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1 Introduction

Recent years have seen significant progress in computing holographic correlators, which
are key objects for exploring and exploiting the AdS/CFT correspondence. Traditionally,
holographic correlators are computed by diagrammatic expansions in AdS. Such a method
works in principle. However, in practice, it requires the precise knowledge of the exceed-
ingly complicated effective Lagrangians and is extremely cumbersome to use. Therefore,
for almost twenty years the diagrammatic approach led to only a handful of explicit results.



The new developments, on the other hand, are based a totally different strategy which re-
lies on new principles. This is the bootstrap approach initiated in [2, 3], which eschews the
explicit details of the effective Lagrangian altogether. The new approach works directly
with the holographic correlators and uses superconformal symmetry and consistency con-
ditions to fix these objects. The bootstrap strategy has produced an array of impressive
results.! For example, at tree level general four-point functions for %—BPS operators with
arbitrary Kaluza-Klein (KK) levels have been computed in all maximally superconformal
theories [2, 3, 5, 6], as well as in theories with half the amount of maximal superconformal
symmetry [7-9]. Note that these general results are all in the realm of four-point functions.
Higher-point functions still mostly remain terra incognita. In fact, only two five-point func-
tions have been computed in the literature for IIB supergravity on AdSs x S° [1] and SYM
on AdSs x S [10] respectively, and both for the lowest KK modes only.

However, studying higher-point holographic correlators is of great importance. Firstly,
higher-point correlators allow us to extract new CFT data which is not included in four-
point functions. For example, the OPE coefficient of two double-trace operators and one
single-trace operator can only be obtained from a five-point function. Moreover, via the
AdS unitarity method [11] higher-point correlators are also necessary ingredients for con-
structing higher-loop correlators. Secondly, via the AdS/CFT correspondence holographic
correlators correspond to on-shell scattering amplitudes in AdS. Recently, there has been
a lot of progress in finding AdS generalizations of flat-space properties [9, 10, 12-24]. As
we know from flat space, many remarkable properties of amplitudes are only visible at
higher multiplicities. To further explore the analogy between holographic correlators and
scattering amplitudes it is necessary to go to higher points. Finally, it has been observed
in [25] that a ten dimensional hidden conformal symmetry is responsible for organizing all
tree-level four-point functions for IIB supergravity on AdSs x S°. The nature of this hidden
structure is still elusive. It is an interesting question whether the 10d hidden symmetry is
just a curiosity for four points or it persists even at higher points.

For these reasons, in this paper we continue to explore the bootstrap strategy for
computing higher-point correlators. In particular, we will focus on computing the five-point
functions of the form (pp222) for IIB supergravity in AdSsx S%, where three of the operators
have the lowest KK level but the other two have arbitrary KK level p. Our strategy will be
similar to that of [1], which computed the p = 2 case, but with important differences. In [1],
the starting point is an ansatz in position space which is a linear combination of all possible
Witten diagrams with unfixed coefficients. To fix the coefficients, one imposes various
constraints from superconformal symmetry and consistency conditions. These includes
factorization in Mellin space [26], the chiral algebra constraint [27] and the Drukker-Plefka
twist [28]. The first constraint is the consistency condition for decomposing the five-
point function into four-point functions and three-point functions at its singularities. The
second and the third conditions come from superconformal symmetry and are the statement
that the appropriately twisted five-point function becomes topological. Although these
conditions uniquely fix the p = 2 five-point function, the strategy of [26] suffers from a

!See [4] for a review.



few drawbacks which make it difficult to apply efficiently to correlators with higher KK
levels. Firstly, computing the higher-point Witten diagrams in the ansatz is a nontrivial
task. In particular, simplifications used in [26] for computing p = 2 diagrams no longer
exist for p > 2 and the analysis is in general more complicated. Secondly, the three
constraints were implemented in different spaces, which makes the algorithm less efficient.
Factorization is most convenient in Mellin space. However, the chiral algebra constraint
and the Drukker-Plefka twist were implemented in the original position space. The position
space implementation requires computing explicitly a set of five-point contact diagrams,
i.e., D-functions, to which the ansatz reduces. As was shown in [26], these D-functions
can further be expressed in terms of one-loop box diagrams which can be written as Lis
and logarithms. But the complexity of the expression for each D-function is determined
by its total external conformal dimensions. For (pp222) five-point functions, the sum of
dimensions grows linearly with respect to p. Therefore, it soon becomes computationally
very expensive for large enough p.

We overcome these difficulties by proposing a new algorithm. It relies on the key
observation that a more careful analysis of the Mellin factorization condition together
with the Drukker-Plefka twist allow us to completely fix the five-point correlators without
using the chiral algebra constraint. Although computing Witten diagrams is difficult in
position space, formulating the ansatz in Mellin space is straightforward thanks to their
simplified analytic structure in Mellin space. This is further aided by a new pole truncation
phenomenon which keeps the number of poles fixed irrespective of the KK levels. As a
result, we can write down the ansatz for the Mellin amplitude for general p. Moreover, we
find a way to implement the Drukker-Plefka twist directly in Mellin space. Therefore, we
can perform the bootstrap entirely within Mellin space without ever taking the position
space detour. This allows us to compute the five-point (pp222) Mellin amplitudes for
arbitrary p in a closed form. Although in this paper we focused on this particular family
of correlators, the strategy applies straightforwardly to more general five-point functions.

The rest of the paper is organized as follows. In section 2 we discuss the superconformal
kinematics of the five-point functions. In particular, we will introduce the Drukker-Plefka
twist. In section 3 we review the Mellin space formalism and the factorization of Mellin
amplitudes. We also explain how to implement the Drukker-Pleka twist in Mellin space. We
bootstrap the five-point functions in section 4 and give the general formula for the (pp222)
Mellin amplitudes. In section 4.5 we also comment on how to perform the bootstrap in
position space. We conclude in section 5 with an outlook for future directions. Technical
details are contained in the two appendices. In appendix A we explain how to compute
spinning four-point functions which are needed for factorizing the five-point functions. In
appendix A.4 we discuss how to glue together the R-symmetry dependence when performing
factorization. For reader’s convenience, we also included a Mathematica notebook with the

arXiv submission which contains various explicit results.



2 Superconformal kinematics of five-point functions

We consider the correlation functions of the super primaries of the %—BPS multiplets.
These are scalar operators O,?'"Ik with I =1,...,6, k=2,3,..., transforming in the rank
k symmetric traceless representation of the SO(6) R-symmetry group. Their conformal
dimensions are protected by supersymmetry and are determined by the R-symmetry rep-
resentation A = k. Via the AdS/CFT correspondence, they are dual to scalar fields in AdS
with KK level k and are usually referred to as the super gravitons. A convenient way to
keep track of the R-symmetry information is to contract the indices with null polarization
vectors

Op(a;t) = Oty oty t-t=0. (2.1)

Our main target in this paper is the following five-point correlator
Gp(ﬂfi; ti) = <Op(CC1; tl)Op(xg; t2)02 ($3; t3)02(£€4; t4)02(l‘5; t5)> . (22)

More precisely, we will compute the leading connected contribution which is of order 1/N3
and corresponds to tree-level scattering in AdS. The disconnected piece factorizes into a
three-point function and a two-point function, and is protected because the lower-point
functions are.

Symmetry imposes strong constraints on the form the correlator. For example, con-
formal symmetry allows us to write the five-point function as a function of five conformal
cross ratios after extracting an overall kinematic factor?

2 .2 2 .2 2 .2 2 .2 2,2

_ 1235 _ T14%23 _ 25734 _ T13T45 _ T15T24 9.3

1 = ,UQ— ,'U,3— ,’U/4— ,U5— ()
22 12 22 12 22 12 22 22 22 12
13%25 1324 24135 14735 14%25

where we have defined z;; = x; — x;. Similarly, extracting a kinematic factor also allows
us to express the R-symmetry dependence as a function of the following five R-symmetry
cross ratios

t12t35 t14t23 tost3s t13ta5 t15to4

1= 02 = , 03 = o4 = o5 = 2.4
t13tos’ t13to4 toatss’ t1atss’ t14tos (24)

where we have introduced the shorthand notation t;; = ¢; - t;. However, there is more
we can say about the R-symmetry dependence. Since the polarization vectors t; are just
multiplied to saturate the R-symmetry indices, they must appear in G, with positive
powers. Therefore, G, must be a collection of monomials of the form [[,; t?}j , with the
conditions

CLZ']' == ajl- Z 0 5 Zaij == kiz y (25)

J#1

where k1 = ko = p, ks = k4 = ks = 2 are the weights of the external operators. Note
the number of these monomials is finite and we will refer to them as different R-symmetry
structures. In section 2.1, we will explicitly write down these structures.

2We are using a different, but equivalent, set of cross ratios here compared to [1]. These new cross ratios
have appeared before in [29]. One reason why these variables are nice is that it is possible to associate
some xfj to ug, for example x12 only appears in u1. Another interesting property is that they are cyclically
related to each other.
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Figure 1. Inequivalent R-symmetry structures in the (pp222) five-point function. Here (a1, as)
is (1,2) or (2,1) and (as,a4,as) can be any permutation of (3,4,5). Each thin line represents a
single contraction. The thick line represents the multi-contraction t{, with the power a given by
the number next to the line. The R-symmetry structures in the first row have counterparts in
the (22222) five-point correlator. For (pp222) they are simply obtained by multiplying the p = 2
structures with 75 2 The R-symmetry structures in the second row are new and do not appear in
(22222).

The considerations so far have only used the bosonic symmetries in the full super-
conformal group. The dependence on the spacetime variables m% and on the R-symmetry

variables ¢;; are not related. However, the fermionic generators in the superconformal group
2
tj
functions, a thorough analysis the full consequences of the fermionic symmetries has not

will impose further constraints which correlate the z7; and ¢;; dependence. For five-point
been performed in the literature. However, two classes of such constraints are known. The
first is the chiral algebra construction [27] which constrains the five-point function when
all the operators are inserted on a two dimensional plane. The other is the Drukker-Plefka
twist [28] which imposes constraints on the correlator with generic insertion positions. In
this paper, we will only need the latter. We will review these conditions in section 2.2.

2.1 R-symmetry

A systematic way to enumerate the R-symmetry structures of the (pp222) five-point func-
tion is to consider the Wick contractions. Different Wick contractions are illustrated in



figure 1 and the corresponding R-symmetry structures are explicitly given by

ch)a4a5 = t11?2_1t2a3ta3a4ta4a5t1a5 s

Ptgla)z;as - t1172_2t1a3t2a3t2a4ta4a5t1a5 y

Ttg)a4a5 = tzlthasa4ta4a5ta3a5 )

T(z(£24a5 = t€2_1t2a3t1a3t34a5 ) (2.6)
(ggg)a3a4a5 = tgl_aQQtala4ta4a5tla5t22a3 3

Nfg)az;% = t11);3t1a3t1a5t203t2a5t1a4t2a4 s

Nt%)a4a5 = t11);3t%a3t%a4tla5t2a5 .

