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The relaxed energy of fractional Sobolev maps
with values into the circle

Domenico Mucct

Abstract. We deal with the weak sequential density of smooth maps in the fractional Sobolev classes of WP
maps in high dimension domains and with values into the circle. When s is lower than one, using interpolation
theory we introduce a natural energy in terms of optimal extensions on suitable weighted Sobolev spaces. The
relaxation problem is then discussed in terms of Cartesian currents. When sp = 1, the energy gap in the relaxed
functional is always finite and is given by the minimal connection of the singularities times an energy weight,
obtained through a minimum problem for one dimensional WY/PP maps with degree one. When sp > 1, instead,
concentration on codimension one sets needs unbounded energy. We finally treat the case where s is greater than
one, obtaining an almost complete picture.

Keywords: fractional Sobolev spaces; weighted Sobolev spaces; relaxation; singularities; minimal con-
nections; Cartesian currents.

AMS classification codes: 49Q20; 46E35; 28A75.

Introduction

In this paper, we deal with the weak sequential density property of smooth maps in the fractional Sobolev
class W*P?(B" S'), where B™ is the unit ball in R™, S! the unit circle in R?, s > 0, and 1 < p < oo.
In case 0 < s < 1, the fractional Sobolev space W*P(B") is given by the LP-functions u : B™ — R

with finite Gagliardo seminorm
|ul? Ju(@) = uly)[” dx d
P n n |.’I: - |’I’L+Sp y ’

It is Banach space when equipped with the norm |Ju||s, = |Ju|lzr + |ulsp. When s > 1 is not integer,
denoting by m and o the integer and fractional part of s, respectively, the space W*P(B™) is given
by the Sobolev functions v € W™P(B™) such that the Gagliardo seminorm |D™u|, , is finite, where
D™y is the tensor of the m-th order weak derivatives of u. It is again a Banach space when normed
by [[ullsp == |lullwms + |D™uls,p. Finally, WP(B",R?) is the space of functions u : B" — R? with
components in W*P(B").
Denoting by
Li={yeR?: yl=1}

the unit circle centered at the origin in the target space, we thus let
WeP(B™,S') := {u € WHP(B",R?) : |u(z)| =1 for a.e. x € B"}.

The problem of strong W*P-density of smooth maps u : B® — S' in W*P(B",S') is completely
settled:

Theorem 0.1 The class C*(B"™,S") is dense in W*P(B",S') in low dimension n =1 for any s and p,
and, when n > 2, if and only if sp < 1 or sp > 2.

When sp < 1, the statement readily follows from the existence of a lifting in W*?(B™), see [5], through
a density argument, see [6].

When s > 1 and sp > 2, a similar argument based on existence of suitable liftings, see [11], and on a
convolution argument, see [10], applies.



When sp > n, strong density of smooth maps follows from the embedding of W*?(B™) in the class
C°(B"), and when sp = n (or in low dimension n = 1 for any s and p) from the embedding in the class
VMO of functions with vanishing mean oscillation. In these cases, in fact, one may apply an argument
that goes back to [29] and is based on an approximation by convolutions with a smooth kernel, followed
by a projection onto S*. Therefore, such an argument works for more general target manifolds ) through
the Nash embedding theorem.

When 0 < s < 1 and 2 < sp < n, Theorem 0.1 is proved by Brezis-Mironescu in [12], and it
is essentially based on two facts. Firstly, the authors introduce the class R ,(B",S') of maps u in
W#P(B" S') which are smooth (continuous) outside a singular set ¥,, given by a finite union of (n —
[sp] — 1)-manifolds of B™, where [sp] denotes the integer part of sp. For example, ¥, is a finite set of
points when n = 2 and sp = 1. Extending results that go back to [4, 3] for Sobolev maps in W?(B" )),
they in fact prove:

Theorem 0.2 Every map in W*?(B",S') is the strong limit of a sequence in R ,(B",S).

Secondly, since the high order homotopy groups of S! are all trivial, 7;(S!) ~ 0 for i > 2 integer, they
are able to remove the singular set 3, of maps in R, ,, when [sp] > 2.

The first homotopy group 71 (S') ~ Z being non-trivial, counterexamples to the strong density of
smooth maps exist when n > 2 and the integer part of sp is equal to one.

Example 0.3 For n = 2, the map u(x) = z/|z| belongs to W*P(B2 S!) if 1 < sp < 2, and u has degree
one around the origin. On the other hand, smooth maps in C°°(B2%,S!) have degree zero around the
origin, and the degree is continuous w.r.t. the strong convergence in W*P when 1 < sp < 2. Therefore,
the map u cannot be the strong WP limit of a sequence {uy} C C>(B2%/S'). If n > 3, a similar
counterexample is given by the map u(z) = (x1,z2)/|(x1, x2)|, see e.g. [12].

Denoting by W3 (B",S') the strong closure of C>(B™,S') in the W*P-norm, and assuming n > 2,
we thus have:
wP(B™,SY) =W*P(B",S') <= sp<1 or sp>2 (0.1)

whereas
waP(B",SY) ¢ WHP(B",S') <= 1<sp<2 and n>2.

However, in [13] it is defined a distributional Jacobian Ju of maps u € W*P(B™,S!) that characterizes
the obstruction to the strong approximation by smooth maps: namely, the strong closure of C*°(B",S!)
in the W*P-norm agrees with the class of maps u € W*?(B",S!) such that Ju = 0.

In this paper, we deal with the problem of weak sequential density of smooth maps in any dimension
n > 2. More precisely, when strong density fails to hold, we ask if for every u € W*?(B",S!) one can find
a sequence {u,} C C>(B™,S') strongly converging to u in L?(B",R?) and such that sup,, |up|s,, < oo.

The answer is negative in case 1 < sp < 2, the counterexample being given by maps u € W*?(B", St)
with non-zero Jacobian Ju, see [8].

In the relevant case sp = 1, the latter problem is completely settled for s = 1/2 and p = 2, i.e., in the
class W1/2:2(B" S'). In that framework, in fact, using that functions in W1'/%2(B") identify the traces
of the Sobolev space W12(B™ x (0, +00)), the distributional Jacobian Ju was defined by Hang-Lin [25],
and actually in any dimension n > 2 it can be written by means of homological arguments, see [23]. For
maps in W1/22(B", S'), in fact, the explicit formula for the relaxed energy was obtained in [23], using
tools from Geometric Measure Theory.

In this paper, we solve the problem in case 0 < s < 1 and p > 1. To this purpose, we introduce on
the class W#P?(B",S') a natural energy u — & ,(u), see (0.5) below. When s = 1/2 and p = 2, a case
already considered in [18, 23], the energy & /2 2(u) is given by the Dirichlet integral [ |[DU|? dx dt of the
harmonic extension U : B" x (0,1) — R? of u. We then analyze the corresponding relazed energy (0.6).
Some more notation is in order.

0.1 The energy

For v € R and p > 1, we denote by W;vp(B" x (0, 400)) the weighted Sobolev space given by the functions
U € LP(B™ x (0,400)) which are approximately differentiable a.e. and with approximate gradient DU a



measurable function satisfying
/ t7|DU (z,t)|P de dt < oo, Q=B". (0.2)
Qx(0,4+00)

Assume now 0 < s < 1. By interpolation theory, see e.g. [27], it turns out that the fractional Sobolev
space W*P(B™) agrees with the Besov space B; ,(B"), and hence with the class of traces u(z) = U(z,0)
on t = 0 of functions U in W3*(B" x (0,400)), where

y=7(s,p):=p(l—s)—1, p>1, 0<s<l1. (0.3)

Note that when s = 1 —1/p, one has v = 0 and W*~1/PP(B™) agrees with the class of traces on t = 0
of the Sobolev space W1P(B™ x (0, +00)).
A particular case of our interest is when sp = 1, so that v = p — 2. In fact, since the Gagliardo

seminorm becomes
fuf? lu(z) —u(y)PP
IV S |x_ Y[+t ¥

it turns out that in any dimension n, the class of bounded functions in W/P#(B") is continuously
embedded in W'/%4(B"), for each 1 < p < q. Moreover, in low dimension n = 1, when Q = R and
sp =1, the energy (0.2) is scale invariant for any p > 1.

Denote by W1 *(C"*! R?), where C"*! the (n + 1)-dimensional cylinder
Cc"tl .= B" x (0,1),
the class of functions U = (U*',U?) : C"*! — R? with components U7 in W}*(C"*!), and consider the

energy

P (U):= P DU (2, )P dedt,  ~y(s,p):=p(l—s)—1. (0.4)
¥(s:p) ant

For any bounded function v € W*P(B" , R?) N L>(B",R?), we let
U := Ext(u)

denote a bounded function that minimizes the energy 8 (U) among all U € Wi(}s’ p(CTLR?) N

L>°(C"HL R?) such that U(x,0) = u(z) on B™ x {0} in the sense of the traces.
Such a minimizer exists and is smooth inside C"**, by the convexity of the functional U + £ (5:0) ).

Moreover, if u € W*P(B",S!), by a projection argument we may assume Ext(u) : C"*1 — D? where
D*:={yeR?: [y| <1}

is the unit disk in the target space. In addition, see [27], if {us} is a sequence in W*P(B" R?) N
L>°(B™,R?) converging a.e. in B" to a function u € W*P(B",R?) N L>°(B™,R?), it turns out that the
strong convergence uy, — u in W*P(B",R?) is equivalent to the convergence uj, — u in LP(B™,R?) joined
with the energy convergence

lim c‘,’i’(s’p) (Ext(up)) = 5$(S’p)(Ext(u)) .

h—o0

When 0 < s < 1, it is then natural to introduce on the class of maps u € WP (B",St) the W*P-energy
Esplu) =& (U), U=Extu:C"" - D’ (0.5)

v(s,p)

where 55 (s p)(U ) is given by (0.4). In the same spirit as for Lebesgue’s relaxed area, we correspondingly

introduce the relazed energy
g’s,p(u) = inf{liminfﬁsm(uh) | {up} Cc C=(B",S'),
h—o0 (0.6)
up, — u strongly in LP(B™, R2)} .

In fact, a map u € W*P(B",S!) belong to the W*P weak sequential closure of smooth maps in
C>(B",S') if and only if it has finite relaxed energy, &; ,(u) < oo.



0.2 The current of the singularities

Assume now sp = 1. In that case, we rewrite the distributional Jacobian Ju from [13], that carries the
relevant information on the singularities of u, in terms of an (n—2)-dimensional current P(u) € D,,_o(B"),
see Definition 3.1.

In dimension n = 2, the distribution P(u) agrees with the extension of the distributional determinant
T:Wt/prr(B2 S') — Wh°(B2 R)* by Bourgain-Brezis-Mironescu [7].

We show that for every u in W1/PP(B™ S'), the current P(u) is an integral flat chain, i.e., that there
exists an integer multiplicity (say i.m.) rectifiable current L € R, _1(B™) satisfying (OL) L B" = P(u).

Such a property holds true when p = 2 as a consequence of the coarea formula first considered by
Almgren-Browder-Lieb [1], see [23]. In fact, extensions of maps in W'/2:2(B™ S!) belong to the Sobolev
space W12(C+1 R?).

Therefore, when 1 < p < 2, by the continuous embedding of the class W/P:P(B™ S') into W1/22(B" S'),
the integral flat chain P(u) is automatically defined for all maps v € W/P»(B™ S').

If p > 2, there exist maps u € W/PP(B",S!) such that |[u|/;/22 = oo, and hence the latter direct
argument fails to hold. Notwithstanding, we are able to treat the case p > 2 by means of a new coarea
formula, whose proof is based on some relevant estimates due to Bourgain-Brezis-Mironescu [7].

0.3 The energy gap

On account of property (0.1), it turns out that the energy gap

Gop(1) 1= E (1) — £ p(u) (0.7)

can be non-zero only if 1 < sp < 2 and n > 2.
In this paper, we show that the energy gap Gy, () in (0.7) is always finite in the class Wl/p’p(B", SY),
for any p > 1. More precisely, for any u € W/PP(B" S') we have:

Gi/pplu) =0 <= P(u)=0.
In addition, when P(u) # 0, we obtain the explicit formula:
Gi/pp(u) = Ep-my pn(P(u)) < oo Vue wit/rr(r SYY, ¥Yn>2,p>1. (0.8)

In equation (0.8), the term m; g (P(u)) denotes the minimal integral connection of the singularity
P(u), i.e., the mass M(L) of the minimal i.m. rectifiable current L € R,,_1(B") satisfying (0L)L B" =
P(u).

Ifeg. n=2and u € Rl/p7p(B2,Sl), letting ¥, = {z1,...,2mn} and denoting by d; € Z the degree
of u at x;, the minimal connection of the singular set Y, is the mass-minimizing current L € R, (Bz)
satisfying (OL)L B? = """, d; - §,,, where §,, is the unit Dirac mass at the point z € B2.

Moreover, the positive constant E,, in formula (0.8) is given by the energy infimum of degree one maps
in W1/PP(R,S!). When p = 2, in [23, 28] we in fact obtained that F, = 2, that is equal to the Dirichlet
energy [|DU|? of the harmonic map from the half-space to R? whose trace agrees with the inverse of
the stereographic map from S' onto R, see Appendix A.

Note that formula (0.8) implies that every map in W/PP(B" S') belongs to the W/PP-weak sequential
closure of smooth maps in C>°(B™,St).

