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Abstract xxiii

CRYSTALLINE AND ANISOTROPIC, NONLINEAR OR NONLOCAL CURVATURE FLOws

Abstract

This thesis is devoted to the study of geometric flows, with particular focus on the mean curvature flow.
It is divided in two thematic parts. The first part, Part [, contains Chapters and [ and concerns
convergence results for the minimizing movements scheme, which is a variational procedure extending
Euler’s implicit scheme to evolutions having a gradient flow-like structure. We implement this scheme for
anisotropic or crystalline, nonlocal or inhomogeneous curvature flows, in linear and nonlinear instances,
and study its convergence towards weak solutions to the flows. In Chapter [4 we also pair this study
with a discrete-to-continuum limit. The second part, Part [[I} is devoted to the study of asymptotic
behaviour of volume-preserving curvature flows both in the discrete- and continuus-in-time instances.
The main technical tool employed is a new Lojasiewicz-Simon inequality suited to the study of these kind
of evolutions.

Keywords: Geometric Evolution Equations, Mean Curvature Flows, Crystalline Curvature Flows, Min-
imizing Movements

FLoT DE LA COURBURE CRISTALLINE ET ANISOTROPE, NON LINEAIRE oU NoON LOCALE

Résumé

Cette thése est consacrée a ’étude de flots géométriques, avec un accent particulier sur le flot de la cour-
bure moyenne. La thése est divisée en deux parties thématiques. La premiére partie, Partie[l} contient les
Chapitres 2] [B]et [ et concerne des résultats de convergence pour le schéma des mouvements minimisants,
qui est une procédure variationnelle étendant le schéma implicite d’Euler aux évolutions ayant une struc-
ture de type flot gradient. Nous mettons en ceuvre ce schéma pour des flots, linéaires ou non linéaires, de
la courbure anisotrope ou cristalline, non locale ou inhomogéne, et nous étudions sa convergence vers des
solutions faibles. Au Chapitre [4] nous associons également cette étude a une limite discréte-continue. La
deuxiéme partie, Partie[[l} est consacrée a I’étude du comportement asymptotique des flots de la courbure
avec une contrainte de volume, & la fois en temps discret et en temps continu. Le principal outil technique
utilisé est une nouvelle inégalité de Lojasiewicz-Simon adaptée & I’étude de ce type d’évolutions.

Mots clés : Equations d’évolution géométrique, Flot de la Courbure Moyenne, Mouvements Minimisants

Centre De Recherche en Mathématiques de la Décision, Université Paris-Dauphine
Place du Maréchal De Lattre De Tassigny — 75016 Paris — France
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Résumé de la thése

Cette thése est consacrée a 1’étude de flots géométriques, et plus particuliérement au flots de la
courbure moyenne et certaines de ses variantes. Il est divisé en deux parties thématiques. La pre-
micére partie, Partie[l] contient les Chapitres[2] [3let [d] et concerne les résultats de convergence pour
le schéma des mouvements minimisants, qui est une procédure variationnelle étendant le schéma
d’Euler implicite aux évolutions avec une structure de type flot de gradient. Nous implémentons
ce schéma pour des flots, linéaires ou non linéaires, de la courbure anisotrope ou cristalline, non
locale ou non homogéne, et étudions sa convergence vers des solutions faibles du flot de la courbure
moyenne.

En particulier, dans les Chapitres [2] et [3] nous étudions la convergence du schéma des mou-
vements minimisants dans les cas oil, respectivement, les énergies de surface sont d’un type non
homogeéne (c’est-a-dire sans invariance par translations), ou le flot de la courbure moyenne est
modifié par une non-linéarité. Nous nous intéressons & la convergence de ces schémas en temps
discret vers des solutions faibles, de type viscosité dans les deux chapitres, et de type distri-
butionnel dans le Chapitre Dans le Chapitre [d en revanche, nous considérons une seconde
discrétisation du schéma de mouvement minimisant, qui s’avére étre donc discréte en espace et en
temps. Le principal résultat de ce chapitre est une limite discréte-continue lorsque les paramétres
de discrétisation tendent vers zéro.

La seconde partie est consacrée a 1’étude du comportement asymptotique de certains flots
géométriques préservant le volume, & la fois dans le cas discrét et continu en temps. Le prin-
cipal outil technique utilisé est une inégalité de L.ojasiewicz-Simon adaptée a I’étude de ce type
d’évolution. Dans les Chapitres [f] et [5} nous nous intéressons au comportement asymptotique des
discrétisations temporelles des flots de la courbure moyenne sous contrainte de volume, dans le
cas périodique et le cas ou I'énergie de surface considérée est fractionnaire. Le dernier chapitre,
Chapitre[7] traite plutot des flots continus en temps. Nous montrons ici des résultats d’existence en
temps long et un comportement asymptotique pour le flot de la courbure moyenne sous contrainte
de volume, ainsi que pour et le flot de diffusion de surface.
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Riassunto del contenuto della tesi

Questo lavoro di tesi & dedicato allo studio di flussi geometrici, con particolare attenzione data
al flusso per curvatura media. E diviso in due parti tematiche. La prima parte, Parte [I, contiene i
Capitoli e[ e riguarda risultati di convergenza per lo schema dei movimenti minimizzanti, che
& una procedura variazionale che estende lo schema implicito di Eulero a evoluzioni temporali con
una struttura simile ad un flusso gradiente. Implementiamo questo schema per flussi di curvatura
anisotropi o cristallini, non lineari, non locali o con curvatura non omogenea, e ne studiamo la
convergenza verso soluzioni deboli del flusso della curvatura media.

In particolare, nei Capitoli [2] e |3] studiamo la convergenza dello schema dei movimenti mini-
mizzanti nei casi in cui, rispettivamente, le energie superficiali siano di tipo non omogeneo (ovvero
senza invarianza per traslazioni), oppure il moto per curvatura media sia modificato con una
nonlinearita. Ci interessiamo alla convergenza di questi schemi discreti in tempo verso soluzioni
deboli, di tipo viscoso in entrambi i capitoli, e di tipo distribuzionale nel Capitolo[2] Nel Capitolo
4l invece, consideriamo una seconda discretizzazione dello schema dei movimenti minimizzanti,
che quindi risulta essere discreto in spazio e in tempo. Il risultato principale di questo capitolo ¢&
un limite discreto-continuo quando i parametri di discretizzazione tendono a zero.

La seconda parte, Parte[[I] ¢ dedicata allo studio del comportamento asintotico di alcuni flussi
geometrici con vincolo di volume, sia in istanze discrete che continue nel tempo. Lo strumento
tecnico principale impiegato é una disuguaglianza di Lojasiewicz-Simon adatta allo studio di questi
tipi di evoluzioni. Nei Capitoliff|e[f]ci si interessa al comportamento asintotico di discretizzazioni in
tempo del flusso per curvature media con vincolo di volume, nel caso, rispettivamente, periodico
oppure in cui l'energia di superficie considerata ¢ frazionaria. L’ultimo capitolo, il Capitolo [7]
tratta invece flussi continui nel tempo. In questo caso mostriamo risultati di esistenza per tempi
lunghi e comportamento asintotico per il flusso di curvatura medio con vincolo di volume e il flusso
di diffusione superficiale, nel caso particolare in cui il dato iniziale sia una piccola deformazione
normale di un insieme periodico strettamente stabile.
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Chapter

Introduction

The primary focus of this thesis is the study of geometric evolutions, particularly those arising
as gradient flows of surface energies. Our main emphasis will be on the mean curvature flow and
some of its variants: anisotropic or crystalline, nonlinear or nonlocal, fractional, with forcing and
mobility, and volume-preserving. Additionally, we will discuss the surface diffusion flow, albeit to
a lesser extent.

1.1 General Introduction

1.1.1 Perimeter and Mean Curvature

Many physical and biological phenomena can be represented as problems of minimizing inter-
facial energies subject to various constraints. The geometric energies in these contexts typically
depend on the surface area of interfaces or on higher-order geometric features like curvature. With
surface area or perimeter of a smooth set £ C RY we mean the area of its boundary 0F, that is,
the (N — 1)—Hausdorff measure of its boundary

P(E)=HN"1(0E).

This latter definition, valid for smooth enough sets, can then be extended to a wider category of
sets thanks to the notion of distributional perimeter. Let us recall the distributional definition of
the perimeter, referring to |[145| for an introduction on the topic. Given a measurable set £ C RV,
its (distributional) perimeter is defined as

P(E) = sup {—/ divc,od”;'—lN*1 D p € CE’O(RN;RN), lp] < 1}, (1.1)
B

which is to say, it is the total variation of the distributional gradient of xg i.e. P(E) = |Dxg|(RY).

The mean curvature can be defined for smooth enough sets, say C?, starting from geometric
properties. Indeed, given a smooth set E we denote Hy(E),...,Hy_1(E) its principal curvatures.
We then denote Hg = Zi:L...,Nq H;(E), and, with a slight abuse of notation, refer to Hg as
the mean curvature of the set E. This notion can be generalized starting from the notion of
(distributional) perimeter, and considering its first variation. In our geometric setting, the first
variation of the perimeter is defined as follows. Given a set of finite perimeter £ and a vector field
X : RN — RY of class C?, consider the flow ® : RY x (0,1) — R associated to X, that is, the
solution to

0

52 =X(@), @0 =id

Then, the first variation of the perimeter of F with respect to X is defined as
d
SP(E)X] = Fl=0P(2( 1)(E)),

9
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where ®(-,t)(E) denotes the image of E through ®(-,t). Analogously, one can define the notion
of second variation of the perimeter.
Now, it is possible to show (see e.g. [145]) that the first variation of P(FE) can be represented

SP(E)[X] = / div, X dHN 1,
oO*E

where 0*F is the reduced boundary of F, and div, X = divX — (vg - X)vg, with vg being the
(measure-theoretic) outer unit normal to E. Therefore, one can define the (distributional) mean
curvature Hg of a set of finite perimeter E as the function Hg € L}, (9*E; dHN 1) (if it exists)
such that
/ div, X dHN ! = X -vgHpdHYN "
o*E o*E

One can then prove that this definition extends to sets of finite perimeter the notion of mean
curvature valid for smooth sets.

1.1.2 The Mean Curvature Flow

This thesis is focused on evolutions of sets driven by their mean curvature, as defined in the
previous section. In particular, we will treat the mean curvature flow and some of its variants,
and in Chapter [7] the surface diffusion flow. The mean curvature flow is a geometric evolution of
hypersurfaces £; C RY indexed by a time parameter ¢ > 0, that are evolving according to the
following normal velocity. For every point x on the boundary of F; and every time ¢ > 0, the
motion law is

V(z,t) = —Hg, (), (1.2)

where V' denotes the component of the velocity relative to the outer normal vector of dE;, and
Hpg is the mean curvature of the set E.

This flow has applications in Mathematical Physics, where the mean curvature flow can describe
the evolution of interfaces between different phases of a material. For instance, in the context of
phase transitions, the mean curvature flow can model the dynamics of phase boundaries [40),
156). The behaviour of biological membranes, such as cell walls, can be also modelled using
mean curvature flow, as these membranes tend to minimize their surface tension. Analogously, in
Material Sciences the (anisotropic or crystalline) mean curvature flow is used to model the process
of grain growth in polycrystalline materials [114} 40, |156]. Grain boundaries, which are interfaces
between different crystalline regions, tend to move in a way that reduces the overall surface energy,
following the mean curvature flow [157, |115} |16]. In Image Processing and Computer Vision, the
mean curvature flow is applied for image smoothing and denoising |11, 54]. By evolving the image
contours according to the mean curvature flow, noise can be reduced while preserving important
features of the image. More recently, interesting applications arose in the field of Data Analysis
and Artificial Intelligence 33| [34].

This evolution is also particularly interesting from a mathematical perspective, as it can be
formally seen as the gradient flow of the perimeter with respect to a suitable norm on the space of
forms. This implies, for instance, that the perimeters of the sets F; are non-increasing along the
flow, which can be easily checked from and using the first variation formula for the perimeter
recalled above. Indeed

d _
3 DE®) :/ VHpgudHY ! = */ H7, ;) <0.
o o

One the one hand, the mean curvature flow is one of the most studied geometric flows, mainly due
to the availability of a comparison principle holding for . In the present geometric setting,
with comparison principle we mean roughly the following statement. If two initial data satisfy
Ey C Fpy, then the flows defined by starting from FEy, Fy will satisfy the same inclusion as
long as they exist. For the evolution law (1.2), this property essentially follows from the remark
that if £ C F and « € OE N JF, then Hg(x) > Hp(x). This property becomes crucial in many
definitions of weak solutions, for instance allowing the use of the level-set method 162, which
can be tackled by considering viscosity solutions [58) |87 173, 104] or distributional solutions [55]
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to , as discussed later on. Note that, while the above discussion on the comparison principle
largely holds for the anisotropic or crystalline mean curvature flow, it is no longer true if one
considers a volume-preserving version of law (1.2)). This modification can be achieved for instance
by adding the forcing |, oz, HE, dHN=1 in In this case the comparison principle does not
hold anymore and the mathematical study of weak solutions to the flow becomes much harder.

On the other hand, the study of the evolution law presents many mathematical difficulties,
mainly caused by the possible appearance of singularities of different kinds, even in a finite time-
span and even if the initial data is smooth. For example, we can see merging or collision of near
sets, pinch-offs or shrinking of connected components to points [112} (148, 149]. After the onset of
singularities, the classical or smooth formulation of the flow ceases to hold and needs to be
replaced by a weaker one.

Classical or smooth solutions to can be defined solving a parabolic PDE associated to
the evolution. The idea is that any initial datum Ejy can be parametrized over a fixed reference
surface ¥ by a height function ug = u(-,0). Then, imposing that the evolving surfaces E; are all
parametrized over ¥ by functions u(-,t), one finds that u satisfies a parabolic Cauchy problem.
The principal part of the evolution operator is the Laplacian, so the flow enjoys nice smoothing
properties and a priori estimates, but only for a short time. This procedure ensures that, whenever
the initial datum is a smooth hypersurface, the flow exists for a short time and it is composed
of smooth sets. Smooth solutions are well-defined as long as singularities do not develop, after
which one may invoke weak solutions instead. A nice reference for this classic subject is [147].

Concerning weak solutions to the mean curvature flow, we have by now many different notions
of weak solutions. Without intending to be exhaustive, we cite Brakke’s solutions [32], viscosity
solutions |87, [58, 173} [104], flat flows [8], |144, [155] and BV solutions 144} 155|, and distributional
solutions [55} 52, [53|. Let us discuss some of these weak notions, as the first part of the thesis is
closely related to an approximation procedure used to prove existence for these solutions.

1.1.3 BYV Solutions and the Minimizing Movements Scheme

Following [144], denoting RY := RY x [0,T), we say that a map y : RY — {0,1} €
L>((0,T); BV(RY)) is a BV solution to if the following conditions hold: there exists
v:RN - R e LY((0,T); L*(|Dx(+,t)|)) such that for every ¢ € C(RY;RY) and n € C°(R¥Y)
with n(-,T) = 0, it holds

/ divr¢|Dx|+ve-Dx =0
N
X (1.3)

/ xaer/ 77(0):—/ vn|Dx|.
RN Eo RN

T

The two equations above can be rewritten in a more transparent way denoting Ey = {x(-,t) = 1},

so that (|1.3) becomes

T T
/ / div,odHN ! = —/ / v - v, AHN Y
0 * By 0 *Ey
T T
/ / 8m+/ 77(0)=—/ / vr)-
o JE, Eq 0 *E,

It is then easy to see that the first equation in is a weak formulation of v = —Hp, while the
second one is “Oxg, = v".

A way of proving existence for equations is provided by the notion of flat flows, which
in turn are defined starting from an iterative minimization procedure known as the minimizing
movements scheme, proposed in the present setting in [144]. We briefly recall this approximation
procedure, which is essentially a reformulation of Euler’s implicit scheme adapted to gradient flows
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[70, [108]. Let us consider a classical ODE

t(t) = —VF(x(t)), t>0

i) = ~VF@a(), 1> w
z(0) = xg

defined on the Euclidean space RY, which can be seen as a gradient flow for the energy F. A

classical approach to find solutions to (1.4]) is Euler’s implicit scheme. Given a time discretization

parameter h > 0, we set xf} = x( and, for n € N, we define

1
), € argmin {f(y) + ol —yl® e RN} : (1.5)
The link between this problem and (1.4)) is the Euler-Lagrange equation of ([1.5)

h h
Tnt1 — % h
DL V),
holding for F € C!, which is clearly a discretization ofthe evolution (1.4). If F is lower semicon-
tinuous and non-negative, the variational problem above admits a minimizer, which is unique if
F is convex. Under some hypothesis on F, it is then possible to prove that the discrete-in-time
scheme

.'L'h(t) = ‘/Eﬁ/h]

converges as h — 0 to a solution of the gradient flow ([1.4)).

One can then remark that the iterative problem may be formulated in a very general
setting, for instance when F is not differentiable, or even in metric spaces |70} [108]. In this case,
this approach usually is referred to as the minimizing movements scheme.

In the context of geometric flows, it is sometimes possible to properly define a gradient flow with
respect to some carefully-chosen Riemannian structure on the space of hypersurfaces, but in the
case of the mean curvature flow this fails [152} [158|. It is nonetheless possible to formally interpret
the mean curvature flow as the gradient flow of the perimeter with respect to an L?—Riemaniann
structure. With this formal identification in mind, in the seminal papers [8, [144] the authors
defined the following minimizing movements scheme!. Given an initial bounded set of finite
perimeter Fy and a parameter h > 0, we set E}! = Fy and

1
E!, | € argmin {P(F) + f/ distggr : F'is of finite perimeter} , (1.6)
FAEhR "

where distgr denotes the distance to the boundary of E. Denoting sdg the signed distance function
to B (sdg = distg — distg~, g), for bounded sets E" the problem above is equivalent (adding the
finite constant [, sdgn) to

1
EM' € {P(F) + E/ sdgr @ F is of finite perimeter} .
F

It is easy to see that the minimum problem above admits solutions (which may not be unique).
The discrete-in-time flow (usually called the discrete flow) is then defined as E"(t) := E[}tb /n)s Where

[[] denotes the integer part of a real number. With some work, it is possible to prove that the
family {E"(t)};>0 converges, up to subsequences, as h — 0 and in L, to a flow E(t) which is
usually called flat flow. In order to do so, one previously needs to prove some time-continuity of
the discrete flows. Once the flat flows have been defined, the task becomes to characterize the
limiting evolution as being a generalized solution to . This was indeed the main result of
[144], which showed that flat flows satisfy , and thus they are BV solutions to , under

some technical assumptions. One of the crucial point of [144] was indeed proving that the term

1To be precise, in 8] the authors were dealing with anisotropic and crystalline perimeters, whose definition will
be recalled below.
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sdpr approximates a sort of L?—distance squared of OE to 8Ef+ h» 50 that the functional in
truly resembles a minimizing movements scheme for an L2 —metric structure.

This variational approach has the advantage of being extremely flexible, as it can be adapted
mutatitis mutandis to the anisotropic or crystalline case, in the presence of forcing, and even in
the nonlinear or nonlocal case. A more thorough discussion of these results will be given in the
following chapters, especially in those of Part [[j while in Part [[] we will deal with a modification
of the scheme suited for volume-preserving evolutions.

1.1.4 Viscosity and Distributional Solution

Another commonly used notion of generalized solutions is provided by viscosity solutions (also
known as level-set solutions). The main idea behind this approach goes back to [162], and is known
as the level-set approach. The idea is quite simple yet very interesting, and crucially exploits the
comparison principle holding for the evolution . We embed an initial datum Ej as the (closed)
0—superlevel set of a bounded, uniformly continuous function ug € BUC(RY). Then, we let each
superlevel set of ug evolve by mean curvature and, taking advantage of the comparison principle,
we note that they describe the superlevel sets of a function u : RV x [0,7) — R as long as all
the flows exist. One can then determine the evolution law of the function u knowing that each
superlevel sets evolves according to , and indeed finds that u solves the parabolic Cauchy

problem

_ : Yu

dpu = |Vuldiv (W) )
u(-,0) = up.

Even though is parabolic, it is very degenerate. There is no diffusion effect in the normal
direction to its level set since, by definition, each level set of u moves independently from the
others. Moreover, the equation is singular at |Vu| = 0. This means that classical techniques and
results in the theory of parabolic equations cannot be expected to apply. Additionally, one cannot
expect in general to have global smooth solutions, even if the initial data are smooth. Briefly,
the resolution of with classical methods poses issues. Two main strategies are employed to
solve : either elliptic regularization, in the spirit of |87} [126], or by a direct use of viscosity
solutions. We will now sketch the second approach, as it will be used in the thesis, following [58].
Let us consider a parabolic equation of the form

opu+ F(Vu, Viu) = 0, (1.8)
where F' = F(p, X) is degenerate elliptic
X>Y = F(p.X)<F(pY), Vp#0,

is geometric
FAp,AX +op®p)=F(p,X) forall p £ 0,0, € R,

and satisfies some continuity and non-degeneracy conditions

F is continuous in RY \ {0} x Sym™*¥N
— 00 < F.(0,0) = F*(0,0) < +00
F*(pv _I) S Cl(‘pDaF*(p) _I) Z _CQ(lpDa

where F,, F* are, respectively, the lower and upper semicontinuous relaxation of F, ¢1,co €
CH([0, +00)) with c1,co > ¢ > 0, and Sym™*Y denotes the set of symmetric matrices of size N.
One can prove that falls into this framework, see for instance [58,|101] for details. A viscosity
subsolution to (I.8)) is an upper semicontinuous function u such that, for every ¢ € C? and local
maximum point 2 = (&,%) of u — ¢, we have

Bep(2) + F(Ve(2), Vip(2)) <0, if [Vl(2) # 0
dhp(2) <0, if [Vo|(2) = 0
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In turn, a viscosity supersolution to (1.8) is an lower semicontinuous function w such that, for
every ¢ € C? and local minimum point 2 = (&,%) of u — ¢, we have

Drp(2) + F(Vep(2), V20(2)) > 0, if [Vl (2) # 0
drpl2) 0, if [Vl (2) = 0

Finally, a continuous function v is a viscosity solution to if it is both a super- and subsolution.
The powerful theory of viscosity solutions [18| |58, 101}, [102] ensures that, under the hypotheses
above on F'| there exists a unique viscosity solution to . Moreover, this notion extends to
the more general case F' = F(t,x,r,p, X), as recalled in Chapter [2l The generalized solution to
(T-2), known as viscosity solution, is the flow E(t) defined by E(t) = {u(-,t) > 0}, where u is the
unique viscosity solution to . It is possible to show, see for instance [56] where more general
results are shown, that flat flows are viscosity solutions. Some sections of Part [[] will be devoted
to showing similar results for modifications of the minimizing movements scheme.

Lastly, we would like to recall the notion of distributional solutions to (1.2)). The key remark
here is that, if the function u appearing in was a distance function, characterized by |Vu| = 1,
then is nothing but the heat equation. This can not be ensured in general, but if the evolving
sets are smooth one can nonetheless make the following remark. Let E; evolve according to ,
and let d(-,t) denote the signed distance function to E;. Since we consider the distance function,
the normal velocity of € {d(-,t) = s} for s > 0 is nothing but the normal velocity of its
projection y on OFy, and coincides with the derivative in time of the distance function. On the
other hand, by comparison, the curvature of {d(-,t) = s} at x is less or equal to the curvature of
E; = {d(-,t) = 0} at y, therefore one finds

Opd(z,t) = Oid(y, t) = Ad(y, t) > Ad(z, 1),

where we used the identity Hp = Asdg, holding for smooth enough sets. Reasoning in the same

way for negative level sets, one is led to study the evolution of distance functions d(z,t) that
satisfy

Od>Ad, in{d>0

{t— i {d 20} (1.9)

8:d < Ad, in {d <0}

Using the remark above as a starting point, in |173] the author shows that the viscosity solution
d to characterizes also viscosity solutions, meaning that for every time t > 0, it holds
{d(-,t) > 0} = {u(-,t) > 0} where u is the unique viscosity solution to (L.7). This approach may
be extended to (smooth) anisotropic instances, where the evolution law considered is

V(w,t) = (v (@) Hy, (2),  for z € DE(t),t >0,

where 1), ¢ are 1-homogeneous, ¢» € C! is a mobility, and H% is the anisotropic ¢-curvature

H% = div(Vé(vg)). Here ¢ is assumed to be at least C?, so that the curvature is well-defined. In
this context, the system (1.9)) becomes
od? > div(Ve(Vd?)), in {d >0} (1.10)
opd? < div(Vo(VdY)), in {d <0} )

and d¥ is 1)°-signed distance function satisfying in the viscosity sense, where 1° denotes the
polar of ¢, defined as 1°(£§) = sup{{-v : ¥(v) = 1}. . Anyhow, this approach is no longer viable is
¢ is less regular, as in the (purely) crystalline case, where the function ¢ is piecewise affine and the
associated Wulff shape is a convex polytope. The main idea of |55 (extended to more general cases
in |52} [53]) is that, while viscosity solutions to can not be defined in the classical way if ¢ is
non smooth, the system can still be used to characterize the crystalline evolutions. Morally,
one requires that is satisfied just in the distributional sense. These generalized solutions
are referred to as distributional solutions to (1.2)). For a more precise definition of distributional
solutions we refer to Chapter [4
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We now discuss in a more detailed way the main topics of the chapters comprising the present
thesis, which arise from the publications |50, |67} |68l [69] and the preprints [49, 66]. Lastly, we will
discuss some of the current projects and some possible perspectives.

1.2 Part I: Convergence Results for the Minimizing Move-
ments Scheme

Part [[|of this thesis is devoted to showing the convergence of the minimizing movements scheme
towards mean curvature-type flows, and contains contributions made in collaboration with the co-
advisors Antonin Chambolle and Massimiliano Morini.

Chapters [2] and [3] are devoted to the study of the minimizing movements in two interesting
variants of (|1.2), namely the nonhomogeneous case, and the nonlinear case.

In Chap we consider (suitably smooth) anisotropic surface energies. Let us recall the
definition of the anisotropic perimeter. An anisotropy is a function ¢ : RY x S! — R which is
1—homogeneous in the second variable. The anisotropic perimeter P, associated to ¢ is defined
for a set E C RY of finite perimeter as follows

P,(E) := oz, vp(x))HY (). (1.11)
O*E

In general, we impose strong regularity on ¢ in both variables, apart from Chapter 4] Note that
if ¢ depends on the position, the functional P, is not translation invariant. We call these sur-
face energies nonhomogeneous perimeters, and note that they arise naturally when one considers
evolution equations on manifolds [23]. Anisotropies with nontrivial dependency on the position
will be considered in Chapter [2| while in the rest of the thesis we will consider anisotropies ¢,
depending on vg only in . We implement the minimizing movements scheme in this setting,
where now is substituted by

1
E!, | € argmin {P¢(F) + E/ Sdgh +/ Fp(z,t) dx} ,
FomJF

where ¢, 1) are two suitably smooth anisotropies, sd}g denotes the geodesic signed distance function
to B, and Fy(x,t) = tt+h f(x, s)ds, with f a (suitably smooth) forcing term. After proving some
time-continuity for the flows, letting h — 0 we recover flat flows as L] —limit points of the
discrete flows E"(t) = E[}; /p)- The main result of Chapter [2/is that flat flows are BV and viscosity

solutions, as defined in the section above, for the following anisotropic version of (1.2)
Via,t) = ~$(ve, (@) (05, (@) + f(2,1)), (1.12)

where H% is the ¢p—curvature of I, i.e. the first variation of P,. While the general outline of the
proof follows [56], nontrivial technical difficulties arise due to the lack of translation invariance in
the functionals considered, which was one of the main assumptions in [56].

In Chapter [3| we instead consider a nonlinear variant of the mean curvature flow for smooth
enough, translation invariant anisotropies ¢, 1), which now depend only on the normal vector to the
hypersurface. The evolution speed is a modification of by a nonlinear function G satisfying
some structural assumptions, and takes the form

V(w.t) = $(vp, (2))G( - Hy, (2) + (1)), (1.13)

where f is a bounded and continuous forcing term, and G is a continuous, monotone non-decreasing
function, with G(0) = 0. It is interesting to note that no asymptotic behaviour of G is required, so
choices like G(s) = (s)* are admissible. Also in this case we prove that the minimizing movements
scheme converges toward viscosity solutions to the mean curvature flow. Note that in this case a
notion of BV solutions is not available, as nonlinearities are not easily included in .

In Chapter [4| we deal with a full (both space- and time-)discretization of a class of crystalline
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flows, showing the convergence of the scheme. The starting point is a level-set reformulation of
the scheme (1.6]), originally due to Chambolle |45|. This scheme is defined as follows. Given an
initial bounded set Ey C Q cC RY, we set ull = sdg, and let for k € N

. 1
ujl, | = argmin {|Dv|(Q) + %\\Sd{uggo} - UH%Q(Q) v € BV(Q)N L2(Q)} , (1.14)

where |Dv|(Q) = TV (v; Q) is the total variation of the function of bounded variation v [13]. One
can show that the closed (respectively, open) O-sublevelset of u}! 41 are the maximal (resp. minimal)
solution to the problem with {ul! < 0} substituting E}'. Furthermore, the problem
admits a unique minimizer (which is also 1-Lipschitz) by the strict convexity of the functional. In
Chapter 4| we propose a discretization of in order to study solutions to

for a class of (purely) crystalline anisotropies ¢ such that {¢ < 1} is a convex rational zonotope
(as explained below). The setting is as follows. Given ¢ > 0, we work on the discrete grid eZV
and consider discrete functions u : eZY — R, u; := u(i). The total variation appearing in
is substituted by its discrete, crystalline version

TVs(u) =N N B(E = L) fu — uyl,

i,j€eLN

where the function 8 : Z" — [0,+00) has finite support and characterizes the surface tension
considered. Indeed, the anisotropic perimeter under study is the one associated to the (ratio-
nal, crystalline) anisotropy ¢(v) := >_,c;~ B(i)|v - i|, whose Wulff shape is a convex polytope

called a zonotope. We modify the minimizing movements scheme (|1.6|) to define qul iteratively
minimizing
1 h
TV; () + o D [sd® (uy®)i — uil?
iceZN

(or, to be precise, solving the associated Euler-Lagrange equation), where sd®(u"¢) is a discrete

version of the signed distance sdg, (properly defined in Chapter . This modification allows to
pass to the limit €,h — 0 and recover distributional solutions to as defined in [55]. The
main improvement of this result with respect to the previous literature is that we are able to prove
the convergence of our scheme towards weak solutions to the crystalline mean curvature flow in
any regime €, h — 0, whereas previously the condition h > ¢ had to be required, in order to avoid
artificial pinning of the limiting interfaces. This is then reflected in some numerical computations
we present, which show the consistency of our scheme. Furthermore, our results are the first
holding in every dimension N > 2, whereas only the planar case could be addressed with the
previous techniques.

One of the main new insight is the definition of sd®, the redistancing operator, which builds
discrete distance functions from the interfaces. Indeed, the mere restriction to the grid the classical
signed distance function from the discrete sets would create a drift term in the scheme, which can
then be seen in the limiting evolution law |28 29]. Instead, our definition allows us to avoid these
artifacts and to recover the correct limiting evolution law.

We conclude the chapter with an interesting observation that we made while working on the
project. We noticed that our new distance function can be used to provide an easy proof of
consistency of our discrete scheme in the isotropic case of . In this case we need to assume
the Courant-Friedrichs-Lewy condition h ~ £2 in order to ensure both the convergence of the
approximating operators and that the distance function creates an iterable error. Some more
remarks are presented in the last section of this introduction.
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1.3 Part 2: Long-Time Behaviour for Volume-Preserving
Flows

Part [[T] of the thesis is more focused on questions concerning the long-time behaviour of some
volume-preserving flows. The chapters therein contain contributions made in collaboration with
Antonia Diana, Andrea Kubin and Anna Kubin.

In this part we modify the minimizing movements scheme imposing a volume constraint,
in order to study the evolution of sets with fixed mass. This can be done in multiple ways [155,
130]. For instance, instead of minimizing iteratively one can consider

1
By € argmin{P(F) + E/ sdgn « |F|= Eo|},
F

or, in order to enforce the volume constraint in a “soft” way, consider the penalized problem

. 1
EM' Eargmln{P(F)—&—h/sdEh \fHF' |E0|}.

In the end, the two schemes are equivalent [130]. These schemes define some volume-preserving
discrete flows, whose long-time behaviour can be studied. One hopes that this study may provide
good information for the limiting behaviour of the flat flows, as proven rigorously in [133] |132] in
the two- and three-dimensional setting.

The general common idea of this part is the following. Formally viewing the mean curvature
flow as a gradient flow, if one starts the flow close enough to a strictly stable set? for the perimeter,
it is reasonable to expect that the evolution flow will exist for all time and converge to the subjacent
stable set. In order to follow this idea, one needs some sort of stability estimate, that will plat the
role of a Lojasiewicz—Simon inequality in our setting. In this geometric setting, we mention the
quantitative Alexandrov inequality that has been proved for the first time in [135] with non-sharp
exponents, and then improved in |154] with sharp exponents but for almost-spherical sets. In |69]
(which forms Chapter |5)) we devise a new proof of this result, which has proved to be flexible
enough to be adapted to different cases (periodic setting, fractional energies...). This stability
inequality essentially says the following (we refer to Chapter [5| for a more precise statement).
Assume that a smooth set F is sufficiently close in C! to a strictly stable set E, with |F| = |E].
Then F can be parametrize as a normal deformation® of the set F, meaning that there exists
f:O0F — R so that

OF ={z + f(x)vg(x) : © € OE}.

Then our stability estimate says that, up to replacing F' with a small translate (and correspond-
ingly, changing f), if f satisfies the additional bound | [, fve| S |If[7. (o) then it holds:

[fllEom) < ClHp(z + f(z)ve(x)) - ]éE Hr(y + f()ve®) A @)z 0m)- (1.16)

This result can be seen either as a f.ojasiewicz—Simon inequality, if we regard the mean curva-
ture flow as a gradient flow, or as a quantitative version of the Alexandrov theorem: under the
hypotheses above, if the curvature of F' is constant then F' coincides with (a translate of) F

Our first contributions in this line of research, contained in Chapters[f]and [6] analyse the long-
time behaviour of the discrete volume-preserving flows in two cases. In the former, we consider
the classical perimeter in a periodic setting. This is somehow interesting as the possible
limit point of the flows are not trivial as in the Euclidean setting (where they are only union of
equal balls). The geometric characterization of critical points (and also strictly stable sets) of
the perimeter in the periodic setting is still an open problem in every dimension. In this case,
we prove the dynamical stability of strictly stable periodic sets, and a more precise convergence
result in dimension N = 2. As mentioned before, one of the crucial parts of the proof is showing

2Morally, critical points for the perimeter having strictly positive second variation, but the precise definition is
more involved and is recalled in Part
3Sometimes, this parametrization is known as Fermi’s coordinates.
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in our setting, where an explicit characterization of the stable sets is missing. Our proof
thus relies only on the strict minimality of the set F, and is thus promisingly general. Indeed, we
have been able to prove similar results also in the fractional case (Chapter @ and in a nonlocal
case (discussed in the section [1.4).

The latter, Chapter [6] treats the case of the fractional perimeter but in the Euclidean setting.
Let us recall the notion of fractional perimeter. Given a measurable set £ C RY and a parameter
s € (0,1), the s—fractional perimeter of E is defined as

1
P*(E) = _ .
(®) /E/JRN\E |z —y|NTs dedy

This perimeter, while nonlocal in nature, shares many important properties with the classical
perimeter (and is an example of the generalized perimeters considered in [56]). In this case it is
known that the only volume-constrained critical points for the fractional perimeter in the whole
Euclidean space is a single ball [89], as the nonlocal interactions penalize disconnected components.
In [68] we modify the minimizing movements scheme as follows

1 1
E",, ¢ argmin {P%F) 41 [ s+ - |Eo||} ,
h F n h1+5

and thus build a discrete flow which is (almost) volume-preserving. We are then able to character-
ize the asymptotic behaviour of the discrete flow from any initial, bounded set of finite perimeter,
and prove the exponential convergence of the discrete flows toward a single ball. Again, the proof
is essentially based on a fractional version of the stability estimate , which we establish for
the first time.

Our other contribution [67], contained in Chapter [7] treats similar questions but for smooth
flows in the periodic setting. We consider both the volume-preserving mean curvature flow and the
surface diffusion, and now work with classical solutions (as previously briefly introduced). Let us
recall the definitions of the surface diffusion flow, which is a geometric evolution of hypersurfaces
E, CRY evolving according to the following normal velocity

V(z,t) = Ag,Hg, (), (1.17)

where Ag, denotes the Laplace-Beltrami operator of the hypersurface E;. It is easy to see that
this is another instance of volume-preserving flow, which also decreases the perimeter. Moreover,
it can be seen (formally) as the H ! —gradient flow of the perimeter. In Chapter [7} we work again
in the periodic setting, and we address the question of global existence and long-time behaviour
of the aforementioned flows. Since in general singularities may appear in finite time (also in
dimension N = 2, contrary to the mean curvature flow), and both flows do not preserve convexity,
an interesting question is if there are instances for which global existence of the flows can be
ensured.

We thus consider initial data that are suitably close (in some norm) to a strictly stable set.
Again, we invoke the stability inequality 7 which we now need to pair with some Schauder
estimates for the smooth flows, in order to iterate the short-time existence result and prove global
existence of the flows. Lastly, we manage to prove convergence of the flows toward (a translate
of) the subjacent stable set.

1.4 Future perspectives

In this last section we would like to present some possible further developments of the subjects
treated in the thesis, and sketch some of the present research work under progress.

In the spirit of Part[[] we are now addressing further questions regarding discrete-to-continuum
limits. In particular, inspired by some remarks sketched in Appendix [I.B] we are trying to
further investigate some discrete schemes comprising an (explicit) diffusion step, and a redistancing
operation. In the easier case of the Laplacian, as considered in Appendix this scheme can be
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described as follows. Given an initial function ug : €Z" — R, define u§ = ug and iteratively set
ug g = sd® (K, * uy), (1.18)

where K7, is a kernel associated to the explicit Euler’s scheme for the discrete heat equation, namely
the kernel associated to 1 — hA.. Here, again, sd® denotes the discrete redistancing operator we
introduced in [49], whose construction is recalled in Chapter 4| In this case, one essentially makes
the choice h = Ce? (Courant-Friedrichs-Lewy condition), in order to ensure that the discrete
Laplacian A, converges to the continuum Laplacian A as ¢ — 0. Reasoning as in [49], we are
able to pass to the limit &€ — 0 and prove that the functions uft /n) are converging to distance
functions d(t) satisfying in the distributional and viscosity sense, which is equivalent to say
that the sets F; = {d(t) < 0} are moving according to (L.2). A natural related question is how
much we can expect to generalize these results. In particular, a natural idea is to consider now
general convolution kernels K, which are converging (in a suitable sense) towards the Laplacian
as ¢, h — 0. This is the subject of a current investigation.

Another interesting extension of Part [l has been suggested by Matteo Novaga, and concerns
Chapter [3| Indeed, it is reasonable to expect that the methods developed in Chapter [3|extend to
the abstract setting of variational curvatures introduced in [56]. This is a current work in progress.

Concerning Part [[, we are now investigating two different extensions of the results presented.
The first one is an adaptation of the work [133] to the periodic setting. In this work, the authors
manage to characterize the asymptotic behaviour of volume-preserving flat flows in the plane,
morally passing to the limit h — 0 the study conducted in [154] for discrete flows. A work
in progress with Vedansh Arya and Anna Kubin addresses exactly the same question in the
2—dimensional flat torus, where the main new technical difficulty is given by the non-uniqueness
of the limiting configuration.

Finally, with Anna Kubin we are working on some extensions of our work [67] to include
different smooth flows. In particular, we have some preliminary dynamical stability results for
the (modified) Mullins-Sekerka flow, and we are trying to extend this study to geometric flows
(formally) arising as H®gradient flows of the perimeter, s € (0,1). Thanks to Poincaré-type
inequalities, the convergence proof should follow by the same strategy based on the stability
estimate (1.16]), provided one has sufficiently strong a priori Schauder estimates on the linearized
evolution equations. This is the most technically demanding part, and it is a current work in
progress.
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1 Introduction

In this chapter we deal with the anisotropic, inhomogeneous mean curvature flow with forcing
and mobility. By inhomogeneous we mean that the flow is driven by surface tensions depending
on the position in addition to the orientation of the surface. The evolution of sets t — FE; C RN
considered is (formally) governed by the law

V(1) = U@, ve, (2)) (-0, (@) + f(@,0)), @€ OE,, te(0,T), (2.1)

where V(x,t) is the (outer) normal velocity of the boundary OE; at x, ¢(x, p) is a given anisotropy
representing the surface tension, H?® is the anisotropic mean curvature of OE; associated to ¢,
(x,p) is an anisotropy evaluated at the outer unit normal vg, (x) to OE; which represents a
velocity modifier (also called the mobility term), and f is the forcing term. We will be mainly
concerned with smooth anisotropies (and the regularity assumptions will be made precise later
on): in this case, the curvature H? is the first variation of the anisotropic and inhomogeneous
perimeter associated to the anisotropy ¢ (in short, ¢—perimeter) defined as

Py(E) := - o(z,vp(x)) d’HN_l(x)

for any set E of finite perimeter (where 0*E denotes the reduced boundary of E) and, if E is
sufficiently smooth, it takes the form

H%(x) = div(V,o(z, ve(z))),

where with V,, we denote the gradient made with respect to the second variable. Note that
evolution can be red as the motion of sets in RY, when the latter is endowed with the
Finsler metric induced by the anisotropy (see Remark . Equation is relevant in Material
Sciences, Crystal Growth, Image Segmentation, Geometry Processing and other fields see e.g. [5,
76}, 1113), 1172} |174).

The mathematical literature for inhomogeneous mean curvature flows is not as extensive as
in the homogeneous case, mainly due to the difficulties arising from the lack of translational
invariance. Indeed, assuming that the evolution is invariant under translations allows to simplify
many arguments used in the classical proofs of, for example, comparison results and estimates
on the speed of evolution. In the homogeneous case the well-posedness theory is nowadays well
established and quite satisfactory, both in the local and nonlocal case, and even in the much more
challenging crystalline case (that is, when the anisotropy ¢ is piecewise affine) see |6l |8, (23] |52,
54, 156, |58, 106}, 139, 144}, |155] to cite a few. Concerning the inhomogeneous mean curvature flow,
we cite |121} [123] where the short time existence of smooth solutions on manifolds is shown, and
[102} |126], where the viscosity level set approach (introduced for the homogeneous evolution in
[58,187]) is extended, respectively, to the equation and to the Riemannian setting.

In this chapter we implement the minimizing movement approach a la Almgren-Taylor-Wang
(in short, ATW scheme) [§] to prove existence via approximation of a level set solution to the
generalized anisotropic and inhomogeneous motion . To carry on this scheme (which has
only been sketched in [23], but lacks a formal proof) we gain insights from [56]. We also show
that, under the additional hypothesis of convergence of the energies and low dimension
(2.11)) (which are nowadays classical for this approach), the same approximate solutions provide in
the limit a suitable notion of “BV-solutions”, also termed distributional solutions, see [144, 155].

There are many more concepts of weak solution for the mean curvature flow. In particular,
we cite the diffuse-interface approximation provided by the Allen-Cahn equation |86} 125, [118]
140| and the threshold dynamic scheme [151}, 83| (see also the relative entropy methods of [139)]).
Other recent results concern the weak-strong uniqueness problem, which consists in proving that
weak solutions coincide with the smooth ones as long as the latter exist. After classical works
concerning viscosity solutions, a new definition of “BV-solution” (whose existence is proved via
the Allen-Cahn approximation scheme) allows the authors in [118] [140] to prove weak-strong
uniqueness for isotropic and anisotropic mean curvature flows. This result is based upon the so-
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called optimal dissipation inequality satisfied by their weak solution. In general, it is very difficult
to say if the ATW scheme could satisfy such a property, mainly because of the “degeneracy” of
the dissipation term in the incremental problem defined via the distance function. Even if all
these results concern the translationally invariant case, a study of some of these properties in the
inhomogeneous setting seems very interesting and challenging.

Other remarks on possible research directions are the following. To begin with, the new
arguments which are used to compensate the lack of translation invariance are based on the
locality of the anisotropic curvature H? associated with a smooth anisotropy ¢. This implies that
the proofs are not straightforwardly adaptable to the so-called “variational curvatures” considered
in [56], which are non-local in nature. On the other hand, since the crystalline curvatures are highly
nonlocal and degenerate operators (see e.g. [55, 52, 44]), they do not fall in the theory constructed
in the present chapter. In principle, it would be possible to follow the same perturbative study
conducted in [52] in order to prove at least existence for an inhomogeneous and crystalline mean
curvature flow. However, a satisfactory characterization of the limiting motion equation bearing
a comparison principle is lacking so far.

This work can be seen as a first step towards constructing a general theory of motions driven
by non-translationally invariant and possibly nonlocal curvatures, in the spirit of [56].

1.1 Main results

Now briefly recall the minimizing movements procedure in order to state the main results of
the chapter. Given an initial bounded set Fjy and a parameter h > 0, we define the discrete flow

Et(h) = Thﬂf_hEt@h for any ¢ > h and Et(h) = Ey for t € [0, h), where the functional T}, ; is defined
for ¢t > 0 as follows: for any bounded set E we set T}, ;£ (or, sometimes, T, ,E) as the minimal
solution to the problem

sd? (z) [#1hth
min P¢(F)+/ ET—][ f(z,s)ds | dHN"1(z) : F is measurable p ,
F [

Flh

where sd}g(:r) is the signed geodesic distance between x and E induced by the anisotropy v (see
(2.8) for the precise definition) and [s] = max{n < s, n € NU{0}} denotes the integer part of a
non-negative real number s € [0, +00). We will then define Thf . as the maximal solution to the

problem above. Any L!'—limit point as h — 0 of the family {Et(h)}tzo will be called a flat flow.
In the whole chapter we will assume that

¢ € & (see Definition and v is an anisotropy as in Definition [2.5)

. 0 N (HO)
YVt € [O,"’OO) it holds f(,t) cC (R ), ||fHL°°(]RN><[O,+OO)) < 00.

With more effort one could weaken a little the hypothesis on f (see [57]). For the sake of simplicity
we will require the global-in-time boundedness. We prove existence and Holder-in-time regularity
for flat flows.

Theorem 2.1 (Existence of flat flows). Let Ey be a bounded set of finite perimeter and ¢, f

satisfy . FizT > 0. For any h > 0, let {Et(h)}te[O,T) be a discrete flow with initial datum Ey.
Then, there exists a family of sets of finite perimeter {E;}icjory and a subsequence hy \, 0 such
that

EM 5B in LY,

for a.e. t €10,T). Such flow satisfies the following regularity property: there exists a constant c,
depending on T', such that for every 0 < s <t < T,

|EsAE;| < c|t — 8|1/2,
Pd)(Et) S P¢(E0) + c.

Subsequently, we will show that flat flow s are distributional solutions, as defined in [144]. We
will require additional hypothesis: firstly, low dimension (2.11)) (linked to the complete regularity
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of the ¢p—perimeter minimizer, see [144} [155]), moreover

Jey > 0.t [P(x,v) —P(y,0)| < cple —y|, Yo,y e RN ve SN (H1)
feC'®RYN x[0,00)]). (H2)
Theorem 2.2 (Existence of distributional solutions). Assume (| , , ) and - For

any T > 0, if
T

T
lim [ P (E(h’“)):/ Py(Ey), (2.2)
k—oo Jq 0

then {Ei}ieo,r) s a distributional solution (2.1)) with initial datum Eq in the following sense:

(1) for a.e. t €[0,T) he set E; has weak ¢p— curvature H%t (see (2.15)) for details) satisfying

g ¢
2
|
0 *Ey

2) there exist v : RN x (0,T) — R with r - 2d’HN Ldt < oo and v(
0 JorE
for a.e. t €10,T), such that

// ondHN " dt = // H<" - ndHNfldt (2.3)
*Fy *Fy

/ 8mdxdt+/ n(-,0) dz / (-, vg, )ondHN L dt, (2.4)
o JEe, Eo 0" B

}BE € L*(0E,)

for every n € CLRYN x [0,T)).

The definitions 1), 2) extend to our case the definition of BV -solutions of |144] and the distri-
butional solutions of [155]. We recall that hypothesis ensures that the evolving sets avoid
the so-called “fattening” phenomenon. It is known that this hypothesis is satisfied in the case of
evolution of convex or mean-convex sets, see e.g. |44l (71} 91], but in general is not known under
which general hypothesis it is valid. We also remark that the proof of the theorem above provides
a detailed proof of [44] Theorem 3.2], which had only been sketched. Moreover, we bypass the use
of a Bernstein-type result (which is usually employed) by a double blow-up technique.

In the second part of the chapter we will focus on the level set approach. Briefly, given an
initial compact set Fy, we set ug such that {ug > 0} = Ey and we look for a solution u in the
viscosity sense (in a sense made precise in Definition [2.35)) to

{@u + 1(, —Vu) (divV,(z, Vu(z)) — f(z,t)) =0 25)

u(,t) = up.

Classical remarks ensure that any level set {u > s} is evolving following the mean curvature flow
(2.1). To prove existence for (2.5) we use an approximating procedure. For h > 0 and ¢ € (0, +00)
we set iteratively u; (-,t) = ug for t € [0,h) and for t > h

uf (z,t) == sup{s €ER : zeTy, ,{uf(-t—h)> s}}

uy, (z,t) == sup{s ER:zeTy, y{u, (t—h)> s}},

where the operator Thi,t has been previously introduced. We remark that these are maps piecewise
constant in time, since Th ;= Th [t/h]h which are only upper and lower semicontinuous in space
respectively. Then, we will pass to the limit A — 0 on the families {u,f}h to find functions u™,u™
which are viscosity sub - and supersolution respectively of equation . Passing to the limit
as h — 0 in our case is not straightforward. The main issue is that we do not have an uniform
estimate on the modulus of continuity of the functions wup (compare [56]) and thus we can not
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pass to the (locally) uniform limit of the sequence. (More precisely, our best estimate contained in
Lemma decays too fast as h — 0 to provide any useful information). Nonetheless, motivated
by [19} |18, 20] we can define the half-relaxed limits

ut(x,t) := sup  limsupu;l (wp,t5)
(:Eh,th)—>(l‘,t) h—0

_ Cf lminfu- (2.6)
u”(z,t) == el o T inf (Tn,tn),

and prove that the functions defined above are sub - and supersolutions, respectively, to (2.5]).
The main difficulty in this regard is that we need to work with just semicontinuous functions in

space, as in the translationally invariant setting one can easily prove the uniform equicontinuity
of the approximating sequence. We prove the following.

Theorem 2.3. Assume (H0), (H1) and f € C°(R™ x [0,+00)). The function u™ (respectively
u~ ) defined in (2.6)) is a viscosity subsolution (respectively a viscosity supersolution) of (2.5).

Thanks to the results of [58] we then prove that, under the additional hypothesis

V.V,o(-,p) and Vf)(b(-,p) are Lipschitz, uniformly for p € SN ~!
2,92 . . e . .

V,¢"(z,p) is uniformly elliptic in p, uniformly in » (H3)

¥(+, p) Lipschitz continuous, uniformly in p

f(-,t) Lipschitz continuous, uniformly in ¢,
the following uniqueness result holds.

Theorem 2.4. Assume (HO) and (H3). If ug is a continuous function which is spatially constant
2.5)

outside a compact set, equation with initial condition ug admits a unique continuous viscosity
solution u given by (2.6). In particular, u™ = u™ = u is the unique continuous viscosity solution

to (2.5) and uf —u as h — 0, locally uniformly.

The previous result yields a proof of consistency between the level set approach and the min-
imizing movements one to study the evolution . We recall that it has been established for
the classical mean curvature flow in [45], in the anisotropic but homogeneous case in [85] and in
a very general nonlocal setting in [56].

2 Preliminaries

We start introducing some notations. We consider 0 € N. We will use both B,(z) and
B(z,7) to denote the Euclidean ball in RY centered in x and of radius r; with BN ~!(z) we
denote the Euclidean ball in RV ~! centered in « and of radius r; with SV ~! we denote the sphere
0B1(0) C RY; with Symy the symmetric real matrices of size N x N. In the following, we will
always speak about measurable sets and refer to a set as the union of all the points of density 1
of that set i.e. E = EM . If not otherwise stated, we implicitly assume that the function spaces
considered are defined on RV, e.g L™= = L>(R"); the space C° denotes the space of continuous
functions. Moreover, we often drop the measure with respect to which we are integrating, if clear
from the context. For § € R we denote

Es = {z e RY : sdp(zx) <5},
and use the notation F_., := 0, By := RV,

Definition 2.5. We define anisotropy (sometimes defined as an elliptic integrand) a function 1
with the following properties: 1 (z,p) : RY x RV \ {0} — [0, +00) is a continuous function, which
is convex, positive, and positively 1-homogeneous in the second variable, such that

1
—Ipl < Y(x,p) < cylpl
Cy
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for any point z € RY and vector p € RY.

We remark that, as standard, we define a real function f positively 1-homogeneous if for any

A > 0, it holds f(Az) = Af(xz). In particular, the anisotropies that we will consider are not

symmetric. In the following, we will always denote the gradient of an anisotropy with respect to

the first (respectively second) variable as V1 (respectively V). We then recall the definition

of some well-known quantities (see [23|). Define the polar function of an anisotropy v, denoted
with °, as

(&) = sup {{-p : ¥(,p) < 1}. (2.7)

peERN

Using the definition it is easy to see that for all p,& € RY it holds
Vi)W (8) 2 p-& —U(, (L6 <p- &
Furthermore, one can prove that (see [23]) for p # 0
VU(Vp) =1, 9(Vp®) = 1, (¥°)° = ¢

We define for any x,y € R the geodesic distance induced by 1, or 1)—distance in short, as

distw(x,y) := inf {/0 VO (y(t), (1)) dt = v e Whi([o, 1];RN),7(0) =uz,7(1) = y} )

We remark that this function is not symmetric in general. We define the signed distance function
from a closed set E C RY as

sd}é(x) = ylg)fg dist? (y, z) — ;gg dist? (z, ), (2.8)
so that Sd}g > 0 on E¢ and sd% < 0in E. We remark that the bounds stated in Definition
imply

1

—dist < dist” < ¢ydist, (2.9)

Cy
where here and in the following we will denote with dist,sd the Euclidean distance and signed
distance function respectively. We define the ¥ —balls as the balls associated to the @¥—distance,
that is

— N . Jiat?

By (z) :={y e RN : dist"(y,z) < p},

which in general are not convex nor symmetric.

