(=)

UNIVERSITA DI PARMA

UNIVERSITA DEGLI STUDI DI PARMA

DOTTORATO DI RICERCA IN MATEMATICA

Ciclo XXXVII

Coactions of FE(n) on Clifford Algebras

Coordinatore:

Ch.mo Prof. Leonardo Biliotti

Relatori:

Ch.mo Prof. Claudia Menini
Ch.mo Prof. Blas Torrecillas

Dottorando:

Fabio Renda

Anni Accademici 2021,/2022 - 2023/2024






Acknowledgements

My deepest gratitude goes to my advisors Claudia Menini and Blas Torrecillas for following and encouraging
me during the last five years of work. Should not have been for them I do not think I would be here writing a PhD
thesis in abstract algebra. My interest in algebra essentially started while attending the Algebra course taught by
Claudia in my first year at the University of Ferrara. The precision and the thoroughness with which she explained
those first proofs was something I had never experienced before and it is still to this day what makes me appreciate
this field of mathematics the most. Claudia introduced me to Blas while I was writing my Master’s Degree thesis
and later urged me to reach him in Almeria so that we could start working together and expand my research project.
Working with Blas is a wonderful experience, something that can be challenging (when you try to keep up with
every idea he can suggest!) yet very relaxing at the same time. I am truly thankful for the their guidance and
assistance through the years, and for sharing their knowledge with me.

A dedicated thanks goes to Alessandro Ardizzoni who has been a point of reference in Turin for a couple of
special occasions and has always supported his students’ joint work with me. Alessandro is also one the first people
who helped me in my journey when I first began to understand what it really means to be a PhD student.

I also would like to extend my thanks to all the fellow mathematicians I have encountered during these years.
Some of them are friends, some are colleagues, some are professors whose courses I have attended, but everyone is
a person with which I have enjoyed spending time. Fabio Stumbo, Matteo Misurati, Daniel Bulacu, Dragos Stefan,
Alan Cigoli, Andrea Sciandra, Lucrezia Bottegoni, Davide Ferri, Thomas Weber, Andrea Rivezzi, Paolo Saracco,
Andrea Appel, and many others.

Last, but not least, I would like to thank my family and close friends for their unconditional support throughout
the entire journey. I know how hard it is to empathize with a mathematician. Every time you ask me what is the
matter I can not even answer, because that would require me to start from the definition of set. ..

D., G., N., L., G., this thesis is dedicated to you.






Contents

|Acknowledgements|
[mtroduction

[Chapter 1. Structures and properties involved: a categorical approach|
|1. | he setting of monoidal categories|
2. Separability and Coseparabilit
(3. Entwined structures: cowreaths|
[4. The case of two-sided Hopt modules|
5. Clifford algebras|
6. Examples of separable cowrecaths using Clifford algebras)|

[Chapter 2. A study of [-coactions on Clifford algebras|
[T. An equivalent description of coactions)
[2. Involutions: an approach with eigenvalues|
[3.  Skew-derivations anticommuting with involutions|
[4. The space of comnvariants|
[5. Summary and examples|

[Chapter 3. Applications|
2. th-separabilit,
[3. Summary on rt-separability]
[4. Frobenius property]

5. _Summary on Frobenius property|

0. emisimplicity and rt-separabilit

[7. Rt-separability vs Frobenius property]

|Chapter 4.  Partial results in higher dimension|
1. Coactions, involutions and skew-derivations|
[2." A first insight into the case A simple

|Chapter 5. Isomorphic coactions|
(L. Equivalent tuples|
[2.__Isomorphic coactions of type 0 and 1j
[3. Tsomorphic coactions of type 2: the non-semisimple case

|Appendix A. Multiplications as linear maps|

ii

100
100
101
103

133
137



Introduction

One of the interesting features that motivates the study of Hopf algebras is the fact that their representation
theory is particularly nice: given an Hopf algebra H, the category gM of (left) H-modules is rigid monoidal. This
means that the dual M™* of an H-module M is again an H-module and so is the tensor product M ® N of two
H-modules. The study of mathematical objects through their representations has proved to be an effective strategy
bearing significant results in many fields: Group theory [FH, [Se], Associative algebra theory [CR], [Pil, Lie algebra
theory [H), [Kil, etc. Hopf algebra theory makes no exception. A fundamental result in this sense is the so-called
Tannaka-Krein duality, which describes the interaction between an object and its category of representations, and
that was first discovered in the area of Algebraic Topology and has been lately generalized in different branches of
algebra.

With this motivation in mind, one could immediately decide to focus their efforts on the investigation of the
category g M, in order to better understand the properties of H, but it turns out that this is not always the best
option. There are contexts in which dualizing the problem makes it much easier to tackle it. Sometimes one should
consider the dual space H* (which is still an Hopf algebra when H is finite-dimensional) and consider the category
MH™ of (right) H*-comodules (or corepresentations of H*). The notion of comodule arises naturally by “reversing
the arrows” in the diagrams that define a module, but, despite the naivety of the procedure, the new definition we
obtain is of great importance. Indeed, when H is a finite-dimensional Hopf algebra we have that the categories of
(left) H-modules and (right) H*-comodules are isomorphic gz M = M ([CMZ, p.10], [Ma] p.23]). On the other
hand, comodules are not just a mere dualization of the pre-existing notion of module and some concrete examples
can be found quite easily. For instance, let V' be a graded vector space with index set I. Then we can consider the
free vector space U with basis {u; }ier. U becomes a coalgebra with comultiplication A(u;) = u; ® u; and e(u;) = 1
for every i € I and V becomes a U-comodule via p(v) = > o, vi ® u;, where v = ), v; is the decomposition of v
into homogeneous components.

Depending on the presented problem, the properties of H and the particular structure of the involved objects,
one could decide to investigate one (or more than one) of the categoriesy M, M, M M and possibly
the intervening relations among them. Since these are all monoidal categories, it is also possibile to search for
(co)monoids (or (co)algebra objects) in such categories and determine their properties as well. These objects are
what is usually called an H-(co)module algebra (or a (co)action of H). Two kinds of comodule algebras with
additional properties are particularly important: cleft extensions and Hopf-Galois extensions (see e.g. [Ma, Ch.8g]).
We will not really take into account these notions in our thesis, but it is worth mentioning that the study on
E(n)-comodule algebras herein contained also stemmed from [PVO2], where it is proved that all E(n)-cleft (resp.
Hopf-Galois) extension of the ground field k are isomorphic to a Clifford algebra (see Corollary 2 and Remark 5
ibid.). The study of actions and coactions of Hopf algebras on rings and associative algebras has been a matter of
interest for mathematician all around the world for at least four decades [BeCa, [CY], DT}, Mas, MS]| and in our
particular case, has been motivated by two main reasons.

The first was to answer to a question that was brought to my attention by C. Menini and B. Torrecillas and that
originated from an example contained in their article [MT1]. In that paper Menini and Torrecillas were concerned
with the study of (h-)separable coalgebras in monoidal categories and gave non-trivial examples of (h-)separable
coalgebras in the monoidal category 7;#® ov (see Def. for H = H, the four-dimensional Sweedler’s Hopf algebra
and A = Cl(a, B,7) a Clifford algebra. These particular coalgebras are called cowreath and can be constructed in a
natural way when we have a Hopf algebra H and an H-comodule algebra A. The Clifford algebra A = Cl(«, 3,7)
has a canonical Hy-comodule algebra structure that was described in [PVO2|. The cowreath induced by this
coaction is (h-)separable provided «, 8 and ~ satisfy the conditions described in [MT1l, Thm. 6.1]. Nevertheless,
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such conditions were forced by the particular form of the Casimir element used to realize (h-)separability and that
was chosen in order to simplify calculations. At the time we did not know whether such a cowreath could be proved
(h-)separable with no restriction whatsoever on the scalars «, 8 and 7 by just changing the H-comodule algebra
structure of A or the form of the Casimir element, so we decided to explore both possibilities. Now we know that
even if we change the comodule algebra structure of A = Cl(«, 3,7), the induced cowreath is still (h-)separable via
a Casimir element of the form fixed in [MTT1, Thm. 6.1] only if 4% — 43 = 0, i.e. only if A is non-semisimple (see
. On the other hand, Menini and Torrecillas were able to prove (with remarkable effort) that if we
keep on A the canonical Hy-comodule algebra structure the induced cowreath is always (h-)separable, though via
a Casimir element of a much more general form [MT2, Thms. 1,2]. In order to prove we needed to
obtain a complete classification of Hy-coactions on A = Cl(«, 8,7). A first step in this direction had already been
taken in [FR], where a result similar to [MT1, Thm. 6.1] was obtained using a different coaction (see Thm. [6.2
Ch7 but we were clearly far from proving a general result. Thus, inspired by [CY], [MS] we began to understand
that each H4-coaction on a finite-dimensional algebra is completely determined by the choice of an involution ¢ and
a @-derivation d satisfying appropriate conditions, and that to obtain a full classification of H4-coactions on a finite-
dimensional algebra was equivalent to have a full perspective of its involutions and skew-derivations .
This gave us a second reason to pursue our goal: to gain further knowledge of Clifford algebras.

Outline of the Thesis. is mostly introductory and contains all the preliminaries needed to fully
understand the sequel. In the first section we briefly recall the definitions of (co)algebras and (co)modules in a
monoidal category. Section [2]is devoted to the concept of separability and its categorical interpretation. We recall
that the separability of the forgetful functor F': M — M is equivalent to the existence of a normalized Casimir
morphism for the coalgebra C' (Theorem , i.e. to the coseparability of the coalgebra C. Similarly we point out
that h-separability of the forgetful functor F' is equivalent to h-coseparability of C' (Theorem. Section starts
with the definition of cowreath and proceeds with a list of analogous results for the case where F : M(¢)% — My is
the forgetful functor from the category of entwined modules over a cowreath (A, X, 1) to the category of A-modules.
In Section 4| we focus on a cowreath (A ® H°P, H, 1) obtained considering a Hopf algebra H and a H-comodule
algebra (A, p). As proved in Proposition H can be endowed with the structure of H ® H°P-module coalgebra
and A ® H°P with the structure of H ® H°P-comodule algebra. By defining v : H® A®Q H? - A® H°? ® H as in
, this gives rise to a cowreath (A ® H°P, H, 1) (see Proposition [4.12)). We recall that the separability (resp. h-
separability) of such a cowreath via a Casimir morphism B : H® H — A® HP of the form h@h' — BA(h@h') @1y
is equivalent to the set of conditions , , (resp. to separability and the further condition ) All
these results were proved in [MT1] and are essential to understand how we obtained our own results on separable
cowreaths in Chapter 3| Section [5|is about Clifford algebras. After a brief introduction on the subject we show
that the family of algebras defined in [PVO2] called “of Clifford-type” are actually classical Clifford algebras and
we discuss about orthogonal generators, semisimplicity and the Jacobson radical of these algebras. We conclude
this section by proving that the only Clifford algebras admitting a Hopf algebra structure are the Hopf algebras
E(n) (Theorem 5.23). The last section of this chapter contains the main original result of my Master’s thesis
(Theorem [6.2), [MT1l, Thm. 6.1] and a couple of corollaries that further corroborate our motivation to investigate
E(n)-coactions on Clifford algebras.

contains all the steps we followed to obtain a complete classification of Hy-coactions on a four-
dimensional Clifford algebra A = Cl(«, 8,7). In Section we show that there is a bijective correspondence between
Hj-coactions and pairs (¢,d) where ¢ is an involution of A an d is a @-derivation of A such that d?> = 0 and
dy = —pd. Sections [2| and [3] are devoted to the individuation of such maps. Our approach was that of regarding
involutions and skew-derivations as k-linear maps verifying some further algebraic relations. For instance, an
involution ¢ on a four-dimensional Clifford algebra A = Cl(«, 3,7) can be interpreted as a k-linear map satisfying
©? = Id and further conditions —. In this sense, involutions can be regarded as matrices whose eigenvalues
are £1 and whose entries also satisfy a family of quadratic relations. The calculations carried out in this section
were simplified with the tools developed in and verified with the help of a computer software. In the
last part of Section [2| we also obtain a refined classification of involutions of A, that make a distinction between
inner and non-inner automorphisms. In Section [ we determine the space of coinvariants for every Hy-coactions as
a straightforward application and we conclude the chapter with Section [f] where a summarizing table is displayed
together with some examples of H4-coactions.
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presents some applications of the classification found in In Section [I] we study the
separability of the cowreath (A ® H,¥, Hy,) induced by any Hy-coaction on A = Cl(«, 3,7), by means of Propo-

sition [£:14] It is fundamental to recall that in this proposition the Casimir element that realizes separability is of a
specific form. The fact that a cowreath is not separable via a Casimir element of this peculiar form does not imply
that it is not separable in general (cf. [MT2]) and that is why we introduced the notion of rt-separability (see
Def. to distinguish between the cases. Section |2[is the natural continuation of the former and is concerned
with the study of rth-separability. In both sections examples of coactions inducing rt(h-)separable cowreaths are
presented. Section [3|contains summarizing tables with every coaction that makes (A ® H,?, Hy, 1) rt(h-)separable.
As an additional application we also derive a complete characterization of Hy-coactions that allow us to construct
a Frobenius cowreath (see Sections |4 and . In Section |§| we give a negative answer to Question and we use it
to prove which was our first goal. We close with a section where we address the case of a
cowreath that is both Frobenius and rt-separable. We prove that there is no Hy-coaction on A = Cl(a, 8,7) such
that the induced cowreath is both Frobenius and rt-separable .

In [Chapter 4] we extend some of the results obtained in Chapter 2] to algebras in higher dimension. In Section []]
we show that F(n)-coactions over a finite-dimensional algebra A are classified by tuples (p,d,...,d,) consisting
of an involution ¢ and a family (d;);=1,...» of p-derivations satisfying appropriate conditions (see Thm. . Since
a complete classification of involutions and skew-derivations seems currently out of reach for a general Clifford
algebra A = Cl(«, B;,vi, Aij), in Section [2| we specialize our main result for the case when A is a simple algebra
(Thm. . In this instance a full classification of E(n)-coactions becomes roughly equivalent to the understanding
of the structure of a particular subset of A that contains every element whose square is contained in Z(A).

In Section [T} of we introduce the notion of equivalent tuples, which is the appropriate counterpart of
isomorphic comodule algebras, and that will be used in the following sections to determine a much more refined
classification of Hy-coactions in the four-dimensional case. In Section [2| we prove that for every Clifford algebra
A = Cl(a, B,7) there are only at most two coactions (up to isomorphism) such that the associated involution is of
type §1 (which means that the associated involution has determinant —1). In Section [3| we deal with coactions of
type 2 (i.e. with associated involution ¢ # Id and such that det ¢ = 1). We show that when A = C1(0,0,0) is the
Exterior algebra the number of (non-isomorphic) H-coactions one can define is finite (see Table . By investigating
the rest of the non-semisimple cases we prove that the list of (non-isomorphic) coactions on A is still infinite, but
of a much more compact form (see Tables |§| and . Unfortunately we do not have a complete answer for the
semisimple case. Nonetheless it should be noted that when A is semisimple it is either a central simple algebra or
the product of two isomorphic central simple algebras (see Thm. . By the Skolem-Noether Theorem, every
involution and every skew-derivation of a simple algebra is inner and therefore of a more manageable form. To
define a coaction, by means of Theorem [1.6] using only inner involutions and skew-derivations is indeed the easiest
part of the problem. What is really challenging is to determine those that do not correspond to tuples with inner
entries. With this motivation in mind we focused our last efforts on determining all the equivalent pairs in the
non-semisimple case.



CHAPTER 1

Structures and properties involved: a categorical approach

Most of the contents of this introductory chapter are taken from [BT), [BCT1, IMT1), [FR]. Proofs of results
are usually not given, the reader interested in details is referred to these papers.

1. The setting of monoidal categories

In order to fully understand the motivation that led us in this research work we need to approach things from
the perspective of Category Theory. For the basic definitions, as those of category, covariant and contravariant
functor, natural transformation, adjunctions, etc. we refer the reader to [Bo], while we explicitly recall that of a
monoidal category.

DEFINITION 1.1. A monoidal category is a category M endowed with an object 1 € M (called the unit object
of M), a bifunctor ® : M x M — M (called tensor product) and natural equivalences

G (00— S —®(-0-),
I_l@e—- — -
roi-®1 — -
such that
axyz: (XQY)®Z =, XY ®2Z),
Ix:1eX — X
rx:X®1L — X
for every X, Y, Z € M. The natural transformation a_ _ _ is called the associativity constraint and satisfies the
so-called

Pentagon axiom. The diagram
We(XeY))eZ
aw,xy sz
(WeX)eY)®Z WeX)e(Y®Z2)
aW,X@)Y,Zl laW,XmZ
We(XeY)e Z) ldw&ax,v,2 WeXe(Y®2Z)

commutes for every X, Y, Z, W € M. The natural transformations [_ and r_ are called left and right unit
constraint and satisfy the so-called
Triangle axiom. The diagram

(X®1)eY —2 L Xo(1)Y)

\ J{X@ly
rxQ®Y

X®Y

commutes for every X, Y € M.
A monoidal category M is called strict when the natural equivalences a_ _ _, [_ and r_ are the identity natural
transformation.
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One of the reasons why monoidal categories are of interest is that the notions of algebra, module over an
algebra, coalgebra and comodule over a coalgebra (as known in the context of vector spaces) can be introduced
in the general setting of monoidal categories. As it is noticed in [Mal p. 420], the Pentagon Axiom solves the
consistency problem that appears because there are two ways to go from (U@ V)@W)® X to U® (V& (W ® X)).
The Coherence Theorem, due to S. Mac Lane [Mac, Chapter VII, Section 2], solves the similar problem for the
tensor product of an arbitrary number of objects in M. Accordingly with this theorem, we can always omit all
brackets and simply write X; ® ... ® X,, for any object obtained from Xi,...,X,, by using ® and brackets. Also
as a consequence of the coherence theorem, the morphisms a_ _ _, [_, r_ take care of themselves, so they can be
omitted in any computation involving morphisms in M. Thus, for sake of simplicity, from now on we will omit the
associativity and unit constraints unless needed to clarify the context.

1.1. Algebras and coalgebras in monoidal categories.

DEFINITION 1.2. An algebra in a monoidal category M is a triple (A, m,u), where A is an object in M and
m: A® A — A (the multiplication) and u : 1 — A (the wnit) are morphisms in M such that the following diagrams

commute

AQAQA ™A A A 10 A 24 A A A9

A i [ k g” /

ARA ———— A

u®A ARu

A1l

i.e. such that m and w satisfy the associativity and unit conditions

(1) mo(m®A)=mo(A®m)
and
(2) mo(u®A)=1a, mo(A®u)=ry.

DEFINITION 1.3. Given two algebras (A, ma,ua) and (A’,mar,ua/), a morphism of algebras f: A — A’ is a
morphism in M such that the following diagrams commute

154
S N
A—1 s w A

i.e. such that the following conditions hold

(3) fomg=ma o(f®f)
and
(4) foua=mua.

DEFINITION 1.4. Given an algebra (A, m,w) in a monoidal category M, a right A-module is an object M in
M, equipped with a morphism
puy M A—-M

such that the following diagrams commute

M®A®AHM®AM®A M®1—>M®A

B N

(5) par o (ar ® A) = ppr o (M @m)
and

(6) prp o (M @u) =ry.
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DEFINITION 1.5. Given a morphism f : M — N between two right A-modules M and N, f is called A-linear
if the following diagram commutes

MeA - M

f ®Al lf

NoA -y N
le. if
(7) fopn =pno(f®A).

Given an algebra A, the category of all right A-modules in M together with A-linear morphisms will be denoted
My.

REMARK 1.6. One can define in an similar way the category 4 M of left A-modules with (left) A-linear mor-
phisms.

REMARK 1.7. For every object M € M, and for every algebra A € M we have (M ® A,M @ m) € Ma.

DEFINITION 1.8. Let A, A’, be algebras in a monoidal category M. A left A-module M which is also a right
A’-module and such that (am) -4 @' = a -4 (ma’) for every a € A, m € M and o’ € A’, will be called a A-A'-
bimodule. The category of all A-A’-bimodules in M together with left A-linear and right A’-linear morphisms will
be denoted 4 M 4/.

DEFINITION 1.9. A coalgebra in a monoidal category M is a triple (C, A, ¢), where C' is an object in M and
A:C — C®C (the comultiplication) and € : C — 1 (the counit) are morphisms in M such that the following
diagrams commute

CoCcec &2 coc 100 2% oo 925 0ol

o] s \Al e

CeC +———C

i.e. such that they satisfy the coassociativity and counit conditions

(8) (ARC)ocA=Aoc(C®A)
and
(9) lco(e®C)oA=Idg =rco(C®c)oA.

DEFINITION 1.10. Given two coalgebras (C, Ac,ec) and (C', A¢r,ec), a morphism of coalgebras f : C' — C’
is a morphism in M such that the following diagrams commute

coc Ll cec 1590
s N
c+—r ¢ c
i.e. such that the following conditions hold
(10) (f®f)oeAc=Acof
and
(11) ecrof=c¢ec.

DEFINITION 1.11. Given a coalgebra (C,; A, ¢) in a monoidal category M, a right C-comodule is an object M
in M, equipped with a morphism

oy M—->MexC
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such that the following diagrams commute

M—"" s MeC Mol+—M  peoco

o [pwee % %
M

MoC M veceC

ie.

(12) (par @ C) o pyr = (M & A) o py
and

(13) ray o (M ®e)opy =Idyy.

DEFINITION 1.12. Given a morphism f : M — N between two right C-comodules M and N, f is called
C'-colinear if the following diagram commutes

M Mo O

1 e

N2,y NgC
ie. if
(14) pnof=(f@C)opy.

Given a coalgebra C, the category of all right C-comodules in M together with C-colinear morphisms will be
denoted MC.

REMARK 1.13. One can define in an similar way the category “ M of left C-comodules with C-colinear mor-
phisms.

DEFINITION 1.14. Let C, C’, be coalgebras in a monoidal category M. A left C-comodule (M, p) which is also
a right C’-comodule - with structure map p’ - and such that

(lde @ p')op=(p@Ider) o pf

will be called a C-C’-bicomodule. The category of all C-C’-bicomodules in M together with left C-linear and right
C’-linear morphisms will be denoted M.

2. Separability and Coseparability

The concept of separable algebras is a generalization of that of separable field extensions and as such was first
defined in the context of vector spaces (cf. [AG]). In fact it is usually said that a k-algebra A is separable if the
multiplication map m4 : A ® A — A admits a section v : A — A ® A which is also a morphism of A-A-bimodules.
This is easily generalized to the case of algebras in a monoidal category.

2.1. Separability in monoidal categories. As introduced in [NBO] and reported in [BT):

DEFINITION 2.1. [BT| Def. 4.1] Let M be a monoidal category and A an algebra in M. A is called separable
if there exists a morphism v: A - A® A of A-A-bimodules such that m4 oy = Id4, where both A and A ® A are
viewed as A-bimodules via the multiplication m4 of A.

Moreover, when adopting the categorical approach, separability of an object can be interpreted also as a property
of a certain forgetful functor. For this we need to recall the notion of separable functor, also introduced in [NBOJ.
DEFINITION 2.2. [NBO) p. 398] For every functor F' : M — D we set, for every X, Y € M,

Fxy: Hompm (X,Y) — Homp (FX,FY)
f — Ff
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The functor F is called separable if the canonical map Fx y cosplits naturally i.e. there is a natural transformation
P__:=PY_:Homp (F,F) — Homuq (Ida, Id pq)

such that for every X,Y € M the map
Pxy = P{y : Homp (FX,FY) — Hom (X,Y)

satisfies Pxy o Fxy = Idaom .-

Now, given some additional property on the unit object 1 of the category, it is possible to derive a series of
equivalent condition to separability of an algebra A.

DEFINITION 2.3. [BT] Def. 3.1] An object P of a monoidal category M is a left ®-generator of M if, given
morphisms f,g: Y ®Z — W in M such that fo(A®Z) =go(A®Z) for all \: P — Y in M, we then have f = g.

PROPOSITION 2.4. [BT| Prop. 4.3] Let M be a monoidal category such that 1 is a left ®-generator for M.
Then the following are equivalent
(1) A is separable.
(2) The forgetful functor F': M — M is separable.
(8) There exists a morphisme:1 — A® A in M, such that

(ma®Idy)o(lda®e)=(Ida ®@my)o(e®Ids) and mpoe=ugy.
Such morphism is called the separability morphism of A.

Similarly, if one introduces the definition of projective object in a category, separability of an algebra A can be
characterized in yet another way.

DEFINITION 2.5. An object P in a category M is projective if for any morphism f : P — B and any epimorphism
q: A — B, there exists a morphism p : P — A such that f = qop.

PROPOSITION 2.6. [BT), Prop. 4.5] Let M be a monoidal category such that 1 is a projective object in M. Then
an algebra A in M is separable if, and only if, A is projective as an A-A-bimodule.

If one wants to dualize Definition[2.3]and Proposition [2.4] to the case of coalgebras, the definition of coseparable
coalgebra needs to be presented. We give the one introduced by Larson in [Lar] and also reported in [BCT1].

DEFINITION 2.7. [Lar] p.262] A coalgebra C' is coseparable if it is a relative injective C-bicomodule in C, which
comes down to the following property. If i : M — N in “M% has a left inverse p : M — N in M, then every
f:M — Cin © M€ factors through i in “ M there exists a C-bicolinear morphism ¢ : N — C such that goi = f.

Bulacu, Caenepeel and Torrecillas outline the fact that a dual result to Proposition 2.4] can be proved.

ProposITION 2.8. [BCT1, Prop. 7.3] Let M be a monoidal category. Then the following are equivalent

(1) C is coseparable.
(2) There exists a morphism v : C ® C — C of bicomodules such that vo A = Idc.
(8) There exists a morphism B : C ® C — 1 in M, such that

(15) (Ide ® B) o (A® Ide) = (B® Ide) o (Ide ® A)  and BoA =e.

A morphism B : C ® C — 1 satisfying the first of the two conditions is called a Casimir morphism for C. A
Casimir morphism satisfying also B o A = € is called a normalized Casimir morphism.

Notice that Proposition [2.8] is not completely dual to Proposition [2.4] in that it lacks an interpretation of
coseparability of C in terms of a functorial property and the fact that 1 be a left ®-generator is not required. The
picture becomes complete once we take into account a fundamental result contained in [MT1].

THEOREM 2.9. [MT1l Thm. 2.5] Assume that 1 is a left ®-generator for a monoidal category M, and let
(C,A€) be a coalgebra in M. The forgetful functor F : M® — M is separable if, and only if, there exists a
morphism B : C ® C — 1 in M which fulfills i.e. if, and only if, the coalgebra C' is coseparable.
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2.2. h-separability. Starting from an example related to the tensor algebra, Ardizzoni and Menini introduced
in [AM] a stronger version of the notion of separability for functors, called heavy separability (or, for short, h-
separability). This also led them to obtain a Rafael-type theorem for h-separable functors [AM| Theorem 2.1].

DEFINITION 2.10. [MT1l] Def. 2.7] A separable functor F : M — D is called heavily separable (h-separable for
short) if the natural transformation

P__ =PF_:Homp (F,F) — Homu (Id, Id )
of Definition [2:2] makes the following diagram commutative for every X, Y, Z € M.

F F
Px yxPy z

Homyp (FX,FY) x Homp (FY, FZ)

|

Homp (FX,FZ)

Hom g (X,Y) x Homp (Y, Z)

E

Homw (X, Z)

F
Px .z

where the vertical arrows are the obvious compositions and
Px,y := P§y : Homp (FX,FY) — Homp (X,Y)
as in Definition 2.2l

The fact that the functor F : M® — M of Theorem is h-separable now becomes equivalent to plus an
additional condition.

THEOREM 2.11. [MT1l Thm. 2.8] Assume that 1 is a left ®-generator for a monoidal category M, and let
(C,A€) be a coalgebra in M. The forgetful functor F : MY — M is heavily separable if, and only if, there exists
a morphism B : C ® C — 1 which fulfills and

(BB)o(CRARC)=Bo(Ce®C(C).
This result justify the next definition.

DEFINITION 2.12. [MT1l Def. 2.2] Let (C,A,¢) be a coalgebra in a monoidal category M. We will say C is
heavily coseparable (h-coseparable for short) if C' is coseparable, endowed with a normalized Casimir morphism B
that also satisfies

(16) (B®B)o(C®A®C)=Bo(C®e®C) (h-coseparability condition).

3. Entwined structures: cowreaths

Wreaths and cowreaths are generalized entwined structures that can be introduced in the context of 2-categories.
These are categories where one can define 2-morphisms, i.e. “morphisms between 1-morphisms”. The typical
example is CAT the category of all categories with functors as 1-morphisms and natural transformations as 2-
morphisms. The definition of wreath was introduced in [LS| p.256], while the dual notion of cowreath in [BC| p.
1056].

DEFINITION 3.1. [LS, [BC] Let M be a 2-category. Then a (co)wreath in M is a (co)monad in the Eilenberg-
Moore category EM(M) of M.

In [BC] the authors show that when M is a monoidal category a (co)wreath in M is equivalently defined by the
choice of an algebra A in M, an object X in M and an entwining map 9 : X ® A — A ® X satisfying appropriate
relations (see Definition . Among these relations is the fact that (X,v) is a coalgebra in a suitable monoidal
category associated to the algebra A. This ultimately leads to the notion of corepresentation of a cowreath, i.e.
of entwined module over a cowreath (see Definition [3.4). Further details about (co)wreaths in a 2-category, their
(co)representations and motivations for their investigation can be found in [BC, BCT1), IBCT2]. Given that
cowreaths can be regarded as (co)algebras in a suitable monoidal category, the notion of separable and Frobenius
cowreaths can also be introduced and examples of such structures can be presented (see [BCT2), MT1]).
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3.1. Cowreaths in a monoidal category.

DEFINITION 3.2. [BCT1l Subsec. 3.1] Let M be a (strict) monoidal category and let (A, m,u) be an algebra
in M. A (right) transfer morphism through A is a pair (X,¢) with X e Mand ¢ : X ® A - A® X in M such
that
(17) po(X@m) = (m@X)o(A®)o () A)

(18) Ppo(X®u) = u®X.
The category of all right transfer morphism through A will be denoted by Tf and a morphism f : X — Y for this
category is a morphism f: X - A®Y in M such that

(19) (meY)o(A® flox =(m®Y)o(A®Yy)o (f®A)
The composition of two morphisms f: X - Y andg:Y — Z in Tf is
(20) gof=meZ)o(A®g)o f

and we have
ldxy =uv® X.
The tensor product of (X, ¢x) and (Y, vy) is

(21) XY =(XaY,vx 0vy = [@x@Y)o (X ®¢y)).
The tensor product of morphisms f: X — X' and g: Y — Y’ is
(22) fog=madX' @Y)o(Avyx®Y')o(f®y).

The unit object of 7'1? is
(Lrylola:l®A— A 1).

DEFINITION 3.3. [BCT1l Subsec. 3.2] A cowreath in M is a triple (A4, X,v) where A is an algebra in M and

(X,4) is a coalgebra in Tf. This means that (X,¢) € 72# and there are morphisms § : X - A® X ® X and
€: X — A such that

(23) (MR X?)o (A9 @X)o (A X 1Y) o(6®@A) =(m® X?)o (AR ) o
(6 is a morphism in 77),

(24) (MeX*)o(ARieX)od=meX*) o (A ®@X?)o(A® X ®J)os
(coassociativity),

(25) mo(Ae) oy =mo(c® A)

(¢ is a morphism in 7;1‘?&)7

(26) MmMeX)o(ARe®X)od=u® X

(left counit property),

(27) (MeX)o(ARY)o(ARX Re)od=u® X

(

right counit property).

DEFINITION 3.4. [BCT1] Def. 3.2] An entwined module over a cowreath (A4, X,) is a triple (M, pas, par),
where (M, par) € Ma and ppr : M — M ® X, satisfying

(28) (py@X)opy = (un®X?)o(M®6)opy (coassociativity)
(29) pupo(M®e)opy = Idpy (counitality)
(30) prropny = (pm ®X)o (M@)o (py ®A)  (Alinearity)

A morphism between entwined modules is a A-linear morphism f : M — N such that (f ® X)opy = ppro f. The
category of entwined modules will be denoted by M ()% .

We recall the following result, concerning the conditions for which B: X ® X — A ® 1 is a Casimir morphism
for a coalgebra (X, ) in Tj . A detailed proof can be found in [FR].
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PROPOSITION 3.5. [MT1) Sec. 3] Let (A, X,v) be a cowreath in a (strict) monoidal category M. A Casimir
morphism for the coalgebra (X, 1) is a morphism B: X @ X — A® 1 in M such that

(31) mo(A®B)o(®X)o (X ®)=mo(Bo A)

and

(82)  (M®X)o(A®Y¥)o(A®X®B)o(38X)=(m®X)s (A8 B®X)o (¥®X?)o (X 8).
hold.

REMARK 3.6. Let (A, X,1) be a cowreath in M. For every object (M, pup) € My we can define a functor
G: My — M(¢)X such that

GM = M®X
perm = (pa ® X)o (M ®1))
pem = (v ®X?)o (M ®90)

for every (M, pupr) € My and G(f) = f® X for every morphism f : M — M’. This functor is a right adjoint for the
forgetful functor F' : M())% — M. The unit n of this adjunction is defined, for every (M, pns, par) € M(¥)%
by n(M, par, par) = par- The counit is defined, for any M € My, by eM = upr o (M ® ).

3.2. Separable Cowreaths. This subsection contains most of the steps needed to obtain similar results to
Proposition and Theorem [2.9| E in the context of cowreaths. Complete proofs can be found in [MT1], [FR]. Recall

the functors F : M (1/1) — My and G: My - M (1/})2(, defined in Remark
LEMMA 3.7. [MT1l, Lemma 3.2, case n=2] Let (A, X, ¢) be a cowreath in M and assume that 1 is a left ®-

generator for M. Letn € N, Q = (GF)" : M(y)4 — M(d))X and © : Q@ — Idygyya be a natural transformation.
Then, for every (M, pnr, par) € M )X, we have

(33) O(M, pirr, par) = pavr o (M @ T) o (ppr @ X™)

where

(34) T=mo(A®e)oOA®X)o (u® X"): X" A,

Conversely, given a morphism T : X"+t — A in M, set, for any (M, unr, par) € M()%
O(M, piaes par) = ping © (M @ T) 0 (ppr @ X™).
Then the collection (©(M, pM))(M,uM,pM)eM(w)ﬁ}’ defines a natural transformation © : Q — IdM(w)I)q( if and only
if the ©(M, par, par) are morphisms in M(y)4 if and only if the following conditions are satisfied:
(35) mo(T®A) =mo(A®T)oyp#nt!
and
(36) (M@X)o(A21)o(AX@T) ol X" ) =(maX)o(ART® X)o (1" ® X?) o (X" ®4).
THEOREM 3.8. [MT1l Thm. 3.3] Assume that 1 is a left ®-generator of the (strict) monoidal category M, and

let (A, X, ) be a cowreath in M. The forgetful functor F : M (w)f — My is separable if and only if there exists
a Casimir morphism B : X @ X — A for the coalgebra (X,v) in Tf such that

(37) mo(A® B)od =¢.
Namely if 6 : GF — M (1/))2( is a natural transformation such that

(38) Qon:IdM(w)§7

then

(39) B=mo(A®¢)olagx o (u® X?)
and

(40) O(M) = par o (M ® B) o (par @ X), for every (M, par, par) € M ()
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REMARK 3.9. We will use the assumptions and notations of Theorem As stated in Definition we will
write ® for the tensor product in Tf and ® for the composition of two morphisms in ’Tf . A straightforward
computation shows that equality can be written in '7;?‘7E as

Bod=c¢.
Thus from Theorem follows

COROLLARY 3.10. [BCT1l Thm. 7.5] Assume that 1 is a left ®-generator of the (strict) monoidal category M,
and let (A, X,¢) be a cowreath in M. The forgetful functor F : M (¢)§ — My is separable if and only if the
coalgebra (X, 1) is coseparable in Tf.

THEOREM 3.11. [MT1, Thm. 3.1] Assume that 1 is a left ®-generator of the (strict) monoidal category M and
let (A, X, ) be a cowreath in M. Then the following are equivalent.

(a) The forgetful functor F : M (1/))1)4( — M4 is separable.
(b) (X,%) is a coseparable coalgebra in 7;‘#.

Moreover if (1, A) is a left ®-generator of the category 7;‘#, they are also equivalent to

2\ (%) )
(c) The forgetful functor F# : (TA ) — M is separable.

THEOREM 3.12. [MT1] Thm. 3.4] Assume that 1 is a left ®-generator of the (strict) monoidal category M,
and let (A, X, ) be a cowreath in M. The forgetful functor F : M (w)ﬁ — My is h-separable if, and only if, there
exists a Casimir morphism B : X @ X — A for the coalgebra (X, ) in 7;‘# such that

(41) mo(A®B)od=¢
and
(42) mo(m®A)o(A®RB®B)o (p@X*)o(X®6®X)=mo(A®B)o (¥ @X)o(X®e®X).

REMARK 3.13. We will use the assumptions and notations of Theorem Recalling Definition [3.2] a straight-
forward computation shows that our equality can be written in ’Tf as

(B®B)® (Idix,y) ®®1d(x,4) = BO (Id(x,4) ®e ®Id(x ) »
while the equality rewrites as
Bod=ce.
Now we introduce the following definition, from [BCT2].

DEFINITION 3.14. [BCT2| p. 240] A cowreath (A, X, ) is called separable if (X, ) is a coseparable coalgebra
in the monoidal category Tf . Similarly we will say that a cowreath (A4, X,1)) is heavily separable (h-separable for
short) if (X, 1) is a heavily coseparable coalgebra in the monoidal category ’TA# .

In view of the foregoing, Theorem [3.12] can be rewritten in the following form.

THEOREM 3.15. [MTT1, Thm. 3.6] Assume that 1 is a left ®-generator of the (strict) monoidal category M,
and let (A, X,v) be a cowreath in M. Then the following are equivalent.

(1) The forgetful functor F : M (w)ﬁ — My is h-separable.
(2) (X,) is a heavily coseparable coalgebra in the monoidal category 7;# i.e. the cowreath (A, X, 1) is h-
separable.

In the next section we will specialize to the case of two-sided Hopf modules who was first studied in [MTT].
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4. The case of two-sided Hopf modules

From now on we will consider M = Vec;, the monoidal category of vector spaces over a fixed field k. We recall
some useful definitions.

DEFINITION 4.1. A bialgebra in Vecy, is a 5-tuple (B, m,u, A, ), where (B, m, u) is an algebra in Vecy, (B, A, ¢)
is a coalgebra in Vecy and such that the following conditions hold

(43) (m@m)o(BRTp®B)o(A®A) = Aom
(44) Aouoly, = u®u

(45) com = lpo(e®e)
(46) cou = Idg,

where 7g g : B® B — B ® B denotes the usual flip.

REMARK 4.2. Observe that the conditions — are equivalent to the fact that A and ¢ are algebra mor-
phisms and also to the fact that m and u are coalgebra morphisms.

DEFINITION 4.3. Let (C,A,¢) be a coalgebra in Vecy and let (A, m,u) be an algebra in Vecy. Then
Homk(C’, A)

is always an algebra, called convolution algebra. The multiplication x (convolution product) of this algebra is defined
by setting, for every f,g € Homy(C, A) and ¢ € C

(fx9)(c) = fler) - gle2).
DEFINITION 4.4. A Hopf algebra in Vecy, is a 6-tuple (H,m,u, A, e,S), where (H,m,u,A,¢) is a bialgebra in
Vecy, and S : H — H is an inverse for Idy in the convolution algebra Hom(H, H).
REMARK 4.5. The map S is unique for every Hopf algebra and it is called the antipode of H.

DEFINITION 4.6. Let (A, ma,u) be an algebra in Vecy and let (H, my,uny, Ag,eq,Su) be a Hopf algebra in
Vecy. Given g : H® A — A, the pair (4, pp4) will be called a (left) H-module algebra if the following conditions
are satisfied.

(47) (A, pa) is a (left) H-module.
(48) ph@ab) = p(hy @ a)u(hs @ D)
(19) phe1a) = =(h)ia

for all h € H and a,b € A. The map 4 will also be called a (right) H-action on A.

DEFINITION 4.7. Let (A, ma,us) be an algebra in Vecy and let (H, mpy,uny, Ag,en,Su) be a Hopf algebra in
Vecy. Given ps : A — A® H, the pair (A, pa) will be called a (right) H-comodule algebra if the following conditions
are satisfied.

(50) (A, pa) is a (right) H-comodule.
(51) pA(ab) = CLobO (24 albl.
(52) pA(lA) = 14®1y.

for all a,b € A. The map p4 will also be called a (right) H-coaction on A.

REMARK 4.8. Notice that a left H-module algebra is an algebra in the category g Vecy of (left) H-modules,
while a (right) H-comodule algebra A is an algebra in the category Vec of (right) H-comodules.

DEFINITION 4.9. Let (C,A¢,ec) be a coalgebra in Vecy, and let (H,mpy,umg, Ay, e, Sy) be a Hopf algebra
in Vecg. Given uc : C @ H — C, the pair (C, uc) will be called a (right) H-module coalgebra if the following
conditions are satisfied.

(53) (C, o) is a (right) H-module.
(54) (Acoupc)(c®h) = pc(cr ®hy) @ pc(ca ® ha).
(55) (ecopc)(c®h) ec(c)en(h).
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forallce C and he H.

REMARK 4.10. Notice that a (right) H-module coalgebra C' is just a coalgebra in the category (Vecy)y of
(right) H-modules.

PROPOSITION 4.11. Let (H,mpy,upy,Ag,en,Sy) be a Hopf algebra and let (A,pa) be a right H-comodule
algebra. Then

o H® H is a Hopf algebra via

(56) Mmugaer = (Mg @mpor) o (H & T, mor HP)
(57) uggmer = (ug @um)ol;’
(58) Apggmer = (H QT por @ HP) o (Ag @ Apr)
(59) eagHor = p®(egQep)
(60) SugHor» = S ®SH.

e H is a right H® H°P-module coalgebra via
(61) pa(g®@ (h@h"))="h'gh  for every g,h,h’ € H.

e A® HP is a right H ® H°P-comodule algebra with
pagHer . ARQHP? — AQHPQH®HP

(62) a®h = (ao®hi)® (a1 ® hs)
where
pala) = ay®ay forallae A and
Ag(h) = hi®hy forallhe H.

PROPOSITION 4.12. Let (H,mpy,upy, Ay, e, Su) be a Hopf algebra, (A, pa) be a right H-comodule algebra and
(X, pux) a right H-module coalgebra. Let 1 : X @ A - A® X defined by

(63) P(z®a) =ap® zay

for every x € X and every a € A. Then (X,9) € 7;‘# and (X, ) is a coalgebra in 7;1#, with comultiplication
dx : X = A® X? and counit ex : X — A given by

(64) 5x($):1A®£L‘1 X X2
(65) ex(r) =ex(x)la.
In view of Proposition [{.11] we can apply Proposition £.12] by choosing “H”= H @ HP, “A”= A ® H°? and
“X”= H and by defining
Yv: HROAQHP? — AQHPRH
h®a®l — a0®l1®l2ha1

Then (H,v) € TXE@HW and (H,1) is a coalgebra in 7;#®H,,p via

(66)

(67) o : H—-ARHP®H®H
du(h) = 14a®@1g®@hi ®hs
and
(68) ew : H—>A® H®
eg(h) = eg(h)1la®1py.

We can state the following Theorem. For a proof see [MT1, [FR].
THEOREM 4.13. [MT1], Theorem 5.1] A cowreath (A ® H°P, H,v) is separable via a Casimir morphism
B:H®H — A® H?

given by
hah' — B*(hoh)2 B (hoh)
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if and only if B satisfies the following conditions

(69) aoB(g2ha1 ® gzh'az) @ B (gahay @ g3h'az) g1
= BAhoh)awgBE(han)
(70) BA(ha @ h)o @ B (hy @ ') @ BY (hy @ h')2h1 B (hy @ h')y
= BAhoh) @B (hah)) e h,
(71) BA(h1 ® hy) @ BE(h1 @ hy) = e(h)1, @ 1y
Moreover it is h-separable if and only if B satisfies the further condition
(72) BA(h@hy)BA(hy@h")o BE (hy @ h") BT (h@ b)) = ey (W) B (ho h') @ B (h@ h")

Asking that the Casimir morphism B of the last proposition be of a particular form results in easier conditions
to check.

