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Abstract

This thesis condenses the dynamic modeling of blast resistant glazed facades. After
the emergence of terrorism in the early 2000s, the increasing popularity of glass in
prestigious buildings has motivated many international standards to provide specific
indications for the assessment of windows under explosive scenarios. These norms
explain how to conduct experimental tests and how to quickly check the structural
resistance of glass components. However, their approach is often based on pure
experience and difficult to extend in other situations. For the present work, a the-
oretical point of view is assumed. The problem is approached at different levels, in
order to cover all the principal aspects to consider during the design phase.

The blast loading action, deriving from an explosion, can effectively be inter-
preted via Friedlander equation (a semi-empirical model). It presents a time depen-
dent exponential form, which is composed of a compression phase and a subsequent
suction phase. The pressure time history depends on few parameters, whose cali-
bration has to be performed accordingly (empirical relations, experiments, technical
literature, etc.). A uniformly distributed pressure over the surface of glazed panels
is assumed and, on the basis of blast impulse, different modes of vibrations can be
excited. As related problem, glazed surfaces are often required to withstand also
against soft-body impacts. New regulations provides for testing procedures, where
these impulsive actions are concentrated on a small area, which dynamically changes
according to the deformed shape of impacting body. The pendulum test is first ana-
lyzed with a simple approach based upon an equivalent linear and nonlinear 2-DoF
system. The time history analysis is complemented with energetic considerations
that, with reasonable assumptions, can directly provide the maximum stress in the
panel through an equivalent static load. Moreover, a finite element tool has been
developed, which uses nonlinear unilateral beam elements available in a commercial
software for structural analysis. The comparison between the predictions of the pro-
posed methods with that obtained from experiments and other advanced software,
indicates the accuracy of this engineering approach and its range of applicability.

For applications involving impulsive loads, laminated glass is usually employed
so that an equivalent ductility is achieved and the risk related to the projection of
fragments is reduced. These sandwich composites are made of glass plies, which are

II



coupled by the cohesive action of polymeric interlayers. To this purpose, suitable
structural models are introduced and numerically tested for both beams and plates.
Fractional calculus (differential equations involving fractional derivatives) is adopted
to describe the viscoelasticity at the level of the interlayer. As a main advantage,
only two parameters are needed to define the relaxation function for commercial
polymers. The solution of equilibrium equations is obtained d la Galerkin and
their time integration is performed by means of Griinwald-Letnikov method. The
comparison with the classical method, relying on an expansion in Prony series of the
relaxation law, highlights the simplifications obtainable with fractional approach.

Since glass is a brittle material, there are few possibilities to significantly improve
its resistance against impulsive loads. Therefore, one can employ dissipative devices
to interpose between panels and back structure: the energy released by the load is
partially absorbed by sacrificial (crushing) elements, consequently glass is unloaded.
This is theoretically demonstrated with reference to a paradigmatic problem, in
which a glass pane is connected to a load-bearing structure through a dissipative
unit. The unit is composed of a movable piston in unilateral contact, on its two
opposite sides, with shock absorbers capable of plastic deformation, which are ac-
tivated respectively during the compression and suction phase of blast load. The
nonlinear dynamic equations are solved by a customized algorithm, which considers
the possible impacts of the piston at the end of its stroke. Through a parametric
analysis, criteria are proposed for the optimal design of such dissipative unit. The
proposed technical solution is compared with a linear viscous dashpot, which is not
as efficient as the previous one in limiting the effects of the first compression phase,
but it can considerably reduce subsequent oscillations. A hybrid device, where vis-
cous dampers and crushing components are integrated in parallel, seems to represent
the best compromise.

From an engineering perspective, it is important to asses the load-bearing capac-
ity of the whole glazing system instead of the sole panels. As guide for structural
design, a simple analytical model is proposed, so that a synthetic, but comprehen-
sive, view of the phenomenon is permitted. The dynamic interaction among the
blast load, the ensemble of panels and the load-bearing structure is studied in a
paradigmatic lumped element model. The rear structure is represented by a pre-
tensioned cable connected in series with a spring element; while each glass panel
is reduced to a nonlinear oscillator via to Rayleigh’s method. The model allows to
tune the inertia and the stiffness of the back structure. Generally, a compliant back
structure allows an optimal absorption of energy and, consequently, preserve the
panels.
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Chapter 1

Introduction

1.1 Bomb-blast resisting glazed facades

After the September 11*®, international community has had to face the problem of
assessing the risk for people and property to be target of explosions in the vicinity
of public/private buildings. Until then, apart from military applications, this issue
had been mainly considered for industrial buildings located close to storage areas
for detonating fluids (like natural gas and hydrocarbons). Generally, industrial
buildings are constituted by massive structures in steel or reinforced concrete, for
which adequate countermeasures could be taken without any concern in terms of
visual impact. The new challenge, dictated by the threat of terroristic attack, is
instead represented by prestigious buildings, where large glazed surfaces are often
employed. The use of glass is becoming popular thanks to its unique aesthetic
properties, but glazed panels are naturally unsuitable to withstand impulsive actions
because of their intrinsic brittleness. As examples, we recall the attacks which took
place in Jakarta against Australian Embassy and in Olso government quarter (Fig.
1.1): broken windows show the disruptive effects on glass caused by bomb cars
exploded close to the buildings. Therefore, it is necessary to evaluate the effects of
blast waves impacting on them.

In order to meet this demand, codes and safety standards provide general guide-
lines for structural design. More specifically, in 1991 the U.S. Departments of the
Army, Navy and Air Force licensed a tri-service manual [1] to define the effects
of explosions and assess the consequent ultimate resistance capacity of facilities.
Norms like EN 12600 [2] and GSA-TS01-2003 [3] prescribe experimental procedures
to test glass panes against impulsive loads (impacts, etc.). The most employed test-
ing methods are conducted by means of shock tube apparatus, and they are ruled
by standards like EN 13123 [4, 5] and EN 13124 [6, 7]. In Europe, ISO 16933 [§]
and ISO 16934 [9] have provided since 2007 a procedure to determine the air-blast
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1 — Introduction

Figure 1.1. Effects on glazed fagades of a terrorist attack. (a) Australian Em-
bassy bombing in Jakarta, 2004 (photo from devpolicy.org). (b) Broken win-
dows photographed in Oslo government quarter during 2011 Norway attacks
(photo from britannica.com)

resistance of glazing, introducing models for vehicle and satchel bombs to classify
glazing performance within a broad range of blast parameters. A review of techni-
cal literature about glazed fagades under extreme loading scenarios (seismic events,
wind or blast loads) can be found in [10, 11], with particular emphasis on design
methods and current research trends. In practice, a bomb blast resisting facade
shall be designed at three levels: 1) glass panes, 2) supporting devices and 3) rear
load-bearing structure.

The first level is focused on mechanical properties of glass, in terms of fracture
resistance and ductility. Laminated glass is recommended, because the interposition
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1 — Introduction

of a viscous polymeric interlayer between glass plies® allows to achieve an increased
ductility in pre- and post-breakage phases. The interlayer produces a shear cou-
pling action between the plies [12], so that the bending stiffness of the laminate
is intermediate between two borderlines cases: layered limit (lower-bound), with
free-sliding plies; monolithic limit (upper-bound), where no sliding between plies
occurs (the flexural inertia is represented by the entire cross section of glass). In the
post-breakage phase, glass shards remain attached to the polymer and the ensemble
maintains a certain bending capacity [13]. To this respect, we recall the work of
Pelfrene et al. [14], who studied the post-breakage behavior of laminated glass on
the basis of standard laboratory tests ruled by EN 13541 [15]. We mention also the
work Hooper et al. [16], who conducted many full scale blast tests on laminated
glass panels to develop an innovative finite element model suitable for bomb blast
applications.

The second level of structural design concerns the supporting devices. Special
mechanical connectors can be installed at the interface between the building struc-
ture and the glazed facade, with the goal of dissipating the energy transmitted by a
blast load. Amadio and Bedon made an extensive research about this topic. They
designed innovative viscoelastic spider connectors employable in glass curtain wall
[17], as well as dissipative devices (formed by metallic plates with an interposed
polymeric layer) to be installed at the pane corners [18]. Alternatively, when pre-
tensioned cables are used as load-bearing structures, a frictional mechanism can be
applied at the top (bottom) of the main cables to enhance dissipation [19].

The third level refers to the global behavior of fagades, and not just to the dy-
namics of single panels. The state of stress in glass can be consistently reduced by
tuning the inertia and the stiffness of rear structure [20, 21]. Preliminary investiga-
tions have shown that cable-supported facades perform much better than mullion
and transom facades, because of their compliance. As also attested by Schlaich et
al. [22], they can adsorb much of the energy transmitted by impulsive loads (ex-
plosions, wind gusts, seismic events, etc.). For example, a cable-stayed fagade was
designed by Sobek for the International O’'Hare Airport (Chicago) in order to fulfill
blast mitigation requirements [23]. Active controls can possibly be employed [24]
but, to the best of our knowledge, this is not a common engineering application.

1.2 Objectives

As global objective, we want to study and optimize glazed fagades that are required
to resist against impulsive loads. An analytical approach has been adopted, in order

!They are usually bonded by the polymeric interlayers with a process at high temperature and
pressure in autoclave.



1 — Introduction

to extend on a scientific basis what is written in international norms and known in
engineering practice. Our attention is focused on the three paradigmatic elements
composing a facade subjected to blast loading: glass panels, supporting devices and
rear structure. More specifically, the principal scopes of such research can be listed
as follows:

o Synthesizing what prescribed by norms and latest scientific literature about
blast loading calculation. The load time history is usually determined via em-
pirical models. However, it is important to understand what are the physical
motivations of such models as well as their limitations.

e Modeling the pendulum test through an analytical approach. Impacts are
the most common impulsive loads, consequently it is often required to assess
the glass resistance through specific commercial software and/or laboratory
tests. With the purpose to provide a quick and practical alternative, a lumped
element model is investigated.

o Understanding the role of polymeric interlayers in laminated glass subjected
to short duration loads. Viscoelastic properties of polymers directly affect
the dynamic response of sandwich panels. Fractional calculus seems to be
an analytical approach very suitable to model the relaxation/creep function
of viscoelastic materials, especially if compared with Prony series (the classic
approach). To this purpose, the computational advantages of this method
needs to be assessed.

o Proposing a new type of dissipative device for glazed panels, which is able
to efficiently absorb the energy transmitted by a blast load. There are some
examples in the literature that consider viscous dampers or sacrificial com-
ponents for these applications; anyway, it is not known what is the optimal
mixing of such mechanisms.

o Analyzing the beneficial effects related to a proper load-bearing structure in
a blast loading scenario. It is intuitive to conclude that a compliant rear
structure absorbs a greater amount of energy than a stiffer one, because of
its compliance. Therefore, stiffness and inertia need to be calibrated for the
global structural design.

1.3 Outline

This thesis is divided in six chapters and one appendix. The arguments are exposed
in the following order:
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Chapter 2 - The modeling of impulsive actions

The impulsive loading actions includes explosions and impacts. The blast loads
are usually obtained through experimental procedures or empirical models. To this
purpose, Friedlander model is illustrated: a simple exponential relation, defined by
few empirical parameters, which gives the pressure time history. International norms
are presented, so that it is possible to relate what they prescribe with the scientific
background. Since glass panels are frequently required to resist under the action
of impacting bodies, the pendulum test is analytically reproduced by means of a
paradigmatic lumped element model. A commercial finite element software takes
the results of this model as input. Further comparisons reveals the good agreement
with experimental tests and the wide range of applicability of such an analytical
tool.

Chapter 3 - Laminated glass modeled via fractional calculus

A structural model for laminated glass is introduced, where both beams and plates
are considered. The viscoelastic behavior of the interlayer is modeled by means of
relaxation functions, whose time dependence is interpreted via fractional calculus.
Several numerical experiments are conducted under impulsive loads; the results are
contextually discussed.

Chapter 4 - The advantages of dissipative supporting devices

Since glass is a brittle material, dissipative devices can effectively be employed in
facades with a high risk of explosive events. An innovative device, based on crushing
components (shock absorbers), is proposed and analyzed. Its optimization is per-
formed though specific parametric analyses. Moreover, its efficacy has been com-
pared with that of a classic viscous damper.

Chapter 5 - The role of rear load-bearing structure

A lumped element model about a cable-supported facade is proposed. A global
perspective is assumed, inasmuch the entire fagade is called to withstand against a
possible blast loading action deriving from an explosion. The attention is focused
on the rear structure, that is optimized in terms of inertia and stiffness.

Chapter 6 - Conclusions

This chapter is dedicated to discuss the previous analyses. The contents are sum-
marized and the main results are highlighted. Some further developments are briefly
suggested.
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Chapter A - Fractional calculus in viscoelasticity

Fractional derivatives can be proficiently used to fit data following a power law
dependence. The Caputo’s fractional derivative is recalled; then, its numerical for-
mulation is expressed through Griinwald-Letnikov operators.



Chapter 2

The modeling of impulsive actions

The set of impulsive loading actions, that glazed panels are usually called to with-
stand, includes 1. explosions and II. impacts.

L

II.

The deleterious effects produced by an explosion are related to the propagating
pressure wave and the accidental projection of fragments. Hereafter, we deal
about the first aspect by investigating how to model the loading pressure with
respect to a stationary target (a glazed fagade or a panel). In particular, some
empirical relations, useful for engineering design, are introduced; then, the
principal testing methods are listed in agreement with international norms,
and finally the influence of loading phases is highlighted.

For safety barriers and full-height facades, glass shall possess a sufficient ca-
pacity when it is subjected to accidental impacts of humans and avoid brittle
failure. Generally, this type of loading action is not distributed on the total
surface of the panel, but it is concentrated on a small area. The dynamic
problem is highly nonlinear, because the impactor presents a not negligible
deformability so that the contact area changes during the interaction with
panel. This is a free-boundary problem which is empirically approached with
the standardized soft-body test [2]. The modeling of such testing procedure
will be discussed in the second part of this chapter.

2.1 The blast load

2.1.1 Friedlander equation

A shock wave (or alternatively blast wave) can be defined as a thin region of rapid
state variation across which there is a flow of matter and all the fluid properties
(pressure, velocity, density, etc.) are discontinuous [25]. For our goals, the shock

9



2 — The modeling of impulsive actions

wave is supposed to be formed after an explosive chemical reaction®, where the
gasses produced present a temperature higher than the atmosphere. As consequence,
gasses expand outward while pressure and density at their center drop. The wave
so formed consists in a sudden pressure discontinuity, that is followed by a rapid
decay with subsequent fluctuations under the atmospheric pressure, as schematically
represented in Fig. 2.1.

A o

o'

3] -
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62

ts =

TARGET !

® | P

DISTANCE

Figure 2.1. Pressure-distance curves represented in subsequent instants after an
explosion, with 0 < t; <ty < t3 < t4 [26].

The shock front can be idealized as a surface, with zero thickness, moving away
from the explosive charge through a medium. Balance equations must conserve mass,
momentum, energy and entropy for a control volume that isolates the shock front.
When atmospheric pressure (pasm = 101.3kPa) is negligible in comparison with that
behind the front, it is possible to assume the time evolution of an explosion as
self-similar inasmuch its geometry is preserved. Therefore, one can use dimensional
analysis theory to find an approximated solution in terms of field variables (pressure,
velocity, density, etc.) as demonstrated by Sedov [27] and Taylor [28, 29]. However
this analytical treatment is not suitable for us, because it requires initial hypotheses
acceptable only for very intense explosions, such that of atomic bombs. Instead, we
consider situations where weak explosions (hand-carried satchel bombs or, at most,
vehicle bombs) occur far from the target. A common situation is represented in Fig.
2.2.

IThe burning process of explosives involves a fuel (whose molecules contain atoms of carbon,
hydrogen, nitrogen, sulfur, and oxygen) that oxidized through an exothermic reaction. This process
can be classified as a deflagration or a detonation. In the first case the speed of combustion is less
than the speed of sound in fuel material, while in the second case is greater. Only the supersonic
propagation (detonation) causes the formation of shock waves.

10
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/)/

a&

Figure 2.2. Schematic representation of blast loads on building caused
by a vehicle bomb attack [30].

In the technical literature, there are quick and practical expressions which can
be adopted to preliminarily design architectural glazing when geometries, as well as
other conditions, have not been yet fully defined. Subsequently, we decide to inter-
pret the time dependent pressure, acting on a stationary target, by using Friedlander
equation. It presents an exponential wave form reading

(0= pan 401 = ) 2.)
d

where p.i, indicates the atmospheric pressure, py is the peak overpressure, 3 is
the decay parameter and T} is the time compression duration?. The shape function
distinguishes two phases: the first is referred to as the compression phase p(t) > patm,
while the subsequent is denoted as suction phase p(t) < pagm. This loading action
is plotted in Fig. 2.3 (continuous line), where ¢ = 0 represents the instant at which
the blast collision occurs in correspondence of the target. Note that the difference
between the negative peak pressure and the atmospheric pressure is indicated as
Ap™in,

All the parameters can be deduced from empirical relations depending on the
scaled distance

2The original formulation proposed by Friedlander [31] did not account for atmospheric pres-
sure. The expression (2.1) introduces the term p,sm because it is useful in further thermodynamic
considerations. Obviously, the net load acting on a fagade/window (located on Earth) includes
only the overpressure contribution.

11
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Figure 2.3. Time dependent force per unit area interpreted according to Friedlan-
der equation (continuous line) and its reflected impulse (dashed line).

Z=—"_ (2.2)

where R denotes the distance between blast site and target, while W represents
the mass of charge expressed in trinitrotoluene (TNT) kilograms [32]. If an explo-
sive charge is characterized by Wey, as mass and Hey, as heat of detonation, the
equivalent amount of TNT (in terms of released energy) reads

H
4% NT — Wex =P )
o ? Hrnr
with Hrnt = 4.1 +4.55MJ/kg (TNT heat of denotation). The scaled distance is
useful to compare different explosions in terms of magnitude: the lower it is, the
stronger will be its disruptive effect. Two blast events, respectively characterized by
(R1, Wrnt,1) and (Rs, Wrnt2), are considered equivalent if

Ry _ Wiy
w ()
For example, an explosion originated by 100 Kg of TNT and placed at 68 m from
the target, is assumed to produce the same effects of another one originated by
10 Kg of TNT and located 32m from the target.

Brode [33] was the first to use the scaled distance as the sole parameter to
quantify the initial peak overpressure for a perfectly spherical charge in absence of
obstacles. Further studies have been performed by scientists to provide more precise

(2.3)

2.4
Wrnt,2 (2.4)

12
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expressions on the basis of experimental data. Some of the most popular relations,
suitable for a spherical free-air blast, were proposed by Kinney and Graham [26].
Their popularity is due to an optimal agreement with experimental results provided
by Kingery and Bulmash [34] over a broad range of scaled distances. Here, only the
expressions relative to the compression phase are reported:

 peak overpressure (the unit of measure depends on p,¢m, )

Po = Patm ; (2.5)

o time positive duration

7\
9801 + ()
13 0.54
Z Z A
1+ 14+ —= . I+ —
0.02 0.74 6.9
o positive impulse
7 \*
7\ 1+ 533)
1/3 0.23

Z 3
VARINE!
+(155)

These expressions are plotted in Fig. 2.4, as functions of Z for Wyt = 1kg.
Naturally, if the scaled distance Z increases, the compression phase becomes less
relevant in terms of peak pressure and positive impulse.

Once the positive impulse ™ is known, it is possible to mathematically deduce the
decay coefficient 3 by integrating Friedlander relation over the time and solving the
nonlinear equation

_/po0<1—7fd>e T dt = pOleB ;2(1—6 5)]. (2.8)

13
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Figure 2.4. Blast parameters depending on scaled distance Z, calculated through
the empirical relations proposed by Kinney and Graham [26].

Karlos et al. [35] highlighted that the time positive duration is usually affected by
the greatest uncertainty. Therefore, they proposed to estimate the decay coefficient
by means of one empirical relation® and subsequently calculate T; by integrating
Friedlander equation over the time. Alternatively, Goel et al. [36] suggest to adopt
the simpler relation

B=152""% 0.1<Z<30. (2.9)
which was provided by Teich and Gebbeken [37].

2.1.2 Reflection

When gas particles collide against a surface along their travel, they bounce back
obstructing the motion of other incoming particles and causing a local increase
of pressure. This process is denoted as reflection and it is manly affected by the
angle of incidence «a, which is subtended between the propagating direction of blast
impulse and the impinging surface. The worst condition occurs when the blast wave
perpendicularly invests a plane surface ( « = 0°); while oblique surfaces (a > 0°)

3Karlos et al. [35] fitted Kingery—Bulmash data [34] evaluating the decay coefficient 6 through
almost twenty numerical coefficients included in one polynomial expression.

14



2 — The modeling of impulsive actions

mitigate the magnitude of reflected pressure. Reflection phenomena have to be
analytically considered in Friedlander equation. This can be done by means of two
different coefficients [37]: one for the positive phase ¢ and one for the negative
phase ¢, . For an infinite plane perpendicularly invested by a blast impulse and by
assuming v = 1.4 as constant value of heat capacity ratio, it is possible to state

T 880 6am
+ = Pr_ SPeo ¥ OPatm (2.10)

Do Dso + 6patm ’

where p, indicates the reflected overpressure and ps, = Patm + po. For what concerns
the coefficient suitable for the negative phase, Teich and Gebbeken [37] proposed
the expression

C

_Aprr 197 - 045

s
T Apmin - 7
where Ap™" indicates the difference between the negative reflected peak pressure

and the atmospheric pressure. With reference to Fig. 2.3, the reflected curve (dashed
line) is easily calculated by using both coefficients?

¢ Z > 0.5, (2.11)

t _B8
patm"i_cij(l_)e Tdt tSTd
Ty
q(t) = . (2.12)
_ b\ — L+
Patm —|—ch0<1 — )e Ta t>Ty
Ty

The pressure experienced by a generic point, belonging to a vertical surface,
is influenced by normal reflection so that the initial peak py increases up to p,.
However, it is possible that the shock front was previously reflected and amplified
by other surfaces, such as the ground. In this thesis, only unconfined explosions are
taken into account, which can be classified on the basis of relative position between
charge and target structure. The role played by the ground is implicitly considered
in all the cases listed below [1]:

a Free-air burst The detonation occurs in free air; the consequent blast wave does
not interact with obstacles (absence of reflections) during its travel and it is not
subjected to any amplification because of ground.

b Air burst The explosion occurs in air, but it prior invests the ground forming an
oblique reflection or alternatively a Mach stem.

4Possibly, the coefficient relative to the positive phase can be used also for negative phase, on
the safe side.
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¢ Surface burst The charge detonates at the level of ground; thus the explosion
propagates hemispherically and the energy released is concentrated in half the
volume.

The same explosion could be identified by all previous categories with respect to
three targets placed at different distances: the closest would be subjected to a free-
air burst, while the farther would experience a surface burst.

Free-air bursts are probably the most rare situations during a terrorist attack
and they are the simplest to model: there are no reflection phenomena due to the
ground and many experimental results are directly available from the literature.

For what concerns air bursts, the shock front is reflected by the terrain before
hitting the structure. Predicting the correct dynamic evolution would require sophis-
ticated numerical simulations; however there are approximated solutions suitable for
engineering scopes. When the angle of incidence « is lower than a value depend-
ing on front velocity (usually o < 40° =+ 45°), the shock wave is obliquely reflected
by ground. In this case, balance equations (or pre-existing tables/graphs based on
experimental activity) allow us to characterize the reflected front in terms of peak
overpressure and velocity. On the contrary, if the angle of incidence overpasses the
limit value (usually for o > 40° <+ 45°), Mach stem is created. It is a new vertical
front whose height is delimited by ground level and triple point trajectory (i.e., in-
tersection between incident wave and reflected wave). Its pressure distribution is
uniform, and the magnitude depends on the incident wave’s angle as well as the
shock velocity [26]. This process is schematically represented in Fig. 2.5(a).

The most common type of terrorist attack can be classified as a surface burst,
inasmuch the height of charge is consistently less than the distance from the target
(H < R). For example, this situation could be verified when a truck full of explosive
detonates in front of a building. The presence of the ground forces the explosion
to concentrate all the energy into a hemisphere, almost doubling the peak overpres-
sure. The load can be assumed as uniform over the frontal wall of the building, as
schematically drawn in Fig. 2.5(b).

There are formulations specifically obtained for hemispherical explosions, like that
by Newmark and Hansen [39], that is

14 |W

where the peak overpressure pg is expressed in bars and the weight of charge is
in tons (1ton = 1000kg). Unfortunately, also the most corroborated empirical
relations are usually deduced from intense bursts and they do not cover a broad
interval of scaled distances; consequently they risk to be not sufficiently precise
for conventional explosives located far from targets. For this reason, analytical
relations like (2.5)-(2.7) are reputed to be the most suitable. Since they are deduced
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Figure 2.5. Explosion environment [1, 38]: (a) air burst; (b) surface burst.

for spherical explosions, the weight of charge has to be multiplied by a coefficient,
generally 1.7-1.8 [32], in order to account for the presence of the ground.

As a further loading contribution related to an explosion, it should be considered
also the pressure due to the impact of wind, commonly denoted as drag pressure
Pdrag(t). Its value mainly depends on wind velocity behind the shock front and the
target geometry. Its expression can be estimated as [26]
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1
pdrag(t) - §OD;0@U(75)2 (214)

where Cp is the drag coefficient® (for a plane vertical surface Cp ~ 1), p, is the air
density and wu(t) is the wind velocity. The drag pressure tends to last longer than
the impulse related to the blast wave, but it generally presents a lower magnitude.
Because of the difficulty to predict the time history of wind velocity, this contribution
is often neglected.

2.1.3 International norms and testing methods

Norms and testing methods are needed to provide basic recommendations about
the structural design of glazing systems subjected to explosive events. Firstly, it
is necessary to define a blast load that a fagade (or alternatively a window) is
called to withstand, on the basis of what level of risk is considered acceptable.
Then, a validation can be conducted by choosing @) full-scale arena blast tests or by
employing i) a shock wave simulator, commonly known as shock tube.

In 1991 the U.S. Departments of the Army, Navy and Air Force licensed a tri-
service manual [1] to define the effects of explosions and assess the resistance ca-
pacity of facilities. More recently, the GSA-TS01-2003 [3] prescribed experimental
procedures to test glass panes against explosions; it categorizes hazard levels and it
further suggests software tools in order to predict glazing response.

In Europe, since 2007, norms such as ISO 16933:2007 [8] and ISO 16934:2007 [9]
have provided standard procedures to test and classify glazing performance against
explosive loads. The norm ISO 16933:2007 [8] rules full scale arena blast tests: it
provides one hazard rating for glazing (see Tab. 2.1) and it classifies blast loads
in terms of reflected pressure peak as well as positive impulse (see Tab. 2.2). For
example, if a glazed facade is tested with a level 3 vehicle bomb type (80kPa,
380 kPa-ms) and consequent damages are classified within level C in current hazard
rating, one can use the code EXV25(C) to asses its blast resistance. For the sake of
completeness, the norm ISO 16934:2007 [8] adopts the same approach to deal with
the alternative testing procedure based on shock tube facility.

In more recent years, the Joint Research Centre (JRC) published several technical
reports in order to give a comprehensive overview about the effects of explosions
on structures. Karlos and Solomos [40] suggest an engineering approach for blast
loading calculation on the basis of the most popular scientific literature. Moreover,
they furnish some practical examples useful to understand how to estimate this type

5The drag coefficient is the ratio between two energy items. One corresponds to the energy
required to overcome the drag forces at some definite velocity (numerator); the other corresponds
to the kinetic energy associated with that velocity (denominator).
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of loads. Also the report [41] broadly discusses on blast resistance of buildings and
glazed facades. In particular, it clarifies how to calculate a shock wave loading action;
it describes the material modeling of glass; it lists the principal testing methods; it
shows how to conduct finite element analyses.

Hazard Hazard rat- Definition

rat- ing descrip-

ing tion

A No break The glazing is observed not to fracture and there is no visible dam-

age to the glazing system.

B No hazard The glazing is observed to fracture but the inner, rear face leaf is
fully retained in the facility test frame or glazing system frame with
no breach and no material is lost from the interior surface. Outer
leaves from the attack face may be sacrificed and may fall or be

projected out.

C Minimal haz- The glazing is observed to fracture. Outer leaves from the attack
ard face may be sacrificed and may fall or be projected out. The in-
ner, rear face leaf shall be substantially retained, with the total

length of tears plus the total length of pullout from the edge of the

frame less than 50 % of the glazing sight perimeter. Also, there

are no more than three rateable perforations or indents anywhere

in the witness panel and any fragments on the floor between 1m

and 3m from the interior face of the specimen have a sum total

united dimension of 250 mm or less. Glazing dust and slivers are

not accounted for in the hazard rating. If by design intent there

is more than 50 % pullout but the glazing remains firmly anchored

by purpose-designed fittings, a rating of C (minimal hazard) may

be awarded, provided that the other fragment limitations are met.

The survival condition and anchoring provisions shall be described

in the test report.

D Very low haz-  The glazing is observed to fracture and significant parts are located
ard no further than 1 m behind the original location of the rear face.

Parts be projected any distance from the attack face towards the

blast source. Also, there are no more than three rateable perfora-

tions or indents anywhere in the witness panel, and any fragments

on the floor between 1 m and 3 m from the interior face of the spec-

imen have a sum total united dimension of 250 mm or less. Glazing

dust and slivers are not accounted for in the rating.
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E Low hazard

F High hazard

The glazing is observed to fracture, and glazing fragments or the
whole of the glazing fall between 1 m and 3m behind the interior
face of the specimen and not more than 0,5m above the floor at
the vertical witness panel. Also, there are 10 or fewer rateable
perforations in the area of the vertical witness panel higher than
0,5m above the floor and none of the perforations penetrate more

than 12 mm.

Glazing is observed to fracture and there are more than 10 rateable
perforations in the area of the vertical witness panel higher than
0,5m above the floor, or there are one or more perforations in
the same witness panel area with fragment penetration more than

12 mm.

Table 2.1: Hazard rating criteria for arena tests [8].

Classifica- Mean Mean com- Classifica- Mean Mean com-
tion code peak pression tion code peak pression
air-blast phase air-blast phase
pressure impulse pressure impulse
[kPa] [kPa- ms] [kPa] [kPa- ms]
EXV45(X) 30 180 SB1(X) 70 150
EXV33(X) 50 250 SB2(X) 110 200
EXV25(X) 80 380 SB3(X) 250 300
EXV19(X) 140 600 SB4(X) 800 500
EXV15(X) 250 850 SB5(X) 700 700
EXV12(X) 450 1200 SB6(X) 1600 1000
EXV10(X) 800 1600 SB7(X) 2800 1500
Table 2.2. Classification criteria for vehicle bombs (on left) and for hand-carried

satchel bombs (on right) [8].

A typical experimental set up, used for an open arena blast test, is shown in
Fig. 2.6. The targets are disposed along a circular trajectory, while the charge is
placed at the center. Glazing are fixed to cubicle and robust back structures made
of steel, whose design is imposed by standard to not affect the dynamic behavior of
samples. The test requires a planar ground surface and the absence of any obstacle
along the shock wave propagation, avoiding reflection or turbulence phenomena. In
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Fig. 2.6(a) we represent an explosive charge which lies on a frangible support. This
is needed to “fictitiously” reproduce the situation of a bomb carried by a vehicle:
the consequent shock front is supposed to be vertical. The measurement of the
pressure time history is performed by pressure gauges fixed on different blocks made
of concrete, that prevent spurious vibrations. All the blocks must respect specific
limitations in terms of distances and angles with samples, as reported in Fig. 2.6(b).
The different size of blocks, as well as their geometrical proportions, possibly lead to
several errors. For this reason, further calculations could be necessary to fix them.

pressure test )
gaugeblock1 cubicle1l /

O - -E;Q-.

e Aok
6\6‘3“6

: test
idistance2 ;  cubicle2

test :
i cubicle 3 4

> cubicle width
pressure

test gauge block 2

cubicle 4

Figure 2.6. Open arena set-up used to test blast resisting glazing [41]. (a)
Explosive charge in front of windows. (b) Schematic representation.

Alternatively, one can conduct experimental activity on glass plates by using a
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shock tube (see Fig. 2.7). It can generate the proper shock wave by means of an
explosive charge or, more simply, by means of compressed gas.

The first solution requires a tubular chamber characterized by a constant cross-
section, inside which an explosion occurs. Once the explosive detonates, the shock
front propagates along the tube forming a planar wave due to reflection phenomena
against the internal surface. If the shock tube is opened at the end, overpressure
drops and subsequent air-flow fluctuations produce the negative phase, interpreted
by Friedlander equation.

If the blast impulse is originated by compressed gas, the shock tube is composed
by two chambers separated by a steel diaphragm. They are filled with the same gas
at different pressures and, sometimes, there is a variable cross-section to favor the
expansion of gas. The shock front is created after the diaphragm rupture, which
makes the compression wave travel toward the chamber with lower pressure. Inside
the chambers, there are several reflection phenomena that must be managed by
employing, for example, controllable valves. The time dependent pressure assumes
a wave form similar to that of Friedlander equation and there exist numerical models
to predict it on the basis of shock tube performances [42]. For further explanations
we suggest to read the report [41]; a comparison of the existing blast tests can be
found in [43].

2.1.4 The effects of negative phase

The suction phase of a generic blast load is usually neglected by standards inherent
to glazing and windows. In fact, it is common to assume as linear the compression
phase, in order to perform a synthetic characterization through the peak overpressure
and the positive impulse. Here, the limitations of this approach are analyzed, by
highlighting the importance of the negative phase for a correct dynamic response.
Consider a glass panel loaded with a uniform distributed pressure over its surface.
The time dependent pressure is classified as EXV25 in accordance with norm ISO
16933:2007 [8]. The net action can be interpreted via Friedlander equation, where
the reflected peak pressure and the positive impulse are set as p, = 80kPa and
it = 380kPa-ms. Since this category of arena test must be performed with 100 kg
of TNT, we suppose Wrnt = (1.7-100) kg as equivalent mass of charge, by implicitly
accounting for a surface burst. Once the scaled distance is calculated as

R 25

7 = = = 4.51 kg/m'/? (2.15)
1/3 )
18 (L.71-100)1/3

it is possible to use relations (2.5)-(3.32) and obtain the initial peak overpressure
po = 35.40kPa, as well as the time positive duration T; = 12.7 - 1073s. For what
concerns the decay coefficient, we can solve the nonlinear equation
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Figure 2.7.  Shock tube facility denoted as "BlastStar" at Fraunhofer Ernst
Mach Institute: (a) Complete shock tube. (b) Glazed panel fractured by an
impulsive wave loading.

