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Introduction

An important open problem in Kähler geometry consists in characterizing pro-
jectively induced metrics in view of the properties of their curvatures. A Kähler
metric g on a complex manifold M is said to be projectively induced if there
exists a local Kähler immersion (i.e. holomorphic and isometric) into a finite or
infinite dimensional complex projective space CPN endowed with the Fubini-
Study metric.

The study of Kähler immersions of a (real analytic) Kähler manifold into a
finite or infinite dimensional complex space form originates from the work of E.
Calabi in a paper entitled ”Isometric imbeddings of complex manifolds” ([16])
from 1953. Here Calabi defined a special local potential, called diastasis function
which allows to obtain necessary and sufficient conditions for a neighbourhood
of a point to be locally Kähler immersed into a finite or infinite complex space
form. However, due to the general difficulty of applicability of this criterion, a
complete classification of Kähler manifolds admitting a Kähler immersion into
complex space forms is not known, not even when the Kähler manifolds involved
are of great interest, such as when they are Kähler–Einstein or homogeneous
spaces.

Of course many examples of projectively induced metrics can be constructed
by taking the pull-back of the Fubini–Study metric on holomorphic submani-
folds of CPN , although, it is harder to find projectively induced metrics with
prescribed curvature. In this context, the topology and the geometry of the
complex manifolds give obstructions to the existence of such immersions. For
instance, D. Hulin in [35] proved that the scalar curvature of a compact Kähler–
Einstein manifold Kähler immersed into CPN , is forced to be positive. In par-
ticular there are not Calabi-Yau (i.e. compact and Ricci-flat) submanifolds of
CPN , with N < +∞. Moreover, compact Kähler submanifolds of CP∞ actu-
ally live in a finite dimensional complex projective space. Although, this holds
true only for global Kähler immersions, as shown by the flat torus which is an
example of compact manifold that is locally projectively induced in CP∞ but
does not admit any Kähler immersion in CPN for finite N , as follows by the
above mentioned result of Hulin or by Calabi’s rigidity Theorem in [16, Th. 9]
(see also [49] for an overview of Calabi’s work). Recently in [1], C. Arezzo, C.
Li and A. Loi, extending Hulin’s result, proved that there are not Ricci–flat
submanifolds of CPN with N < ∞. It is important to emphasize that when
the ambient space is taken to be infinite dimensional the situation could be
much different, for example in [47] Kähler-Einstein submanifolds of CP∞ with
negative scalar curvature are given. It is still an open question if there exists a
Ricci–flat (nonflat) Kähler submanifold of CP∞. In [44] A. Loi, F. Salis and F.
Zuddas conjectured that the only possibility is the flat one, i.e. that a Ricci-flat
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projectively induced metric is flat. They validate this conjecture in the case in
which the metric is radial and the immersion is stable (see also [50, 51, 68] for
other results in the same context).

Somehow the requirement that a Kähler metric is projectively induced is a
very strong assumption. Thus one could try to approximate an (integral) Kähler
metric g on a complex manifold M with projectively induced ones, through the
following construction, based on the theory of geometric quantization.

A geometric quantization (L, h) of a n-dimensional Kähler manifold (M,ω)
consists of an hermitian holomorphic line bundle L over M such that the first
Chern class of L is represented by ω and its curvature Ric(h) := −i∂∂̄ log h
satisfies Ric(h) = ω. A necessary and sufficient condition that guarantees the
existence of such a geometric quantization is ω to be integral. For each positive
integer m one can consider the holomorphic line bundle Lm = L⊗m endowed
with the hermitian metric hm induced on Lm by h, such that Ric(hm) = mω.
Let Hm be the space of global holomorphic sections of Lm which have limited
norm with respect to the following scalar product:

⟨s, s⟩hm :=

∫
M

hm(s(x), s(x))
ωn

n!
.

When Hm ̸= {0} (condition that is always satisfied for m >> 0 by Kodaira’s
theorem when M is compact and in which case with finite dimension) we can
take an orthonormal basis {sj}j=0,...,dm of Hm, and define a function on M
(that we call ϵ-function) by:

ϵmg(x) :=

dm∑
j=0

hm(sj(x), sj(x)). (1)

This function is a tool to evaluate how a Kähler metric differs from being pro-
jectivey induced. More precisely, if there existsm sufficiently large such that the
line bundle is basepoint-free, namely for each point x ∈M there exists s ∈ Hm

non vanishing at x (condition always ensured in the compact case by Kodaira’s
theory), one can construct a holomorphic map Fm : M → CPdm , (dm ≤ +∞),
called the coherent states map, by:

Fm :M → CPdm ; x 7→ [s0(x) : · · · : sdm(x)].

which satisfies (see e.g. [2]):

F ∗
m(ωFS) = mω +

i

2
∂∂ log ϵmg. (2)

In particular one has that when ϵmg is constant, Fm is a holomorphic and
isometric immersion.

Although not all Kähler metrics are projectively induced, G. Tian ([62]) and
W-D. Ruan ([59]) solved a conjecture by S-T. Yau proving that any polarized
metric on a compact complex manifold is the C∞-limit of projectively induced
ones, that is

lim
m→∞

F ∗
mgFS
m

= g.

Further, generalizing the Tian-Ruan theorem, D. Catlin ([21]) and S. Zelditch
([69]) proved that, when M is compact the function ϵmg admits an asymptotic
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expansion, the so called Tian-Yau-Catlin-Zelditch expansion (TYCZ-expansion
for short):

ϵmg(x) ∼
∞∑
j=0

aj(x)m
n−j , (3)

where a0(x) ≡ 1 and the aj(x), j = 1, 2, . . . are smooth functions on M de-
pending on the curvature and on its covariant derivatives at x of g. For this
asymptotic expansion it is meant that, for every integers l, r∣∣∣∣∣∣

∣∣∣∣∣∣ϵmg(x)−
l∑

j=0

aj(x)m
n−j

∣∣∣∣∣∣
∣∣∣∣∣∣
Cr

≤ C(l, r)

ml+1
, (4)

for some constant C(l, r) > 0. In particular, Z. Lu [52] computed the first three
coefficients, that read:

a1 = − 1
2scalg

a2 = − 1
3∆ scalg +

1
24

(
|R|2 − 4|Ric|2 + 3scal2g

)
a3 =− 1

8
∆∆ scalg +

1

24
divdiv(R,Ric)− 1

6
div(div(scalgRic))+

+
1

48
∆(|R|2 − 4|Ric|2 + 8scal2g)−

1

48
scalg(scal

2
g + |R|2 − 4|Ric|2)+

− 1

24
(σ3(Ric)− Ric(R,R)+R(Ric,Ric))

(5)
where scalg, Ricg and Rg denote respectively the scalar curvature, the Ricci
tensor and the curvature tensor of g, and the norms are taken with respect to
g.

WhenM is noncompact, the tools used in the compact setting are not avail-
able and many complications may occur, for example because the volume of
M could be infinite. In this case, Hm could reduce to be {0} and thus we
can not construct the ϵ-function. If we assume Hm ̸= {0}, we say that a
TYCZ–expansion (3) exists if (2.2) holds for any compact subset of K ⊂ M ,
as introduced in [2] by C. Arezzo and A. Loi. In constrast with the compact
setting, the existence of such an expansion is not guaranteed and only partial
results are given. In [30] M. Englǐs proved the existence of a TYCZ–expansion
in the case of strongly pseudoconvex domains of Cn with real analytic boundary,
and computed the aj ’s coefficients obtaining the same results as Lu. A more
general result can be obtained by the work of X. Ma and G. Marinescu [54,
Thm. 6.1.1], described in Section 3.1 for Kähler-Einstein metrics and in Section
4.5 for Hwang–Singer metrics.

Studying metrics with the TYCZ coefficients being prescribed is a very nat-
ural generalization of the problem of finding Kähler metrics with constant scalar
curvature on a Kähler manifold. The vanishing of the coefficients ak for k ≥ n+1
turns out to be related to some important problems in the theory of pseudocon-
vex manifolds (cf. [53, 5, 46]). In the noncompact setting, one can find in [48]
a characterization of the flat metric among locally hermitian symmetric spaces
as the only one with vanishing a1 and a2, while in [33] Z. Feng and Z. Tu solve
a conjecture formulated in [67] by showing that the complex hyperbolic space is
the only Cartan-Hartogs domain where the coefficient a2 is constant. Another
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characterization of the flat metric can be found in [50], where it is given as a
Taub-NUT metric with a3 = 0.

During my Ph.D., I have been interested in studying the third coefficient aris-
ing from the TYCZ-expansion of the ϵ-function associated to a Kähler-Einstein
metric and the consequences of its vanishing. The first result of this thesis is
the following theorem.

Theorem 1. Let (M, g) be a n-dimensional Kähler–Einstein manifold with in-
tegral Kähler form ω. If Hm ̸= {0}, there exists a TYCZ–expansion for ϵmg
whose coefficients satisfy the following:

1. if n = 2 then a3 = 0 if and only if ∆|R|2 = 0;

2. if n ≥ 3 then a3 = 0 implies g is Ricci-flat.

In [44, Thm. 1.1], A. Loi, F. Salis and F. Zuddas prove that the coefficient
a3 of a radial constant scalar curvature Kähler metric is constant if and only if
a2 is constant. Combining this result with Thm. 1 we give a characterization
of radial Kähler metrics with vanishing a3:

Corollary 1. Let (M, g) be a Kähler–Einstein manifold endowed with a ra-
dial Kähler metric g. Then a3 = 0 if and only if (M, g) is biholomorphically
isometric to Cn, CH2 or CP2 with (a multiple of) their standard metric.

In [44], Loi, Salis, and Zuddas, conjecture that a Ricci–flat metric on a
n-dimensional complex manifold such that an+1 = 0 is forced to be flat. By
Theorem 1 such conjecture is equivalent, in the n = 2 case, to proving that
a Ricci–flat surface with harmonic |R|2 is flat. Furthermore, it follows from
the proof of Theorem 1 that Ricci–flat metrics or Kähler–Einstein metrics on
surfaces which are either homogeneous or regular have vanishing a3. Here ho-
mogeneous means that the group of isometric automorphisms of (M, g) acts
transitively on M , while a regular metric is a metric whose ϵ-function ϵmg is
constant for all large enough m. It is an open question to understand if regular
Kähler–Einstein metrics are homogeneous. If one drops the Kähler–Einstein
assumption one gets a negative answer, at least for noncompact manifolds, as
in [18] F. Cannas Aghedu and A. Loi proved that the scalar flat Burn–Simanca
metric is a regular nonhomogeneous metric on the blow-up of C2 at one point.
The question if a regular Kähler manifold is homogeneous is still an interesting
and open question in the compact setting, where the manifolds involved are
projective algebraic.

This leads us to the following question:

Question 1. Is a Kähler-Einstein manifold with vanishing a3 homogeneous?

In view of Theorem 1, a positive answer to this question would imply that
the only nonflat Kähler-Einstein manifolds with vanishing a3 are homogeneous
surfaces. Observe that we can construct many examples of metrics with vanish-
ing a3 by taking the Kähler product of a bounded symmetric domain with its
Bergman metric times its compact dual (see [48]), however the product metric
is not Kähler-Einstein. Notice also that the family of Taub-NUT metrics on C2

are an example of Ricci-flat nonhomogeneous metrics with a3 ̸= 0 (see [50]).
As second result of this thesis, we compute the coefficient a3 of a locally

nonhomogeneous complete Kähler–Einstein manifold constructed by Calabi in
[15], proving the following:
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Theorem 2. The ϵ-function associated to Calabi’s metric admits a TYCZ–
expansion with a3 ̸= 0.

A natural way to weaken the Ricci–flatness condition is to request the Kähler
metric to have constant scalar curvature. However, very little is known for
constant scalar curvature Kähler metrics. With this generalization, the previous
conjecture, which states that the only Ricci-flat projectively induced metric is
flat, has a negative answer, as shown by F. Cannas–Aghedu and A. Loi in
[20], where they prove that the Burns-Simanca metric on the blow-up of C2 at
one point, an example of scalar flat (nonflat) complete metric, is projectively
induced. In the finite dimensional context, it is conjectured by A. Loi, F. Salis,
F. Zuddas in [45] that the only projectively induced constant scalar curvature
Kähler metrics lie on flag manifolds (actually their conjecture includes also
extremal Kähler metrics).

In particular they prove that under suitable assumptions on the Kähler po-
tential (namely radial and well-behaved), a constant scalar curvature Kähler
manifold Kähler immersed in CP∞ is a complex space form with non positive
holomorphic sectional curvature or it is an open subset of CPN with a multiple
of the Fubini-Study metric.

In view of a better understanding of the geometry of scalar flat Kähler
metrics, during my Ph.D., I have been interested in the study of two families
of scalar flat Kähler metrics constructed in [36] by A. D. Hwang and M. A.
Singer on Cn+1 and on O(−k). For the metrics in both the families, we prove
the existence of an asymptotic expansion for their ϵ-functions and we show that
they can be approximated by a sequence of projectively induced Kähler metrics.
Further, we show that the metrics on Cn+1 are not projectively induced, and
that the Burns–Simanca metric is characterized among the scalar flat metrics
on O(−k) to be the only projectively induced one as well as the only one whose
second coefficient in the asymptotic expansion of the ϵ-function vanishes. More
precisely, for the metrics in Cn+1 we have

Theorem 3. Let gβ be the Kähler metric on Cn+1 arising from Hwang–Singer
construction. Then cgβ is not projectively induced for any value of c > 0 and
β < 0, but it can be approximated by a sequence of projectively induced metrics.

While for the ones in O(−k), we have

Theorem 4. Let gk be the Kähler metric arising from Hwang–Singer construc-
tion on O(−k). Then gk is projectively induced if and only if its second coeffi-
cient vanishes identically, that is if and only if it is the Burns–Simanca metric
on the blow-up of C2 at one point. Moreover gk can be approximated by a se-
quence of projectively induced metrics.

The thesis is organized as follows.
In Chapter 1 we deal with preliminary notions about Kähler manifolds (Sec-

tion 1.1) and present the work of Calabi on the existence of Kähler immersions of
a complex manifold into a complex space form (Section 1.2). In the last section
we introduce canonical metrics, that is Kähler metrics with special curvature
properties, focusing on Kähler–Einstein and constant scalar curvature metrics,
giving examples that will be found later in the thesis.

In Chapter 2 we deal with the theory of geometric quantization. Section 2.1
provides introductory material on holomorphic hermitian line bundles, which
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allows to give the definition of geometric quantization in Section 2.2. In the last
section we touch the important notion of the ϵ-function giving an overview of
the problematic of its asymptotic expansion.

In Chapter 3 we deal with the asymptotic expansion of the ϵ-function for
Kähler–Einstein manifolds. The chapter consists of two sections. In the first
one we compute the coefficients a2 and a3 for Kähler–Einstein manifolds, from
Lu’s formulas, proving Theorem 1 and Corollary 1. Last section is devoted to
Calabi’s inhomogeneous metric and the proof of Theorem 2.

In Chapter 4 we deal with scalar-flat Kähler metrics. The chapter is orga-
nized as follows. In Section 4.1 we recall what we need about Hwang-Singer
construction restricted to polarized Kähler–Einstein manifolds. In Section 4.2
we give an overview of Calabi’s criterion, deriving a necessary condition for
the Hwang-Singer metrics to be projectively induced. Sections 4.3 and 4.4 are
devoted respectively to the description of Hwang-Singer metrics on Cn+1 and
O(−k). Section 4.5 contains the existence results for the ϵ-function associated
to the Hwang-Singer metrics on Cn+1 and O(−k), and for its asymptotic ex-
pansion, and the proofs of theorems 3 and 4. Finally, Section 4.6 includes some
computations regarding the a2 coefficient.
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Chapter 1

Preliminaries on Kähler
geometry

Kähler geometry lies in the overlap of Riemannian, symplectic and complex ge-
ometry and owes its name to the German mathematician Erich Kähler, who in-
troduced the concept of Kähler structures in his article ”Über eine bemerkenswerte
Hermitesche Metrik” ([38]) in 1933. Section 1.1 is devoted to recall definitions
and standard properties of Kähler manifolds (we mainly refer to [56]). Sec-
tion 1.2 briefly summarizes the theory of Kähler immersions into complex space
forms developed by E. Calabi in [16] (see also [49] for a more recent overview of
Calabi’s work). Section 1.3 deals with the problem of finding canonical metrics
in a given cohomology class of Kähler metrics, focusing on Kähler–Einstein and
constant scalar curvature Kähler metrics (see [61] and [63] for further details).

1.1 Kähler manifolds

Let (M,J) be a complex manifold, where J denotes the complex structure.

Definition 1.1.1. An hermitian metric on M is a Riemannian metric g such
that J is an orthogonal transformation of the tangent bundle, that is g(X,Y ) =
g(JX, JY ) for all X,Y ∈ TM . The fundamental form of an hermitian metric
is the 2-form of type (1, 1) defined by ω(X,Y ) := g(JX, Y ). An hermitian
manifold is a couple (M, g) where M is a complex manifold and g an hermitian
metric on M .

Let zα be holomorphic coordinates on an open set U ⊂ M and denote by
gαβ := g( ∂

∂zα
, ∂
∂zβ

) the coefficients of the metric tensor in these coordinates.

The fundamental form is given by

ω =
i

2

n∑
α,β=1

gαβ dzα ∧ dzβ

Definition 1.1.2. An hermitian metric g on M is a Kähler metric if the as-
sociated 2-form ω is closed, i.e. dω = 0. A Kähler manifold is a couple (M, g)
where M is a complex manifold and g is a Kähler metric.

