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Abstract

Low-complexity graph-based algorithms provide a useful and powerful tool
to limit the huge computational load typically encountered in the design of
wireless communications receivers. This thesis focuses on the development of
efficient detection techniques aimed at achieving an optimal trade-off between
computational complexity and performance.

Specifically, in the context of single-carrier time-varying channels affected
by fading or strong phase noise, this research examines approximate message-
passing schemes based on the expectation propagation framework. The primary
objective is to develop a detection algorithm that, besides solving the complex-
ity problem, operates effectively even with a reduced number of pilot symbols
for the channel estimation process, thereby increasing the payload efficiency
and improving adaptability to various communication standards. Moreover,
current state-of-the-art algorithms rely on turbo iterations between the detec-
tor and decoder to refine estimates of both data and channel parameters. How-
ever, this approach introduces significant computational complexity, which is
generally impractical, and the communication between the two units can some-
times be unfeasible. These limitations further motivate the research presented
in this thesis.

Additionally, this work addresses the detection problem for Orthogonal
Time Frequency Space (OTFS)-based transmissions in challenging high-mo-
bility conditions. It proposes a message-passing algorithm that leverages the
particular structure of the equivalent channel matrix in the Doppler-delay do-
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main, aiming to reach the performance benchmark with affordable complexity
under realistic channel conditions.

The performance of the proposed solutions is evaluated by assessing bit
error rate and pragmatic capacity through MATLAB-based numerical simula-
tions. The results demonstrate satisfactory performance, suggesting that the
proposed approaches provide a viable low-complexity alternative to the exist-
ing methods. These findings offer practically implementable solutions in the
receiver design for future research and applications.
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Introduction

Everything should be made as simple as possible,
but not simpler.

– Albert Einstein

Message-Passing (MP) algorithms are methods designed to simplify com-
putations and inference within graphical models by decomposing complex op-
erations into efficient and localized ones. These techniques play a crucial role
in addressing various tasks in digital communications, including decoding, de-
tection, equalization, channel estimation, and many others.

Graphical models, which form the foundation on which MP techniques are
built, are powerful tools for representing complex probabilistic relationships
between variables. They offer a clear and modular approach for the repre-
sentation of probabilistic models, making them particularly useful in various
fields that involve the study of large numbers of interacting variables [4]. In
addition to the widely used Bayesian networks and Markov random fields, an-
other important representation is the undirected bipartite graph called Factor
Graph (FG).

A very effective framework operating on the FG is the Sum-Product Algo-
rithm (SPA) which computes – either exactly or approximately – the marginal
distributions derived from a global function depending on a set of variables.
Several algorithms in artificial intelligence, signal processing and digital com-
munications can be derived as specific instances of the SPA [5]. However, some-
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times, the exact application of the SPA is not feasible since it would lead to
an unmanageable complexity. Therefore, the adoption of approximated tech-
niques is demanded. In particular, variational methods provide mathematical
tools for the approximation of intractable distributions with simpler ones, opti-
mized in order to minimize the information loss [6], and subject to specific con-
straints. Variational inference methods can be iteratively implemented through
MP algorithms operating on the FG representing the probabilistic model of the
analyzed system.

In the context of digital communications, one of the main goals of a re-
ceiver is to optimally recover the transmitted information, minimizing the
error probability. To this purpose, the marginalization of complex functions
is involved. Since communication systems typically include multiple Random
Variables (RVs), which can be both discrete, such as the information bits, and
continuous, such as channel parameters, exact inference is, in most cases, un-
feasible. Approximate MP algorithms therefore represent a valuable solution
for dealing with complexity-manageable schemes.

This thesis addresses the design of advanced detection techniques aimed at
achieving an optimal trade-off between computational complexity and receiver
performance within wireless channels.

Overview of the Thesis

This thesis is organized as follows.
After a brief overview in Chapter 1 of some tools and frameworks that

will be applied to the analyzed scenarios, the following chapters provide the
mathematical details and numerical results of the contributions emerged from
the research activity that I carried out during these three-years as a PhD
student.

In particular, Chapter 2 addresses the problem of signal detection in flat-
fading channels. In this context, receivers based on the Expectation Propaga-
tion (EP) framework, which is reviewed in Chapter 1, appear to be a very
promising solution for performing the approximation of multimodal distri-
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butions. However, the integration of this framework to the analyzed context
presents some critical issues, which will be tackled throughout the chapter. A
new algorithm based on this framework is presented and, through simulation
results, we demonstrate its applicability to sparse pilot configurations. The
work presented in this chapter led to the publication of the journal paper [7].

In Chapter 3, we provide an analysis of EP-based algorithms for the clas-
sical problem of coded transmission on a strong Wiener Phase Noise (PN)
channel. Also in this case, the analysis includes possible improvements over the
native application of EP. We identify its limitations and propose new strate-
gies which reach the performance benchmark while maintaining low complex-
ity, with a primary focus on challenging scenarios where the state-of-the-art
algorithms fail. We presented the outcomes of this research in [8, 9].

Finally, Chapter 4 focuses on Orthogonal Time Frequency Space (OTFS)
modulated transmissions over doubly-selective channels. Specifically, we ana-
lyze multi-satellite transmissions and standard 3GPP multipath time-variant
scenarios. We address the design of an MP detection algorithm which leverages
the particular structure of the channel matrix in the Doppler-delay domain.
The proposed approach significantly reduces the complexity by acting on the
choice of interferers to be considered in the detection process, and on the sched-
ule, by prioritizing the strongest elements. The results discussed in this chapter
have been partially presented in [10,11].

Notation

The following notation will be used throughout this thesis. Bold lower-case
letters (a) denote vectors, bold upper-case letters (A) denote matrices. The
superscripts (·)T and (·)H denote the transpose and the Hermitian of a matrix
or vector, respectively. The superscript (·)∗ applied to a scalar term denotes
its complex conjugate. Given a square matrix B with dimension NB ×NB, its
generic entry in the i-th row and j-th column, with i, j = 1, . . . , NB, is denoted
by B(i, j). Moreover, we denote with |B | its determinant. If the argument of
| · | is a scalar quantity, we denote its absolute value. We indicate with ℜ[·]
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and ℑ[·] the real and imaginary parts of a complex quantity, respectively. A
complex circularly symmetric (respectively, real) Gaussian RV x with mean ηx
and variance σ2x is denoted by x ∼ NC(ηx, σ

2
x) [respectively, by x ∼ N (ηx, σ

2
x)].

We denote the complex (respectively, real) Gaussian probability density func-
tion (pdf) with argument x, mean ηx and variance σ2x by gC(x, ηx, σ

2
x) [re-

spectively, by g(x, ηx, σ2x)]. We adopt a similar notation for a Gaussian vector,
whose pdf is written as gC (x,ηx,Cx), where the inverse of the covariance ma-
trix, Σx = Cx

−1, is called precision. We denote by p(·) the pdf of continuous
variables (vectors) and with a capital P (·) the probability mass function (pmf)
of discrete variables as well as the pdf of mixed random vectors. We use Ep[·]
to indicate the expectation under the distribution p(·). When p(·) is not spec-
ified, it is implicit from the context. When an approximated distribution q(·)
minimizes a generic D divergence measure to the exact distribution p(·) over
an approximating family F , we say that q(·) is the D-projection of p onto F .
Analytically, we define the projection operation projD[·] as

projD[p(·)] = argmin
q(·)∈F

D [p(·) ∥ q(·)] .

We denote with IN the identity matrix with dimension N . When the dimension
is not specified, it is implicit from the context.
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Background

1.1 Overview of a General Communication System

Throughout this thesis, we refer to the general communication block diagram
shown in Figure 1.1. We consider the transmission of a randomly generated
sequence of bits b, which is first encoded by a channel encoder. This repre-
sents a crucial step before transmitting data over a noisy channel. The chan-
nel encoder adds redundancy to the data, thus reducing the effective data
rate but enhancing the communication robustness. Specifically, we use Low-
Density Parity Check (LDPC) codes, a powerful encoding strategy employed
in many communication standards, including 4G, 5G, and Wi-Fi. The result-
ing sequence of encoded bits is then processed by the Mapper block, which
associates groups of bits with constellation symbols (e.g., from Phase Shift
Keying (PSK) or Quadrature Amplitude Modulation (QAM) modulation for-
mats). Denoting with M the alphabet cardinality, i.e., the number of symbols
composing the constellation, each symbol corresponds to a group of log2M

bits.

Then, pilot symbols are inserted in the obtained sequence c. These symbols
are known data which are transmitted for synchronization purposes, so that
the receiver can assess the state of the channel. Depending on the employed
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Figure 1.1: General communication block diagram.

communication standard, pilot symbols are placed in different positions, e.g.,
only in the preamble and postamble of the data packet or periodically inserted
within data. Afterwards, the modulator converts the symbols into an analog
waveform for the transmission over the wireless communication channel. The
transmitted signal can be impaired by various effects which induce a distor-
tion. Beside Additive White Gaussian Noise (AWGN) which is unavoidable, as
it represents thermal noise caused by the random motion of electrons within
electronic components, we consider additional limiting impairments. Specifi-
cally, Chapter 2 focuses on flat-fading channels; in Chapter 3, we analyze the
effects of PN, which is a consequence of the instabilities of local oscillators
employed both at the transmitter and the receiver; finally, in Chapter 4, we
address the challenges associated to doubly-selective channels.

The signal affected by the channel effects undergoes demodulation and sam-
pling. The resulting discrete-time signal r is then passed to the detector unit,
which performs both channel estimation and symbol detection based on the
optimal decision strategy, i.e., the Maximum A Posteriori (MAP), aiming to
minimize the average bit-error probability. In fact, the MAP detector enhances
the estimation accuracy by maximizing the posterior pmf of the transmitted
data. To this purpose, MP algorithms, like the SPA, represent powerful so-
lutions to perform efficiently the marginalization of the joint posterior pdf,
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required to perform symbol detection.
It is worth underlying that both the detection and decoding employed

strategies fall in the category of soft-output algorithms. As a result, they can
potentially iterate both internally and among each other through what are re-
ferred to as turbo iterations as illustrated in Figure 1.1 (see, e.g., [12, 13] and
references therein). When these two units communicate, thus exchanging ex-
trinsic soft information, we refer to joint detection and decoding, as detailed in
Section 1.4. In general, the iterations allow for the refinement of both symbols
and channel parameters estimates, leading to an improved performance. How-
ever, turbo iterations do not represent a practical solution, as they significantly
increase complexity.

1.2 Factor Graphs and Sum Product Algorithm

A framework widely used in this work, the FG/SPA tool, is here described
using as a reference the tutorial paper [5].

Let X = {x1, x2, . . . , xn} be a collection of variables, where xi takes on
values on some (usually finite) domain Ai, and let F (x1, x2, . . . , xn) be a
real-valued function of these variables. Suppose that we want to compute
the marginal functions associated to F (x1, x2, . . . , xn), namely the n functions
Fi(xi) defined as

Fi(xi) ≜
∑
∼{xi}

F (x1, x2, . . . , xn) , (1.1)

where we indicate by
∑

∼{xi} the not-sum or summary operator [5], i.e., a sum
over all variables except xi.

The marginalization of a function is a problem common to many applica-
tions. Typically, detection problems need the marginalization of a possibly com-
plicated function, depending on many variables. If the function to marginalize
can be expressed as the product of simpler functions, each of them depend-
ing on a subset of variables, the marginalization turns out to be less complex.
The FGs provide a natural graphical description of the factorization of a global
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function into a product of local functions. The SPA works on the FG and com-
putes - either exactly or approximately - the marginal functions derived from
the global function.

Suppose that F (x1, x2, . . . , xn) factors into a product of several local func-
tions fj , each one having a subset Xj of {x1, x2, . . . , xn} as argument, i.e.,

F (x1, x2, . . . , xn) =
∏
j∈J

fj(Xj) , (1.2)

where J is a discrete index set. The FG of the function g is a bipartite graph
which has a Variable Node (VN) for each variable xi, a Factor Node (FN) for
each function fj , and an edge connecting the VN xi to the FN fj if and only if
xi is an argument of fj . The SPA is an MP algorithm working over an FG. It
consists of the evaluation of messages at the nodes of the bipartite graph and
the exchange of such messages along the edges. It can be proved that if the
FG does not have cycles (and hence it admits a tree representation for each
variable node) the SPA carries out the exact marginalization of the function
represented by the FG.

As shown in Figure 1.2, denoting by µx→f (x) a message sent from the VN x

to the FN f , and by µf→x(x) a message in the opposite direction, the message
computations performed at VNs and FNs are, respectively,

µx→f (x) =
∏

h∈n(x)\{f}

µh→x(x) (1.3)

µf→x(x) =
∑
∼{x}

f(X )
∏

y∈n(f)\{x}

µy→f (y)

 , (1.4)

where n(x) is the set of functions f having x as argument, and X = n(f) is
the set of arguments of the function f . If the graph is cycle-free, it has a tree
representation and the SPA begins by evaluating messages at the leaf nodes,
which send to their neighbor nodes an identity message given by µx→f (x) = 1 if
the leaf is a VN or µf→x(x) = f(x) if it is an FN. Each other node is activated
when messages have arrived on all but one of the edges incident on it, and it
sends a message on the remaining edge.
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Figure 1.2: An FG fragment where the messages exchanged between FNs and
VNs are highlighted.

When two messages have been passed over every edge, one in each direction,
the SPA terminates and the marginal functions can be computed as

Fi(xi) =
∏

f∈n(xi)

µf→xi
(xi) . (1.5)

The SPA can be also used when the underlying FG has cycles, leading to
an iterative algorithm. In this case, the convergence to the exact marginaliza-
tion is not guaranteed, and depends on the adopted schedule, i.e., the order
of message computation, and on the structure of the graph. Using graphical
techniques described in [5], it is always possible to eliminate the cycles in a
graph, at the price of increasing the complexity of the SPA. Nevertheless, for
many relevant problems characterized by FGs with cycles, the SPA was found
to have good convergence proprieties and to provide a valuable alternative to
the exact solution, with an excellent complexity/performance trade-off.
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1.3 The Expectation Propagation Framework

The SPA operates without imposing any constraints on messages and some-
times can get exponentially complex. For instance, this situation arises when
discrete and continuous variables are mixed within the probabilistic model, as
occurs in the scenarios analyzed in Chapters 2 and 3. In these cases, alternative
approximate methods are demanded.

The EP framework [14] provides an approximation of the SPA rules. Specif-
ically, it allows to bound the complexity of the algorithm by introducing an
exponential family constraint. In particular, the key concept on which EP is
based is that the constraint applies on beliefs, i.e., marginal distributions which,
according to the SPA rules, can be computed via (1.5). EP belongs to a set
of MP algorithms, which can be viewed as instances of the same algorithmic
structure aiming to the minimization of the information divergence when per-
forming the approximation of complex probability distributions [15], i.e., the
exact beliefs in (1.5). The various methods distinguish for the measure of di-
vergence that minimize. In particular, EP relies on the minimization of the
inclusive Kullback-Leibler (KL) divergence, defined as

KL(p ∥ q) =
∫
x
p(x) log

p(x)

q(x)
dx , (1.6)

where we denoted with p(x) the exact distribution and with q(x) the approx-
imating distribution, constrained to belong to a predefined exponential fam-
ily F . Therefore, q(x) can be written as

q(x) ∝ exp
∑
ℓ

gℓ(x)λℓ , (1.7)

where λℓ are the natural parameters of the distribution while gℓ(x) are the
fixed features of the family. For instance, considering a Gaussian approximating
family and working with normalized distributions, the features are g1(x) = x

and g2(x) = x2.
We say that q is the KL-projection of p onto F when q belongs to the
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approximating family F and minimizes the KL divergence to p, i.e.,

q(x) = argmin
q(x)∈F

KL(p(x) ∥ q(x)) . (1.8)

A generalization of the KL-divergence is the so-called α-divergence [16] which,
depending on the value of α ∈ (−∞,+∞), gives rise to different metrics and,
thus, to distinct MP algorithms. Specifically, zero-forcing approaches, which
correspond to α ≤ 0, tend to underestimate the variance of p [15]. For example,
in the case of a Gaussian mixture, the approximating distribution will, in
the limit case, align with the widest component. On the contrary, inclusive
divergence measures (α ≥ 1) tend to stretch across the mixture modes trying
to cover p as much as possible, accordingly to the specific value of α. The KL-
divergence corresponds to an α-divergence with α = 1 and, therefore, belongs
to the family of inclusive divergence measures. However, none approximation
is better than the others. The choice is dictated by the properties of p the we
want to preserve. If the focus is on the marginal distributions of a complex
function, as in the case of interest in Chapters 2 and 3, the most suitable
divergence is the KL one.

KL-projection for exponential families leads to solve the minimization prob-
lem in (1.8) by selecting the unique distribution belonging to F whose expec-
tation of the features gℓ in (1.7) matches that of p, i.e.,

q(x) = projKL[p(x)] ⇔
∫
x
gℓ(x) q(x) dx =

∫
x
gℓ(x) p(x) dx , ∀ℓ. (1.9)

We therefore call the operation in (1.9) moment matching. For instance, if F is
the set of real Gaussian functions, q will be the unique Gaussian whose mean
η and variance σ2 match those of p, i.e.,

η =

∫
x
x p(x) dx = Ep[x] , (1.10)

σ2 + η2 =

∫
x
x2 p(x) dx = Ep[x

2] . (1.11)

An example of the KL projection of a Gaussian mixture is reported in Fig-
ure 1.3.
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Figure 1.3: Example of a Gaussian mixture (in blue) and its KL-projection (in
green).

In the following chapters, detectors based on the EP framework will be
discussed. EP will be integrated and combined with the SPA rules obtaining
a unified MP framework with the aim of reducing complex distributions to
simple canonical functions. Specifically, the inherent power of EP is its ability
to merge information deriving from different portions of the graph and perform
an approximation of the overall variable belief, instead of the single messages.
The resulting algorithm progressively enhances the accuracy of the the local
marginal approximations through an iterative refinement.

1.4 Iterative Joint Detection and Decoding Schemes

Consider the detection problem when a sequence c = (c0, c1, . . . , cK−1) of K
symbols is transmitted over an unknown channel. To this purpose, the MAP
detection strategy, i.e.,

ĉk = argmax
ck

P (ck | r) , (1.12)

where we denoted with r the discrete-time sufficient statistic of the received
signal, is commonly adopted in the receiver design since it minimizes the av-
erage symbol error probability. Moreover, the MAP symbol detection strategy
provides, as a byproduct, an estimate of the reliability of the decisions through
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the a posteriori probabilities (APPs) which is fundamental in iterative decod-
ing. In fact, Soft-Input Soft-Output (SISO) detection or decoding algorithms
work on soft estimates allowing the implementation of joint detection and de-
coding schemes. An efficient method for the computation of the APPs in (1.12)
is provided by the SPA, as discussed in Section 1.2, through a marginalization
of the joint pdf of the information symbols and channel parameters (h). How-
ever, when the sequence of symbols c results from the encoding (and mapping)
of a sequence of information bits b, the optimal MAP symbol detection strat-
egy requires the inclusion of the code constraints in the marginalization of
P (b, c,h | r) with respect to bk. If the overall system memory becomes too
large, the optimal MAP strategy could become unfeasible. Therefore, we typi-
cally resort to suboptimal solutions, such as iterative joint detection and decod-
ing schemes, which significantly reduce the receiver complexity while offering
performance comparable to the optimal strategy [17]. Furthermore, when the
FG has cycles (as is the case, for instance, when employing LDPC codes), the
SPA becomes inherently iterative, thereby offering a suboptimal solution. In
such iterative concatenated joint detection and decoding schemes, each com-
ponent block (i.e., the detector and decoder) operates separately, applying the
optimal MAP symbol strategy for the individual block, under the assumption
that no other memory sources are present in the system. These two blocks
can be concatenated due to the reliability estimates which are provided by
each block’s soft-output. Generally, an iterative concatenated scheme relies on
the following core concept: each component block leverages the information
provided by the other component block to produce output estimates that be-
come increasingly reliable with the iterations. The detector typically operates
first by processing the channel output r. Then, it outputs soft-decisions on
the information coded symbols {ck} which are forwarded to the decoder. It
employs these detector APPs, P (ck | r), as a priori information on {ck} while
performing decoding. In turn, the decoder produces soft-decisions on symbols
which are then passed to the detector as a priori probabilities, and so on. This
iterative process continues until a maximum number of iterations have been
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performed or convergence is achieved. At the end, hard final decisions on bits
{bk} are derived.

In order to speed up the convergence of the iterative process, each compo-
nent must receive input information that is not self-generated. To this purpose,
in [18, 19] the concept of extrinsic information has been introduced in order
to identify the part of the reliability information produced by each component
at the output which does not depend on the information, or “suggestion”, from
the other component that it processed as input. The FG/SPA tool intrinsically
propagates extrinsic information, as highlighted by (1.3)-(1.4).

1.5 Pragmatic Capacity

In some applications, the iterative joint detection and decoding schemes pre-
sented in Section 1.4 can be prohibitive due to the high involved computational
load. In fact, iterative turbo detection, i.e., the reprocessing of the channel ob-
servation once the decoder output is available as anticipated in Section 1.1,
may lead hardly implementable solutions. Conversely, separate detection and
decoding schemes allow to implement detector and decoder in different and
independent ways and, sometimes, even in distinct locations. For example, the
detector is often implemented in hardware (e.g., in an integrated circuit), while
the decoder is typically implemented in software.

In this context, the system performance can be effectively evaluated in
terms of pragmatic capacity, i.e., a measure of the rate achievable by the de-
tector when no information from the decoder is available. In other words, the
pragmatic capacity is a useful performance metric representing the information
theoretical rates achievable through separate detection and decoding [20, 21].
As a result, it offers greater practical relevance compared to the typically ex-
amined uncoded bit error rate.

Consider the block diagram reported in Figure 1.4. A sequence of K log2M

bits {bk}, whereM denotes the alphabet cardinality, is mapped onto a sequence
of K symbols {ck} ∈ A which are transmitted over a channel with memory and
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Figure 1.4: Discrete-time equivalent of the communication block diagram con-
sidered for the pragmatic capacity computation.

a sequence r of received samples {rk} is obtained. At the receiver, the sam-
ples {rk} are processed by a SISO detector followed by a soft-demapper, which
provides at the output a decision b̂k for each transmitted bit bk and the reli-
ability corresponding to that decision, expressed through the Log-Likelihood
Ratio (LLR) ℓk, which is given by

ℓk = ln
P (bk = 0 | r)
P (bk = 1 | r)

. (1.13)

Notice that the LLR in (1.13) is exact if the detector implements the optimal
MAP; otherwise, an approximated LLR will be obtained.

With reference to the communication system in Figure 1.4, the bit prag-
matic capacity is defined as I(bk; ℓk), i.e., the mutual information of the virtual
channel (highlighted with the outer green box in Figure 1.4) having bk as input
and ℓk as output and can be computed as

I(bk; ℓk) ≜ H(bk)−H(bk | ℓk) , (1.14)

where with H(·) we denote the entropy, i.e., a measure of the amount of in-
formation required on average to describe a RV [22]. In particular, exploiting
the definition of entropy and assuming that the transmitted bits are uniformly



16 Chapter 1. Background

distributed, H(bk) in (1.14) can be expressed as

H(bk) = E
{
log2

1

P (bk)

}
(1.15)

= −P (bk = 0) log2 P (bk = 0)− P (bk = 1) log2 P (bk = 1) (1.16)

= −0.5 log2
1

2
− 0.5 log2

1

2
(1.17)

= 1 . (1.18)

Analogously, the conditional entropy H(bk | ℓk) of the information bits bk given
the detector’s soft-output ℓk is

H(bk | ℓk) = E
{
log2

1

P (bk | ℓk)

}
. (1.19)

In order to compute the posterior pmfs involved in (1.19), we can exploit the
definition of LLR in (1.13), obtaining

P (bk = 0 | r) = eℓk

1 + eℓk
=

1

1 + e−ℓk
, (1.20)

P (bk = 1 | r) = 1

1 + eℓk
. (1.21)

By defining
f(x) = log2(1 + e−x) , (1.22)

it follows that

f(ℓk) = − log2 P (bk = 0 | r) (1.23)

f(−ℓk) = − log2 P (bk = 1 | r) (1.24)

and thus
f(ℓk(1− 2bk)) = − log2 P (bk | r) = log2

1

P (bk | r)
. (1.25)

Hence, Equation (1.14) can be rewritten as

I(bk; ℓk) = 1− E
{
log2

1

P (bk | ℓk)

}
(1.26)

= 1− E {f(ℓk(1− 2bk))} , (1.27)
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where in (1.26) we used the results in (1.18)-(1.19), and (1.27) derives from (1.25).
The expectation operation E [·] in (1.27) can be accomplished through Monte
Carlo simulations. The resulting (bit) pragmatic capacity can be thus com-
puted as

IPC ≃ 1− 1

K log2M

K log2 M−1∑
k=0

f(ℓk(1− 2bk)) , (1.28)

where bk assumes the value of the actual k-th transmitted bit.