Definition 2.6. We say that an anisotropy ¢ is a regular elliptic integrand, and write ¢ € &, if
¢ € CZ1(RY x RN \ {0}) there exists two constants A > 1,1 > 0 such that for every z,y,e €
RY, v,/ € SV~ one has:

< @(z,v) <A,

+ |Vp¢(x7y) - vp¢(yvy)| < l|$ - y|
IVog(a,v) = Vip(x, )|

v =]

1
)
(2, v) = ¢(y, v)

Voo (z, )] + V3o (z, )|+

<A

2 le — (e v)v]?
e-V,o(x,v)e] > 3 .

Given any set of finite perimeter E, one can define the ¢—perimeter P, as follows
Py(E) := : ¢(x,vp(x)) dHN ! (@),
“E

where 9*F is the reduced boundary of E and vg is the measure-theoretic outer normal, see [145]
for further references on sets of finite perimeter. The ¢—perimeter of a set of finite perimeter F
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in an open set A is defined as
Po(BiA)i= [ ol vp(a) a1V )
0*ENA

We remark that, by definition of regular elliptic integrand, for any set F of finite perimeter it

holds
LP(E) < Py(B) < AP(E).

Some additional remarks on this definition can be found in [72]. We just recall the submodularity
property of the ¢p—perimeter, which can be proved for instance by using the formulae for the re-
duced boundary and measure-theoretic normal of union and intersection of sets of finite perimeter
(see |145)).

Proposition 2.7 (Submodularity property). For any two sets E,F C RN of finite perimeter,
one has
Py(EUF)+ Py(ENF) < Py(E)+ Py(F). (2.10)

Moreover, by homogeneity, (2.7) and recalling that for any set E of finite perimeter it holds

Dxg = —vgdHN ! | o e have the following equivalent definitions

P¢<E>:sup{/ Dypec - gec,}(RN;RN),w(-,g)g}
RN
=sup{/EdivdeN—1 : fe@(RN;RN),wc,s)g}.

Concerning the regularity property of the ¢—perimeter minimizers, we refer to |7]. We just recall
the following results. Given two anisotropies ¢, ¥ € &, we define the “distance” between them as

diste (¢, v) := sup{|o(z,p) — ¥(x, p)|
+ |Vpo(z,p) — Wz, p)| + [VEp(x,p) — V2p(z,p)| s 2 € RN, p e SV},

where | - | denotes the Euclidian norm. Given ¢ € &, we recall that E is a O—minimizer for the
¢—perimeter if for any € RV, r > 0

Py(E; Br(z)) < Py(F; Br(x))

for every F C RY such that FAE CC B,. Then, some regularity properties of minimizers of
¢—perimeter can be found in the theorems of part 7.7 and I1.8 in |7], which are recalled below.

Theorem 2.8. Assume ¢ € &. Then, for any 0-minimizer E of the ¢—perimeter, the reduced
boundary 0*E of the set E is of class CY'/? and the singular set ¥ := OF \ 0*E satisfies

HN3(2) = 0.

Theorem 2.9. Let m > 0, € (0,1). Then, there exists ¢ = e(m,a) > 0 with the following
property: let » = ¢(p) € &, ¢ € C3*(RN \ {0}) with

[6sn-1]lcs.e <m and dists(¢, ] - [) <e.

Then, for any 0-minimizer E of the ¢—perimeter, the reduced boundary O*E of the set E is of
class C*Y/? and the singular set ¥ := OE \ 0*E satisfies

HNT(D) =0.

We sum up these hypotheses that yield the complete regularity of minimizers of parametric
elliptic integrands:

either p € & and N < 3,

. (2.11)
or N < 7 and the hypotheses of Theorem are satisfied.
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2.1 The first variation of the ¢—perimeter

In this section we compute the first variation of the ¢-perimeter and define some additional
operators associated to it.

Assume F is of class C2. Let X be a smooth and compactly supported vector field and assume
U(x,t) =: ¥y(x) is the associated flow. To simplify the notation, we write

v(z,t) = Vesdy (g (2).

By classical formulae (see e.g. |38|) we can compute the following. For the sake of brevity, we
avoid writing the evaluation ¢ = ¢(x,vg(z)), if not otherwise specified, and assume that all the
integrals are made with respect to the Hausdorff (N — 1)-dimensional measure H¥ 1.

4
dt

d
Py(E;) = —
t=0 o(Et) de

] W) (W), 1)1
t=0 JoE

= Ve - X + V0 (=V (X -v)+ Dr[X])+ ¢div, X (2.12)
OE

= /aE Vot X + Vb (—VA(X - 1) + Dv[X]) + div, (6X) — Vé- X + (V- v)(X - v)

= | Vi X +V,6- (-V(X 1)+ DVX]) — Vad- X — D[V, d] - X
oE
+div, (¢ X) + (Vo -v)(X -v)

= - —Vpd -V (X 1)+ (Ve -v)(X -v)+ (Dv[Vye] - v) (X - v) + div, (¢ X)

_ /M div, (Vyo(X 1)) = V- Vo (X - 1) + (X - 0)(Var- 1)
_ /é)E(divTvpgb)(X D) £V V(X 1) = Vb Vo (X 1)+ (Vo 0)(X - 1)

:/ (X -v) (divTVp¢+Vz¢-l/):/ (X - ) divV, ¢
OFE

oE

where the last equality follows from the definition of div; and the fact that ¢ is 1—homogeneous
with respect to the p variable, since

divVyo = div,Vpé + Y v; (02,V,0) [V]
=div,Vp+ Y viVp(0s,¢) - v+ v (VieDv) V]
=div,V,¢ + Vzl.qﬁ -V
Therefore, we define the first variation of a C?—regular set E, induced by the vector field X, as
dPy(E)[X -v] == /BE(X(:E) () divVpo(x, v(z)) dHN " (z) (2.13)
and the ¢—curvature of the set E as
HY () := divV,o(z, v(z)). (2.14)
If we now consider equation , we develop the tangential gradient to find
V¢ (=V(X -v)+ DrX]) =Vyo- (-V,.X[v] - Dv[X] + Dv[X]) = 0.

This shows that for any set E of class C? it holds

SPy(E)[X -v] = /GE (Voo X + ¢div, X) dHN 1,
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where we dropped the evaluation of ¢ at (z,vg(x)). We remark that the expression on the right
hand side makes sense even if the set E is just of finite perimeter. Defining the ¢—divergence
operator divyg as

divgX := V¢ - X + ¢div, X,
we are led to define the distributional ¢p—curvature of a set F of finite perimeter as an operator

H% € LY(OF) (if it exists) such that the following representation formula holds

divg X dHN 7! = / HYvp- XdHN™Y, vX € C2(RY;RY). (2.15)

OF OF

The previous computations allow to say that the distributional ¢—curvature can be expressed as
([2.14)) if the set is of class C2. Finally, since ¢ is a regular elliptic integrand, one can prove the
following monotonicity result.

Lemma 2.10. Let E,F be two C? sets of finite ¢p—perimeter with E C F, and assume that
x € OF NOE: then H(z) < HY ().

Proof. Since the anisotropy is smooth, we can expand the curvature formula (2.14) as
H? = tr (V,Vyo(z,v) + Voo(z,v)Dv) (2.16)

and compare H%, with H%. We consider separately the two terms appearing in (2.16). The first
one depends on v just by the value it has at the point x. Therefore, since vg(z) = vp(x) we have
the equality. The second one falls in the classical framework of smooth anisotropies that do not
depend on the space variable. Since Dvr < Dvg (as matrices) one concludes the proof. O

3 The minimizing movements approach

In this section we follow [155] (see also |8} [144]) to prove the existence for the mean curvature
flow via the minimizing movements approach. We recall that in the whole chapter we will assume

the hypothesis (HO).

3.1 The discrete scheme

In this subsection we will define the discrete scheme approximating the weak solution of the
mean curvature flow, and we shall study some of its properties.

We define the following iterative scheme. Given h > 0, f € L®(RY x [0,00)) and ¢ > h, and
given a bounded set of finite perimeter F', we minimize the energy functional

FE(E) :P¢(E)+% /E sd¥(z) dz — /E Fy(x,t) dz (2.17)

in the class of all measurable sets E C RY, and where we have set
t+h
Fp(z,t) = ][ f(z,s)ds.
t
Equivalently, we could define the energy functional as
aF 1 P
Jht(E):Pd)(E)-F* |SdF|— Fh($7t)d$,
' h Jenr E

which agrees with (2.17) up to a constant. Then, we denote

Ty +F = E € argmin ﬂ,f’jt.
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We will refer to this minimizing procedure as the incremental problem. It is well-known (compare
(2.13) and [145, Proposition 17.8]) that a minimimum of (2.17)) of class C? satisfies the Euler-
Lagrange equation

/BE HY X - v dHN ) = — /{)E (isd;@(x) - Fh(a:,t)) X () - vip(z) dHY () (2.18)

for all X € C°(RY;RY). We can then define the discrete flow, which can be seen as a discrete-
in-time approximation of the mean curvature flow starting from the initial set Ey. We define
iteratively the discrete flow by setting Et(h) = Fy for t € [0, h) and

h h h
B = Ty n B, = T -nn By, t € [h+00), (2.19)

where [] denotes the integer part of a real number. This section is devoted to recall and prove
some estimates on the discrete flow. The first one is a well-known existence result.

Lemma 2.11. For any measurable function g : RN — R such that min{g,0} € Llloc7 the problem

min {P(E) —|—/ g : E is of finite perimeter}
E

admits a solution.

Consider now F' as a bounded set of finite perimeter. Then, the function g = sdﬁ /h — Fp is
coercive, thus min{g,0} € L'. Therefore, by the previous result and by classical arguments see
[56, Proposition 6.1] for a proof, one can prove the following result.

Lemma 2.12. For any given set F' of finite perimeter, the problem (2.17) admits a solution F,
which satisfies the discrete dissipation inequality

1
P,(E) + 7/ sd%| < Py(F) +/ Fp(z,t)dz — Fp(x,t)dz.
h Jear E\F F\E

Moreover, the problem (2.17) admits a minimal and a mazimal solution.

We define T,j’ " (respectively T, F') as the maximal (respectively minimal) solution to
having as initial datum F'. In the following, whenever no confusion is possible, we shall write 7}, ;
instead of T} .

A comparison result holds. We will consider just bounded sets as datum for the problem
([2:17), but the same result holds in general for unbounded sets (see also Section [.1]for the case of
unbounded sets with bounded boundary). The proof of this result is classical (see e.g. |56]) and
it is based on the submodularity of the perimeter . We will omit it.

Lemma 2.13 (Weak comparison principle). Assume that Fy, F» are bounded sets with FyCCF
and consider gy, gs € L™ with g1 > go2. Then, for any two solutions E;, i = 1,2 of the problems

sd¥
min {P¢(E) + / hFi + g; : E is of finite perimeter} ,
E

we have Ey C Ey. If, instead, Fy C F5, then we have that the minimal (respectively mazimal)
solution to (2.17)) for i =1 is contained in the minimal (respectively mazimal) solution to (2.17)
fori=2.

We now prove the volume-density estimates for minimizers of problem . This result is
based on the minimality properties of almost-minimizers for perimeters induced by regular elliptic
integrands (see |72, Remark 1.9] for further results). These estimates have the disadvantage that
the smallness condition on the radius depends on the parameter h. Subsequently, we will recall a
finer result in the spirit of [144], where we can drop this dependence by making some restrictions
on the balls considered.
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Lemma 2.14. Let g € L™ and assume E minimizes the functional
FE)=PoF)+ [ g
F

among all measurable subsets of RY. Then the density estimate

oo <|By(x)NE| < (1 - 0)p"
oot < Py(B; By(a) < (1 - 0)p™ ! (2.20)

holds for all x € 9*E, 0 < p < (2)[|glloc) ™! := po, for a suitable o = o(N,cy, \).

Proof. By minimality,
Py(E) < Ps(F) + |lglloc| EAF|  VF CRY,
thus |72, Lemma 2.8| implies the thesis. O

Remark 2.15. We remark that the previous result allows us to choose the minimal solution to
(2.17) to be an open set, and the maximal one to be a closed set. This follows from the fact that
the density estimates imply that the boundary of any minimizer has zero measure.

We now recall [52, Lemma 3.7], which is an anisotropic version of [144, Remark 1.4]. It provides
volume-density estimates for minimizers of starting from F, uniform in ¢ and h, holding
in the exterior of . We remark that, even if in the reference the anisotropy ¢ considered did
not depend on z, all the arguments hold with minor modifications also in our case. We recall the
proof of this result, as similar techniques will be used later on.

Lemma 2.16. Let E be a bounded, closed set, h >0 , and g € L>=(RY). Let E' be a minimizer
of
sd?,
Py(F)+ | =E +g.
r h
Then, there exists o > 0, depending on X\, and ro € (0,1), depending only on N, \,G := ||g||L(r),
with the following property: if T is such that |E' N Bs(Z)| > 0 for all s > 0 and B.(Z)NE =0
with v < rqg, then
|E' N B,.(z)| > or™. (2.21)

Analogously, if T is such that |Bs(Z) \ E’| > 0 for all s > 0 and B,.(Z) C E with r <1, then
|B.(z)\ E'| > or™.

Proof. For all s € (0,7), set E’'(s) := E'\ Bs(Z). Note that, for a.e. s we have

Py(E'(s)) = Py(E') — Py (E" N Ba(2)) + [EmB . (0(z, v(x)) + d(z, —v(x))) AHV " (2),

where v denotes the outer normal vector of the set E' N 0Bs(z). Since E’' N By(z) C E° and

sd}g > 0 in E°, one has fE/mB @) sd}é > 0, and therefore the minimality of £’ implies

E'NB,(z)

9= [ (0 vl@)) + bl (o) dHY o)
E'NdB, (%)

By the bound on the ¢—perimeter and using the classical isoperimetric inequality (whose constant
is denoted C) we obtain

1

2AHNHE' N 0B,(z)) > ~P(E' N By(%)) +/ g
A E'NB.(3)
1 , o N-—1 , _ CN ’ o N-1
ZONIE N Bo(@)] " — liglleo "N Bs(2)] 2 5 [E"N Bs (@) 7,

v
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provided |E' N B,(Z)|'/N < On/(2A\||gll0), which is true if 7y is small enough. Since the rhs is
positive for every s, we conclude

d
BN By(z)|¥ > for a.c. s € (0,7). (2.22)

v
T 4X2N
The thesis follows by integrating the above differential inequality. The other case is analogous. [

Remark 2.17. Requiring that the anisotropy % is bounded uniformly from above and below
ensures that the results of the previous Lemmas and [2.16] can be read in terms of the )—balls.
For example, for any r > 0 and z € RY, equation (2 could be read as |E'N BY (7)| > U%N N,
provided 7 is such that |E' N BY(z )| > 0 for all s > 0 and BY(Z) N E = (), and holds for all
r < ro/cy. Here, o is as in Lemma and depends only on A. Analogous statements holds for
Lemma 220

We now provide some estimates on the evolution of balls under the discrete flow. We start by
a simple remark concerning the boundedness of the evolving sets.

Remark 2.18. A simple estimate on the energies implies that the minimizers of (2.17) are
bounded whenever F' is bounded. Indeed, assume F' C Bgr and consider B,(z) N (E \ Bg) #
testing the minimality of F against F' we easily deduce

R sd¥
%IB,D(IWEI S/ hF S Py(F) + [[Fn( )l oo [EAF] < Py (F) + || flloo (IF'] + | E]).
ENB,(x)

Employing the density estimates of Lemma and sending R — oo, we get a contradiction, as
the isoperimetric inequality implies that |E| is bounded since 52,? (F) < oo.

We now want to prove finer estimates on the speed of evolution of balls. These estimates are
classically a crucial step in order to prove existence of the flow. In the case under study, the main
difficulties come from the inhomogeneity of the functionals considered, as in the homogeneous case
convexity arguments easily yield the boundedness result, for example. We will use a “variational”
approach in the spirit of [56] (but see also |[155, Lemma 3.8] for a different proof relying more on
the smoothness of the evolving set).

Lemma 2.19. For every Ry > 0 there exist ho(Ro) > 0 and C(Ro, ¢, %, f) > 0 with the following
property: For all R > Ry, h € (0,hg), t >0 and x € RN one has

Thyt(BR((E)) D BR,Ch(l'). (223)

Proof. We divide the proof into three steps. In the following, the constants o,ry are those of
Lemma @ We will assume x = 0 for simplicity. We fix R > Ry and denote E := T}, ;Bpg.

Step 1. We prove that, given a € (0,0),e € (0,1), we can ensure |Bp(— o) \ E| < aRN(l —e)V
for h small enough. Indeed, assume by contradiction |Br1—c) \ E| > a R™ (1 —¢) )N, Testing the
minimality of F against Bg, we obtain

sdfy |1
/ ;LBR < 7 |Sd}éR| < P¢(BR)_/ F +/ Fy,
(BR(l_E)\E)U(E\BR) BrAE Bgr\E E\Br

and estimating |sd1f§R\ > Re/cy on Bri—q) \ E, we get

Re |de |
e |Br(i—e) \ E| < Ps(Bg) + || fllos (WnR™ + |Br(i4e) \ Brl) +/ (Fh - fR .
Cy E\BR(1+e)

Taking h < &/(cyl| flloo), the last term on the rhs is negative, thus

Re
o 1B \ Bl < Po(Br) + |/l BY (wy + 277e)
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We employ the hypothesis to obtain

e(1—e)VNRNT! < ¢y Nwy RN ™! 4 ¢cRY,
wa

a contradiction for h < cae (1—¢)" min{1, R?}, where c is a constant depending on N, &, 1, || f|| -
Step 2. Using Step 1, we prove that B/, C E for h small. Assume that R < ry: by following
the second part of the proof of Lemma we obtain equation (2.22)), which reads

Cn

— BIVN > N
|B\ | _4)\N

=o'V foraese(0,R).

Applying the previous step with ¢ = 1/4,a = o /3", it holds |Bsp/a \ E| < oRN /4N for all
h < ¢(N,o,, f)R. Therefore, one deduces the existence of a positive extinction radius

1/N
R*:ﬁ_\B3R/4\E| ZE
4 ol/N 2

such that | Bg- \ E| = 0, which proves the claim. Clearly, taking h < ¢Rj the smallness assumption
on h is uniform for R > Ry.

If R > rg one simply uses a covering argument. For any x € Br_,,, applying the previous
result to the ball B, (r) and using the comparison principle of Lemma we conclude that
Vh < c¢rg it holds

U Brjpel@)ccE.

‘TeBRfro

Step 3. We conclude the proof. By the previous two steps and Remark taking h small
enough, we see that
p:=sup{r >0 : |B,\ E| =0} € (R/2,+0).

We can assume p < R, otherwise the result of the lemma is trivial. Consider the vector field

Vo (a:, \%) € CHRN,RY). Then, recalling (2.11), we get P,(G) > — [on Dxa - Vpd(z, z/|2])
for all G set of finite perimeter and

Ps((1+¢)B / Dxa+e)B, <—Vp¢ (fﬂ, ﬁ;)) .

Setting W, = (1 +¢)B, \ E, by submodularity on (1 + ¢)B,, E and exploiting the minimality of
E. we obtain

X
[.v ( )DXW / vp¢>(m,)~(Dx<1+e)BP—Dx<1+E)BmE)
. el . ]

< Py((1+€e)B,NE) — Py((1+¢)B,)
< Py(E) — Py((1+¢)B, UE)

1
< f/ sngf/ Fy(x,t)de.
h Jwe w.

We conclude, using the divergence theorem |,

1
/ dlvqub( ||) e RN

Dividing by |W¢| and sending e — 0 we obtain

R
][ —divqub< ) ANt < L]
dB,NE el Cw b
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Exploiting the regularity assumptions on ¢, we remark that

|divV,o| = |tr (Vo Ve + VigV(z/|z)) | < C (1 + 1) :

||
C<1+1> <
P h
which implies that p € (0, 1) U (p2, R) for pro = (R— Ch+ /(R— Ch)? —4Ch) /2, as long

as h < R3/(4C). Since the choice p < p; < R/2 is not admissible, we conclude the proof by
estimating

Thus, we obtain

R—-Ch 4Ch Ch
=R-Ch+ —— l1-———-1|>R-Ch— ———
P2 T < (R—Ch)? )— R—Ch’
from which the thesis follows. O

The proof of the previous result can be employed to prove an estimate from above of the
evolution speed of the flow, as the following result shows. Since the proof follows the same lines
and is easier in this case, we only sketch it.

Lemma 2.20. Fiz T > 0 and Ry > 0. Then, there exist positive constants C = C(¢, 1, f, Ro)
and hg = ho(Ro) such that, for every R > Ry and h < hg, if Ey C Bg, then Et(h) C Bgrycr for
all t € (0,7).

Proof. Choose h small as in the previous result and set
p=inf{r >0 : |E\ B, =0} € (R/2,+).

We can assume p > R, otherwise the result is trivial. Defining W, = E'\ (1 — ¢) B, and reasoning
as before we obtain

X xr
/ Vpo (37, ) “Dxwe =/ Vpo <937 ) - (Dx(—e)B,uE — DXx(1-2)B,)
RN || RN ||

—Ps((L—€)B,UE) + Py((1—¢)B,)
—P,(E) + P,((1—)B, N E)

1
E/ sd%R—/ Fp(z,t)da.
c W,

€

(AVARYS

Y

As in the previous proof, we arrive at

p_R<C<1+1>7
h p

which implies that p < py = (R +Ch+/(R+Ch)? + 4Ch> /2 < R+Ch, up to changing C. O

3.2 Existence of flat flows

In the following, we will prove that the discrete flow (defined in (2.19)) defines a discrete-in-
time approximation of a weak solution to the mean curvature flow, which is usually known as a
“flat” flow (because the approximating surfaces 8*Et(h)
to the limit 0* Fy, see [§]).

We start by proving uniform bounds on the distance between two consecutive sets of the
discrete flow and on the symmetric difference between them. We introduce the time-discrete

converge in the “flat” distance of Whitney
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normal velocity: for all ¢ > 0 and z € RY, we set

t—h

%sd}gw (z) fort e [h,+0)
vp(x,t) =
0 for ¢ € [0, h).

The following result provides a bound on the L°°—norm of the discrete velocity. Since the proof
is essentially the same of [144] Lemma 2.1|, we will omit it. The only difference is that we use the
upper and lower bounds of (2.9)) to work with Euclidean balls.

Lemma 2.21. There exists a positive constant co, depending only on N,v with the following

property. Let Eg be a bounded set of finite perimeter and let {Et(h)}te((),T) be a discrete flow
starting from Egy. Then,
sup  Jon( )] < caoh 2
B AE,
for all h sufficiently small.
The following result can be found in 155, Proposition 3.4] (see also [92, Lemma 2.2]): it

provides an estimate on the volume of the symmetric difference of two consecutive sets of the
discrete flow. The proof is analogous to the one in the reference.

Lemma 2.22. There exists a constant C' such that for every t > h the discrete flow Et(h) satisfies
for all h sufficiently small

1
B AEM| < 0 [1Py(EM) + - / sd” 01| Vi< evh, (2.24)
Lipmart, P

where ¢ 1s a positive constant depending on N, .

We are now able to prove an uniform bound on the perimeter of the evolving sets. The proof
follows [92, Proposition 2.3].

Lemma 2.23. For any initial bounded set Ey of finite ¢—perimeter and h small enough, the
discrete flow {Et(h)} satisfies
Py(E) < Or Ve (0,T),

for a suitable constant Cr = Cr(T, Ey, f, ¢, ).
Proof. By testing the minimality of Et(h) against Et(ﬁ)h we obtain Vt € [h,T)

1 h h h
7 L 10 1 < PoBE) + 1|V AL, (2.25)
t t—h t=h

h
Py(E") + ¢

Combining this estimate with (2.24)) for I = 2Ch/| f||ec < V'h, where C' is the constant appearing
in equation ([2.24)), we obtain for h sufficiently small

1

h h
PoB) g [, s 1 (14 2C2R 1) Po(E) (2.26)
t t—h T

Iterating the previous estimate, we find
h ] h
Po(E(M) < (14207 flloo)F1 7 oY),
In order to estimate P¢(E,(Lh)) we start by observing that Remark , for h = h(Ep) small
enough, implies E,(Zh) C By, where Ey C B,.. Therefore, by (2.25|) for ¢ = h we obtain Pd,(E,(lh)) <
P4(Ep) + ¢ and we conclude P¢(Et(h)) < Cr(Py(Ep) +1). O
We then present a sketch of the proof of the local Holder continuity in time of the discrete

flow, uniformly in A, which can be deduced as in |92, Proposition 2.3]. We highlight the main
differences.



38 CHAPTER 2. Inhomogeneous Curvature Flows

Proposition 2.24. Let Ey be an initial bounded set of finite p—perimeter and T > 0. Then, for
h small enough, for a discrete flow {Egh)} starting from Eqy it holds
IEMAEM| < Cplt —s|V/? Vh<t<s<T,
for a suitable constant Cr = Cr(T, Eq, f, d,).
Proof. Following the previous proof, employing again we find

1 1
B+ 5 [ el eg [ )
2 JEW AEM 2 JEMW AR

h 1
<@rebPEM) 45 [ )
EMAES

< (1 +ch) <P¢(E§f)) + [E |vh|<~,h>> < (1 + ch)? Py(Ey).

h h
;; )AEO( )
Ilerating, we COnClude as before

(T/h]
Z /E(h)AE(h) CACYIDIRS CT(PdJ(EO) +1). (2.27)
k=1 kh

(k—1)h

Therefore, combining the previous results and applying (2.24)) with [ = h < V'h, we obtain

T [T'/h]
h h h
/ [ZRYNAESDY (hP¢(E,(€h))+/(h> " Uh(',kh)|> < Cr (Py(Eg) +1). (228)
h k=1 Epn AE(zc—l)h,
The proof then follows the one of [92, Proposition 2.3], from equation (2.5) onward. O

We finally prove the main result of this section, the existence of flat flows.

Proof of Theorem[2.1} The proof is classical and we only sketch it. By the uniform equicontinuity
of the approximating sequence of Proposition and compactness of sets of finite perimeter (by
Lemma @and we can use the Ascoli-Arzela theorem to prove that the sequence (Et(h’“))keN
converges in L! to sets E; for all times ¢t > 0 and that the family {F,};>o satisfies the 1/2—Hdlder
continuity property, locally uniformly in time. The other property is then easily deduced. O

3.3 Existence of distributional solutions

From Theorem we deduce the existence of a subsequence (hy)r>o such that
Dx o = Dxg, ¥t >0. (2.29)
We will also assume ([2.2)), remarking that it implies

lim Py(E"™)) = Py(E,)  for a.e. t €[0,400). (2.30)

k—o0

Our aim is to derive (2.3) and (2.4]) from the Euler-Lagrange equation (2.18)) and passing to
the limit 4 — 0. To achieve this, we will prove that the discrete velocity is a good approximation

(up to multiplicative factors) of the discrete evolution speed of the sets. Notice that is a weak
formulation of , while establishes the link between v and the velocity of the boundaries
of E;. Indeed, law can be interpreted as looking for a family {E}};>¢ of sets, whose normal
vector vg, and ¢g—curvature HdED,, are well-defined objects and a function v : [0,00) x RY — R
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such that for every t € [0, +00) and x € OF}

{v(x,t) = —HY () + f(a,1)
V(z,t) =¢(z,vg, (x))v(z,t),

where V represents the normal velocity of evolution, obtained as the limit as h — 0 (in a suitable
sense) of the ratio

XE, — XE¢_n

-

In this whole section we will assume that hypothesis holds. In particular, the sets
defining the discrete flow are smooth hypersurfaces in R™Y. Moreover, we require hypotheses (1))
to hold.

We start by estimating in time the L2—norm of the discrete velocity. The proof is the same
as the one presented in [155, Lemma 3.6], up to using the density estimates on the ¢—perimeter
of Lemma and considering the ¢—balls instead of the Euclidean one.

Proposition 2.25. Let {Et(h)}tzo be a discrete flow starting from an initial bounded set Eg of
finite p—perimeter. Then, for any T > 0 and for h small enough, it holds

T
/O /aE(M vidHN At < Cp,

for a suitable constant Cr = Cr(T, Eg, ¢,v, f).
Recalling now the Euler-Lagrange equation (2.18]) and Lemma we conclude

T . 2 T ,
H = — F; < 2.31
/0 /Sth) ( Et(")) /0 /DEE}") (vn n)" < Cr, (2.31)

We now prove an estimate on the error between the discrete velocity ¢ (-, vg,)un(:,t) and the
discrete time derivative of x;,. The proof of this result is based on a double blow-up argument,
and the smoothness of sets (locally) minimizing the ¢—perimeter is essential. We will split the
proof in various lemmas: the first one concerns the composition of blow-ups, and is a well-known
result to the experts. We present a simple proof since we could not find a reference.

Lemma 2.26 (Composition of blow-ups). Consider 0 < 8 < 8" < 1. Assume that (An)nefo,1) 5
a family of measurable sets such that the following blow-ups converge as h — 0

Ah — Xp
hB

h_(B,_ﬁ)Al — Ay in Llloc’

— Ay in L},

where xp, € OAp, for all h € [0,1]. Then, if the composition of the blow-ups h_ﬁ/(Ah —xp)
converges in Llloc, the limit coincides with As.

Proof. We can assume wlog x5, = 0. Denote with A3 = L} . — limp_o h=""Ap,. We fix a ball By
and ¢ > 0. There exists A* such that VA < h* it holds

|(h=F AR AAs) N By | <&, |(RFFPA)AAY) N Byl <e.

We fix h and wlog assume MhP' =8 < 1. Taking h<h suitably small (depending on h,¢€), we can
ensure

[(RPAR)AAL) N By| < ehNE=0),
Since h=Ph=F'=H) > hfﬁl, there exists h < h such that h= = h=Ph~(F"~A) We can then
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estimate

|(AsAAs) N By < [(AsAh™ Ap) N Bag| + |(RF T AL AR A)) N Buy|
+ (PP A1) AAs) N Byl
<2+ h N DA AP AL)) N By s
<2+ h NE =B (A AP AL)) N By| < 3e.

O

We now compute some estimates on the normal vector on the boundary of the evolving sets,
following the proof of [155, Lemma 4.2] (see also [144, Proposition 2.2]). We fix ¢ as the constant
appearing in Lemma [2.21

In the sequel, we will denote by w(h) a modulus of continuity, that is a continuous increasing
function w : [0,1] — R with w(0) = 0, which can possibly change from statement to statement
and line to line to absorb constants independent of h.

Lemma 2.27. Assume (HO) and (HI). For given constants 1/2 < 8/ < a <1 and T > 2, there

exists a modulus of continuity w with the following property. Consider t € [2h,T| and xj, € 3Et(h)
such that . .
on(t.y)l < hY Vy e B, p(zn) N (BMMAED),). (2.32)

Then, there exists v € SN~1 such that

vy () — v Sw(h) in Bya (xn) N OB

EM

Ve ()= vl Sw(h) in By (a4) N oEM . (2.33)

Proof. We fix % <p<pf <aand < R< h%*ﬁ/cd,. Testing the minimality of Egh), s=t,t—h,
we find

1
Py(EM, Bris (zn)) < Py(G, Brps (zn)) + */ ‘de}(h) +/ | Fhls (2.34)
hJaapm = B, GAEM

for any set G of finite perimeter such that GAEgh)CCBRhB (zp). Using Lemma , the
1—Lipschitz regularity of sd¥ and (@2:32), we deduce |vn(s,y)| < cpRhP™1 + cooh™ % < (1 +
Coo)h™1/2 for any y € Bpps(zp) N (Egh)AF). Plugging this inequality in (2.34]), we find

14+
P¢(E§h)a Brps (xh)) < P¢>(07 Brps (fEh)) + WCWAE@\ + ||f||oo|GAE§h)|- (2-35)

We then introduce the blown-up sets for s = ¢,¢ — h, defined as
Egh)’ﬁ =hh (Eéh) — :Eh> .

Rescaling equation , we easily find that EMP s a (Ap, rp)—minimizer of the ¢(xz), +
hP.. )—perimeter, with A;, = (1 + ¢)h?~Y/2, r, = h'/2~F. Moreover, scaling the density esti-
mates we have a uniform bound on the perimeters of the sets Egh)’ﬁ in each ball Br. By
compactness, there exist two sets Ef , EQ/B such that

EMP B}, EM B Ll
Then, by scaling and (2.32)) we find

s 5 () < b on Byajaca(0) 0 (B AEDP),
t—h

thus we easily conclude that E? := EIB = Eg By Lemma [2.20| we can assume that z;, — z¢ as
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h — 0, up to subsequences. Moreover, by closeness of A, —minimizers under L] ,—convergence
(see e.g. |72, Theorem 2.9]), one can see that E is a O-minimizer for the ¢(z¢, )—perimeter.
Thus, by complete regularity, it is a smooth C2? set. We can then employ the classic blow-up
theorem to deduce that, for a fixed 5’ € (8, @), the blow-up h—(8'=B)EB converges to a half-space
H = {z - v <0} as h — 0. Finally, the blow-ups

h
g8 . E£ - Lh
s N hﬁ/

admit a converging subsequence by compactness of sets of finite perimeter and by rescaling equa-

tion (2.35). Thus, the previous Lemma implies
EMA L H in L},

as h — 0. To conclude, the e—regularity Theorem for A—minimizers (see e.g. |72, Theorem 3.1])
ensures that E{""? are uniformly C:% sets in B1(0) for s =t,t —h as h — 0. O

We recall here an approximation result proved in [144] (see also |155] for a more detailed proof).
We remark that the proof of this result is purely geometric and does not rely on the variational

problem satisfied by the sets Et(h), Et(ﬁ)

Corollary 2.28 (Corollary 4.3 in [155]). Under the hypotheses of Lemmal[2.27, fix 0 < 8 < o and
let Chs be the open cylinder defined as
hB
.

hB
Cps(zp,v) = {x eRN |z —ap) v < —

5 (x—ap)— (z—zp) V)V

Then, it holds

‘/ (XEt(h) — Xgm )d.%’ —/ " SdE(h) d’HN_l)
Chs j2(n,v) ) e OB, NCyp )y (wn,v) =

< w(h)/ IXpm — Xgm |-
Chﬁ/z(mh’lf) t t—h

Carefully inspecting the proof, one indeed proves that there exists a geometric constant C' such
that for any y € B}Jl\;ﬁ (zn)

s 0, F W1+ VA @)1 = (£ @) = £2w) | <o) - F2w), - (236)

where we set
OEM NC={(y, [ (y) e RV xR, |y| < h¥/2},

for s =t,t — h.
We briefly recall some classical results. Consider an anisotropy ¥, independent of the position.
It is well-known that, for any closed set G C RY, setting sdg as the distance from G induced

by 1°, then the gradient of Sdg exists almost everywhere and satisfies the eikonal equation (for a
proof see for instance [44] Remark 2.2])

P(Vsdl) =1 (2.37)

almost everywhere. Moreover, in this particular case, in the definition of dist? we can consider
just straight lines as follows from a simple application of Jensen’s inequality: for any curve ~ as
in the definition of dist?, we have

/01 6 (3(8) dt > ¢° (/011) — oy — ).
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Proposition 2.29 (Estimate on almost flat sets). Under the hypotheses of Lemma and with
the same notation, fix B € (0,a) and let Cys be the open cylinder defined as
hPB
ay

hB
Cis(zp,v) = {xERN [(x —zp) V| < —,

5 (x —zp) — (& —ap) V)V

Then, it holds

’ / (XE(h) — Xgm )dSC — / . 1/)(1', VE(h,)) Sdg(h) deN71’
Ch’[-;/Q(ZL’h,I/) t t—h aEi )ﬂChﬁ/z(zh,u) t t—h
< w(h)/ X = X |-
Cpi yo(@n o) t t—h

Proof. We recall that the modulus of continuity w may change from line to line to absorb constants
independent of h.
From the previous Lemma “ 7| we know that, for h suitably small, both 3E(h) and 8E(h)h in

Cp5/2(n,v) can be written as graphs of functions of class Cclz. Up to a change of coordinates,
we can assume wlog that x5, = 0, = ey. For simplicity, we set C = Cps/5(0,en). We thus find

OEM N C={(y, fM(y) e RN xR, |y| < h’/2}

for s = t,t — h, where fs(h) Bh]\;/; — R are C1'2 functions with

||st(h)HLoo(Bhﬂ/2) < w(h).

We want to prove the following slightly stronger pointwise inequality: namely, that for any point
z = (y, ;" () € 9E™ N C, it holds

h h h h h
(2) ¥, Vo0 @) 1+ [V )] = (£ ) - fs_m))\ <wWIf W) - [ W)
(2.38
Integrating the previous inequality over C yields the thesis. Clearly, it is enough to prove ([2.38))
at each point = such that |sd]'g(h) (z)] > 0. We thus fix xz = (y, f(h)( ) € 8Et(h) N C and denote

t—h

~

by ' := (y, ft(f)h (y)). We remark that these points depend on h, but we drop the subscript to

ease notation. It can be assumed without loss of generality that x ¢ E(h)h, as the other case is

analogous.
Step 1 We now prove that, with the notation previously introduced, it holds

sy (@) =%, @) < wB)If" ) = £, )], (2:39)

where sd’ denotes the signed distance function induced by the anisotropy v(2’,-). Let v be a
smooth curve, with v(0) = x,v(1) € 8Et(hh to be used in the definition of the geodes1c distance

sdjé(h) . Firstly, we remark that one could assume

¥([0,1]) € B(z,2¢| £ (y) — £.)) (2.40)

Indeed, if it were not the case, the lower bounds contained in (2.9)) and (2.36]) allow us to estimate

1 . ) 1 1 )
/ Vo g)dt > = / 51dt > 264 () = £, )] = 264 sd g (2) = 25d%, (2), (2:41)
0 0 t—h t—h

a contradiction for h small. We can reason analogously for sd/E(h) . In particular, we can consider
t—h
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just curves having length fo |9 < c|f (h)( ) — t(f%(yﬂ Therefore, we obtain (by homogeneity)

1
sl (7) < /¢)vvdw§/w @ A)dt+  sup wwawo—wwmné|ﬂ

veSN-1 ¢€[0,1]

/w (@', %) dt + cwm) £ ) — £2 ),

and, taking the inf,, we obtain sdg(h) (x) < sd’Et@’ (x) + w(h)|ft(h) (y) — t(f)h(y)| The converse

—h

inequality can be proved analogously, yielding (2.39)).
Therefore, in what follows We Wlll consider always the anisotropy frozen in z’, and use sd’

instead of de Finally, let p € OF h a minimizer for the definition of sd’ B y (). In the following,

with IIjz, IIgz we denote respectlvely the projection on the hyperplane H of z along the direction
v and the orthogonal projection of z on H.

Step 2. In this step we assume that E(h) ncC com(:ldes with the halfspace H = p+{z-v < 0}
intersected with the same cylinder and prove claim
To this aim, we start noticing that by translation we may assume p = 0 and that sdy(z + &) =
sdyy(z) for all z € R and for all £ orthogonal to v. Hence, in fact,

sdy(2) = sdy((z - v)v) = (2 - v)sdy(v) . (2.42)

Therefore, sdy is differentiable everywhere, with Vsdy = sdy(v)v. Recalling the eikonal equation

[2-37), it must hold sdy(v) = 1/ (2’,v) and in turn, from (2.42)), and choosing z = =, we have
sdy(z)y(2',v) = z - v = sdu(z). (2.43)

We remark that sdj(x) = sd’ B, () by (2.32)), thus we conclude (2.38)) by combining (2.43]) with

(12.36)).
Step 3. We now conclude in the general case. With the notation introduced at the end of
Step 1, set v = Vo (P (p ) and consider the half-space H! = p + {z - v < 0} and w := 2’ — ;1 (2')

as depicted in Flgure We shall prove that
h h
[l <wMIF” W) - £ W)

To see this, we start by remarking that (2.33)) implies

lex —en(en - VE§g>h)| < w(h) in aEiEﬁ)h ne,

implying en - v, > 1—w(h), and thus, for any versor v tangent to 8E(hh NC one has [v-en| <
t—h
w(h). Therefore, we have (z/ —p) - ey <w(h)|z’ — p| and also
VD= PP (on(ven) v~ en(v-en)
V= len\V-en V—enl\V-en
|2 — pl 2" — pl
<w(h)+|v—en(v-en)| =wlh) + (1 - v-en[?)"
< 3vVw(h),
by choosing h small. Up to defining /w as w, using the previous estimate and the bounds

(2.40) we see that

] = m-—p(a;_;~V)§wUmf—4)Swwﬂﬁmun— Ol (244)

We now remark that sdjE(h) (z) = sd (z) (by convexity of the anisotropy (2, -)) and so, applying
t—h
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Figure 2.1: The situation in the proof of the lemma.

the previous step to H! and using also (2.39)), we get

sd ) (@) (v @)\ 1+ VI ()] = o = TN |

B, < w(h)|z — N z|.

We conclude ([2.38)) by estimating

en w(h h h
<l ] = [wl/ly - en] <~ sy f® )

1—w(h)

where we used ([2.44). We conclude the proof by a simple change of coordinates and using (2.38))
to find

Y(x,v (h>(:c))sdw . () d?—lelf/
‘/aE;%c & e B,s s

| o ) 0 st £ 1+ 9 @R = 6 ) = £ 00) dy

nB /2

e~ T ]| — | — o]

50 () — £ () dy‘

< w(h) /B RO

nB /2
O

Finally, we are able to prove that the error generated by approximating the discrete velocity
with vy, goes to zero as h — 0. We follow the lines of [144, Proposition 2.2].

Proposition 2.30 (Error estimate). Under the hypothesis of Lemma the error in the discrete
curvature equation vanishes in the limit h — 0, namely

1 T T B
ﬁ/o </E<h>77dx_/g<h> ndx) dt_/o /aE(m w(m’VEt(h))vhndHN H(@)dt| =0 (2.45)

for alln € CHRN x[0,T)).

lim
h—0

Proof. We fix t € [2h,00) and « € (3, 2%122). For any point zp, € aEt(h) we define the open set
A, defined as follows:

(i) if (2.32) holds, we set A, = Cps /o(wp,v), with the notations of Corollary

(ii) otherwise we set A,, = B(zp, coo\/ﬁ), where ¢, is the constant of Lemmam

By Lemma the family {A4,, : xp € aEt(h)} is a covering of Et(h)AEt(ﬁ)h. By a simple application
of Besicovitch’s theorem (see e.g. [145]), we find a finite collection of points I C 8Et(h) such that

Ay, Y, er is acovering of E MAE (ﬁ) with the finite intersection property. We proceed to estimate
hJSZn t t—h
(2.45) on each A,, belonging to this family.
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Estimate in case (i) We use Proposition to deduce

— dm—/ 2, Vo0 )sd? ) ndHY !
‘/A%(XEEM X, ) oEMNA,, Yo vem) B,
— _ P N-1
< |77($h7t)|‘ /Azh (XE§h> XEii)h) /c’iEt(“)mAmh 1/’(33,VEt<h>)SdEt<ﬁ)’ dH

[ G = xpgn)n =ty - |

)
o 0B NA,,

< Ml +119) [ Depgn = xpn,

Th

+

(77 - n(xha t)) ¢($, VEt(h))de n dHN71

AHN Y 4+ ch?|| V|l P(EX, Ay, (2.46)

Estimate in case (i) By assumption Jy € B, 7 (zn) N (E,Eh)AEt(f)h) such that |vp(¢,y)| > b~
We can assume wlog y € Et(h). We then have B(y, h*/(2¢y)) C RN\Et(f)h and sd;g(h) > ha/(QC?p)
t—h

on B(y, h*/(2¢y)). Since h® << h'/?) we can use the density estimates of Lemma to deduce

ch(N+Da=1 < / |vg| d.
B(y.he/(2¢,))N(EM AEM,)

Analogously, recalling also Lemma [2:21] we deduce

— N
/ |’(/)(J), VE(h) )Sdz(h) | dHN 1(],‘) < ch2
B(an,coo VR)NIEM t—h t—n

Combining the two previous equations and B(y, h*/(2¢,)) € B(y, cV'h), we infer

_ q¥ duN-1
/zh |XE’§M XE‘@’J " /AxmaEi’” W(%VE’(’}:)’L) ° B, "
< ch%—<N+1>a+1/ b (, vy Jonl. (2.47)
A"Eh,m(Et(,h)AEt(}i)h) t—h

Summing over z;, € I both (2.46]) and (2.47)), and using the local finiteness of the covering, we get

P N-1
‘/(XEt(h) — XEt(;i)h)n dx — /aE<h) w(%yEf(,h))SdE&)hndH
t

<>

zpel

N_ n (03
< (@) lmlloc + YTl + hF D+ )

h h h
. (P(Et( )+ |E )AEL)hH—/(h) " |Uh|>
E;VAE”,

where the last constant ¢ depends on N, ). We then use Lemma[2.23] (2.27) and (2.28) to conclude

T T
1 N-1
‘/% 7 </E§h) ndx — /Et“”h ndx) —/h /6Et(h’) ¢($,VE£h))UhndH

< e (W)lloe + BTl + BE - HDH )

P N-1
/ (XEt(/h) - XEt(’—L)h)/r] dz — /aE(h’)mA w(% VEgiL))SdEi,l)’LndH
t zh

Th

where ¢ = ¢(Ey, f,T,v) and T is chosen such that spt nCCRY x [0,T]. The conclusion follows

using the definition of o and taking the limit A — 0.
O

The proof of Theorem [2.2]is now a consequence of the previous results. In particular, hypothesis
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(2.29) and ([2.30) imply that the discrete flow converges to the flat flow in the sense of varifolds
and this allows to prove ([2.3]), while ([2.4) is a consequence of Proposition In order to prove
the convergence of the approximations in time of the forcing term, we need to require additionally

that (H2) holds.

Proof of Theorem[2.2, Firstly, combining [124, Theorem 4.4.2] with the bounds contained in ([2.31)
and in Proposition we conclude the existence of functions v, H?, f : RY x [0,00) — R

satisfying
T
[ e e | e < o
0 OFE;

and the following properties

T T
lim/ / vhknd'HNfldt:/ / nudHN " dt
k- Jo Jops o Jom,
T T -

lim/ / Fhk(;v,t)ndHN_ldt:/ / nfdHNtat

k Jo Jogs o Jom,

T T
- ¢ N-1 3, _ ¢ qyN—1
h}gn/o /@Et“‘k) HEt(hkde d¢ —/0 /aEt nH? dH dt, (2.48)

for any n € CO(RY x [0,T)). We now employ an approximation procedure to prove that H?(-, t) is
the ¢—mean curvature of E; for a.e. t € [0, 00), following the lines of [144] [155]. Fixed ¢ € [0, +00)
and € > 0, set v, a continuous function such that faEt(VEt —v.)2dHY ! < e. Then, by one
could prove that limy_, o faEf(hm (Vthk> —ve)? dHN~1 < e. Considering test functions in of

the form 7(z,t) = a(t)g(z), one has for a.e. t € [0, +00)

li H? N-1 H?gdHN 1.
& oB"s th’“)gdH oE, g

Thus, for a.e. t € [0, +00) and for any X € C?(RN;RY) it holds

lim

~Xd7—lN‘1:/ Hvg, - X AWV !
k Jog(w OE,

H? V_(hy)
Et(hk) Et, k

by approximating the normal vectors of Et(hk) with v.. Furthermore, by the convergence (12.29)
and the hypothesis (2.30) we can use the Reshetnyak’s continuity theorem (see e.g. [13, Theorem
2.39]), ensuring
/ L(x, v, ) dHN 7 — L(z,vg,)dHN !
8E£hk) E; E,
as k — oo, for any L € CO(RYN x RY). We choose L(z,v) = divgX for some X € C}(RY;RY) to
obtain

/ divyX dHY ! = lim divy X dHN
aEt k )

ok
= lim X -v_omoH?, dHN!
ko Jop(® B g
N-—-1
= X vpH? ARV,
OFE}

which shows that H?(-,t) is the ¢—mean curvature of the set E; for a.e. ¢ € [0, +00). Moreover, we
remark that F,, (x,t) — f(z,t) for every (z,t), thus for any test function n € CO(RY x [0, 4+00))
and t € [0,400) we have
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‘ /aE(h) Fhy, (x,t)’ly(x’t) d’Hiv_l — fn dHJIV_l <

OF

/ (,)Fh;ﬂ?—/ Fhkn +/ |Fhk_f‘77
OE," OE; OE;

< lelinlloe (PE) = PED) + [ 153, = iy =0

applying the dominated convergence theorem and recalling Lemma 12.201 Thus, f = f. We then

prove ([2.3)) by passing to the limit in the Euler-Lagrange equation ([2.18)).
To prove (2.4) we employ Proposition for every n € C2(RY x [0,T)), by a change of
variables we have that

T T
/ [/(})ndx—/m ndx] dtz/ /(})(n(x,t)—n(ﬂc,t—h)) dzdt —h ndz
n o |JE® BM n JE® Eo

where we have used that Et(h) = Ey for t € [0, h). Therefore, a simple convergence argument yields

T T
%%E/}L /Eﬁh')ndx/E“” ndx] dtff/h 8t77(x,t)dxdt/EOn.

t—h
Combining the previous estimate with Proposition and passing to the limit, we obtain (2.4)).
O

4 Viscosity solutions

In this section we will prove the existence of another weak notion of solution for the mean
curvature flow starting from a compact set. We will follow the so-called level set approach based
on the theory of viscosity solution. We recall that in the first part we work with the standing
assumptions of the chapter . Additionally, we require (H1)).

4.1 The discrete scheme for unbounded sets

In this short subsection we will define the discrete evolution scheme for unbounded sets having
compact boundary. The idea would be to define this evolution simply as the complement of
the evolution of the complementary set, but since the anisotropies we are considering are not
symmetric, we need additional care.

We recall that, given an anisotropy ¢, we define ¢(z,v) := ¢(x,—v). This anisotropy has
all the properties of the original one, concerning regularity and bounds. We start remarking
the following simple fact. Omne can see that distd’(m,y) = dist?(y, z), since for any curve vy €
WEL([0,1];RN), v(0) = 2,7(1) = y, a simple change of variable yields

L . L d B 1 . -
[ reoaoya= [ o (va-0.- 5 60-0) d= [ @)

for n(t) = ~v(1 —t), once one sees that

(@)(v) = sup &-(-v)= sup (=§)-v=(d)°(-v).
B(-E)<1 B(—€)<1

Therefore, by definition of signed distance we have
sdjy(w) = —sdj. (x). (2.49)

For every compact set F and h > 0,¢ > 0, we will denote by T,fftF the maximal and the minimal
solution to problem (2.17)), according to Lemma with P, and sd¥, respectively, replaced by
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P& and sd?. Finally, for every set E with compact boundary we define

B = (TTE) (2.50)
As in the case for compact sets, we set T}, E := T,; .E. Given an open, unbounded set Ey having
compact boundary, we can then define the discrete flow {Et(h)}tzo as follows: Et(h) = Fy for
t €[0,h) and

EM =1,,EM. . Vit e [h,+o0).

One easily checks that analogous results to Lemmas[2.13] [2.20| and [2.19] hold also for this problem.
We state the corresponding results.

Lemma 2.31. Let F, C F5 be open, unbounded sets with compact boundary and fix h > 0,t > 0.
Then, Th,tFl g ThvtFQ,

Lemma 2.32. For any T > 0 there exists a constant Cp (o, ¢, f,T) such that for every R > 0 the
following holds. If the initial open set E O B, then Et(h) D Bg, g forallt €[0,T].

Lemma 2.33. For every Ry > 0 there exist ho(Ro) > 0 and C(Ro, ¢, 1, f) > 0 with the following
property: For all R > Ry, h € (0,hg), t >0 and x € RY one has

Th,+((Br(2))%) € (Br—cn(x))".

We now state a comparison principle between bounded and unbounded sets, following the line
of [56, Lemma 6.10].

Lemma 2.34. Let E; be a compact set and let Fy be an open, unbounded set, with compact
boundary, and such that Ex C Es. Then, for every h € (0,1),t > 0 it holds T,ftEl - T,ftEg.

Proof. We fix h € (0,1),t € [0,T] for T > 0. Set R > 0 such that F;, ES C Bg and note that by
Lemmas and (applied to P; instead of P,) we get

<Tij,tE2) CT,,E5 C T, ,Br C Berr, (2.51)

for some Cr (¢, %, f,T). Since Th_tEg is the minimal solution of

min{Pd;(E)Jr]ll/Esdlég(:p)dx/EFh(x,t)dz},

considering the change of variables E = E° and using (2.49), we easily conclude that T,j: Lo =

- c
(T,; tEg) is the maximal solution of

~ 1 1 1
min < Py(E) + f/ sdﬁ2 - f/ sd}g2 7/ Fy(z,t)da p — 7/ sd}éz.
h JBo,n h Jge Be h Jpe, n

we then note that
[ st = [ sttt [ sah,
BCT R E Ec

for every E such that E¢ C Be,g. By (2.51), we conclude that T}, E» is the maximal solution of

1 3
min {P¢(E) + E / quéQXBCTR — / Fh(x,t) dz : E°C BCTR} . (252)
E Ec

Analogously, one proves that T, ,Fo is the minimal solution of (2.52)). Finally, we remark that
sd}és XBeyr < sd%1 and that Thi’tEl uT ,ftEg, T,ftEl N ThitEg are both admissible competitors for
(2.52)), one argues exactly as in the proof of Lemma to conclude T,fftEl - Thi’tEg. O
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4.2 The level set approach
We recall that in this section we assume (HO)), (HI). Consider a function u : R x [0, +00) — R

whose spatial superlevel sets {u(-,t) > s} evolve according to the mean curvature equation

V(xat) = —1/)(967 V{u(-,t)Zs}) (H({bu(,t)ZS}(x) - f(xvt)) for z € a{u(»t) > 8}

The function w then satisfies (recalling that —Vu/|Vul| is the outer normal vector to the superlevel
set {u(-,t) > u(z,t)}) the equation

O = [VulV () = (e, = V) (H, e (@) = F(@.0)
= —(z, —Vu) (divV,é(z, —Vu) — f(x,1))

= —(z, —Vu) (Z O, Op (2, —Vu) — Vogp(x, —Vu) : Viu - f(:c,t))
L= _w(aj? _vu> (H(l‘,Vu, VQU’) - f(.’L’,t)) )
where we defined the Hamiltonian H : RY x RV \ {0} x Symy — R as

H(z,p, X) := Zaziapi¢(x, —p) — Vad(z,—p) : X. (2.53)
We therefore focus on solving the parabolic Cauchy problem

) (2.54)

{&u + ¢(x, —Vu) (H(z, Vu, V2u) — f(z,t)) =0
The appropriate setting for this type of geometric evolution equations is the one of viscosity
solutions, in the framework of [102} [128] (see also [56]). We will focus on the evolution of sets
with compact boundary on compact time intervals of the form [0,7]. We now define the notion
of admissible test function. In the following, with a small abuse of language, we will say that
a function u : R™ x [0,7] — R is constant outside a compact set if there exists a compact set
K C RY such that u(-,t) is constant in RN \ K for every t € [0,7] (with the constant possibly
depending on t).

