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Introduction

An important open problem in K&hler geometry consists in characterizing pro-
jectively induced metrics in view of the properties of their curvatures. A Kéahler
metric g on a complex manifold M is said to be projectively induced if there
exists a local Kéhler immersion (i.e. holomorphic and isometric) into a finite or
infinite dimensional complex projective space CPY endowed with the Fubini-
Study metric.

The study of Kahler immersions of a (real analytic) Kéhler manifold into a
finite or infinite dimensional complex space form originates from the work of E.
Calabi in a paper entitled "Isometric imbeddings of complex manifolds” ([16])
from 1953. Here Calabi defined a special local potential, called diastasis function
which allows to obtain necessary and sufficient conditions for a neighbourhood
of a point to be locally Kéhler immersed into a finite or infinite complex space
form. However, due to the general difficulty of applicability of this criterion, a
complete classification of Kahler manifolds admitting a Kéhler immersion into
complex space forms is not known, not even when the Kéhler manifolds involved
are of great interest, such as when they are Kahler-Einstein or homogeneous
spaces.

Of course many examples of projectively induced metrics can be constructed
by taking the pull-back of the Fubini-Study metric on holomorphic submani-
folds of CPY, although, it is harder to find projectively induced metrics with
prescribed curvature. In this context, the topology and the geometry of the
complex manifolds give obstructions to the existence of such immersions. For
instance, D. Hulin in [35] proved that the scalar curvature of a compact Kahler—
Einstein manifold Kihler immersed into CP, is forced to be positive. In par-
ticular there are not Calabi-Yau (i.e. compact and Ricci-flat) submanifolds of
CPY, with N < 4o00. Moreover, compact Kihler submanifolds of CP™ actu-
ally live in a finite dimensional complex projective space. Although, this holds
true only for global Kéhler immersions, as shown by the flat torus which is an
example of compact manifold that is locally projectively induced in CP*° but
does not admit any Kihler immersion in CPY for finite N, as follows by the
above mentioned result of Hulin or by Calabi’s rigidity Theorem in [16, Th. 9]
(see also [49] for an overview of Calabi’s work). Recently in [I], C. Arezzo, C.
Li and A. Loi, extending Hulin’s result, proved that there are not Ricci—flat
submanifolds of CPY with N < oo. It is important to emphasize that when
the ambient space is taken to be infinite dimensional the situation could be
much different, for example in [47] Kéhler-Einstein submanifolds of CP*® with
negative scalar curvature are given. It is still an open question if there exists a
Ricci-flat (nonflat) K&hler submanifold of CP*. In [44] A. Loi, F. Salis and F.
Zuddas conjectured that the only possibility is the flat one, i.e. that a Ricci-flat
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projectively induced metric is flat. They validate this conjecture in the case in
which the metric is radial and the immersion is stable (see also [50, [51) [68] for
other results in the same context).

Somehow the requirement that a Kahler metric is projectively induced is a
very strong assumption. Thus one could try to approximate an (integral) Kéhler
metric g on a complex manifold M with projectively induced ones, through the
following construction, based on the theory of geometric quantization.

A geometric quantization (L,h) of a n-dimensional Kéhler manifold (M, w)
consists of an hermitian holomorphic line bundle L over M such that the first
Chern class of L is represented by w and its curvature Ric(h) := —iddlogh
satisfies Ric(h) = w. A necessary and sufficient condition that guarantees the
existence of such a geometric quantization is w to be integral. For each positive
integer m one can consider the holomorphic line bundle L™ = L®™ endowed
with the hermitian metric h,, induced on L™ by h, such that Ric(h,,) = mw.
Let H,, be the space of global holomorphic sections of L™ which have limited
norm with respect to the following scalar product:

(5, 5)n,, = /M hn(3(2), 5(2)

When H,,, # {0} (condition that is always satisfied for m >> 0 by Kodaira’s
theorem when M is compact and in which case with finite dimension) we can
take an orthonormal basis {s;};=o,.. a,, of Hum, and define a function on M
(that we call e-function) by:

w'fl

n!’

dm

emg (@) =) hun(s;(2), 5(2)). (1)

=0

This function is a tool to evaluate how a Kéhler metric differs from being pro-
jectivey induced. More precisely, if there exists m sufficiently large such that the
line bundle is basepoint-free, namely for each point « € M there exists s € H,,
non vanishing at « (condition always ensured in the compact case by Kodaira’s
theory), one can construct a holomorphic map F,,: M — CP, (d,, < +00),
called the coherent states map, by:

Fp:M — CPY o g [so(x): - sq, (2))].

which satisfies (see e.g. [2]):
F* (wps) = mw + %aﬁ 10g €mg. 2)

In particular one has that when €,,, is constant, Fj, is a holomorphic and
isometric immersion.

Although not all K&hler metrics are projectively induced, G. Tian ([62]) and
W-D. Ruan ([59]) solved a conjecture by S-T. Yau proving that any polarized
metric on a compact complex manifold is the C'°°-limit of projectively induced
ones, that is

lim L:q“gFS =g
m— oo m

Further, generalizing the Tian-Ruan theorem, D. Catlin ([21I]) and S. Zelditch

([69]) proved that, when M is compact the function €,,, admits an asymptotic



expansion, the so called Tian-Yau-Catlin-Zelditch expansion (TY CZ-expansion
for short):

emg(@) ~ D aj(x)m" 7, 3)
j=0

where ag(z) = 1 and the a;(x), j = 1,2,... are smooth functions on M de-
pending on the curvature and on its covariant derivatives at x of g. For this
asymptotic expansion it is meant that, for every integers [,

l
() = Y ayayme|| < LT, @

j=0 cr

for some constant C(I,r) > 0. In particular, Z. Lu [52] computed the first three
coefficients, that read:

a; = f%scalg

as = —%A scaly + i (1|R|2 — 4|RiC|2 + 3861alg)
as = — gAA scalg + ﬂdiniV(R7 Ric) — Ediv(div(scalgRic))—i—

1 1
+ 4—8A(|R|2 — 4|Ric|* + 8scal?) — Igscalg(scalf] + |R|* — 4|Ric|*)+

_ 2i4(g3(Ric) — Ric(R, R)+R(Ric, Ric))

()
where scaly, Ricy and Ry denote respectively the scalar curvature, the Ricci
tensor and the curvature tensor of g, and the norms are taken with respect to
g.

When M is noncompact, the tools used in the compact setting are not avail-
able and many complications may occur, for example because the volume of
M could be infinite. In this case, H,, could reduce to be {0} and thus we
can not construct the e-function. If we assume H,, # {0}, we say that a
TYCZ-expansion exists if holds for any compact subset of K C M,
as introduced in [2] by C. Arezzo and A. Loi. In constrast with the compact
setting, the existence of such an expansion is not guaranteed and only partial
results are given. In [30] M. Englis proved the existence of a TYCZ-expansion
in the case of strongly pseudoconvex domains of C™ with real analytic boundary,
and computed the a;’s coefficients obtaining the same results as Lu. A more
general result can be obtained by the work of X. Ma and G. Marinescu [54]
Thm. 6.1.1], described in Section [3.1] for Kéhler-Einstein metrics and in Section
for Hwang—Singer metrics.

Studying metrics with the TYCZ coefficients being prescribed is a very nat-
ural generalization of the problem of finding Kéhler metrics with constant scalar
curvature on a Kahler manifold. The vanishing of the coefficients ay, for £ > n+1
turns out to be related to some important problems in the theory of pseudocon-
vex manifolds (cf. [53] Bl [46]). In the noncompact setting, one can find in [48]
a characterization of the flat metric among locally hermitian symmetric spaces
as the only one with vanishing a; and ag, while in [33] Z. Feng and Z. Tu solve
a conjecture formulated in [67] by showing that the complex hyperbolic space is
the only Cartan-Hartogs domain where the coefficient as is constant. Another
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characterization of the flat metric can be found in [50], where it is given as a
Taub-NUT metric with az = 0.

During my Ph.D., I have been interested in studying the third coefficient aris-
ing from the TYCZ-expansion of the e-function associated to a Kahler-Einstein
metric and the consequences of its vanishing. The first result of this thesis is
the following theorem.

Theorem 1. Let (M, g) be a n-dimensional Kdhler—FEinstein manifold with in-
tegral Kdhler form w. If H,, # {0}, there exists a TYCZ-expansion for €ng
whose coefficients satisfy the following:

1. if n =2 then az = 0 if and only if A|R|* = 0;
2. if n > 3 then ag = 0 implies g is Ricci-flat.

In [44, Thm. 1.1], A. Loi, F. Salis and F. Zuddas prove that the coefficient
as of a radial constant scalar curvature Kdhler metric is constant if and only if
as is constant. Combining this result with Thm. [I| we give a characterization
of radial Kahler metrics with vanishing as:

Corollary 1. Let (M,g) be a Kdhler-Einstein manifold endowed with a ra-
dial Kdahler metric g. Then az = 0 if and only if (M, g) is biholomorphically
isometric to C", CH? or CP? with (a multiple of) their standard metric.

In [44], Loi, Salis, and Zuddas, conjecture that a Ricci—flat metric on a
n-dimensional complex manifold such that a,.1 = 0 is forced to be flat. By
Theorem [1| such conjecture is equivalent, in the n = 2 case, to proving that
a Ricci-flat surface with harmonic |R|? is flat. Furthermore, it follows from
the proof of Theorem [I| that Ricci—flat metrics or Kahler—-Einstein metrics on
surfaces which are either homogeneous or regular have vanishing as. Here ho-
mogeneous means that the group of isometric automorphisms of (M,g) acts
transitively on M, while a regular metric is a metric whose e-function €y, is
constant for all large enough m. It is an open question to understand if regular
Kahler—Einstein metrics are homogeneous. If one drops the Kéhler—Einstein
assumption one gets a negative answer, at least for noncompact manifolds, as
in [I8] F. Cannas Aghedu and A. Loi proved that the scalar flat Burn-Simanca
metric is a regular nonhomogeneous metric on the blow-up of C? at one point.
The question if a regular Kéhler manifold is homogeneous is still an interesting
and open question in the compact setting, where the manifolds involved are
projective algebraic.

This leads us to the following question:

Question 1. Is a Kdhler-FEinstein manifold with vanishing as homogeneous?

In view of Theorem [I] a positive answer to this question would imply that
the only nonflat Kéhler-Einstein manifolds with vanishing a3 are homogeneous
surfaces. Observe that we can construct many examples of metrics with vanish-
ing ag by taking the Kahler product of a bounded symmetric domain with its
Bergman metric times its compact dual (see [48]), however the product metric
is not Kihler-Einstein. Notice also that the family of Taub-NUT metrics on C2
are an example of Ricci-flat nonhomogeneous metrics with asg # 0 (see [50]).

As second result of this thesis, we compute the coefficient az of a locally
nonhomogeneous complete Kahler-Einstein manifold constructed by Calabi in
[15], proving the following:
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Theorem 2. The e-function associated to Calabi’s metric admits a TYCZ-
expansion with ag # 0.

A natural way to weaken the Ricci—flatness condition is to request the Kahler
metric to have constant scalar curvature. However, very little is known for
constant scalar curvature Kahler metrics. With this generalization, the previous
conjecture, which states that the only Ricci-flat projectively induced metric is
flat, has a negative answer, as shown by F. Cannas—Aghedu and A. Loi in
[20], where they prove that the Burns-Simanca metric on the blow-up of C? at
one point, an example of scalar flat (nonflat) complete metric, is projectively
induced. In the finite dimensional context, it is conjectured by A. Loi, F. Salis,
F. Zuddas in [45] that the only projectively induced constant scalar curvature
Kéhler metrics lie on flag manifolds (actually their conjecture includes also
extremal Kéhler metrics).

In particular they prove that under suitable assumptions on the Kéhler po-
tential (namely radial and well-behaved), a constant scalar curvature Kéhler
manifold Kahler immersed in CP*° is a complex space form with non positive
holomorphic sectional curvature or it is an open subset of CP™V with a multiple
of the Fubini-Study metric.

In view of a better understanding of the geometry of scalar flat Kéahler
metrics, during my Ph.D., T have been interested in the study of two families
of scalar flat Kéhler metrics constructed in [36] by A. D. Hwang and M. A.
Singer on C™*! and on O(—k). For the metrics in both the families, we prove
the existence of an asymptotic expansion for their e-functions and we show that
they can be approximated by a sequence of projectively induced Ké&hler metrics.
Further, we show that the metrics on C"*! are not projectively induced, and
that the Burns—Simanca metric is characterized among the scalar flat metrics
on O(—k) to be the only projectively induced one as well as the only one whose
second coefficient in the asymptotic expansion of the e-function vanishes. More
precisely, for the metrics in C**! we have

Theorem 3. Let gg be the Kdihler metric on C"* arising from Hwang-Singer
construction. Then cgg is not projectively induced for any value of ¢ > 0 and
B < 0, but it can be approximated by a sequence of projectively induced metrics.

While for the ones in O(—k), we have

Theorem 4. Let g, be the Kdihler metric arising from Hwang—Singer construc-
tion on O(—k). Then gy is projectively induced if and only if its second coeffi-
cient vanishes identically, that is if and only if it is the Burns—Simanca metric
on the blow-up of C? at one point. Moreover gj can be approzimated by a se-
quence of projectively induced metrics.

The thesis is organized as follows.

In Chapterwe deal with preliminary notions about Kéhler manifolds (Sec-
tion|1.1]) and present the work of Calabi on the existence of Kéhler immersions of
a complex manifold into a complex space form (Section . In the last section
we introduce canonical metrics, that is Kéhler metrics with special curvature
properties, focusing on Kéahler—Einstein and constant scalar curvature metrics,
giving examples that will be found later in the thesis.

In Chapter [2] we deal with the theory of geometric quantization. Section [2.1
provides introductory material on holomorphic hermitian line bundles, which
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allows to give the definition of geometric quantization in Section In the last
section we touch the important notion of the e-function giving an overview of
the problematic of its asymptotic expansion.

In Chapter [3] we deal with the asymptotic expansion of the e-function for
Kahler—Einstein manifolds. The chapter consists of two sections. In the first
one we compute the coefficients as and as for Kdhler—Einstein manifolds, from
Lu’s formulas, proving Theorem [I| and Corollary [1] Last section is devoted to
Calabi’s inhomogeneous metric and the proof of Theorem

In Chapter [4] we deal with scalar-flat Kéhler metrics. The chapter is orga-
nized as follows. In Section we recall what we need about Hwang-Singer
construction restricted to polarized Kéahler-Einstein manifolds. In Section [{:2]
we give an overview of Calabi’s criterion, deriving a necessary condition for
the Hwang-Singer metrics to be projectively induced. Sections and [4.4] are
devoted respectively to the description of Hwang-Singer metrics on C**! and
O(—k). Section contains the existence results for the e-function associated
to the Hwang-Singer metrics on C"*! and O(—k), and for its asymptotic ex-
pansion, and the proofs of theorems [3|and 4] Finally, Section [4.6] includes some
computations regarding the ao coefficient.
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Chapter 1

Preliminaries on Kahler
geometry

Kahler geometry lies in the overlap of Riemannian, symplectic and complex ge-
ometry and owes its name to the German mathematician Erich Kéhler, who in-
troduced the concept of Kahler structures in his article ” Uber eine bemerkenswerte
Hermitesche Metrik” ([38]) in 1933. Section is devoted to recall definitions
and standard properties of Kéhler manifolds (we mainly refer to [56]). Sec-
tion [I.2] briefly summarizes the theory of Kéhler immersions into complex space
forms developed by E. Calabi in [I6] (see also [49] for a more recent overview of
Calabi’s work). Section deals with the problem of finding canonical metrics
in a given cohomology class of K&hler metrics, focusing on Kahler—Einstein and
constant scalar curvature Kéhler metrics (see [61] and [63] for further details).