0.4 Other results and open questions

In case sp > 1, the cited results from [13] yield the existence of maps u € W*P(B",S!) with non-zero
distributional Jacobian Ju and for which G, ,(u) = +oo.
Whenn >2,0<s<1,p>1,and 1 < sp < 2, in this paper we obtain:

g,s)p(u) _{ Esp(u) if P(u)

=0 s,p/pn Ql
=1 Em e By 2o Yuewr(BnSY. (0.9)



Therefore, differently from the case sp = 1, where energy concentration only occurs on codimension
one sets and with a finite amount of energy, when sp > 1, in presence of non-trivial singularities the
relaxed energy blows up.

In particular, when n > 2, 0 < s < 1, and p > 1, with sp > 1, by our results we conclude that:

WaP(B",S') = {u € WHP(B",S") | P(u) = 0} . (0.10)

It thus remains to consider the ranges of s and p for which the strong density of smooth maps fails
to hold, see Theorem 0.1, but s > 1. In this case, we have a partial result: if 1 < p < 2,1 < s < 2,
1 <sp<2n>2 and u € W5P(B" S!) is such that there exists a sequence {u,} C C°°(B",S!)
converging a.e. to u and with equibounded W*P-norms, supy, ||uns,, < 00, then one has P(u) = 0.

We expect that the converse implication holds. However, when s > 1, our definition of energy (0.5)
does not make sense.

Coming back to [27], we recall that when 1 < s < 2, the class W*P(B™) is given by the traces on
t = 0 of Sobolev functions U in WP (B™ x (0, +00)) with approximate second gradient D*U a measurable
function satisfying

tY|D*U (x,t)|Pdrdt < oo, y=p(2—s)—1.
B"x(0,400)

Similarly as before, one may thus introduce on maps u € W*?(B",S') the energy &; ,(u) as e.g.
Esplu) := / tPC=I" 1 DUz, t)|Pdz dt < 0o, U = BExt(u). (0.11)
Ccnt+1

A positive answer to the following Open Question would imply the validity of formula (0.10) for any
p>1land s >0, with 1l <sp<2.

Open Question: Let 1 <p <2, 1<sp<2 1<s<2 andn >2. Ifuec WP(B" S!) satisfies
condition P(u) = 0, then there exists a sequence {uy,} C C>°(B",S!) converging to u a.e. and such that
Es p(un) — & p(u), where the energy is given by (0.11) and Ext(u) is an energy minimizer among the
smooth maps U from C"*! to D? with trace on t = 0 equal to u.

For the sake of brevity, the case of maps with prescribed boundary values is not treated in this paper:
it can be readily discussed by making straightforward modifications as e.g. in [23]. Finally, in the case
s = 1, the relaxation problem of Sobolev maps in W?(B™ S!) is treated in [24].

0.5 Content of the paper

In Sec. 1, we use some estimates taken from [7] to find a suitable extension of maps in W/P?(B" S!)
with finite mapping area, Proposition 1.1, which yields to the validity of a suitable coarea formula,
Theorem 1.2.

In Sec. 2, we recall some notation from Geometric Measure Theory and introduce the class of Cartesian
currents cart'/PP(B™ x S'), for which we establish a closure-compactness property, Theorem 2.5. Roughly
speaking, a current 7' in cart!/P?(B" x S') takes the form:

T=G,+Lx[S'] (0.12)

where G, is the current carried by the graph of some map v € WY/P?(B",SY) and L € R,_1(B") is
an i.m. rectifiable current in such a way that 07 = 0 on compactly supported smooth (n — 1)-forms in
B" x S'. In low dimension n = 1, we then discuss a notion of degree in our context, by extending the
definition given in [7] for maps g € W'/PP(S Sh).

In Sec. 3, we introduce the (n — 2)-current of the singularities P(u), showing that it is an integral flat
chain, Proposition 3.7. For this purpose, we take advantage of Theorem 0.2 by Brezis-Mironescu [12].
Note that when n > 2, for a current T in cart'/?P(B™ x S') as in (0.12), the null boundary condition of
T is equivalent to the equality (OL)L B™ = —P(u), whereas it is automatically satisfied when n = 1.

In Sec. 4, we deal with the factor E, in the energy gap formula (0.8), showing that for any p > 1 and
any fixed integer d € Z, the energy infimum among all maps in W1/P?(R,S') with degree d is equal to
|d| - E,, Proposition 4.3.



In Sec. 5, we introduce a suitable functional T' +— E;,,,(T) on Cartesian currents, see (5.1), that
agrees with the energy &/, ,(u) in case of graphs of “smooth” maps u € wi/pr(B" SY), see (0.5). Our
functional turns out to be lower semicontinuous along weakly converging sequences of smooth graphs,
Theorem 5.1.

In Sec. 6, we provide in low dimension n = 2 the approximation of dipoles for W'/PP-maps with
values in S, Theorem 6.4. Our Proposition 6.5 is in accordance with the case N = 1 of [7, Thm. 2.4],
where the authors analyzed the dipole problem for maps in WN/P» (SN+1 SN ). We also show how to
remove homologically trivial point singularities, Proposition 6.1.

In Sec. 7, we prove for any p > 1 and n > 2 a strong density result for our class of Cartesian currents.
Namely, in Theorem 7.1 we show that for every T in Cartl/p7p(B” x SY) we can find a smooth sequence
{up} in C°°(B™,S") such that G, — T weakly in Dyp(B™ x S*) and &/, ,(urn) = E1/p,(T).

We briefly sketch here its proof. On account of Proposition 3.7 and of Federer’s strong polyhedral
approximation theorem [14], we are able to reduce to the case where the current T takes the form (0.12)
for some map u € Rl/pm(B”,Sl), where the current L € R,,_1(B™) is a finite sum of pairwise disjoint
oriented polyhedral (n — 1)-chains. In order to approximate the (n — 1)-dimensional “dipoles”, in high
dimension n > 3 we apply Proposition 7.3, that is proved in Appendix B. Finally, in order to remove
the (n — 2)-dimensional singular set, in high dimension n > 3 we apply Proposition 7.4, that is proved in
Appendix C. In the easier case n = 2, we directly apply Theorem 6.4 and Proposition 6.1.

In Sec. 8, we first collect the closure-compactness properties for the class of Cartesian currents
cart!/PP(B" x S'), Theorem 8.1, extending results proved in [23] when p = 2. In Theorem 8.2, we
obtain the explicit formula (0.8) for the energy gap (0.7). Its proof is based on our main results previ-
ously stated: Proposition 3.7 and Theorems 2.5, 5.1, and 7.1. In Theorem 8.4, we prove formula (0.9).
Finally, in Corollary 8.6, we prove the cited partial result for the case 1 <p < 2,1 <s<2,1<sp<2,
and n > 2.

1 Coarea formula

In this section, we find a coarea formula for a suitable extension of maps in W1/?»? (B™,S). To this
purpose, we make use of some relevant estimates obtained by Bourgain-Brezis-Mironescu in [7].

1.1 A relevant estimate

Let w € WY/PP(B" S'), and let U € W;’_I’Q(C”“,DQ) be the harmonic extension of u to C**! :=
B™ x (0,1), where n > 1 is integer and p > 1 real. Following [7, Lemma 1.2], we denote

G :={(z,t) e C"! . |U(x,t)| <1/2}

and we let d : B™ —]0,1/2] be the function such that d(z) := 1/2 if |U(z,t)| > 1/2 for each t € (0,1/2),
and
d(z) :=min{t € (0,1/2) : |U(z,t)| <1/2}

otherwise. Using that |DU (z,t)| < ¢/t for some absolute constant ¢, for any exponent o > 1 one has

1
1
DU (x,t adxdtgc/ / t7dt)dx < C ——dzx.
/G| (. 2) B"( d(x) ) g d(z)*~t

In a similar way to the case o = 2, using that ¢ > d(z) if (z,t) € G, for each p > 1 we estimate

C 1
tP~2|DU (z,t dedtg/ —dzxdt<C —dx 1.1
| r2putan [ & e (11)

where C' = C(n, p). Moreover, as in [7, Lemma 1.3], since U € W2/P?(B™ x I,R?), where I = (0,1/2),
using the embedding of W?2/P?(I) in the Hélder class C*/P(I), it turns out that for a.e. z € B" the
function ¢, (t) := U(x,t) belongs to W2/PP(I,R?), whence to C%'/P(I,R?), so that we have:

< |ea(d(x)) = 02(0)] < Cd(@)'Pllpallgorroiy < Cd(@)? | ozllwarmn s p2)

N =



and hence 1
L P
d(x) <C ||90-r||W2/p,p(1) :

Therefore, using the inequality on Besov-type spaces

| Weelmmazn o= [ 10y o) do

< C ||U||€V2/p,p(cn+1,R2) <C ||u||§V1/P,p(Bn7R2)
by (1.1) one gets the estimate
1
/ tP=2|DU (z,t)[P dx dt < Cy ——dx < C2/ tP=2|DU (v, t)|P da dt (1.2)
G Bn d(z) Ccntt

for some positive constants C7, Cy only depending on n and p.

In the sequel, we choose a smooth function ® : R? — D? such that ®(y) = y/|y| if |y| > 1/2, where
y = (y1,v2), and ® is a bi-Lipschitz map from {y : |y| < 1/2} to D?.
Setting V := ® o U, we clearly have:

‘Dv(x’? (1.3)

<
[ DU (z,t)] <

| < O |DU(z,t)] ¥ (x,t) € C*H,
| < Co|DV(2,8)] ¥ (x,t) € G.

Denote now by V# (dy' Ady?) the 2-form in C™*! given by the pull-back by V of the 2-form dy' A dy?.
One has

V#(dy' Ady?)| = Ty (1.4)

where .Jy is the Jacobian of the map V, so that Jy (z,t)? is the sum of the square of the 2 x 2 minors of
the gradient matrix DV (z,t). Therefore, by the area formula one has Jy (x,t) = 0 if (z,t) € G, whereas
by the parallelogram inequality one gets the general estimate Jy (x,t) < C,, |[DV (z,t)|>.

These are the main facts that led Bourgain-Brezis-Mironescu [7] to obtain the estimate

|deg gl < Cp gl Vp>1

p
1/p,p

on the degree deg g of maps g € W'/PP(S! S!). In dimension n = 2, they also build up for any p > 1 the
unique extension 7' : W/PP(S2 1) — W1H°(S2,R)* of the distributional determinant T(g) = Det(Vg)
of maps g € W'/P»(S2,S') N W2, obtaining the estimate

(D), Q) < Collgll?, - IV e V¢ e Who(s?)

for any g € W/P(S2 S1). Extending previous facts from the easier case p = 2, they also prove for every
p>1and g € WY/PP(S?2 S') the existence of two sequences (P;), (N;) C S? such that

T(g) =7 (6p —0n), D IP=N|<Cyllgllt,, .-

1.2 Coarea formula

With the previous notation, we similarly obtain in any dimension n > 1 the following estimate:

Proposition 1.1 Let u € WY/P?(B",S") for some p > 1. Then we have:

/ Wyt Ady?)|dedt < C [ =2 |DU(@, 0P dodt (1.5)
cn+1

Cn+1

for some real constant C' > 0 only depending on n, p.



PROOF: By the previous facts, inequality (1.5) readily follows when p = 2, and hence for 1 < p < 2, by
the continuous embedding W*'/P»(B™ S') ¢ W/22(B" S'). When p > 2, letting o = a(p) = 2(p—2)/p,
by the Holder inequality with exponents ¢ = p/2 and ¢’ = p/(p — 2) we get:

/|DV(x,t)|2dxdt§ C/(ta\DU(x,t)F)t_adxdt
¢ “ 2/p (r-2)/p
< C(/ t”_2|DU(:c7t)\pdxdt) (/ t—Qd:pdt)
G G

where by (1.1) and (1.2) we can estimate

(p—2)/ (p—2)/
(/ 2 da dt) U <o (/ 2| DU (s, 1)|P do dt o
G Cntl

Since by (1.3) and (1.4)

/ \V#(dy' A dy?)| dx dt = / Jy(z,t) dz dt < 0/ |DV (x,t)|? da dt
Ccntt G G
the assertion readily follows. O

We thus obtain the validity of the coarea formula in the sense of Almgren-Browder-Lieb [1]:

Theorem 1.2 Letn > 1 and p > 1. Denote by H" ! the (n — 1)-dimensional Hausdorff measure. For
every map u € WY/PP(B™ SY), there exists a smooth extension V € W;’Q(C"H,D?) and a reqular value

y € D? for V such that
H YV {y)) < C / tP=2| DU (z,t)|P dx dt (1.6)
Cn+1

for some real constant C' only depending on n and p.

PRrROOF: Choose V := ® o U, where U € W;;%(C”H, D?) is the harmonic extension of u. We have
[t ae) = [ e nded= [ At ) dede
D2 Cn+1 Cn+1

and hence we can find a regular value y € D? such that
1
H (VT ({y)) < p / [V#(dy' A dy?)| da dt .
Ccn+1

The assertion follows from Proposition 1.1. O

2 Cartesian currents and degree

In this section, we recall some notation from Geometric Measure Theory and introduce the class of
Cartesian currents cart!/?»» (B™xS*'), for which we establish a closure-compactness property, Theorem 2.5.
In low dimension n = 1, we then discuss a notion of degree in our context, by extending the definition
given in [7] for maps g € W1/PP(S! S!).

