Additionally, in many practical scenarios, such
as medical imaging, it can be nearly impossible to create a labeled dataset containing both ground truth
and degraded data. These challenges have prompted researchers to explore unsupervised deep learning
techniques that eliminate the need for training sets. Among these, Deep Image Prior [15, 16] stands out
as one of the most promising methods in this category.

The Deep Image Prior (DIP) is an unsupervised approach tailored for solving a large class of
imaging inverse problems. Such approach employs artificial neural networks, particularly U-Nets
equipped with skipped connections [9]: the claim of the original work states that the inner structure
of this type of networks is capable to capture a great amount of image statistics, without a training on
large datasets. In [15, 16] the authors fit an untrained network to a single degraded image, addressing
several problems such as image denoising, image restoration, inpainting and super-resolution. This
chapter presents the DIP framework, particularly detailing the architecture of the neural network used
in the DIP approach and the optimization problem that must be solved to address an imaging task.

3.1 The DIP neural network

The Deep Image Prior approach introduced in [15, 16] shows that generative neural architectures are
capable to capture image statistics even in absence of a training phase and without using large datasets.
The original work employed U-Net structures for tackling several imaging problems: indeed these
architectures have gained interest since they showed to have remarkable performances in several tasks,
such as image segmentation [17, 18] in medical imaging, in image generation [19, 20], precipitation
nowcasting [21]. Before detailing the unsupervised DIP approach, the neural network employed on
which DIP is based is described (see Figure 3.1). A U-Net can be interpreted as an autoencoder: the
first part encodes the information by applying several operations (convolutions, batch normalization,
leaky ReLU) and each stage halves the spatial dimensions of the image. The second part, formally
the decoder, doubles the spatial dimensions to retrieve the original image size and reconstruct the
information. Moreover, each stage of the encoder is linked to the relative stage of the decoder, acting
on the same spatial dimensions, via skip connections: on one hand, these blocks allow to transmit
information among the different levels of encoding-decoding, and moreover they seem to improve
the learning phase, boosting the search for the minimum [22, 23]. Figure 3.1 depicts the architecture
used in [15, 16], where both the encoder and the decoder have 5 stages. The first layer of an encoder
stage is a convolution operation that halves the spatial dimensions, followed by a batch normalization
layer and by a leaky ReLU layer with parameter −0.6. This triplet is repeated, with the sole difference
that the second convolution layer does not halve the spatial dimensions. The last stage of the encoder
(the lighter bottom block in Figure 3.1) ends with an upsampling layer, for having the correct spatial
dimensions for using the skip connections. Each decoder stage starts with a depth concatenation layer,
in order to combine their input with the output of the skip connections, then 2 triplets of convolution,
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Figure 3.1: The Deep Image Prior is characterized by a U-Net architecture. The picture shows the
original architecture of [16], with 5 stages of downsampling and relative upsampling, together with the
skip connections. The last stage of the encoder part, which corresponds to the latent feature, is depicted
in light blue and differs from the other encoder stages by the presence of a final upsampling layer.

batch normalization and leaky ReLU operations are combined. The last operation is an upsampling
operation for doubling the dimensions, since one wants to recover the original image size. The structure
of the skip connections is rather simple: they combine convolution, batch normalization and leaky
ReLU layers.

3.2 The DIP optimization model

In DIP framework such U-Net is used as a generator: it is fed with a multichannel random Gaussian
noise, which is used to recover the image of interest by learning the weights of the net under the
minimization of a fit-to-data functional. Hence, the DIP approach is based on a new concept towards
the regularization of inverse problems, achieved by forcing the recovered image to be a generated
image from a learned network. As a consequence, the classical variational model which formalizes
an imaging problem is rewritten in terms of the weights of a neural network and the structure of the
network itself is implicitly used to obtain a regularization effect on the solution.
The classical variational approach for imaging problems consists in searching for the solution of

argmin
u

D(u, g)

where D is the data fidelity and g is the recorded image. In particular, the recorded data is given by the
following model

g = P (H ∗ u⋆ + b) (3.1)

where u⋆ is the ground truth, H is a linear operator describing the blur effects-such as out-of-focus,
motion blur-of the acquisition system, b is a constant background term, ∗ denotes the convolution and
P models the statistical noise affecting the data, which can be signal-dependent or signal-independent.

The recorded data can be a grayscale, binary or an RGB image, hence g ∈ Rp×q×d, with p × q
pixels and d ∈ {1, 3} channels. DIP framework suggests to reparameterize u with a generative network
parameterized by θ. In particular, let z ∼ N (0, σ2), z ∈ Rp×q×h a random Gaussian input with
same spatial dimensions and h channels. The U-Net described before can be seen as a function
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3.3 Semi-convergence behaviour of vanilla DIP

f : Θ× Rp×q×h → Rp×q×d, where Θ is the space of the net weights θ. The DIP approach is based on
numerically solving an optimization problem, searching for the optimal weights θ⋆:

θ⋆ ∈ argmin
θ∈Θ

D (f(θ, z), g) (3.2)

where D is the discrepancy functional chosen in dependence of the noise affecting the image. Once the
optimal weights θ⋆ are found by applying an iterative algorithm to (3.2), properly stopped before the
degraded image starts to be over fitted, the resulting approximation of u⋆ can be computed as f(θ⋆, z).
The complete scheme of the DIP approach is reported in the algorithm 1.

Algorithm 1: Deep Image Prior

Select the network f , initialise the network’s weights θ(0), select the discrepancy function D.
Set σ2 for the input’s variance. Choose the learning algorithm Algo, its hyperparameters and
the loss function ℓ. Select the maximum number of iterations N .;

for k = 0, 1, . . . , N − 1 do
z ∼ N (0, σ2), a realization from a Gaussian probability distribution;

ℓ(θ(k))← D
(
f(θ(k), z), g

)
;

θ(k+1) ← Algo(θ(k), ∇ℓ(θ(k)));
end
Recover the approximation of u∗ as f(θN , z).

Notice that it is possible to add a regularization term to Problem (3.2), like in [24, 25, 26], for
example the anisotropic Total Variation function:

TV (u) =
∑
i

∥Ai u∥, (3.3)

where n = pq, Ai ∈ R2×n is the two dimensional discrete first order difference operator at the pixel
i of the vector-reshaped image u ∈ Rn, and the matrices Ai, i = 1, . . . , n are submatrices of the
complete difference matrix A ∈ R2n×n, A =

(
A⊤

1 , . . . , A
⊤
N

)⊤. This functional is used for preserving
characteristics on the reconstructed image, such as sharp edges.

The resulting DIP model is built upon the solution of the following optimization problem:

argmin
θ∈Θ

D (f(θ, z), g) + λTV (f(θ, z)), (3.4)

where λ is the regularization term that balances the trade off between the discrepancy function and the
Total Variation.

3.3 Semi-convergence behaviour of vanilla DIP

The aim of this section is to illustrate the so called semi-convergence behaviour typical of DIP. Indeed if
optimization continues for too long DIP tends to overfit the noise. The numerical experiments reported
in this section are carried out by running the standard DIP1 on denoising problems. The maximum
number of iterations is set to 3000, the optimization algorithm is Adam with learning rate 10−2 and the
discrepancy functional D in (3.2) coincides with the Mean Squared Error. The input z at each iteration
is corrupted by an additive normal noise with zero mean and standard deviation 1

30 . The considered
test images, reported in Figure 3.2, are picked from Berkeley Segmentation Dataset and Benchmark
(BSDS500, [27]) and the input noisy data g are corrupted by Gaussian noise with standard deviation
σ = 25

255 . In Figure 3.2 the results of the denoising process achieved by DIP are reported with the

1The code is available at https://github.com/DmitryUlyanov/deep-image-prior ([15]).
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(a) (b)

(c)

(d) (e)

Figure 3.2: Examples of Deep Image Prior for denoising task. The images are corrupted by Gaussian
noise with 0 mean and σ = 25

255 is the standard deviation. The number of iterations is set at 3000. The
first column reports on the left the recovered images and on the right the original images from the
dataset, while the second column illustrates the variations of the PSNR metrics.
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corresponding behaviour of the PSNR among the iterations. It is clear that all the reconstructions on
the left are very distant from the respective clean data on the right. The recovered image is the output
at 3000 iterations and it has a poor quality, but it doesn’t correspond to the best metric measure. The
PSNR plot clearly shows that after a certain number of iterations, the PSNR begins to decrease. In
addition, the optimal number of iterations is not the same for all the images but depends on the image.

Moreover if an higher standard deviation value is chosen for the corruption of the input images, like
σ = 50

255 in the example in Figure 3.3, the effect of the semiconvergence on the PSNR is more evident,
thus the recovered images have again a very low quality.

(a) (b)

(c)

(d) (e)

Figure 3.3: Examples of Deep Image Prior for denoising task. The images are corrupted by Gaussian
noise with 0 mean and σ = 50

255 is the standard deviation. The number of iterations is set at 3000. The
first column reports on the left the recovered images and on the right the original images from the
dataset, while the second column illustrates the variations of the PSNR metrics.
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Neural blind deconvolution with Poisson data

The aim of this chapter is to exploit the Deep Image Prior approach to address a Blind Deconvolution
problem where the data are corrupted by Poisson noise.

4.1 Preliminary notions

Blind Deconvolution (BD) consists in a image deblurring problem when the Point Spread Function
(PSF) is not known or only approximately known, e.g. only a rough approximation from observation or
a mathematical model, containing a limited number of unknown parameters, is known. For a linear
model of the acquisition process, the näive formulation of the BD is to solve the equation g = h ∗ u,
where ∗ denotes the convolution product and both the PSF h and the object u are unknown and must
be estimated from the recorded image g.

Even when the PSF is accurately reported or known, BD is advantageous because the PSF provided
by instrumentation may not fully account for real-world conditions, such as vibrations or optical
imperfections, which can cause deviations from the theoretical PSF. Moreover, even with expensive
equipment, the measured PSF might only be an approximation, subject to calibration errors, noise, or
resolution limits. Other factors that can influence data acquisition include inherent optical aberrations,
lens imperfections, or diffraction limits. This method also enhances the output images by accounting
for the possibility of biological specimen movement during Microscopy analysis.

A convenient and realistic assumption is to consider a space-invariant model for the PSF. Never-
theless, the problem is extremely under-determined and there exists an infinite set of solutions. One
of them is the trivial one, i.e., u = g and h = δ, where δ is the Dirac’s delta, which is 1 at the center
and zero elsewhere. Moreover, if the pair (h̃, ũ) is a solution and R is an injective linear operation
commuting with the cyclic convolution, then the pair (Rh̃, R−1ũ) is also a solution [28].

BD is the subject of a wide literature and the different approaches concern specific classes of images
and PSFs. For instance, approaches applicable to natural images may not be suitable in Microscopy or
Astronomy; approaches developed for motion blur are not applicable to other classes of blur, and so
on [29]. The obvious reason is that, since the problem is extremely ill-posed, specific kinds of prior
knowledge must be introduced, for both the object and the PSF, in order to reduce the class of possible
solutions [30]; as concerns natural images, the survey paper [31] contains a critical analysis of proposed
methods as well as several relevant references. While methods that rely on a pre-calibrated PSF or
supervised approaches can offer faster and potentially more deterministic results, they are often limited
by the fidelity of the assumed PSF or the generalizability of the training data. Blind deconvolution
trades off computational complexity and the potential for slower convergence in exchange for: greater
robustness to PSF inaccuracies and the ability to leverage implicit priors (e.g., sparsity, structural
consistency1) that are not easily encoded in pre-trained models or calibrated PSFs (see [32, 33, 34]).

In this thesis, the discussion is restricted to images acquired by a confocal microscopy, studying
the methods of BD proposed in the framework of Poisson data. Poisson noise is often generated in
low-light conditions and when an image is captured by digital devices. It consists in a multi-valued
Poisson process: the outcome is influenced by the random incidence of photons on the sensor of the
detection instrument (photon counting), with each pixel’s value being independent of the others. A

1Structural consistency refers to the preservation of the key spatial, geometric, and relational features of an image or scene
during a transformation, optimization, or reconstruction process.
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further error source, that can be viewed as another Poisson process, is the photon-electron counting,
which transforms the light information into the digital one. The intensity of the noise thus depends
on the number of photons: as the number of photons increases, the level of noise affecting the image
decreases ([35, 36]). The discrepancy functional used for restoring images perturbed by this kind of
noise is the generalized Kullback-Leibler function, note that the Poisson noise is signal-dependent.

The model of the acquisition process then becomes

g = P (h ∗ u+ b) (4.1)

where the acquired image g is a realization of a Poisson multivalued random variable whose average is
h ∗ u+ b; here b is a background function, usually a given constant function2. For a description of a
confocal microscopy system and the related mathematical modelling of the imaging process, see [29].
In the Bayesian approach, the PSF h∗ and the object u∗ are considered realizations of multivalued
random variables, respectivelyH and X , so that the conditional probability of h,u for a given value g
of the random variable G of the image domain is given by

PH,X (h,u|g) =
PG(g|h,u)PH(h)PX (u)

PG(g)
, (4.2)

where PH(h) and PX (u) are the priors of the PSF and the object, respectively. By assuming Gibb’s
priors and replacing PG(g|h,u) with the likelihood function, i.e., the Poisson probability distribution of
G for the realization g, the Maximum A Posteriori (MAP) estimates h̄, ū of h∗ and u∗, respectively, can
be obtained by maximizing (4.2) with respect to h and u, or, equivalently, by minimizing the negative
logarithm of the conditional probability PH,X (h,u|g):

min
h∈Ch,u∈Cu

fB(h,u;g) ≡ fB
0 (h,u;g) + f1(h) + f2(u). (4.3)

Under the Poisson noise framework, the data-fidelity function fB
0 (h,u;g) is the generalized Kullback-

Leibler (KL) divergence, expressed as

fB
0 (h,u;g) = KL(g;h ∗ u+ b) (4.4)

=
∑
i

gi ln

(
gi

(h ∗ u+ b)i

)
+ (h ∗ u+ b)i − gi, (4.5)

where gi ln gi = 0 if gi = 0. Furthermore, f1 and f2 are the regularization functions of the PSF
and object, respectively. In order to devise a meaningful solution between spurious local minima,
simple physical constraints Ch and Cu for the two blocks of variables can be specified, as, for example,

Ch =

{
h ∈ Rdh : 0 ≤ hi,

dh∑
i=1

hi = 1

}
and Cu = {u ∈ Rdu : 0 ≤ xi, i = 1, ..., du}, with dh and du

related to the sizes of the convolution kernel and the images, respectively.
In all cases, the aim is to solve a constrained and non-convex minimization problem. Assuming

that f1 and f2 are convex functions, since the objective function is convex with respect to each blocks
of variables, keeping the other fixed, a standard approach to the solution of (4.3) is the so-called
alternating optimization method, also known as non-linear block Gauss-Seidel or block coordinate
descent method ([39, Chapter 2]); it consists in solving problem (4.3) by successively minimizing the
objective function with respect to each block of variables, over the corresponding constraint set, by
keeping the other fixed. Remarkable convergence results are given in [40] under the assumption that
the exact solutions of the two minimization subproblems can be obtained at any iteration and, above
all, in [41] where the stationarity of limit points of the sequence of inexact solutions is stated. This
inexact block coordinate descent approach, where at each iteration a gradient projection step based on

2In Microscopy, a background emission can arise from auto-fluorescence, inadequate removal of fluorescence staining
material, offset levels of the detector gain or other electronic sources [37, 38].
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an Armijo line-search along the feasible direction with variable step-size is performed for any block,
is very useful in the practical applications (see for example [42]). In the deterministic framework,
many advances have been made to deal with BD problems in the case of natural images degraded by
additive noise, by introducing novel regularization terms or suitable strategies to improve the alternating
schemes (see, for example [43, 44, 45, 46] and the references therein).

Recently, deep Convolutional Neural Networks trained on large datasets are used to predict either
the blur or the sharp image directly from the blurred examples (see [47, 48, 49, 50] and the references
therein, and the surveys [51, 52]). In [53], the BD problem is addressed by training two separate
generative networks, the first to produce sharp images and the second to generate blur kernels. Then,
the BD problem is formulated as a minimization problem with respect to the inputs of the two pre-
trained networks which provide as output the recovered image and the blur kernel; employing suitable
regularization terms, this problem is solved by an alternating gradient descent scheme. A further
proposal is to train only the network related to the blur kernel, using an unsupervised technique for
training the network for the image. This technique is very similar to the one proposed in [54] and
described in the upcoming sections. These data-driven methods are limited by the capacity of the
training datasets and then they exhibit a lack of generalization when not trained with enough data.
Moreover, in many real applications, it is practically impossible to build a sufficiently large dataset
with both ground truth and degraded data.

Borrowing the DIP approach, it is natural to parameterized both the estimated image and the blur
separately by generative networks, following the Double-DIP approach in [55]. These nets are not
pre-trained on any datasets; they are adopted merely to capture the priors of either the image and
the blur for the optimization process, performing a so-called Neural Blind Deconvolution. Indeed,
this strategy is adopted by [54, 56]; the two approaches differ for the structure of the two nets. In
particular in [56] the two nets are convolutional encoder-decoder networks, while in [54] only the
image is the output of a convolutional U-Net and the blur kernel is generated by a more simple 2-layers
fully connected net. This last method is called SelfDeblur and it is able to produce high-quality results
for blurred images, but multiple runs can produce outputs with a wide range in quality. This is due
to the random initialization of the neural nets, giving rise to a non-deterministic method. In [57] the
authors improve the method in terms of consistency3, by introducing a suitable initialization of the nets,
multiscale processing and regularization. In [58], others techniques are discussed to address blurred
and noisy images, also in presence of kernel with unknown size.

The contribution of this chapter is to tailor the ideas developed in [54, 57, 58] for NBD in confocal
microscopy. In particular, the PSF h and the image u are derived from the parametric outputs of two
generative networksNh(θh) andNu(θu); the problem (4.3) is reformulated so that the minimization is
performed with respect to the weights θh,θu of the two nets. For modeling u, an autoencoder with
skip connections Nu can be selected, so that u = Nu(θu) while, for the more simple blur kernel h, a
fully connected network can be adopted, although the activation functions are sin functions and not
standard ones. The input data of the two nets are random tensors. Following the suggestion in [42] (see
also [29, Section 8.3]), in order to reduce the set of possible solutions of the NBD problem, a further
constraint provided by the knowledge of the Strehl ratio4 of the optical instrument is introduced. This
information implies an upper bound on the PSF, in addition to the lower bound of non-negativity and to
the normalization; therefore, with such a constraint, the trivial solution provided by the δ-array as PSF
is not allowed. Suitable regularizations are introduced in the reformulated objective function. In view
of a sharp image restoration, an edge-preserving non-smooth term is used, such as a Total Variation-like
function. Furthermore, the minimization problem can be restate in the form of a nonconvex-concave
min-max problem, similarly to what is described in [59]. For its numerical solution, a tailored version
of the alternating Proximal Gradient Descent-Ascent (PGDA) method [60, 61] is developed. In order to
drive the method to a meaningful solution, an initialization technique is needed to determine the weights

3In the context of DIP, the consistency ensures that the essential patterns, shapes, edges, and textures of an image are
retained or reconstructed accurately while eliminating unwanted distortions or artifacts.

