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Abstract

The recent availability of large-scale, time-resolved and high quality digital datasets
allowed for a deeper understanding of the structure and properties of many real-
world networks. The underlying complexity found in such systems called for an
appropriate framework to systematically analyze and characterize their properties.
To this extent the recently founded field of network-science provided the neces-
sary theoretical grounding to tackle the study and characterization of the relevant
properties of both complex networks and dynamical processes undergoing on top
of them. Particular attention has been devoted to comprehend the structure and
the dynamics of social interactions in real-world complex networks. Moreover, the
empirical evidence of a temporal dimension in networks prompted the switch of
paradigm from a static representation of networks to a time varying one.

In this work we focus on the framework of Time-Varying-Networks in real world
social systems. By means of the Activity-Driven paradigm (a modeling tool belong-
ing to the family of Time-Varying-Networks) we define and develop a dynamical
model mimicking the evolution of real-world social networks.

The developed framework allows for the encoding of generative mechanisms
shaping the large scale properties of real-world networks. Among all of these mech-
anisms, three of them seem to play a central role in the social networks’ evolution:
the individual’s propensity to engage in social interactions, its social capital alloca-
tion and the burstiness of interactions amongst social actors.

The former mechanism accounts for the temporal dependence of interactions be-
tween individuals. This is a fundamental ingredient to consider so as to describe and
characterize both the topological and the diffusion properties of social networks, as
human interactions are continuously rearranged in time. Among the possible ways
to implement a temporal dimension on the topology of the network, the activity-
driven-Network framework encodes the propensity for an individual i to engage a
social interaction in a constant activity potential ai. The latter measures the prob-
ability per unit time for the node to interact with another agent on the network.

The second ingredient (social capital allocation) accounts for the correlations
between subsequent events of a single node. In other words, the social capital allo-
cation of each agent is not random and people tend to distribute their social events
and attention toward already contacted nodes (strong ties), reserving a smaller
amount of their social activity towards less frequently activated edges (weak ties).
To empirically measure and analytically model a mechanism able to reproduce the
real-world behavior of people is a relevant problem in social science. The impor-
tance of a solution of such a task is not just of academical interest but it also allows
for a better understanding on diffusion processes on social networks (e.g. epidemic
and rumor spreading processes) and on how to control them (e.g. avoid a pandemic
outbreak, infer the diffusion path of a piece of information etc.).



We base our study and characterization of social capital allocation extending
a simple mechanism aiming at the description of edge creation that has been re-
cently proposed. The latter captures the mechanism with a simple reinforcement
rule, that inhibits the creation of new ties once a node gets active, thus favoring
the reinforcement of the already established connections. To this extent we present
a thorough analysis of social capital allocation mechanism in 7 real-world datasets.
Then, given the results of the empirical analysis we develop a data-driven model
and analytically solve it. We then present a robust check of the results against both
numerical simulations and real-world datasets.

The final ingredient (burstiness) accounts for the non-poissonian temporal ac-
tivation pattern of social ties in real-world networks. Indeed, social interactions
displays an heterogeneous, heavy-tailed distribution of the waiting time w (or inter-
event time) that can be reasonably described by a power law. This property is
the fingerprint of the bursty nature of human dynamics. When developing a model
or analysis of the long-time evolution and diffusion properties of social networks,
one has to consider this mechanism, as it introduces strong heterogeneities in the
networks’ temporal dynamics. We then further develop the activity driven model
so as to account for both the reinforcement process and the bursty activation of
ties. The latter is introduced by its simplest formulation, i.e. by imposing an inter
event time distribution following a power-law. We analytically solve the system dy-
namics in the asymptotic limit, finding a non trivial phase diagram of the network
evolution due the interplay of the two mechanisms: there are situations in which
the burstiness governs the evolution of the network and others where the dynamics
is completely determined by the social capital allocation process. Also in this case,
we test our analytical results against numerical simulations and empirical datasets,
finding a good agreement between the two.

In the last chapter we then present an additional attempt to develop a com-
plete dynamical model of Time-Varying-Networks that is based on the Kauffman’s
adjacent-possible theory. This model overcomes some limitations of the previously
proposed models. For instance, it accounts for the growing size of social network
and naturally introduces some of the real-world networks’ topological properties.
Furthermore, the model naturally introduces heterogeneous behaviors in the sys-
tem, and it is also able to reproduce the empirical functional form of the edges
reinforcement process. Even in this case we present an analytical solution of the
model and we check our results with numerical simulations comparing them with
the real-world networks under investigation.
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Introduction and motivations

The research activity on complex systems is an important and still growing field of
statistical mechanics. The methods belonging to this research area are being im-
plemented and applied to many research fields spanning from economy to medicine.
Moreover, in the recent years a lot of attention has been devoted to the continu-
ously growing field of network-science, as many real-world systems can be modeled
as graphs. Also in this case, many of these equivalent networks displayed complex
features, thus giving the birth to the complex networks term. The interdisciplinary
nature of such a filed calls for a universally accepted definition of what we are
referring to when we talk about complex networks or complex system in general.

Firstly, it is important to stress that complex does not mean something merely
complicated. We are surrounded by complicated systems and object every day: the
computer we use at work, the car that drives us home and even our phones are
composed by many elements designed to interact and perform different tasks. Nev-
ertheless they are really merely complicated as they are engineered accordingly to
a precise, supervised blueprint. This is where they differ from a complex system [1].
A complex system is an emergent phenomena, as it is a spontaneous outcome of
the interactions amongst the many units composing it: there is no supervision, no
blueprint and no engineering. In other words, complex systems consist of a large
number of elements capable of interacting with each other and the surrounding en-
vironment in order to organize in specific emergent structure, so that their behavior
cannot be described from simple extrapolations of the properties of their constitu-
tive units. One usually resume this feature with the well-known phrase by P.W.
Anderson “More is different” [2]: the same elements assembled in large number can
cause different macroscopic and dynamical behaviors, and holistic approaches have
to be used.

Another peculiar property of complex systems are their scale-free structure and
fluctuations. The former is usually visualized with the complex structure of fractals
object in which the same level of complication is found at all the possible scales
at which we inspect the element [3]. The non-linearity of diverging fluctuations
is instead summarized with the renowned “Butterfly effect”: a small change (the
flapping of a butterfly’s wings) can lead to a big difference (a storm) later. This
resumes in a nutshell the mechanism of critical phenomena where macroscopic re-
arrangements across the entire system are generated by the combined action of
infinitesimal localized interactions [1, 4].

Now we are ready to give a possible definition of what a complex network is.
As already pointed out, a great variety of systems in nature, economy, society and
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technology can be modeled as networks. In the latter, the vertices represent the
single agents belonging to the system, while the edges connecting them represent
a relation or interaction among those elements. If, after this abstraction has been
made, the complex features are still present we will refer to these complex systems
as complex networks [5]. This results applies to a huge number of systems belonging
to the most disparate fields, from the net of sexual contacts to the nervous system,
from the social interactions among individuals to the biological interactions between
proteins in the cells. The mathematical framework is based on Graph Theory [6,7],
one of the fundamental parts of discrete mathematics founded by Euler in 1736 with
the famous solution of the Königsberg bridges problem.

To support the interest that mathematicians and physicists put in the research
on complex networks, the unprecedented availability of large, high-quality digi-
tal datasets allowed the network-science field to deepen our understanding on the
structure and dynamical properties of these complex networks. In particular, the
apparently ubiquitous heavy-tailed distributions characterizing the structural prop-
erties revealed the all-scale complications typical of complex systems. These hetero-
geneities appear to be common features of a large number of real-world networks,
along with other complex topological properties. It is now acknowledged that the
complex topology and dynamics on networks is the natural outcome of the evolu-
tion of such networks. This evidence is far from being just accidental and raises
the question of the existence of some general organizing principles determining the
emergence of common properties in such very different contexts. This consideration
led the network-science community to switch the focus to the microscopic processing
governing the arrangement, appearance and disappearance of vertices and links.

To this extent, a first round of studies focused on a static representation of
networks. In the latter, the nodes and the edges connecting them are fixed and
immutable in time. In this framework the focus is on the connectivity properties of
nodes and dynamical processes are naturally implemented on top of the underlying
network fabric. The significant results found in real-world datasets taught us that
many networks show a small but significant number of nodes, called hubs, whose
degree (number of contacts) is larger than the average value. Indeed, we expect
social networks to contain a few popular individuals with many acquaintances, the
WWW to feature a few very popular websites cumulating a huge number of incoming
links. Moreover in biological systems there are just a few metabolites that take part
in most of the metabolic processes, there is a minute fraction of airports collecting a
huge number of connecting flights etc.. In these networks there is no characteristic
scale: this is why they are often called scale-free networks.

Besides their heterogeneous nature, real-world networks feature the so called
small-world effect: the average distance between pairs of nodes is very small and
typically grows as the logarithm (or slower) of the network size (i.e. its number
of vertices), in contrast with what happens in regular lattices. This feature is well
known in the sociological context as the six degrees of separation after the pioneering
works of Milgram in 1967 [8].

As a last remark on static networks, we recall the tendency of nodes to form
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groups of densely interconnected elements, namely communities. This properties is
usually revealed by a high clustering coefficient.

Given all these non-trivial features, many efforts were done in order to find
a model that could generate all these peculiar properties at once. The (not-yet
completed) trail to this goal started with the simplest model proposed by Erdös and
Rènyi in the 60s [9–11]. In their work they proposed the simplest implementation
of a random graph: each pair of nodes is connected with a given probability p.
Though far from reality, the model generates a random networks with a pronounced
small-world effect. However, a very small clustering coefficient is found and an
heterogeneous (Poissonian) connectivity distribution is found.

To overcome the low-clustering coefficient, in 1998 Watts and Strogatz intro-
duced a new mechanism able to generate both a small-world effect and a high
clustering coefficient [12]. Despite the progress made, the skewed, heavy tailed con-
nectivity distribution was still missing.

In 1999 A. L. Barabási and R. Albert proposed a novel model published in one
of the most cited papers of the last decades [13]. In the paper they proposed a gen-
erative model for networks that provides an heavy-tailed connectivity distribution,
high clustering and small-world effect. The intuition was that, in order to obtain
a skewed degree distribution, there must be a multiplicative process governing the
nodes attachment and edges cannot be connected randomly. To this end, the model
states that nodes tend to connect to vertices which already have a large number of
connections: preferential attachment. After the introduction of this model, many
others have been proposed as variations of this mechanism and helped to understand
the processes shaping real-world networks. Besides, a great endeavor has been put
on the characterization of how the heterogeneous topology and the complex nature
of these networks affect the dynamical processes undergoing on top of them.

On the other hand, the effort put in order to understand the evolution of complex
networks (and social networks in particular) generated a lot of attention to the
mechanism governing the creation, arrangement and deletion of links. A second
round of works in network-science revealed the presence of a temporal dimension in
social networks, giving rise to the Time-Varying-Networks (TVN) paradigm. This
advance moved the focus of the research work from the structure of the network to
the growth of the network itself. Indeed, in the first network-science works the object
of the study was the network topology (the vertices and edges) and a dynamical
process undergoing on the network was modeled and implemented separately in a
top-down approach. Compared to this picture, TVN approach moves information
about when things happen from the dynamical system to the network, the structure
on which the dynamics actually takes place, a more bottom-up way of thinking.

Systems that can be modeled as temporal networks are everywhere, as we expect
contact in social and natural environments not to be always active and available to
the agents of the underlying web: we are not (luckily) always at the phone with our
friends, the spread of biological viruses and diseases (again, luckily) is not always
possible as contacts between infected and susceptible nodes are not always active.
This new approach poses some fundamental question: how does the temporal di-
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mension affect the dynamical processes on the network (e.g. reaction diffusion ones)
and how can we encode the dynamics on the network itself? In this work we focus
on a model belonging to a family of the TVN models class, i.e. an activity-driven
(AD) model of network-generation. Though there are many ways to implement a
temporal dimension in networks, the AD approach allows for a rigorous analytical
approach whose results gives accurate prediction on the network evolution.

In the AD approach each node is given an activity potential, i.e. the propensity
for the node to engage a social interaction with another, randomly chosen actor in
the network. The interaction is instantaneous, meaning that the edge is created
and deleted before the next interaction on the network takes place. This simple
prescription strongly modifies both the topological and the dynamical properties of
the network. Indeed, the instantaneous network features only one edge between the
two active nodes at that time. It is then customary to integrate these interactions
over a time window ∆t to get an integrated-network and then let the dynamical
process evolve on this aggregated network (also called snapshot). Given the tem-
poral dependence of the edges, the sparser nature of the network and the different
connectivity patterns of subsequent snapshots, the behavior of the dynamical pro-
cesses undergoing on top of the network fabrics is deeply modified with respect to
the same processes evolving on static networks: the first passage time of a random
walker on a node varies, as well as the point at which an epidemic process does not
die out anymore and results in an outbreak.

The AD framework introduces a dynamics on the edge creation but it does not
tell anything on how, in a social network, the social acts of an agents are arranged
amongst its neighbors. A second question then arises: how do people invest their
social capital? In other words, is it possible to measure and define a mechanism
able to reproduce the growth of real-world ego-nets? As in the previous points,
the recent and unprecedented availability of large and high quality datasets helps
us to answer these questions. In this work we tackle this problems by applying a
data-driven approach. We measure and characterize the social capital allocation in
real-world datasets and then propose and implement a reinforcement process on top
of an AD model. As reasonably expected, we find that social interactions are not
randomly arranged in a social network but they are rather concentrated towards the
closest neighbors of the node. This behavior can be resumed in the fact that we are
more prone to interact with already known pals, through already established ties,
rather than always connect or contact a new node in the network. As for the switch
from static to TVN, also the introduction of a reinforcement process affects both
the topology of the network and the dynamical properties of the reaction-diffusion
processes unfolding on top of it. In particular, the critical properties of different
epidemics processes (e.g. SIR and SIS) change in a different way when reinforce-
ment is introduced. On the topology side, the reinforcement process inhibits the
creation of new edges thus slowing down the growth in time of the average degree
of a node. If this growth was linear in the random allocation model, now we find
this growth to be sub-linear.
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An additional level of complexity found in real-world systems is the supplemen-
tary heterogeneity of the time scales of the inter-event time, i.e the time between two
consecutive interactions of a single node. Again, thanks to the constantly increas-
ing possibility to access the time-resolved activity of most components of selected
complex systems, such as time-resolved mobile phone calls, Twitter citations, and
scientific collaborations, we find that the temporal activity patterns is bursty in
many systems. Burstiness then appears to be an ubiquitous property of complex,
real-world systems. In few words, burstiness can be described in term of bursts
of activity, i.e. a significantly enhanced activity levels over short periods of time
followed by long periods of inactivity. In particular, in human dynamics bursti-
ness has been reduced to the fat-tailed nature of the response time distribution or
the inter-event time between two successive interactions of the same user. Once
present, burstiness can affect the spreading of diseases or resource allocation. In
the AD model we can consider the system events as an activity pattern that can
be thought of as a discrete signal. In this formalism the activity pattern follows
a Poisson process, as the probability of an event is time-independent. In this case
the inter-event time between two consecutive events follows an exponential distri-
bution. To account for the real-world heterogeneous inter-event time distributions,
we implement such a waiting time distribution on top of the AD model with re-
inforcement finding a non-trivial interplay between the two mechanisms. Indeed,
the competition between “memory” and burstiness breeds a rich phase diagram
composed by the parameters characterizing the two mechanisms. In this work we
present the topological characterization of the networks generated accordingly to
this improved model, leaving the dynamical characterization for future work. It is
clear, however, that the introduction of burstiness will further modify the behavior
of the reaction-diffusion processes’ dynamics. Indeed, the heavy tails of the inter-
event time distribution are further slowing down the contact rate between nodes.

Despite the intrinsic importance of the modeling tools and efforts made to catch
the real-world networks evolution, all of the proposed and analyzed models do share
a limitation: the heterogeneity (either on the activity of a node or on the inter event
time distribution) has to be put by hand or by enforcing a preferential attachment
rule. For instance, in the AD model we have to externally enforce the activity dis-
tribution, when we add the reinforcement process we have to define its functional
form and implement it in the numerical simulations, and when adding burstiness
to the system we enforced a skewed a waiting time distribution. It is then a com-
prehensible objection to ask whether or not is it possible to develop a fundamental,
ab-initio, model that could generate by itself some (if not all) of the observed het-
erogeneity and social actors’ behavior found in real-world systems. To this extent,
we investigate how the social exploration of an individual determines his next step
in the process of social capital allocation. In other words, we look at how a novelty
(i.e. a new contact) introduced in the ego-net of a social actor (i.e. the set of the
nodes that have been in contact with the node) regulates the target of the next
social activities of the node itself.

It is reasonable to expect that novelties may lead our social life, as our daily lives
are spiced with little novelties: to hear a new song, taste a new food, meet a new
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friend. Sometimes, our contact with a specific novelty may correlate with a later
novelty, as one of these first-time experiences may sparks another. For example,
meeting a person we enjoy may prompt us to spend more time with him/her and
eventually meet him/her friends as well. The notion that one new thing sometimes
triggers another is, of course, commonsensical. But a recent work, Tria et. al [14]
quantitatively show that, indeed, everyday novelties truly do pave the way for other
future novelties.

In this approach, novelties are then seen as an event able to extend the so called
adjacent possible. This mechanism falls in the framework of Kauffman’s adjacent-
possible theory and has successfully been applied to the individuals’ exploration of
ideas and information, generating the so called dynamics of correlated novelties.
In their work, Tria et al. [14] modeled the dynamics of novelties encountered by a
single agent by means of a single Polya’s urn.

In the last chapter of this thesis, we generalize this approach to define a dynam-
ical model of the social networks’ evolution . The adjacent possible is now the social
circle of a person plus all the neighbors of its friends. To get in contact with an
agent never contacted before results in the expansion of the space available for the
social exploration of the agent. Surprisingly the introduced model accomplish to
reproduce many of the desired properties of real-world social networks: the growth
in size of a network with time, the measured reinforcement mechanism, the het-
erogeneous activity and degree distributions and the high value of the clustering
coefficient.

To sum up, we showed many challenging, difficult and intriguing questions that
motivate this work. Evaluating the mechanisms at the base of the complex-networks
formation and to analytically predict their behavior are two deeply related prob-
lems that can be attacked within one general approach well grounded in Physics,
namely the multi-agent approximation and the Master Equation formalism. We
present a walk, not random, into the complexity and in the holistic Physics per-
spective. In particular Chapter 1 is dedicated to the introduction of basic concepts
of graph theory, while in Chapter 2 we present real-world networks and their basic
generative models. In Chapter 3 the general framework of Time-Varying-Networks
is introduced, with particular focus on the possible modeling approaches. In Chap-
ter 4 we introduce our Activity-Driven model and deeply investigate its properties
together with the effect of the heterogeneous activity and the reinforcement process
on the network evolution and dynamics. We then show the numerical results vali-
dating our analytical approach and we test the model against real-world datasets,
finding a very good agreement between the analytical predictions and the empirical
data. We also present a preliminary study on how the time-varying nature of the
system affect an epidemics process, focusing on a realization of he network where
the reinforcement process is introduced by means of a community structure of the
network.

Then, in Chapter 5 we further develop the model introduced in the previous
Chapter to include burstiness in our analysis. Again, a thorough analytical charac-
terization of the system is carried on and we test our predictions with both numeri-
cal simulations and empirical data. We also analyze the phase space created by the
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interplay of the reinforcement mechanism and the bursty behavior.
Finally, in Chapter 6 we introduce the basic model based on the theory of the

adjacent possible, by means of a generalized Polya’s urn. We solve the model in the
asymptotic limit and we discuss the properties of the generated network. We then
give a preliminary recipe to map this model to the corresponding activity-driven
version.
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Chapter 1

Introduction to Network Theory

Networks are the basic ingredient of this work. In this Chapter we introduce the
principal concepts of networks and graph theory. We define different type of net-
works and the basic measures and quantities under examination: degree, shortest
path length, clustering coefficient, betweenness and all their statistical properties.

1.1 Network definition and basic concepts

A network can be thought as any systems that allows an abstract representation as
a graph whose nodes (vertices) correspond to the elements composing the system
and whose edges (links) identify the relations occurring between the elements. As
a matter of fact, many real systems can be modeled as networks. The theoretical
framework of networks thus provides a convenient and powerful representation of
the interactions in complex systems where the mapping of the interactions among
a huge number of individuals determines the properties of the systems themselves.

Research on networks has a long tradition that ideally started with the work
of Leonhard Euler in solving the Königsberg bridges problem in 1736. Since then
a lot of attention has been put on the study of networks as this subject is found
in graph theory, sociology, physics, communication research, biology and a large
bibliography of textbooks is found in literature [6, 7, 15–18].

1.1.1 Vertices and edges

As a first insight, let us recall that the simplest definition of a graph G is the
undirected one. In the latter we define an undirected graph G as the pair of sets
G = (V, E), where N is a set of vertices (the elements or the nodes), and E is a
set of unordered pairs of edges (the links or edges). An edge (i, j) then connects
the two vertices i and j which are said to be adjacent or connected (or, in a more
common way, i and j are dubbed neighbors). The size (cardinality) of the N set
is the number of vertices N , denoting the order of the graph G. This defines the
physical size of many real systems as N denotes the number of agents found in the
network under study. The size E of the E set is the number of edges and, formally
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speaking, defines the size of the graph G. The maximum number of edges E is
(
N
2

)
.

A graph containing exactly
(
N
2

)
edges is called a complete N -graph.

On the other hand, a directed graph D has the same definition as the undirected
one exception made for the pairs representing the edges that are now ordered. In
this case an edge (i, j) points from the source node i to the target node j. The
connection between the two nodes is possible only from i to j and not the other way
around (unless also the (j, i) edge is present in E). In the undirected case however,
an edge (i, j) connects the two nodes in both the directions.

To graphically depict a graph one usually print a set of dots (the vertices)
and join them by lines between the pairs of connected vertices (the links). From
a mathematical point of view it is convenient to define a graph by means of the
adjacency matrix A = aij , i.e. a N ×N matrix whose entries are:

aij =

{
1 if (i, j) ∈ E
0 if (i, j) /∈ E .

(1.1.1)

In an undirected graph A is symmetric (i.e. aij = aji) while in the directed case
the first and second indexes correspond to the source and the target, respectively.

We then define the sparseness of a graph to quantify the density of connections
on the network itself. If the number of edges E scales with the number of nodes N
as E ∼ Nα with α < 2 we call the graph sparse, otherwise the graph is said to be
dense. In other words, we can define the connectance or density of a graph D as
the ratio between the number of edges E divided by the maximum possible number
of edges D = E/[N(N − 1)/2]. A graph is then sparse if D � 1. As the adjacency
matrix’s A entries of a sparse graph are mostly 0, the most convenient way to
mathematically (and numerically) represent a sparse graph is by the adjacency list
l(i, ν ∈ N (i)). The latter is a list including all the first neighbors of node i and it
is usually named neighborhood or, in social networks, the ego-net of node i.

An important characterization usually done on large graphs is the one concerning
local structures as cliques or communities. These are defined as highly intercon-
nected subgraphs that are poorly connected to the nodes outside the community
itself. This characterization leads to the study of network modularity and clustering
techniques aimed at the individuation of major cluster in a given network [19–25].

1.1.2 Paths and distance

Another important feature of graphs and complex networks in general is the reach-
ability of vertices, i.e. to determine whether or not it exists a path connecting one
vertex to another within a given graph. One can easily tackle this problem by means
of the adjacent matrix A. A path Pi0,in connecting i0 to in and of length n in a graph
G = (N , E) is defined as an ordered collections of n+1 vertices NP = {i0, i1, . . . , in}
and n edges EP = {(i0, i1), (i1, i2), . . . , (in−1, in)}, so that iα ∈ E and (iα−i, iα) ∈ N
for every α. The number Nij of paths of length n connecting the two nodes i0
and in is given by the aij element of the n-th power of the adjacency matrix, i.e.
Nij = (An)ij . Based on these definitions, a graph is said to be connected if it exists
at least one path connecting any two vertices on the web. There could be groups of

10



nodes that are connected among themselves (components) and two components C1

and C2 are disconnected if there is no path from a node i in the first component to
a node j belonging to the second one. In a random graph, a component that scales
with the size of the network N (thus diverging in the N → ∞ limit) is called the
giant-component G.

The notion of path naturally introduces the concept of distance between nodes.
For instance, the distance between two nodes i and j is defined as the number
of edges lij composing the shortest path connecting i and j. To give a complete
definition of distance, two vertices belonging to two disconnected components have
infinite distance lij =∞. Moreover, distance is symmetric in directed graphs (lij =
lji), while this is not true in general in undirected graphs. An additional application
of the notion of distance is the definition of a graph’s G diameter, dG. The latter is
defined as the maximum distance between two nodes, i.e.

dG = max
i,j∈N

lij . (1.1.2)

By means of Eq. (1.1.2) we can also define the average shortest path length 〈l〉 as
the average value of lij over all the pairs of nodes in the network. It is evident that
〈l〉 ≤ dG by definition.

Trivial examples of characteristic distances in graphs include the complete graph
(〈l〉 = 1), the hypercubic lattice in D dimensions (〈l〉 ∼ N1/D) and the majority of
random graphs where the average shortest path length scales as the logarithm of
the network size N , i.e. 〈l〉 ∼ lnN . The last results enlighten the slower growth
of the average distance in random graphs with respect to regular lattices. This
phenomenon steams from the fact that two randomly chosen vertices are connected
by a small shortest path even at a large network size and constitutes the so-called
small-world effect [8, 26,27].

Though important, distance measures give us global information about the net-
work structure but does not tell us a lot about the importance or centrality that
nodes have in the network structure. The definition of centrality usually depends
on the relevant quantities related to the process or task we want our network to
fulfill, so that many definitions of centrality are found in literature. However, the
most commonly used ones are the degree, closeness or betweenness centralities of a
given vertex. For what concerns edges, their centrality is usually measured in terms
of their betweenness centrality.

The simplest definition of centrality is the degree centrality as it depends on the
degree ki of the node i alone. The degree ki is defined as the number of vertices
incident on the vertex i. This definition of degree centrality simply measures how
well a node is connected to other vertices in the network.

Another possible definition of centrality is the closeness centrality. The latter
expresses the average distance of a vertex i to all others as

gi =
1∑
j 6=i lij

. (1.1.3)
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As gi is inversely proportional to the average distance of a node from the other
vertices, large closeness centrality is given to nodes well connected through short
paths to the other nodes.

The two measures of centrality proposed so far are somewhat limited as they
completely overlook the importance that a node may have in connecting different
regions or components of a network. To overcome this restraint, a more powerful
definition of centrality is the renowned betweenness centrality bi of a node i [28,29].
This centrality is defined as the number of shortest paths between all the pairs of
vertices that pass through a given vertex. To formally define bi, let us introduce σhj
as the total number of shortest paths from h to j and σhj(i) as the number of these
paths passing through i. The betweenness centrality bi for node i is then defined
as:

bi =
∑
h6=j 6=i

σhj(i)

σhj
. (1.1.4)

This definition moves the focus from the most connected nodes or the most
“connected ones” to the better connected ones or rather to the vertices that play a
central role in keeping different components of the network connected. This defini-
tion can be easily extended to edges. Indeed, it is possible to count the number of
shortest paths passing through a given edge (i, j) for all the pairs of vertices of the
network. The vertices or edges with a high value of betweenness centrality are often
called bridges and their importance lies in their central role in connecting different
regions: if these nodes are removed from the network, the graph quickly becomes
disconnected and the average path between nodes increases. It is then evident that
networks featuring many bridges or highly central nodes are more fragile and prone
to failure in case of an external damage.

1.1.3 Clustering

An additional analysis of interest in network analysis is the quantification of the
clustering, i.e. a quantification of how the structure of a local neighborhood is
“dense” or interconnected. A typical application of this measure is to quantify the
overlap of the neighborhoods (i.e. the set of nodes connected to each vertex) of
two or mode nodes connected with each other in social networks. Indeed, in many
natural networks we observe a tendency to create dense subnets (or even cliques)
in the neighborhood of a selected vertex. This behavior can be explained as that
if node i is connected to node j and j is connected to l then, with a very high
probability, also i and l are connected. The clustering of an undirected network
can be measured with the clustering coefficient C [12]. The latter measures the
cohesion of a local group and it is defined for a single node i of degree ki as:

C(i) =
ei

ki(ki − 1)/2
, (1.1.5)

where ei is the number of edges connecting the neighbors of i over the maximum
number of such edges (given that i has degree ki > 1). If ki ≤ 1 the clustering
coefficient is set to C(i) = 0. Given the clustering coefficient of a single node we
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can define the average clustering coefficient as the simple average over all the nodes
i = 1, . . . , N of C(i):

〈C〉 =
1

N

N∑
i=1

C(i), (1.1.6)

so that the clustering coefficient is normalized, i.e. 0 ≤ C(i) ≤ 1.

1.2 Statistical properties of networks

So far, we introduced local measures and quantities that cannot be transferred
painlessly in the task of analyzing large networks. As we already pointed out,
the measure of betweenness centrality takes a diverging computational time, the
local measure of clustering coefficient gives us only a local and node-dependent
quantification of clustering and so on.

The recent and unprecedented availability of large scale datasets and the con-
stantly increasing computational power of modern cluster allow for the gathering
and manipulation of very large real-world networks. In these systems the tools
provided by statistical mechanics and the ones specifically developed by network-
science come to hand. The attention is thus shifted from local elements to statistical
measures taking into account the global behavior of the quantities under investiga-
tion.

1.2.1 Degree and betweenness

First in line comes the degree distribution ρ(k) of a given undirected network that
is defined as the probability for a node to have degree k. It is evaluated by the
construction of the normalized histogram of the degrees of all the N nodes in the
network. For directed networks one can define both the in-degree distribution ρ(kin)
and the corresponding out-degree one ρ(kout). Given the degree distribution ρ(k)
one can easily compute the average degree of a network that reads

〈k〉 =
1

N

∑
i

ki =
∑
k

kρ(k) ≡ 2E

N
, (1.2.1)

as each edge connects two vertices. For the same reason, in a directed network the
average values of both the in-degree and out-degree distribution must coincide, so
that

〈kin〉 =
∑
kin

kinρ(kin) = 〈kout〉 =
∑
kout

koutρ(kout) ≡
〈k〉
2
. (1.2.2)

We can then generalize the computed moment of the degree distribution and define
the n-th moment 〈kn〉,

〈kn〉 =
∑
k

knρ(k). (1.2.3)

As we will show in Section 2.5 the first and second moment of the distribution play a
central role in determining the dynamical properties of a reaction-diffusion process
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undergoing in complex networks. As a last remark, let us note that a sparse graph
has an average degree that is much smaller than the size of the network itself, i.e.
〈k〉 � N . In Chapters 2-3 we will show how such properties of the degree distribu-
tion will help us identifying different families of networks.

As with the degree, we can also define the P (b) probability distribution of be-
tweenness centrality, i.e. the probability for a node to have betweenness b. By
repeating the same reasoning we can define the average betweenness 〈b〉. The value
of the latter is fixed by the average shortest path length 〈l〉. Indeed, by simply
re-arranging the sums in the betweenness definition we get∑

i

bi =
∑
i

∑
h,j 6=i

σhj(i)

σhj
=
∑
h6=j

1

σhj

∑
i 6=h,j

σhj(i). (1.2.4)

The last sum may be rewritten as
∑

i 6=h,j σhj(i) = (lhj − 1)σhj , so that
∑

i bi =
N(N − 1)(〈l〉 − 1). By plugging the last result in Eq. (1.2.4) we get

〈b〉 = (N − 1)(〈l〉 − 1). (1.2.5)

The betweenness then usually scales as O(N), so that it is customary to define a
normalized version of it as b̃ ≡ b/N .

Another property of betweenness is that it usually correlates with the degree of
the node [30,31], i.e.

bi ∼ kηi , (1.2.6)

where η is a positive exponent whose value depends on the network under inves-
tigation. The nodes featuring both a large betweenness b and degree k are called
hubs and they play a central role in processes of network exploration as they will
be easily visited and discovered. Moreover, as a lot of edges are pointing at them
and they fall in most of the shortest paths between nodes in the network they will
carry a large load of the network’s traffic, usually ending up in a congestion of the
node. On the other hand, fluctuation of the network topology may generate nodes
with a large betweenness but low degree k. As we already pointed out, these are
bridges connecting different populations or components of the network and they
usually appear in network where spatial constraints prevent the hubs to establish
long-range links [32,33].

1.2.2 Nodes mixing

As one can easily imagine, the degree distribution itself does not tell much about
the topological properties of a network. Indeed, the distribution itself does not
tell anything about how nodes connect to each other with respect to their intrin-
sic properties: it is reasonable to expect nodes not to connect among themselves
irrespective of their features (degree, clustering of their neighborhood etc.). For
instance, in many networks specific mixing patterns has been observed. A typical
case of such a mixing is the “assortative mixing” that refers to the propensity of
nodes in social or ecological systems to connect to other nodes featuring similar
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properties (e.g. in a social network people will prefer to be connected with other
nodes sharing a similar interest).

On the other hand, there are situations in which a “disassortative mixing” is
found, i.e. a node tends to interact with nodes sharing different properties or op-
posite attributes.

The mixing pattern can be defined with respect to the most different type or
property of a node [34]. Nevertheless, the research work in network-science and so-
ciology usually focus on a particular mixing, i.e. the mixing by vertex degree. This
mixing refers to the probability for a node of degree k to connect to a node of degree
k′ and it is studied by means of a multipoint degree correlations function. In many
real-world social networks this mixing is found to be assortative (i.e. hubs tend to
interact with other hubs and low-degree nodes are more likely to connect to other
low-degree nodes). In many technological and biological networks, a disassortative
mixing is found. The typical example is the worldwide network of airports: though
hubs are connected to each other, the majority of their neighbors are small airports
often connected to the hub alone. Thus, most of the hub’s neighbors are small
degree nodes, while it is very likely for a loosely connected airport to be connected
to a hub. This two mechanism are then inducing a disassortative mixing in the
network.

The correlations of nodes mixing are usually characterized by means of the
conditional probabilities P (k′, k′′, . . . , k′(n)|k) that a vertex of degree k is connected
to n other vertices whose degrees read k′, k′′, . . . , k′(n). Given this definition, a
network is said to be uncorrelated when it displays no structure in the conditional
probability, so that the only relevant measure is the degree distribution ρ(k).

A more direct quantity is defined as the Pearson assortativity coefficient r in-
troduced in the 2002 by Newman [35]. The quantity r is defined as

r =

∑
e jeke/E − [

∑
e(je + ke)/(2E)]2

[
∑

e(j
2
e + k2

e)/(2E)]− [
∑

e(je + ke)/(2E)]2
, (1.2.7)

where je and ke denote the degree of the extremities of a given link e. This quantity
varies from −1 (disassortative mixing) to +1 (assortative mixing), despite the mea-
sure could be misleading in the correlation function has a non-monotonous behavior
as the coefficient r weights more the more abundant degree classes [35].

A more accurate insight on the mixing of topological properties of a network is
given by the average nearest neighbors degree of a vertex i

knn,i =
1

ki

∑
j∈N (i)

kj , (1.2.8)

where the sum spans the neighbors j of node i.
Starting from Eq. (1.2.8) we can get a deeper insight on degree correlations by

averaging the degree of nearest neighbors knn(k) over nodes of degree k, getting
[36,37]

knn(k) =
1

Nk

∑
i|ki=k

knn,i, (1.2.9)
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where Nk is the number of nodes of degree k. We can now write a condition on the
degree correlations of connected vertices as, on average, we find

knn(k) =
∑
k′

k′P (k′|k). (1.2.10)

If the degree k′ of the first neighbors is uncorrelated to k, then P (k′|k) is a function
of k′ alone and knn(k) is a constant in k. On the other hand, if correlations are
present, we can distinguish two kind of networks. If knn(k) is an increasing function
of k, hubs will more likely interact with hubs (assortative mixing). In the other
case knn(k) is a descending function of k, and high degree nodes will be linked with
nodes with a low average degree and vice-versa (disassortative mixing).

As a last remark, let us note that for some functional form of the degree distri-
bution a network with a completely uncorrelated degree-degree distribution is not
always feasible due to some structural constraints [21,38–40].

In the case of random, uncorrelated networks we can derive an explicit form for
the conditional probability P (k′|k). In this case the P (k′|k) does not depend on k
but only on the k′ degree of the node pointed by the link. The probability for an
edge to point to a node of degree k′ then equals the number of edges departing from
nodes of degree k′ divided by the total number of edges, i.e.

Puncorr(k
′|k) =

k′Nk′∑
k′′ k

′′Nk′′
=

1

〈k〉k
′ρ(k′), (1.2.11)

where we used the fact that the degree probability distribution ρ(k) = Nk/N . This
result tells us that even in truly random network the probability for an edge to
point to a node of a given degree k′ is not uniform but proportional to its degree.
In other words, when following a randomly chosen edge of the network it is more
likely to end up in a vertex featuring a large degree (a hub).

As for the conditional probability, other quantity that is worth to re-define in
a degree-dependent way is the clustering coefficient C(i) defined in Eq. (1.1.5).
Indeed, the average clustering coefficient 〈C〉 defined in Eq. (1.1.6) just measures
a global tendency on the network for edges to close triangles and gives us only a
first indication of the network’s cohesiveness. It is then customary to re-define the
clustering coefficient C(i) → C(k) as a function depending on the degree k alone,
averaging the clustering coefficient Ci over nodes of same degree k

C(k) =
1

Nk

∑
i|ki=k

C(i), (1.2.12)

where Nk is the number of vertices featuring degree k. The presence of a C(k)
dependence on k may be due to the hierarchical structure of the network that can
generate complex structure in the three-vertex correlation pattern.
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1.2.3 Link weight

So far we focused only on the connectivity or degree of a node and we treated all the
edges of a given network as they all are equal and indistinguishable. In real-world
systems however, the heterogeneity are found not only in the nodes’ degree k but
also on the capacity or intensity of their edge: the weight of the edges. Indeed,
certain edges of a technological network may be able to carry out more traffic than
others, whilst in a social network some links could be activated more frequently
than other etc.. To account for this additional complication one usually generalizes
the entries aij of the adjacency matrix A to be the weight of the (i, j) edge, wij
(wij = 0 if nodes i, j are not connected): the weight wij may assume any value
as it measures different physical properties such as capacity, bandwidth, traffic or
intensity.

Given the weight of an edge one can define a central quantity of networks’
properties, i.e. the strength si defined as

si =
∑

j∈N (i)

wij (1.2.13)

where the sum covers all the nodes in the neighborhood of i. The strength si can
be regarded as a natural generalization of the measure of degree. Usually, in the
approximation in which the edges weights do not depend on the topology, the weight
is usually proportional to the node degree, i.e. si ∼ 〈w〉ki. On the other hand, when
such correlations are present we find the strength to grow as si ' Akη, with β ≥ 1.
As for the degree, also in this case it is possible to define and then measure a
probability distribution of both the edges weights P (w) and nodes strengths P (s).

Despite its importance, the simple measure of the node’s strength may give
misleading results as it does not tell us how the strength of a node is distributed
among its neighbors. In particular, we could have a network with an high clustering
coefficient but with the edges forming the triangles with low weight so that the
highly coherent structure is, in fact, overestimated. On the other hand we could
have a hub with a large total strength that could be concentrated in few connections
toward other hubs with the rest of the edges featuring a low weight. In this case
a simple topological measure would reveal a strongly disassortative mixing, while,
taking into account the edges weight, one would find an assortative behavior, as
the majority of the hubs’ strength is put in the connection toward other hubs. To
overcome this limitation, has been defined the weighted clustering coefficient [41–44]

Cw(i) =
1

si(ki − 1)

∑
j,h

(wij + wih)

2
aijaihajh, (1.2.14)

where aij is the entry of the adjacency matrix A. The Cw(i) quantity measures
the clustering of the node i but weighing it with respect to the actual strength of
node i. The pre-factor is a normalization constant that ensures that 0 ≤ Cw(i) ≤ 1.
As for the unweighted clustering coefficient C(i) and average clustering coefficient
C defined in Eq. (1.1.5) and Eq. (1.1.6), it is possible to define an average Cw =
〈Cw(i)〉i and degree dependent Cw(k) = 〈Cw(i)〉ki=k. This weighted version of the
clustering coefficient can be compared to the unweighted version C. If one finds
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C > Cw then the topological clustering is due to edges with low weight. If, on the
other hand, C < Cw then the triples in the system are more likely to be closed by
“heavy” edges.

As for the clustering coefficient, it is also possible to generalize the concept of
average nearest neighbor degree knn,i (see Eq. (1.2.8) and following) to its weighted
form kwnn,i [41]

kwnn,i =
1

si

N∑
j=1

aijwijkj , (1.2.15)

together with the knn,i(k) weighted average nearest neighbors degree for nodes of
degree k.