1
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One of the most surprising properties of Kähler metrics is that they can
locally be described simply by real-valued functions:

Lemma 1.1.3 (∂∂-lemma). Let ω be a Kähler form on M . Then for every
point x ∈ M there exists an open neighbourhood x ∈ U ⊂ M and a smooth
real-valued function φ : U → R such that

ω|U =
i

2
∂∂φ

that is, in local coordinates,

gαβ =
∂2φ

∂zα∂zβ
.

The function φ is called local Kähler potential.

Remark 1.1.4. The Kähler potential φ is uniquely defined up to the sum with
the real part of a holomorphic function. In fact, if φ′ : U → R is another Kähler
potential, in local coordinates we have

∂2(φ− φ′)

∂zα∂zβ
= 0,

that implies

φ = φ′ + h+ h

for some holomorphic function h on M .

The main examples of Kähler manifolds are the complex space forms, namely
Kähler manifolds with finite or infinite dimension of constant holomorphic sec-
tional curvature b, that if we assume to be complete and simply connected, they
are, up to holomorphic isometries, one of the following spaces (according to the
sign of b):

Example 1.1.5 (Complex space forms). They are:

• The complex Euclidean space CN of complex dimensionN ≤ +∞ endowed
with the flat metric g0, where

C∞ = l2(C) =

(z1, z2, . . . , zj , . . . ) |
+∞∑
j=1

|zj |2 < +∞, zj ∈ C

 .

The associated Kähler form ω0 is given by

ω0 =
i

2

N∑
j=1

dzj ∧ dzj =
i

2
∂∂|z|2

thus

φ : CN → R ; z 7→ |z|2

is a global Kähler potential for g0. The holomorphic sectional curvature
of the Euclidean metric g0 is 0.
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• The complex projective space CPN of complex dimension N ≤ +∞ en-
dowed with the Fubini-Study metric gFS. Let [Z0 : · · · : ZN ] be homo-
geneous coordinates and (z1, . . . , zN ) the respective affine coordinates on
U0 = {Z0 ̸= 0} defined by zk = Zk

Z0
, where

CP∞ =
l2(C)\{0}

∼

and ∼ is the usual equivalent relation defining projective spaces. In ho-
mogeneous coordinates the fundamental form is given by

ωFS =
i

2
∂∂ log(|Z0|2 + · · ·+ |ZN |2).

Thus

φ : U0 → R ; z 7→ log

1 +

N∑
j=1

|zj |2


is a local Kähler potential for the Fubini-Study metric on U0 ⊂ CPN with
respect to the affine coordinate zj . The holomorphic sectional curvature
of the Fubini-Study metric gFS is 4.

• The complex hyperbolic space CHN of complex dimension N ≤ +∞ de-
fined by

CHN =

(z1, . . . , zN ) ∈ CN |
N∑
j=1

|zj |2 < 1


endowed with the hyperbolic metric ghyp. For this metric there exists a
global Kähler potential given by

φ : CHN → R ; z 7→ − log

1−
N∑
j=1

|zj |2


thus the Kähler form ωhyp is given by

ωhyp =
i

2
∂∂ log

(
1

1−
∑N
j=1 |zj |2

)
.

The holomorphic sectional curvature of the hyperbolic metric ghyp is −4.

1.2 Kähler immersions

Unlike riemannian manifolds, which by a famous theorem of J. Nash ([57]) can be
realized as riemannian submanifolds of (Rn, g0), i.e. every riemannian manifold
admits an isometric imbedding into the Euclidean space Rn for n sufficiently
large, Kähler manifolds not always can be holomorphically and isometrically
embedded into the complex Euclidean space CN (not even if we allow N to be
infinity). Many obstructions occur in the complex setting: for instance, as a
consequence of the maximum principle for holomorphic functions, a compact
complex manifold cannot be embedded into CN . The problem of the existence
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and uniqueness of holomorphic and isometric immersions of a Kähler manifold
into a complex space form was theoretically solved by E. Calabi in his seminal
paper [16]. Let F (N, b) be anN -dimensional complex space form of holomorphic
sectional curvature 4b, with b = 0, 1,−1 as in Example 1.1.5.

Definition 1.2.1. A Kähler metric g on a Kähler manifold M admits a local
Kähler immersion into F (N, b) if there exist a point p ∈ M , a neighbourhood
U of p and a map f : (U, g) → (F (N, b), gb) such that

• f is holomorphic;

• f is isometric, i.e. f∗gb = g.

If F (N, b) = CPN , we also say that the metric g is projectively induced and we
say that the map f is full if the image f(M) ⊂ F (N, b) is not contained in any
totally geodesic subspace of F (N, b).

Remark 1.2.2. If g admits a local Kähler immersion in F (N, b), then g must be
real analytic, being the pull-back through a holomorphic map of real analytic
Kähler potentials, that is, fixed a local coordinate system z = (z1, . . . , zn) on a
neighbourhood U of a point p ∈M , it can be described on U by a real analytic
Kähler potential φ : U → R (equivalently φ admits an expansion in power
series of the form φ =

∑∞
j,k=1 φjkz

mjzmk , with φjk ∈ C). In this case, the
potential φ(z) can be analytically extended to a function φ̃ defined on an open
neighbourhood W ⊂ U ×U of the diagonal containing (p, p) ∈M ×M (here M
denotes the manifold conjugated to M), that is

φ̃ : U × U → R ; (z, w) 7→ φ̃(z, w)

such that φ̃(z, z) = φ(z). We are adopting the following convention: we arrange
every n-tuple of nonnegative integers as the sequence mj = (mj

1,m
j
2, . . . ,m

j
n)

such that m0 = (0, . . . , 0), |mj | ≤ |mj+1| for all positive integers j and all the
mj ’s with the same lenght |mj | using lexicographic order and zmj =

∏n
i=1 z

mji

i .

The fundamental tool introduced by Calabi to study Kähler immersions of
a Kähler manifold into a complex space form is the diastasis function:

Definition 1.2.3. The diastasis function is defined by

D(z, w) = φ̃(z, z) + φ̃(w,w)− φ̃(z, w)− φ̃(w, z), ∀ z, w ∈W. (1.1)

Since the Kähler potential is independent of the coordinate system chosen,
so is the diastasis D. Moreover, while a Kähler potential is defined up to the
addition with the real part of a holomorphic function, the diastasis is indepen-
dent from the potential chosen and so D depends only on the Kähler metric g.
The diastasis is real valued and symmetric in z and w.

When in a coordinate neighbourhood we fix a point p ∈M with coordinates
w = (w1, . . . , wn) we write Dp(z) for the diastasis centred at this point and if p
is the origin of the coordinate system, we write D0(z). Notice that, once fixed
one of its two entries, D is a Kähler potential for g.

Example 1.2.4 (complex space forms). The Kähler potentials of the complex
space forms (Example 1.1.5) are actually their diastasis functions centred in the
origin.
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The following gives a characterization of the diastasis in terms of its power
expansion.

Theorem 1.2.5 (Characterization of the diastasis, [16]). Among all the Kähler
potentials, the diastasis Dp(z) is characterized by the fact that in every coordi-
nate system (z1, . . . , zn) centred in p, the ∞×∞ matrix of coefficients (ajk) of
its power expansion around the origin

Dp(z) =

∞∑
j,k=0

ajkz
mjzmk

doesn’t contain pure holomorphic or antiholomorphic terms, i.e. it satisfies
aj0 = a0j = 0 for every nonnegative integer j.

The importance of the diastasis function is expressed by the following propo-
sition, that is the key ingredient in the proof of the Calabi’s criterion (Theorem
1.2.7).

Proposition 1.2.6 ([16], Proposition 6). Let (M, g) and (S,G) be real analytic
Kähler manifolds. If there exists a Kähler immersion f : (M, g) → (S,G), then
DS
f(p) ◦ f = DM

p on f−1(V ) ∩ U , where DM
p : U → R and DS

f(p) : V → R are

the diastasis functions of M and S around p and f(p) respectively.

While the pullback through a Kähler immersion f : (M,φ) → (S,Φ) of a
Kähler potential is still a Kähler potential with a factor of indeterminacy given
by the sum of the real part of a holomorphic function, that is

f∗Φ = φ+ h+ h,

the above proposition states that the diastasis is invariant by pullback through
a Kähler immersion.

The diastasis function allows to obtain necessary and sufficient conditions
for a neighbourhood of a point to be locally Kähler immersed into a complex
space form. This is the content of Calabi’s criterion expressed in the following.

Theorem 1.2.7 (local Calabi’s criterion ([16], Thms 3,8)). Let (M, g) be a
real analytic Kähler manifold. Then there exists a neighbourhood U of a point
p ∈M that admits a Kähler immersion into a complex space form F (N, b) (with
b = 0, 1,−1) if and only if the ∞×∞ matrix of coefficients (ajk) defined by

• if b = 0:

D0(z) =

∞∑
j,k=1

ajk(z − p)mj (z − p)mk ; (1.2)

• if b = 1:

eD0(z) − 1 =

∞∑
j,k=1

ajk(z − p)mj (z − p)mk ; (1.3)

• if b = −1:

1− e−D0(z) =

∞∑
j,k=1

ajk(z − p)mj (z − p)mk (1.4)
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is semipositive definite of rank at most N at p. Furthermore, if the rank is
exactly N , the immersion is full.

The following two results permit to state a global version of Calabi’s crite-
rion.

Theorem 1.2.8 (rigidity ([16], Thm 9)). If a neighbourhood U of a point p
admits a full Kähler immersion into (F (N, b), gb), thenN is uniquely determined
by the metric and the immersion is unique up to rigid motions of F (N, b).

Theorem 1.2.9 (global character of Kähler immersions ([16], Thm 10)). If a
neighbourhood of a point p of a connected Kähler manifold (M, g) admits a
local Kähler immersion into F (N, b), then any other point can be locally Kähler
immersed in F (N, b).

Due to the previous theorem, we can say that a Kähler manifold admits a
local Kähler immersion into a complex space form without specifying the point
for which there exists a neighbourhood that can be Kähler immersed. If M
is simply connected, then it is possible to extend the immersion to the whole
manifold:

Theorem 1.2.10 (global Calabi’s theorem ([16], Thm 11)). If a Kähler metric
is defined on a simply connected manifold M , then a local Kähler immersion
f : U ⊂ M → F (N, b) can be extended to a global one. This immersion is also
injective if and only if D(z, w) = 0 only for z = w.

Remark 1.2.11. As concern projectively induced metrics, we notice that

• Let f : (M,ω) → (CP∞, ωFS) be a global Kähler immersion of a compact
Kähler manifoldM into CP∞. Then f cannot be full, that is, if a compact
Kähler manifold admits a full isometric immersion into CPN , then N must
be finite.

• Being the pullback of the integral Fubini-Study form of CPN through a
holomorphic map, the Kähler metric ω = f∗ωFS is forced to be integral,
i.e. ω ∈ H2(M,Z). Thus a necessary condition for a Kähler metric ω to
be projectively induced is that ω is integral.

1.3 Canonical Kähler metrics

Let (M, g) be an hermitian manifold and Ric be the Ricci curvature of M . The
Ricci form ρ associated to Ric is the (closed) 2-form on M of type (1, 1) defined
by

ρ(X,Y ) = Ric(JX, Y ) ∀X,Y ∈ Γ(TM).

For the special case of a Kähler manifold, the Ricci form has a simple expression
in terms of the metric tensor. If ω = i

2

∑n
α,β=1 gα,β dzα ∧ dzβ is the local

expression of the fundamental form associated with g on an open set U with
local coordinates z = (z1, . . . , zn), then the Ricci form can be written as

ρ = −i∂∂ log det(gαβ). (1.5)
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Definition 1.3.1. A Kähler metric g on a complex manifold M is Einstein if
there exists λ ∈ R, called the Einstein constant such that

ρ = λω. (1.6)

The pair (M, g) is called Kähler–Einstein manifold.

Example 1.3.2 (complex space forms). The complex space forms CN ,CPN ,CHN

given in Example 1.1.5 are Kähler–Einstein manifolds with Einstein constant
0, 2(N + 1) and −2(N + 1) respectively.

Proposition 1.3.3 (cf [7]). Every Kähler–Einstein metric is real analytic.

Let (M, g) be a Kähler–Eintein manifold. Expressing equation 1.6 in local
coordinates in a neighbourhood U of a point z ∈M , we have

∂∂

(
log det(gαβ) +

λ

2
φ

)
= 0

and hence

log det(gαβ) = −λ
2
φ+ h+ h

for some holomorphic function h on U . Thus a Kähler metric g is Einstein if
and only if locally it satisfies the Monge-Ampère equation

det(gαβ) = e−
λ
2 φ+h+h.

We recall that given a real analytic Kähler manifold (M, g) and a point p ∈M ,
there exists ([10]) a coordinate system (z1, . . . , zn) around p such that

Dp(z) =

n∑
j=1

|zj |2 + ψ2,2

where ψ2,2 is a power series with degree ≥ 2 in both the variables z and z.
These coordinates, uniquely defined up to unitary transformations ([16]), are
called Bochner’s coordinates around the point p. By Proposition 1.3.3 follows
that we can choose Bochner’s coordinates on Kähler–Einstein manifolds. In
particular we have the following characterization of Kähler–Einstein metrics:

Proposition 1.3.4 (cf [3]). A Kähler manifold (M, g) is Einstein if and only
if by choosing Bochner’s coordinates on a neighborhood U of any point z ∈M ,
the diastasis function D0(z) satisfies the Monge-Ampère equation

det

(
∂2D0

∂zj∂zj

)
= e−

λ
2D0(z).

Let M be a complex manifold and ω1, ω2 two Kähler metrics on M with
Ricci forms ρ1, ρ2 respectively. From the local expression of the Ricci form (1.5)
of a Kähler metric and the ∂∂-lemma 1.1.3, it can be shown that the difference
ρ1 − ρ2 is an exact form globally defined on M . Thus the cohomology class
[ρ] is independent of the choice of the Kähler metric and we have that ρ/2π
represents the first Chern class c1(M) of M , i.e.

c1(M) =
1

2π
[ρ] ∈ H2(M,R).
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Actually, it is possible to show that c1(M) is an integral cohomology class, i.e.
c1(M) ∈ H2(M,Z).

In [14] and [17], Calabi posed the following problem. Let (M,ω) be a compact
Kähler manifold. Suppose ρ̃ is a closed, real (1, 1) form on M with [ρ̃] =
2πc1(M). Is it possible to find a Kähler metric ω̃ on M such that [ω̃] = [ω] ∈
H2(M,R) and such that the Ricci form of ω̃ is ρ̃?

This longstanding problem was finally solved and can be expressed as follows.

Theorem 1.3.5 (Calabi’s conjecture). Let M be a compact Kähler manifold
with Kähler form Ω and Ricci form ρ. Then for every closed real (1, 1)-form
ρ1 ∈ 2πc1(M), there exists a unique Kähler metric with Kähler form Ω1 ∈ [Ω],
whose Ricci form is exactly ρ1. In particular, if the first Chern class of a compact
Kähler manifold vanishes, then M admits a Ricci-flat Kähler metric.

The uniqueness was proved by Calabi in [17], while the existence of ω in
each Kähler class was proved by S.T.Yau in 1976 ([66] and [65]). This problem
is closely related to the problem of the existence of Kähler–Einstein metrics on
compact complex manifolds. Let (M,ω) be a compact Kähler–Einstein man-
ifold. Since ρ = λω, according to the sign of the Einstein constant, the first
Chern class c1(M) must either vanish or have a representative which is negative
(c1(M) < 0) or positive (c1(M) > 0) definite. We have the following situation:

• If c1(M) = 0, then M admits a unique Ricci-flat metric on each Kähler
class: in fact, in this case c1(M) = [0] and the Calabi’s conjecture guaran-
tees the existence of a Kähler form whose Ricci form is vanishing on each
Kähler class [ω].

• If c1(M) < 0, T. Aubin ([6]) and S. T. Yau ([66]) independently proved
that a compact Kähler manifold admits a unique Kähler-Einstein metric
with Einstein constant λ = −1.

• If c1(M) > 0, the existence of a Kähler–Einstein metric with Einstein
constant λ = 1 is not guaranteed and there are obstructions to those
metrics to exist (for instance in terms of reductivity of the Lie algebra
of holomorphic vector fields). In particular, the blow-up of CP2 at one
point has positive first Chern class but by a theorem of Y. Matsushima
(see [55] or [56], Thm 19.4) it follows that this manifold cannot admit a
Kähler–Einstein metric. Nowadays, the existence of such metrics is related
to some algebro-geometric notions of stability (see [22],[23], [24]).

We now give some examples of Kähler–Einstein manifolds.

Example 1.3.6 (Taub-NUT metric). In [41], C. Lebrun constructs the following
family of Kähler forms on C2 defined by ωm = i

2∂∂Φm where

Φm(u, v) = u2 + v2 +m(u4 + v4), m ≥ 0

and u and v are implicitly defined by

|z1| = em(u2−v2)u, |z2| = em(v2−u2)v.

For m = 0 one gets the flat metric, while for m > 0 each of the metrics ωm
of this family are complete Ricci-flat (non-flat) metrics on C2 having the same
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volume form of the flat metric ω0. In [50], the authors prove that the metric
αgm is not projectively induced for m > α

2 and conjecture that αgm is not
projectively induced also for 0 < m ≤ α

2 .

Example 1.3.7 (Calabi’s Ricci-flat metric). In [18], Calabi constructs the fol-
lowing example of Ricci-flat Kähler metric. Let (M, g) be a compact Kähler–
Einstein manifold of complex dimension n− 1 and with associated Kähler form
ωg and Einstein constant k0 > 0. Let π : Λn−1M → M be the canonical line
bundle overM . Calabi shows that there exists a smooth function u : [0,∞) → R

such that if ωg =
i
2∂∂Φ on U , then the function Ψ : π−1(U) → R defined by

Ψ = Φ ◦ π + u(det(g)−1|ξ|2)

is a Kähler potential on π−1(U) for a Ricci-flat and complete metric gC on
Λn−1M . In [51], the authors prove that the metric gC is not projectively in-
duced.