1.1 Kahler manifolds

Let (M, J) be a complex manifold, where J denotes the complex structure.

Definition 1.1.1. An hermitian metric on M is a Riemannian metric g such
that J is an orthogonal transformation of the tangent bundle, that is g(X,Y") =
g(JX,JY) for all XY € TM. The fundamental form of an hermitian metric
is the 2-form of type (1,1) defined by w(X,Y) = ¢g(JX,Y). An hermitian
manifold is a couple (M, g) where M is a complex manifold and g an hermitian
metric on M.

Let z, be holomorphic coordinates on an open set U C M and denote by
9o5 = 9( Bia’ a%;) the coefficients of the metric tensor in these coordinates.
The fundamental form is given by

. n
2
a,p=1

Definition 1.1.2. An hermitian metric g on M is a Kdhler metric if the as-
sociated 2-form w is closed, i.e. dw = 0. A Kdhler manifold is a couple (M, g)
where M is a complex manifold and ¢ is a Kahler metric.

1



2 CHAPTER 1. PRELIMINARIES ON KAHLER GEOMETRY

One of the most surprising properties of Kéhler metrics is that they can
locally be described simply by real-valued functions:

Lemma 1.1.3 (90-lemma). Let w be a Kihler form on M. Then for every
point x € M there exists an open neighbourhood x € U C M and a smooth
real-valued function ¢ : U — R such that

i
wly = 53590
that is, in local coordinates,
P
JoB = 92,075

The function ¢ is called local Kdhler potential.

Remark 1.1.4. The Kahler potential ¢ is uniquely defined up to the sum with
the real part of a holomorphic function. In fact, if ¢’ : U — R is another Kahler
potential, in local coordinates we have

Ple-¢) _,

azaafg ’

that implies B
o=¢ +h+h

for some holomorphic function A on M.

The main examples of Kahler manifolds are the complex space forms, namely
Kéahler manifolds with finite or infinite dimension of constant holomorphic sec-
tional curvature b, that if we assume to be complete and simply connected, they
are, up to holomorphic isometries, one of the following spaces (according to the
sign of b):

Ezample 1.1.5 (Complex space forms). They are:

e The complex Euclidean space C"V of complex dimension N < +oo endowed
with the flat metric gg, where

+o00
C® =1*(C) = (21,22, -, 2jy---) | Z|zj|2 < +o00, z; € C

Jj=1

The associated Kahler form wq is given by
P& i
wo = 5;(125] A dEj = 568|Z|2

thus
0:CN S R; 20 |22

is a global Kéhler potential for go. The holomorphic sectional curvature
of the Euclidean metric gq is 0.
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e The complex projective space CP"V of complex dimension N < 400 en-
dowed with the Fubini-Study metric gps. Let [Zp : --- : Zn] be homo-
geneous coordinates and (z1,...,zy) the respective affine coordinates on
Uy = {Zy # 0} defined by z, = %‘, where

cpe _ PONO)

~

and ~ is the usual equivalent relation defining projective spaces. In ho-
mogeneous coordinates the fundamental form is given by

1 —
WFSs = 58810g(|20|2 4+ -4 |ZN‘2)

Thus
N

p:Up—R; 2z log 1+Z|Zj|2

j=1

is a local Kihler potential for the Fubini-Study metric on Uy C CP¥ with
respect to the affine coordinate z;. The holomorphic sectional curvature
of the Fubini-Study metric gpg is 4.

e The complex hyperbolic space CHY of complex dimension N < 400 de-
fined by

N
CHY = (z1,...,28) € CV | D |57 <1
j=1
endowed with the hyperbolic metric gnyp,. For this metric there exists a
global Kéhler potential given by

N
@:CHY - R; 2z~ —log 1—Z|zj\2

j=1

thus the Kahler form wyy, is given by

1 = 1
oy = LB 10 <N> |
2 1=zl

The holomorphic sectional curvature of the hyperbolic metric gy, is —4.

1.2 Kahler immersions

Unlike riemannian manifolds, which by a famous theorem of J. Nash ([57]) can be
realized as riemannian submanifolds of (R", gg), i.e. every riemannian manifold
admits an isometric imbedding into the Euclidean space R"™ for n sufficiently
large, Kéahler manifolds not always can be holomorphically and isometrically
embedded into the complex Euclidean space CVV (not even if we allow N to be
infinity). Many obstructions occur in the complex setting: for instance, as a
consequence of the maximum principle for holomorphic functions, a compact
complex manifold cannot be embedded into CV. The problem of the existence
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and uniqueness of holomorphic and isometric immersions of a Kéhler manifold
into a complex space form was theoretically solved by E. Calabi in his seminal
paper [16]. Let F(N,b) be an N-dimensional complex space form of holomorphic
sectional curvature 4b, with b = 0,1, —1 as in Example

Definition 1.2.1. A Kahler metric g on a Kéahler manifold M admits a local
Kahler immersion into F(N,b) if there exist a point p € M, a neighbourhood
U of pand a map f : (U,g) — (F(N,b), gp) such that

e f is holomorphic;
e f is isometric, i.e. f*g, = g.

If F(N,b) = CPY, we also say that the metric g is projectively induced and we
say that the map f is full if the image f(M) C F(N,b) is not contained in any
totally geodesic subspace of F/(N,b).

Remark 1.2.2. If g admits a local Ké&hler immersion in F'(N,b), then g must be
real analytic, being the pull-back through a holomorphic map of real analytic
Kaéhler potentials, that is, fixed a local coordinate system z = (z1,...,2,) on a
neighbourhood U of a point p € M, it can be described on U by a real analytic
Kéhler potential ¢ : U — R (equivalently ¢ admits an expansion in power
series of the form ¢ = Z;ok:l 0z™Z™, with ¢j; € C). In this case, the
potential p(z) can be analytically extended to a function ¢ defined on an open
neighbourhood W C U x U of the diagonal containing (p,p) € M x M (here M
denotes the manifold conjugated to M), that is

p:UxU—=TR; (2,w)— @(z,w0)

such that ¢(z,%) = ¢(z). We are adopting the following convention: we arrange
every n-tuple of nonnegative integers as the sequence m; = (m{,mé, e ,m{l)
such that mg = (0,...,0), |m;| < |m;41] for all positive integers j and all the
m;’s with the same lenght |m;| using lexicographic order and 2™ =[]}, 2"

The fundamental tool introduced by Calabi to study K&ahler immersions of
a Kahler manifold into a complex space form is the diastasis function:

Definition 1.2.3. The diastasis function is defined by
D(Zaw) :¢(Z,§)+¢(w,@) 7(15(2’@)7@(71)72)’ VZ,’[U ew. (11)

Since the Kéahler potential is independent of the coordinate system chosen,
so is the diastasis D. Moreover, while a Kéhler potential is defined up to the
addition with the real part of a holomorphic function, the diastasis is indepen-
dent from the potential chosen and so D depends only on the Kahler metric g.
The diastasis is real valued and symmetric in z and w.

When in a coordinate neighbourhood we fix a point p € M with coordinates
w = (w1, ...,w,) we write Dy (z) for the diastasis centred at this point and if p
is the origin of the coordinate system, we write Dg(z). Notice that, once fixed
one of its two entries, D is a Kéahler potential for g.

Ezample 1.2.4 (complex space forms). The Kéhler potentials of the complex
space forms (Example|l.1.5) are actually their diastasis functions centred in the
origin.
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The following gives a characterization of the diastasis in terms of its power
expansion.

Theorem 1.2.5 (Characterization of the diastasis, [I6]). Among all the Kéhler
potentials, the diastasis Dy (z) is characterized by the fact that in every coordi-
nate system (21,...,2,) centred in p, the co x 0o matrix of coefficients (a;i) of
its power expansion around the origin

o0
D,(z) = Z a;pzmIEr
J,k=0

doesn’t contain pure holomorphic or antiholomorphic terms, i.e. it satisfies
ajo = ag; = 0 for every nonnegative integer j.

The importance of the diastasis function is expressed by the following propo-
sition, that is the key ingredient in the proof of the Calabi’s criterion (Theorem
1.2.7).

Proposition 1.2.6 ([I6], Proposition 6). Let (M, g) and (S, G) be real analytic
Kéhler manifolds. If there exists a K&hler immersion f : (M, g) — (S, G), then
D?(p) of = D;,W on f~Y(V)NU, where Dlﬂ” :U — R and D?(p) :V = R are
the diastasis functions of M and S around p and f(p) respectively.

While the pullback through a Kéhler immersion f : (M,p) — (S, ®) of a
Kéhler potential is still a Kahler potential with a factor of indeterminacy given
by the sum of the real part of a holomorphic function, that is

ffe=¢+h+h,

the above proposition states that the diastasis is invariant by pullback through
a Kahler immersion.

The diastasis function allows to obtain necessary and sufficient conditions
for a neighbourhood of a point to be locally Kéhler immersed into a complex
space form. This is the content of Calabi’s criterion expressed in the following.

Theorem 1.2.7 (local Calabi’s criterion ([I6], Thms 3,8)). Let (M, g) be a
real analytic Kéhler manifold. Then there exists a neighbourhood U of a point
p € M that admits a Kéhler immersion into a complex space form F(N,b) (with
b=0,1,-1) if and only if the co x co matrix of coefficients (a,j) defined by

e if b=0: -
Do(2) = > aji(z —p)™ (z = p)"™; (1.2)
j,k=1
o ifb=1:
@ —1= 37 aplz - p)"™E D)™ (1.3)
j,k=1
o ifb=—1:

1—e P = 3" aju(z—p)™(z —p)™ (1.4)
j,k=1
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is semipositive definite of rank at most N at p. Furthermore, if the rank is
exactly N, the immersion is full.

The following two results permit to state a global version of Calabi’s crite-
rion.

Theorem 1.2.8 (rigidity ([I6], Thm 9)). If a neighbourhood U of a point p
admits a full K&hler immersion into (F(N,b), g5), then N is uniquely determined
by the metric and the immersion is unique up to rigid motions of F(N,b).

Theorem 1.2.9 (global character of Kéahler immersions ([16], Thm 10)). If a
neighbourhood of a point p of a connected Kéhler manifold (M, g) admits a
local Kéhler immersion into F(N,b), then any other point can be locally Kéhler
immersed in F(N,b).

Due to the previous theorem, we can say that a K&hler manifold admits a
local Kéhler immersion into a complex space form without specifying the point
for which there exists a neighbourhood that can be Kéhler immersed. If M
is simply connected, then it is possible to extend the immersion to the whole
manifold:

Theorem 1.2.10 (global Calabi’s theorem ([I6], Thm 11)). If a K&hler metric
is defined on a simply connected manifold M, then a local Kéhler immersion
f:UC M — F(N,b) can be extended to a global one. This immersion is also
injective if and only if D(z,w) = 0 only for z = w.

Remark 1.2.11. As concern projectively induced metrics, we notice that

e Let f: (M,w) — (CP*,wps) be a global K&hler immersion of a compact
Kéhler manifold M into CP*°. Then f cannot be full, that is, if a compact
Kahler manifold admits a full isometric immersion into CPY, then N must
be finite.

e Being the pullback of the integral Fubini-Study form of CP? through a
holomorphic map, the Kahler metric w = f*wpg is forced to be integral,
i.e. w€ H?(M,Z). Thus a necessary condition for a Kihler metric w to
be projectively induced is that w is integral.

1.3 Canonical Kahler metrics

Let (M, g) be an hermitian manifold and Ric be the Ricci curvature of M. The
Ricci form p associated to Ric is the (closed) 2-form on M of type (1, 1) defined
by

p(X,Y)=Ric(JX,Y) VXY eT(TM).
For the special case of a Kdhler manifold, the Ricci form has a simple expression
in terms of the metric tensor. If w = 5227511 907 dza N dzg is the local

expression of the fundamental form associated with g on an open set U with
local coordinates z = (21, ..., 2,), then the Ricci form can be written as

p = —iddlog det(g,7)- (1.5)
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Definition 1.3.1. A Kahler metric ¢ on a complex manifold M is Einstein if
there exists A € R, called the Einstein constant such that

p=w. (1.6)
The pair (M, g) is called Kdahler—FEinstein manifold.

Ezample 1.3.2 (complex space forms). The complex space forms CV, CPY, CHY
given in Example are Kahler—Einstein manifolds with Einstein constant
0,2(N + 1) and —2(N + 1) respectively.

Proposition 1.3.3 (cf [7]). Every K&hler—Einstein metric is real analytic.

Let (M, g) be a Kdhler-Eintein manifold. Expressing equation in local
coordinates in a neighbourhood U of a point z € M, we have

- A
00 <log det(g,5) + 2@) =0

and hence N
log det(g,3) = —5¥t h+h

for some holomorphic function A on U. Thus a Kéahler metric g is Einstein if
and only if locally it satisfies the Monge-Ampere equation

det(g,5) = e 39 th+h
We recall that given a real analytic Kéhler manifold (M, g) and a point p € M,
there exists ([I0]) a coordinate system (z1,..., z,) around p such that

Dp(z) = Z |25 1° + 2,2
=1

where 152 is a power series with degree > 2 in both the variables z and z.
These coordinates, uniquely defined up to unitary transformations ([I6]), are
called Bochner’s coordinates around the point p. By Proposition follows
that we can choose Bochner’s coordinates on Kéahler—Einstein manifolds. In
particular we have the following characterization of Kdhler—Einstein metrics:

Proposition 1.3.4 (cf [3]). A Ké&hler manifold (M, g) is Einstein if and only
if by choosing Bochner’s coordinates on a neighborhood U of any point z € M,
the diastasis function Dy(z) satisfies the Monge-Ampeére equation

2
det 9" Do — e~ 2Do(2),
8zj8§j

Let M be a complex manifold and w1,ws two Kéhler metrics on M with
Ricci forms p1, po respectively. From the local expression of the Ricci form
of a Kihler metric and the 99-lemma m it can be shown that the difference
p1 — p2 is an exact form globally defined on M. Thus the cohomology class
[p] is independent of the choice of the Kéahler metric and we have that p/27
represents the first Chern class ¢; (M) of M, i.e.

o (M) = 5[] € H*(M, R)
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Actually, it is possible to show that ¢;(M) is an integral cohomology class, i.e.
c1(M) € H*(M, 7).

In [14] and [I7], Calabi posed the following problem. Let (M, w) be a compact
Kéahler manifold. Suppose p is a closed, real (1,1) form on M with [p] =
2me1 (M). Is it possible to find a Kéhler metric @ on M such that [©] = [w] €
H?(M,R) and such that the Ricci form of @ is 5?

This longstanding problem was finally solved and can be expressed as follows.

Theorem 1.3.5 (Calabi’s conjecture). Let M be a compact Ké&hler manifold
with Ké&hler form Q and Ricci form p. Then for every closed real (1,1)-form
p1 € 2me1 (M), there exists a unique Kéhler metric with Ké&hler form Qy € [©],
whose Ricci form is exactly p;. In particular, if the first Chern class of a compact
Kahler manifold vanishes, then M admits a Ricci-flat Kahler metric.

