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Abstract

This thesis investigates stress singularities within the framework of linear elastic-
ity, focusing on their occurrence, interpretation, and implications in two fundamen-
tal cases: an infinite elastic wedge under a moment at its vertex and an elastic disk
subjected to sectorial thermal expansion. Stress singularities, where stresses theo-
retically approach infinity, represent critical regions that influence material failure.
Although singularities are mathematical idealizations, they highlight the limitations
of classical elasticity and provide insights into real-world structural behavior.

The first study addresses the wedge problem, where an infinite elastic wedge
is subjected to a concentrated couple at its vertex. Classical solutions, such as
Carothers’ formulation, predict a quadratic singularity in the stress field. However,
at a critical wedge angle, this solution exhibits spurious behavior known as the wedge
paradox. This work proposes a novel interpretation of the stress states by reframing
the problem in terms of auxiliary wedges and dipole forces, offering a generalized
solution that remains valid for all wedge angles. This approach resolves the paradox
by demonstrating that the singular stress state corresponds to a system of dipoles
with no resultant moment at the critical angle.

The second study explores thermal stress singularities in an infinite elastic disk
with a sector experiencing uniform temperature rise. The thermal mismatch between
the heated sector and the surrounding material generates stress discontinuities, lead-
ing to a logarithmic singularity at the sector boundary. While classical analysis of
this infinite geometry yields divergent solutions, introducing a finite length scale,
such as the disk radius, constrains the stress field. The study employs dislocation
arrays to model thermal mismatches and validates the theoretical predictions using
finite element simulations. This approach bridges the gap between idealized infinite
models and finite geometries encountered in engineering applications, such as glass
panels subjected to differential heating.

This research emphasizes that stress singularities, while mathematically infinite,
can be interpreted to provide physically meaningful insights into structural reliabil-
ity and failure mechanisms. By combining analytical, numerical, and dimensional
analysis techniques, the study offers robust frameworks for addressing singularities
in practical engineering contexts, including fracture mechanics, thermal stress anal-
ysis, and material design.
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Chapter 1

Introduction

1.1 Stress singularities in theory of elasticity

One of the main goals of the linear theories of elasticity is to predict the initiation
and propagation of the failure in elastic medias. Paramount importance of failure
in structures made of different materials and subjected to complex thermal and/or
mechanical loads is simply in direct connection to the safety of human and financial
resources. Failures of components and structures during service have become in-
creasingly common across various industries, often occurring without prior warning.
While some failures may be minor, others can have severe repercussions, including:

e Loss of lives

Personnel injuries

Property damage

Complete plant shutdowns

Disruption of production

e Environmental issues, such as hazardous material release

Costly and lengthy legal disputes, which can harm the reputation of manufac-
turers and the reliability of their products.

Catastrophic effects of failure in variety of structures from electronic devices
to bridges and airplanes have been well documented during the past decades [1].
Singular points and their importance in theory of elasticity and consequently in ap-
plied engineering, as the stem of failure initiation, will be the departure point of the
current study. Study of singularity in the realm of linear elasticity can be started
by giving a definition of a singular stress state and categorizing different types of
singular problems.

Stress singularities refer to points, lines or regions of an elastic body over that
the components of the stress become unbounded. Here, it should be noticed that
according to this idealistic classical definition, stress singularities are not real phe-
nomena and indicate the limits of elasticity theory and idealized models because
infinite stresses are physically meaningless. Since, they are the outcomes of the
mathematical analysis, they should be taken into consideration when those mathe-
matical models are supposed to be used in real cases [2].
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1.2 Singularity sources

The principal sources of singularities can be addressed as load, boundary conditions,
elastic body’s shape and material discontinuities [3]. Another type of singularity that
should be taken into account, in some cases, excluded from the general sources of
singularities, is related to dislocation problems. Behavior of this kind of singular
problems stems from the discontinuities in the displacement field and later in the
present work, will be discussed in detail. Stress near a singularity often follows a
power-law behavior, such as:

o~ 1/r% (1.1)

where ¢ and r stand correspondingly for the stress, distance from the singular-
ity and « is a parameter related to the geometry and loading. Amongst various
types of stress singularities those involving 'Concentrated Loads’ holds significant
importance in the linear theory of elasticity due to its critical role in numerous en-
gineering applications. As a result, this topic has garnered considerable attention
from researchers and engineers alike. Furthermore, the study of concentrated loads
extends beyond their direct applications, serving as a foundation for understanding
and generalizing more complex cases involving singularities in elastic materials.

In a notable two-part study, Sinclair [2, 4] explored stress singularities arising
from concentrated loads within the framework of classical elasticity. This work
holds significant importance in the field, as it provides a comprehensive perspective
on various stress singularities caused by concentrated loads and proposes strategies
to address singular stress fields in both theoretical contexts and engineering appli-
cations. Figures 1.1 and 1.2, illustrate two categories of stress singularities related
to different types of singularity sources [2].

e N N
- F
5 L
5
F
Elastic solid Elastic solid F
NG J J
(a) (b)
4 N
F
FULE
F‘“‘\“H—F 5
F’ } NFo
F
Elastic solid
N\ J

(c)

Figure 1.1: Some limiting configurations for doublet states (a) concentrated moment,
(b) force doublet without a moment, (c) center of compression (see reference [2]).
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Singular loads arise in concentrated loading scenarios where finite stress resul-
tants, such as forces or moments, are applied to regions with negligible dimensions,
as illustrated in Figure 1.1. Table 1.1, exhibits singularity orders due to these set of
fundamental singularities, where, r indicates the distance from the point of applica-
tion of a singular load.

Table 1.1: Basic singular loads of classical elasticity [2].

Load type 3D stress state | 2D stress state
at load (r — 0) | at load (r — 0)

Isolated force ord (r—?) ord (r~1)

Doublets ord (r—3) ord (r—?)

The starting point for evaluating the singularity orders of the cases depicted in
Figure 1.1 would be stress state due to application of a single force to an elastic body.
For a point force, evaluating the tractions over the surface of a small sphere with
radius r, centered at the application point, results in a stress product proportional
to r2. Consequently, the stresses are expected to scale as to maintain a finite force
as v — 0. Similarly, for a line load, the stresses are anticipated to scale as r~!.
For doublet states, which are derived by differentiating their corresponding isolated
loads, the expected behavior is 72 in three dimensions and =2 in two dimensions.
Nevertheless, achieving these limiting behaviors through sequences of finite stress
fields over finite regions requires careful consideration to align with the physical
interpretation of singular loads.

Examples of solutions for isolated force problems in three dimensions include
Kelvin’s (Thomson) solution for a point load in an infinite elastic medium [5], Boussi-
nesq’s solution for a normal point load on the surface of an elastic half-space [6], and
Mindlin’s work on point loads within a half-space [7]. A comprehensive collection
of these closed-form solutions is provided in Section 2.1 of Poulos and Davis [§].
Examination of these solutions confirms their agreement with the singularity orders
for point loads listed in Table 1.1.

Doublet state examples are illustrated in Figure 1.1. The first example ( Figure
1.1a) demonstrates a method to generate a concentrated moment M, achieved by
taking the limit as 6 — 0, where § is the horizontal distance between two vertical
forces of magnitude F' = M/§. This concept is adopted in Section 2 of Chapter 5 of
the present study. The second configuration (Figure 1.1b) represents a complemen-
tary case with no net force or moment in the limit but exhibits a non-trivial stress
field when 0 — 0. This requires extending the conventional concept of a load to in-
clude ”singular loads.” The third case (Figure 1.1c) involves a center of compression
formed by arranging the second configuration in an angular pattern, which simi-
larly represents a generalized load concept. A formal definition of doublet states is
provided in Sternberg and Eubanks [9]. Closed-form solutions for three-dimensional
doublet states are available in Love [10], Sternberg and Eubanks [9] also, Turteltaub
and Sternberg [11]. For two-dimensional doublet states, solutions can be found in
Love [10] and Timoshenko and Goodier [12].
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Figure 1.2: Some singular configurations: (a) three-point-bend test piece of fracture
mechanics, (b) section through a tire on a relatively rigid pavement, (c) section
through a piston with a ring pressed into a cylinder wall, (d) section of a shaft with
a stress-free keyway under torsion and lateral loading, (e) adhesive butt joint under
tension, (f) rough heavy block sticking to an elastic base (see reference [2]).
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Singular loads are often used to represent highly localized forces, such as those
experienced beneath a knife edge in a three-point bend test in fracture mechanics
(e.g., point P; in Figure 1.2a). In this case, the line load serves as one of the set of
three components that influence a moment applied to the crack. However, this load
is not the primary focus in terms of localized failure potential; instead, the crack tip
depicted as P, in Figure 1.2a, becomes the critical area of interest.

Figure 1.2a illustrates a cracked elastic plate under three-point bending, exhibit-
ing an inverse-square-root stress singularity at the crack tip (e.g., point P, ). For
a crack in a large plate under transverse tension, this singularity can be derived by
taking the limit as an elliptical hole becomes a sharp slit, as shown by Inglis [13].
Williams [14] extended this idea, demonstrating the asymptotic stress behavior for
angular plates or wedges, which applies to the crack tip in Figure 1.2a. When the
plate consists of two bonded elastic materials with a straight interface ahead of
the crack (indicated by the dashed line), the stress singularity becomes more com-
plex. The inverse-square-root singularity gains oscillatory multipliers, cos(nInr)
and sin(nInr), which oscillate infinitely as » — 0 if n # 0. Here, n is a material
constant dependent on shear modulus i, and Poisson’s ratios v, of the two materials.
For identical materials (n = 0), the oscillatory effect disappears. Williams [15] first
described these oscillatory singularities for interface cracks.

Figure 1.2b focuses on a tire lightly loaded against a stiff pavement at the edge
of a pothole, with point P; as the area of interest. In the first scenario, where the
pavement is icy and frictionless, the setup resembles an elastic half-space being in-
dented by a flat, rigid strip without friction. Sadowsky [16] solved this problem,
showing that the stress field near the contact edge has an inverse-square-root sin-
gularity, as seen in Table 1.2. This singularity is comparable to that of a crack in a
homogeneous material. By reflecting the half-space symmetrically about the strip,
the problem becomes equivalent to a full space with stress-free cracks outside the
contact area of the strip.

In the second scenario, with a dry surface where the tire adheres perfectly to the
pavement, the system mimics a flat, rigid strip adhering to and indenting the elastic
half-space. Abramov [17] provided the solution, revealing an inverse-square-root sin-
gularity accompanied by oscillatory multipliers (in Table 1.2). Here, the oscillations
are determined by the material constant 7 , derived from Equation (1.2) by taking
pe — 00, that leads to Equation (1.3).

1 1 M1+ K1
n—

= , 1.2

7 2T o + Kafy (1.2)
1

n=5-Ink, (1.3)
2

Where & is Kolosov’s constant, K = 3 —4v or (3 — v)/(1 + v) for plane strain or
plane stress respectively, v being Poisson’s ratio, p is the shear modulus and the
subscripts distinguish the different materials on each side of the interface crack.
Figure 1.2c illustrates a lubricated piston ring pressed into a cylinder wall, an
axisymmetric configuration different from the previous plane strain examples. If
the piston ring is assumed to be much stiffer than the cylinder, the stress field
near the contact point P, exhibits the same inverse-square-root singularity as in
the frictionless, flat strip indentation case in Figure 1.2b. On the other hand, if
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the ring and cylinder are made of the same material, a weaker singularity arises,
as detailed in Table 1.2. This weaker singularity, caused by the inclusion of the
ring’s deformation, can be determined by solving the relevant eigenvalue equation
provided in Dempsey and Sinclair [18].

Figure 1.2d shows a keyway in a shaft under torque and transverse load , with
multiple singularities at the 90° reentrant corner (Ps). For torque, the stress sin-
gularity has an exponent of 1/3, weaker than the 1/2 for a crack under torsion,
as identified by Thomson and Tait [19]. Under transverse loading, two singulari-
ties occur: a stronger one for symmetric loading about the bisector of the angle at
the reentrant corner and a weaker one for antisymmetric loading. Both are weaker
than crack singularities and are derived by Williams [14] using ”free-free” wedge
conditions for wedge angle of 37/2.

As the angle at a reentrant corner increases, the singularity strength diminishes
and vanishes when the corner becomes a stress-free half-space. However, mixed
boundary conditions can retain singularities. For example, in the tire case (Figure
1.2b) at the pavement’s outer edge (Fs), perfect adhesion with the rigid pavement
creates a right-angled corner in plane strain, with one side stress-free and the other
fixed. This produces a singularity described by Knein [20] and alternatively can be
obtained from Williams’ ”clamped-free” wedge solution [14] for wedge angle of 7/2,
adapted to plane strain.

A comparable case is seen in the butt joint under tension (Figure 1.2e), where
attention focuses on the interface between the steel adherend and the epoxy adhesive
near the outer free surface (e.g., point Pr). Although the configuration is axisym-
metric, a plane strain analysis remains valid. Given the greater stiffness of steel
compared to epoxy, the problem can be modeled as a ”clamped-free” right-angled
corner in plane strain, as outlined by Williams [14]. Assuming a Poisson’s ratio of
v = 3/8 for epoxy, the stress singularity corresponds to the value listed in Table 1.2.
The singularity here is weaker than that of the rubber example (v = 0.5), due to
epoxy’s lower Poisson’s ratio. Interestingly, for v = 0, such corners no longer exhibit
a singularity:.

Figure 1.2f illustrates a heavy, rough block under a lateral force, adhering to a
horizontal elastic surface. At the point of interest (P, highlighted in the close-up),
it is assumed that normal stresses cause a discontinuity in the surface shear. This
results in a logarithmic stress singularity, with its coefficient proportional to the
magnitude of the shear stress discontinuity. This behavior was first described by
Kolossoff [21] and can also be derived using auxiliary fields associated with Williams
[14], as further developed by Dempsey and Sinclair [22]. While normal stress dis-
continuities do not produce singularities, shear stress discontinuities on an elastic
half-plane do. To illustrate this, consider the two small square elements near the
discontinuity, shown in the close-up of Figure 1.2f. The left element maintains force
and moment equilibrium without boundary shears, while the right element experi-
ences constant shear stresses. At their intersection, the shear stress mismatch cannot
be resolved by any regular elasticity fields known so far.
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Table 1.2: Some elastic stress singularities away from singular loads [2].

Singular
point in Local configuration description Singular stresses at
Fig.1.2 point (r — 0)
P, Crack tip in 3-point bend speci- | ord (7"_1/2)
men
ord (r~*?cos(nlnr))
1) Interface crack tip in bend speci- | ord <r 3 sin (nlnr) )
en see (1.2) for n
P Tire at pothole edge under icy | ord (r='/?)
conditions
ord (r~'/?cos(nlnr))
Py Adhering nylon tire at pothole | ord (r~/?sin(nlnr))
edge see (1.3) for n
Py Edge of piston ring pressed into | ord (r=%23)
cylinder wall
ord <Tr_1/ 3>
Ps Reentrant corner in stress-free | 5;q ( FT70'46)
keyway ord (F p 009
Ps Edge of adhering rubber tire on | ord (r~%41)
pavement
P Circumference of an epoxy-steel | ord (7‘*1 3)
interface
Edge of a rough heavy
By block on an elastic slab ord (Inr)

1.3 Strategies in facing stress singularities

A fundamental question that naturally arises is: how should configurations involving
stress singularities be managed to ensure structural reliability? Addressing this con-
cern begins with the essential step of recognizing when a stress singularity is present.
However, identifying such singularities is not always straightforward, particularly in
the context of real-world engineering components. This complexity necessitates
strategies either to remove these singularities or to interpret their implications in
a meaningful way.

In many cases, the complexity of these components demands numerical meth-
ods, such as finite element analysis (FEA), for stress evaluation. Unlike analytical
solutions, which can often reveal the singular behavior of stress fields through direct
observation, numerical methods may obscure these features, making their detection
less apparent.

Despite these challenges, it is crucial for stress analysts to develop an awareness
of potential singular stress fields in their analyses. Failure to recognize such con-
ditions can lead to critical oversights in the design and assessment of structures,
compromising their reliability and safety. The ability to identify and appropriately
address these singularities is a key aspect of ensuring robust engineering solutions.
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1.3.1 Removing nonphysical stress singularities

The removal of stress singularities primarily involves improving the physical mod-
elling of the stress fields or modifying the assumptions of classical elasticity. Here,
several avenues are explored:

1. Smoothing Geometric Discontinuities: Simple adjustments, such as round-
ing sharp corners or crack tips, can reduce stress singularities by distributing
the applied stresses more evenly. However, these changes often fail to pro-
duce physically relevant stress fields, particularly when the radii are extremely
small. While stresses become finite, their magnitudes can still be unrealisti-
cally high and unrepresentative of the true behavior of the material.

2. Relaxing Assumptions in Classical Elasticity: The linear theory of elasticity
makes several simplifying assumptions that contribute to the emergence of
stress singularities:

e Elastic Limits: The assumption that stresses remain within the elas-
tic range disregards plastic deformation, which can reduce stress peaks.
However, plasticity does not completely resolve the singularities, espe-
cially at the onset of loading where the elastic regime dominates.

e Small Displacement Gradients: Allowing for large strains or large dis-
placement gradients can modify the stress fields and mitigate singulari-
ties. For instance, large strain theories improve the physical representa-
tion but may still leave some singular behavior unresolved.

e Load Application to Undeformed Structures: Incremental load applica-
tions that account for structural deformations, as proposed in Griffith’s
model for cracks [23], can weaken singularities. Nevertheless, even these
advanced treatments often result in reduced but persistent singularities.

3. Improving Boundary Conditions: Traditional boundary conditions, such as
stress-free or clamped constraints, are often simplifications that lead to singu-
lar behavior. Replacing those classical boundary conditions with cohesive or
adhesive stress boundary conditions, e.g., cohesive laws applied to the sharp
edges of cracks, or enforcing inequality constraints on the boundaries that
transform singular stresses into finite and physically interpretable values, the
singularities can be eliminated or significantly reduced.

e Cohesive Stress Models:

A more sophisticated approach is to incorporate cohesive stress models,
which introduce intermolecular forces at regions of high stress. These
models, such as Barenblatt’s cohesive zone model [24], replace the ide-
alized stress-free crack surfaces with stress-separation laws that negate
singularities near the crack tip. While effective, cohesive stress mod-
els rely heavily on assumptions about the stress distribution and require
careful calibration to the specific material and loading conditions.

e Enforcing Inequality Constraints:

Inequality constraints ensure that material boundaries adhere to realis-
tic physical behaviors, such as preventing interpenetration, overlapping
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or excessive deformation. This approach replaces overly simplified or
unrealistic boundary conditions with constraints that reflect true ma-
terial interactions, leading to stress fields that are finite and physically
meaningful. These constraints are particularly effective in eliminating
singularities that arise from sharp geometries, contact problems, or in-
appropriate modeling assumptions. This method is widely used in finite
element analysis (FEA) to address stress singularities in structural mod-
eling and contact mechanics. It helps simulate realistic interactions in
situations such as crack propagation, adhesive bonding, or the contact
between rigid and elastic bodies that consequently, enhances the accu-
racy and physical relevance of stress predictions, enabling engineers to
design safer, more reliable structures and materials by mitigating local-
ized stress concentrations.

Despite these strategies, not all configurations lend themselves to complete singu-
larity removal. Continued research into combining advanced material modelling,
numerical techniques, and boundary condition refinements is essential.

1.3.2 Interpretation of singular stresses

When stress singularities cannot be entirely eliminated, they must be carefully ana-
lyzed and interpreted to extract valuable engineering insights. Understanding these
singularities enables engineers to assess critical stress concentrations and develop
strategies for mitigating potential failures in structural systems.