Example 1.3.8 (Eguchi-Hanson metric). It is the complete and Ricci-flat Kähler
metric gEH defined on the blow up Ĉ2 of C2 at the origin given in C2\{0} by
the following Kähler potential

ΦEH =
√
|z|4 + 1 + log |z|2 − log(1 +

√
|z|4 + 1).

It can be shown that the Kähler form ω = i
2∂∂ΦEH a priori defined on C2\{0}

can be extended to a Kähler metric gEH on the whole Ĉ2. In [44], the authors
prove that gEH is not projectively induced. Moreover in [51], it is proved that
every integer multiple mgEH of the Eguchi-Hanson metric is not projectively
induced.

Let M be a compact Kähler manifold with a Kähler class Ω ∈ H2(M,R).
A natural question is to find canonical metrics representing the Kähler class
Ω, namely metrics with nice curvature properties. This question generalizes
the problem of the existence of Kähler–Einstein metrics. The best candidate
to represent the Kähler class was proposed by Calabi in [19], where he defined
extremal metrics as natural generalizations of these metrics to arbitrary Kähler
classes on compact Kähler manifolds. In order to define extremal metrics, we
recall that the scalar curvature of a Kähler manifold (M, g) is the trace of the
Ricci tensor

scalg := Tr(Ric)

whose expression in local coordinates is given by

scalg =

n∑
α,β=1

gαβRicαβ

where (gαβ) denotes the inverse matrix of (gαβ).

Remark 1.3.9. For a Kähler–Einstein metric we have

Ric = λg

and taking the trace with respect to g we get

scalg = nλ.
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Definition 1.3.10. An extremal metric on M in the class Ω is a critical point
of the functional

Cal(ω) =

∫
M

scal2ω ω
n

where ω ∈ Ω. This functional is called the Calabi functional.

The following gives a characterization of extremal metrics. Let f : M → R

be a function on a Kähler manifold and write grad1,0f = gjk∂kf
∂
∂zj

. We have

that grad1,0f ∈ Γ(T 1,0M).

Proposition 1.3.11. A metric ω on M is extremal if and only if grad1,0scalω
is a holomorphic vector field.

The most important examples of extremal metrics are constant scalar cur-
vature Kähler metrics. In fact, most compact Kähler manifolds doesn’t admit
non-zero holomorphic vector fields, and so on these manifolds an extremal met-
ric must have constant scalar curvature. In particular, Kähler–Einsten metrics
have constant scalar curvature and thus are examples of extremal metrics. How-
ever, there are examples of extremal metrics with non-constant scalar curvature.
We conclude this section giving an example of scalar–flat Kähler metric and an
example of extremal metric with non-constant scalar curvature.

Example 1.3.12 (Burns-Simanca metric). In [60], Simanca constructs a scalar
flat Kähler complete (not Ricci-flat) metric gS on Ĉ2 whose Kähler potential on
Ĉ2\{0} can be written as

ΦS(|z|2) = |z|2 + log |z|2, |z|2 = |z1|2 + |z2|2.

In [20], the authors prove that gS can be Kähler immersed in CP∞.

Example 1.3.13 (ruled surface, (see ([61] Sec. 4.4 for details)). Let (Σ, ωΣ) be
a curve of genus g = 2 endowed with a Kähler metric with constant scalar
curvature scalω = −2. Let π : (L, h) → (Σ, ωΣ) be an hermitian holomorphic
line bundle on Σ with degree −1 (i.e. c1(L) = −1) such that the curvature form
of h is γ = −ωΣ. Consider the CP

1-bundle X = P(L⊕O) over Σ. Consider the
following Kähler form on X, whose local expression is

ω = (1 + f ′(t))π∗ωΣ + i f ′′(t)
dξ ∧ dξ
|ξ|2

where t = 1
2 log |z|

2
h and f is a strictly convex function which makes ω positive

definite and ξ is a fibre coordinate on L. Then the Ricci form of ω is

ρ = −i∂∂ log[(1 + f ′(t))f ′′(t)]− 2π∗ωΣ.

By momentum construction (see Section 4.1) one obtains

ω = (1 + τ)π∗ωΣ + i φ(τ)
dξ ∧ dξ
|ξ|2

and

ρ = −i∂∂ log[(1 + τ)φ(τ)]− 2π∗ωΣ
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where τ = f ′(t) and φ(τ) = f ′′(t). It follows that

scalω = − 2

1 + τ
− 1

1 + τ
[(1 + τ)φ]′′.

Thus, by Proposition 1.3.11, ω is extremal if and only if grad1,0scalω is holo-
morphic. Since

grad1,0scalω = scal′ω(τ)ξ
∂

∂ξ
,

which is holomorphic if and only if scal′ω(τ) is constant, we have that ω is
extremal if and only if scal′′ω(τ) = 0.
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Chapter 2

Geometric quantization of
Kähler manifolds

The modern theory of geometric quantization was developed by B. Kostant and
J-M. Souriau in the 1970’s, giving valuable insights into the relationship between
classical and quantum systems. Section 2.1 is devoted to recall definitions and
standard facts about hermitian holomorphic line bundles needed in the following
(we mainly refer to [56]). Section 2.2 gives the central definition of a geomet-
ric quantization of a Kähler manifold. Section 2.3 introduces the ϵ-function,
a fundamental tool in the interaction between a geometric quantization of a
Kähler manifold and its realization as a Kähler submanifold (through the coher-
ent state map) of a complex projective space endowed with the Fubini–Study
metric. Then we give the definitions of balanced metrics and that of regular
quantizations, concluding with the problem of the existence of an asymptotic
expansion for the ϵ-function.

2.1 Hermitian holomorphic line bundles

Let M be a complex manifold and let π : L→M be a complex line bundle (i.e.
each fibre π−1(x) = Lx is a 1-dimensional vector space over C).

Definition 2.1.1. L is a holomorphic line bundle if it admits a trivialization
with holomorphic transition functions.

This means that there exists an open cover U of M and for each U ∈ U a
diffeomorphism ψU : π−1(U) → U × C such that

• the following diagram commutes:

π−1(U) U × C

U

ψU

π
prU

• for every intersecting Uα and Uβ one has

ψα ◦ ψ−1
β (x, v) = (x, gαβ(x)v),

13
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where gαβ : Uα ∩ Uβ → C\{0} ; x 7→ (ψα ◦ ψ−1
β )(x) are nonvanishing

holomorphic functions, called transition functions, satisfying the cocycle
relations

gαβ · gβα = 1 on Uα ∩ Uβ , gαβ · gβγ = gαγ on Uα ∩ Uβ ∩ Uγ .

Remark 2.1.2. A holomorphic line bundle can be described by its transition
functions, that is, given functions gαβ : Uα ∩Uβ → C\{0} satisfying the cocycle
relations, then there exists a unique (up to isomorphisms) line bundle L over
M with transition functions {gαβ}.

The set of holomorphic line bundles has a natural commutative group struc-
ture: multiplication is given by tensor product, the neutral element is given by
the trivial line bundle and the inverse of L is given by the dual bundle L−1,
where if L is given by data {gαβ}, L′ by {g′αβ}, we have

L⊗ L′ ∼ {gαβ · g′αβ}, L−1 ∼ {g−1
αβ}

This group is called the Picard group of M and denoted by Pic(M).

Definition 2.1.3. Two holomorphic line bundles πi : Li → M , i = 1, 2, over
M are said to be isomorphic if there exists a holomorphic map Ψ : L1 → L2

such that π2 ◦ Ψ = π1, which is a linear homomorphism on the fibers. The
isomorphism class of L is denoted by [L].

Example 2.1.4 (Trivial line bundle). Let M be a complex manifold. The trivial
line bundle is defined taking the projection on the first component, i.e. π :
M × C → M ; (p, z) 7→ p whose fiber Lp over some point p ∈ M is π−1(p) =
{p} × C ∼= C.
Example 2.1.5 (bundles O(k) on CPN ). Let M be the complex projective space
CPN . The tautological line bundle O(−1) over CPN is defined as the complex
line bundle π : O(−1) → CPN whose fiber L[z] over some point l = [z] =
[z0 : · · · : zN ] ∈ CPN is the complex line < z > in CN+1. More precisely,
O(−1) = {(l, z) ∈ CPN × CN+1 | z ∈ l} ⊂ CPN × CN+1 and the projection π :
O(−1) → CPN is given by projecting on the first factor (l, z) 7→ l. We consider
the canonical holomorphic charts (Ui, φi) on CP

N and the local trivializations
ψi : π

−1(Ui) → Ui × C of O(−1) defined by (l, z) 7→ (l, zi). It follows that the
transitions functions are

ψi ◦ ψ−1
j (l, λ) = (l, gij(l)λ), where gij(l) =

zi
zj
.

This shows that the tautological bundle O(−1) of CPN is holomorphic. The
dual of the tautological bundle of CPN is called the hyperplane line bundle of
CPN and denoted by O(1). The fiber of π : O(1) → CPN over some point
l = [z] ∈ CPN is l∗, that is the set of C-linear maps on the line that determines
[z] ∈ CPN . Taking the tensor products we define the following line bundles over
the complex projective space CPN :

• for k > 0, O(k) := O(1)⊗ · · · ⊗ O(1) k-times,

• for k < 0, O(k) := O(−1)⊗ · · · ⊗ O(−1) k-times,
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• for k = 0, O(0) := CPN × C is the trivial line bundle.

In particular Pic(CPN ) = Z and one can show that every holomorphic line
bundle over CPN is of the form O(k) for some k ∈ Z.

Let L be a complex line bundle over a complex manifold M . We denote
by Λp,q(L) := Λp,qM ⊗ L and by Ωp,q(L) the space of its sections, called L-
valued differential forms of type (p, q). Chosing a local frame s of L, a section
σ ∈ Ωp,q(L) can be written as σ = ω⊗ s in this trivialization, where ω is a local
(p, q)-form on M .

Definition 2.1.6. A holomorphic structure ∂ on a complex line bundle is an
operator

∂ : Ωp,q(L) → Ωp,q+1(L)

satisfying the Leibniz rule and such that ∂
2
= 0. A section s ∈ Γ(L) is said

to be holomorphic if ∂s = 0. The space of global holomorphic sections on a
holomorphic line bundle L is denoted by H0(L).

The existence of such an operator ∂ characterizes holomorphic line bundles
among complex line bundles, i.e. we have the following

Theorem 2.1.7 ([56], Thm 9.2). A complex line bundle L→M is holomorphic
if and only if it has a holomorphic structure ∂.

2.1.1 Connection and curvature

Let π : L→M be a line bundle over a smooth manifold M (i.e. each fibre is a
1-dimensional vector space over R).

Definition 2.1.8. A connection on L is a C-linear differential operator

∇ : Γ(L) → Ω1(L) = Γ(Λ1
CM ⊗ L)

satisfying the Leibniz rule

∇(fs) = f∇s+ df ⊗ s

for every s ∈ Γ(L) and f :M → C.

Let σ : U → L be a trivializing section over an open set U ⊂ M , then we
can write

∇σ = θ ⊗ σ

where θ is a 1-form, called the connection form (with respect to the frame σ).
We can extend any connection to the bundles Ωp(L), p ≥ 1, by imposing the

Leibniz rule
∇(ω ⊗ s) = dω ⊗ s+ (−1)pω ∧∇s

for all ω ∈ Ωp(M) and s ∈ Γ(L). We can now give the following definition.

Definition 2.1.9. The curvature of the connection ∇ is the C∞(M)-linear
operator defined by

∇2 = ∇ ◦∇ : Γ(L) → Ω2(L)

for every section s ∈ Γ(L).
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Let σ : U → L be a trivializing section over an open set U ⊂ M , then we
can write

∇2σ = γ ⊗ σ

where γ is a 2-form, called the curvature form (with respect to the frame σ).
We can express the curvature form in terms of the connection form: if ∇σ =

θ ⊗ σ, then we have

∇2σ = ∇(θ⊗σ) = dθ⊗σ−θ∧∇σ = dθ⊗σ−θ∧(θ⊗σ) = (dθ−θ∧θ)⊗σ = dθ⊗σ.

Moreover, one can show that the de Rham cohomology class of i
2πγ is the first

Chern class of L, i.e.

c1(L) =

[
i

2π
γ

]
.

Proposition 2.1.10 ([34]). Two holomorphic line bundles L1 and L2 over a
simply connected complex manifold M are isomorphic if and only if c1(L1) =
c1(L2).

2.1.2 Hermitian metrics

Let L→M be a complex line bundle over a complex manifold.

Definition 2.1.11. A hermitian metric h on L is a smooth field of hermitian
products on the fibres of L, that is, for every x ∈M , the map h : Lx ×Lx → C

satisfies

• h(u, v) is C-linear in u for every v ∈ Lx;

• h(u, v) = h(v, u) for every u, v ∈ Lx;

• h(u, u) > 0, ∀u ̸= 0;

• h(u, v) is a smooth function on M for every u, v ∈ Γ(L), that is if σ :
U → C is a local frame over an open set U ⊂ M , then the function
h(x) := h(σ(x), σ(x)) = |σ(x)|2 is smooth.

A complex line bundle endowed with an hermitian metric is called hermitian
line bundle. A holomorphic line bundle endowed with an hermitian metric is
called hermitian holomorphic line bundle.

Using partition of unity one can prove that

Proposition 2.1.12 ([56], p.78). Any complex line bundle admits an hermitian
metric.

Definition 2.1.13. Let (L, h) be an hermitian line bundle. A connection ∇ :
Γ(L) → Ω1(L) is compatible with the metric if

Xh(s, t)(x) = h(∇Xs, t)(x) + h(s,∇Xt)(x)

for every s, t ∈ Γ(L) and every vector fieldX ∈ Γ(TM), where we write h(s, t)(x)
for the function h(s(x), t(x)), and ∇Xs for (∇s)(X) ∈ Γ(L).

Proposition 2.1.14. Any hermitian line bundle admits a connection compat-
ible with the metric.
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The decomposition of 1-forms into types (1, 0) and (0, 1) induces a decom-
position of the connection ∇ : Γ(L) → Ω1(L) as ∇ = ∇1,0 +∇0,1, where

∇1,0 : Γ(L) → Ω1,0(L) ; ∇0,1 : Γ(L) → Ω0,1(L).

Definition 2.1.15. A connection ∇ on a hermitian holomorphic line bundle
with holomorphic structure ∂ is said to be compatible with the complex structure
if ∇0,1 = ∂.

Theorem 2.1.16 ([56], Thm 10.3). If (L, h) is a hermitian holomorphic line
bundle over M , there exists a unique connection ∇ compatible with both the
metric and the complex structure. This connection is called the Chern connec-
tion.

Remark 2.1.17. If (L, h) →M is an hermitian holomorphic line bundle over M
with connection ∇, then

• if ∇ is compatible with the complex structure, then the curvature form γ
has no (0, 2)-part, i.e. γ0,2 = 0;

• if ∇ is compatible with the hermitian metric, then the connection form θ
is purely imaginary, i.e. θ = −θ and so is the curvature form γ;

• if ∇ is the Chern connection, then the curvature form γ is of type (1, 1)
(and purely imaginary).

Notice that the curvature of the Chern connection is a purely imaginary 2-
form of type (1, 1), that is γ ∈ Ω2(M)⊗C and γ = −γ. From now on we adopt
the convention that the curvature is a real form, namely we consider iγ ∈ Ω2(M)
instead of γ. We denote this 2-form on M with Ric(h).

Proposition 2.1.18 ([8] Prop. 3.2.1). The curvature of the Chern connection
equals

−i∂∂ log h(σ(x), σ(x))

where σ : U → L\{0} is a trivializing holomorphic section.

2.2 Geometric quantization of Kähler manifolds

LetM be a Kähler manifold and (L, h) be an hermitian holomorphic line bundle
over M . By theorem 2.1.16, the space of the connections compatible with the
metric and the space of the connections compatible with the holomorphic struc-
ture intersect in one point: the Chern connection. In the following we consider
on L the Chern connection ∇.

Definition 2.2.1. A geometric quantization (L, h) of a n-dimensional Kähler
manifold (M,ω) consists of an hermitian holomorphic line bundle (L, h) overM
such that its curvature Ric(h) = −i∂∂̄ log h satisfies

Ric(h) = ω.

The line bundle L is called the quantum line bundle of M . A Kähler manifold
M is said to be quantizable if it admits a geometric quantization.
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By Proposition 2.1.18, we can check if a holomorphic hermitian line bundle
(L, h) over (M,ω) is a geometric quantization simply by choosing a trivialising
holomorphic section σ : U → L and verifying if

ω =
i

2
∂∂ log(h(σ(x), σ(x))).

Not all Kähler manifolds admit a geometric quantization. In terms of coho-
mology classes a necessary and sufficient condition is expressed by the following
theorem.

Theorem 2.2.2 ([40]). A Kähler manifold (M,ω) admits a geometric quan-
tization (L, h) if and only if c1(L) = [ω] (i.e. if and only if ω is integral, i.e.
the cohomology class [ω]dR of ω in the de Rham group, is in the image of the
natural map H2(M,Z) → H2(M,C)).

Example 2.2.3 (Complex space forms). The complex space forms admit a geo-
metric quantization.

