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Chapter 1

Introduction

In the last couple of decades, robotics has developed vertically towards a growing

number of fields. Nowadays, robotics engineering encompasses a wide set of very

diverse jobs, spanning from the strictly electrical or mechanical ones, to multi-robot

fleet coordination, or high-level software development. The rise among the computer

science community of the artificial intelligence techniques has caused this trend to

accelerate even further. This is due to the tendency of applying machine learning tech-

niques to an ever increasing number of fields. Still, many industrial robotics tasks are

performed today through solutions analogous to the ones they were first introduced to

the market with, many years ago. For this relevant number of use cases, it is important

to keep research going on improving efficiency and diversity of robotic primitives.

Primitives can be defined as tasks that are relevant in a wide number of applications.

There are no clear rules for defining what can be considered as a primitive. For exam-

ple, a detection algorithm that is applicable to different sensory data can be consid-

ered as a primitive, but the line becomes greyer when thinking about algorithms that

only work on a category of sensors. Moreover, many robotic applications require ac-

curate and formally guaranteed estimation algorithms. While data-driven approaches

enable addressing the variety of empirical conditions, accurate robot positioning and

navigation, as well as sensor-driven applications in safety-critical scenarios, rely on

geometry-based mathematical models. Anyway, despite research in robotics getting
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increasingly focused on very specific tasks, being able to understand and continua-

tively improve the very primitives used by most robotic systems has great importance.

The registration primitives tackled in this dissertation are based on geometric features

and are able to estimate transformations that can be described through the use of Lie

algebra and Lie groups in particular [1]. Also, the most sophisticated approaches to

optimization presented here make use of the manifold interpretation of these groups,

that is typical of Riemannian Geometry. The SLAM (Simultaneous Localization and

Mapping) problem can be seen as a series of subproblems that, when holistically or-

ganized within a system, enable a robot to perform actions in its working space, with

the needed awareness of the surroundings. In this context, the registration problem

can be seen as one of the cornerstones for performing solid SLAM. The aforemen-

tioned task of registration consists in aligning partially overlapping data, for example

point clouds, which are discrete sets of data points in space, possibly containing ad-

ditional information such as color, intensity and confidence level. For spatial data

(e.g., 2D or 3D point clouds, with points described through their Cartesian coordi-

nates), the most common type of registration to be performed is the estimation of

a rigid transformation that links them. An easily understandable use case for this

rigid transformation estimation task is the one of a mobile robot that acquires sen-

sory data of its surroundings, and needs to link them in space, in order to construct

a map, or simply to figure out its position in the environment after losing track of

the odometry. The rigid transformation estimation consists in estimating a rigid pose,

which is well known to be decomposable in the two parts of rotation and translation.

After decades of research, several estimation algorithms and primitives have been

developed to address the robot localization and mapping problem and, in particu-

lar, point cloud registration. Most registration algorithms function by minimizing an

objective function that formalizes the rigid transformation separating the input data.

These optimizations are often done through local searches, with assumptions that en-

able avoiding the use of more robust methods e.g., being able to register only small

transformations. Although these methods definitely present a good number of use

cases, a general formulation should present a certain robustness, enabling it to work

with as few hypotheses as possible. The concept of robustness is given clearer shape
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when problems are being tackled as optimization problems: robust methods should

be able to reach and output the global optimum of the problem’s cost function. Then,

operations research theory can be used to provide guarantees on the ability of an al-

gorithm to constantly produce the correct result. Such guarantees assume essential

importance, and are ever-more relevant in critical applications. However, most of the

time removing assumptions from a problem can lead to an increased computational

complexity of the algorithms that solve it globally. Because of this, it is paramount

to keep an eye on how to reduce computational complexity when following such ap-

proaches e.g., simplifying input data by eliminating redundancies, or parallelizing as

many operations as possible.

In general, pose estimation is achieved through a single optimization on the whole

transformation. However, as most of the times the hardest task of a registration prob-

lem is the rotation estimation, it can be a good idea to decouple it from translation

estimation, in order to properly focus more on the heavier part between the two. When

this is possible, the goal becomes to correctly estimate rotation independently from

translation, and estimate translation on an already rotated set of points only later. A

series of works based on this approach is presented in Chapters 3, 4 and 5.

As previously said, the registration problem can be used as a stepping stone to-

wards robot localization. The localization task allows a robot to determine its position

in the environment. It assumes great importance in several cases, especially when it

has to be performed among multiple robots that cooperate in a fleet (e.g., of drones).

From rapid deliveries of critical items for middle-distances, to their use in agricul-

ture or even in the military, the coordination of drones forming a fleet has seen a

rapid growth in importance. This problem can be seen as a case of the multi-agent

robotics paradigm and be solved accordingly. An innovative approach to the solu-

tion of this problem without a pre-definite master drone, and based on the Shape of

Motion (acronym SOM) formulation, is presented in Chapter 6.

1.1 Contributions

In this dissertation, I present the following contributions:
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• The general definition of Angular Radon Spectrum (ARS) of a GMM repre-

senting a point cloud in d-dimension space and the proof of its translation-

invariance and rotation-shift property.

• A computation procedure of anisotropic ARS in 2D domain with GMM sim-

plification for rotation estimation.

• The parallel algorithm Cud-ARS for computation of the Fourier coefficients of

ARS suitable for parallel execution of GPUs.

• The derivation of closed-form spherical harmonics expansion of ARS in 3D

domain and an algorithm for 3D rotation estimation.

• The formulation of the Cross-Localization through Shape of Motion (SOM)

problem and its solution based on modified Riemannian Staircase.

1.2 Document Organization

After present Introduction chapter, this dissertation (name chosen over the less com-

mon thesis) proceeds as follows. Chapter 2 presents the state of the art of registration

and localization problems to provide the necessary context and reasoning which led

to the choice of the approaches presented in the next chapters. Chapter 3 provides

a general introduction of the Angular Radon Spectrum (ARS) paradigm in the most

general d-dimensional case; one section is dedicated to the presentation of a transla-

tion estimation algorithm based on branch-and-bound optimization, that enables full

pose estimation. Chapter 4 goes more into the details of the planar version of ARS.

Chapter 5 instead focuses on the spatial version of ARS. Chapter 6 contains the pre-

sentation of a novel pose averaging method based on the Shape of Motion (acronym

SOM) formulation. Finally, Chapter 7 provides analysis and comment of the results,

together with the final remarks.

Experimental results are discussed after each relevant theoretical section that in-

troduces new concepts that need testing.



Chapter 2

State of the Art

2.1 Point Cloud Registration

In recent years, robotics research has seen rapid but substantial changes. First, a great

number of affine fields have risen in terms of importance and are now almost consid-

ered as integral part of the wide robotics field. For example, sensory data elaboration

has introduced a number of new techniques that reflect the development of sensor

technology. Nowadays it is relatively common to have sensors able to acquire mil-

lions of data points with high frequency, and very specific and efficient algorithms

for their elaboration are required. The necessity of a very vertical knowledge in an

increasing number of fields is apparent today. One traditionally widely used tool for

representing sensory data is the point cloud. Point clouds represent objects and scenes

through a collection of points corresponding to sensor measurements. Points are es-

sentially represented by their Cartesian coordinates, although additional properties

can be included, such as color, surface normal, sensor viewpoint, signal intensity

and other types of information that can be used for specific formulations. However,

the geometric information given by the point coordinates is the most general and, as

such, is present in the vast majority of point clouds. In the most general sense, point

clouds are a means of collating a large number of single spatial measurements into

a dataset that can then represent a whole scene. Two main problem categories are
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analyzed in the context of this dissertation. The first problem is the Simultaneous Lo-

calization and Mapping (acronym SLAM), with a particular focus on its registration

subtask. The registration problem aims at aligning partially overlapping data that are

separated from one another by various degrees of freedom: translation (3 degrees of

freedom), rotation (3DOFs), pose (6DOFs), pose + scale (7DOFs) and so on. Over

the years, multiple solutions to registration have been proposed, covering different

use cases that cover a vast taxonomy of approaches:

• Global and local registration.

Local registration algorithms use only neighborhood information of the cloud

points, while global registration methods take into account the entire point

clouds. The trade-off between an increased precision, but a potentially higher

computational cost for the global methods is apparent.

• Planar and spatial registration.

Registration methods are sometimes formulated in a specific way for planar

point clouds (e.g., laser scans), while other are more general.

• Correspondence-based and correspondence-less registration.

Registration methods can be reliant on the estimation of correspondences [2]

(e.g., through features such as normal estimation, patch detection, FPFH [3],

neighbor analysis etc.) and be performed on the features themselves, or other-

wise act directly on the point clouds without any pre-processing.

• Formal analysis and certifiability of solution.

A registration algorithm can be formulated as an optimization problem and, as

such, its optimality and bound conditions can be analyzed and offered as proof

of the method’s validity. Additionally, the formal description of the registration

function can be based on either discrete or continuous mathematics.

However, this taxonomy is not fully orthogonal, and some categories can often be

found together in some method classes. For example, correspondence-based algo-

rithms are usually local algorithms, since correspondences between point cloud parts
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are established using a given an initial guess. Also, the approaches to solving prob-

lems have undergone a widely known paradigm shift. Led by the massive increase

in data availability, artificial intelligence-based techniques have seen great success,

especially in detection or recognition tasks.

2.1.1 Local Methods

The alignment of point clouds is an important primitive for many applications in

robot localization and mapping. Registration also allows merging of views of the

same object or scene differing in orientation and position. The standard approach to

registration requires detection of corresponding parts between the two views, which

are usually represented in the form of point clouds. Correspondence-based meth-

ods [4, 5, 6] estimate the rigid transformation by minimizing the distances between

corresponding points in the two compared point sets. The computation of rigid trans-

formation has well known closed-form solution for 2D, 3D and arbitrary dimensions,

but in order to establish correct point-to-point or point-to-surface associations a good

initial guess of the transformation is required. Inaccurate correspondences often lead

to wrong estimation, since standard registration methods only solve local optimiza-

tion problems.

In this context, classical methods are still relevant today, but need some additional

contextualization. The Iterative Closest Point (ICP) [7, 8] paradigm has been used

and reformulated multiple times since its first appearance in the early 1990’s, and is

probably the most well know approach to registration. The critical step of ICP is the

search for correct matches between points, whereas the computation of the best rigid

transformation is a solved problem both for 2D and 3D cases.

Another classic approach to registration in 2D domain uses correlation of occu-

pancy grid map [9], which is effective once the discretization parameters have been

properly tuned. This approach estimates the transformation between point clouds

though global optimization of objectives functions depending on the features. Then,

the feature viewpoint invariance is a major factor. Several algorithms allow decou-

pling of rotation and translation estimation thanks to independence of the features.

One important discussion to be made for non-global methods regards the avail-



2.1. Point Cloud Registration 8

ability of initial guess. This is usually retrieved by another measurement (e.g. the

robot odometry) or by preliminary feature matching [6]. Robust associations tech-

niques like Vector Field Consensus (VFC) [5] have been proposed to detect consistent

associations and filter outliers associations. In this context come recent works from

Vizzo, Guadagnino, Stachniss et al. [10, 11], which aim to refurbish traditional ap-

proaches to LOAM (Lidar Odometry and Mapping) and ICP. Nowadays, multi-layer

Lidars have become popular for several applications, including autonomous driv-

ing and industrial applications. These sensors acquire high range accurate geometric

measurements and provide accurate representation of 3D scene occupancy with a sin-

gle scan in the form of point clouds. Due to this, a specialized research branch has

developed methods and algorithms that rely on the specific data structure that Lidars

output. The main limitation of this type of sensor lies in non-uniform angular resolu-

tion and field-of-view (FoV) of range measurements, which are vertically sparse and

horizontally dense. The large amount of data collected is also a challenge for online

computations like point set registration, sensor odometry and mapping. Specialized

algorithms have been proposed for the sparse point clouds acquired by multi-layer

Lidars. An effective approach relies on extraction of salient features that facilitates

association and registration. LOAM [12] is among the first effective algorithms using

crafted keypoints for pairing consecutive points. Several improved versions of the

algorithm have been proposed to operate with other sensors. For example, F-LOAM

(Fast LOAM) [13] is an efficient and effective system that requires only 3D Lidar

measurements. It extends the original work by combining the geometric and images

data, working on detection of high curvature points (edge) and planar patches (sur-

face) from point clouds organized in different layers. Other registration and mapping

tools such as LIO (Lidar Inertial Odometry) [14] and IN2LAMA (INertial Lidar Lo-

calization And MApping) [15] are based on similar features.

2.1.2 Global and Robust Methods

A relevant variation of ICP that renders able to search the global optimum is GO-

ICP by [16]. This is a branch-and-bound (B&B) based optimization algorithm that is

able to solve the pose registration task in SE(3). Despite its accuracy being surpris-
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ing, GO-ICP can suffer from an exponential growth in time complexity for it resolu-

tion, leading to very long estimation times even for relatively simple cases. Several

correspondence-less methods enable separation between estimation of rotation and of

translation. Global registration algorithms often rely on features like local descriptors,

global histograms or functions extracted from each point set. However, in general

they are not adequately efficient for practical applications. Several correspondence-

less methods enable separation between estimation of rotation and of translation.

They include Hough Spectrum (HS) [17, 18] and Angular Radon Spectrum (ARS)

[19], Fourier and spherical harmonics expansion of point distributions [20]. Another

relevant global registration method that makes use Fourier and spherical harmonics

expansion of point is Phaser [21] from Bernreiter et al. . One trend that multiple au-

thors have shown interest in, is the reformulation of classical approaches in order to

adapt them to the new trends and use cases of modern robotics. A series of works from

MIT authors [22, 23, 24] is aimed at proposing and exploiting TEASER, a certifiable

and powerful outlier rejection, that can also be used for estimating 7DOF poses in

limited cases. Formally guaranteed methods like TEASER effectively estimate with

high number of outlier associations, but they may still fail with highly inaccurate

initial correspondences. They exploit regularization and other consensus techniques

to remove outlier associations. Also, the time complexity of these algorithms grows

considerably fast, even with only ∼100 correspondences to register. Another cate-

gory of global methods model the input point clouds as a continuous functions like a

Bayesian model of normals [25] or kernel Hilbert space [26, 27] and perform global

optimization.

2.1.3 Deep Learning Methods

A series of articles, including prominent authors from the early (late ’90s-early 2000s)

SLAM community [28, 29] reflects on the actuality of the SLAM paradigm and on

the potential, as well as the limits, of deep learning (DL) and convolutional neural

network (CNN) techniques. Despite the goal of these articles not being the one of

giving clear directions moving forward, but more the one of facilitating discussions

and bring clarity to the state of the art at the time, some general opinions can still be
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gathered.

Still, one of the great challenges that appears to be unsolved is finding a soft spot

for mixing the more traditional approaches with the novel and more recent ones. An

increasing number of recent works has focused on certifying optimality, or at least

stability/boundability of the results obtained through DL-based approaches [30]. This

is an important trend also in industrial robotics, with many companies worldwide ex-

ploring the capabilities of deep learning techniques in a growing number of applica-

tions, but still somewhat limiting their use in critical applications due to the lack of

formal guarantees of most CNN-based methods. Aoki et al. have recently proposed

PointNetLK [31]. PointNetLK applies the Lucas-Kanade [32] algorithm by Baker

and Matthews [33], and a more recent adaptation of it [34] to the object tracking

task, to the registration problem. It is one of the first works to successfully tackle

point cloud registration through a deep learning approach (specifically, using a de-

scriptor based on PointNet [35]). It performs global registration in the sense that the

loss function to be minimized through PointNet uses global features. However, its

computational cost is still high for real-time applications, and the deep learning ap-

proach is naturally reliant on the quality of the training. A more recent work [36]

even proposed an analytical improvement over for the feature update of PointNetLK.

Using another deep learning based approach, Kurobe et al. proposed CorsNet [37],

which directly aims at solving registration through Deep Neural Networks (DNNs).

A deep-learning based approach with similar bases to the one discussed in this disser-

tation is DeepGMR by Yuan et al. [38]. A series of works from Wang et al. [39, 40]

tackles multiple aspects of the DL-based registration, first analyzing and proposing

point cloud representations that are suitable for training, and then using them inside

a partial-to-partial registration pipeline. A relevant aspect is the choice of features se-

lected for training. this particular case, they are geometric features extracted through

KeypointNet [41]. These allow the method to be considered as unsupervised, as they

are extracted without additional labeling.
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2.1.4 Datasets and Benchmarks

Already more than ten years ago, Pomerleau et al. [42] analyzed the problem of

establishing a solid and challenging benchmark for testing registration performances,

but today the importance Especially with the rise of deep learning based methods, the

importance of having huge but still usable datasets has grown considerably. A good

number of works sees a major contribution in acquiring, labeling, and publishing

datasets. Smaller, but very useful datasets can also be found for specific applications.

In-depth surveys for registration in specific cases can also be found. An exam-

ple can be [43] by Pomerleau et al. that focuses heavily on mobile robots and many

ICP variations. Recently, Zhang et al. [44] wrote an article that analyzes tendencies,

strength and limitations of the growing use of deep learning for the registration task.

While listing and describing many notable algorithms, they make relevant points of

their dissertation focusing on the usage of features and their matching, as well as

on refinement, outlier rejection, and making comparisons with traditional registra-

tion techniques. Also, a full chapter is dedicated to listing relevant datasets and their

features.

2.1.5 GPU-Based Parallel and Data-Intensive Methods

Another trend that has received an increasing popularity with the development of

data-intensive techniques is the formulation of highly parallelizable algorithms to

be run on the GPUs (Graphics Processing Units). Mathematical frameworks to deal

with similar problems on the GPU have already been proposed [45, 46, 47], but they

tend to lack when it comes to implementation-wise guidance. Despite the usage of

SLAM methods in real-time applications being a long time concern [48, 49], the

exploitation of GPUs to speed-up perception and sensor processing [50] is less fre-

quent in literature. It is instead more common to see it paired with some computer

vision primitives or straight-up deep learning methods [51, 52, 53]. As a matter of

fact, GPUs are generally more used in approaches that feature some level of com-

puter vision into them, or even straight-up CNNs [51]. There are some examples of

proposed integration between robotics and GPU computation. Milioto et al. proposed
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Bonnet [54] and RangeNet++ [55] for segmentation based on deep learning. The first

is a framework based on different state-of-the-art CNN implementations, enabling

multi-GPU simplified training, as well as further expansion of the framework itself.

The latter is a LIDAR-specific segmentation method, optimized for high-speed pro-

cessing in order for it to be usable for autonomous driving applications. One work

that goes in a similar direction to ours is Collet et al. proposed a series of works lead-

ing to MOPED [56, 57], a framework that at its core is able to estimate the pose of

objects from recognizing feature keypoints. A typical application for some of these

frameworks is robotic manipulation [58]. Furthermore, Titan [59] is a library com-

prising parallel algorithms to handle geometry in soft-body and multi-robots physics

simulations. Such approach to parallel processing with Nvidia CUDA closely resem-

bles the proposed operational decomposition of ARS. Even Nvidia themselves have

recently introduced the ISAAC platform [60] and is producing a good number of

robotic works, spanning from manipulation and grasping all the way to detection

and registration. GPU-related literature also includes a class of works focusing on

mathematical-wise considerations regarding computational optimization and paral-

lelization. For example, Ha et al. [61] present an optimal parallel scan method, show-

ing experiments on throughput and MIPS on a data-intensive simulation of a pre-

fix sum problem. Still, a fillable gap between parallelization analysis of benchmark

problems and deep learning-related applications, specifically in the field of robotic

registration and mapping, appears to exist to this day.

2.2 Multi-Robot Pose Estimation

Distributed robotics systems have been relevant in robotics research ever since the

1980s [62]. Naturally being in constant evolution during all these years due to the

ever-changing (intra-fleet but inter-robots) communication techniques (e.g., cellular

technology [63], bluetooth, Wi-Fi, infrared, etc.), the field of distributed robotics is

one of the most challenging in robotics due to the significant growth in complexity

that separates a single robot from a fleet-based robotic application [64, 65]. As a mat-

ter of fact, distributed robotics system need to have seamless integration in the motion
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planning of each robot within the system [66], and be able to execute a number of

simultaneous actions equal to the number of robots present in the system.

2.2.1 UAV Use Case

Probably, as of today, the most relevant use case of this setup is a fleet of unmanned

aerial vehicles (UAVs e.g., drones). UAVs are used for a vast number of purposes,

from retail sale delivery (with a very rapid development in the last eight years, also

due to the COVID-19 pandemic from feasibility studies [67, 68] to already improve-

ment and optimization of systems [69, 70, 71, 72]), to critical and man-unfriendly

quality control applications (e.g., pipeline monitoring [73]), all the way to the mili-

tary [74]. A problem that has been investigated in this context by other research fields

is bundle adjustment [75, 76].