The study of singular stresses often combines analytical and numerical methods
to achieve a comprehensive understanding. Analytical techniques, such as asymp-
totic analysis [25], are employed to describe the localized behavior of stress fields
in the vicinity of singularities. These methods provide exact solutions in simpli-
fied models and are particularly useful for theoretical investigations. On the other
hand, numerical tools, such as finite element analysis (FEA), enable engineers to
model complex geometries and simulate the interaction of singular stresses within
larger structures. By integrating these approaches, researchers can accurately cap-
ture both local and global stress responses, enhancing the reliability of engineering
predictions.

Furthermore, while singular stresses are mathematically infinite and cannot exist
in real materials, their implications are profound. The presence of singularities
highlights zones of intense stress concentration, which are often the precursors to
material failure. Understanding these regions allows engineers to take preventive
measures, such as reinforcing high-stress areas, altering designs to reduce stress
intensification, or selecting materials that can withstand elevated stress conditions.
Moreover, singularities often influence the choice of manufacturing techniques, as
certain processes can exacerbate stress concentrations.

Here, there is a critical link between theoretical models and experimental data
that are the coefficients associated with singular stress fields. Coefficients such as T-
stress, Energy Release Rate, and Intensity Factors play significant roles depending
on the problem’s context. Each coefficient provides unique insights into singular
stress fields, their effects, and their implications for engineering design and failure
prediction.
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Stress Intensity Factors (SIFs) are the most widely recognized coefficients that
encapsulate the intensity of singular stresses and provide engineers with actionable
insights for design and analysis. Incorporating singularity coefficients into engi-
neering calculations facilitates more precise estimations of stress thresholds, fatigue
limits, and safety margins. This approach ensures that theoretical predictions align
closely with real-world material behavior, leading to more robust and efficient struc-
tural designs.

1.3.2.1 Stress Intensity Factors (SIF's)

Stress intensity factors (SIFs) serve as fundamental parameters for quantifying the
severity and characteristics of stress singularities, particularly at critical points such
as crack tips or sharp corners. Fracture mechanics is amongst those engineering
areas use SIF's to characterise the stress singularity at critical points. Stress singu-
larities play a pivotal role in characterizing the behavior of materials under stress
and form the foundation of linear elastic fracture mechanics (LEFM) particularly,
in understanding crack propagation and predicting failure. These singularities are
represented mathematically by (1.1), where r is the distance from the singularity
and « is the singularity exponent. The most common singularity in fracture me-
chanics is the inverse square root singularity (o = 0.5 ) for linear elastic materials, as
seen in Mode I (opening), Mode I7 (sliding), and Mode I11 (tearing) crack loading
scenarios.

By determining SIF's, engineers can evaluate whether a structure will remain
intact under given loads or if it is at risk of crack propagation and catastrophic
failure. From this point of view, SIFs are instrumental in assessing the safety and
durability of materials, especially in high-stress environments. They also inform the
design of joints, interfaces, and other structural elements where discontinuities are
inevitable.

As the conclusion to this part, it is worth noting that the dual approaches of
removing and interpreting stress singularities are complementary. While efforts to
eliminate singularities focus on improving physical modelling and boundary con-
ditions, interpretation techniques rely on extracting meaningful information from
singular fields. Together, these methods provide engineers with robust tools to en-
sure structural reliability and optimize designs in the presence of complex stress
configurations.

1.4 Current research focus and objectives

This study primarily investigates two cases of stress singularity. Notably, no effort
was made to eliminate the singularities in either case. Instead, a paradigm shift was
adopted by reframing the problems and redefining the sources of singularity. In this
context, the focus is directed toward interpreting the stress singularities to derive
results that are more physically meaningful and practically applicable.

21



1.4.1 First problem: an elastic wedge under a concentrated
moment at its vertex

The first case revisits the classical problem of an elastic wedge subjected to a con-
centrated couple at its tip, initially introduced and solved by Carothers [26]. This
solution, which exhibits a quadratic singularity in the stress field, encounters a spu-
rious behavior at the critical angle a = 0.715m, where the stress becomes unbounded
within the wedge. This issue, commonly known as the "wedge paradox,” highlights
an inconsistency in the classical approach.

From a mathematical perspective, the paradoxical nature of Carothers’ solution
poses a fascinating challenge, encouraging the investigation of various alternative
approaches. In linear elasticity, the characteristics of the stress field at the wedge
tip are heavily influenced by the singularity’s order, which, in turn, depends on the
geometry and boundary conditions.

In practical terms, a wedge subjected to a concentrated couple at its tip serves as
a fundamental case study for numerous engineering applications. This configuration
acts as a mathematical model applicable to various scenarios, including cracks, anti-
cracks, notches, bi-material interfaces, and reentrant corners. In these cases, failure
is often linked to the coefficient of the singular term in the stress field. Consequently,
understanding and interpreting stress singularities is critical not only for theoretical
advancements but also for practical engineering applications.

To address the inconsistency of the classical theories in approaching the wedge
paradox, the study introduces a new representation for the stress field in the wedge,
capturing other states characterized by a quadratic singularity. This approach be-
gins with an auxiliary problem where the wedge is conceptually divided into three
wedges subjected to tip couples, determined through compatibility conditions for
stress and displacement along their shared boundaries. Additionally, an alterna-
tive formulation based on the concept of strain nuclei indicates that, at the critical
angle, the applied forces correspond to dipoles with no moment at the tip. The
findings suggest that Carothers’ original solution cannot represent all stress states
associated with a quadratic singularity at the vertex. The proposed representation
resolves the paradox naturally, offering a more comprehensive understanding of the
stress behavior.

1.4.2 Second problem: an elastic disk under sectorial uni-
form temperature rise

The second analysis examines a linear elastic infinite disk, where a sector with an
arbitrary opening angle 23 experiences a uniform temperature increase AT relative
to the rest of the disk.

The problem is inspired by practical applications, particularly in architectural
glazing, where one of the most common causes of glass failure is thermal stress result-
ing from uneven temperature distribution. The temperature field can be estimated
using heat conduction equations if environmental parameters such as external and
internal temperatures, solar radiation, material properties, and pane inclination are
known [27].

A critical challenge arises when shading elements like sunshades, building parts,
fins, or frames create cooler areas on the glass surface adjacent to warmer regions.
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Numerical simulations [28, 29|, indicate that while temperatures within both the
shaded and sunlit zones are relatively uniform, a steep gradient forms at the narrow
interface between them. Simplified engineering approaches, such as those outlined
in the French NF DTU 39 P3 standard [30], are often used to estimate these temper-
ature distributions. These methods assume uniform temperatures in both regions
and disregard the narrow strip with the gradient, a simplification supported by de-
tailed thermal investigations [28, 29]. Consequently, the glass surface can be treated
as segmented into distinct areas with uniform but different temperatures for design
purposes.

Thermal stress issues also occur in other contexts where thermal strain is neither
spatially nor temporally smooth. Such cases include thermal shocks, localized heat
sources, or materials with varying thermal properties. Additionally, stress concen-
trations can arise in uniform elastic materials with geometries such as cracks, sharp
corners, inclusions, or notches. When subjected to temperature changes, these ge-
ometries behave similarly, producing stress concentrations due to non-uniform tem-
perature distributions [31].

To derive the solution, the disk is conceptually divided along the boundary of
the heated sector, allowing it to expand freely. Subsequently, the two parts are
reassembled, and the thermal mismatch is resolved by introducing distributed arrays
of glide dislocations along the interface.

The resulting approximate solutions reveal a logarithmic singularity in the stress
field at the tip of the sector. However, except for the specific case of 28 = m,
the stress becomes unbounded as the dislocation arrays extend indefinitely. This
outcome is consistent with dimensional analysis, which predicts unbounded stress
due to the absence of an intrinsic length scale in the infinite disk. Conversely, for
a finite disk, the radius R serves as an additional length parameter, expanding the
range of possible solutions but complicating the analytical approach.

To bridge the gap, the study proposes relating the infinite disk solution to a finite
dislocation array length determined by R. This approach demonstrates strong agree-
ment with numerical results obtained using ABAQUS simulations. Such methods
are particularly relevant for engineering applications where infinite-body assump-
tions, though analytically convenient, might yield unrealistic results.

The remainder of this dissertation is structured as follows:

Chapter 2 covers fundamental concepts related to stress singularities, along with
a review of relevant literature.

Chapter 3 introduces two specific cases of singular stresses: an elastic wedge sub-
jected to a tip couple and a circular plate subjected to sectorial thermal loading.
Chapter 4 focuses on the dimensional analysis of the cases presented in previous
chapter.

Chapter 5 presents mathematical modeling, offers alternative solutions to the ex-
isting classical approaches, and discusses the pathological behavior of the wedge
under a vertex-applied moment.

Chapter 6 provides an alternative mathematical model for a 2D elastic disk, specif-
ically analyzing an arbitrary sector under uniform temperature rise. It also includes
an analytical solution of the proposed model and a comparison between analytical
results and finite element outcomes.
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Chapter 2

Overview

In the realm of linearized equilibrium theory of elasticity, singular problems can
be systematically categorized based on the principal sources of the singularities
observed in the elastostatic field. These singularities, which represent localized
regions of intense stress or displacement gradients, arise under distinct conditions,
each reflecting unique physical phenomena. The primary categories of such problems
are as follows [3]:

I. Load-induced singularities: These occur due to the application of concentrated
forces or discontinuous load distributions. Examples [9, 11, 26, 32-36] include point
loads or abrupt changes in surface tractions, where the stress field becomes un-
bounded near the point of application. Such singularities are particularly significant
in the study of Green’s functions and provide insight into the fundamental mechanics
of deformable bodies under extreme localized forces.

II. Shape-induced singularities: These emerge from the geometry of the body,
specifically at locations where sharp notches, corners, or cracks exist [20, 37-48]. The
inherent sharpness or abruptness of such features intensifies stress concentrations,
making them critical in the analysis of structural components, particularly in failure
prediction and material design.

III. Singularities induced by mixed boundary conditions: These arise in problems
where disparate boundary constraints are applied simultaneously [20, 41-48]. A
common example is observed in contact and indentation problems, where one region
of a boundary may be fixed while another is subjected to loading or displacement
constraints. These mixed conditions create localized stress fields that are often
difficult to predict without advanced analytical or numerical techniques.

IV. Material discontinuity-induced singularities: Singularities of this type occur
at interfaces between different materials, such as in bonded assemblies of distinct ho-
mogeneous elastic materials [49-53]. These are characteristic of inclusion problems,
where embedded regions of differing material properties lead to abrupt changes in
stress and displacement fields. Such scenarios are frequently encountered in compos-
ite materials and load-transfer problems, where understanding the stress distribution
is critical for ensuring structural integrity.

V. singularities due to discontinuities in displacement field: the most important
cases in this class of singularities are those involving dislocations [54-60]. A disloca-
tion is a line defect where atoms deviate from their regular lattice positions within a
crystal structure. The first mathematical framework for describing the elastic field
of a singularity caused by cutting and displacing a continuous body was introduced
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by Volterra in 1907 [61]. The core characteristics of dislocations significantly im-
pact the inherent ductility or brittleness of materials. Additionally, the interaction
between dislocations and other defects in the crystal lattice is a key factor in shap-
ing the mechanical properties of metals. This principle forms the foundation of the
classical strengthening mechanism, which has guided advancements in understand-
ing and controlling dislocation behavior to improve the mechanical performance of
metals [62].

Concerning the complexity of singular problems lead to challenges in mathemat-
ical approaches, the following parts are dedicated to investigation of some general
mathematical aspects of either category of stress singularities.

2.1 Stress singularities due to the concentrated
forces

Among the various categories of singular problems in linear theory of elasticity, those
involving concentrated loads occupy a particularly significant position. This promi-
nence stems not only from their foundational role in the development of Green’s
Functions but also from the conceptual challenges inherent in incorporating such
loads into the mechanics of deformable continua. Unlike particle systems and rigid
bodies, where the concept of a ”concentrated load” is intuitive and straightforward,
its application in the context of elastic continua requires careful justification and
mathematical precision.

2.1.1 Kelvin’s solution

A fundamental and physically sound framework for dealing with concentrated loads
in linear elasticity was pioneered by Kelvin [32]. His approach provides a concep-
tual foundation for addressing the singularities associated with point loads applied
to an elastic body occupying infinite space. Kelvin’s method begins by replacing
the singular problem with a regularized one, where the concentrated load is approx-
imated by a smooth, unidirectional distributed body force that vanishes outside a
sphere centered at the load application point. The solution to this regular problem
is unique under the condition that displacements vanish at infinity, and it admits an
explicit integral representation. By contracting the region of load application to the
center of the sphere while maintaining the resultant body force as the concentrated
load, Kelvin derived a solution that is both physically meaningful and mathemat-
ically rigorous. This limiting process not only defines the problem unambiguously
but also yields the familiar closed-form solution. Kelvin’s solution serves as the
elastostatic counterpart to the singular solution of Laplace’s equation represented
by the Newtonian potential of a point mass. The key properties of this solution are:

1. It satisfies the governing field equations in the absence of body forces every-
where except at the load point.

2. The displacement field diminishes to zero at infinity.

3. The resultant traction force on any spherical surface centered at the load point
equals the prescribed concentrated load.
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4. Displacements and stresses exhibit singular behaviors of O (r~!) and O (r—2),
respectively, as the radial distance r approaches zero, highlighting the un-
bounded nature of these fields at the load point.

Despite the elegance of Kelvin’s solution, subsequent treatments in the literature
have often opted for a direct formulation of the problem based on its core properties-
excluding the detailed limit process. This simplified approach typically considers
only the first three conditions but does not impose constraints on the orders of
displacement or stress singularities. However, this leads to a lack of uniqueness, as
additional solutions can be constructed by adding higher-order singular fields, such
as those corresponding to centers of dilatation [33, 63].

Importantly, this ambiguity does not violate the classical uniqueness theorem of
elasticityt, which does not explicitly address singular formulations. Kelvin’s full set
of conditions, including the singularity order constraints, is necessary to uniquely
characterize the solution, ensuring the exclusion of such pseudo-solutions. Extending
Kelvin’s methodology to problems involving concentrated surface loads introduces
additional complexities. Analogous limiting processes can be applied to confirm that
the singularities at the point of application of concentrated surface loads mirror those
in Kelvin’s original problem [11]. However, implementing such a process often leads
to cumbersome and less practical solutions.

A significant advancement came with the development of a uniqueness theorem
[9, 64, 65], that encompasses both concentrated surface and internal loads, as well
as distributed tractions and body forces. This theorem establishes that a set of con-
ditions, analogous to those in Kelvin’s formulation [32], supplemented by boundary
conditions and constraints at infinity for unbounded regions, uniquely determines
the solution to these singular problems. This framework provides a direct formula-
tion, bypassing the need for explicit limiting processes. Considering the pivotal role
of Kelvin’s solution in the analysis of stress singularities, it is beneficial to examine
key aspects of its application in addressing singular problems within the framework
of linear elasticity theory, including:

1. Pseudo-Solutions;

The practical implications of theoretical advances in study of stress singularity
based on Kelvin’s solution are underscored by studies such as the analysis of
an elastic sphere subjected to two equal and opposite concentrated surface
loads [9, 11, 66]. This problem, relevant to the stress analysis of ball bearings,
demonstrates the existence of pseudo-solutions that differ from the unique
physical solution by exhibiting inadmissible higher-order singularities at the
load points.

Through rigorous limit processes starting with distributed loads, the physically
accurate solution was validated and found to align with experimental results,
such as those from photo-elastic studies of stress distributions in symmetrical
configurations [34]. These findings highlight the utility of the concentrated
load idealization, despite its mathematical abstraction.

2. Reduction of Singularities;
Direct formulations of concentrated-load problems, Kelvin’s solution, also fa-
cilitate the isolation and removal of singular parts from the desired solution,
reducing the problem to one governed by finite and continuous tractions. The
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solution includes a singular part that arises due to the nature of the con-
centrated load and leads to stress fields that become infinite at the point of
application, in addition to a regular part that represents the finite and con-
tinuous response of the material. Direct formulations explicitly separate these
components. By superposing the fundamental solution, in a closed-form repre-
sentation, with the actual boundary conditions of the problem, the singularity
associated with the concentrated load can be isolated. The remaining prob-
lem then focuses on the adjustment of the boundary conditions, which involves
only finite and continuous tractions. These refinements provide a more com-
plete understanding of stress fields and enhance the applicability of theoretical
models to real-world geometries [2, 4, 67, 68].

2.1.2 Wedge problem

While singularities arising from concentrated forces are well-documented, Sternberg
and Koiter’s analysis [69], highlights that the inclusion of concentrated moments
introduces even subtler and more intricate challenges in linear elasticity. Solutions
to these problems rely on the direct formulation of boundary conditions, symmetry
constraints, and the requirements for stress fields at infinity. However, singulari-
ties in such cases are influenced by the wedge angle, with a critical angle marking
the transition to unbounded stresses throughout the body. Beyond this critical an-
gle, the direct formulation of the problem becomes insufficient, necessitating the
reintroduction of limiting processes to achieve meaningful solutions.

These findings reveal the limitations of idealizations such as concentrated couples
in specific geometric configurations [22, 26, 70, 71]. Here, it is worth noting that,
what mentioned above, was the main incentive to study the classical problem of
wedge paradox in the next chapters of the present work. Regarding the integrity of
study of wedge problem with the general topic of the current work also prominent
importance of this type of singularities in solid mechanics, following paragraphs are
dedicated to a brief review of the literature, concerning the wedge problem.

The linear elasticity solutions to wedge problem, generally use two distinct
methodologies:

e firstly, a truncated wedge subjected to tractions distributed along an arc of
radius r( that are equivalent to the applied action at the tip, followed by taking
the limit as ry — 0.

e secondly, a wedge experiencing distributed tractions along its flanks that are
equivalent to the applied load, with the distribution length approaching zero.

Carothers [26] employed the first method. In contrast, Sternberg and Koiter
[69] exemplify the second approach by considering finite segments 0 < r < 7y on
the lateral faces § = 4a, where a distributed normal load, antisymmetric about
the wedge axis and statically equivalent to a moment M, is applied. By applying
the Mellin Integral Transformation with respect to r to the governing biharmonic
equation for the stress function and allowing » — 0, they derived an alternative
solution that exhibits a different order of singularity compared to the r=2. This
alternative solution remains consistent even at the critical angle.

Similarly, Bogy [72] utilized the Mellin transform to examine how the order
of singularity depends on the opening angle and Lamé constants in a bimaterial
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wedge subjected to surface tractions. Dundurs and Markenscoff [73] took a different
perspective by analyzing a wedge loaded by a concentrated couple approaching the
vertex from within. Neuber [74] offered a more physical resolution to the paradox
by proposing the onset of plasticity. He suggested that once the material yields,
the shear stress plateaus, allowing the concentrated couple to be replaced by a
distributed constant tangential stress acting around a small circular cavity centered
at the wedge’s vertex. This approach enables the construction of a general solution
that avoids the unrealistic behavior at the critical angle, converging to the solution
by Sternberg and Koiter [69] when certain terms become negligible. Following a
similar methodology, Villaggio [75], by applying actions within cavities of various
shapes, demonstrated through multiple examples that the paradox is not limited to
wedges but also occurs in unbounded regions that resemble a rectilinear wedge at
infinity, while differing near the vertex where the concentrated couple is applied.