Focusing on symbols instead of bits, the pragmatic capacity can alterna-
tively be computed as the achievable rate of the channel induced by the signal
constellation at its input and the detector soft-output V (ck), as highlighted
by the blue box in Figure 1.4. Within this formulation, the symbol pragmatic
capacity directly depends on the employed signal constellation and the soft-
output symbol detector. It can be computed as

I(ck;V (ck)) ≜ H(ck)−H(ck |V (ck)) (1.29)

= −
∑
ck∈A

P (ck) log2 P (ck)− E
{
log2

1

P (ck |V (ck))

}
(1.30)

=
1

M

∑
ck∈A

log2M − E
{
log2

1

V (ck)

}
(1.31)

= log2M − E
{
log2

1

V (ck)

}
(1.32)

(1.33)

where in (1.31) we assumed that the transmitted symbols are uniformly dis-
tributed and we used V (ck) in place of P (ck |V (ck)) since it directly takes
on the form of a posterior probability distribution on ck ∈ A for graph-based
detectors. Differently, in the case of linear equalizers, V (ck) is given as the
noisy estimate ĉk which is treated as the output of a (virtual) AWGN channel.
Finally, by approximating the mean in (1.32) through a Monte Carlo simu-
lation over K different realizations, we obtain the expression of the (symbol)
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pragmatic capacity

IPC ≃ log2M − 1

K

K−1∑
k=0

{
log2

1

V (ck)

}
, (1.34)

where V (ck) refers to the posterior probability in correspondence to the actual
k-th transmitted symbol.

In Chapter 4, we will adopt the symbol pragmatic capacity to test the
performance of the analyzed detectors.



Chapter 2

Expectation Propagation for
Flat-Fading Channels

2.1 Introduction

Detectors for flat Rayleigh fading channels have been widely studied in the
literature (e.g., see [23–25] and references therein). This kind of channels is
commonly adopted because it properly represents real scenarios, such as nar-
rowband communications over multipath wireless channels. The framework
based on FGs and the SPA provides a powerful tool for the accomplishment
of both detection and decoding [5]. However, when this framework is applied
jointly to detection and channel estimation, discrete and continuous RVs ap-
pear in the FG and the SPA becomes impractical.

A common approach foresees the use of canonical distributions [5]. Focusing
on the FG methodology and on the choice of a predefined family which allows
some kind of parametrization, different approaches have been analyzed [23,25].
A canonical distribution that is commonly selected for the messages in this sce-
nario is the Gaussian one. Due to the presence of both discrete and continuous
RVs, the observation message is typically represented by a multimodal dis-
tribution. One of the main differences among the various methods lies in the
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technique followed for its approximation. In [23], the authors proposed to set
the mean to the empirical average of the Gaussian mixture and fix the vari-
ance to that of the AWGN. In [25], the approximating pdf is the Gaussian that
minimizes the KL divergence from the true message [26] and whose variance
depends on the fading sample (i.e., on a VN), which complicates the resulting
algorithm. Such a dependence is removed by substituting the fading sample
with its estimate performed at the previous iteration. In the separate detec-
tion and decoding scenario, this approach coincides with the one of [23]. By
reducing the multimodal distributions to single Gaussian ones, the forward
and backward recursions of the algorithm correspond to those of a Kalman
smoother [27]. Although this approach, based on message projection, is effec-
tive in pilot-aided transmission, it eventually fails when the spacing between
pilot blocks is longer than a maximum accepted distance, as we will demon-
strate in the numerical results.

In this chapter, we focus on a different kind of receiver, which is built upon
the EP framework [15] with the goal of addressing this primary limitation.
As discussed in Section 1.3, this MP algorithm is based on approximating the
distributions of the variables of interest, rather than those of the exchanged
messages. This way, a prior belief coming from the rest of the FG drives the
approximation of intractable messages. The combination of the SPA rules with
the approximation deriving from EP leads to a hybrid framework which, in the
literature, is commonly referred to as EP-Belief Propagation (EP-BP). This
framework has been deeply studied and analyzed in different scenarios, includ-
ing, e.g., the Multiple-Input Multiple-Output (MIMO) sparse codes multiple
access detection [28], the joint channel estimation and decoding for faster-than-
Nyquist signaling [29] and also for the transmission over PN channels [8], which
will be the core of Chapter 3. As it is inherent to the EP update strategy, im-
proper distributions, e.g., Gaussians with a negative variance, could appear.
While in [24] the presence of improper distributions is accepted, and no ad-
ditional operations are introduced, different approaches are followed by other
authors, consisting in either rejecting the message updates that produce im-
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proper distributions [30] or, in the case of a multivariate normal distribution,
operating on the covariance matrix through a replacement of negative eigenval-
ues [31]. In [24], the EP framework has been applied to a flat-fading channel,
modeled as a complex autoregressive moving-average process. The authors pro-
posed an EP smoothing approach where inner detector iterations are required
to achieve convergence and it is tested using differential encoding. However,
when using a more powerful encoder, hence working in a lower Signal-to-Noise
Ratio (SNR) regime, the approach in [24] is not equally effective and this is
the focus of our investigation.

The main contributions that are addressed in this chapter can be summa-
rized as follows.

• We propose an implementation of EP-BP that overcomes its limitations
and reduces the algorithmic complexity.

• An improved scheduling which allows to achieve convergence without
the aid of multiple inner detector iterations (iterative refinement [14]) is
adopted.

• A new technique for balancing the variance of the involved Gaussian
distributions is introduced.

• The problem of improper distributions is tackled, the scenarios where
they can compromise the algorithm operations are identified and a novel
strategy to handle these events is presented.

Finally, we demonstrate through simulations that the proposed techniques
present a superior performance, in terms of Bit Error Rate (BER) and compu-
tational complexity, with respect to state-of-the-art EP implementations [24].
Moreover, the proposed solution ensures a higher robustness against concen-
trated pilot distributions, laying the foundation for overcoming the limitations
related to the classical and well-established Kalman filter.

The rest of the chapter is organized as follows. Section 2.2 introduces the
system model. Section 2.3 is devoted to the description of the EP algorithm.
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The proposed techniques are introduced in Section 2.4. A complexity compar-
ison among the analyzed algorithms is carried out in Section 2.5. Numerical
results are presented in Section 2.6 while Section 2.7 collects some concluding
remarks.

2.2 System Model

We consider the transmission of a sequence c = (c0, c1, . . . , cK−1) of K com-
plex coded symbols over a flat fading channel. The sequence c is the result
of the binary encoding and modulation over an M -ary constellation (A =

{a1, . . . , aM} ⊂ C) of the information bit sequence b. Assuming linear modu-
lation with Nyquist shaping pulses, matched filtering, and channel variations
slow enough so that no intersymbol interference arises, i.e., channel coherence
time much greater than the symbol period T , the discrete-time received signal
can be expressed as

rk = gkck + nk, k = 0, 1, . . . ,K − 1 (2.1)

where nk is the AWGN and gk is the fading process. The vector of noise
samples, n = (n0, n1, . . . , nK−1), has independent and identically distributed
(i.i.d.) complex circularly symmetric components with nk ∼ NC

(
0, 2σ2

)
.

The fading channel follows Clarke’s isotropic scattering model and the fad-
ing coefficients g = (g0, g1, . . . , gK−1) form a sequence of zero-mean complex
Gaussian RVs with unit variance, statistically independent of both c and n,
with autocorrelation sequence

Rg(m) = E {gk+mg
∗
k} = J0(2πfDTm) , (2.2)

where J0(·) is the zero-th order Bessel function and fD is the Doppler spread. At
the receiver, the adopted model for the fading is an autoregressive process of or-
derN , AR(N), so that g is approximated by the process h = (h0, h1, . . . , hK−1),
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which obeys1

hk =
N∑

n=1

ρnhk−n + νk = ρhT
k−1 + νk , (2.3)

where νk ∼ NC
(
0, 2σ2ν

)
, hk−1 = (hk−1, . . . , hk−N ) and ρ = (ρ1, ρ2, . . . , ρN )

are the real AR(N) coefficients. Clearly, there is a channel mismatch between
the AR(N) process {hk} and the one modelled by (2.2), hence it is critical
to properly set the values of the coefficients ρ in (2.3) and of the random
increment’s variance 2σ2ν . A classical approach in the literature [23,32] consists
in obtaining the coefficients ρ by solving the Yule-Walker (YW) equations
Rh(m) = Rg(m), for m = 1, 2, . . . , N , and computing σ2ν as a function of ρ

through the constraint Rh(0) = Rg(0). However, in the present context, it
turns out that this solution is not the best choice to approximate the actual
fading statistics [25]. Therefore, we will select the value of σ2ν that optimizes
the performance, as detailed in Section 2.6.

2.3 Detection based on Expectation Propagation

Solving the fading estimation problem through MP algorithms requires the
factorization of the joint posterior pdf of the information bits and the fad-
ing coefficients, given the received samples. From the system model described
above, it can be expressed as

P (b, c,h|r) ∝ p(r|c,h)p(h)P (c|b)P (b)

∝ χ(c)p(h0)

K−1∏
k=1

pν(hk − ρhT
k−1)

K−1∏
k=0

fk(ck, hk),
(2.4)

where the information bits are uniformly and identically distributed, χ(c) is
an indicator function representing the code constraints. The factorizations of
the pdfs p(h) and p(r|c,h) in (2.4) come, respectively, from the assumption
that the fading process follows the AR(N) model (2.3) and from the fact that
the AWGN channel is memoryless, given h.

1We assume that hl = 0 for l < 0.
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Figure 2.1: FG corresponding to (2.4).

In (2.4), we defined

pν(hk − ρhT
k−1) ≜ p(hk|hk−1) = gC(hk,ρh

T
k−1, 2σ

2
ν) (2.5)

fk(ck, hk) ≜ p(rk|ck, hk) = gC(rk, hkck, 2σ
2) (2.6)

as the functions associated with the FNs in the FG representation of the joint
pdf (2.4), which is reported in Figure 2.1.

Due to the presence of continuous RVs in the FG, we follow the commonly
adopted technique based on canonical distributions [5]. In this way, only the
parameters characterizing a specific pdf within the family are exchanged in the
FG. From (2.3), the distributions that better approximate those of the fading
samples are the Gaussian ones. According to the SPA rules [5], outlined in
Section 1.2, the observation message, i.e., the message from FN fk to VN hk

is

pd(hk) ∝
M∑

m=1

Pd(ck = am)fk(ck = am, hk) , (2.7)
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hence it is the mixture of M Gaussian distributions and its exact propagation
would be infeasible. Depending on how the message in (2.7) is treated, different
algorithms can be derived.

A straightforward projection of the mixture message (2.7) onto a single
Gaussian yields the Kalman filtering approach of [23,25]. Once the projection
is performed, all the subsequent messages that are sent along the Markov chain
at the bottom of Figure 2.1 belong to the same approximating family because
of the closure of the Gaussian family, under both the multiplication and the
convolution operations [5, 23].

A different possibility consists in approximating the distributions of VNs,
rather than the messages, and this is the key idea on which the EP framework
is based. The approximation of pd(hk) in (2.7) is thus performed in EP, under
the influence of a temporary prior distribution which is the product of the
incoming messages to the VN hk from the lower part of the FG. When, on
the contrary, a message projection is carried out as in the Kalman filtering
approach, so that no prior information is exploited, this is sometimes called
transparent propagation algorithm [33,34].

As discussed in Section 1.3, EP is an MP algorithm whose approximations
are generated by projecting the variable distribution on a fully-factorized ex-
ponential family F , where the projection is performed by minimizing the KL
divergence. These two features allow to compute the projection by solving a set
of moment matching equations [15]. In the present case of a Gaussian approxi-
mating family, the distribution resulting from the projection is thus the unique
Gaussian whose mean, variance and scale factor equal those of the distribution
to be approximated.

The specific algorithmic steps of EP are described in the following. Starting
from (2.7), the message pd(hk) can be rewritten as a function of the channel
parameter hk as follows

pd(hk) =

M∑
m=1

Pm gC(hk, ηm, 2σ
2
m) , (2.8)
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where

Pm =
Pd(ck = am)

|am|2
, ηm =

rk
am

, 2σ2m =
2σ2

|am|2
. (2.9)

The dependence of Pm and ηm on the time epoch k is omitted for simplicity
of notation. The temporary prior distribution p(u)(hk) is defined as

p(u)(hk) ≜ p
(f)
k|k−1(hk)p

(b)
k|k+1(hk)

= gC

(
hk,ηk|k−1,Ck|k−1

)
gC

(
hk,ηk|k+1,Ck|k+1

)
∝ gC

(
hk,ηu,k,Cu,k

)
,

(2.10)

where the ∝ sign derives from the messages normalization, and, by defining
Σf,k ≜ C−1

k|k−1 and Σb,k ≜ C−1
k|k+1 as the precisions of the forward and back-

ward Gaussian messages, respectively, and Σu,k ≜ C−1
u,k, the following Gaussian

product rules can be applied

Σu,k = Σb,k +Σf,k , (2.11)

Σu,kηu,k = Σf,kηk|k−1 +Σb,kηk|k+1 . (2.12)

A detailed derivation of the results in (2.10)-(2.12) can be found in Appendix A.
The marginal distribution of hk is given by the product of all the incoming

messages to the corresponding VN, according to the SPA rules [5]

p̂(hk) = pd(hk)p
(f)
k|k−1(hk)p

(b)
k|k+1(hk)

=

M∑
m=1

Pm gC
(
hk, ηm, 2σ

2
m

)
gC
(
hk,ηp,k,Cp,k

)
=

M∑
m=1

Pmwm gC
(
hk,ηMIX,m,CMIX,m

)
,

(2.13)

where wm in (2.13) is the symbol-dependent weight that multiplies the Gaus-
sian distribution corresponding to the m-th symbol in (2.7) and is defined as

wm = gC
(
ηm,a

Tηu,k, 2σ
2
m + aTCu,ka

)
, (2.14)
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where a = (1, 0, . . . , 0)T is a column vector of dimension N while CMIX,m and
ηMIX,m result:

ηMIX,m = ηu,k + Jm,k

(
ηm − aTηu,k

)
, (2.15)

CMIX,m = Cu,k − Jm,k a
TCu,k , (2.16)

Jm,k = Cu,k a
(
2σ2m + aTCu,k a

)−1
. (2.17)

The detailed derivation of (2.14)-(2.17) can be found in Appendix B.
Notice that the variable distribution in (2.13) is still a combination of M

Gaussians but the weight of each one, wm, depends on the distance between
the mean of that mode (ηm) and that of the temporary prior distribution. The
closer they are, the more the corresponding mode is reinforced by the prior
and vice versa, as per (2.14). The approximation of the mixture (2.13) with
a simple Gaussian p(EP )(hk) = projKL [p̂(hk)] is performed, as usual in EP,
by matching the moments of the distributions. The zero-th order moment is
the mass of the distribution, i.e, Z =

∑M
m=1 Pmwm. However, the mass of the

messages is not significant in MP algorithms like SPA or EP, therefore we
consider p(EP )(hk) with unit mass (hence a proper pdf) and replace p̂(hk) in
(2.13) with its normalized version

ph(hk) =
p̂(hk)

Z
=

M∑
m=1

WmgC
(
hk,ηMIX,m,CMIX,m

)
. (2.18)

where Wm = Z−1Pmwm are defined as normalized weights. The matching of
the first order moment is thus performed by equating the mean of the two
distributions Ep(EP ) [hk] = Eph [hk]. It follows that the mean of p(EP )(hk) is

ηEP =

M∑
m=1

Wm ηMIX,m . (2.19)

Then, by matching the second order moments Ep(EP ) [|hk|2] = Eph [|hk|2], the
covariance matrix of the approximating distribution results to be

CEP =
M∑

m=1

Wm

(
CMIX,m + ηMIX,mηH

MIX,m

)
− ηEPη

H
EP . (2.20)
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Now, it is possible to compute the updated message

p̃d(hk) ∝ gC (hk,ηd,Cd) , (2.21)

which is transmitted from the FN fk to the VN hk in Figure 2.1, by dividing
the approximating Gaussian p(EP )(hk) by the temporary prior distribution
p(u)(hk) in (2.10). We obtain

Σd = ΣEP −Σu,k , (2.22)

Σdηd = ΣEPηEP −Σu,kηu,k . (2.23)

The approximated message is then propagated following the SPA rules [5].
Further details concerning the computation of the forward message p(f)k|k−1(hk),

the backward message p(b)k|k+1(hk) and the upward message Pu(ck) can be found
in Appendix C.

2.4 The Proposed Algorithm

The classical EP implementation [24] presents some critical issues which do not
lead to a satisfactory performance in the considered scenario. In the following,
we present novel techniques which allow to overcome the limitations related to
the standard EP structure.

2.4.1 Damping and Boosting Factors

In order to face the EP instabilities, as discussed in the literature, a number
of solutions exists, including damping [30, 31]. A damped update of a pdf is a
member of the approximating family characterized by a convex combination
of new parameters (i.e., updated according to the current EP iteration) and
old ones (i.e., from previous iteration). However, unlike its common use, in the
analyzed scenario the introduction of this correction factor is studied specifi-
cally to provide a performance improvement through the balancing of overly
confident estimates without the involvement of old updates. In fact, in our
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implementation, the damping factor, ξd, which belongs to the interval [0, 1], is
applied to the precision of the approximating message p̃d(hk) only. In this way,
the algorithm underestimates the updates reliability as commonly done in the
literature when dealing with sub-optimal algorithms. We propose to set this
factor to the maximum value of Pd(ck), i.e., the probability mass function of
the symbols. The main advantage of this approach is that a lower number of
turbo iterations is required for achieving convergence. At the first turbo itera-
tion2 (which is the only one in the separate detection and decoding case) this
quantity is equal to 1/M . On the contrary, from the 2nd iteration ahead this
value becomes a clearer and clearer representation of the decoder confidence
about the transmitted symbols. It follows that the closer this value is to 1, the
higher the weight given to the approximating message after the KL projection.

Moreover, we propose an additional technique which allows to obtain a fur-
ther performance improvement: the use of a boosting factor for pilot symbols.
Similarly to damping, the precision (2.22) is multiplied by a factor that, this
time, is greater than 1, so that its effect is the opposite: it increases the confi-
dence of the observation message in correspondence with a pilot symbol, i.e.,
when pd(hk) is a unimodal Gaussian distribution and, therefore, no approxi-
mation is performed. The selected value for the boosting factor is ξb = 2.

2.4.2 Negative Variances

Due to the subtraction in (2.22), it may occur that the algorithm generates neg-
ative variances, so that the approximation of the observation message, p̃d(hk),
is not necessarily a valid pdf [24]. This happens when the precision of the prior
distribution is larger than the one of the marginal after the KL projection.
Since the focus of EP is on the marginal distribution of the channel parame-
ters, the algorithm could accept improper distributions as messages. However,
when the scheduling described in Section 2.4.3 is adopted for the separate de-
tection and decoding case, the only message which can present such variances

2We will refer to the iterations between detector and decoder as turbo iterations.
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is the observation one. When turbo iterations are considered, improper distri-
butions could instead propagate giving rise to numerical problems. Hence, in
this case, we propose an alternative approach to deal with negative variances,
where the algorithm performs a message projection instead of a variable distri-
bution projection. This leads to a significant performance improvement with
respect to the propagation of improper distributions as will be shown in Sec-
tion 2.6. The proposed method consists in approximating the message pd(hk)
locally with a Gaussian distribution whose mean and variance are obtained
through moment matching without the influence of the rest of the network.

The approximating message can be written as

p̂d(hk) = projKL

[
M∑

m=1

Pd(ck = am)

|am|2
gC

(
hk,

rk
am

,
2σ2

|am|2

)]
. (2.24)

With the constraint on the Gaussian approximating family, the new mean
and variance will be

ηd =

M∑
m=1

Pd(ck = am)

|am|2
· rk
am

, (2.25)

2σ2d =
M∑

m=1

Pd(ck = am)

|am|2
·

(
2σ2

|am|2
+

∣∣∣∣ rkam
∣∣∣∣2
)

− |ηd|2 . (2.26)

Therefore, if, following the main procedure where the KL divergence minimiza-
tion is performed on the marginal distribution, negative variances occur, the
resulting observation message update is discarded and the new technique is
applied.

2.4.3 Scheduling

We assume that the detector subgraph operates first by exchanging horizon-
tal messages along the Markov chain in the lower part of the FG shown in
Figure 2.1. This message passing, implemented inside the detector, could be
iterated with multiple forward-backward passes (ND) before sending vertical
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messages to the upper part of the FG where the decoder operates. An inner
message passing procedure could take place also there until convergence or
until a maximum number of decoder iterations (NC) is reached. The exchange
of information, through vertical messages, between detector and decoder can
be iterated for NT times.

With reference to the generic niter,T turbo iteration, the proposed algorithm
structure is outlined in Algorithm 1.

Notice that the forward and backward recursions lead to two different ap-
proximations for pd(hk). The main advantage of the adopted scheduling is that
a satisfying performance is already achieved after a single forward-backward
sweep inside the detector.

2.5 Complexity Analysis

The complexity of the considered algorithms is evaluated with reference to one
inner detector iteration and for a single time epoch k. We performed a simplified
analysis by counting the number of required operations distinguishing among
two-(scalar) terms multiplications, additions and accesses to the Lookup Table
(LUT) for the computation of nonlinear terms. The operations needed for the
matrices inversions can be divided in additions and multiplications depending
on the matrix dimension as follows

Two-terms additions Two-terms multiplications

1× 1 0 1

2× 2 1 8

3× 3 11 30

We considered the operations needed for the observation message approxi-
mation, the forward and backward messages computation and the completion
step for the three analyzed algorithms: the proposed EP, the classical EP [24]
and the Kalman filter. In the following we will indicate the total number of
operations for each specific step as a function of the alphabet cardinality M

and the order N of the adopted AR model. The literal computation is followed
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Algorithm 1 Proposed EP algorithm

1: Initialize the messages p
(f)
0|−1(h0) and p

(b)
K−1|K(hK−1) by setting Σf,0,

Σb,K−1 to IN and η0|−1, ηK−1|K to 0

2: for k = 0 : K − 2 do
3: Compute the temporary prior distribution, i.e., update its parame-

ters ηu,k and Σu,k via (2.11)-(2.12). The backward message p
(b)
k|k+1(hk)

in (2.10) is set to the one computed at the (niter,T − 1)-th turbo iteration.
If niter,T = 1, it is set to a uniform message for any value of k

4: Compute the parameters of the exact marginal distribution (i.e., for
each m, compute the terms in (2.9), (2.14)-(2.17))

5: Perform the moment matching, using (2.19)-(2.20)
6: Compute p̃d(hk) via (2.22)-(2.23) and perform either damping or boost-

ing on Σd depending on k
7: if (Σd(1, 1) < 0) & (niter,T > 1) then
8: Perform the observation message projection via (2.25)-(2.26)
9: end if

10: Compute the forward messages p(f)k|k(hk) and p(f)k+1|k(hk+1) through the
SPA rules [5] (refer to Figure 2.1 and to Appendix C for details)

11: end for
12: for k = K − 1 : −1 : 1 do
13: Compute p(u)(hk) via (2.10)-(2.12) where the forward message

p
(f)
k|k−1(hk) is the one computed at the (niter,T − 1)-th turbo iteration. If
niter,T = 1, it is set to a uniform message for all ks

14: Repeat the steps 4-9
15: Compute the backward messages p(b)k|k(hk) and p

(b)
k−1|k(hk−1) through

the SPA rules [5]
16: end for
17: Multiply the forward message obtained through 2-11 with the backward

one computed in 12-16 for each k
18: Compute for each k and each ck ∈ A the probabilities Pu(ck) to be sent

to the decoder as Pu(ck) ∝ gC
(
rk, cka

Hηu,k, 2σ
2 + |ck|2aHCu,ka

)
, where

ηu,k and Cu,k derive from 17
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Two-terms additions N = 1 N = 2 LUT accesses

Kalman 2M 8 8 2

EP proposed 3N2(M + 1) +N(2M − 4) + 4M 35 86 M

EP classical N2(M + 8) +N(5M + 11) + 7M + 2 77 184 M

Two-terms multiplications N = 1 N = 2 Matrix inversions

Kalman 2M + 3 11 11 0

EP proposed N3M +N2(2M + 4) + 3NM + 6M + 3 57 147 2 (Dim: N)

EP classical N2(4M + 6) +N(12M + 16) + 14M + 11 185 403 4 (Dim: N + 1)

Table 2.1: Number of operations required for the observation message approx-
imation.

by a blue number which refers to the result for M = 4 and N = 1, and by
a red one which refers to the result for M = 4 and N = 2, according to the
parameters used in the simulation results that will be shown in Section 2.6.
Notice that these final values also include the operations needed for the ma-
trix inversion. The number of required operations for the observation message
approximation, the forward and backward messages computation and, finally,
the completion step are reported in Tables 2.1, 2.2, 2.3 and 2.4, respectively.

