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Abstract

The success of localization in the non-perturbative evaluation of path integrals
of gauge theories on compact manifolds has established the localization principle as
an essential tool in quantum field theory. Despite this success, the conventional su-
persymmetric localization prescription fails to capture the necessary contribution of
unstable instantons to the path integral of two-dimensional pure Yang-Mills (YM2)
theories in the A-model, that is, topologically A-twisted N = (2, 2) supersymmetric
gauge theory on a compact Riemannian manifold. At least two alternative ap-
proaches to localization remedy this failure, one of which invokes the Jeffrey-Kirwan
residue theorem, the other of which draws from the original proof of non-abelian lo-
calization. This research aims to derive, from the failures and successes of different
approaches to localization of YM2 theories in the A-model, more general insights
about non-perturbative phenomena in gauge theories and the scope of supersym-
metric localization.
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Chapter 1

Introduction

Quantum field theory (QFT) is a framework in which elementary particles are de-
scribed as excitations of underlying quantum fields. In contrast to other scientific
disciplines, QFT has no canonical definition but is instead a collection of physical
and mathematical principles that unify quantum mechanics, special relativity, and
classical field theory.

To date, a quantum field theoretic description has been provided for three of the
four known fundamental interactions, or forces, occurring between elementary par-
ticles in nature – these are the electromagnetic force, the weak force, and the strong
force. For instance, Quantum Electrodynamics (QED) describes the electromagnetic
force, Electroweak (EW) theory describes both the electromagnetic and weak forces,
and Quantum Chromodynamics (QCD) describes the strong force. Together, EW
theory and QCD form the Standard Model of elementary particles (SM).

The experimental confirmation of the remarkably accurate predictions of the SM
has established QFT as the most successful approach to understanding the physics
of elementary particles and their interactions. This leaves the fourth fundamental
force, gravitation, outside the scope of QFT. Although the classical description of
gravity was established by General Relativity (GR), a consistent and experimen-
tally verifiable quantum theory of gravity remains unknown. An overarching goal
of contemporary physics is to formulate a quantum theory that describes all four
fundamental interactions, which necessitates the unification of QFT with a quantum
theory of gravity.

QED, EW theory, and QCD are all examples of particular types of QFTs called
quantum gauge theories. A gauge theory is a field theory with a Lagrangian that
is invariant under local transformations, called gauge transformations. Together,
the gauge transformations form a Lie group, called the gauge group. The notion
of gauge theories predates the development of QFTs, since the earliest example
of a gauge theory is the classical theory of electromagnetism. In particular, the
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Lagrangian of classical electromagnetism is invariant under gauge transformations.
In this case, the gauge transformations form an abelian (commuting) gauge group.
Not surprisingly, the quantum theory of electromagnetism, QED, is also an abelian
gauge theory. QCD, on the other hand, is a non-abelian gauge theory. In this case,
the gauge transformations form a non-abelian (non-commuting) gauge group.

Gauge theories serve as a bridge between physics and mathematics, as several
objects and notions from mathematics have a formulation in terms of gauge theory
and vice versa. From the physics perspective, the interest in gauge theories stems
from the fact that QED, QCD, and the SM are examples of gauge theories occurring
in nature. From the perspective of mathematics, gauge theories are of interest due
to their utility in geometry and topology.

QCD is a physical example of a particular type of non-abelian gauge theory
called four-dimensional Yang-Mills (YM4). Generally, Yang-Mills theories are the-
ories whose action functional includes a kinetic term for the gauge fields called the
Yang-Mills term. When a Yang-Mills theory excludes matter fields, it is called a pure
Yang-Mills theory. Since QCD includes matter (e.g. quarks), it is not an example
of pure YM4. Other YM theories have been studied in physical and non-physical
settings and have played a crucial role in developing QFT. For instance, YM theories
have been investigated on spacetime manifolds of different dimensionality and sig-
nature, with and without curvature, in cases with and without supersymmetry. The
most important contemporary example of a non-physical YM theory appears in the
AdS/CFT correspondence [1]. In its strongest form, the AdS/CFT correspondence
relates N = 4 supersymmetric Yang-Mills (SYM) theory on d = 3 + 1 to type IIB
superstring theory on AdS5 × S5. By relating gauge theories to gravitational theo-
ries, the AdS/CFT correspondence constitutes significant progress in formulating a
theory involving all four fundamental interactions.

Observations in physical QFTs typically involve complicated phenomena medi-
ated by subtle underlying mechanisms. To gain insight into physical QFTs, it is
often helpful to consider simpler toy models. In the case of YM4, a particularly
useful toy model is two-dimensional Yang-Mills theory (YM2). On the one hand,
YM4 and YM2 share several key features. On the other hand, YM2 is significantly
simpler than YM4 and provides a more tractable and mathematically controlled
setting to investigate shared features.

The most crucial distinguishing property is that YM4 has propagating degrees
of freedom (gluons) while YM2 does not. Another difference between YM4 and
YM2 is the metric dependence of the action. On a compact closed two-dimensional
Riemannian manifold Σ with metric gµν , the YM2 action only depends on the metric
through the Riemannian measure dµ =

√
det gµνd

2x. Here, xµ are coordinates on Σ

and µ = 1, 2 are Euclidean spacetime indices. Remarkably, the partition function of
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pure YM2 on Σ depends only on the dimensionless combination ε = AΣe
2, where AΣ

is the area of Σ, and e2 is the coupling constant. Moreover, the small ε limit of YM2
is a topological quantum field theory (TQFT) called BF-theory, whose partition
function computes topological invariants. It is possible to formulate several variants
of YM2 by introducing additional auxiliary fields and additional symmetry. For
instance, the auxiliary fields may be bosons, fermions, or both, and the symmetry
may be BRST symmetry or supersymmetry.

Despite the differences, both YM2 and YM4 exhibit instantons, i.e., finite-action
extrema of the classical Euclidean action. Instantons are non-perturbative config-
urations appearing in a variety of theories and dimensions. For instance, YM4
permits instantons in the guise of self-dual connections saturating the BPS bound.
In this case, the instanton configurations are topologically stable minima, and the
instanton number is the second Chern class. In QCD, instantons appear in the U(1)
problem. Specifically, the anomalous axial U(1) symmetry is broken by the presence
of instanton sectors. Three-dimensional theories permit instantons in the guise of
‘t Hooft-Polyakov monopoles. In one-dimensional Quantum Mechanics, instanton
configurations mediate tunneling phenomena.

The instanton configurations of YM2 on a compact manifold Σ are known, sophis-
ticated, and classified by two types of G-connections A = Aµdx

µ that can intertwine.
The first type is flat connections, and the second type is Yang-Mills connections, also
called GNO connections. Flat connections are zero-action solutions of the classical
Euclidean equations of motion, that may be regarded as pseudo-vacua. Equivalently,
flat connections are solutions of the flatness equation F = 0, where F is the curva-
ture of A. On the other hand, Yang-Mills connections are finite-action solutions of
the classical Euclidean equations of motion. Equivalently, Yang-Mills connections
are solutions of the Yang-Mills equation D ∗ F = 0, where ∗ is the Hodge star, and
D is the gauge-covariant derivative. If A is a Yang-Mills connection, its flux 1

2π

´
Σ F

is GNO quantized, whereas if A is not a Yang-Mills connection, its flux is not GNO
quantized. A GNO monopole is a saddle-point configuration specified by a particu-
lar flux and topological charge. GNO monopoles play the role of instantons in YM2
on Σ. GNO monopoles are unstable configurations, except when the fundamental
group of the gauge group is non-trivial, in which case, GNO monopoles are stable
configurations that generalize the Dirac monopole.

In the path integral formulation of QFT, observables are computed by evaluating
path integrals. Path integration is typically non-trivial due to the lack of a math-
ematically precise framework. For instance, the domain of integration is the space
of all field configurations, integration measures are infinite dimensional, the weight
functions are oscillatory, and path integrals often suffer from ultraviolet (UV) and
infrared (IR) divergences.



4

The most well-established path integration technique is perturbation theory. In
perturbation theory, path integrals are evaluated approximately using power-series
expansions about a small parameter in the QFT. When the QFT is weakly-coupled,
the coupling constant of the theory is often a convenient choice for the small pa-
rameter about which to expand. For this reason, perturbation theory has been
remarkably successful in studying weakly-coupled QFTs. However, when a QFT has
no appropriately small parameter about which to expand, it falls outside the scope
of perturbative analysis. This shortcoming of perturbation theory necessitated the
development of alternative path integration techniques to study non-perturbative
phenomena in QFTs.

Currently, there is a collection of non-perturbative path integration techniques,
and the applicability of each technique depends on the particular QFT. For instance,
non-perturbative techniques have been developed for QFTs with and without su-
persymmetry, on spacetime manifolds with and without curvature, in dimensions
d = 2, 3, 4, 5. Examples of non-perturbative techniques include integrability, holog-
raphy, lattice methods, and localization. Integrability utilizes a hidden enhancement
of symmetry in the QFT. Holography leverages the AdS/CFT correspondence to
map the QFT computation to a more straightforward gravitational setting. Lattice
methods utilize a discrete spacetime to simplify the path integral. Localization uti-
lizes equivariant integration to reduce path integrals of QFTs possessing a fermionic
(Grassmann-odd) symmetry.

In particular, localization is a technique to reduce infinite-dimensional path inte-
grals of QFTs exhibiting fermionic symmetries to lower-dimensional integrals. The
idea is that, in favorable situations, the path integral only receives contributions
from the fixed points of the fermionic symmetry Q due to the rules of fermionic
(Berezin) integration. Localization reduces the path integration domain to a lower
dimensional locus of Q-invariant field configurations. To localize a path integral,
the fermionic symmetry, the integration measure, and the action must all satisfy
specific and well-established criteria. To illustrate, suppose that the situation is
favorable and that we would like to compute a partition function by localizing its
supersymmetric path integral. Note that the illustration here follows the exposi-
tion in [2]. The partition function may be computed by constructing a deformed
partition function involving a deformed action

Z(t) =

ˆ
F
DXe−S[X]−tQVF [X]. (1.0.1)

Here, Z(0) is the original partition function, F is the configuration space of fields,
DX is the measure on F , X are the fields, S is the action functional, t is a real
positive parameter, Q is the localizing supercharge, VF is a fermionic functional,
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and the bosonic functional QVF is called the localizing scheme, localizing term, or
localizing action.

If the necessary criteria are satisfied, the partition function is independent of the
deformation, and d

dtZ(t) = 0. Then, the original partition function is computed as

Z (0) = lim
t→∞

Z(t) =

ˆ
dX0Zcl [X0]Z1-loop [X0] , (1.0.2)

where X0 are moduli, Zcl is the classical contribution, and Z1-loop is the one-loop
contribution, The moduli, or zero-modes, are bosonic coordinates on the localiza-
tion locus of Q-invariant field configurations. In the best-case scenarios, localization
reduces path integrals to zero-dimensional integrals over matrix models, and path
integration results in an exact analytical expression. In contrast, the result of per-
turbative path integration is always an approximate expression to some order in the
power series expansion.

Localization has been a remarkably successful method to evaluate path integrals
of supersymmetric gauge theories on compact manifolds. However, the localization
principle was first described in the mathematical context of equivariant cohomol-
ogy. The foundation of localization in the context of gauge theories was established
in the seminal paper [3], in which Witten introduced non-abelian localization. In
doing so, the localization principle of equivariant cohomology was incorporated into
the methodology available to quantum field theory. In particular, non-abelian local-
ization is the generalization of the Duistermaat-Heckman localization formula, by
which finite-dimensional integrals are evaluated, to the case of infinite-dimensional
functional integrals in gauge theories. The particular gauge theory whose path in-
tegral was localized was a cohomological variant of pure YM2 theory on a compact
Riemannian manifold, which we will call cohomological YM2. Cohomological YM2 is
a variant of conventional YM2 in a similar sense to how supersymmetric Yang-Mills
theories are variants of conventional Yang-Mills.

A key result of [3] is the non-abelian localization of the cohomological YM2 path
integral using two separate localization schemes. One of the localization schemes
localizes the path integral to the moduli space of flat G-connections, and the other
localization scheme localizes the path integral to the moduli space of Yang-Mills
G-connections. The moduli space of Yang-Mills connections may also be referred
to as the instanton moduli space. Another significant result is the map between
cohomological YM2 and “physical” YM2. The map was established by recovering
the physical YM2 partition function from the expectation value of a cohomological
operator evaluated by localization.

The localization of cohomological YM2 builds on earlier results from [4], where
the partition function of physical YM2 was first evaluated using lattice techniques,
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then reevaluated using techniques from topological quantum field theory (TQFT).
The result of the lattice and TQFT approaches was an analytical expression, in
which the partition function of physical YM2 is described as a sum over irreducible
representations of the gauge group. On the other hand, the localization approach
resulted in an analytical expression in which the partition function of physical YM2
is described as a sum over instantons. The Poisson summation formula relates the
two descriptions of the physical YM2 partition function.

A key result of [4] was the evaluation of the symplectic volume of the moduli
space of flat G-connections, which was extended in [3] to include general expressions
for the intersection numbers of the moduli space of flat G-connections. Similar
considerations date back to [5], in which the partition function of YM2 was evaluated
using lattice techniques.

The Jeffrey-Kirwan (JK) residue theorem was introduced in [6] and used to give
an alternative proof to Witten’s non-abelian localization formula [3]. The JK residue
technique was further developed in [7, 8] and evaluates integrals over meromorphic
functions via a systematic choice of integration contour.

In [9], Witten studied a variant of cohomological YM2 in the A-model, which
is the topologically A-twisted N = (2, 2) supersymmetric gauged theory of vector
and chiral multiplets. In particular, the standard multiplet of cohomological YM2 is
related to the vector multiplet of the A-model by field redefinitions. Moreover, the
standard cohomological multiplet is acted upon by an odd scalar BRST-like charge
QBRST, the A-model vector multiplet is acted upon by an odd scalar supercharge
QA, and the odd symmetries QA and QBRST exhibit similar properties. These
considerations were extended in [10] to compute the instanton expansion of A-model
correlators for the case in which the target space of a sigma model was a toric
variety or Calabi-Yau hypersurface. This study constitutes a critical preliminary
investigation of the instanton moduli space of the A-model.

The topological A-twist was introduced in [11] as a method to preserve half of the
supercharges of the N = (2, 2) supersymmetry algebra on two-dimensional manifolds
with curvature. The A-twist permits the definition of curved space topological field
theory actions preserving half of the N = (2, 2) supercharges. Since the introduc-
tion of the A-twist, more sophisticated techniques have been developed to preserve
supersymmetry on manifolds with curvature. For instance, the Ω-deformation gen-
eralizes the A-twist by permitting a U(1)-equivariant deformation of the A-twisted
N = (2, 2) algebra [12].

In [13], path integrals of N = (2, 2) supersymmetric gauge theories were com-
puted on S2 using supersymmetric localization. Results include analytic expressions
for partition functions and observables for N = (2, 2) theories on S2, but do not
incorporate the A-model. These results constitute the first modern supersymmet-
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ric localization computation in two dimensions, following the foundational works of
[14, 15].

Path integrals of N = 2 supersymmetric gauge theories were computed on T 2

for rank-one gauge groups in [16], and considerations were extended to higher-rank
gauge groups in [17]. Results include analytical expressions for partition functions
and observables, but they do not incorporate the A-model. These results were
achieved using a novel path integration technique that combines supersymmetric
localization with the JK residue theorem. In particular, aspects of localization were
utilized to reduce path integrals to contour integrals, which were then evaluated
in terms of JK residues by choosing the integration contour according to the JK
residue theorem. We will refer to this novel path integration technique as “JK-aided
localization”.

In [18], Benini and Zaffaroni computed path integrals of A-twisted and Ω-
deformed N = (2, 2), N = 2, N = 1 supersymmetric gauge theories on S2, S2×S1,
S2 × T 2, respectively. In [19], the same authors extended the results to incor-
porate A-twisted and Ω-deformed theories on Σg,Σg × S1,Σg × T 2, where Σg is
a two-dimensional genus g Riemannian manifold. In [20], Closset, Cremonesi, and
Park used similar techniques to evaluate path integrals of A-twisted and Ω-deformed
N = (2, 2) supersymmetric gauge theories on S2. In all cases, the A-twisted path in-
tegrals were evaluated using the JK-aided localization technique. The results include
analytic expressions for partition functions and observables, as well as precision tests
of dualities in two, three, and four dimensions. Importantly, all the cases involving
A-twisted N = (2, 2) theories are examples of path integrals in the A-model being
evaluated using JK-aided localization. These examples constitute a modern study
of the instanton moduli space in the A-model.

The A-model presents several new challenges in the context of supersymmet-
ric localization. The primary challenge is that the conventional (semi-canonical)
prescription for localizing supersymmetric path integrals yields the incorrect result
when applied to path integrals in the A-model. There are, however, at least two
alternative approaches to A-model localization that remedy the shortcomings of the
conventional localization prescription. Benini, Zaffaroni, and others developed one
of these alternative approaches in [18, 19, 20], while Witten developed the other
alternative approach in [3].

To describe the challenges encountered when attempting to localize path integrals
in the A-model, we will compare the conventional prescription to the two alternative
approaches. In doing so, we will refer to the conventional prescription for how to
localize supersymmetric path integrals as the “follow-your-nose” (FYN) approach;
we will refer to the alternative approach developed in [18, 19, 20] as the Benini-
Zaffaroni (BZ) approach, and we will refer to the alternative approach developed in
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[3] as the Witten approach.
Let us begin by comparing the FYN localization of a supersymmetric path in-

tegral to the saddle point approximation of a non-supersymmetric path integral. In
the saddle point approximation, the path integral receives contributions from saddle
point configurations, which are finite-action (S ≥ 0) solutions of the equations of mo-
tion. In FYN localization, the supersymmetric path integral receives contributions
from BPS configurations, which are zero-action (S = 0) solutions of the equations
of motion. Evaluating a supersymmetric path integral using FYN localization is
similar to a 1-loop exact saddle point approximation. The critical difference, how-
ever, is that the path integral contribution of non-BPS saddle point configurations
is omitted in FYN localization and retained in the saddle point approximation. In
other words, the saddle point approximation retains the contribution of all saddle
points, while FYN localization retains BPS saddle points and omits non-BPS saddle
points.

An alternative description of FYN localization goes as follows. Supersymmetric
path integrals, evaluated using FYN localization, only receive contributions from
the fixed-points of the supersymmetry. This description emphasizes that the BPS
configurations form the fixed-point locus for the action of the localizing supercharge
on the space of all field configurations. Regardless of the description, the result is the
same: FYN localization reduces supersymmetric path integrals to lower-dimensional
integrals (or sums) over BPS moduli. The BPS moduli are coordinates on the locus
of BPS configurations. If a modulus is discrete, its “integral” is a sum, and if a
modulus is continuous, its integral is simply an integral.

In the A-model, FYN localization fails because the assumption that the path
integral only receives contributions from BPS configurations is incorrect. Evidence
shows that A-model path integrals receive dramatic contributions from non-BPS sad-
dle point configurations. For instance, the A-model Yang-Mills partition function
has a description as a sum over a discrete non-BPS modulus (the GNO quantized
gauge flux), which requires path integral contributions from non-BPS saddle point
configurations (Yang-Mills connections). These non-BPS saddle point configura-
tions play the role of unstable instantons of Yang-Mills in the A-model and are not
accounted for by FYN localization. The alternative approaches to A-model local-
ization remedy the failure of the FYN approach by capturing the contribution of
unstable instantons to the path integral. Moreover, the path integral contribution
of unstable instantons is included in the saddle point approximation but excluded
in FYN localization.

Unstable instantons are not unique to Yang-Mills in the A-model but are known
to contribute to the non-supersymmetric path integral of pure YM2, as noted previ-
ously. In particular, the fact that the A-model instantons are unstable configurations
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is a fact from pure YM2. Usually, instantons are stable configurations in the sense
that, starting from the instanton configuration, it is not possible to use a contin-
uous deformation to lower the action. For instance, YM4 permits instantons that
are stable configurations. What is striking about pure YM2 is not that the saddle-
point approximation captures the contribution of unstable instantons to the path
integral but that the entire YM2 partition function has a description as a sum over
specifically those unstable instantons.

To further illustrate the differences between the FYN, BZ, and Witten ap-
proaches to A-model localization, we will consider localizing the Euclidean path
integral of the standard supersymmetric Yang-Mills Lagrangian LYM for the A-
model on a two-sphere. Before proceeding, let us record a few details. Observe
that i) the A-model on S2 is the topologically A-twisted N = (2, 2) supersymmetric
gauge theory of vector and chiral multiplets on S2; ii) the fields in the A-model vec-
tor multiplet in Wess-Zumino (WZ) gauge are V = (Aµ, σ, σ̃,D,Λµ, λ, λ̃) for µ = 1, 2

where Aµ is the gauge field, σ, σ̃ are complex bosonic scalars, D is the bosonic scalar
auxiliary field, Λµ is the fermionic vector field, and λ, λ̃ are fermionic scalars; iii)
the fields in V are all valued in the adjoint representation of the complexification
of the Lie algebra of the gauge group, and are treated as generically complex and
independent in Euclidean signature; iv) LYM is a functional of the fields in V; v) the
localizing supercharge is the scalar A-model supercharge QA = Q + Q̃; and vi) the
action of LYM is QA-exact: SYM = QAVYM.

We begin by describing the unsuccessful FYN approach to A-model localization.
In this approach, one localizes to the locus of BPS configurations by setting to
zero the real bosonic part of the localizing Lagrangian LYM, and imposing the “real
contour”. The BPS configurations are the bosonic field configurations that set both
the fermionic supersymmetry variations and the action to zero along the real contour.
In particular, the BPS configurations are the Aµ, σ, σ̃,D solutions of the equations
0 = QAΛµ = QAλ = QAλ̃ constrained by the real contour A†

µ = Aµ, σ† = σ̃,
D† = D, where † is hermitian conjugation. On the BPS locus, we have

0 = F12, 0 = D, (1.0.3)

where F12 is the scalar gauge field strength appearing quadratically in LYM. In
this case, the gauge fields are localized to the locus of flat connections; that is, the
locus of BPS configurations includes the locus of flat connections {Aµ|F12 = 0}.
Localizing to the locus of flat connections excludes the possibility of Yang-Mills
connections {Aµ|DνF12 = 0} as well as the GNO quantization of the gauge flux.
Following the FYN approach through to the end, the contributions received by
the path integral will be incorrect since the necessary Yang-Mills connections have
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already been omitted.
Next, we describe the BZ approach to A-model localization, which is known

to remedy the shortcomings of the FYN approach successfully. In this approach,
one localizes to the locus of “almost-BPS” configurations by setting to zero the real
bosonic part of the localizing Lagrangian LYM, and imposing the real contour on all
fields except the auxiliary field D. Specifically, the almost-BPS configurations are
the Aµ, σ, σ̃,D solutions of the equations 0 = QAΛµ = QAλ = QAλ̃, for A†

µ = Aµ,
σ† = σ̃ and generically complex D. On the BZ locus, we have

0 = iF12 −D, (1.0.4)

for real F12 and complex D. In this case, the locus of almost-BPS configurations
includes configurations {Aµ|D = iF12} that permit Yang-Mills connections when
the auxiliary field is covariantly constant. In particular, D = iF12 together with
DνD = 0 permits Yang-Mills connections {Aµ|DνF12 = 0}, or equivalently, the
GNO quantization of the gauge flux.

Following the BZ approach through to the end, the path integral is reduced to
lower-dimensional integrals over two moduli. One of the moduli is the discrete GNO
quantized gauge flux, and its “integral” is a sum. The other modulus is the vacuum
expectation value (vev) of the complex bosonic scalar σ in V. This modulus is
continuous, complex, and its integral is a contour integral. To evaluate the contour
integral correctly, the contour is chosen according to the Jeffrey-Kirwan residue
theorem.

Before proceeding, let us make a few observations regarding the BZ approach.
The almost-BPS locus is a superspace in the sense that it has both bosonic and
fermionic directions, and the bosonic subspace of the locus is singular and non–
compact. Together, the almost-BPS modes form an off-shell supersymmetry multi-
plet. The almost-BPS and BPS loci differ due to the complex auxiliary field D: the
almost-BPS locus has D ̸= 0 while the BPS locus has D = 0. Sending the value
of D to zero in the almost BPS locus, one recovers the BPS locus. The nonzero
complex auxiliary field plays at least three important roles. First, D is necessary to
ensure the GNO quantization of the gauge flux. Second, D is necessary to close the
off-shell supersymmetry multiplet of almost-BPS modes. Third, D is used to regu-
late bosonic singularities on the almost-BPS locus, and to reduce the non-compact
integral over the vev of σ to a contour integral.

Now, we describe the Witten approach to A-model localization, which we expect
to remedy the shortcomings of the FYN approach successfully. Although the Witten
approach was originally outlined in the context of non-abelian localization of path
integrals of two-dimensional cohomological gauge theories, it may be realized in the
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supersymmetric localization of A-model path integrals. More concretely, since the
A-model vector multiplet V and the standard cohomological multiplet are related by
field redefinitions, one may construct A-model localizing terms that are equivalent
to localizing terms in the cohomological theory. Moreover, the established cohomo-
logical localization procedure is a benchmark for checking our A-model localization
computation.

The Witten approach amounts to choosing the A-model localizing term to be the
same as the particular “cohomological” localizing term that resulted in the correct
contributions to cohomological path integrals. In particular, the A-model localizing
term is a QA-exact linear combination of a non-standard Yang-Mills Lagrangian
and a quadratic twisted chiral superpotential Lloc = Lns

YM +Lquad
t.c.s. . In this case, one

localizes to a “Witten” locus by setting to zero the real bosonic part of Lloc and
imposing the real contour. On the Witten locus, we have

0 = F12 − itσ̃, 0 = Dµσ̃ (1.0.5)

for real F12, t and imaginary σ̃. Importantly, the Witten locus permits Yang-Mills
connections {Aµ|DνF12 = 0}, since F12 = itσ̃ and Dµσ̃ = 0. Following the Witten
approach to the end, we expect the A-model path integral to receive contributions
correctly and that the final result is lower-dimensional integrals over two moduli.
One modulus should be the discrete GNO quantized gauge flux, and the other mod-
ulus should be the continuous vev of σ.

Let us summarize. Localization of path integrals in the A-model has been in-
vestigated in numerous studies. Although supersymmetric localization is always a
subtle matter, the typical expectation was that the FYN approach succeeds in most
situations and that it is possible to understand which path integral contributions to
retain or omit after constructing the localizing term. In the case of the A-model,
however, the FYN approach to localization is known to fail. In principle, the fail-
ure of the FYN approach is understood, and may be remedied by either the BZ or
Witten approaches. Despite this, current explanations for why the FYN approach
fails and how the BZ or Witten approaches rectify these shortcomings remain vague.
Although the BZ and Witten approaches both successfully capture the correct con-
tributions to A-model path integrals, the two approaches achieve this in significantly
different ways. More concretely, we currently have no precise understanding of how
the BZ and Witten approaches fix the FYN approach to A-model localization or
why it is appropriate to retain the contribution of unstable instantons to A-model
path integrals.

Classic investigations employed the Witten approach in the context of two-
dimensional cohomological gauge theories, to prove the non-abelian localization the-
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orem, to study the geometric properties of the moduli space of flat G-connections,
and to map cohomological YM2 to physical YM2. Although these investigations
outlined the Witten approach to localization, little emphasis was placed on explain-
ing why the Witten localizing term is the correct choice and how this localizing term
results in the correct contributions to the path integral.

These considerations present a problem when attempting to extend the Witten
approach to other supersymmetric localization computations. In particular, the
Witten localizing term may be constructed using the fields of the A-model vector
multiplet in WZ gauge, but the construction of a Witten-type localizing term using
other supersymmetry multiplets remains unclear. As a result, we are ill-equipped to
employ the Witten approach in other scenarios where supersymmetric path integrals
receive contributions from non-BPS saddle point configurations.

Another issue is the current explanation of how the Witten approach succeeds.
Specifically, the approach succeeds because the localizing term localizes to a locus
that permits Yang-Mills connections to “flow in from infinity” in field space. Al-
though this explanation is undoubtedly true, it lacks detail.

Modern investigations employed the BZ approach to evaluate observables, test
dualities, and derive general formulae for partition function in terms of integrals
over moduli. However, these investigations focused on the results obtained using
the BZ approach rather than explaining how and why the BZ approach succeeds or
clarifying the scope of its applicability.

One issue is the current explanation of how the BZ approach succeeds and the
necessary conditions for this success. At the level of the localization locus, the
BZ approach succeeds because the almost-BPS configuration is on the complexified
gauge orbit of the auxiliary zero-mode originating from the BPS configuration. The
necessary conditions for this to happen are that the auxiliary field is permitted
to remain generically complex and that the gauge flux is GNO quantized. If, for
instance, the gauge flux is not GNO quantized, then the BZ approach fails because
the gauge orbit of the auxiliary zero-mode originating from the BPS configuration
never intersects the almost-BPS configuration. Moreover, the gauge flux is only
GNO quantized when Yang-Mills connections exist. Even though the explanation
of how the BZ approach succeeds appears valid, the motivation for the conditions
on the gauge and auxiliary fields needs to be more specific.

Another problem is the scope of the BZ approach. It remains unclear when to
employ the BZ approach instead of the FYN or Witten approaches, and when to
expect the BZ approach to fail. Consequently, we are ill-equipped to generalize the
BZ approach to cases other than the A-twisted theories already considered.

A third issue is the reconciliation of the BZ and Witten approaches to A-model
localization. On the one hand, both the BZ and Witten approaches result in the path
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integral receiving contributions from non-BPS saddle point configurations correctly.
On the other hand, the BZ and Witten approaches accomplish this in considerably
different manners. For one thing, the localization loci in the two approaches dif-
fer significantly. The BZ approach involves specific choices at different stages in
the localization computation. For instance, the localizing limit is a double scaling
limit, there are two types of singularities in the moduli space that must be regu-
lated differently, and the final contour integral must be evaluated according to the
JK residue theorem. In contrast, the Witten approach involves a specific localizing
term, and it is not clear how this compares to the BZ approach. For example, the
Witten approach does not require the JK residue theorem. Interestingly, the JK
residue theorem was used to give an alternative proof of the non-abelian localiza-
tion theorem, and the first proof of non-abelian localization employed the Witten
approach.

Given the lack of research in two-dimensional Yang-Mills theories, the A-model,
and localization, this thesis aims to evaluate the FYN, BZ, and Witten approaches
to supersymmetric localization of path integrals in the A-model.

The first objective is to confirm the map between physical YM2 and supersym-
metric YM2 in the A-model. This will be achieved by recovering the physical YM2
partition function from the A-model partition function formula derived using the
BZ approach to localization. This constitutes the A-model realization of the map
between physical YM2 and cohomological YM2. The map was originally described
by recovering the physical YM2 partition function from the expectation value of a
cohomological operator, computed using the Witten approach to localization.

The second objective is to compare and contrast the FYN, BZ, and Witten
approaches to A-model localization. This will be achieved by localizing the path
integral A-model using each of the three approaches and comparing them at the
level of the one-loop fluctuation determinant. In order to gain a microscopic un-
derstanding of each of the three approaches, the fluctuation determinants will be
evaluated mode-by-mode. First, we aim to identify the problematic zero-modes in
the singular FYN determinant, which cause the FYN approach to fail. Second, we
aim to compare the mode-by-mode analysis of the FYN determinant to the same
analyses of the BZ and Witten determinants. We expect the problematic zero-modes
in the FYN determinant to be lifted in the non-singular Witten determinant. By
appending coefficients to terms in a general localizing Lagrangian, we expect to be
able to interpolate between the FYN, BZ, and Witten determinants.

The third objective is to use the mode-by-mode analysis of fluctuation determi-
nants to develop criteria for when supersymmetric localization is expected to fail.
The aim is to establish the criteria at the level of the target space or the supersym-
metry algebra rather than at the level of the localizing term. Such criteria would
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contribute to supersymmetric localization by clarifying how to avoid bad localizing
terms and how to identify dangerous field configurations.

Outline of thesis

Chapter 2 reviews the general features of modern supersymmetric localization and
outlines the follow-your-nose (FYN) approach to localization. To begin, we intro-
duce the two supersymmetric localization arguments. The first argument is the less
common TQFT argument described in [21]. The second argument is the more com-
mon deformation invariance argument, described in, e.g., [2]. After that, we review
the criteria for successful localization by deformation. By dropping one criterion,
we describe how localization by deformation fails in the A-model. Following this,
we describe the follow-your-nose approach to choosing the localization scheme and
evaluating the localization locus. After describing the parametrization of fields on
the localization locus, we describe the functional Taylor expansion of the deformed
action and the decomposition of the path integral into classical and one-loop contri-
butions. We compare localization to effective field theory and sketch the evaluation
of the classical and one-loop contributions to the path integral. Finally, we state the
final result of localization in terms of integrals over moduli.

Chapter 3 reviews two-dimensional Yang-Mills theories and non-abelian local-
ization. In section 3.1, we introduce two-dimensional pure Yang-Mills theory in the
mathematical context of G-connections on fiber bundles, then in the physics context
of gauge fields. After describing the features of YM2, we explain how YM2 partition
functions can differ by a renormalization ambiguity. Following this, we recount the
procedure to obtain variants of YM2 by introducing auxiliary fields and a fermionic
BRST-like charge Q and detail how to recover the original partition function defining
YM2 from each variant. In particular, we describe the basic, ghost, projection, and
standard Q-multiplets of cohomological YM2. Finally, we construct two localizing
terms for non-abelian localization from the fields of the standard multiplet. Section
3.2 reviews the analytical evaluation of the YM2 partition function using the lattice
gauge theory approach, following the exposition in [4].

Section 3.3 reviews the non-abelian localization of two-dimensional cohomologi-
cal gauge theories, following the exposition in [3]. We outline the localization pro-
cedure, the two localizing terms, and their respective loci. One locus involves flat
connections; the other locus involves Yang-Mills connections. In section 3.3.1, we
review localizing to the locus of flat connections using the first localizing term. We
describe reality conditions for fields and the evaluation of the moduli space. In
section 3.3.2, we review localizing to the locus of Yang-Mills connections using the
second localizing term. We describe reality conditions for fields and the evaluation
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of the moduli space. We explain the novelty of the second localizing term and its
relationship to the first.

In section 3.3.3, we review the evaluation of the path integral after localizing to
the locus of Yang-Mills connections using the second localizing term. We supple-
ment the analysis of [3] by providing technical details and references for evaluating
specific integrals. Section 3.4 reviews the relationship between physical YM2 and
cohomological YM2. We describe how the expectation value of an operator in coho-
mological YM2, computed via localization, may be related to the partition function
of physical YM2 using the Poisson summation formula.

Chapter 4 reviews the supersymmetric localization of A-twisted gauge theories
on compact manifolds, following the exposition in [18, 19]. In section 4.1, we sum-
marize the BZ approach to A-twisted localization. We collect results derived using
the BZ approach, including general formulae for A-twisted partition functions and
correlators.

Section 4.2 reviews the topological A-twist and the resulting A-twisted theories.
Section 4.2.1 reviews the three-dimensional A-twisted N = 2 supersymmetric theo-
ries. Section 4.2.2 reviews the two-dimensional A-twisted N = (2, 2) supersymmetric
theories, i.e., the A-model, and details the vector multiplet.

Section 4.3 reviews the BZ approach to localizing the path integral of the A-
model vector multiplet. Section 4.3.1 reviews localizing to the BPS locus following
the FYN approach. Section 4.3.2 reviews localizing to the almost-BPS locus follow-
ing the BZ approach, details the necessary conditions, and compares the BPS and
almost-BPS loci. Section 4.3.3 reviews the almost-BPS zero modes and the off-shell
supermultiplet of zero modes. Section 4.3.4 reviews the bosonic moduli space in
the BZ approach and details the singular hyperplanes in two and three dimensions.
Section 4.3.5 records the regulated one-loop determinants in the BZ approach for
vector and chiral multiplets in two and three dimensions.

Section 4.4 reviews the asymptotic behavior of chiral one-loop determinants and
provides details regarding regularization in two and three dimensions. Section 4.4.1
details the three-dimensional effective Chern-Simons coupling. Section 4.4.2 details
the two-dimensional effective twisted chiral superpotential.

Section 4.5 reviews the evaluation of integrals over zero modes. Section 4.5.1
outlines the treatment of singularities in the bosonic moduli space. Section 4.5.2
details the evaluation of integrals over three-dimensional bosonic zero modes and
the double-scaling localization limit. Section 4.5.3 reviews the evaluation of the
integrals over fermionic zero modes for A-twisted theories on S2 × S1, and details
the role of the off-shell supersymmetry multiplet of zero modes. Section 4.5.4 reviews
the evaluation of the integrals over fermionic zero modes for A-twisted theories on
Σg × S1. Section 4.5.5 reviews the evaluation of the final contour integral over the
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continuous bosonic modulus in terms of Jeffrey-Kirwan residues.
In chapter 5, we recover the analytic expression for the physical YM2 partition

function from the general formulae for A-model correlators derived using the BZ
approach to supersymmetric localization in [18, 19]. This chapter constitutes an
original contribution and confirms that the A-model correlator formula realizes the
map between physical YM2 and cohomological YM2. The representation theory
appendix B supplements this chapter.

Chapter 6 compares the FYN, BZ, and Witten approaches to A-model localiza-
tion by evaluating the one-loop fluctuation determinant mode-by-mode using each
approach. This chapter constitutes an original contribution.

Section 6.1 describes the A-model vector multiplet on S2 and details the super-
symmetry algebra and supersymmetric actions. Section 6.2 describes the construc-
tion of our general localizing term. The general localizing term includes coefficients
that, when turned on or off, result in the BZ, FYN, and Witten localizing terms.
We record the localizing supercharge and the localizing limit.

Section 6.3 describes localizing to the FYN, BZ, and Witten loci. We detail the
evaluation of moduli for each locus. Section 6.4 describes the parametrization of
fields in terms of zero modes and fluctuating modes and details the locus expansion
resulting in a localizing Lagrangian to quadratic order in fluctuations.

Section 6.5 describes the gauge-fixing procedure for the localizing Lagrangian.
Section 6.6 describes the Cartan-Weyl basis decomposition of fluctuating modes and
details how to express the Localizing Lagrangian in terms of matrices. Section 6.7
describes how to use monopole spherical harmonics to evaluate one-loop determi-
nants from localizing Lagrangians expressed as matrices. We illustrate the procedure
with two simple examples.

Section 6.8 describes integrating bosonic scalars using an integration contour
novel to A-model localization. Instead of taking the bosonic scalars to be com-
plex conjugates, we take one real and the other imaginary, resulting in a Lagrange
multiplier.

Section 6.9 describes the mode-by-mode evaluation and analysis of 1-loop fluctu-
ation determinants resulting from the FYN, BZ, and Witten approaches to A-model
localization. We begin by detailing our conventions for monopole spherical harmon-
ics.

Section 6.9.1 describes the evaluation of the fluctuation determinant in FYN and
BZ approaches. This determinant results from choosing the localizing term to be
the standard Yang-Mills Lagrangian. As a result, we identify two singular bosonic
modes and one singular ghost mode.

Section 6.9.2 describes the evaluation of a fluctuation determinant intermediate
between the Witten and FYN approaches. This determinant results from choosing
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the localizing term to be the standard Yang-Mills Lagrangian with quadratic twisted
chiral superpotential. As a result, we obtain expressions for the determinant in terms
of moduli and a coefficient tracing the twisted chiral superpotential.

Section 6.9.2.1 describes an extension to the case when the fermionic fluctuation
operator is evaluated in terms of a Pfaffian instead of a determinant. Section 6.9.2.2
describes an extension of the fermionic Pfaffian in which the fermionic scalars in
the A-model vector multiplet are redefined as the fermionic scalars in the standard
cohomological multiplet.

Section 6.9.3 describes the evaluation of the fluctuation determinant in the Wit-
ten approach. This determinant results from choosing the localizing term to be a
non-standard Yang-Mills Lagrangian with quadratic twisted chiral superpotential.
As a result, we obtain expressions for the determinant in terms of moduli and a
coefficient tracing the twisted chiral superpotential.

Section 6.9.4 describes the evaluation of a general fluctuation determinant inter-
mediate between the BZ, FYN, and Witten approaches. This determinant results
from choosing a general localizing term that retains coefficients that interpolate be-
tween BZ, FYN, and Witten localizing terms. As a result, we obtain expressions for
the general determinant in terms of moduli and interpolating coefficients.

Section 6.9.5 describes the evaluation of an alternative fluctuation determinant
that does not pertain to the BZ, FYN, and Witten approaches. This determinant
results from choosing the localizing term to be an alternative non-standard Yang-
Mills Lagrangian with quadratic twisted chiral superpotential. As a result, we obtain
expressions for the alternative determinant in terms of moduli and a coefficient
tracing the twisted chiral superpotential.

In chapter 7, we discuss the results, implications, and value of the results, suggest
future directions and conclude the thesis.

Appendix A provides a general review of N = (2, 2) supersymmetry and the
A-model. In A.1, we provide conventions for spinors, coordinates, and gauge fields.
In A.2, we review Lorentzian N = (2, 2) supersymmetry following the exposition
in [22], focusing on the vector multiplet in Wess-Zumino gauge. In A.3, we review
Wick rotation and the Euclidean N = (2, 2) supersymmetric vector multiplet. In
A.4, we review the topological A-twist in N = (2, 2) supersymmetry, and describe
the A-model vector multiplet. In A.5, we detail the dictionary between the A-model
vector multiplet and the standard cohomological multiplet. In A.6, we formulate
our localizing term using the fields of the standard cohomological multiplet. This
can be expressed in terms of the fields of the A-model vector multiplet using the
dictionary. Specifically, we write the localizing term used by Benini and Zaffaroni in
[18, 19] (the SYM action), and the two localizing terms used by Witten in [3] (the
Donaldson action and the deformed Donaldson action).
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In appendix B, we review the representation theory of Lie groups and Lie al-
gebras. This section serves as the background for chapter 5, in which we recover
the pure YM2 partition function from the Benini and Zaffaroni A-model partition
function formula [18, 19]. In B.1, we review representations of Lie algebras and
weights. In B.2, we review complexified Lie algebras and roots. In B.3, we review
root systems, root diagrams, and the Weyl group. In B.4, we review the action of
the Weyl group in terms of orbits, stabilizers, and fixed point sets. In B.5, we review
covering groups, the fundamental group, and the relationship between Lie groups
and Lie algebras. In B.6, we review lattices of Lie algebras and Lie groups and their
relationship. In B.7, we prove some propositions concerning how elements of the
character lattice behave under translations by the Weyl vector.

In appendix C, we collect details on A-model localization. This section serves
as background material for chapter 6. In C.1, we provide the A-model vector mul-
tiplet we considered in the conventions of [20]. In C.2, we explain our conventions
for monopole spherical harmonics. This appendix includes a table describing the
existence of monopole harmonics, as well as the action of operators on monopole
harmonics. We conclude the section by deriving a result of [20] using our conven-
tions for monopole harmonics, thereby confirming their validity. In C.3, we provide
details for the Cartan-Weyl basis decomposition procedure and give an example.
In C.4, we provide a dictionary between the A-twisted vector multiplet in the con-
ventions of [20] and the standard cohomological multiplet in the conventions of [3].
In C.5, we provide a partially completed dictionary between the A-twisted vector
multiplet in the conventions of [18, 19] and the standard cohomological multiplet in
the conventions of [3].

In appendix D, we provide some mathematical background for YM2. In partic-
ular, we recall the definitions of symplectic manifolds, symplectic forms, the Liou-
ville form, Hamiltonian actions on symplectic manifolds, the moment map equation,
Poisson brackets, and affine spaces. We record that the Riemann surface Σ is a sym-
plectic manifold, that the space of G-connections A is both a symplectic manifold
and an affine space, and that the action of the group of gauge transformations G on
A is Hamiltonian. Finally, we recall that the Hodge star on the Riemann surface
plays the role of an almost complex structure and is used to define the metric on
the space of connections.

Original contributions

The primary original contribution of this thesis is the mode-by-mode evaluation of
the 1-loop determinants of the bosonic, fermionic, and ghost fluctuation operators
for three different localizing terms constructed from the two-dimensional A-model
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vector multiplet, using a novel contour of integration for the complex bosonic scalars
in each case. The derivations and results are provided in chapter 6. The three
localizing terms include the localizing term considered by Benini and Zaffaroni in
[18, 19], and a localizing term resembling the deformed cohomological Donaldson
action considered by Witten in [3]. In two cases, the 1-loop contribution of the
fermionic fluctuation operator was evaluated in terms of a Pfaffian instead of a
determinant. In the case of the FYN localizing term, the complete analysis and
evaluation of the ratio of 1-loop determinants was performed and resulted in the
Vandermonde determinant. This serves as a confirmation of known results and our
novel choice of integration contour for the complex bosonic scalars. In order to
compute 1-loop determinants mode-by-mode, it was necessary to understand and
then use the monopole spherical harmonics provided in [20]. One of products of
this research is presented in appendix C.2, where we have collected, and in some
cases supplemented, the monopole spherical harmonics described in [20]. Moreover,
it was necessary to write a dictionary to compare the localization terms in the A-
model to those of cohomological gauge theory. As a result, we have provided two
dictionaries between the standard cohomological multiplet in [3] and the A-model
vector multiplet in the conventions of both [20] (appendix C.4) and [23] (appendix
A.5).

A second original contribution is the recovery of the pure YM2 partition function,
given as a sum over irreducible representations, from the A-model partition function
formula of Benini and Zaffaroni, given as integrals over moduli. This serves as a
confirmation of the A-model partition function formula. In doing so, it was necessary
to prove some propositions about how translation by the Weyl vector affects different
elements of the character lattice. The proofs are provided in Appendix B.7, and are
valid for generic covering groups, including both the universal and adjoint covers.



Chapter 2

Supersymmetric localization

In this chapter, we review supersymmetric localization. In particular, this chapter
focuses on the “follow-your-nose” (FYN) approach to supersymmetric localization,
which is sometimes also called canonical supersymmetric localization or conven-
tional supersymmetric localization. Note that the FYN approach to localization is
a semi-canonical prescription that is expected to succeed in most settings. Modern
reviews of supersymmetric localization include [24, 25, 2, 26]. A mathematically rig-
orous description of supersymmetric localization may be found in [27], and a clear
description of equivariant localization is provided in [28].

Supersymmetric localization is a procedure by which infinite-dimensional path
integrals exhibiting a fermionic, or Grassmann-odd, symmetry are reduced to lower
dimensional integrals. In the best cases, the path integral is reduced to an integral
over a matrix model.

There are two arguments for supersymmetric localization, which apply to super-
symmetric path integrals of the form

ˆ
F
DXe−S[X]. (2.0.1)

Here, X denotes the fields of the theory, F is the configuration space of X, DX is the
measure on F , and S [X] is a commuting action functional in Euclidean signature.
X includes both bosons and fermions, and F is a superspace in the sense that it
involves both bosonic and fermionic directions.

The first localization argument applies to the situation in which F is acted on
by a global symmetry group G generated by a fermionic charge Q. By introducing
collective coordinates for the action of G on F , then integrating, one obtains the
volume of the symmetry group

ˆ
F
DXe−S[X]. =

1

volG

ˆ
F/G

DXe−S[X]. (2.0.2)

20
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Since the collective coordinate associated to the fermionic charge Q is a Grassmann-
odd quantity θ , the volume of the symmetry group is a vanishing Berezin integral
volG =

´
dθ · 1 = 0. In this case, the only non-vanishing contributions to the path

integral come from the locus of fixed points of the fermionic charge

FQ = { [X] ∈ F | fermions = 0, Q (fermions) = 0 } (2.0.3)

where [X] denotes equivalence classes of X. The path integral therefore reduces to

1

volG

ˆ
F/G

DXe−S[X] =

ˆ
FQ

DXe−S[X] +

ˆ
F\FQ

DXe−S[X]

︸ ︷︷ ︸
=0

. (2.0.4)

For details of the first localization argument, see the derivation in [29] or the reviews
in [2, 22].

By the second localization argument, path integrals exhibiting a fermionic sym-
metry can be forced to localize to the locus of fixed points of the fermionic symmetry
by a particular deformation of the action. This argument applies to a deformed path
integral of the form

Z(t) =

ˆ
F
DXe−S[X]−tQVF [X]. (2.0.5)

Here, VF [X] is an anti-commuting functional, QVF [X] is a commuting functional,
and t ∈ R≥0 is a parameter. QVF [X] is called the localization term or deformation
term, and the choice of Q and VF is referred to as a choice of localization scheme.
For localization to occur, we require that:

1. The action is Q-closed QS = 0. This implies that Q is nilpotent when acting
on the action Q2S = 0.

2. The measure DX is Q-invariant. This implies that both Q and Q2 are non-
anomalous.

3. The localizing term is Q-closed Q2VF = 0 . This ensures that both QVF and
VF are well-defined functionals, which is necessary for integration by parts to
work correctly.

4. The real part of the localizing term is positive semi-definite Re (QVF [X]) ≥ 0.
This ensures the convergence of subsequent integrals.

When the requirements are satisfied, the path integral exhibits deformation invari-
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ance; that is, it is independent of the deformation. In particular, we have

d

dt
Z(t) = −

ˆ
F
DXQ (VF [X]) e−S[X]−tQVF [X]

= −
ˆ
F
DXQ

(
VF [X]e−S[X]−tQVF [X]

)
= −

ˆ
F
Q
(
DXVF [X]e−S[X]−tQVF [X]

)
= 0

The first equality is the result of the derivative w.r.t. t. The second equality holds
due to requirements that the action is Q-closed QS = 0, and the localizing term is Q-
closed Q2VF = 0. The third equality holds due to the requirement that the measure
DX is Q-invariant. The fourth equality holds if

´
F Q (. . . ) is a total derivative in

superspace.
In particular, the last step is the superspace analog of Stokes’s theorem vanishing

in the absence of boundary contributions
ˆ
M

dω =

ˆ
∂M

ω = 0. (2.0.6)

Here, ω is a differential form on the manifold M with boundary ∂M , and d is the
exterior derivative. For details regarding the Q-invariance of superspace measures
and the superspace analogs of Stokes’s theorem, see e.g. [27]. If the partition
function exhibits deformation invariance d

dtZ(t) = 0, the path integral localizes to
the locus of Q fixed points in the localizing limit t→ ∞ .

If the requirements for localization are unfulfilled, however, the localization ar-
gument fails, and the partition function does not exhibit deformation invariance
d
dtZ(t) ̸= 0. How and why the localization argument fails depends on the particular
unfulfilled requirement. Consider, for instance, the situation in which only the sec-
ond requirement is unfulfilled, and the superspace measure DX is not Q-invariant.
What can happen is that the superspace analog of Stokes’s theorem does not vanish
due to the presence of boundary contributions. Specifically, one has

ˆ
M

dω =

ˆ
∂M

ω ̸= 0. (2.0.7)

The supersymmetric localization procedure involves a conventional choice of lo-
calizing term called the canonical localization scheme. The canonical localization
scheme is

Lcanon
loc = QV canon

F = Q
∑
ψX

(
(QψX)† ψX + ψX

(
Qψ†

X

)†)
. (2.0.8)



23

Here, ψX denotes the fermions of the theory, and the sum runs over all ψX , The †
denotes a conjugation operation, typically Hermitian conjugation. When evaluated,
the bosonic part of the canonical localization scheme is a sum of squares

(Lcanon
loc )|bos =

∑
ψX

(
|QψX |2 +

∣∣∣Qψ†
X

∣∣∣2) . (2.0.9)

Note that choosing the localizing term according to the canonical localizing scheme
is conventional but not necessary.

Given a deformation invariant partition function, localization proceeds by iden-
tifying the bosonic moduli. The moduli are the coordinates on the locus of bosonic
field configurations for which the real bosonic part of the localizing term vanishes

{
X0 ∈ F

∣∣ Re [ (QVF [X])|bos] = 0
}

(2.0.10)

This is called the localization locus. Observe that this is the locus of Q fixed points,
that is to say, bosonic configurations for which the variation of the fermions vanish
QψX = Qψ†

X = 0. The moduli X0 are minima due to the fourth requirement
Re (QVF [X]) ≥ 0. The moduli are also referred to as zero modes.

The next step in the localization procedure is to parametrize the fields near the
localization locus as

X = X0 +
1√
t
Xf . (2.0.11)

In particular, this is a change of coordinates in which the fields X are expressed in
terms of zero modes X0, and fluctuating modes Xf . The point of this change of
coordinates is that in the localizing limit t→ ∞, the functional Taylor-expansion of
the deformed action is

S [X] + tQV [X] = S [X0] +
1

2

¨
δ2Sloc

δX2

∣∣∣∣
X=X0

(δXf )
2 +O

(
1√
t

)
. (2.0.12)

The zeroth-order term is the classical action, the first-order term vanishes since X0

are minima, and the second-order term is quadratic in fluctuations.
It follows that, in the localizing limit, the deformed partition function reduces

to

lim
t→∞

Z(t) = J

ˆ
DX0

Zeff=exp(−Seff)︷ ︸︸ ︷(
e−S[X0]︸ ︷︷ ︸
Zclass

ˆ
DXfe

− 1
2

˜ δ2Sloc
δX2

∣∣∣∣
X=X0

(δXf)
2)

︸ ︷︷ ︸
Z1-loop

(2.0.13)

The resulting quantities are referred to as the classical contribution Zclass, the 1-
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loop contribution Z1-loop, and the effective action Zeff. Moreover, J is the Jacobian
due to the change of coordinates, which is typically trivial. Notice that there are
many similarities between localization and effective field theory (EFT). The result
of the localization argument is a type of 1-loop exact EFT, in which zero modes and
fluctuating modes play the roles of light modes and heavy modes, respectively.

The evaluation of the classical contribution is typically straightforward – one
evaluates the original action on the zero-mode configurationsX0. On the other hand,
the evaluation of the 1-loop contribution is more subtle. In particular, it is necessary
to fix a gauge and integrate out the fluctuating modes. The contours of integration
for the fluctuating modes are chosen according to the reality conditions specified
when evaluating the moduli. One way to evaluate the integrals over fluctuating
modes is the mode-by-mode approach which utilizes the Cartan Weyl basis of the
gauge algebra and spherical harmonics.

The result of integrating out the fluctuating modes is a superdeterminant

Z1-loop [X0] =
1

Sdet
(
Squad

loc

) . (2.0.14)

A superdeterminant, or Berezinian, is an algebraic operation on a supermatrix, and
a supermatrix is a matrix in which certain entries are Grassmann even, and other
entries are Grassmann odd. The evaluation of the Berezinian results in a ratio of
standard determinants. For a reference on supermatrices and superdeterminants,
see, e.g., [30].

The final result of localization is the partition function expressed in terms of
integrals over moduli

Z =
∑
X

(d)
0

ˆ
dX

(c)
0 e−S[X0]Z1-loop [X0] . (2.0.15)

Here, X(d)
0 denotes discrete moduli to be summed over, while X(c)

0 denotes continu-
ous moduli to be integrated over.



Chapter 3

Two-dimensional Yang-Mills
theories & non-abelian localization

In this chapter, we review YM2, the exact solution of the pure YM2 partition func-
tion, non-abelian localization of cohomological YM2, and the relationship between
pure YM2 and cohomological YM2. Witten’s non-abelian localization computation
will eventually be compared to the Benini-Zaffaroni supersymmetric localization
computation.

3.1 Two-dimensional Yang-Mills

To define two-dimensional Yang-Mills theory, let Σ be a compact closed Riemann
surface, let G be a simple compact connected Lie group with Lie algebra g = LieG,
let P → Σ be a principle bundle with fiber G, and and let ad (P ) be the adjoint
bundle. Let A (P ) be the space of G-connections A on P , and let G (P ) be the group
of gauge transformations i.e. bundle automorphisms G (P ) = AutP .

The curvature of the G-connection A is the adjoint-valued two-form

FA = dA+A ∧A, (3.1.1)

where d is the exterior derivative on Σ. The covariant derivative on ad (P ) is

DA = d +A. (3.1.2)

The exterior derivative is nilpotent d2 = 0 when acting on differential forms on Σ.
The covariant derivative squares to the curvature of the G-connection

D2
A = FA. (3.1.3)

25
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The two-dimensional Bianchi identity DAFA = 0 is trivial since Σ does not admit
three forms and d is nilpotent.

The gauge transformations g ∈ G are maps g : Σ → G. The gauge transforma-
tions act on connections by

(g,A) → g−1Ag + g−1dg. (3.1.4)

The infinitesimal gauge transformations are elements of the tangent space u ∈ TG.
The infinitesimal gauge transformations act on connections by

(u,A) → −DAu. (3.1.5)

The YM2 action is
S [A] =

1

2e2

ˆ
Σ

Tr (FA ∧ ∗FA) (3.1.6)

where the gauge coupling e is a real constant of mass dimension [e] = 1, and ∗ is the
Hodge star operator on Σ. The action is a G (P )-invariant functional on the space
of connections A (P ).