Definition 2.35. Let 2 = (#,1) € RY x (0,7) and let A C (0,7 be any open interval containing
t. We will say that n € C°(R™ x A) is admissible at the point 2 if it is of class C? in a neighborhood
of 2, if it is constant out of a compact set, and, in case Vn(Z) = 0, the following holds: for all
(z,t) € RN x A, and there exist b € [0, +00) and ¥ : [0, +00) — [0, +00) such that

[n(2,t) = n(2) = ne(2)(t = D) < V(|2 — &) + bJt — 1],
where the function ¥ satisfies U(r) = o(r?) as r — 0.
We then recall one of the equivalent definitions of viscosity solutions.

Definition 2.36. An upper semicontinuous function u : RY x [0, 7] — R (in short, u € usc(RY x
[0,77)), constant outside a compact set, is a viscosity subsolution of the Cauchy problem
if u(-,0) < ug and for all z := (x,t) € RY x (0,T) and all C*™—test functions i such that 7 is
admissible at z and v — 1 has a maximum at z (in the domain of definition of 7) the following
holds:

i) If Vn(z) = 0, then it holds
n:(2) <0 (2.55)

ii) If Vn(z) # 0, then

0en(z) + (2, =Vn(2)) (H(z, Vi(2), V?n(2)) — f(z,1)) <0. (2.56)
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A lower semicontinuous function u : RY x [0,7] — R (in short, u € Isc(RY x [0,T])), constant
outside a compact set, is a viscosity supersolution of the Cauchy problem if u(-,0) > g
and for all 2z := (x,t) € RY x [0,7] and all C*°—test functions 1 such that 7 is admissible at z
and v — 1 has a minimum at z (in the domain of definition of ) the following holds:

i) If Vn(z) =0, then n:(z) > 0;
ii) If Vi # 0 then

0en(z) + v (z, = V(2)) (H(z, Vn(2), V?n(2)) = f(2,1)) <0.

Finally, a function w is a viscosity solution for the Cauchy problem (2.54) if it is both a subsolution
and a supersolution of (2.54).

Remark 2.37. By classical arguments, one could assume that the maximum of u — 7 is strict in
the definition of subsolution above (an analogous remark holds for supersolutions).

Remark 2.38. We remark that, if —u is a subsolution to (2.54)) with initial datum —ug, then u is
a supersolution for ([2.54) for the initial datum wuo and where ¢, 1) are replaced by ¢, 1 respectively,
as defined in Section [£.1l

We will first prove existence for viscosity solutions of via an approximation-in-time
technique, and then prove uniqueness of solutions to to link the approximate solution to
the mean curvature flow equation. We would like to proceed with the classical construction of
e.g. [45] |56l [85], but in our case the lack of continuity of the evolving functions forces us to be
particularly careful with the procedure.

We use the shorthand notation of Isc for lower semicontinuous and usc for upper semicontin-
uous. Given a bounded, usc function v which is constant outside a compact set, we define the
transformation

Thftv(x) = sup {s cx € T;ft{v > S}} . (2.57)

Firstly, we see that T}j: ,v(x) € R, as v is bounded. Moreover, it turns out that the function 7, }j' LU
is usc, bounded and constant outside a compact set. Indeed, definition (2.57)) is equivalent to

T o(e) = inf{s L x ¢ Ty fo > 5}} — inf (s + n(Txt{UZS})u(x)) ,

where 1 4(z) is the indicatrix function of a set A, being 0 on the set and 400 outside. By definition,
1,4 is an usc function for any open set A. Thus, recalling Remark [2.17] in the equation above we
are taking the infimum of a family of usc functions, which is then a usc function. The other two
properties follows from the previous study of the discrete evolution. Analogously, given a bounded
lsc function g, we define

T}, ,9(x) = sup {s rxeT, {g> s}} = igg (s - ]lT};t{g>s}) ,

which is now a bounded [sc function (as sup of lsc functions), constant outside a compact set.
We are now ready to give the definition of the discrete-in-time approximations of sub - and
super solution to . Given an initial compact set Ey, set ug as a (uniformly) continuous
function, spatially constant outside a compact set, such that {ug > 0} = Ey. We remark that
for every s € R, the superlevel set {ug > s} is either compact or it is unbounded with compact
boundary. Then, for & > 0 we introduce the following family of maps as uf(, t) = ug for t € [0, h)
and
Wl t) = T}ftfhuf(yt —h) fort>h. (2.58)

We easily see that the maps above are functions (as implied by the comparison principle contained
in Lemmas |2.13|7 |2.31| and |2.34[) piecewise constant in time (as T,itt = Tf[t /8] ,)- Moreover, by the

previous remarks, we have that u; (-,¢) is an usc function, while u; (-,t) is a Isc function, for every
t € [0,400). Some further properties of the approximating scheme are listed below.
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Lemma 2.39. For any h > 0, t > 0 we have the following. It holds
Furthermore, given any A € R and t > h 4t holds

{wf (8) > A} ST, {uf (ot —h) > A} C {uf (-,t) > A} (260)
{uy, (1) > A} C Ty {uy (0= h) > A C {uy, (1) > A

Proof. Fix x € RN, ¢t € [0,h). For any given o < u;, (x,h) we have that there exists a sequence
(sn) /o sothat z € T, , ,{uo > sn} C T, {uo > sn}. Thus, u;f (z,t) > 0. We then conclude
by induction. Then, (2.60) follows easily by the definition ([2.58)). O

We then prove that the half-relaxed limits (in the spirit of [19], see also the references therein)
of the families of functions uf

ut(x,t) = sup  limsupu; (@, t)
(zn,tn)—=(z,t) h—0 (2 61)
u” (z,t) == inf liminf w, (zp,tn),
(zp,th)—(x,t) h—0

are (respectively) sub - and supersolutions in the viscosity sense of , see Theorem (note
that, by definition, u™ is usc, while u™ is Isc). The proof of this result is the subject of the following
section and we recall that the hypothesis required are (HO), and f € CO(RYN x [0,00)) only.
Once the existence of sub - and super-solutions to the equation is settled, we need to properly define
the notion of level-set solution to the mean curvature flow. To do so, we first prove uniqueness
for via a comparison principle and under additional hypothesis. Then, we show that the
evolution of the zero superlevel set of the solution does not depend on the choice of the initial
function ug.

We start with a comparison result between u,u~ and ug at the initial time: it will ensure
that the classical hypothesis for the comparison principle are satisfied. We first prove an estimate
for the speed of decay of the level sets of the evolving functions. While it will only be needed in
the following section, in the proof of the forthcoming Lemma [2:41] we will use similar techniques,
so we preferred to state it here.

Lemma 2.40. Let ut(z,t) be the function defined in , let o € R. Assume that, for a
suitable xo and R > 0, it holds B(xg, R) C {u*(-,t9) > o} . Then, there exists C = C(R, ¢, 1, f)
such that B(zo, R—C(t—to)) C {ut(-,t) > o} for everyt < to+R/(2C). An analogous statement
holds for u~ by considering its open sublevel sets.

Proof. We focus on the case {u™(-,t9) > o} bounded, the other case being analogous. By as-
sumption, for any Ry < R, if h is small enough, we have B(xg, Ry) C {u;(o,to) > o}. Set
C = C(Ro/2,¢,%, f) as the constant of Lemma Let R, be defined recursively following
law , that is R,11 = R, — Ch, as long as R,, > Ry/2. By simple iteration we find that
R, = Ry—nCh, as long as R,, > Ry/2, which can be ensured enforcing hn < Ry/(2C). Therefore,
for any t > to such that ¢t — tg < Rp/(2C), we set n = [(t — t9)/h] and send h — 0 to deduce
(recalling also Lemma

{ut(-,t) > 0} D B(zg, Ro — C(t — to)).
Since the choice of Ry is arbitrary, we conclude. O

We are now ready to prove a comparison result for the functions u* and a continuity estimate
at the initial time ¢ = 0.

Lemma 2.41. For any (z,t) € RN x [0, +00) it holds

u” (z,t) < ut(x,t).
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Moreover u™(+,0) = u™(-,0) = ug, so that there exists a modulus of continuity w such that Va,y €
RN

ut(2,0) —u” (y,0) < w(lz - yl).
Proof. The proof of the first inequality essentially follows from ([2.59)) and the definition of u*. To
prove the equality at the initial time ¢ = 0, we start by remarking that u*(-,0) > ug as can be seen
taking sequences of the form (x,0) in (2.61). Then, consider w as a continuous, strictly increasing
modulus of continuity for ug. We can also see that Ve > 0 {ug < ug(z) + ¢} 2 B(z,w™(¢)) by

uniform continuity. Thus, reasoning iteratively as in Lemma and using ([2.60)), we obtain that
there exists ho(e) such that Vh < hg it holds

fui (1) < i (2,0)+¢} 2 (T o > wo(w) +e}) =Ty {uo < wolw)+e} 2 Bla,w ™ (5/2),

as long as ¢ < (w™'(e) — w™!(¢/2))/(2C) =: t., and where we recalled that ui(-,0) = uo.
Now, fix ¢ > 0,z € R such that u(z,0) > o and a sequence (zp,,tn,) — (x,0) such that
limy, “Zk (xh,,tn,) > 0. Then, for k large enough (zy,,tn,) € B(x,w™t(e/2)) x [0,t.) and so we
conclude

o< lilgnu;l"(a:hk,thk) < ug(z,0) + €.

Letting ¢ — 0 we conclude u(-,0)" < uy. The proof for u~ is essentially the same. The last claim
follows from the previous one, recalling that w is a modulus of uniform continuity for ug. O

In order to prove a comparison principle for , we will need to assume . Under these
additional hypotheses, we are able to prove uniqueness for the parabolic Cauchy problem .
The proof of this result follows from [102, Theorem 4.2]: we will just show in detail that the
assumption of the aforementioned theorem hold in our case, following [23, Proposition 6.1] and
[102, pag. 463].

Proof of Theorem[2.J} The proof of this result essentially follows from [102, Theorem 4.2], com-
bined with the existence result of Theorem [2.3] Referring to the notation of [102], we firstly remark
that in our case Q2 = RY, thus the parabolic boundary of U = Q x [0, T] is simply 9,U = RY x {0}.
Therefore, the initial conditions (A1) — (A3) are all verified by Lemma We then define the
continuous Hamiltonian F : [0, 7] x RY x (R \ {0}) x MN¥*N — R as follows

F(tvxaan) = ’l/)(l’, _p) <_ Zamlapqqs(x’ _p) + v§¢(xv _p) X+ f(l’,t)) ) (262)

and focus on the conditions (F'1), (F3) — (F5), (F6'), (F7),(F9), (F10) that F must satisfy. The
assumptions (F'1), (F3)—(F5), (F'9) are easily checked. (F6) follows from the Lipschitz regularity
of ¢ and v, as Vt € [0,T],z € RN |p| > p,|q| + | X| < R one has

|F(t,z,p, X) — F(t,x,q,X)| < cylp —q|

+ w(% _q)

3

- Z (8118P1¢(x7 _p) - a$16p1¢(x’ _Q)) + (v127¢($7 _p) - Vf,(/)(a?, _Q)) : X‘
<crlp—dql (1 + |;|> +crlp —ql < crplp —ql-

For (F'7), we remark that the first term in the parenthesis in (2.62]) is 0—homogeneous in p,
while the second one is (—1)—homogeneous in p but 1—homogeneous in X. Lastly, we sketch how
to prove (F'10). Since it concerns the X-terms, we focus simply on

Vool —p) : X = tr (Vyo(z—,p) XT).

Multiplying by ¢(z, —p), we rewrite ¢(x, —p)tr (Vip(z—,p) XT) = tr(A(z, —p)XT), where A =
B — (V,¢ ® V,¢), with B being the uniformly elliptic operator %V%q&? We can then factorize
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B = LLT, with L being a nondegenerate, lower triangular matrix. Then, following the proof of
|23, Proposition 6.1] and [102} pg. 463|, we obtain (F'10). O

Once uniqueness is settled, one can finally define the notion of level set solution to the mean
curvature flow as follows.

Definition 2.42. Let Fy be a compact initial set. Define a uniformly continuous, bounded
function ug : RY — R such that {ug > 0} = Ey. Then, let u : R x [0,4+0c) — R be the unique
continuous viscosity solution to given by Theorem Then, the family F; := {u®(-,t) >
0}4>0 will be called the level set solution to the mean curvature flow.

This definition is well posed since the Hamiltonian defined in (2.53)) satisfies the so-called
geometricity condition. Namely, one can easily check that for any A # 0,p € RV \ 0,¢ € RY and
any symmetric N x N matrix X one has

A
H(z,A\p,A\X +pRq+q®p) = WH(w,p,X)-

Thus, one can prove by classical arguments (see e.g. [56, Remark 3.9]) the following result.

Lemma 2.43. Let ug, @y two initial data for (2.54) such that {ug > 0} = {ay > 0}. Then,
denoting by wu, U the corresponding solutions to (2.54), one has

{u(-t) > 0} = {a(-,t) >0} for allt € [0,T),

and the same identity holds for the open superlevel sets.

4.3 Proof of Theorem |2.3

In this section we will prove that the limiting functions u® are respectively a viscosity sub-
and supersolutions to . We recall the standing assumptions , and f € CO(RN x
[0,4+00)). We will be following the structure of the proof of [56, Theorem 6.16], but taking into
account the weaker definition of u™ holding in our case. We will be using the O, o notations with
respect to h — 0 and focus on proving that u™ is a subsolution. The proof for u~ is analogous.

Proof of Theorem[2.3 Consider ut as defined in : we need to prove that it is a subsolution.
In the following, we will denote u := u™ and uy, := u; . Let n(z,t) be an admissible test function
in 7 := (7,£)€ RY x (0,7T) and assume that (z,7) is a strict maximum point for u — 7. Assume
furthermore that v — 7 = 0 in such point. We need to show that either or holds at Z.
Case 1. Let us first assume that Vn(z) # 0. By classical arguments, we can assume that z is
a strict maximum point and that 7 is smooth. By the definition of u, there exists a sequence
%k = (Tn,,tn,) — Z such that limgup, (3;) = u(Z). We remark that we can substitute the
functions wy, for ¢ > 0 with their usc envelope in time, without changing the value of u. Indeed,
the usc envelope of uy, is the function at all discrete times lhy, is given by

max{up, (-, (I = D)hg),up, (-, 1hg)}

and coincides with up, elsewhere. Since now wuy, is usc in time and space, by standard arguments
(compare e.g. [18, Lemma 6.1]), there exists a radius p > 0 such that all functions u, —n achieve
a local maximum in B,(Z) at points 2z, = (2, t). Then, passing to a further subsequence we can
ensure that z; — w € B,(Z), and we use the definition of u to obtain

(u—mn)(w) = limksup(uhk —n)(zk) 2 limksup(Uhk —n)(z) = (u—n)(2).
Therefore, w = Z by maximality. Thus we can assume that each function up, — n achieves a local

maximum in B,(Z) at a point zp, =: (@, ) and that up, (21,) — u(Z) as k — oco. Finally, we
can assume also that Vn(zy,t,) # 0 for k large enough.
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Step 1. We start defining an appropriate set which is then used as a competitor for the minimality
of the level sets of the functions wu,. From the previous computations, one has in particular that

up(z,t) < n(x,t) + e (2.63)
where ¢, 1= up, (Tg, tr) — n(xk, tg), with equality if (x,t) = (2, tr). Let 0 > 0 and set
N (@) = (2, te) + o + g|x —ap%
Then, for all z € RV,

up, (v, 1) < np, (2)

with equality if and only if x = x. We set Iy, = up, (xk, tg) = U (zx). We fix € > 0, to be chosen
later, and write E. y := {un, (-, tx — hg) >l — e}. We define!

Wei= (T Ber ) \ {5, () > b+ ¢}
We immediately see that W, — {zj} in the Kuratowski sense as ¢ — 0 since by (2.60)

{un, Cote) > b — e} \ {nf, () >l + e} ©We € {un, (- tr) >l — e} \ {nf, () >l +e}, (2.64)

see also (2.70) below. Then, we check that [W,| > 0 for all € small enough. By the continuity of
n? and |Vn(Z)| # 0, for any e there exist a radius r. such that W, 2O B(xy,re) N T}itk—thsyk'

Furthermore, for any ¢ > 0, using again yields zy € T};:,tk—hk{uhk("tk — hg) >l — e},
and the latter set coincides with the closure of its points of density 1 by Lemma [2.14] Thus, z,
satisfies lower density estimates and so we conclude that [W,| > 0. Now, assume E. j, is bounded.
By minimality we have

Sd%m(m) dz +/ Ey,, (x,t, — hy) dz

Ea,k 5

1
P¢(T}jtk—hk.E€,k) + hik /

Bty —hy

1
<P, ((T,;ftk-ths,k) N {ng, > b+ e}) + hk/( sdy . (2.65)

Ty 1y -y Beoe ) O{IE, >0}

Adding to both sides the term P, ({ngk >l +etU T}j—tk—hk EEJ@) and using the submodularity
[2.10)), we obtain

1
P¢({7}Zk >l +etUW,) — P¢({ﬂgk >l +e}b)+ hfk /W Sd}gs,k(l’) dx

+/ Fhk(x,tkfhk)dxgo.
By (2.63)), {un, (-t — hi) >l — e} C{n(-, tx — h) > Iy — ¢, — €}, therefore it holds
g (o8 1
Po({nf, > e + e} UWe) = Ps({nr, > lx +€}) + e /W S, ) 21— e (2) A2

+/ Fhk (x,tk — hk) dx <0. (2_66)
We

I'We need to define the sets W, in this way (compare the different definition in [56]) since firstly, we can not
rule out that the inclusions in (2.64) are strict, and secondly it is not clear if otherwise |W¢| > 0.
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If instead E. j is an unbounded set with compact boundary, we replace inequality (2.65)) by

sdy  (z)da + / Fy, (2, tp — hy) dz

1
P (Th.ti—n Be k) + T /( Bu)B ,
.k R e

h t—hy

1
< P¢(( bt —hy Pe, k) N{ny, >k +e}) + W / Sd%s,k’
k(T tha,k)ﬁ{ﬂgk>lk+E}ﬁBR

for R > 0 sufficiently large, see (2.52)). Then, one can argue as before to obtain

Step 2. We estimate the first two terms in (2.66). The quantity Py({n} > lk —|— 6} Uw,) —

Pfi)({nhk > I, +¢}) can be estimated as done in Lemma @l Indeed, we consider the vector field
Vyd(z, Vg ) in and we use the divergence theorem to get

Py, > i + e} UW.) — Po({ng, = I +¢}) > / f/
{nh >lp+eUW.) a{nh >lp+e}

= |W. |][ divw,

where v denotes the unit outer vector to the set we are integrating on. We then remark that
fW dive — H{T7 Sl }(xk ) and fW Fp, (x, tk — hg)dx — Fp, (zk, t — hi) as € — 0 by continuity.

Step 3. We bound the distance term in (2.66]) by showing that

(2.67)

1 (2, tk) — O(hy)
—sd > ’ : 2.68
et mo=ti-a2 &) 2 50 T 4, o)) + O (209
For any z € W,, we have
o
n(z,tk)+ck+§|z—xk|2 <lp+e. (2.69)

Since, in turn, n(z,t;) + ¢ > I, — ¢ it follows that o|z — x1|? < 4¢ and thus, for € small enough,
W. C B, z(zk). (2.70)

By a Taylor expansion, for every z € W, we have
1
n(z,te — hi) = n(z, tx) — hOin(z, t) + hi/ (1= 8)35n(z, ty, — shy,) ds. (2.71)
0

Then, we consider y,y. € {n(-,tx — hx)(y) = lx — cx — €} being respectively, a point of minimal
1p—distance and Euclidean distance from z.
Claim: We claim that it holds

|z =yl = O(hx). (2.72)

In order to prove this result, we start remarking that for ¥ — oo and choosing ¢ < hg, one has

sdl{pn(_ﬁtrhk)yr%fa}(z) — 0 (as z — xy for e = 0 and zx € {n(-,tx) > lx — cx}). In particular,

recalling the bounds one has
|z = ye| < G|z —y| < cf’b|sdf{pn(,’trhk)2lkfcr€}(z)| -0
as k — oo. By we deduce in particular 7(z,t;) + ¢k < I + €, that is,
0 <n(ztx) —n(y, te — hy) < 2, (2.73)
and the same inequality substituting y. to y. Thus, one has
(2, k) = 1Yes te — hi) = Vn(y, te — h) - (2 = ye) — heden(y, te — hi) + O(|z = ye|* + )

which we combine with Vn(y, tr, — hi) - (2 — ye) = £|Vn(y, tk — hi)| |2 — ye| (see [56] for details)
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and ([2.73)) to get
|2 = yel [Vn(y, tx — hi)| < 26 + O(hw) + O(|2 — yel?).

Recalling that |Vn(y,tx — hi)| > ¢ > 0 for hj small enough, we divide by |Vn(y,tr — hi)| to
conclude |z — ye| = O(hg) as € < hg. Finally, employing again (2.9)), we prove the claimed (2.72)).

Then, we consider a geodesic curve for the definition of qu{bn(~,tk—hk)zlk—ck—s}(Z): if this dis-

tance is positive, we choose 7 : [0, 1] — RN with v(0) = z,7(1) = y, with y as before, otherwise we
_ _ : : P

take v such that v(0) = y,v(1) = z. In the following, we will assume Sd{n(~,tk—hk)2lk—Ck—s}(Z) > 0,

the other case being analogous. Recalling (2.7)), we have

1
Nzt — hi) = (.t — hi) + / V(. b — ) -t
0

20y, te — hi) — /O1 V(v =yt — hi))Y° (v, 7) dt
>0y, i — hr) = 0y =Vn(yste = i) sdY ot —en ey (2)
-/ =10t — ) = 9~y 1 — i) 65 (3,5)
> 1y, tr — hx) = (W0, =Vn(y, ts = hi)) +clz = y1) sdL b nymtn—en ey (2);

where in the last line we reasoned as in (2.41) to obtain the bound sup, |y(t) — y| < |z — y|.

Recalling (2.72)) one has
Nz, tk = i) 2 0y, i — hi) =y, =y, te — ) sAPy oo (2) Fo(hr).  (2.74)
Combining (2.71) with (2.74) and using (2.73)), we deduce
de{'r](~,tk—hk)=lk—ck—8}(Z) 71’(3/, —V?](y, ty — hk)) + O(hk)

1
> —2e + hOm(z, tr) — hi/ (1 —8)0%n(z, t, — shy,) ds.
0

Note that, in view of (2.69) and (2.9)), |n(z,tx) — n(y,tx)| < ce + chy, = O(hy), provided € < hy,
and small enough. We then conlude (2.68) by combining the previous inequality with (2.70]),(2.72)
as

o it =ti ey () 2 Uy, =y, te — hu))
_ Om@k,te) + O(VE) — 3= — O(hi) = On (1)
Yk, =V, te = i) + O(VE) + O(hy) -

Step 4. We conclude the proof by employing (2.66), (2.67) and (2.68), dividing by |[W,| and
sending € — 0 to obtain

O (xp, ty) — O, (1) ®
’(/J(.’Ek, —Vﬁ(l’k, tk)) + O(hk) {ngk 2, (z5)}

(Z‘k) — Fhk (xk,tk — hk) <0.

Letting simultaneously ¢ — 0 and k — oo, recalling the continuity properties of H?, we deduce
(2.56). Indeed the sets {7 > 17 (xx)} are converging in C? to the set {n > n(x)}, ) — = and
thus
@ ¢

Hng sng_ oy (@) = Hps )y (@),
and we conclude the proof of this step.
Case 2. Now we consider the case Vn(z,t) = 0 and we show that 9;n(z,t) < 0. The proof follows
the line of the one in , we just highlight the differences.
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Since Vn(z) = 0, there exist b, U as in Definition such that
(@, t) = n(2) = dm(2)(t — )] < (jz — z|) + bJt — 1,
thus, we can define
fi(z,t) = Om(2)(t — ) + 2¥(|z — Z|) + 2b]t — £]?

(2, 8) = e, £) + ﬁ

We remark that u — 7j achieves a strict maximum in z and the local maxima of u —7j in RY x [0, 7]
are in points (zy,tr) — z as k — oo, with ¢, < . From now on, the only difference from [56]
is in the case x; = T for an (unrelabeled) subsequence. We assume z = & Vk > 0 and define

7, =t —t; > 0 and the radii
T = 24/ CTk,

where C' is the constant of Lemma Taking k large enough, by Lemma the balls B(-, )
have an extinction time greater than 2(f — t;). We then have

k) +2U(rg)}

B(ivrk) c {ﬁk('atk) < ﬁk(‘f’t
te) +2¥(ri)},

CHul, tr) < u(z,
by definition of 7, and the maximality of u — 7y, at zx. Since the balls B(-, 7)) are not vanishing,

we conclude
T € {u(t) <u(@,tg) +2¥(rg)}.

Finally, we use again the maximality of u — n at Z and the choice of r; to obtain

(@ t) = n(2) _ 0@ te) —n(z) @ te) —u(@ )  —28(r)

tk - E —Tk —Tk —Tk

Recalling that ¥(r) = o(r?) as r — 0, we can pass to the limit & — oo and conclude 9;n(z) < 0. O

We conclude with two remarks concerning some possible generalizations of the results pre-
sented.

Remark 2.44. The results presented in this chapter can be immediately extended to unbounded
initial open sets Fy, whose boundary is compact. Indeed, defining the discrete flow as Et(h) = FEy
if t € [0,h), otherwise by induction Et(h) =T, tEt(i)h, where the operator T}, is the one defined
in , this evolution is uniquely characterized by the one of the complement. Thus, all the
results presented in this chapter can be extended to this particular unbounded case.

Remark 2.45. Following the lines of [23| (in the spirit of [8]) one can see that the results of
this chapter may be extended to prove existence of flat flows and level set solutions to the mean
curvature flow on RY endowed with the geometric structure induced by a Finsler metric ¢°. For
example, the perimeter functional in this setting is defined as follows. Given a set E of finite
perimeter, its (intrinsic) perimeter is

PoolB) = [ o ve(@) M3 (@),

where the Hausdorff measure ’Hf;{fl is the one induced by the metric ¢°. In particular, one
can compute d’Hgfl(x) = wy|B? (x)| "' dHN 1 (x) (see [23]), thus this approach is equiv-
alent to consider in our framework a slightly different (but still regular) anisotropy, namely

¢*(z,v) := wy|B?" (z)| ' ¢(x,v). In particular, this approach leads to considering the evolution
of hypersurfaces F; moving according to the evolution law

Vgo (x,t) = —Hp, () + f(z,t) x€dE, te (0,T)
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where now Vg represents the speed of evolution along the anisotropic normal outer vector
nge(x) = Vpo(z,vp(x)) and H is the “intrinsic” mean curvature, thus the first variation of the
perimeter Pgo. Recalling that nge(z) - ve(x) = ¢(z,vg(x)), we see that the hypersurfaces are
evolving with a normal (in the Euclidean sense) velocity given by the law

V(w,t) = é(w,ve, (@) (~H, () + f(.1)) -

After this transformation, we can apply the results previously proved.
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1 Introduction

In this chapter we study a nonlinear version of the anisotropic mean curvature flow (MCF
in short) with forcing and mobility. In particular, given a continuous non decreasing function
G : R — R, we consider the flow of sets t — E, formally governed by the evolution law

V(z,t) = ¢(vg, (2)G (—n%t () + f(t)) , for all x € 0" Ey, t > 0, (3.1)

where 1, ¢ are two anisotropies (with ¢ usually called the mobility), m%t denotes the ¢-curvature
of the set of finite perimeter E;, vg, denotes the outer normal vector and f is a forcing term
constant in space. We are interested in showing that the mimizing movement approximation
scheme produces discrete-in-time solutions that converge to the unique viscosity solution to
as the time-step parameter tends to 0.

The evolution law is relevant from a numerical point of view, as suggested e.g. in [57,
Remark 3.5]. For example, a truncation of the evolution speed is usually encoded in algorithms
for the MCF, which would correspond to choosing G(s) = (—M)V s A M in (3.1). Another
interesting choice could be G(s) = —s~, which amounts to consider a purely shrinking evolution.
Moreover, evolution by powers of the mean curvature have been previously studied in the smooth
or convex setting [60, (169} |15] and have been used to prove isoperimetric inequalities [170], or
considered in the setting of image processing algorithms [11, [167]. In particular, in |11, Section
4.5] it is remarked that the evolution law with G(s) = s7 and ¢ = ¢ = | - | is particularly
interesting as it is invariant under affine motions (isometries and rescalings). We refer also to [79]
for interesting links between a time-fractional Allen-Cahn equation and motion by powers of the
mean curvature.

In the present nonlinear setting, only two concept of solutions are currently available:
smooth solutions (starting from smooth sets, in general existing only in a finite time span) and
viscosity /level-set solutions, which are weak solutions of defined globally in time and starting
from any initial compact set. On the other hand, it is not clear whether a notion of “BV-solutions”
in the spirit of |8} |144] (and studied in the previous chapter) can be properly defined.

Inspired by the techniques developed in [56|, and the recent study [50] (contained in Chap-
ter , we show that the mimizing movement scheme & la Almgren-Taylor-Wang or Luckhaus-
Sturzenhecker [8], [144] provides existence by approximation of a level set solution to the nonlinear
MCF, under suitable smoothness assumptions on the quantities involved. This is an extension
and an improvement of the unpublished (and unfinished) preprint [46|, and is essentially based
on techniques introduced in [56]. In [56], the authors prove the convergence of the minimizing
movements scheme to viscosity solutions to a very general class of curvature flows of the form
V = —k, with k being a "variational" curvature. We will also use some refinements of the tech-
niques of [56] that we developed in Chapter [2] where we focused on similar evolutions driven by
inhomogeneous curvatures (i.e. non translationally invariant). We want to point out that our
result is more general than those of [46], as the authors work in the isotropic setting without
mobility (¢ = ¢ = |- |), require further regularity on the function G' and assume that

lim G(s) = to0,
s—too
which simplifies many arguments. From a technical point of view, the main difficulties arise in
the case where G is bounded from above or below, as some tools heavily employed in the linear
setting are no longer available (see e.g. the commonly used reformulation ) Anyhow, by
an approximation approach we can recover all the necessary results, which we then pair with the
variational approach of [56] in order to prove our main result.

To conclude, it would be interesting to study the much more challenging case where ¢ is
non smooth, i.e. the so-called crystalline case. In this setting the availability of the viscosity
solutions of [104} [105] and the development of distribution solutions of [55} |53| 52| may suggest
the premarkibility of a future investigation in this direction.
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2 The minimizing movements scheme

2.1 Preliminaries

For the notations and some preliminary results, we refer to Section [2]in Chapter

We focus on a nonlinear evolution by anisotropic mean curvature with mobility of a family of
sets {E,}i>0 starting from a set Ey C RY which is either bounded or has bounded complement.
The evolution law is

V(z,t) = (g, (2)G (_Hgt (z) + f(t)) z € B, t>0, (3.2)

where vg, (x) is the outer normal vector to E; at z and ¢, are two anisotropies (as defined in
Definition in Chapter [2) that are homogeneous in space, and under the following hypotheses
on the functions involved:

e G :R — R is a continuous, non-decreasing function, with G(0) = 0;
o £ € CP(R);

e ¢ € C? and it is strictly convex.

We then set
SEEHOO G(s) = —a € [—00,0], sggloo G(s) =b € [0,+00].
Consider a function u : RY x [0,+00) — R whose superlevel sets E, = {u(-,t) > s} evolve

according to the nonlinear mean curvature equation (3.2). By classical computations (see e.g.
|101]), the function u satisfies the equation

O = |Vu|V(z,t) = p(Vu)G (—V?*¢(Vu) : V2u+£) =1 —H(t, Vu, Vu)
where we defined the Hamiltonian H : [0,4+00) x RNV \ {0} x SNV — R as

H(t,p, X) =~ (p) G(—r7(p, X) + £(1)), (3-3)

and x?(p, X) is defined as x%(p, X) = V2¢(p) : X. Therefore, one is led to solve the parabolic
Cauchy problem in bounded time intervals [0, T], for T > 0, given by

u(-,0) =ug on RM. (3.4)

{(’%u + H(t,Vu,V?u) =0 onRY x [0,7]
Existence and uniqueness to (3.4) can be proved in the framework of viscosity solutions as done in
|128]. Let us recall the notion of viscosity solution used in [128|, starting by a family of auxiliary
functions.

Definition 3.1. The family F is composed of smooth functions ¢ € C2°(]0,+00)) satisfying
£(0) = ¢'(0) = £"(0) =0, £”(r) > 0 in a neighborhood of 0, £ constant in (0, M) for some M > 0
(depending on ¢), and such that

lim

p—0

U(|pl) _
) H(t,p,£I) =

holds uniformly in time.
Remark 3.2. We note that F # (). Since for all ¢ € [0, 4+00),p € RY it holds
G(=c/lpl = ifll) < H(t,p, 1) < H(t,p, 1) < G(c/p| + [ £]l),

for a suitable positive constant ¢ = ¢(¢), one can repeat the construction used in [128, page 229|
to show that F # 0.
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With a slight abuse of notation, in the following we will say that a function is spatially constant
outside a compact set even if the value of such constant is time-dependent.

Definition 3.3. Let 2 = (2,) € RN x (0,7) and let A C (0,T) be any open interval containing f.
We will say that 7 € CO(RY x A) is admissible at the point 2 if it is of class C2 in a neighborhood
of £, it is spatially constant outside a compact set, and, in case Vn(£) = 0, the following holds:
there exists £ € F and w € C*°([0,00)) with w’(0) = 0,w(r) > 0 for r # 0 and such that

(. t) =n(2) = m(2)(t = D) < Lz — 2[) + w(]t — i),
for all (z,t) € RN x A.
The notion of viscosity solution used in [128] is the following one.

Definition 3.4. An upper semicontinuous function u : RN x [0,7] — R, constant outside a
compact set, is a viscosity subsolution of the Cauchy problem if u(-,0) < wp and, for all
z:= (z,t) € RN x [0,7] and all C>-test functions 1 such that 7 is admissible at z and u — 1 has
a maximum at z, the following holds:

i) If Vn(z) = 0, then
n(z) <0 (3.5)

ii) If Vn(z) # 0, then
O (z) + H(Vn(2), Vin(z)) < 0. (3.6)

A lower semicontinuous function u : RY x [0, 7] — R, constant outside a compact set, is a viscosity
supersolution of the Cauchy problem if —u is a viscosity supersolution to (3.4]), with —ug
replacing ug. Finally, a function w is a viscosity solution for the Cauchy problem if it is both
a subsolution and a supersolution of .

Remark 3.5. By classical arguments, one could assume that the maximum of u — 7 is strict in
the definition of subsolution above (an analogous remark holds for supersolutions).

We thus recall the existence and uniqueness result proved in [128§].

Theorem 3.6. Given an initial datum ug uniformly continuous and constant outside a compact
set, the Cauchy problem (3.4) admits a unique viscosity solution. Moreover, if u,v are, respectively,
a super- and subsolution to (3.4) satisfying u(-,0) > v(-,0), then u(-,t) > v(-,t) for everyt € [0,T].

2.2 The minimizing movements scheme

In order to give the definition of the discrete scheme we consider in this chapter, we introduce
some notations. We set g as a selection of the set-valued inverse of G, that is g(z) € G~*(z) for
every x € (—a,b) and extend it setting g = —oo for every x < —a, g = +oo for every x > b. Here,
we extended G to [—o0, +00] setting G(+o00) = lim, 1o G(x). We assume also that g(0) = 0.
Note that these definitions imply G o g = id in [—a, b]. Moreover, g is strictly increasing. In the
following we will denote for k € N;h > 0

(k+1)h
F(kh) = ][kh £(s) ds.

Given a bounded set of finite perimeter E and h > 0,¢ € (0, 400) we define a functional on the
measurable sets as

FEE) = Po(F) + [

EAF

o (5|~ mmir 37)

where [] denotes the integer part.
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Lemma 3.7. Let E be a bounded set of finite perimeter and h > 0,t € [0, +00). Then, there exist
manimizers of fft and, denoting E' one such minimizer, it has the following properties: it is a
bounded set of finite ¢-perimeter such that (up to negligible sets)

E_.n C E' C Eyy,.

Moreover, there exist a mazimal and a minimal minimizer (with respect to inclusion) of FiF,.

Proof. Note that .7, (E) < 400 and that

FE(F) > Py(F) + /F 19 (s /M) X — 11 e

It is easy to see that the functional on the rhs admits a minimizer of finite energy by the coercivity
of g(sdg/h). Thus, by standard methods, one proves the existence of minimizers to .#;”,. Since
it has finite energy, it is straightforward to check that sdg € [—ah,bh] a.e. on E'AE. If b < +00
this clearly implies that E’ is bounded; if b = +00 a classic contradiction argument (essentially
recalled in Lemma below) yields the same result. Finally, by classical arguments one shows
that, if E}, By are minimizers of .77, then so are E{ N Ej, By U Ej, implying the existence of a
minimal and a maximal solution (see e.g. [56, Proposition 6.1]). O

For a given bounded set F and t € (0, +00), we thus denote
T}, ,E = min argmin ﬁ}ft, T;ftE = max argmin ﬁ}ft, (3.8)
where the minimum and maximum above are made with respect to inclusion. We will often denote
Th :=T, ,. We now prove some classical results following the lines of [144].

Lemma 3.8 (Weak comparison principle). Fiz h > 0,t € (0,+00) and assume that Fy, Fy are
bounded sets with Fy CC Fy. Then, for any two minimizers F; of ﬂf’t for i = 1,2, we have
Ey C Es. If, instead, Fy C Fy, then we have that the minimal (respectivyely mazximal) minimizer
of ﬁ,ﬁ is contained in the minimal (respectively maximal) minimizer of ﬁfi

Proof. Firstly, we assume Fy CC Fy, Testing the minimality of F;, Es with their intersection and
union, respectively, we obtain

P¢(El)+/

(E1\E2)\F1

sd sd
PE2) < PuEUED) + [ 9(5 FQ) + [ g< F) P/ EL N Bal.
(E1\E2)\F> h (Ex\E2)NFs h

Summing the two inequalities above and using the submodularity of the perimeter we get

d d d d
VLG = K R C ) B ML & &) K MWL o) |
(E1\E2)\F1 (E1\E2)NFy (E1\E2)NF2 (E1\E2)\F2

(3.9)
Assume by contradiction that |F; \ Es| > 0. Since sdp, < sdp, and by the strict monotonicity of
g, we estimate the rhs of (3.9) by

d d d d
[ARICS IVARSRIC S B ARIC S A €
(E1\E2)\F2 (E1\E2)NF; (E1\E2)\F2 (E1\E2)NFy

and plug it in (3.9) to reach the desired contradiction. The other cases follow analogously, rea-
soning by approximation if Fy C Fb. O

o () + [ s () < PuBI 0 B + S0\ B
(E1\E2)NFy

Lemma 3.9. Let ¢ € R. Consider E a bounded set of finite perimeter and non-decreasing func-
tions g1, g2 : R = R such that g1 < g2 in R\ {0} and g1(0) = g2(0) = 0. Then, if E; solves

apn (PP + [ latsds(e))] ao+ e
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for i = 1,2, we have that E5 C Ey. If g1 < g9 instead, an analogous statement holds for the
maximal and minimal solutions.

Proof. Denote g; = g;osdg for i = 1,2 and assume by contradiction that |Es\ F1| > 0. Reasoning
as in Lemma |3.8] one gets

Ry ey al+ [ lg2]
FE1AE ExNE (E1UE2)AE (ElﬁEz)AE

Simplifying! the above expression and recalling that g; > 0 on E¢, g; < 0 on E, we reach

0< / (91 — g2) +/ (91 —92) = / (91 — 92),
(B2\E1)\E (B2\E1)NE E3\E;

which implies the contradiction. The case g1 < go follows by approximation. O

In the linear case (g = id), minimizers of .Z;, minimize also the functional

F s Py(F) + /F sdp/h — F([t/H]R)|F). (3.10)

In the present setting, since fE g(sdg) may be infinite in the case a < 400, we can not draw this
conclusion straightforwardly. We can nonetheless recover the minimal and the maximal solution
to (3.8) by means of a sequence of minimizers of a functional similar to (3.10).

Corollary 3.10. Let E be a bounded set of finite perimeter and t € (0,4+00),h > 0. Then, there
exists a sequence of uniformly bounded sets (Ey)nen such that E, /T, ,E and for any n € N,
E, is a minimizer of

SdE

F — Py(F) +/ g (h) V (=n) = f([t/h]h)|F| =: ﬁf"(F) (3.11)
F
Analogously, there exists a sequence of uniformly bounded sets (Ep)nen such that E, N\, T,itE m
L' and for any n € N, E,, is a solution to

SdE

min{Rp(F) +/BR\Fg <h) An — f([t/h]h)|F|: F C BR}, (3.12)

where T}ftE C Bpg.

Proof. We prove the statement for T, E, the other case being analogous. Assume a < +o0
(otherwise the result follows by the boundedness of T, , ). We set ¢ = f([t/h]h), gn := g(sdg/h)V
(—n), and E' = T}, ,E. Consider the sequence of sets (En)nen, each being the minimal minimizer
of ﬁ,ﬁ;". By the same arguments recalled above, note that that there exists a constant R > 0
such that F, C Bg for all n € N. By Lemma the sequence E, s increasing as gn > gn+1
and moreover E' D E,, as g < g,. Therefore, one has that FE,, /' F = J,, F, € E’ and also
XE,AE = |XE, — XE'| = Xgap @€ asn — oco. By lower semicontinuity of the perimeter and

INoting that
E1AE = ((E1\ E2)\ E)U((E1 NE2)\ E)U((E\ E1) \ E2) U ((EN E2) \ E1)
(ErUER)AE = (Ex \ EA\ E)U((E1 N E2)\ E)U ((E1\ E2) \ E) U ((E'\ E1) \ E2)
(El N EQ)AE = ((EQ N El) \ E) ] ((E \ El) \ EQ) ] ((Eﬂ El) \ EQ) U ((E N EQ) \ El).
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Fatou’s lemma we get

FENE) = Po(B) ~clEI+ [ l(sdi/h)| = Po(B) ~clE|+ [ timint (lgalxe, ar)
7 R n oo

ENE N

o ) |
< it (B~ + . 9.1

n

. o . . E
Since E, minimizes %, ;" we get

FEE) < timint (o) + [ ol ) < FEE), (3.13)
’ n E'AE ’

where in the last inequality we used that |g,| < |g|. Since E’ is the minimal minimizer of ./, we

conclude E = E’. The functional (3.11) is obtained from (3.7) adding |, 5 9n(sdg/h). Finally, the
functional in (3.12)) is obtained from functional (3.7)) adding the (finite) term — fBR\E g(sdg/h)An
and restricting the family of competitors. O

We define the discrete flow starting from the initial set £y by setting Et(h) = Ey for t € [0,h)
and iteratively

EM =T, wEM . te[h+00). (3.14)

We now provide an estimate on the evolution speed of balls. It is interesting to note that,
in the isotropic setting (¢» = ¢ = |- |) and under the hypothesis of strict monotonicity of G, an
explicit evolution law for the radii of evolving balls can be obtained. In our more general case we
need to employ the variational proofs of [56]. By Lemma the relevant case is when b = +o00.

Lemma 3.11. Assume b = +oco. For every R > 0 and every t € (0,400),h > 0 it holds
+
ThiBr S Bri o))

Proof. We fix h > 0 and set ¢ := f([t/h]h) and E' = T,ftBR. Let € > 0 and set H C RY as an

half-space containing the ball centered at 0 of radius R + C%G (c+¢). By the minimality of E' we
get

[ lgtsamml - [ (s /)] < PolE' N H) = PoE') + c|E\ H].
E'ABpgr (E'NH)ABR

By a simple computation, since B C H we find
/ g(sdp,/h) < Py(E'NH) — Py(E') +c|E'\ H| < c|E" \ H| (3.15)
EN\H

where in the last inequality we used that cutting sets of finite perimeter by half-spaces decreases
Pj. Therefore, since sdp, > hG(c+¢) on E’' \ H, one concludes |E'\ H| = 0. Thus the result
follows sending ¢ — 0. O

We then provide an upper bound on the evolution speed of balls in the spirit of [56]. We
remark that the significant case is a = 400 as otherwise Lemma yields

T}::tBR 2 Br—an-

Lemma 3.12. Let Ry > 0 and 0 > 1 be fized. Assume a = +o0o. Then, there exist a positive
constant ¢ such that, if h > 0 is small enough, for all R > Ry and t € (0,+00) it holds

+
T51Br 2 Bri -0 -1 flloe) (3.16)

Proof. We prove the result for £ := T}, ;Br. Take h small enough so that ThvtBiRo # (. By
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Lemma translation invariance and taking h small, one can see that? B B C E. We set

R

p=suplr e [0.R]:|B, \ E| =0} € | 7, R+ C};G<nf|oo> . (3.17)

Assume wlog p < R. Let & € 0B be such that |B(zZ,¢) \ E| > 0 for any ¢ > 0. Set p € (0, p) and
T = (1— p/p)Z such that 0B(r, p) NOB; = {Z}. Setting B* := ((1+¢)7, p), consider the sets

We:= B\ E.

Notice that by construction, for e small, W¢ has positive measure and it converges to {z} as
e — 0. By (2.11) with v = Vé(z/|z|) and by submodularity, we obtain

X x
V — . D e = v i . D e — D e
/RN ? (Il’l) xw /RN ¢ <fc ) ( X P Xs “Thi«fBR) (3.18)
< Py(B° N Ty Br) — Py(B°) < Py(T}; Br) — Ps(B° U T}, Bg).

Since E minimizes (3.10) (as a = 4o00), we use its minimality on the rhs of (3.18) and the
divergence theorem on the lhs of (3.18]) to arrive at

[ awve (””) < e/l [ g (Sde) . (3.19)

we |z|

By the regularity assumptions on ¢ we remark that it holds

. ¢
|divVe(p)| = [tr(VZ6(p))| < T
We plug the estimate above in (3.19), divide by |W#| and send € — 0 to conclude

c .
—— —lIfllooc £ limsup g(s).
P s—cy(p—R)/h

Applying G to both sides and letting p — p, we conclude
h c h 4c
p2r+ e (-Loifln) 2 R 26 (5 -7l ). (3.20)
Cy p Cyp R

where in the last inequality we recalled that p > R/4. Using again the previous analysis with the
bound ({3.20]), we show (3.16) by taking h small enough. O

2.3 The scheme for unbounded sets

We now define the discrete evolution scheme for unbounded sets having compact boundary.
For every compact set K and h > 0,t > 0, we will denote by T,jftK the maximal and the minimal
minimizer of j}fw which corresponds to with §(s) := —g(—s) instead of g(s) and — f instead
of f. By changing variable F:=F¢in , we see that (T,:tK)c is the maximal solution to

win{ PP+ [ gl (/) (3:21)

2Indeed, by translation invariance and Lemma it holds
Th,tB% + B%R C ThtBr C Br+ch-
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Therefore, for every unbounded set E with compact boundary we define?
B = (TE) . (3.22)

As in the case of compact sets, we set Tj, ;&2 := T} , F/. Given an unbounded set Ey having compact
boundary, we define the discrete flow {Et(h)}tzo as follows: Et(h) := Ey for t € [0,h) and

EM =Ty, wEM | vt € [h,+o0).
Since g has the same properties of g, one easily checks that analogous results to Lemmas
and hold also for .
Lemma 3.13. Let t,h > 0. The following statements hold.
o Let I\ C Fy be unbounded sets with compact boundary. Then, Ty, F1 C T, 1 Fy.
e There exists ¢ > 0 such that for every R > 0,h > 0 it holds T,i'fth2 2 BRyon

e Let Ry >0 and o > 1 be fixed. Then, if a = +oo there exist ¢ > 0 such that for h > 0 small
enough and for all R > Ry, it holds

+ nc c
T0tBr & Bry b cog i1l (323)

If instead a < +00 it holds
T};t,tBlcz C BR—an- (3.24)

Furthermore, Corollary implies straightforwardly the following approximation result.

Corollary 3.14. Set t,h > 0 and let E be an unbounded set of finite perimeter with bounded
complement. Then, there exists two sequences of sets (Ep)nen, (Bl )nen with uniformly bounded
complement with the following property. Fach (E,)¢ is a minimizer of with g V (—n)
substituting g, and (E))° is a minimizer of with g An substituting g. Moreover E, /T, \E

and E;, \,T," E.

We now deduce an equivalent version of (3.21]), which will be used in the final proof, following
[56]. Let us consider E such that E¢ C Br and assume a = +00. Recall that TitE 2 By, for
some ¢ > 0 by Lemma Adding to the functional in (3.21) the term mech\(T,:tE)c g(sdg/h)

and restricting the family of competitors, we note that T,; & is the minimal solution to
min {P¢(F) +[ g (sdg/h) + f([t/h]h)|F€| : F© C BR+Ch} . (3.25)
FNBR+ch

The case a < +00 needs to be treated by approximation using Corollary Lastly, we state
a comparison principle between bounded and unbounded sets. Its proof follows the one of [56,
Lemma 6.10], up to employing Corollary

Lemma 3.15. Let Ei be a compact set and let Eo be an open, unbounded set with compact
boundary, and such that Ex C E5. Then, for every h € (0,1),t > 0 it holds T,ittEl - ThitEg.

3 Main result

We now describe the discrete-in-time approximation of the viscosity solution based on the
operators Thit previously defined. In this section we essentially follow [56], as done in Chapter

3To justify this, one can check that if a set F is moving according to (3.2)), its complement moves according to
V(z,t) = = (vEe(2))G(kEe(z) + £) in the direction vge,

from which the incremental problem follows.
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Given a continuous function v : RV — R which is constant outside a compact set, we define
the transformation
Thv(z) =sup{s €R : z € Ty {v>s}}, (3.26)

which defines a new function on RY x [0, +-00) by setting vy (z,t) = v(z) for t € [0, h) and
Uh(LL', t) = (T}ht,h’uh(',t — h)) ({E) (327)

By lemmas [3.8 and [3.13} one can see that the operator T}, ; maps functions into functions. More-
over, the following holds.

Lemma 3.16. Given t,h > 0, the operator Ty, ¢ defined in (3.26]) satisfies the following properties:
o T}, ; is monotone, meaning that ug < vo tmplies Ty, yug < T} 100;

e T is translation invariant, as for any z € RN setting T,uo(z) = uo(x — 2), it holds
Th(T2u0) = T2 (Th,tuo);

o T, commutes with constants, meaning Ty, ¢(u + ¢) = (T u) + ¢ for every ¢ € R.

Proof. The first assertion follows from Lemma and The second one follows easily em-
ploying the definition , recalling the fact that the functional defined in is invariant
under translations and that {r,up > A} = {up > A} + 2z for all A € R. The last result follows
analogously. O

The previous properties satisfied by the operator, in turn, preserve the continuity in space
of the initial function. Indeed, assume ug is uniformly continuous and let w : Ry — R4 be an
increasing, continuous modulus of continuity for ug. Then, for any s > s’ we have

{u > S} + Bwfl(sfs’) c {u > S/}a
thus, by translation invariance we deduce
Thyt{u > S} + Bw—l(s_sl) - Thyt{u > S/}.

This inclusion implies that the function T}, ;ug is uniformly continuous in space, with the same
modulus of continuity w of ug. The following lemma provides an estimate on the continuity in
time of uy. Here, equality between sets must be understood up to negligible sets.

Lemma 3.17. Fiz t,h > 0 and ug a uniformly continuous function. For all A\ € R it holds
Thofun(t) > A} = {un(ot+0) > A}, T un(6) = A} = {un(t 4+ ) > AL,
Proof. Given ¢ > 0, by definition it is easy to see that
{Thouo > A +e} C Tio{uo > A} € {Thouo > A — e}
Passing to the limit ¢ — 0, we deduce
{un(-,h) > A} € Tip{uo > A} C {un(-h) > A}

Finally, since uy, (-, h) is a continuous function, the equalities {uy (-, h) > A} = int{up(-,h) > A}
and {up(-,h) > A} = {un(-,h) > A} holds and we prove the result for ¢t = h. The other cases
follow by iteration. O

With the previous results and reasoning exactly as in [56, Lemma 6.13], we can prove that the
functions wy, are uniformly continuous in time.

Lemma 3.18. For any ¢ > 0, there exists 7 > 0 and hg = ho(e) > 0 such that for all |t —t'| < T
and h < hg we have |up(-,t) —up(-,t)| < e.
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Thus, the family {up }r>0 is equicontinuous and uniformly bounded as implied by Lemma
By the Ascoli-Arzela theorem we can pass to the limit A — 0 (up to subsequences) to conclude
that uj, — u uniformly in any compact in time subset of RY x [0, +00), with u being a uniformly
continuous function. Moreover, the function u is bounded and constant outside a compact set.

Proposition 3.19. Let T > 0. Up to a subsequence, the family {up}r>o converges uniformly on
RN x [0,T] to a uniformly continuous function u, which is bounded and constant out of a compact
set.

We can thus state the main result of the present chapter.

Theorem 3.20. The function u defined in Proposition[3.19 coincides with the unique continuous
viscosity solution of the Cauchy problem (3.4]).

We finally recall the notion of a level-set solution to the evolution equation (3.2) (cp. e.g.
|101)).

Definition 3.21. Given an initial bounded set Ey (or unbounded set with bounded complement,)
define an uniformly continuous function ug : RY — R such that {ug > 0} = Ep. Then, setting
u as the solution to with initial datum wug given by Theorem we define the level-set
solution to the nonlinear mean curvature evolution of Ey as

E; :={u(-,t) > 0}.
Our result, Theorem [3.20] amounts thus in showing that the discrete flow converges to the
unique level set solution to equation (3.1)).

3.1 Proof of the main result

We start by an estimate on the evolution speed. For every r > 0, using the notation of

Lemma [3.12] we set
1
w(r) = min {1, 26 (<€ - 1) |
Cd, T

and, given ro > 0, we set r(t) as the unique solution to

{f(t) = k(r(1)) (328)

0-

Note that, in general, the solution r(¢) will exist in a finite time interval [0, 7*(r¢)], where T™*(ro)
denotes the extinction time of the solution starting from 7 i.e. the first time ¢ such that r(¢) = 0.

Lemma 3.22. Let u be the function given by Proposition[3.19 and assume that there exists A € R
such that B(zg,ro) C {u(-,to) > A\}. Then, if a = +oo, it holds

B(zo,7(t —t0)) C {u(-,t) > A}

for every t < T*(rg) + to, where r(t) is the solution to (3.28) with extinction time T*(rg). If
instead a < +o0 it holds

B(xo,r0 — at —t0)) € {u(-,t) > A}
for all t such that 1o — a(t — tg) > 0. The same result holds for sublevels substituting superlevel

sets.