PROPOSITION 4.14. [MT1l, Prop. 5.2] A cowreath (A ® HP, H,1) is separable via a Casimir element
B:H®H —A® H®

of the form
hoh' - BA(hoh)® 1y
if and only if B4 satisfies the following conditions

(73) aoB*(ha; @ h'ay) = BA(h® h)a
(74) BA(1®h)o® BA1®@h); = BA1 @ hy) @ hy
(75) BA(hh @ hoh'") = e () BA(W @ 1) and B (1g @ 15) = 14
Moreover, whenever S is invertible, it is h-separable if and only if B satisfies the further condition
(76) BY(h@1ly) BA(lg@h')=B*(hah)
PrROOF. The equality rewrites as
(77) agB*(gahay ® gsh'az) ® g1 = BA(h@ h)a ® g.
which for g = 1y gives us (73] . Now rewrites as
(78) BA(hg @ h')o @ hiBA(hg @ h')y = BA(h®h}) @ hb,

which for h = 1y, gives (|74).
Now rewrites as

(79) BA(hy @ hy) = e (h)14.
For h = 15 we get B4 (1g ® 1) = 14, while by applying r4 o (Ids ® €) to we get
apB*(g1ha; ® goh'az) = e (9) BA(h @ I')a

which for a = 14 gives the first equality of (75).
Conversely assume that equalities , (74) and hold. We have

BAh@h) = Bhi®cu(ha)h)

BA (hy @ haSy (h3) ')
en(h)BA(1y @ Su(hs)h')
B*(1y ® S (e (h)hs)h')
BA(1y ® Si(h1Sp (ha)hs)h)
= B4y @ Su(hieg(h))h)

= BA(1g@Su(h)l),

[ =
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1.€.
(80) BAh®h)=DB"(1y® Sy (h)I).
Therefore we obtain
BA(ha @ 1)o@ hiBA(ha @ 1')y = B (1g ® Sy (ha) ')y @ hi B* (1 ® Sg (he) 1),
BA (1 @ (Si (hs) 1)) @ by (S (ha) hly) = BA (1 @ (Sp (haep (R)) ) & hi
= BA(1y @ (Sp (W) @ hy & BA(he b)) @ k)
which is . Now implies . Finally we get
agB*(g2har ® gsh'az) ® g1
= ayB*ha;®@Nax)®g = BAhoh)awg

(75)
apé (gg) BA(ha1 [ h/ag) ] a1

which gives us ((77)).
Let us consider the h-separablity in the case S is invertible. We have

(81) BAMh @) = BA(S; (W) he by © BAGS (W) he 1x).
From we have to show that
(82) BA(h@hh)-BA(hy@h") =y (W) B (h@h")

is equivalent to . Clearly implies . Conversely, using and
BA(he ) - BA (o n”)y ELED pa o1 @ 1,) - BA (1 @ Sp(hy)h")

D BA(S ()R @ Su k)"

B BA (1 ® Sy (S5 (B,)R) S (k)R
= B4 (1 @ Su(h)h, Sk (hh)R")

= en(h)B*(1g ® S(h)h")

1D

eg (W)BA(hah).
0

REMARK 4.15. Proposition was proved in in order to construct examples of separable cowreaths
which are not h-separable or not Frobenius (see Remarks 6.2 in [MT1]). Notice that a cowreath (A ® H°P, H, 1))
for which there is no map B : H® H — A ® H of the form h ® h' — BA(h ® h') @ 1 satisfying (73)-(75)), is
not necessarily non-separable. Separability for such a cowreath could be attained via a morphism of a much more
complicated form. The conditions under which a cowreath (A ® HP, H,)) is separable via a Casimir morphism of
a general form are described in [MT2].

In view of the previous remark, to make a clear distinction we will say that

DEFINITION 4.16. A cowreath (A ® HP, H,1)) for which there is a map B : H ® H — A ® H of the
form h ® k' — BA(h ® W) @ 1y satisfying (73)-(75), will be called right-trivially separable (rt-separable, for
short). Similarly, a cowreath (A ® H°P, H,v) for which there is a map B : H ® H —- A ® H°P of the form
h@h +— BA(h®h)® 1y satisfying — will be called right-trivially h-separable (rth-separable, for short).

REMARK 4.17. As already observed in Remark a cowreath can be separable even if it is not rt-separable.
Clearly, a rt-separable cowreath is separable.

With this remark we conclude the preliminaries on cowreaths that are needed to fully understand the machinery
that we will use in Chapter 3 to give equivalent condition in order for a cowreath (AQ H°P, H, 1) to be rt(h)-separable
and/or Frobenius. Such cowreath is built using two main ingredients: Sweedler’s Hopf algebra H = E(1) and a
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four-dimensional Clifford algebra A = Cl(«, 8,7y). For sake of completeness, the next section will be devoted to the
description of Clifford algebras and some of their fundamental properties.

5. Clifford algebras

We start by first recalling the definition of a Clifford algebra, as given by C. Chevalley in [C]. We consider a
quadratic form ¢ : V' — k on a vector space V over a field k. This means that q satisfies
q(mv) = m?*q(v) for any m € k and any v € V
The mapping S4(u,v) := q(u + v) — g(u) — g(v) is bilinear.
We can now build the tensor algebra T'(V') over V' and consider the ideal I, generated by elements
vRv—qv)l
for v € V. The Clifford algebra Ci(V,q) associated to V and ¢ is then the quotient algebra %:/) Let ¢ : V —
Cl(V,q) be the map defined by the composition of the inclusion of V into T'(V) with the canonical projection
m:T(V)— CIl(V,q). Clifford algebras satisfy the following universal property.

THEOREM 5.1. [C, Theorem 3.1] Let A be a k-algebra and f : V — A be a k-linear map such that (f(v))? =
q(v)14 for allv € V. Then there exists an algebra homomorphism ¢ : Cl(V,q) — A such that

o(t(v)) = f(v) forallv e V.

If V has finite dimension n and k has characteristic char k # 2, it is known that V' admits an orthogonal basis
with respect to §,(,), i.e. a n-uple of vectors (e1, eq, ..., e,) such that

Bqleisej) =0, 7 #1, Bqlei,ei) = qle;), for every i =1,...,n.
It is also known that in this case a basis for CI(V, q) is given by the linearly independent elements e;, - - -e;, with

i1 < ... < ip. It is also immediate to see that dimy CI(V,q) = 2". For a further insight into Clifford algebras we
refer to [Cl, [Lol, [Lam)].

Example 5.2. Some well-known examples of Clifford algebras (over the field R) are C, H, R & R, Ms(R).

In [PVO2] a family of algebras called “of Clifford-type” were introduced in order to describe H-cleft extensions
of the ground field k, where H denotes Sweedler’s Hopf algebra. These Clifford-type algebras are actually usual
Clifford algebras whose presentation is given by generators and relations, as we will see in the next subsection.

DEFINITION 5.3. [PVO2| Def. 1] Let o, 5;,7; € kfor i =1,...,nand \;; € kfor 4,5 € {1,...,n}, i <j. The
Clifford-type algebra Cl(c, f;,7i, Aij) is the unital associative algebra generated by elements G, X1,..., X, such
that G = o, X? = 8;, GX; + X;G =~ forall i = 1,...,n and X;X; + X;X; = \;; for all 4,5 € {1,...,n} with
i < j. A k-basis for this algebra is given by {G7Xp}, where j = 0,1 and Xp = X;, -+ X;. with P = {i; < iy <
o <igh CA{L,...,n}.

In order to see that the two given definition are equivalent let us start by showing how each four-dimensional
algebra given by Definition is isomorphic to a suitable Clifford algebra.

5.1. An orthogonal basis for Clifford-type algebras. Let «, 3,7 € k and define Cl(«, 3,7) according to
Definition Consider the two dimensional vector space V' with basis (e, e2) and take the matrix

ol
e=(5 3)

which is then associated to the quadratic form ¢ : V' — k defined by q(v) = v!Qu for every v € V. It is clear that
whenever v = 0, then (e1,e2) is an orthogonal basis for V' and that
ClUV,q) = Clla, B,0).

In fact let @ : V — Cl(a, 5,0) be the k-linear map defined by ®(e;) = G, ®(ez) = X. This map can be extended
in a unique way to an algebra map whose domain is T'(V'), by the fundamental property of the tensor algebra.
Furthermore

v —qv)l) = (v @) - q(v) = (2(v))* — g(v) = (M D(e1) + X2P(e2))* = Ao = A3 = A Aoy = 0,
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for every v = Aje; + Agea € V, which means ®(I,;) = 0, i.e. that ® induces an algebra map ® between CI(V, q) and
Cl(a, 3,0). Since ®(1) = 1 and ®(ejez) = GX we see that ® sends a basis into a basis and thus that it is invertible.

Now, what happens when v # 0? When ~ # 0, then (e1, e2) is not an orthogonal basis and therefore we need
to build one to give a standard presentation of C1(V,q).

5.1.1. Assume o % 0. Then we can set v; := e and vy := — 61 +e5. Observe that the two vectors are linearly
independent and thus form a basis of V. Moreover q(v1) = g(e1) = a # 0, q(ve) = v5Qu = 40‘5 daB—* ,h4
X e _
A o
so that if again we define ®(v;) = ®(e;) = G and P (2M2+7”1) ®(ez) = X we see that Cl(«, 8,7) is isomorphic
to CI(V,q) where (v, v2) is an orthogonal basis of V' such that ¢(v1) = a and g(ve) = 40‘2;72 or in other words

Cl(a,B,7)=C <a, 40[5@/,0) if o 0.

Example 5.4. Take a = —1, § = —2 and v = —2. Then we find that the free algebra generated by e; and es
subjected to relations

e?=—1, e3=-2, ejes+ege; =—2
is isomorphic to the free algebra generated by v; and vy subjected to relations

2 2
vi =—1, vy =-1, wvve +vv; =0,

and so is in fact a generalized quaternion algebra. In the special case when & = R, these are just two equivalent
presentations of Hamilton’s quaternion, namely v; and vs correspond with classical generators ¢ and j, while e; and
eo identify with generators ¢ and 7 + j.

5.1.2. Assume 3 # 0. Then we can set vy := el—%
and they form an orthogonal basis of V:

=813 1)) 59/() =

Since q(v1) = viQu; = % and g(vy) = B # 0, by using the same isomorphism & as before, we see that

e and vo := ey. Again these vectors are linearly independent

Cl(a, B8,7) is isomorphic to CI(V,q) where (v1,v2) is an orthogonal basis of V' such that g(vy) = 40‘%7 and
q(v2) = B or in other words

daf —~?
43

Example 5.5. One can refer to Example and swap the roles of a and 3, i.e. of e; and ey (and consequently
of v; and vy).

Cl(oaﬂ,v)gCl( B, ) if g7 0.

5.1.3. Assume o = 8 = 0. In this case one can take v; = e; + e and vo = e; — e3. (v1,v2) is an orthogonal
basis of V, because

By(v1,v9) = (1,1) (g‘ %) (11) =(a+2,2+5) (11> —a—f=0.

Since q(v1) = viQu; = v and q(v2) = v5Quy = —v, ® gives an isomorphism between CI(0,0,~) and CI(V,q),
where (v, v2) is an orthogonal basis of V' such that g(v1) = v and ¢(vs) = —v, i.e.

Cl(ov 07 ’Y) = Cl(’}/, - O)
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Example 5.6. We can consider the algebra M»(R) of 2 by 2 matrices with coefficients in R. This is generated

by elements
(0 1 (0 0
“=\o o) 271 o)

) . Since ef = e% both coincide with the trivial matrix and ejes + ese; = Idy we can

whose product is ejeq = (0 0

see that M2(R) = C1(0,0,1). Now take vy = €3 —eg = (_01 é

) and v9 = €1 + €3 = <(1) é), whose squares are
respectively —Ids and Id,. We see that

1 0 10 00
”1”2”2”1_(0 —1)*(0 1)‘(0 0)’

so that the algebra generated by v; and vy is of type CI(1,—1,0). It is clear that v; and ve generate once again
M5 (R), since Ids, vy, v2 and v1ve are a basis of My(R).

We have proved the following proposition.

PROPOSITION 5.7. Let A = Cl(a, 8,7) be a four-dimensional Clifford-type algebra on a field k with chark # 2.
Then there exists a classical Clifford algebra isomorphic to A. Namely

o Ifa#0, then A=CI (a, 40&7”’2,0)

4o
o If 340, then A= Ci (2252, 5. 0)

After having fully examined the case when A is a four-dimensional algebra, we try to understand how to proceed
in the general case. We set ¢ := n > 1 and we consider the Clifford-type algebra Cl(a, 5;,7:, Aij). We take the

n + 1-dimensional vector space V' with basis (eq, e1,...,e,) and denote
iy In
@ 2 32
1
5 5 2n
(83) Q=
An—1n
. . ﬁnfl 2
2 2 2 Bn

the symmetric matrix associated to the quadratic form ¢ : V' — k such that g(v) = v'Qu for every v € V. We
have g(eg) = v and g(e;) = B; for all i = 1...n, while 25,(ep,e;) =; for all i = 1,...n and 28,(e;,e;) = A for
all 3,5 € {1,...,n}. Whenever v, =0 = \;; for all 4,j € {1,...,n} we find the classical presentation of a Clifford
algebra with orthogonal generators:
Cl(V,q) = Cl(«, 5;,0,0).

If at least one of the ;’s or \;;’s is not zero, then we need the matrix @) to be diagonalizable. It is actually a
known fact that a symmeytric matrix with entries in a field with characteristic different from 2 can be diagonalized
or equivalently, that we can always find a basis of V' which is orthogonal with respect to the quadratic form q.
Proofs of this result are usually carried out by induction and are not constructive (see e.g. [Stl, pp. 114-115]). As
a consequence, we can state the following result.

THEOREM 5.8. Let A = Cl(a, Bs,vi, Aij) be a Clifford-type algebra on a field k with chark # 2. Then there
exists a Clifford algebra CI(V,q) = Cl(d/, 8;,0,0) which is isomorphic to A. To find a presentation that makes this
clear, one must find an orthogonal basis for the quadratic form q : V — k defined via the matriz Q in .

It seems that there is no hope of finding an expression for an orthogonal basis (that is, for o/, 5 in terms of
a, B;) for the general case. Obviously one can proceed by repeatedly applying suitable modification of the steps
shown for the four-dimensional case (we just need to focus on the 2-by-2 leading principal submatrix of @ and
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inspect its diagonal entries), but this method does not yield an explicit description of the orthogonal basis we are
looking for, nor of the diagonal form of Q.

Nonetheless there are peculiar cases in which we are able to determine a classical presentation even when
has unspecified entries. Suppose for example we have a matrix Q with Q17 # 0. Then we can start our process of
orthogonal diagonalization by means of Gaussian elimination (both on the first row and column) to find a matrix
Q' where Q1; =0 and Q;; =0 for all i = 2,...n+ 1. Now if Q%, # 0 we can repeat this process again and reduce
also the second row and the second column of @)’. It is clear that we can fully diagonalize ), provided at the i-th
step the (4,4) entry of our matrix is different from 0. This procedure actually corresponds to the description of a
well-known algorithm used in linear algebra to find the LDLT decomposition of a symmetric matrix Q.

THEOREM 5.9 (Adapted from [HoJo, Cor. 3.5.6]). Let Q be a square symmetric matriz of order n. Suppose
that Q[{1,...,i}] is nonsingulmﬂ foralli=1,...,n. Then Q = LDL", in which L, D are of order n, L is unit
lower triangular, D = diag(D:, ..., D,) is diagonal, D1 = Q11, and

det Q[{1,...,i}]

;= - , 1=2,...,
detQ[{L,...,i-1] ' "
The factors L, D are uniquely determined.
This theorem admits a generalization for singular square matrices. Let det Q[{1,...,j —1,i},{1,...,j}] denote

the j-th leading principal submatrix of () where the j-th row has been changed with the i-th row of Q.

THEOREM 5.10 (Adapted from [Gal Thm. 2, Ch. II]). Let Q be a square symmetric matriz of order n and
rank r < n, where det Q[{1,...,i}] # 0 for alli =1,...,r. Then there exist a lower unit triangular matriz L and
a diagonal matriz D such that Q = LDLT, where

detQ[{1,...,5 — 1,3}, {1,...,35}]

L= _ , Hi=j+1,...m j=1,...,
j At QL. )] foralli=j+ ™ J "
Qu ifi=1
1,....12
py = detQUL B,

det Q[{1,...,i—1}]
0 ifi=r+1,...n
L and D are uniquely determined when r = n, otherwise the value of L;; can be arbitrarily chosen fori = j+1,...,n
and j=r+1,...,n.
If we denote A; := det Q[{1,...,4}], we can state the following theorem.
THEOREM 5.11. Let A = Cl(a, Bi,7:, Aij) be a Clifford algebra on a field k with chark # 2. Suppose there exists

a relabeling of the generators G, X1, ... X,, such that when one defines the matriz @ introduced in , A; #0 for
alli=1,...,r, where r =rank Q). Then there exists a Clifford algebra

Ay Az A,
Cl(\V,q)=Cl| Ay,—,—,... 0,...,0, 0 0
( 7q) 17A17A27 7Ar—1, ; s s ER ,
o’ Vi )‘2_7‘
B;

which is isomorphic to A.

REMARK 5.12. Unfortunately the existence of a relabeling (which amounts to swap simultaneously the same
rows and columns) such that A; # 0 for 4 up to rank @ is not always guaranteed — not even when @ is non-singular.

Take for example
0 1
o= (1 1)

Q@ has full rank, but any relabeling of the generators does not change the form of Q. In fact there are no unit lower
triangular matrix I and no diagonal matrix D such that Q = LDL”. If we suppose there are, then it is not hard
to check that D must be the zero matrix and so LDL” has rank 0, contradiction.

1Q[{1, ...,1}] indicates the i-th leading principal submatrix of Q.
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Nonetheless, Theorem guarantees that any Clifford-type algebra can be regarded as a classical Clifford
algebra where the generators have not been chosen to be (necessarily) orthogonal. This enable us to use both
the presentation of A by generators and relations (i.e. Definition and the vast literature on Clifford algebras
without making a distinction depending on the values of the v;’s and the \;;’s.

The next subsection helps us to better understand how the semisimplicity of a Clifford algebra A = Cl(«, B;, Vi, Aij)
is related to its associated quadratic form g, or equivalently to the values of its defining scalars.

5.2. Semisimplicity. The following theorem gives us a complete classification of semisimple Clifford algebras
and also gives us information on the structure of the Jacobson radical in the non-semisimple case.

THEOREM 5.13. [Sh] Consider a Clifford algebra A = Cl(«, $;,0,0) and let J = Jac(A) be its Jacobson radical.

e If a =0, then G € J and similarly if 8; =0, then X; € J.
o Ifa#0and 8; 0 for alli=1,...n, then J =0.
o A is semisimple if and only if a« £ 0 and B; #0 for alli=1,...,n.

PROOF. First of all observe that a = 0 means that G2 = 0 and this is equivalent to the fact that for any a € A
the element 1 — aG is invertible and its inverse is 1 + aG. This is equivalent to G € J. The proof for the statement
with X; is identical. Now let B = {G7Xp} be the k-basis of A fixed at the beginning. Note that, since o # 0
and B; # 0 for all i, G, each X;, and hence each element of B, is an invertible element of A. Now, consider the
k-algebra homomorphism p : A — Endy(A) defined by p(a)(z) = az for all a,z € A. Define the map ® : A — k by
®(a) =tr(p(a)), a € A, where tr(p(a)) is the trace of the matrix corresponding to the linear map p(a) with respect
to the ordered basis B. We now make three simple observations.

(1) ®(1) = |B| = 2"*! because p(1) is the identity map of A.

(2) If 1 # a € B, then ®(a) = 0. That’s because p(a)(z) = az # z for all z € B\ {a} and so the diagonal
entries of the matrix of p(a) are all zero hence ®(a) = tr(p(a)) = 0.

(3) If a € A is nilpotent, then ®(a) = 0. That’s because a™ = 0 for some m and so (p(a))™ = p(a™) = 0.

Thus p(a) is nilpotent and we know that the trace of a nilpotent matrix is zero.
n+1

Now let @ € J. Then a # 1 and since A is Artinian, @ is nilpotent hence ®(a) = 0, by 3). Let a = Z?Zl CiZi,
where ¢; € k, z; € B, z1 = 1. So, by 1), 2),

2n+1

0=2®(a) = Zi:l ci®(2) = c1®(21) = c1®(1) = 2" ¢y

and hence ¢; = 0 because char k # 2. So the coefficient of z; of every element in J is zero. But for every i, the
coefficient of z; = 1 of the element z; Ya € Jis ¢; and so ¢; = 0 for all i (recall that the z;’s are invertibles). Hence
r =0 and so J = 0. Finally recall that a ring is semisimple if and only if it is Artinian and its Jacobson radical is
Z€ero. g

Thanks to Theoremwe know that, given a Clifford algebra A = Cl(a, f;, i, Aij) whose associated quadratic
form ¢ has matrix

a B Jj
Q =
An—1n
. . ﬁnfl Tl
n A2n An—1n

with respect to the standard basis, we can always find a basis so that ¢ can be represented by a diagonal matrix
Q'. Tt is also well known that det @ and det Q' differ by a non-zero square scalar and therefore that det Q # 0 if,
and only if, det Q' # 0. Therefore we find an immediate corollary to Theorem [5.13

COROLLARY 5.14. Consider a Clifford algebra A = Cl(w, B;,7vi, Mij) and let Q be the matriz defined in .
Then A is semisimple if and only if det Q # 0.
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Example 5.15. If we take a four-dimensional Clifford algebra A = Cl(«, 8,7), then A is semisimple if, and
only if, det Q@ = af — % #0.

Corollary agrees with the more detailed classification of semisimple central Clifford algebras found in
[Lam]|. In fact we have

THEOREM 5.16. [Laml Thms. V.2.4 - V.2.5] Let A be a 2" '-dimensional Clifford algebra with associated
quadratic form Q. Assume d := det Q # 0. Then
e Ifn is odd, then Z(A) =k and A is a central simple algebra over k.
o Ifn is even and d ¢ k2, then Z(A) = k(v/d) and A is a central simple algebra over k(\/d).
o Ifn is even and d € k2, then Z(A) = k x k and A = Ay x Ay, where Ay is the even part of A. Notice
that, since dimy Ag = 2™, Ay is central simple over k and thus A is semisimple over k.

Theorem can be generalized to the case of a Clifford algebra A = Cl(a, 5;,7i, Aij), where the generators

of A are not necessarily chosen to be orthogonal. Let us fix the vector space V = {G, X1,...,X,} and the usual
matrix
a L :7"
Q= ;
An—1n
: : Aﬁn_l s
n )\ n n—Iin

associated to the quadratic form ¢ : V = k, ¢(z) = 2'Qu for all x € V, so that A = Cl(«, 5,7, Nij) = CU(V, q).
Remember that there is a symmetric bilinear form associated to ¢ defined as 8, (v, w) = ¢(v + w) — q¢(v) — g(w) for
all v,w € V. The kernel of 3, (also called the radical of 5,) is just the kernel of the matrix (). The bilinear form
B, induces a non-degenerate bilinear form 8, : V xV — kon V := ker o defined by

By(0,w) := B(v,w), foreveryv=v+kerQ, w=w+kerQ€eV.

Then clearly we can consider the Clifford algebra C1(V,q), where g : V — k is simply the quadratic form associated
to By, defined by G(v) = 3B,(v, ) for every 5 € V.
Now consider the diagram
V ——— Cl(V,q)
ETH

~

— Cl(V,q)

Pker Q

< —

ker Q

where ¢ and 7 are the canonical inclusions of each generating vector space into the respective Clifford algebra. Since
we have

(70 Prar(0))? = (0 = () = 575 (,0) = 584(0,0) = a(0),

by the universal property of Clifford algebras (Theorem 7 there exists a unique algebra morphism p : Cl(V, q) —
Cl(V,7), such that Topxer 9 = Pot. From this, with abuse of notation, we deduce that p(v) = T for every v € V. Now
we can consider an element of the basis of CI(V,q), say z = U;,0;, - - - U, for some generators v;,, vy, , ..., 0;, € V,
and show that
2 =040y - Vi, = D(vi, )P(viy) -+ P(v3,) = P(viy viy - - 05,)-

Since this holds for any element z of the basis of CI(V,q), this means that p is a surjective morphism of algebras.
Now we consider the ideal (ker @) generated in CI(V,q). If a € (ker @), then a = ), s;¢; with s; € Cl(V,q) and
q; € ker Q. Then we have

pla) =Y Blsi)p(a:) = D, ls:) (iprer ) (ai) = Y Pls:) -0 =0,
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which means that (ker Q) C kerp. Let us indicate once again with B = {G/Xp} the usual basis of CI(V,q). Then,
if we pick an element a in kerp, we can write it a = 212:? c;zi, with ¢; € k, z; € B, z1 = 1. Clearly we have
2n+1 27L+1
0="p(a) = Zi:l cip(zi) = Zi:l cip(vi )D(vi, ) - - - P(vi, ),
where we have just split every element z; of the basis into a product of generators contained in V. Now we can use
the fact that 7 o pxer g = Do ¢ to write
ontt ontt

0=2 Pvi)plvi) - Bloi,) =) iUy T

Each product 0;, 73, - - - 7, is either 0 (when at least one of the v;;’s is in ker Q) or an element of the basis of Cl(V,q),
therefore we find that ¢; = 0 if z; ¢ (ker @), so that a € (ker Q). From this we can conclude that

Cl(V,q)
(ker Q)
Moreover, if we denote A := CI(V,q) and A := CI(V,q), then, thanks to the surjectivity of p: A — A, we have

p(J(A)) € J(A).

But A is a semisimple Clifford algebra, because g is non-degenerate (see Corollary 5.14)), thus J (A) = 0 and this
immediately implies J(A) C kerp = (ker Q). Finally consider a € ker Q. For any v € V' we have

= Cl(V,79).

av +va = a'Quv + v'Qa = 0 and a® = 0,

where we have identified a and v with their coordinate vectors on the usual basis in A. If we consider z € B =
{G? X p}, such that z = v;,v;, - v;,, then it is clear that

T
Az = QU Viy * V5, = —U3, AV, - Vi, = U3, U3, Q0 + -+ v;, = (—1)" za,

n+1 .
i.e. az+ (=1)"*'za = 0 for any z € B. Then, for every element A > b = 23:1 a; pGI X p it is clear that

2'n+l

2ntl . ) . .
(1—="0ba)(1— azl_l (=1)7HPIH o, pGIXp) =1 — ba + ba — ba® Z (=1)7HPIH o, pGIXp =1,

i=1

i.e. 1 — ba is invertible for any b € A. This is equivalent to a € J(A) and therefore we can conclude that
J(A) = (ker Q).

Thus we have proved the following

THEOREM 5.17. Let A = Cl(«, B;,7i, Aij) be a Clifford algebra. Let Q be the matriz defined in and q the
associated quadratic form on the generating space V', so that A = Cl(V,q). Then there is an algebra isomorphism

Cl(V,q) — _
=ClV
where V = % and G is the (non-degenerate) quadratic form induced by q on V. Moreover

J(A) = (ker Q)
and the Clifford algebra C1(V,q) is semisimple.
Since dimy C1(V,q) = 2 4™+ V for any Clifford algebra (see, e.g., [Laml, Thm. V.1.8]), we get an immediate

corollary.
COROLLARY 5.18. Let n+ 1 =dimg V and h = dimy ker Q. Then
dimy, J(A) = 2n+1 —gntl=h — ontl=h(oh _ 1)
Example 5.19. If we take A = C1(0,0,0,0), the Grassmann algebra (also called the Exterior algebra A(V)),
then h =n + 1 and we find
dimy J(A(V)) = 2" — 1.
In this case CI(V,q) & k.
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REMARK 5.20. We can also calculate the cardinality of a basis for J(A) = (ker @) making use of combinatorics.
Clearly, a basis for J(A) is given by all elements

k1 ko kn kni1 kn+t1
4y 92" 4y 1 T Fngl o

where {z;}i=1,..n+1 is the usual basis of V, ¢; is just used to indicate which of the z;’s are in ker @), and k; = 0,1
for all i = 1,...,n + 1. There are clearly 2"*! of these elements, namely the ones giving the basis B = {G7 Xp} of
A. If we want to consider only those generating J(A), then we must focus on those for which k; = 1 for at least
one i € {1,...,h}. If we suppose k1 = 1, then any choice for the other k;’s gives an element in (ker Q) = J(A) and
we find 2" elements therein contained. If k; = 0, but k; = 1, by a similar argument we identify 2"~ additional
elements belonging to (ker Q). Generalizing, if ky = ko = ... = k;_1 = 0 and k; = 1, then there are 2" "1 ~% elements
of B that are contained in (ker )) and this is true for every i = 1,..., h. Therefore

h41
- ()"

h . =
dimy, J(A) = dimy (ker Q) = Z gntl—i — gnl (2

- > — 277,"1‘1(1 _ 2—h) — 2n+1—h(2h _ 1)

REMARK 5.21. We can use the same strategy to calculate the dimension of the space J2(A). An element of the
basis of J?(A) must have k; # 0 # k; for at least two different ¢ and j in {1,...,h}. One can easily see that, for
fixed 4,5 € {1,...,h} such that i < j, k; = k; =1 and k, = 0 for all » < j, r # 4, the number of elements in B of
this form is 2"+1=J. For any i = 1,...,h— 1, then j can be chosen in {i+1,...,h}, so that the above requirements
are fulfilled. Hence

h—1 h . h—1 h . h—1 .
: 2 _ nt+l—j _ on+1 —Jj _ on+l1 —i_9—hy _ ogntl—hioh _p _
dimy, J?(A4) =) . > A =2ty L > a2 =2 > _ -2y =2 (2" —h—1).

5.3. Hopf algebra structures on Clifford algebras. In general, Clifford algebras are not Hopf algebras.
The only members of this family who admit an Hopf algebra structure are those isomorphic (as associative algebras)
to E(n) := Cl(1,0,0,0). This family of Hopf algebras generalizes Sweedler’s Hopf algebra F(1) and were introduced
in [BDGI p. 755] and studied in [CD}, [PVO, [CC].

DEFINITION 5.22. [CDl p.18] We denote by E(n) the 2"*!-dimensional Hopf algebra over a field k of charac-

teristic char(k) # 2 generated by elements g and z;, for i = 1,...,n, such that g> = 1, 22 = 0 and gx; = —x,g for
any ¢ =1,...,n and z;x; = —x;x; for i, =1,...,n, 1 < j.
The canonical Hopf algebra structure of E(n) is given by
e(g)=1, e(x;)=0,i=1,...,n
S(g):g_lzg’ S(mz):—gxl,zzl,,n
Now let us prove that these are essentially the only Clifford algebras with a Hopf structure.

Consider A = Cl(«, fi,7i, Ai;j) a Clifford algebra on a field k with char k # 2. As stated in Theorem 5.8} we
can always assume that ; = 0 and A;; =0 for all 4,5 € {1,...,n}, i < j. Suppose we define a coalgebra structure
(A, A ¢e) on A, such that A becomes a bialgebra. In this case € is an algebra map and we have

0= = E(’yi) = E(GXi + XZG) = €<GX1) + E(XlG) = 28(G>€(Xi)
and
0= /\ij = E()\ij) = E(Xin + Xin> = E(Xin) + €<Xin) = QE(XZ')E(XJ*)
for every i,j € {1,...,n}, i < j.

Now suppose there exists an r € {1,...,n} such that ¢(X,) # 0. Then 2¢(G)e(X,) = 0 and 2¢(X,)e(X;) =0
for every j = 1,...,n, j # r imply that ¢(G) = 0 and &(X;) = 0 for every j = 1,...,n, j # r. By swapping
the roles of G and X, we can suppose that e(G) # 0 and €(X;) = 0 for every ¢ = 1,...,n. Hence we obtain that
a=¢(a) =e(G?) =e(G)? #0 and 3; = ¢(B;) = e(X?) = ¢(X;)? = 0 for every i = 1,...,n. In this case we see
that A can be identified with Cl(«,0,0,0) with « # 0.

On the other hand, if e(G) = e(X;) =0 for alli=1,...,n, then we can call X,,11 := G and we get that

a=cla)=e(X2) =e(Xnt1)? =0 and Bi=¢(B)=¢e(X})=¢e(X;)?=0 foreveryi=1,...,n,
i.e. A=CI(0,0,0,0) is the 2"*1-dimensional Exterior algebra.
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We are going to prove that the latter case does not admit a bialgebra structure. Let us write A(X;) =
2 Poc(l,.nt1} CP.RXP ® X, where as usual Xp = X;, -+ Xj , with R = {i; <iz <... <djg} C{l,...,n+1}.
Then the counit axioms give

X1 =(A®e)A(X) = ZP,Qg{l,..‘n+1} creXpe(Xo) = ZPQ{l,.‘.nle} croXp

iR

and
K=o MAX) =D ey PeEEPIXQ =D,y ceeXe:

These force cg. o =0, cf11,6 = 1, co 1y = 1 and cpg =0, ¢, = 0 for every @ # P,Q # {1}, i.e.

A(X1)21®X1+X1®1+Z CP7QXP®XQ.

@£P,QC{1,..n+1}
If we square this equality we find

A(Xy)? = 2X1®@ X1+ Z cpolXp ® (X1 Xg + XoX1) + (XiXp+ XpX1) ® Xg| +

2#P,QC{1,..n+1}

ZgiP,P';Q,Q/g{L...'nnkl} CP,QCP’yQ,XPXP’ ® XQXQ/

Notice that 2X; ® X; and any other term appearing in the RHS are linearly independent, since the former has
no tensorand that is contained in (kere)2. On the other hand A(X;)? = A(X?) = A(B1) = A(0) = 0, which is a
contradiction. This proves that the exterior algebra A = C1(0,0,0,0) does not admit any bialgebra structure.
Therefore any Clifford algebra A admitting a bialgebra structure must be isomorphic to a Clifford algebra of the
form Cl(«,0,0,0) with « # 0. Furthermore, if k& does not contain a square root of @ we cannot define a bialgebra
structure on A, because £(G) cannot be defined (remember that ¢(G)? = ). Conversely, if v/a € k, then we can

substitute the generator G' with % and we get that A is isomorphic to the Hopf algebra Ci(1,0,0,0) = E(n).

PROPOSITION 5.23. Let A = Cl(a, B;, i, Aij) be a Clifford algebra on a field k with char k # 2. Then A is a
Hopf algebra if, and only if, it is isomorphic to the algebra E(n) = CI(1,0,0,0) (not necessarily as Hopf algebras).

6. Examples of separable cowreaths using Clifford algebras

In this section we collect a couple of examples where separability of the cowreath (A ® H°P, H, 1) is studied,
when A = Cl(a, ,7) is a four-dimensional Clifford algebra and H is Sweedler’s four-dimensional Hopf algebra.
These examples provided some motivation for a complete study of the coactions of H on A, in order to further
understand how the choice of the comodule structure of A determined the properties of the induced cowreath.
We outline that the main difference between these examples lies indeed in the choice of the H-comodule algebra
structure of A. The coaction chosen in the first is the canonical one, while in the second, we decided to let H coact
in the same way on both generators G and X of A.

6.1. Using the canonical H-comodule structure. We consider Sweedler’s four-dimensional Hopf algebra
H over a field k of characteristic char(k) # 2. As a k-algebra it is generated by elements g and x such that g% =1,
2?2 = 0 and gr = —zg and has basis {1g,g, 2,9z} over k. The coalgebra structure is given by A(g) = g ® g,
Alz) =2®g+1g ®x, e(g) = 1, and e(x) = 0. The antipode is such that S(g) = g and S(x) = gx. We also
consider the Clifford algebra A = Cl(a, 3,7), generated by elements G, X such that

G?> = ack,
X? = pek,
XG+GX = yek

This algebra admits a canonical H-comodule algebra structure. In fact A can be regarded as a H-cleft extension
of k, as it has been proved in [PVO2], when endowed with the k-linear map p: A - A ® H such that

(84) p(la) = 1la®lpy,

(85) p(G) = Gog,

(86) pX) = X®g+1a®u,
(87) p(GX) = GX®1lp+G gz
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As already seen in a previous section, by making use of Proposition and Proposition we can build a
cowreath (A ® H°P, H,1) whose rt-separability is completely described by conditions (73)-(76). Exploiting these
equations, in [MT1], Menini and Torrecillas proved

THEOREM 6.1. [MT1l Thm. 6.1] Assume that char (k) # 2. The cowreath (A ® H°P, H, ) is separable with
Casimir element

Bi:H®H —» AR H?
given by
hoh'— Bhoh)®1g
if and only if either
i) a # 0 and then v? = 4aB. We get A of the type Cl(c, %,7) with o € k* and v € k,
or
it) a =0, then =~ =0 and b,b’ € k, we get A of the type C1(0,0,0).
Moreover, in this case (A ® H°P, H) is h-separable if and only if o € (k:x)2 and v% = 4af so that A is of type
Cl(a?, (£)?,7) where a € k* and € k.

4o
Therefore in cases i) and i) the considered cowreath is rt-separable (hence separable). In every other case, the
cowreath (A ® H°P, H,1) is not rt-separable. Nonetheless it is still separable and also h-separable, as proved in
[MT2], though via a Casimir morphism of a different kind (see Thms. 1 and 2 ibid.).
One could still ask when (A ® H°P, H, 1)) is rt-separable, once the canonical H-comodule algebra structure of A
is replaced with a different one. A first step in this direction was taken in [FR] and is the content of the following
subsection.

6.2. Using a different H-comodule structure. We want to endow A = Cl(«, 3, ) with a different structure
of right H-comodule algebra. Thus we define a k-linear map p: A — A ® H by setting

(88) p(la) = 1la®lg,

(89) p(G) = GRg+14®zx,

(90) pX) = X®g+1la®u,

(91) p(GX) = GX®1lg+G®gxr+ X ® xg.

It is easily verified that — define an H-comodule algebra structure on A. By considering the induced
cowreath (A ® H°P H, 1) (see Proposition [4.12]) and using Proposition a set of conditions under which this
cowreath is rt-separable and rth-separable were found in [FR].

THEOREM 6.2. [FR), Thm. 5.0.2] The cowreath (A ® H°P, H, 1)) is separable via a Casimir element
B':H®H — A® H
of the form
hoh'— Bheoh') @1y
if, and only if, the following conditions hold:
B(lg®1pg)=B(g®g) =14
B(lp®z)=B(g®gr) = —-Bz®g) = —-B(gr®@1y) =G+ (1 - )X
B(lg®g)=B(g®1ly) =s"G—-s"X

"

S
B(lg ®gr) = Blg®z) = Bz @ 1x) = Blgz @ 9) = =57 +s"GX

Bz ®z) = B(gr ® gr) = B(gz ® ) = B(x ® gx) = 0,
where «, 3,7, 8", 8" € k satisfy one of the following conditions:
i) a=p0=v=0.
i) a#0,8=~v=0and s =0.

2
z'ii)ﬁ;éO,a:Z—B ands’:%.
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Moreover it is h-separable if, and only if,
(") (@+B-7) =1

REMARK 6.3. Notice that both in Theorem [6.1] and Theorem [6.2] a necessary condition for separability of the
cowreath (A ® H°P, H,4)) is that ¥2 — 4a8 = 0. This condition is equivalent to the fact that the Clifford algebra
A = Cl(a, 8,7) is not semisimple, i.e. it is associated to a degenerate quadratic form (see Example [5.15)).

6.3. The quaternionic case. Let us consider A the generalized quaternion algebra over the field k. This is
the four-dimensional k-vector space with basis {1,14,j,ij} endowed with the algebra structure given by

Z'2:(17 j2:b7 Z]:_]Zv
where a and b are invertible elements of the field k. Hamilton’s quaternion are obtained considering k¥ = R and
a = b = —1. Thus, in our previous notations, A is exactly the Clifford algebra Cl(a,b,0). We can see that the
cowreath (H® H°P, H,), obtained by using Cl(a,b,0) = H, is not separable, since v = 0 would imply either a = 0
or b =0, by Remark This is not possible since both a and b must be invertible.

COROLLARY 6.4. [FR], Cor. 5.0.5] Let (A, p) be a generalized quaternion algebra, endowed with the H-comodule
algebra structure defined by -. The cowreath (A ® HP, H,1)) cannot be rt-separable.

COROLLARY 6.5. [FR], Cor. 5.0.3] Let (A, p) be a generalized quaternion algebra, endowed with the H-comodule
algebra structure defined by —. The cowreath (A ® H°P, H 1) cannot be rt-separable.

The previous corollaries led us to the following questions.

QUESTION 6.6. Is it possible to define an H-comodule algebra structure on the generalized quaternion algebra
A = Cl(a,b,0) such that the induced cowreath (A ® H°P, H,) is rt-separable?

QUESTION 6.7. Can we obtain a complete classification of the H-comodule algebra structures on a four-
dimensional Clifford algebra A = Cl(a, 8, ) and determine which of these yield an induced cowreath (AQ H°?, H, )
that is rt-separable?

The answer to the former is given by Theorem [6.1] in Chapter [3] where it is proved that there is no H-coaction
that makes the cowreath (A ® H°P, H,v) rt-separable, when A = Cl(a,b,0) is a generalized quaternion algebra.
This is ultimately due to the fact that A is a semisimple algebra (see Example . Notice that this theorem
is a generalization of Corollaries and A complete answer to Question is obtained in Chapter [3} the
table displayed in Section characterizes every possible H-coaction that yields an rt(h)-separable cowreath and the
corresponding Casimir element.

In order to obtain the aforementioned results we started by determining a complete classification of the H-
comodule algebra structures on a four-dimensional Clifford algebra A = Cl(«, 8,). This is the content of the next
chapter.



CHAPTER 2

A study of H-coactions on Clifford algebras

In this chapter we explain in detail the steps followed to classify all H-coactions on a four-dimensional Clifford
algebra A = Cl(«, 8,v) when H is Sweedler’s Hopf algebra. In the first section we show how any such coaction
is completely determined by the choice of a couple (g, d), where ¢ is an algebra involution of A and d is a ¢-
derivation of A such that d? = 0 and ¢ and d anticommute (this is actually true for any finite-dimensional algebra
A). In the next sections we display all the calculations needed to determine all the algebra involutions of A and the
corresponding derivations, thus achieving in the end the desired classification through the explicit correspondence
between H-coactions and couples (¢, d) (see Theorem . This classification is contained in a table in Section

1. An equivalent description of coactions

Let once again H be Sweedler’s Hopf algebra over a field k of characteristic char(k) # 2 and let A = Cl(«, 3,7)
be the four-dimensional Clifford algebra generated by elements G, X such that

(92) G?> = ack,
(93) X? = Bek,
(94) XG+GX = ek

We already know that A admits a canonical H-comodule algebra structure, which makes it a cleft extension of
k over H (see [PVOZ2]). The aim of this section is to determine a complete characterization of all the possible
H-comodule algebra structures on A. These coactions can be used to build different cowreaths (A ® H°P, H,)
whose properties extend the results contained in Theorems [6.1] and in the previous chapter.

1.1. A useful correspondence. First of all we want to show that there is an isomorphism of categories
VeckH 2~ preop Vecy

that preserves algebras, so to make clear that each right H-coaction corresponds to a unique left H“°P-action. This
will allow us to determine a full characterization of H-comodule structures of A by determining the corresponding
H¢°P-actions.
Let us write p(m) = mo®m; for every m € M. It is known (cf. [CMZ], p. 10) that when H is finite-dimensional
there is an isomorphism of categories
F': Vectl — p-Vecy,
given by
F/(M,p) = <M7Np)»
where
1o (B &) = moh* (my)
for every h € H and every m € M. The inverse of this functor is given by G : g+ Vecy — Vecy , G(M, ) = (M, Pu)s
where
py(m) = p(h; @ m) © hy
for every m € M. Here h; denotes the elements of a basis of H and h} their duals. Both the functor F” and its
inverse G send a map to itself, i.e. a map is H-colinear if, and only if, is H*-linear.
In this particular case we also have that H is self dual, i.e. there exists an Hopf algebra map ¢ : H — H* that
gives an isomorphism H = H*. It is defined by (cf. [PVO], Prop. 1)

V(1) =1"+g" =¢en, Y(g) =1"—g", (x)=a"+(g2)", P(gzr)=2"— (92)".

25
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This could immediately be used to determine an isomorphism of categories
VeckH = g Vec,

but since in the sequel we work best with a flipped comultiplication, we are going to modify ¢ in order to define a
new Hopf algebra isomorphism ¢ : HP — H*.

LEMMA 1.1. The k-linear map ¢ : HP — H* defined by

e(1)=1"+g" =cn, ¢g)=1"=g", olz)=—-2"+(92)", ¢gr)=—2" —(92)"
18 an Hopf algebra isomorphism.

PRrROOF. By using the following multiplication table one can easily prove that ¢ is an algebra morphism.

* gt | x| (g2)*
G ¥ [0z 0
g 0 [g"]0](g2)°
T 0 2] 0] 0
(gz)* [ (gz)* | 0] O] 0

TABLE 1. Multiplication table in H*

Similarly one can use

(95) AlY) = T"el"+g"®g"
(96) Alg") = 1T"e®g +g @1,
(97) Alz") = 201" —(g2)*" ®g" "+ 1" @2+ ¢* ® (gx)",
(98) A((gn)*) = (g)* 1" —2"®g* +g" @z* + 1" ® (gz)*,

to show that ¢ is a coalgebra map. Finally, to check that ¢ is invertible, one can write its matrix with respect to
the basis (h;)i=1,....4 and (h});=1._4 and calculate its determinant:

1 1 0 0
1 -1 0 0
0 0o -1 -1~ *
0 0 1 -1

Hence we can use the isomorphism ¢ to define a mapping
U : georVecy — Vect,  U(M,u) = (M, p,),
where
pu(m) = plp~ (hy) @ m) ® h;
and U(f) = f for every HP-linear f. In order to show that U is a functor, we will make use of Table [I| again. We
have

(pp ® H)pu(m) = M(w_l(h;*) @ (e (h)@m)) ® h; @ hy
p(e  (h) o7 (h) @ m) @ b @ b
= (e (B *hi) ®m) @ hy @ hy

which, by using Table [1} we can explicitly write as
ple (1M em)@1ol+ule (@) om)@lor+ue (¢ om)©go g+
(e ((g2)*) @m) ® g @ gz 4+ ple~ H(z*) @m) @z @ g+ (e~ ((gz)x) @ m) @ gr @ 1,
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which is equal to
e~ (h7) @ m) @ A(hy) = (M @ A)(u(e™" (k) @m) @ hi) = (M & A)p,.(m)
for every m € M. Furthermore

(M @em)pu(m) = ple™" (hi) @m) @en(hy)

for every m € M and thus we can conclude that (M, p,,) is an object in VeckH . Now let us consider two H“°P-modules
M, N and an HP-linear map f: M — N. We prove that f is automatically H-colinear. We have

(f@H)pp(m) = (f @ H)(par(e ' (hf) @ m) @ hy)
= (foum)(p™"(hi) @m) @ h,
= pn(e ' (h) @ f(m)) @ h;
= (pnof)(m)

which is what we wanted. Finally, since U is the identity on morphisms, we can conclude that U is a functor.
U has an inverse V : VeckH — peop Vecy, defined by

V i Vecy! — georVecy, V(M,p) = (M, p,),
where
pp(h ®@m) = (p(h)(m1))mo

and V(f) = f for every H-colinear f.
We have

tp(H®@ pp) (W @ h@m) = p,

for every h,h' € H and every m € M. Moreover

pp(lr @m) = (@(1a)(m1))(mo)
= 5(m1)m0

for every m € M and so we can conclude that (M, p,) is an object in geor Vecy,. Now we consider two H-comodules
M, N and an H-colinear map f: M — N. We prove that f is automatically H“P-linear. We have

(fopm)(h@m) = (p(h)(mi))f(mo)
= (p(h)(f(m)1)f(m)o

pn(h® f(m))

pn(H @ f)(h@m)

for every h € H and every m € M. Since V is the identity on morphisms, we conclude that V is a functor.
Finally we want to prove that UV = Idyes and VU =1d,;.0p vec, - We have UV (M, p) = (M, py.,)

pu,(m) = (e~ (hi) @m) @ h;
= (pp " (h}))(m1)mo ® h;
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= hl(mi)mo® h;
= mo® h}(mq)h;
mo @ m

p(m)

for every m € M. Moreover VU (M, 1) = (M, p,,) and

tp, (h@m) = (p(h)(h:))u(e™" (ki) @ m)
(

Observe that the ¢(h)(h;)’s are the coordinates of the vector p(h) € H* on the dual basis A}, which means that

[o(h)(hi)|hF = ¢(h). This allows to conclude that

pp, (h@m) = p(e™ (p(h)) ®m) = p(h @ m)
for any h € H and any m € M. Therefore we have proved that the functors U and V previously defined give an
isomorphism of categories.