Here (ai,a2) is (1,2) or (2,1) and (as,a4,as) can be any permutation of (3,4,5). The
Wick contractions in the first row of figure 1 exist for all p > 2 while the second row are
only possible when p > 3. This is a new phenomena that arises at the level of five-point
functions and should be contrasted with the four-point function case. In the four-point
function (pp22), the number of Wick contractions is the same irrespective of the Kaluza-
Klein weight p.?

For p = 2, all the five points are on the same footing and there is no distinction
between P£§L4a5, Pé;94a5 and among TCE?M%, Té})&%, Tﬁ{g%%%. Multiplying them by
thy 2 gives the corresponding structures when p > 2. Note that even when p > 3, some of
these R-symmetry structures in figure 1 still have residual symmetries and are invariant

under certain permutations of {as, a4,as}. For example, TchM% = Ttg)%% = T(Q%M and

Tz§g1)4a5 = T££25a4. We choose the independent R-symmetry structures to be
PIID o (as,an,a5) € {(3,4,5), (3,5,4), (4,3,5), (4,5,3), (5,3,4), (5,4,3)} ,
T has (as,aq,a5) € {(3,4,5)},
T(%E)m : (a3, aq,a5) € {(3,4,5),(4,3,5),(5,3,4)},
T et (ar, a2, a3,a4,a5) € {(1,2,3,4,5), (1,2,4,3,5), (1,2,5,3,4), (2, 1,3,4,5),
(2,1,4,3,5),(2,1,5,3,4)} ,
NO oo (az,as,a5) € {(3,4,5)}
N s (a3, a4, as5) € {(3,4,5),(3,5,4), (4,3,5), (4,5,3), (5,3,4), (5,4,3)} .

(2.7)

This gives in total 29 independent R-symmetry structures. When p = 2, NC(L?M% and
NCSS.L% do not exist and we have 22 structures.

2.2 Drukker-Plefka twist and chiral algebra

A highly nontrivial constraint from superconformal symmetry is given by the topological
twist discovered in [28], which we will refer to as the Drukker-Plefka twist. In [28], it was

3In fact, this is true even in the more general case (pgrs) as long as the extremality E of the correlator
remains the same. Here extremality is defined as E = s — p — ¢ — r and we have assumed that s is the
largest weight of them.



found that when the operators have the following position-dependent polarization vectors
(commonly referred to as a twist)

22‘ = (11'11 2

%

3

i ad il S0 = @), S (14 ()2) (28)

the twisted correlator preserves certain nilpotent supercharge. The twisted operators are
in its cohomology. More importantly, the translations of operators while keeping the po-
larizations twisted are exact. It then follows that the twisted correlators are topological,
i.e., independent of the insertion locations

Gp(z;t;) = constant . (2.9)

Note that in terms of the variables :c%j

2
lij = @j;-

Let us also mention another twist for contrast, namely the chiral algebra [27]. However,

and t;;, the twist condition can also be written as

we will not exploit this twist in this paper. The chiral algebra twist requires that all
the operators are inserted on a two dimensional plane. The coordinates therefore can be
parameterized by the complex coordinates z, z. Furthermore, the polarization vectors need
to be restricted to be four dimensional

ti = (tf,0,0) y M= 17273’45 (210)
where t* can be written in terms of two-component spinors

th = ol v o® (2.11)

Using the rescaling freedom of the polarization vector, we can write v and v as
vi=(Lw), v=(lw). (2.12)

When we twist the operators by setting w; = Z;, the correlator also preserves certain nilpo-
nent supercharge. The twisted operators are in its cohomology while the antiholomorphic
twisted translations are exact. Therefore, the twisted correlator are meromorphic functions
of z; only.

3 Mellin representation

It has been commonly advertised that Mellin space [30, 31] is a natural language for dis-
cussing holographic correlators. In this formalism, the connected correlators are expressed
as a multi-dimensional inverse Mellin transformation

(O(a1) . Oas)eomn = [A1M(55) T T(0,)w3) (3.)

1<i<j<5

where the Mellin-Mandelstam variables satisfy

0ij = 0ji» 0 =—Ni, Y 05=0. (3.2)
J



The function M(d;;) encodes the dynamical information and is referred to as the Mellin
amplitude. Note that this definition is a bit schematic. To be precise, both the correlator
and the Mellin amplitude also depend on R-symmetry structures. However, for the moment
we will suppress this dependence to emphasize the analytic structure related to spacetime.
One of the reasons that Mellin amplitudes are convenient for describing scattering in AdS is
they are meromorphic functions of the Mellin-Mandelstam variables. This follows directly
from the existence of the OPE in CFT. Moreover, in the supergravity limit, the poles
are associated with the exchanged single-trace particles in AdS. This makes the Mellin
amplitudes have similar analytic structure as tree-level scattering amplitudes in flat space
and allows us to apply flat-space intuitions in AdS.

More precisely, the exchange of a conformal primary operator with spin J and dimen-
sion A = 7+ J in a channel is represented by a series of poles in the Mellin amplitude,
labelled by m = 0,1,2,..., starting from the conformal twist 7

M = Qm(dw) 5LR = i i 6ab- (3.3)

OLR — (T—I—Qm)’ a1 begi1

Here, the exchange channel divides the external particles into two sets which we refer to as
L and R. We label the particles in L from 1 to ¢ and the ones in R from ¢+ 1 to n. dpp is
the Mandelstam variable in this channel. The residues Q,,(d;;) have nontrivial structures.
They are related to the lower-point Mellin amplitudes My, and Mg for the (¢ + 1)- and
(n — q+ 1)-point functions involving particles in L and R respectively (figure 2). The extra
external state in each lower-point amplitude is the exchanged particle which has now been
put on-shell. This is the basic idea of Mellin factorization [26, 32]. In fact, it is very similar
to the factorization of amplitudes in flat space which has been studied for a long time.
However, there are also important differences. In flat space, the poles are located at the
squared masses of the exchanged particles. In Mellin space, as already pointed out, the
squared mass is replaced by the conformal twist and there is in general a series of poles
for each particle which are labelled by m in (3.3). These are related to the conformal
descendants. However, in theories with special spectra such as AdSs x S° IIB supergravity,
the series usually truncates. For example, for p = 2 the series truncates at m = 0 and
contains just one term. Moreover, compared to flat-space amplitudes, the lower-point
Mellin amplitudes also appear in the residue Q,, in a more complicated way. The precise
expression for the residues depends on the spin of the operator that is exchanged. The goal
of the following subsection is to explain all the details of this formula. In particular, we will
present the explicit residue formulas for exchanged fields with spins up to 2. We should
emphasize that the structure of factorization for the general (pp222) five-point functions
will turn out to be far richer than for the simple case of p = 2 which was analyzed in [1].
In particular, we will see poles with m > 1.



Figure 2. Mellin amplitudes have poles correponding to the exchange of single-trace operators.
The residues at the poles are associated with lower-point Mellin amplitudes. In the channel depicted
in the figure, we have n =5 and ¢ = 3. The Mellin amplitude on the left has four points while the
one on the right has only three.

Note that for the five-point function G, with p > 2 there are three non-equivalent
factorization channels which we choose to be

(12) (ppx) (x222) ,
(45) : (22%) (*pp2) , (3.4)
(13) (2p*) (xp22) ,

In each of them there are exchanged primary operators with spins ranging from 0 to 2 as
will be discussed in the following subsection.

3.1 Melllin factorization

To discuss Mellin factorization, we need to be more explicit about what fields can be
exchanged as they give rise to different lower-point functions. The problem of enumerating
exchanged fields reduces to finding all the possible cubic vertices sy, sk, X where s, is the
scalar field dual to the superconformal primary Oy and X is a field to be determined. This
problem already appears in the case of four-point functions and therefore the answer is
also the same. The possible cubic vertices are determined by two conditions. The first is
the R-symmetry selection rule. The second is the condition that the cubic vertices cannot
be extremal.* These determine the possible exchange fields to be [2, 3]

{kla kQ} = {pvp} : X = 52, AQ,,U, y P2uv -
{kl, ]{72} = {2,2} : X = S92, AQ’H y QDQ’HV s (35)
{klﬂ kQ} = {2’p} : X = Sp Ap,,u y Ppuv -

Here s;, is a scalar field and is dual to the superconformal primary O which has dimension

A = k and transform in the [0, k, 0] representation of SU(4). Ay, is a vector field and
is dual to a spin-1 operator Jj , which has dimension A = k + 1 and transforms in the

41t also follows that four-point functions cannot be extremal or next-to-extremal. In particular, we do
not have the four-point functions (4222) and (6222).



[1,k — 2,1] representation. ¢y, is a spin-2 tensor field and is dual to a spin-2 operator
Tk, Which has dimension A = k + 2 and representation [0,k — 2,0]. When k = 2, Ay,
is the graviphoton and ¢y ., is the graviton. Their dual operators are correspondingly the
R-symmetry current and the stress energy tensor.

Let us emphasize again that in this subsection we will only focus on the Mellin-
Mandelstam variable dependence. Both M and My in fact also depend on R-symmmtry
variables. Therefore in the residues Q,, there is also a gluing of the lower-point R-symmetry
structures. However, this gluing is purely group theoretic. To avoid distracting the reader
from the discussion of the dynamics, we will leave the details of R-symmetry gluing to
appendix A.4. Alternatively, we can view the discussion in this subsection as the Mellin
factorization for each R-symmetry structure.

3.1.1 Exchange of scalars

The simplest example of factorization is the exchange of a scalar operator with dimension
A. The resulting My and Mp are again scalar Mellin amplitudes. Nevertheless, this
example contains most of the features we shall need. In particular, the m dependence will
be shared in the spinning cases. Therefore, we will first analyze this case in detail. The
residue Q,, introduced in (3.3) is given in [26]

—2I'(A)m!

m= Lo R, (3.6)
(a1,

where L,, is related to M, by®

Lm = Z ML((Sab + nab) H
np=0 1<a<b<q ‘@b

Nab=m

(3.7)

and similarly for R,,. Notice that here and in the following we will often leave the spacetime
dimension d unspecified, but it should always be set to 4. This equation has several
interesting consequences, which will become more evident after analyzing a few examples.
Let us start with a three-point Mellin amplitude for My, which is just a constant c. In
this case, recalling that d19 = %(Al + Ay — drgr) and drpr is set to A 4+ 2m by the pole
condition (3.3), equation (3.6) with ¢ = 2 immediately gives

5 _
(cr)., SLr =M1+ Ay —A)—m. (3.8)

3-pt
m!

Factorizing a five-point function leads to a three-point function and a four-point function.
For (pp222), there are three inequivalent factorization channels, which can be chosen to
be (12), (45) and (13). From (3.5), we know that the exchanged scalar operators in these

®Notice that Mz (6ap + nap) is well defined when the Mellin-Mandelstam variables satisfy the pole
condition (3.3), in addition to their constraints (3.2). The parallel with scattering amplitudes makes this
point clear.