Proof. The result in the case a < +oo follows directly by Lemma so we assume a = +00. We
consider wlog {u(-,tp) > A} bounded, as the other case is analogous. For a fixed Ry < 19, taking
h(Rp) small enough, we can ensure that B(xg, Rg) C {up(-,t9) > A}. We then fix o > 1 and define
recursively the radii R,, by

_ h Co
Royy1 =R, + ch( URn ||f||oo> .
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By Lemmas and [3.17) we see that B(wo, Rjt—t,)/n+1) € {u(-,t) > A} for every t > to
such that Rj;_s,)/n+1 > 0. Let then r, be the unique solution to the ODE

To(t) = k(ro(t) /o)
{TU 0 = Ro. (3.29)

Employing the monotonicity of &, if 7,(t) < R, then

(n—1)h (n—1)h
rg((n—l—l)h)SRn—F/ H(TU(S)) dSSRn-i-/ H(R”> ds
a n

nh h g

(n—1)h 1 C

<R, —|—/ —G (—U¢ — ||f|oo> ds = Ry11-
nh Cyp R”

Therefore, B(xzg, ro(h[(t —to)/h] + h) C {un(-,t) > A} for t > ¢y as long as the radius is positive.

We conclude sending h — 0, then Ry — rg and o — 1. O

We are now in the position to prove our main result, reasoning as in |[56] (and Chapter [2)).

Proof of Theorem[3.20. Consider u as defined in : we show that u is a subsolution, as proving
that it is a supersolution is analogous. Let n(z,t) be an admissible test function in z := (Z,t) and
assume that (7,%) is a strict maximum point for « — 7. Assume furthermore that v —n = 0 in
such point.

Case 1: We assume that Vn(z) # 0. Firstly, in the case a < 400 we remark that if
O /v(Vn(2)) < —a, then is trivially satisfied, thus we can assume wlog that

> —a. (3.30)

By classical arguments (recalled in Chapter|2)) we can assume that each function wy, —n assumes a
local supremum in B,(Z) at a point 25, =: (v, t) and that us, (25,) — u(Z) as k — oo. Moreover,
we can assume that Vn(z) # 0 for k large enough.
Step 1: We define a suitable competitor for the minimality of the level sets of u;,. By the previous
remarks we have that

up(z,t) < n(x,t) + e (3.31)

where ¢, 1= up, (Tg, tr) — n(xk, tr), with equality if (x,t) = (ag,tr). Let 0 > 0 and set
o
N (@) =2, te) + o + §|x —ap%
Then, for all z € RY,
up, (z,tr) < nf, ()
with equality if and only if x = x. We set I, = up, (xk, t) = . (zx). We fix € > 0, to be chosen
later, and define Ef = {un, (- te) > Uk — €} = Thy 1y —hy, {Uny (5t — hi) > 1 — e} and
WE:=E\{n] () >l +¢}. (3.32)

Assume that EF is bounded and let us define Efn as the sets constructed by Corollary where
{un, (-, tx — hg) >l — e}, EF substitute E, T, E respectively. We thus have that EE, /7 EF as
n — oo and that each E¥  is the minimal minimizer of a problem in the form (3.10). We define

g,n
Wk, =ES N\ {nf () >l +e, }. (3.33)

It is easy to see that, along any subsequence n(¢) — oo as € — 0, it holds Wskn(s) — {z} as
¢ — 0. Furthermore, we check that for every €,k > 0 there exists n(e, k) large enough such that

4The choice of working with the open superlevel sets is motivated by our need to employ (3.11))
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|WE,| > 0 for all n > n(e, k). Indeed, by the continuity of 77 and since |[Vn(2)| # 0 there exists

a positive radius r such that

(B(zy,7) N EF) C Wk,
Since 1 € EF and it is an open set, it holds [WF| > 0. Recalling that E¥  — E¥ in L', we
conclude that [WF, | > 0 for all n = n(e, k) large enough. Note also that, for every fixed &,

n(e, k) = oo ase — 0.
By minimality of E?n we have

t

9 (54 cmnrotey @) V= 7 ([ ) |

< Py (EE, 0 {nf, > lk}) +/

Ef 07, >}

Py(E£,) +/

E

k
e,

g (sd (any oty >1a e} (@) /hk> V(—n)de. (3.34)

Adding to both sides Py ({n;‘lk > U Efn) and using the submodularity of the perimeter, we
obtain

Py, > o+ e} UWE) = Py({nf, > I +¢}) — f (m hk) WE|

+ /Wk g (sd (i, o)t} (@) /hk) V (—n)dz < 0.

g,n

Equation (3.31) implies {up, (-, tx — hi) > e — e} C {n(-,tx — hx) > U — ¢, — €}, therefore by
monotonicity we get

t

Poll0f, > b+ 2 UWE) = Poll, > <) = £ (|| ) 02,
k

(3.35)

+/wk g (Sd{f](~,tk—hk)>lk—ck—8}(x)/h’k) \/ (_n) d'T S 0

e,n

If instead Ef is an unbounded set with compact boundary, we employ instead of to
obtain in the computations above. See [56] and Chapter [2| for details.

Step 2: We now estimate the terms appearing in . We start with the first two perimeter
terms Py({n >l +e} UWE, ) — Py({n] > Ix +¢}). Reasoning as in Lemma we use the
divergence theorem and with the vector field v := V¢(Vn?/|Vn7]) to obtain

Ps({nf, > e + e} UWE,) = Po({nf, > lr +¢})

2/ v-y—/ v-V:/ divo, (3.36)
8({n;k >lp+e}UWE ) B{nzk >lp+e} Wk,
where v denotes the unit outer vector to the set we are integrating on.
The last term in (3.35)) can be treated as follows. For any z € W., we have
o
n(z,tk)+ck+§|z—xk|2 <l +e. (3.37)

Since, in turn, n(z,t;) + ¢ > I, — € it follows that o|z — x1|? < 4¢ and thus, for € small enough,
WE C B, z(x). (3.38)

Therefore, by Hausdorff convergence it holds that for every e,k > 0 there exists n = n(e, k) large
enough such that
WE, C By e(a). (3.39)
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On the other hand, by a Taylor expansion, for every z € Wskn we have

1
n(z,tr — hi) = n(z,tk) — hOm(z, t) + hi/ (1- S)aftn(z,tk — shy)ds. (3.40)
0

Then, we consider y € {n(,tx — hi)(y) =l — cx, — €} being a point of minimal ¢-distance from z,
that is, ¥(z — y) = [sdin(. .ty —hp)(y)>lp—cr—e} (2)|. One can prove (see Chapter for details) that

|z = y| = O(hx). (3.41)
Moreover, it holds (see |56} eq (6.26)] for details)

Vin(y, te — hi) Vin(y,tk — hi) \ . .0
DD R T TR gy (2B TR ) g
IV (y, tk — )| (st = )] ) St o=t —en—e} (2)

with a “+” if z € {n(-,tx, — hi)(y) <l — cx — €} and a “” otherwise. We get

(z—y)

n(z,tk — hi) = n(y, tk — hi) + (z —y) - V(y, tk, — hi)
1
+/O (1 - 5) (Vn(y + s(z — v), b — hi)(z — 1) - (= — y) s
=lp—cp—e— Sd{n(-,tk—hk)(y):lk—Ck—a}(ZW(VU(% tr — hk))

+ /0 (1—-13s) (V277(y +s(z—y),ty — hg)(z — y)) -(z —y)ds. (3.42)

Note that, in view of (3.37) it holds |n(z,tx) — n(y, tx)| < ce + chy, = O(hy), provided € < hy and
small enough. Thus, using also (3.39),(3.41) we deduce

1, () > 0en(z, tr) — = — O(h) = On, (1)
)z e R = D(Vn(y, tx = hr)
 Ouak, te) + O(VE) — 7= — O(hy) — Op, (1)
— (Un(ar, tk — ki) + O(E) + O(hy)

and we apply g to both sides to conclude

i@y, ty) — On, (1) > (3.43)

V(Vn(zk, ts — hi)) + O(hy)
Step 4: We conclude the proof. Combining (3.35)), (3.36]) and (3.43]), we arrive at

oz [ awvor i (1 (|5 m) 4o (Gt n s o) V) - @4

e,n

g <Sd{n('7tk—hk)>lk—ck—5}(Z)/hk) >g (

Choosing n = n(e, k), we can divide by |Wf,n(€,k)| > 0 and apply G to both sides to get

¢ (‘ f,. dvoes ([hﬂ m)) >G <g ( w(vaggffft’;’f ,;kghj%)(hk)) v (—n(a,k))> |

e,n(e,k)
Let us fix kK > 0 and send € — 0 (thus also n(e, k) — 0). Thanks to the continuity of G and
recalling also that ngn(g r — {2} as € = 0, we arrive at

4 t n(wk, tk) — On, (1)
G <—l€{ngk ank(wk)}(l'k) + f (|:hk:| hk})) > 7/1(V77(1'k,tk)) T O(hky

which finally implies the thesis by letting simultaneously ¢ — 0 and k — +oc.
Case 2: We assume V7(Z,t) = 0 and prove that 9;n(z,t) < 0. The proof follows the line of
the one in [56]. We focus on the case a = 400, the other being simpler.
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Since Vn(z) = 0, there exist £ € F and w € C*°(R) with w’(0) = 0 such that
In(z,t) —n(2) — Oin(2)(t — )] < £(|lz — 2|) +w(|t —1])
thus, we can define
(e, t) = Bn(Z)(t — £) + 20(|o — 7]) + 2|t — )

) = (e 0) + -

We remark that u — 7j achieves a strict maximum in z and the local maxima of u —7j in RY x [0, 7]
are in points (zg,t) — z as k — oo, with ¢, < . From now on, the only difference from [56] is
in the case x = Z for an (unrelabeled) subsequence. We thus assume z; = Z for all & > 0 and
define by, =t — t;, > 0 and the radii

rE = gil(akbk),

where ar — 0 must be chosen such that the extinction time for the solution of (3.28|) satisfies
T*(rg) >t — ty, for k large enough. To show that such a choice for ay, is premarkible, we set

B(t) = sup H((s))l'(¢7}(s)), (3.45)

where & is as in (3.28). Note that by Definition it holds S(t) < H(t) for ¢ small, 8 is non
decreasing in ¢ and g(t) — 0 as t — 0. We then have

T 11 1ok
(Tk)>—/ ——ds / ds

be = bk oo 5(s) T bk Jo-1(age ) B(S)
[47% @b 1 Qg 1
— _ ar > & — 9, 3.46
2 Lo e AT Y Z 2 Bl (3.46)

where in the last equality we chose ay := 4/3(bx) which tends to 0 as k — oc.
By definition of 7 it holds

B(z, i) S {5 tr) < (T, k) + 26(re) }
C {ul, te) < u(@, tx) + 26(ri) },
by maximality of u — 7 at z and since u(zx) = 75 (2x). Since the balls B(-, ) are not vanishing,

by Lemma [3.22] we have
z € {u(,t) <u(x,tg) + 20(rx)}- (3.47)

Finally, using again the maximality of u — 7 at z, the choice of r and (3.47)), we obtain

n(z) —n(@ te) _ n(2) = n(@t) _ ul?) —u@ te)  20(rs)

t—ty by by by

= 2ak.

Passing to the limit £ — oo, we conclude that 9;n(z) < 0. O
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76 CHAPTER 4. Discrete Crystalline Flows

1 Introduction

In this chapter we analyse a space- and time-discrete approximation of crystalline mean cur-
vature flows of the form

V(x,t) = —p(vew (@) Hy (@),  z€dE(), t>0, (4.1)

for a class of crystalline norms ¢. We recall that an anisotropy ¢ is said to be crystalline if and only
if {¢ < 1} is a polytope (or equivalently, ¢ is the support function of a polytope). Moreover, in this
chapter we restrict ourselves to the case where {¢ < 1} is a zonotope with rational generators [150|
26]. The evolution law has been considered to describe some phenomena in materials science
and crystal growth; see e.g. [115] 175]. The main result of this chapter is a convergence result of
the discrete approximation to the continuous evolution, as the time and space steps go to zero,
even in the somewhat surprising case where the space-step is greater or equal to the time-step.

From the mathematical point of view, the lack of regularity of the differential operator involved
in the definition of the crystalline curvature (see |22} 23]) is the main reason why the well-posedness
of the crystalline mean curvature flow in every dimension has been a long-standing open problem.
After some partial results (see for instance |9, (16} {21} |41}, 99, [L00L |103]), important breakthroughs
have been obtained simultaneously in [104}, /105, |107], where a suitable crystalline theory of viscosity
solutions was developed, and with a different approach in [55] |53, [52|, where a new notion of
distributional solutions was proposed.

Let us focus on the definition of distributional solutions, referring to the nice review [106] for
further information on viscosity solutions to (we just note that the two notions are equivalent
in the present setting [52, Remark 6.1]). The exact definition of distributional solutions will be
recalled in Definition but when ¢ is smooth it can be motivated as follows: It is known (see
for instance [173| for the isotropic case) that E(t) evolves according to if and only if the

signed distance function d(-,t) := sd‘go(t) to OE(t) induced by the polar norm! ¢°, satisfies

8yd > div(V(Vd)) in {d > 0}, (4.2)
8id < div(Ve(Vd)) in {d < 0} (4.3)

in the viscosity sense. The idea of the new definition introduced in [55] is to reinterpret the
equations above in the distributional sense. In particular, note that replacing V¢(Vu) by a vector
field z € L*°({d > 0}; RY) such that z(x) € 9¢(Vd) for a.e. z, where d¢ denotes the subdifferential
of ¢, the equations , make sense even when ¢ is crystalline. The corresponding notion of
super- and sub-solutions bears a comparison principle, which yields uniqueness of the motion up to
fattening. Existence is obtained either by a variant of the minimizing movements scheme of [8}, 144
in the spirit of [45], which consists in building a discrete-in-time evolution obtained by a recursive
minimization procedure (see [55, 52]), or by approximation with smooth anisotropies [53]. We
observe that the convergence of such time discrete approaches to a motion characterized by —
in the wviscosity sense was shown in [129], including in the 2D crystalline setting, while
convergence in a distributional sense was established in [41] in the convex case only. Briefly, given
a time-step h > 0 and an initial closed set Fy =: E™°, one defines EMF+1 = {y"F+1 <0}, where
u*+1 is defined as the minimizer of a so-called “Rudin-Osher-Fatemi” |[166] problem:

1 )
umk L ¢ argmin{ o(Du) + 7/ lu — Sd%h_k |2} . (4.4)
RN 2h RN '

In this chapter we combine this discretization in time with a simultaneous discretization in space
for the particular class of purely crystalline anisotropies ¢ of the following form

$(v) =Y B(i)i-vl, (4.5)

€€

where 3(i) > 0 and £ C Z" \ {0} is a finite set of generators such that Span £ = R¥.

ldefined by ¢°(x) = Supg(,y<1 ¥ -  and which satisfies ¢(z) = supgo(z)<1 ¥ - 2-
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We now specify the discrete setting we are interested in, referring the reader to |30] for a more
thorough introduction to related topics. We consider an e-spaced square lattice eZ" and discrete
functions u : €Z" — R, and denote u; := u(i). We observe that we could also consider a general
finite-dimensional Bravais lattice, at the expense of more tedious notation. A natural discrete
version of total variation-like energies are those appearing in Ising systems, namely energies of the

form
TVS(v) =" > Blife — j/e)|vi — vyl (4.6)

i,j€eZN

where 3 is as in (4.5) and extended to 0 in Z" \ €. Under the hypotheses above on 3, the
functionals TV are shown to I'-converge? as € — 0 to the total variation functional

Vo) = | o(Dv)

where ¢ is as in , see e.g. [51]. It is thus natural to define a minimizing movements scheme
based on TV which is the discrete counterpart of the minimizing procedure , as follows:
given Ey C RN, we define E?; = {i € eZ" : (i +[0,6)N) N Ey # 0} and for every k € N we let
u’;J,rll be such that

u’;-;l € argmln{TV/g 2h Z lv; — 67 Wil? o oviez —)R}, (4.7

i€eZN

where sd5 h denotes a suitable signed ¢°-distance function to E}C defined on eZ”. (Actually, the
energy in is infinite and we rather consider the Euler- Lagrange equation of the problem.)
Then, one sets Ef;l = {u’c+1 < 0}.

The idea is to study the asymptotic behaviour of the discrete evolutions E 1, as both e, h — 0.
Notice that a similar analysis has been performed in [28] in the planar case, for ¢ = || - ||; and

sdk 1, the continuous signed distance function from the discrete sets EE ;, Testricted to the lattice

5ZN, see also |27} 29, |31}, /146 |171] for further related results. With this choice, if € >> h it is easy
to see that the dissipation-like term in (4.7))

1
o > Jui = (s

iceZN

forces the functions u’;h to be constant as k varies, therefore producing pinning on the moving
interfaces. Moreover, when the two scales €, h are going to zero at the same speed it is shown in
|28] that a direct implementation of the standard scheme with the choice above for the distance,
introduces a systematic error of order ¢ = h at each step, which accumulates and produces a
drift in the limiting evolution. As a result, low curvature shapes remain pinned, while sets with
higher curvature evolve with a law which is a nonlinear modification of the crystalline curvature
flow (d.1). Thus, the evolution law can be approximated with the scheme of [28] only if
e < h.

In the main result of this chapter, Theorem[£:24] we show that with a new appropriate definition
of the distance sdE n, We can recover in the limit €,h — 0 the actual distributional solutlon to
- [4.1)) for every initial set Eg C RY, for every purely crystalline anisotropy ¢ of the form ({.5]) with
rational coefficients, in any dimension and irrespective of relative size of the space- and time—steps.
In fact, the assumption of the rational character of 8 can be removed in the regime ¢ < O(h).
This is the first general rigorous convergence result for a fully discrete scheme without restrictions
on the dimension, on the initial sets and in which the spatial mesh is allowed to be of the same
order or even coarser than the time step.

Let us further comment on the analysis carried out in [28] in the planar case (see also |30]
for many more references on the topic). One important change between these older results and

2Note that we do not need to assume that the lattice generated by {ex}k=1....m is ZN | which is necessary to

ensure the equi-coercivity of the discrete functionals.

.....
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those presented in this chapter is that we consider distributional solutions to the crystalline mean
curvature flow 7 instead of relying on the characterization of the motion via ODEs, which
dates back to |9, |16]. The latter notion of solution is indeed suited only for planar evolutions, thus
the limitation N = 2 in the past works. With the ODE definition and for ¢ = || - ||1, the authors
of [28] precisely prove the following results. If ¢ < h then the limiting motion is consistent with
, while if h < ¢ pinning happens for any nonempty initial data. As already mentioned, in
the critical case € = h, the limit planar motion is not driven by , but instead by a slightly
modified nonlinear crystalline mean curvature flow, and pinning may happen for some particular
(low curvature) initial data. This striking difference with our result may be (vaguely) justified by
the following remark. While in 28], the focus is on discrete sets, we rather evolve, in accordance
with the definition of distributional solutions, the signed distance functions to the boundaries. In
this way we can effectively achieve a sub-pixel precision in our approximation, as u.j; and the
signed distance function carry more information than the evolving level set {uc n(t) < 0}. Our
new definition of the interpolated signed distance is detailed in Section [

The consistency result in this chapter validates the numerical experiments which we carry on
in Section [f] to illustrate our results. These experiments are derived from previous experiments
in |47], which however were using a different redistancing operation for which no consistency was
proven. Numerical schemes based on the variational approach [8| [144] have been introduced for
crystal growth [10]. Since then, there have been many attempts to implement implicit schemes
based on this approach for isotropic and anisotropic curvature flows in various settings [45] |85} 161}
164 184], all relying on the consistency of the spatial discretization with respect to the time-discrete
scheme (hence assuming € < h).

Many other techniques have been considered to simulate crystalline flows after [176] [177],
see e.g. [110, 111} |80] for the evolution of planar curves and [160, [L63] for higher-dimensional
algorithms.

Let us conclude this introduction with two comments. The first one concerns the hypothesis
that ¢ is purely crystalline. It seems quite technical, as it implies that the associated interaction
function S (in the sense of ) has finite range. While this is not necessary to carry our
the existence part for the discrete minimizing movements scheme, it is essential for building a
calibration which yields a bound on the speed of Wulff shapes, see Appendix In practice,
being the Wulff shape W := {¢° < 1} a finite Minkowski sum of (rational) segments (which is
called a zonotope), we can effectively handcraft a calibration along the directions identified by
these segments. It is a remarkable difference between this discrete setting and the continuous one,
where instead the vector field 2/¢°(x) in R is the right calibration for any anisotropy ¢.

The second one is on possible generalizations of the present analysis to more general evolution
laws than . The more general evolution law which is shown to admit a unique distributional
solution is

V(1) = o (@) (~Hye (@) + f(0,0), @€ EH)t=0, (4.8)

where 1 is a norm (usually referred to as the mobility), and f is a forcing term, see [55, [52] .
We expect most of the present analysis to be valid even if 1) # ¢, under suitable compatibility
assumptions on 1 (see [55| 52| for details), and it should not be difficult to consider a driving force
f as long as it is Lipschitz in space and globally bounded, see [52] again.

2 Distributional crystalline curvature flows

We recall the distributional formulation for the crystalline mean curvature motion of sets
evolving with normal velocity (4.1]) introduced in [55] (see also [52]). For the notations concerning
anisotropies, we refer to Sectioin Chapter [2l We recall that a sequence of closed sets (Ej)r>1
in RY converges to a closed set E in the Kuratowski sense: if the following conditions are satisfied

(i) if z € E) for each k, any limit point of {zx} belongs to F;
(i) for all z € F there exists a sequence {x} such that zy € Ej for each k and ), — =.

We will write in this case: .
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One can easily verify that Ej XL Eif and only if (for any norm 1) distw(~, Ep) — dist’(-, E)
locally uniformly in RY. Hence, by Ascoli-Arzela Theorem we have that any sequence of closed sets
admits a converging subsequence in the Kuratowski sense (possibly to (), when dist? (, Ex) = +00).

Definition 4.1. Let Ey C RY be a closed set. Let E be a closed set in RY x [0, 4+00) and for
each t > 0 denote E(t) := {x € RV : (z,t) € E}. We say that E is a superflow for ({@.1) with
initial datum Ej if

(a) E(0) C Ep;
(b) E(s) =5 E(t) as s 't for all t > 0;
(c) If E(t) = () for some t > 0, then E(s) = () for all s > ¢.
(d) Set T* :=inf{t >0 : E(s) =0 for s > t}, and
d(x,t) = dist® (z, E(t))  for all (z,t) € RN x (0,T%)\ E.

Then,

>

3td Z divz (

holds in the distributional sense in RY x (0,7*) \ E for a suitable z € L>(RY x (0,
such that z € 9¢(Vd) a.e., divz is a Radon measure in R x (0,7%) \ E, and (divz)
L=({(z,t) € RN x (0,T*) : d(z,t) > }) for every 6 € (0,1).

9)
"))

S

4

We say that A, open set in RY x [0, +0c0), is a subflow for with initial datum E, if
RY x [0, +00) \ A4 is a superflow for with initial datum RY \ int(Ep).

Finally, we say that F, closed set in RY x [0, +00), is a weak flow for with initial datum
Ey if it is a superflow and if int(E)3 is a subflow, both with initial datum Ej.

In [55] the following crucial inclusion principle between sub- and superflows is proven.

Theorem 4.2. Let E be a superflow with initial datym Ey and F be a subflow with initial datum
Fy in the sense of Definition|4.1. Assume that dist®” (E®, RN \ FO) =: A > 0. Then,

dist? (E(t),RN\ F(t)) > A forallt >0

(with the convention that dist®” (G,0) = dist®” (0, G) = +oo for any G).

We also recall the corresponding notion of sub- and supersolution to the level set flow associated
with (4.1). In what follows UC(R") stands for the space of uniformly continuous functions on
RN,

Definition 4.3 (Level set subsolutions and supersolutions). Let ug € UC(RY). A lower semicon-
tinuous function u : RY x [0, +00) — R is called a level set superflow for , with initial datum
ug, if u(-,0) > ug and if for a.e. A € R the closed sublevel set {u(-,t) < A} is a superflow for
in the sense of Definition with initial datum {ug < A}.

An upper-semicontinuous function u : RY x [0, +00) — R is called a level set subflow for ,
with initial datum wug, if —u is level set superflow in the previous sense, with initial datum —uq.

Finally, a continuous function u : RY x [0, 4+00) — R is called a level set flow for if it is
both a level set sub- and superflow.

Using Theorem [4.2] it is not difficult to deduce the following parabolic comparison principle
between level set sub- and superflows, which yields in particular the uniqueness of level set flows
(in the sense of Definition [4.3)), see [52].

Theorem 4.4. Let ug, vo € UC(RY) and let u, v be respectively a level set subflow starting from
ug and a level set superflow starting from vg. If ug < vy, then u < v.

3Here we are taking the interior with respect to RY x [0, +00)
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We finally recall that in [55] (see also |52]) the existence of level set flows is established by
implementing a level-by-level minimizing movements scheme. This in turn yields existence and
uniqueness (up to fattening) for weak flows. This is made precise in the following statement, see
[55, Corollary 4.6] and [52, Theorem 4.8].

Theorem 4.5. Let ug € UC(RY). Then the following holds:

(i) There exists a unique level set flow u in the sense of Deﬁmtion starting ug.

(ii) For all X € R the sets {(x,t) : u(z,t) < A} and {(x,t) : u(z,t) < A} are respectively the
mazximal superflow and minimal sublow with initial datum {ug < A}.

(iii) For all but countably many X € R, the fattening phenomenon does not occur; that is,

{(z,t) : u(z,t) <A} = int ({(z,1) : u(w,t) <A}),
d({(z,t) : u(z,t) <A}) = {(z,t) : u(w,t) <A},

where interior and closure are relative to space-time.
For all such A, {(z,t) : u(x,t) < A} is the unique weak flow in the sense of Definition
starting from {ug < A}.

(4.10)

The aim of this chapter is to show that the convergence to the continuum level set flow
holds true also when the Euler implicit time discretisation is combined with a suitable spatial
discretisation procedure.

3 The discrete “Rudin-Osher-Fatemi” problem

In this part, we describe our discrete setting, and then introduce and analyse the discrete

variant (4.7) of Problem (4.4)).

3.1 Discrete functions spaces and operators

For £ > 0, we define the function spaces X. = R%" and Y. = R°Z"*<Z"  Given a function
u € X, and a discrete “vector field” z € Y, with a slight abuse of notation we will denote u; = (i)
and z;; = 2(i,7), 4,7 € eZN. The discrete gradient D, : X, — Y. is defined, for u € X, as
U — U,
(Dou)ij = %
We denote its adjoint operator by D} : Y. — X, namely the operator such that, for n € X,
compactly supported and for z € Y, is defined as

> (Drz)imi =Y zij(Den)ij = > zij(ni — n;),
i i

i

where the indexes, here and throughout the chapter, range over eZ" if not otherwise stated. In
particular, taking n = x;y, one finds that

. Zij — Zji
(Drz); =Y =—2, (4.11)

, €
J
which can be seen as a discrete divergence operator.

3.2 Discrete ROF problem

In this section we consider the discrete anisotropic ROF problem associated with the discrete
total variation functional. Without loss of generality, we consider € = 1 in this section, and denote
X :=X1,Y : =Y, and D := D;. Given a nonnegative 8 € X, which will be called the interaction
function, satisfying

> B(i) =i cp < +ox, (4.12)

i€ZN
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we set a;; = (i — j) and, for any v € X we define

= > a”\uz—u]\—z:ozzﬂ (Du); ;1. (4.13)

i,jELN

We also consider the discrete perimeter P, defined for every E C Z¥ as
Py(B) =TV (X") = > aylxd —xJI.
i,jELN
We also consider a suitable localization of the perimeter: namely, for any set A C RY we define
Py(E; A) = Z ailxi’ - X 7l
i€ANZN or je ANZN

Note that the quantities above may well be infinite.
Then, given g € X, we consider the following problem: find a pair (u, z) € X x Y such that

D*z+u=
{ Fru=g (4.14)

zij(uifuj) :aij|ui—uj\, |ZU| S Q5 VZ,] € ZN
Note that the equation above is the Euler-Lagrange equation of the ROF discrete functional
1 2
ROF,(v) = TV (v) + 5 ;V(Ui —g)% (4.15)

However, (4.14) makes sense also for those g such that ROF, = +oc.
We will also consider the following geometric minimization problem. Given g € X, find

Py( F ;. 4.16
Jain, Py )+_€§Z:Nm (4.16)

In order to deal with unbounded sets, possibly with infinite perimeter, we will consider the
following notion of global minimality with respect to compactly supported perturbations.
Definition 4.6. A set E C Z" is a global minimizer for the problem ([4.16)) if for every R > 0

Py(E;Br)+ Y x{'9i < Ps(F;Br)+ > X{ g (4.17)
li|l<R li|l<R

for every F' C Z" such that FAE C Bg. Here Bg = {z € RY : |2| < R} is the open ball of
radius R centered in the origin.

Proposition 4.7. Let g,g € X such that ¢ —g > 6 > 0. Let E, E' be two global minimizers of
problem ([A.17), in the sense of Definition[4.6, corresponding to g, g’ respectively. Then, E' C E.

Proof. Let us denote in the following y := xZ+,x’ := x%. For a given R > 0 we define the
competitor sets F' = (F, \ Br) U ((E. U E5) N Br) and F' = (E.\ Br) U ((E.N Es) N Br). By
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minimality of E,, E. in Bg one has

Dol =X+ DY GG =X AX) < D aislxd Axi = X Al (4.18)
|i|<R or |jI<R li|[<R li|<R
lil<R
+ Z (Quj + i) X A X — X;|
li|[<R
liI=R
S b =l + YD gila =X VX)) < Y sl Vo — X Vgl (4.19)
|i|<R or |j|<R li|<R li|<R
lil<R
+ Z (i 4+ aja)IXE V xi = x5
li|l<R
l7iI=R
Using the inequality? [a Ab—cAd|+|aVb—cVd| < |a—c|+ |b—d| and summing together (4.18)
and (4.19) we obtain

D (aij+azi) (b = xl+ I = XG0 +2 ) (g5 — 906 — xi)

lil<R li|<R
[71ZR
. / . (4.20)
S Z (g + i) (Ixi A xa = XG0+ XV xa = x6l) -

li|l<R

l7I=R

We then remark that [x; A xi — x| < [x; A xi — xil +[x; — x5 = (i — xa)T + Ix§ — x| and
analogously |x} V xi — x5 < (X; — xi)" + |xi — x;|- Therefore, (4.20) entails

(990G —x)t < Y (G x)T Y (g + ). (4.21)

lil <R li|<R l71=R

Fix now Rs > 0 such that

and define Vg := Z|i\<R(X;*Xi)+' Assuming R > Ry, for every £ < R we use (4.21]) and g+ < ¢’
to get

VR <D (i —x)™ D (g +az)+2 Y (G —xi)?

lil<¢ >R (<[iI<R (4.22)
<2Y (G—x)t D Blk) +2¢5(Va — V).
i< |k|>R—¢

Therefore, choosing ¢ = R — R in (4.22)) we obtain

)

§VR < 205(VR - VR—R5)> (4.23)
which implies that for every k, ¢ € N it holds

5 \*!
Virs < (1 - 405> Vik+o)Rs- (4.24)

4Indeed, if @ > b and ¢ > d, this is an equality, while if @ > b and ¢ < d, one deduces that b—d < a—d < a —c,
b—d < b—c < a—cso that there exists t € (0,1) witha—d =t(b—d)+(1—t)(a—c),b—c=(1—t)(b—d)+t(a—c):
the conclusion follow by convexity of | - |.
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Letting £ — +o0, since Vi yo)r; = O(¢N), we infer that Viz, = 0 for every k € N. In particular,
this implies that (x’ — x)T™ =01ie. x’' < x. O

We now prove the following theorem.

Theorem 4.8. Given g € X there exists a unique function u9 € X and there exists a discrete
vector field z € Y such that (u9,z) is a solution to . Moreover, the following comparison
principle holds: if g < ¢’ then u9 < ud’. Finally, for any R > 0 and s € R the sublevel set
Es = {i € ZV : uf < s} is a global minimizer (in the sense of Deﬁnition for with g
replaced by g — s.

Proof. Step 1. (Existence) For every n € Nset g" := gxP» and note that g € £2(Z"). Therefore,
by standard methods and by strict convexity the functional , with g replaced by ¢™ admits
a unique minimizer " and, as previously observed, the optimality condition is the existence of a
discrete field 2™ such that (u™, 2™) solves (with g™ in place of g). Note that, for any k € Z",

by equation (4.14]) it holds
lugl < lgk| +[(D*2)k| < lgk| +cp for every n € N, (4.25)

where the last inequality follows from the definition and from |z;;| < a;; and |g"] < |g].
Now, it is clear that we can extract a subsequence nj and find (u,z) such that u;* — w; and
z:;’” — z;; as k — +o0. Clearly we have that |z;| < a;; and z;;(u; — u;) = oj|u; — ;| and it is
immediate to check that (u, z) satisfies equation .

Step 2. (Minimality of the sublevelsets) Let R > 0,5 € R and let F C Z" such that E,AF CC
Bpr. We first remark that a;|x; fXJES = —2 (XZES fXJES ), which follows easily from the definition
of Es and z;;(u; — uj) = oyjlu; — ujl.

We set Ir = {(i,j) € ZN x ZN :|i| < R or |j| < R} and compute

Py(F;Br) — Py(Es;Br) = > aiilxd —xi1— D ailxi™ —xF*

(id)eln (id)eln
>— > md - xD+ D whd =X

(1,4)€IR (i,5)€IR (4.26)
= > 50T X =08 =)

(i,9)€lr
E, E,
=> z(x —xl = G = X)),
7

where in the last equality we used the fact that XF = xF if |i| > R. Noting that the function

xPs — x¥" is compactly supported, we may use it as a test function for (#.14). Therefore, from

(4.26) we deduce

Py(F;Br) = Ps(Es; Br) 2 Yz (xi —xi — () —x}))
ij

=2 06" = xDlgi—w) = X0 (gi=9)= D (gi—9),

I€EEN\F i€EF\E,

which shows the minimality of F.

Step 3. (Comparison and uniqueness for (£.14)) Assume g < ¢’ and let (u,z), (v, ') two
corresponding solutions for (4.14). Let s > s’ and recall that by Step 2 {v' < ¢’} and {u < s}
are global minimizers for ccording to Definition with ¢ replaced by ¢’ — s’ and g — s
respectively. Since g’ —s'—(g—s) > s—s’ > 0, from Proposition [1.7 we obtain {u’ < s’} C {u < s}.
By the arbitrariness of s, s’ we conclude that u < v’.

O

Remark 4.9. We remark that, given g € X it clearly holds that ©=9 = —uY.
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4 The minimizing movements scheme

In this section we provide a combined spatial and time discretisation of the flow for a
particular class of norms ¢ and show the convergence of the scheme to the continuum flow. In
what follows, we consider {e;, ..., e} C Z" a finite number of integer vectors spanning the whole
RN, and set & = {+ex}7 ;. We let 8 € X be a non-negative function such that

B(—i) =p(i) and B(i) > 0if and only if i € £.
One can naturally associate an anisotropy ¢ with the function 3 setting
=Y BGE)i-v] = 28(ex)|v - exl. (4.27)
i€ k=1
Note that, in particular, it holds
#{k e ZN : B(k) # 0} < +oo. (4.28)

We recall that the ¢-perimeter associated with (4.27))

Po(B)= [ o(e) aH™ !

(defined for every E C RY of finite perimeter) is the I-limit (in a suitable sense) as € — 0 of the
following scaled discrete perimeters

P@( jg: aU‘Xz _’Xj| _,€N :E: Zj| Zj

i,j€eZN i,jE€elN

defined for all E C ¢Z", see for instance [26]. Here we have set

=8 ( - E) . (4.29)

In this section we describe our minimizing movements scheme, discretized in both time and
space. Given ¢ a norm on RY and a closed set E ¢ {(Z),RN }, let us recall that we denote with

4.1 The discrete scheme

Sd%0 the signed ¢°—distance function from F, which is defined as

sdff () = min ¢° (x — ) — min ¢°(z — y).

We also set sd¢ = +o0 and stN = —o0o. We denote

Cy = ieégl\’l\n{o} ¢°(i) >0 (4.30)
and define the ¢-Wulff shape Wg(z) of radius R > 0 and center x € RY as Wg(z) = {y € RV :
¢°(z —y) < R}.

Recalling (4.29)), we rescale equation on the lattice eZ" in the following way. We recall
that X, = RZ" and Y. = ReZY %2 Given g € X. the problem now becomes to find
(u,2) € X, x Y. satisfying

{hD;"z+ug on eZN (4.31)

zij(ui —uy) = Oéfj|ui —ujly |zl < a?jv

where D¥z is defined in (4.11)).
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Given u € X, we define the operators d‘id’o,sdit’qbo,sds’qﬁo : X. — X, in the following way:
letting F = {i € eZ" : u; < 0}, we first define

(@ ()i = sup {u; —6°(i —5)},

j€{u=>0}

(2% (@) = _inf {(@ W), + ¢~ i)}

je{u<0}
(d7? (w); = st A +0°G =)}, (4.32)
(a3 @)= sup {(@3 (W), = o°(i =)},
]G{u>0}

(sd™" (u)); = (d“’ (u))i + (d’”5 (u))i-

Note that di’d’o (u) = —d**" (—u) and sdy =9 (0) = —sd®?" (—u).
We will say that f € X is (L, ¢°)- Llpschltz if for all 4, j € eZ" it holds | f; — f;| < L¢°(i — j).

Remark 4.10. We assume in what follows that w is (1, ¢°)-Lipschitz. Then, concerning di‘bo,
sd®?” | we remark that
d>% (u) =min{f € X.: f >win {u >0}, fis (1,4°)-Lipschitz} (4.33)
and analogously
sd?" (u) = max { feX.:f<d® (u)in{u<0}, fis(1, ¢°)—Lipschitz} . (4.34)
Correspondingly it holds
di"z’o (u) =max{f € X.: f <win{u<0}, fis(1,¢°)-Lipschitz}, (435

sdj_’d’o (u) = min{f eX.:f> dj_’¢o (u) in {u >0}, fis (1,¢>°)—Lipschitz} ,

In particular, the functions d€’¢o( ), sde’d)o( ),sd? (u ) are also (1,¢°)-Lipschitz. Let us show
- the other identities being analogous. To this aim, denote by d the function defined by the
right-hand side of (4.33] - Since d>%" (u) is the pointwise supremum of (1, ¢°)-Lipschitz functions,
we clearly have that a>*" (u) is itself (1,¢°)-Lipschitz. Moreover, testing with j = ¢ in the
definition of d=®" (u), we get d=% (u) > w in {u > 0}. Thus, we infer d < d>% (u). For the
opposite inequality, let f be any functions as in the minimisation problem on the right-hand side
of (4.33)). Then for any i € eZ" and j € {u > 0} we have

fi> fi—0°(i—7) > uj —¢°(i —j).

By maximising with respect to j € {u > 0}, we get f > a=® (u) and in turn, by the arbitrariness
of f, d> a=? (u), which concludes the proof of (4.33))
Since the functions di¢o (u), sdi’z’o (u),sd>?" (u) are (1, ¢°)-Lipschitz, from (#.33) it follows that

% (w) <uin ez, % (u)=uin {u >0}, (4.36)
while (4.34) implies that

sd®?” (u) > d>% (u) in eZV, sd=? (u) = d>% (u) in {u < 0} (4.37)
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Reasoning in the same way, we see that

di"bo (u) > in eZV, di"bo (u) =win {u <0},

. . , . (4.38)
sd? (u) < dY? (u) in eZV,  sd%? (u) = d3? (u) in {u > 0}.
In particular we conclude
sd®® (u) > win {u>0}, sd°® (u) <win {u <O0}. (4.39)

We remark that, always for u a (1, ¢°)-Lipschitz function, {u < 0} = {sdid)o (u) < 0} and
{u >0} = {sd‘iqﬁo (u) > 0}. In particular, if the level set 0 of u is “fat”, then this is preserved
by these discrete “signed distance functions”. Further properties of these discrete signed distance
functions are presented in Lemma below and in Remark [£.18]

Moreover, it follows directly from the definition of di¢o (u), sdft’q50 (u) that the function sd*®° (u)
is invariant under integer translations, meaning that for any i,7 € eZ" it follows

(sds’d’o (u(- + T))) = (sd5’¢o (u)) : (4.40)

7 i+T7
Given a set £ C ¢Z", we will denote with E C RY the closed set defined by
E=F+ [0,¢]™.

We now define the discrete evolution scheme. For ease of notation we assume € = e(h), with e — 0
as h — 0 and we will specify the dependence on h only.
Let By € RY be a closed set. We define E™0 := {i € eZ™ : (i +[0,¢)N) N Ey # 0}. We note
that R
EM 5 By, EM - E, (4.41)

as h — 0 in the Kuratowski sense, where with a slight abuse of notation we write E™0 to denote
the set EM0 = ER0 1[0, ¢]V.

Given a closed set Ey C RY with Ey ¢ {0, RN}, we consider u"? a (1, ¢°)-Lipschitz function
on eZ" which is negative inside E"° and positive outside. For instance, we set

1 1
w0 = §C¢5(1 — XEho) — §C¢€XE;L,0,

where Cy is defined in (4.30), so that u™° is (1,$°)-Lipschitz. Let us set (2™°);; = 0 for all
i,j € eZN. Then, as long as EMF ¢ {(), RN}, we can iteratively define u/>**1 2M*+1 for k € N by

solving ([I.31)) with g = sd*?¢’ (u*); ie.,

hD}: Rkl 4okl = sd=?° (u™k) on eZN (4.42)
hok+1, hk+1 hk+1 h,k+1 k41 hk+1 :
Zij (u; — U )= o —u; ls ‘Zij | < o

We then set
EMF = fi e ez sl <0}
If either E™* = () or EM* = RV, we define E*+1 = E™* We denote by T} the first discrete time

hk such that E™* = (), if any; otherwise we let Ty = +oo. Analogously, we set T}, first discrete
time hk such that E™* = RN if any; otherwise we let T)* = +o0.
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For ease of notation we will set

Eh(t) — Eh,[t/h] g EZN

d"(t) := sd™?" (MM € X,

ul(t) = um M e X, (4.43)
Zh(t) — Zh [t/h] c }/s

“h ° .

d*(-,t) = sd%h( ) € Lip(RY),

where again, with a slight abuse of notation, E"(t) stands for E"(t). Note that in the definition
of c/lh(-,t) we are possibly using the convention sd(%5 = 400 and sdﬁ’iN = —oo. Note also that
2" (t) is well defined only for 0 < ¢t < min{7},T}*}; however, if needed, we can set z"(¢) = 0 for

t > min{T},T}*}.

Remark 4.11. If u is the solution to with datum (L, ¢°)-Lipschitz datum g, by standard
arguments, based on the comparison principle and translation invariance, one can show that u
satisfies the same Lipschitz bound of g. Indeed, given j € ¢Z", the function u(- — j) £+ L¢°(j)
solves with datum g(- — j) & L¢°(j). By comparison one concludes as g(- — j) — L¢°(j) <
9() < g(- = 7) + Lo°(j).

Lemma 4.12. Let u", E" d" be defined as in (&.43). Then, d" is (1,¢°)-Lipschitz and satisfies
for everyt >0

h(t)y <dh(t) ineZN\ EMt
u(t) > d"(t) in E™(t).
Proof. Tt follows from Remarks and O
Lemma 4.13. Given a (1, ¢°)-Lipschitz function v € X, one has that
sup |sdi¢o (u) —sd? | < CHE, (4.45)
eZN\E E
for a suitable positive constant cy, where E = {i € eZN :u; < 0}. Moreover,
sd%?” (u) > sd%o —cpe ineZN. (4.46)

Proof. In this proof we let c4 denote a positive constant which depends on ¢ and that may change
from line to line and also within the same line.

We start introducing a slightly modified definition of the discrete signed distance sd=?” (u).
Namely, setting

OFFE:={iceZN\FE : 3j € E with |ji — j||lec = €}

: N T ; (4.47)
OCE:={ie€FE : 3j€eZ” \ E with ||i — j|lcc = ¢}
we define
i inf {u; +¢°(i—j) : j€O-E}, forieecZV\E (4.48)
~ \supf{u; —¢°(i—j) : jEOTE} foricE ’ ’
We start by showing that
sd%? (u) >d in E,
(4.49)

Indeed, we note that for every ¢ € E we have

d;.

(a2 (w); = (@2 () = sup {u; = (i = j)} > sup {u; —6°(i —j)}
je{u>0} jedrE
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On the other hand, recalling that a=? (u) < win E, for every i € eZ \ E we see

(542 (w)i = inf {(d>? (u)); +¢°(i—j)} < inf {u;+¢°(i —5)} = d.
je{ug0} JEOL E

Reasoning analogously we show the same inequalities between Sdi¢o and d and thus prove ({4.49).
Next, we prove

~ ¢O
sup |d — sd | < cge. (4.50)

eZN

Recall that by definition (4.47)), since v < 0 in £ and u > 0 in ¢Z" \ E and since u is (1,¢°)-
Lipschitz, it holds
luj| < cge for j € OFE.

Then, for every i € eZ" \ E we have

di= inf {u;+¢°(i—j)} > inf ¢°(i — j) — coe > sd% (i) — cye. (4.51)
JjEOT E jedT E E

On the other hand, by definition of sd%o there exists z € OF such that Sd%0 (1) = ¢°(i — x). Let
k € eZN be the closest point from z in 97 E. We have
sd? (i) = ¢°(i — ) > ¢°(i — k) — cye
> (i — k) + up — cpe > d; — CgE.

Finally, equation (4.51)) and (4.52)) imply (4.50) outside E. The other case is analogous.
We now finally prove (4.45) outside E. From (4.49) and (4.50) it holds

(4.52)

2" (u) = 2% (u) > d > sd% —cye i B

In particular, sd%O — cge is an admissible competitor in (4.34]), thus sd=?® (u) > sd%o —cge in eZN.
On the other hand, in eZ" \ E it holds (4.49), thus we conclude ([4.45) for sd=? (u). Concerning
Sdi"po (u), we note that by Remark and the equation above it holds

u > sd>? (u) > Sd%o —cpe in E.
The function Sd‘g — cye is therefore admissible in (4.35)), thus by maximality
di¢o (u) > sd%o — CyE.

Since Sdi¢o (u) = di¢o (u) in eZN \ E we conclude (4.45)), taking also into account again (4.49))
and (4.50)). Finally, (4.46) follows by combining (4.45)), (4.49) and (4.50]). O

Lemma 4.14. Given u € X, and (1, ¢°)-Lipschitz, it holds

sd®? (—u) = —sd=®" (u). (4.53)
Furthermore, if uy,us € X are (1,¢°)-Lipschitz and uy < ug then

sd®? (1) < sd®?° (uy). (4.54)
Finally, for any s > 0 and v € X, and (1, ¢°)-Lipschitz, it holds

sd®? (u— 5) < sd5 (u) — s. (4.55)
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Proof. For every i € eZ it holds

(@7 (~u)); = {ruy ==y =~ min {u;+6°( — )} = (&5 (u)):

max
Jje{(—u)>0} j€{u<0}

In turn,

(2% (—u))s = min_ (@2 (—u)); + 67 - )}

je{(-w)<0}

—_ max {(di¢° (W)); — 6°(i —j)} = —(sd% ().

j€{u=>0}
Reasoning in the same way for di¢o , sdfr";SO we arrive at
sd7? (—u) = —sd%? (u) (4.56)

and thus sd®?” (—u) = —sd®®" (u). The monotonicity property (.54 follows easily from Defini-
tion (4.32). The proofs of the other results also follow from Definition (4.32)), we present only the
one concerning (4.55). Fix s > 0 and v € X, be a (1, ¢°)-Lipschitz function. By definition of

d%%° (1) we have

(A ()i = sup {uj—¢°(i =)} =s+ sup {(u;—s) = ¢°(i—j)} = (@2 (u—s9)); +.
j€{u>0} je{u>s}

Analogously

(2 @) = _inf L@ @), + -5}

j€{u<0}

. €,¢° o/ . _ £,¢° )
>t nt (2 (0 9)) 4 0% =) = s+ (52 (0 —5))s

Since the proofs for di’d’o (u), sdj_’d’o (u) are analogous, we conclude. O

Remark 4.15. (Evolution of the complement) Let E"(t),u"(t) be as in ([£.43). We note that, if
Fy C RY is a closed set such that F'0 = ¢zV \Eh’o, then the discrete evolution starting from
Fy coincides with {u”(t) > 0} for every t > 0. Indeed, denoting v the discrete evolution starting
from Fp, it holds by definition v"* = —u"°, thus recalling we have

sd=®° (vh’o) e (uh’o)

and, by uniqueness for (4.31)) it follows that v"(h) = —u”(h). Then we can iterate to conclude.

Remark 4.16 (Comparison principle). Let Eg, Fy be closed sets in RY such that EM0 C F'0
(note that this condition is satisfied if Ey C Fy). Let E"(t), F(t) be the corresponding discrete
evolutions and let u"(¢),v"(t) be the associated functions as in . Then, for every ¢ > 0
it holds E"(t) C F"(t). This follows easily by iteration from the monotonicity property
and from the comparison principle for . One in fact could also consider the “open” discrete
evolution given by E(t) := {ul(t) < 0} and EF"(t) := {v"(t) < 0}. Then, by the same argument
one also have that E"(t) C F(t).

Remark 4.17 (Avoidance principle). Let Ey, Fy € RY be closed sets such that E0 N Fh0 =
(which is, for example, implied by dist(E, Fy) > cee for a suitable ¢, > 0). Let E" v and
ﬁ’h(t), v" be the closed and open discrete evolutions starting from Ey, Fyy respectively (where the
open discrete evolution has been defined in Remark . Then,

FM(t) C ezN \ EMt).
Indeed, F?0 C eZN \ E™0 implies that —u™? < "9 and thus by (4.53) and (4.54)

—Sde’d)o (uh,o) _ Sde,¢>°(_uh,0) < Sde,¢° (,Uh,O).
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By the comparison principle for (4.31)) and iterating one sees that —u"(t) < v"(¢) for all ¢ > 0,
which implies )
F'(t) = {o"(t) < 0} C {u"(t) > 0} = eZN \ E"(t).

Remark 4.18. We conclude this section by observing that we could have made different choices
of the distance function, without affecting the final convergence result. In definition (4.32)) we
could have set

(@)= inf | {u; + 67— )}

(sd~(u)); = sup {(d=(u)); —°(i—j)},
je{u>0}

(@)= _inf {uj+6°(i— )},

(sd=(u)i = sup {(d<(u)); —¢°(i—j)}.
j€{u>0}

(4.57)

One can see that sdg(u) mimics the signed distance function to the boundary of {u < 0} while
sd<(u) mimics the signed distance function to the boundary of {u < 0}. Defining the algorithm
as in but with sd<,sd= replacing sd€’¢o, adapting our proof one can conclude the same
convergence result. Let us further comment on the relation between sd5’¢o,sd§,sd<. One can
prove that for any (1, ¢°)-Lipschitz function u € X,, then

sd= (u) < sd=®" (u) < s (u) < sd<(u). (4.58)

Thus, between the many possible choices we could have performed in (4.32), it turns out that sd<

is the “maximal” one, while sd< is the “minimal”. Indeed, let us show that sd=® (u) < sdjj¢o (u).
By definition (4.32) and (4.36), (4.38) for every ¢ € {u > 0} it holds

S (w); = in (W) +¢°(i—5) = in wj+ ¢°(i — §)} = (sd3? (w));.
(a2 ()= inf {(@2 @)+ 6%~ )} = nf s +6°( )} = (52 (w);

Reasoning analogously, for every ¢ € {u < 0} it holds

(02 ()i = sup {(@F (@) = 6° =)} = sup {u; = ¢°(i =)} = (42 (w):.

Jj€{u=>0} je{u>0}
Furthermore, for any two (1, ¢°)-Lipschitz functions u, v’ € X, if u <« — s for s > 0 then
sd<(u) < sdS(u) —s.
In particular, this implies that for any (1, ¢°)-Lipschitz function « € X, and s’ > s then
sd®? (u—s) <sd®® (u—s)+s —s.

Fix up € X, is a (1, ¢°)-Lipschitz function. Using the properties above and standard arguments,
one can see that for all but countably many s € R the discrete evolutions starting from {ug < s}
and corresponding to the three possible choices of distances in (4.58]) coincide.

4.2 Discrete evolution of Wulff shapes

In this section we provide some control on the evolution speed of discrete Wulff shapes. The
first result estimates the solution to (4.31]) for the distance to the Wulff shape.

Lemma 4.19. There exists a constant C = C(¢) > 0 with the following property. If u is the
solution to ([&.31)) with g = ¢°, then u < ¢", where ¢ € X, is defined as

. {¢>°(z’) + b if 9°(i) = C(Vh Ve) (4.59)

¢i = C(\/E\/E)—i_% otherwise.
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The proof of Lemma [£.19] based on the construction of a calibration, is postponed to Ap-
pendix[{-A"T] We now prove a useful lemma used to estimate the redistancing step in our algorithm
for functions of the form of (4.59).

Lemma 4.20. Let R > 6 > 0 and set
u:=(¢°— R)V (§/2 — R).
Then, for e,h small enough depending on § it holds
sd®?’ (u) < ¢° — R+ ¢é=  in eZN, (4.60)
for a suitable positive constant ¢, depending on ¢. Furthermore, if we assume , it holds
sd*?"(u) < ¢° — R in eZN. (4.61)

Proof. By (4.58)), it is sufficient to prove the claim for sdid)o. We start showing that di¢o (u) = u,

noting that by it suffices to prove di¢o (u) <win {u >0} = {¢° > R}. Assuming (4.118)),
given ¢ € {u > 0} we note that ¢°(i) > R thus by Lemma there exists j € Wr \ Wr_2c¢,
satisfying

¢°(J) + ¢°(i — j) = ¢°(i).
Taking ¢ = £(6) we can ensure that R —2ely > §/2, so that j € (Wg\ Ws/2) NeZ” . By definition
and the equation above we conclude that

A2 (u) < uj +¢°(i— §) = 6°(j) — R+ ¢°(i — j) = ¢°(i) — R,

hence we have shown that djj¢o (u) = u. Finally, from the definition (4.32)) and since dj_’d’o (u) =

u=¢°> — R on {u > 0}, we conclude by the triangular inequality that Sdi¢o (u) < ¢°— R. Allin
all, we have obtained .
If instead does not hold, using the first part of Lemma and reasoning as above,
one concludes that .
sdj_’¢ (u) < ¢° — R+ e,

for a positive constant ¢, and then the conclusion follows. O

Combining the two results above we can provide a bound on the evolution speed of Wulff
shapes in the algorithm (4.42)).