To express the G-connection A in terms of the gauge field Ai, we choose local
coordinates

{
xi|i = 1, 2

}
on a chart of Σ, a tangent space basis

{
∂/∂xi

}
, a cotangent

space basis
{
dxi
}
, and a basis of anti-hermitian generators {Ta|a = 1, . . . , rankG}

in the adjoint representation of g. The generators obey [Ta, Tb] = f c
abTc, where f c

ab

are structure constants. In components, the G-connection and its curvature are

A = Aai (x)Tadx
i (3.1.7)

FA =
1

2
F aij (x)Tadx

i ∧ dxj . (3.1.8)

Here, Aai (x) is the gauge field and F aij (x) is the field strength. The field strength
and covariant derivative are given by

Fij = ∂iAj − ∂jAi + [Ai, Aj ] , Di = ∂i +Ai. (3.1.9)

Together, these satisfy
Fij = [Di, Dj ] . (3.1.10)

The gauge transformations act on Ai and Fij as

Ai → Agi = g−1Aig + g−1dg, (3.1.11)

Fij → F gij = g−1Fijg. (3.1.12)
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In components, the action of YM2 is

S [A] = − 1

4e2

ˆ
Σg

dµTrFijF ij (3.1.13)

Here, the trace is in the fundamental representation, and dµ = ∗1 = d2x
√

det gij is
the Riemannian measure. This is referred to as the action of pure YM2.

The YM2 action exhibits invariance under three types of transformations which
we now describe. The first invariance is under gauge transformations, which is
straightforward to check:

S [Ag] = − 1

4e2

ˆ
Σg

dµTrg−1Fijgg
−1F ijg (3.1.14)

= − 1

4e2

ˆ
Σg

dµTrgg−1FijF
ij (3.1.15)

= S [A] . (3.1.16)

The second invariance of the YM2 action is under area-preserving diffeomor-
phisms, that is to say, under general coordinate transformations that preserve the
area of the Riemann surface aΣ =

´
Σg

dµ. To clarify, note first that the choice of
metric gij on Σ determines an area form ε̂. Using ε̂, the curvature two-form FA may
be mapped to the adjoint-valued scalar f = ∗FA as

FA = ε̂f. (3.1.17)

In components, this reads
F aij =

√
det gijϵijf

a. (3.1.18)

When expressed in terms of f , the action is

S [A] = − 1

2e2

ˆ
Σg

dµTrf2 (3.1.19)

Since f is scalar, diffeomorphisms that keep the area aΣ fixed are symmetries of the
action.

The third invariance of the YM2 action is under simultaneous scalings of the
coupling constant and the measure by a real constant:

e2 → te2, dµ→ dµ/t, t ∈ R, (3.1.20)

from which it follows that f → tf . Note that the measure is scaled by scaling the
metric gij .
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The partition function

Z (e, aΣ; Σg, G) =
1

volG

ˆ
A
DAe−S[A] (3.1.21)

defines YM2 on Σg. Here, the integration domain is the space of connections A,
DA is the path integral measure on A, and volG is the volume of the group of gauge
transformations. Due to the invariance of the action under the scalings 3.1.20, the
path integral is a function of only the invariant combination ε ≡ e2aΣ. Since the
mass dimensions of the squared coupling and area are

[
e2
]
= 2, [aΣ] = −2, the

invariant combination is dimensionless [ε] = 0. The partition function is denoted
more compactly by Z (ε) ≡ Z (e, aΣ; Σg, G).

Various definitions of YM2 may differ by local counter-terms depending on the
topology and metric of the Riemann surface

∆S = u

ˆ
Σg

dµ+ v

ˆ
Σg

dµ
R
2π
, (3.1.22)

Here, the first term depends on the area aΣ, while in the second term, R is the
Ricci scalar curvature and χ =

´
Σg

dµ R
2π is the Euler characteristic χ = 2 − 2g.

The counter-terms arise when using different regularization schemes to renormalize
quadratic and logarithmic divergences occurring in one-loop amplitudes in an exter-
nal gravitational field. Due to this renormalization ambiguity, partition functions
computed in two different regularization schemes differ by

Z ′ (ε) = Z (ε) exp

(
∆u

ˆ
Σg

dµ+∆v

ˆ
Σg

dµ
R

2π

)
, (3.1.23)

Here, ∆u,∆v are constants that are understood as corrections to u, v. If the actions
in the separate regularization schemes are both invariant under the scaling symmetry
3.1.20, the corrections reduce to

∆u = e2u0, ∆v = v0. (3.1.24)

where u0, v0 are independent of e2. For a reference, see [4].
Other variants of YM2 may be formulated by introducing additional auxiliary

fields with quantum ghost numbers U . The ghost number is the charge under the
Z-grading of G-invariant equivariant differential forms on A. The first variant of
YM2 we consider is constructed from the gauge field Ai together with an adjoint
bosonic scalar field ϕ. In particular, Ai = Aai (x)Ta is a commuting Lie algebra
valued one form on Σ with ghost number U = 0, and ϕ = ϕa (x)Ta is a commuting
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Lie algebra-valued zero form on Σ with ghost number U = 2. The action is

S1 [A, ϕ] = −e
2

2

ˆ
Σ

dµTrϕ2 − i

ˆ
Σ

TrϕFA, (3.1.25)

The action is invariant under area-preserving diffeomorphisms, simultaneous scalings
3.1.20, and gauge transformations

Ai → Agi = g−1Aig + g−1dg, (3.1.26)

ϕ → ϕg = g−1ϕg. (3.1.27)

The partition function

Z1 (ε; Σg, G) =
1

volG

ˆ
DADϕe−S1[A,ϕ] (3.1.28)

defines the theory, which is denoted more compactly by Z1 (ε) ≡ Z1 (ε; Σg, G). The
derivative of ϕ does not appear in the action, so it is an auxiliary field. Accordingly,
ϕ may be eliminated from the theory by setting it to its on-shell value in the action.
The on-shell value is the solution of the equation of motion for ϕ, which is of the
form ϕ ∝ f . Eliminating ϕ in this manner is equivalent to performing the Gaussian
integral over ϕ, which is peaked around ϕ ∝ f . In particular, ϕ may be integrated
out as ˆ

R

dx√
2π
e−

e2

2
x2−ixy = e−

1
2e2

y2 . (3.1.29)

By evaluating the ϕ integral in Z1 (ε), one recovers the original partition function
of pure YM2 3.1.21. In other words, we have

Z1 (ε; Σg, G) ≃ Z (ε; Σg, G) , (3.1.30)

such that the theory defined by Z1 (ε) is equivalent to the pure YM2 theory defined
by Z (ε) up to local counter-terms.

An advantage of this alternative formulation is that it is straightforward to take
the topological ε→ 0 limit

ZBF (Σg, G) = lim
ε→0

Z1 (ε; Σg, G) =
1

volG

ˆ
A
DADϕe−SBF[A,ϕ] (3.1.31)

where

SBF [A, ϕ] = −i
ˆ

TrϕFA. (3.1.32)

In this limit, YM2 becomes a Witten-type topological quantum field theory
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(TQFT) called BF-theory. BF-theory is a TQFT in the sense that all dependence
on the metric of Σ is lost. The partition function may be used to compute topological
quantities. Specifically, we will later describe how this partition function is used to
compute the symplectic volume volMflat where Mflat = {A ∈ A (P ) |FA = 0} /G (P )

is the moduli space of flat connections.
Further variants of YM2 may be formulated by introducing an auxiliary adjoint

fermion ψ and a fermionic BRST-like charge Q. In particular, ψ = ψai (x)Tadx
i is

an anti-commuting adjoint valued one form on Σ with ghost number U = 1, and Q
is an anti-commuting BRST-like operator which acts on fields as δΦ = −iϵ {Q,Φ}.
Here, ϵ is an anti-commuting variational parameter, δ is a commuting variation, and
Φ is any of the fields Ai, ϕ, ψi.

The second variant of YM2 we consider is constructed from Ai and ψi. The
transformations under the BRST-like symmetry are

δAi = iϵψi, (3.1.33)

δψi = −ϵDif, (3.1.34)

and the square of the operator is

Q2Ai = {Q, [Q,Ai]} = −{Q,ψi} = iDif. (3.1.35)

The action is
S2 [A,ψ] = − 1

2e2

ˆ
Σ

Tr
(
FA ∧ ∗FA − i

2
ψ ∧ ψ

)
. (3.1.36)

The fermionic terms in the action are non-vanishing due to ψ being an adjoint
valued anti-commuting one-form. Moreover, the action is closed under the BRST-
like symmetry δS = 0. The on-shell value of ψi is ψi = 0, while the on-shell value
of Ai is Dif = 0, i.e. the Yang-Mills equations. Observe that the algebra of Q only
closes on-shell, since the operator is nilpotent Q2 = 0 for the on-shell value Dif = 0.
The partition function

Z2 (ε; Σg, G) =
1

volG

ˆ
DADψe−S2[A,ψ] (3.1.37)

defines the theory. Since the derivative of ψ does not appear in the action, ψ is an
auxiliary field which can be integrated out by setting it to its on-shell value in the
action. By integrating out ψ, one recovers the partition function of pure YM2

Z2 (ε; Σg, G) ≃ Z (ε; Σg, G) , (3.1.38)

up to local counter-terms.
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The third variant of YM2 we consider is constructed from Ai,ϕ, and ψi. Together,
these fields transform under the BRST-like operator Q to form a multiplet, denoted
(Ai, ψi, ϕ). This is called the basic multiplet of cohomological Yang-Mills. The
transformations are

δAi = iϵψi, (3.1.39)

δψi = −ϵDiϕ = −ϵ (∂iϕ+ [Ai, ϕ]) , (3.1.40)

δϕ = 0, (3.1.41)

The square of the BRST-like operator is

Q2 = −iδϕ, (3.1.42)

where δϕ denotes an infinitesimal gauge transformation generated by the gauge pa-
rameter ϕ. Since Q is anti-commuting, Q2 is commuting. This can be understood,
for instance, by comparing a generic infinitesimal gauge transformation to the re-
sult obtained when squaring the BRST-like operator. A generic infinitesimal gauge
transformation reads Aai → Aai + δuA

a
i , where δuAai = −Diu

a is the infinitesimal
variation of Aai generated by a generic gauge parameter ua. The square of the BRST
operator, on the other hand, is evaluated by acting twice with Q on Aai according
to 3.1.39-3.1.41. This reads

Q2Aai = {Q, [Q,Aai ]} = −{Q,ψai } = iDiϕ
a = −iδϕAai . (3.1.43)

where δϕAai = −Diϕ
a is the infinitesimal variation of Aai generated by the gauge

parameter ϕa.
Since the BRST-like operator squares to an infinitesimal gauge transformation,

it is nilpotent when acting on gauge-invariant functionals of the fields in the basic
multiplet. In particular, if V is a gauge-invariant functional obeying δϕV = 0 , then
by 3.1.42 we have nilpotency

Q2V = δϕV = 0. (3.1.44)

Furthermore, any Q-exact functional, defined by acting with Q on a gauge-
invariant functional, will be Q-closed. That is to say, if W = QV and δϕV = 0, then
by 3.1.42 we have closure

QW = Q2V = −iδϕV = 0. (3.1.45)
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The action is

S3 [A,ψ, ϕ] = −i
ˆ
Σ

Tr
(
ϕFA − 1

2
ψ ∧ ψ

)
− e2

2

ˆ
Σ

dµTrϕ2. (3.1.46)

The action is invariant under gauge transformations, area-preserving diffeomor-
phisms, and simultaneous scalings of the coupling and measure. Both ϕ and ψ

are auxiliary fields, with on-shell values ϕ ∝ f and ψ = 0, respectively. The on-shell
value of Ai is again the Yang-Mills equations Dif = 0. Since the action is gauge-
invariant, the BRST-like operator is nilpotent Q2S3 = 0. Notice that, in contrast
with the previous case, the algebra of Q closes off-shell.

The partition function

Z3 (ε; Σg, G) =
1

volG

ˆ
DADϕDψe−S3[A,ψ,ϕ] (3.1.47)

defines the theory. The auxilliary fields ϕ and ψ may be integrated out by setting
them to their on-shell values in the action. The result of integrating out ϕ and ψ is
the partition function of pure YM2 3.1.21, up to local counter-terms.

Further variants of YM2 may be formulated by once again introducing auxiliary
adjoint fields with ghost numbers transforming under Q. In particular, we introduce
two additional multiplets, in a similar manner to the introduction of anti-ghost
multiplets in the conventional Fadde’ev-Popov BRST procedure. The new multiplets
consist of pairs of adjoint-valued auxiliary fields (v, w), one of which is commuting,
the other of which is anti-commuting, with ghost numbers (n, n+ 1) for some integer
n. The transformations are

δv = iϵw, (3.1.48)

δw = ϵ [ϕ, v] . (3.1.49)

The first additional multiplet is called the ghost multiplet (λ, η), where λa (x) is
a commuting adjoint scalar with ghost number U = −2, and ηa (x) is an anti-
commuting adjoint scalar with ghost number U = −1. The second additional multi-
plet is called the projection multiplet (χ,−iH), where χa (x) is an anti-commuting
adjoint scalar with ghost number U = −1, and Ha (x) is a commuting adjoint scalar
with ghost number U = 0. The transformations of the fields in the ghost multi-
plet are obtained by replacing v, w with λ, η in 3.1.48-3.1.49, and similarly for the
projection multiplet fields.

Together, the basic, ghost, and projection multiplets form the standard multiplet
of cohomological YM2. In particular, the standard multiplet consists of the adjoint-
valued fields (Ai, ψi, ϕ, λ, η, χ,H), with ghost numbers (0, 1, 2,−2,−1,−1, 0), and



3.1. TWO-DIMENSIONAL YANG-MILLS 33

whose statistics are (B,F,B,B,F,F,B) where B is bosonic and F is fermionic. The
transformations of the standard multiplet are

δAi = iϵψi, (3.1.50)

δψi = −ϵDiϕ, (3.1.51)

δϕ = 0, (3.1.52)

δλ = iϵη, (3.1.53)

δη = ϵ [ϕ, λ] , (3.1.54)

δχ = ϵH, (3.1.55)

δH = iϵ [ϕ, χ] . (3.1.56)

For later convenience, we note that the transformation of the scalar field strength is

δf = i ⋆ Dψ (3.1.57)

where f = ⋆FA = 1
2ϵ
ijFij = F12, and ⋆Dψ = ϵijDiψj = D1ψ2 −D2ψ1.

The fourth variant of YM2 we consider is constructed from the fields of the
standard multiplet. The theory is defined by the partition function

Z4 =
1

volG

ˆ
DADψDϕDλDηDχDHei{Q,V } (3.1.58)

In this case, the Q-exact action S4 = −i {Q,V } is defined by the functional

V =
1

h2

ˆ
Σ
dµTr

(
1

2
χ (H − 2f) + gijDiλψj

)
, (3.1.59)

where the coupling constant h is a real parameter. In particular, V is an anti-
commuting functional that preserves ghost number, and results in an action S4 =

−i {Q,V } with degenerate kinetic energy for fields.
To derive the explicit form of the action, one acts with the BRST-like symmetry

on the terms in V according to the transformations of the standard multiplet 3.1.50-
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3.1.56. This reads

δ

(
1

2
χ (H − 2f) + gijDiλψj

)
(3.1.60)

=
1

2
δχ (H − 2f) +

1

2
χ (δH − 2δf) (3.1.61)

+gij (Diδλψj + [δAi, λ]ψj +Diλδψj) (3.1.62)

=
1

2
H (H − 2f) +

1

2
χ (i [ϕ, χ]− 2i ⋆ Dψ) (3.1.63)

+gij (iDiηψj + i [ψi, λ]ψj −DiλDjϕ) (3.1.64)

=
1

2
(H − f)2 − 1

2
f2 +

i

2
χ [ϕ, χ]− iχ ⋆ Dψ (3.1.65)

+iDiηψ
i + i [ψi, λ]ψ

i −DiλD
iϕ (3.1.66)

The first equality is due to commuting δ, while in the second equality, we used the
transformations of the fields in the standard multiplet. In the third equality, the
square was completed for H, and the indices were raised.

In view of this, the action reads

S4 = −i {Q,V }

=
1

h2

ˆ
Σ
dµTr

(
1

2
(H − f)2 − 1

2
f2 −DiλD

iϕ. (3.1.67)

+
i

2
χ [ϕ, χ]− iχ ⋆ Dψ + iDiηψ

i + i [ψi, λ]ψ
i

)
(3.1.68)

This is the standard action for the two-dimensional analog of four-dimensional Don-
aldson theory [3].

The fifth variant of YM2 we consider is again constructed from the fields of the
standard multiplet. In this case, the action is a Q-exact deformation of the two-
dimensional Donaldson action S4. The theory is defined by the partition function

Z5 =
1

volG

ˆ
DADψDϕDλDηDχDHei{Q,V+tV ′} (3.1.69)

In this case, the action S5 (t) = −i {Q,V + tV ′} is a Q-exact deformation of the
two-dimensional Donaldson action S4 = −i {Q,V }, defined by functionals 3.1.59
and

V ′ = − 1

h2

ˆ
Σ
dµTrχλ. (3.1.70)

Here, V ′ is an anti-commuting functional that results in an action S5 (t) with non-
degenerate kinetic energy for all fields. In contrast with before, however, V ′ does
not preserve ghost number. Notice that by setting the deformation parameter to
zero, we recover the two-dimensional Donaldson action S5 (t = 0) = S4.
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To derive the explicit form of the action, we act with the BRST-like symmetry
on the terms in V ′. This reads

δ (χλ) = (δχ)λ+ χ (δλ) = Hλ+ iχη. (3.1.71)

In view of this, the action reads

S5 (t) = −i
{
Q,V + tV ′} (3.1.72)

=
1

h2

ˆ
Σ
dµTr

(
1

2
(H − f)2 − 1

2
f2 −DiλD

iϕ− tHλ (3.1.73)

+
i

2
χ [ϕ, χ]− iχ ⋆ Dψ + iDiηψ

i + i [ψi, λ]ψ
i − itχη

)
(3.1.74)

To express the action more conveniently, the squares are completed for H and f ,
which reads

1

2
(H − f)2 − 1

2
f2 − tHλ =

1

2
(H − f − λt)2 − 1

2
(f + tλ)2 . (3.1.75)

Accordingly, we have

S5 (t) =
1

h2

ˆ
Σ
dµTr

(
1

2
(H − f − λt)2 − 1

2
(f + tλ)2 −DiλD

iϕ (3.1.76)

+
i

2
χ [ϕ, χ]− iχ ⋆ Dψ + iDiηψ

i + i [ψi, λ]ψ
i − itχη

)
(3.1.77)

3.2 Exact solution of YM2 partition function

In this section we review the derivation of the exact solution of the partition function
of YM2 using the lattice approach.

The partition function of YM2 is known to be

Z
(
e2a,G,Σg

)
= ek1(2−2g)

∑
Rµ

1

(dimRµ)
2g−2 e

− 1
2
e2a(C2(Rµ)+k2) (3.2.1)

Here, C2 (Rµ) is the quadratic Casimir of Rµ, e2 is the Yang-Mills coupling constant,
a is the area of Σg, while k1 and k2 are renormalization scheme dependent constants.
This result can be derived using a combinatorial approach, involving techniques
from lattice gauge theory (LGT), or a cut and paste approach, involving techniques
from topological quantum field theory (TQFT). Here we describe the combinatorial
approach. For references, see [3, 31, 4, 32].
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In the combinatorial approach, the path integral of YM2
ˆ
A
DAe−

´
Σ LYM (3.2.2)

is computed by formulating a discrete approximation of the continuum theory, then
solving it using LGT techniques. There are two versions of the lattice approach to
QFT. The first version is the Hamiltonian approach, in which space is discretized
and time remains continuous, while the second version is the Euclidean approach,
in which both space and time are discretized. Here, we consider the Euclidean
approach, and the discrete approximation of spacetime is made by "triangulating"
the Riemann surface Σg, i.e. covering Σg in polygons. The triangulation has a finite
number of elements, consisting of vertices, and lines between vertices. The interiors
of polygons are called plaquettes, and the edges of the polygons are the lines between
vertices.

To discretize a scalar theory, instead of considering the value of the scalar field
at every point in spacetime, one only considers the value of the scalar field at the
vertices. The degrees of freedom of the discretized theory are then contained in the
finite number of scalar fields defined at the vertices. To approximate the continuum
theory, the triangulation is made finer and finer thereby increasing the number of
vertices and degrees of freedom.

To discretize a gauge field theory, instead of thinking of the holonomy between
every point in spacetime, one considers only the holonomy between vertices. In other
words, the gauge field degrees of freedom in the continuum theory are assigned to
the lines in the discrete theory. Recall that the holonomy is a map from curves on
Σ to the structure group G

HolC (A) = P exp

(ˆ
C
A

)
, (3.2.3)

where C is a smooth curve on Σ,
´
C A is the integral of a one-form pulled back to C,

and P is the path ordering symbol. The holonomy is necessary to compare points
on fibers at different spacetime positions, in a similar manner to how parallel trans-
port is necessary to compare tangent vectors in tangent vector spaces at different
spacetime positions.

In the lattice gauge theory approximation of YM2, a gauge transformation is a
map from the finite set of vertices to the structure group g : S → G, i.e. each vertex
x ∈ S is assigned a group element g (x) ∈ G. To each line γ between vertices x, y ∈ S,
one assigns a holonomy Uγ ∈ G, or Wilson line. The holonomy parametrizes the
degrees of freedom of the gauge field in the continuum theory, and transforms under
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gauge transformations according to

Uγ → g (y)Uγg
−1 (x) . (3.2.4)

To proceed with the lattice approximation of the YM2 path integral, let wi be a
plaquette and let ρi be the area of wi. The sum of plaquette areas

∑
i ρi = ρ is the

total area of Σ. In the lattice theory, the YM2 action is approximated as a sum of
local contributions from each plaquette:

e−
´
Σ LYM =

∏
i

e
−
´
wi

LYM . (3.2.5)

In other words, the integral over the whole Riemann surface is decomposed into a
sum of integrals over plaquettes. To write a gauge-invariant lattice approximation
of the integrand, consider a generic plaquette w of area ρw. Let x1, . . . , xn label the
edges of w, and let U1, U2, . . . , Un be the group-valued holonomies assigned to each
edge. The quantity

U = U1U2 . . . Un, (3.2.6)

is the holonomy on the whole plaquette as opposed to the holonomy on an specific
edge.

The lattice approximation of the integrand of the YM2 path integral is taken to
be ∏

i

Γ (Ui, ρi) =
∏
i

∑
α

dimαχα (Ui) exp (−ρic2 (α) /2) (3.2.7)

where i labels plaquettes wi. Here, α labels isomorphism classes of irreducible rep-
resentations of G, χα (Ui) is the character in the α representation, and C2 (α) is the
quadratic Casimir of the α representation.

Recall that for fixed representation π, the character is defined as the trace in
the π-representation χπ (u) = Tr (π (u)) for u ∈ G. The function Γ (U , ρ) is a
class function on the structure group G, that is to say, a function f on G obeying
f
(
vuv−1

)
= f (u) for all u, v ∈ G. Since Γ (U , ρ) is a class function, it is invariant

under lattice gauge transformations. Moreover, when the area of the plaquette is
taken to zero ρ→ 0, the function Γ (U , ρ) obeys

Γ (U , 0) =
∑
α

dimαχα (U) = δ (U − 1) (3.2.8)

where δ (U − 1) is the delta function. Note that the inclusion of the quadratic
Casimir C2 (α) in the exponential is a choice that is motivated by the desire to
obtain Trf2 in the continuum theory.

The definition of Γ (U , ρ) relies on the Peter-Weyl theorem, which relates the
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representation space of the compact Lie group G to the space of functions on G

as a manifold. For a reference, see e.g. [33]. More precisely, the theorem states
that the matrix entries παm,n of irreducible representations of G on a vector space
Vα are functions on G that satisfy the Schur orthogonality relations, and form a
complete set [34]. A simple but illustrative example of the Peter-Weyl theorem is
G = U (1) ≃ S1. In this case, the irreducible representations are one-dimensional
πα(eiθ) = eiαθ for α ∈ Z, and the entries of the one-dimensional matrices are the
functions παm,n

(
eiθ
)
= eiαθ. The functions form an orthonormal basis for square

integrable functions on S1, which is equivalent to the statement of Fourier series.
The lattice approximation of the path integral is

ZΣ,X (ρ) =

ˆ ∏
γ

dUγ
∏
i

Γ (Ui, ρi) (3.2.9)

where X denotes the triangulation, and dU is the normalized Haar measure. The
evaluation of the integral is as follows. Consider a single plaquette, taken to be a
square, for which the local factor is

Γ =
∑
α

dimαχα (U1U2U3U4) e
−ρc2(α)/2. (3.2.10)

where ρ is the area of the square. On the other hand, if the square is divided into
two triangles, the local factors are

Γ′Γ′′ =
∑
α,β

dimα dimβχα (U1U2V )χβ
(
V −1U3U4

)
e−ρ

′c2(α)/2−ρ′′c2(β)/2. (3.2.11)

Here, V denotes the lattice connection along the edge of both triangles, and the area
of each triangle sums to the area of the square ρ = ρ′+ρ′′. To prove that the theory
is invariant under subdivisions of the lattice, one must show that by integrating over
the factors of the triangles, one obtains the factor of the square. Specifically, one
must show that ˆ

dV Γ′Γ′′ = Γ. (3.2.12)

The proof follows from the cutting and gluing formulae
ˆ

dV χα(UV )χβ(V
−1W ) = δαβ

1

dimα
χα(UW ) (3.2.13)

ˆ
dUχα(AUBU−1) =

1

dimα
χα(A)χα(B). (3.2.14)

To evaluate the Yang-Mills partition function in the higher genus case, one evaluates
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the integrals in

ZX,Σ(ρ) =
∑
α

dimαe−ρc2(α)/2
ˆ

dUidVjχα
(
U1V1U

−1
1 V −1

1 · · ·UgVgU−1
g V −1

g

)
,

(3.2.15)
according to the procedure described above. By repeated application of the cutting
and gluing formulae, one obtains factors of 1/ dimα, and for the final integral, one
obtains χα(1) = dimα. The result of evaluating the integrals is

Zg (ρ) =
∑
α

1

(dimα)2g−2 e
− 1

2
ρC2(α). (3.2.16)

This may be related to other derivations of the YM2 partition function by taking
into account the counter-terms of the renormalization ambiguity.

3.3 Cohomological localization

This section reviews two approaches to localizing path integrals of cohomological
YM2 on a Riemann surface Σ, described originally in sections 3.1-3.2 of [3]. The two
approaches differ by the choice of localizing term, as well as the resulting localization
loci. To illustrate the different loci, let Ai be the gauge field of cohomological YM2,
where i = 1, 2 are spacetime indices on Σ. The first localizing term reduces the
space of gauge field configurations to the locus of solutions of the flatness equation
F12 = 0, where F12 is the two-dimensional scalar field strength. Solutions Ai of
F12 = 0 are referred to as flat connections. The second localizing term reduces
the space of gauge field configurations to the locus of solutions Ai of the Yang-Mills
equations DiF12 = 0, where Di = ∂i+Ai is the gauge-covariant derivative. Solutions
Ai of DiF12 = 0 are referred to as Yang-Mills connections.

The path integrals to be localized are schematically of the form

I =

ˆ
Fφ

Dφ exp (−i {Q,V }) . (3.3.1)

Here, φ denotes the fields of standard cohomological multiplet of YM2, Fφ is the con-
figuration space of φ, Dφ is the measure on Fφ, Q is the anti-commuting BRST-like
operator, V is an anti-commuting functional of φ, and {Q,V } is a commuting func-
tional of φ . The localizing charge isQ, and the localization scheme is S = −i {Q,V }.
The path integral 3.3.1 defines a cohomological theory in a similar manner to how a
path integral defines a conventional quantum field theory, and cohomological YM2
may be regarded as a particular variant of pure YM2 with additional auxiliary fields.
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3.3.1 Moduli space of flat connections

The first localizing term is the action for the two-dimensional analog of four-dimensional
Donaldson theory 3.1.67. As we will see, this action localizes to flat connections, i.e.
solutions Ai of f = 0, where f = F12. The action is

S4 = −i {Q,V } (3.3.2)

=
1

h2

ˆ
Σ
dµTr

(
1

2
(H − f)2 − 1

2
f2 −DiλD

iϕ. (3.3.3)

+
i

2
χ [ϕ, χ]− iχ ⋆ Dψ + iDiηψ

i + i [ψi, λ]ψ
i

)
(3.3.4)

The path integral that defines the theory on Σ is

I =

ˆ
DADψDϕDλDηDχDHe−S4

The path integral fulfills the criteria for localization to occur in the limit h → 0,
as outlined in chapter 2. In particular, the action is Q-closed, the measure is Q-
invariant, both V and S4 are well defined functionals, and reality conditions will be
chosen such that the path integral converges.

The localization locus is the space of bosonic field configurations for which the
real bosonic part of the action S4 vanishes. To evaluate the localization locus, we
must solve

0 = Re
[
Tr

(
1

2
(H − f)2 − 1

2
f2 −DiλD

iϕ

)]
(3.3.5)

for the fields H, Ai, λ, and ϕ. Note that Ai sits in both f = F12 and Di = ∂i +Ai.
Each of the fields is valued in the adjoint representation of the Lie algebra. The

Lie algebra consists of anti-hermitian matrices for which the positive definite metric
is (a, b) = −Trab. When expressed in the basis of anti-hermitian generators Ta,
the fields take the form Φ = ΦaTa while the covariant derivatives take the form
DiΦ = (DiΦ)

a Ta.
Currently, the fields are in Euclidean signature and each is assumed to be gener-

ically complex. To solve 3.3.5, reality conditions must be imposed on Ha, Aai , λ
a,

and ϕa. For the gauge field Aai , the only reasonable reality condition is to take it to
be real. This choice fixes the scalar field strength fa to be real. Next, we take the
auxiliary field Ha to be real.

For the complex scalars, on the other hand, there are two reasonable reality
conditions. The first possibility is to take ϕa and λa to be complex conjugates of
one another. For instance, taking ϕa to be complex, and its complex conjugate
to be λa = ϕ

a, the scalar kinetic term reduces to DiλD
iϕ = |Diϕ|2. The second

possibility is to take one to be real and the other to be purely imaginary. For
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example, taking real ϕa and purely imaginary λa, results in a purely imaginary
scalar kinetic (Diλ)

a (Diϕ
)b

= i (Diλ
′)a
(
Diϕ

)b, where λ′a is the imaginary part of
λa = iλ′a.

By first expanding in the basis of anti-hermitian generators Ta, then choosing
real Ha, Aai , and complex conjugate ϕa and λa = ϕ

a, 3.3.5 reduces to

0 = Ha − fa = fa = (Diλ)
a = (Diϕ)

a . (3.3.6)

The implications of these equations are as follows. To begin, the solution for the
auxiliary field is

H = f. (3.3.7)

Next, the complex scalar ϕ is constrained to be covariantly constant

0 = Diϕ = ∂iϕ+ [Ai, ϕ] , (3.3.8)

and so too for its conjugate λ = ϕ. Lastly, the scalar field strength f is constrained
by

0 = f (3.3.9)

This is the flatness equation for the gauge fields Ai. The same conclusion is reached
by choosing real ϕa and purely imaginary λa. In this case, Diλ = 0 is a consequence
of stationary phase.

The solutions of 0 = Diϕ = f are configurations of Ai and ϕ, which together,
form the space of solutions

U = {Ai, ϕ,H | 0 = f = Diϕ, H = f} . (3.3.10)

This is the localization locus. Note that the solutions are still subject to gauge
transformations, and must be further constrained.

By looking at the transformations of the fermions in the standard cohomological
multiplet 3.1.50, it is clear that the localization locus corresponds to the fixed-points
of the BRST-like symmetry. In other words, U are the bosonic configurations for
which the fermionic variations vanish. To see this, notice that the configurations
0 = Diϕ = f imply

δψi = −ϵDiϕ = 0 (3.3.11)

δχ = ϵH = ϵf = 0 (3.3.12)

For the last fermionic variation δη = ϵ [ϕ, λ] to vanish, one must further constrain ϕ
and λ to be commuting.
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The coordinates on the localization locus are the moduli. The moduli fall into two
cases depending on whether the G-connection A = Aidxi is irreducible or reducible.
A is irreducible when its stabilizer coincides with the center of the structure group
StabG(A) = Z(G), and irreducible when StabG(A) ̸= Z(G). Beginning with the
simpler of the two cases, if A is irreducible, then the solution of Diϕ = 0 is ϕ = 0. In
this case, the space of solutions U coincides with the moduli space of flat connections,
up to gauge transformations. The more subtle situation is when A is reducible, then
Diϕ = 0 has solutions ϕ ̸= 0. For a reference, see, e.g., [3] or page 1323 of [32].

3.3.2 Moduli space of Yang-Mills connections

The second localizing term is a Q-exact deformation of the first action, as described
in 3.1.76. As we will see, this action localizes to Yang-Mills connections, i.e. solutions
Ai of Dif = 0, where f = F12. The action is

S5 (t) = −i
{
Q,V + tV ′} (3.3.13)

=
1

h2

ˆ
Σ
dµTr

(
1

2
(H − f − λt)2 − 1

2
(f + tλ)2 −DiλD

iϕ (3.3.14)

+
i

2
χ [ϕ, χ]− iχ ⋆ Dψ + iDiηψ

i + i [ψi, λ]ψ
i − itχη

)
(3.3.15)

The path integral that defines the theory on Σ is

I ′ =

ˆ
DADψDϕDλDηDχDHe−S5 (3.3.16)

The path integral fulfills the criteria for localization to occur in the limit h → 0,
as outlined in chapter 2. In particular, the action is Q-closed, the measure is Q-
invariant, both V and S4 are well defined functionals, and reality conditions will be
chosen such that the path integral converges.

To evaluate the localization locus of S5, we must solve

0 = Re
[
Tr

1

2
(H − f − λt)2 − 1

2
(f + tλ)2 −DiλD

iϕ

]
(3.3.17)

for the fields H, Ai, λ, and ϕ. As before, Ai sits in both f = F12 and Di = ∂i +Ai.
First expanding the fields as Φ = ΦaTa, and the covariant derivatives as DiΦ =

(DiΦ)
a Ta, for anti-hermitian Ta, then choosing e.g. real Ha, Aai , ϕ

a, imaginary λa,
and setting t = −iu, equation 3.3.17 reduces to

0 = Ha − fa − uλ′a = fa + uλ′a = i
(
Diλ

′)a = (Diϕ)
a . (3.3.18)

Here, λ′ = Im (λ), or equivalently, λ = iλ′ for real λ′. The implications are as
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follows. To begin, the solution for the auxiliary field is

H = f + uλ′. (3.3.19)

Next, the real scalar ϕ is constrained to be covariantly constant

0 = Diϕ = ∂iϕ+ [Ai, ϕ] . (3.3.20)

The crucial point is that the two equations for λ′ imply the Yang-Mills equations.
On the one hand, λ′ is constrained to be covariantly constant

iDiλ
′ = 0, (3.3.21)

while, on the other hand, we have

λ′ = −f
u
. (3.3.22)

Importantly, this equation is singular for u = it = 0. Replacing λ′ in 3.3.21 with its
value from 3.3.22, one obtains

0 = iDiλ
′ = − i

u
Dif. (3.3.23)

In particular, the scalar field strength f is constrained to be covariantly constant

0 = Dif, (3.3.24)

which are precisely the classical Yang-Mills equations. Solutions of Ai, ϕ, λ′, H of
the combined equations 3.3.18 once again result in 0 = δψi = δχ, but this time,
δχ = ϵH vanishes due to H = f + uλ′ = f − f = 0.

The upshot of the deformed S (t ̸= 0) theory is that it localizes to a locus per-
mitting new components that are absent in the original S (t = 0) theory, since the
λ ∼ 1/t solutions are singular at t = 0. For this reason, the new components of the
localization locus are said to flow in from infinity. The difference is most significant
for the gauge field. In the case of the S (t = 0) theory, the gauge field localizes to
the moduli space of flat connections, up to gauge transformations, while in the case
of the S (t ̸= 0) theory, the gauge field localizes to the moduli space of Yang-Mills
connections, up to gauge transformations.
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3.3.3 Localization computation details

In this section, we provide technical details on how to localize to the moduli space of
Yang-Mills connections following the localization computation of [3]. Specifically, we
review how to evaluate the necessary integrals. We rederive the locus of Yang-Mills
connections, but do not perform the full localization computation.

The path integral to localize is the same as before

I ′ =

ˆ
DADψDϕDλDηDχDHe−

1
h2

´
Σ dµL(t) (3.3.25)

where the Lagrangian density is

L(t) = Tr

(
1

2
(H − f − λt)2 − 1

2
(f + tλ)2 +

i

2
χ [ϕ, χ]

−iχ ⋆ Dψ + iDiηψ
i + i [ψi, λ]ψ

i −DiλD
iϕ− tiχη

)
Localization proceeds by first integrating out H, then taking the localizing limit

h→ 0 of the path integral. Following this, we find a situation in which it is possible
to evaluate the path integrals of λ, χ, η, and ϕ for t ̸= 0, and localize to Yang-Mills
connections.

To begin, observe that the integral over H in is a Gaussian integral peaked
around H = f + λt. Therefore, H may be integrated out according to

ˆ ∞

−∞
dxe−

1
2
(x−y)2− 1

2
y2 =

√
2πe−

1
2
y2 , (3.3.26)

where x and y play the roles of H and f + λt, respectively. That is to say, H is
a conventional auxiliary field and is eliminated by setting it to its on-shell value
H = f + λt in the Lagrangian L (t).

Having eliminated H, the path integral to evaluate is

I ′1 =

ˆ
DADψDϕDλDηDχe−

1
h2

´
Σ dµL1(t) (3.3.27)

where

L1 (t) = Tr

(
− 1

2
(f + tλ)2 + λ

(
DiD

iϕ− i
[
ψi, ψ

i
])

(3.3.28)

+
i

2
χ [ϕ, χ]− iχ ⋆ Dψ + iDiηψ

i − tiχη.

)
(3.3.29)

Here, integration by parts was used to express −DiλD
iϕ as λDiD

iϕ, and the cyclic-
ity of the trace was used to equate Tr

(
[ψi, λ]ψ

i
)
= Tr

(
−λ
[
ψi, ψ

i
])

, where the
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anti-commutativity of λ and ψi was taken into account.
In the h→ 0 limit, it is possible to evaluate the integral over the bosonic scalar

λ for t ̸= 0. In particular, λ may be integrated out by setting

λ = −f
t
. (3.3.30)

in L1 (t). Notice that this equation is singular for t = 0. To illustrate, consider an
analogous one-dimensional integral

Ix =

ˆ +∞

−∞
dxe

1
h2
(− 1

2
(ixt+y)2+ixb+c), (3.3.31)

which corresponds to integrating out purely imaginary λ ∈ iR. Here, ix and y

assume the roles of λ and f , while b denotes DiD
iϕ − i

[
ψi, ψ

i
]
, and c denotes the

remaining terms. This integral may be evaluated in the limit of small real h and
large imaginary t, while keeping the ratio g = h/t fixed. Specifically, setting t = −iu
and h = −igu, the integral becomes

Ix =

ˆ +∞

−∞
dxe−

1
2g2

(
x+ 1

u
y+ i

u2
b
)2

− 1
2g2u4

(b2−2iuby+2u2c) (3.3.32)

This Gaussian integral peaked around x = − 1
uy −

i
u2
b. The integral evaluates to

Ix =
√
2πge

− 1
2g2u4

(b2−2iuby+2u2c) (3.3.33)

Here, the factor of g does not pose a problem as it is a fixed ratio.
After integrating out λ, the path integral is

I ′2 =

ˆ
DADψDϕDηDχ

h

t
e−S2(t) (3.3.34)

for

S2 (t) =
1

h2

ˆ
Σ
dµTr

(
− 1

t

(
fDiD

iϕ− if
[
ψi, ψ

i
])

+
1

2t2
(
DiD

iϕ− i
[
ψi, ψ

i
])2

+iχ ⋆ Dψ − iη
(
Diψ

i + tχ
)
+
i

2
χ [χ, ϕ]

)
The integral over the fermionic scalars η and χ may be evaluated using the

properties of Grassmann-odd δ-functions, which can be found in section 1.5.5 of
[35]. The odd δ-function is ˆ

dξeiξθ = iδ (θ) , (3.3.35)

for Grassmann-odd θ and ξ. To integrate out η, the necessary property of the odd
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δ-function is
βδ (θ − α) = δ (βθ − βα) (3.3.36)

for Grassmann-even α, β. To integrate out χ, on the other hand, the relevant prop-
erty is ˆ

dθ δ (θ − α) f (θ) = f (α) . (3.3.37)

Using property 3.3.35, the integral over η is

h

t

ˆ
Dη exp

(
1

ih2

ˆ
Σ
dµTr

(
η
(
Diψ

i + tχ
)))

∼ h

it

∏
x∈Σ

δ
(
Diψ

i + tχ
)
(3.3.38)

By property 3.3.36, this simplifies to

h

it

∏
x∈Σ

δ
(
Diψ

i + tχ
)
=
∏
x∈Σ

δ

(
h

it
Diψ

i − ihχ

)
(3.3.39)

After integrating out η, the path integral is

I ′3 =

ˆ
DADψDϕDχ

∏
x∈Σ

δ

(
−ih

t
Diψ

i − ihχ

)
e−S3(t) (3.3.40)

for

S3 (t) =
1

h2

ˆ
Σ
dµTr

(
− 1

t

(
fDiD

iϕ− if
[
ψi, ψ

i
])

(3.3.41)

+
1

2t2
(
DiD

iϕ− i
[
ψi, ψ

i
])2

+ iχ ⋆ Dψ +
i

2
χ [χ, ϕ]

)
(3.3.42)

By property 3.3.37, one finds that χ may be integrated out of the path integral
by setting it to χ = −1

tDiψ
i in the action. The result of integrating out χ is

I ′4 =

ˆ
DADψDϕe−S4(t) (3.3.43)

for

S4 (t) =
1

h2

ˆ
Σ
dµTr

(
1

t

(
ϕDiD

if + if
[
ψi, ψ

i
]
− iDkψ

kϵijDiψj

)
(3.3.44)

+
1

t2

(
i

2
Diψ

i
[
Diψ

i, ϕ
]
+

1

2

(
−DiD

iϕ+ i
[
ψi, ψ

i
])2)) (3.3.45)

Here, integration by parts was used to express −fDiD
iϕ as ϕDiD

if .
The integral over the bosonic scalar ϕ may be evaluated in the limit of large

imaginary t using Gaussian integration. In this case, ϕ acts as a Lagrange multiplier
that imposes the Yang-Mills equations. Following the approach of [3], we set t = −iu,
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and discard terms of order 1/t2 since terms of order 1/t already yield non-degenerate
kinetic energy. In this case, the integral over ϕ is

ˆ
Dϕ exp

(
i

h2u

ˆ
Σ
dµTrϕDiD

if

)
∼
∏
x∈Σ

δ
(
DiD

if
)
. (3.3.46)

To derive the Yang-Mills equations from the argument of the δ-function, inte-
gration by parts may be used to write

0 =

ˆ
Σ
dµTrfDiD

if = −
ˆ
Σ

Tr (Dif)
2 . (3.3.47)

From this, it follows that the δ-function only has support on the Yang-Mills equations
Dif = 0.

3.4 Recovering physical YM2 from cohomological YM2

In this section, we briefly outline the recovery of the “physical” YM2 partition func-
tion from the result of localizing the cohomological gauge theory path integral fol-
lowing the exposition in sections 3 and 4 of [3]. To recover physical YM2 from
cohomological YM2, the path integral to localize is

1

volG

ˆ
DADψDϕ · βe−S

phys.
YM − 1

u
δVloc (3.4.1)

where

Sphys.
YM =

1

4π2

ˆ
Σ
Tr

(
−iϕF − 1

2
ψ ∧ ψ

)
− ϵ

8π2

ˆ
Σ
dµTrϕ2 (3.4.2)

δVloc =
i

h2

ˆ
Σ
dµTr

(
DifD

iϕ+ if
[
ψi, ψ

i
]
− iDlψ

lϵijDiψj

)
(3.4.3)

The relationship to operators described in [3] is Sphys.
YM = −ω − ϵΘ, and δVloc =

u · L′′(u). The localizing limit takes one from the cohomological theory Scoh.
YM =

Sphys.
YM + 1

uδVlocto the physical theory Sphys.
YM , that is

lim
u→∞

1

volG

ˆ
DADψDϕ · βe−S

phys.
YM − 1

u
δVloc (3.4.4)

=
1

volG

ˆ
DADψDϕ · βe−S

phys.
YM (3.4.5)

The physical partition function, derived using TQFT techniques, reads

Z (ϵ,G,Σg) =
1

(volG)2−2g

∑
α

1

(dimα)2g−2 e
− 1

2
ϵC̃2(α) (3.4.6)
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For G = SU(2) we have volSU(2) = 25/2π2, C̃2 (αn) =
1
2n

2, dimSU(2) = 3 , and
the physical partition function is expressed as

Z (ϵ, SU(2),Σg) =
(
32π4

)g−1
∞∑
n=1

1

n2g−2
e−

1
4
ϵn2

(3.4.7)

To compare the physical partition function to the result of localization, the first step
is to remove n2−2g term from the summand. This is done by taking the (g − 1)th
derivative of Z with respect to ϵ, which brings down the appropriate factors from
the exponential to cancel n2(1−g):

∂g−1Z

∂ϵg−1
=
(
−8π4

)g−1
∞∑
n=1

e−
1
4
ϵn2
. (3.4.8)

Then the sum may be recast as

∞∑
n=1

e−
1
4
ϵn2

= −1

2
+

1

2

∑
n∈Z

e−
1
4
ϵn2

(3.4.9)

in order to obtain the expression

∂g−1Z

∂ϵg−1
=

1

2

(
−8π4

)g−1

(
−1 +

∑
n∈Z

e−
1
4
ϵn2

)
. (3.4.10)

The sum is then in the correct form to apply the Poisson summation formula

∑
n∈Z

e−
1
4
ϵn2

=
∑
m∈Z

ˆ ∞

−∞
dne−

1
4
ϵn2
e2πinm =

√
4π

ϵ

∑
m∈Z

e−
1
ϵ
(2πm)2 , (3.4.11)

in order to obtain the expression

∂g−1Z

∂ϵg−1
=

1

2

(
−8π4

)g−1

(
−1 +

√
4π

ϵ

∑
m∈Z

e−
1
ϵ
(2πm)2

)
. (3.4.12)

In particular, this is the result obtained by localization, and we have gone from a sum
over elements of the character lattice n ∈ Z which label irreducible representations,
to a sum over elements of the cocharacter lattice m ∈ Z which labels instantons.

To identify the higher critical points of degree m, we consider the classical Yang-
Mills action

Scl.
YM =

1

2ϵ
(µ, µ) = − 1

2ϵ

ˆ
Σ
dµTr (FA ∧ ⋆FA) = − 1

2ϵ

ˆ
Σ
dµTrf2 (3.4.13)
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Given that the scalar field strength is

f = ⋆FA = 2πi

(
m 0

0 −m

)
(3.4.14)

and assuming that Σ has unit area
´
Σ dµ = 1, the classical Yang-Mills action is

determined to be
Scl.

YM = − 1

2ϵ

ˆ
Σ
dµTrf2 =

1

ϵ
(2πm)2 . (3.4.15)

The contribution of higher critical points to ∂g−1Z/∂ϵg−1 is

∂g−1Z

∂ϵg−1

∣∣∣∣
Mm

=
|W |
2

(
−8π4

)g−1

√
4π

ϵ
e−

1
ϵ
(2πm)2 (3.4.16)

where |W | is the order of the Weyl group, and Mm is the locus of higher critical
points. Note|W | = 2, due to the symmetry between ±m. For a reference, see
sections 4.2-4.3 of [36].



Chapter 4

The Benini-Zaffaroni approach to
A-twisted supersymmetric
localization

In this chapter, we review the localization computation of Benini & Zaffaroni in [18,
19]. In particular, we review the Benini-Zaffaroni (BZ) approach to supersymmetric
localization of A-twisted gauge theories on compact manifolds, in which localization
is aided by the Jeffrey-Kirwan residue theorem. Several features of the BZ approach
are reviewed in, e.g., [37, 38].

4.1 Summary and results

In [18], Benini & Zaffaroni studied topologically A-twisted supersymmetric gauge
theories on compact manifolds, obtaining a general formula for the partition function
of N = 2 gauge theories on S2 × S1. The critical step was to reduce the path
integral, using aspects of supersymmetric localization, to a contour integral over
a meromorphic function and thereafter evaluate the contour integral in terms of
Jeffrey-Kirwan (JK) residues.

The three-dimensional partition function was generalized to the omega back-
ground, N = (2, 2) gauge theories on S2, and N = 1 gauge theories on S2 × T 2.
The resulting partition functions were utilized to compute supersymmetric observ-
ables and confirm non-perturbative dualities in several examples in two, three, and
four dimensions. Given their novel procedure in evaluating the path integral, Benini
& Zaffaroni provided an alternative approach to computing two-dimensional parti-
tion functions and observables, including genus-zero A-model topological amplitudes
and Gromov-Witten invariants.

In [19], The partition function formulae were generalized to N = (2, 2) gauge the-

50
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ories on Σg, N = 2 gauge theories on Σg×S1, and N = 1 gauge theories on Σg×T 2,
where Σg is an arbitrary Riemann surface of genus g. Consequently, they obtained
new non-perturbative results, which included the computation of observables and
the testing of dualities.

The path integrals localize to BPS configurations specified by the pair (u,m)

which are moduli, or gauge parameters, and are valued as

m =
1

2π

ˆ
Σg

F ∈ ΛGcoch, u ∈ M, (4.1.1)

up to gauge transformations. In both two and three dimensions, the gauge flux
m ∈ Γh is quantized to the cocharacter (GNO) lattice ΛGcoch =

{
y ∈ h | e2πiy = 1G

}
,

where h is the Cartan subalgebra, and 1G is the identity element of G. In the
three-dimensional theory, the continuous parameter is

u = At + iβσ, M = H × h, (4.1.2)

where At = βA3 is a flat connection along the S1 whose radius is β, and σ is the real
scalar in the three-dimensional vector multiplet, H is the maximal torus of G. It
is also convenient to define x = eiu. In the two-dimensional theory, the continuous
parameter is

u = σ, M ≃ hC (4.1.3)

where σ is the complex scalar in the two-dimensional vector multiplet, and hC is the
complexified Cartan subalgebra.

In addition to gauge parameters, the theories are assumed to have a flavor sym-
metry group GF , and flavor parameters (v, n), where

n =
1

2π

ˆ
Σg

F flav ∈ ΛGF
coch. (4.1.4)

In both 3d and 2d, the flavor flux n is GNO quantized, meaning that it is valued as
n ∈ ΛGF

coch where ΛGF
coch =

{
s ∈ hF |e2πis = 1GF

}
is the cocharacter (GNO) lattice of

the flavor group GF . Here, hF = LieHF is the Cartan subalgebra, HF is a maximal
torus of GF , and 1GF

is the identity element in GF .
Using localization techniques, the partition function of each A-twisted theory is

reduced to a contour integral which schematically reads

ZΣg×Tn =
1

|W |
∑

m∈Γh

˛
C
Zint (u,m; v, n) , (4.1.5)

Here, Tn is an n = 1, 2, 3 dimensional torus, |W | is the order of the Weyl group
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of G, the discrete modulus m is summed over, while the continuous modulus u
is integrated over. The integrand, which includes both the classical and one-loop
contributions, is a function of both the gauge parameters (u,m) and the flavor
parameters (v, n).

An important result of [18, 19] is the partition function formula

ZΣg×Tn =
∑

u=u(α)

Zcl,1l
∣∣
m=0

(
det
ab

∂Ba
∂ub

)g−1

(4.1.6)

where
iBa =

∂ logZcl,1l

∂ma
, (4.1.7)

and u(α) are a set of solutions to the so-called equations Bethe-Ansatz equations
(BAE)

eiBa = 1, (4.1.8)

for which the Vandermonde determinant is non-zero. This form of the partition
function is only valid when the roots of the BAE are simple. For non-simple BAE
roots, the more general formula for the partition function is provided as a sum over
JK-residues

ZΣg×Tn =
1

|W |
∑

m∈ΛG
coch

∑
u∗∈M∗

sing

JKResu=u∗
(
Qu∗ , η

)(
−det

ab

∂2 logZcl,1l

∂ua ∂mb

)g
Zcl,1l+bound. contrib.

(4.1.9)
Here, u∗ ∈ M∗

sing are points in the singular submanifold of the bosonic moduli space
M, Qu∗ is a set of charges, η is an auxiliary parameter, a, b are adjoint indices, and
the term with exponent is g is the contribution of higher-genus zero modes.

4.2 Topological A-twist

Supersymmetry is preserved on Σg by performing a topological A-twist. In partic-
ular, half of the flat space supercharges are preserved on Σg by solving the twisted
Killing spinor equations for half of the supersymmetry parameters of the flat space
theory. The A-twist is performed by turning on a connection Vµ on Σg coupled to a
background U(1)R R-symmetry current:

V = −1

2
ω12, W = dV = −R

4
e1 ∧ e2, 1

2π

ˆ
Σg

W = g − 1 (4.2.1)

where ωabµ is the spin connection, and R is the Ricci scalar curvature. The super-
symmetry parameters are commuting Dirac spinors ϵ, ϵ̃ of R-charge −1. Using the
chiral projection operators P± = 1

2 (1± γ3), these may be expressed in terms of four
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Weyl spinors ϵ+, ϵ−, ϵ̃+, ϵ̃−. The twisted Killing spinor equations

Dµϵ = Dµϵ̃ = 0 (4.2.2)

are solved by constant positive chirality spinors ϵ+, ϵ̃+ satisfying 0 = ∂µϵ+ = ∂µϵ̃+,
and vanishing negative chirality spinors 0 = ϵ− = ϵ̃−. The solution follows from
Dµϵ = (∂µ − iω12

µ P−)ϵ, and similarly for ϵ̃. Notice that this is slightly unconven-
tional; usually the two-dimensional A-twist preserves supersymmetry parameters of
opposite chirality and R-charge.

4.2.1 3d A-twisted theories

Here we provide details regarding the three dimensional topologically A-twisted
theories considered in [18, 19]. The three-dimensional theories considered in the
localization computation were constructed from the supermultiplets of topologically
twisted N = 2 supersymmetry on Σg × S1.

The supermultiplets are the chiral multiplet and the vector multiplet. The chiral
multiplet is Φ(3d) = (ϕ, ψ, F ), where all the component fields are in a representation
R of the gauge group, and the R-charges are (qR, qR − 1, qR − 2), respectively. Here,
ϕ is a complex scalar, ψ is a Dirac spinor, and the auxiliary field F is a complex
scalar. The anti-chiral multiplet is Φ†(3d) =

(
ϕ†, ψ†, F †), where the component fields

are in the conjugate representation R, and the R-charges are (−qR, 1− qR, 2− qR),
respectively. The vector multiplet is V(3d) =

(
Aµ, σ, λ, λ

†, D
)

in Wess-Zumino (WZ)
gauge, where all the component fields are in the adjoint representation of the gauge
group, and the R-charges are respectively (0, 0,−1, 1, 0). Here Aµ=1,2,3 is the gauge
field, σ is a scalar, λ, λ† are independent complex Dirac spinors, while the auxiliary
field D is a bosonic scalar.

The supersymmetry parameters of the theory are two positive chirality covari-
antly constant commuting spinors ϵ, ϵ̃ of R-charge −1, satisfying Dµϵ = 0, γ3ϵ = 0,
and similarly for ϵ̃. The two anti-commuting complex supercharges are Q, Q̃ of
vanishing R-charge. The supersymmetry variation is

δ = δϵ + δϵ̄ = ϵαQα + ϵ̄αQ̃α, Q = ϵαQα, Q̃ = ϵ̃cαQ̃α = −
(
ϵ̃†C

)α
Q̃α (4.2.3)

where ϵ̃ = −Cϵ∗ .
The three-dimensional algebra of the supercharges is

{Q, Q̃} = −iLAv − δgauge(σ), Q2 = Q̃2 = 0 (4.2.4)

Here, LAv is a Lie derivative along the covariantly constant Killing vector field v =
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β−1ϵ̃†ϵ∂t, and includes both the gauge connection and the R-symmetry connection.
The term δgauge(σ) denotes an infinitesimal gauge transformation in which the gauge
parameter is the 3d real scalar σ.

The localizing supercharge is the linear combination

Q = Q+ Q̃ (4.2.5)

4.2.2 2d A-twisted theories

The two-dimensional theories considered in the localization computation were con-
structed from the supermultiplets of topologically twisted N = (2, 2) supersymmetry
on Σg .

The supermultiplets considered were the chiral multiplet Φ(2d), the vector multi-
plet V(2d). The chiral multiplet is Φ(2d) = (ϕ, ψ, F ), where all the component fields
are in a representation R of the gauge group. Here, ϕ is a complex scalar, ψ is a
complex Dirac spinor, and the auxiliary field F is a complex scalar. The anti-chiral
multiplet Φ†(2d) is defined similarly to the three-dimensional case. The vector mul-
tiplet is V(2d) =

(
Ai, σ, σ, λ, λ

†, D
)

in WZ gauge, where all the component fields are
in the adjoint representation of the gauge group. Here, Ai=1,2 is the gauge field,
σ, σ are independent complex scalars, λ, λ† are independent complex Dirac spinors,
while the auxiliary field D is a bosonic scalar. The adjoint-valued fields take the
form Φ = ΦaTa for hermitian Ta, where a is an adjoint index.