The weighted quantities so far introduced are simply re-defining topological
properties taking into account the edges weight. However, they do not tell us
anything on how the strength si of a node i is allocated among its ki edges: the
strength, though large, could be homogeneously distributed on the ki nodes of
weight si/ki or concentrated in one (or few) edges. To overcome this limitation, a
more powerful measure of the heterogeneity of a node’s i strength allocation over its
ki edges can be measured with the Y2(i) quantity or the local entropy, respectively.

The first is defined as [45]

Y2(i) =
∑

j∈N (i)

[
wij
si

]2

, (1.2.16)

that is ∼ 1/ki for homogeneous distributions of the node’s strength while Y2 ∼ 1/m
(with m = O(1)) for heterogeneous strength allocation.

The local entropy f(i) is instead a practical application of the Shannon Entropy,
measuring the weight distribution on the ki edges, i.e.

f(i) = − 1

ln ki

∑
j∈N (i)

wij
si

ln

[
wij
si

]
. (1.2.17)

As for the Shannon entropy, f(i) is maximum (equals 1) when the weight are ho-
mogeneously distributed, while f(i) = 0 if we reach the maximum heterogeneity,
i.e. all the strength allocated on a single weight.

This completes the tools here introduced. Let us stress that the weighted quanti-
ties here introduced play a central role in the study, characterization and prediction
of dynamical processes on top of real-world networks where a great heterogeneity
of the bandwidth or traffic capacity of edges is found. There are, however, other
quantities of practical interest that take into account the weight of edges and the
strength of nodes, e.g. the weighted topological distance and the minimum spanning
tree. More tools and details can be found in the (vast) literature of the field [46–48].
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Chapter 2

Complex networks

Many real-world networks feature strong heterogeneities that, if visualized in a
graphical representation of the network, transmit the idea of a random, complicated
and somehow arbitrary arrangement of nodes and vertices. Given this complex
scenario, it is important to measure and characterize how a network is heterogeneous
and when this heterogeneity results in a truly complex system.

In this Chapter we introduce the idea of what is a complex networks and show
which real-world networks belong to this category.

We then use the relevant features of these networks to define different families
of networks. We also present some generative models able to reproduce the self-
organized evolution as well as the scale-free and small-world properties. We then
introduce the basic concepts, mechanisms and results of reaction-diffusion processes
undergoing on top of complex networks.

2.1 Networks and complexity

A graphical visualization of a large scale network as shown in Fig. 2.1 may give the
impression of a complicated, somehow random system generated by a generative
process difficult to describe and shaped in an apparently aimless way.

Despite the undeniable difficulties to catch at a first eye-sight the underlying
structure, features and organization of such real-world networks, their apparently
complicated nature is misleading as these system are just complex [1].

These systems are the main objects under investigation in the intense research
activity of the last years in complex systems. As already discussed, a complex system
does not imply that the system is complicated. On the contrary complex systems
are emergent phenomena: they are the spontaneous outcome of the interactions
among the system constitutive units. Moreover, their behavior cannot be described
from simple extrapolations of the properties of their constitutive units. The study
of each subpart of the system in isolation does not allow an understanding of the
whole system or of its dynamics. This is mainly due to the presence of scale-free
structure and diverging fluctuations [1, 3, 5].

Within this framework, a possible definition of complex network is as follows:
many real-world complex systems admit an abstract mathematical representation
as a graph in which nodes or vertices are the units/elements of the system and links
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Figure 2.1: Partial map of the Internet based on the January 15, 2005 data found on
opte.org. Each line is drawn between two nodes, representing two IP addresses.
The length of the lines are indicative of the delay between those two nodes.
This graph represents less than 30of the Class C networks reachable by the
data collection program in early 2005. Lines are color-coded according to their
corresponding RFC 1918 allocation. Credits: The Opte Project.

or edges represent a relation or interaction among those elements. If, after this
abstraction has been made, the complex features are still present [5] we will refer
to these complex systems as complex networks.

All of the large real-world networks feature the characteristic properties of com-
plex networks: the WWW, the internet and many social and biological systems are
all structures that grow in time by following complicated dynamical rules without
a general blueprint. They all self-organize to adapt and resist to damages, removals
and they evolve to optimize their performance to accomplish the network’s main
task (resource allocation, information spreading etc.). At the end of such evolution
or rearrangement processes all these systems feature an emergent structure with
non trivial properties and regularities. Moreover, their complex nature allows for a
better plasticity and resilience from external attack or damage.

As we will show in the following, these heterogeneous, scale free properties of
complex networks are usually indicated by their heavy tailed, skewed distributions
of degree and strength, together with the small world effect and other complex topo-
logical properties such as the presence of hierarchical and community-like structures.

Moreover, most of these networks are dynamically shaped in time according to
local processes that define the topological and dynamical properties of the system.
The fact that networks evolution outcome is an ubiquitous complex topology may
hardly be described as a coincidence. Indeed, it prompts for a deeper understanding
and research work to measure and characterize the general organizing principles
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that might shape and determine the emergence of this architecture in very different
contexts.

As we will show in Section 2.4 and Chapter 3, the modeling effort has been
shifted from the static representation of networks to their generating processes that
govern the appearance and disappearance of vertices and links. Prompted by the
continuously growing availability of digital, large and high quality network datasets,
this approach has triggered the development of new classes of models which predict
both the large-scale properties and temporal evolution of the networks from basic
principles regulating the interactions among its nodes.

A detailed review of the concepts here introduced can be found in literature
[18,49–55].

2.2 Real-world networks

As already pointed out, the growing availability of large, high quality and longi-
tudinal datasets paved the way for a detailed structural and dynamical analysis of
real-world complex networks.

So far, we can distinguish two main families of systems, i.e. the infrastructure
systems and the natural or living systems. We can further divide networks within
these two families: the structural systems may be divided in technological virtual
or cyber networks such as the WWW, or physical, distributing networks like power
grids, the road web etc. For what concerns the natural systems we can model as
networks the social interactions (social networks), food web, the proteins in a living
cell etc..

Social and biological networks are actually the ones at the center of the research
field in the last years, as many of the network science research topics belong to this
area and as the majority of sociologists refer to our society as a networked one.

In these two main categories the dynamical processes shaping the network gen-
erate an intricate and structured topology. In some cases, like airport or power
distribution networks, these mechanism are a mix of both social and economical
mechanism cooperating to the creation of the network topology.

Such an ubiquitous presence of networks calls for a characterization of the prop-
erties and elements of the prototypes usually found in literature, as these networks
feature very different nature of their element.

The paradigm of networks and one of the fundamental application of network
theory is the field of social networks. Since the seminal work of Moreno [56] and the
definition of a sociogram, the dynamics and arrangement of social interaction has
been under a constant and busy analysis and study. In social networks the nodes
are people and the edges linking them may be the most diverse kind of interac-
tions: phone calls, sentimental relations, sex intercourse, scientific collaboration or,
recently, interactions on on-line social networks [12,13,22,26,29,57–68].

The recently available datasets coming from this last kind of interactions, to-
gether with the digitalization of many human activities, allow us to deepen our
understanding on human dynamics and on the social interactions’ guiding princi-
ples. These research topics are not only interesting per se, but they also help us to

21



2.1 Real-world systems 27

A

C

D

1

2

3

Authors Papers

A

B

B

C D

Fig. 2.1. A bipartite graph is defined as a graph whose nodes can be divided into
two separate sets or classes such that every edge links a node of one set to a node
of the other set. For a co-authorship network, authors and papers form two distinct
classes and the edges representing the authorship just go from authors to papers.
The one mode projection defines a unipartite graph, where the nodes of one class
share an edge if they are connected to a common node of the other class. The
one mode projection on the author set defines the co-authorship network in which
authors share an edge if they co-authored at least one paper.

where the index p runs over all co-authored papers, n p is the number of authors
of the paper p, and δ

p
i is 1 if author i has contributed to paper p, and 0 otherwise.

The strength of the interactions is therefore large for collaborators having many
papers in common but the contribution to the weight introduced by any given paper
is inversely proportional to the number of authors. Similarly, other definitions of
weight may be introduced in order to measure the impact of collaborations in the
scientific community. For instance, Börner et al. (2004) consider that the weight of
each edge is also a function of the number of citations of each paper, providing a
quantitative assessment of the impact of co-authorship teams. This is an example
of social science merging with bibliometrics, another discipline which has recently
benefited from the impact of the e-revolution and text digitalization on gathering
large-scale network data sets. Just to cite a paramount example, the networks of
citations (there is a directed link between two papers if one cites the other) among
scientific papers of several databases for journals such as the Proceedings of the
National Academy of Sciences (PNAS) or Physical Review contain thousands of
nodes (Redner, 2005).

Transportation networks

Transportation systems such as roads, highways, rails, or airlines are crucial in our
modern societies and will become even more important in a world where more
than 50% of the population lives in urban areas.1 The importance of this subject

1 Source: United Nations, population division http://www.unpopulation.org

Figure 2.2: A typical example of a bipartite graph: nodes are divided into two separate
sets such that every edge links a node of one set to a node of the other set. For a
co-authorship network the authors and the published papers form two distinct
classes. Each edge represents the authorship of an author in a given paper.
On the right we show the corresponding one mode projection, i.e. a unipartite
graph. Here the nodes of the author class share an edge if they are connected to
a common node of the papers class, thus defining the co-authorship network in
which two authors share an edge if they co-authored at least one paper. Image
credits: Barrat, Barthèlemy, Vespignani [15].

better understand the spreading of diseases, emergence of consensus and retrieval
of information together with knowledge diffusion.

These network are usually bipartite (the presence of actors in a movies or the
authors of a scientific paper), but the one mode projection is usually used. In the
latter, we put an edge connecting two nodes (actors or researcher) if they both have
played or wrote the same movie or paper. Given this definition, we can reintroduce
the notion of degree and weight of an edge. In this multi agent system it is worth
defining the weight of he (i, j) link as

wij =
∑
p

δpi δ
p
j

np − 1
, (2.2.1)

where the sum runs over all the possible social interactions p (all the recorded movies
or all the written scientific papers), np is the number of actors of authors of the
p-th interaction and δpi is 1 if the i-th author took place in the p-th paper, and 0
otherwise.

This weight introduces the proximity between two authors or characters that
have a stronger tie connecting them if they collaborated together in many events.

Other fields in which network theory is frequently applied are the transportation
networks and technological networks. The former field, as the others, has gained
from the large datasets recently made available. In this networks nodes are for
instance airports or cities and edges are connecting flight or highways going from
one place to the other. The importance of this topic is found in its application to
the formulation of epidemic forecasts as they take into account the commuting and
travel of people around the globe [32, 41, 69–77]. As for social networks and as
already said in Section 1.2.2 also these networks feature heterogeneity in the nodes
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degree (there are hubs and leaves) and strength.

As for the technological networks, the two most renowned examples belonging to
the common knowledge and everyday experience, are the World Wide Web (WWW)
and the Internet.

The latter is the ensemble of router, computers, cables connecting devices world-
wide. Its exponential growth makes it difficult to extrapolate the key features of the
network. Indeed, the size of the network has grown by almost six order of magnitude
since the first realization of the net and the components and interconnections found
in the Internet are as heterogeneous as possible (link with different traffic capac-
ity, server with thousands of incoming/outgoing connections, local area networks,
etc..). Moreover, the absence of a blueprint and the diverse economical, physical
and technical constraints led to a very complicate structure and topology [50,78].

On the other hand, the WWW is probably the most famous virtual network
developed on top of the Internet infrastructure. Due to the completely unregulated
growth and the characteristic freedom, the Web is larger both in size and complex-
ity than the underlying Internet network, to the point that is difficult (if not even
impossible) to estimate the basic properties of the graph (number of pages, links
between them etc.). Even in this case the network exploration and characterization
must be carried out by special software packages (crawlers) that, starting from a
web page, iteratively follows all the links therein to the pages reached from the first
one. The process is then repeated to generate a graph representation of the local
WWW [79–81].

As a last remark, let us recall that, besides the Internet, WWW, and social
networks, the large interest on network science is given by the possibility to apply
it to a wide range of biological networks such as the Protein Interaction Network
(PIN), food webs and web of sexual relations. The application of network science in
these field allowed for the individuation of the protein responsible for gene knock-
out lethality, the interactions in a given ecosystem, and the prevention of sexually
transmitted diseases, respectively [82–87].

The possibility to apply the complex networks approach to such a large set
of real-world systems by looking at digital datasets calls for a rigorous treatment
and statistical analysis of the data. Indeed, in many cases the complete network
topology cannot be retrieved due to technical, time or resources constraints. To
this end, an increasing part of the network science works are aimed at a better
sampling and analysis of network and how to take into account the missing part of
them [88–92].

2.3 Network families

Despite the differences in the real-world networks presented so far, thanks to the
toold developed by network science it has been possible to discover some common
and shared features of these networks that allowed for a cataloging of them. In
particular we distinguish two fundamental features that help us in defining different
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families of networks: small-world, clustering effects and the network heterogeneities.

The small world property refers to the fact that, as already shown in Section
1.1.1, two randomly chosen nodes of a network are separated by an average distance
〈l〉 much smaller than the system scale N . The distance usually scales as 〈l〉 ∼ lnN
so that we recover the famous “six degrees of separation” of Milgram [8].

In many networks this property is crucially important as it allows for a fast and
direct connection of nodes in the network. For example, if the diameter of Internet
were to scale as N1/2, each dns or http request would have to cross ∼ 1000 routers
and servers before reaching the actual target, slowing down the functioning of the
infrastructure.

To quantify the small world effect one usually measures the M(l) quantity, i.e.
the number of nodes within a distance l from any given vertex. While in a regular
lattice M(l) ∼ lη, in a small world network this quantity grows exponentially (or
faster). From a modeling point of view, this property can be replicated by imposing
that each possible edge between pairs of nodes in the system is created with the
same probability p (see the Erdos-Rény model in Section 2.4.1). It is then possible
to show that the average distance grows exactly with the logarithm of the network
size N . This result may reasonably explain the ubiquitous presence of the small
world effect in real-world systems, as we expect the presence of randomness and
stochastic behavior in the dynamical processes shaping these networks.

An important result later found (see Section 2.4.1) is that the small world effect
can easily coexists with an high clustering coefficient. An high cohesiveness is usu-
ally found in real-world networks and especially in social networks. However, a truly
random model of edge creation cannot account for this cohesion, as the clustering
coefficient usually gets very small in random networks. This means that the high
clustering coefficient together with the community and components ordering are a
memory of a grid-like ordering. The breakthrough of Watts and Strogatz was to
develop a model able to reproduce these two features at once [12].

The main properties of real-world networks that was still missing in the networks
generated by the model was the heterogeneity (or the appearance of heavy tails) in
the network distributions of either degree k or strength s.

Though some real-world networks display an homogeneous distribution of de-
gree, betweenness and weighted quantities (so that they are well described by light
tailed distribution such as Gaussian or Poissonian ones), other networks feature
statistically heterogeneous distributions of the same quantities that are now found
to be heavy-tailed (skewed distributions like power-laws one).

To illustrate the difference between an homogeneous and an heterogeneous net-
work let us focus on the degree distribution ρ(k). In many real-world networks
we find few nodes with very large degree (hubs) and many others with low degree
(leaves or loosely connected nodes). The presence of hubs and heterogeneities on
the connectivity pattern is of larger impact than one can trivially imagine, yielding
in many cases degree distribution with heavy tails [13] as shown in Fig. 2.3.

In the large scale limit, heavy tailed distributions do not feature a characteris-
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Fig. 2.7. Degree distribution P(k) of real-world networks described in Section 2.1.
Worldwideairportnetwork (IATAdata, see http://www.iata.org/); actors’
collaboration network (Internet Movie database at http://www.imdb.com/
and http://www.nd.edu/˜networks/resources.htm); map of the
Autonomous Systems of the Internet obtained by the DIMES mapping
project (http://www.netdimes.org); map of the WWW collected
in 2003 by the WebBase project (http://dbpubs.stanford.edu:
8091/˜testbed/doc2/WebBase/). For the WWW we report the distribution
of the in-degree kin. Data courtesy of M. A. Serrano.

in strong contrast to the democratic perspective representation offered by homoge-
neous networks with bell-shaped distributions and fast decaying tails. The average
value here is very close to the maximum of the distribution which corresponds to
the most probable value in the system. The contrast between these types of distri-
butions is illustrated in Figure 2.8, where we compare a Poisson and a power-law
distribution with the same average degree.

In more mathematical terms, the heavy-tail property translates to a very large
level of degree fluctuations. The significance of the heterogeneity contained in
heavy-tailed distributions can be understood by looking at the first two moments of
the distribution. We can easily compute the average value that the degree assumes
in the network as

⟨k⟩ =
∫ ∞

m
k P(k) dk, (2.2)

where m ≥ 1 is the lowest possible degree in the network. Here for the sake of
simplicity we consider that k is a continuous variable but the same results hold in
the discrete case, where the integral is replaced by a discrete sum. By computing
the above integral, it is possible to observe that in any distribution with a power-law

Figure 2.3: Degree distribution ρ(k) of real-world networks. Worldwide airport net-
work (IATA data); actors’ collaboration network (Internet Movie database at
http://www.imdb.com/); map of the Autonomous Systems of the Internet ob-
tained by the DIMES mapping project (http://www.netdimes.org); map of the
WWW collected in 2003 by the WebBase project. Image from [15].

tic scale or an average behavior. Indeed, as these distributions usually span three
or more orders of magnitude, there is a non negligible probability to find in het-
erogeneous systems a node whose degree or strength strongly deviates from the
average value. Usually, all of the real-world distributions can be approximated by
a power law (or Pareto distribution) dependence on the measured parameter value,
e.g. ρ(k) ∼ k−µ.

The heavy tailed nature of these distributions translates to a very large (if not
diverging) level of degree fluctuations. Mathematically speaking, if we let the degree
distribution to be ρ(k) ∝ k−γ , with 2 < γ ≤ 3, the average degree is well defined as

〈k〉 =

∫
k∞min

kρ(k)dk, (2.3.1)

where kmin is the minimum value of k found in the sytem. However, if we now
compute the variance σ2 = 〈k2〉 − 〈k〉2, this is dominated by the second moment of
the distribution. The latter is even diverging with the system scale as

〈k2〉 ∝
∫
kkcmin

kρ(k)dk =

∫ kc

kmin

k2−γdk ∼ k3−γ
c , (2.3.2)

where kc is the upper cutoff of the distribution for a finite size system. Thus, 〈k2〉
and then σ2 diverges as kc →∞. The presence of such a large fluctuations implies
that the system has no characteristic scale, being scale-free. This also means that
if we change the scale of the system by letting k → λk, the shape and behavior of
the distribution does not change.

To quantify the heterogeneity of a network it is possible to define the parameter

K =
〈k2〉
〈k〉 , (2.3.3)

so that the normalized variance of the distribution reads σ2 = K/〈k〉 − 1: scale free
network then have K →∞, while homogeneous ones have K ∼ 〈k〉. In other words,
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a network is said to be scale free if K � 〈k〉. As we will see in Section 2.5 this
parameter will affect all the relevant properties of dynamical processes evolving on
top of complex networks as well as their critical features.

Of course, these heterogeneity are not only found in the degree distribution but
they affect all the relevant measures of the networks under investigation: strength,
betweenness, and weight. The measure and the frequent approximation of these
distributions with a power-law fit raise some issues about the correct way to mea-
sure and characterize the power law behavior in real-world data [93]. As a matter
of fact, real data observables intrinsically feature a cut-off in their value as the
real-world systems cannot be of infinite scale. Due to this complication, alternative
functional forms of these distributions are taken into account: Log-Normal distribu-
tion, truncated power-law (a power law with an exponential cutoff) and stretched
exponential to name only a few [26,94]. Moreover, several rigorous procedures have
been developed in order to tell if a given series of data follows or not a power-law
behavior together with the statistical methods to find the best functional form to
fit a dataset [94]. We will take advantage of these procedures in our analysis of
real-world datasets as we will show in Chapter 4.

2.4 Generative models

We now quickly present some generative models for static networks, i.e. networks
without a temporal dimension. In other words, when a link is created it stays in
the network forever and there is no dynamics of edge removal/rearrangement. We
will introduce the temporal dimension in the next chapter.

2.4.1 Random graphs

The first and more basic examples of generative models of a static random graph
are the ones by Erdos-Rény, and Molloy and Reed, respectively [9–11, 95]. These
are the most basic models in the sense that there is no information on or knowledge
of the underlying mechanism generating the graph. Given this lack of insights, the
simplest possible assumption is that each of the N(N − 1)/2 edges is created with
a given connection probability p. In an alternative definition, given N nodes, we
randomly chose E pairs of nodes as vertices of the E edges of the network (this is
actually the original formulation of the Erdos-Rény model). The outcome of this
generating procedure is the GN,p (or the GN,E for the second approach) graph.
In particular, there are 2N(N−1)/2 possible representation of a GN,p graph, given
that each edge can be either present or not. Many other average quantities are
easily derived. For instance, the average number of edges of a GN,p graph is simply
〈E〉 = 1

2N(N − 1)p, so that the average degree reads

〈k〉 =
2〈E〉
N
' Np, (2.4.1)

for N � 1. Eq. (2.4.1) tells us that the average degree is diverging with the system
size N so it is natural to impose a size-dependent connection probability scaling as
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p(N) = 〈k〉/N with the system size N . Moreover, when 〈k〉 < 1 we have a network
composed by many subgraphs not interconnected among them. When 〈k〉 trespasses
the value of 1, we observe a phase transition equivalent to the percolation one. For
〈k〉 > 1 a giant component (whose size is proportional to the network size) emerges.

In the same way one can evaluate the degree distribution ρ(k), given that the
probability to have a node of degree k is to create a node connected to k nodes and
not connected to the remaining N − k − 1, i.e.

ρ(k) =

(
N − 1

k

)
pk(1− p)N−k−1. (2.4.2)

If we let N → ∞ and p = 〈k〉/N , we can approximate the binomial distribution
with the Poisson one:

ρ(k) = e−〈k〉
〈k〉k
k!

. (2.4.3)

The Erdős-Rény model then generates a homogeneous network as the degree dis-
tribution exponentially falls and features small fluctuations. Indeed, the approx-
imation in which we consider the average node with the average degree 〈k〉 as
representative of the network works well in the large scale characterization of the
network. One can also show that the Erdős-Rény model generates a small cluster-
ing coefficient. The latter, given that connections among a nodes’ neighbors are
independently created with probability p, reads

〈C〉 = p =
〈k〉
N
, (2.4.4)

so that 〈C〉 → 0 when N → ∞. Finally, it is possible to evaluate the average
shortest path length 〈l〉 that scales logarithmically with the system size N as

〈l〉 =
logN

log 〈k〉 , (2.4.5)

signalizing the presence of the small-world effect in the Erdős-Rény graphs.
Starting from the E-R generative model, many other generative procedures

have been developed, so as to generate networks with an arbitrary degree distri-
bution [95–97]. Even in these cases we recover the small world signature and the
selected degree distribution. Despite the lack of heterogeneities in the network
structure, the simplicity and power of these models allowed them to be the basic
paradigm in network modeling for almost forty years.

A possible way to improve the completely random Erdős-Rény (ER) model is
by using models featuring fitness or hidden-variable mechanism. Indeed, in the
ER model an edge between a pair of nodes is created with the same probability
p irrespective of the nodes under examination. It is reasonable to expect that in
some systems a node will prefer to interact or connect to other nodes in the system
featuring some properties. For instance, in a social layer, we tend to connect with
people sharing our same interests or to the ones that hold the information that we
need or we are looking for.
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To model this mechanism, a possible way is to assign to each node i of the
network a fitness described by a continuous or discrete variable xi distributed ac-
cordingly to a probability distribution ρ(x). Two nodes i and j are then connected
with a probability pij = f(xi, xj), where f is a given function [98, 99]. If f(xi, xj)
is constant we fall back to the E-R model. Otherwise, a node of fitness x has, on
average, a degree k(x) given by

k(x) = N

∫ ∞
0

f(x, y)ρ(y)dy ≡ NF (x), (2.4.6)

so that the degree distribution reads

ρ(k) =

∫
dxρ(x)δ[k − k(x)] = ρ

[
F−1

(
k

N

)]
d

dk
F−1

(
k

N

)
, (2.4.7)

where we supposed F (x) to be monotonic in x. To get a scale free network we
can then impose a fitness distributed as a power-law and a connectivity function
f(x, y) linear in x, y. Despite the resulting heavy tailed degree distribution, the
result is somewhat artificial as we are introducing the heterogeneity with the fitness
distribution.

A more interesting result is found if we let ρ(x) ∼ e−x and

f(x, y) = θ[x+ y − z(N)], (2.4.8)

where θ(x) is the Heaviside function and z(N) a threshold depending on the system
size N . In this case the degree distribution is found to be ρ(k) ∼ k−2, so that even
from a peaked fitness distribution, by correctly tuning the connectivity function
f(x, y) we can recover a scale free network [99]. Besides the degree distribution,
even the assortativity knn(k) and the clustering spectrum C(k) behave as power
laws. This framework has been further developed in the following years and is now
known as the hidden-variable framework [100]. Using this set of tools, it is possible
to determine the topological structure of the resulting network by the defined fitness
distribution and connection probability f(x, y).

A feature lacking in the large scale limit of random networks is the high clustering
coefficient usually found in real-world systems [8, 101].

As we already discussed, given the undeniable noisy and stochastic behavior
of real-world systems, the high clustering must be, in some way, the reminiscence
of an ordered lattice-like edge distribution. The encoding of a tunable clustering
coefficient C in a simple generative model was a challenging task until the work of
Watts and Strogatz [12].

The groundbreaking idea is to start from a regular circular lattice where each
node is connected to the 2m nearest neighbors and then add some noise (or ran-
domness) by rewiring each edge with probability p. This last step is applied to each
node of initial circle proceeding either in clock or anticlockwise.

In this way the ordered structure is perturbed and shortcuts between distant
nodes are introduced. The density of these shortcuts is tuned with the parameter
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p, being the average degree fixed at 〈k〉 = 2m. The degree distribution can be
evaluated and reads

ρ(k) =

min(k−m,m)∑
n=0

(
m

n

)
(1− p)npm−n (pm)k−m−n

(k −m− n)!
e−pm, for k ≥ m. (2.4.9)

In the p → 1 limit the above distribution reduces to a Poisson distribution of the
k′ = k −m variable with average value 〈k′〉 = m as in the E-R model.

The real difference with respect to a random network is the clustering coefficient
〈C〉 that can be tuned with p from its maximum value (〈C〉 = 3(m− 1)/2(2m− 1)
for p = 0) to lower ones by increasing p (until 〈C〉 vanishes for p → 1). Together
with the clustering coefficient, even the average shortest 〈l〉 path length changes
with p: 〈l〉 scales as N for p = 0, while it logarithmically grows even for very small
values of p.

The smallest value of p at which the small-world effect can be observed scales
with the size of the network as [27]

〈l〉 = N∗F

(
N

N∗

)
, (2.4.10)

where N∗ scales as 1/p.
The advances introduced by the Watts-Strogatz model was the possibility to

fine-tune the clustering coefficient 〈C〉 and to explain the structural cohesiveness of
real-world systems as a reminiscence of an initially ordered structure reshaped by
some environmental noise [102]. The feature still not reproduced is the scale-free
nature of the generated network. Several models have been introduced to generate
this feature [103–105], as we will show later in Section 2.4.2, a more clean and ele-
gant way to get a scale free network was introduced just two years later by Albert
and Barabási.

As a last remark let us spend some words on the exponential random graph
formalism. The latter stems from the observation that the set of the

(N(N−1)/2
E

)
networks generated by the E −R model can be seen as a microcanonical ensemble
of all the possible adjacency matrix A representation (where the degrees of freedom
are now the aij entries of A).

It is then possible to define a statistical weight P (A) of each realization of A as

P (A) =
exp [

∑
i θizi(A)]

K({θi})
, (2.4.11)

being θi a set of parameters, zi(A) a set of the network’s statistical observables and
K({θi}) a normalization factor.

The observable zi may vary from the simple average degree 〈k〉 of the graph
to a distribution of a certain observable in the network. The set of parameters θi
has to be estimated by comparison with the real data via techniques using various
likelihood-based estimators [106–108].

The connections with the field of equilibrium statistical physics are evident, as it
can be shown that exponential random graph models are equivalent to the statistical
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mechanics of Boltzmann and Gibbs for networks [52, 109, 110]. In other words, the
probability for the system (our network) to be in the configuration A is given by
the distribution P (A) that minimizes the Gibbs entropy

S[P ] = −
∑
A

P (A) lnP (A). (2.4.12)

We can then apply the same machineries of the statistical mechanics in order to
impose or measure relevant quantities in the ensemble of the exponential random
graphs.

2.4.2 Evolving networks

The main limitation of the models just introduced is that they deal with a static
representation of the network: the edges are created at once when the network gets
created and there is not any kind of rearrangement on the network connectivity
pattern. However, it is commonsensical to expect a dynamics on the links creation
and deletion, as, for instance, in a social network friendships, relationships etc. get
continuously created and interrupted. As these systems are in a constant evolution
we are dealing with non-equilibrium systems: they are driven by microscopical
mechanisms driving the system’s configuration to explore certain regions of the
phase space, due to either a dynamical drift or to the initial conditions of the
system.

Dynamical networks Due to the continuous appearance of nodes and edges
in the system, it is customary not to study the system taking into account all of its
constraints but rather focus on the dynamical evolution of the network.

A temporal dependence of the system’s status has to be introduced and we switch
the paradigm from the statical probability P (A) for a network to be described by
the realization A to the dynamical probability P (A, t) for the network realization
A at time t. The evolution of this probability is then described in terms of a
Master Equation (ME), a linear differential equation accounting for all the possible
transition of the network representation A → B per unit time. These transition
amplitudes are proportional to a certain rate rA→B (or transition probability in the
case of a discrete time evolution), measuring the rate of transition between the two
representations A and B. If each evolution step does not depend on the history
of the system (i.e. if we have no “memory” in the evolution process) we are then
dealing with a Markovian process and the evolution of P (A, t) reads:

∂tP (A, t) =
∑
B6=A

[P (B, t)rB→A − P (A, t)rA→B]. (2.4.13)

This approach introduces a trade off between the easiness of the mathematical and
numerical handling of the ME and the fact that one has to provide the correct for-
mulation of the dynamical laws governing the evolution of the system. Indeed, it is
not always trivial to measure and characterize the underlying processes driving the
evolution of the real-world networks [111,112].

As a reference example, let us quickly introduce the simple model of a contin-
uously growing network in which new nodes appear and edge are created, removed
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and rearranged [113]. When a node enters the network it creates m reciprocal links
toward nodes already present in the network. The simplest observable of the system
is the degree distribution that can be measured as the number of nodes Nk that
have degree k. This quantity evolves accordingly to

∂tNk = rk−1→kNk−1 − rk→k+1Nk + δk,m, (2.4.14)

where the last term accounts for the entrance of the node in the group of nodes of
degree m. To solve the ME and thus the evolution of the network one should then
define the two rates rk−1→k and rk→k+1.

If the defined rates allows for an analytical solution of the ME, one can solve the
system evolution in time. For networks where a new node is added at each evolution
step, the natural time scale is the network’s size N itself. One can then describe
the entire system by looking at the probability p(k, s, t) that a node entered in the
system at time s has degree k at time t ≥ s. To recover the degree probability
distribution P (k, t) at time t it is then sufficient to integrate (or sum in the discrete
case) over all the possible entrance time

P (k, t) =
1

N

t∑
s=0

p(k, s, t), (2.4.15)

together with the expression for the average degree value of the node entered at
time s at time t:

ks(t) =
∞∑
k=0

kp(k, s, t). (2.4.16)

If we now assume that the only feature of a node determining its future evolution is
its degree alone, we can write the evolution of the dynamical rate equation governing
the ks(t) in terms of the probability Π[ks(t)] that an edge is attached to the s-th
node, i.e.

∂ks(t)

∂t
= mΠ [ks(t)] . (2.4.17)

All of the dynamical features of each model defined are then encoded in the proba-
bility or growth kernel Π [ks(t)].

Of course, our analysis could have focused on an alternative quantity of the
system, e.g. the number of vertices N(k|l) of degree k sharing a vertex with a node
of degree l.

Moreover, despite the analytical approach given by this formalism, it is clear
that one has to precisely measure and characterize the dynamical processes shap-
ing the system. Indeed, a wrong definition of the growth kernel Π can easily lead
to non-accurate analytical predictions. However, the switch of the focus from the
topology of the network to the dynamics of its evolution is the correct way to catch
the emergence of complex behavior and critical features of the network.

Preferential attachment The most famous implementation of such a mecha-
nism is the Barabási-Albert class of models [13]. In this class of generative models
the wiring process at the base of the network evolution is governed by a preferential-
attachment rule: new nodes appearing in the network do not connect at random but
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will pair more likely with node with a larger degree. The hand-waving explanation
of this mechanism is that in many real-world systems nodes with an high degree
(i.e., web pages featuring a large number of incoming links or people maintaining a
large number of social interactions) will have more probability to get connected by
new node appearing in the system. This feature is dubbed in many way: rich-get-
richer phenomenon, Matthew effect [114], the Gibrat principle [115], or cumulative
advantage [116].

The Barabási Albert model (AB model) combines the preferential attachment
mechanism with the growth of the network by defining two simple rules:

• Growth: the network starts with m0 nodes connected vertices. At each
evolution step we let a new node enter the system and wire m connections to
the nodes already present in the system.

• Preferential attachment: each new edge is connected with the s-th node
with a probability proportional to its degree ks.

The generated network has then average degree 〈k〉 = 2m and features a degree
distribution falling as a power law ρ(k) ∼ k−3 [6, 13,117].

The model also allows for an analytical approach within the evolving networks
formalism as the growth rete Π[ks(t)] is simply related to the probability for a node
of degree ks to acquire a new link, i.e.

Π[ks(t)] =
ks(t)∑
j kj(t)

. (2.4.18)

If we now work in the large k limit (i.e. we let k to be a continuous variable), and
by recalling that at time t we added tm edges (and each of them contributes as 2
in the total degree sum) we find

∂ks(t)

∂t
=

mks(t)

2mt+m0〈k〉0
, (2.4.19)

being 〈k〉0 the average connectivity of the initial m0 nodes.
The solution of Eq. (2.4.19) is

ks(t) ' m
(
t

s

)1/2

, (2.4.20)

where we applied the t, s � m〈k〉0 limit. The degree distribution can then be
obtained by integrating over all the entrance time and, for an AB model, we find
the t→∞ degree distribution ρ(k) to be:

ρ(k) = 2m3k−3. (2.4.21)

Other relevant quantities that can be estimated in the AB model are the average
clustering coefficient

〈C〉N =
m

8N
(lnN)2, (2.4.22)
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and the average shortest path

〈l〉 ∼ log(N)

log log(N)
. (2.4.23)

It is also possible to extend the model and define the preferential attachment
to relate with a superimposed, dynamical fitness xs that is weighted by the node’s
degree ks. In this way, as the fitness is always drawn from an arbitrary distribution
ρ(x), very fit nodes can be attractive even with a small degree and vice-versa.

The overwhelming success of this model dwells in its simple formulation that
allows for a straightforward numerical approach and with the ability to create a
small world effect and a scale-free network with a simple attachment rule. Even
more interest toward this model has flourished when it has been discovered that
the preferential attachment rule is based on the relative values of the fitness, rather
than on its absolute value [118]. In other words, there is no need to correctly
measure the absolute value of the fitness from real-world data but it suffices to rank
the nodes accordingly to the selected attribute.

The AB model is of course a first order approximation of a possible mechanism
of network growth and it is not meant to be a realistic model of real-world networks.
However, a wealth of works flourished from this seminal paper, trying to introduce
and replicate all the most diverse features (clustering coefficient, power law degree
distribution with exponent 2 < µ < 3 etc.). We refer to the literature for a deeper
insight [34,49,52].

There have also been different approaches proposed in order to explain the
skewed degree distribution of real-world networks. Above all let us mention the
copy and duplication models [119, 120]. In the latter, when a new node i is intro-
duced in the network it chooses at random a node j already present and generate
kj links pointing to the neighbors of j (thus copying the j-th neighborhood). Then,
with probability α, each of these kj links are rewired to a randomly chosen node,
otherwise with probability 1 − α they are left as is. This copy mechanism makes
sense on the WWW, where a new page (the node i) of a given topic (the same
topic of the node j in the example) will be more likely to point to the pages already
connected to a page of the same topic. The rewiring probability α accounts for the
“curiosity” of the writer that may find some unrelated pages interesting.

This mechanism models the preferential attachment in a subtle way, and has
been implemented in the growth modeling of the WWW, biological networks, cita-
tion networks, gene-protein interactions and social networks.

Another possible way to tackle the network growth modeling problem is via
the trade-off and optimization models, where the system arranges its elements and
connections so as to optimize (or minimize) a global constraint (or cost function).
The most famous families of these models are the Heuristically-Optimized-Trade-off
(HOT) [121] and the global optimizations applied to road traffic [122], food webs
[123], transportation networks [124] and air travel network [125].
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2.4.3 Toward a Data-Driven approach

The models presented so far focus on the reproduction of a skewed degree distribu-
tion and, at most, at a small-world effect in their generated networks. It is clear,
however, that higher order statistical properties of the networks are found in real-
world complex networks. The clustering coefficient is usually higher than in the
AB models, the community structure is intricate and the assortativity of these net-
works has a non trivial functional form. Moreover, in many cases the technological
or spatial constraints shape the network topology in synergy with other complex
mechanisms.

The need to measure, model and reproduce these additional properties led to
a change in the approach typically used on these systems. Instead of a a-priori
modeling effort, the attention is now posed on the so-called data-driven approach.
The salient features of a system can be measured and some processes character-
ized thanks to the growing availability of large datasets. These models sometimes
accounts for so many specific properties and mechanism to the point they do not
allow for an analytical approach or predictions on much quantities of the system.

It is then a common guideline to develop models that catch very general prop-
erties of the network and use them as a general reference to characterize dynamical
processes undergoing in a wide array of system prototypes. On the other hand,
one must keep in mind that a complete and detailed description of such systems
may actually be out of reach if one sticks with a general framework and wants to
develop an “universal” generative model of the network dynamics. In other words,
many complex systems (especially the technological and social ones) are shaped
by an intricate mix of different mechanism leading the topological evolution. The
interplay of these mechanisms may play a central role in determining the outcome
of dynamical processes and cannot be neglected [41,73,125–137].

It is clear that each approach presented so far has some pros as well as some cons.
The exponential random models are based on the solid foundations of statistical
physics but it is cumbersome to develop and often present technical difficulties that
limit their application spectra. For example, this approach is not suitable when
dealing with out of equilibrium networks and system whose size, properties and
interaction evolves in time. As this is the case for the large majority of real-world
systems, other approaches have to be pursued.

That is why, in the era in which Big-Data, informatics revolution and numerical
methods are the common tool to investigate real-world complex networks, the dy-
namical approach is preferred in general. The latter allows for a finer modeling of
the microscopic mechanism and the evolution rates that govern the growth of the
network. Moreover, they allow for both a simpler numerical approach at even very
large system scales and a more comprehensive analytical approach. This framework
has been applied to the most diverse field of research and human activity as it also
simply encodes the dynamical nature of these system in a simple and intuitive way.

The availability of these large scale datasets raises some conceptual gap that are
still under discussion.

The most relevant one is the issue of “universality”. Indeed, many of the ana-
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lyzed datasets describing real-world systems apparently very different and diverse,
such as food webs or the internet, feature common properties and behavior in their
large scale representations. This is due to the fact that they are governed by the
same set of statistical laws and that they behave in a similar way in the common
phase-space. Universality however, does not mean equivalence, as we always have
to remember that each system has some peculiarity and different mechanism on a
local scale. Universality must then be intended at a global, coarse and large scale
level. The similarities found are used to group the real-world networks in different
classes that still share most of their macroscopic properties.

The counterpart of the dynamical approach (and of all the data-driven ap-
proaches in general) is the issue of models validation and reliability of the statistical
models implemented. While the statistical modeling based on the maximization of
entropy takes into account all of the statistical observables, the dynamical approach
can be more handy for large datasets and their evolutionary properties.

The same role that data cover in the two cases is also different. In the statistical
approach the data are used to estimate the optimal value of the parameters that are
then used to forecast distributions of other relevant quantities of the network under
study. These results can finally be compared with the behavior found in data.

In the dynamical approach instead the data are used to validate the outcome
of the evolving process. In some cases (the data-driven models) the parameters of
these microscopic dynamical rules are inferred directly from the data when their
measurement is possible.

To cut the chase, each approach and model has some shortcomings. From a
modeling point of view is beyond the scope of the physical approach to take into
account all of the mechanism playing a role in a system evolution as one is usually
interested in the behavior of some quantities, while others are neglected. Moreover,
there are models whose aim is to realistically reproduce a process and some others
that are just aiming at a general understanding of the fundamental mechanisms
governing a certain system. This dichotomy is also found in the modeling efforts of
the dynamical processes as we will show in the next section.