Other techniques build upon the foundational work of Williams [14], who, through
separation of variables in the Airy stress function, derived eigenfunctions for singular
stress states that could be superimposed to formulate solutions for elastic wedges
with free edges. Dempsey [76] identified the limitations of the stress function forms
proposed by Williams [14], extending the results to wedges with surfaces under
uniform pressure and determining stress states for all possible opening angles «,
including the critical angle o*. Leguillon [77] presented a solution that achieved
the necessary equivalence with the tip couple at the critical angle. However, this
solution was flawed as it resulted in an infinite moment resultant on arcs of arbi-
trary lengths at infinity, only converging to a finite limit when considering the entire
wedge angle. Notably, Leguillon observed that eigenfunctions featuring a stress sin-
gularity of order 7=2 had to be excluded because they produced a tip couple with
zero moment at the critical angle.

From a purely mathematical standpoint, the paradoxical behavior observed in
Carothers’ solution presents an intriguing problem, prompting the exploration of a
wide range of alternative methods. Solutions in linear elasticity are significantly in-
fluenced by the order of the singularity of the stress field at the wedge tip, depending
on the geometry and boundary conditions. Here, the Mellin transform proves to be
a valuable tool for the asymptotic analysis of the stress state [69, 78-81]. Another
prevalent approach in studying singularity problems involves the use of asymptotic
series [82, 83]. Gregory [84], utilizing a biharmonic Green’s function for an infinite
strip domain and subsequently generalizing the results to a wedge problem, repro-
duced the eigenfunctions identified by Williams [14]. Additionally, Green and Zerna
[85] employed conformal transformations in the complex plane to map the wedge to
an infinite strip region and addressed the problem through Fourier transformation.

2.1.3 Discontinuous loadings

Regarding the general class of singularities due to concentrated loads, a possible
scenario could be any discontinuity in loading. The discussion about this class of
loadings, exemplified by half-plane problems where normal or tangential tractions
exhibit finite jump discontinuities. In these cases, the displacement field remains
continuous, but stress components may display logarithmic singularities depending
on the nature of the loading discontinuity. Direct formulations, accompanied by con-
ditions ensuring bounded displacements at discontinuity points, firstly introduced
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by Knowles and Pucik [39]. They provided a complete framework for analyzing
such problems without requiring explicit limit processes throughout generalization
of the classical uniqueness theorem in two-dimension elasticity. This extended theo-
rem ensures that the boundedness of displacements alone, is sufficient to guarantee
uniqueness in these formulations, offering a robust and economical approach to sin-
gular problems in planar elasticity. While analogous results are anticipated for
three-dimensional problems, the existing proofs lack the flexibility to encompass
line-singularities, highlighting an area for further theoretical development.

2.2 Shape-induced singularities

In this category of singularities, crack problems with a significant role in solid me-
chanics in general and fracture mechanics in particular, represent crucial examples
of singular stresses. To illustrate, consider a traction-free, plane crack of constant
width extending infinitely in an infinite elastic medium, subjected to various homo-
geneous loadings at infinity. Three modes of near-tip-deformation demonstrated in
Figure 2.1.

(a) (b) (c)

Figure 2.1: (a) Mode I: Opening Mode (b) Mode II: Sliding/Shearing Mode (c)
Mode III: Tearing Mode

Three fundamental two-dimensional solutions for the singular stress states due
to the above-mentioned deformation fields are presented according to Equation (2.1)
40, 43, 86, 87].

o= \/[% 50), i,j=r0, and m=LILIIL (2.1)
where K, is the Mode m™ stress intensity factor, and f;;(#) are angular functions
of each mode dependent on the crack-tip geometry and loading.

The first two solutions deal with plane deformations orthogonal to the crack
edges. These correspond to in-plane loading scenarios: one involving tension per-
pendicular to the crack faces, Mode I or Opening Mode, and the other involving
pure shear on planes parallel and perpendicular to the crack faces, Mode II or Slid-
ing/Shearing Mode. Since the scenario of uniaxial tension parallel to the crack faces
is straightforward, these two modes suffice to address any uniform in-plane loading
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at infinity compatible with a traction-free crack under the framework of linearized
plane strain or generalized plane stress theories. The third fundamental solution
pertains to anti-plane shear deformations caused by longitudinal shearing traction
at infinity, acting along planes parallel to the crack faces, Mode III or Tearing Mode
and in directions parallel to the crack edges. For all three modes, the displacement
field remains finite and continuous at the crack tips, whereas the stress field diverges
with an order of O (7“_1/ 2), where r represents the distance from the crack tip.

In Mode I, the resulting stress state is symmetric about the crack plane, while it
is antisymmetric in Modes II and III. Furthermore, the latter two cases are termed
7gliding modes,” where the crack faces slide against one another without opening,
as predicted by linear theory. These solutions align with the limiting forms of corre-
sponding regular two-dimensional solutions for an infinite elastic body containing an
elliptic cylindrical hole, which degenerates into a plane crack. This correspondence
is frequently cited to validate the physical significance of such singular solutions.
However, based on the generalized uniqueness theorem, the reliance on such a limit-
ing process is unnecessary for formulating a coherent and physically consistent direct
approach to plane crack problems in linear theory of elasticity.

e Barrenblatt’s approach to negate crack-tip singularities

In crack-related scenarios, singularities arising from distant loading can be neutral-
ized by compensating with the effects of forces acting on the crack’s flanks. Baren-
blatt [88] acknowledges Khristianovitch as the first to recognize this phenomenon
in his collaborative 1955 study with Zheltov [89]. Their research focused on ana-
lyzing a substantial rock layer, largely composed of oil-rich shale, to determine the
conditions under which a pressurized imperfection within the layer would initiate
fracturing. The rock layer is subjected to a uniform pressure, p,, while the areas
near the flaw tips are exposed to a higher internal pressure, p;, as illustrated in 2.2
The problem is considered in two dimensions and assumes elastic behavior.

b

R

p

Figure 2.2: pressurized crack

When the portion of the flaw affected by p;, represented by Aa, is an appropri-
ate fraction of the total flaw width 2a, the tensile stress singularity caused by p;,
can counteract the compressive stress singularity generated by p,. Specifically, no
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singularity occurs in the system shown in 2.2, if the condition defined by Equation
(2.2) is satisfied.

Barenblatt [88], introduced cohesive normal stresses as a replacement for the
applied internal pressure p;. His explanation includes the following points:

A0 _ in2 (7%) . (9> o). (2.2)

1. Cracks are generally much longer in relation to their height, allowing them to
be represented as mathematically sharp slits.

2. Near the tip of the crack, the flanks are close enough for intermolecular cohesive
stresses to develop between them.

3. These cohesive stresses can be distributed in a way that cancels out the tensile
stress singularities caused by remote loading.

It is also assumed that the zone near the crack tip where cohesive stresses act is
relatively small compared to the overall length of the crack.

2.3 Singularities due to mixed boundary condi-
tions

This discussion delves into singular problems of 3rd class, using the mixed plane
problem of a half-plane indented by a rigid, flat-ended punch as an example. The
boundary conditions at the edge of the half-plane differ depending on whether the
punch is "smooth” or "rough.” For both cases, the normal displacement along the
contact segment is constant, and the traction vector is zero elsewhere. However, a
smooth punch eliminates shear tractions, while a rough punch prevents tangential
contact displacement.

To maintain solution validity (uniqueness), the conventional formulation requires
bounded displacements at the punch corners. This approach does not necessarily rely
on physical justification through a regularization process, as mixed singular prob-
lems like this often defy straightforward regularization. Classical solutions to these
punch problems predict unbounded stresses near the punch corners, with stresses
behaving as 7~ /2, where r is the distance from the corner. Incompressible materi-
als provide an exception where both smooth and rough punch solutions converge.
However, in the rough punch case, oscillatory behavior emerges near the punch cor-
ners, with normal tractions alternating between compression and tension infinitely
often. These oscillations, though confined to narrow regions, are incompatible with
physical constraints and unilateral contact conditions.

A related issue arises in the plane problem involving two bonded semi-infinite
elastic bodies separated by a finite-width crack under Mode I loading. The theo-
retical solution exhibits oscillatory displacements near the crack edges, leading to
unphysical overlap of the crack faces.

For singularities of types (7i7) in plane problems, Knein [20] and Williams [14], in-
troduced an asymptotic approach that examines local singularities in two-dimensional
elastostatic fields. This method uses a biharmonic stress function x along with a har-
monic displacement function ¢y, as Equation (2.3), to construct global solutions for
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generalized plane stress in wedge-shaped domains, accounting for various boundary
conditions and body force-free regions.

x = 1O by sin(\ + 1)8 + by cos(A + 1) + by sin(A — 1)0 + by cos(A — 1)6]
= rOTDF(G; N),
Py = 1" (a; cosml + ag sinmb) = r"G(0;m), (2.3)

where, x is related to ¥, by

Vi = % (r%) : (2.4)

According to Equation (2.3), compatibility of the powers of r requires A = m+1.
Additionally, the coefficients are given as
4
A—1

a] = — b37 and a9 = b4, (25)

4
A—1
The solutions involve eigenvalue problems, with the eigenvalue A, determining the
singularity strength. Here, the Airy stress function x(r,#), satisfies a fourth-order
differential equation. These solutions form an infinite sequence of fields, each charac-
terized by an eigenvalue and an undetermined amplitude parameter. Displacements
remain bounded if the real part of A, (5), satisfies 0 < § < 1, but stresses are
unbounded when r» — 0. Regarding the boundary conditions, three cases are con-
sidered for the wedge boundaries

1. Both boundaries are traction-free.
2. Both boundaries are fixed.

3. One boundary is traction-free while the other is fixed.

In all cases, there is at least one eigenvalue A\, with 0 < g < 1, for wedge angles
between 7 and 27. In Cases 1 and 2, A is real, while in Case 3 , it becomes complex,
resulting in oscillatory stress fields with terms like r°~1[cos(k log ) or sin(x logr)])
where k depends on Poisson’s ratio v.

The elastostatic fields associated with the smallest eigenvalue A provide dominant
asymptotic behavior near singular points in boundary-value problems. This aligns
with global solutions to problems like the rough punch and plane crack scenarios.
However, determining the amplitude parameter, which depends on global geometry,
boundary conditions, and conditions at infinity, is crucial for solving such problems
efficiently.

For crack problems, this parameter often represents the essential information
about crack-tip singularities, potentially bypassing the need for global analysis. Rice
[42] demonstrated an example where the amplitude parameter could be determined
using a conservation law introduced by Eshelby [43], which applies to finite equi-
librium theory. Freund [44] later expanded this concept by applying additional
conservation laws to determine stress-intensity factors for specific crack and loading
configurations. However, no universal framework exists for deriving the amplitude
parameter, and existing conservation laws remain inadequate for general Mode [
and Mode I crack problems.
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2.4 Singularities due to material discontinuity

At the interface between an elastic material and a bonded inclusion with differ-
ent elastic properties, singularities involve only finite discontinuities in stress and
displacement gradients. However, displacements themselves remain smooth across
the interface due to the bonding, and traction continuity is required to maintain
equilibrium. A significant subset of class (iv) problems, known as ”load-transfer
problems,” explores the mechanical interaction between two materials with differing
elastic behaviors bonded along part of their boundary.

These scenarios often involve one material behaving as a quasi-one-dimensional
elastic structure. For instance, plane load-transfer problems, such as those related
to plate-stringer systems, are fundamental in the design of aircraft components.
Similarly, problems involving load diffusion from or absorption by an elastic rod
connected to a three-dimensional structure are crucial in civil engineering and key
to understanding the mechanics of fiber-reinforced composites. For an overview of
analytical studies on plane and spatial load-transfer problems up to 1970, see [90].

2.5 Singularities due to discontinuities in displace-
ment fields

This section aims to highlight some important concepts and definitions related to
dislocations. Considering that this concept has been adopted in the study at hand,
(problem of an elastic disk subjected to sectorial thermal loading) a concise review
of this topic would offer a clearer understanding of the subsequent problem. The
following part, has been borrowed from the introductive and quite empirical work of
Hull and Bacon [91] about ”Dislocations”. Dislocations are typically classified into
two primary types:

Edge Dislocations: These occur when an extra half-plane of atoms is inserted into
the crystal, causing a discontinuity in the lattice. The "edge” of this plane is the
core of the dislocation.

Screw Dislocations: These arise when the lattice experiences a helical twist due to
shear deformation, creating a displacement discontinuity parallel to the dislocation
line.

Some dislocations exhibit mixed characteristics, combining elements of both edge
and screw dislocations.
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Figure 2.3: (a) Model of a simple cubic lattice; the atoms are represented by filled
circles, and the bonds between atoms by springs, only a few of which are shown;
(b) positive edge dislocation DC formed by inserting an extra half-plane of atoms in
ABCD:; (c) left-handed screw dislocation DC formed by displacing the faces ABCD
relative to each other in direction AB ; (d) spiral of atoms adjacent to the line DC
in (c) (see reference [91]).

The structure of atoms surrounding an edge dislocation can be represented by
a sequence of actions. First, suppose that all bonds along the surface ABCD are
broken, and the crystal faces are moved apart to insert an additional half-plane of
atoms into the resulting gap, as illustrated in 2.3b. This process displaces the faces
of the gap by one atomic spacing, creating the greatest disruption near the line DC'.
Farther away from DC', the distortion of atomic bonds progressively decreases. The
line DC, referred to as a positive edge dislocation, is symbolized by L. If the extra
plane of atoms were instead introduced below the ABCD plane, a negative edge
dislocation would form, denoted by T

For a screw dislocation, the atomic arrangement is modeled by shifting one side of
the crystal along AB relative to the other, as depicted in 2.3c. This transformation
produces a helicoidal shape, similar to a spiral staircase. Initially parallel planes
perpendicular to DC' are converted into a continuous surface, with the spiral pattern
evident in the atom positions shown in 2.3d. The dislocation along DC is identified
as a screw dislocation. If the spiral advances by one plane during a clockwise circuit
around the dislocation line, it is classified as a right-handed screw dislocation; if the
progression is reversed, it is left-handed. It is important to note that, in both edge
and screw dislocations, the atomic arrangement across the interface ABC'D remains
unchanged from its original configuration before the bonds were broken.
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2.5.1 Burgers vector and circuit of a dislocation

The most practical way to define a dislocation is through the concept of the Burgers
circuit. A Burgers circuit is a closed loop formed by tracing a path from atom to
atom within a crystal containing dislocations.

P M |Q
b |
A  Z
(6] N
(a) Placeholder caption (b) Placeholder caption

Figure 2.4: (a) Burgers circuit round an edge dislocation with a positive line sense
into the paper, (b) the same circuit in a perfect crystal. The closure failure is the
Bergers vector b (see [91]).

This is illustrated in 2.4a with the path M NOPQ. If the same atom-to-atom
path is traced in a perfect crystal without dislocations, as shown in 2.3b, and the
circuit fails to close, it implies that the first circuit in 2.4a encircles one or more
dislocations. The vector required to close the loop is known as the Burgers vector.
For accuracy, the circuit in the actual crystal must pass only through undisturbed
regions of the lattice.

To simplify, consider a Burgers circuit enclosing a single dislocation, as shown in
2.4a. The sequence of movements in the perfect crystal mirrors the circuit M NOPQ
in the dislocated crystal. The vector b, from point ) to M , which completes the
loop, represents the Burgers vector and is perpendicular to the dislocation line (see
2.3b). For a screw dislocation, depicted in 2.5, the Burgers vector b, is instead
aligned parallel to the dislocation line. This leads to two critical rules:

1. For an edge dislocation, the Burgers vector is perpendicular to the dislocation
line.

2. For a screw dislocation, the Burgers vector is parallel to the dislocation line.

(a) Placeholder caption (b) Placeholder caption

Figure 2.5: (a) Burgers circuits around a screw dislocation with positive line sense
in the direction shown. (b) the same circuite in a perfect crystal, the closure failure
is the Bergers vector (see[91]).
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In general, the dislocation line may lie at an arbitrary angle to the Burgers vector,
combining edge and screw characteristics. Nonetheless, the Burgers vector of a
single dislocation remains constant in magnitude and direction, regardless of the
dislocation line’s position or orientation.

For other defects, such as vacancies or interstitials, Burgers circuits do not result
in closure failure. Two conventions arise from the Burgers circuit approach:

1. When viewed along the dislocation line, which defines its positive direction,
the circuit is traced clockwise (as in 2.4a and 2.5a).

2. The Burgers vector is defined from the end to the start of the reference cir-
cuit in the perfect crystal, referred to as the right-hand/finish-start (RH/FS)
convention.

Reversing the dislocation line’s direction reverses the Burgers vector for that dis-
location. Furthermore, dislocations with identical line senses but opposite Burgers
vectors (or vice versa) are complementary. For example, a positive edge disloca-
tion is the counterpart to a negative edge dislocation, and a right-handed screw
dislocation is the opposite of a left-handed one. When such opposite dislocations
meet, they cancel each other out, restoring the crystal to its perfect state. In simple
cubic crystals, as shown in Figures 2.4 and 2.5, the Burgers vector corresponds to
the shortest lattice translation vector connecting two lattice points. A dislocation
whose Burgers vector is a lattice translation vector is classified as a perfect or unit
dislocation [91].

2.5.2 Movement of dislocations

Dislocations in crystalline solids exhibit two primary modes of movement: glide or
conservative motion and climb or non-conservative motion.

1. Glide Motion: This occurs when a dislocation moves within the plane that
contains both its dislocation line and the Burgers vector. Dislocations capable
of this movement are referred to as ”Glissile”, while those unable to glide are
termed Sessile. Glide motion plays a pivotal role in the plastic deformation
of crystalline materials, as the collective glide of multiple dislocations mani-
fests as slip. Slip involves the sequential displacement of atomic planes over
one another, occurring along specific crystallographic planes known as slip
planes. This mechanism forms the foundation of how materials accommodate
deformation under applied stress.

2. Climb Motion: Unlike glide, climb involves the movement of dislocations out
of their glide plane, perpendicular to the Burgers vector. This non-conservative
process requires the addition or removal of atoms at the dislocation core, fa-
cilitated by atomic diffusion. As a result, climb is particularly significant at
elevated temperatures, where diffusion processes are more active.

The interaction between glide and climb dislocations determines the overall mechan-
ical response of materials. While glide dominates at lower temperatures, enabling
materials to deform plastically, climb contributes to phenomena such as creep and
stress relaxation at higher temperatures, where diffusion-driven mechanisms become
prominent.
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In conclusion to this section, it is worth noting that dislocations serve as fun-
damental examples of singularities in elastic fields. They introduce abrupt dis-
placement discontinuities while preserving the equilibrium of stress and strain. A
thorough understanding of these singularities is crucial for accurately predicting and
optimizing material performance in various engineering applications. Dislocations
are particularly significant in the study of plastic deformation, where they facilitate
the movement of material layers and enable plastic flow under applied stress. Their
role is equally critical in material strength assessments, as the density and mobility
of dislocations directly influence properties such as yield strength, hardness, and
ductility.

Additionally, in the context of fracture mechanics, the interactions between dis-
locations and cracks play a pivotal role in determining material toughness and re-
sistance to failure. These insights underscore the importance of dislocations in the
broader study of mechanical behavior, offering essential tools for the design and
analysis of advanced materials.

2.6 Numerical analysis of stress singularities

Previously in the present chapter, stress singularities arising from different sources
introduced. It is worth nothing that, accurately modeling these singularities and
solving the associated equations presents significant challenges in structural analysis.
The primary difficulty lies in the localized and theoretically infinite nature of stress
concentrations, which traditional analytical approaches fail to capture effectively. As
highlighted briefly in Section 1.3.2 of Chapter 1, these challenges have led researchers
to study singularities more deeply due to their critical role in structural integrity
and predicting failure mechanisms.