2.1 Rectifiable currents

Let 0 < k < N be integer and let  C RY be an open set. The space Dy (f2) of k-currents in € is the
strong dual of the space D¥(Q2) of compactly supported smooth k-forms. The weak convergence T}, — T
in D(92) is defined by duality through the formula

lim Tj(w) = T(w), VYweDQ).
h—o0



The mass of a current T' € Dy, () is defined by
M(T) := sup{T(w) | w € D*(Q), |w|| <1}

where |lw]|| is the comass norm of w. Therefore, the mass functional is lower semicontinuous w.r.t. the
weak convergence. The boundary of a current T in Dy (Q2), when k > 1, is defined by duality as

oT(n) := T(dn), Vn e DFHQ),

yielding to a current 0T in Dy_1(€2).
A current T' € Dy(Q) is called integer multiplicity (say i.m.) rectifiable in Ry (€2) if one has

T(w) = /M9<w,£> dH*  YweDF9),

where H¥ is the k-dimensional Hausdorff measure, M is a countably k-rectifiable set of 2, with H* (M) <
o0, the H* L M-measurable function & : M — AFRY gives for #*-a.e. z € M a unit simple k-vector £(z)
that provides an orientation to the approximate tangent k-space to M at z, and 6 is an integer valued,
H* L M-summable, and non-negative multiplicity function. Therefore, one has M(T) = / M 0 dH* < co.
We also denote by

setT:={z€ M|0(z) e N} (2.1)

the set of points in M with positive density.

If e.g. M is an oriented k-submanifold of 2 with finite k-volume, the linear functional w — [ MW on
DF(Q) defines a current [ M ] in Ry(£2) with finite mass equal to H*(M). We address to [30] or [?] for
further details on GMT tools.

In particular, when Q = A x R™, where A C R¥ is a bounded domain, and M = G, is the graph of
a Lipschitz function v : A — R™, the k-current G, = [G, ] carried by the graph of v acts on k-forms
w € DF(A x R™) as

Golw) = (Id b2 v) [ A] () = /A(Id s ) e

where (Id 1 v)#w is the pull-back of w through the graph map (Id i v)(x) := (x,v(x)). For example, if
w=7yA1 € DF(AxR™), where v € DF""(A), ¢ € D"(R™), and 0 < h < min{k, m}, then

Golynv) = [ (tasavF(ynw) = [ avh. (2.2)
By the area formula, one then computes

M(Gv) = /AJIde($) dr = er(gv)

where Jygs is the Jacobian of the graph map. If e.g. £ > m = 2, one has

Jrasao = /1 +|Do|? + [ My(Dv)|?

where |Ms(Dwv)|? is the sum of the square of the 2 x 2 minors of the gradient matrix Dv, so that
|Ma(Dv)| = J, and in particular |[Ma(Dv)| = | det Dl if k = 2, see e.g. [?].

Example 2.1 If U is a Sobolev map in WH2(C"+1 R?), the (n + 1)-current Gy in C** x R? carried
by its graph is defined (in an approximate sense) by Gy = (Id 1 U) [ C"*!], compare [?]. Actually,
Gy has finite mass and is an i.m. rectifiable current in R, 1(C"*! x R?). In fact, by the area formula
and the parallelogram inequality we get the bound

M(Gv) = / Jrasau dz < ¢ (1 +/ |DU|2dz> < 00
Cntl Ccn+1



for some absolute constant ¢ > 0, not depending on U. We also have
OGy(n) =0  ¥neD"(C" xR?),
a property that reads as the null-boundary condition
(0Gy)LC" T x R? = 0. (2.3)

In fact, equation (2.3) is readily checked if U is smooth, by Stokes’ theorem, and it is preserved by the
weak convergence Gy, — G as currents, that holds true by dominated convergence if Uy, — U strongly
in WH2(Cn+1 R?). Then, a standard density argument applies to infer (2.3).

By Proposition 1.1, we are able to extend the previous features to our setting, as follows.

Proposition 2.2 Let u € W'/P»(B",SY), where p > 1, and let V := ® o U, where U € W,,l’_I’Q(C"H,DQ)
is the harmonic extension of u. Then the current Gy is i.m. rectifiable in Ry, 1(C"1 x R?), with finite
mass bounded by

M(Gy) - |

Ccn+l

Jrasav dz < ¢ (1 + / tP=2| DU (z, )P dz) (2.4)
cn+1

for some constant ¢ > 0, not depending on u. Moreover, the null-boundary condition (2.3) holds true,
with U =V.

PROOF: The continuous embedding W;’_”Q(C"“,RZ) c Whi(C"*tt R?) holds for any p > 1. In fact,
letting @ = (p — 2)/p, by the Holder inequality with exponents p and p’ = p/(p — 1) we get:

/ |DU(z)|dz:/ (t° | DU (, 1)]) = da dt
cntt

Cn+1
1/p (p—1)/p

g(/ tp—2|DU(x,t)\dedt) (/ t_‘”’/(”_l)dxdt) < 00

Cn+1 Ccn+l

as —ap/(p—1) = (2—p)/(p—1) > —1. Recalling that |V#(dy' Ady?)| = |M2(DV)| and |DV| < C|DU],
the mass estimate (2.4) follows from (1.5). Finally, similarly to the W12 case in Example 2.1, the null
boundary condition (2.3) is readily checked by a standard density argument, on account of the mass
estimate (2.4) and of the dominated convergence theorem. O

Due to the previous facts, similarly to the case p = 2 analyzed in [18, 22|, we are able to introduce a
good notion of current G, carried by the graph of a map u € W'/»»(B™ S!).

Definition 2.3 To any map u € W'/PP(B" S') we associate an n-current Gy, in D,,(B™ xS') by setting
Gy = (=1)""10Gy)L ((B™ x {0}) x R?)  on D"(B" xS'), (2.5)
where V:=®oU and U € W;fQ(C"+1,ID)2) is the harmonic extension of u.

In formula (2.5), the boundary dGy is seen by extending the action of the current Gy to forms in
DL (R x R?). By Federer’s support theorem [14], we in fact infer that the current G, actually
belongs to the class D,,(B™ x S!). Note however that in general G, is not i.m. rectifiable, even in low
dimension n = 2, and fails to satisfy the null-boundary condition (9G,)L B™ x S' = 0.

Remark 2.4 In case n = 1, property (0G,)L B' x S! = 0 holds true as a consequence of the strong

density of smooth maps, see Theorem 0.1.

2.2 Cartesian currents

Following [?, 23], we introduce for any p > 1 and n > 1 the class of Cartesian currents cart'/??(B" x S1).
They are given by the currents T in D, (B™ x S!) that decompose as

T=Gyup + Ly x[S*] (2.6)

10



for some ur € W/PP(B" S!) and Ly € R,,_1(B"), and that satisfy the null-boundary condition
(OT)LB" xS' =0. (2.7)

Note that equation (2.7) is automatically satisfied when n = 1, see Remark 2.4. Moreover, in general
a current T in cart!/PP(B™ x S') fails to have bounded mass and to be i.m. rectifiable current in
R, (B™ x S1), if e.g. ur ¢ WH(B™ R?). However, the following compactness property holds:

Theorem 2.5 Let {up} C C®(B",S!) be such that sup,, E1/pplun) < 0o for some p > 1. Then, there

exists a Cartesian current T € cart™/PP(B" x S1) as in (2.6) such that, possibly passing to a not relabeled
subsequence, Gy, — T weakly in D, (B" x S*) and up, — ur in LP(B™,R?).

PROOF: Let V), := ® o Uy, where U}, € WI}’_pg(C”H,IDﬂ) is the harmonic extension of uj,. According to
Definition 2.3, the current G,,, satisfies the slicing formula in (2.5), with w = u, and V =V},

Following [23], we now define a suitable map W, : C"1 — S2, where C"! := B" x (—1,1) and
S? ;= {y € R? : |y| = 1} is the unit sphere. Denoting by S% := {y € S? : +y3 > 0} the upper and lower
half-spheres, we consider a couple of bi-Lipschitz maps ®* : D? — S% such that <I>i|§1 (2) = (2,0), define

[ ®dtoVu(z,t) ift>0 "
Wiz, 1) { O o Vjy(x,—t) ift<0 €B",

and denote Gy, € Dpy1(C" x S?) the current carried by the graph of Wj,. According to (0.4), we
shall thus work with the energy W — &8 (W) := [, [t[P7?[DW|P dx dt.
Since supy, £1/p,p(un) < 00, by the mass estimate (2.4) we infer that

sup M(Gw,) < C-sup &) (W) < o0,
h h

whence {Gw, } is a sequence of i.m. rectifiable currents in Ropi1(C"H x S2) with equibounded masses.
Furthermore, by smoothness of W},, Stokes’ theorem implies the validity of the null-boundary condition:

(0Gw,)LC"t xS2 =0  Vh.

Therefore, by Federer-Fleming’s closure theorem [16], a subsequence of {Gyw, } weakly converges in
D1 (C™H x §2) to an im. rectifiable current T' € R,,41 (C™H! x S2) satisfying (9T) L C™! x §2 = 0.

Arguing as in [17], by the rectifiable slices theorem [31] it turns out that T = Gy + L x [S?] for some
function W € W1(C™1, S?), with Jacobian T o I LY(C™1), and some im. rectifiable current
L € R,_1(C"*Y). Therefore, T is a Cartesian current in the class cart(C™"+! x §2), see [?].

Since moreover W), — W in LP(C™* R2), by lower semicontinuity of the energy W & ,(W)
it turns out that, in an obvious sense, W € W;f2(6"+1,82). Also, using that Wp(x,0) = up(x), a
further subsequence of {uy,} strongly converges in LP(B",R?) to some map u € LP(B",S!), whence we
get W (z,0) = u(z) in the sense of the traces and definitely v € W/P»(B™ S').

Furthermore, by the definition of W}, it turns out that the current L is supported in the closure of
B™ x {0}. Therefore, on account of equation (2.5), where u = uj, and V = V},, by a slicing argument we
infer that the current 7' = G,, + L x [S!] satisfies the null-boundary condition (2.7).

In conclusion, T belongs to the class cart’/??(B™ x S') and actually G,,, — T weakly in D,,(B" xS),
as required. 0

2.3 Degree

For p > 1, denote now by W/PP(R,S!) the class of locally summable maps u : R — S' such that
u(x) — P, € LP(R,R?) for some point P, € S, and |ul1/pp < 00, where

— P
uP [u@) =u@” ) 4 < .
1/ 2
pp R JR \x—y|

11



The class W/PP(R,S') is equipped with the norm |lu — Py||r» + [ul1/p,p -
We define the degree of a map u in W'/P?(R,S') through the formula

1
degu := — / V#(dy' A dy?) (2.8)
R

m 2
T

where R := {(z,t) € R? | ¢ > 0} denotes the upper half plane, U € Wpl’_Z)Q(R%r,]D)Q) is the harmonic
extension of u, and V := ® o U. We have:

Proposition 2.6 The degree of maps in Wl/”’p(R, SY) is strongly continuous. Moreover, degu € Z for
each u € WY/PP(R,S1).

PROOF: Let v € W1/PP(R,S!). Arguing as in the proof of Proposition 1.1, we can find a real constant
C)p > 0 depending on p, such that

/ \V#(dy' A dy?)|dzdt < C, / tP=2|DU (2,t)|P dz dt .
R2 R2

¥ +

Let {up} C W/PP(R,SY) be such that u; — u strongly in W'/PP(R,R?). For each h, denote Vj, :=
® o Up, where Uy, € W;’fz(Ri,Dz) is the harmonic extension of w,. The strong convergence up, — u
in W/P?(R,R?) implies the strong convergence Vj, — V in WSLPQ(Ri,RQ). Therefore, by the above
estimate, the dominated convergence theorem yields

lim V}Z‘Fﬁ(dy1 Ady?) = / V#(dy' A dy?)

h—o0 2 2
R3 R3

whence degu;, — degu. Since moreover n = 1, there exists a sequence {up} C C*(R,S!) such that
up, — u strongly in Wl/p7p(R,R2). By means of a cut-off argument, we readily find a smooth map
Wy, : R? — D? and a point P, € S! such that Wj,(z,t) — P, has compact support contained in Ri, and

1
/ W (dy' A dy?) — V¥ (dy* A dy?)| dedt < 5 Vh
RY

It is then readily checked that
Wi (dy* Ady?) = dy, -

R
for some dj, € Z. Therefore, we get degu, = dj for each h, whence degu € Z, as degu, — degu. O
As in Definition 2.3, with n = 1, if u € W/P?(R,S') we can define the 1-current G,, in D;(R x S')

by setting
Gy :=(0Gy)L ((Rx {0})xR?)  on DR xS.

Actually, using a cut-off argument on the function V', and arguing essentially as in the proof of
Proposition 3.2 below, it can be checked that
1 #
degu = = Gy (75 ws1), (2.9)
T
where wgi is the 1-form defined in (3.1), and 75 : R x R? — R? is the orthogonal projection onto the

second factor.

Remark 2.7 Due to the bubbling phenomenon (cf. [?, p. 324]), the degree fails to be continuous w.r.t.
the weak sequential convergence in W1/P?_ Tt suffices to consider a sequence {up} € CHR,S') with
supy, [|unll1/p,p < 00, degup, =1 for each h, and such that u, — P a.e., but G, — Gp + &y x [S'] in
D1 (R x St), where Gp is the graph current of the constant map equal to some P € St.