2.5 Dynamical processes in heterogeneous networks

We will now introduce different dynamical processes on complex networks. In partic-
ular we will be speaking about a specific class of these: Reaction-Diffusion processes.

These are used to model a huge variety of phenomena in which local quantities
obey physical reaction diffusion equations. Within the same general framework here
introduced, we will describe the diffusion and localization of the the spreading of
infectious diseases and the evolution of opinion and consensus in social networks.

2.5.1 Formalism

As already seen in Section 2.4.2 the master equation (ME) formalism allows an
analytical approach for dynamical systems in which many agents interact with each
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other. This formalism can also be applied to reaction-diffusion processes taking
place on a network composed by N nodes. The procedure is as follows: for each
node i let us introduce a variable σi characterizing its dynamical state, i.e., the
evolution of particular attribute of that node. The complete set of these state
variables for all the vertices in the network defines the microstate of the whole
system, and we will address it as σ(t) = {σ1(t), σ2(t), . . . , σN (t)}. This system
will evolve in time accordingly to the dynamical rules that regulate the system
dynamics. The configuration will then move in the phase space of all the possible
system’s configurations, passing in one evolving time step from a configuration σa
to the next one σb with a given rate W (σa → σb). As the phase space of real-world
complex systems is huge, one usually focuses on the probability P (σ, t) of finding
the system at time t in a given configuration σ and then studies the evolution of
P (σ, t) by means of the master equation. In the continuous time approximation we
can write the ME of the system in terms of the transition rates W (σa → σb):

∂tP (σ, t) =
∑
σ′

[
P (σ′, t)W (σ′ → σ)− P (σ, t)W (σ → σ′)

]
. (2.5.1)

The rates W (σ′ → σ) are in general function of all configurations. It is quite
common to consider cases in which the change of state of a node i is determined
only by local interactions with its nearest neighbors. In this case we can write:

W (σ′ → σ) =
∏
i

ω(σ′i → σi|σj), (2.5.2)

with j belonging to the neighborhood of i, i.e. j ∈ N (i). This is where the network
topology enters in the definition of the dynamics, i.e. by defining the transition
rates for each node that will “feel” it neighbors when updating its state. In the
same way of Section 2.4.2 we can the evaluate the expectation value of a certain
measurable quantity A by the phase space average, i.e. a weighted average over all
the possible configurations at time t giving

〈A(t)〉 =
∑
σ

A(σ)P (σ, t). (2.5.3)

An isolated system maximizes its entropy and reaches a uniform stationary
equilibrium distribution Peq(σ) with the same probability of being in any of the
fixed energy accessible configurations. However, real system are never isolated.
They are always coupled with the external environment, that we can consider as a
heat bath that fixes the equilibrium temperature T of the system. In this case the
stationary distribution is no longer uniform but characterized by the Boltzmann-
Gibss distribution:

Peq(σ) =
1

Z
e−H(σ)/kbT , (2.5.4)

being H the Hamiltonian of the system and Z is the partition function

Z =
∑
σ

e−H(σ)/kbT , (2.5.5)

that correctly normalizes the Peq(σ) probability.
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In this way the equilibrium state is characterized by the detailed balance con-
dition that sets the net probability current between pairs of configurations to zero
when P = Peq:

Peq(σ)W (σ → σ′) = Peq(σ
′)W (σ′ → σ). (2.5.6)

This condition holds only for equilibrium systems, whereas in systems out of the
equilibrium currents between microstates do not balance.

Moreover, the complete solution of the ME can be found in a relatively small
set of systems and models. That is why some approximations are needed. The
most powerful and famous approximation scheme is the homogeneous assumption
or mean-field theory. In this approach the system is considered homogeneous and
the correlations between microstate variables are neglected. The interactions (field)
felt by any element in the system are the same (mean). In other words, each agent
feels a mean field given by the average over the full system. In other words the
probability px for a given agent i to be in the state x is independent on i. So,
neglecting the correlations we can write the probability of any configuration as a
factorization of single node probabilities:

P (σ) =
∏
i

pσi . (2.5.7)

This approach can be applied to both diffusion processes and A + B → 2B
reaction-diffusion processes. We will present here only the latter referring to the
literature for the first case [15,138–145].

Let us consider as example a fundamental process in which each node can be
only in two states σi = {A,B}. Let us fix the dynamical rule of the process as
A+B → 2B, i.e. the only way for a node in state A to switch to state B is to get
in contact with a node in state B. This transition occurs with rate β so that the
transition rates for a node i in contact with j read:

ω(A→ A|σj = A) = ω(B → B|σj = A) = ω(B → B|σj = B) = 1,

ω(A→ B|σj = B) = β.
(2.5.8)

We can now write the number of nodes NA(t) and NB(t) that at time t are in
state A and B, respectively as

NA(t) =
∑
σ,i

δσi,AP (σ, t), NB(t) =
∑
σ,i

δσi,BP (σ, t), (2.5.9)

so that we can write the ME for NB(t) as

∂tNB(t) =
∑
σ,i

δσi,B∂tP (σ, t) =

∑
σ′,i

[
ω(σ′i → σi = B|σ′j)P (σ′, t)

]
−NB(t).

(2.5.10)

Now we can introduce the mean-field approximation stating that the probability for
each node to be in the state A or B is pA = Na/N and pB = NB/N , respectively.

37



We can then write:∑
σ′

ω(σ′i → σi = B|σ′j)P (σ′, t) =∑
σ′j

[ω(σ′i = A→ σi = B|σ′j)P (σ′, t)pA
∏

j∈N (i)

pσ′j+

ω(σ′i = B → σi = B|σ′j)P (σ′, t)pB
∏

j∈N (i)

pσ′j ].

(2.5.11)

By considering that ω(σ′i = B → σi = B|σ′j) = 1 irrespective of σ′j and that
ω(σ′i = A → σi = B|σ′j) = β if at least one of the k neighbor of i is in state B.

This happens with probability 1 − (1 − pB)k (and assuming that all the nodes of
the network have degree k) we get:

∂tNB(t) = βNA

[
1−

(
1− NB

N

)k]
, (2.5.12)

that in the NB/N � 1 yields:

∂tNB(t) = βk
NANB

N
. (2.5.13)

The equation for A is given by the conservation rule NA = N −NB. The expression
Eq. (2.5.13) is the mean-field solution for the basic reaction process A + B → 2B
that is part of a wide range of epidemic spreading phenomena that we will discuss
in detail in the following sections.

2.5.2 Epidemics models

Using the general framework of dynamical processes on complex networks just intro-
duced we will study another application of those concepts: basic epidemic models.
In the simplest formulation, the nodes (or the population) are divided into different
compartments depending on the stage of the disease [146, 147] such as susceptible
S, those who can contract the infection, infectious I, those who have already con-
tracted the infection, and recovered R, those who have recovered from the disease.
Additional stages of the disease can be introduced depending on the type of the
disease. Let us consider a population of N individuals and let us define the number
of individuals in the class [m] at the time t as X [m](t). By assuming a constant
number of nodes N in time we get N =

∑
mX

[m](t).
The transitions between different compartments depends on the modeling details

of the specific disease, as well as the rate at which susceptible contract the infection
(force of infection) that has generally two possible form [148]:

• frequency dependent or mass action transmission (equivalent to a homoge-
neous or mean-field approximation);

• density dependent or pseudo mass action.
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The first kind applies when the number of contacts is independent of the population
size but rather on the fraction of infectious individuals. The second kind instead
assumes that as the population size increase so does the contact rate. These kind
of processes are anyway binary interactions among individuals, so that they can be
modeled as reaction-diffusion processes of the A+B → 2B family.

Sticking with a mass action transmission the variation of the m compartment’s
population X [m]due to the process is given by∑

h,g

νmh,gah,gX
[h]X [g] 1

N
, (2.5.14)

where νmg,h = [−1, 0, 1] and ah,g is the transition rate of the process.
Another kind of transition is typically considered, i.e. a spontaneous transition

from a compartment [m] to another [n]. The latter commonly accounts for the
spontaneous recovery of infected individuals from a certain disease and is described
as

B → A, (2.5.15)

so that the variation of the number of individuals X [m] is given by
∑

h ν
m
h ahX

[h],
where again νmh = [−1, 0, 1] and ah is the transition rate. By accounting also for
this term we get the general deterministic reaction rate equations for the quantity
X [m]:

∂tX
[m] =

∑
h,g

νmh,gah,gX
[h]X [g] 1

N
+
∑
h

νmh ahX
[h]. (2.5.16)

By using this result we can easily derive the dynamical equations for the three basic
models here introduced, i.e. SI, SIS, SIR.

2.5.3 Epidemics models in homogeneous networks

We will now quickly recall the main properties of such processes undergoing on
homogeneous networks and we will later show the differences found when considering
the same processes on top of heterogeneous networks.

We will start considering the SI model in which every node can only exist in two
discrete states, susceptible or infected. The probability that a susceptible acquires
the infection from any given infected neighbor in a time interval dt is proportional
to the pathogen spreading rate β. In this model individuals that enter in the I state
remain permanently infectious. The I(t) or i(t) = I(t)/N can just increase over
time. Every infected node attempts to infect a connected susceptible vertex with
probability βdt. The probability of getting infected having n infected neighbors is
1− (1− βdt)n. Considering k contacts per node and assuming βdt� 1 we find

1− (1− βdt)ki ' βkidt, (2.5.17)

that, plugged in the Eq. (2.5.16) gives us

∂ti(t) = β〈k〉i(t)[1− i(t)], (2.5.18)
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as we already found in Eq. (2.5.13), and note that 1− i(t) = s(t).

Also in the SIS model individuals exist in two class only. The disease transmis-
sion is described as in the SI model but infected individuals may recover and come
back in the susceptible class again due to a spontaneous transition with probability
µdt, where µ is the recovery rate. Using the general Eq. (2.5.16) for this processes
we have:

dti(t) = −µi(t) + β〈k〉i(t)[1− i(t)]. (2.5.19)

the S → I → S cycle can lead to a stationary endemic state with a constant number
of infected individuals and thus a time independent fraction i(t) = ieq.

In the same way we can derive the evolution equations for the SIR model. In
this model the infected individuals recover with rate µ and enter a new compart-
ment R of removed individuals [149]. Using the general Eq. (2.5.16) for our three
compartments model we get:

dts(t) = −β〈k〉i(t)[1− r(t)− i(t)], (2.5.20)

for S,
dti(t) = −µi(t) + β〈k〉i(t)[1− r(t)− i(t)], (2.5.21)

for I, and finally
dtr(t) = −µi(t), (2.5.22)

for R. In this model as in the SIS model we have a characteristic time scale µ−1

for the recovery of individuals. The processes of infection and recovery are compet-
ing and one may rule out the other depending on the infection and recovery rate
relative values (e.g. for µ−1 � β−1 the recovery is faster and there is no time for
the infection to outbreak and viceversa).

All the models defined so far can be easily solved at the early stage of the
epidemics when we can assume that the number of infected individuals is a very
small fraction of the whole population. We can solve the differential equations in
the limit i(t)� 1 with a linear approximation neglecting all the terms order Oi(t)2.
The solution of the simplified version of Eq. (2.5.18) for the i(t) population in the
SI model reads:

i(t) ' i0eβ〈k〉t, (2.5.23)

where i0 is the density of infected individuals at the beginning of the evolution. It
is clear, since in the exponential all the factors are positive, the epidemic always
propagates in the population infecting all the individuals.

By repeating the above procedure we can find a solution for i(t) for the SIS and
SIR models starting from Eq. (2.5.19) and Eq. (2.5.21), respectively. The common
dynamical equation reads:

dti(t) ' µi(t) + β〈k〉i(t), (2.5.24)
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whose solution is
i(t) ' i0et/τ , (2.5.25)

where τ−1 = β〈k〉 − µ. In this case the argument of the exponential is not defined
positive and, if

β <
µ

〈k〉 , (2.5.26)

we get a negative term at the exponential so that the infection dies out exponentially
fast. The epidemic outbreak will not affect a finite portion of the population and
will die out in a finite time. We have then an epidemic threshold:

τ−1 = µ(R0 − 1) > 0, (2.5.27)

where R0 = β〈k〉/µ is the basic reproductive rate in the SIS and SIR models. The
spreading will occur provided that R0 > 1. However, the stochastic fluctuations may
lead to the extinction of the epidemics even if the system is above the threshold.
As shown in [150] the extinction probability of a epidemic starting with i0 infected
individuals is:

P ext =
1

Ri00
. (2.5.28)

2.5.4 Epidemics processes in heterogeneous networks

The results found so far applies for homogeneous networks. However, as we already
showed in Chapters 1 and 2 many real social and technological networks (mobility
networks, the web of sexual contacts and internet) are far from being homogeneous.
The hypothesis that each individual in the system has the same number of connec-
tions k ' 〈k〉 (that we used in the previous sections) is not a good approximation.
The fluctuations play a main role in determining the epidemic properties and the
spreading may be favored in heterogeneous networks [50,71,128,146].

Even in this case we will consider a degree block approximation: all nodes with
the same degree are statistically equivalent. The quantity we will study are:

ik =
IK
NK

, sk =
SK
NK

, (2.5.29)

and the corresponding global averages read

i =
∑
k

ρ(k)ik, s =
∑
k

ρ(k)sk. (2.5.30)

As for the SI model we already know that the system will be totally infected
independently of the spreading rate.

However, the topological fluctuations introduce an interesting effect on the
spreading velocity. Considering the class of degree k and defining θk(t) the density
of infected neighbors of vertices of degree k the evolution equations read:

dtik(t) = β[1− ik(t)]kθk(t). (2.5.31)
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While in a homogeneous network the last term is equal to the density of infected
nodes, in a heterogeneous network it is in general a very complicated term that has
to account for the different degree classes and their connections. The simplest case
to analyze is a network with no degree correlations:

θk(t) = θ(t) =

∑
k′(k

′ − 1)P (k′)ik′(t)

〈k〉 . (2.5.32)

By substituting Eq. (2.5.32) in Eq. (2.5.31) we get

dtik(t) = βkθ(t). (2.5.33)

Then by multiplying both sides of this expression by
∑

k(k − 1)P (k) and summing
over k we get:

dtik(t) = βθ(t)

(〈k2〉
〈k〉 − 1

)
. (2.5.34)

By fixing ik(t = 0) = i0 we get:

ik(t) = i0

[
1 +

k(〈k〉 − 1)

〈k2〉 − 〈k〉 (e
t/τ − 1)

]
, (2.5.35)

where

τ =
〈k〉

β(〈k2〉 − 〈k〉) . (2.5.36)

It is clear that the fraction of infected individuals increases exponentially, with a
faster growth for higher degree nodes. The growth time scale is measured by the
heterogeneity ratio 〈k2〉/〈k〉, that, for scale free networks with exponent 2 < α ≤ 3,
is diverging as N →∞. Then, in an uncorrelated scale-free network we would have
a virtually instantaneous rise of the epidemic size. The reason for that is quite
intuitive. Once the disease has reached the hubs it can spread rapidly among the
network. Multiplying both sides for ρ(k) and summing over all the k values we can
find i(t):

i(t) =

[
1 +
〈k〉2 − 〈k〉
〈k2〉 − 〈k〉

(
et/τ − 1

)]
. (2.5.37)

If we let some correlations on the nodes degree into the system we can write [128]

θk =
∑
k′

ik′
k′ − 1

k′
P (k′|k). (2.5.38)

Neglecting terms of O(i2) order we get:

dtik(t) =
∑
k′

βk
k′ − 1

k′
P (k′|k)ik′(t) ≡

∑
k′

Ck,k′ik′(t), (2.5.39)

i.e. a linear system of differential equations given by the matrix C = Ck,k′ . The
solution will be a linear combination of exponential functions of the form eΛit, where
Λi are the eigenvalues of the matrix C. We can then approximate

i(t) ∼ eΛmt, (2.5.40)

42



using the largest eigenvalue Λm that can be express by a lower bound coming from
the Frobenius theorem [100]

λ2
m ≥ min

k

∑
l

(l − 1)P (l|k)(knn(l)− 1), (2.5.41)

that diverges for scale-free networks with 2 < α ≤ 3 as knn is diverging to, thus
confirming the exponentially fast outbreak of the epidemic process in the network.

By following the same path we can solve the SIS and SIS models. In these
cases we get the starting equation that reads

dtik(t) = βksk(t)θk(t)− µik(t), (2.5.42)

where sk(t) = 1− ik(t) for the SIS and sk(t) = 1− ik(t)− rk(t) for the SIR model.
By re-applying the linear approximation and the uncorrelated network we find the
characteristic time scale of the dynamical process to be

τ =
〈k〉

β〈k2〉 − (µ+ β)〈k〉 , (2.5.43)

that can be either positive or negative. Indeed, τ > 0 if

β

µ
≥ 〈k〉
〈k2〉 − 〈k〉 . (2.5.44)

For scale-free networks with exponent 2 < α ≤ 3 in the limit of infinite size the
second moment diverges, so we have a null epidemic threshold. In real cases the
threshold is not zero, but really small. This is an important result that confirm
how heterogeneous networks behave in a completely different way from homoge-
neous networks. Scale-free networks are then an ideal topology for the spreading
of infectious diseases. Fortunately the prevalence for small spreading rates is very
small and this plays as an advantage in vaccination strategies of great effectiveness.

Besides the early stages of the dynamics evolution also the t → ∞ is very
interesting. For the SI model we trivially find that i(t→∞) = 1.

In the SIS model instead we can set Eq. (2.5.42) to equal 0 so that we find the
stationary regime of ik(t→∞) = ik. By substituting ik in Eq. (2.5.32) we find

θ =
1

〈k〉
∑
k

(k − 1)P (k)βkθµ+ kβθ. (2.5.45)

We can then explicitly calculate the epidemic threshold from this equation as shown
in [151] just considering that the condition is given by the value of β and µ for
which it is possible to obtain a non-zero solution θ∗. Eventually we find:

β

µ
=
〈k〉
〈k2〉 . (2.5.46)

If the degree distribution ρ(k) ∝ k−α we find

β

µ
=

{
α−3

m(α−2) if α > 3

0 if α ≤ 3.
(2.5.47)
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To find the density of infected individuals in the stationary state we then have to
solve the self-consistent equation for θ in the limit β/µ approaching the epidemic
threshold. Depending on the value of α we find:

i∞ =


e
−mu
mβ if α = 3(
β
µ

) 1
3−α

if 2 < α < 3(
β
µ − α−3

m(α−2)

) 1
α−3

if 3 < α < 4.

(2.5.48)

Finally in the SIR model i∞ = 0. The epidemics dies due to the depletion of the
susceptible individuals that after recovering move into the removed compartment.
The interesting quantity is then the total number of individuals affected by the
infection: r∞ = limt→∞ r(t). By starting from the system of differential equation
for the SIR model in the assumption that ik(0) = i0 ' 0 and sk(0) ' 1, we can
integrate directly the equation getting:

sk(t) = e−βkΦ(t), rk(t) = µ

∫ t

0
dτik(τ), (2.5.49)

where

φ(t) =

∫ t

0
dτθ(τ) =

1

〈k〉µ
∑
k

(k − 1)ρ(k)rk(t). (2.5.50)

By taking the derivative of both sides of Eq. (2.5.49) and by imposing the stationary
solution by forcing dtΦ(t) = 0 we find

µΦ∞ = 1− 1

〈k〉 −
1

〈k〉
∑
k

(k − 1)ρ(k)e−βkΦ∞ , (2.5.51)

whose non-trivial solution is bound to the r∞ =
∑

k ρ(k)(1 − eβkΦ∞), defining the
well known epidemic threshold

β

µ
>

〈k〉
〈k2〉 − 〈k〉 . (2.5.52)

As a last remark let us note that these results show how the heterogeneity found
in real networks lowers the epidemic threshold. This is a worrying scenario. How-
ever it is possible to take advantage of the heterogeneity developing new defensive
strategies extremely effective. Just as a remark, one of the most common method
leverage on the scale-free network property to be strongly affected by targeted dam-
age. If a few of the most connected nodes are removed the network suffers a huge
reduction of its ability to carry informations [15]. This can be extremely helpful in
case of the spreading of infectious diseases. A targeted immunizations in which we
progressively make immune the hubs will be very effective since the principal actors
in the spreading will be blocked.
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Chapter 3

Time Varying Networks

In this chapter we present in Sections 3.1 and 3.2 a quick review of the systems
and the situations in which a temporal dimension is needed so as to correctly model
both the network evolution and the dynamical processes taking place on top of it.
Then in Section 3.3 we introduce the theoretical and modeling framework of the
Activity-Driven networks, a particular class of temporal network to which our model
belongs. In Section 3.4 we present the first measures of the social capital allocation,
together with some known results. Finally, in Section 3.5 we will introduce the
concept of burstiness and its main properties and known features.

3.1 The need for a temporal dimension

The classical, static approach of network science has recently switched to a time
dependent representation of the network structure and edges dynamics. Indeed,
the static networks representation happens to be unrealistic and wrong in many
social and technological systems where the dynamics of the topology and edges
rearrangement is comparable to (if not faster than) the time scales of the dynamical
processes undergoing on the network fabrics. In these systems, interactions may last
for an infinitesimal time interval or rather for a non-negligible period of time. Think
for example at a phone call lasting several minutes and the quick interaction between
two web servers exchanging a small text email. It is also reasonable to expect
that, like we observed with the static network topology, the temporal structure and
dynamics of edges activation may affect the dynamical processes and their outcomes
through the network.

The introduction of a temporal dimension challenges our mathematical and com-
putational modelling and completely changes the focus of the research work: in the
traditional network theory one was mainly interested about the how and when some-
thing was happening in the dynamical system on the network. Now the dynamics
and the systems are the network itself.

Moreover, the variation of the networks’ connectivity patterns and the ongoing
dynamical processes are usually coupled, as their time scales are comparable. This
additionally complicates the analytical treatment of these systems and calls for a
robust and thorough study of the tools to use and approximations that one can
apply to study these systems.
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Given the complication introduced it is worth asking when the framework of
temporal networks is a suitable choice for the analysis and modeling of complex
networks? It is clear that the temporal structure should share similar properties
with respect to the static complex networks framework: the system should consist
of agents that interact pairwise, the interactions should have both some degree (but
not too much) of randomness and some (but again not too much) regularity.

On one hand, the historically adopted procedure to project a temporal network
to a static graph will always result in a loss of information (see Fig. 3.1 for details).
In other cases, however, this loss of information is a reasonable trade-off to make
for the more complicated analysis and modeling needed for the temporal graph
approach.

Another important ingredient is the dynamical system of interest as different
dynamical processes may respond differently to a specific temporal structure. For
instance, a bursty (i.e. as we will see in Section 3.5, a temporal contact pattern
with sudden increase of activity followed by long pauses of the edges activation)
edge dynamics could spread more easily a disease or an information through the
network [59, 152–162]. In a situation with more uncorrelated or evenly distributed
times of contact, the disease’s concentration (or the individuals’ interest about a
rumor) would have time to fall below the dangerous level between the contacts. Thus
for such a dynamical system, bursty edge activity would play a far more important
role than for a system where the dynamics can be modeled as a Poissonian process,
as is the case for many network-based models of disease spreading.

As already pointed out, a sufficient condition for a system to suit a temporal-
network framework relates to the time scales of the dynamical system on the net-
work: if the former is too rapid compared to the dynamics of the contacts, then
there is no need to model the system as a temporal network. The prototypical
example is the Internet where the data packets travel much faster than the topol-
ogy changes. To sum it up, if the system’s temporal and topological connections
evolution is coupled with the dynamics of interest, then temporal networks is the
ideal theoretical framework to stick with.

As the temporal networks framework can be applied to a variety of real-world
systems the field of research is quite interdisciplinary. This resulted in a variety
of names and terminology given to the object of study: temporal graphs, evolving
graphs, time-varying networks, time-aggregated graphs, time-stamped graphs, dy-
namic networks, dynamic graphs, dynamical graphs, and so on [163–166].

3.2 Types of temporal networks

The most commonsensical and trivial example of a temporal interaction is the
person-to-person communication. The recently availability of records of electronic
one-to-one communication are particularly suitable for the temporal network ap-
proach. These datasets have been used to model spreading dynamics of information
or electronic viruses and, in accordance with the results, several immunization and
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Figure 3.1: (Top) Illustration of a simple temporal network and its main differences with
respect to a static one, i.e. the reachability issue and the intransitivity of tem-
poral networks. In (a), the times of the contacts between vertices A–D are
indicated on the edges. Assume that, for example, a disease starts spreading at
vertex A and spreads further as soon as a contact occurs. The dashed lines and
vertices show this spreading process for four different times. The spreading will
not continue further than what is indicated in the t =∞ picture, i.e. D cannot
get infected. However, if the spreading started at vertex D, the entire set of ver-
tices would eventually be infected. Aggregating the edges into one static graph
cannot capture this effect that arises from the time ordering of contacts. Panel
(b) visualizes the same situation by showing the temporal dimension explicitly.
The colors of the lines in (b) matches the vertex colors in (a).
(Bottom) Contact sequences and interval graphs. This figure illustrates the two
fundamental temporal network representations, i.e. contact sequences (a) and
interval graphs (b). The times of the contacts are shown next to the edges. The
contacts time-lines (grey bars) are shown for clearness. In these the contacts
are marked by black bars or fields and the time lines range from t = 0 to t = 20.
In the former, contacts occur at points in time while the contacts are extended
in time in the second case. Image credits from reference [165].

control procedure has been developed for containing the spread of malware and
electronic viruses in mobile devices. These are based on the temporal centrality
measures that we will quickly introduce later.

Another class of real-world systems allowing for a temporal description are the
one-to many information dissemination processes. These are, for example, the
broadcast of information through microblogs (like Twitter) [167, 168], e-mails and
post on on-line social media [169] and posting of information on websites. In
the latter case, the time dimension is studied to analyze the circadian patterns of
Wikipedia editorial activity, allowing to estimate the geographical distribution of
editors [170].

An additional example of temporal contacts are the proximity patterns of hu-
mans, i.e. the contact pattern on who is close to whom at what time. These kind
of data have historically been gathered in small scale and with questionnaires to
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confined space gatherings of people like fraternities or offices. The recent avail-
ability of cheap Radio-Frequency-Identification-Devices (RFID) and the Bluetooth
technology installed on the majority of mobile devices allowed to collect large scale
and long time interactions of several people in open space. The pioneering studies
was carried out by the Reality Mining [171] and the SocioPatterns project [163].
The RFID methodology has been implemented in networks of patients [172], school
children [173], and conference attendees [72, 72, 163, 172, 174, 175]. Advanced data-
mining procedures, spectral analysis methods and procedures borrowed from the
tensor-theory have then been applied in order to develop, also in this case, optimal
procedures to contain and isolate epidemics processes in such critical social systems
as hospitals and schools [72,76,163,172–176].

The temporal network approach can also be of great interest in many cell and
microbiology systems [177]. For instance, the interactome, i.e. the set of molecular
interactions in a cell whose vertices are proteins that can connect one to the other
to perform biological functions. Despite these interactions are usually represented
as a static graph, the biological functionality stems from the chain of control and
temporal activation of the connections between these agents [178]. In the same
way, one can also represent gene expression and regulatory networks as temporal
networks [179], where the vertices are gene about to be transcribed, while an edge
represents a generic functional relationships by which one gene affect the transcrip-
tion of another (via feedback from RNAs or proteins).

Other biological systems allowing for a network formalism are the web of neural
connections, which displays several levels of structural and temporal connectivity,
from the spiking patterns of individual neurons to the functional connections put
in place between brain areas working to perform similar tasks/response to the same
set of external stimuli [180,181]. Another example are ecological networks capturing
the interactions between species, either trophic, i.e. a sort of food-chain, or mutual-
istic, i.e. representing how two species engage a cooperation that benefits both [182].

As for the technological classes of networks, we list the systems that originally
caused the interest and the early theoretical developments on temporal networks,
i.e. the distributed computation units developed by computer scientists. These are
composed by independent computational units spread out over some network [183].

For what concerns the infrastructural family (e.g. the air-transport network),
in the majority of these networks the topology changes so slowly that there is no
point in modeling them as temporal networks [164].

3.2.1 Temporal topological structure

Most of the so far introduced topological quantities, structural properties and ob-
servables do not trivially translate to the framework of temporal networks. Thus,
many of these methods need to be updated from their definition dealing with static
networks.

To this extent, let us first note that the temporal networks can be divided into
two main families: instantaneous and interval graphs, the main difference being
the temporal extension of the modeled interaction with respect to the dynamical
process. We show the two types of representation in Fig. 3.1.
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In the first representation (Fig. 3.1(B)(a)) the durations of the interactions are
negligible and the system can be represented by a contact sequence, i.e. a set of
C contacts, triples (i, j, t) where i, j ∈ N and t denotes the time at which the
contact takes place. These representation applies to communication data (e-mails,
phone calls, text messages, etc.), and physical proximity data where the duration
of the contact is less important (e.g. sexual networks). The commonly adopted
representation of these graphs is to group all the contacts taking place in a given time
window (a discrete time-step) into one graph (or “graphlet”). The temporal network
is then thought as a time sequence of such graphlets. Though simple to remember
and explain, this representation is somewhat misleading as it makes it tempting to
think about the temporal-network structure as an evolving static network structure,
instead of the more correct definition of contact sequences. Furthermore, in many
real datasets the density of active nodes at a given time is negligible, as there usually
are only a few edges present among tens of thousands of vertices.

In the second class of temporal networks one is dealing with interval graphs.
The activation of one edge occur in a given interval Te = {(t1, t′1), . . . (tn, t

′
n)}, where

the parentheses indicate the periods of activity and the unprimed times mark the
beginning of the interval and the primed quantities mark the end. The static graph
in which an edge between i and j is present if and only if there is a contact between
i and j is called the (time) aggregated graph. The interval graphs framework applies
to proximity networks, seasonal food webs where a certain specie is prey of another
during some time of the year, and infrastructural systems like the Internet.

Like for static graphs, it can be useful to define the adjacency index, stating
whether or not two nodes i and j are connected at time t

a(i, j, t) =

{
1 if i and j are connected at time t
0 otherwise

(3.2.1)

Another assumption usually made is that a triple of a contact sequence never occurs
twice, i.e. the contacts can be uniquely ordered. The topological structure of static
networks can be characterized by an abundance of measures (see, e.g., [184]).

The measures on the topological structure of static networks are either local (i.e.
based on connections between neighbors, as the degree or clustering coefficient) or
global (i.e. between larger sets of nodes, such as path lengths, network diameter
and centrality). With the addition of a temporal dimension these quantities need
to be re-defined.

For instance, the degree k is usually measured as the number of edges in the
graph aggregated over a certain time window ∆t. On the other hand, some other
properties are directly influenced by the order of link activations. As an example,
paths that transmit anything through the network need to follow time-ordered se-
quences of contacts that, just like the temporal networks, evolve with time. These
paths are the hallways inside which a dynamical process is constrained to move.
While in a static network a path is simply defined as a sequence of always active
edges, in temporal networks paths must necessarily consist of sequences of link ac-
tivations that follow one another in time. That is why we can define paths are as
sequences of contacts with non-decreasing times that connect sets of vertices, i.e.
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“time-respecting” paths [185]. As an example, in Fig. 3.1, we find time-respecting
paths from A to D (for example (A,B, 7), (B,C, 8), (C,D, 11)) but none from A to
E.

Let us also stress that the time-respecting connection is not transitive, in that
the existence of time-respecting paths from i to j and j to k does not imply that
there is a path from i to k. Indeed, the path from i to k via j exists only if the path
connecting i to j completes before the beginning of the j − k path.

The set of nodes that can be reached from node i in a time t ∈ [t0, T ] via time-
respecting paths is called the set of influence of i. The average fraction of vertices
in the sets of influence of all vertices is the reachability ratio of the network. These
two quantities are important in the analysis of disease spreading, as they quantify
the set of vertices that can eventually be infected if i is the source of infection.

Even in the case of a well time-respecting connected graph, dynamical processes
could be slowed down from too long waiting times spent on the vertices of the
underlying network. Specifically, limitations on the times that a path is allowed
to spend at vertices (i.e. the times between two consecutive contacts on a path)
may be from below (i.e. the process must be allowed to wait for some time before
the next contact on the path) or from above, as for spreading dynamics, where
the transmission has to happen before infectious nodes recover, or before a piece if
information looses its novelty so that nodes are not forwarding it anymore [164].

Let us note that connectivity, as in directed graphs, is not a symmetric relation
for directed or temporal graphs. We can transpose the static definition of connectiv-
ity to temporal networks by means of the time-respective paths: two vertices i and
j of a temporal network are strongly connected if there is a directed, time-respecting
path connecting i to j and vice versa. Otherwise, they are weakly connected if there
are undirected time-respecting paths from i to j and the other way around.

As for static networks we can also define a distance on a temporal network.
While in static networks the geodesic distance between two vertices is defined as
the length of the shortest path joining them, when the dimension of time is added
one defines similar quantities characterizing how quickly vertices can reach each
other through time-respecting paths. A possible way is to define distance as the
duration of a time-respecting path, i.e. the time difference between the last and first
contacts on the path (this is also dubbed temporal path length) [164]. In the same
way, it is possible to define the fastest time-respecting path between two nodes, i.e.
the shortest time within which a walker can move from i to j. This quantity is
better known as the latency.

Latency can be used to “benchmark” the velocity of a network, i.e. measuring
how quickly (on average) vertices can spread a piece of information or something
else to a large fraction of the network along the contact sequences. Though simple
to describe, the average definition is cumbersome as it strongly depends on the time
window finiteness [164,186].

An important set of tool to transpose in the temporal networks formalism is
the one regarding centrality measures: these measures aim at the identification of
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the important vertices beyond the degree. Depending on the task the network has
to perform, a rank of the node can be done accordingly to the average distance to
other vertices or by the importance for shortest paths connecting other vertices (see
Section 1.1.2 for details).

As one could have expected, even in this case we do not have a unique candidate
for the temporal version of a centrality measure. The most straightforward approach
is to simply replace the role of paths in static networks by time-respecting paths.
Following this prescription, the closeness centrality CC [16] for static networks is
defined as

CC(i) =
N − 1∑
j 6=i d(i, j)

, (3.2.2)

where d(i, j) is the geodesic distance between i and j. For temporal networks the
focus is on how quickly a vertex may on average reach other vertices, thus defining
the temporal closeness centrality as [187]

CC(i, t) =
N − 1∑
j 6=i λi,t(j)

, (3.2.3)

where λi,t(j) is the latency between i and j. This quantity, just like the static
closeness centrality, is not working unless there is a time-respecting path from j to
i ending within time t. To get rid of this strict constraint (especially if t is late in
the observation period) it is possible to average out the time dependence [164].

The downside of this approach is that there it completely drops information
belonging to the intervals with infinite latencies. To overcome this limitation an
augmented closeness centrality measure based on reciprocal latencies (in the same
way as the above-mentioned “efficiency”) can be defined [164,188].

Finally, betweenness centrality CB is another important centrality quantity that
measures the fraction of shortest paths passing through the focal vertex (or edge) [189,
190]. Let us recall that, on static networks, betweenness centrality is formally de-
fined as in Eq. ( 1.1.4). This definition can be easily generalized to temporal
networks: we add a dependence on time t and count the fraction of either shortest
or fastest time-respecting paths that pass through the focal vertex [191].

Another way to tackle the problem of centrality measures is to take advantage
of a diffusion process that randomly travels through the network. The rank of a
node can then be measured as the probability for that vertex to be occupied by that
walker [192]. While in static graphs this approach yields matrix-based centrality
measures like the eigenvector centrality and PageRank [16, 190], in temporal net-
works this measure deals three-dimensional tensors representing the network. To
avoid the need to work with tensor algebra, a possible solution is the following one:

1. Start with a centrality value 1 at each vertex.

2. At every contact between vertices i and j, let the CE values after the contact
at time-step t be

Ct+1
E (i) = ζCtE(i) + (1− ζ)CtE(j) (3.2.4)

and
Ct+1
E (j) = ζCtE(j) + (1− ζ)CtE(i). (3.2.5)
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By cycling over the whole connection sequences, we obtain a centrality dis-
tribution that can be used as a generalization of the eigenvector centrality. The
parameter ζ sets the rate of centrality transmitted at a contact: a larger value of ζ
puts a bigger emphasis on recent contacts.

3.2.2 Models of temporal networks

As already shown in Chapter 2, the development of a model generally has two pur-
poses: explain the mechanisms generating peculiar properties of certain systems
(e.g. the preferential attachment to explain the scale-free degree distribution in
complex networks) or to provide a synthetic “playground” with tunable character-
istic where to test the outcomes of dynamical processes via numerical simulations.
Another application of real-world datasets is the randomized reference networks, a
framework aiming at a deeper understanding of the role of correlations in real-world
spreading processes: the recorded contact sequences are rearranged by selected ran-
domization procedures. The outcome of a dynamical process on this random version
of the network is then compared to the corresponding real-world version. The num-
ber of time varying networks found in the literature is booming and we will here
introduce the historically relevant ones, together with some randomized reference
models. Then, in Section 3.3 we will introduce the main framework used in this
work, i.e. the activity driven networks family.

Temporal exponential random graphs Based on their static definition (see Section
2.4 for details), this group of models has a connection to the Ising model [193,194].
Indeed, one can find also in this case a partition function that, within this frame-
work, is a time-varying one. The parameters regulating the temporal dependence
of the network contacts are inferred from empirical data and they usually tune the
importance and frequency of chosen topological elements and subgraphs, such as
triangles and stars. As for the centrality measures, the basic problem in temporal
exponential random graphs is the measure of such parameters. The problem is that
given an observed time evolution, one should use the same set to determine the
probability of a contact to happen between a pair of vertices at a given time.

Despite this complication, the models belonging to the exponential random
graphs family are commonly used in social science, both for quantifying the topo-
logical and temporal structures and as a reference generative model for dynamical
processes.

Models of social group dynamics Basic mechanisms shaping the evolution of
a group of individuals has been encoded in a framework for modeling social net-
works [156,195,196]. In this modeling scheme edges are transitory social ties, such
as being in a conversation with a person. The evolution of these contacts is then
modeled through a master equation that governs the entrance and exit rates of in-
dividuals from a group of a certain size. The main idea beneath this mechanism is a
sort of reinforcement of interactions, as the longer an agent interacts with a group,
the more it is likely to stick with the given group. The interactions modeled by this
framework belong to the interval graphs, as contacts last for a long period of time.
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Several models of this family also encode in their evolution rules the mechanisms
belonging both to earlier social network models (e.g. focal and cyclic closure, tie
strength reinforcement [20], and triad interactions) and to more modern processes
such as the social interaction task execution from a priority queue, thus introducing
a bursty activation pattern of the links [159].

Contact network models In this model one tries to extend the static graph frame-
work to allow for a turnover of neighbors. The prescription is to select two edges
with some probability every time step and swapping them. Since the edges are
simply rewired, the topology and the contacts dislocation have to be determined
using some other generative models [197].

The real-world situation that this kind of contact sequences try to mimic is the
change of partnerships to generate contact structures for disease spreading simula-
tions. The model rules are as follows [198]:

1. (a) A new partnership is formed with probability ρ. The individuals partic-
ipating in the pair are chosen according to the mixing function φ:

i. draw two random individuals i and j;

ii. decide whether they form a pair according to φ(i, j);

iii. if yes, done; else go to i.

(b) Repeat step 1a N/2− P times.

2. In every pair consisting of a susceptible and an infected, the disease is trans-
mitted with probability λ.

3. Every pair splits up with probability σ.

The mixing function may tune the nodes’ mixing by their degree to be assortative
[16],:

φ(i, j) = 1− ξ + ξ
kikj
k2

max

(3.2.6)

or disassortative:

φ(i, j) = 1− ξ + ξ
(ki − kj)2

k2
max

. (3.2.7)

The parameter ξ sets the strength of the mixing pattern and kmax is an upper limit
of the degree.

A wealth of following works explored possible development of the stochastic
pair-formation model, as the “dynamic random graph models with memory” [199]
and the evolving interval graphs with structure [200,201].

3.2.3 Randomized reference models

When analyzing the networks’ structural properties, in order to claim significance of
quantitative topological characteristics of the empirical graph one needs to compare
it with a reference model. In static networks the configuration model is usually
adopted as a benchmark, as it yields a maximally random network by randomly
rewiring pairwise the links of the original network. The differences between the
empirical and the random network can then be made by a direct comparison to
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Figure 3.2: Illustration of two types of randomization null-models for contact sequences.
(a) shows a contact sequence (the same as in Fig. 3.1). In (b) we apply the
Randomly Permuted times procedure that preserves the network’s topology and
so that contacts happen the same number of time per edge. In (c) the contact
we show the Randomized edges (RE) procedure instead. Here the conserved
pattern is the time sequence of the contacts along an edge, as well as the degree
sequence of the original network. However, all other structures of the topology
are destroyed.

averages in the randomized reference ensemble or by measuring to which extent the
dynamics of a certain process differs when run on the empirical networks and on
the reference ensemble.