The two-dimensional results were primarily obtained by dimensional reduction
from the three-dimensional results. We record here the dimensional reduction from
the three-dimensional vector multiplet V(3d) to the two dimensional vector multiplet
V(2d). The procedure for the dimensional reduction is to take A3 → σ1, σ → σ2,
then σ1 + iσ2 → −iσ, σ1 − iσ2 → iσ̄, followed by Fµ3 → Dµσ1, D3 → −i [σ1, ·], and
[σ1, σ2] → i

2 [σ, σ̄].
The two-dimensional algebra of the supercharges is

{Q, Q̃} = −δgauge(σ), Q2 = Q̃2 = 0. (4.2.6)

Here, δgauge(σ) denotes an infinitesimal gauge transformation in which the gauge
parameter is the 2d complex scalar σ. Notice that the 2d algebra no longer involves
the Lie derivative LAv along the Killing vector field v = β−1ϵ̃†ϵ∂t, since it is along
S1 which was shrunk to a point in the dimensional reduction.

The full supersymmetric Lagrangian of the two-dimensional theory is

L = LYM + L
W̃+W̃

+ Lmat + LW+W (4.2.7)
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where LYM is the Yang-Mills Lagrangian, L
W̃+W̃

= L
W̃

+ L
W̃

is the Lagrangian
for the twisted chiral superpotential, Lmat is the matter kinetic Lagrangian, and
LW+W = LW + LW is the Lagrangian for the chiral superpotential. The exact
Lagrangians are

ϵ̃†ϵLYM ≃ QQ̃VYM, ϵ̃†ϵLmat ≃ QQ̃Vmat, ϵ̃†ϵLW ≃ QQ̃VW . (4.2.8)

up to total derivatives. Here, VYM, Vmat, VW are fermionic functionals. The localiz-
ing term considered was

Lloc =
1

e2
LYM +

1

g2
Lmat. (4.2.9)

The actions that are functionals of the vector multiplet fields are the Yang-Mills
action and the twisted superpotential action. The Yang-Mills action is

SYM =

ˆ
d2x

√
gLYM. (4.2.10)

LYM = Tr
(
1

2
F 2
12 +

1

2
D2 +

1

2
DµσD

µσ +
1

8
[σ, σ]2 + fermions

)
, (4.2.11)

The twisted superpotential action is

S
W̃

=

ˆ
d2x

√
g
(
L
W̃

+ L
W̃

)
(4.2.12)

L
W̃

= iTr
∂W̃

∂σa
(D + iF12)a −

i

2
Tr

∂W̃

∂σa∂σb
λ†a(1− γ3)λb (4.2.13)

L
W̃

= −iTr
∂W̃

∂σa
(D − iF12)a +

i

2
Tr

∂W̃

∂σa∂σb
λ†a(1 + γ3)λb (4.2.14)

Here, W̃ (σ) is the twisted chiral superpotential, W̃ (σ) is the twisted anti-chiral
superpotential, and a, b are indices of the adjoint representation. W̃ (σ) and W̃ (σ)

are independent gauge-invariant holomorphic functions of their arguments.
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The fields of the vector multiplet transform as

QAi =
i

2
λ†γiϵ (4.2.15)

Q̃Ai =
i

2
ϵ̃†γiλ (4.2.16)

Qσ = 0 (4.2.17)

Q̃σ = 0 (4.2.18)

Qσ̄ = λ†ϵ (4.2.19)

Q̃σ̄ = ϵ̃†λ (4.2.20)

QD = − i

2
Diλ

†γiϵ+
i

2
[σ, λ†ϵ] (4.2.21)

Q̃D = +
i

2
ϵ̃†γiDiλ− i

2
[σ, ϵ̃†λ] (4.2.22)

Qλ =
(
iF12 −D +

i

2
[σ, σ̄]− iγiDiσ

)
ϵ (4.2.23)

Q̃λ = 0 (4.2.24)

Qλ† = 0 (4.2.25)

Q̃λ† = ϵ̃†
(
− iF12 +D +

i

2
[σ, σ̄]− iγiDiσ

)
(4.2.26)

4.3 Localization

4.3.1 Follow-your-nose localization locus (BPS configurations)

In this section we describe how to find the bosonic zero modes after choosing the
canonical localization scheme for the N = (2, 2) A-twisted vector multiplet in WZ
gauge. In this case, the localizing Lagrangian is the non-negative, Q-exact, Yang-
Mills Lagrangian LYM ≃ QVYM. Observe that this section departs from the BZ
approach to localization and is intended to provide context.

To obtain the bosonic zero modes, the procedure is to find the field configura-
tions which set the bosonic part of LYM to zero along the real contour. Note that
the reality conditions chosen for component fields when determining the bosonic
zero modes fixes integration contours for the fluctuating modes when evaluating the
fluctuation determinant. It is for this reason that the choice of reality conditions on
component fields at this stage is referred to as a choice of contour.

The task is then to find the field configurations for which the real bosonic part
of the localizing Lagrangian vanishes. That is to say, solve

0 = Tr
(
(F12)

2 + (DE)
2 +DµσD

µσ +
1

4
[σ, σ]2

)
. (4.3.1)

for Aµ, DE , σ, and σ. The component fields are valued in the adjoint representation
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of g, and each field takes the form Φ = ΦaTa, while covariant derivatives acting on
adjoint fields take the form DµΦ = (DµΦ)

a. The Lie algebra consists of hermitian
matrices and the metric (a, b) = +Tr (a, b) is positive definite.

The choice of reality conditions is then to take the gauge field Aµ to be real, the
complex scalars σ and σ to be complex conjugates, and the auxiliary field DE to be
real. That is to say

Aµ ∈ R, σ = σ† ∈ C, DE ∈ R (4.3.2)

where σ = i(σ1 + iσ2), σ = −i (σ1 − iσ2) , for σ1, σ2 ∈ R. For this choice, (4.3.1) is
an equation of the type 0 = Tr(A2 +B2) where A,B are hermitian matrices whose
elements are real aij , bij ∈ R for i, j = 1, 2. This reduces to a sum of squares of real
matrix elements

0 = Tr
(
A2 +B2

)
= TrA†A+ TrB†B =

∑
i,j

|aij |2 +
∑
i,j

|bij |2 , (4.3.3)

with the solution aij = bij = 0 since aij , bij ̸= 0 leads to a contradiction. Con-
sequently, we have A = B = 0. Applying this argument to (4.3.1), we have the
solution

0 = F12 = DE = Dµσ = Dµσ = [σ, σ] , (4.3.4)

modulo gauge transformations. One may worry that the contracted vector indices in
the kinetic term DµσD

µσ spoil the argument, but this is not the case as the metric
used for contracting the indices is positive definite.

To proceed, (4.3.4) is solved iteratively, for which we give some details. Let
us start with 0 = Dµσ = ∂µσ − i [Aµ, σ], which is an equation for Aµ and σ.
There are two general cases depending on whether the gauge connection is irre-
ducible StabG(A) = Z(G) or reducible StabG(A) ̸= Z(G), where StabG(A) ={
g ∈ G|A = gAg−1 + dgg−1

}
is the stabilizer subgroup ofG and Z(G) = {z ∈ G|zg = gz}

is the center of G. The first case is that Aµ is irreducible and Dµσ = 0, then the
solution is σ = 0. This solution is not considered in [18, 19], or in what follows. The
second case is that Aµ is reducible and Dµσ = 0, then σ ̸= 0, and σ is covariantly
constant. In particular, the solution is that the derivative and commutator acting
on σ must vanish independently, i.e. σ is constant ∂µσ = 0, and commutes with the
gauge field [Aµ, σ] = 0.

Next we have [σ, σ] = 0, which states that the adjoint complex scalar σ = σaTa

commutes with its complex conjugate σ = σbTb. In this case, σ can be simultane-
ously diagonalized by an element of the gauge group g ∈ G. That is to say, σ can be
conjugated into the Cartan subalgebra hC of the complexification gC = g⊕ ig of the
Lie algebra of the gauge group g = LieG. After diagonalization, we have σ, σ ∈ hC.

The equation DE = 0 is the straightforward statement that the auxiliary field
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vanishes. Typically the auxiliary field is simply integrated out by setting it to its
on-shell value.

Finally, for the field strength, we have F12 = 0 which is an equation for Aµ. This
is the statement that the gauge connection Aµ must set its curvature F12 to zero,
which is referred to as a flat connection. In view of this, Aµ is valued in the space
of flat connections {Aµ ∈ A | F12 = 0}.

These BPS configurations are the results obtained by choosing localization scheme
according to the FYN approach to localization, for the case of the A-twisted N =

(2, 2) vector multiplet in the WZ gauge. Observe that the FYN approach to local-
ization fails to evaluate the path integral of A-twisted N = (2, 2) theories correctly,
and the rest of this chapter proceeds with the BZ approach to localization.

4.3.2 Benini-Zaffaroni localization locus (almost BPS configura-
tions)

In this section we describe how to evaluate the Benini-Zaffaroni localization locus of
almost BPS configurations [18, 19] for the case of the N = (2, 2) A-twisted vector
multiplet in WZ gauge.

The locus of almost BPS configurations differs from the locus of BPS configura-
tions in several important ways. Firstly, the locus of almost BPS configurations is
a larger locus of configurations in field space than the locus of BPS configurations.
Moreover, the almost BPS configurations result in non-vanishing fermionic varia-
tions Qλ ̸= 0,Qλ† ̸= 0, and non-vanishing Localizing Lagrangian. In particular, the
almost-BPS configurations are non-supersymmetric in the sense that do not set to
zero the Localizing Lagrangian Lloc = QV . The upshot of localizing to the locus of
almost BPS configurations is that it permits the reduction of the path integral to a
contour integral over a meromorphic function, which may be evaluated correctly in
terms of JK residues.

The almost-BPS configurations are obtained as follows. Consider the bosonic
configurations for which the fermionic variations vanish before any reality conditions
are chosen for the component fields. In particular, one solves

0 = Qλ =
(
iF12 −D +

i

2
[σ, σ̄]− iγiDiσ

)
ϵ (4.3.5)

0 = Qλ† = ϵ̃†
(
− iF12 +D +

i

2
[σ, σ̄]− iγiDiσ

)
(4.3.6)

for Aµ, DE , σ, σ. The equations reduce to

0 = DE − iF12 = Dµσ = [σ, σ] , (4.3.7)
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modulo gauge transformations. Choosing all the reality conditions to be the same
as in the canonical case, except for the auxiliary field, which is now permitted to
remain complex. That is to say, take

Aµ ∈ R, σ = σ† ∈ C, DE ∈ C. (4.3.8)

The procedure is the same as before for the equations involving the complex scalars
σ, σ. Solving Dµσ = 0 with reducible Aµ results in a scalar σ which is constant
∂µσ = 0, and which commutes with the gauge field [Aµ, σ] = 0. Using the equation
[σ, σ] = 0, σ is simultaneously diagonalized to the complexified Cartan subalgebra
σ, σ ∈ hC.

The configuration involving the field strength, however, now permits solutions
that differ significantly from those considered previously. Namely, for the configu-
ration

0 = DE − iF12 (4.3.9)

it is now possible to have gauge connections that are not flat connections. Equation
4.3.9 concerns the complex, adjoint valued, scalar, auxiliary field DE = Da

ETa, and
the real, adjoint valued gauge connection Aµ = AaµTa. To begin with, the real F12

and complex DE are scalar fields, both of which are functions of the coordinates
x on the manifold: F12 = F12(x), DE = DE(x). Moreover, both F12 and DE are
subject to gauge transformations. There are two cases depending on whether the
field strength is covariantly constant DµF12 = 0, or otherwise. Observe that the
field strength being covariantly constant is indeed the Yang-Mills equations.

If the field strength F12 satisfies the Yang-Mills equations, then the flux m =
1
2π

´
Σg
F12 is quantized to the cocharacter (GNO) lattice m ∈ ΛGcoch in h. Accordingly,

the field strength can be expressed as F12 = 2πm/VolΣg. In view of this, Aµ is valued
in the space of Yang-Mills connections {Aµ ∈ A|DµF12 = 0}, as opposed to the space
of flat connections described in the previous section. Then, the BPS configuration
DE(x)− 2πim/VolΣg = 0 is in the complexified gauge orbit of the configuration

DE(x)−
2πim

VolΣg
= D0, (4.3.10)

where D0 denotes a constant, complex, zero-mode of the complex auxiliary field
DE(x). In other words, the BPS configuration is gauge equivalent to the config-
uration including D0. The utility of the zero-mode D0 is that, by starting with
DE(x) ∈ C, and taking D0 ∈ R − 2πim/VolΣg, one can reach the real line

DE(x) = D0 +
2πim

VolΣg
∈ R. (4.3.11)
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That is to say, permitting DE ∈ C, it is possible to reach to the original choice of
reality condition for the auxiliary field DE ∈ R described in (4.3.2).

If F12 does not satisfy the Yang-Mills equations, then the flux is not GNO quan-
tized, and the configuration 0 = DE − iF12 results in real F12(x) ∈ R and purely
imaginary DE(x) ∈ iR. The difference in this case is that, although one has an
auxiliary zero-mode

DE(x)− iF12(x) = D0, (4.3.12)

the configuration is not gauge-equivalent to the BPS configuration where DE = 0 ∈
R. In this case, it is not possible to reach a configuration for which DE(x) ∈ R using
gauge transformations, because the complexified gauge orbit of the auxiliary zero
mode D0 spans

DE(x) = D0 + iF12(x) ∈ C. (4.3.13)

4.3.3 Moduli space and zero modes

In this section, we describe the zero modes and the moduli space obtained in Benini-
Zaffaroni approach to A-twisted localization. Taking Aµ to be a Yang-Mills connec-
tion, the fields (σ, F12) are parametrized on the moduli space by the coordinates
(u,m), valued as

u ∈ hC, m =
1

2π

ˆ
Σg

F12 ∈ ΛGcoch. (4.3.14)

Here, the complex modulus u is a continuous parameter and the real modulus m is
the discrete GNO quantized flux. The moduli space of bosonic zero modes is

M =
M× ΛGcoch

W
, M = h× h = hC (4.3.15)

where the moduli are valued as u ∈ M = hC, m ∈ ΛGcoch ⊂ h, and the Weyl group W
is what remains of the gauge transformations. The Weyl group is a subgroup of the
isometry group of the root system and acts both h and h∗ through Weyl reflections
w ∈W .

In addition to the bosonic zero modes u, u,m, the localization locus involves
fermionic zero modes. In the three-dimensional conventions, the additional zero
modes are

λ†0 = β ϵ̃†λ, λ†0 = β λ†ϵ, D0 = β ϵ̃†ϵ (D − iF12) (4.3.16)

where λ†0, λ0 are fermionic and D0 is bosonic. The zero modes sit in a zero dimen-
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sional supersymmetry multiplet, and transform according to

Qu = 0, Qū = iλ†0, Qλ0 = −D0, Qλ†0 = 0, QD0 = 0,

Q̃u = 0, Q̃ū = iλ0, Q̃λ0 = 0, Q̃λ†0 = D0, Q̃D0 = 0.
(4.3.17)

4.3.4 Singular hyperplanes in moduli space

In this section, we record the singularities present in the localization locus obtained
in Benini-Zaffaroni approach to A-twisted localization. One of the obstacles to
integrating over the zero modes is that the bosonic moduli space M ⊂ M contains
singularities in both the two- and three-dimensional cases. In three dimensions
M(3d) = H × h is moduli space of u = β (A3 + iσ) where σ is the real scalar
in the three-dimensional vector multiplet. In two-dimensions, M(2d) = hC is the
moduli space of u = iσ, where σ is the complex scalar in the two-dimensional vector
multiplet.

There are two types of singularities occurring in M(3d). The first type of sin-
gularity occurs at a point u = u∗ in M(3d) for which the three-dimensional chiral
multiplet Φ(3d) becomes massless. These points take values in a singular submanifold
u∗ ∈ M

(3d)
sing ⊂ M(3d). As u = u∗ is a finite value in M(3d), this type of singularity oc-

curs in the bulk of M(3d) as opposed to its boundary ∂M(3d). The second type of sin-
gularity occurs in the σ → ±∞ limit of the real modulus u ∈ M(3d), u = β (A3 + iσ).
As this is an infinite value in M(3d), this type of singularity occurs at the boundary
∂M(3d). The singular hyperplanes are

Hi =
{
u ∈ M

∣∣ eiρi(u)+iγi(v) = 1
}
. (4.3.18)

Hα =
{
u ∈ M

∣∣ eiα(u) = 1
}
. (4.3.19)

There are two types of singularities occurring in M(2d). As before, the first type
of singularity occurs at a point u = u∗ in M(2d) for which the two-dimensional chiral
multiplet Φ(2d) becomes massless. These points take values in a singular submanifold
u∗ ∈ M

(2d)
sing ⊂ M(2d) and occur in the bulk. The second type of singularity occurs

in the σ → ±∞ limit of the complex modulus u ∈ M(2d), u = iσ. This differs from
the three dimensional case where the scalar was real, and requires an alternative
treatment for the boundary of ∂M(2d). Observe that in the rank-one case, the
boundary ∂M(2d) = ∂hC is the region at infinity in the complex σ-plane.

4.3.5 1-loop contributions

In this section, we record the 1-loop contributions resulting from the Benini-Zaffaroni
approach to A-twisted localization. After regularization, the 1-loop determinants of
the two- and three-dimensional chiral multiplets are
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Zchiral,3d
1-loop,reg =

∏
ρ∈R

( xρ/2yγ/2
1− xρyγ

)ρ(m)+γ(n)+(g−1)(qρ−1)
, (4.3.20)

Zchiral,2d
1-loop,reg =

∏
ρ∈R

[ 1

ρ(u) γ(v)

]ρ(m)+γ(n)+(g−1)(qρ−1)
, (4.3.21)

where x = eiu and y = eiv such that xρ = eiρ(u) and yγ = eiγ(v) for gauge weight ρ
and flavor weight γ,

The 1-loop determinants of the vector multiplet are obtained from the regu-
larized chiral 1-loop determinants, see section 2.4.4 of [18] for details. The 1-loop
determinants of the two- and three-dimensional vector multiplets are

Zvector,3d
1-loop,reg =

∏
α∈G

(1− xα)1−g , (4.3.22)

Zvector,2d
1-loop,reg = (−1)

∑
α>0 α(m)

∏
α∈G

α(u) , (4.3.23)

where xα = eiα(u) for roots α of G.

4.4 Asymptotic behavior

In this section, we review the Benini-Zaffaroni treatment of asymptotic chiral 1-loop
determinants, the shift in the Chern-Simons (CS) coupling, and the shift in the
twisted chiral superpotential.

Localizing to the Benini-Zaffaroni locus splits the path integral into integrals
over moduli and integrals over fluctuations. In the 3d case, evaluating the integrals
of fluctuating modes results in a singular 1-loop contribution and a shift in the bare
CS coupling k. The shift of k is due to the chiral 1-loop contribution for large values
of the real scalar σ in the 3d vector multiplet. Note that in 3d, σ(3d) is parametrized
by u(3d) = At+ iβσ(3d) on M(3d) = H × h, and the asymptotic limit is

∣∣βσ(3d)∣∣≫ 1.
In the 2d case, the integrals of fluctuating modes evaluate to a singular 1-loop

contribution and a shift in the twisted chiral superpotential W̃ . This can be stated
as a shift in the complexified FI term ζ by choosing W̃ to be linear in its argument.
The shift of W̃ (or ζ) is due to the chiral 1-loop contribution for large values of the
complex scalar σ in the 2d vector multiplet. Note that in 2d, σ(2d) is parametrized
by u(2d) = iσ(2d) on M(2d) = hC, and the asymptotic limit is

∣∣σ(2d)∣∣→ ±∞.
We proceed to explain this shift by studying the asymptotic behavior of the

chiral 1-loop determinants, first in the 3d case, then in the 2d case. Observe that
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this section includes some verbatim statements from [18] where these derivations
were originally described.

4.4.1 3d effective Chern-Simons coupling

After localizing to the Benini-Zaffaroni locus, the 1-loop contribution of a 3d chiral
multiplet Φ of charge Q = 1 is

detOψ

detOϕ
=
∏
k∈Z

1(
2πk−At

iβ − σ
)b+1

∏
n≥0

 n(n+1+b)
R2 + σ2 + (2πk−At)

2

β2

n(n+1+b)
R2 + σ2 + (2πk−At)

2

β2 + iD0

2n+b+1

(4.4.1)
Here, Oψ and Oϕ are the fermionic and bosonic fluctuation operators, respectively,
and b ∈ Z>1. For details regarding this expression, as well as the regularization
of the first product, see section 2.2.5 in [18]. After regularization, the asymptotic
contribution of the first product is

∏
k∈Z

1(
2πk−At

iβ − σ
)b+1

−→
reg.

∏
ρ

(
xρ

1− xρ

)ρ(m)−qρ+1

(4.4.2)

−→
|βσ|≫1

x
1
2
Q2

i sign(Qiσ)m. (4.4.3)

where x = eiu. The term on the right hand side of the first line is the final form of
the regulated chiral 1-loop determinant. Note that we have written this for a general
chiral multiplet Φ of charge Qi.

To determine the asymptotic contribution of the term involving n, on the other
hand, one begins by evaluating the convergent product over k. This reads

F =
∏
k∈Z

∏
n≥0

 n(n+1+b)
R2 + σ2 + (2πk−At)

2

β2

n(n+1+b)
R2 + σ2 + (2πk−At)

2

β2 + iD0

2n+b+1

(4.4.4)

=
∏
n≥0

f (n)2n+b+1 (4.4.5)

where

f (n) =
cosh (β

√
z)− cosAt

cosh
(
β
√
z + iD0

)
− cosAt

, z = R−2n (n+ 1 + b) + σ2. (4.4.6)

The product over n, on the other hand, is treated with ζ-function regularization.
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For a reference, see e.g. [39]. This proceeds by writing

logF = log
∏
n≥0

f (n)2n+b+1 . (4.4.7)

=
∑
n≥0

(2n+ b+ 1) log f (n) . (4.4.8)

In the asymptotic limit |βσ| ≫ 1, we have

log f = log

(
cosh (β

√
z)− cosAt

cosh
(
β
√
z + iD0

)
− cosAt

)
(4.4.9)

= β
√
z − β

√
z + iD0 +O

(
e−β

√
z
)

(4.4.10)

Inserting this back into the expression for logF , we have

logF =
∑
n≥0

(2n+ b+ 1)
(
β
√
z − β

√
z + iD0 +O

(
e−β

√
z
))

(4.4.11)

The linearly divergent term in logF is computed using ζ-function regularization:

−
∑
n≥0

iβRD0 =
i

2
βRD0. (4.4.12)

What remains of logF is a convergent sum over n, which is approximated by an
integral:

β

ˆ ∞

0
dn (2n+ b+ 1)

(
β
√
z − β

√
z + iD0 + iRD0

)
(4.4.13)

= iβR2 |σ|D0 −
i

2
(b+ 1)βRD0 +O

(
βR2D2

0

σ

)
(4.4.14)

From this, it follows that the contribution of the second term in the asymptotic limit
is

F = exp

(
iβR2 |σ|D0 −

i

2
(b+ 1)βRD0 +O

(
βR2D2

0

σ

))
(4.4.15)

for a chiral multiplet of charge Q = 1. To obtain the corresponding expression for
a generic charge, one places Qi in front of σ and D0. In particular, for a chiral
multiplet of charge Qi, the contribution in the asymptotic limit is

(F )

∣∣∣∣
reg

= exp

[
iβR2sign (Qiσ)Q

2
iσD0 −

i

2
βRbQiD0 +O

(
βR2D2

0

σ

)]
. (4.4.16)
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Together, the asymptotic contribution of the two terms is

detOψ

detOϕ

∣∣∣∣
reg

−→
|βσ|≫1

x
1
2
Q2

i sign(Qiσ)meiβR
2sign(Qiσ)Q

2
i σD0+... (4.4.17)

The shift in the CS coupling k is a result of the combination of the asymptotic
contribution with the classical abelian Chern-Simons action

ZCS,Ab
cl = e−

´
d3x

√
gLCS|on-shell = xkme2ikβR

2σD0 . (4.4.18)

Together, these contributions conspire to produce a shift in k, which reads(
xkme2ikβR

2σD0

)(
x

1
2
Q2

i sign(Qiσ)meiQ
2
i sign(Qiσ)βR

2σD0

)
(4.4.19)

= eik(u,m)e2ikβR
2σD0ei

1
2
Q2

i sign(Qiσ)(u,m)eiQ
2
i sign(Qiσ)βR

2σD0 (4.4.20)

= eik(u,m)+2ikβR2σD0+
i
2
Q2

i sign(Qiσ)(u,m)+iQ2
i sign(Qiσ)βR

2σD0 (4.4.21)

= ei(k+
1
2
Q2

i sign(Qiσ))(u,m)+2i(k+ 1
2
Q2

i sign(Qiσ))βR2σD0 (4.4.22)

= xkeff(σ)me2ikeff(σ)βR
2σD0 . (4.4.23)

In the last line, we have written the effective CS coupling

keff (σ) = k +
1

2

∑
i

Q2
i sign (Qiσ) (4.4.24)

For a general theory, it is possible to have a mixed CS term, in which case the
effective CS coupling is

kabeff (σ) = kab +
1

2

∑
i,c

QaiQ
b
isign (Qciσc) (4.4.25)

where a, b, c run over the generators of the Abelian gauge group, i runs over the
different matter fields, and Qai are gauge charges.

4.4.2 2d effective twisted chiral superpotential

The shift of the 2d twisted chiral superpotential (or FI term) is derived in a similar
manner to the shift of the 3d CS coupling, which we now describe. One localizes
to the Benini-Zaffaroni locus, and studies the 1-loop contribution of a 2d chiral
multiplet Φ, transforming as the weight ρ of a representation R of the gauge group.
The difference is that, instead of dealing with the real scalar σ(3d) of the 3d vector
multiplet, one treats the complex scalar σ(2d) of the 2d vector multiplet. The novelty
in the 2d case is the treatment of the boundary ∂M(2d) = ∂hC, that is to say, the
region at complex infinity in the σ(2d)-plane.
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In this case, the important term in the asymptotic limit of the chiral 1-loop
determinant is

F =
∏
n≥0

(
n(n+1+b)

R2 + |ρ (σ)|2
n(n+1+b)

R2 + |ρ (σ)|2 + iρ (D0)

)2n+b+1

(4.4.26)

where b ∈ Z≥0. To treat the product over n, we write

logF = log
∏
n≥0

(
n (n+ 1 + b) +R2 |ρ (σ)|2

n (n+ 1 + b) +R2 |ρ (σ)|2 + iR2ρ (D0)

)2n+b+1

(4.4.27)

=
∑
n≥0

(2n+ b+ 1) log

(
n (n+ 1 + b) + a

n (n+ 1 + b) + a+ iR2ρ (D0)

)
(4.4.28)

=
∑
n≥0

(2n+ b+ 1) log

 1

1 + iR2ρ(D0)
n(n+1+b)+a

 (4.4.29)

where a = R2 |ρ (σ)|2. To simplify this expression, one considers the convergence
properties of a Taylor series of log (1 + iy)−1 about point y = 0. Specifically, the
series

log

(
1

1 + iy

)
= −iy − 1

2
y2 +O(y3), (4.4.30)

converges for |y| < 1, or y = 1, or y = −1. In the case at hand, we have that
y = R2ρ(D0)

n(n+1+b)+a goes to zero for a→ ∞. It follows that

logF =
∑
n≥0

(2n+ b+ 1) log

 1

1 + iR2ρ(D0)
n(n+1+b)+a

 (4.4.31)

=
∑
n≥0

(2n+ b+ 1)

(
− iR2ρ (D0)

n (n+ 1 + b) + a

)
(4.4.32)

= −iR2ρ (D0)
∑
n≥0

f(n) +O
(
a−2
)

(4.4.33)

f(n) =
(2n+ b+ 1)

n (n+ 1 + b) + a
(4.4.34)

Observe that
∑

n≥0 f(n) diverges as
∑ 1

n , and consequently, logF cannot be treated
using ζ-function regularization. Instead, the resolution is to subtract 2

n+1 from the
summand. For a reference regarding similar considerations, see e.g. series represen-
tations 8.362 in [40]. Specifically, the resolution is∑

n≥0

f(n)

∣∣∣∣∣∣
reg

=
∑
n≥0

(
f(n)− 2

n+ 1

)
. (4.4.35)
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Consequently, when regulated, logF can be written in terms of special functions

(logF )|reg = −iR2ρ (D0)
∑
n≥0

(
(2n+ b+ 1)

n (n+ 1 + b) + a
− 2

n+ 1

)
+O

(
a−2
)
(4.4.36)

= −iR2ρ (D0)

−2γ −
∑
±
ψ

1 + b±
√

−4a+ (1 + b)2

2

(4.4.37)

= −iR2ρ (D0)
(
−2γ − log a+O

(
a−1
))

(4.4.38)

where γ is Euler’s constant and ψ (z) = Γ′ (z) /Γ (z). Accordingly, the regulated
contribution of F in the asymptotic limit |σ| → ±∞ is

(F )

∣∣∣∣
reg

≃ exp
(
+iR2ρ (D0) 2γ + iR2ρ (D0) log a

)
(4.4.39)

It follows that the chiral 1-loop contribution for large values of the complex scalar
σ is

e2iR
2 log

∣∣ρ(σ)∣∣ ρ(D0). (4.4.40)

The shift in the twisted chiral superpotential W̃ (σ) is a result of the combination of
the asymptotic contribution with the classical twisted chiral superpotential action

ZW̃cl = e−
´

d2x
√
gL

W̃
|on-shell = e4πW̃

′(σ)m−8πiR2Re(W̃ ′(σ))D0 . (4.4.41)

Together, these contributions conspire to produce a shift in W̃ , and the effective
twisted superpotential is

W̃eff = − 1

4π
ρ(σ)

(
log ρ(σ)− 1

)
. (4.4.42)

Observe that the role of the effective CS level keff in 3d is played by the effective
twisted chiral superpotential W̃eff in 2d.

4.5 Integration contours

4.5.1 The dangerous regions in the 3d bosonic moduli space

In this section, we outline the Benini & Zaffaroni treatment of singularities in the
3d bosonic moduli space. By expanding the deformed action around the almost-
BPS configurations, then evaluating the classical and one-loop contributions, the
partition function is eventually reduced to

Z =
1

|W |
lim
e,g→0

∑
m∈Γh

ˆ
CD

dD0

ˆ
M

d2u

ˆ
dλ0dλ

†
0Ze,g(u, ū, λ0, λ

†
0, D0;m) (4.5.1)
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Here, Ze,g(u, ū, λ0, λ†0, D0;m) is the effective action consisting of the classical and
one-loop contributions, m is a discrete bosonic zero-mode, u, ū,D0 are continuous
bosonic zero modes, and λ0, λ

†
0 are fermionic zero modes. In particular, the integra-

tion domain of zero modes is a supermanifold in which there are both bosonic and
fermionic directions. The integration domain M ≃ hC ≃ (C∗)rankG has dangerous
regions in which the integrand becomes singular. In particular, Ze,g(u, ū, 0, 0, 0;m)

becomes singular for various points u ∈ M.
The dangerous regions are dealt with by taking a double scaling limit, as we will

now describe. For the dangerous integral

lim
e,g→0

ˆ
M

d2uZe,g, (4.5.2)

the procedure is to first take g → 0, then take e → 0. The g → 0 limit is not a
problem, and can be absorbed into a redefinition of the measure. We have then

lim
e,g→0

ˆ
M

d2uZe,g ∼ lim
e→0

ˆ
M

d2uZe,0 (4.5.3)

The e→ 0 limit, on the other hand, is a problem. The resolution is to take a scaling
limit in order to regulate singularities. This proceeds by splitting the integral as

ˆ
M

d2uZe,0 =
ˆ
M\∆ε

d2uZe,0 +
ˆ
∆ε

d2uZe,0 (4.5.4)

where ∆ε is an ε-neighborhood of singular hyperplanes. The contribution
´
∆ε

bounded as long as e is kept finite, therefore it vanishes in the limit ε → 0 faster
than e→ 0.

4.5.2 Integrating out 3d bosonic zero modes

In this section, we review in detail the Benini & Zaffaroni approach to treating with
the singularities in the 3d bosonic moduli space. Observe that the localizing term
is QV = 1

e2
LYM + 1

g2
Lmat, the localizing limit is e, g → 0, the moduli space is

M = (M × ΛGcoch)/W , and the singular submanifold is Msing ⊂ M. To deal with
problematic integral associated to the modulus u ∈ M, we consider the partition
function before taking the localizing limit (e, g ̸= 0), which reads

Z =

ˆ
M

d2uFe,g (u, u) . (4.5.5)
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Here, Fe,g denotes the incomplete result of integrating out fermionic zero modes and
fluctuations. The measure is

d2u = d (Reu) ∧ d (Imu) =
i

2
du ∧ du, (4.5.6)

where u is the complex conjugate of u. For later convenience we record that u is

u = At + iβσ = β (A3 + iσ) , Reu = At, Imu = βσ, (4.5.7)

where β is the radius of S1, At = βA3 is the gauge field along S1, and σ is the real
scalar in the 3d vector multiplet.

The dangerous region of the integral is at u∗ ∈ Msing ⊂ M, and taking the limit
of Fe,g (u, u) as e, g → 0 at u = u∗ is problematic because extra zero modes appear
for chiral scalars ϕ. This corresponds to the chiral multiplet Φ becoming massless
at u = u∗. These are called bulk singularities because they occur at finite values
of u. To resolve this, we consider the situation in which u is near u∗ ∈ Msing. Let
ϕi, i = 1, . . . , 2M denote the quasi 0-modes of the chiral scalars (i.e. the modes that
become zero modes at u = u∗), let Qi denote the charge of each ϕi, and assume that
charges are projective (all Qi have the same sign). The problematic integral is

I0 =

ˆ
d2Mϕ exp

[
− 1

g2

∑
i

|Qi (u− u∗)|2 |ϕi|2︸ ︷︷ ︸
#A

−e
2

2

(
ζeff −

∑
i

Qi
g2

|ϕi|2
)2

︸ ︷︷ ︸
#B

]
(4.5.8)

where ζeff is the effective FI term at the point u. For convenience we have labeled
the different terms in the integral #A and #B.

The g → 0 limit of I0 is not a problem. This is because g appears as 1
g2

|ϕi|2 and
can therefore be absorbed into the measure by rescaling. The rescaling is

ϕ → ϕ′ =
√
g2ϕ (4.5.9)

d2Mϕ → d2Mϕ′ = g2Md2Mϕ (4.5.10)

I0 → I ′0 = g2M
ˆ

d2Mϕe−
∑

i|Qi(u−u∗)|2|ϕi|2− e2

2 (ζeff−
∑

iQi|ϕi|2)
2

(4.5.11)

and we have limg→0 I
′
0 = 0.

The e → 0 limit of I0, on the other hand, is a problem. The term #B in I0

comes from the D-term potential, and ensures the convergence of integral (including
at the point u = u∗). To begin, let us find an upper bound on |I0| = h(u) for
small fixed e and u near u∗. The maximum of |I0| = h(u) is at u = u∗, that is to
say, h′ (u∗) = 0 and h′′ (u∗) < 0 where the primes denote derivatives. By rescaling
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ϕi → ϕ′i =
√

g2

Qie
ϕi, one obtains the pre-integration bound

|I0| ≤
g2M

eM
∏
i |Qi|

ˆ
d2Mϕ exp

[
− 1

2

(
eζeffsign (Qi)︸ ︷︷ ︸

#C

−
∑
i

|ϕi|2︸ ︷︷ ︸
#D

)2]
. (4.5.12)

For small e, one can neglect the term #C , and evaluate the contribution of #D. The
result is

ˆ
d2Mϕ exp

−1

2

(∑
i

|ϕi|2
)2
 =

2
M−2

2 πMΓ (M/2)

Γ (M)
(4.5.13)

Thereafter, one can obtain the post-integration bound

|I0| ≲
C0

eM
, C0 =

g2M∏
i |Qi|

2
M−2

2 πMΓ (M/2)

Γ (M)
(4.5.14)

Despite having obtained an upper bound, taking the limit of Fe,0 (u, u) as e→ 0

at u = u∗ remains problematic due to singularities and the removal of the quartic
potential.

The resolution is to decompose the integral over M, then take the scaling limit.
The decomposition is M = (M\∆ε) ∪∆ε, where ∆ε is an ε-neighborhood of Msing

in M. In other words, ∆ε is an ε-neighborhood around a (bulk) singular point
u∗ ∈ Msing. To illustrate ∆ε, let us oversimplify and consider M = C. If this were
the case, then ∆ε ⊂ M could be an open disk of radius ε around u∗ ∈ M

∆ε =
{
u ∈ M

∣∣ |u∗ − u| < ε
}
. (4.5.15)

In this case, the closed disk and boundary would respectively be

∆ε =
{
u ∈ M

∣∣ |u∗ − u| ≤ ε
}

(4.5.16)

∂∆ε =
{
u ∈ M

∣∣ |u∗ − u| = ε
}

(4.5.17)

Observe that this is for the sake of illustration and not necessarily the case. We
proceed with generic ∆ε. The point of the decomposition of M was that the partition
function decomposes as

Z =

ˆ
M\∆ε

d2uFe,0 (u, u)︸ ︷︷ ︸
I1

+

ˆ
∆ε

d2uFe,0 (u, u)︸ ︷︷ ︸
I2

(4.5.18)

The aim is then to evaluate lime→0 Z in such a way that I2 does not contribute.
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The integral I2 is bounded by

|I2| ≲
ε2

eM
C2 (4.5.19)

where C2 is constant We have then different options for how to take the limits. One
option is to take e→ 0 before ε→ 0, which results in

lim
ε→0

(
lim
e→0

(
ε2

eM
C2

))
= lim

ε→0

(
ε2

0
C2

)
︸ ︷︷ ︸

singular

(4.5.20)

A second option is to take ε→ 0 before e→ 0 , which results in

lim
e→0

(
lim
ε→0

(
ε2

eM
C2

))
= lim

e→0

(
0

eM
C2

)
︸ ︷︷ ︸

non-singular

(4.5.21)

Yet another option is to take a scaling limit ε, e → 0 such that ε2

eM
→ 0, which

results in

lim
ε2

eM
→0

(
ε2

eM
C2

)
= 0 · C2︸ ︷︷ ︸

non-singular

. (4.5.22)

The takeaway is that the scaling limit (lim(ε2)/(eM )→0 I2) exists as long as one keeps
ε2 < eM while taking (ε2)/(eM ) → 0. In particular, one has

lim
(ε2)/(eM )→0

I2 = lim
(ε2)/(eM )→0

ˆ
∆ε

d2uFe,0 (u, u) = 0. (4.5.23)

To keep notation clean, the scaling limit lim(ε2)/(eM )→0 is denoted limε,e→0 . In the
scaling limit, the partition function is

Z = lim
ε,e→0

ˆ
M\∆ε

d2uFe,0 (u, u) (4.5.24)

This scaling limit is the resolution for the bulk singularities at u = u∗.
In addition to bulk singularities, M exhibits boundary singularities, whose res-

olution we briefly describe. These have to do with the fact that M is non-compact.
For instance, in the rank 1 case, the space is a cylinder M ≃ C/2π. The boundary
singularities occur at large values of σ which appears in the integrand as Imu = βσ,
and in the integration measure as d (Imu) = βdσ.

Before proceeding, observe that in the asymptotic σ → ±∞ limit, all chiral
multiplets Φ are massive, and their effect is to shift the bare CS level k. Put
differently, the CS level that one sees at one-loop after integrating out matter fields
is keff(σ) = k+ 1

2

∑
iQ

2
i sign (Qiσ) . Moreover, the effective CS level is used to assign

charges to the boundaries. Specifically, the points x = 0,∞ (where x = eiu, u =
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At + iβσ) are assigned charges proportional to the effective CS coupling at infinity
on the Coulomb branch

k± ≡ keff (σ = ±∞) = k +
1

2

∑
i

Q2
i sign (±Qiσ) , Qx=0 = −k+, Qx=∞ = k−

(4.5.25)
That being said, the resolution for the boundary singularities proceeds by esti-

mating the problematic integral in the σ → ±∞ limit. After integrating out D, the
problematic integral is

I3 =

ˆ
R

dσ exp

[
− e2

2
(k±σ + ζ)2

]
. (4.5.26)

To clarify the convergence and divergence of the integral, we write I3 = I3 (e, k±).
The integral is convergent for I3 (e ̸= 0, k± ̸= 0). The singularities come in two cases
depending on whether k± is zero or non-zero. The first case is that

lim
e→0

I3 (e, k± ̸= 0) (4.5.27)

is singular. The resolution is to decompose the integral I3 as

ˆ
R

dσe−
e2

2
(k±σ+ζ)

2

=

ˆ ∞

L
dσe−

e2

2
(k±σ+ζ)

2

+

ˆ −L

−∞
dσe−

e2

2
(k±σ+ζ)

2

(4.5.28)

where L is a cutoff, then take the scaling limit. The other case is that

lim
e→0

I3 (e, k± = 0) (4.5.29)

is singular. In this case, the resolution is to use a Lagrangian regulator κreg. For
details see [18].

4.5.3 Integrating out fermionic zero modes on S2 × S1

In this section, we describe how to integrate out the fermionic zero modes for the
three-dimensional genus g = 0 case. The fermionic zero modes λ0, λ

†
0 are Grassmann

odd scalars. Therefore, the integrals over λ0, λ
†
0 may be recast as Grassmann odd

derivatives
ˆ

dλ0 dλ†0 Z(u, ū, λ0, λ
†
0, D0;m) =

∂

∂λ0

∂

∂λ†0
Z
(
u, ū, λ0, λ

†
0, D0;m

)∣∣∣
λ0=λ

†
0=0

.

(4.5.30)
The supersymmetric effective action Z(u, ū, λ0, λ

†
0, D0;m) is closed under both su-

percharges QZ = Q̃Z = 0. Expressing the Q̃-variation of Z as a total derivative,
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then using the supersymmetry transformations of the zero modes 4.3.17, we have

0 = Q̃Z (4.5.31)

=

(
Q̃u

∂

∂u
+ Q̃u

∂

∂u
+ Q̃λ0

∂

∂λ0
+ Q̃λ†0

∂

∂λ†0
+ Q̃D0

∂

∂D0

)
Z (4.5.32)

=

(
iλ0

∂

∂u
+D0

∂

∂λ†0

)
Z (4.5.33)

Acting with ∂/∂λ0 on 0 = Q̃Z, the expression becomes

0 =

(
i
∂

∂u
+D0

∂

∂λ0

∂

∂λ†0

)
Z, (4.5.34)

or equivalently,

∂2Z
∂λ0∂λ

†
0

∣∣∣∣∣
λ0=λ

†
0=0

= − i

D0

∂Z
∂u

∣∣∣∣
λ0=λ

†
0=0

. (4.5.35)

The same result holds for QZ = 0, in which case it is necessary to first differentiate
the equation with respect to λ†0, then use the anti-commutativity of Grassmann odd
derivatives. From these considerations, we see that the integrals over the fermionic
zero modes evaluate to

ˆ
dλ0 dλ†0 Z(u, ū, λ0, λ

†
0, D0;m) =

∂2

∂λ0∂λ
†
0

Z(u, ū, λ0, λ
†
0, D0;m)

∣∣∣∣∣
λ0=λ

†
0=0

(4.5.36)

= − i

D0

∂

∂u
Z(u, ū,D0;m) (4.5.37)

where Z(u, ū,D0;m) ≡ Z(u, ū, 0, 0, D0;m). After integrating out the fermionic zero
modes, the summand reads

Zm =
1

2π2
lim

e,ε→0

ˆ
M\∆ε

d2u

ˆ
R+iη

dD0

D0

∂

∂u
Z(u, ū,D0;m). (4.5.38)

Note that the apparent pole at D0 = 0 is cancelled by ∂uZ = 0, and that the
measure is d2u = d (Reu) ∧ d (Imu) = i

2du ∧ du.
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4.5.4 Integrating out fermionic zero modes on Σg × S1

In this section, we describe how to integrate out the fermionic zero modes for the
three-dimensional genus g ≥ 1 case. The integral over fermionic zero modes is

ˆ
dλ0dλ

†
0

(
g∏

α=1

dη
(α)
0 dη

(α)†
0

)
Z =

(
g∏

α=1

∂2

∂η
(α)
0 ∂η

(α)†
0

)
∂2

∂λ0∂λ
†
0

Z (4.5.39)

Note that while λ0, λ
†
0 are scalars, η† = η†z = η†idz

i is a holomorphic one-form, and
η = ηz = ηjdz

j is an anti-holomorphic one-form. For details regarding the fermionic
zero modes η0, η

†
0, which appear for genus g ≥ 1, see [19]. Since the effective action

is topological, it can generically be expressed as

Z = A exp

ˆ
Σg

(
BF + cGη† ∧ η

)
. (4.5.40)

Here, the one-forms (F = dA, η, η†) remain explicit, while A,B,G are functions of
the scalars u, ū, λ0, λ

†
0, D0. The partition function Z is closed under both Q and Q̃

(i.e. supersymmetric), and the same is true for the functions A,B,G. Recall that Q
and Q̃ act as differential operators. Acting withQ, then inserting the supersymmetry
transformations, we obtain

0 = QZ = iλ†0
∂Z
∂u

−D0
∂Z
∂λ0

+ ZQ
ˆ
Σg

(
BF + cGη† ∧ η

)
. (4.5.41)

where the last term is due to exponential part of Z. Specifically, the last term follows
from the chain rule d

dxe
f(x) = f ′(x)ef(x) where f(x) is a differentiable function. To

evaluate the action of Q on this integrand, note that

QF = Q (dA) (4.5.42)

= dη† (4.5.43)

Q
(
η†z ∧ ηz

)
= Qη†z ∧ ηz + (−1)deg η

†
z η†z ∧Qηz (4.5.44)

= −η†z ∧ (idu) (4.5.45)

= −iη†z ∧ du (4.5.46)

where du = Dzu = Djudz
j is anti-holomorphic. Accordingly, Q acts on the inte-

grand as

Q

ˆ
Σg

(
BF + cGη† ∧ η

)
=

ˆ
Σg

(
Bdη† − iGη† ∧ du

)
. (4.5.47)
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The functions B,G are related using integration by parts, with the conclusion that

G =
∂B
∂iu

. (4.5.48)

The necessary identity to obtain this result is ∂α = ∂αi

∂zj
dzj ∧ dzi, where α = αidzi

(see e.g. [35]).

4.5.5 Evaluating the contour integral

Here, we describe the evaluation of the final contour integral resulting from the
Benini-Zaffaroni approach. The integral to evaluate is

Zm =
i

4π2
lim

e,ε→0

ˆ
∂∆ε

du
ˆ

R+iη

dD0

D0
Z(u, ū,D0;m) (4.5.49)

Let Γη = R + iη, and let Γ+ = Γη>0 ∈ UHP and Γ− = Γη<0 ∈ LHP, where UHP
(LHP) denotes the upper (lower) D0-half-plane.

• If ρ < 0, the poles are in the LHP, then the ε→ 0 limit sends the poles to the
origin from below (poles−→

ε→0
D0 = 0 from below). Since the LHP-poles do not

intersect the UHP contour Γ+ as ε → 0, taking the limit does not result in a
singular configuration whose residue contributes.

• If ρ > 0, the poles are in the UHP, then the limit ε→ 0 sends the poles to the
origin from above (poles −→

ε→0
D0 = 0 from above) The poles intersect the UHP

contour Γ+ as ε → 0, so taking the limit results in a non-trivial singularity
whose residue contributes. In other words, the limit cannot be taken while
holding the contour fixed.

The resolution is to decompose the contour as

Γ+ = Γ− + C0 (4.5.50)

where C0 is a circle of radius smaller than rC0 that goes around D0 = 0 counter
clockwise. After decomposing the contour, the integral reads

Zm =
i

4π2
lim

e,ε→0

ˆ
∂∆ε

du

(ˆ
Γ−

dD0

D0
Z(u, ū,D0;m) (4.5.51)

+

ˆ
C0

dD0

D0
Z(u, ū,D0;m)

)
(4.5.52)
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the first term in the parentheses term does not contribute. The second term is
evaluated as

i

4π2
lim

e,ε→0

ˆ
∂∆ε

du
ˆ
C0

dD0

D0
Z(u, ū,D0;m) (4.5.53)

=
i

4π2
lim

e,ε→0

ˆ
∂∆ε

du (2πiZ(u, ū, 0;m)) (4.5.54)

= − 1

2π
lim
ε→0

ˆ
∂∆ε

duZ(u, ū, 0;m) (4.5.55)

= − 1

2π

(
2πiRes

u=u∗
Z(u, ū, 0;m)

)
(4.5.56)

= −iRes
u=u∗

Z(u, ū, 0;m) (4.5.57)

The prescription is to take minus the residue, in which case Zm receives a contribu-
tion of

iRes
u=u∗

Z(u, ū, 0;m). (4.5.58)

In the higher rank-case, the prescription for the contour and the evaluation of con-
tributing residues can be framed in terms of Jeffrey-Kirwan residues.



Chapter 5

Recovering pure YM2 from
A-model YM2

In this section, we confirm the map between physical YM2 and supersymmetric
YM2 in the A-model by recovering the physical YM2 partition function from the
expectation value of an A-model operator, evaluated using the Benini-Zaffaroni (BZ)
formula for A-model correlators [18, 19]. We use the same strategy that established
the map between physical YM2 and cohomological YM2 [3]. The strategy was
to recover the physical YM2 partition function from the expectation value of an
operator, evaluated by localizing the path integral of a variant of YM2 in two-
dimensional cohomological gauge theory. For details regarding the strategy, see
sections 3.2 and 4.3 of [3], equations 2.81-2.90 in [41], or section 4.2 of [42].

Let us begin by describing the physical YM2 partition function, then the strategy
that established the map between physical YM2 and cohomological YM2, followed
by the BZ formula for A-model correlators.

In [29], Witten derived a description of the physical YM2 partition function as
a sum over irreducible representations (irreps) of the gauge group, first using lattice
techniques, then using TQFT techniques. In order to describe the physical YM2
partition function, let Σg be a closed oriented Riemannian manifold of genus g,
equipped with a Euclidean metric, let dµ =

√
gd2x be the Riemannian measure, let

a =
´
Σ dµ be the area of Σg, let G be the gauge group, let Rµ be the irreps of G,

and let e2 be the YM coupling constant. The partition function of physical YM2 on
Σg, with gauge group G, reads

Z
(
e2a,G,Σg

)
= ek1(2−2g)

∑
Rµ

1

(dimRµ)
2g−2 e

− 1
2
e2a(C2(α)+k2) (5.0.1)

Here, C2 (Rµ) is the quadratic Casimir of Rµ, and k1 and k2 are renormalization

77
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scheme dependent constants. In particular, various choices of renormalization of the
quantum action can differ by factors of ∆S = k1

´
R
4π + k2e

2
´

dµ where R is the
Ricci scalar. For details, see chapter 3 or , e.g., section 3.1 of [31].

In [3], Witten established a map from cohomological YM2 to physical YM2 by
recovering the irrep description of the physical YM2 partition function from the
expectation value of an operator in a two-dimensional cohomological gauge theory,
evaluated using non-abelian localization. For details regarding the operator expec-
tation value, see equations 3.37-3.40 in [3]. The theory that was localized was a
variant of YM2 defined using the standard multiplet of two-dimensional cohomolog-
ical gauge theory. It is possible to realize Witten’s procedure to recover the physical
YM2 partition function from the BZ formula for A-model correlators because the
standard cohomological multiplet and the A-twisted N = (2, 2) Euclidean vector
multiplet in Wess-Zumino (WZ) gauge are related by field redefinitions. So, the BZ
formula can be used to repeat Witten’s procedure in the context of the A-model.

In [18, 19], Benini & Zaffaroni used supersymmetric localization to derive general
formulae for partition functions and correlators in the A-model, that is, topologically
A-twisted N = (2, 2) supersymmetric theories of vector and chiral multiplets defined
on Σg with gauge group G. Recall that localization reduces supersymmetric path
integrals to lower-dimensional integrals over moduli, the moduli are coordinates on
the localization locus, and the localization locus is a subspace of the integration
domain of the path integral i.e., the space of all field configurations. So, the BZ
formulae are provided in terms of integrals over two moduli m and u, and an in-
tegrand that consists of a classical contribution Zcl(u,m), a one-loop contribution
Z1l(u,m), and possible operator insertions O. Here, m is a discrete modulus and u

is a continuous modulus .
In order to describe the BZ formula for A-model correlators, let us begin by

providing some details regarding the A-model vector multiplet and the moduli. Be-
fore BZ localization, the fields in the A-model vector multiplet in WZ gauge are
V = (Aµ, σ, σ̃,D,Λµ, λ, λ̃) for µ = 1, 2, where Aµ is the gauge field, σ, σ̃ are complex
bosonic scalars, D is the bosonic scalar auxiliary field, Λµ is the fermionic vector
field, and λ, λ̃ are fermionic scalars. Each field is valued in the adjoint representation
of the complexification gC of the Lie algebra g = LieG, and is treated as generically
complex and independent.

After BZ localization, the moduli u and m parametrize σ and F12, respectively,
where F12 is the scalar gauge field strength. The continuous modulus u is the vacuum
expectation value of σ, and the discrete modulus m is the GNO quantized gauge flux.
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Specifically, the moduli are

u ∈ hC, m =
1

2π

ˆ

Σg

F ∈ ΛGcoch. (5.0.2)

where hC is the Cartan subalgebra of gC, and ΛGcoch is the cocharacter (GNO) lattice.
The cocharacter lattice is defined as the elements of the Cartan subalgebra h of
g whose image under the exponential map is the identity element of G, that is,
ΛGcoch = {γ ∈ h| exp(2πiγ) = 1G}. Note that the modulus u is complex-valued due
to the BZ choice of reality conditions σ† = σ̃ during localization, and that this is
not the only possible reality condition. Furthermore, the space hC is non-compact,
e.g., hC is the complex u-plane for rankG = 1.

The BZ formula for correlators of the A-model vector multiplet is

Z (u,m,Σg, G) =
(−1)r

|W |

ˆ
dur

∑
m∈ΛG

coch

Zcl Z1l O (5.0.3)

where
Zcl = e4πW̃

′(u)·m, Z1l = (−1)
∑

α∈∆+
α(m)

∏
α∈∆

α (u)1−g (5.0.4)

Here, the rank is r = rankG, the order of the Weyl group is |W |, α are the roots of
g, ∆ is the set of roots, and ∆+ are the positive roots. Furthermore, W̃ (u) is the
u-holomorphic twisted chiral superpotential and W̃ ′ (u) = ∂

∂uW̃ (u), α (u) = ⟨α, u⟩
denotes the pairing between dual vector spaces ⟨·, ·⟩ : h∗ ⊗ h → R, and W̃ ′ (u) ·m =(
W̃ ′(u),m

)
denotes the pairing with the scalar product (·, ·) on h. For the classical

and one-loop contributions, see equations 5.5 and 5.9 in [18], or equations 3.3 and
3.6 in [19].

To recover the irrep description of the physical YM2 partition function from the
BZ formula, we begin by making the following choices. In the integrand, we choose
the holomorphic superpotential to be quadratic in its argument W̃ (u) = i

4u
2, and

choose the operator insertion to be

O = exp

(
1

2
ϵTru2

)
(5.0.5)

where ϵ > 0. The operator O is gauge-invariant, closed under the localizing su-
percharge, and represents a characteristic class (roughly speaking). Furthermore, ϵ
represents the combination e2a where e2 is the Yang-Mills coupling constant and a
is the area of Σg. Together, the operator and quadratic superpotential correspond to
an A-model action that is equivalent to the conventional pure YM2 action. For the
cohomological analog of the operator insertion, see equation 3.38 in [3], or equation
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3.2 in [43]. For the cohomological analog of the A-model action, see equation 3.42
in [3].

Before proceeding with the actual derivation, let us provide some details regard-
ing our approach. There are two options to evaluate the integral over u and the sum
over m: either sum m then integrate u, or integrate u then sum m. For the order of
evaluation, we choose to first sum m, then integrate u.

The sum over the elements of the cocharacter lattice m ∈ ΛGcoch ⊂ h is evaluated
using the Poisson summation formula, resulting in a Dirac comb in which the sum is
over character lattice elements µ ∈ ΛGch ⊂ h∗. Thereafter, u is integrated out along
the real contour, so that the u-integral only receives contributions from points at
which the Dirac comb has support. By integrating u along the real contour instead
of the “Jeffery-Kirwan (JK) contour”, we are departing from the BZ prescription for
evaluation. For details regarding the JK contour, see, e.g., equation 2.46 in [19].

Observe that to evaluate the u-integral over the Dirac comb, it is necessary to
choose the real contour for u. Whether u is real, purely imaginary, or complex de-
pends on the reality conditions imposed on σ and σ̃ during localization. There are
essentially two choices: one can either take complex conjugate σ̃ = σ†, or take real
σ and purely imaginary σ̃ as described on page 34 of [3]. Since u parametrizes σ,
complex σ results in complex u, while real σ results in real u. In the BZ localiza-
tion computation, the reality condition is σ̃ = σ†, such that u is complex. In our
derivation, we take real u, real σ, and purely imaginary σ̃, which is an acceptable
reality condition that must yield the same final result. To be precise, we take u to
be valued in the real part of hC, that is, u ∈ hR for hR = {z ∈ hC|z = z} where z is
the complex conjugate of z. Moreover, we show in chapter 6 that real σ and purely
imaginary σ̃ yields the correct 1-loop determinant.