In this context, numerical methods play an essential role. Advanced approaches
such as the Boundary Finite Element Method (BFEM), the Extended Finite Element
Method (XFEM), and other adaptive techniques offer precise solutions for analyzing
stress singularities. By employing these advanced numerical techniques, engineers
can improve the accuracy of failure predictions, optimize designs to reduce singular
effects, and create more resilient structures and materials. These methods enhance
simulation accuracy and drive progress in fields like fracture mechanics, fatigue
analysis, and the design of composite and layered structures.

Several widely used computational methods are available for solving boundary
value problems in science and engineering. Among those, the Finite Difference
Method (FDM), the Finite Volume Method (FVM), the Finite Element Method
(FEM) [92], and the Boundary Element Method (BEM) [93-97], are the most promi-
nent. These techniques can be classified by their discretization approach.

The FDM, FVM, and FEM rely on domain-discretization, where the entire com-
putational region is subdivided into smaller elements or volumes. In contrast, the
BEM uses a boundarydiscretization approach, requiring discretization only along the
boundary or surface, which significantly reduces meshing time and computational
load, especially for problems confined to boundary regions.

To maintain the boundary-only discretization feature of the BEM [98-100], fun-
damental solutions or Green’s functions that satisfy the governing differential
equations must be known in advance. This makes the BEM particularly well-suited
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for problems involving unbounded domains or thin structures, where meshing the
entire domain would be computationally prohibitive.

Moreover, the BEM can integrate seamlessly with Computer-Aided Design (CAD)
tools via Isogeometric Analysis (IGA) [101, 102]. This integration benefits from the
BEM’s reliance on boundary representations, allowing for efficient compatibility
with CAD geometries. This approach has been applied successfully to various ellip-
tic problems, such as the Laplace equation [103—105], the Helmholtz equation [106—
109], and in fields like electromagnetics [110], elastodynamics [111], and fracture
mechanics [112, 113].

Despite its advantages, the BEM faces challenges related to the computation of
singular integrals inherent in the use of fundamental solutions. These integrals
are often complex and time-consuming, making efficient numerical techniques for
handling them essential. Research continues to develop better methods to address
these computational difficulties.

To overcome the limitations of singular integrals in conventional BEM [114-
119], one approach involves introducing a fictitious boundary that does not overlap
with the actual physical boundary. This category includes methods such as the
Method of Fundamental Solutions (MFS) [120-123], the Virtual BEM [124], and
the Distributed Source Boundary Point Method [125]. These techniques shift the
complexity away from the physical boundary, simplifying the handling of singular-
ities. However, the accuracy and stability of these methods are highly sensitive to
the placement of the fictitious boundary. Determining the optimal location remains
a challenge, particularly for geometrically complex or multiply connected domains.

Another strategy to avoid singular integrals is to use nonsingular semi-analytical
basis functions instead of fundamental solutions. Techniques in this category in-
clude the Trefftz Method [126, 127], the Boundary Knot Method (BKM) [128], the
Boundary Collocation Method (BCM) [129], and the Plane Wave Expansion (PWE)
Method [130]. These methods avoid singularities by employing basis functions that
do not exhibit singular behavior. However, deriving these nonsingular basis func-
tions is challenging, especially for high-dimensional partial differential equations
(PDEs). The difficulty increases with the complexity and dimensionality of the
problem, making generalization difficult.

In conclusion, while both fictitious boundary approaches and nonsingular basis
function methods offer promising alternatives to traditional BEM, each has unique
challenges. The choice of the best method depends on factors such as domain
complexity, the type of PDE, and the desired accuracy and computational effi-
ciency. In 2009, Chen et al. [131, 132], proposed the Source-Intensity-Based
Method (SBM) as an effective approach to address the challenges associated with
the singularities of fundamental solutions in conventional Boundary Element Meth-
ods (BEM). The core innovation of the SBM lies in the introduction of Origin
Intensity Factors (OIFs), also known as Source Intensity Factors in some studies.
These factors serve to eliminate the singular behavior of the fundamental solutions,
thereby simplifying the computational process.

The SBM achieves de-singularization by replacing the singular fundamental solu-
tions with OIF's, which quantify the intensity of sources located near the boundary.
This modification allows the method to retain the accuracy of traditional BEM while
avoiding the computational difficulties of singular integrals. Consequently, the SBM
is particularly well-suited for problems involving stress singularities, such as those
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found at cracks, notches, and sharp corners.

One of the primary advantages of the SBM is its ability to circumvent the need for
complex singular integral evaluations, which are a significant challenge in standard
BEM implementations. By eliminating these singularities, the method improves
both the numerical stability and the computational efficiency of the solution pro-
cess. This makes the SBM an attractive option for analyzing problems in fracture
mechanics, elasticity, and potential theory, where stress concentrations and discon-
tinuities are prevalent.

However, the successful application of SBM relies on accurately determining
the source intensity factors and appropriately positioning the source points. This
requirement can become challenging for domains with intricate geometries or high-
dimensional problems. Despite these challenges, the SBM remains a promising tech-
nique for enhancing the accuracy of boundary-based numerical methods and has seen
applications beyond elasticity, including areas like heat transfer, acoustics, and elec-
tromagnetics. Research efforts continue to refine the SBM, exploring improvements
in source placement algorithms and extending its compatibility with isogeometric
analysis (IGA) and meshless methods. These advancements aim to broaden the
applicability and efficiency of the SBM in solving complex engineering and scientific
problems.

Most physical and engineering problems can be simplified to boundary value
problems, whose numerical solution must satisfy the related partial differential equa-
tions (PDEs) subjected to the boundary conditions. Without loss of generality, the
following elliptical PDE problems are considered

Ru(z) = f(z), z€Q, (2.6a)

Bu(z) = g(x), =z €09, (2.6b)

where, u(z) is the vector of the unknown physical quantities (such as temperature,
pressure and displacements etc.) to be determined, f(z) and g(z) denote, respec-
tively, the vectors of known source functions and boundary condition functions.
Finally, R and B stand for the partial differential operator matrix and boundary
differential operator matrix, respectively so, they will appear according to constitu-
tive relations of the elastic problem. In case of plane stress problems in linear theory
of elasticity we will have:

9(x) = (g1 (@), ga(2)]" . (2.7)

The remainder of this chapter focuses on reviewing the two most common techniques
for solving boundary value problems of (2.6).

2.6.1 Formulation of Collocation Methods

The solution to the boundary value problem described by Equations (2.6) can be
approached using the Weighted Residual Method (WRM) [133]. In WRM, the
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starting assumption is an approximate (trial) solution (u) for a general elliptic partial
differential equation (PDE), expressed as: u = E}Izl a;j¢; or in matrix form as
u = Pa. where, a = {a;} represents the vector of unknown coefficients, and
® = {¢,} is a set of known linearly independent trial functions.

Substituting this trial solution into the boundary value problem introduces er-
rors, since the equations are no longer satisfied exactly. These errors or residual
functions, are defined as:

Ro:=Ru—f, xz€, (2.8a)
Ryq == Bu—g, x € 0N. (2.8b)

where Ry, is the residual associated with the governing equations, and Ry, is the
residual for the boundary conditions. The goal is to determine the coefficients {«;},
by minimizing the residuals through weighted integrals. Specifically, the weighted
residuals are minimized as follows:

/WgRQdQ + o ngRan(aQ), (29)

In this formulation, wo and wyq are weighting functions that depend on the
independent variables and are chosen to ensure the integrals are well-defined. In
the collocation method, rather than integrating over the entire domain, the resid-
uals are forced to vanish at specific collocation points within the domain = =
{w?, e 75’321 and on the boundary x%? = {w?ﬂ, e ,w?f;}, The weighting func-
tions in this case are expressed as Dirac-delta functions centered at these collo-
cation points:

wo = BRd(x—x0),  wao=» B0 (x—x), (2.10)
m=1 m=1

Substituting these weighting functions into the weighted residual equation results
in a system of equations for the coefficients {a;} as

Aa=b, with: A=[R® B®'& b={f g, (2.11)

Once these coefficients are determined, the approximate solution to the boundary
value problem can be obtained using the trial solution.

2.6.2 Formulation of the Singular Boundary Method (SBM)

The Singular Boundary Method (SBM) is a boundary-type numerical approach de-
signed to handle boundary value problems (BVPs) involving partial differential equa-
tions (PDEs). Central to the SBM is the use of fundamental solutions ¢(r) as trial
functions, which inherently satisfy the governing equations. This solution is ex-
pressed as a function of the Euclidean distance r between a field point x and an
origin O

R($(r)) = —6(r), (2.12)

In the SBM framework, the approximate solution u(x) for a boundary value problem
with a homogeneous source term f = 0, can be represented as a linear combination
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of fundamental solutions ¢(x, sj) = ¢ (|| — sjl|2), centered at a set of source points
{s;} located on the physical boundary 02 :

- Z;’I—l aj¢ (Xa Sj)7 X € Q,
- - 2.13
! { ijl,jyém a;¢ (x,8;) + o, 87, x € 09, (2.13)

Where, J is the number of source points and «; are unknown coefficients. When
the collocation points {z,,} are positioned to coincide with the source points {s;},
the fundamental solutions exhibit singular behavior. To address these singularities,
the SBM introduces Origin Intensity Factors (OIFs), {7}, which act as regulariza-
tion parameters to eliminate the singularities effectively.

The primary challenge in SBM lies in determining the OIFs for the associated
source points. Over the past decade, several strategies have been developed to
compute these factors efficiently. These methods can be categorized into three main
approaches:

1. Inverse Interpolation Technique (IIT) [131, 132].
2. Subtracting and Adding-Back Technique (SABT) [134].
3. Integral Mean Value (IMV) Technique [135].

To illustrate these techniques, consider the Laplace equation defined within a
bounded, homogeneous, isotropic domain Q! :

Viu(x) = 0 for z € Q', (2.14)

The boundary conditions consist of Dirichlet conditions on I'p and Neumann
conditions on I'y, such that:

u(xr) =gp(xr) onlp,
6;2@ =gn(xz) onTy. (2.15)

where, n, is the outward unit normal vector at the collocation points on the
boundary Q' = I'p UT'y. The SBM approximate solution #; for the Laplace
problem can be expressed as:

ur(x) = S 23‘7:1 a0 (x,85), x€Q
Zjil,jim a]¢L (Xa S]) + Oém/67Ln17 X € 8917

+ am By, x € 09, (2.16)

Dty (z) _ XJ: 001 (x,s))
on, = On,
Jj=Lj#m

Here, the OIF's 6};1 and 5};2 are applied to regularize the Laplace fundamen-
tal solution ¢y, (x,s;) and its normal derivative d¢, (x,s;) /On,. By incorporating
these OIF's, the SBM maintains numerical stability and accuracy while avoiding the
computational challenges posed by singularities. This approach has been success-
fully applied to various boundary value problems, demonstrating its robustness and
versatility in handling PDEs with complex boundary conditions.
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Chapter 3

Problems Statement

Study of singularities in linear elasticity often draws upon fundamental problems
that reveal intricate mathematical behaviors and inform practical engineering so-
lutions. These singularities, while initially perceived as mathematical anomalies,
frequently correspond to critical physical phenomena that are essential for under-
standing failure mechanisms in materials and structures. Here, we introduce two
cases of singular stresses in the linear theory of elasticity, both of which challenge
conventional frameworks in classical elasticity theory while simultaneously offering
opportunities for methodological innovation and deeper insight.

As discussed in Section 4 of Chapter 1, the elimination of stress singularities is
often unattainable due to the inherent complexity and constraints of the governing
relations. Instead, singularities can be reinterpreted and analysed as intrinsic prop-
erties of the system, offering a pathway to extract meaningful insights into stress
behavior under extreme conditions. This reinterpretation allows us to move beyond
the limitations of classical analytical methods and to approach these singular behav-
iors with a perspective grounded in both theoretical rigor and practical relevance.
By employing this strategy, the present study aims to reinterpret and regenerate
solutions to the following problems;

The first problem examines the wedge geometry under a concentrated moment
at its vertex, exploring the stress field and its behavior at critical angles where clas-
sical solutions fail. The wedge problem is a foundational case in theory of elasticity
that has far-reaching applications in modern engineering fields such as fracture me-
chanics, composite materials, and structural design. Understanding the behavior of
singular stresses in a wedge can offer valuable insights into scenarios involving stress
concentrations near cracks, notches, and material interfaces.

The second problem investigates the influence of thermal expansion within a sec-
torial region of an infinite two dimensional elastic plate, focusing on the interplay
between material properties and thermal effects that lead to discontinuities in stress
and strain. Thermal stresses in elastic materials are critical to numerous engineering
applications, including aerospace structures, electronic devices, and composite mate-
rials. Understanding how thermal expansion induces stresses in specific regions of a
structure helps in predicting failure points and optimizing material design. In partic-
ular, the sectorial thermal stress problem serves as a fundamental case for analyzing
how localized thermal variations can cause stress discontinuities and potential failure
mechanisms. In real-world scenarios, thermal mismatches often arise in components
with regions exposed to differential heating, such as turbine blades, welded joints,
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or semiconductor devices. Accurate modeling of these thermal stresses is essential
for ensuring structural integrity, especially under extreme operating conditions.

Together, these problems provide a framework for understanding singularities not
merely as limitations of the model but as critical features that must be addressed
to develop robust and applicable solutions.

3.1 First problem: an elastic wedge under the ac-
tion of a concentrated moment at its vertex

The wedge problem emerged as a pivotal challenge in the early 20th century when en-
gineers and mathematicians sought to understand stress behavior in materials with
sharp geometrical features. Carothers [26] was the first to present a solution within
linear elasticity theory for an infinitely extending, homogeneous, and isotropic wedge
with a total opening angle of 2a, operating under generalized plane stress or plane
strain conditions. Independently, Inglis [136] later arrived at the same solution. As
depicted in Figure 3.1, the scenario involves applying a concentrated moment M
exclusively at the wedge’s vertex, while the remaining boundaries are free from any
traction.

A

Figure 3.1: The plane linear elasticity problem for an infinite wedge of opening angle
2a loaded at the vertex by forces equipollent to a concentrated couple of moment
M, with indication of the polar coordinate system.

In the polar coordinate system (r,6) illustrated in the same figure, the stress
components derived from Carothers’ solution can be represented as
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2M sin 20

0) = 1
ore(r,0) (sin 2ac — 2av cos 2ar)r?’ (3-1a)
0'99(7", 9) = 0, (31b)
M 2a0 — 20
oo 0) (cos2a — cos 20) (3.1¢)

(sin 2a0 — 2cv cos 2ar)r?”

Interestingly, Sternberg and Koiter [69] highlighted that as the angle a approaches
a critical value of a* ~ 0.7157, satisfying the condition sin 2a* — 2a* cos 2a* = 0,
the solution becomes untenable because the stress theoretically becomes infinite
throughout the entire structure. This unrealistic phenomenon is commonly referred
to as the wedge paradox.

The spurious behavior of Carothers’ solution at this critical angle has ignited a
prolonged debate that continues to this day. Numerous studies [22, 137, 138] have
been undertaken in an effort to develop alternative solutions.

In practical applications, a wedge subjected to a concentrated couple at its vertex
serves as a fundamental case study for a variety of engineering scenarios. This con-
figuration acts as a mathematical model applicable to numerous situations involving
cracks, anti-cracks, notches, bi-material interfaces, and re-entrant corners. In these
contexts, the initiation of failure is typically linked to the coefficient associated with
the singular component of the stress fields. Consequently, understanding these sin-
gularities is crucial not only from a theoretical standpoint but also for practical
engineering purposes.

In the current work, we do not introduce a new solution for a wedge experienc-
ing a nonzero tip couple at the critical angle. Instead, connecting to the concept
of singularity interpretation (Section 4 of Chapter 1), our focus is on analysing the
stress states that exhibit a singularity of order O(r—2). These stress states corre-
spond to the eigenfunctions that Leguillon [77] disregarded because, at the critical
angle, they were linked to tip actions with neither a resultant force nor a moment
resultant. Our approach eschews complex analytical methods in favour of an intu-
itive strategy that enhances the visualization of such stress states. Specifically, we
demonstrate that when a = o, the stress state cannot be represented by Equations
(3.1a)-(3.1c). This is because it involves the action of a system of dipoles with a
zero-moment resultant concentrated at the wedge’s vertex. We then propose a gen-
eralized framework that eliminates any spurious behavior and remains valid for all
opening angles a. Notably, Carothers’ solution is retrieved when o # o*.

To elucidate our findings, an auxiliary problem will be introduced (Section
1 of Chapter 5) according to that, an elastic wedge with a width of 2« (where
m/2 < a < ) is ideally partitioned into three subwedges, each subjected to con-
centrated couples. The compatibility conditions at the interfaces between these
sub-wedges determine the relationship between the applied couples and their mo-
ment resultants. Interestingly, at v = o* this relationship results in a zero-moment
resultant, even though the stress state remains nonzero. The derivation of these
compatibility conditions, expressed in terms of displacement, utilizes Cesao’s line
integral representation, following the methodology outlined by Fosdick and Royer-
Carfagni [139, 140], as detailed in the Appendix A. The generalized solution for
the wedge will be presented by utilizing an alternative derivation of the stress state
through the examination of nuclei of strain, as defined by Love [10]. This approach
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considers the influence of two double forces (dipoles) with moments. We confirm that
at the critical angle, the moment resultant of these dipoles is zero. This framework
not only resolves the wedge paradox but also provides a robust and adaptable solu-
tion that can be applied to a wide range of engineering problems involving singular
stress fields.

By extending the classical solutions and providing a generalized approach, this
study contributes to a deeper understanding of singularities in elastic fields and
offers practical tools for addressing these challenges in engineering applications.

3.2 Second problem: an elastic disk under secto-
rial uniform temperature rise

The problem under consideration involves an infinite, homogeneous, isotropic, lin-
ear elastic plate subjected to thermal effects. As shown in Figure 3.2, the plate is
modelled in either generalized plane stress or plane strain conditions and is exposed
to a uniform temperature increase, AT, within a sector of angle 25 (region ”I7),
contrasting with the remaining part of the plate (region ”11”). The material prop-
erties of interest include the thermal expansion coefficient as, Young’s modulus F,
elastic shear modulus p, Poisson’s ratio v, and Kolosov’s constant «, which equals
3 — 4v for plane strain and (3 — v)/(1 + v) for generalized plane stress.

Figure 3.2: Schematic representation of the elastic plate with a sectorial region
experiencing a uniform temperature rise of AT. The system uses polar coordinates
for analysis.

The main objective is to characterize the stress field induced by the thermal ex-
pansion of the heated sector. To this end, a polar coordinate system (r, #) is adopted,
where the heated sector is defined as —3 < 6 <  for » > 0. The stress components
o, 099 and o,, along with their corresponding strain components €,.,., g9 and c,9
are governed by two factors: elastic deformation (derived from Hooke’s law) and
thermal expansion.
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For generalized plane stress, the thermal strain is given by el = e}, = ay AT,
with ) = 0. The thermal expansion also causes a thickness variation, which could
create an out-of-plane mismatch at the interface between regions I and /. However,
under the assumption of an infinitesimal plate thickness, this effect is neglected. In
contrast, for plane strain, the out-ofplane deformation is constrained, resulting in
thermal strains of ¢ = ]y = (1 + v)ay AT and €, = 0. To unify both cases, an
effective coefficient of thermal expansion « is introduced: o = «j; for generalized
plane stress and o = (1 + v)ay, for plane strain.