A similar approach can be applied to the contact sequences of temporal graphs.
In the latter, one randomly reshuffles the event sequences accordingly to a given
scheme. This is done so as to remove all the possible time-domain structures and
activity correlations on nodes and edges. However, given the (many) different struc-
tures and time-scales of temporal correlations, a unique and general-purpose proce-
dure procedure cannot be developed. Each null model rather deletes a selected type
of correlations so that one can isolate their contribution to either the topological
characteristic or dynamical processes in a given time-domain of the real-world net-
work. Given the possibility to sharply switch-off a given type of correlations, it is
customary to apply in sequence all of these procedure and monitor how the dynam-
ics of the process depends on the reference models, to isolate the role of different
temporal and topological correlations on the process.

We quickly review here some of these temporal null models that can be applied
to contact sequence [186,202].

Randomized edges (RE) This method can be interpreted as the temporal anal-
ogous of the configuration model. From a practical point of view, the procedure is

54



defined as follows:

1. Go over all edges sequentially.

2. For every edge (i, j), pick another edge (i′, j′).

3. With a probability 1/2 replace (i, j) and (i′, j′) by (i, j′) and (i′, j), otherwise
replace them by (i, i′) and (j, j′).

4. If the move in step 3 created a self-edge or multiple edge, then undo it and
start over from step 2.

The contact between nodes lasts a for a constant, small time lapse. The two alter-
natives in step 3 are to avoid possible correlations due to the datasets structure,
that may return the vertices of an edge in a specific order.

By applying this procedure we are switching-off the effect of the network topol-
ogy, that is, the wiring diagram of the original network. An assumption implicitly
made is that the dynamics is governed by the characteristic times of the edge ac-
tivation, rather than the nodes activity. Indeed, this procedures changes both the
number of activation and the time of each contact for each vertex, while both the
degree k and the temporal correlations are preserved (see Fig. 3.2 for details).

Randomly permuted times (RP) The complementary approach of the RE pro-
cedure is to keep the topological structure fixed and reshuffle the contact times.
This is a much simpler approach with respect to the edge rewiring scheme discussed
above and it can be accomplished in mainly two ways: randomly exchange the time
stamps of all contacts, or just randomly reshuffle the order of time stamps in an
array or vector. As this procedure switches-off the temporal correlations on edges
activation and completely destroys the time ordering of the event, it is frequently
applied to study the effects of burstiness and inter-contact time distributions on
dynamical processes. On the other hand, this procedure retains the topological
structure and link weight, together with the overall rate of events in the network at
every point in time (see Fig. 3.2 for details).

Randomized edges with randomly permuted times (RE + RP) This null model
combines the RE and the RP (in this exact strict order) so that it firstly randomize
the network structure and then destroys the temporal correlations of all the con-
tacts. The outcome is then a temporal graph, where all the structural and temporal
correlations are removed. The only quantity retained is the overall rate of contacts
(such as daily/weekly pattern), as the total number of event in a given time window
does not change.

Random times (RT) To account for how temporal rates of contacts affect a
dynamical process, one needs to go over the RP approach. Indeed, although it
destroys burstiness of events on individual vertices and edges as well as correlations
between events, the aggregated rate of events will still follow the typical circadian
and weekly patterns of human activity [203–208].

Even though there are evidences that these activity patterns do not affect simple
epidemics processes such as SI spreading [186, 207], there are other situations in
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which such patterns play a role more important than the mere burstiness of contacts:
SIS or SIR spreading models.

To account for circadian and seasonal patterns, the random times (RT) null
model destroys such regularities: each contact on each edge is assigned a random
time within the observation time window of the original data. This procedure still
preserves the network structure and the total number of activations of each edge
as for the RP null model. Any difference of the outcomes of a dynamical process
run on a RP and RT realizations should then be due to the network-level temporal
patterns of the empirical data. Besides the flat, homogeneous extraction of the acti-
vation times for each contact event it is also possible to re-arrange them accordingly
to any chosen distribution or process, such as the Poisson process [186].

Randomized contacts (RC) This procedure preserves the graph topology while
it randomly re-distributes the contacts among the E edges. Given an initial skewed,
heavy-tailed edges’ weight distribution we end up with a graph whose edges’ weights
are homogeneously distributed following a binomial distribution. In this way, the
effect of the heterogeneity on number of contacts per edge is ruled out, together
with the order of events.

3.3 The Activity-Driven approach

All the models presented so far display (sometimes not at once) two main limitations:
they all are connectivity driven and they assume the time scales of the topological
rearrangement to be either larger or shorter than the dynamical process undergoing
on top of the network.

Even though these models, mainly represented by the preferential mechanism,
has been under a thorough investigations in the last 15 years [13,50,79,100,111,117],
the possibility for the interactions among the elements to happen on a very short
scale is not taken into consideration. However, in many real-world systems the
rearrangements of contacts and the evolution of the topological structure happens
at time scales challenging the dynamical processes undergoing on top of the system’s
network [165].

The modeling of such a limit (where topology evolution and dynamics are strictly
coupled at least in their characteristic time scales) has been recently introduced in
network science [209], while before that it was a prerogative of adaptive systems [210,
211].

Moreover, the characterization of how the network topology evolution and the
connectivity dynamics affect dynamical processes has been studied in the two op-
posite limits: quenched network dynamics (the time scales of the edges dynamics
are supposed to be much larger than the process itself) or of an annealed edges
dynamics (the dynamical process evolves on a sample extracted from a reservoir of
the network representations).

While this approach is extremely convenient from an analytical and numerical
point of view, we already largely discussed that a precise modeling of both the
network topology and the contact sequence features of a real-world network is ex-
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tremely important. Indeed, different topological or temporal structures may results
in (very) different outcomes of a diffusion or spreading process. The same, of course,
holds for a correct characterization and modeling of the edges activation pattern
and the time scales of both the inter-event time and the duration of the interac-
tions [5, 175,212,213].

To this end, the activity driven approach aims at the modeling of the evolution
of rapidly growing networks, capturing the process of accumulating connections over
time. All the measurable quantities such as the cumulative degree, the correspond-
ing degree distribution and other topological properties have to be thought in a
time-integrated perspective of the system.

In their work, Perra et. al. [209], focused on an accurate modeling of the dy-
namics of activity-driven networks, by measuring the activity of the agents forming
the system from empirical, time-resolved and large-scale network datasets.

The new concept they introduced is to move the dynamics and the link activity
(i.e. its propensity to engage an interaction) from the links and topological mea-
sures (such as the degree of a node in the preferential attachment model) to the
node itself. This is done by assigning to (or measuring for) each node i its activity
potential ai. The latter measures the fraction of interactions that node i performs
with respect to the total number of events measured in a certain temporal windows.
The activity then sets a clock (or activation rate) that determines the temporal
interaction pattern of node i within the network.

The first analysis has been performed on three large-scale network datasets, by
means of which a first measure of the activity potential was carried out. The three
systems under investigation were: Collaborations in the journal ”Physical Review
Letters” (PRL) published by the American Physical Society, messages exchanged
over the Twitter microblogging network, and the activity of actors in movies and TV
series as recorded in the Internet Movie Database (IMDb). In the PRL dataset the
network is composed by the authors of scientific papers published on PRL connected
by an edge if the two authors collaborated in writing one article. In the Twitter case
nodes correspond to the users and the (i, j) edge is drawn if i and j ever exchanged
a message. Finally, the actor network is obtained by drawing an undirected link
between any two actors who have participated in the same movie or TV series.

As anticipated, the activity potential ai of node i is defined as the number of
interactions that ii performed, in a given time window ∆t, by i divided by the total
number of interactions ITOT made by all the nodes in the same time window. As
for many properties measure in real-world systems, the distribution of such activity
potential F (a) is found to be highly heterogeneous and heavy tailed as we show
in Fig. 3.4 (these tails are often approximated as a power-law). This comes as
no surprise, as real-world social networks and human activity are known to feature
complex properties usually found in complex systems [159,207] (here we present this
first approach while in Section 4.3 we will show that the results here introduced hold
for other datasets).

Remarkably, on the contrary of the degree distribution and other structural
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characteristics of the networks, the distribution F (a) weakly depends on the time
scale over which the activity potential is measured. Additionally, we find that the
distribution Fc(x) is skewed and fairly broadly distributed. In other words, the
activity potential ai estimates the probability that the agent i is involved in any
given interaction in the system. This can be thought as the propensity for node
i to engage in a social interaction. The dynamics of the system is then fixed by
the activity distribution F (a), i.e. the probability for a node i to have an activity
potential a.

The role of agents’ activity can be well understood by looking at Fig.3.3: as we
broaden the time window to aggregate the interaction of nodes (we show the time-
aggregated co-authorships over 1, 10, and 30 years), we observe a non-stationary and
growing connectivity pattern. Moreover, both the cumulative degree distribution
and the network structure are affected by the quickly evolving contact pattern
among nodes.

3.3.1 Modeling framework

Given the definition of the activity potential ai, we are led to a natural definition
of the model. We start with a network G composed by N nodes (agents) and assign
to each of them an activity potential ai, defined as the probability per unit time δt
to create new contacts or interactions with other individuals. The average number
of active nodes per unit time in the system is 〈a〉N . Without loosing generality we
can assume a unit time interval δt = 1, so that we can define the activity potential
values to fall in the ε ≤ ai ≤ 1 range. Here, ε is a lower cut-off on ai in order to
avoid possible divergences of F (a) for a→ 0.

The evolution process then reads as follows (see Fig.3.4-D):

• At each discrete time step t the network Gt starts with N disconnected ver-
tices;

• With probability aiδt = ai each vertex i becomes active and generates m links
that are connected to m other randomly selected vertices. Non-active nodes
can still receive connections from other active vertices;

• At the next time step t+δt, all the edges in the network Gt are deleted. From
this definition it follows that all interactions have a constant duration τi = δt.

The just outlined model is random and Markovian. Indeed, it has no memory (nodes
choose to activate or not and who to contact regardless of their story) and all the
interactions are established among randomly chosen nodes. The topological and
evolution properties of such a network are then completely encoded in the activity
potential distribution F (a).

In particular, the interaction rates among nodes and thus the activity potential
distribution define the network structure of both the cumulated and the instanta-
neous connectivity patterns (i.e. the snapshot of the network given by the active
edges between time t and t + δt). Specifically, one can trace the origin of the de-
gree distribution heterogeneity (i.e. the appearance of hubs) to the heterogeneous
activity of the network elements.
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Figure 3.3: Network visualization and degree distribution of the PRL dataset considering
three different aggregation time window. The first two rows show the set of
authors who wrote at least one paper in the period between 1960 and 1974 (first
column), from 1974 to 1984 (second column) and 1974 − 2004 (third column).
The upper row represents a blown up perspective of a particular network region
of the central row. In each visualization the size and color of the nodes is
proportional to their degree. In the third row we show the degree distributions
for the different time windows, that consider the complete set of authors.

Moreover, the model can be easily coupled with dynamical processes without
the need of a time scale separation.

Extensive numerical simulations show that model, by plugging in a suitable
activity distribution resembling the empirical one, recovers the same qualitative
behavior observed in Fig. 3.3.

Taken aside, each temporal snapshot of the network evolution is a simple random
graph with low average connectivity. By accumulating the connections activated in
a given time window of length T we observe a skewed PT (k) degree distribution.
Nodes with a larger activity value are then more likely to become hubs and vice-
versa. The emergence of this highly connected nodes is no more due to a positional
advantage in degree space (as in preferential attachment). In that model the nodes
with higher degree benefit from a rich-get-richer mechanism caused by the passive
attraction of more and more connections. In the activity driven model instead, the
appearance of hubs stems from the very heterogeneity of social propensity measured
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Figure 3.4: Cumulative distribution of the activity FC(a) as measured in the empirical
datasets in four different time windows: (A) Twitter, (B) IMDb, and (C) for
PRL. In panel (D) we show a schematic representation of the model (N = 13
nodes, m = 3 and we show three different time steps). The red nodes represent
the firing/active nodes. The final visualization represents the network after
integration over all time steps.
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in the real-world system: hubs (or the most popular individual) are the nodes will-
ing to repeatedly engage in social interactions.

These hand-waving considerations can be shown also from the analytical side.
The integrated network GT =

⋃t=T
t=0 Gt is defined as the union of all the networks

obtained all the T + 1 time steps. Each active node creates m links so that the
average number of active edges per unit time is Et = mN〈a〉, yielding the average
degree per unit time

〈k〉t =
2Et
N

= 2m〈a〉. (3.3.1)

The instantaneous network is sparse and mainly composed by a set of stars with
degree k ≥ m plus some vertices with low degree (the nodes that passively got called
by the active nodes). The corresponding integrated network, on the other hand,
will generally be dense, being the union of many random graphs at previous times.
In fact, for large time T and network size N , we can approximate the nodes degrees
as continuous variables, one finds that agent i will have at time T a degree in the
integrated network given by (see Section 4.2.1 for details)

ki(T ) = N
(

1− e−Tmai/N
)
. (3.3.2)

It can then easily be shown that the degree distribution PT (k) of the integrated
network at time T takes the form:

PT (k) ∼ F
[
k

Tm

]
, (3.3.3)

Remarkably, the degree distribution is found to follow the same functional form
of the individual activity distribution. While this results is recovered in numerical
simulations, empirical data show a different scaling form of the two distributions.
As we will discuss in Section 3.4, this is due to features that the random model does
not capture: links already explored are more likely to get activated again, social
relations have a lifetime distribution (persistence) and other structural constraints
(communities or weighted interactions) may be relevant.

3.3.2 Dynamical processes

We now present some recent results regarding dynamical processes undergoing on
top of a temporal activity driven network.

First of all we analyze a simple SIS epidemic process and provide the explicit
analytical expression for the epidemic threshold.

In an homogeneous population the behavior of the epidemics is controlled by
the reproductive number R0 = β/µ, where β = λ〈k〉 is the per capita spreading rate
that takes into account the rate of contacts of each individual (see Section 2.5.3 for
details). As the reproductive number identifies the average number of secondary
cases generated by a primary case in an entirely susceptible population, the epidemic
threshold is set at R0 = 1: if R0 > 1 the epidemics can reach an endemic state
and spread into a closed population. In complex networks we have shown that
the epidemic threshold depends on the topological properties of the networks. In
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particular, for annealed network the heterogeneous mean-field approaches predict
an epidemic threshold that is inversely proportional to the second moment of the
network’s degree distribution [15,214]:

β/µ > 〈k〉2/〈k2〉. (3.3.4)

These results do not hold if we introduce a time dependence of the connectivity
pattern, especially if this process occurs on the same time scale of the dynamical
process (see Fig. 3.5 for details). In particular, the two predictions applied to the
time-aggregated network lead to misleading results in both the threshold and the
epidemic magnitude as a function of β/µ. The problem resides in the fact that
the static approach assumes that all the edges are always available to carry the
contagion process. So, even though the epidemic threshold discounts the different
average degree of the networks in the factor β = λ〈k〉, the temporal nature of the
network is completely neglected.

To account for the activity pattern of the agents we have to work with no time
aggregation of the network connectivity and with a mean-field approximation. By
imposing a functional form of the activity distribution F (a), we write the evolving
equation for the number of infected individuals in the class of activity rate a, at
time t, i.e. Ita. The number of infected individuals of class a at time t + ∆t given
by:

It+∆t
a = −µ∆tIta + Ita + λm(N t

a − Ita)a∆t

∫
da′

Ita′

N
+ λm(N t

a − Ita)
∫
da′

Ita′a
′∆t

N
,

(3.3.5)
where Na is the total number of individuals with activity a. In Eq. (3.3.5), the third
term on the right side takes into account the probability that a susceptible of class
a is active and contacts an infected node acquiring the infection with probability
λ. The last term takes into account the possibility for a susceptible node to get
contacted from any infected active individual. The solution of Eq. (3.3.5) yields
the following epidemic threshold for the activity driven model:

β

µ
>

2〈a〉
〈a〉+

√
〈a2〉

, (3.3.6)

where the activity rate of each actor is considered, thus accounting for the actual
dynamics of interactions. Moreover, the result does not depend in any way on
the time-aggregated network and sets the epidemic threshold as a function of the
interaction rate of the nodes. The outbreak condition can then be measured and
predicted on the characteristic time scale of both the network and spreading process
dynamics [209].

Other dynamical and searching processes that have been investigated on activity
driven networks are the random walk, the mean first passage time and the perco-
lation threshold. Their features have been found to strongly differ with respect to
the static (or aggregated) counterparts.

In particular, letting W random walkers spread on an activity driven network
we find that the stationary probability Wa for a random walker to be found on a
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Figure 3.5: The density of infected nodes, I∞, in the stationary state, obtained from nu-
merical simulations of the SIS model on a network generated according to the
proposed model and two other networks resulting from an integration of the
model over 20 and 40 time steps, respectively. The parameters of the simu-
lations are N = 106, m = 5, F (a) ∝ a−γ with γ = 2.1 and ε ≤ a ≤ 1 with
ε = 10−3. Results are averaged over 102 system representations. The critical
reproductive number RC0 as found in Eq. (3.3.6) is marked by a red triangle.

node of activity a reads [215]

Wa =
amw + Φ

a+m〈a〉 , (3.3.7)

where w = W/N is the walkers density and Φ =
∫
aF (a)Wada. This results depends

on the activity of the node and quickly saturates to a constant value as a grows.
This is at variance with the static case [15] where the number of walkers in each
node of degree k, is a linear function of the degree: Wk ∼ k. The difference is
due to the limited connectivity that higher activity nodes have in the instantaneous
snapshot of the network. Indeed, they have on average k ∼ m connections at each
time step, and therefore they cannot collect many walkers. This is at variance with
the hubs present in the integrated network.

In the same way, the Mean-First-Passage-Time Ti (MFPT) (i.e. the average
time needed for a walker to arrive at node i starting from any other node in the
network) is found to be [215]

Ti =
NW

maiW +
∑

j ajWj
. (3.3.8)

Thus, the MFPT of a node i is inversely proportional to its activity ai plus a con-
stant contribution from the “mean field”. This is, again, at variance with the results
of quenched and annealed networks where Ti is the reciprocal of the stationary state
of the random walk, Ti = W/Wi. In this case the difference is due to low activity
nodes that can trap for a very long time walkers spreading on the network.

As for the other dynamical processes studied on the activity driven networks, we
recall the optimal immunization procedure developed in reference [216], the study
of the percolation threshold by means of the hidden variable formalism done in [217]
and the study of the integrated network’s topological properties in [218].
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3.4 Social Capital allocation

As already pointed out, the activity driven model just outlined is a random model
that completely misses correlations and second order structure of the human interac-
tion pattern. Indeed, it is reasonable to expect that different forces govern the evo-
lution and shaping of social relationships making them far from random [219–226].
In addition, we expect individuals to reinforce and re-activate more likely the edges
and connections that they already explored in a previous time [227, 228]. The
availability of large digital datasets prompted an intense research work aimed at
the understanding of what mechanisms control the dynamics of activating or de-
activating social ties. The mechanisms so far presented dealt with connectivity
ranking in the social network (e.g. the degree in the preferential attachment),
to homophily or assortativity. Nevertheless, they completely miss the transpos-
ing of correlation of social events in the modeling framework. The importance of
a correct measure and characterization of both temporal activation patterns and
correlations mechanisms on human dynamics are key elements in order to give a
correct description of social networks’ properties [22, 186, 229], dynamical features
[63, 72, 156, 163, 163, 165, 166, 172, 173, 175, 186, 209, 230–233], and the behavior of
processes unfolding in social systems [22,165,186,215,218,229,234–239].

Recent studies tried to measure and characterize how individuals invest their
social capital, i.e. how they allocate their limited energy, time, attention and emo-
tional closeness in their ego-net [240]. The latter is the set of all the social neighbors
that an individual contacts or interacts with, and is usually the microscopical quan-
tity under investigation and the basic element to model. The most famous results
on social interactions limitation is probably the Dunbar’s number [228,241]: this is
a cognitive limit on the number of stable social relationships due to the neocortical
volumes [242–245]. This limit imposed by neocortical processing capacity seems to
define the number of individuals with whom it is possible to maintain stable in-
terpersonal relationships. Quite remarkably, this results been recently validated by
means of Twitter data [246].

An additional complication, when using electronic communication sources, is
that they typically lack information on the nature of the social relationships, i.e. the
strength and the nature of a given interaction. On the other hand, data collections
based on survey alone cannot scale to large sample sizes and they usually feature
a bias due to the limited memory and accuracy of the people recalling detailed
communication events [63].

It is now customary, for detailed and precise sociological works to combine dig-
ital, automatically retrieved datasets with periodical surveys and human-compiled
reports. As an example we report the work done in Reference [63], where three
main results are found:

• There is a common and robust pattern in the way people allocate their social
events across the members of their ego-net. Indeed, there are a few individuals
(emotionally close to the ego) that receive a large fraction of calls: these links
are called strong-ties [219]. On the other hand, the rest of the contacted
alters sums up to a small fraction of the social activity: these are the so-called
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weak-ties [219];

• the single individual still retains a particular social signature corresponding
to his peculiar way of communication allocation;

• the latter fingerprint remains stable in its shape even during period of intense
social turnover (e.g. the authors focus on the switch from high-school to
college).

Thus, the heterogeneity usually found in the degree and in the activity distribution
are also found in the behavior that individuals follow in they time and social capital
allocation to their alters (see Fig. 3.6 for details).

A recent work further investigated the implication of the second point of the
above list [242]. In particular, a measure and characterization of different “social
strategies” and different patterns of links activation-deactivation has been observed
in a large datasets of mobile phone calls. A method to detect links activation-
deactivation in finite-size datasets is developed (see Fig. 3.6 for details) and two
main social strategies (or social network explorations) are found: social keepers and
social explorer. While the former class of individuals tends to interact with a small
and fixed set of alters (even for high activity values), the latter is more likely to
explore and connect to new nodes in the network at every interaction. Moreover,
a detailed characterization of correlations between an edge activation/deactivation
and a subsequent deactivation/activation is performed, together with a temporal
characterization of the inter-event pattern (see reference [242] for details and Sec-
tion 3.5 for more information).

All of these findings suggest that there should be an underlying mechanism
shaping and driving the social exploration that could be common (or at least very
similar) in diverse social layers. Other characterizations and possible explanation
of these mechanism have been proposed and we refer to the literature for a deeper
insight [41,62,138,199,204,225,226,247–251].

Despite these first approaches, it is still lacking a general dynamical system
framework able to relate the emerging connectivity pattern of social networks to
the combined action of social actors activity and their heterogeneity in distributing
resources in social capital allocation. To fill this gap, in the next section we will
introduce our chosen mechanism to account for correlations on the individuals’
activity.

3.4.1 The p(k) reinforcement rule

Among all the possible way to measure and define correlations and to implement
a inhibition of new edges creation, we rely on the reinforcement process recently
proposed by Karsai et. al. [229].

In this work, the activity driven framework is expanded so as to account for the
heterogeneous nature of individuals’ social interactions. This is achieved by means
of a simple memory effects encoded in a non-Markovian reinforcement process. The
introduction of this mechanism generates two fundamental results: (i) it inhibits the
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Figure S2: (Color online) Schematic view of the different situations of tie formation/decay and the
interplay between the tie communication patterns and tie formation/decay for a given observation
time window of length T (shadowed area). Each lines refers to a different tie while each vertical
segment indicates a communication event between i $ j and �tij is the interevent time in the i $ j

time series.

for the link. As was shown in [3, ?] the pdf for inter event times depends mostly on the average
inter-event time �tij, i.e. P(�tij) = P(�tij/�tij) where P(x) is a universal function. Thus, we could
rewrite the previous expression as

P(⌧ij|�tij) =
1

⌧ij

Z⌧ij

0

P(�tij/�tij)d�tij (2)

However, links are very heterogeneous in the sense that they have very different �tij. Or equiv-
alently, they very different weights wij = T/�tij weight. Suppose that ⇧(�tij) is the distribution
of average inter-event times across links and that each node chooses her links activities from that
distribution of �tij. Then the probability to observe one of her links at time ⌧ is given by:

P(⌧) =

Z
d�tij⇧(�tij)P(⌧|�tij) (3)

Thus, the growing function of the observed connectivity as a function of time is given by the ccf of
P(⌧).

ki(t) = ki(1)

Z t

0

P(⌧)d⌧ (4)

where ki(1) is the total connectivity of node i. Note that since P(x) and ⇧(�tij) are heavy tailed,
then P(⌧) is heavy tailed too and thus the ki(t) can show an apparent non-trivial time dependence
even if all links are open during the observation time.

Let’s do an example: assume that the distribution of inter-event times is given by the exponen-
tial pdf P(�t|�t) = e-�t/�t/�t and also that the pdf for the average inter-event time is an exponen-

Activity localization in online social networks

⌦

7 months6 months 6 months

Figure 3.6: (Left panel) (A): The ego-net of a given individual and its alters clockwise
ordered by link weight. (B) The rank of such weights for the ego-net of plot
(A). As one can see, a large fraction of a node’s activity points toward few
nodes of its alters (the y-scale is logarithmic). (C) This allocation of time and
attention is preserved in different periods within the observation windows: three
curves are plotted, showing the rank plot of the links weight. The same pattern
is observed in all the three cases. (D) The network turnover shown by means of
the total numbers of calls by the participants to their alters, divided between
alters that have for the first time appeared in their networks in each of the
intervals. Image from [63].
(Right panel) The typical pattern of links activation/deactivation. Each line
refers to a different tie leaving the ego node. Each social event toward the ego’s
alter is marked by a vertical segment. δtij is the inter-event time for link (i, j).
An edge is activated when it is observed for the first time and it gets deactivated
when the last contact between two nodes is recorded. Image from [242].
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Figure 3.7: (a) The pb(k) function for different degree classes b as measured from empirical
data rescaled by sending k → k/cb. In the inset we show the original curves. (b)
A network with distributed activity as resulting from a memory-less evolution
after 33 time steps. (c) The same network after the same number of steps with
the reinforcement process turned on and set to p(k) = 1/(1 + k). In both the
plots the color is proportional to the node activity (the redder the more active)
and the edge width is proportional to the link weight wij .

creation of new edges by a node that gets active and (ii) it generates heterogeneity
on the edges’ weight. Indeed, the edges appearing first are the ones that are more
likely to get activated more times in the following network’s evolution.

The reinforcement process is defined through the probability p(k), i.e. the proba-
bility that the next communication event of a node that already contacted k different
alters in the network results in the establishment of a new, k + 1-th link toward a
node never contacted before. This probability then sets the rate, for each value of
the cumulative degree k, of the increment of degree from k → k+1 for an active node.

The activity driven model is then redefined as follows: once active, the node i
of degree ki will call a node j already belonging to its ego-net N (i) with probability
1 − p(ki). The node j is chosen in a uniform way among the ki neighbors of i.
Otherwise, with probability p(k) node i will call a new, randomly chosen and never
contacted before node j not belonging to the neighborhood of i. Note that a node i
that is not active at a given time t has still the chance to get contacted by another
node j. This can be achieved in two complementary ways: either from a node j that
is already in the ego-net of i and, once active, calls i with probability (1−p(kj))/kj
(where the 1/kj accounts for the probability for j to exactly choose i among its kj
neighbors), or by a node l that never got in contact with i that, once active, calls i
with probability p(kl)/(N − 1− kl). Here the 1/(N − 1− kl) term accounts for the
probability for l to exactly choose i out of the nodes outside the ego-net of l.

The measure of the p(k) has initially been carried out on the Mobile-Phone-Call
datasets (MPC), a huge datasets comprehending more than 6 million users of an
European mobile company (see Section 4.3.2 for details). As strong heterogeneities
are found in the real-world network, nodes have been grouped by their cumulative
degree k so as to average the reinforcement process on nodes sharing a common
topological property. Then, for each class b, we measure the probability that the
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next event of a node of cumulative degree k results in the connection toward a new
node, thus incrementing the degree k → k + 1. The results are shown in Fig. 3.7.
The pb(k) function of each nodes class b can be approximated by the expression

pb(k) =
cb

k + cb
=

1

1 + k
cb

, (3.4.1)

that is well defined as pb(k) < 1 for k > 0 and pb(k = 0) = 1. The value of cb sets
the decay of the pb(k) function, as it weights the cumulative degree k. The larger
cb the slower the pb(k) will drop to zero. As a last remark, the curves of different
classes con be rescaled on a single reference curve by sending k → k/cb as we show
in Fig. 3.7.

The introduction of this reinforcement mechanism deeply affects the structure
and topology of both the instantaneous and the aggregated network. As we can
see from Fig. 3.7 (b-c), the creation of new edges is inhibited with respect to the
memory-less version of the activity driven model, so that the resulting integrated
network is sparser. Moreover, we observe the appearance of strong and weak ties,
i.e. we see an heterogeneity on the links’ weight distribution. Indeed, links that are
appearing first in time are more likely to be re-activated later, as the vertices of the
edge will be pushed by the reinforcement rule p(k) to re-activate already established
ties instead of new ones.

As one can imagine this modification of the network evolution will strongly affect
the dynamical processes as we will show in the next section.

Moreover, in Section 4.1.2 we will present a more robust and thorough charac-
terization of the reinforcement process and develop an extended version of the link
creation mechanism encoded in Eq. (3.4.1).

3.4.2 Dynamical processes

As a first insight, let us compare the outcomes of a rumor spreading process in
a memory-less activity driven network and in the corresponding version featuring
the reinforcement process p(k) [229]. Let us recall that in a rumor spreading
process people are either ignorant (compartment I), spreader (S) or stifler (R).
The transition scheme is I + S → 2S with probability λ and S + R → 2R or
S + S → 2R with probability λ.

As one can see in Fig. 3.8 (a), the outcome of the same process run on the two
different underlying evolving networks is remarkably different. In particular, the
density of the stifler rRPeq is smaller for every value of α, meaning that the rumor
diffusion is slowed down by the correlated links activation dynamics. In particular,
the repetition of contacts along the same edges has two consequences: (i) to slow
down the diffusion of a rumor that is localized in a restrict number of individuals
interacting between them and (ii) once a node gets stifler, all the nodes interacting
with him will likely become stifler as well, since the repeated interactions may lead
more quickly to a R+ S → 2R transition.

The same reasoning and results can be found when running epidemics processes
on top of these networks as found in references [76,176]. As we show in Fig. 3.8 (b),
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Figure 3.8: (a) The ratio 〈rRPeq 〉/〈rML
eq 〉 between the average number of stifler in an activity

driven network with a reinforcement process (RP) and a memory less one (ML).
The ratio is evaluated in the stationary limit of the process. (b) (Top) The I∞

density of infectious individuals in a ML model (blue curve) and in a RP model
(red curve) as a function of β/µ. (Bottom) The R∞ density for ML (blue curve)
and RP evolution (red curve) as a function of β/µ.

the reinforcement process has an opposite influence on the SIS and SIR epidemics
processes. Indeed, while the epidemic threshold lowers with respect to the memory-
less (ML) case for what concerns the SIS process, in the SIR model we observe
the opposite behavior.

While the latter result can be explained in the same terms of the rumor spreading
process, the former can be explained as follows: the repeated interactions between
a set of individuals bound by strong ties allow for the maintenance of local hotbeds
for the infectious disease. Indeed, once an alter of a tightly connected group gets
infected, all the other nodes can infect as well. Then, as this group of nodes will
remain infected, they will slowly spread the infection around the network through
new connections established in the later part of the network’s evolution. This in-
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crements both the attack rate and the outbreak possibility of the epidemic process,
resulting in a lower threshold value of the β/µ ratio.

This result is quite important as it highlights the weakness of strong ties: not
only the repeated connections slow down the rumor diffusion on a network, but
they also allow for SIS type epidemics processes to spread more efficiently on the
net [76,229,252]. This his a counterpart of the historical result made by Granovet-
ter, i.e. the “strength of weak ties” [219]. The latter was focusing on the role
played by weak, occasionally-activated ties that are acting as bridges and short-
cuts between closed communities of the network thus enhancing its spreading and
diffusion performances.

As we will show in the next section, another mechanism profoundly affecting
the real-world networks’ dynamics is the burstiness of the human interactions.

3.5 Burstiness and edges activation time scales

Another feature that in Chapter 5 we will encode in our model is the burstiness of
human activity.

So far, all the modeling tools presented feature a inter-event time distribution
either peaked around one single value or following a Poisson distribution. Indeed,
all the generative models of Chapter 2 feature an evolution where each new edges
are added or activated precisely every δt time, i.e. for every evolution step being δt
the measure of a time interval. On the other hand, the activity driven model just
introduced features a Poisson distribution of inter event time: the average inter-
event τi value for a node of activity ai is τi ∝ 1/ai. Moreover, the probability
distribution P (δt) of the inter-event times δt exponentially decays, thus showing
finite fluctuations [155–157,159,209,229].

Poisson processes have been (and still are) widely used and adopted to quan-
tify the dynamics of human activity and modelling traffic, congestions and inci-
dents in technological networks, mainly because of their easy and natural analytical
tractability. However, the access to large scale and time-resolved digital datasets
revealed that the timing of many human activities feature a skewed distribution of
the inter-event times. These are usually well approximated by heavy tailed distri-
butions (power-law, Log-Normal, Pareto distribution etc..).

The differences introduced by this heterogeneous temporal activation pattern
are outstanding: while in a Poisson process the consecutive events are uniformly
spaced in time so that very long waiting times intervals are forbidden, in the bursty
(heavy-tailed) process one observes localized bursts (peaks) of very intense activity
followed by long periods of inactivity.

The roots of this highly heterogeneous behavior have been addressed to the
decision-based queuing process that humans apply when tackling tasks and allo-
cating their time and energy in their everyday activities [159]. In other words,
whenever an individual is presented with multiple tasks and chooses which one to
execute first by some perceived priority parameter, the waiting time of the various
tasks will follow a Pareto distribution [157, 160]. This is in contrast with the first-
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Figure 3.9: (Top row) The probability distribution P (E) to observe E events in a burst
of maximum duration of ∆t (see legends). Data are compared to the randomly
reshuffled temporal sequence (white symbols). The data refer to (A) mobile
phone calls, (B) chat messages and (C) email sequence. (Bottom row) (Left
panels) The probability distribution P (tie) of observing an inter-event time
δti, i+ 1 = tie. (Right panels) The autocorrelation functions A(τ). Figure
from [160].

come-first-serve and random task execution that leads to a Poisson-like dynamics
instead.

3.5.1 Circadian rhythms and human activity patterns

As just pointed out, heavy tailed inter-event time distributions are the typical sig-
nature of a bursty nature of social contacts and human dynamics.

Besides the queuing process, another mechanisms has been suggested as a cause
of this behavior: inhomogeneities due to the circadian and weekly activity patterns
of individuals. It is reasonable to expect that the circadian and other long-time
cycles of our lives (seasons, school cycle, etc.) may cause inhomogeneity of natural
and societal factors. Malmgrem [205, 253] proposed a possible explanation by
means of a combinations of two Poisson processes featuring different time scales. In
this way, the long inter-event inactivity are attributed to night-time and weekend
inactivity.

However, a more recent study revealed that the bursty behavior remains even
after a de-seasoning procedure. This procedure completely removes the circadian
and weekly patterns from the time series of mobile phone communication events
of individuals [160]. However, heavy tails in the inter-event time distributions are
still found after the procedure is applied, thus promoting the human task execution-
based mechanism as the possible cause of the burstiness in social and communication
layers [155].

As an additional complications, there is evidence that the bursty behavior is
caused and/or goes together with both memory processes and activity correlations
in human dynamics [155,159,160,254].
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Regarding the correlations, they cannot be catch by only looking at the inter-
event time distribution or the autocorrelation function. Moreover, the lengths of
the bursts themselves follow a scale-free probability distribution (see Fig. 3.9 for
details). These bursty trains can be explained in terms of memory effects. Specifi-
cally, also humans (as earthquakes and firing neurons) seem to feature a threshold
mechanism governing their activation in the social layer [160].

As for the memory part, it has been recently shown that different kind of long-
term memory effects are found in the links creation and deactivation [254]. More-
over, by combining these mechanisms it is possible to naturally generate the het-
erogeneous network dynamics found in real-world systems.

3.5.2 Fingerprints of bursty behavior

As already said, the most easily found and measured fingerprint of a bursty behavior
is a scale free, or at least heavy tailed, inter-event time tie distribution P (tie). As
we show in the bottom plots of Fig. 3.9 this feature is found in many real-world
systems, from email exchange, to mobile phone calls passing through online chats
and messaging platforms.

To replicate such feature by imposing a broad inter event time distribution is the
first and most naive way to implement burstiness in a time-varying network model.
This is how we will implement burstiness in our model as we will show in Chapter 5.

Of course, there are more mechanisms interplaying and determining the temporal
activation pattern of human dynamics. Among them, we recall the short time
correlations and long-term memory mechanisms that interact to shape the edges’
activation. In particular, we recall that even the bursts lengths and sizes (measured
as the number of events E belonging to a single burst of activity) follows a scale-free
distribution. This is shown in the top panels of Fig. 3.9 for different upper cut-offs
of the single burst length ∆t (i.e. by measuring P (E) in bursts whose temporal
length is at most ∆t).

Other works aiming at the modeling and characterization of burstiness features
have been proposed in the last years [163,172–174,254].

Specifically, the results found in reference [254] associate the emergence of sev-
eral aspects of the temporal heterogeneities of real-world complex networks as the
outcome of long-term memory mechanisms governing the activation and deactiva-
tion of edges. In particular, four main mechanisms are proposed:

- contact self-reinforcement (CSR): the more a given edge has been active, the
less likely for it is to be terminated. This is encoded in a fl(τ) function that
may depend on the activation’s length τ = t − t(i,j), i.e. the time passed
from the (i, j) link activation at time t(i,j). By now, it should come as no
surprise that empirical measures of this quantity reveal a scale free form of
fl(τ) ∼ τ−γ .

- activity self-reinforcement (ASR): the same mechanism of the above point is
applied to a node’s activation pattern. The more recently a node has been
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active, the more likely it is for it to engage a new social event. This is encoded
in the fa(τ) ∼ τ−γ function, measuring the probability for a node whose last
activation was at time t = tai to get active again at time t = tai + τ .

- agent-centric preferential attachment (APA) This mechanism makes nodes
that have been recently active a good fit for node getting active and looking
for an alter to interact with. Indeed, the probability for a node to get chosen by
another node establishing a connection is proportional to a function Πa(τ) ∼
τ−γ .

- link-centric preferential attachment (LPA) This is the last mechanism pro-
posed in this modeling framework and it accounts for the reinforcement of
already established ties. Indeed, the probability for an active node to choose
a given alter is found to decay with the time passed by the last interactions
between the two. In other words, an agent initiating a contact will chose with
probability Πl(τ) ∼ τ−γ an agent it has recently been in contact with, being
τ the time passed since their last interaction.

After an empirical measurement and a fine tuning of these mechanisms’ param-
eters, a remarkable agreement between synthetic and empirical data is found, both
for the inter-event and dynamical processes outcome.

In particular broad distributions of contact and inter-event times and of the
number of contacts per link are reproduced, as well as for what concerns the agents’
activities.

The further possibility to switch one or more mechanisms also allows the de-
termination of the impact of each type of heterogeneity on dynamical processes on
temporal networks.

Amongst all, the results highlight the crucial roles of the inter-event time distri-
bution p(∆τi) and the edges weight distribution F (wi,j) [174, 254]. It is this result
that prompted us to model burstiness, as a first level of approximation, by means
of a heavy tailed inter-event distribution. As we already shown, the heterogeneous
distribution of weight is naturally introduced by the reinforcement process intro-
duced in Section 3.4.1.

The same approach has also been recently adopted in reference [154]. In the
latter, particular attention has been devoted to the study and characterization of
the aging behavior, that is known to be found in systems whose inter-event time
distribution between the addition of connections is power-law distributed [255,256].

In particular, this effect is evident when aggregating the network’s connections
over an arbitrary time-window [ti, tf = ti + t], thus setting the starting integration
time ti 6= t0, where t0 is the starting time of observation of the system. Though a
preliminary measure on the effects of a varying time-window on the integrated net-
work has been already carried out [236, 257], one is here interested in the breaking
of the time-translation invariance of the network’s topological properties. Indeed,
the degree distribution ρ(k) depends both on the integration time window’s length
t = tf − ti and the aging time ti at which the aggregation of connections starts.
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Specifically, the work studies the integrated properties of a Non-Poissonian-
Activity-Driven model (NoPAD model). Burstiness is introduced by means of a
renewal process [258], in particular with a time-dependent activation rate ai(t) for
node i. The inter-event time distribution Ψi(w) for node i is given by

Ψi(w) = ai(w) exp

[
−
∫ w

0
a′i(w

′)dw′
]
. (3.5.1)

If ai(t) is set to be constant we fall back to the Poisson process of the regular ac-
tivity driven model. The inter-vent time distribution can be further generalized so
as to account for heterogeneous activation pattern (e.g. average inter-event time),
thus including an additional parameter ξ, distributed among the nodes accordingly
to a given distribution η(ξ). The waiting-time distribution then reads Ψ(w, ξi).