2.2.2 Intra-Fleet Cross-Localization

One of the most typical problems that a distributed robotics system has to confront

itself with is the reciprocal localization of each robot inside the system. The problem

of distributed robotics to be analyzed that is most interesting in the context of this

dissertation is the one of pose averaging [77, 78, 79]. Multiple pose averaging is a

methods of estimating camera fields-of-view (FoVs) using the information available

from cameras in the network [80]. In other words, the problem aims to obtaining the

set of absolute camera poses (rotation and translation) given a set of noisy camera

measurements/estimations. It has been used for decades in Structure-from-Motion

reconstructions. This problem encompasses a wide number of cases, starting from

the single rotation averaging [81, 82]. The theory and proposed approaches to solve

the multiple pose averaging problem can be used to perform the cross-localization of

a set of cameras, given a partial and noisy set of the translations between one another.

2.2.3 Relation with SLAM

Registration and localization algorithms have been used for multiple purposes, in

both robotics and other fields like computer vision. The already mentioned SLAM
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problem can encompass these tasks, along with mapping and many others as part of a

more complex system. Many solutions for SLAM have been proposed over the years,

and research for their improvement continues also today. In particular, the graphical

SLAM formulation [83, 84, 85] has received a good amount of attention over the

years, due to its ability to pair flexibility with formal soundness. However, many of

the proposed solutions are limited in the strength of their ability to produce optimal

solutions, as their reliance upon local search techniques leaves them vulnerable to

convergence to significantly suboptimal critical points.

2.2.4 Certifiable Methods

A relevant work in the context of the robust approaches presented in this dissertation

is SE-Sync [86] from Rosen et al. . In this work, the authors propose a certifiably cor-

rect algorithm for synchronization over the SE(d) Lie group that have to be estimated

given noisy measurements of a subset of their pairwise relative transforms. Their goal

is to find a soft spot between the rapidity of local search [87, 88, 89, 90], other previ-

ous approaches through constraint relaxations [91, 92, 93, 87, 94, 95, 96, 97], while

still being able to offer some sort of certification of the algorithm’s output. SE-Sync is

an algorithm able to provide a non-approximated certifiable solution, through the us-

age of semidefinite relaxations and the Riemannian Staircase paradigm (that will be

analyzed in depth in Chapter 6). The certification of the solution is based on verifying

the correctness of a reformulation of the initial maximum-likelihood problem. The

latter is based on iteratively increasing the dimension of the solution search space, in

order to exit local minima and provide more accurate solutions.



Chapter 3

ARS - Angular Radon Spectrum:

General Definition and

Introduction

Registration is the problem of finding the rigid transformation (i.e., rotation and trans-

lation) that better aligns two or more views of the same object or scene. It is an in-

stance of the more general pose estimation problem, which involves partially, but

substantially, overlapping representations. In general, pose estimation can be formu-

lated in the form of networks of reference frames where pairwise relative measure-

ments are given. Registration can be seen as a primitive for general localization and

mapping estimation. The problem tackled in this chapter is the estimation of a rigid

motion/pose (i.e., roto-translation, 6 DOFs) that links a source and a destination point

sets. Multiple use cases for this application can be though of, but the most appropriate

would be a mobile robot navigating in a partially unknown environment which has to

align the point clouds it is acquiring during its motion, through one or more sensors.

The Angular Radon Spectrum (ARS) [19, 98, 99] paradigm has a notable importance

for solving the 6 DOFs pose estimation between a pair of overlapping point clouds.

To give a quick overview of its most important characteristics, ARS is a descriptor

that can be used to robustly assess the rotation between two point clouds representing
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the same scene from different viewpoints. Quickly recapping some concepts intro-

duced in Chapter 2, the most common point cloud registration algorithms rely on the

assessment of correspondences between points or regions of the point clouds to be

aligned. The estimation of correspondences is often inferred starting from an initial

guess of the pose to be estimated. The estimation of such pose is then iteratively re-

fined by minimizing a cost function that measures the differences between the shapes.

However, this procedure usually only allows search of local optima. This context is

needed in order to understand the motivations behind one of the most important con-

tributions presented in this dissertation. In particular, Chapters 3, 4, 5 contain the

proposal and derivation of Angular Radon Spectrum (ARS), a robust feature able to

strongly characterize the orientation of point clouds. ARS is based on a variation of

the Radon Spectrum that produces a global descriptor containing relevant information

regarding the collinearity (if the point cloud is planar) or coplanarity (if spatial) of

points. Thus, it is an effective solution for addressing the difficult part of the registra-

tion problem. As a matter of fact, one important property of ARS is its invariance to

translation, together with the orientation shift caused by the action of rotation (more

details in Section 3.2).

ARS has been formulated and can be successfully used to perform rotation estima-

tion, with versions that cover both the 2D (call it ARS2D) and 3D (ARS3D) cases. To

complete the pose estimation pipeline, a simple translation estimation method able to

obtain global optimality has been formulated.

3.1 Angular Radon Spectrum

A common representation used for sensory data across multiple sensors is the point

cloud. Consider a point cloud where points are represented only through their 3D

coordinates in space. The ARS rotation estimation algorithm takes a partially over-

lapping couple of source and destination Gaussian mixture models (GMMs) as input

and returns the 3D rotation linking them. Kernel smoother is an established technique

to provide continuous, smooth and adaptable estimation of a function from sample

data. In particular, GMMs can effectively approximate the point density using kernels
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with unimodal pattern. Although GMM is defined a probability density function, in

this context such model is just a representation for the density of points sampled from

the surface of obstacles. Scientific literature includes examples of a similar utilization

of kernel models, i.e. normal distribution transform [100, 4]. This means that a rel-

evant problem for using ARS on point clouds is how to "convert" the sensory output

point clouds into input GMMs for ARS. This conversion step will be investigated

more in-depth in Section 3.3.

From this point on, only GMMs are considered. One important classification of

GMMs separates isotropic GMMs from the anisotropic GMMs. By definition, an

isotropic GMM is composed only of isotropic Gaussians i.e., with covariance matrix

ΣΣΣ = σ I. Under the isotropy assumption, ARS has a known closed-form [19]. The

anisotropic case is analyzed more in-depth in Section 4.1.

3.1.1 Radon Transform of d-dimensional Gaussian Mixtures

We start from the Gaussian mixture model (GMM) representing a point cloud

f (r) =
np

∑
i=1

wi fi(r) =
np

∑
i=1

wi n(r−µµµ i,ΣΣΣi) (3.1)

where in our case µµµ i ∈ R
d and ΣΣΣi ∈ R

d×d . When reasoning in the space the Radon

Transform (RT) is computed on a plane. The parametric equation of the (d − 1)-

dimensional hyperplane is straightforward when using an orthonormal vector basis

U = [u1, ...,ud ] ∈ SO(d) s.t.

r = U t (3.2)

where t = [t1, ..., td ]
¦ is the vector of coefficients of linear combination of the ui

corresponding to point r. Any hyperplane π is represented by fixing the normal vector

u1 and the distance of π from the origin of reference frame t1 = ρ . Hence, any point

r in the hyperplane π is parameterized w.r.t. free variables t2, ..., td

rπ(t2, ..., td) = ρu1 +
d

∑
i=2

tdud = U§t§+U∥t∥ (3.3)
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Change of variables

U§ = [u1], U∥ = [u2, ...,ud ] , (3.4)

t§ = t1 and t∥ = [t2, ..., td ]
¦ (3.5)

to show that this choice of parameters can be generalized to hyperplanes of size p< d

in arbitrary spaces.

The RT of the GMM is computed as the integral of the sum of the Gaussian

kernels over a generic hyperplane π . The integral over the hyperplane is the integral

w.r.t. the parameters of the plane t∥

R[ f ](U§, t§) =
∫

Rp

f (Ut) dt∥ =
np

∑
h=1

wh

∫

Rp

n(Ut−µµµh,ΣΣΣh) dt∥ (3.6)

The Gaussian kernels can be written in term of t instead of r after a change of vari-

able. Now, it can be observed that the argument of the Gaussian distribution can be

rewritten as

(Ut−µµµh)
¦ ΣΣΣ−1

h (Ut−µµµh) = (t−U¦µµµh)
¦ U¦ ΣΣΣ−1

h U (t−U¦µµµh) (3.7)

= (t−µµµ̃h)
¦ (U¦ΣΣΣhU)−1 (t−µµµ̃h) (3.8)

= (t−µµµ̃h)
¦ ΣΣΣ̃

−1
h (t−µµµ̃h) (3.9)

where µµµ̃h = U¦µµµh and ΣΣΣ̃h = U¦ΣΣΣhU. The normalization constant of each Gaussian

kernel can be adjusted accordingly (note that U ∈ SO(d) and det(U) = 1). This is not

surprising since the linear transformation of normally distributed random variables r

in eq. (3.2) results into normal variables t. Hence, the RT integral w.r.t. variable t∥ is

equivalent to the marginalization of a Gaussian distribution

R[ fh](U§, t§) =
∫

Rp

n
(
t−µµµ̃h,ΣΣΣ̃h

)
dt∥ (3.10)

= n
(
t§−µµµ̃§,h,ΣΣΣ̃§§,h

)
(3.11)
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where the marginal mean values and covariances are shown in the matrix block sub-

division

µµµ̃h =

[

µµµ̃§,h
µµµ̃∥,h

]

=

[

U¦§µµµh

U¦∥ µµµh

]

(3.12)

ΣΣΣ̃h =

[

ΣΣΣ̃§§,h ΣΣΣ̃§∥,h
µµµ̃∥§,h ΣΣΣ̃∥∥,h

]

=

[

U¦§ΣΣΣhU§ U¦§ΣΣΣhU∥
U¦∥ ΣΣΣhU§ U¦∥ ΣΣΣhU∥

]

(3.13)

In the following, the assumption that all the Gaussian kernels of the GMM are isotropic

so that ΣΣΣh = σ2
h I is made. This assumption enables a strong simplification of mathe-

matical evaluation. As a matter of fact, under such assumption ΣΣΣ̃h = σ2
h U¦U = σ2

h I,

and also the covariance of the marginal is reduced to a simple scalar ΣΣΣ̃§§,h = σ2
h .

3.1.2 Angular Radon Spectrum of d-dimensional Gaussian Mixtures

The Angular Radon Spectrum (ARS) is a functional defined as

S [ f ] (U§) =
∫

Rd−p

κ (R[ f ](U§, t§)) dt§ (3.14)

where R[·](·) is the Radon Spectrum and the function κ(x) is called concentration

function. The concentration function needs to be superadditive (see [19]) and is usu-

ally κ(x) = x2. The double product arising from applying the κ(x) = x2 concentration

function to the general Radon Spectrum equation can be simplified as follows:

κ (R[ f ](U§, t§))

=

(

∑
1⩽h⩽np

whn
(
t§−µµµ̃§,h,ΣΣΣ̃§§,h

)

)2

= ∑
1⩽h1,h2⩽np

wh1wh2n
(
t§−µµµ̃§,h1

,ΣΣΣ̃§§,h1

)
n
(
t§−µµµ̃§,h2

,ΣΣΣ̃§§,h2

)

= ∑
1⩽h1,h2⩽np

wh1wh2n
(
µµµ̃§,h1

−µµµ̃§,h2
,ΣΣΣ̃§§,h1 +ΣΣΣ̃§§,h2

)
·

·n
(
t§−µµµ̄h1h2

,ΣΣΣ̄h1h2

)
(3.15)
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where the formula of the product of two Gaussian probability density functions [101,

sec. 8.1.8, p. 42] has been used to perform the following substitution

µµµ̄h1h2
= ΣΣΣ̄h1h2(ΣΣΣ̃

−1
§§,h1

µµµ̃§,h1
+ΣΣΣ̃

−1
§§,h2

µµµ̃§,h2
) (3.16)

ΣΣΣ̄h1h2 = (ΣΣΣ̃
−1
§§,h1

+ΣΣΣ̃
−1
§§,h2

)−1 (3.17)

Thus, the ARS integral in t§ of eq. (3.14) can be solved

S [ f ] (U§) = ∑
1⩽h1,h2⩽np

wh1wh2n
(
µµµ̃§,h1

−µµµ̃§,h2
,ΣΣΣ̃§§,h1 +ΣΣΣ̃§§,h2

)

∫

Rd−p

n
(
t§−µµµ̄h1h2

,ΣΣΣ̄h1h2

)
dt§

= ∑
1⩽h1,h2⩽np

wh1wh2n
(
µµµ̃§,h1

−µµµ̃§,h2
,ΣΣΣ̃§§,h1 +ΣΣΣ̃§§,h2

)
(3.18)

where the integral of a Gaussian-like function over the whole domain is equal to 1

due to normalization.

The above derivation holds for general GMMs in a generic space with dimension

d and Radon Transform for hyperplane of dimension p < d. Now, shift the focus

specifically on the isotropic GMMs, making an assumption based on the definition

mentioned in Section 3.1 and analyzed more in-depth in Section 3.3. In the isotropic

case, the ARS yields

S [ f ] (U§) = ∑
1⩽h1,h2⩽np

wh1wh2n
(

(µµµh2
−µµµh1

)¦u1,σ
2
h1
+σ2

h2

)

(3.19)

= ∑
1⩽h1,h2⩽np

wh1wh2e
−

(µµµ¦
h1h2

u1)
2

2(σ2
h1

+σ2
h2

)
(3.20)

= ∑
1⩽h1,h2⩽np

wh1wh2e
−

µ2
h1h2

4(σ2
h1

+σ2
h2

)
(1+cos2γh1h2

)

(3.21)

where the brief notation µµµh1h2
= µµµh2

− µµµh1
, µh1h2 = ∥µµµh1h2

∥ is adopted, and γh1h2 is

the angle between µµµh1h2
and u1. Hence, there is an ARS kernel for any pair (h1,h2)
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of GMM kernels, that are referred to using the notation

S [ fh1h2 ] = e−λh1h2
(1+cos2γh1h2

) (3.22)

λh1h2 =
µ2

h1h2

4(σ2
h1
+σ2

h2
)

(3.23)

The equation of ARS kernel is identical to the one given in [19], if the Gaussian mix-

ture kernels are also identical σh = σ for all h = 1, . . . ,np. The quadratic complexity

of ARS is apparent, as it describes "how much" aligned every couple of Gaussians is

w.r.t. a pencil of parallel (hyper-)planes defined by the normal vector U§ = u1. In this

present form, ARS is hard to be utilized for its main purpose, which is the estimation

of rotation. Instead, the ARS kernel S [ fh1h2 ] is more easily treatable in the frequency

domain, at least for this specific goal. Because of this, it will be reformulated using

the Fourier Series in 2D (see Section 4.1.2) and the Spherical Harmonics in 3D (see

Sections 5.1, 5.2).

3.2 ARS Rotation-Shift and Translation Invariance

The properties of ARS presented in the following proposition are key to showing the

potential of using it to evaluate pairwise rotations:

Proposition 1. Let f (r) = ∑i wi n(r−µµµ i,ΣΣΣi) be a GMM (as in eq. (3.1)), and let

its ARS be S [ f (r)]U§), (after the base change in eqs. (3.4), (3.5)). Let also v be a

translation vector in R
d . Then, S [ f (Rr+v)] (U§) = S [ f (r)] (RU§).

Proof. Starting from what has been stated in eq. (3.18):

S [ f ] (U§) = ∑
1⩽i, j⩽np

wiw jn
(
µµµ̃§,i−µµµ̃§, j,ΣΣΣ̃§§,i +ΣΣΣ̃§§, j

)
(3.24)

where

µµµ̃§,i−µµµ̃§, j = U¦§(µµµ i−µµµ j) (3.25)

ΣΣΣ̃§,i +ΣΣΣ̃§, j = U¦§ΣΣΣiU§+U¦§ΣΣΣ jU§ = U¦§(ΣΣΣi +ΣΣΣ j)U§ (3.26)
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which, in turn, come from subtracting a h = j-index term from an h = i-index term,

in eqs. (3.12) and (3.13).

Now, consider applying a roto-translation to the argument of the GMM f :

f (Rr+v) = (3.27)

∑
i

wi n(Rr+v−µµµ i,ΣΣΣi) = (3.28)

∑
i

wi n
(

rR¦(µµµ i−v),R¦ΣΣΣiR
)

(3.29)

which comes directly from observing that:

(Rr+v−µµµ i)
¦ΣΣΣ−1(Rr+v−µµµ i) = (3.30)

(r−R¦(µµµ i−v))¦R¦ΣΣΣ−1R(r−R¦(µµµ i−v)) = (3.31)

(r−R¦(µµµ i−v))¦(R−1ΣΣΣ−1R)(r−R¦(µµµ i−v)) = (3.32)

(r−R¦(µµµ i−v))¦(R¦ΣΣΣR)−1(r−R¦(µµµ i−v)) (3.33)

where in order to go from eq. (3.30) to (3.31), the following trick is used:

Rr+v−µµµ i = R(r−R¦(µµµ i−v)) . (3.34)

Looking at eqs. (3.30) to (3.33), the following equivalencies are apparent:

µµµ i→ R¦(µµµ i−v) (3.35)

ΣΣΣi→ R¦ΣΣΣiR (3.36)

Now, consider the substitutions mentioned in eqs. (3.35) and (3.36), but for a roto-

translated argument (i.e., r = Rr+v), applying them to eqs. (3.25) and (3.26):

µµµ̃§,i−µµµ̃§, j = U¦§(R
¦(µµµ i−v)−R¦(µµµ j−v)) = (3.37)

U¦§R¦(µµµ i−µµµ j) = U¦§R¦(µµµ i−µµµ j) = (RU§)
¦(µµµ i−µµµ j) ; (3.38)

ΣΣΣ̃§,i +ΣΣΣ̃§, j = U¦§R¦(ΣΣΣi +ΣΣΣ j)RU§ = (RU§)
¦(ΣΣΣi +ΣΣΣ j)RU§ . (3.39)

To end the proof, compare eqs. (3.25), (3.38) and, respectively, eqs. (3.26), (3.39), it

is apparent that the single Gaussians that compose the ARS spectra are as expected

i.e., U§ becomes RU§ and translation v disappears.
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3.3 Point Clouds and GMMs

At this point, it is important to provide additional information on why and how ARS

takes a GMM as input. An important definition regards the isotropy of a GMM has

been introduced in previous sections. First, a Gaussian is said to be isotropic if its

covariance matrix has the same eigenvalues and its distribution is identical from all

the directions. GMMs that are composed only by isotropic Gaussian distributions

are called isotropic themselves. Instead, GMMs that do not satisfy this property are

called anisotropic. Of course, a very common representation for sensory data is the

one of point clouds. The simplest way to convert a point cloud into a GMM is to

associate each point of the cloud to an isotropic Gaussian with mean value µ on the

point’s coordinates, and arbitrary covariance matrix ΣΣΣ = σ2I. Normally, σ would

vary depending on sensor uncertainty, and could even vary among points. The for-

mulation of ARS in the isotropic case is leaner and can be taken as a good starting

point. However, in general, the distribution of noisy point sets is more correctly and

efficiently represented by general anisotropic Gaussian kernels. The analytical ex-

pression of ARS function allows full closed-form evaluation in the case of isotropic

kernels. This differences are applicable to both the 2D case, as well as the 3D one.

3.4 Rotation Estimation

ARS can be seen as a stand-alone point cloud descriptor. However, as already said, the

main goal behind its formulation is to use it for estimating the rotation that separates a

couple of partially overlapping point clouds, call them source (src) and, respectively,

destination (dst). To perform this, the following rotation estimation pipeline based on

ARS has been proposed.

1. simplification of the input source and destination GMMs fS(r) and fD(r) (only

for Anisotropic ARS, see Section 4.1.1); the link between point clouds and

GMMs has just been discussed in Section 3.3

2. computation of the ARS spectra of source and destination
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3. expansion in frequency domain through Fourier Series (2D) or Spherical Har-

monics (3D)

4. computation of the Fourier/Spherical Harmonics coefficients of the correlation

function

5. optimization over the correlation function to obtain the rotation R∗ for which

the maximum is obtained

At this point of the presentation, it is useful to briefly describe the rotation estimation

procedure in the simpler 2D case (the 3D case is tackled in Section 5.4) in order

to in order to give a full view of the rotation estimation through ARS pipeline. Let

the correlation function be C[ fS, fD]. The computation of its global maximum through

the lower and upper bounds of correlation on any angular interval [θ ,θ ] are computed

through simple interval arithmetic on sines and cosines of Fourier series. A branch-

and-bound (B&B) procedure, has been proposed [19, 98] to solve the present planar

case. The splitting of a generic interval [θ ∗,θ
∗
] in B&B iterations stops when the

desired accuracy ∆θ is reached, θ
∗− θ ∗ > ∆θ . It can be empirically observed that

low-frequency coefficients of correlation are predominant and C[ fS, fT ](δ ) is a rather

smooth function, since it is obtained as a convolution. Thus, its global maxima are

well defined. The optimization procedure follows an almost identical procedure in

the 2D anisotropic case (see Section 4.1.3) and in the GPU-enhanced isotropic case

(see Section 4.4.2). Instead, the 3D case uses the same footprint, but with additional

differences due to the increased complexity of the problem, as the rotation to be

estimated presents 3 DOFs, one per each axis, compared to the only 1 DOF of the

planar case. The 3D estimation procedure has been performed using Riemannian

Optimization techniques, as will be detailed in Section 5.3.