Proposition 4.21. Assume either ¢ < O(h) or that (4.118)) holds. For every § > 0 there exist
€0, ho, co positive constants depending on § with the following property. If R > §, ¢ < gy and
h < hg, then the discrete evolution of Wr defined in ([£.42)), denoted W"(t), satisfies

Wh(t) 2 (WER—co(t+2)) N eZN), (4.62)
as long as R — co(t+¢€) > 0/2.

Proof. Let Wh(t) be the open discrete evolution (see Remark ) starting from the closure of
Wk, for some R > 0 and let v"(¢) be the associated function as in (4.43). Using the definition of
o0, [@.37) and the first definition in (4.32)), it is easy to see that

(sd=?" (v79))g = (@ (1"0))g < —R + cye. (4.63)
On the other hand, consider i € {v"? > 0} and let 2 € 9Wr be such that
¢°(i —a') = ¢°(i) — ¢°(a') = ¢°(i) — R.
Since there exists j' € {v™? < 0} such that ¢°(j' — 2’) < cgé, then by triangular inequality

¢°(i — j') < ¢°(i) — R+ cpe.
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Thus, using again definition (4.32)), we get

(B @M< b 620 ) < °0) — Rcoe,

which implies

(a2 (@< sup | (@W); — 7)< —Rtcoe (4.64)
JjeEWr T2

Therefore, since sd*®” (v"0) is a (1, ¢°)-Lipschitz function, from (&.63), we get that
sd®? (VM%) < ¢° — R+ coe in eZN.
By comparison and Lemma we obtain
v"(h) < ¢" — R+ cye, (4.65)

where ¢ € X. is defined in (4.59). Considering R > ¢ and h = h(d),e = () small enough, the
equation above implies that

v"(h) < (¢° — R+ coh + che) V (g - R> (4.66)

where ¢g = 4C/§, with C the same as in (4.59)). Assume first (4.118)). From Lemma with R
replaced by R — coh — cge, we get

sd®?" (V" (h)) < ¢° — R+ coh + cye, (4.67)
therefore by comparison and Lemma [£.19] we get
v"(2h) < ¢ — R+ coh + cye,

which, reasoning as above, implies for (), h(d) small
h o d
v"(2h) < (¢° — R+ 2coh + c4e) V ifR .
Hence, we can iterate the argument to conclude that
h o 4
v (t) < (¢° — R+ cot + cpe) V §—R ) (4.68)

as long as R — cot — cpe > §/2 and ¢, h are sufficiently small. In particular, this implies (4.62])
(possibly changing the value of ¢g).

If instead (4.118)) does not hold and £ < O(h), we obtain (4.65)), (4.66]) in the same way. Then,
using the first part of Lemma [£.20] we get

sd®?" (V" (h)) < ¢° — R+ coh + ée + c4e, (4.69)

then iterating we get
h o ~ 1)
v"*(kh) < (¢° — R+ kcoh + kée + cpe) V i_R ,

hence, recalling that ¢ < O(h) we conclude (4.68) and (4.62)), as long as R — cot — cpe > §/2, with
€, h sufficiently small and possibly changing the value of ¢. O

As a corollary of the previous result, we deduce an estimate of the evolution of the distance
function d” at distance from the evolving boundary, which we show next.
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Corollary 4.22. Let Ey C RN be a closed set and consider the discrete evolution defined in
([#.43). Assume either that ¢ < O(h) or that holds. Then, for every § > 0 there exist
co = co(0) >0, hg = ho(d) > 0 and g9 = £9(9) such that the following holds. If c/lh(m, t) > 6, then
for s > t,

d"(z,s) > d"(z,t) —co(s —t+e+h) (4.70)

provided 0 < h < hy, 0 < € < g9 and as long as c/lh(x,t) —co(s —t+e+h)>46/2. Similarly, if
c?l(ac,t) < -4, then for s > t,
d"(z,s) < d"(z,t) + co(s —t+ e+ h) (4.71)

provided 0 < h < hg and as long as d"(z,t) + co(s —t + &+ h) < —5/2.

Proof. As usual, in this proof we denote by c4 a positive constant depending on ¢ whose value
may change from line to line and also within the same line.

Assume d"(z,t) > §. Without loss of generality we may assume ¢ € [0,T}) so that d"(z,t) is
finite. Denote by x. € Z" such that z € z. + [0,£)". Note that there exists a constant ¢, > 0
such that, setting R := d"(z,t) — cye, one has (Wg(z:))™* N E"(t) = ) and R > §/2 (if €, h are
sufficiently small, depending on ¢). By the avoidance principle stated in Remark we deduce
that the open discrete evolution of Wg(x.), which we denote by F(7), lies outside E"([£]h + T)
for all 7 > 0. By Proposition we deduce

F(T) D Wp—cy(rte)(xe) N LY, (4.72)
provided that R — co(7 +¢) > /2. Note that in particular
(Wh—co(rnte)(xn) NeZY) C (eZN \ E"(t + 7)),
as long as R — co(7 + h +¢) > §/2. In turn, we get
d"(zest+7) > R—co(r+ h +e), (4.73)

provided R — co(7 + h +¢) > §/2 (for a possibly larger value of ¢g). Recalling the definition of R
and z. and possibly increasing the value of ¢y, we infer

A"z, t+ 1) > dMx,t) — co(r + h+¢) (4.74)

as long as d"(z,t) — co(T + h+£) > 6. The case d"(z,t) < —6 is analogous. O

5 Convergence of the scheme

We now are ready to study the convergence of the scheme as ¢ — 0,h — 0. Recall that we
assumed that € = €(h) goes to 0 as h — 0. In this section we assume that either ¢ < O(h) or
that holds. Let E"(-) be the discrete evolution defined in and recall that Eh() =
E"(-) +[0,2]¥. We introduce the closed space-time tubes

E" = d({(x,t) € RN x [0, 400) : @ € B"(1)}) (4.75)

where the closure is in space-time. Then, there exist A, E open and closed (respectively) subsets
of RY x [0, +00), with A C E, and a subsequence hj, — 0 such that

—=he K N . hey K N

E" —FE and RY x [0, +00) \ int(E™") = RY x [0, +00) \ 4,
where interior, and Kuratowski convergence are meant in space-time. Let E(t) and A(t) be the
t-time slice of E and A, respectively..

Note that if E(t) = 0 for some ¢ > 0, then (4.70)) implies F(s) = @ for all s > ¢ so that we can
define, as in Definition the extinction time 7™ of E. In the same fashion one can define the
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extinction time T'* of RY x [0, +00) \ A (notice that at least one between T and T"" is +o0).
Possibly extracting a further (not relabelled) subsequence and arguing exactly as in [55, Proof of
Proposition 4.4] (and relying on the bounds (4.70) and (4.71)), one can in fact show the following
result.

Proposition 4.23. There exists a countable set N' C (0,+00) such that d%’“(-,t)*' —
dist?” (-, E(t)) and d"(-,t)~ — dist®" (-,RN \ A(t)) locally uniformly for all t € (0,+00) \ N.
Moreover, E and RY x [0, +00) \ A satisfy the continuity properties (b) and (c) of Deﬁnitionh,
In addition, if T* > 0, then {c?”ﬂ} is locally uniformly bounded in RY x (0, 7*)\ E and analogously
{d"*} is locally uniformly bounded in RN x (0,T"*) N A if T'* > 0. Finally, E(0) = E, and
A(0) = int(Ey).

The main result of the chapter is the following one.

Theorem 4.24. The set E is a superflow in the sense of Definition [/ with initial datum Ey,
while A is a subflow with initial datum Ey.

The proof of this result follows the main lines of the proof of [55, Theorem 4.5 ]. One important
difference with respect to the local, continuous setting is that the variable z"* is defined on the
edges (i,7) between the vertices i € €Z" and it is therefore unclear how to pass to the limit in
this variable to obtain the limiting vector field z(z,t). In order to do so, we associate with the
discrete vector field zZ (t) € Y a vector field z"(-,t) in RY defined as follows:

2" (1) =1 > - ), (4.76)

3
j€ezZN

where i € eZ" is such that € i + [0,£)"V. Recall that we can take zf;(t) and thus z"(-,)
identically zero for ¢ > min{T;",T;*}. First, we show the following:

Lemma 4.25. The vector field z" satisfies
¢°(z") < 1. (4.77)

Proof. Take v # 0 in RY. Recalling that ¢(v) = > ,c,~ B(€)|v - £], one has for any z € RY and
i € eZN such that € i 4 [0,¢)V

Mty v= s OG- ) v= Y v < 60) (4.78)

j€eZN LeZN
where we used that |zfﬁi+d(t)\ < B(0). O

Hence, being globally bounded, this vector field is weakly-* compact in L>(RY x (0,T); RY)
for any T' > 0. The following lemma establishes a relationship between the divergence of its limits
and the limits of the discrete divergences of z".

Lemma 4.26. Assume that z" = z in L(RN

R™) along a subsequence hy, — 0. Then,
for every ¢ € C®(RY x (0,T)) and n € C=(RYN )

x(0,T)
x ( it holds

,T)

lim 55/ Z zﬁ’“(t)n(i,t)wdt ://nz~Vgadxdt.

k— o0 €k
i,jEeRZN

Proof. Let ¢ € C*(RY) and n € C>*(RY) and denote S(t) = supp(n(t)) and Qj, := [0,ex)". We
have

hk)

. ' th -y jvt Zij . . .
XY e PENAED e s G vy (o), @9)
i,jGEkZN k i,jEEkZN
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where x;; belongs to the segment between ¢ and j. Furthermore we have

) y Z~h~k
DS 0L () PG e B o J(t)/ WV (i - j)da
i+Qk

i,jEEkZN €k i,jEEkZN Ek
afk N
1, . . .
< > @0 [ (Ve t) = V(e 1) - (i = j)] dz + O(e) (4.80)
i,jEenZN k i+Qx

oGy o
<2l Y Y [ (Veloyt) - Veln0) - (- )] do+ O()
1€S(t)NekZN jeeyZN ko JitQu
N ai; g +ag; O‘Sk 2 N
<egy Y. > — i+ 0N (4.81)
i€SNexZN jeepZN
= C{;‘;CV+1 Z Z aij|i — ]|2 + O(EkN)
iezN jezN
eri€S(t)

< C€N+1 ( Z 5(£)|£|2> (#S(t) N skZN) + O(Eiv)

LeZN

<cep o BN+ O (4.82)

LezN

where in (4 we used the Lipschitz property of 7 and (4.28)), while in ) we used the Llpschltz
property of V(p and |z;; — x| < (14 V/N)|i — j| for i 7é j and T €1 —|— Qk, and finally in
we used that #(S(t) NeZY) = O(e; "), which holds locally uniformly in time. Moreover, note
that the the estimate provided above is uniform as ¢ varies in compact subsets of (0,T"). Recalling
, we conclude integrating in time and sending k — oc. O

At this point, we may proceed with the proof of Theorem [£:24]

Proof of Theorem[].2] As usual, in this proof we denote by ¢, a positive constant depending on
¢ whose value may change from line to line and also within the same line.

We only show that F is a superflow, as the subflow property of A can be proven analogously.
Points (a), (b) and (c) of Definition follow from Proposition We are left with showing
(d). Without loss of generality we may assume T* > 0 (which follows from Corollary if the
initial set is not trivial). Note also that by Proposition [4.23] “ we have liminfy, Tj > T™.

Step 1: (Proof of (4.9)). For (z,t) € RN x (0,T*)\ E we set d(z,t) = dist®” (-, E(t)). By
Lemma [4.13] and Proposition [£.23] we have

sup |d"(t) — d(-,t)| — 0 as k — oo for t € (0,7*) \ N and for any compact K C RN \ E(t).
exZNNK

(4.83)

Moreover, d" and d are locally uniformly bounded in RY x (0,7%) \ E. Set z(-,¢) := 0 for

t > Ty if Ty < T*. Extracting a further subsequence, if needed, and recalling Lemma @ we

may assume that z"* converges weakly-* in L>(RY x (0, 7*); RY) to some vector-field z satisfying
¢°(2) <1 (4.84)

almost everywhere. Recall that by (4.44) we have u"*(t) < d"*(t) in e,ZY \ E"*(t); i.e., in the
region where d"*(t) is nonnegative. Combining with (4.42)) (and recalling (4.43))) we infer that for
t < Ty, it holds

d" (t + hy) — d"(t)
hy,

—D: 2" (t+ hg) < in e, ZN \ E" (¢). (4.85)

Consider a nonnegative test function ¢ € C((RY x (0,7%)) \ E). If k is large enough, then the
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—h
distance of the support of ¢ from E  is bounded away from zero. In particular, d"* is finite and
positive on supp ¢. We deduce from (4.85)) that

h
i€e, ZN k

2R (t+ hy) — 20 (E+ )

_ N p(i,t) — (it — hy) N .
=== | > » ardt+e [ Z = (i, 1) dt
i€erZN i,j€e,ZN
_ N ‘P(ivt) *cp(iatfhk) h N h (p(ivt) *@(jvt)
= "¢k . Z hk dzk(t) dt+€k 4 Z Zijk(t+hk)h—k dt Z 0.
i€erZN i,j€erZN
(4.86)

It is easy to check that the first integral in converges to — [[ d 9y dadt as k — oo thanks to
and since d"*, d are uniformly bounded. Recalling that z"* converges weakly-* in L> (R x
(0,7*)) to z, we use Lemma @ to conclude that the second integral in converges to
[[ z- Ve dz dt. We thus conclude (£.9).

Step 2: (Convergence of u* to d). Firstly, we establish an upper bound for —D;, zp, away from
E"™:. We start by noting that definition implies

A () < 3 (@2 @)y +uek 676~ ) 462~ ) mez¥\fu<0},  (480)

for every (1, ¢°)-Lipschitz function u € X, and 7, ¢ € {u < 0}. Therefore, specifying the inequality
above for u/*(t), by the comparison principle and Lemma we conclude

ul (t+ hy,) < % (¢>?fj @M, 4 (5 (Wl (1)) + ul (t)) . Vi€ epZN \ EM (1), (4.88)

where j, ¢ € EM(t). If dh (i,t) > R > 0, recalling the definition of ¢", we get
Chy,
R —cye’

for all i € ,ZV \ E"* (t). Infimizing in 7, ¢ over E (¢) in (4.89) and using again (4.32) and (4.38)),

we conclude

al (i) < o (07— ) + 607G — 0) + (@27 (W (0) + uf (1)) + (4.89)

DN | =

c
w* (t+ hy) < dP*(t) + by < dM(t) + = (4.90)

R — CoEk

provided hg, e are small enough depending on R, and for a possibly larger value of C. As a
consequence of (4.90)), we obtain

C
—DE 2Pt hy) < i {d"(-,t) > Ry N ez, (4.91)
Using again Lemma and the convergences of Fj, and dy, it follows that
dlvzgﬁ in {(z,t) e R" x (0,7") : d(z,t) > R}
in the sense of distributions. Hence divz is a Radon measure in R x (0,7%)\ E, and (divz)* €

L®({(z,t) € RN x (0,T*) : d(z,t) > }) for every 6 > 0.
On the other hand, note that for every i € £,Z" it holds

d" (1) = d (1) - ¢°(- ).
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Thus, by Lemma [£.19] and by comparison as before, we get
uf  (t+ hi) > di () = g6t = di* (1) — (C + 1)/ by
Combining the above inequality with (4.90)), we deduce for all ¢ € (0,7*) \ M and any § > 0 that

sup [ (¢ + hy,) — d" (1) < Vhi(C +2),
{dn,, (-t)>8}NerZN

provided that k is large enough. In particular, recalling also (4.83)), we deduce that

sup |u*(t) —d(-,t)| = 0 as k — oo for t € (0,7*) \ N and for any compact K C R™ \ E(t),
e ZNNK

(4.92)
also with the sequence {u”*} locally (in space and time) uniformly bounded.
Step 3: (The subdifferential inclusion). It remains to show that
2 € 0¢p(Vd) ae. in RN x (0,7%)\ E. (4.93)

Recall that £ € 9¢(n) if and only if £ € {v: ¢°(v) <1, v-n > ¢(n)}. Since one inequality has
been proved in ([4.84), we show the other one. Consider a test function n > 0, n € C°((RY x
(0,7%)) \ E). Let 0 > 0 and set d, € C=°(RY x (0,7*)) as d, = d * p,, where p, are space-time
mollifiers. Obviously

‘ Z 2 (O (6, ) (w* (1) — uf* (1) = | Z 2 (00 (6, 0)(do (6,1) — do (5, 1))

Y A OmG) (w0 = do i) — (0 + . (1))

i,jEeRZN

(4.94)

In turn, Lemma [£:26] implies that

lim skN/ Z ZZ’“ (t)n(i,t) do(i,t) = do (4 ) dt = //z -Vd, ndzxdt. (4.95)
k—o0

3
i,j€erZN k

Let us thus show that

c—0 k—oo0 v Ek

B (E) — dy (5, 8) — P (8) — o)
lim lim Eg/ Z <th(t)n(l,t)ul (t) do( 7t) J (t> do(]zt)> dt =0, (496)

i,jE€eR ZN

We set for every t € (0,T;) and o > 0

mi (1) == min u"lk t do ‘7t )
k, ( ) iESupp(;)ﬁekZN( ( ) (Z ))
My (t) == max '»”“t—d(,',t.
k, ( ) i€supp(r?)ﬁakZN(uz ( ) (Z ))

The convergence (4.92)) implies that these quantities are uniformly bounded and

lim lim my,(t) =0, lim lim M,(t) =0, (4.97)

c—=0k—+o0 c—0 k—+oo
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uniformly for all ¢ ¢ A. For all times ¢ € (0,7%*) \ NV it holds

uhk (t) - da(iv t) - u?k (t) + da(ja t)

5kNijezE;ZNZZ’“(t)n(i,t) Z Ek
o (W) = dg(i,1) — o (0) — (4 (1) — do(G,1) — (1)
B Egijg;}zf\f ZZ (&) : €k :
th — ZI,L,"' 1 — y
S Y W) i) i) Y ( D50 4y 10100 Ek”W)).
icerZN jEeRZN
(4.98)

For k large enough, since the support of 7 is at positive distance from E, by the bound (4.91)) one

has D:k' 2 (t) > —c(0) on the support for hy small enough. Thus it holds
R hi
Al D0 W) = dolit) = o (O)nlist) 3

7
j€eRZN

> —c(@)er Y (i (1) = do(irt) = myo(t))n(i, 1),

7

i€erZN

i€epZN
Recalling that #(supp(n) N exZY) = O(h;N ) uniformly in time, by uniform convergence and

(4.92) we conclude that

lim liminf el [ 3 (@(t) — do(i,t) — mop(®)nit) > -

c—0 k—oo
i€ep N jE€erZN

The other term in (4.98]) can be estimated using the Lipschitz constant of #:

hy (t) W(th) B 77(37 t) dt

S e ()~ dolist) — me (1) -
i,jEe, LN k
. i~

<IVnllcsl [ 30 O~ dolit) — mea®)ali Lt 0

i,j€ekZN

letting first & — +o00 and then o — 0, thanks to (4.92) and (4.97). Note now that adding and
subtracting M. () to (4.96) instead of m, r(t) and reasoning as above, one proves that

lim IIICILS£p €} / | Z ((u;*(t) — do(i,t) — Me 1 (t))n(i,t) | Z o dt <0,
i€er ZN j€erZN
lim lim el Z ((ul* (t) — dy (i, t) — My o (t)) 2" (t)w dt = 0.
c—=0 koo F - i 7 © 7 €k
i,jEexZN
(4.100)

Combining (4.98), (4.99) and (4.100)), we conclude (4.96).
Integrating in time (4.94) and combining (4.95) and (4.96)), since Vd, = p, * Vd — Vd
pointwise a.e. and are uniformly bounded in L>(RY x (0,7*); R"), it holds

hie () — e (¢
lim E,ZCV/ Z n(i,t)z?j’“(t)w dt://z-Vdndxdt.
k

k—o0
i,jEe,ZN

The convergence above can be paired with the lower semicontinuity of the I'-convergence of the
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discrete total variations (which follows from an adaptation of classical arguments, see e.g. [51])

and 2 (u( — u{") = o [u" — u{"| to obtain

hi . hk
[ o <tmine=y [ % (i, pyat O GO

i,jeekZN €k
hy hi
w, (1) —u (T
= liminfsfcv/ Z n(i,t) ZZ’“ (t)M dt = // z-Vdn,
k—o0 o Ek
i,jEerZN
which shows that ¢(Vd) = z - Vd a.e. on the support of 7, from which we deduce (4.93)). O

We conclude this section by observing that the discrete scheme converges to the unique weak
flow (in the sense of Definition {4.1)) starting from Ej for “generic” initial data Ejy, i.e. whenever
fattening does not occur. More precisely, we have the following Corollary.

Corollary 4.27. Let ug € UC(RY) and for every X € R let F}; be the closed space-time tube of

the h-discrete evolution starting from {ug < A}; i.e., as in (4.75) with Eg = {ug < A}. Then,
there exists a countable set N such that for all A € RN \ N

By 5By inRY x [0, +00)

as h — 0, where Ey is the unique weak flow in the sense of Deﬁnition starting from {ug < A}.
Proof. Tt follows by combining Theorems [£.24] and [£.5] O

6 Numerical experiments

Q9ESH C O 0 O, °0
DY 10 0 5% O 50 O
o098y 0P A 09D O 0
%O%@@ Yoo Vo 50 SO o 0O

- O 0O O @)
‘7 0 ] N\ o ( :>
[] 0 [ © O

o 0 D O
0 N - O -

Figure 4.1: An initial datum and evolutions for square, octagonal and “almost isotropic” anisotropies, at
two different times.

We show some numerical experiments to illustrate our results, in dimension 2. We follow the
implementation described in [47] (see also [48]), except that now the distance is properly computed
using using the inf/sup-convolution formulas . The (exact) numerical resolution of the
discrete ROF functional is computed using Hochbaum’s parametric maximum flow algorithm [119]
120|, implemented upon the maxflow/mincut implementation of Boykov and Kolmogorov [25].
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Other implementations of the algorithm yielding approximate minimizers have been considered
for instance in [45} [161], of course they work in practice and allow to address more (an)isotropies
than those considered here, yet the joint convergence as € = h — 0 is not clear in these contexts.
For numerical speedup, the infimum and supremum of definition are computed only in a
neighborhood of fixed size and not on the whole grid. Similarly, the ROF minimization is only
performed in a neighborhood of the boundary. We observe that Corollary [£.30]in Appendix [{-A72]
justifies this restriction in some particular case, notably the case ¢ = ||-||;1, ¢° = ||||l¢= (Where £; =
1 can be chosen in Lemma7 which is particularly relevant. The code is available at https://
plmlab.math.cnrs.fr/chambolle/chapters/fig/discretecrystals/ (implemented in C/C++
and running on GNU/linux with gcc).

160 160 160 160

40 140 F

120 120 |-
100 D 100 +
80 80 -

60 60

140 F 140 F

120 F 120 F

100 100 F

80+ 80+

60 60

40 40 + 10 + 40 +

L L L I L L L L L L L L L L L L L L L L L L L L L L L
0 60 80 100 120 140 160 10 60 80 100 120 140 160 10 60 S0 100 120 140 160 10 60 80 100 120 140 160

Figure 4.2: Wulff shapes of initial radius Ry = 50 evolved at times t = 0, 200, 400, ...,1200 for four
different anisotropies (square, octagon, diamond and “almost isotropic”).

Figure shows three examples of flows from the same starting set, composed of random
shapes. The anisotropies are square (nearest neighbours interactions), octagonal (next nearest
neighbours, weighted so that the corresponding Wulff shape is a regular octagon), and “almost
isotropic”, which is generated by the interactions in the directions (0,+1), (£1,0), (£1,=+2),
(1, £3) weighted so that the Wulff shape is a polygon with 24 facets of equal lengths.

Nice
V/RE 2t 50 computed radius
50 computed radius
40 40+
30+ 30 |
20 + 20
104 10 4
0 ” T 3 g T 7 0 T T
200 400 600 800 1000 1200 200 160 600 800 oo 1200

Figure 4.3: Evolution of the radius for the square (left) and octogonal (right) anisotropies.

Then, we estimate the decay of the radius of an initial Wulff shape Wg, = {¢ < Ry} along the
evolution, up to extinction. In our experiment, Ry = 50. It is well known that the solution is the
Wulff shape of radius R(t) = \/R3 — 2(N — 1)t (where here N = 2). The evolutions are depicted
in Figure [£.2] We use the same anisotropies as in figure [I.I] with additionally a “diamond” Wulff
shape generated by the directions (0,41), (£1,42) and with sides of equal lengths. In all cases,
the weights have been calibrated so that the perimeters of the Wulff shapes are 6.28 ~ 2.

The plots in Figure [I.4] show that the decay of the radii is remarkably close to the theoretical
prediction, even if this is less precise when more directions of interactions are involved, near
extinction. This might be due in part to the fact that the computation of the distance through
truncated variants of become less precise.

Finally, we perform the same experiment with varying ¢ and h. We observe that the results
look remarkably close even if, at low resolution, the error becomes huge when the size of the Wulff
shape is of the order of the discretization. Figure [£.5] shows the shapes. Observe that the shape
at time ¢t = 49 is only computed for € = 0.1 and h = 0.1 (the shape vanishes before for the two
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VR =2t VR -2t
50 computed radius 50 computed radius
40 40 H
304 30
20 H 20
10 4 10 4
0 7 T 0 7 T
200 bo 600 sdo 1000 1200 200 abo 600 s0o 1000 1200

Figure 4.4: Evolution of the radius for the diamond (left) and “almost isotropic” (right) anisotropies.

30 - 430 L 30 - .
25 -4 25 25 =
20 4o b 20 §
15 -4 15 = 15 =
10 b 40 b 10 b §

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

10 15 20 25 30 10 15 20 25 30 10 15 20 25 30
Figure 4.5: Evolution of an initial octagon with Ry = 10 at times 0,7,14,.... Left: e = 1, h = 0.1, middle:

e =20.1, h=0.1, right: e =0.1, h =0.5.

other experiments). On the other hand, this computation took more than one hour, while the case
€ = 1 took less than a minute and the case ¢ = 0.1, h = 0.5 a bit less than an hour. Figure
shows the decay of the radii, which should be \/R3 — 2t for Ry = 10 and ¢ € [0, 50].

i te 10+ computed radins —— 10 computed rading ——
10 compe i Wi Vi r—
| 8+ 8+
64 6 6
“ .
44 NN 19 4 N\
\ \\\
2 \ \ 2 2
\ \ A\
0 T 7 , . — 0 T ; T y — 0 T ; T y !
10 20 30 40 50 10 20 30 40 50 10 20 30 40 50

Figure 4.6: Evolution of the radius for an initial octagon with Ry = 10 until the vanishing time ¢t = 50.
Left: e =1, h = 0.1, middle: € = 0.1, h = 0.1, right: ¢ =0.1, h = 0.5.

Appendix 4.A  Proof of technical lemmas

4.A.1 Proof of Lemma m

We build here a supersolution to Problem when g = ¢°. Let us first recall some notation
and results concerning zonotopes (see e.g. [150]). Recall that & = {£ej}7, C Z" where, without
loss of generality, the vectors eq, ..., e, span the whole RY. Given a non-negative interaction
function 8 € X, we assume that 3 = 0 on Z" \ £ and that 8(—i) = B(i) for every i € Z~. The
anisotropy ¢ associated to (3, as defined in , is such that its 1-Wulff shape W; C RY is a
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zonotope, which can be expressed as the Minkowski sum

m

Wi =Y Ble)(—e,e) = > 2B(ex)(—ex, ex).
k=1

ecf

Alternatively, one can define the zonotope W, as the image of a cube under an affine map. Indeed,
it holds

Wi = V(Q™) (4.101)
where V = (28(e1)e1, - - ., 268(em)em) € RV*™ and QU™ = (—1,1)™. Since the set £ is uniquely
defined up to sign changes, the matrix V is also uniquely detemined up to permutations of columns

or sign changes. o
Note that by definition of zonotope any element x € W, for £ > 0 can be written as

x=/ Z 2ﬁ(ek))\kek,
k=1

for suitable coefficients |A;| < 1. We note that (the closure of) a facet F' (of non-zero dimension)
of the zonotope W, can be described in the following form:

F =03 28(es) oty eam] +£ D 2B(eo(y)eoti€oty, (4.102)
j=1 j=r+1
where o is a permutation of {1,...,m}, 1 <r < m and |¢;| = 1. Moreover (see |150, page 206]
for details) the vectors e, (1),. .., s () uniquely identify
{e€&:e| F},

and r is uniquely defined as the number of vectors in the family & which are parallel to the facet
F. Analogously, any vertex v of the zonotope Wy is of the form

v="0 2B(eo(j))Eats) o) (4.103)
j=1
where ¢; € {£1} for every j = 1,...,m and o is a permutation of {1,...,m}. Note however that

not every point of this form is a vertex of the zonotope.

Lemma 4.28. There exists £y > 0 such that for every e > 0 and every £ > £y, if i € eZN belongs
to OWey, then for each k € {1,...,m} either one of the following holds:

i) neither i+ cey, nori—eey, belong to OWey. In this case it holds either ¢°(i +ce) > ¢°(i) >
@°(i —eex) or ¢°(i —ee) > ¢°(i) > ¢°(i + cex);

i1) one between i + ey, belongs to OWey. In this case ¢°(i £ eey) > £ and it holds

#((6 + €Zex) N OW=g) > 2[¢/0y). (4.104)

Proof. By scaling, it suffices to prove the result in the case ¢ = 1. We take £y such that

1 (4.105)
max ——— .
=1,....m 25(6[0

and remark that £y € (0,4+00). Note that the choice (4.105)) implies for every j = 1,...,m that

o >

k

V4
[(—=20B(ej)ej,2€8(ej)e;)| = 4€8(ej)|e;| > 2%|6j|-

We then fix i € OW, NZY and e;, € £. We have to distinguish two cases.
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Case 1. There exists a facet F' 3 ¢ of W, such that ey || F. By (4.102)) we then see that

i € 20B(ex)|—exk, ex] + Js

where j € F. This implies in particular that {n € Z : i + ne; € F'} is an interval of Z containing
0. Furthermore, by the assumption (4.105)), it contains at least [2¢|ey|/¢o] points and we conclude
(4.104). Since i and one between i + ), belong to WV, then ¢°(i £ ex) > ¢ by convexity.

Case 2. For every facet F' 2 i of W, it holds ex }f F'. Let us fix a facet F' 3 i and note that by
and up to relabelling the indexes, it holds

1€ KZQB(ej)[—ej,ej] +/ Z 25(€j>€j6j,
j=1

j=r+1
with £ > 7 and |e;| =1 for j =r+1,...,m. Recalling (4.101), we see that

€k

£B(ex)

where €, ... &y, denotes the canonical base of R™ and y € >°7_,[—¢;,&;] + .1 €;6; € 0Q™.
By the choice and since k > r, one deduces that y — ﬁék € Q) thus i — e € Wy.
Since then e }f F' for any facet containing 4, it must hold ¢°(i — eger) < £. By convexity one
easily concludes that ¢°(i + exey) > £, which shows i). O

i—eper =LV (y— €k),

We now define a calibration z;; for every (i,j) € ({¢° > elo} NeZN) x eZV. Fix i € eZN with
@° (i) > elp. In the following we write i ~ j if % € £. We start defining

0 if j oL
zij = & —f(ex) if j=1i+xeer and ¢°(5) > ¢°(¢) (4.106)
Blex) if j = i%ecer and ¢°(7) < 6°().
In particular, this definition covers case i) in Lemma Assume then that there exists j ~ i
-4.28

with ¢°(j) = ¢°(4) and % =e, € E. Since i € eZN and e € & fall in case ii) of Lemma
there exists an interval [—n,n] N Z for n, 7 € N such that

(i 4+ eZek) N 8W$:(i) =i+ ([-n,n] NZ)eey

and moreover
#([-n,n] NZ) > 2[¢°(i)/(elo)]. (4.107)

Thus, we define z;; as a linear interpolation of the values assumed at the extremal points of
i+ [—n,n]eey as

t+n+1 _
Zitteey, i+ (t+1)ee, Blex) (1 - 2n+n—|—1) Vte[-n—1,n|NZ,
(4.108)
—t+n+1 _
Zi-‘,—tsek,i—&-(t—l)aek = /B(ek) <]. — 271—}-71-{—1) Vt S [7ﬂ,n -+ 1] n Z

By definition one easily sees that
|255] < oy 2i5(0°(1) — ¢°(4)) = af;|9° (i) — ¢°(4)- (4.109)

We now show how to bound the divergence (DXz);. Assume that ¢°(i + eex) = ¢°(4) or that

¢°(i — eex) = ¢°(4). Then by definition (4.108) and by (4.107) one deduces
4Bler) 25(ex) Ce

Zijiteer T Ziji—ce, — Ziteep,i — Zi—cen,i = > (4.110)

Tntat+l T [90(0)/(b)] T ¢°()
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and similarly if ¢°(i —eey) = ¢°(¢). If instead ¢°(i L cex) # ¢°(7) and ¢°(i £ cex) > by, one sees
that
Zijitee, T Ziji—cep = 0 and Ziteep,i T Zi—eep,i = 0 (4111)

Combining (4.110) and (4.111) and recalling (4.28)) we conclude that if ¢°(i) > ¢1¢ then

C¢h
h(D:z); > —
(Pe2)i2 =506
for a suitable positive constant c4 depending on ¢.
We now illustrate a procedure that allows to extend the calibration above to eZN x ¢ZN. We
set C' > 1 a sufficiently big constant and define a function v € X, setting

(4.112)

Ch

°+ °>C(WhVve)}ynezh
v 4T 5 on {672 C(Vhve}nez™ (4.113)

C(WVhVe)+ \/5\/5 on {¢° < C(VhVe)}neZN

A calibration w € Y. can be defined setting for i,j € eZN
i if p°(1) > 2
Wij 1= “ l 0 <Z> > 2/C(VhVe) . (4.114)
—af; if ¢°(i) <2VC(VhVe)

Since x — x + Chax~! is strictly monotone in the region {x > /Ch}, we can employ (4.109) to
prove that, for every 4,5 € eZN with ¢°(i) > C(v/h V ¢), it holds

wij(vi - Uj) = O(%|’Uz' — ’Uj|, |wij| S Oé?j. (4115)
Moreover, taking C' large enough ensures that whenever j ~ i, then

¢°(i) <2VC(Vhve) = ¢°(j) <C(VhVe)

¢O(i) 22\/5(\/Ev5) _— ¢0(j) Z\/a(\/ﬁ\/&‘) (4.116)

Thus, equation (4.115]) can be directly checked in the case ¢°(i) < 2\/6(@\/5) using the definition

[1T).

Note now that definition (#.114)) implies D*w = 0 in the region {¢° < 2¢/C(vV/h V ¢)} thus we
assume ¢°(i) > 2v/C(Vh V €) and estimate (Dfw);. If ¢°(i — eey) < 2v/C(Vh V €) by convexity
¢°(i + eex) > 2v/C(Vh V €), thus by definition ([#.114) we get

Zijiteer — Ziteen, T Ziji—cer, — Zi—eep,i = _/B(Gk) - B(ek) + B(Gk) - (_ﬂ(ek)) =0.

The symmetric case is analogous. On the other hand, if every j ~ i is in {¢° > 2v/C(Vh V )}
equation (4.112)) holds. Therefore, we have shown

* C¢h
hDglU Z _Fx{(POZ\/E(\/E\/E)} (4117)

By a direct computation, using (4.117) and assuming the C' > ¢y, we see that the pair (v, w)
defined above satisfies

{hD;w+v > ¢°

wij(vi — ;) = ag;lvi —vjl,  |wii| < g

Recalling the comparison result in Theorem [4.8) we conclude that the solution u to (4.14) satisfies
u<wvin eZV.
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4.A.2 A remark on the inf/sup-convolution formulas (4.32)

In this section we show that in some particular cases, the inf,sup in the definition can
be replaced by min, max and that this minimization/maximization procedure can be made in a
fixed neighborhood of the point considered. Yet, our proof also shows that this neighborhood
can become very large, depending on the weights of the interaction, and it seems that we cannot
expect in general cases that the min, max are actually reached.

We assume here that ¢ satisfies the following assumption. There exists £, > 0 such that for
every ¢ € {0,%1} for k =1,...,m, there exists ¢ < {4 such that

m

Ez2ﬁ(ek)skek ezN. (4.118)

k=1
Note that this condition is satisfied if and only if S(e;) € Q for all k =1,...,m.

Lemma 4.29. There exists £1 > 0 with the following property. For any i € eZN with ¢°(i) > ef;
there exists j € eZN \ {0} with ¢°(j) < ¢°(i) and satisfying

¢°(i) = ¢°(4) + ¢°(i — J) — coe. (4.119)
If [A118) holds, for any i € eZN with ¢°(i) > 2el; there exists j € (Wee, \ {0}) NeZN such that
¢°(i) = ¢°(4) + ¢°(i — j). (4.120)

Moreover, for every R € (2el1, ¢°(3)) there exists j € Wi \ Wgr—_oer, such that (4.120) holds.

Proof. By scaling we prove the result in the case ¢ = 1. Given i € ZV \ {0}, inequality
follows easily choosing ¢; > 2, considering oi € RY \ {0} for an appropriate o € (0,1) and j € Z
so that i € (5 + [0, 1]V).

We now assume and denote by /4 the radius associated to ¢. We then choose ¢; = /.
Let us fix i € ZV with ¢°(i) = ¢ > 2¢;. By there exist r > 0, g, A with |ex| = 1 and

|[Ak| < 1 such that
=1/ <Z 2B8(ex)erer + Z )\k25(6k)6k> .
k=1 k=r+1

Let us denote the point

T

v= 2B(ex)erer € IV,
k=1

and define the function sign by sign(z) = x/|z| if  # 0 and 0 otherwise. For any ¢ < £, we
rewrite ¢ as follows

Py <U+ 3 2B(ek)sign(/\k)€k> +(—=1) <v+ > 28(ex) <€ 7 _Ef/g’Sign()\kQ €k>

k=r+1 k=r+1

= lw+ (1) <v + > 25(ek)A;ek> :

k=r+1

Notice that, since £ > 2¢" and |Ag| < 1 it holds |} | < 1, thus by formula (4.102) we get

v+ Z 25(6@)\26;@ ISN5)4%]
k=r+1

and therefore ¢°(i — 'w) = £ — ¢'. We conclude noting that by the hypothesis we can
choose ¢' < {1 so that {'w € Z%, which implies since ¢°(L'w) = ¢'.

We now prove the last assertion. Since ¢°(¢) > 2¢;, by the previous result there exists jo €
(W, \ {0}) so that ¢°(z) = ¢°(jo) + ¢° (i — Jo). Now, if R—2¢; < ¢°(jo) we conclude. If not, then
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@°(i — jo) > 241 by (4.120), and thus we can find kg € (W, \ {0}) so that

¢°(i — jo) = ¢°(ko) + ¢°(i — jo — ko)- (4.121)
Denoting j1 = jo + ko, on one hand implies
¢°(i) = ¢°(jo) + ¢°(J1 — Jo) + &°(i — j1) > #°(j1) + ¢°(i — j1) (4.122)

thus equality holds instead. If ¢°(j1) > R — 2¢; we conclude, if not (4.122)) yields ¢°(i — j1) > 24,
and we can iterate. Recalling that ¢° > ¢, > 0 on eZ" \ {0}, it is clear that after a finite number
of iterations the process stops, and one can check that the required properties are satisfied. O

By the previous lemma, it is easy to prove the following result.

Corollary 4.30. Let u € X be a (1,¢)-Lipschitz function and {1 as in Lemma . Then, for
all i € eZN it holds
sup {u; —¢°(i —j)} = max {u; —¢°(i —j)}.

je{u>0} j€{uz=0}
In addition, if i € {u < 0}, the mazimum is reached in a point in ({u < 0} + Wagy, ) NeZN.

Proof. Tt is enough to consider i € {u < 0}NeZ". Let us denote F = ({u < 0} +Whap, ) N{u > 0}.
Firstly, by a variant of the argument by iteration employed in the proof of Lemma one can
prove that

sup {u; —¢°(1 — j)} = sup {u; — ¢°(i —j)}. (4.123)
je{u>0} JEF

On the other hand, take a point jo € {u > 0}. If j € F satisfies uj — ¢°(i — j) > uj, — ¢°(i — jo),

since u < 2efy in F (as u is (1, ¢°)-Lipschitz) we obtain

2el1 4+ ¢°(i — jJo) > ¢° (i — 7),

which implies that the sup in (4.123)) is indeed a max. [

Appendix 4.B  Extension to the isotropic case

In this appendix we show a modification of the algorithm proposed in this chapter tailored to
the isotropic case.

4.B.1 Definition of the Algorithm and Main Result.

Given u € X., we consider the discrete Laplacian operator

1 1 2N
= 7 Z Uitee, — 2U; + ui—sen = 7 Z Uitee, T+ ui—sen) - ?Uz

We also consider the redistancing operator sd®?° defined in , for the particular choice ¢ =

#° = |- | In the following, we write sd*(u) := sd®!'l(u), and for ease of notation we drop the

argument whenever clear from the context.

We modify the algorithm proposed in in the following way. Given a set E° C RY, we let
¢ = gd% = ¢d%¢ be a 1-Lipschitz function on eZ~, such that Sd?’6 < 0 for any i € B0 NeZN,

and it is positive elsewhere. Then, we define for all k:

upthE = AP 4 n(Adbe),,

' (4.124)
dk+1,a _ Sds(uk+l’€).
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We set E°(t) = {uﬁ]’E < 0}. Note that if we choose h € (0, %] and let 0 = 20b < 1, ([{124)
becomes:
g N
aft = (=0 + 5y 3 (e, i)
n=1

where (e,)N_, is the canonical basis of RN (ZN). In particular, this ensures that u ™" is 1-
Lipschitz as a convex combination of 1-Lipschitz functions.

Moreover, from Lemma we see that where u**1:¢ > 0 (that is, where d**1:¢ > 0), then

k+1,e k.,e
it —db 1

h ) (Aedk’s)ia (4125)

while where u* T < 0 (i.e. "™ < 0), it holds
k+1,e ke
e dt 1

- = (A d™9);. (4.126)

It is thus reasonable to expect that this scheme approximates weak solutions to the (isotropic)
mean curvature flow as defined in Definition [£.I} Indeed, we can show the following.

Theorem 4.31. Ase — 0, the function (d°(t);), defined fort > 0 andi € eZ™ by d°(t); = dgt/h]’s,
converge up to subsequences, for almost all time and locally uniformly in space to a function d(x,t)
such that d* = max{d,0} is the distance function to a supersolution to the (generalized) mean
curvature flow starting from E°, and d~ is the distance function to a supersolution starting from
eZN \ E°. In particular, if the mean curvature flow E(t) starting from E° is unique, then dF(t)
converges to the signed distance function to E(t), up to extinction.

Here, by generalized solution, we mean a solution in the viscosity sense [64], as defined in |87
20, 19} [173] (see also Chapter 7 or, equivalently, in the distributional sense as in Definition
We make this precise in the next section, before proving Theorem Note that our results
requires h = ¢26/2N.

The setting is essentially the same one presented in this chapter. We set for each ¢ >
de(t) = sd"= and then let, for t > 0, E.(t) = {i € eZN : d°(t); < 0}. Then we let E
{(i,t) € eZN x [0,+00) : i € E:(t)} and F. = {(i,t) € eZN x [0,+00) : i & E.(t)}. We
find a subsequence such that both E., — E and F., — ¢Z" \ A in the Kuratowski sense in
RY x [0,+00), where A is an open set and F a closed set. Observe that A C E. We let
T* = inf{t > 0: ENRY x (t,+00)) = 0 or eZVN \ AN (RN x (¢,+00)) = 0} € [0,+c]. Note
that it may (in general will) happen that after some time, u**!¢ defined by (4.124) becomes
positive (or negative) everywhere, in which case d**1¢ will be 4+oo (respectively, —oo) and the
corresponding sets E.(t) (or eZN \ E.(t)) will be empty: in the limit, this corresponds to times
which are past the extinction time T* of E or eZV \ A.

0,

4.B.2 Estimate on Balls and Consequences

A crucial point for proving the convergence of the method is to control the behaviour of the
algorithm when df’e represents the distance to a ball of radius R > 0. For this, given 6 € (0, 1],
we let u; == |i| — R, i € eZN,

N
0
V; = (]- - a)uz + ﬁ Z(uiJrsen + uifsen)

n=1
and let d = sd®(v). Then, we show the following estimate.

Lemma 4.32. There exist C > 1 such that if ¢/R is small enough (depending only on the
dimension N ), then it holds

, c ., . 2NC
< |il - R+ =2 =il - R+ =——"h.
d; <li|— R € lil — R 7 h
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Here as before h, e, must satisfy § = 2Nh/e2.

Proof. Without loss of generality we assume 6 = 1. Also, since sd° < sdS (see Remark [4.18)), we
can assume d = sd" (v). We first observe that

N
1 . .
’Uz':*R+ﬁng_l|l+€6n|+|lf€en.

We remark that if |i| > 2¢, e € {e,,—€, :n=1,...,N},
1-e€

1
\i+56|:|2‘\+€—,+/ (1—-1¢)
Il 0

] ‘ .
- B (z—l—tge)@(z%—tse) co - eedt
i + teel i + tee|?

i-e 1 e?
<4 — + ———  (4.127
slilter t—eg 120

so that )
1 €
 <]i|-R+ ——.
v s = R
If we assume that ¢ < min{l, R/2}, then for |i]| < R — ¢, v; < 0. Hence, we may estimate, for 4
with v; > 0 (hence with |i| > R —¢):

2

€
d® (v));:= inf v;+1]7—1 < inf vi+1i—1 < inf | — R4+ — +|j —1,
@)= ol oy il it S Rl

assuming ¢ < R/8 so that the set of j’s is not empty. Consider j with % +e<|j| <R—e¢, close
to the segment [0,4]: if 7 is the projection of j onto [0, ], one has

i+ 17 =il = V0= P+ 2+ V=i + 15— 2

e T ¢ 1 1 R
<+ il s =i+ 5m 5 ) 1=
2{31 2|7 — i 271 2|71

If ¢/R is small enough (depending only on N), we can find j,j such that |j — j|> < Ne&? and
R/2 <|j] < 3R/4, so that |7 —i| > R/4. We obtain for such a choice:

3N
31+ 15 =il < il + ¢

This shows that where (dS ); is non-negative, it is less than |i| — R + as soon as £/R is
small enough. As sd? is the smallest 1-Lipschitz function larger than d5 where it is non-negative
(Remark [4.10]), this achieves the proof. O

3N+1 .2
R <

We now continue the study of the properties of d°. We note that if for some k, d"*>R>0

at i € eZ", then d?’e > R —|j —i| (as it is 1-Lipschitz) and iterations of Lemma show that
for some C' > 1 depending only on the dimension, if € is small enough,

C
di* > R— —({—k)h
xRS
for £ > k and as long as the right-hand side is larger than R/2 (that is, (¢ — k)h < R?/2C). This

may also be written:
d®(s); > d°(t); — C/R(s—t+h) (4.128)

ford®(t); > R>0,0<t<s< CR? for some constant C' depending only on the dimension. A
similar, symmetric statement holds if d(¢); < —R < 0. In particular, by our choice of E°, one
has T > 0.

The estimate allows to reproduce the proof of [55, Proposition 4.4] and find that except
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for a countable set of times the function

Z di* () Xit10,6)¥

i€, ZN

converges locally uniformly to some function d(z,¢) which is locally finite for ¢ < T* and such
that its positive and negative parts respectively satisfy:

dF(,t) = dist(, () and d=(-,t) = dist(-,eZV \ A(t)), (4.129)

where E(t) = {x € RY : (z,t) € E} and A(t) = {x € RY : (z,t) € A}, for t < T*. Moreover, for
every z € RY the functions dist(z, F(-)) and dist(z,cZ™ \ A(+)) are left-continuous and right-lower-
semicontinuous. Equivalently, the maps E(-) and €Z" \ A() are left-continuous and right-upper-
semicontinuous with respect to the Kuratowski convergence. Finally, F(0) = E° and A(0) = ED.
In addition, d(-,t) = +oo or —oco for all t > T*.

From one has in particular that eZ" \ EN (RN x (0,7%)) = {(x,t) € RN x (0,T%) :
d(x,t) > 0} while A = {(z,t) € RN x (0,T*) : d(x,t) < 0}, and

d*(z,t) = inf {hmlnf max{0, d;, (tx)} : erZN X Ry 3 (ig, ty) —3 hoge (x, t)}

k—+oo

—d ™ (z,t) = sup {limsup min{0, d;, (tx)} : exZN xRy > (i, ty,) hoge (x,t)}

k—+o00

are the classical relaxed half-limits (see for instance [19,/20]).

4.B.3 Consistency of the algorithm

As before, in this section we fix § € (0,1] and the parameters e, h are linked through h =
0e? /2N. We investigate the limit of the scheme as ¢, h — 0.

At this point there are two elementary directions to prove the convergence of the algorithm.
One can establish the consistency with the viscosity approach of [173|, showing that d is a viscosity
super-solution to the heat equation in {d > 0} (and a subsolution in {d < 0}), or equivalently the
consistency with respect to the distributional Definition

For the viscosity point of view, let us note that d* is lower semicontinuous, as explained before.
Then, let us consider a smooth test function n(z,t) with n < d, n(z,t) = d(z,t) > 0, and assume
without loss of generality that the contact point is unique [64]. Then, it is standard that for small
€, there is iy, — 7, i, € e, Z", and t;, — £ such that for all £ > 0 and ¢ € £,Z":

(i, t) = (i, t) + (d° ()i, — (i, tr)) < d(t)i,  Me(in, tr) = d°*(tx)s, > 0.

We have:

N
Nk (i, ti) = d™ ()i, > (1 — O)d5F (ty — hy) + Z (d5F e, (b — i) +d5F__ o (tr — hi))
i =
0
2 (1= O)ime (i, te — hie) + 55 Z Mk (i + Eren, th — hi) + ni(in — exen, te — hi))
n=1

so that: . .
M (ik, te) — M (Gk, te — i)
hy,

Using that 7 is smooth and passing to the limit, we recover:

> (Aeymie (ot — hi));, -

on, _ -
51 (@0 = Az, 1),

showing that d¥ is a viscosity supersolution to the heat equation in {d > 0}.
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On the other hand, the variational point of view is tackled as follows, considering rather a test
function n € C°((eZN \ E) N (RY x (0,7*)); Ry). The support U, is at distance from E, hence
for e, small enough it is also at positive distance from E., so that d°* is bounded from below by
a positive number on U,, N (¢Z" x [0, +00)). Thanks to (£.125)), it follows that

Ao (£); — o (£ — ha)s
hi

2 (Aey d™ (t = hi))i

for (i,t) € U,, hence

T €k . ]k (t — .

iceZN

Rearranging the sums, this reads

/T* oy (n(iat) —n(i,t + hy)

h
iceZN k

— (A, (n(t + hy, '))i) d=*(t); dt > 0.

In the limit (since 7 is smooth, and d** converges uniformly for almost every time), we obtain

/ / (=0m — An)ddxdt > 0
0o JrN

so that Y

a5 > Ad in D'({(x,t) € RN x [0,T*) : d(x,t) > 0}), (4.130)
that is in the sense of distributions (or measures). In the same way, we have:

ad : / N *

5 <Ad in D({(z,t)eR" x[0,T7):d(x,t) < 0}). (4.131)

Lastly, one still needs to prove that Ad is bounded above in {d > R} for any R > 0 (c¢f. Def-
inition point (d)); observe however that together with (4.128), (4.130)—(4.131) imply that
dd* /0t and AdT are Radon measures where they are positive, and the proof in [55, Appendix]
then shows that 7 also hold in the viscosity sense.

To prove the L* bound, one observes that if for some ¢ € (h,T*) it holds d5(t) = df’e >R>0
(k = [t/h]) for some i € eZY, by definition of sd%. in there is x € R with z < 0 and j € eZV
such that = + |j —i| — 2 < df’g <z + |j —i| (and in particular |j — i > R). Using (£.127), one
sees that

2N N
AcdFe) < = —i|—d) + ——— <N+
(Aed™); < —5 (2 + 7 — il Z)+|Z._j‘_€_ +

where the last inequality holds for ¢ < g Hence considering now a smooth, non-negative test
function n with support in {d > R}, we can reproduce the previous arguments to show that in

the limit,
T* T*
R+1
/ Anddzdt < 2Ni/ / nda dt,
o Jrw R Jo Je~y

showing that (Ad)™ € L>({d > R}), as needed.
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1 Introduction

In this chapter we consider the geometric evolution of sets called the volume preserving mean
curvature flow. This evolution is a modification of the classical mean curvature flow defined as a
flow of sets (E;)o<i<r in RY following the motion law

vy =Hg, — Hg, on OE, (5.1)

for all t € [0,7] , where Hg, denotes the average of Hg, over dE;. One can observe that the
volume of the evolving sets is indeed preserved during the evolution and that the perimeters of
the sets F; are non-increasing.

One of the main mathematical difficulties of the volume preserving mean curvature flow is
the non-local nature of the functional given by the constraint. Moreover, the generated flow
may present singularities of different kinds, even in a finite time-span and even if the initial data
is smooth. For example, we can see merging or collision of near sets, pinch-offs or shrinking
of connected components to points. There exist examples of singular solutions even in the two
dimensional case, see [148],|149]. After the onset of singularities, the classical or smooth formulation
of the flow ceases to hold and needs to be replaced by a weaker one. Due to the lack
of a comparison principle, a natural approach is the minimizing movement approach proposed
independently by Almgren, Taylor and Wang in [8] and by Luckhaus and Sturzenhecker in [144]
for the unconstrained case and adapted to the volume-preserving setting in [155].

We briefly recall the scheme in the volume contrained setting. First of all we define a discrete-
in-time approximation of the flow that will be called the discrete (volume-preserving) flow. Given
any initial set Ey and a time-step h > 0 we define iteratively EY := Ey and for all n > 0

1
Et! € argmin { P(F) + 7/ distomy (z)dz @ F C TN, |F| = |Eo| ¢,
h Jragp '

where distgpr is the distance function from the set JE}. We can define for every ¢ > 0, the

approximate flow by Ej,(t) := E,[lt/h]. It can be proved (see |154, Proposition 2.2| ) that the
discrete flow is well defined. Any limit point of this flow as the time-step h converges to zero will
be called a flat flow. As for the classical mean curvature flow, this approach produces global-in-
time solutions as shown in [155]. The existence of such global solutions then allows to analyse the
equilibrium configurations reached in the long time asymptotics.