The evaluation of the degree distribution ρ(k) is made in terms of the hidden
variable and generative functions formalisms [67,100,218,259] , where the key point
is to characterize the kernel probability Πt(i, j) that two nodes i and j are linked
within time t. The latter lets then define the degree distribution

ρ(k) =
∑
~h

F (~h)g(k|~h), (3.5.2)

where ~h is the hidden variable, F (~h) its distribution and g(k|~h) is the conditional
probability that a vertex featuring hidden variable ~h has degree k. The generating
function for g(k|~h) reads

ln ĝ(z|~h) = N
∑
~h′

F (~h′) ln
[
1− (1− z)Π(~h,~h′)

]
. (3.5.3)

The Πt(i, j) probability can be written [218] as Πt(i, j) = 1 − [1 − (1/N)]ri [1 −
(1/N)]rj , where ri counts the number of activations of node i. The model can then
be solved by noting that the hidden variables are the vector ~h = (r, ξ), following
the probability distribution Ft(r, ξ) = η(ξ)χt(r|ξ), being χt(r|ξ) the distribution
of number of activation of a node with time t and heterogeneity ξ. The degree
distribution at time t, starting the integration at the initial time ti = t0 = 0, then
reads

ρt(k) '
∑
ξ

η(ξ)χt(k − 〈r〉t|ξ), (3.5.4)

where 〈r〉t =
∑

ξ η(ξ)
∑

r rχt(r|ξ). A power-law distributed inter-event time can

then be obtained by fixing χt(r|ξ) ∼ 1/(ξt)a · eω(a,ξt)r1/(1−a) , where ω(α, u) = −[1−
α][(α/u)αΓ(1− α)]1/(1−α). This leads to an inter-event time distribution Ψ(w, ξ) =
αξ(ξt+1)−(α+1) (being the exponent 0 < α < 1). If one also sets a broad distribution
η(ξ) ∝ (ξ/ξ0)−(b+1) of the heterogeneity parameter ξ (with b > α), in the k � (ξ0t)

α

we get
ρt(k) ∼ (ξ0t)

b(k − 〈r〉t)−1−b/α, (3.5.5)

then fixing the relation between the exponent µ driving the tail of the degree distri-
bution ρ(k) ∼ k−µ and the exponent of the inter-event distribution Ψ(w) ∼ w−(1+α),
i.e.:

µ = 1 + b/α. (3.5.6)
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law form (4) with α < 1 [18]. We check these effects in
Fig. 2 (inset), where we plot the aged degree distribution
Pta;tðkÞ obtained from networks integrated for a time
interval t, started after waiting for an aging time ta. This
figure shows that while the asymptotic shape of Pta;tðkÞ
remains constant for large k, its peak shifts to smaller
values of k with increasing ta. An analytical treatment of
these aging effects is in principle possible, using the results
reported in Ref. [21]. We can however easily understand
them at the level of the aged average degree hkita;t. Since
the average degree is 2 times the number of activation
events, if we consider a network integrated from time ta to t
we have hkita;t ¼ 2ðhritaþt − hritÞ. The average number of
activation events reads, for large t [29],

hrit ¼
X

c

ηðcÞ
X

r

rχtðrjcÞ≃ β sinðπαÞ
ðβ − αÞπα

ðc0tÞα: ð9Þ

The sublinear growth of hrit readily implies aging effects
on the aged average degree, translated into a nontrivial
dependence of the average degree on the initial integration
time ta, which only cancels out in the case α ¼ 1. Indeed,
by applying Eq. (9) we obtain

hkit;ta ∼ ½ðta þ tÞα − tαa&: ð10Þ

Thus, for t ≫ ta, the average degree is independent of ta,
hkit;ta ∼ tα ∼ hkit, and aging effects are negligible. On the
other hand, for t ≪ ta, the average degree decays with ta as
hkit;ta ∼ tα−1a , and aging effects induce an anomalous ta
dependence, ruled by α [18]. These strong aging effects can
be easily understood as due to an intervent time distribution
lacking a first moment, i.e., with α < 1. Such a distribution
implies that very large gaps between two interactions are
relatively frequent. Starting the observation of the system at
a random time ta results in a increased probability of having
an integration window overlapping such frequent large
gaps, in which one or more individuals do not interact. This
facts immediately implies a decrease of the average degree
for t ≪ ta, as analytically recovered in Eq. (10). In Fig. 2
we check that Eq. (10) correctly reproduces the behavior of
the NoPAD model. In particular, we emphasize in this plot
the scaling behavior, evident from Eq. (10), hkit;ta≡
tαaF ðtat−1Þ, with a general scaling function F ðxÞ ¼
ð1 − xÞα − 1.
We explore the possibility of aging effects in empirical

temporal networks by considering the scientific collabo-
ration network in PRL, published since 1958 [26]. In this
network, two authors are connected by a link if they
coauthored a Letter published in PRL. Since PRL is weekly
edited, time is measured in units of weeks. In order to avoid
spurious effects due to effective physical aging of the
population considered (i.e., scientists changing their pub-
lication rate as they become older), which are not consid-
ered in the NoPAD model, and single out the role of the

heavy-tailed waiting distribution, we select only those
authors who published at least one paper in any APS
journal before and after an interval of 30 years, spanning
from 1968 up to 1998. We then reconstruct the temporal
network of the N ¼ 677 resulting authors, by considering
those papers cowritten by two authors in this interval, and
drawing an instantaneous edge between the authors at the
date of the paper’s publication. In Fig. 3 we check that the
waiting time distribution between two consecutive publi-
cations of the same author has a clear heavy-tailed form,
approximately compatible with a power-law decay
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Figure 3.10: The rescaled average degree 〈k〉ti,t/tα (symbols)as a function of the aging time
ti (data refers to numerical simulations featuring N = 106 nodes, α = 0.6,
ξ0 = 1, and b = 1.2). The analytical prediction of Eq. (3.5.7) is shown (red
dashed line). In the inset it is shown the ρt(k) degree distribution for different
aging time ti and an integration time of t = 100 (solid lines). The asymptotic
behavior predicted by Eq. (3.5.6). Figure from reference [154].

Given that the distribution of renewal events χ(r|ξ) defines the topological prop-
erties of the systems, in the presence of a power-law distributed inter-event time
(with an exponent α < 1) the NoPAD model will be affected by aging effects.

This can be easily shown by looking at the degree distribution ρti,t(k) found by
integrating the network’s contact between time ti and ti+ t. As shown in Fig. 3.10,
the tail of the distribution does not change as one increases ti. However, the peak
of the distribution moves to smaller values of degree k. We can easily understand
this behavior in terms of the average number of activations 〈r〉t in the network up
to time t for α < 1:

〈r〉t ' (ξ0t)
α. (3.5.7)

As the average degree 〈k〉t,ta of the network equals the number of activation events
multiplied by two, we find it to depend on the integration time as

〈k〉t,ti ∼ [(ti + t)α − tαi ] . (3.5.8)

Thus, if ti is comparable with t we find a non-trivial dependence of the average
degree on ti and α [154]. This phenomenon is due to a sort of “thermalization” of
the system when we let it age for a long aging time ti before starting to aggregate
its connections. Indeed, when the inter-event time distribution features a diverging
average value (i.e. when α < 1), the larger ti the more likely it is to find many
nodes to be in a large gaps of activity within the observation window of length t
(this is due to the fact that all the nodes are synchronized at time t = 0).

The same aging effect has also been measure in empirical temporal networks [154].
As already noted, empirical evidence of such aging and heavy-tailed inter-event time
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distributions may be mingled with other mechanisms (population fluctuations, cor-
relations on the activity, clustering etc.), so that a more comprehensive analysis of
the different contribution to the aging process of temporal networks is needed.
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Chapter 4

Asymptotic theory of
Poissonian TVN

In this chapter, as the model is data-driven, in Section 4.1 we first introduce the
seven datasets used to derive the model and the fundamental, preliminary measures
we carried over on them. In particular, we conduct a rigorous analysis of the activ-
ity distribution F (a) and introduce a precise measure of the edges’ reinforcement
mechanism p(k).

We then present in Section 4.2 the developed model and the adopted analytical
framework, together with the corresponding analytical predictions. Then, in Section
4.3 we present the numerical check of our analytical results and we later test of our
model against real-world datasets.

Finally, in Section 4.4 we will present a preliminary characterization of an
epidemic process on top of a modular activity-driven network. In the latter, we
apply the memory-less version of the activity driven model and we insert correlations
on edges activation by means of an enforced community structure.

4.1 First insight on the data

4.1.1 Datasets

We analyze seven datasets containing time-stamped information about three dif-
ferent type of social interactions: scientific collaborations, Twitter mentions, and
mobile phone calls. All of these datasets are represented as time-varying networks.
Each node describes an individual and each time-resolved event within the temporal
sequence describes a social act linking two (or more in the case of scientific collab-
orations) alters. The nature of connections is different according to the specific
dataset. Links might represent a collaboration resulting in a publication in a scien-
tific journal, a Twitter mention, or a mobile phone call. We considered five scientific
collaborations networks obtained from five different journals (PRA, PRB, PRD,
PRE, and PRL) of the American Physical Society (APS), one Twitter mentions
network (TMN), and one mobile phone network (MPN).

American Physical Society
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The APS dataset contains the five co-authorship networks of five journals of the
American Physical Society, i.e., Physical Review A, B, D, E and Letters (L).

The various datasets contains the data referring to all the issues of the single
journals from their first issue up to a certain edition, specifically:

- PRA from January 1970 to December 2006;

- PRB and PRD from January 1970 to December 2007;

- PRE from January 1993 to December 2006;

- PRL from February 1960 to December 2006.

Each dataset is composed by several files (one per month). Each file has as many
lines as the number of papers published in that month. Finally, each line contains
the IDs of the authors of the specific paper. For instance, the typical head of a file
is:

Author_000 Author_001 Author_002 #First Paper with 3 authors

Author_003 Author_004 #Second Paper with 2 authors

. . . . . . . . . . . .

The data are cleaned so as to not take into account the papers with a single author.
When analyzing this dataset we define the user’s activity ai as the number of

engaged collaborations (e.g. an author i that publish two papers, the first with 3
co-authors and the second with a single co-author, has activity ai = 4).

Twitter M ention N etwork
The dataset of Twitter is composed by 273 daily files covering the period between

January the 1st to September the 30th2008. The dataset contains the so called fire-
hose, i.e., all the 16, 329, 466 citations done by all the 536, 210 users in the given
period. The nodes in the network are connected via 2, 620, 764 edges.

Each file contains the daily events with the structure:

Citer_ID_00 Cited_ID_00 # Event 0

Citer_ID_01 Cited_ID_01 # Event 1

Citer_ID_02 Cited_ID_02 # Event 2

. . . . . . . . .

This dataset is not cleaned, as we have all the events that happened on the
platform in the selected period.

When analyzing this dataset we define the user’s activity ai as the number of
citation made by i, i.e. the number of events actually engaged by the node i.

Mobile Phone N etwork
The dataset of the M obile Phone N etwork (MPN ) is composed by a single file

containing the 1, 949, 624, 446 time ordered events with 1 second resolution covering
the period between January and July of 2008 for 6, 779, 063 users of a single operator
with 20% market share in an undisclosed European country.
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The dataset contains all the events from and toward users of the company (so
that even the calls from non-company users to company users and vice-versa are
taken into account). As a result, we have 33, 160, 589 nodes (of which 6, 779, 063
are users of the selected company) that are connected via 92, 784, 825 edges.

We split the huge list of events in 98 files (each of them containing more or less
the same number of events) for computing convenience. Each file contains events
with the structure:

Caller_ID Called_ID Company_Caller Company_Called # Event 0

Caller_ID Called_ID Company_Caller Company_Called # Event 1

Caller_ID Called_ID Company_Caller Company_Called # Event 2

. . . . . . . . . . . . . . .

where Company Caller and Company Called are the value of the provider company
of the called and caller nodes, respectively (e.g. the value is set to 1 if the node is
a customer of our company, 0 otherwise).

When analyzing this dataset we define the user’s activity ai as the number of
calls done by the node, i.e. the number of calls actually engaged by the node i.

4.1.2 Activity Distribution

In order to characterize the time-varying and reinforcement properties of such net-
works we first measure the activity ai. Formally, ai is defined as the fraction of inter-
actions in which node i is engaged per unit of time with respect to all the interactions
per unit time occurring in the network. This quantity describes the propensity of
nodes i to be involved in social interactions. Empirical measurements in a wide set
of social networks show broad distributions of activity [209,215,229,236,251].

For the datasets presented in Section 4.3.2 we first evaluate, for each node i, the
total number ui of events engaged by the node itself. For instance ui is the number
of calls made by the node i in the MPC dataset or the number of citations done by
i in the Twitter dataset.

We then define the node activity ai as the ratio between the i-th node’s number of
events and the total number of events observed in the dataset, i.e. ai = ui/utot where
utot =

∑
j uj . Thus, ai falls in the range ai ∈ [ε, 1.0) with ε = mini(ui)/utot. We

then introduce and compute the activity distribution F (a), i.e. the probability for
the activity to have value a. In Fig. 4.2 we show the resulting activity distribution
for each analyzed dataset, while in Table (4.1) we show the best candidate functional
form for the F (a) distribution of each dataset. The latter is estimated using the
methods found in [94].

In particular, we compare the goodness of fit on the F (a) distribution of the
functional forms found in Table 4.1, i.e. power-law, truncated power-law, stretched
exponential and log-normal distribution. The procedure for each dataset and each
functional form reads as follows:
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PDF F (a)

Power Law a−ν

Stret. Exp. aν−1 exp [−λaν ]

Trunc. PL a−ν exp [−λa]

Log-Normal 1
a exp

[
− (ln(a)−µ)2

2σ2
a

]
Figure 4.1: The functional form of the activity PDF F (a) took into account. The selected

PDF are, from top to bottom: power law, stretched exponential (Stret. Exp.),
power law with cutoff (Trunc. PL) and the Log-Normal distribution.

Figure 4.2: The experimental activity distribution F (a) for (A) PRA, (B) PRB, (C) PRD,
(D) PRE, (E) PRL, (F) TMN and (G) MPN (blue points). We also show
the best candidate fit of the F (a) distribution (red solid lines) featuring the
functional form and parameters found in Table (4.1). In all the plots we show
the data and fit ranging from the lower bound xmin to the 99.9% of the measured
data, thus excluding from the visible area the top 0.1% of the activity values
(see Table (4.1) for the lower bound details).

Dataset Dist. Parameters KSd % L
TMN LogN amin = 4.28e− 7, µ = −14.02, σ = 1.71 1.5e− 2 52 −2.26e+ 3

PRA Trunc amin = 1.90e− 5, λ = 3.14e+ 3, α = 1.789 1.5e− 2 32 −301

PRB Trunc amin = 6.31e− 6, λ = 7.96e+ 3, α = 1.638 1.4e− 2 41 −744

PRD Trunc amin = 4.54e− 5, λ = 4.02e+ 3, α = 1.37 1.6e− 2 27 −286

PRE Trunc amin = 4.24e− 5, λ = 3.32e+ 3, α = 1.92 1.5e− 2 23 −264

PRL Trunc amin = 1.10e− 5, λ = 1.55e+ 4, α = 1.47 1.7e− 2 31 −577

MPN Trunc amin = 2.17e− 9, λ = 3.82e+ 6, α = 0.448 9.5e− 3 94 −1.6e+ 4

Table 4.1: The candidate functional form of the activity distribution for each analyzed
dataset, the evaluated parameters (see Table ( 4.1) for the analytical expressions),
the Kolmgorov-Smirnov distance KSd, the percent % of nodes in the dataset that
have activity ai ≥ amin and the normalized log-likelihood L . In the parameters
we include amin that is the value of the activity that minimizes the KS distance.
This is the lower bound for the functional form behavior, i.e. the point at which
data behave as the functional form.
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- we fit the F (a) taking into account all the nodes featuring ai ≥ xmin, where
xmin is the lower bound of the distribution. The fit is performed using the
maximum likelihood estimators (MLE) that return the optimal values of the
parameters;

- once the optimal parameters are found we compute the Kolmogorov-Smirnov
distance (KDd(xmin)) between the analytical and experimental complemen-
tary cumulative distribution function (CDF);

- we then apply this procedure for different xmin and set the amin = minxmin KSd(xmin)
lower bound value as the one that minimizes the KSd.

We then repeat this procedure for all the functional forms of the F (a) and we then
compare them with the likelihood ratio test R combined with the p-value that gives
the statistical significance of R [94, 260]. The result of this procedure gives us the
best candidate for the F (a) for each dataset as shown in Table (4.1). We find that
a truncated power law is the best candidate for all the APS datasets together with
the MPN one. On the other hand, in the TMN we find a log-normal distribution
as the best candidate for the dataset.

Our datasets provide evidence that nodes within the same activity class (i.e.
node with similar values of activity ai) can feature very different memory behavior.
In particular agents with large activity may connect to very few different nodes
(strong reinforcement) or establish new links at almost every step (weak reinforce-
ment). For this reasons each node i of the network is naturally classified according
to her activity ai and her final degree ki, i.e. the total number of different agents
that have been connected to i in the considered time window.

We then define a binning procedure that let us group together the similar nodes,
i.e. nodes with similar activity and final degree. We divide the nodes in Nact activity
classes so that within each activity class the most active node performs at most 1.5
times the events of the least active node. We also tested that, by changing this 1.5
values by both lowering and raising it the reinforcement process measure does not
significantly change.

Then, with the same procedure, we further group the nodes within each activity
class a according to their final degree, thus defining Ndeg(a) final degree classes.

The nodes are therefore divided in Nb =
∑Nact

a=1 Ndeg(a) activity-degree classes.
From now on, unless differently stated, whenever we mention the nodes’ class or bin
b we will be referring to one of these Nb classes.

Reinforcement process

The activity ai sets the clock for the activation of each node, however it does not
provide any information on how each node invests its social capital in exploring new
ties or reinforcing already established ties [242].

We then measure the probability pb(k) that the next social act for the nodes in
the class b that have already contacted k nodes will result in the establishment of a
new, k + 1-th, tie.
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To measure the reinforcement process of each system, we count all the commu-
nication events eb(k) engaged by every node i of the b-th class when it has degree
ki = k. In other words, eb(k) is the total number of events engaged by the nodes of
the b-th class at degree k.

Each time an event engaged by a node i of the b-th class results in a degree
increase ki = k → ki = k + 1, we increment the counter nb(k) by 1. In other
words, nb(k) is the total number of events that the nodes belonging to the b-th and
featuring degree k perform toward a new node. Of course, if a node i of the b-th
class with degree ki = k increases its degree to ki = k + 1 because it gets called by
a new node, the nb(k) counter is not incremented.

The best estimate of the probability for a new node to get establish a new
connection at degree k then reads:

fb(k) =
nb(k)

eb(k)
, (4.1.1)

where nb(k) and eb(k) are the event counters as defined above. We can give an
estimate of the uncertainty on fb(k), by assuming that at a given degree k the events
are independent (i.e. there are no correlations between users) and by checking that
1� nb(k)� eb(k) so that the STD σ(fb(k)) of fb(k) reads:

σ(fb(k)) = σb(k) =

√
fb(k)(1− fb(k))

eb(k)
. (4.1.2)

As shown in Figure 4.3 pb(k) is in general a decreasing function of k. This
observation resonates with previous research and empirical findings suggesting that
our social interactions are bounded by cognitive and temporal constraints [228,242–
244]. Indeed, the larger the number of alters in our social circle, the smaller the
probability that the next social act will be towards a new tie.

Given the behavior of the fb(k) shown in Fig. 4.3, we then fit fb(k) with the
proposed reinforcement function pb(k, β) (see Eq. (4.1.7) below for details):

pb(k, β) =

(
1 +

k

c(b)

)−β
, (4.1.3)

where c(b) is the social propensity of the b-th bin, k is the cumulative degree and β
is the reinforcement strength, that will be kept fixed for all the nodes in the system.
In particular, for each class b and with a fixed β, we optimize the parameter c(b),
by minimizing the function χ2

b(β):

χ2
b(β) =

Kb∑
k=1

[fb(k)− pb(k, β)]2

σb(k)2
, (4.1.4)

where the index k runs over the Kb points of the b-th bin’s curve and σb(k) is as
defined in Eq. (4.1.2). By repeating this procedure for each value of β ∈ [0, 5.0] we
find, for each class b, a χ2

b(β) curve.
In Fig. 4.4 we show the behavior of χ2

b(β). For each class b we find a minimum
of χ2

b(β) at a certain βopt(b) (see the horizontal lines in the heat-map-like panels of
Fig. 4.4).
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Figure 4.3: The fb(k) functioning as empirically measured (symbols). We show the results
concerning (a) PRE, (b) PRL, (c) TMN, and (d) MPN. Each curve corresponds
to a different node bin.
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(a) (b)

Figure 4.4: The heat-map-like value of − ln [χ2
b(β)] (bottom plots). We plot the exponent β

on the x-axes and the different bins b sorted by their final degree on the y-axes.
The color-map is proportional to − ln [χ2

b(β)] representing the goodness of fit:
the darker, the higher. The cyan vertical line is the value of βopt defined in
Eq. (4.1.6), while the other vertical lines represent the same quantity evaluated
in the three black boxes corresponding to different final degree intervals. (Top
plots) The curve χ2(β) as defined in Eq. (4.1.5) (up-filled curve) and the same
quantity for the three final degree intervals. For Twitter (a): a single value of
βopt = 0.47 fits most of the curves and only some bins b deviate from the average
behavior. (b) MPC: in this case we observe different behaviors depending on
the final degree. Thus, a single βopt = 2.14 does not fit all the curves. We also
show a “guide-to-the-eye” to highlight this feature (yellow dashed line).
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Figure 4.5: Plot of the experimental pb(k) curves for the (a) PRE, (b) PRL, (c) TMN and
(d) MPC datasets. In the (a-c) cases the k is rescaled as k → k/c(b), where
c(b) is the constant for the b-th class curve at β = βopt. The pb(k/c(b)) points
are then rescaled sending pb(k/c(b))

1/βopt . In the (d) panel for MPC we simply
plot pb(k) as a function of k with no rescaling, given that each curve features
its own β optimal value βopt as shown in the legend.

Moreover, Fig. 4.4 shows that there are two different behaviors. Specifically, in
the TMN case (see Fig. 4.4 (a)), one value of βopt = 0.47 fits most of the curves,
exception made for some outsiders: the value of βopt(b) that maximizes the 1/χ2

b(β)
is practically the same for all the bins. On the contrary, in the MPC case the
maximum of the 1/χ2

b(β) function follows a diagonal path ranging from a larger
βopt(b) for bins with lower final degree to a smaller βopt(b) for larger degree bins.
In this case a single βopt cannot fit all the curves and we have to consider a multi-β
model where each class b features a different optimal value of β, βopt(b).

In Fig. 4.5 we present the rescaled pb(k) curves for the PRA, PRD, PRE, PRL,
TMN and MPC datasets. In the first five cases we show the rescaled curves obtained
by substituting k → k/cb and then plotting pb(k) → pb(k)1/βopt . As one can see,
the curves nicely collapse on the reference curve (1 + k)−1. In the MPC case we
show instead the original curves, each one fitted with its own βopt(b). The latter
parameter falls in the 1.2 . βopt(b) . 3.0 interval for most of the curves as we also
show in Fig. 4.4.
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To quantitatively define the βopt parameter, let us define the total mean square
deviation χ2(β) as

χ2(β) =

Nb∑
b=1

[
χ2
b(β)

]
, (4.1.5)

where Nb is the total number of curves, i.e. the number of activity-degree bins b.
Then, for the single exponent case, the function χ2(β) allows to define βopt as:

βopt = minβ(χ2(β)). (4.1.6)

In the multi-β case instead, we compute the different values of the exponent βopt(b)
found in the system by grouping the memory classes b accordingly to their final
degree as shown in Fig. 4.4. The optimal value of βopt(b) is found to be minimum
for the bins featuring a large final degree, i.e. βmin ≡ βopt ∼ 1.2, which, as we will
show in Section 4.2.3, is the exponent driving the evolution of the network.

To corroborate the results just outlined, we show in Fig. 4.6 the box plot of
the βopt(b) distribution for different groups of nodes classes b grouped by their final
degree. We note that the APS and TWT datasets are well approximated by a single
βopt as the distribution of βopt(b) within each sub-group of nodes is compatible with
the global optimal value βopt. On the other hand, in the MPN case we see that the
large final-degree classes have their βopt(b) distribution centered around a smaller
value of βmin ∼ 1.2. As already anticipated, this value will lead the asymptotic
growth of the system as we will show in Section 4.2.3.

As a last remark we present in Fig. 4.7 (a, b) the measured distribution of the
constant c(b) for the MPN and TMN datasets. We show the distribution for all
the nodes in the network and for each activity class a, i.e. the group of nodes
featuring similar activity. The values of this constants are distributed but peaked
around an average value. Moreover, the distribution of the c(b) parameter within
each activity closely follows the global one. The distribution of the social attitude
c(b) then appears to be a global, activity independent feature of the nodes in the
system. Finally, in Fig. 4.7 (c) we show how the average value of the c(b) constants,
〈c〉 = 〈c(b)〉b, differs from one dataset to the other varying from 〈c〉 = 0.8 in PRB
to 〈c〉 = 1.7 in TMN and 〈c〉 = 4.6 in the MPN case, respectively.

The above empirical findings suggest that the mechanism governing the alloca-
tion of social capital follow a general form that in its simplest analytical form can
be written as:

pb(k) =

(
1 +

k

cb

)−βb
. (4.1.7)

In this expression, βb modulate the tendency to explore new connections, while
cb define the intrinsic characteristic limit of the individual to maintain multiple
ties. Although one could imagine more complicate analytical forms, we use this
parsimonious approach to characterize the different data sets. Interestingly, we find
that in the five co-authorship networks and Twitter, the exponent β is the same
regardless of the class b.

Furthermore, the values of cb are typically peaked around a well defined value.
More in detail, we can rescale the proposed functional form in each class b by
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(a) (b)

(c)

Figure 4.6: The box plot representing the distribution for different range of nodes classes
b of the βopt(b) for (a) PRB, (b) TMN and (c) MPN. We also show the global
optimal value βopt (horizontal red line) as found in Eq. (4.1.6). The height of
the box corresponds to the lower and upper quartile values of the distribution
and the horizontal solid line corresponds to the distribution’s median, while the
dashed lines indicates the average value for each range of final degree. The
whiskers extend from the box to values that are within 1.5x the quartile range.
As one can see, in both the PRB and TMN datasets the optimal values βopt is
compatible with the distribution found in all the nodes class ranges (we find the
same result for all the other APS datasets analyzed). On the other hand, in the
MPN the distribution of βopt(b) lowers as the final degree of the class increases.
The last group of nodes classes is no more compatible with the overall optimal
βopt, being the distribution centered around βopt ∼ 1.1, in agreement with our
estimation of βmin = 1.2.
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(a) (b)

(c)

Dataset βopt 〈c(b)〉
PRA 0.20 1.5

PRB 0.13 0.8

PRD 0.28 2.3

PRE 0.25 2.4

PRE 0.15 1.6

TMN 0.47 1.7

MPN 1.20 4.6
(d)

Figure 4.7: The P (c) distribution of the constant c(b) for the (a) TMN, and (b) MPN
case (solid green line). We also compare the global P (c) distribution with the
distribution of the c(b) values found within each activity class (solid lines and
points): we find that the distribution of the c(b) parameter is more or less
activity independent as most of the distribution of the single activity classes
follows the same functional form of the total distribution P (c). We then report
the average value 〈c〉 of the c(b) constant for each dataset (vertical cyan line).
The latter reads 1.71 for TMN and 4.62 for MPN. Note that in the single β case
we evaluate c(b) as the values of c(b) that best fits the b-th pb(k, β) curve fixing
β at its optimal value (β = βopt). On the other hand, in the multi-β case we
evaluate c(b) as the ones that best fits the pb(k, β(b)) curve, where the exponent
is now foxed to the β(b) value for the memory class b, i.e. to the optimal value
for the class b. (c) The box plot showing the global distribution of the constant
c(b) in all the datasets analyzed. The height of the box corresponds to the
lower and upper quartile values of the distribution and the horizontal solid line
corresponds to the distribution’s median, while the dashed lines indicates the
average value for each range of final degree. The whiskers extend from the box
to values that are within 1.5x the quartile range. (d) In this table we report
all the values of the reinforcement exponent βopt and the average reinforcement
constant 〈c(b)〉. For the MPN case we report the βopt = βmin and the constant
values are evaluated for each nodes class b using its optimal value of β, βopt(b).
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defining the variable xb = k/cb, yielding

pb(xb)
1
β = (1 + xb)

−1. (4.1.8)

In the presence of a single exponent β characterizing the system, as shown in Fig-
ure 4.5 (a-c), all empirical curves do collapse on the reference function (1 + x)−1.
The data collapse however is not occurring in the case of the MPN dataset. In the
latter we find a more heterogeneous scenario in which different nodes’ classes are
characterized by different values of βb and cb (see Figures 4.6 and 4.7).

4.2 The Model

Given the preliminary measures performed we now introduce the modeling frame-
work we use in this work. This is based on a Master Equation formalism.

4.2.1 Memory-Less approach

To show the consistence of our analytical approach with previous results found in
references [209,218] let us develop the memory-less version of the model.

In the latter, (i) we start with a graph G of N nodes initially disconnected.
(ii) Each node i is initially assigned with an activity potential ai determining its
activation ratio, i.e. the probability to get active in a given time interval δt reads
aiδt. (iii) When active, a node connects to a randomly chosen node of the network.
For each evolution step, each node is given the possibility to get active. (iv) After
all the connections have been established, we remove them and pass to the sequent
evolution time step resuming from step (iii).

The P (k, t) distribution

The quantity we investigate in this work is the Pi(k, t) probability distribution
measuring the probability for a node of activity ai to have degree k at time t.

The discrete time equation for Pi(k, t) reads:

Pi(k, t+ 1) = (4.2.1)

ai
N − k
N

Pi(k − 1, t) + ai
k

N
Pi(k, t) + Pi(k − 1, t)

∑
j�i

aj
∑
h

Pj(h, t)

N
+

Pi(k, t)
∑
j�i

aj
∑
h

Pj(h, t)
N − 1

N
+ Pi(k, t)

∑
j∼i

aj + Pi(k, t)(1−
∑
j

aj).

(4.2.2)

The equation is obtained in the approximation where ai � 1, so that between time
t and t + 1 only one site can be active. We will also consider the approximation
1 � k � N i.e. the integrated number of neighbors of a site is much larger than
1 but much smaller than the total number of sites. The first term of the sum
represents the probability that the site i is active and a new link is added to the
system. The second term is the probability that the site i is active but this site
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connects to a site that has been already linked. In the third and fourth terms,
the symbol

∑′ denotes the sum over the sites that are not yet connected to i. In
particular, the third term represents the probability that one of these sites is active
and that it connects to i. The fourth term is the probability that one of these sites
is active but no link between j and i is established. The fifth term is the probability
that one of the sites already connected to i is active; in this case no new link is
added to i. Finally, the last term represents the probability that at time t all the
sites are not active. For k � N , the second term can be neglected. After some
algebra we obtain the equation:

Pi(k, t+ 1)− Pi(k, t) = − (Pi(k, t)− Pi(k − 1, t))

ai +
1

N

∑
j�i

aj

 (4.2.3)

where we have taken into account that
∑

h Pj(h, t) = 1. For k � N , we assume
that 1

N

∑
j
′aj = 〈a〉 i.e. the average value of the activity. In the limit of large time

and large k we can write a continuous equation in t and k, and neglect the index i
since all the sites with the same activity follow the same equation. We finally get:

∂Pi(k, t)

∂t
= (ai + 〈a〉)

(
−∂Pi(k, t)

∂k
+
∂2Pi(k, t)

∂k2

)
. (4.2.4)

The solution of Eq. (4.2.4) is straightforward:

Pi(k, t) = (2π(ai + 〈a〉)t)− 1
2 exp(−(k − (ai + 〈a〉)t)2

2t(ai + 〈a〉) ). (4.2.5)

The average degree 〈k(a, t)〉
In the large time limit the solution presented in Eq. (4.2.5) reduces to a delta
function:

Pi(k, t) = δ(k − (ai + 〈a〉)t). (4.2.6)

This relation provides the simple average degree growth

〈k(a, t)〉 = (a+ 〈a〉)t (4.2.7)

that was already obtained in previous works [209, 218] and presented in Section
3.3.1.

The degree distribution ρ(k)

Besides the P (k, t) functioning and the average degree growth for nodes of activity
a, Eqs. (4.2.5) and Eq. (4.2.7) also set the relation between the activity distribution
F (a) and the asymptotic degree distribution ρ(k) of a network. Indeed, one can
write the predicted ρ(k) starting from the F (a) distribution and substituting k ∼ at
as found in Eq. (4.2.7). By assuming an activity distribution F (a) ∝ a−ν the
predicted degree distribution reads:

ρ(k) ∝ k−ν . (4.2.8)

As one can see, the heterogeneous degree distribution is naturally introduced by the
broad distribution of the activity potential a.
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4.2.2 Plugging in the reinforcement process

The model presented in Section 4.2.1 is a basic model as it contains no correlations
on an agent’s story at all. In particular, the probability for a node i to re-call an
already contacted node is independent of the node degree. While simple to describe
and solve analytically, this model is not realistic, as there are no correlations in the
each agent’s history. Moreover, the probability to call an already contacted node is
always small as k/N � 1 (and thus the probability to call a new node remains ∼ 1
even at large degree k). However, as shown by the above empirical measures and
previously in Section 3.4, real-world systems features a strong reinforcement pro-
cess on the established links, as the probability pi(k) to call a new node at degree
k decreases as the degree k increases.

For this reason we introduce an extended version of the model described in [229]
which includes a reinforcement function pi(k) that measures the probability for an
active node i, that has already contacted k different nodes in the network, to call a
new node instead of an already contacted one.

The P (k, t) distribution

We then introduce the reinforcement process pi(k) using the functional form pre-
sented in Eq. (4.1.7), i.e. the probability of adding a new link for the node i of
degree k, reads:

pi(k) = (1 + k/ci)
−β. (4.2.9)

By plugging Eq. (4.2.9) into Eq. (4.2.1) for node i, we get:

Pi(k, t+ 1) = Pi(k − 1, t)

[
aipi(k − 1) +

∑
j�i

aj
∑
h

pj(h)

(N − h)
Pj(h, t)

]
+ (4.2.10)

Pi(k, t)

[
ai[1− pi(k)] +

∑
j�i

aj
∑
h

(
1− pj(h)

N − hPj(h, t)
)]

+

Pi(k, t)

[
1−

∑
j

aj

]
,

where N is the number of nodes in the network,
∑

i�j is the sum over the nodes
not yet connected to i and

∑
j is the sum over all the N nodes of the network.

Each term of Eq. (4.2.10) corresponds to a particular event that may take place in
the system, as already presented in the paper. For instance, the first term of the
l.h.s. of Eq. (4.2.10) takes into account the increment of the node i’s degree from
k − 1 to k. This may happen whether because node i gets active and contacts a
new node in the system with probability aipi(k− 1) or because a node j never con-
tacted before gets active and calls exactly node i with probability ajpj(h)/(N −h),
being h the degree of j. In the same way, the second line takes into account that
node i does not change degree k whether because it calls an already contacted
node or because the non contacted nodes call other nodes in the network. The last
line of Eq. (4.2.10) considers the possibility that no node in the network gets active.
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If we now substitute Eq. (4.2.9) in Eq. (4.2.10), after some algebra we get:

Pi(k, t+ 1)− Pi(k, t) =
aic

β
i

(k − 1 + ci)β
Pi(k − 1, t)− aic

β
i

(k + ci)β
Pi(k, t)

− (Pi(k, t)− Pi(k − 1, t))
∑
j�i

aj
∑
h

Pj(h, t)c
β
j

(N − h)(h+ cj)β
. (4.2.11)

Then, by applying the same approximations of large degree k and time t we obtain
the continuous equation:

∂Pi(k, t)

∂t
= −a c

β
i

kβ
∂Pi(k, t)

∂k
+
aic

β
i

2kβ
∂2Pi(k, t)

∂k2
+
aiβc

β
i

kβ+1
Pi(k, t)+

(4.2.12)

+

(
1

2

∂2Pi(k, t)

∂k2
− ∂Pi(k, t)

∂k

)∫
dajF (aj)aj

∫
dcjρ(cj |aj)

∫
dh
cβj
hβ
Pj(h, t),

where ρ(cj |aj) is the probability for a node j of activity aj to have reinforcement
constant cj .

The long time asymptotic solution of Eq. (4.2.12) is of the form:

Pi(k, t) ∝ exp

[
−A(k − C(ai, ci)t

1
1+β )2

t1/(1+β)

]
. (4.2.13)

Moreover, C(a, c) is a constant depending on the activity a and the reinforcement
constant c that follows the:

C(a, c)

1 + β
=

acβ

C(a, c)β
+

∫
da′F (a′)

∫
dc′ρ(c′, a′)

a′c′β

C(a′, c′)β
. (4.2.14)

We do not have an exact solution for C(a, c), however C(a, c) ' (acβ)1/(1+β) for
large a.

Let us note that Eq. (4.2.13) can be obtained setting the variable x = k −
C(a)t

1
1+β and substituting it in Eq. (4.2.12) and imposing that |x| � t

1
1+β from Eq.

(4.2.12):

∂Pi(x, t)

∂t
=

aiβc
β
i

C(ai, ci)1+βt

(
x
∂Pi(x, t)

∂x
+ Pi(x, t)

)
+

C(ai, ci)

2(1 + β)t
β

1+β

∂2Pi(x, t)

∂x2

(4.2.15)

− ∂Pi(x, t)

∂x

∫
dajF (aj)

∫
dcjρ(cj |aj)

∫
dy

ajβc
β
j

C(aj , cj)1+βt
Pj(y, t)y.

The solution of the latter equation is of the form

Pi(x, t) ≈ t−
1

2(1+β) exp

(
− Ax2

t1/(1+β)

)
(4.2.16)

thus confirming that x can be considered much smaller than t
1

1+β .
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The average degree 〈k(a, t)〉
An important consequence of equations (4.2.13) and (4.2.14) is that, for a system
featuring a reinforcement strength β, the average degree of the nodes belonging to
a class b of activity a and constant c grows as:

〈k(a, c, t)〉 ∝ C(a, c) · t
1

1+β . (4.2.17)

In particular, 〈k(a, c, t)〉 ∝ (at)
1

1+β for large values of the activity a.
As expected, the average degree grows slower than in the memoryless case

(β = 0) where the average degree grows linearly in time, as found in Eq. (4.2.7).
Specifically, the exponent β weighting the reinforcement process’s strength affects
the growth exponent: the stronger the reinforcement attitude (larger β), the slower
the growth of the average degree 〈k(a, t)〉 in time.

The degree distribution ρ(k)

The presence of a reinforcement process also affects the asymptotic behavior of the
degree distribution ρ(k). Indeed, as already shown in Eq. (4.2.17) gives us the

relation between the degree k and the activity a at a given time t, as k ∝ a
1

1+β .
Thus, given an activity distribution F (a), we can infer the functional form of the

degree distribution ρ(k) by substituting a→ k
1

1+β , finding:

ρ(k)dk ∝ F (k(1+β))kβdk. (4.2.18)

Specifically, by supposing a power-law activity distribution F (a) ∝ a−ν and con-
sidering that the degree distribution for a class b is described by Eq. (4.2.13), we
obtain

ρ(k) ∝ k−[(1+β)ν−β]. (4.2.19)

where we integrated over time t and reinforcement constant c(b) and we considered
the asymptotic regime of large time and activity.

In other words, the connectivity patterns emerging from social interactions can
be inferred knowing the propensity of individuals to be involved in social acts, the
activity, and the strength of the reinforcement towards previously establish ties,
β. Finally it is worth remarking that Eqs. (4.2.17, 4.2.19) are not affected by the
distribution of ci. This is an important result as it reduces the number of relevant
parameters necessary to define the temporal evolution of the system.

4.2.3 The multi-β case

As we already mentioned, in the MPN dataset we find the evolution of social ties
described by a distribution of β rather than a single value of it. This observation
points to a more heterogeneous distribution of social attitudes with respect to the
other six analyzed datasets. Arguably, such tendency might be driven by the differ-
ent functions phone calls serve enabling us to communicate with relatives, friends
or rather to companies, clients etc.. The need to introduce different values of β in
the system complicates the model beyond analytical tractability. Nevertheless, we
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can show that the leading term of the evolving average degree can be described by
introducing a simplified model, in which the nodes of the system feature different
values of β, and undergo a simplified dynamics that neglects, for every node, the
effects of links established by others agents in the network.