Td t _ﬂt 1 1
= 1= = e T dt =p,Ty|= — (1 —e” 2.16
i [Cn(ie g ) Fa—sml - ga-en| e
from which 5 = 0.95 is deduced. Possibly, one can first calculate the decay coefficient
(2.9) and then deduce the time positive duration. The results are similar and,
in absence of direct experimental evidence, both of procedures are assumed to be

analogous. The negative reflection coefficient depends on scaled distance (2.11),
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and it results ¢, = 1.80. In conclusion, the loading pressure curve is obtained with
relation (2.12). In the engineering practice, a simplified expression is often used: the
compression phase can be approximated with a triangular law and by neglecting the
subsequent suction phase. A new time positive duration Ty = 9.5 - 1072 s is needed
to equate the reflected positive impulses. So, for the case at hand, the linearized
pressure function reads

/
Gin(t) = ( Td) - (2.17)
0 t> 1y

Both of time histories are represented in Fig. 2.8.
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Figure 2.8. Time dependent pressure consequent to a reflected blast wave on plane
surface: Friedlander relation (blue) and its linearized form (red).

The linear impulse is reputed to be on the safe side, because suction phase ideally
counteracts the previous compression phase. However, this is not necessarily true for
a glazed panel subjected to an impulsive loading action, inasmuch the negative phase
can activate different vibration modes. Wei and Dharani [44] performed numerical
analyses on laminated glazing subjected to blast loading. They discover that mid-
span deflections associated to the negative phase could be as much as twice those
caused by the positive phase. To this purpose, Teich and Gebbeken [37] elaborated
a demarcation criteria for linear oscillating systems. Roughly, if inequality T,/T <
0.55e%926Z gubsists, the underpressure phase increases the maximum deflection. As
an alternative approach, one can formulate considerations based on the frequency
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domain. Take a simply supported squared glass plate, with size a x b X s =2 X 2 X
0.01m?, Young’s modulus E, = 70 - 10° Pa, Poisson’s ratio v = 0.22 and mass per
unit area g = (2500 - s) kg/m*. According to Kirchhoff-Love plate theory [45], the
modal frequencies can be calculated as

7 (m? n? E,s3
= (T ) | P 2.1
/ 2 < a? * b2> 12(1 — v2)p (2.18)

where m and n are the mode numbers. Now, observe the graph in Fig. 3.6, which
reports the Fourier transforms inherent to Friedlander’s load and its linear approx-
imation (previously introduced).
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Figure 2.9. Magnitude—frequency diagram corresponding to the Fourier trans-
forms of Friedlander equation (blue) its linearized form (red).

In the same figure, we represent also the first modal frequencies relative to the
glass panel (fi1, fi2, f22, fi3, f23), that intersect at different heights the functions.
For the frequency fi1, the Friedlander’s load presents a peak much higher than the
maximum level reached by the triangular impulse. This means that when linear ap-
proximation is used, frequency fi; is badly quantified within the dynamic response,
while higher modal frequencies risk to be overestimated. These discrepancies can di-
minish or increase according to the blast parameters adopted (the decay coefficient
above all). Correctly estimating the first frequency contribution is of paramount
importance, because the associated modal shape is supposed to be dominant and
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to maximize the work of loading pressure. For a quick comparison, different modal
shapes are indicated in Fig. 2.10, from which it is evident how higher modes result
to be less critical for the state of stress characterizing a plate.

(a) f11 = 12.30Hz (b) f12 = 30.75Hz (C) f22 = 59.03Hz

Figure 2.10. First modes of vibration for a simply supported 2 x 2m? square glass
plate with thickness s = 10 mm, and corresponding natural frequencies.

Teich et al. [46] studied the role of negative phase about a loaded cable-net
facade, whose dynamic behavior is geometrically nonlinear. Although there is not a
pronounced influence, for low level blast threats (such as [ISO EXV45), the negative
phase often determines the maximum absolute deflection. Rigby et al. [47] sum-
marize existing methods to calculate negative phase action; they provide numerical
examples showing the importance of its correct calculation.

In conclusion, the complete impulse provides a more precise and safe indication
about what is the load experienced by a glazed panel during an explosion. Hence it
will be used in the following chapters.

2.2 The pendulum test on glazed surfaces

Norms like the EN 12600 [2] have defined a standardized soft-body test, consisting
in a twin pneumatic tyre of mass 50 4= 0.1 kg, of the same type used for automotive
applications and inflated with a nominal internal pressure of 3.5 + 0.2 bar, hanging
from a rope so to form a pendulum. In the position at rest the rope is vertical
and the tyres just touch the glass panel. The impact test is done by dropping the
pendulum from a certain height and by verifying that the glass does not break or,
if it breaks, the fragments are not harmful. To fulfill this second requirement, glass
should be either tempered®, so that it breaks into little smooth pieces, or laminated

6In tempered glass, heating and rapid cooling induces a beneficial eigenstress. When glass is
broken, the stored strain energy is suddenly released and the glass breaks in little pieces, whose
size depends upon the level of tempering.
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with polymeric interlayers’, that retain the shards thanks to the polymer-to-glass
adhesion.

The technical procedure TRAV [48], followed by other recent normative proposals
[49], regulates the use of glass panes for various applications, especially barriers and
fagades, distinguished for the type of fixing devices (pointwise or continuous). There
has been considerable theoretical research on this subject in the last twenty years [50,
51, 52, 53, 54| but, despite this, the procedure to assess the glass capacity remains
essentially experimental. This implies some difficulties. First of all, the procedure
has a cost for the experiments. Secondly, in the case of a complex underlying load-
bearing structure, it is difficult to simulate in-lab, on a reduced-scale mock-up, the
real boundary conditions of the plate by connecting it to a frame via springs and,
possibly, dashpots. If the test is done on the real structure it is very unpleasant,
if the result is negative, to re-design and substitute the glazing once it has been
already installed. Therefore, there is a motivated need for a predictive theoretical
tool able to reproduce, analytically and/or numerically, the results of the impact
pendulum test.

Noteworthy theoretical and experimental work has been conducted in the area
of contact dynamics in the past decades, to define consistent models for low-speed
impacts. The most used is the “contact force” approach, where the contact action is
defined as a function of time. It is then possible to use standard finite element (FE)
software to analyze, in the equivalent static regime, the state of stress in the glass
panel and, hence, predict failure, modulo the assessment of the effective value of
the glass strength under impulsive (short duration) actions [55]. In the “compliant
contact force model”, the contact force between two objects is explicitly defined as
a continuous function of the local deformation and its rate. Since the pioneering
work by Hertz [56], many authors have developed the normal force in the context
of quasi-static contact analysis of elastic bodies. The nonlinear viscoelastic contact
force model by Hunt and Crossley [57] has been experimentally validated [58] and
it is now currently used in multibody dynamics. Models of this kind usually assume
that the deformation of the impinging bodies can be modeled with a nonlinear
contact spring, so that the problem can be reduced to a two degree of freedom (2-
DoF) system, composed of rigid masses joined by non-linear springs and viscoelastic
elements.

However, the soft-body impact test on glazed surfaces is quite peculiar for a
number of reasons. First of all, the glass panel is a slender plate whose (nonlinear)
vibrations may interact with the impacting body. A computational technique for
modeling impacts on laminated panels, while considering the glass breakage phase,

"Laminated glass is a sandwich structure where glass plies are permanently coupled with poly-
meric interlayers with a process at high temperature and pressure in autoclave.

27



2 — The modeling of impulsive actions

was implemented in [59] by using an explicit FE solver. A simplified numerical
model based upon the Rayleigh-Ritz method, employing the Ritz vectors associated
with the deformation under fundamental static load cases, was proposed in [60], but
nonlinear geometric (membrane) effects in the glass were not considered appropri-
ately. A simplified model for easy engineering verification was presented in [53] by
using equivalent static loads derived from a 2-DoF model, and compared with more
sophisticated numerical methods of analysis. More important, one should recall
that the impactor, in order to reproduce the consistency of a human body, is made
with commercial pneumatic tyres, whose mechanical properties are uncertain. The
procedure proposed in [54] to characterize the soft impact in terms of total impulse,
duration and maximum acceleration, has indicated a wide dispersion of results, also
when using the same testing equipment. The careful experimental measurements of
[61] have demonstrated that the energy loss during the impact is produced during
the contact stage due to the deformation of the tyres and the glass plate, a finding
that indicates the crucial role of damping for the coupled system.

More in general, since impactor is much softer than glass, the contact area can
substantially vary during the impact, on the contrary to what happens with rigid
impactors or projectiles [62]. This results in a free-boundary problem, where the
size and form of the contact area needed to be determined. Indeed this effect is of
paramount importance, because the form and the size of the region on which the
contact force is distributed can considerably affect the state of stress in a plate [63].
Schneider et al. [51] performed a series of tests with the standardized impacting
pendulum, by defining a model in which the stiffness of the tyre is schematized
as a simple linear spring, and carefully considering the evolution in time of the
imprint. By assuming that the tyre pressure does not vary during the impact, they
proposed a FE model of the impactor as a set of volume elements implemented in
ANSYS, which simulates a homothetic enlarging imprint of elliptical shape as the
contact force increases. This model was simplified in the problem of a concentrated
mass (the tyre) connected to a plate (the glass panel) through a spring, and the
role of aforementioned solid model was to proportionate the contact area. To our
knowledge, a similar-in-type analysis is the base for an element available in the
library of the software SJ Mepla, commonly used nowadays for structural glass
design. However, the explanatory documentation for SJ Mepla [64] does not mention
specifically what types of elements are used in the numerical simulations; moreover,
no dissipation is considered by the software and the possibility of multiple impacts
due to the bouncing of the pendulum is ruled out. What is more, SJ Mepla allows
to consider only one glass panel, either isolated or framed, so that the deformability
of the rear load-bearing structure can only be simulated through elastic constrains.

In order to develop a rational and practical engineering design method, it is
important to propose ready-to-use analytical models, which allow to understand
which are the effects and their real importance. On the other hand, it would be
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useful to define a FE contact model that could be implemented in a wide range of
commercial software for structural analysis. A software of this kind is usually based
upon the assembly of beams, which are the elements of most practical use. More
sophisticated multi-purpose software, like ABAQUS or ANSYS, can handle unilateral
contacts using ad hoc elements, albeit at the price of a noteworthy computational
effort, but such softwares are not commonly available in design companies and, in
any case, their use within complex framed structures is time consuming in the input
procedure.

Here, through a simplification a la Rayleigh that permits to consider an effective
equivalent stiffness and inertia for a glass panel, we start with a simplified analy-
sis where the problem of the impacting pendulum is reduced to a 2-DoF damped
system. Apart from the nonlinearities consequent to the assumed unilateral contact
of the springs, this model has been already used by many authors [53, 54], but it
is used here to recognize explicitly that there are cases of practical importance for
which the inertia of plate can be neglected. In cases of this kind, the problem can
be solved with energetic considerations, accounting for the geometric nonlinearities
of the plate [63] in a very rapid and ready-to-use way. A simple analytical test is
then proposed to recognize which are the cases for which such an energetic method
is accurate. As a second step, we develop a contact FE model, consisting of non-
linear beam elements, and we implement it in the commercial software Straus?,
commonly used for structural analysis. Comparisons with the experiments recorded
in [65] and results obtainable with SJ Mepla and ABAQUS, confirm the accuracy of
the proposed FE tool, whose greatest advantage is that it can be interfaced with
complex structural models, as illustrated in paradigmatic examples. Although only
monolithic glass plates have been considered here, by using the concept of effective
thickness [66], all the presented methods could in principle be used also for lam-
inated glass, possibly accounting for the post-glass breakage phase [67, 68]. The
content follows [69].

2.2.1 The 2-DoF lumped element model

The dynamic problem of an impacting twin-tyre pendulum [2] is first schematized
with the simplest 2-DoF system. The model is similar to that proposed in [51, 53],
but it differs from that because we consider unilateral contact and dissipation, whose
importance has been evidenced in [61]. This model is here used to recognize the
importance of the various contributions which govern the phenomenon in terms of
inertia, damping and elasticity.

In the linear case, the dynamic response of the glass panel can be reduced to
that of a harmonic oscillator with Rayleigh’s method [70]. We consider the glass
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as a plate, simply supported on the four sides®, and we place the origin of our
reference system at one of its corners, with axes parallel to the borders. The out-of-
plane displacement field w(x,y,t) is defined through the shape function ¢ (z,y) =
sin(mz/a) sin(my/b), which respects the boundary conditions of the plate, in the
form

w(x7y7t> - w(xay)ép(t)7 (219)
where d,(t) is the displacement at the center of panel. The selected shape function
is in agreement with the first vibration mode of the plate, but it rules out the higher
modes. The forthcoming comparisons with FE analyses confirm that the approxi-
mation made in (2.19) can provide good results, but this may be consequent to the
fact that, in all the considered cases, the impact occurs in the central area of plate.
We expect that when the impact is eccentric, also higher modes of vibration may
become involved and, therefore, the simple 2-DoF approach should be considered
with care.

For what concerns the inertial properties, if p is the mass per unit volume and
a x b x s the dimensions of panel, the effective mass m,, reads

a b
my = ps/o /0 U(z,y)? dedy. (2.20)

By denoting with E, the Young’s modulus, v the Poisson’s ratio of glass and D =
E,s*/12(1 — v?) the flexural rigidity of the plate, the effective stiffness k, takes the
form

Pola,y) | Pe(ry)]”
o _D//[ Ox? Jy? ]

*P(z,y) ®P(x,y)  (P(x,y)\’
—2(1 - V)[ 52 o ( 920y ) ] drxdy. (2.21)

The impacting tyres are schematized as a simple pendulum hinged at the top with
a rope of length r. The mass of the tyres m; = 50 kg is set according to standards [2].
The deformability of the tyres during impact is modeled with a spring of stiffness
ki = 400kN/m as in [51].

8The way in which the plate is supported at its borders strongly influences the actual dynamic
response. For this reason, the standard [2] carefully specifies how to clamp the panel along its
perimeter. The geometry of the clamping frame is prescribed as well as the presence of specific
rubber strips on the edges of the panel to increase adherence. The inner part of the clamping frame
shall be rigidly connected to the experimental apparatus, in such a way that it can withstand the
transmitted forces with negligible displacements.
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As shown in Fig. 2.11, the Lagrangian coordinate adopted to describe the mo-
tion of pendulum is the angle ,(¢), that the stretched rope forms with the vertical
direction. In general, we will suppose that the first impact occurs at ¢ = 0, which
corresponds to the initial condition ,(0) = 0. Experience suggests that, after the
first impact, the displacement of the plate d,(¢), and also the corresponding dis-
placement of the tyre §,(t), are small with respect to r. Consequently, for ¢ > 0 one
can assume that 6, < 1, so sin 6;(t) = 0,(t), and 6;(t) = r6,(t). This implies that the
vertical component of tyres displacement is neglected. If A is the drop height and ¢
indicates the gravitational acceleration, the second initial condition can be found by

1 .
equating the potential energy with the kinetic energy, i.e., m;gh = §mt§t(0)2 which

provides 6,(0) = /2gh/r.

Cp [ONINO)

Figure 2.11.  Simplified 2-DoF system. The panel is schematized as a har-
monic oscillator with effective mass m,, stiffness k,, damping coefficient ¢, and
degree of freedom 6,(t). The impacting twin-tyre is a simple pendulum with
mass my and length r, with added stiffness k;, damping coefficient ¢; and degree
of freedom 0; = rsin 0;(t) ~ r 64(t).

The 2-DoF system has been studied in both the damped and the undamped
configuration, where the viscous dampers are located as in Fig. 2.11. The damping
coefficient for the tyre pendulum system ¢; is assumed within the range 5-10% of the

critical damping value ¢, = 2myy/g/r. For what concerns the damping coefficient

for the panel c,, this is assumed to be 0.1-5% of the critical value c., = 2\/m,k,.
Two systems of equations are used to solve the impact problem, one for the coupled
and the other for the uncoupled system. According to the sign convention adopted,
the coupled system is characterized by the condition 6,(t) — 0,(t) > 0 (the tyres
remain attached to the glass plate) and the motion is obtained by solving a system
of two differential equation, whose initial conditions are 6,(0) = 9,(0) = 6,(0) = 0
and 0,(0) = \/2gh/r. The equations of motion take the classical form
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mpgp + cp5p + ct(5p — rét) + ko, + ki(6, — 76;) = 0, (2.22a)
myrly, + ¢, (16, — 0,) + ky (10, — 6,) = 0. (2.22Dh)

The uncoupled problem is associated with the event 0,(t) — d:(¢) < 0, when the
pendulum detaches from the panel. Now the governing equations are that of a
harmonic oscillator for the glass panel, i.e., mpgp + cp5p + ky0, = 0, and that of a
simple pendulum for the tyre, i.e., 6,7 + g6, = 0. The complete motion is found by
solving one of the system of equations according to the condition 6,(t) — d:(¢) > 0
or 0,(t) — 0(t) < 0.

The results from this simple approach are compared with the findings of the
experimental campaign of [65], for a panel of size ¢ = 876 mm, b = 1938 mm and
s = 10 mm, impacted at the center by a soft-body with a drop height h = 450 mm.
We set = b and, for what concerns the glass, we take £, = 70000 MPa, v = 0.22 and
p = 2500kg/ m®. We consider both undamped and damped systems, by assuming
for the latter case ¢, = 0.05¢., and ¢; = 0.1 ¢

Fig. 2.12(a) compares the accelerations of tyres &, 4(t) and 0 ,q(t), obtained with
the damped and the undamped model respectively, with the experimental results
d;(t) [65]. The corresponding values for the acceleration at the central point of
glass panel®, i.e., &, 4(t), d,na(t) and d,.(t), are shown in Fig. 2.12(b). Remarkably,
despite the simplicity of the approach, the shape of the graphs is in qualitative
agreement with the experiments. The corresponding errors are summarized in Table
2.3, from which it is clear that the damped model fits the experiments better than
the undamped model. The instant in which the tyre detaches from the panel is
clearly recognizable from the graphs at ¢ ~ 0.04 = 0.05s.

Experimental Damped 2- Undamped Error in Error in
data DoF model 2-DoF damped undamped
model model [%]  model [%]
o:(t) [m/s?] 196.40 216.63 228.21 10.30 16.20
£, - 103 1.61 1.80 1.83 11.80 13.66
g, 10° 1.10 1.12 1.15 1.82 4.55

Table 2.3.  Pendulum test with drop height h = 450 mm on 876 x 1938 x 10 mm?
glass panels. Comparison of maximum tyre acceleration &;(¢) and maximum strains
ez and g, at panel center, from the experimental data of [65] and the analytical
results obtained from the modified Rayleigh’s approach.

In the tests of [65], the accelerometer is not exactly placed at the center of glass panel; hence,
we have re-scaled the experimental results according to the shape function ¥ (x,y).
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Figure 2.12. Pendulum test with drop height h = 450 mm on 876 x 1938 x 10 mm?
glass panels. (a) Acceleration of the tyre experimentally measured 5}76(15) and cal-
culated with the damped d; 4(¢) and undamped models d; ,4(t). (b) Corresponding
values for the accelerations at the panel center 0, (t), 6, 4(t) and d, na(t).

Rayleigh’s method is in general accurate for displacements but not for stresses.
This is because the actual local curvature of the deformed surface, from which the
state of stress depends, may be not accurately catched by the assumed shape func-
tion because of the load concentrated on the contact surface. To overcome this
difficulty, we propose a “post-processing calculation”, here referred to as the modi-
fied Rayleigh’s approach. By assuming that the gross time dependent displacement
in both tyres and panel are well estimated through Rayleigh’s method, we can de-
termine the maximum contact force through the properties of tyres, here modeled
by the stiffness k; and the damping ¢;. From this, it is possible to directly calculate
the state of stress in glass by smearing such force on the imprint area. The glass
panel is also subjected to the inertial forces, which depend upon the acceleration of
the corresponding points of the plate. We assume that such forces can be estimated
through the second derivative of the out-of-plane displacement (2.19) with respect
to time, established through Rayleigh’s approach. The actual deformation will differ
from the aforementioned estimation essentially because of the load concentrated on
the imprint; but, the greatest difference are certainly in terms of local curvature,
which affects the state of stress, and not in terms of absolute displacement, which
is associated with the inertial forces. In conclusion, we consider the plate loaded by
the contact forces transmitted by tyres and inertial forces, calculated as indicated
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before. The corresponding state of stress can be determined either analytically, in
series expansions, or numerically.

It is convenient, for the forthcoming considerations to distinguish, in the dis-
placement field of the panel, the parts associated with the inertial forces and the
contact forces. Observe that such fields are not those obtained with the shape func-
tion used in the Rayleigh’s method, although they are determined a posteriori by
using the results of such method.

The inertial contribution w;(z,y,t) can be directly computed [71] and it reads

wi(w,y,t) = 7T4D<pf5',,(t)1 )2 sin Cf) sin (”;’) . (2.23)

2 p

For what concerns the contribution of the contact forces, here called w(x,y,1),
we assume that it can be approximately calculated by considering the pressure of
tyres p exerted on a time dependent square of area A(t). The centroid of this
area has coordinates (£,1) = (a/2,b/2) and it is delimitated by four edges, of size

u(t) = 4/A(t), parallel to the borders. The spring force Fy(t) from the impactor, the

force transmitted by the damper F.(t) and the tyres print A(t), assuming a constant
tyres pressure p = 3.5 bar, can be calculated as

Fult) = [5,() — 8u(0)] k. (2.240)
Fu(t) = [8,(t) = 8u(0)]e (2.24b)
A(t) = [Fy(t) + Fu(t)]/p. (2.24c)

Hence, the corresponding displacement field is estimated by summing up the leading
terms of the series [71]

where

1 t t
Ay, = O sin mm sin| 1) - sin mu(t) sin nru(t) . (2.26)
m2mn a b 2a 2b
Therefore, the (post-processed) displacement field of the panel w,(z,y,t) results to
be
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wy(x,y,t) = w;(z,y,t) + we(x,y,1), (2.27)

from which the strains on the plate surface read

s Ow?(x,y,t)

_ ST 2.2
YT g2 (2:28a)
s Owp(x,y,t)

oy (2.28D)

Ey =

The strains at the center of panel, obtained from the undamped (e, 4 and 5y,nd)
and the damped model (e, 4 and ¢,4), are compared in Fig. 2.13 with the exper-
imental measures of Pacios et al. [65] (¢, and €,.). The peak of the curves is
reached approximately at the same time and the shape is qualitatively similar. The
differences between the peak values are recorded in Table 2.3. The very simple
analytical model seems accurate enough, especially when damping is considered®.
The errors in terms of strains are of the order of 10%, but it should be observed
that this is a [inear analysis, which neglects second order geometric effects in the
plate (membrane stress). We will show in the sequel how the second order effects
can be taken into account to improve the accuracy. In any case, if the strains were
directly calculated by using the out-of-plane displacement (2.19), i.e., without using
the modified Rayleigh’s approach, the errors would be higher than 30%.

The level of approximation that can be obtained by using the simple 2-DoF
approach may not appear particularly high, but one should also consider that the
testing apparatus itself carries a noteworthy degree of uncertainty'!. Hence, one
cannot expect to reproduce, with the utmost accuracy, the results of experimental
tests by using a simple numerical model, where all the variables that govern the
complex dynamic response are combined into one parameter k;. This represents
the equivalent stiffness of the twin-tyre pendulum and, implicitly, can also take into
account, albeit partially, the compliance of the plate supports. We have performed a
sensitivity analysis for the parameter k;, which represents the only variable quantity.
The mass of the impactor, as well as the mechanical properties of the plate, should
be assumed to be deterministic, because they are affected by a much lower level

10These experiments consider monolithic glass only, but we infer that the viscoelasticity of the
polymeric interlayer may render the damping effect even more important in the case of laminated
glass, as indicated by other studies [52, 72, 73].

"The tyres mentioned in [2] are commercial tyres, not any more under production, so that
laboratories sometimes are forced to use other types of tyres. Moreover, the stiffness of rubber
varies with aging and temperature. In addition, the vibrations may be strongly affected if the
clamping frame of the glass plate is not rigidly connected to a fixed support.
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Figure 2.13. Pendulum test with drop height A = 450 mm on 876 x 1938 x 10 mm?
glass panel. Experimentally-measured strains at the panel center (e, and &)
compared with the predictions from (a) the undamped model (4 4 and €, nq) and
(b) the damped model (5 q and €, 4).

of uncertainty. From this analysis, it is clear that the acceleration and the strains
increase as k; becomes higher with respect to the considered value k;, = 400 kN /m,
whereas a lower value allows to better estimate the strains, in particular the maxi-
mum value of ,, but not the accelerations. In general, by using k; = 400kN/m, as
indicated in [51], a good compromise is achieved.

2.2.2 Energetic approach

We present an energetic approach that implies considerable simplifications at the
price of neglecting some contributions during the analysis. In particular, we will
show that when the inertia of panel is negligible, a straightforward calculation allows
to accurately determine the state of stress taking into account second order effects.

Energetic approach with nonlinear analysis

The analysis through the modified Rayleigh’s approach of Section 2.2.1 permits to
distinguish the contribution in terms of strain associated with the inertial forces
(€1,i5 £4,4) and the contact forces from the tyres print (¢, f, €, 7). The corresponding
values from the damped model are separately plotted in Fig. 2.14 together with
their sum (e,, €,). What should be noticed is that the peak values are determined
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by the sole part due to the contact force, being the inertial contribution of secondary
importance. Indeed, the effective mass of the panel (2.20) is quite small, because in
a simply supported plate the displacement in proximity of the constrained edges is
limited.

e-10°
2,,

0 002 004 006 003 0.1

¢ [s]
Ex Exi Ea,f
—E— Egy Eyi--—-Cyf

Figure 2.14. Decomposition of the strains (e, €,) in the part due to the
inertia of the panel (e,, €4,) and those associated with the contact forces
from the tyre print (g4 ¢, €y ¢).

The analysis of the 2-DoF system of Fig. 2.11 can be greatly simplified in the
limit m,, — 0. The resulting scheme is reported in Fig. 2.15, composed by the single
mass of tyres my;, the stiffness of panel £, and the stiffness of the impacting body £;.
The advantage of this schematization is that one can readily consider second order
bending effects in the plate through a nonlinear spring k,, as it will be shown later
on.

In problems of this type, the intrinsic damping of the glass plate is not expected
to play a decisive role in terms of peak values for stress and deflections, immediately
after the impact, since the impulsive character of the impinging action is such that
intrinsic viscous forces have not enough time to dissipate energy. However, when
considering the successive oscillations, the intrinsic viscosity of the glass plate should
be taken into account in addition to the viscosity of the tyres and of plate supports.
It has been discussed by Amabili [74, 75, 76] for the case of plates made of steel
that the intrinsic damping may have a nonlinear character, which becomes dominant
for sufficiently large amplitudes. In particular, experiments [74] have shown as the
damping coefficient may be more than six times larger than that corresponding to
infinitesimal vibrations when the amplitude is about twice the thickness of the plate.
Therefore, in order to reproduce the response in the long term after the impact,
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further experimental activity is required to assess the intrinsic damping coefficient
of glass and its possible nonlinear dependence upon the vibration amplitude, but
this is not the scope of the present work.

Figure 2.15.  The dynamic system obtained by neglecting the inertia of the plate,
composed by the tyres mass my, the plate stiffness k, and the tyres stiffness k;.

The effective value of k, may be estimated analytically but, more rapidly, by
using a standard FE geometric nonlinear analysis. It is important to observe that,
by considering average dimensions of plates and the tyres pressure p = 3.5 bar, the
resulting stiffness k, does not depend on the tyres print area A(t). To illustrate,
consider again the 876 x 1938 x 10 mm?® simply supported plate. Fig. 2.16 shows
the displacement at the center of panel as a function of the applied force F', either
concentrated in one point or distributed on a square area of size 100 x 100 mm? (as
obtained with the FE code Straus7 in a linear or geometric nonlinear analysis).
Although it is well known that results are very different in terms of stress (under
a concentrated force the stress grows unboundedly in a plate), the maximum dis-
placement is identical in practice. In fact, as already mentioned in Section 2.2.1,
the deformations are quite different in terms of local curvature, but not in terms
of global displacement. Therefore, the effective stiffness &, can be directly calcu-
lated with a numerical experiment, considering a plate under a concentrated force,
irrespectively of the imprint area on which the contact force is distributed.

Once the response of the nonlinear spring k, has been estimated through its
force vs displacement constitutive law F'(§), the model of Fig. 2.15 can be used
to get the correct dynamic response in terms of displacement. In particular, the
maximum force transmitted to the panel can be calculated from energy balance,
since the maximum value of the strain energy, in both k, and k, is certainly reached
when the mass m; is at rest, i.e. the kinetic energy is null. Hence, one can write
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Figure 2.16. Simply supported glass panel 876 x 1938 x 10 mm? under the force
F, either concentrated at he center or distributed on a 100 x 100 mm? square area.
Linear and geometric nonlinear analysis.

5
mgh = [ F(8)ds+ o [F(5)], (2.29)
0 2k
where 0* denotes the maximum displacement of the nonlinear spring k,. The second
term indicates the strain energy stored in the tyres, here modeled with a linear spring
k;, but of course one could consider nonlinear effects also in this contribution. From
(2.29) one can find the value of 6* and, consequently, the contact force F(6*). In
order to determine the state of stress in the panel, one calculates'? the print area
A(6*) = F(6*)/p by setting p = 3.5bar and then performs, a posteriori, a standard
FE analysis to obtain the state of stress. In conclusion, one considers the model of
Fig. 2.15 to calculate the displacement, and post-processes the data to obtain the

state of stress.

12The inflation pressure may slightly vary during the impact, but its variation is a second order
quantity and it is certainly negligible if the tyre is compliant. This is a general assumption reported
in textbooks on transportation technology [77].
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For the same case of Section 2.2.1, with m; = 50kg, k; = 400kN/m and the
constitutive law F'(d) derived from Fig. 2.16, we achieve the results summarized in
Table 2.4. Here, we also show the values obtained in a nonlinear dynamic analysis
with the software SJ Mepla. The maximum errors for the stresses o, and o, as well
as the maximum displacement d,, remain within the order of 3%.

Energetic SJ Mepla: Error [%]
Approach: dynamic
nonlinear nonlinear
analysis analysis
dp [m] 0.0171 0.0176 2.84
o, [MPa] 134.7 131.1 2.75
o, [MPa] 104.9 105.0 0.01

Table 2.4. Pendulum test with drop height A = 450 mm on 876 x 1938 x 10 mm?3
glass panels. Maximum stresses o,, 0, and displacement 6,. Results from the
nonlinear energetic balance and from SJ Mepla dynamic nonlinear analysis.

Energetic approach with linear analysis

The energetic approach simplifies in the linear case to reach formulas in closed form,
whose main advantage is that they can be readily implemented and solved. By doing
so, the energetic balance (2.29) reads

1 1 F?
where
AF co 0o
()= S S 231

1
m=1n=1 m2 TL2 2
PR

is the displacement at the plate center due to a concentrated force F' here applied.
If we substitute the relation (2.31) in the equivalence (2.30), we obtain

1 4 0o o m2 n2 —27-1/2

m=1n=1
Once the applied force is known, it is possible to calculate the print area A =
F/p, which is supposed to be a square of side u = /A as before (other forms
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can be similarly considered). Then, we can calculate a posteriori the displacement
field of the plate thanks to the relations (2.25)-(2.26) and, through the constitutive
equations for the glass plate, we evaluate the maximum stress in terms of o, and o,
at the center.

The results obtainable with this approach are again checked for the simply sup-
ported panel 876 x 1938 x 10 mm?. Table 2.5 shows a comparison with those derived
from a FE linear static analysis where, once the impacting force (2.32) is calculated,
the solution is found via Straus7 by smearing F on a square of side u = v/A. In
the same table we also report the results obtained with a dynamic linear analysis
in SJ Mepla. The errors remain very limited in all the comparisons, confirming the
accuracy of the method. In general, the energetic approach in the linear analysis
does not require any FE modeling, and it can be easily implemented in elementary
computational tools (like an Excel worksheet) to provide ready-to-use results. The
differences between the nonlinear and the linear approaches can be appreciated from
the comparison between Table 2.4 and Table 2.5. Obviously the linear approach, by
neglecting the effects of the membrane stresses in the plate, provides conservative
results.

Energetic FE: linear SJ Mepla: Error - En- FError - En-

Approach:  static anal- dynamic ergetic (lin- ergetic (lin-
linear anal- ysis linear anal- ear) vs FE ear) vs SJ
ysis ysis (%] Mepla [%)]

5,(t)[m]  0.0196 0.0196 0.0205 0.00 4.59

o, [MPa] 146.6 146.2 142.8 0.27 2.66

o, [MPa] 113.0 112.0 109.4 0.89 3.29

Table 2.5. Pendulum test with drop height h = 450 mm on 876 x 1938 x
10mm? glass panels. Maximum stresses o, oy and out-of-plane displacement
dp. Comparison between the linear energetic approach and numerical results
obtained via Straus7 and SJ Mepla.

2.2.3 Case study

The software SJ Mepla allows to calculate the dynamic response of isolated glass
units under impact loading, both in the linear and in nonlinear case, but considering
one single plate represents a limitation. In order to analyze complex real structures
[78], we propose a contact model that can be implemented in most of commercial
codes for structural analysis.
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The contact box tool

The main problem consists in modeling the tyres and consequently modifying in
time their contact area. The twin-tyre pendulum is modeled as a point with mass
m; = b0kg, attached to a pendulum, with drop height h, which impacts the glass
plate with velocity v/2¢gh at time ¢t = 0s. The mass is attached to a hanging wire
of length r, that can be reproduced with a beam element hinged at the top or,
equivalently, by connecting the mass m; to a spring of stiffness k& = m,g/r, which
equals the restoring force of the pendulum under the hypothesis of small oscillations.
If just the first impact needs to be considered, one can set k£ = 0.