• (Flat space) Let CN be the complex Euclidean space endowed with the
Kähler form ω0 = i

2∂∂|z|
2. Consider the trivial line bundle L = CN×C→

CN and for each z ∈ CN define the map

h : Lz × Lz → C , ((z, ξ1), (z, ξ2)) 7→ e−
1
2 |z|

2

ξ1ξ2

The above map induces an hermitian structure on L that defines a ge-
ometric quantization of (CN , ω0). Indeed, if σ(z) = (z, f(z)) is a global
holomorphic section on L, where f : CN → C is a holomorphic function,
then one obtains

Ric(h) = −i∂∂ log h = −i∂∂ log(e− 1
2 |z|

2

|f(z)|2) = ω0

• (The projective space) Let CPN be the complex projective space endowed
with the Fubini-Study form ωFS = i

2∂∂ log(|Z0|2 + · · · + |ZN |2). One
can show that ωFS is integral and so by Theorem 2.2.2 there exists a
hermitian line bundle (L, h) such that Ric(h) = ωFS. This line bundle is
the tautological line bundle O(−1) with hermitian metric h(z) = 1+ ||z||2,
where z is an affine coordinate on a coordinate chart U .

• (The hyperbolic space) Let CHN be the complex hyperbolic space en-
dowed with the hyperbolic form ωhyp = i

2∂∂ log(1− |z|2)−1. Consider the
trivial bundle L = CHN × C → CHN and for each z ∈ CHN define the
map

h : Lz × Lz → C , ((z, ξ1), (z, ξ2)) 7→ (1− |z|2) 1
2 ξ1ξ2

The above map induces an hermitian structure on L that defines a geo-
metric quantization of (CHN , ωhyp). Indeed, if σ(z) = (z, f(z)) is a global
holomorphic section on L, where f : CN → C is a holomorphic function,
then one obtains

Ric(h) = −i∂∂ log h = −i∂∂ log((1− |z|2) 1
2 |f(z)|2) = ωhyp.

Definition 2.2.4. Two holomorphic hermitian line bundles (Li, hi), i = 1, 2,
over the same Kähler manifold (M,ω) are said to be equivalent if there exists
an isomorphism of holomorphic line bundles Ψ : L1 → L2 such that Ψ∗h2 = h1.
The equivalence class of (L, h) is denoted by [(L, h)].
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Let L(M,ω) be the set of all geometric quantizations of a Kähler manifold
(M,ω). For a class [(L, h)] we can define

γ ([(L, h)]) := γ(L, h).

This is well defined, i.e. it doesn’t depend on the representative in the equiva-
lence class [(L, h)], namely the curvature form in an equivalence class is unique
up to isomorphisms:

−i∂∂ log h1 = −i∂∂ logΨ∗(h2) = Ψ∗ (−i∂∂ log h2) .
Then the set L(M,ω) can be partitioned in equivalence classes [(L, h)]. If M
is a simply connected Kähler manifold, then all geometric quantizations are
equivalent ([42]) and thus L(M,ω) consists of a single equivalence class.

Let (L, h) ∈ [(L, h)] be a geometric quantization of a Kähler manifold (M,ω).
We use the following notations:

• Aut(M) := {f :M →M | f is biholomorphic};

• Isom(M,ω) := {f : (M,ω) → (M,ω) | f ∈ C∞(M), f∗ω = ω};

• Aut(L, h) := {f̂ : L → L | f̂ is biholomorphic, C-linear on fibers, f̂∗h =
h}

Definition 2.2.5. A lifting of a map f ∈ Aut(M) ∩ Isom(M,ω) is a map

f̂ ∈ Aut(L, h) such that the following diagram is commutative

(L, h) (L, h)

(M,ω) (M,ω)

f̂

π π

f

The group of all maps f which admit a lifting f̂ is denoted by D[(L,h)](M) ⊂
Aut(M) ∩ Isom(M,ω).

For simply connected Kähler manifolds we have

Proposition 2.2.6 ([42] Prop. 1.5.1). Let (L, h) ∈ [(L, h)] be a geometric
quantization of a simply connected Kähler manifold (M,ω). Then

D[(L,h)](M) = Aut(M) ∩ Isom(M,ω).

2.3 The epsilon function

Let (L, h) be a geometric quantization of a Kähler manifold (M,ω). Consider
the space H

H =

{
s ∈ H0(L) |

∫
M

h(s(x), s(x))
ωn

n!
< +∞

}
of global holomorphic sections of L which are bounded with respect to the scalar
product ⟨·, ·⟩h:

⟨s, t⟩h :=

∫
M

h(s(x), t(x))
ωn

n!
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for s, t ∈ H0(L). It is possible to prove that (H, <>h) is a complex separable
Hilbert space ([11]), i.e. (H, <>h) admits an orthonormal basis {sj}j=0,...,N

(dimH = N + 1 ≤ +∞).
When M is compact, the space H coincides with the space of global holo-

morphic sections H0(L), thus dimH is finite. Instead, if M in noncompact H
may even contain just the zero section.

Definition 2.3.1. Let (L, h) be a geometric quantization of a Kähler manifold
(M,ω) and {sj}j=0,...,N (with dimH = N + 1 ≤ ∞) be an orthonormal basis
for the Hilbert space (H, <>h). The ϵ-function of (L, h) is a smooth real valued
function on M defined, for any x ∈M , by

ϵ(L,h)(x) =

N∑
j=0

h(sj(x), sj(x)). (2.1)

In literature this ϵ-function was first introduced under the name of η-function
by J. Rawnsley in [58], later renamed as θ-function in [11] followed by the
distortion function of G. R. Kempf [39] and S. Ji [37], for the special case of
Abelian varieties and of S. Zhang [70] for complex projective varieties.

Proposition 2.3.2. The ϵ-function does not depend on the choice of the or-
thonormal basis of H.

Proof. Let x ∈ M and q ∈ L\{0} be a fixed point of the fiber over x, i.e.
π(q) = x. If one evaluates s ∈ H at x, one gets a multiple δq(s) of q, i.e.
s(x) = δq(s)q. It can be shown ([11]) that δq : H → C is a linear continuous
functional of s, thus from the Riesz’s theorem there exists a unique eq ∈ H such
that

δq(s) =< s, eq >h

for every s ∈ H. Thus every element sj of an orthonormal basis of H satisfies

sj(x) =< sj , eq > q

and substituting we get

ϵ(L,h)(x) = h(q, q)||eq||2h

proving the independence of the choice of the basis.

When M is compact, the dimension of H = H0(L) is finite and one has∫
M

ϵ(L,h)(x)
ωn(x)

n!
= dimH.

Thus the ϵ-function in well defined, i.e.

• it doesn’t depend on the chosen representative (L, h) in the class [(L, h)] ∈
L(M,ω);

• it doesn’t depend on the hermitian metric h;

• In the case of simply connected manifolds, since L(M,ω) consists of a
single equivalence class, ϵ(L,h) depends only on the Kähler form ω and we
can write simply ϵg.
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Lemma 2.3.3 ([11]). The function ϵ(L,h) is invariant under the groupD[(L,h)](M),
i.e. F ∗(ϵ(L,h)) = ϵ(L,h), for every F ∈ D[(L,h)](M).

Definition 2.3.4. A Kähler manifold is said to be homogeneous if the group
Aut(M) ∩ Isom(M,ω) acts transitively on M .

Lemma 2.3.5. Let M be a homogeneous Kähler manifold and g : M → R be
a real valued function on M invariant under the group Aut(M) ∩ Isom(M,ω).
Then g is constant.

Proof. By hypothesis, g is invariant under the group Aut(M) ∩ Isom(M,ω),
that is

g(f(x)) = g(x)

for all f ∈ Aut(M) ∩ Isom(M,ω) and for all x ∈M . Since M is homogeneous,
for any x, y ∈ M there exist a map f ∈ Aut(M) ∩ Isom(M,ω) such that
f(x) = y. Thus g(x) = g(y) for any x, y ∈M , so g is constant.

Corollary 2.3.6. Let (L, h) be a geometric quantization of a simply connected
homogeneous Kähler manifold (M,ω). Then the function ϵ(L,h) is constant.

Proof. SinceM is simply connected, it follows by Proposition 2.2.6 thatD[(L,h)] =
Aut(M) ∩ Isom(M,ω) and thus by Lemma 2.3.3 the ϵ-function ϵ(L,h) is invari-
ant by the group Aut(M) ∩ Isom(M,ω). Since M is homogeneous, by Lemma
2.3.5, ϵ(L,h) is constant.

2.3.1 Coherent state map

Let (L, h) be a geometric quantization of a Kähler (M,ω) manifold and {sj}j=0,...,N

be an orthonormal basis for (H,< , >h) and let σ : U → L\{0} be a trivializing
holomorphic section. Suppose that for all x ∈ M there exists sa ∈ {sj}j=0,...,N

such that sa(x) ̸= 0, namely is (L, h) is base point free. Under these assump-
tions, one can define the holomorphic map

ϕσ : U → CN+1\{0} , x 7→
(
s0(x)

σ(x)
, . . . ,

sN (x)

σ(x)

)
This map glues coherently in the intersections U ∩V and so induces a holomor-
phic map on the whole M , called the coherent state map

ϕ :M → CPN , x 7→ [s0(x), . . . , sN (x)]

whose local expression in the open set U is ϕσ.

Remark 2.3.7. More in general, we can assume that there exists α sufficiently
large such that for each point x ∈ M there exists s ∈ Hα, the space of global
holomorphic sections of Lα that are L2-limited in norm with respect the her-
mitian metric hα induced by h on Lα, not vanishing at x. In the compact case
such an α exists by standard algebraic geometry methods and corresponds to
the free-based point condition in the Kodaira’s theory.

The following theorem relates the coherent state map and the ϵ-function.

Theorem 2.3.8 ([11],[58],[42]). Let ωFS be the Fubini-Study form on CPN and
let ϕ be the coherent state map associated to (M,ω). Then

ϕ∗(ωFS) = ω +
i

2
∂∂ log ϵ(L,h).
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Thus the ϵ-function measures how the Kähler metric ω is not projectively
induced via the coherent state map.

Corollary 2.3.9. Let (L, h) be a geometric quantization of a Kähler manifold
(M,ω). If ϵ(L,h) is a positive constant, then the coherent state map is a Kähler
immersion.

Proof. If ϵ(L,h) is a positive constant, then for all x ∈ M there exists sj0 ∈
{sj}j=0,...,N such that sj0 ̸= 0, i.e. (L, h) is base point free and thus the co-
herent state map can be defined. By construction the coherent state map is
holomorphic and by the above theorem is isometric, i.e. ϕ∗(ωFS) = ω, conclud-
ing the proof.

Corollary 2.3.10. Let (L, h) be a quantization of a compact Kähler manifold
(M, g). Then the function ϵ(L,h) is a positive constant if and only if the coherent
state map is a full Kähler immersion in (CPN , ωFS).

Proof. Since M is Kähler, we have ∂∂ log ϵ(L,h) = 0 if and only if log ϵ(L,h) is
an harmonic function on M and thus constant being M compact. Finally the
immersion is full by Remark 1.2.11.

Although not all Kähler metrics are projectively induced, Tian and Ruan, by
means of peak section method, solved a conjectured by Yau by proving that any
polarized metric on a compact complex manifold is the C∞-limit of normalized

projectively induced metrics gm =
ϕ∗
mgFS

m . More precisely, Tian proved the
following

Theorem 2.3.11 ([62]). Let M be an algebraic manifold polarized by a line
bundle L and let g be a polarized Kähler metric. Then

||gm − g||C2 = O

(
1√
m

)
,

i.e. the metrics gm are C2 convergent to the metric g.

In the same paper Tian conjectures that the metrics gm converge to g in the
C∞-topology. This was later proved by Ruan:

Theorem 2.3.12 ([59]). For any l ∈ Z+

||gm − g||Cl = O

(
1

m

)
i.e. gm are C∞ convergent to the original metric g.

2.3.2 Balanced metrics

Let (L, h) be a geometric quantization of a Kähler manifold (M, g).

Definition 2.3.13. The metric g on M is called balanced if ϵ(L,h) is a positive
constant.
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The definition of balanced metric was originally given by Donaldson [28]
in the case of a compact polarized Kähler manifold. If M is compact, then
H = H0(L) and so in this case dimH <∞ and so the ϵ-function is a finite sum.
The definition was generalized in the noncaompact case by C. Arezzo and A.
Loi in [2] ispired by the geometric quantization theory.

The two fundamental results about the existence and uniqueness of balanced
metrics in the compact case are summarized in the following two theorems.

Theorem 2.3.14 ([28]). Let (L, h) be a geometric quantization of a compact
Kähler manifold (M, g) (i.e. c1(L) = [ω]) such that scalg is constant. Assume

that Aut(M,L)
C∗ is discrete. Then, for all sufficiently large integers α, there exists

a unique balanced metric g̃α on M , with respect the geometric quantization
(Lα, hα) ( i.e. c1(L) = [ω̃α]), such that g̃αα converges C∞ to g. Moreover, if g̃α is
a sequence of balanced metrics on M with associated Kähler forms ω̃α ∈ c1(L

α)
such that g̃α

α converges C∞ to g, then g has constant scalar curvature.

Here, the quotient space Aut(M,L)
C∗ denotes the biholomorphisms group of M

which lift to holomorphic bundles maps L→ Lmodulo the trivial automorphism
group C∗. Notice also that the assumption on the automorphism group cannot
be dropped. Indeed a result of Della Vedova and Zuddas ([27]) shows that
there exists a large class of geometric quantizations (L, h) of (M, g) with scalg
constant and for α sufficiently large it cannot exists a balanced metric gα as
in the thoerem. Regarding the uniqueness of balanced metrics we have the
following

Proposition 2.3.15 ([4]). Let g and g̃ be two balanced metrics whose asso-
ciated Kähler forms are cohomologous, Then g and g̃ are isometric, i.e. there
exists F ∈ Aut(M) such that F ∗g̃ = g.

One can calculate the function ϵ(Lm,hm) for every natural number m. More
precisely, consider the Kähler form mω on M , where m ∈ Z+. If ω is integral,
then mω is integral for any positive integer. Therefore one can consider the
quantum line bundle (Lm, hm) for (M,mω), where Lm = L⊗ · · · ⊗ L m-times,
is the m-tensor power of L and hm is the m-tensor power of h defined by
extending the definition of h:

hm(s1 ⊗ . . . sm, t1 ⊗ . . . tm)(x) := h(s1, t1)(x) · · ·h(sm, tm)(x)

for any s1 ⊗ . . . sm, t1 ⊗ . . . tm ∈ Γ(Lm) and for all x ∈ M . In this context is
interesting to study the balanced condition for the metric mg when m varies,
namely study the constancy of the epsilon function ϵmg for every positive integer
m. The fact that g is balanced doesn’t imply that mg is.

Definition 2.3.16. A geometric quantization is called regular if mg is balanced
for any (sufficiently large) natural number m, i.e. if ϵ(Lm,hm) is a positive
constant for any (sufficiently large) natural number m.

Example 2.3.17 (Regular metrics). Some examples of regular metrics are the
following:

• Let (CN , ω0) be the complex Euclidean space endowed with the flat metric.
It can be proven ([42]) that ϵmg0 = N !

mn . Thus (CN , ω0) admits a regular
quantization.
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• Let (C̃2, gBS) be the blow-up of C2 at the origin endowed with the Burns-
Simanca metric (see Example 1.3.12). In [20], the authors proved that
ϵmgBS

= m2 and thus (C̃2, gBS) admits a regular quantization.

• A geometric quantization of a homogeneous and simply connected Kähler
manifold is regular as follows by Corollary 2.3.6,

Regular metrics have nice geometric properties, in fact:

Theorem 2.3.18 ([43]). A Kähler metric which admits a regular quantization
is a constant scalar curvature metric.

Remark 2.3.19. Not all homogeneous manifolds admit a regular quantization.
An example is given by the complex torus V/Λ equipped with the flat form ω0.
Suppose that (L, h) is a regular quantization of (V/Λ, ω0). Then, from Corollary
2.3.9, the flat metric ω0 would be projectively induced by the coherent state map,
namely ϕ : (V/Λ, ω0) → (CPN , ωFS) would be a full Kähler immersion being
V/Λ compact. However it can be proven that V/Λ is not projectively induced
(take the universal covering and apply Calabi’s Rigidity theorem 1.2.8).

2.3.3 Asymptotic expansion of the epsilon function

In the following we distinguish between the compact and the noncompact case.