Another crucial observation is that both U and V' send algebras to algebras, i.e. the image (A, p,) of an HP-
module algebra (A, 1) is an H-comodule algebra and, conversely, the image (V' (A), 1,) of an H-comodule algebra
(4, p) is an HP-module algebra.

Suppose (A, ) is an H°P-module algebra This means that u satisfies —. To prove that A is also an
H-comodule algebra we need to show (51]) and (52| . ) hold.

If we write the LHS of (51)) we get

Pu(a)Pu(b) = [ (k) ®a) ® hi][u(e™ () ® b) @ h)]

that explicitly reads
(e~ (15) @ a)u(e™ (13) @ b) + (e (g") @ a)u(e ™' (¢") © b)] @ 1 +
+ule™ (1) @ a)u(e™ (g") @ b) + u(e™ (") @ a)u(e™ (15) @ b) @ g +
(e (1) @ a)u(e™ (=) @ b) + ple " (¢") @ a)u(e™ " ((g9z)") @ b) +
—pu(e ((g2)") @ a)u(e™ (g") @ b) + ple ' (=*) @ a)u(p™ ' (1*) @ b)]| @ z +
(e (1) @ a)u(e ™ ((92)") @ b) + (e (¢") ® a)u(e ™ (2*) ® b) +
—pu(p™ (@*) @ a)u(e ™ (g%) @ b) + (e ((92)*) ©@ a)u(e~ ' (1%) @ b)) ® gz,

By using equalities (95])-(98) we can check that this amounts to [u(¢ ™! ((h})1)®@a)u(p ' ((h})2) @b)]@h;. Therefore
we can conclude that

pu(@)pu(d) = (e (h)) ®a) @ hi][u(p™ ! (h) @ b) @ h]]
= [l ()) @ a)ule ™ ((h)2) @ b)] @ hy
L0 [u((e™ (k)2 @ @)u((e™ (W) @ )] @ hy
B Lot ab) @ b
= pulab),
for every a,b € A, i.e. that holds. Furthermore
pu(la) = ple ' (h))@1a) @My
@

er(e™ ' (h}))1a ® h;
e« (hI)1a® h;

lRemember that @ : H®P — H* i.e. comultiplication of the domain is flipped.
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hf(lH)lA ® h;
= 1a®1y
and thus (4, p,) is an H-comodule algebra.
Now suppose (A, p) is an H-comodule algebra. This means that and hold. To prove that (A, p,) is

an H¢P-module algebra we need to show that and hold.
We have

p(h @ ab)

I8
— — —~

I
s

for every h € H and every a,b € A. Moreover

&

(p(h)(1m))1a
e (p(h))1a
= é‘(h)lA,

fp(h ®14)

for every h € H.
We gather all these results in one proposition.

PROPOSITION 1.2. Let ¢ : HP — H* be the Hopf algebra isomorphism defined in Lemma|l.1l The assignment
U : georVecy, — Vecy!,  U(M,pu) = (M, p,),
where
pu(m) = (e~ (hy) @ m) ® h;

for every m € M, and U(f) = f for every HP-linear f defines an invertible functor. Its inverse is given by the
assignment

V Vel — peonVecy, VI(M,p) = (M, pu,),
where
tp(h @ m) = (p(h)(ma))mo
for every h € H and every m € M, and V(f) = [ for every H-colinear f. Moreover both U and V preserve
algebras.

This means that each H-coaction p can be expressed in terms of a unique H “°P-action:
pla) = p(e~ (b)) ® a) @ h;
and explicitly
pla) = ple ' 1) @a)@1+ue (g ®a)@g+pule (@) ®a) @z + ule™ ((92)") ® a) ® gz
= %[u((lﬂi) ®a)@1+p((l-g)®a)@g+p((-2 —gz) @a) @z + p((r — gz) © a) @ ga]

14+g 1—g T — gr T+ gx

= a®T+u(g®a)®?7u(m®a)® 5 —ulgr®a)® 5

REMARK 1.3. It is clear that, since pu(gr ® a) = pu(g ® p(r ® a)), p is completely determined once we know
(g ®a) and p(x ® a) for every a € A, i.e. how g and = act on each element of A.

Let us show that actually H¢°P-actions on a finite-dimensional algebra A are in bijective correspondence with
pairs (¢, d), of suitable maps.
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1.2. H°P-actions, involutions and derivations. We have seen that each HP-action is completely deter-
mined by the action of elements g and x on the elements of A. We will show that these correspond to the choice of
an involution ¢ and of a @-derivation d on the algebra A, using a well-established approach (see, e.g., [CY], MS]|
and Examples 4.1.6 and 4.1.8 in [Mo]). We start by giving the following definition.

DEFINITION 1.4. Let V be a k-vector space. We call a map ¢ : V — V a k-linear involution if p? = Idy. If
A is an algebra and ¢ : A — A is a k-linear involution which is also an algebra endomorphism, we will call it an
A-linear involution (or an algebra involution or simply an involution).

Fix an algebra morphism ¢. A k-linear map d : A — A such that
d(ab) = d(a)b+ p(a)d(b)
for every a,b € A is called a @-derivation (or a skew-derivation).

Let us consider an HP-action p: H ® A — A and let us set (a) := p(g ® a). Clearly p : A — A is a k-linear
map and furthermore, for every a,b € A,

o(ab) = (g ® ab) B (g2 ® a)u(gr ® b) = (g ® a)u(g ® b) = p(a)p(b),

o(10) B ulg®14) = c(g)1a = 14,

which means that ¢ is an algebra endomorphism. Finally
p(p(a)) = plg @ ulg @ a)) = u(¢> ® a) = p(ly ®a) = a,

for every a € A, so o(p) < 2, that is, ¢ is an involution on A. Next, if we set d(a) := pu(z ® a), we have a k-linear
map d: A — A such that

d(ab) = p(e @ ab) D (e © @)y @) + g © @)l ©b) = d()h + p(a)d(b),
for every a,b € A, that is, d : A — A is a p-derivation. Furthermore, for any a € A,
d(d(a)) = p(z @ plz © a)) = p(a® @ a) = p(0®a) = 0,
which means that d? is the zero map. Finally

d(p(a)) = plz @ plg®a)) = plrg @ a) = —p(gr ® a) = —pu(g @ p(z ® a)) = —¢(d(a)),

for every a € A, which means that ¢ and d must anticommute.
In this way we have established an assignment

(: HP @ A — A) v (9 1= plg® =), d = pla @ —)),
so that to each H°P-action corresponds a couple of maps (¢, d), where ¢ is an involution, d is a ¢-derivation such
that d? = 0 and ¢d = —dop.
Now let us fix a couple of k-linear maps (p : A — A,d : A — A) satisfying said properties. We are going to
show that we can define an H“P-action on A, say u: H? ® A — A, by setting (1 ® a) = a, p(g ® a) := ¢(a),
u(z @ a) := d(a) and pu(gr @ a) = p(d(a)) for every a € A. We need to show that (A, u) is an H°°P-module and

that (48)-(49) hold.

By definition u(1y ® a) = a, therefore we only need to prove that
p(h' @ ph @ a)) = p(h'h @ a)
for every h,h' € HP and every a € A, to show that (4, p) is an HP-module. It is sufficient to pick h and A’
among elements of the basis of H.
Set h' = 1g. Then, by definition, u(lg ® pu(h ® a)) = p(h ® a) = p(lg - h ® a) for every a € A.

Set h' =g. If h =1p we get p(g@u(lp ®a)) = plg®a). If h = x we get u(g@pu(z®a)) = ¢(d(a)) = plgr®a),
which is true by definition. If h = gz, then pu(g ® u(gzr ® a)) = p(p(d(a)) = d(a) = p(z @ a) = u(ggx
Nowset i =x. If h =15 we get p(z @ u(lyg ® a)) = plx @ a). i h =g we get u(z @ ulg ® a))
—p(d(a)) = —pulgr ® a) = plzg @ a). If h = gz we get u(z ® plgr ® a)) = d(p(d(a))) = —d*(p(a)) = 0 =
—u(rrg @ a) = p(rgr ® a).



1. AN EQUIVALENT DESCRIPTION OF COACTIONS 31

Finally set b/ = gx. If h = 15 we get u(gr @ p(lg ® a)) = plgr ® a). If h = g, then p(gr @ p(g ® a)) =
e(d(p(a))) = —d(e(p(a))) = —d(a) = —p(z ® a) = —p(rgg ® a) = p(grg ® a). If h = x, then u(gr @ p(z @ a))
p(d(d(a))) = —p(d*(a)) = 0 = p(grz @ a). If h = gz, then p(gz ® p(gr @ a)) = p(d(p(d(a)))) = —d*(a) = 0 =
—p(grrg ® a) = p(grgr @ a).

Therefore (A, i) is an HP-module. Now we prove that it is an H°°P-module algebra. We have

plg®1la) = 1la=¢e(lg)la,
Mg®1a) = ¢(la)=1a=¢(g)la,
prz®la) = d(la)=0=c¢(z)la,
plgr®@1a) = @(d(la)) = ¢(0) =0=-¢(gr)la,

therefore holds.

To prove (48], it is sufficient to prove that u(h ® ab) = u(he ® a)u(hy @ b) for every choice of h among the
elements of the basis of H and every a,b € A. We proceed by cases.

Set h =1p. We get u(lg ® ab) = ab = pu(lg ® a)u(lg ® b) for every a,b € A.

Now set h = g. We get pu(g®ab) = ¢(ab) = ¢(a)p(b) = u(g®@a)u(g®b) for every a,b € A, since ¢ is an algebra

morphism.

Set h = . We get p(x ® ab) = d(ab) = d(a)b + ¢(a)d(b) = p(z @ a)pu(la ® b) + u(g ® a)u(x ® b) for every
a,be A

Finally set h = gx. We get u(gz ® ab) = ¢(d(ab)) = p(d(a)b + @(a)d(b)) = ¢(d(a))p(d) + ap(d(d)) =
wgr @ a)u(g@b) + p(lg ® a)u(gr @ b) for every a,b € A, so that is proved.

In this way we have established an assignment

(p,d) s i HPRA— A
1®ar—a
g®ar— p(a)
x®avr— d(a)
gr ® a — p(d(a))
so that to each couple of maps (p,d), where ¢ is an involution, d is a ¢-derivation such that d? = 0 and pd = —dyp,
corresponds an H¢P-action. It is straightforward that the assignments ® and ¥ are inverse to each other, and

therefore the correspondence between H¢P-actions and pairs (¢, d) such that p? = Ida, d?> = 0 and ¢d = —dyp is
bijective.

PROPOSITION 1.5. Let A be a finite-dimensional algebra over a field k of characteristic char(k) # 2, then an
He°P_qction on A is completely determined by a choice of:

(1) an automorphism ¢ of A of order o(¢) <2 (i.e. an involution or the identity),
(2) a p-derivation such that d> =0 and pd = —dp.

REMARK 1.6. In [CY] a more general result (see Prop. 4 ibid.) was proved, that characterizes the action
of a Taft’s algebra H,, on a finite-dimensional algebra A in terms of automorphisms and skew-derivations on A.
Sweedler’s algebra H is one of Taft’s algebras, therefore our proposition can be derived directly as a corollary
of Centrone and Yasumura’s one. We included all details for sake of clarity and for further generalizations, not
included in [CY], that will be shown in the sequel.

1.3. Zs-gradings. Since @ is an automorphism of order o(¢) < 2 this means that its eigenvalues are 1 and —1
and A admits a decomposition A = Ay & A_, where

Ay ={a€ A ¢(a) = xa}.

The ground field k is always contained in A, while A_ can reduce to {0} (clearly if, and only if, ¢ = Id). Notice
that A;A; C A;j, i.e. ¢ induces a Zo-grading. In this case A is usually called a superalgebra.
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Conversely if we suppose that A admits a Zs-grading A = A, @ A_, then we can define a k-algebra map
v : A — Asothat p(a) = a for every a € A, and p(b) = —b for every b € A_, which is easily seen to be an
involution. This correspondence is one to one.

Next we observe that if pd = —d, then, for every a € AL we have

p(d(a)) = (¢d)(a) = —(dp)(a) = —d(p(a)) = Fd(a),
which means that d(A+) C As. Conversely, if the above equality holds then we have that ¢d = —dyp, therefore we
can restate Proposition in the following way.

PROPOSITION 1.7. Let A be a finite-dimensional algebra over a field k of characteristic char(k) # 2, then an
action of H on A is completely determined by a choice of:
(1) a Zy grading A=A, ® A_,
(2) a p-derivation d (where ¢ defines the above grading) such that d*> =0 and d(As) C Ax.

1.4. The explicit correspondence. To conclude this section we are going to write down the explicit form of
a coaction p in term of the corresponding pair (¢, d) given by Proposition We have seen that every H-coaction
p on A is defined by

ty

1 1- - +
(99) pla) = av —L+ugoae——urea) s S5 oo 5

for every a € A, where p is an HP-action. Since each HP-action is in bijective correspondence with a pair (¢, d)
where ¢ : A — A is an involution and d : A — A is a ¢-derivation such that d?> = 0 and ¢d = —dp, rewrites as

— p(d(a)) ®

T —gx

2

r + gx
2

pla) :a®1¥+gp(a)®1%g—d(a)®
The main result can be stated in the following way.
THEOREM 1.8. Let A be a finite-dimensional algebra over a field k of characteristic char(k) # 2, then a right
H-comodule algebra structure on A is given by:
l+g -9 (1-g)z

@) =00 0+ o) e 2 f ) e ST — @) ®

(1+g)z
2 )

where

(1) ¢ is an automorphism of A of order o(y) < 2 (i.e. an involution),

(2) d is a @-derivation such that d*> =0 and p(d(a)) = —d(p(a))
or equivalently by:

(1) a Za-grading A=A, @ A_,

(2) a p-derivation d (where ¢ defines the above grading) such that d* =0 and d(Ay) C Ax.

REMARK 1.9. ¢ and d are completely determined once we have fixed ¢(G), ¢(X), d(G) and d(X).

It is now clear that to have a classification of all H-coactions on a finite-dimensional algebra A is equivalent to
have a classification of all the involutions of A and the corresponding skew-derivations satisfying the hypothesis of
Theorem We start by classifying involutions.

2. Involutions: an approach with eigenvalues

From now on we will consider A = Cl(«, 3,7) a four-dimensional Clifford algebra on a fixed field k& with
char(k) # 2. Since we want to determine all the involutions of A, it is convenient to proceed by considering them
as k-linear involutions that satisfy some further conditions. What these conditions are is the content of the next
proposition.

PROPOSITION 2.1. Let A = Cl(«, 8,7) be a Clifford algebra and let ¢ : A — A be a k-linear map. Then ¢ is
an algebra map if, and only if,

(100) p(la) =14
(101) (G)p(G) = a,
(102) P(X)p(X) =B,
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(103) P(G)p(X) = p(GX),
(104) P(G)p(X) + p(X)p(G) = 7.

PROOF. (<= ) If ¢ is an algebra map, clearly — are satisfied.

(=) Since ¢ is k-linear, we need to prove that p(ab) = @(a)p(b) for all a,b € {14,G,X,GX}. Whena =14
this is trivially true, given (L00). Now set a = G. Then for b = 14 we get ¢(G) = ¢(G)p(14) which is again
satisfied, in view of . For b = G we get

(1100} (101)

P(GG) = ap(la) = a = ¢(G)p(G).
For b = X we have

Finally for b = GX we have
p(G-GX) = p(aX)
= ap(X)
P(G)p(G)p(X)
P(G)p(GX).

Now set a = X. Then for b =14 we get p(X) = ¢(X)p(14) which is satisfied, in view of (L00]). For b= G we
have

p(XG) = ¢(y-GX)

B —pex)

= (@)e(x)

= o(x)e(G)
For b = X we have

P(XX) = Bo(la) = 8 = o (X)p(x)
Finally, for b = GX we see that
p(X-GX) = (X -pBG)

Yp(X) — Be(G)

(X)) — p(X)p(X)p(G)
P(X) (v — p(X)p(G))
P(X)p(G)ep(X)
P(X)p(GX).

Set a = GX. Then for b =14 we get o(GX) = o(GX)p(14) which is satisfied, in view of (100). For b = G we
have

p(GX-G) = ¢(nG—-aX)
=  79(GQ) —ap(X)
= 0(0) - o(X)p(@)e(@)
= (7= e(X)p(G)e(G)

=
(e
=

)
P(G)p(X)e(G)
P(GX)p(G).

=
B
&
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For b = X we get

P(GX-X) = Bo(G)
= o(@)e(X)e(x)
= LEx)e(X)
and finally for b = GX we get
S(GX - GX) - p(vGX — ap)
= p(GX)-ap
(07) +(03) vo(GX) — o(@)p(G)p(X)p(X)
B 0(@X) = (@) (y — p(X)e(@))p(X)
= P(G)p(X)p(G)p(X)
P(GX)p(GX)

O

Thanks to Proposition we can determine all k-linear involutions of A and then further impose conditions
(00)- (T04).

Let Invi(A) = {p € Endi(A) | * = Id} be the set of all k-linear involutions of A. We want to determine
the structure of Invy(A) in order to be able to study in detail its subset Invais(A) = {¢ € Endajz(4) | p? = 1d}
which contains algebra involutions. Notice that in both cases the considered morphisms are invertible, i.e. they are
automorphisms. For sake of completeness we prove the following easy result.

PROPOSITION 2.2. For a k-vector space A, a k-linear map ¢ is contained in Invg(A) if, and only if, it is
diagonalizable with eigenvalues —1 and 1.

PROOF. ( = ) Suppose ¢ € Invg(A) and let M, € GL4(k) be its associated matrix. Since p? = Id, also
M2 — I =0 and we have that the minimal polynomial of M,, is either X* —1 = (X —=1)(X +1), X =1 or X +1.
These are all products of distinct linear factors over k, thus M., is diagonalizable and so is ¢. Now it is clear that
if A is an eigenvalue for M, and v # 0 is an associated eigenvector, we have \*v = MZ2v = Iv = v, so that \*> = 1.

( <= ) Suppose that M, is diagonalizable with eigenvalues —1 and 1. Then there exists an invertible matrix
P € GLy(k) such that PM,P~! is diagonal with only —1 and 1 on the diagonal. Then it is clear that

I=(PM,P ") (PM,P~")=PM2P"
which is equivalent to Mi = I, that is p? = Id. O
We can thus identify Invy(A) = {PDP~! | P € GL4(k), D is diagonal, o(D) C {—1,1}}, where o (D) indicates

the spectrum of D. The diagonal matrices in GL4(k) with o(D) C {—1,1} are the following (up to rearrangement
of columns and rows):

1 0 0 O 1 0 0 O 1 0 0 0
01 00 01 0 O 01 0 0
Do=ld=1y 0 1 o= lo o1 o['P2T|o0 -1 o]

0 0 0 1 0 0 0 -1 00 0 -1

1 0 0 0 -1 0 0 0

0 -1 0 0 0 -1 0 0

00 -1 o |P=M=10 o 1 0|

0 O 0 -1 0 0 0 -1

so we can further write Invy(A) = {Id, —Id, PD;P~! | P € GL4(k),i = 1,2,3}. Now we move our attention to

Invaig(A), i.e. we search for the elements ¢ in Invy(A) that respect conditions (100])-(104). Since we want (100]) to
hold, we see that the eigenspace of ¢ relative to the eigenvalue 1 must have dimension at least 1. This immediately
implies that —Id ¢ Invaiz(A). Furthermore suppose that this eigenspace have dimension exactly 1. This means
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that the 3-dimensional space (G, X, GX) coincides with A_, the eigenspace of ¢ relative to the eigenvalue —1, and
s0 —GX = p(GX) = o(G)p(X) = (—G)(—X) = GX, contradiction. Therefore

Invaie(A) C {Id, PD;P~' | P € GLy(k),i = 1,2}.
We deal with each case separately.

2.1. The case D;. Suppose M, = PD;P~! for some P = (p;;) € GL4(k). Clearly P is the matrix whose
column are the eigenvectors of A relative to the eigenvalues of M. Let us denote (¢;;) = Q := P~! and E;; the
matrix with e;; =1 and 0 elsewhere. Then M, = P(I —2E4,)Q = I —2PE4Q. Let ¢ be the k-linear map whose
matrix is P. We notice that

P14941 P14942 P14943 P14444
PELQ = P24441  P24QG42  P24443 P24G44
P34941 P34G42  P34943 P34444
Daaqa1  Paaqa2  Paaqa3  Paaqaa

and that (p14, pas, P34, paa)t = (GX). Therefore we can rewrite PE44Q as
PEuQ = (q¢u¢(GX), qop(GX), 3 (GX), uap(GX)),

provided we interpret a row vector whose coordinates are column vectors as a matrix. Then, if we want (100) to
hold we must have g41¢(GX) = 0, i.e. g41 = 0, since P is invertible and so is .
Now, since M, = I —2PFE44Q, we find ¢(G) = G — 2q42¢(GX) and ¢(G)? = a — 2qu2(GY(GX) + (GX)G) +
43,0 (GX)?, so that (101) is equivalent to
2430 (GX)? — a2 (GY(GX) + 9 (GX)G) = 0.
Similarly one sees that p(X) = X — 2¢43¢(GX) and that is equivalent to
2¢359(GX)? — qu3(X¥(GX) + ¢(GX)X) = 0.
Next
p(G)p(X) = (G — 20229 (GX))(X —2q139(GX)) = GX — 2(qu2t0(GX) X + qu3G(GX)) + 4qa2qa3(GX)°
and
P(X)p(G) = (X = 239 (GX))(G — 2q129(GX)) = XG — 2(qu2XP(GX) + qu3(GX)G) + 4qa2qa3)(GX)?,
while p(GX) = GX — 2quup(GX), so (103) reads
412 (GX)X + qu3GY(GX) — 2412139 (GX)? — quap(GX) = 0
and becomes
40429239 (GX)? — a2 (V(GX) X + X9(GX)) — qu3(GY(GX) +$(GX)G) = 0.
In the end we see that morphism conditions - are equivalent to

(105) qs1 =0
(106) 2329 (GX)? — qu2(GY(GX) + P(GX)G) = 0
(107) 2330(GX)? — qus(X(GX) + P(GX)X) =0
(108) 20420439 (GX)? — quatp(GX) X — qusGY(GX) + quap(GX) = 0
(109) 4120139 (G X)? = qua(P(GX) X + Xp(GX)) — qus(G(GX) + ¢(GX)G) = 0

We now use our results on multiplications as linear maps contained in Appendix [A]to rewrite this set of equa-
tions. In particular we employ the formula for anticommutators contained in Example to simplify (GY(GX) +
P(GX)G) and (X¢(GX) + ¢(GX)X), and the one for squares denoted by to calculate ¥(GX)?. We set
A = p3, + apd, + Bpd, + Yp2apss — aBpi,. Then becomes

A 2ap24 + VP34 0

(110) 202, P24(2p1a + Ypas) | o 2p1a+ypas | _ |0
D34(2p14 + YPaa) 0 0

Pa4(2p14 + YPaa) 0 0
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and similarly (107)) yields

A YP24 + 2Bp34 0
2p14 + YD44) 0 0

111 2 2 p24( o _
(111) Qa3 P34(2p14 + YPa4a) 13 2p14 + VD44 0
Daa(2p14 + YPaa) 0 0

If we suppose (2p14 + ypaa)qaz # 0, then the last three equations of give p3q = 0 = pyq and 2pogqoy = 1.
This is equivalent to ¥(GX) = —2p14qs2 which is a contradiction, since ¥(GX) and 14 = (1) are linearly
independent (¢ is invertible). This shows that (2p14 + ypaa)qaz = 0. We can prove that (2p14 + Ypaa)qas = 0 by
performing analogous steps on . Now assume 2p14 + ypas # 0, so that qu2 = 0 = qq3. Then yields
qaa = 0, since ¥(GX) # 0. This leads to a contradiction, because @ is invertible and it cannot have a zero column.
Therefore we deduce that 2p14 + vypsq = 0.

Now let us consider :

A Bp34 Qapa4 D14 0

P24(2p14 + YPaa) Bpas P14 D24 0
2 — - + =

q42443 p34(2p14 + 7p44) 42 P q43 apas Q44 Daa ol
D44 (2p14 + YD44) D24 P34 D44 0
that is
A Bp3a apay — 3 P44 0
0 Bpas —3Pa4 D24 0
112 2 - _ 2P | _

(112) 442443 0 qa2 | % Paa q43 P qa4 D34 0
0 D24 P34 jom 0

Since QP = I and q41 = 0 we know that posqas + psaqas + paagaa = 1, so the last row of (112)) gives pasqao +

P34q43 = & = paaqas, which also implies pyq # 0 # qa4.
Finally (109) rewrites as

A VP24 + 20p34 20p24 + VP34 0
0 0 0 0
4442943 o | — 2 0 — (43 0 =10
0 0 0 0

Altogether we recover the following set of scalar equations (where we also used the fact that 2pssqaq = 1).

(113) g1 = 0
(114) 2035\ — qa2(Ypsa + 2ap2s) = 0
(115) 2q35A — qus(yp2a + 2Bpsa) = 0
(116) 8qa2qus\ — dapasqas — 48p3aqaa —y = 0
(117) Apoagiy + Yqa3 — 282 = 0
(118) Apsaqyy + Va2 — 20qa3 = 0
(119) 2p24qaz + 2p3aqas = 1
(120) 4G42qa3 N — y(P24qa2 + P34qu3) — 20p24qaz — 2Bp3aqaz = O

First we notice that (120] is equivalent to (116)) thanks to (119)), then we divide (117) and (118)) by 443, # 0 so

to isolate poy and ps4:

q43 — 28q
Ap2aqis + V03 — 2Bqa2 = 0 <= pos = _’74372427
4qiy
Yqa2 — 200q43
4p34qz4 4+ vqa2 — 20qu3 = 0 <= p3s = _T'
14

Substituting into (114) and ((115|) gives
G1o[8¢3s A + (7* — 4aB)] = 0,
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4138¢1A + (V2 — 4ap)] =0,
s0 8¢2, A + (72 — 4a) = 0, because g2 and g3 cannot be zero at the same time (see ) Replacing poy and p3y
with their expression into and yields
aqis + Bais — V442443 = ¢34
and
¢4 A + (v — 4a3)]qazqas = O.
We are thus left with

8¢i4A + (72 —4af) = 0
g = — 283~ 2Bqa2
4q3,
Y942 — 20443
P34 = 74(124
gy + Bais — Vqa2ds3 = dis-

Now we can make use of the explicit expression of A. The first equation is

2[(v* — daB)piy + dap3, + 4Bp3, + 4ypaapsalais + (V2 — 4af) = 0,
that rewrites as
a(yqas — 2Bq42)” + B(vaaz — 20qas)® + v(yaas — 2Bqa2) (vaa2 — 2aqas) + 3(v* — 4aB)q3, =0,
and, after a few calculations,
(v —4aB)aiy =0 < (y* —4af) =0.
We conclude that the only automorphisms in Invais(A) that are similar to D, are given by

—2aq3 2, — 2«
o(G) = 7442 7942443 _ Q43G+ V442 . Q42043 942
2 qu 2q44 2q314 q44
2 2 -9 2
p(X) = 1. 91 | 20 25(142(143 Y9432 : Py v _ 143 1y
2 qu 2q34 2q34 q44
-2 —2a
P(GX) = 2 + V943 5(]42G + Y4942 443 5
2 2q44 2q44
with
7* —4aB =0
2 2 _ 2
aqys + Bia — Vqa2q43 = qaa
qas # 0.

If we define A := Zi—i and B := %, then the involutions similar to D; have matrix

1 A 1B 1

0 2aB2—’yAB WB—QQBAB 7B—22BA

M, = A—2aB 28A—~B A—2aB |’
—2a — —2a
0 2AZ20BA B A 28
0 —-A -B 0
with
v —4aBf =0
aB? + A7 —yAB = 1.

It can be verified by computation (with the help of a software) that any such map is contained in Invaiz(A)
and that the associated decomposition of the space A is explicitly given by
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1 0 -y ol
10 -B B —25A _ | yB—-28A
Ac={lo|"| a | YA —2aB ) A= YA — 2aB )
0 0 2 -2

2.2. The case D>. To study the automorphisms with associated matrix similar to Dy we mimic the steps of
the former case. Suppose M, = PDyP~! for some P = (p;;) € GL4(k). Let us denote (¢;;) = Q := P~! and Ej;
the matrix with e;; = 1 and 0 elsewhere. Then M, = P(I —2E33 — 2F44)Q = I —2PE33Q — 2PFE44Q. Let ¢ be
the k-linear map whose matrix is P. We notice that this time

DP13931 + P14941
D23G31 + P24q41
D33931 + P34G41
D43q31 + P44qa1

PEQ =

P13G32 + P14G42
D23G32 + P24G42
P33932 + D34G42
P43G32 + P44qa2

D13933 + D14G43
DP23q33 + D24G43
P33933 + P34943
DP43933 + D44G43

P13434 + D14q44
D23G34 + D24G44
D33934 + D34G44
P43q434 + D44q44

and that (p13,p2s, P33, pas)’ = (X)), (P14, P24, P34, paa)’ = Y(GX). Therefore we can rewrite PEQ as

PEQ = (¢319(X) + qup(GX), g529(X) + qa2¥(GX), q3390(X) + qust)(GX), q34¥(X) + qaap(G X)),
provided we interpret a row vector whose coordinates are column vectors as a matrix. If we want to hold we
must have g319%(X) + gu(GX) =0, i.e. g31 = qa1 = 0, since P is invertible and so ¥(X) and ¢ (GX) are linearly
independent.

Since and imply ¢(G)? € k 3 p(X)?, we deduce that either ¢(G) and p(X) are elements of the
ground field or their coordinates satisfy 2A; + yA4 = 0 (see Remark . Remember that ¢ is invertible (since it is
an involution) and thus sends linearly independent vectors to linearly independent vectors. This means that ¢(G)
and ¢(X) cannot be contained in k& (which already contains 14 = ¢(14)). We conclude that

(121) 2(p13g32 + P14qa2) + Y(Pa3g32 + paaqae) = 0,
(122) 2(p13q33 + P14qa3) + V(P43¢33 + Paaquz) = 0.

This observation is of fundamental importance for the sequel. In fact let

d114923 — 413921

‘= 432444 — 434942

d11424 — 414921

432443 — 433442
q11922 — q12421

‘= (33944 — 434443

412423 — 413422

= q12424 — q14G22

“EHQEEHTJQE >
I

‘= q13924 — 414923
Then using the well-known expressions for the inverse of a matrix in terms of cofactors, (121]) and (122) rea(ﬂ

(123) 9(BG — DH] — /DE = 0,
(124) 9[FG — DJ] — 7AD = 0,
while P(FEs33 + E44)Q can be written in the following form
0 IDE JAD  FH-BJ
P(Ess + Bu)Q = @ 8 CDBiEAB C]ST;JF ;3ch ’
0 —DE —AD EF — AB

2Again7 a lot of the following rearrangements are best verified with the help of a software.
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so that
det @ —+vDE —vAD 2(BJ — FH)
M. — 1 0 det @ + 2(AB — CD) 2AF 2CF
“ detQ | O —2BE det @ — 2(CD + EF) —2BC
0 2DE 2AD det @ + 2(AB — EF)
Finally, a computation shows that det Q = —AB + CD + EF and thus
—AB + CD + EF —~DE —~vAD 2(BJ — FH)
M. 1 0 AB - CD + EF 2AF 2CF
Y detQ 0 —2BE —AB -CD - EF —2BC
0 2DE 2AD AB + CD - EF
Now we use again the tools developed in Appendix [A] to calculate
1
o(G)e(X) = m[—(vDE)I +(AB-CD+EF)Lg — (2BE)Lx + 2DE)LsLx]o(X) =
—vDE a(AB — CD + EF) — 29BE —28BE —2a8DE —vAD
_ 1 AB - CD + EF +DE 28DE 26BE 2AF _
~ [det Q)2 ( —2BE —2aDE —DE a(AB — CD + EF) — 2'yBE) (AB -CDh- EF)
2DE 2BE AB — CD + EF +DE 2AD

(v? — 403)ADE + 20AF(AB — CD + EF) — 4yABEF + 26BE(AB + CD + EF)
B (YAD — 28DE)(—AB + CD + EF)
T (det Q)2 (YDE — 20AD)(—AB + CD + EF)
4ABEF — (AB — CD + EF)(AB + CD + EF)

It is then clear that (103) is equivalent to

(125)  (y® — 4aB)AD’E + 20AF(AB — CD + EF) — 47ABEF + 26BE(AB + CD + EF) = 2(BJ — FH)(—AB + CD + EF)
(126) (YAD — 28DE)(—AB + CD + EF) = 2CF(—AB + CD + EF)
(127) (YDE — 20AD)(—AB + CD + EF) = —2BC(—AB + CD + EF)
(128) 4ABEF — (AB — CD + EF)(AB + CD + EF) = (AB + CD — EF)(—AB + CD + EF).

It is easy to see that holds trivially. Indeed
4ABEF — (AB + EF)? + C’D? = C?D? - (AB — EF)? < 4ABEF — (AB + EF)? = —(AB — EF)?,
which is an identity. Then, since @ is invertible det @ # 0 and and become
(129) vAD = 2CF + 25DE
(130) vDE = -2BC+ 2aAD.

Now let us focus on (101]). Thanks to (123) we already know that ¢(G)? € k, thus we only need to recall what is
the explicit formulation of its first component (see (262)) and equate it to «:

1
WW —408)D*E? + a(AB — CD + EF)? + 46B’E? — 29yBE(AB — CD + EF)] =
(§
Now we multiply both sides by (det Q)? = (—AB + CD + EF)? and we move everything to the LHS, so to get
0 = (v’ — 4a8)D’E? + o[(AB — CD + EF)®> — (~AB + CD + EF)’] + 46B°E* +

- 27BE(AB — CD + EF)

= (v’ — 4a8)D’E’? 4+ 4aEF(AB — CD) + 46B°E’ — 29yBE(AB — CD + EF)
= (v’ — 4a8)D’E? 4+ 40ABEF — 20DE(yAD — 26DE) + 46B°E* +

- 2yAB’E + YDE(—4DE + 20AD) — 29BE’F

= 2BE(20AF + 23BE — YyAB — 1EF)

Now we perform the same steps for (102)). We need to impose that the first coordinate of ¢(X)? be f3

1
WW —4aB)A’D? + 4aA’F? + 3(AB + CD + EF)’ + 2yAF(AB + CD + EF)] = .
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Again we multiply both sides by (det Q)% and we move everything to the LHS, so to get
0 = (v? — 4a8)A’D? + 40A’F? + B[(AB + CD + EF)? — (~AB + CD + EF)?] +
- 27AF(AB + CD + EF)
= (v* — 4aB)A’D? + 4aA’F® + 43AB(CD + EF) — 2yAF(AB + CD + EF)
~= (v* — 408)A’D? 4 4aA’F? + 26AD(—DE + 20AD) + 46ABEF +
- 2vA’BF — yAD(AD — 23DE) — 2yAEF?
= 2AF(20AF + 26BE — yAB — 1EF)

Finally we make use once again of the machinery on multiplications contained in Appendix [A] to observe that
P(@)e(X) + e(X)p(G) = (Ly(a) + Rye))p(X) =

1
= GGotgp |~ 2/DE) + (AB — CD + EF)(Lg + Rc) ~ (2BE)(Lx + Rx) + (2DE)(LeLx + Rx Re)le(X) =
—+DE a(AB — CD + EF) —vBE I (AB — CD + EF) — 26BE —2a8DE —~AD
B 2 AB - CD + EF 0 0 1(AB - CD + EF) 2AF
T (det Q)2 ( —2BE 0 0 —~vBE ) (AB —CD - EF)
2DE 0 0 ~DE 2AD

0
0

(v? — 4aB)AD’E + 20AF(AB — CD + EF) — 2yABEF + 28BE(AB + CD + EF) — 2[(AB + EF)? — C?D?|
2 0
T (det Q)2 :

so that (104) is equivalent to the first coordinate of this vector being equal to 4. From this we can carry out the
following calculations:

0 = 2(y* — 4a8)AD’E + 40AF(AB — CD + EF) — 4yABEF + 43BE(AB + CD + EF) +
- 7[(AB + EF)? — C*D?] — v(—AB + CD + EF)?
= 2(y* — 4a8)AD’E + 40AF(AB — CD + EF) — 4yABEF + 43BE(AB + CD + EF) +
v[2A?B? + 2E*F? — 2ABCD + 2CDEF]
EI:ED 4 AF(AB + EF) - 4yABEF + 43BE(AB + EF) — 24[A’B? 1 E’F?]
= 2(AB + EF)(20AF + 26BE — yAB — 1EF).

We obtain a result which will be useful in the sequel:

(131) (AB + EF)(20AF + 26BE) = y(AB + EF)2.
We also simplify (125))
0 = (v* — 4a3)AD’E + 20AF(AB — CD + EF) — 4yABEF + 26BE(AB + CD + EF) +

2(BJ — FH)(—AB + CD + EF)
@302 2 _ 4,3)AD’E + 20AF(AB — CD + EF) — 47ABEF + 26BE(AB + CD + EF) +
2(BJ — FH)(- AB + EF) - BC(2FG — 7AD) + CF(2BG — 1DE)
E3:+ED 5, AF(AB + EF) - 4YABEF + 26BE(AB + EF) - 2(BJ — FH)(— AB + EF)
—  (20AF +26BE)(AB + EF) - 4yABEF — 2(BJ - FH)(—AB + EF).

and we use ([131) to conclude that
v(AB + EF)? — 4yABEF — 2(BJ — FH)(—AB + EF) = 0,

that is
[vY(AB — EF) +2(BJ — FH)|(AB — EF) = 0.
In addition
[v(AB — EF) + 2(BJ — FH)|CD = vABCD — vCDEF + 2BCDJ — 2FCDH
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— BC(2DJ + 7AD) — CF(+DE + 2DH)
@B+ HperG - 2BCFG
— Q

so that we have both
[y(AB —EF)+2(BJ-FH)[(AB—EF) = 0

[v(AB — EF) + 2(BJ — FH)|CD

|
=

If v(AB — EF) + 2(BJ — FH) # 0, we get AB — EF = 0 = CD, which in turn implies det Q = 0, contradiction.
Hence we are able to rewrite conditions — in the following equivalent way:
g =0=gsn
2[BG — DH] — vDE = 0,
2[FG —DJ] —~vAD =0,
v(AB —EF) +2(BJ — FH) =0,
~vAD — 2CF — 28DE = 0,
vDE + 2BC — 2a¢AD =0,
BE(20AF + 26BE — vAB — vEF) =0
AF(2aAF + 26BE — vyAB —yEF) =0
(AB + EF)(2aAF + 20BE — yYAB — vEF) =0
Notice that if we assume 2aAF + 26BE — vAB — vEF # 0, then BE = AF = 0 = AB + EF which leads to
immediate contradiction, so in conclusion we are left with
q31 =qu1 =0
2[BG — DH] — vDE = 0,
2[FG — DJ] —yAD =0,
v(AB — EF) +2(BJ — FH) =0,
~vAD — 2CF — 28DE = 0,
vDE + 2BC — 2aAD = 0,
2aAF + 26BE — yAB — vEF = 0.
In particular the map ¢ results associated to a matrix

1 —DE —yAD —+v(AB—EF)
“ABTCD+EF —ABfCD+EF —ABfCD+IEF

0 AB-CD+EF 2AF 2CF
—AB+CD+EF —AB+CD+EF —AB+CD+EF

(132) M, = ;

0 —2BE —AB-CD-EF —2BC
—AB+CD+EF —AB+CD+EF —AB+CD+EF

0 2DE 2AD AB+CD—-EF
—AB+CD+EF —AB+CD+EF —AB+CD+EF

where A, B,C,D,E, F € k satisfy
~vAD — 2CF — 28DE = 0,
vDE + 2BC — 2a¢AD =0,
(133) 20AF + 26BE — yAB — vEF = 0,
—AB + CD + EF # 0.
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Moreover it can be easily checked that a linear map ¢ : A — A whose matrix in the fixed basis (1,G, X, GX)
is (132)) and where A,B,C,D,E,F € k satisfy (133) is contained in Invaje(A).
We conclude that each and every automorphism in Invaie(A) whose matrix is similar to Dy is given by

P6) = —5= (1313 5[ -7DE+ (AB - CD + EF)G - (2BE)X + (2DE)GX]
PX) = —5 éD 5 [-7AD + (2AF)G + (-AB - CD — EF)X + (2AD)GX)
P(GX) = ! [—v(AB — EF) + (2CF)G — (2BC)X + (AB + CD — EF)GX|

—AB + CD + EF
with

vAD — 2CF — 28DE =0

vDE + 2BC — 2aAD =0

20AF + 26BE —vAB —vEF =0

—AB + CD + EF # 0.

The associated decomposition of the space A is explicitly given by

1\ /o0 0 1E
0 F A C .
ac=ol | B A= B G e
0 D 0 -E
and
1\ /0 0\ /1A
0 F 1 0 .
A+:< ol’| =B >7 A—:< ol C >a ifE=0.
0 D 0 —A

As of now, we have a complete classification of the algebra involutions ¢ on a four dimensional Clifford algebra
Cl(a, B,7), gathered with respect to their spectrum. In the next subsection we are going to refine this first
classification, distinguishing between inner and non-inner involutions. This refinement will later help us determine
the class of isomorphic H-coactions of A = Cl(a, 3,7), in the non-semisimple case, i.e. when v2 — 4a8 = 0 (see

Sec. |3 Ch. .

2.3. A refined classification for the case §5. The family of matrices of the form , where coefficients
satisfy , can be split into subfamilies that are easier to deal with. In particular this further subdivision helps
to determine which of the involutions of A are inner, as we will see in the sequel. We proceed as follows.

Notice that can be rewritten as

~D —2F —25D A 0
—2aD 2B D Cl=1|0
20F —vB 0 26B —~F E 0

with the additional condition

(134) —AB + CD + EF # 0.
~D —2F —-24D
Let us call T := —2aD 2B ~D . It is immediate to check that det7 = 0 and therefore

20F —~vB 0 2B —~F
dimy ker 7 > 1.
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2.3.1. Assume dimy ker 7 = 3. This means that 7T is the zero matrix, so B=F =0 =D = aD = gD. Since
D = 0 contradicts (134]), we must have o = =+ = 0 and D # 0. One sees that in this case

1 0 0 0
0 -1 0 0
M, = ,
0 0 -1 0
0 2E 22
c C

with A,C,E € k, C # 0.
2.3.2. Assume dimg ker 7 = 2. Then all 2-by-2 minors of 7 must be 0. This is equivalent to

26B—-—~F =0
2aF —vyB =0
(v* — 4aB8)D = 0.