12



3 Singularities and minimal connections

In this section, we describe in any dimension n > 2 the singular set of maps u € Wl/p’p(B”, St) in terms
of homological tools. Namely, by means of the coarea formula, Theorem 1.2, we build up an (n — 2)-
dimensional integral flat chain P(u) € D,_2(B™) that in dimension n = 2 agrees with the extension
T : W/PP(B2 S') — Wh*°(B2 R)* of the distributional determinant by Bourgain-Brezis-Mironescu [7].

3.1 Singularities

Let wg: be the normalized volume 1-form in St
wgt = i(yldy2 — deyl) (3.1)
21 ’

so that [S'](ws1) = [ ws1 = 1. Moreover, let 1 : A x R* - A and w5 : A x R? — R? denote the
orthogonal projections onto the two factors, where A = B™ or A = C*+1,

Definition 3.1 The singularities of a map u in Wl/p’p(B",Sl), where p > 1, are represented by the
(n — 2)-dimensional current P(u) in D,,_o(B™)

P(u)(¢) i= 0G,(r] ¢ ATfwes), &€ D" 3(B")
where G, is given by Definition 2.3.

We write explicitly the action of P(u), recovering in the case p = 2 the definition of singularities
introduced by Hang-Lin [25]. For this purpose, following [23], we choose a smooth decreasing cut-off
function 7 : [0,1] — [0, 1] such that n(t) = 1 for ¢ € [0,1/4] and n(t) = 0 for ¢t € [3/4, 1], and for any form
¢ € D*(B™) we denote by 5 the k-form in C™*! given by 5 = QAN

Proposition 3.2 For every u € W'/PP(B" S') and ¢ € D"~2(B"™), we have

P@) =+ [ danvEay nay?),

T

where the extension V is chosen as in Definition 2.3.

PROOF: Since dﬂ'fwgl = Wfdwgl =0, as wg: is a closed 1-form in S', then
P(u)(¢) = Gu(dﬂ'#(b A ﬂ#wsﬂ = Gu(ﬂ'#d(b A W#WSl) )

Denote by &g a 1-form in D (R?) that agrees with the right-hand side of (3.1) on D?. By the definition
(2.5), using that V satisfies the null-boundary condition (2.3) we have

Gy (nfdp Anfs) = (1) 1Gu(rf (dot + did)ji—o N 7f wg1)
= (—D)" G (nfdp AT ws).

We thus obtain:

Pw)(9) = (~1)"'0Gy(rfddArtDe) (5.2
= Gy(rfdndnfds) = Gy(nfdp A nldig) .
Therefore, it suffices to observe that since V(C"*!) C D?, then
# o — LV (At A di?
V7 dos = =V7(dy” A dy?)
™
and recall the action (2.2) of the current Gy, on account of Proposition 2.2. O
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3.2 Cartesian maps

By the previous notation, it turns out that a map u € W'/??(B™ S') has zero homological singularities,
that is, it satisfies P(u) = 0, if and only if the current G,, associated to its graph has no inner boundary,
ie.,

9G, =0 on D" YB"xS). (3.3)
For that reason, we give the following

Definition 3.3 Let n > 1 and p > 1. A map u € WYPP(B" S") is said to be a Cartesian map in
cart'/PP(B"™ SY) if the current G, satisfies the null-boundary condition (3.3).

Note that the strong convergence up — w in Wl/”’(B”7 R?) yields the weak convergence G, — G,
in D, (B™ x S!). Therefore, in low dimension n = 1 we get the equality

Wl/p’p(Bl,Sl) = cartl/p’p(Bl, sh
by the strong density of smooth maps, whereas in high dimension, clearly
wi/Pe(B® SY C cart!/PP(B"SY) Vn>2.

When n > 2, condition P(uy,) = 0 clearly holds true if uj, : B* — S! is smooth, say Lipschitz, and the
null-boundary condition (3.3) is preserved by the weak convergence G, — G, in D,(B" x S'), which
implies the weak convergence P(uy) — P(u) in D,,_o(B™). Therefore, we readily obtain that

Wsl/p’p(B",Sl) C cart'/PP(B",S')

where, we recall, W;/p’p(B”,Sl) denotes the strong closure of smooth maps u € C*°(B",S') in the

W1/PP_norm.
Example 3.4 Coming back to Example 0.3, the map u(x) = x/|z| belongs to W*P(B2,S!)if 1 < sp < 2.
Following [?, Sec. 4.2.5], we have:

(0G,)L (B* x S') = =60 x [S*]

where 0 is the origin in R2. Therefore, on account of Definition 3.1 we infer that P(u) = —do.
If n > 3, the map u(x) = (z1,72)/|(z1,22)| belongs to W*P(B",S!) if 1 < sp < 2, and this time

(0G)L (B" x SY) = —[A] x [S']

where the (n — 2)-disk A := {z € B" | (z1,22) = (0,0)} is oriented by ez A -+ A ey, {€;}1; being the
canonical basis in R™. As a consequence, we get P(u) = —[A].
Instead, an example of Cartesian map according to Definition 3.3 is given e.g. by the content of [12,
Lemma 5]. Taking in fact
1

" Jae

u(z) := (cos(x), sinyp(x)), :B"\{0} >R, ¢(x):

it turns out that u € W*?(B" S!) for every 0 < s < 1 and p > 1 with 1 < sp < n, provided that
0 < a < (n— sp)/sp. Therefore, if 0 < a < n — 1, where n > 2, we have u € W/»?(B" S!) for
every p > 1. Now, letting u, = (cosiy, sinty,), where vy (z) := max{y(z),h} and h € NT, we infer
that {u,} C W/PP(B" S!) is a sequence of Lipschitz maps strongly converging to u in W'/P»(B" R?).
Using that P(uy,) = 0 for each h, we infer that P(u) = 0, whence u € cart'/?P(B" S') for any p > 1.

In Corollary 8.3, we shall prove the equality
Wé/p’p(B",Sl) = cartl/p’p(B",Sl) Vn>2, Vp>1
so that for every map u € W1/P»(B" S'),
uwe WYPP(Br,SY) = Plu)=0.
Moreover, we shall see that when u ¢ I/Vk.sl/p’p(B”,Sl)7 the energy gap Gi/pp(u) in the relaxation

process, see (0.7), is given by the minimal integral connection of the singularity P(u) times a constant
weight F, only depending on the exponent p > 1, with FEy = 27 in the easier case p = 2.
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3.3 Real and integral mass

Let 0 < k < n — 2 be integers. Recall from [?]:

Definition 3.5 For any current I' € Dy (B™), we denote by

My g (T) := inf{M(D) | D € Dy41(B"), (dD)L B" =T}
mipn(T) == inf{M(L) | L € Ry1(B"), (L)L B" =T}

the real mass and integral mass of I' relative to B™, respectively.

In case m; gn(I') < 00, an i.m. rectifiable current L € Ry41(B™) is an integral minimal connection for
the mass of T' allowing connections to the boundary of B", if (OL)L B™ =T and M(L) = m; g»(T). In
general, one has m, g» (I') < m; g~ (I"). However, by Federer’s theorem [15], for k = 0, or by Hardt-Pitts’
result [26], when k = n — 2, if m; p»(I') < oo one has

mr’Bn (F) = minn (F) .
Following [23], we now introduce for every u € W/P?(B"™ S') the current D(u) € D,,_1(B™) given by
D(u)(y) := Gy (x] 7 Anf didsr), v eD" (B, (3-4)

where the extension V is chosen as in Definition 2.3 and the (n — 1)-form 7 in C™*! is given as above by
~ = An. Since we have

ME@) < [ VA A d)|do,

crtt
by Proposition 1.1 we infer that D(u) has finite mass, namely:
M(D(u)) < C / tP=2 | DU (z,t)|P dx dt (3.5)
Cn+1

for some real constant C' > 0 only depending on n and p.
Furthermore, on account of formula (3.2), in Proposition 3.2 we have actually obtained that

P(u) = (0D(u)) L B".
Therefore, P(u) is an (n — 2)-dimensional real flat chain, and

my gn(P(u)) < M(D(u)) < co.

3.4 Minimal integral connection

By means of the coarea formula, Theorem 1.2, we now obtain that if u € Rl/p’p(B",Sl), the current
P(u) of the singularities is an integral flat chain. In dimension n = 2, since u has a finite singular set,
the latter property implies that P(u) is a finite sum of Dirac masses.

Proposition 3.6 Let u € Ry, ,(B™,S"), where n > 2 and p > 1. Then there exists L € Ryp_1(B™) with
M(L) < oo such that P(u) = (OL)L B".

PROOF: Choose a regular value y € D? of the extension V € W;;%(C”*HDz) such that (1.6) holds, so

that M := V=1({y}) is a countably (n—1)-rectifiable set of C"*. Consider the current L € D,,_1(C"*1)
given by

L(w) = /M<w,§> dH™ T, we DM Cr Y

where ¢ := n/|n| and 7 is the (n — 1)-vector n := *V#(dy* A dy?), where * is the Hodge operator in R"+1.
Therefore, when n = 2 the 1-vector field n agrees with the D-field introduced by Brezis-Coron-Lieb [9].
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Since ¢ is an orienting unit (n — 1)-vector field of the approximate tangent (n — 1)-space to M at

HP L M-a.e. z € C*1 it turns out that L is i.m. rectifiable in Rn,l(C"‘*‘l), with finite mass bounded
by the right-hand side of formula (1.6). In addition, by (2.5) and Definition 3.1 it turns out that

(OL)L (B" x {0}) = P(u).

It then suffices to take L equal to the push forward of L through the orthogonal projection of C"*! onto
B™ x {0}. O

We now recall that any map u in W/PP(B" S') is the strong limit of a sequence {u} in the class
Ri/pp(B", S'), see Theorem 0.2. Arguing as e.g. in [?, Sec. 4.2.5], we in fact prove the following:

Proposition 3.7 For anyn > 2 and p > 1, let u € WYPP(B™,SY) and {uy} C Ry/p,(B",S?) be such
that up, — u strongly in W/PP(B™ R?). Then
(i) M(D(u) — D(up)) — 0 as h — oo;
(ii) there exists L € Rp,—1(B™) such that P(u) = (OL)L B™;
(iii) 4f Ly, denotes an i.m. rectifiable current of least mass in R,—1(B™) such that
(OLup )L B = P(u) — Plun) (3.6)
then M(Ly,, ) — 0 as h — oo.

PROOF: Since m; gn(P(uy,)) < oo, for every h there exists an i.m. rectifiable current Ly, € R,,—1(B™) such
that P(up) = (0Ly) L B™ and m; g» (P(up)) = M(Ly). By the bound (3.5), since the strong convergence
of up — u is equivalent to the strong convergence of U, — U in W;f’Q(C"H, R?), using the dominated
convergence theorem we obtain property (i). Therefore, possibly passing to a (not relabeled) subsequence
we may and do assume that

My B (P(uh+1) — P(uh)) < 27h VheN

and again that B
P(thrl) — P(uh) = (8Lh) L B" s

where Lj, is an integral minimal connection of P(up41) — P(up). Therefore, by Hardt-Pitts’ result [26]
M(Ly) = mi,pe (Bluns1) = P(un)) = my,pn (Blun1) = Plun)) < 27"

Therefore, the current L := Lo + > po, Ly, is im. rectifiable in R,_1(B™), whereas due to the weak
convergence P(up) — P(u) in D,,_2(B"™), we get

(L)L B" = (OLo)L_ B™ + i(aih) L B"

h=0
o

= Plug) + > (P(uns1) — Plun)) = P(u).
h=0
We thus obtain property (ii), whereas property (iii) readily follows. O

Remark 3.8 If n = 2, and replacing B? with S?, our definition of singular set P(g) € Dy(S?) of maps
g € W/PP(S2 S!) agrees essentially with the extension T : W/PP(S2 S') — W1°(S2 R)* of the distri-
butional determinant Det(Vg) by Bourgain-Brezis-Mironescu [7]. Therefore, if e.g. u € W/P2(B2 S!)
is constant in a neighborhood of dB?, arguing as in [7] for the case of maps in W/PP(S2,S'), we obtain
the existence of two sequences (P;), (N;) C B? such that

oo

P(u) =) (0p —0n,),  mi(P(u) =Y |Pi— Ni| < oo

i=1 =1
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where the integral mass of the integral flat chain P(u) € Do(B?) is given by
m;(P(u)) := min{M(L) | L € Ry(B?), 0L =P(u)}.
For our purposes, we finally point out the following;:

Remark 3.9 Let T € cart!/P?(B" x S'), so that (2.6) holds. It is readily checked that
(2.7) holds <= P(ur) = —(0Ly)L B"™. (3.1

Therefore, on account of property (ii) in Proposition 3.7, it turns out that the class of Cartesian currents
with underlying map up equal to u

THPP .= (T € cart’PP(B" x S") | up = u in (2.6)} (3.8)

is non-empty, for every u € W1/PP(B™ x S') and p > 1.

4 Energy concentration

In this section, we discuss a minimum problem that turns out to be strictly related to the energy con-
centration phenomenon in the relaxation process on the class W'/P?(B" S!).

4.1 A minimum problem

For any p > 1, denote
Fp = {uec WYPP(R,SY) | degu = 1}

see (2.8) and Proposition 2.6, and define
Ep == inf{€1/pp(u,R) | u € Fp} (4.1)

where, similarly as above, for any v € W/PP(R,S!) we let

Epp(u,R) = EF_H(URY) = /

tP=2|DU (x,t)|P dxdt < 0o, U := Ext(u),
RZ

+

Ext(u) being the energy minimizer among all functions U € WT}’_Z’Q (R3,D?) such that U(xz,0) = u(x) on
R x {0} in the sense of the traces.