The uniqueness was proved by Calabi in [I7], while the existence of w in
each Kéahler class was proved by S.T.Yau in 1976 ([66] and [65]). This problem
is closely related to the problem of the existence of Kdhler—Einstein metrics on
compact complex manifolds. Let (M,w) be a compact Kédhler—Einstein man-
ifold. Since p = Aw, according to the sign of the Einstein constant, the first
Chern class ¢ (M) must either vanish or have a representative which is negative
(c1(M) < 0) or positive (¢1 (M) > 0) definite. We have the following situation:

e If ¢;(M) = 0, then M admits a unique Ricci-flat metric on each Kéhler
class: in fact, in this case ¢; (M) = [0] and the Calabi’s conjecture guaran-
tees the existence of a Kahler form whose Ricci form is vanishing on each
Kahler class [w].

e If ¢;(M) < 0, T. Aubin ([6]) and S. T. Yau ([66]) independently proved
that a compact Kéhler manifold admits a unique Kéahler-Einstein metric
with Einstein constant A = —1.

o If ¢;(M) > 0, the existence of a Kiahler—Einstein metric with Einstein
constant A = 1 is not guaranteed and there are obstructions to those
metrics to exist (for instance in terms of reductivity of the Lie algebra
of holomorphic vector fields). In particular, the blow-up of CP? at one
point has positive first Chern class but by a theorem of Y. Matsushima
(see [55] or [56], Thm 19.4) it follows that this manifold cannot admit a
Kahler—Einstein metric. Nowadays, the existence of such metrics is related
to some algebro-geometric notions of stability (see [22],[23], [24]).

We now give some examples of Kédhler—Einstein manifolds.

Ezample 1.3.6 (Taub-NUT metric). In [41], C. Lebrun constructs the following
family of Kahler forms on C? defined by w,,, = 500®,, where

@, (u,v) = u* + 0% +mut +0v*), m>0
and u and v are implicitly defined by

m(u?—v?

|z1] = e Ju, |z| = em(v*—ut)y,

For m = 0 one gets the flat metric, while for m > 0 each of the metrics w,,
of this family are complete Ricci-flat (non-flat) metrics on €2 having the same
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volume form of the flat metric wg. In [50], the authors prove that the metric
agm 1s not projectively induced for m > & and conjecture that ag,, is not

2
projectively induced also for 0 <m < 3.

Ezample 1.3.7 (Calabi’s Ricci-flat metric). In [I8], Calabi constructs the fol-
lowing example of Ricci-flat Kéahler metric. Let (M, g) be a compact Kéhler—
Einstein manifold of complex dimension n — 1 and with associated Kahler form
wg and Einstein constant kg > 0. Let 7 : A" "'M — M be the canonical line
bundle over M. Calabi shows that there exists a smooth function u : [0,00) = R
such that if wy = 200® on U, then the function ¥ : 771 (U) — R defined by

U=>qorm+ u(det(g)_1|f|2)

is a Kihler potential on 7~ 1(U) for a Ricci-flat and complete metric go on
A"~1M. In [51], the authors prove that the metric gc is not projectively in-
duced.

Ezample 1.3.8 (Eguchi-Hanson metric). It is the complete and Ricci-flat Kahler
metric ggp defined on the blow up C? of C? at the origin given in C2\{0} by
the following Kéhler potential

Opn = /|2 + 1+ log[2]? —log(1 + /[2[* + 1).

It can be shown that the Kahler form w = %654)}31{ a priori defined on C*\{0}
can be extended to a Kéhler metric gggy on the whole €2. In [44], the authors
prove that ggg is not projectively induced. Moreover in [51], it is proved that
every integer multiple mggy of the Eguchi-Hanson metric is not projectively
induced.

Let M be a compact Kéhler manifold with a Kéhler class Q € H*(M,R).
A natural question is to find canonical metrics representing the Kéahler class
), namely metrics with nice curvature properties. This question generalizes
the problem of the existence of Kéhler—Einstein metrics. The best candidate
to represent the Kéhler class was proposed by Calabi in [19], where he defined
extremal metrics as natural generalizations of these metrics to arbitrary Kahler
classes on compact Kéhler manifolds. In order to define extremal metrics, we
recall that the scalar curvature of a Kéhler manifold (M, g) is the trace of the
Ricci tensor

scaly := Tr(Ric)

whose expression in local coordinates is given by
n —
scaly = Z go‘ﬁRicaB
a,f=1

where (g°?) denotes the inverse matrix of (g oB)-

Remark 1.3.9. For a Kéhler-Einstein metric we have
Ric = Ag
and taking the trace with respect to g we get

scalg = nA.
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Definition 1.3.10. An extremal metric on M in the class Q is a critical point
of the functional

Cal(w) :/ scal® w"
M

where w € . This functional is called the Calabi functional.

The following gives a characterization of extremal metrics. Let f: M — R
be a function on a Kihler manifold and write grad"®f = ¢g/*;f 52-. We have
J

that grad®’f € T(T*'M).

Proposition 1.3.11. A metric w on M is extremal if and only if grad'scal,
is a holomorphic vector field.

The most important examples of extremal metrics are constant scalar cur-
vature Kahler metrics. In fact, most compact Kahler manifolds doesn’t admit
non-zero holomorphic vector fields, and so on these manifolds an extremal met-
ric must have constant scalar curvature. In particular, Kédhler-Einsten metrics
have constant scalar curvature and thus are examples of extremal metrics. How-
ever, there are examples of extremal metrics with non-constant scalar curvature.
We conclude this section giving an example of scalar—flat Kéhler metric and an
example of extremal metric with non-constant scalar curvature.

Ezample 1.3.12 (Burns-Simanca metric). In [60], Simanca constructs a scalar
flat Kéhler complete (not Ricci-flat) metric gs on C? whose Kiihler potential on
C%\{0} can be written as

Os(|2f?) = |2I* +log 2?,  [2* = |z1]* + |22,

In [20], the authors prove that gs can be Kéhler immersed in CP*°.

Ezample 1.3.13 (ruled surface, (see ([61] Sec. 4.4 for details)). Let (X,ws) be
a curve of genus ¢ = 2 endowed with a Kahler metric with constant scalar
curvature scal, = —2. Let 7 : (L,h) — (3,ws) be an hermitian holomorphic
line bundle on ¥ with degree —1 (i.e. ¢1(L) = —1) such that the curvature form
of his v = —wy. Consider the CP!-bundle X = P(L & O) over X. Consider the
following Kahler form on X, whose local expression is

dé A dE
1€]2

w= (14 f'(t)r"ws +1i f'(t)

where t = %log |z|,2l and f is a strictly convex function which makes w positive
definite and £ is a fibre coordinate on L. Then the Ricci form of w is

p=—i00log|[(1+ f'(t))f"(t)] — 27" ws.
By momentum construction (see Section one obtains

dé A dE

w=1+7)m"ws +1 (,0(7')7|£‘2

and
p = —i00log[(1 + 7)p(7)] — 217wy,
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where 7 = f/(¢) and ¢(7) = f”(¢). It follows that

2 L atng”

scal, = ——
1+7 1471

Thus, by Proposition [1.3.11} w is extremal if and only if grad'Yscal,, is holo-
morphic. Since

9

o’

which is holomorphic if and only if scal/,(7) is constant, we have that w is
extremal if and only if scall’(7) = 0.

grad*’scal,, = scal’,(T)¢
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Chapter 2

Geometric quantization of
Kahler manifolds

The modern theory of geometric quantization was developed by B. Kostant and
J-M. Souriau in the 1970’s, giving valuable insights into the relationship between
classical and quantum systems. Section [2.1]is devoted to recall definitions and
standard facts about hermitian holomorphic line bundles needed in the following
(we mainly refer to [56]). Section gives the central definition of a geomet-
ric quantization of a Kahler manifold. Section introduces the e-function,
a fundamental tool in the interaction between a geometric quantization of a
Kéhler manifold and its realization as a Ké&hler submanifold (through the coher-
ent state map) of a complex projective space endowed with the Fubini-Study
metric. Then we give the definitions of balanced metrics and that of regular
quantizations, concluding with the problem of the existence of an asymptotic
expansion for the e-function.

2.1 Hermitian holomorphic line bundles

Let M be a complex manifold and let 7 : L — M be a complex line bundle (i.e.
each fibre 771(z) = L, is a 1-dimensional vector space over C).

Definition 2.1.1. L is a holomorphic line bundle if it admits a trivialization
with holomorphic transition functions.

This means that there exists an open cover U of M and for each U € U a
diffeomorphism vy : 7=1(U) — U x C such that

e the following diagram commutes:

U) s UxC

o
|

U

o for every intersecting U, and Ug one has
Yo 0 V5 (2,0) = (2, gap(2)V),

13
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where gog : Uo NUg = C\{0} ; © — (¢q © wﬁ_l)(x) are nonvanishing
holomorphic functions, called transition functions, satisfying the cocycle
relations

9aB - 9a =1 onUa NUp, Gap 98y = Gay o0 U NUg NU,.

Remark 2.1.2. A holomorphic line bundle can be described by its transition
functions, that is, given functions g.g : Uo NUz — C\{0} satistying the cocycle
relations, then there exists a unique (up to isomorphisms) line bundle L over
M with transition functions {g.s}-

The set of holomorphic line bundles has a natural commutative group struc-
ture: multiplication is given by tensor product, the neutral element is given by
the trivial line bundle and the inverse of L is given by the dual bundle L1,
where if L is given by data {gas}, L' by {g,5}, we have

L® L'~ {gozﬁ . g/ozﬁ}a Lil ~ {g;,(;}
This group is called the Picard group of M and denoted by Pic(M).

Definition 2.1.3. Two holomorphic line bundles 7; : L; — M, i = 1,2, over
M are said to be isomorphic if there exists a holomorphic map ¥ : Ly — Lo
such that my o ¥ = my, which is a linear homomorphism on the fibers. The
isomorphism class of L is denoted by [L].

Ezample 2.1.4 (Trivial line bundle). Let M be a complex manifold. The trivial
line bundle is defined taking the projection on the first component, i.e. w :
M x C — M ; (p,z) — p whose fiber L, over some point p € M is 7~ 1(p) =
{p} x C=C.

Ezample 2.1.5 (bundles O(k) on CPY). Let M be the complex projective space
CPY. The tautological line bundle O(—1) over CP¥ is defined as the complex
line bundle 7 : O(—1) — CP¥ whose fiber L} over some point | = [z] =
[z0 : -+ : zy] € CPY is the complex line < z > in C¥*!. More precisely,
O(-1) ={(l,2) € CPN x CN*1 | 2 € I} € CPY x CN*! and the projection 7 :
O(—1) — CP¥ is given by projecting on the first factor (I,z) + I. We consider
the canonical holomorphic charts (U;, ¢;) on CPY and the local trivializations
;Y (U;) — Ui x C of O(—1) defined by (I,2) — (I, z;). It follows that the
transitions functions are
;o wj_l(l,)\) = (1,9:;5(1)N), where g;;(1) = ?
J

This shows that the tautological bundle O(—1) of CP¥ is holomorphic. The
dual of the tautological bundle of CP¥ is called the hyperplane line bundle of
CPV and denoted by O(1). The fiber of 7 : O(1) — CP¥ over some point
l = [z] € CPY is I*, that is the set of C-linear maps on the line that determines
[2] € CPY. Taking the tensor products we define the following line bundles over
the complex projective space CP™:

o for k>0, O(k) =0(1)®---®0O(1) k-times,

o for k<0, O(k) :=0(-1)®---® O(—1) k-times,
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e for k=0, O(0) := CPY x C is the trivial line bundle.
In particular Pic(CPY) = Z and one can show that every holomorphic line
bundle over CP¥ is of the form O(k) for some k € Z.

Let L be a complex line bundle over a complex manifold M. We denote
by AP4(L) := APYM ® L and by QP9(L) the space of its sections, called L-
valued differential forms of type (p,q). Chosing a local frame s of L, a section
o € QP9(L) can be written as 0 = w ® s in this trivialization, where w is a local
(p, q)-form on M.

Definition 2.1.6. A holomorphic structure 0 on a complex line bundle is an
operator B
d:QPY(L) — QPIt(L)

satisfying the Leibniz rule and such that 9 =0. A section s € I'(L) is said
to be holomorphic if s = 0. The space of global holomorphic sections on a
holomorphic line bundle L is denoted by H°(L).

The existence of such an operator 0 characterizes holomorphic line bundles
among complex line bundles, i.e. we have the following

Theorem 2.1.7 ([56], Thm 9.2). A complex line bundle L — M is holomorphic
if and only if it has a holomorphic structure 0.

2.1.1 Connection and curvature

Let 7 : L — M be a line bundle over a smooth manifold M (i.e. each fibre is a
1-dimensional vector space over R).

Definition 2.1.8. A connection on L is a C-linear differential operator
V:T(L)— QYL) =T(A{M ® L)
satisfying the Leibniz rule
V(fs)=fVs+df ®s
for every s e T'(L) and f: M — C.

Let 0 : U — L be a trivializing section over an open set U C M, then we
can write

Vo=0Ro

where 6 is a 1-form, called the connection form (with respect to the frame o).
We can extend any connection to the bundles QP(L), p > 1, by imposing the
Leibniz rule
Viw®s)=dv®s+ (—1)PwA Vs

for all w € QP (M) and s € T'(L). We can now give the following definition.

Definition 2.1.9. The curvature of the connection V is the C°°(M)-linear
operator defined by
VZ=VoV:T(L)— QL)

for every section s € I'(L).
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Let 0 : U — L be a trivializing section over an open set U C M, then we
can write
Vie=v®0c

where v is a 2-form, called the curvature form (with respect to the frame o).
We can express the curvature form in terms of the connection form: if Vo =
0 ® o, then we have

V6 =V(0®0) = dI®c—0AVo = dd@o—0N(0@0) = (d0—0N0) @0 = diRo.
Moreover, one can show that the de Rham cohomology class of 3 7 is the first

Chern class of L, i.e.
)
L)=|—~|.
()= | 3-1]

Proposition 2.1.10 ([34]). Two holomorphic line bundles L; and Ly over a
simply connected complex manifold M are isomorphic if and ounly if ¢1(L1) =
Cl(Lg).

2.1.2 Hermitian metrics

Let L — M be a complex line bundle over a complex manifold.

Definition 2.1.11. A hermitian metric h on L is a smooth field of hermitian
products on the fibres of L, that is, for every x € M, the map h: L, x L, — C
satisfies

u,v) is C-linear in u for every v € Ly;

h(u, v) i
h(u,v) = h(v,u) for every u,v € Ly;
o h(u,u) >0, Yu # 0;
e h(u,v) is a smooth function on M for every u,v € I'(L), that is if o :
U — C is a local frame over an open set U C M, then the function
h(x) := h(o(z),0(z)) = |o(z)]? is smooth.

A complex line bundle endowed with an hermitian metric is called hermitian
line bundle. A holomorphic line bundle endowed with an hermitian metric is
called hermitian holomorphic line bundle.

Using partition of unity one can prove that

Proposition 2.1.12 ([50], p.78). Any complex line bundle admits an hermitian
metric.

Definition 2.1.13. Let (L, h) be an hermitian line bundle. A connection V :
(L) — QY (L) is compatible with the metric if

Xh(s,t)(x) =h(Vxs,t)(z)+ h(s, Vxt)(z)

for every s, t € T'(L) and every vector field X € T'(T'M), where we write h(s,t)(x)
for the function h(s(z),t(x)), and Vxs for (Vs)(X) € I'(L).

Proposition 2.1.14. Any hermitian line bundle admits a connection compat-
ible with the metric.
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The decomposition of 1-forms into types (1,0) and (0, 1) induces a decom-
position of the connection V : I'(L) — Q! (L) as V = V10 + V%1 where

vhOLT(L) = QYD) 5 VOiT(L) — QYN(D).