Simplified version of the model

Thus, the model focuses on a single agent that can only call other nodes in the
network (i.e. we neglect the contributions coming from the incoming calls) and
whose parameters are ai, βi and ci. In this approximation we have to solve a
modified version of Eq. (4.2.10), obtained by discarding all the terms containing the
activity aj of the nodes j 6= i:

Pi(k, t+ 1) = aip(k − 1)Pi(k − 1, t) + Pi(k, t) [ai(1− p(k)) + (1− ai)] . (4.2.20)

The continuum limit for large degree k and time t of Eq. (4.2.20) is:

∂P

∂t
= −a

( c
k

)β [∂P
∂k
− 1

2

∂2P

∂k2

]
. (4.2.21)

The solution for Pi(k, t) is:

Pi(k, t) ∝ exp

−A
(
k − Cit

1
1+βi

)2

t1/(1+βi)

, (4.2.22)

where the Ci now reads:

Ci = [(1 + βi)c
β
i ai]

1
1+βi . (4.2.23)

The asymptotic growth of the 〈k(a, t)〉
Thanks to Eqq. (4.2.22) and (4.2.23) we can write the average degree 〈ki(t)〉 growth
as:

〈ki(t)〉 ∝ Cit
1

1+βi . (4.2.24)

The result found in Eq. (4.2.24) holds for a single class of nodes with a given set of
activity ai and reinforcement constant ci and strength βi.

The average degree 〈k(a, t)〉 for the activity class a can be computed by inte-
grating over the different values of βi and ci:

〈k(a, t)〉 =

∫
dc′
∫
dβ′ρ(β′, c′|a)C(a, c′, β′)(t)

1
1+β′ (4.2.25)

where ρ(β, c|a) is the probability for a node of activity a to have a reinforcement
exponent and constant equal to β and c. By assuming that the distribution of the
exponent β is independent from a and c we can factor out the time-depend term
obtaining for the activity class a:

〈k(a, t)〉 ∝
∫
dβ′ρ(β′)t

1
1+β′ , (4.2.26)
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where ρ(β) is the probability distribution of the β parameter.
Let us assume that ρ(β) can be written as a sum of Kroenecker δ-functions, i.e.:

ρ(β) =
1∑
iCi

Nβ∑
i=1

Ciδ(β − βi). (4.2.27)

By plugging Eq. (4.2.27) in Eq. (4.2.26) we find that:

〈k(a, t)〉 ∝
Nβ∑
i=1

Cit
1

1+βi
t→∞−−−→ t

1
1+βmin , (4.2.28)

so that the minimum value of βi, βmin leads the asymptotic behavior of the 〈k(a, t)〉
function.

In other words, we find that even in this case 〈k(a, t)〉 evolves as in Eq. (4.2.17)
but with β substituted by βmin. It is interesting to notice that the nodes charac-
terized by βmin are those with the weak tendency to reinforce already established
social ties. They are social explorers [242]. Notably, our results, indicate that they
lead the growth of average connectivity of the network.

4.3 Results

We now test our results against both synthetic and empirical data.

4.3.1 Numerical results

Single β

To check the results of Section 4.2.2 we run numerical simulations featuring the
following parameters:

- N = 106 nodes;

- activity a ∈ [ε, 1.0] with ε = 10−3, power -law distributed so that F (a) ∝ a−ν
with ν = 2.1;

- single value of the reinforcement exponent β = {0.5, 1.0, 1.5, 2.0} and a fixed
c = 1 for all the nodes;

- T = 105 evolution steps.

We start with no edge in the system and we draw for each node the activity
ai from the distribution F (a). At each step a randomly chosen node gets active
with probability ai. An active node then connects with probability pi(k) with a
randomly chosen node which have not been yet connected to i or, with probability
1− pi(k), the node calls an already contacted node and no new connection is added
to the system. An evolution step corresponds to N of these elementary steps, i.e.
for each evolution step we give, on average, the possibility to make a call to every
node in the network.
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(a) (b)

Figure 4.8: The heat-map of − ln(χ2
b(β)) obtained from the simulation in the same way as

in Figure 4.4 from real data. As one can see the recovered βopt (red vertical
line) is in excellent agreement with the value used in the simulation: 1.0 in the
(a) panel and 2.06 in the in the (b) panel.

The results are in excellent agreement with the analytical predictions. First,
in Fig. 4.8 we show that the analysis presented in Section 4.1.2 correctly recovers
the reinforcement exponent βopt. Indeed the minimum of the χ2

b(β) are vertically
aligned with the value of β fixed in the simulations.

Then, in Fig. 4.10 we present the asymptotic growth of the average degree for
an activity class (i.e. a collection of nodes bins b featuring similar activity values)

and we compare it with the analytical prediction 〈k(a, t)〉 ∝ (at)
1

1+β . In Fig. 4.9
we show that the shape and the evolution of the Pi(k, t) distribution follows the
predicted form of Eq. (4.2.13).

The last check regards the overall degree distribution ρ(k) that should follow
Eq. (4.2.19). In Fig. 4.11 we compare the activity distribution F (a) ∝ a−ν and
the degree distribution ρ(k). The exponent µ leading the ρ(k) ∝ k−µ is in good
agreement with the analytically predicted value µ = [(1 + β)ν − β].

Mutli-β

To investigate the multi-β case we performed further numerical simulations consid-
ering networks with the following parameters:

- N = 106 nodes;

- activity a ∈ [ε, 1.0] with ε = 10−3, power -law distributed so that F (a) ∝ a−ν
with ν = 2.1;

- (a) reinforcement exponent β = [0.5, 1.5, 2.5] with probability [1/6, 1/3, 1/2]
(i.e. one sixth of the nodes has β = 0.5, one third β = 1.5 and a half of
them β = 2.5 regardless of their activity) and (b) β = [1.0, 1.5, 2.0] with equal
probability 1/3.

- fixed c = 1 for all the nodes;
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Figure 4.9: The probability distribution Pa(k, t) for a selected activity class a in the simula-
tions with exponent β = 1.0 (a) and β = 2.0 (b). We compare different evolution
times (see legend) by rescaling the degree k → k̃ = (k − 〈k(a, t)〉)/〈k(a, t)〉1/2
on the x-axis and the distribution itself Pa(k, t) → 〈k(a, t)〉1/2P (a, k̃, t) on the
y-axis, where 〈k(a, t)〉 is the average degree at time t for the nodes belonging
to the activity class a. We also show the fit of the large time P (a, k, t) with a
Gaussian curve (black dashed line) as predicted in Eq. (4.2.13).

- T = 2 · 105 evolution steps.

The numerical procedure is similar to the one described in the previous section,
the difference being that we compute the attachment probability pi(k) taking into
account the reinforcement exponent βi of the node itself.

In Fig. 4.12 we show that, in both the cases, we can recover the behavior
described in Section 4.1.2 for real data. In particular Fig. 4.12(a) (related to the
β ∈ [1, 2] case) we observe a clear diagonal pattern of the optimal values of the
exponent β(b) for the b bins that minimize the χ2

b(β). In particular β(b) varies from
β ∼ 2.0 values for lower degree nodes bins up to β ∼ 1.0 values for the larger final
degree nodes bins. The figure recalls the situation of the MPC dataset presented in
Fig. 4.4 (b).

In Fig. 4.13 we show the asymptotic growth of the average degree 〈k(a, t)〉
together with the predicted asymptotic behavior proportional to t

1
1+βmin . As one

can see, numerical results and the suggested analytical solution are in very good
agreement in both the cases.

4.3.2 Test on empirical datasets

First, in Fig. 4.14 we present the measured P (k, t) distribution for different datasets.
We observe two different results. In all the APS datasets the P (k, t) is found to
correctly scales as a Gaussian and the predicted distribution nicely catches the
empirical data. In the TMN and MPN instead we find a skewed distribution with
a fat tail in the large degree interval.

For what concerns the MPN datasets, the simplest explanation for this behavior
can be the presence in the system of different values of reinforcement strength β.
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Figure 4.10: The average degree 〈k(at)〉 for different activity classes in the β = 0.5 (a),
β = 1.0 (b), β = 1.5 (c) and β = 2.0 (d) case. The time is rescaled with
activity t → at, so that all the curves collapse on a single behavior. We also

fit 〈k(at)〉 ∝ (t/A)
1

1+β∗ (blue solid line) and compare the simulation with the

analytical result 〈k(at)〉 = A · t 1
1+β (dashed line).
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Figure 4.11: The resulting degree distribution of simulations (blue circles) featuring β = 0.5
(a), β = 1.0 (b), β = 1.5 (c) and β = 1.0 (d). The analytical predictions (given
F (a) ∝ a−ν , with ν = 2.1) for the scaling exponent are sown (red solid lines).

(a) (b)

Figure 4.12: The heat-map like matrix of − ln(χ2(β)) for the simulation with β ∈
[0.5, 1.5, 2.5] (a) and β ∈ [1.0, 1.5, 2.0] (b); the two panels are qualitatively
similar to Figure 4.4 that accounts for real data.
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Figure 4.13: The average degree 〈k(at)〉 for different activity classes in the (a) β ∈
[0.5, 1.5.2.5] and (b) β ∈ [1.0, 1.5, 2.0] case. The time is rescaled with activity

t→ at, so that all the curves collapse. We also plot the fit 〈k(at)〉 ∝ (t/A)
1

1+β∗

in the long time limit (cyan solid line) and the predicted asymptotic growth

〈k(at)〉 = A · t
1

1+βmin (dashed line).
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Figure 4.14: The P (k, t) distributions (symbols) at different times (see legends for details)
for a given activity class of nodes. The data refers to (a) PRE, (b) PRL, (c)
TMN, and (d) MPN. We also show the reference normal distribution predicted
for the long time asymptotic limit (black dashed lines).
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Figure 4.15: The average degree 〈k(at)〉 (each data series corresponds to a different activity
class) for: (a) PRA, (b) PRB, (c) PRD, (d) PRE, (e) TWT and (f) MPC.
We compare the data for 〈k(a, t)〉 with the expected behavior (dashed lines)
(at)1/(1+βopt): in panels (a-e) βopt has been evaluated according Eq. (4.1.6),
while in the (f) case we use βopt = βmin = 1.2. We also plot the power-law fit
〈k(a, t)〉 ∝ (at)1/(1+β

∗) (solid lines) for comparison.

This can lead to an heterogeneous growth of the degree within a single activity class.
So, even though the average degree time-dependence can be forecast by means of
the minimum value of β (as we show in Fig. 4.15f), the P (k, t) distribution may be
multi-modal. Indeed, we correctly catch the shape of the distribution’s peak while
we miss the tail where the outliers are found.

For what concerns the TMN dataset instead, we will show in the next chapter
that the tails in the P (k, t) distribution may stem from the bursty nature of the
datasets.

In Fig. 4.15 we present the comparison between prediction and real data for
the PRA, PRB, PRD, PRE, TMN and MPN datasets. The 〈k(a, t)〉 curve of each
activity class is shown with the time rescaled with the activity of each activity class,
i.e. t→ at. In the MPC case we use as βopt = βmin = 1.2 (the β value found in the
largest degree bins of Fig. 4.4 (b)). In all the other cases, as the βopt fits correctly
most of the curves, we use the βopt value returned by our analysis.

Finally, in Fig. 4.16 we present the degree distributions, together with the
predicted functional form of degree distribution as found in Table (4.2). In the
latter we show which parameters of the degree distribution ρ(k) can be inferred
knowing the functional form of the activity distribution F (a) and the reinforcement
strength β. The change of variable resulting from the relation 〈k(a, t)〉 ∝ (at)1/(1+β)

then fixes the scale-free parameters of the degree distribution ρ(k). As an example,
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PDF F (a) ρ(k)

Power Law a−ν k−[(1+β)ν−β]

Stret. Exp. aν−1 exp [−λaν ] k[(1+β)(ν−1)+β] exp
[
−τk(1+β)ν

]
Trunc. PL a−ν exp [−λa] k−[(1+β)ν−β] exp

[
−τk(1+β)

]
Log-Normal 1

a exp
[
− (ln(a)−µ)2

2σ2
a

]
1
k exp

[
− (ln(k)−γ)2

2( σa
1+β )

2

]
Table 4.2: The functional form of the activity PDF F (a) and the predicted functional

form of the ρ(k) degree distribution as found in Eq. (4.2.18), i.e. by replacing
a → k1+β . This substitution fixes the scale free parameters of the resulting
distribution, i.e. the exponent of the power-law and of the k terms in the first
three cases, and the STD σk = σa

1+β in the Log-Normal case. The free parameters

over which we fit the degree distribution are: (i) the cut-off τ in the stretched
exponential and power-law with cut-off and (ii) the γ mean value in the Log-
Normal case. The selected PDF are, from top to bottom: power law, stretched
exponential (Stret. Exp.), power law with cutoff (Trunc. PL) and the Log-
Normal distribution.

let us present the detailed procedure in the case of a power-law distributed activity.
Given the activity probability density function F (a)da we know from the solution

of the master equation that the degree and the activity are linked by the

〈k(a, t)〉 ∝ (at)
1

1+β , (4.3.1)

so that
a ∝ k1+β, (4.3.2)

and
da = (1 + β)kβdk. (4.3.3)

By substituting Eq. 4.3.3 in Eq. 4.3.1 we get

F (a)da→ ρ(k) = F (k1+β)kβdk. (4.3.4)

If F (a) ∝ a−ν we get:

F (a)da ∝ Ca−νda

ρ(k)dk ∝ F (k1+β)kβdk = Ck−[(1+β)ν−β]dk. (4.3.5)

The same procedure can then be repeated for other functional forms of the F (a)
(we present the results in Table (4.2)).

4.4 Dynamical processes

As a first insight on how the temporal dimension and the correlations of human
activity affect dynamical processes, we investigated an epidemic spreading process

102



101 102

Degree k

10−5

10−4

10−3

10−2

10−1

ρ(
k)

(a)

101 102

Degree k

10−5

10−4

10−3

10−2

10−1

ρ(
k)

(b)

101 102

Degree k

10−5

10−4

10−3

10−2

10−1

ρ(
k)

(c)

101 102

Degree k

10−5

10−4

10−3

10−2

10−1

ρ(
k)

(d)

101 102

Degree k

10−5

10−4

10−3

10−2

10−1

ρ(
k)

(e)

101 102 103

Degree k

10−7

10−6

10−5

10−4

10−3

10−2

10−1

ρ(
k)

(f)

Figure 4.16: The degree distribution ρ(k) for: (a) PRA, (b) PRB, (c) PRD, (d) PRE, (e)
PRL and (f) TMN (blue circles). We compare the results with the predicted
behavior of Table (4.2) given the parameters of Table (4.1) (red solid lines).
We use the single value of βopt defined by Eq. (4.1.6) in all the cases. As in
Fig. 4.2 we show the data and fit ranging from the lower bound to the 99.9%
of the measured data, thus excluding from the visible area the top 0.1% of the
degrees values.
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on top of an activity driven network. Indeed, the effects introduced by communities
and time-varying connectivity patterns on dynamical processes have been scruti-
nized separately. However, the two attributes are deeply connected. The presence
of groups, think for example the interactions network of students in a school, in-
troduces specific dynamical constraints that deeply affect the outcome of spreading
processes [72,163,172–174].

4.4.1 Modular structure

Here we implement a memory-less version of the activity driven model in which
we plug links reinforcement and correlations on edges activation by means of an
imposed community structure of the network. In other words, nodes are grouped
in communities of different sizes and are more likely to call nodes belonging to
their same community rather than alters outside their group. Here we try to study
the interplay of these two features. To this extent, we introduce a model of time-
varying networks with tunable modularity, able to capture several features of real
temporal graphs. We derive a complete analytical characterization of the model,
and we study the behavior of the Susceptible-Infected-Recovered (SIR) and the
Susceptible-Infected-Susceptible (SIS) epidemic processes unfolding on its fabrics.

Remarkably, while the presence of tightly connected clusters inhibits SIR pro-
cesses, it favorites the spreading of SIS-like diseases. Indeed, using simple physical
and statistical arguments we show that the interplay between time-varying and
modular properties lower the epidemic threshold of SIS dynamics.

In practical terms, we consider a heterogeneous population of N nodes each of
them characterized by an activity rate ai extracted from a distribution F (a) ∝ a−ν ,
with a ∈ [ε, 1]. Furthermore, each node is assigned to a group/community. To
consider empirical evidences the size of each community is extracted from a heavy-
tailed distribution, i.e. P (s) ∝ s−ω with s ∈ [smin,

√
N ] [261, 262]. Given these

settings a dynamical model of the network’s evolution is defined by the following
steps (see Fig. 4.17(a)). At each time t, the network, Gt, starts with N disconnected
nodes. With probability ai∆t each vertex i is active and willing to create m con-
nections. With probability µ each link is generated within the node’s community,
and with probability 1−µ with nodes in any other groups. In both cases nodes are
selected randomly. At the next time step t + ∆t all the edges in Gt are deleted.
All the interactions have a constant duration ∆t. In the following, without loss of
generality, we fix ∆t = m = 1. We present a detailed analytical analysis of the
evolving network in Appendix A.1.

4.4.2 Results

Let us turn our attention on the dynamical properties of SIR and SIS processes
unfolding on the proposed model (we refer to Section 3.4.2 for the processes defi-
nition and evolving rules). Specifically, we focus on a central concept of contagion
phenomena: the epidemic threshold. This quantity defines the conditions necessary
for the spreading of the illness. In annealed networks the threshold is determined by
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Figure 4.17: (a) Schematic representation of the model. In red we show active nodes.
Straight lines and arcs describe links connecting nodes in the same or in differ-
ent communities respectively. In the bottom right panel we show the integrated
network obtained as the union of G1, G2, G3.
(b) Panel A: R∞ as a function of β/γ for SIR processes diffusing on Twitter
(red squares) and on the randomized Twitter dataset (blue circles). Panel B:
L as a function of β/γ for a SIS models evolving on the same two networks.
Each point is the average of 102 independent simulations started from 1% of
random seeds. We fix γ = 0.5.

the moments of the degree distribution P (k), while in static graphs the expression
is given by the principle eigenvalue of the adjacency matrix A. In time-varying
networks instead, the threshold is determined by interplay between the timescales
of the contagion and network evolution processes [76,176,217,259,263,264].

Indeed, the contagion is described by a timescale, τP , defined by the recovery
time, i.e. γ−1. Instead, the network by a timescale, τG, defined by the convolution
of the activity rates, a−1, of each node. Starting from these observations, we can
derive the mean-field level dynamical equations describing the contagion process in
modular activity driven networks. Let us define the activity block variable Sta, I

t
a,

and Rta as the number of susceptible, infected and recovered individuals, respec-
tively, in the class of activity a at time t. This allows us to write the mean-field
evolution of the number of infected individuals, for a SIR process, in each group of
nodes with activity a

dtI = −γI + λ〈a〉I + λΘ + λµ
∑
s

(〈a〉s − 〈a〉)Is, (4.4.1)

dtΘ = −γΘ + λ〈a2〉I + λ〈a〉Θ +

+ λµ
∑
s

[
(〈a2〉s − 〈a2〉)Is + (〈a〉s − 〈a〉)Θs

]
, (4.4.2)

where Is and I are the number of infected in communities of size s and in the
whole network, respectively. Moreover, we defined Θ =

∑
a aIa, and Θs =

∑
a aI

s
a.

〈ax〉s =
∑

aN
s
aa

x/s describes the moments of the activity distribution in any com-
munity of size s. The epidemic threshold can be derived evaluating the principal
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eigenvalue of the Jacobian matrix of the system of differential equations in I and
Θ [176].

As expected, the spreading condition is determined by the interplay between the
timescale of the contagion process and the timescales of the network. In the oppo-
site limit µ → 1 networks are extremely modular. Fluctuations become important
and the symmetry between SIR and SIS breaks, as we already shown in Section 3.4.2.

In order to numerically determine the threshold of SIR models we study the final
fraction of recovered nodes, R∞, as a function of β/γ. Indeed, this quantity acts as
order parameter of a second order phase transition [15]. For SIS processes instead,
the order parameter is the final fraction of infected individuals, I∞. The numerical
estimation of this quantity is challenging as requires the precise determination of
endemic configurations. For this reasons we follow Ref. [217] measuring the life
time of the disease, L, that acts as the susceptibility. This quantity is defined as
the average time the disease needs to either die out or reach a macroscopic fraction,
Y , of the populations. Without loss of generality, we start our simulations setting
1% of randomly selected nodes as initial infected seeds, γ = 0.01, and Y = 0.5.

Although, the modeling framework presented captures realistic activity and com-
munity size distributions it completely neglects others important features of real
networks such as burstiness, and more complex temporal/structural correlations. It
is then crucial grounding the picture emerging from synthetic models with a real
world system. To this extent, we consider the online temporal, and modular net-
work of Twitter Mention Network. We focus on tree months of data coarse-grained
at a time resolution of one day. To single out the effects introduced by communities
on contagion processes, we consider also a randomized version of the dataset. Here
the interactions at each time are shuffled, modules are destroyed, but the sequence
of activation times for each node, the final time integrated degree distribution, and
the degree distribution at each time step are preserved. Using these two networks
we study the dynamical properties of SIR and SIS processes unfolding on their
structure. In Figure 4.17(b)A-B we present the results. Interestingly, the modular
properties of the real network seems to slightly influence the threshold of SIR mod-
els. Nevertheless, the presence of communities reduces the impact of the disease,
i.e. final the number of recovered nodes. In the case of SIS processes instead, com-
munities have a larger effect shifting the threshold to smaller values. These results
qualitatively confirm what observed in synthetic systems.
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Chapter 5

Letting burstiness in

So far we measured, characterized and modeled two of the three main mechanisms
playing a central role in social networks evolution: the individual’s activity and its
social capital allocation. The missing ingredient is burstiness. Here we present a
preliminary analysis and modeling of bursty behaviors within the activity driven
framework.

In Section 5.1 we first present the preliminary measure aimed at the burstiness
characterisation. Given these results, we introduce the analytical framework used
to develop and inspect the dynamical model. We solve the model and show the
relevant results concerning the asymptotic behavior and the scaling properties of
both the P (k, t) distribution and average degree 〈k(a, t)〉. We then test our results
against numerical simulations and check the analytical predictions on real-world
datasets.

Finally, in Section 5.2 we point out some of the shortcomings of the models
presented up to this point together with some considerations on activity driven
models. This discussion will then lead us to the next chapter, in which we will
introduce a novel approach to the development of temporal and dynamical models
of real-world social networks’s evolution.

5.1 The model

In the following we analyze the seven real world datasets presented in the previous
chapter to characterize and measure their burstiness. Based on these measures, we
further improve our activity-driven-like model so as to account both for the rein-
forcement process of ties and the bursty inter-event time distribution. Especially,
burstiness is encoded by enforcing a skewed inter-event time distribution while the
reinforcement mechanism is still defined as before.

We then build the analytical framework and solve the system dynamics in the
long time limit, finding a non trivial phase diagram for the interplay of the two in-
troduced mechanism. Indeed, we find situations in which the burstiness governs the
evolution of the network and others where the dynamics is completely determined
by the social capital allocation process. Interestingly, if reinforcement is sufficiently
strong, burstiness can be sub-leading even in the presence of large inter-event time
fluctuations.
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Once we analytically derived the predictions on the relevant network’s quantities,
we test them against numerical simulations and empirical the datasets featuring
burstiness.

As a matter of fact, we find the burstiness to be strong enough to change the
asymptotic predictions with respect to the previous chapter in only one dataset, i.e.
the twitter mentions network. We then repeat the comparison between analytical
prediction and empirical data finding a good agreement between the two.

5.1.1 Burstiness characterization

The first empirical measure we carry out regards the inter-event time distribution
for the various datasets. As we showed in Section 3.5 this is the first fingerprint of
a bursty behavior as well as the easiest way to implement it in a model.

As we show in Fig. 5.1, the waiting time distribution Ψ(wi) is found to approx-
imately fall as a power-law in the right tail in all the three layers of human activity

we examine, i.e. Ψ(wi) ∼ w−(1+α)
i .

Since in the TMN (APS) datasets the data are daily (monthly) aggregated we
infer the inter-event time distribution for wi . 24h (wi . 1month) by assuming the
events done by a node within a single day (month) to be homogeneously distributed
during the 24 hours of the day (30 days of the month). As we are measuring the

α exponent leading the Ψ(wi) ∝ w
−(1+α)
i in the right tail of the distribution this

assumption does not change the resulting α. The MPN datasets is instead time-
resolved to the second, so that we can accurately measure the inter-event time
distribution with no approximations at all.

In Fig. 5.1 we show that the values of the exponent α differ from one dataset
to the other. In particular we found the MPN and all the APS datasets to feature
values of α and reinforcement strength β that, as we will show later, introduce
no corrections to the analytical prediction of the model presented in the previous
chapter.

On the other hand, the TMN dataset features an α . 1. With this exponent
value, the results here presented introduce some corrections in both the functional
form of the P (k, t) and the average degree growth.

For what concerns the reinforcement process, we use the parameters and func-
tional form as shown in the previous chapter as this measure is time-independent.
Specifically β = 0.47 exponent in the TMN.

We also checked that sorting the nodes accordingly to their average inter-event
time τi and final degree ki instead of by their activity does not change the measured
value of β that reads β = 0.50 instead of β = 0.47.

5.1.2 Analytical results

The activity driven time-varying network formalism described so far belongs to the
family of the Poisson processes, as for each node we have a characteristic time length
τi ∼ 1/ai of the inter event time distribution P (wi) (i.e. the time wi between two
consecutive social interactions of node i). Moreover, the distribution features a
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Figure 5.1: The waiting-time distribution Ψ(wi) for (a) Mobile phone network (circles),
(b) the co-authorship network of the Physical Review B journal (squares), and

(c) the TMN. We also show the fitting curve of the right tail Ψ(wi) ∝ w−(1+α)i

giving α ∼ 1.45 for the mobile calls dataset, α ∼ 2.1 for PRB and α = 0.95
in the TMN. Given these results, and provided that the (minimum) value of β
found in the mobile phone call dataset is βmin = 1.2 we conclude that the first
two system are above the α = (2β+2)/(2β+1) curve, thus falling in the SupBR
regime. The TMN falls in the StrBR region instead.
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finite variance as the fluctuations of the inter event time are of the same time scale
of τi itself.

This is at variance with the preliminary measures of Section 5.1.1, where we
found a strongly heterogeneous waiting time distribution P (wi)that can be well ap-
proximated by a power-law decay in the long time limit.

Given these insights, we implement the bursty nature of human dynamics by
replacing the activity driven network with an imposed inter event waiting time wi
for node i drawn from a power-law distribution Ψ(wi):

Ψ(wi) =
α

τ−αi
w
−(1+α)
i , wi ∈ [τi,+∞), (5.1.1)

where α is the exponent characterizing the distribution and τi is the lower cut-off
of the distribution. The latter represents the characteristic timescale for the node
i, i.e. τi ∼ 1/ai, as the γ-th moment of the distribution Ψ(wi) reads 〈wγi 〉 ∼ τγi .
Therefore, if we let also the τi to be heterogeneously distributed as

Φ(τi) ∝ τν−1
i , (5.1.2)

for small τi, we obtain a network in which the corresponding activity potential ai
is broadly distributed. In particular the activity distribution behaves as F (ai) ∝
a
−(ν+1)
i for large ai.

By adding the reinforcement process in the picture we can now formulate our
developed model. We start defining the network G containing N nodes. Initially,
we assign to each node i a lower cut-off τi of the inter event time distribution
accordingly to Eq. (5.1.2) and we then set the integrated degree ki = 0 for all
nodes. We start the evolution of the system by extracting, for each node i, the time
wi at which the node will get active for the first time. We then activate one node at
a time by their next activation time. When active, an agent i calls a new, randomly
chosen agent in the network with probability pi(ki) = (1 + ki/ci)

−βi ; in this case
the value of ki is increased by one both for the connecting and the connected nodes.
Otherwise, with probability 1−pi(ki), the agent i interacts with a randomly chosen
node which have been already connected to i. The interaction is then removed and
we fix the time of the next activation for node i by drawing a waiting time wi from
the probability distribution of Eq. (5.1.1).

Given this definition of the model, we can write the master equation (ME) in the
single agent approximation, i.e. agents can only attach to other nodes and never get
contacted by them. In this approximation, the problem can be analytically solved.
In the single agent approach τi is fixed to the value τi = τ0 of the considered agent.
Using these assumptions, let us call Q(k, t) the probability that an agent makes a
call at time t and after the call its degree is k. The ME governing the evolution of
Q(k, t) then reads

Q(k, t) = C̃
∫ +∞

τ0

Q(k − 1, t− t′)
t′α+1

cβ

(c+ k − 1)β
dt′+

C̃
∫ +∞

τ0

Q(k, t− t′)
t′α+1

(
1− cβ

(c+ k)β

)
dt′ + δ(k, 0)δ(t, 0),

(5.1.3)
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where α is the exponent driving the inter-event time distribution P (t) = C̃t−(α+1)

and C̃ is the normalization constant C̃ = ατα0 . The first term accounts for the
probability that the nodes gets active and calls, with probability pi(k), a never
contacted node, while the second term accounts for the probability for the active
node to contact an already contacted neighbor.

The P (k, t) distribution

To obtain the probability distribution P (k, t) that the agent has degree k at time t
we must integrate Eq. (5.1.3) so that:

P (k, t) =

∫ t

τ0

dt′Q(k, t− t′)
∫ +∞

t′
dτ

1

τα+1
. (5.1.4)

Let us perform the Fourier Transform of Eq. (5.1.3) in time, by sending the
integration variable t→ (t− t′) we get:

Q̃(k, ω) =

C̃
[

cβ

(c+ k − 1)β
Q̃(k − 1, ω)

∫ ∞
τ0

eiωt
′

t′α+1
dt′+(

1− cβ

(c+ k)β

)
Q̃(k, ω)

∫ ∞
τ0

eiωt
′

t′α+1
dt′
]
+

δ(k, 0).

(5.1.5)

By taking the limit k →∞ of Eq. (5.1.6) we end up with

Q̃(k, ω) =

C̃
[( c
k

)β [
Q̃(k − 1, ω)− Q̃(k, ω)

] ∫ ∞
τ0

eiωt
′

t′α+1
dt′ + Q̃(k, ω)

∫ ∞
τ0

eiωt
′

t′α+1
dt′

]
+

δ(k, 0).

(5.1.6)

The issue is now to compute the integral appearing in Eq. (5.1.6). There are
three intervals of the exponent α leading to three different results. We present the
detailed derivation in Appendix A.2, while we resume here the main results.

In particular we find the P (k, t) distribution to be:

P (k, t) '



1

(t/τ0)
α

1+β
fαβ

(
A′α,β

k

(t/τ0)
α

1+β

)
if α < 1,

1

(t/τ0)
1
α−

1
(1+β)

fαβ

(
A′α,β

k−v(t/τ0)1/(1+β)

(t/τ0)
1
α−

1
(1+β)

)
if 1 < α < 2β+2

2β+1 ,

1

(t/τ0)
1

2(1+β)

exp

−Aβ
(
k−Cβ(t/τ0)

1
1+β

)2

(t/τ0)1/(1+β)

 if α > 2β+2
2β+1 ,

(5.1.7)

where fαβ(x) is a non-Gaussian scaling function (see [265]), v is the drift velocity
of the peak of the distribution and Aα,β, Aβ and Cβ are constants depending on α
and β.
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Figure 5.2: The phase diagram for the scaling behavior of the system. We report the
delimiting lines of the different scaling regions as found in Eq. (5.1.7). Specif-
ically for α < 1 we are in the Strong Burstiness Regime (StrBR). On the
other hand in the 1 < α < 2 region we find two different behavior and we
report the delimiting curve α = (2β + 2)/(2β + 1) as found in the second case
of Eq. (5.1.7) (dashed line). For α below the delimiting line we find a Weak
Burstiness Regime (WBR), while above the line we fall in the Suppressed
Burstiness Regime (SupBR). We also show the position on the phase diagram
of the simulations presented in this work: we test the transition between the
WBR and SupBR regimes in Fig. 5.3 (yellow tags), while in Fig. 5.4 we present
the results corresponding to the StrBR and SupBR regions (white and blue
tags).

The average degree 〈k(t)〉
As a consequence of Eq. (5.1.7), we also show the expected growth of the average
degree 〈k(t)〉:

〈k(t)〉 ∝


tα/(1+β) if α < 1,

t1/(1+β) if α > 1.

(5.1.8)

The dynamical phase diagram is summarized in in Fig. 5.2. For α < 1, bursti-
ness strongly affects the behavior of the system: the exponents governing the scaling
of the P (k, t) distribution and the growth of the average degree 〈k(t)〉 depend on
the value of α and β. In such Strong Burstiness Regime (StrBR) the scaling
function fαβ(x) is not Gaussian and the exponent leading the growth of 〈k(t)〉 de-
pends on both the burstiness exponent α and the reinforcement strength β. On the
other hand, for α > (2β + 2)/(2β + 1) we have a Suppressed Burstiness Regime
(SupBR), where the dynamics is independent of α and the reinforcement driven
behavior, is fully recovered with a Gaussian scaling function and a connectivity
growing as t1/(1+β). Finally, for 1 < α < (2β+ 2)/(2β+ 1) the average connectivity
grows as as t1/(1+β) as in the systems without burstiness, while the scaling function
is not Gaussian and its scaling length depends on the burstiness exponent α; we
will name this behavior Weak Burstiness Regime (WBR).

Degree distribution ρ(k)

The degree distribution can be evaluated recalling the scaling form of P (k, t) in the
different phases of the system. In particular, starting from Eqq. ( 5.1.7) and ( 5.1.8)
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we can evaluate, at fixed time t, the ρ(k) distribution finding:

ρ(k) =

∫ τmax

τmin

F (τ0)P (k, t)dτ0, (5.1.9)

where F (τ) is the distribution of the lower-cut off τ , i.e. the lower cut-off of the
inter-event time distribution for each agent. If F (τ) = δ(τ − τ0) the ρ(k) is trivially
the P (k, t). If we instead let the τ of the system be distributed as F (τ) ∝ τν−1 we
can evaluate the degree distribution ρ(k). Let us recall that such a distribution of
the lower cut-off τ corresponds to an activity distribution going as:

F (a) ∝ a−(ν+1), (5.1.10)

where we used the fact that a ∝ τ−1.
For the α < 1 case we get:

ρ(k) ∝
∫
τν−1τ−α/(1+β)fαβ

(
k

(t/τ)α/(1+β)

)
dτ =

=

∫
τν−1τ−α/(1+β)f ′αβ

(
τk(1+β)/α

)
dτ = [τ ′ = τk(1+β)/α] =

=

∫
k−1

(
τ ′

k(1+β)/α

)ν−1

f ′αβ

(
τ ′α/(1+β)

) dτ ′

k(1+β)/α
= Ck−[ 1+βα ν+1],

(5.1.11)

where C is a constant with respect to k.
For α > 1 we can use the scaling variable x = k − t1/(1+β) as a δ(k − t1/(1+β))

so that we recover the result of the previous chapter:

ρ(k) ∝ k−[(1+β)ν+1], (5.1.12)

the only difference being that we previously considered F (a) ∝ a−ν .

5.1.3 Numerical results

The non trivial dependence on β and α of the transition line between WBR and
SupBR highlights the complex interplay between burstiness and social capital allo-
cation occurring for 1 < α < 2; Fig. 5.3 shows that the curve α = (2β+ 2)/(2β+ 1)
marks a transition from a Gaussian to a non Gaussian scaling function, providing a
numerical support to the analytical asymptotic results of Equations (5.1.7), (5.1.8).
In particular we observe that in the Fig. 5.3 (a) panel the left tail of the long time
curve is slowly increasing and the peak of the distribution cannot be fitted with
a normal distribution as it is asymmetric with respect to the average value. On
the other hand, in Fig. 5.3 (b) we observe the opposite behavior: the long time
curve is slowly converging to the Gaussian scaling and the peak of the distribution
is symmetric and well fitted by a normal PDF.

Finally, we find that the single-agent results provide a qualitatively correct de-
scription also of the multi-agent case (where multi agents with different activity
values are present) as we show in Fig. 5.4. The main difference is, of course, that it
takes a larger evolution time for the system to converge to its asymptotic behavior.
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Figure 5.3: (color online) The scaling of the P (k, t) function for (top) β = 0.7, α = 1.35
(WBR region) and (bottom) β = 0.7, α = 1.6 (SupBR regime). In each plot
we show the P (k, t) curves of the logarithmically spaced times between t = 104

and t = 107 averaged over 105 representation of the single agent evolution. The
curves referring to the longest time t = 107 are shown in solid thick line, while
shorter times are shown in dashed lines. We show for comparison the fit of the
peak of the P (k, t) distribution with a normal distribution (black dashed lines)
that correctly matches the SupBR data (bottom) while it completely misses
the WBR case (top) as expected by looking at Eq. (5.1.7). In the insets we
plot the 〈k(t)〉 curve for the two cases (circles) and the corresponding analytical
prediction of Eq. (5.1.8) (green solid lines).
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Figure 5.4: (color online). Top: the rescaled P (k, t) distribution for τi distributed with
ν = 1.4, α = 0.5, β = 0.75. Curves refer to ten logarithmically spaced times
between t = 105 and t = 108 (dashed lines, the longest time is shown in solid
line). The data correspond to the StrBR regime. In the inset we show the
average degree growth with time for different activity classes (symbols) rescaled
sending t → t(a + 〈a〉), where a is the activity value of the class and 〈a〉 is
the average value of the activity in the system. The analytical prediction of
Eq. (5.1.8) is shown for comparison (blue solid line). (Bottom): the P (k, t)
distribution for ν = 1.2, β = 0.5 and α = 2.2, at seven logarithmically spaced
times in the 104 ≤ t ≤ 106 range. As the τi are distributed following a power-
law, we show in the inset the experimental degree distribution at the final time
(blue circles) and the analytical prediction (red solid line) of Eq. (5.1.13). In
these numerical simulation we let the system evolve with the full dynamics, i.e.
the agents can both contact and get contacted by other actors in the network.
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Figure 5.5: (a) The activity distribution F (a ∝ 1/τi) (blue squares) and the relative fit

F (a) ∝ a−(1+ν) (green solid line) giving ν = 1.25 as measured from the TMN
dataset. We also show the integrated degree distribution ρ(k) (red circles) and
the predicted behavior (blue solid line) found in Eq. (5.1.13). In the inset we

plot the waiting-time distribution Ψ(wi) (blue circles) and the Ψ(wi) ∝ w−(1+α)i

fit (red solid line) giving α = 0.95. (b) The P (a, k, t) distribution of Twitter
for a selected activity class and at different times, with the degree k rescaled
accordingly to the β = 0.47 found in the previous chapter and the just computed
values of α. In the inset we show the average degree 〈k(t)〉 growth for different
activity classes a (symbols) rescaling time as t→ t(a+ 〈a〉) as in the top panel
of Fig. 5.4. The predicted behavior of Eq. (5.1.8) is shown for comparison
(green solid line).

In the many agents model we can also consider the prediction of the degree distri-
bution at a given time among the different agents. In particular if the time scales
τi are distributed according to Eq. (5.1.2), from Eq. (5.1.7) we get that at a given
time t the degrees are distributed for large k as

ρ(k) ∝


k−[ν(1+β)/α+1] if α < 1,

k−[ν(1+β)+1] if α > 1.

(5.1.13)

In the insets of Fig. 5.4 we show that the numerical data are well described by the
asymptotic behavior in (5.1.13).

5.1.4 Comparison with empirical data

To make some contact with experimental results, we check how the rescaled P (k, t)
compare to the proposed scaling picture. We analyze the Twitter Mentions Network
(TMN) datasets where we found an inter event time distribution approximately
following a power-law (see Fig. 5.5 for details).

Notice that, given the measured value of the exponent α ∼ 0.95, we expect the
TMN system to fall in the StrBR region and indeed the data correctly scale as
expected, as one can see from Fig. 5.5.

Moreover, let us note that the measured value of α = 0.95 slightly smaller
than one introduces a small correction on the average degree growth exponent with
respect to the 1/(1 + β) of the previous chapter. This correction let the analytical
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prediction to get even closer to the empirical measure of the average degree growth
exponent.

As a last remark, the degree distribution is nicely predicted by starting from
the inter-event time distribution and the measured α and β exponents as we show
in Fig. 5.5 (a).

5.2 Perspectives

In the previous and current chapters we firstly introduced the activity driven model-
ing, and then improved it with an heterogeneous, enforced waiting time distribution.
Despite its simplicity, the model catches several large-scale quantities of real-world
networks: the asymptotic degree growth, the shape of the P (k, t) distribution and
the connection between the activity (or inter-event time) distribution and the degree
one.

As already stated, more complex and “second order” mechanisms are present
in human dynamics. For instance, the reinforcement of links do not happen by
randomly choosing an alter that a node already contacted. We showed that there
are temporal correlations making it more likely for recently activated edges to get
active again [254].

On the other hand, one cannot consider the characterization of burstiness as
complete by simply imposing a skewed waiting-time distribution. As we discussed,
there are more complex structures and cyclical temporal patterns that has to be
taken in consideration [155,157,159,160,196,208,254].

Nevertheless, our approach provides a powerful framework that can be easily
extended and improved by means of additional or different mechanisms shaping the
network evolution.