According to the scheme of Fig. 2.17, the mass m; is connected to the spring
of stiffness k = myg/r, on one side, and to the spring k, = 400kN/m [51], on the
other side, which simulates the intrinsic stiffness of the tyres. The spring k; is in
turn attached to a system referred to as the “contact box”, consisting of a mass
free rigid plane further connected to the glass plate by a system of beam elements.
The function of the contact box is to transmit a constant pressure p on the glass
panel by acting on an elliptically shaped region, which homothetically increases as
the resultant of the contact force increases, and vice versa.

As indicated in Fig. 2.17(c), the glass panel is meshed with rectangular shell
elements and, for the case at hand, the maximum contact zone is assumed to be
200 x 200 mm?, corresponding to the area where the contact box is located. Within
the contact box, each node of the plate is connected with the specular point on the
rigid plate through two beams placed in series, one referred to as the “gap-beam”
and the other one as the “connection-beam”. The connection-beam is fixed at one
end to the node on the glass plate, whereas the other end is joined to the gap-beam,
which is linked to the specular point on the rigid plane. The two beams have, in
total, a height of 2mm in order to minimize the interference with the deformation
of the plate. The gap-beam provides a unilateral contact because its axial stiffness
is null (inactive element) if the relative displacement of its ends (considered positive
if it corresponds to elongation) is not lower than —dg,, (where dgp,, is the gap); it
becomes infinite otherwise (active element). The gap varies from beam to beam
according to the paraboloid surface shown in Fig. 2.17(a) so that, as the rigid
plane is pushed against the glass panel, the active gap-beams lay within an elliptical
region, evidenced in red colour in Fig. 2.17(b).

Obviously, each connection-beam becomes active if and only if the gap-beam to
which it is connected is active. The connection-beams are rigid-plastic, i.e. they
transmit a constant axial force, which is set equal to pA;, where p = 3.5 bar and A;
is its area of influence on the plate. Three types of connection-beams are used in the
model at hand, corresponding to 3 different influence areas of 2500 mm?, 1250 mm?
and 625 mm?, according to the size of the mesh used for the plate at the connection
point. In conclusion, the system composed by gap and connection-beam in series
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works only under compression, when the tyres push the plate beyond the gap dgap;
otherwise it does not offer any constraint and, when all the elements within the
contact box are inactive, the mass m; is detached from the plate. The restoring
force of the pendulum is modeled through the spring of stiffness k = m;g/r, which
connects m; to a fixed point: this allows for the possibility of multiple bumps.
It is also possible, with no complication, to insert a damping element to consider
dissipation effects, but this is not done here.

————————connection beam
——gap beam
rigid plane

7 glass pannel
T continous simply support
| contact box tool
| tyre spring
[ point mass
1\ pendulum spring

|

contact area
active connection

non active connection
rigid plane

()

(b)

Figure 2.17. Schematics of the contact box. (a) Section of the paraboloid
profile for the gaps dgap. (b) Representation of the connecting beams with
the resulting elliptical contact print area that collects the active elements. (c)
Assembly of the contact box with the glass plate and the mass of tyres m; via
the spring k;. On the other side, the mass m; is connected through the spring
k = m.g/r to a fixed point.

All the elements of the contact box are available in the library of commercial
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software for structural analysis including Straus?7, here used for this analysis. This
tool represents an advancement with respect to the SJ Mepla software that, to the
best of our knowledge, does not consider dissipation and takes into account only the
first impact between the pendulum and the panel, ruling out multiple bumps. More
important, now it is possible to consider a whole complex structure and apply the
contact box at those elements where the impact test needs to be simulated.

Examples of applicability

The standards DIN 18008-4 [78] and TRAV [48] prescribe to verify the compliance of
glass with different impacting energy, defined by the drop height A for the structural
categories A, B and C, as indicated in Table 2.6. The linearly supported glazing or
point fixed glazing are classified in category A; the glass barriers fixed below, where
the singles panes are linked by a continuous handrail, are in category B; the linearly
supported glazing or point fixed glazing on which it is not required to carry any
horizontal imposed loads at the fixed height, are in category C.

Category A Category B Category C

Drop height A 900 700 450
[mm]

Table 2.6. Drop height required for soft body impact test for various categories
according to DIN 18008-4 [78] and TRAV [48].

As an example, we consider a structural glazing in category A. The tyres with
drop height A~ = 900 mm, corresponding to an initial velocity v; = 4202.14 mm/s,
impact in the middle of a monolithic glass plate simply supported on the four edges.
In Table 2.7, the values of maximum stress o, and maximum displacement 0,,.,
are recorded for panels of different size, as calculated with the transient nonlinear
dynamic solver implemented in Straus7 by using the contact box tool. These are
compared with the results provided by the nonlinear dynamic analysis executed on
SJ Mepla. The differences are in general very small, and can be attributed to the
different-in-type numerical solvers, as well as to the different mesh generated by the
programs.

It is interesting to apply, for the same cases, the nonlinear energetic approach of
Section 2.2.2. An analysis similar to that used for the graph in Fig. 2.16 indicates
how the overall stiffness of glass panels is independent of the imprint contact area.
In Table 2.7 we also record the results obtained with the energetic approach, which
show a good agreement with the previous ones at least for the 1000 x 2000 x 10 mm?
and the 900 x 3100 x 12mm? panels, but overestimate both stress and displacement
for the largest panel.
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Panel size [mS] Omax [MPa} Omax [mm] Omax [Mpa] Omax [mm] Omax [MPa] Omax [mm} Omax [MP&] Omax [mm]
SJ SJ FE FE Ener- Ener- ABAQUS ABAQUS
Mepla: Mepla: model: model: getic getic
non- non- contact contact Ap- Ap-
linear linear box box proach: proach:
dynamic  dynamic non- non-
analysis analysis linear linear

analysis analysis

1x2x0.01 160.77 28.29 156.27 27.91 155.44 25.70 163.47 26.86
0.9x3.1x0.012 146.48 17.73 144.46 17.45 138.20 18.03 152.00 19.00
2.7 x5.2x0.01 108.88 48.53 110.34 47.43 121.57 65.50 105.01 52.04

Table 2.7. Monolithic glass panels of different size, simply support on the
four edges, impacted at the center by a pendulum with drop height 900 mm.
Comparison in terms of maximum stress op.x and displacement dy.x of the
results obtained with the contact-box tool implemented in Straus7 (nonlin-
ear dynamic analysis), with SJ Mepla (nonlinear dynamic analysis), with the
energetic non-linear approach and with ABAQUS.

For the sake of comparison, the same glass panels were modeled with ABAQUS and
the corresponding results are added in Table 2.7. Basically, ABAQUS can apply two
approaches to model the contact interaction: the penalty method or the kinematic
contact formulation. The first method is hard to use for the considered problem
because, under strong geometric nonlinearities, the penalty functional may become
non-convex in type, as theoretically discussed in [79]. The kinematic contact for-
mulation, used here, achieves compliance with the contact conditions thanks to a
predictor /corrector method.

The impactor can be modeled at different levels of complexity. Pelfrene et al.
[80] attempted to reproduce the exact shape of the tyres and the presence of the
inflating gas in ABAQUS, whereas Schneider and Schula [81] considered in Ansys a
homogenous solid body with comparable properties. Indeed, as illustrated in Section
2.2.2, the kinetic energy of the impactor is converted into strain energy associated
with the inflexion of glass plate and the deformation of the impactor itself, besides
the dissipated part that is usually a second order quantity'®, or can be neglected
on the safe side. Since the actual distribution of the contact forces has a limited
effect on the deflection of glass plate, as demonstrated in Fig. 2.16, the deflection
is determined by the equivalent stiffness of the impactor, which is modeled by the
spring k; in the simplified approach of Section 2.2.1. On the other hand, the imprint
area and the distribution of contact forces, which are governed by the shape of the
impactor, have an effect on the distribution of stress in the plate.

Here, the impactor has been modeled by following the approach of [81]. Having

3During a real test, the dissipated energy can be estimated through the difference between the
initial drop height and height reached by the impactor after the first contact.
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2 — The modeling of impulsive actions

in mind the engineering practice in which the contact area between a tyre and the
road pavement is assumed to be circular [77] (despite the toroidal shape of tyre),
the impactor has been modeled as represented in Fig. 2.18. It is composed of
a soft quasi-hemispherical portion, connected on the flat part to a disk made of
a stiff material, which simulates the steel mass on which the tyres are mounted,
both modeled with four-node tetrahedral elastic elements. The radius of curvature
and the elastic properties of the portion that will be in contact with the plate
have been chosen in order to reproduce the expected size of the imprint area and
the expected strain energy stored in the tyres consequent to the impact. On one
hand, the more compliant the material and the higher the radius of curvature, the
larger is the contact area. This affects the maximum principal tensile stress in the
plate, but numerical experiments have shown that the variation is noteworthy only
if the impactor is either very hard or very soft: for reasonable choices of the elastic
parameters, the difference is mild. On the other hand, since a compliant body stores
more energy than an almost rigid body, the deflection of plate, which is only mildly
influenced by the size and shape of the impact surface, decreases as the stiffness
of the impactor body is decreased. Our conclusion is that the parameters that
govern the dynamic response of the plate are the stiffness of impactor and, to a less
extent, its shape. In the end, good results were obtained by assigning the geometry
represented in Fig. 2.18(a) by using F = 185 - 10 Pa as Young’s modulus and
v = 0.49 as Poisson’s ratio in the neo-Hookean characterization of finite elasticity.
The corresponding FE model is indicated in Fig. 2.18(b).

0.15

005 005__ 0.

(a) (b)

Figure 2.18. Model of the impactor implemented in ABAQUS: (a) Section (measures
in meters); (b) FE model as shown in ABAQUS viewer.

The glass panel has been modeled with four-node shell elements with a finer
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2 — The modeling of impulsive actions

mesh in proximity of impact area. During the motion, the impactor is constrained
to move along a line in the out-of-plane direction. At the initial instant t = Os,
the impactor is just about to get in touch with the plate at the assigned velocity,
which has been directly calculated from the imposed drop height. The FE assembly
is represented in Fig. 2.19.

Figure 2.19. FE model of the assembly of impactor and glass plate, as
shown in ABAQUS viewer.

Two images from the ABAQUS output fields are shown in Fig. 2.20. The deformed
configuration of the impactor, indicated in Fig. 2.20(a), provides a qualitative ap-
preciation of the contact process, which has been assumed to be frictionless. The
great distortion of the mesh may generate numerical problems for the solver: the
results of simulation need to be checked with care, for example by controlling that
the contact pressure and the size of contact area are the same for both the impactor
and the plate. Meshes of various size needed to be considered before reaching a
compromise between accuracy and computing time.

Various problems of numerical convergence were encountered during the simula-
tions, which discouraged us from attempting a more complex modeling like that of
[80]. Nevertheless, despite all the simplifications in the ABAQUS model, the results
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summarized in Table 2.7 show a good agreement with those obtained with the pro-
posed contact box tool, as well as with SJ Mepla, which is considered a reference
type of analysis. However, it should be mentioned that the com-
puting time with an i7 processor for an analysis with the contact box tool is of the
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FE simulation of the soft-body impact on a glass plate con-
tinuously supported at the edges. (a) Deformed shape of the impactor and
the plate at the instant of maximum deflection (displacement expressed in
Plot of the maximum tensile component on the glass plate at the
same instant (stress expressed in Pascal).



2 — The modeling of impulsive actions

order of a few minutes, whereas in ABAQUS it may take a few days to reach similar
results when using the aforementioned model. At this stage, we cannot estimate
what is the computation time to obtain accurate results if a complex model like
that of [80] is used instead.

For a further comparison, Table 2.8 records the results obtained with the modified
Rayleigh’s method for the 2-DoF system described in Section 2.2.1. It is interesting
to observe the effective mass of glass pane m,, calculated as per (2.20): this is
much less than the impacting mass m;, = 50kg for the first two panels, but it is
almost twice of that for the largest panel. Therefore, it is not surprising that the
nonlinear energetic approach, which neglects the inertial contribution, overestimates
stress and displacement for this latter case. Of course, in the modified Rayleigh’s
approach the geometric nonlinearity cannot be taken into account. If we compare
the results with those of Table 2.7, we observe that stress and displacement are
quite different, especially for the first and third panel, where the aspect ratio is
the highest. Indeed, when the deformation of panel is far from being cylindrical,
membrane effects become important.

Panel size [m)] Omax [IMPa]  Opmax [Mm] 0oy [MPa]  Opax [mm]  m,, [kg]
SJ Mepla: SJ Mepla: Modified  Modified
linear linear Rayleigh’s Rayleigh’s
dynamic dynamic method method
analysis analysis
1 x2x0.01 197.64 37.72 203.53 35.10 12.50
0.9 x 3.1 x0.012 153.85 19.92 163.28 16.70 20.93
2.7x52x0.01 12277 87.75 146.10 112.94 86.08

Table 2.8. Monolithic glass panels of different size, simply supported on the four
edges, impacted at the center by a pendulum with drop height 900 mm. Comparison
in terms of maximum stress omax and displacement dy,ax of results obtained with SJ
Mepla (linear dynamic analysis) and the 2-DoF analysis with Rayleigh’s method.

The examples just considered indicate that an energetic nonlinear analysis pro-
vides values on the safe side and the approximation is good only when the partici-
pating mass is much less than the mass of panel. Therefore, to check the accuracy
of this ready-to-use analysis, one should preliminary calculate the effective mass
by using (2.20), or its counterpart when the boundary conditions of the plate are
different, and control that this is substantially less than the impacting mass m;.

In any case, although the SJ Mepla software can examine the effects of three
different impact points as defined by DIN 18008-4 [78], the analysis is limited to one
panel with various boundary conditions. To illustrate the use of the contact box
tool in the analysis of complex structures as a whole, we consider the case study
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2 — The modeling of impulsive actions

represented in Fig. 2.21(a), which refers to a single cable supported facade.

The vertical supporting cables, of length L = 7.48 m and cross sectional area A =
1.54cm?, are fixed at the ends and pre-tensioned until reaching an axial load N =
15.9kN to increase their stiffness. The facade is composed of 20 glass units, dividing
the surface in columns of width 1.75m, 1,79m, 1.79m, 1.79m and 1.75m, and rows
of height 2.38m, 1.9m, 1.3m, 1.9m (from bottom to top). Each column of glass
units is supported by two cables placed in proximity of the borders, so that the
whole facade is supported by 10 cables. The glass units are fixed to the cables
by special point fixing devices, of the type described in [82, 83], which provide in
general a constraint statically equivalent to hinges at the four vertices, with the
two constraints at the panel top vertices allowing the relative displacement between
panel and cable in the direction of the cable to permit thermal movements. Any
two adjacent point-fixings on neighbouring panels, laying on adjacent cables, are
also linked together at each vertex to create a continuous load-bearing structure.
The fixation points are evidenced with marked dots in Fig. 2.21(a). A similar
design has been used for one of the fagades in the shopping mall Montefiore Conad
in Cesena, Italy [84]. We suppose that an accessible floor is present approximately
at mid-height of the fagade, so that it makes sense to consider a soft body impact,
with a drop height A~ = 0.9m, in the central panel. This is indicated in Fig. 2.21(b),
which also shows the mesh that is used for the numerical simulation. Each glass
panel, supposed of monolithic glass with thickness s = 16 mm, is modeled with shell
elements, and the mesh is refined where the contact box is applied. The nonlinear
transient dynamic analysis, executed in Straus7, provides the maximum out-of-
plane displacement field represented in Fig. 2.21(c), as well as the maximum tensile
stress in glass, shown in Fig. 2.21(d). The maximum displacement of the cables
and the corresponding maximal axial force are indicated in Fig. 2.21(e) and Fig.
2.21(f), respectively. Of course the software can provide the whole time history for
stress and displacement, but this picture refers to the instant where the peak stress
is reached in the panel.

It may be of interest, again, to compare the results just obtained with those
coming from the nonlinear energetic approach of Section 2.2.2. In this case, the
nonlinear stiffness of the panel, including the effect of the rear supporting structure,
is calculated with a FE model by applying an increasing concentrated force at the
impact point: also in this case the area of the imprint does not provide significant
variations in terms of calculated displacements. The state of stress is calculated a
posteriori as indicated above. By observing the results collected in Table 2.9, one
can notice that the energetic approach overestimates of about 60% the maximum
displacement: this is because this method does not consider the inertia contribution,
which can be substantial since the whole facade, supported by cables, is involved in
the motion. The same conclusion holds for the maximum tensile stress, for which
the energetic approach provides values approximately 50% higher than the Straus7
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Figure 2.21. Nonlinear transient dynamic analysis executed in Straus?7 for a single
cable supported facade. (a) Layout. (b) FE model with indication of the panel
under impact test. (c) Maximum out-of-plane displacement of the fagade. (d)
Maximum tensile stress in glass. (e) Displacement of the supporting cables. (f)
Tensile stress in the supporting cable.
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2 — The modeling of impulsive actions

analysis. Although the energetic approach is always on the safe side, the approxi-
mation is certainly not accurate.

Omax [IMPa] oy [mm] Omax [MPa] oy [mm]
FE model: FE model: Energetic Energetic
contact box contact box  Approach: Approach:

nonlinear nonlinear
analysis analysis
63.2 40.6 91.7 66.1

Table 2.9. The energetic approach applied with the nonlinear transient dynamic
analysis on Straus7 by using the contact box on the whole facade structure.

This example shows the potentiality of the proposed contact box tool in analyzing

the structure as a whole, providing a more comprehensive view of the impact test,
whose effect may not be well estimated if the analysis is limited to one single panel.
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Chapter 3

Laminated glass modeled via
fractional calculus

Glazed panels constitute the first level at which a bomb blast resisting facade, or
facade amenable to resist an impact, can be designed. In common architectural
applications, laminated glass is adopted with the purpose to reach an equivalent
ductility /load-bearing capacity in pre- and post-breakage phases. In practice, two
(or more) glass plies are bonded together thanks to thin polymeric layers: after a
high temperature process in autoclave, polymerization reactions produce a cohesive
coupling which makes the “sandwich” sound. The stiffness of such composite is
intermediate between two borderline cases: layered limit, with free-sliding plies;
monolithic limit, where no sliding occurs between the plies. This happens because
of the polymer’s viscoealstic behavior, whose role needs to be modeled and assessed
in structural theories for laminated glass.

A mathematical approach, alternative to the classical formulation of linear vis-
coelasticity, defines the constitutive laws in terms of differential equations involving
fractional derivatives of order «, with 0 < o < 1. In this way, relaxation and creep
functions are interpreted by means of power-laws rather than a series of exponen-
tials (i.e., Prony series). As a main advantage, only two experimental parameters
are necessary for the calibration of constitutive model.

This chapter is based on the sandwich beam model proposed in [85], that an-
alyzes how viscoelastic polymers affects the dynamic response of laminated beams
subjected to quasi-static loads. After a brief introduction about the experimen-
tal characterization of viscoelastic polymers, an analytical model for three-layered
beams is introduced and tested under impulsive loading conditions (the inertial con-
tribution is not negligible). Subsequently, through the same approach, an analytical
model for sandwich plates is proposed and tested.
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3 — Laminated glass modeled via fractional calculus

3.1 The viscoelastic properties of interlayers

The adhesive interlayers that bond the glass plies are usually made of viscoelastic
polymeric materials, exhibiting relaxation and creep behavior. It is very important
to determine their viscoelastic properties inasmuch they strongly affect the me-
chanical response of laminated glass especially under short-duration actions. Such
properties can be measured by experimental procedures, which are classified in two
main categories: static tests and dynamic tests. For what concerns static tests, the
strain rate (or alternatively the stress rate) is zero or moderate at most. During a
relaxation test, the strain remains constant over the time and the stress is read as
output in the form of relaxation curve; on the contrary, creep tests are performed
by imposing a constant stress in order to measure the time history in terms of strain
(creep curve). A dynamic test provides for a time dependent external action (e.g.,
a sinusoidal load) defined by means of magnitude and frequency. These tests are
carried out with dynamic mechanical analysers (DMA), which work in strain control
or stress control. Further details about the experimental procedures can be in found
in [86, 87].

In the bi-logarithmic stress-time plane, a typical relaxation curve R(t) is char-
acterized by two pseudo-linear branches connected by a transition curve, where the
stress suddenly decreases to an almost constant value. The time domain can be very
wide but, since a generic blast load presents a duration of the order T; ~ 0.01s, for
most commercial materials used as interlayers only the left hand side branch of such
curve is of importance. For practical reasons (inertia of the testing machine, feasi-
bility), the observation period is limited to an interval varying from a minimum of a
few seconds to a maximum of a few weeks. This period is “theoretically” extended
by using the Time-Temperature Superposition (T'TS) principle: a temperature vari-
ation produces a modification of the time scale during which the effects of viscosity
become visible. The model proposed by William, Landel and Ferry (WLF) [88] is
one of the most famous. It determines the time shift log(ay) as a function of the
current temperature 7 and a reference temperature 7, in the form

log(ar) = C;?g;___?%)) : (3.1)

where C and Cy are constants to be experimentally calibrated. According to the
TTS principle, R(t)|r = R(t/ar)|7; hence, in the plane log(R)-log(t), the graph
associated with 7y is shifted of the quantity —log(ay) with respect to that cor-
responding to 7. Several tests can be performed within the same reference time
interval at different temperatures, so that the curves are then shifted to find other
branches of the relaxation curve at the reference temperature 7,. This procedure
can be conceptualized as in Fig. 3.1: the curve obtained at 7; < To (T;r > To) is
left-shifted (right-shifted) in the bi-logarithmic stress-time plane.
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Figure 3.1. Time-Temperature Superposition (TTS) principle used to ob-
tain the relaxation function R = Ry (t) at the reference temperature 7y, by
shifting the experimental curves (continuous line) obtained at the tempera-
tures Ty < Tg and Tr; > To.

There are many types of polymers used in glazing applications, with different in
type responses, for which the transition zone is located at different temporal scales.
Our purpose is to determine the behavior of laminated glass under blast loads, whose
characteristic time scale is represented by the duration 7y in Friedlander equation
(see Chapter 2), of the order 1072s. Therefore, it is certainly sufficient to consider
only the left hand side branch in the time domain, where the relaxation curve R(t)
can be well approximated by a power law corresponding to a straight line in the bi-
logarithmic plane (see Fig. 3.2). This property is of paramount importance, because
it allows to extrapolate R(t), obtained from static tests, towards the very small time
scales required to accurately model the effects of a blast wave.

Dynamic tests could be used to directly estimate the viscoelastic properties for
times of the order of 107*s, but these are usually performed on the bare polymeric
material. This fact may produce noteworthy uncertainties, because the bonding
process of the glass plies to the polymeric interlayers, conducted at high temperature
and pressure in autoclave, may significantly modify the mechanical characteristics
of the pristine polymer. Static relaxation tests can be performed on laminated glass
packages [89], but it is impossible to directly observe the response at such short
times due to the limitation of experimental set-up. Therefore, the assumption of a
power law trend results to be the natural way in which the measurements on time
scales of the order 10°s can be extrapolated to the branch of interest on the left
hand side of the relaxation curve.
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Figure 3.2. Qualitative plot of a typical relaxation function R(t). The first branch
is fitted by a power law (straight line), which allows to analytically extrapolate the
values at time-scales of the same order of the blast duration Ty.

Said this, in order to illustrate the potentialities of the fractional modeling, ref-
erence is made to the careful experimental campaign conducted by Biolzi et al. [89]
on laminated glass joints with different interlayers. Fig. 3.3 shows a few relaxation
functions obtained by interpolating the measured points in quasi-static tests, dis-
tinguished by markers of different shape. For different environmental temperatures,
the graphs indicate the response before the transition branch of three polymeric
films commonly used in glazing applications: polyvinyl butyral (PVB), ionoplast
SentryGlas (SG) and high performance plasticized PVB (commercially known as
DG41 and denoted as DG). While by considering Ty = 0.01s as the representa-
tive duration of loading action, the domain of interest is evidenced by the rectangle
drawn in the same picture. The extrapolation from the experimental measures is
represented by the dashed branches of the lines.

According to the fractional characterization of viscoelasticity, recalled in the
Appendix A, an expression of the type (A.7) interprets a power law dependence of
the relaxation curve R(t) [MPa] on the time ¢ [s], i.e.,

Ca
I'(1—a)
where I'(+) is Euler’s Gamma function and C, is hence measured in [MPa s%]. The
coefficients a and C,,, corresponding to the materials considered in Fig. 3.3, are
collected in Table 3.1. In particular, the exponent « is provided by the slope of re-
laxation function in bi-logarithmic plane, while C,, can be obtained from its intercept

R(t) = o (3.2)
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Figure 3.3. Relaxation function for three polymeric interlayers (SG, DG, PVB)
at various temperatures, obtained from the experimental campaign of Biolzi et al.
[89]. Interpolation with a power law (linear trend in the bi-log plane) to the times
of interest for the applications to blast loadings.

with the vertical line t = 10°s.

Material Temperature [°C] «a  Co/I'(1 —a) [MPas*] C, [MPa s*]

SG 30 0.156 146.665 164.008
SG 20 0.117 8.690 9.409

DG 15 0.117 77.709 84.138
DG 20 0.098 0.722 0.770
PVB 10 0.279 29.566 37.431
PVB 50 0.155 0.424 0.474

Table 3.1. Fractional viscoelastic parameters « and C,, for three polymeric inter-
layers (SG, DG, PVB) at various temperatures, calibrated from the experimental
campaign of Biolzi et al. [89].

It should be mentioned that the most traditional approach consists in expanding
the relaxation function in Prony series, i.e.,
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N
R(t)=Ry+>_ Re /%, (3.3)
i=1
This corresponds to a generalized Wiechert model, composed by one elastic spring
in parallel with N spring-dashpot Maxwell elements. Hence, Ry represents the
long term modulus associated with the spring, whereas the terms R; and 6;, for
1t =1...N, indicate the relaxation moduli and the relaxation times corresponding
to the " Maxwell element in the series.

This procedure, however, is not natural, because it attempts to interpolate a
power law with exponentials. To illustrate, Fig. 3.4 reports what obtained in the
bi-logarithmic representation with N = 1,2, 3 exponentials, with reference to the
PVB at 50°C. The power law corresponds to a straight line, whereas the Prony
series provides a “wiggly” approximation. Consequently, at least 10-15 terms (cor-
responding to 21-31 parameters) are usually recommended to obtain a reasonable
result. On the other hand, a fractional viscoelastic characterization only requires
the calibration of the two parameters a and C, in (3.2), which can be easily and
directly determined with a graphical construction.
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Figure 3.4. Interpolation of the power law relaxation function for PVB at 50°C
with Prony series with 1, 2 and 3 exponential terms.
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3.2 Laminated glass beams

The dynamic equilibrium of a laminated glass beam is now considered. After re-
calling the Friedlander equation, that serves to represent the pressure time history
transmitted by a blast load, a mechanical model for a sandwich beam is introduced.
Then, some numerical experiments are conducted and discussed.

3.2.1 The blast load

A blast wave is supposed to induce a vertical uniformly distributed force per unit
area p(t) on the exposed surface, which can be interpreted via Friedlander equation
in the form

p(t) = pr (1 - é)e_ﬂ%d. (3.4)

For the case considered in the following, 5 = 0.8 is the decay parameter, T; = 0.01s
is the time positive duration and p, = 30kN/ m” is the initial pressure peak. Such
parameters approximately correspond to a category proposed by the standard! ISO
16933 [8]. The qualitative graph of such a relationship is represented in Fig. 3.5(a).

This action can be ideally divided into two stages: the positive (compression)
phase for ¢ < T, and the negative (suction) phase for ¢t > T,. Although the positive
period is the most emphasized by standards and norms, the failure of glazing usually
happens during the negative one [90, 44, 47, 91]. In fact, rebounding failure may
occur due to the combined effect of the elastic recovery force and the negative
blast wave. Moreover, under certain conditions, higher vibration modes of glass
components can be activated and become relevant.

From a pure technical point of view, which concerns the numerical solution of the
governing equations related to a vibrating system, it should be observed that there is
a strong discontinuity at ¢ = 0. Since such irregularity can compromise the numerical
approach, in this section it will be convenient to ideally decompose the action into
the sum of a step (Heaviside) function p,#(t) and the remaining contribution, which
thus results to be continuous at the origin. Furthermore, it is useful to distinguish,
within the second one, the continuous part of the compression phase from the suction
(negative) phase. The three contributions are evidenced in the graphs of Fig. 3.5(b).
The reason for this decomposition is that the response to a step function can be
analytically regularized, whereas the continuous contributions can be numerically
approximated. By summing up the step function with the continuous part of the

!The standard ISO 16933 [8] rules full-arena blast tests, providing a hazard rating for glazing
and classifying a blast load in terms of pressure peak as well as positive impulse. The blast
parameters used in this article correspond to a vehicle bomb type classified as EXV 45 (X).
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Figure 3.5. Time dependent force per unit area consequent to a blast action: a)
complete impulse intepreted via Friedlander relation and b) and its decomposition
into the step impulse (green dashed line), the continuous part of the compression
phase (blue dashed line) and the suction phase (red dashed line).

compression phase, one obtains the complete compression phase, which should be
separated from the suction phase in order to better recognize the influence of the
two on the vibrating system.

Since this study is limited to 1-D models for laminated glass, we consider as
a representative example a simply supported beam composed by two plies with
Young’s modulus E, = 70 GPa for glass, of length L, width b = 1m and thickness
h = 0.1m (cross-sectional area A = b- h), so that the mass per unit length of the
whole beam, neglecting the mass of interlayer, is u = (2500 - 2A[m?]) kg/m. The
plies are coupled by a polymeric interlayer of thickness r h, with r = 0.228. The
modal frequencies of the beam read [70]

w°n® |E,I,

Jn = 732 i (3.5)
where n is the mode number and I, is the effective moment of inertia with respect to
centroidal neutral z-axis. Depending on the stiffness of polymeric interlayer, I, shall
fall within the two limits usually referred to as layered (I,) and monolithic (I,,). In

the layered limit the two plies can freely slide one another: hence, I, = 2(bh3/12).
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On the opposite, the monolithic limit accounts for perfectly coupled plies, so that
L, = 2(bh3/12) + (1 + r)*h*A/2.

In Fig. 3.6, the magnitude-frequency diagram obtained from the Fourier trans-
form of the Friedlander impulse is depicted. In the same figure, we report (black
dashed lines) the modal frequencies for n = 1 of the laminated beam with L = 4m at
the layered limit (f{7*™ = 9.42 Hz) and at the monolithic limit (f{4™ = 22.15 Hz).
Since the real frequency associated with the first mode is Certamly between the two
aforementioned limits, this shall correspond to a point close to the peak: the first
vibration mode is prone to be triggered. The frequencies associated with higher vi-

bration modes are shifted to the right hand side of the diagram (f 7*™ = n?f{7*™
and fL=Am = p?2 fI=4m) and might also be involved in the vibrations, although with

less 1nten81ty dependmg on I,. The same graphs also reports the case of a beam
for which L = 2m. Due to the fact that the length is one half of the previous case,
it states that f{7>™ = fi7*™ = 37.69Hz and f{;?™ = fy-™ = 88.58 Hz. The
contribution of the highest vibrations modes corresponds to the extreme left hand

side branch of the diagram.

4m f =4m f L 2m 2L:4m 1L:2m
7 \\:\ T T T \\:\\ L B R 1 \\ L e B \\7\ T T \7\7
300 /! : |
o [/ : |
=] [ 1 1 B
3 I | | |
2 200/ : .
o0 4 i
g | | |
= i ! ! il
100 E l
07\ ) \\:\ Ll \\:\\ T T T O Y A A \\7

0 10 20 30 40 50 60 70 80 90
fHz]

Figure 3.6. Magnitude—frequency diagram corresponding to the Fourier transform
of Friedlander impulse. The modal frequencies for n = 1 and n = 2 at the lay-
ered/monolithic limits are reported for a beam of length L = 4m (black dashed
lines) and for a beam of length L = 2m (orange dashed lines for n = 1).

Indeed, one of the parameters that affects the most the overall deformation of
the structure is the characteristic duration of the blast impulse, which is usually
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3 — Laminated glass modeled via fractional calculus

associated with the parameter T, in Friedlanded equation. To illustrate, consider
the beam as an equivalent harmonic oscillator of stiffness k* and mass m*, which is
subjected to a triangular-shaped load of maximum value Fy and duration 7j. Three
different-in-type scenarios can be distinguished in the dynamic response [38, 92]: the
impulsive regime, the dynamic regime and the quasi-static regime. The impulsive
regime takes place when the load duration is small with respect to the fundamental
vibration period of the structure, in practice when Ty\/k*/m* < 0.4, so that its
effect is to impart a momentum letting the mass freely oscillate afterwards: the
corresponding maximum displacement is of the order of wuya, >~ Z/VEk*m*, where
7 = tFyTy is the impulse (for Tyy/k*/m* = 0.4 one has uma.x = Fo/k* [38] ). On
the other hand, the quasi-static regime is for loads with longer duration, for which
Toy/k*/m* > 40: now the inertial forces do not contribute significantly and the

maximum load is suddenly applied (umax =~ 2Fy/k* for Ty,/k*/m* — oo). The
dynamic regime is a trade-off between the aforementioned scenarios: in this case,
Umax sSpecifically depends on the load time history. In conclusion, the deformation
and stress of structural components invested by the blast load strongly depend upon
their dynamic properties.

For the beam considered before, we can assume that /k*/m* lays between the
limits 27 f{", and 27 [ . Thus, one has 0.59 < Tyy/k*/m* < 1.39 for L = 4m and

2.37 < Ty\/k*/m* < 5.56 for L = 2m. Both conditions correspond to the dynamic
regime, but the longer beam is closer to the impulsive regime if compared with the
shorter one. In general, in a well-designed glazing the quasi-static regime can be
hardly attained because it would correspond to an element too much compliant,
which cannot meet the requirements in terms of serviceability limit states under
wind or barrier loads, as prescribed by standards.