3.5 Translation

To complete global registration, a branch-and-bound procedure inspired by [102] has

been proposed and implemented as follows. The objective function to be maximized

is the number of overlapping point pairs between destination and the translated source
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point clouds. A point pair is overlapping if their distance is less than tolerance ε .

Given a closed box B ¢ R
d , the lower and upper bounds of the number of matching

pairs are estimated. The lower bound is computed by counting the number of source

points with a corresponding destination point belonging to the box B centered on the

source point. The upper bound excludes from this counting the points clearly without

matching. The translation is estimated as the center of the optimal box Bopt with

largest number of inliers. The presented method is thought as an addition completing

a more solid rotation estimation algorithm, in order to complete pose estimation, but

it is still able to produce accurate results when combined with ARS, as it will be

further discussed in Section 4.3. The proposed translation algorithm is able to work

in d dimensions, so its adaptation from the 2D to the 3D case is seamless.

It has to be noted that the estimation of translation depends on the outcome of

rotation. This enables the translation estimation algorithm to rely on a previous strong

formulation that produces accurate rotation estimation results. Still, one problem that

arises from the formulation of ARS is its periodicity. To be more explicit, in the

planar case ARS estimates two values of rotation since it is π-periodic. Hence, the

real rotation angle for a certain axis (also in 3D) is either δ ∗ or δ ∗+π . The assessment

of translation enables disambiguation between the candidate values of rotation.

3.6 Discussion

The following Chapters 4 and 5 tackle the (planar) ARS2D and, respectively, the

(spatial) ARS3D. The ARS2D chapter focuses on the anisotropic formulation and the

GPU-enhanced parallelization of the isotropic case (Cud-ARS). The ARS3D chapter

starts explaining the theoretical differences of applying ARS to the 3D case, com-

pared to the 2D one. Both chapters then proceed illustrating the respective rotation

estimation algorithms, and then present the experimental results for each of these

subjects, comparing them against each other and against other state of the art algo-

rithms.



Chapter 4

Rotation Estimation in 2D Domain

Based on ARS

This chapter contains the description of the planar (2D) ARS formulation, with two

major sections that cover anisotropic planar ARS, and a GPU-enhanced version of

the isotropic version of ARS. The general aspects covered in the introduction to ARS

(chapter 3) remain valid, but additional considerations for them to be put into practice

in the case of 2D point clouds and GMMs are provided in the following. A relevant

simplification comes from the fact that planar rotations have only 1 DOF instead of

the 3 DOFs of the spatial case.

We start from the Radon Transform of a GMM, R[ f ](q)=∑
np

i=1 wi

∫

Fq

n(r−µµµ i,ΣΣΣi) dr.

The marginal distribution t1 ∼N (µ̃ i,1, σ̃
2
i,1) has mean value and covariance equal to

µ̃ i,1 = u¦1 µµµ i σ̃2
i,1 = u¦1 ΣΣΣiu1 (4.1)

Thus, the RT of a single Gaussian kernel has the form of a Gaussian function as

R[ fi](θ ,ρ) = n
(
ρ− µ̃ i,1, σ̃

2
i,1

)
(4.2)

where we substituted t1 = ρ and the values of mean µ̃ i,1 and variance σ̃2
i,1 depend on

the angle θ of U.
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In the 2D case, Fq is a line represented by its polar parameters q = [θ ,ρ]¦ and

the equation of a point in Fq is

r(t) = t1 u1 + t2 u2 = Ut (4.3)

where t1 = ρ is a fixed constant, t2 is the parameter associated to the points on the

line, u1 = û(θ) = [cosθ ,sinθ ]¦ is the unitary vector orthogonal to the line and u2 =

û(θ +π/2) = [−sinθ ,cosθ ]¦ corresponds to the line direction.

Hence, recalling eqs. (3.18) and (3.21), in the 2D case they become:

S [ f ] (θ) =
∫ +∞

−∞
κ (R[ f ](θ ,ρ)) dρ =

np

∑
i=1

np

∑
j=1

wi w j ψi j(θ) with (4.4)

ψi j(θ) =
∫ +∞

−∞
πi j(ρ,θ)dρ = n

(
µ̃ i,1− µ̃ j,1, σ̃

2
i,1 + σ̃2

j,1

)
=

1
√

2π bi j(θ)
e
− ai j(θ)

2 bi j(θ)

where πi j is a double product of Gaussian densities, κ(·) is a superadditive function

e.g., κ(x) = x2, and

ai j(θ) = (u¦1 (µµµ i−µµµ j))
2 =

m2
i j

2
(1+cos(2θ−2βi j)) (4.5)

bi j(θ) = u¦1 (ΣΣΣi+ΣΣΣ j)u1 = σ̂2
i j (1+δi j cos(2θ−2γi j)) (4.6)

as derived in [98]. It is apparent that the ARS of a GMM has the form of a summa-

tion of kernels ψi j(θ) defined for each pair of Gaussians i, j. The cosine dependence

of ai j(θ),bi j(θ) allows expansion in Fourier series, which will be used during the

optimization procedure for rotation estimation, as better detailed in Sections 4.1.2,

4.1.3.

Also, the general property of ARS shown in Section 3.2 applied to the 2D case has

the following formulation. Let f (r) be a GMM subject to rotation R(δ ) = R∈ SO(2)

and translation t ∈ R
2. Then [19], its ARS is equal to

S [ f (R(δ ) r+ t)] (θ) = S [ f (r)] (θ +δ ) (4.7)

where the transformed spectrum does not depend on translation vector t and is shifted

by angle δ .
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4.1 Anisotropic ARS

In general, the distribution of noisy point sets is more correctly and efficiently rep-

resented by general anisotropic Gaussian kernels. This chapter begins by covering

the point cloud-to-GMM conversion in Section 4.1.1 and then proceeds describing a

general formulation of ARS (in the anisotropic case) in the planar case. Such gener-

alization offers theoretical and practical advantages. First, anisotropic ARS better fits

the distribution of sensor uncertainty using the right covariance matrix. Second, an

arbitrary input GMM can be approximated and substituted by another GMM with a

lower number of Gaussian kernels.

4.1.1 Simplification of Gaussian Mixture Models

The measurements provided by range sensors can be effectively modeled in the form

of GMMs as previously discussed. A non-trivial step to be discussed regards how to

accurately transfer the information contained in a point cloud into a Gaussian Mix-

ture model. The anisotropic ARS be applied to 2D GMMs consisting of kernels with

arbitrary covariance matrices. In the isotropic case, the GMMs are simply obtained

from the sensory point clouds by initializing a 2D Gaussian n(µµµ,ΣΣΣ) per each point

p = [px, py]
¦. The uncertainty on each point is given by its covariance matrix, whose

value depends on the adopted noise model. In general, mean µ = p is set equal to

the point’s coordinates, and covariance matrix ΣΣΣ = σ I is set equal to a scaled identity

matrix, with variance σ determined on the basis of sensor’s characteristics or on some

other heuristics (in the simplest case, just let σ = 1.0 for all Gaussians). Under the

isotropy assumption, the ARS has a known closed-form expression [19]. However,

a different choice of the Gaussian kernels allows more accurate and compact de-

scription of the occupancy distribution. As a matter of fact, a GMM with anisotropic

kernels can adapt better to the distribution using a reduced number of kernels. The

anisotropic formulation of ARS allows a more accurate description of the structural

elements of a point cloud e.g., points aligned or belonging to the same area or scene

element can be grouped in a single non-isotropic Gaussian. The reduction in the num-

ber of Gaussians, although coming with an extra algorithmic step, enable a reduction
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in the computational time of ARS. In order to perform this step, the following pro-

cedure for simplification and approximation of GMMs to significantly speed up the

computation of ARS (quadratic in np) has been proposed.

Let f r(r) be the input GMM defined by parameters {(wr
i ,µµµ

r
i ,ΣΣΣ

r
i )}i=0,...,nr

p
where

wr
i are the mixture weights, µµµr

i the mean values and ΣΣΣr
i the covariances. A significant

application scenario occurs when the GMM consists of isotropic kernels, ΣΣΣr
i = σI.

Simplification is achieved by substituting a subset of input Gaussians I j, called

f r
I j
(r), with the merged Gaussian f m

j (r), with parameters (wm
j ,µµµ

m
j ,ΣΣΣ

m
j ), defined as

wm
j = ∑

i∈I j

wr
i µµµm

j =
1

wm
j

∑
i∈I j

wr
i µµµr

i

ΣΣΣm
j = ∑

i∈I j

wr
i

wm
j

(

ΣΣΣr
i +(µµµr

i −µµµm
j )(µµµ

r
i −µµµm

j )
¦
) (4.8)

Here, the superscript r denotes the reference input GMM whereas the superscript m

refers to the merged GMM. The pre-conditions for merging are that the input kernels

in I j lie inside the same region of space, and that the difference between the merged

Gaussian j and input kernel, measured according to a proper metric, is less then a

given threshold.

The normalized integral squared error (NISE) [103] is taken as distance for

comparing two distributions over their domain. The NISE between the distributions

fI j
(r) and f m

j (r) is defined as

nise( f m
j , f r

I j
) =

D[ f r
I j
− f m

j ]

D[ f m
j ]+D[ f r

I j
]

(4.9)

where the above integral norm D[ f ] is defined as the integral of probability distri-

bution f on the whole domain R
2. In case fI j

(r) is a sum of Gaussian kernels and

f m
j (r) is a single Gaussian kernel, there are closed-form expressions for all the above
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terms:

D[ f r
I j
− f m

j ]= ∑
i∈I j

wm
j wr

i n
(
µµµr

i−µµµm
j ,ΣΣΣ

r
i+ΣΣΣm

j

)

D[ f r
I j
]= ∑

i1,i2∈I j

wr
i1

wr
i2

n
(
µµµr

i1
−µµµr

i2
,ΣΣΣr

i1
+ΣΣΣr

i2

)

D[ f m
j ]=(wm

j )
2 n
(
0,ΣΣΣm

j

)

(4.10)

The NISE measures the difference in probability concentration, has closed-form ex-

pression for GMMs and is bounded between 0 and 1. A subset I j of Gaussian kernels

from f r, all locally concentrated in the same region, is merged into a single Gaussian

kernel f m when their NISE is less than the threshold nisethr.

The procedure to simplify the reference input GMM is presented by Algorithm 1.

The general idea is to merge a subset of Gaussian kernels belonging to the same re-

gion into a merged Gaussian, to check the accuracy of such substitution using NISE,

and to split the region into smaller subregions when the error is above a threshold.

The kernels lying in the same regions are detected using an implicit quadtree, which

is implemented as a list T of GMM kernels sorted according to Morton order [104].

Each mean vector µµµr
i is encoded by its index vector kr

i of the implicit grid of resolu-

tion qres (line 7). List T is sorted in Morton order with respect to the keys µµµr
i using

Chan’s xor trick [105]. To search the kernels lying in the same regions, we use an

ordered list T , which implicitly represents a quadtree data structure. The items are

ordered according to their index vector kr
i obtained by discretizing their mean vectors

µµµr
i with resolution step qres (line 7).

In the main loop (lines 13-26), T is recursively split into smaller intervals until

the simplified GMM is found. Each interval [l,u[ to be visited is extracted from queue

Q and its level h in the quadtree (line 15) is computed as

h= max
d=1,2

lev(kl,d ,ku,d) lev(a,b)=nbit−nlz(a·b) (4.11)

where nbit is the number of bits of the integer type used for indices and nlz() returns

the number of leading zeros. Then, the algorithm assesses the Gaussian kernel f m

candidate for substituting the kernels I j = [l,u[ and evaluates the NISE (lines 17-

18). If the NISE of the substitution is less than nisethr (and the tree level is large
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Algorithm 1 SimplifyGMM

1: function SIMPLIFYGMM( f r := {(wr
i ,µµµ

r
i ,ΣΣΣ

r
i )}i=0,...,nr

p−1)

2: Input: GMM f r = {(wr
i ,µµµ

r
i ,ΣΣΣ

r
i )}i=0,...,nr

p−1

3: Output: Anisotropic GMM G , with parameters (wm
j ,µµµ

m
j ,ΣΣΣ

m
j )

4: Parameters: nisethr, qsize, qres;

5: levelmax← +log2(qsize/qres),;
6: for i = 0, . . . ,nr

p−1 do

7: kr
i ← +µµµr

i/qres,;
8: T .insert({kr

i ,w
r
i ,µµµ

r
i ,ΣΣΣ

r
i});

9: end for

10: sort keys kr
i in T in Morton order [104];

11: Q.push([0,nr
p[);

12: G ← /0;

13: while Q ̸= /0 do

14: [l,u[←Q.pop();

15: h← computeTreeLevel(l,u); ▷ eq. (4.11)

16: I j←{i|l ⩽ i < u};
17: compute f m

j := (wm
j ,µµµ

m
j ,ΣΣΣ

m
j ) from I j; ▷ eq. (4.8)

18: nisecur← nise[ f m
j , f r

I j
]; ▷ eq. (4.9)

19: if h < levelmax and nisecur < nisethr then

20: G ← G ∪{(wm
j ,µµµ

m
j ,ΣΣΣ

m
j )};

21: else

22: m← splitInterval(T , l,u);

23: Q.push([l,m[);

24: Q.push([m,u[);

25: end if

26: end while return simplified GMM G ;

27: end function

enough), f m is added to output Gaussian kernel set G . Otherwise, the interval [l,u[ is

split on its largest span dimension (lines 22-24). Hereinafter we assume that ARSs are

computed on simplified GMMs G and omit the superscripts r and m. The substitution

is accepted if the NISE is above a given threshold and the tree level h does not exceed

threshold levelmax, which depends on maximum size of a quadtree quadrant qsize, to
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avoid too coarse approximation.

4.1.2 Fourier Expansion and Pairwise Correlation of ARS

A quick reminder that the ARS of a GMM has the form of a summation of kernels

ψi j(θ) defined for each pair of Gaussians i, j

S [ f ] (θ) =
np

∑
i=1

np

∑
j=1

wi w j ψi j(θ) (4.12)

Then, the ARS in the form of Fourier series can be used to estimate the rotation be-

tween two GMMs representing the same scene observed from different viewpoints.

Thanks to the invariance of ARS to translation and its rotation-shift stated in proposi-

tion 1, the computation of rotation angle is decoupled from translation. We only need

a convenient metric to measure the similarity of the ARS of two input GMMs.

Let fS(r) and fT (r) be respectively the density functions of the source and the

target point sets, with S [ fS] (θ) and S [ fT ] (θ) as their corresponding GMM-ARSs.

Suppose that fT (r) represents the transformed version of fS(r), except for noise and

field-of-view issues commonly occurring in perception problems. The rotation be-

tween fS(r) and fT (r) can be found by searching the angular shift δ ∗ that maximizes

the overlap between the two spectra. The overlap is measured by

C[ fS, fT ](δ ) =
1
π

∫ π

0
S [ fS] (θ +δ ) S [ fT ] (θ) dθ (4.13)

that represents the correlation of the two spectra. The best alignment δ ∗ is found

when the similarity C[ fS, fT ](δ ) between the two spectra is maximum.

The computation of correlation in eq. (4.13) is complex and not convenient if

the source and destination ARSs are in the form of eq. (4.12). Indeed, each ARS

consists of O(n2
p) kernels, one for each pair of Gaussians, and a kernel-by-kernel

comparison would be computationally expensive. A better approach is to express

each ARS kernel ϕi j(θ) as the sum of orthogonal function bases. Since the functions

ϕi j(θ) are π-periodic, the natural choice is its Fourier series. Thus, the Fourier series

of the ARS S [ f ] (θ) of the GMM is obtained by summing the corresponding Fourier

coefficients of each ϕi j.
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The closed formula of Fourier coefficients for isotropic GMMs [19] cannot be

trivially extended to the anisotropic case. Hence, the Fourier series of each point

pair is computed using Fast Fourier Transform (FFT) on n f samples ϕi j(θk) taken at

equally spaced sampling points θk = k π/n f for k = 0, . . . ,n f −1. Thus, the ARS of

the GMMs in eq. (4.12) is approximated by the discrete Fourier

S [ f ] (θ)≃ a
f
0 +

n f

∑
k=1

(

a
f

k cos(2kθ)+b
f

k sin(2kθ)
)

(4.14)

From the above expression of coefficients it is clear that the complexity of the es-

timation of {a f

k ,b
f

k}k is O(n2
p n f logn f ). It is quadratic in the number of points np,

since there is an ARS kernel for each pair of input Gaussian kernels. It is linearithmic

with respect to the Fourier order n f , since the coefficients are computed using FFT.

In practice, a relative low order n f = 64 is sufficient for accurate representation.

4.1.3 Correlation and Maximum Optimization (Anisotropic ARS)

Then, the ARS S [ fS] and S [ fT ] are expressed as Fourier series. We observe that

the chosen correlation function C[ fS, fT ] is a convolution of S [ fS] and S [ fT ] and

can also be represented as Fourier series. The formulas of the Fourier coefficients of

C[ fS, fT ], as well as the computation of its global maximum through a branch-and-

bound (B&B) procedure, have been illustrated in previous work [19] and recapped

in Section 3.4. The lower and upper bounds of correlation on any angular interval

[θ ,θ ] have been computed through simple interval arithmetic on sines and cosines

of Fourier series. The splitting of a generic interval [θ ∗,θ
∗
] in B&B iterations stops

when the desired accuracy ∆θ is reached, θ
∗−θ ∗ > ∆θ . We can empirically observe

that low-frequency coefficients of correlation are predominant and C[ fS, fT ](δ ) is a

rather smooth function, since it is obtained as a convolution. Thus, its global maxima

are well defined.
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Figure 4.1: Anisotropic ARS GMM Simplification.

Above: maps dataset sample from Cartographer output.

Below: Gaussian simplification, zoomed at incremental levels of detail.
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Table 4.1: Anisotropic ARS: Parameters configuration.

Description Symbol
Value

mpeg7 maps scans

ARS-Iso Fourier order n f 32

ARS-Aniso Fourier order n f 64

ARS standard deviation σmin 1.0 0.05 0.05

ARS tolerance on B&B ∆θ 0.5◦

NISE threshold nisethr 0.15

Quadtree resolution qres 1.0 0.05 0.05

Quadtree max quadrant size qsize 16∗qres

HS angular resolution ∆θhs 1.0 0.05 0.5

HS polar range resolution ∆ρhs 2.0 0.1 0.05 ÷ 0.01

HS polar range max ρmax,hs 400.0 400.0 150.0

4.2 Anisotropic ARS Experiments

The experiments presented in this section are designed to assess the performance on

rotation estimation of the proposed anisotropic ARS (ARS-Aniso) and to compare it

with other state-of-the-art algorithms. The methods used in the experiments are the

original isotropic ARS (ARS-Iso) [19], HS [17], PCA (Principal Component Analy-

sis) [106], a standard implementation of ICP, VFC [5] and TEASER [23]. In the case

of isotropic ARS, the input points are used as mean values of an isotropic GMM.

In the case of anisotropic ARS, there is more flexibility and the input GMM is sim-

plified according to the procedure described in Section 4.1.1. The implementations

of ARS-Aniso, ARS-Iso and HS are available in public repository1. ICP, VFC and

TEASER are local search methods and their performance depends on initial guess of

rotation, which is given by PCA. Both VFC and TEASER are able to remove most

1https://github.com/dlr1516/ars

https://github.com/dlr1516/ars
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wrong associations, but still rely on reasonable input estimation that is not guaran-

teed in our experiments. Moreover, TEASER is designed for 3D registration, not to

deal with 2D point clouds. Three categories of datasets, discussed in the following

subsections, have been used in the trials: the MPEG7 shape dataset, 3 occupancy map

datasets, and 4 classic laser scan datasets. The parameters of the algorithms used in

the experiments, in particular for isotropic and anisotropic ARS and HS, are reported

in Table 4.1. Some of the parameters have different values depending on the dataset

scale. Precision and accuracy of methods across the different types of dataset are an-

alyzed in the following subsections. The MPEG7 tests are arguably more challenging

and complete than the others, although they are run on a benchmark dataset, due to

the large amount of situations in which ARS has to confront itself against the other

methods. Still, the ones run on 2D scan datasets (and, in a more limited fashion,

the ones on the occupancy grid maps) are the tests which bring the algorithm in the

closest situation to a realistic use case.

Table 4.2 reports the number of comparison trials (i.e. the number of pair map),

the average execution times and the number of GMM kernels processed by ARS-

Aniso, ARS-Iso and HS. The experiments have been performed on processor Intel

Core i9-11900F@2.50GHz with 32GB RAM. The average execution times of ARS-

Aniso for datasets mpeg7, backpack2d, unipr-dia, fr079, intel-lab and mit-csail is

less than those of ARS-Iso. The reduced time is straightforwardly attributed to the

reduction to about 10% of the number of GMM kernels achieved by the procedure

described in Section 4.1.1. When such reduction is not achieved (backpack3d) or is

limited (fr-clinic), the flexibility of ARS-Aniso cannot be exploited. HS generally

outperforms (sometimes only slightly) both ARS methods in terms of speed, but it

requires parameter tuning and suffers from relative speed as discussed in Section

4.2.3.