Notice that the higher computational load involved by the classical EP
strategy is mainly due to the scheduling choice which foresees a backward
smoothing. Now, considering one inner detector iteration, we can count the
total number of operations required by the algorithms for each time epoch k

considering that, for the EP-based algorithms, the observation message ap-
proximation is performed twice, once for the backward recursion and once for
the forward recursion; in fact, the two recursions give rise to two different
approximations of the message pd(hk).

The complexity comparison is shown in Figure 2.2 versus the constellation
cardinality M whereas, in Table 2.5, the total number of required operations is
reported for M = 4. It can be noticed that the additional operations involved
by the EP framework lead inevitably to a complexity increase which, relying
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Two-terms additions N = 1 N = 2 LUT accesses

Kalman 2N3 + 4N2 − 3N 3 29 0

EP proposed 2N3 + 4N2 − 3N 3 29 0

EP classical 2N3 + 9N2 + 10N + 3 26 97 0

Two-terms multiplications N = 1 N = 2 Matrix inversions

Kalman 2N3 + 4N2 9 56 3 (Dim: N)

EP proposed 2N3 + 4N2 9 56 3 (Dim: N)

EP classical 2N3 + 9N2 + 12N + 5 44 141 2 (Dim: N + 1)

Table 2.2: Number of operations required for the forward message computa-
tion.

Two-terms additions N = 1 N = 2 LUT accesses

Kalman 2N3 + 4N2 − 3N 3 29 0

EP proposed 2N3 + 4N2 − 3N 3 29 0

EP classical 5N3 + 14N2 + 13N + 4 37 137 0

Two-terms multiplications N = 1 N = 2 Matrix inversions

Kalman 2N3 + 4N2 9 56 3 (Dim: N)

EP proposed 2N3 + 4N2 9 56 3 (Dim: N)

EP classical 5N3 + 17N2 + 19N + 7 56 183 1 (Dim: N + 1)

Table 2.3: Number of operations required for the backward message computa-
tion.
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Two-terms additions N = 1 N = 2 LUT accesses

Kalman 4N2 − 2N + 2M 10 23 M

EP proposed 4N2 − 2N + 2M 10 23 M

EP classical 0 0 0 0

Two-terms multiplications N = 1 N = 2 Matrix inversions

Kalman 3N2 + 4M + 2 24 54 3 (Dim: N)

EP proposed 3N2 + 4M + 2 24 54 3 (Dim: N)

EP classical 2M 8 8 0

Table 2.4: Number of operations required for the completion message compu-
tation.

Two-terms additions Two-terms multiplications LUT accesses

N = 1 N = 2 N = 1 N = 2 −

Kalman 24 97 53 177 6

EP proposed 86 261 148 452 12

EP classical 217 602 478 1138 8

Table 2.5: Complexity comparison for M = 4 and NT = 1 at a fixed time
epoch k.

on our implementation, is still limited and reasonably comparable to the one
of the Kalman filter. On the other hand, a considerable complexity increase is
registered for the classical strategy [24].

2.6 Simulation Results

The performance of the proposed algorithm was analyzed in terms of BER
versus Eb/N0, Eb being the received signal energy per information bit and
N0 = 2σ2 the one-sided noise Power Spectral Density (PSD). We considered
a (3, 6)-regular rate-1/2 LDPC code with length 4000 and Quadrature Phase
Shift Keying (QPSK) modulation (M = 4). In all simulations, in order to
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Figure 2.2: Complexity comparison.

allow the convergence of the algorithm, pilot symbols were inserted in the
transmitted codeword.3 The presence of pilots involves a slight decrease of
the effective information rate, resulting in an increase in the required SNR.
This increase has been artificially introduced in the curve labeled “All Pilots”,
inserted as ideal bound, for the sake of comparison. Hence, the gap between
the “All Pilots” and the other curves is uniquely due to the need for fading
estimation/compensation, and not to the decrease due to pilot symbols. The
curves labeled “Kalman filter” in Figures 2.3 and 2.5 refer to the algorithm
proposed in [25]. The algorithms were tested for both the AR(1) and AR(2)
fading models. The values of the parameter ρ were set according to the YW
equations, whereas the increment variance σ2ν was set to the one minimizing the
BER, found through computer simulations. In fact, the YW equations lead to
a value of the increment variance σ2ν which does not allow the detector to work

3We use the notation {number of pilots in a block}/{blocks distance} to describe a pilot
distribution.



2.6. Simulation Results 37

 

Figure 2.3: Performance for the 1/20 pilots distribution with fDT = 10−2.

properly. This can be explained by the fact that the YW equations are studied
for the approximation of the autocorrelation function in (2.2) with Rh(m) by
matching the first N samples and computing σ2ν from the constraint

Rh(0) = Rg(0) . (2.27)

Satisfying all the above conditions the resulting autocorrelation function does
not follow accurately the true one Rg(m). Therefore, we can either optimize
the ρ values or the σ2ν one. Consider, for instance, the AR(1) model. In Fig-
ure 2.4 we compare the exact autocorrelation function Rg(m) with the approx-
imation performed matching the first sample and computing σ2ν from (2.27)
(as suggested by the YW equations) with the one obtained optimizing σ2ν or,
equivalently ρ through simulations. As can be noticed, the application of the
YW equations would lead to a much larger duration (i.e., the memory of the
process) than the true one.
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Figure 2.4: Comparison among the AR(1) model autocorrelation function de-
riving from the solution of YW equations, the proposed approximation and
the exact distribution.

In Figure 2.3, we compared the performance of the proposed algorithm
with both the Kalman filter and the “batch-EP” of [24], labeled with “classi-
cal EP”, when the normalized Doppler bandwidth of the fading process fDT
was set to 10−2 and one pilot symbol was inserted in every block of 20 trans-
mitted symbols. Firstly, we analyzed the practical case of separate detection
and decoding.4 Figure 2.3 shows that the proposed EP algorithm can achieve a
performance gain of approximately 0.9 dB with respect to the Kalman filter for
both the AR(1) and the AR(2) models. Moreover, a significant gain is observed
comparing the proposed technique with the classical EP of [24]. Regarding the
latter algorithm, the authors proposed an EP smoothing approach where an
iterative refinement of the observation approximations is foreseen. Consistently
with that used in [24], a maximum number (ND) of 5 inner detector iterations

4In order to indicate the number of inner detector, inner decoder and turbo iterations,
the notation ND-NC-NT is used.
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Figure 2.5: Performance for different pilots distribution with fDT = 5 · 10−3

and σ2ν = 8 · 10−3.

was allowed, and it resulted to be sufficient for achieving convergence. For this
algorithm, the curve shown in Figure 2.3 was obtained using the AR(1) model
since the AR(2) model did not yield further improvement.

In Figure 2.3, the BER curves related to the joint iterative detection and de-
coding, where a maximum of 200 turbo iterations is allowed, are also reported
with reference to the AR(1) fading model. It is possible to notice that the
curves related to the proposed EP algorithm and the Kalman filter (optimized
according to [25]) are approximately overlapped. In fact, when a sufficient
number of turbo iterations is performed, the decoder provides symbol proba-
bilities approaching the ones passed in correspondence with a known symbol.
Therefore, the observation message is composed by a single Gaussian and the
operations performed by the two detectors coincide.

In Figure 2.5, keeping fixed the effective information rate, different pilot



40 Chapter 2. Expectation Propagation for Flat-Fading Channels

distributions were considered in order to show the higher robustness of EP
with respect to the Kalman filter against pilot symbols arrangements in se-
quences separated by longer blocks of code symbols. The normalized Doppler
bandwidth was set to 5 · 10−3. The AR(1) fading model was adopted for the
sake of simplicity, however, similar conclusions can be drawn for AR(2). It is
possible to notice that both the proposed algorithm and the Kalman filter are
practically insensitive to a change in the pilots blocks distance from 20 to 40

symbols. Differently from the EP-based algorithm, increasing the gap to 80

symbols leads to a significant loss for the Kalman filtering approach. Finally,
considering a pilots distance of 160 code symbols, the EP detector is still able
to provide reasonable fading estimates and, with the aid of 6 turbo iterations,
it loses approximately 2 dB from the case where the 1/20 pilots distribution is
adopted. On the contrary, in the same conditions, the Kalman filter does not
work because of its lower robustness against longer pilots spacing.

The proposed solution in this last situation adopts the observation message
projection strategy presented in Section 2.4.2. In order to show the advantages
of this approach, we compared the algorithm performance with and without
the handling of improper distributions in Figure 2.6. It can be noted that a
considerable gain can be achieved by blocking the improper distributions prop-
agation. This is due to the fact that the adopted pilots configuration makes
the algorithm operating conditions harder. Therefore, the estimate obtained
by the prior is not often in accordance with any of the observation message
modes, leading to a rather wide approximating marginal distribution. Negative
variances are thus typically generated after the observation message update,
and allowing their propagation and combination with those from previous it-
erations leads to poor performance. On the other hand, by considering more
favorable conditions, the performance gap becomes less relevant.
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Figure 2.6: Performance comparison of the EP algorithm with and without
the propagation of improper distributions. The pilots distribution is the 8/160

one, and the normalized Doppler bandwidth fdT = 5 · 10−3. The selected σ2ν
optimizing the performance is set to 8 · 10−3. The simulated iterations are
1-200-7.

2.7 Conclusions

In this chapter, we proposed a new solution for signal detection over channels
with flat-fading through EP. The presented method allows to solve the numer-
ical instabilities related to the traditional procedure provided in the literature.
We showed through numerical results the advantages in terms of BER that can
be achieved in the separate detection and decoding case with respect to the
classical Kalman filter approach and we demonstrated the higher robustness
of this algorithm against more concentrated pilots distributions.
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The advantages of this framework offer a variety of possibilities for new re-
search directions, such as its application to the multiple-input multiple-output
channel model and the study of more severe fading conditions, for instance
frequency selectivity. Moreover, we could extend our analysis to other kinds of
divergence measures for the involved approximations.



Chapter 3

Phase Noise Detection via
Expectation Propagation

3.1 Introduction

Detection algorithms for channels affected by a time-varying PN have received
a lot of attention in the literature considering either linear or continuous-phase
modulations and different scenarios (see, e.g., [35–41] and references therein).
This is because in many communication links PN must be considered one of the
major impairments. Examples are represented by scenarios employing a high
carrier frequency, such as (coherent) optical communications, communications
from geostationary satellites, etc.

One of the most effective algorithms is that proposed in [35]. It is de-
rived using the framework based on FGs and the SPA. In a scenario like the
one at hand, where continuous RVs (the channel phase) appear in the FG,
a common approach to implement the SPA is to resort to the use of canoni-
cal distributions [42] as tackled in Chapter 2. In particular, in [35], the mes-
sages representing the a-posteriori pdfs of the channel phase are represented
through Tikhonov distributions, which can be described by a single complex
parameter. Although suboptimal, the resulting algorithm exhibits an excellent
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trade-off between performance and complexity. The suboptimality is related
to the joint presence of discrete (the code symbols) and continuous RVs in
the graph, which brings up mixture pdfs with exponential proliferation, ap-
proximated in [35] with unimodal distributions. The presence of distributed
pilot symbols is thus required to make the algorithm bootstrap. In fact, the
algorithm in [35] based on the Tikhonov parametrization is very sensitive to
the positioning of pilot symbols, so that increasing the pilot spacing causes a
performance degradation. In particular, when pilot symbols are concentrated
at both ends of the codeword, as a preamble/postamble, or, more in general,
when a maximum distance between consecutive pilot blocks is exceeded, it is
known to fail [35, 43]. This occurs since this kind of algorithm cannot achieve
any effective phase detection without the aid of extrinsic information, provided
by the decoding part of the FG during turbo iterations, or without distributed
pilots (with sufficiently close spacing). Therefore, other alternative solutions
have to be analyzed to this purpose.

As an extension of [35], the results of Raphaeli and coworkers [40, 44] are
obtained by letting mixture messages propagate one step further into the FG;
their exponential proliferation being limited by an appropriate pruning of the
mixture components, performed at the level of the Markov chain governing PN.
This way, the phase uncertainty inherent in the observation of channel output
is free to interact with the provisional estimation of previous phase samples (or
with the following ones, in backward block processing). Such a mixture message
reduction approach, however, is characterized by a considerable complexity.

The same objective of letting channel observations interact with provi-
sional estimates of adjacent phase samples can be achieved by the EP algo-
rithm [14,15,45,46], where similar mixture reduction techniques are applied
to the marginal distributions of the variables of interest, rather than to individ-
ual messages as discussed in Section 1.3. Despite the projection of messages or
marginals do have some features in common, and can even reduce to the same
algorithm in some cases [34, 47, 48], there is a profound conceptual difference
between them. In fact, only in the latter case, a message coming from a chan-
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nel observation is merged, i.e., multiplied, with the (provisional) prior belief
on the destination variable that comes from the rest of the FG. This is the
key to the potential success of EP in many similar applications, including, e.g.,
transmission over fading channels [7, 24] as discussed in Chapter 2, multiple-
input multiple-output detection schemes [49] and the design of low complexity
receivers within the orthogonal time-frequency space modulation [50,51].

The primary technical contribution of the work presented in this chapter is
the effective application of the EP framework to the detection problem in PN
channels, for the first time. Other attempts made in the past, published online
or in conference venues [43, 52], had a limited range of application and were
only partially successful. Their most common limits, which are here overcome,
are: (i) the need to corroborate the phase estimation process with “turbo"
iterations, between detector and decoder and/or (ii) the puncturing of data
with closely spaced pilot symbols. Our first approach to solve these two limits
[8] proved to be effective only for binary modulations and needing an ad-hoc
post-processing of messages. In particular, turbo iterations do not represent
a practical solution, since a separate (and sequential) detection of channel
parameters and decoding is desirable in the design of digital receivers. On
the contrary, the challenge of making EP work with separate phase detection
and decoding has not been solved. In fact, previous analyses have shown that,
despite its ability to bootstrap the phase estimation process from a proper block
of preamble/postamble pilots, the native EP algorithm is not able to effectively
refine the phase estimates beyond the first phase-detecting iteration [8]; and
this is true even when pilot blocks are close enough, a situation where the
algorithm in [35] shows a better performance. Up to now, the EP framework
has been successfully proposed for many applications, though not specifically
for PN, despite it is an historical impairment in radio transmissions. Hence, the
work presented in this chapter discusses the solution of an old problem through
the first successful application of an existing approach (EP). Nonetheless, EP
is not a standard technique, readily available for a “blind” application. Rather,
it is merely a probabilistic inference framework where changing the analyzed



46 Chapter 3. Phase Noise Detection via Expectation Propagation

scenario requires the full development of a new algorithm, just leveraging the
core concept behind EP, which is the marginal distribution approximation
through moment matching. In particular, relying on this framework involves:

• the proper selection of a suitable approximating family;

• the derivation of the associated moment matching equation(s) (KL pro-
jection);

• the approximation of non-invertible functions or non-closed form solu-
tions;

• the analytical calculation of all the subsequent messages in parametric
message passing.

The additional contribution of this work concerns identifying EP weaknesses
and the underlying reasons. To enhance and overcome the limited performance
of the resulting algorithm, we propose novel solutions that yield a flexible
algorithm capable of adapting to various pilot positioning and iterations scheme
(whether separate or joint detection and decoding) always outperforming the
state-of-the-art solutions.

The rest of this chapter is organized as follows. In Section 3.2, we introduce
the system model and the FG representation of the joint posterior pdf of the
information symbols and channel parameters. Section 3.3 briefly describes the
detection algorithms that are used for comparison purposes. In Section 3.4, we
derive an EP algorithmic solution suited for the system model in Section. 3.2.
Amendments and modifications of the derived algorithm are discussed in Sec-
tion 3.5. The message scheduling is outlined in Section 3.6. A complexity com-
parison among the analyzed algorithms is carried out in Section 3.7. Finally,
in Section 3.8 we show and discuss the numerical results and, in Section 3.9,
we draw some concluding remarks.
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3.2 System Model and Related Factor Graph

In the system we wish to investigate, a sequence of K complex coded sym-
bols c = [c0, c1, · · · , cK−1], modulated over an M -ary constellation (with al-
phabet A = {a1, . . . , aM} ⊂ C), is transmitted over an AWGN channel also
affected by Wiener PN, so that the received samples are

rk = cke
jθk + nk , (3.1)

where {nk} is a sequence of independent (complex and circularly symmetric)
Gaussian noise samples, i.e., nk ∼ NC(0, 2σ

2), with zero mean and given vari-
ance per component σ2, while the PN sequence θ = [θ0, θ1, · · · , θK−1] follows
the Wiener model, where each sample

θk = θk−1 +∆k (3.2)

results from the previous one plus a zero-mean (real) Gaussian increment
∆k ∼ N (0, σ2∆) whose variance σ2∆ dictates the severity of PN. Even though
the receiver design is based on the Wiener model (3.2), which is commonly used
to describe PN of a free-running oscillator, the proposed algorithm proves to be
effective also when PN samples are generated according to other models, such
as the one representing the PN of a Phase-Locked Loop (PLL) oscillator [53].

The FG representing the joint distribution of the latent variables θ and
c, conditioned on the value of the observed variables r = [r0, r1, · · · , rK−1] is
reported in Figure 3.1. The subscripts of messages identify their direction in
the FG (up, down, forward, backward), whereas the subscript of VNs and FNs
coincides with a time index.

The joint posterior distribution of all latent system variables is

P (c, θ | r) ∝ p(r | c, θ)P (c, θ) (3.3)

∝ p(r | c, θ)P (c) p(θ) (3.4)

∝χ(c) p(θ0)
K−1∏
k=1

p(θk | θk−1)

K−1∏
k=0

fk(ck, θk) , (3.5)
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Figure 3.1: FG representing the joint probability distribution of PN samples
and coded symbols.

where ∝ is the proportionality symbol and χ(c) is an indicator function repre-
senting the code constraints. We assume that all the allowed codewords in the
employed codebook are equally likely and, in (3.4), we exploited the inherent
a priori independence of coded symbols and PN sequence.

The FN fk implements the observation of the received samples in (3.1),
hence

fk(ck, θk) = p(rk | ck, θk) = gC(rk, cke
jθk , 2σ2)

∝ exp

(
− 1

2σ2

∣∣∣rk − cke
jθk
∣∣∣2) (3.6)

is a complex Gaussian distribution when seen as a function of the received
sample rk.

Besides fk, the only other FNs in the FG of Figure 3.1 (if we disregard the
check nodes included in the code sub-graph) are the ones related to the con-
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ditional pdfs in (3.5) that implement the Markov chain governing the Wiener
PN,

p(θk | θk−1) ≜ p∆(θk − θk−1) = g(θk, θk−1, σ
2
∆) , (3.7)

which are Gaussian too, as per (3.2). The distribution in (3.7) provides an
estimates of θk exploiting the correlation among consecutive PN samples.

Owing to the fact that the additive sources of randomness in (3.1) and (3.2)
are Gaussian, the FG in Figure 3.1 seems to represent a Gaussian belief net-
work, where all messages are Gaussian [54] and the message passing procedure
resembles the simple operations of a Kalman smoother. This is clearly not true,
for two reasons. First, the problem at hand entails a “mixed model”, where
continuous (θ) and discrete (c) variables coexist, which produces probabilistic
mixtures in the FG, specifically arising from the messages pd(θk) which are
linear combinations of simpler component distributions. In addition, (3.6) is a
Gaussian pdf only if seen as a function of rk whereas the FNs fk send down-
ward messages pd(θk) to the VNs θk, hence (3.6) must be seen as a function
of θk. By manipulating (3.6) as follows, we obtain

fk(ck, θk) ∝ exp

(
− 1

2σ2

(
|rk|2 − 2ℜ

{
rkc

∗
ke

−jθk
}
+ |ck|2

))
(3.8)

∝ exp

(
− 1

2σ2

(
−2ℜ

{
rkc

∗
ke

−jθk
}
+ |ck|2

))
(3.9)

= exp

(
−|ck|2

2σ2
+

1

σ2
ℜ
{
rkc

∗
ke

−jθk
})

(3.10)

= exp

(
−|ck|2

2σ2

)
exp

(
ℜ
[
rkc

∗
k

σ2
e−jθk

])
(3.11)

= exp

(
−|ck|2

2σ2

)
2πI0(|zk|)

1

2πI0(|zk|)
exp

(
ℜ
[
zke

−jθk
])

(3.12)

= exp

(
−|ck|2

2σ2

)
2πI0(|zk|)t(θk, zk) , (3.13)

where

• in (3.9) we neglected the term depending on rk only since it is a constant
with respect to both θk and ck. Being the FN fk connected to both the



50 Chapter 3. Phase Noise Detection via Expectation Propagation

variables ck and θk, each term depending on, at least, one of them cannot
be discarded;

• in (3.12) we defined zk = rkc
∗
k/σ

2;

• in (3.13) we denoted with t(θk, zk) the general Tikhonov distribution with
argument θk and complex parameter zk, i.e.,

t(θk; zk) =
1

2πI0(|zk|)
exp

(
ℜ
[
zke

−jθk
])

. (3.14)

Therefore, in (3.13), it is possible to notice that the obtained expression for the
FN fk is proportional to a Tikhonov distribution [35] when seen as a function
of θk.

In directional statistics [55], the phase ∠zk corresponds to the circular mean
of the circular RV θk in (3.14), while the magnitude |zk| is a measure of its
precision, i.e., of the inverse of the variance σ2θk = 1 − I1(|zk|)

I0(|zk|) ∈ [0; 1], where
Ip(x) is the modified Bessel function of the first kind of order p.1

The Bayesian inference problem for the estimation of symbols and channel
parameters cannot be solved by the plain SPA since the message

pd(θk) =

M−1∑
m=0

Pd(ck = am)fk(ck = am, θk) ∝
M−1∑
m=0

αm
k t(θk; z

m
k ) , (3.15)

where zmk = rka
∗
m/σ

2, is a Tikhonov mixture. Its coefficients αm
k , defined as

αm
k = Pd(ck = am) exp

(
−|am|2

2σ2

)
2πI0(|zmk |) , (3.16)

depend on the extrinsic information on each symbol (i.e., on the values of its
pmf for each of the possible M symbols am), as provided by the soft-input
soft-output decoding part of the FG (top of Figure 3.1), as well as on the mag-
nitude of the symbols. In the SPA, the mixture messages (3.15) would propa-
gate through the bottom half of the FG and eventually proliferate to produce

1More in general, the p-th trigonometric moment of the Tikhonov variable θk is
Et[exp (jpθk)] = exp (jp∠zk)

Ip(|zk|)
I0(|zk|)

, so that the phase of the first trigonometric moment
is the circular mean.
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untractable mixtures with an exponentially increasing number of components.
Approximate inference is thus demanded, which can be performed in a variety
of ways.

3.3 Message passing algorithms taken from the lit-
erature

In the following, we will briefly outline the algorithms that we tested for com-
parison purposes in Section 3.8.