~10 -



three channels have twists 2, 2 and p respectively. Thus, é7z in each case is given by

(12): SLR:p—l—m,
(45) : Str=1-m, (3.9)
(13): SLRzl—m,

and the corresponding values of d;r are 2+ m, 2 + m,p + m. After plugging these values
in (3.8), it is straightforward to see that the residue vanishes for m > 0 in the channels
(13) and (45), and for m > p—1 in the channel (12).% Naively, one would conclude that in
the (12) channel the number of poles increases with p. However, this is too fast since the
other part R, can give more constraints. To see this explicitly, let us look at a four-point
Mellin amplitude which has the following generic form

335+ Cadas +c: 1 815 (6454+1) (3—m)m_
M?%”t:cl 5 £ 02045+ 0 +ca+es5034+ce0as = Rm:[clm 15 (0a5+1) (3—m)m—1
534_1 m! 634—1
075 +Ca20 1—m)m
| TR ) (2—m)m+63(m)+(C5534+06545)(3—m)m}. (3.10)
534_1 534—1

Here we have evaluated the expression at the pole dpp = 7 4+ 2m. It follows that R,,
vanishes for this four-point Mellin Mg for m > 3 and therefore the number of poles does
not increase for arbitrary value of p. Let us also emphasize that all four-point Mellin
amplitudes that appear in the OPE of the correlator (pp222) have this structure as can be
checked in appendix A.

Let us note that the absence of poles for m > p — 1 can also be understood from the
pole structure of the Mellin integrand. The Gamma functions in the definition of Mellin
amplitude already have poles in this location and a pole in the Mellin amplitude at m > p—1
would give rise to a double pole. Such double poles are associated with the appearance of
anomalous dimension [2, 3, 31], which we do not expect at this order. On the other hand,
at the moment we do not have a direct physical argument for the truncation of poles at
m > 3. Finally, this truncation continues to hold for the factorization formulas when the
exchanged operators have spins. This will be analyzed in the following subsubsection.

3.1.2 Exchange of operators with spins 1 and 2

In this subsection we will be interested in studying the contribution of operators with spins.
As it turns out, the analysis of the scalar case straightforwardly generalizes to the spinning
case. It is convenient to get rid of the Lorentz indices of these operators by contracting
them with null polarization vectors

O(x,z) = O ()2 ... 2% | (3.11)

where 22 = 0 ensures the operator is traceless (we refer the reader to section 3 of [26] for
a more detailed review). The definition of Mellin amplitudes of one spinning operator and

5The zeros in these pochhammer symbols are exactly at a position to avoid a double pole, formed
by one coming from the explicit Gamma functions in the definition and the other from the factorization
formula (3.3).
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n scalar operators is given by [26]

" J n ..
(O(x0,20) .- Oy = > [[(20 - za, 0)/d5 M (5, H (5 Jgi?}}) 1 F(zdﬁfs?j’
=1

ai,...,ay=1i=1 <i<j<n (xij
(3.12)
where . .
{a}i:(;?l—i—"'—l-(s?‘], 512—25”’, Z (Sij:J—Ao. (3.13)

i,j=1
We have used d to denote the Kronecker delta so that it can be distinguished from the
Mellin-Mandelstam variables 8. The Mellin amplitudes M 19} satisfy certain linear relations
that follows from the conformal invariance of the correlator, see equation (46) in [26]. Let
us first focus on the spinning generalization of (3.6) for the conserved currents which reside
in the k = 2 supermultiplet. For exchanging the graviphoton, the residues are given by’

d—
SRR CEL UL i SN (3.14)
(2)m a=1b=q+1
For exchanging the graviton, the residues are
—(d+1)I'(d—-1)m! 1 1\ » =
2(4+1) 2m  d
where
q n
O = 5" N 6ui(y; + 838L) LL R (3.16)

a,b=11,7=q+1
q

q
= > 6L P, Rm= ) duwlR
a,b=1 a,b=1

Here we used the notation [f(8;;)]% = f(&i; + 6?6? + 5;”6?). The functions L%, and L%
(and analogously R%,, R%) are defined in the same way as in (3.7). Let us also add that
for m = 0 the second term in @), for spin 2 is zero since both Lo and Ry vanish from the
definition. Therefore, the appearance of the pole in m does not lead to a divergence.

These residue formulas for spinning operators clearly are not the full story as there
are also non-conserved currents in the multiplets with £ > 2. However, from (3.5) we can
see that such non-conserved currents only appear in the channel with sp and s,. Similar
to the scalar case (3.9), the analysis of the three-point functions requires the truncation at
m = 0. The residues are

q n
Qo=—-AT(A-1)>" > duLiRs, forspin 1,  (3.17)
a=1 b—q+1
(A+ ab piJ .
Qo = Z Z ai(0pj + Op )LO R; for spin 2 . (3.18)
a,b=11,j=q+1

7As above we write d to denote the dimension of space-time and we will always set d = 4.
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The most general expressions for factorization with arbitrary external and internal dimen-
sions and m can be found in [26]. But they are not needed in this paper.

As in the scalar case, the truncation of poles also relies on the form of the spinning
four-point amplitudes. They are given in appendix B (see (B.15) and (B.20) for explicit
expressions). In particular, they have the same analytic structure as the scalar four-point
amplitude (3.10) except that now they carry additional indices. As a result, the truncation
of poles also holds for the exchange of spinning operators. More precisely, we have the
same pole locations as in (3.9) where the allowed values for m are m = 0, 1,2 for (12) and
m = 0 for (45), (13).

To summarize, the Mellin factorization formulas allow us to reconstruct all the polar
part of the amplitude from the lower-point Mellin amplitudes. Furthermore, the spectrum
of the theory gives rise to a further simplification where the poles truncate to a finite range
independent of p.

3.2 Drukker-Plefka twist in Mellin space

As we reviewed in the introduction, the two superconformal constraints, namely the chiral
algebra and the Drukker-Plefka twist, were both formulated and implemented in position
space [1]. To have a more streamlined algorithm, we would like to perform the bootstrap
entirely within Mellin space and therefore need to translate such position space constraints
into Mellin space. Let us first define the Mellin amplitude more precisely by restoring the
R-symmetry dependence suppressed in the definition (3.1). For the (pp222) correlator, we
have

Gyl t) = [1d5IM@Giztiy) T T6u)(a2) (3.19)

1<i<j<5

where M(d;5,t;;) is a linear combination of the 29 R-symmetry structures listed in (2.7).

Usually the implementation of the twists in Mellin space is achieved by using the obser-
;
the definition by shifting the Mellin-Mandelstam variables. This gives rise to difference

vation that x7; monomials multiplying the Mellin transform (3.19) can be absorbed into
equations in Mellin space. This strategy has been used, for example, in [33, 34] to rewrite
the superconformal Ward identities in Mellin space for four-point functions. In our case,
there are extra complexities.

The issue is that the chiral algebra constraint requires all the operators to be on a two
dimensional plane. When the number of operators n > 4, this cannot be achieved by a
conformal transformation and there are relations among the cross ratios.® The meromorphy
of the correlator after the chiral algebra twist depends crucially on these relations. On the
other hand, these relations do not hold in the definition of the Mellin amplitude where the
locations of the operators are assumed to be general. Therefore, the position space chiral
algebra condition cannot be translated into Mellin space using the same strategy.

8In two dimensions, the number of independent cross ratios is 2n — 6 for n > 2. However, in high enough

n(n—3)
2

spacetime dimensions, the number of independent cross ratios is . The relation for the cross ratios

can be written in form of detM = 0 where the matrix M has elements M;; = xfj
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By contrast, the Drukker-Plefka twist only imposes conditions on the R-symmetry
polarizations and has no restriction on the operator insertions. Therefore, we can use the
same trick to implement the Drukker-Plefka twist in Mellin space. More precisely, we can
extract a kinematic factor and rewrite (3.19) in terms of cross ratios (2.3), (2.4)

—d12  —6 2—9 -4 1-6
Gp(zi, t;) = K, /déw./\/l (855, 00)Tppaze uh ™ "2 ug %22 us %3 uy ™45 uy = 15 . (3.20)

Here K, is a kinematic factor

Ko o— _ Thatistitists (3.21)
P (x2 )p(l.Q )2($2 xQ )t ’ .
12 34 15+35/¢13

and

[pp222 =T (912) I (015) T (023) T' (615 — 023 — 034 4 1) T' (934) I' (023 + 1 — 815 — d45) I' (045)
['(p—012—0615+7314— 1) (012 —p— 634 — du5 +3) T (p — 12 — 023 + da5 — 1) .
(3.22)

Moreover, we have chosen d19, 023,034,045 and d15 as the independent Mellin variables.

Performing the Drukker-Plefka twist amounts to setting #;; — x2;, or equivalently o — u

YK
for the cross ratios. To implement this in practice, we notice that doing the twist reduces
to multiplying the Mellin representation of different terms of the correlator K, le(xi, t;)

. ng M3 M4, N5
by monomials u}" uy?us®uy*ug®

M(bij,00) = Y o1 052050 05" My (033) = D ui wpuiPu*uz® M,y (6;) -
{ni} {ni}
(3.23)

We can absorb them by shifting d;; and this has the effect on the Mellin amplitudes by
acting with a difference operator
ul USQU?SLSUT“? M{ni}(éij) — Dnhu-,% 0 M{ni}(éij) ) (3'24)

where the explicit action of D, . . reads

Dy, s oMy (6i5) = M,y (012411, 023+ 12, ) X (612),,, (915),,, (023),,, (34),,, (0a5),,,

(615—023— 034+ 1),y g (023—015—0u5+1),,, ,  (P—012—015+034—1),,. .

(012=p—034—045+3) 0, s, (P—012—023+0u5—1),,, 1. . - (3.25)
The various Pochhammer symbols come from comparing the shifted Gamma factor with
the one in the Mellin representation definition. The full difference operator from the
Drukker-Plefka twist, denoted as Dpp, is then a sum of such operators acting on different
R-symmetry structures. As we explained in section 2.2, the twisted correlator is just a

constant in position space. Following [2, 3], we should interpret its Mellin amplitude as
zero. Therefore, the Drukker-Plefka twist condition becomes in Mellin space

DDP 0] M(dij, O‘i) =0 5 (3.26)

which explicitly reads

Z Dns....n5 © M{ni}(%‘) =0. (3.27)
{ni}
The implications of this equation are discussed in the following section.
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4 Bootstrapping five-point Mellin amplitudes

4.1 Strategy and ansatz

After introducing all the necessary ingredients, we are now ready to state our strategy. Our
strategy is comprised of three steps. First, we start by formulating an ansatz in Mellin space
which is based on our analysis of the analytic structure of the Mellin amplitudes. Second,
we impose the Mellin factorization condition which is the statement that the pole residues
should be correctly reproduced by the lower-point amplitudes. Finally, we implement the
Drukker-Plefka twist in Mellin space and completely fix the ansatz. In the following, we
explain the details of each step.