4.2.1 MPEG7 Dataset

The original MPEG-7 database [107] consists of 1440 images of different shapes rep-

resenting objects or animals. The contour points are used as noisy input points. The

point set is translated and rotated according to known parameters and then distorted
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Table 4.2: Anisotropic ARS: Execution Time Results

dataset type trial num avg points num
ARS-Aniso ARS-Iso HS

avg kernel num GMM kernel ratio avg time [ms] avg time [ms] avg time [ms]

mpeg7 images 1400 1444 30.93 8.99 % 129.81 376.29 2.08

backpack2d maps 419 2140 177.19 8.28 % 13.30 625.02 5.82

backpack3d maps 134 968 967.62 100.00 % 424.17 146.83 4.19

unipr-dia maps 25 4100 340.74 8.31 % 54.49 2473.42 8.84

fr079 scans 1023 360 53.13 14.76 % 2.32 14.25 1.80 ÷ 14.13

fr-clinic scans 377 180 136.43 75.69 % 13.93 3.51 1.63 ÷ 13.67

intel-lab scans 905 180 39.61 22.01 % 1.47 3.66 1.46 ÷ 13.86

mit-csail scans 760 361 53.53 14.83 % 2.60 14.23 1.81 ÷ 13.97

to assess the robustness in rotation estimation. The rotation angles are uniformly dis-

tributed on interval [0,180] deg, whereas the translation is uniformly distributed up to

a maximum value approximately corresponding to the dimension of the object. Since

this dataset has been used in our previous work [19], we briefly recapitulate the three

kinds of distortion applied to the original point sets.

1. Noise. A Gaussian noise with standard deviation σnoise in interval 0÷ 50 is

applied to each point coordinate.

2. Occlusion. All the points inside a circle centered in a randomly selected point

of the set and with radius equal to a portion β of the dimension of the shape

are removed (β ∈ 0÷50%).

3. Random Points. The input set of nin points is augmented by γ nin random points

(γ ∈ 0÷300%) drawn from a uniform distribution over the shape.

Figures 4.2(a)-(c) illustrate the results achieved using the discussed algorithms.

The mean angular error is computed only on positives, i.e. with error less than 5◦.

Effective local registration algorithms like VFC perform well only on the noise dis-

tortion experiments, where the contour outline is preserved and point-to-point associ-

ation is feasible. The poor performance of state-of-the-art TEASER may be attributed

to inaccuracy of correspondences, to ineffectual tuning of parameters and to issues

related to the application of a 3D registration algorithm to 2D domain. Most trials of

TEASER terminate with the validity flag unset due to inconsistency in graph-based
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inference. More investigation is required to understand the problem. In all other cases,

the global correspondence-less methods ARS-Aniso, ARS-Iso and HS outperform

the other techniques. In particular, they have similar results in occlusion tests since

they are based on collinearity of points. The error of ARS-Aniso is usually close and

intermediate between those achieved by ARS-Iso and HS.

4.2.2 Occupancy Grid Map Datasets

The second group of tests has been performed on GMMs generated from occupancy

grid maps. The three datasets are backpack2d and backpack3d from the collection

of Deutsches Museum, and unipr-dia acquired in the main hallways of the Diparti-

mento di Ingegneria e Architettura of the University of Parma. The raw laser scans

and odometry measurements from these datasets have been processed by mapping

tool Carthographer [108]. The maps built by Carthographer consist of several local

occupancy grid submaps, which are used for rotation estimation. The cell centers of

each occupancy grid submap are used as the mean values of an associated GMM.

The rotation estimation experiments are performed as follows. We select the

candidate pairs of maps to be compared based on their index in the general map,

which the Carthographer generally assigns according to the trajectory traveled by the

robot. The majority of the maps with consecutive index are partially overlapping. The

Carthographer tends to initialize the submap reference frames with orientation close

to the origin frame. Thus, we manually added a random rotation to all the maps for

testing arbitrary orientations.

The performances on rotation estimation of the compared algorithms are summa-

rized in Figure 4.3. The first histogram represents the number of negative trials, i.e.

with estimation error greater than 3◦. Several negatives are due to non-overlapping

submaps, even though with consecutive indices. The average rotation errors of ARS-

Aniso, ARS-Iso and HS are close to 0.2◦ and are significantly lower than those

achieved by local methods. ARS-Aniso performance is comparable to ARS-Iso and

HS with no clear predominance of one method over the others.
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4.2.3 Laser Scan Datasets

The third group of tests has been conducted on standard benchmarks of laser scans

for robot localization and mapping applications: fr079, fr-clinic, intel-lab and mit-

csail. Each of said datasets contains about 5000 scans. The goal of the experiments

that have been run is to correctly estimate the rotation between subsequent scans

in each dataset, and comparing the results obtained with the already mentioned six

methods through the ground truth information contained in the datasets. Results are

reported in Figure 4.4. Only subsequent scans with reciprocal ground truth rotations

of at least 3° have been considered in order not to overrate the algorithm performance

when limited rotation occurs. As for the Occupancy Grid Map experiments, several

negative estimations are due to non-overlapping scans. The better results are achieved

by ARS-Iso, ARS-Aniso and HS. For the latter dataset, an additional set of tests

has been performed, in order to further assess the comparison between the mean

execution times of ARS-Aniso and HS. By varying the HS polar range resolution

from 0.05 to 0.01 (see corresponding line in table 4.1), the mean execution time of

HS, initially lower the ones of both ARSs, saw a noticeable increase of up to 10 times.

4.3 Registration and Mapping Experiments

To attest the goal of building a SLAM pipeline based on ARS, a series of registration

and mapping tests on navigation datasets has been performed. In general, ARS reg-

istration based on simple scan-to-scan alignment has been able to keep track of the

trajectories, even if working more similarly to a scan matcher rather than a classic

registration method (i.e., without proper loop closure or place recognition). To attest

this, the proposed registration pipeline has been tested using a dataset acquired by

a Pioneer 3DX robot in the main hallway of the Dipartimento di Ingegneria e Ar-

chitettura of the University of Parma, which consists of a more than 100 meters long

corridor with branches and tables. The measurements included in the dataset are the

robot odometry, the laser scans collected by Sick LMS100, and the point clouds col-

lected by multilayer LIDAR Velodyne VLP16. In particular, two sequences called
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uniprdia_0 and uniprdia_1 have been used.

The proposed ARS registration algorithm has been compared with Cartogra-

pher [108] and Hector SLAM (briefly, Hector) [109]. At each iteration, the estimation

given by ARS is based only on the alignment of current laser scan with the previous

one, without initial guess. Conversely, Hector and Cartographer are full mapping sys-

tems that align and merge each new scan with the current map. Moreover, Hector uses

the initial guess provided by the robot odometry and Cartographer also integrates the

3D measurements from the LIDAR. The goal of such comparison is to display the

robustness of ARS estimation, albeit based on scan-to-scan comparison.

Figures 4.10 and 4.11 display the occupancy grid maps, as well as the esti-

mated trajectories obtained with the three methods. The occupancy grid maps are

obtained through online collection and merging of the aligned laser scans using Oc-

tomap [110], without removing inconsistencies for a fair comparison of the three

approaches. Even though it uses less data, ARS is able to estimate locally accurate

trajectories. As it can be seen though, in dataset uniprdia_0, after the robot performs a

U-turn, the algorithm loses track of the real orientation. The loss in orientation might

be due to a non sufficient rate of consecutive scan matching during the turn, or even

just a simple bad scan. More accurate are the results obtained in dataset uniprdia_1,

where our method has been able to keep track of a more complex trajectory. It is well

known that the absence of any kind of memory of previous states and maps while

performing registration can lead to effects like this. However, these tests are here to

show the stability of ARS’ scan-to-scan rotation and translation estimation, even if

the need for adding a more complex mapping pipeline to the ARS project still appears

necessary.

Table 4.4 reports the Average Translational Error (ATE) and Average Rotational

Error (ARE) for Hector and ARS with respect to the trajectory of Cartographer (used

as ground truth) in the two sequences. As expected, ARS errors are larger, but signif-

icantly limited for a scan matching algorithm.

Another set of experiments has been conducted on standard benchmarks of pla-

nar laser scans for robot localization and mapping applications: fr079, fr-clinic, intel-

lab and mit-csail. Each of said datasets contains about 5000 scans. The goal of the
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conducted experiments is to correctly estimate the rigid transformation between sub-

sequent scans in each dataset. Pose estimation tests have been separated into rota-

tion and translation estimation respectively. For rotation, the results obtained through

ARS3D have been compared against six methods through the ground truth informa-

tion contained in the datasets, as explained in 4.2. Translation has been estimated

after rotating the point clouds by an angle estimated through Isotropic ARS. Results

are reported in Figure 4.5. ARS methods achieve an error on-par or lower than the

other rotation estimation methods, while just a bit over the 1 cm scan resolution pa-

rameter when estimating translations. Only subsequent scans with reciprocal ground

truth rotations of at least 5° have been considered in order not to overrate the algo-

rithm performance when limited rotation occurs. It has to be noted that several failed

estimations are due to non-overlapping scans.

4.4 Cud-ARS

Cud-ARS is a parallel algorithm for the registration of planar point clouds using

ARS, implemented for execution on Nvidia GPUs through CUDA [99]. Cud-ARS

has been proposed to enhance the planar isotropic case. ARS descriptors are repre-

sented by Fourier coefficients and depended on each point pair. The pairwise assess-

ment of coefficients has been decomposed into independent tasks and assigned to

different GPU cores. More specifically, the grid-like structure originates from split-

ting data into blocks. Computations are then performed among in-block point pairs

by parallel threads, then by inter-block comparisons, and finally by a follow-up sum-

mation of partial results. In order to limit the computational load on each CUDA

thread while also coping with the limited memory capabilities on each said thread, a

matrix-like structure, adaptive to the size of the problem to be dealt with, has been

implemented and is discussed in this dissertation. Our self-contained implementa-

tion also limits unnecessary dependencies and improves reusability for other projects

and frameworks. Cud-ARS has been integrated into a full registration pipeline in-

cluding translation estimation to perform pairwise scan alignment. Our experiments

show a significant reduction in execution time guaranteed by GPU-based assessments
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of rotation. Moreover, the mapping experiments on standard datasets show that the

performance of Cud-ARS pairwise registration is comparable with tools perform-

ing state-of-the-art scan-to-map registration. As previously stated, the ARS compu-

tational complexity is dominated by the evaluation of a spectrum kernel for each

possible pair of points, as it is clear from Equation (4.12). Since ψi j(θ) = ψ ji(θ), the

final spectrum does not depend on the processing order of the points with indices i

and j. Conventionally, the point with an index (say, i) in the external loop is called

source point, and the one with an index (say, j) in the nested loop is the destination

point. The simple idea behind the GPU enhancement of isotropic ARS is to execute

the largest number of computations in parallel.

In order to maximize computational throughput across the GPU kernels and to dis-

tribute computation in an efficient manner by doing so, a virtual grid-like structure to

compute ARS spectra has been introduced. The goal has been to keep the number of

threads a power of 2, starting from a minimum of 32. To preserve the square shape

of the grid, its last cells still perform computation on padding data as part of ARS

spectra computation pipeline, even though the padding data are not related to real

pairs of points.

Parameter max_chunk_size corresponds to the maximum number of points taken as

input into one Cud-ARS processing CUDA grid. If the size of the input source or

destination data is greater than max_chunk_size, the Cud-ARS coefficient update is

iterated until all the source-to-destination point comparisons are processed. This step

is necessary as the internal memory of modern GPUs is rather large, but still finite.

An additional check is performed to avoid Cud-ARS coefficient computation steps

with small data chunks. When chunks of data slightly surpass the maximum size al-

lowed, but they still fit the GPU memory, they are processed in one step to avoid

the additional iteration that would slow down the whole pipeline (especially as less

CPU-GPU transfers with high throughput are more efficient than multiple transfers

with less data).
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4.4.1 Parallel Implementation

Cud-ARS is implemented as a three-step procedure. First, an indexed table of ARS

coefficients is computed. The tid-th element of this table corresponds to the eval-

uation of ARS on points with indices i, j, with i, j computed as explained in the

getIJ f romT ID() method presented in Algorithm 2.

Algorithm 2 Cud-ARS: Obtain I and J from TID
Input: integer tid which stands for "total id": all the "strictly-triangular" couples

of points in a cloud with n points

Outputs: integers i, j i.e., row-column indices in the parallelization grid

nId← n−1; //indices vary between 0 and n−1

tid_tmp← tid

while tid_tmp >= 0 do //find i

tid_tmp−= (nId− i);

i← i+1;

end while

i_out← i−1;

nId← n−1; // re-init

tid_tmp← tid

while i > 0 do //find j

tid_tmp−= (nId− i);

i← i−1;

end while

j_out← tid +1;

return i = i_out, j = j_out

The tid indexing has been introduced in order to avoid excessive memory usage

for storing useless computation outputs. As a matter of fact, the ARS coefficient

matrix stores only the evaluation of ARS between points corresponding to non-null

elements of the strictly triangular cost/matching matrix of the two datasets. Outputs

i and j of Algorithm 2 correspond to the couple of point indices from source and,
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respectively, destination sets to be processed.

The most significant and computationally expensive step of this first part of the

algorithm is the ARS kernel computation, which is on its own composed of two steps:

an evaluation of the PNEBI (Product of Negative Exponential and Bessel functions

on the first kind) which is defined as

PNEBI(k,x) = 2 e−x
Ik (x) , (4.15)

where Ik (x) is the modified Bessel function of the first kind of order k. The evalu-

ation of Ik (x) is based on recurrence. Hence, it is convenient to evaluate all coef-

ficients for k = 0, . . . ,arsOrder and to store them into vector pnebis. Said vector is

used to update the coefficient matrix, as illustrated in the discussion of Algorithm 3.
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Algorithm 3 ARS Coefficient Downward Update: Parallelized in Cud-ARS
Input: means point set with rowIdx,colIdx matrix indexing

Output: ARS coefficients coeffs vector for the input point set

Params: f ourierOrder,σ , pnebis

For all rowIdx do:

f actor← weight = 1.0
(numPts2)∗

√
(4πσ2)

f irstIdx = rowIdx∗ncols

coeffs[ f irstIdx] += f actor
2 pnebis0

delta← means j−meansi

φ ← atan2(delta.y,delta.x)

cth2← cos(2φ)

sth2← sin(2φ)

sgn←−1.0

cth← cth2

sth← sth2

for k = 1 : f ourierOrder do

evenIdx← rowIdx∗ncols+2k

oddIdx← rowIdx∗ncols+(2k+1)

coeffs[evenIdx] += f actor ∗ pnebis[k]∗ sgn∗ cth

coeffs[oddIdx] += f actor ∗ pnebis[k]∗ sgn∗ sth

sgn←−sgn

ctmp← cth2∗ cth− sth2∗ sth

stmp← sth2∗ cth+ cth2∗ sth

cth← ctmp

sth← stmp

end for
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It can be noted that a large part of the computational load is due to the estimation

of such 20÷ 30-sized vector for each pair of points to be evaluated with ARS. The

aforementioned Algorithm 3 runs on the GPU in a for-stride loop guarded by the

following instructions:

index = blockIdx.x∗blockDim.x+ threadIdx.x

stride = blockDim.x∗gridDim.x

tot = gridDim.x∗blockDim.x

f or(tid = index; tid < tot; tid += stride)

(4.16)

where index runs through a single block, while stride is supposedly the total number

of threads in the grid. The goal is to fit as many coefficient computations as possible

into one single grid.

Then, ARS computation for rotation estimation proceeds by summing the co-

efficients across each Fourier order, i.e., summing them along each (virtual) col-

umn of the coefficient matrix. However, due to the large number of rows to be

summed for each column, it has appeared more profitable to subdivide this sum-

ming procedure into two steps: first, a partial column-wise sum of the coefficient

matrix entries in chunks of consecutive rows (each having a fixed number of rows

part_sum_numrows) is been computed; then, the sum of these partial sums is com-

puted (still column-wise).

One last important consideration to be made is on how to approach large input

datasets. The considerable amount of data needed for each thread of the kernels’

computation quickly fills the central memory of the GPUs, which for general pur-

pose personal PCs rarely goes over 25 GB. Going even further into the exploitation

of the separability of ARS coefficient parallel computation, the natural way for pre-

sented Cud-ARS to solve problems with input point sets with a size over ∼5000

points is subdivision of the datasets in chunks, and then the processing of each of

the chunks separately. The 4096 value reported in Table 4.3 has been chosen as the

appropriate maximum chunk size by empirical testing. The value of 256 representing

the number of threads in each block has been selected in a similar fashion. Since ker-

nel parallelization parameters vary depending on the input dataset chunk size, when
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the number of input points is greater than chunk_max_size, an iterative procedure re-

sembling the subdivision into partial sums and total sums explained for computing

ARS coefficients of each Fourier order is deployed. First, the parallelization param-

eters are updated according to input data chunk size. Then, the computation of ARS

coefficients is summed for each combination of data chunks among source and desti-

nation point sets. Finally, it has to be noted that even during this process, the strictly

triangular indexing for the ARS coefficient matrices is kept even when the need arises

to evaluate ARS across multiple different chunk combinations, coming from source

and destination point sets. A graphical explanation of the Cud-ARS processing steps

is provided in Figure 4.6.

Table 4.3: Cud-ARS: Parameters configuration.

Description Symbol Value

ARS Fourier order n f 32

ARS stdev σmin 1.0 (mpeg7), 0.05 (maps)

ARS tolerance on B&B ∆θ 0.5◦

Coeff Matrix Rows nrows
num_pts∗(num_pts−1)

2

Coeff Matrix Cols ncols 2n f +2

Prlz Grid Size grid_sz nrows

Number of Blocks blks +gridTotalSize
pp.blockSz

,+1

Number of Threads threads 256

Coeff Matrix Tot Size c f f s_mat_tot_sz grid_sz∗ncols

Max Chunk Size max_chunk_size 4096

4.4.2 Correlation and maximum optimization (Cud-ARS)

The GPU-enhanced ARS coefficients computation does not change the fact that ARS

can be effectively used to the estimate the rotation separating two point clouds that

represent the same scene from different viewpoints. Also, the decoupling of rotation

evaluation from translation evaluation remains valid. As previously stated, when there
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is a rotation with angle δ between a source and a target point set represented by

density functions respectively fS(r) and fT (r), the spectrum S [ fS] is the shifted

copy of the S [ fT ]. The shift angle can be computed by searching the maximum of

correlation between the two functions

C[ fS, fT ](δ ) =
1
π

∫ π

0
S [ fS] (θ +δ ) S [ fT ] (θ) dθ . (4.17)

As the correlation function optimization was already the least computationally in-

tensive part of the ARS rotation estimation pipeline, no big modifications have been

introduced for performing this step in Cud-ARS. The ARS coefficients, computed

in parallel on the GPU, are expressed as Fourier series. As already discussed for

the CPU-only version of ARS (section 3.4) the correlation function is elegantly ex-

pressed in form of convolution. The global maximum δ ∗ of C[ fS, fT ] can be efficiently

found through a branch-and-bound procedure on angular domain [19, 98]. ARS is π-

periodic also in the Cud-ARS formulation, so the real rotation angle is either δ ∗ or

δ ∗+π . The assessment of translation through the procedure described in 3.5 helps

with the disambiguation between the two candidate values of rotation.

4.5 Cud-ARS Experiments

In order to evaluate Cud-ARS, different sets of experiments have been conducted.

The first goal has been to assess if Cud-ARS can show the same accuracy perfor-

mances as ARS and other state-of-the-art methods on commonly used datasets. Sec-

ond, the proposed methods for scan-matching based registration have been tested on

real world robotic simulations, assessing its ability in trying to reconstruct the trajec-

tory and usability in building an occupancy grid map of the robot’s movements. An

implementation of Cud-ARS is available in a public repository2. In a similar fashion

to what has been discussed in Section 4.2 for the Anisotropic ARS tests, the MPEG7

benchmarks present the largest number of purposely challenging scenarios for the

algorithm to succeed, while the occupancy grid maps and 2D laser scans bring the

algorithm closer to a realistic use case.

2https://github.com/ErnestF22/cudars/

https://github.com/ErnestF22/cudars/
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4.5.1 Cud-ARS Rotation Estimation

Cud-ARS evaluation has been performed on three datasets (namely mpeg7, map and

scan) that were used also in previous works, as across them can be found all com-

mon characteristics present in robotic tasks that use a good variety of sensors. Mpeg7

datasets are composed of images of more than 1000 different shapes, that have been

sampled as point clouds, also adding noise, introducing occlusion to cover some ar-

eas of the cloud, and adding random points to simulate sensory measurement errors.

The map dataset is composed of occupancy grid maps obtained using the Cartogra-

pher [108] ROS tool on laser scans acquired at the University of Parma, and on public

Deutsche Museum dataset. The scan dataset is made of laser scans typically used by

the SLAM community, named after the place of acquisition: fr-log, fr079, intel-lab

and mit-csail. Experiments on all these common robotic datasets showed as expected

the same results for pose estimation as isotropic ARS, but with a substantial improve-

ment in terms of speed. In these tests, Cud-ARS is compared against two previous

versions of ARS (CPU Isotropic and Anisoptropic), and the Hough Spectrum [17]

from Censi et al. Results are shown in Figures 4.7, 4.8 and 4.9. The speed-up of

newly introduced Cud-ARS is easily noticeable across all experiments, as well as the

limited growth in execution time when other algorithms heavily slow down instead.