The result of summing m then integrating out real u is an expression involving
a sum over elements of the character lattice ΛGch ⊂ h∗, and a summand described by
the root system of G in h∗. The sum only receives contributions from the subset of
regular elements in ΛGch, and the summand is invariant under the action of the Weyl
group W . Eliminating the W -invariance in the expression results in a sum over the
subset of dominant integral elements of the character lattice Λdch = ΛGch∩C0. By the
theorem of highest weights, the dominant integral elements of the character lattice
are in one-to-one correspondence with equivalence classes of irreducible representa-
tions, such that each µ ∈ Λdch is uniquely associated to an irreducible representation
Rµ of G. The summand may therefore be recast in terms of the dimension and
quadratic Casimir of Rµ using

dim (Rµ) =

∏
α>0 (α, µ+ ϱ)∏
α>0 (α, ϱ)

, C2 (Rµ) = (µ+ ϱ, µ+ ϱ)− (ϱ, ϱ) . (5.0.6)
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where ϱ is the Weyl vector, at which point we have evaluated the irrep description of
the physical YM2 partition function (in the renormalization scheme of BZ). Finally,
we identify the renormalization scheme dependent constants (k1 and k2) so that
our result may be related to physical YM2 partition functions evaluated in other
renormalization schemes.

Now, let us proceed to the actual derivation. For quadratic superpotential
W̃ (u) = i

4u
2, and operator insertion O = exp(12ϵTru2), the BZ formula for cor-

relators of the A-model vector multiplet 5.0.3 reads

Z (u,m,Σg, G) =
(−1)r

|W |

ˆ
dur

∑
m∈ΛG

coch

e2πi(u,m)−2πi⟨ϱ,m⟩− ϵ
2
(u,u)

∏
α∈∆

⟨α, u⟩1−g(5.0.7)

Here, the phase factor in Z1l was recast as (−1)
∑

α∈∆+
α(m)

= e−2πi⟨ϱ,m⟩ where ϱ =
1
2

∑
α∈∆+

α is the Weyl vector.
By the generalized Poisson summation formula B.6.3, the sum over m ∈ ΛGcoch in

5.0.7 evaluates to∑
m∈ΛG

coch

e2πi(u,m)−2πi⟨ϱ,m⟩f (u) =
1

covol
(
ΛGcoch

) ∑
µ∈ΛG

ch

δ(r) (u− µ− ϱ) f (u) (5.0.8)

where
f (u) =

∏
α∈∆

⟨α, u⟩1−g e−
ϵ
2
(u,u). (5.0.9)

Here, δ(r) (·) is the r-dimensional delta function, and the character lattice ΛGch is the
integral dual lattice of ΛGcoch, as described in section B.6.

After evaluating the sum, the full expression 5.0.7 reads

Z (u, µ,Σg, G) =
(−1)r

|W | covol
(
ΛGcoch

) ˆ dur
∑
µ∈ΛG

ch

δ(r) (u− µ− ϱ)
∏
α∈∆

⟨α, u⟩1−g e−
ϵ
2
(u,u).

(5.0.10)
Since u is assumed to be real, its integral can be evaluated, and only receives con-

tributions from points where the Dirac comb has support u−µ−ϱ = 0. Integrating
out real u, we have

ˆ
dur

∑
µ∈ΛG

ch

δ(r) (u− µ− ϱ)
∏
α∈∆

⟨α, u⟩1−g e−
ϵ
2
(u,u) (5.0.11)

=
∑
µ∈ΛG

ch

∏
α∈∆

(α, µ+ ϱ)1−g e−
ϵ
2
(µ+ϱ,µ+ϱ) (5.0.12)

where in the second line, (·, ·) denotes the scalar product on h∗.
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In terms of the full expression 5.0.10, we have

Z (µ,Σg, G) =
(−1)r

|W | covol
(
ΛGcoch

) ∑
µ∈ΛG

ch

∏
α∈∆

(α, µ+ ϱ)1−g e−
ϵ
2
(µ+ϱ,µ+ϱ), (5.0.13)

in which both the sum and summand are described by the root system in h∗.
The root system is acted upon by the Weyl group W , which is the finite reflec-

tion group generated by reflections about the orthogonal hyperplanes πα defined in
section B.3. To eliminate the Weyl group invariance, 5.0.13 is expressed in terms of
the fundamental Weyl chamber C0, which serves as a fundamental domain for the
action of W on h∗. Details concerning the action of the Weyl group on root systems
can be found in sections B.3 and B.4.

We proceed by first absorbing the shift by the Weyl vector into the set being
summed over, then observing that only regular elements contribute to the sum over
the shifted set. Following this, the sum over the shifted set of regular elements is
expressed as the W orbit through the set of strictly dominant elements, the resulting
Weyl-invariant summand is simplified, and the product over all roots is recast in
terms of positive roots. Finally, the sum over the ϱ-shifted set of strictly dominant
elements is expressed as a sum over the dominant elements of the character lattice
Λdch = ΛGch ∩ C0, such that the dimension and quadratic Casimir formulae 5.0.6 can
be applied.

That being said, the sum over µ ∈ ΛGch in 5.0.13 is recast as∑
µ∈ΛG

ch

∏
α∈∆

(α, µ+ ϱ)χ/2 e−
ϵ
2
(µ+ϱ,µ+ϱ) =

∑
q∈Q

∏
α∈∆

(α, q)χ/2 e−
ϵ
2
(q,q) (5.0.14)

where the new summation variable is q = µ+ ϱ for all µ ∈ ΛGch, the Euler character-
istic is χ = 2− 2g, and the ϱ-shifted set

Q =
{
µ+ ϱ|µ ∈ ΛGch

}
(5.0.15)

is an infinite set of integral elements in h∗. Observe that in the case when the gauge
group is the universal cover G = G̃, both the character lattice ΛG̃ch and the set
Q =

{
µ+ ϱ|µ ∈ ΛG̃ch

}
coincide with the weight lattice, i.e., ΛG̃ch ≃ Λg

wt and Q ≃ Λg
wt.

This is because the ϱ-shift maps from µ ∈ Λg
wt to µ + ϱ ∈ Λg

wt. Details concerning
the shifted set Q can be found in section B.7. We proceed without specifying any
particular cover of G.

The sum over q ∈ Q only receives contributions from regular elements, that
is to say, elements valued in the interiors of Weyl chambers. Equivalently, the
sum does not receive contributions from the subset of elements in Q valued on the
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union of hyperplanes Π =
⋃
α∈∆ πα where πα = {γ ⊂ t∗| (α, γ) = 0}. This is due

to the vanishing of the product over roots
∏
α∈∆ (α, q) = 0 for all q ∈ Q ∩ Π in

the summand. To see that the product vanishes, consider a particular hyperplane
πβ ⊂ Π orthogonal to the root β ∈ ∆. If an element is valued on the hyperplane
q ∈ Q ∩ πβ , then its scalar product with the root is (β, q) = 0, that it to say,
q and β are orthogonal. Since the product over roots includes β ∈ ∆, we have∏
α∈∆ (α, q) = (α′, q) . . . (β, q) . . . (α′′, q) = 0 where α′, α′′ ∈ ∆. In view of this, we

decompose the set as Q = (Q ∩Π)∪(Q\Π). Observe that since Π is equivalent to the
union of all Weyl chamber boundaries, and its complement Πc = t∗\Π is equivalent
to the union of all Weyl chamber interiors, Q∩Π is the subset of elements valued on
the union of Weyl chamber boundaries, while Q\Π is the subset of elements valued
in the union of Weyl chamber interiors. As the sum does not receive contributions
from the subset Q ∩ Π of Weyl chamber boundary valued elements, 5.0.14 reduces
to a sum over the subset Q\Π of Weyl chamber interior valued elements. This reads∑

q∈Q

∏
α∈∆

(α, q)χ/2 e−
ϵ
2
(q,q) (5.0.16)

=
∑

q∈Q\Π

∏
α∈∆

(α, q)χ/2 e−
ϵ
2
(q,q) +

∑
q∈Q∩Π

∏
α∈∆

(α, q)χ/2 e−
ϵ
2
(q,q) (5.0.17)

=
∑

q∈Q\Π

∏
α∈∆

(α, q)χ/2 e−
ϵ
2
(q,q). (5.0.18)

Next, we express the summation set Q\Π as the W -orbit through the set of
strictly dominant elements (Q\Π)∩C0. The Weyl group W acts on the elements of
the set Q\Π through Weyl reflections w ∈ W . As Q\Π is an infinite set of integral
elements valued in the union of Weyl chamber interiors, the action of the Weyl group
on Q\Π is regular, that is to say, both transitive and free. In particular, for any
two elements q′, q′′ ∈ Q\Π, there is precisely one w ∈ W for which w · q′ = q′′.
Since the W -action on Q\Π is regular, every element q ∈ Q\Π is valued in the orbit
of W through a unique element in the interior of the fundamental Weyl chamber
q0 ∈ Q ∩ C0,i. Specifically, for each q ∈ Q\Π there is a unique q0 ∈ Q ∩ C0,i such
that q ∈ OrbW (q0) = {w · q0|w ∈W}. This is extended to express all elements Q\Π
as the orbit of W through all elements of Q ∩ C0,i, which reads

Q\Π = OrbW
(
Q ∩ C0,i

)
=
{
w · q0 | w ∈W, q0 ∈ Q ∩ C0,i

}
. (5.0.19)
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In view of this, the sum 5.0.18 simplifies to∑
q∈Q\Π

∏
α∈∆

(α, q)χ/2 e−
ϵ
2
(q,q) (5.0.20)

=
∑

q∈OrbW (Q∩C0,i)

∏
α∈∆

(α, q)χ/2 e−
ϵ
2
(q,q) (5.0.21)

=
∑
w∈W

∑
q0∈Q∩C0,i

∏
α∈∆

(α,w · q0)χ/2 e−
ϵ
2
(w·q0,w·q0) (5.0.22)

Here, the summand is invariant under the action of the Weyl group. This is due
to two properties of Weyl reflections. The first property is that, when acting on
elements in scalar products, Weyl reflections obey

(w · q, w · q) = (q, q) , (α,w · q) =
(
w−1 · α, q

)
. (5.0.23)

The second property, is that the set of roots ∆ is closed under the W -action

W : ∆ → ∆, (5.0.24)

α 7→ α′ = w · α. (5.0.25)

In particular, Weyl reflections permute the elements in the set of roots ∆, in the
sense that each root α ∈ ∆ is mapped so some other root α′ = w · α ∈ ∆. By
acting on both sides of α′ = w ·α with the inverse Weyl reflection w−1, we have also
w−1α′ = α ∈ ∆. In view of these properties, the summand in 5.0.22 simplifies as∏

α∈∆
(α,w · q)χ/2 e−

ϵ
2
(w·q,w·q) (5.0.26)

=
∏
α∈∆

(
w−1α, q

)χ/2
e−

ϵ
2
(q,q) (5.0.27)

=
∏
α∈∆

(α, q)χ/2 e−
ϵ
2
(q,q) (5.0.28)

In the first equality we used the first property. In the second equality, we used the
second property, together with the fact that the order of the product over roots does
not matter. Due to the invariance of the summand under the action of the Weyl
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group, the sum 5.0.22 reduces as∑
w∈W

∑
q∈Q∩C0,i

∏
α∈∆

(α,w · q)χ/2 e−
ϵ
2
(w·q,w·q) (5.0.29)

=
∑
w∈W

∑
q∈Q∩C0,i

∏
α∈∆

(α, q)χ/2 e−
ϵ
2
(q,q) (5.0.30)

= |W |
∑

q∈Q∩C0,i

∏
α∈∆

(α, q)χ/2 e−
ϵ
2
(q,q) (5.0.31)

The only effect of the sum over w ∈ W is the overall factor |W |, i.e., the order of
the Weyl group.

To recover the dimension of Rµ of G, it is necessary to express 5.0.31 as a product
over the set of positive roots. The set of roots ∆ is therefore decomposed into positive
and negative subsets ∆ = ∆+ ∪ ∆−. For each positive root α ∈ ∆+, there is an
associated negative root −α ∈ ∆−. Under this decomposition, the product over
roots simplifies as

∏
α∈∆

(α, q)χ/2 =

 ∏
α∈∆+

(α, q)
∏
α∈∆−

(α, q)

χ/2

(5.0.32)

=

 ∏
α∈∆+

(α, q)
∏
α∈∆+

(−α, q)

χ/2

(5.0.33)

=

(−1)|∆|/2

 ∏
α∈∆+

(α, q)

2χ/2

(5.0.34)

=
(
(−1)|∆|/2

)χ/2 ∏
α∈∆+

(α, q)χ , (5.0.35)

the last equality is due to (α, q) > 0 for α ∈ ∆+, q ∈ C0,i. Note that |∆| =

dim g− rankg. Thus, expressing the sum 5.0.31 in terms of positive roots, we have

∑
q∈Q∩C0,i

∏
α∈∆

(α, q)χ/2 e−
ϵ
2
(q,q) =

(
(−1)|∆|/2

)χ/2 ∑
q∈Q∩C0,i

∏
α∈∆+

(α, q)χ e−
ϵ
2
(q,q)

(5.0.36)
The final step is to shift back, that is to say, express the sum over the set Q

in terms of the character lattice ΛGch. Since the translation by ϱ is a bijective map
between dominant integral elements and strictly dominant integral elements, each
element of Q ∩ C0,i is uniquely related to an element of Λdch = ΛGch ∩ C0 by the the
ϱ-shift. See section B.7 for details. When expressed in terms of the character lattice,
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the sum 5.0.36 reads∑
q∈Q∩C0,i

∏
α∈∆+

(α, q)χ e−
ϵ
2
(q,q) =

∑
µ∈Λd

ch

∏
α∈∆+

(α, µ+ ϱ)χ e−
ϵ
2
(µ+ϱ,µ+ϱ). (5.0.37)

Thus, the Weyl invariance has been eliminated from the sum. Collecting the factors,
the sum in the original expression 5.0.13 simplifies as

Z (µ,Σg, G) =
(−1)r

|W | covol
(
ΛGcoch

) ∑
µ∈ΛG

ch

∏
α∈∆

(α, µ+ ϱ)χ/2 e−
ε
2
(µ+ϱ,µ+ϱ) (5.0.38)

=
(−1)r

|W | covol
(
ΛGcoch

) × (5.0.39)(
|W |

(
(−1)|∆|/2

)χ/2 ∑
µ∈Λd

ch

∏
α∈∆+

(α, µ+ ϱ)χ e−
ε
2
(µ+ϱ,µ+ϱ)

)
(5.0.40)

=
(−1)r

(
(−1)|∆|/2

)χ/2
covol

(
ΛGcoch

) ∑
µ∈Λd

ch

∏
α∈∆+

(α, µ+ ϱ)χ e−
ε
2
(µ+ϱ,µ+ϱ)(5.0.41)

This is in the appropriate form to recover the dimension and quadratic Casimir
of the irreducible representation Rµ of G. In particular, from the formulae 5.0.6 the
terms in the above summand are identified as∏

α∈∆+

(α, µ+ ϱ) =
∏
α∈∆+

(α, ϱ) dim (Rµ) , (µ+ ϱ, µ+ ϱ) = C2 (Rµ) + (ϱ, ϱ) .

(5.0.42)
Thus, inserting 5.0.42 into 5.0.41 yields

Z (µ,Σg, G) =
(−1)r

(
(−1)|∆|/2

)χ/2
covol

(
ΛGcoch

) × (5.0.43)

∑
µ∈Λd

ch

∏
α∈∆+

(
dim (Rµ)

∏
α>0

(α, ϱ)

)χ
e−

ϵ
2
(C2(Rµ)+(ϱ,ϱ))(5.0.44)

=
(−1)r

(
(−1)|∆|/2

)χ/2
e−

ϵ
2
(ϱ,ϱ)∏

α∈∆+
(α, ϱ)χ

covol
(
ΛGcoch

) × (5.0.45)∑
µ∈Λd

ch

dim (Rµ)
χ e−

ϵ
2
C2(Rµ) (5.0.46)

As a check, we consider the case Σg=0 = S2 for G = SU(2). For Z
(
µ, S2, SU (2)

)
we have χ = 2, ∆ = {±2}, |∆| = 2, ϱ = 1, Λd

ch = Z≥0, and covol
(
ΛGcoch

)
is not



87

applicable. Setting ϵ = e2a, yields

Z
(
µ, S2, SU (2)

)
= 4

∑
µ∈Z≥0

dim (Rµ)
2 e−

1
2
e2a(C2(Rµ)+1). (5.0.47)

When compared with the original irrep partition function 5.0.1, this results in the
equations for the renormalization ambiguity constants k1, k2:

4 = e2k1 , e−
1
2
ϵ(C2(Rµ)+1) = e−

1
2
e2a(C2(R)+k2). (5.0.48)

From this we identify k1 = iπn+ log 2, n ∈ Z and k2 = 1.



Chapter 6

A-model localization

In this chapter, we compare the follow-your-nose (FYN), Benini-Zaffaroni (BZ), and
Witten approaches to supersymmetric localization of YM2 theories in the A-model.
In particular, we localize path integrals according to each of the three approaches,
then compare in each case the mode-by-mode evaluation of fluctuation determinants.

6.1 A-model vector multiplet on S2

In this section we describe the A-model on the two-sphere, focusing on the vector
multiplet in Wess-Zumino gauge. This proceeds by first outlining the supersymmet-
ric background, then the vector multiplet, and finally, the supersymmetric actions
constructed from fields in the vector multiplet.

The A-model on the two-sphere is defined by performing the topological A-twist
of the N = (2, 2) supersymmetric theory on R2. Note that this procedure may be
used to define the A-model on any compact closed oriented Riemannian manifold
Σg of genus g, not only on the S2.

The line element on the S2 is

ds2 = 2gzz

(
|z|2
)

dzdz =
√
gdzdz = e1e1. (6.1.1)

Here, z = x1 + ix2, z = x1 − ix2 are complex coordinates, and e1 = e1zdz = g1/4dz,
e1̄ = e1̄z̄dz̄ = g1/4dz is the complex frame. In these conventions, Xz =

1
2 (X1 − iX2)

is a holomorphic vector, Xz = 1
2 (X1 + iX2) is an anti-holomorphic vector, and in

the complex frame, these are X1 = ez1Xz and X1 = ez
1
Xz.

The A-twist is a solution of the Killing spinor equations of S2 that preserves half
of the N = (2, 2) supercharges of R2. The solution is

ARµ =
1

2
ωµ, ζ =

(
0

ζ+

)
, ζ̃ =

(
ζ̃−

0

)
, H = H̃ = 0 (6.1.2)
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for constant Killing spinors ∂µζ = ∂µζ̃ = 0. Here, ARµ is the connection of the
background vector-like U(1)R symmetry, ωµ is the spin connection on S2, and H, H̃
are bosonic scalars from the supergravity multiplet that we do not consider.

The A-twist modifies the spin of the supercharges, the supersymmetry parame-
ters, and the gaugini of the N = (2, 2) theory on R2. In particular, the supercharges
Q−, Q̃+ are anti-commuting scalars, while the supersymmetry parameters ζ+, ζ̃−
are commuting scalars. The A-model scalar supercharge is the linear combination
QA = Q− + Q̃+.

The supersymmetry transformations of the A-model vector multiplet in Wess-
Zumino gauge are

δAa1 = −iΛ1 (6.1.3)

δAa1 = +iΛ̃1 (6.1.4)

δAσ = 0 (6.1.5)

δAσ̃ = −2
(
λ̃+ λ

)
(6.1.6)

δAΛ1 = +2iD1σ (6.1.7)

δAΛ̃1 = −2iD1σ (6.1.8)

δAλ = +i

(
D − 2if11 −

1

2
[σ, σ̃]

)
(6.1.9)

δAλ̃ = −i
(
D − 2if11 +

1

2
[σ, σ̃]

)
(6.1.10)

δAD = −2D1Λ̃1 −
[
σ, λ̃
]
− 2D1Λ1 + [σ, λ] (6.1.11)

Here, δA = δ + δ̃ is the anti-commuting scalar supersymmetry variation with
respect to QA. The A-twisted fermions have been defined as Λ1 = ζ̃−λ−, Λ̃1 = ζ+λ̃+

λ = ζ̃−λ+, λ̃ = ζ+λ̃−. Note that ± does not indicate spin, but is instead meant
to clarify how the A-twisted fermionic vectors and scalars on S2 are related to the
untwisted fermionic spinors from R2.

The algebra of the supercharges is

δ2φ = δ̃2φ = 0, . (6.1.12){
δ, δ̃
}
φ = 2i [σ, φ] (6.1.13){

δ, δ̃
}
aµ = 2Dµσ (6.1.14)

where φ denotes any of the fields in the vector multiplet omitting aµ. In particu-
lar, the supercharges square to an infinitesimal gauge transformation. Accordingly,
gauge-invariant functionals of the fields are nilpotent under δA = δ + δ̃.

A standard supersymmetric action in the A-model is that of the twisted chiral
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multiplet

S =

ˆ
d2x

√
g

(
1

h2
LYM + L

W̃
+ L

W̃

)
(6.1.15)

Here, LYM is the standard Yang-Mills Lagrangian, while L
W̃

is the twisted chiral
superpotential Lagrangian and L

W̃
is its conjugate. In components, the Lagrangians

are

LYM = Tr

(
1

2
(−2if11)

2 − 1

2
D2 +

1

2
Dµσ̃D

µσ +
1

8
[σ, σ̃]2 (6.1.16)

+2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1[σ̃,Λ1] + iλ̃[σ, λ]

)
, (6.1.17)

L
W̃

= Tr

(
+ i (D + 2if11) W̃

′ (σ)− 2Λ1Λ̃1W̃
′′ (σ)

)
, (6.1.18)

L
W̃

= Tr

(
−i (D − 2if11) W̃

′
(σ̃) + 2λ̃λW̃

′′
(σ̃)

)
. (6.1.19)

Here, W̃ and W̃ are holomorphic and anti-holomorphic functionals, respectively,
prime indicates derivatives, the gauge field strength is f11 = ∂1a1 − ∂1a1 − i [a1, a1],
and DµD

µ = 2 {D1, D1}. All the Lagrangians are δA-closed (since the action is
supersymmetric), while LYM, L

W̃
are δA-exact up to total derivatives.

A less common supersymmetric action in A-model (noted in [20]) is defined by

L
ΣΣ̃

= Tr

(
(−2if11)

2 − 2if11D +
1

2
Dµσ̃D

µσ (6.1.20)

+2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1 [σ̃,Λ1]

)
. (6.1.21)

This leads to an action that is both closed and exact under δA. Observe that L
ΣΣ̃

is a type of non-standard Yang-Mills Lagrangian that results in degenerate kinetic
energy for fields, while LYM is a standard Yang-Mills Lagrangian that results in
non-degenerate kinetic energy. When written as δ, δ̃ exact variations, the two types
of Yang-Mills Lagrangians read

LYM = δδ̃Tr
(
σ̃f11 −

1

2
λλ̃

)
(6.1.22)

L
ΣΣ̃

= δδ̃Tr (σ̃f11) (6.1.23)

A small curiosity is the relationship between L
ΣΣ̃

and the standard Donaldson
Lagrangian in two-dimensional cohomological gauge theory LDon (eq. 3.21 in [3]).
Both L

ΣΣ̃
and LDon are degenerate Yang-Mills type Lagrangians, and neither involve

a bosonic scalar commutator term. It is not yet clear to the author whether L
ΣΣ̃

is
the A-model analog of LDon.
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6.2 Localizing terms

In this section, we construct our localizing term. This proceeds by first sketching the
setup for the localization computation, then constructing our localizing term from
the available supersymmetric actions of the A-model vector multiplet, and finally,
recording the path integral to be localized.

Schematically, the quantity we will evaluate is

lim
h→0

ˆ
F
Dφe−

1
h2

{QA,V } (6.2.1)

Here, the fields of the A-model vector multiplet are collectively denoted φ, and Dφ
is the path integral measure on configuration space F of φ. The term S = {QA, V }
is called the localization scheme, or localizing term where S is a commuting action
functional of φ, and V is an anti-commuting functional of φ. For the localizing
supercharge, we take the linear combination QA = Q−+ Q̃+, where Q−, Q̃+ are the
scalar supercharges in the A-model. QA is called the A-model supercharge. The
localizing limit is h→ 0, where h is taken to be the Yang-Mills coupling constant.

Our localization scheme the QA-exact action functional

S (t, τ) = {QA, V (t, τ)} =

ˆ
d2x

√
gL (t, τ) (6.2.2)

where

L (t, τ) = LYM + tLquad

W̃
− τLcom (6.2.3)

=
{
QA, VYM + tV quad

W̃
− τVcom

}
(6.2.4)

is our general localizing Lagrangian. Here, t and τ are parameters that may be
turned on or off, corresponding to different choices of localization scheme, and dif-
ferent localization computations.

The first term in L (t, τ) is the standard Yang-Mills Lagrangian, which has a
QA-exact expression LYM = {QA, VYM} for a fermionic functional VYM.

The second term in L (t, τ) is the standard twisted anti-chiral superpotential
Lagrangian L

W̃
, for the quadratic choice of anti-holomorphic functional W̃ (σ̃) =

1
2 σ̃

2. This reads

Lquad

W̃
= Tr

(
−i (D − 2if11) W̃

′
(σ̃) + 2λ̃λW̃

′′
(σ̃)

)∣∣∣∣
W̃ (σ̃)= 1

2
σ̃2

(6.2.5)

= Tr
(
−i (D − 2if11) σ̃ + 2λ̃λ

)
. (6.2.6)
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This Lagrangian also has a QA-exact expression Lquad

W̃
= {QA, V quad

W̃
} for a fermionic

functional V quad

W̃
.

For L (t = 0, τ) the Lquad

W̃
term is turned off. For L (t ̸= 0, τ), the Lquad

W̃
term is

turned on, and the parameter t can be used to track the behavior of the quadratic
twisted chiral superpotential throughout the localization computation.

Note that one is free to set t to different values, and this corresponds to different
choices of the functional W̃ (σ̃). For instance, t = 1

2 t
′ or t = it′′ corresponds to

W̃ (σ̃) = 1
4 σ̃

2 or W̃ (σ̃) = i
2 σ̃

2, respectively.
The third term in L (t, τ) is the squared commutator of the complex bosonic

scalars together with it’s superpartner

Lcom = δAVcom (6.2.7)

= δATr
(
i

8

(
λ+ λ̃

)
[σ, σ̃]

)
(6.2.8)

= Tr
(
1

8
[σ, σ̃]2 +

i

2
λ̃ [σ, λ]

)
(6.2.9)

To see the corresponding QA-exact expression, one sets ζ̃− = ζ+ = 1 in δA = δ + δ̃

and λ, λ̃.
For L (t, τ = 0), the Lcom term is turned off. For L (t, τ = 1), the squared bosonic

scalar commutator terms in Lcom and LYM cancel, and one introduces a fermionic
scalar commutator term. For L (t, τ ̸= 0), the parameter τ is retained and may be
used to track the behavior of the squared bosonic scalar commutator term in LYM

throughout the localization computation.
In components, the localizing Lagrangian is

L (t, τ) = Tr

(
1

2
(−2if11 − itσ̃)2 +

1

2
(DE + tσ̃)2 (6.2.10)

+
1

2
Dµσ̃D

µσ +
1− τ

8
[σ, σ̃]2 + 2tλ̃λ− iτ

2
λ̃ [σ, λ] (6.2.11)

+2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1[σ̃,Λ1] + iλ̃[σ, λ]

)
. (6.2.12)

Here, we have switched from the “Lorentzian” auxiliary field D to the “Euclidean”
one DE = −iD, and completed the square for the terms involving f11 and DE .

The A-model path integral to be evaluated using supersymmetric localization is

lim
h→0

ˆ
DaDσDσ̃DDEDΛDΛ̃DλDλ̃e−

1
h2

´
d2x

√
gL(t,τ) (6.2.13)

The choice of localization scheme is L (t = 0, τ = 0) = LYM in the Benini-
Zaffaroni approach, and L (t ̸= 0, τ = 1) = LYM + tLquad

W̃
− Lcom in the Witten



6.3. LOCALIZATION LOCI 93

approach.
We will consider other values of the parameters, for instance t ̸= 0 and τ = 0 or

τ ̸= 0, to further understand the subtleties of the computation. Note, however, that
these correspond to non-physical cases.

6.3 Localization loci

In this section, we describe localization loci in the A-model. First, we recall how
localization loci are evaluated from localizing terms, and outline a few features of our
general localizing term. Then, we consider the follow-your-nose approach to A-model
localization, and evaluate the localization locus for the most conventional choice of
localizing term, namely, the Yang-Mills Lagrangian. We see that the localizing term
in the follow-your-nose approach localizes to a locus of flat gauge connections.

Following this, we consider the Witten approach to A-model localization, and
evaluate the localization locus in the case where the localizing term is the Yang-Mills
Lagrangian, without the bosonic commutator term, with a quadratic twisted chiral
superpotential. We see that the localizing term in the Witten approach localizes to
a locus of Yang-Mills connections, which implies the GNO quantization of the gauge
flux.

Finally, we consider the Benini-Zaffaroni approach to A-model localization, and
evaluate the locus of bosonic field configurations that are “almost-BPS”, in the sense
that they almost set the fermionic supersymmetry variations to zero. We recall the
argument for the GNO quantization of the flux in the Benini-Zaffaroni approach.

Generally, the localization locus is the space of bosonic field configurations for
which the real bosonic part of the localizing term vanishes. To evaluate the local-
ization locus, one solves

0 = L (t, τ)|bos (6.3.1)

Tr

(
1

2
(f12 − itσ̃)2 +

1

2
(DE + tσ̃)2 +

1

2
Dµσ̃D

µσ +
1− τ

8
[σ, σ̃]2

)
(6.3.2)

for the fields aµ, σ, σ̃, and DE . Note that aµ sits in both f12 = −2if11 and Dµ =

∂µ − i [aµ, ·]. Different values of the parameters t and τ correspond to different
localization loci.

Each field is valued in the adjoint representation of the complexified Lie alge-
bra of the gauge group. The Lie algebra consists of hermitian matrices for which
the positive definite metric is (M,N) = Tr (M,N). When expressed in the basis
of hermitian generators Ta, the fields take the form Φ = ΦaTa while the covariant
derivatives take the form DµΦ = (DµΦ)

a Ta. As we are working in Euclidean signa-
ture, each of the fields is assumed to be generically complex, and reality conditions
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are chosen to ensure the convergence of the path integral.
Next, we consider the follow-your-nose approach to A-model localization, and

evaluate the localization locus for the case in which the localizing term is the Yang-
Mills Lagrangian. In doing so, we choose standard reality conditions for the compo-
nent fields. In the follow-your-nose approach, we must solve

0 = L (t = 0, τ = 0)|bos (6.3.3)

= Tr

(
1

2
(f12)

2 +
1

2
(DE)

2 +
1

2
Dµσ̃D

µσ +
1

8
[σ, σ̃]2

)
(6.3.4)

for aµ, σ, σ̃,DE . Choosing real aµ, DE , and complex conjugate σ, σ̃, this reduces to
the BPS equations

0 = f12 = DE = Dµσ = Dµσ̃ = [σ, σ̃] (6.3.5)

The solutions aµ, DE , σ, σ̃ of the BPS equations are the BPS configurations
(along the real contour), up to gauge transformations. So, for a†µ = aµ, D

†
E = DE ,

σ† = σ̃, the BPS configurations are

MBPS = {aµ, σ, σ̃,DE | 0 = f12 = DE = Dµσ = Dµσ̃ = [σ, σ̃]} /G (6.3.6)

where G is the group of gauge transformations.
Note that MBPS is a space of bosonic field configurations for which the super-

symmetry variation of the fermions in the vector multiplet vanish. Let us clarify
this point. The fermionic supersymmetry variations are

δAΛ1 = +2iD1σ, (6.3.7)

δAΛ̃1 = −2iD1σ, (6.3.8)

δAλ = +i

(
iDE + f12 −

1

2
[σ, σ̃]

)
, (6.3.9)

δAλ̃ = −i
(
iDE + f12 +

1

2
[σ, σ̃]

)
, (6.3.10)

Setting the fermionic supersymmetry variations to zero

0 = δAΛ1 = δAΛ̃1 = δAλ = δAλ̃, (6.3.11)

corresponds to the following bosonic equations

0 = iDE + f12 = Dµσ = [σ, σ̃] . (6.3.12)

for generically complexified fields aµ, DE , σ, σ̃. Clearly, these equations are solved
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by the configurations MBPS, which set f12 = 0, DE = 0, Dµσ = 0, and [σ, σ̃] = 0.
Moreover, MBPS is a real space that is much smaller than the space of generically
complexified fields that set the fermionic supersymmetry variations to zero.

We proceed by sketching the iterative solution of the BPS equations. From the
equation 0 = f12, we have that aµ is a flat connection. From the equation 0 = DE ,
we have that DE must vanish. From the equation 0 = [σ, σ̃], we have that σ and σ̃
can be simultaneously diagonalized by an element of the gauge group G. That is to
say, σ and σ̃ can be conjugated into the Cartan subalgebra of the complexification
of the Lie algebra of G using gauge transformations.

The solutions of 0 = Dµσ = ∂µσ − i [aµ, σ] fall into two cases depending on
whether the connection a = aµdx

µ is reducible or irreducible. Recall that a is
reducible if StabG(a) ̸= Z(G), and irreducible if StabG(a) = Z(G), where G is the
gauge group, StabG(a) is the stabilizer group of a, and Z(G) is the center of G. If
a is irreducible, then Dµσ = 0 is solved by σ = 0. If a is reducible, then Dµσ = 0

is solved by σ ̸= 0 satisfying 0 = ∂µσ = [aµ, σ], that is, constant configurations of σ
that commute with aµ.

To summarize, the follow-your-nose approach results in a localization locus in
which the gauge fields aµ are flat connections, the real auxiliary field DE vanishes,
and the complex conjugate bosonic scalars σ, σ̃ are constant, covariantly constant,
and commuting. The localization locus is the space of BPS configurations along the
real contour.

Now, we consider the Witten approach to A-model localization, and evaluate
the localization locus in the case where the localizing term is the Yang-Mills La-
grangian, without the bosonic commutator term, with a quadratic twisted chiral
superpotential. In the Witten approach, we must solve

0 = L (t ∈ R>0, τ = 1)|bos (6.3.13)

= Tr

(
1

2
(f12 − itσ̃)2 +

1

2
(DE + tσ̃)2 +

1

2
Dµσ̃D

µσ

)
(6.3.14)

for aµ, σ, σ̃,DE . Choosing real aµ, σ ∈ R, and purely imaginary σ̃, DE ∈ iR, we have
the following situation.

First, to minimize the scalar kinetic energy, we require that the real scalar is
covariantly constant Dµσ = 0. This requirement comes from stationary phase. It
follows that the imaginary scalar is also covariantly constant Dµσ̃ = 0. The matrix
equation reduces to

0 = f12 − itσ̃ = DE + tσ̃ = Dµσ̃ = Dµσ (6.3.15)

Together, f12 = itσ̃ and Dµσ̃ = 0 imply Dµf12 = 0, such that aµ is a Yang-Mills
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connection. If aµ is a Yang-Mills connection, the gauge flux is GNO quantized:

m =
1

2π

ˆ
d2x

√
g (−2if11) ∈ ΛGcochar (6.3.16)

Here, ΛGcochar = {x ∈ h| exp (2πix) = 1G} is the cocharacter lattice of the gauge group
G, x is an element of the Cartan subalgebra h ⊂ g = LieG, exp is the exponential
map from g to G, and 1G is the identity element in G. The cocharacter lattice is
defined as the kernel of the exponential map restricted to h ⊂ g, and is sometimes
also called the GNO lattice. Finally, m ∈ ΛGcochar ⊂ h is the GNO quantized gauge
flux.

From the GNO quantization condition on the gauge flux, we have

f12 =
2π

VS2

m =, σ̃ = − 2πi

tVS2

m, DE =
2πi

VS2

m. (6.3.17)

Here, VS2 = volS2 = 4πR2 whereR is the radius of S2. So, aµ, σ̃, DE are parametrized
by the discrete modulus m on the localization locus.

From the equation 0 = Dµσ = ∂µσ − i [aµ, σ] we have that the real scalar σ
is covariantly constant, and it suffices to study its structure over a single point on
S2. For reducible connections, 0 = Dµσ permits non-zero, real, continuous solutions
σ. So, σ is parametrized by σ = 2πV

−1/2
S2 u on the localization locus, where u is a

continuous real dimensionless modulus.
To summarize, the Witten approach results in a localization locus in which

the gauge fields aµ are Yang-Mills connections, or equivalently, the gauge flux is
GNO quantized. On the localization locus, the purely imaginary scalars DE and
σ̃ are parametrized by the discrete GNO quantized flux m, and the real scalar σ is
parametrized by the continuous modulus u.

Next, we consider the Benini-Zaffaroni approach to A-model localization, and
briefly describe the locus of bosonic field configurations that are “almost-BPS”. Fol-
lowing the Benini-Zaffaroni approach, we do not evaluate bosonic field configurations
that set the bosonic part of L (t = 0, τ = 0) = LYM to zero along the real contour,
but instead, we study the bosonic field configurations for which the fermionic su-
persymmetry variations vanish. Once again, we set the fermionic supersymmetry
variations to zero

0 = δAΛ1 = δAΛ̃1 = δAλ = δAλ̃, (6.3.18)

and obtain the following bosonic equations

0 = iDE + f12 = Dµσ = [σ, σ̃] , (6.3.19)

for generically complexified fields aµ, DE , σ, σ̃. Choosing real aµ, complex conjugate
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σ, σ̃, but permitting DE to remain generically complex, we obtain the almost-BPS
equations

0 = f12 + iDC
E = Dµσ = Dµσ̃ = [σ, σ̃] (6.3.20)

for real f12, and complex DC
E . Note that, for DC

E = 0, one recovers the BPS equa-
tions.

So, for a†µ = aµ, σ† = σ̃, and generically complexified DC
E , the space of almost

BPS configurations is

MaBPS =
{
aµ, σ, σ̃,D

C
E | 0 = f12 + iDC

E = Dµσ = Dµσ̃ = [σ, σ̃]
}
/G (6.3.21)

where G is the group of gauge transformations. Note that the infinitesimal gauge
transformations are δσaµ = 2Dµσ for aµ, and δσφ = 2i [σ, φ] for DC

E , σ, σ̃.
Roughly speaking, the considerations regarding the GNO quantization of the

flux and the configuration 0 = f12 + iDC
E are as follows. If the gauge flux is GNO

quantized m = 1
2π

´
S2 f , the Yang-Mills equations Dµf12 = 0 are satisfied, and

f12 = −iDC
E implies DµD

C
E = 0. In this case, the configurations

0 = DC
E − 2πi

VS2

m, D0 = DC
E − 2πi

VS2

m (6.3.22)

are gauge equivalent, where D0 ∈ C is a constant zero-mode of DC
E . Moreover, the

gauge orbit of D0 intersects the real contour of DC
E , that is

DC
E = D0 +

2πi

VS2

m ∈ R, for D0 ∈ R − 2πi

VS2

m. (6.3.23)

If the gauge flux is not GNO quantized, these considerations do not hold, and the
gauge orbit of D0 spans DC

E = f12 + C.
To summarize, in the Benini-Zaffaroni approach to A-model localization, one

considers a locus of almost-BPS field configurations by permitting the auxiliary
field to remain generically complex DC

E . The locus of almost BPS configurations
is non-compact, and singular. In this approach, the auxiliary field DC

E plays at
least three important roles. First, DC

E plays a central role in the GNO quantization
of the flux. Second, DC

E is subsequently used to close the off-shell supersymmetry
multiplet of zero modes. Third, DC

E is used to regulate singularities in the bosonic
moduli space.

Finally, let us record an interesting feature regarding the relationship of the A-
model to the standard multiplet of two-dimensional cohomological gauge theory. The
fields of the Euclidean A-model vector multiplet in WZ gauge are related, by field
redefinitions, to the fields of the standard cohomological multiplet. Let Y denote the
auxiliary field in the standard cohomological multiplet. The cohomological auxiliary
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field Y is related to the A-model auxiliary field D = iDE by the field redefinition

Y = −i (D − 2if11) . (6.3.24)

Restricting the supersymmetry parameters to ζ̃− = ζ+ = 1, and expressing D in
terms of Y , the supersymmetry transformations of the fermions and the auxiliary
field are

QAΛ1 = +2iD1σ, (6.3.25)

QAΛ̃1 = −2iD1σ, (6.3.26)

QAλ = −Y − i

2
[σ, σ̃] (6.3.27)

QAλ̃ = +Y − i

2
[σ, σ̃] (6.3.28)

QAY = i
[
σ, λ̃− λ

]
(6.3.29)

Setting the fermionic supersymmetry variations to zero

0 = QAΛ1 = QAΛ̃1 = QAλ = QAλ̃, (6.3.30)

we obtain the following bosonic equations

0 = Y = Dµσ = [σ, σ̃] . (6.3.31)

The interesting feature is that 0 = Y is the same equation as 0 = iDE + f12.

6.4 Locus expansion

In this section, we describe the locus expansion of the localizing Lagrangian, resulting
in an expression for the localizing Lagrangian up to quadratic order in fluctuations.

The bosonic fields a1, a1, σ, σ̃,DE are expanded as

φ = φ0 + hφ′ (6.4.1)

where φ0 denotes zero modes determined by the localization locus, and φ′ denotes
fluctuating modes.

The fermionic fields Λ1, Λ̃1λ, λ̃ are expanded as

ψ = hψ′ (6.4.2)

where ψ′ denotes fluctuating modes.
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First, the fields in the localizing Lagrangian are recast in terms of zero modes
and fluctuations, then we take the localizing limit h→ 0. To illustrate, we consider
the locus expansion of the bosonic terms in

L (t, τ) = Tr

(
1

2
(−2if11 − itσ̃)2 +

1

2
(DE + tσ̃)2 +

1

2
Dµσ̃D

µσ +
1− τ

8
[σ, σ̃]2 + . . .

)
(6.4.3)

For the gauge kinetic term, we have

1

2h2
(−2if11 − itσ̃)2 −→

φ→φ0+hφ′

1

2h2
(
−2if0

11
− itσ̃0 + h

(
−2if ′

11
− itσ̃′

))2(6.4.4)

−→
h→0

1

2

(
−2if ′

11
− itσ̃′

)2 (6.4.5)

where f ′
11

= D0
1a

′
1
−D0

1
a′1, and −2if0

11
− itσ̃0 = 0 on the locus.

For the auxiliary field term, we have

1

2h2
(DE + tσ̃)2 −→

φ→φ0+hφ′

1

2h2
(
D0
E + tσ̃0 + h

(
D′
E + tσ̃′

))2 (6.4.6)

−→
h→0

1

2

(
D′
E + tσ̃′

)2 (6.4.7)

where D0
E + tσ̃0 = 0 on the locus.

For the bosonic scalar kinetic term, we have

1

2h2
Dµσ̃D

µσ −→
φ→φ0+hφ′

1

h2

[ (
∂1 − i

[
a01 + ha′1, σ̃0 + hσ̃′

])
(6.4.8)

×
(
∂1 − i

[
a0
1
+ ha′

1
, σ0 + hσ′

])
(6.4.9)

+
(
∂1 − i

[
a0
1
+ ha′

1
, σ̃0 + hσ̃′

])
(6.4.10)

×
(
∂1 − i

[
a01 + ha′1, σ0 + hσ′

]) ]
(6.4.11)

−→
h→0

(
D0

1σ̃
′ − i

[
a′1, σ̃0

]) (
D0

1
σ′ − i

[
a′
1
, σ0
])

(6.4.12)

+
(
D0

1
σ̃′ − i

[
a′
1
, σ̃0
]) (

D0
1σ

′ − i
[
a′1, σ0

])
(6.4.13)

where we have used holomorphic coordinates Dµσ̃D
µσ = 2 (D1σ̃D1σ +D1σ̃D1σ).

Note that if we first integrate by parts
ˆ

S2

d2x
√
gTrDµσ̃D

µσ (6.4.14)

=

ˆ

S2

d2x
√
gTr

1

2
(Dµσ̃D

µσ +DµσD
µσ̃) , (6.4.15)

then expand in holomorphic coordinates, we obtain an equivalent (but larger) ex-
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pression.
For the bosonic scalar commutator term, we have

1

8h2
[σ, σ̃]2 −→

φ→φ0+hφ

1

8h2
[
σ0 + hσ′, σ̃0 + hσ̃′

]2 (6.4.16)

−→
h→0

1

8

([
σ′, σ̃0

]
+
[
σ0, σ̃

′])2 (6.4.17)

Collecting the results, the localizing Lagrangian up to quadratic order in fluctu-
ations is

1

h2
L̃ (t, τ) = Tr

[
1

2

(
−2if ′

11
− itσ̃′

)2
+

1

2

(
D′
E + tσ̃′

)2 (6.4.18)

+
1− τ

8

([
σ′, σ̃0

]
+
[
σ0, σ̃

′])2 (6.4.19)

+
(
D0

1σ̃
′ − i

[
a′1, σ̃0

]) (
D0

1̄σ
′ − i

[
a′1̄, σ0

])
(6.4.20)

+
(
D0

1̄σ̃
′ − i

[
a′1̄, σ̃0

]) (
D0

1σ
′ − i

[
a′1, σ0

])
(6.4.21)

+2iΛ̃′
1
D0

1λ
′ − 2iΛ′

1D
0
1
λ̃′ − iΛ̃′

1

[
σ̃0,Λ

′
1

]
+ iλ̃′

[
σ0, λ

′] (6.4.22)

+2tλ̃′λ′ − iτ

4
λ′
[
σ0, λ̃

′
]
− iτ

4
λ̃′
[
σ0, λ

′] ]+O (h) (6.4.23)

where f ′
11

= D0
1a

′
1
−D0

1
a′1, and D0

1, D
0
1

denote the covariant derivatives w.r.t. gauge
fields a01, a01.

6.5 Gauge-fixing

In this section, we describe the gauge fixing procedure for the localizing Lagrangian.
To gauge fix, we add a gauge-fixing Lagrangian to the Localizing Lagrangian. The
gauge-fixing Lagrangian is exact under both the BRST symmetry δb and the A-
model supersymmetry δA = δ + δ̃.

The BRST transformations are

δbaµ = Dµc (6.5.1)

δbφ = i [c, φ] (6.5.2)

δbψ = i {c, ψ} (6.5.3)

δbc =
i

2
{c, c} (6.5.4)

δbc̃ = −B (6.5.5)

δbB = 0 (6.5.6)

where B is the Nakanishi-Lautrap field, c, c̃ are Fadeev-Popov ghosts, φ denotes the
bosons σ, σ̃,DE , and ψ denotes the fermions Λ1, Λ̃1, λ, λ̃.
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The gauge-fixing Lagrangian is defined as

Lgf =
1

2

(
δ′ + δ̃′

)(
c̃

(
Ggf +

ξ

2
B

))
, (6.5.7)

where δ′ = δ + δb, δ̃
′ = δ̃ + δb, Ggf is the gauge-fixing function for physical fields,

and ξ is a parameter.
When evaluated for generic Ggf, the gauge-fixing Lagrangian reads

Lgf =
1

2

(
δ′ + δ̃′

)(
c̃

(
Ggf +

ξ

2
B

))
(6.5.8)

=
ξ

2
δb (c̃B) + δb (c̃Ggf) +

ξ

4
δ (c̃B) +

1

4
ξδ̃ (c̃B) +

1

2
δ (c̃Ggf) +

1

2
δ̃ (c̃Ggf)(6.5.9)

= −ξ
2
B2 −BGgf − c̃δb (Ggf)−

1

2
c̃δ (Ggf)−

1

2
c̃δ̃ (Ggf) (6.5.10)

Completing the square, then integrating B, the expression becomes

Lgf =
1

2ξ
G2

gf −
ξ

2

(
B +

1

ξ
Ggf

)2

− c̃δb (Ggf) + . . . (6.5.11)

=
1

2ξ
G2

gf − c̃δb (Ggf) + . . . (6.5.12)

For the gauge fixing function, we take

Ggf = Dµa
µ +

i

2
ξγ [σ, σ̃] (6.5.13)

where γ is a parameter that we introduce to retain or remove the bosonic scalar
commutator term.

For this choice of Ggf, the gauge-fixing Lagrangian is

Lgf =
1

2ξ

(
2D1a1̄ + 2D1̄a1 +

i

2
ξγ [σ, σ̃]

)2

(6.5.14)

−2c̃δb (D1a1̄)− 2c̃δb (D1̄a1)− c̃δ (D1a1̄)− c̃δ (D1̄a1) (6.5.15)

−c̃δ̃ (D1a1̄)− c̃δ̃ (D1̄a1) +
iγξ

2
c̃δb ([σ, σ̃]) (6.5.16)

+
iγξ

4
c̃δ ([σ, σ̃]) +

iγξ

4
c̃δ̃ ([σ, σ̃]) (6.5.17)

=
1

2ξ

(
2D1a1̄ + 2D1̄a1 +

i

2
ξγ [σ, σ̃]

)2

(6.5.18)

−2c̃D1D1̄c− 2c̃D1̄D1c− ic̃∂1Λ̃1̄ + ic̃∂1̄Λ1 (6.5.19)

− iγξ
2
c̃
[
σ, λ+ λ̃

]
− γξ

2
(c̃ [σ, [c, σ̃]] + c̃ [[c, σ] , σ̃]) (6.5.20)
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The part of the gauge-fixing Lagrangian that effects the 1-loop determinant is

Lgf =
1

2ξ

(
Dµa

µ +
i

2
ξγ [σ, σ̃]

)2

+Dµc̃D
µc+ . . . (6.5.21)

Setting ξ = 1, γ = 1 corresponds to the Feynman-like gauge used in appendix C.4
of [20], and setting ξ = 1, γ = 0 corresponds to the Landau-like gauge considered in
appendix D.2 of [13].

For later convenience, we define

Lgf,gh (ξ, γ) = Lgf (ξ, γ) + Lgh (6.5.22)

=
1

2ξ

(
Dµa

µ +
iξγ

2
[σ, σ̃]

)2

+Dµc̃D
µc. (6.5.23)

The gauge-fixed localizing Lagrangian to quadratic order in fluctuations is

L̃ (t, τ, ξ, γ) = L̃ (t, τ) + L̃gf,gh (ξ, γ) (6.5.24)

= Tr
[
1

2

(
−2if ′

11
− itσ̃′

)2
+

1

2

(
D′
E + tσ̃′

)2 (6.5.25)

+
1− τ

8

([
σ′, σ̃0

]
+
[
σ0, σ̃

′])2 (6.5.26)

+
(
D0

1σ̃
′ − i

[
a′1, σ̃0

]) (
D0

1̄σ
′ − i

[
a′1̄, σ0

])
(6.5.27)

+
(
D0

1̄σ̃
′ − i

[
a′1̄, σ̃0

]) (
D0

1σ
′ − i

[
a′1, σ0

])
(6.5.28)

+2iΛ̃′
1
D0

1λ
′ − 2iΛ′

1D
0
1
λ̃′ − iΛ̃′

1

[
σ̃0,Λ

′
1

]
+ iλ̃′

[
σ0, λ

′](6.5.29)

+2tλ̃′λ′ − iτ

4
λ′
[
σ0, λ̃

′
]
− iτ

4
λ̃′
[
σ0, λ

′] (6.5.30)

+
1

2ξ

(
2D0

1a
′
1̄ + 2D1̄a

′
1 +

iξγ

2

([
σ′, σ̃0

]
+
[
σ0, σ̃

′]))2

(6.5.31)

−2c̃′D0
1D

0
1̄c

′ − 2c̃′D0
1̄D

0
1c

′
]

(6.5.32)

where f ′
11

= D0
1a

′
1
−D0

1
a′1, and D0

1, D
0
1

contain gauge fields a01, a01.

6.6 Fluctuation operators

In this section, we describe how to use the Cartan-Weyl basis to construct ma-
trix expressions for localizing Lagrangians to quadratic order in fluctuations. This
proceeds by first describing the Cartan Weyl basis, then the Cartan-Weyl decompo-
sition of fields, and finally, how to express Lagrangians in terms of matrices. In the
following section, we will discuss the monopole spherical harmonic decomposition of
fluctuating modes, and outline the explicit evaluation of 1-loop determinants.

The Cartan-Weyl (CW) basis for the Lie algebra of the gauge group g = LieG
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is {Ha, Eα}, where Ha is a generator of the Cartan subalgebra, and Eα is a ladder
operator. Here, a is an index for the Cartan subalgebra, and α is a non-vanishing
root. The generators and ladder operators satisfy

[Ha, Eα] = α (Ha)Eα, [Ha, Hb] = 0, [Eα, E−α] =
2

|α|2
αaHa (6.6.1)

Tr (EαEβ) = δα+β,0, Tr (HaEβ) = 0, E†
α = E−α. (6.6.2)

The Cartan-Weyl decomposition of the adjoint-valued bosonic fields a1, a1, σ, σ̃,DE

is

φ = φ0 + hφ′ (6.6.3)

=
∑
a

Haφ
a
0 + h

(∑
a

Haφ
′a +

∑
α

Eαφ
′α

)
(6.6.4)

=
∑
a

Haφ
a
0 + h

(∑
a

Haφ
′a +

∑
α>0

(
Eαφ

′α + E−αφ
′−α)) (6.6.5)

where φ0 denotes zero modes determined by the localization locus, and φ′ denotes
fluctuating modes.

The Cartan-Weyl decomposition of the adjoint-valued fermionic fields Λ1, Λ̃1, λ, λ̃

is

ψ = hψ′ (6.6.6)

= h

(∑
a

Haψ
′a +

∑
α

Eαψ
′α

)
(6.6.7)

= h

(∑
a

Haψ
′a +

∑
α>0

(
Eαψ

′α + E−αψ
′−α)) (6.6.8)

where ψ′ denotes fluctuating modes.
To illustrate, we sketch the procedure to obtain matrix expressions for a general

localizing Lagrangian, first for the bosons, then for the fermions. Consider the
bosonic part of the localizing Lagrangian together with the gauge-fixing Lagrangian,
in the form

L (t, τ, ξ, γ)|bos = L (t, τ)|bos + Lgf,gh (ξ, γ) (6.6.9)

=
1

h2
Tr

(
1

2
(−2if11 − itσ̃)2 +

1

2
(DE + tσ̃)2 (6.6.10)

+
1

4
(Dµσ̃D

µσ +DµσD
µσ̃) +

1− τ

8
[σ, σ̃]2 (6.6.11)

1

2ξ

(
Dµa

µ +
iξγ

2
[σ, σ̃]

)2

+Dµc̃D
µc

)
(6.6.12)
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We do not consider the auxiliary field DE since it can be integrated out by setting
it to its on-shell value.

First, we perform the locus expansion and obtain an expression for the localizing
Lagrangian to quadratic order in fluctuations. Then we expand in the fields in the
Cartan-Weyl basis. The result is an action to quadratic order in fluctuations, which
we denote

S̃bos =

ˆ

S2

d2x
√
g L̃ (t, τ, ξ, γ)

∣∣∣
bos

(6.6.13)

This action may be expressed in terms of a 4× 4 matrix for physical modes, and
a 1× 1 matrix for ghost modes, which reads

S̃bos =

ˆ

S2

d2x
√
g
∑
α

Tr

((
a−α
1
, a−α1 , σ−α, σ̃−α

)
∆

(α)
bos


aα1
aα
1

σα

σ̃α

+ c̃−α∆
(α)
ghoc

α

)
,(6.6.14)

where the bosonic fluctuation matrix ∆
(α)
bos is



−2(ξ+1)D0
1D

0
1̄
−ξα(σ0)α(σ̃0)

ξ

2(ξ−1)D0
1D

0
1

ξ

i(γ+1)α(σ̃0)D
0
1

2

(2t−i(γ−1)α(σ0))D
0
1

2
2(ξ−1)D0

1̄
D0

1̄
ξ

−2(ξ+1)D0
1̄
D0

1−ξα(σ0)α(σ̃0)

ξ

i(γ+1)α(σ̃0)D
0
1̄

2

(−2t−i(γ−1)α(σ0))D
0
1̄

2
−i(γ+1)α(σ̃0)D

0
1̄

2

−i(γ+1)α(σ̃0)D
0
1

2
− (γ2ξ+τ−1)α(σ̃0)

2

8

(γ2ξ+τ−1)α(σ0)α(σ̃0)−D2

8
(2t+i(γ−1)α(σ0))D

0
1̄

2

(−2t+i(γ−1)α(σ0))D
0
1

2

(γ2ξ+τ−1)α(σ0)α(σ̃0)−2D2

8

−(γ2ξ+τ−1)α(σ0)
2−4t2

8


(6.6.15)

the ghost fluctuation matrix is
∆

(α)
gho = −D2 (6.6.16)

and D2 = 2{D0
1, D

0
1
}. Note that we have assumed complex conjugate a′†

1
= a′1,

a′†1 = a′
1
, and independent σ′, σ̃′. In this case, aµ, σ would be integrated out along

the real contour, and σ̃ would be integrated out along the purely imaginary contour.
Next, we consider the fermionic part of the localizing Lagrangian

L (t, τ)|fer = Tr
(
2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1[σ̃,Λ1] (6.6.17)

+iλ̃[σ, λ] + 2tλ̃λ− iτ

2
λ̃ [σ, λ]

)
(6.6.18)

Following the same procedure, we obtain an expression to quadratic order in fluctu-
ations in the Cartan-Weyl basis, in the localizing limit. In this case, there are two
possible matrix expressions for L̃ (t, τ)

∣∣∣
fer

depending on the reality conditions of the

fluctuating modes Λ′
1, Λ̃

′
1
, λ′, λ̃′.