3.2.2 Governing equations for a simply supported sandwich
beam

The analytical treatment of the problem follows the same arguments proposed in
[85] for the static case only, to which the reader is referred for a more detailed
presentation. The governing equations are briefly recalled and extended to the
dynamical case.

The laminated glass beam, of mass per unit length p, is composed of two glass
plies of length L, width b, thickness h (cross-sectional area A = b- h). These are
coupled by a viscoelastic polymeric interlayer of thickness r h, with r < 1. The beam
is subjected to forces per unit length ¢(z,t). As indicated in Fig. 3.7, this load can
be considered, with respect to the horizontal middle plane of the laminate, as the
sum of the antisymmetric part, consisting of ¢(z,t)/2 with concurring directions
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acting on each one of the plies and producing the bending of the beam, and the
symmetric part, where the loads ¢(z,t)/2 have opposite direction. The symmetric
part is inessential for the bending of the beam if one assumes, as customarily, that the
variation of the interlayer thickness consequent to its transverse axial deformation
is negligible. Hence, only the antisymmetric case needs to be analyzed.

q(zt) q(z,0)/2 qz1/72  q(z0)/2 q(z,1)/2

DA — | | — — | | —

+

i ol i

(@) (b) (c)

Figure 3.7. (a) Model problem of a simply supported laminated beam composed
of two linear-elastic external plies bonded by a viscoelastic interlayer. Decomposi-
tion of the transverse applied load ¢(z,t) in (b) antisymmetric and (c¢) symmetric
components with respect to the horizontal middle plane.

Let N(z,t), V(z,t) and M (z,t) respectively denote the axial force, the shear force
and bending moment acting on the extrados ply of the laminated glass beam, as
indicated in Fig. 3.8. The shear stress 7,.(z,t) in the interlayer, supposed homoge-
neous in the thickness, produces in this element an action equipollent to axial forces
n(z,t) per unit length of the form b7,.(z,t) and moments m(z,t) per unit length

1
equal to 5(1 + r)hbr,.(2,t), as per Fig. 3.8.
Therefore, for this element, the equations of dynamic equilibrium read

ON(z,1)

5, = —n(z,t) = —b1.(2, 1), (3.6a)
avﬁ(?w — ;q(z,t) — ;ngfs’ (3.6b)
a]\g’:’t) =V(z,t) —m(z,t) =V(z,t) — MJ)M)TyZ(z,t). (3.6¢)

The displacements of representative points, referred to the axially deformed glass ply,
are shown in Fig. 3.9. Denote with w¢(z,t) the axial displacement of the centroidal
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Vzb) 1 q(z,0)/2
M(z,1) M(z+dz,1)
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Figure 3.8. Free body diagram of the extrados ply of the laminated glass beam.

0(z,7)

@« " -
w(z,1)

h/2
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A
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' 0% w,(z2,7)

y N

Figure 3.9. Displacement field at representative points of the interlayer when the
axial deformation of the glass beam is considered.

points of the upper ply, and make the usual assumptions that the rotations ¢(z,t)
are small, i.e.,

av((;z, D _ o p), (3.7)

The constitutive equations for the beam are of the type

Jwe(z,t)  N(z,t)

9z  EA (3.8a)
Pv(z,t)  M(zt)
52— B[ (3.8b)

On the other hand, the constitutive equation for viscoelastic interlayer takes the
form

Ty=(2,1) = Cq C()’D?[’Vyz(zv JI(@), (3.9)
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3 — Laminated glass modeled via fractional calculus

where GD¢[v,.(z, -)](t) is the Caputo’s fractional derivative with respect to t of order
a of the shear strain y(z,t), as defined in (A.9). After differentiation, one finds

Pwe(z,t) n(z,t) B _bTyz(Z, t)

022 EA  EA (3.10a)
Pz, t 1 1+7r)hb
(9(23) =77 (V(z,t) — ()Tyz(Z,t)> (3.10Db)
oMv(z,t) 1 1 1 0%v(z,t) (14 7)hb0T7,.(2,t)
Tos T Bl <_2Q(’Z’t) T e T o (3:10¢)

At this point, it is important to relate we(z,t) with the displacement wg(z,t) of
the corresponding point of the intradox of the ply, through the geometric relation

h
wp(z,t) = we(z,t) + §¢(z, t). (3.11)
Differentiation with respect to z provides

Owp(z,t)  N(z,t) hM(z,t)
9:  EA 2Bl (3.12)

But the shearing of the polymer is related with the rotation of the beam and wg(z, t)
through the condition

L+ rgo(z,t)]. (3.13)

) 2
Vyz = _Ew3(27t) - (p(Z,t) = _[mwc(z’t) + T

From (3.8a) and (3.10a), under the constitutive assumption (3.9), one finds

aNa(jt) - ica oD; [2“}0(% )+ (1 +7r)e(z -)1 (t) (3.14)

In conclusion, after a few calculations, the fractional differential equations which
governs the problem in terms of vertical displacement v(z,t) and axial force N(z,t)
result to be

o'(z,t)  (1+r)hd*N(zt) 1 0?v(z,t)
82N(’Z7 t) 2b Crya _ (1 + T)b Cha 62/0(27 )
5z Al DiIN(E () = ———=Ca 3D | =5 5| (). (3.15b)

For what concerns the spatial variable z, four boundary conditions are needed in
terms of v(z,t) and two conditions in terms of N(z,t). In particular, we set the
following;:
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v(0,t) =0 v(L,t) =0; (3.16a)
0?v(z,1) _ 0?v(z, 1) N

. - 0 7 - 0; (3.16Db)
N(0,t) =0 N(L,t) = 0. (3.16¢)

To these, the initial conditions

0v(z,t)
ot

v(z,t) =0, =0, for z€ (0,L) and t <0, (3.17)

have to be added. From (3.15b), one directly obtains N(z,t) = 0 for z € (0, L) and
t<0.

The equations (3.15a)-(3.15b) can be solved by using an approach d la Galerkin.
The vertical displacement v(z,t), the axial force N(z,t) and the external load ¢(z, t)
are expressed through Fourier sine series as

v(z,t) = ka(t) sin(lczz), (3.18a)

N(z,t) = ﬁ:Nk(t) sin(?), (3.18b)
N kmz

z,t) = e(t)sin| — |. 3.18¢

i) = a1 (3.150)

These expressions satisfy the boundary conditions (3.16) and, by substituting them
in (3.15a), one can define the k"™ time dependent component of the axial tensile
force through

L? 0% (t k*n? 2E1 L? 1
a () = a(t). (3.19)

Nelh) = 1o Wi+ o L (it r)“’“(t) kP h(1 4 )

Further substituting (3.19) in (3.15b), one fractional differential equation is obtained
in the form
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L? Cub 21 o po 0%t
T k2r2 g h2(1+r)EA D ok ()](1) — h(1+7) 82?2()

k*m? C,b 41
L2 r |h2(1+1)A

Kint 2ET
s

L? Cub 2 N 1

IR R h2(1+r)EA CODt (g6 ()] (t) — h(l+7)

+(1+7)| 9D7 [ox()(1)

qe(t), (3.20)

where vy,(t) is the unknown function, corresponding to the k'™ time dependent com-
ponent of vertical displacement.

Equation (3.20) could be directly solved via a step-by-step integration by ex-
pressing all the derivatives through the Griinwald-Letnikov numerical formulation,
recalled in Appendix A. Rigorously speaking, this method can be used when the
applied action is a regular function of time ¢, but the blast load interpreted by
Friedlander equation (3.4) presents a strong initial discontinuity at ¢ = 0. The in-
distinct application of the numerical method involves an implicit regularization of
the datum, which requires a very small integration step for its approximation. This
may lead to an excessive computational effort. In order to overcome this problem,
one possibility consists in integrating both sides of (3.20) up to the order 2+« which,
from a practical point of view, is equivalent to applying the Riemann-Liouville frac-
tional integral (A.4) of order 2 + a. Since the system is at rest for ¢ < 0 as per
(3.17), recalling (A.4) and the equality (A.10), one obtains

L? C.b 20 1 N
B k22 r h2(1 + T)EAUk(t) - h(l + T) OIt [Uk<)](t>
G| Al
2 v |21+ n)A
k*rt 2F1 e
A h(l+7) oLy vk ())(2)

__ L Gb 2 7; t L v ). (3.21

=~ e g EA N s ZE a0l 20
This equation is advantageous because both (Z%[qx(-)](t) and (Z7"*[q(-)](t) are C*
functions. This result also highlights the great versatility of the fractional viscoelas-
tic characterization, which formally allows a straightforward integration of the equa-
tions. Now, it is convenient to define the following two functions, related to the load,
ie.,

+ (L4 7)| oL e ()
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Q1) = o Z2alz, (1) = Ng) [t~ D, (3.22a)
P(z,t) = o Z2*[q(z, (1) = mia) [~ gz, (3.220)

which are smooth even if ¢(z,t) is not. In practice, they represent a regularized
version of the applied load for which we consider their Fourier sine series

kmz
ZQk sm( 7 ), (3.23a)

Z Pt sm<k2z> . (3.23b)

By subdividing the time interval under investigation [0, 7] in s subintervals of am-
plitude At =t¢; —t;_y with j = 1...s, define the vectors

Qs = [Qu(t1) Qi(ta) ... Qu(ts)], (3.24a)
Pis = [Pi(t1) Pe(ta) ... Pe(ts)], (3.24Db)
which are referred to the k™ component of Fourier sine series (3.23). By using

the Griilnwald-Letnikov approach, recalled in the Appendix, equation (3.21) can be
written in matrix form as

B L* Cub 21 v — M Ay
k2m2 r h2(1+r)EA L Vs h(1+7r) ° o
k*m2 CLb 41
L2 r |(1+nr)A
44
_kimt 2ET JAC2-)
LY h(147r)"°
L? Cub 2 1
= - 2.2 2 ISQk‘,S RN
k*m? r h2(1+4+r)EA h(1+1)
where I, is the s x s identity matrix and Agf), with € = —a; —2; —2—q«, isthe s x s
lower band strip matrix

+ (1 +7)[ATDvy

Vi.s

LP.., (3.25)

wi ()
Ag@::ﬂ “25@ “’?@ , (3.26)
ws(€§) oo wa(8) wilé)
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-1
with wy =1, we = =€, ..., Wep1 = ij(f) From (3.25) the time history
J
Vi = [oea(t1) vka(ta) ... ves(ts)] can be calculated via step-by-step integration.

The complete displacement field, in terms of vertical displacement v(z,t), is found
when the coefficients vy (t) of the Fourier sine series (3.18a) is known.

3.2.3 Numerical Experiments

As representative examples, we consider the same cases already introduced in Section
3.2.1, corresponding to simply supported laminated glass beams, with two glass
plies sandwiching a polymeric interlayer, with length either L = 2m or L = 4m.
With reference to Fig. 3.8, for each ply we set b = 1m and h = 0.1m, A = bh,
Young’s modulus £, = 70 GPa. The mass per unit length of each ply is (2500 -
A[m?]) kg/m, whereas the mass of interlayer is supposed negligible. The thickness
of the interlayer is r h = 2.28 mm, with r = 0.228, so it results from the assembly of
six polymeric sheets of 0.38 mm, representing the commercial thickness of the single
sheet. The beams are subjected to the effect of the blast wave, modelled as a time
varying pressure p(t) given by Friedlander equation (3.4), with the same parameters
considered in Section 3.2.1. Hence, the transversal load per unit length acting on the
beam is ¢(z,t) = G(t) = bp(t). In the following numerical experiments, equations
(3.19) and (3.21) have been solved for the first 20 terms (10 terms not-null) of the
Fourier sine series (3.18a) and (3.18b).

Monolithic and Layered limit

Solutions are presented in terms of transverse displacement v(z,t) and axial force
N(z,t), both evaluated at z = L/2.

The monolithic limit accounts for glass plies perfectly coupled by the interlayer,
and therefore corresponds to the case C, — oco. For the case L = 2m, the results
are represented in Fig. 3.10, where the complete solution (20 terms) is juxtaposed
with the contributions corresponding to first non-null terms of the Fourier expansion
k=1 and k = 3. It should be observed that the term corresponding to the first
vibration mode (k = 1) is dominant. The third mode (k = 3) is involved only at the
beginning, but it rapidly fades. Since there is no dissipation from the interlayer, this
means that the corresponding energy is in practice transferred to the first vibration
mode.

Higher vibration modes become important for the longer beam with L. = 4m, for
which the counterpart of Fig. 3.10 is represented by Fig. 3.11. Observe, in particu-
lar, that the third vibration mode (k = 3) considerably affects the axial force. This
increases the peaks that correspond to the first mode (k = 1): a noteworthy error
would have been made if the Fourier expansion had been limited to the first term.
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v(L/2,1) [m] N(L/2,t) [kN]
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Figure 3.10. Monolithic limit, corresponding to the case C, — oo, for L = 2m. (a)
Transverse displacement v(L/2,t) and (b) axial force N(L/2,t), and contributions
from the first (k = 1) and third (k = 3) vibration modes (numerical results obtained
with a time-step At = 107%s).

It is interesting to consider separately the contribution from the compression (posi-
tive) and suction (negative) phases of the blast wave, as indicated in Fig. 3.5. The
graphs in Fig. 3.12 show this decomposition for the displacement v(L/2,t) for either
the cases L = 2m or L = 4m. Observe that the maximum peak, in absolute terms,
is attained at the second extremal point of the graphs, and this cannot be obtained
by considering the compression phase only, as (unfortunately) it is customary in the
engineering practice. In fact, the rebounding action caused by the elastic recovery
force is increased by the suction phase of load; hence, the maximum displacement is
negative, in accordance with the negative phase direction. In the ideal monolithic
limit there is no dissipation, but we expect that, in a real case, the free oscillations
consequent to this peak are damped by the viscosity of the interlayer. Hence, the
most critical condition for the glass should in general be in correspondence of the
second extremal point, in correspondence of the suction phase of the blast load?.

The layered limit accounts for freely-sliding glass plies and can be obtained by

2Experiments have provided evidence that when a laminated glazing is broken by a blast wave,
the interlayer with the adherent shards is projected outwards, rather than inwards.
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Figure 3.11. Monolithic limit, corresponding to the case C, — oo, for L = 4m. (a)
Transverse displacement v(L/2,t) and (b) axial force N(L/2,t), and contributions
from the first (k = 1) and third (k = 3) vibration modes (numerical results obtained
with a time step At = 107%s).

setting a = 0 and C, = 0. Obviously, the normal force in the plies is null. For
L =2m and L = 4m, Fig. 3.13 shows the complete solution for v(L/2,t) together
with the contribution from the first (k = 1) and third (k = 3) vibration modes. As
for the monolithic limit, the third mode mostly comes into play in the longer beam,
although it remains of limited importance. The displacements are higher than in
the monolithic limit due to the absence of any coupling effect by interlayer.

Convergence analysis

The fractional differential equations (3.20) are difficult to solve, because the ap-
plied load is strongly discontinuous in time at ¢ = 0. Hence, the datum has been
regularized by integrating with respect to time, in order to provide the expressions
(3.21). This procedure is straightforward if one considers, as schematically indicated
in Fig. 3.5(b), the decomposition of the blast wave pressure into the sum of a step
(Heaviside) function, which carries the discontinuity and the remaining contribu-
tion (continuous at the origin). In fact, the Riemann Liouville fractional integrals
appearing in (3.21) can be analytically solved when operating on a step function;
the contribution associated with the continuous part of the applied load shall be
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Figure 3.12. Monolithic limit corresponding to the case C, — oo. Transverse
displacement v(L/2,t) for (a) L = 2m and (b) L = 4m, in which the contributions
from the compression and suction phases are distinguished.

evaluated numerically. This is a mixed numerical-analytical method of solution,
which by-passes the difficulties associated with the irregularity of the applied load.
As purpose, the convergence of the Griinwald-Letnikov numerical scheme is dis-
cussed with respect to the time step At, when this is applied either to the equations
(3.21), or tout-court to (3.20), hereafter respectively referred to as the fractional
integral equations and the fractional differential equations. In this second case, we
expect a much slower convergence because the numerical algorithm operates on a
discontinuous function, which therefore requires an extremely reduced time step to
be represented with accuracy. The fractional integral equations (3.25) are solved
with a step-by-step integration for every k"' component, finding the array of values
Uk (t1) vea(ta) ... vgs(ts). We consider the first 20 terms of the Fourier sine series
(10 non-null terms), by considering the sum (3.18a) with N = 20. The fractional
differential equations (3.20), can be handled and solved in a similar way.

In the following examples, the interlayer is made of PVB operating at 50 °C, of
the same type considered in [89], for which the constitutive fractional viscoelastic
parameters are o = 0.155 and C,, = 0.474 MPa s, as indicated in Table 3.1. The
convergence of solution in terms of transverse displacement and axial force is studied
while changing the integration time step At.

Consider first the fractional integral equations (3.21). The time histories for
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v(L/2,t) [m] v(L/2,t) [m]
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(a) (b)
Figure 3.13. Layered limit corresponding to o« = 0 and C, = 0. Transverse

displacement v(L/2,t) evaluated for (a) L = 2m and (b) L = 4m, and contributions
from the first (k = 1) and third (k = 3) vibration modes (numerical results obtained
with a time-step At = 107*s).

the transverse displacement v(L/2,t) and the axial force N(L/2,t), obtained with
different values of At, are represented in Fig. 3.14 for a beam with length L = 2m.
The graphs tend to overlap when the time step is of the order of At = 1073 s; using
larger values the solution is not accurate.

The comparison with the solution obtainable via the fractional differential equa-
tions (3.20) can be better appreciated by reducing the time interval of observation
to 0.05s, which corresponds to a smaller neighborhood of the point of load disconti-
nuity, in correspondence of the positive peak. Figs. 3.15(a) and 3.15(b) respectively
show the transverse displacement v(L/2,t) obtained either with (3.20) or (3.21).
As expected, the fractional differential formulation (3.20) provides a much slower
convergence with respect to the integral equations (3.21). The roughest time step
At = 5-107%s does not provide a sufficient precision in the first case, but it is quite
accurate in the second case.

The greater accuracy of the integral formulation is even more appreciable in terms
of axial forces in the glass plies. Being obtained through the relation (3.19) once the
transverse displacement is known, the axial force N(z,t) is strongly affected by any
error in v(z,t) because second-order derivative 9%v(z,t)/0t? is involved. Fig. 3.16
compares the differential and integrated forms of the equations in terms of the value
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Figure 3.14. Convergence analysis for the fractional integrated equations (3.21)
for a laminated beam with L = 2m for various time steps At. (a) Transverse
displacement v(L/2,t) and (b) axial force N(L/2,t) at midspan.

at midspan N(L/2,t). Observe that the numerical approximation of the fractional
differential equations (3.20) misses the solution - in particular the initial condition
N(L/2,0) is not satisfied - unless a very small time step, of the order of At = 107*s,
is used. On the other hand, the fractional integral equations (3.21) provide much
better results, because all solutions satisfy the initial condition N(L/2,0) and they
well overlap.

Various types of commercial polymeric interlayers

Now, we analyze the dynamic response of a beam laminated with different commer-
cial polymeric interlayers, at various temperatures. The viscoelastic parameters are
indicated in Table 3.1 and correspond to the materials tested in [89], for which the
measured relaxation functions have been extrapolated to smaller times under the
assumption of a power law trend, as schematically indicated in Fig. 3.3.

For a beam with L = 2m, the time dependent responses in terms of v(L/2,t) and
N(L/2,t) are represented in Fig. 3.17, where also the monolithic limit, previously
calculated in Section 3.2.3, is juxtaposed for the sake of comparison. The coefficient
a does not sensibly vary from one material to the other, being the main difference
in terms of the parameter C,, which consequently measures the “stiffness” of the
interlayer and its capacity in terms of shear coupling. Of course, the stiffer the
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Figure 3.15. Convergence analysis for a laminated beam with L = 2m in
terms of transverse displacement v(L/2,t). Results from (a) the fractional
differential equations (3.20) and (b) the fractional integrated equations
(3.21) for various time steps At.

polymer, the smaller the amplitude and the higher the frequencies of oscillations.
The shear coupling is responsible of the onset of the axial forces in the glass plies,
which consequently diminish the more compliant the polymer is. The DG polymer
at 15°C, which presents the greatest coefficient C, = 84.138 MPa s®, imparts to the
laminated beam a response close to the monolithic limit. The PVB at 50 °C provides
for higher deformations and, consequently, the oscillations present a frequency lower
than in the other cases. Here, the coupling action between plies is weak because of
the low the coefficient C, = 0.474 MPa s*: this is confirmed by the limited axial
force that is transmitted to the plies. The SG interlayer at 50 °C  represents an
intermediate case.

The counterpart of this figure for the case L = 4m is represented in Fig. 3.18.
The same conclusions hold, even if now the contribution of the third vibration mode
provides secondary oscillations that superimpose on first vibration mode. Also in
this case, the PVB at 50°C provides the weakest shear coupling (oscillations at
low frequency and limited axial force), wheareas the DG at 15°C approaches the
monolithic limit.
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Figure 3.16. Convergence analysis for a laminated beam with L = 2m in
terms of axial force at midspan of the plies N(L/2,t). Results from (a) the frac-
tional differential equations (3.20) and (b) the fractional integrated equations
(3.21) for various time steps At.

Parametric Analysis

The fractional viscoelastic characterization of polymeric interlayers relies upon the
coefficient «, as well as on the modulus C\,, which is usually measured in MPa s*,
a somehow unusual unit of measure for an engineer. The physical meaning of such
parameters can be clarified by recalling that the relaxation function takes the form
of type R(t) = [Cy/T(1 — )] - t=%, with R [MPal, ¢ [s] and C, [MPa s*]. This
corresponds to a straight line in the bi-logarithmic plane log(R)-log(t), for which
—a is the slope, while C,,/T(1 — «) represents the intersection at ¢ = 10°s,

In order to better recognize the role of viscous parameters, a parametric analysis
is performed where the values of o and C, are ideally varied with reference to
their graphical interpretation. The considered case is that of a beam with length
L = 2m and viscoelastic properties of PVB at 50 °C, with a = 0.155 and C, /T'(1 —
a) = 0.424 MPa s* (see Table 3.1), which corresponds to the solid line in the bi-
logarithmic plane of Fig. 3.19. By keeping fixed the value of the intercept point
A with the line ¢ = 10°s and by varying «, one obtains a pencil of lines which
correspond to C,, = I'(1 — «) - 0.424 MPa s°.

The responses of a beam laminated with the polymers represented by this pencil
of lines, for varying «, are plotted in Fig. 3.20 in terms of v(L/2,t) and N(L/2,t).
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Figure 3.17. Response of a beam with length L = 2m laminated with various
types of commercial polymeric interlayers. (a) Transverse displacement v(L/2,t)
and (b) axial force N(L/2,t).

The limit cases are represented by the horizontal line with o = 0 and the line
inclined of —45 °corresponding to e = 1. As expected, the role of the slope « is very
important because it strongly affects the maximum deflection and the maximum
axial force to which the beam is subjected. When o = 1 the beam is the stiffest and
the shear coupling between plies is maximized; on the other, setting a = 0 leads to
a decrease of axial force and consequently to a maximization of the deflections. We
conjecture that the reason for this is that the beam is somehow sensitive to the values
of the relaxation function for times of the order of the characteristic duration of the
applied action which, for the case at hand, is approximately t = 102 s. Indeed, it is
clear from Fig. 3.19 that such values decrease with the slope of the representative
lines in the bi-logarithmic plots.

If we take the pivot point B on ¢ = 1072 s to define a new pencil of lines, we can
repeat almost the same procedure. Now, changing o causes an unavoidable variation
of C,. The solutions provided are almost overlapped, as shown in Fig. 3.21, because
of two main reasons: the relaxation functions assume quite similar values for times
of the order of Ty (characteristic duration of the applied action), and the coefficients
C, are great enough to almost reach the monolithic limit.
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Figure 3.18.

Relaxation function [MPa]

Response of a beam with length L = 4m laminated with various
types of commercial polymeric interlayers. (a) Transverse displacement v(L/2,t)
and (b) axial force N(L/2,t).
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Figure 3.19. Bi-logarithmic plot of the relaxation functions used for the parametric
analyses. The case of PVB at 50 °C is plotted with solid line.
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Figure 3.20. Parametric analyses for a beam with length L = 2m, lami-
nated with the polymers corresponding to the pencil of lines passing through
the point A in Fig. 3.19. (a) Transverse displacements v(L/2,t) and (b)
axial force N(L/2,t) at midspan.

3.2.4 The approach via Prony series

Since it is customary to interpret the relaxation function of a viscoelastic material
through an expansion in Prony series, it is useful to compare the results of Section
3.2.3 with those obtainable with this characterization.

Governing equations

For the same simply supported beam considered in Sections 3.2.3, with the same
notation of Section 3.2.2, we now specialize the governing equations to the Prony
series. The balance equation (3.15a), written in terms of the vertical displacement
v(z,t), remains valid, but it is necessary to reformulate the constitutive relation
describing the shear coupling through the interlayer. The shear strain ,,(z,t) is
assumed to be linear in the thickness. Hence, Boltzmann’s superposition principle
allows to write the shear stress in the general form

COR(E—1) .

Tyz(zv t) = R(O)/Vyz(% t) - /O T%}Z(Z’ t) dt ) (327)

where R(t) = Ro+>Y, R;e~'/% denotes the relaxation function expressed via Prony
series. From (3.8a) and (3.10a) one finds the dynamic equilibrium equation relative

79



3 — Laminated glass modeled via fractional calculus

v(L/2,t) [m] N(L/2,t) [kN]

/N | /\

A

VIV L

—0.1 1 —=500 |
0 005 01 015 02 0 005 01 015 02
t[s] t[s]
——(C, =42.400 MPa s*; o =0 ——(C, =42.400 MPa s*; o =0
C, = 23.201 MPa s*; a = 0.155 C, = 23.201 MPa s*; a = 0.155
—=— (', = 7.515MPa s*; a = 0.5 —=— (', = 7.515MPa s*; a = 0.5

(a) (b)

Figure 3.21. Parametric analyses. Transverse displacement v(z,t) associated to
various Cy and «, so that their relaxation functions all intersect the pivot point
(magenta) in Fig. 3.19. They are evaluated in z = L/2, with L = 2m.

to the axial force. After a few calculations, one obtains the counterpart of (3.15b)
as an integro-differential equation of the form

O?’N(z,t) 2 N(21) 1+7"82
922 _bR(O)[ rh EA +
tOR(t —t) 2N( t)  14+rd%*v(zt)]| .
b/o ot l rh EA + r 022 dt. (3.28)

Equations (3.15a) and (3.28) govern the dynamic equilibrium of the laminated
beam when associated with the boundary (3.16) and the initial conditions (3.17).
These can also be solved with an approach a la Galerkin. The vertical displace-
ment v(z,t), the axial force N(z,t) and the external load ¢(z,t) are expressed in
Fourier sine series (3.18), and substituted into (3.15a) and (3.28). From (3.15a), one
readily obtains the k'™ component of the axial tensile force, as per (3.19). Further
substituting (3.19) in (3.28), one finally finds the integro-differential equation
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2b km? L? po Pup(t)  K*x? 2EI
— (R '
( O Eat L2><k27r2 M e 2 et ?

L? 1 B E*r? (1 + 1) tOR(t—t)| 20
R h(l+ T)qk(t)> = R(0) L? r uelt) = /0 ot rhEA
( L? po OPu(t)  K*r* 2EI — L? 1 _>

R h(l+r) 02 12 h(i+ r)vk(t) B2 k(1 + r)q’“(t)
A2 (1 + )
L2

vk(t)] df. (3.29)

With a step-by-step integration, by using the finite difference approach, the function
vg(t) can be numerically determined.

Comparison

In order to compare the results obtainable via the Prony series approach with those
corresponding to fractional treatment by means of power laws, consider the same
beam analyzed in Section 3.2.3 of length L = 2m, laminated with a PVB working at
an environmental temperature of 50 °C. The representative points of the relaxation
function, measured in [89], can be well interpreted by a power law, whose parameters
are recorded in Table 3.1. This function has been extrapolated on the left hand side
to the time scale of interest, of the order of 10™*s, as the continuation of the linear
trend in the bi-log plot, depicted in Fig. 3.3.

Indeed, the power law represents our benchmark reference trend: the Prony
series is the sum of exponential terms, whose coefficients need to be calibrated in
order to fit this datum. Certainly, a large number of parameters is necessary to
achieve a good precision. Since we are interested in the short-term response under
the short-duration blast wave, we set in (3.3) Ry = 0 and we calibrate the coefficients
R; and 6;, i = 1... N, for either N =5 or N = 10. Fig. 3.22 shows the results
as bi-log plots: the line corresponding to the power law has been best fitted by
the series of exponential functions using the command FindFit in Mathematica,
which uses the Levenberg—Marquardt algorithm. The interpolations are focused on
diverse intervals, corresponding to ¢ € (107%,1072) for N =5, and to ¢t € (1074,10°)
for N = 10. Observe that outside such intervals, the Prony series diverges from the
power law trend.

The corresponding response under the blast wave, in terms of displacement
v(L/2,t) and axial force N(L/2,t) at midspan are reported in Fig. 3.23. In all
the considered cases, solutions have been obtained by using a time step At = 107*s.
All graphs perfectly overlap at least up to the first peak, for times of the order
5-10725s. This is the time interval for which the interpolation with both N = 5

81



3 — Laminated glass modeled via fractional calculus

101 ;my T T T T T T T T T T T T T T T T T T T \\E
- | |
% -
=, === )
= 10| = |
2 E :
2 B SR b
L‘E |- -
% L i
S 107t E E
< F E
" I i
g i 1
Q = B
o - |
10—2 vl i T A T S A N 1 B A IR WA Lol
107 107* 107® 1072 107t 10° 10*
t[s]
Power law

—&- Pony series N =5
—— Pony series N = 10

Figure 3.22. Relaxation functions corresponding to PVB at 50 °C, expressed
by means of a power law (yellow) and Prony series with either N = 10 (light
blue) or N =5 (green) terms.

and N = 10 almost overlap with the power law. However, for longer times, the
solution for N = 5 diverges from the others, because now the Prony interpolation
is not accurate, as it is clear from Fig. 3.22. In this case, at least N = 10 terms
are needed to obtain results that square with the output from the fractional model.
In any case, if the interval of observation was prolonged beyond 10°s, where also
the Prony interpolation with N = 10 terms diverges, one would notice a difference
with respect to the trend obtained with the fractional approach. However, for such
long times the dissipation has already smoothen out the oscillations provoked by
the blast wave.

This example highlights the difficulties while using Prony series to interpolate a
relaxation function that exhibits a power law trend, even if for the case at hand the
applied action has a short duration and, hence, the relaxation function needs to be
well interpolated only in a very restricted time interval. Results are not accurate
outside the strict interval in which the corresponding curves overlap; consequently,
in the worked example, N = 10 terms in the Prony series are necessary to obtain
an optimal accordance. However, a noteworthy effort is needed to calibrate the 20
coefficients that determine the series (10 terms R; and 10 terms 6;), instead of just
two parameters that define the power-law (C, and «). It should also be mentioned
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Figure 3.23. Laminated beam with L = 2m, laminated with a PVB interlayer at
50 °C. Results in terms of (a) transverse displacement v(L/2,t) and (b) axial force
N(L/2,t) at midspan, obtained with the fractional characterization of the power
law (yellow) and its interpolation with a Prony series with either N =5 (blue) or
N =10 (green) terms, indicated in Fig. 3.22.

that when the time dependent response is investigated during a very short time
period, it is difficult to interpolate the relaxation function with exponential terms
because the coefficients 6; become very large, and this may cause overflow errors
because the output is close to the machine precision. This inconvenience is by-
passed while using the fractional characterization of viscoelastic response.

3.3 Laminated glass plates

As natural extension of laminated glass beams, we propose an analytical model
for simply supported sandwich plates. The viscoelastic behavior of interlayer is
described through fractional calculus; the glass plies are assumed to be Kirchhoff-
Love plates, and the impulsive load follows Friedlander equation. Finally, some
numerical experiments are conducted in order to highlight the resulting state of
stress.
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3.3.1 The blast load

The blast load needs to be changed in order to better highlight the dynamic response
of plate. The glass panel is loaded with a time dependent force per unit area, which
is uniformly distributed on its surface and acts along the out-of-plane direction. The
time history of such load is assumed to be analogous to that classified as EXV253,
in accordance with norm ISO 16933:2007 [8]. This loading action can be interpreted
via Friedlander equation

p(t) = pr(l E ;d)e‘ﬂﬁ , (3.30)

where p, is the peak overpressure, Ty is the time positive duration and [ is the
decay coefficient. The norm ISO 16933:2007 just imposes the peak overpressure
pr = 80kPa and the positive impulse ;7 = 380 kPa-ms. In order to obtain all the
rest of parameters, Wrnr = (1.7 - 100) kg is taken as equivalent mass of charge?, so
that the scaled distance results

R 25
7= = = 4.51kg/m'/?. 3.31
157 (171-100)1/3 &/ (3:31)
It is possible to take an empirical formula based on Z variable from literature, and
get the time positive duration. The relation proposed by Kinney and Graham [26]
is adopted because of its optimal agreement with experimental results provided by

Kingery and Bulmash [34]. Therefore, it reads

From the nonlinear equation

T t\ _& 1
it = | dpr(l - ) ' dt = p, Ty [ ~ (1 e—ﬂ>] , (3.33)
0 Ty

the decay coefficient 5 = 0.95 is automatically deduced.

3This blast load refers to an open arena full-scale test, which is performed by placing the target
(i.e. glass panel) on a rigid frame at R = 25m from the detonating charge. The energy released
corresponds to 100 kg of TNT.