One algorithm that performs similarly to Cud-ARS is Hough Spectrum (HS). While

HS slightly outperforms Cud-ARS on some tests, we can still see that their speed is

always very similar, and that they are constantly much faster than their counterparts.

All this at no cost in terms of accuracy and precision, which stay as discussed in previ-

ous works. Furthermore, the variance in terms of mean execution time is much higher

for previous versions of ARS, which means that the newly introduced Cud-ARS can

see a great increase in the number of potential applications, as its performance is rea-

sonably constant when dealing with diverse types of datasets (for example in terms

of the number of input points) whose elaboration may have previously required an

excessive amount of time for on-line processing.
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Dataset Length Hector ARS

[m] ATE

[%]

ARE

[10−2◦/m]

ATE

[%]

ARE

[10−2◦/m]

uniprdia_0 262.28 3.87 7.18 19.78 31.66

uniprdia_1 180.34 3.14 6.66 11.06 32.58

Table 4.4: Average Translational Error (ATE) and Average Rotational Error (ARE)

obtained by Hector and ARS on the given sequences of datasets uniprdia_0 and

uniprdia_1.

4.6 Discussion

This chapter has presented the 2D version of ARS, focusing on the more general

anisotropic formulation and on Cud-ARS, a parallel, GPU-based formulation for the

isotropic case. The experimental results, comparing the proposed methods against

each other, and against other state of the art algorithms, have been discussed and

can be summed up as follows. Anisotropic ARS is able to achieve great reduction

in the computational time required to register a pair of point clouds, with very lim-

ited change in terms of accuracy, especially when the preliminary GMM reduction

procedure is able to consistently reduce the number of input Gaussians. Cud-ARS is

able to obtain substantial improvements in terms of speed over its counterparts, by be-

ing able to execute its most computational heavy step (i.e., computation of source and

destination spectra coefficients) in a highly parallelized fashion. Also, the capabilities

of 2D ARS in the context of iterative registration and mapping through consecutive

scan-alignment have been examined.
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Figure 4.2: Anisotropic ARS: Positive estimation percentage (top) and mean angular error

(bottom) obtained by ARS-Aniso, ARS-Iso, HS, PCA, ICP, VFC and TEASER on three ex-

periments: (a) additive Gaussian noise with different standard deviation σnoise, (b) occlusion

with different occlusion rates β (in percentage), (c) random points with different rates γ (in

percentage).
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Figure 4.3: Anisotropic ARS: Negative estimation percentage, average rotation mean

error [◦] and standard deviation obtained in rotation accuracy tests on occupancy grid

datasets backpack2d, backpack3d and unipr-dia (from left to right).
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Figure 4.4: Anisotropic ARS: Negative estimation percentage, average rotation mean

error [◦] and standard deviation obtained in rotation accuracy tests on scan datasets

fr079, fr-clinic, intel-lab and mit-csail (from left to right, top to bottom).



4.6. Discussion 53

 0

 20

 40

 60

 80

 100

neg [%] err [deg] std [deg]
 0

 0.5

 1

 1.5

 2

 2.5

[%
]

[d
eg

]

ARS-Iso
ARS-Aniso

HS
PCA
ICP

VFC

fr079 - rotation

 0

 20

 40

 60

 80

 100

neg [%] err [deg] std [deg]
 0

 0.5

 1

 1.5

 2

 2.5

[%
]

[d
eg

]

ARS-Iso
ARS-Aniso

HS
PCA
ICP

VFC

fr-clinic - rotation

 0

 20

 40

 60

 80

 100

neg [%] err [deg] std [deg]
 0

 0.5

 1

 1.5

 2

 2.5

[%
]

[d
eg

]

ARS-Iso
ARS-Aniso

HS
PCA
ICP

VFC

intel-lab - rotation

 0

 20

 40

 60

 80

 100

neg [%] err [deg] std [deg]
 0

 0.5

 1

 1.5

 2

 2.5

[%
]

[d
eg

]

ARS-Iso
ARS-Aniso

HS
PCA
ICP

VFC

mit-csail - rotation

 0

 20

 40

 60

 80

 100

neg [%] err [m] std [m]
 0

 0.05

 0.1

 0.15

 0.2

 0.25

[%
]

[m
]

B&B transl.

fr079 - translation

 0

 20

 40

 60

 80

 100

neg [%] err [m] std [m]
 0

 0.05

 0.1

 0.15

 0.2

 0.25

[%
]

[m
]

B&B transl.

fr-clinic - translation

 0

 20

 40

 60

 80

 100

neg [%] err [m] std [m]
 0

 0.05

 0.1

 0.15

 0.2

 0.25

[%
]

[m
]

B&B transl.

intel-lab - translation

 0

 20

 40

 60

 80

 100

neg [%] err [m] std [m]
 0

 0.05

 0.1

 0.15

 0.2

 0.25

[%
]

[m
]

B&B transl.

mit-csail - translation

Figure 4.5: Anisotropic ARS: Registration accuracy in estimation of rotation (top)

and of translation (bottom) on scan datasets fr079, fr-clinic, intel-lab and mit-csail

(from left to right). For each set of tests, negative (failed) estimation percentage,

average rotation error, standard deviation and translation mean error [◦, respectively

[m]] are reported.
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Figure 4.6: Cud-ARS graphical explanation
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Figure 4.7: Cud-ARS: MPEG7 dataset execution times results
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Figure 4.10: Occupancy grid maps and estimated trajectories of dataset uniprdia_0 obtained

using Cartographer, Hector SLAM and ARS-based registration. The occupancy grid maps are

computed using Octomap that overlaps online raw laser scan data. Error propagation after the

U-turn is visible.
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Figure 4.11: Occupancy grid maps and estimated trajectories of dataset uniprdia_1 obtained

using Cartographer, Hector SLAM and ARS-based registration. The occupancy grid maps

are computed using Octomap that overlaps online raw laser scan data. Here, a more complex

trajectory is kept track of with limited error.



Chapter 5

Rotation Estimation in 3D Domain

Based on ARS

Now, let us focus on the tridimensional formulation of ARS, and on how to use it for

estimating rotations in the space. In particular, this chapter presents the formulation

of ARS for the 3D isotropic case. The equation of the RT for the specific 3D case in

the conditions and notation discussed in Chapter 3 yields

R[ f ](θ ,ϕ,ρ) =
np

∑
h=1

wh n
(

ρ−µµµ¦h u1(θ ,ϕ),σh

)

(5.1)

where U§ = u1(θ ,ϕ) is the normal unitary vector of the plane (parameterized with

two angles θ and ϕ), t§ = t1 = ρ is the distance of the plane from the axis, and

ΣΣΣ̃§§,h = σh. In the presentation occasional references to the general formulation can

still be found, but the adoption of the specific form in eq. (5.1) will help to derive a

closed-form and to proceed with less abstract reasoning. It is important to point out

the term µµµ¦h u1(θ ,ϕ) which is a dot product. Unitary vector u1 can be parameterized

in different ways as a point in 3D sphere, e.g.

u1(θ ,ϕ) = [sinθ cosϕ,sinθ sinϕ,cosθ ]¦
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but there are other possible choices. Also the mean vector can be written accordingly

in polar coordinates

µµµh = µh [sinθh cosϕh,sinθh sinϕh,cosθh]
¦

where µh = ∥µµµh∥ and

µµµ¦h u1 = µh(cosθ cosθh + sinθ sinθh cos(ϕ−ϕh))

= µh cosγh (5.2)

The relation between cosγh, where γh = "µµµhu1 is the angle between vectors µµµh and

u1, and the first dot product equation is the spherical cosine law. In this context, it

is important to define the spherical phase as the angle between the variable vector

u1 on unit sphere and other constant vector a (in this case a = µµµh, but other vectors

will be used in the following), i.e. "au1. Although it seems a trivial operation, the

appearance of the cosine term will help the derivation of ARS kernel. The Angular

Radon Spectrum (ARS) is defined as

S [ f ] (U§) =
∫

Rd−p

κ (R[ f ](U§, t§)) dt§ (5.3)

where the function κ(x) is called concentration function and is usually κ(x) = x2.

Temporarily slipping back to the more general parameters instead of the simplified

form of eq. (5.1) leads to the following expression

κ (R[ f ](U§, t§))

=

(

∑
1⩽h⩽np

whn
(
t§−µµµ̃§,h,ΣΣΣ̃§§,h

)

)2

= ∑
1⩽h1,h2⩽np

wh1wh2n
(
t§−µµµ̃§,h1

,ΣΣΣ̃§§,h1

)
n
(
t§−µµµ̃§,h2

,ΣΣΣ̃§§,h2

)

= ∑
1⩽h1,h2⩽np

wh1wh2n
(
µµµ̃§,h1

−µµµ̃§,h2
,ΣΣΣ̃§§,h1 +ΣΣΣ̃§§,h2

)
·

·n
(
t§−µµµ̄h1h2

,ΣΣΣ̄h1h2

)
(5.4)
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where the formula of the product of two Gaussian probability density functions [101,

sec. 8.1.8, p. 42] is used to make the following substitutions

µµµ̄h1h2
= ΣΣΣ̄h1h2(ΣΣΣ̃

−1
§§,h1

µµµ̃§,h1
+ΣΣΣ̃

−1
§§,h2

µµµ̃§,h2
) (5.5)

ΣΣΣ̄h1h2 = (ΣΣΣ̃
−1
§§,h1

+ΣΣΣ̃
−1
§§,h2

)−1 (5.6)

Thus, the ARS integral in t§ of eq. (5.3) can be solved

S [ f ] (U§) = ∑
1⩽h1,h2⩽np

wh1wh2n
(
µµµ̃§,h1

−µµµ̃§,h2
,ΣΣΣ̃§§,h1 +ΣΣΣ̃§§,h2

)

∫

Rd−p

n
(
t§−µµµ̄h1h2

,ΣΣΣ̄h1h2

)
dt§

= ∑
1⩽h1,h2⩽np

wh1wh2n
(
µµµ̃§,h1

−µµµ̃§,h2
,ΣΣΣ̃§§,h1 +ΣΣΣ̃§§,h2

)
(5.7)

where the integral of a Gaussian-like function over the whole domain is equal to 1

due to normalization.

The above derivation holds for general GMMs for generic space dimension d and

Radon Transform for hyperplane of dimension p. Focusing on the isotropic GMM

case that has been introduced before, the ARS yields

S [ f ] (θ ,ϕ) = ∑
1⩽h1,h2⩽np

wh1wh2n
(

(µµµh2
−µµµh1

)¦u1(θ ,ϕ),σ
2
h1
+σ2

h2

)

(5.8)

= ∑
1⩽h1,h2⩽np

wh1wh2e
−

(µµµ¦
h1h2

u1)
2

2(σ2
h1

+σ2
h2

)
(5.9)

= ∑
1⩽h1,h2⩽np

wh1wh2e
−

µ2
h1h2

4(σ2
h1

+σ2
h2

)
(1+cos2γh1h2

)

(5.10)

where the brief notation µµµh1h2
= µµµh2

− µµµh1
, µh1h2 = ∥µµµh1h2

∥ has been adopted, and

γh1h2 is the angle between µµµh1h2
and u1. Hence, there is an ARS kernel for any pair

(h1,h2) of GMM kernels with notation

S [ fh1h2 ] (θ ,ϕ) = e−λh1h2
(1+cos2γh1h2

) (5.11)

λh1h2 =
µ2

h1h2

4(σ2
h1
+σ2

h2
)

(5.12)
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The equation of ARS kernel is identical to the one given in [19], if the Gaussian

mixture kernels are also identical σh = σ for all h = 1, . . . ,np. The kernel S [ fh1h2 ]

will be expanded in spherical harmonics (SH). In the following, both a complex and

a real derivation of Spherical Harmonics are described. The complex SH derivation

is arguably the more elegant and commonly found in literature. However, since many

coding SH libraries tend to use real SH, it is important to give a proper understanding

of both.

5.1 Complex Spherical Harmonics of ARS kernels

This section derives the closed-form expression of complex spherical harmonics (CSH)

expansion of ARS kernel in eq. (5.11). Please note that in the next derivation all sub-

script indices are dropped for simplicity.

5.1.1 Fourier series of Spherical Phase

The first step is the expansion of ARS kernel with respect to spherical phase γ . The

exponential of a cosine has an elegant expression into Fourier series [111, (9.6.34)].

Eq. (5.11) yields

S [ fh1h2 ] (θ ,ϕ) = e−λ e−λ cos2γ = e−λ eλ cos(2γ−π)

= e−λ

(

I0 (λ )+2
∞

∑
k=1

Ik (λ ) cos(2kγ− kπ)

)

= e−λ
I0 (λ )+

∞

∑
k=1

(−1)k2e−λ
Ik (λ ) cos(2kγ)

=
∞

∑
k=0

bk cos(2kγ) (5.13)

where Ik (·) is the modified Bessel function of the first kind, γ is related to θ and ϕ

according to eq. (5.2), and

bk =







e−λ I0 (λ ) k = 0

(−1)k2e−λ Ik (λ ) k > 0

0 otherwise

(5.14)
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The function 2e−λ Ik (λ ) has been called product of negative exponential and Bessel

I (PNEBI), its bounded and can be computed through recurrent relations.

The cosine whose argument is the multiple of a given angle can be written as the

Tchebychev polynomial of the cosine

cos(2kγ) = T2k(cosγ) (5.15)

An important note is that only even orders of Fourier series have non-zero coeffi-

cients. The first consequence is that the periodicity of ARS kernel w.r.t. spherical

phase γ is π and not 2π . Therefore, the observability of rotation angle on a rotated

GMM in 2D ARS is up to an angle π . Similar effects are expected on observability

of ARS3D. All these facts are exploited in the next section.

5.1.2 Legendre series of ARS kernel

The ARS kernel has been written as Tchebychev polynomial series. Appendix sec-

tion 1.1 derives the connection coefficients for writing Tchebychev polynomials w.r.t.

Legendre polynomials

T2k(cosγ) =
k

∑
l=0

ℓ2k,lP2k−2l(cosγ)

=
k

∑
l=0

ℓ2k,k−lP2l(cosγ) (5.16)

where P2l(x) is the Legendre polynomial with order 2l. k− l→ l has been changed

reusing symbol l in order to have a simplified subscript index 2l for Legendre poly-

nomial in the above summation. The connection coefficients ℓ2k,k−l are derived in the

Appendix Section 1.1 in eq. A.11.

5.1.3 Using Legendre Addition Theorem

The addition theorem of spherical harmonics (see e.g. [112]) states that

Pl(cosγ) =
4π

2l +1

+l

∑
m=−l

Y m
l (θ ,ϕ) Ȳ

m
l (θ

′,ϕ ′) (5.17)
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where

cosγ = cosθ cosθ ′+ sinθ sinθ ′ cos(ϕ−ϕ ′) (5.18)

In the case of ARS kernel S [ fh1h2 ], the polar parameters θ ′ and ϕ ′ are those of vector

µµµh1h2
= µµµh2

−µµµh1
, i.e.

ϕ ′ = ϕh1h2 = atan2
(
µh1h2,y,µh1h2,x

)
(5.19)

θ ′ = θh1h2 = atan2
(√

µ2
h1h2,x

+µ2
h1h2,y

,µh1h2,z

)

(5.20)

In the following, θ ′ and ϕ ′ will be used, and the indices h1 and h2 will be omitted.

Using only the even indices l, it follows that:

P2l(cosγ) =
4π

2(2l)+1

+2l

∑
m=−2l

Y m
2l (θ ,φ) Ȳ

m
2l(θ

′,φ ′) (5.21)

Putting everything together, the ARS kernel is expressed as

S [ fh1h2 ] (θ ,ϕ) =
∞

∑
k=0

bk T2k(cosγ) =
∞

∑
k=0

bk

k

∑
l=0

ℓ2k,k−lP2l(cosγ)

= ∑
k⩾0,0⩽l⩽k

bkℓ2k,k−lP2l(cosγ) = ∑
l⩾0,k⩾l

bkℓ2k,k−lP2l(cosγ)

=
∞

∑
l=0

P2l(cosγ)
∞

∑
k=l

bkℓ2k,k−l

︸ ︷︷ ︸
ν2l

=
∞

∑
l=0

ν2lP2l(cosγ) (5.22)

where coefficients ν2l are come out of a linear combination of Legendre polynomi-

als (with even degree). The application of addition theorem and the substitution of
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Legendre polynomials P2l(cosγ) with spherical harmonics yield

S [ fh1h2 ] (θ ,ϕ) =
∞

∑
l=0

ν2l

4π

2(2l)+1

+2l

∑
m=−2l

Y m
2l (θ ,φ) Ȳ

m
2l(θ

′,φ ′)

=
∞

∑
l=0

+2l

∑
m=−2l

4π ν2l

4l +1
Ȳ

m
2l(θ

′,φ ′)
︸ ︷︷ ︸

a2l,m

Y m
2l (θ ,φ)

=
∞

∑
l=0

+2l

∑
m=−2l

a2l,m Y m
2l (θ ,φ) (5.23)

5.1.4 Spherical Harmonic Expansion of Gaussian Mixture

Once there is the spherical harmonics expansion of each ARS kernel, the spherical

harmonic expansion of a GMM is trivial, but it can still be useful to write it explicitly.

First, the coefficients a2l,m in eq. (5.23) are renamed by adding a superscript for the

point pair (h1,h2) as a
h1h2
2l,m . Then, the spherical harmonic series is

S [ f ] (θ ,ϕ) =
np

∑
h1=1

np

∑
h2=1

S [ fh1h2 ] (θ ,ϕ)

=
np

∑
h1=1

np

∑
h2=1

∞

∑
l=0

+2l

∑
m=−2l

a
h1h2
2l,m Y m

2l (θ ,φ)

=
∞

∑
l=0

+2l

∑
m=−2l

a
gmm
2l,m Y m

2l (θ ,φ) (5.24)

where

a
gmm
2l,m =

np

∑
h1=1

np

∑
h2=1

a
h1h2
2l,m (5.25)

The indices h1 and h2 are exchangeable, as a
h1h2
2l,m = a

h2h1
2l,m . In order to avoid duplicates,

it is enough to iterate over h2 = h1 + 1, . . .np . Moreover, in the isotropic case, the

terms with h1 = h2 are constant. These facts have been already observed also for 2D

ARS [19] and are just recalled here.
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5.2 Real Spherical Harmonics of ARS kernels

This section provides a similar derivation of the closed-form expression of real spher-

ical harmonics expansion of ARS kernel.

5.2.1 Using Legendre Real Addition Theorem for Real Spherical Har-

monics

The addition theorem of complex spherical harmonics [112] derives from the same

theorem stated for Gegenbauer polynomials [113]. It provides the formula

Pl(cosγ) =
4π

2l +1

+l

∑
m=−l

Y m
l (θ ,ϕ) Ȳ

m
l (θ

′,ϕ ′) (5.26)

which connects the Legendre polynomial with the CSH.