4The Strehl ratio is the ratio between the maximum value of an aberrated PSF versus that of a perfect PSF.
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Neural blind deconvolution with Poisson data

related to suitable starting values for u and h. Lastly, the effectiveness of the proposed approach is
evaluated by describing the numerical results of the NBD of synthetic images and of real images,
showing the effect of the additional upper bound introduced on the blur kernel.

In details, the contributions in this chapter are organized as follows: Section 4.2 is devoted to
present the problem, the network’s structure and the choice for the regularization functionals; Section
4.3 presents the theoretical framework of the PGDA method employed for the minimization of (4.3)
along with its implementation details in Algorithm 2; the numerical tests are presented in Section 4.4.

Notation The symbol ∥ · ∥ denotes the standard Euclidean norm, ∥ · ∥F denotes the Frobenius norm.
Bold letters refer to vectors or tensors (it will be made clear by the context), whilst Greek and Latin
letters refer to scalar. The Euclidean scalar product can be denoted by ⟨·, ·⟩. The proximal operator of a
convex function F : Rd → R at a vector u ∈ Rd is defined as

proxF (u) = argmin
w∈Rd

{
F (w) +

1

2
∥w − u∥2

}
. (4.6)

The proximal operator is well-defined for any convex function [62]. The proximal operator of the
indicator function ιC of a closed and convex set C at a vector u is the standard projection of u on
C, i.e., proxιC (u) = ΠC(u). Furthermore, for any vector w ∈ R2, the shrinkage operator of w with
parameter β > 0 is shrinkβ(w) = argmin

u∈R2

{β∥u∥ + 1
2∥u − w∥2} = w

∥w∥ max(0, ∥w∥ − β). The

symbol 1 denotes an array with all entries equal to 1.

4.2 The Neural Blind Deconvolution problem

In a Bayesian approach, the BD problem can be formulated as the optimization problem (4.3), where,
in presence of Poisson data, the data-fidelity function is expressed as (4.5). Motivated by the DIP
idea [15, 16], following [54], in the BD problem the unknown blur kernel h and the image u can be
replaced by the outputs of two generative networks Nh(θh) and Nu(θu), whose input data zh and zu
are random samples. Combining this approach with the MAP minimization (4.3), the NBD problem
can be formulated as

min
θh,θu

fB
0 (Nh(θh),Nu(θu);g) + f1 (Nh(θh)) + f2 (Nu(θu)) , (4.7)

s. t. 0 ≤ Nu(θu) ≤ 1, Nh(θh) ≥ 0,
∑
i

(Nh(θh))i = 1 (4.8)

where f1 and f2 are regularization terms for the outputs of the two nets; the constraints in (4.8) can be
automatically meet, by setting as output layers of the two nets the sigmoid nonlinearity for Nu and
the SoftMax nonlinearity for Nh respectively. By denoting the solution of the minimization problem
as (θ∗

h,θ
∗
u), the restored image u∗ can be viewed as the output of the generative network Nu where

the network weights θ∗
u are a parametrization of u∗, i.e., u∗ = Nu(θ

∗
u). Similarly, the blur kernel

h∗ = Nh(θ
∗
h) and the network weights θ∗

h are a parametrization of h∗. The formulation (4.8) can
include the trivial solution provided by the δ-array as PSF. Indeed, when an iterative method is used to
find an reliable approximate solution, numerical experiments show how crucial it is to determine at
which iteration one should stop, given that, in general, the iterative procedure can lead to the trivial
solution. Hence, the numerical experience highlights that the sequence of iterates Nh(θ

(k)
h ) tends

to collapse to a single point with value 1 and, consequently, the quality of the recovered images
deteriorates. This fact can be observed in the numerical experiments of Section 4.4, in particular in
figures 4.3, 4.4 and 4.5. Here, for any test problem of the considered dataset, the peak values of the
PSF sequence exceed the maximum value of h∗, continuing to increase and collapsing the iterates into
one point (see the behaviour of the PSF peak value with respect the iterations in figures 4.3(a), 4.4(a)
and 4.5(a)). To avoid this drawback, following the suggestion in [42], the outputs of the network Nh
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4.2 The Neural Blind Deconvolution problem

are bounded from above by a prefixed peak value as well as being constrained by the non-negativity
and normalization to 1. Thus, the problem (4.8) can be restated as follows:

min
θh,θu

fB
0 (ΠCV

(Nh(θh)),Nu(θu);g) + f1 (ΠCV
(Nh(θh))) + f2 (Nu(θu)) , (4.9)

s. t. 0 ≤ Nu(θu) ≤ 1, (4.10)

with CV = {0 ≤ V ≤ H1,
∑

i(V)i = 1}, 0 < H < 1. While the output of the net Nu

automatically satisfies the box constraints, the output of Nh has to be projected in the convex set,
CV = {0 ≤ V ≤ H1,

∑
i(V)i = 1}; this condition requires to be able to compute the projection

operator on the set CV and this can be implemented by exploiting efficient algorithms, such as
[63, 64, 65]. Unlike what holds for (4.8), in this case h∗ = ΠCV

(Nh(θ
∗
h)). The peak value H is strictly

dependent on the optical instrument; its physical features enable to define an ideal PSF. The ideal PSF
is different from the real PSF and it is possible to estimate the Strehl ratio, finding a reliable value for
H (see for example [66, 67]).

4.2.1 The two generative networks

The networks employed in the experimentation are inspired by the architectures used in [54, 57].
The network Nu is the U-Net described in Chapter 3 and illustrated by Figure 3.1. The seminal
paper on DIP [16] points out that the choice of the upsampling method (bilinear, nearest neighbour
or transposed convolution) does not impact on the final performance, but in this experimentation the
transposed convolution works slightly better. The transposed convolution is then followed by a Batch
Normalization and by a LeakyReLU. The input of this network is a random 3D tensor of dimension
n × n × 32 (see Section 4.4 for the details of the probability distribution of such tensor). All the
convolutional layers use convolutional filters of dimension 3× 3.

In the original papers [54, 57] the network for recovering the PSF is a shallow, fully connected (FC)
one: the motivation is based on the fact that the PSF does not have particular structures that require
convolutional filters to be captured; hence a simple FC network is sufficient. The very recent work [58]
implements the different architecture SIREN [68], which uses the sin function as neuronal activation.
Consequently in the numerical experiments such strategy has been followed, since it has been observed
in the numerical experiments and in real world scenarios that SIREN networks can learn high-frequency
components in a better way than DIP [68]. The structure of the SIREN network used in this work is
depicted in figure 4.1: an input layer of 200 random components is followed by four instances of a fully
connected (FC) layer followed by a sin activation layer. The last two layers are a FC one (in order to
retrieve the desired dimension for the PSF) and a SoftMax layer. The initialization of such network is
done following the suggestion depicted in [68].
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Figure 4.1: SIREN network for the reconstruction of the PSF. K2 is the number of elements of the PSF.

4.2.2 Regularization terms

Although the generative nets have high impedance to image noise [69], numerical experience shows
that multiple runs on the same input for the minimization of the objective data-fidelity function
without regularization terms produce very different results [57]. This can be motivated by the random
initialization of the nets, but also by the non-convexity of both the original problem and the reformulated
one, that can admit many solutions. In order to address these drawbacks and make the approach more
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Neural blind deconvolution with Poisson data

consistent, in (4.3) and, consequently in (4.8) and (4.10), two regularization terms are introduced, as in
[57, 58]. For both the terms, a pixel-wise weighted regularization is adopted (see [70, 71]).

It is assumed for simplicity to deal with a 2D m × m blur kernel, reshaped as vector of RM ,
M = m ·m, and n× n image, reshaped as vector of RN , N = n · n. For the blur kernel an adaptive
Tikhonov-like regularization of order 0 is considered, which is defined as the sum of a vector λ of
positive parameters, locally adapted to the kernel pattern, combined with the terms of the standard
regularization, that is

f1(h) =
1

2

M∑
i=1

λih
2
i . (4.11)

Similarly, to devise a restored sharp image, a pixel-wise weighted regularization term is used, locally
adapted to the image pattern, combined with the terms of a standard regularization function, well-suited
to microscopy images, such as the ℓ1 function [72] or the Total Variation (TV) [59]. Specifically f2 can
be written as

f2(u) =
N∑
i=1

λ̃iRi(u), (4.12)

where Ri(u) is defined as follows

Ri(u) = |ui| for ℓ1 regularization, (4.13)

Ri(u) = ∥Aiu∥ for TV regularization. (4.14)

Here Ai is the 2D discrete first order difference operator at the pixel i of the vector-reshaped image
u ∈ RN and the matrices Ai ∈ R2×N , i = 1, ..., N are sub-matrices of a matrix A ∈ R2N×N ,
A =

(
A⊤

1 , . . . ,A
⊤
N

)⊤.
Both the selected regularization terms are convex, but the f2 term is non-smooth. Thus, it should

be inappropriate to use a gradient-like method, to address the problems (4.8) and (4.10), due to the non-
existence of the f2 gradient in neighborhoods with constant values of the image iterate. Nevertheless, the
proximal operator of a suitable reformulation of f2 can be computed by a closed formula. Consequently,
the problem (4.10) is addressed by using a suitable scheme in the framework of alternating PGDA
methods.

4.3 PGDA-like approach

Both the problems (4.8) and (4.10) can be restated as min-max problems, by introducing auxiliary
variables. In particular, the case of problem (4.10) is discussed, pointing out that for (4.8) the refor-
mulation is based on the introduction of only one auxiliary variable, the one which deals with the
regularization term f2. In the case of (4.10), two auxiliary variables must be considered, the first to
realize the final projection of the output of Nh on CV and the second to deal with the regularization
term f2. By considering as f2 the case of the TV variant (4.12) and (4.14), the auxiliary variables are
defined as follows:

V = Nh(θh) ∈ RM , Y = ANu(θu) ∈ R2N . (4.15)

Taking into account that the constraints on Nu(θu) in (4.10) are automatically meet by the output of
the U-Net, the problem can be restated in the following form:

min
θh,V,θu,Y

fB
0 (V,Nu(θu);g) +

1

2

M∑
i=1

λiV
2
i + ιCV

(V) +

N∑
i=1

λ̃i∥Yi∥ (4.16)

s. t. V = Nh(θh), Y = ANu(θu). (4.17)

where ιCV
(V) is the indicator function of the convex set CV = {0 ≤ V ≤ H1,

∑
i(V)i = 1}.

By introducing penalty terms for the equality constraints, the corresponding augmented Lagrangian
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4.3 PGDA-like approach

function can be written as

LγV,γY(θh,V,θu,Y,µV,µY) =fB
0 (V,Nu(θu);g) +

1

2

M∑
i=0

λiV
2
i + ιCV

(V) +
N∑
i=1

λ̃i∥Yi∥+

(4.18)

+
γV
2
∥V −Nh(θh)∥2 + ⟨µV,V −Nh(θh)⟩+ (4.19)

+
γY
2
∥Y −ANu(θu)∥2 + ⟨µY,Y −ANu(θu)⟩ , (4.20)

where γV and γY are positive penalty parameters and µV, µY are the multipliers of the equality
constraints. By setting P = (θh,V,θu,Y) and µ = (µV,µY), the numerical solution of problem
(4.10) is substituted by that of the following saddle point problem

min
P

max
µ
LγV,γY(P,µ). (4.21)

Furthermore the augmented Lagrangian function can be subdivided into two terms:

LγV,γY(P,µ) = L(P,µ) +R(P), (4.22)

where

L(P,µ) = fB
0 (V,Nu(θu);g) +

1

2

M∑
i=0

λiV
2
i+ (4.23)

+
γV
2
∥V −Nh(θh)∥2 + ⟨µV,V −Nh(θh)⟩+ (4.24)

+
γY
2
∥Y −ANu(θu)∥2 + ⟨µY,Y −ANu(θu)⟩ (4.25)

R(P) =

N∑
i=1

λ̃i∥Yi∥+ ιCV
(V). (4.26)

The function L(P,µY) is smooth; the non-smooth R(P) term is actually a convex separable function
of V and Y; there exists a closed formula to compute the proximal operator of each term ∥Yi∥,
i = 1, ..., N , whereas the proximity operator of ιCV

(V) is the projection on the convex set CV,
numerically obtainable by means of efficient algorithms, as for example the ones in [63, 64, 65]. Thus
the saddle point problem (4.21) can be formulated as

min
P

max
µ

L(P,µ) +R(P), (4.27)

which is the typical form of the problems addressed by alternating PGDA methods, recently developed
in [60, 61] and already adopted for DIP models in [59]. Upon suitable initialization of the variables,
the k-th iteration of PGDA iterative algorithm reads as

P(k+1) = proxαPR(P
(k) − αP∇PK(P(k),µ(k))) (4.28)

µ(k+1) = µ(k) + αµ∇µK(P(k+1),µ(k+1)), (4.29)
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where αP and αµ are positive step lengths (learning rates). Due to the separability of the functions
L(P,µ) and R(P), the general scheme (4.29) can be detailed as follows:

θ
(k+1)
h =θ

(k)
h − αP∇θh

[γV
2
∥V(k) −Nh(θ

(k)
h )∥2 +

〈
µ
(k)
V ,V(k) −Nh(θ

(k)
h )
〉]

V(k+1) =proxαPιCV

(
V(k) − αP∇V

[
fB
0 (V(k),Nu(θ

(k)
u );g) +

1

2

M∑
i=0

λiV
2
i+

γV
2
∥V(k) −Nh(θ

(k)
h )∥2 +

〈
µ
(k)
V ,V(k) −Nh(θ

(k)
h )
〉 ])

θ(k+1)
u =θ(k)

u − αP∇θu

[
fB
0 (V(k),Nu(θ

(k)
u );g)+

+
γY
2
∥Y(k) −ANu(θ

(k)
u )∥2 +

〈
µ
(k)
Y ,Y(k) −ANu(θ

(k)
u )
〉 ]

Y(k+1) =proxαPf2

(
Y(k) − αP∇Y

[γY
2
∥Y(k) −ANu(θ

(k)
u )∥2+

+
〈
µ
(k)
Y ,Y(k) −ANu(θ

(k)
u )
〉 ])

µ
(k+1)
V = µ

(k)
V + αµ

(
V(k+1) −Nh(θ

(k+1)
h )

)

µ
(k+1)
Y = µ

(k)
Y + αµ

(
Y(k+1) −ANu(θ

(k+1)
u )

)
.

Then, the explicit formulation of the above iteration is depicted as follows:

θ
(k+1)
h =θ

(k)
h − αP∇θhNh(θ

(k)
h )
(
γV(Nh(θ

(k)
h )−V(k))− µ

(k)
V

)
(4.30)

V(k+1) =ΠCV

(
V(k) − αP(∇V[fB

0 (V(k),Nu(θ
(k)
u );g)]+

+
M∑
i=0

λiVi + γV(V(k) −Nh(θ
(k)
h )) + µ

(k)
V )

)
(4.31)

θ(k+1)
u =θ(k)

u − αP∇θuNu(θ
(k)
u )

(
∇Nu(θu)

[
fB
0 (V(k),Nu(θ

(k)
u );g)

]
+

−γYA⊤
(
Y(k) −ANu(θ

(k)
u ) +

µY

γY

))
(4.32)

Y
(k+1)
i =shrink

αPλ̃i

(
Y

(k)
i − αPγY

(
Y

(k)
i −AiNu(θ

(k)
u )
)
− αP(µ

(k)
Y )i

)
(4.33)

µ
(k+1)
V = µ

(k)
V + αµ

(
V(k+1) −Nh(θ

(k+1)
h )

)
(4.34)

µ
(k+1)
Y =µ

(k)
Y + αµ

(
Y(k+1) −ANu(θ

(k+1)
u )

)
(4.35)
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where the shrinkage operator is applied to any sub-vector Yi ∈ R2 corresponding to AiNu(θu),
i = 1, ..., N . The steps (4.30) and (4.32) can be easily approximated by one step of a stochas-
tic gradient method applied to the functions γV

2 ∥V
(k) − Nh(θh)∥2 +

〈
µ
(k)
V ,V(k) −Nh(θh)

〉
and

fB
0 (V(k),Nu(θu);g) +

γY
2 ∥Y

(k) −ANu(θu)∥2 +
〈
µ
(k)
Y ,Y(k) −ANu(θu)

〉
with learning rate αP,

respectively; the updating rule (4.31) for V can be obtained by applying the algorithm proposed in
[64]; in view of the physical assumption MH > 1, the projection sub-problem is well-defined; the
computation of the proximal operator related to the regularization term (4.12) (with parameter αP) can
be easily obtained in a closed form; the updating rule is well-defined, since f2 is a convex function.
Finally, the last updating rules for the multiplier vectors are ascent steps with learning rate αµ.

Remark 1. The selection of parameters λi and λ̃i is described in [59, 70] and they vary along the
iterations, according to the Uniform PENalty principle [72], in particular

λ
(k)
i =

1

M

fB
0 (V(k),Nu(θ

(k)
u );g)

(V
(k)
i )2

, λ̃
(k)
i =

1

2N

fB
0 (V(k),Nu(θ

(k)
u );g)

∥AiNu(θ
(k)
u )∥

. (4.36)

As a consequence, the pixels where the value of the local components (V
(k)
i )2 and ∥AiNu(θ

(k)
u )∥

are smaller, have a greater regularization. In the experimentation, the denominator is modified as
1
2(V

(k)
i )2 + ρ2 and ∥AiNu(θ

(k+1)
u ) + ρ2∥ respectively, with ρ≪ 1, in order to avoid the annihilation

of the denominators.

Remark 2. When the regularization term (4.12)-(4.13) is adopted for the image, the auxiliary variable
Y is defined as the N dimensional vector Y = Nu(θu). Consequently, the formulation of the problem
(4.17) and the definition of augmented Lagrangian function (4.20) are accordingly simplified. The
discussion on the implementation of PGDA remains unchanged, by adopting small modifications in
(4.32), (4.33) and (4.35) (replacement of A with the identity of order N and consistent computation of
the proximal operator). Furthermore, the definition of the regularization parameters is

λ̃
(k)
i =

1

2N

fB
0 (Nh(θ

(k)
h ),Nu(θ

(k)
u );g)

|(Nu(θ
(k)
u ))i|+ ρ2

, (4.37)

with ρ≪ 1, to prevent the annihilation of the denominator.

Remark 3. The theoretical properties of the alternating PGDA method are discussed in [60]. With
reference to (4.22), under the assumptions that L(P,µ) is ρ-weakly convex (ρ > 0) and Lipschitz
continuous in P uniformly in the second component, concave with Lipschitz continuous gradient in
µY uniformly in the first component, and R(P) is proper, convex, lower semicontinous and Lipschitz
continuous on its domain, it is stated that an ε-stationary point [60] can be visited in a finite number of
iterations depending on ε. The learning rates αP and αµ have to satisfy upper bounds involving the
unknown Lipschitz parameters. In practice, sufficiently small values of the two learning rates are fixed
a priori.