Definition 2.1.15. A connection V on a hermitian holomorphic line bundle

with holomorphic structure 9 is said to be compatible with the complex structure
if VOl = 9.

Theorem 2.1.16 ([56], Thm 10.3). If (L, h) is a hermitian holomorphic line
bundle over M, there exists a unique connection V compatible with both the
metric and the complex structure. This connection is called the Chern connec-
tion.

Remark 2.1.17. 1f (L, h) — M is an hermitian holomorphic line bundle over M
with connection V, then

e if V is compatible with the complex structure, then the curvature form ~
has no (0, 2)-part, i.e. %2 = 0;

e if V is compatible with the hermitian metric, then the connection form 6
is purely imaginary, i.e. # = —6 and so is the curvature form ~;

e if V is the Chern connection, then the curvature form -~y is of type (1,1)
(and purely imaginary).

Notice that the curvature of the Chern connection is a purely imaginary 2-
form of type (1,1), that is v € Q?(M) ® C and ¥ = —~. From now on we adopt
the convention that the curvature is a real form, namely we consider iy € Q2(M)
instead of 7. We denote this 2-form on M with Ric(h).

Proposition 2.1.18 (8] Prop. 3.2.1). The curvature of the Chern connection
equals

—i00log h(o(z), o (x))

where o : U — L\{0} is a trivializing holomorphic section.

2.2 Geometric quantization of Kahler manifolds

Let M be a Kéahler manifold and (L, h) be an hermitian holomorphic line bundle
over M. By theorem the space of the connections compatible with the
metric and the space of the connections compatible with the holomorphic struc-
ture intersect in one point: the Chern connection. In the following we consider
on L the Chern connection V.

Definition 2.2.1. A geometric quantization (L,h) of a n-dimensional Kéhler
manifold (M,w) consists of an hermitian holomorphic line bundle (L, k) over M
such that its curvature Ric(h) = —i00log h satisfies

Ric(h) = w.

The line bundle L is called the quantum line bundle of M. A Ké&hler manifold
M is said to be quantizable if it admits a geometric quantization.
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By Proposition [2.1.18] we can check if a holomorphic hermitian line bundle
(L, h) over (M,w) is a geometric quantization simply by choosing a trivialising
holomorphic section ¢ : U — L and verifying if

w = %8510g(h(0(a:),0(x))).

Not all Kahler manifolds admit a geometric quantization. In terms of coho-
mology classes a necessary and sufficient condition is expressed by the following
theorem.

Theorem 2.2.2 ([40]). A Kéhler manifold (M,w) admits a geometric quan-
tization (L, h) if and only if ¢1(L) = [w] (i.e. if and only if w is integral, i.e.
the cohomology class [w]qr of w in the de Rham group, is in the image of the
natural map H2(M,Z) — H?(M, C)).

Ezample 2.2.3 (Complex space forms). The complex space forms admit a geo-
metric quantization.

e (Flat space) Let CN _be the complex Euclidean space endowed with the
Kéhler form wy = £09|z|%. Consider the trivial line bundle L = CV x C —
C" and for each z € CV define the map

hiL,xL.—C , (&) (28)) e 3 gE,

The above map induces an hermitian structure on L that defines a ge-
ometric quantization of (CV,wp). Indeed, if o(2) = (z, f(2)) is a global
holomorphic section on L, where f : CN — C is a holomorphic function,
then one obtains

Ric(h) = —i0dlog h = —iddlog(e™2*I*| £(2)]2) = wo

e (The projective space) Let CPY be the complex projective space endowed
with the Fubini-Study form wps = 299log(|Zo|* + -+ + |Zn|?). One
can show that wpg is integral and so by Theorem there exists a
hermitian line bundle (L, h) such that Ric(h) = wrg. This line bundle is
the tautological line bundle O(—1) with hermitian metric h(z) = 1+||z||?,
where z is an affine coordinate on a coordinate chart U.

e (The hyperbolic space) Let CHY be the complex hyperbolic space en-
dowed with the hyperbolic form why, = $89log(1 — |2|*)~*. Consider the
trivial bundle L = CHY x C — CH" and for each z € CH" define the
map .

hil:xL,—=C , ((26)(28)~ (1-|2*)268&
The above map induces an hermitian structure on L that defines a geo-
metric quantization of (CHY ,wyyp). Indeed, if o(2) = (z, f(2)) is a global
holomorphic section on L, where f : CN — C is a holomorphic function,
then one obtains

Ric(h) = —iddlogh = —id0log((1 — |z\2)%|f(z)|2) = Whyp-

Definition 2.2.4. Two holomorphic hermitian line bundles (L;, h;), i = 1,2,
over the same Kéhler manifold (M,w) are said to be equivalent if there exists

an isomorphism of holomorphic line bundles ¥ : Ly — Ly such that W*hy = h;.
The equivalence class of (L, h) is denoted by [(L, h)].



2.3. THE EPSILON FUNCTION 19

Let £(M,w) be the set of all geometric quantizations of a Kahler manifold
(M,w). For a class [(L, h)] we can define

v ([(L, W)]) := (L, ).

This is well defined, i.e. it doesn’t depend on the representative in the equiva-
lence class [(L, k)], namely the curvature form in an equivalence class is unique
up to isomorphisms:

—id0log hy = —i00 log ¥*(hy) = U* (—i(“)glog hg) .

Then the set L(M,w) can be partitioned in equivalence classes [(L, h)]. If M
is a simply connected Kéhler manifold, then all geometric quantizations are
equivalent ([42]) and thus £(M,w) consists of a single equivalence class.

Let (L, h) € [(L, h)] be a geometric quantization of a Kahler manifold (M, w).
We use the following notations:

o Aut(M) :={f: M — M| f is biholomorphic};

o Isom(Mw) = {f : (M,) = (M) | f € C=(M), f*w =w};

o Aut(L,h) := {f :L — L| f is biholomorphic, C-linear on fibers, f*h =
h}

Definition 2.2.5. A lifting of a map f € Aut(M) N Isom(M,w) is a map
f € Aut(L, h) such that the following diagram is commutative

(L,h) —L— (L,h)

" &

(M,w) —1 (M, w)

The group of all maps f which admit a lifting f is denoted by Dyp,n(M) C
Aut(M) N Isom(M,w).

For simply connected Kéahler manifolds we have

Proposition 2.2.6 ([42] Prop. 1.5.1). Let (L,h) € [(L,h)] be a geometric
quantization of a simply connected Kéhler manifold (M,w). Then

Dyp,ny (M) = Aut(M) N Isom(M, w).

2.3 The epsilon function

Let (L,h) be a geometric quantization of a Kéhler manifold (M,w). Consider
the space H

=4S 0 S\T S.Twin o0
H={ser0)] [ nsta)so) ) < ool

of global holomorphic sections of L which are bounded with respect to the scalar
product (-, -)p:

w’ﬂ/

(s,t)p := /M h(s(x),t(z))

n!
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for s,t € H°(L). It is possible to prove that (#,<>j) is a complex separable
Hilbert space ([II]), i.e. (H,<>p) admits an orthonormal basis {s;}j=o,.. ~
(dimH =N +1 < +00).

When M is compact, the space H coincides with the space of global holo-
morphic sections HY(L), thus dimH is finite. Instead, if M in noncompact H
may even contain just the zero section.

Definition 2.3.1. Let (L, h) be a geometric quantization of a Kédhler manifold
(M,w) and {s;};=o,..n (with dim?H = N + 1 < o0o) be an orthonormal basis
for the Hilbert space (H,<>p). The e-function of (L, h) is a smooth real valued
function on M defined, for any = € M, by

N
(@) =Y h(s;j(@), 5;(x)). (2.1)
§=0

In literature this e-function was first introduced under the name of 7-function
by J. Rawnsley in [58], later renamed as 6-function in [II] followed by the
distortion function of G. R. Kempf [39] and S. Ji [37], for the special case of
Abelian varieties and of S. Zhang [70] for complex projective varieties.

Proposition 2.3.2. The e-function does not depend on the choice of the or-
thonormal basis of H.

Proof. Let x € M and ¢ € L\{0} be a fixed point of the fiber over z, i.e.
7(q) = z. If one evaluates s € H at x, one gets a multiple J,(s) of g, i.e.
s(x) = 64(s)g. It can be shown ([I1]) that é, : H — C is a linear continuous
functional of s, thus from the Riesz’s theorem there exists a unique e, € H such
that

dq(s) =< s,eq >n

for every s € H. Thus every element s; of an orthonormal basis of H satisfies
sj(x) =< sj,eq >q
and substituting we get
€(L,h) (z) = h(q,q)||eq||i
proving the independence of the choice of the basis. O

When M is compact, the dimension of H = HY(L) is finite and one has

/ e(L’h)(x)w ('x) = dimH.
M n.

Thus the e-function in well defined, i.e.

e it doesn’t depend on the chosen representative (L, h) in the class [(L, h)] €
L(M,w);

e it doesn’t depend on the hermitian metric h;

e In the case of simply connected manifolds, since £(M,w) consists of a
single equivalence class, €, ;) depends only on the Kahler form w and we
can write simply ¢,.
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Lemma 2.3.3 ([11]). The function €y, 5) is invariant under the group Dy(r.ny (M),
i.e. F*(er,n)) = €r,n), for every F' € Dyp py(M).

Definition 2.3.4. A Kéihler manifold is said to be homogeneous if the group
Aut(M) N Isom(M,w) acts transitively on M.

Lemma 2.3.5. Let M be a homogeneous Ké&hler manifold and g : M — R be
a real valued function on M invariant under the group Aut(M) N Isom(M,w).
Then g is constant.

Proof. By hypothesis, g is invariant under the group Aut(M) N Isom(M,w),
that is

9(f(x)) = g(x)
for all f € Aut(M) N Isom(M,w) and for all z € M. Since M is homogeneous,
for any x,y € M there exist a map f € Aut(M) N Isom(M,w) such that
f(x) =y. Thus g(x) = g(y) for any z,y € M, so g is constant. O

Corollary 2.3.6. Let (L, h) be a geometric quantization of a simply connected
homogeneous Kéhler manifold (M, w). Then the function €z, ;) is constant.

Proof. Since M is simply connected, it follows by Proposition that Dyp ny =
Aut(M) N Isom(M,w) and thus by Lemma [2.3.3| the e-function €(z, ) is invari-
ant by the group Aut(M) N Isom(M,w). Since M is homogeneous, by Lemma

@ €(L,n) 18 constant. O

2.3.1 Coherent state map

Let (L, h) be a geometric quantization of a Kahler (M, w) manifold and {s;},—o
be an orthonormal basis for (H, <, >j) and let o : U — L\{0} be a trivializing
holomorphic section. Suppose that for all x € M there exists s, € {s;};=0,..N
such that s,(z) # 0, namely is (L, h) is base point free. Under these assump-
tions, one can define the holomorphic map

bo 1 U — CVTN0} |, 20> (‘:"70((;))7..., S:(g))

This map glues coherently in the intersections U NV and so induces a holomor-
phic map on the whole M, called the coherent state map

¢: M —CPY |z [so(x),...,sn(2)]

whose local expression in the open set U is ¢, .

Remark 2.3.7. More in general, we can assume that there exists « sufficiently
large such that for each point z € M there exists s € H,,, the space of global
holomorphic sections of L* that are L2-limited in norm with respect the her-
mitian metric h, induced by h on L%, not vanishing at x. In the compact case
such an « exists by standard algebraic geometry methods and corresponds to
the free-based point condition in the Kodaira’s theory.

The following theorem relates the coherent state map and the e-function.

Theorem 2.3.8 ([11],[58],[42]). Let wrs be the Fubini-Study form on CPY and
let ¢ be the coherent state map associated to (M,w). Then

* Z Ya)
10} (wFs) =w+ iaalog €(L,h)-
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Thus the e-function measures how the Kéhler metric w is not projectively
induced via the coherent state map.

Corollary 2.3.9. Let (L, h) be a geometric quantization of a Kéhler manifold
(M,w). If €1, ) is a positive constant, then the coherent state map is a Kéhler
immersion.

Proof. If € ) is a positive constant, then for all x € M there exists s;, €
{sj}j=0,.. n such that s;, # 0, i.e. (L,h) is base point free and thus the co-
herent state map can be defined. By construction the coherent state map is
holomorphic and by the above theorem is isometric, i.e. ¢*(wrs) = w, conclud-
ing the proof. O

Corollary 2.3.10. Let (L, h) be a quantization of a compact K&hler manifold
(M, g). Then the function €z, ) is a positive constant if and only if the coherent
state map is a full Kithler immersion in (CP¥Y, wrg).

Proof. Since M is Kahler, we have 90 log €r,ny = 0 if and only if log e, 5y is
an harmonic function on M and thus constant being M compact. Finally the
immersion is full by Remark [[.2.11] O

Although not all Kéhler metrics are projectively induced, Tian and Ruan, by
means of peak section method, solved a conjectured by Yau by proving that any

polarized metric on a compact complex manifold is the C*°-limit of normalized
PmIFS
o

projectively induced metrics g, = More precisely, Tian proved the

following

Theorem 2.3.11 ([62]). Let M be an algebraic manifold polarized by a line
bundle L and let g be a polarized Kéahler metric. Then

1
||9m _QHC2 =0 (ﬁ) )

i.e. the metrics g,, are C? convergent to the metric g.

In the same paper Tian conjectures that the metrics g,, converge to g in the
C*>°-topology. This was later proved by Ruan:

Theorem 2.3.12 ([59]). For any | € Z

1
llgm — gllct = O ()
m

i.e. g, are C* convergent to the original metric g.

2.3.2 Balanced metrics

Let (L, h) be a geometric quantization of a Kéhler manifold (M, g).

Definition 2.3.13. The metric g on M is called balanced if €z, 5) is a positive
constant.
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The definition of balanced metric was originally given by Donaldson [28]
in the case of a compact polarized Kéhler manifold. If M is compact, then
H = H°(L) and so in this case dim H < oo and so the e-function is a finite sum.
The definition was generalized in the noncaompact case by C. Arezzo and A.
Loi in [2] ispired by the geometric quantization theory.

The two fundamental results about the existence and uniqueness of balanced
metrics in the compact case are summarized in the following two theorems.

Theorem 2.3.14 ([28]). Let (L,h) be a geometric quantization of a compact
Kéhler manifold (M, g) (i.e. ¢1(L) = [w]) such that scaly is constant. Assume
that % is discrete. Then, for all sufficiently large integers «, there exists
a unique balanced metric g, on M, with respect the geometric quantization
(L%, ha) (ie. c1(L) = [@q]), such that 2= converges C*° to g. Moreover, if g, is
a sequence of balanced metrics on M with associated Kahler forms @, € ¢1(L%)
such that % converges C'*° to g, then g has constant scalar curvature.

Here, the quotient space % denotes the biholomorphisms group of M

which lift to holomorphic bundles maps L — L modulo the trivial automorphism
group C*. Notice also that the assumption on the automorphism group cannot
be dropped. Indeed a result of Della Vedova and Zuddas ([27]) shows that
there exists a large class of geometric quantizations (L, h) of (M, g) with scal,
constant and for « sufficiently large it cannot exists a balanced metric g, as
in the thoerem. Regarding the uniqueness of balanced metrics we have the
following

Proposition 2.3.15 ([4]). Let g and § be two balanced metrics whose asso-
ciated Kéahler forms are cohomologous, Then g and ¢ are isometric, i.e. there
exists F' € Aut(M) such that F*g = g.