Step 1: Amnsatz. As we emphasized in the previous section, Mellin amplitudes are
merophormic functions with simple poles corresponding to exchanging single-trace oper-
ators and residues related to lower-point amplitudes via factorization. Based on this, we
have the following ansatz for the (pp222) Mellin amplitude
M0, t15) = i Am (045, ti5) n Baa(0ij, tij) . Cap(0i5,tij)
(512+1+m—p) 0ga — 1 5@6_1

m=0

a=1,2,a=3,4,5 3<a<b<h

+D((5ij,tij) . (4'1)

Here A, (6;j,ti;) is a rational function with possible poles in d34, 035, d45. In particular,
it includes simultaneous poles which correspond to double exchange processes in the (12),
(34) channels etc. Similarly, Bga(0;j,1;;) is a rational function with possible poles in dx; at
0k = 1. The labels k, [ need to satisfy &, # a,a but can be both from the set {3,4,5}, or
belong to different sets {1,2} and {3,4,5}, see equation (4.5). To avoid double counting,
Cji(0ij,ti;) and D(d;5,t;;) do not have poles and they are polynomial functions of the
Mellin-Mandelstam variables. Note that here we have also used our Mellin factorization
analysis for the subleading poles from section 3.1. We imposed that the poles in the (12)
channel truncate to m =0, 1, 2.
More concretely, the function A,,(d;;,t;;) in the ansatz has the following form

A (6, t47) = Azam (i, ti5) n Ass.m (i, ti5) n Ays (055, ti5) + Agm(Gisiti) s (4.2)
034 — 1 035 — 1 045 — 1 ’

where Asg, Assm and Ays,, are polynomials of degree 2 and Ay, is a polynomial of

degree 1. Written explicitly, As4 ., reads

artas+az<2 29
Azam(0ijotis) = D Y Oy (0053052058 T1, (4.3)
[e23 I=1
where {023, d25, 045} are chosen to be the independent Mellin-Mandelstam variables in ad-
dition to d12 and d34 which already appear in the poles. We have also used {77} to denote
collectively the 29 independent R-symmetry structures in (2.7). The expressions for Ass
Ays,m are similar. The polynomial Ay, is given by

ai+az+az+as<l 29

Apm = > D Um o} 053 053 032 053 1. (4.4)
I=1

a;
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The other terms in the ansatz are similar and are given by

Biy — igz (a1+§3<2 [b{3,24,{ai}5(fé§ 053045 N b3 45,1} 015 023 054 N bl 95 {a} 923 034 045
=1 o 024 — 1 045 — 1 S5 — 1
ar+...ag<1
FS Bl B05I0RO )T (4.5)
a;

aj+...az<l 29
Cor= D D e 0305080 Tr
Q; I=1
29
D=>"d"T;.

I=1
In making the ansatz we have assumed that the degrees of various polynomials are the
same as in the p = 2 correlator. This is expected from the flat-space limit which is related
to the high energy limit of the Mellin amplitude [31]. This can also be confirmed by Mellin
factorization, which will be used in greater detail in the next step.’

Step 2: Mellin factorization. The second step of our strategy is to impose Mellin
factorization. As explained in the previous section, all the polar terms of the Mellin am-
plitude can be completely fixed in terms of the lower-point Mellin amplitudes. For the
(pp222) five-point function, all these lower-point amplitudes are known and are given in
appendix B. These lower point functions depend on R-symmetry polarization vectors. One
important detail which we did not discuss is how to glue together the R-symmetry struc-
tures in the lower-point functions using the representation of the exchanged fields. This
step is explained in detail in appendix A.4. Thus all terms in the ansatz (4.1), except for the
regular term D, can be fixed by using this factorization procedure. Note that the number
of coefficients that remain unfixed in the ansatz is quite low as D is just a constant with
respect to the Mellin-Mandelstam variables. It can depend only on the linear combination
coefficients of the 29 R-symmetry structures.

Step 3: Drukker-Plefka twist. The final step is to impose the Drukker-Plefka twist.
As explained in section 3.2 this twist can be phrased in terms of a difference operator Dpp
acting on the Mellin amplitude, see (3.26). This relates the regular part with the singular
part already fixed by factorization and completely fixes the remaining coefficients.!”
Using this strategy, we obtain the (pp222) Mellin amplitudes in a closed form for arbi-

trary p. The final result for the Mellin amplitudes will be presented in the next section.'!

9For example, it is straightforward to see that these are the correct degrees when exchanging scalar
operators. Exchanging vector or tensor fields is a bit more nontrivial but it is possible to check that the
degrees are correct. The only subtle point which avoids the factorization argument is the degree of the
regular piece. However, it is natural to assume that the degree is the same as the p = 2 case so that it has
the same high energy growth as the other terms.

10 At the same time the Drukker-Plefka twist provides a very non trivial consistency check for the proce-
dure of extracting correlation functions of super-descendants and gluing of R-symmetry structures described
in appendix.

1Tt would also be interesting to extend this analysis to the first correction in o’. One promising candidate
is the p = 2 case since it is more symmetric and we can also use the known results for the four-point function
as an input [35].
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4.2 Mellin amplitude for p = 2

Due to the many R-symmetry structures involved, the expression for the full Mellin am-
plitude appears to be quite complicated at first sight. Therefore, before we present the
Mellin amplitude for general p, let us first revisit the p = 2 result of [1] and present it in a
simpler way.

When p = 2, the amplitude is symmetric under permutations of all the five external
points. The 22 R-symmetry structures also split into two classes and within each class the
structures are related by permutations. The first class is the pentagon contraction

P, = {t12t23t34t45t15, .. } , a=1,2,...,12, (4.6)

which includes P éﬁj?ao (2.7). The second class is the contraction of three points times

the contraction of the remaining two points

Ta == {t12t23t13t?15, .. } 5 a = 1, 2, ceey 10 5 (47)

which includes T, éiji,ﬂ” in (2.7). The full amplitude can be written as

12 10
Mp—z => MEP,+> MIT,. (4.8)
a=1 a=1
It is sufficient to determine the coefficient amplitudes M¥ and M7 as the rest can be
obtained by permutations. We find

P_ 4\/5{ ((514 + 524)(513 + 514) (514 + 524)(524 + 525) (525 + 635)(524 + 625)

(612 = 1)(034 — 1) (012 = 1)(045 — 1) (023 — 1)(045 — 1)
(025 + d35)(d13 + d35) | (013 + d35) (13 + d14) 1( 935 d14 (4.9)
(023 —1)(d15 — 1) (015 —1)(34 — 1) 012 —1  do3—1 '

025 013 024 > }
-2
R TR R R i S— !

_ _2\[<(513 + 614)(023 + 624) (013 + 915) (023 + d25) (614 + 015) (024 + 525))
(612 = 1)(d34 — 1) (612 — 1)(d35 — 1) (612 — 1)(ds5 — 1)

It is clear that terms of the same structure are related by the permutations preserved by

the R-symmetry structure. We will see that the Mellin amplitude for general p also has
similar structures.

4.3 Mellin amplitudes for general p

For p > 2, we no longer have the full permutation symmetry and there are seven types
of R-symmetry structures as we discussed in section 2.1. The Mellin amplitude can be
written as a sum over all the inequivalent R-symmetry structures

P,(II) 11 T,(II 11
M Z Mll3a4a5 a3a4a5 + Z Ma3a4a5PCE3CL)4a5 + M34(5 T345 + Z Ma3a4¢)15 f§3a)4a5
Il I2

I
+ Z M,CIL11CLIQILIZ)3a4a5 qug)agazlas + M345§ )N345 + Z Ma3a4a5 (54113,940,5 ? (410)
I
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where the sets Z; 2 3 contain the following permutations

I, = {(3, 4, 5)7 (37 574)7 (47 3, 5)7 (47 5, 3); (57 374)7 (5747 3)} )
IQ = {(3’ 4’ 5)7 (47 37 5)7 (57 37 4)} bl (4-11)
I3 = {(17273747 5)7<172747375)7(172757374)7<27173747 5)7(271747375)7(271757374)}

The coefficient Mellin amplitudes are given as follows. For the structures of Pé?aws, ngla)ws,
the coefficients are

P _ 2010y +02as (0103 01as | 02a5+02a5\ | 1 Oagas
Ma?’gzas _Qﬂp{p d12—p+1 < 5a3a4_1 " 6114115_1 ) 5512_p+1
= O1ay+020, —1 (chag 0105 | 0204+ 0205 _1)
P d10—p+2 dazas —1 Oaas —1
(P—2)(p—3) dazas (6245 +0agas ) (0204 +02a5) | (0105 +0azas) (9105 +01a,)

2p 012 —p+3 (52113 _1)(5114@5 _1) (51a5 _1)(5a3a4 _1)
+B (51(13 +6a3a5)(62a5 +6a3a5) 1( 520,4 + 6].0,4 )
2 (0145 —1)(0245—1) 2\01g5—1 O245—1
p—l( 0245 O1as ) 6—7p}
+ + + , 4.12
p 6@3@4 -1 5&4&5 -1 2p ( )
612"‘(520, )(52(1 +5a a ) (512+51a )(610, +5a a )
MaRSzH()zr:\/iZ{( 5 5 305 4 4 304
90105 = VW T (310, — 1) (G20 1) (0205 — 1) (0105 —1)
(012402a5)(d12+01as)  (p—2)d12 2012 ( Olay n 02a5 )
(51a5_1)(52a4_1) (51a571)(52a4_1) p(6a4a5_1) 02a5—1 0145 —1
B 2(p+1)d12 . (p—2)(012+1)+daza, n (p—2)(012+1)+dazas
p2(5a4a5 - 1) p(51a5 - 1) p<52a4 _1)
1_p( 51(14 52&5 ) p_2}
+ + + . 4.13
p 52&3_1 51(13_1 p ( )
Upon setting p = 2, the two coefficient amplitudes become degenerate up to permuta-
tions and reproduce M{D in (4.9). The coefficient Mellin amplitudes of T?S?& Tcgﬂ)m and

111 .
Tcglag)a3a4a5 are given by

M&g) — _ 2\/5{ 1 < (51113 +(51a4 ) (62(13 +52(l4) + (610,3 + 61[15 ) (620,3 +62a5)

d12—p+1 Sagas —1 Susan —1
(51a4 +51a5)(62a4 +52a5)> (p*2)(512 fp) }
4.14
+ 50,40,5_1 T (512—])_’_2 ’ ( )
MT,(II) — \/ip(p_ 1) { (52(14 +53a4)(52a5 +53(l5) + (610,4 +63(l4>((51a5 +63(L5)
azaqas 5a4a5_1 (52a3—1 51(13—1
+ 2 (51114_'_62&4)(61&5 +52a5) +4(p_2) ((51a4+52a4_1)(51a5 +62a5 _1)
p(p—1) d12—p+1 p(p—1) S1a—p+2
p—3 (0144 +52a4_2)(61ar+52a5_2) 1 ) }
3 —5 —p—1 4.1
+ 4 512 —p_|_3 2(p5a4a5 p ) ) ( 5)
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MT,(IH) — \/ip(p—l) { (5a1a2 +5a2a5)(5a1a3 +5a3a5) + (5a1a2 +5a2a4)(5a1a3 +5a3a4)

ajazazasas 5(12(13 1 5a1a5 1 5(11&4 1
2 (6042044 +5a2a5 ) (6113114 +5a3a5 +p—2) _ p_2 (5111112 (5(12(14 5(11(12 6(120,5
p(p_l) 5&4&5_1 p_l 5(11(15_1 5(11&4_1
1+2 )
_7]) p5a1a2 - a;CLS "‘1) } . (416)

They become M7 in (4.10) when p = 2. Finally, the coefficients of the two new structures
NO NI are
3459 asa4qas

1 1 1

(615 — 1)(d23 — 1) " (615 — 1)(24 — 1) " (613 — 1)(24 — 1)
1

1
(614 — 1)(d23 — 1) " (614 — 1)(d25 — 1)

2( 1 n 1 n 1 n 1 n 1 L 1 )}
p\dis5—1 da5—1 d13—1 dog—1 Odu—1 du—1/)"

MY = V2p*(p - 2)512{

T —Dn -1 T

(4.17)

59 o1
ML, = = Vap(p - 2o ( ’ t
30405 p(p ) 12 (51% — 1)((52(14 - 1) ((52(15 - 1)(51‘13 o 1)

1 + 512 - p(51a3 + 52(14 + (5(13(14) }
p(52a4 - 1)(51% - 1)

(4.18)

Note that they are proportional to p — 2 and therefore vanish for p = 2.