4.3.1 Starting vectors

In order to obtain meaningful results by the iterative scheme (4.30)–(4.35), a crucial point is to initialize
the weights of the nets Nh and Nu so that the deblurring loop has a suitable starting point (see [57]
for more insights and deeper explanation). Thus, u(0) = g, whereas h(0) is chosen accordingly to the
application at hand, for example a Gaussian kernel or via a preset model (see Section 4.4 for more
details). To initialize the parameters of the two nets, the following mean square error problems must be
solved

min
θh
∥Nh(θh)− h(0)∥2, (4.38)

min
θu
∥Nu(θu)− u(0)∥2. (4.39)
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Problems (4.38),(4.39) are quickly solved via the Adam method: the procedure is stopped upon reaching
the maximum number of iteration Th, Tu for (4.38) and (4.39), respectively, or when the loss function
reaches a value at most equal to a percentage of its initial values (in the experiments, 0.1%).

4.3.2 Algorithm details

The whole procedure of the Double Deep Image Prior for Poisson data (DDIPP) is depicted in Algorithm
2.

Instead of running the algorithm until it reaches the maximum number of iteration T , there exists
an implementation of the windowed-moving-variance strategy of [58, 73]. Such strategy consists in
storing, at iteration k, the last W ∈ N recovered images in a queue Q: {Nu(θ

(k−i)
u )}i=0,...,W−1 and

compute their variance. The last p ∈ N minimum variances are memorized: if these p variances
stagnate, then the procedure is stopped and the output consists in the last achieved recovered image
and its related PSF. The parameter p takes the name of patience. The variance at iteration k has the
following expression

WMV(k) =
1

W
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, (4.40)

where u(k) = Nu(θ
(k)
u ). The implementation of this procedure consists in checking that the last p

minimum variances have an absolute difference less than a given tolerance εp.
A further suggestion about the stopping of the DDIPP can be provided from [29, Lemma 4.1] (see
also [74, 75, 76]), where it is stated that, since gi can be viewed as a realization of a Poisson ran-
dom variable with expected value (h ∗ u + b)i, if gi is sufficiently large, the expected value of
2
(
gi log

(
gi

(h∗u+b)i

)
+ (h ∗ u+ b)i − gi

)
is approximately 1. When the current values of V(k) and

u(k) are near to the solutions, one can expect that the value of normalized discrepancy, i.e.,

D(k) = 2

N
fB
0 (V(k),u(k);g), (4.41)

decreases and tends to fluctuate around 1. As remarked in [29], the use of the normalized discrepancy is
strictly related to the assumption that the data satisfy Poisson statistics and that the blur kernel provides
is a good approximation of the blur process. However, it seems reasonable to assume that the region
in which an approximate solution is found is the one for which D(k) < S, with S of the order of the
unity, for example S = 2. The stopping test based on the windowed-moving-variance strategy can be
performed only when the normalized discrepancy is less than S. As shown in the following numerical
experiments, this strategy enables us to avoid to prematurely stop the method: indeed, it may happen
that in the early iterations the recovered images are actually not completely reliable but at the same
time their differences are minimal. This leads the criterion (4.40) to be satisfied, but the reconstruction
is still far away from a reliable solution.

Remark 4. Two technical observations about the actual implementation of the proposed procedure are
reported below.

1. Algorithm 2 requires a gradient step for the update of the networks’ parameters. The numerical
experience showed that such simple step is not sufficient to achieve reliable results in a reasonable
amount of time, hence Adam algorithm is suitable for updating the nets’ parameters in Algorithm
2.

2. The numerical experience showed that updating Y(k+1) using Nu(θ
(k+1)
u ) instead of Nu(θ

(k)
u )

induces an appreciable speed-up.
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Algorithm 2: DDIPP: Double DIP for Poisson noise

Set the parameters αP, αµ, γV, γY;
Set rmin = +∞ and choose εp and S;
Choose the length W of the queue Q and the patience p; choose Th, Tu, T ;
Initialise Nu solving (4.39) with a max number of iterations equal to Tu;
Initialise Nh solving (4.38) with a max number of iterations equal to Th;
for k = 1, 2, . . . , T do

Update θ
(k+1)
h as in (4.30);

Update V(k+1) as in (4.31);

Update θ
(k+1)
u as in (4.32);

Store Nu(θ
(k+1)
u ) in the queue Q;

if |Q| ≥W then
Compute the WMV of the last W elements in Q;

û = Nu(θ
(k+1)
u );

ĥ = V(k+1);
if WMV< min{rmin} then

rmin ←↩WMV;
end
if
∑

diff(rmin) < εp(p− 1) and D(k) < S then
Output û, ĥ;

end
end
Set λ̄i as in (4.36);

Update Y(k+1) as in (4.33), by using θ
(k+1)
u ;

Update µ
(k+1)
V as in (4.34);

Update µ
(k+1)
Y as in (4.35);

end

4.4 Numerical experiments

This section is devoted to assess the performance of the proposed procedure on synthetic images and
on real microscopy images. The code has been implemented in MATLAB® R2022b, using the Deep
Learning and Image Processing toolboxes. The code is available online at https://github.com/
AleBenfe/DDIPP. Regarding the computational times of Algorithm 2, it should be noted that the
code has been implemented in MATLAB, a language that is not ideally suited for coding methods
involving artificial neural networks due to its limited support for advanced machine learning frameworks.
Consequently, the implementation can be translated into Python, which is more appropriate for such
tasks, as it offers a wide range of libraries optimized for artificial intelligence and neural network
development, such as TensorFlow, PyTorch, and Keras. Additionally, Python’s compatibility with GPU
acceleration and parallel processing can significantly reduce computation times, further improving
the efficiency and scalability of the algorithm. The settings for Algorithm 2 and its simplified version
for model (4.8) are detailed in the following paragraphs; the steplengths αP and αµ are set to small
values in order to ensure the convergence of PGDA, without a special tuning to decrease the number
of iterations; furthermore, in all cases, Th = Tu = 200 and the maximum number T of iteration
is 1000. The random inputs of the networks, namely zu for Nu and zh for Nh, are initially drawn
from a uniform distribution in [0, 1] and in [−1, 1] respectively; at each iteration zu is perturbed with
Gaussian noise with zero mean and variance equal to 0.001 whilst zh is left unperturbed, according to
the strategy depicted in [54, 57]. The patience p is set to 20 and the queue length W is 10, εp = 10−3
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and S = 2. The regularization parameters for the blur kernel and the image are adaptively updated as
in (4.36)-(4.37). Following the strategy depicted in [58], the size of the recovered PSF is overestimated,
depending on the image size, even if, in case of synthetic data, the true PSF has been generated with
a lower number of pixels. For synthetic data, the Peak Signal-to-Noise Ratio (PSNR) between the
recovered data and the ground truths u∗,h∗ is employed as a figure of merit, as well as the Structural
Similarity Index Measure (SSIM) of the reconstructed image with respect to u∗.
In the following, all the images are displayed in the range [0, 1], whereas the renderings of the blur
kernel show the scale on the right.

4.4.1 Synthetic dataset

The first experimentation is carried on the following dataset, where each blurred image is perturbed
with Poisson noise via the MATLAB® function imnoise:

• rice: this image belongs to the MATLAB® Image Processing Toolbox. It is a 256 × 256
image with pixel values in [0, 255]; the blur operator consists in a Gaussian kernel with size
17 × 17 and standard deviation equal to 1.7; the peak value of the PSF is 0.055; furthermore,
PSNR(g) = 22.67, SSIM(g) = 0.51.

• micro: the original image is a phantom of size 128× 128 described in [77]; the PSF consists
in a Gaussian blur with standard deviation equal to

√
5 and peak value 0.032; furthermore,

PSNR(g) = 24.51, SSIM(g) = 0.84.

• synth001: this is a synthetic simulation of real-world microscopy images; the procedure
employed for the generation of such image is explained in [78] and the code is available at
https://github.com/AleBenfe/upU-net_Perlin. The PSF used for blurring these
images is obtained via the software available at http://bigwww.epfl.ch/algorithms/
psfgenerator/ (see [79, 80, 81] for more technical details). A 3D PSF (with size 64× 64×
11) is generated using the Born and Wolf 3D model: then the central frame is normalized to 1
and used as blur operator; the peak value of PSF is 0.134; furthermore, PSNR(g) = 21.96,
SSIM(g) = 0.52.

Figure 4.2 provides a visual inspection of the dataset.

Comparison between the models (4.8) and (4.10). The first experiment shows the comparison
between the model (4.8) and the novel reformulation in (4.10), in order to check the effectiveness of
the additional constraint on the output of Nh. For both the models, the regularization terms (4.11) and
(4.12),(4.14) are used for the PSF and the image respectively. In the following, this choice is denoted
with the suffix ℓ2 − TV .
In both cases, the numerical solution is addressed with the alternating PGDA method: in the latter
the implementation of Algorithm (2) is used, while in the former a tailored version of this algorithm
for the model (4.8) is applied. In Figures 4.3, 4.4 and 4.5 there are for both the models the behaviour
of the PSNR of the PSF and of the image, i.e., PSNR(h(k)) and PSNR(u(k)), the images and the
blur kernels recovered at the iteration K where the stopping criterion is satisfied (or at an intermediate
iteration if it is not satisfied), and at the last iteration T . Table 4.1 shows some figures of merit of
the recovered images and PSFs the three test problems for both models (4.8) and (4.10) ℓ2 − TV . For
test problems rice and synth001, the stopping criterion of PGDA is not satisfied in the case of
model (4.8). Consequently, for rice and synth001 the results related to the iteration 200 and 240,
respectively, are reported.

From the Table 4.1 and the previous figures, it clearly appears that:

• the plots of the behaviour of PSNRs show the convergent trend of the method PGDA, although
this convergence is very slow due to the small value of the steplengths; for the model (4.10) the
differences between the recovered images at the iteration K and at the iteration T are visually
unappreciable, showing that the stopping criterion seems effective;
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.2: (a): ground truth image of rice test problem (256× 256). (b) PSF of rice test problem
(peak value 0.055). (c) noisy blurred image g for rice test problem. (d): ground truth image of
micro test problem (128× 128). (e) PSF of micro test problem (peak value 0.032). (f) noisy blurred
image g for micro test problem. (g): ground truth image of synth001 test problem (512 × 512).
(h) PSF of synth001 test problem (peak value 0.134). (i) noisy blurred image g for synth001 test
problem.
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(a) (b)

(c) (d) (e) (f)

(g) (h) (i) (j)

Figure 4.3: rice test problem - The panels on the left show the behaviour of PGDA method
for the model (4.8) ℓ2 − TV (αP = 5 · 10−5, αµ = 5 · 10−4, γY = 1): (a) PSNR of u(k) and
h(k), normalized discrepancy D(k) and peak value of h(k), (c)-(d) reconstructions of the image
and the PSF at the iteration 200, (g)-(h) reconstructions of the image and the PSF at the iteration
T = 1000. The panels on the right show the behaviour of PGDA method for the model (4.10) ℓ2−TV :
(αP = 10−6, αµ = 10−5, γY = 1, γV = 10−3): (b) PSNR of u(k) and h(k), normalized discrepancy
D(k) and peak value of h(k), (e)-(f) reconstructions of the image and the PSF at the iteration K = 60,
(i)-(j) reconstructions of the image and the PSF at the iteration T = 1000.
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(a) (b)

(c) (d) (e) (f)

(g) (h) (i) (j)

Figure 4.4: micro test problem - The panels on the left show the behaviour of PGDA method
for the model (4.8) ℓ2 − TV (αP = 5 · 10−5, αµ = 5 · 10−4, γY = 1): (a) PSNR of u(k) and
h(k), normalized discrepancy D(k) and peak value of h(k), (c)-(d) reconstructions of the image and
the PSF at the iteration K = 860, (g)-(h) reconstructions of the image and the PSF at the iteration
T = 1000. The panels on the right show the behaviour of PGDA method for the model (4.10) ℓ2−TV :
(αP = 10−6, αµ = 10−5, γY = 1, γV = 10−3): (b) PSNR of u(k) and h(k), normalized discrepancy
D(k) and peak value of h(k), (e)-(f) reconstructions of the image and the PSF at the iteration K = 400,
(i)-(j) reconstructions of the image and the PSF at the iteration T = 1000.
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(a) (b)

(c) (d) (e) (f)

(g) (h) (i) (j)

Figure 4.5: synth001 test problem - The panels on the left show the behaviour of PGDA method
for the model (4.8) ℓ2 − TV (αP = 5 · 10−5, αµ = 5 · 10−4, γY = 1): (a) PSNR of u(k) and
h(k), normalized discrepancy D(k) and peak value of h(k), (c)-(d) reconstructions of the image
and the PSF at the iteration 240, (g)-(h) reconstructions of the image and the PSF at the iteration
T = 1000. The panels on the right show the behaviour of PGDA method for the model (4.10) ℓ2−TV :
(αP = 10−6, αµ = 10−5, γY = 1, γV = 10−3): (b) PSNR of u(k) and h(k), normalized discrepancy
D(k) and peak value of h(k), (e)-(f) reconstructions of the image and the PSF at the iteration K = 70,
(i)-(l) reconstructions of the image and the PSF at the iteration T = 1000.
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Model Iters. Time [s] PSNR(u(k)) PSNR(h(k)) SSIM(u(k))

rice

(4.8)
k = 200 19.81 61.81 0.59
T = 1000 24.26 42.54 0.64

(4.10)
K = 60 307 24.26 62.85 0.65
T = 1000 5125 24.30 60.18 0.66

micro

(4.8)
K = 860 21.77 49.70 0.84
T = 1000 22.09 49.30 0.84

(4.10)
K = 400 206 25.32 60.49 0.90
T = 1000 516 25.76 59.16 0.91

synth001

(4.8)
k = 240 22.82 56.77 0.83
T = 1000 22.61 43.07 0.82

(4.10)
K = 70 670 22.60 53.86 0.87
T = 1000 9577 22.65 56.09 0.86

Table 4.1: Figures of merit for the results obtained for the models (4.8) and (4.10) ℓ2− TV . K denotes
the iteration for which the stopping criterion is satisfied, k is an iteration intermediate which exhibits
suitable results, although the stopping criterion is not satisfied, T is the iteration corresponding to the
maximum number of steps.

• regarding model (4.8), the PSNR of h(k) reaches an high peak and then decreases in a very fast
manner; in general, the peak does not correspond to a value of the recovered image satisfying
the stopping criterion, although at this iteration the normalized discrepancy is close to 1 and
the PSF peak value is near to the true upper bound of h∗; the additional constraint of the PSF
imposed in (4.10) seems to avoid this drawback; indeed, the stopping criterion provides more
reliable results, above all on the reconstruction of the PSF. Furthermore, the reconstructions of
the images obtained by solving (4.8) present several artifacts, for example in rice an undesired
high contrast and in both micro and synth001 some halos are present.

DDIPP with different regularization terms on the image. Figure 4.6 shows the results obtained by
DDIPP equipped with the regularization (4.11) for the blur and the ℓ1-like for the image (equations
(4.12),(4.13)), i.e., ℓ2 − ℓ1. These results are obtained with the same settings used for the model (4.10)
ℓ2 − TV . For completeness, in Table 4.2, are illustrated the merit figures obtained for the three test
problems. From the comparison of Figures 4.3, 4.4 and 4.5 with Figure 4.6, it is clear that model (4.10)
provides very similar results when it is combined with the TV-like or the ℓ1-like regularization terms
for the image. This is confirmed by the comparison of merit figures in Tables 4.1 and 4.2.

Starting vectors comparison Section 4.3.1 describes the necessity of the initialization of the net
parameters, choosing suitable starting vectors. If one skip this phase, the weights of the networks
can’t address the problem, since the network can’t reach the solution, i.e. the minimum of the model.
Furthermore the stopping criteria is not satisfied, so the maximum number of iterations T = 1000 is
always reached.

Behaviour for different noise levels. For data corrupted by Poisson noise, the noise level depends
on the values of any pixel of the object [29, Section 3.4]. For example, for the rice object, with pixel
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Iters PSNR(u(k)) PSNR(h(k)) SSIM(u(k))

rice

K = 120 24.39 63.37 0.66
T = 1000 24.43 59.76 0.66

micro

K = 600 25.17 59.12 0.90
T = 1000 25.23 58.21 0.90

synth001

K = 60 22.62 53.82 0.87
T = 1000 22.65 56.40 0.86

Table 4.2: Figures of merit for the results obtained for the model (4.10) ℓ2 − ℓ1.

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 4.6: Results obtained for the model (4.10) ℓ2 − ℓ1. The first row shows the results for the
problem rice: (a), (b) image and PSF at the iteration K = 120; (c), (d) image and PSF at the iteration
T = 1000. The second row shows the results for the problem micro: (e), (f) image and PSF at the
iteration K = 600; (g), (h) image and PSF at the iteration T = 1000. The third row shows the results
for the problem synth001: (i), (l) image and PSF at the iteration K = 60; (m), (n) image and PSF at
the iteration T = 1000.
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(a) (b) (c)

Figure 4.7: Results without the parameter initialization described in subsection 4.3.1 for the synthetic
database using DDIPP ℓ2 − TV .

values in the interval [0, 255], a synthetic detected image is the one in Figure 4.2(c); if the object is
rescaled by a factor 10 or 0.5, the noise free image has the same morphology but the noisy blurred
images are very different, as it can seen by comparing Figure 4.2(c) with Figures 4.8(a) and 4.8(d)
corresponding to the object rescaled by 10 and 0.5 respectively. The merit figures for the test problem
rescaled by 10 are PSNR(g) = 23.08 and SSIM(g) = 0.63, whereas they are PSNR(g) = 21.73
and SSIM(g) = 0.44 when the object is rescaled by 0.5. The numerical results obtained for the
model (4.10) ℓ2− TV are reported in Figures 4.8(b), 4.8(c) for the object rescaled by 10 and in Figures
4.8(e) and 4.8(f) for the one rescaled by 0.5. For the former case, the stopping criterion is satisfied
at the iteration K = 400 and the merit figures are PSNR(u(K)) = 23.19, PSNR(h(K)) = 61.76
and SSIM(u(k)) = 0.65; for the latter case, the stopping criterion is satisfied at the iteration K =
90 and the merit figures at this iteration are PSNR(u(K)) = 24.16, PSNR(h(K)) = 63.39 and
SSIM(u(K)) = 0.64. The numerical results allow to observe that the model (4.10) appears robust
with respect to the different noise levels. In particular, the reconstruction of the PSF appears to be
sufficiently accurate in all the numerical tests. A similar behaviour has been observed in the other test
problems.