If we suppose 72 — 4a3 # 0, then we immediately find B = D = F = 0, which contradicts (134]), thus we deduce
7% —4ap = 0.
1 0
If vy =a=p =0, since rank7 = 1, either B 2 0 or F # 0 and ker7 = ({0 ,{0]). We find that
0 1
(A,C,E)' = (A,0,E)", with AB — EF # 0 by (134)). Therefore when v = a = 8 = 0 we find that M, must be of
the form:

1 0 0 0
0 _AB+EF _ 2AF
M. — AB_EF AB_EF
@ 0 2BE AB+EF o |’
AB_EF AB-EF
0 — 2DE __ _2AD -1
AB_EF AB_EF

with A,B,D,E,F € k and AB — EF # 0.
If we assume v = o = 0 and 5 # 0, then B = 0 and again, since rank7 = 1, either F # 0 or D # 0. Then

1 0
ker 7= (|0],[BD|). In this case (A, C,E)! = (A, \8D, —\F) with A\(8D? — F?) # 0 and M, can only be of
0 ~F

the form

1 0 0 0

0 — BD24+F? 2AF 26DF

M. — GDZ2—F2 \(fD?—F2) [DZ_F2
¢ 0 0 —1 0 ’
0 2DF 2AD BD2+F?

" BD?-F? \(BD?-F?) pBD?-F?

with A,D,F, X € k and A\(8D? — F?) # 0.
Similarly, if we suppose v = 0 but a # 0, then 8 = 0, since v — 4a3 = 0, and also F = 0. rank 7 = 1 implies

0 B
either D # 0 or B # 0. In this case ker 7 = (| 0 | , [ aD |), (A, C,E)t = (AB, \aD, E)! with A\(B® — aD?) # 0
1 0
and M,, is of the form
1 0 0 0
0 —1 0 0
M, = 0 — 2BE —B%2—aD? _ _ 2aBD ,
A(—B2%+aD?) —B2+aD? —B2+aD?
0 2DE 2BD B2+aD?
A(—B2+aD?) —B2+aD? —B2+aD?
with B,D,E, X € k and A\(B? — aD?) # 0.
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Finally, if v # 0, then both @ # 0 and § # 0. If B = 0, then F = 0 and D must be non-zero, since

¥ 0
dimy ker 7 = 2. In this case ker T = (| 0 |, [ 1]). We have (A, C,E)! = (\y, C,2A\a)" with CD # 0, by (134).
2c0 0
M, is of the form
2\ A2
0 % ¢ o
M- _
¢ 0 0 -1 0
Da 2X
0 & T 1
with 72 — 4a8 =0, \,C € k and C # 0.
B 0
IfB#0,also F = Zﬁ% # 0 and then ker 7 = (| aD | , | =YD | ). Thus (A, C,E)" = (AB, (Aa — uy)D, 2uB)
0 2B
with (Ay — 4p8)(B? — aD?) # 0. We conclude that M, is of the form
(Ay —4p o
1 2u72BD A2BD —vB2
(4pB—Xv)(aD?*-B?) (4pB—v)(aD?—B?) aD?-B?
0 1— 8uBB2 . AXBB2 ~vBD
M- (@1B—y)(aD?>—B7) @uB—27)(aD?—B7) aD?—B?
¥ 0 447 B2 1 2)yB?2 ___2aBD
(4pB—Xv)(aD?-B?) (4pB—Xv)(aD?-B?) aD?*—B?
0 _ 4pvBD _ 2\yBD aD?+4B?
(4pB—Av)(aD?—-B?) (4pB—Av)(aD?-B?) aD?-B?

when 42 —4a8 =0, D, A\, u € k and (\y — 4p8)(aD? — B?) # 0.
2.3.3. Assume dimy ker 7 = 1. It is not hard to check that

2(vF — 25B)
v= [ (v* —4aB)D | € ker, T
2(2aF — vB)

and that v = 0 is equivalent to rank 7 < 1 (by looking at its 2-by-2 minors). Therefore in our case v is a generator
of ker 7" and we find that M, is of the form

1 27D (yB—2aF) _ 27D (yF—28B) _ v(v2—4ap)D?
4aF2 —4yFB+46B2 (72 —4a3)D2 4aF2 —4yFB+48B24 (72 -4aB)D?2 VT 1aF? 4 FB148B24 (12 —4ap)D2
0 —1-— 4F (yB—2aF) 4F (yF—2BB) 2(y2—4aB8)DF
M., = 4aF2 —4yFB+46B2+ (72 —4a3)D?2 4aF2 —4yFB+43B2+ (72 —4a3)D?2 4aF2 —4yFB+48B2+4 (72 —4aB8)D2
® 0 4B(yB—2aF) _1_ 4B(yF—28B) 2(4a8—~2)BD
4aF2 —4yFB+46B2+ (72 —4aB)D2 4aF2—4yFB+48B2+ (72 —4aB)D?2 40F2—4yFB+48B2+(v2—-4ap3)D?
0 _ 4D (yB—2aF) 4D(yF—28B) 14 2(v?—4aB8)D?
4aF2 —4yFB+46B24 (72 —4aB8)D2 4aF2 —4yFB+43B24 (72 -4aB)D2 4aF2 —4yFB+48B2+ (72 —4a3)D2
where
(135) 4aF? — 4yBF + 48B? + (72 — 4a8)D? # 0.

REMARK 2.3. In this case M, can be rewritten as L,-1R, = (L,) 'R, where a = (yD, —2F, 2B, —2D)’, and
(135)) is equivalent to ask that a be invertible (see Prop . In particular every involution of this form is inner.

The refined classification of involutions we have obtained is contained in Table

2.4. Inner and non-inner involutions. Remark raises the question of whether some of the subfamilies
we have obtained contain inner involutions. To answer to this question we first write the matrix M, of an inner
automorphism in A = Cl(«, 8,7). Let a = (a1, a2, as,as)’ be an invertible element of A. Then

1 _ v(araz—aazaq) Y(a1az+Bazas+vyazas) _ y(ca3+Bai+vyazas)
lal lal la|
0 al—aa3+pBai—apaj _2B(a1aa+azas)+y(a3+Ba]) 2B(a1az+aazas)t+y(aiaz+Baszas)
M, =L, 1R, = la| a la
Pa a 0 2a(a1a4—a2a3)+’y(aai—a§) ar{)+2'ya1a4+aa§—[5a§+('y2—aﬁ)ai —2aa1a2—'yala3—a7a2a4+(2aﬁ—'y2)a3a4
Tal Tl Tal
0 2(ai1az—aazaq) _ 2(a1az+pazastyazaq) af+'ya1a4+aa§+7a2a3+5a§+aﬁai

lal la] lal
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Here |a| = a2 +~a1a4 — aa — yasaz — Ba3 + afa? # 0 as in Proposition If we suppose that ¢, is an involution,
we also have that a=2ba? = ¢Z(b) = b, that is ba® = ab for all b € A. This means that a®> € Z(A4). The Clifford
algebras Cl(a, 8,7) are central (see Thm. , therefore we must have a? € k. By Remark this forces either
a € k or 2a1 + vyag = 0. Clearly a € k means ¢, = Id, while 2a; 4+ ya4 = 0 yields

1 7&4(%(13—}-(1(12) ’ya4(%a2+5a3) + 'y(éfaﬁ)ai
IO R A O
0 —-1-— as(vasz+2aaz) _az(yaz+2Ba3) (20— )azay
(136) M, = la] lal a
o 0 __az(yaz+2aas) _ 1 _ as(yaz+2fas) (2aB—%-)asas ’
la] la] |al
2
_ aa(yas+2aasz) _aa(yas+2Bas) ¢, (20B—%)ai
0 al o 1+ =g

provided |a| = —aa3 — vazas — fa + (Ozﬁ - %) a3 # 0.
The invertibility of a immediately implies that when o = 8 = v = 0, there are no involution of this form (i.e.

there are no inner involutions other than the identity). Next, if « =y = 0 and § # 0, an inner involution must
have matrix

1 0 0 0
0 -1 22 0
M, = 0
0 0 1 0
0 0 28 -1
If we suppose that M, is also in the subfamily
1 0 0 0
0 _ BD?4F? 2AF 28DF
BD2_F2 X(BD?—F2) JBD2—F2
0 0 -1 0 ’
0 2DF 2AD BD24+F?

" BD2-F2 \(BD2-F2) fBD2-F?

by equating the entries in the third row and third column, we get —1 = 1, contradiction. Therefore all the involutions
in this subfamily are non-inner. Similarly when § = v = 0 and a # 0 the entry in the second row and second
column of ([136)) becomes 1 and therefore no member of the subfamily

1 0 0 0
0 -1 0 0
0o — 2BE —-B2-aD? _ 2aBD
A(—B2+aD?) —B2+aD? —B2+aD?
0 2DE 2BD B24+aD?
A(—B2+aD?) —B2+aD? —B2+aD?

can be inner. If v # 0 and 72 — 4a3 = 0, then (136]) becomes

2
__7ras _ _2Bnaq
1 yaz+2Bas yaz2+2Bas v
0 —1+ 2vasz 4Bas 0
M. = vaz+2Bas Yaz+2Bas
o 0 2vas 1+ 4Bag ’
yaz+2Bas yaz+2Bag
0 _ 2vas _ 4Bas 1
yaz+2Basz yaz+2Bas
2 2
with 0 # |a| = — (WB'Z‘*”) =— (szﬁﬁ )" We immediately deduce that all involutions with matrix
2 ay A2
L -~ <& 0
0 -1 0 0
0 0 —1 0
0 e 22y

C C
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are non-inner. Finally, looking at the last column, we see that an element of the subfamily

1 2uv2BD Av?BD —~B?
(4pB—2v)(aD?-B?) (4uB—Xv)(aD?*~B?) aD?-B?

0 1 8u3B2 . AXBB? ~+BD
(4pB—Xv)(aD?-B?) (4pB—Xv)(aD?-B?) aD?-B?

0 4p~yB? 1+ 2\yB? __2aBD
(4pB—Xv)(aD?-B?) (4pB—Xv)(aD?-B?) oaD?—B?

0 o 4pyBD _ 2\yBD aD?4B?
(4pB—Av)(aD?-B?) (4uB—Av)(aD?-B?) aD?-B?

is an inner morphism only if D = 0 (remember that for an element in this family «, 8,7, B are all non-zero), i.e.
only if it is of the form

1 0 0 ol
_ 8up 4rB
0 1+ dpf—Ay 4pf—Ay
0 _ 4wy 1 2y ’
Apf—Ay Apf—Ay
0 0 0 -1
with Ay — 4upB # 0. Then equality
’y2a _ _2B~a
1 0 0 Y 1 _'ya2+246a3 'ya2+2/;’1a3 7
0 —1+ 8up ANB 0 0 + 2vas 4Bas 0
(137) 4pB—Ay dpB—Ay — Yaz+2Bas vaz+28as
0 _ 4py 11— 2y 0 0 2vas 1 4Bas 0
0 4#8*>\’Y dpB—Ay 1 'ya22+2ﬂa3 +4’%¢12+2ﬁa3
_ Yaq aq _
0 Yyaz+2Baz yaz+2Ba3 1
forces ag = 0. If =0, (137)) gives
1 0 0 v 1 02 , 50 ¥
48 ya a
0 -1 Y 0 _ 0 +2’ya2+2§3a3 VG2+22853 0
_ 2vas _ __4Baz )
0 0 1 0 0 ~aat20as 14 ~as-t2fas 0
0 0 0 -1 0 -1
which immediately leads to contradiction. Hence pu # 0 and from (137)) we obtain
8us 2vag Ay
A=y T2 ag = ———ay.
4B — My yag + 2Pa3 ST sup
Now ([137)) becomes
_ 8 arB _ 848 16,3
0 L+ TuB— v AuB—Ny 0 _ 0 1+ dpp—Ay Y(4pB—Av) 0
0 _ Ay 1- -2 0 - 1 2\ o |’
dpB—Ay dpB—Ay B(4uB—Ay) dpf—Ay
0 0 0 -1 0 0 0 -1
that is
2
A\5 = 16;15—
Jye = Ay =4pup,

and this is again a contradiction. We conclude that also the last subfamily of involutions contains no inner mor-
phisms. For sake of completeness we point out that §y = Id 4 is clearly an inner involution, while any involution
with matrix of type F; is non-inner, since det§; = (—1)> = —1 and inner morphisms have determinant 1, by
Proposition [0.6}

The following table contains the refined classification of involutions on A = Cl(«, 8,7).
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Family Matrix My, of ¢ Conditions Inner
1 0 0 O
0O 1 0 O
So M, = =1Ida Yes
0O 0 1 0
0 0 0 1
ol o v
1 A 3B 2
2aB—~A vyB—28A vB—28A 2 _
1 M, = 0 2 B z B 2 7" —4af =0 Never
0 ’yA;QaBA 2BA;7BA ’yA;QaB QBQ + BAQ _ ’)/AB =1
0 —A -B 0
1 0 0 0
0 —1 0 0 o= == 0
M, = Never
0 0 -1 0 C#0
2E  2A
0 T € 1
1 0 0 0
0 _AB+EF _ _2AF 0 a=8=~v=0
M, = AB—EF AB-EF v Never
0 2BE AB+EF 0 AB-—EF #£0
AB-EF AB-EF
0 ___2DE __2AD 1
AB-EF AB-EF
1 0 0 0
BD24F2 AF 28DF —
M 0 T BDZ_F2 N(BD2—F2) BD2_F2 y=a=0,8#0 N
o = 9 9 ever
0 0 -1 0 A(BD* —F<) #0
0 __2DF 2AD BD24F?
BD2—F2 X(BD2—F2?) pBD2-F2
1 0 0 0
Fo v 0 -1 0 0 y=8=0,a#0 N
Tl — 2BE —B?-aD? _ _ 2aBD MaD2 —B2) £0 ever
A(—B2+aD?) —B2+aD? —B2+aD?
0 2DE 2BD B24aD?
A(—B2+aD?2) —B2+aD? —B2+aD?
2 ay )\72
I - & 0
0 -1 0 0 v#0,v2 —4aB =0
M, = 707 Never
0 0 -1 0 C#0
4x 22
- -
1 2uv?BD Av?BD —vB2
(4pB—X2v)(aD2-B2) (4pB—27)(aD2-B?) aD2-B2
8uBB? 428B2 +vBD 2 _
v = |0 T T @A ebTBY T @) (ab?-BY) aDZ-B? #0797 —4af =0 Never
L 4p~yB2 2)yB? 2aBD Ay —4 D2 -B2)£0
0 (4uB—X~)(aD2-B2) -1+ (4uB—2v)(aD2-B2)  aD2-B2 (A UG ) #
0 _ 4uyBD _ 22vBD aD?24+B2
(4pB—xrv)(aD2-B2) (4pB—Xv)(aD2-B2) aD?-B2
a = (yD, —2F, 2B, —2D)*
My, =L,-1Ra Always

lal #0

TABLE 2. Involutions in A = Cl(a, 8,7).
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3. Skew-derivations anticommuting with involutions

The aim of this section is to find all possible ¢-derivations d that anticommute with a fixed involution ¢ and
such that d? = 0. d is a @-derivation if and only if d(ab) = d(a)b + ¢(a)d(b) for every a,b € A, but we can
dramatically reduce the number of instances to verify.

PROPOSITION 3.1. Let A = Cl(a, B,7) be a Clifford algebra, let ¢ : A — A be a fixed algebra morphism and let
d:A— A be a k-linear map. Then d is a p-derivation if, and only if,

(138) d(la) = 0,
(139) d(G)G+ ¢(G)d(G) = 0,
(140) d(X)X+<p( )d(X) = 0,
(141) d(GX) —d(G)X — p(G)d(X) = 0,
(142) dG)X + p(G)d(X) + ( )G+<p( )d(G) = 0.

PROOF. (<) Assume d is a @-derivation. Then are easily verified.

( = ) Assume (138)-(142) hold. Since d is k- hnear we need to prove that d(ab) = d(a)b + @(a)d(b) for
all a,b € {14,G, X, GX} When a = 14 this is trivially true, given ) and | - Assume a = G, then
(1138), and guarantee that the formula holds respectively for b = 17 G, X. We only need to show that
d(G-GX)=d(G)GX + ¢(G)d(GX). We have

dQ)GX + o(@)d(GX) = d(@)GX + p(R)d(G)X + o(G)p(G)d(X)

)
(d(G)G + p(G)d(G))X + ¢(G)*d(X)
ad(X)
d(aX)
= d(G-GX).

(139

Let a = X. For b = 1 we get d(X) = d(X)1a + ¢(X)d(1) =" d(X). For b = G we need to prove that
d(XG) =d(X)G + o(X)d(G):

AXG) = dy-GX)

d(v) - d(GX)
—d(GX)

—d(G)X — ¢(G)d(X)
A(X)G + o(X)d(G).

RN
[ERERER
g e g

For b = GX, we find
d(X)GX + p(X)d(GX)

N ENE
QU
>
Q
>
+
5
>
=
Q
=
+
S}
8
5=
>

=
TR ||E
Q.

= d(X(y- XG)

Finally let @ = GX. For b = 1 we have d(GX) = d(GX)14 + o(GX)d(Ly) & a(Gx).
For b = G we have

d(GX)G + ¢(GX)d(G) d(G)XG + o(G)d(X)G + o(G)p(X)d(G)
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d(G)XG + o(G)(—d(G)X — p(G)d(X))
(G)XG = p(G)d(G)X — ad(X)
d(G)XG + d(G)GX — ad(X)
7d(G) - ad(X)

d(vG — aX)

d(G(V GX))

= d(GX Q).

=
I ||§

B
=
QU

For b= X,

d(GX)X + p(GX)d(X) d(G) X% + p(G)d(X)X + o(G)p(X)d(X)

Bd(G) + (G)(d(X)X + ¢(X)d(X))

=
I ||E

=
N
=)

Il
2L ™
QU
—

and finally, for b = GX,

[E
=
D
>
@D
>
_|_
5
()
s
=

d(GX)GX + p(GX)d(GX) G)X + p(G)d(X))
(=d(X)G — o(X)d(G))
XG = Bp(G)d(G)

(X)
AGX)GX + o(Q)d(X)XG + Bd(G)G
d(GX (X)XG+d(G)XXG
d(GX)GX + d(GX)XG
d(GX)
d(vGX — ap)
d(G(y - GX)X)
d(GX - GX)

= =]
[EQE
[e) [\

d(GX

=
W)
=]

=
I ||g I

e
)

O

Since we have split all elements of Invajg(A) into three families according to their spectrum, we will treat each
case picking a representative for each family and then discuss their form depending on the involved coefficients.

3.1. The case Id. Clearly if we want d o Id 4+ Id o d = 0, then the only possible choice for d is the trivial one
d=0.

3.2. The case D;. Consider all involutions ¢ whose matrix is similar to D;. This means that there is an
invertible matrix P such that M, = PD;P~! (where M, is the matrix of ¢ with respect to the canonical basis
(1,G,X,GX)). We have seen in the previous section that P has to be of the form

1 0 - g
0 - B yB—-23A ~B-25A
0 A ~YA-2a0B ~A —-2aB
0 0 2 —2

with A, B € k, satisfying the following conditions

v —4aB =0
oB? + fA? —yAB = 1.

P =

(143)
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Suppose to know all possible matrices A such that AD; + D1A = 0. Then it is clear that the anticommuting
-derivation we are looking for will have matrix A with respect to the eigenbasis for M, and therefore their matrix
with respect to the canonical basis will be PAP~!. It is convenient to look at D; in block form: D; = 3 1)
where I,, denotes the identity matrix of order n and blank entries are suitable sets of zeros. Then, if we partion A

1 2
accordingly A = (A A

A3 A44)’ we can easily calculate

2A!
ADi+ DA = < —2A44) ’

2
so that we immediately see that A must be of the form A = A3 A , where again blanks denote zeros. Done
with anticommutativity we can proceed with conditions of Proposition (1138) yields
1 0
o 0
d(l) =0 < AP ol = 1o <~ A4y =0.
0 0

By employing the tools of Appendix [Al(139) can be rewritten as (Rg + Ly(c))PAP~(0,1,0,0) = (0,0,0,0)*. We
rearrange things using Proposition since ¢ € Invag(A):

0 0

0 0
_ 1 0 | Remark 03 _ 1 0l A 1; Pt
(Rg + Ly())PAP™! ol =10 £ (Rg + M,LgM,)PAP™? ol =10 e =
0 0 0 0
0 0 0 0
(D1P™'Rg + P 'LgM,)PAP™! é = 8 <= (DP'RgP+ P 'LgPD)AP™! (1) = 8
0 0 0 0
The term (D1 P *RgP + P~'LgPD;) can be easily calculated to be
0 YA —-2aB 0 O
1 1 YA — 2aB 0 0 0
DiP'RgP 4+ P 'LgPD, = =T
-4 0 0 0
A
0 -5 00
Then
0 0 A3 A(2B—A)  AB(2B—A) AA(2B—A) 0 Az A(2B—1A)
1 1 1 1
1 0 AuA(EB—A) ALBEB—A) AuARB—A) | |4 AA(2B-~A)
-1 _ 1 1 1 _ 1
TAP - NV AL AB AuA o AggA2
0 0 léé 148 184 0 llé
0 0 AgyAZ Ay AB Agy A 0 Ayy A

8 8 8 8

In particular we must have A1sA% = 0 = Agy A2 If one performs similar calculations starting from (140)), it can
be shown that also A14B? = 0 = AyB?. If we suppose Ay # 0 # Aoy, then A = B = 0, but this is clearly a
contradiction (see (143))), thus A4 = Agy = 0. Observe that now both (139) and ((140]) result verified. Now let us
rewrite (142)):

d(G)X + ¢(G)d(X) + d(X)G + ¢(X)d(G) =0 —>
0 0 0
a1 1|0 0
= (Rx + Lyx))PAP™H | o | + (R + Ly))PAP™H | [ = | /| »
0 0 0
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or equivalently, by applying D1 P! on the left,

(144) (D1P'RxP + P 'LxP)AP™! +(D1P7'RgP + P 'LgPDy)AP™

= o O

0
0
0
0

(e )
[an

Once checked that (D;P"'RxP + P 'LxPD;)A and (D;P~'RgP + P 'LgPD;)A are both the zero matrix, it
follows that (142) is trivially satisfied. Finally we consider (141]), which can be rewritten as

0 0 0
D;AP7! 8 =D, P 'RxyPAP! (1) + P 'LaPDAPT! (1)
1 0 0
Explicitly we find
0 0
0 0
_ Ay | T | Aza |
Al A
4 4

which implies Agy = Az = 0. It follows that A%2 = 0. With the help of a computer software it is not difficult to

check that these necessary conditions are also sufficient for d to be a ¢-derivation such that d?> = 0 and dyp = —¢d.
We can conclude that all the ¢-derivations we are looking for, are given by matrices
0 ’YA42 'yA—22aB ’YA42 2[3A2—’yB 0
— 0 —’7A42 —2ﬁA42 0
PAP™! =
0 204A42 ’}/A42 0]’
0 Agp(20B—-vA) Ap(yB-2B8A) 0

where Ay € k and

v? —4af =0
oB? + fA? —yAB = 1.
We have
A - 20B
d(G) = 7A4Q% — YALpG + 200X + A42(2aB — ’yA)GX
28A — B
d(X) = 7A4Qﬁ% — 280456 + 7Ag X + Agp(7B — 28A)GX

d(GX)=d(1) =0,
while the image of the eigenbasis is given by
VA2
Agp(vB —28A)
A42 (’}/A — 2aB)
—2A40

PAP7'P = PA =

o O oo
o O oo
o O o O

REMARK 3.2. Since A_ is the space generated by the last column of P, we immediately see that d(A_) = {0}.

3.3. The case D,. In this case, unfortunately, the form of the change-of-basis matrix P depends on the
invertibility of E. Recall that

1 0 0 IE 1 0 0 ZA
0o F A C|. 0o F 1 0 .

P= 0 -B -E 0 ifE#0 and P = 0 B 0 C if E=0,
0 D 0 -E 0 D 0 -A
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where involved coefficients need to satisfy

~vAD — 2CF — 26DE =0

vDE + 2BC — 2aAD =0

20AF + 26BE —vAB —vEF =0
—AB + CD + EF # 0.

(145)

If again we denote by A the matrix of skew-derivation d with respect to the eigenbasis of M, there is a first
simplification that can be carried out both when E # 0 and E = 0. Since we want to find all possible matrices A

1 2
such that ADy 4+ DA = 0, we write Dy = <I2 > and partition A accordingly A = (A A > Notice that

—1I A3 Al
in this case each block A’ is of order 2. We find

2A1
AD? + DQA = ( _2A4> )

2
so that A = <A3 A ) If we impose (138]):

0
< 0 =
Az

A41

d(1) =0 <= AP}

oo o~
\
coc oo
coc oo

we can conclude that also Az; = Ay; = 0. As already pointed out, this is true both when E # 0 and E = 0, but to
further proceed we need to discuss the two cases separately. For sake of clarity we display the present form of A
and A? which will be needed in the sequel

. 0 0 A23 A24
(146) A= 0 As 0 0 ,
0 Ay 0 0

0 A3Asz0+ A1gAyo 0 0

0 Ag3Ass + AgsA 0 0
147 AQ — 2332 248342
(147) 0 0 Ao3Azs AgsAszy

0 0 AVEVAVERRVACYPAVY!

3.3.1. Assume E # 0. We take a look at (147) and see that d?> = 0 forces Ag3Azs = 0 = Ag3Ays. Let us
suppose Agz # 0. Then Azy = 0 = Ay and d? = 0 is guaranteed. Since (139)) explicitly becomes

0 0

PDs(DyP~'RGP + P~ 'LgPDy)AP™!

OO =

0
0 )
0

then d(G)G + ¢(G)d(G) = 0 if, and only if, the second column of (DaP~'RgP + P~ 1L PD;)AP™! has every
entry equal to 0. Focusing our attention on the third and fourth entries of this column we see that we need

20[D(A23B — A24D) o
(148) E(_ABCD +EF) _

2B(A23B — AyyD
(149) (Ags 24D) I
E(-AB + CD + EF)
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Let us suppose B # 0. Then (149) implies AgzB — AgyD = 0. By applying Do P~! on the left, (142)) can be

rewritten as

(150) (DyP7'RxP + P 'LxP)AP™! + (DaP 'RgP + P 'LoPDy)AP™!

o o= O
o= O O
O O OO

The equation involving the last entries is
A2 (ABD + DEF) — Ay3(BCD + 2BEF) = 0,
i.efl
Ay3B(AB — EF — CD) = 0.
This is clearly a contradiction since none of the factors involved can be zero (cf. ) Therefore we deduce that

our assumption is wrong and we necessarily have B = 0. Consequently the last entry of (150 becomes %

and we get the necessary condition AyyDF = 0. If we suppose F # 0, then AyyD = 0. By applying Do P~! on the
left, (140) can be rewritten as

0 0
(DaP'RxP + P 'LxP)AP! ? = 8
0 0
The last of this four equations is
A23F
7 =0,
E

which gives a contradiction. As a consequence F = 0. The last equation in (145)) gives C # 0 # D, therefore ((148))
becomes a«Agy = 0. If we suppose « # 0, then Agy = 0 and the third entry in (150]) reads
Ag3D
(0% EQ;, _ O,
which again gives a contradiction. Therefore we must have o = 0 and the second equation of (145]) gives v = 0,
while the first reduces to 5 = 0. (139) becomes equivalent to A1y = 0 and (142)) to A3 = 0.
So, whenever E # 0 and

2

B=F=0
C#A£0#D
a=0=7=0
there is a family of ¢-derivation with matrix of the form
0 0 0 0
e
0 AgéD D(Awé;:mgc) 0

with A24, A23 ek
Now assume Agy # 0. Then again d? = 0 forces Azy = 0 = Ay (see (147). As in the previous case, we find that

(139)) is satisfied only if (148]) and (149) are. Again, let us suppose B # 0. Then ([149)) implies Ay3B — AyyD =0
and ([142) rewrites as (150). The equation involving the last entries is

A4 (ABD + DEF) — Ay (BCD + 2BEF) = 0,

i.e.
AyyD(AB — CD — EF) =0,

3by using Ag3B — AgyD =0
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which forces D = 0. Ag3B — AgyD = 0 yields Asz = 0 and (|145]) implies C = 0. (139) becomes equivalent to

ie. A1z =0, while (141]) rewrites

0 0

that gives a contradiction since Aoy # 0 # B. This shows that the assumption B # 0 is wrong, hence B = 0. Again

the last entry of ((150) becomes % and we get the necessary condition DF = 0. If we suppose F # 0, then

D = 0 and ([145)) yields also C = 0. (140} becomes

_ 7yAxF
E

_ AjzA
2 E’F

0

—2AyF

o o o o

which forces Ags = 0. Consequently (150) becomes equivalent to A1 = 0 and finally (141)) boils down to

>
=

1

e < m‘l? m‘
=

0
0
ol
0

which gives a contradiction, since Agy # 0 # F. This shows that the assumption F # 0 is wrong and therefore
F = 0. The last equation in gives C # 0 # D, thus ([148)) becomes aAgy = 0, i.e. a = 0. The second equation
of gives v = 0, while the first reduces to 8 = 0. ecomes equivalent to A4 = 0 and to A3 = 0.
Notice that this family of ¢-derivations coincides with the one we have already found.

Finally if Aoz =0 = Aoy, is equivalent to
2A13B — 2A14D — 2A5,CE — Ays(2aA — yE)E =0
{ v(A13BD — AjyD? — A3,CDE — A, BCE) = 0.
If we substitute 2A13B = 2A14D 4 2A3,CE + A2 (2aA — vE)E in the second equation, we find
YAg[(20A — vE)D — 2BC] = 0,
which is true, in view of . Therefore
(139) <= 2A13B = 2A14D + 2A3,CE + Ays(2aA — yE)E.

The matrix of d is of the form

0 YALE2Z—2A13B4+2A14D  yA4LAE?—2A3EF+2A1,AD—2A3CD A4, CE?—2A,EF+2A1,AB—2A,3BC

2(—AB+CD+EF) 2E(—AB+CD+EF) 2E(—AB+CD+EF)
0 —E(A42C+AzA) A (A4 C+AzA) C(A42C+A3:A)
PAP-! — AB-CD_EF AB-CD-EF AB-CD-EF
0 A3 E? A3 AE A3,CE ’
AB-CD-EF AB_CD-EF AB_CD-EF
0 Ay E? ApAE A4 CE

AB-CD—-EF AB-CD-EF AB-CD-EF
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thus, if we substitute 2A13B = 2A14D + 2A35,CE + Ay (20A — vE)E we find

0 E[A42(QA—7E)+A320] 7A42AE2—2A13EF+2A14AD—2A13CD ’YA4QCE—A3202—O(A42AC _ Aqg
AB-CD-EF 2E(—AB+CD+EF) —AB+CD+EF E
O —E(A4QC+A32A) A(A420+A32A) C(A4QC+A32A)
PAPil _ AB-CD—-EF AB-CD—-EF AB-CD-EF
AgoE? As2AE A3>CE
0 9328 3ol ___Ss3ab
AB—-CD-EF AB—-CD-EF AB-CD-EF
AgpE? A AE A4 CE
0 ___S94oly __SdaAly AL -
AB—-CD-EF AB—-CD-EF AB-CD-EF

Now (140) explicitly reads

_____abmr
2(AB—CD—EF)?

FII
(AB—CD—-EF)?
BII
(AB—CD-EF)?2
DI
(AB—CD-EF)?

where IT = —2A,3(DC + EF) 4+ 2A1,AD + 2A3, ACE 4 A5 (2C? — 26E? + yAE)E. Since II # 0 forces B=D =
F = 0 (that is a contradiction in view of (145))) then IT = 0. If we use 2A;3(DC + EF) = 2A;,AD + 2A3,ACE +
A4 (2C? — 28E? + yAE)E for the entries of the matrix of d we get

o o o O

E[A42(0A—vE)+A3:C]  A42(C?—BE*)+A3AC yA;CE-A3C2—aApAC Ay

0 AB-CD-EF AB-CD-EF —AB+CD+EF E
0 —E(A42C+A32A) —A(A412C+A32A) C(A42C+A32A)
PAP_l _ AB-CD-EF AB-CD-EF AB-CD-EF
0 Az E? A3 AE A3>CE
AB—-CD-EF AB—-CD-EF AB-CD-EF
0 __ApE? ___ApAE __ApCE
AB-CD-EF AB-CD-EF AB-CD-EF

Now we calculate d(G)X + ¢(G)d(X) and we get

(A42C+A3z2A) (@ A—~E)+BA3E?
AB—CD—EF
C(A42 C+A32A)

AB-CD-EF

A3>CE
AB—-CD-EF

A42 CE
AB—CD—EF

RxPAP™! + PDyP 'APDy P!

o o = O
o= O O

and therefore we conclude that d must have matrix of the form

E[A12(aA—vE)+A3:C]  Ag(C2—BE?)+A3AC  (A42C+A32A)(cA—E)+ A3 E?

0 AB-CD-EF AB-CD-EF AB-CD-EF

O 7E(A4QC+A32A) 7A(A42C+A32A) C(A4QC+A32A)
PAP*I — AB—-CD-EF AB-CD-EF AB-CD-EF
0 __ApE? __AgpAE __A3CE
AB-CD-EF AB-CD-EF AB-CD-EF
0 __ApE? __ApAE __ApCE
AB-CD-EF AB-CD-EF AB-CD-EF

with A, B,C,D,E,F,«, 3,7, A3z, Ayo € k satisfying (145). One checks by computation that condition d? = 0 is
automatically satisfied.

3.3.2. Assume E = 0. In this case (145)) becomes

~AD — 2CF = 0

BC-aAD =0
YB —2aF =0
AB - CD #0.

(151)
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Once again, if we write (139)) explicitly we have

0 0
PDy(DyP 'RGP + P 'LoPDy)AP™! é = 8 ,
0 0
which is equivalent to
0 0
(DsP~ RGP + P~'LePDy) AP (1) _ 8
0 0
The LHS is easily calculated:
0 0
(DaP7'RgP + P 'LgPDy)AP™! Lo 0
2 G GH 2 ol ~ As3(2BCF—CD?+yABD—20ADF)
- AB-CD
0 2A03(aD?—B?)
T AB-CD

(1139) is thus equivalent to
’yAggD(CD - AB) =0
(152) .,
AQS(QD - B ) =0.
Suppose Aoz # 0. Again d? = 0 implies Azy = 0 = Agy (see (T47)). Moreover (152)) gives aD? — B? = 0. If

(151)
B # 0, then 0 B(AB - CD) = AB> - BCD AB? — aAD? = A(B? — aD?) = 0, contradiction. This

means that B = 0. The last condition in (151)) implies C # 0 # D and consequently (152]) forces « = 0 = . Now
the first equation in (151)) gives F = 0. (142) is again equivalent to (150]), which explicitly reads

0

2A13A
CD

—28A93D
0

o o o o

This immediately implies 8 = 0. Finally (141) reads

0 0 0 0
110 11 1 4]0 0
PAP ol — RxPAP ol ~ PDyP~"APDyP =10l
1 0 0 0
that is
0 0
o
0 0
Therefore A1z =0 = Aqy4.
So, whenever
B=F=0
C#A0#D
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there is a family of ¢-derivation with matrix of the form

0 0 0 0
0 0 0 0
-1 _
PAPT =19 o 0o o}’
0 ApD 2zB o

with Agg, Ngy € k.
Now suppose Agy # 0. Again d? = 0 forces Az = 0 = Ayp. (139) is still equivalent to (152)). If B # 0, then

(151) 5
0 ? B(AB - CD) = AB> - BCD AB? — aAD? = A(B? — aD?), and therefore A # 0 # B? — aD?. (151)
forces Agz = 0, while (142)), being equivalent to (150]), boils down to

2A,3CF
AB-CD
_ 2A13A
AB-CD
_ A34,CD(yD*—2BF)
(AB—CD)?
2A2,D(aD?*—B?)
(AB—CD)?

From this we get Aj3 =0 = D. From (151)) we get also C = 0. Then (141]) becomes

o o o o

_Aig
A

0
0

A

0 0

which gives a contradiction, since Aoy # 0 # B. This shows that the inital assumption B # 0 is wrong and therefore
that B = 0. The last condition in (151 gives C # 0 # D. Now suppose F # 0. Then (151) forces @ = 0. By
applying Do P~! on the left, (140 can be rewritten as

(DaP~'RxP + P 'LxP)AP™!

o= O O
o O O O

The last of this four equations is
vAgD 0
— =
C
and so we must have v = 0. The first equation in (151]) becomes CF = 0, which is a contradiction. This shows that
the assumption F # 0 was wrong and therefore that F = 0. (140) yields

0 0

DR 0
—2882D 0
0

)

YA24D
C2

so that 8 =0 =1~. (142)) reads

2A13A
CD

204A24D
C2
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and we conclude that o = 0. Finally (141]) yields Aj3 = 0 = A14. Notice that this family of ¢-derivations coincides
with the one we have already found.

If Aoz =0 = Agy, (139) is trivially satisfied. (142), being equivalent to (150)), reads

If we suppose

(153)

7AD(70¢A42A2+A13(AB*CD)+A4QC2)

(AB—CD)?

72A(faA42A2+A13(AchD)+A4QCz

(AB—CD)?
0

0

o o o o

—aApA? + Aj3(AB — CD) 4+ A4, C? £ 0,
then A = 0. (151)) yields B=0=F and C # 0 # D and consequently (141) becomes

0
Ay Ajzo
C + D
Ay C
5= — Agg

0

that forces A3 = %. Observe that (153 changes into
—A13CD + A, C? £ 0,

that is A3 # %. This means that (153]) gives rise to a contradiction. Hence we must have

The matrix of d is of the

PAP! =

form
0 Ajg
0
0 0
0 0

_ YA 42 A? —2A13AF+2A14,D

o O O O

_ 2A14B—2A13CF+~vA4,AC

therefore, if we substitute the value of A1z and we use (151)), we get

Now ((140]) becomes

PAP ! =

0

o O

2(AB-CD) 2(AB—CD)
7A32A. 7A32C
AB-CD AB-CD
—A4;AC — Ay C?
AB-CD AB-CD
Ay A® AypAC
AB-CD AB-CD
Agpp(aA’-C?)  _ AD __Au4B
AB-CD AB-CD AB-CD
0 7A32A 7A320
AB-CD AB-CD
0 —A4pAC — Ay C? ’
AB-CD AB-CD
0 Ay A2 Ay AC
AB-CD AB-CD
o 7AD(A32C+A14D) 0
(AB—CD)?
9AF(A355C+A14D) 0
(AB—CD)? _
_2 AB(A32C+A14D) O
(AB—CD)?
2AD(A320+A14D) 0
(AB—CD)?

Suppose A3z2C + A4D # 0. Then AB = AD = AF = 0 which, in view of (151)), yields A = 0. Again (151]) forces

F=0=Band C#0#D.



3. SKEW-DERIVATIONS ANTICOMMUTING WITH INVOLUTIONS 59

(141)) becomes
0
A A
T+t
A4C
5= — A

0

\
o o o o

which gives rise to a contradiction. This means that A3 C+ A14D = 0. By usign A14D = —A35C into the explicit
expression of PAP~! we obtain

0 Aw(aA’-C?%) AspC  __AuB
AB—CD AB-CD AB-CD
0 0 —Azx A —A3,C
PAP1 — AB—-CD AB-CD
0 0 —A4AC — Ay C?
AB-CD AB-CD
0 0 Ay A2 Ay AC

AB-CD AB-CD

Finally, we calculate d(G)X + ¢(G)d(X):

aAng

AB-CD

PAP_l — AB-CD

— Ay C?

AB-CD

A42AC

AB-CD

We conclude that d has matrix of the form

0 Agz(aA®—C?) A3, C algs A
AB-CD AB-CD AB-CD
0 0 —A32A —A3C
PAp*l — AB-CD AB-CD
0 0 —ApAC —A4CP
AB-CD AB-CD
0 0 Ay A2 A4 AC

AB-CD AB-CD

with A;B,C,D,F, «, 8,7, Ass, Ayo satisfying (151)).

3.4. Recapitulation. We have seen that if Az # 0 or Aoy # 0, then this forces d to be of a very specific
form. Namely if

B=F=0
C#0+#D

then there are admissible skew-derivations with matrix of the form

0 0 0 0 o 0 0 0
0 0 0 0

par= =0 o 0 ol tB£0 wma Pap=|0 0 0P| iE=0
0 A2é1D D(AMéEA%C) 0 0 AgD AQ(%D 0

If both Aoz and Agy are zero, then the coefficients defining d need to obey (145) and we see that admissible
skew-derivations have matrix of the form
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E[A42(QA*7E)+A320] A42(027BE2)+A32AC (A4QC+A32A)(aA*’YE)+BA32E2

0 AB-CD-EF AB-CD-EF AB-CD-EF
0 7E(A420+A32A) 7A(A4QC+A32A) C(A4QC+A32A)
PAP-! — AB;C]}:;;EF AB;CE};EF AB;C](Z:)I;EF JIfE#£0
0 32 32 32
AB—CD-EF AB—_CD-EF AB-CD-EF
0 __ApE? ___ApAE __ApCE
AB—CD-EF AB—-CD-EF AB-CD-EF
and
0 Ayz(aA®-C?) A3, C alg A
AB—CD AB-CD AB-CD
0 0 ABSD AB oD
PAP! = B =D, ifE=0.
0 0 7A42AC 7A4QC
AB-CD AB-CD
0 0 Ay A2 Ay AC

AB-CD AB-CD

Now that we have a full classification of the pairs (¢, d) of involutions and skew-derivations such that d? = 0 and
dy = —pd, by means of Theorem we also have a comprehensive list of H-coactions on A = Cl(a, 8,7). In the
next chapter we will describe some applications, among which are a couple of theorems that answer to Questions [6.0]
and Before we display a summarising table and we turn our attention to much harder calculation let us show
a straightforward result: we can easily determine the space of coinvariants of each coaction, by simply looking at
the eigenspace A4 of ¢ and at the kernel of d.

4. The space of coinvariants

We recall that given an H-comodule algebra A with structure p: A — A ® H, then the space of coinvariants
Ac°fl is given by
AT —fac Al pla) =a® 1y}
Theorem tells us that each comodule algebra structure for A = Cl(«, 8,7) is given by

pla) = (GJF;(G)) ®1H+(W)®Q+(W)®$+(W>®gx,

where ¢ is an involution and d is a ¢-derivation such that d?> = 0 and dyp = —¢d.

REMARK 4.1. It is very easy to prove that A°°f = A, Nkerd. Notice that each coinvariant element must be
such that ¢(a) = a and d(a) = 0.

If we consider the case when ¢ = Id, then we already know that d = 0 and so A" = A, = A. Next, if ¢ has
matrix similar to D; we know that

1 0 —
0 -B B - 28A 7* —4aB =0
A= |, AP ! T
0 A ~A —2aB aB” 4+ A" —vyAB =1
0 0 2
and since
0 A42’}/ 0 0
0 A B-26A) 0 0
PAP~'P = PA = 2(7B —264) :
0 A42(’}/A — QOKB) 0 0
0 —2A 4 0 0
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then
1 -7
0 B — 20A
AcoH — ( BN AL £0 (e d20)
0 YA — 2aB
0 2
and A“H = A, if Ajp =0 <= d =0. Finally if we consider the case when ¢ has matrix similar to Dy we know
that
1 0
0 F
A+ = < ’ >7
0 -B
0 D

therefore we can determine the space of coinvariants by looking at the value of d(FG — BX + DGX). This element
corresponds to

TALE 3AA
Az A + Ay C A
% Y UHEA0  and to 2 | ifE=0.
—A3E AypC
—ApE —ApA

Remember that when E = 0, A and C cannot be both 0 in view of (151)). It is now clear that, in both cases,
Al — A if Azy = Ayp = 0 and A°H = k otherwise.
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5. Summary and examples
We gather here all the results of the last three sections.

Elements in Invajg(A)

. Matrix §; of ¢ . .
Eigenvalues w.rt. to the standard basis Za-grading Conditions
1 0 0 O
01 0 0 AL =A
1,1,1,1 — I, =
So=li=1, o 1 o A_={0}
0O 0 0 1
1 0 —
0 -B 4B — 28A
X ol x —
1 3 A B 2 Ay ={ o]’ A || ~A —-2aB )
0 22B-yAp 1B-28Ap yB-28A 0 0 2 ’yz —4af =0
L1,1,-1 $1= A 2aB 2BA2— B A 2aB 2 2
0 2A-2aBp —aB A 2A ¥ aB? + BA? —yAB =1
0 A B 0 A= 1B oA
- - - YA — 2aB
-2
1 0
0 F ~AD — 2CF — 28DE = 0
A+ = < ol | =B >
0 b vDE + 2BC — 2aAD =0
0 ‘g 2(acAF + BBE) — v(AB + EF) =0
A = D =—-AB+ CD +EF # 0
—1DE —vAD —v(AB—EF _
1 7@ W@ 7<® ) A-={ -E |’ 0 ) E#0
0 =—2+2EF 2AF 2CF 0 —-E
1,1,-1,-1 | §2 = © © 2
0 —2BE —D-_2AB —2BC 1 0
D D D
0 2DE 2AD —-®+2CD Ay = 0 F ) vyAD — 2CF =0
° ° ° oMo | -B BC — aAD =0
0 D
B —2aF =0
0 A
1 0 D=-AB+CD #0
A-={lo|: | c I E=0
0 —A
Admissible p-derivations associated to each §;
Matrix ©; of admissible ¢-derivation d i . .
Fi & rl‘};vj‘t. Otodthlzlz:noiifal f;‘s,?s on Conditions Space of coinvariants
0O 0 0 O
0O 0 0 O
So A=Ay
0O 0 0 O
0O 0 0 O
yA—2aB 28A—+B
0 v 2 0 Ay ifa=0,
5 0 - —26 0 { 72 —4aB =0 —y
1 a- 2 2 _ B —25A .
0 %0 - 0 aB” + BA" —vyAB =1 (1, +A — 2aB yifa#0
2
0 2aB—-~vA B -25A 0
0 0 0 0
C,D,E #0
0 0 0 0 D.E#
3o B=F=0 Ay
0 0 0 0 a=p=v=0
D D(aA-bC)
0 5 o 0
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i Matrlz;fé‘ Otfoaglez:?iiif;?f;:?;lon d Conditions Space of coinvariants
0 0 0 0
D
0 0 0 0 #0
Fa B=E=F=0 Al
0 0 0 0 a=08=~v=0
6D
0 aD 5 O
E[a(0A—yE)+bC] a(C2-BE2)+bAC (aC+bA)(cA—vE)+B8bE2 vAD — 2CF — 28DE =0
AB-CD-EF AB-CD-EF AB-CD-EF +DE + 2BC — 2aAD = 0
—E(aC+bA —A(aC+bA —C(aC+bA e
5 AB(—uCD—El):‘ AB(—uCD—El):‘ ABSDCD—EI)? 2(aAF + BBE) — vy(AB +EF) =0 Ay ifa=0b=0,
v2
bE?2 bAE bCE AB - CD - EF #0 k otherwise
AB-CD-EF AB-CD-EF AB-CD-EF E#£0
E2 AE CE
AB—CD—EF AB—GD—EF AB-CD_EF a,b ek
0 a(aA2-c?) bC abA ~AD — 2CF =0
AB-CD AB-CD AB-CD BC — 0AD = 0
5 0 0 AB-GD AB-GD B —2aF =0 Apifa=0b=0,
2
0 0 —aAC —aC? AB-CD #0 k otherwise
AB-CD AB-CD E=o0
A2 c
0 0 AB-CD AB-CD a,bek

four-dimensional Clifford algebra if not specified otherwise.