Let us also make a comment regarding the seemingly confusing behavior at the flat-
space limit. The flat-space amplitude which one obtains from holographic correlators cor-
responds to that of gravitons. In general, one expects that the dependence on the KK
levels should factorize as different KK modes all correspond to the same particle in flat
space. However, this is not the case if we naively take the high energy limit of the Mellin
amplitudes. Clearly, the p-dependence is not factored out as the component amplitudes of
the new R-symmetry structures for p > 2 have the same high energy scaling behavior as
the other component amplitudes. To understand this, it is important to note that the flat-
space amplitude from AdS is in a special kinematic configuration where the polarizations
of the gravitons are perpendicular to all the momenta [9]. However, such an amplitude
for five points is zero in flat space.!? Therefore, the high energy limit of the Mellin am-
plitudes is not the flat-space amplitude as one might have naively expected. In fact, in
applying the prescription of [31], there is an additional power of the inverse AdS radius
1/R which renders the flat-space limit zero. In other words, the high energy limit of the
Mellin amplitudes computes only the 1/R corrections. We expect these corrections to have
the same power counting for different KK modes. However, we do not expect their explicit
expressions to be universal.

12This is easiest to see using double copy. The gluon five-point amplitude with orthogonal polarizations
vanishes because it is impossible to contract five polarization vectors among themselves. By double copy,
the graviton five-point amplitude also vanishes.
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4.4 A comment on consistency

Let us make a comment regarding the consistency of our result. In section 3 we proved
the truncation of the poles in d12 by using factorization in the (12) channel which only
exploits the general analytic structure of the resulting four-point amplitude. Here we point
out that the truncation can also be seen from a different point of view when it involves
simultaneous poles with another channel. For concreteness, let us focus on the residue
of the amplitude at the pole ds5 = 1. The residue is, via the factorization in the (45)
channel, related to a four-point function (pp2X) where the first three operators are 1, 2,
3 respectively. As we know from (3.5), the operator X belongs to the £ = 2 multiplet
and can be the superprimary O, the R-symmetry current [J, or the stress tensor 7.
The Mellin amplitude of (pp2X) contains poles in d12 due to the operator exchanges in
the (12) channel. These four-point Mellin amplitudes are given explicitly in appendix B
and we observe a truncation of the subleading poles in d12 for m > 3. This gives another
derivation of the structure of the simultaneous poles in d15 and d45.

Similar consistency checks have also been performed in other channels (e.g., in the (13)
and (45) channel), as well as for the R-symmetry gluing (see appendix A.4 for details).

4.5 Comments on position space

Up to this point, all of our discussions are exclusively in Mellin space. This is mainly
because of the simplified analytic structure of Mellin amplitudes, as can be seen from
our main result (4.10). However, it is also sometimes convenient to have position space
expressions as some information is difficult to extract from the Mellin space representation.
This has to do with the fact that certain nonzero expressions in position space may naively
vanish in Mellin space. More precisely, different inverse Mellin transformations can only
be added up if their contours can be smoothly deformed from one to another. Usually the
contour part is ignored for simplicity and one just adds up the Mellin amplitudes. This
causes some information to be lost in the process. In fact, we have already encountered such
an example in this paper: the Drukker-Plefka twisted correlator is a constant in position
space but has zero Mellin amplitude.!> The existence of the ambiguities makes a direct
translation of Mellin space results into position space difficult.

One could also try to directly extend the position space algorithm of [1] to the (pp222)
correlators. However, as explained in the introduction, this is technically difficult. Here
we propose a hybrid approach. As explained in [1, 10], all five-point Witten diagrams
can be expressed as a linear combinations of five-point D-functions by using integrated
vertex identities.!* It is then natural to construct an ansatz in position space directly in
terms of the D-functions. This will avoid directly computing the Witten diagrams which
is a nontrivial task. More concretely, we propose that the ansatz for G, in position space

13See also [3] for more examples in four-point functions.

17t is known for some time [36] that four point exchange Witten diagrams can be express in terms D-
functions when certain conditions on the dimension of the operators are met, which is what often happens
in =4 SYM.
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should have the following form

Anyng (@) =Y ey (ty)(@3) 79Dy & (x) (4.19)
{8}

where the coefficients cyg(t;;) are linear combinations of all possible R-symmetry struc-
tures. The summation over j3;; are subjected to the constraints

Ai + Zﬁzj = A, (4.20)

J
YA <24+> A, (4.21)

Bij >0, B >0, onlyif{s,j}#{k,(} (4.22)
Bij = =2, (4.23)

Let us now unpack these constraints a little. The first condition (4.20) ensures that the
external operators have the correct weights under conformal transformations. The con-
straint (4.21) imposes a bound on the sum of weights in each D-functions.!> This is
expected if we use the integrated vertex identities'® to reduce the exchange Witten dia-
grams to contact Witten diagrams. Exchanging single-trace operators leads to singularities
in position space. The condition (4.22) is the statement that particle exchanges have to be
in the compatible channels. The constraint (4.23) arises because the exchanged single-trace
operator operators have maximal spin 2. To understand this more precisely, let us notice
the following translation between position and Mellin space

d Z.Ai—d>
2| &= — —
[T @)Dz, a — M) = - < A P05 —0) 4y 95)
1<i<j<5 [LT(A:) i<j ['(d:5)

The condition (4.23) ensures in Mellin space that the numerator associated with an ex-

change pole is at most quadratic. Finally, the constraint (4.24) controls the twists of the
exchanged single-trace operators. Let us emphasize that this position ansatz, as it stands,
does not manifest the truncation of poles seen in (4.1). Nevertheless, this truncation can
still be imposed in position space, though in a more intricate manner (this is in stark con-
trast with Mellin space). We notice that a given negative power (22,)~% will lead to poles
in Mellin space at all the locations d12 = 1,2,...,a. Therefore, even though the d12 poles
in Mellin space truncate according to (4.1), in position space the result will necessarily
involve all negative powers of (z%,)™® with a = 1,2,...,p — 1. Truncation only implies
that the negative powers are related but cannot just simply eliminate a subset of them.
This is another instance where we can see explicitly that Mellin space is simpler.

To fix the coefficients in the ansatz, one can translate the ansatz back into Mellin

space and compare with the Mellin amplitude (4.10). This can be achieved by using the

150ne can see explicitly that it is the case for the p = 2 five-point function. Moreover, the same bound
also holds for four-point functions of higher KK modes.
5 These will generalize the ones presented in appendix A of [1] for p = 2.
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rule (4.25). However, as explained above, only some of the coefficients can be fixed due
to the ambiguities of the translation. One may wonder if implementing the Drukker-
Plefka twist and the chiral algebra condition in position space!” will give rise to additional
constraints. But unfortunately we find that this is not the case. There still remains the
possibility that one can fix the remaining coefficients using the recently derived higher-
point lightcone conformal blocks [37] to impose factorization in position space. But we
have not found a very efficient way to implement this. Therefore, we will postpone the
task of finding the expressions in position space and leave it to future work.

5 Discussions and outlook

In this paper we continued our journey of exploring the structure of five-point functions
of %—BPS operators of 4d NV = 4 SYM in the strongly coupled regime which is dual to
AdSs x S5 1IB supergravity. We improved the bootstrap approach of [1] which relies only
on superconfromal symmetry and consistency with factorization. The important difference
compared to the old approach is that both constraints are now implemented in Mellin
space. Moreover, in the new method we only need to use the Drukker-Plefka twist and the
chiral algebra condition is not needed. Using this approach, we obtained in a closed form
the Mellin amplitudes for the infinite family of correlators of the form (pp222).

Compared to the simplest (22222) case studied in [1], the pole structure of the Mellin
amplitudes of operators with higher KK levels is in general more complicated. However,
an important simplifying feature we observed in this paper is a new type of pole truncation
phenomenon. We find that the residues of certain poles associated with conformal descen-
dants vanish. Morevoer, in the (pp222) case the number of poles does not grow with respect
to p when p is large enough. Consequently, the pole structure of the Mellin amplitudes is
much simpler than what is naively expected. This property played an important role in
obtaining the (pp222) amplitudes and also gives us hope to bootstrap in closed forms more
general families of five-point functions with different KK levels.

Note that in deriving the pole truncation conditions, we have only used general proper-
ties of Mellin factorization. The same argument holds in many other theories and we expect
similar simplifications in the pole structure. This leads to a number of possible extensions
of our results in different setups. A prime example to consider is the gluon sector of certain
4d N = 2 SCFTs which is dual to SYM in AdSs x S3. The first five-point function for
the lowest KK level has been computed in [10]. To make further progress in computing
amplitudes of higher KK levels, one can adapt the strategy used here. One important
ingredient which still needs to be worked out is the relations between different component
correlators of the super four-point functions (see [21] for progress in this direction). This
would be the input for exploiting the full power of the Mellin factorization. However, this
will be a direct generalization to what we have done in appendix A. Another interesting
application is to the 6d A/ = (2,0) theory which is dual to eleven dimensional supergravity
in AdS; x S*.

17See appendix D of [1] for more details on how to obtain explicit expressions for D-functions.
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Going beyond five-point functions, an exciting future direction is to compute the su-
per graviton six-point function of AdSs x S° IIB supergravity. This will provide a new
benchmark for the program of holographic correlators at higher points. The results in this
paper can already help us gain a nontrivial amount of knowledge of the structure of this
new correlator. Moreover, much of the technology developed here, in particular the Mellin
Drukker-Plefka twist, can also be straightforwardly applied to that problem. It appears to
be a feasible target and we hope to report progress in this direction in the near future.