As a second consideration, we only did a preliminary analysis and characteri-
zation of dynamical processes on the Time-Varying-Networks that our model gen-
erates. Indeed, our work calls for a deeper insight on how burstiness and memory
affect not only the asymptotic properties of the network but also the outcome of
epidemics processes undergoing on top of it.

Though we characterized the response of SIS and SIR processes to the inser-
tion of correlations by means of a community structure, one should also test these
dynamical processes on top of networks generated by the model just introduced.

As one could expect, both the spreading of diseases and diffusion of rumors will
slow down because of the introduction of both reinforcement process and burstiness.
Indeed, we showed that edges reinforcement slows down SIR processes and rumor
spreading. In the same way it is easy to expect that highly fluctuating inter-event
times will act as a “quarantine” for such spreading processes. This concept can be
summarized in the recently coined “small but slow world” [186].
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Chapter 6

A novel approach to temporal
networks modeling

6.1 The need to overcome Activity-Driven approach

In the previous two chapters we introduced and developed an activity driven model
featuring burstiness and links reinforcement. The model precisely reproduces many
asymptotic properties of the real-world networks and then serves as a valid testbed
for the analysis and characterization of dynamical processes. This model repre-
sents a relevant advance in the state of the art of activity driven networks model-
ing. Indeed, it provides analytical predictions of systems featuring different mecha-
nism that are usually considered separately: the heterogeneous activity potential of
nodes, their social capital allocation and the bursty nature of human interactions.

The model, however, presents some shortcomings. There are some mechanisms
and properties usually found in real-world systems that can be hardly instilled in
this modeling framework, while some others are put by hand in the formulation
of the model. For instance, think about the heterogeneous activity and degree
distributions. These are enforced in the model by an arbitrary choice of the activity
distribution. Another delicate point regards the non-equilibrium nature of real-
world social networks as they are always found to change in size (typically growing
in time). The addition of a supplementary mechanism regulating the entrance of
nodes in the network would make the analytical approach unfeasible and increase
the modeling complications beyond the scope.

As an additional point, the reinforcement process we encoded in the model
is data-driven (i.e. empirically measured from data) and its microscopical inter-
pretation is somewhat mysterious: though we can give a physical meaning to the
reinforcement constant c and strength β that each node features, we cannot say a lot
about their origin and, most of all, give an explanation on the underlying processes
that change their values from one dataset to the other.

It is then worth asking whether is it possible or not to find a more basic modeling
framework able to reproduce some of this real-world features from first principles.
To this end, in this chapter we propose a novel approach to the modeling of social
networks based on the Kauffman’s theory of the adjacent possible [266]. This model
not only replicates all the so far analyzed asymptotic properties of empirical net-
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works, but it also naturally reproduces some of the features missed by the activity
driven model.

6.2 Correlated novelties

The Kauffman’s adjacent possible theory [266] has been initially studied in the field
of molecular and biological evolution, and it has later been applied to the study
of innovation and technological evolution. In short, the adjacent possible consists
of all those things (that could be ideas, songs, genomes, technological products,
scientific concepts etc. depending on the given context) that are just one step away
from what we are aware of or from what actually exists. The path leading to these
new things can be formed either by incremental modifications or recombinations of
existing ideas/concepts. When we accomplish to enter in contact with one of these
new things, part of our adjacent possible becomes actual and gets immediately
surrounded by a newly introduced adjacent possible, i.e. the things we can reach
always expands and advance forward in front of us just like a moving horizon. Stated
in another way, this framework predicts that once we get aware of a one new thing
we are implicitly led to encounter another.

This way of thinking applies to our daily lives in which a novelty is often en-
countered: a new song, a new friend or a new TV-series we watch. Sometimes, one
of these novelties may pave the way to a successive one: if we like a certain director
we will be more likely to watch all of his movies. In the same way, a WWW page
capturing our attention may lead us to explore some of its link to other concepts
and pages.

However, the lack of digital records on human activities in the pre-internet era
made it hard to measure if and how these commonsensical considerations actually
apply to everyday life. Now, however, the availability of large, longitudinal records
of human activity, allows for a precise measure of how everyday novelties appear in
our life and how they correlate with each other [14].

6.2.1 The single-urn model

The evolution and expansion of the adjacent possible has been recently modeled
in terms of a simplified mathematical model based on Polya’s urn [267, 268]. The
classical version of this model is generalized to allow for novelties to occur and
to trigger (facilitate) further novelties. Specifically, the model considers an urn U
containing N0 distinct elements, represented by balls of different colors (see Fig.
6.1 for details). Each color corresponds to an unique ID representing a word used
in a conversation or songs we have listened to. A given sequence S of these IDs
then corresponds to the series of words in a book or to the list of songs listened
by an individual. When we withdraw an element from the urn we annotate it in
the sequence S and put it back in the urn together with ρ additional copies of it,
thereby reinforcing that ID’s likelihood of being drawn again in later extractions.
This introduces a “rich-get-richer” dynamics leading to skewed distributions of the
number of balls representing the different IDs.
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distinct elements in the urn. These new elements represent the set of
new possibilities triggered by the novelty st. Hence n 1 1 is the size of
the new adjacent possible made available once we have a novel
experience. The growth of the number of elements in the urn, con-
ditioned on the occurrence of a novelty, is the crucial ingredient
modeling the expansion of the adjacent possible.

This minimal model simultaneously yields the counterparts of
Zipf’s law (for the frequency distribution of distinct elements) and
Heaps’ law (for the sublinear growth of the number of unique ele-
ments as a function of the total number of elements). In particular,
we find that the balance between reinforcement of old elements and
triggering of new elements affects the predictions for Heaps’ and
Zipf’s law. A sublinear growth for D(N) emerges when reinforcement
is stronger than triggering, while a linear growth is observed when
triggering outweighs reinforcement. More precisely the following
asymptotic behaviors are found (see Supplementary Information
for the analytical treatment of the model):

D Nð Þ*N
n
r if nvr

D Nð Þ*
N

log N
if n~r

D Nð Þ*N if nwr:

ð1Þ

Correspondingly, the following asymptotic form is obtained for
Zipf’s law: f Rð Þ*R{r

n , where f(R) is the frequency of occurrence of
the element of rank R inside the sequence S. Figure 1 also shows the
numerical results as observed in our model for the growth of the
number of distinct elements D(N) (Fig. 1e) and for the frequency-
rank distribution (Fig. 1j), confirming the analytical predictions.

A model with semantics. So far we have shown how our simple urn
model with triggering can account simultaneously for the emergence
of both Heaps’ and Zipf’s law. This is a very interesting result per se
because it offers a possible solution to the longstanding problem of
explaining the origin of Heaps’ and Zipf’s laws through the same
basic microscopic mechanism, without the need of hypothesizing
one of them to deduce the other. (A different mechanism that
yields both Zipf’s law and Heaps’ law has been proposed recently
in a linguistic context by Gerlach and Altmann20.) Despite the

interest of this result, this is not yet enough to account for the
adjacent possible mechanism revealed in real data. In its present
form, the model accounts for the opening of new perspectives
triggered by a novelty, but does not contain any bias towards the
actual realization of these new possibilities.

To account for this, we need to infuse the earlier notion of semant-
ics into our model. We endow each element with a label, representing
its semantic group, and we allow for the emergence of dynamical
correlations between semantically related elements. The process we
now consider starts with an urn U with N0 distinct elements, divided
into N0/(n 1 1) groups. The elements in the same group share a
common label. To construct the sequence S, we randomly choose
the first element. Then at each time step t, (i) we give a weight 1 to: (a)

Figure 4 | Normalized entropy and distribution of triggering intervals in single books of the Gutenberg dataset. (a), (b), (c) Normalized entropy of
words (as described in the main text) vs. the number of words occurrence, k. The entropy is averaged for each k over the words with the same number of
occurrences. Results are displayed for the texts David Copperfield (a), Moby Dick (b) and Iliad (in the original greek version) (c). (d), (e), (f) Results for
the distribution of triggering intervals for the same data as above. In all the cases, results for the actual data are compared with the two null models
described in the section Methods.

Figure 5 | Models. Simple urn model with triggering (a), (b) and urn
model with semantic triggering (c), (d). (a) Generic reinforcement step of
the evolution. An element (the gray ball) that had previously been drawn
from the urn U is drawn again. In this case one adds this element to S
(depicted at the center of the figure) and, at the same time, puts r
additional gray balls into U. (b) Generic adjacent possible step of the
evolution. Here, upon drawing a new ball (red) from U , n 1 1 brand new
balls are added toU along with the r red balls of the reinforcement step that
takes place at each time step. (c), (d) Urn model with semantic triggering.
Same as above except that now each ball has a label defining its semantic
context. The label is conserved during a reinforcement event (e.g., the label
A for the gray balls on panel c) while it appears as a brand new label, C, for
the n 1 1 balls added for an adjacent possible event (panel d).
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Figure 6.1: Single urn model with novelty triggering (a), (b). (a) The reinforcement step
of the evolution. An element (the gray ball) that had previously been drawn
from the urn U is drawn again, annotated in the sequence S and put back into
the urn with ρ additional gray balls. (b) Generic adjacent possible step of the
evolution: new ball (red) is withdrawn from U , noted in the sequence and put
back into U with ν + 1 brand new balls and the ρ balls of the reinforcement
step. Figure from [14].

To account for the adjacent possible expansion, when something novel occurs
the model lets the contents of the urn itself to enlarge. This is done whenever a
novel (never extracted before) element appears in the sequence S: the novel ID is
put back in the urn together with its ρ reinforcement copies and ν + 1 new distinct
IDs that are not present neither in the urn U nor in the sequence S.

Specifically, the evolution proceeds as follows:

- an element is randomly withdrawn from U with uniform probability and added
to S;

- we put back in U the extracted element together with ρ copies of it;

- if the extracted element has never appeared before in the sequence S we add
ν + 1 brand new items in the urn U .

In the last step, the ν + 1 new elements represent the set of new possibilities
triggered by the novelty, that actually expands the adjacent possible. The number
of elements N of the sequence S, i.e. the length of the sequence, equals the number
of evolution steps t we repeated the above procedure.

6.2.2 Results

The time dependence by which novelties are introduced in the system can be mea-
sured by determining the growth of the number D(N) of distinct elements found
in the sequence S after N evolution steps. Empirical measures reveal a sublinear
power-law growth of D(N) ' Nη in time, thus following the Heaps’ law [269]. As a
consequence, the entrance rate of novelties decreases over time as Nη−1.

To analytically predict the exponent η, let us note that the total number of
elements in the urn U after t evolution steps is |U|t = N0 + (ν + 1)D + ρt. The
dynamics equation for D(t) then reads

dD(t)

dt
=
UD(t)

U(t)
=

N0 + νD(t)

N0 + (ν + 1)D(t) + ρt
, (6.2.1)

where UD(t) is the number of elements in the urn that at time t have not yet
appeared in S, and U(t) is the total number of elements within the urn at time
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t. In the numerator we count νD(t) unseen balls, as each time a new element is
introduced in the sequence ν + 1 brand new elements are added to U while the
chosen element is no longer new (−1). In the long time and large D(t) limit, Eq.
( 6.2.1) can be approximated as

dD(t)

dt
=

νD(t)

(ν + 1)D(t) + ρt
, (6.2.2)

whose solution reads:

D(t) ∼



[(ρ− ν)t]ν/ρ, if ν < ρ;

ν−ρ
ν+1 t, if ν > ρ;

ν
ν+1

t
log t , if ν = ρ.

(6.2.3)

Another relevant quantity measured in real-world dataset is the frequency of oc-
currence of a given element within a temporal sequence. In particular, the frequency-
rank distribution is found to approximately fall as a power-law with exponent γ (i.e.
a Zipf’s law since this quantity is discrete) [14, 93, 270]. The frequency-rank distri-
bution is the distribution of number of occurrences by rank, in decreasing order of
magnitude. For example, if a sequence contains 10, 20 and 15 appearances of items
A,B and C, the frequency-rank distribution is 20,15,10.

In real datasets, the exponent γ fitting the rightmost part of the empirical Zipf’s
law is found in good agreement with the prediction η = 1/γ, being η the exponent
of the Heap’s law leading the growth of D(t) [158,271].

In the modeling scheme, the analytical prediction for the frequency-rank distri-
bution can be estimated by evaluating the number of occurrences ni of an element
i in the sequence S:

dni
dt

=
niρ+ 1

N0 + aD + ρt
. (6.2.4)

Then, by substituting Eq. ( 6.2.3) we find two limits:

dni
dt
'


ni
t , if ν ≤ ρ;

ρni
νt , if ν > ρ,

(6.2.5)

where ti denotes the time at which element i appeared for the first time in the
sequence. By taking into account the initial condition ni(ti) = 1 the solution of Eq.
( 6.2.5) is

ni(t) =


t
ti
, if ν ≤ ρ;

(
t
ti

)ρ/ν
, if ν > ρ.

(6.2.6)

To get the Zipf’s law describing the frequency-rank distribution of IDs in the
sequence S, we evaluate the cumulative distribution P (ni ≤ n) = P (ti ≥ t/n) =
1− P (ti < t/n), obtaining:

P (ti <
t

n
) ' n−ν/ρ, (6.2.7)
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irrespective of ν and ρ. The probability density function then reads P (n) = ∂P (ni <
n)/∂n ∼ n−(1+ν/ρ).

6.2.3 Generalization to N-urns

The single urn model can account for the exploration of the adjacent possible for
a single individual. It is then reasonable to make an attempt to extend the model
so that it can replicate the formation and evolution of social ties among many
individuals interacting in a social system.

To this end we propose a generalization of the model in which many urns are
interacting amongst them, thus mimicking social interactions between people. In
the model each urn plays the role of an individual: it is identified by a unique
identifier (ID) and it features a social circle represented by the IDs that are present
within the urn itself. The people (IDs) that a given urn will get in contact with
are then chosen from these IDs. These IDs correspond to some of the other urns
present in the system, and determine the urn (person) with whom the extracting
urn will get in contact with. Moreover, each urn contains a special set of ν + 1 IDs
(that we dubbed the urn’s sons) that are exchanged by the urn with the other urns
it gets in contact with. Thus, the generic urn i also features a father fi, whose ID
is defined to be the ID that created i as a son.

When two urns i and j get in contact we map the reinforcement mechanism of
the single urn model in the following way: i adds to its urn ρ copies of j and vice-
versa. To account for the addition of novelties of each urn we proceed as follows:
whenever two urns i and j get in contact for the first time, i passes a copy of its
ν + 1 sons to j that in turn adds them into its urn and vice-versa. In this way,
each time an urn i connects with an urn j never contacted before (i.e. the i-th urn
experiences a new contact) we facilitate the exploration of new ties and connections
for i by adding the sons of j to its urn (i.e. we let novelties to correlate with some
others).

In this way, both the size and the number of urns found in the system are chang-
ing at each evolution step. We then define the probability for an urn i to get active
at a given evolution step t proportional to its size ni, i.e. the number of balls within
the i-th urn. Once the urn i is active we select the “called” urn by a weighted
extraction among the Di IDs contained in the i-th urn. The weight of each ID is
proportional to the number of elements with that ID present in the i-th urn. In
other words, we uniformly extract an element from the i-th urn, thus accounting
for the diverse number of replicas that each ID has in the urn itself. The i-th ID
together with the extracted j-th ID (the called actor) then appear in the temporal
sequence of events S as a single contact (i, j).

In a more formal way the model is defined as follows:

1. we start with 2 urns, u0 and u1 that have the other agent in the urn (u0 has 1
copy of u1 and vice versa); the urns also contains the ν + 1 distinct identities
(IDs) of their respective sons. The urns of these 2(ν + 1) sons are initially
present in the system as empty urns; the events sequence S is initially empty;
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2. for each time step we extract a “calling” urn i with probability proportional
to the urns size and then a “called” urn j amongst the ID-s in the calling urn;

3. we then add ρ copies of i in the j’s urn and vice-versa;

4. if it is the first time that j gets called by another node it creates ν + 1 new
agents (empty urns) into the system and a copy of each of them into the j’s
urn; these ν + 1 IDs are the so called j’s sons;

5. if it is the first time that i and j get in contact we add a copy of each son
of j into the urn of i and vice-versa; it may happen that i is a son of j (and
vice-versa). In that case we omit the copy of the i (j) son of j (i) into the
i’s (j’s) urn thus copying ν sons instead of ν + 1; this procedure avoid the
possibility for a node to interact with itself;

6. another peculiar event is that a son of i (j) may already be contained in the
j’s (i’s) urn. In this case we simply put an additional copy of the son in the
respective urn as if the two ID are simply exchanging their sons. We also
checked that the inhibition of this “weak” reinforcement does not affect the
exponent characterizing the evolution of the network (i.e. the γ exponent does
not change from one case to the other).

7. after all these exchange and reinforcement are done, we note the interaction
between i and j in the main sequence S.

Each evolution step is then defined as a repetition of the 2→ 7 steps of the just
outlined procedure.

6.2.4 Analytical results

Given the definition of the model we can analytically tackle the analysis of the
asymptotic behavior of the system evolution. To this end, we focus on two observ-
ables of the system, i.e. the number of distinct IDs D(t) in the events sequence S
and the number of edges (multiplied by two) A(t) =

∑D(t)
i=1 ki(t), where ki is the

number of distinct IDs that contacted node i up to the evolution step t (i.e. the
degree of node i at time t).

To write the time dependence of the two observables we must introduce some
more quantities as to correctly take into account the different contribution to the

system evolution. In particular we define F (t) =
∑D(t)

i=1 kfi(t), i.e. the sum for each
node i of the degree of its father fi at time t. As suggested from numerical simula-
tions, this sum grows with the same time-dependence as A(t) but with a different
multiplying constant so that F (t) = fA(t). We also define p̃ to be the probability
for an urn to be connected to its “father”. Prompted by numerical simulations we
will assume this probability to be constant in time and node-independent. Finally,

we define N(t) as the total number of balls in the system, i.e. N(t) =
∑D(t)

i=1 ni(t),
where ni(t) is the number of balls in the i-th urn. Given the network definition we
have:

N(t) = N0 + 2ρt+ (ν + 1)D(t) + (ν + 1)A(t), (6.2.8)
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S = { }

(a)

S = { ( , )}

⏟
ρ
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(b)

S = { ( , ), ( , )}

(c)

S = { ( , ), ( , ), ...}

(d)

Figure 6.2: Two step of the evolution of the Polya’s urn model generalized to N urns. (a)
We start with an empty sequence S and two full urns (cyan and red) containing
a copy of their respective ID and the ν + 1 balls of their sons. The sons of the
cyan urn appear in the second row and are initially empty urns. The extraction
selects the cyan urn as the calling one. From this urn we withdraw the red ID.
The first contact is then (cyan, red). (b) We annotate this event in the contacts
sequence S and put back ρ copies of the red ID into the cyan urn and vice-versa.
As this is the first contact between these two urns we also exchange their ν + 1
sons (for instance the cyan urns passes the orange, green, and yellow IDs to the
red urn). (c) We then draw an edge connecting the cyan urn to the red one.
Future contacts between these two urns will only result in their reinforcement.
We then proceed with the second extraction. The cyan urn turns out to be the
caller urn again, but this time it withdraws the ID of its green son. As the son’s
urn is empty, it creates its ν + 1 sons elements together with their empty urns
(that are not shown for simplicity). (d) The (cyan, green) event is recorded
in the sequence and the two urns repeat the reinforcement and sons exchange
steps.
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where t is the number of evolution steps and N0 = 2 + 2(ν+ 1) is the initial number
of balls in the system.

Given these definitions, we can write the master equation (ME) governing the
evolution of the D(t). In the long time limit the differential form of this ME reads:

dD(t)

dt
=

(ν − p̃)D(t) + (ν + 1− f)A(t)

N(t)
, (6.2.9)

where we took into account that the number of balls present in the system that are
still unseen in the sequence S is the number of created sons (ν + 1)D(t) plus the
number of exchanged (and thus duplicated) sons (ν + 1)A(t) minus the copies of
the IDs already present in the sequence S. These are the D(t) copies of the IDs
extracted in S and the missing balls exchanged between a son and a father p̃D(t)
plus the F (t) copies of each ID in S around the system spread by the respective
father.

In the same way we can evaluate the master equation governing the evolution
of the degree of the single node ki(t, ti), i.e. the degree at time t of an urn whose
appearance time is ti (i.e. the time of appearance of urn i in the system). To write
the equation governing the ki(t, ti)evolution we have to account for the different
contributions to the possibility for the urn i to contact (or get contacted by) a new
ID in the network. In particular this probability is proportional to the number of
“new” balls in the i-th urn (ν + 1)(1 + ki), i.e. the sons created at the appearance
time and the copies of the sons got from the ki(t, ti) established ties. In addition
we have to sum the kfi(t, tfi) copies of the i-th ID that its father spread around
the network within the urns of its kfi neighbors. We then have to subtract the
over-counted balls, in particular the ki(t, ti) copies of i and of its sons that are no
more “new” as for each established tie we burn an ID contained in the i-th urn. We
also have to account for the possibility for the node to have contacted its father p̃
that results in the loss of one ball plus the ν/2 balls of the brothers that are counted
twice as once an ID i contacts one of its brothers j we burn two balls instead of one
(the j copy in the i-th urn and vice-versa). Gathering all the outlined terms we get:

dki(t, ti)

dt
=

(ν/2 + 1− p̃) + (ν + f)ki(t, ti)

N(t)
, (6.2.10)

being ti the entrance time of the i-th urn in the system. Considering the boundary
condition ki(t = ti, ti) = 1 and approximating N(t) ' 2ρt the solution of Eq.
(6.2.10) reads:

ki(t, ti) = −(ν/2 + 1− p̃)
(ν + f)

+ Ct(ν+f)/(2ρ), (6.2.11)

where C = [1 + (ν + 1− p̃)/(ν + f)]/t
(ν+f)/(2ρ)
i , so that:

ki(t, ti) = −ν + 1− p̃
ν + f

+

(
1 +

ν + 1− p̃
ν + f

)(
t

ti

)(ν+f)/(2ρ)

=

= −Q+ (1 +Q)

(
t

ti

)(ν+f)/(2ρ)

,

(6.2.12)
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where we set Q = (ν + 1 − p̃)/(ν + f). Now we can evaluate the A(t) sum by
substituting the just found functioning of ki(t, ti):

A(t) =

D(T )∑
i=1

ki(t, ti) '
∫ t

0
k(t, t′)

∂D(t′)

∂t′
dt′, (6.2.13)

where we dropped the i index from k(t, t′) and where we introduced the number of
urns that entered the system at t′ as the differential of the number of urns D(t).
Prompted by numerical simulation we set D(t) = qtγ , where q is an unknown
constant and γ the exponent leading the time evolution of the number of urns D(t).
By substituting Eq. (6.2.12) and the D(t) form in Eq. (6.2.13) we find:

A(t) ' γq
∫ t

0
k(t, t′)tγ−1dt′ = γq

∫ t

0

[
−Q+ (1 +Q) t(ν+f)/(2ρ)

]
tγ−1dt′ =

=

[
−Q+ (1 +Q)

γ

γ −M

]
D(t) = r(γ)D(t),

(6.2.14)

where M = (ν + f)/(2ρ). Eq. (6.2.14) tells us that A(t) evolves in time with the
same exponent of D(t) and the two are bound by a proportionality constant r(γ)
so that A(t) = r(γ)D(t). We can now solve the system by substituting Eq. (6.2.14)
in Eq. (6.2.9) getting:

dD(t)

dt
=

(ν − p̃) + (ν + 1− f)r(γ)

2ρt
D(t), (6.2.15)

where, again, we approximated N(t) ' 2ρt as we expect γ < 1. By substituting
D(t) = qtγ in Eq. (6.2.15) we get a second-order equation whose positive solution
gives us the predicted value of γ that reads:

γ =
B +

√
B2 + 4[2ν(1− f) + 2p̃f − p̃− f + 1]

4ρ

ρ,ν→∞−−−−→ 3

2

ν

ρ
=

3

2
R−1, (6.2.16)

where B = 3ν− p̃+ ν+1−f
ν+f (f − p̃) and where we introduced the ratio R = ρ/ν. Note

that the solution of Eq. (6.2.16) holds in the R > 3/2 region. For R ≤ 3/2 we
cannot approximate N(T ) ' 2ρt as the D(t) and the A(t) terms are now comparable
to the linear term 2ρt. In this case one should solve the following set of coupled
equations: 

dk(t,t′)
dt = ν+1−p̃+(ν+f)ki(t,t

′)
2ρt+(ν+1)[A(t)+D(t)]

A(t) =
∫ t

0 k(t, t′)dD(t′)
dt′ dt′

dD(t)
dt = (ν−p̃)D(t)+(ν+1−f)A(t)

2ρt+(ν+1)[A(t)+D(t)] .

(6.2.17)

We leave this task for future work.

We can now go back to Eq. (6.2.14) and substitute Eq. (6.2.16) therein to get
the proportionality constant r(γ) between D(t) and A(t) in the ν, ρ→∞ limit:

r(γ) =
3
2R−1 + 1

2R−1

3
2R−1 − 1

2R−1
= 2. (6.2.18)
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Eq. (6.2.18) tells us that the proportionality constant does not depend (in the ρ� 1
limit) on the ratio R.

As a last remark, let us note that this definition of the model generates a net-
work with a strong hierarchical structure. Indeed, the urns created as sons can only
be called for the first time from nodes belonging to a previous generation of the
network. Moreover, nodes pass to newly contacted alters their fixed ν + 1 sons,
irrespectively of their urn composition. Such a structure and evolution rules could
be relevant to model some kind of systems. Think for example to the academia
and research world: nodes appearing first in the network are the professors or the
establishment of the research in one field. Then, newly introduced nodes (the sons)
corresponds to newly enrolled students. These students can get in contact with
other nodes of the network only if they’re put in contact by their supervisors (their
fathers). Once they have been introduced outside of their circle, they can initiate to
develop and accumulate a personal set of contacts (the collaborators). However, the
initial set of ν+1 sons is the only “legacy” that a node spreads around the network,
i.e. regardless of its history and contact, the node’s sons are the only novelties that
the node will spread to others.

There are however systems in which we expect a more flexible and history-
dependent spread of neighbors and recommendations throughout the network. In-
deed, we can think of the sons passage to a newly contacted alter as a recommenda-
tion that a node is giving to the others based on its experience. Think for example
of a network of friendship. Based on the individuals’ history, one can stick with the
first friends he made in time (the sons). There could be cases where a friend found
later in time can literally emerge and overcome the already established friendships
by repeated contacts and interactions with a node. This reflects in the fact that
when we enter in contact with new pals we transfer to them a sample of our current
social circle and not a snapshot of our initial ego-net. In other words, a new friend
we meet is more likely to get in contact with our most frequented friends rather
than our historically first ones.

That is why the model has to be generalized so as to let nodes spread a sample
of their urns instead of their sons. This mechanisms allows both to break the rigid
hierarchical structure of the network and to mimic in a more realistic way the social
interactions. However, we leave this task for future work and here we will only
discuss the previous version of the model.

6.2.5 Numerical results

The first quantity we measure is the γ exponent leading the growth of both the D(t)
and A(t) quantities. As we show in Fig. 6.3, the exponents measured in numerical
simulations are found in very good agreement with the analytical prediction for
various values of R.

Let us note that, as expected, the analytical predictions applies to numerical
data for R > 3/2. Moreover, we observe that the probability p̃ for a node to be
connected to its father, the ratio f = F (t)/A(t) and the proportionality constant
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Figure 6.3: (a) The exponents γ as a function of ρ for different values of the ratio R (see
legend). We show the exponent γ from the fit of D(t) (black symbols), A(t)
(blue symbols) and F (t) (red symbols). For every ratio analyzed we plot the
prediction of Eq. (6.2.16) (solid lines) together with the asymptotic values of
γ (dashed lines). (b) The constants of proportionality r(γ) (blue symbols) and
f (linking F (t) = f · A(t)) (red symbols) for different values of ratio R as a
function of ν. We also show the r(γ) = 2 asymptotic limit (black dashed line).
(c) The p̃ probability for an urn to be attached to its father as a function of
ν for different ratios R. As in the previous case the curves seems to collapse
in a single behavior (or they weakly depends on R). (d) The numerical D(t),
A(t) and F (t) curves (solid lines) and the predicted time dependence tγ (cyan
dashed line). The simulations refers to a system with ρ = 16, ν = 8 (hence
R = 2) and an evolution time of 106 steps.
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r(γ) all seem to weakly depend on the ratio R, as they collapse on a single behavior
when plotted against ν instead of ρ as we show in Fig. 6.3.

6.2.6 Making contact with the TVN framework

So far, we focused on the asymptotic growth of the size D(t) of the sequence S and
on the (double) number of links A(t) found in the network.

Though the results are interesting and resembles some of the asymptotic prop-
erties of real-world time-varying networks, we are just scratching the surface. Re-
markably, we can go deeper and show that the contact sequences generated by such
a model can be put in closer correspondence with empirical datasets. Indeed, the
model here introduced basically generates a sequence of contacts amongst nodes in
a network. So what if we pretend that these data are an empirical dataset and we
analyse it with the tools and procedures outlined in Chapter 4? Remarkably many
of the previously measured real-world networks properties are found together with
other features that were completely missed by the previous activity driven model.

As a first insight, we show in Fig. 6.4 (a,b) the analysis of the correlation between
the measured activity ai of a node and its entrance time ti (i.e. the time, in events,
at which the node appears for the first time in the temporal sequence).

As one can see, the activity of a node correlates with the inverse of its entrance
time in the numerical simulations. The situation is of course more heterogeneous in
the TMN datasets even though we can observe a weak diagonal pattern even here.
Moreover, as shown in Fig. 6.4 (d), the size of the empirical sequence D(t) grows fol-
lowing a Heaps’ law (i.e. D(t) ' tγ with γ < 1), as we already found in Fig. 6.3 (d).

Another relevant results is that we recover an heterogeneous activity distribution
as we show in Fig. 6.5.

The activity distribution is strikingly broad, and the power-law behavior is found
for many orders of magnitude.

The more surprising results is maybe the one found measuring the attachment
probability p(k) from numerical data. As we show in Figg. 6.6 and 6.7, both the
empirical behavior and the functional form of the p(k) reinforcement function are
precisely reproduced by the synthetic data.

We show that a single value of β = βopt catches the functional form of the
p(k) function for most of the nodes’ bins. To corroborate this results, in Fig. 6.7
we show the rescaled p(k → k/cb)

1/β curves for different values of ρ and ratio R.
As we found in the empirical case, all the curves collapse on the reference curve
p(x) = 1/(1 + x), so that the empirical behavior is reproduced with high accuracy.

As an additional check, we measure the average degree growth 〈k(a, t)〉 with
time and compare the growth with the predicted functioning t1/(1+β).

We present the results in Fig. 6.8, where we show a nice agreement between
synthetic data and analytical predictions. Moreover, we also recover a Gaussian-like
distribution of the probability distribution P (k, t) as we show in Fig. 6.9.
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Figure 6.4: The activity ai vs the entrance time ti for (a) numerical simulation featuring
ρ = 3, ν = 1 and (b) TMN. The color code is logarithmically scaled (the
redder the higher count for a particular bin). We also show the reference line
ai ' 1/ti (blue solid line). (c) The number of distinct nodes in the TMN
sequence as a function of events number (blue symbols). We also show a power-
law approximation of the temporal growth D(t) ∼ t0.5 (red dashed line).
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Figure 6.5: The activity distribution F (a) (blue circles) as measured in numerical simu-
lations featuring (a) ρ = 9, ν = 3, (b) ρ = 18,ν = 6, (c) ρ = 10, ν = 5, and
(d) ρ = 20, ν = 10. We also show the power-law fit (Zipf’s law) F (a) ∝ a−ν

reporting the resulting exponent in the legends.
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line) together with the optimal value for different sets of nodes bins. The βopt
values read (a) 1.4 and (b) 2.2.
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Figure 6.7: The rescaled attachment probability p(x = k/c)1/β (symbols) as measured for
different activity classes in numerical simulations featuring (a) ρ = 9, ν = 3,
(b) ρ = 18,ν = 6, (c) ρ = 10, ν = 5, and (d) ρ = 20, ν = 10. We also show the
reference curve p(x) = (1 + x)−1 (black solid line).
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Figure 6.8: The average degree growth 〈k(a, t)〉 (symbols) as measured for different activity
classes in numerical simulations featuring (a) ρ = 9, ν = 3, β = 2.4, (b)
ρ = 18,ν = 6, β = 2.6, (c) ρ = 10, ν = 5, β = 1.7, and (d) ρ = 20, ν = 10,
β = 2.1. We also show the analytical prediction 〈k(a, t)〉 ∝ t1/(1+β) (red solid
line) together with the fit tη (dashed line, see the legends for the actual values).
In all the case we find a good agreement between the two results.

In Fig. 6.10 we also show that the measured activity distribution exponent ν and
reinforcement strength β correctly predict the µ exponent of the degree distribution
ρ(k) ∝ k−µ.

Remarkably, even in this case we find a very good agreement between synthetic
data and analytical predictions. As for the activity distribution, also the degree
ρ(k) one is found to be heterogeneous and to span with a power-law like functioning
different orders of magnitude.

As a final measure, we checked the topological differences between the networks
generated with the urns model, the activity driven ones and the empirical ones.
Specifically, we look at the average clustering coefficient 〈C〉 and the Pearson degree
assortativity r as defined in Eqq. (1.1.6) and (1.2.7), respectively.

As we show in Table (6.1), the urns model generates networks with an higher
average clustering coefficient 〈C〉 ' 0.25 with respect to the activity driven model
(in which we get networks with 〈C〉 ' 10−5). Moreover, we also find these networks
to feature a positive degree assortativity r, thus making more contact with some of
the real-world networks under considerations, specifically the ones belonging to the
APS datasets.

In this final chapter we introduced, developed and characterized a network dy-
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Figure 6.9: The rescaled probability distribution P (k, t) (symbols) as measured at different
times for a single activity class in numerical simulations featuring (a) ρ = 9,
ν = 3, (b) ρ = 18,ν = 6, (c) ρ = 10, ν = 5, and (d) ρ = 20, ν = 10. We
also show the reference Gaussian form for the long-time asymptotic limit (black
dashed line).
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Figure 6.10: The degree distribution ρ(k) (blue circles) as measured in numerical simula-
tions featuring (a) ρ = 9, ν = 3, (b) ρ = 18,ν = 6, (c) ρ = 10, ν = 5, and (d)
ρ = 20, ν = 10. We also show the analytical prediction ρ(k) ∝ k−[(1+β)ν−β]

fitting the right tail of the distribution (red solid line).
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Dataset 〈C〉 r

AD β = 1, ν = 2.1 3 · 10−5 −0.06
Urns ρ = 3, ν = 1 0.27 0.19
TMN 0.16 −0.03
PRB 0.63 0.07
PRL 0.66 0.08

Table 6.1: The average clustering coefficient 〈C〉 and the Pearson degree assortativity coef-
ficient r as found in: (i) numerical simulations on an activity driven model with
reinforcement featuring β = 1.0 and ν = 2.1, (ii) urns model featuring ρ = 3 and
ν = 1, (iii) the Twitter mention network, (iv) the Phys. Rev. B., and (v) The
Phys. Rev. Letters.

namical model based on the adjacent possible theory. Though we only presented
preliminary measures of the most relevant topological and dynamical properties of
the network, results are encouraging and calls for a deeper analysis of the generated
networks.

In particular, one of the issue is to map the time of the synthetic model with
the real-world time. Indeed, the network is changing in size and the first urns
appearing are the one more likely to become the hubs and thus to dominate the
overall dynamics. How can we map this transient to a real-world model?

Moreover, the hierarchical structure of the network generates a positive degree
assortativity that is found only in some of the analyzed datasets. As already stated,
modifications of the model so as to allow for a more “flexible” network topology
must be taken into account. To this end, the development of a model in which
the novelties spread around the network are sampled by the urns in a dynamical
way, rather than in a static one with the sons of an urn being the only exchanged
“novelties”, has to be considered.

Lastly, a rigorous temporal characterization of the model is also needed to mea-
sure the generated burstiness. Indeed, even though we did not discussed about it,
there are indications that the waiting time and inter-event time distribution are
heavy-tailed as in real-world systems. However, this feature could be due to the
serial nature of the model alone (that evolves one event at a time), so that further
investigations are necessary in this direction.

We will tackle these problems in future works. By now, let us say that this
approach seems really promising as it naturally introduces several complex features
without the need to insert them by hand in the model. Moreover, the simplified
single-version of the model has already been proved to correctly model the adjacent-
possible exploration of single-agents so that it is reasonable to expect it to apply
even to social interactions.
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Conclusion

In this work we presented the basic ideas and concepts of complex networks as well
as the modeling framework of time-varying-networks.

Within this general approach, one can analyze and characterize different pro-
cesses and problems: the heterogeneous human activation patterns, the correlations
and strategies of humans’ social exploration and the asymptotic properties of the
social networks under consideration.

In the first part of this thesis we introduced the relevant measures and quan-
tities found in network science. We presented some generative models focused on
the static representation of social networks and how the main features of real-world
networks can be replicated from a numerical and modeling point of view.

In the second part we then presented evidences calling for the introduction of a
temporal dimension in networks, thus introducing the modeling framework of time-
varying-network, focusing on the activity driven modeling scheme. We showed how
the diverse temporal activation and contact pattern affects the dynamical processes
and how the instantaneous and cumulative topologies differ.

We then focused on the modeling of correlations found in human dynamics and
social activity. Specifically, we presented a thorough measure and characterization
of the reinforcement process of social links, pointing out how people tend to interact
through already established ties rather than continuously attach to new individuals
in the network. Specifically, we find this mechanism to feature the same functional
form in very diverse layer of human interactions (mobile phone calls, Twitter men-
tions and scientific collaborations) and to be characterized by two parameters alone:
the reinforcement constant c and the reinforcement strength β.

We then framed these empirical findings in a simple stochastic model of network
evolution, and we derive a general asymptotic theory of the network dynamic, to-
gether with the general scaling laws for the time-dependence of the node’s degree
distribution and average connectivity value. We compared the analytical predic-
tions against both numerical simulations and seven real world datasets finding a
striking agreement between the two. Moreover, we also studied how correlations on
social capital investment affect dynamical processes.

Then, we let into the model the bursty activation pattern typically found in so-
cial networks. To this end we encoded burstiness on edges activation by its simplest
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formulation, i.e. by imposing a power-law distributed inter-event time distribution.
We analytically solved the asymptotic evolution of this model, finding a non trivial
phase diagram of the network evolution due to the interplay of burstiness and re-
inforcement process. Interestingly, if reinforcement is sufficiently strong, burstiness
can be sub-leading even in the presence of large inter-event time fluctuations. These
results have then been tested against numerical simulations and we also checked
their consistence with an empirical dataset featuring burstiness (the twitter men-
tions network) finding a good agreement between the two.

The introduced model represents a relevant step forward in the modeling frame-
work of activity driven networks. In particular, the model reproduces with striking
accuracy the asymptotic properties of all the analyzed real-world networks. More-
over it also provides analytical predictions accounting for both the reinforcement
process and burstiness that are found to be in very good agreement with empirical
data.

The importance of such a characterization goes beyond the analytical point
of view. Indeed, the generated contact sequences may be applied as a synthetic
testbeds to forecast the outcome of dynamical processes such as epidemic processes
or information spreading. Furthermore, the developed analytical framework allows
for a simple implementation of different functional forms of the activity distribution,
the inter-event time and the reinforcement process. It is also open to the insertion
of additional mechanism in the system dynamical evolution. This is an additional
strength of the adopted modeling framework. Indeed, we expect the continuously
growing data availability to allow for a precise measurement of new and more com-
plex mechanisms shaping the network evolution. These mechanisms will eventually
have to be taken into account in a modeling framework, and our one, thanks to its
ME formalism, provides an handy way to accomplish this task.

Though its consistent analytical predictions, the activity driven model comes
with some shortcomings. For instance, it does not capture the modular structure
of social networks and requires the system to be constant in size. Furthermore, the
heterogeneous behavior of individuals has to be put by hand within the modeling
framework (usually setting a power-law distributed activity potential) and the rein-
forcement mechanism’s functional form cannot be derived from first principles. The
latter is encoded in the model with an imposed functional form as measured from
real-world data. In the last part of this thesis we then asked ourselves whether or
not it is possible to develop a more basic model, able to reproduce all the so far
analyzed properties of empirical networks.

We tried to answer to this last question by taking advantage of the adjacent
possible theory. This theoretical framework has already been successfully applied
to the modeling of how individuals explore knowledge, ideas or an artistic field.
In all these layers of knowledge explorations, our curiosity brings us to experience
novelties and, once we encounter one novelty, we are prompted to others as our
adjacent possible (i.e. our horizon) expands. One can then reasonably expect that
a similar mechanism also applies to social exploration. This consideration let us
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tackle the modeling task from a novel point of view: social interactions are seen as
novelties occurring in our lives and thus correlates in time as one novelty paves the
way for the following one.