The compact case. If M is a compact polarized manifold, there exists a
complete asymptotic expansion of the ϵ-function (that we call TYCZ-expansion)
introduced by D. Catlin [21] and S. Zelditch [69] independently

ϵ(Lm,hm)(x) ∼
∞∑
j=0

aj(x)m
n−j

where a0(x) = 1 and aj(x) are smooth functions on M . This means that, for
any non negative integers r, k, the following estimate holds

||ϵ(Lm,hm)(x)−
k∑
j=0

aj(x)m
n−j ||Cr ≤ Ck,rm

n−k−1 (2.2)

where Ck,r are constants depending on k, r and on the Kähler form ω and
|| ||Cr denotes the Cr norm. This expansion is called Tian-Yau-Catlin-Zelditch
expansion. Later, Z. Lu [52] proved that each of the coefficients aj(x) is a
polynomial of the curvature and its covariant derivatives at x of the metric g.
In particular the first three are

a1 = − 1
2scalg

a2 = − 1
3∆scalg +

1
24

(
|R|2 − 4|Ric|2 + 3scal2g

)
a3 =− 1

8
∆∆scalg +

1

24
divdiv(R,Ric)+

− 1

6
div(div(scalg Ric)) +

1

48
∆(|R|2 − 4|Ric|2 + 8scal2g)+

− 1

48
scalg(scal

2
g + |R|2 − 4|Ric|2)− 1

24
(σ3(Ric)− Ric(R,R)+R(Ric,Ric))

(2.3)
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where R denotes the Riemannian tensor of g, given in local coordinates by:

Rijkl =
∂2gij
∂zk∂zl

−
n∑

p,q=1

gpq
∂giq
∂zk

∂gpj
∂zl

,

Ric denotes the Ricci tensor, that (in contrast with Lu’s notation that has the
opposite sign) reads:

Ricij̄ = glm̄Rij̄lm̄,

and:
scalg = gij̄Ricij̄ ,

is the scalar curvature. All the norms are taken with respect to g, and we
further are using the following notations (here again the signs has be changed
accordingly to our notation):

|D′scalg|2 = gji
∂ scalg
∂zi

∂ scalg
∂zj

,

|D′Ric|2 = gαigjβgγkRicij,kRicαβ,γ ,

|D′R|2 = gαigjβgγkglδgϵpRijkl,pRαβγδ,ϵ,

divdiv(scalg Ric) = 2|D′scalg|2 + gβigjαRicij
∂2scalg
∂zα∂zβ

+ scalg∆scalg,

σ3(Ric) = gδigjαgβγRicijRicαβRicγδ,

R(Ric,Ric) = gαigjβgγkglδRijklRicβαRicδγ ,

Ric(R,R) = gαigjβgγkgδpgqϵRicijRβγpqRkαϵδ,

divdiv(R,Ric) = −gβigjαRicij
∂2scalg
∂zα∂zβ

− 2|D′Ric|2−gαigjβgγkglδRicij,klRβαδγ+

−R(Ric,Ric)+σ3(Ric),

(2.4)

where ”, p” represents the covariant derivative with respect to ∂
∂zp

and ∆ rep-

resents the Laplace operator

∆ =

n∑
i,j=1

gij
∂2

∂zi∂zj
. (2.5)

Prescribing geometric structures of a complex manifold often introduces in-
teresting and important partial differential equations. A typical example of this
kind is the problem of finding the Kähler metrics with constant scalar curvature
on a Kähler manifold. Such a problem defines a fourth order elliptic partial
differential equation. The study of these partial differential equations, includ-
ing the Kähler–Einstein equations, forms one of the richest topics in complex
geometry. In view of Donaldson’s work [28],[29] (see also [2]) in the compact
setting and the theory of quantization [9],[12],[13] in the noncompact one, it is
natural to believe that prescribed coefficients encode geometric properties of the
Kähler metric. Thus it is natural to study metrics with the coefficients of the
TYCZ-expansion being prescribed. In this regards Z. Lu and G. Tian [53] prove
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that the PDEs aj = f (j ≥ 2 and f smooth function on M) are elliptic. The
study of these PDEs makes sense despite to the existence of an TYCZ-expansion
and so given any Kähler manifold (M, g) it makes sense to call the aj ’s the co-
efficients associated to metric g. Thus prescribing aj gives an interesting set of
new elliptic equations.

The noncompact case. In this case, for all real number m > 0 (not neces-
sarily integer), the metricmg is polarized with respect to the trivial holomorphic
line bundle Lm =M ×C. Fix m > 0. Consider the hermitian metric hm on Lm

defined by

hm(x, v) = e−mφ(x)|v|2

where φ is a Kähler potential for the Kähler metric g. We see that Ric(hm) =
mω. Therefore, in this case the Hilbert space Hm equals the weighted Hilbert
space Hmg consisting of square integrable holomorphic functions on M , with
weight e−mφ, namely

Hmg =

{
f ∈ Hol(M) |

∫
M

e−mφ|f |2ω
n

n!
< +∞

}
.

IfHmg ̸= {0}, we can pick an orthonormal basis {fmj } and define its reproducing
kernel

Kmφ(x, y) =

N∑
j=0

fmj (x)fmj (y), x, y ∈M

where N + 1 = dimHmg. In particular, in this case the ϵ-function reads

ϵmg(x) = e−mφ(x)Kmφ(x, x)

and can be verified that this function depends only on the metric mg and not
on the choice of the Kähler potential or the orthonormal basis chosen. In this
particular case, the coherent state map is simply the Kähler immersion

Fm :M → CP∞ x 7→ [fm0 (x), . . . , fmj (x), . . . ]

(Fm is well defined since ϵmg is a positive constant and hence for all x ∈ M
there exists ϕ ∈ Hmg such that ϕ(x) ̸= 0) and still holds Theorem 2.3.8 in the
noncompact case, that is

F ∗
mωFS =

i

2
∂∂ log

N∑
j=0

|fj(z)|2

=
i

2
∂∂ logKmg(x, y)

=
i

2
∂∂ log ϵmg +

i

2
∂∂ log emϕ

=
i

2
∂∂ log ϵmg +mω.

The tools developed in the compact case for the study of existence and unique-
ness of balanced metrics are not avaible in the noncompact one (for instance
the volume of M can be infinite).
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When M is not compact, there is not a general theorem which assures the
existence of an asymptotic expansion of the ϵ-function ϵmg for m → +∞ and
only partial results are given. However, if the expansion exists, in [30] M. Englǐs
computed the aj ’s coefficients obtaining the same results as Lu. This expansion
exists for example when M is a strongly pseudoconvex bounded domain of Cn

with real analytic boundary or when M is a bounded symmetric domain ([31]).
Furthermore, X. Ma and G. Marinescu proved this existence under some bound-
ness assumptions of the curvature of the bundles involved. More precisely, let
(X, g) be a complete hermitian manifold and let ω be the (1, 1)-form associ-
ated to g. Let (L, hL), (E, hE) be holomorphic hermitian vector bundles on X
with rk(L) = 1. Consider the space H0

(2)(X,L
p⊗E) of holomorphic sections of

Lp ⊗ E which have L2-limited norm with respect the product

(s1, s2)L2 =

∫
X

< s1(x), s2(x) > dνX(x)

where < , > denotes the hermitian product on Lp ⊗ E induced by hL and hE .
Let Pp(x, y), (x, y ∈ X) be the Schwartz kernel of the orthogonal projection
Pp : L

p⊗E → H0
(2)(X,L

p⊗E). Denote by RE , RL, Rdet the curvature of E (of

the connection induced by hE), the curvature of L (of the connection induced
by hL) and the curvature of det(T (1,0)X) (of the connection associated to the
metric induced by g) respectively. Then we have the following

Theorem 2.3.20 ([54], Thm 6.1.1.). Suppose that there exist t > 0, c > 0 such
that:

iRL < tω, i(Rdet +RE) > −c ω IdE , |∂ω|g < c, (2.6)

then the kernel Pp(x, y) has an asymptotic expansion as p → ∞. Especially, it
holds ∣∣Pp(x, x)

pn
−

k∑
r=0

br(x)p
−r∣∣

Cl(K)
≤ Ck,l,Kp

−k−1

uniformly for any x, y ∈ K, a compact set of X.

We will see a version of this theorem adapted to specific settings in Section
3.1 (for Kähler-Einstein metrics) and in Section 4.5 (for Hwang–Singer metrics),
(cf. also [50, Theorem 7]).
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Chapter 3

The third coefficient in the
TYCZ–expansion of the
epsilon function of
Kähler–Einstein manifolds

In this chapter we present the material of [26]. Here we study the third coefficient
arising from the TYCZ-expansion of the ϵ-function associated to a Kähler–
Einstein metric and discuss the consequences of its vanishing. The main results
of this chapter are the following.

Theorem 3.0.1. Let (M, g) be a n-dimensional Kähler–Einstein manifold with
integral Kähler form ω. If Hα ̸= {0}, there exists a TYCZ–expansion for ϵαg
whose coefficients satisfy the following:

1. if n = 2 then a3 = 0 if and only if ∆|R|2 = 0;

2. if n ≥ 3 then a3 = 0 implies g is Ricci-flat.

Moreover we show that the Calabi nonhomogeneous metrics on tubular do-
mains of Cn are examples of Kähler–Einstein manifolds which answer positively
to Question 1. More precisely we prove

Theorem 3.0.2. The ϵ-function associated to Calabi’s metric admits a TYCZ–
expansion with a3 ̸= 0.

3.1 The vanishing of a3 for Kähler–Einstein man-
ifolds

Let (M,ω) be a Kähler–Einstein manifold, that is ρ = λω. We note that in this
setting the existence of a TYCZ-expansion for εαg is always guaranteed, by the
result of X. Ma and G. Marinescu [54, Theorem 6.1.1]. More precisely we have

Theorem 3.1.1. Let (M, g) be a Kähler–Einstein manifold polarized by a holo-
morphic line bundle. Then, the ϵ–function associated to g, if it exists, admits a
TYCZ–expansion.

29
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Proof. Let us check that conditions (2.6) hold when (M, g) is a Kähler–Einstein
manifold polarized by L→M . The first condition is satisfied for l ∈ (0, 1) since

iRL = −i∂∂ log h = −i∂∂ log e− 1
2φ = ω.

The second condition is satisfied since:

iRdet + cωn = ρ+ cω = (λ+ c)ω > 0,

for any c > λ. Finally, the third condition is satisfied for every positive c > 0,
since ∂ω = 0, being the metric Kähler.

However, observe that to construct the ε–function we need Hα ̸= {0}. Such
condition is satisfied for example when M has finite volume, since in this case
the constant functions belongs to Hα, but of course there are manifolds with
infinite volume such that Hα ̸= {0} (see e.g. Calabi’s manifold in the next
Section).

In order to prove Theorem 3.0.1 we need the formulas 2.3, computed by Z.
Lu [52] for compact manifolds and by M. Englǐs [30] for noncompact ones. For
a Kähler–Einstein manifold (M, g) with Einstein constant λ, we have

Ric = λg, scalg = nλ.

Further
divdiv(R,Ric) = −R(Ric,Ric) + σ3(Ric), (3.1)

since by (2.4), using that scalg is constant, we get

divdiv(R,Ric) = −2|D′Ric|2−gαigjβgγkglδRicij,klRβαδγ−R(Ric,Ric)+σ3(Ric),

and both the terms |D′Ric|2 and gαigjβgγkglδRicij,klRβαδγ involve the covariant
derivatives of the Ricci tensor, that vanish since the metric is Kähler–Einstein
(Ric = λg and ∇g = 0).

The following lemma is a key step in the proof of Theorem 3.0.1.

Lemma 3.1.2. Let (M, g) be a n-dimensional Kähler–Einstein manifold with
Einstein constant λ. Then:

1. a2 = 1
24

(
|R|2 + nλ2(3n− 4)

)
;

2. a3 = 1
48

(
∆|R|2 − λ(n− 2)(λ2n(n− 2) + |R|2)

)
.

Proof. Setting scalg = λn and since

|Ric|2 = gikgljRicijRickl = gikgljRicijRiclk = λ2 gikgljgijglk = λ2n,

(2.3) reads:

a2 =
1

24

(
|R|2 + nλ2(3n− 4)

)
;

a3 =
1

24
divdiv(R,Ric) +

1

48
∆|R|2 − 1

48
λn(λ2n2 + |R|2 − 4λ2n)+

− 1

24
(σ3(Ric)− Ric(R,R) +R(Ric,Ric)).

(3.2)
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By (3.1) and since:

Ric(R,R) =gαigjβgγkgδpgqϵRicijRβγpqRkαϵδ

=λgjβgγkgδpgqϵRβγpqRkjϵδ

=λ|R|2,

R(Ric,Ric) =gαigjβgγkglδRijklRicβαRicδγ

=λ2gjβgγkRβjkγ = λ2gγkRickγ

=λ2scalg = nλ3,

(3.3)

substituting in 3.2, we obtain

a3 =
1

24
(−R(Ric,Ric) + σ3(Ric)) +

1

48
∆(|R|2)− 1

48
λn(λ2n2 + |R|2 − 4λ2n)+

− 1

24
(σ3(Ric)− Ric(R,R) +R(Ric,Ric))

=
1

24
(−2R(Ric,Ric) + Ric(R,R)) +

1

48
∆(|R|2)− 1

48
λn(λ2n2 + |R|2 − 4λ2n)

=
1

24
(−2nλ3 + λ|R|2) + 1

48
∆(|R|2)− 1

48
λn(λ2n2 + |R|2 − 4λ2n)

=
1

48

(
∆|R|2 − λ(n− 2)(λ2n(n− 2) + |R|2)

)
,

concluding the proof.

The proof of Theorem 3.0.1 follows now by Theorem 3.1.1 and by Lemma
3.1.2. More precisely:

Proof of Theorem 3.0.1. The existence of a TYCZ–expansion follows directly
from Theorem 3.1.1, while (1) and (2) follow readily from Lemma 3.1.2. To
prove (3) assume n > 2. Then:

0 =

∫
M

a3
ωn

n!
= − 1

48
λ(n− 2)

∫
M

(
λ2n(n− 2) + |R|2

) ωn
n!
,

and since the integrand function is nonnegative, to the right hand side to be
zero we need λ = 0.

Observe that the vanishing of a2 (for n ≥ 2) readily implies that the metric
is flat. In [44, Thm. 1.1], A. Loi, F. Salis and F. Zuddas prove the following

Theorem 3.1.3 (A. Loi, F. Salis, F. Zuddas). The third coefficient a3 of a
radial constant scalar curvature Kähler metric is constant if and only if the
second coefficient a2 is constant.

Here for a radial metric we mean a Kähler metric ω on a Kähler manifold
M such that for any point p ∈M there exists a coordinate neighborhood U of p
such that ω|U can be described by a Kähler potential which depends only on the
sum |z|2 = |z1|2 + · · ·+ |zn|2 of the moduli of the local coordinates. Combining
this result with Thm. 3.0.1 we obtain the following:
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Corollary 3.1.4. Let (M, g) be a Kähler–Einstein manifold endowed with a
radial Kähler metric g. Then a3 = 0 if and only if (M, g) is biholomorphically
isometric to Cn, CH2 or CP2 with (a multiple of) their standard metric.

Proof of Corollary 3.1.4. Assume (M,ω) to be Kähler–Einstein and radial. If
a3 = 0, then by Theorem 3.1.3 a2 is constant. From Z. Feng classification [32]
(see also [44, Thm. 2.1]) of radial constant scalar curvature potentials with
constant a2, the only Kähler–Einstein are (a multiple of) the standard metrics
on Cn, CHn or CPn. The case CHn and CPn, with n ≥ 3, are excluded by
Theorem 3.0.1, since they are not Ricci-flat.

We conclude this section with some consequences of Lemma 3.1.2. First of
all, it follows readily from Theorem 3.1.2 that, for Kähler–Einstein manifolds,
if a2 is constant also a3 is. Notice also that in the Kähler–Einstein case, a2 = 0
if and only if the metric is flat, since |R|2 = nλ2(4− 3n) implies λ = |R|2 ≡ 0.
For the Ricci-flat case we have:

Corollary 3.1.5. Let (M, g) be a Ricci–flat Kähler manifold. Then the follow-
ing hold:

1. if a2 is constant then a3 = 0. If in addition M is compact, the converse is
also true.

2. if (M, g) is either regular or homogeneous then a3 = 0.

Notice that the constancy of a2 cannot be dropped, as the Taub–NUT metric
is an example of Ricci–flat metric on C2 with nonvanishing a3 (see [50]).

The same holds for Kähler–Einstein surfaces:

Corollary 3.1.6. Let (M, g) be a Kähler–Einstein surface. Then the following
hold:

1. if a2 is constant then a3 = 0. If in addition M is compact, the converse is
also true.

2. if (M, g) is either regular or homogeneous then a3 = 0.

Finally, for Calabi-Yau manifolds we have:

Corollary 3.1.7. LetM be a Calabi-Yau manifold. Then
∫
M
a3ω

n = 0 for any
Kähler metric on M .

Proof.
∫
M
a3ω

n is a cohomologial invariant. By Yau Theorem, there exists a
(unique) Kähler–Einstein metric in any Kähler class onM and

∫
M

∆|R|2ωn = 0
on a Kähler manifold.

3.2 The coefficient a3 for Calabi’s inhomogeneous
metric

In [15], E. Calabi constructs the following complete not locally homogeneous
Kähler–Einstein metric. Consider the complex tubular domains Mn := 1

2D ⊕
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iRn ⊂ Cn, where D is an open ball in Rn centred in the origin and of radius a.
Let gn be the Kähler metric on Mn whose Kähler form is given by

ωn =
i

2
∂∂F (z, z),

with
F (z, z) = f(z1 + z1, . . . , zn + zn)

where f : D → R is a strongly convex, differentiable and radial function, i.e.

f(x1, . . . , xn) = y(r), with r =
√∑n

j=1 x
2
j , that diverges uniformly at +∞ at

the boundary of D and xα = zα + zα, for α = 1, . . . , n. The function f satisfies
the following Cauchy problem

(y
′

r )
n−1y′′ = ey

y′(0) = 0

y′′(0) = e
y(0)
n .

(3.4)

The metric so constructed is the first example of Kähler–Einstein metric (with
Einstein constant λ = −1) which is not locally homogeneous (see also [64] for
an alternative proof of the fact that it is not locally homogeneous using Lie
groups).

Observe that we can see the tubular domain Mn = 1
2D ⊕ iRn as the open

submanifold of Cn given by

Mn =

z = (z1, . . . , zn) ∈ Cn |
n∑
j=1

(zj + zj)
2 < a2

 ,

where a is the upper bound of the domain of regularity of y(r).

Remark 3.2.1. By recursion from (3.4), one obtains that for all j ∈ N

y(2j+1)(0) = 0,

thus the power expansion around the origin of the function y(r) is of the form

y(r) = y(0) +

∞∑
j=1

b2jr
2j (3.5)

where b2j = y(2j)(0)
(2j)! . In particular, the first three coefficients of the expansion

are

b2 =
1

2
ey(0)/2, b4 =

1

32
ey(0), b6 =

7

2304
e3y(0)/2. (3.6)

In order to prove Theorem 4.0.2, we first have to show that Hα ̸= {0} for
(Mn, gn), ensuring the existence of the ε-function. This is done in Lemma 3.2.2
below.

Lemma 3.2.2. In the notation above, Hα ̸= {0} for (Mn, gn).

Proof. First, notice that the volume form of gn is given by

ωnn
n!

= det(H)
ωn0
n!