3.3.1 Discretization of Channel Parameters: discretized-phase
BCJR

The most straightforward approach to approximate message passing is to dis-
cretize the distribution of θk, with a given number of samples Nθ, so that all the
latent system variables appear to be discrete and modelled by their pmf. This
produces an algorithm called discretized-phase BCJR (dp-BCJR) in [38], since
the forward-backward message passing procedure, along the Markov chain in
the bottom half of the FG, is the same as that of the celebrated Bahl-Cocke-
Jelinek-Raviv (BCJR) algorithm. This approach has a large accuracy being
able to follow any kind of distribution, thus we shall implement this algorithm,
denoted as dp-BCJR in the simulation results, as a performance benchmark.
In fact, when Nθ is sufficiently large the performance loss is negligible: it gets
close to the performance of the ideal SPA. However, it leads to an impractical
solution because, as it shown in Section 3.7, it is characterized by extremely
high complexity. Unlike the other message passing algorithms we will focus
on, it does not constrain the approximating distribution to belong to a certain
family of functions.
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3.3.2 Transparent Propagation algorithms

A totally different approach relies on projecting messages and/or marginals
onto a selected family of approximating distributions, usually in the exponen-
tial form (so that the family is closed under the multiplication operation),

q(x) = exp

(∑
i

ηigi(x)

)
, (3.17)

where ηi are called natural parameters and the functions gi(x) are the fea-
tures of the family. This way, only the natural parameters ηi are updated,
for each distribution, resulting in a parametric message passing procedure.
In [35], the Tikhonov approximating family is selected quite naturally, since
it is known to be the marginal distribution of θk, conditioned on the values
taken by the corresponding symbol and by the corresponding channel output,
i.e., p(θk | ck, rk) ∝ fk(ck, θk), as per (3.6). The Gaussian parameterization has
also been analyzed in [35]. However, simulation results show that using the
Tikhonov parameterization improves the performance. In fact, being a close
approximation to the wrapped Gaussian defined in the interval [−π, π], the
Tikhonov distribution better represents PN samples following their statistics
more accurately. Curiously, the way in which message pd(θk) has been pro-
jected onto a Tikhonov pdf in [35] relies on the Gaussian expression (3.6) of
the FN, so that (3.15) is approximated by the Gaussian pdf with minimum
KL divergence from the mixture, which is further interpreted as a Tikhonov
message towards θk.

A more natural solution would have been to project the Tikhonov mix-
ture (3.15) onto a Tikhonov pdf with minimum KL divergence, which is achieved
(for this as well as for any other exponential approximating family) by match-
ing the expectations of the features [15]. We refer to this approach, along
with the Tikhonov parameterization of [35], as Transparent Propagation (TP)
algorithms (the reason will be clear later). The features of a Tikhonov pdf
like (3.14) are cos(θk) and sin(θk), associated with the natural parameters ℜ[zk]
and ℑ[zk] respectively, so that their expectations can be jointly computed as
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the ℜ/ℑ parts of the first trigonometric moment E[exp(jθk)]. Exploiting known
results [55] and the linearity of expectation, the mixture in (3.15) is approxi-
mated by the Tikhonov pdf pTP

d (θk) = t(θk; z
TP
k ), which achieves the minimum

KL divergence when zTP
k obeys the following moment matching equation

I1(|zTP
k |)

I0(|zTP
k |)

ej∠z
TP
k =

M−1∑
m=0

αm
k

I1(|zmk |)
I0(|zmk |)

ej∠z
m
k , (3.18)

where αm
k stands for the normalized version of the coefficients in (3.16), i.e.,

M−1∑
m=0

αm
k = 1 . (3.19)

A detailed derivation of (3.18) can be found in Appendix D. The complex
equation (3.18) yields the circular mean ∠zTP

k as well as the variance of PN,
related to the Bessel Ratio (BR) of the magnitude |zTP

k | [44]. Despite the
different analytical approach, the two ways of projecting the mixture message
pd(θk) described above, i.e., that of [35] and the one in (3.18), yield extremely
similar results, as verified by numerical simulation in all PN scenarios that we
analyzed. For this reason, their equivalent performance is collectively shown
under the TP label in the simulation results in Section 3.8. We consider this
approach in the performance analysis because it is the best low-complexity
technique available in the literature.

3.4 The Expectation Propagation Framework

As the TP algorithm, EP [14] propagates through the FG just the natural
parameters characterizing the selected approximating family. However, unlike
TP, in the EP algorithmic framework [14], it is the entire marginal of each
latent variable that is approximated/projected instead of the single message;
in our case,

p(θk) = pd(θk)pf (θk)pb(θk) = pd(θk)pu(θk) , (3.20)
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of which the message pd(θk) only represents one factor. In (3.20), message
pu(θk) ≜ pf (θk)pb(θk) is defined as the product of forward and backward mes-
sages, and is sent upwards, opposite to message pd(θk), although not reported
in the FG in Figure 3.1. Indeed, the conceptual meaning of the two factors
of the marginal in (3.20) is the following: pd(θk) is an observation message,
which carries information on θk after the channel observation entailed in the
FN (3.13), while pu(θk) plays the role of a temporary prior belief for the PN
variable θk, as provided by the rest of the FG. Denoting the projection opera-
tion as2

proj[p(·)] = arg min
q(·)∈F

KL [p(·) ∥ q(·)] , (3.21)

where F is the approximating family, the approximating message

pEP
d (θk) =

proj[pd(θk)pu(θk)]
pu(θk)

(3.22)

is computed and sent in place of the mixture pd(θk). In this way, the argument
of the minimization in (3.21) is the divergence among variable distributions,
rather than messages. Consequently, the observation message approximation is
also influenced by the rest of the network through pu(ck). After the observation
fk(ck, θk), the estimated marginal for the PN variable θk is thus updated in a
different way, compared to the plain SPA rule (3.20), and expressed as

pEP (θk) = pEP
d (θk)pu(θk) , (3.23)

which is equal to the numerator of (3.22) and thus belongs, by construction,
to the approximating family (Tikhonov, in our case).

The projection operation in (3.22) still amounts to a moment matching
operation like (3.18), despite a marginal is projected, in EP, rather than a mes-
sage, as in TP. Of course, in the case of EP, the temporary prior pf (θk)pb(θk)
must be accounted for in the right hand side of (3.18), by simply adding the
(complex) parameters zk,f and zk,b of the forward and backward messages to

2We denote with KL[p(·) || q(·)] the KL divergence of an approximated distribution q(·)
from the exact distribution p(·).
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those of each mixture component, i.e., to zmk (hence the coefficients αm
k must be

calculated accordingly). Therefore, from a conceptual standpoint, the mixture
to be projected is now the result of the interaction between the prior belief,
deriving from the Markov chain at the bottom half of the FG in Figure 3.1, and
the current channel observation, represented by message pd(θk). The expression
for the marginal mixture parameters thus becomes

zmk,MIX = zk,u + zmk , (3.24)

where we denoted with zk,u = zk,f + zk,b the temporary prior parameter.
The general approach to approximate message passing can be either a pro-

jection of the marginal pdf of each VN (onto the selected approximating fam-
ily), as prescribed by EP, or a projection of individual mixture messages onto
the same family, as described above for TP. The TP algorithm can also be seen
as a special case of EP. In fact, when the EP algorithm generates an informa-
tionless prior (i.e., the product of messages pf (θk)pb(θk) in (3.22) represents
a uniform distribution), it is unable to modify the shape of the marginal dis-
tribution of the VN. In such cases, we can transparently shift it out of the
projection operator. This way, it simplifies with the denominator and (3.22)
reduces to the simple projection of message pd(θk). This is the reason for which
we denote the message projection approach as TP [47]. It can be demonstrated
that in some specific problems, the TP and EP approaches lead to the same
solution [48], although in general they differ remarkably.

No matter if one of the TP algorithms or if EP is adopted, the forward and
backward messages pf (θk) and pb(θk) are assumed to belong to the Tikhonov
family too, despite the FNs in the Markov chain of the FG, e.g., p(θk+1 | θk),
introduce a convolution between the Tikhonov message obtained multiplying
p
TP/EP
d (θk) with pf (θk) and a Gaussian like (3.7), for the computation of
pf (θk+1). As it is shown in the Appendix of [35], if the PN variance σ2∆ is not
exaggeratedly large then pf (θk+1) is very well approximated by a Tikhonov
pdf whose parameter |zf,k+1| is less than that of the incoming message, i.e.,∣∣∣zf,k + z

TP/EP
k

∣∣∣, while the circular mean is the same (see (36)-(38) in [35],
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for details). This corresponds conceptually to the fact that the Wiener PN
update in (3.2) does not bias the temporary estimate for θk+1 but decreases
its precision, according to its Gaussian variance. A similar conclusion holds for
the backward messages too.

3.5 The EP Modification

The EP algorithm has been already applied to transmission over Wiener PN
channels in [43] (and later in [52]), in the absence of distributed pilot symbols,
achieving a good performance when turbo iterations However, existing liter-
ature does not demonstrate successful operation of EP with separate phase
detection and decoding.

As it is known, the performance of TP algorithms, such as [35], significantly
deteriorates by increasing the pilot spacing, leading to complete failure when
they are concentrated at both ends of the codeword. In contrast, in these
scenarios, EP represents a viable alternative, due to its ability to self-sustain
the process of phase estimation across a long block of payload coded symbols.

However, the native EP algorithm is not able to effectively refine the phase
estimates beyond the first phase-detecting iteration [8], resulting in unsatisfy-
ing performance both with distributed pilots (where it is outperformed by TP
algorithms) and with more concentrated pilots (where, unable to benefit from
inner detector iterations, its performance is limited as shown in Section 3.8).

Through a detailed numerical analysis of EP, we found that its failure is
confined to some critical data packets that, due to a long sequence of noisy
observations, bring the sequence of precision values |zEP

k,f/b| to a collapse, while
propagating forward or backward messages, pf (θk) and pb(θk). Once a crit-
ical lower threshold is exceeded, the precision approaches zero and is rarely
able to recover, even if the channel in (3.1) outputs reliable observations, i.e.,
samples rk with little noise. In order to make EP overcome these limiting sit-
uations, we introduce the modifications described hereafter, which improve its
robustness even in very challenging conditions, as further verified in Section 3.8.
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3.5.1 Bessel Ratio Approximation

A first countermeasure that we introduce in the classical EP algorithm concerns
the way in which the BR I1(x)/I0(x) is inverted. Since |zEP

k,f/b| are calculated
after the EP message (3.22), which is in turn computed by applying the moment
matching (3.18), we verified that the occasional collapse of their value is largely
due to a numerical instability entailed in the approximation of the BR in (3.18)
whose inverse, not available in closed form, is necessary to obtain |zEP

k |. In fact,
despite the approximation, referred to as (b1),

I1(|z|)/I0(|z|) ≃ exp(−0.5/|z|) , (3.25)

which is commonly adopted in the literature [43,52], is very close to the exact
function when |z| ≫ 0, it is not equally accurate for lower values of |z|, e.g,
in the range [0, 5] as shown in Figure 3.2. When this traditional approxima-
tion (3.25) is adopted, the moment matching equation (3.18) becomes

e−0.5/|zEP
k |+j∠zEP

k =
M−1∑
m=0

αm
k,MIXe−0.5/|zmk,MIX |+j∠zmk,MIX , (3.26)

where, differently from [43], we adopted BR approximation also in the right-
hand side. In fact, since the exponential approximation is not perfectly over-
lapped with the true BR, as seen in Figure 3.2, using the same mapping func-
tion in both sides of the equation yields better results. In [8], we followed a
different approach, by replacing the BR straightforwardly with its argument
|z|, so that the resulting moment matching equation,

zEP
k =

M−1∑
m=0

αm
k,MIXz

m
k,MIX , (3.27)

gives the Tikhonov parameter for the marginal of θk as a simple linear com-
bination of the mixture components’ parameters. In [8], our aim was not to
accurately approximate the BR but rather to avoid the compression of the
|zEP

k | values that, as stated, seems to be inherent to the native EP message
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passing, due to the shape of the BR (and of its inverse), and tends to depress
the level of confidence in the transmitted messages. Although this strategy
showed satisfactory performance, in [8], the resulting algorithm requires an
additional monitoring of the precision values |zk,f/b|, along the forward and
backward propagation of pf/b(θk), in order to identify sudden drops of the pre-
cision values, which would lead inevitably to errors in phase detection. Such a
monitoring is implemented in [8] as a post-processing of the computed preci-
sion values, followed by the rejection of messages whose parameters are critical.
This allows the algorithm to withstand challenging scenarios, e.g, a gap of 4000
symbols among preamble and postamble without the aid of turbo iterations.

In this work, we follow a different approach focusing on the accuracy of
the inverse BR approximation. In fact, because of the very steep shape of the
BR in this range, even approximations that are apparently quite similar may
produce very different results. Besides the simple and apparently satisfactory
approximation in (3.25), we analyzed a number of piecewise approximations in
which the range of precision values |z| (hence for the BR values) is split in two
intervals that are conceptually related to the initial, steeply increasing, part of
the BR and to the saturating part that follows. A Taylor series expansion (b2),
i.e., polynomials of increasing degree, were considered, as well as exponential
profiles like (3.25), that are particularly suited for the saturating part of the
BR. The simplest instance, among these, is a piecewise linear function where
the saturating (rightmost) part of the BR is approximated by a constant, equal
to its asymptotic value 1, so that the overall approximation has the shape of a
soft limiter (b3). The free coefficients and parameters of all the approximating
polynomials that we considered were found by best matching the average values
of the derivatives of the actual BR function on the considered range for |z|.

As will be seen, a good compromise between simplicity and performance,
in terms of achievable results, is a piecewise function composed by a parabola,
for low values of |z|, followed by an exponential profile in the saturating range.
We will refer to this approximation as (b4). Therefore, the sought magnitude of
the Tikhonov parameter is |z| = f−1(BR), where f−1(·) denotes the following
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inverse BR approximation,

f−1(BR) =

{
2.55− 3.02 ·

√
0.71−BR, BR ≤ 0.59

−0.5/ log(BR) + 0.55, elsewhere
, (3.28)

where the numerical parameters are found numerically through the curve-
fitting method as stated above. In particular, concerning the parabolic piece,
the approximating polynomial is

f(|z|) = −0.11 |z|2 + 0.56 |z| . (3.29)

We set f(|z|) = BR and manipulate (3.29) as

|z|2 − 0.56

0.11
|z| = −BR

0.11
(3.30)(

|z| − 0.56

2 · 0.11

)2

=

(
0.56

2 · 0.11

)2

− BR

0.11
. (3.31)

Taking the square root of both members, we obtain

|z| = 2.55−
√
6.48− 9.09 ·BR (3.32)

= 2.55−
√

9.09 · (0.71−BR) (3.33)

and, therefore, the inverse function

f−1(BR) = |z| = 2.55− 3.02 ·
√
0.71−BR . (3.34)

The exponential profile that we choose for the approximation of the saturating
region is

BR = f(|z|) = exp

{
− 0.5

|z| − 0.55

}
. (3.35)

Directly inverting this function we obtain the 2nd range approximation of the
inverse BR:

log(BR) = − 0.5

|z| − 0.55
(3.36)

f−1(BR) = |z| = − 0.5

log(BR)
+ 0.55 . (3.37)
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Figure 3.2: On the left, the comparison among the BR, its commonly adopted
approximation (b1) and the proposed (and tested) ones, among which the em-
ployed approximation (b4) in Section 3.8. On the right, the comparison between
the approximations for the inverse BR.

Figure 3.2 shows the discussed approximating curves for BR, along with
their inverse, and the system performance associated to each of them will
be analyzed in Section 3.8. In particular, simulation results demonstrate the
significant advantages related to the approximation (b4) which leads to a higher
accuracy in the estimation of the Tikhonov precision |z| obtained by solving
the moment matching equation.

3.5.2 Rejection Strategy

The rejection of critical messages is, indeed, a well assessed technique within
the EP framework, whenever the projection and division operations (see (3.22))
make improper distributions arise [7, 54]. These distributions are easily recog-
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nizable when dealing with Gaussian mixtures, since the resulting message is
characterized by a negative variance. When, on the contrary, the approximat-
ing family is that of Tikhonov distributions, as in the present case, any value
for the parameter zk in (3.14) characterizes a valid distribution. Although im-
proper distributions can sometimes be allowed to propagate along the graph,
when the EP algorithms faces critical conditions it is usually advantageous to
discard the corresponding updates [7] and specific rejection criteria [54] become
useful, and often necessary, for ensuring the success of EP.

Typically, improper messages arise whenever there is an inconsistency be-
tween the two factors of the distribution to be projected in (3.22), i.e, the
temporary prior, represented by the parameter zk,u in (3.24), and the observa-
tion message pd(θk), which, being a mixture, is represented by the set of values
zmk in (3.24), one for each possible transmitted symbol.

The modified moment matching equation, including the approximation dis-
cussed in Section 3.5.1, is

f(|zEP
k |)ej∠zEP

k =
M−1∑
m=0

αm
k,MIX

I1(|zmk,MIX |)
I0(|zmk,MIX |)

ej∠z
m
k,MIX , (3.38)

where the definition of αm
k,MIX is analogous to that in (3.16) and αm

k,MIX are
normalized coefficients, as in (3.19) . Before the calculation of (3.38), a real-
time monitoring is introduced on the mixture parameters zmk,MIX that result
from (3.24). We define the angle

γmk = arg
[
zmk,MIXz

∗
k,u

]
, (3.39)

where the superscript m refers to the m-th mixture mode, which quantifies the
inconsistency between the phase estimate brought about by each mode and
the one provided by the prior distribution. Considering the PN evolution until
a given time epoch k, the argument of zk,u typically yields a stable estimate
of PN, which should be refined by the current channel observation. When
this is very noisy, or there is little agreement between the phase angles, i.e.,
the absolute value of (3.39) is large, the inclusion of the observation message
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can introduce spurious phase slips in the PN estimate. We verified that this
problem occurs when the estimated marginal distribution of θk before the EP
projection, i.e., pd(θk)pu(θk), is a mixture of modes (associated to the complex
parameter zmk,MIX) which is spread around the (temporary) prior distribution
of PN, pu(θk) (associated to the complex parameter zk,u). In this case, the
projection produces a rather flat Tikhonov distribution, i.e., characterized by
a small precision

∣∣zEP
k

∣∣ and a phase estimate arg
[
zEP
k

]
which gets far from

both the prior and the mixture modes, thus creating an uncertainty condition
in the estimation process from which it is sometimes difficult to recover, in the
absence of pilot symbols.

In order to avoid such situations, the specific rejection strategy that we
adopt is thus based on the inconsistency angles (3.39). We assume that the
m-th mixture mode is inconsistent if |γmk | > Γth, i.e, if its absolute angular
deviation from the prior phase angle arg [zk,u] exceeds a given threshold Γth.
Before performing the projection (3.38), at each time epoch k, the algorithm
checks the rejection condition,

M−1∑
m=0

1(|γmk | > Γth) > M , (3.40)

where 1(·) is an indicator function equal to 1 if the condition is true and 0

otherwise, to verify if the number of inconsistent modes is above a given limit
M < M . When (3.40) is satisfied, the observation message pd(θk) is consid-
ered unreliable and the information contained in it is rejected by setting zmk
to zero in (3.24). Hence, both pd(θk) and pEP

d (θk) are treated as uniform dis-
tributions, which do not carry any information on the phase, whose marginal
equals that of the prior, i.e., a Tikhonov distribution with parameter to zk,u. In
Figure 3.3, with reference to a generic time epoch k, an example of the angles
γmk , m = 1, . . . , 4 defined in (3.39) for a QPSK modulation is provided. Specif-
ically, the phase estimates brought by each mixture mode is compared with the
estimate of the prior without the influence of the channel observation. Since
the angles in (3.39) describe the phase difference, the normalized parameters
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Figure 3.3: An example of the angles describing the consistency between the
estimate provided by the prior (zk,u) and the mixture distribution (zmk,MIX)
before performing the projection, with reference to a generic time epoch k and
assuming QPSK modulation.

associated to the two involved distributions are plotted. In the case shown in
Figure 3.3, one inconsistent mode is identified.

The values of Γth and M (3.40) depend on the modulation format (M) and
on the severity of PN (σ∆). Especially at high SNRs, there can be more than
one suitable pair and, possibly, multiple rejection conditions can be adopted
by logical disjunction (∨) as, e.g.,

(
M−1∑
m=0

1(|γmk | > Γth,1) > M1

)
∨

(
M−1∑
m=0

1(|γmk | > Γth,2) > M2

)
(3.41)

in the case of two message rejection conditions, whose parameters should be
set such that Γth,1 < Γth,2 and M1 > M2. In any case, as stated, the rejection
condition is evaluated before the EP projection operation, thus reducing the
number of unnecessary operations.
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3.5.3 Message Damping

Another solution to overcome the convergence problems of EP, which is known
in the literature, is the use of “damped ”updates [46,54]. In iterative paramet-
ric message passing, the damping technique consists in propagating a convex
combination of the new parameter value and the old one. In our case, instead
of computing from (3.22)

zEP
k,d = zEP

k − zk,u , (3.42)

which is the parameter of pEP
d (θk) at the current n-th iteration, the linear

combination
z
(n)
k,d = ξ · (zEP

k − zk,u) + (1− ξ) · z(n−1)
k,d (3.43)

is used, which partly recovers the value computed at the previous, (n− 1)-th,
inner detector iteration. The value for the damping parameter ξ must be se-
lected, as discussed in Section 3.8, where we apply damping and demonstrate
its advantages through numerical results.

3.6 Message Scheduling and Algorithm Summary

Regarding message scheduling, for any algorithm, we take advantage of the
structure of the FG, which evidences the logical separation of the decoding
part from the phase detection part, corresponding to the upper and lower
halves of Figure 3.1. Indeed, Pd(ck) is the extrinsic information on the k-th
code symbol, sent from the decoder to the phase detector, as well as pu(θk)
which, as stated, represents the prior message in (3.20) and is thus seen as a
temporary estimate of PN, sent towards the decoder.

We shall assume that the phase-detector subgraph operates first, by ex-
changing horizontal messages along the Markov chain in the lower part of Fig-
ure 3.1, so as to update pf (θk) and pb(θk) by message passing (see [35], to recall
the rules of computation). This horizontal message passing could be iterated,
with multiple passes, before sending vertical messages to the decoder subgraph
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so that the phase estimate could be refined. A wide variety of message schedul-
ing can be adopted, such as a flooding schedule [5], a forward filtering followed
by either a backward filtering or a backward smoothing and so on. After a
detailed comparison, we concluded that the best performing scheduling is a
forward/backward filtering, composed by two independent passes, one for each
direction. This schedule is the most natural one as it results from the direct
application of the SPA on the detector subgraph. In fact, the Markov chain it
comprises resembles that of the BCJR algorithm, where independent forward
and backward recursions have a probabilistic interpretation. Therefore, during
the first inner-detector iteration the temporary prior parameter zk,u is equal
to either zk,f or zk,b, depending on the considered direction. In other words,
the opposite message has no impact on the observation message approxima-
tion. On the other hand, from the 2nd iteration onwards, the temporary prior
is determined by the current message in the analyzed direction entering the
variable node θk and the previous iteration’s opposite message, i.e.,

z
(n)
k,u = z

(n)
k,f + z

(n−1)
k,b (3.44)

during the forward pass and vice versa for the backward pass. The number of
“inner" detector iterations is referred to as ND.

After ND phase-detection iterations, vertical messages pu(θk) are sent from
the phase detector to the upper part of the FG, implementing the decoder,
where an inner message passing procedure takes place, until convergence or
until a maximum number of decoding iterations is reached.

The exchange of information, through vertical messages, between detector
and decoder can be iterated for NT times,3 so as to yield a refinement of both
the symbols’ and the phase samples’ estimates, from which the other receiver
half can benefit. On the other hand, detector-decoder iterations are consid-
ered impractical and they are usually avoided in the implementation of digital
receivers, especially at high baud rates. Since phase detection is performed be-

3We recall that the notation ND-NC-NT is used to indicate the number of inner detector,
inner decoder and turbo iterations.
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Two-terms additions Two-terms multiplications LUT accesses

TP [35] 7M + 12 11M + 22 2M + 2

EP 16M + 14 36M + 17 12M + 8

dp-BCJR 5N2
θ + (18M − 6)Nθ − (M + 2) Nθ(14M + 1) + 1 2N2

θ +Nθ(3M − 1)−M

Table 3.1: Complexity comparison per code symbol per iteration

fore symbol decoding, the forward/backward messages pf/b(θk) propagated at
the first turbo iteration cannot benefit from any symbol estimate, hence phase
estimation is accomplished (locally) in a non data-aided fashion, while a data-
aided phase estimation occurs, instead, at time epochs where pilot symbols are
inserted. In the case of turbo iterations, on the contrary, a (provisional) soft-
decision-directed strategy is implemented, thanks to the extrinsic information
Pd(ck), even for the payload symbols.