The long time behaviour of the volume preserving mean curvature flow has been previously
studied only in some particular cases, when the existence of global smooth solutions could be
ensured by choosing suitably regular initial sets. For example one can consider uniformly convex
and nearly spherical initial sets (see |82} 122]), or C°°—regular initial sets that are H®—close to
strictly stable critical sets in the three and four dimensional flat torus (see [159]). For more general
initial data, the long time behaviour in the context of flat flows of convex and star-shaped sets (see
[21}, |136]) has been characterized only up to (possibly diverging in the case of [21]) translations.
In |154] the authors characterized the long-time limits of the discrete-in-time approximate flows
constructed by the Euler implicit scheme introduced in |8} [144] under the volume constraint in
arbitrary space dimension. They proved that the discrete flow starting from an arbitrary bounded
initial set converges exponentially fast to a finite union of disjoint balls with equal radii. The same
authors and collaborators were also able to send the discretization parameter h to 0 in [133], in
the case N = 2. Indeed, an explicit penalization is used in order to enforce the volume constraint.

In this chapter the long-time convergence analysis is developed in the flat torus TV for the
discrete flow. In such framework the class of possible long-time limits is much richer as it includes
not only union of balls with equal radii but also different type of critical sets for the perimeter.
The notion of strictly stable critical set is crucial to our result; for the precise definition we refer
to Section [2] of this chapter, but it can be summarized as a regular, critical set for the perimeter
(i.e. with a constant mean curvature boundary) with strictly positive (volume-constrained) second
variation. The main result of this chapter is the theorem below. It provides a complete charac-
terization of the long-time behaviour of the discrete mean curvature flow in the flat torus starting
near a strictly stable critical set. Moreover, an estimate on the convergence speed is provided.
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Theorem 5.1. Let E be a strictly stable critical set in the flat torus. Then there exist §* =
§*(E) > 0 and h* = h*(E) > 0 with the following property: if h < h* and Ey C TV is a set of
finite perimeter satisfying

|Eo| = |El, Eo C (E)s~

then every discrete volume preserving mean curvature flow (E} )nen starting from Eqy converges to
a translate of E in C* for every k € N and the convergence is exponentially fast.

We would like to give some details to highlight the major differences between the results
presented in this chapter and the analysis carried out in [159]. In the aforementioned work, the
author studied the flat flow, albeit in low dimension (N < 4). In the article, it was assumed the
initial set to be a C*—deformation of a strictly stable critical set, close in the H>—sense to the
latter set. Under these assumptions, it was proved the exponential convergence of the flat flow to
a translated of the strictly stable critical set. We remark that our result addresses the long time
behaviour of the discrete flow but holds in much weaker hypotheses: we only assume the initial set
to be of finite perimeter and close in the Hausdorfl sense to a strictly stable critical set. Moreover,
our result holds in every dimension and we are also able to provide the complete characterization
of the long-time behaviour starting from any initial set in dimension N = 2. In order to state the
precise result in the two-dimensional case we first introduce the following notation.

We will call lamella any connected set in T? whose 1—periodic extension in R? is a stripe
bounded by two parallel lines. Our final result in two dimension is the following theorem.

Theorem 5.2. Fiz h, m > 0 and an initial set Eq C T? with finite perimeter and such that
|Eo| = m. Let (E}')nen be a discrete flow starting from Eo and let Py be the limit of the non-
increasing sequence P(E}). Then either one of the following holds:

i) (B
l

)neN converges to a disjoint union of | discs of equal radii and total area m, where
Hdm)TPYL e N;

! s

i) ((E})°),en converges to a disjoint union of I discs of equal radii and total area 1 —m, where
l=n"4—4m) P2 e N;

iii) (E})nen converges to a disjoint union of | lamellae of total area m, with the same slope and
I < Py /2. Moreover, the equality | = Py /2 € N holds if and only if the limit is given by
vertical or horizontal lamellae.

In all cases the convergence is exponentially fast in C* for every k € N.

1.1 Comments about the proof of Theorem

The first step towards proving our main result Theorem [5.1]is Proposition More precisely,
we prove the convergence up to translations of any discrete flow, starting Hausdorff-close to a
strictly stable critical set I, to the latter set. Such a convergence holds in the C* —norm for every
k € N. Since at this point we can not rule out that different subsequences of the discrete flow may
converge to different translates of E, the subsequent step consists in proving the convergence of
the whole flow to a unique translate of the set E (with exponential rate).

In order to prove Proposition [5.30] in a first step we show that every long-time limit of the
flow is a critical point of the perimeter. When the ambient space is R, this implies that the
limit points can only be balls or finite union of balls with the same radii. However, in the periodic
setting, we may end up with different critical points of the perimeter. Indeed, already in the
three dimensional torus T2 we find a wealth of different critical points in addition to balls: for
example, lamellae, cylinders and gyroids (see Figure . We then exploit the strict stability of
E (Proposition to ensure that the flow remains L!-close up to translations to the set E. To
conclude, a regularity argument shows that the convergence in L' of the flow to a regular stable
set implies the convergence in C* for every k € N, thus proving Proposition m

The proof of Proposition is based on the following idea: from a stability result in [4], one
can estimate the L'—distance (up to translations) of a set F' from a strictly stable critical set F
in terms of the differences of the perimeters, provided that the L'—distance between E and F
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Figure 5.1: The critical points in T3. Balls, cylinders, gyroids and 3—dimensional lamellae.

remains below a certain threshold. Moreover, a counterexample shows that the Hausdorfl-closeness
assumption can not be weakened to L' —closeness, as we will discuss in details in Subsection

In order to establish the uniqueness of the limit and, therefore, prove Theorem[5.1] Section[5.2]is
devoted to proving the convergence of the barycenters of the evolving sets. A crucial intermediate
result consists in generalizing the Alexandrov-type estimate [154, Theorem 1.3] (see also [138]) to
the flat torus. This result provides a stability inequality for C''—normal deformations of strictly
stable critical sets in the periodic setting. It could also be seen as an higher-order Y.ojasiewicz-
Simon inequality for the perimeter functional. We briefly give some definitions to present some
further details. Given a set E of class C' and a function f : 9E — R such that ||f|| (o) is
sufficiently small, the normal deformation E; of the set F is defined as

OE; :={z+ f(z)vg(x) : © € dE},

where vg is the normal outer vector of £. A normal deformation E; is said to be of class CkifE
is of class C* and f € C¥(QE). The result proved in [154] is the following.

Theorem 5.3. There exist 6 € (0,1/2) and C > 0 with the following property: for any f €
C'(0B) N H?*(dB) such that | f|lcrop) < 0, |Ef| = wn and bar(Ef) =0, we have

| fl o8y < CllHe, — HE, ||L2(55)-

We are able to show that in the periodic setting the above quantitative estimate holds with B
replaced by any strictly stable critical set. More precisely, we have the following:

Theorem 5.4. Let E C TV be a strictly stable critical set. There exist § € (0,1/2) and C > 0
with the following property: for any f € C*(OE)NH?(OE) such that || f| c1op) < 6 and satisfying

/ deNfl
OFE

<0l fllz2om)s ’/aEfVEdHNl

<Ol fllz2(0m), (5.2)

we have o
| fllzromy < CllHE, — HE,||12(08)- (5.3)

We will prove in details in Section [3| that the conditions have a geometric explanation.
Indeed, the first one ensures that |E¢| ~ |E|, up to higher-order error terms, and the second one,
for some choices of E, is implied by imposing bar(E;) ~ bar(E). We finally remark that the
estimate is optimal for what concerns the power of the norms, see |154, Remark 1.5].

The last section of the chapter is devoted to the two-dimensional case. This particular choice
of the dimension is purely technical and it is motivated by the availability of a complete charac-
terization of the critical points of the perimeter in the two-dimensional flat torus. In this setting
we are able to prove the exponential convergence of the flow starting from any initial set to either
a finite union of balls or a finite union of lamellae or the complement of these configurations.

2 Preliminaries

Let TV := RV /Z" be the N—dimensional torus, that is the quotient space RY/ ~ where ~
is the equivalence relation given by z ~ y if and only if z —y € Z~. We can define the distance
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between two points z,y € TV simply by

dist(z,y) = min |(z+2) —y|.

The function spaces C*(TN) and W*P?(T¥), for k € Nand p € [1, ], are defined as the restriction
of CK(RYM) and VVl’Z’f(RN ), respectively, to the functions that are one-periodic. When we need
to be specific about functions on the torus, it is often convenient to give coordinates to TV via
the unit cube Q = [0,1)Y. With B, (z) we denote the ball in RY of center z and radius 7, while
B, will be a short-hand notation for B,.(0). Given z € RY, we will write z = (2/,zy) where
2’ € RV=! and zx € R. Similarly, we denote by B.(z') C R¥~! the ball in RV~! with radius
r > 0 and center ' € RV~1. Let F C TV we denote with distz(-) the distance from the set F and
with C11(OF) the set of functions continuously differentiable with derivative Lipschitz continuous
on OF. Moreover, we denote by ¢, C' some constants, which could be changing from line to line
and always depend on the dimension N, and by % (or equivalently ;) the partial derivative with
respect to the variable t.

Let us recall the definition of functions of bounded variation in the periodic setting. We say
that a function v € L'(T") is of bounded variation if its total variation is finite, that is

| Dl :sup{/ udivpdz : p € CHTY;RY), || < 1} < 400.
TN

We denote the space of such functions by BV (TY). We say that a measurable set E C T is
of finite perimeter in T¥ if its characteristic function yz € BV (TY). The perimeter P(E) of E
in TV is nothing but the total variation |Dyg|(TY). We refer to Maggi’s book [145] for a more
complete reference about sets of finite perimeter and their properties.

We introduce the following notation.

Definition 5.5. Let E be a set of class C'. Given a function f : OF — R such that 1 fll=aE)
is sufficiently small, we set
0FEf :=={z+ f(x)ve(z) : x € OF} (5.4)

and we call E'¢ the normal deformation of E induced by f.
With a slight abuse of notation, we give the following definition.

Definition 5.6. Let E be a set of class C'. Let X (9FE) denote a functional space that can either
be LP(OE), WkP(OFE), C**(OE) for some k € N, p > 1 and «a € [0,1]. For any F = E; with
f € X(OF), we set

distx (F, E) = || fllxom)-

We recall the classical definition of C'***—convergence of sets.

Definition 5.7. Given a € [0,1], a sequence (E,,)nen of C1®—regular sets is said to converge in
CH* to a set E if:

e for any x € OF, up to rotations and relabelling the coordinates, we can find a cylinder
C = B’ x (—1,1), where B’ ¢ R¥~! is the unit ball centred at the origin, and functions
f, fn € CHP(B';(~1,1)) such that for n large enough, it holds

(E—2)NnC={(z',zn) € B'x (-1,1) : zy < f(2')}
(Bn—2)NC = {(z/,an) € B x (=1,1) : an < fula)}:

e it holds
fn— [ in Cl’o‘(B’).

The following is a simple rephrasing of a classical result concerning the C'*®—convergence of
A—minimizers of the perimeter (see e.g. |4, Theorem 4.2]).
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Theorem 5.8. Let A > 0 and let E be a set of class C%. Then for every € > 0, there exists
0 =6(e, E) > 0 with the following property: for every A—minimizer F' such that |[EAF| <6, then
F is of class CYY/2 and

distcis(E, F) <e for Be(0,1/2).

We now recall some preliminary results from [4] regarding the second variation of the perimeter
in the flat torus. Let E C TV be a set of class C? and let vg be its outer normal. Throughout
the section, when no confusion is possible, we shall omit the subscript £ and write v instead of
vg. Given a vector X, its tangential part on OF is defined as X, = X — (X - v)v. In particular,
we will denote by D, the tangential gradient operator given by D, = (Dy), . We also recall
that the second fundamental form Bpg of OF is given by D, v, its eigenvalues are called principal
curvatures and its trace is called mean curvature, and we denote it by Hg.

Let X : TV — RY be a vector field of class C2. Consider the associated flow @ : TV x (—1,1) —
TV defined by %—‘f = X(®), ®(-,0) = Id. We define the first and second variation of the perimeter
at E with respect to the flow ® to be respectively the values

d2

d
T PE. ga|  PE)

where E; = ®(-,t)(E). It is a classical result of the theory of sets of finite perimeter (see [145])
that the the first variation of the perimeter has the following expression

‘t:O

d
—| P(E)= H X AN
dt‘t:() (E:) /8*,5 BvE e

where Hg € L?(0*E) is the (weak) scalar mean curvature of E. The following equation for the
second variation of the perimeter holds.

Theorem 5.9 (Theorem 3.1 in [4]). If E, X and v are as above, we have

2
d—‘ P(E,) :/ (ID+(X -v)[* = |Bg|*(X -v)?) dHN ! —/ Hpdiv, (X, (X -v))dHN 1
dt? li=o oF oF

+ / Hp(divX)(X -v)dHN L
OE

Remark 5.10. We remark that the last two integral in the above expression vanish when F is

a critical set for the perimeter and if |®(-,¢)(E)| = |E| for all ¢t € [0,1]. Indeed, if F is a regular

critical set for the perimeter then its curvature is constant, therefore the second integral vanishes.

Moreover, if the flow ® is volume-preserving then it can be shown (see equation (2.30) in [59])

that

0 &y
A2

Hence, if ® is a volume-preserving variation of a regular critical set E we have

= / (divX)(X - v) dHN L.
OF

2
d—z‘ P(E,) :/ (ID+(X -v)]> = |Be*(X - v)?) dHN ! = 6°P(E)[X - vg).
dt? lt=0 OE

We remark that due to the translation invariance of the perimeter functional, the second
variation degenerates along flows of the form ®(x,t) = x + tn, where n € RY. In view of this it
is convenient to introduce the subspace T(JE) of H'(9E) := {¢ e HY(OE) : [, odHN~t =0}
generated by the functions v;, i = 1,...,N. Its orthogonal subspace, in the L?—sense, will be
denoted by T+ (0F) and is given by

T+(0E) = {@ € H'(OF) :/ oridHN 1 =0, i = 1,...,N}.
o

E

Definition 5.11. We say that a regular critical set E is a strictly stable set if it has positive
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second variation of the perimeter, in the sense that
S*P(BE)g] >0, Ve T*+0E)\{0}.

The following result ensures that the second variation of a strictly stable set E is coercive on
the subspace T+ (9F).

Lemma 5.12 (Lemma 3.6 in [4]). Assume that E is a strictly stable set, then
mo 1= inf{6*P(E)[¢] : ¢ € T*(0E), [l¢llsrrom) = 1} > 0

and
§P(E)e] = mollelinom Ve € TH(IE),

Moreover, from the Step 1 in the proof of [4, Theorem 3.9] we obtain also the following result.

Lemma 5.13. Assume that E is a strictly stable set, then

inf{&QP(E)[cp] tp € H', el e om) =1, /6E % dHN-1

mo
<bp>—
cilam

where the constant mq is the one in Lemma[5.13
In the proof of Theorem [5.1] we will also need the following key lemma.

Lemma 5.14 (Lemma 3.8 in [4]). Let E C TV be of class C3 and let p > N —1. For every § > 0
there exist C > 0 and 19 > 0 such that if F C TV satisfies OF = {x + ¢¥(x)ve(x) : © € OE} for
some ¢ € C2(OE) with |¢|lwz2ror) < 10, then there exist o € TN and p € W*P(OE) with the
properties that

lo| < Cllbllwaroe), lellwaroe) < ClYllwer o)
and

OF + o ={x + p(z)vp(z) : © € OF}, ‘/ eve dAHN T < 6llell 22 om)-
OE

We also recall the definition of inner and outer ball condition.

Definition 5.15. We say that a open set E C TY satisfies a uniform inner (respectively outer)
ball condition with radius r if there exists » > 0 such that for every x € OF there exists a ball
B, (y) C E (resp. B,(y) C E°) with « € 0B, (y).

Note that all sets E C TV of class C1! satisfy a uniform inner and outer ball condition (see
e.g. [65]). Arguing as in the proof of |4, Lemma 3.8|, we can prove the following result.

Lemma 5.16. Let E C TV be of class C* and let m > 0. There exists n = n(m, E) > 0 such
that, for every k € N, u € C*(OFE) with lullcromy < m, lJullcor) < 1 and for every o € ™
with |o| < n, then E, + o can be written as a normal deformation of E induced by a function
v:0FE — OF such that

[vllcoary <20, [vllerory < Cluller@r) + o),
where C = C(E) > 0.

Proof. Being the set E smooth, it satisfy the uniform inner and outer ball condition, hence there
exists a positive radius r > 0 such that the signed distance sdg from the set E, defined by

dp () distop(r) ifze E°
sdg(z) =
b —distpg(z) ifzeE,

is a function of class C*° (from the regularity of OF) in the r-tubular neighborhood (0F),, that
is (OF), = {x: distog(z) < r} (for further properties of the distance function see [109] section
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14.6]). Since, for some k > 2, u has C*-norm bounded by m, we also have lullcriopy < m. Then,
there exists a radius p = p(m, E) such that JE, satisfies a uniform inner and outer ball condition
of radius p. We can assume without loss of generality that p < r.

We now let 7 < p/2 to be chosen later, take any |o| < 1 and set F' = E,, + 0. Clearly, F still
satisfies a uniform inner and outer ball condition of radius p. Then, for every y € OF there exists
x € JF, such that y = x + o, hence we have

distor(y) < |o| +distop(z) <+ ||lullco@r) < 2n,
and in particular OF C (OF)2, C (OF),. We now define the map T, : 0F — OF as
Tu(x) = me(r +u(@)ve(z) + o) =y — sde(y) Vsde(y), (5.5)

where 7 is the projection map on OF and y = x4 u(z)vg(z)+0 € OF. By choosing 1 smaller, by
interpolation, it holds [|ulc1(ag) + || < 5, which implies that the function & — & +u(z)ve(z) +o
is a diffeomorphism (since it is a small perturbation of the identity). Moreover, since E is of class
C* (and possibly for n smaller), 7TE‘8F : OF — OF is a diffeomorphism of class C*, C*-close to

the identity. Therefore, T,, € C*(OE) and, by , we get
1Tw = Illerom) < Clullcr@or) + lol)- (5.6)
Moreover, using again and the invertibility of the map x — = + u(z)vg(x) + o, we obtain
1T = Illerom) < Cllullor@m) + o). (5.7)

Using the fact that T, is a diffeomorphism and (5.5)), we can find a function v : 9F — R such that
F' is the normal deformation of E induced by v, more precisely for every x € OF it holds

x+u(x)ve(z) + o =Ty () +v(Tu(x))ve(Tu(x)).
Finally, using the above expression and the bounds in (5.6 and (5.7]), we conclude that
[vlleram) < ||qu1||ck(aE)(||u||ck(aE) +lol +Tu = Illcror)) < Cllulleror) + o),

for some constant C = C(E) > 0. O

Let E,F C TV be measurable sets. We define

a(E,F) := min |[EA(F + 2)|.
z€TN
In one of the main results of [4] the authors proved the following quantitative isoperimetric in-
equality in the periodic setting.
Theorem 5.17 (Corollary 1.2 in [4]). Let E C TV be a strictly stable set. Then, there exist
o=o0(E), C=C(E)>0 such that
Co?(E,F) < P(F) - P(E)

for all F C TV with |F| = |E| and o(E, F) < o.

3 A quantitative generalized Alexandrov Theorem

In this section, we will prove that local minimizers of the perimeter in the flat torus satisfy a
quantitative Alexandrov-type estimate. We reproduce some arguments similar to the ones used
in the proof of Theorem 1.3 in [154]. In the follwoing, we denote by E C TV a strictly stable set.
Thanks to some classical results for sets of finite perimeter (see for example 145, Theorem 27.4]),
the previous hypothesis implies that E is of class C'*°.
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First of all, we compute the (N — 1)—Jacobian of the map
®:0E - 0FE; CRY,  zw—a+ flz)ve(z).
Given z € JF, we choose an orthonormal basis
B = {vi(x),...,ony_1(2)}

of T, F such that in this basis the second fundamental form of E, Bg(x) : T, E — T,E C R, has
the following expression

r1(2)
Bg(x) = ;
lﬁN_l(Z‘)
0 o 0
where k1(x),...,ky—1(x) are the principal curvatures of E in . We then complete B’ to a basis
B of the whole RY with the normal vector vy (x) := vg(z). In the following, to simplify the

notation, we will drop the dependence on x. The tangential differential of ® with respect to the
basis B is given by
D(I):I"‘v‘l/E'®Vf‘|’fDVE7

where I is the immersion T, E < R, V f is the tangential gradient of f and Dy is the tangential
differential of vg. Given the regularity of OF, we recall that Dvg is equal to Bg. Moreover, by
definition of B, we have that

(VE®Vf)(Ui,Uj) =6y, Vf-v;, ¢t=1,...,N,j=1,...,N -1
Thanks to the previous observations we find the following expression
1+ r1f
D® = . (5.8)
1+ 6N f
On f .. Ovn_1 f

By Binet formula, the Jacobian J® can be explicitly computed as

N-1 N-1 1/2
JO = | [JA+rf)?+ D00, H ][O+ rif)?
i=1 Jj=1 i#]
N-1 N-1 2 1/2
1 —~ (0, f)
= Q+rif) 1+ L . (5.9)
};[1 =1 (1+“Jf)

To show the previous formula, we characterize the minors of D®. If we omit the N—th row of
D®, we obtain the minor

1+rif
My =
1+kn-1f
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if we omit the i—th row of D® for 1 <7 < N — 1, we obtain the minor

1+ k1 f
I+ ki f
M; = L+ Kip1 f
1+kn-1f
8'Ul-]c A aviflf avi+1f M 8'UN71f
We then deduce (5.9)) by explicitly computing
-1
det(My)? = [J (A +rif)?,  det(M;)? = (0, f)° [ (1 + 55
i=1 i

Note that, if || f||c1 is small enough, the map ® is a diffeomorphism from OF to ®(0F) = 0Ey,
and thus the tangential differential D® : T, E — Ty(,)Ey is a surjective map. In particular, this
allows us to calculate the normal vector vg, in ®(x). We remark that a vector v orthogonal to
every column of is a normal vector to the whole tangent space Tg(,) Ey, therefore a possible
v is given by
N—1
v=- Z 1i)i)ifvi+VEa

i=1

where the sign of the component along vg is taken positive so that the case f = 0 is consistent
with the orientation of vg. Since |v| > 1, by normalizing v we obtain the normal vector

—-1/2
N-1 N—1
o, f (00, f)?
= _ E i ; 1 J , 5.10
e (VE =1t wil’ ) " o At (10
moreover, we remark that
N1 —1/2

—~ (0, f)°
=11 ! 5.11
e =\ 2 o1

We can now compute explicitly the formula for the first variation of the perimeter.

@0, \'" |
A+ r )2 , the following formulas hold true:
J

1. If f € L=(0E) N HY(OF) with ||f||z~ sufficiently small, then

Lemma 5.18. Setting Q := (1 + Z;V;ll

N-1
P(E;) = /QE Q [ 1+ rf)amd-1.
=1

2. If f € L*(OE) N HY(OE) with || f||re sufficiently small, then the first variation P(E¢)[¢]
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exists for all o € C*(OF) and is given by

PR = | 00w T[(+ w ) dH!

i=1 j#i

N—-1 N-1 N-—-1

1 Op;0 00, f kj (0v, f)? N-1
+ — 14+ k; # — | dH .
/aEQE( DL TR 2 L Urhpr

=1

<.

(5.12)
Proof. The first formula is a straightforward consequence of the area formula
P(Ef) = / dHN "t = [ JedHN !
OE¢ oOF

and of the expression of the Jacobian J® in (5.9). Now, (5.12)) easily follows by taking the

derivatives

d
— P(Efqie
dé‘ =0 ( f+ 4:9)

in the first formula. O

Remark 5.19. We observe that, if || f|| ;=g is small enough and |E¢| = |E|, then there exists
a constant C' > 0, only depending on FE, such that

<C [ flx)2dHN (). (5.13)
OFE

F () dHY ()

OFE

Firstly, since OF is regular, for every € > 0 sufficiently small there exists a tubular neighborhood N
of OF such that N is diffeomorphic to E X (—¢, ) via the diffeomeorphism ¥ (z,t) = = + vg(z)t.
The Jacobian of ¥ is given by

N-1
=[O +ki(z (5.14)
i=1

Secondly, if || f|| L= (9E) is small enough, we remark that the condition |Ef| = |E| is equivalent to

f(x)
O:|Ef\—|E|:/ / JU(z,t) dt dHN ().
oOFE JO

Then, we can conclude that

0_/3E/ (z,t)dt dHY ()

f(@)
= [ t@an @ [ gwen - aan @)

OF

f(x)
= T N=l(g ElT 0] N_la:,
= [ f@)au <>+/8E/0 (Hp(x)t + oft)) dt dHV ! (x)

oOF

that implies ([5.13)) for a constant depending only on N and the principal curvatures of E.

We are now able to prove the following stability result; it ensures that the second variation of
the perimeter remains strictly positive for small normal deformations of a strictly stable set F.

Lemma 5.20. Fiz N > 2. There exists § = 6(E) > 0 small such that, if f € L>°(0E) N H*(OF)
with || fll <o) < 0,

f(@) dHN (@) <Ol fll2om) and ’ / f@p(x) dHN "N (2)| < 6| fll20E), (5.15)
oFE oF
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then we have
FPEN = [ (VP - Be@ @2 dH @) 2 L om
OF

where my is the constant given by Lemma[5.13

Proof. Set g = f— f, where f = f,. f dHN "1, then g has zero average and, by the first inequality

in (5.15)), we have
1 B 2
P =gy ([ 1a7) < Ol (5.16)

If 6 is sufficiently small, from (5.16) we obtain
7 ; 1
191720 = |f = Flli20m) = 1FZ20m) — FPP(E) = [ fI7200m) (1 — C%) > §||f|\2L2(aE)~

Using the previous inequality, (5.16|) again and the second inequality in (5.15) we infer that the

function g satisfies
/ grg dHN Y < / frpdHN T + / frpdHN !
OF OF OF

Then, we can apply Lemma to obtain

< Collgllz2oE)-

62P(B)lg) = gl o)
provided ¢ small enough. We conclude
52P(B)[f] = 8*P(E)lg) - 8 P(E)g] + 6*P(E)]f)
=Pl =2 [ 1Be@) @ @)+ 2 [ (Be@)P @)
> "9l o, — Ol 2008y > " lal3n(0m) + 1930 ~ O3l o

m m
1 22 0m) + IV IE20m) = Cll fl320m) > 5

v

1A% o)

up to taking ¢ smaller if needed, and where the constant C' > 0 only depends on E. O

Remark 5.21. Remark ensures that the conclusion of the previous lemma also holds if we
replace the hypothesis | [, f dHN "1 < 6| f||L2(om) With || f| L= (sE) small enough and |Ef| = |E|.

We are now able to prove the generalized version of the quantitative Alexandrov’s inequality
in the periodic setting, Theorem

Proof of Theorem . First of all we notice that, if we take the constant C' in ) to be bigger
than /P 2, then it is enough to consider only the case ||Hg, — HEf 2 om) § 1

Set p =z + f(z)vg(z) and let ¢ € C'(OE), by the definition of scalar mean curvature Hp,
and a change of coordinates we obtain

OP(Ef)[p] = /aE(HEnyf)(p) cvg o JOAHN (5.17)

Combining (5.17)), (5.9) and (5.11) we obtain

N-1 Dy, f)? —1/2 N-1
SP(Ef)[p / Hp,oJ® (14 ) 1+“Jﬂf dHN -t / Hg o ] trif) dnN
J

i=1 i=1

<.

In the following, with a slight abuse of notation, with the symbol O(g) we will mean any function
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h of the form h(x) = r(x)g(z), where |r(z)| < C for all x € IF and C is a constant depending
only on N and FE.

By a simple Taylor expansion we have

SP(E})[¢] = /BE Hg,o (L+Hpf+O(f?) dHN 1. (5.18)

From (j5.12) and again by Taylor expansion, we obtain

i=1  s#i

SP(Ef)[#] =/8E (HE +f 2 ki Y ks +O(f?) +0(|Vf|2)) pdHN !

+/ (Vf+h) VodHN !
oOF
= [ (e 71~ Be £ +0() + OV ) ™
E
+ / (Vf+h)- VpdHN ! (5.19)
OF

where V f, Vo are respectively the tangent gradient of f, p on OF and h is a vector field satisfying

|hl < C(If] + IVFP)IVS]. Set R = O(f?) + O(IV f[?), by comparing (5.18) and (5.19) we infer
that

/ (Vf- Vo —|Bg|*fo)dHN 1 :/ (Hg, — Hg) 1+ Hgf + R) o dHN !
oOF oOF
- /@ (h- Vg + (O() + OV 4 (520
Testing with ¢ = 1, we get
/8 (Hg, — Hg) (1 + Hef + R) dH¥ ' = / (O(f)) + OV f[2)) dHN ",
E

OFE

then, for § sufficiently small, using Hélder inequality we obtain

|HEf—HE|=\— ][ (Hg, — Hp)(Hpf + R) dHY ! + ][ (O(f) + O(V £2)) dN !
OF OF

< ‘][ (Hg, — Hp,)(Hpf + R)dHN 1| + ][ (Hg, — Hp)(Hpf + R)dHN !
OF OFE

+ / (O(f]) + OV £2)) AN !
oOF

|HE| +C6
< = -
R 205

+ [0+ 0w AP an -,
OFE

|Hg, —Hg, |2 + 6 (|Hg| + C6) [Hp, — Hg|

with ¢ = C(N, E) since 6 < 1. For § small enough, recalling that |[Hg, — Hg, ||z < 1, the
previous inequality implies

1 — _
ST, — Hy| < C8|Hp, — T, |1+ /a (O(f) + OV auN " <o, (5.21)
E

Using the bound || f||¢c1 < ¢ and the definition of h we easily see that

h-Vf=380(Vf?.
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Testing ([5.20) with ¢ = f, using Holder’s inequality and by the previous remark, we get

/ (IVFPP = |Bel f2) dHN ! = / (Hg, — Hg) (1+ Hpf + R)fdHN !
oF oF

+5/ D+ O(IVf]?) anN -t
=/(HEf —Hp,)(1+ Hpf +R)fdHY ! + /(FEf — Hp)(1+ Hpf + R)fdH" !
+5/ H L O(VF?)dHN L
<C|\Hg, — A, |12 fllz2 + [F, — Hel / (1+ Hpf + R)f dHN
5 / (O(f2) + O(VfP)) dHN !
OF
— O|\Hg, — Fp, |0zl flue + [Hr, — Hl / (f + O(f?) + FO(V ) dHN !

+30 [ (O(f*) +O(|Vf*)arN 1. (5.22)
OE

By (5.13)), (5.21) and by Hélder inequality, we obtain

oy, — Hyl / (f +O(f2) + FOV2) dH¥ 1 < 5 / (O(?) + O(V 1)),

OF

Finally, by the above inequality, (5.13]) again and by combining (5.22)) with (5.21) we deduce that,
for any n > 0, it holds

/8 (VSR = |Bo %) aHY < ClHp, = T, il + 6 /a (O()+ OV an
< Le2Hy, ~Hp, 120+l 3 + COlfI1 (5.23)
=0 Ej E¢llpz 1N H! Ht: .

The conclusion then follows combining ([5.23) with Lemma and taking ¢ and 7 sufficiently
small. O

4 Uniform L'—estimate on the discrete flow

In this section we give the precise definition of the discrete volume preserving flow in the flat
torus and we study some of its properties.

4.1 Discrete volume preserving mean-curvature flow

Let E # () be a measurable subset of TV. In the following we will always assume that E
coincides with its Lebesgue representative. Fixed h > 0, m € (0,1), we consider the minimum
problem

min{P(F) + %/FsdE(x) de:FCcTVN, |F| = m}, (5.24)

where sdg(z) := distg(z) — distpy g(z) is the signed distance from the set £. Observe that the
minimum problem ([5.24)) is equivalent to the problem

1
min{P(F)—i—/ distpp(z)dz : F C TV, |F|:m}.
h Jrar
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For every F' C TV, we set

JE(F) == P(F) + % /F | distop(a)dr = P(F) + %D(F, ), (5.25)

with a little abuse of notation we will sometimes denote by J£ also the functional

F s P(F) + l/ sdp () da
hJp
and, when no ambiguity arises, we will write .J, instead of J,;E.
By induction we can now define the discrete-in-time, volume preserving mean curvature flow
(EM)nen and we will refer to it as the discrete flow. Let Eg C TV be a measurable set such that
|Eo| = m. We set EY = E, and iteratively define for n > 1

1

E} € argmin {P(F) + E/ SdE;:—l((E) de:Fc TV, |F|= m} .
F

Remark 5.22. We start by remarking that the sequence of the perimeters along the discrete flow

is non-increasing. Indeed, from the minimality of I} and considering E,’f‘l as a competitor we

obtain

1
P(E}) < P(E}) + f/ distypn-1 (x) dv < P(E).
h E;ilAE;’L h

From this simple remark we observe that, even if the starting set of the flow Fy is not of finite
perimeter, the perimeters of the sets Fj’ are uniformly bounded by a constant that only depends
on the dimension N, the fixed volume m and h. Given any set E; of volume m, consider the cube
Qm of the same volume. From the minimality of E} and using Q,, as a competitor we obtain

1 1
P(E}) < P(Qn) + x /E o distgg, (x) dz — E/E . distgg, (x) dz
0 m 0 1

< P(Qm) + % » VN = C(N,m,h),

where we estimated distog, < diam(TV) = v/N.

We recall some preliminary results that can be found in [154]. If not otherwise stated, their
original proofs can be easily adapted to the periodic case, the major difference being that in our
case we work in the flat torus, which is compact, thus simplifying some arguments. First of all,
we observe that that the problem admits solutions via the standard method of the calculus
of variations.

The regularity properties of the discrete flow are investigated in the following proposition.
Some of the results are classical, others follow from [154, Proposition 2.3].

Proposition 5.23. Let h, m, M > 0 and let E C TV be a set with |E| = m and P(E) < M.
Then, any solution F C TV to (5.24) satisfies the following regularity properties:

i) There exist co = co(N) > 0 and a radius ro = ro(m,h, N, M) > 0 such that for every
x € O*F and r € (0,r9] we have

|B () NF| > cor™ and |B,(x)\ F| > cor”.

In particular, F' admits an open representative whose topological boundary coincides with the
closure of its reduced boundary, i.e. OF = O*F.

it) There exists A = A(m,h, N, M) > 0 such that F is a A-minimizer of the perimeter, that is
P(F) < P(F')+ A|FAF'|

for all measurable set F' C TN.
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ii1) The following Fuler-Lagrange equation holds: there exists A € R such that for all X €
CHTN,TV) we have

d
/ X v dHN ! +/ div, X dHN 71 =\ X -vpdHN L (5.26)
orr h o+ F o+ F

iv) There exists a closed set X, whose Hausdorff dimension is less than or equal to N — 8, such
that O*F = OF \ ¥ is an (N — 1)-submanifold of class C* for all o € (0,1) with

|Hp(z)| <A, forallx € OF \ %.

v) There exists kg = ko(m,h, N, M) € N and so = so(m,h, N, M) > 0 such that F' is made up
of at most kg connected components having mutual Hausdorff distance at least sg.

The following result characterizes the stationary sets of the discrete scheme. The last assertion
of the proposition is a technical result that will be employed in the proof of Lemma [5.25)

Proposition 5.24. FEvery stationary set E for the discrete flow is a critical set of the perimeter.
Viceversa, if E is a regular critical set of the perimeter, then there exists h* = h*(E) > 0 such
that, for every h < h*, the volume preserving discrete flow starting from E is unique and given
by B} = E. Moreover, if E is a strictly stable set then it is also the unique volume-constrained
minimizer of the functional

Jn(F) := P(F) + %/FdistE(x) dz.

Proof. The first statement is an immediate consequence of (5.26)). Since F is a stationary point
for the discrete flow, it satisfies

/ div, X dHN 1 =\ X vpdHN-t
o*E oO*FE

for all X € CH(TN,TV), i.e. E is a critical point for the perimeter.
The second part follows using the same argument of the proof of [154, Proposition 3.2]. Indeed,
recall that the second variation has the following expression

1 _
PIENA = [ [ToP+ (5 - 1Bal) P an
os h

which is positive if h is small enough. Then we procede as in the proof of [154, Proposition 3.2].

Analogously, we prove that E is the unique volume-constrained minimizer of Jh. Firstly,
observe that, by Theorem E is a strict local L'-minimizer of the perimeter and it is a global
minimizer of the second term in .J,. Therefore, there exists £ > 0 such that

Jn(E) < Jn(F)

for all measurable set F' such that |F'| = |E| and |[EAF| < ¢, i.e. E is an isolated local minimizer
for J, in L' with the volume constraint, with minimality neighbourhood uniform with respect
to h. Now, given any sequence (h,)nen going to zero, let F,, be a volume constrained minimizer
of Jy,; we then easily deduce that |[EAF,| — 0 as n — oo, and therefore, for n large enough,

|EAF,| < e. The strict minimality of E therefore implies F;, = E.
O

4.2 Uniform L' estimate

In this subsection we prove a uniform L'—estimate on the discrete flow starting from an
initial set Ey sufficiently “close” to a strictly stable set of the perimeter. We will devote the next
subsection to a discussion upon the hypotheses of the estimate. Before we recall the definition of



4. Uniform L'—estimate on the discrete flow 129

Hausdorff distance and some of its properties, for a complete reference see e.g. |14, Section 4.4],
[153, Section 10.1].
Given a set C C TV, we denote by (C)s the & fattened of C, that is the set

{z € TV : disto(x) < 6}
Let Cy, Cy C TV be closed sets, we define the Hausdorff distance between C; and Cs as
dH(Cl,CQ) := inf {p >0:C; C (Cg)p, Cy C (Cl>p}

Given C,,, C closed sets in TV, we say that (C,,)nen converges to C' in the Hausdorff distance

and we write C,, g C, if dg(C,,C) — 0 as n — oo. We recall that the space of closed subsets
of a compact set equipped with the Hausdorff metric is compact (see e.g |14, Theorem 4.4.15] or
[153, Proposition 10.1]) and also that the convergence in the Hausdorfl distance is equivalent to
the uniform convergence of the respective distance functions, i.e.

Chp Ao — distc, — diste  uniformly.

In the following, given two open smooth sets Ey, Es, we will denote by dg(FE7, Es) the Hausdorff
distance between their closures.

Lemma 5.25. Let E C TV be a strictly stable set and let € > 0. Then, there exist § = 6(g, E) > 0
and h* = h*(E) > 0 such that, for every h < h* and for every set Ey satisfying

|Eo| = | £, du(Eo, E) <,

we have
|[EAF| < e,

where F' is a solution of (5.24) with Ey replacing E.

Proof. Let h* = h*(E) be the constant given by Proposition so that, for every h < h*, F is
the unique volume-constrained global minimizer of the functional

Jn(G) := P(G) + % /G distg(z) dz. (5.27)

Fix h < h* and let (E,),ecn be a sequence of sets satisfying
B, =B, E.>E (5.28)

Consider Fj, a solution of (5.24) with E,, replacing F. We claim that

F, = E.

If we prove the claim, the conclusion easily follows.

First, Remark ensures that (F,),en is a sequence of sets with uniformly bounded perime-
ters, with the bound depending only on N, m, h. Therefore, there exist I’ a set of finite perimeter
such that |F'| = m and a (unrelabelled) subsequence of (F),),en such that

1
LR
Now, let K be a compact subset of TYV such that, up to a subsequence, we have
e A K.

From the second property in (5.28)) we easily deduce that (E)¢ C K, and therefore K¢ C E. In
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particular, this inclusion implies that

distx () dm:/ dist i () de/distK(:c) dx
E G

KC
for every G C TV. Setting

1
Jn(G) := P(G) + E/ (distg(x) — dist g (z)) d,
G
from the previous remark and from the fact that E is the unique minimizer of (5.27)), we have

To(G) = Jn(G) — % /G dist xc () dz

> Jn(E) — %/ distg (z) dz
G

> h(E) — % EdiStK(l') de = Jh(E),

for any measurable set G C TV with |G| = |E|. Finally, we obtain
1
Jn(F)=P(F)+ E_/ (distg(x) — distx (x)) dz
F

<liminf P(F,) + %/ (distg(z) — distx (x)) dz
F

n—0o0

n—oo

= lim inf (P(Fn) + %/ (distg, (z) — distge (z)) dx)
Fr

< lim inf (P(E) + % /E (distp, (z) — distge (z)) dx)

n—oo

1 _

= P(E) — f/ distg (z) dz = Jp(E)
hJe

where we exploited the lower-semicontinuity of the perimeter and the minimality of F,. Since

FE is the unique volume-constrained minimizer of Jp, the set F' must coincide with F and this

concludes the proof. O

Remark 5.26. We remark that under the hypotheses of Lemma [5.25| we could have just assumed
the one-sided inclusion -
Ey C (E)(;*

instead of o
dy(Eo, E) <96

for a suitable §* < §. Indeed, let 6,, — 0 and E,, C (E)s, such that |E,| = |E|. We prove that
E,, converges to E in the sense of Kuratowski (and thus with respect to Hausdorff). Let (2, )nen
be a sequence such that x, € E, and z,, — y. For every n € N, there exists y, € E such that
|, — yn| < 8p. Therefore, for any e > 0 there exists ng such that, for n > ng, we have

[Yn — Yl < |Yn — Zn| + |20 —y| < 0n + ¢,

that is y, — y. Since (Yn)nen C E, we have y € E.
Fix now y € E. Assume by contradiction that there exists § > 0 such that distg, (y) > 9, i.e.
it doesn’t exist a sequence of elements in E,, converging to y. From this (and up to subsequences)

it follows
E, C (E)gn \B(;(y) Vn € N.
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Thus we have

3
I

nh_}rrgo |E,| < nh—>Holo [(E)s,, \ Bs(y)l
lim |(E)s, \ (Bs(y) N E) |
Jim [(E)s,| = [Bs(y) N E| = m —[Bs(y) N E|

IN

which is a contradiction.
We are now able to prove the main estimate that will be used in the proof of Proposition [5.30

Proposition 5.27 (Uniform L!'—estimate). Let E C TV be a strictly stable set. Then, for every
e > 0 there exist 6* = §*(e,E) > 0 and h* = h*(E) > 0 with the following property: for every
h < h*, if Ey is a measurable set such that

|Eo| = |El, Eo C (E)s~,
then the discrete flow (E} )nen starting from Ey satisfies
a(E,Ep) <e
for everyn e N .

Proof. Fix h < h*, where h* = h*(E) is the constant given by Lemma and let o = o(F),
C = C(F) be the constants of Theorem Moreover, let § := §(o, E) be the constant given by
Lemma with o replacing €. Set §* < § to be chosen later and consider Ey such that

|Eo| = | E, Eo C (E)s-.

Recall that, from Remark and from the hypothesis Ey C (E)s-, without loss of generality, we
can assume dg(Eo, F) < §*. Moreover, by the regularity of E, we can also suppose a(Ey, E) <
C¢*, for a suitable constant C' > 0 that only depends on F. From Lemma we have that

|E}AE| < 0. (5.29)

Let ¢ be such that a(Fy, E) = |EgA(E + z0)|. By choosing E + xg as a competitor for the
minimality of E} and estimating distyg, < diam(TV) = VN, we find

1

P(E}) - P(E) < 7/ distog, () dz < @a(EO,E) < @6’5*
h EQA(E+10) h h

By (5.29), we can apply Theorem and the previous estimate to obtain

1 1 [VN 1 [VN 4
< —/P(E}) = P(E) < —\| —a(E, Ey) < —=1/ —C6¢* < min{o, , €},
= \/6 ( h) ( )— \/6 h ( 0) = \/5 I = { }
where we have chosen ¢* such that §* < Ch (min{o, 4, 5})2 /(CV/N). Since E} is a A—minimizer
and F is regular, up to taking §* smaller, the classical regularity theory for A—minimizers (see

Theorem implies

a(Ey, E)

dg(0E},,0F + x1) < 4,

where z; is such that a(E}, E) = |[ELA(E + x1)).
Now we iterate the procedure: by induction, suppose that

a(Ep~t E) < min{o, 4, ¢}, dg (OB} 1 OE + x,1) <9 (5.30)

where x,,_1 is such that |E}'" 'A(E+z,-1)| = a(E}"", E). Observe that the second inequality in
(5.30) implies that dg (Fz_l,E—l—xn,l) < 9, therefore E,’fl and F + x,_ satisfy the hypotheses
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of Lemma [5.25] and thus
|[EFA(E + 2p-1)] < 0.

Observe that by definition a(E}, E + x,,—1) = a(E}}, E). Now, by Theorem and the mono-
tonicity of the perimeters along the discrete flow we obtain

a(Ep, E) < % P(E}) - P(E)
< % P(E}) - P(E)
< % géé* < min{o, §,¢}.

Again, thanks to the choice of §*, the hypotheses of Theorem are satisfied and thus
dy(OE,0F + ) < 4,

where z,, is such that a(E}, E) = |E}A(E + ,)|. This concludes the proof. O

4.3 Some remarks on the hypothesis of the L!'—estimate

In this subsection we show that Proposition does not hold if we weaken the hypothesis of
closeness in the Hausdorff distance between the starting set Fy and the strictly stable set E. In
particular, we prove that the sole hypothesis of closeness in L' and in perimeter is not enough.
We remark that a modification of this example yields the same result in RV.

Fix h > 0 and G C TV. Recall that, for any set F' C TV such that |F| = |G|, we have set

JE(F) = P(F) + 1 / Mcdistac(z) dz. (5.31)

Proposition 5.28. There exist m > 0 and a sequence (E,,)nen C TN with the following properties:
|E,| = m for every n € N, P(E,) is uniformly bounded and, letting F,, be any volume-constrained
minimizer of (5.31) with E,, instead of G, we have

E. 5% E PE,) > PE) bt F,5F
where E is a lamella and F' is such that |EAF| > 0.

Proof. Let m > 0 such that the ball of volume m has perimeter strictly less than the one of the
lamella of the same volume; we remark that for every smaller volume m’ < m the same property
holds. Let E be a lamella of measure m, recall that E is a strictly stable set of the perimeter in
TN. From the assumption on m it follows that E is only a local minimizer of the perimeter and
not a global one.
Step 1. Firstly, we construct a sequence (Ey,)nen such that E,, — E in L' and OE,, — TV in the
Hausdorff distance. We define E,, by adding to E some balls contained in TV \ E and of overall
small volume, and by subtracting to F balls contained in E with the same overall volume.
Recall that TV = [0,1]¥/Z" . In the following, with a little abuse of notation, we will identify
TV and [0,1). We define

ILyi={k=(k1,....kn) €ZN : 0<k; <2" -1 Vi=1,...N},

Pn:—{ka:_ [O,;)N—l—;:keln},

for every n € N. Up to choosing m smaller, we can assume that m = 1/2° for some s € N.
Moreover, we can suppose, up to translations, that £ = [0,1)V =1 x (0,1/2%), thus for n > s we
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have

E=Int U Qni |,

keln, 0<ky<2n—s—1

where Int(-) denotes the interior of a set in TV. For every n > s and k € I,,, we consider the balls
B, i C Qn i centered in the center of the cube @), ; and of radius 7, ; chosen in such a way that

U By k| = U Bu|. (5.32)

kel,, 0<kny<2m—°-1 kely,, 2n=°<kny<27—1

Moreover, we can also take the radii 7, ; sufficiently small so that

lim | | ) Bnk| =0, lim P | ) Bug| =0 (5.33)
n— oo - n—oo -
kel kel
Set now
A, = U B, C Int U Qui | = F,
k€l,, 0<ky<2n—5—1 k€l,, 0<ky<2n—s—1
— N
Cp = U Bny C U Quir CTV\ E.
kel,, 2n—s<ky<27-1 kel,, 2n—s<kny<27-1

Define E, = (EUC,) \ A4, and observe that, by (5.32)), we have |E,| = |E|. Now, by (5.33), we
also obtain

1
E.%E and P(E,) — P(E).
Observe that, from the definition of A,, and C,,, we have that

(0A2) v jan U (0Cn) 3y jon = TV

and therefore the set F,, = 0E U 0C,, U 0A,, converges in the Hausdorff metric to the whole TV
as n — +o00. Therefore we have constructed a sequence (E,,),cn that satisfies

E. % E,  P(E) > PE), 0B, STV, (5.34)

Step 2. Let E, be the sets previously defined. We consider the space X = {F c TV :
F is measurable} endowed with the L' —distance, i.e. disty:(F,G) = |FAG| for every F,G € X.
We extend our functional in the following way

JE(F) if P(F) < oo, |F|=m,

JE(F) =
+00 otherwise
and we set J, := jf ™. We then prove the I'—convergence of the functionals J,, to the perimeter
functional in X, that is
'X)-— lim J,=P. (5.35)
n—oo

We can clearly restrict ourselves to consider sets of finite perimeter and volume m, otherwise
the result is trivial. For any given set F' of measure m and finite perimeter we choose the sequence
constantly equal to F' as a recovery sequence for F'. Indeed, by (5.34) we have

Jo(F) = P(F) + ~ / distor, — P(F).
FAE,
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We now prove the liminf inequality. Given a sequence F,, — F in L', by lower semicontinuity

n—o00 n—o00 h

1
P(F) <liminf P(F,) < liminf <P(Fn) + 7/ distaEn)
FnAE,

and thus is proved. Therefore, thanks to the equi-coercivity of the functionals J,,, any
sequence of volume-constrained global minimizers of .J,, converges in L', up to a subsequence, to
a volume-constrained global minimizer of the perimeter in the torus. Let (F),),en be a sequence
of global minimizers of the functional .J,, and let F' be such that F,, — F in L'. We know that
F' is a global minimizer of the perimeter and that by the choice of m the lamella is not a global
minimizer. Therefore it must hold |[EAF| > 0. O

5 Convergence of the flow

In this section, we will prove the main result of the chapter concerning the convergence of the
discrete flow that mainly relies on Proposition [5.27]

5.1 Convergence of the flow up to translations
We start by recalling [154, Lemma 3.6]: it will be used in the proof of the following proposition.

Lemma 5.29. Let (E}}),en be a volume preserving discrete flow starting from Ey and let E,’j"
be a subsequence such that E,]f” + 7, — F in LY(TVN) for some set F and a suitable sequence
(Tn)nen C TN, Then dist prn—1 (- + 7o) — distor uniformly.

h

In the following proposition we characterize the long-time behaviour up to translations of the
discrete mean curvature flow in the flat torus starting near a regular strictly stable set.

Proposition 5.30. Let E C TV be a strictly stable set. Then there exist §* = 6*(E) > 0 and
h* = h*(E) > 0 with the following property: if h < h* and Ey C TV is a set of finite perimeter
satisfying

[Eol = |E],  EoC (E)s-,

then, for every discrete flow (E}})nen starting from Ey, there exists a sequence of translations
7, € TN such that
E'4+7,—-E in C* VkeN.

Proof. Let € > 0 be sufficiently small and let 6* = 0*(e, E), h* = h*(E) be the constants given
by Proposition Fix Ey an initial set satisfying |E| = |Ey| and Eq C (E)s«. It is enough to
show that any (unrelabelled) subsequence of the discrete flow starting from Ejy admits a further
subsequence converging in C* and up to translations to E. We divide the proof into three steps.
Step 1. (Existence and regularity of a limit point) From Proposition we remark that, for
n > 1, the sets E}’ are uniform A—minimizers with uniformly bounded, non-increasing perimeters.
Therefore, by the compactness of (uniform) A—minimizers, we can conclude that there exists a
subsequence (E’,j")neN and a A—minimizer E;° such that

B L g, P(EM) - P(EX), St — s uniformly.
Let G be a set of finite perimeter such that |G| = m. By the minimality of E}If we have
P(EM) 4+ 2 / sd pn 1 () dz < P(G) + - / sd g1 (@) do
h Jgkn h hiJe En
and, taking the limit as n — co, we obtain

1 1
P(E®) + */ sdpe(z)dz < P(G) + f/ sd e () daz.
h Bg® h h G h



5. Convergence of the flow 135

We have thus proved that E}° is a fixed point for the discrete flow and thus, by Proposition @
it is a critical point for the perimeter.

Let 7o € argmin,|(E;° 4+ x)AE|. By Proposition we have a(E, Ef*) < ¢ for every n € N.
Now, up to taking e smaller, Theorem [5.8{and the smoothness of E, yields both the C*?-closeness
between Ef°+7,, and F, and the C'1+# regularlty of Ep°+7oo (and thus of E;°), for every 8 € (0,1).
From Proposmlonn ( i) it follows that E§° is of class C%#, therefore we conclude that E5° has
constant classical mean curvature and thus it is of class C*°. To conclude, the smoothness of Ep°
allow us to use Theorem to improve the convergence of the subsequence to

Er — B in CMP (5.36)

and to ensure that the sets E,]f” are of class C# for n large enough.

Step 2. (Convergence in C%# of the flow and C%# —closeness to E) In this step we we will prove
that E5° is C*P—close to E and that the convergence of E,’f" to Ep° is in C%#. Without loss
of generality, we assume that a(E, E;°) = |[EAE°| so that the translation introduced by the
previous step does not appear.

First of all we remark that, owing to the compactness of OE;°, it suffices to show that the
result holds locally. By a compactness argument and the definition of convergence of sets in
C1# (Definition , up to rotations and relabelling the coordinates, we can find a cylinder
C = B' x (—L,L), where B" ¢ RN~! is a ball centred at the origin, and functions f., fn €
CYA(B';(—L, L)) describing locally 0E° N C and 8EZ" N C respectively. We remark that the

convergence (5.36) now reads as
frn = foo in CYP(B). (5.37)

We now prove that the curvatures H of the sequence E}]f" are converging in C%# to the

E‘k‘IL
h
curvature of E;° in the following sense

H o (v, fio, () = Hgge (- foo(1)) i COP(B). (5.38)

We will follow an argument used in Step 3 of the proof of |4, Theorem 4.3].
Since we described (’9E;f” N C as a graph, the following formula for the curvature of aEfL” holds

. ( Vi, ()

L+ |V (-)I2> ey (D) on & o)

and an analogous formula holds for OE;°. From (5.39) and the Euler-Lagrange equation (5.26]),
by integrating on B’, we then obtain

M HS B = [ s i, @) a1V ) (5.40)
= | Hpgu (@, fi, (@) dHY 71 ()
.
= / div< Vfi (7) ) dHY " (a)
/ L+ |V fi, ()2

V k. (y) o
o’ /14 |V [k, (v)|?

where we set y = z/|2'| and integrated by parts in the last line. We can then exploit the

dHN 2 (y),
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convergence (5.37) and the formula ([5.39) for the curvature of E}° to prove

V Ik, (y) V foo(y)

o8 I+ |V fr. )2 o5 1+ |V w2 (y)

- / div( Voo (&) )dHNl(x’)
/ L+ |V foo (2")]?