One can calculate the function €m p, ) for every natural number m. More
precisely, consider the Kéhler form mw on M, where m € Z,. If w is integral,
then mw is integral for any positive integer. Therefore one can consider the
quantum line bundle (L™, h,,) for (M, mw), where L™ = L ® - -- ® L m-times,
is the m-tensor power of L and h,, is the m-tensor power of h defined by
extending the definition of h:

hin(81 ® .. Sm,t1 @ .. ty) () := h(s1,t1)(2) -+ - h(Sm, tm)(X)

for any s1 ® ...8m,t1 ® ...t € T'(L™) and for all z € M. In this context is
interesting to study the balanced condition for the metric mg when m varies,
namely study the constancy of the epsilon function €,,, for every positive integer
m. The fact that ¢ is balanced doesn’t imply that mg is.

Definition 2.3.16. A geometric quantization is called regular if mg is balanced
for any (sufficiently large) natural number m, i.e. if epm ) is a positive
constant for any (sufficiently large) natural number m.

Ezample 2.3.17 (Regular metrics). Some examples of regular metrics are the
following:

e Let (CV,wp) be the complex Euclidean space endowed with the flat metric.
It can be proven ([42]) that €,,4, = 2. Thus (CV,wp) admits a regular
quantization.
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e Let (C?, gps) be the blow-up of €2 at the origin endowed with the Burns-
Simanca metric (see Example [1.3.12). In [20], the authors proved that
€mgns = m? and thus (C?, gps) admits a regular quantization.

e A geometric quantization of a homogeneous and simply connected Kéahler
manifold is regular as follows by Corollary [2.3.6]

Regular metrics have nice geometric properties, in fact:

Theorem 2.3.18 ([43]). A Ké&hler metric which admits a regular quantization
is a constant scalar curvature metric.

Remark 2.3.19. Not all homogeneous manifolds admit a regular quantization.
An example is given by the complex torus V/A equipped with the flat form wy.
Suppose that (L, h) is a regular quantization of (V/A, wp). Then, from Corollary
the flat metric wy would be projectively induced by the coherent state map,
namely ¢ : (V/A,wg) — (CPY,wrs) would be a full Kihler immersion being
V/A compact. However it can be proven that V/A is not projectively induced
(take the universal covering and apply Calabi’s Rigidity theorem .

2.3.3 Asymptotic expansion of the epsilon function

In the following we distinguish between the compact and the noncompact case.

The compact case. If M is a compact polarized manifold, there exists a
complete asymptotic expansion of the e-function (that we call TYCZ-expansion)
introduced by D. Catlin [2I] and S. Zelditch [69] independently

e(Lmp (@) ~ > a(x)ym™
j=0

where ag(z) = 1 and a;(x) are smooth functions on M. This means that, for
any non negative integers r, k, the following estimate holds

k

lle@m oy (@) =Y aj(@)m"||cr < Cppm™ (2.2)
=0

where C} , are constants depending on k,r and on the Kéhler form w and
[| || denotes the C" norm. This expansion is called Tian- Yau-Catlin-Zelditch
ezpansion. Later, Z. Lu [52] proved that each of the coefficients a;(x) is a
polynomial of the curvature and its covariant derivatives at x of the metric g.
In particular the first three are

a) = —%scalg
ay = —3Ascaly + 55 (|R|* — 4[Ric|* + 3scal)

1 1
as = — gAAscalg + ﬂdiniV(R7 Ric)+

1 1
— 6cuv(div(scazg Ric)) + @A(|R|2 — 4|Ric|* + 8scal’)+

1 1
- @scalg(scalg +|R)? — 4|Ric\2)fﬂ(03(Ric) — Ric(R, R)+R(Ric, Ric))
(2.3)
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where R denotes the Riemannian tensor of g, given in local coordinates by:

P95
ikl = 92, 0%,

n
3 gt
~ Oz, 07 ’

)

Ric denotes the Ricci tensor, that (in contrast with Lu’s notation that has the
opposite sign) reads:
. 177

Rlcij =9 mRﬁlﬁw
and: i

scaly = g Ric;z,
is the scalar curvature. All the norms are taken with respect to g, and we
further are using the following notations (here again the signs has be changed
accordingly to our notation):

;70 scaly O scalg

|D'scaly|* = g 9 0%

|D'Ric|? = g*g/P g* Ric;; , Ric 5 ..

ID'RP? = ¢°'¢"P %4 9T R 517, Rogs o

divdiv(scal, Ric) = 2|D'scal,|* + gﬂ;gﬁRicﬁ ZZZC;;Z + scalyAscaly,

o3(Ric) = ” g’ g"Ric7Ric,5Ric 3,
R(Ric, Ric) = go‘ggjﬁg”kgl‘s]~2ﬁszicBaRic§77
Ric(R, R) = g*'¢’’ 7% ¢°P 9" Ric 5 Rgzpq Rywcss
c 0?scal
divdiv(R, Ric) = —g”'¢’*Ric,; E
ivdiv(R, Ric) 9”9’ Ric,; 92075
— R(Ric, Ric)+o3(Ric),

— 2|D'Ric|? —go‘ggﬁg%gﬁRicﬁ,kiR,gaﬁ—l—

(2.4)

where 7, p” represents the covariant derivative with respect to % and A rep-
p
resents the Laplace operator

s 9?
— E Ly

ij=1

Prescribing geometric structures of a complex manifold often introduces in-
teresting and important partial differential equations. A typical example of this
kind is the problem of finding the Kéhler metrics with constant scalar curvature
on a Kahler manifold. Such a problem defines a fourth order elliptic partial
differential equation. The study of these partial differential equations, includ-
ing the Kdhler—Einstein equations, forms one of the richest topics in complex
geometry. In view of Donaldson’s work [28],[29] (see also [2]) in the compact
setting and the theory of quantization [9],[I2],[I3] in the noncompact one, it is
natural to believe that prescribed coefficients encode geometric properties of the
Kahler metric. Thus it is natural to study metrics with the coefficients of the
TYCZ-expansion being prescribed. In this regards Z. Lu and G. Tian [53] prove
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that the PDEs a; = f (j > 2 and f smooth function on M) are elliptic. The
study of these PDEs makes sense despite to the existence of an TYCZ-expansion
and so given any Kéahler manifold (M, g) it makes sense to call the a; ’s the co-
efficients associated to metric g. Thus prescribing a; gives an interesting set of
new elliptic equations.

The noncompact case. In this case, for all real number m > 0 (not neces-
sarily integer), the metric mg is polarized with respect to the trivial holomorphic
line bundle L™ = M x C. Fix m > 0. Consider the hermitian metric h,, on L™
defined by

B (2, 0) = €2 (@) |2

where ¢ is a Kéhler potential for the Kéhler metric g. We see that Ric(h,,) =
mw. Therefore, in this case the Hilbert space H,, equals the weighted Hilbert
space Hmg consisting of square integrable holomorphic functions on M, with
weight e™™% namely

Humg = {f € Hol(M) | /M e’m“"|f|2% < +oo}.

If Hymg # {0}, we can pick an orthonormal basis { fI"} and define its reproducing
kernel

Kmt,a(xa y) =

M-

[P @) (y), xyeM
7=0

where N 4+ 1 = dim H,,,4. In particular, in this case the e-function reads
Emg(x) = e_m‘”(w)me(x,x)

and can be verified that this function depends only on the metric mg and not
on the choice of the Kahler potential or the orthonormal basis chosen. In this
particular case, the coherent state map is simply the Kahler immersion

Fp: M — CP*  zw [f"(x),..., f"(2),...]

(Fy, is well defined since €, is a positive constant and hence for all x € M
there exists ¢ € H,gy such that ¢(z) # 0) and still holds Theorem in the
noncompact case, that is

*
meFS

. N
oy 2
300108 2 112

%85 log Kpg(z,y)
= %65 log €9 + %85 log em?
= %3510g €mg + Mw.
The tools developed in the compact case for the study of existence and unique-

ness of balanced metrics are not avaible in the noncompact one (for instance
the volume of M can be infinite).
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When M is not compact, there is not a general theorem which assures the
existence of an asymptotic expansion of the e-function €, for m — 400 and
only partial results are given. However, if the expansion exists, in [30] M. Englis
computed the a;’s coefficients obtaining the same results as Lu. This expansion
exists for example when M is a strongly pseudoconvex bounded domain of C™
with real analytic boundary or when M is a bounded symmetric domain ([31]).
Furthermore, X. Ma and G. Marinescu proved this existence under some bound-
ness assumptions of the curvature of the bundles involved. More precisely, let
(X,g9) be a complete hermitian manifold and let w be the (1,1)-form associ-
ated to g. Let (L,hr), (E, hg) be holomorphic hermitian vector bundles on X
with k(L) = 1. Consider the space H&)(X, L? ® E) of holomorphic sections of
LP ® E which have L?-limited norm with respect the product

(s1,82)r2 = /X < s1(x), s2(x) > dvx (x)

where < , > denotes the hermitian product on LP? ® F induced by hy and hg.
Let Py(z,y), (z,y € X) be the Schwartz kernel of the orthogonal projection
P, LPQF — H(OZ) (X, LP? ® E). Denote by R RL, R the curvature of E (of
the connection induced by hg), the curvature of L (of the connection induced
by hz) and the curvature of det(T? X) (of the connection associated to the
metric induced by g) respectively. Then we have the following

Theorem 2.3.20 ([54], Thm 6.1.1.). Suppose that there exist t > 0, ¢ > 0 such
that:
iRY <tw, i(RY + RF)> —cwldg, |ow|,<ec, (2.6)

then the kernel P,(x,y) has an asymptotic expansion as p — co. Especially, it
holds

k
Pp(.’E,{E) . b —r <C —k—1
| pn Z ’I"(m)p |CI(K) =~ k,l,Kp

r=0

uniformly for any z,y € K, a compact set of X.

We will see a version of this theorem adapted to specific settings in Section
(for Kiihler-Einstein metrics) and in Section [4.5| (for Hwang—Singer metrics),
(cf. also [50, Theorem 7]).
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Chapter 3

The third coefficient in the
TYCZ—expansion of the
epsilon function of
Kahler—Einstein manifolds

In this chapter we present the material of [26]. Here we study the third coefficient
arising from the TYCZ-expansion of the e-function associated to a Ké&hler—
Einstein metric and discuss the consequences of its vanishing. The main results
of this chapter are the following.

Theorem 3.0.1. Let (M, g) be a n-dimensional Kéhler—Einstein manifold with
integral Kéhler form w. If H, # {0}, there exists a TYCZ-expansion for e,
whose coeflicients satisfy the following:

1. if n = 2 then a3 = 0 if and only if A|R|? = 0;
2. if n > 3 then a3 = 0 implies g is Ricci-flat.

Moreover we show that the Calabi nonhomogeneous metrics on tubular do-
mains of C" are examples of Kédhler—Einstein manifolds which answer positively
to Question I More precisely we prove

Theorem 3.0.2. The e-function associated to Calabi’s metric admits a TYCZ—
expansion with agz # 0.

3.1 The vanishing of a3 for Kahler—Einstein man-
ifolds

Let (M,w) be a Kéhler-Einstein manifold, that is p = Aw. We note that in this
setting the existence of a TYCZ-expansion for €,4 is always guaranteed, by the
result of X. Ma and G. Marinescu [54, Theorem 6.1.1]. More precisely we have

Theorem 3.1.1. Let (M, g) be a Kéhler—Einstein manifold polarized by a holo-
morphic line bundle. Then, the e-function associated to g, if it exists, admits a
TY CZ—-expansion.

29
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Proof. Let us check that conditions (2.6]) hold when (M, g) is a Kdhler—Einstein
manifold polarized by L — M. The first condition is satisfied for I € (0, 1) since

iRY = —iddlog h = —iddlog e = w.
The second condition is satisfied since:
iR + cw, = p+cw = (A +c)w >0,

for any ¢ > A. Finally, the third condition is satisfied for every positive ¢ > 0,
since Ow = 0, being the metric Kéhler. O

However, observe that to construct the e—function we need H,, # {0}. Such
condition is satisfied for example when M has finite volume, since in this case
the constant functions belongs to H,, but of course there are manifolds with
infinite volume such that #H, # {0} (see e.g. Calabi’s manifold in the next
Section).

In order to prove Theorem [3.0.1] we need the formulas 2:3] computed by Z.
Lu [52] for compact manifolds and by M. Englis [30] for noncompact ones. For
a Kéhler—Einstein manifold (M, g) with Einstein constant A, we have

Ric = Ag, scalg = nA.

Further
divdiv(R, Ric) = —R(Ric, Ric) + o3(Ric), (3.1)

since by (2.4), using that scaly is constant, we get
divdiv(R, Ric) = 72|D’Ric|2fgaggﬁg”%ngRicﬁ’szﬁaﬁ*R(Ric, Ric)+o3(Ric),

and both the terms | D'Ric|? and ¢®'¢gi# g7* gl Ric ;7 xiltpasy involve the covariant
derivatives of the Ricci tensor, that vanish since the metric is Kéhler—Einstein
(Ric = Ag and Vg = 0).

The following lemma is a key step in the proof of Theorem [3.0.1

Lemma 3.1.2. Let (M, g) be a n-dimensional K&hler—FEinstein manifold with
Einstein constant A\. Then:

L as = 35 (|R* + nX\%(3n — 4));
2. a3 = 45 (A|R]? — AM(n — 2)(A°n(n — 2) + |R?)) .

Proof. Setting scal, = An and since

IRic|* = g% g7 Ric s Ricy; = g™ g Ric sRic = N g% g g 797 = Mn,
(12.3) reads:
1
az = 5o (|R]> +nX\*(3n — 4));

1 1 1
az =—divdiv(R, Ric) + —A|R|*> — = n(A\*n? 4+ |R|* — 4\*n)+

- i(U:S(RiC) — Ric(R, R) + R(Ric, Ric)).
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By (3.1) and since:
Ric(R, R) =¢g*'g’P g% g‘sﬁgquici;RmﬂRkaﬁg
=297 9P g Ryq Ry.5
:)‘|R|27
R(Ric, Ric) :g"‘zgﬁg'y%glgRijsziclgaRic(W
:)\zg(]jﬁgq”k]%ﬁ;,ﬁ = )\zgkaic;ﬁ
:)\2$calg =n\3,

substituting in we obtain

1 1 1
(—R(Ric, Ric) + a3(Ric)) + @A(|R|2) — —An(A\?n? + |R)? — 4)\?n)+

Ty 13
1
- ﬂ(dgg (Ric) — Ric(R, R) + R(Ric, Ric))
_ L Cn . 1 2y 1 2,2 2 42
—24( 2R(Ric, Ric) + Ric(R, R)) + 48A(|R\ ) 48)\n()\ n® 4+ |R|* — 4\*n)
1 1 1
— (o3 2y 2 A(IR2) — & 2,2 2 _ 42
24( nA® + A\ R|%) + 18 (IR|%) 48)\71()\ n* + |R| A*n)
1
=15 (A|R\2 —AMn —2)(\n(n —2) + |R|2)) ,
concluding the proof. O

The proof of Theorem follows now by Theorem [3.1.1] and by Lemma
More precisely:

Proof of Theorem|[3.0.1] The existence of a TYCZ-expansion follows directly
from Theorem while (1) and (2) follow readily from Lemma To
prove (3) assume n > 2. Then:

wn
"

0= /M agwn—T = —%8)\(71 —2) /M (A°n(n —2) +|R[?) -

and since the integrand function is nonnegative, to the right hand side to be
zero we need A = 0. O

Observe that the vanishing of ay (for n > 2) readily implies that the metric
is flat. In [44, Thm. 1.1], A. Loi, F. Salis and F. Zuddas prove the following

Theorem 3.1.3 (A. Loi, F. Salis, F. Zuddas). The third coefficient as of a
radial constant scalar curvature Ké&hler metric is constant if and only if the
second coefficient ag is constant.