With reference to the generic niter,T turbo iteration, the proposed algorithm
structure is outlined in Algorithm 2.

3.7 Complexity Analysis

We performed a simplified analysis of the computational complexity of the
proposed algorithm based on the EP framework, the TP algorithm proposed
in [35] and the dp-BCJR. Referring to the k-th time epoch, we considered the
operations needed for the computation of the observation message pd(θk) ap-
proximation, the forward pf (θk) and backward pb(θk) messages and, finally, the
message Pu(ck). In order to compute the algorithmic complexity, we counted
the number of required operations distinguishing among two real terms multi-
plications, additions and accesses to the LUT for the computation of nonlinear
functions. The total number of required operations is reported in Table 3.1.
As it can be seen, the complexity of all the algorithms increases linearly with
the constellation cardinality M . However, for the dp-BCJR algorithm, it is
much higher. In fact, a critical parameter which has a strong impact on the
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Algorithm 2 Proposed EP algorithm
1: Initialization:
2: z0,f ← 0, zK−1,b ← 0

3: Inputs: Pd from the decoder if niter,T > 1, received samples r

4: Output: Pu

5: for n = 1 to ND do
6: for k = 0 to K − 2 do
7: Compute the temporary prior z

(n)
k,u ← z

(n)
k,f + z

(n−1)
k,b

8: ∀am ∈ A, m = 1, . . . ,M , compute:
9: ◦ zmk ← rka

∗
m/σ2

10: ◦ zmk,MIX ← zk,u + zmk

11: ◦ γm
k via (3.39)

12: if rejection condition (3.40) is met then
13: zEP

k ← zk,u

14: else
15: Compute αm

k,MIX through (3.16) and (3.19) with zmk ← zmk,MIX

16: Perform Tikhonov mixture projection via (3.38) and (3.28).
In particular:

17: ◦ Compute the first circular moment (CM) of (3.20)
through the right-hand side of (3.38)

18: ◦ zEP
k ← f−1(|CM|) exp{j arg [CM]}, using (3.28) for f−1(·)

19: end if
20: Compute zEP

k,d ← zEP
k − zk,u

21: For non-pilots only: apply damping as in (3.43)

22: Apply the SPA rules [5] to compute:
23: ◦ zk+1,f ← zk,f + zEP

k,d

24: ◦ zk+1,f ← zk+1,f/
(
1 + σ2

∆|zk+1,f |
)

25: end for
26: for k = K − 1 to 2 do
27: Compute the temporary prior z

(n)
k,u ← z

(n)
k,b + z

(n−1)
k,f

28: Repeat steps 8-21
29: Apply the SPA rules [5] to compute:
30: ◦ zk−1,b ← zk,b + zEP

k,d

31: ◦ zk−1,b ← zk−1,b/
(
1 + σ2

∆|zk−1,b|
)

32: end for
33: Compute ∀am ∈ A and ∀k the upward message Pu through SPA rules as
34: Pu ← exp{− |am|2

2σ2 }I0(|zk,f + zk,b +
rka

∗
m

σ2 |)
35: end for
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Figure 3.4: Comparison among the complexity of the analyzed algorithms.

computational load is the number of discretization levels Nθ. An empirical rule
for the choice of this parameter is provided in [35], which suggests that it is
linearly related to M according to Nθ = 8M . We found that the value obtained
through this rule of thumb is not sufficient for an accurate quantization of the
PN variables, which requires at least 512 levels in the QPSK case.

In order to visualize the complexity gap among the analyzed algorithms,
the number of required operations is plotted versus M in Figure 3.4. Note that
the curve labelled EP refers to the complexity of its native variant. However,
applying damping involves only 6 additional operations per symbol within the
observation message approximation (performed twice, once for each recursion)
and the computation of (3.39)-(3.40) for the adoption of rejection strategies
requires approximately 9M operations more. It is worth noting that, when the
rejection condition is satisfied, no mixture projection is performed, thus saving
several operations. It is possible to observe that the EP and TP algorithms
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have a comparable complexity whereas the dp-BCJR is characterized by a
much higher computational load and hence represents a totally impractical
solution. Because of this reason and since, with a sufficiently large Nθ, achieves
the performance of the plain SPA, it is considered here just as a performance
benchmark.

3.8 Simulation Results

We analyzed the performance of different receivers for a coded transmission,
employing an LDPC encoder, through the system under investigation. BER
is plotted versus the SNR Eb/N0, where N0 = 2σ2 is the variance of noise
samples in (3.1) and Eb is the average energy per information (payload) bit.

In all simulation results, in order to allow the algorithms convergence, pilot
symbols, which are known at the receiver, were inserted in the transmitted
codeword. The presence of pilots involves a slight decrease of the effective
information rate, resulting in an increase I in the required average energy per
bit Eb, equal to

I = 10 log10

(
1 +

Np

K

)
[dB] , (3.45)

where Np is the total number of inserted pilots in a sequence of K information
symbols. In order to make a fair comparison, this increase has been artificially
introduced in the curve referring to the Known Phase scenario, even though
pilot symbols were useless in this case since there was no need for phase esti-
mation. Thus, the Known Phase curve shows the performance of the adopted
LDPC code. Furthermore, we included the All Pilots curve, which represents
an ideal bound since a “genie-aided” receiver is assumed to perform the estima-
tion of PN samples resorting to a perfect knowledge of the entire transmitted
codeword. Also in this case, the Eb increase, I, to which the non-ideal algo-
rithms are subject due to the insertion of pilot symbols, has been accounted
for by right-shifting the ideal All Pilots curve for comparison purposes. As
discussed in Section 3.7, the dp-BCJR algorithm is regarded as a performance
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benchmark. The number of phase discretization levels is set to Nθ = 512 for
all the analyzed modulation formats.

The performance of the algorithms analyzed in Figures 3.5, 3.6 and 3.8
refers to the practical case of separate detection and decoding, i.e., the ab-
sence of turbo iterations (NT = 1). The maximum number of LDPC decoding
iterations NC is set to 200.

In Figures 3.5 and 3.6, we considered the transmission of a block of 2000
coded symbols punctured by distributed pilot symbols. The transmitted se-
quence started with a pilot, then one pilot symbol was regularly alternated
with 19 payload symbols, amounting to a 5.3% overhead The payload sym-
bols were the output of a (3, 6)-regular LDPC code with rate-1/2 and length
4000 [1]. The QPSK modulation format (M = 4) was adopted, since it is robust
to the strong PN assumed with σ∆ = 6◦.4

The focus of Figure 3.5 is on the performance comparison among the various
BR approximations involved in the EP framework. A relevant and surprising
aspect which emerges from Figure 3.5 is how apparently similar approxima-
tions, in terms of the BR curve shape, as seen in Figure 3.2, can lead to very
different performance results, in terms of phase estimation accuracy and of
the resulting error rates. Figure 3.5 also shows the performance related to the
adoption of the modified moment matching equation (3.27) that we proposed
in [8]. The reasoning behind the weak performance of this approach is that, for
carrying out a fair comparison, all the reported strategies in Figure 3.5 differ
solely in the choice of the BR approximation. Therefore, the solution of [8] is
reported in the absence of post-processing, which is, instead, a relevant algo-
rithmic part complementing the simpler moment matching equation (3.27). As
previously anticipated, to avoid the constraint on ad-hoc post-processing, we
shifted our attention to more accurate approximations. In particular, the most

4This standard deviation of PN increments σ∆ = 6◦ corresponds to a relative bandwidth
parameter [53], i.e., the ratio between the phasor 3-dB bandwidth (f3-dB) and the signal
bandwidth, equal to 8.7 · 10−4. For instance, possible parameters generating such value are
f3-dB = 8.7 · 102 Hz and baudrate equal to 1MHz.
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Figure 3.5: Performance for an LDPC-coded [1] QPSK modulation in the sep-
arate detection and decoding scenario (NT = 1) employing different BR ap-
proximations. The standard deviation of PN increments is σ∆ = 6° and (1/19)

pilot symbols are distributed among the payload.

satisfying one is (b4), whose inverse is reported in (3.28), resulting to be the
closest to the dp-BCJR benchmark. Therefore, in the following, we will focus
on this BR approximation as the best alternative to the standard (b1), which
will be still included in the forthcoming simulation results for comparison.

In Figure 3.6, we tested the performance of the EP-based algorithms com-
paring them with the algorithms presented in Section 3.3 in the same scenario
of Figure 3.5. Although representing an ideal situation, the performance of
the All Pilots algorithm shows a loss of about 0.2 dB, compared to the Known
Phase curve, since the strong PN still has to be estimated in the presence of
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Figure 3.6: Performance for an LDPC-coded [1] QPSK modulation in the sep-
arate detection and decoding scenario (NT = 1). The standard deviation of
PN increments is σ∆ = 6° and (1/19) pilot symbols are distributed among the
payload (for other parameters, see text).

AWGN.

The performance of the dp-BCJR algorithm is more than 1 dB away from
the theoretical All Pilots reference. The TP algorithm of [35] shows 0.4 dB
of penalty, compared to the dp-BCJR limit. Therefore, thanks to the help of
distributed pilots among the payload, a satisfactory performance is achieved
by this low-complexity algorithm. Moving to the primary object of our investi-
gation, we compared the native implementation of the EP algorithm (labelled
EP in figures), which employs the exponential BR approximation (b1), with
two improved variants. The first one only exploits the damping technique de-
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Figure 3.7: Convergence analysis of the EP-based algorithms in the scenario
considered in Figure 3.6 at Eb/N0 = 3.6 dB.

scribed in Section 3.5.3, it is labelled EP Damping in figures and it still employs
the BR approximation (b1), if not otherwise specified. The second one relies,
in addition to damping, on the inverse BR approximation (b4) and on the
message rejection strategies discussed in Section 3.5.2 (labelled EP Mod in
figures). From Figure 3.6, we notice that the native EP algorithm loses about
2 dB, compared to the dp-BCJR benchmark, a penalty that increases towards
higher SNRs, where a slight change of slope can be noticed. In this scenario,
where the distance among consecutive pilot symbols is short, the introduction
of damping allows to solve the convergence problems of EP, outperforming
the TP algorithm and reducing the loss to 0.3 dB. In Figure 3.7, we analyzed
the convergence of the EP-based algorithms with reference to the scenario of
Figure 3.6. In particular, we performed a study of the BER at Eb/N0 = 3.6 dB
versus the number of inner detector iterations (ND). As can be observed from
the convergence analysis reported in Figure 3.7, we found out that the na-
tive EP does not benefit from inner detector iterations and we, therefore, set
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ND = 1. On the contrary, the convergence of its damped version is reached
after 3 inner iterations and an optimized damping coefficient (ξ = 0.05). The
performance of the Modified EP algorithm (EP Mod) shows that the adoption
of a more accurate moment matching equation (3.38) combined with a suit-
able message rejection strategy allows to reach the performance benchmark,
with a remarkably lower complexity, compared to dp-BCJR. Therefore, the
Modified EP algorithm outperforms all the above analyzed algorithms. Addi-
tionally, as emerges from Figure 3.7, this algorithm converges faster than EP
Damping, requiring only 2 iterations for phase estimation refinements. In this
case, the optimal ξ results to be 0.4. We investigated by simulation the pa-
rameters adopted for the rejection condition (3.40) and found that Γth = π/2

and M = 0 achieve the optimal performance reported in Figure 3.6.

In Figure 3.6, however, the successful operation of the proposed solution
occurs in a context where the placement of pilots is quite favorable. Never-
theless, in many communications standards the position of pilots is predefined.
Therefore, with the aim of designing a receiver able to cope with sparser pilots’
distributions, in Figure 3.8 we tested the same algorithms analyzed above in the
case of the Digital Video Broadcasting Satellite Second Generation (DVB-S2)
system, where pilot symbols are organized into bursts of 36 symbols every 1440

information symbols with the exception of a longer sequence of 90 symbols in
the preamble and postamble [2]. We considered the standardized LDPC code
with codeword length 64800 and rate 1/2 whereas the analyzed modulation
formats are QPSK and 16QAM. For this system, we assumed σ∆ = 1° for
the PN and we still focused on receivers employing separate detection and
decoding, i.e., NT = 1.

As seen in Figure 3.8, the algorithm that is most vulnerable to the sparser
distribution of pilots is TP, as expected. In fact, in order to reach a near-
optimal performance with this pilots placement, it requires multiple turbo it-
erations as shown in [35]. On the contrary, in the analyzed scenario, where
NT = 1, the TP shows a loss of 1 dB with respect to the dp-BCJR benchmark
for the QPSK modulation. Moving to a higher constellation cardinality, the
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Figure 3.8: Performance for QPSK and 16QAM modulations in the separate
detection and decoding scenario (NT = 1) employing the DVB-S2 LDPC code
(rate 1/2) and pilots positioning (36/1440) [2]. The standard deviation of PN
increments is σ∆ = 1° (for other parameters, see text).

loss considerably increases, reaching almost 3 dB for 16QAM. The penalty is
reduced to about 0.7 dB for both modulation formats, using the native EP al-
gorithm, which however shows the onset of a floor around 10−4 for the 16QAM
and around 10−5 for the QPSK. The adoption of damping (ξ = 0.4) improves
the performance but an error floor is still present for the 16QAM while for the
QPSK there is still a residual loss with respect to the benchmark. It is only
with the proposed Modified EP algorithm that the BER curves in Figure 3.8
practically coincide with those of the dp-BCJR benchmark. In this scenario,
where the interval between consecutive pilot blocks (1440 symbols) is much
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longer compared to Figure 3.6 (19 symbols), the convergence of EP and EP
Damping is not guaranteed. As a result, the reported BER curves correspond
to a single pass in the detector, which yields the best possible performance.
Conversely, the modifications introduced in EP Mod enable the algorithm to
benefit from multiple passes: the refinement of phase estimates converges after
ND = 2 inner detector iterations.

The employed rejection condition is in the form (3.41) with

(Γth,1,Γth,2) =
( π
12
,
π

6

)
(3.46)

for both modulations, and

(
M1,M2

)
=

{
(1, 0) , for QPSK
(12, 7), for 16QAM

. (3.47)

Even though the considered algorithms have been derived under the as-
sumption of Wiener PN, they result to be effective also for other PN models.
For instance, in Figure 3.9, we tested the EP-based algorithms in a scenario
where the generated PN is characterized by the PSD defined in Table H.1
of [3]. We employed the 32-Amplitude-Phase Shift Keying (APSK) modula-
tion format and the DVB-S2 stardard with code rate 9/10 and pilots posi-
tioning (36/1440). The detection algorithms still assumed a Wiener PN where
the value of σ∆ to be used for the channel parameter estimation is evaluated
through simulations by generating a long sequence of PN samples. In this sce-
nario, the TP algorithm loses more than 4 dB with respect to the All Pilots
benchmark. In contrast, the native EP algorithm, based on the BR approx-
imation (b1), performs significantly better. However, its behavior is still not
satisfying: the BER curve goes down close to the benchmark (losing less than
0.2 dB) till around 10−4, then a change of slope is registered. Using the pro-
posed BR inversion (b4), included in EP Mod, allows to avoid this effect and
to practically overlap to the performance benchmark losing less than 0.05 dB,
without the aid of rejection conditions. Both curves are obtained in the absence
of damping (ξ = 1) and with a single pass in the detector, differing only in the
inverse BR approximation.
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Figure 3.9: Performance for 32-APSK modulation in separate detection and
decoding scenario employing the DVB-S2 LDPC code (rate 9/10) and pilots
positioning (36/1440). The PN PSD is defined in Table H.1 (“critical”) of [3].

In Figure 3.10, we analyzed the most challenging scenario where pilot sym-
bols are concentrated in the preamble and postamble of the data packet, both
consisting of 90 symbols. We still employed the DVB-S2 LDPC-code with rate
1/2 and the QPSK modulation, so that a block of 32400 information sym-
bols is transmitted without any pilot in-between. As a result, this situation is
particularly critical for channel estimation algorithms, which have to perform
the estimates without any synchronization reference over a long information
sequence. We assumed Wiener PN with σ∆ = 1° and, since none of the tested
receivers could achieve a satisfying performance when NT = 1, we considered
the joint detection and decoding scenario, setting the maximum number of
allowed iterations to 1-1-200. Besides the algorithms discussed in the previous
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Figure 3.10: Performance for QPSK modulation in the joint detection and
decoding scenario (1-1-200 iterations) employing the DVB-S2 LDPC code (rate
1/2) and concentrated pilots, positioned in a preamble and postamble each
composed by 90 symbols and separated by 32400 information symbols. The
standard deviation of PN increments is σ∆ = 1°.

analyses, in Figure 3.10 we included two more cases, labelled EP Damping (b4)

and EP Damping (b1), Rej, to demonstrate how each modification made to
the native EP contributes to the performance gain.

Due to the absence of distributed pilots, the TP algorithm fails completely,
as expected. In fact, in the presence of a (non pilot) payload symbol ck, the
observation message pd(θk) is a uniform pdf, that does not carry any infor-
mation, since the decoder has no knowledge of the transmitted bits. Hence,
the TP algorithm cannot bootstrap, even with multiple turbo iterations. On
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the contrary, the algorithms based on the EP framework benefit from the ex-
change of messages between detector and decoder because the PN estimates
approximation is carried out after combining the observation message pd(θk)
with the prior distribution pu(θk). Nevertheless, as evidenced by Figure 3.10,
the native implementation of EP yields unsatisfactory performance and the
use of damping allows to gain about 1 dB but the gap from the ideal All Pilots
curve is still significant.

The rejection conditions applied to EP Damping affect the slope of the
BER curve, resulting in a steeper behavior as highlighted in Figure 3.10 (see
the curve labelled EP Damping (b1), Rej ). However, the performance loss with
respect to the All Pilots algorithm is about 2 dB. In contrast, a more accurate
BR approximation (b4) improves the code threshold as shown by the curve
labelled EP Damping (b4). Nevertheless, the slope of the curve is similar to
the one of EP Damping with the standard BR approximation (b1). Only by
jointly applying these two modifications is it possible to reach the benchmark,
almost perfectly overlapping with the All Pilots curve. For this scenario we
set ξ = 0.5 and we exploited, also inside the rejection strategy, the knowledge
of the current estimate of the symbols pmf Pd(ck), provided by the decoder.
In fact, we set5

(Γth,1,Γth,2) =
(π
6
,
π

4

)
, (3.48)

(M1,M2) = ([2maxPd(ck)], [maxPd(ck)]) (3.49)

so that the clearer the decoder’s belief regarding the transmitted symbol, the
more stringent the condition to be met for rejection. Moreover, with reference
to the n-th turbo iteration, we apply message rejection only if (3.41) and

max
ck∈A

P
(n)
d (ck) ≤ max

ck∈A
P

(n−1)
d (ck) , (3.50)

are both satisfied. In fact, condition (3.50) identifies the cases where the itera-
tions are not properly refining the symbols and PN estimates. Finally, at high

5We denote with [·] the rounding function to the closest integer.
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SNRs, the value of σ2 that is passed to the detector is slightly larger than the
actual one to avoid the overestimation of the message reliability as commonly
done in the literature when dealing with suboptimal iterative algorithms.

3.9 Conclusions

We analyzed the EP algorithm operating in a digital receiver for transmis-
sions over channels affected by Wiener PN. We identified and discussed the
weaknesses of the native implementation of EP and examined various supple-
mentary techniques that could be applied to enhance its performance. Our
investigation highlighted the challenges that arise in applying the EP frame-
work to the considered context and, while solutions taken from the existing
literature proved beneficial, they still presented some relevant limitations. By
carefully analyzing the message passing procedure, we found that the EP rules
of computation for the messages can sometimes induce a collapse of the level
of confidence (precision) in the resulting estimates, hence lead to phase slips
and subsequent errors.

To address this, we introduced a more accurate approximation of the mes-
sage projection rule of EP and proposed a novel message rejection strategy
aimed at identifying and discarding misleading messages. These countermea-
sures prevent the appearance of spurious phase detection errors so as to reach
the performance of the reference benchmark even in the most challenging sce-
narios where either the separation of phase detection and decoding is required,
or the absence of distributed pilots is imposed by the adopted standard.



Chapter 4

Detection for OTFS-Based
Transmissions

4.1 Introduction

Orthogonal Time Frequency Space (OTFS) modulation has emerged as a
promising candidate waveform for 6G networks, particularly due to its ro-
bustness in challenging wireless environments, e.g., doubly-selective channels
characterized by high Doppler shifts (see [56, 57] and references therein). The
OTFS modulation format relies on the principle that wireless channels can
be effectively modeled in the Doppler-delay domain, which is the one where
doubly-selective channels found their most sparse representation. This estab-
lishes the basis of the working principle of OTFS, which encodes data in such
domain to cope with Doppler shifts in multipath propagation channels, typical
of dynamically changing environments. As the use cases for wireless commu-
nication networks continuously evolve, high mobility scenarios are becoming
increasingly widespread [58]. Therefore, since these challenging conditions can
create severe performance degradation, the adoption of a proper waveform
plays a crucial role.

Furthermore, the advancement of 6G wireless systems will be enhanced by
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non-terrestrial devices, such as high-altitude platforms and space-born satel-
lites, which will integrate and complement terrestrial networks enabling seam-
less connectivity and supporting the rapidly growing data rate demands [59,60].
Additionally, mega-constellations of Low Earth Orbit (LEO) satellites can be
exploited to enable macro-diversity schemes allowing each user to be jointly
served by multiple satellites.

This scenario is equivalent to the one where the information-bearing sig-
nal is transmitted through a multipath time-varying channel. However, in the
multi-satellite scenario, the multiple signal copies are generated by different
transmitters rather than resulting from reflections in the propagation environ-
ment. Under this context, high Doppler shifts directly derive from the relative
motion of LEO satellites with respect to User Terminal (UT) on ground. For
this reason, to fully exploit the advantages of diversity, the most promising
waveform is the OTFS.

Several studies have already shown the advantages of OTFS with respect
to other modulation formats. For instance, [61] provides a comparison be-
tween Orthogonal Frequency Division Multiplexing (OFDM) and OTFS in
sparse channel conditions (e.g., outdoor scenarios with few reflectors). The
analysis conducted in [62, 63] focuses instead on the application of OTFS in
Non-Terrestrial Networks (NTN) and demonstrates the increased robustness of
OTFS compared to OFDM in handling the significant Doppler effects typical of
satellite communications. Other relevant contributions address the integration
of OTFS with (massive) MIMO satellite systems [64,65].

The focus of this chapter is on detection strategies for OTFS-based trans-
missions over general doubly-selective channels, assuming perfect Channel State
Information (CSI) at the receiver. Effective detection is fundamental to lever-
age the potential of OTFS in real channels applications, as it directly impacts
the reliability and performance in both terrestrial and satellite communica-
tions. Firstly, we show the advantages of OTFS with respect to OFDM, which
is the primary competing conventional waveform. Then, focusing on OTFS,
we analyze the state-of-the-art detection techniques and propose a novel soft-
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output algorithm based on MP. Differently from the low-complexity approaches
available in the literature [51,57], the presented algorithm leverages the par-
ticular structure assumed by the channel matrix in the Doppler-delay domain.
Moreover, it introduces an innovative scheduling approach, where the strongest
interferers are prioritized in the detection process. We consider separate detec-
tion and decoding, i.e., without “turbo” reprocessing of the decoder output,
and test the system performance by evaluating the pragmatic capacity, which
offers a great practical relevance as discussed in Section 1.5. We examine di-
verse channel conditions. Specifically, the considered terrestrial scenario is a
standard 3GPP multipath fading channel profile [66], whereas the simulated
satellite scenarios are based on the Starlink constellation, considering various
numbers of satellites in visibility with the UT.

For comparison purposes, we tested (i) the linear Minimum Mean Square
Error (MMSE) block equalizer, which is characterized by an extremely high
complexity due to a large-dimensional matrix inversion, (ii) an MP-based de-
tection scheme firstly proposed in [67] and applied to OTFS in [68], and
(iii) low-complexity algorithms taken from the existing literature based on
message approximation through Gaussian distributions [51,57,69]. Simulation
results demonstrate that the proposed solution achieves an optimal trade-off
between complexity and performance compared to the alternative state-of-the-
art solutions.