Comparison between DDIPP, SelfDeblur, improved SelfDeblur [57] and Algorithm 3 in [53].
A further experiment is aimed to compare the results obtained by DDIPP with the ones achieved
via other approaches. From what is known in literature, no method for NBD bases its model on
the Kullback-Leibler generalized divergence. Furthermore, most of the approaches use pre-trained
networks. Therefore it seems difficult to identify methods with which to carry out a comparison. Based
on these reasons, two methods are considered which inspired DDIPP, namely SelfDeblur [54] and
its improved version proposed in [57], referred to in this work as ImpSD. As regards SelfDeblur, the
code for the experiments is available at https://github.com/csdwren/SelfDeblur and it
can be run on Google Colab. On the other hand, since the code for ImpSD is not available online,
the method has been implemented in MATLAB®, by replicating the networks of SelfDeblur. The
procedure in [57], while preserving the basic approach of SelfDeblur, adds regularization terms and
suggests the initialization of the nets, as depicted in 4.3.1. In the code, the MATLAB® implementation
of the functionals employed in the formulation (Least square, SSIM, TV) are used. In particular, the
objective functional is modified among the iterations: following [57], the first 2000 iterations employ
the Least Square loss together with the ℓ2 regularization on the PSF, then it switches to the SSIM
functional coupled with the TV on the image. The regularization parameters are chosen as in [57]: 0.01
and 0.1 for TV and ℓ2, respectively.

Another recent proposal is the third algorithm in [53], denoted in the following as ASA3. Indeed,
the authors in [53] primarily use a different approach: the two networks Nh and Nu are pre-trained
generative networks, and the procedure updates the inputs zh and zu of the networks and not their
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(a) (b) (c)

(d) (e) (f)

Figure 4.8: Results for different noise levels - In the upper panel: (a) g for the test problem rice when
the object is rescaled by a factor 10; (b), (c) recovered image and PSF for the model (4.10) ℓ2 − TV at
the iteration K = 400. In the lower panel: (d) g for the test problem rice when the object is rescaled
by a factor 0.5; (e), (f) recovered image and PSF for the model (4.10) ℓ2 − TV at the iteration K = 90.
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weights. One must have a-priori information on the type of images and on the blur type, together
with large relative datasets, in order to have properly trained networks. Then, to overcome the issue of
having a large image dataset for the training of Nu, the authors propose to update also the weights of
this network, together with its input and with zh. The functional employed in this setting is

F(zh, zu,θu) = ∥g −Nh(zh;θh) ∗ Nu(zu;θu)∥2 + βh∥zh∥2 + βu TV (Nu(zu;θu)). (4.42)

With an abuse of notation, in (4.42) the dependence of the nets on the random inputs zh and zu is
explicit. In the following experimentation, in order to implement the ASA3 method, the network Nh

has been trained for generate Gaussian PSFs; this network presents a different architecture with respect
to the one used in [53] since the structure of the PSF is less articulate than the motion blurs used in [53].
Since the code for ASA3 in [53] is not available online, it has been re-coded entirely in MATLAB®.
For clearness, the details of ASA3 are reported in Algorithm 3. In the numerical experiment, as in [53],
different steplengths are set for the descent step: namely η = 10−3 for updating the nets’ inputs and
η = 10−4 for updating the weights. Moreover, βh = 10−2 and βu = 10−3. The number of iterations is
set to T = 5000 and Tu = 500.

Algorithm 3: ASA3 [53]

Set η, draw zh ∼ N (0, 1), zu ∼ N (0, 1);
Choose Tu, T ;
Initialise Nu by solving (4.39) with a max number of iterations equal to Tu;
for t = 1, 2, . . . , T do

z
(k+1)
h ← z

(k)
h − η∇zhF(z

(k)
h , z

(k)
u ,θ

(k)
u );

z
(k+1)
u ← z

(k)
u − η∇zuF(z

(k)
h , z

(k)
u ,θ

(k)
u );

θ
(k+1)
u ← θ

(k)
u − η∇θuF(z

(k)
h , z

(k)
u ,θ

(k)
u );

end

Figure 4.9 and Table 4.3 present the results of SelfDeblur, ImpSD and ASA3 carried on the
syntetic database; bearing in mind Figures 4.3, 4.4, 4.5 and Table 4.1 (see also Figure 4.6 and Table
4.2), it is possible to make a comparison between the results of DDIPP and the ones obtained by
the aforementioned methods. As noted in [58, Section 3.1.2], the cropping procedure in SelfDeblur
produces artifacts and misplacements in the final reconstruction. Indeed, unlike SelfDeblur, the
proposed DDIPP strategy considers a larger size of just the PSF and not of the image, since the
boundary conditions are encompassed in the convolutional filters. ImpSD instead provides slightly
better results, in terms of placement, but several details are missed; in particular, the image synth001
suffers from several artifacts. Finally, the algorithm ASA3 seems to recover reliable image and PSF
at an intermediate iteration. Indeed, Figure 4.9 shows the results of ASA3 at the iteration K where
the highest PSNR value of the image u(K) over 5000 iterations is observed, but for real applications,
where the ground truth is not known, this is not generally possible. In some cases, the recovered image
has a high PSNR, despite having artifacts (see micro), in other cases it remains noisy (see rice,
synth001). At the iteration K, the recovered blur kernels also appear reliable, although slightly
asymmetrical. However, after the iteration K, a subsequent degradation to the point form is observed.
Finally, DDIPP in general provides a better PSF reconstruction.

4.4.2 Real dataset

This section is devoted to apply the proposed DDIPP to real-world Microscopy images. Such images
are the scanning of a 3D volume, with dimension 64 × 64 × 4.1 µm: this volume is then recorded
in an array with dimension 512 × 512 × 10 voxels. The radius of the spherical particles is 1.5 µm
and they are suspended in a ∼ 70%− 30% glycerol/water mixture (viscosity of approximately 0.017
Pa s). The microscope employed for acquiring this dataset is a Zeiss LSM 700 with a 100×NA 1.4 oil
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 4.9: Results of the comparison for the synthetic database - In the first row rice: (a) recovered
image via SelfDeblur, (b) recovered image via ImpSD; (c) recovered image via ASA3; (d) recovered
image via DDIPP ℓ2 − TV . In the second row micro: (e) recovered image via SelfDeblur, (f)
recovered image via ImpSD; (g) recovered image via ASA3; (h) recovered image via DDIPP ℓ2 − TV .
In the third row synth001: (i) recovered image via SelfDeblur, (j) recovered images via ImpSD; (k)
recovered image via ASA3; (l) recovered image via DDIPP ℓ2 − TV .
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Algorithm Iters PSNR(u(k)) PSNR(h(k)) SSIM(u(k))

rice

SelfDeblur T = 5000 6.45 17.67 0.01
ImpSD T = 5000 14.54 60.70 0.41
ASA3 K = 400 17.30 64.98 0.42

micro

SelfDeblur T = 5000 9.34 29.12 0.20
ImpSD T = 5000 16.24 55.53 .71
ASA3 K = 300 26.48 65.03 .88

synth001

SelfDeblur T = 5000 5.41 26.54 0.08
ImpSD T = 5000 15.15 53.12 0.30
ASA3 K = 150 22.74 55.45 0.66

Table 4.3: Figures of merit for the results obtained with SelfDeblur (5000 iterations), ImpSD (5000
iterations) and ASA3. For the ASA3 method the results obtained are reported at the iteration K which
provides the maximum PSNR of the image within 5000 iterations.

immersion objective (Zeiss Plan–APOCHROMAT). The architectures for Nu and Nh take as input just
2D images, not 3D volumes: hence one frame of the 3D volume is considered at time. This dataset
contains several hundreds of images, but due to hardware limitation only 3 of them are considered and
shown in Figure 4.10. On the base of the technical documentation of the instrument, the parameter
H that imposes the upper bound on the peak of the PSF is approximately estimated as 0.2. The three

(a) (b) (c)

Figure 4.10: Detected Microscopy images; their size is 512× 512.

problems employed DDIPP for the model (4.10) ℓ2 − TV and ℓ2 − ℓ1. The results are carried out with
αP = 10−6, αµ = 10−5, γY = 1, γV = 10−3; the other parameters are as specified at the beginning of
Section 4.4. The results are depicted in Figure 4.11 and Figure 4.12 in the case of ℓ2 − TV and ℓ2 − ℓ1,
respectively. In both the figures, the recovered images and related PSFs are reported. The image and
PSF referring to the first test problem (first column) are obtained at the maximum number T = 1000
of iterations for both cases; the results related to the second and third test problems (second and third
columns respectively) are obtained at the iterations satisfying the stopping criterion, i.e., K = 570
and K = 680, respectively, for the model (4.10) ℓ2 − TV and at the maximum number T = 1000 of
iterations for the model (4.10) ℓ2 − ℓ1. Although the value of the maximum number of iterations has
been reached, the stopping criterion based on the condition (4.40) has been satisfied in all cases but the
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Neural blind deconvolution with Poisson data

value of the normalized discrepancy (4.41) remained greater than 2 (but less than 3).
It is clear that, as anticipated from the experiments on synthetic data, the contrast is improved, the

particles are more enhanced with respect to the background, both in the more diffuse regions and in the
darker ones. Furthermore, as expected, the recovered PSF is very similar in all cases, with a peak value
between 0.12 e 0.15. No substantial differences are noticed between the use of ℓ2 − TV and ℓ2 − ℓ1; in
the case of some balls not very distinct from the background in the detected image, the reconstruction
with ℓ1 seems to recover slightly better their position (see Figures 4.11(c) and 4.12(c)).

(a) (b) (c)

(d) (e) (f)

Figure 4.11: Real data: results for the model (4.10) ℓ2 − TV ; in particular (a),(d): recovered image and
PSF for the detected image in Figure 4.10(a) at the iteration 1000; (b),(e): recovered image and PSF for
the detected image in Figure 4.10(b) at the iteration K = 570; (c), (f): and PSF for the detected image
in Figure 4.10(c) at the iteration K = 680.

The importance of the right choice for the functional to minimize and the role of the regularizers are
again evident from the results achieved by SelfDeblur, ImpSD and ASA3 after 5000 iterations, depicted
in Figure 4.13. In general, the behaviour of ImpSD seems to be just denoising and not deblurring, since
the recover of the PSF is the Dirac’s delta and the only perceivable effect is the one by the TV.
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(a) (b) (c)

(d) (e) (f)

Figure 4.12: Real data: results for the model (4.10) ℓ2 − ℓ1; in particular (a),(d): recovered image and
PSF for the detected image in Figure 4.10(a) at the iteration 1000; (b),(e): recovered image and PSF for
the detected image in Figure 4.10(b) at the iteration 1000; (c), (f): recovered image and PSF for the
detected image in Figure 4.10(c) at the iteration 1000.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.13: Recovered images for the detected data in Figures 4.10(a), 4.10(b) and 4.10(c) achieved
after 5000 iterations via SelfDeblur (first column), via ImpSD (second column) and via ASA3 (third
column).
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Unsupervised noisy image segmentation via
Deep Image Prior

Image segmentation is one of the most important and ubiquitous tasks in image analysis and its
applications span across various domains. In medical imaging it is extensively used to isolate anatomical
structures and regions of interest [82]. For autonomous driving, it plays a crucial role in assisting
vehicles to navigate their surroundings effectively [83]. Additionally, segmentation also enables face
recognition [84], satellite analysis and video surveillance [85] to count a few.

Deep learning methods for image segmentation (see for example [86, 87, 88, 89, 90]) have become
very popular over the last few years mainly due to rapid technology improvements, (faster GPUs)
and to the availability of larger and larger datasets. The majority of the segmentation approaches are
based on Convolutional Neural Networks, which are usually trained in a supervised manner. This
usually requires a complete dataset of appropriate dimension with the related ground truth labels, which
typically can be rather expensive and/or time consuming to acquire. An alternative approach consists in
considering unsupervised deep learning, where the networks are not trained on pre-labelled datasets. In
this framework, several techniques have been proposed in recent years. A popular approach is to use
generative models, such as Variational Autoencoders (VAEs) [91] or Generative Adversarial Networks
(GANs) [92]. A further recent approach has been presented in [93], where the authors introduced a
Mumford-Shah functional tailored for unsupervised image segmentation using neural networks. It is
worth to remark that the approach in [93] still requires a training phase and a large dataset: indeed the
training is pursued by minimizing the Mumford-Shah function (tailored for the neural networks) with
respect to the outputs of the network and over mini-batches of the input images, however without using
any ground truth label. Therefore, the technique suggested in [93] needs a training which is carried out
in an unsupervised fashion.

Applying Deep Image Prior to image segmentation implies to combine the regularizing effects of
neural networks with traditional variational models. The variational models classically employed to
address image segmentation imply the minimization of tailored energy functionals. One of the most
well-known energy function is the so-called Mumford-Shah (MS) functional [94], whose minimization
determines an approximation of the image by means of a piecewise smooth function. The MS model
represents the most general way to formulate a segmentation problem and the theory developed over
the past two decades on this model encourages its application to provide robust and effective software
for large-scale analysis. However, the original MS formulation of the segmentation problem is difficult
to be treated from the numerical point of view due to the non-convexity and the non-smoothness
nature of the model. For this reason, large efforts have been devoted to propose MS approximations
prone to be numerically implemented. Ambrosio and Tortorelli (AT) proposed one of the most general
approximations of the MS model [95, 96]. The AT strategy is based on a sequence of simpler elliptic
functionals which Γ-converges (in the continuous setting) to the MS functional. Since in their model
Ambrosio and Tortorelli replaced the unknown discontinuity set by an auxiliary function which smoothly
approximates its indicator function, gradient-based methods have in general satisfying performance for
its minimization. Nevertheless, it is well known that good results are strongly dependent on suitable
choices for the values of the regularization parameters involved in the definition of the AT functional.

Several numerical experiments on image segmentation problems have been performed for both
biomedical and natural images datasets. Furthermore the Ambrosio-Tortorelli formulation for the
Mumford-Shah functional was considered, embedding it in the Deep Image Prior framework, reparametriz-
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Unsupervised noisy image segmentation via Deep Image Prior

ing its two variables, namely the restored image and the auxiliary function, with two different neural
networks. Despite the computational burden, i.e. optimizing the weights of two different nets, thanks to
the inherent regularization behaviour of the DIP framework this approach is robust with respect to the
regularization parameter: indeed, the same setting provides reliable result on different noise level and
type, and moreover on images with different characteristics.

5.1 Classical variational models for image segmentation

Before detailing the unsupervised method for image segmentation, it is necessary to recall the main
features of the variational models. Let Ω be an open and bounded domain in R2. Let u0 : Ω → Rm

with m ≥ 1, u0 ∈ L∞(Ω), be a given bounded input image, possibly noisy. In the variational approach
to the segmentation problem proposed by Mumford and Shah [94], the aim is to find a pair (u,D)
where D ⊂ Ω̄ is a closed set representing the contours reconstructed from the discontinuities of u0 and
u is a smooth representation of u0 outside D. Such a pair can be found, among all possible pairs (u,D)
with D ⊂ Ω̄ closed and u ∈ C1(Ω \D), as an optimal solution to the following minimization problem

min
u,D
E(u,D) ≡

∫
Ω
(u(x)− u0(x))

2 dx+ λ

∫
Ω\D
|∇u(x)|2 dx+ µH1(D) (5.1)

where λ, µ > 0 are fixed parameters, weighting the different terms in the energy functional, andH1(D)
denotes the 1-dimensional Hausdorff measure of the set D. In (5.1) the first term acts as a data fidelity
term and forces the approximation u to be close to the input image u0, the second term forces u to
be smooth except at the locations K of the edges and the last term penalizes the length of the set
of discontinuities K. In order to show that the MS functional admits minimizers, De Giorgi et al.
considered a weak formulation depending only on one variable [97]. Indeed, they worked with a relaxed
version of the MS functional defined for a function u ∈ SBV (Ω), the space of special functions of
bounded variation on Ω, by

Ew(u) =
∫
Ω
(u(x)− u0(x))

2 dx+ λ

∫
Ω
|∇u(x)|2 dx+ µH1(Ju), (5.2)

where Ju denotes the set of jumps of u, i.e. the set of discontinuities of u. The minimization of the
functional in (5.2) is still delicate due to the computation of the 1-dimensional Hausdorff measure of
Ju. By exploiting the notion of Γ-convergence, Ambrosio and Tortorelli [95] proposed a variational
model in which they approximate the Hausdorff measure of the set Ju by a continuous function v with
values close to 0 near Ju, and values close to 1 away from Ju. In more detail, they introduced the
following sequence of approximating energies depending on the parameter ε > 0

Eε(u, v) =
∫
Ω
(u(x)− u0(x))

2 dx+ λ

∫
Ω
v(x)2|∇u(x)|2dx+

+ µ

∫
Ω

(
ε|∇v(x)|2 + (v(x)− 1)2

4ε

)
dx,

(5.3)

defined on functions u, v ∈ H1(Ω) such that 0 ≤ v ≤ 1. The functionals Eε(u, v) in (5.3) Γ-converge
to the MS functional (5.1) as ε tends to 0.

5.2 Unsupervised segmentation via Deep Image Prior

The DIP paradigm in the image segmentation framework can be exploited, like in the previous scenarios,
for both the simpler case of piecewise constant image segmentation and the more general case of
piecewise smooth segmentation.

The network architecture used in numerical experiments is described in Chapter 3 and it is depicted
in Figure 3.1.
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5.2.1 Piecewise constant segmentation

This section is devoted to presenting a notable instance of the model (5.2), when the segmented image
u is piecewise constant.

Denote by Ωi, i = 1, . . . , N , the connected components of Ω \D, u takes the values ci within Ωi,
leading to ∇u(x) = 0, ∀x ∈ Ω \D. Hereafter c represents the vector c = (c1, ..., cN )T . In this case,
by assuming N piecewise constant regions in the input image, the objective functional in (5.1) reduces
to

E(c,D) =
N∑
i=1

∫
Ωi

(ci − u0(x))
2 dx+ µH1(D) (5.4)

with D = ∪Ni=1∂Ωi, where ∂Ωi is the boundary of the i-th region. For a given D, it is straightforward
to show that the functional in (5.4) is minimized with respect to the variables ci by setting each ci to
the mean intensity of the input image u0 within the region Ωi. Introducing the characteristic function
of the i-th region, denoted by χi(x), this allows to rewrite (5.4) as follows:

ELS(χ) =
N∑
i=1

∫
Ω
(ci − u0(x))

2χi(x) dx+ µ

N∑
i=1

∥χi(x)∥TV dx, (5.5)

where ∥ · ∥TV denotes the Total Variation functional [98]. The average pixel value ci is given by

ci(χ) =

∫
Ω u0(x)χi(x) dx∫

Ω χi(x) dx
. (5.6)

In particular, it is possible to reformulate (5.5) to the presence of Poisson Noise, which typically
arises in low-light conditions and during image capture by digital devices. This noise originates from
a Poisson process, where the variation is due to the random arrival of photons on the sensor of the
detection device (photon counting). The noise level is inversely related to the number of photons: as the
photon count increases, the noise affecting the image diminishes ([35, 36]). For image restoration in the
presence of this noise, the generalized Kullback-Leibler function is used as the discrepancy measure,
which for denoising problems is formulated as

KL(u, u0) =

∫
Ω
u0(x) log

(
u0(x)

u(x)

)
+ u(x)− u0(x) dx. (5.7)

As a consequence, supposing that the corrupted image is affected by Poisson noise and u is piecewise
constant, the MS functional can be rewritten as

EKL(χ) =

N∑
i=1

∫
Ω
[u0(x) (log(u0(x))− log(ci)) + ci − u0(x)]χi(x) dx+

+ µ
N∑
i=1

∥χi(x)∥TV.