For sake of completeness we include a couple of examples. In every example A = Cl(a, 3,7) is a generic

Example 5.1. If we choose ¢ = Id and d = 0 we get the trivial coaction p(a) = a ® 1 for every a € A.

Example 5.2. Let A = (C1(0,0,0) be the four-dimensional exterior algebra. Then we can choose an involution

of the form F> and a skew-derivation from the fourth row of our table, with A =B =E=F =0and C=D =
a=b=1 We find

§2

(e R =

0 0 O
-1 0 0
) 92
0 -1 0
0 0 1

and, by means of Theorem the corresponding coaction

p(G)=G®g—GXQu,

oS o o O
= o o O
_ o o O
oS o o O

Example 5.3. Again, let A = C1(0,0,0) be the four-dimensional exterior algebra. Then we can choose an

involution of the form §2 and a skew-derivation from the fifth row of our table, with A = B = F = a = 0 and
E=C=D=0b=1. We find

S2

oSO O O =

and the corresponding coaction

p(@)=CGog+(1+X)@u,

0 0 O

-1 0 0
’ 92

-1 0

0 1

o o o O

~10 0
0 0 0
10 -1’
0 0 0

pPX)=X®yg.
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) see (84)-(87)) can be obtained

REMARK 5.4. The canonical H-comodule algebra structure of A = Cl

from the last row of our table by choosing A=B=E=F=a=0,C=D = b . The associated matrices are
1 0 0 0 0 0 -1 0
0 -1 0 0 00 0 1
3'2 = ) 92 =
0 0 -1 0 00 0 O
0 0 0 1 00 0 O
Similarly, the H-comodule algebra structure defined by — is found once we choose A=B =E=F =
a=0,C=D=0b=1= —a. Its associated matrices are
1 0 0 0 0 -1 -1 0
0 -1 0 0 0 0 0 1
2 = ;o Do =
0 0 -1 0 0 0 0 -1
0 0 0 1 0 0 0 0

Example 5.5. Let A = Cl(a, 8,7) with 5,7 # 0. We can choose an involution of the form Fo and a skew-
derivation from the fifth row of our table and set A=C=D=b=0,B=E=a=1and F = % We obtain the
matrices

1 0 A 0 0 0 -2
0 1 0 0 0 0 0 0
32 = ) ©2 = )
0 —% -1 0 0 0 0 O
0 O 0 -1 0 % 0 O

and the corresponding coaction

_ s 'V

Example 5.6. Assume that « # 0 and that k& contains a square root of a. Let A = CI (a, %,7). Then we

X®g:c p(X)=X®g.

can consider an involution of the form §; and an associated skew-derivation with A =0, B = ﬁ and a. Their

matrices are
2

1 0 ﬁ 7 0 —Vay _2j/a 0
2
3= 01 % 2\’}5 R 0 - 3. 0
0 0 —/a 0 2« ol 0
_ 1 e}
0 0 7 0 0 2y« NG 0
and the corresponding coaction results
p(G)=G®1—- (Vay+1G —2aX — 2/aGX) @ gz,
1+yg Y v 1 l—yg
X)=X® —~= —— 4+ —G - —=GX —
P =Xe—=+ <2¢a T Vo et
2 ~2 2 ~2
gl l-—glx , v ([~ (1+g)x
—G x - Lax —t — | —= —G x - Lax —_
+ (g7 + 320 -2% - Jg0x) o L2+ L (g + o6 - - Jpox ) o 1

REMARK 5.7. In contrast to previous examples, the form of the coaction in this last one looks rather complicated.
As a matter of fact it is not clear at all when coactions of this type exist — hence how to provide easier examples
— without making further assumption on the ground field k. It is also worth mentioning that these coactions only
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exist when 72 — 4a8 = 0, i.e. when the Clifford algebra A is not semisimple. To construct coactions associated to
involutions with matrix of the form {1, one needs to solve the defining condition

aB? + BA? —yAB =1
for the coefficients A, B of the coaction. Notice that in some cases this can be regarded as a diophantine equation
(take e.g. kK =Q).

REMARK 5.8. It will be shown in the sequel (see Subsec. Ch. |5) that coactions of this type can be gathered
into two distinct classes of isomorphism. Namely for every Clifford algebra A = Cl(a, 3,7) such that 42 —4a8 =0
there are at most two coactions (up to isomorphism) such that the associated involution is of type §1. They are
the one described in Example [5.6| and

p(G) =G®1— (Vay+1G —2aX — 2y/aGX) @ gz,

1+g vy 1 1-g
X=xXo—Id (1 ¢ —ax)eo-—2
rX)=X®— +(2\/a+2aG Nk >® 2



CHAPTER 3

Applications

In this chapter we will make use of the classification of H-coactions of A = Cl(«, 3,+) we have obtained in the
previous one, in order to see which ones ensure the induced cowreath (A ® H°P, H,1)) a set of nice properties. We
recall how to build the cowreath (A ® HP, H,1)) starting from a Hopf algebra H and an H-comodule algebra A.

PROPOSITION [4.12| Let (H, mpg,up, Amg, e, Sy) be a Hopf algebra, (A, pa) be a right H-comodule algebra and
(X, ux) a right H-module coalgebra. Let ¢ : X @ A — A® X defined by

(154) P(x®a) =ap @ zay

for every x € X and every a € A. Then (X,v) € 7;\# and (X,v) is a coalgebra in 7?4#’ with comultiplication
dx : X =+ A® X? and counit ex : X — A given by

(155) Ox(x) =14 Q1 @ 29
(156) Gx(.’L‘) :st(x)lA.

In view of Proposition we can apply Proposition by choosing “H”’= H ® H?, “A"= A ® H° and
“X”= H and by defining

v: HA@H? — A®HP®H
(157)

hQa®l = a9 ® 1l ®Ilhay

Then (H,v) € n#®Hop and (H, ) is a coalgebra in Tf@)Hw via

(158) oy HoAoHP®H®H
dp(h) = 14®1g®h ®hy
and
(159) ewx : H—-AQH®
eg(h) = eg(h)1a®1g.

We start by studying rt-separability of this cowreath.

1. Rt-separability

We recall a fundamental result contained in [MT1] that gives equivalent conditions for the cowreath (A ®
H°P H 1) to be rt-separable.

PROPOSITION |4.14] [MT1l Prop. 5.2] A cowreath (A ® H°P, H,v) is separable via a Casimir element
B:H®RH — A®Q H?

of the form
heoh = BAhoh)@1ly

if and only if B4 satisfies , , , Moreover, whenever S is invertible, it is h-separable if and only if B
satisfies the further condition ,

REMARK 1.2. From now on we will write B in place of B4 for sake of brevity.

66
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Following the same steps performed in the proof of [MT1 Theorem 6.1] we can see that is equivalent to
the set of conditions

(160) B(lg®1p)=B(g®g) =14
(161) B(lp®z)=Blg@gr) = -Bx®g) = -Blgr©1p) =Y
(162) B(lp®g)=Blg®1ly) =7
(163) B(ly®gr)=B(g®z)=Blx®1y) =Bgr®g) = X
(164) Bz ®z) = B(gr ® gz) = B(gr ® ) = B(x ® gz) = 0.

We recall that a generic H-comodule algebra structure is given by

pla) = <a+;(a)>®1H+(W)@g—d<w>®x+d<w>®g:p,

for an admissible pair (¢,d). Let us introduce notation a; and a_ for the element decomposition a = ay + a—
corresponding to the eigendecomposition A = A, & A_. We see that the comodule algebra structure can be
rewritten as

pla)=a; @1y +a-®@g—da_)@z+d(ay)® gz.
Since p is a comodule structure we get
a®ar®ay=a4 @lg®@1lg+a-®geg—da)@(@@g+1lp©r)+day)®(gr@ly +9@ gz).

Now we consider and we will verify it for the generators G, X of A and the basis (1g,g,z,g9z) of H. Let
a = G. Then we have

Bheh)G=G. B(h®h')+G_Bhg®h'g) —d(G_)B(hxt @ h'g+h® h'z)+d(Gy)B(hger @ h' + hg @ h/gx)
for every h,h' € {1g,g,,gx}.

By means of (160))-(164]) we get

[ h [ W [ Bhoh)G=GiBh@l)+G_Blhg®h'g) —d(G_)B(hz® I g+h® h'z) + d(G4)Blhgr ® h' + hg ® I gz)

1 | 1m B(lu®1yg)G=G4+B(lp®1y)+G_B(gR®g) —d(G_)B(z®g+1p ®z)+d(G4+)B(gr @ 1 + g ® gz) G=G
1y g B(lg®g9)G=G+B(lu®g)+G_B(g®1y) —d(G_)B(z®1lg + 1y ® gz) + d(G4+)B(gz Q@ g+ g ® x) ZG = GZ + 2d(¢(G))X
1u z Blg®z)G=GiB(lg ®xz) +G_B(g®xg) —d(G_)Bzx ® xg + 1ug ® 2?) + d(G1)B(gz ® = + g ® zgx) YG = o(G)Y
1y | gz B(lg ® g2)G =G4 B(lg ® gx) — G_B(g®z) —d(G_)B(—z® x4+ 1y ® gz?) + d(G4)B(g9z ® gz — g ® ?) XG = p(G)X
g 1y B(g®1g)G=G4+B(g®1y)+G_B(1lpu ®g) —d(G_)B(gz®g+9g®z) +d(G4+)B(z ® 1y + 1g ® gx) ZG = GZ + 2d(¢(G))X
9 Blg®9)G=G4+B(g®9)+G-B(lu ®1mg) —d(G-)B(gz®1g + gR®gz) + d(G4+)B(z® g+ 1lu ® x) G=G
g x B(g®xz)G=G4B(g®z)+G_B(lg @ zg) —d(G_)B(gr @zg+ g ®2?) + d(GL)B(x ® v + 1u ® xgx) XG = p(G)X
g | g= B(g® gz)G = G4 B(g®gx) — G_B(lg ® x) — d(G_)B(—gz @ x + g ® ga°) + d(G+)B(z @ gz — 1y ® z?) YG = o(Q)Y
x 1y B(w@lH)G:G+B(w®lH)+G,B(mg®g)—d(G,)B(w2®g+w®w)—d(G+)B(I2®1H+g$®gw) XG = p(G)X
T g B(z®9)G=GyBxz®g)+G_B(zg®1g) —d(G_)B(z* @ 1g + z ® gz) + d(G4+)B(zgz ® g + g ® x) -YG = —p(G)Y
T x Bz ®z)G =GBz ®x)+G_B(zg @ zg) — d(G_)B(z?> ® xg + = ® 22) + d(G1)B(zgz @ = + g ® zgx) 0=0
T gx B(z ® gz)G = G4+ B(z ® gz) + G_B(zg ® gzg) — d(G_)B(—z> @ z + = ® gz?) — d(G4)B(z* ® gr — gr @ z2) 0=0
gr | 1g B(gz®1g)G =G4B(gr ®1g) —G_B(z®g) —d(G_)B(g2’ @ g+ gr @ ) — d(G1)B(x? @ 1y + = ® gx) -YG = —¢p(G)Y
gz | g B(gz ® )G = G1B(gz®g) — G-B(x ® 1u) — d(G-)B(g2” ® 1 + gz ® gz) — d(G4)B(z* ® g+ = ® x) XG = p(GX
gz T B(gr ® )G = G4+ B(gx ® ) + G_B(gzg ® xg) — d(G_)B(g92® ® g + gz ® z%) + d(G+)B(gzgr ® = + = ® z?) 0=0
gz | gz | B(gz® gz)G =G, B(gr @ gx) + G_B(z ®z) — d(G_)B(—gz? @ z + gz ® gz?) + d(G1)B(—2> ® gz + = ® z?) 0=0
ie.
(165) ZG = GZ + 2d(p(G))X
(166) YG =o(Q)Y
(167) XG = p(G)X.

By performing the same calculations with X in place of G we obtain that

(168) ZX = XZ + 2d(p(X))X



1. RT-SEPARABILITY 68

(169) YX = o(X)Y
(170) XX = (X)X

also hold true. So is equivalent to equalities from (165]) to (170]).
Now we focus on . It is enough to check that it holds for every h € {1y, g,x,gz}. For h = 1 the equality

p(B(1H®1H)) = B(lH ®1H) ®R1ly <— p(lA) =1,®1y
holds thanks to (160f). For h = g we get
p(Blu®g)=B(lu®g)®g < p(Z)=Z®yg.
Since p(Z2) =2 Q1lp+Z_®g—d(Z_) @z +d(Z+) @ gr we get

Z+:0
Z_=17
d(Z_)=0

or equivalently Z € A_ Nkerd. For h = x we get
p(Blp®z)=B(lpRz)®@9g+B(lg®lpg)®z <= p(Y)=Y®g+1a®z.
Since p(Y) =Y, ®1lg+Y_®g9g—dY_)®z+d(Y;)® gr we get

Y+ :0
Y_=Y
d(Y_)=—1,

Finally for h = gx we obtain
p(Blg®gr) =B(lp®gr)®1lg+B(lp®g)Q@gr <— pX)=X®1ly+Z R gx.
Since p(X) =X; @ 1lg +X_ ®g—dX_)®@z+d(X;) ® gz we find

X+ = X
X_=0
d(X,) =Z.

We find that is equivalent to
XeA,, dX)=%Z
(171) YecA , d(Y)=-14
ZcA_, d(Z)=0.
Since d(Y) = —14 with Y € A_ implies that d(A_) # {0}, by looking at the tables of Section 7, we can deduce
that rt-separability can be attained only when dimy A4 = dimg A_ = 2 (i.e. only when ¢ has matrix similar to

Ds). If we further inspect the four cases of admissible -derivations when M, ~ D, we see that the first two must
be rejected, because in those cases we have d(A_) C (GX) In the remaining we have

—a(aA? + BE? — yAE — C?) b(aA? + BE* — YAE — C?)

d(A_) = { 2 , g yCh
0 0

In particular we see that d(A_) is either k or the trivial subspace {0}. Given that rt-separability implies d(A_) # {0}
we see that

(172) aA? + BE? — yAE — C? #£ 0.

For the same reason a and b cannot be both zero and this ultimately leads to d(A_) = k.
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0 7E
1.0.1. Assume E#0. Since Y € A_, then Y =7/ 5|t s f): . d(Y) = =14 becomes
0 -E
—14 = d(Y) = rd(AG — EX) + s'd (%E +CG - EGX) = E“AQIB@;_D”?E]; c (r'a—s'b),
thus
(173) E(aA? + BE? — yAE — C?)(r'a — s'b) = —AB + CD + EF.
r
Next, since X € A, there exist r,s € k such that X = jfB . By using the explicit form of d we see that
sD
7aE
dX)=s bA_—[L_EC;C which, in view of (L71]), must be also equal to Z. Notice that Z € A_ and d(Z) = 0 trivially
—aE
hold (since X € A} and d? = 0).
Now we go back to (|167)), which becomes
r 0 7DE 0
XG=p(G)X =0 < (Fo ~ Ly() jfB - 8 —Aér:(;];[l EF CDBiEAB - 8 ’
sD 0 —DE 0
while changes into
r 0 7AD 0
XX =¢p(X)X <= (Rx = Ly(x)) jfB = 8 _ABQT_JCV];]?}_ EF C];ﬁFI‘EF - 8
sD 0 —AD 0
If we suppose 2r + ysD # 0, then we must have
CD-AB=0
BE=0
DE =0
AF =0
CD+EF=0
AD =0.

In this case if D # 0, then A = E = C = 0, which contradicts (172)). Therefore D = 0. This in turn gives
AB = 0 = EF which is again a contradiction (see “Conditions” on the last row of the first table in Sec. [5 Ch. [2).
We can conclude that 2r + ysD = 0. If we want (166]) and (169) to be verified we need

(174) '(AB — EF) + s'BC = 0.

In fact the last entry in YG—¢(G)Y is 72EE;§%?_E%?E;/BC] . Given ([174)), second and third entries of YG—¢(G)Y
change into 7E[2TICFti(];iﬁC%Ej_EW§ D+yEF)] and E[QT'BC+_S§]23Q+CCDD7_3E}:3§ +20EF)] 56 that and also imply
(175) 27'CF + s'[v(CD + EF) — 28BE] = 0
(176) 2r'BC + s'[2a(CD + EF) — yBE] = 0.

Finally consider and apply d to both sides of the equality:
d(XG) = d(p(G)X) = d(X)G+p(X)d(G) = d(p(G)X+Gd(X) <= d(X)G = Gd(X)+d(o(G))X—p(X)d(G).
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Since d(X) = Z it is sufficent to prove that —p(X)d(G) = d(¢(G))X to show that (165) holds. We will make use
of the following lemma.

LEMMA 1.3. Suppose v € A is such that

(177) vG—p(Gv = 0
(178) vX —p(X)v = 0.

Then va — p(a)v = 0 for any a € A.

PrROOF. Let a = A\ + oG 4+ A3 X + MG X. We have

va — p(a)v = (Ra = Lg(a))v
o (Ro — MyLoMy)v
_ Nao(Re — MyLaMy) + As(Rx — MpLx M) + M(Rx Rg — MpLaLx My)Jv
Lrop£1178) A(RxRg — MyLaLx My)v
(7S M(RxRg — MyLaM,Rx)v
(La and Ry commute) M(RxRg — RxMyLaM,)v

=
3
=

(
)\4(RxRG — Rng)’U

|
e

We can apply Lemma with v = X and a = d(G), thanks to and and get that Xd(G) —
»(d(@))X = 0. Since p(X) = X and ¢d = —dyp this equality rewrites as ¢(X)d(G) + d(¢(G))X = 0, which is
what we needed. Starting from ([170)), applying d to both sides, and performing the same calculations replacing
each G with an X shows that als holds unconditionally. We can conclude that, when E # 0, the cowreath
(A® H°P, H,) is rt-separable if, and only if, the following equalities hold:

B(lp®1lyg)=Bg®g) =
B(ly®x)=Blg®gr)=-Bz®g) =—Blgr®1ly) =Y
B(lpg®g)=B(g®1ly) =17

X

0

~— ~—
Il

where

>~
I

s (—%D +FG - BX + DGX)
Y = %SE + (A +5'C)G —EX — §EGX

— s (%aE + (aC + bA)G — bEX — aEGX)



with

(179)
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E(aA? + BE®> — yAE — C?)(+'a — s'b) = ~AB + CD + EF
r(AB — EF) + sBC =0

2r'CF + s'[v(CD + EF) — 26BE] = 0

2r'BC + s'[2a(CD + EF) —vBE]| =0

YAD — 2CF — 28DE =0

ADE + 2BC — 20AD =0

20AF + 26BE — y(AB + EF) = 0

AB —CD — EF #0

E # 0.
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Example 1.4. A family of solutions of this system is given by A=B=C=D=0,E=F=1 a=v=0,
B=1,b=-1,7=0,s=1,a,sck.
If a = 0, this H-coaction is given explicitly by

p(G) = G®1lg+ X ® gz,
p(X) = X®g.

and the Casimir element is defined by

with s € k.

Bllg®1ly)=Blg®g) =14

B(lg ®z) =B(g®gr)=-Bx®g) = —B(gr® 1y) = -GX

B(lg ®g) = B(g®1g) = sX
B(lg®gxr) =B(g®z) =Bz ®1g) = B(gr ® g) = sG
B(z®z)=B(gr®@gr) = Blgr®2x) = Bz ® gx) =0

Example 1.5. The coaction described in Example Ch[2] does not yield a solution of the previous system,

since the first two equations become ' = % and 1’ (—% = 0, which contradicts 8 # 0.
0 TA
1.0.2. Assume E=0. Since Y € A_, then Y =1/ (1) + s g . d(Y) = —14 becomes
0 —A
¥ aA? - C?
14 = d(Y) = d(G) + s'd <§A +CX - AGX) — 5o (e ).

thus
(180)

Next, since X € A, there exist r, s € k such that X =

view of (171)), must be also equal to Z. Notice that Z € A_ and d(Z) = 0 again trivially hold.

(aA? — C?)(r'a — s'b) = —AB + CD.

r
sF
—sB
sD

Now we go back to (167]), which becomes

r 0 0
sF 0 2r + ~vsD
sD 0 0

. Then we have that d(X) = s

OO OO

which, in
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while (170) changes into

r 0 —CF(2r + vsD) 0
sF 0 1 2F (rA + sCF) 0
XX =p(X)X = Bx~Lox) | _g|=|0| © aB_¢D —CD(2r + vsD) 0
sD 0 2D(rA + sCF) 0

It is straightforward that 2r +~sD = 0. This in turn gives 2rA + 2sCF = s(—yAD + 2CF) = 0 (see “Conditions”

on the last row of the first table in Sec. |5, Ch. , so that ([170) is satisfied. (166) is equivalent to 2ar’ + vs'C =0
and the first entry in YG — o(G)Y is 47’ + 28s'C, so that (169) implies

yr' +26s'C =0
A(r'B+s'CF) =0
sA(YF —26B) = 0.
Since A =0 forces B=0 and F = dﬂ then the system actually reduces to
yr' +268s5C =0
"B+ s'CF =0
s'(vF —25B) = 0.
Moreover, if vF — 26B # 0, then s’ = 0, so that either ' = 0 or v = B = 0. The second case goes against our
assumption, while the first changes into AB — CD = 0, contradiction. Thus the last equation of the system
is equivalent to vyF — 2B = 0. To conclude we can prove that and are satisfied using Lemma

We can deduce that, if E = 0, the cowreath (A® H°P, H, 1)) is rt-separable if, and only if, the following equalities
hold:

B(lg®1lg)=B(g®g) =1a
B(lp®z)=B(g®gr)=—-B(x®g)=—-Blgz®1y) =Y
B(lp®g)=B(g®1ly) =Z

B(lp®gr)=B(g®z) =Bz ®1y) =B(gz® g) = X
Bz®z)=B(gr®@gr) =Blgr®@x) = Bz ® gz) =0

bl

where
X = s(—%D—&-FG—BX—i—DGX)
Y = s’gA +7'G+ $'CX — S AGX
Z = s (%aA 4+ bG 4+ aCX — aAGX)
with

(aA? — C?)(r'a— s'b) = —AB + CD
2ar’ +vs'C =0
yr' +2B85'C =0
"B+ s'CF =0

(181) VF —28B =0

+AD — 2CF = 0

BC-aAD =0
B — 2aF =0
AB - CD #0.

1See again the table in Sec. |5] Ch.
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Example 1.6. Two solutions of this system are given by A=B=F=0,C=D=1,a=0,b=1,¢ =1
and either

e ackX, B,y€kwithy? —4apf=0,r" = —5, 8, € k.
ea=8=y=0,7,s€k.
with s € k. The Casimir element is defined by
B(ly @ 1) = B(g®g) = 1a

B(ly®z)=B(g®gr)=—-Bz®g) = —-B(gz ® 1gy) = sG

B(lg®g)=B(g®1y)=r"G+ X
B(ly ®gr) = Blg®a) = Be® 1) = Blgz© g) = s (3 + GX)
B(x®x) = B(gr ® gr) = B(gr ® ) = B(zx ® gz) = 0.
These are exactly the solutions found by Menini and Torrecillas in [MT1l Thm. 6.1], when p is the canonical
H-coaction on A.
Example 1.7. Another set of solutions is reported in [FR], Thm. 5.0.2]. For these, take A = B = F = 0,
C=D=1,a=-1,b=1, and either
e a=03=v=0,7,s,8 €k withs =1—1".
eack* f=~v=0,r=0,¢ =1and s €k.
e Bek* a,yekwithy?2—4a8=0,s = 28

26—y
The Casimir element is defined by

rr=1-5,s¢ck.

B(lg®1ly)=B(g®g)=1a
=B(g®gr)=-Blz®g)=—-Blgz®1y) =s(G - X)
B(lg®g)=Bg®ly)=7G+sX
B(lp®gzr)=B(g®z)=Bx®1lyg)=Blgz®g) =s (7% +GX)
B(x ®z) = B(gx ® gr) = B(gxr @ ) = B(x ® gz) = 0.

B(lH ®J})

2. Rth-separability

If (A® H°P H, 1) is rt-separable, rth-separability of (A ® H°P, H,1)) means that further condition must
hold for all h, b’ € {1, g,x,gx}. These equalities can be summarized as follows

h| K| Bhely) Blgoh)=Bhel)

1o | 1w | Blp®1p)-B(ly @ 1y) = B(ly @ 1) 1=1
| g B(lp®1y) - B(lu ® g) = B(ly ®g) 1-Z=17
ly| 2| BUp®ly) Blye®z)=Blyez) | 1-Y=Y
lg | gz | B(lg®1ly) - B(lg ® gr) = B(ly ® gx) 1- X=X
9 |1u| Blg®1ly) B(lg®1y)=B(g®1n) Z-1=17
9|9 B(g®1y) Blp®g) = B(g®yg) z° =
g | = B(g®1lp) - B(lg ®z) = B(g®@x) 7Y =X
g | gr| Blg®lm) B(ly ®gxr) = B(g® gz) ZX=Y
¢ |1y | Bz®ly) Blpoly)=Broly) | X-1=X
z | g Bzr® 1) B(lg ®g) = Bz ® g) XZ =Y
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x| x Bz®1ly) - B(lpg®z) =Bz ®x) XY =0

x| gx B(x®1g)-B(lg ® gx) = B(z ® gx) X? =

gz | 1g | Blgz®1y) - Blg®1lg)=B(gzr® 1) | =Y -1=-Y
gr | g | Blgz®1lp) -B(lg®g)=Blgr®g) -YZ=X
gr | x B(gz®1y)-B(lg ® x) = B(gz ® x) ~Y? =

gr | gz | Blgz® 1p)- B(lg ® gx) = —B(gz ® gx) YX =0

Non-trivial equalities are
X?2=0,Y=0,2°=1,XY=YX=0, -XZ=ZX=Y, ZY=-YZ=X.
Now suppose X? =0, Z> =1 and ZY = —YZ = X. Then
Y =Z(ZY) = ZX

and
Y = (YZ)Z = —XZ.
Moreover
YX =Z*YX =Z(ZY)X =ZXX =0
and
XY = XYZ? = X(YZ)Z = -XXZ = 0.
Finally

Y =Y?Z*=Y(YZ)Z=Y(-X)Z=-YXZ = 0.
Therefore a rt-separable cowreath (A ® HP, H, 1) is rth-separable if and only if X? = 0, Z®> = 1 and ZY =
-YZ = X. Now
2
X2 =0 5 (1D2 + aF? 4 B? — vFB — a5D2> =0.

We can further simplify this expression by making use of a claim. The fact that the cowreath (A ® H°P, H,1)) is
rt-separable actually implies that v2 — 4a3 = 0. This claim will be proved later in Sec. (see Prop. [6.2)). Therefore

X? =0 <= s?(aF? + B* - 7FB) = 0.
Since Y and Z differ according to whether E # 0 or E = 0 we continue distinguishing between the two cases.

2.0.1. Assume E # 0. Then

7> =1 s2(a(aC + bA)? + Bb2E? — 7b(aC + bA)E) =

Observe that this implies s # 0, so that
(182) X? =0 < aF?+ B> -~1FB =0.
Moreover
2(a(r’ A + §'C) — vr'E) (aC + bA) + 23/ bE?
vz 8 E(vA — 28E)(r'a — s'b)
2 E(HE — 2aA)(r'a — §'b)
2CE(r'a — s'b)

w

and
2(r’ A + 5'C)(a(aC + bA) — ybE) + 267/ bE>
7y _ E(20E — vA)(r'a — s'b)

2 E(2aA — yE)(r'a — s'b) ’
—2CE(r'a — s'b)

w
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therefore YZ = —ZY is equivalent to
2a(r" A + 5'C)(aC + bA) — y7"E(aC + bA) — ybE(r' A + s'C) 4 237" bE* = 0
while ZY = X is equivalent to

(183) 2a(r'A + 5'C)(aC + bA) — 29bE(1'A + s'C) + 26r'bE? = —yD
(184) E(28E —vA)(r'a — s'b) = 2F
(185) E(20A — vE)(r'a — s'b) = —2B
(186) —CE(r'a—s'b) = D.

We can conclude that, when E # 0, the cowreath (A ® H°P, H, 1)) is rth-separable if, and only if,
E(aA? + BE? — yAE — C?)(+'a — s'b) = —AB + CD + EF

7(AB — EF) + sBC =0

2r'CF + s'[y(CD + EF) — 23BE] = 0

2r'BC + §'[2a(CD + EF) — yBE]| =0

YAD — 2CF — 26DE = 0

YDE + 2BC — 20AD =0

20AF + 28BE — 7(AB + EF) = 0

AB - CD - EF #0

E#0

oF? + B? —AFB =0

s%(a(aC + bA)? + B6’E? — 4b(aC + bA)E) = 1

20(r' A 4 8'C)(aC + bA) — y7"E(aC + bA) — ybE(r' A + s'C) + 287'bE* = 0
2a(r" A + 5'C)(aC + bA) — 29bE(r’ A + 5'C) + 26r'bE? = —4D

F= %(25}3 —vA)(r'a—s'b)
B = —X(20A — yE)(a — 5'b)

2
D = —CE(r'a — s'b).

which boils down to

" (2BE —yA) — s'7yC =0
' (20A —7E) 4+ 25'aC =0
aA® + BE? —yAE — C%2 #£0
E#0
r’a—s'b#0
s*(a(aC 4 bA)% 4 BB?E? — 4b(aC + bA)E) = 1
E
2

E ! !/
B= —E(QQA —vE)(r'a — s'b)

D = —CE(r'a — §'b).

F=—(28E —~vA)(r'a — s'b)
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Example 2.1. A family of solutions is given by A=B=E=1,C=D=F=0,a=1,=7v=0,b=1,

r"=0,¢=1,s=1and a € k. If a =0, this H-coaction is given explicitly by
p(G) = GRg-Ggr+X®ly—-X®g+ X gz,
p(X) = X®lg-X®g+X®gz.
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and the Casimir element is defined by
B(lg®1ly)=B(g®g) =14
B(lg ®z) =B(g®gr)=-Bx®g) = -B(gr®1p) = -GX
B(lp®g)=B(g®1p) = sG
B(lg®gr)=B(g®z)=B(z®1y)=Blgzr®g) = —sX
B(z®z)=B(gr®@gr) = Blgr®x) = Bz ® gz) =0
with s € k.

2.0.2. Assume E = 0. Then

7? = s? (ab? + Ba’C? + yabC) = 1.

This implies that s # 0, hence
(187) X*?=0 < oF’+pB*>—7FB=0.

Moreover
—vC(r'a — §'b)
_ s | ~A(r'a—s'b)

YZ 2 | —2aA(r'a—s'b)
2C(r'a — s'b)
and
~C(r'a — s'b)
_ s | —vA(r'a—s'b)
ZY = 2 | 2aA(r'a—s'b) |’
—2C(r'a — s'b)
so that YZ = —ZY holds trivially, while ZY = X is equivalent to
(188) —vA(r'a — s'b) = 2F
(189) aA(r'a—s'b) = —-B
(190) —C(r'a—s'b) = D.

We can conclude that, when E = 0, the cowreath (A ® H°P, H,1)) is rth-separable if, and only if,
(aA? — C?)(r'a— s'b) = —AB + CD
201 +vs'C =0
yr' +285'C =0
"B+ s'CF =0
~F — 28B = 0
~AD — 2CF = 0
BC-aAD =0
B —2aF =0
AB-CD#0
oF? + fB? — 4BF =0
s? (ab® + Ba’C? + yabC) = 1
F— —%A(r’a —s'b)
B=—-aA(r'a—s'b)
D =-C(r'a—s'b),

76



or equivalently if, and only if,

3. SUMMARY ON RT-SEPARABILITY

2ar’ +v5'C =0

yr' +2B8s'C =0

aA? - C*#£0

ra—s'b#0

s? (ab? + Ba’C? + yabC) = 1
F= —%A(r’a —s'b)

B =—aA(r'a—s'b)

D =-C(r'a— s'b).

7

Example 2.2. A solution of this system is given by A=B=F=0,C=D=1,a=1,=v=0,a=0,
b=1,7 =0, s=s = 1. Notice that this is a particular case of the values recovered by Menini and Torrecillas in
IMT1l Thm. 6.1}, when p is the canonical H-coaction on A.

Example 2.3. Another solution is listed in [FRL, Thm. 5.0.2]. For this, take A=B =F =0,C =D =1,
a=1,8=~v=0,a=-1,6=1,7=0,s =1and s = —1.

3. Summary on rt-separability

We recapitulate the results on rt-separability in the following tables

Rt-separability conditions

Si Casimir element

Explicit definition

rt-separability onditions

B(lg®1lg) =14
B(g®g)=1a
Blp®z) =Y
B(g®gz) =Y
B(z®g)=-Y
B(gz®1pg) =-Y
B(lg ®g) =2

2

Y=2JE+('A+5C)G - +EX — SEGX

Z=s (gaE + (aC + bA)G — BEX — uEGX)

X:s<7%D+FG7BX+DGX)

2

E(aA® + BE® — yAE — C*)(+'a — s'b) = —AB + CD + EF

r(AB — EF) + sBC =0

27'CF + s'[y(CD + EF) — 28BE] = 0
2r'BC + s'[2a(CD + EF) — yBE] = 0
YAD — 2CF — 28DE = 0

YDE + 2BC — 2aAD = 0

2aAF + 26BE — v(AB + EF) = 0
AB - CD - EF #0

a,bck,E#0

Blg®1la) =12
B(lg ® gx) =X
B(g®z)=X
B(z®1lyg)=X
B(gz® g) =X

B(z®z)=0
B(gzr ® gz) =0
B(gz®x) =0
Bz ® gz) =0

Z =5 (%uA—i— bG + aCX — aAGX)

X:s(f%DJrFGfBXJrDGX)

Y= s/%A 4G +5CX — 5AGX

(aA” = C%)(r'a—s'b) = —AB + CD
2ar’ +'ys/C =0
yr' +285'C =0
7B+ s CF=0

YF —26B =0
vAD — 2CF =0
BC - aAD =0

YB —2aF =0

AB-CD #0

a,bek, E=0
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Rth-separability conditions

Ti Casimir element Explicit definition rth-separability conditions

r (2BE — vA) —s'yC =0
r(2aA — vE) 4+ 25'aC =0
aA? + BE? — yAE —C? #£0
B(lp ® 1) = 14 X:s(—%D—&-FG—BX-&-DGX) E#0
Blg®g) =14 Y=2yE+ (A +5C)G - "EX — s EGX rla s 20
B(lg®z)=Y 2 s%(a(aC 4 bA)? + Bb’E® — 46(aC 4+ bA)E) = 1
B(g®gx) =Y Z:s(zaE+(aC+bA)G7bEX7aEGX>
B(z®g)=-Y 2
% B(gz®1g) = -Y B=—%(2aA—’yE)(r’a—s’b)
B(lp ®g) =

F= %(2/313 —yA)(r'a — s'b)

D = —CE(r'a—s'b).

B(g® 1) =17 Sar TG =0
B(lpg ® gz) =X yr' +285'C =0
B(g®z)=X R R
B(z®1lm)=X X:S<7gD+FG7BX+DGX> aA® —C* #£0
’ ’
ra—sb#0
B(gz ®g) =X /Y / / /
Y =s—-A G CX — s'AGX
Ble®@z) =0 SyAtrGds s 2 (a52+6a202+7ub0) -1
B(gr ® gz) =0 Z=s %aA+bG+aCX—uAGX> F = 71A(r'a75’b)
B(gr®x) =0 2 , ,
B =—aA(r'a—s'b)
Bz ® gz) =0 ’ ’
D=-C(ra—s'b).

4. Frobenius property

As a coalgebra in the monoidal category Tf , a cowreath can respect a kind of Frobenius property that is a
natural generalization of that for classical (co)algebras. The definition of Frobenius coalgebra was introduced by
dualization in [BCT1] and then extended to cowreaths in [BCT2| p.240]. In [BT2, Example 6.8] a classification
of Frobenius cowreaths (A ® H°P, H,1) was given for A = Cl(a, 8,7) and H Sweedler’s Hopf algebra, when A is
endowed with the canonical H-comodule algebra structure we can find in literature. In this section we extend the
result of Bulacu and Torrecillas by determining all the H-coactions that ensure that the cowreath (A ® H°P, H, )
is Frobenius.

To check for which cases the previous cowreath is Frobenius we are going to use Proposition 6.7 contained in
[BT2]. It involves the linear map p € H* (called the modular element) defined by (z + gz)h = u(h)(z + gz) for all
h € H. It is not hard to see that, in our case, u(1) = 1, u(g) = —1 and p(z) = p(gr) =0, ie. p=1*—g*. The
statement of the Proposition is the following.

PROPOSITION 4.1. [BT2| Prop. 6.7] If A is a right H-comodule algebra then the cowreath (A @ H°P, H, 1) is
Frobenius if, and only if, there exists an invertible element A € A such that

(191) aA = p(ayr)Aag
for all a € A.

First of all we notice that, in view of Theorem (191)) is equivalent to
1+ 1-— 1-— 1+
cd = (50) Ao (52) el - (U50T) ddta (V2T it
that is

1 1-—
(192) aA =11 <;g) Aa+p (29> Ap(a) = Ap(a).
It is enough to verify (192)) on generators G, X. Therefore we need to check for which ¢ there exists an A such that
(193) GA = Ap(G)
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(194) XA = Ap(X).

As usal we proceed by cases.

4.1. ¢ =Id. When we consider ¢ = Id, we can take A = 1,4 and deduce immediately that (A ® H°P, H, 1) is
a Frobenius cowreath.

4.2. ¢ ~ D;. Next we take ¢ with matrix of type §1. Recall that in this case

72 —4aB =0
aB? + A7 —yAB =1

hold. Equalities (193)) and (194) are equivalent to
(LG — ch(G))-A =0 and (LX — R@(X))A = 0,

and, by applying D; P! on the left, to

(195) (DyP'LgP — P'RgPD)P™'A=0
(196) (DyP7'LxP — P 'RxPD;)P"'A=0.
Since
0 0 0 0
0 0 0 0
-1 _ p-1 _
DiP7'LgP — P'RqPD; 0 A 4A-20B 0
20 0 YA —2aB
and
0 0 0 0
0 0 0 0
-1 _ p-1 _
DP7'LxP - P 'RxPD, 0 B 23A- B 0
50 0 28A — 1B

we finally see that (195]) and (196) yield

(197) Mz% + p3(yA —2aB) =0,
(198) i + (A — 20B) =
(199) pos + ps(28A —¥B) = 0,
(200) ,ulg + us(26A —4B) =0,

where P71 A = g + p2G + pu3X + paGX. Observe that (197) and (199)) can be rewritten as

YA —2aB 2 0

28A —vB | \ 3 0

ol ol

We have %(QBA—WB) — %(fyA—QaB) = A% —yAB+aB? = 1 # 0, therefore (197)) and (199) force puy = pg = 0.
Likewise it can be shown that (198) and (200) imply g1 = 4 = 0. This means that A must be zero and cannot be
invertible: the cowreath (A ® H°P, H,1)) is never Frobenius when p is defined via a couple (¢, d) with M, similar
to Dl.
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4.3. ¢ ~ D,. To conclude, let us consider the case when ¢ has matrix of type §2. In this case M, must be

such that
vYAD — 2CF — 28DE =0

ADE + 2BC — 20AD = 0
20AF + 20BE —vyAB —vEF =0
_AB +CD +EF £0.
We proceed by steps.
1. Assume 7B — 2aF # 0. Then from the first table in Sec. [f] Ch. [2] we see that necessarily E # 0. If we take
A=-3D+FG - BX + DGX we get that and give

9BC — 20AD +vDE
2CF — yAD + 28DE = 0,

that are clearly satisfied. Notice that in this case

I
=

2
1
|A| = —VZD2 — aF? 4+ 4BF — B? + afD? = 55 (VB — 20F)(~AB + CD + EF) # 0,

thus A is invertibleﬂ Therefore when vB — 2aF # 0 the cowreath (A ® HP h,) is always Frobenius.

Example 4.2. An example is given by A=B=C=D=0,E=F =1, a=1, § =+ =0. Notice that there
is no restriction on the choice of a, b, therefore we choose them to be both zero. The H-coaction is given explicitly
by

p(G) = G®1y,
p(X) = X®g.
The distinguished element is A = G.

2. Suppose 7B — 2aF = 0 and E # 0. Then
vAD — 2CF — 20DE =0
vDE + 2BC — 2aAD =0
26B—~F =0
—AB + CD + EF # 0.
By setting P' A = pq1 + oG + 3 X + 114G X, and become equivalent to
202) 2usaA — pusvE + 2p40C =
211B + poyBD — 2u3BC — 24aCD =
201D + pipyD? — 23(AB — EF) — 2,BC
psYA — 2u3SE + payC
206) 211 (CD + EF) 4 u2yD(CD + EF) — 2u3ABC — 1sC(vDE + 2BC) =
Notice that we can use to rewrite and , and to rewrite . We find
B(2u1 + peyD) =0, and F(2u; + peyD) = 0.

It is straightforward that 24, + poyD = 0, otherwise B = F = 0 and (204) forces D = 0, contradiction. Condition
(202)-(206]) change into

(201)

N DN DN
o O O
(G2 SENTSON IV
= -

|
o o o o o

(
(
(
(
(

(207) 2usaA — pusvE +2u4aC = 0
(208) 2p +peyD = 0
(209) —243(AB — EF) — 21, BC = 0
(210) ps YA = 2u3SE + pyyC 0.

In this case A = 3y(—poD + puuE) + (uoF + p3A + p14C)G — (2B + psE) X + (uoD — pyE)GX and

2We are using notation of Proposition
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1
|A] af — 4v2> (—p2D + paE)? — a(p2F + psA + 114C)? + 7(u2F + psA + p1aC) (2B + p3E) +
(12B + psE)?

1
of - 472) (D + JE)’ — a(usF + 13A + 1aC) + (jnF + 2u558) (B + psE) +

©
=
IS

(12B + usE)?

1
0B = 17*) (D + B = alaF + o+ uCP + BB + o)

©

[==)

=
AAAAAQAQA

4
1 1
= af — 472> (—p2D + paE)? — 5 2p2aF + pzyE) (u2F + pi3 A + 44 C) + (p2B + p3E)?
2aF=~vB 1 2 2 1 P
= af =777 ) (mp2D + paB)” = 5 (u2B + i3 E) (27 F + payA + p1ayC) + f(n2B + 13 E)
210+ (201) 1 1
EDLED (- ﬁ) 2D + pB)? = 5 (12B + usE) (241208 + 2419 5E) + 5(1sB + g F)?
1
= 472> —p2D + s E)?.

We see that A is invertible if, and only if, (a8 — $72) (—p2D + paE)? # 0. Since this forces 72 — 4af # 0, it is
clear that conditions

28B —~1F =0

imply B =F = 0. One look at (201]) makes it clear that C # 0 # D, vA —25E = 0 and YE—2aA = 0. Then, given
that 42 — 4a8 # 0, we must have A = E = 0, but this is a contradiction (E # 0). Therefore when vyB — 2aF = 0
and E # 0, the cowreath (A ® H°P, h,) is never Frobenius.
3. Finally assume yB — 2aF = 0 and E = 0. Then
~YAD —2CF =0
BC-aAD =0

{’yBQOzF =0

(211) B —2aF =0

AB — CD #0.
By setting P~*A = py + oG + psX + uaGX, (195) and (196) become equivalent to
(212) 2uza+ uyC = 0
(213) 211 (AB — CD) — 15C(yD? —2BF) = 0
(214) psy +2usBC = 0
(215) 241D + ppyD? — 2u3B — 2u,CF = 0
(216) 201 AF 4 245 CF? — 1y A*(WF —28B) = 0

Since yAD = 2CF we can rewrite (213)) as
2u1(AB — CD) — p5y(CD — AB)D = 0,
which is equivalent to 21 + peyD = 0. Condition (212)-(216) change into

(217) 2usa+ myC = 0
(218) 2u +pyD = 0
(219) w3y +2uBC = 0
(220) 2usB + upyyAD = 0
(221) —usA(WF —26B) = 0.



4. FROBENIUS PROPERTY 82

In this case A = $y(—poD + psA) + (u2oF + 13)G — (2B — s C) X + (2D — 1s A)GX

l\’)

|A| = (—p2D + g A)? — a(poF + p3)® + y(pu2F + p3) (2B — 114C) — B(paB — 114 C)?

&)

aff — (—p2D + paA)? — (u2F + p3) (u20F + piser — p1o7B + 1147C) — B(2B — p14C)?

2

[ V)

| »MH »P\H »MH »MH »MH
2
\_/vvvvv

1
af — (=p2D + 14 A)? = o (1oF + p13) (= p2yB + payC) = B(n2B — 14 C)”

©

—

QO
[V

1
af — —12D + 1 A)* + S (2B — 1 C) (1 F — 2515B)

2

IS
=
=

o

1 1
~1i5(yBF — 23B?) — ZM4M2(W2 —4aB)AD

(—poD + g A)? + 5

af —

NS

i) If we suppose A = 0, then gives C # 0 # D and B = F = 0. Then A is invertible if, and only if,
p2(v* — 4apB) # 0. One can take pp =1, ug = pg = 0, ie. A= —2ID + DGX to show that the cowreath
(A ® H°P, h,v) is Frobenius, provided 72 — 4a3 # 0. On the other hand, if 42 — 403 = 0 any A satisfying
— is not invertible.

ii) Now let A # 0 and suppose 7F — 2B = 0. Then |[A| = (a8 — 17?) (12D + paA)?, therefore we must have
~v% —4a8 # 0 in order for A to be invertible. Since vF —23B = 0 and vB —2aF = 0, we must have B = F = 0.
Hence forces C # 0 # D and o = vy = 0, which is a contradiction.

iii) Finally let A # 0 # F —28B. Conditions (217)-(221)) give 4 = p3 = 0 (otherwise v = B = 0, contradiction).
Then one can verify that |A| = u3 (AB_CDz)XYF_w B) 2 0 and therefore, by choosing us = 1 one concludes that
the cowreath (A ® H°P, h,) is Frobenius under the following conditions:

2

(o9~
(
(T +(20F=1B) <
(
(

[\S]

(12D + paA)? + uzB(vF 26B).