If we take the modes to be complex conjugates Λ′†
1
= Λ′

1, λ̃′† = λ′, we have an
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expression in terms of a 2× 2 matrix. This reads

S̃fer =

ˆ

S2

d2x
√
g
∑
α

Tr

(
1

2

(
2Λ̃

(−α)
1

, λ̃(−α)
)
∆

(α)
fer

(
2Λ

(α)
1

λ(α)

))
(6.6.19)

∆
(α)
fer = −2i

(
1
4α (σ̃0) −D0

1

D0
1̄

(τ−2)
2 α (σ0) + 2it

)
(6.6.20)

This matrix has a 1-loop contribution in terms of a determinant det∆(α)
fer . To evalu-

ate this, however, we must first decompose the fluctuations in the basis of monopole
spherical harmonics.

Alternatively, we can expand the fermionic Lagrangian, repeat the procedure,
and take the fermionic modes to be independent. In this case, one obtains a 4 × 4

matrix whose 1-loop contribution is a Pfaffian. The expanded Lagrangian is

L (t, τ)|fer =
1

2
Tr
(
2i
(
λD1Λ̃1̄ + Λ̃1̄D1λ

)
− 2i

(
λ̃D1̄Λ1 + Λ1D1̄λ̃

)
(6.6.21)

−i
(
Λ1

[
σ̃, Λ̃1̄

]
+ Λ̃1̄ [σ̃,Λ1]

)
+ i
(
λ
[
σ, λ̃
]
+ λ̃ [σ, λ]

)
(6.6.22)

+2t
(
λ̃λ− λλ̃

)
− iτ

2

(
λ
[
σ, λ̃
]
+ λ̃ [σ, λ]

))
(6.6.23)

Here we have used integration by parts and the cyclicity of the trace for anti-
commuting Λ1, Λ̃1, λ, λ̃.

Repeating the procedure to obtain a quadratic order Lagrangian in the Cartan
Weyl basis, and taking the modes to be independent Λ′†

1
̸= Λ′

1, λ̃
′† ̸= λ′, we have

S̃fer =

ˆ

S2

d2x
√
g
∑
α

Tr

((
Λ
(−α)
1 , Λ̃

(−α)
1

, λ(−α), λ̃(−α)
)
∆

(α)
fer


Λ
(α)
1

Λ̃
(α)

1

λ(α)

λ̃(α)


)

(6.6.24)

∆
(α)
fer =


0 − iα(σ̃0)

2 0 −iD0
1̄

− iα(σ̃0)
2 0 iD0

1 0

0 iD0
1 0 − i(τ−2)α(σ0)

4 − t

−iD0
1̄

0 − i(τ−2)α(σ0)
4 + t 0

 (6.6.25)

This matrix has a 1-loop contribution in terms of a Pfaffian Pf∆(α)
fer .
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6.7 Monopole spherical harmonics

In this section, we will outline how to use monopole spherical harmonics to evaluate
the 1-loop determinant of a localizing Lagrangian at quadratic order in fluctuations.
We illustrate the procedure using two simple examples. In the first example, we eval-
uate a bosonic 1-loop determinant. In the second example, we evaluate a fermionic
1-loop determinant. A similar exposition may be found in appendix C of [20], and
we follow the same conventions. In both cases, we consider a monopole background
of charge r = −c1 on the A-twisted S2 of unit radius, where c1 is the first Chern
class. The charge may be written as r = r −Q(m) for R-charge r, gauge charge Q,
and GNO quantized flux m.

Consider the quadratic bosonic action

S̃bos =

ˆ

S2

d2x
√
g
∑
α

Tr
(
2a

(−α)
1

∆
(α)
bosa

(α)
1

)
(6.7.1)

∆
(α)
bos = −4D1D1 + α (σ̃0)α (σ0) (6.7.2)

for complex conjugate a(−α)
1

, a
(α)
1 .

In the basis of monopole harmonics, the fluctuating modes are expressed as

a
(α)
1 =

∑
j≥j0(r)+1

j∑
m=−j

Aj,mY r
2
,j,m (6.7.3)

a
(−α)
1

=
∞∑

j′≥j(r)+1

j′∑
m′=−j′

Aj′,m′Y †
r
2
,j′,m′ (6.7.4)

where Y r
2
,j,m is the top vector harmonic, and j0 (r) =

|r−1|
2 − 1

2 .
Expressing the fluctuating modes in S̃bos in terms of harmonics, we have
ˆ

S2

d2x
√
g
∑
α

∑
j′,j,m′,m

(
2Aj′,m′Y †

r
2
,j′,m′ (−4D1D1 + α (σ̃0)α (σ0))Aj,mY r

2
,j,m

)
(6.7.5)

The operator acting on the harmonic satisfies the eigenvalue equation

−4D1D1Y r
2
,j,m =

(
j (j + 1)− r

2

(r
2
− 1
))

Y r
2
,j,m. (6.7.6)

Replacing the operator with its eigenvalue, S̃bos reads
ˆ

S2

d2x
√
g
∑
α

∑
j′,j,m′,m

(
2Aj′,m′Y †

r
2
,j′,m′

(
j (j + 1)− r

2

(r
2
− 1
)
+ α (σ̃0)α (σ0)

)
Aj,mY r

2
,j,m

)
(6.7.7)
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The harmonics form an orthonormal basis. For scalar harmonics the orthonormal
condition is ˆ

S2

d2x
√
g Y †

r−2
2
,j′,m′Y r−2

2
,j,m = δj,j′δm,m′ . (6.7.8)

Similar considerations hold for vector harmonics, except that there is an additional
delta function.

For this reason, the integral over the two-sphere in S̃bos evaluates to

2
∑
α

∑
j≥j0(r)+1

j∑
m=−j

Aj,m

(
j (j + 1)− r

2

(r
2
− 1
)
+ α (σ̃0)α (σ0)

)
Aj,m. (6.7.9)

It follows that the bosonic 1-loop determinant, obtained by integrating out com-
plex conjugate fluctuations a(−α)

1
and a(α)1 , is

1√
det∆bos

(6.7.10)

where

det∆bos =
∏
α

r
2
−1∏

m=− r
2
+1

(α (σ̃0)α (σ0)) (6.7.11)

∞∏
j=j0(r)+1

j∏
m=−j

(
j (j + 1)− r

2

(r
2
− 1
)
+ α (σ̃0)α (σ0)

)
(6.7.12)

Next, we evaluate the 1-loop determinant of the fermionic Lagrangian

Lfer = L (t, τ = 0)|fer (6.7.13)

= Tr
(
2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1[σ̃,Λ1] + iλ̃[σ, λ] + 2tλ̃λ

)
(6.7.14)

To quadratic order in fluctuations, the action reads

S̃fer =

ˆ

S2

d2x
√
g
∑
α

Tr

(
1

2

(
2Λ̃

(−α)
1

, λ̃(−α)
)
∆

(α)
fer

(
2Λ

(α)
1

λ(α)

))
(6.7.15)

∆
(α)
fer = −2i

(
1
4α (σ̃0) −D1

D1̄ α (σ0) + 2it

)
(6.7.16)

for complex conjugate pairs Λ̃
(−α)
1

,Λ(α)
1 and λ̃(−α), λ(α).
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In the basis of monopole harmonics, the fluctuating modes are expressed as

Λ
(α)
1 =

∑
j≥j0(r)+1

j∑
m=−j

LjmY r
2
,j,m (6.7.17)

Λ̃
(−α)
1

=
∞∑

j′≥j(r)+1

j′∑
m′=−j′

L̃j′m′Y †
r
2
,j′,m′ (6.7.18)

λ(α) =
∑

j≥j0(r)+1

j∑
m=−j

ℓjmY r−2
2
,j,m (6.7.19)

λ̃(−α) =
∞∑

j′≥j(r)+1

j′∑
m′=−j′

ℓ̃j′m′Y †
r−2
2
,j′,m′ (6.7.20)

where Y r
2
,j,m is the top vector harmonic, Y r−2

2
,j,m is the scalar harmonic, and j0 (r) =

|r−1|
2 − 1

2 .
The operators acting on harmonics in S̃fer satisfy the eigenvalue equations

(−2iD1) Λ
(α)
1 =

∑
j,m

Ljm (−2iD1)Y r
2
,j,m (6.7.21)

=
∑
j,m

Ljm

(
−λ(−)(r)

j,m

)
Y r−2,

2
j,m (6.7.22)

(2iD1)λ
(α) =

∑
j,m

ℓjm (2iD1)Y r−2
2
,j,m (6.7.23)

=
∑
j,m

ℓjm

(
−λ(+)(r−2)

j,m

)
Y r

2
,j,m (6.7.24)

where the eigenvalues are

λ
(±)(r)
jm =

√(
j +

1

2

)2

− (r± 1)2

4
. (6.7.25)

Note that the eigenvalues obey λ(±)(r)
jm = λ

(∓)(r±2)
jm , that is to say, the eigenvalues

coincide when r is shifted by two.
Using the fact that both the vector harmonics Y †

r
2
,j′,m′ ,Y r

2
,j,m, and the scalar

harmonicsY †
r−2
2
,j′,m′ ,Y r−2

2
,j,m, form an orthonormal basis, we integrate over the two-

sphere in S̃fer and obtain the expression

∑
α

∑
j≥j0(r)+1

j∑
m=−j

Tr

(
L̃jm (−iα (σ̃0))Ljm + L̃jm

(
−λ(+)(r−2)

j,m

)
ℓjm (6.7.26)

+ℓ̃jm

(
−λ(−)(r)

j,m

)
Ljm + ℓ̃jm (−2iα (σ0) + 4t) ℓjm

)
(6.7.27)
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It follows that the fermionic 1-loop determinant, obtained by integrating out
complex conjugate pairs Λ̃

(−α)
1

,Λ(α)
1 and λ̃(−α), λ(α), is

det∆
(α)
fer =

∏
α

(−2iα (σ0) + 4t)α(m)−1
∏
α

(−iα (σ̃0))
1−α(m) (6.7.28)

×
∏
α

∞∏
j=j0(α)+1

[
j (j + 1)− α(m)

2

(
α(m)

2
− 1

)
− 2 (α (σ0)− 2it)α (σ̃0)

]2j+1

(6.7.29)

where j0(α) =
|1−α(m)|

2 − 1
2 was translated from j0 (r) =

|r−1|
2 − 1

2 using r = 2−α(m).

6.8 Integrating bosonic scalars

Here, we discuss the integration contours for the bosonic scalars σ, σ̃. Consider the
bosonic gauge fixed Localizing Lagrangian

L (t, τ, ξ, γ)|bos = L (t, τ)|bos + Lgf,gh (ξ, γ) (6.8.1)

=
1

h2
Tr

(
1

2
(f12 − itσ̃)2 +

1

2
(DE + tσ̃)2 (6.8.2)

+
1

2
DµσD

µσ̃ +
1− τ

8
[σ, σ̃]2 (6.8.3)

1

2ξ

(
Dµa

µ +
iξγ

2
[σ, σ̃]

)2

+Dµc̃D
µc

)
(6.8.4)

When the superpotential is turned on (t ̸= 0), the integration contour for σ̃ is
constrained by the quadratic term involving f12 − itσ̃. Since the only reasonable
integration contour for the gauge field is aµ ∈ R, we always have f12 ∈ R, as well
as itσ̃ ∈ R. So, the integration contour for σ̃ then depends on whether t is a real
or purely imaginary parameter. Specifically, to satisfy itσ̃ ∈ R we must have either
t ∈ R and σ̃ ∈ iR or t ∈ iR and σ̃ ∈ R.

Furthermore, the integration contour of σ is constrained by that of σ̃. Typically,
one takes the bosonic scalars to be complex conjugates, but if one is real, the other
must be purely imaginary. Thus, for t ∈ R we have σ̃ ∈ iR and σ ∈ R, while for
t ∈ iR we have σ̃ ∈ R and σ ∈ iR.

When the superpotential is turned off (t = 0), σ̃ no longer appears in the
quadratic term involving f12, and it’s integration contour is not constrained as be-
fore. In this case, the standard choice is to take σ and σ̃ to be complex conjugates,
but it remains possible to take one real and the other purely imaginary.

Let us describe how to evaluate the integral for real σ and purely imaginary σ̃, at
quadratic order in fluctuations. To do so, we set σ̃ =: iσ̃R for σ̃R ∈ R. The bosonic
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scalar kinetic term is

σ−α
(
−1

2
D2

)
σ̃α −→ iσT

(
−1

2
D2

)
σ̃R (6.8.5)

where D2 = DµD
µ is the Laplacian. Integrating over σ ∈ R yields the delta-function

constraint δ
(
−D2σ̃R

)
. In this case, the measure can be recast as

Dσ̃Rδ
(
−D2σ̃R

)
= Dσ̃Rδ (σ̃R) det

(
−D2

σ̃

)−1/2 (6.8.6)

where D2
σ̃ is the contribution of the Laplacian acting on σ̃R. Integrating over σ̃R ∈ R

then sets to zero all σ̃R fluctuations in the Lagrangian due to the delta function
δ (σ̃R).

Moreover, the contribution det
(
−D2

σ̃

)−1/2 partially cancels the contribution
from integrating out the ghosts c, c̃. In particular, integrating out the ghosts con-
tributes a factor of det

(
−D2

c

)
and the cancellation that occurs is

det
(
−D2

c

)√
det
(
−D2

σ̃

) =
√
det (−D2) (6.8.7)

6.9 1-loop determinants

In this section, we use monopole spherical harmonics to evaluate 1-loop determi-
nants mode-by-mode, for several different localizing Lagrangians in the A-model.
In doing so, we hope to understand and compare the three approaches to A-model
localization, namely, the follow-your-nose approach, the Witten approach, and the
Benini-Zaffaroni approach. The three approaches correspond to different localizing
Lagrangians, different localization loci, and different 1-loop determinants.

Let us begin by outlining the procedure to evaluate 1-loop contributions mode-
by-mode. First, we specify our choice of localizing Lagrangian L (t, τ, ξ, γ), as well
as parameters t, τ, ξ, γ. Then we construct a matrix expression for the localizing
Lagrangian at quadratic order in fluctuations in the Cartan Weyl basis, first for the
bosons, then for the fermions. If the matrix is not in the appropriate form to be
evaluated, it is brought into the correct form. For instance, the bosonic matrices
must be hermitian. Following this, the fluctuating modes are decomposed in the
basis of monopole spherical harmonics.

Our monopole harmonic conventions are precisely those of [20], for a monopole
background of charge r = −c1 = 2−α(m). Here, c1 is the first Chern class, 2 is the
vector like R-symmetry charge, the gauge charge α is a root (weight of the adjoint
representation), and m is the GNO quantized flux. This r is appropriate for the
A-model vector multiplet V, which transforms like a chiral multiplet Φ of R-charge



6.9. 1-LOOP DETERMINANTS 111

2 in the adjoint representation. For this choice, the monopole harmonics are

Y r−1
jm ∀j ≥ |r − 1| , Y r

jm ∀j ≥ |r| , Y r+1
jm ∀j ≥ |r + 1| , for r = −α(m)

2
(6.9.1)

where

j ≥ j0 (α) + 1, j0(α) =
|1− α(m)|

2
− 1

2
, m = −j,−j + 1, · · · , j. (6.9.2)

Here, Y r
j,m is the scalar harmonic, Y r+1

j,m is the top vector harmonic, Y r−1
j,m is the

bottom vector harmonic, and the statement Y r
jm ∀j ≥ |r| should be understood as:

the harmonic Y r
jm that exists for all j ≥ |r| where r = −α(m)

2 and α(m) ∈ Z.
The fluctuating modes, in the quadratic order Lagrangian, are expressed in terms

of harmonics according to whether they are scalars or vectors. The scalar fluctua-
tions σ(α), σ̃(α), D(α)

E , λ(α), λ̃(α) are expressed in terms of the scalar harmonic Y r
j,m,

the holomorphic vector fluctuations a(α)1 ,Λ
(α)
1 are expressed in terms of the top

vector harmonic Y r+1
j,m , and the anti-holomorphic vector fluctuations a(α)

1
,Λ

(α)

1
are

expressed in terms of the bottom vector harmonic Y r−1
j,m .

As a result, the quadratic order Lagrangian now involves various combinations
of D1 and D1 acting on harmonics. The operators act on harmonics according to
the eigenvalue equations

D1Y
r
j,m = r+

2 Y
r+1
j,m , D1Y

r+1
j,m = − r+

2 Y
r
j,m,

D1Y
r
j,m = − r−

2 Y
r−1
j,m , D1Y

r−1
j,m = r−

2 Y
r
j,m.

D1D1Y
r+1
j,m = − r2+

4 Y
r+1
j,m , D1D1Y

r−1
j,m = r−r+

4 Y r+1
j,m ,

D1D1Y
r+1
j,m = r+r−

4 Y r−1
j,m , D1D1Y

r−1
j,m = − r2−

4 Y
r−1
j,m ,

D1D1Y
r
j,m = − r2−

4 Y
r
j,m, D1D1Y

r
j,m = − r2+

4 Y
r
j,m.

(6.9.3)

where we have denoted the eigenvalues as

r± =
√
j (j + 1)− r (r ± 1) for r = −α(m)

2
(6.9.4)

Observe, however, that the harmonics only exist for specific values of j, e.g. Y r+1
jm

exists for j ≥ |r + 1|, and the eigenvalues that contribute depend on which harmonics
exist. We proceed by first specifying values for j = j0 (α) + 1 and α (m) ∈ Z,
then determining which harmonics exist and which eigenvalues contribute, then
evaluating the corresponding 1-loop contribution. This is implemented iteratively
for all possible values of j. For later convenience, the existence of harmonics is
summarized in Table C.1.

For each value of j and α (m) we obtain a ratio of determinants that is the col-
lective contribution of integrating out the bosonic, fermionic, and ghost fluctuation
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∃Y
−α(m)

2 +1

jm

∀ j≥
∣∣∣−α(m)

2
+1

∣∣∣ ∃Y
−α(m)

2
jm

∀ j≥
∣∣∣−α(m)

2

∣∣∣ ∃Y
−α(m)

2 −1

jm

∀j≥
∣∣∣−α(m)

2
−1

∣∣∣ dG = 2j + 1

j = α(m)
2 − 1 α(m) ≥ 2 - - α(m)− 1

j = −α(m)
2 - α(m) ≤ 0 α(m) ≤ −1 1− α(m)

j = −α(m)
2 − 1 - - α(m) ≤ −2 −α(m)− 1

j = α(m)
2 α(m) ≥ 1 α(m) ≥ 0 - α(m) + 1

Table 6.1: Harmonic Existence This table describes the existence of harmonics
for various values of j and α(m), where dG is degeneracy. Note that the harmonics

Y r+1
jm , Y r

jm, Y
r−1
jm are respectively denoted Y

−α(m)
2

+1

jm , Y −α(m)
2

jm , Y −α(m)
2

−1

jm using using

r = −α(m)
2 . For example, for j = −α(m)

2 , Y −α(m)
2

jm exists when α(m) ≤ 0, Y −α(m)
2

−1

jm

exists when α(m) ≤ −1, and the degeneracy is dG = 1 − α(m). For j ≥ |α(m)|
2 + 1

all harmonics exist with degeneracy |α(m)| + 3. The choices j = α(m)
2 − 1 or j =

−α(m)
2 give r+ = 0, while j = −α(m)

2 − 1 or j = α(m)
2 give r− = 0, for r± =√

j (j + 1)− α(m)/2 (α(m)/2∓ 1).

operators. The ratio of determinants is then simplified by identifying cancellations
that occur between different contributions.

6.9.1 Case 1: Yang-Mills Lagrangian

Here we compute the 1-loop determinant mode-by-mode, for the case in which the
localizing term is the Yang-Mills Lagrangian. This is the localizing Lagrangian for
the follow-your-nose approach to localization in the A-model.

The Localizing Lagrangian together with the gauge-fixing Lagrangian is

L (t = 0, τ = 0, ξ = 1, γ = 0) (6.9.5)

= LYM + Lgf,gh (ξ = 1, γ = 0) (6.9.6)

=
1

h2
Tr

(
1

2
(−2if11)

2 +
1

2
D2
E +

1

2
Dµσ̃D

µσ +
1

8
[σ, σ̃]2 (6.9.7)

+2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1[σ̃,Λ1] + iλ̃[σ, λ] (6.9.8)

+
1

2
(Dµa

µ)2 +Dµc̃D
µc

)
(6.9.9)

Note that we immediately integrate out the auxiliary field DE by setting it to its
on-shell value in the action.
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The bosonic action to quadratic order in fluctuations is

S̃bos =

ˆ

S2

d2x
√
gL̃bos (6.9.10)

L̃bos =
∑
α

Tr

((
a−α
1
, a−α1 , σ−α, σ̃−α

)
∆bos,0


aα1
aα
1

σα

σ̃α

+ c̃−α (∆gho) c
α

)
(6.9.11)

∆bos,0 =


−4D1D1 + α(σ̃0)α(σ0) 0 0 −iα(σ0)D1

0 −4D1D1 + α(σ̃0)α(σ0) 0 −iα(σ0)D1

−iα(σ̃0)D1 −iα(σ̃0)D1 −1
8α(σ̃0)

2 −1
2D

2 + α(σ̃0)α(σ0)
8

0 0 α(σ̃0)α(σ0)
8 −α(σ0)2

8

(6.9.12)

∆gho = −D2 (6.9.13)

where D2 = 2 {D1, D1}. Note that we have chosen the complex conjugate pairs for
the gauge modes (a†

1
= a1) and the ghost modes (c̃† = c), but not the bosonic scalar

modes (σ† ̸= σ̃).
The matrix ∆bos,0 is not hermitian, and therefore not in the appropriate form. To

extract the hermitian part of ∆bos,0, we recall that a matrix M can be decomposed
into a hermitian part A = A† and an anti-hermitian part B = −B†. The decom-
position of the matrix is M = A + B for A = 1

2

(
M +M †) and B = 1

2

(
M −M †).

Using A =M −B for M = ∆bos,0, we obtain the hermitian matrix A = ∆bos.
In terms of the appropriate hermitian matrix ∆bos, the quadratic Lagrangian is

L̃bos =
∑
α

Tr

((
a−α
1
, a−α1 , σ−α, σ̃−α

)
(2∆bos)


aα1
aα
1

σα

σ̃α

+ c̃−α
(
−D2

)
cα
)

(6.9.14)

∆bos =


−4D1D1 + α(σ̃0)α(σ0) 0 iα(σ̃0)

2 D1 − iα(σ0)
2 D1

0 −4D1D1 + α(σ̃0)α(σ0)
iα(σ̃0)

2 D1 − iα(σ0)
2 D1

− iα(σ̃0)
2 D1 − iα(σ̃0)

2 D1 −α(σ̃0)
2

8 −D2

4 + α(σ̃0)α(σ0)
8

iα(σ0)
2 D1

iα(σ0)
2 D1

D2

4 + α(σ̃0)α(σ0)
8 −α(σ0)

2

8

(6.9.15)
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The fermionic action to quadratic order in fluctuations is

S̃fer =

ˆ

S2

d2x
√
gL̃fer (6.9.16)

L̃fer =
∑
α

Tr

(
1

2

(
2Λ̃

(−α)
1

, λ̃(−α)
)
∆

(α)
fer

(
2Λ

(α)
1

λ(α)

))
(6.9.17)

∆fer = −2i

(
α(σ̃0)

4 −D1

D1 −α (σ0)

)
(6.9.18)

Note that we have chosen the complex conjugate pairs for both the fermionic vector
modes (Λ†

1
= Λ1) and the fermionic scalar modes (λ̃† = λ).

In the basis of monopole harmonics, the fluctuating modes are expressed as

a
(α)
1 =

∑
j≥j0(α)+1

j∑
m=−j

AjmY
r+1
j,m , (6.9.19)

a
(−α)
1 =

∞∑
j′≥j(α)+1

j′∑
m′=−j′

Aj′m′Y r−1,†
j′,m′ , (6.9.20)

a
(α)

1
=

∑
j≥j0(α)+1

j∑
m=−j

ÃjmY
r−1
j,m , (6.9.21)

a
(−α)
1

=
∞∑

j′≥j(α)+1

j′∑
m′=−j′

Ãj′m′Y r+1,†
j′,m′ , (6.9.22)

σ(α) =
∑

j≥j(α)+1

j∑
m=−j

SjmY
r
j,m, (6.9.23)

σ(−α) =

∞∑
j′≥j(α)+1

j′∑
m′=−j′

SjmY
r,†
j′,m′ , (6.9.24)

σ̃(α) =
∑

j≥j(α)+1

j∑
m=−j

S̃jmY
r
j,m, (6.9.25)

σ̃(−α) =

∞∑
j′≥j(α)+1

j′∑
m′=−j′

S̃j′m′Y r,†
j′,m′ , (6.9.26)
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c(α) =
∑

j≥j(α)+1

j∑
m=−j

CjmY
r
j,m, (6.9.27)

c̃(−α) =
∞∑

j′≥j(α)+1

j′∑
m′=−j′

C̃j′m′Y r,†
j′,m′ , (6.9.28)

Λ
(α)
1 =

∑
j≥j0(α)+1

j∑
m=−j

LjmY
r+1
j,m , (6.9.29)

Λ̃
(−α)
1

=
∑

j′≥j(α)+1

j′∑
m′=−j′

L̃j′m′Y r+1,†
j′,m′ , (6.9.30)

λ(α) =
∑

j≥j0(α)+1

j∑
m=−j

ℓjmY
r
j,m, (6.9.31)

λ̃(−α) =
∑

j′≥j(α)+1

j′∑
m′=−j′

ℓ̃j′m′Y r,†
j′,m′ . (6.9.32)

for j0(α) =
|1−α(m)|

2 − 1
2 and r = −α(m)

2 .
The order of evaluation is as follows. We choose a specific value of j and α(m)

and determine which harmonics exist. If a harmonic does not exist, we remove it
by deleting its associated row and column from the matrices ∆bos,∆fer and ∆gho.
Then, the operators in the matrices are replaced by their appropriate eigenvalues,
e.g. D1Y

r
j,m = r+

2 Y
r+1
j,m . Following this, we integrate over the two-sphere using the

fact that the harmonics form an orthonormal basis, e.g.
´
S2 d

2x
√
g Y r,†

j′,m′Y r
j,m =

δj,j′δm,m′ . Next, we evaluate the determinant of each matrix, and obtain an ex-
pression involving an infinite product over j, which corresponds to evaluating the
integrals over fluctuating modes. We construct the ratio of determinants, identify
the cancellations occurring between infinite products, then simplify the expression.
By repeating this process for all values of j and α(m), we obtain the collective 1-loop
contribution.

To be clear, the harmonic existence criteria is

Y
−α(m)

2
−1

jm ∀j ≥
∣∣∣∣−α(m)

2
− 1

∣∣∣∣ , Y −α(m)
2

jm ∀j ≥
∣∣∣∣−α(m)

2

∣∣∣∣ , Y −α(m)
2

+1

jm ∀j ≥
∣∣∣∣−α(m)

2
+ 1

∣∣∣∣
(6.9.33)

and the cases for specific j that we now iterate through are as follows.

1. For j ≥ |α(m)|
2 +1, α(m) ∈ Z, the existing harmonics are Y

−α(m)
2

−1

jm , Y
−α(m)

2
jm , Y

−α(m)
2

+1

jm

with degeneracy 2j + 1.
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2. For j = α(m)
2 −1, α(m) ≥ 2, the existing harmonic is Y −α(m)

2
+1

jm with degeneracy
α(m)− 1.

3. For j = −α(m)
2 , α(m) ≤ −1, the existing harmonics are Y −α(m)

2
−1

jm , Y
−α(m)

2
jm with

degeneracy 1− α(m).

(a) For j = 0, α(m) = 0, the existing harmonic is Y
−α(m)

2
jm with degeneracy

−1

4. For j = −α(m)
2 − 1, α(m) ≤ −2, the existing harmonic is Y −α(m)

2
−1

jm with
degeneracy −α(m)− 1.

5. For j = α(m)
2 , α(m) ≥ 1, the existing harmonics are Y −α(m)

2
jm , Y

−α(m)
2

+1

jm with
degeneracy α(m) + 1.

(a) For j = 0, α(m) = 0, the existing harmonic is Y
α(m)

2
jm with degeneracy +1

After iterating through these cases, we collect the results, and evaluate the total
1-loop contribution. Now, we proceed with the iterative evaluation of the 1-loop
contribution for all cases of j.

1. For j ≥ |α(m)|
2 + 1, all harmonics exist and the determinants are

det∆bos =
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

(
j2 + j − α(m)2

4

)2

(6.9.34)

×
((

j +
α(m)

2

)(
j − α(m)

2
+ 1

)
+ α(σ̃0)α(σ0)

)
(6.9.35)

×
((

j +
α(m)

2
+ 1

)(
j − α(m)

2

)
+ α(σ̃0)α(σ0)

)
(6.9.36)

det∆gh =
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

(
j2 + j − α(m)2

4

)
(6.9.37)

det∆fer =
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

(
j +

α(m)

2

)(
j − α(m)

2
+ 1

)
+ α(σ̃0)α(σ0)(6.9.38)

The ghosts cancel part of the bosonic operator

det∆gh√
det∆bos

=
1(∏

α

∏∞
j=

|α(m)|
2 +1

∏j
m=−j

((
j+

α(m)
2

)(
j−α(m)

2
+1

)
+α(σ̃0)α(σ0)

)
×
((
j+

α(m)
2

+1
)(
j−α(m)

2

)
+α(σ̃0)α(σ0)

)
)1/2

(6.9.39)
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Since the roots come in ±α pairs, the product can be simplified as∏
α

f (α) =
∏
α>0

f (α)
∏
α<0

f (α) =
∏
α>0

f (α) f (−α) . (6.9.40)

The ratio of determinants becomes

det∆gh det∆fer√
det∆bos

=

∏
α>0

∏∞
j=

|α(m)|
2 +1

∏j
m=−j

((
j+

α(m)
2

)(
j−α(m)

2
+1

)
+α(σ̃0)α(σ0)

)
×
((
j+

α(m)
2

+1
)(
j−α(m)

2

)
+α(σ̃0)α(σ0)

)
(∏

α

∏∞
j=

|α(m)|
2 +1

∏j
m=−j

((
j+

α(m)
2

)(
j−α(m)

2
+1

)
+α(σ̃0)α(σ0)

)
×
((
j+

α(m)
2

+1
)(
j−α(m)

2

)
+α(σ̃0)α(σ0)

)
)1/2

(6.9.41)

= 1 (6.9.42)

2. For j = α(m)
2 − 1 with α(m) ≥ 2, only the Y −α(m)

2
+1

jm harmonic exists. The
degeneracy is α(m)− 1.

det∆bos =
∏
α

(2α(σ̃0)α(σ0))
α(m)−1 (6.9.43)

det∆gh = ∅ (6.9.44)

det∆fer =
∏
α

(
− i

2
α(σ̃0)

)α(m)−1

(6.9.45)

Together, these are

det∆gh det∆fer√
det∆bos

=
∏

α,α(m)≥2

21−α(m) (−iα(σ̃0)) α(m)−1√
2α(m)−1 (α(σ̃0)α(σ0)) α(m)−1

(6.9.46)

(a) When α is a root (i.e. weight of the adjoint representation), with α(σ̃0) ̸=
0, α(σ0) ̸= 0, and there are no generic zero modes.

(b) When α is an element of the Cartan, both the fermionic and bosonic
determinants are zero because 0 = α(σ̃0) = α(σ0), and σ0, σ̃0 ∈ h by the
moduli space equations.

3. For j = −α(m)
2 with α(m) ≤ −1, both the Y −α(m)

2
jm and Y

−α(m)
2

−1

jm harmonics
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exists. The degeneracy is 1− α(m). The contributions are

det∆bos =
∏
α

(
α(m)2

8
(α(σ̃0)α(σ0)− α(m))

)1−α(m)

(6.9.47)

det∆gh =
∏
α

(
−α(m)

2

)1−α(m)

(6.9.48)

det∆fer =
∏
α

(2iα(σ0))
1−α(m) (6.9.49)

Together, these are

det∆gh det∆fer√
det∆bos

=
∏

α,α(m)≤−1

(−iα(m)α(σ0))
1−α(m)√

8α(m)−1 (α(m)2 (α(σ̃0)α(σ0)− α(m))) 1−α(m)
(6.9.50)

(a) For α(m) = 0, only the Y
−α(m)

2
jm harmonic exists. To study this case,

we proceed by evaluating the determinants for α(m) ̸= 0, then taking
α(m) → 0. The determinants are

det∆bos =
∏
α

(
α(m)2

16

)1−α(m)

−→
α(m)→0

∏
α

(
0

4
· 0
4

)
(6.9.51)

det∆gh =
∏
α

(
−α(m)

2

)1−α(m)

−→
α(m)→0

∏
α

(
−0

2

)
(6.9.52)

det∆fer =
∏
α

(2iα(σ0))
1−α(m) −→

α(m)→0

∏
α

(2iα(σ0))(6.9.53)

det∆gh det∆fer√
det∆bos

=

∏
α

(
−α(m)

2

)1−α(m)∏
α (2iα(σ0))

1−α(m)√∏
α

(
α(m)2

16

)1−α(m)
(6.9.54)

−→
α(m)→0

∏
α

0√
02

(−4iα(σ0)) (6.9.55)

Here there is one ghost zero mode, and two bosonic zero modes (one for
each α(m)2) coming from the harmonic expansion of the scalars σ, σ̃.

i. When α is a root, α(σ̃0) ̸= 0, α(σ0) ̸= 0, and α(m) = 0, there are two
generic bosonic zero modes from α(m)2, and one ghost zero mode.
These bosonic zero modes come from the harmonic expansion of the
scalars σ, σ̃, each of which contributes a factor of α(m).

ii. When α is an element of the Cartan, all eigenvalues are zero because
0 = α(σ̃0) = α(σ0) = α(m), and σ0, σ̃0,m ∈ h by the moduli space
constraint.
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4. For j = −α(m)
2 − 1 with α(m) ≤ −2, only the Y −α(m)

2
−1

jm harmonic exists. The
degeneracy is −α(m)− 1. The contributions are

det∆bos =
∏
α

(2α(σ̃0)α(σ0))
−α(m)−1 (6.9.56)

det∆gh = ∅ (6.9.57)

det∆fer = ∅ (6.9.58)

Together, these are

det∆gh det∆fer√
det∆bos

=
∏

α,α(m)≤−2

1√
(2α(σ̃0)α(σ0))−α(m)−1

(6.9.59)

(a) When α is a root, with α(σ̃0) ̸= 0 ̸= α(σ0), and there are no generic zero
modes.

(b) When α is an element of the Cartan, both the fermionic and bosonic
determinants are zero because α(σ̃0) = 0 = α(σ0) because σ, σ̃ ∈ t by the
moduli space equations.

5. For j = α(m)
2 with α(m) ≥ 1, both the Y

−α(m)
2

+1

jm and Y
−α(m)

2
jm harmonics exists..

The degeneracy is α(m) + 1.

det∆bos =
∏
α

(
α(m)2

8
(α(σ̃0)α(σ0) + α(m))

)α(m)+1

(6.9.60)

det∆gh =
∏
α

(
α(m)

2

)α(m)+1

(6.9.61)

det∆fer =
∏
α

(α(m) + α(σ̃0)α(σ0))
α(m)+1 (6.9.62)

Together, these are

det∆gh det∆fer√
det∆bos

=
∏

α∈g,α(m)≥1

2
1
2
(α(m)+1)

√
(α(m) + α(σ̃0)α(σ0)) α(m)+1(6.9.63)

(a) For α(m) = 0, only the Y
−α(m)

2
jm harmonic exists. To study this case,

we proceed by evaluating the determinants for α(m) ̸= 0, then taking
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α(m) → 0. The determinants are

det∆bos =
∏
α

(
α(m)2

16

)α(m)+1

−→
α(m)→0

∏
α

(
0

4
· 0
4

)
(6.9.64)

det∆gh =
∏
α

(
α(m)

2

)α(m)+1

−→
α(m)→0

∏
α

(
0

2

)
(6.9.65)

det∆fer =
∏
α

(2iα(σ0))
α(m)+1 −→

α(m)→0

∏
α

(2iα(σ0))(6.9.66)

det∆gh det∆fer√
det∆bos

=

∏
α

(
α(m)
2

)α(m)+1∏
α (2iα(σ0))

α(m)+1√∏
α

(
α(m)2

16

)α(m)+1
(6.9.67)

−→
α(m)→0

∏
α

0√
02

(4iα(σ0)) (6.9.68)

i. When α is a root, α(σ̃0) ̸= 0 ̸= α(σ0), and α(m) = 0, there are two
generic bosonic zero modes from α(m)2, and one ghost zero mode.
These bosonic zero modes come from the harmonic expansion of the
scalars σ, σ̃, each of which contributes a factor of α(m).

ii. When α is an element of the Cartan, all eigenvalues are zero because
α(σ̃0) = 0 = α(σ0) as well as α(m) = 0 because σ, σ̃,m ∈ h by the
moduli space constraint.

To collect the results, we denote the ratio of determinants, evaluated for a particular
value of j, by

Zj1L =

(
det∆gh det∆fer√

det∆bos

)∣∣∣∣
j

. (6.9.69)

Thus, for α(m) ̸= 0, the various contributions are

Z
j=

α(m)
2

−1

1L =
∏

α,α(m)≥2

(
− i

2α(σ̃0)
)α(m)−1√

(2α(σ̃0)α(σ0))
α(m)−1

(6.9.70)

Z
j=−α(m)

2
1L =

∏
α,α(m)≤−1

(
−α(m)

2

)1−α(m)
(2iα(σ0))

1−α(m)√(
α(m)2

8 (α(σ̃0)α(σ0)− α(m))
)1−α(m)

(6.9.71)

Z
j=−α(m)

2
−1

1L =
∏

α,α(m)≤−2

1√
(2α(σ̃0)α(σ0))

−α(m)−1
(6.9.72)

Z
j=

α(m)
2

1L =
∏

α,α(m)≥1

(
α(m)
2

)α(m)+1
(α(m) + α(σ̃0)α(σ0))

α(m)+1√(
α(m)2

8 (α(σ̃0)α(σ0) + α(m))
)α(m)+1

(6.9.73)
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The contribution from the terms with |α(m)| ≥ 2 is

Z
|α(m)|≥2
1L = Z

j=
α(m)

2
−1

1L Z
j=−α(m)

2
−1

1L

=
∏

α,α(m)≤−2

1√
(2α(σ̃0)α(σ0))

−α(m)−1

×
∏

α,α(m)≥2

(
− i

2α(σ̃0)
)α(m)−1√

(2α(σ̃0)α(σ0))
α(m)−1

Switching the sign of α(m) in the second product, we combine the two expressions
to get

Z
|α(m)|≥2
1L =

∏
α,α(m)≤−2

(
− i

2α(σ̃0)
)−α(m)−1

(2α(σ̃0)α(σ0))
−α(m)−1

(6.9.74)

=
∏

α,α(m)≤−2

1

(4iα(σ0))
−α(m)−1

(6.9.75)

Switching to positive roots using
∏
α f (α) =

∏
α>0 f (α) f (−α), we get for the

α(m) ≤ −2 contribution

Z
α(m)≤−2
1L =

∏
α>0

16 (−1)α(m) α(σ0)
2 (6.9.76)

and similarly for α(m) ≥ 2. So, the contribution for |α(m)| ≥ 2 is

Z
|α(m)|≥2
1L =

∏
α>0

16 (−1)α(m) α(σ0)
2. (6.9.77)

The contribution from the |α(m)| ≥ 1 terms are

Z
|α(m)|≥1
1L = Z

j=
α(m)

2
1L Z

j=−α(m)
2

1L (6.9.78)

=
∏

α,α(m)≥1

(
α(m)
2

)α(m)+1
(α(m) + α(σ̃0)α(σ0))

α(m)+1√(
α(m)2

8 (α(σ̃0)α(σ0) + α(m))
)α(m)+1

(6.9.79)

×
∏

α,α(m)≤−1

(
−α(m)

2

)1−α(m)
(2iα(σ0))

1−α(m)√(
α(m)2

8 (α(σ̃0)α(σ0)− α(m))
)1−α(m)

(6.9.80)

Switching the sign of α(m) in the second product, we combine the above expressions
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to get

Z
|α(m)|≥1
1L =

∏
α,α(m)≥1

(
α(m)
2

)2(α(m)+1)
(α(m) + α(σ̃0)α(σ0))

α(m)+1 (2iα(σ0))
1+α(m)(

α(m)2

8 (α(σ̃0)α(σ0) + α(m))
)α(m)+1

.(6.9.81)

=
∏

α,α(m)≥1

(4iα(σ0))
1+α(m) (6.9.82)

Switching to positive roots using
∏
α f (α) =

∏
α>0 f (α) f (−α), we have that the

α(m) ≥ 1 contribution is

Z
α(m)≥1
1L =

∏
α>0

16 (−1)α(m) α(σ0)
2, (6.9.83)

and similarly for α(m) ≤ −1. So, the contribution for |α(m)| ≥ 1 is

Z
|α(m)|≥1
1L =

∏
α>0

16 (−1)α(m) α(σ0)
2. (6.9.84)

Thus, the ratio of determinants for α(m) ̸= 0 is

Z
α(m) ̸=0
1-loop =

∏
α>0

16 (−1)α(m) α(σ0)
2. (6.9.85)

6.9.2 Case 2: Yang-Mills with quadratic potential

Here we compute the 1-loop determinant mode-by-mode, for the case in which the
localizing Lagrangian is the Yang-Mills Lagrangian with the quadratic twisted chiral
superpotential Lagrangian.

The Localizing Lagrangian together with the gauge-fixing Lagrangian is

L (t ∈ R>0, τ = 0, ξ = 1, γ = 0) (6.9.86)

= LYM + tL
W̃

+ Lgf,gh (ξ = 1, γ = 0) (6.9.87)

=
1

h2
Tr

(
1

2
(−2if11 − itσ̃)2 +

1

2
(DE + tσ̃)2 (6.9.88)

+
1

2
Dµσ̃D

µσ +
1

8
[σ, σ̃]2 + 2iΛ̃1D1λ− 2iΛ1D1λ̃ (6.9.89)

−iΛ̃1 [σ̃,Λ1] + iλ̃[σ, λ] + 2tλ̃λ (6.9.90)

+
1

2
(Dµa

µ)2 +Dµc̃D
µc

)
(6.9.91)

Note that we immediately integrate out the auxiliary field DE by setting it to its
on-shell value in the action.

The bosonic Lagrangian to quadratic order in fluctuations is
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L =
∑
α

Tr

((
a−α
1
, a−α1 , σ−α, σ̃−α

)
M


aα1
aα
1

σα

σ̃α

+ c̃−α (−DµD
µ) cα

)
(6.9.92)

M =


−4D1D1 + α(σ̃0)α(σ0) 0 0 (−iα(σ0) + t)D1

0 −4D1D1 + α(σ̃0)α(σ0) 0 (−iα(σ0)− t)D1

−iα(σ̃0)D1 −iα(σ̃0)D1 − 1
8
α(σ̃0)

2 −{D1, D1}+ 1
8
α(σ̃0)α(σ0)

tD1 −tD1
1
8
α(σ̃0)α(σ0) − 1

8
α(σ0)

2 + t2

2


(6.9.93)

Decomposing M = A+B where A = 1
2

(
M+M†) is Hermitian and B = 1

2

(
M−M†)

is anti-Hermitian, we have for A = M−B the matrix

A =


−4D1D1 + α(σ̃0)α(σ0) 0 1

2
iα(σ̃0)D1

(
− 1

2
iα(σ0) + t

)
D1

0 −4D1D1 + α(σ̃0)α(σ0)
1
2
iα(σ̃0)D1

(
− 1

2
iα(σ0)− t

)
D1

− 1
2
iα(σ̃0)D1 − 1

2
iα(σ̃0)D1 −α(σ̃0)

2

8
−{D1,D1}

2
+ α(σ̃0)α(σ0)

8(
1
2
iα(σ0) + t

)
D1

(
1
2
iα(σ0)− t

)
D1

{D1,D1}
2

+ α(σ̃0)α(σ0)
8

−α(σ0)
2

8
+ t2

2

 .(6.9.94)

This is half of M, and the operator to be evaluated is ∆
(α)
bos = 2A. The harmonics

are
Y r−1
jm ∀j ≥ |r − 1| , Y r

jm ∀j ≥ |r| , Y r+1
jm ∀j ≥ |r + 1| (6.9.95)

where r = −α(m)
2 . The fields

(
aα1 , a

α
1
, σα, σ̃α

)
are expanded in

(
Y r+1
jm , Y r−1

jm , Y r
jm, Y

r
jm

)
,

while the ghosts are Grassmann odd scalars (c, c̃) expanded in Y r
jm reading

(−2D1D1 − 2D1D1)Y
−α(m)

2
jm (6.9.96)

The fermionic part of the quadratic Lagrangian is

Lfer =
∑
α

Tr

(
1

2

(
2Λ̃

(−α)
1

, λ̃(−α)
)
∆

(α)
fer

(
2Λ

(α)
1

λ(α)

))
(6.9.97)

∆
(α)
fer = −2i

(
α(σ̃0)

4 −D1

D1 −α (σ0) + it

)
(6.9.98)

The fermionic fields
(
2Λ

(α)
1 , λ(α)

)
are expanded in

(
Y r+1
jm , Y r

jm

)
. The matrix reads

(
− iα(σ̃0)

2 2iD
(−α(m)/2)
1

−2iD
(−α(m)/2+1)

1
2 (iα(σ0) + t)

) Y
−α(m)

2
+1

jm

Y
−α(m)

2
jm

 . (6.9.99)

The contributions are evaluated using the table for harmonic existence C.1.



6.9. 1-LOOP DETERMINANTS 124

For j ≥ |α(m)|
2 + 1 all harmonics exist, and the determinants are

det∆bos =
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

1

4

(
2itα(σ̃0)

2α(σ0)
(
r4− − r4+

)
(6.9.100)

−4t2α(σ̃0)
3α(σ0)

(
α(σ̃0)α(σ0) + r2− + r2+

)
(6.9.101)

+
(
r2− + r2+

)2 (
α(σ̃0)α(σ0) + r2−

) (
α(σ̃0)α(σ0) + r2+

))
(6.9.102)

det∆gh =
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

(
j2 + j − α(m)2

4

)
(6.9.103)

det∆fer =
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

(
j +

α(m)

2

)(
j − α(m)

2
+ 1

)
+ α(σ̃0) (α(σ0)− it)(6.9.104)

where r± =
√
j (j + 1)− r (r ± 1) for r = −α(m)

2 .
Denoting the ratio of determinants, evaluated for a particular value of j, by

Zj1L =

(
det∆gh det∆fer√

det∆bos

)∣∣∣∣
j

, (6.9.105)

the repetition of the mode-by-mode analysis of the previous section results in

Z
j=

α(m)
2

−1

1L,t̸=0 =
∏

α,α(m)≥2

(
− i

2α(σ̃0)√
2α(σ̃0)α(σ0)

)α(m)−1

(6.9.106)

Z
j=−α(m)

2
1L,t̸=0 =

∏
α,α(m)≤−1

− 2α(m) (t+ iα(σ0))√
1
2
α(m)2(α(σ̃0)α(σ0)−α(m))+itα(m)2α(σ̃0)

+2t2α(σ̃0)2(α(m)−α(σ̃0)α(σ0))


1−α(m)

(6.9.107)

Z
j=−α(m)

2
−1

1L,t ̸=0 =
∏

α,α(m)≤−2

(
1√

2α(σ̃0)α(σ0)

)−α(m)−1

(6.9.108)

Z
j=

α(m)
2

1L,t̸=0 =
∏

α,α(m)≥1

 α(m) (α(m) + α(σ̃0) (α(σ0)− it))√
1
2
α(m)2(α(σ̃0)α(σ0)+α(m))−itα(m)2α(σ̃0)

−2t2α(σ̃0)2(α(m)+α(σ̃0)α(σ0))


α(m)+1

(6.9.109)

6.9.2.1 Case 2a: Pfaffian

Here, we compute fermionic 1-loop contributions in terms of a Pfaffian as opposed
to a determinant. We consider first the fermionic part of the localizing term

Lfer
loc =

1

h2
Tr
(
2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1 [σ̃,Λ1] + iλ̃ [σ, λ] + 2tλ̃λ

)
(6.9.110)



6.9. 1-LOOP DETERMINANTS 125

The Grassmann-odd fermionic fields are contracted with the supersymmetry param-
eters as(

Λ
(α)
1 , Λ̃

(α)

1
, λ(α), λ̃(α)

)
=

((
ζ̃−λ−

)(α)
1

,
(
ζ+λ̃+

)(α)
1

,
(
ζ̃−λ+

)(α)
,
(
ζ+λ̃−

)(α))
,

(6.9.111)

which are expanded in the monopole harmonics as (Y −α(m)
2

+1

jm , Y
−α(m)

2
−1

jm , Y
−α(m)

2
jm , Y

−α(m)
2

jm ),
respectively.

To compute the determinant from the Pfaffian, the fermionic fluctuation operator
needs to be recast as a 4 × 4 matrix. After integrating by parts, one may express
the fermionic part of the localizing term as

Lfer
loc =

1

h2
Tr
(
2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1 [σ̃,Λ1] + iλ̃ [σ, λ] + 2tλ̃λ

)
(6.9.112)

=
1

h2
Tr

(
iΛ̃1D1λ+ iλD1Λ̃1 − iΛ1D1λ̃− iλ̃D1Λ1 (6.9.113)

− i

2
Λ̃1 [σ̃,Λ1]−

i

2
Λ1

[
σ̃, Λ̃1

]
+
i

2
λ̃ [σ, λ] (6.9.114)

+
i

2
λ
[
σ, λ̃
]
+ tλ̃λ− tλλ̃

)
(6.9.115)

In terms of a matrix, this reads

L2
fer =

∑
α

Tr
(
Λ
(−α)
1 , Λ̃

(−α)
1

, λ(−α), λ̃(−α)
)
∆

(2)
fer


Λ
(α)
1

Λ̃
(α)

1

λ(α)

λ̃(α)

 (6.9.116)

∆
(2)
fer =


0 − i

2α(σ̃0) 0 −iD1

− i
2α(σ̃0) 0 iD1 0

0 iD1 0 i
2α(σ0)− t

−iD1 0 i
2α(σ0) + t 0

 (6.9.117)

Computing the Pfaffian and using (PfA)2 = detA, the determinant is(
Pf∆

(2)
fer

)2
(6.9.118)

=
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

1

16

((
j +

α(m)

2

)(
j − α(m)

2
+ 1

)
+ α(σ̃0) (α(σ0)− 2it)

)
(6.9.119)

((
j +

α(m)

2
+ 1

)(
j − α(m)

2

)
+ α(σ̃0) (α(σ0) + 2it)

)
(6.9.120)

The case excluding t is obtained by setting t = 0.
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6.9.2.2 Case 2b: Pfaffian (alternative)

Here, we provide a very preliminary sketch for how to compute the fermionic 1-
loop contribution as a Pfaffian, in the case where the A-model fermionic scalars λ, λ̃
are redefined as fermionic scalars η, χ of the standard cohomological multiplet. We
redefine the fermionic scalars in Lfer

loc as

η = −2
(
λ+ λ̃

)
, χ =

1

2

(
λ− λ̃

)
, λ = −η

4
+ χ, λ̃ = −η

4
− χ. (6.9.121)

The fermionic part of the localizing term then reads

Lfer
loc =

1

h2
Tr

(
iΛ̃1D1λ+ iλD1Λ̃1 − iΛ1D1λ̃− iλ̃D1Λ1 (6.9.122)

− i

2
Λ̃1 [σ̃,Λ1]−

i

2
Λ1

[
σ̃, Λ̃1

]
+
i

2
λ̃ [σ, λ] +

i

2
λ
[
σ, λ̃
]

(6.9.123)

+tλ̃λ− tλλ̃

)
(6.9.124)

=
1

h2
Tr

(
− i

4
ηD1Λ1̄ −

i

4
Λ1̄D1η + iχD1Λ1̄ + iΛ1̄D1χ (6.9.125)

+
i

4
ηD1Λ1 +

i

4
Λ1D1η + iχD1Λ1 + iΛ1D1χ (6.9.126)

− i

2
Λ̃1 [σ̃,Λ1]−

i

2
Λ1

[
σ̃, Λ̃1

]
+

i

16
η [σ, η]− iχ [σ, χ] (6.9.127)

− t

2
ηχ+

t

2
χη

)
(6.9.128)

In terms of a matrix, this reads

L3
fer =

∑
α

Tr
(
Λ
(−α)
1 , Λ̃

(−α)
1

, χ(−α), η(−α)
)
∆

(3)
fer


Λ
(α)
1

Λ̃
(α)

1

χ(α)

η(α)

 (6.9.129)

∆
(3)
fer =


0 − i

2α(σ̃0) iD1
1
4 iD1

− i
2α(σ̃0) 0 iD1 −1

4 iD1

iD1 iD1 −iα(σ0) t
2

1
4 iD1 −1

4 iD1 − t
2

1
16 iα(σ0)

 (6.9.130)
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Making this expression anti-symmetric, expanding in harmonics, then computing
the Pfaffian and using (PfA)2 = detA, the determinant is

(
Pf∆

(3)
fer

)2
=

∏
α

∏∞
j=

|α(m)|
2

+1

∏j
m=−j

1
64

((
j + α(m)

2

)(
j − α(m)

2 + 1
)
+ α(σ̃0) (α(σ0)− 2it)

)
×
((
j + α(m)

2 + 1
)(

j − α(m)
2

)
+ α(σ̃0) (α(σ0) + 2it)

)
(6.9.131)

6.9.3 Case 3: Yang-Mills without commutator with quadratic po-
tential

Here, we compute the 1-loop determinant mode-by-mode, for the case in which
the localizing Lagrangian is the Yang-Mills Lagrangian with the quadratic twisted
chiral superpotential Lagrangian, but without the commutator term for the bosonic
scalars σ and σ̃. This is the localizing Lagrangian for the Witten approach to A-
model localization.

The Localizing Lagrangian together with the gauge-fixing Lagrangian is

L (t ∈ R>0, τ = 1, ξ = 1, γ = 0) (6.9.132)

= LYM + tLquad

W̃
− Lcom + Lgf,gh (ξ = 1, γ = 0) (6.9.133)

=
1

h2
Tr

(
1

2
(−2if11 − itσ̃)2 +

1

2
(DE + tσ̃)2 (6.9.134)

+
1

2
Dµσ̃D

µσ + 2iΛ̃1D1λ− 2iΛ1D1λ̃ (6.9.135)

−iΛ̃1 [σ̃,Λ1] +
i

2
λ̃[σ, λ] + 2tλ̃λ (6.9.136)

+
1

2
(Dµa

µ)2 +Dµc̃D
µc

)
(6.9.137)

Note that we immediately integrate out the auxiliary field DE by setting it to it’s
on-shell value in the action.