(5.8)

As for (5.5), once the functions χi, i = 1, . . . , N have been found by minimizing (5.8), then it is simple
to prove that the values ci, i = 1, . . . , N can be found as in (5.6). Indeed, once χi, i = 1, . . . , N are
fixed, ci, i = 1, . . . , N are found by simply solving

− 1

ci

∫
Ω
u0(x)χi(x)dx+

∫
Ω
χi(x)dx = 0

which leads to the same result as in (5.6).
To apply the proposed method based on the minimization of either (5.5) or (5.8), the discrete

framework must be introduced. Given O ⊂ Rd with d = d1 · d2 a discretized version of the continuous
domain Ω, let u0 : O → R represents the vectorized input image. Let be O partitioned into the
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Unsupervised noisy image segmentation via Deep Image Prior

components Oi, such that O = ∪Ni=1Oi. Here, Oi represents both Ωi and its boundary ∂Ωi. Denoting
by Xi : O → {0, 1} the discrete counterpart of the characteristic function of the i-th component Oi,
i.e.:

Xi(k) =

{
1 if k ∈ Oi

0 otherwise
, (5.9)

the discrete version of (5.5) and (5.8) reads respectively as

ELS(X) =

N∑
i=1

(
∥ (u0 − ci)⊙Xi∥22 + µ

d∑
k=1

∥∇kXi∥2

)
(5.10)

and

EKL(X) =
N∑
i=1

(
d∑

k=1

([
u0 log

(
u0
ci

)
+ ci − u0

]
⊙Xi

)
k

+ µ
d∑

k=1

∥∇kXi∥2

)
(5.11)

where

X ∈ Rd×N is the matrix whose i-th column is the vector-reshaped characteristic function Xi, here Xi

is a vector containing binary values corresponding to O;

⊙ denotes the component-wise product of two vectors;

∇k ∈ R2×d represents the discrete-gradient operator at the element k defined through the standard
finite difference with periodic boundary conditions.

The values ci, i = 1, . . . , N can be retrieved using the discrete counterpart of (5.6):

ci =
⟨u0, Xi⟩
∥Xi∥0

. (5.12)

Note that the functionals to be minimize in both cases of Gaussian and Poisson noise reads in a
similar manner. Indeed, with some abuse of notation, both (5.10) and (5.11) can be rewritten as

Ẽ(X) + µR(X) (5.13)

where Ẽ is the data fidelity depending on the noise: for Poisson noise one has

Ẽ(X) =
N∑
i=1

(
d∑

k=1

([
u0 log

(
u0
ci

)
+ ci − u0

]
⊙Xi

)
k

)
(5.14)

while for Gaussian noise

Ẽ(X) =
N∑
i=1

∥ (u0 − ci)⊙Xi∥22. (5.15)

The functionalR acts as the regularisation functional, and in this particular case

R(X) =

N∑
i=1

d∑
k=1

∥∇kXi∥2.

The next step consists in moving all the above formulation under the DIP framework, considering a
CNN generator:

fX : Rs × Rt → RdN

(θX , zX) 7→ fX(θX ; zX)
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which depends on the weights θX and it is fed by the random input zX : its output must represent a
labeling procedure based on the number N of classes in the image. Therefore, the activation function
of the output layer of the vanilla DIP was replaced with a softmax, because it mimics the role of the
characteristic function, allowing the network to provide the probability of each pixel to belong to one
of the N classes. The problem to be solved becomes hence

argmin
θX

Ẽ(fX(θX ; zX)) + µR(fX(θX ; zX)) ≡ Φ(θX) (5.16)

and the values {ci}i=1,...,N are computed by using (5.12).
The general procedure for the piecewise constant segmentation is summarized in Algorithm 4.

Algorithm 4: DIP-based Piecewise Segmentation

Data: Select the network fX , initialise the weights θ(0)X . Select the objective function Φ
depending on the noise; set the initial values for {ci}i=1,...,N via (5.12) using the output
of fX(θ

(0)
X , z

(0)
X ). Choose the learning algorithm Algo and its hyperparameters. Fix σ2,

and the maximum number of iterations T .
Result: X⋆: one–hot enconding of the input image u0.

Network initialization for fX , initial values for {ci}i=1,...,N ;
for k = 1 : T do

z
(k)
X ∼ N (0, σ2);

θ
(k+1)
X ← Algo(θ

(k)
X , ∇Φ(θ(k)X ));

Update {ci}i=1,...,N via (5.12);
end
X⋆ ← fX(θ

(k+1)
X , z

(k)
X );

5.2.2 Piecewise smooth segmentation

In this section is instead considered the more general setting, where the image to be segmented is not
piecewise constant. In more detail the aim is the minimization of the AT functional defined in (5.3) in
order to recover both the denoised image and its contours. In the discrete framework, the rectangular
domain Ω ⊂ R2 is discretized by a lattice of d1 × d2 points and the values of u0, u and v are defined
only on the grid points. Moreover, given d = d1 · d2, the images u0 and u are considered as vectors
in Rdm where m represents the number of image channels. The variable v ∈ Rd denotes the edges
between nodes and whose value is 0 when a contour change is detected and 1 otherwise. In this setting,
a discrete counterpart of (5.3) can be written as

argmin
u∈Rdm, v∈Rd

E(u, v) ≡ argmin
u∈Rdm, v∈RN

∥u− u0∥2 + λ∥v ⊙Du∥2 + µR(v), (5.17)

where D ∈ Rd×dm models a finite difference operator and R denotes a regularization term which
penalizes the length of the contours. Particularly,

R(v) = ε∥Dv∥2 + 1

4ε
∥1− v∥2. (5.18)

Following a similar approach to that described in [99], a generalized version of (5.17) can be
considered. This especially allows to take into account different fidelity terms depending on the noise
affecting the data.

Definition 5.1. Let L : Rdm → (−∞,+∞] be a fidelity term to the data u0 ∈ Rdm and R : Rd →
(−∞,+∞] be a regularization term enforcing sparsity and acting as a length term. Let S : Rd × Rdm
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be a coupling term which penalizes strong variations except at the edges. The general discrete AT-like
problem can be written as

min
u∈Rdm, v∈Rd

L(u, u0) + λS(v, u) + µR(v). (5.19)

According to Definition 5.1, problem (5.17) is simply recovered by setting L(u, u0) = ∥u− u0∥2,
S(v, u) = ∥v ⊙Du∥2.

Starting from (5.19), the DIP approach can be applied to find both u and v. By generalizing the
original DIP idea, the unknowns, u and v, are the outputs of two different generative deep networks. In
particular, there exist two CNN generators

fu : Rs × Rt → Rdm

(θu, zu) 7→ fu(θu; zu)

and

fv : Rs × Rt → Rdm

(θv, zv) 7→ fv(θv; zv)

where θu and θv stand for the networks parameters to be learned while zu and zv are random input
vectors sampled from a uniform distribution. By following the DIP paradigm, u and v are replaced by
f(θu; zu) and f(θv; zv) and the AT-like problem (5.19) can be reformulated as

min
θu∈Rs,θv∈Rs

L(fu(θu; zu), u0) + λS(fv(θv; zv), fu(θu; zu)) + µR(fv(θv; zv))

≡ Ψ(θu, θv).
(5.20)

Let the solution of the previous minimization problem be (θ∗u, θ
∗
v). The restored image u∗ can be

interpreted as the output of the generative network fu, with the network weights θ∗u which serve as a
parametrization for u∗, i.e. u∗ = fu(θ

∗
u; zu). Similarly, the contours v∗ = fv(θ

∗
v ; zv) can be represented

as v∗ = fv(θ
∗
v ; zv), where the network weights θ∗v parametrize v∗. This procedure is unsupervised

because it operates without an ideal label for the learning process. Instead, training is directed by
striving to align the networks output as closely as possible with the observed image.

A standard approach to solve problem (5.20) is represented by the so-called Gauss-Seidel iteration
scheme [100, 101, 102, 103], which is also well-known in the literature as alternating minimiza-
tion. That is, starting from some given initial point (θ(0)u , θ

(0)
u ), the algorithm generates a sequence

{(θ(k)u , θ
(k)
u )}k∈N via the scheme

θ(k+1)
u = argmin

θu

Ψ(θu, θ
(k)
v )

θ(k+1)
v = argmin

θv

Ψ(θ(k+1)
u , θv)

.

Each step of the previous alternating scheme has been solved through a prefixed number of iterations
of a gradient based optimization algorithm. The overall method which combines the AT model with the
DIP paradigm and described in this section is summarized in Algorithm 5.

5.3 Numerical experiments

In this section the results obtained are reported, illustrating the behaviour of the method with respect to
different noisy image segmentation problems through the DIP-based approaches described in Section
5.2. Both piecewise constant and piecewise smooth segmentation are considered.
All the experiments have been carried out on a Windows 11 machine, equipped with 13th Gen Intel
Core i5-13500, 32 GB RAM and GeForce RTX 4070 VENTUS 2X 12G OC. MATLAB 2023b and its
toolboxes were used for the coding.
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Algorithm 5: DIP-based Ambrosio Tortorelli segmentation

Data: Select the networks fu and fv, initialise the weights θ(0)u and θ
(0)
v . Select the objective

function Ψ. Choose the learning algorithm Algo and its hyperparameters. Fix σ2, m, T .
Result: Approximated image u⋆ and segmented image v⋆

Networks initialization for fu and fv;
for k = 1 : T do

for j = 1 : m do
zu ∼ N (0, σ2);
ℓ(θ(k)u )← Ψ(θ(k)u , θ(k)v );
θ(k+1)
u ← Algo(θ(k)u , ∇ℓ(θ(k)u ));

end
for j = 1 : m do

zv ∼ N (0, σ2);
ℓ(θ(k)v )← Ψ(θ(k+1)

u , θ(k)v );
θ(k+1)
v ← Algo(θ(k)v , ∇ℓ(θ(k)v ));

end
end
u⋆ ← fu(θ

(k+1)
u , zu);

v⋆ ← fv(θ
(k+1)
v , zv);

5.3.1 Piecewise constant segmentation

The first numerical experiments concern the case where the segmented image u is piecewise constant.
In the following experiments, different type of noise are considered. The images corrupted by Gaussian
noise are taken from two datasets:

• the White Blood Cell (WBC) database [104], which consists in 50 leukocytes images and the
labelled ground truths (for performance measurements): such ground truths specify the nucleus,
the cytoplasm and the background;

• the GrabCut dataset [105], which includes 50 natural images (animals, people, objects), each of
different dimensions, together with the ground truths.

The experiments with salt and pepper noise and Poisson noise are tested on images from WBC and
MATLAB builtin demo images and on generated ad hoc geometric images. The first type of noise is
also known as impulse noise and it presents itself as sparsely occurring white and black pixels, so it can
be modeled as an impulse function that randomly replaces some pixel values in the image with either
the maximum or minimum pixel value. The noisy input images for this experiment are obtained via the
application of the MATLAB function imnoise with the specific setting for the salt and pepper noise.
Its density δ ∈ R+, that is the level of noise, was chosen δ ∈ {0.05, 0.005}, hereafter called high and
low noise, respectively. The image corruption thus is applied to approximately δ · dm pixels, where
d and m are the dimensions of the image. In Figures 5.4 and 5.5 the initial data and the respective
outcomes are reported: it is evident that independently from the level of noise, a reliable segmentation
is achieved. For numerically evaluating the segmentation the Rand index RI is the metric for the
reference [106], which addresses the reliability of the classification.

In details, RI ∈ [0, 1], and the closer RI is to 1, the more reliable is the result. For this experiment,
the regularization parameter is µ = 10−3, while the chosen optimizer is Adam with learning rate
η = 10−3. The maximum number of iterations is set to T = 500.
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Architecture of the network. The convolutional network architecture is inspired by the one in the
seminal work [15], keeping the same original settings (see Figure 3.1). The sole difference with the
network of [15] consists in having replaced the final layer, originally a Sigmoid layer, with Softmax
activation function.

The input z is a 3D tensor having the same spatial dimension of the input image and with 3 channels.
In the experiments, the input z is perturbed at each iteration by a component sampled from a Gaussian
distribution with zero mean and standard deviation equal to 1

100 , like in the standard DIP framework.

Training and hyperparameters setting. All the results are obtained using Adam for the backpropa-
gation phase with learning rate η = 10−3. The regularization parameters λ and ν in (5.10) have been
set equal to 1 and 10−2, respectively. Moreover the smoothed version of the second term in (5.10) is
considered by fixing δ = 10−4. The total number of iterations is equal to 500.

Gaussian noise

Biomedical images are often corrupted by noise due to the acquisition process through the imaging
system. In order to evaluate the robustness of the suggested approach with respect to the presence
of noise, both clean and noisy input images were considered for the WBC dataset. In particular, the
starting noisy input images are created by considering additive white Gaussian noise of zero mean
and standard deviation σ equals to 25

255 and 50
255 . The presence of noise in the input images allows to

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5.1: Visual inspection of unsupervised segmentation on samples from WBC dataset. (a), (e): true
RGB image. (b), (f) Segmentation result with σ = 0. (c) and (g) Segmentation result with σ = 25/255.
(d), (h) Segmentation result with σ = 50/255. The light lines depict the boundary of ground truth
regions. The results in the second row show how the proposed method is able to segment regions of
interest outside the given ground truth.

evaluate if the implicit regularization provided by DIP in the restoration tasks can be also observed in
this setting.

Among the measures for establishing the performance of a segmentation process (i.e. Jaccard
index, precision, recall), the choice fell on the Rand index which measures the similarity between
two segmentations of the same image [106]. The Rand index ranges from 0 to 1, with 1 indicating
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that the two clusterings are identical and 0 indicating that they are completely different. Table 5.1
reports the mean and the standard deviation of the Rand indices obtained on 50 elements of the WBC
dataset for different values of σ. It is possible to conclude that the averaged Rand index is high in
all the three cases and the results are robust with respect to the noise. The well known regularization
behaviour of DIP can be actually appreciated. Figure 5.1 shows two examples of images taken from the

σ Mean St. Deviation

0 0.9369 0.0673
25/255 0.9333 0.0676
50/255 0.9403 0.0631

Table 5.1: Statistical results of Rand index based on 50 images from WBC dataset.

WBC dataset, together with the results obtained by the segmentation process with different level of
noise. Particularly, in 5.1(a) the original RGB image is reported, while in 5.1(b), 5.1(c) and 5.1(d) the
segmentation obtained with this method (σ = 0, 25/255, 50/255) can be appreciated compared to the
ground truth. The corresponding Rand indexes are equal to 0.9878, 0.9867 and 0.9880, respectively.
The suggested method shows to be very stable with respect to noise.

The results achieved on the cell image of Figure 5.1(e) shed some insights on the numerical
performances showed in Table 5.1. Indeed, in this case the image 5.1(f) related to the clean case (σ = 0)
achieves a Rand index of 0.7813, while the version 5.1(g) with corresponding to σ = 25 has a Rand
index of 0.7808 and finally the version without the highest noise level (σ = 50) 5.1(h) has a Rand index
of 0.7807. This relatively poor result is due to the fact that the ground truth considers only the cell in
the center of the image, while the proposed procedure is able to segment even the regions of interest
which have not been considered when the true labels where created.

(a) (b)

(c) (d)

Figure 5.2: 3-class unsupervised segmentation with input data corrupted by Gaussian noise. (a) RGB
image; (b) segmentation result (classes sky, animals, and landscape).

This subsection is devoted to discuss the qualitative results of the described approach on five images
of the Grab-Cut dataset. Figure 5.2 presents the result for the classification where the number of classes
is set to 3. Figure 5.3 refers to the background/foreground segmentation task. The segmentation output
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for the plane is almost perfect, only a small portion of dark sky is recognized as belonging to the
same class of the plane. The banana image presents some spots inside the fruit that are recognized
as belonging to the background, due to the very similar color. The case of the portrait of the person
in figure 5.3(c) presents some artifacts: indeed, some parts of the person (the hair and the t-shirt)
have some common color components with the foliage in the background, hence they are classified as
belonging to the same class. Nonetheless, the profile of the person is quite well recognized.

(a) (b) (c)

(d) (e) (f)

Figure 5.3: Foreground-Background extraction with input data corrupted by Gaussian noise. (a)-(b)-(c):
Input RGB images; (d)-(e)-(f) relative unsupervised binary segmentation.

Salt and pepper and Poisson noise

Exploring several different values for µ leads to achieve similar results, as depicted in Figure 5.6, so
the proposed method is robust with respect to the magnitude of the parameter µ.

Moreover, the same behaviour is observed on data corrupted by Poisson noise, illustrated in Figure
5.7, which refers to the solution to problems as in (5.11). It is evident from Figure 5.8 that the parameter
µ does not play a huge role in achieving reliable results: the proposed method is robust with respect to
the choice of the regularization parameter regardless of the noise type.

5.3.2 Piecewise smooth segmentation

This subsection presents the numerical results carried out by using Algorithm 5 for piecewise smooth
segmentation problems with noisy data, referring to the minimization of (5.17), by changing only the
type of noise on the input image.

This second group of experiments is performed over some images from the following datasets:

• Berkeley Segmentation Dataset and Benchmark (BSDS500, [27]);

• MATLAB builtin demo images;

• generated ad hoc geometric images.

Two different levels of noise, namely low and high, are proposed. In order to generate u0, the
clean images from either The Berkeley Segmentation Dataset and Benchmark (BSDS500) [27] or
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(a) u0 (b) RI = 0, 9566 (c) Ground Truth

(d) u0 (e) RI = 0, 9991 (f) Ground Truth

Figure 5.4: Segmentation results with low salt and pepper noise δ = 0.005. The first column shows the
noisy input images, the second one the resulting segmented images and the last one the ground truths
for the segmentation. The first row illustrates a segmentation with three classes, while the second one a
binary segmentation, i.e. there are only two classes. RI is the Rand Index measure.

(a) u0 (b) RI = 0, 9567 (c) Ground Truth

(d) u0 (e) RI = 0, 9974 (f) Ground Truth

Figure 5.5: Segmentation results with high salt and pepper noise δ = 0.05. The first column shows the
noisy input images, the second one the resulting segmented images and the last one the ground truths
for the segmentation. The first row illustrates a segmentation with three classes, while the second one a
binary segmentation, i.e. there are only two classes. RI is the Rand Index measure.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5.6: Segmentation results with salt and pepper noise through Mumford-Shah minimization.
The columns show the segmented images by varying the parameter µ ∈ {1, 10−1, 10−2, 10−3} and the
level of noise is δ = 0.05 (high).