2

YAD — 2CF =0
BC-aAD =0
B — 2aF =0
AB-CD #0
A#£0

~vF — 25B # 0.

REMARK 4.3. Notice that case i) is exactly the one described in [BT2, Example 6.8].
Example 4.4. An example in case i) is given by A=B=E=F=0,C=D=1,a=5=0,7=1. Once
again a, b can be chosen freely, so we choose them both to be zero. The H-coaction is given explicitly by
p(G) = Gog,
p(X) = X®g.
The distinguished element is A = —% +GX.
Example 4.5. An example in case iii) is given by A=B=1,C=D=F=0,a=7=0,8=1. Againa, b
can be chosen freely, so we choose them both to be zero. The H-coaction is given explicitly by
p(G) = Gay,
pX) = X®lp.
The distinguished element is A = —X

REMARK 4.6. Notice that whether the cowreath (A ® H°P, H ) is Frobenius or not, does not depend on the
choice of d in the definition of the H-coaction. This is made clear by the form in which (193]) and (194) appear.
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5. Summary on Frobenius property

We recapitulate the results on Frobenius property in the following table

Frobenius cowreaths

S Distinguished element A Conditions

Id A=1y

7AD —2CF —28DE =0

vDE + 2BC — 2aAD =0

2aAF + 28BE —vAB — YEF =0
—AB+ CD+EF #0

B —2aF #0
E #0.
D
3. | A= -21D +FG - BX + DGX @D#0
2 3 A=B=E=F=0
2 —4aB #0.

YAD —2CF =0
BC -aAD =0
B —2aF =0

AB - CD #0
A#£0
AF —28B #£0

REMARK 5.1. We see that any Clifford algebra can be used to construct a Frobenius cowreath (A® HP, H, 1),
using the trivial comodule algebra structure p(a) = a® 1y, for every a € A. On the other hand this cowreath is not
rt-separable. There is in fact a discrepancy between Frobenius cowreaths and separable cowreaths since in order
for the cowreath (A ® H°P, H,1) to be Frobenius, 72 — 4af3 # 0 is a necessary condition, with the exception of a
few cases. This is shown in Theorem [Z11

6. Semisimplicity and rt-separability

In this section we give a negative answer to Question This result is contained in Theorem [6.1] and it is used
to prove the much more general statement of Theorem which describes the interaction between semisimplicity
of the algebra A = Cl(«, 8,7) and the rt(h)-separability of the cowreath (A ® H°P, H ).

Let us consider A the generalized quaternion algebra over the field k. This is the four-dimensional k-vector
space with basis 1,4, j,ij endowed with the algebra structure given by

i2:a7 j2:b7 Z]:_]Zv

where a and b are invertible elements of the field k. Thus A is exactly the Clifford algebra Cl(a,b,0). Suppose A
is given an H-comodule algebra structure by (p,d) with E # 0. Then (p, d) is such that

CF +tDE =0
BC—-aAD =0
aAF + bBE =0
AB - CD - EF #0
E, a,b#0
a,bek.




Since b, E # 0, from the first equality we get D = —% and from the third B = —
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aAF
bE

84

. BC —aAD = 0 is trivially

satisfied. We see that F # 0, otherwise B = D = F = 0, contradiction. Thus the system reduces to

VE
aA? +bE* —C?#0
E,F,a,b#0
a,b e k.

If we also impose rt-separability we need (¢, d) to satisfy

VE*(r'a— s'b) = F
r'(—aA? —bE?) — §aAC =0

r’"C+s'aA =0
—1'aAC + s'a(—C* + bE*) = 0
CF
D=———

bE
aAF

B=—

bE
aA® +bE? —C? #0
E,F,a,b#0
a,bek

If we use 7'C + s’aA = 0 in the second and fourth equalities we get

r(aA® +DE* — C?) =0,

s'a(aA* — C* +bE?) = 0

which imply ' = ¢’ = 0. This result clearly contradicts the first equation, therefore, when A = Cl(a,b,0), a,b € k*
and E # 0, the cowreath (A ® H°P, H ) is never rt-separable.
Now suppose A is given an H-comodule algebra structure (p,d) with E = 0. Then rt-separability is attained

if, and only if,

(aA? — C?)(r'a —

s'b) = —AB + CD

ar’ =0
bs'C =0
"B+ s'CF =0
B=0
CF=0
BC-aAD =0
aF =0
AB - CD #0.

Since a, b are invertible we immediately get F = B = 7/ = 0. Then C # 0 # D and so the third equality gives
s’ =0, contradiction (see the first equation).

We have proved the following

THEOREM 6.1. Let (A, p) be a generalized quaternion algebra, endowed with any H-comodule algebra structure.
The cowreath (A ® H°P H, 1)) cannot be rt-separable.

Actually this theorem can be regarded as a consequence of a much more general result — though here we use

the former to prove the latter.
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THEOREM 6.2. Let A = Cl(«, 8,7) be a Clifford algebra endowed with an H-comodule algebra structure p :
A— A® H. If the cowreath (A ® HP, H, ) is rt-separable, then v2 — 4a3 = 0.

PROOF. Let us start by supposing v = 0. In this case either a or 8 must be 0, because if they are both invertible
then A is a generalized quaternion algebra and the cowreath (A® H°P, H, ) is not rt-separable, by Thm. ﬂ Thus
if A is rt-separable and v = 0 we must have 7% — 4a8 = 0.

Now assume v # 0 and E = 0. Let us show that y2—4a # 0 leads to a contradiction. In this case rt-separability
implies that

(aA? — C?)(r'a — s'b) = —AB + CD
2ar’ +vs'C =0
yr' +28s'C =0
"B+ s'CF =0

YF —-26B =0
+AD — 2CF = 0
BC -aAD =0

B —2aF =0
AB-CD #0
a,bek,E=0

In particular vF — 2B = 0 and 7B — 2aF = 0 give B = F = 0, because 72 — 4a3 # 0. B = 0 forces C # 0 # D.
Moreover 2ar’ + vs'C = 0, v’ +28s'C = 0 yield r’ = s’ = 0, since (y? — 4a3)C # 0, but this clearly contradicts

(aA? — C*)(r'a— s'b) = —AB + CD # 0,

thus we must have 72 — 4a3 = 0.
Finally suppose v # 0 # E and let us show that 2 — 4a3 # 0 leads again to a contradiction. This time,
rt-separability implies that

E(aA? + BE?> — yAE — C?)(+’a — s'b) = ~AB + CD + EF
r(AB — EF) +sBC =0
2r'CF + s'[y(CD + EF) — 26BE| = 0
2r'BC + s'[2a(CD + EF) — yBE] =0
(222) ~vAD — 2CF — 26DE =0
vDE + 2BC — 2aAD =0
20AF + 26BE — v(AB 4+ EF) =0
AB—-CD —-EF #0
a,bek,E#DO0.

Notice that, in view of the first equation, r’ and s’ cannot be both zero. The two equations

2r'CF + s'[v(CD + EF) — 26BE] = 0

2r'BC + s'[2a(CD + EF) —vBE| = 0,
admit a non-trivial solution (', s") # (0,0) if, and only if,

CF[2a(CD + EF) — vyBE] — BC[y(CD + EF) — 26BE] = 0,
ie.
C(—AB + CD + EF)(2aF — yB) = 0,

therefore the cowreath (A ® H°P, H,1)) is rt-separable if, and only if, either C = 0 or 2aF —yB = 0.
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If we suppose 2aF — vB # 0, then C must be zero and thus becomes
E(aA? + BE?> — yAE)(r'a — s'b) = —AB + EF
r(AB —EF) =0
s'(vF —28B) =0
s'(2aF —vB) =0
~vAD — 25DE =0
YDE — 20AD =0
20AF + 26BE — v(AB+ EF) =0
AB-EF #0
a,bek,E#0.
From the second an fourth equations we get that ' = 0 and s’ = 0, contradiction. This forces yB — 2aF = 0.

Then the seventh equality in (222)) becomes 23B — vF = 0 and so, given that YB — 2aF = 0 and +% — 4af # 0,
we get B = F = 0. This leads to a contradiction, because AB — EF # 0. We can conclude that if the cowreath

(A® H°P, H,v) is separable, then 72 — 4a8 = 0. O

7. Rt-separability vs Frobenius property

The aim of this section is to the determine for which H-comodule structure, the induced cowreath is both
rt-separable and Frobenius. Since Theorem shows that rt-separability implies v — 4a3 = 0, we start by
determining for which Frobenius cowreath this condition is satisfied.

THEOREM 7.1. Let (A, p) be a Clifford algebra Cl(a, 8,7) endowed with any non-trivial H-comodule algebra
structure. The cowreath (A ® HP, H,)) is Frobenius and v* — 4o = 0 only if C =0 and either
o E.a#0. Theny =204, =a4; and A, B,D,F € k with AB — EF # 0.
e E=a=~v=0. Then 3, A,B#0 and D, F € k.
PrOOF. 1. Let E # 0 and consider the second row of the table for Frobenius cowreaths. In this case, if we
further assume 2 — 403 = 0, we must have
vAD — 2CF — 20DE =0
vDE + 2BC — 2aAD =0
20AF + 26BE —vAB —vEF =0
—AB+CD +EF #0

B —2aF # 0
E#0
7?2 —4ap = 0.

If @« =0, then vB # 0, but also v = 0, which is a contradiction. Thus « # 0 and § = g. The first equation of the
system becomes 2ayAD — 4aCF — +2DE = 0, that can be further simplified using the second and the fifth ones:

2avAD — 4aCF — y(—2BC +20¢AD)=0 <+<— C(yB—-2aF)=0 <<= C=0.
Now the third equation becomes (YE —2aA) (7B — 2aF) = 0, that is yE — 2aA = 0, and the initial system reduces

to
C=0

AB—-EF #0
E,a#0.
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2. Now consider the last row of the table for Frobenius cowreaths. By supposing v2 — 48 = 0, we must have

vYAD —2CF =0

BC-aAD =0

B —2aF =0

AB-CD #0

A#£0

YF —26B # 0

v? —4af = 0.
If 5 = 0, then v = 0, but also vF # 0, which is a contradiction. Thus 8 # 0 and a = %. As a consequence
~B — 2aF = 0 becomes 2v3B — v2F = 0, that is v = 0. It is straightforward that « = C = 0 and B # 0. O

As a consequence we see that it is not possible to build a cowreath (A ® HP, H,) that is both Frobenius and
rt-separable.

COROLLARY 7.2. Let (A, p) be a Clifford algebra Cl(a, 8,7) endowed with any H-comodule algebra structure.
The cowreath (A ® H°P, H,1) cannot be both Frobenius and rt-separable.

PRrROOF. If the comodule algebra structure is trivial, then we know from previous results that the cowreath
(A® H°P H, 1) is Frobenius but not rt-separable (see Remark . Now let us suppose that p is non-trivial and
that (A ® H°P, H,v) is Frobenius. If we want (A ® H°P, H,v) also to be rt-separable, then, by Theorem
~v%2 —4aB = 0, so that we must focus our attention on the two cases of Theorem

In the first case, since C =0, E# 0 and v = 2(1%, rt-separability requires that
E(SE? — aA®)(r'a — s'b) = —AB + EF

r(AB — EF) =0
s'(2aAF — 28BE) = 0
s'a(EF — AB) =0
~AD — 28DE =0
20AF + 26BE — v(AB+ EF) =0
AB —EF #0
a,bek,E#D0.
Given that furthermore o # 0 and AB — EF # 0 (by Frobenius property) we see that ' = s’ = 0 is forced, but

this is against the first equality.
If we consider the second case of Theorem we find that, since C = E = o = v = 0, rt-separability requires

0=—-AB
"B =0
_26B=0,
AB #0
abeckE=0

which is clearly inconsistent. O




CHAPTER 4

Partial results in higher dimension

In this chapter we will extend some of the results obtained in Chapter[2]to algebras in higher dimension. Namely
we will show that E(n)-coactions over a finite-dimensional algebra A are classified by tuples (p,dy, ... ,d,) consisting
of an involution ¢ and a family (d;);=1,...»n of ¢-derivations satisfying appropriate conditions (see Thm. [1.6). Since
a complete classification of involutions and skew-derivations seems currently out of reach for a Clifford algebra
A = Cl(a, Bi, i, Mij) we specialized our main result for the case when A is a simple algebra (Thm. . In this
instance a full classification of F(n)-coactions becomes roughly equivalent to the understanding of the structure of
a particular subset of A that contains every element whose square is contained in Z(A).

In order to reach our goal we first need to recall the definition of the Hopf algebras E(n) given in Section |5 of
Chapter

DEFINITION m We denote by E(n) the 2"*!-dimensional Hopf algebra over a field k of characteristic
char(k) # 2 generated by elements g and x;, for i = 1,...,n, such that ¢> = 1, 27 = 0 and gz; = —a;g for
any ¢ =1,...,n and x;2; = —xjx; for 4,5 =1,...,n, 1 < j.

REMARK 0.2. Remember that as an associative algebra E(n) can be regarded also as CI(1,0,0,0).
The Hopf algebra structure is given by
Alg)=9g®g, Alz)=2;09+1®@uz;, i=1,...,n
e(g)=1, e(x;))=0,i=1,...,n
S(g)=g =g, Sx:)=—gzi,i=1,...,n.
Notice that E(1) is Sweedler’s Hopf algebra. For P = {iy,42,...,i5s} € {1,2,...,n} such that i1 < iy < -+ <5, we

denote zp = x;, @i, - x;,. If P = & then xg = 1. The set {¢’zp | P C {1,...,n},j € {0,1}} is a basis of E(n).
Let F' = {i;,,4j,,...,%;.} be a subset of P and define

1)

S(F,P) = (j1+-~-+jr)—r(% and S(@, P) = 0.

Then computations show that

(223) A(gjiEP) = ZFCP(*US(F’P)Q%F ® glF‘+j$P\F7

(224) S(giap) = (=1)IPIG+HD gIPI+T 4

To gain further insight into these family of algebras we refer to [BDG), [CD), [PVO, [PVOZ2, [CC|]. In [PVO2] it
is shown that a 2"!-dimensional Clifford algebra A = Cl(, B;,7i, Aij) admits a canonical F(n)-comodule algebra
structure p: A - A® E(n) given by

p(la) = 14®@1gw

p(G) = Goyg

pX;)) = Xi®g+la®a;, i=1,...,n
p(GX;) = GX;i®@lgy) +G®@gx;, i=1,...,n.

Our first goal is to understand how to characterize all the possible E(n)-comodule algebra structures that the
Clifford algebra A admits. It turns out that, as it happens in the four-dimensional case, F(n)-coactions are in
bijective correspondence with tuples (¢, dy,...,dy,).

88
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1. Coactions, involutions and skew-derivations

In this section we are going to prove that each E(n)-coaction of A = Cl(a, 5;,7i, Aij) is again completely
determined by the choice of an involution ¢ : A — A and of a family of ¢-derivations {dy,...d,}. Most of the steps
performed comes as a natural generalization of what we did for the four-dimensional case.

1.1. The category isomorphism in higher dimension. In the first place, we want to show that there is
an isomorphism of categories
VeckE(n) 2 g(n)eon VeCy
that preserves algebras, so to make clear that each right E(n)-coaction corresponds to a unique left E(n)P-action.
Again we recall that when H is finite-dimensional there is an isomorphism of categories
F: Vec,? — = Vecy,
given by
FI(M, p) = (M, pp),
where
1o (B & ) = moh* (my)
for every h € H and every m € M (cf. [CMZ], p. 10). The inverse of this functor is given by G : g« Vec, — VeckH7
G(M, p) = (M, py.), where
pu(m) = p(h; @m) ® h;
for every m € M. Both the functor F’ and its inverse G send a map to itself, i.e. a map is H-colinear if, and only
if, is H*-linear. Furthermore, in our case we also have that H = E(n) is self dual, i.e. there exists an Hopf algebra
map ¥ : E(n) — E(n)* that gives an isomorphism E(n) = E(n)*. It is defined by (cf. [PVQ], Prop. 1)
We are going to modify ¢ in order to define a new Hopf algebra isomorphism ¢ : E(n)°? — E(n)*, because we
work best with a flipped comultiplication.
LEMMA 1.1. The algebra map ¢ : E(n)°P — E(n)* defined by

e(1) =1"+g" =cpm), g =1"-g" o@)=—2]+(9z)", i=1....n
is an Hopf algebra isomorphism.

PROOF. One shows by induction that

[P|+1

) 1P| .
(225) plg’ep) = (1)L = (ap) + (-1)F 1 (gzp)
for j € {0,1} and P C {1,...n}. Hence we have that

” |P|+1 rp+ gx " 1P| Trp — gx
(o) = () (TR (o = (1)l (22202,

for every P C {1,...n}. This proves that ¢ is a surjective and therefore bijective. The comultiplication on E(n)*
is given by

A(gzp)") = (=117 ZFQP(—1)S(F7P)+(j+‘P')'F' [(—U'F‘(IEP\F)* ® (¢ep)" + () gapp)” @ (o7 ar)"| .

To show that ¢ is a coalgebra map, one calculates

. |P|+1 . 1Pl - N .
ep(n)-(P(9’TP)) = €B(n)- ((—1)L > Nap) + (-1 I (gap) ) =0po = €p(n)cr (9’ TP)
and
(P @) A“P(fzp) = (p@p) (ZFCP(_1)S(F7P)9\F|+ij\F ®gij>
IPI=|F |41 . 1P|=IF| » .
= 3 VIR () )+ () (g )]

[F|+1

(=) ) + (~D) U5 (g

&
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|P|—|F|+1 |F|+1 % *
= ZFCP(_]-)S(F’P) (-l J(xP\F) ® (zr)"+
(71)L\PIQIF|J+\F|+[@j (gxP\F)* ® (ng)* +

+ (_1)Li‘Pl*le'HJ+L@J+j(xP\F)*®(ng)*+
(

ey )]

(%) |P|+1 * *
Sl ZFQP( 1)SEP) ()L HOHPDIF (g by ) @ (25)* +
P

UL

(ISP g ) @ () +

b (—DUSHOHEDIPI (g ) @ (gur)* +

+ ()PP (g ) @ ()

= (DA + (- >‘ A ((gee))
= Ap(g’zp)).

Equality (x) can be checked case by case, fixing the parity of |P| and |F|. For example when both |P| and |F| are
even, one has

|P|—|F|+1 |F|+1 « "
> (DS ()RR g 1) @ ()
(—DLEFE IR
(-1)
(

_q) P

grp\r)" @ (9rF)* +

R U

rp\r)" @ (9zF)" +

B (gope) @ (@r)’]

- ZF@D(fl)S(RP)+I2ﬂ [(zp\r)" @ (zp)* + (9zp\F)" @ (g7F)"+
+ (-1 (rp\r)" ® (92F)" + (—l)j(ggjp\F)* ® (JUF)*}

and

ZF P(71)S<F’P> [(,DL‘P'%H(HIPI)IF\(xP\F)* ® (zr)* +
o

b (I OHEDIP) g ) ® (g +
b ()R HAHEDIPIG (g ) @ (gup)* +
N ( 1) % +(1+|P\)|F\+J(gxp\p)* @ (xF)*:|

I . ) . )
- E:FCP(_DS(F’P)Jr 7 [(xp\p)* @ (xp)" + (g2p\p)" © (92r)"+
J

+ (1) (zp\r)" ® (grr)" + (*1)j(9$P\F)* Y (l'F)*}

O

Let h; denote the i-th element of the basis of E(n) and h} its dual element in E(n)*. We can use the isomorphism
 to define a mapping

U : B(n)eor Vecy — Vecy (n), U(M,p) = (M,p,),
where
pu(m) = plp™" (h}) @ m) @ h;
and U(f) = f for every E(n)P-linear f.
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To show that U is a functor, we will make use of Lemma 1 contained in [CMZ]. We have, for every f,g € E(n)*
and m € M,

(Idar @ f @ 9)(pp @ Mdpm))pu(m) = (Idy @ f @ g)(u(e " (B}) @ (e~ (h)) @ m)) @ k) @ hy)
= (e ' (BF) - o N (hy) @ m) f(R)g(hs)
= (e "W} *hy)@m)f(h})g(h:)
m)

we™ (
w(e ™ (fF(RRS * g(hi)h}) @
= e~ (f*xg)@m)
=l ((f * g)(hi)hi) @ m)
= ple " (h)) @ m)(f * g)(hi)
= ule ' (hy) @m)f(hi,)g(hiy)
= (Idy® f@g)u(e  (h) @m) @ hi, @ hy,

(e~ (h}) ©@m) @ h;

T
= (dy®f®g)(Idy ®A
) pu(m).

)
= (ldy @ feg)Idy @A)

y [CMZ, Lemma 1], it follows that (p, ® Idgn))p, = (Idy ® A)p,, (cf. proof of Prop. 3 ibid.). Furthermore

(M & ep)pu(m) = plo™ (h) @m) @ e (he)
= (e (Enm(hi)hi) @ m)
= wlye™ (epw) ®m)
= u(lpm) ®m)
= m
for every m € M and thus we can conclude that ( ,pp) is an object in VeckE(n). Now let us consider two E(n) -

modules M, N and an E(n)“’-linear map f : — N. We prove that f is automatically F(n)-colinear. We
have

(f@ldpu)pm(m) = (f@Idpu)(um (e~ (hi) @ m) @ hy)
= (fomn)@™ () ®@m) @ h;
= pn(e7H(h) ® f(m)) ® hy
= (pn o f)(m).
Finally, since U is the identity on morphisms, we can conclude that U is a functor.
U has an inverse V : Vec, B _, E(n)cor Vecy, defined by

V: VeckE(") = Bnyeor Vecg,  V(M, p) = (M, p,),
where

pp(h ®@m) = (p(h)(m1))mo
and V(f) = f for every E(n)-colinear f. We have

ﬂp(IdE(n) ® /‘p)(h/ ®@h@m) = Mﬂ(hl @ (p(h)(m1))mo)

I
—_~ o~
S
—~
=
S —
~ o~~~
3
¥

I
5
=
=
&
3
o

for every h,h’ € E(n) and every m € M. Moreover
tp(Lgm)y @m) = (@(Lpm))(mi))(mo)
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= e(mi)mo
= m
for every m € M and so we can conclude that (M, 11,) is an object in E(n)eor VECk.

Then we consider two E(n)-comodules M, N and an E(n)-colinear map f : M — N. We prove that f is
automatically E(n)P-linear. We have

(fopar)(h®@m)

(w(h)(mq)) f(mo)
(p(h)(f(m)1)f(m)o

= wpn(h® f(m))

= wun(Idgm) ® f)(h®@m)

for every h € E(n) and every m € M. Since V is the identity on morphisms, we conclude that V is a functor.
Finally we want to prove that UV = Idyecr () nd VU =1d, copvee,- We have UV (M, p) = (M, py,) and

Pu,(m) = pp(p~ (hy) @m) ® h;
= (pp " (h}))(m1)mo @ h
= hi(mi)mo ® h;
= myg® h;k (ml)hi

= my®my
p(m)
for every m € M. Moreover VU (M, ) = (M, p,,) and
pou(h@m) = (p(h)(h:)ule™" (h}) @m)
= ullp(r)(h)le™" (ki) @ m)

(
= ule™ (lp(h)(ho)lh;) @ m).

Remember that the ¢(h)(h;)’s are the coordinates of the vector ¢(h) € E(n)* on the dual basis b}, which means
that [¢(h)(h;)]hf = ¢(h). Hence

. (h®m) = u(e™ (p(h)) @ m) = p(h @ m)
for any h € E(n) and any m € M. Therefore we have proved that the functors U and V previously defined give an
isomorphism of categories
E(n)eor Vecy, = VeckE(").

Again, the functors U and V send algebras to algebras, i.e. the image (A,p,) of an E(n)“P-module algebra
(A, 1) is an E(n)-comodule algebra and, conversely, the image (V(A), p,) of an E(n)-comodule algebra (A, p) is an
E(n)°P-module algebra.

Suppose (A4, u) is an E(n)®P-module algebra. This means that and hold. To prove that A is also an
E(n)-comodule algebra we need to show and (52)) are satisfied. For any f € E(n)* we have

(Ida @ f)(pu(a)pu (b)) = (Idmf)([ (e~ (h}) @ a) @ hi][u(e~ " (B) @ b) @ )
p(e™ (h) ®@ a)u(p *1(h’*)®b)f(h-h’»)

) ®

(e~ (h}) © a)u( (h/*)®b)f1( i) f2(h)
= (e (fi(hi)h ) a)u(e ™ (f2(R)RS) @ b)
= wle () @a)ulp™ (f2) @b)
= e (N2@a)ule” (/L @b)
= ule () @ ab)

(e~ (f(hi)hy) ® ab)
= ule ' (hy) @ ab)f (i)
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= (Ida® f)(ule™!(h}) ® ab) ® hy)
= (Ida ® f)pu(ab).

y [CMZ, Lemma 1], it follows that p,(a)p,(b) = p,(ab) for any a,b € A.
Furthermore

il (h}) ©1a) @ hy

ey (@ (h)1a @ hy
E(n)* (h*)lA(X)h

hi(lH)1A®hi

= 1la®lgm)

p,u(lA)

[E

and thus (A4, p,) is an F(n)-comodule algebra.
Now suppose (4, p) is an E(n)-comodule algebra. This means that and hold. To prove that (A, u,)
is an E(n)°°P-module algebra we need to show that and hold. We have

pp(h ® ab) ((h)((ab)1))(ab)o

(¢(h)(a1b1))aobo

[(p(h))1(a1)(p(h))2
[p(h2)(a1)p(h1)(b1)
= (p(h2)(a1)ao)(p(h1)
= piplh2 ® a)p,(h1 ®b

g

(b1)laobo
laobo

(b1)bo)
)

B

for every h € E(n) and every a,b € A. Then

B

up(h@1a) (o) (L)) 1a

ep(n)-(p(h))1a
= €E(n) (h)lAa
for every h € E(n). We obtain a generalization of Proposition [1.2] of
PROPOSITION 1.2. Let ¢ : E(n)°? — E(n)* be the Hopf algebra isomorphism defined by (225)). The assignment
U : p(n)eor Vecy — VeckE(n), U(M,p) = (M,p,),
where
pu(m) = (e~ (hy) @ m) © h;

for everym € M, and U(f) = [ for every E(n)P-linear f defines an invertible functor. Its inverse is given by the
assignment

V: VeckE(n) — B(n)cor Ve,  V(M,p) = (M, p,),
where
pp(h @ m) = (p(h)(m1))mo
for every h € E(n) and every m € M, and V(f) = f for every E(n)-colinear f. Moreover both U and V preserve
algebras.

This means that each E(n)-coaction p on a finite dimensional algebra A can be expressed in terms of a unique
E(n)c°P-action:
p(a) = p(e™ (b)) ® a) @ h;
and explicitly

pla) = D e N (gzp)) @a)@gzp
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et=s | (xp+(—1)gx ,
S s JJM(}D()'QID®Q)®QJ$P
P

2

Jr J—
= ZP(—l)UPl;lJu <xP 29£EP ®a) Qxp+ (—1)L%Ju <xP 29£EP ®a) ® gxrp

IP|+1 zp+ (—1)Plgz zp + (—1)IPH1gy
> (-l J{u(xp®a)® r VDI g 0 a) 0 LY "P},

2

where P is taken to run over all subset of {1,...,n}. It is clear that, since u(grp ® a) = u(g ® p(zp ® a)), and
wap ®@a) = p(z;, @ p(w, ... u(x;, ®a))), when P = {i; < iz <...<is}, then p is completely determined once
we know how ¢ and each x; act on the elements of A. As a matter of fact E(n)°P-actions on a finite-dimensional
algebra A are in bijective correspondence with n + 1-uples (¢, dq,...,d,), of suitable maps.

1.2. E(n)°P-actions, involutions and derivations. We have seen that each F(n)°P-action on a finite
dimensional algebra A is completely determined by the choice of an action of g, x1,...,x, on the elements of A.
This, in turn, is equivalent to the choice of an n + 1-uple (¢, d1,...,d,), where @ is an involution of A, the d;’s are
¢-derivations on A and d? = 0, pd; = —d; ¢, d;d; = —d;d; for every 4,5 = 1,...,n. The steps needed to prove this
result are exactly those followed in [Subsection 1.2] [Chapter 2|

In fact, given an FE(n)“P-action u: E(n) @ A — A, set p(a) := u(g ® a). As previously shown, ¢ : A — A is

easily proved to be an algebra map and an involution on A. Next, if we set d;(a) := u(z; ® a) for every i = 1,...,n,
we obtain a family of n ¢-derivations d; : A — A that satisfy d? = 0 and d;p = —pd;. Furthermore, it is not hard
to see that d;d; = d;d; for every ¢,7 = 1,...,n. In this way we have established an assignment

CcO P
(b Em)* P © A= A) — (¢ :=plg @ =), di = plz © -)),
so that to each E(n)®P-action corresponds a (n + 1)-uple of maps (¢, d;), where ¢ is an involution and the d;’s are
p-derivations such that d? =0, pd; = —d;p and d;d; = d;d; for every i,j =1,...,n.

Conversely let us fix an n + 1-uple of k-linear maps (¢ : A — A,d; : A — A), i = 1,...,n, satisfying the
previous properties. We are going to show that we can define an E(n)%P-action on A. We define a k-linear map
w:En)P® A — A, by setting
(226) plg’ep @a) =@ (diyds, -~ di (a)),  plg’ze ®a) = plg! ®a) = ¢’(a)
for every j € {0,1}, P C {1,...,n} and a € A. Here 2p = 7, - 2;,, Tz = lg) as usual. We need to show
that (4, p) is an E(n)°P-module and that (48)-(49) hold.

By definition p(1p,) ® a) = a, therefore we only need to prove that
(227) ph @ puh®a)) =puh'h @ a)
for every h,h' € E(n)®P and every a € A, to show that (A, u) is an E(n)®P-module. It is sufficient to pick h and
k' among elements of the basis of E(n). Let p = z;, x4, - - - @3, and zg = zj,xj, - - - x;,. We have

229

w(g*rq ® ¢ (diydi, - - di, (a)))

@k(djldjz e djt (@j(dildlé T dis (a)))
Since ¢d; = —d;p for every i = 1,...,n, it follows that
¢ (djydj, - dj, (D7 (diy diy - - di, (0)) = (1) (dj, dj, - - dj, (diy iy - -~ ds ().
Suppose there are I,m € N such that j; = i,,. Since the d;’s anticommute and d? = 0, by changing sign

accordingly, one can bring d;, and d; , together and show that the whole term must vanish. In this case, it is clear
that PN Q # @, and g’zgg’zp = 0, since xj,z;,, = x7 = 0. Therefore

im

1(gfrg @ p(g’zp ® a))
(220)

w(gtzq @ plg’zp ©a)) =0 = (0@ a) = u(g’zeg’zp ® a),
i.e. (227) holds.

Now suppose that PN @ = &. Then we have
plg*eq ® p(g’ve © a)) = (1) (dj dj, - - dj iy diy - - i, (0)),
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where all the involved derivations are different. Let ag p € {—1,1} be defined by zqzp = ag prqup. If we
denote by dg the ordered composition of derivations indexed by the ordered set R (e.g. dp = d;,d;, - - - d;., where
P ={i; <i3 <...<is}), it is clear that also dodp = ag,pdgup. We can conclude that

Voot (dy, dj, - - dj,diy di -+ i (a))
1)7 ﬁk(deP( )

(g zq ® plg’zp © a)) (-
(—
(—1)*aq,pe’ F(doup(a))
(—
(—

N
||g [

7 aq,pulg’ *equp ® a)
1)J8 u(g J+kal,P® a)

k

w(g*zog’zp ® a)

Therefore (A, i) is an E(n)®P-module. Now we prove that it is an E(n)°P-module algebra, i.e. that and
hold.
Set dg := Id4. We have

p(g’zp ©14) = ¢’ (dp(1a)) = dpo = (¢’xp)1a
therefore holds.
Next
w(z; @ ab) = d;(ab)
= di(a)b+ p(a)di(b)
= @i @ a)u(lpm) ©b) + plg ® a)u(z; ®b)
= pl(xi)2 @ a)u((z:)1 ©b)
for every a,b € A and every i = 1,...,n. Now suppose that p(xp ® ab) = u((zp)2 ® a)u((xp)1 ® b) holds true

for every a,b € A and every P with cardinality m > 1. Take Q = {i1,42,...%m+1} such that |Q| = m + 1 and let
Q/ = Q \ {Zl} = {ig, e im+1}. Then

wrg®ab) = p n(zg ® ab))

®
zi, @ p((rqr)2 @ a)u((zgr)1 ® b))
(2iy)2 @ p((rqr)2 ® a))pu((wi, )1 @ p((zg)1 @ b))
(Tiy)2(7q)2 @ a)) p((w4,)1(zg )1 @ D))
(2Q)2 ® a))u((T@)1 @ b)).

Ly

ind.hyp.

=

(
(
= :LL( xll
=

1(

Thus we have proved pu(zp ® ab) = u((xp)2 ® a))u((zp)1 @ b)) by induction on m = |P|. Clearly u(1g,) ® ab) =
ab= pu(lgm) ® a)u(lpm) ®b) and pu(g ® ab) = p(ab) = p(a)p(b) = u(g ® a)u(g ® b) for every a,b € A. Finally

wlgrp ®ab) = p(g @ p(zp @ ab))
= wg@p((rp)2 ®a)u((rp)1 @)
= ¢(u((zp)2 @ a)u((xp)1 @D))
= p(u((zp)2 ®a))p(u((zp)1 @ b))
= pulg@p((zp)2®a))u(g @ p((zp)1 ®@b))
= p(g(rp)2 ®a))u(g(rp)1 @ b))
= pu((gzp)2 ® a)u((gzp)1 ® D))

for every a,b € A. We have proved that holds for every a,b € A and every h of the canonical basis of E(n).
Since involved maps are k-linear, this implies that holds for every h € E(n) and every a,b € A.
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In this way we have established an assignment
(807d17~~-7dn) ’L /LE(n)cop®A—>A

drp@ar— gpj(dp(a))

so that an E(n)c°P-action corresponds to each n+1-uple of maps (¢, d1, . .., d,), where ¢ is an involution, the d;’s are
-derivations such that d? = 0, pd; = —d,;p and d;d; = —d;d; for every i,j = 1,...,n. It is straightforward to check
that the assignments ® and ¥ are inverse to each other, and therefore the correspondence between E(n)P-actions
and such n + 1-uples (¢, d;) is bijective.

PROPOSITION 1.3. Let A be a finite-dimensional algebra over a field k of characteristic char(k) # 2, then an
E(n)c°P-action on A is completely determined by a choice of:

(1) an automorphism ¢ of A of order o(v) <2 (i.e. an involution or the identity),
(2) a family {d;} of p-derivations such that d? =0, ¢d; = —d;p and d;d; = —d;d; fori,j=1,...,n,i<j.

REMARK 1.4. This result is a generalization of Proposition [I.5] of Unlike that statement, this cannot
be deduced directly by any result contained in [CY], where the authors studied the actions of Taft’s algebras on
finite dimensional algebras. Notice that these algebras are mostly unrelated to the E(n)’s: the intersection between
the two families consists only of Sweedler’s algebra.

As in the four-dimensional case, this statement can be expressed in terms of Zs-gradings.

PROPOSITION 1.5. Let A be a finite-dimensional algebra over a field k of characteristic char(k) # 2, then an
action of E(n)®P on A is completely determined by a choice of:
(1) aZo grading A=A, @ A_,
(2) a family {d;} of -derivations (where ¢ defines the above grading) such that d? = 0, d;d; = —d;d; and
di(Ay) C Ay for everyi,j=1,...,n.

1.3. The explicit correspondence. Finally we can employ the established correspondence to write down
the explcit expression of a coaction p in terms of the associated involution ¢ and derivations dy, ..., d,.
We have seen that every E(n)-coaction p on A is defined by

(228) p(a) = > (1) xPJr(_Ql)‘PlgxP
PC{1,...,n}

L\PHI

> [M(Z‘P ®a)®

+ p(grp ®a) ®

Tp + (—1)|P+1gxp}
5 .

for every a € A, where p is an E(n)°P-action. Since each F(n)®P-action is in bijective correspondence with an
n + l-uple (p,d;) where » : A — A is an involution and each d; : A — A is a p-derivation such that d? = 0,
wd; = —d;p and d;d; = —d;d; for every i,j =1,...,n, (228) rewrites as

_ g zp + (=)lgw zp+ (=) ga
pla) = ng;”n}(_l)t ! [dp(a) ® £ 5 P 4+ o(dp(a)) @ 2 5 P} :

where again dp = d;,d;, - - - d;_, for P = {i; <i3 < ... <is}. The main result can be restated in the following way.

THEOREM 1.6. Let A be a finite dimensional algebra over a field k of characteristic char(k) # 2, then an
E(n)-comodule algebra structure on A is given by:

_ JIJEE} zp + (=1)Plgz zp+ (=1)IPH1gg
= 3 ) Har@e 2T g o 220

where

(1) ¢ is an automorphism of A of order o(¢) < 2 (i.e. an involution),
(2) dg = Ida and dp = d;,d;, - - - d;, ., is a composition of p-derivations such that d? =0, p(d;i(a)) = —di(p(a))
and d;(d;(a)) = —d;(d;(a)) for any a € A.
or equivalently by:
(1) a Zy grading A=A, ® A_,
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(2) a family {d;} of p-derivations (where ¢ defines the above grading) such that d? = 0, d;d; = —d;d; and
di(Ay) C Ag for everyi,j=1,...,n

REMARK 1.7. ¢ and each d; are completely determined once we have fixed ¢(G), ¢(X), d;(G) and d;(X).

It is now clear that to have a classification of all E(n)-coactions on a finite-dimensional algebra A is equivalent

to have a classification of all the involutions of A and the corresponding skew-derivations satisfying the hypothesis
of Theorem [L.Gl

2. A first insight into the case A simple

To reach complete knowledge of involutions and skew-derivations for a Clifford algebra A = Cl(«, B;, Vi, Aij)
of dimension greater than four seems not an easy task at all. The machinery developed in is of no
use when dealing with the general case and, in fact, performs quite poorly even in the simplest of the remaining
cases — when dimy A = 8 matrices have 64 entries and quadratic equations are not easy to solve even with the
help of a software. In order to simplify our task we can add the further assumption that A be simple. In this
case the Skolem-Noether Theorem [Laml Thm. IV.1.8] ensures that every automorphism of A, and thus every
involution of A, is inner. It can be proved that the simplicity of A also forces every -derivation d to be inner, but
in our case, since we are interested in skew-derivation anticommuting with involutions, we will see that the fact
that d is inner comes as an immediate consequence of this request. We will prove that in the case A is simple,
Theorem can be restated and tuples containing an involution ¢ and n skew-derivations d; can be substituted
by tuples (¢, u1, us, . . ., uy) of suitable elements of A. Notice that once again we can work with a finite-dimensional
algebra A which does not have to be necessarily a Clifford one.

Let us start by giving the definition of inner automorphism and inner skew-derivation.

DEFINITION 2.1. Let A be an algebra and ¢ : A — A an automorphism of A. ¢ is said to be an inner
automorphism if there exists an invertible element ¢ € A such that

@(b) = ¢ tbe for all b € A.
A p-derivation d : A — A is said to be inner if there exists an element u € A such that
d(b) = ub — ¢(b)u for all b € A.

Theorem takes into account an involution ¢ of order o(¢) < 2 and ¢-derivations d; such that d? = 0,
dip = —d; and d;d; = —d;d; for every 4,5 =1,...,n. Let us show what these conditions translate into when ¢ is
an inner involution. We will write ¢.. to indicate the automorphism such that ¢.(b) = ¢~ tbe for every b € A and d;
to indicate the skew-derivation such that d;(b) = u;b — p(b)u; for every b € A.

W2=1d <= ¢ ?bc* =b forallbc A <= b =c*b forallbc A < *c Z(A).
Next we want to prove that a y.-derivations d anticommute with ¢, if and only if d is of a very specific form.
dpo = —pod = d(ga(b) = —pc(d(b)) forall be A
The LHS is
d(pe(b)) = d(c™ be)

d(c™)be + %( Y)d(be)

(

(

d(c™Ybe + ¢ e e[d(b)e + . (b)d(c)]
d(c™Ybe + c7d(b)e + ¢ Lo (b)d(c).

The RHS gives —p.(d(b)) = —c~1d(b)c. Thus we can easily conclude that d anticommutes with ¢, if, and only if,

—cd(c™1)b — @e(b)d(c)c?
5 .

—c td(b)e = d(c M be + ¢ rd(b)e + ¢ Lo (b)d(c) <= d(b) =
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It is immediate to see that d(c)c™! + cd(c™t) = d(c)c™! + p.(c)d(c™t) = d(cc™t) = d(1) = 0 and therefore that
cd(c™t) = —d(c)c™!, hence

d 1 d -1
(229) () = M0y e
2 2
We have proved that d anticommutes with . if, and only if, d(b) = ub — ¢.(b)u with u = %. In particular d

must be an inner @ -derivation. Notice that (229)) for b = ¢ gives
d(c) = uc — @c(c)u = uc — cu < 2uc=wuc—cu <= uc+cu=0

We also point out that

(250) eeli) = o (1) = ecdlOhenlc™) =~ gl = ) = -u
(231) du) = u?—p.(uw)u=u®+u* = 2u?

Since we are mostly interested in skew-derivations satisfying all of the requests of from now on
we will assume that ¢? = Id and that p.d; = —d;p. for every i = 1,...,n. We have that d? = 0 if, and only if, for
every b e A

di(uib — oo (b)us) =0 <= u2b — pe(uib)u; — wipe(b)u; + pe(pe(b)us)u; =0
= ulb — @o(ui)pe(b)u; — wipe(b)u; + 2 (b)pe(u;)u; = 0 u2b + uipe(b)u; — uipe(b)u; —bu? =0
= uib—bu? =0.
This is equivalent to u? € Z(A).
Finally let d; # d; be ¢.-derivations. Then d;d; = —d;d; if, and only if, for every b € A
di(d;(b)) = —d;(ds(b)) = wid;(b) — @c(d;(b))u; = —u;jdi(b) + @c(ds(b))u;
= uuib — uipe(b)u; — pe(uib — @e(b)uj)u; = —ujuib + ujpe(b)u; + @e(uib — po(b)u;)u;

utjb — e (b)uj + ujpe(b)u; — buju; = —ujub 4+ ujoe(b)u; — uipe(b)u; + buu,

= uiujb — buju; = —ujub 4+ buju; <= (uuj + uju)b = b(ujuy + uju;).
This is equivalent to u;u; + u;u; € Z(A).

In this way we have shown that if the involution ¢ that determines the coaction in the statement of
d(c)c !

is inner, say ¢., then also the p.-derivations d; need to be inner with u; = ==5— and the elements ¢ and u; defining
each map must satisfy

(232) c? e Z(A)

(233) u;c+ cu; = 0 for every ¢ =1,

(234) u? € Z(A) for every i =1,...,n

(235) wiu; +uju; € Z(A) for every i, =1,...,n.

Conversely, if . : A — A is defined by ¢.(b) = ¢~ !bc with c satisfying (232)), then it is immediate to check that ¢,
is an automorphism such that p? = Id. Moreover, given the map d; : A — A defined by d;(b) = u;b — . (b)u; with

ujc = —cu;, we can easily show that it satisfies p.d; = —d;p.. In fact we have
Pe(di(b) = @e(uib— pc(b)u;)
= pe(ui)pe(b) - bpe(us)
= ¢ tuzbe — be tue
B3 —u;c e + bu;
= —di(c tbe)
= —dipc(b)

for every b € B. If (235)) is also satisfied for d; and d; defined as before, then
d;(d;(b)) = u;d;(b) — pe(d;(b))u;
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ui(uib — e(b)uy) — ¢ uzb — e (b)uy)cu;
= uujb — uipe(b)u; — cflujbcui - cflgac(b)ujcui

= uuzb — uic” theuj; — ¢ tujbeu; — ¢ 2beujcu;

URDTES cfluibcuj + ujcflbcui + buju;

= —ujuib + ¢ tuibeu; + uje beu; + bugug
{232+ (233) —uju;b + ujcflbcui + cfluibcuj — C*chuicuj
= —ujuib + ujpc(b)u; + c_luibcuj — c_lgoc(b)uicuj
= —u;(uib — e (b)u;) + ¢ Hub — pe(b)u;)cu;
= —d;(di (b))
for every b € B. Finally, if we assume (234)) to hold too,
;) = di(uib— @c(b)us)
= uib— uipe(b)ui — pe(uib)u; + @2 (b)pe(us)u;
(232 u?b — ;e Yoeu; — ¢ tugbeu; + be tuieu;
23 u?b — buf
5,

Therefore any map . and any tuple of maps d;, ¢ = 1,...,n with ¢ and w; satisfying (232))-(235) are maps that
respect the required properties of If we assume that the algebra A is simple, then by the Skolem-
Noether Theorem, every involution of A is inner and we can state the following theorem.

THEOREM 2.2. Let A be a simple finite dimensional algebra over a field k of characteristic char(k) # 2, then
an E(n)-comodule algebra structure on A is given by:

1)l _q)lPH1
P = 3 (D fapa) o I g T
PC{1,...,n}

where
(1) c is an invertible element of A such that ¢* € Z(A),
(2) dg = Ids and dp = d;, d;, -+ dip, s a composition of maps d; : A — A defined by di(A) = u;a — ¢ tacy;
such that uic+ cu; = 0, u? € Z(A) and uu; + uju; € Z(A).
This theorem tells us that to have a classification of all E(n)-coactions on a finite-dimensional simple algebra
A one needs to understand the structure of the set

Z2(A)={ac A|a®c Z(A)}).