1The coefficient 1.7 is needed to consider the ground reflection (surface burst): the energy is
concentrated inside a hemispherical volume and it consequently results almost doubled.
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3.3.2 Governing equations for a simply supported sandwich
plate

The laminated glass panel is formed by two elastic glass plies, sandwiching a thin
viscoelastic interlayer. After having presented the mechanical model for the com-
posite plate, the governing equations are extended to take into account the presence
of a compliant back structure, which supports the plate.

3.3.3 Governing equations for a simply supported plate

The schematic representation of the composite plate is that of Fig. 3.24(a). Thisis a
three-layer plate composed by two thick elastic plies (layers “1” and “2”) sandwiching
one thin viscoelastic core (layer “0”). We introduce a reference frame with the (x,y)
axes located in-plane, as indicated in the Figure, and one z axis for each layer such
that the mid-surface corresponds to z = 0. The external plies are Kirchhoff-Love
plates; the core is too compliant to provide axial/bending stiffness, but it produces
the shear coupling of the layers that are bonded through it, under the assumption
that there is no sliding at the interfaces.

The thickness of the external plies is denoted by h; with ¢ = 1,2, so that the distance
between the mid-planes reads

hi + ho

2 )
where hg represents the thickness of polymeric core. With reference to Figs. 3.24(b)-
3.24(c), the interlayer “0” undergoes shear strains, which depend on the in-plane
displacements u; = u;(x,y,t) and v; = v;(z,y,t) of the external layers, for i = 1,2,
as well as the out-of-plane displacement w = w(z,y,t), which is the same for both
layers. In particular, pure geometric considerations indicate that, within the hy-
pothesis of infinitesimal deformations, the engineering shear strain components v, o
and 7, o, considered independent of the variable z due to thinness of the interlayer,
take the form

h=ho+ (3.34)

Ugp—urp Ow ug—u; how

Y0 = Ve 0(T, Y, t) I o e e ar (3.35a)
Vgg— V1o Ow Vg — 1 h ow
= t)=——""+— = —— 3.35b

For a constitutive model based on fractional calculus, recalled in the Appendix,
the shear forces per unit length @), and @), depend on the shear stresses 7,.¢ =
Toz0(®,y, 1) and 7.0 = Tyz0(x,y, 1) reading
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(b) (c)

Figure 3.24. Schematic representation of a three-layered sandwich plate. (a) Ini-
tial configuration. (b) Deformed configuration on the plane z-z. (c) Deformed
configuration on the plane y-z.

ho/ _
Q20 = Quo(z,y,t / Tuzodz = Oy GDE lug — uy + h?;ﬂ (), (3.36a)

ho/
QyO = QyO x,y,t /h Tyz,0 dz = C, C(;,D?

9
vy — vy + h(;y“] (1),  (3.36b)

where C,, is a dimensional coefficient and « is the order of Caputo’s fractional
derivative (see Appendix A).

The strain components in the layers “1” and “2”(e,., €44, Eay.i> for i = 1,2), are
listed as follows
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ou; 0*w
Exi = gw,i(l‘7 Y, z, t) = O - Z@ ) (337&)
Ov; 0*w
i =¢eyi(T,y,2,t) = — — 20— ; 3.37b
597 5% (CL’ Y,z ) ay Zayz ( )
ou;  Ov; 0?
Eayi = Eay(T, Y, 2, 1) = . S P (3.37¢)

Oy + Ox Z@xé’y'

The related stresses can be obtained from the corresponding constitutive relations.
Denoting with F; the Young’s modulus and with v; the Poisson’s ratio of the i*®
layer, for i = 1,2, the in-plane forces per unit length can be written as

Nyi = Nyg(z,y,t) = /’Z; Oy dz = 1E_z'h;-3 (%Zi n VZ-?;) : (3.38a)
Ny = Nyi(z,y,t) = /_f:i oy dz = 111’3_1"1;3 (52;; + VZ%ZZ') : (3.38D)
Nayi = Negi(w 1) = [ }::/22 Oy dz = 2(1Efy) (E;“; + g?) ; (3.38¢)

while the bending moments per unit length are
M, ; = Myi(z,y,t) = /’:Z Opizdz = — 12(???;3) (glf + v g;f) . (3.39)
Mys = Mys(@,9,8) = /}:5/22 Teirde = - 12(??%2) (?92;5 T ?91@  (3.39)
My = Myyi(v,y,t) = L }:5/22 Oayizdz = = (Jfﬁ?w) ( ;jgy) . (3.39¢)

The governing equations can be deduced from Hamilton’s principle, i.e.,

to
[180C ~t) + Wae + W] di =0, (3.40)

t1

where IC represents the kinetic energy of the sandwich plate, i is the elastic energy,
Wi is the work made by the non-conservative forces and W, is the work of the
external load.

By neglecting the kinetic energy associated to in-plane trajectories, one finds

1 7
= - A 41
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where p1 = poho + p1h1 + pahs is global mass per unit area, having denoted with p;,
j = 0,1,2 the densities of the corresponding layers.

The elastic energy presents two contributions, respectively related to the in-plane
and bending deformations of the external plies only. Therefore, it reads

1 ou; ov; ou;  Ov;
U=5 [ 3 | Nas o+ Nyt o N[ S+
2 Az‘:lel ’8x+ v 8y+ y’<ay+3x>
o w Pw (3.42)
My,—+M,;— +2M,,,——— | dA.
+ M, 0x? + My, oy? + v &Uﬁy]
The non-conservative work is due to the viscous core, whose action is
6Wnc - /A[Q:C,Oa 57:0,0 + Qy,O 5/7?;,0] dA . (343)

Since the plate is loaded by a uniformly distributed force per unit area p(t), the
work performed by the external forces results

Wex = p /A SwdA. (3.44)

In the considered case study, for simplicity both external plies are monoliths
made of the same material (Young’s modulus E; = E; = E, and Poisson’s ratio
v1 = vy = v), and with the same thickness (hy = hy = h). Their dimensions are
thus indicated as a X b x h. Due to the geometric and load symmetry, u; = —us
and v; = —vy. Hence, having defined Au = us — u; and Av = vy — vy, the problem
is described by the three equilibrium equations

O*w(x,y,t) E,n? ([ 0*w(x,y,t) N 2(94w(x,y,t) N Otw(x,y,t)
ot? 6(1 —v?) Ot 0x20y? oyt

_ B Crya 8Au(m,y,) 78211](1‘7:%')
— . Optl ) RS )

h C (9Av(x,y,~) —82w(x,y,~)
— Dy 4
e gor | 20y UL ) 4 ), s
E,h [0*Au(z,y,t) 1 O?Au(z,y,t) 1 0?Av(z,y,t)
1—v? ox? _1_5(1_”) 0y? +§(1+V) 0xdy

= 20,55 | A, ) + RZUEE | ) (3 450)
h() ox
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E,h [0*Av(x,y,t) 1 PAv(z,y,t) 1 0?Au(x,y,t)
1— 02 T S R LU e oy
2

= 2 ope | Au(a ) + R EPEY ) gy (3.450)
ho dy

It is clear that the first equation represents the out-of-plane equilibrium, whereas
the remaining two indicate the equilibrium in the x and y direction, respectively.

Hamilton’s principle also provide the boundary conditions, which can syntheti-
cally stated in variational form as

“Jn 2

1=1,2

e 2

[Nx,mwéui + Ny iny0v; + Ny i(ny,du; + nxévi)] dl

[anmaéw + Mwnyagw + My, (ny(%w + nw@éwﬂ dl
Yy

Py ox ox oy
OM,; oM, OM,, OM,,
+/‘99¢§2l o Ng + By Ny Dy Ng + o nyléwdﬁ

h
/= (Qx,onx + Qy,ony> dwdl =0 (3.46)
0

In order to solve the set of equilibrium equations for a simply supported plate,
the unknown variables and the loading action are expressed in double Fourier sine
series, in the form

w(z, y,t) = ﬁliwmn(t) sm<m;m> sin<”2y> , (3.472)
Au(z,y,t) = éé Aty (2) cos<m;””> sin<”zy) , (3.47D)
Av(z,y,t) = mi nfjl Avpn (1) sin <m§x> cos (”Zy) : (3.47¢)

pla,y,t) = éépmn(t) sin<m§x> sin<n2y> . (3.47d)

This choice automatically fulfills the boundary conditions for a simply supported
plate with in-plane free edges. By substituting them in the system (3.45), the
equations relative to the m-n components become
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O Wy (1) E,h  (mtm? (1) + 214 m?2n? ) + min? t)
ot? 6(1—v2)\ at {mn 2R ph
h ., o m —?m?
=0, 9D |- TEA
D8 | Bt () = )] 0
h ., ool mn —?n?
Eg4h m2m? m2n? >mn
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This problem regards only the time dependent functions wy,,(t), Atm,(t) and
AUy (t), with initial conditions Wy, (t) = Aty (t) = Avy,(t) = 0 for ¢ < 0.

The system (3.48) can be numerically solved by approximating the fractional
derivatives via the Griinwald-Letnikov approach, referred to in the Appendix. Let
the time interval of interest [0, 7] be divided in s subintervals, whose amplitude is
At =tj1; —t; with 1 < j < s — 1. Then, preliminary calculate the s x s matrices
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with wi =1, wy = =&, ..., wep1 = ———w;(§). If we express f(t)|i=, = f; as

the value of the generic function f(t) at t = t;, the discrete approximation of the
system (3.48) becomes
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This is an algebraic system, from which the unknown values Wy, j+1, Aty ; and
AUy, can be obtained as a function of the corresponding values at the previous
steps, starting from null initial conditions. The complete solution, related to the
m-n mode, is given by

Wl];;m’s - [wmn,l(t1> wmn,2(t2) ce wmn,s<ts)] 9

Aul = [Atmni(t) Atumna(ta) oo At s(ts)]

mn,s

AVT = [Avmn,l(tl) A’l}me(tQ) e AUmn,s(ts)] .

mmn,s

Schematic of the rear supporting structure

In practical applications, the panel is connected to a load-bearing back structure,
whose deformation cannot be neglected in general. In particular cases, the com-
pliance of the load-bearing structure can be tailored designed, in order to tune the

91



3 — Laminated glass modeled via fractional calculus

dynamic response of the system and absorb/dissipate at least part of the energy
from the blast wave, safeguarding the integrity of the panel.

We now consider the mechanical system schematically represented in Fig. 3.25,
where the back structure is modeled via a lumped oscillating mass m,., connected
to the ground by means of the spring k, in parallel with the dashpot ¢,.. Four
kinematic variables describe the deformation in this configuration: the translation
of the back structure w(t); the out-of-plane displacement of panel w(z,y,t) and the
in-plane relative displacements between the external layers Au(z, y, t) and Av(z, y, t)
(reference frame as in Fig. 3.24(a)).
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Figure 3.25. Lumped element model representing the load-bearing back structure
that supports the laminated panel.

The set of equilibrium equations is deduced again from Hamilton’s principle
(3.40). The kinetic energy K of (3.41) has to be complemented with the contribution
of the mass m,. and shall consider that the absolute out-of-plane displacement of any
point (x,y) of the plate is now w(z,y,t)+w(t). The elastic energy U takes the same
form (3.42), to which the part associated with k, has to be added. The dissipation
from the non-conservative forces is again given by (3.43) plus the contribution from
¢,. In the work of external forces (3.44), one has now to consider w(z,y,t) + w(t)
in place of w(z,y,t).

There are now four partial differential equations, that are respectively associ-
ated with each kinematic variable. The motion of the supporting back structure is
governed by the equivalence
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For what concerns the out-of-plane equilibrium, this reads
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The in-plane equilibrium of the panel is still governed by (3.45b)-(3.45¢).

This set of equations can be solved by substituting the unknown functions with
their double Fourier sine series (3.47) and by applying the Grinwald-Letnikov in-
tegration scheme over the time. Since the translation @w(¢) does not depend on the
spatial coordinates (x,y, z), it is necessary to preliminary integrate the equation
(3.52) over the area of panel, so that it becomes
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where we have set
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From the subset equations (3.53) and (3.48b)-(3.48¢c), each mode w,,,(t) can be
found as a function of @(t). The modes w,,,(t) are calculated in cascade at each
time step and, by substituting them in the equation (3.51), one finds

0?w(t) Pwpn(t) X X (mrz | [(nmy O?w(t)
Mo +M/A[8ﬁ g::lnz::lsm —|sin{ + BT dA

aw (1)

+e + k() = /,4 p(t)dA, (3.55)

where now w(t) is the sole variable.

3.3.4 Numerical experiments

The case study is represented by the simply supported sandwich plate introduced
in Section 3.3.3. Both plies are assumed to be made of glass with Young’s modulus
E, = 70-10° Pa, Poisson’s ratio v = 0.25 and density p = 2500 kg/m3. By referring to
Fig. 3.24, their dimensions are set as a xbx h; = 1x1 x0.01m?, with ¢ = 1,2. Three
different interlayers are investigated: PVB at 50 °C (o = 0.155, C,, = 0.474 MPa s%);
SG at 50°C (a = 0.117, C, = 9.409 MPa s*) and DG at 15°C (o = 0.117, C,, =
84.138 MPa s). The thickness of the interlayer hy = 2.28 mm as well its density
po = 1000 kg/m3 are taken as constants. We recall that the laminated plate is
subjected to the load per unit area (3.30). In the following numerical experiments,
also the case concerning a compliant rear structure is analyzed.

Dynamic response of a simply supported plate

In the Fourier expansions (3.47), the asymmetric modes are null because the problem
is symmetric: we first attempt at considering modes m = 1,3 and n = 1,3 only.
Fig. 3.26 reports the displacement components w,,,(t) as a function of time for
PVB at 50°C. It is clear that first mode wj;(¢) is dominant, while the second
modes wy3(t) = w3 (t) provide for oscillations of amplitude two orders of magnitude
smaller. The graph of mode ws3(t) is not reported because of negligible amplitude.
This example confirms that a truncation to the third order in the Fourier expansion
does not cause appreciable loss of precision. The same conclusion is expected to be
valid also for the other interlayers, which are stiffer than PVB at 50 °C.

The state of stress in the glass is measured by the component o,,, evaluated on
the external surface of the internal ply (the one not directly invested by the pressure
wave), in correspondence of the center (z,y) = (a/2,b/2). The corresponding time
history is plotted in Fig. 3.27 for PVB at 50 °C, which is juxtaposed to the graphs
corresponding to the layered limit (free sliding plies, C,, = 0 MPa s*) and monolithic
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Figure 3.26. Modes of vibration w,,(t) plotted as a function of time for an

interlayer of PVB at 50 °C.

limit (rigid shear coupling of the plies, C, — oo MPa s*). The Figure shows this
interlayer provides results close to the layered limit: therefore the stress is due to
the bending contribution. The maximum tensile peak is approximately 140 MPa;
the compression peak is of the same order.

Remarkably, observe that there is a slight compression at the center of plate,
occurring during the very first instants (~ 1073s). This is the most evident at the
layered limit, for which it is approximately 10 MPa, while it decreases as the shear
coupling of the glass plies increases, being minimal at the monolithic limit. The
initial compression is due to the counter-inflection of panel in a neighborhood of
its center. This is the most compliant region of the plate, which is consequently
the most restrained by the effect of the inertia when it is impacted by the blast
wave. Indeed, at the beginning of the deformation process, the bending shape of
the plate is of the type represented in Fig. 3.28, where the change of curvature is
evident. In general, the entity of the counter-inflection does not appear relevant for
the structural integrity of the panel. However, for representative values of the key
parameters (thickness of the glass plies, initial peak pressure), the dynamic response
may be such that the bending failure does not start in correspondence of the center,
but at the borders of the panel [91].

Observe that, since the stress distribution is linear through the thickness, the
maximum and minimum values are certainly located on the surfaces of each plies.
In Fig. 3.29(a), the four points A, B, C and D are schematically indicated in
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Figure 3.27. Time history of the stress component o,, evaluated at the center of

the internal glass ply. (a) Extended time interval (0 — 5 -1072s); (b) detail of the
first instants (0 —3-1073s).

Figure 3.28.

Qualitative deformed shape of the sandwich panel when it has just
been impacted by the blast wave.

correspondence of the centers of the four surfaces of the glass plies; for PVB at
50 °C as interlayer, the corresponding o, is represented as a function of time in Fig.
3.29(b). The external points A and D are those subjected to the highest stresses in
absolute value, because here the bending and membrane contribution sum up. On
the contrary, the membrane contribution is opposite to the bending contributions
in correspondence of the internal points B and D. At the layered limit, where the
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membrane stress is null, the stress at the external points shall be opposite to that
at the internal points. Hence, the graphs of Fig. 3.29(b) indicate that the interlayer
of PVB at 50 °C provides a condition close to the layered limit.

20 1 P 00 [MPa]
-— 100 |
D| C
- e 0|
—100 |

(a) (b)

Figure 3.29. Stress component o,;, evaluated at the centers of the four
surfaces of the glass plies, with PVB at 50°C as interlayer. (a) Schematic
representation of the loaded sandwich plate and indication of the measuring
points. (b) Stress-time graphs.

In Fig. 3.30, we show the time histories of o,,, evaluated at point D of Fig.
3.29(a) (center of the external surface of the second ply), when the interlayer is of
the type SG at 50 °C or DG at 15°C. It is evident that now the response is closer to
the monolithic limit, because C,, is higher than for PVB at 50 °C and the interlayer
is stiffer. Both solutions provide for stress peaks of the same order. The main
difference is represented by the frequency of oscillation: the higher is C,, the higher
the frequency is. For DG at 15°C as interlayer, the solution in practice overlaps
with the monolithic limit.

The contour plot in Fig. 3.31(a) represents the qualitative shear stress distribu-
tion over the plate characterizing the interlayer. The maximum values are located
at midpoints of the edges; while the minimum values (shear stress null) are located
at corners and center. With reference to point (z,y) = (0,b/2), the shear stress time
history is plotted in Fig. 3.31(b). The interlayer DG at 15°C presents the highest
viscoelastic coefficient C,,, therefore it provides for the highest stress peak. Other-
wise, by considering PVB at 50°C (C,, very low), the stress peak is approximately
reduced of one order of magnitude. There is not a proportional relation between C,,
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Figure 3.30. Stress component o, related to the 2" ply, in correspondence of

(z,y,2) = (a/2,b/2,h/2). (a) SG at 50°C (b) DG at 15°C

and the magnitude of maximum shear; anyway, if the interlayer is stiffer, an higher
peak in terms of shear stress is expected.

In order to understand what is the contribution due to the hereditary memory of
viscoelasticity for the interlayer, it is interesting to compare the previous results in
terms of the stress 0., in the glass, with numerical experiments for perfectly elastic
interlayers. Recall that all the relaxation functions are assumed to be power laws
that fit the experimental data provided by Biolzi et al. [89]. In the bi-logarithmic
plots of Fig. 3.32, these are represented by inclined straight lines, which interpolate
the experimental points, highlighted with circles. An equivalence with an elastic
material (quasi-elastic approximation [44, 93]), can be done by considering for it
the shear modulus in the relaxation curve that corresponds to the characteristic
duration of the loading action. Therefore, the elastic behavior of each interlayer is
determined by drawing a horizontal line, corresponding to a = 0, which intersects
the relaxation function at ¢ = Ty, where Ty = 1.27 - 10725 is the time duration
of the positive blast pressure, as per Friedlander equation (3.30). In conclusion,
the elastic limit is denoted by setting R(t) = Cj that, for the cases at hand, takes
the value: C’O = 0.835MPa for PVB at 50°C; C’O = 14.484 MPa for SG at 50°C;
Co = 129.516 MPa for DG at 15°C.
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Figure 3.31. Shear stress in the interlayer. (a) Contour plot. (b) Stress
Tzz,0, calculated in correspondence of the midpoint of the edge (black dot),
as a function of time.

The results to be compared are reported in Fig. 3.33 for the three considered
interlayers. In all the cases, there is a good superimposition between viscoelastic
and elastic cases for what concerns the first peak. When considering the response in
a broader time interval, the difference is minimal with DG at 15 °C, the stiffest of all,
inasmuch the monolithic limit is attained. PVB at 50 °C and SG at 50 °C provide a
similar response: the dissipation provided by the viscous component decreases the
magnitude of the successive peaks and slightly increases the frequency of oscillations.
If PVB at 50°C is used as interlayer, the sandwich is more compliant; hence, there
are less oscillations within the considered time interval if compared with the other
materials.

Effects of the supporting structure

With reference to the simple model of Fig. 3.25, proposed in Section 3.3.3, the
influence of the supporting back structure is now investigated. In particular, the
following three cases are distinguished for the sake of comparison.

99



3 — Laminated glass modeled via fractional calculus

T,

103 F T \!m[ \_\\!wd\!u—w _\ T T T T T T T T TTI T T T T T T T T T T T T E
= - ! ]
% 102 ? : e e e R A A AR E
g I ! ! I .: ..................................... 1
£ 10t} . o 1
= . | |
Z . \ ]
§ W0 I
- = 1 i
< [ 1
5 1l ' |
< 1071 ! 1
= - ! g

—2 I ! \H]Hl_\ \_m;\l _\ H_HHI \_\HHM N Y T S T A |
1071072107210~ 10° 10* 10%? 10® 10* 10° 10°

t[s]

oDG 15°C oSG 50°C «PVB 50°C

Figure 3.32. Relaxation functions plotted for the interlayers considered in [89].
Extrapolation with a power law (continuous lines in the bi-logarithmic scale) and
elastic approximation (horizontal dash-dotted lines), by considering the secant shear
modulus at t = Ty = 1.27-1072s, for PVB at 50°C, SG at 50 °C and DG at 15°C.

1. Rigid structure. This is the limit case k., — oo, providing for a rigidly-borne

panel. The blast wave totally transfers its energy to the panel, which responds
through its deformation.

. Simply supported beam. The glass panel can be fixed to a frame com-
posed of transoms and mullions. We assume an equivalent simply supported
beam, whose cross-sectional inertia is I = 42930 - 10~®m* with mass per
unit length m, = 79.4kg/m (standard profile IPE A 500 UNI 5398). By set-
ting Ey = 210 GPa for steel, the spring stiffness in the model is set to be
k., = 48E,I/L? = 67.614 - 103 N/m where L = 4m. Assuming the shape func-
tion Y(x) = 4(z/L)(x/L — 1) for its deformation, the effective lumped mass
results to be m, = my [ Y (x)? dz ~ 169.387 kg.

. Pre-tensioned cable. A back structure made of multiple cables exhibits the
maximum compliance, which enhances its capacity to absorb energy from an
impulsive load. We set Ny = 300kN as the tensile force in a cable of length
L = 4m, so that k, = 2Ny/(L/2) = 150kN/m. In order to consider the weight
of the fixing devices besides the self-weight of the cable, the considered mass
is m,, = 50kg, but ballast may be artfully added if advantageous.
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Figure 3.33. Viscoelastic interlayers and the corresponding elastic approximation.
Stress components 0., at the center of the external surface of the second glass ply.
(a) PVB at 50°C. (b) SG at 50°C. (c) DG at 15°C.

In all the aforementioned cases, the dissipation of the back structure is interpreted
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through a dashpot with a damping coefficient ¢, = 0.03 - 2v/m,.k, (damping ratio of
3%). We consider in detail only the case in which the interlayer is made of PVB at
50 °C, which is the most interesting one because the other materials provide results
close to the monolithic limit.

The time history in terms of stress o,, and out-of-plane deflection w, evaluated
at point D of Fig. 3.29(a), are represented in Fig. 3.34. It is clear that, as expected,
a compliant back structure substantially contributes to reduce the stress and de-
flection. For a back structure formed by a simply supported beam, the solution is
intermediate between those corresponding to the rigid support and the pre-tensioned
cable. The condition of rigid support is clearly the worst of all; using a compliant
cables approximately halves the stress in the glass.
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Figure 3.34. Comparison between different supporting structures for a laminated
panel employing PVB at 50°C. (a) Stress components o, related to the 2°¢ ply,
in correspondence of (z,y, z) = (a/2,b/2,h/2). (b) Out-of-plane displacement w in
correspondence of (z,y) = (a/2,b/2).

The displacement of the back structure is plotted in Fig. 3.35 as a function
of time for the two cases of simply supported beam and pre-tensioned cable. Since
their fundamental period of vibration is much higher than the interval of observation,
comparable with the characteristic duration of the blast wave, none of the graphs
completes a period. The contribution from stiffness and inertia induces a slower
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deformation in the simply supported beam than in the pre-tensioned cable. The
more compliant is the load-bearing structure, the less is its resistance in terms of
stiffness: the blast action is mainly equilibrated by the inertial contribution [21].
However, if on the one hand a compliant back structure may safeguard the glass
integrity, on the other hand the resulting large displacements may be incompatible
with the design serviceability limit states.
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Figure 3.35. Time history of the displacement w of the back structure, supporting
a panel laminated with PVB at 50°C as interlayer under the action of the blast
wave. Comparison between simply supported beams and pre-tensioned cables.
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Chapter 4

The advantages of dissipative
supporting devices

The limited strength of glass and its intrinsic brittleness is such that only a low
level of blast resistance can be achieved with conventional glass curtain walls [94].
Failure criteria are available to evaluate the strength of facades made of tempered
monolithic glass panes [73]. Laminated glass is usually recommended because the
viscous polymeric layers connecting the glass plies provide ductility in the post-
breakage phase [16, 14, 67, 68, 13]. Anyway, from an engineering point of view, it
is the entire fagade subjected to the blast loading action, so that the performance
requirements should be sought at the level of the assembly and not of the single
glass panel. Therefore, it makes little sense to define blast-resistant glass panes: it
would be more correct to refer to explosion-resistance facade systems.

As improvement, dissipative devices can be installed in order to absorb energy
during a blast loading event. A viscous type of dissipation is usually proposed,
probably because it is the kind most well known to engineers, whose mathematical
modeling presents no difficulty via the definition of damping coefficients. For exam-
ple, this mechanism is used by the spider connector designed by Amadio and Bedon
[17], which is shown in Fig. 4.1.

However, this type of dissipation, for which the reaction force depends upon the
displacement rate, does not seems to be suitable for structures stressed by short
duration impulses transmitting sharp velocity jumps, inasmuch a viscous damper
behaves like an almost rigid connector. Therefore, the attention is here concentrated
on different-in-type dissipative devices based on material yielding, where the energy
is absorbed through the plastic deformation of crushing components. An example in
this direction is made by Wellershoff et al. [95], who proposed dissipative brackets
for glazed facades for which the absorption of energy is provided by several crushing
components (aluminium sleeves, dissipative crushable concrete, etc.). These devices
are designed to be installed on stiff substructure such as a concrete frame, which is
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Laminated glass

VEdevice . _______ .
Fastener Crossbar

VE layer/

(b)

Figure 4.1.  Viscoelastic (VE) spider connectors proposed by Amadio and
Bedon [17]. Glass panels are linked to a spider connector through a piston,
that slides inside a chamber in contact with a viscoelastic layer. (a) Assembled
device and (b) schematic section.

in general too rigid to cooperate with glazing in absorbing the shock wave energy.
Figs. 4.2(a)-4.2(b) report pictures of the device before and after a blast event. The
working principle is shown in Fig. 4.2(c).

In order to analyze the possible advantages of inserting “sacrificial” components
in a fagade, we consider the paradigmatic model problem of a blast wave invest-
ing one glass pane, that is connected to an elastic load-bearing structure by the
interposition of dissipative devices. The dynamic equilibrium under an impacting
blast wave is studied by reducing the response of both the back structure and the
pane to simple 1-DoF oscillators, through a simplification ¢ la Rayleigh taking into
account geometric second order effects. The glass plate can be considered mono-
lithic, or laminated by using enhanced shear deformation theories [96] or effective
bending properties in terms of stress and deflection [66]. The component is a two
way device, schematized as a cylinder fixed on rear structure, which contains two
dissipative elements, referred to as shock absorbers, activated by a mobile piston,
which alternatively compresses one of them according to the direction of movement
until their plastic collapse. Although the treatment is very general, being applica-
ble to any kind of dissipative device, for the sake of illustration reference is made
to shock absorbers made of an aluminium honeycomb as per Fig. 4.3, whose force-
displacement constitutive relationships are approximately rigid-plastic, with tunable
parameters. Analytical and numerical solutions are compared in order to validate
the proposed model as well as the solver algorithm.
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load LS

Figure 4.2. Dissipative facade bracket proposed in [95]. Crushing compo-
nents are made by aluminium sleeves and crushable concrete. (a) Dissipa-
tive bracket in the non-activated state. (b) Dissipative bracket after inward
testing. (c¢) Working principle.

There are theoretical aspects that have been very little investigated so far. Some
studies consider the shock absorber as an equivalent viscoelastic dashpot. This
approach is not accurate, since the response of a dashpot is governed by the velocity
of deformation, whereas a shock absorber reacts in terms of applied forces. Another
important phenomenon, generally neglected to the best of our knowledge, consists
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Figure 4.3. Example of a shock absorber made of an alumium honeycomb structure.

in the fact that, when a shock absorber is completely deformed (collapse of the
honeycomb structure), it becomes suddenly rigid, so that the moving piston collides
against it. It is during these impacts that the glass panes, as well as the load-bearing
back structure, are the most stressed. The entity of the rebounds is related to the
coefficient of restitution, which expresses the consequent energy loss in the proposed
analytical model. Given the number of variables (properties of shock absorbers and
back structure, inertia, coefficient of restitution), a parametric analyses is made to
optimize the global dynamic response. The possibility of using a linear viscoelastic
dissipator is also considered, for the sake of comparison. The following arguments
have been discussed by Viviani and Royer-Carfagni [97].

4.1 Shock absorbers

For the case at hand , the model problem is represented in Fig. 4.4(a). It schemati-
cally reproduces a glass pane, contoured by a rigid frame, which is in turn connected
to an elastic back structure via a dissipative device. The influence of the back struc-
ture is compared to that of a 1-DoF oscillator, while for the panel only the first
mode of vibration is considered. The dissipative unit, as detailed in Fig. 4.4(b),
is composed of two shock absorbers, hypothetically placed inside a cylinder, which
plasticize when compressed above a critical value by the internally-sliding piston.
This dynamic system is defined by six degrees of freedom, i.e. the displacements of

o the surfaces of the two shock absorbers potentially in contact with the piston,
Z4(t) and Z; (1)

o the back structure, Z;(t);

o the centroid of the glass pane, Z,(t);
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o the piston inside the cylinder, Z3(t);

o the frame contouring the glass pane, Z,(t).

£ r
k Zl &» .é)»
L mg g
m = 2 e
1 #\/\/\r‘—

left shock absorber right shock absorber

2UE

moving piston

(b)

Figure 4.4. The model problem considered in the analysis. (a) Schematic repre-
sentation and (b) detail of the dissipative unit composed of a moving piston, the
right and the left shock absorbers.

Our interest is in calculating the system response, and in particular the stress in
the glass pane, when this is subjected to the pressure time history p(t) from a blast
wave.

4.1.1 Blast action

The blast wave is supposed to provide an out-of-plane uniformly-distributed force
per unit area p(t) on the pane surface, which is interpreted via Friedlander equation
[32] in the form

p(t) = —po(1— ) P, (4.1)
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where § = 1 is the decay parameter, T; = 0.01s is the time negative duration and
po = 272KkPa is the initial pressure peak. These values, which can be obtained
by an analytical or experimental procedures® [36, 98], approximately reproduce an
explosion of a charge 100 kgTNT placed 15m far from the glazing. The pressure
calculated through (4.1) represents the net load acting on panel, and it implicitly
accounts for other types of contributions, such as the increase of air pressure due
to the thermal explosion and the dynamic pressure related to wind velocity and
reflection phenomena?.

The pressure-time graph, composed of a compression followed by a suction phase,
is plotted in Fig. 4.5. It should be recalled, however, that a simplified expression is
often used in the engineering practice, where the compression phase is approximated
with a triangular law ad the subsequent suction phase is neglected, as indicated in
the same figure.

p(t) SUCTION

Ta

COMPRESSION

—DPo

Figure 4.5. Force per unit area transmitted by the blast wave on the
glass pane as a function of time: Friedlander equation (light blue) and
simplified triangular model (red).

The triangular impulse is usually reputed to be conservatively on the safe side, as the
suction phase should counteract the compression force. However, this is not always
true [90, 44, 46|, because the negative phase can activate the lower vibration modes
of pane [47]. To illustrate, consider a simply supported rectangular glass plate, with
size ax bx s = 2.5x2.5x0.02m?, Young’s modulus and Poisson’s ratio respectively

I The eventual experimental activity must be conducted according to the current standards and
norms [3, 8, 9]. One can choose for an open arena blast test or alternatively for a controlled
explosion inside a shock tube. In the last case a lower amount of explosive charge is required, but
it is necessary to properly set-up and asses the performances of the shock tube [42].

2A detailed analysis of the various contributions from a blast wave can be found in [26, 38].
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E, = 70-10°Pa and v = 0.22 and mass per unit area y = (2500 - s) kg/m*. The
modal frequencies according Kirchhoff-Love plate theory [45] read

7 (m? n? E,s?
mn — S| o Ty Ta/1 o\ 4.2
4 2<a2 * b2> 12(1 —v?)p (42)

where m and n are the mode numbers. Fig. 4.6 represents the Fourier transforms of
both Friedlander model, considering different decay coefficients 3, and its triangular
approximation. Observe that only a slight variation of the decay coefficient lead,
the triangular approximation to be not on the safe side, inasmuch the magnitude
of dynamic excitation in correspondence of the first fundamental frequency f1; may
be much higher than for the case of the linearized compression phase only. For the
specific case considered here, for which 5 = 1 has been set, the (blue) peak close
to the frequency fi; is only slightly higher than the corresponding (red) value for
the triangular law. However, we repute that the Friedlander model provides, in
any case, a more precise indication of the actual conditions experienced by a facade
during an explosion and, hence, it will be used in the sequel.
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Figure 4.6. Magnitude—frequency diagram corresponding to the Fourier trans-
forms of: Friedlander equation with = 0.1 (blue) as previously defined, lin-
earized compression phase (red), Friedlander equation with 5 = 1.2 (orange) and
Firendlander equation with 8 = 0.8 (green).
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4.1.2 Load-bearing back structure

The load-bearing back structure can be either massive or light-weight, since it can
be made, e.g., either with beams, in the form of mullions, or with prestressed cables.
Its dynamical properties can greatly affect the state of stress in the glass pane under
blast loading conditions [21], but here only its first vibration mode is considered in
the form of an equivalent harmonic oscillator of stiffness k;, mass m; and damping
coefficient ¢;. In general, under the action of a triangular-shaped impulse of duration
Ty, as for the simplified model of Fig.4.5, three different-in-type scenarios can be
distinguished [38, 92]: the impulsive regime, the dynamic regime and the quasi-static
regime. The impulsive regime takes place when the load duration is so small with
respect to the fundamental vibration period of the structure, i.e., when Tyy/ki/mq <
0.4, that its effect is to impart to the mass a momentum, letting it freely oscillate
afterwards; the corresponding maximum displacement is of the order of up., =~
poA/k1, where A is the invested area. On the opposite side, the quasi-static regime

is for loads with longer duration, for which Tyy/ki/m1 > 40: NOW Upay =~ 2poA/ k1,
inasmuch the inertial forces do not contribute significantly. The dynamic regime
is a trade-off between the aforementioned scenarios: in this case, uy.x specifically
depends on the load time history.