The bosonic Lagrangian to quadratic order in fluctuations is

L =
∑
α

Tr

((
a−α
1
, a−α1 , σ−α, σ̃−α

)
M


aα1
aα
1

σα

σ̃α

+ c̃−α (−DµD
µ) cα

)
(6.9.138)

M =


−4D1D1 + α(σ̃0)α(σ0) 0 0 (−iα(σ0) + t)D1

0 −4D1D1 + α(σ̃0)α(σ0) 0 (−iα(σ0)− t)D1

−iα(σ̃0)D1 −iα(σ̃0)D1 0 −{D1, D1}
tD1 −tD1 0 − t2

2

 (6.9.139)
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Decomposing M = A+B where A = 1
2

(
M+M†) is Hermitian and B = 1

2

(
M−M†)

is anti-Hermitian, we have for A = M−B the matrix

A =


−4D1D1 + α(σ̃0)α(σ0) 0 1

2
iα(σ̃0)D1

(
− 1

2
iα(σ0) + t

)
D1

0 −4D1D1 + α(σ̃0)α(σ0)
1
2
iα(σ̃0)D1

(
− 1

2
iα(σ0)− t

)
D1

− 1
2
iα(σ̃0)D1 − 1

2
iα(σ̃0)D1 0 − 1

2
{D1, D1}(

1
2
iα(σ0) + t

)
D1

(
1
2
iα(σ0)− t

)
D1

1
2
{D1, D1} − 1

2
t2


(6.9.140)

This is half of M, and the operator to be evaluated is ∆
(α)
bos = 2A. The fermionic

part of the quadratic Lagrangian is

Lfer =
∑
α

Tr

(
1

2

(
2Λ̃

(−α)
1

, λ̃(−α)
)
∆

(α)
fer

(
2Λ

(α)
1

λ(α)

))
(6.9.141)

∆
(α)
fer = −2i

(
α(σ̃0)

4 −D1

D1 −1
2α(σ0) + it

)
(6.9.142)

The fermionic fields
(
2Λ

(α)
1 , λ(α)

)
are expanded in

(
Y r+1
jm , Y r

jm

)
. The matrix reads

(
− i

2α(σ̃0) 2iD
(−α(m)/2)
1

−2iD
(−α(m)/2+1)

1
iα(σ0) + 2t

) Y
−α(m)

2
+1

jm

Y
−α(m)

2
jm

 . (6.9.143)

The contributions are evaluated using the table for harmonic existence C.1.
For j ≥ |α(m)|

2 + 1 all harmonics exist, and the determinants are

det∆bos =
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

(
j2 + j − α(m)2

4

)2

(6.9.144)

×
(
j2 + j − 1

4
(α(m)− 2)α(m) + α(σ̃0)α(σ0)

)
(6.9.145)

×
((

j2 + j − 1

4
α(m) (α(m) + 2) + α(σ̃0)α(σ0)

)
(6.9.146)

−itα(m)α(σ̃0)
2α(σ0)− t2α(σ̃0)

3α(σ0)

)
(6.9.147)

det∆gh =
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

(
j2 + j − α(m)2

4

)
(6.9.148)

det∆fer =
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

(
j +

α(m)

2

)(
j − α(m)

2
+ 1

)
+ α(σ̃0)

(
1

2
α(σ0)− it

)
(6.9.149)
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Denoting the ratio of determinants, evaluated for a particular value of j, by

Zj1L =

(
det∆gh det∆fer√

det∆bos

)∣∣∣∣
j

, (6.9.150)

the repetition of the mode-by-mode analysis of the previous sections results in

Z
j=

α(m)
2

−1

1L,t̸=0 =
∏

α,α(m)≥2

(
− i

2α(σ̃0)√
2α(σ̃0)α(σ0)

)α(m)−1

(6.9.151)

Z
j=−α(m)

2
1L,t̸=0 =

∏
α,α(m)≤−1

−
√
2α(m) (2t+ iα(σ0))√

α(m)
(
−α(m)2+α(m)α(σ̃0)(α(σ0)+2it)

+2t2α(σ̃0)2

)


1−α(m)

(6.9.152)

Z
j=−α(m)

2
−1

1L,t ̸=0 =
∏

α,α(m)≤−2

(
1√

2α(σ̃0)α(σ0)

)−α(m)−1

(6.9.153)

Z
j=

α(m)
2

1L,t ̸=0 =
∏

α,α(m)≥1


√
2α(m)

(
α(m) + 1

2α(σ̃0) (α(σ0)− 2it)
)√

α(m)
(
α(m)2+α(m)α(σ̃0)(α(σ0)−2it)

−2t2α(σ̃0)2

)

α(m)+1

(6.9.154)

6.9.4 Case 4: Yang-Mills with coefficient on commutator and quadratic
potential

Here we compute the 1-loop determinant mode-by-mode, for the case in which the
localizing Lagrangian is the Yang-Mills Lagrangian with the quadratic twisted chiral
superpotential Lagrangian, and with a coefficient on the commutator term for the
bosonic scalars σ and σ̃. This localizing Lagrangian is intermediate between the
Witten and follow-your-nose approaches to A-model localization.

The Localizing Lagrangian together with the gauge-fixing Lagrangian is

L (t ∈ R>0, τ = 1− τ̂ , ξ = 1, γ = 0) (6.9.155)

= LYM + tLquad

W̃
− (1− τ̂)Lcom + Lgf,gh (ξ = 1, γ = 0) (6.9.156)

=
1

h2
Tr

(
1

2
(−2if11 − itσ̃)2 +

1

2
(DE + tσ̃)2 (6.9.157)

+
1

2
Dµσ̃D

µσ +
τ̂

8
[σ, σ̃]2 (6.9.158)

+2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1 [σ̃,Λ1] (6.9.159)

+
i

2
(1 + τ̂) λ̃[σ, λ] + 2tλ̃λ (6.9.160)

+
1

2
(Dµa

µ)2 +Dµc̃D
µc

)
(6.9.161)
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Here, the commutator [σ, σ̃]2 and its superpartner i
2 λ̃[σ, λ] can be turned on or

off by setting the coefficient to τ̂ = 1, 0, respectively. Note that τ̂ = 0 is case 3
and τ̂ = 1 is case 2. For convenience, we record that the δA = δ + δ̃ exact term
involving the commutator is 1

8δA

(
i
(
λ+ λ̃

)
[σ, σ̃]

)
= 1

8 [σ, σ̃]
2 + i

2 λ̃ [σ, λ]. Note that
we immediately integrate out the auxiliary field DE by setting it to it’s on-shell
value in the action.

The bosonic Lagrangian to quadratic order in fluctuations is

L =
∑
α

Tr

((
a−α
1
, a−α1 , σ−α, σ̃−α

)
M


aα1
aα
1

σα

σ̃α

+ c̃−α (−DµD
µ) cα

)
(6.9.162)

M =


−4D1D1 + α(σ̃0)α(σ0) 0 0 (−iα(σ0) + t)D1

0 −4D1D1 + α(σ̃0)α(σ0) 0 (−iα(σ0)− t)D1

−iα(σ̃0)D1 −iα(σ̃0)D1 − τ̂α(σ̃0)
2

8
−{D1, D1}+

τ̂α(σ̃0)α(σ0)
8

tD1 −tD1
τ̂α(σ̃0)α(σ0)

8
− τ̂α(σ0)

2

8
− t2

2


(6.9.163)

Decomposing M = A+B where A = 1
2

(
M+M†) is Hermitian and B = 1

2

(
M−M†)

is anti-Hermitian, we have for A = M−B the matrix

A =


−4D1D1 + α(σ̃0)α(σ0) 0 1

2
iα(σ̃0)D1

(
− 1

2
iα(σ0) + t

)
D1

0 −4D1D1 + α(σ̃0)α(σ0)
1
2
iα(σ̃0)D1

(
− 1

2
iα(σ0)− t

)
D1

− 1
2
iα(σ̃0)D1 − 1

2
iα(σ̃0)D1 − τ̂

8
α(σ̃0)

2 − 1
2
{D1, D1}+

τ̂α(σ̃0)α(σ0)
8(

1
2
iα(σ0) + t

)
D1

(
1
2
iα(σ0)− t

)
D1

1
2
{D1, D1}+

τ̂α(σ̃0)α(σ0)
8

− τ̂α(σ0)
2

8
+ t2

2


(6.9.164)

which is half of M, and the operator to be evaluated is ∆
(α)
bos = 2A. The fermionic

part of the quadratic Lagrangian is

Lfer =
∑
α

Tr

(
1

2

(
2Λ̃

(−α)
1

, λ̃(−α)
)
∆

(α)
fer

(
2Λ

(α)
1

λ(α)

))
(6.9.165)

∆
(α)
fer = −2i

(
α(σ̃0)

4 −D1

D1 −1
2 (1 + τ̂)α(σ0) + it

)
(6.9.166)

The fermionic fields
(
2Λ

(α)
1 , λ(α)

)
are expanded in

(
Y r+1
jm , Y r

jm

)
. The matrix reads

(
− i

2α(σ̃0) 2iD
(−α(m)/2)
1

−2iD
(−α(m)/2+1)

1
i (1 + τ̂)α(σ0) + 2t

) Y
−α(m)

2
+1

jm

Y
−α(m)

2
jm

 . (6.9.167)

The contributions are evaluated using the table for harmonic existence C.1.
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For j ≥ |α(m)|
2 + 1 all harmonics exist, and the determinants are

det∆bos =
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

[
(6.9.168)

t2α(σ̃0)
3α(σ0)

(
(τ̂ − 1)

(
j2 + j − α(m)2

4

)
+ τ̂α(σ̃0)α(σ0)

)
(6.9.169)

+
1

4
itα(m)α(σ̃0)

2α(σ0)
(
α(m)2 − 4j(j + 1)

)
+

1

16

(
j2 + j − α(m)2

4

)2

(6.9.170)

×
(
(α(m)− 2)α(m)− 4

(
j2 + j + α(σ̃0)α(σ0)

))
(6.9.171)

×
(
α(m) (α(m) + 2)− 4

(
j2 + j + α(σ̃0)α(σ0)

)) ]
(6.9.172)

det∆gh =
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

(
j2 + j − α(m)2

4

)
(6.9.173)

det∆fer =
∏
α

∞∏
j=

|α(m)|
2

+1

j∏
m=−j

(
j +

α(m)

2

)(
j − α(m)

2
+ 1

)
(6.9.174)

− i

2
α(σ̃0) (iα(σ0) (1 + τ̂) + 2t) (6.9.175)

Denoting the ratio of determinants, evaluated for a particular value of j, by

Zj1L =

(
det∆gh det∆fer√

det∆bos

)∣∣∣∣
j

, (6.9.176)

the repetition of the mode-by-mode analysis of the previous sections results in

Z
j=

α(m)
2

−1

1L,t̸=0,τ̂ ̸=0 =
∏

α,α(m)≥2

(
− i

2α(σ̃0)√
2α(σ̃0)α(σ0)

)α(m)−1

(6.9.177)

Z
j=−α(m)

2
1L,t̸=0,τ̂ ̸=0 =

∏
α,α(m)≤−1


(
−α(m)

2

)
(iα(σ0) (1 + τ̂) + 2t)√

1
8

(
−2(τ̂−1)t2α(m)α(σ̃0)2+4τ̂ t2α(σ̃0)3α(σ0)

−α(m)3+α(m)2α(σ̃0)(α(σ0)+2it)

)


1−α(m)

(6.9.178)

Z
j=−α(m)

2
−1

1L,t ̸=0,τ̂ ̸=0 =
∏

α,α(m)≤−2

(
1√

2α(σ̃0)α(σ0)

)−α(m)−1

(6.9.179)

Z
j=

α(m)
2

1L,t̸=0,τ̂ ̸=0 =
∏

α,α(m)≥1


(
α(m)
2

) (
α(m)− i

2α(σ̃0) (iα(σ0) (1 + τ̂) + 2t)
)√

1
8

(
2(τ̂−1)t2α(m)α(σ̃0)2+4τ̂ t2α(σ̃0)3α(σ0)

+α(m)3+α(m)2α(σ̃0)(α(σ0)−2it)

)

α(m)+1

(6.9.180)

We now consider the case in which the commutator of the bosonic scalars and its
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superpartner are removed by setting τ̂ = 0. Moreover, we would like to express the
generic zero-mode σ̃0 in terms of the GNO quantized flux m = 1

2π

´
S2 d2x

√
g (−2if11) ∈

Λchar using the localization locus equation −2if0
11
− itσ̃0 = 0. As a preliminary step,

we make the replacement α(σ̃0) = − i
tα(m). The ratios of determinants become

Z
j=

α(m)
2

−1

1L,t̸=0,τ̂=0 =
∏

α,α(m)≥2

 − 1
2tα(m)√

−2i
t α(m)α(σ0)

α(m)−1

(6.9.181)

Z
j=−α(m)

2
1L,t̸=0τ̂=0 =

∏
α,α(m)≤−1


(
−α(m)

2

)
(iα(σ0) + 2t)√

α(m)2

8

(
− i
tα(m)α(σ0)− α(m)

)
1−α(m)

(6.9.182)

Z
j=−α(m)

2
−1

1L,t̸=0,τ̂=0 =
∏

α,α(m)≤−2

 1√
−2i

t α(m)α(σ0)

−α(m)−1

(6.9.183)

Z
j=

α(m)
2

1L,t̸=0,τ̂=0 =
∏

α,α(m)≥1


(
α(m)
2

) (
− i

2tα(m)α(σ0)
)√

α(m)2

8

(
− i
tα(m)α(σ0) + α(m)

)
α(m)+1

(6.9.184)

6.9.5 Case 5: Degenerate Yang-Mills with quadratic potential

Here, we provide a very preliminary sketch for how to compute 1-loop determinant
mode-by-mode, for the case in which the localizing Lagrangian is a degenerate Yang-
Mills Lagrangian LΣΣ̃ with the quadratic twisted chiral superpotential Lagrangian.

The Localizing Lagrangian together with the gauge-fixing Lagrangian is

L (t ∈ R>0, ξ = 1, γ = 0) (6.9.185)

= LΣ̃Σ + tLquad

W̃
+ Lgf,gh (ξ = 1, γ = 0) (6.9.186)

=
1

h2
Tr

(
+

1

2
Dµσ̃D

µσ + (f12)
2 + f12D (6.9.187)

−it (D + f12) σ̃ (6.9.188)

+2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1 [σ̃,Λ1] + 2tλ̃λ (6.9.189)

+
1

2
(Dµa

µ)2 +Dµc̃D
µc̃

)
(6.9.190)

Completing the square for f12 = −2if11 and setting D = iDE we have

(f12)
2 + f12 (iDE)− it (iDE + f12) σ̃ =

(
f12 +

1

2
(iDE − itσ̃)

)2

+
1

4
(DE + tσ)2 .

(6.9.191)
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The localizing term then reads

Lloc =
1

h2
Tr

(
1

2
Dµσ̃D

µσ +

(
f12 +

1

2
(iDE − itσ̃)

)2

+
1

4
(DE + tσ̃)2(6.9.192)

+2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1 [σ̃,Λ1] + 2tλ̃λ

)
. (6.9.193)

The auxiliary field can be integrated out by setting DE + tσ̃ = 0, after which the
localizing term reads

Lloc =
1

h2
Tr

(
1

2
Dµσ̃D

µσ + (f12 − itσ̃)2 (6.9.194)

+2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1 [σ̃,Λ1] + 2tλ̃λ

)
(6.9.195)

Taking the h→ 0 limit while keeping t fixed the expansion of the term involving f12
reads

1

h2
(f12 − itσ̃)2 (6.9.196)

−→
φ→φ0+hφ

1

h2

(
∂1
(
a0
1
+ ha1

)
− ∂1

(
a01 + ha1

)
(6.9.197)

−i
[
a01 + ha1, a

0
1
+ ha1

]
− it (σ̃0 + hσ̃)

)2

(6.9.198)

−→
h→0

−4
(
D0

1a1 −D0
1
a1
)2 − 2t

(
D0

1a1 −D0
1
a1
)
σ̃ (6.9.199)

−2tσ̃
(
D0

1a1 −D0
1
a1
)
− t2σ̃2 (6.9.200)

This term cancels with the gauge fixing Lagrangian

Lgf = (Dµa
µ)2 = 4

(
D0

1a1 +D0
1
a1
)2 (6.9.201)

Noting that

4
(
D0

1a1 +D0
1
a1
)2

= 4
(
D0

1a1D
0
1a1 +D0

1a1D
0
1
a1 +D0

1
a1D

0
1a1 +D0

1
a1D

0
1
a1
)

(6.9.202)
The cancellation occurring in Lloc + Lgf is

−4
(
D0

1a1 −D0
1
a1
)2

+ 2
(
D0

1a1 +D0
1
a1
)2 (6.9.203)

= −������
4D0

1a1D
0
1a1 + 4D0

1a1D
0
1
a1 + 4D0

1
a1D

0
1a1 −

XXXXXX4D0
1
a1D

0
1
a1 (6.9.204)

+������
4D0

1a1D
0
1a1 + 4D0

1a1D
0
1
a1 + 4D0

1
a1D

0
1a1 +

XXXXXX4D0
1
a1D

0
1
a1 (6.9.205)

= 8D0
1a1D

0
1
a1 + 8D0

1
a1D

0
1a1 (6.9.206)
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In particular, the result is

1

h2
(f12 − itσ̃)2 + (Dµa

µ)2 (6.9.207)

−→ 8D0
1a1D

0
1
a1 + 8D0

1
a1D

0
1a1 − 2t

(
D0

1a1 −D0
1
a1
)
σ̃ (6.9.208)

−2tσ̃
(
D0

1a1 −D0
1
a1
)
− t2σ̃2 (6.9.209)

The kinetic term goes as

1

2h2
Dµσ̃D

µσ −→
φ→φ0+hφ

1

2h2
(
h
(
D0
µσ̃ − i [aµ, σ̃0]

)
− ih2 [aµ, σ̃]

)
(6.9.210)

×
(
h (Dµ

0σ − i [aµ, σ0])− ih2 [aµ, σ]
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(6.9.211)

−→
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1
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1
σ̃ − i [a1, σ̃0]

) (
D0

1σ − i [a1, σ0]
)

(6.9.213)

In view of these calculations, the bosonic terms at quadratic order read

L
(2)
loc,gf = 8D0

1a1D
0
1
a1 + 8D0

1
a1D

0
1a1 − 2t

(
D0

1a1 −D0
1
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σ̃ (6.9.214)

−2tσ̃
(
D0
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1
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)
− t2σ̃2 (6.9.215)(
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) (
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1
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(6.9.216)
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(6.9.217)
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(
−8D0

1D
0
1

)
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(
−8D0

1
D0

1

)
a1 (6.9.218)

+2t
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a1D

0
1σ̃ − a1D

0
1
σ̃
)
− 2tσ̃
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D0

1a1 −D0
1
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)
− t2σ̃2 (6.9.219)(
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)
(6.9.220)

+
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D0

1
σ̃ − i [a1, σ̃0]

) (
D0

1σ − i [a1, σ0]
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(6.9.221)

The corresponding operator is

L
(2)
loc,gf =

∑
α
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a−α
1
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)
∆bos
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 (6.9.222)

where
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(
− 1

2
iα(σ0)− 2t

)
D1

1
2
iα(σ̃0)D1(

1
2
iα(σ0) + 2t
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2

− 1
2
iα(σ̃0)D1 − 1

2
iα(σ̃0)D1

{D1,D1}
2

0

(6.9.223)

If we instead choose to have imaginary σ̃ → iη, the bosonic terms at quadratic order
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are
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′(2)
loc,gf = 8D0
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0
1
a1 + 8D0
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0
1a1 (6.9.224)

−2it
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1
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)
+ t2η2 (6.9.225)
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) (
D0

1
σ − i [a1, σ0]

)
(6.9.226)

+i
(
D0

1
η − i [a1, η0]

) (
D0
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(6.9.227)

The corresponding operator is
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For both cases the fermionic operator is

∆fer =
1

2

(
− i

2α(σ̃0) 2iD
(−α(m)/2)
1

−2iD
(−α(m)/2+1)

1
2t

) Y
−α(m)

2
+1
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Y
−α(m)

2
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 . (6.9.230)

Denoting the ratio of determinants, evaluated for a particular value of j, by

Zj1L =

(
det∆gh det∆fer√

det∆bos

)∣∣∣∣
j

, (6.9.231)
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the repetition of the mode-by-mode analysis of the previous sections results in
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α(m)
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Z
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(6.9.235)

Using the fact that on the locus we have (f12 − itσ̃) = 0, we replace α(σ̃0) = i
tα(m).

Consequently, the 1-loop contributions are

Z
j=

α(m)
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−1
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(6.9.236)
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Z
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(6.9.239)



Chapter 7

Discussion & Conclusions

This chapter will discuss and conclude the thesis by summarizing our findings, their
relation to the original aims, as well as their significance. It will also review the lim-
itations of our approach and opportunities for future extensions and generalizations.

We studied the failure of supersymmetric localization in the simple context of
two-dimensional Yang-Mills (YM2) theories in the A-model (A-twisted N = (2, 2)

supersymmetry on a compact Riemannian manifold Σg of genus g), where the con-
ventional follow-your-nose (FYN) approach to localization is known to fail, the
Benini-Zaffaroni (BZ) approach to localization is known to succeed, and the Witten
approach to localization was expected to succeed.

More generally, the FYN localization is known to fail for A-twisted supersym-
metric gauge theories in dimensions d = 2, 3, 4. There are at least a few vague
explanations for why this happens, including i) FYN localization fails to capture
path integral contributions from infinity, ii) FYN localization fails due to the non-
compactness of the resulting moduli space; and iii) FYN localization fails because
the deformed partition function depends on the deformation term such that the su-
perspace analogue of Stokes’s theorem results in non-zero boundary contributions.
There are at least two alternative approaches to localization of A-twisted theories
that remedy the failure of the FYN approach – these are the BZ and Witten ap-
proaches.

The overarching goal was to use the established failure of FYN localization in the
case of the A-model to develop criterion that identify the possible failure of FYN
localization in other settings. Given a supersymmetric localization computation,
the hope was that the criteria would apriori identify the possible failure of FYN
localization due to missing path integral contributions from non-BPS saddle point
configurations.

The approach to establishing criterion that identify the possible failure of FYN
localization, was to begin by studying the specific non-BPS saddle point configura-

137



138

tions that spoil FYN localization in the case of YM2 in the A-model on Σg. These
non-BPS saddle point configurations are the unstable instantons of YM2. In partic-
ular, the aim was to understand the role of unstable instantons in the FYN, BZ, and
Witten approaches to A-model localization. The unstable instantons are points in
the space of field configurations whose path integral contribution is omitted in FYN
localization, even though these points are solutions of the Yang-Mills equations. In
FYN localization, the unstable instantons are non-supersymmetric in the sense that
they do not set the FYN localization scheme, and the fermionic supersymmetry vari-
ations of the theory, to zero. We placed a particular emphasis on understanding the
features of the unstable instantons at the level of the localization locus and the fluc-
tuation determinant obtained in the FYN, BZ, and Witten approaches to A-model
localization. We hoped that, near the instanton configuration, the localization locus
and fluctuation determinant would exhibit features that could be used to identify
the instanton as a dangerous field configuration that might spoil FYN localization.

In the FYN approach, the localizing term is the standard non-degenerate YM2
action in the A-model. In the Witten approach, the localizing term is a non-standard
degenerate YM2 action deformed by a QA-exact term. The BZ approach uses the
standard non-degenerate YM2 action, but it does not play the role of a conventional
localizing term. In the FYN and Witten approaches, the localization locus is eval-
uated by identifying the bosonic field configurations that set the localizing term to
zero along the real contour. The FYN locus excludes instanton configurations, while
the Witten locus includes instanton configurations. In the BZ approach, the local-
ization locus is evaluated by identifying the bosonic field configurations that almost
set the fermionic supersymmetry variations to zero along the real contour, except
for the auxiliary field, which is permitted to remain generically complex. When the
auxiliary field is covariantly constant, the BZ locus configuration for the auxiliary
field and gauge field strength is related to the instanton configuration by gauge
transformations. Simply put, the FYN locus excludes instanton configurations in
a straightforward manner, the Witten locus includes instanton configurations in a
straightforward manner, and the BZ locus includes instanton configurations in a
subtle manner.

The instanton configurations are absolute minima of the Witten localizing term
but not the FYN localizing term or the action used in the BZ approach. In the
Witten approach, one expects the properties of the instanton configurations to be
rather simple – at least for the theory on S2. On the Witten locus, the fluctuations
around the instanton configuration are all massive, and the locus should not exhibit
any interesting modes. Moreover, the Witten fluctuation determinant should not
involve any “zero-divided-by-zero” cancellations or blow-ups. In the BZ approach,
on the other hand, the expectation is that exciting things happen near the instanton
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configurations, both on the localization locus, and in the fluctuation determinant.
We wrote a general localizing term that includes parameters that interpolate

between the localizing terms in the FYN and Witten approaches. Specifically, the
parameters interpolate between the standard YM2 action in the A-model and a non-
standard YM2 action with a QA-exact deformation. The localization locus evaluated
from the general localizing term then included parameters that interpolate between
the loci of the different approaches. For instance, by varying the parameters one
may interpolate between the FYN locus excluding instantons and the Witten locus
including instantons. A particular value of the interpolating parameters corresponds
to the transition point between including or excluding instanton configurations and
between successful or unsuccessful localization. Since the interpolating parameters
may be retained in the fluctuation determinant, it is possible to interpolate between
the determinants obtained in the different approaches. By interpolating between
different approaches to A-model localization, we aimed to identify characteristic
features of good and bad localizing terms, localization loci, and fluctuation determi-
nants. Thereafter, the hope was to extend the notion of good and bad approaches
to A-model localization to incorporate the supersymmetry algebra and target space.

More concretely, we formulated three objectives in the introduction. The first
objective was to confirm the map between physical YM2 and supersymmetric YM2
in the A-model by combining the results of Benini and Zaffaroni (BZ) in [18, 19]
with the procedure established by Witten in [3]. In particular, the aim was to re-
cover the physical YM2 partition function from the expectation value of an A-model
operator, using the BZ formula for A-model correlators. The second objective was
to compare and contrast the FYN, BZ, and Witten approaches to A-model localiza-
tion. The aim was to localize A-model path integrals according to each of the three
approaches, then compare the mode-by-mode evaluation of the one-loop fluctuation
determinants. The third objective was to use the comparison of the FYN, BZ, and
Witten fluctuation determinants to develop criteria for when supersymmetric local-
ization is expected to fail. In particular, the hope was to establish a criteria, at
the level of the supersymmetry algebra or target space, that would identify danger-
ous localizing terms and field configurations for which the FYN, BZ, and Witten
approaches to localization fail.

To realize these objectives, we began by reviewing the necessary background. In
chapter 2, we reviewed supersymmetric localization. In chapter 3, we reviewed phys-
ical YM2 theories, cohomological YM2 theories, and the non-Abelian localization of
path integrals of cohomological gauge theories on compact manifolds in two dimen-
sions. In chapter 4, we reviewed the BZ approach to supersymmetric localization of
path integrals of A-twisted supersymmetric gauge theories on compact manifolds in
two and three dimensions.
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In chapter 5, we succeeded with our first objective by confirming the map between
physical YM2 and supersymmetric YM2 in the A-model on Σg. Specifically, we
recovered the physical YM2 partition function from the expectation value of an A-
model operator by evaluating the BZ formula for correlators of the A-twisted N =

(2, 2) supersymmetric vector multiplet in Wess-Zumino (WZ) gauge. To provide
context, let us recall the results of BZ and the procedure of Witten.

On the one hand, BZ used supersymmetric localization to derive general formulae
for partition functions and correlators of A-twisted N = (2, 2) supersymmetric gauge
theories on Σg. The BZ formula is provided in terms of integrals over two moduli
m and u, and an integrand that consists of a classical contribution, a one-loop
contribution, and possible operator insertions. Here, the discrete modulus m is the
GNO quantized gauge flux, and the continuous modulus u is the vev of the bosonic
scalar in the vector multiplet. The moduli are valued as m ∈ ΛGcoch and u ∈ hC,
where ΛGcoch is the cocharacter lattice in h, and hC is the Cartan subalgebra of the
complexification of the Lie algebra g of the gauge group G. On the other hand,
Witten used non-abelian localization to establish a map between physical YM2 and
cohomological YM2 on Σg. The map was established by recovering the physical
YM2 partition function from the expectation value of a cohomological operator,
evaluated by localizing the path integral over the fields of the standard multiplet of
two-dimensional cohomological gauge theory.

We confirmed the map between physical YM2 and A-twisted YM2 using the same
strategy that established the map between physical YM2 and cohomological YM2.
The reason that it was possible to realize Witten’s procedure using the BZ formula
for A-model correlators is because the A-twisted N = (2, 2) vector multiplet in
WZ gauge is related, by field redefinitions, to the standard cohomological multiplet.
Recovering the physical YM2 partition function from the expectation value of this
A-twisted operator, evaluated using the BZ formula, constitutes the extension of
the map between physical YM2 and cohomological YM2 to a map between physical
YM2 and A-twisted YM2.

To recover the YM2 partition function from the BZ formula for A-twisted N =

(2, 2) correlators, we began by making the following choices. In the integrand, we
chose the holomorphic superpotential to be quadratic in its argument W (u) ∝ u2,
and included the operator insertion exp(12εTru2) for ε > 0. Together, the operator
and quadratic superpotential correspond to an A-model action that is equivalent to
the conventional pure YM2 action. For the cohomological analogue of this A-model
action, see equation 3.42 in [3].

There were two possibilities to evaluate the integrals over moduli: either sum m

then integrate u, or integrate u then sum m. For the order of evaluation, we chose
to first sum m, then integrate u along the real contour. Observe that we departed
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from the BZ prescription by integrating u along the real contour. Specifically, the
BZ prescription to evaluate the integral over u is to choose the contour of integration
to be the ’Jeffery-Kirwan (JK) contour’. For details regarding the JK contour, see
e.g. equation 2.46 in [19].

The sum over m ∈ ΛGcoch was evaluated using the Poisson summation formula,
resulting in a periodic δ-function in which the summation variable is µ ∈ ΛGch, where
ΛGch is the character lattice in h∗, and the argument of the δ-function includes both
u and µ. Then, the integrand of u was a δ-function multiplying a u-dependent
function, and the non-zero contributions to the integral over u came from points
at which the delta function was supported. Note that integrating u along the real
contour was necessary to collapse the δ-function. After summing m then integrating
u, the expectation value of the A-model operator was an expression involving a sum
over µ ∈ ΛGch and a summand described by the root system of G in h∗.

By eliminating the Weyl group invariance, the expectation value of the A-model
operator was expressed as a sum over dominant elements of the character lattice
µ ∈ ΛGch∩C0, where C0 is the fundamental Weyl chamber. Thereafter, the dominant
elements of the character lattice were related to the irreducible representations Rµ
of G, and the result was the physical YM2 partition function expressed as a sum
over µ ∈ ΛGch∩C0 and a summand involving the dimension and quadratic Casimir of
Rµ. Finally, we matched our result to other YM2 partition functions by identifying
the constants by which YM2 partition functions may differ when evaluated using
different renormalization schemes.

Our derivation appears to have an implication for the final BZ formula for parti-
tion functions (eq. 2.53 in [19]). In particular, the sum in the BZ final formula is over
the solutions of the Bethe ansatz equations (BAE), and the prescription is to retain
(discard) the subset of BAE solutions for which the Vandermonde determinant is
non-zero (zero). In our derivation, after summing m then integrating u, the YM2
partition function is expressed as a sum over µ ∈ ΛGch and a summand involving the
Vandermonde determinant. When the gauge group is the universal covering group
G = G̃, the sum over µ ∈ ΛG=G̃

ch does not receive contributions from the subset
of character lattice elements that intersect the union of Weyl chamber boundaries
ΛG=G̃

ch ∩ Π. The reason that these elements do not contribute is the Vandermonde
determinant in the summand is zero for all µ ∈ ΛG=G̃

ch ∩ Π. When the gauge group
is some other covering group G ̸= G̃, the summation variable µ ∈ ΛG ̸=G̃

ch is shifted by
the Weyl vector ϱ in the summand, and we defined the ϱ-shifted summation variable
q ∈ Q where Q = {µ + ϱ|µ ∈ ΛG ̸=G̃

ch }. In this case, the sum over q ∈ Q does not
receive contributions from the subset of elements Q ∩Π, because they set the Van-
dermonde determinant in the summand to zero. The implication for the final BZ
partition function formula is that this appears to motivate why some of the BAE
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solutions should be discarded, and others retained. In particular, our derivation
suggests that the subset of BAE solutions for which the Vandermonde determinant
is zero (non-zero) should be discarded (retained) because they correspond to the set
ΛG=G̃

ch ∩Π (ΛG=G̃
ch \Π) when G = G̃, or the set Q ∩Π (Q\Π) when G ̸= G̃.

In chapter 6, we were partially successful with our second objective of comparing
and contrasting the FYN, BZ, and Witten approaches to A-model localization. We
successfully evaluated the localization loci for all three approaches, but the compar-
ison of the one-loop fluctuation determinants remains incomplete. We saw that the
FYN locus includes flat connections, while the BZ and Witten loci include Yang-Mills
connections. The Yang-Mills connections are non-BPS saddle point configurations,
whose contribution to the path integral is missed by the FYN approach, but cap-
tured by the BZ and Witten approaches. Already at the level of the localization
locus, it is clear the FYN approach fails. This is because the final partition func-
tion must be a sum over GNO quantized gauge fluxes, and the flux of a Yang-Mills
connection is GNO quantized, while the flux of a flat connection is not.

The BZ and Witten approaches capture the contribution of Yang-Mills connec-
tions in significantly different manners. The BZ locus is evaluated by setting the
fermionic supersymmetry variations to zero, then imposing the real contour on all
fields except the auxiliary field D, which is permitted to remain generically complex.
When D is covariantly constant, the gauge flux is GNO quantized, and the config-
uration for the gauge and auxiliary fields on the BZ locus is related to the BPS
configuration by gauge transformations. The BZ locus is a non-compact singular
superspace, including Yang-Mills connections. In particular, the bosonic part of the
BZ locus is non-compact and singular, and the fermionic part of the BZ locus is due
to the presence of fermionic scalar zero-modes.

The Witten locus is evaluated by setting the bosonic part of the Witten localizing
term to zero and imposing the real contour. The Witten localizing term includes a
mixing term for the gauge field strength and a bosonic scalar and a mass term for
the fermionic scalars. The Witten locus is a non-singular compact space including
Yang-Mills connections. The presence of the Yang-Mills connections is due to the
mixing term together with the kinetic term for the bosonic scalars, and the fermionic
scalar mass term lifts the fermionic scalar zero-modes.

We provide the complete analysis of the mode-by-mode evaluation of the FYN
fluctuation determinant, where we identified two bosonic zero modes and one ghost
zero mode. The bosonic zero modes have zero action to quadratic order and finite ac-
tion to non-quadratic order. Importantly, the bosonic zero-modes cause singularities
and their presence constitutes a catastrophe for FYN localization.

The Witten fluctuation determinant was partially evaluated, resulting in ratios
of infinite products. To complete the analysis of the Witten determinant, the ra-
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tio of infinite products must be reduced, and the precise relationship between the
quadratic superpotential parameter t and the singular bosonic zero modes in the
FYN determinant must be described. We expect that the catastrophic bosonic zero
modes in the FYN determinant are lifted by the parameter t in the Witten deter-
minant.

The analysis of the FYN determinant incorporates aspects the BZ determinant,
since both FYN and BZ localization use the standard non-degenerate YM2 action.
The critical difference between the FYN and BZ approaches, at the level of the one-
loop determinant, is the auxiliary field D. In the analysis of the FYN determinant,
we integrated out D at the beginning. In a more complete analysis of the BZ
determinant, D would be retained instead of integrated out at the beginning.

The immediate continuation of this research is to complete the mode-by-mode
evaluation of the fluctuation determinant including parameters that interpolate be-
tween the Witten and FYN approaches. We expect that the factor of t, which
tracks the quadratic twisted chiral superpotential in the Witten localizing term,
lifts the catastrophic bosonic zero-modes identified in the FYN fluctuation determi-
nant. Thereafter, the objective is to identify characteristic features of good and bad
approaches to A-model localization at the level of localizing terms, localization loci,
and fluctuation determinants. Following this, the hope is to describe good and bad
approaches to A-model localization and dangerous field configurations at the level
of the supersymmetry algebra and target space.

A description of the failure of FYN localization in the A-model would lay the
foundation for the development of criterion that identify the possible failure of FYN
localization in other settings. The first extension would be to understand the sim-
plest setting in which the FYN approach to supersymmetric localization might fail
to capture the path integral contribution of non-BPS saddle point configurations.
Presumably, the simplest setting to consider the failure of FYN localization would
be supersymmetric quantum mechanics (SQM). SQM is a one-dimensional quantum
field theory in which the fields are maps from spacetime to a target space. It is
relatively straightforward to sketch a setup in SQM that exhibits similar features to
YM2, namely, exact minima and saddle point configurations.

For instance, consider SQM for fields that are maps from a spacetime S1 to
a target space S2. In this case, the FYN localization locus is the space of trivial
(contractible) loops on S2, where the loops are the images of S1 in S2. The trivial
loops are exact minima of the action. If however, one loop contracts to a point at
the north pole, and another loop contracts to a point at the south pole, then there
is a path between two minima of the action. If one has a smooth function along
a path, and the path interpolates between two minima, then somewhere along the
path there exists a saddle point of the function. The saddle point between minima
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of the action at the north and south poles is the loop that wraps the equator of the
S2. Like a rubber band sliding down a ball, the loop grows as it goes from the north
pole to the equator, then shrinks as it goes from the equator to the south pole. As
the loop grows, it costs more action, and as it shrinks, it costs less action. At the
equator, the loop is a saddle point of the action.

The objective would be to identify a setting in which unstable saddle point
configurations contribute to SQM localization in a similar manner to how unstable
instantons contribute to localization of YM2 theories in the A-model. The appear-
ance of these contributions to SQM localization could be motivated by describing
the features of the fluctuations around the unstable saddle point configurations. Al-
though the general expectation in SQM is that unstable saddle point configurations
do not contribute to localization, the possibility of such contributions is not omit-
ted. It would be interesting to understand how this relates to the SQM localization
results of [44].

Having identified and characterized unstable saddle point contributions in SQM
localization, the next step would be to extend the results to higher dimensional
supersymmetric indicies. Since supersymmetric indices are partition functions of
theories defined on compact manifolds of the form S1 × (. . . ), they exhibit similar
features to SQM. In particular, supersymmetric indies may be regarded as partition
functions of theories that are variants of SQM with incredibly complicated target
spaces in which the time coordinate wraps the S1. In particular, the hope would be
to take a simple example of unstable saddle point contributions in SQM localization
and extend it to the much broader context of unstable saddle point contributions to
supersymmetric indices evaluated by localization.

A separate possibility for future research would be to study the role and necessity
of Jeffrey-Kirwan residues in the BZ approach to localization [18, 19, 20, 16, 17, 45,
44]. In this case, one would extend our comparison of the Witten and BZ approaches
to A-model localization with an emphasis on understanding the features of JK-aided
localization. Since the JK contour is not understood in general [38], an important
objective would be to understand precisely how the JK contour captures the correct
contributions to the A-model path integrals.

A direct extension of chapter 5 would be to repeat the derivation with the inte-
grals over moduli evaluated in the opposite order. Specifically, one would repeat the
recovery of the physical YM2 partition function, using the BZ formula for A-twisted
N = (2, 2) correlators, by first integrating the continuous modulus u along the JK
contour then summing the discrete modulus m. Thereafter, the derivation would be
compared to the derivation in chapter 5, where we chose to first sum m using the
Poisson summation formula, then integrate u along the real contour. This would
provide a simple and well-established setting in which the JK contour could be com-
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pared to a detailed derivation. In this case, it would be interesting to understand
the precise relationship between the elements of Λch and the solutions of the BAE.

A direct extension of chapter 6 would be to make a full comparison of the fluc-
tuation determinants in the BZ and Witten approaches to A-model localization. It
would be particularly interesting to elaborate on the BZ argument for the GNO
quantization of the flux, and understand precisely how the covariantly constant
generically complex auxiliary field captures unstable instanton configurations. The
BZ approach to localization involves several specific choices, as well as the introduc-
tion of an additional JK parameter η̂ ∈ h∗. To correctly evaluate JK residues, it is
necessary to specify a value for η̂, which amounts to an arbitrary choice of positive
direction in h∗. The JK residue is used in [18, 19, 20] under the assumption that
the charges are projective, that is, the charges all lie in one half-plane of h∗. It
was suggested in [45], that if the charges are not projective, the JK residue may be
evaluated using two JK parameters η̂′, η̂′′ ∈ h∗ pointing into opposite half-planes of
h∗. It would be interesting to understand whether the JK residues in the A-model
may be evaluated for non-projective charges using two JK parameters.

Another possibility for future research would be to generalize the Witten ap-
proach to supersymmetric localization. We studied the Witten approach to super-
symmetric localization by constructing a specific Witten localizing term from the
fields of the A-twisted N = (2, 2) vector multiplet in WZ gauge on Σg. In particu-
lar, the Witten localizing term is the A-twisted N = (2.2) supersymmetric analog of
the deformed Donaldson action in two-dimensional cohomological gauge theory (eq.
3.27 in [3]). The construction of Witten-type localizing terms from the fields of other
supermultiplets remains unclear. It would be interesting to understand the extent
to which the Witten approach to localization generalizes to other supersymmetric
gauge theories. Specifically, when is the Witten approach to localization appropri-
ate, and how can a Witten-type localizing term be constructed from the fields of
supermultiplets other than the A-twisted N = (2.2) vector multiplet in WZ gauge?

A natural starting point to address these questions would be to contrast Witten
localization with the current collection of examples of BZ localization, that is, JK-
residue aided supersymmetric localization. The collection includes examples of BZ
localization for A-twisted N = (2, 2), N = 2, N = 1 supersymmetric gauge theories
on Σg, Σg×S1, Σg×T 2 [18, 19], and Ω-deformed N = (2, 2) supersymmetric gauge
theories on S2 [20]. In the case of A-twisted N = (2, 2) theories on Σg, there are at
least two unanswered questions.

The first question is whether it is possible to realize an analog of the Witten lo-
calizing term without imposing the WZ gauge condition on the A-twisted N = (2.2)

vector multiplet. More generally, what is the role of the WZ gauge choice in the
failure of FYN localization and the success of both BZ and Witten localization?
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To address this question, one could begin by A-twisting N = (2, 2) supersymmetry
without imposing WZ gauge on the vector multiplet. In this case, the lower compo-
nents in the θ-expansion of the vector superfield V(2,2) would be retained instead of
eliminated by choosing WZ gauge. To proceed, one would define the twisted chiral
superfields Σ,Σ in the standard way, that is, by acting on the vector superfield V(2,2)
with the superspace derivatives D±, D±. Then, the BZ and FYN localizing terms
would correspond to the standard D-term Lagrangian LΣΣ =

´
d4θΣΣ. The Witten

localizing term, on the other hand, is not as obvious. A first attempt at defining the
Witten localizing term would be along the lines of LWtn = LΣΣ + Lquad

tw.ch.sp + Lcm.
Here, the F-term Lquad

tw.ch.sp denotes the generalization of the quadratic twisted chiral
superpotential, and Lcm denotes the generalization of theQA-exact term that, in WZ
gauge, removed the bosonic scalar commutator term from LΣΣ. Another subtlety to
address would be the treatment of the additional vector multiplet component fields
that were not present in WZ gauge.

The second question is whether the Witten approach may be realized when
localizing A-twisted N = (2.2) supersymmetric gauge theories of vector and chiral
multiplets. For instance, one may consider a localizing term L = LWtn+LΦΦ+Lch.sp,
where LΦΦ and Lch.sp are respectively the D- and F-term Lagrangians for the chiral
superfields Φ,Φ, and LWtn = LΣΣ + Lquad

tw.ch.sp + Lcm is the Witten localizing term
described above. It is not immediately obvious how the inclusion of the chiral multi-
plet affects the Witten approach to localization. Presumably, the localization locus
would include singular points at which the chiral multiplets become massless, and
the singular chiral 1-loop determinant would require regulation. The BZ approach
treats these chiral singularities by retaining a generic complex auxiliary field D, but
the Witten approach appears to omit this option. It would be interesting to under-
stand whether an analog of the Witten localizing term can be constructed from the
fields of the chiral multiplet.

Another question is whether an analog of the Witten approach can be realized
for the Ω-deformed N = (2.2) supersymmetric vector multiplet on S2. The Ω-
deformed vector multiplet is a one-parameter deformation of the A-twisted vector
multiplet, and it is unclear whether the Ω-deformation parameter ϵΩ spoils the
Witten approach to localization. If an Ω-deformed analog of the Witten localizing
term can be defined, the Witten approach could be compared to several examples
of BZ localization of Ω-deformed theories [18, 19, 20].

Similar questions extend to three-dimensional A-twisted N = 2 supersymmetric
gauge theories on Σg × S1, and four-dimensional N = 1 supersymmetric gauge the-
ories on Σg × T 2. For instance, what are the three- and four-dimensional analogs
of the two-dimensional Witten localizing term LWtn? To answer this, one might
attempt to invert the dimensional reduction map, provided in appendix B of [18],
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that relates the A-twisted vector multiplets in two and three dimensions. One could
attempt to identify the four-dimensional analog of the Witten localizing term in a
similar manner. It is not obvious that such dimensional uplifts would correspond to
higher dimensional analogues of the two-dimensional Witten localizing term. Pre-
sumably, the Witten approach to localization of three- and four-dimensional A-
twisted theories of vector multiplets will not work in precisely the same way as in
the two-dimensional case.

Further research directions include incorporating Higgs branch localization into
our description of A-model localization, or using localization to evaluate supersym-
metric observables. For instance, it would be interesting to understand how Higgs
branch localization fits into our comparison of the FYN, BZ, and Witten approaches
to localization of YM2 theories in the A-model. In [20], Higgs branch localization
was compared to BZ localization for Ω-deformed N = (2, 2) supersymmetric gauge
theories on S2. Higgs branch localization differs significantly from the BZ approach
to localization, but some features appear to overlap with the Witten approach to
localization. As a first step, one could repeat Higgs branch localization for the case
of the A-twisted vector multiplet on S2 by turning off the Ω-deformation parameter
ϵΩ. Along the way, one could attempt to recover the vortex equations. Then it
would be possible to compare the Higgs branch, FYN, BZ, and Witten approaches
to A-model localization, and generalizations thereof.

A standard question in supersymmetric localization is whether there are exciting
observables to compute. A typically interesting quantity to evaluate using localiza-
tion is the expectation value of Wilson loops (WLs). For the result of localization to
be non-trivial, the WL operator insertion should be Q-closed, but not Q-exact, where
Q is the localizing supercharge. To understand whether the A-twisted N = (2, 2)

vector multiplet permits any interesting WL operator insertions, we investigated the
fate of the untwisted N = (2, 2) WL operators of [46] after A-twisting. We concluded
that the A-twisted N = (2, 2) vector multiplet does not permit the N = (2, 2) WL
operators of [46], because it is not possible to formulate a counterterm to cancel the
QA-variation of the gauge field Aµ in the A-twisted theory. However, we realized
that at least one of the N = (2, 2) WL operators of [46] appears to survive under
the A/2-twist of N = (2, 2) supersymmetry. In view of this, it would be interesting
to identify this A/2-twisted WL operator, investigate its properties, and hopefully
provide a geometric interpretation of its expectation value. Another extension of
[46] is to understand the fate of the N = (2, 2) WL operators when relaxing the
WZ gauge condition imposed on the N = (2, 2) vector multiplet. In this case, the
hope would be to define an N = (2, 2) supersymmetric WL operator outside of WZ
gauge.

Although there remain many possibilities beyond the future directions men-
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tioned, let us restrict the discussion to three final points of interest. It would be
interesting to understand if our study can be extended to incorporate higher-form
symmetries, test dualities of A-twisted N = (2, 2) theories, or evaluate interesting
exact results on the A-twisted N = (2, 2) squashed two-sphere, or hemisphere.



Appendix A

N = (2, 2) supersymmetry

In this chapter, we review 2,2 supersymmetry. This begins with conventions for
spinors and coordinates. Then, we describe the Lorentzian 2,2 superalgebra , su-
perspace, and the vector multiplet in WZ gauge. Following this, we describe the
Euclidean vector multiplet and its actions. Thereafter, we describe the topological
A-twist of the vector multiplet. The A-twisted vector multiplet is then related to
the standard multiplet of two-dimensional cohomological Yang-mills using field re-
definitions. Finally, we summarize the different localizing terms used in [18, 19, 3]
in terms of the standard multiplet.

A.1 Conventions

The conventions are similar to [9, 47, 48, 23, 22]. Spinor indices are denoted using
Greek letters α, β, taking values +,−. Here, ± indicates chirality under Lorentz
transformations. The values, “+” and “ − ” may be referred to as right- and left-
moving, respectively. Weyl spinors are decomposed as

ψα =

(
ψ−

ψ+

)
(A.1.1)

Spinor indices are raised and lowered as

ψα = εαβψ
β, ψα = εαβψβ (A.1.2)

where ε denotes the antisymmetric tensor

εαβ =

(
0 −1

1 0

)
, εαβ =

(
0 1

−1 0

)
. (A.1.3)
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Accordingly, we have

ψ+ = ψ−, ψ− = −ψ+, ψαχα = +ψ+χ− − ψ−χ+ (A.1.4)

In two-dimensional Lorentzian flat space the coordinates are xµ, µ = 0, 1, with
metric ηµν = diag (−1, 1). Spacetime derivatives are ∂µ = ∂/∂xµ, and the integra-
tion measure is d2x(L) = dx0dx1. Light cone coordinates are x± = x0 ± x1, while
derivatives are ∂± = ∂0±∂1. An arbitrary vector field vµ can therefore be expressed
in light-cone coordinates as v± = v0 ± v1.

Euclidean flat space is obtained by Wick rotation of the Lorentzian time coordi-
nate x0 → −ix2, such that the derivative with respect to time changes as ∂0 → i∂2,
and similarly for a vector field v0 → iv2. The Euclidean metric is δµν = diag (1, 1).
The Euclidean integration measure is obtained by Wick rotation of the Lorentzian
measure d2x(L) = dx0dx1 → −idx1dx2 = d2x(E). In Euclidean space, we have
holomorphic coordinates

z = x1 + ix2, z = x1 − ix2, (A.1.5)

as well as their derivatives

∂z =
1

2
(∂1 − i∂2) , ∂z =

1

2
(∂1 + i∂2) . (A.1.6)

An arbitrary Euclidean vector field vµ can be expressed in holomorphic coordinates
as

vz =
1

2
(v1 − iv2) , vz =

1

2
(v1 + iv2) . (A.1.7)

By Wick rotating expressions in light-cone coordinates we can obtain expressions
holomorphic coordinates x+ → z, x− → z, while for vectors we have

∂0 + ∂1 → 2∂z, ∂0 − ∂1 → −2∂z. (A.1.8)

The gauge conventions are as follows. For the gauge field Aµ, the field strength
is

Fµν = ∂µAν − ∂νAµ − i [Aµ, Aν ] (A.1.9)

and the gauge covariant derivative is

Dµ = ∂µ − iAµ. (A.1.10)

Together, these satisfy
Fµν = i [Dµ, Dν ] . (A.1.11)
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In particular, these are the physics conventions, in which the Lie algebra of the
gauge group is taken to consist of Hermitian matrices. In the physics conventions,
the bilinear form on the Lie algebra is positive semi-definite Tr (a, b) ≥ 0.

When switching between holomorphic and Euclidean coordinates the covariant
derivatives and field strengths obey

[Dz, Dz] = iFzz, DµD
µ = 2 {Dz, Dz} , F12 = −2iFzz (A.1.12)

DzDz =
1

2
{Dz, Dz}+

1

2
[Dz, Dz] =

1

4
(DµD

µ + F12) (A.1.13)

DzDz =
1

2
{Dz, Dz}+

1

2
[Dz, Dz] =

1

4
(DµD

µ − F12) (A.1.14)

We also use the math conventions, in which the Lie algebra of the gauge group
is taken to consist of anti-Hermitian matrices. To go from the physics conventions
to the math conventions, one replaces A = iA′ and F = iF ′, where A′, F ′ are
represented by anti-Hermitian matrices. In the math conventions, the field strength
is

F ′
µν = ∂µA

′
ν − ∂νA

′
µ +

[
A′
µ, A

′
ν

]
, (A.1.15)

and the gauge covariant derivative is

Dµ = ∂µ +A′
µ. (A.1.16)

Together, these satisfy,
F ′
µν = [Dµ, Dν ] . (A.1.17)

In the math convention, the bilinear form on the Lie algebra of the gauge group is
negative semi-definite Tr (a′, b′) ≤ 0.

A.2 Lorentzian signature

In d = 1+1, an N = (2, 2) supersymmetric theory is a QFT with a Z2 graded Hilbert
space H = HB ⊕ HF . The even operators are the Hamiltonian H, momentum
operator P , and the generator of Lorentz transformations M . Together, H and
P generate spacetime translations. The generators of spacetime translations are
Hermitian H = H†, P = P †, while the generator of Lorentz transformations is anti-
hermitian M = M †. The even operators act independently on the bosonic and
fermionic Hilbert spaces HB ⟲ and HF ⟲ .

The odd operators are the supercharges Q+, Q−, Q+, Q−, where ± denotes chi-
rality under Lorentz transformations. The supercharges are hermitian Q± = Q†

±.
The odd operators act between the bosonic and fermionic Hilbert spaces HB ⇆ HF .

There are two optional even operators. The first is the generator of the vector-
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like U(1)V R-symmetry, denoted FV , the second is the generator of the axial U(1)A

R-symmetries, denoted FA. These have the property (−1)FV = ± (−1)FA = ±1.
The operator algebra is

Q2
+ = Q2

− = Q̄2
+ = Q̄2

− = 0{
Q−Q̄±

}
= H ± P{

Q̄+, Q̄−
}
= Z, {Q+, Q−} = Z∗{

Q−, Q̄+

}
= Z̃

{
Q+, Q̄−

}
= Z̃∗

[iM,Q±] = ∓Q±,
[
iM, Q̄±

]
= ∓Q̄+

[iFV , Q±] = −iQ±,
[
iFV , Q̄±

]
= iQ̄±

[iFA, Q±] = ∓iQ±,
[
iFA, Q̄+

]
= ±iQ̄±

(A.2.1)

Here, Z, Z̃ are central charges, and Z∗, Z̃∗ are their complex conjugates. The central
charges will be set to zero in what follows. The linear combination

QA := Q+ +Q−, (A.2.2)

is called the A-model supercharge. The pair of generators (QA, FA) then obey the
subalgebra

Q2
A = 0,

{
QA, Q

†
A

}
= H, [FA, QA] = QA. (A.2.3)

The A-model supercharge forms the twisted chiral ring

RA = {QA-cohomology class of fields} . (A.2.4)

In particular, an operator O (x) is called twisted chiral if it obeys

[QA,O (x)]′ = QAO (x)− (−1)|O|O (x)QA = 0. (A.2.5)

The prime denotes two separate cases depending on whether O is commuting or
anti-commuting, If O is commuting, then |O| = 0 and brackets are a commutator.
If O is anti-commuting, then |O| = 1 and the brackets denote an anti-commutator.

N = (2, 2) superspace is obtained by extending the commuting xµ coordinates
to include complex anti-commuting coordinates

θ+, θ−, θ
+
, θ

− (A.2.6)

where ± denotes chirality under Lorentz transformations. The anti-commuting co-
ordinates are Grassmann-odd, obeying θ2 = θ

2
= 0. In Lorentzian signature, the

odd coordinates are related by conjugation (θ±)
†
= θ

±, while in Euclidean signature
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Twisted
Lorentz
Group

Scalar
super-
charges

"BRST"
super-
charge

Other
super-
charges

Super-
charge
rading

N=(2,2)
A-model

U(1)E×U(1)V Q−,Q̃+ QA=Q−+Q̃+ Q̃−dz,
Q+dz

[FA,QA]=QA

N=(2,2)
B-model

U(1)E×U(1)A Q̃−,Q̃+ QB=Q̃−+Q̃+ Q−dz,
Q+dz

[FV ,QB ]=QB

N=(2,0)
A/2-model

U(1)E×U(1)L Q̃+ QA/2=Q̃+ Q+dz

N=(0,2)
B/2-model

U(1)E×U(1)R Q− QB/2=Q− Q̃−dz

Table A.1: Twisted N = (2, 2) supersymmetry

they understood to be independent (θ±)† ̸= θ
±. The vector U(1)V and axial U(1)A

R-symmetry charges of
(
θ+, θ−, θ

+
, θ

−
)

are assigned to be (−1,−1,+1,+1) and
(−1,+1,+1,−1) respectively.

N = (2, 2) superspace is the space with coordinates
(
xµ, θ±, θ

±
)
, while a func-

tion of the superspace coordinates f
(
xµ, θ±, θ

±
)

is a superfield. Odd coordinates

θ±, θ
± are also referred to as fermionic coordinates, while commuting coordinates

xµ are referred to as bosonic coordinates.
The fermionic coordinates obey the rules of derivation and integration of Grass-

mann variables. The derivative of a Grassmann variable θ is

∂

∂θβ
θα = δαβ (A.2.7)

while integrals obey Berezin integration
ˆ

dθ θ =
∂

∂θ
θ = 1,

ˆ
dθ 1 =

∂

∂θ
1 = 0. (A.2.8)

Using the fermionic coordinates, one defines fermionic integration measures on su-
perspace which are necessary for the superspace formulation of supersymmetric La-
grangians. The odd integration measures on superspace are

d4θ =
1

4
dθ+dθ−dθ+dθ−, (A.2.9)

d2θ =
1

2
dθ−dθ+, d2θ =

1

2
dθ+dθ−, (A.2.10)

d2θ̃ =
1

2
dθ−dθ+, d2θ̃ =

1

2
dθ+dθ−, (A.2.11)

with the convention that the integrand should be in the same order as the measure
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´
dθ+dθ

−
(
θ+θ

−
)
= 1.

The differential operators acting on superspace are

Q± =
∂

∂θ±
+ iθ

±
∂± (A.2.12)

Q± = − ∂

∂θ
± − iθ±∂± (A.2.13)

D± =
∂

∂θ±
− iθ

±
∂± (A.2.14)

D± = − ∂

∂θ
± + iθ±∂± (A.2.15)

The algebra of the differential operators is

Q2
± = Q2

± = 0,
{
Q±,Q±

}
= −2i∂± (A.2.16)

D2
± = D

2
± = 0,

{
D±, D±

}
= 2i∂± (A.2.17)

The supermultiplets of N = (2, 2) supersymmetry are the chiral multiplet Φ

and its conjugate Φ, the twisted chiral multiplets Φ̃ and its conjugate Φ̃, the vector
multiplet V , and the field strength multiplet Σ and its conjugate Σ̃. In what follows
we focus primarily on the vector multiplet V and the field strength multiplet Σ =

D+D−V , both in Wess-Zumino gauge. For details concerning other multiplets, see
[22].