Next, the formula can be rewritten using eq. (A.20). The three different cases

according to the sign of index m are separates. For m = 0,

Y 0
l (θ ,ϕ) = Yl0(θ ,ϕ) (5.27)

For m < 0 (the index |m|=−m and −|m|= m)

Y m
l (θ ,ϕ)Ȳ

m
l (θ

′,ϕ ′) =

=
1√
2
(Yl,|m|(θ ,ϕ)− iYl,−|m|(θ ,ϕ))

1√
2
(Yl,|m|(θ ′,ϕ ′)− iYl,−|m|(θ ′,ϕ ′))

=
1
2
((Yl,|m|(θ

′,ϕ ′)+ iYl,−|m|(θ
′,ϕ ′)))(Yl,|m|(θ ,ϕ)− iYl,−|m|(θ ,ϕ))

=
1
2
(Yl,|m|(θ

′,ϕ ′)+ iYl,−|m|(θ
′,ϕ ′)) Yl,|m|(θ ,ϕ)

+
1
2
(Yl,−|m|(θ

′,ϕ ′)− iYl,|m|(θ ,ϕ)) Yl,−|m|(θ ,ϕ) (5.28)
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For m > 0 (the index |m|= m and −|m|=−m)

Y m
l (θ ,ϕ) Ȳ

m
l (θ

′,ϕ ′)

=
(−1)m

√
2

(Yl,|m|(θ ,ϕ)+ iYl,−|m|(θ ,ϕ))
(−1)m

√
2

(Yl,|m|(θ ′,ϕ ′)+ iYl,−|m|(θ ′,ϕ ′))

=
1
2
(Yl,|m|(θ

′,ϕ ′)− iYl,−|m|(θ
′,ϕ ′))(Yl,|m|(θ ,ϕ)+ iYl,−|m|(θ ,ϕ))

=
1
2
(Yl,|m|(θ

′,ϕ ′)− iYl,−|m|(θ
′,ϕ ′)) Yl,|m|(θ ,ϕ)

+
1
2
(Yl,−|m|(θ

′,ϕ ′)+ iYl,|m|(θ
′,ϕ ′)) Yl,−|m|(θ ,ϕ) (5.29)

Given the fixed m > 0, the sum of the paired terms for m and −m yields

Y−m
l (θ ,ϕ)Ȳ

−m
l (θ ′,ϕ ′)+Y m

l (θ ,ϕ) Ȳ
m
l (θ

′,ϕ ′) =

= Yl,−|m|(θ ,ϕ)Yl,−|m|(θ
′,ϕ ′)+Yl,|m|(θ ,ϕ)Yl,|m|(θ

′,ϕ ′)

= Yl,−m(θ ,ϕ)Yl,−m(θ
′,ϕ ′)+Yl,m(θ ,ϕ)Yl,m(θ

′,ϕ ′) (5.30)

Thus, the addition theorem of RSH is formulated as

Pl(cosγ) =
4π

2l +1

1

∑
m=−l

Ylm(θ ,ϕ)Ylm(θ
′,ϕ ′) (5.31)

which can be rewritten once again using the addition theorem, but with real spherical

harmonics as per eq. (5.31). Note that only even indices 2l occurring in ARS (can

and) have to be taken into account

P2l(cosγ) =
4π

2(2l)+1

1

∑
m=−l

Y2l,m(θ ,ϕ)Y2l,m(θ
′,ϕ ′) (5.32)

5.3 Correlation of ARS3D

Also in the 3D case, the main application of ARS is the computation of rotation

between two point clouds representing the same scene. Let fs(r) and ft(r) be two

GMMs representing respectively the source and destination point clouds. Their ARS
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are expanded into spherical harmonics as

S [ fs] (θ ,ϕ) =
∞

∑
l=0

+2l

∑
m=−2l

as
2l,m Y m

2l (θ ,φ) (5.33)

S [ fd ] (θ ,ϕ) =
∞

∑
l=0

+2l

∑
m=−2l

ad
2l,m Y m

2l (θ ,φ) (5.34)

where superscripts s and d or subscripts s and d label source and destination terms.

An important property of ARS that has been shown in Section 3.2 is its trans-

lation invariance. Assume that fs(r) = ft(Rr+ t) for some rotation R ∈ SO(d) and

translation t ∈ R
d (in our case d = 3). Hence, fs(r) is a transformed copy of ft(r).

Due to translation invariance, the ARS does not change when translated. Now, con-

centrating on the estimation of rotation, it is important to define a rotation operator

R s.t.

RS [ f (r)] (θ ,ϕ) = S
[

f (R−1r)
]
(θ ,ϕ) (5.35)

The notation distinguishes between the operator R and the matrix R, but they are

of course closely associated. The ARS RS [ f ] of the rotated point cloud can be

written w.r.t. the spherical harmonics and the coefficients using RSH matrices. The

expression of the rotated Y m
l (θ ,ϕ) is

RY m
l (θ ,ϕ) =

l

∑
m′=−l

(Dl
mm′)

∗ Y m′
l (θ ,ϕ) (5.36)

where Dl
mm′ is the Wigner D-matrix [114, 115, 116]. Actually, the name matrix refers

to the relation between the 2l + 1 rotated harmonics RY m
l (θ ,ϕ) with fixed index l

and m = −l, . . . , l and their (non-rotated) counterparts Y m′
l (θ ,ϕ). For a given l, they

are related by the (2l + 1)× (2l + 1) matrix Dl
mm′ where m is the row index and m′

the column index.

Dl
mm′ is a function of the rotation that can be represented in several ways. The

most common is ZYZ Euler angles (α,β ,γ), but other parameters like quaternions

have been adopted too. Pleaser refer to the appendix (chapter A) for a more in-depth

discussion. In this section it can simply be assumed that Dl
mm′ depends on rotation
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parameters. Also, the parameters can be simply referred to by using the rotation ma-

trix R until a specific choice is required. The rotated ARS of source point cloud can

be written using eq. (5.36) as

RS [ f (r)] (θ ,ϕ) =
∞

∑
l=0

+2l

∑
m=−2l

as
2l,m RY m

2l (θ ,φ) (5.37)

=
∞

∑
l=0

+2l

∑
m=−2l

as
2l,m

2l

∑
m′=−2l

(Dl
mm′)

∗ Y m′
l (θ ,ϕ) (5.38)

(5.39)

The convolution of ARS is defined as follows:

C(R) = S [ fd ]»S [ fs]

=
∫ π

0

∫ 2π

0
S [ fd ] (θ ,ϕ) RS [ fs]

∗ (θ ,ϕ)sinϕdϕdθ (5.40)

where R is the rotation operator associated to rotation R as before. The meaning of

this operation is clear. If the source and destination point clouds represents the same

scene from different viewpoints, then S [ fs] (θ ,ϕ) is a rotated copy of S [ fd ] (θ ,ϕ)

up to non-corresponding points or measurement noise. Thus, the best estimation of

rotation R∗ between the two viewpoints corresponds to the maximum of correlation,

when the rotated source ARS RS [ fs] (θ ,ϕ) overlaps with the destination ARS.

The correlation is expanded using the equations (5.33) and (5.34), the rotated

RSH matrices as reported in eq. (5.36) and the orthogonality of spherical harmonics

defined as
∫ π

0

∫ 2π

0
(Y m

l (θ ,ϕ))∗ Y m′
l′ (θ ,ϕ) sinϕdϕdθ =

4π

2l +1
δll′ δmm′ (5.41)

where δll′ and δmm′ are Kronecker deltas. The term
√

4π/(2l +1) is sometimes

included as part of Racah normalization coefficient in the definition of Y m
l , but not in
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this document. Thus, the correlation yields

C(R) =
∞

∑
l=0

2l

∑
m=−2l

∞

∑
l′=0

2l′

∑
m′=−2l′

2l′

∑
m”=−2l′

ad
2l,m (as

2l′,m′)
∗ D2l′

m′m”

·
∫ π

0

∫ 2π

0
Y m

2l (θ ,ϕ) Y m”
2l′ (θ ,ϕ)sinϕdϕdθ

=
∞

∑
l=0

2l

∑
m′=−2l

2l

∑
m=−2l

4π ad
2l,m (as

2l,m′)
∗

2l +1
D2l

mm′(R)

=
∞

∑
l=0

2l

∑
m′=−2l

2l

∑
m=−2l

ac
2l,m,m′D

2l
mm′(R) (5.42)

where all terms with l′ ̸= l and m” ̸= m have been removed, and the dependence

of RSH matrices from rotation R have been explicitly added. Also the convolution

coefficients used above have the following expressions:

ac
2l,m,m′ =

4π ad
2l,m (as

2l,m′)
∗

2l +1
(5.43)

In Figures 5.1 and 5.2, it can be seen how the roto-translation impacts the spectrum

of a point cloud. As a matter of fact, a shift in the maximum of the source ARS

spectrum of 60° can be observed, which corresponds to the rotation linking source

and destination point clouds.

5.4 Rotation Estimation

In a similar fashion to the planar case, the correlation function presented in the pre-

vious section can be used to align a source and a destination point cloud. In partic-

ular, the correlation function defined in eq. (5.42) can be used as a cost function to

be maximized. Rotation matrix R∗, for which the correlation function assumes the

maximum value, is the output of the ARS3D rotation estimation pipeline. So far,

two methods have been proposed for performing the maximum optimization of the

correlation function. The first method is based on a simple grid sampling through

ZYZ-Euler angles (proposed in [117] and inspired by [118]) angles of all possible
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(a) Src (red) and Dst (blue) Two Point Clouds
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(b) Source Cloud Spectrum
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(c) Destination Cloud Spectrum

Figure 5.1: ARS3D spectrum effect (60° rotation, 2 point cloud)

lon, lat are respectively the ϕ , θ parameters of the spectra
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(a) Src (red) and Dst (blue) Bunny Clouds
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(b) Source Cloud Spectrum
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(c) Destination Cloud Spectrum

Figure 5.2: ARS3D spectrum effect (60° rotation, Bunny cloud)

lon, lat are respectively the ϕ , θ parameters of the spectra
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rotations. Briefly, this grid is composed through regular sampling in terms of ZYZ

Euler angles (α,β ,γ) such that

α j = γ j =
2π j

2B
(5.44)

βk =
π(2k+1)

4B
(5.45)

with 0f j,k < 2B

According to [119], this sampling scheme is suitable for the analysis of bandlimited

functions with bandwidth B. With this sampling, the size of the search space is 2B×
2B× 2B. The grid sampling is then paired with a brute-force search on the grid.

Empirically, the desired accuracy has been obtained by sampling with a 1° resolution

on each of the three angles, but more implementation details will be discussed in

Section 5.5.

The second method is through the use of Riemannian geometry optimization. To

perform this optimization, an element-wise expression for the Euclidean gradient has

been computed, as explained in Section 1.3.1 of the appendix. The (complex) Wigner

matrices mentioned previously are the most common notation for spherical harmon-

ics. However, for the specific problem tackled here, due to the Hermitian symmetry

of the complex coefficients of a real function, the more practical Real Spherical Har-

monics (RSH) have been used. A common notation for RSH is Mz
l (γ), where M

is an array of matrices, subscript l indicates the order of the matrix composing the

SH, superscript z is the rotation axis and γ the rotation angle. Another notation used is

Ml(E), where E is a rotation matrix and the associated RSH is obtained through axis-

wise composition. For more details on the relation between rotations and SH, please

refer to Section 1.2 in the appendix. Reporting only the results here, the expressions
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for the RSH matrices in the case regarding rotations around the Z-axis are:

Mz
l (γ) = Ml(Rz(γ)) =

















cos(lγ) · · · 0 0 0 0 sin(lγ)
...

. . .
...

0 cosγ 0 sinγ 0

0 0 1 0 0

0 −sinγ 0 cosγ 0
...

. . .
...

−sin(lγ) 0 0 0 0 · · · cos(lγ)

















(5.46)

with their element-wise first and second derivatives being:

Ṁ
z

l (γ) =

















−l sin(lγ) · · · 0 0 0 0 l cos(lγ)
...

. . .
...

0 −sinγ 0 cosγ 0

0 0 0 0 0

0 −cosγ 0 −sinγ 0
...

. . .
...

−l cos(lγ) 0 0 0 0 · · · −l sin(lγ)

















(5.47)

M̈
z

l (γ) =

















−l2 cos(lγ) · · · 0 0 0 0 −l2 sin(lγ)
...

. . .
...

0 −cosγ 0 −sinγ 0

0 0 0 0 0

0 cosγ 0 −cosγ 0
...

. . .
...

l2 sin(lγ) 0 0 0 0 · · · −l2 cos(lγ)

















. (5.48)

Then, rotation coefficients matrices for Y-axis rotation are handled as a permutation
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Figure 5.3: Happy, Lucy and Bunny sample scans of the Stanford dataset.

of the Z-axis coefficients such that

Ml(RY (β )) = Ml(E
¦) Ml(RZ(β )) Ml(E) (5.49)

with E =






0 0 1

1 0 0

0 1 0




 (5.50)

where Ml are the rotation coefficient matrices of order l. Finally, optimization is per-

formed through Riemannian Trust Regions [120], with the Riemannian gradient and

Hessian being numerically computed by the optimization library from the Euclidean

gradient provided as explained in the appendix (section 1.3.3).

5.5 ARS3D Experiments

The evaluation of the spatial version of ARS has been performed on the Stanford

3D Scanning Repository [121], composed of range data and detailed reconstructions.

Examples of the scans contained in the dataset are reported in Figure 5.3. These

have been sampled in order to obtain couples of point clouds on which the alignment

and pose estimation procedure based on ARS has been tested. As in the 2D case, a
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mandatory feature that the Stanford dataset presents is the ground truth information,

which allows evaluation through pairwise confrontation of the ARS pipeline. Sim-

ilarly to the 2D case, the evaluation over the Stanford dataset has focused on four

major metrics:

• rotation error

• percentage of success

• standard deviation

• execution time

ARS has been compared against GO-ICP [16], Teaser [23] and Point Cloud Li-

brary’s [122] registration module. Both Teaser and Point Cloud Library (PCL) have

been initialized with FPFH [3] features. The error evaluation is done using the angle-

axis notation on the rotation that separates the ground truth rotation from the rotation

estimated with the various methods. First, the estimations are separated into positive

and negative: if the angle’s magnitude is less than 5◦, then the rotation estimation is

considered as successful (i.e., positive); otherwise the estimation is considered failed

(negative). The mean error and standard deviation are then computed on the success-

ful estimations. In a similar fashion to what has been done for the 2D tests with the

MPEG7 dataset, three test sets have been constructed by introducing noise, occluding

some areas of the clouds, and adding random points to simulate sensory measurement

errors. The results are reported in figures 5.4, 5.5,5.6.

5.6 Discussion

This chapter has presented the 3D spatial formulation of ARS. The correlation opti-

mization procedure through Spherical Harmonics expansion has been discussed, to-

gether with its usability in the context of 3D rotation estimation. The experimental re-

sults show clear accuracy improvements over local methods, while holding up against

other global methods, but with less intensive computational time requirements. When

able to complete in reasonable time, GO-ICP seems to outperform ARS3D. However,
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Figure 5.4: ARS3D rotation estimation results on Stanford 3D Scanning Repository

dataset - noise tests
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Figure 5.5: ARS3D rotation estimation results on Stanford 3D Scanning Repository

dataset - occlusion tests
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Figure 5.6: ARS3D rotation estimation results on Stanford 3D Scanning Repository

dataset - random point tests
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it can be noted the absence of GO-ICP from the noise tests (see Figure 5.4) as the

method could not complete even a single evaluation with noise σ > 0, due to the huge

time complexity increase.

In general, it is safe to say that the presence of a more robust cost optimization

procedure (for rotation estimation) could bring benefits in both the accuracy of results

in the harder test cases, as well as a noticeable reduction of the execution times.

Additional tests on more realistic datasets (i.e., extracted from 3D sensors) will help

with the assessment of the quality of ARS3D performance and adaptability.



Chapter 6

Pose Averaging through Shape of

Motion (SOM) Matrix

Formulation

This chapter addresses the problem of 3D pose estimation w.r.t. a world reference

frame, given a set of relative pairwise observations. This problem arises within multi-

agent systems that perform cross-localization, or more in general when a set of sen-

sors need to estimate the relative pose of all members that compose the fleet. In this

context, cross-localization is the name chosen to specify the particular case of the

pose averaging problem (recall Chapter 2) of interest here. The problem of cross-

localization inside a distributed system of cameras is a relevant problem that sees one

of its most notable use cases in a fleet of drones. The relation of this problem with the

pose graph formulation to solve SLAM or the bundle adjustment problem has been

emphasized during the discussion of Chapter 2.

Now, the Shape of Motion (acronym SOM) matrix [123, 124] is a commonly

used tool for representing sets of N rotations and translations, for example in a dis-

tributed system for localization. Given R= [R1,R2, . . . ,RN ] and T= [T1,T2, . . . ,TN , I],
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the most common way to represent the Shape of Motion matrix W is as follows:

W =









R¦1 T1 R¦1 T2 · · · R¦1 TN R¦1
R¦2 T1 R¦2 T2 · · · R¦2 TN R¦2

...
. . .

...

R¦N T1 R¦N T2 · · · R¦N TN R¦N









= R¦T . (6.1)

The following formulation based on the Shape of Motion matrix can be used to

solve the cross-localization problem (with acronym CL-SOM, schematized in Figure

6.1). As a matter of fact, the blocks composing block-matrix W are used to formulate

the cost function to be minimized, at it is apparent from upcoming eq. (6.4). Let

G = (V,E) be a graph where nodes in V represent sensors or cameras, each with a

given pose {Ri,Ti}. More details on the reference frame in which these node poses

are expressed can be found in Section 6.1. The nodes are able to obtain/compute and

exchange information about their pairwise estimated translation. The edges represent

such iTi j ∈ R
d information i.e., the translation that links cameras i and j with respect

to camera i’s frame. The graph does not necessarily have to be complete. Also, the

information about rotations and translations of each camera with reference to a given

frame (again, see Section 6.1 for a more detailed explanation of which frame is this)

is given in the form of the following block matrices

R = [R1,R2, ...,RN ] ∈ SO(d)N (6.2)

T = [T1,T2, ...,TN ] ∈ R
d×n . (6.3)

Hence, the cross-localization problem can be formulated as follows. Let V be a set

of N cameras with their associated poses. Let Ri be the rotation from the local ref-

erence frame to the world reference frame, and let Ti be the translation in the world

reference frame, i ∈ V . Given the set E of the relative translation measurements be-

tween couples of cameras (i, j), the problem becomes an optimization problem with

the following cost function:

min
R,T

∑
i, j∈E

||iTi j−R¦i Tj +R¦i Ti||2 (6.4)
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Figure 6.1: Cross-Localization of Sensors: Problem Setup Graph
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to be minimized. As previously mentioned, the terms R¦i ,Ti in eq. (6.4) are the block

elements of the Shape of Motion matrix W in eq. (6.1). Now, the presented problem

will be formulated in order to be solved as a two-step procedure, with each step

contributing to solving the rotation part of the pose and, respectively, the translation.

It has to be noted that the problem separates over Ri,

∑
i

min
Ri

∑
j

||iTi j−R¦i (Tj−Ti)||2 (6.5)

and becomes an orthogonal Procrustes problem for each Ri. The two parts of the

problem can be rewritten as:

1.

min
R∈SO(d)N

tr(R¦L(T )R)+ tr(R¦P(T )) (6.6)

2.

min
T∈Rd×N

||A(R)vec(T )+b(R)||2 (6.7)

The matrices L(T ),P(T ) in eq. (6.6) and, respectively, matrices A(R),b(R) in eq.

(6.7) are explicitly written as function or rotations matrix R and translations matrix

T , but in the following will be simply referred to as L,P,A,b. Equations (6.6) and

(6.7) are simple rearrangements of the original cost function (6.4), and their matricial

terms can be trivially computed from it e.g., L(T )i j = (TjT
¦
j −TiT

¦
j −TjT

¦
i +TiT

¦
i )

comes out of rewriting the first part of (6.6)’s cost function as tr
(

∑ei j
R¦i Li jRi

)

=

tr
(
R¦LR

)
. According to the common notation of block matrices, L(T )i j is the (i, j)-

th block (with size d×d) of block matrix L (with size dN×dN). Also, vec(·) is the

vectorization operator e.g., its correspondent in MATLAB code would be (:).
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6.1 Gauge symmetries

The constraint in (6.4) can, at best, fix the rotations and translations of each camera

up to a global rotation and translation. This is due to the fact that

iTi j−R¦i Tj +R¦i Ti = (6.8)
iTi j−R¦i R¦0 (R0(Tj + s))+R¦i R¦0 (R0(Ti + s)) = (6.9)
(
=i Ti j−R¦i R¦0 (R0Tj + s)+R¦i R¦0 (R0Ti + s)

)
(6.10)

for any R0 ∈ SO(3), s ∈ R
3. This corresponds to a global rigid body transformation

(R0,s) of all the cameras where Ri→ R0Ri, Ti→ R0(Ti + s).

In general, the algorithms based on these formulations will return results with

arbitrary R0,s. To evaluate the results, three solutions can be adopted:

1. Fix the rotation and translation of one of the cameras, e.g., camera 1 s.t. R1 =

I, T1 = 0. This however has the problem that the distance between solutions

depends on which camera is chosen.

2. Evaluate only relative quantities, i.e., let Ri,Ti be the solution returned by an

algorithm, and R
g
i ,T

g
i a ground-truth solution. Then, evaluate

d(R¦i R j)−d(Rg
i

¦
R

g
j) (6.11)

||R¦i (Ti−Tj)−R
g
i

¦
(T g

i −T
g
j )|| (6.12)

3. Fix the gauge ambiguity by adding additional terms to the cost in eq. (6.4):

∑
i, j∈E

||iTi j−R¦i Tj +R¦i Ti||2 + ||∑
i

Ti||2 + ||∑
i

Ri− I||2 . (6.13)

In the following, consider that the solution adopted is always the first one i.e., one

the cameras is chosen as master, and all Ri,Ti couples are expressed w.r.t. chosen

master (see Figure 6.1) camera’s frame. It has to be noted that this assumption does

not cause a loss in generality of the proposed solution, as the choice of the master

node is arbitrary and can be switched in consecutive executions of the algorithm.
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6.2 Riemannian Gradients and Hessians

This section defines the main terms occurring in the optimization problem of eq. (6.4).

Since the multiple rotations R to be estimated have manifold structure, also the gradi-

ents and Hessian matrices require proper definition on manifolds. In general, notation-

wise, the overhead bar indicates a Euclidean operator, while the name without the

overline indicates the Riemannian operator i.e., grad and grad.