With reference to a back structure made either with beams or cables of length
L = 8m, the following three different cases are considered.

1. Rigid structure. This is the limit case k; — oo, representative of the quasi-
static regime. Since no energy from the blast wave is absorbed by the back
structure, this represents the most critical condition for the glass pane.

2. Simply supported beam. Mullions with cross-sectional inertia I = 42930 -
1078 m* and mass per unit length m;, = 79.4 kg/m (standard profile IPE A 500
UNI 5398) are considered in order to keep the maximum deflection within the
limit /30, as verified a posteriori. Setting Es; = 210 GPa for steel, the effective
stiffness is k; = 48FE,I/L3 = 8.45184 - 10° N/m. By choosing the quadratic
expression Y (z) = 4(x/L)(z/L — 1) as the shape function for inflection, the
lumped mass can be calculated as my = my f;° T(z)? do ~ 338.773 kg.

3. Pre-tensioned cable. The impulsive regime is achieved for a back structure
made with multiple cables, forming a net supporting several glass panes. In
a 1-DOF schematization, we can set Ny = 300 - 103N as the effective tensile
force in one equivalent cable, and obtain k; = 2Ny/(L/2) = 150 - 10 N/m. In
order to consider the weight of the fixing devices besides the self-weight of the
cable, we set m; = 100 kg, even if ballast may be artfully added.

In all the aforementioned cases, the dissipation of the back structure is interpreted
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by a dashpot, shown in Fig. 4.4(a), with a damping coefficient ¢; corresponding to
a 3% damping ratio, i.e., ¢; = 0.03 - 2¢/m k.

The considered load-bearing back structures are classified in Table 4.1 according
to the loading-regime categories suggested in [92] and according to the parameter
Ty\/k1/m1 . The characteristic load duration time, evidenced in Fig. 4.5, is set
equal to T; = 0.01s.

Back Structure Loading Regime 7T} \/:Tll
Rigid support Quasi-static 00
Simply supported beam Dynamic 1.5795
Pretensioned cables Impulsive 0.3872

Table 4.1. Rear supporting structures and correspondent loading regimes as per [92].

4.1.3 Glass pane

The glass pane is a monolithic plate® of size a x b x s = 2.5 x 2.5 x 0.02m?3, with
Young’s modulus £, = 70 GPa and Poisson’s ratio v = 0.22. The plate is simply
supported by a contouring metallic frame, supposed rigid* in the model problem.
Introduce a reference system (z,y) centered at one of plate corners and with axes
parallel to the sides, so that the reference domain for the plate is {0 < z < a,0 <
y < b}. The out-of-plane displacement w(z,y,t) is approximated as

U)(ZL’, Y, t) - [Z2(t) - Z4(t>}77/)(l’, y) ) (43)

where, consistently with the form of first vibration mode

U(x,y) = sin(ﬁx/a) sin(wy/b)

3Laminated glass could be considered as a monolith with equivalent bending properties, using
the definition of effective thickness [99, 100].

4This is a necessary simplifying assumption, because consideration of the elastic deformation
of the frame would make the semi-analytical resolution of the problem impractical. However, it is
probably on the safe side, because the compliance of the frame should absorb part of the energy
from the blast wave and, hence, diminish its effect on the glass.
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is the shape function, Z5(t) — Z4(t) is the maximum deflection, i.e., the relative
displacement between plate centroid and supported borders. Due to high pres-
sures transmitted by the blast wave, it is necessary to take into account geometric-
nonlinear effects by using von Karman plate theory [101, 102, 63]. In order to
approximate the in-plane stress function ¢(z,y,t), providing the membrane compo-
nents of stress in the form

_ DPo(z,y,t)

5'm<$, Y, t) - T7 (44&)
_ Po(x,y,t

Uy(iL', Y, t) = éxg ) ) (44b)
_ Po(x,y,t

Tay(T,9,t) = _8<a:8y) (4.4c)

we follow the procedure suggested by Levy [103]. The method is based on Fourier
expansion; by keeping only the first two terms, one finds for a simply supported
plate

ol y,t) = [ Za(t) — Zu(0)] l32(z§ja2) COS<27;$> + 32(529/52) cos(zzyﬂ. (4.5)

From this, one calculates the membrane strains

Ex(z,y,t) = El’g (6)280(%’2% b_ V@%@éa;?y,t)), (4.6a)
Ey(z,,t) = ;g (a%g;’f’ t_ ua%éz;y’ t)>, (4.6b)
Exy(T,y,t) = — (1;_9”) 82%(;8’3’75). (4.6¢)
The component of curvatures can be approximated as
Xe(z,y,t) = —W, (4.7a)
Gl ) = SO0, (4.7
Xay (T, Y, t) = —W. (4.7¢)
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In conclusion, the elastic energy of glass plate takes the form

E s a b 3 B - )
Ur = 2(1_9VQ)/O /0 (2o +&,)° — 2(1 — v) (6.8, — 532@) dzdy
+Egs3/a/b( " )2—2(1—1/)( B 2)dd (48)
24(1 — 1/2) 0 Jo Xe Xy Xz Xy Xary ray, .

where the contributions of membrane and bending strains are well separated in the
sum.

4.1.4 Dissipative devices based on material yielding

As schematically indicated in Fig. 4.4(b), the dissipative device is composed of three
parts: a cylinder, a mobile piston and two shock absorbers in unilateral contact
with the piston. The cylinder, whose equivalent mass is m3 = 50kg, is interposed
between the back structure and the framed glass panel. Their dissipation mechanism
is based on the plastic capacity of the shock absorbers when compressed beyond the
critical limit. There are different ways to achieve such a property by means of
different materials and geometries, such as in the device proposed by Wellershoff
et al. [95] which is formed by aluminium sleeves and dissipative concrete. Here,
we consider honeycomb structures as in Fig. 4.3, whose constitute response under
static compression [104, 105] is as schematically represented in Fig. 4.7(a). The
graph shows a linear elastic branch followed by a plastic plateau at F' = F,., until
the maximum plastic displacement A (end of stroke) is reached: this relationship
may be supposed valid also in the dynamic case, modulo some approximations [106].
By neglecting the elastic phase, very limited if compared with the total plastic
deformation, the out-put can be approximated by the rigid-plastic law of Fig. 4.7(b).
Under this assumption, the response is completely characterized by the critical load
F,., at which the plastic deformation occurs, and the maximum plastic shortening
A. These parameters can be tailor-designed since they depend on the material and
the structure of shock absorber [107, 108]. The upper bound for the absorbed energy
W is clearly W* < F,,A.

The shock absorbers are two because one is active during the compression phase
and the other is needed for the subsequent suction phase. With reference to Fig.
4.4(a), the two units will be respectively distinguished with the labels "¢" (for left)
and "r" (for right). Their properties should be specifically optimized according to
their role. Since the contact between the piston and each one of the shock absorber
is unilateral, the constitutive response of the whole unit, to be implemented in the
solver algorithm, is represented in Fig. 4.8 for a cyclic response: the force F' that
the piston can equilibrate is a highly nonlinear function of the relative displacement
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(a) Real experimental relation (b) Simplified experimental relation

\ 4

Figure 4.7. Schematic force-displacement relationship for an aluminium hon-
eycomb structure under static compression: (a) experimentally measured and

(b) idealized response.

Zs — 7y, as per Fig. 4.4(a). The first (third) quadrant of the graph is associated
with the right (left) shock absorber.

F
]

£
_Fcr

Figure 4.8. Constitutive relation for the whole dissipating unit under a non-mono-
tone displacement of the piston. The force F' that the piston can equilibrate is a

nonlinear function of Z3 — Z;.

4.1.5 Dynamic equations

The solution of the dynamic system of Fig. 4.4(a) is governed by equations that
change during the motion according to the type of contact between the piston and
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the shock absorber. In particular, five distinct scenarios need to be considered, re-
ferred to as the compression, compression-yielding, traction, traction-yielding, and
uncoupled phases. The transition from one phase to the other is determined by
matching conditions in terms of displacements and velocities of the Lagrangian vari-
ables.

The blast wave acts on a system initially at rest in the reference, undistorted
and un-yielded, in which A = A" = 0.

e The compression phase occurs when the mobile piston gets in touch with
the left shock absorber, no plasticization has yet taken place. Thus A’ and
AT are constants over time because ky(Z; — Z3) > —F%. In order to avoid
interpenetrations, the kinematic variable shall satisfy conditions

ZE=7,— A" (49a) Zr=7,+A", (49c) Zy =75+ A" (4.9)

In particular, the conditions (4.9¢)-(4.9f) link the displacement of back struc-
ture with that of mobile piston, avoiding spurious velocity jumps between Z
and Zg . Such discontinuities would imply the presence of unrealistic impulsive
forces which cannot be transmitted by a shock absorber with a limited yielding
strength, as indicated in Fig. 4.7(b).

o The compression-yielding phase starts when the mobile piston plasticizes
the left shock absorber, so that ky(Z, — Z3) = —F‘.. The left dissipator
absorbs energy as it shrinks, up to the limit A? = A¢ or, alternatively, when
the transmitted force goes under the plastic threshold. The “crushing velocity”
can be calculated as

A =7 -7 <0, (4.10)

which provides the plastic displacement after integration. The initial condi-
tions for the kinematic variables characterizing the beginning of this phase,
read

Z§ = Zs, (4.11a) 7 =71+ A, (4.11c)
Zt = Zs, (4.11D) Zr = 7, (4.11d)
but this time there is not a 'direct' relation between Z; and Z3. When the
total plastic deformation A = Af is attained, the mobile piston impacts with
the back structure, exchanging an impulsive force. We model this interaction

as an impact problem, governed by balance of linear momentum and kinetic
energy, as it will be soon explained.
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e During the traction phase, the piston gets in touch with the right shock
absorber, which is deputed to mitigate all the secondary suction effects of the
blast wave. In analogy with the compression phase, as long as ky(Z; — Z3) <
F" there is no plasticization and, hence, A and A" remain constant. The
conditions on the kinematic variables that characterize this phase now are

Zb =17, — A", (412a) Z5 =7+ A", (4.12¢) Z,=Z3— A", (4.12)
7t =17, (4.12b) 7% = Z, (4.12d) 2, = Zs. (4.12f)
As before, the expressions (4.12e)-(4.12f) couple the displacement of right

shock absorber with that of mobile piston. Also at the beginning of this
phase there are no velocity jumps between Z3 and Zj.

o The traction-yielding phase occurs when the mobile piston yields the right
shock absorber, so that ko(Z, — Z3) = F.. The movement of the right shock
absorber stops when A" = A" or ky(Z, — Z3) < F.. The “crushing velocity”
is obtained as

A" =270 —7,>0. (4.13)

which provides the plastic displacement after time integration. The kinematic
variable shall satisfy

7t =7, — A, (4.14a) 7y = Zs, (4.14c)
75 =7, (4.14b) 7Zh = Zs. (4.14d)

When the end stroke A" = A" is reached, the mobile piston and the back
structure exchange an impulsive force, which is modelled as an impact.

e During the uncoupled phase, the load-bearing structure and the panel oscil-
late independently one another, since the piston is in contact with neither of
the shock absorbers. The conditions for the kinematic variables are

Z{ =7, — A, (4.15a) 7y =71+ A, (4.15c¢)
Zt =17, (4.15D) Zr =17, (4.15d)
where A and A" are constants over time. The piston freely moves inside the
cylinder. The uncoupled phase ends when the piston gets again in touch with

one of the shock absorbers; impact occurs when this is a completely yielded
unit, such that either Zs = Z§ or Z3 = Zp.
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As indicated above, an impact can occur between the mobile piston and the back
structure. This condition cannot take place when the piston gets in touch with a
shock absorber until this has reached the end stroke, otherwise, the contact force
would be limited by the value F,.. The solver algorithm accounts for impacts in
two conditions: at the end of the yielding phases, and at the end stroke during the
uncoupled phase, when the shock absorbers are fully yielded. The impulse cannot
be transmitted to the glass pane because of the interposed spring ks, indicated in
Fig. 4.4(a) and here set equal to ky = 3 - 107 N/m, which schematically interprets
the compliance of the secondary elements of the facade, such as joints, supports,
etc. Linear momentum must be conserved after the impact, but part of the kinetic
energy can be lost. This loss is accounted for by the coefficient of restitution «,
with 0 < o < 1, defined as the ratio between the differences in velocities. Therefore,
denoting with Zs and Z; the velocities immediately before the impact, and with
73 and Z; the corresponding values just after the impact, the matching conditions
are of the form

lel_ —f—ngg = m1Z1+ +m3Z§_

. : 4.16
Zi -zt (4.16)

—(Zr = Z5)

In addition we shall set Zgt = Z5t = 2, Zy = Z} and Z; = Z}.

For each one of the aforementioned scenarios, the governing equation can be
found by Hamilton’s principle in the form

o =

d(OKN OR oW
07i) "ozl "ozl szl YT
(4.17)
d [ OK OR U oW
— - . = ,=1,2.3,4
dt(&Z) 0z, Yoz, T 5z, 1T

where K is the kinetic energy, R is the dissipation function, U is the potential energy
and W is the work performed by external forces.
The kinetic energy of system in Fig. 4.4(a) is

1 . 1 . 1 a b, . .
K = SmiZi + smaZi+ 5,03/0 /0 (Zs — Z) + Z4)? dady. (4.18)

The dissipation function, which accounts for the effects of the viscous damper of the
back structure, reads

1 .
R = 5clzf. (4.19)
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The potential energy results from the elastic deformation of the springs and the
glass pane, so that it can be written in the form

1 1
U=k 77+ ~ko(Zy — Z3)* +UP, (4.20)

2 2
where UP is given by (5.11). The work of external forces is performed by the blast
wave action and results to be

W = p(t) /0 ’ /0 "2y — Z2) + Z4] dudy, (4.21)

Observe that during the yielding phases, also the dissipated energy W9 has to be
added in the expression (5.14). For the yielding compression stage, one has W¢ =
—F'.(Z§ — Zy), while for the yielding traction stage, one finds W? = F' (Zy — 7).
Note that the sign of F and F" are written according to the convention of Fig.
4.4(a).

For what concerns the uncoupled phase, Hamilton’s principle is applied to each
one of the two resulting decoupled systems. The motion of the panel is obtained by
neglecting the contribution of the back structure inside the expressions (4.18)-(5.14);
the load-bearing structure becomes a harmonic oscillator governed by the equation
m1Z1 + 0121 -+ k’1Z1 = 0.

The solver algorithm detects when the system alternatively enters each one of the
five phases, accounting for the kinematic condition associated with that, as detailed
above.

The model problem is solved with a mathematical algorithm which has to choose
and solve the correct set of equilibrium equations, with the proper matching condi-
tions, according to the five scenarios referred to in Section 4.1.5 as the compression,
compression-yielding, traction, traction-yielding and uncoupled phases.

4.1.6 Validation with a finite element code

The algorithm is written in Mathematica, but in order to verify its soundness, it
is useful to compare the theoretical solution with that provided by a commercial
finite element (FE) software. The library of the commercial code Straus7 does not
contain elements that can specifically model impacts, but a contact with coefficient
of restitution o = 1 can be simulated with a very hard unilateral spring. Indeed,
the impact phases, which are usually neglected in simulations of this kind, represent
one of the most important aspects of the present model. In order to consider only
the first vibration mode for the plate, the glazed pane is substituted with a lumped
massive point and corresponding spring, calculated with Rayleigh’s method. The
resulting simplified lumped element model is shown in Fig. 4.9.
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Figure 4.9. Schematic representation of the simplified lumped element model used
for the algorithm validation with a commercial FE code.

Substituting the glass plate with a 1-DOF oscillator is certainly a drastic ap-
proximation, because the blast wave certainly activates higher modes. However,
Fig. 4.6 indicates that the first mode is certainly the one that is excited the most.
For what concerns the dynamics of plate, there is a substantial difference between
the scheme of Fig. 4.4(a) and that of Fig. 4.9 because, in the former case, the frame
supporting the plate moves with the piston, whereas the stiffness of the spring £*
has been calculated by assuming that the supports of the plate are fixed. However,
this case just serves as confirmation of the solutions algorithm with reference to a
commercial FE code.

The considered data have been set to amplify and highlight the presence of
bounces. For what concerns the load-bearing structure, we maintain the mechanical
properties of beam support indicated in Section 4.1.2, i.e., k; = 8.45184 - 10°N/m
and m; = 338.773 kg; the damping coefficient ¢; corresponds to a 3 % damping ratio.
The dissipative device is supposed to be constituted by two shock absorbers, whose
properties are: F‘ = 100kN and A’ = 0.03m; F’, = 50kN and A" = 0.02m. The
mass mg = H0kg represents the total inertia of the mobile piston. The properties
of the oscillating massive point have been set by applying Rayleigh’s method for
a simply supported slab a x b x s = 2.5 x 2.5 x 0.02m?® made of glass, as already
indicated in Section 4.1.3. By assuming ¢ (z,y) = sin (mc/a) sin(wy/b) as the shape
function, one finds [70]

m* = ps /Oa /Ob V? dady, (4.22)
. Py 0 Ppory (Y
M= 2(1 —1/2 / / (8:1:2 > -2 _V)[aaﬂ 0y? B (&an) ] ddy.
(4.23)

The dynamic equations are derived as in Section 4.1.5. For the model problem of
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Fig. 4.9 the kinetic energy (4.18), the potential energy (4.20) and the work made
by the external forces (5.14) (modulo the plastic dissipation) have to be respectively
rewritten as

1 . 1 . 1 .

K= 5mlzl2 + 5mgzg + 5m*Zg, (4.24)
1 2 1 * 2

W =p*(t) - Z, (4.26)

where p*(t) = p(t) /a /b Y dxdy.

The FE model ir%plgmented in Straus7 is shown in Fig. 4.10. A Spring-Damper
forms the back structure connecting the mass my with a fixed point at one extremity,
while the mass m* is attached to the piston trough a Spring £*. The masses m,
and m* are displayed as light blue spheres, which are constrained to move along the
same direction of the force p*(t) (red arrow applied on the mass m*). A detail of the
model for the dissipative device, encapsulating the two shock absorbers, is shown
in Fig. 4.11. The right shock absorber is connected by Rigid links to the mass
my, while the mass mg is connected by Rigid links to the spring £*, represented
with blue bars. The mobile piston is constituted by a massive point mg, which can
get in contact with the shock absorbers through Normal Contact beams, colored in
green. In practice, they are simple unilateral springs active in compression, whose
stiffness is set equal to 1.5 - 10" N/m (higher values provide inaccurate numerical
results). Observe that Normal Contact beams are associated in parallel with Zero
Gap beams (colored in yellow) in order to avoid interpenetrations when the stroke end
(completely yielded shock absorber) is reached. They provide a non-zero stiffness,
set equal to 3 - 10" N/m, only when the gap is closed.

The time dependent solution is calculated by using the Nonlinear Transient
Dynamic solver, implemented in the software. There are several parameters to be
set: we choose the Time step A7 = 107°s and Newmark’s beta B = 0.5. The
results are reported for the time interval 0 < ¢ < 0.1s, which is meaningful with
respect to the the duration of the blast pressure. The graphs that describe the
dynamic response in terms of the kinematic variables are represented in Figs. 4.12-
4.14. They all demonstrate a perfect agreement between the theoretical and the
FE solutions. In particular, the graph of Z3 — Z; represented in Fig. 4.13, which
corresponds to the relative displacement between the moving piston and the back
structure, shows a perfect agreement with the solution provided by Straus7, in
particular for what concerns the bounces produced by multiple impacts. This is
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Figure 4.10. Simplified finite element model, implemented in Straus7.

Figure 4.11. Detail of the dissipative device, implemented using the elements
available in Straus7 library. The indicated kinematic variables are those used
in the theoretical problem.

indeed the most important result from the comparison. Unfortunately, Straus7
cannot consider other aspects, such as the variability of the coefficient of restitution.

4.2 Optimization of dissipative device

Parametric analyses are now presented in order to optimize the dissipative system
with respect to safeguarding the integrity of the glass pane.
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Figure 4.12.

Comparison between theoretical and FE solutions: displacement Z;

of the load-bearing back structure.
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Figure 4.13.

Comparison between theoretical and FE solutions: relative displace-

ment Z3 — Z1 between the mobile piston and the load-bearing back structure.

4.2.1 Influence of the properties of the left shock absorber

The left shock absorber serves to mitigate the compression phase of the blast load
according to Friedlander equation. Since the integrity of glass has to be preserved,
the parameter of interest is the maximum (in absolute terms) out-of-plane displace-
ment of pane, which is directly associated with the maximum stress caused by the
compression phase. This is represented by |Z; — Zy|max in the scheme of Fig. 4.4(a),
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Figure 4.14. Comparison between theoretical and FE solutions: relative
displacement Zy — Z3 between the oscillating mass representative of the
panel and the mobile piston.

and it clearly depends upon the parameter of the shock absorber, i.e., it is a func-
tion of FY. and A’. Starting from the reference undistorted state (Z, — Z;) = 0,
we calculate the maximum first peak under the blast action as the aforementioned
parameters are varied, whereas the properties of the right shock absorber have been
fixed at F. = 25000N and A" = 0.1 m. The back structure is supposed to be in-
finitely rigid (k1 — 00), which represents the worst situation for the integrity of the
glass pane. A further hypothesis is that there is no energy loss during the impacts
of mobile piston, i.e., the coefficient of restitution is oo = 1.

Results are shown in Fig. 4.15, where the calculated points have been interpo-
lated with a surface. There is well-recognizable “step”, more marked for low values
of F!, which divides the surface into two regions: in words, |Z; — Z4|max rapidly
jumps inside a small interval in terms of Af. The location of the jump is correlated
with time scale T; characterizing the blast wave, which marks the transition from
the compression to the suction phase. When the blast wave starts to exert a suc-
tion action, the mobile piston accelerates more rapidly than the panel because it
presents a lower inertia; consequently, the mobile piston and the panel get closer
because Z3 > Z,, increasing the relative displacement |Zy — Z4|. During the com-
pression phase, the peak value of |Zy — Z4|max is mitigated if the left shock absorber
is not yet fully yielded when ¢t = Ty, i.e., if the piston has not yet collided against the
completely crushed left shock absorber at the end of its stroke, such as to avoid the
impact. In this case, the inversion of the motion of the piston (Zg > 0) due to the
suction pressure is not emphasized by the rebound. This implies that the difference
between Z; and Z is reduced on average as well as the peak | Zo — Z4|max-
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Figure 4.15. Maximum out-of-plane displacement of the glass pane |Zy — Z4|max
during the compression phase, represented as a function of properties of the left
shock absorber A and FY.. Case of a rigid load-bearing back structure.

The graph suggests that an optimal condition is achieved in correspondence of the
step in plotted surface. In particular, the right shock absorber should presents i) a
noteworthy run Af 1, along which energy is dissipated and i1) a low activation force
F* | for plasticization, in order to minimize the action directly transmitted by the
blast wave to the panel. In general, the impact of the piston with the fully-collapsed
shock absorber has a negative effect.

In order to better appreciate the location of the jump, three graphs are presented
in Fig. 4.16(a) which represents the intersection of the interpolation surface with
planes Ffr = const. Observe that |Zy — Z|max drops when 0.15 < Al < 0.2m.
Before this sudden variation, the higher values of the activation force F’. provide a
consistent, though limited, benefic effects, because the amount of energy absorbed
is given by F* - A’. On the contrary, after the jump, lower values of the activation
force FY. provide a better performance, because the glass pane is less constrained
and, hence, it can accommodate the blast pressure with increased mobility; impacts
are mitigated and energy is still dissipated thanks to the length of plasticization of
the shock absorber. The jump is reduced by high values of F because there is a
trade off among the aforementioned phenomena.

When no dissipative device is used (FY, — oo and F’. — oo), the maximum
out-of-plane displacement of the glass panes results to be |Zy — Z4|max =~ 0.11m,
also plotted in Fig. 4.16(a). This is a limit case that serves as a benchmark to
appreciate the advantage of shock absorbers, which is thwarted when their plastic
run (Af or A") is too short. Likewise, if F’ represents a “barrier” too high to
overcome, the shock absorber does not deform property and the advantage is null.
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The panel deformation tends to be amplified during impacts, but the dissipative
device allows to reduce this peak if correctly designed with an adequate plastic run.

|Z2 - Z4‘max [m]
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0.05 |
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0 0.1 0.2 0.3 0 0.1 0.2 0.3
t[s] t[s]
— F! = 150kN — F = 150kN
— ! = 100kN — F! = 100kN
— FY = 50kN — FY = 50kN

(a) (b)

Figure 4.16. Case of a rigid load-bearing back structure. (a) Maximum out-of-
plane displacement of the glass pane |Z3 — Z4|max and (b) corresponding maximum
stress, during the compression phase of the blast wave, represented as a function
of A, for various values if FY.. The horizontal dashed line corresponds to the limit
case with F. — oo and F!. — co.

Due to second order geometric effects, the stress in the glass pane is not lin-
early proportional to the maximum out-of-plane displacement. Fig. 4.16(b) is the
counterpart of Fig. 4.16(a) in terms of maximum stress, corresponding to the peak
value of |Zy — Zy|max, which is calculated according to the shape functions (5.6)
and (5.8). The corresponding 3D plot is represented in Fig. 4.17. The nonlinear
model, though approximate, indicates that doubling the out-of-plane displacement
can triplicate the maximum stress. By assuming o = 200 MPa as the strength limit
for glass under impulsive actions, one can notice that the glass pane is at risk of
failure in a great portion of the plotted surface. The fagade design should be ori-
ented to choosing properties inside a safe domain, determined by the mechanical
properties of the dissipative device.
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Figure 4.17. Case of a rigid load-bearing back structure. Maximum stress
during the compression phase of the blast wave, represented as a function of
A’ and F’.. The gray horizontal plane indicates the assumed limit strength of
glass under short-term loading.

4.2.2 Influence of the coefficient of restitution

The coefficient of restitution a expresses the energy loss during impacts, occurring
when the mobile piston collides against the completely deformed shock absorbers.
Although the value could be experimentally determined, our interest is for a para-
metric analysis indicating how this further source of dissipation can affect the final
dynamic response. The mechanical parameters are the same of Section 4.2.1, with
k1 — oo; the left shock absorber is characterized by A’ = 0.25m and F!, = 50kN.
The time dependent response of system is reported for 0 < ¢ < 0.1s.

The relative displacement Z3 — Z; between the piston and the load-bearing back
structure is plotted in Fig. 4.18. Whatever the coefficients of restitution, both the
left and the right shock absorbers are completely deformed since (Z3 — Z1)min =
—A’ = —0.25m and (Z3 — Z1)max = A" = 0.1m. This check is necessary to assure
that impacts do occur. As expected, when the coefficient of restitution grows up
a T, the collisions are more frequent and the bounces are higher, because less energy
is dissipated.

The out-of-plane displacement Zy — Z,, shown in Fig. 4.19, is affected by the
displacement of the mobile piston and, hence, by the coefficient of restitution. If
collisions are frequent and bounces are high, the out-of-plane displacement tends to
increase. Although the first peak is not affected, the influence of o becomes visible
during the subsequent stages, where the peaks are higher. The proposed model
does not consider friction forces and higher vibration modes for the glass pane,
which certainly play a beneficial role. Therefore, we are probably considering the
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Figure 4.18. Relative displacement Z3 — Z; of the piston with respect to the rigid
load-bearing back structure. Influence of the coefficient of restitution a.

worst scenario, in which impacts can cause a catastrophic breakage of glass during
free oscillations, despite a correct initial absorption. The coefficient of restitution
plays a role in reducing the peaks since the lower it is, the higher is the dissipated
energy. However, this effect is not of primary importance during the first impact.
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Figure 4.19. Out-of-plane displacement of panel Zo — Z4. Influence of the
coefficient of restitution a.
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4.2.3 Influence of the load-bearing back structure

Several studies [20, 21, 109, 110, 111] have demonstrated that a compliant load-
bearing back structure can limit the stress in the glass pane consequent to detonation
waves. In the model problem, the role of the supporting system is interpreted by the
stiffness £ and the mass my. In order to evaluate its influence, the time dependent
response is calculated for 0 <t < 0.1s, for the following three different cases:

o 1igid support k1 — o0;
 beam support k; = 8.45184 - 10° N/m and m,; = 338.773 kg;

o cable support k; = 150 - 103 N/m and m; = 100 kg.

We set A® = 0.25m, F’, = 50kN and o = 1; all the other material parameters are
as before.

Fig. 4.20 shows the displacement Z; of the back structure, which is obviously
null when this is rigid. A beam deflects much less than a cable, but the frequency of
oscillation is higher, about twice. The time history of beam displacement presents a
few angular points, corresponding to changes of the velocity Z; due to the collision of
the piston. The cable displacement is always smooth, meaning the effects of impacts
are reduced.

Zl [m]
0.11¢

—0.1 |

—0.2

0 002 004 006 003 0.1
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—— Beam — Cable

Figure 4.20. Influence of the load-bearing structure in terms of deflection Z.

The relative displacement Z3 — Z; between the mobile piston and load-bearing
structure is shown in Fig. 4.21. The solutions provided by the rigid and the beam
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support are qualitatively analogous, in the sense that both of them attest the com-
plete deformation of the shock absorbers in a comparable amount of time; further-
more the number of impacts, as well as their magnitude, are similar. The macro-
scopic difference between these two solutions consists in a little discrepancy between
the trajectories: a rigid back structures anticipates the movement, i.e. the average
velocity of the piston is higher. The solution for the cable totally differs from the
others. The energy from the blast wave is largely absorbed by the deflection of the
cable thanks to the lower stiffness k;; consequently, the left shock absorber results
unloaded. The right shock absorber is ineffective, because it does not even yield
during the monitored time interval.
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Figure 4.21. Influence of the load-bearing back structure for what concerns the
relative displacement Z3 — Z; between the piston and the structure itself.

The out-of-plane displacement Z, — Z; of the glass pane is visible in Fig. 4.22.
The presence of the dissipative device in series with the spring ks produces similar
results in all cases. For what concerns the first compression peak, all load-bearing
structures are basically equivalent; potential advantages can only be achieved with
dissipative devices. A similar conclusions holds for the subsequent suction peak, for
which the trajectories are again very similar, except for the cable. Thanks to its
high compliance, the cable can efficiently absorb the energy during the compression
phase of a blast load, but since the piston does not activate the right shock absorber,
the suction peak is not mitigated. In general, the rigid structure k; — oo performs
worse than the others, because it does not provide any contribution in absorbing the
energy from the detonation wave. A cable structure excellently reduces the average
deflection of panel during the dynamic response, but its inertia and stiffness should
be optimized in order to reduce also the effects in suction phase. The beam provides
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an intermediate effect, which is however very close to the case of rigid support.
ZQ — Z4 [m]
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Figure 4.22. Influence of the load-bearing structure in terms of out-of-plane dis-
placement of the glass panel Zy — Z4.

4.3 The role of viscous dissipation

The capacity of devices based upon material yielding, considered in the previous
Sections, is now compared to that of viscous dissipators, of the type proposed in
[112] for structural applications in general, and more specifically to protect glazing
curtain walls against explosions, as proposed in [113, 114].

4.3.1 Shock absorbers compared to viscous dampers

The mathematical description of the viscous dampers usually relies upon the def-
inition of an effective damping coefficient, in order to collect all dissipative effects
in a simple linear relationship between the viscous force and the relative velocity
between two mobile elements. This is a simplified view of a complex phenomenon,
which would require more sophisticated mathematical tools [115], but it is com-
monly accepted in the engineering practice. By following this description, consider
the model problem of Fig. 4.23, where the lumped mass mgs transmits, through a
linear dashpot with damping coefficient ¢y, the force F3; = CQ(Zg - Zl) to the load-
bearing back structure of mass m;. The mechanical properties of the glass plate
remain as before; the supporting back structure is of the beam type, with the same
values of my, k1 and ¢; considered in Section 4.2.3. Equilibrium equations results
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from Hamilton’s principle, as in Section 4.1.5, but now the dissipation function to
consider reads

1 . 1 . .
R = 5clzf + 502(23 - 7)% (4.27)

Of course, in the expression (5.14) there is no contribution from the shock absorbers.

Figure 4.23. Schematic representation of the model problem where a linear viscous
dashpot is used as the dissipative device.

The influence of the damping coefficient ¢y is evaluated with respect to the
maximum stress oy, in the glass pane and to the maximum relative displacement
Z3 — Zy, representing the stroke of the dissipator, which are both subjected to
technological limits. The first peaks of these quantities are recorded during the
compression phase of blast action; note that, in general, they do not occur at the
same instant. Fig. 4.24 shows the calculated values, respectively denoted with o:d:
and |Z3 — 7 as a function of cy. As expected, |Z3 — Z;|V:d: decreases with
increasing co, because a high viscous resistance restrains the displacement under a
short duration blast action. On the contrary, o¥:d: increases, because most of the
energy from the blast wave is absorbed by the plate deflection. Indeed, by increasing
o, the response of the dashpot tends to that of a rigid link, represented by the limit
¢y — +00 and providing asymptotically stationary values for |Z3 — Z;|%d: and o¥:d-
as can be guessed from the graphs of Fig. 4.24.