Remark 4.1 The energy functional U +— & (U, R%) is scale-invariant for each p > 1. More precisely,
if Uiy(z,t) == U(rz,rt), where U = Ext(u) for some map u € W/PP(R,S'), then the trace u(. of
Uy on t = 0 belongs to WHPP(R,S'), and £_, (U, R%) = E2_,(U,R?%) for each r > 0, whence
U(r) = EXt(U(T)).

By convexity of the integrand, the functional u +— &;/, ,(u,R) is sequentially weakly lower semicon-
tinuous in F,. However, the class F, is not closed w.r.t. the weak convergence, see Remark 2.7, so that
(a part from the case p = 2, see Appendix A) we expect that the minimum in (4.1) fails to be attained.
Notwithstanding, we have:

Proposition 4.2 For every p > 1, the energy infimum (4.1) is a real positive constant E, > 0.

PROOF: Arguing as in the proof of Proposition 1.1 in the case n = 1, but this time with Ri instead of
C?, for every p > 1 and u € W'/PP(R,S') we get the estimate

/ |V#(dy1/\dy2)|dxdt§0p/ 17=2| DU (2, )P d dt
R2 R2

+
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for some real constant C},, > 0 only depending on p. On account of definition (2.8), this yields that
7 < ‘/ V#(dy' Ady®)| < Cp - E1/pp(u,R)
Ry

for each u € F,, whence E, > w/C}, > 0, as required. O

When p = 2, in Example A.1 from the first appendix we compute the weight Ey = 27. Therefore,
extending the result obtained in [23] in the case p = 2, the explicit formula for the relaxed energy (0.6)
is expected to be: B

Evypp(u) = Erypp(u) + Ep - mi pn (P(u)) < oo

for every u € Wl/p’p(B"7 S'), n > 2, and p > 1. This property will be proved in Theorem 8.2 below.

4.2 Energy minimum with fixed degree

In the sequel, for each map u € Wl/”’(R, S!) and each open set A C R, we define the energy of u on A
by means of the restriction u4, i.e.,

51/1’7?(“” A) = 55—2((]7 A x (07 1))

= t*"7?|DU (z,t)|P dzdt, U = BExt(ua),
Ax(0,1)

(4.2)

where Ext(u|4) is the energy minimizer among all maps U € WZ}TQ(A x (0,1),R?) N L>(A x (0,1),R?)
such that U(z,0) = u(x) on A x {0}. Note that in general &/, ,(u, A) < & _,(Ext(u), A x (0,1)), where
Ext(u) is the energy minimizer in W[}’_’; (R%,D?), so that &/, p(u, R) := &) 5 (Ext(u), R3).

Recalling the definition (2.8), Proposition 2.6, and (4.1), we now prove:

Proposition 4.3 For any p > 1 and d € Z, we have
inf{&/pp(u,R) | u € Fp(d)} = |d| - E, (4.3)
where Fp(d) := {u € WYPP(R,S!) | degu = d}.

PROOF: We prove in two steps the inequalities “<” and “>” in (4.3), where the case d € {0,1,—1}
trivially follows, whence it clearly suffices to consider the case d € NT, with d > 2.

Step 1: the inequality “<”. Let Pg := (0, —1), the “south pole” in S!. We make use of the following

Lemma 4.4 For each ¢ > 0, we can find a map uc € WYPP(R,S') such that u.(z) = Ps if |z| > 1,
degu. =1, and & /p p(ue,R) < Ep + €.

PRrROOF: Let u € F, = F,(1) be such that &/, ,(u,R) < E, 4+ ¢/2. Since u — P, € LP(R,R?) for some
P, € S, by left composition with a rotation in the target space we can choose P, = Pg. Let now
U = Ext(u), and for each h € NT define

Un(z,t) = ¢(|(z,t)] = h) U(z,t) + (1 = o(|(x, )] — h)) - Ps

for some smooth decreasing cut-off function ¢ : R — R with ¢(p) = 1 for p < 0 and ¢(p) = 0 for p > 1.
We have that U, — U strongly in W;’_p2 (Ri, R?), whence for h sufficiently large we get

€7 (U B2) — €] o(UR2)] < &/2.
By scale invariance of the energy, Remark 4.1, it suffices to define u.(z) = up(x/(h + 1)) for h large. O
Now, by gluing together d “copies” of the map u, from Lemma 4.4, i.e., by letting ue 4(z) = ue (x4 27)

ifz e (2i,2i+1)fori=0,...,d—1, and u. q(x) = Ps elsewhere in R, we find a map v € F,(d) satisfying
E1/pp(tea;R) < d- By + d-e. Therefore, inequality “<” in (4.3) follows by letting ¢ — 0.
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Step 2: the inequality “>”. Assume by contradiction that there exists u € F,(d) such that
E1/pp(w,R) = (B, —n)d (4.4)

for some constant n > 0. By a density argument, a truncation procedure as in the previous lemma, by
scale invariance of the energy, and by using a left composition with a rotation, we may and do assume
that u € C°(R,S') with u(x) = Ps for |z| > 1. Let C = u='({Ps}) and A = R\ C, so that A is a
bounded open subset in B*.

Let {A;} denote the (at most countable) family of connected components (open intervals) of A. For
each j, we let u; denote the function equal to u on A; and to Ps on R\ A;. We have u; € W/PP(R,S),
whence the degree d; € Z of u; is well-defined, and by (2.9) we readily infer that _, d; = d.

We now see that d; € {0, —1,41} for each j. Since in fact u; = Ps in R\ A; and u;(z) # Pg for each
x € Aj, it cannot happen that |d;| > 2, otherwise for topological reasons the continuous map u; should
cover the whole circle S at least once outside A4;, a contradiction.

We thus may assume (after a relabeling) that d; = 1 and hence u; € F, for each for j = 1,...,d.

Using that &£/, ,(u, R) > 25:1 &1 pp(uj,R), by (4.4) we find for some j =1,...,d

1
51/Pap(ujaR) < ggl/Pvp(uv R) = EP =N, n > 0

so that by (4.1) we get contradiction in the formula (4.4), as required. O

5 A lower semicontinuous energy on currents

In this section, we introduce a functional T +— FE;, ,(T') on Cartesian currents that agrees with the

energy &/, (u) if T = G, for some map u € cart’/??(B",S'), see (5.1). Our functional turns out to be
lower semicontinuous along weakly converging sequences of smooth graphs, Theorem 5.1.
For any p > 1, if T € cart!/PP(B™ x S') as in (2.6), we define

Ei/pp(T) = Epplur) + Ep-M(Lr) if T'=Gup + Ly x [S'] (5.1)
where E, > 0 is the real constant given by (4.1). The localized energy on open sets A C B™ is
El/;v,p(Ta A) = 81/17,17(“)‘4) +E, M(LLA), u=wur, L=1Lr

where &/, ,(u, A) is defined again by (4.2), the function Ext(u4) being the energy minimizer among all
maps U € W%, (A x (0,1),R?) N L>®°(A x (0,1), R?) such that U(x,0) = u(z) on A x {0}. We recall that
in general & ,(Ext(u), A x (0,1)) > &1/pp(u, A), and that if A;, A are pairwise disjoint open sets in
Bn

81/p’p(u, AU Ag) > 51/p’p(u, Al) + gl/p’p(u, Ag) , AiNAy=10. (5.2)

The following lower semicontinuity property holds true for any p > 1 and in any dimension n.

Theorem 5.1 Let T € cart'/PP(B" x S'). Let {u,} C C®(B",S") be such that sup,, E1ypp(un) < oo,
Gy, — T weakly in D, (B"™ x SY), and up, — ur in LP(B™,R?). Then we have:

El/p,p(T) S hhHilgf 51/p7p(uh) . (53)
PROOF: We divide the proof in three steps. In Step 1, we first consider the case of low dimension n = 1.

In Step 2, we deal with the case n = 2, using a dimension reduction argument and Step 1. In Step 3, we
treat the case of high dimension n > 3 by induction.

Step 1: the case n = 1. If T € cart'/PP(B' x S'), in formula (2.6) we have L = Ly € Ro(B"), hence L
is a finite sum of Dirac masses with integer weight, namely

L= Em:di 80, M(L) = f: EA (5.4)
=1 i=1
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where the z;’s are distinct points in B! and d; € Z\ {0} for each i. Choose a family of open intervals
{4;|i=1,...,m}, each A; centered at the point z;, with pairwise disjoint closures A; which are also
well contained in B'. Due to the continuous embedding of W'/P?(B! S') in the class VMO, see e.g. [7],
for each € > 0 we can select each A; small enough in such a way that:

i) the map wp has small oscillation on each A, and small energy, namely:

E1pplur, Ai) < e/m;

ii) fori=1,...,m, we can find a map v; € W/PP(R,S!) such that

€
||Uz‘||W1/p,p(R\Zi,R2) + lur = villwi/eo(a, g2y < m’

iii) setting O = B\ J{4; |i=1,...,m}, we have

E1ypp(ur) < Exppplur, Q)+ E1jpplur, Ai) +¢;

i=1

iv) on account of Proposition 4.3, if € > 0 is small enough, then degwv; = 0 for each .

By lower semicontinuity of the energy u + &/, ,(u,2), we thus get

hhlggf 51/p,p(uh, Q) Z 51/p,p(uT, Q)
(5.5)

> Eppp(ur) = Y Exyppu, Ai) — € > Exppp(ur) — 2.
=1

Now, for each i we have that G, L (4; xS') = G, L (A; xSY)+d; 6, in D1 (A; xS'). Moreover, using
that {us,} has equibounded energy, for h large enough we can find a smooth function vy, (i) € W/PP(R,S!)
such that

Huh - Uh(i)HWl/Pm(Ai,R?) <ap, ||Ui - Uh(i)”vvl/p,p(R\ZhRZ) <ap
where a, — 0. This yields that G, ;) = Gy, +d; 5, in Dy(R x S).

On account of (2.9), and using that degv; = 0, we thus infer that deg(v,(i)) — d; as h — oo, whence
Proposition 4.3 yields that for h large &/, ,(vn (i), R) > Ej, - [d;|, and therefore:

E1pp(un, Ag) > Ep - |di| —e/m Vi=1,...,m. (5.6)

By the estimates (5.5) and (5.6), using that by (5.2)

Evypplun) = gl/p,p(uha Q) + Zgl/p,p(“thi) Vh
i=1

we thus get
liminf &/, (up) 2 Eifpplur) + Ep- Zl il =2

and hence, letting € — 0, the lower semicontinuity inequality (5.3) follows on account of (5.1) and (5.4).
Finally, the inequality

liminf &y, (un, A) > Brjp (T, A)

is similarly obtained for any open subset A C B'.

Step 2: the case n = 2. Denote for simplicity ur = teo, Th := Gu,, Teo = Gu,, + L1 X St, and let
N:=NU {oo}.
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Choose a direction v € S% := {z € R? : |z| = 1, z; > 0}, denote by 7, the 1-D space spanned by
v, and fix an orienting unit vector 7(v) of the 1-D subspace of R? orthogonal to 7,. For any non-empty
and open subset A of B2, denote by A, the orthogonal projection of A onto m,, and for any y € A,

Ay ={zeR|yv+27(v) € A}

the (non-empty) section of A corresponding to y. Accordingly, for any function uj : A — S! and any
y € Ay, the sliced function (up)y : A% — S' is defined by

(un)y(2) =un(yv+2z7(v)), heN.
Taking Q := B?, for any h € N the 1-dimensional slice (cf. [?, Sec. 2.2.5])
(Th)y =T (% x SY)
defines a Cartesian current in cartl/p’p(QZ x S') for Hl-a.e. y € Q,, and
(Th)y = Gunyy s (Too)y = Glunyy + (Lo L) x [S'].
Moreover, by the definition (5.1), the energy of the sliced current (7})y is given for Ll-a.e. y € A, by

El/p,p((Th)Za AZ) = gl/p,p((uh)’g;7 AZ) VheN
B pp(Too)y, Ay) = E1ypp((uo)y, Ay) + Ep - M(Lr L AY) .

Therefore, setting
El/p,p(Th7A; V) = / El/p,p((Th)Z7AZ) dy7 h EN (57)

by the inequalities

51/p,p(uh7A)Z/A E1ypp((un)y, Ay) dy VheN,
M(LTLA) 2/ M(LTLAZ) dy,

we infer that -
El/p,p(ThaA) > El/p,p(Th;A§V) VheN. (58)

Moreover, using that

lim / / [(un)y — (too)y|P dzdy = lim / lup, — too|P dz =0
T Z h—o0 A

h—o0
we can find a strictly increasing sequence {h(k)} C N such that

lihrggf Eyjpp(Th, Asv) = klg{)lo E1pp(Thry, A; )

and the sliced currents (Th(x))} converge to (T )y weakly in Dy (Al x S') as k — oo, for H'-ae. y € m,.
By Step 1, we thus have for any such y

hklgg.}f El/P»p((Th(k))Za AZ) 2 El/p,p((Too)Za AZ) : (5.9)

Integrating both sides of (5.9) on 7, using Fatou’s lemma, (5.7), and (5.8) we thus get for any v € S}

hhn—1>£f El/p,p(Th; A) > th_l)gf El/p,p(Th(k)a A; U) > El/p,p(Tom A; V) . (510)

Consider now the Radon measure

A= L3 CP 4+ 0H' L (set Ly x {0})
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where 6 is the density function of the i.m. rectifiable current L7 € R1(B?) corresponding to the weak
limit current T, and set Ly is the 1-rectifiable subset of B2 given by the points with positive density 6,
see (2.1).