This problem, with the above-mentioned conditions, governed by the principles
of plane linear elasticity, can be expressed using the Airy stress function ¢, which
satisfies the biharmonic equation. Then, the stress components are related to ¢ by:

109 10%
o= ar o (3.22)
32
0gp — a—rf, (32b)
10 1 0%
=290 7 oroe (8.2¢)

Since the thermal strain is discontinuous, two Airy stress functions should be
defined for regions I and I1. However, within each region, since the thermal strain
is constant, the stress function shall satisfy the biharmonic equation

19 (0 1 9%7?
AAg = {;E (TE) +ﬁ%} ¢=0 (3:3)

Given the lack of an intrinsic length scale in this infinite geometry, the stress
field becomes independent of r, leading to spurious behaviours. On the other hand,
the thermal variation is applied on an infinite sector which, if not constrained,
would imply an infinite displacement for r — oo. To address this, the problem
is approached as the limit of a sequence of subproblems, progressively reducing
the thermal mismatch between the heated and unheated regions. While a finite
solution exists for the special case f = 7/2, the general case yields a divergent limit.
Nevertheless, this approach provides insights into approximate solutions for finite
geometries, such as a circular disk, where the radius introduces a natural length
scale and allows for r-dependent solutions.

In the theory of elasticity, a length scale is a characteristic dimension that defines
the size or extent of a system or structure under analysis. This concept helps to
contextualize and constrain theoretical models, making them applicable to real-
world scenarios. In practical terms, the length scale might be defined by:

The radius of a circular plate or disk.

The thickness of a thin sheet or beam.

The distance between supports in structural elements.

The crack length in fracture mechanics problems.
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In infinite or unbounded geometries, the absence of a finite length scale often
leads to unbounded displacements or singularities (e.g., stress fields that tend toward
infinity). Introducing a finite length scale [141, 142] imposes boundary constraints,
which ensure that solutions remain bounded and physically realistic.

In thermoelasticity, where thermal effects induce stresses and deformations in
elastic materials, the concept of length scale plays a crucial role. Some key applica-
tions include:

e Thermal stress analysis:

In structural elements such as plates, disks, or beams, a finite length scale limits
how much the material can expand or contract due to thermal effects. This con-
straint helps avoid infinite or unrealistic thermal displacements. As an example, in
composite structures, different materials may have different thermal expansion coef-
ficients. The interface length scale influences how thermal stresses develop and how
mismatches between the materials are managed. Another example in engineering
fields can be "Turbine Blades” where, the length scale of a turbine blade dictates
how it handles rapid heating and cooling cycles in jet engines. Also in welded Joints
that the dimensions of the weld and surrounding material influence how thermal
stresses are distributed during cooling. In a similar scenario, when a structure ex-
periences localized heating (e.g., a sector of a plate), the finite boundaries influence
how thermal stresses are distributed. The length scale determines the extent to
which thermal mismatches between heated and unheated regions affect the overall
stress field.

e Fracture and failure analysis:

In fracture mechanics, the length scale associated with a crack tip or a defect
helps predict how thermal stresses will influence crack propagation. Finite geome-
tries ensure that stress intensity factors remain meaningful.

e Material behavior in small structures:

In micro-electro-mechanics and nano-technology, components often have extremely
small length scales. Thermal effects at these scales are significant, and the finite di-
mensions constrain how materials respond to thermal loads.

The subsequent discussion underscores the delicate balance between mathemat-
ical rigor and practical engineering relevance, emphasizing the importance of ex-
tracting actionable insights from theoretical models. While precise mathematical
solutions provide a robust framework for understanding the problem, they often
involve complexities that may obscure their practical implications. This interplay
between precision and applicability opens avenues for extending the derived solu-
tions to a broader range of engineering scenarios, including finite and non-ideal
geometries.

To bridge the gap between theory and application, it is beneficial to first analyze
the qualitative aspects of the problem. By employing dimensional analysis, we
can uncover fundamental relationships and scaling laws that govern the systems’
behavior. This approach not only simplifies the interpretation of the results but also
offers a pathway to identify critical parameters influencing the thermal stress field.
Consequently, this preliminary investigation lays a foundation for understanding the
core physical principles before moving to the precise mathematical formulations that
capture the finer details of the problem.
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Chapter 4

Considerations From Dimensional
Analysis

The core concept behind dimensional analysis is remarkably straightforward: phys-
ical laws remain unaffected by the arbitrary selection of measurement units. From
this foundational idea, a key conclusion arises through a simple reasoning process:
the mathematical expressions describing physical laws must exhibit a fundamental
property known as generalized homogeneity or symmetry. This property simplifies
complex mathematical expressions by reducing the number of variables involved,
thereby facilitating their derivation-whether through calculation or experimenta-
tion. This principle encapsulates the essence of dimensional analysis. Despite its
simplicity, the method has led to profound scientific discoveries that have trans-
formed entire fields. The tools required to apply dimensional analysis are accessible
and straightforward, as evidenced by its application by luminaries such as Newton,
Fourier, Maxwell, and Rayleigh [143].

4.1 Correlation with self-similarity

Scaling, or power-law relationships, finds widespread application in science and en-
gineering. A basic example is the scaling law for velocity distribution u near a wall
in turbulent shear flow, expressed as u = Ay"™, where y is the distance from the wall,
and A and n are constants.

Although often viewed as mere approximations of experimental data, scaling laws
hold deeper significance: they reflect the self-similarity inherent in the phenomena
under study. Self-similar systems replicate their structure across time and space.
This concept first emerged in mathematical physics, notably in Fourier’s work on
heat conduction [143]. Fourier introduced the ”source-type” solution as

A T 2
Oz, t)=—f | — ), — e ¢/4, 4.1
@ =2t (%), 1@ (4.1
where, A is a constant, for the heat conduction equation of
00 920
- 7 4.2
ot 0x?’ (42)

As problems and their mathematical models grew increasingly complex-often in-
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volving nonlinearity-finding self-similar solutions became a significant achievement,
particularly before the advent of computational methods. These solutions simplified
analysis by reducing partial differential equations to ordinary differential equations.
In self-similar coordinates, such as x/v/t, phenomena appear time-independent, pro-
viding insights into stabilization processes. For many problems, selfsimilar solutions
were crucial to understanding qualitative behavior.

Dimensional analysis plays a critical role in determining the exponents in self-
similar variables, as seen in the heat conduction example. However, finding these
exponents is not always straightforward. Barenblatt and Sivashinsky [144, 145] in-
vestigated cases where a parameter intrinsic to the problem’s formulation influenced
the results. For a specific value of this parameter, classical self-similar solutions
emerged, with exponents deduced from dimensional considerations. In contrast, for
other parameter values, ”anomalous dimensions” arose as continuous functions of
the parameter, determined through solving a nonlinear eigenvalue problem. These
findings clarified the distinction between two types of self-similar solutions.

Self-similar solutions generally represent ”intermediate asymptotics”, valid when
the influence of initial and boundary conditions has faded, but the system remains far
from equilibrium. The complexity in determining exponents stems from the nature
of these asymptotics. If the asymptotics approach a finite limit, self-similarity
of the first kind occurs. When no finite limit exists, but the asymptotics follow
a power-law scaling influenced by pre-self-similar behavior, self-similarity of the
second kind arises.

This discussion draws extensively from Barenblatt’s seminal work, including his
analysis of equilibrium on an elastic wedge under a concentrated tip couple, as
outlined in Section 1 of Chapter 9 in [143]. Using Barenblatt’s approach, two singular
problems, previously introduced in chapter 3 of the study at hand are investigated.

4.2 First problem: elastic wedge

y
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Figure 4.1: An infinite elastic wedge subjected to a concentrated couple at the tip.
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This section examines an infinite elastic wedge with an opening angle of 2«, sub-
jected to a concentrated moment M at its apex, as illustrated in Figure 4.1. The
elastic field in this setup is characterized by a stress function, v, which depends
on the parameters M, r, 6, and a. These variables have the following dimensional
attributes: M corresponds to force (F'), r to length (L), while # and « are dimen-
sionless. It is noteworthy that in plane elasticity, the moment of a couple shares
the same dimension as force because the problem is inherently two-dimensional,
implying force per unit thickness.

The components of stress in this system are expressed using the Airy stress
function, 1, as follows:

- %g—f leg%f, (4.30)
T = ?qu, (4.3b)
The equilibrium equations governing the plane strain state are:
% (o) + %% (0ve) + % (o0 —079) =0, (4.4a)
% (0ve) + %% (066) + % (0r9) = 0. (4.4b)

From these equations, the stress function v is inferred to have the dimension of force.
Subsequently, using dimensional analysis, a specific relationship is established:

While the stress function is independent of r, substituting the relations (4.3) into
equilibrium equations of (4.4), results the biharmonic equation

10 (0 1 927°
A% = [;a (a_) +_W} =0 0

Then, replacing (4.5) into (4.6) yields to the following equation for ¢
o +4¢" =0, (4.7)

To solve this differential equation specific boundary conditions should be satisfied.
These include ensuring that the faces of the wedge are traction-free:

090 (T’, :|:O[) = 0Org <T7 :|:Oé> = Oa (48)
Also, from (4.3) and (4.5) one can obtain

¢
@l(kia) =0, (4.9)
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Previously, in Section 1 of Chapter 3, the stress state associated with this problem
was described using Equations (3.1a)-(3.1c). It is now essential to elaborate on the
process that led to the adoption of the Airy stress function (4.10). This procedure
as mentioned in [26, 136] includes the following three steps:

e Firstly, a circular cut of arbitrary radius is made.
e Secondly, the total moment of the stresses acting on this cut is calculated.

e Finally, the result is equated to M, ensuring equilibrium state of the removed
part of the wedge that leads to

M (26 cos 2ac — sin 2)
2(sin 20 — 2cr cos 2ar)’

¢ = (4.10)

In Section 1 of Chapter 3, the anomalous behavior of the stress state derived from
Equation (4.10) was previously examined. Specifically, when the wedge’s opening
angle is « = o = 0.715m, the stress state diverges to infinity. Connecting to the
concept of self-similar behaviour of second type, this raises an important question:
Can the self-similar solution of the idealized problem described by Equation (4.10)
serve as an asymptotic representation of a non-self-similar solution for a more real-
istic, non-idealized problem? In other words, does this solution hold any intrinsic
physical significance?

Sternberg and Koiter [69] addressed the limitations of the idealized model by
studying a non-self-similar scenario. Here, a distributed normal load is applied over
finite segments of the wedge’s lateral faces, as shown in Figure 4.2. This loading is
statically equivalent to a couple producing moment M, while the tangential stress
remains zero along the wedge flanks.

y
A
r p(r) 6,
: o, \
(04
C..
Iy
. \
ie £
M
r o
p(r)
B

Figure 4.2: non-idealized problem of a wedge under the action of a moment M at
the tip [26].
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For this configuration, the boundary conditions are expressed as:

oeg(r, ) = —0gg(r, —ax) = p(r),
or0(r,a) =o(r,—a) =0 (0 <r < o). (4.11)

Wherein, p(r) vanishes outside the loaded segments r > ry and satisfies the following

/0 " o)dr =0, /O " o )rdr = % (4.12)

Additionally, the uniqueness of solution must be guaranteed by imposing the bound-
edness of the resultant force on any radial cut through the wedge

/ oag(r,0)dr < oo, / org(r,0)dr < oo, (4.13)
0 0

Taking into consideration the above-mentioned conditions and utilizing the and
Mellin transformation [146] to the biharmonic equation (4.6), Sternberg and Koiter
[69] obtained the stress state for the non-idealized problem through solving the
transformed ordinary differential equation. Depend on the governing parameter «,
their findings reveal three distinct solutions for; 0 < a < a* which is the same as
Equation (3.1), @ = a* and o* < «.

Connecting to Sternberg’s solution for the non-self-similar problem, Barenblatt
[143], investigated the same problem using dimensional analysis. Considering the
effect of the ry on the stress state, the stress function v is modified to account for
it. So, it can be expressed first by introducing the distributed load in the form:

o) = 5av (2 ). (114)

Utilizing p(r), one can realize that the stress function 1, will be governed by the
parameters listed in Table 4.1.

Parameter | Description Dimension
M moment F
ro,T radius L
0, angle 1
%) distribution function | 1

Table 4.1: governing quantities of stress function v for the non-idealized problem in
Figure 4.2.

Consequently, implementing the standard procedure of dimensional analysis yields

U= M (i, 6, a> , (4.15)
To
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It should be noted that the derivation of equation (4.5) relied on the implicit as-
sumption that r/rg, is extremely large at considerable distances from the wedge tip.
As a result, the length rg, which corresponds to the segment of the wedge’s lateral
surface where the load is applied, becomes a negligible factor.

Barenblatt’s findings demonstrated that the assumption is valid only within the
range 0 < a < a*. For a > «, the parameter ry retains its importance, irrespective
of how far one moves from the wedge tip. Despite this, the stress function and all
stress tensor components display self-similar behavior. This self-similarity, is of the
second kind so cannot be addressed via dimensional analysis.

In other words, for a* < a < 7, when the loaded area shrunk to zero, in order
to preserving the effect of the distributed load equal to M, though the solution
shows an asymptotic behavior but in a more complicated way, this behavior is in
correlation with a more complex fractional power moment of the acting load on
the wedge’s flanks, not the ordinary one given by Equation (4.12). Regarding that,
Barenblatt [143] suggested a more general form of stress function like

=M <@>A 0,(0,0), (4.16)

r

Inserting (4.16) into (4.6) results

O+ [N+ (A +2)°] @ + V(A +2)°01 =0, (4.17)

Finally, it is shown that the characteristic equation of Equation (4.17), for both
ranges of 0 < o < a*, and o < «a < 7, has the real roots (A). So, the exponent to
which the radius appears in the moment depends on the opening angle of the wedge
«, and is determined by solving the eigenvalue problem for the linear Equation
of (4.17) under the conditions that the solution and its derivative vanish at the
endpoints of the interval.

In conclusion to this part, it is noteworthy to emphasize on the key role of dimen-
sional analysis in study of wedge problem. The analysis highlights the significance
of the wedge angle @ in determining the solution’s behaviour. For a < o, dimen-
sional analysis suffices, yielding a self-similar solution of the first kind (3.1a)-(3.1c)
based on the prescribed moment of forces (4.12). However, for v > o* dimensional
arguments fail because ry cannot be excluded from the governing parameters. In
this case, a selfsimilar solution of the second kind emerges, determined only up to
a constant, which is resolved by matching with a non-self-similar solution and ex-
pressed in terms of a fractional moment. For the critical angle a = o*, dimensional
considerations and similarity arguments break down entirely, as no simplification of
the solution is possible, regardless of the scale of the loading region.

4.3 Second problem: elastic disk
Building upon the second problem outlined in Section 2 of Chapter 3, the Airy stress
function ¢ depends on parameters: r, 0, 8, AT, « (the effective coefficient of thermal

expansion), and a material elasticity parameter £, which characterizes the elasticity
of the material and shares the dimensionality of an elastic modulus. To analyze the
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problem systematically using dimensional analysis, the governing parameters and
their dimensions are introduced as in Table 4.2.

Parameter | Description Dimension
F force F

[0) stress function F

& elasticity factor FL2

r radius L

0,5 angle 1

a thermal expansion coefficient | 61

AT temperature change 0

Table 4.2: governing quantities of stress function v for the problem introduced in
Figure 3.2.

Using standard dimensional analysis, we obtain the following non-dimensional form
of the Airy stress function:

O WAT®(,8), (4.18)

er?

This form reflects the linear dependence of the stress state on AT, a consequence of
the linearity of the governing equations. Defining & = 0®/06, substituting (4.18)
into the biharmonic equation (3.3) yields:

dV 449" =0, (4.19)

This differential equation governs the behavior of the stress function in both regions
717 and 711”7 (as depicted in Figure 3.2). While the stress field remains continuous
across these regions, the interface at § = £+, may exhibit discontinuities in other
quantities due to differences in thermal expansion. Thus, two distinct Airy stress
functions, ¢’ and ¢!, are introduced, each of the form:

o' = aATEr [C] + C30 + CF cos(20) + Cf sin(26)] , (4.20a)
o' = aATEX [CIT + C'0 + C4' cos(20) + C{' sin(26)] . (4.20b)

Here, C! and C!1,i = 1...4 are coefficients dependent on the sector angle 3. Using
(3.2), the stress components in region S (S = I or S = II) can be expressed as:

ob = 2aATE [C] + C36 — Cj cos(260) — CF sin(20)] , (4.21a)
oy = 2aATE [CF + C50 + Cj cos(26) + CF sin(26)] (4.21D)
ofy = —aATE [Cy — 2C3 sin(20) + 2C7 cos(20)] . (4.21¢)

Continuity of the displacement field and of the stress vector on interface surfaces
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0 = 4+ need to be added. These provide a liner system of 8 equations in the
unknown 8 parameters C2 i =1...4,S =1, II.

To ensure physical continuity across the interface at 6 = +43, additional boundary
conditions must be satisfied. These include:

4.3.1 Continuity of circumferential stress

Oholo—s = o4glo—s = (C{ — C{7)

(4.22a)
+(Cy =GB+ (C5 — C5') cos(28) + (Cf — Cy')sin(28) = 0,
agolo=—6 = ogglo=—p = (C{ — C{")
(4.22b)
—(Cy = C3")B +(C5 — C5") cos(28) — (Cf — Cy') sin(28) = 0.
4.3.2 Continuity of shear stress:
0glo=s = 075lo=5
(4.23a)
= (C3 — C3") = 2(C5 — C5")sin(28) + 2(Cy — Cf) cos(26) = 0,
0rolo=—p = orlo=—s
(4.23b)

= (CI — oIy +2(Cf — i) sin(28) + 2(CF — C1) cos(28) = 0.

Note that the calculations can be streamlined by exploiting symmetry: the shear
stress vanishes at § = 0 and # = 7, which directly yields, from (4.21)

ollog—o=0 = CI +2C] =0, (4.24a)

ol =0 =Ci +2C =0. (4.24b)

4.3.3 Interface conditions

The continuity of displacement at # = £ can be determined using the methodology
outlined in [147], and exactly presented in the Appendix A, which employs Cesaro’s
line integral representation as discussed in [139, 140]. Noting that the shear stress
0.9, and the corresponding shear strain €,y remain continuous at the interface and
are independent of r, the conditions for the radial and circumferential displacements,
u, and ug, can be expressed as follows:

Uplo=is = Uy |o=ts = &7plo=sp = €77 lo=ss, (4.25a)
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From the continuity conditions for the shear stress in (4.23), we derive the following
relationship:

(C5 — C37) sin(28) = 0, (4.26)

For cases where 3 # 7/2, this implies:

Ci =it (4.27)

Using this result in conjunction with the conditions in (4.23) and (4.24), it can be
shown that:

Ci=c}, and Ol =0, (4.28)

Substituting these into (4.22) reveals that:

cl=cl, (4.29)

Thus, the coefficients determining the stress components are identical in regions
"I” and "11.” Furthermore, condition (4.25b) is naturally satisfied. However, this
conclusion is incompatible with condition (4.25a). Specifically, for generalized plane
stress (with analogous behavior for plane strain), a discontinuity in the radial stress
arises at the interface, expressed as:

ol —al], ., = EaAT, (4.30)

T rrle=4+8

In conclusion to this part, dimensional analysis suggests that the stress com-
ponents are a function of 6 alone, due to the absence of a natural length scale in
this infinite geometry. However, this lack of dependence on 7, leads to unrealistic
physical outcomes, such as the discontinuity in radial stress described in (4.30). To
address these inconsistencies, a length scale must be introduced into the problem.
For example, the radius of a finite disk could serve as a characteristic length, allow-
ing for stress solutions that vary with r. This adjustment ensures a more physically
accurate representation of the stress field.