REMARK 2.3. Obviously Z(A) C Z%(A), but in most cases equality does not hold. For example, when A =
Cl(a, B,7) is a four-dimensional Clifford algebra, the elements a = A\; + 2 G+A3 X+, GX contained in Z2(A)\ Z(A)
are exactly those for which 2A\; +yAs = 0 (see Remark .

When A = Cl(«, Bi,7:, Aij) is a simple algebra, it is central simple over k or over k(v/det Q) (see|Theorem 5.16)).
When k =R, Z(A) can either be R or C, while when k = C, Z(A) is clearly C. Altough the center of A is trivial
in these cases, it is still not completely obvious how to determine the nature of the set Z2(A).




CHAPTER 5

Isomorphic coactions

In this final chapter we will introduce the notion of equivalent tuples, which is the appropriate counterpart of
isomorphic comodule algebras, and use it to determine a much more refined classification of E(1)-coactions in the
four-dimensional case. Since the list of distinct pairs one can define using the table in Section [f] of is
clearly infinite, we started wondering whether some of this coactions were actually isomorphic and if it was possible
to perfect our classification by identifying equivalent pairs. We were able to show that when A = C1(0,0,0) is the
Exterior algebra the number of (non-isomorphic) H-coactions one can define is finite. By investigating the rest of
the non-semisimple cases (i.e. when 72 —4a3 = 0) we proved that the list of (non-isomorphic) coactions on A is still
infinite, but of a much more compact form. Unfortunately we do not have a complete answer for the semisimple
case, as it seems that the existence of isomorphisms between different coactions strongly relies on the structure of
the ground field k. Nonetheless it should be noted that when A is semisimple it is either a central simple algebra
or the product of two isomorphic central simple algebras (see Thm. . By the Skolem-Noether Theorem, every
involution and every skew-derivation of a simple algebra is inner and therefore of a much simpler form. To define a
coaction, by means of Theorem [1.6] using only inner involutions and skew-derivations is indeed the easiest part of
the problem when one wants to understand all the F(n)-coactions on a finite-dimensional algebra. What is really
challenging is to determine those that do not correspond to tuples with inner entries. With this motivation in mind
we focused our last efforts on determining all the equivalent pairs in the non-semisimple case in hope of possibly
recognising a pattern shared also by Clifford algebra with higher dimension.

1. Equivalent tuples

We have already established that E(n)-coactions on a finite-dimensional algebra A are in bijective correspon-
dence with n + 1-tuples (¢, di,da,...,d,) described in Theorem If (A,pa) and (B, pp) are two isomorphic
E(n)-comodule algebras, then there is an invertible algebra map f : A — B that also makes the following diagram
commutative

A L2 A® E(n)
fl J{f@IdE(n) .
B 25 B® E(n)
In other words f is such that
pp = (f @ Idg(m))opao f'.

If we explicitly write p4 and pp in terms of their corresponding tuples we get that (A, p4) and (B, pp) are isomorphic
as F(n)-comodule algebras if, and only if,

Z (_DL\P\THJ [dg(b) ® rp + (71)\P|gxp —|—<pB(dIB;(b)) ® rp + (1)P|+1gzp} _

2 2
PC{1,....n}
1P| +1 _ zp + (=1)Plgx B zp+ (=1)PH1gy
S (0t papr e TR ppngg ) 0
PC{1,...,n}

for every b € B. By linear independence of the terms appearing on the second leg of the tensor products, this is
equivalent to

(236) a8 = fapf
(237) pldp = fetdpf

100
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for all P C {1,2,...,n}. Choosing P = {i} for eachi € {1,2,...,n} gives d? = fdf~ foreveryi=1,...,n, while
setting P = & in yields B = fpAf~1. Conversely, if d? = fd f=! for every i = 1,...,n, by composition,
we immediately find that holds for every P C {1,2,...,n}. If also o® = foAf~! then follows.

We have proved the following result

PROPOSITION 1.1. Let (A, pa) and (B, pp) be E(n)-comodule algebras and let (o?,d{,d3, ... d2) and
(pP,dB,dB, ... d2) be the tuples defining their structures as in Theorem . Then A and B are isomorphic as
E(n)-comodule algebras if, and only if, there exists an algebra isomorphism f : A — B such that

(P, a7 dg,...ody) = (f SN fa = fdg S f A ).
This motivates the following definition.

DEFINITION 1.2. Two tuples (¢4, d{, ds', ..., d3) and (pB,dP,dZ, ..., dB) will be called equivalent if there ex-
ists an algebra isomorphism f : A — B such that (¢Z,dP dB,... dB) = (fo =1, fat f=1, fdi f=1, ..., fd2f71).

REMARK 1.3. An interesting special case occurs when we choose B = A. In this case we see that all isomorphic

E(n)-coactions on a fixed algebra A are obtained by conjugating a fixed tuple (¢, d4!, ds', ..., d%) by elements
f € Aut(A).

2. Isomorphic coactions of type 0 and 1

The last remark suggests that we can further inspect the classification of H-comodule algebra structures of
A = Cl(a, 8,7) contained in Section [5| Chapter |2} underlining the conjugacy classes that are contained in each
family of involutions and skew-derivations. A coaction defined by a pair (¢, d), where ¢ is in the family §; will be
called a coaction of type i (i =0,1,2).

2.1. The case §y. The family §( consists only of the identity map Idy and also coincides with the conjugacy
class of this element. The only skew-derivation corresponding to Idy is the zero map and again it is the unique
element belonging to its conjugacy class. Clearly there is only one H-coaction of type 0, namely the trivial one

pla)=a®1ly for every a € A.

2.2. The case §;. Let us define

10 - Y
- 0 —-B B-28A B -25A
AB=10 A ~A—-2aB ~A —2aB
0 0 2 -2
for every A, B € k. Remember that we have
v ol v
100 0 Loz4 28 2
01 0 0 . 0 204B;'yAB ’YB*225AB 'yB722BA B
Pap 001 0 (Pap)™ = 0 1A-20B A 28A_ 1B, 7A-2B =%,
00 0 —1 2 2 2
0 —A -B 0

provided 72 — 4a8 = 0 and aB? 4+ BA? — yAB — 1 = 0. If we set "Pf}%, = Pa p (PA_jB)7 then it is clear that

(238) PSP P =50
when A,A’,B,B’ € k and

7* —4aB =0
(239) aB? + BA? —yAB =1

oB”? + A% —yA'B’' = 1.
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The matrix

1 0 0 0

pin |0 aBB' + fAA —7AB'  —B(AB'—A'B) 0
’ 0 a(AB — A'B) aBB' +3AA'—vA'B 0

0 0 0 1

has determinant det Pﬁ,”%, = (aB? + A% — yAB)(aB”? + BA”? — yA'B’) 1 and therefore corresponds to a

k-linear map f : A — A which is invertible. By direct computation one checks that (100)-(104]) are satisfied and

concludes that f is an automorphism of A. This shows that any two matrices in the family §; are conjugate.
Now define

YyA—2aB 28A—+vB

0 == 5 0
0 —y —2p 0

D =
AB 0 20 v 0
0 2aB—~vA yB-25A 0

for every A, B satisfying 72 — 4a = 0 and aB? + A% — yAB — 1 = 0. We know that
(240) Du.p =Py Dap(PiE)™,
when A, A’ B,B’ € k and (239) are satisfied.
Now recall that any {3"14 P_derivation da g, : A — A has matrix given by
0 YA—2aB 28A—vB
2 2
{0 —y —20
’ 0 2« ¥
0 2aB—-~v9A ~B-2pA

v

o O O o

’

If a = 0, then da po is the zero map and the pair (8’14’3,0) is equivalent to any other pair (Sf,’B ,0), where
A A’ B, B’ € k satisfy (239). Now let a,a’ # 0 and consider the invertible matrix

’

1 0 0 0 1 ’YA' aZua ’YB aZua fY aZua
(yB—28A)(a—a’) (yB—28A)(a—a’) (yB—28A)(a—a")
Wa',a:P g (1) (1) 8 P—1: 0 1+A'Y 4a a/a B’Y 4a — ) = 4a : ‘1/
0 A('yA—ZaB)(u—a ) 1+B (vyA—2aB)(a—a’) (yA—2aB)(a—a’)
00 0 a’ 4a 4a 4a
a ! s Al
0 _Aa2aa -B Cl2uCl 1- a2acl
We have
1 0 0 O 0 0 0 O 1 0 0 O
_ 01 0 O 0 0 0 O 01 0 O
1 _ -1 -1 -1 _
Wa’,a(a : DA,B)Wa’,a =P 0 01 0 Ll i 0 0 0 O PP 0 0 1 0 P o
000 © 0 a 00 000 &
0 0 0 O
o0 00,1
=Plo o o o|f To Pas
0 0 0

therefore matrices a- D4 g and @' - D4 p are always conjugate, provided both a and a’ are non-zero. One checks
again by direct calculation that (100)-(104) are satisfied, i.e. that Wy 4 is the matrix of an algebra automorphism.
It follows from (240) that

@ Dap = (P 5 Waa)(a Dap)(Pirs W o)™
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when A, A’, B, B’ € k satisfy (239) and a,a’ € k*. Moreover

100 0 100 0 100 0
_ 010 0 010 0 010 0
A,B 1 —1 -1 -1
War o1 Wa’,u_P(]OIOPPOO]_ 0 PPOOlOP_
000 00 0 —1 000 &
100 0
oot 0o o o0 Lam
=Plog o1 ofP =8
000 —1

thus
A',B A,B ~A,B/AB \—1 A,B A,Bri—1 (pAB \—1 A,B A,B/A,B —1
§1 = 7314’,13'31 (PA’,B’) = ,PA/,B’WG’M%’I Wa’,a(PA/,B’) = (,PA/,B’WG’M)SI (PA/,B/Wa’ya) .
Since the k-linear map f’ : A — A whose matrix is Pﬁ,’%,Wa@u is an algebra automorphism (it is the composition

of two algebra automorphisms), we get that the pair (Sf/’B/, das.pr.ar) 18 equivalent to any other pair (37’14’3, dA,B.a)
where A, A’, B, B’ € k satisfy (239) and a,a’ € £*. This shows that there are at most 2 non-isomorphic H-coactions
of type 1 on A = Cl(«, 8,7).

The study of coactions of type 2 will require much more work and we will deal with four cases separately,
depending on the values of a, 8 and 7. In each of this cases A is supposed to be non-semisimple, i.e. 72 —4a8 = 0.

3. Isomorphic coactions of type 2: the non-semisimple case

In this section we are going to determine a minimal list of non-isomorphic H-coactions for every four-dimensional
Clifford algebra A = Cl(a, 3,7) such that 42 — 4a3 = 0. In each case we proceed more or less following the same
strategy: to show that two pairs (y1,d;) and (p2, d2) with associated matrices M;, D1 and Ms, D4 are equivalent
we exhibit an invertible matrix Z such that My = Z='M,Z and ©, = Z~'©,Z. Z needs to be the matrix of
an algebra automorphism, that is must satisfy —, and therefore will always be of the form described in
Lemma [3.2] When not clearly stated, every one of these matrices will be considered well-defined according to
appropriate conditions contained in a table of coactions at the beginning of each subsection. For instance: let us
consider a pair (¢1,d;) with matrices

1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
Mi=1g o _1 0| =0 o 0 0
0 ¥ 221 0 2 Dlgs o

belonging to the first row of Table [l By definition we have C,D,E # 0. Then, if we want to show that such a
pair is equivalent to a pair from the second row of Table [I] we need to define an invertible matrix Z that satisfies

(I100])-(104]) and such that

1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
-1 — —. — —.
ZMZ=y o 1 ol =M ZDZ=|5 o o ol =D
0 2 280 0 oD 22 0

Clearly the entries of Z are going to depend from C’,D’, a’, b’ and these scalars are forced to respect the conditions
reported in Table |1} otherwise My and D, will not define an appropriate pair. In this particular case C’, D’ # 0
and such conditions allow us, for example, to define Z using fractions where C’' and D’ are denominators.

In case we want to show that two pairs (¢1,d1) and (p2,ds) cannot be equivalent we assume the existence of
an algebra automorphism with associated matrix Z such that My = Z7'M;Z and ©, = Z~1®,Z, and show that
this leads to a contradiction. Since equivalent pairs define a conjugacy class, when suitable for our purposes, we
will make use of representatives, by specifying the values of A, B, C, etc.
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3.1. The case §2 when a = =~ = 0. When a = § = 7 = 0 every coaction of type §2 corresponds to a
pair (¢, d) where ¢ and d are of the following fornﬂ

Matrix M, of ¢ Matrix of d Conditions
0 0 0 0
0 O 0 0 a=p0=v=0
1 0 0 0
0 1 o0 o 0 0 0 0 C,D,E#0
B ) D D(@A-bC)
0 0 -1 0 c CE
0 2E 2a 0 0 0 O
C C
0 0 0 0 C,D#0
6D
0 aD < 0
0 % uC]—SbA 0
0 E(angA) A(ag]JSbA) achA a=8=v=0
bE? bAE bE
0 -¢p e -D C,D,E#0
0 _oE? __aAE _aE
CD CD D
[¢] b
0 % - 0
bA b M T
0 0 aA ﬂg C,.D#0
A2 A
0 0 B ?JD _%
0 0 0 0
bAE bA2 B A
1 0 0 0 AB-EF ~AB-BF U a=pF=7y=0
0 bE? bAE 0 AB-EF,E#0
0 _AB+EF _ 2AF AB—EF AB-EF
AB-EF AB-EF CE2 GAE 0
0 2BE AB+EF 0 AB_pBF AB-EF
AB_EF AB-EF
0 - A}Q?,DEEF - A%A?:F 0o ’ !
- - b AT
00 -5 0 a=0=7y=E=0
00 0 0 AB#0
00 % 0

TABLE 1. Pairs defining coactions on A = C1(0,0,0).

REMARK 3.1. It is not hard to prove that d = 0 is equivalent to a = b = 0 in each of the displayed instances.

Our aim is to understand what pairs contained in this table are equivalent and what are not. In order to reach

this goal we will make use of the following lemma.

1This table and the following are obtained by looking at Table [2| and Table |5 of Chapter
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LEMMA 3.2. Let A= Cl(a, B,7). Then f € Aut(A) only if it has matrixz of the form

2
1 =324 —3Z43 aZoyZos + $Z32733 + v Zo3 230 + (77 - 045) Z42243
(241) 7=10 Zxn Za3 B(Z33 242 — Z32Z43) — 3(Z22Z43 — Z23Z42)
0  Zs Z33 (Za2Zs3 — Z23Z43) — 5( 232243 — Z33Z42)
0  Zp Z43 ZogZizz — Za3Ziza

PROOF. Since f is a k-linear map defined on a four-dimensional algebra it can be represented with a matrix
Z = (Z;;)i j=1,. 4. Given that f € Aut(A4), we have that it is in particular an algebra map and therefore satisfies
(100)-(104). (100) is equivalent to the fact that the first column of Z must be (1,0,0,0)*. (101 can be rewritten as

Z3y + aZiy + BZ3y + 222 Z30 — aBZ3, a
Z22(2Z12 + 7Z42) _ 10
Z32(2Z19 + v Z42) 01’
Z42(2Z12 + 7 Z42) 0
which forces Z12 = —3 Z4, since Z is invertible and cannot have linearly dependent columns. Similarly one proves
that (102) = Zi2 = —3 Zs». (103) can be rewritten as
2
Z14 9923 + 32233 + V22332 + <77 - aﬂ) Z42243
Zoa | _ B(Z33 242 — Z32Z43) — 3(Z22Z43 — Z23Z42)
Zsa (Zo2Zs3 — Z23Z43) — 5 (232243 — Z33Z42)

Zaa ZoaZi3z — L3433

O

3.1.1. Coactions with trivial skew-derivation. Let us start our investigation by considering a coaction p; : A —
A ® H with associated pair (¢1,0), where ¢; has matrix

1 0 0 O
0 -1 0 O
(242) Ma cE = 0 1 ol
2E  2A
0 =5 £ 1

with C # 0. It is straightforward to check that Ma c g = ZMA/’C/’E/Z*1 for

10 0o 0

0o 1 0o 0

Z=19 o 10
E’ E A’ A

0O g-c o-c 1

and that Z defines a k-linear map f : A — A satisfying -. Moreover det Z = 1, therefore two involutions
with matrices Ma,c,g and Ma/ ¢/ g are always conjugate via an f € Aut(A). Hence we conclude that all pairs
(¢,0) with M, of the form are equivalent.

Similarly, we can prove that all coactions with associated pair (¢1,0), where p; has matrix

1 0 0 0
0 __ AB+EF _ __2AF 0
2, M _ AB-EF AB-EF
(243) ABDEF 0 YBE AB4EF
AB—-EF AB-EF
0 2DE 2AD -1

"~ AB—EF ~ AB-EF
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with AB — EF # 0, are equivalent. Let Z be the matrix

1 0 0 0
0 AB'—E'F AF —A'F 0
7. AB—EF AB—_EF
’ 0 BE-B'E A'B_EF' 0
AB-EF AB—_EF
0 E'(D'-D) A'(D'-D) A'B'-E'F’
AB-EF AB-EF AB-EF

Then Z defines a k-linear map satisfying (100)-(104)) and we have that det Z = (M

2
AD_EF ) # 0 if, and only
if, AB’ — E'F’ # 0. It is easy to check that MABDEF = ZMA@B/’D/,E/F/Z_l. Therefore Ma Bp.EF and
Ma' B p g ¥ are conjugate via an f € Aut(A). From this we can conclude that all the coactions with associated
pair (¢, 0), where M, is of form , are equivalent.

Finally we show that two pairs (1, 0) and (2, 0) with

1 0 0 0
10 00 A'B'+E'F’ 2A'F’
M _ O _1 O O M _ 0 _A’Ble'F' _A'Ble’F’ 0
#1 0 0 =1 0}’ ©2 0 2B'E’ A'B'+E'F’ 0
0 2E 28 A'B —E'F’ A'B—E'F’
c <¢C 0 __ 2D'E _ oA'D .
A'B —E'F AB -E'F
are never equivalent. We take the representatives
1 0 0 0 10 0 O
0 -1 0 0 01 0 O
(249 Ma=1lo o -1 o ™ Ma=1g ¢ —1 o |
0o 0 o0 1 00 0 -1

i.e. we choose A=E=A'"=B'=D'=0and E' =F = 1. Suppose there is an algebra automorphism f : A — A
whose matrix Z is such that M, Z — ZM,, = 0. By Lemma [3.2] this equality reads

0 0 0 0 0 0 0O
0 —2Zy 0 0 {0 0 0 O
0 —2Zs, 0 0 {0 0 0 0}
0 0 2743 2(ZogZs3 — ZozZs3a) 0 0 0O

which gives a contradiction, since Z is invertible.

In conclusion we have found that, up to isomorphism, there are only two coactions of type 2 on A = C(0,0,0)
corresponding to pairs with trivial skew-derivation. These are given by p(G) = G®g, p(X) = X®g and p(G) = G®1,
p(X) = X ® g (to obtain them one simply substitute the representatives in in the explicit correspondence
described in Theorem .

3.1.2. Coactions with non-trivial skew-derivation. Let us consider a coaction with associated pair (p1,d;) and
corresponding matrices

0 O 0 0
1 0 0 O
_ 0 O 0 0
(245) Y L A P
0 28 224
Cc ©¢C ) @D D(A-bC)
C CE

The skew-derivation d; is taken to be non-trivial, which means that either a # 0 or b # 0 by Remark Let
(¢2,d2) be a pair equivalent to (¢1,d;) whose corresponding matrices are denoted by Ms and D5. This means that
there is an invertible matrix of the form (241) such that M1 Z — ZMy = 0 and ©:Z — ZD5 = 0. We have already
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proved that if such a Z exists, then Ms must be of the same form of M and therefore we will write
1 0 0 0

0 -1 0 0
Ma=1o9 0o -1 0
2E’ 2A’
0 | 240
Hence we obtain that
 AZsy EZy | E(ZxnZss — ZazZs)
Ze=-—g ¢ T c
M Z —ZMs; =0 <~
! : AZss EZsy  A(ZanZsz — ZazZso)
=" "¢ c’ '
We update the entries of Z and we calculate
0 0 0 0
1 0 0 0 0
246 Dy =27"19,7 =
(246) ? ! ZooZigy — ZazZss | 0 ? ? 0

aDZ3, D(aA—bC)Z32 aDZy3 , D(aA—bC)Z33
0 ¢t CE c ot CE 0

We want to show that Do can only be of the first two forms contained in Table[l] We proceed by cases.
Assume a = 0. Then b # 0 (or ®; would be trivial) and we can choose

~ oD'E
27 0D
D'(d’/A’ —b'C)E
Z33 = — EoYeY
bC'DE
so that
0 O 0 0
bC'DE’ 0 O 0 0
Dy =7"1'D,7 =
2 ! —a/A'D'EZy + 0/C'D'EZyy +  D'EE' Zy; [0 0 0 0
) 9D DA S |
C’ C'E’

a =0, then or else o wou e trivial) and we can choose 22:,7,/ an 23 = 0. a then we
If o/ =0, then b’ # 0 Ise D 1d be trivial) and hoose Zoy = 225 and Za3 = 0. If @’ # 0 th
can choose Zys = 0 and Zo3 = %. In each of the presented cases we find that

0 0 0 0
1 0 0 0 0
(247) De=2"DZ=1) 0 ol
D’ D/( /A/_b/c/)
0 ‘& —aw—— 0
that Z satisfies (100)-(104), and det Z = 1.
Suppose now a # 0. If we fix a b’ # 0 and choose Z3y = 7%’#, Zoz =1, Zgg = %, Zs3 =0, we get
0 0 0 0
0 0 0 0
_ 71 _
D2=2"DZ=|o o o ol
b’ D’
0 0 - 0

SN2
for an algebra morphism Z whose determinant is det Z = (b“,]é%,) # 0. Notice that this is exactly (247) when

a’ = 0. Finally, if we fix a a’ # 0, then we can choose Zyy = 1, Zy3 = a,A;,}ﬁlcl — C/]‘?,%AD,_];C), J30 =0, Z33 = %/DD,
and we get again
0 0
B 0 0
Do =7""917 = 0 0
D’ D’ (a’A’—b'C’)
CE

a’

o O O O
o O O O

C
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b\ 2
for an algebra automorphism Z whose determinant is det Z = (:‘,%]]33,) # 0.

We can conclude that all pairs (p, d) with associated matrices of the form

0 0 0 0
1 0 0 0
oo -1 0 o o000 00
=710 0o -1 0}’ o 0 0 0 0
0 2B 24
C C o D D(aA—-bC) 0
C CE

with C,D,E # 0 are equivalent.
Now let us consider a pair (2, ds) whose associated matrices are

0 0 0 0
1 0 0 O
-1 0 0 0 0
M, = 0 00 ) Dy = )
0 O -1 0 0 0 0 0
0 2E’ 2A’ 1
C’ C’ .y
0 oD D2

i.e. a pair belonging to the second row of Table Then we can show that this is equivalent to the pair (¢1,d1)
with associated matrices

00 0 0
1 0 0 0
_ 00 0 0
Mlzgololg’gl_
- 00 0 0
0 1 0 1
00 —1 0

This is a representative of the family of equivalent pairs of the form (take A=a=0,C=2,D=E =1,
b = —2). By transitivity we can conclude that all pairs belonging to the first and the second row of Table [1] are
equivalent. To prove our claim we proceed by cases.

Assume a’ = 0. If we fix a b’ # 0 and consider

1 0 0 0
0 —-C_ 0 0
_ D’
z 0 0 1 0 ’
o S -2 _ A C
2b6’D’ b’'D’ b’'D’

then we can easily check that ZMyZ~! = M;, ZD,Z~' = ®;, and that Z is an invertible algebra map.
Now suppose a’ # 0. Then, for

10 0 0
S0 0 b7 0
= : ,
0 1 rred 0
0 __E _2A/4C’ 1
a’C’'D’ 2C’'D’a’ a’D’

we have that ZMyZ ' = My, 292,727 =9, and det Z = (ﬁf #0.

We have proved that all pairs contained in the first and the second row of Table [1] are equivalent, but what
about the other rows? Remember that if we conjugate the matrix ®; defined in via an algebra automorphism
Z such that M1 Z — Z My = 0, then we get a matrix of the form , where the first row consists of zeros. If this
were one of the matrices of the families of the third or fourth row of Table[T} then this would imply that a = b = 0,
i.e. that ®; would be trivial, which is a contradiction. As a matter of fact, pairs whose skew-derivation belongs to
the third and fourth rows of Table [I| form another equivalence class as we will show in the sequel. The coaction
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defined by an element of the class we have just obtained is (isomorphic to) p(G) =GR g—GX @z, p(X) =X ®g
(choose A=E=b6=0,C=D=a=1).

Now we will prove that every pair contained in the third and fourth row of Table [1| is equivalent to the one
whose associated matrices are

1 0 0 0 0 0 -1 0
0 -1 0 0 0 1 0 1
Mi=19 o -1 ol P1=10 0 0 o
0 2 0 1 0 -1 0 -1

It can be proved that all the matrices Z defined hereafter satisfy (100)-(104), i.e. are algebra maps.
We fix b # 0 and define

1 0 0 0
0 0 1 0
Z:= |y ©E bA+aC 0
D D
0 _bE! _DbAE | _BE
CD CD D

We have det Z = (%)2 # 0 and it is easy to check that

_bE _ aC+bA 0

0 0

1 0 0 D D
) 0 -1 0 0 . 0 E(ag—gbA) A(ug]—SbA) aC]JSbA
0 2E 24 o AR o%
c < 0 -¢b o) )
Similarly, if we fix a £ 0 and define
1 0 0 0
0 1 0 0
7 = c
0 0 S 0
E A [¢]
0 -1 % %
we have that Z is invertible and furthermore
1 0 0 0 0 0 -
1 0 -1 0 0 1 0o £ % e«
ZoMZ=1g o _1 o] Z PZ=|¢ 0
2E 2A 2
0T T ! 0 -&% 6% T

which are exactly the matrices defining a pair in the third row of Table [l| when b = 0.
Next, if we fix b ## 0 we can define

1 0 0 0
0 1 0
7 = o )
a b
0 S D 0
bA b
0 -1 & b
and check that det Z = (%)ZyéOand
0% - 0
1 0 0 0 D b: .
_ 0o 0 A L
Z7'M Z = 0 -1 0 0, Z7'9,7 = €D b
0 0 22 1 b D
C 0 0 aA? aA
~ CD D
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Finally, given a # 0, we set

1 0 0 0
0 0 1 0
7 = c ]
a
0 -« & 0
A C
0 0 <1 <«
2
andseethatdetZ:(%) #0
0% - 0
1 0 0 0 b b: .
_ 0 0 A &
zmz=|20 L0V p s co D
0 0 -1 0 0 o0 sA aC
0 0 22 1 b D
C 0 0 aA? aA
" CDh D

By transitivity we can conclude that all pairs belonging to the third and the fourth row of Table [I| are equivalent.
The coaction defined by an element of this class is (isomorphic to) p(G) = G ® g, p(X) = X ® g+ 1 ® x (choose
A=E=0=0,C=D=0b=1).

Now we consider a pair (¢1,d;) belonging to the fifth row of Table |1} Its associated matrices are

1 0 0 0 0 0 0 0
0 _AB+EF _ 2AF 0 —_DLAE ___bA? 0
(248) M = AB-EF  AB-EF D, — AB-EF  AB-EF
! 0 2BE ABLEF o |’ ! 0 bE> bAE ol’
AB-EF  AB-EF AB-EF  AB-EF
0 __2DE ___2AD _1 0 aE? aAE 0
AB-EF  AB-EF AB-EF  AB-EF
with AB — EF # 0 # E. We take a Z of the form (241]) and we calculate
0 0 0 0
7z L 0 —b(AZs + EZs2)(AZs3 + EZs3) —b(AZs3 + EZy3)? 0
1Y~ (AB_EF)Zu | 0 b(AZs2 + EZs)? 6(AZs2 + EZss)(AZs3 + EZs3) 0
0 .. .. 0

This immediately shows that if b = 0, any D2 conjugate to ®1 must satisfy b’ = 0 and therefore that pairs belonging
to the fifth row of Table [I| are not all equivalent.
Assume b = 0. It follows that a # 0. Then we fix an @’ # 0 and we define

1 0 0 0
0 aAB’'E—d'E’’F 4AEF —d’A’E'F 0
7 — o’E'(AB—EF) o'E’'(AB—EF)
0 o'BE'?—aB’E? o’ A’'BE’ —aE’F’ 0
o E'(AB—EF) o'E’'(AB—EF)
0 aD’'E—d'DE’ A’'(aD'E—d’DE’) aE(A’B'—E’F’)
ao’(AB—EF) o'E’(AB—EF) o'E'(AB—EF)

’ ’ ’ ’ 2
It is straightforward to check that det Z = (%) = (0 and that

1 0 0 0
0 _ABLEF __ 2A'F 0 8 g 8 8
-1 _ A’'B’'—E’'F’ A’'B'—E’'F’ -1 _
Z "M Z AR VA
14 = 0 2B’E’ A'B'+E'F’ 0 ) 1 =10 0 0 0

A'B'—E’F’/ A’'B'—E’'F’ Tw/2 AR

0 2D'E/ 2A'D’ 1 0 o E a A'E 0
_A'Ble/F/ _A/Ble'F/ - A’'B’'—E’'F’ A'B'—E’F’
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We can conclude that all pairs (¢, d) in the fifth row of Table|l| and with b = 0 are equivalent. Next, we can show
that also each pair in the last row and with b = 0 is in the same equivalence class. If we take the representative

1 0 0 0 0 0 0 0

01 0 0 0 0 0 0
Ml = ) ’/’Dl = 3

0 0 -1 O 0 0 00

0 0 0 -1 0 -1 0 0

we fix a, A, B # 0 and we define the invertible matrix

1 0 0 0
0 0 1 0
Z = B . ,
o B E 9
00 -5 &
we can check that
1 0 0 0 00 0 O
. o -1 =& o i o, |00 0 O
Z7MZ=1g o 1 o) ZPI= 00 0 o0
A
0 0 -2 -1 00 % 0
The coaction defined by an element of this class is (isomorphic to) p(G) = G®1—-GX @ gz, p(X) = X ® g (choose

A=B=D=b=0,E=F=a=1).
Finally let us fix the pair (p1,d)

10 0 0 0 0 00
01 0 0 0 0 00
(249) Mi=1y 0 -1 o | D=1 _1 0 o
00 0 -1 0 0 00

which is a pair contained in the fifth row of Table[I] and is such that b = 1 # 0. We are going to prove that every
pair of the fifth and sixth row with b # 0 is equivalent to (249)). We start by defining the matrix

1 0 0 0
0 1 A 0
7 = B 1]2 ,
0 e B 0
0 _aBibtD _ bAD{eEF _ AB_EF
’E b2E2 bE2
. _ 2 .
that has determinant det Z = (%) 2 0. In this case we have
1 0 0 0 0 0 0 0
0 _ AB-+EF _ 2AF O 0 bAE bAZ 0
7\ 7 = AB—EF AB_EF 7719, 7 — AB-EF AB_EF
12 =1y 2BE AB+EF 0 » 14 = 0 bE? bAE ol
AB_EF AB_EF AB_EF AB_EF
0 — 2DE _ _2AD -1 0 aE? aAE 0
AB-EF AB-EF AB—EF AB—EF

therefore the first part of our claim is proved. Lastly we define

1 0 0 0
b
S0 0 L 0
F
0 1 E 0
0 _aA _ aAF4+bD b
B B2 B



3. ISOMORPHIC COACTIONS OF TYPE 2: THE NON-SEMISIMPLE CASE 112

and we see that det Z = ]g—zz # 0 and

1 0 0 0 00 0 0

1 (o -1 =& o0 = o0 -5 o
Z7MZ =\ 1 0 | ZDZ=10 0 0 o0
0o 0 -2 -1 00 % 0

The coaction defined by an element of this class is (isomorphic to) p(G) = G® 1 — X ® gz, p(X) = X ® g (choose
A=B=D=a=0,E=F=b=1)
We gather all these results in the following table.

Type of Coaction Definition Skew-derivation
0 PG =GR pX)=X®1 Trivial
1 None
p(G)=G®g, pX)=X®yg Trivial
p(G) =G pX)=X®yg Trivial
5 p(G)=GRg-—-GXRz,pX)=X®yg Non-trivial
p(G)=G@g, pX)=X®g+1®x Non-trivial
p(G)=GR1-GXQgz, p(X)=XQg Non-trivial
p(G)=GR1-XQgzr, p(X)=X®yg Non-trivial

TABLE 2. Non-isomorphic coactions on A = C(0,0,0).

REMARK 3.3. Notice that the list in Table [2is finite.

3.2. The case §> when a =7 =10, §# 0. When a =+ =0, 8 # 0 every coaction of type §2 corresponds to
a pair (@, d) where ¢ and d are of the following form.

Matrix My of ¢ Matrix of d Conditions
I
0 -EUYPLA AR IDEUDAN || 0 q =05 40
1 0 0 0 0 —mF o SAIDE, A F,(BD2 —F2) #£0
0 —gpiE _aar o _zepr || \0 i, ot o
0 0 -1 0 0 a8 -3 0
0 —2PE, Al 427, R a=y=F=0,8#0
0 0 s axg AD#0
0 AL -
10 0 0 00 0 O
0o -1 =& o 00 -5 o0 a=vy=0,B#0
0 0 1 0 00 0 0 B#0
0o 0o -2 -1 0 0 —4a8 0

TABLE 3. Pairs defining coactions on A = CI(0, 5,0).
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REMARK 3.4. Again we have that d = 0 is equivalent to a = b = 0 in each of the displayed instances.

As in the previous subsection we start by checking what pairs (¢, 0) with trivial skew-derivation are equivalent.
3.2.1. Coactions with trivial skew-derivation. We can fix the pair (¢1,0) with associate matrix

1 0 0 0

01 O 0
Mi=1o 0 -1 o

0 0 0 -1

and define

1 0 0 0

0o 1 A 8D
o N F
Z: 0 0 1 0|’

02 0o 1

2
with A\, F, BD? — F? # 0. One checks that Z defines an algebra map, that det Z = — (W) # 0 and

1 0 0 0
0 __ BD2+F? 2AF 28DF
~1 _ BDZ—F2 X(BD?—F?) pBD2—F2
ZMZ = 0 ~1 0
0 __2DF 2AD BD2+F?
BD2—F2 X(BD?—F?) [D2—F2
Similarly we can fix the pair (¢2,0) with associate matrix
1 0 0 O
0 -1 0 O
M=10 0 1 o0
0 0 0 -1
and define the invertible algebra map
1 0 0 O
o 1 § o0
7= 0 0 1 0]’
D
0 g 0 1
with B # 0. Then
1 0 0 0
- 0o -1 =% o
1 _ B
ZMZ=10 0 1 0
2D
0 0 -5 -1

Finally we show that (¢1,0) and (¢2,0) cannot be equivalent. Suppose there is an invertible algebra map with
matrix Z such that M1Z — ZMy = 0. Then, by Lemma [3.2] we have

0 0 0 287233233
_ [0 2Z% 0 —203(Z32 243 — Z33Z42)
MZ=ZMy =14 —2733 0 ’
0 0 —2743 0

which forces Zos = Z33 = Z43 = 0. As a consequence ([101)) becomes equivalent to Z3zs = 0 and it follows that
det Z = 0, contradiction.

REMARK 3.5. This last result can also be obtained just by observing that involutions in the first and second
row of Table [3| are not inner, while those in the third are (cf. Table [2[in Chapter |2)).

In conclusion we have found that, up to isomorphism, there are only two coactions of type 2 on A = CI(0, 3, 0)
corresponding to pairs with trivial skew-derivation. These are given by p(G) = G®1, p(X) = X®g and p(G) = G®yg,
p(X)=X®1.
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3.2.2. Coactions with non-trivial skew-derivation. Let us fix a pair (¢1,d;) with associated matrices

(250)
2
1 0 0 0 0SS g AR B
0 _ BD?*+F? 2AF 26DF 0 __F(aABD+bA) A(a\SD+bA) BD(aASD+bA)
M, = BD2—F2 A(fD?—F2) [D2—F2 D, = BDZ_F?2 A(BD2—F2) BD2_F?
- — ) - bAF? bAF bASDF
! 2?31«* 2A]13 D20 F? = FD?—F” ﬁDg’W
0 225, 522 L2245 0 __aF aAF aABDF
ﬁ - (ﬁ - ) ﬁ - BD27F2 ﬁD27F2 ,3D27F2
and \, F, D% — F2 £ 0.
Suppose b # 0 and define the matrix
1 0 0 0
0 UA'F'(BDD'+FF') A apD _ oXBD _ b'A’(BDD'+FF’)  b')BF/ (D'F+DF’)
7 .= bAF (D2 —F?) \F bF bAF bAF (D2 —F?) bAF(GD2—F72)
10 0 -1 0 ’
0 b’ \'F/ (D'F+DF’) _dXN _a WA (D'F+DF’) __ b'NF/(BDD’+FF’)
bAF(SD2—F'2) [3) 3 bAF(BD2—F'?) bAF(SD2—F'2)
with b/, \,F’, BD'?> — F? £ 0. Then we have
/AN I/ ’ ' I\ 12
1 0 0 0 0 Ay ~a'NB — Jor o — S
0 7,BD/;+F/Z 2A2'F/ . 252)'1-"2 0 _ F/(d/NBD'+b’A)) A'(a’ XN BD'4+b’A") BD’(a’ N BD’'+b'A’)
Z71M1Z _ ﬁD' —F/ A(,(‘]D' —F/ ) ﬁD’ —F/ Z71©1Z _ BD/27F2'2 >\/(BD/27F'2) ﬁD/27F/2
_ ’ IR/ I AT o'\ BD'F’
g 2D’ F/ 2A’}D' BD'2F'2 0 - B]bz)//)é/fg/? 5]?)/971;1‘://2 ,B/Dlng’zl
_ . \'BD'F
BD'2—F’2  \(BD'2-F’2) BD'2_F’? 0 *% % HBD/gi_F/z

Furthermore Z satisfies (100])-(104) and det Z = % # 0. This shows that all pairs with matrices
(1250) and b # 0 are equivalent.
By setting A =D =a=0,F =X =0b=1, i.e. by considering the representative

10 0 0 000 8
01 0 0 00 0 0
Mi=lo 0 -1 o ®=lo10 ol
00 0 -1 000 0

we can show that pairs from the first row of Table [3| with b = 0 cannot be in the same class. We take

0 0 —a\s 0

0 _ GADF afAD arg?D?
Dy = BD2—F2 p(D?—F2 pBD2—F?

0 0 0 0

0 a\F? aAF a\SDF

- ,3D27F2 ﬁD27F2 ﬁD27F2
and an invertible Z of the form (241). Since (101)) forces Z3o = 0, we get

0 BZs
0=mz-222= |y g |
0

i.e. Zog = Z4o = 0, contradiction.
We can show that also pairs from the second row of Table [3| with a £ 0 are in the class formerly obtained. In
fact, we define the invertible matrix

1 0 0 0
0 0 <& a)\g
R D
Z=10 0 1 o0
—b
0 Cl)\ 137]3 0
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and check that

10 0 0 0 s 50

0 -1 0 0 0 0 X &

-1 _ -1 _ ABD D

Z7MZ=\g o 1 0| ZPIZ=|y o T g
A 2

00 b ! 0 0 —Fy —B

and that Z satisfies (100)-(104). Pairs from the second row of Table [3| with a = 0 cannot be in the same class. In
fact if we consider

00 -5 0
00 ok o
Dy = ASDZ2 D
00 0 0
00 © 0
and we take an invertible Z of the form (241)) we can see that
0 BZs
0 0 e
0=21Z 29, = 0 Zwm .|
0 0

which forces Zos = Z42 = 0. Then (101) yields Z32 = 0, contradiction. The coaction defined by an element of this
class is (isomorphic to) p(G) =G® 1+ X @ gz, p(X) =X ®¢g (choose A=D=a=0,F=XA=0b=1).
Now we fix a pair (¢1,d;) with associated matrices

1 0 0 0 0 0 —a\js 0

0 _BDerFz Z%F 2 252DF2 0 _ _GASDF afAD arB’D?
(251) ]\41 — pAD?%—F A(BD?%2—F?2) pD?*—F @1 _ BDZ—F2 BD2—F? BD?_F?

0 0 -1 0 ’ 0 0 0 0

0 2DF 2AD BD24+F? 0 al\F? aAF a\SDF

T BD?-F? X(BD2-F?) [D2-F? T BD2-F? pD2-F? pD2_F?

and A\, F,a,fD? — F? # 0. This is a pair belonging to the first row of Table [3| with b = 0. If we consider a
second pair (2, ds) of the same kind and suppose that there is an invertible algebra map with matrix Z such that
D1Z — ZD, = 0, by using Lemma [3.2] and (101)), we find

I\
ozglz_zgzz(o 0 B(a/N — Zsza)) 0>7

ie. a’N — Zszal = 0. We know that A\, \ # 0 and since ©; and ©5 are non-trivial skew-derivation, also a,a’ # 0.
This means that if (1, d;) and (@2, ds) are equivalent, then Z33 = % As a consequence, ((102)) becomes equivalent

Iy 2

to (“ui ) = 1 and we find that (¢1,d1) and (@2, ds) are equivalent and only if @’ = :I:‘;\—’,\. By defining a suitable
invertible algebra map Z we can prove that this condition is also sufficient. Let

1 0 0 0

’ 2 ’
7, - |0 FF /DD’ —AAFEAA _B(D'F + DF)
0 0 +1 0
0 DF F£D'F ~-AD — (DD’ F FF)

Then we have M1Zy — Z4 My =0 = D174 — Z+D,, provided a’ = i‘;\—),‘. Z 4 satisfies (100)-(104) and det Z, =
(BD? —F%)(BD'? —F'?) # 0. It follows that there is an infinite family of non-isomorphic coactions on A = C1(0, 3,0)
given by

(252) p(G)=GR1+w(GX®gz), pX)=X®g+ws(lx )

with w € k29, Here k>0 is used to denote the largest subset of k& with the property that if an element w is contained
in k, then its opposite —w is not. To get (252 one chooses A =D =0, F =1 and set w := a\.
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Finally let us consider a pair (2, ds) from the second row of Table [3| with a’ = 0. Its associated matrices are

1 0 0 0 00 -5 0
b'A’ b’
M, — 0 -1 0 0 , 9, — 0 0 v5p2r ™
0 O -1 0 0 0 0 0
24’
0 0 55 1 0 0 0 0
with b’ # 0 since ds is non-trivial. We can define the invertible algebra map
10 0 O
0 0 -A_ B
o MDD’
Z: 00 1 0
01 0 O
and check that
10 0 0 0 0 —-& 0
-1 _[0 1 0 O 1|0 0 0 0
ZMZ =10 0 -1 o P2 =10 0 0 o0
b,
00 0 -1 0 75 0 o0
The coaction defined by these matrices is the one described in (252)) when w = ﬁb—];,.
To conclude this subsection let us fix the pair
1 0 0 O 00 0 O
0 -1 0 O 00 0 O
M=19 0 1 0] ®=loo o ol
0 0 0 -1 0 0 458 0

obtained from the third row of Table by choosing D =F =b=0, B=a=1. For every o,t/,B,D',F' € k such
that B’ # 0 and b2 — 16a’23°B’? # 0 we can define

1 0 0 0
0 — 16a’8°B’? _ 4B%(b'D’—4d’BB'F’) 4b’3%B’
Z - b’2716a’2ﬁ3B’2 6/2716a/2ﬂ3B’2 51271651/253]3/2
’ 0 0 1 0 ’
0 4b’ﬁB' 46(—4G/B2B/D/+5/Fl) _ 16a’ﬁ3B’2
5’27160’2,@3B/2 b’2716a’253B’2 b’2716a’2ﬂ3B/2
check that ([100)-(104)) are satisfied, det Z = —% #0, and
1 0 0 0 0 0 0 0
0 -1 -2 00 -2 o0
Z7 "M\ Z = B’ Z7'01Z = B’
! 0 0 1 0]’ D1 00 0 0
0 0 -2 0 0 —4d8 0

Notice that if the field k& does not contain a square root of 3 then the condition b2 — 16a’233B'? #£ 0 is always
satisfied and there are no other coactions to consider. The coaction defined by an element of the class we have just
found is (isomorphic to) p(G) =GR g, p(X) =X @1 —-48(GX ® gz) (choose D=F=06=0, B=a=1).

On the other hand, if /B € k, then there are pairs in the third row of Table |3, for which such condition is true
and it turns out that these pairs are all equivalent. Let us fix one:

1 0 0 0 00 0 0
o =1 0 o0 _ 0 0 —48% 0
M=1lo 0 1 o ®=loo 0o o
0 0 0 —1 0 0 —48 0
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Then, given D, F € k and B, a # 0, we define the invertible algebra map

1
0
Zy =
0
and check that

1 0 0 0

1 o -1 -F o

Ze MiZe =1 1 0

D
0o 0 -2 -1

O Oalm O

0 0
+5 0
+1 0

D

t& *i

00 0 0

1 o 0 F4a8z 0

ZioZe= o o T

0 0 —4aB 0
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Therefore, all pairs for which b2 = 16a23°B? are equivalent to the pair defined by M; and ;. The coaction defined

by an element of this class is (isomorphic to) p(G)
B=a=1,b=43%).

We gather all these results in the following table.