Let {v(V}; C S% be a countable dense sequence. Setting for (z,t) € B™ x J, where .J := [0, 1],

772D Ext(uco)y " (z,8)[P if (z,) € C?\ (set Ly x {0}),

@l(myt) = €T = yy(z) + ZT(V(i))
E, if x€setLy, t=0

we obtain for each i and each open set A C B?:

By jpp(Toos A1) = / @i dA. (5.11)
AxJ

By (5.2) and by the superadditivity of the liminf operator, using (5.10) and (5.11) we thus get
Z lim inf 5, ,,,(Th, As)

ZEl/p,p(TOO’A?V(i)) - Z/A J PriA
i i iX

for any finite family of pairwise disjoint open sets A; C B?. We now recall that by [2, Lemma 2.35]

sup p; d\ = Sup{ / Vi d)\}
/B2><.] €N Z A;xJ

i€l

Y

lim inf By, (Th)

(5.12)

v

where the supremum is taken over all finite sets of indices I C N and all families {A;};c; of pairwise
disjoint open sets with compact closure in B2. By (5.12), we then conclude that

lim inf = liminf & Ty) > d\=FE Ty).
iminf £, p(up) = liminf £, (Th) > /B oy, S0 @i A = Enypp(Toc)

Finally, the inequality
hhH_1>£f 51/Pyp(uha A) > El/p,p(TOOa A)

is similarly obtained for any open subset A C B2, as required.

Step 3: the case n > 3. Arguing as e.g. in the proof of [2, Thm. 5.4], we apply a reduction argument to
the case n — 1 in a similar way to Step 2, and an induction argument on the dimension n. We omit any
further detail. g

6 Approximate dipoles

In this section, we provide in low dimension n = 2 the approximation of dipoles for W1/PP-maps with
values in S, see [9, 19], and [?, Sec. 4.2.3]. Using an argument similar to [23], we first show how to
remove homologically trivial point singularities in dimension n = 2.

6.1 Removing point singularities

Ifp>1,0<s<1,and 1 < sp < 2, by the continuous embedding W*?(B",S') ¢ W'/p»(B",S!), it
turns out that Definitions 2.3 and 3.1 concerning the graph current G,, and the singularity P(u) extend
to maps u € W*P?(B",S'). We have:

Proposition 6.1 Letp > 1,0 < s <1, and 1 < sp < 2. Let u € Rs,(B?,S") be such that P(u) = 0,
so that (3.3) holds, with n = 2. Then there exists a sequence of smooth maps {up} C C°°(B?,S') which
converges to u strongly in W3P.
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PROOF: Since we use a local argument, we may assume that v has only one singularity at the origin, i.e.,
u € C*°(B?\ {0},Sh). For 0 < r < 1, we denote

Q,:=B>NC3, F,:=Q,.N(B?x {0}),
0rQ, :=0B2N{z= (x,t) € C* |t > 0}.

Let U = Ext(u) € W7

s p)(C3 R?), where (s, p) is given by (0.3). According to (0.4), for any Borel set
QC C? welet

51)

(s p)(U, Q) := / V&P DU (2, t) [P de dt vy=7(s,p):=p(l—s)—1.
' Q

Given € > 0, let 0 < R = R(¢) < 1 be such that &” )(U,Qr) < €. Since

v(s,p)

R
SP( )(U7QR\QR/2) = / dr/ t“f(s’P)|DU|p dH?
e Rz Jorq,

there exists r = r. € [R/2, R] such that

R 4e
0070 = [ L OIDUp it < 2er ) (U.Qr\Qrpa) < T (6.1)
In order to remove the singularity of u, we have to show that
{we W*P(B2,R*) N C(BZ,S") | wopz = ujpp2} # 0, (6.2)

i.e., that ujppz is homotopic to a constant map in S!. Since the first homotopy group m;(S') ~ Z is
commutative, it suffices to show that du spz #ws1 = 0. This property holds true since by condition (3.3)
we get:
[ womtes = Guypa(efus) =06, (nfwsr)
oB2 " i

(6.3)

As a consequence, there exists a smooth extension u, : B2 — St of u)gp2 with finite W*P-norm.
Let V;. : Q, — D? be a minimizer of the energy V + . (V,Q,) among the maps in wk o, p)(Qr, R?)
satisfying the boundary conditions

v(s,p)

V=U on 0Q,
V=u on F,.

Let 0 < § < r to be fixed later. Define U, : C3 — D? by

so that U, € Ww(f p)(C3,R2) is continuous and with trace u,(z) := U,(z,0) in W*P(B? S!). We have

6\ 2-sp
5p5p)(UT’Q5) = (;) grzy)(sp (VTvQ’I‘)'
Moreover, as in the case s = 1/2 and p = 2, we can estimate

UT7QT \ Qé) < cré&®

v(s,p)

((/’p

v(s,p)

\({U,07Q,) (6.4)
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for some absolute constant ¢ > 0. Therefore, by (6.1), using that » < R, and taking 6 = §(¢) sufficiently
small, since 2 — sp > 0 we get:

P 6\ 2—sp » »
E o (Un) S E ) (O) +des+ (2)7 €0\ (Vi Qr) S €0, (U) + (e + D)e

v(s.p)

Letting € — 0 we infer that U,. — U in WWI(IS’ (€% R?) and finally that u,, — u in W*?(B? R?), with

u., € W*P(B2,S!) continuous. By a standard argument as e.g. in [29], we finally approximate u,_ by
smooth functions in C*°(B?,S'), as required. O

6.2 The dipole construction

We now restrict to the case sp = 1, where we adapt some results from [21], to which we refer for further
details. To fix the notation, let ay,a_ € B? and let L € R1(B?) be the 1-current integration over the
segment joining a_ to ay, with mass M(L) = [ := |ax — a_| € (0,1), oriented so that the boundary
OL = 64, — d,_. We assume for simplicity

ay = (1,0), a_ = (0,0).

Also, if P € S', we let Gp denote the current carried by the graph of the map equal to P on B2.
In the sequel we also denote D? := {(x,t) € R? | 22 +t? < 1} and

Bt:=D?n(?, 0tB:=0D*N{(x,t) €C?|t >0},
J:=0B*\0+B =[-1,1] x {0}.

We first notice that by Lemma 4.4, taking a left composition with a rotation, we readily obtain:

Proposition 6.2 For every P €S', there exists a family {fF}.<o of Lipschitz functions ff : B* — D?
such that €|3+B =P, fF)cs, fEIBT]=[D?], fE[J]=1[S'], and

€
51/p7p(f5PaB+) <E,+ 3

In Lemma 6.3, we extend a result proved in [21] when p =2. For 0 < § <1 and 0 <m <1, let

Consider the map ¢ : (0,1) x BT — C3
OF(2) i= (w1, 0F (x1) w2, 0§ (21)t), 2 = (21, 22,1)
and define
an = ¢m((0,1) x BY)

= {(z1,29,t) € C¥ | ()2 + 12 < P (21)?, 0<uazy <I}.
Lemma 6.3 Let V : (0,1) x Bt — R? be a W;’_p2 function and let
Vih(z) i=Vo(e§) '(z), ze€Qf.
Then there exists an absolute constant ¢ > 0 such that
/tl’*2|Dv;;m|sz < / t'72| Dy VIP dz + 67 / tP=2|D,, V|*dz
0 (0,))x B+ (0,))x B+ (6.5)
+ cm? / P72 Dy iy VP d2 .
((0,6/m)u(l=8/m,1))x BT
PRrROOF: It suffices to note that with s = ¢J*(x1)t, then
s"72| det Do (95" (2, 1))| = 72 (w1)"

We then argue by a change of variables as in the case p = 2 considered in [?, Sec. 4.2.3]. d
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6.3 Approximate dipoles

Theorem 6.4 For every P € S!, there exists a sequence of maps {u,} C C*(B?*\{a_,a;},S") such that
Gy, — Gp + L x S' weakly in Dy(B? x St), and

Eyppun) =1 Ep, l:=lay —a_]|.

PROOF: For € > 0 small, first define W, : (0,1) x B* — R2 by W.(x1,22,t) := fF(x2,t), where fI is
given by Proposition 6.2, so that W, is Lipschitz-continuous. Then apply Lemma 6.3 with V := W, and
m = 1, to obtain a map W, s := W, o (qﬁ}s)*l. Finally set

{Wg,g(z) if 2eQ}

P otherwise,,

so that U. belongs to Lip;,.(C*\ {a_,a},R?), the trace u.(x) := U.(z,0) belongs to W'/P»(B2 S'),
and by (6.5)

€

L Ep < 55—2((]5) <l 55—2(feP7B+) + 5
if ¢ is sufficiently small in dependence of € and of the Lipschitz constant of W,. Letting uj = u., with
en \¢ 0, the assertion follows from Proposition 6.2, on account of a convolution argument. O

6.4 The dipole problem

The function u, in Theorem 6.4 has degree deg(u.,at) = +1, where the degree is defined in the classical
sense by taking the restriction of u. to small circles around the singularities a+. Equivalently, according
to Example 3.4 we have: P(u.) = =04, + da_. As a consequence, we readily obtain:

Proposition 6.5 For p > 1, let G, be the class of maps u € W/pp(R? SY) which are smooth outside
the points ay and such that deg(u,ay) = 1. Then

inf{€,,(u,R?*) |ueG,} =1-E,, l=lay —a_|.

PROOF: Inequality “<” follows from Theorem 6.4, extending u. as the constant function P on R? \ B2
On the other hand, for every u € G, and for a.e. z1 € (0,1), the restriction uy, (y) := u(z1,y) is a map
in W/PP(R,S') with degree one, whence &/, ,(us,,R) > Ep, by (4.1). Integrating on y € (0,1), we get

l
gl/P,P(u7R2) > / 51/P7P(u$13R) d'rl > l- Ep
0
which yields the inequality “>”. U

Proposition 6.5 is in accordance with the case N = 1 of [7, Thm. 2.4], where the authors analyzed the
dipole problem for maps in WN/PP(SN+1 SN,

7 Approximation by smooth graphs

In this section, and in the appendices B and C, we prove the following strong density result:
Theorem 7.1 Letn > 2 andp > 1. For every T € cart'/PP(B™ x SY), there exists a sequence of smooth
maps {up} in C°(B",SY) such that G, — T weakly in D, (B"™ x S') and

hlgrolo Eppplun) = Erypp(T).
PROOF: We make use of a readaptation of the proof for the case p = 2 taken from [23], in the simpler
case where the target space is the circle S'. We divide the proof in four steps.

Step 1: Reduction to finite mass singularities. Let T € cart'/PP(B™ x S'), so that (2.6) holds and hence
P(ur) = —(0Lr) L B™, see (3.7). By Proposition 3.7, we readily infer:
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Lemma 7.2 There ezists a sequence {uy,} in Ry, ,(B",S') strongly converging to u = up in W1/PP(B" R?)
and such that, if L, . is given by (3.6), then the current

Ty := Gu, + (Luy o+ L7) x S*

belongs to cart'/PP(B™ x S, all the boundary masses M(9(Ly, o + Lt)) are finite, Ty, — T weakly in
D, (B" x SY), and Ey )y, ,(Th) — E1/pp(T) as h — oo.

As a consequence, we can assume that up € Rq/,,(B",S') and that P(ur) has finite mass, whence
T = Gy, +Lx[S'], where L € R,,_1(B") satisfies (OL) _ B™ = —P(ur). Therefore, by Federer’s bound-
ary rectifiability theorem [14], we infer that the boundary current OL is i.m. rectifiable in R, _o(B™).

Step 2: Approzimation by polyhedral chains. We can thus write L = Z;"Zl L4 where the L,’s are integral
(n — 1)-currents in B™ with pairwise disjoint supports. Using Federer’s strong polyhedral approximation
theorem [14], for every ¢ > 0 and ¢ = 1,...,m we find an integral polyhedral (n — 1)-chain P; with
support contained in a small neighborhood of radius ce of the support of the L,’s, and a function
U. € CH(C" R?), with trace uc(z) := Uc(x,0) € Ryp,(B™,S"), such that if

T.:=G, +» P xS',
qg=1
then T. € cart'/P?(B™ x S'), T. converges weakly in D,,(B" x S') to T as € — 0, and

m

El/p,p(TE) = gl/p,p(ua) +Ep- ZM(P;) - gl/p,p(“T) + Ep - M(L) = El/p,p(T) :

g=1

Moreover, since the L;’s have disjoint supports, we may and do choose the polyhedral chains P in such
a way that for every small € > 0 they have pairwise disjoint supports contained in B™, and wu, is locally
Lipschitz on B™ \ U;n:1 spt 9Py, i.e., outside the (n — 2)-skeleton of each P;. Also, possibly dividing the
simplices of a triangulation of P;, we may and do assume that every polyhedral (n — 1)-chain P; is the
union of a finite number of oriented (n — 1)-simplices A which only intersect at the boundary points.