= ef
ωn0
n!
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where H =
(

∂2f
∂xi∂xj

)
is the hessian of the Kähler potential f , ω0 is the standard

euclidean form of Cn, and the second equality follows since by construction we
have det(fjk) = ef (see [15] p.19). Consider now the holomorphic function

h(z) =

n∏
j=1

1

zj − 2a

overMn = 1
2D⊕iRn, where a is the radius of the ball D ⊂ Rn. For j = 1, . . . , n,

denote xj := 2Re(zj) (as before) and uj := 2Im(zj). Observe that in this
notation,

ωn0
n!

=

(
i

2

)n n∏
j=1

dzj ∧ dzj =
1

22n

n∏
j=1

dxj ∧ duj .

We have

|h(z)|2 =

n∏
j=1

1

zj − 2a

1

zj − 2a
=

n∏
j=1

1
x2
j

4 +
u2
j

4 − 2axj + 4a2
.

Thus,∫
Mn

e−αf |h|2ω
n
n

n!
=

∫
Mn

e(1−α)f |h|2ω
n
0

n!
=

∫
1
2D

∫
Rn

e(1−α)f |h|2ω
n
0

n!

=
1

22n

∫
1
2D

∫
Rn

e(1−α)f
n∏
j=1

1
x2
j

4 +
y2j
4 − 2axj + 4a2

n∏
j=1

dxj ∧ dyj

=
1

22n

∫
1
2D

e(1−α)f
n∏
j=1

dxj

∫ +∞

−∞
· · ·
∫ +∞

−∞

1
x2
j

4 +
y2j
4 − 2axj + 4a2

n∏
j=1

dyj

= πn
∫

1
2D

e(1−α)f∏n
j=1 |xj − 4a|

n∏
j=1

dxj .

Now, the function 1∏n
j=1 |xj−4a| is bounded on 1

2D since D has radius a and

similarly e(1−α)f is bounded since f is a smooth function diverging at +∞ on
the boundary of D, i.e. e(1−α)f → 0 as p→ ∂D, for α > 1.

By Theorem 3.1.1, this proves the first part of Theorem 3.0.2. To show the
second part, namely that the a3 coefficient of the TYCZ-expansion of the ε-
function of (Mn, gn) is not zero, we start by describing more in details Calabi’s
metric for n = 2. By definition, g2 is given by:

(g2)ij =
∂2y(r)

∂xi∂xj
=
y′

r
δij +

(
y′′ − y′

r

)
xixj
r2

,

while its inverse is described by

g−1

ij
=

r

y′
δij +

(
1

y′′
− r

y′

)
xixj
r2

that is, the matrix representing g2 is

G2 =

[
y′

r + (y′′ − y′

r )
x2
1

r2 (y′′ − y′

r )
x1x2

r2

(y′′ − y′

r )
x1x2

r2
y′

r + (y′′ − y′

r )
x2
2

r2

]
(3.7)
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while its inverse is

G−1
2 =

[
r
y′ + ( 1

y′′ −
r
y′ )

x2
1

r2 ( 1
y′′ −

r
y′ )

x1x2

r2

( 1
y′′ −

r
y′ )

x1x2

r2
r
y′ + ( 1

y′′ −
r
y′ )

x2
2

r2

]
. (3.8)

Let us prove Theorem 3.0.2.

Proof of Theorem 3.0.2. Calabi’s metric is Kähler–Einstein with Einstein con-
stant −1, thus by Theorem 3.0.1 a3 is different from zero for all n ≥ 3. Set
n = 2.

We divide the proof in 5 steps. In Step 1, Step 2 and Step 3 we prove
that the vanishing of a3 is equivalent to y′∂r|R|2 = 0, that is, since y′(r) > 0
for any r > 0, it is equivalent to ∂r|R|2 = 0 for r ∈ (0, a). To conclude the
proof we show in Step 4 and Step 5 that |R|2 cannot be constant in (0, a) since
limr→0 |R|2 ̸= limr→a |R|2.

Step 1: ∆|R|2 = 1
y′′ ∂

2
r |R|2 + 1

y′ ∂r|R|
2.

A straighforward computation using the formula for the Riemannian ten-
sor for gn computed by Calabi (see [16], p. 23), we get:

1

2
|R|2 = 2−8rey

y′3
+

y′4

r4e2y
+

4

ry′
+
12r2e2y

y′6
− 2y′

r3ey
−12ey

y′4
+

6y′3

r5e2y
− 12

r4ey
+
12y′2

r6e2y
.

(3.9)
In particular, |R|2 is a function of r, and by (2.5) we have:

∆|R|2 = g11
∂2

∂z1∂z1
|R|2 + g12

∂2

∂z1∂z2
|R|2 + g21

∂2

∂z2∂z1
|R|2 + g22

∂2

∂z2∂z2
|R|2 =

= g11
∂2

∂x21
|R|2 + 2g12

∂2

∂x1∂x2
|R|2 + g22

∂2

∂x22
|R|2

= g11
∂

∂x1

(
∂r|R|2

x1
r

)
+ 2g12

∂

∂x1

(
∂r|R|2

x2
r

)
+ g22

∂

∂x2

(
∂r|R|2

x2
r

)
= g11

(
∂2r |R|2

x21
r2

+
1

r
∂r|R|2

(
1− x21

r2

))
+ 2g12

(
∂2r |R|2

x1x2
r2

− 1

r
∂r|R|2

x1x2
r2

)
+

+ g22
(
∂2r |R|2

x22
r2

+
1

r
∂r|R|2

(
1− x22

r2

))
= ∂2r |R|2

(
g11

x21
r2

+ 2g12
x1x2
r2

+ g22
x22
r2

)
+

+
1

r
∂r|R|2

(
g11 + g22 −

(
g11

x21
r2

+ 2g12
x1x2
r2

+ g22
x22
r2

))
=

1

y′′
∂2r |R|2 +

1

y′
∂r|R|2.

where gjk and gjk, j, k = 1, 2, represent respectively the entries of G2 and
G−1

2 , given in (3.7) and (3.8).

Step 2: ∆|R|2 = 0 if and only if y′∂r|R|2 is constant.
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By Step 1, ∆|R|2 = 0 if and only if:

y′′

y′
= −∂

2
r |R|2

∂r|R|2

that is:
∂r (log(y

′)) = −∂r
(
log(∂r|R|2)

)
,

and thus for a constant c:

log(∂r|R|2) = − log(y′) + c,

that is:
∂r|R|2 =

c

y′
.

Step 3: limr→a y
′∂r|R|2 = 0.

From (3.9) it follows:

1

4
∂r|R|2 =− 4rey

y′2
+

24r2e2y

y′5
− 36r3e3y

y′8
− 8y′4

r5e2y
− y′5

r4e2y
+

3y′2

r3ey
− 3

r2y′
+

+
18y′

r4ey
− 27y′3

r6e2y
+

36

r5ey
− 36y′2

r7e2y
+

36re2y

y′6
− 12ey

y′3
.

(3.10)

Let us write:
1

4
y′∂r|R|2 = A+B + C,

where:

A := − 8y′5

r5e2y
+

18y′2

r4ey
− 27y′4

r6e2y
+

36y′

r5ey
− 36y′3

r7e2y
,

B := − y′6

r4e2y
+

3y′3

r3ey
− 3

r2
,

C := −4rey

y′
+

24r2e2y

y′4
− 36r3e3y

y′7
+

36re2y

y′5
− 12ey

y′2
.

In order to compute the limits for r → a of A, B and C, we first observe
that by construction (see [15, p. 21]):

lim
r→a

y = +∞, lim
r→a

y′ = +∞,

and by (3.4):

lim
r→a

y′′ = lim
r→a

eyr

y′
= lim
r→a

(1 + ry′)y′

r
= +∞, (3.11)

lim
r→a

ey

y′3
= lim
r→a

eyy′

3y′2y′′
= lim
r→a

1

3r
=

1

3a
, (3.12)

Further, limr→a(y
′3 − 3rey) is not finite, in fact

lim
r→a

(y′3 − 3rey) = lim
r→a

y′3
(
1− 3rey

y′3

)
= lim
r→a

1− 3rey

y′3

1
y′3

=
0

0
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and applying de l’Hopital we get:

lim
r→a

1− 3rey

y′3

1
y′3

= lim
r→a

−y′3(3ey+3reyy′)+9y′2y′′rey

y′6

− 3y′2y′′

y′6

=
y′2

r
+ y′3 − 3rey.

Thus, if limr→a

(
y′3 − 3rey

)
= c, with c ∈ R, then we get the contradic-

tion:

lim
r→a

(
y′3 − 3rey

)
= lim
r→a

(
y′2

r
+ y′3 − 3rey

)
= +∞.

Therefore we can apply de l’Hopital to limr→a
y′3−3rey

y′2 and we get:

lim
r→a

y′3 − 3rey

y′2
= lim
r→a

3y′2y′′ − 3ey − 3reyy′

2y′y′′
=

= lim
r→a

3y′rey − 3ey − 3reyy′

2rey
= − 3

2a
.

(3.13)

By (3.11) and (3.12) we have:

lim
r→a

A = lim
r→a

(
− 8y′5

r5e2y
+

18y′2

r4ey
− 27y′4

r6e2y
+

36y′

r5ey
− 36y′3

r7e2y

)
= 0,

lim
r→a

B = lim
r→a

(
− y′6

r4e2y
+

3y′3

r3ey
− 3

r2

)
= − 3

a2
,

Finally by (3.12) and (3.13) we have:

lim
r→a

C = lim
r→a

(
−4rey

y′
+

24r2e2y

y′4
− 36r3e3y

y′7
+

36re2y

y′5
− 12ey

y′2

)
= lim
r→a

[
−y′2

(
4− 24rey

y′3
+

36r2e2y

y′6

)
+ 12

(
3ey

y′3
− 1

r

)
y′
]
rey

y′3

= lim
r→a

[
−
(
y′3 − 3rey

y′2

)2

− 3

r

y′3 − 3rey

y′2

]
4rey

y′3

=

[
− 9

4a2
+

9

2a2

]
4

3
=

3

a2
,

and we are done.

Step 4: limr→a |R|2 = 4
3 .

This follows directly from (3.9).

Step 5: limr→0 |R|2 = 3
2 .

Using (3.9), let us write:

1

2
|R|2 =2− 8rey

y′3
+

y′4

r4e2y
+

4

ry′
+

12r2e2y

y′6
− 2y′

r3ey
− 12ey

y′4
+

6y′3

r5e2y
− 12

r4ey
+

12y′2

r6e2y

=2 +
y′4

r4e2y
+
r3

y′3

(
−8e3y + 4

y′2e2y

r2
− 2y′4ey

r4
+

6y′6

r6

)
1

r2
1

e2y
+

12
r6

y′6

(
e4y − e3yy′2

r2
− eyy′6

r6
+
y′8

r8

)
1

r4
1

e2y
.
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Since

lim
r→0

y′4

r4e2y
= 1,

we are done by showing that:

lim
r→0

r3

y′3

(
−8e3y + 4

y′2e2y

r2
− 2y′4ey

r4
+

6y′6

r6

)
1

r2
1

e2y
= −9

2
, (3.14)

lim
r→0

r6

y′6

(
e4y − e3yy′2

r2
− eyy′6

r6
+
y′8

r8

)
1

r4
1

e2y
=

3

16
. (3.15)

By (3.5) and (3.6) we have:

y′(r)

r
= ey(0)/2 +

∞∑
j=1

c2jr
2j , (3.16)

with c2 = 1
8e
y(0) and c4 = 7

384e
3y(0)/2. For shorten the notation let us

write:

P :=
y′

r
= ey(0)/2 +

∞∑
j=1

c2jr
2j ,

Q :=
P ′

r
= 2c2 +

∞∑
j=2

2jc2jr
2j−2,

S :=
Q′

r
= 8c4 +

∞∑
j=3

2j(2j − 2)c2jr
2j−4

(3.17)

To compute (3.14) let us start with the following:

lim
r→0

(
−8e3y + 4

y′2e2y

r2
− 2y′4ey

r4
+

6y′6

r6

)
1

r2

= lim
r→0

−8e3y + 4e2yP 2 − 2eyP 4 + 6P 6

r2

= lim
r→0

(
−24e3yy′ + 8e2yy′P 2 + 8e2yPP ′ − 8eyP 3P ′ − 2eyy′P 4 + 36P 5P ′

2r

)
=
1

2
lim
r→0

(
−24e3yP + 8e2yP 3 + 8e2yPQ− 8eyP 3Q− 2eyP 5 + 36P 5Q

)
=− 9

2
e7y(0)/2,

where we applied de l’Hopital and used (3.17). Plugging the result into
(3.14) we get:

lim
r→0

r3

y′3

(
−8e3y + 4

y′2e2y

r2
− 2y′4ey

r4
+

6y′6

r6

)
1

r2
1

e2y
= −9

2
.

To compute (3.15), we need to apply de l’Hopital twice to the following
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limit:

lim
r→0

(
e4y − e3yy′2

r2
− eyy′6

r6
+
y′8

r8

)
1

r4
= lim
r→0

e4y − e3yP 2 − eyP 6 + P 8

r4

= lim
r→0

(
4e4yy′ − 3e3yy′P 2 − 2e3yPP ′ − eyy′P 6 − 6eyP 5P ′ + 8P 7P ′

4r3

)
=

1

4
lim
r→0

1

r2
(
4e4yP − 3e3yP 3 − 2e3yPQ− eyP 7 − 6eyP 5Q+ 8P 7Q

)
=

1

8
lim
r→0

1

r

(
16y′e4yP + 4e4yP ′ − 9y′e3yP 3 − 9e3yP 2P ′ − 6y′e3yPQ+

−2e3yP ′Q− 2e3yPQ′ − y′eyP 7 − 7eyP 6P ′ − 6y′eyP 5Q+

−30eyP 4P ′Q− 6eyP 5Q′ + 56P 6P ′Q+ 8P 7Q′)
=

1

8
lim
r→0

(
16e4yP 2 + 4e4yQ− 9e3yP 4 − 9e3yP 2Q− 6e3yP 2Q− 2e3yQ2+

−2e3yPS − eyP 8 − 7eyP 6Q− 6eyP 6Q− 30eyP 4Q2+

−6eyP 5S + 56P 6Q2 + 8P 7S
)

=
3

16
e5y(0),

thus

lim
r→0

r6

y′6

(
e4y − e3yy′2

r2
− eyy′6

r6
+
y′8

r8

)
1

r4
1

e2y
=

3

16
,

concluding the proof.
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Chapter 4

Hwang–Singer metrics

This chapter presents the material of [25]. Here we study families of scalar flat
metrics constructed via Calabi ansatz on the total space of a hermitian line
bundle over Kähler–Einstein manifolds by Andrew D. Hwang and Michael A.
Singer in [36]. The necessary hypotheses for the existence of scalar flat metrics
include the so called sigma constancy, condition that is automatically satisfied by
polarized Kähler manifolds, which is the case we are interested in. In particular
we consider the following families:

(A) the 1-parameter family of nontrivial scalar flat Kähler metrics gβ on Cn+1,
β < 0 (described in Section 4.3);

(B) the scalar flat metrics gk on O(−k) for integers k > 0 (described in Section
4.4).

Observe that the metrics gk in (B) reduce to the Burns–Simanca metric for
k = 1, and to the Ricci–flat Eguchi–Hanson metric for k = 2.

With reference to (A) and (B) we have the following results. Firstly,

Theorem 4.0.1. Let gβ be the Kähler metric on Cn+1 arising from Hwang–
Singer construction. Then cgβ is not projectively induced for any value of c > 0
and β < 0, but it can be approximated by a sequence of projectively induced
metrics.

Secondly, we give a characterization of the Burns–Simanca metric among
the Hwang–Singer family gk on O(−k). More precisely we prove the following:

Theorem 4.0.2. Let gk be the Kähler metric arising from Hwang–Singer con-
struction on O(−k). Then gk is projectively induced if and only if its second
coefficient vanishes identically, that is if and only if it is the Burns–Simanca
metric on the blow-up of C2 at one point. Moreover gk can be approximated by
a sequence of projectively induced metrics.

4.1 Momentum construction

A technique to produce complete Kähler metrics with good curvature proper-
ties is known as Calabi ansatz, firstly introduced by E. Calabi in [18] and later

41
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adopted by several authors. Andrew D. Hwang and Michael A. Singer general-
ized this construction on the total space of an hermitian holomorphic line bundle
π : L → M with “σ-constant curvature” over a Kähler manifold (M, gM ). In
this section we summarize Hwang–Singer construction, restricting our attention
to the case of polarized manifolds, where these hypothesis are automatically
satisfied.

Let π : (L, h) → (M,ωM ) be a polarized hermitian holomorphic line bundle
with curvature form Ric(h) = −i∂∂ log h ∈ Ω2(M) such that Ric(h) = βωM over
a Kähler–Einstein manifold of complex dimension n, that is ρM = λωM , where
ρM is the Ricci form associated to gM . This method, also known as momentum
construction, gives rise to bundle-adapted metrics on L, that is Kähler metrics
gφ,β whose Kähler form arises from the Calabi ansatz

ωφ,β = π∗ωM + 2i∂∂f(t),

where t is the logarithm of the norm function defined by h and f : (−∞,+∞) →
[0,+∞) is an increasing and strictly convex function of one real variable which
makes ωφ,β positive definite.

In a coordinate chart U ⊂ M over which L is trivial, i.e. π−1(U) ∼= U × C,
there exists a local coordinate system z̃ = (z, ξ) = (z1, . . . , zn, ξ) for L where
ξ = ρeiθ is a fibre coordinate and z = (z1, . . . , zn) are pullbacks of coordinates
on M , i.e., if q ∈M is a point with coordinates z, then every point in the fiber
π−1(q) can be described by coordinates z̃. In such a chart there is a smooth
positive function h : U ⊂M → R such that

t := log ||z̃|| = 1

2
log
(
|ξ|2h(z)

)
.