Finally, let us mention that the (pp222) five-point functions we computed in this paper
contain a wealth of new data of 4d N/ = 4 SYM. Through OPE, we can extract various
non-protected three- and four-point functions. In [1] we constructed five-point conformal
blocks (see [29, 38-41] for progress in higher-point conformal blocks) and explained how
to use them to extract data from the p = 2 five-point correlator. It would be interesting
to perform a similar analysis here for the (pp222) correlators. The expression we have for
general p will be helpful for solving the mixing problem for the CFT data which is similar
to the one appearing in four-point functions. It would also be interesting to extract the
chiral algebra correlator from our supergravity result and compare with the field theory
calculation. The four-point function case has been analyzed in [42, 43].
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A Higher R-charge super multiplet

A key element of the bootstrap analysis undertaken in the main text is the factorization of
Mellin amplitudes into lower-point correlators. As explained in section 3.1 we do need as
an input the explicit expression for the Mellin amplitudes associated with the four-point
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functions

(020,0,03) (J2020204) (T2020,09) (A.1)
<O2Op0p02> <'~720p0p02> <T20p0p02> (A.2)
(0p0p0203)  (Tp0pD203)  (T,0p0202) (A.3)
where O,, J, and 7T, denotes the following components of the half-BPS supermultiplet O,
O, : A=p, R =10,p,0], spin 0, (A.4)
Tp - A=p+1, R=[l,p—2,1], spinl, (A.5)
Tp - A=p+2, R=[0,p—2,0], spin 2. (A.6)

In the special case p = 2 they correspond respectively to the su(4) current and stress tensor,
hence their names. The first goal of this appendix is to explain how the correlators above
can be extracted from the (O,0,O0202) component. This is a generalization of what has
been done in [44] for the case p = 2. The second goal of this appendix is to explain how the
factorization in Mellin space is implemented in the presence of some global symmetry. This
is done in appendix A.4. A final warning about notation is necessary. In the main text we
use the six component null vectors on which the R-symmetry act linearly. Here, as it is
natural from the super-space prospective will use four component R-symmetry variables y.
The basic two-point invariants are identified as

A.1 Conventions

In the following we will list all the conventions for raising and lowering indices

Yo = by, i (A.8)
where the € tensor is defined with
2 =ep=1. (A.9)
It follows that
(Y10)aa(y1;)™ = ¥3s + U35 — v (A.10)
which, in a particular case becomes
det y;; = %(yij)aa(yij)aa =y - (A.11)

The Schouten identity can be used to show that

ab b 5, bb ba, ab
e a?/?j = ?/?jayz‘j - yl‘;lyg] . (A.12)

Finally, the inverse can easily be seen to be

_ Ya
yaal = Lza, (A.13)
Yy
and, with these conventions we also have
9 o
ayaay = yda .

(A.14)
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A.2 Differential operators

In order to consider different components of the %—BPS supermultiplets we will work in
analytic superspace. The eight bosonic and eight fermionic coordinates of this superspace
are packaged in a supermatrix

XA = <x P > , (A.15)

~ac aa
Y

p

whose superdeterminant is

et (95— i) )

sdetX = dot g (A.16)
The supersymmetrization of the propagator d;; = y?] / x%j is given by
R 1 2,
O i{ , (A.17)
where we introduce the short-hand notation
§o& = goé _ gty gad (A.18)
The two-point function of half-BPS superfields O, is then simply
(0p(X)0p(X;)) = (dig)”- (A.19)

The relevant superdescendants are obtained extracting the appropriate component by act-
ing with certain differential operators:

1
jp = §D(J)@p(X)|p:ﬁ:0 )
1
Ty = ZD<T><(3>‘,)(X)\p:ﬁ:0. (A.20)

Given the charges and symmetries of those operators the ansatz for the differential opera-
tors needs to be!®

. . 0 0 0
D(J) _ a>\a a—a i _ . . A21
ATATUTD (6,5“0‘ Opa * Haya“ élraa) ’ ( )

and
I 0 0 0 0
(T) _ ya1ya2 Y& Yao a142 a1a
DY/ = ATEAT2\HL)\F2 01820102 5 (6,5‘11@1 0pazdz §para 8p0¢2d2+
o o o9 0 o 9 9 0

+ 11 DpiLen Ppari yazaz Pgods 1) Qya1 Pyazaz graicn 83:&2022) ) (A.22)

18These differential operators depend on p through the coefficients y, v1, 2. This dependence is not
explicit in the notation.
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Before fixing the coefficients let us quote two simple identities which are very useful in the

following ™
) 1 Xin
. (Al A.24
OXAA sdet(X) (=1) sdet( )’ ( )
O x=1 — _(_1)(AI+AD(AI+BI) !
OXAA BB —(=1) X, XAB ’ (A.25)
where |a| = |&| =0, |a|] = |a] = 1. In order to fix the coefficients in the ansatz (A.21),

(A.22) it suffices to impose that two-point functions do not have off-diagonal components
between different superdescendants. So we impose

!
(To(1)0p(2)) = DI(Op(X1)Op(X2))] o =0, (A.26)
PP
which fixes the unknown coefficient in D) to be
1
= —. A.27
n= (A.27)

The action of the resulting operator on the two-point function is given by?"
DY) (dig)? = (1 — p?) A¢ X 0§ 08 X1 X5.1 (dio)?, (A.28)

where X = Xjo, from which one derives the two-point function of the descendant J using
the formula

p{’ Dy (312)p|p,,3:o = (1-p° (5\11‘1_21>\2) (5\2901_21)\1> (?71y1_21712) (732@/1_21?11) (di2)?.
(A.29)

From this equation we can extract the normalization of [J,. For the spin 2 operator we
need to consider

|

(T,(1)0p(2)) = DI (0,(X1)0y( X)),y =0,

!
(T(1)75(2)) = DD (0,(X1)0p (X)), ,_o = 0, (A.30)
which in turn fixes the coeflicients v; to be
4 2

- _ - - . A.31
S (R ICRa) .

In the case of the stress tensor multiplet, when p = 2, these coefficients agree with those
found in [44]. The action of the resulting operator on the two-point function is given by

DY (di2)” = 2p°(p — 1)(p + BATNPAP AN X Xl Xo X, (d12)?

aja a2a2 a1a1

(A.32)
9The second identity is obtained as follows
9 s 0 CBy—1 _ 5Cs8 xy1 (AI+AD(Cl+1B) g8 0 ”
0= IXAA BT gxAA X Xgg = 0a 05 Xgg +(=1) X DXAA —— Xgs - (A.23)

Multiplying this equation by (—1)(‘A‘+‘A‘)(|C‘+|BD and chl from the left (with summation over C) we ob-
tain (A.25).

20The fact that is vanishes when p = 1 is consistent with the fact that in this case the (field strength)
supermultiplet is ultrashort and does not possess a J component.
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where X = Xjo, from which one derives the two-point function of the descendant 7 using
the formula
p—2

T T A Y — 2 /< — 2 (y2 )
DYDY (d2)?)], 5 = 160° (0~ Do +3) (Mazizhe)” (Razizha) AR

Three-point function with one descendant operator can be obtained using the formulae

(A.33)

p\/) (6212)a(6213)p_a|p’ﬁ:0 = AN 23 V103 (d12)"(d13)"™", (A.34)
D" (312)p(6213)p_a|p,,3:0 = B (A123)” det(ypy' — yi3)(di2) ()"~ (A.35)
where
Avogi=M(zy —23)h . Vigs=01(y1s — iz )v1 - (A.36)
and . )
A= =9 p_ SaetDlp—ap-atl) (A.37)
p (p+1)(p+2)

A.3 Four-point functions

The two- and three-point functions of @), operators are related in a simple way to the ones
of their superprimaries O,: they are obtained by replacing the propagators d;; with the
super-propagators d@] For four-point functions the situation is more involved due to the
presence of cross ratios, but it is still true that the correlators of O, is uniquely fixed by
the one of O,,. This is achieved by replacing the familiar space-time and R-symmetry cross

ratios

9 9 2 .2
T30k L14

=, b= T 10—,
T3T5y 13724
2 9 2 .9

o= 225 = aa. P _ia)i-a). (A3)
YisYsy Y13Y24

with their super-symmetrizations, namely the four eigenvalues of the supermatrix
—1 -1
Z = X2 X3 X34 Xy - (A.39)

More explicitly, we can extract the independent superconformal invariants by taking four
independent supertraces

ty=Str(Z%) = 2P 428 —af —aF,  k=1,2,34. (A.40)

When all fermionic variables are set to zero the matrix above reduces to

-1 —1
Z| _ [ *12%13 L34%24 0 (A.41)
pp=0 0 —1 ol ’
Y1213 Y34Y24
and upon taking the supertrace gives
tpi=ty =247 ok —ak, (A.42)
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which establishes the relation between the quantities ¢ and the cross ratios introduced
above. In terms of the cross-ratios the four point function reads

(Op, (X1)Op; (X2) 0y (X3)0p, (Xa)) = (di2)™ (d3a)™ G(2, 250, @). (A.43)

The function G satisfies the super-conformal Ward Identities and have a specific polyno-
mial dependence on the R-symmetry cross ratios. We will come back to these constraints
momentarily. To extract the relevant components from (A.43) we need to act with the
differential operators D) and D) given in (A.21), (A.22).

Action of D), DT on four-point functions. The spinning four-point functions are
extracted by the action of the differential operators from (A.21) and (A.22)

(Tp1 (1)0p, (200, (3)0p, (4)) = 1DI(O(X1) 0y, (X2)0p, (X3)0p, (Xa))|
(Tpr (1)0p, (2)0, (3)0p, (4)) = 1DT(O(X1) 0, (X2) O, (X3)0p, (X4))|

p,p=0"

omgs (AA1)

with coefficients determined in (A.27) and (A.31) above. In what follows we will always
apply the differential operator at point 1, so we will need to consider two particular cases of
the four-point function, either p;1 = 2 and py = p, or the opposite. The action of derivatives
on the superpropagators are discussed in the previous section. The action of derivatives
on the G factor is done in two steps. First we relate the derivatives with respect to the
eigenvalues of the Z matrix

N>

21:2, 20 = Z, 23:6&, 24256. (A.45)

to derivatives with respect to the supertraces (A.40). This is done by using the chain rule

0G X 9z 96
8tj ; 8tj 0z; ( )

The Jacobian matrix can be derived easily since the variables are related according to (A.42),
and is given by
0z ()R QY
oty Tewlzi— )
where Qfﬁ ; are symmetric polynomials formed with the three variables zj; (here written
for i = 4)

(A.47)

Q(()4):1, 54):z1+22+z3,
Q§4) = 2129 + 2123 + 2223 , 5,4) = 212223 , (A.48)

and F} = F5 =0 and F3 = F4 = 1. The second step is to take derivatives of t), with respect
to the supercoordinates XA using, for example

0 ~
— 4. =k(-1 [A| Zk‘—l B A 49
gz =k EDTHZT0R, (A.49)
o - ) o
X AA b=k (=) (X12IZkX12)E (X' — X131)|'3A, (A.50)
1

and similarly for higher derivatives. This procedure is straightforward but tedious, the
result takes the schematic form given in (A.62).
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General structure of the correlator. Superconformal Ward identities and polynomi-
ality in the R-symmetry variables imply that

(0,(1)0,(2)02(3)O2(4)) = GE® + d¥,* R Hy(u,v), (A.51)
where R is the well-known function

2
v v v
R=vw d%2d§4 + Ed%gd%zx + M d%4d%3 + E(U —u — 1)dy2d13d24d34

v ()
+ 5(1 —Uu— U)d12d14d23d34 + ;(u —1- U)d13d14d23d24 . (A.52)

The free piece of the correlator can be supersymmetrized as shown in the next paragraph,
while the supersymmetrization of the anomalous component is achieved with the method
described above, where we supersymmetrize the cross ratios. The spinning anomalous
functions will then be expressed in terms of derivatives of the dynamical function Hy(u,v).