= Hp= HV"1(B).

y dHN 2 (y) — y dHN 2 (y)

Now, Lemma ensures that sdgr, -1 — sdgpe uniformly and we can use the convergence ([5.37)
h
to obtain
SdE;jn-l((-,fkn(-))) — sdpe((+ foo(:))) =0  uniformly on B,

since OB NC = {(2', fs(2")) : ' € B")} by definition. Therefore we find

[ g (e, ) @) > [ s (@ fo ) 4 ) = 0

B/
We then conclude that (5.40) converges to HpeH™!(B’) and thus it must hold
)‘kn — HE,OLC-

From (5.26), the previous result and the fact that the signed distance functions are all equi-
lipschitz, we conclude that for any 5 € (0, 1), the sequence (HEZ (-, fx, () is bounded in C%8(B’)

and thus it converges uniformly to Hgp (-, foo()). This proves the convergence ([5.38).
We remark that the previous result also hold if we describe the sets of the flow E}lj" as normal

deformations of E7°, that is there exist functions ¢y, : OE;° — R such that E;f" = (E®) ¢y, - In
this case the convergence (|5.36)) reads as

R, =0 in CY(IE),
and this and Lemma [5.29] ensure that
SdE}Itn—l(' + @k, ()Ee (")) = sdgxe(-) =0 uniformly on OF}°.
Now, the convergence of the curvatures reads as

H g (- + @, (Ypge () = Hpe (1) in COP(OBY).

We can then apply directly [4, Lemma 7.2] to obtain that the subsequence E;f" is converging to
E® in C*5.

To prove the C?P8—closeness of the limit point we argue by contradiction. Assume that a
sequence of limit points (E,fo’l)leN is converging in C™# to E but there exists ¢ > 0 such that

distee s (E, BN > o

for every [ large enough. Again, we describe locally 3E;°’l and OF as graphs of suitable functions
foout, f: B'—= (=L, L) and we can repeat the same argument previously employed to prove that

Hpyoot (( fooa())) = Hp((- () in C¥9(B).

This time the argument is simpler, since the limit points are stationary sets for the perimeter and
thus their Euler-Lagrange equation is

00,1
HEEC,L = )\Ezo,l €R on 6Eh .
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Again, Lemma 7.2 in [4] yields the desired contradiction.

Step 3. (Uniqueness up to translations and C* convergence) By the previous step we can find a
suitable function ., € C*#(JF) such that Ef° = E,_. Up to introducing a further translation
given by Lemma the hypotheses of Theorem [5.4] are satisfied and thus

ool (9) < ClHEx — Hie |l 22(0m) = 0,

since the set I}° is a stationary set for the perimeter. Therefore E}° is a translated of the set E.
A standard bootstrap method based on the elliptic regularity theory combined with the Euler-
Lagrange equation (5.26) yields the convergence in C* for every k € N. O

5.2 Exponential convergence of the whole flow

In this subsection we will prove that the translations introduced in Proposition decay to
zero exponentially fast. In order to prove this result we will estimate the decay of the dissipations
via a dissipation-dissipation inequality, which in turn relies on the quantitative Alexandrov type
estimate established in Theorem We start by recalling some preliminary results from [154].

Lemma 5.31. Let n > 0 and let E C TV be a strictly stable set. There exists 6 > 0 with the
following property: if fi, f» € C*(OE) with | fillcropy <0 and |Ey,| = |E| fori= 1,2 we have

Ci(1 =)l fi = f2ll72 <D(Ey,, Ep,) < CL(1+n)|f1 — fa17- (5.41)
1-— 1
T saE AN <D(Ey Ep) < 0 [ sl dHN (5.42)
2 oy, f2 2 Oy, f2
2 2 &
|bar(Ey,) — bar(Ef,)|” <Ca|fi — fal72 < Cill = n)D(EqufZ) (5.43)

for suitable constants Cp, Cy > 0.

The following lemma proves the crucial dissipation-dissipation inequality (5.45) (see [154,
Lemma 3.9]). This result will play a central role in the proof of Theorem [5.1} Its proof is
based on the Alexandrov-type estimate contained in Theorem [5.4

Lemma 5.32. Let h > 0 and let E C TV be a strictly stable set. There exist constants C, § > 0
with the following property: for any pair of normal deformations Ey,, Ey, with f; € C?(0E),
| fillctom) < 6, and such that |Ey,| = |E]|, |f3E vefodHN 7Y < S| f2llz2om) and

SdEfl
Hg,, + = A on OFEy, (5.44)
for some A € R, we have
D(E, Ey,) < CD(Ey,, Ey,). (5.45)

Proof. By Theorem [5.4] for ¢ sufficiently small, we get

I foll220m) < CllHE,, — Hey, l720m) < ClHE,, = AMl720m)

2C

2 2 N-1
< 20||HEf2 - A||L2(8Ef2) = B2 /aE SdEfl dH )
f2

where the third inequality follows by bounding the Jacobian of the change of variables by 2 (see
(5.9)). By combining the previous inequalities with (5.41) and (5.42)), we obtain the thesis. [

We are now able to prove the main result of the chapter, Theorem
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Proof of Theorem[5.1l Let h* > 0, 6* > 0 and (7,,)nen be given by Proposition [5.30] Fix h < h*
and set E, := Ej'. We split the proof in three steps.

Step 1. (Exponential convergence of dissipations) Testing the minimality of E, with E,_; we
obtain

1

Recalling that P(E, ) — P(FE) and summing the previous inequality from n + 1 to 400 we get

+oo
> L DB, Biy) < P(E,) - P(B). (5.46)
k=n-+1

We will now construct a suitable competitor to estimate the dissipation at the step n — 1 with
the difference of perimeters. Since, by Proposition we have

E,4+7, —E in C* VkeN, (5.47)

the translated sets of the flow, for n large enough, can be written as normal deformations of the
set F, that is there exists g, : OF — R such that
E,+7m =L,

n?

where E,, was defined in (5.4). The convergence (5.47) then reads as g, — 0 in C* as n — oo.
Let o, be the translations introduced by Lemma with E, + 7,, instead of F. From the
convergence in C* of E, + 7, to E, we deduce that o, — 0 as n — oo. Therefore, setting

Fn ::En+7—n+0n7

we have that F,, — E in C* and F,, = Ey, with f, : OF — R satisfying

anE d,HNil
OFE

<Ol fullezory and || fullw2ror) < Cllgnllw2rop)

for p > N — 1. Consider now the competitor
&, =FE—1,_1—0n_1.

From the minimality of F, we easily deduce

1 1 1
P(E,)+ ED(EM E,_1) < P(&)+ ED(é”n, E, 1)=PE)+ ED(E’ E, 1+4+7Th-1+0n-1) (548)

where we used the translational invariance of the dissipations. From Lemma [5.29] we obtain that
the sequence E,,_s + 7,_1 + 05,1 converges in C* to the same limit of E,,_1 + T,_1 + 0p_1, that
is to . In particular, for n large enough we can write E,,_3 + 7,—1 + 0p—1 = Fy for a suitable
function 1 : 9F — R (depending on n) and with ||¢||c1(9g) small. From Lemma we can then
estimate the right hand side of with

D(EvEn—l + Tp—1+ Un—l) :D(Ean—l) = D(EvEfn—l) < CD(Efn,—l’Ew)
:CD(En—l + Th—1+ 0n-1, En—2 + Tn—1+ Un—l)
:CD(ETL717ETL72)'

From the previous inequality and ([5.48) we obtain

D(Ep_1,En_s). (5.49)
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Now, (546) and (549) yield

o0 oo

1 1 1 1
—D(E,, E_,) = “D(Ey, Ey1) + ~D(Ey, Eyy 1) + ~D(Ey_1, By
Zh(k,k1) Zh(kak1)+h( 1) + 2D (B 2)
k=n—1 k=n+1
C+1 1
STD(En—ly En—2) + ED(Ena En—l)
C+1
ST (D(Enfla En72) + D(Ena Enfl)) .

We then apply Lemma below (with [ = 2) to conclude

n/2
DB, B 1) < (1 _ Clﬂ) (P(Eo) — P(E)). (5.50)

Step 2. (Exponential convergence of barycenters) Set

- (1 - 01H> € (0,1). (5.51)

From (5.47) and Lemma both the sequences (E,, + Tp)nen and (Ep—1 + Tn)nen converge in
C* to E. Therefore, for n large enough, there exist some functions f1 ,,, f2, € C¥(OE) such that

E, + 1, :Efl,n’ E, 1+, ZEfQ’71

and || finllcrop) — 0 asn — oo for i = 1,2. From (5.43) and (5.50) we can estimate for n
sufficiently large

|bar(E,,) — bar(E,_1)| = |bar(E, + 7,) — bar(E,_1 + 7,)|
= [bar(Ey, ) —bar(Ey, )|

< C\/ D(Efl,n7Ef2,n) = D(Ena En—l)

< C(P(Ey) — P(E))"*v".

In turn, the above estimate implies that (bar(E},))nen satisfies the Cauchy condition, thus the
whole sequence admits a limit £ € TYV. Moreover, the convergence is exponentially fast in the
sense that

o0

bar(Ey, ) =& < > |bar(Ey,,) = bar(Ey,, )| < C(P(Eo) — P(E)'/?

k=n-+1

LA
1—b

for n large enough. Recalling (5.47) we thus conclude that there exists a suitable translation
€ € T such that for every k € N

E,—E—-¢ inC* asn— oo

Step 3. (Exponential convergence of the sets) By the previous step we can write, for n large,
the boundaries of the evolving sets as radial graphs of the limit set E — £. Precisely, for n large
enough there exist functions f,, such that

E,+&=E;, and | fullcrop) — 0 asn— oo. (5.52)

From (5.41) and for n large enough we have || f, — fun_1llz2(08) < 24/D(En, En—1) and thus,
-50)

recalling ( and arguing as in Step 2, we get

12 0"

I fullz20E) < Z | fr = fro-1ll20m) < (P(Eo) — P(E)) T3

k=n-+1

(5.53)
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where b is as in (5.51). The above estimate yields the exponential decay of the L?—norms of the
radial graphs. We recall the well-known Gagliardo-Nieremberg inequality: for every j € N there
exists C' > 0 such that, if g is smooth enough on the boundary of a smooth set E, then

1/2 1/2
1D*gl| 2 o) < CID* gl et 9l 5o (5.54)

where D* stands for the collection of all the k—th order derivatives of g, see e.g. |17, Theorem 3.70].
Now, by (5.52) for every k there exists nj, such that sup,,s,, [|D* fu| 205 < 1, therefore we

may apply (5.54) to f, to deduce from (5.53) that also || D*f,|| r2(oE) decays exponentially fast
for all k£ € N. The Sobolev immersion Theorem then yields the exponential decay in C* for every

k thus completing the proof of the result. O

Lemma 5.33. Let (an)nen be a sequence of non-negative numbers. Assume furthermore that
there exist ¢ > 1, | € N such that Y, a, < cZ?i,lc_l a; for every k € N. Then

N
CLk,S(l‘f’C) S

The proof of the previous lemma can be found in |154, Lemma 3.11].

for every k € N, where S =37 | a,.

6 Two-dimensional case

In this section, we completely characterize the long-time behaviour of the discrete flow in
dimension two. This particular choice for the dimension is purely technical and can be justified
as follows. In the two-dimensional flat torus we have a complete characterization of the critical
points of the perimeter: they consist in unions of disjoint discs (having the same area) or in unions
of disjoint lamellae (possibly having different areas), or their complements. It turns out that these
sets are all strictly stable. This allows us to conclude that either the connected components of
any limit point of the discrete flow or the ones of their complements are strictly stable sets. We
remark that in higher dimension this could not be true anymore.

Fix h, m > 0 and let (E}'),en be a flow with initial set Ey C T? such that |Ep| = m. We
recall that, by Proposition [5.23] there exists so > 0 such that the distance between the connected
components of the set £}’ is at least so. Moreover, the proposition also provides a bound from
below on the diameter of the connected components. Set

Py = lim P(E})

as the limit of the monotone sequence of the perimeters along the discrete flow. Let F' be any
possible limit point of the sequence (E"),cy. We observe that if F' is a union of discs then its
number of connected components must be 7~ P2 /(4m) and therefore the form of the limit point
is uniquely determinated up to translations. Analogously, if F' is the complement of a union of
discs, F¢ is made of m~1P2 /(4 —4m) connected components and thus it is uniquely determinated
up to translations of its complement. In the case when F' is a union of lamellae the number of
connected components is, in general, less than or equal to Py, /2, and we have no information on
the area of the single components.

Since we will consider h as a fixed parameter, from now on we will denote by E,, the set E}'.

Remark 5.34 (Remarks on the uniform C*—closeness to limit points). We remark that for
every € > 0 there exists ng = ng(e) € N such that for every n > ng it holds

ln Ly
B Finl <e or |[ESA|JFinl <e (5.55)

i=1 =1
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T2 i

(0,0)

Figure 5.2: The lamella L in light blue, the line a dashed in red.

where, in the first case, Ué’;l F; 1, is a union of disjoint lamellae or a union of disjoint discs, with
F; n, having the same mass of the :—th connected component of E,; [, is either less than or
equal to Py /2 if F;,, i = 1,...,l,, are lamellae or [,, = 71 P2 /(4m) if they are discs; in the
second case, UZ.L:"1 F;,, is a union of disjoint discs, with F;, having the same mass of the i—th
connected component of E¢ and L, = 7 1PZ /(4 — 4m). This can be easily proved recalling
that any subsequence of the flow admits a further subsequence converging in L! to a set of the
aforementioned form.

Moreover, the classical regularity theory of A—minimizers implies that the previous result can
be improved. Consider, for the sake of simplicity, that F,, satisfies the first inequality in (the
other case is analogous). Then one can prove that for every e > 0 there exists ng = ng(e) such
that for every n > ng it holds

n

E, = (Fi,n)fi,n where fi,n S Cl’“(aFi’n), ||fi’n|‘cl,u(8Fiyn) <e. (5.56)
1

?

Remark 5.35. In this remark, we identify T? with the unit square [0,1)%. We prove that for a
fixed M > 0 there exists a finite number of slopes such that, for any lamella L having one of those
slopes, we have P(L) < M.

Fix a lamella L. Let a C T? be one of the two components of the boundary of L, and suppose
that (0,0) € a. Since a is a closed curve in T?, by periodicity, the line in R? passing through the
origin and with the same slope of a must also pass through a point of the form (p, ¢) € N x N with
p, q coprime or equal to (0,1) or (1,0). We then remark that the length in T? of a is equal to the one
of the segment between the origin and (p, ¢), that is length(a) = |(p, ¢)|. Since P(L) = 2length(a),
in order to have P(L) < M, the point (p,q) must be contained in the disc of radius M/2. Our
claim follows since in the disc of radius M/2 there is a finite number of points belonging to N x N.

In the following lemma we characterize the geometric form of any limit point of the discrete
flow.

Lemma 5.36 (Uniqueness of the form of the limit). Fiz h, m > 0 and an initial set By C T?

with mass m. Let (Ey)nen be a discrete flow starting from Ey. Then either one of the following
holds:

i) the limit points of the flow are disjoint unions of 1 discs of total area m, where | =
7 1(4m) =1 P2 belongs to N,

i1) the limit points of the flow are the complement of disjoint unions of | discs of total area
1 —m, where | = 7~ (4 — 4m) =1 P% belongs to N.

ii1) the limit points of the flow are disjoint unions of l lamellae of total area m, with the same
slope and 1 < P /2. Moreover, the equality | = Py /2 € N holds if and only if the limit is
given by vertical or horizontal lamellae.

Proof. We first employ a compactness argument and then use Lemma to conclude. We start
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by fixing some notation. We denote by
Ip
&g =B (5.57)
i=1

any disjoint union of I = 4~ 1rm ™1 P2 discs each having radius 2m/Ps.; we denote by

Ige ¢
Epe 1= (U 131) (5.58)
i=1

the complement of any disjoint union of g = 417 (1—m)~1 P2 discs, each of radius 2(1—m)/Puo;
we denote by

153
& =\JLi (5.59)
=1

any disjoint union of Iy < P, /2 lamellae having the same slope ( and possibly having different
masses). We remark that, for every fixed P, and m, the following holds

4= inf{dH(é?’B,gL) VAN dH(@@BC,@@L) A dH(ch,G@B) . &L,8B,8Bc as above} >0, (560)

This is clear if we compare the families &g, &pe and a union of lamellae having the same slope.
Since, by Remark there is a finite number of possible slopes for the lamellae, we conclude
(5.60). From Remark the discrete flow is eventually C!—close to a limit point of the form
&L, Ep or &ge. Assume now by contradiction that the flow does not converge to a fixed config-
uration. Then, without loss of generality, we can assume that for every 0 < € < i/3 there exist
infinitely many indexes such that

dH(En—th) <e and dH(En,gL) <e.
Therefore we get
du(€B,6L) < du(Ep, En—1) + du (61, En) + du(Ey, En—1) <26 4+ dy(Ey, Eyp—q).

To reach the contradiction (compare (5.60))), it is enough to show that for every € > 0 there exists
ng = no(e) such that for every n > ng it holds

dH(En—h En) S €. (561)
Assume by contradiction the existence of a subsequence ny, along which the flow satisfies
dH(Enk—la Enk) > €.

Up to a further subsequence, E,, — F, with F' being a set of the form &5, &7, or &g-. But then
Lemma @ implies sdg, , — sdp uniformly, which is clearly a contradiction.
Poo

Finally, we observe that in case #i7) the number of connected component is given by SICOIE

where we used the same notation of Remark Thus, | = P /2 if and only if (p, ¢) is equal to
(0,1) or to (1,0) that means that the lamella is either vertical or horizontal. O

Thanks to the previous lemma we can then conclude the proof of Theorem the main result
of this section. While the proofs of assertions i) and i) of Theorem are similar to the one of
[154] Theorem 3.4], the third one is slightly different, the main issue being that we can not fix
the mass of the connected components of the limiting configuration. We will prove nonetheless
the exponential convergence of the dissipations that, in turn, yields the convergence of the mass
of the connected components of the flow. We start by a simple remark.

Remark 5.37 (C'“-closeness to lamellae). Let € > 0. Consider two lamellae Lq, Ly having the
same slope, possibly having different area and two C'*®—deformations E;, E», respectively, of L;
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and Ly. Suppose also that
diStol,u(Ei,Li) < g, 1= ]., 2.

Then the closeness in L of E; and E, implies that Fs and L; are close in C%®. Indeed, we first
remark that
diStcl,a (LQ, Ll) = diStLoo (LQ, Ll)

since the components of the boundaries of L and Ly differ only by a translation. Moreover, the
hypothesis dist .« (E1, F2) < € implies dist (L2, L1) < 2¢. Now, let f2 be a suitable function such
that Ey = (L2)y,, then || fa|lcr.ear,) < € and there exists a constant |¢| < distpeo (L1, L2) < 2¢
such that Ey = (L1)f,+c. Therefore we obtain

distcia (B2, L1) = ||f2 + C||cl.a(3Ll) < ||f2||cl,a(aL2) +le] < e+ 2 =3

Proof of Theorem[5.4 By Lemma [5.36] we can assume that all the limit points of the flow are
sets either of the form &g, &- or & (see (5.57), (5.58), (5.59)). To conclude we need to prove
that the whole sequence converges in C* and exponentially fast to a unique configuration.

In the case when the limit points are of the form &5, the proof follows the same spirit of [154}
Theorem 3.4], but it is easier since we work in a compact space. The case when the limit points
are of the form &p- is at all analogous: we simply remark that, if ' is a minimizer of then its
complement is a minimizer of the same problem with E°¢ instead of E and with 1 — m instead of
m. By studying the evolution of the complement of the discrete flow, we can conclude as before.

Now, suppose that the limit points are of the form &7,. We begin by observing that any
subsequence of the flow admits a further subsequence converging in L' to a union of disjoint
lamellae. Firstly, we prove the exponential decay of the dissipations. Testing the minimality of
FE,, with E,,_1 we obtain

1

Summing for s > n + 1 we have

+oo
1
Z ED(ES, E,_1) < P(E,) — Px. (5.62)
s=n+1

With the notation previously introduced, for every € we can choose n large enough such that
holds. Let F;, be the sets given by : by Lemma we know that F; ,, i =1,...,[,, are
eventually lamellae and I,, =1 > P /2.

We will now construct a suitable competitor to estimate the dissipation at the step n — 1 with
the difference of the perimeters. For n large enough consider the competitor

l
Z, = U Fi,nfl-

i=1

We remark that, by definition and for n large enough, this competitor has perimeter P(.%,) = P.
By Proposition there exists s9 = sg(m, h, N, Ey) > 0 such that the connected components
E; ., of I, satisfy

dist (Ei,na Ej,n) Z S0

for every i # j, moreover Remark ensures that

dist (Fjn—1, Fjn—1) > %O
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holds for n large enough and i # j. Thus, we can localize the dissipations

l
D(En;En—l) - ZD(Ei,naEi,n—l)v (563)

i=1
gnaEn 1 ZD i,n— 1, i,n— 1)

Testing the minimality of F, with .%,, and using the previous equality we have

l
1
P(E, )+hD(En,En 1) < P, EE:: Fin 1,Ein_1). (5.64)

Recalling Remark and equations and , we then obtain that the connected compo-
nents of both E,_; and F,,_5 are small normal Ct*—deformations of the connected components
of £,—1. Thus we can assume that both E;,,_; and E; ,,_» can be described as normal deforma-
tion of F ,,—q for i =1,... k. Let f; ,—1 and f; ,_2 be the functions (having small C''**—norms)
that describe respectively these deformations. Now, recalling Lemma [5.32] we can estimate

D(Fin-1,Ein-1) =D(Fin—1, (Fin-1)f,, 1) <CD((Fin—1)fin1r (Fin—1)fin )
=CD(Ein—1,Ein_2).

Thus, from equations (5.63) and ( we get

P(E,) — Px, = P(E,) —

bm

l
C
Z 1n 1 1n—2) = ED(En—laEn—Q)

and then (5.62) clearly yields

oo oo

1 1 1 1
Y. 3P(EqEea)= ) 3D(Ey Eer) + 3 D(En1, En2) + 5 D(En, Ey)

s=n—1 s=n+1

1 1
S P(En) - Poo + *D(En—la En—2) + *D(EnaEn—l)

h h
C+1 1
< DBy 1, Bya) + 3 D(En, B)
C+1 1

We can then conclude using the same arguments of |154, Theorem 3.4]. O
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1 Introduction

In this chapter we consider the geometric evolution of sets called the volume preserving frac-
tional mean curvature flow. It is the fractional counterpart of the classical volume preserving mean
curvature flow, which is defined as the flow of sets (E})o<¢<r in RY following the motion law

vy =Hgp, — Hg, on OFE;

for all t € [0,7] , where Hp, denotes the average of Hp, over F;. In the fractional setting, the
velocity of the flow is related to the fractional mean curvature, a geometric quantity introduced
by Caffarelli, Roquejoffre and Savin in |36] and defined as the first variation of the fractional
perimeter functional. The latter functional is defined on a measurable set £ C RY as

1
PS(E) = —~  dzdy.
(&) [E/clx—yN“ T

One can then compute the fractional curvature of a smooth enough set F as in |36], and find the
expression
XE(Yy) — xEe(y)
Hi(x) = e T ¢ x € OF.
E( ) \/RN |$—y|N+s Y,

In both the previous formulae, the integrals are intended in the principal value sense. In analogy
with the classical case, the evolution law for the volume preserving fractional mean curvature flow
is given by -

vy =Hp, — Hp, on OFE, (6.1)

with the notations previously introduced.

Up to now, a satisfactory study of this type of evolution is still missing. While the evolution
without the volume constraint is well-understood (see e.g. [56} |127]), the lack of a comparison
principle in our case makes the study much harder. Moreover, the generated flow may present
singularities of different kinds, as happens for the classical mean curvature flow: see [62] for
some explicit examples of pinch-like singularities. In [131] short-time existence is proved for the
smooth flow , while existence of the smooth flow starting from convex sets (under suitable
assumptions) is provided in [61]. T this chapter we focus on a discrete-in-time approximation of
the flow, obtained via the minimizing movements scheme in the spirit of |8 [144]. First of all we
define the discrete flow. Given any initial set Ey, with |Ey| = m, and a time-step h > 0 we define

E(gh) := Ey and, iteratively, for n > 0 we set

1

hlis

; 1
E\", € argmin {Pé(F) + */ sd o () dz +
F n

. ||F| —m|: F cRY measurable} )

where sd ) is the signed distance function from the set Er(lh). This variational problem is the

ESlh
fractional counterpart of the one studied in [155]. We define for every ¢ > 0, the discrete flow by

EM(t) .= E[(t};)h], and we will prove that such a flow is well-defined. Any L}, -limit point of this
flow as the time-step h converges to zero will be called a flat flow. For the classical mean curvature
flow, under the hypothesis of convergence of the perimeters, this approach produces global-in-time
distributional solutions of the evolution law (6.1)), as shown in [I55]. In the fractional case, we
fall short of this result, since we lack some regularity results needed to characterize the evolution
law of a flat flow. Moreover, from a technical point of view, proving the uniform boundness of the
discrete flow in the fractional setting is nontrivial.

In the recent years, the study of the long time behaviour of the volume preserving mean
curvature flow has attracted more and more attention. In the local case, after some classical
studies |82, |122], in a recent paper [154] the authors proved the asymptotic behaviour of the
classical discrete flow by showing its convergence to unions of equal balls. Then, they improved
their results in [133], proving uniform estimates with respects to the time parameter h in dimension
N = 2, thus obtaining the same result for the flat flow. In the fractional setting some recent results
have been proved. For example, in [61] the authors prove that the smooth flow starting from a
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convex set converges to a ball, up to translations possibly depending on time and under the
hypothesis of equiboundedness for the fractional curvatures along the flow.

In this chapter the long-time convergence analysis for the discrete flow is developed in the
fractional setting. The main result of the chapter is Theorem It provides a complete char-
acterization of the long-time behaviour of the discrete fractional mean curvature flow starting
from any bounded set of finite fractional perimeter, providing also an estimate on the convergence
speed. We will assume that the dimension N is such that any A—minimizer of the fractional
perimeter is a smooth set. Namely, we will assume that either:

o N =2;
e N <7Tand s € (sg,1), where s¢ is the constant of Proposition item 4i).

This is a technical hypothesis that could be dropped if, for example, we knew that the evolving
sets were smooth. In particular, it is essential to characterize the possible long-time limit points
for the discrete flow. In the local case such characterization has been proved in [73].

Theorem 6.1. Let m, M > 0 and let Ey be an initial bounded set with P*(Ey) < M, |Eo| = m.

Then, for h = h(s, M, m) > 0 small enough the following holds: for any discrete flow Eﬁlh) starting
from Ey, there exists € € RN such that

ET(Lh)_g_>B(m) asn — oo in CF

for all k € N, where B™) denotes the ball centered at the origin with volume equal to m. Moreover,
the convergence is exponentially fast, meaning that there exist functions f, € C>°(B™)) such that

EM ¢ = B}T) and || fullcropomy < cke™ k", for some constants cy depending on k, m and M.

We stress the difference between this result and the one holding in the classic setting, where the
limit points of the discrete flow are in general unions of disjointed balls having the same radius and
not necessarily only a single ball. This is a peculiar feature of the nonlocal perimeter considered,
that penalizes non-connected components.

A crucial intermediate result consists in generalizing the Alexandrov-type estimate [154, The-
orem 1.3] and Theorem [5.4] in Chapter [5] (see also [138]) to the fractional setting. This result
provides a stability inequality for normal deformations of balls which can be seen as a sharp
Lojasiewicz-Simon inequality.

Theorem 6.2. There exist § = 6(N) > 0 with the following property: for any f € C*(0B) such
that || fllcromy < 0, |Bf| = wn and bar(By) = fo xdz =0, and for any s € (0,1), there exists
C = C(N,s) >0 such that

1F1ly54% o) < CIH3, = H3, 1200

where we have set Hy = fyp Hy (x + f(x)x) AHN " (2). Furthermore, there exists s* > 1 such
that for every s € (s*,1) it holds

(1= 24, ) < OO = 3)2EE, = H o). (62

for a dimensional constant C.

The proof of the previous theorem follows closely the proof of the quantitative Alexandrov
type estimate contained in Chapter Bl In particular, the approach is based on some Taylor
approximations of the factor H ;%f —H SBf (z) combined with the coercivity of the second variation

of the fractional perimeter, proved in |88]. The additional regularity assumption f € C? is technical
and needed to properly define H ]sgf.

2 Preliminaries

We work in the Euclidian space RY, with N > 2. We denote with | - | the standard Lebesgue
measure in RY | M(RY) is the family of measurable set of R . We denote with E the complement
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of aset E C RY. We denote by H~~! the Hausdorff measure, and sometimes we denote dHY ! =
dHYN=1(z). If E is a set with C! boundary the outer normal to E at a point z in JE is denoted
by v = vg(z). We denote the ball of radius r and center z both as B(x,r) and B,(x), and we set
B = B(0,1). Also, with B(™) we denote the ball centered at zero and having volume |B("™)| = m.
Let f be a real valued function, with O(f) we will denote the family of all function g such that
lg| < C|f]. Finally, we denote by C'(x, - - , %) a constant that depends on *, - - - , *; such a constant
may change from line to line.
Let s € (0,1) we define the s-fractional perimeter as the following function

1 1
P M(RY P(E) = — = ~[xgl%s.
@) = Ptsel, PE) = [ o dedy = il

More in general, for every E, F € M(R"Y) we set

1
Ls(EF :://7dxd
( ) gJr o —ylNtTe Y

and, for any bounded set €2, we define the fractional perimeter of E relative to 2 as
P E;Q)=LJAENQENQ)+L(ENQENQ) + L(E\Q,E°NQ).
Let £ € M(RY) be a set of class C2. Given a vector field X € C}(RN;RY), let
O :RxRY RN, ®(t,z) =2+ tX ().
We recall that the first variation of the s-fractional perimeter of E in the direction of X is given

by

oP(B)X] = | P(®(t ) = )X () ve(e) Y

where Hj, () is the s-fractional mean curvature of E evaluated at x € JF, that is

s XE(Y) — XBe(y
Hp(z) = /RN i)ywﬂ)dyy

where the integral has to be intended in the principal value sense. Applying the divergence
theorem in the above formula, with diV(—%lElﬁﬁ) = W#ﬂ’ the fractional curvature can be
written as ) ( ) (@)
x—p) vz N1
Hs(p):f/ ———2dH" " (z) VpeOIE.
F s Jop |z —p/NTe

We recall some useful results concerning sets of finite fractional perimeter. The proofs of the
following results can be found, respectively, in [36, Proposition 3.1], |78, Theorem 7.1] and |77,
Lemma 2.5].

Proposition 6.3 (Lower semi-continuity). Let {E,}nen C M(RY) such that xg, — xg in L},
as n — +oo, for some E € M(RY). Then, for all s € (0,1), we have

P?(E) < liminf P°(E,).

n—-+o0o

Theorem 6.4 (Compactness). If R > 0 and {Ep}nen C M(RY), with

E,CB(0,R) YneN and supP?*(E,) < +oo,
neN

then, up to a subsequence, E,, — E in L'(RY), where E C B(0,R) and P*(E) < +oo0.

Theorem 6.5. (Relative isoperimetric inequality) Let Q@ C RN be an open bounded set with
Lipschitz continuous boundary and let E € M(RN). Then there exists a constant C = C(s, N,§) >
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0 such that

PS(E,Q) > Ly(ENQ,ENQ) > cmin{\Emm%, B\ Q% }

We recall the following convergence theorems. The first one concerns the convergence of the
fractional perimeter to the classical one and its proof can be found in [37, Theorem 1].

Theorem 6.6. Let E be a bounded set of class C1* for o € (0,1). Then,

lim (1 —s)P°(FE) =wn_1P(E).

s—1—

The second one relates to the convergence of the fractional curvatures. It was proved in a more
general setting in |1} |37} 43].

Theorem 6.7. Let E be a bounded set of class C%. Then,

lim (1 -s)H; =wn-_1Hg
s—1—

uniformly on OF.

Finally, we recall the pointwise convergence of the fractional Gagliardo seminorms to the
Sobolev one. The classical proof is contained in [24, Corollary 2|, see also |[116 Proposition 3.7]
for the same result in a more general setting. Here and in the following with V we denote the
tangential gradient on a hypersurface.

Theorem 6.8. Assume f € H*(0OB). Then

lim (1= )/ 1.

s—1—

_ 2
o) = IV o).

where C' > 0 is a constant that depends only on N.

3 A fractional quantitative Alexandrov type estimate

In this section, we are going to prove the quantitative Alexandrov inequality Theorem in
the nonlocal setting of the fractional perimeter. From now on we set

. 2

14s -
2 H 2 (0B)

We start by recalling representation formulas for the s-fractional perimeter and its first variation
on smooth sets. As usual, given a vector field X € C}H(RY;RY), we define the first variation of
the fractional perimeter of a C? set E with respect to X as

OP*(E)[X] = %

D@t B),

where @ : RV x (—=1,1) — R¥ is the flow defined by ®(x,t) := x +tX. Analogously, we define the
second variation of the fractional perimeter of a C? set E with respect to X as

0P (B)xX] =

— @‘tz()PS(q)(t,E)).

For a normal deformation By of B induced by a function f € C'(9B), and for every function
¥ € CY(OB), with a slight abuse of notation, we set

0P (BO)IY) = 0P (By)IX] = | P*(Byauy).
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where the field X is defined by

T\ x
X(z) =1 <> =, zeRY\{o}.
=]/ ||
Lemma 6.9. The following equalities hold true:
1. If f € C*(OB) with || f||eo sufficiently small, then

PS(B)/ (1+f)N78dHN71+

P*(By) =

P(B)
14+f(z) l+f(z (6.3)
/ / / / F|x yl (7, (r, p)drdpdHY 1d7-iN L
0B JOB J1+f(y) J1+f(y)
where, for every 6,7, p € (0,400), we have set
N—-1,N—1
Fg(’l", p) = - P N+
((r—p)? +71p0?) "=
2. If f € C?(0B) with || f|lc sufficiently small, then, for every ¢ € C*(dB), we have
Ps5(B
0P (Bl = (V-9 T [ @ gyt
P(B) Jap (6.4)

/ / / ) Flg—y) (14 f(2), 1+ p) = 0(y) Flo—y (1 + f(y), 1+ p)) -
oB JoB Jf(y)

Proof. By explicit computations one can obtain equation (6.3)), see for example the calculations
in the proof of |88 Theorem 2.1]. To prove (6.4)), we take the derivative

(B
dt‘t =0 (Brtey)

in formula (6.3)) and, recalling that

B(1)
= U ) / f(rp dpdr] [, GE0.080 s, ')y

B(t)
4 / (F(r, BB (1) — F(r, a())o’ (£)) dr
alt)

for every function a, 8: R — R of class C! and f € L], .(R x R), we conclude

1+f(r)
/83/83/ ) Flay) (14 f(2), ) = () Flamy) (14 f (1), p)) dp

+f(y)

P*(B) / N—s—1, qyN-1,
+(N =) + PN A
P(B) Jou'' T
A simple change of coordinates then yields the thesis. O

Lemma 6.10. If f € C?(dB) with ||f||c1om) < 6 sufficiently small, then we have

P*(B)

IP"(By)l1] = (N ) 55

[ @ s-nf o) YO, (69)
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OP" (B =(N — )7 (BB)) /3 (Vs D+ 0() Far

/83/33 |z — |N+s)2+0([f]212+s)

Proof. Let ¢ € C'(0B), we remark that, by expanding the first term in (6.4)), we obtain

(6.6)

[fller-

PS(%B) / (14 (N — s —1)f + O(f2))pr dHN !

OP*(By)lf] =(N —s)

/ / / ﬂz y|(1+f( ) 1+p)_w(y)Flmfy\(l"i'f(y))l'*'p)) dp'
OB JOB J f(y)

By symmetry, using a change of variables in the formula above, we get

P(B)
P(B)

OP (B =(N — ) / (L4 (N — s — 1)f +O(f2)p dHN !
(6.7)

f(x)
+2/ / / ) Flyy (L4 f(2), 1+ p)dpdH) " dH) 1.
B JoB Jf(y

We remark that, fixed z,y € 9B and x # y, if ||f||c: < ¢ is sufficiently small, and if p varies
between the values f(y) and f(z), then we have |f(z) — p| < ||V f|loo|lz — y| < §]z — y|. From this
observation we can expand the denominator of Fi,_,(1+ f(x),14 p) and get

() = o + (14 f@)(+ )l —
= o (@) =9l =y + 1(@) + o+ [+ 1) F (6.5)

- Wuw(nmm).

Plugging formula into the second addend of (6.7) and by symmetry again, we obtain

f(@)
/ / / 2)Flo_y (1 + f(2), 14 p)dpdHY " dH)
0B JOB J f(y)

_ P(x) (L+ fla)N ! NN _ N ) N-1 39;N—1
o O (@ @) - @ S0)) (@ Ol o) aE

- [ S A ) ) (@ S = QSO 14 o,

Now, if » = 1 by a simple Taylor expansion we conclude

|z — 2

" v () ~ f0)? .
2~/GB><BB /f(y) Py (14 f(2), 14p) = (N—1) /83><BB YN+ (1+O0(|| fllcr)) = O([f]ixs ),

while the choice ¢ = f yields

. [ U@-rwP?
/dBXdB/f(y) D) Fja—y (14 (@), 14 7) _/%,XaB Iz — g+ L+ O0(fllcr))-

O

In order to prove Theorem we need the following lemma, which states the coercivity of
the second variation of the fractional perimeter of a ball with respect to normal deformations. Its
proof is contained in [88, Theorem 8.1]. We start by defining

P*(B)

T =8(N—-y3) PB)

(6.9)
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Lemma 6.11. There exists § > 0 small such that, if f € C*(B) with || f||lcrom) < 0, |Bf| = wn
and bar(By) = 0, then we have

2 ps _ (f(x) = f(y))? N-1 39/N—1 _ ys 2 19/N-1
T B e e L
> 1 (e + M1 o)

We are now in position to prove Theorem [6.2]

Proof of Theorem[6.4 Without loss of generality, we assume that ||H B, H Bl < 1. Let

®: 9B — 0By C RY be the map defined by ®(z) = (1+ f(x))x, by direct computations one can
prove that
J(x) = (1+ f(@)V T 1+ (1 + f(2)) 2V f ()2

For every ¢ € C*(dB), let
X:RY 5 RY, X(2) = —4 (”J) .
[ \ ||
Employing the area formula we get

oP* (B = [ Hy,vp, - X AWV
OB

= | Hj (s, (p) - w(x)Jo(x) dHy ™
0B

= [ Hi (@) 1+ fla)VdHy
0B

where we have set p = (1+ f(x))z (for more details see [154] Section 1] and Chapter [f]). Now, by
a simple Taylor expansion we obtain

OP*(By)[Y] = - Hy, (p)¢(x) (1+ (N = 1) f(z) + O(f?)) dHy " (6.10)
We recall that PH(B)
Hy(x) = (N —s) PB) for all z € 0B.
If v» = 1, by combining formulas and , we infer
[T, ) = HE)(1+ (N = Df(e) + O @ = [ o(pan¥ o) (611)

and if ¢ = f, by combining equations (6.10) and (6.6), we get

(f(x) = f(y)? N-1qyN-1_ (N _ s P*(B) 2 19/N—-1
/BB /83 |z — y|Nts W A, W )P(B) an e

N /(‘3]3 (M3, ) = Hy) (1 + (N = 1)f(2) + O(f) f(2) dHY ! (6.12)
Ol e

Using the same arguments of the proof of Theorem in Chapter [5| (see also [154, Theorem 1.3])
we can conclude.
For the interested reader we present a sketch of the proof. By (6.11)), for ¢ sufficiently small,
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using Hoélder’s inequality we obtain

|, - H,

< —][ (H3, — H3)(N = 1)f + O(f?)) dH™ !
OB

+ [ ousant+ o)

< ][ (H3, — A3, )((N = 1) + O(f%) dHV~!
OB

_|_

f (3, — H)((N = 1)f + O(f2)) d¥¥ 1
oB

+ / O(f) dHN =t + O([f)3)
oB

2
N-1+C6, _ _ s
§5Ww[13f —Hp [lr2 +6(N -1+ C6) [Hp, — Hp|

+ / O(f) dHN =1 + O([f13-0),
aB 2

with C'= C(N). For § small enough, recalling that ||[Hg, — Hp,||12 < 1, the previous inequality
implies

1, - _
Vb, — | < Coltts, — e+ [ O(fDan™" +0(fR) <05 (613
By , using again Holder’s inequality and by the previous remark, we get
(f(z) = f(y)? N—-1 39/N-1 P*(B) 2 19/N-1
" dH, " dH —s(N —s fedH
/83 /aB |z —y|Nts Y ( ) P(B) Jan
= [ (3, 0)~ H5) 1+ (V= 17 + O an¥!
B
+ O[T fllen

2

- /a (i3, (0) = M3, )1+ (N = 1)+ O(f2) f ™~

4 [ (g~ )1+ (N - 0+ O dn
oB
+O((fp) IS

< ClHg, — Hp, |2 fllze + |Hp, — H| aB(l + (N =1)f +O(f) f dH¥ !

+ O fller- (6.14)

Since |By| = wy, we have

‘ and’HN‘l‘: aBO(fQ)d”HN‘l. (6.15)

By (6.15) and (6.13)), we obtain

|, — Hy| /8 grouant s [ o)

Finally, by the above inequality, (6.15)) again and by combining (6.14)) with (6.13)) we deduce that,
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for any n > 0, it holds

/ / (f(z) = f(y)? AHN L quN-1 s(N — S)PS(B) F2AHN1
opJop T —y ¢ Y

[N+s P(B) Jos
< CllHg, — Hy |zl f 2 + Co(IfII7= + [f1352) (6.16)
1 s [7S
< ;CQIIHBf = Hy, |I7: + 0l flI72 + CoIF T + [F35.). (6.17)

The conclusion then follows combining (6.17)) with Lemma and taking ¢ and 7 sufficiently
small. O

Remark 6.12. By slightly changing the last step in the previous proof we can prove the quan-
titative Alexandrov result in the classical case [154), Theorem 1.1]. First, we remark that (6.16)

reads
s (f(z) = f(y)? N-1qyN-1 _ (N — s P*(B) 2 19 N—1
- (f, [, ot oot w0 [ pae)

<c|a-s (my, - a5,) | 171 + 80 = )72 + 7]

+S)7
2

from which we obtain

(s ) <o (1,3, ) [ s

4
+ 081 = 8)(I 172 + [f13z0)-

(6.18)

By recalling the definition of A§ (see (6.9)), and by Theorem we obtain

;eri(l —5)A] = (N — Dwy-1-

Finally, using Theorems we can take the limit as s — 17 in the inequality and get

1 C? _ 2

1 (N = Vw73 + CIV IR < - wna (s, = Hs) ||+l fIE: + OOV,
where C = C(N) and we also used that, by uniform convergence, (1 — s)f{%f — wn-1Hp,. We
then conclude by taking 1 and ¢ sufficiently small. Finally, the hypothesis f € C?(0B) can be
weakened to f € C1(0B) N H?(9B) by approximation.

4 Asymptotic Behaviour

We start this section by introducing the incremental minimum problem which defines the
discrete-in-time approximation of the volume preserving fractional mean curvature flow.

Let E # 0 be a bounded, measurable subset of RV. In the following we will always assume
that E coincides with its Lebesgue representative. Fixed A > 0, m > 0, we consider the minimum
problem

1 1
min § PS(F)+ — [ sdg(z)de + ——||F| —m|: F C RN &, (6.19)
h Jp h+T
where sdg(z) := distg(z) — distge(x) is the signed distance from the set E. Observe that the
minimum problem ([6.19)) is equivalent to the problem

1 1
min{Ps(F)+/ distaE(x)dx+S|F—m|:FCRN}.
FAE hT
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We set Fp (-, E) as the functional
1

hsil

Fu(F, E):PS(F)—i—l/FsdE(gc)dx—i— 1F| = m].

h

Let E, F' be measurable sets, we define

D(E, F):= / distog(x) dz.
EAF

The following proposition recalls some properties of minimizers of problem (|6.19)).

Proposition 6.13. Let M > 0,h > 0,5 € (0,1) andm > 0. Let E C RY be a bounded, measurable
set such that P*(E) < M and |E| < M. Then, there exists a minimizer F of (6.19). Moreover,
it is bounded and satisfies the following properties:

i) There exists A = A(h, N, s) > 0 such that F is a A-minimizer of the fractional perimeter,

namely
P*(F) < P*(F')+ A|[FAF'|

for all measurable set F' C RN such that diam(FAF') < 1.

i) The boundary OF is of class C*® for any o € (0,s) outside of a closed set ¥ of Hausdorff
dimension at most N — 3. Moreover, there exists sq € (0,1) such that, if s € (s, 1), then
OF is of class CY* for any a € (0,1) outside a closed set X of Hausdorff dimension at most
N — 8.

iii) There exist co = co(N, s) > 0 and a radius ro = 1o(h, N,s) > 0 such that for every x € OF\Z
and r € (0,7] we have

|B () N F| > cor™ and |B,(z)\ F| > cor’.

iv) The following Euler-Lagrange equation holds: for all X € CH(RN ,RN) we have

d
/ CEX vpdHY T+ [ HIX cvpdHN T =2 X ovpdHNL (6.20)
OF h oF OF

where A = f(Hj + £sdg) and, if |F| # m, it also holds A = sgn(m — |F)h~ 745

v) There exist ko = ko(h, N,s, M,m) € N and dy = do(h, N, s, M,m) > 0 such that F is made
up of at most kg connected components having diameter larger than dy.

Proof. For the existence of minimizers of see for example [42, Theorem 1.1]. The
A—minimality property is easily deduced, for instance we can choose A = 2(h~! + hfﬁ) Con-
cerning property %), it follows from |39, |168| and |37, Theorem 5]. The density esimates can be
found in [36, Theorem 4.1]. Item iv) can be proved as in the local case (see |155, Lemma 3.7]). The
bound on the number of connected components and on the diameter of the components follows
from a covering argument as in 154, Proposition 2.3]. O

By induction we can now define the discrete-in-time, volume preserving fractional mean cur-
vature flow.

Definition 6.14. Fixed h > 0 and m > 0, let Ey C RY be a measurable set such that |Eq| = m.
Let E%h) be a solution of the problem (6.19) with Fy instead of E. Assume that E,gh) is defined for
1<k<n-1,let E™ be a solution of (6.19) with E replaced by Er(fi)l The sequence {ET(Lh)}neN
will be called a discrete flow.

We recall the density estimate holding for one-sided minimizers of the fractional perimeter,
which can be found in [36, Theorem 4.1] .



156 CHAPTER 6. Stability Fractional Discrete MCF

Proposition 6.15. There exists a constant C = C(N,s) > 0 with the following property: given
ECRN, R, n>0 and x¢ € OF such that

P*(E) < P*(E\ By(20)) + p|lE N By(x0)] Y0 <r <R,

then
O’/‘N < ‘E N BT($0)| VO<r< min{R"ufl/s}.

We employ the density estimates above to bound the distance function between two consecutive
sets of the discrete flow. The proof follows the line of [155, Proposition 3.2] where it is proved in
the of local case, see also [144].

Proposition 6.16. There exists a constant v = y(N,s) > 0 with the following property. Let
F C RY be a bounded set of finite fractional perimeter and let E be a minimizer of Fp(-, F), then

sup distgr < 'yhl/Hs.
EAF

Proof. Let v = max{3,25t1/5Ps(B)Y/sC~1/%}, where C = C(N,s) is the constant given by the
Proposition Let ¢ > v and zy € EAF. Suppose by contradiction that distar(zg) > cht/1+s,
Since the other case is analogous, we assume xg € E \ F. We then have

sdp(xg) > ch'/1*s (6.21)

and thus any ball B,.(zg) of radius r < ch/1*%/2 is contained in F*. By the minimality of E, we
have Fj,(E, F) < Fi(E \ B(z0), F), therefore

s s 1 1
P (E) S P (E \ Br(CCO)) — E /EQBT(:EO) SdF dx + W|E N Br(x0)|
We use (6.21)) and r < ch!/1+5/2 to infer that

1 / c
- sdpde < ——C|En B (o).
h BB, (z0) 2hs/1+s|

Then we have

PA(B) < PY(E\ By(wo) ~ 1o (5= 1) 1B By(ao)]. (6.22)

By assumption ¢ > 3 and we can apply Proposition [6.15 with x = 0 and obtain

CrN <|ENBy(z)] Yo<r< ghl/”s. (6.23)
On the other hand, from (6.22) we deduce, for every 0 < r < ch'/1+%/2, that

h% (g - 1) |E N By (x0)| < P*(E\ By(x0)) — P*(E) < P*(B%) = P*(B)rN=*  (6.24)

(where the last inequality follows from the subadditivity of the perimeter on E and B¢). Combining

(6.23) and (6.24)), we get that
-1
CrN < |ENB,(w0)| < PY(B) (5 —1) /N7 <opi (BN

for all 0 < 7 < ch/1*%/2, which gives the desired contradiction to the choice of ¢ as soon as
r — ch/1ts /2, O

As a corollary of the previous result we obtain the following density estimates, their proof is
an adaptation of the one of |155, Corollary 3.3].

Corollary 6.17. Let E C RY be a bounded set of finite fractional perimeter and let F be a
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minimizer of F,(-, E). Then for every r € (0,yh*'**) and for every xo € O*F, it holds
min{|B,(zo) \ F|,|F N B,(z0)|} > er™ (6.25)
erN 78 < P(F, B,(x0)) < CrV =5, (6.26)
where v is the constant given by Proposition[6.16] and the constants ¢, C' only depend on N and s.
Proof. Since F' is a minimizer of Fp(-, F), for any zo € OF, it holds that Fp,(F,E) < Fp(F U
B, (zp), E), which implies
R s 1 1
P*(F) < P°(FUB,(z9)) + — sdgdz + ———|By(z0) \ F|
h /s, @onr he/its

< P*(F U B, (x0)) |B(z0) \ F,

C
+ hs/1+s

where we bounded sdg < vh!'/1** by Proposition Analogously, one can show that

P*(F) < P*(F \ B,(x0)) |F N B, ()] (6.27)
C

= Es(F \ Br(l’o)a Fe \ Br(xo)) + ES(F \ Br(zO)a Br(zo)) + W|F N BT(IO)‘

C
+ hs/1+s

Therefore, by Proposition we deduce
min {|F N B,(z0)|, |Br(z0) \ F|} > ¥ V0 <7 < yh/1Fs,

The first inequality in (6.26) is now an immediate consequence of the relative isoperimetric in-
equality. To prove the second inequality, by (6.27) we get

P*(F, By (9)) = Ls(F N By(w0), F°) + Ls(F \ Br(20), F N By (20))
= P*(F) — Ly(F \ Br(x0), F \ By(x0))

< Lo\ By(a0), B(a0)) + -1 1Bo(ro) \ Fl

S

< P*(B(x0) + L wonr™ < C(N, )V,
7«5

where we used that r < yh!/1+s, O

Remark 6.18. From the monotonicity of the energy P*(-) + h~ || - | — m| along the discrete
flow starting from Ey with |Eg| = m, P*(Ey) < M, one can observe that |E,(1h)| € (m/2,3m/2)
for all n € N and for h = h(m, M) small,.

We now characterize the stationary sets E for the discrete flow. We say that E is a stationary
set for the discrete flow if it is a fixed set for the functional (6.19)), that is,

E=E" vneN.
In the following, we will always assume that either:
o N =2;
e N < 7and s € (sg,1), where sg is the constant of Proposition item 4i).
This hypothesis is essential for the proof of the following result.

Proposition 6.19. Every stationary set E for the discrete flow is a critical set of the s—perimeter,
that is, a single ball.
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Proof. Tt is an immediate consequence of the Euler-Lagrange equation (6.20]). Since F is a sta-
tionary point for the discrete flow, it satisfies

HydHN P =X [ X .vgdHN !
oF oF

for all X € CH(RY,RY), i.e. E is a critical point for the s—perimeter. By [35, Theorem 1.1] and
[63, Theorem 1.1], we conclude that F is a single ball having constant fractional mean curvature
Hf = A\ O

Before proving the convergence of the flow up to translations, we recall [154, Lemma 3.5] that
will be used in the proof of the next proposition. The proof in the fractional setting is analogous
and will be omitted.

Lemma 6.20. Let {ET(Lh)}neN be a discrete flow starting from Ey and let E,(Ci) be a subsequence

such that E,(ch) + 7, — F in L' for some set F and a suitable sequence {T,}nen C RN. Then
diStaE;(J;),l (- + 1) — distgr uniformly.

The following result proves the convergence of the discrete flow to a union of disjointed balls,
all having the same radius. The proof follows closely the one of 154, Proposition 3.6]. Moreover,
we prove that the flow eventually has fixed volume. A this point, we can not rule out that the flow
is converging to different balls (each at infinite distance from the others) and that the translations

introduced are different along different subsequences.

Proposition 6.21. Let m, M > 0 and Ey be an initial bounded set with P*(Eg) < M, |Eg| = m.
Then there exists h* = h*(s, M,m) > 0 such that, for any h < h* and for any discrete flow Eéh)
starting from Ey, the following hold:

i) for n sufficiently large \E,(lh)\ =m;

ii) there exists
P = lim P*(EM);

n—roo

(h)

iii) EY is made of K = (P Jwiy) ™ (wn/m) =1 distinct connected components E,;, and

ET(LhZ) - bar(E,(:Li)) converges in C*, for every k € N, to the ball centered at the origin and
having mass m/K.