The rest of this chapter is organized as follows. Section 4.2 provides an
overview of the analyzed scenarios. Then, Section 4.3 presents the system model
suitable for the description of both contexts. Section 4.4 is dedicated to the
review of the state-of-the-art detectors. The proposed algorithm is summa-
rized and discussed in Section 4.5. In Section 4.6, we report and comment the
numerical results and, finally, Section 4.7 provides some concluding remarks.
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Figure 4.1: An example of the first analyzed scenario. The transmitted signal
encounters multiple (possibly) moving reflectors during its propagation towards
the receiver.

4.2 Analyzed Scenarios

We consider an OTFS-based transmission with reference to the scenarios de-
picted in Figures 4.1 and 4.2.

In particular, the scenario of Figure 4.1 is an example of high-mobility mul-
tipath channel characterized by scatterers moving at different speeds and direc-
tions. The multiple reflected, diffracted and scattered copies of the transmitted
signal reach the receiver attenuated in power, delayed in time and shifted in
phase and/or frequency. All the received components are summed together at
the receiver, generating a distorted signal with respect to the transmitted one.
In fact, the multiple replicas can overlap constructively but also destructively.

In the scenario of Figure 4.2, we instead consider a multi-satellite com-
munication system consisting of LEO satellites transmitting the same OTFS-
modulated signal to a single-antenna UT on ground. Among the various kinds
of non-terrestrial devices, LEO satellites, which are located at an altitude of
500-2000 km, have attracted particular interest. Unlike traditional geostation-
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ary and medium Earth orbit satellites, which operate at altitudes of 35786 km
and 5000-20000 km, respectively, LEO satellites offer lower propagation latency
and reduced path loss. Macro-diversity schemes, which are generated by em-
ploying mega-constellations of LEO satellites, allow to enhance the system reli-
ability, especially in scenarios where the line-of-sight link between the satellite
and the UT is obstructed by physical impairments on ground. Given that satel-
lites occupy different positions in the sky and follow independent trajectories,
shadowing effects impact satellite-to-UT links in a mutually independent way.
As a results, diversity is essential not only for ensuring a uniform throughput
but also for drastically reducing the link outage probability. However, signals
from diverse satellites typically reach the UT at distinct time epochs and are
also affected by different Doppler shifts and phases. Therefore, while higher di-
versity can significantly improve performance, the UT must effectively combine
the received information to benefit from multi-satellite configurations. Because
of the relative movement of each satellite with respect to the UT, only P satel-
lites are supposed to be in visibility, where P can be much smaller than the
total number of satellites composing the constellation. Each satellite orbits at
a different distance from the UT and is characterized by a distinct relative
speed.

4.3 System Model

We consider a general system model that can be adopted for both scenarios
described in Section 4.2, as in each case the received signal results from the
superposition of P replicas of the same OTFS-based transmission. These re-
ceived components are affected by distinct propagation delay {τp}Pp=1, Doppler
shifts {νp}Pp=1 and complex gains {hp}Pp=1. Since P is typically small, the wire-
less channel presents a sparse representation in the Doppler-delay domain, as
emerged by the Doppler-delay spread function

γ(ν, τ) =
P∑

p=1

hpδ(ν − νp)δ(τ − τp) . (4.1)
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Figure 4.2: A representation of the second analyzed scenario. P satellites serve
the same UT to realize macro-diversity.

We will assume that the transmission system is designed such that the prop-
agation delays and the Doppler shifts can be considered as constant for the
duration of a transmitted frame.

Within the OTFS modulation, data-symbols {x[k, l]} (belonging to a fi-
nite alphabet A) for k = 0, 1, . . . , N − 1 and l = 0, 1, . . . L − 1 are arranged
into an N × L grid in the Doppler-delay domain. These symbols are assumed
to be spaced by 1/NT in the Doppler domain and 1/L∆f in the delay do-
main, where T is the symbol duration and ∆f is the subcarrier spacing, i.e.,
∆f = B/L being B the total available bandwidth. The values of T and ∆f are
usually selected in such a way that maxp{τp} < T and maxp{νp} < ∆f . It is
worth to underline that we do not make the simplifying unrealistic assumption
that Doppler and delay shifts are integer multiples of the symbol grid. As de-
scribed by Figure 4.3, symbols are then converted to the time-frequency domain
through the so-called Inverse Symplectic Finite Fourier Transform (ISFFT),
i.e., a Fourier transform with respect to the delay and an inverse transform
with respect to the Doppler. Therefore, the resulting expression of samples in
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ISFFT Heisenberg Transform Channel h (τ, ν) Wigner Transform SFFT
x [k, l] X [n,m] s (t) r (t) Y [n,m] y [k, l]

Time-Frequency Domain

Doppler-Delay Domain

Figure 4.3: Block diagram of an OTFS-based system.

the time-frequency domain is

X[n,m] =

N−1∑
k=0

L−1∑
l=0

x[k, l]eȷ2π(
nk
N

−ml
L ) (4.2)

for n = 0, . . . , N − 1 and m = 0, . . . , L− 1.
Consequently, the continuous-time transmitted signal s(t) can be expressed

as

s(t) =
N−1∑
n=0

L−1∑
m=0

X[n,m]ptx(t− nT )eȷ2πm∆f(t−nT ) , (4.3)

i.e., symbol X[n,m] is transmitted at time n and over subcarrier m, and ptx(t)
is a transmit shaping pulse. The transform applied in (4.3), which generates
the signal s(t) from symbols {X[n,m]}, is usually called Heisemberg transform
in the OTFS literature. The general expression in (4.3) can be specialized to
represent any of the multicarrier modulation formats available in the litera-
ture by selecting a particular shaping pulse and a proper value of T and ∆f .
For instance, setting ∆f = 1/T and adopting a rectangular shaping pulse
with duration T , (4.3) represents a classical OFDM modulation with properly
precoded information symbols.

Modeling the time-varying impulse response of the doubly selective channel
as

h(t, τ) =

P∑
p=1

hpe
ȷ2πνptδ(τ − τp) (4.4)

where {hp}Pp=1 are the complex channel gains accounting for the different path
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losses, the complex envelope of the received signal r(t) can be expressed as

r(t) =

P∑
p=1

hpsp(t− τp)e
ȷ2πνpt + w(t) , (4.5)

where, for the multi-satellite scenario of Figure 4.2, sp(t) is the complex en-
velope of the signal transmitted by the p-th satellite whereas, in the scenario
of Figure 4.1 where a single transmitter is employed, sp(t) = s(t). Moreover,
w(t) models the complex AWGN whose real and imaginary components have
power spectral density σ2. In the case of multiple transmitters, the signal sp(t)
includes the factors ν̃p, θ̃p and τ̃p required for the compensation of the fre-
quency offset, phase and delay, respectively, performed by the P satellites with
reference to one point on the Earth, referred to as ideal UT position. The signal
sp(t) can thus be expressed as

sp(t) = ej(2πν̃pt+θ̃p)s(t− τ̃p) , (4.6)

where s(t) is the ordinary information-bearing waveform sent by all the P

satellites.
At the receiver side, the resulting signal at the output of a filter matched

to prx(t)e
ȷ2πft, where prx(t) is a receive shaping pulse, is

Y (t, f) =

∫
r(t′)p∗rx(t

′ − t)e−j2πf(t′−t) dt′ . (4.7)

By sampling Y (t, f) at t = nT and f = m∆f , we obtain the samples {Y [n,m]}.
In the OTFS literature, the filtering of the received signal with the bank
of matched filters plus sampling is usually called Wigner transform. Finally,
through the Symplectic Finite Fourier Transform (SFFT), it is possible to ob-
tain the received samples {y[k, l]}, for k = 0, . . . , N − 1 and l = 0, . . . , L − 1

in the Doppler-delay domain:

y[k, l] =
1

NL

N−1∑
n=0

L−1∑
m=0

Y [n,m]eȷ2π(−
nk
N

+ml
L ) . (4.8)
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In the following, we will assume prx(t) = ptx(t), ∆f = 1/T , and that ptx(t)

is a rectangular pulse with duration T . Under these assumptions, the noise
samples affecting the useful signal in {Y [n,m]} are white. Moreover, since the
SFFT does not color the noise, the same consideration holds also for the noise
samples affecting {y[k, l]}. In the following, they will be omitted for the sake
of notational simplicity.

Under the further assumption of absence of interblock interference, the
received samples y[k, l] can be expressed as [61,68]

y[k, l] =
∑
k′,l′

x[k′, l′]gk,k′ [l, l
′] , (4.9)

where the Intersymbol Interference (ISI) coefficient of the Doppler-delay pair
[k′, l′] seen by sample [k, l] is given by [61,68]

gk,k′ [l, l
′] =

P∑
p=1

hpe
ȷ2πνpτpΨp

k,k′ [l, l
′] . (4.10)

The entries of the channel matrix Ψp
k,k′ in (4.10) are defined as

Ψp
k,k′ [l, l

′] ≃ 1

NL

1− eȷ2π(k
′−k+νpNT )

1− eȷ2π
(k′−k+νpNT)

N

1− eȷ2π(l−l′−τpL∆f)

1− eȷ2π
(l−l′−τpL∆f)

L

e
ȷ2πνp

l′
L∆f

·

 1 if l′ ∈ [0, L− 1− ⌈τp/ (T/L)⌉]

e
−ȷ2π

(
k′
N
+νpT

)
if l′ ∈ [L− ⌈τp/ (T/L)⌉, L− 1]

, (4.11)

where the approximation derives from the use of a discrete sum in place of the
integral in the cross-ambiguity function between the transmit and receive shap-
ing pulses, which is included in the expression of {Y [n,m]}. For more details
refer to [68]. It follows from (4.9) that each symbol x[k, l] in the Doppler-delay
grid can, in principle, interfere with any other symbol within the same OTFS
block. We therefore obtain a linear system characterized by a two-dimensional
ISI. This is the reason for which the receiver has to process the entire OTFS
block and could not take into account a subset of samples only. The magnitude
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of Ψp
k,k′ [l, l

′] depends on {k, l, k′, l′} through the differences k − k′ and l − l′.
Defining the Dirichlet kernel function

Dn(x) =
1− eȷ2πx

1− eȷ2πx/n
,

we can express ∣∣∣Ψp
k,k′ [l, l

′]
∣∣∣ ≃ 1

NL

∣∣DN (k′ − k + νpNT )
∣∣

·
∣∣DL(l − l′ − τpL∆f)

∣∣ .
The input-output equation (4.9) can be organized in matrix form. Writ-

ing the N × L matrices of transmitted symbols and received samples as NL-
dimensional column vectors (stacking the columns of the corresponding ma-
trices on top of each other), we obtain the block-wise input-output relation in
the form [61]

y = Ψx+w , (4.12)

where, defining h′p = hpe
ȷ2πνpτp ,

Ψ =
P∑

p=1

h′pΨp (4.13)

and matrices {Ψp} have dimension NL × NL and are obtained by properly
stacking the entries of the L×L matrices Ψp

k,k′ for k, k′ = 0, . . . , N − 1, while
w denotes the AWGN with zero mean and covariance matrix 2σ2INL, where
INL is the NL×NL identity matrix.

The channel effect on each transmitted symbol in the Doppler-delay grid
can be described as follows. As an example, consider the transmission over the
time-frequency selective channel in (4.4) of an OTFS block composed by all
zero symbols except one (placed anywhere in the grid) with enough energy to
be distinguishable. The p-th received component shows the transmitted symbol
(circularly) shifted in the grid according to the pair (νp, τp). Moreover, if the
involved channel parameters are integer multiples of the grid resolution, the
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Figure 4.4: Example of the channel effect on a generic transmitted symbol.
In the left subfigure, the transmitted symbol (magnitude) in the Doppler-
delay grid. In the right subfigure, the received energy distribution after the
propagation through the multipath channel.

whole received energy is confined in a single grid position. Otherwise, in the
general and realistic scenario of Doppler and delay with a fractional component,
an energy leakage, which is dictated by the Dirichlet kernel functions included
in the channel matrix Ψ, appears in the positions surrounding the peak value.
Due to the system’s linearity, the overall effect of the multiple paths results in
the superposition of the shifts associated with each component. In Figure 4.4,
an example of the symbol shift in a multipath scenario is shown.

4.4 State-of-the-art Detection Algorithms

In this section, detection algorithms for OTFS-based transmissions are de-
scribed. Firstly, in Section 4.4.1, the MMSE detector is presented. Then, Sec-
tion 4.4.2 describes the Channel Shortening (CS) technique, proposed in [70]
for MIMO channels and here applied to OTFS detection. Since both these two
approaches have a very good performance but an impractical complexity, dif-
ferent low-complexity soft-output algorithms exploiting the framework based
on FGs and the SPA have been developed [51,57,68].
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It is possible to distinguish these MP algorithms for OTFS detection in two
categories:

• the first one, presented in Section 4.4.3, is based on discrete MP (i.e.,
the incoming and outgoing messages from a VN have size M)1;

• the second category, discussed in Section 4.4.4, focuses on continuous MP
algorithms, which are derived under the assumption that the information
symbols are continuous RVs, whose pdf is approximated by a complex
Gaussian distribution.

Moreover, inside the first family we can further differentiate between the algo-
rithms working on the Ungerboeck observation model [68] and those derived
from the Forney model.

In general, for FG-based algorithms, depending on how the posterior pmf
of the modulation symbols x, i.e.,

P (x |y) ∝ p(y |x)P (x) , (4.14)

is factorized, different algorithms can be derived.

4.4.1 MMSE block equalizer

Denoting with xk the k-th entry of the column vector x in (4.12), the detector
provides at its output the noisy estimate x̂k, k = 1, . . . , NL. This detector
is derived under the assumption that x is a Gaussian vector. The optimal
estimator x̂ of x according to the MMSE criterion results to be linear with the
observation y and has thus expression

x̂ = Cy , (4.15)

where C is a proper NL × NL matrix that can be found by using the or-
thogonality principle [71], stating that the error and the observations must be
orthogonal, i.e,

E{y(x̂− x)H} = 0 , (4.16)
1We recall that M denotes the constellation cardinality.
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or, equivalently
E{yx̂H} = E{yxH} . (4.17)

Note that y(x̂ − x)H is a NL × NL matrix. Thus, (4.16) is indeed a linear
system with N2L2 equations and N2L2 unknowns. By substituting (4.15) in
(4.17), we obtain

E{yyH}CH = E{yxH} . (4.18)

By assuming uncorrelated symbols with mean zero and mean square value A2,
i.e., E{xxH} = A2INL, we have

E{yyH} = E{(Ψx+w)(Ψx+w)H} = ΨE{xxH}ΨH + E{wwH}

= A2ΨΨH + 2σ2INL ,

E{yxH} = E{(Ψx+w)xH} = ΨE{xxH} = A2Ψ

and thus (4.18) becomes[
A2ΨΨH + 2σ2INL

]
CH = A2Ψ .

By defining σ2 = 2σ2/A2, we finally obtain

C = ΨH
[
ΨΨH + σ2INL

]−1 (4.19)

having exploited the fact that matrix
[
ΨΨH + σ2INL

]
is Hermitian. Hence,

substituting (4.19) in (4.15), we obtain

x̂ = ΨH
[
ΨΨH + σ2INL

]−1
y , (4.20)

or, equivalently,
x̂ =

[
ΨHΨ+ σ2INL

]−1
ΨHy . (4.21)

In fact, right multiplying (4.20) by
[
ΨH

]−1
ΨH = INL, we obtain

x̂ = ΨH
[
ΨΨH + σ2INL

]−1 [
ΨH

]−1
ΨHy (4.22)

= ΨH
[
ΨH

(
ΨΨH + σ2INL

)]−1
ΨHy (4.23)

= ΨH
[(
ΨHΨ+ σ2INL

)
ΨH

]−1
ΨHy (4.24)

= ΨH
[
ΨH

]−1 [
ΨHΨ+ σ2INL

]−1
ΨHy (4.25)

=
[
ΨHΨ+ σ2INL

]−1
ΨHy , (4.26)
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where in (4.23) and (4.25) the following known property on the inverse of
matrices product has been applied. Given two generic matrices A and B, it
holds

(AB)−1 = B−1A−1 . (4.27)

Finally, for the computation of the pragmatic capacity we need the a-posteriori
pmf of the transmitted symbols xk given the detector soft-output x̂k, i.e.,
P (xk | x̂k). To this purpose, the estimate x̂k is treated as the output of a (vir-
tual) AWGN channel as mentioned in Section 1.5. We can thus express the
k-th symbol as a function of the relative estimate x̂k as

xk = x̂k + ϵk , (4.28)

where ϵk is the zero-mean estimation error whose variance σ2ϵ,k corresponds to
the element in position (k,k) of the following error covariance matrix:

Cϵ = E
[
(x− x̂)(x− x̂)H

]
(4.29)

= E
[
ϵ(x− x̂)H

]
(4.30)

= E
[
ϵxH

]
− E

[
ϵx̂H

]
(4.31)

where, in (4.30), ϵ is a error column vector with entries ϵk, k = 1, . . . , NL.
Then, exploiting the orthogonality principle in (4.16), we obtain

Cϵ = E
[
ϵxH

]
− E

[
ϵyH

]︸ ︷︷ ︸
=0

{[
ΨΨH + σ2INL

]−1
}H

Ψ (4.32)

= E
[
(x− x̂)xH

]
(4.33)

= E
[
xxH

]
− E

[
x̂xH

]
(4.34)

= A2INL −ΨH
[
ΨΨH + σ2INL

]−1 E
[
(Ψx+w)xH

]
(4.35)

= A2
(
INL −ΨH

[
ΨΨH + σ2INL

]−1
Ψ
)

(4.36)

= A2

(
INL +

ΨHΨ

σ2

)−1

(4.37)

=

(
INL

A2
+

ΨHΨ

2σ2

)−1

(4.38)
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where (4.37) is obtained applying the Woodbury matrix identity.
It follows that the required pmf is

P (xk |x̂k) = gC(xk, x̂k, σ
2
ϵ,k) . (4.39)

The complexity of this detector is O
(
(NL)3

)
, since its implementation requires

the inversion of the NL×NL matrix in (4.20). In a time-varying scenario,
when the channel matrix Ψ changes at every block, and for typical values of
N and L (e.g., N = 50 and L = 64), this complexity cannot be afforded. A
simplified MMSE detector has been proposed in [72] which is, however, based
on the simplified assumption that νp and τp are multiple of the grid spacings
in the Doppler-delay domain. In a practical scenario, when this assumption is
not fulfilled, a significant performance degradation is observed.

4.4.2 Channel shortening

Another possible solution for the OTFS detection is based on the use of the
CS technique. The CS approach was first proposed in 1973 by Falconer and
Magee [73] with the aim of reducing the computational complexity of the
Viterbi algorithm. In fact, this last algorithm, as well as other detection meth-
ods working on a trellis diagram such as BCJR [74], can quickly become un-
manageable when the size of the trellis increases, that is, when the channel
memory Λ is high and/or the dimension M of the adopted constellation grows,
being the number of states defined by MΛ. In order to solve this complexity
problem two main directions can be followed: (1) to work on the complete
trellis but exploring only a fraction of it, and (2) to build a reduced trellis
which is, then, processed with full complexity. The CS belongs to the second
category of algorithms since this detector approximates the true channel with a
shorter channel. This approach simplifies the optimal MAP detector, however,
its complexity exceeds the one of the MMSE, which can be seen as a special
case of CS with minimum complexity.

After the first investigation on CS [73], many other works were published on
this topic. A general derivation of CS for ISI and MIMO channels is proposed
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by Rusek and Prlja in [70]. This work proposes a general technique for the
design of an optimal receiver for a given reduced complexity. In particular, the
optimal channel shortening filter and the optimal branch labels of the reduced
trellis are derived in closed form. These closed form expressions are obtained
under the assumption of Gaussian inputs however, in [70], the authors verify
that the performance is not affected by the adoption of commonly used discrete
constellations.

In this section, we will briefly review the main results of [70] for a general
system model described by (4.12).

Assuming the channel matrix Ψ to be perfectly known, the conditional pdf
of the received samples y given the symbols x can be computed as

p (y|x) = 1

(2πσ2)NL
exp

(
−∥y −Ψx∥2

2σ2

)
(4.40)

∝ exp

(
−∥y −Ψx∥2

2σ2

)
(4.41)

∝ exp

(
−yHy − 2ℜ{yHΨx}+ xHGx

2σ2

)
, (4.42)

where in (4.41) the proportionality operator removes a constant factor inde-
pendent of x and in (4.42) we defined

G ≜ ΨHΨ . (4.43)

According to the CS detector, (4.42) can be rewritten as

p̃ (y|x) ∝ exp

(
−yHy − 2ℜ{yHΨrx}+ xHGrx

Nr

)
, (4.44)

where the mismatched noise densityNr and the matrices Ψr and Gr are subject
to optimization. Neglecting the irrelevant terms for the detection process and
including Nr into Ψr and Gr, we can redefine p̃ (y|x) as

p̃ (y|x) ≜ exp
(
2ℜ{xH(Ψr)Hy} − xHGrx

)
. (4.45)
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We can notice from (4.45) that the need of trellis processing is related
uniquely to the matrix Gr. In order to reduced the complexity, it is necessary
to shorten this matrix, by constraining Gr to satisfy the following condition

Gr(m,n) = 0 if |m− n| > λ , (4.46)

where λ is the selected length of the reduced channel response. Therefore, the
number of required states for the algorithm working on the reduced trellis
decreases to |A|λ, thus showing a complexity reduction factor of |A|(Λ−λ),
where typically Λ ≫ λ, with respect to the MAP detector based on (4.42).

The optimal front-end-filter is derived in [70] and results to be

Ψr =
[
ΨΨH + 2σ2INL

]−1
Ψ[Gr + INL] . (4.47)

The resulting filter in (4.47) equals the MMSE filter (independent of the choice
on λ) compensated by the trellis processing, which is represented through
Gr + INL.

The steps for the computation of Gr can be summarized as follows.

1. Compute
B ≜ −ΨH

[
ΨΨH + 2σ2INL

]−1
Ψ+ INL . (4.48)

2. Define the submatrices B̃
λ
k of B as

B̃
λ
k =


Bk+1,k+1 . . . Bk+1,min(NL,k+λ)

...
. . .

...
Bmin(NL,k+λ),k+1 . . . Bmin(NL,k+λ),min(NL,k+λ)

 , (4.49)

and the row vectors

bλk = [Bk,k+1, . . . , Bk,min(NL,k+λ)] , (4.50)

uλ
k = [uk,k+1, . . . , uk,min(NL,k+λ)] (4.51)

where Bm,n = B(m,n) and um,n = U(m,n) are the elements in the m-th
row and n-th column of the matrices B and U , respectively.
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3. Compute the scalar terms

cn = Bn,n − bλn(B̃
λ
n)

−1(bλn)
H . (4.52)

4. Construct the upper triangular matrix U from the row vectors

uλ
n = −un,nbλn(B̃

λ
n)

−1 (4.53)

and the entries in the main diagonal, defined as

un,n =
1

√
cn
. (4.54)

5. Finally, compute the optimal Gr as

Gr = UHU − INL . (4.55)

For a detailed derivation refer to [70].
As previously mentioned, the detector based on CS, as well as the MMSE

equalizer, has a very good performance but typically a still too high complexity
for some applications. In fact, even its implementation requires the inversion
of an NL ×NL matrix, thus a complexity proportional to (NL)3. In a time-
variant scenario, when the matrix Ψ changes at every block, for large values
of the product NL, this complexity cannot be afforded.