The time histories in terms of pane deflection Zy — Z, and related stress are
compared with those obtainable with shock absorbers of the type previously con-
sidered (Fig. 4.4(a)), characterized by A’ = 0.25m, FY, = 50kN and A" = 0.1m,
F? = 25kN. In order to achieve comparable strokes for the dissipative devices,
of the order of |Z3 — Zj|max = 0.25m, we set ¢ = 10kN-s/m, corresponding to a
commercial motorbike damper. The corresponding graphs in terms of displacement
and stress, are respectively juxtaposed in Figs. 4.25(a)-4.25(b) for the time interval

|v.d.
max’
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Figure 4.24. Effects of the viscous dissipative device. Peaks values of the
stress in the glass pane oY%, and of the dashpot stroke |Z3 — Z1|;d:, ob-

max? max’
tained during the compression phase of the blast wave, plotted as functions

of the damping coefficient cs.

0 <t <0.05s. Observe that shock absorbers are more efficient than viscous dampers
in mitigating the effects of the explosion during the first compression phase, but the
opposite is true for the subsequent free oscillations. In particular, the impacts be-
tween the moving piston and the shock absorbers at the stroke end produce the
amplification of the panel deflection, especially when the coefficient of restitution is
a = 1. On the other hand, a viscous dampers dissipates energy, and consequently
smoothen out the successive oscillations. In conclusion, both devices are effective,
but their role is prominent in two distinct stages of the dynamic response.

4.3.2 A hybrid dissipation method

It is logical to conclude that the optimal compromise consists in coupling in parallel
both a shock absorber and a viscous damper: the former mitigates the first blast
impulse, while the latter can constraint the subsequent free oscillations, avoiding
further peaks of stress. The model problem for such a hybrid dissipation device is
represented in Fig. 4.26.

This integrated dissipation method should reduce the stress state in glass on
average, and impart a more “regular” time-dependent response preventing amplifi-
cation phenomena due to impacts. To illustrate, we assume a rigid back structure,
a coefficient of restitution o = 1 and we keep as constants the mechanical properties
of the right shock absorber (F7 = 25kN and A” = 0.1 m). Fig. 4.27(a) shows
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Figure 4.25. Comparison between viscous damper and shock absorbers. Time-his-

tories in terms of (a) out-of-plane deflection Zy — Z; of the glass plate and (b)
corresponding stress o at its center.
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Figure 4.26. Schematic representation of the model problem employing a
hybrid dissipative device, composed by a viscous damper coupled in parallel
with shock absorbers.

the calculated first peak of the out-of plane displacement |Z; — Z4|max, attained
at the end of the compression phase of the blast wave, as function of FY A? and
¢2: the three-dimensional volume is colored according to the value of |Zy — Z4|max
reported in the legend. Most of the aspects already discussed for case of the sole
shock absorber remain valid: a long stroke A’ maximizes the absorption of energy
when associated with a low yielding limit F,, in order to let the panel accommodate
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with its displacement the effect of the pushing blast wave. For what concerns the
role of damping, the minimum deflection is obtained with ¢o — 0 because, certainly,
the damping refrains the movement of the glass pane. Indeed, the first deflection
peak is always increased by the viscous forces, which represent an obstacle to the
movement of the glass pane.

It should be remarked, however, that an increase of the damping coefficient
reduces the demand in terms maximum stroke of the dissipative device. This is
more clear in Fig. 4.27(b), which represents the intersection of the colored volume
with planes co = const. The step that, as indicated in Fig. 4.15, delimits the optimal
domain for the properties of the shock absorber in the F‘ — A* plane, approaches
lower values of A’ when ¢, increases. This means that a viscous damper is very
effective when there are design constraints that limit the size of the dissipative
device, for example A? < 0.1m. If a design with A? > 0.2m is allowed, the viscous
damper has a very little effect in limiting the first peak of stress but, in any case,
it controls the subsequent oscillations in which analogous (or bigger) values can be
attained.

In order to appreciate the potential advantages of the various dissipation meth-
ods, we now compare the corresponding time-dependent responses when the sup-
porting structure is of the beam type, as defined in Section 4.1.2. The following
three types of dissipative devices are considered.

o Integrated hybrid device

Dissipation is shared between a unit composed of two shock absorbers and one
viscous damper, disposed in parallel as per Fig. 4.26. Mechanical parameters
for the shock absorbers are FY = 50kN, A’ = 0.1m and F’ = 25kN ,
A" = 0.05m, so as to limit the size of the device. The damping coefficient is
co = 10kN-s/m, as for a commercial motorcycle damper.

e Shock absorbers

Energy is dissipated by the plastic yeilding of two shock absorbers, according
to the scheme of Fig. 4.4(a). Mechanical properties are the same as before,
ie., F£. =50kN, A =0.1m and F’ = 25kN, A" = 0.05m.

e Viscous damper

One viscous damper connects the load-bearing to the glass pane, as indicated
in Fig. 4.23. The selected damping coefficient is ¢, = 55kN-s/m, in order to
limit the relative displacement |Z3 — Z;| < 0.1 m as in previous cases. This
corresponds to approximately five motorcycle dampers disposed in parallel.

Results for the three aforementioned cases are collected in Fig. 4.28.
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Figure 4.27.  Maximum out-of-plane displacement of panel | Z2 — Z4|max during

the compression phase represented as a function of Af, Ffr and co, for a rigid

load-bearing back structure. (a) Volume representation and (b) its intersection
with planes co = const.
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Fig. 4.28(a) shows the displacement Z; of the back structure. The hybrid device
is certainly the one that limits, better than the others, the deformation, and conse-
quently, the bending stress in the supporting skeleton of the facade. Remarkably,
this solution minimizes (in absolute terms) both the first and the subsequent peaks.
The sole viscous damper limits the number of the oscillations, but the second peak
is comparable to the first one. Shock absorbers alone provide the worst scenario,
essentially because of the collisions of mobile piston that impart impulsive forces
further deflecting the back structure.

These impacts are clearly recognizable in Fig. 4.28(b), which represents the
relative displacement Z3 — Z; between the piston and back structure, coinciding
with the stroke of the piston within the dissipative unit. Of course, no collision
occurs for a wviscous damper, as evidenced by the graph that smoothly decays to
zero. The hybrid device represents a compromise: both of shock absorbers reach the
corresponding stroke ends, but the damper reduces the number and amplitude of
the bounces.

The deflection of the glass pane Zy — Z4 and the corresponding stress o at its
center are respectively shown in Figs. 4.28(c) and 4.28(d). The two representations
are complementary to each other and can be discussed together. Observe that, in
general, the successive peaks may be more dangerous than the first one, occurring at
the end of the pressure phase of the blast action. The hybrid device is very effective
in limiting all the peaks: the stress in glass never exceeds 150 MPa during the whole
time history. A single wviscous damper provides good results, but is less effective
than shock absorbers in limiting the state of stress during the first peak, since the
stress approaches the value o = 200 MPa.

For the case at hand shock absorbers alone do not perform well, essentially be-
cause their plastic capacity in terms of displacement is too small to avoid dangerous
impacts. In particular, the left shock absorber crushes when ¢ ~ T}, so that the suc-
tion phase of the blast wave increases the counter-deflection of the glass plate. The
corresponding stress in glass (green line) overcomes the limit 200 MPa in proximity
of the first and third impact. Indeed, in the presented simulation the parameter
A’ has been chosen to be very small in order to highlight the comparison with
the hybrid device;it is too small to avoid collisions that can drastically amplify the
plate deflection. In conclusion, it is of paramount importance to optimize the me-
chanical properties of shock absorbers, but the addition of a viscous damper adds
an additional degree of freedom in the design process, which allows a much finer
optimization of the dissipative device aimed at safeguarding the integrity of glass.

4.3.3 Concept design of a hybrid dissipative device

The previous analyses have shown that the combination of two dissipative methods
can maximize the subtraction of energy from the system and safeguard the structural
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Figure 4.28. Comparison among three different types of dissipation devices:
integrated hybrid device, shock absorbers and viscous damper. (a) Deflection
Zy of the back structure; (b) stroke Z3 — Z; of the dissipative unit; (c) out-

of-plane displacement Zy — Zy of the glass pane; (d) maximum stress at the
center of the glass pane.
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integrity of glazing. Ideally one should employ crushing components in parallel with
viscous dampers, in order to get the advantages of both mechanisms: yielding allows
to limit the first stress peaks due to the impacting pressure wave; in a complementary
way, viscous dampers are suitable to limit the subsequent free oscillations. Here, we
illustrate a prototype for such a dissipative device. Of course there are innumerable
alternative solutions.

Consider a mobile piston placed inside a cylinder, which goes in contact with two
shock absorbers (made of aluminium honeycomb or aluminium foam); they collapse
when the compression force exerted by the piston overpasses their yielding threshold.
The empty volume inside the honeycomb cells is filled with oil or silicone fluid, which
is spilled through a hole expressly prepared on the cylinder wall. When an impulsive
load invests the panels, the mobile piston almost instantly compresses both shock
absorbers and the presence of the fluid provides for a viscous resistance. In general,
we believe that immersing the honeycombs into a fluid permits to maintain the
device very compact; however, the global size should be set on the basis of project
requirements. We emphasize the importance to design the correct type of seals,
plugs, etc. to prevent the fluid leak and, at the same time, let the piston freely
slide. The piston shall present orifices to let the fluid flow inside the whole cylinder
when it is called to move. If a double-rod shaft is employed, it is not necessary the
presence of any compensation chamber.

The dissipative device must be installed between the panels and the rear struc-
ture: on one side, the mobile piston is linked (for example by means of a threaded
connection) to four adjacent panes; on the other side, two metal plates are welded
to the back structure, in order to support the cylinder. There are several configura-
tions that a glazed facade can assume. If we focus our attention on beam supported
fagades, it is possible to distinguish two main cases as shown in Fig. 4.29. On the
left hand side, the panels are contoured by silicone (it does not offer any resistance)
and the boundary constrains are punctually applied. In fact, the panels are linked
together by a spider connector, constraining one corner of each panel through a
rotule. On the right hand side, the panels are contoured by a rigid frame, which
impedes any displacement (in the out-of-plane direction) along their perimeter. This
is the case considered before, inasmuch the adopted shape function is null at the
boundary of panel.

This prototype unifies two dissipation methods in one single device, whose pur-
pose is to uncouple the relative motion between panels and rear structure, in order
to dissipate energy during a bomb blast event. As a possible disadvantage, we recall
its volumetric footprint (especially if not optimized) and the risk of oil leak. Nev-
ertheless, we believe that such technical solution represents an optimal compromise
among the existing dissipative technologies, employed in blast resisting facades.
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Figure 4.29. Hybrid dissipative device employed in different configurations.
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Chapter 5

The role of the rear load-bearing
structure

A proper design of the rear load-bearing structure can mitigate explosive actions
and reduce the maximum stress to which panels are subjected. Preliminary inves-
tigations, relying upon an elementary linear elastic modelling [20], have shown that
cable-supported facades perform much better than mullion and transom structures,
because they are more compliant and, for this reason, they can absorb much of
the energy from impulsive loads, as attested by J. Schlaich et al. [22]. In general,
experimental activity does not allow to clearly highlight the role of several compo-
nents, since most testing devices only assess the structural capacity of panes. For
this reason, a lumped element model is proposed (geometric nonlinearities are taken
into account) to provide a synthetic view of global dynamic response, addressed to
optimize the back structure in terms of stiffness and inertia.

A paradigmatic case study models a cable-supported faccade; subsequently the
analytical solution is compared with that obtained via finite element (FE) method.
As a second step, parametric analyses are performed in order to furnish a general
guide for the optimal design of bomb blast resisting facades. The rear supporting
structure is oriented towards absorbing the energy released by the loading action,
with the aim to safeguard the glass and limit the axial tensile force in the cable.
The stiffness of the rear structure, possibly modified by a adding a spring element
in series, is the key parameter to tune the global dynamic response. Moreover, the
supporting cable may be ballasted to achieve the optimal inertia. Of course, this so-
lution shall respect all technological requirements under design actions (e.g., wind),
especially in terms of deformability. Further comparisons with the results from lin-
earized analysis highlight advantages and drawbacks of such simplified approach
[21].
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5 — The role of the rear load-bearing structure

5.1 Lumped element model of a cable-supported
facade

5.1.1 Case study

Consider a facade composed of horizontal rows of rectangular glass panels, connected
to vertical supporting elements. The facade is supposed very wide, so that one can
consider only one glazed column linked to a vertical element, as represented in Fig.
5.1. Each glass panel is supposed to be contoured by a secondary frame, assumed
to be rigid, which is in turn connected to the rear load-bearing structure. Although
the frames should be fixed to the vertical structure at corner points, a fictitious one
point connection is considered in correspondence of the center, further supposing
that also the mass of vertical rear structure is lumped at such fixation points.

|z 77/
| |
ol ol
| |
| |
— +—
| |
| |
- ]
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| .- a8
| |
| b |

Figure 5.1. Case study: (a) fagade composed of N horizontal rows of glass
panels; (b) the (undeformed) simplified (2N + 1) DoF model; (c) deformed
configuration of the model.

The blast load is supposed to develop an out-of-plane uniformly distributed force
per unit area p(t) on the panels surface. This is described through Friedlander
relation in the form
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5 — The role of the rear load-bearing structure

t\ _B,

p(t) = —po(1- 7 )e " (5.1)

where, for the case at hand, § = 0.82 is the decay parameter, the time positive
duration is Ty = 0.025s and the initial pressure peak is p, = 50kPa. These values
can be obtained by an analytical or experimental procedure, as indicated in [36, 98];
our choice is such that they are very similar to those used in the experimental cam-
paign of Larcher et al. [116]. Friedlander equation prescribes compression (negative
force per unit area), followed by suction pressure (positive force per unit area) when
t > Ty, as represented in Fig. 5.2 with light blue line.

p(t) [kPa
20 «

o T~

—20 +

—40 |,

—60 1 1 1
0 5.1702 01 015 02
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Figure 5.2. Time dependent force per unit area p(t) consequent to a reflected blast
wave: Friedlander equation (light blue line) and its linearized form (orange line).

The Friedlander equation is commonly adopted to describe blast loading on a plane
surface [14, 116, 10], but sometimes it is simplified in the engineering applications,
by just considering the compression phase and neglecting the subsequent suction
phase. Moreover, the negative part of the exponential form is often linearized within
the interval (0, 7;) by maintaining as constant the value of the peak pressure!, so to
obtain the bi-linear graph represented in orange color in Fig. 5.2. In the engineering
practice, the suction pressure phase is somehow reputable capable of “mitigating”

'Sometimes the linearization is done by maintaining as constant also the compression impulse.
Here, we do not change the duration Ty, therefore the compression impulse is slightly reduced.
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the pressure peak, because of the difference in sign. However, this simplification
may be not on the safe side.

More precisely, it is useful to calculate the Fourier transform of the pressure time
history. Fig. 5.3 presents three curves that correspond to the magnitude-frequency
diagrams corresponding to: (7) the complete Friedlander equation (2.1), (7) the
linearized compression phase and (éi¢) the compression phase only of Friedlander
equation, i.e. p(t) = 0 for t > Ty. Observe that the complete expression (2.1)
exhibits, with respect to the others, a higher peak between 15Hz and 40 Hz. This
is due to the fact that the sequence of the negative and positive phases may be
associated with a “complete cycle”, whose frequency is of the same order of 1/7}.
On the other hand, the curves overlap in practice for the higher frequencies, even
if the linear approximation (4ii) slightly overestimates the response between 15 Hz
and 40 Hz. Since part of the structure may have a resonant response at the lowest
frequencies, we consider correct to consider, in our simulations, the complete blast
wave, thus not neglecting the suction pressure phase. This is in accordance with
Teich et al. [46], which highlights how the failure might occur in opposition with
the principal design load direction (e.g., wind), because the suction phase sometimes
affects the structural integrity of facade.
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Figure 5.3. Magnitude-frequency diagram corresponding to the Fourier transform
of: Friedlander equation (light blue); the linearized compression phase (orange);
only the compression phase (0 <t < Tj) in Friedlander equation (green).

We anticipate that each glass panel is a vibrating plate, which will be reduced to
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5 — The role of the rear load-bearing structure

a nonlinear 1-DoF (Degrees of Freedom) oscillator by assuming, as per Rayleigh’s
method [70], a proper shape function for the deflection. This will be selected ac-
cording to the first vibration mode of the corresponding plate, by considering the
noteworthy geometric nonlinearities that induce membrane stresses. However, a
rough first-order estimate of the interaction with the blast wave can be obtained by
considering the linearized model for the vibrating glass panels.

Consider then a monolithic? glass panel with dimensions a x b x s, where s is
the thickness, supposed simply supported at the borders. Its natural frequencies are
denoted with f;, where j = 1,2,... is the mode number and s is the thickness of
panel (expressed in millimeters). We calculate f;, with the classic relationship for
Kirchhoff-Love plate theory [45], which reads

m(m? n? E,s3
o ) B 2
i 2 ( a? - b2> 12(1 — v2)p (52)

where m and n are integers that determine the mode number, F, and v are the
Young’s modulus and Poisson’s ratio for glass, respectively, and p is the mass per
unit area of panel. Setting £, = 70-10° Pa, v = 0.22, u = 2500 kg/m3 s, a=b=2
m, s = 12mm or s = 20 mm, in agreement with the simulations of the forthcoming
Sections, representative values of f; s are evidenced with vertical lines in Fig. 5.3.

The first and fourth modes are the ones that are prone to be excited, probably
because their geometrical shape is such to maximize the work from the action. The
graphs of Fig. 5.3 suggest that the first mode of vibration is dominant in response
to the blast wave, whereas the frequencies for the fourth modes are located on the
right hand side of the abscissae. The more the panel is thick, the more the fourth
mode is negligible with respect to the first mode, with a quantitative estimation
that is expressed by the intersections of the Fourier’s graphs with the vertical lines
f = fjs, J = 1,4 These considerations justify, albeit tentatively at this stage, our
choice to model the panel with a 1 DoF oscillator associated with the first mode:
the approximation is the more accurate, the thicker the panel is.

The rear load-bearing structure is a cable, whose stiffness is determined by three
factors: the tensile axial force in the rest position, its cross section, and the Young’s
modulus of the material. Moreover, as represented in Fig. 5.1, the cable is connected
in series with a spring, which can be tuned to modify its stiffness if needed. This
possibility will be investigated in the following Sections.

The Lagrangian variables of the model are also indicated in Fig. 5.1. Any
configuration is defined by 3N + 1 scalar functions of time, i.e.

2The case of laminated glass panels may be handled in a similar way by considering the deflection
effective thickness [117, 118], i.e. the thickness of a monolith with equivalent bending properties
in terms of deflection.
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o the horizontal displacements Z;(t), with i = 1,..., N of the points of the rear
structure, to which the glass panels are ideally connected;

o the horizontal displacements Z;,n(t), with ¢ = 1,..., N of the centroids of
the panels, which completely define, through the assumed shape function, the
out-of-plane displacement of the other points.

o the vertical displacements u;(t) with ¢ = 1,..., N of the centroids of the glass
panels, which coincide with the displacements of the points where the panels
are connected to the cable.

« the elongation of the spring u(t).

The equations of motion can be derived from Hamilton’s principle once the ki-
netic energy, the potential energy and the work performed by the external forces are
determined.

5.1.2 Nonlinear model of rear structure and panels

In the vertical reference configuration of Fig. 5.1(b), the length of cable L, support-
ing N identical panels, is supposed to be L = (N + 1)h, where h is the distance
between two consecutive lumped mass. Observe that L slightly exceeds the total
measure of the panels to take into account the clearance for the anchoring devices.
The panels are of size 2 x 2m? and h = 2.05m to take into account the gap for
the silicone gaskets. We consider the cases N = 3 with L = 82m, and N = 6
with L = 14.35m. The cable is a steel rope (Young’s modulus E. = 160 - 10° Pa)
with diameter d = 25mm. The lumped masses for the rear structure, denoted by
m; for © = 1,..., N, are calculated by assuming that the mass of cable comprised
between two nodes is equally distributed between the nodes themselves: if the mass
per unit length of the cable is m, = 3kg/m, then m; = m,. - h. However, we leave
the possibility open that the cable can be ballasted to achieve an optimized inertia,
i.e. m; may also incorporate the artificially added extra weight .

The axial tensile force of cable, which determines its stiffness, may change during
the motion because of cable elongation and spring deformation. The actual length
of cable L; depends upon the displacement of nodes, represented in Fig. 5.4, and it
reads

N
Ly =23+ (h—w)?+Y \/(Zi — Zi1)* + (h+ uimy — wy)?
=2

+ 2% + (h—w)?2 (5.3)
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In general, we assume that u;(t) < Z;(t) and that ;(t) < Z;(t). This means that
in the expression of kinetic energy the contribution due to the vertical movement
of nodes is negligible. Moreover, in order to reduce the degrees of freedom, it
seems reasonable to assume that the vertical elongation of the spring w(t) is linearly
distributed along the cable, thus

i
U; = u
N +1
This hypothesis is a constraint that slightly increases the stiffness of vibrating sys-

tem, but the forthcoming comparison with a FE model will confirm that this error
is limited.

(), withi=1,...,N. (5.4)

Figure 5.4. Lagrangian variables for the deformation of the cable.

The elastic energy of cable reads
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1E.A
UR =Ty(L; — L) + ==
oLy = L)+ 5

where T is the initial pretension, A = wd?/4 is the cross sectional area and k is the
constant of spring.

For the i*" glass panel, with i = 1,..., N, consider a reference system (x;, ;)
with origin at one of its four corners and axes parallel to the borders, so that the
reference domain for the panel is 0 < z; < a and 0 < y; < b. We reduce its dynamic
behavior to a single DoF oscillator by calculating the out-of-plane displacement field
w;(x,y,t) through the approximation

1
(Ly — L)* + Tyu + iku2, (5.5)

wi(z,y,t) = (Zign(t) = Zi(t) )¥(,y) withi=1,...N, (5.6)

where, consistently to the form of the first vibration mode, ¥ (z, y) = sin <7TZL‘ / a) sin (Wy / b)
is the shape function and Z;, y(t) — Z;(t) is the time dependent relative displace-
ment between the generic lumped mass on the cable, coinciding with the fixation
point, and the displacement of the panel centroid, which represents the maximum
deflection.

Due to the great amount of energy transmitted by the blast-wave, we expect
that Z;yn(t) — Z;(t) is large in comparison with plate thickness. As a consequence,
it is necessary to consider membrane effects, by using the von Karméan plate theory
[101, 63]. This requires to find the in-plane stress function o;(z,y,t) for the it
panel. With respect to the aforementioned reference system, the membrane stresses
read

— 82901(w7y7t>

Op = T, (573)
— 82901<I7y7t)

O'y = T, (57b)
— 82Q01('T,y,t)

Tey = — 8x8y . (57C)

We follow the approximate procedure described in [103] based on Fourier expansion,
to analytically calculate the stress function. By using for ¢; the first two terms of
the series, we obtain the second order function

5

8)

(
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where Z;, n(t) — Z;(t) provides the time dependence. By using (5.8), one readily
obtains

_ 1 82@1(1'7:%25) 82901<x7y7t>

Erx = E( ayQ — VvV axQ s (59&)
_ 1 Ppi(z,y,t) Pz, y,t)

€y E( 81'2 — UV 8y2 s (59b)
_ 2(1+v) Pyl y,t)
Sy =~ 900y (5.9¢)

The curvatures of plate depend upon the out-of-plane displacement field and they
may be approximated as

a2wi<x7 Y, t)
82wi<x7 Y, t)
82’11]1‘(1’, Y, t)
me - - 8y8x — . (5106)

Therefore, from (5.9) and (5.10), the elastic energy of the i*" glazed panel reads

Eys arb L
Z/{ZP = 2(1_91/2)/0 /0 (€x + Ey)Q — 2(1 — l/)(gmf‘:y — Eiy) dl’d’y

B, W - o (5.11)
+24(1_V2>/0 /O(Xx+Xy) = 2(1 = v)(Xa Xy — Xay) dzdy,
where the contributions of membrane and bending strains are well separated in
the sum. Damping phenomena are not considered, on the safe side, since we are
interested in the peak strains in glass during the first (compression) phase of blast
loading. We can demonstrate that, under the aforementioned assumptions, the
response of a panel coincides with that of a quasi-linear oscillator of the Duffing
type, where the nonlinear (cubic) term results from the membrane deformation.
The potential energy of the whole system is associated with the elastic deforma-
tion of both rear structure and glass panels, i.e.

N
U=u*+>ut. (5.12)

i=1
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The kinetic energy for the system is written by taking into account the effective
mass of panels through the shape function ¢ (x,y), in the form

K= Z ps / / [ N — sm(Wax) sin(?) + Z] dxdy + 1leQ (5.13)
where, as stated before, the contribution of the vertical displacement of the nodes
has been neglected.

The work performed by the blast load p(t), whose time dependence is expressed
by (2.1), is calculated by multiplying this force per unit area for the out-of-plane
displacement of panel, and it reads

W= Zp/ /l oy — sm<7rax) sin(?)—l—Zi] drdy. (5.14)

The equilibrium equations, which govern the nonlinear dynamic response of the
facade, are obtained via Hamilton’s principle in the form

d(&IC) ou  ow

dt\oz,) "0z, 6z’
(5.15)
ou
= _0
ou ’
with ¢ = 1,...,2N. This is a nonlinear system of 2N differential equations and 1

algebraic equation, associated with the presence of the spring.
The system (5.15) is numerically solved with the finite difference method under
the initial conditions

, (5.16a)
(5.16b)

These indicate that the facade is at rest before being invested by the blast load.

5.2 Dynamic response

With the purpose to validate the model proposed, we compare the analytical solution
with that obtained with Straus7 (a commercial FE software).
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5.2.1 Isolated panel

Firstly we focus our attention on an isolated panel, with all the edges constrained
in the out-of-plane direction, but free to move in-plane. The panel is monolithic,
of size a x bx s =2 x 2 x 0.020 m?, whose mechanical properties correspond to
that of float glass (Young’s modulus E, = 70 GPa, Poisson’s ratio v = 0.22, density
p = 2500 kg/m3). Its thickness has been selected in order to keep the maximum
stress below the glass strength, of the order 100 + 150 MPa for very short-duration
loads. As example, Larcher et al. [119] assume 35 + 85 MPa for annealed glass and
196 MPa for tempered glass.

The numerical FE model considers each panel formed by 100 Plate elements, in
particular they are Quad4 type (4 nodes per element). The out-of-plane force per
unit area is uniformly distributed on panels surface, and it is imposed through the
command Global pressure which does not change the direction of force vectors
during calculation (so the pressure is not acting at right angle to the deformed
shape).

Now the time dependent variable is the displacement of panel centroid, here
generically indicated as Z(t). If we are based on (5.6), the out-of-plane displacement
field results w(z,y,t) = Z(t)(x,y), while the stress function p(z,y,t) takes the
same expression of (5.8) by setting Z(t) in place of Z;;n(t) — Z;(t). The effective
inertia is defined by equivalent mass m’

a rb
mP:ps/O /0 U(z,y) dady . (5.17)

The effective time dependent load f(t), associated with the work of external forces,
reads

£ =) [ [ 6te.0) dady. (5.18)

The effective stiffness is derived from the elastic strain energy of one single panel U*,
which has the same form of (5.11) by substituting Z(¢) in place of Z; y(t) — Z;(1).
In particular we write

our
aZ(t)

=aZ(t)+BZ(t), (5.19)

where the coefficients a and (3, whose expression is not recorded for brevity, are
related to the bending strains and median-fiber strains, respectively. Therefore, the
nonlinear second order differential equation (of Duffing type) is obtained

mPZ(t)+aZ(t)+ BZ(t) = f(t). (5.20)
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Observe that the use of the linear Kirchhoff-Love plate theory, instead of the von
Kéarman theory, is equivalent to the linearization of this expression when 5 = 0.
This limit case is also considered for the sake of comparison.

The graph of Fig. 5.5(a) reports, for 0 < ¢ < 0.15s, the centroid displacement
Z(t), obtained from the FE model and analytical model d la von Kdrman as per
(5.20), or the Kirchhoff-Love plate theory, with 8 = 0. Observe that, with respect
to the FE solution, the linear Kirchhoff-Love theory highly overestimates the plate
deflection and underestimates the frequency of oscillations. The von Karman model
provides a much better accuracy, especially in terms of maximum deflection (errors in
defect less than 10%). The frequency is now slightly overestimated, as a consequence
of the fact that the vibrating plate is artificially “constrained” when it is reduced to
a 1-DoF oscillator.

The comparison in terms of maximum stress in glass is illustrated in Fig. 5.5(b).
With respect to the FE results, the Kirchhoff-Love theory overestimates the stress
of about 50%, while the von Kédrmén approach provides a very good agreement in
terms of peak stress. It should be noticed, however, that numerical simulations show
high frequency secondary oscillations that superimpose onto the main trend, which
agrees with the predictions from the model @ la von Karman. This may be due to
the reduction of the response of glass pane to that of a 1-DoF oscillator assuming
the shape function associated with the first vibration mode only. It is evident that
also higher modes of vibration can be excited by the blast wave, but these is not
considered in the simplified approach. In any case we will show the effects of the
higher modes are mitigated when the response of the whole facade is taken into
account, as shown next.

The difference between the Kirchhoff-Love and the von Kdrméan models can be
better appreciated in the phase portrait of Fig. 5.6. It is obtained from the solution
of the homogeneous equations associated with (5.20), with either 5 = 0 or 5 # 0,
under the initial conditions Z(0) = 0 and m”Z(0) = [ f(t)dt (the blast wave is
considered as an impulsive load). The ellipse for the von Kdrmén case indicates
a much lower deflection for the same boundary conditions, if compared with the
trajectory for Kirchhoff-Love. In general, the difference diminishes if the impulse
decreases and/or the thickness of panel increases, and vice-versa.

In conclusion, the linear Kirchhoff-Love plate theory does not seem suitable
to model a plate under an impulsive bomb blast action. On the other hand, the
simplified approach relying upon von Karman plate theory can estimate, with a
limited error, the maximum deflection and peak stress, which indeed are the most
important quantities for design.
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Figure 5.5. Dynamic response of the sole panel: (a) centroid displacement Z(t)
and (b) maximum stress opax. Comparison among the simplified models d la
Kirchhoff-Love or von Karméan, and the FE numerical solution.

5.2.2 Global dynamic response of the facade

Now we consider the lumped element model of the whole facade, with the glass
plates characterized according von Karman theory. Comparisons will be made with
a FE model of the glazed facade, implemented in the software Straus7. For the case
of N = 3 panels, the FE model is represented in Fig. 5.7, both in the reference and
the deformed configurations. The deformed configuration is subsequent to the blast
wave action previously introduced. It is needed to give a qualitative idea of what we
obtain at the end of FE analysis, executed with Straus7, in terms of displacements.
In particular, it is a frame representing the deformed facade at the instant ¢ = 0.1s.

In the lumped element model of Fig. 5.4, the diameter of cable has been chosen by
considering an initial tensile force (before the arrival of the blast wave) Ty = 150 kN,
so that the resulting stress is less than the design value at rest o4 = 300 MPa. The
prestress force Ty is sufficiently high to maintain the maximum deflection of the cable
within the limit L/50 under wind load, conventionally set equal to 1.5kPa, in the
case of rigid spring (k — o0). For what concerns the FE model, the rear structure
is formed by two identical cables. They are both connected in series to springs at
their lower ends, whose mechanical properties (stiffness, inertia, prestress) are one
half of those used in the lumped element model because only one column of glass
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Figure 5.6. Phase portrait. Comparison between Kirchhoff-Love and von
Karméan plate theories.

panes is considered. Every cable is made by N 41 Truss elements with null density,
because the inertia is concentrated at the nodes (their masses are represented with
light blue spheres in Fig. 5.7).

The glass panels are square monoliths of size a x b = 2 x 2m? and thickness either
s = 12mm or s = 20 mm. The mechanical properties and the type of finite elements
in the mesh are the same used before. We use Rigid links to connect the panels to
the cables. The 1links are useful to constrain the translations of the plate borders
to the rear structure and schematically reproduce the role of mechanical connectors.
The applied pressure follows the Friedlander’s wave form (2.1), maintaining fixed the
direction of force vectors (command Global pressure in Straus7). The solution is
calculated with the Nonlinear transient dynamic solver directly implemented
in the software. There are several parameters that shall be set as input data: we
choose the Time step A7 = 0.0005s and Newmark’s beta = 0.5. The results are
reported for 0 < ¢ < 0.3s, which is sufficiently large with respect to the effective
duration of the blast wave. For higher values of ¢, we expect that the viscous
damping would play an important role, but this is not considered here.

For facade with either N = 3 or N = 6 panels, results are presented in terms
relevant for structural design.

For a value of spring constant k& = 2 x 10° N/m, the time dependent spring
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Plate Disp:DZ (m)
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-5.585108x 10
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q -6.208237x 107
+6.332862x10”
‘ 6.457488x 107
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(a) Reference con- (b) Deformed configuration

figuration

Figure 5.7. FE model of the fagade, as implemented in the software Straus7. (a)
Reference and (b) deformed configurations.

elongation u(t), calculated with either the lumped element model or the FE model,
is shown in Fig. 5.8. This case refers to a glass plate thickness s = 12mm, but
results are almost identical for s = 20mm. For both N = 3 and N = 6, the
lumped element model correctly estimates the peak values and the wave form. The
maximum value of the spring elongation does not exceed the reasonable technological
limit upay < 0.20 + 0.25m. The graph for N = 6 excellently reproduces the results
of FE model, but the solution for N = 3 presents a difference for ¢ > 0.2s. This is
due to a higher stiffness of the lumped element model in comparison with the FE
model, possibly due to the hypothesis (5.4), which implies the observed increase in
terms of frequency, especially when the cable is short. However, the deviation is
not important because the structural design requires an accurate estimation of the
maximum peak, which is precisely caught by the simplified model.