The free theory check. As a check of the formulae derived in the previous section, will
now consider the case of correlators in the free field theory. In the SU(N) gauge theory,
and for the particular configuration we are interested in, the tree-level four-point functions
at any value of N are

2 -1
(0,(1)0,(2)02(3)Oa(4))r°¢ = dyd3, + b9 (did%;; + d%3d34) + Z])V(f_l)dzfz ?d1adosdyzda
2 _
+ Nzizildlfg Y da4(diadas + dizdaa) . (A.53)

The four-point function (0,0,0205) is obtained from the above by simply replacing the
propagator d;; with its supersymmetrized version Jij introduces in (A.17). We can rewrite
this expression in terms of cross ratios as

2 2 2 92 2
Gpp22:1+52p<””+">+ P ((p—1)“+m+“>. (A.54)

ur? - y? N2 -1 vo?  vo o

In this case, the correlation function of superdescendants can be obtained either applying
the general procedure discussed in the previous paragraph or by replacing the propaga-
tor d;; with czij in (A.53) and then applying the differential operators D) D) Both
procedures give the same result, as they should, providing a check of the general procedure.

Frame simplifications. The computation we described can be simplified by choosing a
frame. First, we wish only to apply the differential operator on the point 1 of the four-
point function, so we can set to zero the fermionic variables associated to the remaining
points from the beginning. Second, the matrix Z is superconformally invariant, so we can
take advantage of conformal and R-symmetry transformations to send both x5 and y2 to
0, while sending x5 and y3 to infinity. Effectively the computation simplifies significantly
to the evaluation of

B = Str (X,x,1)") (A.55)

pi>1,pi>1=0"
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where the matrix Z becomes

—1\A (z123 )5 (P g
(X1X4 )B ‘p47ﬁ4:0 =\/s .1 g “1va | o (A.56)

and the cross ratios in this frame are given by

2 2
7 - 14 -
il S it p— 1—
2= = (1-2-2),
yi yi
=L =oaa, A =1-a)1-a). (A.57)
Yi Y

With a simple calculation we obtain (in this frame)

ti=t; = Tr(zyz; ") — Tr(yyyy ) =2+2—a—a (A.58)
b=ty — 2 Tr (paypyi") |

f3 =ts — 3 Tr (poy 22y pyy ') = 3 Tr (poy ' pys 'ivs )

f=ts— 4 Tr (poy (@2 ) pys ) — 4 T (po  oyr (s )?)

— 4T (pry ey oy iy ) = 2 T (pog pyr ey o ) (A.59)
where p = p1, p = p1.

Summary. The final expression for the spinning correlators in (A.44) involves the struc-
tures Ay ;; and Vi ;; introduced in (A.36). These quantities are not independent but satisfy
the relation

Aiog = A1z +Ai 34, (A.60)

and similarly for V; ;;. In particular the correlator involving 7, is linear in Ay ;; and Hy 5,
while the one involving 7, is quadratic in Ay ;; and independent of Hj ;;. Once the general
expression for the correlator is obtained in terms of Ay ;;, one can decompose into
- Z - T _.
Mz =", =l AT (A.61)
1k

elements, which will have a natural counterpart in the Mellin approach of the next section
(compare to (3.12))

4

1 2Tk
(Tp1(1)Op, (2)O0p, (3)Op, (4)) = —5p 5, > Oégf?m (u, v3yi5, Y1,ij) —5—
T12 T34 k=2 L1k
1 1 2Tk 2Ty
<7;1 (1)0;01 (2)01?2 (3)0172 (4)> = " op1 _2p2 Z 1()?359)2 (’LL, v; yz])? 22 (A'62)
T12 34" k=2 1k u
where
Y15 = vyt Vi - (A.63)
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A.4 R-Symmetry gluing

Realization of su(4) R-symmetry in the space of polynomials. It is convenient
to use an index free notation to implement finite dimensional representations of su(4).
The components of a given representation are packaged in a polynomial Oz (y,v,v) in the
variables y2 v®, 4% (here a € {1,2},a € {1,2}) subject to certain constraints that depend
on the su(4) Dynkin labels R = [¢,p,r]. The fist constraint states that Og(y,v,v) is
homogeneous in v and v of degree ¢ and r respectively. The second constraint is slightly
more involved. In the case R = [0, p,0], so that O is independent of v, v it reads

, p+1
(w“u_)a 8y“a> Or(y) =0, vV ow,w. (A.64)

The case R = [1,p — 2, 1] is more involved. Since we will not use it in this work we will
not present the identification of R = [1,p — 2,1] as the kernel of differential operators.
Two-point functions take the form

Glypr(1,2) = (y15)? (v11202)7 (va2y1201)" - (A.65)

Projections and gluing. To implement factorization in Mellin space in the presence
of some global symmetry (in our case the su(4) R-symmetry) it is necessary to take into
account this extra structure. To do so, we introduce a projector that singles out the

contribution of a given operator?! O which we denote by
1

0=

Diio 10(0)){0"(r)] | (A.66)

—

where D is a differential operator which is fixed (up to a normalization that will be explained
momentarily) by the requirement that (A.66) is invariant under su(4). The notation *
denotes conjugation which acts on representations as [q,p,r|* = [r,p,q]. When we insert
the quantity |O| in an n-point correlation function it is understood that we first place
|0(£))(O*(r)|, next act with the differential operator D on the coordinates ¢ and r and
finally set the coordinates ¢ and r to be equal. To fix the normalization of D we insert |O|

in the two-point function
(0*(1)0(2)) = No Grio(1,2), (A.67)
where G is given in (A.65) and obtain the condition

DR"GR(1,OCR(r2)| _ = Gr(1,2). (A.68)

=r

The explicit form of Dy is slightly complicated. The simplest one is given by

p p—n n —
r) _ (—c% ) 67”) _1\n—M(kn—k) (p n+ 1)m(k,n—k)+1 k n—k
Piopa = 2 T(p+1)I(p+2) 2 (=1 T(m(k,n—k)+1) Gy (@)™

n=0 k=0

21Here we use the notation O instead of O since we are ignoring the space-time part.
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where (a),, denotes the Pochhammer symbol, M (a,b) = max(a,b), m(a,b) = min(a, b) and

1 0 0 1
&' : 8] = €a1a26a1a2 WW s DZ = 5 81 : 8@ . (A70)
i J
The general expression for the differential operator Djy ;,_o 1] is more complicated, but it
easy to obtain for fixed p using the defining relation (A.68). Let us report the simplest

member of this family as an example
3
_ E (

where the contraction of indices is understood using the € tensor.

Doy = (0ud,) (95,95.) (300 - 0 = O = 0r) = 2 (90,03,95,) (00,0, 05,) . (ATD)

[1,0,1] —

Application to five-point functions. When we insert the projector (A.66) in a 5-
point function we will produce a product of a 3-point and a 4-point function on which the
differential operator D acts. In the following we denote by — the combination of acting
with D) and setting the coordinates ¢ = r. The case that is relevant for the exchange of
O, which transform in a [0, p, 0] representation is

[(wie) W) (i) 2 (i) (wiw) ] — (A.72)
L3P~ (3 (W3 0e+ i vae) + (0—2)yTas, 0k — B3 o (Uanss +U3,Yik) — -1 ViUV
p p p

(A.73)

Similarly, using the definitions above, gluing the 3 and 5 point functions corresponding to
the exchange of J, (which transforms in the representation [1,p — 2,1]) is achieved by the

subsitution
(@372 Veno | [ W2)P 2 (02) Yo ] — (A.74)
3"~ (4393, (vhvd — viwde) + vk (Braud; (Whde — vaiwd) + 5havdi(Whivd — vl ))
(A.75)
For the exchange of 7, we use the same rules as (A.72) with p replaced by p — 2.
B Strong coupling correlators
We can define the inverse Mellin transform of the scalar correlator as
I'(5:)
(03 ()0 (20 (8)0p(1) = diy a8} Gla) = [ d6MGigyi) [[ 52 (B
i<j Tyj

Conformal symmetry requires the Mellin variables d;; to obey the following equations

> 6= A, (B.2)
J#i
effectively leaving only two degrees of freedom for four-point functions. It is useful to
consider the following parametrization
o Az + Aj — Sij

0ij > ,

(B.3)
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so that the solution is given simply as
S12 = S34 = S, $14 = s23 =, 513 = s24 = 2(p1 +p2) — s —t. (B.4)

For the configuration we are interested in we can then write the inverse Mellin transform as

det s t—p1—p
1 v M M(s, t;o,T HF dij(s,t)) (B.5)

1<J

G(u,v;0,7) =

Equivalently, the Mellin transform of the spacetime correlator is

M(Svt;avT)HF(éij(s,t)):/ du/ dvu 371 e
0 0

1<j

“1G(u,v;0,7). (B.6)

When the correlator has a factorized form as in (A.51), then it is convenient to introduce
the Mellin transform of the dynamical function H,(u,v)

Jw@wﬂm@@m:/ m/<mw%w?%mm, (B.7)
11 0 0

1<)

where the shifted variables are defined as

d13 =13+ 2, O24 = o4 +2,
0;j = 0;; otherwise, (B.8)
and make crossing properties of the Mellin amplitude simpler. At strong coupling the Mellin

space version of the correlator was found to have a particularly simple structure [2, 3], and
in the case under consideration it reduces to

~ 32
My(s,t) = . B.9
R T I B
For the spinning correlators we can also write inverse Mellin transforms as follows
G @+ﬁ) I'(5;5)
(DO 203100 =3 5% [1as) s, TT O T )
SC €Ty P e
k=2 1k =2 17 1<J xz]
4 4 ksl
2Tk 2 3615 Kl T(0;4+67+6;) v+ T'(d:5)
(T (105, (2)0p (30, (4) = 5° 2530 [t T =" P [T =5,
ki=2 “1k 1 i=2 L1 i<j Tij
(B.10)
with 8% the Kronecker-delta, and the Mellin variables are constrained by
4 4
—Z(Sij, (5“: —AZ’, Z 57;]' :S—Al. (Bll)
=2 i.j=2