Here for a radial metric we mean a Kéhler metric w on a Kéhler manifold
M such that for any point p € M there exists a coordinate neighborhood U of p
such that w|y can be described by a K&hler potential which depends only on the
sum |2]2 = |21]2 + - - + |2,,|? of the moduli of the local coordinates. Combining
this result with Thm. [3.0.1] we obtain the following;:
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Corollary 3.1.4. Let (M, g) be a Kéhler—Einstein manifold endowed with a
radial Kéhler metric g. Then az = 0 if and only if (M, g) is biholomorphically
isometric to C", CH? or CP? with (a multiple of) their standard metric.

Proof of Corollary[3.1.7 Assume (M,w) to be Kéahler-Einstein and radial. If
asz = 0, then by Theorem as is constant. From Z. Feng classification [32]
(see also [44, Thm. 2.1]) of radial constant scalar curvature potentials with
constant as, the only Kéhler—Einstein are (a multiple of) the standard metrics
on C", CH™ or CP". The case CH" and CP™, with n > 3, are excluded by
Theorem [3.0.1] since they are not Ricci-flat. O

We conclude this section with some consequences of Lemma [3.1.2] First of
all, it follows readily from Theorem [3.1.2] that, for Kéhler-Einstein manifolds,
if as is constant also ag is. Notice also that in the Kdhler—Einstein case, az = 0
if and only if the metric is flat, since |R|?> = nA?(4 — 3n) implies A = |R|?> = 0.
For the Ricci-flat case we have:

Corollary 3.1.5. Let (M, g) be a Ricci-flat Kéhler manifold. Then the follow-
ing hold:

1. if ag is constant then ag = 0. If in addition M is compact, the converse is
also true.

2. if (M, g) is either regular or homogeneous then ag = 0.

Notice that the constancy of as cannot be dropped, as the Taub—NUT metric
is an example of Ricci-flat metric on C? with nonvanishing ag (see [50]).
The same holds for Kahler—Einstein surfaces:

Corollary 3.1.6. Let (M, g) be a Kéhler—Einstein surface. Then the following
hold:

1. if ag is constant then ag = 0. If in addition M is compact, the converse is
also true.

2. if (M, g) is either regular or homogeneous then az = 0.
Finally, for Calabi-Yau manifolds we have:

Corollary 3.1.7. Let M be a Calabi-Yau manifold. Then fM azw™ = 0 for any
Kahler metric on M.

Proof. f a @3w™ is a cohomologial invariant. By Yau Theorem, there exists a
(unique) Kéhler-Einstein metric in any Kéhler class on M and [, A|R[?w™ = 0
on a Kéhler manifold. O

3.2 The coefficient a3 for Calabi’s inhomogeneous
metric

In [I5], E. Calabi constructs the following complete not locally homogeneous
Kéhler—Einstein metric. Consider the complex tubular domains M,, := %D &)
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iR™ C C™, where D is an open ball in R™ centred in the origin and of radius a.
Let g, be the Kahler metric on M, whose Kéhler form is given by

Wy = %65F(z,2),

with

F(z,2)=f(z1+71,.- .20 + Zn)
where f : D — R is a strongly convex, differentiable and radial function, i.e.
flxr, o xn) = y(r), with r = /377 | %, that diverges uniformly at +oo at
the boundary of D and x, = zo + Zo, for @« = 1,...,n. The function f satisfies
the following Cauchy problem

(3.4)

The metric so constructed is the first example of Kéahler—Einstein metric (with
Einstein constant A = —1) which is not locally homogeneous (see also [64] for
an alternative proof of the fact that it is not locally homogeneous using Lie
groups).

Observe that we can see the tubular domain M,, = %D @ iR™ as the open
submanifold of C" given by

Mn: Z:(Zh,Zn)ecn|Z(Z]+Z)2<a2 5
j=1

where a is the upper bound of the domain of regularity of y(r).
Remark 3.2.1. By recursion from (3.4)), one obtains that for all j € IN

y®*(0) =0,

thus the power expansion around the origin of the function y(r) is of the form

y(r) =y(0) + Y bor™ (3.5)
j=1
where by; = y((zzj;)(? ). Tn particular, the first three coefficients of the expansion
are
1 1 7
by = —e¥(0)/2  p — —u(0) p— T 3y(0)/2 3.6
2790 T TRt 0T a34° (3.6)

In order to prove Theorem we first have to show that H, # {0} for
(My, gn), ensuring the existence of the e-function. This is done in Lemma
below.

Lemma 3.2.2. In the notation above, H,, # {0} for (M, g»)-

Proof. First, notice that the volume form of g, is given by

n

% — det(H)

n n
ot “Yo _ Y%

n! n!
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where H = (%@ij) is the hessian of the Kahler potential f, wq is the standard

euclidean form of C”, and the second equality follows since by construction we
have det(f;x) = e/ (see [15] p.19). Consider now the holomorphic function

|
:Hz-an
j=1"7

over M, % @®iR"™, where a is the radius of the ball D C R". For j =1,...,n,
denote x; := 2Re(z;) (as before) and u; := 2Im(z;). Observe that in thls

notation,
1 n
wo = ( ) Hdz] Ndz; = S2m dej/\duj.
j=1
We have
A | - 1
h(2)]* = H =1l :
jo1 v T2z —2a j=1 4 + 4 — 2ax; + 4a?
Thus,

n

n mn n
/ e_af|h‘2i7 _ / e(l—a)f|h|2w7(: :/ / 6(1_a)f|h|2w7[:
n. M,, n. %D R™ n.

— 2ax; + 4a? j=1

Now, the function T is bounded on %D since D has radius a and
j

1
=1 "’cj _40“
similarly e(!=®7 is bounded since f is a smooth function diverging at +oco on
the boundary of D, i.e. e~ — 0 asp — dD, for a > 1. O

By Theorem this proves the first part of Theorem To show the
second part, namely that the az coefficient of the TYCZ-expansion of the e-
function of (M, g,) is not zero, we start by describing more in details Calabi’s
metric for n = 2. By definition, g5 is given by:

82 / ! TiT;
(92)15 ( ) 17{5” + <y// _ y> J

)
0x;0x; r) r?

while its inverse is described by

T 1 T\ TiT;
i = gt () %

that is, the matrix representing g- is

Yy - (- E)mm 1 (3.7)

" Ty r 3.7
x

(y/l :[i,)xle Yy (y// :li) 2

r2 T

Gy =




3.2. THE a3 FOR CALABI’'S INHOMOGENEOUS METRIC 35

while its inverse is

T 1 oryat 1 rymizo
4+ (27 ) ( 2)

Gyl= 1Y LY Y/ r? y” v 72 2 (3.8)
(7 —y)5% s+ —)#

Let us prove Theorem [3.0.2

Proof of Theorem[3.0.4 Calabi’s metric is Kéhler-Einstein with Einstein con-
stant —1, thus by Theorem [3.0.1| a3 is different from zero for all n > 3. Set
n=2.

We divide the proof in 5 steps. In Step 1, Step 2 and Step 3 we prove
that the vanishing of a3 is equivalent to 3'0,|R|> = 0, that is, since y/(r) > 0
for any r > 0, it is equivalent to 8,|R|> = 0 for r € (0,a). To conclude the
proof we show in Step 4 and Step 5 that |R|? cannot be constant in (0, a) since
lim, o |R|? # lim,_,, |R|%.

Step 1: A|R|* = ;07|R|* + 0, |R|*.
A straighforward computation using the formula for the Riemannian ten-
sor for g, computed by Calabi (see [16], p. 23), we get:

1
—|R]* =2—

Srev  yt 4 1272 2y 12¢Y 6y 12 12y

Y3 rtey |y Y ey g4 pBe2y _r4ey+r6€2y'
(3.9)
In particular, |R|? is a function of r, and by (2.5)) we have:

2 82
A 2: 2 12 2 21

|R| 621851‘R| +9 021 ZQ‘R| +9 622651‘ | 82’2622‘R|
_ 11 82 R2 9 12 82 R2 22 82 R2
=g R+ 29 R g R

0 x 0 x 0 T

_ 11 271 12 272 22 22
=9 o (@'R' ) +2 e (orlRP72) +9 D2 (or1RP2)

2
—o (ot + o (1-T1) ) oy (iR - Loy Rt
2
+ g% <a2|R|2 + am?( —5”2?))
r
2
x T1X2 X
=02|R)? <guré + 291277"2 + g22r§) +
1 2 11 22 i 122122 2273
+*ar|R| g+ =19 T7+29 2 95
—82|R|2+ a|R|2

where g5 and gj , J, k = 1,2, represent respectively the entries of G5 and

G5 *', given in and .

Step 2: A|R|? =0 if and only if y'0,|R|? is constant.
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Step 3:

By Step 1, A|R|? = 0 if and only if:
y' _ OFIR?

TR

that is:
Oy (log(y')) = -0, (10g((9T|R|2)) )

and thus for a constant c:
log(9,|R|*) = —log(y') + ¢,

that is:

e

0, |R* =5
y
lim, ., y'0,|R|?> = 0.

From (3.9) it follows:

1a o dreY 24r2e2v 36133 8y’ y'® 3y'? 3
4 HR = - y'2 Y5y rBe2v ple2y | p3ey 7“2y’Jr
18y 27y 36 36y2  36re2  12e¥
riev  rSe2v | ey pTe2y ys  ys
(3.10)

Let us write: L
VORI = A+ B+C,

where:

Ao 8y'5 18y/2 27y/4 36y/ 36y13
T ey * rdey  rbe2y * roey  rle2y’
y/6 3y/3 3

Bi=——— - —
rde2v = p3ey 2’
) dre¥  241r2e?Y  36r3e3Y  36re?V 12eY
C:=- y + y/4 - y/7 + y/5 - y/2 :

In order to compute the limits for r — a of A, B and C, we first observe
that by construction (see [I5, p. 21]):

limy = 400, limy = 4oo,
r—a r—a

and by (3.4):

Yy 1 / /
lim " = lim < = lim Aty o (3.11)
r—a r—a y r—a T
Yy Yo,/ 1 1
lim < =lim Y = lim - = —, (3.12)

r—a '3 r—a 3y'2y" r—a 3r  3a

Further, lim,_,,(y"® — 3re¥) is not finite, in fact

; 3reY == 0
. 3 . 3 .
lim (y"> — 3re?) = lim ¢/ <1 — > = lim fy =0

r—a r—a y'3
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and applying de 'Hopital we get:

1 — 3re’ —y"%(3e¥ +3re?y") +9y 2y  reY Y2
. 13 . 16
lim Y = lim L =2 4¢3 —3rev.
r—a 1 r—a 3y"%y r
y/3 - y/(;

Thus, if lim,_., (y’3

—3re¥) = ¢, with ¢ € R, then we get the contradic-

tion:
MWW%¢)Im(y+V33”O+m
r—a r—a r
Therefore we can apply de ’Hopital to lim,_, yP—gre? ;,%my and we get:
.y —3reY _ o 3y"%y" — 3eY — 3revy’
lim — = lim =
T (313
3y're¥ — 3e¥ — 3reVy’ 3 '
= lim = ——,
r—a 2rey 2
By (BI1) and (B.12) we have:
8 /5 18 /2 27 14 36 / 36 13
lim A = lim —5y2 + y_ _ 2 y _ 2% =0,
r—a r—a roe2y rdey r6e2y roey r7e2y

r—a r—a ’r‘462y

16
lim B = lim <y

Finally by (3.12) and (3.13) we have:

r3ey 2 a?’

3y 3)3

Are¥  24r2¢2
limC:lim(— re e

r—a r—a y' y'4

24reY
~ lim [_ya <4 | 2re?
r—a Yy

(9, 97438
T 4a?  2a2| 37 a2’

and we are done.

Step 4: lim,_,, |R|* = 4.
This follows directly from
Step 5: lim, .o |R]? = 2

Using (3.9)), let us write:

36r3e3Y  36re?  12eY
y/7 y/5 - y/2

36r2e?y 3e¥ 1\ ,| reY

3y — 3rey1 4reY

Y3 — 3rev\’
= lim |— </2 ) - =
T—a y

12

y y/S

1 RI2 —o 8reY y' 4 12r2e% 2y’ 12¢¥ 6y 12 12y
5‘ " =2— Y3 rie2y Ty’ Y/’ T Bey iz ey pley + 762y
izt 3 12 2y 2 4y 6 /6 1 1
_ Y r 3y y-e y-e Y L
_2+7‘462y —|—y < 8e?Y 4+ 4=—— 2 v + 6 ) 13 o2y

3y, /2 /

70 1y €YY ey
25| = —5— = —5
Y r r

6 /8 1 1
+ys>42-
r r* ey
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Since

14

711—13(1) rte2y o
we are done by showing that:
’1"3 3 y/262y 2y/4ey 6y/6 1 1 9
im —— [ —8e3¥ _ — - _Z
}1_% e ( 8e’¥ + 4 2 o + 6 ) 202 5 (3.14)

) 7"6 4 eSnyQ eyylﬁ y/8 1 1 3

r2 r6 8

By (3.5) and (3.6) we have:

/ (o9}
] 7(]") = V02 4 3 0%,
=1

(3.16)

with ¢ = %ey(o) and ¢4 = ﬁe?’y(o)/? For shorten the notation let us
write:

Yy 0)/2 — 2j
P =2 — oy0)/ 27
. e —l—Zczjr ,

j=1
Q._E_Q +§:2' 2] =2
= =20 2 2T, (3.17)
12 o0
Si=-=8a+) 2j(2 - 2)cojr2 =4
j=3

To compute (3.14)) let us start with the following:

12 2y 2 4y 6 /6 1
im [ _gedy 1 4¥ ¢ Y€ Yy )2
}1—%( s r2 r4 + r6 ) r2
= lim

r—0

—8e% + 42V P2 — 2¢¥ P* 4 6P6

7”'2
i —24e3Vy’ + 8e2Yy' P? + 8e?Y PP’ — 8¢V P3P’ — 2eYy' P* + 36 P P
- 'rl—r}%) 2’/‘
1
=3 lim (—24e®Y P + 8e* P? + 8¢*Y PQ — 8¢ P?Q) — 2eY P° + 36P°Q))
r—
__ Yoy,
2

where we applied de 'Hopital and used (3.17). Plugging the result into
B3 we get:

lim i —8e% 1 4@ — 2y"te? + 6y ii = _9'
r—0 '3 r? rd 6 ) r2 e 2

To compute (3.15)), we need to apply de ’'Hopital twice to the following
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limit:
i 6411 B e3yy/2 B eyy/6 y7/8 l i e4y _ eByPZ _ eyPG + PS
r—0 7"2 7‘6 T'S 7‘4 r—0 7"4
_ 1 4et¥y’ — 3e3Yy' P2 — 2e3Y PP’ — eYy' PS — 6eYP° P’ + 8PP’
o rl—I)r%) 47"3
1 1
=—lim — (4™ P — 3¢* P? — 2e¥ PQ — Y P7 — 6V P°Q + 8P"Q)
4 r—0 7’2
1 1
== 1in% = (16y'e™ P + 4™ P’ — 9y'e* P* — 9e* PP’ — 6y'e* PQ+
r—07r

—2¢3P'Q — 2e3YPQ" — y'e?P" — TeY PSP’ — 6y'e? PPQ+
—30eYP*P'Q — 6eYP°Q' + 56P°P'Q + 8P"(Q’)
1
=3 1111% (16649P2 +4eMQ — 9e3Y Pt — 93 P2 — 6e3Y P2Q — 23V Q%+
r—
—2e3YPS — VP8 — 7eYPOQ — 6eY PSQ — 30e¥ PAQ?+
—6eYP5S +56P°Q% + 8P7S)

_ 3 540
“16°

thus

r2 16 8

N AN W
r—0 y’6 rt e2y 16’

concluding the proof.
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Chapter 4

Hwang—Singer metrics

This chapter presents the material of [25]. Here we study families of scalar flat
metrics constructed via Calabi ansatz on the total space of a hermitian line
bundle over Kéhler—-Einstein manifolds by Andrew D. Hwang and Michael A.
Singer in [36]. The necessary hypotheses for the existence of scalar flat metrics
include the so called sigma constancy, condition that is automatically satisfied by
polarized Kéhler manifolds, which is the case we are interested in. In particular
we consider the following families:

(A) the l1-parameter family of nontrivial scalar flat Kéhler metrics g5 on C"*1,
B < 0 (described in Section [4.3));

(B) the scalar flat metrics g on O(—k) for integers k > 0 (described in Section

1).