Step 8: Approzimate dipoles. In dimension n = 2, we apply Proposition 6.2. In high dimension n > 3,
we apply Proposition 7.3, that is proved in Appendix B. For this purpose, we fix some notation.
For n > 3, let A be the (n — 1)-simplex in B™ given by the convex hull

A := coh({Ogn,ler,lea, ..., ley—1}), 0<l<1, (7.1)
(e1,...,en) being the standard basis in R™. Denote by
z = (z,t) = (T, zp, t), T=(x1,...,Tn-1)
a generic point z in C"*1. Also, for § > 0 and 0 < m < 1, we let
¢y (y) ;= min{my,d},  y=>0,

we denote by
y(Z) := dist(z, 0A)

the distance of Z from the boundary of the (n — 1)-simplex A, and we set
¢5'(2) = (T, ¢5" (Y(@))an, 5 (y(T))t)

so that if
QP = ¢7(A x BT, BT :={(xn,t) € B*|t >0},

then Q" is a small “neighbor” of the (n — 1)-simplex A x {0} in C"*1.
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Proposition 7.3 Let U € WI}LPQ(C”+17R2) be a map which is smooth in the interior of Qggo, for some
fized small mg, 8y > 0, and such that the trace u(z) := U(x,0) belongs to W/PP(B™ SY). Then for every
€>0,0<d <8, and 0 < m < mo, there exists a map U, : C"*1 — R? with trace u.(x) := U.(x,0)
in WYPP(B"™ SY) such that U, is smooth in the closure of QF, except for the (n — 2)-skeleton of a
triangulation of A. Moreover, G,,, — G, + [A] x [S'] weakly in D,,(B™ x S') as e — 0, and

51/p7p(u€) S 51/p’p(u) + Ep . Hn_l(A) +e. (72)

Once we have applied Proposition 6.2, when n = 2, or Proposition 7.3, when n > 3, in order to
approximate the dipoles P, x S', by a diagonal argument we find a sequence {u.} in Ry /pp(B™ x st
whose graphs G, weakly converge to T in D,,(B™ x S'), with Ei/pp(Gu.) = Ei/pp(T). Moreover, by
the construction it turns out that u. is smooth except on a singular set ¥. of B™ given by the (n — 2)-
skeleton of a triangulation of the union of the polyhedral (n — 1)-chains P, and that P(u.) = 0, i.e., u.
is a Cartesian map in cart’/??(B" S').

Step 4: Removing the singularities. We remove the (n —2)-dimensional singular set ¥.. In low dimension
n = 2 we apply Proposition 6.1, whereas in high dimension n > 3 we make use of the following variant
of a result from [23], that is proved in Appendix C.

Proposition 7.4 Under the previous hypotheses, for ¢ > 0 small enough there exists a sequence of
smooth maps {u,(f)} C C>®(B™,SY) which converges to u. strongly in W/P?(B™ R?) as h — co.

The proof of Theorem 7.1 is then completed by a diagonal argument. O

8 Relaxed energy

In this section, we provide in any dimension n > 2 the explicit formula for the relaxed energy (0.6) in
the class W*P(B™,S) for any 0 < s < 1 and p > 1. We then give a partial result concerning for the case
1 < s < 2. Recalling that in dimension n > 2 we have Wg?(B",S') = W*?(B",S') if and only if sp < 1
or sp > 2, see Theorem 0.1, in the sequel we assume 1 < sp < 2 and p > 1, by firstly considering the case
s =1/p, Theorem 8.2, where we apply previous results proved in this paper.

For the sake of completeness, we first collect some properties concerning the class cart!/ PP(B"™ x St
from Definition 3.3, which were already proved in [23] when p = 2

8.1 Cartesian currents
Using Theorems 2.5, 5.1, and 7.1, we obtain:
Theorem 8.1 Letn > 2 and p > 1. Then:

i) for every T € cart’/PP(B™ x S') there exists a smooth sequence {uy} C C>(B"™,S") such that
up, — up strongly in LP(B™,R?), G, — T weakly in D, (B™ x S'), and &/, ,(ur) = E1/p,(T);

ii) the class cartl/p’p(B” x S1) is closed along weakly converging sequences of currents with equibounded
energies;

iii) the functional T v Eyp, ,(T) is sequentially lower semicontinuous in the class cart!/PP(B" x Sh).

PROOF: Property i) is Theorem 7.1. As to property ii), assume that {7} C cart'/??(B" xS!) is such that
supy, B /p p(Th) < co. By applying Theorem 7.1, for each h we find a sequence {v,(ch)} C C°°(B™,S!) such
that GU)(Ch,) — Ty, weakly in D,,(B™ x S') and El/p,p(v,(ch)) = Ey/pp(Th) as k — oo. Letting vy, := vgh), we
have supy, £/,,(vn) < 00, whence by Theorem 2.5 a (not relabeled) subsequence is such that G,, — T
weakly in D, (B™ x S') to some T € cart'/PP(B™ x S'). We now recall that the weak convergence
restricted to currents in R,,(B™ x S') with no inner boundary is metrizable, being equivalent to the flat
metric convergence, see [30, Thm. 31.2]. Therefore, by a diagonal argument we find a subsequence of
{T}} weakly converging to T'.
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As to property iii), assume now that {I},} C cart!/PP(B" x S!) satisfies sup, Ey/,,(T)) < oo and

T, — T for some T € cart!/PP(B" x S'). As before, we find a sequence {v;} € C>(B",S') such that
Gy, — T weakly in D, (B" x S') and

1ihn_1>gf Eypplun) < lihrggf Erypp(Th) .-

On account of Theorem 5.1, we thus get

El/pﬂ)(T) § hhnilorolf El/p,p(Th) .

We omit any further detail. 0

8.2 An explicit formula

Assume now sp = 1 and p > 1. The following theorem implies that every map in W/P?(B" S") belongs
to the WY/PP_weak sequential closure of smooth maps in C>(B",Sh).

Theorem 8.2 Let n > 2 and p > 1. For every u € W/PP(B™ S) the relazed energy gl/p,p(u) is finite,
and we have:

Exfpp(w) = Erypp(u) + Ep - mi pn (P(u)) < oo
where E, > 0 is given by the minimum problem (4.1), and m; gn(P(u)) is the integral mass relative to

B™ of the current P(u) € D,,_o(B™) of the singularities of u, see Definitions 3.1 and 3.5.

ProoF: We claim that for every u € W1/PP(B™ S!)
E1/pp(w) = nf{ By (T) | T € TP} < o0 (8.1)

where the class 7;/?? of Cartesian currents with underlying function u is defined in (3.8).

In fact, we already know that the class 711/ PP is non-empty, see Remark 3.9, whereas by Theorem 7.1,
for any T € Ti/P? we can find a smooth sequence {up} c C>(B™,S") such that G, — T weakly in
D, (B™ x S') and &y, ,(un) — E1/p,(T). Since w, — up in LP(B™,R?) and up = u, we infer that the
inequality “<” holds in (8.1), and hence that gl/p)p(u) < 0.

On the other hand, if {uy} C C*°(B",S') satisfies sup;, & /p,,(usn) < oo, and up — u in LP(B™,R?),
by Theorem 2.5 we find a (not relabeled) subsequence such that G, — T weakly in D, (B"™ x S!) to

some T € To/P?. By Theorem 5.1, we have that E/, ,(T) < liminfy, &/, ,(un), whence the inequality
“>” holds too in (8.1).

Now, using again Proposition 3.7, we know that P(u) is an integral flat chain in D,,_o(B™), whence
there exists L, € R,,_2(B") such that

(OL,)L B" = —P(u) and M(L,) = m; g~ (P(u)).

Setting then T, := G\, + L, x [S*], by (3.7) we infer that the null-boundary condition (2.7) holds, whence
by (2.6) it turns out that T, € T./PP_ By the definition in (5.1) we thus get

inf{E),, ,(T) | T € T/"P} = Ey/pp(Tu) = E1jpp(u) + By - M(Ly,)
which implies the explicit formula for & /p,p(1), on account of (8.1). O

Coming back to Definition 3.3, we thus readily obtain:

Corollary 8.3 For any p > 1, we have:

Wi/PP(B",SY) = cart'/PP(B",SY) Vn > 2.
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83 Thecase 0<s<1l,1<sp<?2

In these ranges of s and p, the strong density of smooth maps fails to hold, see Theorem 0.1. Since
sp > 1, by the continuous embedding W*?(B" S') ¢ W*'/$(B",S'), both the graph current G, in
D, (B™ x S') and the singular set P(u), an integral flat chain in D,,_o(B™), are well defined for each map
u € WP(B", S .

However, differently to the scale invariance property for the case sp = 1, see Remark 4.1, letting
v(s,p) as in (0.3), if U € Wﬂ}(’f,p) (R%,R?) and U,y (2, t) := U(ra,rt) we get

(C/‘p

~(s,p)

(Upy,RY) = rier

v(s,p)

(URE)  Vr>0.

Therefore, since sp > 1 we have 55(S,p)(U(r)’R2+) —0asr— 0.

On account of Theorem 8.2, by the above facts we infer that the relaxed energy gs,p(u) is finite if and
only if P(u) = 0, in which case it agrees with the energy & ,(u). More precisely, we have:

Theorem 8.4 Letn >2,0<s<1, and p > 1, with 1 < sp < 2. Then for every u € W*P(B", S')

£ _f Ep(u) dif Plu)=0
gs’p(“)_{ too if P(u)#£0.

ProoOF: The implication _
Plu) =0 = & plu)==E,p(u)<oo

is a consequence of the following approximation result:

Proposition 8.5 With the values of s, p, and n as in Theorem 8.4, if u € W*P(B",S!) satisfies P(u) =
0, there exists a sequence {up} C C(B",S") such that up, — u in LP(B™,R?) and &s ,(up) — Esp(u) as
h — oo.

PRroOOF: Since G, € cart!/PP(B" x S!), arguing as in Steps 1-2 of the proof of Theorem 7.1 we find a
sequence of maps u. satisfying P(u.) = 0, which are smooth except on a singular set X, of B™ given by
the (n — 2)-skeleton of a finite triangulation in B™, and with u. — u strongly in W*?(B™ R?) as € — 0.
We then apply Proposition C.1 from Appendix C, in high dimension n > 3, or argue in a way similar to
Proposition 6.2, when n = 2, in order to remove the homologically trivial singularities. Further details
are omitted. g

Conversely, we now show that

Esp(u) <oo = P(u)=0.

Let {up} € C>(B™,S') be such that sup;, & ,(up) < oo and uj, — w in LP(B™ R?). Since by the
continuous embedding supy, £ /p p(un) < o0 and u € wi/pr(B",SY), by Theorem 2.5 we find a (not
relabeled) subsequence such that G, — T weakly in D,,(B" x S!) to some T € T, /",

Assume by contradiction that P(u) # 0. Then, T = G, + L x [S'] for some L € R,,_1(B") with
positive mass, M (L) > 0. Therefore, if £ := set L is the set of points of positive density for L, see (2.1),
we have H" "1 (L) > 0.

For H" '-a.e. = € L, we denote by I, the line segment given by the intersection of B™ with the
straight line of R™ containing = and orthogonal to the approximate tangent (n — 1)-space to £ at x.
Then, by a slicing argument, the 1-dimensional restriction of G, to I, x S' yields (possibly passing to
a subsequence) a sequence of graphs of smooth maps w7, : I, — S' with equibounded &; ,-energies.
Moreover, denoting by

U™ = Ext(upr,) : I x (0,1) = R?

the extension of uy;, in W,i(g o e x (0, 1),IR?), where (s, p) is given by (0.3), we have

sup/ t7(87p)|DU,(lI) (y, )P dydt =C < 0.
b JI,x(0,1)
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Therefore, using that t?=2 = ¢tP~1 . t7(P) for 0 < r < 1 we estimate

/ =2\ DU (y, )P dy dt < r*P! / /6P | DU (y, t)P dy dt < C P! (8.2)

I, x(0,r) I.x(0,r)

for any h, where C'r*?~1 — 0 as r — 0%, since sp > 1.

On the other hand, by a slicing argument, we can find a neighborhood J, of x in I, such that the 1-
currents G, L (J, xS') have to converge near the point  to the current Gy, L (J, xS')+0 0, x[S'],
where o € Z \ {0} agrees (up to the sign) with the density of the current L at z. Therefore, by lower
semicontinuity, Theorem 5.1, we have

lihrgi(gf EppUnir,, Ie) > Ep >0 (8.3)
where E, is given by (4.1). Since (8.3) is in contradiction with (8.2), we must have M(L) = 0, which
yields P(u) = 0, by (3.7), as required. O

8.4 Thecasel<s<2,1<sp<?2

These are the ranges of s and p for which the strong density of smooth maps fails to hold, see Theorem 0.1,
but s > 1. Even if our definition of energy (0.5), with 55(5 p)(U) given by (0.4), does not make sense, we
obtain a partial result:

Corollary 8.6 Let u € W*P(B"™,S!), where 1 <p<2,1<s<2,1<sp<2, andn > 2. Assume that
there exists a sequence {up} C C°°(B",S') converging a.e. to u and such that supy, ||up|s, < 0o. Then,
P(u) = 0.

PROOF: Since sp > 1, we have already seen that the current G,, and the singular set P(u) are well defined.
This time, by means of a Gagliardo-Nirenberg type inequality, see [5, Appendix D], the continuous
embedding W*P(B",S') ¢ W™4(B",S') holds for any 0 < r < 1 and ¢ > p such that rq = sp, with
lullrq < C ||u||£/p9 This yields that sup;, & 4(un) < 0o, whence u has finite relaxed energy, gr’q(u) < 0.
Since r¢ > 1 and 0 < r < 1, by Theorem 8.4 we conclude that P(u) = 0. O

Appendix A Harmonic maps
The Euler-Lagrange system associated to the minimum problem (4.1) reads as
. -2 2
div(|¢ DU (z,t)|P~* DU) =0, (z,t) € R
and finding the energy minimum FE, in (4.1) is a difficult task. However, when p = 2 we reduce to the

harmonic map equation AU(z,t) = 0 and one has Ey = 27, an energy minimizer uy € W'/22(R,S!)
being given by the trace on ¢t = 0 of the function Us : ]R?._ — D2

2 1—(x2+t2))

Vel t) = (x2 ST 2 (t+1)2

see (A.1), that is by the inverse us of the stereographic map o : S' — R from the south pole Ps = (0, —1).