In chapter 6, the problem is reformulated through a sequence of subproblems,
where the thermal mismatch at the interface is gradually reconciled. This iterative
approach ultimately provides a consistent and physically meaningful solution.
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Chapter 5

Analytical Solution to The First
Problem

5.1 Generalized solution of the wedge (Carothers’)
problem

Figure 5.1 depicts an infinite two-dimensional wedge with a total opening angle 2«
where m < 2a < 2m. The system is subjected to actions equivalent to a concentrated
couple with a resultant moment M, applied at its vertex. The boundaries of the
wedge, denoted by OA and OB, are assumed to be traction-free. For the analysis,
first consider the case where a@ # «*. From Equation (3.1c), the tangential stress
component o,y can be expressed as:

M (cos 2ae — cos 26)

(1, 0) = —
oro(r,0) (sin 2a0 — 2cv cos 2a)r?

=0 = cos20 = cos2a, (5.1)

This condition is satisfied when cos26 = cos2a. This implies that § = +a and
0 = +(m — «). The lines § = +a, correspond to the traction-free surfaces of the
wedge, while § = £(7 — a) are identified as complementary lines OC and OD, as
shown in Figure 5.1. These lines remain traction-free, as verified by equation (3.1b),
where ogg(r,0) = 0 at every point.

0r9=0pg 0

o

Figure 5.1: A wedge with opening angle of 7 < 2a < 2w, under the action of a
concentrated couple M at its tip.

57



The above observations suggest that an alternative approach to solving this
problem involves partitioning the original wedge (Figure 5.1), into three sub-wedges.
These sub-wedges are defined by the traction-free boundaries of the original system.
This division is illustrated in Figure 5.2. In this configuration, the wedge is split
into:

1. Central Wedge (I): This wedge has a width of 25, with § = 7 — a. A
concentrated moment M; is applied at its tip.

2. Side Wedges (I1): These two wedges have opening angles of 7 — 25 and both
are subjected to moment M, applied at their respective vertices.

/2B -l w/2-p

0]

——

B

w2 p -= 2 B

Figure 5.2: Ideal splitting of the body into three sub-wedges, defined by the traction-
free lines for original wedge problem of width 2«, with 7/2 < o < 7 and f =7 — .

To reconcile the solution for the sub-wedges with the original wedge problem, it is
essential to determine the values of M; and M,. These values ensure that the three
sub-wedges can be "welded” back together seamlessly, maintaining compatibility
and continuity of displacements and tractions across the boundaries. Specifically,
the following conditions must be satisfied:

1. Traction Continuity: The stresses along the interfaces OC with OC’” and OD
with OD’ must match.

2. Displacement Compatibility: The displacements along these boundaries must
also be continuous.

Additionally, the total moment M of the original wedge must equal the combined
moments applied to the sub-wedges, such that; M = M; — 2Ms.
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The stress state for each part is provided by (3.1a)-(3.1c). With the notation of
Figure 5.1, on wedge I, for —3 < 6; <  one has

2 M, sin 26
W (p g, — ! ! 2
o (1 61) (sin28 — 2B cos 203)r?’ (5:2)
o35 (r,601) =0, (5.2b)
M 28 — 26
oty (r.01) = 1(c0s2f — cos 26;) (5.2¢)

(sin28 — 2B cos 20)r?

In case of the wedges 11, for 5 — 7/2 < 6, < w/2 — 3, substitution of « = 7/2 — 3
into (3.1a)-(3.1c) provides

(2) _ 2M2 sin 202
o (102 = e B —28) cos(n — 28] % (5.32)
o2 (r.0,) =0, (5.3b)
0%) (r.0) — — M, (cos(m — 283) — cos 203) (5.30)

[sin(m — 28) — (7 — 28) cos(m — 28)] 2"

Clearly, since 0 < 8 < m, these stress representations are consistent and valid.

5.1.1 Traction continuity

Traction continuity along the inclined boundaries is inherently satisfied. Specifically,
from Equations (5.2) and (5.3), the following conditions hold:

oty (r,£8) = 0 (r, F (/2 - B))

0, (5.4a)
aye (r,£8) = o5 (r, F (/2 — 8)) = 0.

(5.4b)

5.1.2 Displacement compatibility

To ensure a seamless transition between the sub-wedges, displacement compatibility
must also be maintained along the interfaces OC' with OC" and OD with OD’. Using
Hooke’s law, the strain field can be expressed in terms of the stress field, allowing
compatibility conditions to be derived. These conditions were extensively analyzed
by Fosdick and Royer-Carfagni [139, 140], such as those relying on Cesaro’s integral
representation, as proposed in [148|. The details of this method, along with the
required expressions in polar coordinates, are available in the Appendix A.

As illustrated in Figure 5.3, two radial paths converge on the lines, OC and OC’
(and similarly on OD and OD’) ). Along these paths, the strain field components

for the respective sub-wedges I and I can be denoted as 5531) (r,01) and sg) (r,09)
wherein i, j = r, 6. By analyzing these components, displacement continuity at the
interfaces can be guaranteed.

The displacement field components for each sub-wedge, both radial (v,) and
tangential (vp), are derived in Appendix A, Equations (A.5) and (A.8), respec-
tively. Since the stress component gy is zero, the radial strain e, is simplified as
€ = 00 /E', where E is the Young’s modulus. Depending on the problem type, F
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can be modified for generalized plane stress as £/ = F or ' = E/ (1 — v?) for plane
strain conditions. Here, v represents the Poisson’s ratio of the material.
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Figure 5.3: The two radial paths for Cesaro’s integral representation, tending to the
common lines OC and OC' , on wedges I and I, respectively.

These considerations lead to the following continuity conditions at the interfaces:

oW (r,57) = 0@ (r, —(x/2 - B)*), (5.52)
B, 87) = 0y (r,—(m/2 = B)*) . (5.5b)

g

Taking into account the expressions (5.2a)-(5.2c) and (5.3a)-(5.3c), from (5.5a) one
obtains the condition

2M, sin 23 B 2M, sin(28 — )
(sin28 — 2Bcos2B8)r2  [sin(r — 28) — (7 — 28) cos(m — 23)]r2

(5.6)

This relationship establishes the following formula linking the moments M; and Ms:

mcos 2[3
sin2f3 — 2B cos23|

My = M |1+ (5.7)

The same result will be obtained from (5.5b). Then, the total moment at the tip of
the three subwedges is represented as:

sin2f + 2(m — ) cos 2/

M= M, —2My, =M
! 2 ! 23 cos2f —sin 2/

(5.8)
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It is particularly insightful to evaluate this expression at § = §* = m — a*, where
o ~ 0.7157, denotes the critical angle for the wedge problem, as previously de-
tailed in Section 1 of Chapter 3. This critical angle satisfies the condition sin 2a* —
20" cos2a* = 0. At this specific value of 3, the configuration obtained by join-
ing the three sub-wedges seamlessly mirrors the original setup associated with the
wedge paradox. What is particularly noteworthy is that at 5 = §*, the relationship
between M7 and Ms, as defined by Equation (5.7), remains entirely coherent. Impor-
tantly, none of the stress component expressions, as given in Equations (5.2a)-(5.2c)
and (5.3a)-(5.3¢c), exhibit any unbounded growth, ensuring a physically meaningful
solution.

It is crucial to emphasize, however, that at 5 = §*, the resultant moment M
of the applied couples reduces to zero, as demonstrated by Equation (5.8). This
implies that the following relationship holds: M; = 2M,. This critical observation
underlines the significance of the auxiliary problem, as it elegantly resolves the
singularity issues while maintaining consistency with the physical constraints of the
original wedge problem.

Using Equation (5.7), the stress component expressions from Equations (5.2a)-
(5.2¢) and (5.3a)-(5.3¢) can be combined into a single, more compact form. Setting
g =m— a6, = 0 in Equations (5.2a)-(5.2c), and #2 = 6 — /2 in Equations
( ) (5. 30) we obtain a unified representation of the stress field that is valid for

<0<
2Mj sin 26
rr 79 = . 5.9
o (1, 6) (—sin2a + 2(a — ) cos 2a) 12 (5.92)
0'99(7’, 9) = 0, (59b)
M 200 — 20
0rg(r,0) = 1(cos 2a - cos 20) (5.9¢)

(—sin2a + 2(a — ) cos 2a) 2

These expressions are valid for 7/2 < a < m, and here M; represents the couple
applied to sub-wedge I, as per the configuration in Figure 5.2. This formulation
demonstrates that, regardless of the opening angle «a, the stress state is both well-
defined and free of nonphysical behavior.

We conclude that analyzing the wedge problem with a width of 2«, where 7/2 <
a < 7, through the auxiliary formulation involving three sub-wedges (as depicted
in Figure 5.2), reveals no anomalous behavior, irrespective of the angle o. The
stress state is consistently described by Equations (5.2a)-(5.2¢) and (5.3a)-(5.3c),
with the conditions for M; and M, established by Equation (5.7) or, equivalently,
(5.9a)-(5.9¢c). However, it is critical to highlight that at the specific angle a*, the
tip couple diminishes to zero, yet the stress state remains finite and nonzero. This
scenario, as elaborated in Section 2 of the present chapter, corresponds to a wedge
loaded by two concentrated dipoles without a resultant moment, located precisely
at the tip.

Furthermore, the stress distribution derived from Equations (5.9a)-(5.9¢) aligns
with eigenfunctions of Airy’s stress function of the form W¥(r, 0, a) = ®(6, o), which
exhibit a singularity of order (r)~2. dependence. As discussed in [90], this three-
wedge configuration offers an intuitive and smooth representation of the stress field
as a function of the opening angle o, with no anomalous behavior observed at o = «o*.
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In contrast, Carothers’ solution, given by Equations (3.1a)-(3.1¢c), is problematic at
the critical angle since M = 0, thereby leading to the well-known wedge paradox.
The presented approach effectively resolves this issue by addressing the wedge with
a critical angle subjected to a nonzero tip couple.

However, alternative solutions, such as those introduced by Sternberg and Koi-
ter [69], must be considered to accommodate non-quadratic stress singularities. It
should also be noted that the uniqueness of the solution and the convergence of the
energy integral are not addressed here. For instance, if a truncated wedge bounded
by an arc of radius ry is considered, various distributed traction systems along the
arc could satisfy equilibrium with zero resultant force and a moment different from
zero. As ro — 0, these configurations may lead to distinct stress states. Our pri-
mary aim has been to propose a physically meaningful representation for those stress
states associated with eigenfunctions exhibiting quadratic singularities at the wedge
tip.

Finally, we observe that the proposed solution relies on an ideal separation of
the wedge (Figure 5.1) into three sub-wedges (Figure 5.2), a strategy inspired by
the form of Carothers’ solution [26], particularly condition (5.1). It is natural to
question whether other configurations could exist by altering the orientation of the
separation line, defined by the angle 3. To explore this, let 5 represent an arbitrary
angle within 0 < § < 7/2, as illustrated in Figure 5.4a. The revised separation,
shown in Figure 5.4b, assumes wedge I has a width of 23, while wedges I have
an opening angle of &« — . The analysis proceeds with similar arguments to those
discussed earlier.

Figure 5.4: Alternative ideal splitting of the wedge of width 2a loaded by a tip
couple M. (a) Arbitrary angle 0 < 8 < /2 for the cutting line. (b) The auxiliary
problem where the wedge I of opening angle 25 is loaded by the tip couple M; and
the two wedges 11, of width a — ( are loaded by Ms.

The stress components in wedge I are still defined by Equations (5.2a)-(5.2c).
In wedges 11, the stress components are analogous to Equations (5.3a)-(5.3¢), with
(m — 2p) replaced by (a — ). Continuity of traction along the inclined lines is
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inherently satisfied due to the symmetry of the problem. Compatibility conditions
for displacements, derived using Cesaro’s integral representation for radial lines OC'
and OC’ (similarly for OD and OD’ ) approaching the boundaries of the wedges,
are met provided:

oW(r,37) = 0O(r,~(a/2 - B/2)"), (5.10a)

O\ (1, B7) = 02 (r,—(a/2 — B/2)"). (5.10b)

From these, one respectively obtains

M, sin 2f3 _ M, sin(f — «)
sin28 —28cos23  sin(a— ) — (o — B) cos(a — )’ (5.11a)
M cos 23 B M; cos(f — «)
sin26 —28cos23  sin(a—B) — (o — B) cos(a — 3)’ (5.11b)
These equations are satisfied if
cos(25) sin(f — o) =sin 26 cos(f — ), = sin(f+a)=0. (5.12a)

Taking into account that, for the problem at hand, 0 < f < 7/2 and 7/2 < o < ,
with o — 8 < 7, this condition yields

Btra=rm. (5.12b)

Consequently, 8 = m — «, bringing us back to the original three-wedge configuration
depicted in Figure 5.2. This result confirms that the only viable splitting of the
original wedge problem into three sub-wedges is as shown in Figure 5.2. This out-
come reinforces the validity of the proposed generalized solution for a wedge under
a tip couple, as provided by Equations (5.2a)-(5.2¢), (5.3a)-(5.3¢c), (5.7), and (5.8),
or equivalently, Equations (5.9a)-(5.9¢).

5.2 Stress state derived from nuclei of strain

In this section, we introduce an alternative derivation of the generalized solution for
the wedge problem, initially proposed in previous section. This method examines
potential singularities of varying intensities within linear elastic materials, which are
referred to as "nuclei of strain” by Love [10].

For an infinite, isotropic, three-dimensional linear elastic solid, Kelvin’s funda-
mental solution [32] describes the singular displacement field resulting from a point
force. Love [10] explored stress states in certain plane strain scenarios where stresses
exhibit singularities at specific points, either within cavities, along boundaries, or
outside the body. We refer to Love’s analysis in [10], Section 152, for examining
solutions of plane strain equations that include such singularities.
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5.2.1 Stress state due to a single force

Equation (5.13) defines the stress state due to a single force of magnitude 27 A,
applied at the origin of an infinite plane elastic body and acting in —x direction. It
is expressed in Cartesian coordinates (z,y) by setting r? = 22 + ¢

2
x y
Opz = Aﬁ {(n +7) — nT—Q} , (5.13a)
2
z Y
Oy = A3 (—'y + n;) , (5.13D)
2
Yy T
Opy = Aﬁ (’y + nﬁ) , (5.13c)

with n = 2(A + p)/(A+2u),v = pu/(A+ 2u), being A and p the Lamé’s constants.

5.2.2 Stress state due to a double-forces with moment

Figure 5.5 , depicts the concept of nuclei of strain within an infinite elastic plane.
Assume that, along with the single force acting at the origin, a counterforce of
equal magnitude 2w A but in the positive direction of = acts at (0, h), as indicated
in Figure 5.5. By allowing parameter A to approach infinity and the distance h to
shrink to zero, while ensuring the product Ah remains finite, one derives stress state
corresponding to a double-force with moment, act along the z-axis as

o [z y?
0 [z y?
0 [y x?
Opy = Aha—y {ﬁ (’y + ?77’_2)1 ; (5.14c)
y

Figure 5.5: Nuclei of strain in an infinite plane body. In the limit (A, B) — 400
and h — 0 while Ah and Bh remain constant and finite, one obtains two double
forces with moment, respectively acting in the direction of the x and the y axis.

64



5.2.3 Stress state due to two double forces with moment

Consider now another nuclei of strain, derived from double forces of magnitude 27 B
acting in the direction of the y axis, also represented in Figure 5.5. The stress state
for the fundamental problem of the force acting at the origin, can be obtained from
earlier solution by substituting B for A and interchanging = and y. Taking again
the limit for B — 400, h — 0 such that Bh remains finite, one obtains

0 [y 22
0 (v x?
ow =By { % [+ ) -5 | (5.15h)
o0 [x y?

Let us define Ty := 2nAh and Tg =: 27 Bh. By superimposing the stress states
described by Equations (5.14a)-(5.14c) and (5.15a)-(5.15¢), we obtain:

Ty y? 2]

Oso = —53Ta |— @n+7)+ 205 | +Tp |(n+7) — 20> | ¢, (5.16a)
mr T L
Ty y? a? ]

oy =3 Ta |(1+7) =205 | + T = (20 +9) + 205 | ¢ (5.16b)
1 2 ZE2 2\ T

i " " /. (5.16¢)

1,2 y2 ZL'2
+TB {’}/ <1_2T_2) +T]T—2 <1—4§):|}

This state of stress corresponds to the limit of the full load condition represented in
Figure 5.5, and characterized in [10] as two double forces with moment.

The state of stress given by (5.16a)-(5.16¢) can be expressed in the polar coordinate
system indicated in Figure 5.5, in the form

Ty+T
(1, 0) = _n(Ta+Ts) in 26, (5.17a)
272
0'99(7’, 6) = 0, (517b)
T](TA —|—TB) Q(TA —TB)
wo(r,0) = —————= 20+ ———=% 5.17
ag(r,0) o cos 26 + 7 (Ta T Tp) (5.17¢)

Equations (5.17a)-(5.17¢) describe the stress state in the infinite plane. The solution
can be tailored to describe the stress state in an elastic wedge with an angular width
2a, with 7/2 < o < w. To achieve this, and based on the conditions illustrated in
Figure 5.1 and Equation (5.1), T4 and T must be chosen so satisfy the following
relationships:

o (r,£a) =0, g (r,£(r—a))=0. (5.18)
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From (5.17c¢), one finds that this requirement is satisfied provided that

2(Ty —Tp)
cos2a = ————-—= . 5.19
U(TA + TB) ( )

In this case, one can rewrite the stress state of (5.17a)-(5.17c) as
n(Th+1Tp) .
O = = 5 sin 20, (5.20a)
oge = 0, (5.20b)
Ty+1T,

Org = % (cos 20 — cos2a) . (5.20¢)

The stress state described by Equations (5.20a)-(5.20c) is consistently achieved for
an elastic wedge with a width of 2, where 7 < 2o < 27, and with traction-free
boundaries. The concentrated forces act solely at the vertex of the wedge. This state
exhibits the same singularity order as Carothers’ solution, Equations (3.1a)-(3.1c),
and the two formulations align perfectly under the condition:

T T M
nTatTs) _ __ . (5.21)
47 sin 2a — 2 cos 2«

However, a key distinction exists: the form represented by Equation (5.21) remains
valid for any opening angle «, ensuring consistency across the range of interest.

y

=)

o

Figure 5.6: The wedge of width 2«, from which a circular cavity of radius rg,
concentric with respect to the center, has been cut.

Furthermore, the stress representation outlined in Equations (5.9a)-(5.9¢), de-
rived in Section 1 of the present chapter, for the three-wedge problem, can also
be deduced from Equations (5.20a)-(5.20c), by appropriately setting the following
conditions for 7/2 < a < T,
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Ty+1T, 2M-
nTatTs) ! 7 (5.22)
27 —sin2a + 2(a — ) cos 2«

To analyze the forces acting at the tip, as described in [10], consider the geometry
depicted in Figure 5.6. This figure shows an elastic wedge with a width of 2,
where a small circular cavity of radius ry is removed near the vertex. It can be
easily verified that the net force resulting from the surface stresses along the cavity
boundary equals zero. The moment M caused by these surface stresses about the
origin is given by the relation:

+a +a
M = —/ 0y (10, 0) rodd = —41 (Ta+Tp) / (cos 20 — cos 2ar)df
_ s

— —% (T'x + Tg) (sin2a — 2 cos 2av) . (5.23)

« —Q

It is important to note that only when sin2a — 2acos2a # 0, the term T4 + Ty
can be expressed as a function of M and substituted into Equations (5.20a)-(5.20c)
to recover Carothers’ solution (3.1a)-(3.1c). When sin2a — 2acos2a = 0, this
substitution is not possible.