6.2.1 Stiefel Manifold

Despite sets of rotations being usually represented as matrices in SO(d)N , the for-

mulation for this problem allows them to be inside the Stiefel manifold. A matrix

M ∈ R
p,d is considered as part of the Stiefel manifold if it satisfies the

M¦M = Id (6.14)

orthogonality constraint. The most common notation in literature for this kind of

manifold is St(d, p), d ⩽ p, with the number of columns put first in order to signal

the maximum possible rank of these matrices, as well as the dimension of the identity

matrix (see constraint eq. (6.14)). In short, the Stiefel Manifold contains the tall-

skinny orthogonal matrices. According to a geometric interpretation, an element of

the Stiefel manifold is a p× d matrix whose columns are d orthogonal vectors in

space R
p. Their importance is clear in problems involving multiple rotations where

orthogonality constraints hold for a subset of vectors with cardinality less than the

dimension of the space.

Another important notation is the one for 3D Stiefel manifold i.e., St(nrs,d,N)

or St(d,nrs)N . In particular, a tensor A ∈ St(nrs,d,N) will contain N matrices ∈
St(d,nrs) spanning along the third dimension. Note: nrs is an acronym for number

of Stiefel rows. The 3D Stiefel manifold is normally consider through its tensor rep-

resentation, but in some cases also its stacked representation will be used. To switch

representations, the matStack() and matUnstack() operators, which are described in

the Tensor Operators paragraph inside Section 6.2.3).
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In the upcoming subsections, gradients and Hessians used for computing retrac-

tions and other Riemannian geometry elements are computed. A good part of the

theory behind the derivation of these tools can be found in [120, 125, 126, 127, 128,

129, 130, 131].

6.2.2 Gradients

A paramount concept of Riemannian geometry is the one of Riemannian gradients.

Thus, first choose a Riemannian metric, and then a notion of gradient ensues. No-

tably, a manifold can be interpreted as multiple objects at the same time. The sim-

plest interpretation to be given is linked to its immersion in the Euclidean space,

with the classical Euclidean metric associated to each element (i.e., the Euclidean

norm of the vectorized element). Still, the manifold structure can be exploited in a

much more appropriate way, through the usage of Riemannian metrics. To better in-

troduce this concept, take for example one of the simplest and most used manifolds,

d-dimensional unit sphere Sd−1. Also, let TxSd−1 be the tangent space to a given point

x on the sphere. Since TxSd−1 is a different linear subspace for various x∈ Sd−1, a dif-

ferent inner product for each point is needed: < ·, ·>x denotes the particular choice of

inner product on TxSd−1. If this choice of inner products varies smoothly [125] with

x, then it is a Riemannian metric. Sd−1 equipped with this metric is called a Rieman-

nian manifold. This allows the definition of the Riemannian gradient of f on Sd−1:

grad f (x) is the unique tangent vector at x such that, ∀v ∈ TxSd−1,

D f (x)[v] =< v,grad f (x)>x, (6.15)

where D is the differential of f at x along v. Thus, then a notion of (Riemannian)

gradient ensues from the choice of a Riemannian metric.
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Euclidean gradient

Now, shift the focus towards finding a formula for the Euclidean gradient of the cost

function f written in the more straightforward notation of eq. (6.6) i.e.,

f : St(d,m)n ¢ R
m×d×n→ R (6.16)

x ↦→ tr(x¦Lx+ x¦P) . (6.17)

Then:

grad f (x) = matUnstack((L+L¦)xstacked +P) (6.18)

(6.19)

where the matUnstack() operator is used to express the gradient in the chosen 3D

search space i.e., Rm×d×n. Its inverse pair is the matStack() operator that simply

squeezes a 3D array ∈ R
m×d×n into a corresponding 2D dimensionality R

mn×d , and

is sometimes directly expressed as:

xstacked = matStack(x) . (6.20)

Riemannian Gradient

Let now f be the cost function of eq. (6.17). Its Riemannian gradient is as follows:

grad f (x) = stie f el_tangentPro j(x,grad(x, problem)) (6.21)

where

stie f el_tangentPro j(Y,H) = H−Y ∗ sym(Y¦ ∗H) (6.22)

and stie f el_tangentPro j() is applied member-wise to every matrix in the third di-

mension, and projects H onto the tangent space of the Stiefel manifold at Y . Also,

sym() is the operator that extracts the symmetric part from a square matrix i.e.,

Asym = sym(A) =
A+A¦

2
(6.23)

with A ∈ R
n×n.
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6.2.3 Hessians

In a similar fashion as what has been done for gradients in Section 6.2.2, the aim now

becomes finding the expressions for the Euclidean and Riemannian Hessians of cost

function reported in eq. 6.17.

Tensor Operators

A series of 3D tensor operators in used in this project. Let the 3D subscript signal a

3D tensor.

• The already mentioned matStack(R3D) and matUnstack(R) operators.

The matUnstack() operator is used to express the gradient in the 3D search

space i.e., Rm×d×n. Its inverse pair is the matStack() operator that simply

squeezes a 3D array ∈R
m×d×n into a corresponding 2D dimensionality R

mn×d

by stacking the matrices spanning along the third dimension on top of each

other.

• multitrace(A3D)

A scalar corresponding to the sum of all main diagonal elements of all matrices

spanning along the third dimension of A3D.

• multiprod(A3D,B3D)

Let C3D = multiprod(A3D,B3D). The result C3D is a tensor containing the ma-

trix products of A3D,B3D e.g., calling A[:, :, i] the i-th element along the third

dimension of A3D, then

C[:, :, i] = A[:, :, i]B[:, :, i].

• multitransp(A3D)

Let B3D = multitransp(A3D). Then, B[:, :, i] = A[:, :, i]¦.

In the most relevant cases for the problem tackled in this dissertation, the 3D ten-

sor has Stiefel matrices spanning along the third dimension that, when vertically

stacked, form the Stiefel equivalent of block matrix R of SOM matrix W (recall

eqs. (6.1),(6.2)).
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Euclidean Hessian

The Euclidean Hessian can be directly derived from the application of the differential

operator to the Euclidean gradient, multiprod-ed to u:

D grad( f (x))[u] = D
(
(L+L¦)x+P

)
[u] = (L+L¦)u . (6.24)

Note that the u multiplication at the end is due to representation requirements. In this

case, u is a vector ∈ St(nrs,d,N) rather than as a matrix).

Riemannian Hessian

The following tools are useful for obtaining the Riemannian Hessian from the gradi-

ent: the orthogonal projector [125] Px from E onto TxSt(p,n) is:

PxU = (I−XX¦)U +X
1
2
(X¦U−U¦X) =

U−X
1
2
(X¦U +U¦X) (6.25)

where, as usual, St(p,n) ¢ R
n×p and is a Riemannian submanifold of the Euclidean

space R
n×p itself. Another important notation is the one for the differentials of the

projector:

Pu ≜ D(x ↦→ Pro jx)(x)[u] =
d
dt

Pro jc(t)

∣
∣
∣
∣
t=0

(6.26)

Pro jx is a linear map from the Euclidean tangent space TxR
d to the manifold tangent

space TxM . It can be thought as a matrix mapping tangent vectors to tangent vec-

tors. Pu captures how this operator (matrix) changes when the base point x changes;

Pu can then be thought as a matrix still mapping tangent vectors to tangent vectors

but that depends on ẋ. So, differentiating eq. (6.25) with respect to X gives us the

following expression for the differential (6.26):

Dx(PxU)[Ẋ ] = Ẋ
1
2
(X¦U +U¦X)+X

1
2
(Ẋ
¦

U +U¦Ẋ) (6.27)
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Another important operator for obtaining the Riemannian Hessian is the Riemannian

connection ∇. Let ∇U(grad f ) be the derivative of the gradient vector field of f along

U . By definition, this is also the Euclidean Hessian of f along U :

∇U(grad f ) = Hess f [U ] (6.28)

with the understanding that

Hess f [U ](x) = (6.29)

Hess f (x)[U(x)] = (6.30)

∇U(x)(grad f ) (6.31)

The Hessian satisfies the self-adjoint property:

< Hess f [U ],V >=< Hess f [U ],V > (6.32)

Finally, according to eqs. (6.25), (6.28), the Riemannian Hessian is as follows:

Hess f (x)[U ] = x symm(x¦A) (6.33)

with A = rgrad( f )−
(
x symm(x rgrad( f )

)

with rgrad being the Riemannian gradient as per eq. (6.21).

6.2.4 Consecutive Optimization on Rotations and Translations

The gradients and Hessians presented in this section (i.e., Section 6.2) up until this

point regard the cost function in eq. (6.4), rewritten in the form of eq. (6.6). As men-

tioned, the bi-linearity of the cost function is tackled by solving for rotation (i.e.,

eq. (6.6)) and using the R∗ solution obtained only after, when solving for translation

(i.e., eq. (6.7)). The formulas for (Euclidean and Riemannian) gradients and Hes-

sians have been found also for this second step of the algorithm, but are of more

trivial derivation and are not explicitly reported in this dissertation. A big difference

that makes the computation of the gradient and Hessians of eq. (6.7) easier lies in

the fact that, being variable T in Euclidean space R
d×N , the Euclidean gradients and

Hessians correspond with the Riemannian ones.
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6.3 Riemannian Staircase

As briefly mentioned in the discussion of Chapter 2, Rosen et al. introduced the Rie-

mannian Staircase (acronym RS) in the SE-Sync paper [86] to improve the compu-

tation of the optimal solution search in rank-restricted relaxation problems involving

estimation of rotations and poses. Their goal is to find a set Y ∈ St(d,m)n of n Stiefel

elements that minimizes the

min
Y∈St(d,m)n

tr( f (Y¦Y )) (6.34)

for a certain linear map f (). In SE-Sync, the RS iteratively increases m and optimizes

in spaces of dimension d+1fmf n to find better solutions than the locally optimal

solutions obtained in previous steps of the staircase.

Unfortunately, the cost function of our problem (see eq. 6.17) cannot be easily

mapped in the form of eq. 6.34. Hence, the need of a variation of SE-Sync’s RS,

where a different representation is adopted for the sets of rotations and translation,

becomes apparent. This variation is presented in the following and is used to improve

rotation and translation estimation accuracy of the cross-localization problem. Said

variation consists in adding to each step of the staircase a translation estimation. As

such, the original cost equations become (from eqs. (6.6), (6.7)), respectively:

1.

min
R∈St(d,nrs)N

tr(R¦L(T )R)+ tr(R¦P(T )) (6.35)

2.

min
T∈Rnrs×N

||A(R)vec(T )+b(R)||2 (6.36)

At each step the rotations lie on the Stiefel manifold, with iteratively increasing nrs,

starting with nrs = d. The dimensions of the Ri,Ti members of cost function (re-

call eq. (6.4)) are set according to current step number of the staircase. Matrices

L,P,A,B only vary in their size, but the formulas to obtain them remain the same e.g.,

the already mentioned L(T )i j = (TjT
¦
j −TiT

¦
j −TjT

¦
i +TiT

¦
i ) block will just have
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Figure 6.2: Riemannian Staircase paddings: Shape of Motion (left) VS SE-Sync [86]

(right). The Ri blocks are rotation matrices, while the red rectangles indicate one

padding row entirely composed of zeros. One zero-row is introduced at each new RS

step.

nrs×d size instead of the initial d×d and composes block matrix L (now with size

(nrs N)×(nrs N)). The goal is to keep the cost equal to the one at previous step, after

padding the Ri,Ti elements with zeros in the newly introduced dimension. An impor-

tant difference with regard to the original formulation in [86] is that the matStack()

operator on the Stiefel 3D matrices stacks them vertically, while in the SE-Sync paper

they are instead stacked horizontally. Another relevant difference w.r.t. SE-Sync’s RS

is that the dimension increase is done in a different fashion, as illustrated in Figure

6.2.

6.3.1 Computing New Descent Direction

As mentioned at the beginning of this chapter, the Riemannian Staircase is based

on iteratively increasing the dimension of each rotation that is among the variables,

starting from SO(d) ¢ St(d,d) and proceeding with St(d,d + 1),St(d,d + 2) and

so on. After running a first iteration of Riemannian optimization using the Rieman-
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nian Trust-Regions (RTR) algorithm [125], the goal is to improve find a solution with

lower cost than the first solution obtained x0, while keeping a coherent formulation of

the cost function. As a side note, RTR optimization is executed using the Manopt li-

brary [126]. In particular, the R, Ti,Tj vectors/matrices are expanded by one (or more)

dimensions during the subsequent iterations (steps) of the staircase. The dimension

augmentation is done by padding each Ri,Ti with zeros, without modifying the origi-

nal associated cost of equation (6.4). Also, it can be shown that, if x0 is a critical point

for the initial cost function, then x0 padded is also a critical point for the augmented-

dimension cost function. Now, in order to actually exploit the subsequent steps of the

staircase, it is necessary to compute a new starting descent direction in order to exit

the (possibly) local minimum obtained at previous step. As said, the Staircase begins

after the first iteration or RTR optimization, which outputs a matrix x0 ∈ St(d,d)N .

The first goal becomes finding the minimum eigenvalue and associated eigenvector

for the Hessian (linear) map H(·) applied on a point x0 ∈ St(d, p)m. In particular, let

u be a vector tangent to x0; consider H(x0)[u]. The procedure to apply is presented in

algs. 4, 5. Alg. 4 illustrates the algorithm used to search a negative eigenvalue and an

associated eigenvector of the Riemannian Hessian (recall eq. 6.33). Said algorithm

is based on a generalization of Von Mises’ power iteration method [132]. The metric

used for x ∈ St(d, p)m,v1,v2 ∈ ♢St(d, p)m is as follows:

< x,v1,v2 >stie f _eucl= multitrace(multiprod(multitransp(v1),v2)). (6.37)

The operator defined in eq. (6.37) is called Euclidean Stiefel metric, and is used in

alg. 4. The ♢ symbol indicates "tangent space".

Alg. 5 describes the general procedure for computing the solution of problems

reported in eqs. (6.6)-(6.7) using RS. It starts by computing the highest norm eigen-

value through alg. 4. If this returns a negative eigenvalue λ∗ < 0 such that λ ∗ v∗ =
H(x)[v∗], then the search for a new starting point based on a line-search towards the

direction of the associated eigenvector v∗. Otherwise, a shift of the eigenvalues of the

Hessian is performed by re-running P.I.M. on H ′ = H − µv∗ in order to hopefully

find a negative eigenvalue (of the original Hessian), and then perform the line-search.

If no negative eigenvalue is found, the Riemannian Staircase procedure ends. Oth-
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erwise, another instance of RTR optimization is called, this time on St(d,d + 1)N ,

starting from the newly found initial guess (computed through line-search).

Algorithm 4 Power Iteration Method applied to Hessian map on Stiefel manifold

Inputs: H(·),x ∈ St(d, p)m

Outputs: [λ|max|,v∗] = P.I.M.(H(x)[u])

v ∈ ♢St(d, p)m

while Iterative outputs change > threshold do

v← v
<x,v,v>stie f _eucl

v←−H(x)[v]

end while

v∗= v

λ_max =
<v∗,H(x)[v∗]>stie f _eucl

<v∗,v∗>stie f _eucl

6.4 Pose Averaging and Cross-Localization through SOM

Experiments

For the CL-SOM project, experimental results regard preliminary tests on simulated

benchmark sensor networks. In particular, a randomly generated network G with

N = 14 nodes and a number of 45÷55 edges has been used. On this generated bench-

mark, there is the possibility of setting the σ parameter that regulates how noisy the

Ri,Ti,Ti j members of cost function (see eq. (6.4)) are. The MATLAB implementation

used during the experiments is publicly available online1. On the described bench-

mark network, the following scenario has been tested. The CL-SOM algorithm is run

multiple times (in general 50 times) with the same noise level, in order to gather a

clearer picture of the robustness of each algorithm. The assessed metrics per each σ

are mean rotation error, mean translation error and mean execution time. In particu-

lar, rotation error per each CL-SOM run in each sigma is computed as the geodesic

distance [130, 133] between the obtained rotations and the ground-truth generated in

1https://github.com/ErnestF22/som/

https://github.com/ErnestF22/som/
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Algorithm 5 Get minimum eigenvalue and associated eigenvector of Hessian map

on Stiefel manifold
[λ|max|(H),u∗]← P.I.M.(H(x)[u]) // see alg. 4

if λ|max|(H)< 0 then

λmin = λ|max|(H)

else

H ′ = H−µu∗ with µ g λ|max|(H)

[λ|max|(H
′),u∗]← P.I.M.(H ′(x)[u])

λmin = λ|max|(H
′)+µ

end if

if λmin < 0 then

new_descent_dir = linesearch(x,λmin,u∗)
manoptstie f () // new Riemannian staircase step

else

End of Riemannian staircase

end if
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the benchmark. Translation error is more easily the norm of the difference between

estimated translations and ground truth.

The presented CL-SOM (labeled som_riemstair in Figures 6.3, 6.4) algorithm

has been tested against three other methods. The first method (labeled manopt_sep)

basically consists in running just the first iteration of the RS, with nrs = d, and stop

there. The first method (labeled manopt_gen) is based on the same functioning con-

cepts as manopt_sep, but makes use of the generalized_procrustes implementation

that can be found in the Manopt library [125]. This is a procedure designed and im-

plemented in order to optimize the resolution of this type of problem, by avoiding

separate iterations for rotation and translation (e.g., solve (6.6) and then (6.7)) and

instead optimize simultaneously for both of them. The third comparison method (la-

beled procrustes) is a variation of the Procrustes solution through SVD [92, 134, 135],

inspired by the Kabsch-Umeyama algorithm [136, 137]. For all metrics, and all meth-

ods, a mean of all results obtained for a certain σ is performed. To give a better

understanding of why these have been the chosen comparison methods, it can help

knowing that, with limited noise the first two methods should converge (through re-

tractions based on Riemannian optimization theory) to the same solution that the

third method outputs through matricial operations. The goal of CL-SOM is to in-

crease accuracy in the pose estimation through the subsequent steps of RS, and con-

sequently improve manopt_sep and manopt_gen results. The results for σ varying

in set σ = {0.0,0.1,0.5,1.0,2.0,5.0,10.0} are reported in Figure 6.3. These σ val-

ues are the variance of the Gaussian noise added to the ground truth information,

for obtaining the initial guesses of the {Ri,Ti} transformations. Taking a look at said

Figure, it can be seen that CL-SOM (labeled som_riemstair) presents a mean rotation

error on par with the one of the other methods with the lower end of noise values.

Instead, while the translation errors are very similar across all methods, CL-SOM

has higher execution times than the ones of manopt_sep and procrustes. The limited

improvement can be due to the limited quality of the eigenvalue-eigenvector couples

extracted through algs. 4, 5, especially in the more noisy cases. Also, the quality of

the RS results needs to be improved in the tests with higher σ , so more work on the

stability of numerical computations performed when adding steps to the RS needs
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(a) Rotation Mean Errors.

(b) Translation Mean Errors.

(c) Mean Execution Times.

Figure 6.3: CL-SOM mean rotation error, translation error and execution time results

on randomly generated benchmark with N = 14 nodes.
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to be done. Hence, an alternative version of the test with slightly different setup has

been proposed and run.

It has to be noted that optimization methods using Riemannian Geometry solvers

rely on the quality of initial guess, which can deeply affect accuracy and speed of

the algorithms. As such, in order to simulate a fleet of sensors that iteratively gathers

information on the reciprocal pose of the other sensors, the initial guess for the N

nodes has been constructed starting by a randomly selected couple of sensors, running

the algorithms on this sub, and add the remaining nodes one by one only afterwards.

The initial guess of the very first iteration, as well as the initial guess for the newly

added node are generated randomly.

After obtaining all N poses {Ri,Ti}, the algorithms are run one last time on the

full set of nodes. The results for this test with σ = 0.1 (used for adding noise to the

Ti j edge values) are reported in Figure 6.4.

Here, small improvements for CL-SOM (on the 10−6 order) can be seen, even

in the most relevant case of reducing rotation errors. Still, this comes at a noticeable

computational cost increase compared to both procrustes and manopt_sep.

6.5 Discussion

This chapter has presented a method based on the Riemannian Staircase paradigm,

which aims to solve the cross-localization of a fleet of sensors (e.g., drones). The

discussed approach is based on Riemannian Geometry and its related optimization

theory, and has the goal of improving existing methods, especially in the absence

of initial guess for the poses of the fleet. To sum up experimental tests and results,

more relevant improvements are needed to fully justify the added computational cost

that is naturally introduced by the RS addition, but encouraging results have been

found even with relatively limited noise. In future works, additional extensive testing

(involving not only simulated benchmarks) will be done in order to thoroughly prove

the effectiveness of the RS addition, also in real experimental setups, with the goal of

assessing real advantages over state-of-the-art methods, with the goal of bringing the

qualitative improvements with a more limited computational complexity.
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(a) Rotation Mean Errors.

(b) Translation Mean Errors.

(c) Rotation Mean Errors.

Figure 6.4: CL-SOM results with σ = 0.1 and random initial guess.



Chapter 7

Conclusion

This dissertation has addressed robust geometric methods used in estimation prob-

lems in robotics. In particular, the focus has been on point cloud registration, which

is an important primitive in many simultaneous localization and mapping systems,

and on multi-agent or multi-sensor cross localization. The approach followed in this

work is grounded on geometric models and on the manifold structure of the variables

involved in estimation, in order to achieve global and robust solutions not relying on

initial guess. The dissertation has opened with an analysis of state of the art methods

in these fields, explaining the reasoning behind the selected approaches. Then, two

main contributions have been presented.