Proof. Let {El(ci)}neN be any given subsequence of {E&h)}neN. By Proposition , each set
E,(c]z) is made up of [, < kg connected components having diameter uniformly bounded by dy.
Therefore, there exist I,, balls { By, (£!)}, each containing a different component of E,(:) and such

that E,(Cﬁ) C Ué”:leo (€2). Up to subsequences, we can assume that [,, = l,andforalll <i<j<I
the following limits exist 4 ' N
limsup |£], — &] = d"7 € [0, +00].
n— oo

Now we define the following equivalence classes: we say that ¢ = j if and only if dJ < +oo.
Denote by I < [ the number of such equivalence classes, let j(i) be a representative for each

class i € {1,...,1}, and set 0! = &70) for i = 1,...,1. We have constructed a subsequence E,(JZ)
satisfying E,(gi) C U._;Bg(c?), where R = dy + max{d®’ : d*J < +oco} + 1, and for all i # j it
holds |o?, — ol | = +00 as n — +o0.
Now, fix 1 <7 <[, and set
F! = E,(::) —ol, F!:= (E,iz) —olYNBgr, mi =|F].

n?
Up to a subsequence, we have m¢, — m® > 0. Moreover, lgy Lemma and by the compactness
of sets of equi-bounded fractional perimeters, there exist F'* € Bg such that, up to a subsequence,
F! - F'in L', sd (- +0%) = sdz () locally uniformly. (6.28)

(h)
Ekn—l
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S
Let G be any bounded set with |G?| = m! and let G = (Tnih) " Gl We set now Gi =
(Fi\ Fi)UG! so that, for n sufficiently large, |F?| = |G |. By the minimality of E,(fz) we have

, . 1
(x +o,)dx < P¥(G),) + — sd

(h)
hite, e

PH(FT) 4 |

7 Q) (z+0f) da.

For n sufficiently large, we obtain
PS(Fi)+// - dd+1/ d (x+0))d
n saray -~ - [ Sdpm (T 1 0,)dT
Fi J Fi\Fi x—y\N+ h Ei E

< Pé ’L / /
7, 7.\F'L

Passing to the limit as n — oo, using (6.28)) and the uniform boundedness of l:"’ and Gﬁw
deduce that

L i
p— ‘N+s dzdy + E/~ sdyim (z+0,)dw.

PS(Fi)+%/stpi(x)dxSPS(Gi)Jr%/.dei(:r)dm.

This minimality property extends by density to all competitors G* with finite perimeter and volume
mt, so that we deduce that F* is a fixed point for the discrete scheme with prescribed volume m?,
and, whence by Proposition it is a ball. Moreover, since EF' are uniform A—minimizer by
Proposition we also deduce that FfL converge to £ in C1¢ for every a € (0,1). In particular,
for n large enough, F}l has only one connected component.

We have shown that, for n large enough, E(h)

(R)yi

is made up by a fixed number K of connected

components E,(Ch)’- i=1,...,K and E, bar( (h).¢ ') — Bg, where |Bgr,| = m;. Now, we show
that all the radii R; are equal to R. To “this aim, we  consider the Euler- Lagrange equation (|6

1
—sd (h)
h™ EBr,-1

s h
+ iy =An on oB".
By Proposition [6.16] we deduce that

An| < h7Hjsd +||H:

E(h) ||L°° 8E(h>) <c+ ||H

B ||L°°(3E£?L)) E® ||Loo(aE<h>)

To bound the right hand side, we use the A—minimality of E,(C};) to obtain

\|H? <A

E<h) HLOQ (8E‘(h))

Therefore, by passing to a further subsequence, we can assume A\, — A € R. Arguing as before,
we can localize the Euler-Lagrange equation to each single F;, and obtain

1 ) .
hsdE,(:;) l(x +0y)+ Hpi(x) =Xy w € 0F,.
We can pass to the limit as n — oo thanks to Lemma and the continuity property of the
fractional mean curvature (see e.g. |63, Lemma 2.1]). Thus, taking into account that F* is a fixed

set for (6.19)), we deduce that B
HZ, =X onOF".

In particular, this shows that R; = cA\™*°, for a suitable constant ¢ depending only on s and N.

In order to prove that, eventually, \Eflh)| = m, we proceed as follows. Set |Bg,| = c;A~*Y and
P*(Bg,;) = oAV =5) for suitable constants ¢, o depending on N,s. From Remark , we
take h = h(s, M) small enough such that

|E(h)| [m 3;”} , P (E(h)) < PS(E()) <M
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and, for n large enough, this implies

K 3 K
Y mi, € [T;;"] . Y PUE) < M.

=1 1=1
Passing to the limit as n — co we obtain
3
Kea™N ¢ {ZL ﬂ . KeaA™sWV=9) <

which implies

2c1 M

PR (6.29)
mca

If we suppose that |E,(€)| # m for infinitely many indexes, then A = sgn(m — |E,(€z) |)h~ T which is
a contradiction to if h is sufficiently small. We have thus proved item ). Since, for n large
enough, \E,(Lh)\ = m, the sequence {P* (E,(lh))}neN is eventually non-increasing, from which item
it) follows. Knowing the exact values of the volume and s—perimeter of any limit point, we are
able to compute K and obtain the convergence in L' of the whole sequence. Moreover, arguing
as in [42] we conclude the convergence in C* for every k € N via a bootstrap method. O

We then recall some results of [154].

Lemma 6.22. Let ) > 0. There exists § > 0 with the following property: if f1, fo € C1(OB) with
I fillcropy < 0 and |By,| = |B| fori=1,2 we have

Ci(L=n)llfv = fallF2(m) <P(By,, Br,) < Ci(l+ 0|l fi = follZ2(m) (6.30)
1-— 1
~n sd%, dMN! <D(By,, By,) < — sdy, dHN ! (6.31)
2 Jop,., 2 Jop,., "

C
Jbar(By,) ~ bax(By, ) <Collfy ~ follfacn) < Gy s DB B)

for suitable constants Cp, Cy > 0.

The following crucial lemma is based on the Alexandrov-type estimate contained in Theorem
Its proof is the same of the one presented in Chapter

Lemma 6.23. Let h > 0. There exist constants C(h,m,s), § > 0 with the following property:
given two normal deformations Bj({n), Bj(c;n) of B™) with f; € C%(0B™), | fillcropomy < 6, and
such that |B](c;n)| =m, bar(B}?)) =0 and

SdB(m)

— =X on 9By (6.32)

Hs m +
i h

B

for some A € R, we have
D(B"™, B{™) < CD(BY", BY™).

Proof. By Theorem for § sufficiently small, we get by using (6.32))

=
||f2||i2(33<m>) < CHH;;M - HB}’Z”) %2(83("")) < CHH;J@) - >\||2L2(aB<m>)
2 2

C 2
SCIHS oy = A2, 0 o)y = 75 sd? () ARV,
By, L2(0Bg)  h2 aB{™ By

where the third inequality follows by bounding the Jacobian of the change of variables by 1 (up
to taking ¢ sufficiently small). By combining the previous inequalities with (6.30) and (6.31)), we
obtain the thesis. O
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We now prove Theorem We will follow closely the proofs of [154, Theorem 3.3] and
Theorem [5.4]in Chapter 5] The main difference is that we use the fractional perimeter framework
previously studied instead of the classical one. We present a sketch of the proof.

Proof. We start by sketching the proof of the exponential decay of the dissipations following Step 1
in [154, Theorem 3.3].

From Proposition we know that any limit point of the discrete flow is given by the union
of K disjoint balls, all having volume m/K. We then use two competitors to obtain a discrete

Gronwall-type inequality. Firstly, testing the minimality of E,(ch) with E,(ch_)1 and summing from
n + 1 to infinity, we obtain

h h s S s s m
S° pEP, EP) < P(EP) - P, = PY(EP) - KP*(BM/X),
k>n+1

On the other hand, recalling Proposition the sets (Ey(Lh))i — bar((Er(Lh))i) = (Ey(Lh))i - &
are eventually C''®—deformations of B("™/%) having volume \(Er(lh))ﬂ = m!. We consider the
admissible competitor for M given by

K .
B, = L:JI (B<m%—1> + g:;_l) :

)

Testing the minimality of E,(zh against B,,, one can obtain, by employing Lemma that

P(EM) — P*(B,) < cD(EM,, EM,).
Recalling that, if a measurable set F has L disjointed connected components F?, i = 1,...,L,
then
- 1
PS(F)=)Y P*(F') -2 / / ————dady,
; ; pi i v —ylNte

by concavity, we estimate

K
P*(B,) <> P*(BU™n-v)) < KPS (BU™/K)),
i=1

Thus, combining the previous two estimates, we obtain the discrete Gronwall-type estimate

S° pEP, EY) < opEN, ED,).

n—1»
k>n+1

Finally, employing [154, Lemma 3.10] we conclude the exponential convergence of the dissipations

1 B
EMy<(1—-——) (P(Ey)— KP*(B™/M)),
0= (1 Gh) e - kP
From now on, one can follow directly the proof of |154, Theorem 3.3] employing Lemma to

conclude that the discrete flow E,(Lh) is eventually contained in a compact set and converges in
C* to a union of K disjoint balls. Now, from Proposition we deduce that the limit point is
indeed a single ball, having volume equal to m, thus reaching the conclusion of the proof. O
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Introduction

In this chapter we establish global in time existence and convergence towards equilibrium of
two physically relevant volume-preserving geometric motions, namely the volume-preserving mean
curvature flow and the surface diffusion flow.

On the one hand, the first one is the volume-preserving counterpart of the well-known mean
curvature flow, and it is defined as a smooth evolution of sets E; governed by the law

Vi = _HEt + ﬁEt on OF,, (71)

where V; and Hp, are the outer normal velocity and the mean curvature of dEy, respectively, while
He, = fop, Hp.-
On the other hand, the surface diffusion flow is a smooth flow of sets F; evolving according to
the law
Vt = AEtHEt on 8Et, (72)

where Ag, denotes the Laplace-Beltrami operator on 0F;. Similar to the mean curvature flow,
the surface diffusion flow has important applications in material science, especially in physical
systems with multiple phases. It has been proposed in the physical literature by Mullins [157] to
model surface dynamics for phase interfaces when the evolution is governed by mass diffusion in
the interface.

The volume preserving mean curvature flow can be seen as a simplified, second-order version
of the surface diffusion flow as both flows share several common properties. Indeed, from the
evolution laws and it follows that the volume of the evolving sets is preserved along the
two flows, as can be easily seen from the following computation

d
— | By = VidHN 1 =
dt| ] o, P dH 0,

the perimeter is decreasing, since the evolution (|7.1) satisfies

d _
—P(E,) = ViHp, dHN 1 :/ (Hg, —Hg,)? dHN "1 <0,
dt OF, OE,
and an integration by parts shows for (7.2]) that
d
—P(E,) = ViHp, dHN ! = —/ |VHg, |2 dHVN ! <o.
dt OE, OE,

Moreover, these two evolutions can be regarded (at least formally) as gradient flows of the perime-
ter according to suitable metrics. In particular, the mean curvature flow can be considered as (a
volume preserving modification of) the L?-gradient flow of the perimeter, while the surface diffu-
sion can be interpreted as its H~'-gradient flow.

In both cases, singularities may appear in a finite time even for initial smooth sets (see [149)),
therefore in general only short-time existence results are available, see for instance [82} [122] for
the mean curvature flow and [81] for the surface diffusion flow (see also [97] for the case of triple
junction clusters). Because of the (formal) gradient flow structure of the two flows, it is reasonable
to expect that if the initial set is sufficiently close to a stable point (or a local minimizer) E of
the perimeter, then the flow exists for all times and asymptotically converges to E. We refer to
this property as dynamical stability. The notion of strict stability can be summarized as follows:
stable sets are sets whose boundary has constant mean curvature and positive definite second
variation of the perimeter (i.e., they are “stable” for the perimeter functional). In this chapter (as
in Chapter|5)), we will focus on the flat torus TV, which is particularly interesting due to the variety
of possible limit points of the flows, namely periodic constant mean curvature hypersurfaces. In
the Euclidean space only unions of balls have constant mean curvature, whereas the flat torus
admits a much broader range of such surfaces. However, a full characterization of constant mean
curvature hypersurfaces in TV is not available in any dimension. In dimension N = 2, the only
sets with constant mean curvature are (unions of) discs and stripes (also called lamellae), or their
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complement. On the other hand, for N > 3 there exist many nontrivial examples, as cylinders
and triply periodic surfaces known as gyroids.

The aforementioned approach of studying the dynamical stability of stable sets has been used

in many instances in the literature. Concerning the surface diffusion, this method was employed in
1311931 194], where the authors considered the surface diffusion (also with an extra elastic term) and
the Mullins-Sekerka flows in the 2, 3-dimensional flat torus (see also the survey [74]) and proved
the dynamical stability of stable sets. It should be noted that the flows considered in these works
include nonlocal terms, but their results also apply to the evolution driven solely by the perimeter
energy. In the Euclidan setting, other results for the surface diffusion deal with the stability of
balls [81} {141} [178], infinite cylinders [142], two-dimensional triple junctions [98], as well double
bubbles |2} |96] (see also [141] for similar results in different settings).
Regarding the volume preserving mean curvature flow, recent progresses have been made in proving
the dynamical stability of strictly stable sets in the 3-dimensional flat torus [159], while older
results mainly concern convex sets, balls, or the 2-dimensional setting. The dynamical stability
of balls has been proven in the Euclidean setting under various hypoteses on the dimension or on
the initial set in [82}|95] [122} |143]. We refer also to [165], where global existence and convergence
results for a large class of geometric evolution laws have been considered, relying on the concept
of LP-maximal regularity for quasilinear parabolic equations.

In the present chapter we show in any dimensions the dynamical stability of strictly stable
sets in the flat torus both for the surface diffusion flow and the volume preserving mean curvature
flow. By assuming the initial set to be close in the C''-topology to a strictly stable set, we obtain
global existence and asymptotic convergence of both the flows to (a translated of) the underlying
stable set. This is quite surprising for the surface diffusion flow, which is a fourth-order flow. Our
main result of the chapter is the following.

Theorem 7.1. Let E C TN be a strictly stable set and let Ey = E, C TN be the normal
deformation of E induced by ug € CY1(OE) with |Ey| = |E|. There exists § = §(E) > 0 such that
if ||u0||(;1,1(8E) <4, then

(i) the volume-preserving mean curvature flow Ey starting from Eo (defined in (7.3))) exists
smooth for all times t > 0, and E; — E + 7 as t — oo, for some 7 € TV, in C* for every
k € N exponentially fast;

(i) the surface diffusion flow Ey starting from Eqy (defined in (7.10) ) exists smooth for all times
t>0, and B, - E+ 7 ast — oo, for some 7 € TN, in CF for every k € N exponentially
fast.

Where with exponentially fast we mean that the sets Ey can be written as normal deformations of
E + 7 induced by functions u(-,t) € C°(OF + 1) such that

u(, Dllor@psr) < Cre™ %t for t>0.

The main technical novelty of our argument is the use a quantitative Alexandrov-type inequal-
ity, Theorem in Chapter [f] that is applied for the first time to a continuous-in-time setting.
This technique allows us to treat in a unified fashion both the geometric flows considered. How-
ever, it seems to be quite general, in the sense that it can be adapted to other gradient flows of
the perimeter functional. For instance, we are confident that the Mullins-Sekerka flow or, more in
general, fractional gradient flows of the perimeter could be treated analogously, provided one has
sufficient control on the Schauder estimates for the linearized system governing the evolutions.
Moreover, since this stability inequality can be seen as a Lojasiewicz-Simon inequality with sharp
exponents, one is able to derive the optimal decay of the dissipation along the flow, immediately
yielding the exponential convergence in any norm of the flow to the subjacent strictly stable set.
In particular, our line of proof works in any dimension without the need of deriving energy esti-
mates for the high derivatives of the curvature, which was one the main bottleneck of the previous
methods developed in [3, 93] |94]. Lastly, the Schauder-type estimates we provide following the
lines of [117] seems to be new in this setting.

We now outline the strategy of the proof, which is based on the gradient flow structure of the
evolution. Firstly, applying the Alexandrov-type inequality Theorem in Chapter [5] combined
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with the quantitative isoperimetric inequality of [|4], we are able to to bound the velocity in
terms of the displacement. By iterating this procedure for the whole time of existence and using
higher order estimates, we can extend the flow for all times. In order to do so, we need to show
that the short-time existence and regularity results depend only on the bounds of the initial
datum. This is not a priori clear from previous existence results |81} |82]. More precisely, we
rely on Schauder estimates on the linearized problem solved by the flows, which is a quasilinear
perturbation of the heat equation for the mean curvature flow and a quasilinear perturbation of
the biharmonic heat equation for the surface diffusion flow. While Schauder-type estimates for
general quasilinear parabolic PDEs of the second order are well known (see for instance [90]), we
couldn’t find a precise reference for the fourth-order equation. Although an approach by scaling
(in the spirit of [137]) could be feasible by working in local coordinates, we preferred to rely on the
estimates provided in [117], where time-weighted Holder norms are employed. After establishing
the global existence of both flows, we obtain the exponential convergence up to translations via a
Gronwall-type inequality. This is where it comes into play the optimality of the exponent in the
aforementioned Alexandrov theorem, which yields the exponential rate of convergence. Finally,
we prove the convergence of these translations by exploiting the decay of geometric quantities
along the flow, as in [3].

1 Preliminary results

For the notations used in this Chapter, and some preliminary results, we refer to Section [2]in
Chapter

1.1 Short-time existence for the mean curvature flow

Given T' > 0 and Ey C TV an open smooth set, the volume-preserving mean curvature flow in
[0,T) starting from Ej is the family of sets (E;)o<i<r whose outer normal velocity is given by

Vi(x) = —Hg,(z) + Hg,, x € dE;, t€ (0,T). (7.3)

We remark that this equation should be intended as follows: there exist a smooth open set
E C TV and a 1-parameter family of smooth diffeomorphism ®; : 9E — TV given by ®;(z) =
x + u(z, t)ve(z), such that ®o(OF) = 0Ey, ®+(0F) = 0E;, and

Owu(z, t)v(z) - vg, (P4(x)) = —Hg, (P¢(z)) + Hp,, z€IE, tc (0,T).

Assuming that the flow starting from Ej exists, following classical computations (see for in-
stance [147]) one can deduce that the evolution equation satisfied by wu is

O = Agu + (A, u, Vu), Vi) + J(z,u, Vu) + Hg,

where Ap is the Laplace-Beltrami operator on dF, A is a smooth tensor such that A(-,0,0) =0,
and J is a smooth function.
In order to prove the stability of such flow, we need the following short-time existence result.

Theorem 7.2. Let ¢ > 0, let 3 € (0,1) and let E C TV be a smooth open set. There exists
0 =0d(e, E,B) > 0 with the following property: if Eqy is the normal deformation of E induced by
ug € CYHOE), |lwllcriory < 6, and |Eo| = |E|, then there exists T > 0, which only depends
on E, B and the bound on ||U()||Cl,1(6E), such that the volume preserving mean curvature flow Ey
starting from Eqo exists in [0,T), the sets Ey are normal deformation of E induced by u(-,t) €

C>(OFE) for allt € (0,T), and

sup |[lu(-,t)|lcr80m) < €. (7.4)
te(0,T)

Moreover, for every k € N, there exist two constants ¢, = cx(N) > 0 and Cy, = Ci(E) > 0 such
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that

S(lépT) tCk ||Vk+2u(-,t)||00(3E) < Ck(”'lLO”Cl,l(aE) + 1). (7.5)
te (0,

We remark that the proof of this result is classical and can be derived from the Schauder
estimates for quasi-linear parabolic equations, as u solves a lower-order, nonlinear perturbation
of the heat equation. In the following section we will provide a brief outline of the proof for an
analogous short-time existence result for the surface diffusion flow (see Theorem [7.12). Similar
and simplified arguments would prove the previous result for the mean curvature flow, which is a
second order flow.

For the sake of completeness, we provide here an alternative proof of Theorem 7.2 which follows
from some results found in the literature. Even if these results are shown in the ambient space
RY . the same arguments can be repeated in the flat torus. The first part of the Theorem is the
short-time existence result of [82].

Theorem 7.3 (|82, Main Theorem|). Let E C TV be a smooth open set and 3 € (0,1). There
exists 6 = 0(E, 8) > 0 with the following property: if Ey is the normal deformation of E induced
by ug € CHHOE), |uollcraory < 6, and |Ey| = |E|, then there exists T > 0, only depending on E,
B and the bound on ||ugl|c1.1(pE), such that the volume-preserving mean curvature flow Ey starting
from Eqy exists in [0,T), and the sets Ey are normal deformations induced by u(-,t) € C*°(OF)
for all t € (0,T). Furthermore, the mapping (t, Ey) — E; is a local smooth semiflow on C*P(E).

We remark that the local smooth semiflow property in particular implies that ||u(:)||c1.6 de-
pends continuously on ||ug||c1.s (see for instance |12, pag. 66]). In particular, for every ¢ > 0
there exists 0(F,e,8) > 0 and T'(E, e, ) > 0 such that if ||ug||ci.s < 0 then

lu(-,t)||crs <e for every t € (0,T). (7.6)

In order to obtain the higher-order regularity inequalities, we apply some curvature estimates
obtained recently in [134].

Theorem 7.4 (134, Theorem 1.1]). Assume that Ey C RY is an open bounded set satisfying a
uniform inner and outer ball condition with radius r. Then, there exists a time T =T (r,N) > 0
such that the volume preserving mean curvature flow E; starting from Eq exists in [0,T) and it
satisfies a uniform inner and outer ball condition of radius r/2. Moreover, it is smooth in (0,T)
and satisfies for every k € N

sup (Mg, 3oz ) < Chs (7.7)
te(0,T)

where Cy depends on k,|Fyl|,r

Before proving the short time existence result, we remark a classical result concerning the
uniform ball condition.

Remark 7.5. Let F be a smooth set satisfying a uniform ball condition of radius rg. Then every
small C''!-normal deformations of E satisfy a uniform ball condition of radius r ~ rg. Indeed,
it is easy to see that if E is the normal deformation of E induced by f € C1(9E), then the
Hausdorff distance between E and Ey is bounded by || f||co(s k). Furthermore, since Vsdg, = vg,
and vg, can be written as

Vv Nt grape)
VEf<VE21+mZ )( Jrz 1_}_’%2 > ) (7.8)

=1

where the family {v;}i=1, . n—1 denotes an orthonormal frame of the tangent space on OF (see
Chapter , by differentlatmg one can see that

sde, —sdellcrioe) < Cellfllcriar),
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which then implies that E; — E in CY1 if || f||ci: — 0. Therefore, by |65, Theorem 2.6] and
|65, Remark 2.7| one infers that the radius r of the uniform ball condition of the set E; depends
continuously on || f|/c1: when it is small enough. In particular, for every e > 0 there exists
d(rg,e) > 0 such that, if || f||c1.1 < § then

lre —r| <e. (7.9)

Proof of Theorem[7.4 By Theorem there exist a time 77 > 0 and a family of evolving functions
u(+,t), which are smooth in (0, 7”) and satisfy the inequality . The second bound follows from
classic elliptic regularity arguments that we now sketch.

Fix ¢t € (0,7"), from the bound on sup,¢ g 7+ [[ullc1.6(aE) and (up to rotations) for any given point
x = (¢/,zn) € OF we can parametrize in a cylinder C' = BJ.(z) x (=L, L) both OF and 9E; as
graphs of smooth functions g, g;. From Theorem there exists a time 7" (depending on F, ¢
by Remark) such that the evolving sets F; satisfy a uniform inner and outer ball condition
of radius r/2 for any ¢ € (0,7"). Let us set T = min{7”,T"}. From estimate we get that

Hg

= div v'gt — 1 (I — Vgt ® vgt) : Vzgt
' V1+ Vg V1+ Vgl 1+ |Vgl?

is bounded in L?(B.(z2')) by a constant which depends on |Ey|, T, r. Then, by uniform geometric
Calderon-Zygmund inequality (see |75, Section 3] or [4, Lemma 7.2]) we deduce that, for some
p <, in the ball Bj(z') the function g; is bounded in HQ(B/p(l‘/)) by a constant, depending only
on the L?-bound on Hg,, the norm of the coefficients of the elliptic operator, which are in turn
bounded by ||ug||cr.: thanks to the previous step. Iterating this procedure, we bound the higher
norms HF* (B (")) of g¢, for every k € N. Then, we conclude by means of Sobolev embeddings
and by a covering argument. O

1.2 Short-time existence for the surface diffusion flow
We now consider the evolution called surface diffusion flow, defined by
Vi(z) = Ag,Hp, (z), z€dE, te(0,T). (7.10)

As for the mean curvature flow, the equation above means that there exist a smooth open set
E C TV and a l-parameter family of smooth diffeomorphism ®; : E — TV such that ®;(z) =
x4+ u(z, t)ve(z), ®(0F) = OF; and

Opu(z, hvp(z) - ve, (4(2)) = Ap Hp, (94(2)).

Assuming that the diffeomorphisms above exist, arguing as in [147, pag. 21], one can deduce that
the evolution equation satisfied by w is

1
Ag,(vg -vE,)Ag,u+ Apg,P(z,u, Vu)
VE VB, VE VB, (7.11)

= —AQEtu + J(z,u, Vu, VZu, V3u),

2
Ou = — Ag,u —

where P is a smooth function (assuming that u and Vu are small), the function J can be written
as
J(z,u, Vu, Viu, V3u) = (By, V) + (Ba, V2u ® V?u) 4 (Bs, V3u) + by

and Bi, Bs,Bs and by are tensor-valued, respectively scalar-valued functions depending on
(z,u, Vu) and smooth if their arguments are small enough. Here, with a little abuse of nota-
tion, V denotes the covariant derivative on 0F.

On the other hand, linearizing the Laplace-Beltrami operator yields the evolution equation
(compare with |94, Section 3.1|)

O = —A%u + (A, u, Vu), Vi) + J(2,u, Vu, Viu, V3u), (7.12)
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where A is a smooth 4th-order tensor, vanishing when both A and Vh vanish, and J is given by

J =(By, V3u @ Vu) + (Ba, V3u) + (B3, V?u ® Viu ® V2u)

7.13
+ (B4, V*u ® V?u) + (Bs, Vu) + bg, (7.13)

where B;, i = 1,...5 and bg are smooth tensor-valued, respectively scalar-valued functions de-
pending on (z,u, Vu).

In this subsection we want to prove a short-time existence result for the surface diffusion
flow, in particular we will obtain a priori estimates that will be used to prove the stability of the
flow. We will follow the classical approach of linearization and fixed point to solve the nonlinear
evolution problem, and then employ Shauder-type estimates to show higher order regularity of
the flow. We will follow closely what has been done in [94], combining it with the results of [117].

To start we recall some classical results concerning the Cauchy problem for the biharmonic
heat equation on a smooth Riemannian manifold ¥ with metric g, which is the solution to the
following problem

{8tu = —Afu+ f(z,t) on X x [0,00) (7.14)

u(+,0) = uo on X,
once the functions f,ug are assigned.

Theorem 7.6 (p. 251, [90, Theorem 2]). Given (X, g) a smooth Riemannian manifold, there exists
a unique biharmonic heat kernel with respect to g denoted as by € C™ (E x % x (0, oo)) Moreover
let T > 0, for any integers k,p,q > 0 and for any (z,y,t) € ¥ x X x (0,T) we have

ntdk+ptq

|6fvgvgbg(x,y,t)|g <Ct 4 exp{—&(t‘idg(x,y))

ik

}, (7.15)

where | - |4 = v/g(-,-), V& and V, are covariant derivatives with respect to g, and the constants
C,§ >0 depend on T, g and p+ q + 4k.

Given the biharmonic heat kernel b, € C*°(Xx ¥ x (0,00)) on (X, g) and a function uy € C°(X),
we define for (z,t) € ¥ x (0,00)

Suo(x, ) = / by (3, £)un (4) AV, (1) (7.16)

where V; is the Riemannian volume form. Hence, as usual, Sug is the solution to the homogeneous
Cauchy problem

{8t’U +AZv=0 on ¥ x (0,4+00) (7.17)

v(+,0) = up(-) on X.

Moreover, since the biharmonic heat kernel is smooth for every ¢t > 0, we get Sug € C* (E X
(0,+00)). We now collect some results, which are shown in [117], about the solution of (7.14).
The following Schauder-type estimates on the solution of the homogeneous problem n
then be proved, see [117, Theorem 3.8]. In particular, we modify slightly the formulation of the
result, to fit our purposes. One can inspect the proof of [117, Theorem 3.8] (see pag. 7487,7489
in particular) to check the result.

Theorem 7.7. Suppose ug € CH1(X) and fix T > 0. Then there exists C1(%,T) > 0 such that

sup ||[Suolgllcra(zy < Cilluollcra(sy, (7.18)
te

)

Furthermore, for any I,k € N, we have

k
sup tta

< Crilluolcriis), (7.19)
te(0,T)

cox)

‘ 8,)" V§+2Su0(t)‘

g

for some constants Cjj, > 0 depending on l, k, ¥ and T.
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In order to study the evolution problem (7.12)) we introduce the following two Banach spaces.
Fix 0<T <ooand 0 < g < 1. We define

Yr = {u e %2 x (0,7)) : |ully, < oo}, (7.20)
where

1 1.8
v = s (22t Do) + 65 Hute o)
te

)

(7.21)
+ sup sup  t+E Jue, t + h)B_ u(z, t)|
(x,t)EXX(0,T) 0<h<T—t |h]
and [-]gs is the usual Hoélder seminorm. Similarly, we introduce the space
Xp={ueC’(Ex(0,7)) :u(-,t) € CX), |lullxs < oo}, (7.22)
where
! k 8
_i4k 1.8
[ullxy = sup (Zt 25| VRul bl ooy + 12TV, )]s w)
te(0,T) 1o
1 1,8
+ 40t leocs) + 3 D s )
4 e (7.23)
boapap g [Vt — Vi),
(x,t)EXL X (0,T) 0<h<T—t |h\z
+ sup sup pr+h Ol + h)ﬁ_ dhulz, t)|
(z,)€XX(0,T) 0O<h<T—t |h| 7
Proposition 7.8. The spaces (Yr,| - ||lv.) and (Xr,| - ||x,) are Banach spaces.

The proof of the completeness of the spaces Y and Xr is standard, indeed one can prove
directly that all Cauchy sequence converge to a function in the space and the candidate limit is
obtained using a diagonal argument.

Remark 7.9. Since the norm 3 y_, [|V¥u/|co is equivalent to the norm |ul|co + ||[V4ul/co for
C*4(%), we have that the norm || - || x,. defined in (7.23)) is equivalent to the following norm

3 k _ vk
lllsy =l +3°  sup  sup - drieg V@R D) = Viu(, B,
ko (T:t)EEX(0,T) 0<h<T—t |h| T

Now we study the nonhomogeneous initial value problem

2 —
{atu +AZu=f on¥x(0,7) (724)

u(-,0) =0 on X,
where f is a function on ¥ x (0,7). Given the biharmonic heat kernel b, € C> (X x ¥ x (0,T))

on (X,g), the solution (if it exists) to the nonhomogeneous problem ([7.24]) should be given by
Duhamel’s principle

Vi@t = [ [ byt =100, s (7.25)

and, for every A >0, Vf € C®(Z x (3, \)).
We then recall the following fundamental Schauder-type estimates proved in [117] on solutions
of (7.24) (see |117, Remark 3.12| for the final comments on the constant C).

Theorem 7.10 ([117, Theorem 3.10]). Fiz 0 < T < oo, if f € Y, then V f € Xp and there exists
a constant C > 0 depending on 3, T such that

IV Flxe < Cllfllvr (7.26)
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Moreover, equation (9; + AZ)V f = f holds in the classical sense on ¥ x (0,T) and thus V f €
C>(Z x (0,7)).

We now turn our attention to the evolution equation (7.12]), and use the results above for the
particular choice ¥ = JF with the Riemaniann metric induced by the Euclidean one. We consider
the map

flu)(z) = (A(z,u, Vu), Vi) + J(2,u, Vu, Vu, V3u), (7.27)

where A, J are the operators defined in ([7.12)). We now provide the fundamentals estimates on
flu], which represents the nonlinear error generated linearizing (7.12)).

Lemma 7.11. For any €, m > 0 there exist T, 6 > 0 depending on E,ec with the following
properties. For every ug € CHY(X) and ¢ € Xr satisfying ||¢||x, < m it holds

fl + Sug] € Yr. (7.28)

Moreover, if ||[uol|cra(sy < 9 it holds

[ [Suolllyr < e([luollcrrzy +1)- (7.29)

Finally, 11,12 € X1 satisfying ||il| x, < m, it holds

|l fl1 + Sug] — flb2 + Suol|lyy < ellvr — Yol x.- (7.30)

Proof. Let T < 1 to be chosen later and fic e,m > 0. We prove only equation (7.29)), giving a
sketch of the proof for (7.30) and (7.28) as they are analogous; we also drop the dependence on
the set E in the norms. For clarity of exposition, we prove the results for the simplified error term

flu)(z,t) = (A(z, u(z, t), Vu(z, b)), Viu(z,t)) + (B, Viu(z,t) ® Vu(z,t)), (7.31)

where B is a (constant) tensor of the same dimension of V3u ® V2u with ||B|| < 1. The
general case is explained in the appendix, but follows by analogous computations. We will also
write A(z,t) and assume implicitly the dependence on u, Vu.

Firstly, we prove . In what follows we use the short-hand notation u = Sug. From the
definition of f[-] we have

IFTulllco < | AllcollVAullco + [Vl o [V Pul|co,
[flulles < [[V*ulleo Sup (17171 AG@ + 7, 8) = Az, 1)]) + [ Alleo [V ules (7.32)
T€TN

+ [V2ules [Vl oo + [[VPullco [VEu] s
Then, we multiply by ¢2 the first equation in (7.32) to get
15 1 11
t2| flulllco < [Alloot? [ Viullco +t7t7 [ Viul| oo | V2| co.

By (7.19), with the choice of [ = 0, k = 0, 1,2, we have that all the terms 2 || V4| co, £7]|V3ul| co
and || V2u||co are bounded by |Jul/c1.1 (times a constant that depends on E which we can suppose
equal to one for simplicity). We now fix § > 0 sufficiently small, depending on ¢ and E, so that
||Al|co is bounded by e, which can be done since A is a smooth tensor and A(-,0,0) = 0. Finally,
taking 7" small enough, depending on € and E, we conclude

Lo
sup 2| flulllco < ellugllcrr.
te(0,T)

Therefore, taking into account the full expression for the error term f[u] given by (7.27)), one can
show that

1
sup ¢ || flu]lco < Ce (Juollcrr +1),
te(0,T)
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where the last constant comes from the term bg.
Concerning the Hoélder seminorm in space, we first remark that

Alx +71,t) — Az, t
sup FEERD 22O < 4, Vales + 100 llolulos + sl Tl
TeTN

where 924 and J3A denote the derivative of A(x,y,z) with respect to the second and third
components. Therefore, employing again the bounds in (7.18) and (7.19) we can bound

|7[P

3| V*u] co sup < elluollera, (7.33)
T

where we took § > 0 sufficiently small, depending on € and F, such that
[A( u, Vu)les + (024 colulcs + |03A| co[Vules <e,

which is possible since A is smooth and A(-,0,0) = 0. Thus, multiplying by t3+4% the second
equation in ([7.32)) we obtain

B~ B B
245 [flull s < tTefuollor + [|Al oot 1 [Viu]cs

(7.34)
| V3| s || V20l co + £33 | VP ot 3 [|V2ul| oo

Then, all the terms in with the norms of u can be bounded employing and , thus
we can make the right-hand side above as small as needed taking T',§ small enough. Analogous
calculations show a similar inequality for the complete error term f[u].

Finally, we show how to bound the Hélder seminorm in time appearing in || f[u]||y,. We fix
t € (0,T),h € (0,T —t). To ease notation, we omit to write the evaluation at = in the following.
We have by the very definition of f[u](t) that

|flul(t 4 h) = flul(t)]
< [{A(u(t + h), Vu(t + ), Viu(t + h)) — (A(u(t), Vu(t)), Viu(t))|
+ (B, (V3u(t + h) @ VZu(t + h))) — (B, (Vu(t) ® VZu(t)))].

Now by the triangular inequality we obtain

[{A(u(t + h), Vu(t + 1)), V¥u(t + h)) = (A(u(t), Vu(t)), Viu(t)]
< [[Alleo| Vult + h) = Viu(t)] + [93Alloo [Vult + h) = Va(t)[[[V u(t)]| oo (7.35)
+ 102 Al colu(t + h) — u(t)[[[VHullco,

and analogously

|(B, (Vsu(t +h) ® VZu(t + h))) — (B, (Vgu(m, t) ® VZu(zr, t))>|

7.36
< [9Put + B) — () [[V2ullco + V3l oo V2ult + b) — V2u(b)]. (7:36)

Therefore from formulas (7.35)) and (7.36]), we obtain

= [lu](®)]

< (82 Allcolu(t + h) — u(®)] + 95 Allco |Vut + h) — Vu(®)]) [V u(t) ] co
+ | Allco [V ul(t + k) — Viu(t)] + [V2u(t + h) — V3u(t)]]|V?ul|co

+ [ V3ul o [V2ult + h) — Vu(t)].

Applying again (7.18), (7.19)), and using the smallness of ||A|co, we conclude (7.29)) by taking
T, 6 small enough.

Following the computations above one can easily prove that if ug € C11(X) and ||| x, < m,

| flul(t +n)
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it holds
f['(/J + SUO] < YT.

The only difference is that, in addition to (7.18), (7.19) one can directly exploit the definition
of || - ||x, to obtain the required bounds. Also the proof for (7.30) is essentially the same, only
much more tedious to write. We show the computations only for the term sup, (o7 t'/2|| - [|co
appearing in the norm of Y7 and for the simplified error term . For u; := 1; + Sug we can
write

|f[uﬂ - f[uzﬂ

= ’(A(x, ut, V), Viug) — (A(z, ug, Vug), Viug) + (B, (Viu; @ Vi — Viuy ® V2U/2)>’
< |IV*usllco (|01 Allcolvpr — o + 182A] o [Vipy — Vo) + [|Allco [ Vepy — VP4by|

+ V31 || co [V20h1 — V2o + [|[VPua||co | V341 — V34ha|.

Multiplying the inequality above by t2 we have
2] flua] — fluz)|
< (IV*ullco (o1 Allco + #1102 4llco ) + ¢ (| Allco + Va1 lco)
+ 4|V 2us oo ) 461 = Yol
< t1 (1] V4 urflool|Aller + [ Allco + IV us oo + [V2uzlico ) 61 = alxr-

Again, by definition of || - || x, and by (7.18)),(7.19) we conclude taking T, ¢ small enough. O

We are now able to prove a short-time existence result for the surface diffusion evolution.
Thanks to the previous lemmas, we provide also higher order regularity estimates depending on
the CY!'—bound on the initial datum only. The proof follows closely the corresponding one in
|117) 194].

Theorem 7.12. Let ¢ > 0 and let E C TV be a smooth open set. There exist 6 = (e, F),
T =1T(e,E) > 0 with the following property: if Eqy is the normal deformation of E induced by
ug € CYH(OE), |luollcra(or) < 0, and |Eo| = |E|, then the surface diffusion flow E; starting from
Ey exists in [0,T), the sets E; are normal deformations of E induced by u(-,t) € C*°(IE) for all
t€(0,7), and
sup |ullc20m) < €. (7.37)
te(0,T)

Moreover, for every k € N\ {0}, there exist constants Cy, = Ci(e, E) > 0 such that

sup || V¥l coomy < Crllluollcrrom) + 1) (7.38)
te[L,1)

Proof. In this proof we denote by C > 0 a constant that depends on N and E and may change
from line to line. Fix € > 0.

Step 1: We show existence for via a fixed point argument. Let T < 1, § < 1 to be chosen
later, and let uy € C*((0,T); C*°(0F)) be the solution of

Owuy = —A%u; on OF x [0,7),
u1(+,0) = ug on OF,

where ug € C1(OE) is such that [Jug||cra(pr) < 8. The solution exists and it is given by (7.16)),
that is u; = 0+ Sug = 11 + Sug. Moreover ([7.37) and (7.38) are satisfied by w; thanks to
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Theorem for § small enough depending on . Let now us be the solution of

37:“2 = 7A2E'U12 =+ f[ul] on OF x [O,T),
UQ('7O) = Ug on aE,

where f[u] is defined as in (7.27). By (7.16) and (7.25), the unique solution is given by us =
V flu1] + Sug = V f[Suo] + Sug =: 92 + Sug. Moreover, by Theorem and (7.29) we have the

estimate
2llx, < Cllf[Suo]llyy < Ce((|uolloraor) +1) < m,

for m sufficiently large. We are then led to define an iterative scheme. We set u;, us as above and
for n > 3 we let u,, be the solution to

Opun = —A%u, + flun—1] on OE x [0,T),

(7.39)
Un(,O) = Uo on 8E7
and we split it as u, = Sug + V flun—1] =: ¥ + Sug. We will show that the sequence 1, is
converging in Xr. To do so, assume that 1; € X¢ for j =1,...,n — 1 with
[jllxr < m.

Then, by Theorem [7.10] and Lemma [7.11] we get ¢, € X1 and

lVnllxr = IV flun-1lllxr < Cllflun-1lllye = Cllf[$n—1 + Suolllvr

n—1
< C I + Suol — flwj-1 + Suolllyz + Cll f[Suolllve
=2
Jnfl )
< (X&) luolloraomy +1)
j=1

too
< Ce(14+ e )(lusllcrsom +1)
j=1

< CE(HU()HCl,l(aE) +1)<m. (7.40)
Moreover, Lemma implies that, for 6(e, E'), T(e, E) small enough, it holds for all n > 3

Hwn-l—l - wn”XT S 5”¢n - 1/1n—1||XT,

therefore v, is a Cauchy sequence and admits a limit point ¢ satisfying

[l xr < Ce([luollcraor) +1). (7.41)

We thus showed the existence of a fixed point u = ¥ + Sug for the problem (7.39). Finally, by
(7.18) and (7.41)) it holds

lullczom) = 1Y + Suollczam) < 1¥llxr + [|Suollc2orm) < Ce(lluollcriamy +1)- (7.42)

Step 2: By we get straightforwardly that holds for £ = 0,1,2. In order to prove
for k > 3, we consider x € OE and we work under local coordinate, B;. = U C 0E such that
the metric (9); j=1,....n—1 of OF satisfies %5”' < g7 < 2§;;. Note in particular that the operator
—AZ is uniformly elliptic in U. In the following we identify B. and U C 0E. We also set g; as

the metric on OF, (see [147, pag. 20] for details). Observe that u restricted to Bl x [2,T) is of



2. Stability 175

class C* by the previous step. Recalling that u = 1) + Sug, we have that the function 1 satisfies
O = —A2 h + (0 + A2))(Sug) + f/ =t —A2 ¢ + f. (7.43)
Taking V, in (7.43) shows that the function V i satisfies the equation
OV gtp = —A2 Vo — (Vg ) g8 (0)int — 9 (Vogt ) ()it + Vo f (744
= —A2 Vgip + F,

where the error term F contains the derivative of ¢ up to order four. To estimate
HF”CB/‘*([%,T];Cﬁ(B;)) we first observe that, by (7.19)), it follows

Vg (0 + AZ,)(Suo)) leeraqz rycn ) < Cellluollorrom) +1)-

Secondly, we remark that the other terms of F' can be bounded analogously, recalling that they
contain derivatives of ¢ up to order four and using (7.41)), to show that

HFHCB/AL([%T);C/S(B;)) < Ce(lluollcrromy +1). (7.45)

Note now that 9, + Afh is a uniformly parabolic operator, since the coefficients of Afh are close
to the ones of A% depending on [|u(-,t)||c11(9p) as ggu — g% = B(x,u, Vu) and B is a smooth
function with B(z,0,0) = 0, see again [147, pag. 20]. Since V49 solves (7.44]), by the standard
interior Schauder estimates and the bound , there exists C > 0, which depends on 7' and
thus on ¢ and F, such that

IVg¥llorsrngz mycans,,) < C (|\F||Cﬂ/4([§,T);czs(B;)) + ”vngCO(B;X[%,T)))
< Ce(lluollcrramy +1),

where we noted that ||¢[|c1 (s x(2 1))y < ¥l x, and employed again (7.41). Finally, we conclude

sup || Voullcoamy < C(|luollcriom) + 1)
te[L,T)

By induction, one can prove (7.38) for every k € N. O

2 Stability

2.1 Stability of the volume preserving mean curvature flow

In this subsection, we study the evolution by mean curvature of normal deformations
of a strictly stable set. Suppose that E is a strictly stable set and that Ey = E,, is a smooth
normal deformation of E. By Theorem [7.2] the volume preserving mean curvature flow starting
from FEj exists in a short time interval, and the evolving sets E; can be parametrized as normal
deformations of the set F induced by functions u(-,t) satisfying

ue(x, t)vg, (p) - ve(x) = — (HEt (p) — I:IEt) x € 0F,
u(-,0) = ug

where p = z + u(z,t)vg(z) and Hg, = faEt Hg,. The scalar product above can be written as

N-1 -1/2
(0r,u(z,t))?
1 J
vep) @) = (15 2 e |

Jj=1
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where k;(z) and 7;(z) are, respectively, the principal curvatures and the principal directions of
E at z. In particular, we remark that vg, (p) - ve(z) = 1 + O(|lu(-,t)||g1). We can then prove
the first part of the main result, that is Theorem concerning the long time behaviour of the
volume preserving mean curvature flow.

Proof of (i) Theorem[7.1} Let e, 6(¢) € (0,1) to be chosen later. In the following, if not otherwise
stated, the constants depends on N, E and may change from line to line. Fix for instance 8 = 1/2
and suppose that d is smaller than the constant given by Theorem[7.2] We also use the short-hand
notation 7y = (7g|g,)
Step 1. We start by proving that P(E;) — P(E) < Ce™°* as long as the flow exists.

Let ug € CYY(OF) with |lugl|cin < § < 1. By Theorem there exist a time 7' > 0,
which depends on E and the bound on |Jug||ci.r < 1, and a smooth flow E; starting from Eq for

€ [0,T). Moreover, By = E,(. ;) and u(-,t) satisfies and (7.5). Without loss of generality

we can assume T' < co. We also note that the value of T" does not change taking ¢, d smaller.

We recall the following well-known identities, holding along the smooth flow:

d

d
—IE, =0 _—
dt‘ 2 dt

P(Ey) = ~|Hp, — HE, |12(o5,)- (7.46)
Let 6* be the constant given by Theorem in Chapter p, p > N — 1 and n = n(§*,p) given
by Lemma in Chapter By estimates (7.4), and by interpolation we have that
|u(-, t)lw2re)y < n for every t € [T/2,T), up to taking ¢ smaller and therefore § smaller.
Thus for any t € [T'/2,T) we can apply Lemma of Chapter [5) I to find o, € TV and a function
(-, t) such that E; + 0y = Ey(. ;) and

lot| < Cllu(-,t)lwer@r), 100t lweror) < Cllul,t)|lwaroE),

/ (-, | < 8 (- 8) 120
OFE;

Furthermore, Lemma (taking 0 smaller if needed) implies that ||a(-,)||c1(9p) < 6*. We then
apply Theorem of Chapter [B] to the set F; + o to obtain

a(- )|z o) < CllH# e, +0, — MlL20E) (7.47)

for any A € R, where we recall %, o, (x) = Hg, (x + @(x)vg(x)). From the previous equation,
first by the change of variable y = « + t(z,t)vg(x) (estimating the Jacobian with the bounds on
@ and Lemma |5.16)), and then by translation invariance, we arrive at

a(, Ol om) < ClHE 40, — M 22(0B,400) = ClHE, — All2(5E,)- (7.48)
We now claim that
P(E; +0¢) = P(E) = P(Eg(.)) — P(E) < Clla(-,t)ll3p o); (7.49)

which is a classical result but we provide a proof for the sake of completeness.
Let us define, for every x € OF, the function

2= (e B i)

J=1

where 71(2),...,7n-1(x) and k1(z),...,kn_1(x) are, respectively, the principal directions and
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curvatures of OF at x. Then, we have
N-1
P(Ei+04) = P(Eg.p) = - Q(x) H (1 + ki(z)a(t, z)) dHNY(x)

i=1

= P(B)+ [ (Hpi(,1) + OG(,1P) + 01D ) aH

OF
< P(E) + HE/ a(-,t)dHN "+ O [ (-, t)? + | Da(-, t)|?) dHN !
OE OF

< P(B) + Clla(-, ) om)»

where we have used that Hg = Zi\;l k; and the inequality

/ a(-,t) dHN 1
OFE

which follows from the fact that |E;| = |Ey|. Hence, we prove the claim in (7.49).
We now define the Lyapunov functional &(t) = P(E;) — P(F), which is non increasing by

(7.46)). Moreover, by translation invariance, from (7.48)), (7.49) and for any A € R we have

P(E;) — P(E) = P(E; + o) — P(E) < C|[Hg, — Al[72(op,)- (7.50)

<C [ a(,t)2dHN L,
OF

Since for any t € (0,T) equation for the particular choice of A = Hp, implies
éol(t) = —[Hg, — HEtH%2(aEt) < =C&(1),
by Gronwall’s inequality we conclude (recalling &(0) > &(7/2))
Et) < &0)e~CUT/2  vieT/2,T). (7.51)

Step 2. We now show that the flow exists for every ¢ > 0 and it converges exponentially fast to
FE up to translations.

Up to taking J smaller, we can use the quantitative isoperimetric inequality in Theorem
in Chapter [f] to find the existence of translations ¢ such that

C|EA(E; +m)|* < P(Ey) — P(E) < P(Eo) — P(E).

Furthermore, since all the evolving sets {Et}te[T/z,T) satisfy a uniform inner and outer ball con-
dition by Remark by classical convergence results (see e.g. [65, Theorem 3.2]) we have that
Ei+7; is Cl—close to E. In particular, there exist smooth (by the implicit map theorem) functions
v(+,t) : OF — R such that E; + 74 = Ey(. ;) and

|Tt‘ < wegl;;)iat diStaEt (.’L‘) < Hu(~,t)||00(aE) + ||’U(-,t)||C0(3E) < 2e,

up to taking § smaller. Therefore, recalling (7.51)), we have
[v(- )71 (om) < C(P(Eo) — P(E))e” =T/, (7.52)

By Lemma we also have [[v(-,t)||cram) < C([lu(-,)llcrop) + |7|) for every k > 2. For every
t € [T/2,T), by combining the previous estimate with ([7.5)), (7.52)) and interpolation inequalities,
for any ! € N there exist k(I) € N,0(I) € (0,1) and C = C(E,l) > 0 such that
V', t)llco < Cllo Ol i’ < CT-10-O(P(Ey) — P(E)2e 01D, (7.53)
Choosing &(0) = P(Ep) — P(F) small (hence choosing ¢ small) we can then apply again
Theorem with the new initial set F,(. 7/2) = Er/2 + 7r/2 to get existence of the translated
flow up to the time 37/2. We remark that, by uniqueness, the flow above is well defined since
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it coincides in [T/2,T) with the flow E; translated by 7; and estimate now holds for all
t € [T/2,3T/2). Since now the bound is uniform along the flow, choosing at every step the
times ¢t = nT'/2, we can iterate the procedure above to prove that the flow exists for all times
t € [0,00). Moreover, for every ¢ € (0,00) there exists a translation 7; such that E; + 7, = Ey(. )
with v satisfying . In particular, we have that v — 0 exponentially in C* for any k, as
t — oo and thus E; + 7, — E in C* for every k. This also implies (reasoning as in ) that
|Hg, — Hg, | 12(95) — 0 exponentially fast.
Step 3. We conclude by showing the convergence of the whole flow to a translate of E.

Let us prove the convergence of the translations {r;}:>9. By compactness we can find a
sequence t,, — oo such that 7, — 7. Defining

D(F,G) = /FAG distagg(z) dz, (7.54)

following the computations of [3| pag. 21] we see

d
—D(E, E —
dt ( ts T)

d
=|— distogr, (x) dz
dt Jg,A(E-7) '

= / div(sdg—-(z)Vi(2)vE, (z)) do
E;

(7.55)

= _/8E sdp_r(2)(Hpg, (z) — Hg, (z)) dHV ! (2)

< P(Ey)|Hg, — Hg, || 120k ( sup distaE_T(x)>

rEOE,

< Ce ¢t ( sup diStaET($)> < Ce ¢,

z€TN
where we recall that V; is the velocity of the flow in the normal direction (see (7.3)). Clearly,

condition ([7.55) implies that D(E;, E — 7) admits a limit as ¢ — +oc0. By the previous step and
since 1;, — 7, we deduce that

D(E,E—-71)—0 ast— +oo.

Assume now that o € TV is the limit of 7,, along a subsequence s, — 0o as n — +o0o. By the
previous step, F,, — E — o, therefore
0= lim D(E; ,E—7)=D(FE—-0,E—1),
n—-+oo

which implies o = 7 by definition ([7.54)). This concludes the proof as the exponential convergence
follows from Step 2. O

2.2 Stability of the surface diffusion flow

We now focus on surface diffusion flow ([7.10). As in the previous subsection, we consider F
a strictly stable set and Ey = E,, a smooth normal deformation of E. By Theorem the
surface diffusion flow starting from Ej exists smooth in an interval [0,7), moreover the evolving
sets E; can be written as normal deformations of E induced by functions wu(-,t) satisfying
Ut(.l?,t)VEt(p) VE(x) :AEtHEt(p) Vo € 8E7
u(z,0) = up(x)
where p = z 4+ u(z, t)vg(x).
Now, we aim to show the stability result (ii) of Theorem[7.1]for the surface diffusion flow. Due

to the similarity of the arguments needed with those employed to prove item (¢) of Theorem [7.1
we will only highlight the main differences between the two.
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Proof of (ii) Theorem[7.1} Firstly, Theorem ensures the existence of a smooth flow E; for
t € (0,T) of normal deformations of E induced by functions u(-,t) € C*°(9F) and satisfying
(7.37) and ([7.38). We recall the following identities, holding along the flow E; as long as it exists
smooth,

d d
SIEl =0, L P(E) = /aE Hyp, (2)Ap, Hp, (2) do = — | VHp, 2295, < 0. (7.56)

Denoting by Cg, the constant in the Poincaré inequality, we get

IHe, — Hg, l|2208,) < Cr|IVHE, || 22(58,)-
Combining the previous inequality with (7.56)), we obtain

d _
EP(Et) < —Cg|Hg, — HEtH%Q([‘)Et)'

Since [|u(-,t)||c1.1(9E) < ¢ for every t € (0,T'), the Poincaré constants Cp, are uniformly bounded
in the same time interval and the bound depends on E, |[ulc1.1 sk (see e.g. the results in [75]).
Thus, we obtain the estimate - P(E;) < —C|Hg, — }_IEtH%Q(BEt) uniformly in (0,7). We then
conclude by following the same arguments of part (). O
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This thesis is devoted to the study of geometric flows, with particular focus on the mean curvature flow.
It is divided in two thematic parts. The first part, Part [, contains Chapters and [l and concerns
convergence results for the minimizing movements scheme, which is a variational procedure extending
Euler’s implicit scheme to evolutions having a gradient flow-like structure. We implement this scheme for
anisotropic or crystalline, nonlocal or inhomogeneous curvature flows, in linear and nonlinear instances,
and study its convergence towards weak solutions to the flows. In Chapter [f] we also pair this study
with a discrete-to-continuum limit. The second part, Part [[I] is devoted to the study of asymptotic
behaviour of volume-preserving curvature flows both in the discrete- and continuus-in-time instances.
The main technical tool employed is a new Lojasiewicz-Simon inequality suited to the study of these kind
of evolutions.
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