As explained in [36], to simplify the construction of scalar flat Kähler metrics
on L, it is advantageous to change coordinates. Setting

τ = f ′(t) , φ(τ) = f ′′(t) ,

so that f satisfies the differential equation{
f ′′(t) = φ(τ)

f ′(0) = µ0 > 0
,

the Kähler metric ωφ,β reads as

ωφ,β = π∗ωM − τπ∗Ric(h) +
1

φ
dτ ∧ dcτ, (4.1)

and along the fibre Lx over x ∈M , restricts to

ωφ,β |fibre =
φ(τ)

|ξ|2
dξ ∧ dξ .

The explicit expression for the profile function φ for scalar-flat polarized metrics
is:

φ(τ) =
2

(1− βτ)n

(
τ +

λ
(
(1− βτ)n+1 − (1− βτ) + βnτ

)
β2(n+ 1)

)
. (4.2)

Observe that the factor (1−βτ)n arises as the determinant of the endomorphism
Id− τB, since B := ω−1

M γ = β Id for Ric(h) = βωM .
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Remark 4.1.1. The function f ′ : (−∞,+∞) → I := (0,+∞) is an increasing
and surjective function (see Prop. 1.4. in [36]). In particular

lim
t→−∞

f ′(t) = 0.

Remark 4.1.2. The derivatives of the function f(t) are expressed recursively in
the variable τ as

f (n)(t) = φ(τ)(f (n−1)(t))

for n ≥ 3. In particular we have

f ′′′(t) = φ(τ)φ′(τ),

f (iv)(t) = φ(τ)(φ(τ)φ′′(τ) + (φ′(τ))2).
(4.3)

Proposition 4.1.3. Let c > 0 be a positive real number. If f is a solution
for the ODE y′′ = φ(y′) with φ given by (4.2), then f̂ := cf is a solution to

y′′ = φ̂(y′), where we denote with φ̂ the profile function with parameters β̂ = β
c

and λ̂ = λ
c .

Proof. It follows by noticing that

φ(y′) =
2

(1− β
c (cy)

′)n

(
1

c
(cy)′ +

1

c2
λ
(
(1− β

c (cy)
′)n+1 − (1− β

c (cy)
′) + nβc (cy)

′)
β2

c2 (n+ 1)

)

=
1

c

2

(1− β̂(cy)′)n

(
y′ +

λ̂
(
(1− β̂(cy)′)n+1 − (1− β̂(cy)′) + β̂n(cy)′

)
β̂2(n+ 1)

)
.

Thus

cφ(y′) =
2

(1− β̂(cy)′)n

(
y′ +

λ̂
(
(1− β̂(cy)′)n+1 − (1− β̂(cy)′) + β̂n(cy)′

)
β̂2(n+ 1)

)
.

In this setting [36, Theorem B] by A. D. Hwang and M. A. Singer, reads:

Theorem 4.1.4. Let π : (L, h) → (M,ωM ) be a polarized hermitian holomor-
phic line bundle over a complete Kähler–Einstein manifold (M,ωM ) such that
Ric(h) = βωM , with β < 0. Then the metric gφ,β on the total space of L is
a complete scalar flat Kähler metric. Moreover, the metric gφ,β is Ricci–flat if
and only if ρM = −Ric(h).

Remark 4.1.5. For Ric(h) = 0 we have local product metrics since they are
bundle-adapted metrics on flat-bundles, see ([36], Remark 1.6).

4.2 Calabi’s Criterion applied to gφ,β

Let (M,ωM ) be a Kähler-Einstein manifold with Einstein constant λ, that is
ρM = λωM . As described in Section 4.1, the momentum construction gives
a 1-parameter family of scalar flat Kähler metrics ωφ,β on the polarized line
bundle (L, h) described by the Kähler potential:

Ψ(z, ξ) = Φ(z) + 4f

(
1

2
log[|ξ|2h(z)]

)
, (4.4)
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where we can take as Φ the diastasis function for ωM , centred at z = 0. We
now describe the diastasis function for the metrics gφ,β and give a necessary
condition for these metrics to be projectively induced, which follows directly by
applying the Calabi’s criterion 1.2.7 to them.

By (1.2.3), the diastasis function associated to ωφ,β , centred at p = (0, s)
with s ∈ R+ is:

D(z, ξ)|p = Φ(z) + 4f

(
1

2
log
(
|ξ|2h(z)

))
+ 4f

(
1

2
log s2

)
+

− 4f

(
1

2
log(ξs)

)
− 4f

(
1

2
log(ξs)

)
,

(4.5)

where we set h(0) = 1.
In particular, for the fibre metric we have:

Dp(ξ)|fibre = 4f

(
1

2
log
(
|ξ|2
))

+4f

(
1

2
log s2

)
−4f

(
1

2
log(ξs)

)
−4f

(
1

2
log(ξs)

)
.

(4.6)

Proposition 4.2.1. Let c > 0 be a positive real number. Then the metric
c ωφ,β = ωφ̂,β̂ , where φ̂ is the profile function defined by (4.2) with parameters

β̂ := β/c and λ̂ := λ/c.

Proof. Observe that
cωφ,β = cωM + 2i∂∂cf(t),

and cωM is a Kähler–Einstein metric with Einstein constant λ
c . Conclusion

follows since by Proposition 4.1.3 f̂ = cf is a solution to y′′ = φ̂(y′).

Remark 4.2.2. We note that if g is a scalar flat projectively induced Kähler
metric, then its (scalar flat) multiples cg may not be so. If the base manifold is
Kähler–Einstein with Einstein constant λ, we find a close connection between
the parameters c and λ (as in the previous proposition). Namely, it turns
out that varying the parameter c over the positive real line, corresponds to
construct the Hwang–Singer metrics on the same line bundle over a rescaled
Kähler-Einstein manifold with Einstein constant λ

c . Thus it is equivalent to
study the metric cωφ as c varies and the metric ωφ as λ varies in the base
manifold.

Lemma 4.2.3. In the notation above, a necessary condition for the metric ωφ,β
to be projectively induced is that:

n (λ+ 2β) ≥ −4. (4.7)

Proof. By Calabi’s Criterion Theorem 1.2.7, since ∂4(eDp−1)

∂ξ2∂ξ2
|p is an element on

the diagonal of the matrix (bjk) in (1.3), a necessary condition for the metric
ωφ,β to be projectively induced is that:

∂4(eDp − 1)

∂ξ2∂ξ2
|p =

1

s4

(
1

4
f (4)

(
log s2

2

)
− f (3)

(
log s2

2

)
+

+ 2f ′′
(
log s2

2

)2

+ f ′′
(
log s2

2

))
≥ 0.

(4.8)
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By (4.3) and since φ(τ) > 0 for every τ ∈ R+, (4.8) is equivalent to:

4 + 8φ(µ0)− 4φ′(µ0) + φ′(µ0)
2 + φ(µ0)φ

′′(µ0) ≥ 0,

where µ0 := f ′
(

log s2

2

)
, i.e.:

(2− φ′(µ0))
2 + φ(µ0) (8 + φ′′(µ0)) ≥ 0,

that is:

φ′′(µ0) ≥ −8− (2− φ′(µ0))
2

φ(µ0)
. (4.9)

By the definition of φ (4.2),

φ′(µ0) =
2
(
(n+ 1)β + λ (1− (1− βµ0)

n) +
(
(β2 + 1)(n2 − 1) + λ((1− βµ0)

n)
)
µ0

)
(n+ 1)β(1− βµ0)n+1

,

φ′′(µ0) =
2n

(1− βµ0)n+2
(λ+ 2β + (n− 1)β(β + λ)µ0) .

Since we can choose s > 0 arbitrarily small, then (4.9) must hold for µ0 → 0
(see Remark 4.1.1). It is not hard to see that as µ0 → 0,

(2− φ′(µ0))
2

φ(µ0)
→ 0,

and

φ′′(µ0) → 2n (λ+ 2β) .

Thus (4.9) implies

n (λ+ 2β) ≥ −4,

as wished.

Remark 4.2.4. Considering the j-th derivatives ∂2j(eDp−1)

∂ξj∂ξj
|p, we get sharper

necessary conditions for the metric gφ,β to be projectively induced. Although,
such conditions will always depend on the choice of β and λ.

Remark 4.2.5. When β = −λ, the metric gφ,β is Ricci-flat. In this case condition
(4.7) gives that gφ,β is not projectively induced for any λ > 4

n . This estimate
can be improved to λ ≥ 1 also for n = 2, 3, and 4, by computing the 4-th

derivative ∂8(eDp−1)

∂ξ4∂ξ4
|p, evaluated at µ0 = 1

100λ . Further, observe that when

n = 1, gφ,β is the Eguchi–Hanson metric on CP1, which has been proven to be
not projectively induced in [51]. As before, observe that such condition can be
improved considering higher derivatives but will always depend on the choice of
λ, as in the above remark.

4.3 Hwang–Singer metrics on Cn+1

Let (M,ωM ) = (Cn, ω0), where ω0 is the canonical flat metric, i.e. ω0 =
i
2∂∂̄||z||

2. The momentum construction in this case gives a 1-parameter family
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of scalar flat Kähler metrics ωφ,β on Cn+1 described by the Kähler potential
(see 4.4):

Φ(z, ξ) := ||z||2 + 4f

(
1

2
log
[
|ξ|2e−

β
2 ||z||2

])
, (4.10)

obtained setting h(z) = e−
β
2 ||z||2 in (4.4), for β < 0, so that Ric(h) = −i∂∂̄ log h(z) =

β i2∂∂̄||z||
2 = βωM and by (4.5) the diastasis function for ωφ,β centred at

(z, ξ) = (0, s) reads:

D(s,0)(z, ξ) = ||z||2 + 4f

(
1

2
log
[
|ξ|2e−

β
2 ||z||2

])
+ 4f

(
1

2
log s2

)
+

− 4f

(
1

2
log [ξs]

)
− 4f

(
1

2
log
[
ξ̄s
])

.

(4.11)

The profile function, obtained setting λ = 0 in (4.2) is given by:

φ(τ) =
2τ

(1− βτ)n
, (4.12)

for τ ∈ [0,+∞).
In order to prove the first part of Theorem 4.0.1, i.e. that (Cn+1, cωφ,β)

is not projectively induced for any c and β, let us first show how to drop the
dependence on the parameters β and c.

Lemma 4.3.1. Up to an affine change of coordinates on Cn, the metric cωφ,β
on Cn+1 is equivalent to ωφ,−1.

Proof. Let us first deal with β. The metric ωφ,−1 is obtained by a momen-
tum construction on (Cn, ω0) with profile φ(τ) = 2τ

(1+τ)n . Perform a change of

coordinates on Cn by setting z′ = 1√
−β z. Then:

ω0 =
i

2
∂∂̄||z||2 = −β i

2
∂∂̄||z′||2 ,

Observe that while in the z coordinates Ric(h) = −ω0, in the coordinates z′,
Ric(h) = βω0. The determinant of the endomorphism Id− τB (see Section 4.1
after formula (4.2)), that in the z coordinates was (1 + τ)n, now in z′ reads
(1 − βτ)n. Thus the change of coordinates, transforms the metric ωφ,−1 on
Cn+1 in the metric ωφ,β .

Let us now prove that the multiplication of ωφ,−1 by c > 0 is equivalent to
consider ωφ,− 1

c
. By (4.10) a Kähler potential for cωφ,−1 is given by

cΦ(z, ξ) = c||z||2 + 4cf

(
1

2
log
[
|ξ|2e 1

2 ||z||
2
])

.

Performing a change of coordinates z′ =
√
cz we get

cΦ(z′, ξ) = ||z′||2 + 4cf

(
1

2
log
[
|ξ|2e 1

2c ||z
′||2
])

.

Conclusion follows observing that by Proposition 4.1.3, if f satisfies the ODE
given by φ(τ) = 2τ

(1+τ)n , then cf satisfies the ODE given by φ(τ) = 2τ
(1+ 1

c τ)
n .
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4.4 Hwang–Singer metrics on line bundles over
CP1

Let L be a holomorphic line bundle over CP1 endowed with the Fubini-Study
metric normalized so that λ = 1, that is, in affine coordinates z = Z1

1
2Z0

on

U0 = {Z0 ̸= 0}
ωFS =

i

2
∂∂ 4 log(1 +

1

4
|z|2).

Since L is a holomorphic line bundle over CP1, then L is of the form O(−k),
k ∈ Z.
The natural hermitian metric on the line bundle O(−1) on CP1 (see Example
2.1.5) is given by restricting the hermitian metric of C2 to each fiber l = Lx ⊂
C2. So if {U0, U1} is a cover of CP1 with

Uα = {Zα ̸= 0} , α = 0, 1,

then

hα =
|Z0|2 + |Z1|2

|Zα|2
, α = 0, 1.

So, on each open set Uα, if we take z as local coordinate, we have

h(z) = 1 +
1

4
|z|2.

For k > 0, the line bundles O(−k) := O(k)∗ = O(1)∗ ⊗ · · · ⊗ O(1)∗ inherit
natural hermitian structures given by

hk(z) =

(
1 +

1

4
|z|2
)k

.

The curvature form is then

Ric(hk) = −i∂∂ log
(
1 +

1

4
|z|2
)k

= −k
2
ωFS

and the line bundle is polarized, with λ = 1 and β = −k
2 , with k a positive

integer.
So the profile 4.2 reads

φk(τ) =
2τ + τ2

1 + k
2 τ

,

and the momentum construction gives a 1-parameter family ωk := ωφ,− k
2
of

scalar flat Kähler metrics on the polarized line bundle O(−k) described by the
potentials

Ψ(z, ξ) = 4 log

(
1 +

1

4
|z|2
)
+ 4f

(
1

2
log

[
|ξ|2

(
1 +

1

4
|z|2
)k])

. (4.13)

Remark 4.4.1. For k = 0, the metric ωk reduces to the local product metric on
CP1 × C, see Remark 4.1.5.

In the proof of Theorem 4.0.2, we need the following lemma.
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Lemma 4.4.2. The metric ωk on CP
1 is not projectively induced for any k ≥ 3.

Proof. Let p ∈ O(−k) be the point of coordinates (s, 0) and let Dp be the
diastasis function for the metric ωk as in (4.6). The fourth derivative of eDp − 1
evaluated at p is given by:

∂8(eDp − 1)

∂ξ4∂ξ4
|p =

1

s8

(
+ 24f ′′

4
+ 216f ′′

3
+ f ′′′(3f (5) − 45f (4) − 66)+

+ (f (6) − 18f (5) + 125f (4) + 36f ′′′
2 − 396f ′′′ + 36)f ′′ + 114f ′′′

2

+
1

64
(f (8) − 24f (7) + 232f (6) − 1152f (5) + 136(f (4))2 + 3088f (4))+

+ (18f (4) − 216f ′′′ + 242)f ′′
2
)(

log s2

2

)
,

that written in terms of φ(µ0) with µ0 = f ′
(

log s2

2

)
, up to the multiplication by

the positive constant 1
s8 , reads

1
64φ(µ0)A(φ(µ0)), with (to simplify the notation

we drop the dependence from µ0 in φ(µ0) and its derivatives):

A(φ(µ0)) = φ(6)φ5 + ((φ′)3 − 12(φ′)2 + 44φ′ − 48)2 + φ(φ′)− 2)(−8(193φ′′ + 968)+

(φ′)3(57φ′′ + 392)− 2(φ′))2(255φ′′ + 1624) + 4φ′(383φ′′ + 2200)) + 2φ2(16(−36φ(3)

+ 29(φ′′)2 + 250φ′′ + 432) + 61φ(3)(φ′)3 + 2(φ′)2(96(9− 2φ(3) + 45(φ′′)2 + 436φ′′)+

− 4φ′(−203φ(3) + 102(φ′′)2 + 936φ′′ + 1728)) + 2φ3(17(φ′′)3 + 196(φ′′)2

+ 2φ(4)(19(φ′)2 − 66φ′ + 58) + 64φ(3)(5φ′ − 9) + 12(φ(3)(8φ′ − 15) + 48)φ′′ + 768)+

φ4(15(φ(3))2 + 8φ(5)(2φ′ − 3) + φ(4)(26φ′′ + 64)),

since φ(µ0) is positive, the sign of ∂
8(eDp−1)

∂ξ4∂ξ4
|p is the same as that of A(φ(µ0)).

From (4.2), we get:

φ
(j)
k (τ) = (−1)j+1 8j!(k − 1)kj−2

(2 + kτ)j+1
,

that substituted into the expression of A(φ(µ0)) gives:

µ3
0

273(2 + kµ0)12
Pk(µ0),

where Pk(µ0) is the polynomial in µ0:

Pk(µ0) = 105− 113k + 48k2 − 8k3 +

12∑
s=1

qs(k)µ
s
0,

for given qs(k) that are not relevant for our analysis. Since µ0 can be chosen
small enough in [0,+∞) taking s → 0, the sign of A(φ(µ0)) is the same as the
sign of Pk(µ0) for positive values of µ0. Conclusion follows by noticing that

lim
µ0→0

Pk(µ0) = 105− 113k + 48k2 − 8k3,

and the right hand side is negative for any k ≥ 3.
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4.5 Asymptotic expansion of ωφ,β and proofs of
Theorem 4.0.1 and Theorem 4.0.2

Throughout this section let us write (X,ωφ,β) for either X = Cn+1 or X =

O(−k). Let L̂ be a holomorphic line bundle over X and let hL̂ be an hermitian

metric on L̂ such that Ric(ĥ) = ωφ,β . Notice that such an (L̂, ĥ) exists if and
only if ωφ,β is integral. In our case, this occurs since the base metric ωM is an
integral form and:

[ωφ,β ] = [π∗ωM + 2i∂∂f(t)] = [π∗ωM ],

where π : L → M is the projection given in Section 4.1 (here M = Cn or

CP1). Consider the tensor power (L̂α, ĥα) and let Hα be the space of global
holomorphic sections of L̂α. In order to define the ϵ-function for (X,ωφ,β) we
first need to show that Hα ̸= {0}.