Observe that the metrics g in (B) reduce to the Burns-Simanca metric for
k =1, and to the Ricci—flat Eguchi-Hanson metric for k = 2.
With reference to (A) and (B) we have the following results. Firstly,

Theorem 4.0.1. Let gz be the Kihler metric on C"*! arising from Hwang-
Singer construction. Then cgg is not projectively induced for any value of ¢ > 0
and 8 < 0, but it can be approximated by a sequence of projectively induced
metrics.

Secondly, we give a characterization of the Burns—Simanca metric among
the Hwang—Singer family gx on O(—k). More precisely we prove the following:

Theorem 4.0.2. Let g be the Kahler metric arising from Hwang—Singer con-
struction on O(—k). Then g is projectively induced if and only if its second
coefficient vanishes identically, that is if and only if it is the Burns—Simanca
metric on the blow-up of C? at one point. Moreover g; can be approximated by
a sequence of projectively induced metrics.

4.1 Momentum construction

A technique to produce complete Kahler metrics with good curvature proper-
ties is known as Calabi ansatz, firstly introduced by E. Calabi in [I8] and later

41
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adopted by several authors. Andrew D. Hwang and Michael A. Singer general-
ized this construction on the total space of an hermitian holomorphic line bundle
7w : L — M with “o-constant curvature” over a Kéahler manifold (M, gy ). In
this section we summarize Hwang—Singer construction, restricting our attention
to the case of polarized manifolds, where these hypothesis are automatically
satisfied.

Let m: (L,h) — (M,wps) be a polarized hermitian holomorphic line bundle
with curvature form Ric(h) = —iddlog h € Q%(M) such that Ric(h) = Bwys over
a Kahler—Einstein manifold of complex dimension n, that is py; = Awys, where
pum 1s the Ricci form associated to gps. This method, also known as momentum
construction, gives rise to bundle-adapted metrics on L, that is Kéhler metrics
9,8 whose Kéhler form arises from the Calabi ansatz

Wy, g = ﬂ*wM + 2185f(t),

where ¢ is the logarithm of the norm function defined by h and f : (—oo, +00) —
[0,400) is an increasing and strictly convex function of one real variable which
makes w,, 3 positive definite.

In a coordinate chart U C M over which L is trivial, i.e. 7= 3(U) 2 U x C,
there exists a local coordinate system Z = (z,£) = (z1,...,2", &) for L where
¢ = pe'? is a fibre coordinate and z = (z',...,2") are pullbacks of coordinates
on M, i.e., if ¢ € M is a point with coordinates z, then every point in the fiber
77 1(q) can be described by coordinates Z. In such a chart there is a smooth
positive function A : U C M — R such that

t = log]|2]| = 5 lo (1€7h(2))

As explained in [36], to simplify the construction of scalar flat Kdhler metrics
on L, it is advantageous to change coordinates. Setting

T=f) . elr)=1"01),

so that f satisfies the differential equation

{wu)=¢v>

£1(0) = o > 0
the Kéahler metric w, g reads as
1
Wy g = T wyr — 7 Ric(h) + — dr A d°T, (4.1)
P

and along the fibre L, over x € M, restricts to

wtp,6|ﬁbre = %Té(.r;) d§ A dg .

The explicit expression for the profile function ¢ for scalar-flat polarized metrics
is:
2 A((1 = Br)"+t — (1= Br) + Bn1)
o(1) = T+ 3 )
(=B F(n+1)

Observe that the factor (1— (7)™ arises as the determinant of the endomorphism
Id — 7B, since B := w;j*y = p1d for Ric(h) = Pwas.

(4.2)
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Remark 4.1.1. The function f’ : (—oo,+00) — I := (0,400) is an increasing
and surjective function (see Prop. 1.4. in [36]). In particular

lim f/(t) = 0.

t——o0
Remark 4.1.2. The derivatives of the function f(¢) are expressed recursively in
the variable 7 as
F) = o(r)(f* D (1))
for n > 3. In particular we have
() = e(r)¢' (1),
FEE) = @(m)(p(r)¢" (1) + (¢ (7))

Proposition 4.1.3. Let ¢ > 0 be a positive real number. If f is a solution
for the ODE 3" = ¢(y’) with ¢ given by (4.2)), then f := ¢f is a solution to

(4.3)

y" = $(y'), where we denote with ¢ the profile function with parameters 3 = g
and \ = %
Proof. Tt follows by noticing that
N _ 2 1, DA = Eey))mtt = (1= B(ey)) + nf(cy)’)>
ww)_<lﬁwyw(JW)+c2 Z(nt1)
S 2, MO B P~ 0 B vinta)),
¢ (1= pB(ey))" B*(n+1)
Thus
coly’) = = (1‘/ + (G B(Cy)/)nﬂf (= Bley)) + Bnlew)’) )
(1= B(ey))" B*(n+1)
O

In this setting [36, Theorem B] by A. D. Hwang and M. A. Singer, reads:

Theorem 4.1.4. Let 7 : (L,h) — (M,wys) be a polarized hermitian holomor-
phic line bundle over a complete Kéhler—Einstein manifold (M, wys) such that
Ric(h) = Pwar, with < 0. Then the metric g, g on the total space of L is
a complete scalar flat Kahler metric. Moreover, the metric g, g is Ricci-flat if
and only if ppy = —Ric(h).

Remark 4.1.5. For Ric(h) = 0 we have local product metrics since they are
bundle-adapted metrics on flat-bundles, see ([36], Remark 1.6).

4.2 Calabi’s Criterion applied to g, s

Let (M,wps) be a Kéhler-Einstein manifold with Einstein constant A, that is
pym = Awps. As described in Section the momentum construction gives

a l-parameter family of scalar flat Kahler metrics w, g on the polarized line
bundle (L, h) described by the Kéahler potential:

¥(.6) = 0(:) +4f (S loulPa)] ) (1.4
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where we can take as ® the diastasis function for wy;, centred at z = 0. We
now describe the diastasis function for the metrics g, g and give a necessary
condition for these metrics to be projectively induced, which follows directly by
applying the Calabi’s criterion to them.

By (1.2.3)), the diastasis function associated to w5, centred at p = (0, s)
with s € RT is:

D(z,8)l = ®(=) +4f (; log (|§|2h(z))> iy (;log ) .

—af (Glosten)) ~ af (5 1ox(@) )
(4.5)

where we set h(0) = 1.
In particular, for the fibre metric we have:

Dyl =4F (3108 (P) ) 47 (31085 ) <47 (510869 ) a7 (1086
(4.6

Proposition 4.2.1. Let ¢ > 0 be a positive real number. Then the metric
Cwy,3 = W, 5, where ¢ is the profile function defined by (4.2]) with parameters

B:=pB/cand \:= \ec.

Proof. Observe that B
Wy, g = cwyr + 2100cf(t),

and cwys is a Kédhler—Einstein metric with Einstein constant % Conclusion
follows since by Proposition f = cf is a solution to v’ = &(y'). O

Remark 4.2.2. We note that if g is a scalar flat projectively induced Kéhler
metric, then its (scalar flat) multiples cg may not be so. If the base manifold is
Kéahler-Einstein with Einstein constant A\, we find a close connection between
the parameters ¢ and A (as in the previous proposition). Namely, it turns
out that varying the parameter ¢ over the positive real line, corresponds to
construct the Hwang—Singer metrics on the same line bundle over a rescaled
Kahler-Einstein manifold with Einstein constant % Thus it is equivalent to
study the metric cw, as ¢ varies and the metric w, as A varies in the base
manifold.

Lemma 4.2.3. In the notation above, a necessary condition for the metric wy g
to be projectively induced is that:

n(A+28) > —4. (4.7)

Proof. By Calabi’s Criterion Theorem [1.2.7] since %

the diagonal of the matrix (b;;) in (1.3)), a necessary condition for the metric
we,p to be projectively induced is that:

o*(ePr —1) L (1 4 (logs® (3) [ log s>
s =3 (50) -0 (50 +

2\ 2 2
Loy <10g25 ) L <log;s >> > 0.

(4.8)

|p is an element on
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By (4.3)) and since ¢(7) > 0 for every 7 € R™, (4.8)) is equivalent to:
4+ 8p(10) — 49" (1o) + @' (110)* + @ (10)#" (o) = 0,
where pg = f’ (%), ie.:

(2= ¢ (10))? + @(po) (8 + ¢" (ko)) > 0,

that is: ( (1)
" Q. 2 —¢'(po 2
©"(po) > —8 S0u0) (4.9)
By the definition of ¢ ,
(o) = 2((n+ DB+ = (1= Buo)") + (B + D(n* = 1) + M(1 = Buo)™)) po)
o (n+ DB = Buo)™1 ’

I - 2n
©" (ko) = (1= Bug)™+? (A+28+(n—1)B(B+ A)po) -

Since we can choose s > 0 arbitrarily small, then (4.9) must hold for py — 0
(see Remark [4.1.1)). Tt is not hard to see that as pg — 0,

— 0,
©(o)
and
¢" (o) — 2n (A +20).
Thus (4.9) implies
as wished. O

923 (ePp _1
#hﬁ we get sharper

necessary conditions for the metric g, g to be projectively induced. Although,
such conditions will always depend on the choice of 5 and A.

Remark 4.2.4. Considering the j-th derivatives

Remark 4.2.5. When 8 = — A, the metric g, 3 is Ricci-flat. In this case condition
gives that g, s is not projectively induced for any A > %. This estimate
can be imprsovgd to A > 1 also for n = 2, 3, and 4, by computing the 4-th
0°(e”P—1

C§545§4 :
n =1, g, 3 is the Eguchi-Hanson metric on CP!, which has been proven to be
not projectively induced in [5I]. As before, observe that such condition can be
improved considering higher derivatives but will always depend on the choice of

A, as in the above remark.

derivative |p, evaluated at pog = ﬁ. Further, observe that when

4.3 Hwang-Singer metrics on C""!

Let (M,wp) = (C",wo), where wp is the canonical flat metric, ie. wy =
190||2|[*. The momentum construction in this case gives a 1-parameter family
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of scalar flat Kéhler metrics w, g on C"! described by the Kéhler potential

(see [A.4)):

1
B, = [l + 4 510w [ 5147] ). (110)
obtained setting h(z) = e~ 51121 in [@.4), for 8 < 0, so that Ric(h) = —iddlog h(z) =
BL00||z||> = Pwy and by (4.5) the diastasis function for w, g centred at
(2,€) = (0, s) reads:

Disa(:€) = 1P +4f (10w [lePe#] )  ag (S hogs?) +
—4f (; log [§s]> —4f (; log [gs]) .

(4.11)
The profile function, obtained setting A = 0 in (4.2)) is given by:

2T

o(r) = A= (4.12)

for 7 € [0, 400).

In order to prove the first part of Theorem m i.e. that (C"", cwy, p)
is not projectively induced for any ¢ and 3, let us first show how to drop the
dependence on the parameters 3 and c.

Lemma 4.3.1. Up to an affine change of coordinates on C", the metric cw, g
on C"*! is equivalent to wy, _1.

Proof. Let us first deal with 3. The metric w, 1 is obtained by a momen-

tum construction on (C",wy) with profile p(7) = (ﬁﬁ Perform a change of
1

coordinates on C" by setting 2z’ = e k2 Then:

Bl — 50111
wo = 500[21* = ~6200'|I

Observe that while in the z coordinates Ric(h) = —wp, in the coordinates 2/,
Ric(h) = Bwg. The determinant of the endomorphism Id — 7B (see Section
after formula (£.2))), that in the z coordinates was (1 + 7)", now in 2’ reads
(1 — B7)". Thus the change of coordinates, transforms the metric wy, 1 on
C™*! in the metric wy, 5.

Let us now prove that the multiplication of w, _1 by ¢ > 0 is equivalent to
consider w 1. By a Kahler potential for cw, 1 is given by

o
2 L 20311211
e®(2,€) = cl|z|[* + def { 5 log [|g| e} } _
Performing a change of coordinates 2’ = \/cz we get
1 e
0(13(2’75) — ||z/||2 + def <2 log [|£|2ez|lz ||2}) '

Conclusion follows observing that by Proposition [f.1.3] if f satisfies the ODE

given by (1) = %, then cf satisfies the ODE given by ¢(7) = (1+2+T)n O
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4.4 Hwang-Singer metrics on line bundles over
CP!

Let L be a holomorphic line bundle over CP! endowed with the Fubini-Study
metric normalized so that A = 1, that is, in affine coordinates z = - on

320
Uy = {Zo # 0}

- 1
wrs = %aa 4log(1+ 7|2,

Since L is a holomorphic line bundle over CP!, then L is of the form O(—k),
keZ.

The natural hermitian metric on the line bundle O(—1) on CP! (see Example
is given by restricting the hermitian metric of C? to each fiber | = L, C
C?. So if {Uy, U} is a cover of CP! with

Ua:{ZQ#O} , a=0,1,
then

_ |zl + 12,
|Zal? ’

So, on each open set U,, if we take z as local coordinate, we have

ha O(:O,l
1
h(z) =1+ Z|z|2.

For k > 0, the line bundles O(—k) := O(k)* = O(1)* ® --- ® O(1)* inherit
natural hermitian structures given by

hi(z) = <1+i|z2)k.

The curvature form is then

. - 1, ,\" &k
Ric(hg) = —i001log | 1 + 1|z| = —5wrs

and the line bundle is polarized, with A = 1 and 8 = fg, with k a positive
integer.
So the profile [.2] reads

() 27 4 712

T)=—7—,

vk 1+ %’7’

and the momentum construction gives a 1-parameter family wy = w_ _x of

o—k
scalar flat Kéhler metrics on the polarized line bundle O(—k) described by2the

potentials

U(z, &) =4log <1 + i|z|2> +4f (; log l|§2 (1 + i|z|2>kD . (4.13)

Remark 4.4.1. For k = 0, the metric wy reduces to the local product metric on
CP! x C, see Remark

In the proof of Theorem [4.0.2] we need the following lemma.
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Lemma 4.4.2. The metric wy on CP! is not projectively induced for any k > 3.