Example A.1 Let p = 2. By the parallelogram inequality, 2| det G| < |G|? for each G € R?>*? and
hence, using that U(£2) = D? if u € F; is smooth, by the area formula we get the energy lower bound

|det DU (z,t)|? da dt > 27 .
2

+

E(U,R%) :/

DU (2, )2 dav dt > 2/
R2

2 R
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Therefore, by a density argument we infer that Ey > 27. Following [28], consider now the complex map

1 -1z

h(z) := Pt z€C\{-i}.

It is readily checked that h is a biholomorphic map between the half-space H := {z € C | Im z > 0} and
the unit disc E := {z € C : |z| < 1}, and that h(z) — —i as |z| — 4o00. Setting z = x + it for x € R and
t > 0, we have h(z) = f(z,t) +ig(x,t), where

2 1— (2% +t?)

f(z,t) = TR g(z,t) := A@H A=Az, t) =2 + (t+1)%.

Therefore, the following Cauchy-Riemann equations are satisfied:
2 dz(t+1)
- — = — t 1 2 — 2 = =
fa=—0z NEE (t+1)*=2%), fi=9a INCEOE

In particular, the mapping Us(x,t) := (f, g)(z,t) is conformal, i.e.,

(D;iUs, D;Us)gz = & V(z,t)eRY, 1<i<j<2.

4
o 5
Therefore, one has |[DU,|? = 2| det DU,| for each (z,¢) € R%, and since U, : R — D is bijective

&5 (U2, RY) :/R2 |DU2(x,t)|2dxdt:2/Rz |det DUy (z, t)| dx dt = 27 .
+ +

Finally, the trace us : R — St
2z 1— 22

us(w) = Ua(w,0) = (1532 7302

), zeR (A1)

satisfies deg us = 1, whence uy € F5 and definitely Fy = 2.

Appendix B Approximate dipoles

In this appendix we give the proof of Proposition 7.3. It is a readaptation of the proof of [23, Prop. 7.3]
for the case p = 2, in the simpler situation where the target manifold is the unit circle S'.

PROOF: [Proof of Proposition 7.3] Recall that n > 3. Let ¢ be a bi-Lipschitz homeomorphism of B™
which takes the (n — 1)-simplex A given by (7.1) onto the (n — 1)-disk D x {0} of diameter [, where

D:={FeR"" |7 <i/2},

with Lipschitz constants
Lipy <K, Lipyp '<K, (B.1)

where K = K(n) does not depend on I, but possibly on the distance of A from dB™. Also, let V :
C™t!l - R? be given by

V(z) :=UoWUl(z), U(z) = V(z,t) = (Y(),t).
Denoting 0 = (0,0) € R?, we finally set

Q, = {ze€C"|dist(z,0D x {0}) < p},
otQ, = {zeCrt!|dist(z,0D x {0}) = p},

where p > 0, fix 0 < R < [/2, and denote by p: Qg — 0D x {0} the nearest point projection, so that for
every z € Qg
|z — p(2)| = dist(z,0D x {0}).
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By applying the coarea formula w.r.t. “cylindrical type” coordinates defined around the (n—2)-sphere
0D x {0}, since property

R
/ tp_2|DV|sz:/ dp/ tP2|DVIP dH" < oo
Qr 0 ot Q,

yields
liminfp/ tP2|DV2dH™ = 0,
at+Q,

p—0t

we can choose a small radius » > 0 and replace V on €2, by the map

z—p(2)
Vi(z) =V(plz) + r———=— B.2
()= V(o) +r =2 5) (B2)
so that as in (6.4) we estimate
(V) < s .r/am =2 DV|P dH"™ = O(r) (B.3)

where O(r;) — 0 along a sequence r; \, 0.
We now define Q" := ¢§*(D x B*), where for z = (T, z,,t) we let

O (2) = (@, 0 (U(@)n, 5 H@)E) . §(@) = dist(,0D)..
1 2
Moreover, setting 75, =9 # we define

Kp = {z e Cm | 0<dist(z,8D x {0}) < rsm,
0< @) <8/m, VinZ + 2 <m- ,17(55)}

and note that if r5,, < 7, by (B.2) it turns out that the restriction of V' to K§* does not depend on the
distance of z from 9D x {0}.
We now wish that the following conditions hold true:

(i) V maps K} into a set of diameter ¢;
(ii) V maps ﬁg” into a set of diameter ¢.

If it is not the case, we let {Az}f(:nl) be a barycentric-type subdivision of A into smaller simplices of
side [ /2, whose number ¢(n) only depends on n, starting from the 1-faces of A. Moreover, possibly slightly
moving the centers of the 1-faces of A, without loss of generality we can assume that the restriction of
V' to each k-face of A; has finite &, ,-energy, for every k = 2,...,n and every i. We then apply the
previous construction to each A;, where K, see (B.1), is an upper bound for the Lipschitz constants of
the homeomorphisms of B™ which map A; onto D;, the (n — 1)-disk of diameter 1/2, for every i.

If V does not satisfy conditions (i) and (ii) on the sets Kj% and QF’, corresponding to D;, we start
again with the previous procedure, by taking a barycentric subdivision of A, as above.

Note that V' is smooth on the interior of Qf*, for § and m sufficiently small, and, by paying a small
amount of energy, we can assume that V' does not depend on the distance of z from dD; on K§";. We then
infer that the conditions (i) and (ii) above are obtained after a finite number of barycentric subdivisions,
by first taking 0 < m = m(e) < 1 and then § = 6(m,r) > 0 small. Therefore, in the sequel we omit to
write the index 4 corresponding to the simplex A; of the given (finite) subdivision of A.

Let now W, : D x Bt — R be given by

We(Z, xp,t) := fep(xn,t) (B.4)
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where fI is given by Proposition 6.2 in correspondence to the point P := U(z) for some given x € int(A).
Setting

~ -1 ~
Po(2) :=Weo(95") (2), zeQy
arguing as in Theorem 6.4 and (B.3) we estimate

€
2ukK?

EP (@, Q) < H THA) - ELL(fF. B +

if we choose § = §(W,, e, m, K, i) sufficiently small. Here, p is the finite number of the A;’s obtained in
the previous subdivision of A. We now introduce the cylindrical coordinates

z=(Z,xn,t) = F(p,0,%) := (T, pcosb, psinb), p>0, 6€]0,n]

so that p = v/x,2 + t2, denote -
Wi(p,0,z) :== W(F(p,0,7))

and define V, : Q" — R? by
©.(20,0,5) if 0<p<@y(@)/2
T(p,0.5) i @l§)/2 < p < ol (@)

for all § € [0, 7] and Z € int(A), where § = 3(Z) := dist(Z,0D) and

¥(.0.9) = (2 —1) V@00 + (2= 2= ) P

We also extend V. = V outside ﬁg” By conditions (i) and (ii) above we thus estimate

Vo(p,0,7) :=

am n— €
E-a(Ver OF) SHMTHA) - (By +4%) 4 5y

We finally define
Us(z) :=V.0¥(z2).

Possibly repeating the argument for each simplex A; of the given subdivision of A, by (B.5) and (B.1)
we estimate

EV_L(Uo) < EP_L(U)+H" 1 (A) - (B, +4K%) +

p

so that (7.2) follows for € > 0 small. O

Appendix C Removing homologically trivial singularities

In this appendix, we give the proof of Proposition 7.4 by taking s = 1/p in Proposition C.1 below. As
before, it is a readaptation of the proof of [23, Prop. 7.4] for the case s = 1/2 and p = 2, in the simpler
case where the target manifold is the unit circle S!.

Proposition C.1 Letn >3, p>1, and 0 < s < 1 be such that 1 < sp < 2, and let u. € R, ,(B™ x St)
be smooth except on a singular set ¥, of B™ given by the (n — 2)-skeleton of a triangulation of the union
of polyhedral (n — 1)-chains Py, ¢ = 1,...,m. If P(u.) = 0, there exists a sequence of smooth maps

{ugf)} C C°°(B™,S!) which converges to u. strongly in W*P(B" R?).

PROOF: Let U. : B"x] — 1,1[— D? be given by U.(z,t) := (Extuc)(xz,t) if t > 0, and U(x,t) =
(Extue)(z, —t) if t < 0. In the proof, we shall then work with the energy

U +— 51" (s )( ) = / |t|7(s’p)‘DU(m,t)|p da dt
P B x]—1,1]
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where (s, p) is given by (0.3). For m € N* and a € [1/4m,3/4m|" "1, we denote by L., = L, (a) the
grid of R*+1

1

L., = S~
m a + U o z
zezZnt1

and by £ED the family of all the (k + 1)-faces @ of the (n + 1)-cubes of £, which intersect the n-disk
B™ x {0}, for k = 1,...,n. Moreover, we let fr(,f ) denote the set of k-faces F obtained by intersecting
the (k + 1)-faces Q of L5 with the n-disk B" x {0}, i.e.,

F=Qn(B"x{0}). (C.1)

We finally set
G = B"x] —10m~ ', 10m™'[.

Similarly to [22], we may and do choose a = a(m, U;) so that the following conditions hold:

(i) for every k =1,...n — 1, the restriction of U to every (k + 1)-face of L£E g a Wi(g ) function;

(ii) there exists an absolute constant ¢ > 0 such that

gp

(s p)(UE; U[:Sj,f"_l)) < cemn—k gp

v(s,p)

U.,Gp) VYk=1,....n—1. (C.2)

Moreover, recalling that n > 3, since the singular set X, is given by the (n — 2)-skeleton of some fixed
triangulation of the F,’s, by a slicing argument, for m sufficiently large we can also require that

(iii) ¥, does not intersect the 1-faces of }",(7% );

(iv) every 2-face F of .7-'7(712 ) intersects 3. at almost one interior point py € int(F'), which does not belong
to the (n — 3)-skeleton of the triangulation of the polyhedral (n — 1)-chains P, ;

)

v) the restriction u. g of us to any 2-face F' of .7-'7(,12 is continuous, possibly except at the point pg;
\ y

(vi) in this case, if pp € spt P,, we have

G, LFxS'=0 on DYFxS. (C.3)

Ue|F
As a consequence, arguing as in (6.3), by (C.3) we infer that
{we W*P(F,R*) N C%F,S") | wior = ucjor} # 0 (C4)

holds true for every 2-face F' of ]-',(,3 ),

In order to remove the singular set X. of u., we make use of an argument taken from [22]. To
this aim, at the 1% step we set Ur(,f) = U. on ucﬁ,%). We then argue by induction on the dimension
k =2,...,n and, at the k*" step, we set Uéf) = U, on every Q) € E%H) which does not intersect the
n-disk B™ x {0}. Moreover, we define U on every @Q € £EY which intersects B™ x {0} by means
of a “cone” construction starting from the restriction Uy(,f\)aQ of Uy(f) to the boundary 0Q. To do this, if
F e f,gf) is given by (C.1), it suffices to require that the trace ¢ of USR@Q on the boundary of F has a
continuous extension ®p € W*P(F,Sh).

Note that at the 2"¢ step, this last condition is given by (C.4). In order to extend this condition to
the case k > 3, for every k > 2 at the k*" step we first modify the definition of uld (x) := A (z,0) on
F¥ in a suitable way (see the k" step of the proof of Theorem 2 on p. 457 of [22] for further details).

We secondly extend Uéf ) to every () € E;’iﬂ) in a continuous way, so that its trace usf;) belongs to
WeP(F,S') and

U, Q) < —¢°, ,(U,0Q). (C.5)

P
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More precisely, let vg : Q — R? be defined by vg(z) = vQ( 2) if z € QF, where
ti={z=(2,t) €Q| £t >0}

and vg : QT — R? is the solution of the minimum problem for the energy fQi [t[YP) DV (2,t)[P da dt
with boundary condition

% = U(E) on  0Q* N{(x,t)| £t > 0}
vg = on F

where ®p : F — S! is a continuous W*P-extension of the boundary datum ¢p(z) = USRBQ(:E,O).

Assuming e.g. that the center of @) is the origin Ogn+1, we define U,Sf) on @ by setting, for 0 < 6 < 1/2m,

(5=) il <o
vo (55 if 2] <
Ui (2) = 2mo . 2€Q
v ( ) el < o
2l om
where ||z|| :=sup; |z;| if z = (21,..., Zn+1), so that ||z|| = 1/2m if z € 0Q. Therefore, we have:
& p)(U(e) {llzll < 0}) < @mo)"~PEL ,  (vq, {llzll < 1/2m})

where n — sp > 0. A similar definition works in the general case, so that (C.5) holds true and ug,i)(a:) =
) (2,0) belongs to WP (F,St).

Repeating the argument for k = 2,...,n, using (C.5) we estimate
n—1 1
n+1) k+1
E U VLG < Cn) Y — &8, ) (Ue, L)

k=1

and hence, by (C.2), we obtain

E U ULGHD) < C(n) €2, (Uz, Gin) = 0
as m — +00, since |G| — 0. We finally set US) = U. on €™\ UL, as required. O
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