In the two cases of interest we have S — A = p1, so the d;; variables have the same solution
as in the scalar case, see (B.3) and (B.4). Comparing with the form of the correlators
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obtained in the previous section, we can see that the inverse Mellin trasform of the functions
introduced in (A.62) are exactly the M* and M* above

dsdt s t= p1 P2 4
uzv

al) (u,v; 43, i) = / My, oo (8,6 i3, Y1) [T+ 68) [T T(65)
i=2 i<j
dsdt s t- topi=rp 4
5,(,?,22(%0;%) :/ 1w M];i,m(&t;yij) HF(5i +67 + 4l HF(5ij)'
i=2 i<j
(B.12)
Inversing the logic we then have
4
s_ p +p —t
MI;IPQ(S,t;yij,YLij)H 5+5k HF Z] / dudvu™ 2 1 B 1a§7’f?p2(u,v;y¢j,Y17ij),
=2 1<j
kl ! k| sl -3-1,, PAFPa=t 1 o(k,)
Mplp2<8’t;yij)H (5 +6 +6 HF Z] / dU’dvu 2 /3 ,pz(u7vyyw)
=2 1<j
(B.13)

(k)

As explained in the previous section, the functions ay,’p, and BIS'ijQ are given in terms of
derivatives of the dynamical function from the scalar correlator. When p; = 2 and py = p,
or p; = p and py = 2, we are then relating with H,, from (A.51), and so we should use

o0 o0 s - 0° (9b ~
/ du/ dv u= 51T Ly H,(u,v) = Mp(s —2m + 2a,t — 2n + 2b)
0 0

dus dvb
2 —+t
X(_l)a+b(m_a_;> <n_b+p+2) HF 2]3_2m 2a,t—2n—21))),
a z<]
(B.14)

which allows us to write /\/l’;1 p, and /\/l’;,i p, for those two configurations in terms of
the scalar Mellin amplitude M, (s,t). At the end of the day, the Mellin amplitudes for

(J2020,0,,) are

2(p—2) 2 p 2(p—1
Mg,pZ—Q(t—p—%( p—) +S_2+4+p_3_t)y§4y351p "Y1 3
2(p—2 2 P 2(p—1
—2(2+p—s—t)< (3—4)+3—2+t—p>y§3y3‘(1p )YL24
1 1 2(p—2)
—9 —9 _ 2 2 p Y;
p(s — 2p) (t—p 4+p_8_t>2/23y24y34 1,34
2 p 2 2(p—1)
M3, =2(t—p— 2)(3—2+4+p—s—t) YauYzq Y123
2 P 2 2p-1
+2(2+P—5—t)(8_2—75_;0)923934(11) )Y1,24
—2p(8—2p)< — : >y§3y§4y2(p2)Y134. (B.15)
t—p 4+p—s—t 34 ’

Note that in general we expected poles at s—2, t—p and p+4—s—t. However, in the M%,p
component we see also the presence of a pole at s —4. While this might appear unexpected
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at first, it is in fact due to the shift in the Gamma functions of spinning correlators. When
p1 = 2 and ps = p the relevant factors are

I(6, + DI(834) = T <3 - ;) T ( - ;) . (B.16)

It is then evident that the Gamma functions do not prohibit the satellite pole at s — 4
(unless p = 2, in which case the residue vanishes). Meanwhile for (7,0,0203) we have

2(])—2)8 t—p—2 2(p—3) 2+p—s—t 2(p—3)
2 2 4 2 4
M= » Ll_i_p_s_t?th Yi3Yoa Y1,23+Ty12p Y14Y23 Y1,24

P p 2p-3), 2 2 2 ]
201 %
* ( +t—p+4—|—p—s—t>y12 Y14Y23Y24 ¥1,23

2(t—p—2) 4 2p > 2p-2) 2 9
AP () 9 _ v
' (p $s—2 4+p—s—t Yz Y24Y34 11,23

2(2—|—p—s—t) 4 2p 2p—2
+f (p_2_3—2_t—p> ?J1§p )933?/?2)4}/1,24

2 2p(s—2p) 2p(8(p—1)—2p)) 2(p-2) 2 2

- —2)— . Y;
+p (5(17 ) t—p + Atp_s—t Y12 Y23Y24 Y134,

2(p—2)(s=2p) [ t=pP=2 -3 24+p—s—t o(p3
3 2 4 2 4
Mp2= D {4+p_$_ty1§p )9133/243/1,23+7y1§p )y14y23Y1724

p p 2(p—3), 2 2 2
+2 (1+tp+4+p5t> yép )?/14?/23y24Y1,23]

2(t—p—2) 4(p—1)  2p(p—1) ) 2p-2) 2 9
Amp=2) (0 o .
i P (p s—2 | Ad+p—s—t Y12 Y24Y34 Y123

_|_

2(2+p—s—t 4(p—1 2p 2p—2
TRCAr ) (p—2+()— Ui Y3y Yi 2
P s—2 t—
2(s—2p) < 2p 2p ) 2(p=2), 2 2
—— | p—2— — Yi34. B.17
+ t_p dip_s_t)Y1z  Ylaulim (B.17)
In this case the Gamma factors for ./\/lf,’z are
S S
T(8y + 1)T(d34) = T (p 1 2) r (2 - 2) , (B.18)
and that is why the shift does not lead to any unexpected pole. For the other Mellin
components Mf’,hpz and Mél’pz we have
s+t— s+t—p—2
['(d3 + 1)I'(d24) =T ( 5 p) r ( 5 b ) ;
4 —t 2 —t
Ry o) -1 (M2 (252 o1

which explains why there cannot be any new poles in these channels for any of the two
configurations considered.
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Moving on to the spin 2 case, the Mellin amplitudes for the (72020,0),) correlator are

29 16( <p—3 2 ) 2 plp-1) pp-1) ) 9 o 2p—1)
T =—1|1—p+6(p—2
M3l 3 p+6(p—2) 56 T sa) T2 t—p Adtp_s—t Y23Y24 Y34
2,3 16( 6(p—2) 4  plp—1) 2p@—1)> 2 2 2p-1)
" 1_ _ _ —
Mg 3 L s—2+ t—p  4d4+p—s—t 23Y24¥s4
16 2 plp—1)  plp—1) > _
3,3 pb\p bp 2 2 2(p—1)
1— , B.20
My, 3 < Pt t—p +4—|—p—s—t Y23Y24 Y34 (B.20)

There are once again some satellite poles, but the explanation follows exactly the same
reasoning as before. The relevant Gamma factors in Mg; are in this case

I35+ 2)T(31) = T (4 _ ;) r ( _ S) , (B.21)

thus allowing poles both at s — 4 and s — 6 (except if p = 2,3). Meanwhile, for M??3 (and
also M?%) the relevant Gammas are

S

(5 + 82)T(334) =T (3 - ;) T ( - 2) , (B.22)

and so the only satellite pole in those Mellin components is at s — 4. At last, for the
correlator (7,0,0203) we have

22
M=

8(p—2)(s+2) [(S(p—l)—2p 2p )yQ(p_3)y2 S
(p+1)(p+2) t—p Atp—s—t )72 14Y23Y24

2p | s(p=1)=2p\ 2p-3) 2 2 4
+<t—p 4+p_8_t>@/12p Y13Y23Y24

8y2(p72)y%3y§4y§4 2 16
_mﬁdp—w—ﬂpx_mﬁdp—%—QM)
t—p d+p—s—t )’
8(p—2) [(éﬂpl)%952@+2xpl) p@@?U%€m+2)>ymp3@2y4yz
(p+1)(p+2) 12 14923924

M=

t—p A4+p—s—t

2p(s—p+1) | $*(p—1)—sp(p—1)+2(p*+p+2) \ 20-3
+< t—p + Aip_s—t yép )y%3y§3y§4

27
p7

8y2(p_2)y2 yQ y2 16p
+ 2L I (1) (p-2)-2(+ 2 (p— 1)~
_2M8@2)(plﬂp+%)+p@@7lxp%2O?+p+2D>
t—p 4+p—s—t ’
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A3 8(p—2)(s—2p)

P2 (p+1)(p+2)

2 4 2
t—p _4—|—p—s—t 2 Y14Y23Y24

2p  s(p—1)+2\ 2p-3) 2 o 4
<t—p 4+p—s—t>y1§p )y13y233/24]

<2P2—(S—2)(p—1) 2p? ) 2(p—3)
U

2(p=2), 2 2 2
-1
8Y1y " Y33Y24Y34 <(p_1)(p_2)5_4p+8p(17 )
(p+1)(p+2) 5—2

_'_

2p(2(p2—2)—8(p—2))+2p2(8(p—2)+2)>
t—p 4+p—s—t '

(B.23)

Note that in the final expressions above we omit the Mfim and /\/llgfp2 cases, but they

can be easily obtained from the equations relating different Mellin components

> spMF =0,
k

> (6 + S MM =0, (B.24)
k

which play a similar role to the equation (A.60) relating the tensor structures in position
space. Finally, note that for the particular case of p; = ps = 2 the expressions above
simplify and agree with those found in our earlier work [1].

B.1 Example of factorization

The goal of this subsection is to show explicitly how to use factorization, lower-point Mellin
amplitudes and the R-symmetry gluing rules from appendix A.4 to recover part of the five-
point function. To simplify the presentation we will focus on the factorization of the scalar
20’ operator exchanged in the channel (45).

The building blocks for the factorization are the Mellin amplitude of the four-point
function (O,0,0203) and the three-point function (O20203)

4t01t23t€52 (612 (p (tozt1s —tostiz) — (p—)tortas) + (p—1)ptostiz+3atortes) n
Maz2 =Co00 tastaotso (B.25)

Mpp22 -

where we decided to write explicitly only part of the four point function to simplify even
further the analysis. The label 0 in the formula is associated to the operator that is being
exchanged in the factorization channel.

Now we can borrow the formula from (3.3), (3.6)to obtain

MppaaMaoo

Mppzzz = 21(2) (2045 — 2)

F... (B.26)
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where the ... stand for other poles and contributions of other operators. The gluing in
R-symmetry space gives, implementing?? (A.72) for p = 2,

1 t45t' .
toates trig triy — 5 <(t4i1t5'ig + taigtsiy ) — 3@122) ; (B.27)
toatestss, — taiztsi, - (B.28)

Thus we obtain

2C000t23tasthy -
3(d23 — 1) (045 — 1)
—2(p — Dtistaz)) + (p — 1)pt12 (3tistsa + 3tiatss — tigtas) + 65%2t14t15t23) ] +... (B.29)

Moppazo = [ (3012 (pt15 (tigtas — tiotsa) + t1a (p (ti3tes — tiatss)

where, again, the dots stand for other poles and contributions of other operators. In
particular this formula can be compared with our previous result for five point function of
20’ operators.
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