(a) (b) (c) (d)

Figure 5.7: Test images for the experiments with Poisson noise through Mumford-Shah minimization.
From left to right: satellite ground truth image; satellite image corrupted by Poisson noise; white blood
cell ground truth image; white blood cell image corrupted by Poisson noise.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5.8: Segmentation results with Poisson noise through Mumford-Shah minimization. The
columns show the segmented images by varying µ ∈ {1, 10−1, 10−2, 10−3}.

the MATLAB built-in demo were corrupted by adding either Gaussian or Cauchy noise with proper
MATLAB functions. Cauchy noise mainly appears in remote sensing, radar, sonar applications and
biomedical image acquisition ([107, 108]). The Cauchy noise is characterized by its level γ: the higher
the value, the higher the level of perturbation. Moreover, such noise type is signal independent. The
discrepancy function employed for denoising images corrupted by Cauchy noise reads as:

C(x, g) =
∑
i

log
(
γ2 + (g − x)2i

)
. (5.21)

The considered ground truth images and their corresponding distorted data are reported in the first and
the second columns of Figure 5.9, respectively.

For any given u0, the restored image u and its contours v are obtained by running Algorithm 5
with the following settings: the learning algorithm Algo has been chosen as the Adam optimizer with
learning rate equal to 10−2; the total number T of iterations and the number m of inner iterations have
been fixed to 100 and 5 respectively. Additionally, following the common practice in the DIP framework,
at each iteration the input z is perturbed by a component sampled from a Gaussian distribution with zero
mean and standard deviation equal to σ = 1

100 . Finally, for the sake of completeness, the expression
of the objective function Ψ(θu, θv), discussed in Section 5.2, becomes for both the Gaussian and the
Cauchy noise:

ΨGauss(θu, θv) = ∥fu(θu, zu)− u0∥2 + λ∥fv(θv, zv)⊙Dfu(θu, zu)∥2+

+ µ

(
ε∥Dfv(θv, zv)∥2 +

1

4ε
∥1− fv(θv, zv)∥2

)

ΨCauchy(θu, θv) =
1

2

dm∑
i=1

log(γ2 + (fu(θu, zu)− u0)
2) + λ∥fv(θv, zv)⊙Dfu(θu, zu)∥2+

+ µ

(
ε∥Dfv(θv, zv)∥2 +

1

4ε
∥1− fv(θv, zv)∥2

)
To select suitable values for the parameters λ, µ and ε in the standard formulation of the AT functional
is typically a challenging problem since numerical evidence shows that they strongly depend on the
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image to be segmented. As an example, subsection 5.3.2 reports the results obtained by means of an
alternating minimization scheme directly applied to (5.17). On the other hand, all the results obtained
through Algorithm 5 and shown hereafter are obtained by always considering λ = 1, µ = 10−4 and
ε = 10−3. The same configuration of these parameters yields good results for images with different
features and types of corrupting noise. The inclusion of the DIP approach improves the robustness of
AT segmentation with respect to parameter selection due to the intrinsic regularization properties of
deep neural networks.

Figure 5.9 shows the results achieved by Algorithm 5 for noisy data u0 affected by Gaussian
noise with zero mean and standard deviation σ = 0.1. The restored images u and their contours v
can be appreciated in the third and the fourth columns respectively. From these results, the proposed
approach is able to effectively remove the noise from the input data and to correctly find the contours.
Similar considerations can be deduced from the results presented in Figure 5.11 obtained by applying
Algorithm 5 to images corrupted by Cauchy noise with parameter γ = 5. For this second type of noise
the maximum number of iteration is set to 200, even if pretty good results are reached with only 100
iterations. The computational times of the results in Figure 5.11 are listed in Table 5.2 and they are
referred to 200 iterations.

#Row in Figure 5.11 Time [s]

1 2474
2 758
3 2310
4 2817
5 2311

Table 5.2: Computational times of the results in Figure 5.11.

Classical AT segmentation

This subsection describes the numerical behaviour of an alternating minimization algorithm applied
to a classical AT-like optimization problem as in Definition 5.1, focusing on the robustness with
respect to the values of the parameters λ, µ an ε. Particularly, the Semi-Linearized Proximal Alternating
Minimization (SL-PAM) method [99] has been considered whose MATLAB implementation is available
online1. In [99], the objective function to be minimized by SL-PAM considers L(u, u0) and S(v, u) as
defined in (5.17), while the regularization term R is fixed as an approximation of the one defined in
(5.18), allowing for the computation of its proximal operator using a closed-form solution.

The input data u0 were generated as previously described, starting from clean images of the
BSDS500 dataset, which were then corrupted by Gaussian noise. Figure 5.12 shows the segmentation
results obtained by the SL-PAM algorithm in 10000 iterations on input data corrupted with Gaussian
noise, where the standard deviation σ is 0.05. The parameters defining the objective function, which
depends on the input image, are specified in the figure captions and they are those suggested in the
SL-PAM MATLAB code.

The results in Figure 5.12 allow to claim that the SL-PAM method is effective in restoring the ground
truth and providing its contours, provided that the parameters λ, µ and ε are properly selected. Indeed,
if the standard deviation of the Gaussian noise is slightly modified, the same setting of parameters does
not provide satisfactory results, as shown in Figure 5.13. On the other hand, the results depicted in
Figure 5.10 show that employing the DIP framework with regularization parameter set on a different
noise level allows to obtain reliable results.

Algorithm 5 and SL-PAM are both based on an alternating minimization scheme applied to an
AT-like objective function. However, the DIP paradigm applied in devising Algorithm 5 reduces the
method’s performance dependence on the regularization parameter settings.

1https://github.com/mfoare/discrete-mumford-shah
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Figure 5.9: Segmentation results obtained by combining the AT functional and the DIP approach
through Algorithm 5. The first and the second columns report, respectively, the original images and
the corresponding corrupted ones by Gaussian noise with zero mean and standard deviation σ = 0.1.
The third column shows the results of the image approximation u and the fourth column illustrates the
contours v.
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Figure 5.10: Segmentation results obtained by combining the AT functional and the DIP approach
through Algorithm 5. The first and the second columns report, respectively, the original images and
the corresponding corrupted ones by Gaussian noise with zero mean and standard deviation σ = 0.05.
The third column shows the results of the image approximation u and the fourth column illustrates the
contours v.
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Figure 5.11: Segmentation results obtained by combining the AT functional and the DIP approach
through Algorithm 5. The first and the second columns report, respectively, the original images and the
corresponding corrupted ones by Cauchy noise with γ = 5. The third column shows the results of the
image approximation u and the fourth column illustrates the contours v.

(a) Clean image (b) Noisy image (c) Approximation u (d) Contours v

(e) Clean image (f) Noisy image (g) Approximation u (h) Contours v

Figure 5.12: Results obtained with SL-PAM for Gaussian noise with standard deviation σ = 0.05. The
parameters involved in the definition of the objective function are different: for the bear image they
are fixed as λ = 6 and µ = 0.01, ε = 0.5; for the starfish image they are set as λ = 5 and µ = 0.005,
ε = 0.5.
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(a) Clean image (b) Noisy image (c) Approximation u (d) Edges v

(e) Clean image (f) Noisy image (g) Approximation u (h) Edges v

Figure 5.13: Results obtained with SL-PAM for Gaussian noise with standard deviation σ = 0.1. The
parameters involved in the definition of the objective function are different: for the bear image they
are fixed as λ = 6 and µ = 0.01, ε = 0.5. For the starfish image are fixed as λ = 5 and µ = 0.005,
ε = 0.5.

If the Gaussian noise level is incremented, by using standard deviation σ = 0.1, it appears that
the original parameter setting is not suitable, like in Figure 5.13, thus finding the best functional
parameter configuration becomes a time consuming fine tuning procedure. Trying different parameter
configurations with this level of noise, the best is characterized by λ = 50 and µ = 0.1, ε = 0.5, even if
the approximation of the image is very smooth and the edges are missing of some details, like reported
in Figures 5.14(c) and 5.14(d), respectively. If the same parameters are used for another natural image,
it is evident that the image approximation in Figure 5.14(g) is far from the original one and a good edge
reconstruction can’t be achieved, see Figure 5.14(h).

(a) Clean image (b) Noisy image (c) Approximation u (d) Edges v

(e) Clean image (f) Noisy image (g) Approximation u (h) Edges v

Figure 5.14: Test using the same optimal parameters for SL-PAM for Gaussian noise with standard
deviation σ = 0.1. The parameters involved in the definition of the objective function have been fixed
as λ = 50 and µ = 0.1, ε = 0.5.
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Early stopping strategies in Deep Image Prior

The remarkable performances of Deep Image Prior may be hindered by the so called semi-
convergence behaviour. Indeed DIP initially provides good reconstructed images, but after some
iterations, depending on the amount of noise in the data, the iterative process starts to overfit the
degraded data. Hence, there is the need of an automatic early stopping criterion to select the iteration
number at which a reliable result can be obtained. Indeed the original paper provided, among the other
hyperparameters, the optimal number of iterations for each task.

In this chapter two different early stopping strategies are described under the DIP framework. The
first one is based on a Neural Architecture Search (NAS) approach. NAS is a technique within the
field of machine and deep learning that automates the design of neural network architectures [109].
NAS methods typically involve exploring the so called search space of possible architectures, which
can include variations in the number of layers, types of layers, connections between layers, and other
architectural hyperparameters. The goal of NAS is to find neural network architectures that achieve high
performance on a given task while minimizing the need for human intervention in the design process.
The main idea consists of exploiting a NAS strategy to predict an hyperparameters configuration for
the DIP net able to halt the learning process before the semi-convergence appears and in a prefixed
(typically limited) number N of iterations.

In more detail, once N is fixed, the search space of the original DIP U-Net can be explored for
generating the most performing net within N iterations. This NAS-based early stopping strategy not
only avoids the semi-convergence phenomenon and the resulting tuning of the optimal number of
iterations, but also enables the generation of network configurations that yield favorable outcomes within
potentially fewer iterations than those required by the original DIP approach, optimally stopped. Finally
in this specific case, the search space, besides the architectural ones, also include the hyperparameters
related to both the optimization process and the regularizing term in the loss function. As for the search
strategy, a random search walk was exploited for exploring the search space.

Specifically a proper performance predictor was trained that, given a test image, is able to provide the
best hyperparameter configurations among a pool of different options by observing only the behaviour
of the corresponding networks in the very early stage of the training. Moreover, the NAS-based early
stopping procedure has been implemented by exploring the search space with two approaches: either
keeping fixed the image on which the performance predictor is trained, or by varying it. In the first
case it is possible to evaluate the ability of the performance predictor to generalize to very different
test images. With the second approach the performance predictor learns to provide image-dependent
hyperparameters configurations. Several NAS approaches have been applied to the DIP framework, but
they differ from the proposed one with respect to both the steps for realizing the search and the goal they
aim to achieve. In [110] the author propose a well-designed binary search space and use as a search
strategy a genetic algorithm. They prove that the structure of the network is content-style dependent.
The paper [111] restricts the search space to the network components related to the up-sampling
part and modifies the original architecture by considering cross-scale residual connections, i.e., the
skip connections link blocks of the encoder part with blocks of the decoder part at different spatial
dimensions. In [112] the focus is shifted on the metrics used to evaluate the performance: the authors
develop several novel metrics that allow to reduce the costs of NAS procedures. It is worth to notice
that, differently from the approach proposed in this paper, in none of the previously cited works on
NAS for DIP, a performance predictor has been used to improve the DIP behaviour.

The second early stopping strategy relies on an idea inspired by the Blind/Referenceless Image
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Spatial Quality Evaluator (BRISQUE) [113] metric, a no-reference image quality measure. In this case
the aim is to track the behaviour of the Peak Signal-to-Noise Ratio (PSNR) curve, obtained by applying
the standard DIP, without knowing the ground truth image. In particular, using the hyperparameters
settings suggested in the original papers [15, 16], a customized version of the BRISQUE metric can
be applied to estimate the iteration at which the most reliable result can be obtained under the PSNR
measure.

Other early stopping procedures for DIP can be found in the literature and are briefly recalled
here below. The variance of the DIP iterates is used for developing an early stopping method in [114],
which has been successfully applied in DDIPP approach [115], where blind deconvolution problems
for Poisson data have been addressed under the DIP framework. The paper [116] adopts a Bayesian
framework and shows that DIP is equivalent to a Gaussian stationary process as soon as the number of
input channels goes to infinity: this leads to adopt a Stochastic Gradient Langevin Dynamic algorithm,
that avoids the early stopping, but at the cost of a large number of iterations-between 27000 and
37000-which does not meet Green AI principles [117]. In [118] the authors propose an early stopping
technique based on the loss function values. However, the semi-convergence behaviour typical of DIP is
also reflected in the values of the objective function, unless a proper regularizer is considered. Selecting
the regularization term and its corresponding parameter, as well as determining the appropriate number
of iterations to stop the DIP algorithm, poses a challenging task.

This chapter is organized as follows: Section 6.1 presents the proposed early stopping strategies,
while Section 6.2 is devoted to the numerical validation of the developed techniques.

6.1 Proposed early stopping procedures

This section details two distinct early stopping strategies to be combined with the DIP framework. The
perspectives of the two proposed procedures are different. The first one aims not only to prevent the
semi-convergence behaviour of DIP, but also to get a neural network configuration able to provide
effective results in a small number of iterations, accordingly to the Green AI principles. This aspect is
very relevant in all those applications where the computational time is limited or a real-time solution
is needed, just consider the biomedical or the autonomous driving fields to name a few. On the other
hand, the second strategy does not modify the structure of the neural network on which the original
DIP is based, but allows to monitor the generated PSNR behaviour without knowing the ground truth
image. The optimization problem described in this section is the one defined in (3.4).

6.1.1 NAS-based early stopping

The first approach is an early stopping strategy de facto. Given the particular imaging application and,
hence, the specific definition of the discrepancy functional in (3.4), a number of iterations is fixed and
NAS techniques search the architecture that can provide the most reliable results in terms of several
performance measures, namely the Peak Signal-to-noise Ratio (PSNR) [119], the Structure Similarity
Index Measure (SSIM), its multiscale version (MS-SSIM) [119] and the reconstruction relative error
(RRE). The search space for the U-Net network of Figure 3.1 encompasses different features:

1. the variance of the input distribution,

2. the depth of the network-the number of stages for the encoder and decoder parts,

3. the number of filters for the convolutional layers,

4. the number of channels for the random input,

5. the number of filters for the skip connections,

6. the value for the regularization parameter,
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7. the type of learning algorithm,

8. the learning rate for the learning algorithm.

Since the actual search space is potentially infinite, the focus is on one of its discrete subsets, considering
discrete intervals for each of the above options. This search subspace with Ω = A1 ×A2 × · · · × A8,
where Aj is the interval containing the possible values for the j-th item in the above list. Ω can be
considered as a subset of R8. Section 6.2 (Tables 6.1 and 6.3) reports the complete list considered in
the numerical experiments of this part. It is quite clear that the possible number of configurations to
be taken into account is of course too large to be tested in a brute force manner. Testing them all, to
find the most effective one for a given number of iterations, is time consuming and goes against the
principles of Green AI [117]. For these reasons, by following a strategy similar to the one suggested in
[120], a performance predictor able to provide effective hyperparameters configurations is trained by
knowing only the performance of the networks corresponding to a very small subset of all the possible
hyperparameters configurations. Below it is detailed how to build the performance predictor and to use
it for an early stopping procedure. The main steps of this procedure are summarized in Algorithm 6,
each step is detailed below.

Algorithm 6: NAS-based early stopping, single image
Set up.
Set N,M,B ∈ N. Set Ω, s ∈ (0, 1) and select Q = ⌊s |Ω|⌋ hyperparameter configurations:
{hq}q=1,...,Q. Select the c checkpoints t1, . . . , tc. Select a representative image I of the set I.
Choose the performance predictor ρ;

Dataset Creation.
for q = 1, . . . , Q do

Given I , run Algorithm 1 under the hq configuration, store P (q) and p
(q)
N ;

end

Training.
Train ρ on the dataset {(hq, P (q)), p

(q)
N }q=1,...,Q such that ρ(hq, P (q)) ∼ p

(q)
N ;

Qualification Phase.
Select M configurations h̃m,m = 1, . . . ,M .;
for m = 1, . . . ,M do

Given I , run Algorithm 1 for tc iterations and store P̃ (m);

Predict the performance under h̃m configuration: p̃(m)
N = ρ(h̃m, P̃ (m));

end

Best Configuration Selection.
Choose the best B configurations {ĥb}b=1,...,B according to the predictions p̃(m)

N ;
for b = 1, . . . , B do

Given I , run Algorithm 1 under ĥb configuration; store p̂
(b)
N ≡ pN (ĥb);

end
Select h⋆ such that h⋆ = argmax

b=1,...,B
p̂N (ĥb);

Reconstruction of the images from the dataset I.
Apply Algorithm 1 on each image of the dataset I using the configuration h⋆;

77



Early stopping strategies in Deep Image Prior

Set up. First of all the maximum number N of allowed iterations for Algorithm 1 and the set Ω
are fixed. As previously noted, the number of possible configurations could be too large, hence a
small percentage of them is randomly selected, namely Q, where Q = ⌊s |Ω|⌋, with s ∈ (0, 1), |Ω|
being the cardinality of Ω and ⌊·⌋ is the floor function. O is the subset of Ω containing the Q selected
configurations. Moreover, c is the selected number of checkpoints for storing the 4 performance
metrics (PSNR, SSIM, MS-SSIM, RRE) at iterations t1, t2, . . . , tc, which shall be used for training
a prediction model ρ. In the experiments a performance predictor based on both a Random Forest
(RF) algorithm and a Support Vector Machine for Regression (SVR) algorithm is used. Particularly,
the prediction is the averaged values provided by RF and SVR. M ∈ N denotes the number of
configurations {h̃m}m=1,...,M ∈ Ω \O on which the predictor will be tested. B ∈ N, B < M denotes
the best configurations, called {ĥb}b=1,...,B ⊂ {h̃m}m=1,...,M as predicted by ρ, that will be run for N
iterations.

The aim is to search for the best configuration for recovering images of a set I sharing common
characteristics, such as astronomical images corrupted by Poisson noise (see Section 6.2): hence a
representative image I is selected, containing the most prominent features of this set.

Dataset creation. Algorithm 1 runs Q times on the image I , under the q-th hyperparameter config-
uration hq ∈ O, q = 1, . . . , Q. Moreover, the metrics at each checkpoint t1, . . . , tc are stored in the
columns of P (q) ∈ R4×c. The vector p(q)N ∈ R4 stores the metrics at the end of the run, that is at the
N -th iteration.

Training. The dataset {(hq, P (q)), p
(q)
N }q=1,...,Q is used for the training of the performance predictor

such that

ρ(hq, P
(q)) ∼ p

(q)
N .

Qualification Phase. After these initial phases, a suitable number M of hyperparameters configura-
tions {h̃m}m=1,...,M (different from the configurations considered to train the predictors) are randomly
selected. The corresponding M DIP procedures on the image I are invoked to get a good approximation
of the example image and the related performance metrics P̃ (m) ∈ R4×c achieved at checkpoints
t1, . . . , tc are stored. Note that Algorithm 1 runs only for tc iterations, then for each hyperparameters
configuration h̃m the pair (h̃m, P̃ (m)) is used for predicting the metrics p̃(m)

N = ρ(h̃m, P̃ (m)) at the
N -th iteration.