=G®g, p(X)

= X®1-4BG(V/B+X)®gz (choose D =F =0,

(The coactions in this family are all non-isomorphic, unless w = +w’)

Type of Coaction Definition Skew-derivation
0 p(G)=Go1, p(X)=X®1 Trivial
, p(G) =0 @14 S g g p(X) =X ® 1 Trivial
(@)=L o1 4 G(Cfx) ®g, p(X)=X®1-2/B(V/B+G)X @gx | Non-trivial
p(G)=GR1,p(X)=X®g Trivial
PG =G®g pX)=X®1 Trivial
5 PG =GR14+X®gzr, p(X)=X®g Non-trivial
P =GR14+w(GX®gzx), pX)=X®@g+wb(l®z) (wek\{0})

Non-trivial

p(G) =

G®g, p(X)

=X®1-48(GX ® gx)

Non-trivial

p(G)

=GRy,

p(X)

=X®1-48G(VB+ X)®gx

Non-trivial

REMARK 3.6. Coactions of type 1 and the last class of coactions of type 2 on CI(0

TABLE 4. Non-isomorphic coactions on A = CI(

k contains a square root of 3.

0,5,0).

,3,0) actually exist only if
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3.3. The case §2 when a #0, =+ =0. When a # 0, 8 =y = 0 every coaction of type Fo corresponds to
a pair (¢, d) where ¢ and d are of the following form.

Matrix My, of ¢ Matrix of d Conditions
0 _ aE(aB+bD) __AaD(aaD+bB) __ AaB(aaD+bB)
aD2—-B2 aD2_-B2 aD2-B2
E(aaD+bB) AB(aaD+bB) AaD(aaD+bB) o
1 0 0 0 0 aD2,]232 aD2_-_B2 aD2_-_B2 [ # 27 ﬂ 727 - 0
bE bBE baDE _
0 . 0 0 0 —S@pz—By  ~apz-B? ~ap?-B? A, (aD” — B, E # 0
) 0 — aE2 _ __aBE _ _aaDE
0 — 2BE —-B?—aD? _ _ 24BD X(aD2—B?2) aD2—B? aD2_B?2
A(=B2+aD?) —B24+aD? —B24aD? baD baB
0 2DE 2BD B24aD? 0 ada - 5s—mr —oproB2
A(—B2+aD?) —B2+t+aD? —B2+aD?
0 0 —Siene D=5 a#0,=vy=E=0
adaBD ara?D? D2 _ B2
0 0 LBl L A (a )#0
0 0 ___axB? __a)aBD
aD2_B2 aD2_B2
1 0 0 0 0 0 0
0 1 0 0 0 0 O a#0,=~v=0
0o -2 -1 o0 —4ba 0 0 F#0
o 2 0 -1 —dac 0 0

TABLE 5. Pairs defining coactions on A = Cl(«,0,0).

REMARK 3.7. Again we have that d = 0 is equivalent to a = b = 0 in each of the displayed instances.

3.3.1. Coactions with trivial skew-derivation. We can fix the pair (¢1, 0) from the first row with associate matrix

1 0 0 0
0 -1 0 0
Mi=1o 0 -1 0
0 0o 0 1
and define
1 0 0 0
0 1 0 0
Z=10 0 —aD —aB]|"
0o -2 -B -aD
with \,aD? — B? # 0. One checks that Z defines an algebra map, that det Z = a(aD? — B?) # 0 and
1 0 0 0
0 -1 0 0
Z M Z = 0o — 2BE —-B2-aD?> _ _ 2aBD
A(—B2+aD?) —B2+aD? —B2+aD?
0 2DE 2BD B2+aD?
A(—B2+aD?) —B2+aD? —B24+aD?

Similarly we can fix the pair (¢2,0) from the last row with associate matrix
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and define the invertible algebra map

1 0 0 0
0 1 0 0
Z = ,
0 —<2 0 a
B
o B 10
with F £ 0. Then
1 0 0 O
L lo 1 0 o
IMyZ ™ = o

0 -Z& -1 0
0o £ 0 -1

Finally we show that (¢1,0) and (p2,0) cannot be equivalent. Suppose there is an invertible algebra map with
matrix Z such that M1Z — ZM, = 0. Then, by Lemma [3.2] we have

0 0 0 2099203
o =27 0 0
MZ=2My = | —2735 0 0 '

0 0 2743 2(ZogZ33 — Za3Z32)
which forces Zog = Z39 = Z43 = 0. As a consequence (101])) becomes equivalent to « = 0, contradiction.

REMARK 3.8. This can also be obtained as a consequence of the fact that involutions in the first and second
row of Table [3[are not inner, while those in the third are (cf. Table [2|in Chapter .

In conclusion we have found that, up to isomorphism, there are only two coactions of type 2 on A = Cl(«,0,0)
corresponding to pairs with trivial skew-derivation. These are given by p(G) = G®g, p(X) = X®g and p(G) = G®1,
pX)=X®g.

3.3.2. Coactions with non-trivial skew-derivation. Let us fix the pair (¢1,d;) with associated matrices

1 0 0 0 0 0 —a O
0 -1 0 0 0 « 0 «
(253) Mi=19 o —1 o] ®=|o 0o o o
0 2 0 1 0 —a 0 -«
and define the matrix
1 0 0 0
7. 0 1 0 0
T 0 E(aB+06D) AD(bB4aaD) AB(bB+aaD) |’
aD?—-B? aD?-B? aD?-B?2
0 E(BtaoD) | AB(bB+aaD) AD(bB+aaD)
a(aD?-B?) a(aD?-B?) aD?-B?

under the condition that E, bB+aaD # 0. It’s easy to check that Z satisfies (100)-(104)), that det Z = % #
0 and that

L 0 0 0 0 _oE@B+bD) _ AaD(aaD4bB) _ AaB(aaD+bB)
aD2-B2 aDZ2 B2 aD2—-B2
0 -1 0 0 0 E(aa;:)-&-b;?’) AB(aaQD+ZB) AaD(a2ogD+2bB)
Z M Z = 2BE _B?_aD? 2aBD Z 10,7 = ab? =B ab? B ob°-B
0 —ypBE, B-ab, 28D |, 0 __ bE ___BBE __baDE
(—2D]:€:—a ) - 2];-; ];2++SQ aDZ_B2) D2 _B2 aD?2_B2Z
0 < aE? aBE aaDE
A(-B?+aD?)  —B?+aD?®  -B?+aD? 0 ~3@Dz BY) T oD2-B? ~aD’-B?

This means that all pairs from the first row of Table [f] with 6B + aaD # 0 are equivalent. Pairs not satisfying this
conditions are not in the same class. To prove this, we consider an invertible Z of the form (241)). It is easy to
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check that ((102) is equivalent to Z33 = 0. Thus a ©4 associated to an equivalent pair is of the form

0 —aZss —aZsz —a’ZanZys

O(Z43 aZ
(254) 771D, 7 = - »

0
0

A pair in the first row of Table [5| with bB + aaD = 0 has a skew-derivation associated to a matrix of the form

0 ... 0 0

0 0 0 0
2=y
0

therefore, by equating the two matrices, we find Z33 = Z43 = 0. This is a contradiction, since Z is invertible and
cannot have a zero column.

We can show that also pairs from the second row of Table [3] with b # 0 are in the class formerly obtained. In
fact when b # 0, we can define the invertible matrix

1 0 0 0
P 0 1 0 0
= bD bB
0 —ad  ppr  pm
0 —1 bB bD
a(aD?-B?) oD2?-B?
and check that
____baD ____baB
1 0 0 0 0 ala aDZ B D> B
» 0 —1 0 0 » 0 0 B 2
Z7MZ=|, 3 =B’-eD*> __2aBD |, Z7™Z=10 ) araBD ara2D?
—B2+aD?2 —-B?+aD? aDZ-B2 aD?-B2
0 0 2BD B”+aD 0 0 _ _a\B? _ _adaBD
—B2+aD? —B2+aD? aD?2—-B?2 aD?2—-B?2

Z satisfies (100))-(104). A pair from the second row of Table 3| with b = 0 is defined by a skew-derivation of the
form

0 ala 0 0
0 0 0 0
92 = 0 0 adaBD ala’D?
aD?-B? aD?2-B?
0 0 __a)\B? _ _alaBD
aD?-B? aD?-B?

Suppose Dy = Z7 19, Z for some invertible algebra map Z. Then ©» is equal to and we find Z33 = Z43 = 0.
Since once again yields Z3o = 0, we encounter a contradiction and we conclude that pairs from the second
row of Table [3| with b = 0 are not equivalent to the pair defined by (253)). The coaction defined by an element of
this class is (isomorphic to) p(G) =GX @1+ G(1-X)®g—aGl-X)®z, p(X) =X @9+ a(l ® x).

Now, for any a, A # 0, we can fix the pair (¢1,d;) associated to the matrices

1 0 0 0 0 ada 0 0

0 -1 0 0 0 0 0 0
(255) M=ty o -1 o D1=1p o9 o ala

0 0 0 1 0 0 0 0

By using Lemma and (102)) we can see that any pair of the second row of Table [5| which is equivalent to (¢1,d1)
must have skew-derivation of the form

0 ZQQC()\OZ 0 0
779,72 =
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Since (101)) reduces to Z3, = 1, it becomes clear that any pair equivalent to (¢1,d;) must have a’\’ = +aX. This
condition is also sufficient for the equivalence to hold, because we can define the invertible matrix

1 0 0 0
7. 0 =+1 0 0
710 0 +aD +oB
0 O B aD
and check that
1 0 0 0 0 ada ——feB, —_boB.
6B boD
7719, 7. — 0 -1 0 0 e 0 0 aD?-B? oD’ B
+ ~1as 0 © =B’-aD’ __2.BD N 0 0 aAaBD ara2D?
—B2+aD? —B2+aD? aD?2—-B?2 aD?2—-B?2
2BD B24+aD? AB2 AaBD
0 0 —B2+aD? —B2+aD? 0 0 7(1[&)2—B2 7(;D2—B2

and Z4 verify (100])-(104).

It follows that there is an infinite family of non-isomorphic coactions on A = Cl(«,0,0) given by
(256) p(G)=G®g-—wa(l®z), p(X)=X®yg

with w € k>°. Here k>0 is again used to denote the largest subset of k& with the property that if an element w is
contained in k, then its opposite —w is not. To get one uses with w = al.

To complete this first part we need to understand in which class are contained the pairs of the first row of
Table [5f with bB + aaD = 0. Notice that, in this case, when b = 0, then D = 0 (since we are dealing with
non-trivial skew-derivations) and B, a # 0.

Let us fix B, E, A # 0 and define the invertible matrix

1 0 0 0

01 0 0

Z'*ooo%

0+ 2 0

Then
1 0 0 0 0 wa 0 0
0 -1 0 0 0 0 00
-1 _ 1. 7 _

ZMlZ_o%1O’Z®12_0000
0 0 0 -1 0 Y& w 0

and Z satisfies (100)-(104). If we take w = % we get exactly a pair of the first row of Table [5| with bB + aaD =0
and b =0 (i.e. b =D = 0). Next, if we fix D, E, \,b # 0 and a € k such that aa®? —b? # 0 and define the invertible

matrix

1 0 0 0
0 -1 0 0
Z = 0 0 A aoA
E bE
0 L _a A
aD b E
we see that
1 0 0 0 0 —wa 0 0
. 0 -1 0 0 L 0 0 0 0
Z "M Z = 0 _ 2abE aa®+b% _ 2aba s Z o7 = 0 wb’E _ _waba wab?
AD(aZ—b62)  aa?—b2 oaZ—p2 D (aaZ—b2) @aZ—b2  aa?—b2
0 — 20°E 2ab _ aa’4p? 0 wabE __wd’a waba
AaD(aa?—b2)  aa?-—b2 aa?—b2 AD(aa?—b2) aa?—b2  qa?-—b2

and that Z satisfies (100)-(104). If we take w = 2E we find a pair of the first row of Table [5| with b # 0 and

_ _aaD
B = %D,
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To conclude this subsection let us consider the pair

10 0 O 0 0 00
01 0 O 0 0 00
(257) Mi=1g 0 1 o) 7|0 ~4a 0 0
00 0 -1 0 0 00
For any B,D,F,a,b € k such that F, aa®? — b2 # 0 we can define the invertible matrix
1 0 0 0
0 1 0 0
7 = 0 —bBfaaD __ b aa
F%mhlﬂ) @a?—02  aa?— b2
0 aB+bD a _
F(aa?—b2) aa?—b2 aa?—b2
We can easily check that Z verify (100)-(104) and that
1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 0
Z M Z = , ANV
0 -2 -1 0 0 —4ba 0 0
0 22 o0 -1 0 —4daa 0 0

If the field k does not contain any square root of a, then aa? — b2 # 0 always holds true and there are no more
coactions to consider. The coaction defined by an element of the class we have just considered is (isomorphic to)
pG)=GR1—-4a(X ®gz), p(X)=X®g.

Finally, any pair belonging to the last row of Table |5 with ca® — b? = 0 is equivalent to the one defined by

10 0 0 0 0 0 0
01 0 0 0 0 0 0
Mi=19 0 -1 o | P1=10 44k 0 0
00 0 -1 0 —4a 0 0

To prove this, fix a a # 0 and define the invertible matrix

1 0 0 0
0 1 0 0
P ijD va
0 FXF 0 F&
B 1
0 ay/aF ay/a 0
Then we have that Z satisfies (100])-(104]) and
1 0 0 0 0 0 0 0
" 0 1 0 0 . 0 0 00
Zy M Zy = ) ARV 3
0 -2 -1 0 0 Fdaaz 0 0
0 22 0 -1 0 —4aa 0 0

Notice that these are the matrices that define a pair from the last row of Table |5| when b = +/aa. We don’t need

to check the case a = 0, since aa? — b2 = 0 would imply that the skew-derivation we are considering is trivial. The

coaction defined by an element of this class is (isomorphic to) p(G) = G ® 1 —da(y/a+ G)X @ gz, p(X) = X ® g.
We gather all these results in the following table.

Type of Coaction Definition Skew-derivation

0 p(G) =G, pX)=X®1 Trivial




(The coactions in this family are all non-isomorphic, unless w = +w’)

3. ISOMORPHIC COACTIONS OF TYPE 2: THE NON-SEMISIMPLE CASE 123
_ (Va-G)X (Vat&X o
) p(G) =GRy, p(X)= e Q1+ 52 @y Trivial
p(G)=Gog-2/a(Vat+G)X @, p(X) =YX g1+ DX g | Non-trivial
p(G)=G®g, pX)=X®yg Trivial
p(G) =GR pX)=X®yg Trivial
5 p(G)=GXR1+G1l-X)®g—aG(l-X)z, p(X)=X®g+a(l®zx) Non-trivial
AC) =CGagtualan), pX)=Xag (weh\ {0

Non-trivial

p(G)=G®1—-4a(X@gz), p(X)=XQ®yg

Non-trivial

p(G)=G1—-4da(/oa+G)X@gr, p(X)=X®g

Non-trivial

TABLE 6. Non-isomorphic coactions on A = Cl(«,0,0).

REMARK 3.9. Coactions of type 1 and the last class of coactions of type 2 on Cl(«,0,0) actually exist only if
k contains a square root of a.

3.4. The case J, when v # 0, 72 — 408 = 0. When v # 0 and 72 — 4a8 = 0 every coaction of type Fo
corresponds to a pair (¢, d) where ¢ and d are of the following form.

Matrix My, of ¢ Matrix of d Conditions
0 2da(aday—bC) _aC+bAy + arxZa~? alay
CD D CD D
2Xa(aC+bAy) Av(aC+bAy) aC+bAy
1 2Xary M2 0 CD CD D Y#0, 8= 15
C c 0  4pr242 ~ 2622any _2ba C,D,A#0
0 1 0 0 CD CD D s
0 _ 4ax%a? _ 2a)%ay _ 2ada
0 0 1 0 CD CD D
aC b
0 4 2y g 0§ - 0
C [¢} b 2
o0 0 g5 Y#£0,8=15
0 0 0o A=0,C,D,#0
0 0 0 0
0 * *k * * %
0 2u0B(@DR—0AB) AoaB(aDR-bAB) —oD(aDR-bAB)
RQ RQ
0 4bp2aB? 2bApaB? —2bpaBD
RQ RQ Q
0 4ap2aB2 20 paB? —2apaBD v#0,8=1-
RQ RQ
1 2uayBD AavyBD —’yB2 B7 M 7é 0
RQ RQ Q _ 2 2
0 _RQt2uyB? _ \B? yBD .= — 2#&B[nw1;+(nB+bD>R] Q=aD” =B #0
4 31?2 2AaBl;?RQ QQBD 2 2 ° R=py—da#0
0 ‘;(Q Yo) — aQ ok — aMR'y _ AaD[(uaD-Fl[%]gz)R-&-uua'yD]
_ 4paBD 22aBD aD?4+B?
0 RQ RQ Q R B[(aaD+hBQ)R+nW~,D]
baD baB 2
0 ada —Cpipr —opi-B? v#£0, =14
B baD
0 0 aD2—-B? aDg—B2 B#0,up=0
AaBD Aa?D? _ 2 2
0 0 &°D§7B2 ;D%7B2 Q=aD“-B“#0
_ _axB? _ _adaBD R=-)\#0
0 0 aD2_—B2 aD2—-B2 7£
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1 'y]23a—72]ZF 'yB’Yfg)aF v 0 200{’7 a’YQ 0
0 -2BtE P o0 0 20y 25 o Y0, 8=
0 e BHE o 0~ 2y 0 7B 208 £0
0 —#2P% —oler L 0 —daa —2ay O

TABLE 7. Pairs defining coactions on A = Cl (a, %77).

REMARK 3.10. Again we have that d = 0 is equivalent to a = b = 0 in each of the displayed instances.

3.4.1. Coactions with trivial skew-derivation. Let us fix a pair (¢1,0) from the first row of Table [7| with asso-
ciated matrix

2 Ay2
0 S S
M, = -
! 0 0 -1 0
4o 2\
0 o 1

The matrix

| _aaNE-oag)  _ve-ae)
CccC’ 2CC’
0 1 0 0
7 =
0 0 1 0
0 2a(C-AC) F(X'C=AC") 1
CccC’ cc’

with C, C’ # 0 has determinant det Z = 1, defines an algebra map and is such that

Al
7'M, Z = -

0 0 -1 0

0 Axe 23

Similarly we can fix a pair (@2, 0) with associated matrix

1 2uayBD AayBD _ ~B?
(py—2Aa)(aD?—-B?) (my—Aa)(aD?—-B?) aD?-B?
0 —1— 2uyB> _ B2 +BD
My = (py—Aa)(aD?2—-B?) (py—Aa)(aD?—-B?) aD?-B?
0 4paB? 14 2)aB? __2aBD |’
(py—Aa)(aD?2-B?) (py—Aa)(aD?—-B?2) aD?-B?
0 _ 4puaBD . 20AaBD aD?4+ B2
(py—2Aa)(aD?—-B?) (py—2Aa)(aD?—-B?) aD?-B?

with v, B, (uy — Aa), (aD? — B?) # 0. Then we can define

1 7(&3(};—)(#;)337'3;)13) _7(7B+/\/a2(/\a—2;;(8(0[1373;—)3',13)7;;};?7(/\a—w)BD') %(aDD/ ~ BB +1)
S |0 ISR Rl 0Bl Bs) —3(BD - B'D)

0 *za(D+”((/E\IS:S;Y();Z/_(:\?,BM)BB/) —aDD’ + BB’ — WDJHW(?j\ziilj))(;fi;z(,ﬁ;w)BB, a(BD’ — B'D)

0 —2(p' a(Aa—py)B'D—B) 2(yB+X a*(Aa—py)(BD'—=B'D)—p/ ay(Aa—puy)BD') BB — oDD’

(Aa—py) (N a—p'y) 2a(Aa—py)(Na—p'y)
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with the further condition (X — 4y/8)(aD’? — B?) # 0. Z defines a k-linear map satisfying (100)-(104)) and is
invertible, since det Z = (aD? — B?)(aD’? — B'?) # 0. Furthermore

1

Z'\MyZ =
0

0

24’ ayB'D’ X ayB'D’ ___yB”
(;,L"yf)\'a)(aanBQ) (p/’yf)\’a)(aDQfBlz) aD2_B’2
1 24/ yB"? _ NyB"? yB'D’
1 (u’w—k’a)(aD/z—B’z) (u/'y—k’oc)(aD’z—BQ) aD/Z_BIZ
4u’ aB’? 14+ 2\ aB’? _ _2aB'D’
(,LL/’Y—A/OL)(O[D/Q—BQ) ([L/’Y—)\/Oz)(OtDQ—BQ) OLD,Q—BQ
. 44/ aB'D’ _ 2\ aB’'D’ aD’?4B"?
(,u,”‘/f)\'a)(ozDQfB'Q) (H”yf)\’a)(aD’QfB’Q) aD’27B’2

These two equivalence classes are actually the same, since the representative

1 0 0 O
0 -1 0 O
Mi=1o 0 -1 0
0 O 0 1
from the first, and the representative
1 0 0
0o -1 -2 0
M2 = ’

()
[aw]
—
[aw]

0 O 0 -1

1o -3 3
Z::Ol%_%

00 0 «

0 0 1

It is easy to check that Z satisfies (100)-(104), det Z = —a # 0 and M1 Z — ZM5 = 0.
Finally let us fix the pair (p1,0) from the last row of Table [7| with associated matrix

We set

The matrix Z defines an invertible algebra map such that

1 0 0 v
PP I B
710 2 1 0
vy
0 0 0 -1
1 _ ayD _ ’yzD
vyB—2aF 2(yB—2aF)
0 ~+B +F
7 .= ~vB—-2aF ~vB—-2aF
' 0 __ 4d°F ]_ _20F
y(yB—2aF) yB—2aF
0 2aD ~D
~vB—-2aF ~vB—2aF
1 2ayD 'yzD
vB—-2aF vB—-2aF
0 _ yB+2aF 29 F
ZflMIZ _ yB—2aF yB—2aF
0 4aB vyB+2aF
~vB—-2aF ~vB—-2aF
0 — 4aD _ 29D
~vB—-2aF ~vB—-2aF

therefore all pairs (p,0) from the last row of Table[7] are equivalent.
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REMARK 3.11. The equivalence class of pairs belonging to the first and second row of Table [7]is different from
the class of pairs contained in the third, since the involutions considered in the latter case are inner, while those in
the former are not.

In conclusion we have found that, up to isomorphism, there are only two coactions of type 2 on A = Cl(«, 0,
corresponding to pairs with trivial skew-derivation. These are given by p(G) = G ® g, p(X) = X ® g and p(G
Gog+2(Xel)-2(Xog), pX)=Xol

3.4.2. Coactions with non-trivial skew-derivation. Let us fix the pair (¢1,d;) from the first row of Table [7| with
associated matrices

0)

1 0 0 O 0 0 -1 0
0 -1 0 0 0 0 0 1
(258) Ml = ) ©1 =
0o 0 -1 0 00 0 O
0 0 0 1 00 0 O
For every a # 0 we can define the matrix
1 — alay _a)y? v(D—aC)
D 2D 2D
0 D-b\y _ 7(aC+bl\y—D) 0
Z — D 2aD
2b)a C+b ’
0 5 =5t 0
0 2ada aly aC
D D D

whose determinant is det Z = (%)2 # 0. Z satisfies (100)-(104) and

0 2 a(aday—bC)  aC+bly + ax2an? alay
1 — 2 ay 2y? 0 CD D CD D
0 (13 OC 0 22 a(aC+bAv) Ay (aC+bAy) aC+by
Z7'MZ = . ZT'®Z = co °D D
0 0 -1 0 0 _ 46X 3¢ 200 %ay 2bMa
0 PN 2\y 1 CD CD D
C C 0 _ 4a)%e? _ 2aX’any 2a)a
CD CD D
Therefore all pairs (¢, d) with a # 0 are in the same equivalence class.
Pairs from the second row of Table [7| with b # — a;aC are contained in the same class of (258)), since

_ y(2batayC—2aD)

1 0 0 o
P 0
0o -5 5 0
0 0 0 ZoatarC
defines an invertible algebra map such that

1 0 0 0 0 %€ -5 o0
Iz — -1 0 0’ 79,7 — o0 o0 3
0 0 -10 o 0o o0 2
0 0 0 1 0 0 0 0

The coaction defined by an element of this class is (isomorphic to) p(G) =G ® g, p(X) =X Qg+ 1®x.

Pairs from the first row of Table [7] with a = 0 do not belong in this class. They determine a family of classes,

each distinguished by the scalar %‘: two pairs (1, d1), (p2,ds2) with a = 0 are equivalent if, and only if, %’\ =+ b]/j,/.




3. ISOMORPHIC COACTIONS OF TYPE 2: THE NON-SEMISIMPLE CASE 127

To prove it one checks that, in this case, the condition 12 — Z®, = 0 forces Z to be of the form

1 b’ N aDMYC +X C(2Z23 00— Z227)] B’ A YDAYC’ +X C(2Za3a—Z227)] BN D[b’ N yD+bAD’ (2Za5— Z227)
BACC'D’ 26ACC'D’ 26272D72
7. 0 Z2 Z23 0
T 0 206’ A’ D—Z226AD’) b’ N yD—2Z33b oD’ 0
bAyD’ bAD’
0 — 20'N aD[MC +X C(2Z23a—Z227)] BN D[AC' +N C(2Z230— Z327))] ¥ XD(2Z330—Za27)
bAyCC'D’ 6bACC'D’ bAyD’

I/ 2
so that (101)) yields (%i‘g?) = 1. Next, we write down the matrices associated to (¢1,d;)

0 —2bla _ by 0
1 _2ay A 0 D D
[} C 0 2002y bA2y2 by
M, = 0 -1 0 0 D, = CD CD D
! 0 0 -1 0]’ ! 0 _4ba%a?  _20M%ay  _ 2bda
0 Ma 2y CD CD D
c c 0 0 0 0
and, for any C’, N’ # 0, we define
(N C—=\C’ 2\ c-ac’
1 F8AC) Ly GO AC) L1F1)
0 1 0 0
Zy =
0 —(1Fn= F1 0
0 qu(X(XC(jC—,XC ) ¥7(Cé(—y)\c ) 71
Z . satisfies (100)-(104)), det Z =1 # 0 and
1 20\ oy A2 0 0 :FQIB\a :Fb)\ﬁ’y 0
e el - 12
=N T — 0 -1 —0 0 71D, 7. — 0 iZb()_\*}\D7 ib)c\:)'\lg i%
+ 144+ — 5 =+ 14+ — ;2 ’
0 0 -1 0 0 462N o 202\ ay 2bAa
0 a 2y T7cp T~cp S )
¢ ¢ 0 0 0 0

the two pairs

Notice that these are the matrices of a pair (p2,ds) when b’ = + b}\/\,DD,. It follows that if 8 = & I’];’\,/
(¢1,d1), (p2,ds) are equivalent. By setting w := %)‘ and by choosing C = D = A = 1 we can write a representative
for each equivalence class:

0 —2wa —wy 0
1 —2ay —2 0 )
_ 0 2wa w w
(259) wo={0 3 Yol 2= T 7
- 0 —4dwa? —2way —2wa
0 4o 2y 1
0 0 0 0
Pairs from the second row of Table |7| with b = —% are a part of this family of classes. Namely, a pair of this
kind is equivalent to (259) if w = —2. In fact let
1 ay g 0
7. 10 1 0 0
0 0 1 0
0 —2a —vy 1
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Then det Z = 1, Z satisfies (100])-(104)) and

1 0 0 0 0 —2wa —wy 0 0 5% 925 0

C

ZML 0 -1 0 0 - 0 0 0wy |w=—gg |0 0 0 -5F
0 0 -10 0 0 0 —2wa 0 0 0 L
0 0 0 1 0 0 0 0 0 0 0 0

Notice that this defines a pair of the second row of Table [7| when b = — a;f

It follows that there is an infinite family of non-isomorphic coactions on A = CI (a, %, 'y) given by

PG =GRg+2wa(l®x), pX)=X®g+wy(lxu).

with w € k0.
Next we define the matrix
1 _#B(bB+aaD) __ A\yB(bB+aaD) 24 YD (py—XAa)(bB+aaD)
aD?-B? 2(aD?-B?) 2 2(aD?-B?)
01— pyB(@B+bD)  y(l+apy)  AyD(bB+aaD) YB(py—Aa)(bB+aaD)
7 .= aD?—-B? 2a 2(aD?-B?) 2a(aD?2-B?)
’ 0 2paB(aB+bD) _ + AaD(bB+aaD) _ B(py—Xa)(bB+aaD)
aD?_B? apy aD?_B? aD?—B?
0 2uB(bB+aaD) AB(bB+aaD) _ D(py—Xa)(bB+aaD)
aD?-B? aD?-B? aD?-B?

which defines an invertible algebra map under the condition that

bB +aaD # 0
aD? - B2 #£0
wy — da # 0.

One can check that for My and ®; defined in we have that Z7'M\Z = My, Z719,7Z = ©, with My, D,
associated to a pair of the third row of Table [7] with the further restriction bB + aaD # 0.

On the other hand, if bB 4+ aaD = 0, a pair from this row is equivalent to for w = —au. To prove it, we
define the matrix

1 By _ Ay y[2B4+D(uy—Aa)]
2 4 4B
0 _ D(py—>)a) 0 Yy =Aa)
Z — 2B 4o
o0 @l2B+D(uy—ra)] 1 _ A
+B 2
A _Dpy—Aa)
0 K 2 2B
for B # 0. It is an invertible algebra map if aD? — B? # 0 # py — Aa. Moreover
1 2uayBD AayBD —vB2
(uy—Aa)(aD?—B?) (py—Aa)(aD?—-B?) aD?-B?
0 1-— 2y B? o \yB? yBD
VA A (py—Aa)(aD?—B?) (py—Aa)(aD?—B?) aD?-B?
“ 0 4paB? 1+ 2)aB? _ _2aBD
(py—Aa)(aD?—B?) (py—2Aa)(aD?—-B?) aD?-B?
0 — 4paBD _ 2AaBD aD*+B?
(py—Aa)(aD?—B?) (py—Aa)(aD?—B?) aD?-B?
and
0 —2wa(py=Aa)(aD’-B*)+2wpayB?  wy[pyB’—aD’(py—Aa)] _ wayBD
(py—Aa)(aD?—B?2) (uy—Aa)(aD?-B?) aD?-B?
0 _ 2wpuayBD _ wAayBD wayD?
7719 7 — (/ry—ka)gaDQ—Bz) (py—Aa)(aD?—B?) aD?-B?
w dwpa’BD 2wAa’BD _ 2wa’D?
(py—Aa)(aD?—B?) (py—Aa)(aD?—-B?) aD?-B?
0 _ dwpaB? _ 2wAaB? 2waBD
(py—Aa)(aD?—B?2) (py—Aa)(aD?—B?) aD?-B?

If we choose w = —ap we get exactly a pair belonging the third row of Table [7] with bB + aaD = 0.
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Also pairs from the fourth row do not determine new equivalence classes. In fact when b # — %222 the matrix
p q 2
1 0 vB(2b+aX\yD) 74 ayD(2b+aXyD)
1(aD?—B?) 2 1(aD?—B?)
0 axy 1 Y(@Ay—2)  yD(2b+alyD) __ yB(2b+aAyD)
7 — 2 Ia 1(aDZ—B?) 4(aD?—B?)
0 —a\a aA\yB?+2baD aB(2b+a\yD)
2(aD?-B?) 4(aD?—-B?)
0 0 __ B(2b+a\yD) __aD(2b+a)\yD)
2(aD?-B?) 4(aD?-B?)
defines an invertible algebra map such that
BD —B?
1 O - 0132—B2 OLDZ—B2 O a/\Oz — a[r;gPBQ — a[t)]glgBQ
B2 +BD bB baD
Z_lM 7 = 0 -1 a(aD2—B?) aD2_B2 Z_1© 7 — 0 0 aD2—-B?2 aD?_B?
14 = oD? L B? 2aBD |’ =10 0 alaBD alo’D? )
0 0 T aD?-B?  aD?-B? aD?-B? aD?-B?
2BD aD24+B? 0 0 _ _aB? _ _alaBD
0 0 aD?-B? aD2—-B?2 aD?2-B? aD?-B?
where M, D are those defined in (258).
On the other hand, when B # 0 # oD? — B? we have that
y(y=1) y(B-aD)
1 ary 2 2B
aD _
7 0 B 0 2
2a(B—aD)
0 —%— 1 «
aD
defines an invertible algebra map such that
__1BD —~vB? _ _ wa'yD2 _ wayBD
L0 aD’-B?  aD’-B’ 0 —2wa aD2_B? aD?—B?
0 -1 +B ~+BD 0 0 wyBD o.)ouyD2
-1 — a(aD2-B?) aD?-B? -1 — aD?-B? aD?2-B?
Z "M,Z = 0 o " D?1B? YBD , Z "M,Z = 0 0 5 oBD soaiD? |
"~ aD?2-B2  aD?-B? “aD2-B2  aD?-B?
0 0 2BD aD?*4B? 0 0 2wB? 2waBD
aD?-B? aD?-B? aD?-B? aD?-B?

which is a pair from the fourth row of Table [7| when b = 7% and a\ = —2w.

To conclude this subsection we study the equivalence classes determined by the last row of the table. Notice
that these pairs cannot be equivalent to the previous ones, as the involutions we are considering now are inner,
while those in the first four rows are not.

We fix the pair

1 0 0 v 0 20y % 0
0 -1 0 O 0 0 0 0
(260) M=1o . 1 o P =|o 0o o o0
0 0 0 -1 0 —da -2y 0
Provided b? — aa?, yB — 2aF # 0, we can define the matrix
1 . ay(bB+aaD) _ ay(26F+ayD) ¥ aay
(a2 —b2)(yB—2aF) 2(aa?2—b2)(yB—2aF) 2 2(aa?—b2)
0 avy(aB+bD) v(2aaF+byD) by
7 (a2 —b2)(yB—2aF) 2(aa?—b2)(yB—2aF) 2(aa?—b2)
’ 0 2o _ 2a?(aB+bD) 1— a(2aaF+4byD) ___ba
~ (a2—b2)(yB—2aF) (aa2—b2)(yB—2aF) aaZ—b2
0 2a(bB+aaD) a(26F+avD) ao

(a2 —b2)(yB—2aF) (a2 —b2)(yB—2aF) aa2—b2
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One can easily check that det Z = > # 0, that Z satisfies (100)-(104) and that

207D ’D 2
1 'yBa—’YQQF 7]57—2(11*‘ v 0 2(104’)/ ay 0
0 —2Bt2F __1F_ 0 20y 22
Z71M1Z _ yB—2aF ;B—Z(;‘F 7 Z71®1Z _ v «
0 5B B 0 0 —4ba —2by 0
40D 29D
0 —3822F ~7Bo2ar | 0 —dac —2ay O

Notice that if the field k does not contain a square root of o then the condition b2 — aa? # 0 is always satisfied
and there are no other coactions to consider. The coaction defined by an element of the class we have just found is
(isomorphic to) p(G) = 22X @1+ (G - %X) ®g+207(10gz) —4aGX @gz, p(X) = X@1+72(10g9z) —27CX Qg
(see ([260)).

On the other hand, if \/a € k, then there are pairs in the last row of Table 7] for which aa? — b2 = 0. We are
going to show that any such pair is equivalent to the one defined by

1 0 0 « 0 2avy 72 0

0 -1 0 0 0 2yay 2 0
M, = , D= . ve

0 = 1 0 0 —4a2 —2yay 0

0 0 0 —1 0 —4a -2y 0

Since we want dp # 0, we can assume a # 0 (or else b — aa? = 0 forces also b = 0) and thus we can define

1 VayB Vo F ol
a(yB—2aF) a(yB—2aF) 2
\/&’)’D 2D2
7. = 0 :Fu('yB—2a3F) FToevatBoaF) Tiavs
2 222D ayD
0 £+ a('y]gj2aF) 1+ a(yBaij) +aya
0 __2/aB ___2\/aF 0
a(yB—2aF) a(yB—2aF)
One checks that det Z+ = ——5 # 0 and that it satisfies (L00)-(104). Furthermore
209D ’D 2
1 'yBDi‘YQOLF 'yE;yf2ocF v 0 QQOK’Y ary 0
B+2aF 29F 2
7N 7 — 0 —J55aF — B 2aF 71D 7. — 0 +2ay/ay i% 0
+ 1o+ 0 4aB vB+2aF 0 ’ + 14+ 0 4 3 9 0 ’
vYB—2aF vyB—2aF F4aa2 + a\/a’}/
4aD 29D
0 _'yBngzF _’sz2ozF -1 0 —4aa —2ay 0

which are the matrices associated to a pair from the last row of Table Ewhen b = ++/aa. The coaction defined by an
element of this class is (isomorphic to) p(G) = 270‘()( ®1)+ (G - 27“) ®g+2va(vVay++G —2aX —4,/aGX)® gz,
p(X)=X®1+ %(7\/54—76‘ —2aX — 2/aGX) ® gx.

We gather all these results in the following table.

Type of Coaction Definition Skew-derivation
0 pP(G)=GR1, pX)=X®1 Trivial
p(G)=G®1

Trivial

1 p(X) =X @50+ (2 + 56 - GX) o150
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p(G)=G®1— (Vay+1G —2aX — 2/aGX) ® gz
p(X) =X © 2+ (335 + 526 — 56X) © 152 + (55 + 16+

131

Non-trivial

23 Va
—yX - 2GX) @ U508 4 1 (2o 4+ £G - 91X — 2LGX) @ U

p(G)=G®g, p(X)=X®yg Trivial

PG =Grg+2(Xel)-2(Xayg),pX)=Xa1 Trivial

p(G)Y=G®Rg pX)=X@g+1® .

Non-trivial

p(G)=G2g+2wa(l®z), p(X)=X0g+wy(l®) (wek\{0})
(The coactions in this family are all non-isomorphic, unless w = tw’)

Non-trivial

p(G):QTQX®1—|—(G—QTQX)®g+2a7(1®gx)—4aGX®gm
pX)=X21+7*(1®gz) - 7GX @ g

Non-trivial

p(G) = 270‘()(@1)—1— (G—%") ® g+ 2va(y/ay+ G —2aX — 4,/aGX) ® gx
p(X) =X @1+ L(v/a+9G - 2aX —2,/aGX) ® gx

Non-trivial

2
TABLE 8. Non-isomorphic coactions on A = Cl (a, -, fy).

if k contains a square root of a (or equivalently of 3).

REMARK 3.12. Coactions of type 1 and the last class of coactions of type 2 on Cl (a, %, 7) actually exist only







APPENDIX A

Multiplications as linear maps

In this appendix we wish to spend a few words in order to explain how we developed some tools that helped
us in identifying the involutions and skew-derivations of Section [5] Chapter [2] One of the greatest obstacles when
dealing with algebraic conditions such as - is that they give rise to quadratic equations in many variables,
which are notoriously hard to solve. The main idea behind our strategy was to “try to keep things as linear as
possible” by treating multiplications by fixed elements as linear maps.

Let us consider the four-dimensional Clifford algebra A = Cl(«, 8,7) generated by elements G, X such that
G*=a€k X?=8¢€kand XG+ GX = € k. We can fix the canonical basis (14,G,X,GX) = (a;)i=1, .4
Given an element a; in the fixed basis of A we can see left and right multiplication by a; as k-linear maps l,, and r,,
with corresponding matrices L,, and R,,. This can help in dealing with “algebra conditions for maps and elements”
such as ¢(ab) = p(a)p(b) and allow us to use linear algebra softwares, such as MATLAB, to speed up or to verify
our computations.

Since A is non-commutative, left and right multiplication (and thus their associated matrices) will differ. An
easy computation shows that

0 0 O 00 a ~ O 0 ~ B O 00 8 0
1 00 0 10 0o 4 0 0 0 —p (oo 0o g
La=1o 00 al"®=l0o0 0 —a|"™=|1 0 o y CBx=17 90 0 0

00 1 0 00 -1 0 0 -1 0 0 0100

and clearly Ly, = Ry, = I, Lgx = LgLx, Recx = RxR¢g (pay attention to the order of the product!).

Example 0.1. As a first and rather simple application we can determine the image of anticommutators of G
and X with any element v = (v, ve, v3,v4)" € A.

0 a 0 O 00 a v O 0 20 v O 202 + yus
B ([t 0o 00 10 0 -~ _ (2 0 0y | 2t
Gv+vG = (Lg + Rg)v = 000 alTlo0o 0o —a|l]“|o 0 o of"T 0
00 1 0 00 -1 0 0 0 0 0 0
and similarly
0 v B 0 00 B O 0 v 28 0 vz + 28v3
_ . 0 0 0 -p 0 0 0 B 10 0 0 O _ 0
Xv+vX =(Lx +Rx)v= 1 0 0 ~ 11 0 0 0 "Tl2 0 0 4" | 2w + V4
0 -1 0 O 01 0 O 0 0 0 O 0

Once Lg, R, Lx, and Rx are defined it is possible to describe left or right multiplication by any fixed element
a € A as a linear map. In fact let a = A1 + AoG + A3 X + MGX, \; € k. Then it is not hard to see that

Al o+ BAz —afM

B A MM B —BAs3
(261) Lo =MI+XLg+XsLx +MLgLx = As —a) A ads 4+
)\4 7)\3 )\2 )\1 -+ ’7)\4
This tool can also be used to calculate squares in A. For example a? = a? - 14 = L2(1,0,0,0)! and
A (@A2 +9A3)(2A1 + VA1) BA3(2A1 + YA4) —afAs(2A1 4+ YA4)
12— A2 (2)\1 + 7)\4) A+ 29 A + 7)\421 6)\4(2)\1 + 7)\4) —6)\3(2)\1 + 7)\4)
@ )\3 (2)\1 + ’}/A4) 7O£A4(2A1 =+ ’7)\4) A (O[)\Q + ’7/\3)(2A1 + ’7)\4) ’
X122 + v Aa) —A3(2M1 + ) X2 (2X1 + YA4) A+ 29210 + YN\

133
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where A = A} + a\3 + BA3 + vX2A3 — aSA3. We can conclude that

A2+ add + BA3 4+ YAads — afN]
A2(2A1 + yAq)
A3(2A1 + yAq)
A1(2M1 +7Aq)

REMARK 0.2. From (262)) it is clear that if a® € k, then a is either in the ground field k or is of the form

(262) a’ =

o= —%M 420G + A3 X + MGX.

In fact, if a ¢ k, at least one among Ao, A3, A4 is non-zero and thus a? € k forces 2)\; +yA4 = 0.

Another interesting result we can prove is the following. If the element we want to multiply by is the image of
an invertible morphism of algebras, then the associated matrix L) is a suitable conjugate of L,.

ProOPOSITION 0.3. Let ¢ : A — A be an invertible k-linear map and denote by M, its matriz. Then ¢ is an
algebra map if, and only if,

-1
Ly(ay = MyLoM;

for every a € A.
PROOF. (=) Suppose ¢ is an algebra map. Then, for every a,b € A
Lota)b = p(a) - b= pla- 97" (b)) = MyLa Mg b

which means Lyq) = My LM " for every a € A.
(<= ) Now suppose that Lyq) = M,L,M" for every a € A. We have

p(ab) = MyLab = LyayMyb = ¢(a)p(b)
for every b € A. g

v(a)

REMARK 0.4. The same result can be proved with right multiplications in place of left ones.
Finally we can easily prove the following useful results on Clifford algebras, using our new toolbox.

PROPOSITION 0.5. The invertible elements in Cl(«, 8,7) are exactly those of the form a = A1 + AaG + A3 X +
MGX, \; € k, where

(263) la| == A2 4+ A hg — ar? — ydods — BAZ 4+ aBA2 £ 0.
In this case we have )
a"l= m[/\l 4+ YA — AG — A3 X — )\4GX]

The set
E={a€cA|lal =0}
1s the set of all the zero divisors of A.
PROOF. Assume a # 0 and |a| = 0. Then, in view of (262), we have
a®> = /\1(2)\1 + ’Y/\4) + )\2(2)\1 + ’}//\4)G + /\3(2/\1 + ’)//\4)X + )\4(2)\1 + ’}/)\4)GX
(2A1 +7A4)a,

ie. ala —2 1 —yAy) =0. If a = 2)\ +v\y € k, then Ay = A3 = Ay = 0 and this forces also A; = 0, contradiction.
Then a — 2A; — A4 # 0 and a must be a zero divisor, hence not invertible. If |a| # 0, then one can use (261)) and
calculate

)\1 Oé>\2 + ’}//\3 ﬂ/\g *Olﬂ)\4 /\1 + 7)\4 1

La!— 1A M+ B —BAs —A2 _ |0
@ ‘a,| A3 —aAy A1 ado + A3 —A3 0
0

A4 -3 A2 Aty -4
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and similarly

A1 ady BAz+ A —afAy AL+ 7 1
Roal— 1A M =B Bzt —A2 _10
“ la| [ A3 aXs A1 +\ —aAg —A3 0
)\4 /\3 —)\2 /\1 + ’7)\4 —)\4 0
Finally, since every finite dimensional algebra is Artinian, then each non-invertible element in A must be a zero
divisor. g
PROPOSITION 0.6. Let A = Cl(«, 8,7) be a Clifford algebra. For every a € A we have det L, = det R,,.
PROOF. Let a = (A1, A2, A3, \4)t. Remember that
)\1 Oé)\g -+ ")/)\3 ﬂ)\g 7C¥ﬂ/\4
_ A M+ B —BAs
La = All + >\2LG + )\3LX + )\4LgLX = )\3 —Oé)\4 )\1 CY)\Q + ’Y)\3
)\4 —/\3 /\2 /\1 + 7/\4
and similarly
/\1 Oz/\Q 7)\2 + ﬂ)\g —OZB/\4
_ o )\2 Al *B)\4 7)‘2 + BAS
R, =M1+ XRg+ A3Rx + MRxRg = S VIS W ) ~ads
Ay A3 =2 A1+ A
Then the truth of the statement follows from computation. O
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