The vector multiplet is V =
(
vµ, σ, σ, λ±, λ±, D

)
where vµ is the gauge field,

σ = σ1 − iσ2, σ = σ1 + iσ2 are complex bosonic scalars, λ±, λ± is a Dirac spinor,
and D is an auxiliary field. The component fields of the vector multiplet are all
valued in the adjoint representation of g = LieG. In Lorentzian signature, the
fermions are related by λ†± = λ±, and similarly for the bosonic scalars σ† = σ.

The component fields of the vector multiplet transform under the commuting
supersymmetry variation

δ = iϵαQα + iϵ̄αQ
α
= iϵ+Q− − iϵ−Q+ − iϵ̄+Q− + iϵ̄−Q+. (A.2.18)

Here, the supersymmetry parameters ϵ± and ϵ̄± are anti-commuting spinors with
U(1)V charges +1 and −1 respectively, obeying ϵ∓ = ±ϵ±. The transformations of
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the vector multiplet are

δv± = iϵ̄±λ± + iϵ±λ̄± (A.2.19)

δσ = −iϵ̄+λ− − iϵ−λ̄+ (A.2.20)

δσ̄ = −iϵ+λ̄− − iϵ̄−λ+ (A.2.21)

δD =
1

2

(
−ϵ̄+D−λ+ − ϵ̄−D+λ− + ϵ+D−λ̄+ + ϵ−D+λ̄− (A.2.22)

+iϵ+
[
σ, λ̄−

]
+ iϵ−

[
σ̄, λ̄+

]
− iϵ̄− [σ, λ+]− iϵ̄+ [σ̄, λ−]

)
, (A.2.23)

δλ+ = iϵ+

(
D + iF01 +

1

2
[σ, σ̄]

)
+ ϵ−D+σ̄ (A.2.24)

δλ− = iϵ−

(
D − iF01 −

1

2
[σ, σ̄]

)
+ ϵ+D−σ (A.2.25)

δλ̄+ = −iϵ̄+
(
D − iF01 +

1

2
[σ, σ̄]

)
+ ϵ̄−D+σ (A.2.26)

δλ̄− = −iϵ̄−
(
D + iF01 −

1

2
[σ, σ̄]

)
+ ϵ̄+D−σ̄, (A.2.27)

where v± = v0 ± v1, v± = v0 ± v1.

A.3 Euclidean signature

The transformations of the vector multiplet in Euclidean signature are obtained by
Wick rotation x0 → −ix2. The effect of Wick rotation on the Lorentz Group is
SO (1, 1) → SO (2)E ≃ U (1)E , and the generator of Lorentz transformations is
modified as M → iME . Accordingly, the vectors change as D+ → 2Dz, D− →
−2Dz, v+ → 2vz, v− → −2vz, and F01 → −iF12. The hermiticity conditions from
Minkowski signature no longer hold for the Euclidean fermions λ†± ̸= λ± or the
scalars σ† ̸= σ. Instead, these fields are understood to be independent.
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In Euclidean signature, the transformations of the vector multiplet are

δvz = − i

2

(
ϵ−λ̄− + ϵ̄−λ−

)
, (A.3.1)

δvz̄ =
i

2

(
ϵ+λ̄+ + ϵ̄+λ+

)
, (A.3.2)

δσ = −i
(
ϵ−λ̄+ + ϵ̄+λ−

)
, (A.3.3)

δσ̄ = −i
(
ϵ̄−λ+ + ϵ+λ̄−

)
, (A.3.4)

δD =
i

2

(
ϵ−
[
σ̄, λ̄+

]
− ϵ̄− [σ, λ+] + ϵ+

[
σ, λ̄−

]
− ϵ̄+ [σ̄, λ−]

)
(A.3.5)

+ϵ−Dz̄λ̄− − ϵ̄−Dz̄λ− − ϵ+Dzλ̄+ + ϵ̄+Dzλ+, (A.3.6)

δλ+ = +iϵ+

(
D + F12 +

1

2
[σ, σ̄]

)
+ 2ϵ−Dz̄σ̄, (A.3.7)

δλ− = +iϵ−

(
D − F12 −

1

2
[σ, σ̄]

)
− 2ϵ+Dzσ, (A.3.8)

δλ̄+ = −iϵ̄+
(
D − F12 +

1

2
[σ, σ̄]

)
+ 2ϵ̄−Dzσ, (A.3.9)

δλ̄− = −iϵ̄−
(
D + F12 −

1

2
[σ, σ̄]

)
− 2ϵ̄+Dzσ̄, (A.3.10)

The D-term of the Euclidean vector multiplet is the action of supersymmetric YM2

SSYM =

ˆ
d2x

√
gTr

[
1

2
(F12)

2 − 1

2
(−D)2 +

1

8
[σ, σ]2 (A.3.11)

+DzσDzσ +DzσDzσ + iλ+Dzλ+ − iλ−Dzλ− (A.3.12)

+
1

2
λ−[σ, λ+] +

1

2
λ+ [σ, λ−]

]
. (A.3.13)

The F-term is the actions of the twisted chiral superpotential

S
W̃

= −
ˆ
d2x

√
g
(
(D − F12) ∂jW̃ (σ) + λi−λ

j
+∂i∂jW̃ (σ)

)
. (A.3.14)

S
W̃

= −
ˆ
d2x

√
g
(
(D + F12)

j ∂jW̃ (σ)− λ
i
−λ

j
+∂i∂jW̃ (σ)

)
. (A.3.15)

A.4 Topological A-twist

Given the Euclidean theory, we proceed to perform the topological A-twist. Topolog-
ical twisting is a procedure by which a topological quantum field theory is obtained
from a supersymmetric quantum field theory. The key result of twisting is that
a subset of the original supercharges have spin zero under Lorentz transformations
defined with respect to the twisted stress-energy tensor. Given Lorentz scalar super-
charges, one is free to define supersymmetric actions on manifolds with curvature.
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The A-twisted theory is obtained by replacing the Lorentz group SO(2)E ≃
U(1)E of the Euclidean theory by the A-twisted Lorentz group U ′(1)E , defined as the
diagonal subgroup of U(1)E×U(1)V . After A-twisting, the energy momentum tensor
is T twisted

µν = Tµν +
1
4

(
ϵ λµ ∂λJ

V
ν + ϵ λν ∂λJ

V
µ

)
where JVν is the U (1)V current, while the

generator of Lorentz transformations of the twisted theory is M ′
E =ME + FV . The

effect of the A-twist on the supercharges Q±, Q±, variational parameters ϵ±, ϵ±, and
fermions λ±, λ± is summarized in the table.

U (1)V U (1)A U (1)E U (1)′E
Q− -1 +1 +1 0
Q+ -1 -1 -1 -2
Q− +1 -1 +1 +2
Q+ +1 +1 -1 0
ϵ− +1 +1 +1 +2
ϵ+ +1 -1 -1 0
ϵ− -1 -1 +1 0
ϵ+ -1 +1 -1 -2
λ− +1 +1 +1 +2
λ+ +1 -1 -1 0
λ− -1 -1 +1 0
λ+ -1 +1 -1 -2

Table A.2: Topological A-twist of the Euclidean vector multiplet. Furthest to the
left are the supercharges Q±, Q±, variational parameters ϵ±, ϵ±, and fermions λ±, λ±
being A-twisted. Observe that the supersymmetry parameters and the fermions have
the same charge. In the middle are the charges under the vector R-symmetry U (1)V
generated by FV , the axial R-symmetry U (1)A generated by FA, and the Euclidean
Lorentz group U (1)E ≃ SO (2)E generated by ME . Furthest to the right is the A-
twisted Lorentz group U ′(1)E generated by M ′

E =ME +FV . Under U (1)′E , scalars
have charge zero, holomorphic vectors have charge +2, while anti-holomorphic vec-
tors have charge -2. The scalars of the twisted theory are Q−, Q+, ϵ+, ϵ−, λ+, λ−,
while λ− = λ−,z and is a holomorphic vector, and λ+ = λ+,z is an anti-holomorphic
vector. The A-model supercharge QA = Q+ +Q−is a scalar of the twisted theory.

The A-twisted supersymmetry transformations of the vector multiplet are ob-
tained from the Euclidean transformations by declaring the fermions λ±, λ± to have
new spins, and restricting to the supercharges and variational parameters that are
Lorentz scalars Q−, Q+, ϵ+, ϵ−. The component fields of the A-twisted theory trans-
form under commuting scalar supersymmetry variation

δ = iϵ+Q− + iϵ̄−Q̄+. (A.4.1)
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The transformations of the A-twisted vector multiplet are

δvz = − i

2
ϵ̄−λ−, (A.4.2)

δvz̄ = +
i

2
ϵ+λ̄+, (A.4.3)

δσ = 0, (A.4.4)

δσ̄ = −i
(
ϵ̄−λ+ + ϵ+λ̄−

)
, (A.4.5)

δD = − i

2

[
σ, ϵ̄−λ+ − ϵ+λ̄−

]
− ϵ̄−Dz̄λ− − ϵ+Dzλ̄+, (A.4.6)

δλ+ = +iϵ+

(
D + F12 +

1

2
[σ, σ̄]

)
, (A.4.7)

δλ− = −2ϵ+Dzσ, (A.4.8)

δλ̄+ = +2ϵ̄−Dz̄σ, (A.4.9)

δλ̄− = −iϵ̄−
(
D + F12 −

1

2
[σ, σ̄]

)
, (A.4.10)

Here, λ+, λ− are scalars, while λ− = λ−,z is a holomorphic 1-form, and λ+ = λ+,z

is an anti-holomorphic 1-form. For completeness, we record that

δF12 = ϵ+Dzλ̄+ + ϵ̄−Dz̄λ−. (A.4.11)

To obtain the variation under the A-model supercharge QA = Q− + Q̄+, one sets
ϵ+ = ϵ̄− = ϵ.

A.5 Standard cohomological multiplet

Given the transformations of the A-twisted vector multiplet, we proceed to identify
the standard cohomological multiplet. This is achieved by redefining the fields. After
setting ϵ+ = ϵ̄− = ϵ, the first field redefinition is

Y = i (D + F12) . (A.5.1)
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The transformations of A-twisted vector multiplet are then

δvz = − i

2
ϵλ−, (A.5.2)

δvz̄ = +
i

2
ϵλ̄+, (A.5.3)

δσ = 0, (A.5.4)

δσ̄ = −iϵ
(
λ+ + λ̄−

)
, (A.5.5)

δY = +
1

2
ϵ
[
σ, λ+ − λ̄−

]
, (A.5.6)

δλ+ = +ϵY +
i

2
ϵ [σ, σ̄] , (A.5.7)

δλ− = −2ϵDzσ, (A.5.8)

δλ̄+ = +2ϵDz̄σ, (A.5.9)

δλ̄− = −ϵY +
i

2
ϵ [σ, σ̄] (A.5.10)

Next, we go from the physics conventions, in which the Lie algebra consists of
hermitian matrices, to the math conventions, in which the Lie algebra consists of
anti-hermitian matrices. This is achieved by the second field redefinition φ → iφ

where φ denotes all component fields. The only effect is a change in the factors of i
in front of the commutators. The result is

δvz = − i

2
ϵλ−, (A.5.11)

δvz̄ = +
i

2
ϵλ̄+, (A.5.12)

δσ = 0, (A.5.13)

δσ̄ = −iϵ
(
λ+ + λ̄−

)
, (A.5.14)

δY =
i

2
ϵ
[
σ, λ+ − λ̄−

]
, (A.5.15)

δλ+ = +ϵY − 1

2
ϵ [σ, σ̄] , (A.5.16)

δλ− = −2ϵDzσ, (A.5.17)

δλ̄+ = +2ϵDz̄σ, (A.5.18)

δλ̄− = −ϵY − 1

2
ϵ [σ, σ̄] (A.5.19)
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The third step is to redefine the fields as

vz̄ → −Az̄ (A.5.20)

vz → −Az (A.5.21)

λ− → +2ψz, (A.5.22)

λ̄+ → −2ψz̄, (A.5.23)

σ → ϕ, (A.5.24)

σ̄ → λ, (A.5.25)

λ+ → +χ− η

2
, (A.5.26)

λ̄− → −χ− η

2
, (A.5.27)

G → H (A.5.28)

The result of the third field redefinition is

δAz = iϵψz, (A.5.29)

δAz̄ = iϵψz̄, (A.5.30)

δψz = −ϵDzϕ, (A.5.31)

δψz̄ = −ϵDz̄ϕ, (A.5.32)

δϕ = 0, (A.5.33)

δλ = iϵη, (A.5.34)

δη = ϵ [ϕ, λ] , (A.5.35)

δχ = ϵH, (A.5.36)

δH = iϵ [ϕ, χ] . (A.5.37)

The final step is to change from holomorphic coordinates to Euclidean coordinates

Az →
1

2
(A1 − iA2) , Az̄ →

1

2
(A1 + iA2) , ψz →

1

2
(ψ1 − iψ2) , ψz̄ →

1

2
(ψ1 + iψ2) .

(A.5.38)
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The result of changing coordinates is the standard multiplet of cohomological YM2

δAµ = iϵψµ, (A.5.39)

δψµ = −ϵDµϕ = −ϵ (∂µϕ+ [Aµ, ϕ]) , (A.5.40)

δϕ = 0, (A.5.41)

δλ = iϵη, (A.5.42)

δη = ϵc [ϕ, λ] , (A.5.43)

δχ = ϵH, (A.5.44)

δH = iϵ [ϕ, χ] . (A.5.45)

A.6 Summary of localizing terms

Here we compare the localizing terms of used by Benini-Zaffaroni in [18, 19] and
Witten in [3]. We present the localizing terms using the standard cohomologi-
cal multiplet. The localizing terms, as well as the localization computations, can
be compared using the dictionary between the standard cohomological multiplet
and the vector multiplet of A-twisted (2,2) supersymmetry. Consider the following
fermionic functionals of the fields of the standard multiplet

V0 =
1

h2
Tr

(
1

2
χ (H − 2f) + gijDiλψj

)
(A.6.1)

V1 = − 1

h2
Trχλ (A.6.2)

V2 =
1

h2
Tr

(
1

8
η [ϕ, λ]

)
(A.6.3)

Acting on these terms with the BRST-like variation, one obtains the action

S (c0, c1, c2) = δ

(ˆ
d2x

√
g (c0V0 + c1V1 + c2V2)

)
, (A.6.4)

where c0, c1c2 are real coefficients. The three different localizing terms in [18, 19, 3]
are

SBZ = S (1, 0, 1) = δ

(ˆ
d2x

√
g (V0 + V2)

)
(A.6.5)

Sflat
WTN = S (1, 0, 0) = δ

(ˆ
d2x

√
g (V0)

)
(A.6.6)

SYM
WTN = S (1, t, 0) = δ

(ˆ
d2x

√
g (V0 + tV1)

)
(A.6.7)
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Here, SBZ is the localizing term used in [18, 19], Sflat
WTN is the localizing term used

to localize to the moduli space of flat connections in [3], and SYM
WTN is the localizing

term used to localize to the moduli space of Yang-Mills connections in [3].



Appendix B

Representation theory of Lie
algebras and Lie groups

This appendix provides background for derivation in section 5 by reviewing the
necessary material from the representation theory of Lie algebra and Lie groups.
Standard textbook references on representation theory include [49, 50, 33, 51, 52].
Other useful resources are the lecture notes [53, 34, 54], appendix A of [55], appendix
A of [56], and appendix A of [57].

B.1 Representations of Lie algebras

In this section, we describe representations of Lie algebras, weight spaces, the adjoint
representation, and the Killing form. For a reference, see e.g. [51, 34]. A concise
account is provided in appendix A of [55].

Let g be a Lie algebra, and let t be the Cartan subalgebra of g. A Lie algebra
representation (ρ, g) is a linear map

ρ : g → gl(Vρ) (B.1.1)

that preserves the Lie bracket ρ ([X,Y ]) = ρ (X) ρ (Y )−ρ (Y ) ρ (X) for all X,Y ∈ g.
Here, gl(Vρ) is the space of linear endomorphisms of the vector space Vρ, that is to
say, linear maps of Vρ to itself. The vector space Vρ is called the representation
space.

The decomposition of the representation space can be viewed as a generalized
Eigen-decomposition. In particular, Vρ decomposes into a direct sum of Eigen-spaces
Vρ[λ] called weight spaces

Vρ =
⊕
λ∈t∗

Vρ[λ]. (B.1.2)
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The non-zero elements of these spaces eλ ∈ Vρ[λ] perform the function of Eigenvec-
tors. The Eigenvalue equation is obtained by acting on eλ with ρ-representatives of
t

ρ(H)eλ = λ(H)eλ, H ∈ t, (B.1.3)

where λ is a linear functional called the weight of the representation ρ, see e.g. [55]
The adjoint representation (ad, g) is the case when the representation space is

the Lie algebra itself

ad : g → gl(g), (B.1.4)

X 7→ ad(X). (B.1.5)

Representatives of the adjoint act on the Lie algebra by ad(X)(Y ) = [X,Y ] where
X,Y ∈ g.

From the adjoint representation, it is possible to specify Killing forms, and sub-
sequently, determine dual elements. The Killing form on g is defined by Kg(X,Y ) ≡
Tr (ad(X) ◦ ad(Y )) where X,Y ∈ g, and ◦ denotes composition of g-valued linear
operators. See e.g. Chapter VII.9 in [51] for explicit Killing forms for SU(n) and
SO(2n + 1). Choosing a particular Kg(·, ·), then restricting g to t, determines the
Killing forms Kt(·, ·) on t and Kt∗(·, ·) on t∗. The dual element of H ∈ t, denoted
H∗ ∈ t∗, is then defined by

⟨H∗, X⟩ = Kt (H,X) for all X ∈ t. (B.1.6)

where ⟨·, ·⟩ : t∗ ⊗ t → R is the inner product between dual vector spaces.

B.2 Complexification of Lie algebras

In this section, we review the complexification of Lie algebras, the adjoint represen-
tation space, and roots. For a reference, see e.g. chapter 8 of [51], or appendix A of
[55].

The representations of the real Lie algebra g are studied through its complexifica-
tion gC, which can be regarded as the representation space of the adjoint representa-
tion. gC is a complex Lie algebra, defined by permitting complex linear combinations
of elements of g with imaginary coefficients

gC = g⊕ ig. (B.2.1)

For example, the complexification of the real algebra su(2) is the complex algebra
su(2)C = sl(2,C). The complexified Cartan subalgebra tC is determined by restrict-



B.2. COMPLEXIFICATION OF LIE ALGEBRAS 165

ing g to t, then complexifying. Just as in the real case, tC is the maximal abelian
subalgebra of gC. The subset of real elements of the complexification gR ⊂ gC is

gR =
{
Z ∈ gC | Z = Z

}
= ig, (B.2.2)

where the bar denotes complex conjugation. Similarly, tR is the real part of tC.
The decomposition of the adjoint representation space is captured by the decom-

position of the complexification gC. In particular, gC decomposes into a complexified
Cartan subalgebra tC and a direct sum of root spaces Vα

gC = tC ⊕
⊕
α∈∆

Vα. (B.2.3)

where α are roots, while ∆ is the set of roots. The roots are the weights of the
adjoint representation.

The complexified subalgebra tC consists of elements of gC that commute with
elements of the real subalgebra t, that is to say

tC = {Y ∈ gC | ad (X)Y = 0 for all X ∈ t} . (B.2.4)

The roots and the root spaces emerge from the generalized Eigenvalue equation,
obtained by acting with adjoint representatives of tR on non-zero elements of the
complexification gC. This is given by

ad(X)(Y ) = α(X)Y, for all X ∈ tR, (B.2.5)

where Y ∈ gC. The roots α are real, non-zero, linear functionals on tR. The
subspace of Y ∈ gC satisfying B.2.5 is the root space Vα. That is to say, the root
spaces Vα ⊂ gC are

Vα = {Y ∈ gC | ad (X)Y = α (X)Y for all X ∈ tR} , (B.2.6)

with the property that they are one-dimensional dimVα = 1. This is Eigen-decomposition
in the sense that the roles of Eigen-spaces, Eigenvectors, and Eigenvalues are as-
sumed by Vα, Y , and α(X), respectively.

The roots have several important properties. Roots are vectors in t∗, belonging
to the set α ∈ ∆. Roots come in pairs with opposite sign, in the sense that that for
every α ∈ ∆, there is an −α ∈ ∆. Each root in α ∈ t∗ is associated to a dual root
α∗ ∈ t, and a coroot Hα ∈ t. The coroot can be expressed in terms of the dual root
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Hα = 2α∗

K(α,α) . Consequently, we have

α(Hβ) = ⟨α,Hβ⟩ =
2K(α, β)

K(β, β)
(B.2.7)

as well as α(Hα) = 2.

B.3 Root systems

In this section, we review root systems of Lie algebras, fundamental systems, and
the Weyl group. For a reference, see [49, 51], or appendix A of [56].

In general, a root system are defined as follows. Let E be a Euclidean space
with scalar product ( , ) . A finite nonzero set of vectors Φ in E is referred to as a
root system if i) Φ spans E, ii) for each β ∈ Φ the only other multiple in the set is
−β ∈ Φ, iii) for β, γ ∈ Φ, the reflected element σβ (γ) = γ−2 (β, γ) / (β, β)β, is also
in the set σβ (γ) ∈ Φ , and iv) for β, γ ∈ Φ, the quantity ⟨β, γ⟩ =: 2 (β, γ) / (β, β) is
integer ⟨β, γ⟩ ∈ Z.

The set of roots ∆, of the Lie algebra g, is a root system in t∗. This is referred
to as the root system ∆ of G. In particular, ∆ is a finite non-zero set of vectors in
the fixed Euclidean vector space t∗, satisfying requirements i) - iv) of being a root
system. In a similar fashion, the coroots Hα are valued in a set ∆̃ that is a root
system in the dual vector space t∗.

The Weyl groupW of the root system is the finite reflection group of t∗, generated
by reflections about hyperplanes which are orthogonal to the roots α ∈ ∆ and pass
through the origin. As a finite reflection group, the Weyl group is a subgroup of
the isometry group of t∗. The Weyl group is also the finite reflection group of the
dual root system ∆̃ in t, generated by reflecting about hyperplanes π̃α orthogonal
to coroots Hα.

A reflection hyperplane, orthogonal to a root α ∈ ∆, is defined using the scalar
product on t∗:

πα = {γ ⊂ t∗| (α, γ) = 0} . (B.3.1)

Each hyperplane breaks t∗ into two disconnected components, or regions. The com-
plement πα\t∗ consists of two disconnected components, where each connected com-
ponent of the complement shares πα as a boundary. Similarly, the union of the
hyperplanes

Π =
⋃
α∈∆

πα (B.3.2)

splits t∗ into several disconnected components. The complement of the union of
hyperplanes Π\t∗ consists of several disconnected components, where the connected
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components of the complement are referred to as Weyl chambers. Each Weyl cham-
ber, denoted C, is a convex cone. The union of all Weyl chambers is the union of
convex cones in the complement Π\t∗, while a particular Weyl chamber is a particu-
lar convex cone. The same arguments apply to the dual space t, where the chambers
are defined using hyperplanes π̃α orthogonal to coroots Hα.

The elements of the Weyl group w ∈ W , referred to as Weyl reflections, are
reflections about hyperplanes πα in t∗ or π̃α in t. The Weyl group acts on t∗ and t

separately, sending W : t∗ → t∗, X 7→ w ·X and W : t → t, Y 7→ w · Y . These are
reflections in the standard sense: linear maps from a Euclidean space itself, which
preserve the reflection hyperplane. In what follows, we denote an arbitrary Weyl
reflection by w, and a particular Weyl reflection about the hyperplane πα or π̃α, by
sα.

The Weyl reflection of an element in t∗ about the hyperplane πα is

sα (X) = X −X (Hα)α, X ∈ t∗. (B.3.3)

The Weyl reflection of an element in t about the hyperplane π̃α is

sα (Y ) = Y − α (Y )Hα, Y ∈ t. (B.3.4)

It is useful to note that, with respect to the scalar product on t∗or t, Weyl reflections
obey (w ·X,Y ) =

(
X,w−1 · Y

)
. This, in turn, implies the identity (w ·X,w · Y ) =

(X,Y ).
As an example, consider g = su(2), where t∗ = R, and the set of roots is ∆ =

{+2,−2}. Both roots specify the same hyperplane πα = 0. The Weyl chambers are
the convex cones C = R≥0 and C ′ = R≤0. Weyl reflections map between α = +2

and α′ = −2, such that the set ∆ is closed under the action of the Weyl group.
At this point, t∗ includes the set of vectors ∆, the reflection hyperplanes πα, the

chambers C, and the group W generated by reflections about πα. To define a basis
of vectors, it is necessary to choose a positive direction in t∗.

Choosing a positive direction in t∗ is referred to as the choice of fundamental
system for the root system. This choice can be equivalently regarded as choosing
which one of the Weyl chambers will serve as the fundamental Weyl chamber, or
choosing which of the roots will serve as simple roots. The choice of fundamental
system is arbitrary, but necessary, in the sense that one can pick any Weyl chamber
to be the fundamental one, but a particular fundamental chamber must be specified
to define a basis.

Choosing a fundamental system breaks t∗ into two regions, one of which is re-
garded as the positive half space, the other of which is regarded as the negative half
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space.
Half of the set of roots ∆ will be valued in the positive space, and are called

positive roots ∆+, while the other half of ∆ will be valued in the negative half
space, and are called negative roots ∆−. In particular, the set of roots decomposes
as ∆ = ∆+ ∪∆−.

The positive roots fix an element, unique to each root system, called the Weyl
vector. By definition, the Weyl vector is half the sum of the positive roots ϱ =
1
2

∑
α∈∆+

α.
Furthermore, the positive roots fix the simple roots, which serve as a basis for

t∗. By definition, a simple root is any positive root that cannot be expressed as the
sum of two positive roots. That is to say, any α ∈ ∆+ that cannot be expressed as
β + γ for β, γ ∈ ∆+. The set of simple roots

{αI |I = 1, . . . , r = rankg} (B.3.5)

serve as a basis for t∗. The full set of roots ∆ can then be expressed as the set of
simple roots acted upon by all Weyl reflections ∆ = {w · αI |I = 1, . . . , r, w ∈W}.
The simple roots fix the fundamental Weyl chamber and the simple Weyl reflections,
which we now describe.

The fundamental Weyl chamber, denoted C0, is the convex cone in t∗, defined
as the closure of the hyperplanes παI orthogonal to simple roots αI . In particular,
the fundamental Weyl chamber is the region

C0 = {γ ⊂ t∗| (γ, αI) ≥ 0, I = 1, . . . , r} , (B.3.6)

where ( , ) is the scalar product on t∗. The interior of C0 is then C0,i = {γ| (γ, αI) > 0},
while the boundaries of C0 are C0,b = {γ| (γ, αI) = 0}. The fundamental Weyl
chamber is a fundamental domain for the action of the Weyl group on t∗, in the
sense that every Weyl chamber is an image, under the W -action, of the fundamental
chamber. This rational applies to other elements in t∗ including vectors and scalars:
an element in any Weyl chamber is necessarily a image, under Weyl reflection, of a
unique element in the fundamental Weyl chamber.

The simple Weyl reflections sαI =: sI , are Weyl reflections about hyperplanes
παI orthogonal to simple roots. As the simple roots are a subset of the set of all
roots {αI} ⊂ ∆, the simple Weyl reflections are a subset of the set of all Weyl
reflections {sI} ⊂ {sα|α ∈ ∆}. An arbitrary Weyl reflection w ∈ W can always be
expressed as either a simple Weyl reflection w = sI or the composition of repeated
simple Weyl reflections w = sIsJ · · · sK .

The fundamental Weyl chamber is a fundamental domain for the action of the
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Weyl group on t∗, in the sense that every Weyl chamber is an image, under the W -
action, of the fundamental chamber. In view of this, the Weyl chamber associated
to a particular reflection, denoted Cw, can be expressed as

Cw = {γ ⊂ t∗| (w · γ, αI) ≥ 0, I = 1, . . . , r} , w ∈W. (B.3.7)

The interior and boundaries of all Weyl chambers can be expressed in a similar
fashion. This rational applies to other elements in t∗ including vectors and scalars:
an element in any Weyl chamber is necessarily an image, under Weyl reflection, of
a unique element in the fundamental Weyl chamber.

As an example, consider again g = su(2) with t∗ = R. One can choose either
R≥0 or R≤0 to be the positive direction. Choosing R≥0 to be the positive direction,
the set of roots ∆ = {+2,−2} decomposes as ∆+ = {+2} and ∆− = {−2}. In this
case, the positive root α = 2 serves as the simple root, and the Weyl vector is ϱ = 1.
There are two Weyl reflections, both of which are reflections about the hyperplane
πα = 0. The simple Weyl reflection is the one that is associated to the simple root.
The fundamental Weyl chamber is C0 = R≥0, its interior is C0,d = R>0, while its
boundary is C0,b = 0 is equivalent to the hyperplane πα = 0. Finally, the nega-
tive root is the Weyl reflected image of the unique simple root in the fundamental
chamber.

In addition to the basis of simple roots {αI} in t∗, there are three more bases,
one of which is in t∗, and two of which are in t. Since each root in t∗ is associated
to a coroot in t, each simple root αI is associated to a simple coroot HαI . The set
of simple coroots

{HαI |I = 1, . . . , r = rankg} . (B.3.8)

serve as a basis for t.
The remaining two bases obtained by the definition of dual elements. Dual to

the basis of simple roots, we have the coweight basis

{
hJ |

〈
αI , h

J
〉
= δ JI

}
, (B.3.9)

which serves as a second basis for t. Note that coweight basis is sometimes referred
to as magnetic weight basis. Dual to the basis of simple coroots, we have the weight
basis {

λI |
〈
λI , HJ

〉
= δIJ

}
. (B.3.10)

which serves as a second basis for t∗, where HJ =: HαJ . Note that the weight
basis is sometimes referred to as the basis of fundamental weights. The weight basis
provides an alternative expression for the Weyl vector ϱ = 1

2

∑
α∈∆+

α =
∑

I λ
I .
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In summary, the two bases of t∗ are then {αI} and
{
λI
}
, while the two bases

of t are {HI} and
{
hI
}
. Each of the four bases will be used to define a lattice,

which will be studied in detail in what follows. Here, it suffices to note that given
a basis {vk} of a vector space V , a lattice L ⊂ V is the set of all integer linear
combinations of the basis L = {

∑
akvk|ak ∈ Z}. In view of this, the weight lattice

is Λwt =
{∑

nIλ
I |nI ∈ Z

}
⊂ t∗.

Elements in t∗ are referred to as integral, dominant, strictly dominant depend-
ing on where they are valued. The integrality of an element in t∗ is a statement
concerning how it is valued with respect to the weight basis. If an element X ∈ t∗

is integral, it can be expressed as an integer linear combination in the weight basis
X =

∑
mIλ

I for mI ∈ Z. Equivalently, if an element X ∈ t∗ is valued in the weight
lattice X ∈ Λwt, it is an integral element. For this reason, the weight lattice is
sometimes referred to as the lattice of integral forms. Since the Weyl vector is the
sum of the weight basis vectors ϱ =

∑
I λ

I , it is sometimes referred to as the lowest
integral form.

The dominance and strict dominance of an element in t∗ is a statement concern-
ing how the element is valued with respect to the fundamental Weyl chamber. If
X ∈ t∗ is dominant, it is valued in the closure of the fundamental Weyl chamber
X ∈ C0. If X ∈ t∗ is strictly dominant, it is valued in the interior of the fundamental
Weyl chamber X ∈ C0,d.

If, for example, an element X ∈ t∗ is both integral and strictly dominant, then
we have X ∈ Λwt ∩Cd,0. The same nomenclature applies to sets of elements S in t∗.
If S is a set of integral elements then it takes values in the weight lattice S∩Λwt = S

and nowhere else S\Λwt = ∅. The dominant elements of a set are those in closure
of the fundamental Weyl chamber Sd = S ∩ C0, while the non-dominant elements
are those in the complement Snd = S\C0. The strictly dominant elements of a set
are those in interior of the fundamental Weyl chamber Ssd = S ∩ C0,i, while the
non-strictly dominant elements are those in the complement Snsd = S\C0,i

B.4 Action of the Weyl group

In this section, we review the action of the Weyl group on root systems, focusing on
the orbit, stabilizer, and fixed-point set. For a reference, see e.g. the textbook [33],
or the lecture notes [53].

Let G be a group acting on a set X. The orbit of G through a point x ∈ X, is
the set of points y ∈ X which can be reached by the action of G

orbG (x) = {y = g · x|g ∈ G} (B.4.1)
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In other words, the orbit is the set attainable by acting on x ∈ X with all g ∈ G.
Given a point x ∈ X, the stabilizer group of x is the set of group elements

stabG (x) = {g ∈ G|g · x = x} (B.4.2)

This is the set of group elements which leave invariant a particular x ∈ X. The
stabilizer group is also referred to as the isotropy group at x. Given a group element
g ∈ G, the fixed point set of G is the set

fixX (g) = {x ∈ X|g · x = x} (B.4.3)

This is the set of elements left invariant when acting with a particular g ∈ G. The
order of the stabilizer is equal to the order of the group divided by the number of
distinct orbits

|stabG (x)| = |G|
|orbG (x)|

. (B.4.4)

This equality is a consequence of the orbit-stabilizer theorem in combination with
Lagrange’s theorem. Furthermore, the order of the stabilizer and the number of ele-
ments in the fixed point set are related by summing over their respective arguments∑

g∈G
|fixX (g)| =

∑
x∈X

|stabG (x)| . (B.4.5)

Replacing the right hand side of 2nd with right hand side of 1st, we have that the
number of distinct orbits is equal to the average number of fixed points.

|orbG (x)| = 1

|G|
∑
g∈G

|fixX (g)| (B.4.6)

This is referred to as the lemma that is not Burnside’s in [53].
Next, we proceed to put these results into the context of the action of the Weyl

group on the root system. In what follows we focus on the W -action on the root
system in t∗ , but note that the above arguments are just as applicable to the dual
root system in t.

The conventions are as follows. Let C,Ci, Cb denote the closure, interior, and
boundary of an arbitrary Weyl chamber, and let C0, C0,i, C0,b denote the same
quantities for the fundamental Weyl chamber. Let Π =

⋃
α∈∆ πα denote the union

of all reflection hyperplanes, let Πc = t∗\Π denote the complement of Π, and let
Π0 =

⋂
α∈∆ πα denote the intersection of all hyperplanes. Let Xb denote a generic

boundary element valued on an arbitrary chamber boundary Cb. Let Xi denote a
generic interior element valued on an arbitrary chamber interior Ci. Let X(0) denote
an element valued at the intersection of all hyperplanes Π(0), which is equivalent to
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being valued on all chamber boundaries, or sitting at the origin in t∗. Observe that
each chamber boundary is a subspace of the union of hyperplanes Cb ⊂ Π, and each
chamber interior is a subspace of the complement of all hyperplanes Ci ⊂ Πc.

We now proceed to describe the orbit, stabilizer, and fixed point set of Weyl
group action. The orbit of W through an element X ∈ t∗ is the set

OrbW (X) = {w ·X|w ∈W} , (B.4.7)

consisting of all distinct images of X attainable by Weyl reflection. The orbit of a
boundary elementXb is a set of boundary elements OrbW (Xb) =

{
Xb, X ′b, X ′′b, . . .

}
.

The number of distinct images in the orbit is fewer than the number of reflections∣∣OrbW (Xb)
∣∣ < |W |. The orbit of an interior element Xi is a set of interior ele-

ments OrbW (Xi) =
{
Xi, X ′i, X ′′i, . . .

}
. The number of distinct images in the orbit

is equal to the number of reflections
∣∣OrbW (Xi)

∣∣ = |W |. The orbit of an element
valued on all boundaries X(0) is trivial OrbW (X(0)) =

{
X(0)

}
.

Given an element X ∈ t∗, the stabilizer group of X is the set of Weyl reflections

StabW (X) = {w ∈W |w ·X = X} . (B.4.8)

The stabilizer of a boundary element is a subgroup of the Weyl group StabW (Xb) ⊂
W . If, for example, a particularXb = Y lies on the hyperplane Y ∈ πα, it is invariant
under the Weyl reflection sα(Y ) = Y , and therefore has stabilizer StabW (Y ) =

{1W , sα}. The stabilizer of an interior element is trivial StabW (Xi) = {1W }. The
stabilizer of an element valued on all boundaries X(0) ∈ Π(0) is the whole Weyl
group StabW (X(0)) =W .

Given a Weyl reflection w ∈W , the fixed point set of W is the set

fixt∗ (w) = {X ∈ t∗|w ·X = X} . (B.4.9)

To illustrate, consider the particular Weyl reflection sα about the hyperplane πα.
Then, Fixt∗(sα) = {Y ∈ t∗|sαY = Y } is the set of all elements valued on the hy-
perplane Y ∈ πα ∩ t∗. A fixed point set of a Weyl reflection cannot cannot contain
interior elements Xi, but can contain boundary elements Xb, or an element valued
on all boundaries X(0).

B.5 Covering groups

In this section we review the relationship between covers of Lie groups and Lie
algebras. This includes a description of based homotopy, the fundamental group,
and the classification of covering groups. For a reference, see the textbooks [35, 51],
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appendix A of [56] , or appendix A of [55].
The relationship between semi-simple compact Lie groups G and Lie algebras

g is not one-to-one, but quantifiable. In particular, a finite number Lie groups
G1, G2, G3, . . . that might differ globally, can correspond to the same Lie algebra
g. For instance, SU(2) and SO(3) map to the same Lie algebra su(2), but are not
the same group. The collection of groups G1, G2, G3, . . . corresponding to the same
algebra g are classified according to their fundamental group π1(G) and the center
of the group Z(G).

To describe the fundamental group π1 (X) of a topological spaceX, we first recall
based homotopy and concatenation of loops. For details see e.g. section 4.1.4 of [35].
A loop γ, based at a point p0 ∈ X, is a continuous map γ : [0, 1] → X which begins
and ends at the base-point γ (0) = γ (1) = p0. Two loops α, β : [0, 1] → X, based
at p0 ∈ X, are called homotopic if there exists a homotopy, i.e. a continuous map
F : [0, 1]× [0, 1] → X satisfying i) F (0, t) = p0, ii) F (1, t) = p0, iii) F (s, 0) = α (s),
and iv) F (s, 1) = β (s) for all t, s ∈ [0, 1]. Homotopy is an equivalence relation, and
homotopic loops form an equivalence class [γ]. The concatenation, or product, of
two based loops α, β : [0, 1] → X, is a third loop δ = α ◦ β defined as

δ (t) = (α ◦ β) (t) =

α(2t) 0 ≤ t ≤ 1/2,

β(2t− 1) 1/2 ≤ t ≤ 1.
(B.5.1)

Concatenation of loops generalizes to concatenation of distinct equivalence classes
of homotopic loops on X. In particular, two distinct homotopy classes [γ1] and [γ2]

may be concatenated to produce a third [γ1] ◦ [γ2] = [γ1 ◦ γ2] = [γ3].
The fundamental group π1 (X) is then the group in which the elements are

the closed set of distinct homotopy classes of loops in X, and the group operation
is concatenation. The identity element e ∈ π1 is the homotopy class [γ0] where
γ0 = γ0 (t) is a constant loop based at p0 ∈ X for all t, and the inverse of an element
[γ] ∈ π1 is

[
γ−1

]
where γ−1 (t) = γ (1− t).

The fundamental group of a Lie group π1(G) is the case where the topological
space X is taken to be G as a manifold. When the topological space is also a Lie
group, π1 is Abelian. If the fundamental group consists of only the identity element
π1 (G) = {e}, it is said to be trivial. In this case, the manifold is simply-connected
as a topological space, such that all loops can be continuously deformed to a point.

The center of the Lie group Z(G), on the other hand, is the subgroup of G
containing all elements that commute with all other elements

Z(G) = {z ∈ G | zg = gz ∀ g ∈ G} . (B.5.2)
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To have a trivial center Z(G) = {e} means that there are no elements of G other
than the identity that commute with all g ∈ G.

For an arbitrary G′ belonging to the collection G1, G2, G3, . . . , there exist two
other groups denoted G̃ and H ′ (theorem VII.6.4 [51]). The group G̃ is called
universal covering group of G′, with the property that it is a simply-connected
group with trivial fundamental π1(G̃) = {e}. The group H ′, on the other hand,
is a discrete normal subgroup of the universal cover H ′ ⊂ G̃, characterized by
H ′ ≃ π1(G

′). H ′ is an Abelian group, since π1(G′) is Abelian when G′ is a Lie
group. In addition to being a subgroup of the universal cover, H ′ is also a subgroup
of its center H ′ ⊆ Z(G̃).

The arbitrary G′ in G1, G2, G3, . . . is the quotient group of the universal cover
and the subgroup G′ = G̃/H ′. There are as many of these quotient groups as there
are discrete Abelian subgroups of Z(G̃). For instance, if Z(G̃) can be decomposed
into two subgroups H ′, H ′′, there are two quotient groups G′ = G̃/H ′, G′′ = G̃/H ′′.

The final quotient group is called the adjoint group Gad, which is obtained by
quotienting the universal cover by its entire center Gad = G̃/Z(G̃). The adjoint
group is characterized by trivial center Z(Gad) = {e}.

It is then possible to sort the G1, G2, G3, . . . sharing the same g in a list according
to π1(G) and Z(G). On the one end of the list is the universal cover G̃ with trivial
π1(G̃), in between are all the quotient groups G′,G′′, . . . obtained from subgroups
Z(G̃), and on the other end is the adjoint group Gad = G̃/Z(G̃) with trivial Z(Gad).
The list is then

G̃, . . . , G′ =
G̃

H ′ , G
′′ =

G̃

H ′′ , . . . , Gad =
G̃

Z(G̃)
. (B.5.3)

where G̃ is the group in G1, G2, G3, . . . with trivial π1(G̃), Gad is the group with
trivial Z(Gad), and the quotient groups G′, G′′, . . . are obtained from all discrete
Abelian subgroups H ′, H ′′, . . . of Z(G̃).

B.6 Lattices

In this section, we review lattices, lattices of Lie algebras, then lattices of Lie groups.
For a reference see [51, 53], or the lecture notes [54].

Let V be a finite dimensional real Euclidean vector space of dimension m =

dimV , and let {vk|k = 1, . . . ,m} be a basis of V . A lattice

L =
{∑

akvk | ak ∈ Z
}
, (B.6.1)

is a subgroup of V , with addition as the group operation.
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The dual lattice L∗ of L in the dual vector space V ∗ of V is

L∗ = { y ∈ V ∗ | ⟨x, y⟩ ∈ Z for all x ∈ L } (B.6.2)

where ⟨·, ·⟩ : V ⊗V ∗ → R is the inner product between dual vector spaces. The dual
lattice is the set of all elements dual to the original lattice.

Given two lattices L1, L2 in the same vector space V , L1 is a called a sublattice
of L2 if L1 is a subset of L2. If L1 is a sublattice of L2, it is denoted by the inclusion
L1 ⊂ L2. Then, L1 is the coarser lattice, while L2 is the finer lattice.

As lattices are discrete groups, the notion of quotient groups extends to lattices.
The quotient of two lattices in the same vector space is L1/L2. Duality acts on
quotients as L1/L2 ≃ L∗

2/L
∗
1. For several inclusions L1 ⊃ L2 ⊃ L3, the quotient

obeys L1/L2 = (L1/L3)/(L2/L3).
In the context of lattices, the Poisson summation formula has a neat general-

ization. For the m-dimensional lattice L ⊂ Rm, the generalized Poisson summation
formula is ∑

x∈L
f (x) =

1

covol (L)

∑
y∈L∗

f̂ (y) . (B.6.3)

Here, L∗ is the dual lattice of L, the Fourier transform of f (x) is

f̂ (y) =

ˆ
Rm

e−2πi⟨x,y⟩f (x) dx, (B.6.4)

and covol (L) = vol (Rn/L) is the volume of a fundamental domain of L, i.e. the
unit plaquette.

Since conventions for the Fourier transform often differ, we note here that a
general Fourier transform may be written

f̂ (ξ) = F (a,b)
x [f (x)] (ξ) =

√
|b|

(2π)1−a

ˆ +∞

−∞
f (x) eibxξdx, (B.6.5)

where a, b are convention-dependent coefficients. A common choice for (a, b) is (0, 1)
, while in B.6.4 the choice is (1,−2π).

Recall from the discussion of root systems that there are four vector space bases
associated to the algebra g = LieG, two of which are in t∗, the other two of which
are in t. In t∗ we have the basis of simple roots {αI} and the basis of weights

{
λI
}
,

while in t we have the basis of simple coroots {HI}, and the basis of coweights
{
hI
}
.

In what follows, we use each basis to define lattice. These four lattices are associated
to the algebra g = LieG, as opposed to being associated to the group G, in the sense
that they are defined using algebraic quantities such as roots, weights, coroots, and
coweights.



B.6. LATTICES 176

Following this, two group associated lattices will be defined using the exponential
map from the algebra to the group. As a reminder of this association, the lattices
of the algebra will be denoted Lg, while the lattices of the group will be denoted
LG. Since a Lie group is a manifold, and a Lie algebras is tangent spaces of that
manifold, group-valued quantities pertain to global properties of the manifold, while
algebra valued quantities pertain to local properties of the manifold.

The root lattice in t∗ is the set of all integer linear combinations of the basis of
simple roots

Λg
rt =

{∑
nIαI | nI ∈ Z

}
, Λg

rt ⊂ t∗. (B.6.6)

Similarly, the coroot lattice in t is the set of all integer linear combinations of the
simple coroots

Λg
cort =

{∑
mIHI | mI ∈ Z

}
, Λg

cort ⊂ t (B.6.7)

The weight lattice in t∗ is the dual lattice of the coroot lattice

Λg
wt = { λ ∈ t∗ | ⟨λ,H⟩ ∈ Z, for all H ∈ Λcr } , Λg

wt ⊂ t∗. (B.6.8)

Similarly, the coweight lattice in t is the dual lattice of the root lattice

Λg
cowt = { h ∈ t | ⟨α, h⟩ ∈ Z, for all α ∈ Λrt } , Λg

cowt ⊂ t. (B.6.9)

The root lattice is a sublattice of the weight lattice

Λg
rt ⊂ Λg

wt, (B.6.10)

while the coroot lattice is a sublattice of the coweight lattice

Λg
cort ⊂ Λg

cowt. (B.6.11)

To define the group associated lattices, recall that the exponential map is a map
from elements of the algebra g to elements of the group G. When restricted to the
Cartan subalgebra t of g, the exponential map is

exp : t → G, (B.6.12)

X 7→ e2πiX . (B.6.13)

The kernel of the exponential map, ker (exp), is the elements in the Cartan subalge-
bra X ∈ t whose image is the identity element 1G of G. The kernel of the exponential
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map defines a lattice in t, referred to as the cocharacter lattice, which is associated
to the group G, as opposed to the algebra g.

The cocharacter lattice in t, defined as the kernel of the exponential map re-
stricted to the Cartan subalgebra, is

ΛGcoch = {γ ∈ t| exp (2πiγ) = 1G} , ΛGcoch ⊂ t (B.6.14)

The cocharacter lattice satisfies the inclusions

Λg
cort ⊆ ΛGcoch ⊆ Λg

cowt. (B.6.15)

It is not possible for the three lattices in t to coincide, since the coroot lattice is a
sublattice of the coweight lattice Λg

cort ⊂ Λg
cowt. The character lattice in t∗ is the

dual lattice of the cocharacter lattice

ΛGch =
{
µ ∈ t∗ | ⟨µ, γ⟩ ∈ Z, for all γ ∈ ΛGcoch

}
, ΛGch ⊂ t∗. (B.6.16)

The character lattice satisfies the inclusions

Λg
rt ⊆ ΛGch ⊆ Λg

wt. (B.6.17)

It is not possible for the three lattices in t∗ to coincide, since the root lattice is
a sublattice of the weight lattice Λg

rt ⊂ Λg
wt. Due to the inclusions, the elements

of all three lattices in t∗ are integral. This is because being an integral element is
equivalent to being an element of Λg

wt.
The values taken by the cocharacter and character lattices depends on the cover

of G. In particular, the lattices depend on what value G takes in the list of pos-
sible covers G̃, . . . , G′ = G̃/H ′, G′′ = G̃/H ′′, . . . , Gad = G̃/Z(G̃) described in the
discussion on covering groups. The example to keep in mind is that for g = su(2),
the universal cover is G̃ = SU(2), while the adjoint cover is Gad = SO(3), where
SO(3) ≃ PSU(2) = SU(2)/Z2. That being said, the three general cases to consider
are the universal cover G = G̃, the adjoint cover G = Gad, or an intermediate cover
G = G′.
When the group is the universal cover G = G̃, the cocharacter lattice coincides with
the coweight lattice, and the character lattice coincides with the weight lattice

Λg
cort ⊂ ΛG=G̃

coch ≃ Λg
cowt, Λg

rt ⊂ ΛG=G̃
ch ≃ Λg

wt. (B.6.18)

When the group is the adjoint cover G = Gad, the cocharacter lattice coincides with
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the coroot lattice and the character lattice coincides with the root lattice

Λg
cort ≃ ΛG=Gad

coch ⊂ Λg
cowt, Λg

rt ≃ ΛG=Gad
ch ⊂ Λg

wt. (B.6.19)

When the group is some other cover G = G′, intermediate between the universal
cover and the adjoint cover, we have the sublattices

Λg
cort ⊂ ΛG=G′

coch ⊂ Λg
cowt, Λg

rt ⊂ ΛG=G′
ch ⊂ Λg

wt. (B.6.20)

By considering lattice quotients, it is possible to determine the center Z(G), as well
as the fundamental group π1(G), for arbitrary G. The group isomorphisms obtained
from the quotient lattices in t are

Z(G) =
Λg

cowt

ΛGcoch
, π1(G) =

ΛGcoch
Λg

cort
. (B.6.21)

Similarly, the group isomorphisms obtained from the quotient lattices in t∗ are

Z(G) =
ΛGch
Λg

rt
, π1(G) =

Λg
wt

ΛGch
. (B.6.22)

B.7 Translations by the Weyl vector

In this section, we describe in detail how to shift elements of integral lattices by
the Weyl vector. In doing so, we make and prove some propositions similar to
proposition IX.2.5 in [51].

Let Tϱ denote the shift Tϱ (X) = X + ϱ of an element X ∈ t∗ by the Weyl vector
ϱ. The Weyl vector always points into the fundamental Weyl chamber, which is the
positive direction chosen for t∗. In view of this, Tϱ is the translation of an element
X, by a distance ϱ, in the positive direction of t∗, that is to say, toward the interior
of the fundamental Weyl chamber C0,i. More generally, translation by the Weyl
vector is a map between elements of t∗

Tϱ : t∗ → t∗, (B.7.1)

X 7→ X ′ = X + ϱ.

The first property of Tϱ is that it maps integral elements to other integral elements.
This can be verified by restricting Tϱ to the set of all integral elements of t∗, or
equivalently, the elements of the weight lattice Λg

wt in t∗. The restriction of Tϱ to
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the weight lattice is a map from the weight lattice to itself

Tϱ : Λg
wt → Λg

wt, (B.7.2)

X 7→ X ′ = X + ϱ.

To show this, use the weight basis
{
λI
}

to express the lattice as

Λwt =

{
r∑
I=1

nIλ
I

∣∣∣∣ nI ∈ Z

}
, (B.7.3)

the lattice element as X =
∑r

I=1 nIλ
I , and the Weyl vector as ϱ =

∑r
I=1 λ

I . The
shift then reads

r∑
I=1

nIλ
I 7→ X ′ =

r∑
I=1

nIλ
I +

r∑
I=1

λI =
r∑
I=1

(nI + 1)λI =
r∑
I=1

n′Iλ
I (B.7.4)

Due to nI ∈ Z, the coefficient in the last expression n′I = nI + 1 is also an integer
n′I ∈ Z. Since the shifted element X ′ can be expressed in the weight basis with
integer coefficient X ′ =

∑r
I=1 n

′
Iλ

I , n′I ∈ Z, it is valued in the weight lattice X ′ ∈
Λwt. This verifies that Tϱ maps integral elements to other integral elements.

Next, we verify two properties of how Tϱ acts on integral elements with respect to
the fundamental Weyl chamber. The notation is as follows. Let the closure, interior,
and boundary of the fundamental Weyl chamber be denoted by C0, C0,i, and C0,b

respectively. Let the subsets of dominant, strictly-dominant, non-dominant, non-
strictly dominant, and boundary elements of a lattice Λ be denoted respectively by
the superscripts

Λd = Λ ∩ C0, Λsd = Λ ∩ C0,i, Λnd = Λ\C0, Λnsd = Λ\C0,i, Λb = Λ ∩ Cb (B.7.5)

The first property to verify is that Tϱ maps dominant integral elements X ∈
Λd

wt = Λg
wt ∩ C0 to strictly dominant integral elements X ′ ∈ Λsd

wt = Λg
wt ∩ C0,i, and

that this is a bijection, in the sense that the inverse map exists T−1
ϱ , and elements X

and X ′ are in one-to-one correspondence. The second property to verify is that Tϱ
maps non-dominant integral elements X ∈ Λnd

wt = Λg
wt\C0 to non-strictly dominant

integral elements X ′ ∈ Λnsd
wt = Λg

wt\C0,i.
Beginning with the first property, we want to show that the restriction of Tϱ to dom-
inant integral elements Λd

wt is a map to unique strictly dominant integral elements

Tϱ : Λd
wt → Λsd

wt, (B.7.6)

X 7→ X ′ = X + ϱ
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To do so, we use the weight basis
{
λI
}

to express the subsets as

Λd
wt =

{
r∑
I=1

nIλ
I

∣∣∣∣ nI ≥ 0, nI ∈ Z

}
, (B.7.7)

Λsd
wt =

{
r∑
I=1

mIλ
I

∣∣∣∣ mI ≥ 1,mI ∈ Z

}
. (B.7.8)

The shift then reads

r∑
I=1

nIλ
I 7→ X ′ =

r∑
I=1

nIλ
I +

r∑
I=1

λI =
r∑
I=1

(nI + 1)λI =
r∑
I=1

n′Iλ
I (B.7.9)

Due to nI ≥ 0, nI ∈ Z, the coefficient in the last expression n′I = nI +1 is a positive
integer n′I ≥ 1, n′I ∈ Z. Since the shifted element X ′ can be expressed in the weight
basis with a positive integer coefficient, we have n′I = mI for mI ≥ 1,mI ∈ Z, and
consequently, X ′ is integral and strictly dominant X ′ =

∑r
I=1mIλ

I ∈ Λsd
wt. This

verifies that Tϱ maps each dominant integral element to a unique strictly dominant
integral element.
Next, we want to show that T−1

ϱ uniquely maps strictly dominant integral elements
to dominant integral elements. The inverse map reads

T−1
ϱ : Λsd

wt → Λd
wt, (B.7.10)

X ′ 7→ X ′′ = X ′ − ϱ.

Expressing the shift in weight basis, we have

r∑
I=1

mIλ
I 7→ X ′′ =

r∑
I=1

mIλ
I −

r∑
I=1

λI =
r∑
I=1

(mI − 1)λI =
r∑
I=1

m′′
Iλ

I . (B.7.11)

Due to mI ≥ 1,mI ∈ Z, the coefficient in the last expression m′′
I = mI − 1 is a

non-negative integer m′′
I ≥ 0,m′′

I ∈ Z. Since X ′′ can be expressed in the weight
basis with non-negative integer coefficient, we have m′′

I = nI for nI ≥ 0, nI ∈ Z, and
consequently, X ′′ is integral and dominant X ′′ =

∑r
I=1 nIλ

I ∈ Λd
wt. This verifies

that T−1
ϱ maps each strictly dominant integral element to a unique dominant integral

element. This also verifies the bijection, since the elements of the sets Λd
wt and Λsd

wt

are uniquely related by Tϱ and T−1
ϱ .

Proceeding with the verification of the second property, we want to show that
the restriction of Tϱ to non-dominant integral elements is a map to non-strictly
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dominant integral elements

Tϱ : Λnd
wt → Λnsd

wt , (B.7.12)

Y 7→ Y ′ = Y + ϱ

In the weight basis, the sets are

Λnd
wt =

{
r∑
I=1

jIλ
I

∣∣∣∣ jI ≤ −1, jI ∈ Z

}
(B.7.13)

Λnsd
wt =

{
r∑
I=1

kIλ
I

∣∣∣∣ kI ≤ 0, kI ∈ Z

}
(B.7.14)

The shift then reads

r∑
I=1

jIλ
I 7→ Y ′ =

r∑
I=1

jIλ
I +

r∑
I=1

λI =
r∑
I=1

(jI + 1)λI =
r∑
I=1

j′Iλ
I . (B.7.15)

Due to jI ≤ −1, jI ∈ Z, the coefficient in the last expression j′I = jI + 1 is a non-
positive integer j′I ≤ 0, j′I ∈ Z. Since Y ′ can be can be expressed in the weight
basis with non-positive integer coefficient, we have j′I = kI for kI ≤ 0, kI ∈ Z, and
consequently, Y ′ is a non-strictly dominant integral element Y ′ =

∑r
I=1 kIλ

I ∈ Λnsd
wt .