Best Configuration Selection. Once all these steps are performed, the best B < M configurations
{ĥb}b=1,...,B are selected among the ones used in the Qualification Phase. Algorithm 1 is run for
N iterations for each ĥb: then there are B final performances {p̂(b)N ≡ p̂N (ĥb)}b=1,...,B , where it is
made explicit the dependence of the final metrics on the hyperparameters configuration. The best
configuration h⋆ is taken as the one that corresponds to the highest performance, namely

h⋆ = argmax
b=1,...,B

p̂N (ĥb).

The most effective hyperparameters configuration is then exploited to recover a good reconstruction for
all the other images of the dataset in N iterations. As demonstrated in the numerical experiments of the
next section, the benefit of this approach consists in finding an effective hyperparameters configuration
for the DIP neural network such that, given any image of the dataset, Algorithm 1 is able to provide a
good reconstruction in a relative small number of iterations. The predicted best configuration allows to
avoid semi-convergence effect for Algorithm 1 and the consequent need for tuning the optimal number
of iterations.
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Reconstruction of the images from the dataset I. Now Algorithm 1 is applied to all the images
of I using the best configuration h⋆: the latter is the setting for DIP that allows us to obtain the best
performance in N iterations. When N is small, e.g., N = 1000, this amounts to an early stopping
strategy, since reliable results are achieved in a low number of iterations.

One can consider a different version of the previously discussed NAS-based early stopping technique
where the performance predictor is trained by varying the example image. The aim is to obtain an
optimal configuration of hyperparameters that depends on the image itself. In order to reach this goal,
the dataset needs to be adjusted on which the predictors are trained. More in detail, besides the values
of the hyperparameters and the performance metrics related to the c checkpoints, each sample in the
dataset must take into account some peculiar features of the image to be recovered. In order to obtain
this image information, the same 36 features are exploited on which the no-reference image quality
measure called Blind/Referenceless Image Spatial Quality Evaluator (BRISQUE) is based [113].

Notice that the BRISQUE metric is not used at this level, but only the image’s features extraction
model required to get the BRISQUE values. More details on BRISQUE can be found in Section 6.1.2.

Algorithm 7 reports the scheme of the image dependent NAS-based early stopping procedure. In
the following, the main differences between Algorithms 6 and 7 are reported.

Set up. The dataset I of corrupted images is divided into two disjoint subsets: a training set Tr and
a test set Ts. For each image If in Tr, with f = 1, . . . , |Tr|, F (f) ∈ R36 is the vector storing its 36
significant features which have been extracted by following the same strategy used to train BRISQUE.
Moreover, for each image If in Tr Q different hyperparameters configurations {h(f)q }q=1,...,Q are
considered. The value of Q is fixed as in Algorithm 6. In this approach O is the subset of Ω containing
the Q |Tr| selected configurations. N ∈ N and M ∈ N represent again the maximum number of
allowed iterations and the number of configurations needed for the Qualification phase, respectively.
B ∈ N denotes instead the number of training images to be identified as the B most similar to a given
test image. This parameter is needed for the reconstruction of the corrupted images.

Dataset creation. Algorithm 1 runs Q times for each of the images taken from the training set Tr. In
the columns of P (f,q) ∈ R4×c the metrics at each checkpoint t1, . . . , tc obtained by considering the
configuration h

(f)
q are stored. The vector p(f,q)N ∈ R4 stores the metrics at the end of the run, that is at

the N -th iteration.

Training. Differently from Algorithm 6, the predictor ρ is trained on samples that take into account
not only the hyperparameters configuration and the metrics in the first checkpoints, but also the features
of the image used to get p(f,q)N , f = 1, . . . , |Tr|, q = 1, . . . , Q. Particularly, it must hold that

ρ(F (f), hq, P
(f,q)) ∼ p

(f,q)
N , f = 1, . . . , |Tr|, q = 1, . . . , Q.

Qualification Phase. The qualification phase of Algorithm 7 differs from the one of Algorithm 6
only from the fact that it is repeated on M different configurations {h̃(f)m }m=1,...,M for every image
belonging to the training set. Recall that these M configurations are different from the ones used during
the Training.

Reconstruction of the images from the dataset I. This phase is the most distinctive step of
Algorithm 7 compared to Algorithm 6. Given a new image I of the test set Ts, the most similar images
belonging to the training set Tr must be identified. To reach this goal, the features of the test image I
(stored in a vector called F ∈ R36) are compared with those of the training images by computing the
Mean Squared Error (MSE) between F and F (f), for all f = 1, . . . , |Tr|, namely

MSE(f) =
1

#(F )
∥F − F (f)∥2, b = 1, . . . , |Tr|.
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Algorithm 7: NAS-based early stopping, multiple images
Set up.
Set N,M,B ∈ N. Divide the dataset I into Tr and Ts. Set Ω, s ∈ (0, 1) and select Q = ⌊s |Ω|⌋

hyperparameter configurations for each image in Tr: {h(f)
q }q=1,...,Q. Select the c checkpoints

t1, . . . , tc. Choose the performance predictor ρ;

Dataset Creation.
for f = 1, . . . , |Tr| do

Select If ∈ Tr;
for q = 1, . . . , Q do

Given If , run Algorithm 1 under the h
(f)
q configuration, store P (f,q) and p

(f,q)
N ;

end
end

Training.
Given the features {F (f)}f=1,...,|Tr| of the images considered in the previous step, train ρ on the dataset
{(F (f), h

(f)
q , P (f,q)), p

(f,q)
N }f=1,...,|Tr|;q=1,...,Q such that ρ(F (f), hq, P

(f,q)) ∼ p
(f,q)
N ;

Qualification Phase.
for f = 1, . . . , |Tr| do

Select If ∈ Tr;
Select M configurations {h̃(f)

m }m=1,...,M ;
for m = 1, . . . ,M do

Given If , run Algorithm 1 under h̃(f)
m for tc iterations and store P̃ (f,m);

Predict the performance under the h̃
(f)
m configuration: p̃(f,m)

N = ρ(F (f), h̃
(f)
m , P̃ (f,m));

end
end

Reconstruction of the images from the dataset I.
Given a new image I ∈ I, compute its features F ;
for s = 1, . . . , |Ts| do

Extract the features F (s) of Is ∈ Ts.;
Compute MSE(s) = 1

#(F )∥F − F (s)∥2;
end
Select those images {Îb}b=1,...,B ⊂ Ts corresponding to the B lowest {MSE(s)}s=1,...,|Ts|;
for b = 1, . . . , B do

Given Îb, select the best configuration ĥ(b) according to the predictions {p̃(b,m)
N }m=1,...,M ;

Given I , run Algorithm 1 under the configuration ĥ(b) for tc iterations and store P̂ (b);
Predict the performance: p̂(b)N = p̂

(b)
N (ĥ(b)) = ρ(F, ĥ(b), P̂ (b));

end
Select h⋆ such that h⋆ = argmax

b=1,...,B
p̂
(b)
N (ĥ(b)).;

Given I , run Algorithm 1 under h⋆;

After the computation of MSE(f), f = 1, . . . , |Tr|, the B images {Îb}b=1,...,B of the training set
corresponding to the B lowest values of MSE(f) are selected. For each Îb, b = 1, . . . , B, the
corresponding best configuration ĥ(b) predicted in the Qualification phase is exploited to run Algorithm
1 for tc iterations. Based on the metrics at the c checkpoints stored in P̂ (b) ∈ R4×c, the final performance
p̂
(b)
N ≡ p̂

(b)
N (ĥ(b)) is predicted as ρ(F, ĥ(b), P̂ (b)). Finally, the best configuration h⋆ for I ∈ Ts is given

by the one that maximizes p̂(b)N , f = 1, . . . , B, namely

h⋆ = argmax
b=1,...,B

p̂
(b)
N (ĥ(b)).
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Such configuration h⋆ possibly varies with the images in the test set.

6.1.2 BRISQUE-based early stopping

The second early stopping strategy does not aim to modify the structure of the original U-Net ar-
chitecture considered in the DIP approach and described in Chapter 3. The goal is to monitor the
semiconvergence behaviour of DIP in order to stop the algorithm when the most reliable result can be
obtained in terms of PSNR. Of course this goal must be reached without exploiting the ground truth
image. For this reason, the idea is to exploit a no-reference image quality measure such as the already
mentioned BRISQUE metric [113].

BRISQUE is a metric that measures image quality without any reference or ground truth image.
The BRISQUE score lies in [0, 100] ⊂ R: small values correspond to an high perceptual quality,
as the one corresponding to clean images, instead large values indicate a worse perception. Real
scenarios really benefit from the BRISQUE score, since usually the reference image is not available.
The BRISQUE metric is based on a SVR model, typically trained on a dataset of images rated for
quality by a human jury, to predict the perceived quality of the image. Indeed, to build the BRISQUE
prediction, various statistical properties of an image are firstly extracted, including measures related to
natural scene statistics, such as blur, contrast, and noise. Then the model is trained to correlate these
extracted features with human subjective quality scores, allowing it to make quality predictions for new
images without needing a reference image for comparison.

A naive approach could use BRISQUE as it is defined in the original paper [113]. In more detail, at
each iteration k of Algorithm 1, the BRISQUE value related to f(θ(k), z) can be computed and once
this value starts to increase, Algorithm 1 is stopped. However, as highlighted in [114] and confirmed in
the numerical experiments of the next section, this simple approach is not able to improve standard DIP.
For this reason, a customized version of the BRISQUE metric is considered by differently training the
prediction algorithm on which BRISQUE itself is built. The details of this approach and its combination
with DIP is proposed in Algorithm 8.

The main steps are described below.

Set up A collection C of corrupted images {If}f=1,...,|C| with known ground truth {Gf}f=1,...,|C| is
selected, needed to train the customized version of BRISQUE. Moreover all the parameters related
to DIP must be selected, particularly the structure of the network f , the initial weights θ(0), the
discrepancy function D, the input variance σ2, the learning algorithm Algo and its hyperparameters
and the maximum number N of iterations. For the numerical experiments, the hyperparameters related
to the structure of the network and the optimization algorithm are kept as in the original paper [15].
Finally, in order to early stop DIP, the so-called patience parameter, denoted by τ , must be introduced.

Training of a customized BRISQUE The prediction algorithm to train the customized version of
BRISQUE is not simply based on a SVR model as in [113]. Indeed a PSNR prediction which exploits
both SVR and RF methods is considered, as explained hereafter. Both a SVR and a RF procedures are
trained based on a dataset whose samples are the 36 features of the images {If}f=1,...,|C| and the labels
are the related PSNR values. The features of {If}f=1,...,|C| are stored in the vectors {F (f)}f=1,...,|C|. In
more detail, given the dataset {F (f),PSNR(If )}f=1,...,|C|, the SVR and the RF algorithms are trained
such that

SVR(F (f)) ∼ PSNR(If ), f = 1, . . . , |C|

and

RF(F (f)) ∼ PSNR(If ), f = 1, . . . , |C|.
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Algorithm 8: BRISQUE-based early stopping
Set up
Fix a collection C of corrupted images with known ground truth. Select the network f , initialise

the network’s weights θ(0), select the discrepancy function D. Set σ2 for the input’s variance.
Choose the learning algorithm Algo and its hyperparameters. Select the maximum number of
iteration N . Select the patience τ ;

Training of a customized BRISQUE
Given the pairs {(If , Gf )}f=1,...,|C| of the collection |C| and the features {F (f)}f=1,...,C of
{If}f=1,...,|C|, train SVR and RF algorithms on the dataset {F (f),PSNR(If )}f=1,...,|C| such
that cBRISQUE1(If ) ≡ SVR(F (f)) ∼ PSNR(If ) and
cBRISQUE2(If ) ≡ RF(F (f)) ∼ PSNR(If ). Moreover
cBRISQUE3(If ) ≡ (SVR(F (f)) + RF(F (f)))/2 ;

Reconstruction of the images from the dataset I
Set τ1 = τ2 = τ3 = 0. Set β⋆

1(θ
(0)) = β⋆

2(θ
(0)) = β⋆

3(θ
(0)) = 0;

for k = 0, 1, . . . , N − 1 do
z ∼ N (0, σ2), a realization from a Gaussian probability distribution.;

ℓ(θ(k))← D
(
f(θ(k), z), g

)
;

θ(k+1) ← Algo(θ(k), ∇ℓ(θ(k))) β1(θ
(k+1)) = cBRISQUE1(f(θ

(k+1), z)) ;
β2(θ

(k+1)) = cBRISQUE2(f(θ
(k+1), z)) ;

β3(θ
(k+1)) = cBRISQUE3(f(θ

(k+1), z)) ;
if β1(θ(k+1)) > β⋆

1(θ
(k)) & τ1 < τ then

β⋆
1(θ

(k+1)) = β1(θ
(k+1)), τ1 = 0;

else
β⋆
1(θ

(k+1)) = β1(θ
(k)), τ1 = max{τ1 + 1, τ};

end
if β2(θ(k+1)) > β⋆

2(θ
(k)) & τ2 < τ then

β⋆
2(θ

(k+1)) = β2(θ
(k+1)), τ2 = 0

else
β⋆
2(θ

(k+1)) = β⋆
2(θ

(k)), τ2 = max{τ2 + 1, τ}
end
if β3(θ(k+1)) > β⋆

3(θ
(k)) & τ3 < τ then

β⋆
3(θ

(k+1)) = β3(θ
(k+1)), τ3 = 0

else
β⋆
3(θ

(k+1)) = β3(θ
(k)), τ3 = max{τ3 + 1, τ}

end
if τ1 = τ & τ2 = τ & τ3 = τ then

θ⋆ = argmaxθ(k+1){β∗
1(θ

(k+1)), β∗
2(θ

(k+1)), β∗
3(θ

(k+1))};
break

else
θ⋆ = θ(k+1)

end
end
Recover the approximation of u⋆ as f(θ⋆, z);
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Given these two trained models and a new image I with features vector F , it is possible to consider
different customized versions of the BRISQUE metric defined as

cBRISQUE1(I) = SVR(F ),

cBRISQUE2(I) = RF(F ),

cBRISQUE3(I) =
SVR(F ) + RF(F )

2
.

As a consequence, cBRISQUEi, i = 1, 2, 3, are able to estimate the PSNR of a new image without
knowing the corresponding ground truth and, hence, they can be used to properly stop DIP when new
datasets of corrupted images are considered.

Reconstruction of the images from the dataset I Given a dataset I of corrupted images, possibly
with unknown ground truth, the goal is to apply the DIP algorithm to recover proper reconstructions by
avoiding semi-convergence effect. For this reason it occurs a modified version of Algorithm 1 where the
cBRISQUEi, i = 1, 2, 3, metrics are employed. Particularly, once the new iterate θ(k+1) is updated, the
cBRISQUEi values βk+1

i , i = 1, 2, 3, of the corresponding image f(θ(k+1), z) are computed. When all
the cBRISQUEi metrics are not reduced after a number of successive iterations equal to the value of
the patience τ , the DIP procedure is stopped even if the maximum number of iterations is not reached.
In this case, the approximation u⋆ is computed by means of that vector of weights corresponding to the
largest PSNR value predicted by cBRISQUE1, cBRISQUE2 and cBRISQUE3.

6.2 Numerical experiments

This section is devoted to show the numerical experiments validating the proposed approaches on
denoising problems. In particular two types of noise, namely Poisson and Cauchy noise, are considered.
Hereafter, the vectorized version of a 2D image is defined, namely x ∈ Rn, n = pq.

As introduced in Section 4.1, the discrepancy functional used for restoring images perturbed by
this kind of noise is the generalized Kullback-Leibler function, that for denoising problems reads as:

KL(x, g) =
∑
i

gi ln

(
gi

(x+ b)i

)
+
∑
i

(x+ b− g)i , (6.1)

where gi ln gi = 0 if gi = 0.
In the experiments with Cauchy noise, as stated in subsection 5.3.2, the discrepancy function

employed for denoising images reads as:

C(x, g) =
∑
i

log
(
γ2 + (g − x)2i

)
. (6.2)

The datasets tested in the experiments are the following:

• Top 100 Images of the Hubble telescope [121, 122], hereafter called NASA dataset. The images
are processed, shrinking them into N ×M × 3 and then perturbed with Poisson noise by means
of a custom MATLAB function;

• Berkeley Segmentation Dataset and Benchmark (BSDS500, [27]). 49 images are selected and
corrupted via Cauchy noise with parameter γ = 1, 5, 10 via a custom MATLAB function.

All the experiments have been carried out on a Windows 11 machine, equipped with 13th Gen Intel
Core i5-13500, 32 GB RAM and GeForce RTX 4070 VENTUS 2X 12G OC. Python 3.10 and Torch
libraries were employed for the deep learning procedures.
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6.2.1 NAS-based early stopping

Two distinct numerical experiments were performed to validate Algorithm 6 and Algorithm 7. In testing
Algorithm 6 and Algorithm 7 different noise affecting the images and different datasets of images were
considered.

The first set of experiments exploits the NASA dataset. Hereafter the search space underlying
Algorithm 6 is detailed. The hyperparameters space described in Section 6.1 is discretized as reported in
Table 6.1. In details, the set Ω consists of the hyperparameters configurations composed by: the standard
deviation σ for the input Gaussian noise and its number of channels C; the number of upsampling
and downsampling stages of the network, for the encoder and the decoder, respectively; the number
of filters for the skip connections and for the convolutional layer; the regularization parameter λ; the
choice of the optimization algorithm for minimizing the loss, such as Stochastic Gradient Descent
(SGD), SGD with momentum with β = 0.9 (SGDM) or Adam; the learning rate lr. This discretized
search subspace leads us to engage 145152 samples, see Table 6.1 for details on the values for each
hyperparameter.

Network Architecture Optimization Algorithm

σ C # Stages #filters (skip) #filters (conv) λ optimizer lr

1/50 8 3 2 8 0 SGD 10−3

1/30 16 4 4 16 3.16 · 10−5 SGDM 10−4

1/20 32 5 8 32 10−3 Adam 10−2

1/10 64 6 64 10−4 10−5

128 3.16 · 10−4 5 · 10−4

256 10−5 5 · 10−6

5 · 10−3

Table 6.1: Space of the hyperparameters for Algorithm 6. The values in bold are the default ones for
the vanilla DIP.

For the Set up part of Algorithm 6 from Ω is sampled the 0, 04% (s = 0.0004) of all possible
configurations, namely Q = 58, mimicking the approach in [120]. Let M = 200 and B = 20;
moreover, c = 3 checkpoints are chosen, namely the PSNR, the SSIM, the MS-SSIM and the RRE are
stored at iterations t1 = 50, t2 = 100 and t3 = 150. The total number of iteration is N = 1000. The
used label for the performance predictor training is the PSNR at the N -th iteration. The performance
predictor is based on both the SVR and the Random Forest algorithms. In particular, the averaged
values provided by RF and SVR is considered as a prediction. The representative image is the one
depicted in Figure 6.1(a): this image was chosen because it presents both the characteristics of images
with planets (centered object with dark background) and those with nebulae (stars in the background).
Some examples are reported in Figures 6.1(b)-6.1(d).