This mechanism is encoded in a model based on a generalization of the Polya’s
urn with triggering effect. In particular, each social interaction triggers two different
mechanisms, depending on the novelty introduced with such contact: a reinforce-
ment process (a rich-get-richer mechanism) and an insertion of novelties (expansion
of the adjacent possible).

The model generates a sequence of contacts between the nodes of the network
and naturally introduces some of the missing features that the activity driven ap-
proach could not provide: the reinforcement mechanism p(k) is naturally reproduced
(both in its functional form and in the variety of social strategies), the network size
grows in time following a Heaps’ law and the heterogeneous activity and degree dis-
tribution are automatically generated by the reinforcement mechanism. Moreover,
both the hierarchical structure and an higher clustering coefficient are reproduced
without the need of additional mechanisms or evolving rules.

The modeling framework introduced in this work paves the way to a deeper un-
derstanding of the emergence and evolution of social ties. The agreement between
the analytical predictions and observed behaviors in seven real datasets, describing
different types of social interactions, are encouraging steps in this direction. More-
over, our results are a starting point for the development of predictive tools able
to forecast the growth and evolution of social systems, based not just on regression
models, but on a more rigorous analysis of the ego-network’s dynamics.

Finally, the novel approach based on the adjacent-possible theory opens the fas-
cinating possibility to quantify the human propensity to social interactions and net-
work explorations from first principles. We also think that leveraging this modeling
perspective may give us new and appealing insight on how individuals collaborate
so as to improve the overall network’s performance or to develop innovative ideas
by being continuously pollinated by new contacts and, thus, novelties.

136



Appendix A

Appendix

A.1 Analytical solution of the activity driven model
with communities structure

We now present in a more detailed and comprehensive way the definition of the
model, the key properties of the latter and the results (both analytical and numer-
ical) found.

A.1.1 The Model

The network is defined by means of the following parameters:

- the total number N of nodes in the network;

- the activity distribution parameters, i.e. the lower cut-off ε and the leading
exponent ν, so that F (a) = a−ν for a ∈ [ε, 1];

- the lower cut-off smin, the upper limit smax and the exponent ω describing the
community size s distribution, i.e. P (s) = s−ω for s ∈ [smin, smax];

- µ, i.e. the probability that, once active, a node calls inside the community, so
that (1− µ) is the probability to call outside the community;

We initialize the network extracting N activity values from a given activity
distribution F (a) and then grouping the nodes in communities of size s drawn from
a size-distribution C(s). The latter spans the s ∈ [100,

√
N ] interval. Once we

initialized the network we let it evolve following the time-varying activity driven
framework. At each time step t we start with N disconnected nodes. Each node
gets active with probability aidt at each time step dt and call a randomly chosen
node inside (outside) its own community with probability µ (1− µ). At time t+ 1
we delete all the edges and repeat the above procedure. Each node i will then have
a set of neighbors that have been contacted or have contacted the node during the
network growth. The size of such a set is the integrated degree kT (i) of the node i.
Of these kT neighbors, kc will be inside the i’s community (community degree) and
ko = kT − ki will be external to the community.
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A.1.2 The Network growth

In order to easily describe the network growth it is worth noting that, since the
model is memoryless, the in-community degree kc and the out-community degree
ko are decoupled and can, in fact, be treated separately recalling that k = kc + ko.

Even the activity potential ai of each node can be “split” in two components:
the in-community activity µai and the complementary out-community (1 − µ)ai.
Indeed, each node will point a fraction µ of its own events toward the community,
while the remaining 1 − µ will be directed outside the community itself. Each
node will then experience a mean field of activity µ〈a〉 coming from the community
(provided that the community is large enough) and a supplementary external field
(1− µ)〈a〉 coming from the rest of the network.

The network time scales

As a first insight, let us note that the in-degree time dependence can be easily
approximated with a probabilistic consideration. Each node i of activity ai within
a community of size s has s − 1 available edges. Now, for each time step of the
dynamics, the edge eij will be created with probability µ(ai/(s − 1) + aj/(s − 1));
then, on average, each edge emanating from i will be activated with probability
c(ai, µ)/(s−1) = µ(ai+〈a〉)/(s−1). The probability P (ai, s, t) for an edge pointing
to i not to be activated after t time steps then reads:

P (µai, s, t) =

(
1− c(µai)

(s− 1)

)t
. (A.1.1)

Since the in-degree kc ∈ [0, s− 1], we can write the kc(µai, s, t) as:

kc(µai, s, t) = (s− 1) (1− P (µai, s, t)) . (A.1.2)

We also note that Eq. (A.1.1) gives us an estimation of the characteristic time
τ(µai, s) that takes for a node of activity ai to saturate the in-degree kc → (s− 1).
Indeed, we can rewrite Eq. (A.1.1) as:

P (µai, s, t) = exp

[
t ln

(
1− c(µai)

s− 1

)]
= exp

(
− t

τ(µai, s)

)
⇒

τ(µai, s) = −
[
ln

(
1− c(µai)

s− 1

)]−1

.

(A.1.3)

So, as expected, the saturation time (i.e. the typical time for kc to be of the same
order of s) decreases as the activity µai and/or the community size s grows.

Generalizing the above reasoning, the characteristic time for a community to
have the majority of the nodes saturated is obtained by evaluating the probability
Pe(µ, s) for an edge eij in a community of size s to be created (on average) in a
single evolution step, that is the number of edges activated in one step divided by
the total number of edges:

Pe(µ, s) =
2sµ〈a〉
s(s− 1)

. (A.1.4)
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The probability for one edge not to be created after t time steps is then:

Pe(µ, s, t) =

(
1− 2µ〈a〉

s− 1

)t
⇒

Pe(µ, s, t) = exp

[
− t

τc(µ, s)

]
⇒

τc(µ, s) = −
(

ln

(
1− 2µ〈a〉

s− 1

))−1

,

(A.1.5)

where τc(µ, s) represents the typical time by which the majority of the nodes of a
community has a degree kc ∼ s.

Note that, in the evaluation of both τ(µai, s) and τc(µ, s), we did not take
into account the difference between edges pointing to an active node and the ones
pointing to a less active one. Nevertheless, this is a simple estimation that, as we
will show later, correctly catches the general behavior of the in-degree kc for any
value of µ, ai and s. Besides, when computing the key features of the evolving
network, we are now able to distinguish two different regimes: the short time range
t� τ(µai, s) at which kc(t)� s and, on the contrary, the long time limit t & τc(µ, s)
where kc(t) ∼ s for any activity value ai.

The Master Equation and the P (a, k, t)

We can now write down the Master Equation (ME) for the quantities Pc(ai, s, kc, t)
and Po(ai, s, ko, t), that is, the probability for a node of activity ai belonging to a
community of size s to have degree in (out) degree kc (ko) at time t.

For the in-degree kc distribution we get the following equation:

Pc(ai, s, kc, t+ 1) = Pc(ai, s, kc, t)

µaikc
s

+
∑
j∼i

µaj +
1

s

∑
j�i

µaj

(
1− s
s

)
Pc(ai, s, kc − 1, t)

µai(1− kc
s

)
+

1

s

∑
j�i

µaj

+ Pc(ai, s, kc, t)

1−
∑
j

µaj


where

∑
j�i and

∑
j∼i are the sum over the nodes not connected with the i-th node

and the sum over the neighbors of i, respectively.
After some algebra we obtain the equation:

Pc(ai, s, kc, t+ 1)− Pc(ai, s, kc, t) =

− [Pc(ai, s, kc, t)− Pc(ai, s, kc − 1, t)]

µai − µaikc
s

+
1

s

∑
j�i

µaj

 .
(A.1.6)

By passing to the continuum limit we eventually get the differential equation:

∂Pc(a, s, kc, t)

∂t
=

−

µai − µaikc
s

+
1

s

∑
j�i

µaj

[∂Pc(a, s, kc, t)
∂k

− 1

2

∂2Pc(a, s, kc, t)

∂k2

]
,

(A.1.7)
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where we dropped the ai index since we expect all the nodes of a given activity to
behave in the same way. The first term in the r.h.s. of Eq. (A.1.7) has two different
values based on the in-degree kc of the i-th node: for t� τ(µai, s) we have kc � s
and the sum 1/s

∑
j�i can be approximated with µ〈a〉, while we can neglect the

kc/s term. On the other hand, as time passes, we converge to the kc → s limit
(t & τ(µai, s)): we can then neglect the term proportional to 1/s

∑
j�i and consider

only the µaikc/s one. As expected, in the t & τµai, s limit, the Pc(a, s, kc, t) time
derivative goes to zero, as it will tend to δ(kc − (s− 1)).

Let us focus on the t � τ(µai, s) limit. When discarding the kc/s term, a
solution of the above equation is:

Pc(a, s, kc, t) = C exp

[
−(kc − µ(a+ 〈a〉)t)2

2tµ(a+ 〈a〉)

]
, (A.1.8)

where C is a normalization constant.
For the out-degree ko, by following the same procedure, we recover the same

results with µ substituted by (1− µ):

Po(a, s, ko, t) = C exp

[
−(ko − (1− µ)(a+ 〈a〉)t)2

2t(1− µ)(a+ 〈a〉)

]
. (A.1.9)

Since N � smax, the out-degree ko � N for any time t of the process, thus we
assume that Eq. (A.1.9) is valid for all the time scales analyzed. Also note that,
as expected, the net effect of the parameter µ is just a time rescaling of the in-
community and out-community activity, respectively.

Then, discarding the t ∼ τc(µ, s) time range, in the t & τc(µ, s) time limit the
Pc(a, s, kc, t) converges to the δ(kc− (s− 1)) distribution. In fact, all the nodes will
have all their edges activated.

Let us now resume the results found in this section:

Pc(a, s, kc, t) ∝


exp

[
−(kc − µ(a+ 〈a〉)t)2

2µ(a+ 〈a〉)t

]
for t� τ(µa, s) or (kc � s)

δ(kc − (s− 1)) for t� τ(µa, s),

(A.1.10a)

(A.1.10b)

Po(a, s, ko, t) ∝ exp

[
−(ko − (1− µ)(a+ 〈a〉)t)2

2(1− µ)(a+ 〈a〉)t

]
for ∀t, (A.1.10c)

where we now distinguish between the in-community degree distribution Pc(a, s, kc, t)
and the out degree distribution Po(a, s, ko, t). The latter however, is independent
on the community size and we can then define Po(a, ko, t) = Po(a, s, ko, t).

So far we treated the two probability functions separately when, in fact, kc and ko
are bound by the relation k = kc+ko. The total degree distribution P (a, s, k, t) will

A.4



then be determined by the convolution of both the Pc(a, s, kc, t) and Po(a, k− kc, t)
so that:

P (a, s, k, t) =

∫ k

0
dkIPc(a, s, kI , t)Po(a, k − kI , t), (A.1.11)

where we integrate over all the possible arrangements of the k edges.
In the t � τ(µai, s) limit, by substituting Eq. (A.1.10a) and (A.1.10d) in Eq.

(A.1.11) we sum the two exponents getting:

P (a, s, k, t) =

C

∫ k

0
dkI exp

[
−(kI − µ(a+ 〈a〉)t)2

2µ(a+ 〈a〉)t − ((k − kI)− (1− µ)(a+ 〈a〉)t)2

2(1− µ)(a+ 〈a〉)t

]
,

(A.1.12)

where C is, again, a normalization constant.
By combining the two terms and after some algebra we get:

P (a, s, k, t) =

C

∫ k

0
dkI exp

[
− (kI − µk)2

2µ(1− µ)(a+ 〈a〉)t +
k2 − 2k(a+ 〈a〉)t+ (a+ 〈a〉)2tt

2(a+ 〈a〉)t

]
.

(A.1.13)

The integration over kI gives:

P (a, s, k, t) =

C

[
Erf

(
(1− µ)k√

2µ(1− µ)(a+ 〈a〉)

)
− Erf

(
− µk√

2µ(1− µ)(a+ 〈a〉)

)]

exp

[
−k

2 − 2k(a+ 〈a〉)t+ (a+ 〈a〉)2tt

2(a+ 〈a〉)t

]
, (A.1.14)

where Erf x is the error function evaluated at x. Now, let us recall that we
are working in the t � τ(µai, s) limit. If we want to evaluate the P (a, k, t) =∫ smax

smin
dsP (s)P (a, s, k, t), we then have to work in the t . mins(τc(µ, s)) so that in

every community we can use Eq. (A.1.14) as the true value of the P (a, s, k, t). The
integration over the different community size s is then straightforward since the
terms are independent on s giving P (a, k, t) = P (a, s, k, t) as found in Eq. (A.1.14).
Note that this result holds for any value of µ, N and a.

The computation of P (a, k, t) in the t & 〈τc(µ, s)〉s limit is more complicated
and we have to assume that kc = s− 1 for each node in a community of size s. The
Po(a, s, ko, t) will still be approximated by Eq. (A.1.10d). The starting point is:

P (a, k, t) =

∫ smax

smin

dsP (s)

∫ k

0
dkIδ(kI − (s− 1))Po(a, k − kI , t) =∫ smax

smin

dsP (s) exp

[
− [k − (s− 1)− (1− µ)(a+ 〈a〉)t]2

2(1− µ)(a+ 〈a〉)t

]
.

(A.1.15)

By working out the exponential term, we eventually get:

exp

[
−(k − (1− µ)(a+ 〈a〉)t)2 + (s− 1) [(s− 1)− 2(k − (1− µ)(a+ 〈a〉)t)]

2(1− µ)(a+ 〈a〉)t

]
.

(A.1.16)
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The rise of new terms proportional to s2 and ks makes it difficult to perform the
integral in Eq. (A.1.15).

We can, however, give a solution by looking at the P (a, s, k, t). When setting
Pc(a, s, kc, t) = δ(kc − (s̄− 1)), Eq. (A.1.15) reduces to:

P (a, s, k, t) =

{
Po(a, k − (s− 1), t) for k ≥ s− 1,

0 for k < s− 1.

(A.1.17a)

(A.1.17b)

In the simple case P (s) = δ(s − s̄), and P (s) = δ(s − s̄), Eq. (A.1.17) reduces
to:

P (a, k, t) =

{
Po(a, k − (s̄− 1), t) for k ≥ s̄− 1,

0 for k < s̄− 1.

(A.1.18a)

(A.1.18b)

The average degree 〈k(a, t)〉
Now that we computed the P (a, s, k, t) for both the t . 〈τ(µa, s)〉s and for t &
〈τ(µa, s)〉s limit, we can provide a simple expression for the average degree. As we
already showed 〈kc(a, s, t)〉 grows as:

〈(〉kc(a, s, t)) = (s− 1)

(
1− exp

(
− t

τ(µai, s)

))
(A.1.19)

and the ko(a, s, t) grows as the mean value of the distribution found in Eq. (A.1.10d),
that is:

ko(a, t) = (1− µ)(a+ 〈a〉)t, (A.1.20)

(A.1.21)

so that the average total degree kT (a, t) for nodes of activity a belonging to com-
munities of size s reads, for t . τ(µai, s):

〈kT (a, s, t)〉 = kc(a, s, t) + ko(a, t) = (a+ 〈a〉)t. (A.1.22)

As time grows toward the t & 〈τ(µa, s)〉s regime, we cannot approximate any-
more the kc(µa, s, t) but we insert Eq. (A.1.2), so that

〈kT (a, s, t)〉 = ko(a, t) + (s− 1) (1− P (µai, s, t)) . (A.1.23)

for t & 〈τ(µa, s)〉s.
The above equations then predict that kT (a, t) has a linear growth propor-

tional to a + 〈a〉 for short time limit (Eq. (A.1.22)) and then a transition for
t ∼ 〈τ(µa, s)〉s followed by a second linear growth proportional to (1− µ)(a+ 〈a〉).
These regimes correspond to the initial growth where both the in-community and the
put-community degree are growing linearly in time, followed by the slowing down of
the in-community degree that is saturating to s− 1 and then another linear regime
driven by the (1 − µ)(a + 〈a〉) coefficient, meaning that only the out-community
degree is growing.
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The degree distribution ρ(k)

Now that we have the expression of the average degree, it is straightforward to
write the degree distribution. At all the time scales we found 〈kT (a, t)〉 ∝ Ct,
where C is a time-independent coefficient. Then, k ∝ at, so that da = dk. If now
F (a)da = a−νda we have that:

F (a)da = a−νda ⇒ ρ(k)dk ∝ k−νdk. (A.1.24)

Eq. (A.1.24) tells us that the degree distribution ρ(k) has the same exponent of the
activity distribution.

A.1.3 Comparison with numerical simulations

To check the analytical predictions of Section A.1.2 we performed numerical simu-
lation. In particular we realized 20 representations of a network featuring:

- N = 105 nodes with modularity µ = 0.9 evolving for 105 evolution steps;

- activity potential distributed following the F (a) ∝ a−ν with ν = 2.1 and
a ∈ [10−3,1] interval;

- power-law distributed community sizes P (s) ∝ s−β with β = 2.1 and s ∈
[100,

√
N ].

In order to analyze the collective behavior of the nodes we group them by their
activity and community size, thus defining b classes of nodes. We average over the
representations of the network and for each class of nodes b we evaluate:

- Pc(a, s, t), Po(a, s, t), P (a, s, t) for t� τ(µai, s, t) and t & τ(µai, s, t);

- the average degree 〈kc(a, s, t)〉, 〈ko(a, t)〉 and 〈kT (a, s, t)〉;

- the degree distribution ρ(k).

In Figures A.1 and A.2 we present the results and the comparison with analytical
predictions concerning the in-, out-community and total degree, respectively.

As one can see, we found an excellent agreement between analytical and nu-
merical results, and the rescaling of all the observables with the characteristic time
τ(µai, s), community size s and activity potential a lets all the curves collapse on
an unique, general behavior.

As a last check we present in Fig. A.3 the comparison of the degree distribution
ρ(kc), ρ(ko) and ρ(kT ) with the predicted behavior of Eq. (A.1.24) ρ(k) ∝ k−ν ,
being ν the exponent driving the activity distribution F (a) ∝ a−ν .

Again, exception made for the ρ(kc) that saturates to the distribution of com-
munities sizes P (s), we find a good agreement between the predicted behavior and
the numerical results.
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Figure A.1: The rescaled Pc(a, s, k, t) probability distribution as found for a selected node
class at different times (symbols): (a) t . τ(µai, s), (b) t ∼ τ(µai, s) and (c)
t � τ(µai, s). The function is rescaled accordingly to Eq. (A.1.8), i.e., by

sending k → k̃ = (k − 〈k(t)〉)/〈k(t)〉1/2 and plotting P (a, k̃, t) · 〈k(t)〉1/2. In all
the figures we also plot the analytical predictions of Eq. (A.1.10) (dashed black
lines). In (d) we plot 〈kc(t)〉 for different nodes classes, i.e., for nodes featuring
different activity potential a and belonging to communities of different size s
(symbols). The data are rescaled sending the time t → t̃ = at

τ(a,s) and then

plotting 〈kc(t̃)〉/s. We also show the analytical prediction of Eq. (A.1.19)
computed for a node of activity a = 〈a〉 and belonging to a community of size
s = 〈s〉.
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Figure A.2: (a) The rescaled P (a, k, t) probability distribution for the out-community de-
gree as found for a selected node class at different times (symbols) and the
analytical prediction of Eq. (A.1.10) (black dashed line). (b) The rescaled
P (a, s, k, t) probability distribution of the total degree KT (a, s, t) as found for
a selected node class at different times (symbols) and the analytical prediction
of Eq. (A.1.14) (black dashed line). The functions are rescaled accordingly
to Eq. (A.1.8), i.e., by sending k → k̃ = (k − 〈k(t)〉)/〈k(t)〉1/2 and plotting

P (a, k̃, t) · 〈k(t)〉1/2. In (c) we plot 〈ko(t)〉 for different nodes classes, i.e., for
nodes featuring different activity potential a (symbols). The data are rescaled
sending the time t → t̃ = at and then plotting 〈ko(t̃)〉. We also show the
analytical prediction of Eq. (A.1.21) computed for a node of activity a = 〈a〉
(black dashed line). Finally, in (d) we show 〈kT (a, s, t)〉 for different nodes
classes (symbols) with the time t rescaled by the activity a. We also show the
analytical prediction of Eq. (A.1.23) for a node of activity a = 〈a〉 belonging
to a community of size s = 〈s〉 (black dashed line).
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Figure A.3: The ρ(kT ) (blue squares), ρ(kc) (green circles) and ρ(ko) (red triangles) com-
pared with the ρ(k) ∝ kν (black dashed line).

A.2 Leading terms evaluation for the model with bursti-
ness

A.2.1 Integral Contributions

Here we present the computation of the integral appearing in Eq. (5.1.6). Depending
on the value of the exponent α, we find three different results. In all the three cases
we will perform the integral by taking the ω → 0 limit, i.e. take into account only
the long-time, asymptotic region of the solution.

• 0 < α < 1: in this regime we can take the ω → 0 limit and expand the
exponential term eiωt ∼ 1 + iωt+O(t2). However, the first term proportional
to t diverges as α < 1. We can use the following trick to estimate the first
diverging contribution of the integral:

C̃ ∂
∂ω

∫ ∞
τ0

eiωt
′

t′α+1
dt′ = iC̃

∫ ∞
τ0

eiωt
′

t′α
dt′, (A.2.1)

and by defining |ω|t′ = x we get

iC̃
∫ ∞
|ω|τ0

eix sign(ω)(
x
|ω|

)α dt′

|ω| = iC̃|ω|α−1

∫ ∞
|ω|τ0

eix sign(w)

xα
dt′ =

iC̃|ω|α−1

∫ ∞
|ω|τ0

cos(x sign(ω)) + i sin(x sign(ω))

xα
dt′ ∼

iC̃|ω|α−1

[
(τ0|ω|)1−α

α− 1
+ Γ(1− α)

[
cos
(
−πα

2

)
+ i sign(ω) sin

(
−πα

2

)]]
.

(A.2.2)

Now we can integrate the last term of Eq. (A.2.2) in dω to get the leading
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term of the integral in the ω → 0 limit

C̃
∫ ∞
τ0

eiωt
′

t′α+1
dt′ ∼

∼ 1−(τ0ω)α
α

α
Γ(1− α)

[
cos
(
−πα

2

)
+ i sign(ω) sin

(
−πα

2

)]
=

= 1−(τoω)αAα,

(A.2.3)

where the 1 comes from the first term of the exponential expansion and where
we dropped the terms ∝ ω as they die out faster than the ones ∝ ωα. We also
encoded the complex constant multiplying the (τ0ω)α term in the Aα symbol.

• 1 < α < 2: in this case we can apply the same procedure of the previous case
but expanding the series to the second order, thus deriving twice with respect
to ω. The leading terms of the integral of Eq. (5.1.6) are:

C̃
∫ ∞
τ0

eiωt
′

t′α+1
dt′ ∼

1+i(ωτ0)
α

(α− 1)
+

(τ0ω)α

(α− 1)
Γ(2− α)

[
cos
(πα

2

)
− i sign(ω) sin

(πα
2

)]
,

(A.2.4)

and we define Cα = 1
(α−1)Γ(2− α)

[
cos
(
πα
2

)
− i sign(ω) sin

(
πα
2

)]
.

• α > 2: in this case it is sufficient to consider the first three orders of the
integral expansion so that:

C̃
∫ ∞
τ0

eiωt
′

t′α+1
dt′ ∼ 1 + i(ωτ0)

α

(α− 1)
− (ωτ0)2 α

(α− 2)
. (A.2.5)

A.2.2 Asymptotic solution α < 1

Using Eq. (A.2.3) we can rewrite Eq. (5.1.6) as

Aα(τ0ω)αQ(k,w) +
( c
k

)β ∂Q(k, ω)

∂k
= δ(k, 0). (A.2.6)

To solve the equation we introduce the variable h = k1+β so that:

Aα(τ0|ω|)αQ(h, ω) + cβ(1 + β)
∂Q(h, ω)

∂h
= δ(h, 0). (A.2.7)

We Fourier transform this equation in space sending h→ q getting

Aα(τ0|ω|)αQ(q, ω) + icβ(1 + β)qQ(q, ω) = 1, (A.2.8)

so that:

Q(q, ω) =
1

Aα(τ0|ω|)α + iqcβ(1 + β)
. (A.2.9)
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Now let us introduce the variable h also in Eq. (5.1.4) calling R(h, ω) =
P (h1/(1+β), ω). We then perform the FT of Eq. (5.1.4) with respect to h calling q
the transformed variable and getting:

R(q, ω) = Q̃(q, ω)

∫
eiωt

′
∫ ∞
t′

C̃
τα+1

dt′dτ. (A.2.10)

The integral on the r.h.s. of the last equation is the same as the one in Eq. (A.2.3)
with α→ α− 1 so that:

R(q, ω) =
Bα|ω|α−1

Aα(τ0|ω|)α + icβ(1 + β)q
, (A.2.11)

where Bα = Aα−1τ
α
0 . This equation is the same of Eqq. (8) and subsequent in

reference [265] therefore we have

P (h, t) =
1

cβ(β + 1)(t/τ0)α
fα

(
h

cβ(β + 1)(t/τ0)α

)
(A.2.12)

where fα is the Lévy function. Reintroducing the degree variable k = h1/(1+β) we
find:

P (k, t) =
kβ

cβ(t/τ0)α
fα

(
kβ+1

cβ(β + 1)(t/τ0)α

)
, (A.2.13)

that can be rewritten as:

P (k, t) =
1

tα/(1+β)
f̃αβ

(
k

(t/τ0)α/(1+β)

)
=

1

tα/(1+β)
f̃αβ

(
k̃
)
, (A.2.14)

where k̃ = k/(cβ(β + 1)(t/τ0)α)1/(1+β) and f̃αβ(k̃) is an unknown function of k̃.
Equations (A.2.14) and (A.2.13) states that the peak of the P (k, t) distribution

(i.e. the average degree) grows as tα/(1+β).
We can show these last findings in an alternative way. Prompted by the results

of the numerical simulations we suppose a scaling form of the P (k, t) that reads:

P (k, t) ' 1

tγ
P

(
k1+β

tγ

)
h=k1+β−−−−−→ P (h, t) ' 1

tγ
P

(
h

tγ

)
. (A.2.15)

If we now compute the space and time Fourier transform of Eq. (A.2.15) calling q
the transformed variable of h we find

P (q, ω) =

∫∫
eiωt+iqh

1

tγ
P

(
h

tγ

)
dtdh =

=

∫∫
eit
′+ih′ 1

ω
G

(
h′/q

(t′/ω)γ

)
dt′dh′ =

1

ω
G̃
( q

ωγ

)
,

(A.2.16)

where we renamed ωt→ t′ and qh→ h′.
By comparing the last term of the last line of Eq. (A.2.16) with Eq. (A.2.11)

we find that γ = α so that we recover the results shown in Eq. (A.2.14).
The resulting scaling regime reads:

P (h, t) =
1

cβ(β + 1)(t/τ0)α
fαβ

(
h

cβ(β + 1)(t/τ0)α

)
(A.2.17)
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where fαβ is a non Gaussian scaling function. Reintroducing the connectivity k we
get:

P (k, t) =
kβ

cβ(t/τ0)α
fα

(
kβ+1

cβ(β + 1)(t/τ0)α

)
=

(
t

τ0

) −α
β+1

f̃αβ

 k(
t
τ0

)α/(β+1)

 ,

(A.2.18)
where we grouped the k/(t/τ0)α/(β+1) terms and where f̃βα(k̃) is an unknown, non-

Gaussian scaling function of k/
(
t
τ0

)α/(β+1)
.

Moreover the overall time scaling of the average degree of an activity class reads:

k ∼ cβ/(1+β)(at)α/(1+β) (A.2.19)

where we used the fact that τ0 is the inverse of the activity a.

A.2.3 Asymptotic solution 1 < α < 2

First of all let us compute the functional form of the Fourier transformed P (k, t).
As in the previous case, we find that the solution follows the:

1

tγ
P

(
k1+β − t

tγ

)
=

1

tγ
P

(
h− t
tγ

)
, (A.2.20)

where h = k1+β. If we now follow the same procedure as in Equations (A.2.15) and
following, we find:∫

eiωt+iqh
1

tγ
P

(
h− t
tγ

)
dtdh = [ε = h− t] =

∫
eiωt+iq(ε+t)

1

tγ
P
( ε
tγ

)
dtdh =

[(ω + q)t = t′; qε = q′] =

∫
eit
′+iε′

(
ω + q

t′

)γ
P

(
ε′

q

(
ω + q

t

)γ) dt′

ω + q

dε′

q
=

1

ω + q
g

(
q

(ω + q)γ

)
,

(A.2.21)

so that, calling ω̃ = ω + q we have P (q, ω̃) = 1
ω̃g
( q
ω̃γ

)
.

Using Eq. (A.2.4) we can rewrite Eq. (5.1.6) as

Q(k, ω) =−
( c
k

)β ∂Q
∂k

+
1

2

( c
k

)β ∂2Q

∂k2
+ iω〈τ〉Q(k, ω)+

+Q(k, ω) + ωαAαQ(k, ω) +
βcβ

kβ+1
Q(k, ω) + δ(k, 0),

(A.2.22)

where 〈τ〉 is the first momentum of the inter event time distribution (i.e. its mean
value) and the second-last term comes from the expansion of the (c/(c + k − 1))β

term. We then introduce as in the previous case the h = kβ+1 variable, so that
1/kβ · ∂/∂k → β∂/∂h and 1/kβ · ∂2/∂k2 ∼ (1 + β)2hβ/(β+1) · ∂2/∂h2. We then
Fourier transform with respect to space sending h→ q getting:

−iω〈τ〉P (q, ω)−AαωαP (q, ω) = −iβcβqP (q, ω)+

1

2
(1 + β)2

∫
eiqhhβ/(β+1)∂

2P (h, ω)

∂h2
dh+ βcβ

∫
h−1eiqhP (h, ω)dh+ 1,

(A.2.23)
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where P (h, ω) = Q(h1/(1+β), ω) = Q(k, ω). Now let us focus on the integral con-
taining the second-derivative term. We can rewrite it as:∫

eiqhhβ/(1+β) ∂
2

∂h2

∫
e−iωtP (h, t)dhdt =∫∫

eiqh
′
e−iω

′t(h′ + βcβt)β/(1+β) ∂
2

∂h′2
P ((h′ + βcβt), t)dh′dt,

(A.2.24)

where we introduced ω′ = ω−βcβq and h′ = h−βcβt. Note that we can approximate
(h′ + βcβt) ' βcβt, as we expect h′ � t. If we now integrate by parts Eq. (A.2.24)
and re-write P (h′ + βcβt, t) as

∫
eiω̃t+iq̃h

′
P (q̃, ω̃)dq̃dω̃ we get:

−q2

∫∫
dh′dteiqh

′
e−iω

′t(βcβt)β/(1+β)

∫
eiω̃t+iq̃h

′
P (q̃, ω̃)dq̃dω̃ =

= −q2

∫∫
dtdω̃e−iω

′t+iω̃t(βcβt)β/(1+β)P (q, ω̃),

(A.2.25)

where we used the fact that the integrals in dq and dq̃ give us a δ(q, q̃). Now we
insert our prediction on the P (q, ω̃) of Eq. (A.2.21). In addiction we call ω′t = t′

and, once the substitution is done, ω̃/ω′ = y getting:

− q2

∫∫
dydt′e−it

′+iyt′(βcβt′/ω′)β/(1+β)ω̃f
( q

ω̃γ

)
= − q2

ω′β/(1+β)
H
( q

ω̃γ

)
, (A.2.26)

where H(x) is an unknown scaling function.
Now, making the ω → ω′ substitution and putting the result of Eq. (A.2.26) in

Eq. (A.2.23) we get:

−iω′〈τ〉f
( q

ωγ

)
−Aα(ω′ + βcβq)αf

( q

ωγ

)
+

+
1

2
(1 + β)2

(
q

ω′
1
2
β/(1+β)

)2

H
( q

ω̃γ

)
= 1.

(A.2.27)

Now we collect an ω′ term from all the members to isolate the leading order finding

−i〈τ〉f
( q

ωγ

)
−Aα

(
ω′1−1/α + βcβ

q

ω′1/α

)α
f
( q

ωγ

)
+

+
1

2
(1 + β)2

(
q

ω
′ 1
2

(
β

(1+β)
+1

)
)2

H
( q

ω̃γ

)
.

(A.2.28)

Now if the term proportional to Aα is the leading one we find that the exponent
γ = 1/α, otherwise, if the term proportional to H(q/ω′γ) leads the evolution we
find γ = (2β+1)/(2β+2). The separation between the two cases is set at the point
where the two exponents are equal, e.g. the Aα term wins if

α <
2β + 2

2β + 1
. (A.2.29)

In the other case the term proportional to H(q/ω̃γ) wins and we recover the calcu-
lation of the previous work (see also Section A.2.4).
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Given these results, to show the scaling form of the P (k, t) distribution let us
recall the assumed scaling form of the P (k, t) of Eq. (A.2.20). As already said the
drift of the peak of the distribution goes as 〈k(t)〉 ∝ t1/(1+β), so that the variable
inside the distribution function reads:

k1+β − vt
tγ

. (A.2.30)

If we rewrite kβ+1 = (k − t1/(1+β) + t1/(1+β))1+β, we can introduce the variable
x = k − t1/(1+β) � 1 and expand Eq. (A.2.30) in x:

k1+β ' t+ (1 + β)xtβ/(1+β) +O(x2). (A.2.31)

By substituting Eq. (A.2.31) in Eq. (A.2.30) we find the distribution P (k, t) to
scale as:

1

t
γ− β

1+β

P

(
x

t
γ− β

1+β

)
, (A.2.32)

where x = k− t1/(1+β). Then in the Gaussian scaling γ = 2β+1
2(β+1) so that the scaling

form reads:
1

t
1

2(1+β)

P

(
x

t
1

2(1+β)

)
, (A.2.33)

while in the other case γ = 1
α so that the scaling form reads:

1

t
1
α
− β

1+β

P

(
x

t
1
α
− β

1+β

)
. (A.2.34)

As a last remark, we stress that, regardless of the α and β exponent, the peak
of the distribution, i.e. the average value 〈k(t)〉 grows as

〈k(t)〉 ∝ k
1

1+β . (A.2.35)

This is in good agreement with numerical simulations and also allows for the pre-
diction of the degree distribution ρ(k).

A.2.4 Asymptotic solution α > 2

Using Eq. (A.2.5) we can rewrite Eq. (5.1.6) as

Q(k, ω) = −
( c
k

)β ∂Q
∂k

+
1

2

( c
k

)β ∂2Q

∂k2
+ iω〈τ〉Q(k, ω) +Q(k, ω)+

+ω2〈τ2〉Q(k, ω) +
βcβ

kβ+1
Q(k, ω) + δ(k, 0),

(A.2.36)

where 〈τ2〉 is the second moment of the P (t) inter-event time distribution. The
calculations in this case can be done in the direct space and we recover the results
of the previous work, in particular we find the P (k, t) to scale as a Gaussian with
mean value growing as (t/τ0)1/(1+β) and variance growing as t1/[2(1+β)]:

P (k, t) ' 1

(t/τ0)
1

2(1+β)

exp

−Aβ
(
k − Cβ(t/τ0)

1
1+β

)2

(t/τ0)1/(1+β)

. (A.2.37)
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This results has the same functional form of the one found in Section A.2.3 for the
α > (2β + 2)/(2β + 1) case.
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[13] Albert-László Barabási and Réka Albert. Emergence of scaling in random
networks. Science, 286(5439):509–512, 1999.

[14] F. Tria, V. Loreto, V. D. P. Servedio, and S. H. Strogatz. The dynamics of
correlated novelties. Sci. Rep., 4, 07 2014.

[15] Alessandro Vespignani Alain Barrat, Marc Barthelemy. Dynamical Processes
on Complex Networks. 1 edition, 2008.

a



[16] Mark Newman. Networks: An Introduction. Oxford University Press, 2010.

[17] Random graphs as models of networks. Wiley-VCH Verlag GmbH and Co.
KGaA, 2005.

[18] Guido Caldarelli. Scale-Free Networks: Complex Webs in Nature and Tech-
nology (Oxford Finance Series). Oxford University Press, 2013.

[19] E. A. Leicht and M. E. J. Newman. Community structure in directed networks.
Phys. Rev. Lett., 100:118703, Mar 2008.

[20] Jussi M. Kumpula, Jukka-Pekka Onnela, Jari Saramäki, Kimmo Kaski, and
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[22] J.-P. Onnela, J. Saramäki, J. Hyvönen, G. Szabó, D. Lazer, K. Kaski,
J. Kertész, and A.-L. Barabási. Structure and tie strengths in mobile com-
munication networks. Proceedings of the National Academy of Sciences,
104(18):7332–7336, 2007.

[23] Matteo Marsili, Fernando Vega-Redondo, and Frantǐsek Slanina. The rise
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[27] Marc Barthélémy and Lúıs A. Nunes Amaral. Small-world networks: Evidence
for a crossover picture. Phys. Rev. Lett., 82:3180–3183, Apr 1999.

[28] Linton C Freeman. A set of measures of centrality based on betweenness.
Sociometry, pages 35–41, 1977.

[29] M. E. J. Newman. Scientific collaboration networks. i. network construction
and fundamental results. Phys. Rev. E, 64:016131, Jun 2001.

[30] K.-I. Goh, B. Kahng, and D. Kim. Universal behavior of load distribution in
scale-free networks. Phys. Rev. Lett., 87:278701, Dec 2001.
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[166] P. Holme and J. Saramäki. Temporal Networks. Understanding Complex
Systems. Springer Berlin Heidelberg, 2013.

[167] Akshay Java, Xiaodan Song, Tim Finin, and Belle Tseng. Why We Twit-
ter: Understanding Microblogging Usage and Communities. In Procedings
of the Joint 9th WEBKDD and 1st SNA-KDD Workshop 2007, pages 56–65.
Springer, August 2007.

[168] Haewoon Kwak, Changhyun Lee, Hosung Park, and Sue Moon. What is twit-
ter, a social network or a news media? In Proceedings of the 19th International
Conference on World Wide Web, WWW ’10, pages 591–600, New York, NY,
USA, 2010. ACM.

[169] David Liben-Nowell and Jon Kleinberg. Tracing information flow on a global
scale using internet chain-letter data. Proceedings of the National Academy of
Sciences, 105(12):4633–4638, 2008.

[170] Taha Yasseri, Robert Sumi, and János Kertész. Circadian patterns of
wikipedia editorial activity: A demographic analysis. PLoS ONE, 7(1):e30091,
01 2012.

[171] Nathan Eagle and Alex (Sandy) Pentland. Reality mining: Sensing complex
social systems. Personal Ubiquitous Comput., 10(4):255–268, March 2006.

[172] Lorenzo Isella, Mariateresa Romano, Alain Barrat, Ciro Cattuto, Vittoria
Colizza, Wouter Van den Broeck, Francesco Gesualdo, Elisabetta Pandolfi,
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J. Saramäki. Small but slow world: How network topology and burstiness
slow down spreading. Phys. Rev. E, 83:025102, Feb 2011.

[187] J. Tang, S. Scellato, M. Musolesi, C. Mascolo, and V. Latora. Small-world
behavior in time-varying graphs. Phys. Rev. E, 81:055101, May 2010.

[188] Nicola Santoro, Walter Quattrociocchi, Paola Flocchini, Arnaud Casteigts,
and Frédéric Amblard. Time-Varying Graphs and Social Network Analysis:
Temporal Indicators and Metrics. In 3rd AISB Social Networks and Multiagent
Systems Symposium (SNAMAS, pages 32–38, United Kingdom, May 2011.

[189] Matthew O. Jackson. Social and Economic Networks. Princeton University
Press, Princeton, NJ, USA, 2008.

[190] Easley David and Kleinberg Jon. Networks, Crowds, and Markets: Reasoning
About a Highly Connected World. Cambridge University Press, New York,
NY, USA, 2010.

[191] John Tang, Mirco Musolesi, Cecilia Mascolo, Vito Latora, and Vincenzo
Nicosia. Analysing information flows and key mediators through temporal
centrality metrics. In Proceedings of the 3rd Workshop on Social Network
Systems, SNS ’10, pages 3:1–3:6, New York, NY, USA, 2010. ACM.

[192] Scott A. Hill and Dan Braha. Dynamic model of time-dependent complex
networks. Phys. Rev. E, 82:046105, Oct 2010.

[193] Garry Robins, Pip Pattison, Yuval Kalish, and Dean Lusher. An introduction
to exponential random graph (p*) models for social networks. Social Networks,
29(2):173–191, 5 2007.

[194] Mladen Kolar, Le Song, Amr Ahmed, and Eric P. Xing. Estimating time-
varying networks. Ann. Appl. Stat., 4(1):94–123, 03 2010.
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ory generates heterogeneous dynamics in temporal networks. Phys. Rev. E,
90:042805, Oct 2014.

[255] M. Henkel, H. Hinrichsen, M. Pleimling, and S. Lübeck. Non-Equilibrium
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