4.4.3 Discrete MP

A. Matrix G-based algorithm (MPG)

Among the MP algorithms working on FGs, an effective one, here referred to as
MPG, is proposed in [67] and recently applied to OTFS in [68]. Differently from
the algorithms that will be discussed in Section 4.4.4, it works on a processed
version of Ψ. In the following, the main algorithmic steps will be summarized.
The factorization of the conditional pdf in (4.42) can be rewritten as

p (y|x) ∝ exp

(
2ℜ
{
xHz

}
− xHGx

2σ2

)
, (4.56)
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where z is defined as
z = ΨHy , (4.57)

and the expression of G is the one of (4.43). From (4.56), it is possible to notice
that z is a sufficient statistic for symbols detection. In fact, the operation
in (4.57) corresponds to a matched filtering. The algorithm is thus developed
on the Ungerboeck observation model since it performs the detection process
operating on G. Expressing in (4.56) the matrices products explicitly in terms
of their elements, it is possible to factorize the conditional pmf in (4.14) as

P (x |y) ∝
NL∏
k=1

[
Pk (xk)Fk (xk)

∏
l<k

Ik,l (xk, xl)

]
, (4.58)

which is based on the assumption that the modulation symbols xk are treated
by the detector as i.i.d. with given (typically uniform) a-priori pmfs Pk(xk),
k = 1, . . . , NL, and we defined

Fk (xk) ≜ exp

[
1

σ2
ℜ
{
zkx

∗
k −

1

2
Gk,k |xk|2

}]
, (4.59)

Ik,l (xk, xl) ≜ exp

[
− 1

σ2
ℜ{Gk,lxlx

∗
k}
]
, (4.60)

where Gk,l denotes the element in the k-th row and l-th column of G.
The corresponding FG is shown in Figure 4.5. The resulting MPG algorithm

consists in a direct application of the SPA to the obtained graph. The details
of the resulting MP algorithm can be found in [67]. It can be summarized as
follows. Define Vk (xk) as the product of all messages incoming to the variable
node xk, namely

Vk (xk) = Pk (xk)Fk (xk)
∏
j ̸=k

νk,j (xk) , (4.61)

which is proportional to the estimated posterior marginal distribution of xk.
Following the SPA rules

• the message µk,j transmitted from VN xk to the FN Ik,j is computed as

µk,j (xk) = Vk (xk) /νk,j (xk) ; (4.62)
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Figure 4.5: Structure of the FG for the Matrix G-based algorithm.

• the message νk,j transmitted from FN Ik,j to VN xk can, instead, be
expressed as

νk,j (xk) =
∑
xj∈A

Ik,j (xk, xj)µk,j (xj) . (4.63)

It is worth noting that changing the order in which messages are computed
and propagated, i.e., the schedule, different performance can be obtained. The
adopted schedules in the simulation results reported in Section 4.6 are the
Parallel Schedule (PS) and the Serial Schedule (SS). For details, refer to [67].

An important property of this approach is that, as highlighted in Figure 4.5,
the FG has girth (i.e., minimum length cycles) 6. Even if it is known that the
SPA generates exact marginal distributions when the graph is cycle-free, in
loopy graphs with large girth the local neighborhood of each node is “tree-
like” [5].

Moreover, the complexity of the MPG algorithm is linear in the number of
interferers per symbol Z [67] and quadratic in the constellation size M . In the
simulation results, we selected the S < Z terms bringing the highest amount
of interference, where the value of S is set such that the complexity constraints
are satisfied. The overall computational load is thus O(niterNLSM

2), where
niter denotes the number of allowed inner detector iterations.
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Figure 4.6: Structure of the FG for the Matrix Ψ-based algorithm.

B. Matrix Ψ-Based Algorithm (MPΨ)

We will now focus on a different factorization of the posterior pdf which leads
to a different FG structure. In fact, (4.14) can be written as

P (x |y) ∝
NL∏
k=1

p(yk |x)Pk(xk) . (4.64)

We define the FNs

Qk(x) ≜ p(yk |x) = exp

(
−∥yk −Ψkx∥2)

2σ2

)
, (4.65)

where Ψk denotes the k-th row of the channel matrix Ψ. The resulting FG is
shown in Figure 4.6. This FG has girth equal to 4, as highlighted in Figure 4.6,
therefore lower than that of [57] working on the FG of Figure 4.5. As directly
follows from the FNs definition (4.65), the j-th VN is connected to a number
of FNs equal to the number of nonzero elements in the j-th column of Ψ and
the k-th FN is connected to all the symbols corresponding to the positions of
the nonzero elements of the k-th row of Ψ. Since in the general case of delay
and Doppler shifts with a fractional component the channel matrix is (almost)
full, the FG presents an extremely high number of edges. Denoting with lk
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the number of nonzero elements in the k-th row of Ψ which is, therefore, the
degree of the FN Qk(x), the exact application of the SPA would require to
sum over lk − 1 discrete variable taking M possible values in A. Thus, the
computational load is M lk−1 which, especially for large constellations and/or
real channel conditions, is highly impractical. In fact, the message sent from
FN Qk(x) to VN xj is

µQk→xj (xj) =
∑
∼xj

Qk(x)
∏

l∈n(k)\{j}

µxl→Qk
(xl) , (4.66)

where n(k) is the set of VNs connected to FN Qk(x). Instead, the message
transmitted from VN xj to FN Qk, applying the SPA rules, is

µxj→Qk
(xj) =

∏
l∈m(j)\{k}

µQl→xj (xj) , (4.67)

where m(j) is the set of FNs connected to the VN xj . Due to the impractical
complexity, several solutions have been proposed to simplify the exchanged
messages. Among the approximating algorithms working on the FG shown in
Figure 4.6, one of the most successful ones is that proposed in [57]. We will
denote this algorithm as MPΨ. In [57], the authors propose to adopt a Gaussian
approximation for the interfering symbols in the computation at the FN Qk(x),
which decreases the computational load. In fact, the approach proposed in [57]
relies on the following approximation. When computing the message from FN
Qk(x) to VN xj , the k-th received sample, which can be expressed as

yk = ψk,jxj +
∑

l∈n(k)\{j}

ψk,lxl + wk (4.68)

where wk is the k-th component of the AWGN vector w, ψk,j represents the
element in the k-th row and j-th column of Ψ and n(k) is the set of VNs
connected to FN Qk(x), is assumed to be

ỹk = ψk,jxj + zk→j (4.69)
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where zk→j is the approximation of the interference term, modeled as a Gaus-
sian random variable. It follows that

zk→j ∼ NC(η
(n)
k,j , ν

(n)
k,j ) , (4.70)

where n denotes the iteration number and

η
(n)
k,j = E [zk→j ] (4.71)

= E

 ∑
l∈n(k)\{j}

ψk,lxl + wk

 (4.72)

=
∑

l∈n(k)\{j}

ψk,lE [xl] (4.73)

=
∑

l∈n(k)\{j}

ψk,l

M∑
s=1

µ
(n−1)
xl→Qk

(xl = as)as (4.74)

where we recall that as ∈ A, s = 1, . . . ,M , are the constellation symbols, and

ν
(n)
k,j = Var

 ∑
l∈n(k)\{j}

ψk,lxl + wk

 (4.75)

=
∑

l∈n(k)\{j}

|ψk,l|2 Var {xl}+ 2σ2 (4.76)

where

Var {xl} =
M∑
s=1

µ
(n−1)
xl→Qk

(xl = as)|as|2 −

∣∣∣∣∣
M∑
s=1

µ
(n−1)
xl→Qk

(xl = as)as

∣∣∣∣∣
2

. (4.77)

Therefore, the message in (4.66) is replaced by

µ
(n)
Qk→xj

(xj = as) ∝ exp

−

∣∣∣yk − ψk,jas − η
(n)
k,j

∣∣∣2
ν
(n)
k,j

 . (4.78)

Then, at the VN xj the corresponding partial pmf to be sent to FN Qk is
computed by substituting in (4.67) the just derived approximated messages
from FNs Ql with l ∈ m(j)\{k} to VN xj .
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In this way, a significant performance reduction can be obtained, achiev-
ing an overall complexity of O(niterNLSM), where S denotes the number of
elements of each row and column of Ψ which are considered for the detection
process. It is worth specifying that, in order to increase the sparsity of Ψ and,
therefore, decrease the number of edges in the graph of Figure 4.6, the detec-
tor proposed in [57] considers the delay shifts as integer multiples of the grid
resolution. For this reason, the number S of nonzero elements per row/column
is limited and much smaller than the channel matrix dimension. However, the
above assumption is generally not satisfied by real channels and the matrix Ψ

is typically full. Moreover, making the detector work on an approximated chan-
nel matrix constructed by rounding the delay shifts to integer multiples of the
grid leads to a significant performance degradation. Therefore, in the simula-
tion results presented in Section 4.6, we make the MPΨ detector work on the
exact matrix Ψ and we set the value of S according to the complexity con-
straints and the choice of the interfering terms per symbol is done by selecting
the most significant entries in terms of energy.

4.4.4 Continuous MP

In [51], other possible approximated MP approaches are described, aiming to
a complexity reduction of the exact SPA applied to the FG in Figure 4.6. In
particular, the algorithms discussed in this section are derived based on the
assumption that the transmitted symbols xk, for k = 1, . . . , NL, are continuous
RVs, characterized by a complex Gaussian distribution. For this reason, we
refer to them as continuous MP algorithms.

A. Approximate MP using Gaussian Approximation (AMP-GA)

Differently from the approach of [57], outlined in Section 4.4.3.B, the AMP-GA
algorithm solves the complexity problem of (4.66) and (4.67) introducing an
approximation on the VNs: the discrete pmf of symbols is substituted with a
Gaussian distribution so that only its mean and variance have to be computed
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and propagated through the graph.
According to this approach, each discrete M -dimensional message, sent

from a VN to a FN is approximated by the Gaussian pdf minimizing the KL
divergence. The parameters characterizing the Gaussian distribution are, there-
fore, obtained through moment matching. Denoting with µ

(n)
xl→Qk

the discrete
message sent from VN xj to FN Qk at the n-th inner detector iteration and
with η(n)xj→Qk

and ν(n)xj→Qk
the mean and variance of the approximated message,

respectively, it follows that

η
(n)
xj→Qk

=
∑
xj∈A

xjµ
(n)
xj→Qk

(xj) (4.79)

ν
(n)
xj→Qk

=
∑
xj∈A

|xj |2µ(n)xj→Qk
(xj)− |η(n)xj→Qk

|2 . (4.80)

Substituting the discrete message µxl→Qk
(xl) in (4.66) with a Gaussian

distribution and considering the VNs xl, l ∈ n(k)\{j} as continuous RVs, we
obtain

µ
(n)
Qk→xj

(xj) =

∫
∼xj

Qk(x)
∏

l∈n(k)\{j}

gC(xl, η
(n)
xl→Qk

, ν
(n)
xl→Qk

) (4.81)

∝ gC(ψk,jxj , η
(n)
Qk→xj

, ν
(n)
Qk→xj

) (4.82)

where

η
(n)
Qk→xj

= yk −
∑

l∈n(k)\{j}

ψk,lη
(n)
xl→Qk

, (4.83)

ν
(n)
Qk→xj

= 2σ2 +
∑

l∈n(k)\{j}

|ψk,l|2ν
(n)
xl→Qk

. (4.84)

Finally, (4.67) becomes

µ
(n)
xj→Qk

(xj = as) =
gC

(
xj = as, ζ

(n)
xj→Qk

, γ
(n)
xj→Qk

)
∑M

m=1 gC

(
am, ζ

(n)
xj→Qk

, γ
(n)
xj→Qk

) , as ∈ A (4.85)
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where

γ
(n)
xj→Qk

=

 ∑
l∈m(j)\{k}

|ψl,j |2

ν
(n−1)
Ql→xj

−1

, (4.86)

ζ
(n)
xj→Qk

= γ
(n)
xj→Qk

∑
l∈m(j)\{k}

ψ∗
l,jη

(n−1)
Ql→xj

ν
(n−1)
Ql→xj

. (4.87)

The discrete distribution computed in (4.85) is then used in (4.79)-(4.80) to
find the mean and variance of the approximated Gaussian message transmitted
from VN xj to FN Qk. The symbols marginal distribution is then computed
through the SPA rules by multiplying all the incoming messages in each VN.

B. Approximate MP using EP (AMP-EP)

The EP framework can be used to further reduce the complexity of the AMP-
GA approach, outlined in Section 4.4.4.A. In particular, the simplification con-
cerns the message in (4.85). In fact, the symbol belief

β(n)(xj = as) ≜

∏
k∈m(j) µ

(n−1)
Qk→xj

(xj = as)∑M
m=1

∏
k∈m(j) µ

(n−1)
Qk→xj

(xj = am)
, as ∈ A , (4.88)

where the M discrete values of µ(n−1)
Qk→xj

(xj) are computed from (4.82) as

µ
(n−1)
Qk→xj

(xj = as) ∝ exp

−

∣∣∣ψk,jas − η
(n−1)
Qk→xj

∣∣∣2
ν
(n−1)
Qk→xj

 , (4.89)

is replaced by a Gaussian pdf β̂(n)(xj) = gC(xj , η̂
(n)
xj , τ̂

(n)
xj ), instead of approx-

imating the message µxj→Qk
(xj). From the approximate symbol belief, it is,

then, possible to compute the approximate message µ̂xj→Qk
(xj). The param-

eters η̂(n)xj and τ̂
(n)
xj of β̂(n)(xj) can be computed by minimizing the KL diver-

gence among the exact and the approximated Gaussian distribution, therefore,
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exploiting moment matching technique, we obtain

η̂(n)xj
= Eβ(n)(xj)

[xj ] , (4.90)

τ̂ (n)xj
= Eβ(n)(xj)

[|xj |2]− |η̂(n)xj
|2 . (4.91)

Finally, the parameters of the message from VN to FN directly derive from the
ratio among two Gaussian pdfs, i.e.,

τ̂
(n)
xj→Qk

=

 1

τ̂
(n)
xj

−
|ψk,j |2

ν
(n−1)
Qk→xj

−1

, (4.92)

η̂
(n)
xj→Qk

= τ̂
(n)
xj→Qk

 η̂(n)xj

τ̂
(n)
xj

−
ψ∗
k,jη

(n−1)
Qk→xj

ν
(n−1)
Qk→xj

 . (4.93)

4.5 The Proposed Algorithm

In this section, we propose a new low-complexity MP algorithm which belongs
to the family of discrete MP and, similarly to the MPG approach discussed in
Section 4.4.3.A, works on the processed channel matrix G defined in (4.43).
Differently from the existing solutions in the OTFS literature (see [51, 57, 68]
and references therein), this algorithm takes advantage of the specific struc-
ture assumed by the matrix G which is analyzed in Section 4.5.1. The main
algorithmic steps are then presented in Section 4.5.2.

4.5.1 Considerations on the channel matrix

The matrix G is characterized by a particular structure. In fact, it is

• sparse, as it represents a processed version of the channel matrix Ψ in
the Doppler-delay domain;

• arranged in diagonals: its entries (i.e., the coefficients responsible for
determining the amount of interference) are organized in a relatively
ordered way. Specifically, the most relevant ones, i.e., the terms with the
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largest magnitudes, are located along diagonals. Each diagonal consists
of elements with comparable energy, with only a few exceptions. This
structure is also partially present in Ψ, though to a lesser extent.

Specifically, from (4.43) and (4.13), we can write G as

G =

 P∑
p=1

h′pΨp

H (
P∑
t=1

h′tΨt

)
(4.94)

=
P∑

p=1

∣∣h′p∣∣2ΨH
p Ψp︸ ︷︷ ︸

1 :Main Diagonal

+
P∑

p=1

∑
t̸=p

(h′p)
∗h′tΨ

H
p Ψt︸ ︷︷ ︸

2 : Subdiagonals

. (4.95)

The first term in (4.95) identifies the main diagonal. In fact, it can be
demonstrated that

ΨH
p Ψp = INL , ∀p = 1, . . . , P . (4.96)

Moreover, equation (4.96) is verified for any pair (νp, τp), no matter if they are
or not integer multiples of the grid spacings. The second term in (4.95) is the
sum of P (P − 1) matrices which give rise to the subdiagonals.

In the special case where τp and νp are integer multiples of the symbol
grid, the matrix Ψp associated with the path p has one nonzero element in
each row and column, all placed along (typically incomplete) diagonals. Since
the product ΨH

p Ψt in (4.95) shifts the diagonal positions without altering the
number of elements per row/column, G results to be composed by P (P−1)+1

nonzero elements in each row and column. From (4.13), it is clear that, under
these unrealistic assumptions, Ψ is sparser than G, as it contains only P

nonzero entries per row and column.
However, in the general case of real channels where (νp, τp) are not integer

multiples of the grid granularity, the above considerations about the precise
matrix structure are not valid anymore. In fact, the energy is not strictly
confined along diagonals but rather spreads to positions near the peak value.
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Figure 4.7: Comparison of the energy distribution for the matrix Ψ (on the
left) and G (on the right).

Therefore, working on G can be beneficial because the product of Ψ with
its Hermitian allows to obtain a more defined and compact matrix structure.
An example of this behavior can be seen in Figure 4.7 where, on the left we
reported the structure of the channel matrix Ψ by showing a map of the energy
distribution and on the right that of the related matrix G.

4.5.2 Algorithm structure

The proposed algorithm thus takes advantage of the structure assumed by
the matrix G and can be summarized as follows. Firstly, the energy of each
diagonal is computed as

Ej =

NL−j∑
k=1

|Gj+k,k| , j = 1, . . . , NL− 1 . (4.97)

Notice that, since G is Hermitian, considering the upper triangular submatrix
would yield the same result. Then, select the first D diagonals with the highest
energy to be used in the detection process, where D is chosen in accordance
to the complexity constraints or/and optimized in order to achieve the best



110 Chapter 4. Detection for OTFS-Based Transmissions

trade-off between complexity and performance. The greatest D energy values
are sorted in decreasing order and collected in the vector E. The detection
algorithm operates on the reduced Hermitian matrix Gr, which is composed by
D nonzero diagonals in the lower triangular submatrix and the corresponding
D in the upper one, and has the following structure:

(4.98)

where di , i = 1, . . . , D is the distance in terms of number of elements between
the main diagonal and the i-th subdiagonal. Analytically,

Gr
m,n =

 Gm,n, if m = n ∨ |m− n| ∈ {di}Di=1

0, elsewhere
(4.99)

where Gr
m,n denotes the element in the m-th row and n-th column of Gr. It

is worth to underline that a longer distance from the main diagonal does not
imply a reduction in the magnitude of its entries. With reference to the condi-
tional pdf in (4.56), by substituting Gr in place of G and explicitly expressing
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the matrix operations in terms of their components, we obtain

xHz =

NL∑
k=1

zkx
∗
k , (4.100)

xHGrx =
NL∑
k=1

Gr
k,k|xk|2 +

NL∑
k=1

x∗k
∑
l ̸=k

Gr
k,lxl (4.101)

=
NL∑
k=1

Gk,k|xk|2 +
NL∑
k=1

D∑
j=1

2ℜ{Gk,k−djxk−djx
∗
k} . (4.102)

Therefore, we can rewrite the approximate a-posteriori pmf as

P̃ (x|y) ∝
NL∏
k=1

Pk(xk)Fk(xk)

D∏
j=1

Ik,k−dj (xk, xk−dj )

 , (4.103)

where the factor Fk(xk) is defined in (4.59) and

Ik,k−dj (xk, xk−dj ) ≜ exp

(
− 1

σ2
ℜ
{
Gk,k−djxk−djx

∗
k

})
. (4.104)

Considering the generic VN xk, a portion of the FG corresponding to (4.103)
is shown in Figure 4.8.

Each couple of diagonals in the matrix Gr gives rise to a set of dj parallel
branches implementing independently the BCJR algorithm with unitary mem-
ory. In fact, each BCJR involvesNL/dj symbols and takes as input information
a partial marginal distribution T (dj)

k (xk) defined as

T
(dj)
k (xk) = Pk(xk)Fk(xk)

∏
i ̸=j

α
(di)
in (xk)β

(di)
in (xk)︸ ︷︷ ︸

O
(di)

k (xk)

(4.105)

where α
(di)
in (xk) and β

(di)
in (xk) are the incoming messages to the VN xk in

Figure 4.8, and their product, O(di)
k (xk), represents the output information

about the k-th symbol generated by the BCJR corresponding to the diagonal
at distance dj . Notice that in (4.105), the messages α(di)

in (xk) and β
(di)
in (xk)
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Figure 4.8: Partial structure of the FG for the proposed algorithm.

correspond to their most recent updates and, in order to account for the ex-
trinsic information on the VN xk, we exclude from the product those messages
that refer to the considered j-th BCJR. For easier visualization, we report in
Figure 4.9 a section of the FG of Figure 4.8, partially reordered for the sake
of readability, where the incoming and outgoing messages related to VN xk

are highlighted. With reference to the messages in Figure 4.9, by applying the
SPA updating rules, α(dj)

in , α(dj)
out , β(dj)in and β

(dj)
out can be recursively computed

by means of the following forward and backward recursions:

α
(dj)
in (xk) =

∑
∼{xk}

α
(dj)
out (xk−dj )Ik,k−dj (xk, xk−dj ) (4.106)

α
(dj)
out (xk) = α

(dj)
in (xk)T

(dj)
k (xk) (4.107)

β
(dj)
in (xk) =

∑
∼{xk}

β
(dj)
out (xk+dj )Ik,k+dj (xk+dj , xk) (4.108)

β
(dj)
out (xk) = β

(dj)
in (xk)T

(dj)
k (xk) . (4.109)

Concerning the scheduling, the set of BCJR algorithms that is activated
first is the one involving the largest interference, i.e., EM = max(E) (placed
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Figure 4.9: Overview of the outgoing and incoming messages to the VN xk.

at distance dM from the main diagonal), with input information

T
(dM )
k (xk) = Pk(xk)Fk(xk) .

Then, we proceed following the decreasing energy order, i.e., the one dictated
by the entries of E. This way, we are prioritizing the strongest diagonals of
Gr.

The proposed algorithm benefits from inner iterations. However, it achieves
convergence very quickly: typically, just 3 iterations result to be sufficient.
After the allowed iterations have been performed, the final estimate for the
modulation symbols is computed as

P (xk |y) ∝ Pk(xk)Fk(xk)

D∏
i=1

α
(di)
in (xk)β

(di)(xk) . (4.110)

Similarly to the graph of the MPG [67, 68], the FG on which the pro-
posed algorithm operates has girth 6. However, although they are quite long,
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a known issue of the SPA, as applied to FGs with cycles, is the overestima-
tion of the reliability of the propagated messages. A possible solution is the
adoption in (4.59) and (4.104) of a value of σ2 greater than the exact one. The
effectiveness of this algorithm comes from its ability to leverage the matrix
structure and operate along the diagonals, allowing for different optimizations
of σ2 based on the specific diagonal being considered. In particular, we found
out that it is sufficient to optimize only two variances: one for the first BCJR
set and another for the remaining D − 1. The complexity of the proposed ap-
proach is O(niterNLSM

2), where S is the number of interferers per symbol
and depends linearly on the selected value D of diagonals.

It is possible to demonstrate that, being derived from the same channel
matrix G, the FG of the proposed algorithm can be traced back to that of
the MPG. However, the primary distinction between the two algorithms lies in
their scheduling strategies. In fact, as will be shown in Section 4.6, adopting
the proposed operating criterion allows to achieve a superior performance and
faster convergence in all the analyzed scenarios.

4.6 Performance Analysis

We tested the performance of the proposed algorithm and, for comparison
purposes, we examined (i) the MMSE detector, presented in Section 4.4.1 and
used as a benchmark and, among the graph-based strategies, we selected (ii)
the MPG (see Section 4.4.3.A), since it operates on the same channel matrix
of the proposed algorithm, and (iii) the MPΨ, discussed in Section 4.4.3.B, as
a low-complexity alternative. Moreover, for the sake of completeness, in Sec-
tion 4.6.1, the performance of the AMP-GA and EP algorithms, outlined in
Section 4.4.4, is also shown. We tested the different receivers considering a fixed
constraint on the computational load. The MP detectors perform a maximum
of 3 inner iterations and the selection of the interfering terms for the detection
process is based on their energy as discussed in Section 4.4. A simplified com-
plexity analysis of the graph-based detectors is reported in Table 4.1, where
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Two-terms additions Two-terms multiplications LUT accesses

G-based 4M2S + 2MS + 5M 7
2M

2S + 6M M2S

MPΨ 8MS + 8S −M − 1 8MS + 6S MS

AMP-GA 7MS + 19S + 3M − 6 6MS + 19S + 3M MS

AMP-EP 4MS + 19S + 6M − 5 4MS + 25S + 7M + 2 M

Table 4.1: Complexity comparison per code symbol per iteration for the tested
graph-based detectors.

we differentiated between two (real and scalar) terms multiplications, additions
and accesses to the LUT. We recall that the number of considered interferers
per symbol is denoted with S. The MMSE detector is allowed to operate at
full complexity as it is used only for reference but it cannot be practically
implemented in most cases. Moreover, in all the simulated scenarios, we as-
sumed QPSK modulation for the information symbols if not otherwise stated,
and perfect CSI at the receiver. In Section 4.6.1, we focus on the performance
analysis within standard 3GPP multipath channel profiles, while Section 4.6.2
is dedicated to the multi-satellite scenario.