In the Training phase of Algorithm 6 Algorithm 1 is applied to the image 6.1(a) using the config-
urations {hq}q=1,...,58, then the Qualification Phase is performed on other M = 200 configurations
{h̃m}m=1,...,200. The best B = 20 configurations are chosen and, for each of them, Algorithm 1 is run
for N = 1000 iterations. We emphasize that 1000 iterations represent a relatively low number in this
context. Finally, in the Best Configuration Selection phase the best configuration h⋆ (Table 6.2) is
picked and the last step (Reconstruction of the images from the dataset I) of Algorithm 6 is run:
Algorithm 1 is applied to each image of the NASA dataset under the configuration h⋆.

Figure 6.2 illustrates the results obtained in 1000 iterations by applying Algorithm 1 combined
with both the standard DIP hyperparameters configuration and the h⋆ one (found by Algorithm 6) on
the images 6.1(b), 6.1(c), 6.1(d). Also the corresponding PSNR values are reported. Similar results
have been obtained for the other images of the NASA dataset. It is evident that within an economic
perspective on the number of iterations, that is within 1000 iterations, a larger PSNR value is achieved,
indicating a better quality in the recovered image. The results propose sharper images, without loosing
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(a) Crab Nebula (b) Jupiter (c) Ring Nebula (d) Cone Nebula

Figure 6.1: Images from the NASA dataset. The image in the first panel has been used in the Dataset
Creation phase of Algorithm 6.

details. Notice that the possibility of a semi-convergence behaviour is a priori excluded, as Algorithm
6 systematically explores effective configurations within the given N iterations. Finally it is worth
noting that one might think that simply increasing the learning rate for the optimization algorithm
would suffice to outperform standard DIP. However, this thesis is contradicted by Table 6.2, where it is
clear that the learning rate for h⋆ is even smaller than that used in vanilla DIP.

σ C # Stages #filters (skip) #filters (conv) λ optimizer lr

0.02 16 3 2 128 0 Adam 0.0005

Table 6.2: Best configuration h⋆ obtained by Algorithm 6 on the NASA dataset.

The second numerical experiment regards Algorithm 7 and it is carried out on the BSDS500 dataset,
whose images have been corrupted by Cauchy noise. Since natural images, such as the ones belonging
to this dataset, do not present common features as in the previous astronomical case, Algorithm 7 is
applied, which includes in the search subspace several images from the dataset. This allows to provide
optimal configurations depending on the image to be treated.

For the Set up phase of Algorithm 7 the standard deviation for Gaussian input noise is σ = 1/20
and the number of channels of the input is C = 32 as in vanilla DIP approach, since the BRISQUE
features increase the dimension of the search space Ω. The space of the hyperparameters is reported in
Table 6.3. Then N = 1000, M = 100 and B = 3, while the training set and the test set are such that
|Tr| = 120 = 40× 3 and |Ts| = 9. Particularly, the training set is formed by taking 40 images from
the BSDS500 dataset; each one is then corrupted by Cauchy noise at levels γ = 1, 5, 10, yielding then
a grand total of 120 images. As for Algorithm 6, c = 3 and t1 = 50, t2 = 100, t3 = 150; on the other
hand, s is selected such as Q = 360.

Network Architecture Optimization Algorithm

# Stages #filters (skip) #filters (conv) λ optimizer lr

3 2 8 0 SGD 10−3

4 4 16 10−2 SGDM 10−4

5 8 32 10−3 Adam 5 · 10−5

128 10−5

256

Table 6.3: Space of the hyperparameters for Algorithm 7. The values in bold are the default ones for
the vanilla DIP.

The Dataset Creation phase encompasses the generation of the dataset needed to train the per-
formance predictor. Each row of the dataset refers to a particular image in the training set and a
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(a) Noisy data (b) DIP: PSNR = 30.84 (c) h⋆: PSNR = 33.47

(d) Noisy data (e) DIP: PSNR = 33.37 (f) h⋆: PSNR = 35.72

(g) Noisy data (h) DIP: PSNR = 34.33 (i) h⋆: PSNR = 36.80

Figure 6.2: Results on images from Figure 6.1 after 1000 iterations. Left panel: vanilla DIP results.
Middle panel: noisy image. Right panel: image obtained via the best configuration h⋆ for the
hyperparameters reported in Table 6.2.
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(a) (b)

Figure 6.3: Test images from the BSDS500 dataset.

particular hyperparameters configuration. Indeed it consists of the 36 features F (f) of the considered
image belonging to Tr, the configuration h

(f)
q of 6 hyperparameters from Table 6.3, the 4 metrics at

c = 3 checkpoints stored in P (f,q) and the label p(f,q)N , namely the final performance corresponding to
(F (f), h

(f)
q , P (f,q)).

For the Training phase the predictor ρ is considered as in the previous numerical experiment,
that is, the prediction is the averaged values provided by a RF and a SVR algorithms trained on the
dataset {(F (f), h

(f)
q , P (f,q)), p

(f,q)
N }f=1,...,|Tr|,q=1,...,Q. The Qualification Phase requires, for each

image in the test set Ts, to run Algorithm 1 under M = 100 different configurations for 150 epochs1:
thus the prediction is {p̃(f,m))

N }f=1,...,|Tr|,m=1,...,M values, namely the final performance of the 12000
configurations.

For the last phase, the Reconstruction of the images from the dataset I , by using the ℓ2 norm, the
distances are measured between the BRISQUE statistics of each image in the test set Ts and those in the
training set Tr. In this way, the nearest three images belonging to Tr contribute to find B = 3 possible
optimal configurations among the h̃m ones. Algorithm 1 combined with these B configurations is
run on the considered test image until 150 iterations. Then, based on the predictions provided by ρ,
Algorithm 1 is run for 1000 iterations with the configuration predicted as the best among the three.

Figure 6.3 shows two of the nine test images of Ts used to evaluate the performance of Algorithm 7.
Figures 6.4 and 6.5 depict the achieved results in 1000 iterations with the vanilla DIP and the different
best configurations. In detail, the first column reports the noisy images with different level of noise, the
second column shows the recovered image via the vanilla DIP and the last one the result gained by DIP
equipped with the optimal configuration provided by the performance predictor. The best predicted
configurations for the images shown in Figures 6.4 and 6.5 and corrupted by different level of Cauchy
noise are listed in Table 6.4. It is evident that the classical DIP has a large smoothing behaviour, while
an optimal architecture is able to restore more sharp details and visual feature of the image. In those
results, the optimal configuration is similar to the vanilla DIP, but the number of stages is lower with a
greater number of filters for the convolutional layers.

Finally, Figure 6.6 summarizes the results obtained for all the test images considered in this second
experiment. In particular, a comparison among the PSNR values obtained by DIP combined either with
the original hyperparameters configuration or the best one provided by Algorithm 7 is depicted. The
index identifying the test image is reported on the x-axis, the dots correspond to the PSNR values and
the lines represent the averaged PSNR value computed on the nine test images. From Figures 6.6(a)
and 6.6(b) it is evident that DIP equipped by the the configuration h⋆ outperforms the standard DIP
in terms of PSNR for all the test images corrupted by Cauchy noise with both γ = 1 and γ = 5. For
γ = 10, the results of the two approaches are comparable (see Figure 6.6(c)).

1An epoch refers to one complete pass through the entire training dataset during the training of a model.
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test image lr optimizer #filters (conv) #filters (skip) #stages λ

Figure 6.3(a), γ = 1 0, 001 Adam 256 8 3 0
Figure 6.3(a), γ = 5 0, 001 Adam 128 4 3 0
Figure 6.3(a), γ = 10 0, 001 Adam 128 4 3 0
Figure 6.3(b), γ = 1; 5 0, 001 Adam 256 2 3 0
Figure 6.3(b), γ = 10 0, 001 Adam 256 8 3 0

Table 6.4: Best configurations provided by Algorithm 7 with N = 1000 iterations for the test images
in Figure 6.3 corrupted by Cauchy noise of several levels.

(a) Noisy data, γ = 1 (b) DIP PSNR = 27.27 (c) h⋆ PSNR = 29.27

(d) Noisy data, γ = 5 (e) DIP PSNR = 25.36 (f) h⋆ PSNR = 25.77

(g) Noisy data, γ = 10 (h) DIP PSNR = 23.64 (i) h⋆ PSNR = 23.77

Figure 6.4: Results achieved on Figure 6.3(a) corrupted by Cauchy noise for γ = 1 (top row), γ = 5
(middle row) and γ = 10 (bottom row) via standard DIP (second column) and DIP with the best
configuration reported in Table 6.4 (third column).
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(a) Noisy data, γ = 1 (b) DIP PSNR = 22.66 (c) h⋆ PSNR = 25.58

(d) Noisy data, γ = 5 (e) DIP PSNR = 22.01 (f) h⋆ PSNR = 23.89

(g) Noisy data, γ = 10 (h) DIP PSNR = 20.72 (i) h⋆ PSNR = 21.91

Figure 6.5: Results achieved on Figure 6.3(b) corrupted by Cauchy noise for γ = 1 (top row), γ = 5
(middle row) and γ = 10 (bottom row) via standard DIP (second column) and DIP with the best
configuration reported in Table 6.4 (third column).

(a) γ = 1 (b) γ = 5 (c) γ = 10

Figure 6.6: Results on test images from BSDS500 dataset with Cauchy noise.
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6.2.2 BRISQUE-based early stopping

This section is devoted to evaluate the effectiveness of the BRISQUE-based early stopping technique,
described in Algorithm 8, in preventing the semiconvergence behaviour typical of the original DIP
approach. The collection C needed in Algorithm 8 has been built starting from both the NASA and the
BSDS500 datasets considered in the previous numerical experiments. In particular 8 images from the
NASA dataset are taken into account, corrupted by Poisson noise, and 40 images from the BSDS500
dataset, each one perturbed by three different noise levels, i.e. γ = 1, 5, 10. For each of these images,
Algorithm 1 has been applied with N = 10000 and, every 50 iterations, the PSNR value of the current
reconstruction and the corresponding features vector F (f) have been stored. By means of this phase the
dataset {F (f),PSNR(If )}f=1,...,|C| required to train cBRISQUE has been created. The reason why the
just described C collection is considered is that there are already available checkpoints of the images,
obtained from the previous numerical experiments by running Algorithm 1 on the 8 NASA images
and the 120 BSDS500 images. However, the collection C can be created on other available pairs of
corrupted images and related ground truths. The trained customized BRISQUE metrics can now be
exploited to properly stop Algorithm 1 when used to reconstruct any other image. In particular, the
trained customized BRISQUE metrics (cBRISQUEi, i = 1, 2, 3) will be made available upon suitable
request to the authors.

Number of iterations Average PSNR PSNR standard deviation

1000 27.04 3.78
1800 28.18 4.27
3000 28.28 5.25
5000 26.92 6.28
7000 25.50 5.74
10000 24.82 5.21

Table 6.5: Average PSNR and standard deviation achieved by Algorithm 1 on the test images employed
to evaluate Algorithm 8.

For the last phase of Algorithm 8, the dataset I consits of the images of the NASA and BSDS500
datasets excluded from the creation of C and corrupted by Poisson noise, and Cauchy noise with
γ = 1, 5, 10, respectively. Before presenting the results obtained with Algorithm 8, the results achieved
using the original DIP scheme (Algorithm 1) are shown, both without early stopping and with a naive
early stopping based on the standard BRISQUE metric.

Table 6.5 reports the averaged value of the PSNR obtained by Algorithm 1 on the test dataset I
at different number of iterations. The semiconvergence effect of DIP is clearly highlighted by the
results shown in Table 6.5. A good performance of Algorithm 1 can be achieved between 1800 and
3000 iterations. Of course this evaluation can be only deduced a posteriori, once the PSNR has been
computed with respect to the ground truths.

Table 6.6 reports the results obtained by Algorithm 1 stopped by means of a criterion based on the
original BRISQUE. More in detail, Algorithm 1 has been stopped when the BRISQUE value of the
approximated images does not improve for τ successive iterations.

Based on the results presented in Table 6.6, it is possible to conclude that an early stopping
procedure based on the original BRISQUE metric is not effective. Indeed, regardless the value of the
patience, Algorithm 1 is stopped too early, without approaching the optimal PSNR window.

Table 6.7 shows the results obtained by applying Algorithm 8 with different values of the patience
τ . The average PSNR values does not change significantly with τ , by showing a very robust behaviour
of Algorithm 8 with respect to the patience. Moreover, it is possible to appreciate that Algorithm 8
allows to stop the DIP procedure in a number of iterations very close to the optimal one suggested by
the results of Table 6.5. Indeed, the average PSNR values provided by Algorithm 8 are in line with the
optimal ones reported in Table 6.5.
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6.2 Numerical experiments

τ N̄ Average PSNR PSNR standard deviation

5 850 24.91 3.83
10 1650 25.88 3.45
15 2550 26.24 3.76
20 2900 25.34 6.00

Table 6.6: Results achieved by Algorithm 1 stopped by means of a criterion based on the original
BRISQUE approach on the test set employed to evaluate Algorithm 8. τ is the value of the patience
and N̄ is the average number of iterations.

τ N̄ Average PSNR PSNR standard deviation

5 1600 27.51 4.15
10 3150 27.52 4.85
15 3350 27.29 4.75
20 3500 27.62 4.79

Table 6.7: Results achieved by Algorithm 8 on the test set. τ is the value of the patience and N̄ is the
average number of iterations.
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Figure 6.7: PSNR curves predicted by cBRISQUE1, cBRISQUE2 and cBRISQUE3 compared to the
real PSNR and the BRISQUE values on four different images of the test dataset.
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Early stopping strategies in Deep Image Prior

Figure 6.7 reports the PSNR curves predicted by cBRISQUE1, cBRISQUE2 and cBRISQUE3 when
running the DIP procedure on four different images of the test dataset I corrupted by different type and
level of noise. Both real PSNR and BRISQUE values corresponding to the different iterates have been
also shown. All the three customized PSNR predictors follow a trend very similar to that of the original
PSNR, differently from the BRISQUE metric.

Finally Figure 6.8 presents the reconstruction of one of the corrupted images of the dataset I
obtained by applying both Algorithm 1 with varying number of iterations and Algorithm 8. In terms of
PSNR, the best approximation has been provided by Algorithm 8 which performed 1900 iterations. A
very similar image has been provided by Algorithm 1 in 1800 iterations. This example shows a very
promising behaviour of Algorithm 8: indeed the DIP approach has been optimally stopped without
knowing the ground truth.

(a) Noisy data, γ = 10 (b) Ground truth (c) Alg. 8, PSNR = 22.07

(d) Alg. 1 (1000 iterations), PSNR =
20.88

(e) Alg. 1 (1800 iterations), PSNR =
21.94

(f) Alg. 1 (3000 iterations), PSNR =
21.38

(g) Alg. 1 (5000 iterations), PSNR =
20.10

(h) Alg. 1 (7000 iterations), PSNR =
19.37

(i) Alg. 1 (10000 iterations), PSNR =
19.02

Figure 6.8: Results achieved by Algorithm 1 (at different iterations) and Algorithm 8 on a test image
corrupted by Cauchy noise with γ = 10. The first row illustrates the input noisy data, the ground truth
and the reconstruction reached by Algorithm 8 (1900 iterations). Images from 6.8(d) to 6.8(i) report
the DIP reconstructions. The corresponding PSNR values are also reported.

92



C
H

A
P

T
E

R

7

Conclusions

The results underscore the versatility of the Deep Image Prior (DIP) approach, presenting promising
solutions for practical applications across various scientific disciplines and a wide range of problem
types. Notably, this technique does not require pre-trained models or extensive training on large datasets,
making it a highly adaptable and efficient method.

A novel procedure, DDIPP, has been introduced as a Blind Deconvolution method for recovering
microscopy images affected by Poisson noise. This approach leverages a PGDA-inspired algorithm and
employs a dual Deep Image Prior strategy, simultaneously applied to the image and the Point Spread
Function (PSF). The loss function incorporates the Kullback-Leibler divergence to address Poisson
noise, augmented by two adaptive regularization terms: a squared ℓ2 norm for the PSF and either a
Total Variation or an ℓ1 norm for the image. Furthermore, technical details about the estimated peak of
the blur kernel are incorporated to prevent trivial or degenerate solutions.

Numerical experiments conducted on both synthetic and real images have demonstrated encouraging
outcomes. The results showed significant improvements in contrast and successful recovery of objects
of interest, such as spherical beads in the tested cases. Future research directions include enhancing
the model by integrating additional features of the image formation system, such as flux preservation.
Another avenue for development involves investigating alternative, more efficient network architectures
and identifying improved early stopping criteria. A crucial objective is to optimize the implementation
of the code to enable the processing of 3D images, facilitating the estimation of realistic PSFs in three
dimensions.

The challenging task of image segmentation has been effectively addressed by coupling the DIP
approach with appropriate variational functionals, such as the Mumford-Shah and Ambrosio-Tortorelli
formulations. In this framework, the input image is modeled as a piecewise constant or piecewise
smooth function, enabling the detection of edges corresponding to gradient discontinuities. This thesis
demonstrates empirically that the proposed strategy exhibits robust performance across various noise
types. The intrinsic regularization behavior of DIP allows for consistent parameter settings regardless
of the noise type, noise level, or the specific image under consideration.

The method has also been extended to the Ambrosio-Tortorelli formulation, employing two separate
networks: one for the recovered image and another for the auxiliary variable. As with the piecewise
constant case, empirical results confirm the robustness of this approach across different noise levels and
image types. Comparisons with state-of-the-art methods further validate these findings. Future work
aims to explore the theoretical foundations of this approach. While the numerical results are promising
and the outcomes remarkable, deeper insights into the theoretical underpinnings could provide guidance
on optimizing network architectures and functional parameters.

Despite the effectiveness of DIP in image reconstruction, the phenomenon of semi-convergence
often arises. This occurs when the reconstruction begins to incorporate noise, reducing the Peak Signal-
to-Noise Ratio (PSNR) and overall image quality. To address this, the use of early stopping techniques
is essential, yielding improved outcomes. The final chapter highlights the importance of selecting
optimal hyperparameter values, including the number of iterations, to train neural networks efficiently.
Although this usually requires computationally expensive numerical exploration, two proposed early
stopping methods for the DIP framework in image denoising tasks have proven effective.

The first method, based on a Neural Architecture Search (NAS) strategy with performance pre-
diction, demonstrates how to fine-tune the network architecture (e.g., number of layers, filters), the
training algorithm, and the loss function’s regularization parameter under an early stopping framework.
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Conclusions

The second approach, employing a customized BRISQUE metric, shows how to halt training of the
vanilla DIP network (i.e., the original U-Net architecture proposed in the seminal work) at an optimal
point. Notably, this method is adaptable to other network architectures beyond U-Net.

Future research could explore the application of the DIP framework to alternative strategies,
such as positional encoding inspired by [123], to facilitate more comprehensive comparisons. Since
the DIP framework exhibits inherent regularization properties, future studies might investigate the
effects of including or excluding various terms in the regularization component of the functional.
Additionally, segmentation methods could be coupled with appropriate early stopping strategies to
enhance performance. Finally, the application of this approach to other noise types could be studied to
extend its utility in recovering images degraded by different noise profiles.
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