The first one regards the Angular Radon Spectrum (ARS) formulation, in the context

of pose estimation and, more in general, SLAM. Angular Radon Spectrum is a de-

scriptor for Gaussian Mixture Models (GMMs), which is able to capture the collinear-

ity (or coplanarity in 3D) of pencils of lines (or planes) that compose the GMM. This

allows decoupling of rotation estimation from translation estimation. Due to this,

ARS sees its most relevant use case in the ability to estimate the rotation separating

a couple of partially overlapping point clouds, through maximization of the corre-

lation between the two spectra. Hence, the main contributions regarding ARS have

been the Anisotropic version for the planar case, the GPU-based parallelization of

the planar isotropic version, and the 3D isotropic version. The ways of converting
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a sensory point cloud into an isotropic or generic GMM have also been discussed.

To complete pose estimation, a branch-and-bound algorithm for translation has been

proposed. Pose estimation through ARS is able to achieve accurate results with com-

putational speed comparable to other state of the art methods, as discussed during the

experimental evaluation.

The second main contribution presented is the cross-localization of a sensor fleet

through a formulation based on the Shape of Motion matrix. The novelty introduced

by this approach regards the reformulation of the Riemannian Staircase (RS) algo-

rithm to the specific case needed. RS is used to exit local minima in which solvers

stop with a given dimensionality of the problem, by iteratively increasing the dimen-

sion of the cost function members and their associated search space. Optimization

has been performed through Riemannian Geometry and Netwonian solvers. A rele-

vant part of the work regards the search of an exit direction leading to a point with

cost lower than the one where the optimization stopped at the previous staircase step,

based on searching a negative eigenvalue of the Riemannian Hessian of the cost func-

tion, after increasing the dimensionality of the problem.

Future works on the ARS project will aim at improving the optimization procedure

in the 3D case, while limiting the computational complexity of the algorithm. The

goal is the one of obtaining a full and efficient SLAM pipeline, whose core relies on

the accuracy in point cloud alignment of the ARS formulation. For what concerns

the cross-localization through SOM project, the goal is to test the full implementa-

tion on a fleet of drones, after obtaining clearer improvements over other comparable

methods, especially in the absence of initial guess.



Appendix A

Math Appendix for ARS

1.1 Connection Coefficients from Legendre to Tchebychev

Polynomials

Tchebychev and Legendre polynomials are special cases of ultraspherical or Gegen-

bauer polynomials, which in turn are a special case of Jacobi polynomials. The iden-

tification of a general definition for different kinf of polynomials enables to write one

kind of polynomial as a linear combination of another kind of polynomial. In partic-

ular, the results [113, Theorem 9.1.1] and, more specifically, [113, Theorem 9.1.2]

provide the connection coefficients between Gegenbauer polynomials

C
γ
N(x) =

+N/2,

∑
k=0

(γ−β )k (γ)N−k (β +N−2k)

k!(β +1)N−k β
C

β
N−2k(x) (A.1)

where C
γ
N(x) and C

β
N(x) are two Gegenbauer polynomials respectively with parameter

γ and β . If N is even, C
γ
N(x) depends on C

β
l (x) with even order l = 0,2, . . . ,N. If N

is odd, C
γ
N(x) depends on C

β
l (x) with odd order l = 1,3, . . . ,N. The above equation

uses the Pochammer symbols as a notation for rising factorial power that is defined

for a generic v ∈ R and integer n ⩽ 0 as

(v)n = v(v+1) . . .(v+n−1) (A.2)
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Note that the rising factorial power in the special case v = 1 becomes the well known

factorial (1)n = n!. There are alternative notations to Pochammer symbols, notably

vn̄ in [138]. The Legendre polynomials are ultraspherical polynomials corresponding

to ν = 1/2, PN(x) =C
1/2
N (x). The Tchebychev polynomials corresponds to β = 0 that

can be set only as a limit [113, Eq. (4.5.22), p. 97]

TN(x) = lim
ν→0

N +2ν

2ν
Cν

N(x) (A.3)

There are equivalent limits that can be used to derive the formula refering to slightly

different connection. In [139] the limit procedure for finding the connection coeffi-

cients is

TN(x) = lim
ν→0

Γ(N +1)
(2ν)N

Cν
N(x) (A.4)

The computation of coefficients in eq. (A.1) for the specific case needed is as follows:

ℓ̂N,k =
Γ(N +1)
(2γ)N

(γ−1/2)k (γ)N−k (N−2k+1/2)
k! (1/2+1)N−k (1/2)

=
(γ−1/2)k(γ)N−k

(2γ)N
︸ ︷︷ ︸

ξ (γ)

N! (N−2k+1/2)
k! (1/2)N−k+1

=

(
−1

2

)

k
(N− k−1)!

2

N(N−2k+ 1
2)

k!
(

1
2

)

N−k+1

where the term ξ (γ) related to the parameter γ , Γ(N + 1) = N! has been substituted

and also

(1/2)(1/2+1)N−k

=

(
1
2

) (
1
2
+1

)(
1
2
+2

)

. . .

(
1
2
+1+N− k−1

)

=

(
1
2

) (
1
2
+1

)

. . .

(
1
2
+N− k

)

=

(
1
2

)

N−k+1
(A.5)
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Observe that the integer index k = 0, . . . ,+N/2, and k ⩽ N (equality when N = 0).

Now, it is important to investigate the value of ξ (γ) when γ approach 0.

ξ (γ) =
(γ−1/2)k (γ)N−k

(2γ)N

=
(γ−1/2)k · γ (γ +1) . . .(γ +N− k−1)

2γ (2γ +1) . . .(2γ +N−1)

=
(γ−1/2)k · (γ +1) . . .(γ +N− k−1)

2 (2γ +1) . . .(2γ +N−1)

=
(γ−1/2)k (γ +1)N−k−1

2 (2γ +1)N−1
(A.6)

Thus, the limit for γ → 0 leads to

lim
γ→0

ξ (γ) =
(−1/2)k (N− k−1)!

2 (N−1)!
(A.7)

Setting N = 2, it follows that

T2(x) =
+N

2 ,=1

∑
k=0

l̂N,k ∗PN−2k(x) (A.8)

from which k = 0,1. Expanding the corresponding expressions, the following comes

out:

l2,0 =
4
3

(A.9)

l2,1 =−
1
3

(A.10)

which are the same results found in: [140]

Finally, the expression of the connection coefficients can be inferred:

ℓN,k =

(
− 1

2

)

k
(N− k−1)!

2

N(N−2k+ 1
2)

k!
(

1
2

)

N−k+1

(A.11)

=

(
− 1

2

)

k

k!
︸ ︷︷ ︸

aℓ(k)

N (N−2k+ 1
2) (N− k−1)!

2
(

1
2

)

N−k+1
︸ ︷︷ ︸

bℓ(k)

(A.12)
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The expression has been decomposed into two terms aℓ(k) and bℓ(k) to derive the

recursion in k when k > 0:

aℓ(k)

aℓ(k−1)
=

(
− 1

2

)

k

k!
(k−1)!
(
−1

2

)

k−1

=

(
−1

2 + k−1
)(
−1

2

)

k−1
(
−1

2

)

k−1

1
k

=
2k−3

2k

bℓ(k)

bℓ(k−1)
=

N−2k+1/2
N−2(k−1)+1/2

(N− k−1)!
(N− k)(N− k−1)!

·

·
(

1
2

)

N−k+1

(
1
2 +N− k+1

)

(
1
2

)

N−k+1

=
N−2k+1/2
N−2k+5/2

N− k+3/2
(N− k)

The next step is the derivation of a recurrence relation with respect to both N and k.

First, the connection coefficients when k = 0 are

ℓ0,0 = 1 (A.13)

ℓN,0 =

(
− 1

2

)

0 N! (N + 1
2)

2 0!
(

1
2

)

N+1

=
N! (N + 1

2)

2 1·3·...·2N+1
2N+1

=
N + 1

2

2
2N+1N!

(2N +1)!!
=

(

N +
1
2

)
2NN!

(2N +1)!!

=

(

N +
1
2

)
(2N)!!

(2N +1)!!
(A.14)

=

(

N +
1
2

)
2N

2N +1
2(N−1)

2(N−1)+1
. . .

2 2
2 2+1

2 1
2 1+1

(A.15)

The above eq. (A.14) holds for N > 0. The reader can check that direct substitution

of N = 0 yields 1/2 instead of ℓ0,0. If N ⩾ 2, then the eq. A.14 holds for both ℓN,0

and ℓN,0 and there is the recurrence relation

ℓN,0 = ℓN−1,0
N + 1

2

N− 1
2

2N

2N +1
(A.16)

Finally, the recurrence relations of aℓ(k) and bℓ(k) are used to derive the recurrence
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relation on k as

ℓN,k = ℓN,k−1
2k−3

2k

N−2k+1/2
N−2k+5/2

N− k+3/2
N− k

(A.17)

In summary, the table of connection coefficients can be computed by executing

the following step.

1. Set ℓ0,0 = ℓ1,0 = 1 and N = 2.

2. Compute ℓN,0 from ℓN−1,0 using eq. A.16. .

3. Compute ℓN,k from ℓN,k−1 for k = 1,2, . . . ,
⌊

N
2

⌋
using eq. ( A.17) (in increasing

order of k to have the term k−1).

4. If N < Nmax (Nmax is the required maximum order of the Tchebychev polyno-

mial to be computed), increase N← N +1 and go to step 2.

1.2 Spherical Harmonics: Useful Formulas

1.2.1 Complex and Real Spherical Harmonics

Let S2 be the ordinary sphere consisting of the points with distance 1 from the origin

in R
3. The following common notation is used:

1. Y m
l (θ ,ϕ) for the complex SH or CSH: S2→ C defined as

Y m
l (θ ,ϕ) =

√

2l +1
4π

(l−m)!
(l +m)!

Pm
l (cosθ) eimϕ (A.18)

where the alternating sign term (−1)m is encapsulated by associated Legendre

polynomial Pm
l .

2. Ylm(θ ,ϕ) for the real-valued SH or RSH: S2→ R, also called at times tesseral
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SH, is defined as

Ylm(θ ,ϕ) =







(−1)m
√

2
√

2l+1
4π

(l−|m|)!
(l+|m|)! P

|m|
l (cosθ) sin(|m|ϕ) m < 0

√
2l+1
4π P0

l (cosθ) m = 0

(−1)m
√

2
√

2l+1
4π

(l−m)!
(l+m)! Pm

l (cosθ) cos(mϕ) m > 0
(A.19)

1.2.2 Conversion Formulas between CSH and RSH

CSH and RSH are related by the following equations. To convert CSH into RSH there

is the equation

Y m
l (θ ,ϕ) =







1√
2
Yl,|m|(θ ,ϕ)− i√

2
Yl,−|m|(θ ,ϕ) m < 0

Yl0(θ ,ϕ) m = 0
(−1)m

√
2

Yl,|m|(θ ,ϕ)+
i(−1)m

√
2

Yl,−|m|(θ ,ϕ) m > 0

(A.20)

Conversely, the conversion from RSH to CSH is given by

Yl,m(θ ,ϕ) =







i√
2
Y m

l (θ ,ϕ)− (−1)mi√
2

Y−m
l (θ ,ϕ) m < 0

Y 0
l (θ ,ϕ) m = 0
(−1)m

√
2

Y m
l (θ ,ϕ)+ 1√

2
Y−m

l (θ ,ϕ) m > 0

(A.21)
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1.3 Gradient of ARS3D correlation function

1.3.1 Rotations around Z-axis

Let’s consider a rotation of an angle γ around the Z-axis. The Real Spherical Har-

monics (RSH) matrices [115] associated to such rotation are as follows:

l = 0→M0 = 1 (A.22)

l = 1→M1 =






cos(γ) 0 sin(γ)

0 1 0

−sin(γ) 0 cos(γ)




 (A.23)

l = 2→M2 =











cos(γ)2− sin(γ)2 0 0 0 2cos(γ)sin(γ)

0 cos(γ) 0 sin(γ) 0

0 0 1 0 0

0 −sin(γ) 0 cos(γ) 0

−2cos(γ)sin(γ) 0 0 0 cos(γ)2− sin(γ)2











(A.24)

l = 3→M3 =






cos(γ)(cos(γ)2− sin(γ)2)−2cos(γ)sin(γ)2 0 · · ·0 sin(γ)∗ (cos(γ)2− sin(γ)2)+2cos(γ)2 sin(γ)
... M2

...

−sin(γ)(cos(γ)2− sin(γ)2)−2cos(γ)2 sin(γ) 0 · · ·0 cos(γ)(cos(γ)2− sin(γ)2)−2cos(γ)sin(γ)2







(A.25)

l = 4→M4 = . . .

Note that the vdots in M3 are in fact zeros. It appears clear that Ml+1 has Ml in the

center, and then 4 corner elements on the borders of the matrix, with zeros in-between

(both vertically and horizontally). Let the element in the upper leftmost corner be

called al+1, and the element in the upper rightmost corner bl+1. Then, we know that

other elements are replicated +/- a sign. So, the recursive formula for Ml+1 is as
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follows:

Ml+1 =







al+1 · · · bl+1
... Ml

...

−bl+1 · · · al+1







(A.26)

where

al+1 = cosγ al− sinγ bl (A.27)

bl+1 = sinγ al + cosγ bl (A.28)

It can be observed that, since a1 = cosγ and b1 = sinγ , it is apparent that the general

form of the two variables is

al+1 = cos(lγ) (A.29)

bl+1 = sin(lγ) (A.30)

Hence, the general form of the RSH matrices is the following:

Mz
l (γ) = Ml(Rz(γ)) =

















cos(lγ) · · · 0 0 0 0 sin(lγ)
...

. . .
...

0 cosγ 0 sinγ 0

0 0 1 0 0

0 −sinγ 0 cosγ 0
...

. . .
...

−sin(lγ) 0 0 0 0 · · · cos(lγ)

















(A.31)

By expanding the sines and cosines in Mz
l (γ) as

cos(mγ) = ∑
k⩾0

(mγ)2k

(2k)!
(A.32)

sin(mγ) = ∑
k⩾0

(−1)k(mγ)2k+1

(2k+1)!
(A.33)
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the power terms can be collected as

Mz
l (γ) = exp

























0 0 · · · 0 −lγ

0 0 · · · −(l−1)γ 0
...

...
... (l−1)γ · · · 0 0

lγ 0 · · · 0 0












︸ ︷︷ ︸














Lz
l (γ)

(A.34)

where Lz
l (γ) is the Lie algebra associated to Mz

l (γ).

The matrix of the derivatives and twice derivatives of the terms of Mz
l (γ) w.r.t. γ

are

Ṁ
z

l (γ) =

















−l sin(lγ) · · · 0 0 0 0 l cos(lγ)
...

. . .
...

0 −sinγ 0 cosγ 0

0 0 0 0 0

0 −cosγ 0 −sinγ 0
...

. . .
...

−l cos(lγ) 0 0 0 0 · · · −l sin(lγ)

















(A.35)

M̈
z

l (γ) =

















−l2 cos(lγ) · · · 0 0 0 0 −l2 sin(lγ)
...

. . .
...

0 −cosγ 0 −sinγ 0

0 0 0 0 0

0 cosγ 0 −cosγ 0
...

. . .
...

l2 sin(lγ) 0 0 0 0 · · · −l2 cos(lγ)

















(A.36)
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1.3.2 Rotations around Y-axis

Let’s consider a rotation of an angle β around the Y-axis. The Real Spherical Har-

monics (RSH) matrices associated to such rotation are as follows:

l = 0→M0 = 1 (A.37)

l = 1→M1 =






1 0 0

0 cos(β ) −sin(β )

0 sin(β ) cos(β )




 (A.38)

l = 2→M2 =











cos(β ) sin(β ) 0 0 0

−sin(β ) cos(β ) 0 0 0

0 0 cos(β )2− sin(β )2

2 −
√

3cos(β )sin(β )
√

3sin(β )2

3 −
√

3(cos(β )2−1)
6

0 0
√

3cos(β )sin(β ) cos(β )2− sin(β )2 −cos(β )sin(β )

0 0
√

3sin(β )2

2 cos(β )sin(β ) cos(β )2

2 + 1
2











(A.39)

l = 3→M3 = . . . (A.40)

l = 4→M4 = . . . .

It is apparent that Ml quickly becomes hard to use. Due to this, the following approach

has been taken: consider a permutation matrix E s.t. RY (β ) = E¦RZ(β )E. We want

to verify that, for

E =






0 0 1

1 0 0

0 1 0




 (A.41)

the following is true:

Ml(RY (β )) = Ml(E
¦) Ml(RZ(β )) Ml(E) (A.42)

so that the approach for Rotations around Z-axis described in Section 1.3.1 can be

(at least partially) reused. An important note is that E can serve also as a rotation,

and so its associated RSH matrices can be calculated and considered. Also, a similar

procedure to the one just described can be adopted to tackle rotations around the X-

axis, but it is not expanded on here, as the ZYZ Euler angles notation has been the

one selected.
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1.3.3 Euclidean Gradient through inverse Jacobian of Euler Angles as-

sociated matrix

To obtain the element-wise Euclidean gradient of the cost function, we start from ex-

pressing the Jacobian J of the function associated to matrix Rzyz. Rzyz is the rotation

matrix that produces the rotation, corresponding to a given [α,β ,γ] tuple of ZYZ

Euler Angles [141]. First, let M(α)l,M(β )l,M(γ)l be the RSH matrices of order l as-

sociated to α,β ,γ angle rotations around Z-axis. Then, let dM(α)l,dM(β )l,dM(γ)l

be their respective coefficient-wise derivative. The Euclidean gradient of the cost

function is obtained by multiplying the pseudo-inverse of J, call it Jpinv, by the

gradeul 3×1 vector obtained as follows (using MATLAB array indexing):

gradeul(1) =
lmax

∑
l=1

rsh_src¦l M(γ)l+1M(E)¦l+1M(β )l+1M(E)l+1dM(α)l+1rsh_dstl

(A.43)

gradeul(2) =
lmax

∑
l=1

rsh_src¦l M(γ)l+1M(E)¦l+1dM(β )l+1M(E)l+1M(α)l+1rsh_dstl

(A.44)

gradeul(3) =
lmax

∑
l=1

rsh_src¦l dM(γ)l+1M(E)¦l+1M(β )l+1M(E)l+1M(α)l+1rsh_dstl

(A.45)

where E is the matrix from eq. (A.41), M(E) its associated RSH matrices,

rsh_srcl = rsh_src(sh_lm_to_index(l,−l) : sh_lm_to_index(l, l)) (A.46)

rsh_dstl = rsh_dst(sh_lm_to_index(l,−l) : sh_lm_to_index(l, l)) (A.47)

where sh_lm_to_index(l,m) = l2 +m+ l +1, if − l f mf l (A.48)

and rsh_src,rsh_dst are the RSH coefficients of source and destination respectively.

The already mentioned final step to obtain the Euclidean gradient grad is

grad = gradeulJpinv . (A.49)
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At the end of the described procedure, grad from eq. (A.49) ends up being a 9-

element array, that can be reshaped according to library needs e.g., most optimization

libraries require it as a 3×3 matrix.

1.4 Lie Algebra of Rotation of Spherical Harmonics

Further expanding on some tools used in the previous sections of this appendix, in

general, the Rotation Spherical Harmonics (RSH) matrices Ml(R) ∈ SO(2l + 1) are

orthonormal matrices with an associated Lie algebra. Hence, it would be interesting

to find for every Ml(R) its corresponding Lie algebra matrix Ll . The RSH matrices

Ml(R) have a simple analytical expression when the rotation R is a rotation around

axis z. In the previous section, the following Lie algebra matrix has been obtained:

ΩΩΩl
z(γ) =












0 0 · · · 0 −lγ

0 0 · · · −(l−1)γ 0
...

...
... (l−1)γ · · · 0 0

lγ 0 · · · 0 0












(A.50)

Mz
l (γ) = exp

(
Lz

l (γ)
)

(A.51)

The Lie algebra for a generic rotation R ∈ SO(3) can be obtained after rewriting

the rotation matrix as follows. The rotation R can be represented using its axis a and

rotation angle α . The axis is a unit vector that can be represented by polar coordinates

a = [sinθ cosϕ, ]sinθ sinϕ,cosθ ]¦. Thus, the rotation can be written as follows:

R = Rz(ϕ)Ry(θ)Rz(α)R¦y (θ)R
¦
z (ϕ) (A.52)

For convenience we define the orthonormal matrix U=Rz(ϕ)Ry(θ). The Lie algebra

can be obtained using the following property:

Ml(R) = Ml(U)Ml(Rz(α))bMl¦(U) (A.53)

= Ml(U)exp
(

ΩΩΩl
z(α)

)

bMl¦(U) (A.54)
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where the exponential of the Lie algebra element ΩΩΩl
z(α) has been substituted. Also,

the following property of matrix exponential is exploited:

Ml(R) = exp
(

Ml(U)ΩΩΩl
z(α)Ml¦(U)

)

(A.55)
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