In general, Ty + Tp can assume any value, independent of «, as these quantities
represent the moments of the dipoles applied to the infinite plane used to derive
the elastic solution for the wedge problem. Therefore, the stress state defined by
Equations (5.20a)-(5.20c) corresponds to the stresses in an elastic wedge subjected
to dipoles applied at the vertex. These dipoles produce no net force, while the mo-
ment M is determined by Equation (5.23).

At a = o, it is found that M = 0. Thus, at the critical angle, Equations (5.20a)-
(5.20c) describe the stress state in the wedge resulting from dipoles without a re-
sultant moment. Carothers’ formulation conceals this potential static condition
because it requires Ty + T to be expressed as a function of M via Equation (5.23).

5.3 Conclusions

This chapter introduced a generalized framework for representing the stress state
in a linear elastic wedge with stress-free boundaries, characterized by a singular-
ity of order (r)72. The applied forces are localized exclusively at the vertex and
are generally equivalent to a tip couple with moment M. The new solution is intu-
itively constructed by analysing an auxiliary problem where the wedge is divided into
three sub-wedges subjected to tip couples. The relative magnitudes of these couples
are determined through compatibility conditions involving stress and displacement.
This approach accommodates scenarios where the net moment M equals zero, even
though a non-zero stress field persists within the material. Unlike the classical solu-
tion proposed by Carothers, which exhibits spurious behavior at the critical wedge
angle by predicting unbounded stress throughout the domain, the presented solution
remains valid for any wedge angle. Interestingly, as the wedge angle approaches the
critical value, the resultant moment M vanishes. The proposed formulation, derived
intuitively through the concept of nuclei of strain, implies that at the critical angle,
the forces act as moment-free dipoles concentrated at the vertex.
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This study does not aim to resolve the problem of a wedge subjected to a nonzero
concentrated tip couple at the critical opening angle. As several researchers have ob-
served, it appears that a solution involving an eigenfunction with a stress singularity
of order (r)~2 is unattainable in such cases. Alternative solutions, potentially involv-
ing different singularity strengths, would need to be explored, but this lies beyond
the scope of the current work. In the classical sense, as described by Quine [149], a
paradox arises when a seemingly valid argument leads to a conclusion that appears
implausible or contradictory. Carothers’ formulation is effective in many cases but
breaks down in a specific scenario, leading to absurd results. Does this flaw under-
mine the integrity of the classical solution to this longstanding elasticity problem?
Our findings suggest that the issue lies in the problem’s formulation rather than its
solution. Instead of framing the problem as ”a linear elastic wedge subjected to a
concentrated couple at its vertex,” we propose reformulating it as ”a linear elastic
wedge subjected to dipoles at its vertex.” This reinterpretation naturally resolves
the paradox.
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Chapter 6

Analytical Solution to The Second
Problem

6.1 Problem statement in terms of distributed
dislocations

The stress state in a linear elastic body experiencing a specified temperature varia-
tion can be determined by superimposing the effects of ”dilatation centers.” These
centers act as strain nuclei, simulating the thermal expansion of the material as if
it were composed of infinitesimal spherical inclusions undergoing uniform expansion
[150]. For the sake of completeness, this classical method is revisited in the Ap-
pendix B. However, this section introduces an alternative approach based on the
distributed dislocation method. Distributed dislocations, briefly studied in Section
2.5 of Chapter 2, are a widely used tool for representing the stress states of elastic
bodies containing cracks and inclusions. In the present context, they are employed
to counterbalance the thermal mismatch between distinct regions of the body.

Consider the problem illustrated in Figure 3.2 of Chapter 3. Suppose that cuts
are made along the straight boundaries separating regions I and I/. A temperature
variation is then applied to the isolated wedge (region ). Assuming the material is
thermally homogeneous and isotropic, the resulting deformation is homothetic and
devoid of stress, implying that the wedge’s opening angle, 23, remains unchanged.
If the position of the center O is held fixed, the thermal expansion induces a relative
displacement between the wedge and the adjacent portions of the plate on either
side of the cut. This displacement is depicted schematically in Figure 6.1.

This approach provides a robust framework for analyzing the interaction between
thermally induced strain and the elastic constraints of the surrounding material.
By utilizing distributed dislocations, the thermal mismatch is effectively modeled,
offering insights into the stress redistribution mechanisms within the body.
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Figure 6.1: thermal expansion of the heated wedge portion after cuts have been
made along the radii that delimit the sector.

Let A and B represent the positions of two material particles lying on the radii
that define sector I, equidistant from the center O. Following the cutting of the
plate, thermal expansion affects the material such that the portion in region I1
retains its original positions A and B. In contrast, the portion in region I undergoes
radial displacement, shifting outward to new positions A’ and B’. This displacement
is quantified as aATr, in the outward direction, where « is the thermal expansion
coefficient of the material, AT is the temperature change, and r represents the
radial distance from the center. To restore continuity between regions I and I17,
the displaced points A" and B’ must be forced back to coincide with their original
counterparts A and B, as depicted schematically in Figure 6.2a.

The reconciliation of regions I and I1 is achieved through a two-step process.
First, the regions are welded back together, ensuring physical continuity. Second,
arrays of dislocations are introduced to accommodate the misfit caused by thermal
expansion. The creation of a dislocation involves a series of steps [151]. Initially, the
material is cleaved along a specified trajectory extending from the dislocation core
to the boundary (or to infinity in the case of an infinite solid). Next, a relative
displacement, referred to as the Burgers vector component (Section 2.5) or the
dislocation strength, is imposed between adjacent points on either side of the cleaved
surface. Finally, the material is welded back together [152].

This process ensures that the thermal mismatch and its resulting stress redis-
tribution are systematically addressed, enabling an accurate representation of the
elastic body’s response to temperature variations. The use of distributed dislocations
allows for precise control over the localized deformation and stress fields, making
this approach particularly effective for complex thermal-structural problems.

The resulting stress state corresponds to that in an infinite elastic plate where
two arrays of dislocations are distributed along the interface radii separating regions
I and II. These dislocations are arranged to generate a relative radial displacement
that counteracts the thermal mismatch induced by expansion. This targeted ad-
justment restores compatibility between the adjoining regions, ensuring a balanced
stress distribution within the elastic plate. The required type of dislocation to effec-
tively neutralize the thermal strain, by introducing localized deformation along the
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interface, is a glide dislocation [153], characterized by a Burgers vector, b, oriented
radially. This configuration is schematically illustrated in Figure 6.2b. Bergers vec-
tor and glide dislocation previously reviewed in Section 2.5 of Chapter 2.

y .
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=

Figure 6.2: System of dislocation required to annihilate the thermal mismatch. (a)
Required relative displacement between points A and A’; (b) Burgers vector for a
glide dislocation on the interface radius.

Solutions addressing various types of point singularities, including poles, dipoles,
and dislocations, are extensively documented in the literature [10, 55, 154]. In the
context of a polar coordinate system (7, #), let us examine the case of a glide dis-
location in an infinite elastic body. This dislocation introduces a discontinuity in
the radial displacement, uz, such that uz(7,27) — uz(7,0) = dby. Here, dby repre-
sents the radial component of the Burgers vector associated with the dislocation.
This discontinuity effectively models the strain resulting from the glide dislocation,
capturing the localized deformation in the material.

To describe the stress state induced by such a dislocation, the Airy stress function
is employed. For this specific scenario, the stress function can be expressed, detailed
in reference [155], as

2/1 dbo

mflogfsiné, (61)

dp = —

Where, 1 is the shear elastic modulus and « is Kolosov’s constant. In this approach,
arrays of glide dislocations are distributed along the interface radii, as depicted
in Figure 6.3. A polar coordinate system (r,6), centered at O, is introduced to
describe the geometry of the problem, as shown in the figure. Consider a uniformly
distributed array of glide dislocations along the radii, where the Burgers vector per
unit length remains constant and is equal to aAT. This configuration generates a
relative displacement along the interface that varies linearly with the distance from
the center. This displacement effectively counteracts and neutralizes the thermal
mismatch between the adjoining regions.

Specifically, the cumulative effect of radial glide dislocations is evaluated as fol-
lows:

e On the upper radius OA, located at (r,0) = (ro, ), the Burgers vector is given
by; dbrg = —aATdry.
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e On the lower radius OB, situated at (r,0) = (ry, —f), the Burgers vector is
equal to; dbro— = +aATdrg

Summing these contributions results in a net displacement at the interface, which
restores compatibility by eliminating the thermally induced strain mismatch. This
technique leverages the properties of glide dislocations to achieve a controlled ad-
justment of the relative positions of the regions, ensuring a stress-free interface. So,
one can obtain the following total displacements;

up(r, B+ 2m) — u,(r, B) = /OT —aATdryg = —aATr,
(6.2)

up(r, —f + 27) — u.(r,—p) = / alATdry = aATr.
0
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Figure 6.3: Distributed array of dislocations along the interface radii and general
polar system (r,#) of coordinates.

In order to determine the Airy stress function, one can use the expression (6.1).
The correspondences between the global polar coordinate system (r, §) and the local
systems (7, 0) for radial glide dislocations applied at point D distant 7o from the
center, either on the upper radius O A or the lower radius O B, are respectively shown

in Figures 6.4a and 6.4b. Let

2
A= P aAT, (6.3)

denote the dislocation density. For the radius OA, since 7 = 7% + 7§ — 2rr( cos 6,
and 7sinf = rsin 6y, with 6; = 0 — 3, from Equation (6.1), one obtains

dopt = —%Adro rsin(f — B)log[r? + rg — 2rrg cos(d — B)] . (6.4)
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On the radius OB one has 72 = 72 + 12 — 2rrgcosfy and 7sinf = rsinf,, with
0y = 0 + 3. Hence

1
dp~ = §Adr0 rsin(f + ) log[r® + 13 — 2rrg cos(0 + B)] . (6.5)
y
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Figure 6.4: Reference coordinate system for a single dislocation applied at (a) the
upper interface radius at (r,0) = (ro, ) and (b) at the lower interface radius at

(7‘, 6) = <T07 _6)

Considering the linear nature of the elasticity equations, the contributions of the
dislocations along the radii OA and OB can be summed symmetrically at the same
radial distance rg from the center. This yields the total differential stress function
as: dp =do™ +do~.

Here, d¢Tand d¢~represent the stress function contributions from the disloca-
tions on the upper radius OA and the lower radius OB, respectively. To deter-
mine the overall stress function resulting from the aggregation of these dislocations
distributed along the segments OA and OB, spanning the radial range between
ro = R_and rg = R, , integration is performed over the radial coordinate. It leads
to

ro=R4

+ - A [Ty 2, .2
b= do" +d¢~ = —57“/ { sin (61) log [1* + 7§ — 2rro cos (61)]
ro=R_ _

—sin (65) log [r* + 1§ — 2rrg cos (65)] }dro :
(6.6)

Performing the integration, one finds
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o= A{g{ (g sin(260,) — R, sin(91)> log [r? + Ry* — 2R, 1 cos(61)]

- (g sin(26,) — R, sin(92)> log [r? + Ry* — 2R, 1 cos(6s)] }

_r2{sin2(81)tan—1[ Ry _cot(el)]

rsin(6;)

— sin?(6) tan"" Lsm(@ - cot(%)} }
_g{ (g sin(26,) — R_ Sin(91)> log [r2 + R_% — 2R_r cos(f1)]
_ (g sin(20,) — R_ sm(92)) log [12 + R_> — 2R _r cos(6s)] }
—1—7"2{ sin®(6;) tan ™" Lsﬁ E ) cot(91)]
— sin?(6,) tan " [Tsfl@) - cot(92)} }

+ 7 (sinf) —sinéy) (R, — R_) } :

Hence, from Equations (3.2a)-(3.2c), one obtains the state of stress

1
O [A = —5{ sin(26;) log [r* + R, — 2rR, cos(6;)]

—sin(265) log [r* + R4* — 2r R, cos(6s)] }

_ﬁ{ sin(26,) B sin(26s) }
2 Ur2 4 R,2—2rR cos(fy) 12+ R.%— 2rR, cos(6y)
in(f 26 in (6 20
-I—TR+{ : sm(2 1) cos(26) . sm(2 2) cos(26s) }
r2+ R, —2rRycos(6y) 12+ R.°—2rRy cos(bs)

—2{ cos?(61) tan ™! L Sfl&) - cot(@l)}

— cos®(6;) tan™* [

- Cot(eg)} }

1
—1—5{ sin(26;) log [r* + R_* — 2rR_ cos(61)]

rsin(6y)

—sin(26;) log(r* + R_*> — 2rR_ COS(QQ))}

+ﬁ{ sin(26;) B sin(26,) }
2 r2 4+ R ?>-2rR_cos(f)) 12+ R_*—2rR_cos(fs)
R { sin(6;) cos(26;) B sin(fy) cos(26s) }
"2+ R 2 2R _cos(f) 12+ R_?—2rR_cos(f)
—1—2{ cos?(0;) tan™! L 551(91) - cot(@l)}
— cos?(fy) tan™* [ -R* — cot(Hg)} },
rsin(6y)
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opg /A = {sm(ZQl) log [r? + Ry* — 2rRy cos(61)]

—sin(265) log [r* + Ry* — 2r R, cos(6s)] }

-I—i{ sin(26;) B sin(26s) }

2 Ur2 4+ R,2—2rR cos(fy) 12+ R.%2— 2rR, cos(6y)

—(TR+){ sin(6 ) cos(26;) B sin(6) cos(26,) }
2+ R,* —2rR, cos(f) 12+ R,*—2rR, cos(fs)

J— 1 2 _1 J—
2{8111 (01) tan Lsm( 7 cot(@l)]
Cain2 —1 +
sin®(6,) tan {7"8111(92) cot(Qg)] } 65
—%{ sin(26;) log [r* + R_* — 2rR_ cos(6;)]
—sin(260,) log(r* + R_* — 2rR_ COS(QQ))}
_ﬁ{ sin(26,) B sin(26s) }
2 r2 4+ R ?2-2rR_cos(6)) 12+ R_*—2rR_cos(fs)
sin(6;) cos(26;) sin(fy) cos(26s)
R —
r ){rQ +R_*—2rR_cos(6)) 712+ R_*—2rR_cos(f,) }
R_
L2 -1 _
—I—Q{ sin“(6,) tan L"sin(Gl) cot(@l)]
—sin?(fy) tan ™" f cot(6s) }
? 7 sin(fy) 20
1
oA = —5{ cos(26;) log ['r’ +R.2—2rR, cos(@l)]
— cos(26,) log [r* + R.2—2rR, cos(6s)] }
(R )2{ sin?(6,) B sin?(6y) }
U2+ R.2—2rR, cos(6,) 2+ R,%—2rR, cos(fs)
. -1 .
—l—{ sin(26,) tan L sin(Hl) cot(@l)]
— sin(26,) tan™! [ — cot (6
(6.8¢)

7 sin( 02 ] }
—i—;{ cos(261) log [r* + R_* — 2rR_ cos(6:)]
(

— cos(26;) log [r* + R_* — 2rR_ cos(6s)] }

(R )2{ sin?(6;) B sin?(6y) }
U2+ R 2 2R _cos(fy) 12+ R_*—2rR_cos(fs)

—{ sin(26;) tan ™! { - cot@l)}
. cot((%)] } .

7 sin(6;)

R_
o N
sin(265) tan |:7"Sin(92)

The expressions above entail the bounds Ryand R_, which define the length of the
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dislocation arrays.

6.2 Discussion of the solution based on distributed
dislocations
To find the solution of the problem, it is necessary to calculate the limits of the

expressions (6.8a)-(6.8c) as R — 0 and Ry — oo. For R_ — 0, recalling that
0, =0 — 3 and 6, = 0 + 3, one finds

RIEIEO ovr[A = —sin(2f) cos(20) [1 + log(r/R+)2]

—2cos?(f — ﬁ){ tan~! {%} +tan™" [cot(0 — 5)] } (6.9a)
+ 2 cos?(6 + 5){ tan ! [%} + tan~! [cot (6 + B)] } ,

lim_a99/A = sin(2/5) cos(26) [1+ log(r/R+)?]

— 25in%(0 — ﬁ){ tan™! [ﬁ} + tan™" [cot(6 — 3] } (6.9b)
+ 2sin?(6 + 6){ tan™* {%] + tan~! [cot (0 + B)] } ,

Jim 079/A = sin(2/5) sin(26) [1+log(r/Ry)?]

+sin2(60 — 5){ tan™* {ﬁ] + tan~! [cot(0 — )] } (6.9¢)

—sin2(6 + 5){ tan™! {ﬁ] +tan"! [cot (0 + B)] } .

Now it is obvious that, as the array of dislocations extends infinitely (Ry — o0),
the stress state throughout the entire body grows without bounds. This outcome
is consistent with the dimensional analysis presented in Section 4.3 of Chapter 4,
where it was noted that the absence of an intrinsic length scale in the infinite body
problem inherently leads to such behavior.

e Remark 1. A noteworthy special case arises when the condition § = 7/2
is satisfied. Under this scenario, the expressions (6.9a)-(6.9¢) yield a finite
solution even as R, — oo,. This corresponds to the situation of an infinite
elastic plate with a heated half-plane. In this particular case, the stress state
remains well-defined because there is no conflicting intersection of dislocation
arrays at the center of the disk.

The solution for this case has been directly derived by considering dislocations dis-
tributed along a single line at the interface separating the heated and unheated re-
gions. When analyzing a finite array of dislocations limited to the segment defined
by (6 = +7/2,0 <r < R,), the resulting stress state can be explicitly computed.
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This setup represents a simplified yet physically meaningful configuration where the
thermal mismatch is effectively modeled through a single line of dislocations. Hence,
one can obtain

0 /A = 4sin*(0) tan ™! (T C]j;( 0)) : (6.10a)
099/ A = 4 cos?(0) tan™! (rcf; 9)) , (6.10b)
oro/A = 25sin(26) tan ™! (Tj;( 9)) : (6.10c)

These expressions coincide with the limit of Equations (6.9a)-(6.9¢) as § — m/2.

Now, as R — +00, the function tan™ (rcljs—(@)) tends to +m/2 or —m/2 according

to the sign of cos(#). The state of stress is not defined right at the interfaces 6 = 7/2,
and § = —m /2. Therefore, one obtains

2msin?(9), if —7w/2 <6< 7/2,
Rlini O A = (6.11a)
+4) o0 . .
| —27sin®(0), if 7/2<6<3m/2,

2rcos?(0), if—w/2<0<7/2,
R+4)+OO
| —2mcos®(0), if /2 <6 <37m/2,

msin(20), if—7/2<0<7/2,
lim o,9/A= (6.11c)
Ry —+o00
—msin(20), if 7/2 <6 < 371/2.

In the Cartesian reference frame (x,y) of Figure 6.3, recalling (6.3), this corresponds
to the state of stress

Ap
k41
Opy = Ogy =0, 0y = (6.12)

4
HflaAT, if 7/2<0<31/2.

aAT, if—7/2<60<7/2,

In this scenario, the heated region experiences uniaxial compression, while the un-
heated region undergoes uniaxial traction along the y-axis. This stress state serves
to counteract the thermal mismatch between the two regions. Within each region,
the stress state remains constant, aligning with the expressions previously provided
in (4.21). Notably, the specific case where 26 = 7 is the only configuration that
satisfies the condition C4 — C¥ # 0, as given in (4.26). This observation reinforces
the conclusions derived from the dimensional analysis in Section 4.3 of Chapter 4.
To incorporate a length scale into the problem, it becomes necessary to consider
a plate with a finite size. However, deriving the Green’s function for an arbitrarily
positioned glide dislocation within such a configuration introduces significant com-
plexity. As an alternative, an engineering solution can be achieved by adapting the
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infinite disk problem. This involves restricting R, to a finite value, chosen such
that the resulting stress field closely resembles the stress distribution within a finite
disk, particularly near the center. By introducing this finite size constraint, the
problem gains a physically meaningful length scale, enabling the analysis of stress
distributions that are more representative of real-world applications.