The corresponding deflection of the cable, made non-dimensional with respect
to its length L, is represented in Fig. 5.9. In both the cases N = 3 and N = 6,
the maximum displacement approximately results L /10, which is reasonable from a
technological point of view. As in the previous graphs, the solution for the lumped
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Figure 5.8. Dynamic response: elongation of the spring u(t) for k = 2 x 10 N/m.
Comparison between lumped element and FE models for (a) N = 3 and (b) N = 6.

element model better agrees with the FE results when N = 6.

The stress in the cable depends upon the tensile force T'(¢) to which it is subjected
during the blast action: this is represented in Fig. 5.10. The maximum value, in
practice the same for both N = 3 and N = 6, is Ti,ax =~ 620kN, about four times
the initial value Ty = 150 kN. This will exceed the design stress in the cable, which
will consequently yield. As it will be shown, in order to maintain the cable within
the elastic limit it is necessary to change the spring stiffness, but the purpose here is
simply to compare the results from the analytical and the FE model from a purely
theoretical point of view. The result is very good, especially for N = 6.

The weakest elements of the facade are certainly represented by glazed panels.
The most stressed point is expected to correspond to the centroid of central panel,
when N = 3, or of the third and fourth panels, when N = 6. The corresponding
graphs are shown in Fig. 5.11 for s = 12mm, and Fig. 5.12 for s = 20mm. The
results are in excellent agreement for s = 20mm, but for s = 12mm we notice
additional high frequency oscillations, especially for N = 3 and ¢ > 0.2s. Never-
theless, the peak values are well estimated, with a percentage error of the order of
10%. As already observed for the case of the sole panel, this is due the reduction of
each glass panel to a 1-DoF oscillator, assuming as a shape function that associated
with the first vibration mode. Recall from the discussion of Fig. 5.3 that such an
approximation is the more accurate the thicker the panel is. When the thickness is
s = 12mm, higher modes are presumably activated, and this is the reason for the
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secondary oscillations at higher frequencies in the FE model that are observed in
Fig. 5.11.
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0 0.1 0.2 0.3 0 0.1 0.2 0~3
t[s] t[s]

- -- lumped element model - -- lumped element model
—————— FE model ------FE model

(a) (b)

Figure 5.11. Dynamic response, case s = 12mm: stress at the centroid of central
panel, for (a) N = 3, and of the fourth panel for (b) N = 6.

In any case, it is of paramount important to observe that the peak stress in the
glass panel of thickness s = 20mm is of the order of 80 MPa, for both N = 3 and
N = 6. When an identical glass panel is rigidly constrained along the boundary, the
graphs of Fig. 5.5(b) in Section 5.2.1 indicate a maximum stress about 50% higher,
of the order of 120 MPa. Indeed, also the secondary high-frequency oscillations,
not captured by the 1-DoF oscillator, which are well evident for the case of the sole
panel, tend to be mitigated when there is a supporting cable. These findings confirm
the benefic effect of a compliant rear structure, which can absorb most of the energy
from the blast action while preserving the integrity of panels.

5.3 Parametric analyses

Despite its simplicity, the lumped element model is sufficiently accurate in estimating
key quantities, such as the maximum stress in the glass and the maximum tensile
force/deflection in the cable. Based on this, we investigate how the spring stiffness
and the inertia of cable can be tuned in order to safe-guard the integrity of glass,
supposed of thickness s = 12mm in all the numerical experiments. Comparisons
will be made with a much simpler approach, referred to as the linear model since it
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Figure 5.12. Dynamic response, case s = 20 mm: stress at the centroid of central
panel, for (a) N = 3, and of the fourth panel for (b) N = 6.

is characterized by: ¢) the absence of the spring (k — o), i) the time independence
of the axial tensile force in the cable (T'(t) = Ty) and i) the linear modeling a la
Kirchhoff-Love of the glass panels (membrane stresses are neglected). We wonder:
what kind of information can be obtained from the linear model to a problem that
presents strong geometric nonlinearities?

5.3.1 Influence of the spring stiffness

The deflection of cable is represented by Zs(t), for the case N = 3, or Zs(t), for
N = 6. These are normalized by the length L of the cable and shown in Fig. 5.13
for various values of the spring elastic constant k. As expected, the magnitude
increases as k decrease, because the rear structure becomes more compliant. The
linear model overestimates the deflection also when compared with the case k — oo,
because it neglects that the cable is strained by the transverse displacement and its
tensile force increases. The differences between the cases N = 3 and N = 6 are
not relevant. Although, for the best of our knowledge, international standards do
not prescribe a precise limit for the cable deflection, a reasonable value, dictated by
technological requirements, is the order of L/10 under the extreme condition of an
explosion.

It is evident from Fig. 5.14 that if the spring stiffness k is diminished, also the
maximum value of the tensile force in the cable is reduced. However, the decrease of
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Figure 5.13. Parametric analysis: maximum deflection of the cable as a function
of the elastic constant k of the spring. Cases (a) N =3 and (b) N = 6.

k collides with the technological constraint that imposes an upper bound for cable
deflection: a compromise is thus required. By hypothesis, the linear model does
not account for any variations of the tensile force, so it is not useful, not even in a
preliminary design. In general, the facade with NV = 6 panels substantially performs
in the same way of that with N = 3 panels. The peaks stress for £k — oo are
substantially the same and the same is true when the spring stiffness is varied.
The stress in the glass panes of thickness s = 12mm is represented in Fig. 5.15.
If we decrease the spring elastic constant, the cable becomes more compliant and
the state of stress inside the panels diminishes. This confirms that a compliant rear
structure is able to absorb the largest part of energy from the blast wave, preserving
the glass panels. To this respect, the benefic effect is slightly less relevant if compared
with the tensile force drop in the cable. Observe as well that the linear model does
not consider the positive contribution of the membrane strains and, consequently, it
tends to overestimate the stress in glass. Moreover, the nonlinear analysis evidences
that the peak stress is maintained for a shorter time with respect to the linear
model. This is important, because the phenomenon of subcritical crack growth
[120] renders the strength of glass dependent upon the duration of the load: the
shorter the duration, the higher the strength. Observe that a long cable (N = 6)
performs much better than a short cable (N = 3). In fact, the deflection increases
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Figure 5.14. Parametric analysis: axial tensile force in the cable depending on the
spring stiffness k. Cases (a) N =3 and (b) N = 6.

with the length of cable and the rear structure becomes more compliant.

5.3.2 Influence of the cable mass

We now keep fixed the spring stiffness to & = 2 x 10° N/m and we vary the linear
distributed mass on the cable in order to evaluate its influence on the dynamic
response of the facade.

The nondimensional deflection of the cable (maximum sag divided by length)
tends to decreases by increasing the mass. This is evident from Fig. 5.16, which
reports various graphs corresponding to different values of the mass per unit length
of the cable (recall that the mass of the bare cable is approximately 3kg/m). In the
lumped element model, the masses are concentrated at the nodal points: therefore,
this analysis also corresponds to the case in which the cable is ballasted by addi-
tional masses, appositely placed at the fixation points. Indeed, a high inertia can
counterbalance the impulse from the blast wave, especially during the initial com-
pression phase. The frequency of the oscillations consequently decreases, but the
benefits becomes less relevant in terms of maximum displacement. This moderately
diminishes when the mass per unit length passes from 3 kg/m to 100 kg/m, although
the peak is reached in a longer time. Recall that the model does not account for
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Figure 5.15. Parametric analysis: stress in glass of thickness s =
12 mm for varying stiffness k of the spring for (a) N = 3 (central panel)
and (b) N = 6 (third or fourth panel).

the damping of the structure, but the damping should certainly limit the maximum
deflection in the case in which the peak is reached later, since the viscous capacity
has the time to dissipate energy. Increasing the number of panes limits as well the
maximum deflection, but the effect is not remarkable.

The tensile force in the cable varies in accordance with its maximum deflection,
as represented in Fig. 5.17. If the cable is artificially ballasted, its oscillations are
retarded and reduced; consequently, the increase of its axial tensile force is reduced.
There is not a substantial difference between a facade with N = 3 and N = 6 in
terms of peak value, but there is a noteworthy effect in terms of frequency.

The influence of the mass on the stress in glass is shown in Fig. 5.18. The
graphs suggest that increasing the mass greatly affects the frequency, confirming
that the state of stress in the glass panels depends upon the oscillations of supporting
structure. However, the peak stress remains approximately at the same level (o ax >
120 MPa), even if it is reached in different times. Indeed, there is a complicated
interaction between the vibrations of the rear structure and the vibrations of the
panels. If the cable is very heavy, the inertial forces refrain the movement of panel
supports, so that it behaves as rigidly fixed. However, the movement of cable may
drag the panel and increase the stress in glass.
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Figure 5.16. Parametric analysis: deflection of cable for various values of its mass
per unit length. Cases (a) N =3 and (b) N = 6.

5.3.3 Comparison with the linear model

A full nonlinear analysis is computationally expensive and it presents a number of
variables (cable diameter, spring stiffness) that complicate the preliminary design.
Therefore, it is interesting to discuss what are the conclusions that can be obtained
with a simple linear model. Although we have already demonstrated that a linear
approach is in general unreliable, nevertheless some indications can be obtained,
albeit at the qualitative level, for what concerns the choice of the optimal spring
stiffness and the optimal value of ballast. The procedure implies two steps:

o consider first the linear model in order to determine the optimal values of the
distributed mass and the initial tensile force in the cable that, while respecting
technological limits, minimize the displacement of cable;

» successively, using a nonlinear analysis, calculate the cable diameter and tune
the spring stiffness to limit the stress in both cable and glass.

The first step considers the mechanical properties of cable in terms of tangential
stiffness, associated with its initial prestressing force (7p), and inertia (mass m, per
unit length). The linear model certainly overestimates the deflection of the cable
and underestimates its tensile force during the movement. Also the stress in glass
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Figure 5.17. Parametric analysis: axial tensile force in the cable for various values
of its mass per unit length. Cases (a) N =3 and (b) N = 6.

may be very different if compared with the results from a nonlinear analyses, but
the peak value is in general mitigated by the nonlinear membrane effect. These con-
siderations suggest to apply the nonlinear model a posteriori, to precisely determine
the diameter of cable according to the material strength. Adding a spring in series
with the cable provides another parameter in the design phase. By decreasing its
stiffness, the deflection of cable slightly increases (see Fig. 5.13), while the stress
in the glass considerably diminishes (see Fig. 5.15). Indeed, it is the spring that
permits to improve the global capacity of fagade by limiting the maximum stress in
glass.

To illustrate, the aforementioned procedure is applied to the case N = 3.

We start by calculating the maximum absolute value Zj . in the deflection
history Zs(t) according to the linear model. This quantity is represented in Fig.
5.19 as a function of the initial tensile force T and the distributed mass of cable
me. The set of points that respect the deflection limit /10 = 820 mm (L = 8.2m)
is bounded by the red curve.

The maximum stress in glass according to the linear analysis, again plotted
as a function of Ty and m,, is shown in Fig. 5.20. All the dark-marked points

respect the deflection limit just imposed, while the red point with coordinates
{m. = 35kg/m; Ty = 460kN; Opax = 350 MPa} minimizes the stress inside this

164



5 — The role of the rear load-bearing structure

o [MPa]

100 1
50 |
0 1
_50 ) }
0 0.1 0.2 0.3
t[s]
—3kg/m
--- 30kg/m --- 30kg/m
------- 100 kg/m - 100 kg/m

(a) (b)

Figure 5.18. Parametric analysis: dependence of the stress in glass of thickness
s = 12mm on the mass of cable per unit length for (a) N = 3 (central panel) and
(b) N =6 (third or fourth panel).
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Figure 5.19. Maximum absolute displacement Z3max as a function of the
initial tensile force Ty in the cable and its mass per unit length m.. The red
curve delimits the region Z max < L/10.

subdomain. One may assume that under short duration impulsive loads, the glass
can withstand, at most, a tensile stress of the order of 200 MPa, which is represented
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by a horizontal plane in the same reference system. It is evident that, according
to the linear analysis, the red point does not respect the stress limit. Nevertheless,
by maintaining constant the coordinates m,. and Tp, we can attempt to reduce the
stress by adding a spring. The spring stiffness is optimized by following a nonlinear
analysis. We first set the diameter of cable starting from the value Ty: by consid-
ering a maximum tensile stress of 300 MPa one obtains d > 45mm. By choosing
k = 2 x 105N/m, we evaluate the maximum stress in the glass according to the
nonlinear model. The result is represented by the blue point in Fig. 5.19, whose co-
ordinates are {m, = 35kg/m; Ty = 460kN; Gpax = 138 MPa}. Now, the structural
integrity of glass is guaranteed. Also the resistance of cable should be checked with
the nonlinear model: the maximum tensile stress reached during the time-history
is Ocable;max =~ 450 MPa according to the nonlinear analysis, which is within the
tolerable limits for high-strength steel.

Omax [MPa]

0

Figure 5.20. Maximum stress in the glass as a function of the initial tensile force
Ty in the cable and its mass per unit length m.. The dark marked points respect
the deflection limit. The blue point is obtained from nonlinear analysis.

One may also consider a complementary approach, which now starts from the
graph of the maximum stress in glass, represented in Fig. 5.21 still as a function of
Ty and m.. The points of the surface that respect the restriction o, < 200 MPa
are confined by the red curve and correspond to the lower values of mass and tensile
force.

Consider then the maximum deflection of cable as a function of the same project
variables as per Fig. 5.22. All the dark-marked points respect the stress limit just
imposed and the red point with coordinates {m, = 9kg/m; Ty = 150kN; Zs yax =
1510 mm} minimizes the maximum deflection inside the subdomain. Now we per-
form a nonlinear analysis by setting £ = oo, because it is not necessary to further
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Figure 5.21. Maximum stress in the glass as a function of the initial tensile
force Tj in the cable and its mass per unit length m.. The red curve delimits
the region opax < 200 MPa.

reduce the stress in glass, but rather the cable deflection and, to this respect, the
best choice is not to add the spring. We want to check if the cable deflection, over-
estimated in the linear approach, effectively overcomes the limit L/10, represented
as a horizontal plane in the same plot.

2000
Za max [kg/m]

10
m. [kg/m] To [kN]
%00
Figure 5.22. Maximum absolute displacement as a function of the initial
tensile force Ty in the cable and its mass per unit length m,.. The dark

marked points respect the stress limit. The blue point is obtained from
nonlinear analysis for £ = oco.
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From the nonlinear analysis one obtains the blue point represented in Fig. 5.22,
which still does not respect the deflection limit. It is evident that in this second
approach, the stiffness k£ of the additional spring is not considered. In other words,
one looses the possibility of introducing in the design an additional parameter, rep-
resented by the spring stiffness, that instead plays a role of paramount importance.
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Chapter 6

Conclusions

Several aspects concerning the dynamic behavior of blast resistant glazed fagades,
have been investigated from a theoretical point of view. Although the attention has
been focused on pressure waves from explosions, the same methods of analysis could
be used, more in general, for loads of impulsive nature, such as those corresponding
to soft bodies impacting the glazed surface. The problem can be approached at
different levels, as discussed in this thesis. The conclusions are divided according to
the content of the chapters and they follow the order of the exposed arguments.

The modeling of impulsive actions

The mathematical modeling of impulsive actions on glazed surfaces regards explo-
sions and impacts.

An explosive load can be analytically interpreted via Friedlander equation, i.e., a
semi-empirical formula for which the time history of pressure follows an exponential
wave form. All the parameters involved (such as pressure peak, duration, decay
coefficient, etc.) strictly depend on the mass of charge and the distance from the
target. By knowing these data, it is possible to calculate the blast parameters by
means of experimental relations recorded in the technical literature, thus obtaining
the complete pressure curve. When the shock wave hits a target, there are also
further phenomena to consider. One of the most important is certainly the reflection,
that increases the initial pressure through a multiplicative factor. If the charge is
not suspended in air, also the reflection with the ground has to be accounted for.
The experimental testing procedures are useful to asses the bearing capacity of
panels during the pre- and post-breakage phases. They are ruled by international
recommendations within two main categories: full scale arena blast tests and shock
tube loading tests. Both of them predispose specific criteria to classify the loading
conditions, thanks to which the resistance of glass windows can be rated. In the
engineering practice, only the first part of the blast impulse is commonly considered
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as the most important, while the suction phase is often neglected. However, this
could lead to incorrect results, because the complete loading curve can excite the
fundamental modes of vibration characterizing the glass plate.

As a related problem concerning impulsive loads, the standardized soft-body im-
pact test on glazed panels has been theoretically analyzed. This is a free-boundary
value problem, because the imprint of the impinging mass, made with a twin pneu-
matic tyre, changes with the resultant of the contact force. The panel has been
reduced to a simple linear oscillator by using Rayleigh’s method and the interaction
with the impacting tyres has been obtained through a linear spring and dashpot in
unilateral contact, to consider multiple bounces if needed. Comparison with exper-
iments recorded in the technical literature has evidenced the good agreement that
can be obtained with this method, despite its simplicity, in terms of acceleration
and displacement, evidencing the important role of the damping. Moreover, I have
observed that, in cases of practical interest, the panel inertia can be neglected on
the safe side and, in addition, the displacement of the panel, both in the linear and
in the (geometric) nonlinear regime, is almost independent of the size of the contact
imprint of the tyres. Therefore, by considering the panel as an equivalent nonlinear
spring, a simple energetic balance allows to calculate the effective equivalent static
force consequent to the impact, which can be used to determine a posteriori the
stress and strain in the glass. In any case, we have shown in representative exam-
ples that this method can only be applied when the inertia forces are negligible.
Therefore, one should preliminary check, e.g. by using Rayleigh’s method, that the
participating mass of the panel is substantially less than the mass of the impactor,
otherwise the approximation, though conservative, is not accurate.

In order to obtain an engineered finite element tool to be used in a commer-
cial software for structural analysis, we have defined a contact model formed by
nonlinear beam elements, which can reproduce a constant pressure on an elliptical
area, homothetically varying with the resultant of the contact forces. This tool,
referred to as “contact-box”, can be added to the complete model of a real structure
to calculate the consequence of the impact in complex conditions. This represents
an improvement with respect to a dedicated software like SJ Mepla, which only
allows to consider one panel with elastic constraints, which not always can accu-
rately reproduce the actual stiffness of the rear supporting structure and its inertia.
Moreover, the proposed approach allows to insert damping to follow the motion
until complete dissipation, and it can consider multiple rebounds if required. The
model, implemented in Straus7, shows results in good agreement with SJ Mepla,
both in the linear and in the nonlinear case, for the problems that this software
can handle. Results also agree with those obtained with numerical models using
the kinematic contact formulation implemented in ABAQUS. However, left aside the
difficulty in meshing, the same problem requires a computation time of the order of
a few minutes with the contact box tool implemented in Straus7, which becomes
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of the order of a few days for the kinematic contact formulation in ABAQUS, when
using the same processor. The potentialities of the proposed approach are even more
evident for the paradigmatic case study of a full fagade supported by cables, where
geometric nonlinearities are of paramount importance and the inertia of the whole
system participates in the motion. For this case, any analysis with SJ Mepla that
considers an isolated panel cannot produce accurate results, whereas a full 3D model
with ABAQUS would require much more time, both for meshing and computation.

This study has been limited to the case of monolithic glass, but using the concept
of the effective thickness, it could be readily extended to the case of laminated glass.
Experimental tests to corroborate the proposed approach will be the subject of
future work.

Laminated glass modeled via fractional calculus

Laminated glass is formed by a series of glass plies, bonded together by interposed
polymeric interlayers. Under impulsive loads (such as those deriving from explo-
sions), the dynamic behavior of laminated glass is strongly affected by the viscoelas-
tic properties of interlayers. For durations comparable with that of a blast load,
the dynamic response of polymers is correctly interpreted by relaxation functions
showing a power law dependence on time. Consequently, the approach via fractional
calculus appears natural, inasmuch only two experimental parameters are needed
to characterize the viscoelasticity. Note that the most used approach, which ex-
pands the relaxation function in Prony series according to a Weichert arrangement
of spring-dashpot Maxwell elements, requires at least 20-30 parameters to achieve
an adequate fit.

On the basis of an accurate kinematic description [121], the dynamic problem for
a simply supported sandwich beam has been developed and solved d la Galerkin. The
equilibrium equations have been integrated by means of Griinwald-Letnikov method,
which does not present additional difficulties with respect to a classical step-by-step
method for ordinary integral/differential equations. In this specific case, the major
difficulty consists in treating the pressure time history, because it exhibits a strong
jump when the wave hits the surface. Therefore, the load has been decomposed
into its jump part and the remaining continuous part, so that a regularized form is
obtained. Then, the governing equations have been preliminary integrated: since
the jump function can be tackled analytically, the Griinwald-Letnikov numerical
procedure can be used only for the second part. The convergence analysis has
highlighted the advantages obtainable with this approach, when compared to the
direct numerical integration of the irregular datum.

Several numerical experiments have been performed by considering sandwich
beams of various sizes, laminated with different types of commercial polymeric in-
terlayers. These can be mechanically characterized by means of static relaxation
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tests on laminated glass specimens, which are preferable to dynamic tests because
the polymer is processed in the autoclave as in real conditions. The calibration of
fractional viscoelastic parameters can be done graphically, by interpolating with a
straight line the relaxation curve in the bi-logarithmic stress-time plane. A para-
metric analysis has allowed a direct geometric evaluation of the effects of fractional
viscoelastic parameters describing the relaxation curve. The comparison with the
traditional approach, based on Prony series, has highlighted the following advan-
tages related to the fractional approach: the calibration of the mechanical response
of the polymer is much simpler; the numerical solution is more straightforward; the
convergence is faster.

The model has been extended to laminated glass plates. The equilibrium equa-
tions have been deduced from Hamilton’s principle and solved a la Galerkin. Further
numerical experiments have been conducted under impulsive loading conditions, by
applying the Grinwald-Letnikov integration method without regularizing the pres-
sure time history, as detailed above. The mechanical response of a simply supported
plate has showed the importance of the first mode of vibration. The state of stress
depends on the used polymer: if the interlayer is stiff, a low level of deforma-
tion/bending stress is reached. Also the case of a panel supported by a deformable
rear structure has been modeled, with the purpose of concisely demonstrating that
when the rear structure is compliant, the panel tends to be less stressed.

As a further development, it could be useful to consider the geometric nonlin-
earities and the consequent development of membrane stresses in the glass plies.
The experimental validation of the model could be made by testing laminated glass
panels in a shock tube apparatus. Of course, also the post-glass-breakage response
is of paramount importance, but this certainly requires an ad hoc treatment. In any
case, despite its simplicity, the problem addressed demonstrates the great potential
of the fractional viscoelastic approach in interpreting the response of laminated glass
to blast loads and, more generally, to loads of short duration, as in the case of bodies
impacting on the glazing.

The advantages of dissipative supporting devices

Since laminated glass presents a limited ductility, I have evaluated the potential
advantages with respect to blast loads of interposing dissipative devices between
the glazed facades and the supporting back structures. The considered case study
represents a paradigmatic situation: one panel connected to an elastic back structure
by means of an equivalent dissipative device. Simplifying assumptions have been
made for the glass pane and the load-bearing back structure. The blast loads have
been modeled again via Friedlander equation. The dissipative device consists of a
mobile piston in unilateral contact, on the two opposite sides, with shock absorbers
capable of plastic dissipation. The dynamic equations involve various scenarios,
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which are recognized and solved by a customized algorithm. A finite element model
implemented in a commercial software has confirmed the results obtained with a
simplified problem, but the proposed approach is much more complete, since it allows
to consider more precisely the possible impacts of the piston with the load-bearing
structure (possible energy loss have been taken into account through an appropriate
coefficient or restitution). This is perhaps the major novelty, as it seems that, so far,
very little attention has been paid at the rebounds resulting from impacts, which
can overload the glass and compromise its structural integrity.

Parametric analyses have been made to determine the role of the shock absorbers
and optimize their properties. The results can be summarized as follows.

o An optimal shock absorber should present a long stroke, in order to maximize
energy dissipation, and a low yielding limit, in order not to refrain the move-
ment of the glass pane when it is invested by the blast load. It is of paramount
importance to design the stroke in relation to the duration of the compression
phase from the blast load. The stress in the glass pane can be substantially
reduced if the shock absorber is not yet fully deformed when this phase ends,
so that the impact with the back structure does not occur when the suction
phase begins; otherwise the counter-inflection of the pane would be increased.
Indeed, the stroke end should be reached after the start of the suction phase.

 Although the role played by the coefficient of restitution (energy loss dur-
ing impact) is not of primary importance, it limits the pane oscillations in
subsequent instants, when the blast load is almost exhausted.

o The compliance of the back structure has a limited effect during the first
compression phase of the blast load; however, a flexible supporting structure
greatly reduces the stress in glass during the subsequent oscillations. The
stroke and activation force of the shock absorbers shall be calibrated accord-
ing to the inertia and stiffness of the back structures. For example, a shock
absorber, which is effective for a transom and mullion fagade, may malfunction
when the glazing is supported by pre-tensioned cables.

The effects of shock absorbers have been compared with those obtainable by
replacing them with more conventional viscous dampers. The stress level in the
glass under the first compression phase increases proportionally with the damping
coefficient. In fact, by recalling that the reaction force depends on the relative
speed of the coupled components, since an impulsive load produces a strong velocity
gradient in the invested panel, a damper may respond like a rigid link. On the
other hand, the damping coefficient cannot be arbitrarily reduced, otherwise the
displacements would become too large. In any case, viscous dampers are strongly
effective in limiting the subsequent oscillations of the system, after the passage
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of the pressure wave. It thus appears natural to propose a hybrid device, where
viscous dampers and shock absorbers are integrated in parallel: the shock absorbers
can strongly reduce the stress in glass during the first compression phase, whereas
the damper comes into play in the subsequent oscillations, contributing as well to
mitigate the effects of impacts when the shock absorbers reach the stroke end. This
technical solution seems to represent the best compromise, because it reduces the
deflection of glass panel and minimizes the displacement of back structure. However,
more studies are needed to engineer the device.

Because of the large number of variables, a limitation of the work consists in
having taken into account just one representative example. Therefore, it will be
necessary to extend this analysis to other facade configurations in future develop-
ments [97].

The role of rear load-bearing structure

Since the structural design is oriented to the assessment of the whole glazing system,
a lumped element model has been proposed to analyze the dynamic response of a
cable-supported fagade under blast loading conditions. The load is a time dependent
force per unit area following Friedlander equation. Again, the equilibrium equations
have been deduced from Hamilton’s principle. The nonlinear behavior of supporting
cable (axial force depending on transverse deflection) and glass panels (membrane
stresses) have been considered. In order to tune the compliance of the load-bearing
structure, a spring element can be added in series with the cable. The model has been
validated by comparison with numerical solutions obtained via the finite element
software Straus7. This indicates that the lumped element model well estimates
the peak values of tensile force and the deflection of cable, as well as the maximum
stress in the glass panels.

Parametric analyses have been performed for varying stiffness and inertia of
the rear structure, obtained by changing the spring elastic constant and the mass
of the cable, respectively. The general conclusion is that the more compliant is
the rear structure, the lower is the stress in both cable and glass. Remarkably,
this is in contrast with the somehow intuitive belief that the structural design of
a bomb blast resisting facade should be oriented to the increase of stiffness and
resistance properties. Ballasting the cable diminishes its tensile force and deflection,
but increases the stress in glass. However, there are technological limits in terms
of deflection under service and extreme load scenarios. Therefore, in order to best
guarantee the integrity of facade, one shall optimize the design parameters. These
are the initial tensile force and the diameter of supporting cable, its mass which can
be varied by ballasting, the stiffness of the in-series spring and the thickness of the
glass. The goal is to tune the rear load-bearing structure in order to absorb most of
the energy released by the explosion and thus safeguard the integrity of glass.
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Since there are many design variables, we have suggested to consider first a
simplified approach, referred to as the linear model, where the tensile force in a
cable is supposed to remain constant, the in-series spring is rigid and the membrane
stress in glass are negligible. From this, one can rapidly derive optimal values of the
stiffness and inertia related to the back structure. The nonlinear approach is used a
posteriori, in order to tune the spring stiffness and the diameter of cable to respect
the technological limits. Indeed, although the linear model cannot capture the real
state of stress in cable and glass, nevertheless it can provide a first indication in terms
of optimal values of some design parameter, which may be refined and complemented
through a subsequent nonlinear analysis.

This study is restricted to the case of cable-supported facades, a system that is
highly recommended because of its intrinsic compliance. In general, mullion/transom
facades appear to be too stiff to absorb the energy from the load and safeguard the
glass [21].
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Appendix A

Fractional calculus in
viscoelasticity

Experiments [122] have provided a wealth of evidence that materials like rubber,
polymers, steel, under an assigned stress history 7(t) = 79 H(t), being H(¢) the unit
Heaviside step function and 79 = 1 Pa the reference unitary shear stress, exhibit a
strain response J(t), which can be expressed as

ta

0 =c: I'(1+a)

, (0<a<]). (A.1)
Here a, with 0 < av < 1, is a number, I'(+) is the Euler’s Gamma Function, ¢ [s] is the
time and C, [Pa s*] is a dimensional coefficient. Both a and C, can be obtained
from best fitting with experimental data. The function J(t) is referred to as the
creep function.

There are two limit cases. When o = 0, then J(¢) = const and the response
is linear elastic. Since I'(1) = 1, one finds that the elastic modulus is equal to Cy
[Pa]. On the other hand, when o = 1, one has that J(¢) is a linear function of ¢,
which corresponds to the case of the classical Newton-Petroff viscous model, with
constant of viscosity C [Pa - s] because, again, I'(2) = 1. Hence, the coefficient «
continuously tunes the response from the pure elastic (a« = 0) to the pure viscous
(v = 1) cases.

Once J(t) is known, the Boltzmann superposition principle allows us to define
the strain history (t) associated with an assigned stress history 7(¢), in the form

() = M/Ot(t — e (D) dE. (A2)

This expression is valid when the system is quiescent at ¢ = 0, i.e., 7(0) = 0 and
7(0) = 0. In the case that 7(0) # 0, an extra term G(¢) 7(0) has to be added on the
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right hand side of (A.2). Integration by parts of (A.2) provides the constitutive law
for the viscoelastic material that reads

1

(t) = c. oLE (1), (A.3)

where (Z¢ is the Riemann-Liouville (R-L) fractional integral of order o operating
on any generic function f(-) according to

1

t
o (- t:—/t—t‘a*1 P di. A
oL [f()](?) F(a>0( ) (@) (A4)
If one supposes that the strain history is assigned in the form ~(¢) = U(t),
since y(t) remains constant for ¢ > 0, the corresponding stress history will decay in
time according to the relazation function, referred to as R(t) in the sequel. Using
again the Boltzmann superposition principle, the stress history corresponding to an
assigned strain history will be given by
t _ .
7(t) = / R(t — )3(0) di . (A.5)
0
The relaxation function R(t) is strictly related to the creep function G(t) by the
fundamental law of viscoelasticity

J(s)R(s) =572, (A.6)

where J(s) and R(s) are the Laplace transform of J(¢) and R(t) respectively, while
s is the complex variable of the Laplace transform. After some calculations, one
obtains that if J(t) is of the form (A.1), the corresponding R(t) is given by

Ca
[(1-a)

Hence, inserting this expression in (A.5), one obtains

R(t) = o, (A7)

(1) = Ca o PrYOI(D) (A-8)

where §D is the Caputo’s fractional derivative of order «, which is an operator
transforming any function f(-) in

1 t _
DEf(- tzi/t—t‘a ) dt, A9
DO = s [ =07 £ (A.9)
Also in this case, the provided expression is valid when (0) = 0, otherwise the
extra term ~y(0)R(t) should be added on the right hand side of (A.8). It is clear, as
it can be directly verified through integration by parts, that if the system is at rest
for t <0, then the integral and differential operators commute, i.e.,
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oLe 0PI COIN(E) = ~(t), or, formally, (ZF[y()](t) = oDy *(y()I(X) . (A.10)

In conclusion, equations (A.3) and (A.8) represent the constitutive laws of frac-
tional viscoelasticity. The main properties of the fractional viscoelastic characteri-
zation are the following.

i) As a = 0, the linear elastic constitutive law is recovered; for a = 1, the
Newton-Petrof law for a purely viscous material is obtained. It follows that
the intermediate value 0 < a < 1 provides and intermediate condition between
the two aforementioned extreme (ideal) cases.

ii) For a quiescent system at ¢ < 0, the R-L and the Caputo operators are the
inverse one of the other.

iii) The operators (A.3) and (A.8) are linear and, hence, the main properties
of the classical derivatives and integral of integer order (linearity, semigroup
properties) are still valid, even if integration by parts and Leibniz rule in
general do not hold true [123, 124].

iv) In the Laplace domain, they exactly behave as the classical derivatives and
integrals; for example

c{Ghosh=rit. s} =orfe,

provided that the values of f(t) and its derivatives up to n — 1 are null at
t=0.

In the engineering practice, it is often necessary to use alternative formulations of
the fractional integral (A.4) and the fractional derivative (A.9). Assume to subdivide
a time interval of interest [0,77] in s subintervals whose amplitude is At =¢; —¢;_;.
Then, take a generic continuous function denoted as f(t), so that f(¢;) = f; and
f7 = [f(t1) f(t2) ... f(ts)]. The fractional integral and the fractional derivative of
order av at the point ¢; can be numerically approximated through Grinwald-Letnikov
operators defined as

THON0 = (V)(6) = 80 S U =), (A1)
DO = (70 = 8 S EE gt —rng. ()
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These can be expressed in compact matrix form. The approximation of the fractional
derivative is

Ve, = AYE,, (A.14)

where A(®) is a s x s lower band strip matrix

wy (@)
1 |wa(e) wi(a)
AW = — A5
@ = , (A15)
ws(a) .. wa(a) wi(a)

. o o - ] —a—1 . . (a) _
with wy =1, wy = —a, ..., wjp1 = ———w;(a). Obviously, by setting B{* =
J

A% the matrix form of the fractional integral reads
V—f, = BWf,. (A.16)

Using this discretization, an integral/differential fractional equation can be di-
rectly solved step-by-step. Of course the time step At has to be accurately chosen,
depending on the regularity of the datum.
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