Lemma 4.5.1. In the notation above, 1 ∈ Hα for either X = (Cn+1, ωφ,β) or
X = (O(−k), ωk)).

Proof. Observe that by formula (2.21) in [36] we have:

ωn+1
φ,β

(n+ 1)!
= φQdet(gM )

1

|ξ|2

(
i

2

)n+1

dξ ∧ dξ̄
n∏
j=1

dzj ∧ dz̄j .

where Q is the determinant of the endomorphism Id − τB, as after equation
(4.2) of the profile .

Let us deal first with the case X = Cn+1. In this case, Hα is the weighted
Hilbert space of global holomorphic functions over Cn+1 that are L2 limited in
norm, namely:

Hα =

{
u ∈ Hol(Cn+1)|

∫
Cn+1

|u|2e−αΦ
ωn+1
φ,β

(n+ 1)!
< +∞

}
,

where Φ is given by (4.10).
Due to Lemma 4.3.1, we can set β = −1. In order to prove that 1 ∈ Hα, it

is enough to check the convergence of the integral:∫
Cn+1

e−α(||z||
2+4f(t))) 2f

′(t)

|ξ|2

(
i

2

)n+1

dξ ∧ dξ̄
n∏
j=1

dzj ∧ dz̄j

=πn+1

∫ ∞

0

· · ·
∫ ∞

0

∫ ∞

0

e−α(
∑

j rj+4f(t̂))) 2f
′(t̂)

r0
dr0

n∏
j=1

drj ,

(4.14)

where we set polar coordinates ξ := ρ0e
iθ0 , zj := ρje

iθj and rj := ρ2j , j =

0, . . . , n, and we denote t̂ = 1
2 (log r0+

1
2

∑
j rj). The function under the integral

is positive and smooth, since φ(t)
|ξ|2 → g00 as |ξ|2 → 0, so its integral converges

inside any closed ball of ray R > 0 centered at the origin. Thus, it is enough to
check that the integral outside the ball is finite. Using that the function under
the integral is positive and that:

e−α(
∑

j rj+4f(t̂))) 2f
′(t̂)

r0
≤ e−α(4f(t̂)))

2f ′(t̂)

r0
= − 1

α

d

dr0
e−4αf(t̂),
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we have: ∫ ∞

R

· · ·
∫ ∞

R

∫ ∞

R

e−α(
∑

j rj+4f(t̂))) 2f
′(t̂)

r0
dr0

n∏
j=1

drj

≤ − 1

α

∫ ∞

R

· · ·
∫ ∞

R

∫ ∞

R

d

dr0
e−4αf(t̂)dr0

n∏
j=1

drj

=
1

α

∫ ∞

R

· · ·
∫ ∞

R

e−4αf( 1
2 logR+ 1

4

∑
j rj)

n∏
j=1

drj .

(4.15)

The last integral in (4.15) converges at least for α > n/4 and for a large enough
R, since:

e−4αf( 1
2 logR+ 1

4

∑
j rj)) ≤ 1(

1
4

)n
r
4α/n
1 · · · r4α/nn

.

More precisely, since f is an increasing function and ∂2

∂r2j
f = 1

4f
′′ > 0, there

exists R ∈ R such that for rj > R, j = 1, . . . , n,

f

1

2
logR+

1

4

∑
j

rj

 ≥ f

(
1

4
rj

)
≥ log

(
1

4
rj

)
,

thus

f

1

2
logR+

1

4

∑
j

rj

 ≥ 1

n

n∑
j=1

log

(
1

4
rj

)
.

Let us now deal with X = O(−k) over CP1. In this case it is enough to
check the convergence of the following integral over the chart U0 × C ≃ C2:∫

C2

e−4αf(t)

(1 + 1
4 |z|2)4α+2

2f ′(t) + f ′(t)2

|ξ|2

(
i

2

)2

dξ ∧ dξ̄ ∧ dz ∧ dz̄

=π2

∫ ∞

0

∫ ∞

0

e−4αf(t̂)

(1 + 1
4r1)

4α+2

2f ′(t̂) + f ′(t̂)2

r0
dr0dr1,

where we set polar coordinates ξ = ρ0e
iθ0 , z1 = ρ1e

iθ1 , rj := ρ2j , j = 0, 1, and

set t̂ := 1
2 log r0+

k
2 log(1+

1
4r1). As before, since the function we are integrating

is smooth on any closed ball of ray R > 0 (since φ(t)
|ξ|2 → g00 as |ξ|2 → 0), we

reduce to check that the integral converges outside such ball. First observe that

I1 :=

∫ ∞

R

−e−4αf(t̂(r0))
f ′(t̂(r0))

r0
dr0 =

1

2α

∫ ∞

R

d

dr0
e−4αf =

1

2α

[
e−4αf

]∞
R
<∞

and

I2 :=

∫ ∞

R

∫ ∞

R

e−4αf(t̂)

(1 + 1
4r1)

2

2f ′(t̂)

r0
dr0dr1 = − 1

α

∫ ∞

R

∫ ∞

R

1

(1 + 1
4r1)

2

d

dr0
e−4αfdr0dr1

= − 1

α

∫ ∞

R

1

(1 + 1
4r1)

2

[
e−4αf

]∞
R
dr1 =

1

α

∫ ∞

R

e−4αf(t̂(r1))

(1 + 1
4r1)

2
dr1 <∞.
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So, since α > 0, we have∫ ∞

R

∫ ∞

R

e−4αf(t̂)

(1 + 1
4r1)

4α+2

2f ′(t̂) + f ′(t̂)2

r0
dr0dr1 =

∫ ∞

R

∫ ∞

R

e−4αf(t̂)

(1 + 1
4r1)

4α+2

2f ′(t̂)

r0
dr0dr1+

+

∫ ∞

R

∫ ∞

R

e−4αf(t̂)

(1 + 1
4r1)

4α+2

f ′(t̂)2

r0
dr0dr1

≤ I2 +

∫ ∞

R

∫ ∞

R

e−4αf(t̂)

(1 + 1
4r1)

2

f ′(t̂)2

r0
dr0dr1.

It remains to check that:

I :=

∫ ∞

R

∫ ∞

R

e−4αf(t̂)

(1 + 1
4r1)

2

f ′(t̂)2

r0
dr0dr1

converges. Integrating by parts, since:

e−4αf(t̂)

(1 + 1
4r1)

2

f ′(t̂)2

r0
= − 2

kα

d

dr1
e−4αf(t̂) f ′(t̂)

r0(1 +
1
4r1)

.

we get:

I =− 2

kα

∫ ∞

R

∫ ∞

R

d

dr1
e−4αf(t̂) f ′(t̂)

r0(1 +
1
4r1)

dr0dr1

=− 2

kα

{∫ ∞

R

[
e−4αf f ′

r0(1 +
1
4r1)

∣∣∣∣∞
R

− 1

r0

∫ ∞

R

e−4αf f
′′ k
8 − f ′

4

(1 + 1
4r1)

2
dr1

]
dr0

}

=− 2

kα

{
I1

(1 + 1
4R)

− k

8

∫ ∞

R

∫ ∞

R

e−4αff ′′

r0(1 +
1
4r1)

2
dr1dr0 +

1

8

∫ ∞

R

∫ ∞

R

2f ′e−4αf

r0(1 +
1
4r1)

2
dr1dr0

}
=− 2

kα

{
I1

(1 + 1
4R)

− k

8

∫ ∞

R

∫ ∞

R

e−4αf (2f ′ + (f ′)2)

r0(1 +
1
4r1)

2(1 + k
2f

′)
dr1dr0 +

I2
8

}

≤− 2

kα

{
I1

(1 + 1
4R)

− k

8

∫ ∞

R

∫ ∞

R

e−4αf (2f ′ + (f ′)2)

r0(1 +
1
4r1)

2
dr1dr0 +

I2
8

}
=− 2

kα

{
I1

(1 + 1
4R)

− k

8
I2 −

k

8
I +

I2
8

}
(4.16)

where in the second equality we used that

lim
r1→+∞

f ′e−4αf

(1 + 1
4r1)

= 0

as follows by applying de l’Hopital and using that f ′′ = 2f ′+f ′2

1+ k
2 f

′ . Further the

inequality follows by (1 + k
2f

′) > 1, since f ′ is a positive function. From (4.16)
we obtain: (

1− 1

4α

)
I ≤ C

for a suitable constant C ∈ R. In particular I converges at least for α > 1
4 .
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In the following theorem we prove that conditions (2.6) hold for Hwang–
Singer metrics based on a Kähler–Einstein polarized manifold. Recall that from
[36] Section 2, the Ricci form ρφ of ωφ,β is given by

ρφ = π∗ρM +
1

2Q
(φQ)′(τ)π∗(Ric(h))− 1

2φ
[
1

Q
(φQ)′]′dτ ∧ dcτ,

thus, when ωM is polarized we have:

ρφ = π∗(λωM ) +
1

2Q
(φQ)′(τ)π∗(βωM )− 1

2φ
[
1

Q
(φQ)′]′dτ ∧ dcτ

=
(
λ+

β

2Q
(φQ)′

)
π∗ωM − 1

2φ

[ 1
Q
(φQ)′

]′
dτ ∧ dcτ.

(4.17)

Theorem 4.5.2. Let ωφ,β be the the Hwang–Singer metric on a polarized line
bundle over a Kähler–Einstein manifold with integral Kähler form. Then, if
Hα ̸= {0}, the Englǐs expansion of the function ϵαgφ,β

exists and the coefficients
aj are given by 2.3.

Proof. Let us check that conditions (2.6) hold for ωφ,β . The first condition is
satisfied for l ∈ (0, 1) since

iRL̂ = −i∂∂ log ĥ = −i∂∂ log e− 1
2Ψ = ωφ,β ,

while the third condition is satisfied for every positive c > 0, since ∂ωφ,β = 0,
being the metric Kähler. Let us now deal with the second condition. We want
to show that there exists a positive c > 0 such that the form given by

iRdet + cωφ,β = ρφ + cωφ,β

is positive. Thus, using 4.17 and 4.1, it is sufficient to show that there exists
c > 0 such that(

λ+
β

2Q
(φQ)′ + c(1− τβ)

)
ωM +

(
− 1

2φ

[ 1
Q
(φQ)′

]′
+
c

φ

)
dτ ∧ dcτ > 0.

Being λ ≥ 0 and φ > 0, we show that there exists c > 0 such that{
β
2Q (φQ)′ + c(1− τβ) > 0

− 1
2

[
1
Q (φQ)′

]′
+ c ≥ 0 ,

namely, we want a positive c that satisfies{
c > − β

2Q (φQ)′ 1
1−τβ

c ≥ 1
2

(
1
Q (φQ)′

)′
.

Since 1
1−τβ ≤ 1, we reduce to prove that

(φQ)′

Q
,

(
(φQ)′

Q

)′
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are limited functions, proving the existence of such a c. Using the expression of
the profile function 4.2 and since Q(τ) = (1− βτ)n, we get

(φQ)′

Q
=

2λ

β(1− βτ)n
− 2λ

β
+

2

(1− βτ)n

< −2λ

β
+

2

(1− βτ)n

< −2λ

β
+ 2,

and (
(φQ)′

Q

)′

=
2n(β + λ)

(1− βτ)n+1
≤ 2n(β + λ),

concluding the proof.

From the existence of an asymptotic expansion of the ϵ-function it follows
that the metric can be approximated by a sequence of projectively induced ones
in the following way (cf. [50, Corollary 9]).

Lemma 4.5.3. Let (M, g) be a polarized Kähler manifold such that the 1 ∈ H,
where H is the weighted Hilbert space of holomorphic functions onM limited in
norm. Then the ϵ-function associated to g exists and, if it admits an asymptotic
expansion whose coefficients are given by (2.3), then g can be approximated by
a sequence of projectively induced Kähler metrics.

Proof. Denote by ω the Kähler form associated to g. Let Fα :M → CPdα be the
coherent states map, i.e. Fα(x) = [σ0(x) : · · · : σj(x) : . . . ], where {σj}j=0,1,...

is an orthonormal basis of H such that σ0 ≡ 1. Since H ̸= {0}, we can define
the ϵ-function for g by (2.1), and we have:

F ∗
αωFS = αω +

i

2
∂∂ log ϵαg.

By (2.2), since a0 = 1, we have that limα→∞
1
αF

∗
α gFS = g.

Remark 4.5.4. Observe that the assumption 1 ∈ H is needed to define the
coherent states map. When M is a compact polarized Kähler manifold, the
existence of Fα is guaranteed by Kodaira’s Theorem. In the noncompact case
one can always define the map Fα for example when g is regular, i.e. when
ϵαg is constant. In this case (2.1) implies that for each x ∈ M there exists a
nonvanishing σj(x).

We are now in the position of proving Theorem 4.0.1.

Proof of Theorem 4.0.1. By Lemma 4.3.1 we can reduce ourselves to prove that
ωφ,β is not projectively induced for a given value of β. By Lemma 4.2.3, a
necessary condition for the metric ωφ,β on Cn+1 to be projectively induced is
that βn ≥ −2. Thus, it is enough to set β < − 2

n .
The second part follows by Lemma 4.5.1, Theorem 4.5.2 and Lemma 4.5.3.

Let us now complete the proof of Theorem 4.0.2.
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Proof of Theorem 4.0.2. By Lemma 4.4.2, ωk is not projectively induced for
any k ≥ 3. For k = 2, ω2 is the Eguchi-Hanson metric on the canonical line
bundle O(−2), that is not projectively induced as shown by A. Loi, M. Zedda, F.
Zuddas in [51]. For k = 1, ω1 is the Burns-Simanca metric that is projectiveley
induced as shown by F. Cannas Aghedu and A. Loi in [20]. The second part
follows by Lemma 4.5.1, Theorem 4.5.2 and Lemma 4.5.3. Finally, a direct
computation (see Section 4.6 below), gives:

a2 = −
48(k − 1)

(
k2τ − 2kτ − 2

)
(kτ + 2)6

,

that is identically zero if and only if k = 1, concluding the proof.

Remark 4.5.5. In [20], F. Cannas Aghedu and A. Loi showed that the Simanca
metric g1 is projectively induced, and this implies that any of its integer mul-
tiples kg1 also are. We note here that these are the only possible multiples
that can be Kähler immersed in CP∞. In fact, by momentum construction,
the Simanca metric on O(−1) arises as a metric on a line bundle over CP1. In
particular, CP1 is a Kähler submanifold of O(−1) (obtained setting the fibre
coordinate ξ = 0) and the Fubini–Study form is not integral when multiplied
by a noninteger factor.

4.6 Computations of a2

We compute here the a2 coefficients for the metrics ωφ,β in the case where the
base manifold M is the complex projective line CP1, completing the proofs of
Theorem 4.0.2.

From (4.13), the metric gk reads:

gk =

k2|z|2f ′′(t)+8kf ′(t)+16
(|z|2+4)2

kzf ′′(t)
ξ(|z|2+4)

kzf ′′(t)

ξ(|z|2+4)

f ′′(t)
|ξ|2

 .

It follows that

det(gk) =
(1 + k

2 τ)φ(τ)

|ξ|2(1 + 1
4 |z|2)

,

and

g−1
k =

 (|z|2+4)2

8(kf ′(t)+2) −kξz(|z|2+4)
8(kf ′(t)+2)

−kzξ(|z|2+4)
8(kf ′(t)+2)

|ξ|2(k2|z|2f ′′(t)+8kf ′(t)+16)
8f ′′(t)(kf ′(t)+2)

 .

The norms of the Riemann and Ricci tensors are

|R|2 =
1

16

(
f (4)(t)2

f ′′(t)4
+
f (3)(t)4

f ′′(t)6
− 8(k3f (3)(t)− 2kf ′(t)− 4)

(kf ′(t) + 2)3
+

8k4f ′′(t)2

(kf ′(t) + 2)4

− 16k2f ′′(t)

(kf ′(t) + 2)3
− 2f (3)(t)2f (4)(t)

f ′′(t)5
+

4k2f (3)(t)2

f ′′(t)2(kf ′(t) + 2)2

)
,
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and

|Ric|2 =
1

16

(
16

(kf ′(t) + 2)2
+
f (3)(t)4

f ′′(t)6
+

2k4f ′′(t)2

(kf ′(t) + 2)4
− 8k2f ′′(t)

(kf ′(t) + 2)3
− 2f (3)(t)2f (4)(t)

f ′′(t)5

+
4k2f (3)(t)2

f ′′(t)2(kf ′(t) + 2)2
+

2kf (3)(t)f (4)(t)

f ′′(t)3(kf ′(t) + 2)
− 2k(kf (4)(t) + 4f (3)(t))

f ′′(t)(kf ′(t) + 2)2
+
f (4)(t)2

f ′′(t)4
+

− 2kf (3)(t)3

(kf ′(t) + 2)f ′′(t)4

)
.

By (4.3) with φ(τ) = 2τ+τ2

1+ k
2 τ

, the a2 coefficient for the metrics ωk on O(−k) is

given by:

a2 = −
2(k − 1)

(
k2τ − 2kτ − 2

)
(kτ + 2)6

. (4.18)

Remark 4.6.1. A similar computation for the Hwang–Singer metric on Cn+1

gives:

a2(0, 1) =
β2

4(1− βτ)2(n+2)

(
β2n4τ2 + n(β22nτ2 + 2β(2n + 4)τ + 2n − 4) + 2n(1− β2τ2)+

+ βn3τ(β(2n − 2)τ + 4) + βn2τ(β(2n − 3)τ + 2 (2n + 2))
)
.
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[30] Miroslav Englǐs. The asymptotics of a laplace integral on a kähler manifold.
2000.
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