Now, consider a circular plate of finite radius R subjected to a temperature
increase AT over the sector —f3 < 0 < 3,0 < r < R. It is conjectured that the
stress state near the center of this finite plate closely matches the stress distribution
in an infinite plate with arrays of glide dislocations as described in Section 1 of
the present chapter. These dislocations are assumed to be distributed along the
segments § = +5,0 < r < R,. This setup is schematically illustrated in Figure 6.5.

/ Cut Faces

\
\__Cut Faces

Figure 6.5: Engineering solution. Infinite disk with distributed arrays of dislocations
on the segments § = +5, 0 <r < R,.

This means that the thermal mismatch is not compensated on the whole interface
lines, but just in a portion of them of length R*. In fact, one has that

FalATr, for 0 <r <R,
u(r, 6 +2m) —u(r,£8) = { FaATR, ., forr > R, ‘+ (6.13)

The stress state is still given by (6.9a)-(6.9¢c). It is now necessary to establish a
correlation between the actual size of the plate R and the parameter R,, which
represents the length scale for the problem at hand.

6.3 From infinite to a finite disk with a sector at
different temperature

The problem under consideration involves a circular disk of finite radius R, where
a sector defined by 0 < r < R, and —f8 < 6 < (3 is subjected to a temperature
increment AT. To analyze this configuration, thermal stresses are first determined
numerically for specific cases using the commercial finite element software Abaqus.
Subsequently, an engineering solution based on the analytical model for the infinite
plate is proposed, demonstrating excellent agreement with the numerical results.
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6.3.1 Numerical solution

The case where 23 = 7/3 and AT = 30°C has been implemented in Abaqus/Standard.
The model discretizes the disk using 3-node linear triangular elements (CPS3), as-
suming a generalized plane stress state. The material is considered to be glass with
a radius R = 250 mm, Young’s modulus E = 7T0GPa, Poisson’s ratio v = 0.22, and a
coefficient of thermal expansion o = 9 x 1076 K~!. The resulting stress distribution
is illustrated in Figure 6.6.

+00

379¢+00

(c)

Figure 6.6: Stress state obtained with Abaqus/Standard software for the case AT =
30°C, 28 = /3 and R = 250 mm. Stress components: (a) 0z, (b) 04y and (c) oy,
The center of the disk appears black because here the mesh is so fine that it cannot
be captured by the image resolution.

A comparison between the numerically obtained stress state and the analytical
solution derived from Equations (6.9a)-(6.9¢c), for R, = 250 mm, is shown in Fig-
ure 6.7. The comparison focuses on the stress components o,,.(r, ), oge(r,0) and
or9(r,0), plotted as functions of the radial coordinate rrr on semi-logarithmic axes
for the radial paths 6 =0 and 0 = .
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Figure 6.7: Comparison between the stress states obtained numerically for the finite
plate of radius R = 250 mm, and via the analytical solution for an infinite plate with
R, = R. Stress components (a) o,.(r,0), (b) ggs(r,0), (c) o4(r,0) as a function of
r, on the radial paths § =0 and 6 = 7.

100 10

Despite employing a highly refined mesh near the center of the disk, the nu-
merical solution in Abaqus exhibits some approximation errors. In particular, the
shear stress component o,¢ displays oscillatory behavior around zero, even though
it should theoretically vanish due to symmetry. This deviation likely stems from the
logarithmic singularity in the stress field, as evident from the analytical expressions
(6.9a)-(6.9c¢).

Furthermore, the numerical and analytical solutions show notable discrepancies
for the normal stress components o,, and og9. This inconsistency suggests that
the assumption R, = R does not adequately capture the physical behavior of the
system.
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6.3.2 Correlation with the infinite plate problem

To improve the agreement between the stress state of the finite-radius disk and the
analytical solution (6.9a)-(6.9¢) for the infinite disk, we propose a revised param-
eter selection with R, = R/2. This adjustment aims to better capture the stress
distribution near the center of the finite disk while aligning more closely with the
analytical model.

Figures 6.8 and 6.9 are the counterpart of Figure 6.7 for this choice. Here, two dif-
ferent radii, i.e. R = 500 mm and R = 1000 mm have been respectively considered
for the disk; the analytical solutions for the infinite disk obviously correspond to
R, =250 mm and R, = 500 mm, respectively.

O=n 0=0

~
-5 5
\ -10 -10
——Analytical R+250

=
[=¥
-15 é 15 ——Abaqus R500
© /
-20 20
25 25 —
100 10 1 0.1 o1 \ 10 100
1 (mm) r (mm)
(a)
14 14
/\\\ 12 12
N
10 10
/ ~
/ 8 D«.,. 8 .
/ > —— Analytical R+250
/ 6 3 6 — Abaqus R500
+ O
2 2
0 0
100 10 1 0.1 0.1 10 100
1 (mm) r (mm)
0.0020 0.0020
0.0015 0.0015 3
N\ 0.0010 0.0010
00005 __ 0.0005
| < .
—_ 00000 & 00000 AN — Analytical R+250
‘ N\ -0.0005 2 -0.0005 ——Abaqus R500
-0.0010 ¥ -0.0010
/
-0.0015 -0.0015 /
-0.0020 -0.0020
100 10 1 0.1 0.1 1 10 100
r (mm) r (mm)
(c)

Figure 6.8: Comparison between the stress states obtained numerically for the finite
plate of radius R = 500 mm, and via the analytical solution for an infinite plate with
R, = R/2 =250 mm. Stress components (a) o,,.(r,0), (b) og(r,0), (c) o,9(r,0), as
a function of r, on the radial paths § =0 and 6 = .
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Figure 6.9: Comparison between the stress states obtained numerically for the finite
plate of radius R = 1000 mm, and via the analytical solution for an infinite plate with
R, = R/2 = 500 mm. Stress components (a) o,.(r,0), (b) ggg(r,0), (c) o,.9(r,0), as
a function of r, on the radial paths § =0 and 6 = 7.

The comparison demonstrates a generally excellent agreement between the nu-
merical and analytical solutions. Notably, the graphs show almost complete overlap
for r > 1072R. In the vicinity of the center, as r — 0, the analytical solution retains
a linear trend in the semi-logarithmic plot. This behavior aligns with expectations,
given that the expressions (6.9a)-(6.9¢) for the stress components exhibit a logarith-
mic singularity. Conversely, the numerical solution for the finite-radius disk deviates
slightly from this trend near » = 0. This deviation likely arises from limitations in
the numerical method, particularly in capturing the behavior around singularities.

Additionally, the numerical solution for the shear stress component o, does not
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accurately reflect the zero-value dictated by the symmetry of the problem. This
discrepancy underscores the challenges associated with numerical modeling of stress
states involving logarithmic singularities, even with a refined mesh near the center.
Further numerical experiments were conducted for various opening angles 23 and
disk radii R. Across all tested configurations, a consistent empirical finding emerged:
the analytical solution for the infinite disk aligns well with the numerical solution for
the finite disk when R, = R/2. This observation suggests that the choice Ry = R/2
serves as a practical approximation for bridging the finite and infinite disk solutions.

This empirical result opens the door to the development of approximate engineer-
ing formulae for calculating thermal stress in finite disk problems. Such formulae
would provide a straightforward and effective means to estimate stress distributions
in practical applications, combining the accuracy of analytical solutions with the
versatility of numerical methods.

6.3.3 Approximate formulae for the calculation of the ther-
mal stress

As an approximate expression for the stress state in a circular disk of radius R, we
propose using the analytical solution derived for the infinite disk, with R, = R/2.
Substituting this value into the Equations (6.9a)-(6.9c) and replacing A with its
expression from (6.3), the resulting stress state is obtained as

O'W% = sin(23) cos(26) [1 + log(2r/R)?]
+2c08%(0 — §){ tan™! {m} + tan~ [cot(6 - B)] |
— 2cos(0 + 5){ tan ! [WZZM)] + tan~" [cot (6 + B)] } :
(6.14a)
099% = —sin(23) cos(26) [1 + log(2r/R)?]
+ 2sin?(6 — ﬁ){ tan ! {m} + tan~! [cot (0 — B)] }
— 2sin?(0 + 5){ tan " {WJZM)} + tan~" [cot (6 + B)] } ,
(6.14b)
o—w% = —sin(20) sin(26) [1 + log(2r/R)?]
—sin2(0 — ﬁ){ tan~! {W}Z—B)} + tan~! [cot(6 — 3)] } (6.14c)
+sin2(0 + ﬁ){ tan~! [W}M] + tan~" [cot (6 + B)] } .

Next, we examine the stress distribution along a circular path of radius » = 10 mm
centered within the disk. Figures 6.10 and 6.11 illustrate the stress components
o (1,0), 0ge(r,0) as functions of 0, calculated using the analytical expressions
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(6.14a)-(6.14c). Results are presented for two cases: R = 500 mm and R =
1000 mm. These analytical results are compared with corresponding numerical so-
lutions obtained through Abaqus.

The comparison reveals a highly satisfactory agreement between the analytical
and numerical solutions. This consistency highlights the effectiveness of the pro-
posed approach, where the analytical solution for the infinite disk with R, = R/2 is
used to approximate the stress state in a finite-radius disk. The close match between
the two methods reinforces the reliability of the analytical model for predicting ther-
mal stress in circular disks and validates its use as an engineering approximation for
practical applications.

15
10 —~ .
;‘? 5
=J —— Analytical R+250
= Abaqus R500
o 5
-10
) \
-15 )
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N /
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—— Abaqus R500

Goo (MPa)
S b A E B ow e o»

—— Analytical R+250

\/ Abaqus R500
5
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Figure 6.10: Circular plate of radius R = 500 mm subjected to a thermal increment
AT = 30°C on a sector of width 28 = 7/3. Stress components (a) o,,. (b) ggg on
a circular path of radius » = 10mm as a function of §. Comparison between the
approximate formulae (6.14) and the numerical solution obtained with Abaqus.

84



— Analytical R+500
—— Abaqus R1000

Oir (MPa)
=

0 1 2 3 4 5 6 7
0 (rad)
(a)
10
8
6
4
2
Gl — Analytical R+500
2, —— Abaqus R1000
=4
& 4
-6
8
-10
0 1 2 3 4 5 6 7
0 (rad)
(b)
12
10
8
6
4
g2 — Analytical R+500
0
= ) —— Abaqus R1000
S 4
6
8
-10
-12
0 1 2 3 4 5 6 7
0 (rad)
()

Figure 6.11: Circular plate of radius R = 1000 mm subjected to a thermal increment
AT = 30°C on a sector of width 28 = 7/3. Stress components (a) ... (b) ggy on
a circular path of radius » = 10mm as a function of §. Comparison between the
approximate formulae (6.14) and the numerical solution obtained with Abaqus.

6.4 Conclusions

The linear elastic problem of an infinite disk, where a sector with an opening angle
2/ is subjected to a temperature variation, exhibits a peculiar and problematic
behavior. The thermal strain generates an unbounded stress state across the disk,
except in the special case where 28 = . This issue arises due to the absence of
an intrinsic length scale in the problem, which prevents the deformation from being
congruent between the sector and its complementary region. Consequently, when
23 # m, the stresses cannot be reconciled, resulting in inconsistencies in the elastic
solution.

To better understand and characterize this issue, an alternative approach was
proposed. The method involves making ideal cuts along the sector boundaries, al-
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lowing the sector to expand thermally, welding it back in its deformed state, and
introducing distributed dislocations to counteract the mismatch. This approach re-
formulates the problem as a sequence of elastic solutions, with the length of the dis-
location arrays gradually increasing toward infinity. Although this leads to stresses
that grow without bounds, the sequence of solutions consistently exhibits a loga-
rithmic singularity at the vertex of the sector. This singularity aligns with known
results for elastic problems involving wedges and provides valuable insights into the
stress state.

For a finite disk, the introduction of a physical length scale-the disk radius-
results in a non-uniform thermal stress distribution. Numerical simulations using a
finite element method (FEM) have confirmed this behavior. Based on these findings,
an engineering approximation was proposed: the stress state near the center of a
finite disk is correlated to the stress state of an infinite disk, with the reconciling
dislocation length set to Ry = R/2, where R is the disk radius. This approximation
yielded excellent agreement with numerical results for various configurations. Such
an approach has practical potential for applications, such as calculating thermal
stresses in materials like glass panes exposed to uneven heating due to shadows.

While the proposed engineering approximation is still preliminary, it suggests
a promising framework for addressing elastic problems in infinite bodies with non-
physical behavior. The reformulation of these problems as a sequence of approxi-
mations allows for solutions that incorporate singularities, which can be adapted to
finite-sized bodies. This approach circumvents the analytical challenges posed by
finite geometries and provides a foundation for deriving stress approximations with
theoretical support.

Future work should focus on further validation of the proposed method for finite
disks, including experimental and numerical studies to refine the coefficients defining
the stress values. These investigations could expand the method’s applicability and
enhance its reliability for practical engineering problems. By bridging theoretical
insights and numerical results, this study highlights a robust pathway for analyzing
thermal stresses in both infinite and finite elastic bodies.
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Appendix A

Displacement Field from Cesaro’s
Representation

Cesaro’s line integral representation [148] permits a direct integration of the lin-
earized straindisplacement equations. This is used here to state the compatibility
conditions in terms of displacement on the common lines in the three-wedge problem
of Figure 5.2 in Chapter 5. Although the displacement field for the wedge problem
loaded by a tip couple is well known [73], we are interested in using the argument
proposed in [139, 140] by Fosdick and Royer-Carfagni, whose major advantage is that
the compatibility conditions can be directly stated in terms of stress components.

A

Figure A.1: Radial path for the application of Cesaro’s line integral representation,
for the wedge problem.

Denote with I' : [0,5] C R — B a regular curve in B via the parametrization
x =x(s),s € [0,5]. If E(s) := E(x(s)) is the infinitesimal strain tensor, Cesaro’s
Representation Theorem states that the displacement v(5) := v(x(5)) at x(s) € I,
can be obtained as
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v(s) = ajLW(X(E) —x(0))

5 A.
+/O [E (s) + (VE (s) — VE" (s)) (x(5) —x(s))] X' (s) ds, (A1)

where a € V3 and W € Skew are arbitrary constants, respectively representing a
translation and an infinitesimal rigid body rotation about x(0).

Let e, € V? and ey € V? denote the unit reference vectors of the polar coordinate
system, such that E = ¢,. (e, ® e,) + cgg (eg @ €g) + .9 (e, R €eg + g @ €,). The
transpose of a third order tensor A is defined as follows: B = AT if (Aw)v) - u =
((Bu)w)-v for any arbitrary vectors u, v and w. In dyadic notation, if A = a®b®c,
then AT = b® ¢ ® a. For the case at hand, one finds that

1
VE — VET — [;<€rr,9 - 267"9) - 5r0,r] (er & €, & €y — €y & (578 ® er) +

[;(51”1” + 2e,9.0 — 2€99) — €00.0) (6, R ep ey —egRegRe,).

For the wedge problem, consider a radial path of the type represented in Fig. A.1,
comprised between the points r = r; and r = 1o, defined by

x=x(s)=(r—s)e,, s€[0,ro—r;] and 6 = const. (A.2)

The path is directed from the periphery towards the vertex because, on the one
hand, there is a tip singularity in the wedge problem and the path should tend
towards this point; on the other hand, we expect that the displacement tends to
zero as r — 00. Since s = ro — r, one obtains

x' (s)ds = e, dr, (A.3a)
x (ry —r1) —x(0) = — (r2 — 1) €y, (A.3b)
X(rg —r1) —x(8) = —(r—m)e,, (A.3c)

Using (A.3a)-(A.3c) and (A.2), one finds the integral representation for the displace-
ment field v = v,e, + vyey in the form

v(ry,0) =a— W (ry —ry)e,

T2 1 A4
_ / {@Ter + [ara + (r—r1) [; (Errp — 2€109) — 5,,977«]] 89} dr . (A4)
1
Hence, the components of v read
T2
vp(r1,0) = a, — / Eprdr (A.5)
r1
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vg(r1,0) = ag —w(ra — 1)

_ /: [Ere +(r—m) G(sme — 2e,9) — 57“0,7"):| dr (A.6)

where, a, and ay are the components of a, whereas, w is the magnitude of the axial
vector associated with the skew tensor W.

We are interested in the particular case in which § — =+, i.e., when the radial path
approaches the free borders of the wedge. Clearly, e,y = 0,9/G, where G is the
elastic shear modulus of the material. Since, from (3.1c),

61_1)111(} grg(r,0) =0, 01—1>I£a grgr(r,0) =0, (A.7)

the expression (A.6) can be further simplified as
T2 .
vg(ry, o) = ap —w(ry —ry) — / Tr—rlgmgdr. (A.8)

T1

The equations (A.5) and (A.8), will be used to identify the compatibility condition
for the three-wedge problem of Figure 5.2.
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Appendix B

Centre of Dilatation; a Potential
Solution to The Second Problem

Consider a two-dimensional linear elastic infinite body, in generalized plane stress
or plane strain, a circular region of which, of radius a, is subjected to a temperature
variation AT. As in Section 3.2 of Chapter 3, let o denote the effective coefficient of
thermal expansion, p the elastic shear modulus, v the Poisson’s ratio, k Kolosov’s
constant.

With respect to a polar coordinate system (r,#), the state of stress for r > a is
defined by the Airy stress function [150]

dap

— 2 i - 7
¢ = —ma*QAT logr,with @ T D)

(B.1)

A center of dilatation at v = 0 is defined by letting @ — 0 and AT — oo in such a
way that m7a?AT — 1, i.e., a unitary center of dilatation.

If a very small region dA, assimilable to infinitesimal circle centered at the origin,
is subjected to a temperature variation AT, the resulting state of stress is, from
(B.1), defined by the Airy stress function d¢ = —QdAAT logr. If the heated area

dA is located at (r,0) = (rg, ), reasoning as in Figure 6.5, one finds that the Airy
stress function reads

do = —%QAT log[r® + 75 — 2rro cos(f — 0)]dA . (B.2)

If the region subjected to the temperature variation AT'is defined by R <rg < R
and —f < 0 < (8, summing up the various contributions, one finds

ro=R4 0=p3 _ _
o(r,0) = / / —%QAT log[r? + 5 — 2rrg cos( — 0)]rodredd . (B.3)
ro=R_ J0=-p

This is the counterpart of Equation (6.6), obtained with the distributed dislocation
approach. There is a formal similarity between (6.6) and (B.3). In both cases, the
limit exists for R_ — 0, but the integral does not converge for R, — +o00. However,
(6.6) requires a double integration in ro and 6, whereas only integration over rq is
necessary for (6.6). Therefore, the approach proposed in Section 6.1 of Chapter 6 is
reputed simpler.
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There is however a substantial difference. Equation (B.3) provides the Airy
function for an infinite disk with a heated portion of finite size. On the other
hand, Equation (6.6) provides the solution for the case in which an infinite sector is
heated, but the deformation is reconciled only a limited portion of the interface. The
discussion of the sequence of solutions that can be obtained from (B.3) as Ry — oo
follows the same lines of Section 6.2 of Chapter 6, but goes beyond the scope of this
article.
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