Proof. Let p € O(—k) be the point of coordinates (s,0) and let D, be the
diastasis function for the metric wy, as in (4.6)). The fourth derivative of ePr — 1
evaluated at p is given by:

88 D, _ 1 1
e TS ( + 241" 42167 + [ (3 — 45 — 66)+

&0
+ (f(6) — 18f(5) + 125f(4) + 36f”’2 — 396" + 36)f" + 114f///2
1 5
+ @(f(g) — 241 1232706 _ 11524 1 136(f®)? 4 3088 )+
1 2
+(18f@ — 216" + 242)f/,2> ( og; ) ’

that written in terms of ¢(ug) with po = f (log’s ) up to the multiplication by

the positive constant %, reads g;¢(10)A(¢(po)), with (to simplify the notation

we drop the dependence from pg in ¢(ug) and its derivatives):

Ap(p0)) = ©0% + (") — 12(¢")” + 44" — 48)% + (') — 2)(—8(193¢” + 968)+

()3 (579" + 392) — 2(¢"))?(255¢" 4 1624) + 4’ (383" + 2200)) + 2% (16(—360)

- 29( "2 4 250¢" + 432) + 6103 (") 4+ 2(¢")2(96(9 — 20 + 45(¢")? + 436" )+
@' (=203 +102(")? + 936" + 1728)) + 20> (17(¢")3 + 196(¢")?

+ 2(,0(4)(19((,0 )2 — 669" + 58) + 6403 (50" — 9) + 12(®) (8¢" — 15) + 48)" + 768)+

P! (15(0')? + 801 (2 — 3) + o1 (260" + 64)),

since <p(,u0) is positive, the sign of O(elr 1)

Wh’ is the same as that of A(p(uo)).-
From , we get:

Gy — (_qyi+1 89Mk — DRI
pr (1) = (=1) @2 kr)it
that substituted into the expression of A(y(ug)) gives:

3

Ho
P
273(2 + ko )12 )k (Ho)

where Py (ug) is the polynomial in ug:

12
Pi(po) = 105 — 113k + 48%% — 8k + > qu(k) 5,
s=1

for given g¢4(k) that are not relevant for our analysis. Since po can be chosen
small enough in [0, +00) taking s — 0, the sign of A(p(uo)) is the same as the
sign of Py (up) for positive values of 1. Conclusion follows by noticing that

lim Py, (po) = 105 — 113k + 48k* — 8k,
Ho—0

and the right hand side is negative for any k > 3. O
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4.5 Asymptotic expansion of w,3 and proofs of

Theorem [4.0.1] and Theorem [4.0.2

Throughout this section let us write (X,w,, g) for either X = C"*! or X =
O(—k). Let L be a holomorphic line bundle over X and let h ;7 be an hermitian

metric on L such that Ric(h) = w, . Notice that such an (L, h) exists if and
only if wy, g is integral. In our case, this occurs since the base metric wys is an
integral form and:

[w,s] = [ war +2i00f(t)] = [ wad,

where 7 : L — M is the projection given in Section (here M = C" or
CP'). Consider the tensor power (L%, h,) and let H, be the space of global

holomorphic sections of L*. In order to define the e-function for (X, Wy, 3) We
first need to show that H, # {0}.

Lemma 4.5.1. In the notation above, 1 € H, for either X = (C"**, w, 3) or
X = (O(=k),wk))-

Proof. Observe that by formula (2.21) in [36] we have:

n+1 .\ n+1 n
1 7 _ _
@ iﬁl)! = gdeet(gM)@ (2> dé N d€ [ dz; A dz;.

j=1

where @ is the determinant of the endomorphism Id — 7B, as after equation

([4.2)) of the profile .

Let us deal first with the case X = C™*!. In this case, H, is the weighted
Hilbert space of global holomorphic functions over C"*! that are L? limited in
norm, namely:

wnJrl
Heo = { u € Hol(C™MH)| uffem@® 2L 4ot
Cn+1 (n + 1)'

where @ is given by (4.10]).
Due to Lemma we can set 3 = —1. In order to prove that 1 € H,, it
is enough to check the convergence of the integral:

.\ n+1 n
/ o—allzl2af ) 21 (1) (’) dé n dE T dz; A dz;
on+1

€12 \2 o
S (4.14)
wt [T T[T e, a2
=7 e 5 Tt 7dr0Hd7ﬂj,
0 o Jo To j=1
where we set polar cooninates € = poet®, z; == p;et% and r; = P J =
0,...,n, and we denote { = (logro+ % >_;7j)- The function under the integral

is positive and smooth, since % — 9o s €] — 0, so its integral converges
inside any closed ball of ray R > 0 centered at the origin. Thus, it is enough to
check that the integral outside the ball is finite. Using that the function under
the integral is positive and that:

o, ritar@) 2O o a2 _ L4 sagi
ro 0 adrg
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we have:

/ / / oSS, T +AF(E) Qf 21'®) g, Hdﬁ
<1 / / / e~ 1S gy U dr; (4.15)

J=1
1 [ oo (1 ! -
7/ / e~ Gloa B3 ;) T dy.
@ JR R =1

The last integral in (4.15]) converges at least for & > n/4 and for a large enough
R, since:

e—4af(%logR+i 2257i)) < 1 .
AT

More precisely, since f is an increasing function and 3 2 f =3 L > 0, there
exists R € R such that forr; > R, j=1,...,n,

1 1 1 1
f §1ogR—|— 1 Ej ri| > f <4rj) > log <4rj) ,
thus
1 1 1< 1
f 3 log R + 1 gj ;| > - jEZI log (4rj> .

Let us now deal with X = O(—k) over CPL. In this case it is enough to
check the convergence of the following integral over the chart Uy x C ~ C2:

e—4daf(t) 21/(t) + f/(£)? (i 2 B )
/(DQ(1+iz|2)4a+2 ‘§|2 <2) déE NdENdz NdZ

74af 2/ h 1(£)\2
=T / / f (t) * f (t) drgdrl,
1+ 7”1 )dat2 o

where we set polar coordinates & = ppe, z; = pie®r, T = p37 7=0,1, and

sett:=1 log ro+5 klog(1+2 7"1) As before, since the function we are integrating

is smooth on any closed ball of ray R > 0 (since %ﬁ) — 9o as |2 — 0), we

reduce to check that the integral converges outside such ball. First observe that

I = /OO 76—4af(f(r0))mdro _ i oo ieﬂlozf _ i [67404]00
R

< 0
70 2a0 Jp drg 20 R

and

e~ ot 2f (1) d
= drodr, = —— ——e " drod
? / / (1+1 ir)? 1o rod = / / 1+ i) 2d7’0€ rofn

1 1 —4af(t(r1))
= _*/ -_— [6_4af] d7"1 / 71d7’1 < 00.
aJr (1+3m1)? aJr (1+47m1)?
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So, since a > 0, we have

/ / . 21t ) + f drodrl / / . 2/ )drodrl—i—

1+ 7.1 4a+2 1_|_ Tl 4a+2 0

—4af(t) f/( )
/ / 1 + 'r 40¢+2 To d?"od?"l

74af £1()?
< I +/ / (t) drodr.

+ T1 0

It remains to check that:

74af(t l £)2
I _/ / () drodry
1 + ’f‘l To

converges. Integrating by parts, since:

U B B D (U
(14 4r1)? 70 o dry € ro(L+3r1)
we get:
2 S
/ / _ _40‘f(t) Lt)ld’rod’l"l
" ka R d’l“l ro(l+ Z""l)
[e%s} 00 "k _ i,
_ 2 74af f i 674osz74d7=1 drg
ka T0(1+4r1) o Jr (1+ 7'1)
) L —4af / 9 —4af
_ { _ 7/ / f — 1 dridro + 3 / / Se drldro}
ko 1+R 8 r ro(l+ g71)? roro(l+gm)?
2 k el (2f + (f')?
_ 2 77/ (f (f)k) drldr0+£
ka 8 r ro(143r1)2(1+ 5 1) 8
0o oo —4af / 72
_ 2{ @/ / (2f + <f>>dﬁdr0+fz}
ko | (14 R 8Jr Jr ro(1+ Tl) 8
9 I k ki I
i el s ARy
Cka \(1+iR) 877 87T 8

(4.16)

where in the second equality we used that

f/ —4af
lim ————=0
r1—+00 (]_ -+ T'l)

as follows by applying de I’'Hopital and using that f” = 21’12’;,,2. Further the
2

inequality follows by (1 + g ") > 1, since f’ is a positive function. From (4.16)
we obtain: )
1-—)I<C
(%)=

for a suitable constant C' € R. In particular I converges at least for o > i. O
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In the following theorem we prove that conditions (2.6) hold for Hwang—
Singer metrics based on a K&hler—Einstein polarized manifold. Recall that from
[36] Section 2, the Ricci form py, of w, g is given by

55 (#Q) (1) (Ric(h) — 5[ = (¢QYdr A d°r

P =T"pr+ 5~
v Q

2Q

thus, when wj; is polarized we have:

S (6QY ()" (Bonr) — 5 5 (9Q) T dr A dr

pe =1 (Awnr) + 20 20 1)
=+ %(@Q)’)w*wM — i [%(cp@)'} dr ANd°T.

Theorem 4.5.2. Let w, g be the the Hwang—Singer metric on a polarized line
bundle over a Kéhler—Einstein manifold with integral Kéhler form. Then, if
Ho # {0}, the Engli§ expansion of the function €y, , exists and the coefficients

a; are given by 2.3

Proof. Let us check that conditions (2.6) hold for w, 3. The first condition is
satisfied for [ € (0, 1) since

iRL = fiaglogiz = —i001log e 2V = We. B
while the third condition is satisfied for every positive ¢ > 0, since Jw, g = 0,
being the metric Kahler. Let us now deal with the second condition. We want
to show that there exists a positive ¢ > 0 such that the form given by

iR+ w5 = pyp + Wy,

is positive. Thus, using and it is sufficient to show that there exists
¢ > 0 such that

</\ + %(gﬁQ)' +e(l— 75)> wir + <21<p [%(w@)’]’ + ;) dr A d°r > 0.

Being A > 0 and ¢ > 0, we show that there exists ¢ > 0 such that

{QW@ (1 —78) >0
L Q)] +c>0,

namely, we want a positive ¢ that satisfies

Since = 5 < 1, we reduce to prove that

(<ﬂg)’ 7 <(@Q)’)’
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are limited functions, proving the existence of such a c. Using the expression of
the profile function and since Q(7) = (1 — 7)™, we get

Q) _ 2 2
Q  BA-pr)m B (A-p7)"
S S T
g (1=pr)m
<2y
ﬁ )
and
N2 A
(55) = 25 <24
concluding the proof. O

From the existence of an asymptotic expansion of the e-function it follows
that the metric can be approximated by a sequence of projectively induced ones
in the following way (cf. [50, Corollary 9]).

Lemma 4.5.3. Let (M, g) be a polarized Kahler manifold such that the 1 € H,
where H is the weighted Hilbert space of holomorphic functions on M limited in
norm. Then the e-function associated to g exists and, if it admits an asymptotic
expansion whose coeflicients are given by 7 then g can be approximated by
a sequence of projectively induced Kéhler metrics.

Proof. Denote by w the Kihler form associated to g. Let Fy, : M — CP% be the
coherent states map, i.e. Fo(z) = [oo(z) : ---: 0j(x) : ...], where {o;}j=01,...
is an orthonormal basis of H such that op = 1. Since H # {0}, we can define
the e-function for g by , and we have:

1 —
Flwps = aw + 588 log €qg-

By ([2.2), since ag = 1, we have that lim, o L F grs = g. O

[e%

Remark 4.5.4. Observe that the assumption 1 € H is needed to define the
coherent states map. When M is a compact polarized Kéhler manifold, the
existence of Fy, is guaranteed by Kodaira’s Theorem. In the noncompact case
one can always define the map F, for example when g is regular, i.e. when
€ag is constant. In this case implies that for each x € M there exists a
nonvanishing o;(x).

We are now in the position of proving Theorem

Proof of Theorem[{.0.1 By Lemma[1.3.1] we can reduce ourselves to prove that

wy.p is not projectively induced for a given value of 8. By Lemma a

necessary condition for the metric w, s on C"*t! to be projectively induced is
that fn > —2. Thus, it is enough to set 8 < —%.

The second part follows by Lemma Theorem and Lemma

O

Let us now complete the proof of Theorem [4.0.2
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Proof of Theorem[{.0.2 By Lemma [£.4.2] wy is not projectively induced for
any k > 3. For k = 2, wy is the Eguchi-Hanson metric on the canonical line
bundle O(—2), that is not projectively induced as shown by A. Loi, M. Zedda, F.
Zuddas in [5I]. For k = 1, w;y is the Burns-Simanca metric that is projectiveley
induced as shown by F. Cannas Aghedu and A. Loi in [20]. The second part
follows by Lemma [4.5.1) Theorem [4.5.2] and Lemma [4.5.3] Finally, a direct
computation (see Section below), gives:

48(k — 1) (k*r — 2kt — 2)
(kT +2)6 ’

ag = —
that is identically zero if and only if £ = 1, concluding the proof. O

Remark 4.5.5. In [20], F. Cannas Aghedu and A. Loi showed that the Simanca
metric g; is projectively induced, and this implies that any of its integer mul-
tiples kg; also are. We note here that these are the only possible multiples
that can be Kéhler immersed in CP*°. In fact, by momentum construction,
the Simanca metric on O(—1) arises as a metric on a line bundle over CP*. In
particular, CP! is a Kihler submanifold of O(—1) (obtained setting the fibre
coordinate £ = 0) and the Fubini-Study form is not integral when multiplied
by a noninteger factor.

4.6 Computations of as

We compute here the ay coefficients for the metrics w, g in the case where the
base manifold M is the complex projective line CP!, completing the proofs of

Theorem F.0.21
From (4.13)), the metric g reads:

K222 " () +8kf (416 kzf"(t)

_ (121744)? €0z +4)
9k RETM0) £ (1)
€(12[7+4) ]2

It follows that
(1+ 57)¢(7)

det ==
M) = 1R 1)
and
(1=17+1)° KEx(12+4)
-1 _ 8(kf/(t)+2) T8k (D)+2)
Ie = kZE(|217+4) € (K212 £ (£)+8k ' (£)+16)
T B(kf(1)+2) 8f(t)(kf(¢)+2)

The norms of the Riemann and Ricci tensors are

B2 = L (f(“)(t)2 FO 8RO —2kf'(t) —4) 8K f(1)?

IR N 210 R 0 R 7213 W) R (Y () )

IR 2O | RO )
(k70 + 2)° OR POk +2)7?)
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and
Riclz = L < 16 n fE ) N 4112 8K 2fP ()W)
Rl =t \Grm+2e " Por TG GPOTR 0P
N 4R fB)(2)? kfB D) 2k(kfH @) + 4P (1) N SO ()2 N
Fr@2(kf(t) +2)2  fr(e)3(kf(t) +2) ) (kf(t) +2)2 )
2RO >
(kf'(t)+2)f"(t)*)
By with (1) = QIT;Z:, the as coefficient for the metrics wy, on O(—k) is
given by: ’
2
0 — 2(k = 1) (K* — 2kT — 2) (4.18)

(kT +2)6

Remark 4.6.1. A similar computation for the Hwang-Singer metric on C"*!
gives:

B2
az(0,1) = 11— BryPmi

+ BR’T(B(2" — 2)T 4+ 4) + B T(B(2" — 3)T + 2 (2" + 2))).

(B°n*7? + (22" 7% + 28(2" + 4)7 + 2" — 4) + 2"(1 — B°7%)+
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