Next, we turn our attention to how Tϱ acts on different parts of the character
lattice ΛGch. To begin with, recall that the elements of ΛGch are integral due to the
inclusions ΛGch ⊆ Λg

wt. As a consequence of the inclusions, we have the subsets
Λd

ch ⊆ Λd
wt, Λsd

ch ⊆ Λsd
wt, Λnd

ch ⊆ Λnd
wt, Λnsd

ch ⊆ Λnsd
wt , and Λb

ch ⊆ Λb
wt. Furthermore,

recall that ΛGch takes values according to the cover of G. In particular, specifying
the cover fixes the value the character lattice, which in turn fixes the properties its
image under Tϱ. There are two important cases for the cover when considering the
properties of S. The first case is when the group is the universal cover G = G̃, and
the character lattice coincides with the weight lattice Λg

rt ⊂ ΛG=G̃
ch ≃ Λg

wt, while the
second case is when the group is any other cover G ̸= G̃, and the character lattice is
a sublattice of the weight lattice Λg

rt ⊆ ΛG̸=G̃
ch ⊂ Λg

wt. Observe that the second case
includes both the adjoint cover Λg

rt ≃ ΛG=Gad
ch ⊂ Λg

wt, as well as any intermediate
cover Λg

rt ⊂ ΛG=G′
ch ⊂ Λg

wt.
The restriction of Tϱ to a generic character lattice ΛGch ⊆ Λg

wt, with unspecified
cover of G, maps to a set

Tϱ : ΛGch → S, (B.7.16)

X 7→ X ′ = X + ϱ.
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The properties of the image

S =

{
X + ϱ

∣∣∣∣ X ∈ ΛGch

}
(B.7.17)

at this stage are that i) S is an infinite set since the lattice ΛGch contains infinitely
many elements; and ii) the elements of S are integral due to ΛGch being a lattice of
integral elements, and Tϱ mapping between integral elements. In the case of the
universal cover, the image of Tϱ is

S =

{
X + ϱ

∣∣∣∣ X ∈ ΛG=G̃
ch ≃ Λg

wt

}
, (B.7.18)

and the set is the weight lattice S ≃ Λg
wt. This case is described previously in

(B.7.2), in which Tϱ maps the weight lattice to itself. In the case of any other cover,
the image of Tϱ is

S =

{
X + ϱ

∣∣∣∣ X ∈ ΛG ̸=G̃
ch ⊂ Λg

wt

}
, (B.7.19)

and instead of a lattice we have an infinite set of integral elements S ⊂ Λg
wt. This is

a new case, that applies to both the adjoint cover G = Gad, as well as any interme-
diate cover G = G′.
Now, we consider the further restriction of Tϱ, first to the subset of dominant charac-
ter lattice elements Λd

ch ⊆ Λd
wt, then to the subset of non-dominant character lattice

elements Λnd
ch ⊆ Λnd

wt.
The restriction of Tϱ to the subset of dominant character lattice elements Λd

ch =

ΛGch ∩ C0 maps to a set

Tϱ : Λd
ch → S′, (B.7.20)

X 7→ X ′ = X + ϱ.

The properties of the image S′ =
{
X + ϱ|X ∈ Λd

ch
}

are i) S′ is an infinite set because
Λd

ch is an infinite set; ii) the elements of S′ are integral because Tϱ maps between
integral elements; and iii) the elements of S are strictly dominant because Tϱ maps
from dominant integral elements to strictly dominant integral elements. Therefore,
S is an infinite set of strictly dominant integral elements S′ ⊆ Λsd

wt.
Due to the inclusion Λd

ch ⊆ Λd
wt, the map (B.7.20) is a restriction of the bijective

map (B.7.7) between Λd
wt and Λsd

wt. Since the restriction of a bijection is itself a
bijection, each element of Λd

ch is uniquely related to an element of S′ through Tϱ and
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its inverse T−1
ϱ . The inverse map is

T−1
ϱ : S′ → Λd

ch, (B.7.21)

X ′ 7→ X ′′ = X ′ − ϱ.

In the case of the universal cover, the image of Tϱ is

S′ =

{
X + ϱ

∣∣∣∣ X ∈ Λd,G=G̃
ch ≃ Λd

wt

}
, (B.7.22)

and we have the set of all strictly dominant integral elements S′ ≃ Λsd
wt. This case

is described previously in (B.7.6).
In the case of any other cover, the image of Tϱ is

S′ =

{
X + ϱ

∣∣∣∣ X ∈ Λd,G ̸=G̃
ch ⊂ Λd

wt

}
, (B.7.23)

and we have a subset of strictly dominant integral elements S′ ⊂ Λsd
wt. This is a new

case, that applies to both the adjoint cover G = Gad, as well as any intermediate
cover G = G′.

The restriction of Tϱ to the subset of non-dominant character lattice elements
Λnd

ch = ΛGch\C0 is the map

Tϱ : Λnd
ch → S′′, (B.7.24)

Y 7→ Y ′ = Y + ϱ.

The properties of the image S′′ =
{
Y + ϱ|Y ∈ Λnd

ch
}

are i) S′′ is an infinite set
because Λnd

ch is an infinite set; ii) the elements of S′′ are integral because Tϱ maps
between integral elements; and iii) the elements of S are non-strictly dominant
because Tϱ maps non-dominant integral elements to non-strictly dominant integral
elements. Therefore, S′′ is an infinite set of non-strictly dominant integral elements
S′′ ⊆ Λnsd

wt . In the case of the universal cover, the image of Tϱ is

S′′ =

{
Y + ϱ

∣∣∣∣ Y ∈ Λnd,G=G̃
ch ≃ Λnd

wt

}
, (B.7.25)

and we have the set of all non-strictly dominant integral elements S′′ ≃ Λnsd
wt . This

case was described previously in (B.7.12). In the case of any other cover, the image
of Tϱ is

S′′ =

{
Y + ϱ

∣∣∣∣ Y ∈ Λnd,G ̸=G̃
ch ⊂ Λnd

wt

}
, (B.7.26)

and we have a subset of non-strictly dominant integral elements S′′ ⊂ Λnsd
wt . This is a
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new case, that applies to both the adjoint cover G = Gad, as well as any intermediate
cover G = G′.

In view of (B.7.16), (B.7.20), and (B.7.24), we have the following properties
when shifting elements of the character lattice by the Weyl vector. Tϱ maps the
dominant elements of the character lattice Λd

ch = ΛGch ∩ C0 to an infinite set S′ ={
X + ϱ | X ∈ Λd

ch
}

of strictly dominant integral elements S′ ⊆ Λsd
wt = Λg

wt ∩ C0,i.
The map is bijective, that is to say, the elements of the sets Λd

ch and S′ are in
one-to-one correspondence under Tϱ and its inverse T−1

ϱ . In particular, Tϱ shifts the
elements of ΛGch valued in the closure of the fundamental Weyl chamber in the positive
direction chosen for t∗, i.e. toward the interior of the fundamental Weyl chamber.
The set S′ cannot have elements valued on the boundary of the fundamental Weyl
chamber S′ ∩C0,b = ∅. Tϱ maps the non-dominant elements of the character lattice
Λnd

ch = ΛGch\C0 to an infinite set S′′ =
{
X + ϱ | X ∈ Λnd

ch
}

of non-strictly dominant
integral elements S′′ ⊆ Λnsd

wt = Λg
wt\C0,i. In particular, the set S′′ cannot have

elements valued in the interior of the fundamental Weyl chamber S′′ ∩ C0,i = ∅,
but can have elements valued on the boundary of the fundamental Weyl chamber
S′′ ∩ C0,b ̸= ∅.



Appendix C

Appendix: A-model localization

This chapter serves as an appendix to the chapter on A-model localization.

C.1 Supersymmetry conventions

The line element on S2 is

ds2 =
√
gdzdz = 2gzz

(
|z|2
)
dzdz = e1e1. (C.1.1)

The topological A-twist is

ARµ =
1

2
ωµ, ζ =

(
0

ζ+

)
, ζ̃ =

(
ζ̃−

0

)
, H = H̃ = 0 (C.1.2)

for constant generalized Killing spinors ∂µζ = ∂µζ̃ = 0. Here, ARµ is the connection
of the background vector-like U(1) R-symmetry, ωµ is the spin connection, and H, H̃
are gravi-photon dual field strengths.

The A-twisted supersymmetry algebra is

δ2 = δ̃2 = 0,
{
δ, δ̃
}
= 0. (C.1.3)

The transformations of the A-twisted vector multiplet in WZ gauge are

185
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δa1 = 0 δ̃a1 = −iΛ1

δa1 = iΛ̃1 δ̃a1 = 0

δσ = 0 δ̃σ = 0

δσ̃ = −2λ̃ δ̃σ̃ = −2λ

δΛ1 = +2iD1σ δ̃Λ1 = 0

δΛ̃1 = 0 δ̃Λ̃1 = −2iD1σ

δλ = i
(
D − 2if11 −

1
2 [σ, σ̃]

)
δ̃λ = 0

δλ̃ = 0 δ̃λ̃ = −i
(
D − 2if11 +

1
2 [σ, σ̃]

)
δD = −2D1Λ̃1 −

[
σ, λ̃
]

δ̃D = −2D1Λ1 + [σ, λ]

(C.1.4)

Under linear combination δA = δ + δ̃ the transformations read

δAa1 = −iΛ1 (C.1.5)

δAa1 = iΛ̃1 (C.1.6)

δAσ = 0 (C.1.7)

δAσ̃ = −2λ̃− 2λ (C.1.8)

δAΛ1 = +2iD1σ (C.1.9)

δAΛ̃1 = −2iD1σ (C.1.10)

δAλ = i

(
D − 2if11 −

1

2
[σ, σ̃]

)
(C.1.11)

δAλ̃ = −i
(
D − 2if11 +

1

2
[σ, σ̃]

)
(C.1.12)

δAD = −2D1Λ̃1 −
[
σ, λ̃
]
− 2D1Λ1 + [σ, λ] (C.1.13)

It is useful to note that

δf11 = iD1Λ̃1 δ̃f11 = iD1Λ1 (C.1.14)

δ (−2if11) = δ (∗f) = 2D1Λ̃1 δ̃ (−2if11) = δ̃ (∗f) = 2D1Λ1 (C.1.15)

δ [σ, σ̃] = −2
[
σ, λ̃
]

δ̃ [σ, σ̃] = −2 [σ, λ] (C.1.16)

δ̃δ [σ, σ̃] = −2
[
σ, δ̃λ̃

]
δδ̃ [σ, σ̃] = −2 [σ, δλ] (C.1.17)

δ
(
δ̃λ̃
)
= 2i

[
σ, λ̃
]

δ̃ (δλ) = 2i [σ, λ] (C.1.18)

2i
(
δλ+ δ̃λ̃

)
= 2 [σ, σ̃] (C.1.19)

− i

2

(
δλ− δ̃λ̃

)
= D + ∗f (C.1.20)
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One of the vector multiplet actions considered in CCP15 is

L
Σ̃Σ

=
1

2

(
δδ̃ − δ̃δ

)
tr (σ̃f11) (C.1.21)

= tr

(
1

2
Dµσ̃D

µσ + (−2if11)
2 − 2if11D (C.1.22)

+2iλD1Λ̃1 − 2iλ̃D1Λ1 + iσ̃
[
Λ̃1,Λ1

])
(C.1.23)

This follows from

δδ̃tr (σ̃f11) = tr

(
D (−2if11) + (−2if11)

2 (C.1.24)

−1

2
[σ, σ̃] (−2if11)− 2σ̃D1D1σ (C.1.25)

+2iλD1Λ̃1 − 2iλ̃D1Λ1 + iσ̃
[
Λ̃1,Λ1

]
(C.1.26)

δ̃δtr (σ̃f11) = tr

(
−D (−2if11)− (−2if11)

2 (C.1.27)

−1

2
[σ, σ̃] (−2if11) + 2σ̃D1D1σ (C.1.28)

+2iλ̃D1Λ1 − 2iλ̃D1Λ̃1 − iσ̃
[
Λ1, Λ̃1

]
(C.1.29)

The Yang-Mills action is

LYM =
1

2

(
δδ̃ − δ̃δ

)
tr

(
σ̃f11 −

1

2
λ̃λ

)
(C.1.30)

= tr

(
1

2
(∗f)2 − 1

2
D2 +

1

2
Dµσ̃D

µσ +
1

8
[σ, σ̃]2 (C.1.31)

+2iΛ̃1D1λ− 2iΛ1D1λ̃− iΛ̃1 [σ̃,Λ1] + iλ̃ [σ, λ] (C.1.32)

This follows from

δδ̃tr
(
λ̃λ
)

= tr

(
2i
[
σ, λ̃
]
λ (C.1.33)

+

(
D + ∗f +

1

2
[σ, σ̃]

)(
D + ∗f − 1

2
[σ, σ̃]

))
(C.1.34)

δ̃δtr
(
λ̃λ
)

= tr

(
−
(
D + ∗f +

1

2
[σ, σ̃]

)(
D + ∗f − 1

2
[σ, σ̃]

)
(C.1.35)

+2iλ̃ [σ, λ]

)
(C.1.36)
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C.1.1 Euclidean vector multiplet in WZ gauge

Here, we describe the N = (2, 2) supersymmetric vector multiplet in Wess-Zumino
(WZ) gauge, on flat spacetime in Euclidean signature R2. The gauge group is G,
the gauge algebra is g = LieG with Cartan subalgebra h. The Euclidean flat space
metric is δµν where µ, ν = 1, 2. The Levi-Civita symbol ϵµν satisfies ϵ12 = 1. In
holomorphic coordinates z = x1+ ix2, z = x1− ix2, vectors read Xz =

1
2 (X1 − iX2)

and Xz =
1
2 (X1 + iX2), the metric is δzz = δzz =

1
2 , δzz = δzz = 0, and ϵzz = −2i.

To define the vector multiplet in WZ gauge, we begin by recalling the role of the
vector superfield. To do so, observing that the chiral and anti-chiral superfields are
subject to phase transformations

Φ → eiYΦ, Φ → Φe−iỸ (C.1.37)

Here, Y and Ỹ are respectively g-valued chiral and anti-chiral superfields of van-
ishing R- and Z, Z̃-charge. One cannot use the combination ΦΦ to write a phase
transformation invariant D-term for the chiral fields, because

ΦΦ → ΦeiY−iỸΦ ̸= ΦΦ. (C.1.38)

Instead, one gauges the supersymmetric system by introducing a vector superfield
V transforming as

−2V → −2V − iY + iỸ. (C.1.39)

Here, V is valued in the adjoint representation of g. Then
´

d4θΦe−2VΦ is a phase
transformation invariant D-term, because

Φe−2VΦ → Φe−iỸeiỸe−2Ve−iYeiYΦ = Φe−2VΦ. (C.1.40)

The lower components in the superspace expansion of V are eliminated by gauge-
fixing to WZ gauge. Specifically, Y and Ỹ are chosen such that the components of
V are reduced to (aµ, σ, σ̃, λ±, λ̃±, D). At first order in the gauge parameters, the
transformation of the vector superfield is

δYV =
i

2
(Y − Ỹ) +

i

2
[Y + Ỹ,V], (C.1.41)

The vector superfield in WZ gauge remains subject to residual gauge transformations
Y = Ỹ = (ω, 0, 0, 0). In terms of component fields, the residual gauge transforma-
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tions are

δωaµ = ∂µω + i[ω, aµ] (C.1.42)

δωσ = i[ω, σ] , (C.1.43)

δωσ̃ = i[ω, σ̃] , (C.1.44)

δωλ± = i[ω, λ±] (C.1.45)

δωλ̃± = i[ω, λ̃±] (C.1.46)

δωD = i[ω,D] (C.1.47)

The supersymmetry transformations of the vector multiplet in WZ gauge are

δaz = −iζ−λ̃− − iζ̃−λ− , (C.1.48)

δaz̄ = iζ+λ̃+ + iζ̃+λ+ , (C.1.49)

δσ = 2ζ−λ̃+ + 2ζ̃+λ− , (C.1.50)

δσ̃ = −2ζ̃−λ+ − 2ζ+λ̃− , (C.1.51)

δλ− = iζ−

(
D + 2ifzz̄ +

1

2
[σ, σ̃]

)
+ 2iζ+Dzσ , (C.1.52)

δλ+ = iζ+

(
D − 2ifzz̄ −

1

2
[σ, σ̃]

)
+ 2iζ−Dz̄σ̃ , (C.1.53)

δλ̃− = −iζ̃−
(
D − 2ifzz̄ +

1

2
[σ, σ̃]

)
− 2iζ̃+Dzσ̃ , (C.1.54)

δλ̃+ = −iζ̃+
(
D + 2ifzz̄ −

1

2
[σ, σ̃]

)
− 2iζ̃−Dz̄σ , (C.1.55)

δD = −2Dz

(
ζ+λ̃+ − ζ̃+λ+

)
+ 2Dz̄

(
ζ−λ̃− − ζ̃−λ−

)
(C.1.56)

−[σ, ζ+λ̃− − ζ̃−λ+]− [σ̃, ζ̃+λ− − ζ−λ̃+] (C.1.57)

Here, The field strength is

fµν = ∂µaν − ∂νaµ − i[aµ, aν ] . (C.1.58)

C.1.2 A-twisted vector multiplet

The A-twist can be described as coupling the N = (2, 2) supersymmetric theory on
R2 to an off-shell rigid supergravity background{

Σg; gµν , ωµ, A
(V )
µ , Cµ, C̃µ

}
(C.1.59)

where Σg is Riemann surface of genus g, gµν is a metric for Σg, ωµ is a spin connection
on Σg, A

(V )
µ is a connection coupling to the U(1)V -symmetry current, and Cµ, C̃µ is
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a complex graviphoton coupling to the conserved current for central charges of the
superalgebra. In the supergravity description, A-twisting is a particular solution to
the generalized Killing spinor equations, by which half of the N = (2, 2) supercharges
on R2 may be preserved on a Riemann surface Σg.

In what follows, we consider the genus zero case in which the Riemann surface
is a two-sphere S2. Moreover, we focus on the case of vanishing central charges,
such that the graviphotons don’t come into the picture. For details on other cases,
see e.g. [12, 20]. That being said, we proceed to describe the A-twist necessary to
define A-model action functionals on S2. The line element on S2 is

ds2 = 2gzz (z, z) dzdz =

e1z︷ ︸︸ ︷√
2gzzdz︸ ︷︷ ︸
e1

e1z︷ ︸︸ ︷√
2gzzdz︸ ︷︷ ︸
e1

= e1e1 (C.1.60)

where the complex zweibein is e1 = e1zdz, e
1̄ = e1̄z̄dz̄. For details on these curved

space conventions, see appendix A.2 in [12]. In the complex zweibein, vectors read
X1 = ez1Xz and X1 = ez

1
Xz. The metric covariant derivative acts on an object φ(qS)

of Spin (2)E-charge qS as

∇µφ(qS) = (∂µ − iqSωµ)φ(qS). (C.1.61)

where ωµ is the spin connection in the complex zweibein. In particular, ωµ ≡
−2iωµ,11 where ωµab denotes the spin connection in a generic frame {ea}. The
metric covariant derivative acts on left- (right-) handed spinors ψ− (ψ+) of charge
qS = 1

2 (qS = −1
2) as

∇µψ− =

(
∂µ −

i

2
ωµ

)
ψ−, ∇µψ+ =

(
∂µ +

i

2
ωµ

)
ψ+. (C.1.62)
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The generalized Killing spinor equations for the supersymmetry parameters ζ±, ζ̃±are

(∇z − iA(V )
z )ζ− = 0 (C.1.63)

(∇z̄ − iA
(V )
z̄ )ζ− =

1

2
H e1̄z̄ ζ+ (C.1.64)

(∇z − iA(V )
z )ζ+ =

1

2
H̃ e1z ζ− (C.1.65)

(∇z̄ − iA
(V )
z̄ )ζ+ = 0 (C.1.66)

(∇z + iA(V )
z )ζ̃− = 0 (C.1.67)

(∇z̄ + iA
(V )
z̄ )ζ̃− =

1

2
H̃ e1̄z̄ ζ̃+ (C.1.68)

(∇z + iA(V )
z )ζ̃+ =

1

2
H e1z ζ̃− (C.1.69)

(∇z̄ + iA
(V )
z̄ )ζ̃+ = 0 (C.1.70)

Here, the metric-covariant derivative ∇µ has been expressed in holomorphic coor-
dinates using Xz = 1

2 (X1 − iX2) and Xz = 1
2 (X1 + iX2), and H̃,H are scalar

graviphoton dual field strengths that vanish in the absence of central charges. The
generalized Killing spinor equations are solved by the topological A-twist, which
reads

A(V )
µ =

1

2
ωµ, ζ =

(
0

ζ+

)
, ζ̃ =

(
ζ̃−

0

)
, H = H̃ = 0, (C.1.71)

for ∂µζ+ = ∂µζ̃− = 0.

C.2 Monopole spherical harmonics

In the conventions of [20], the raising and lowering operators act on states in Hilbert
space as

−2iD1 : H r−2
2

−→ H r
2

(C.2.1)

+2iD1 : H r
2
−→ H r−2

2
(C.2.2)

−4D1D1 : H r
2
−→ H r

2
(C.2.3)

−4D1D1 : H r−2
2

−→ H r−2
2

(C.2.4)

Here, H r
2

and H r−2
2

denote the Hilbert spaces for fields of spin r
2 and r−2

2 , where
the first Chern class is c1 = −r. One may also write r = qR −Qm where qR is the
R-charge, Q is the gauge charge, and k is the GNO quantized flux

m =
1

2π

ˆ
S2

f ∈ Λcochar. (C.2.5)
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∃Y
−α(m)

2 +1

jm

∀ j≥
∣∣∣−α(m)

2
+1

∣∣∣ ∃Y
−α(m)

2
jm

∀ j≥
∣∣∣−α(m)

2

∣∣∣ ∃Y
−α(m)

2 −1

jm

∀j≥
∣∣∣−α(m)

2
−1

∣∣∣ dG = 2j + 1

j = α(m)
2 − 1 α(m) ≥ 2 - - α(m)− 1

j = −α(m)
2 - α(m) ≤ 0 α(m) ≤ −1 1− α(m)

j = −α(m)
2 − 1 - - α(m) ≤ −2 −α(m)− 1

j = α(m)
2 α(m) ≥ 1 α(m) ≥ 0 - α(m) + 1

Table C.1: Harmonic Existence This table describes the existence of harmonics
for various values of j and α(m), where dG is degeneracy. Note that the harmonics

Y r+1
jm , Y r

jm, Y
r−1
jm are respectively denoted Y

−α(m)
2

+1

jm ,Y −α(m)
2

jm ,Y −α(m)
2

−1

jm using r =

−α(m)
2 . For example, for j = −α(m)

2 , Y −α(m)
2

jm exists when α(m) ≤ 0, Y −α(m)
2

−1

jm exists
when α(m) ≤ −1, and the degeneracy is dG = 1 − α(m). For j ≥ |α(m)|

2 + 1 all
harmonics exist with degeneracy |α(m)| + 3. The choices j = α(m)

2 − 1 or j =

−α(m)
2 give r+ = 0, while j = −α(m)

2 − 1 or j = α(m)
2 give r− = 0, for r± =√

j (j + 1)− α(m)/2 (α(m)/2∓ 1).

For our purposes, we are interested in r = 2 − α (m) where α is a root (i.e. weight
of the adjoint representation). It is convenient to rewrite the monopole harmonic
conventions of [20] in terms of r = −α(m)

2 where α(m) = α (m). The raising and
lowering operators acting on monopole harmonics may be described as

D1Y
r
j,m = r+

2 Y
r+1
j,m , D1Y

r+1
j,m = − r+

2 Y
r
j,m,

D1Y
r
j,m = − r−

2 Y
r−1
j,m , D1Y

r−1
j,m = r−

2 Y
r
j,m.

D1D1Y
r+1
j,m = − r2+

4 Y
r+1
j,m , D1D1Y

r−1
j,m = r−r+

4 Y r+1
j,m ,

D1D1Y
r+1
j,m = r+r−

4 Y r−1
j,m , D1D1Y

r−1
j,m = − r2−

4 Y
r−1
j,m ,

D1D1Y
r
j,m = − r2−

4 Y
r
j,m, D1D1Y

r
j,m = − r2+

4 Y
r
j,m.

(C.2.6)

Here, Y r
j,m are scalar harmonics, Y r±1

j,m are vector harmonics. and

r± =
√
j (j + 1)− r (r ± 1). (C.2.7)

As a check, we compare these conventions to those of [20]. For the Dirac operator
on the two-sphere in the fermionic 1-loop determinant we have

−i��∇S2

(
2Λα1
λα

)
= −i

(
0 −2D1

2D1 0

)(
2Λα1
λα

)
=

(
0 2iD1

−2iD1 0

)(
2Λα1
λα

)
(C.2.8)
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we have −2iD1Λ
α
1 → −2iD1Y

r+1 and 2iD1λ
α → 2iD1Y

r with eigenvalues

−2iD1Y
r+1 = −2i

(r+
2

)
Y r, (C.2.9)

2iD1Y
r = 2i

(
−r+

2

)
Y r+1. (C.2.10)

The formal determinant results in

det

(
A B

C D

)
= AD−BC = AD−

(
2i
(
−r+

2

))(
−2i

(r+
2

))
= AD+r2+ (C.2.11)

replacing r → −α(m)
2 in r+ =

√
j (j + 1)− r (r + 1) gives

det

(
A B

C D

)
= AD + j (j + 1)− α(m)2

4
+
α(m)

2
(C.2.12)

as expected from [20].

C.3 Cartan-Weyl basis decomposition

The Cartan-Weyl (CW) basis for the Lie algebra of the gauge group g = LieG is
{Ha, Eα}, where Ha is a generator of the Cartan subalgebra, and Eα is a ladder
operator. Here, a is an index for the Cartan subalgebra, and α is a non-vanishing
root. In the conventions of [20], The generators and ladder operators satisfy

[Ha, Eα] = α (Ha)Eα, [Ha, Hb] = 0, [Eα, E−α] =
2

|α|2
αaHa (C.3.1)

Tr (EαEβ) = δα+β,0, Tr (HaEβ) = 0, E†
α = E−α. (C.3.2)

When expressed in the CW basis, adjoint-valued zero modes read

φ0 =
∑
a

Haφ
a
0, (C.3.3)

while adjoint-valued fluctuating modes read

φf =
∑
a

Haφ
a +

∑
α

Eαφ
α. (C.3.4)
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The decomposition procedure is illustrated with two examples from a possible com-
plex scalar kinetic DµσD

µσ̃ in Lquad.loc,fix. At quadratic order, DµσD
µσ̃ reads

Lquad.loc,fix ⊃ Tr

(
D0

1σD
0
1
σ̃ − iD0

1σ [a1, σ̃0]− i [a1, σ0]D
0
1
σ̃ − [a1, σ0] [a1, σ̃0]

+D0
1
σD0

1σ̃ − iD0
1
σ [a1, σ̃0]− i [a1, σ0]D

0
1σ̃ − [a1, σ0] [a1, σ̃0]

)
Considering first the CW decomposition of the third term Tr (−i [a1, σ0]D1σ̃) =

Tr (i [σ0, a1]D1σ̃) we have∑
abcd

∑
αβ

Tr
(
i
[
Haσ

a
0 , Hba

b
1 + Eαa

α
1

] (
∂1

(
Hdσ̃

d + Eβσ̃
β
)
− i
[
Hca

0,c

1
, Hdσ̃

d + Eβσ̃
β
]))

(C.3.5)
Due to commuting generators [Ha, Hb] = 0, this simplifies as∑

abcd

∑
αβ

Tr
(
i [Haσ

a
0 , Eαa

α
1 ]
(
∂1

(
Hdσ̃

d + Eβσ̃
β
)
− i
[
Hca

0,c

1
, Eβσ̃

β
]))

. (C.3.6)

The eigenvalue equation [Ha, Eα] = α (Ha)Eα and Tr (HaEβ) = 0 results in∑
αβ

Tr
(
iα (σ0)Eαa

α
1D1Eβσ̃

β
)
, (C.3.7)

and from the trace Tr (EαEβ) = δα+β , this reduces to∑
αβ

iα (σ0) a
α
1D1

(
σ̃β
)
δα+β. (C.3.8)

Since this vanishes except when α+ β = 0, we have∑
α

a−α1 (−iα (σ0)D1) σ̃
α. (C.3.9)

Considering the fourth term Tr (− [a1, σ0] [a1, σ̃0]) = −Tr ([σ0, a1] [σ̃0, a1]) we have

−
∑
abcd

∑
αβ

Tr
(
[Haσ

a
0 , Hca

c
1 + Eαa

α
1 ]
[
Hbσ̃

b
0, Hda

d
1
+ Eβa

β

1

])
(C.3.10)

= −
∑
ab

∑
αβ

Tr
(
[Haσ

a
0 , Eαa

α
1 ]
[
Hbσ̃

b
0, Eβa

β

1

])
(C.3.11)

due to [Ha, Hb] = 0. The eigenvalue equation results in

−
∑
αβ

Tr
(
α (σa0)Eαa

α
1β
(
σ̃b0

)
Eβa

β

1

)
, (C.3.12)
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which due to Tr (EαEβ) = δα+β simplifies as

−
∑
αβ

α (σa0) a
α
1β
(
σ̃b0

)
aβ
1
δα+β (C.3.13)

evaluating again δα+β , and choosing α = −β, yields∑
α

a−α1 (α (σ̃0)α (σ0)) a
α
1
. (C.3.14)

Decomposing in this manner, the kinetic term 1
2DµσD

µσ̃ results in

∑
α

(
σ−α (−D1D1) σ̃

α + σ−α (−iα (σ̃0)D1) a
α
1

(C.3.15)

+a−α1 (−iα (σ0)D1) σ̃
α + a−α1 (α (σ0)α (σ̃0)) a

α
1

(C.3.16)

+σ−α (−D1D1) σ̃
α + σ−α (−iα (σ̃0)D1) a

α
1 (C.3.17)

+a−α
1

(−iα (σ0)D1) σ̃
α + a−α

1
(α (σ0)α (σ̃0)) a

α
1

)
. (C.3.18)

C.4 Dictionary: A-model vector multiplet (CCP15) to
standard multiplet (W92)

In the conventions of [20], the transformations of the A-twisted vector multiplet in
Wess-Zumino gauge are

δa1 = −iΛ1

δa1̄ = iΛ1

δσ = 0

δσ̃ = −2(λ+ λ̃)

δΛ1 = +2iD1σ

δΛ1 = −2iD1̄σ

δλ = i
(
+D − 2if11 −

1
2 [σ, σ̃]

)
δλ̃ = −i

(
+D − 2if11 +

1
2 [σ, σ̃]

)
δD = −2D1̄Λ1 − 2D1Λ1 +

[
σ, λ− λ̃

]

(C.4.1)

These are obtained from equations 2.12 and 2.13 in [20], by i) setting the omega-
deformation parameter to zero ϵΩ = 0, and ii) considering the linear combination
δ = δCCP15+δ̃CCP15. Here, 1, 1 are indices for the holomorphic and anti-holomorphic
frame, respectively, as described in appendix A.2 of CC14.

The A-twisted fields are defined as

Λz = ζ̃−λ−, Λz = ζ+λ̃+, λ = ζ̃−λ+, λ̃ = ζ+λ̃−. (C.4.2)
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where the right hand side of each equality is in the conventions of [12]. Note that the
A-twisted fields are defined modulo powers of ζ̃−ζ+ = 1 . See equation A.7 in [20],
for the definition of A-twisted fields in the vector multiplet, and see equation 6.42 in
[12] for the precise flat space transformations of the vector multiplet in Wess-Zumino
gauge.

Expressing the A-twisted fields in terms of the standard component field of the
vector multiplet, the transformations read

δa1 = −iζ̃−λ− , (C.4.3)

δa1̄ = +iζ+λ̃+ , (C.4.4)

δσ = 0 , (C.4.5)

δσ̃ = −2ζ̃−λ+ − 2ζ+λ̃− , (C.4.6)

δλ− = +2iζ+D1σ , (C.4.7)

δλ+ = +iζ+

(
D − 2if11̄ −

1

2
[σ, σ̃]

)
, (C.4.8)

δλ̃− = −iζ̃−
(
D − 2if11̄ +

1

2
[σ, σ̃]

)
, (C.4.9)

δλ̃+ = −2iζ̃−D1̄σ , (C.4.10)

δD = −2ζ+D1λ̃+ − 2ζ̃−D1̄λ− −
[
σ, ζ+λ̃− − ζ̃−λ+

]
. (C.4.11)

Note that the transformation of the field strength is

δf11 = i
(
ζ+D1λ̃+ + ζ̃−D1λ−

)
. (C.4.12)

where
f11 = ∂1a1 − ∂1a1 − i [a1, a1] . (C.4.13)

Next, we relate the transformations A-twisted vector multiplet to the standard co-
homological multiplet described in [3]. This will be achieved by redefining the fields,
and switching the generators of the Lie algebra from the current physics conven-
tions to the math conventions. The physics conventions are those in which the Lie
algebra of the gauge group is taken to consist of hermitian matrices, while the math
conventions are those in which the Lie algebra of the gauge group is taken to consist
of anti-hermitian matrices. The first field redefinition is

Y = −i (D − 2if11) . (C.4.14)

Restricting to ζ̃− = ζ+ = ζ, and expressing D in terms of Y , the transformations
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reduce to
δa1 = −iζλ−
δa1̄ = iζλ̃+

δσ = 0

δσ̃ = −2ζ
(
λ+ + λ̃−

)
δλ− = +2iζD1σ

δλ̃+ = −2iζD1̄σ

δλ+ = −ζY − i
2ζ [σ, σ̃]

δλ̃− = +ζY − i
2ζ [σ, σ̃]

δY = iζ
[
σ, λ̃− − λ+

]

(C.4.15)

The hermitian generators of the Lie algebra are expressed in terms of anti-hermitian
generators by redefining each component field as φ → iφ. The only effect is to
modify the factors of i in front of the commutators. Thereafter, the component
fields are redefined as

A1 = a1

A1̄ = a1̄

ψ1 = −λ−
ψ1̄ = +λ̃+

ϕ = +2iσ

λ = −2iσ̃

η = 4
(
λ̃− + λ+

)
χ =

1

2

(
λ̃− − λ+

)
H = Y

The field redefinitions result in the transformations of the standard cohomological
multiplet
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δA1 = iζψ1

δA1̄ = iζψ1̄

δψ1 = −ζD1ϕ

δψ1̄ = −ζD1̄ϕ

δϕ = 0

δλ = iζη

δη = ζ [ϕ, λ]

δχ = ζH

δH = iζ [ϕ, χ]

(C.4.16)

C.5 Dictionary: A-model vector multiplet (BZ16) to stan-
dard multiplet (W92)

Here, we begin to recover the standard cohomological multiplet from the transfor-
mations of the A-twisted vector multiplet in [18, 19]. The fields of the A-twisted
vector multiplet transform as

QAi =
i

2
λ†γiϵ (C.5.1)

Q̃Ai =
i

2
ϵ̃†γiλ (C.5.2)

Qσ = 0 (C.5.3)

Q̃σ = 0 (C.5.4)

Qσ̄ = λ†ϵ (C.5.5)

Q̃σ̄ = ϵ̃†λ (C.5.6)

QD = − i

2
Diλ

†γiϵ+
i

2
[σ, λ†ϵ] (C.5.7)

Q̃D = +
i

2
ϵ̃†γiDiλ− i

2
[σ, ϵ̃†λ] (C.5.8)

Qλ =
(
iF12 −D +

i

2
[σ, σ̄]− iγiDiσ

)
ϵ (C.5.9)

Q̃λ = 0 (C.5.10)

Qλ† = 0 (C.5.11)

Q̃λ† = ϵ̃†
(
− iF12 +D +

i

2
[σ, σ̄]− iγiDiσ

)
(C.5.12)

First let us define

ηµ =
i

2
ϵ̃†γµλ, η†µ =

i

2
λ†γµϵ, ζ = ϵ̃†λ, ζ† = λ†ϵ, (C.5.13)
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as described in [19]. Then in holomorphic vielbein ez = e1+ie2, the transformations
under Q = Q+ Q̃ are

QAz = η†z (C.5.14)

QAz = ηz (C.5.15)

Qη†z = ϵ̃†ϵDzσ (C.5.16)

Qηz = ϵ̃†ϵDzσ (C.5.17)

Qσ = 0 (C.5.18)

Qσ̄ = ζ† + ζ (C.5.19)

QD = 2
(
Dzηz −Dzη

†
z

)
+
i

2
[σ, ζ† − ζ] (C.5.20)

Qζ = −ϵ̃†ϵ
(
D − iF12

)
+
i

2
ϵ̃†ϵ[σ, σ̄] (C.5.21)

Qζ† = +ϵ̃†ϵ
(
D − iF12

)
+
i

2
ϵ̃†ϵ[σ, σ̄] (C.5.22)

If we further define the linear combinations ξ± = 1
2

(
ζ† ± ζ

)
the fermionic part

becomes

Qξ+ =
i

2
ϵ̃†ϵ[σ, σ̄] (C.5.23)

Qξ− = ϵ̃†ϵ
(
D − iF12

)
(C.5.24)

By noting that
QF12 = Q (−2iFzz) = −2i

(
Dzηz −Dzη

†
z

)
(C.5.25)

We have

Y =
(
D − iF12

)
(C.5.26)

QY =
i

2
[σ, ξ−] (C.5.27)
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Together, this reads

QAz = η†z (C.5.28)

QAz = ηz (C.5.29)

Qη†z = ϵ̃†ϵDzσ (C.5.30)

Qηz = ϵ̃†ϵDzσ (C.5.31)

Qσ = 0 (C.5.32)

Qσ̄ = 2ξ+ (C.5.33)

QY =
i

2
[σ, ξ−] (C.5.34)

Qξ+ =
i

2
ϵ̃†ϵ[σ, σ̄] (C.5.35)

Qξ− = ϵ̃†ϵY (C.5.36)



Appendix D

Appendix: YM2 & non-abelian
localization

This section serves as an appendix for the chapter on YM2 and non-abelian local-
ization.

D.1 Symplectic manifolds

Here, we record facts about symplectic manifolds. Let (X,ω) be a 2n dimensional
symplectic manifold with symplectic two-form ω ∈ Ω2 (X). The symplectic form ω

is i) closed under the exterior derivative dω = 0, ii) non-degenerate.
The tangent space at a point p ∈ X is a vector space TpX. When the tan-

gent space is equipped with a symplectic form, we have a symplectic vector space
(TpX,ω). At the point p, the symplectic form is ωp ∈ ∧2TpX. In this context,
non-degeneracy can be stated.

The Liouville volume form is ωn

n! = expω. If X is compact, then the Liouville
volume form integrates to the symplectic volume

´
X

ωn

n! = vol (X,ω), and defines a
canonical orientation for X. Non-degeneracy implies ωn

p

n! ̸= 0 for all p ∈ X.
Upon choosing a local coordinates

{
xi|i = 1, . . . , 2n

}
, a basis

{
∂/∂xi

}
for the

tangent space TX, and a basis
{
dxi
}

for the cotangent space T ∗X, the symplectic
form reads

ω =
1

2
ωijdx

i ∧ dxj . (D.1.1)

The non-degeneracy condition in local coordinates is detωij ̸= 0. The symplectic
form is antisymmetric ωij = −ωji. Non-degeneracy implies an inverse. When viewed

201
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as isomorphisms, we have

ω : TX → T ∗X

ω−1 : T ∗X → TX

in components this is
(
ω−1

)ki
ωij = δkj .

D.2 Hamiltonian actions & moment maps

Here, we record some facts about Hamiltonian actions on symplectic manifolds. Let
H be a connected Lie group with Lie algebra h with dual h∗. If the action of H on
the symplectic manifold (X,ω) is Hamiltonian, then

The moment map is
µ : X → h∗. (D.2.1)

µ maps elements h ∈ h to functions ⟨µ, h⟩ ∈ X where ⟨·, ·⟩ : h∗ ⊗ h → R is the
canonical dual pairing between vector spaces.

Hamiltonian vector fields Vf satisfy

df = ιVfω. (D.2.2)

The Poisson brackets are a bilinear function {·, ·} : Ω0 (X) ⊗ Ω0 (X) → Ω0 (X)

are determined by ω. They are defined, for a symplectic form ω and functions
f, g ∈ Ω0 (X), by

{f, g} = ω−1 (df,dg) (D.2.3)

In terms of components we have {f, g} =
(
ω−1

)ij
∂if∂jg, while in terms of Hamil-

tonian vector fields we have {f, g} = ωijV
i
fV

j
g .

The moment map equation is

d ⟨µ, h⟩ = ιV (h)ω (D.2.4)

where h ∈ h.

D.3 The space of connections

Here, we record feature A(P ) as an affine space. Given a base point b ∈ A(P ), there
is a tangent space TbA = Ω1

Σ⊗ad(P ). Elements of the tangent space u ∈ Ω1
Σ⊗ad(P )

are Lie algebra valued one-forms on the Riemannian manifold Σg. An arbitrary
connection A ∈ A(P ) is written w.r.t. the base point b ∈ A(P ) & tangent vector
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u ∈ Ω1
Σ ⊗ ad(P ),

A = b+ u. (D.3.1)

Two connections A,A′ ∈ A(P ) may be subtracted but not added. For instance, for
u, v ∈ Ω1

Σ ⊗ ad(P ) we have

A−A′ = b+ u− b− v = u− v

Here, we record features of A(P ) as a symplectic manifold. The action of G(P ) on
A(P ) is Hamiltonian. The choice of metric gΣ (·, ·) on Σg gives a Hodge star ⋆Σ. On
Σg, the top form ⋆Σ1 is both the Riemannian measure dµ, and the symplectic form
ωΣ. The symplectic form on A(P ) is for given by

ωA (u, v) = −
ˆ
Σ
Tr (u ∧ v) (D.3.2)

where u, v ∈ Ω1
Σ ⊗ ad(P ) are tangent vectors. The metric on A(P ) is given by

gA (·, ·) = ωA (·, ⋆·) (D.3.3)

or equivalently

gA (u, v) = −
ˆ
Σ
Tr (u ∧ ⋆v) (D.3.4)

The Hodge star ⋆Σ gives a metric gA (·, ·) on A(P ). This is because the Hodge
star plays the role of an almost complex structure. An almost complex structure
J on a symplectic manifold (X,ω) is J : TX → TX such that J2 = −1. If the
symplectic form ω is “compatible” with the almost complex structure J , the metric
can be written gX (·, ·) = ωX (·, J ·).



Bibliography

[1] J. M. Maldacena, The Large N limit of superconformal field theories and
supergravity, Adv. Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[2] S. Cremonesi, An Introduction to Localisation and Supersymmetry in Curved
Space, PoS Modave2013 (2013) 002.

[3] E. Witten, Two-dimensional gauge theories revisited, J. Geom. Phys. 9 (1992)
303 [hep-th/9204083].

[4] E. Witten, On quantum gauge theories in two-dimensions, Commun. Math.
Phys. 141 (1991) 153.

[5] A. A. Migdal, Recursion Equations in Gauge Theories, Sov. Phys. JETP 42
(1975) 413.

[6] L. C. Jeffrey and F. C. Kirwan, Localization for nonabelian group actions, .

[7] A. Szenes and M. Vergne, Toric reduction and a conjecture of batyrev and
materov, Inventiones mathematicae 158 (2004) 453.

[8] J. Martens, Equivariant volumes of non-compact quotients and instanton
counting, Communications in Mathematical Physics 281 (2008) 827.

[9] E. Witten, Phases of N=2 theories in two-dimensions, Nucl. Phys. B 403
(1993) 159 [hep-th/9301042].

[10] D. R. Morrison and M. R. Plesser, Summing the instantons: Quantum
cohomology and mirror symmetry in toric varieties, Nucl. Phys. B 440 (1995)
279 [hep-th/9412236].

[11] E. Witten, Topological Sigma Models, Commun. Math. Phys. 118 (1988) 411.

[12] C. Closset and S. Cremonesi, Comments on N = (2, 2) supersymmetry on
two-manifolds, JHEP 07 (2014) 075 [1404.2636].

204

https://doi.org/10.1023/A:1026654312961
https://arxiv.org/abs/hep-th/9711200
https://doi.org/10.22323/1.201.0002
https://doi.org/10.1016/0393-0440(92)90034-X
https://doi.org/10.1016/0393-0440(92)90034-X
https://arxiv.org/abs/hep-th/9204083
https://doi.org/10.1007/BF02100009
https://doi.org/10.1007/BF02100009
https://doi.org/10.1007/s00222-004-0375-2
https://doi.org/10.1007/s00220-008-0501-x
https://doi.org/10.1016/0550-3213(93)90033-L
https://doi.org/10.1016/0550-3213(93)90033-L
https://arxiv.org/abs/hep-th/9301042
https://doi.org/10.1016/0550-3213(95)00061-V
https://doi.org/10.1016/0550-3213(95)00061-V
https://arxiv.org/abs/hep-th/9412236
https://doi.org/10.1007/BF01466725
https://doi.org/10.1007/JHEP07(2014)075
https://arxiv.org/abs/1404.2636


BIBLIOGRAPHY 205

[13] F. Benini and S. Cremonesi, Partition Functions of N = (2, 2) Gauge Theories
on S2 and Vortices, Commun. Math. Phys. 334 (2015) 1483 [1206.2356].

[14] V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric
Wilson loops, Commun. Math. Phys. 313 (2012) 71 [0712.2824].

[15] A. Kapustin, B. Willett and I. Yaakov, Exact Results for Wilson Loops in
Superconformal Chern-Simons Theories with Matter, JHEP 03 (2010) 089
[0909.4559].

[16] F. Benini, R. Eager, K. Hori and Y. Tachikawa, Elliptic genera of
two-dimensional N=2 gauge theories with rank-one gauge groups, Lett. Math.
Phys. 104 (2014) 465 [1305.0533].

[17] F. Benini, R. Eager, K. Hori and Y. Tachikawa, Elliptic Genera of 2d N = 2
Gauge Theories, Commun. Math. Phys. 333 (2015) 1241 [1308.4896].

[18] F. Benini and A. Zaffaroni, A topologically twisted index for three-dimensional
supersymmetric theories, JHEP 07 (2015) 127 [1504.03698].

[19] F. Benini and A. Zaffaroni, Supersymmetric partition functions on Riemann
surfaces, Proc. Symp. Pure Math. 96 (2017) 13 [1605.06120].

[20] C. Closset, S. Cremonesi and D. S. Park, The equivariant A-twist and gauged
linear sigma models on the two-sphere, JHEP 06 (2015) 076 [1504.06308].

[21] E. Witten, Topological Quantum Field Theory, Commun. Math. Phys. 117
(1988) 353.

[22] K. Hori, Mirror Symmetry, Clay mathematics monographs. American
Mathematical Society. Clay Mathematics Institute, 2003.

[23] T. Okuda, Comments on supersymmetric renormalization in two-dimensional
curved spacetime, JHEP 12 (2017) 081 [1705.06118].

[24] F. Benini and B. Le Floch, Supersymmetric localization in two dimensions, J.
Phys. A 50 (2017) 443003 [1608.02955].

[25] D. S. Park, Recent developments in 2d N = (2, 2) supersymmetric gauge
theories, Int. J. Mod. Phys. A 31 (2016) 1630045 [1608.03607].

[26] M. Marino, “An introduction to topological quantum field theory (lecture
notes).”

[27] A. S. Schwarz and O. Zaboronsky, Supersymmetry and localization, Commun.
Math. Phys. 183 (1997) 463 [hep-th/9511112].

https://doi.org/10.1007/s00220-014-2112-z
https://arxiv.org/abs/1206.2356
https://doi.org/10.1007/s00220-012-1485-0
https://arxiv.org/abs/0712.2824
https://doi.org/10.1007/JHEP03(2010)089
https://arxiv.org/abs/0909.4559
https://doi.org/10.1007/s11005-013-0673-y
https://doi.org/10.1007/s11005-013-0673-y
https://arxiv.org/abs/1305.0533
https://doi.org/10.1007/s00220-014-2210-y
https://arxiv.org/abs/1308.4896
https://doi.org/10.1007/JHEP07(2015)127
https://arxiv.org/abs/1504.03698
https://arxiv.org/abs/1605.06120
https://doi.org/10.1007/JHEP06(2015)076
https://arxiv.org/abs/1504.06308
https://doi.org/10.1007/BF01223371
https://doi.org/10.1007/BF01223371
https://doi.org/10.1007/JHEP12(2017)081
https://arxiv.org/abs/1705.06118
https://doi.org/10.1088/1751-8121/aa77bb
https://doi.org/10.1088/1751-8121/aa77bb
https://arxiv.org/abs/1608.02955
https://doi.org/10.1142/S0217751X16300453
https://arxiv.org/abs/1608.03607
https://doi.org/10.1007/BF02506415
https://doi.org/10.1007/BF02506415
https://arxiv.org/abs/hep-th/9511112


BIBLIOGRAPHY 206

[28] A. Alekseev, Notes on equivariant localization, in Geometry and Quantum
Physics, H. Gausterer, L. Pittner and H. Grosse, eds., (Berlin, Heidelberg),
pp. 1–24, Springer Berlin Heidelberg, 2000.

[29] E. Witten, Mirror manifolds and topological field theory, AMS/IP Stud. Adv.
Math. 9 (1998) 121 [hep-th/9112056].

[30] F. Wegner, Supermathematics and its Applications in Statistical Physics:
Grassmann Variables and the Method of Supersymmetry, Lecture Notes in
Physics. Springer Berlin Heidelberg, 2016.

[31] S. Cordes, G. W. Moore and S. Ramgoolam, Lectures on 2-d Yang-Mills
theory, equivariant cohomology and topological field theories, Nucl. Phys. B
Proc. Suppl. 41 (1995) 184 [hep-th/9411210].

[32] P. Deligne, P. Etingof, D. S. Freed, L. C. Jeffrey, D. Kazhdan, J. W. Morgan
et al., eds., Quantum fields and strings: A course for mathematicians. Vol. 1,
2. 1999.

[33] D. Bump, Lie Groups, Graduate Texts in Mathematics. Springer New York,
2013.

[34] P. Woit, “Lie groups and representations (lecture notes).”

[35] M. Nakahara, Geometry, topology and physics. 2003.

[36] C. Beasley and E. Witten, Non-Abelian localization for Chern-Simons theory,
J. Diff. Geom. 70 (2005) 183 [hep-th/0503126].

[37] A. Zaffaroni, AdS black holes, holography and localization, 2020.
10.1007/s41114-020-00027-8.

[38] C. Closset and H. Kim, Three-dimensional N = 2 supersymmetric gauge
theories and partition functions on Seifert manifolds: A review, Int. J. Mod.
Phys. A 34 (2019) 1930011 [1908.08875].

[39] E. Elizalde, Ten physical applications of spectral zeta functions, vol. 35. 1995,
10.1007/978-3-540-44757-3.

[40] D. Zwillinger and A. Jeffrey, Table of Integrals, Series, and Products. Elsevier
Science, 2007.

[41] M. Blau and G. Thompson, Lectures on 2-d gauge theories: Topological
aspects and path integral techniques, in Summer School in High-energy Physics
and Cosmology (Includes Workshop on Strings, Gravity, and Related Topics
29-30 Jul 1993), pp. 0175–244, 10, 1993, hep-th/9310144.

https://arxiv.org/abs/hep-th/9112056
https://doi.org/10.1016/0920-5632(95)00434-B
https://doi.org/10.1016/0920-5632(95)00434-B
https://arxiv.org/abs/hep-th/9411210
https://arxiv.org/abs/hep-th/0503126
https://doi.org/10.1142/S0217751X19300114
https://doi.org/10.1142/S0217751X19300114
https://arxiv.org/abs/1908.08875
https://doi.org/10.1007/978-3-540-44757-3
https://arxiv.org/abs/hep-th/9310144


BIBLIOGRAPHY 207

[42] M. Blau and G. Thompson, Localization and diagonalization: A review of
functional integral techniques for low dimensional gauge theories and
topological field theories, in NATO Advanced Study Institute on Functional
Integration: Basics and Applications, pp. 363–410, 9, 1996.

[43] G. Moore, 2D Yang-Mills theory and topological field theory, in Conference on
Statistical Mechanics and Quantum Field Theory (SMQFT 94), pp. 301–310,
5, 1994.

[44] K. Hori, H. Kim and P. Yi, Witten Index and Wall Crossing, JHEP 01 (2015)
124 [1407.2567].

[45] T. D. Brennan, G. W. Moore and A. B. Royston, Wall Crossing from Dirac
Zeromodes, JHEP 09 (2018) 038 [1805.08783].

[46] R. Panerai, M. Poggi and D. Seminara, Supersymmetric Wilson loops in two
dimensions and duality, Phys. Rev. D 100 (2019) 025011 [1812.01315].

[47] K. Hori and C. Vafa, Mirror symmetry, hep-th/0002222.

[48] E. Witten, The Verlinde algebra and the cohomology of the Grassmannian,
hep-th/9312104.

[49] J. E. Humphreys, Introduction to Lie Algebras and Representation Theory.
(3rd Print., Rev.). 1980.

[50] W. Fulton and J. Harris, Representation Theory: A First Course, Graduate
Texts in Mathematics. Springer New York, 2013.

[51] B. Simon, Representations of Finite and Compact Groups, Graduate studies in
mathematics. American Mathematical Society, 1996.

[52] T. Broecker and T. Dieck, Representations of Compact Lie Groups, Graduate
Texts in Mathematics. Springer Berlin Heidelberg, 2013.

[53] G. Moore, “Applied group theory (lecture notes).”

[54] J. Figueroa-O’Farrill, “Electromagnetic duality for children (lecture notes).”

[55] G. W. Moore, A. B. Royston and D. Van den Bleeken, Parameter counting for
singular monopoles on R3, JHEP 10 (2014) 142 [1404.5616].

[56] A. Kapustin, Wilson-’t Hooft operators in four-dimensional gauge theories and
S-duality, Phys. Rev. D 74 (2006) 025005 [hep-th/0501015].

[57] S. Gukov and E. Witten, Gauge Theory, Ramification, And The Geometric
Langlands Program, hep-th/0612073.

https://doi.org/10.1007/JHEP01(2015)124
https://doi.org/10.1007/JHEP01(2015)124
https://arxiv.org/abs/1407.2567
https://doi.org/10.1007/JHEP09(2018)038
https://arxiv.org/abs/1805.08783
https://doi.org/10.1103/PhysRevD.100.025011
https://arxiv.org/abs/1812.01315
https://arxiv.org/abs/hep-th/0002222
https://arxiv.org/abs/hep-th/9312104
https://doi.org/10.1007/JHEP10(2014)142
https://arxiv.org/abs/1404.5616
https://doi.org/10.1103/PhysRevD.74.025005
https://arxiv.org/abs/hep-th/0501015
https://arxiv.org/abs/hep-th/0612073

	Abstract
	Acknowledgments
	Introduction
	Supersymmetric localization
	Two-dimensional Yang-Mills theories & non-abelian localization
	Two-dimensional Yang-Mills 
	Exact solution of YM2 partition function
	Cohomological localization 
	Moduli space of flat connections 
	Moduli space of Yang-Mills connections
	Localization computation details

	Recovering physical YM2 from cohomological YM2

	The Benini-Zaffaroni approach to A-twisted supersymmetric localization
	Summary and results
	Topological A-twist
	3d A-twisted theories
	2d A-twisted theories

	Localization 
	Follow-your-nose localization locus (BPS configurations)
	Benini-Zaffaroni localization locus (almost BPS configurations)
	Moduli space and zero modes 
	Singular hyperplanes in moduli space
	1-loop contributions 

	Asymptotic behavior
	3d effective Chern-Simons coupling 
	2d effective twisted chiral superpotential

	Integration contours
	The dangerous regions in the 3d bosonic moduli space
	Integrating out 3d bosonic zero modes 
	Integrating out fermionic zero modes on S2S1
	Integrating out fermionic zero modes on gS1
	Evaluating the contour integral 


	Recovering pure YM2 from A-model YM2 
	A-model localization
	A-model vector multiplet on S2
	Localizing terms
	Localization loci
	Locus expansion
	Gauge-fixing
	Fluctuation operators 
	Monopole spherical harmonics 
	Integrating bosonic scalars
	1-loop determinants 
	Case 1: Yang-Mills Lagrangian
	Case 2: Yang-Mills with quadratic potential
	Case 2a: Pfaffian 
	Case 2b: Pfaffian (alternative)

	Case 3: Yang-Mills without commutator with quadratic potential
	Case 4: Yang-Mills with coefficient on commutator and quadratic potential 
	Case 5: Degenerate Yang-Mills with quadratic potential


	Discussion & Conclusions 
	N=(2,2) supersymmetry 
	Conventions
	Lorentzian signature
	Euclidean signature
	Topological A-twist 
	Standard cohomological multiplet 
	Summary of localizing terms 

	Representation theory of Lie algebras and Lie groups 
	Representations of Lie algebras 
	Complexification of Lie algebras
	Root systems
	Action of the Weyl group
	Covering groups
	Lattices 
	Translations by the Weyl vector

	Appendix: A-model localization
	Supersymmetry conventions 
	Euclidean vector multiplet in WZ gauge
	A-twisted vector multiplet

	Monopole spherical harmonics
	Cartan-Weyl basis decomposition 
	Dictionary: A-model vector multiplet (CCP15) to standard multiplet (W92) 
	Dictionary: A-model vector multiplet (BZ16) to standard multiplet (W92) 

	Appendix: YM2 & non-abelian localization 
	Symplectic manifolds
	Hamiltonian actions & moment maps
	The space of connections