4.6.1 Multipath terrestrial channel

In this section, we evaluate the pragmatic capacity of the analyzed detectors,
measured in bit/s/Hz, versus the received SNR, with reference to the Extended
Pedestrian A (EPA), Extended Vehicular A (EVA), and Extended Typical Ur-
ban (ETU) standard 3GPP channel profiles [66]. The channel characteristics
are specified through the power delay profile and maximum Doppler spread of
the considered propagation environment. Specifically, the power delay profiles
are reported in Tables 4.2, 4.3, 4.4, and they represent low, medium and high
delay spread environments, respectively. The path delays {τp}Pp=1 are specified
in the first row of the tables, while the channel gains {hp}Pp=1 are derived from
the power profile in the second row and each of them is assumed to be char-
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Excess tap delays (ns) 0 30 70 90 110 190 410

Relative power (dB) 0.0 −1.0 −2.0 −3.0 −8.0 −17.2 −20.8

Table 4.2: EPA model.

Excess tap delays (ns) 0 30 150 310 370 710 1090 1730 2510

Relative power (dB) 0.0 −1.5 −1.4 −3.6 −0.6 −9.1 −7.0 −12.0 −16.9

Table 4.3: EVA model.

acterized by a random, uniformly distributed, channel phase. The maximum
Doppler shift νmax of the overall multipath channel directly depends on the
the maximum speed umax of the receiver, according to

νmax =
umaxfc
c

, (4.111)

where fc is the carrier frequency and c is the speed of light. In particular, the
value of umax is selected depending on the simulated channel model, e.g., for
the EVA model, the maximum UT speed is set to 100Kmph. Moreover, we
assumed that a single Doppler shift is associated with the p-th delay path and
is generated using the Jakes’ formula

νp = νmax cos(θp) , p = 1, . . . , P , (4.112)

where θp is uniformly distributed in [−π, π]. The other relevant simulation
parameters are given in Table 4.5.

Excess tap delays (ns) 0 50 120 200 230 500 1600 2300 5000

Relative power (dB) −1.0 −1.0 −1.0 0.0 0.0 0.0 −3.0 −5.0 −7.0

Table 4.4: ETU model.
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Parameter Value

Carrier frequency (fc) 4GHz
No of subcarriers (L) 64

No of OTFS symbols (N) 16

Subcarrier spacing (∆f ) 15 kHz
Symbol duration (T ) 66.7 µs
Modulation alphabet QPSK, 16QAM

UT speed (umax) 5, 100, 300 Kmph
Channel estimation Ideal

Table 4.5: Simulation parameters employed for the terrestrial channel.

In Figures 4.10, 4.11 and 4.13, we tested the analyzed detectors employing
the QPSK modulation format, whereas in Figure 4.12 we analyzed the 16QAM.
As mentioned in Section 4.5.2, MP algorithms working on graph with cycles
typically require an optimization of the value of the AWGN variance σ2. For the
proposed solution, as well as for the other graph-based algorithms, the optimal
value depends both on the simulated SNR and on the channel parameters.

Figure 4.10 shows the pragmatic capacity comparison when the channel
follows the EPA model. According to this scenario, there are P = 7 received
components. Moreover, it is characterized by a low delay spread, a reduced
maximum Doppler shift corresponding to umax = 5Kmph, and a sharply de-
creasing power profile as the arrival time increases. It can be observed that,
in this situation, all the detection algorithms perform identically and exhibit
a poor performance at high SNRs.

This behavior could be explained as follows. Considering a maximum UT
speed of 5Kmph, all the received components will be characterized by Doppler
shifts always lower than the Doppler resolution, i.e., 1/(NT ) = ∆f/N ≃ 937Hz,
based on the system parameters reported in Table 4.5. The same considera-
tion also holds for the delays, which are on the order of nanoseconds (see
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Figure 4.10: Performance comparison in terms of pragmatic capacity for QPSK
modulation alphabet using the EPA channel model.

Table 4.2) and, therefore, correspond to a fraction of the delay resolution, i.e.,
1/(L∆f ) = 1.0417 µs. For this reason, depending on the random channel phase,
the overlap of multiple received components may generate constructive inter-
ference, resulting in a (processed) channel matrix G that is nearly diagonal. In
this case, a symbol-by-symbol detector could achieve satisfactory performance.
However, destructive interference may occur, causing the useful signals from
different replicas to cancel each other out. In such cases, even more advanced
detectors are unable to operate efficiently due to the lack of enough informa-
tion for the detection process. This explains the poor performance of the tested
receivers. Additionally, this simulation results suggest that depending on the
environment dynamics, different system settings could be more suitable. For
instance, still referring the EPA model, it has been observed that increasing
the Doppler resolution, i.e., decreasing the subcarrier spacing and/or increasing
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Figure 4.11: Performance comparison in terms of pragmatic capacity for QPSK
modulation alphabet using the EVA channel model.

the number of OTFS symbols in the same block, can enhance performance.

In contrast, considering the EVA model, different performance is achieved
by the detectors, as shown in Figure 4.11. In this case, P = 9 multipath compo-
nents reach the receiver generating a medium delay spread and the maximum
speed is assumed to be umax = 100Kmph. As can be noticed, the proposed so-
lution provides the best result. In fact, it outperforms the MMSE benchmark
which, however, shows a little penalty. On the contrary, a weaker behavior
can be observed for the other graph-based algorithms, which are tested at
equal complexity. In fact, they saturate before reaching the highest values of
pragmatic capacity because they are unable to handle the significant ISI. Fig-
ure 4.11 also shows the performance of the continuous MP algorithms described
in Section 4.4.4. As can be observed, the AMP-EP approach overlaps with the
MPΨ algorithm, whereas the AMP-GA exhibits a non-negligible loss and is
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outperformed by all the other tested algorithms. Because of the selected con-
stellation size, i.e., M = 4, the complexity advantages brought by continuous
MP algorithms are limited (see Table 4.1). In fact, they are allowed to consider
nearly the same number S of interferers per symbol as the MPΨ to satisfy the
complexity constraint. Consequently, among the Ψ-based algorithms, we focus
solely on the MPΨ for comparison purposes in the following analyses. It is
worth specifying that, as previously anticipated, the analyzed algorithms are
constrained to perform a maximum of 3 iterations. However, each algorithm
requires a different number of iterations to converge. Therefore, given a fixed
overall computational load, an important aspect concerns the optimal trade-off
between the number of iterations and the number of interferers considered in
the detection process. This will be the focus of future investigations.

In Figure 4.12, we assessed the performance of the proposed OTFS detec-
tor using a higher-order constellation, specifically the 16QAM, under the same
operating conditions of Figure 4.11, except for the grid dimensions, which are
reduced to L = 20 and N = 16 for simplicity. Unlike the QPSK case, the
MMSE benchmark and the proposed solution present different behaviors. In
fact, in the low SNR range, the proposed algorithm, along with the other graph-
based approaches, outperforms the MMSE detector. However, at high SNRs,
none of the analyzed detectors reach the MMSE benchmark. Specifically, the
MPΨ and MPG algorithms exhibit very similar behavior, with a saturating
pragmatic capacity below 3 bit/s/Hz, whereas the proposed algorithm outper-
forms both. In particular, in the medium SNR range, it demonstrates a superior
performance also compared to the benchmark, which eventually surpasses it
as the SNR increases.

Finally, Figure 4.13 reports the results associated to the adoption of the
ETU channel model, still characterized by P = 9 multipath components but
a greater delay spread with respect to the other considered models and more
balanced path gains, leading to challenging interference conditions. Moreover,
for this scenario, we assumed umax = 300Kmph. As emerges from Figure 4.13,
the overall behavior is comparable to the one of Figure 4.11, with the main
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Figure 4.12: Performance comparison in terms of pragmatic capacity for
16QAM modulation alphabet using the EVA channel model.

difference that the MPΨ and the MPG algorithms exhibit a saturating per-
formance at lower values of pragmatic capacity compared to the case reported
in Figure 4.11. This aspect reflects the harder operating conditions. On the
other hand, the satisfying performance of the MMSE and the proposed solu-
tion demonstrates the robustness of the OTFS modulation to high magnitudes
of Doppler shifts.

As a final remark on this consideration, we compared in Figure 4.14 the
OTFS with the widely used OFDM modulation considering the EVA channel
model. According to this modulation format, which is at the basis of 4G/5G
mobile communication systems, the information symbols are multiplexed on
closely spaced orthogonal subcarriers, creating parallel streams until the com-
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Figure 4.13: Performance comparison in terms of pragmatic capacity for QPSK
modulation alphabet using the ETU channel model.

munication channel does not break up the orthogonality. OFDM is, there-
fore, a reliable waveform in frequency-selective channels, such as the static
multipah wireless channel [58]. However, it is affected by some limitations
in high-mobility scenarios, e.g., the severe loss of orthogonality. As shown in
Figure 4.14, where detection is performed through the MMSE equalizer, the
OTFS-based communication significantly outperforms the OFDM one. The su-
perior performance of OTFS, especially for high spectral efficiency, reflects its
robustness against high Doppler shifts and suitability for time-frequency selec-
tive channels. On the contrary, multiple Dopplers are hard to equalize within
OFDM, as discussed in [58]. Moreover, the loss of the OFDM modulation is
also caused by the Cyclic Prefix (CP) insertion, whose duration was set to 7%

of T . While necessary to address the delay spread and mitigate subsequent ISI,
it inevitably imposes a penalty on the achievable information rate.
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Figure 4.14: Performance comparison between OTFS and OFDM adopting the
EVA channel model with umax = 100Kmph and using the MMSE detector.

4.6.2 Multi-satellite communications

Concerning the multi-satellite scenario, we considered an OTFS-based system
with carrier frequency 5GHz, system bandwidth of 0.24MHz, L = 64 and
N = 50, resulting in a subcarrier spacing of 3750Hz and a symbol duration
T = 1/∆f of 267µs, if not otherwise stated. We considered P satellites in
visibility with the UT, belonging to the SpaceX Starlink constellation, whose
orbital parameters are derived from [75]. The UT on ground has a fixed posi-
tion. As mentioned in Section 4.3, we assumed that the P satellites perfectly
compensate for delay and Doppler shifts at the ideal UT position. At this loca-
tion, the signal contributions from the transmitting satellites arrive simultane-
ously. Then, we considered an offset distance on the order of kilometers of the
UT from the ideal position, such that the residual uncompensated delay and
Doppler shifts satisfy maxp{τp} < T and maxp{νp} < ∆f . We assumed that
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Figure 4.15: Pragmatic capacity exploiting multi-satellite diversity and using
the MMSE detector.

the considered UT is served by the P closest satellites, ordered by increasing
slant range. We evaluated the performance in terms of pragmatic capacity ver-
sus the SNR of the first path (i.e., the one characterized by the largest gain).
The energy of all the considered paths is normalized to the shortest slant range
attenuation.

Before moving to the analysis of the different detection strategies, we an-
alyzed in Figures 4.15 and 4.16 the performance of the MMSE detector em-
ploying various numbers of transmitting satellites. In particular, the aim of
Figure 4.15, where we considered P = 1, . . . , 7, is to verify the performance
gain related to the adoption of macro-diversity configurations, whereas Fig-
ure 4.16 focuses on the comparison of the OTFS modulation with the OFDM
one. As demonstrated in Figure 4.15, for P > 2 a higher number of satel-
lites serving the same UT simultaneously allows to significantly improve the
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Figure 4.16: Performance comparison between OTFS and OFDM in terms of
pragmatic capacity with P = 1, 2, 5 satellites serving simultaneously the same
UT.

system performance, thus confirming the advantages that diversity schemes
applied to OTFS-based communications could bring. Increasing the number of
transmitting satellites from 1 to 2 results in a performance gain only in the
low-to-medium SNR range when the MMSE detector is employed, as shown
in Figure 4.15. This performance degradation at high spectral efficiency is
addressed adopting other kinds of detectors, as discussed below. Figure 4.16
shows, instead, the performance comparison between OTFS and OFDM mod-
ulation formats considering multiple transmitting satellites. It can be observed
that, for all analyzed values of P , the OTFS-based communication achieves
superior performance compared to OFDM one. Additionally, from Figure 4.16
emerges that multi-satellite diversity enables a significant performance gain
even for the OFDM modulation. The curves of Figure 4.16 are obtained with
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Figure 4.17: Performance comparison in terms of pragmatic capacity with
P = 2 satellites in visibility with the UT.

subcarrier spacing ∆f = 15.625 kHz, symbol time T = 64 µs, length of the CP
for OFDM TCP = 4.69 µs, M = 32 and N = 50.

The performance of the other analyzed detectors is reported in Figures 4.17
and 4.18. Firstly, the scenario considered in Figure 4.17 foresees the presence
of two transmitting satellites. In this context, the proposed detector and the
MPG based on a SS achieve the same pragmatic capacity, outperforming the
MPΨ at fixed complexity and the MMSE. Moreover, we also tested the MPG

with a PS and found out that this implementation requires a higher number of
iterations for achieving convergence. In fact, even if it reaches the MMSE, it
shows a significant performance loss with respect to the proposed algorithm,
as can be observed in Figure 4.17.

In Figure 4.18, we analyzed the detectors performance when the same
OTFS signal is transmitted simultaneously by P = 5 satellites. The MPG has
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Figure 4.18: Performance comparison in terms of pragmatic capacity with
P = 5 satellites serving simultaneously the UT.

been tested with both schedules and it can be observed that, in this context,
the implementation relying on the PS results to be much more effective than
that based on the SS. Although this reversal in performance between SS and
PS may at first surprise, the interplay between the FG complexity and the
scheduling strategy is a known issue. Such that an ad-hoc scheduling is some-
times needed to implement an MP algorithm on the FG, modeling some specific
problems that would otherwise become intractable [33,34,76]. However, in this
case, both MPG algorithms are outperformed by all the other algorithms, show-
ing that a higher number of paths, and a resulting reduced channel sparsity,
causes a performance degradation. The largest pragmatic capacity is achieved
by the MMSE, which is practically reached by the proposed algorithm. On
the contrary, the MPΨ saturates at approximately 1.8 bit/s/Hz and it is thus
outperformed by the proposed solution. As mentioned in Section 4.6.1, future
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studies will include convergence analyses to investigate the optimal trade-off
between the number of iterations and the number of interferers per symbol.

4.7 Conclusions

In this chapter, we presented the state-of-the-art detection algorithms for
OTFS-based transmissions. In particular, we discussed different families of
algorithms, such as linear equalizers and graph-based approaches, each of
them characterized by a different computational load, methodology and per-
formance. Moreover, we proposed a detection strategy for OTFS modulation
based on MP. We considered two communication scenarios: standard 3GPP
multipath fading channels, characterized by different power delay profiles, and
a LEO multi-satellite transmission system, where the multipath channel is
doubly-selective because of the high Doppler shifts and channel time-variance,
typically encountered in such contexts. The proposed algorithm leverages the
sparsity and the particular structure of the channel matrix to enhance the
detection efficiency. Moreover, it relies on an innovative schedule which, elabo-
rating the strongest interferers first, allows to speed up the convergence process.
Performance comparisons with state-of-the-art methods demonstrated that our
approach offers an optimal trade-off between complexity and performance in
both scenarios.



Conclusions

In this thesis, we addressed the development of graph-based detection and
channel estimation techniques for wireless channels. The main goal of this work
was to solve the problems related to unfeasible detection strategies through ap-
proximate MP techniques without impacting the performance, therefore min-
imizing the information loss induced by the approximation.

In particular, with reference to single-carrier transmissions, Chapters 2
and 3 focused on the design of joint detection and channel estimation algo-
rithms for channels impaired by two strongly limiting factors in communication
systems, i.e., fading and phase noise, respectively. In both cases, the analysis
centered on the integration of the EP framework in the receiver design, in or-
der to enable the interaction with the SPA computational rules to block the
propagation of intractable, multimodal distributions, which otherwise would
create a prohibitive complexity. Differently from other existing approaches for
the approximation of unmanageable probability distributions, the power of EP
is its inherent ability to combine prior knowledge of system variables with
channel observations. However, before “packaging” a self-sustainable and flex-
ible algorithm, thus able to work even with rather far pilots groups, several
challenges emerged and achieving satisfactory performance required improved
approximations and ad hoc adjustments in the way in which the probability
distributions of latent variables - both data and channel parameters - are com-
bined and projected. Simulation results revealed the relevant advantages of the
proposed algorithms in the two study cases, demonstrating their applicability
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to various communication standards.
Future developments on this topic will focus on the analysis of different

kinds of divergence measures, besides the KL one, for the reduction of the
mixtures generated by the SPA. In fact, in some critical situations, exclusive
divergence measures that ignore far away modes from the main mass could be
beneficial for the channel estimation process.

In Chapter 4, we moved the focus to OTFS-based multi-carrier transmis-
sions over doubly-selective channels. The relevance of this waveform lies in its
robustness in challenging, dynamically changing, wireless environments, which
are becoming more and more widespread. We considered two different scenar-
ios, i.e., multipath time-variant 3GPP terrestrial channel profiles and a LEO
multi-satellite transmission, specifically designed to enhance the system relia-
bility. We addressed the detection problem under perfect CSI conditions. To
this purpose, we reviewed the main state-of-the-art algorithms, highlighting the
advantages and weak aspects of the different approaches. After a deep analysis
of the equivalent channel matrix in the Doppler-delay domain, we proceeded
operating on its processed version, showing a more defined and compact struc-
ture. We then discussed the proposed MP solution, which takes advantage of
the arrangement of its main entries along diagonals. Furthermore, the introduc-
tion of an enhanced scheduling, where the strongest interferers are processed
first within the detection operations, allowed to significantly speed up conver-
gence, leading to an optimal trade-off between complexity and performance.

Regarding future developments, the analysis will be extended to examine
the impact of non-ideal knowledge of CSI, assessing the sensitivity of the pro-
posed detection strategy to imperfect channel estimates. Additionally, future
studies will address the derivation of a closed-form expression for the opti-
mal value of the AWGN variance used by the detector, as a function of the
simulated SNR and the channel parameters. Finally, with reference to the con-
sidered multi-satellite scenario, radio resource management algorithms can be
studied in order to determine the optimal satellite-user association and thereby
enhance the system throughput.



Appendix A

Product of Multivariate
Gaussian Distributions

In the following, we will derive the result in (2.10)-(2.12) by demonstrating
that the product among two Gaussian distributions with the same argument
hk yields another Gaussian distribution with argument hk, whose covariance
matrix (Cu,k) and mean (ηu,k) are given by (2.11) and (2.12), respectively.
This result is multiplied by a distribution independent of hk, hence just a
coefficient in our derivation. The presence of this last term justifies the use of
the ∝ sign in (2.10).

The steps for the computation of p(u)(hk) are reported in the following.

p(u)(hk) ≜ p
(f)
k|k−1(hk)p

(b)
k|k+1(hk)

= gC

(
hk,ηk|k−1,Ck|k−1

)
gC

(
hk,ηk|k+1,Ck|k+1

)
=

1

π2N |Ck|k−1| · |Ck|k+1|
exp

{
−(hk − ηk|k−1)

HC−1
k|k−1(hk − ηk|k−1)

}
· exp

{
−(hk − ηk|k+1)

HC−1
k|k+1(hk − ηk|k+1)

}
(A.1)
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Developing the products in the exponent, we obtain

− (hk − ηk|k−1)
HC−1

k|k−1(hk − ηk|k−1)− (hk − ηk|k+1)
HC−1

k|k+1(hk − ηk|k+1)

= −[hH
k (C−1

k|k−1 +C−1
k|k+1)hk − 2ℜ(hH

k (C−1
k|k−1ηk|k−1 +C−1

k|k+1ηk|k+1))+

+ ηH
k|k−1C

−1
k|k−1ηk|k−1 + ηH

k|k+1C
−1
k|k+1ηk|k+1]

= −[hH
k C−1

u,khk − 2ℜ(hH
k C−1

u,kηu,k) + ηH
u,kC

−1
u,kηu,k]+

− [ηH
k|k−1C

−1
k|k−1ηk|k−1 + ηH

k|k+1C
−1
k|k+1ηk|k+1 − ηH

u,kC
−1
u,kηu,k] ,

(A.2)

where in (A.2) we defined C−1
u,k and ηu,k as

C−1
u,k = C−1

k|k−1 +C−1
k|k+1 , (A.3)

C−1
u,kηu,k = C−1

k|k−1ηk|k−1 +C−1
k|k+1ηk|k+1 . (A.4)

Substituting (A.2) in the exponential function of (A.1), it follows that

p(u)(hk) =
1

πN |Cu,k|
·

|Cu,k|
πN |Ck|k−1| · |Ck|k+1|

· exp{−[hH
k C−1

u,khk − 2ℜ(hH
k C−1

u,kηu,k) + ηH
u,kC

−1
u,kηu,k]}

· exp{−[ηH
k|k−1C

−1
k|k−1ηk|k−1 + ηH

k|k+1C
−1
k|k+1ηk|k+1 − ηH

u,kC
−1
u,kηu,k]}

= gC
(
hk,ηu,k,Cu,k

)
·

|Cu,k|
πN |Ck|k−1| · |Ck|k+1|

· exp{−[ηH
k|k−1C

−1
k|k−1ηk|k−1 + ηH

k|k+1C
−1
k|k+1ηk|k+1 − ηH

u,kC
−1
u,kηu,k]} .

(A.5)

The exponential term in (A.5) can be written as

exp{−[ηH
k|k−1C

−1
k|k−1ηk|k−1 + ηH

k|k+1C
−1
k|k−1ηk|k−1+

− (C−1
k|k−1ηk|k−1 +C−1

k|k+1ηk|k+1)
HCu,k(C

−1
k|k−1ηk|k−1 +C−1

k|k+1ηk|k+1)]}

= exp{−[ηH
k|k−1C

−1
c,kηk|k−1 − 2ℜ(ηH

k|k−1C
−1
c,kηc,k) + ηH

c,kC
−1
c,kηc,k]} (A.6)

= πN · |Cc,k| · gC
(
ηk|k−1,ηk|k+1,Ck|k−1 +Ck|k+1

)
(A.7)
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where in (A.6) we defined C−1
c,k and ηc,k as

C−1
c,k = C−1

k|k−1 −C−1
k|k−1Cu,kC

−1
k|k−1

= (Ck|k−1 +Ck|k+1)
−1 (A.8)

C−1
c,kηc,k = C−1

k|k−1Cu,kC
−1
k|k+1ηk|k+1

= C−1
k|k−1(C

−1
k|k−1 +C−1

k|k+1)
−1C−1

k|k+1ηk|k+1

= [Ck|k+1(C
−1
k|k−1 +C−1

k|k+1)Ck|k−1]
−1ηk|k+1

= (Ck|k−1 +Ck|k+1)
−1ηk|k+1 ,

and (A.8) derives from the Woodbury Identity (WI).
Finally, substituting (A.7) in (A.5), it follows

p(u)(hk) =
πN |Cu,k| · |Cc,k|

πN |Ck|k−1| · |Ck|k+1|
gC
(
hk,ηu,k,Cu,k

)
· gC

(
ηk|k−1,ηk|k+1,Ck|k−1 +Ck|k+1

)
= |C−1

k|k−1Cu,kC
−1
k|k+1Cc,k| · gC

(
hk,ηu,k,Cu,k

)
(A.9)

· gC
(
ηk|k−1,ηk|k+1,Ck|k−1 +Ck|k+1

)
= gC

(
hk,ηu,k,Cu,k

)
· gC

(
ηk|k−1,ηk|k+1,Ck|k−1 +Ck|k+1

)
,

(A.10)

where we can obtain (A.10) from (A.9) by considering that

|C−1
k|k−1Cu,kC

−1
k|k+1Cc,k| = |C−1

k|k−1(C
−1
k|k−1 +C−1

k|k+1)
−1C−1

k|k+1Cc,k|

= |[Ck|k+1(C
−1
k|k−1 +C−1

k|k+1)Ck|k−1]
−1Cc,k|

= |(Ck|k+1 +Ck|k−1)
−1Cc,k|

= | I |

= 1 .

In the context under consideration, the 2nd factor in (A.10) can be neglected
being a constant term in the variable of interest (hk). Therefore the Gaussian
product reduces to p(u)(hk) ∝ gC

(
hk,ηu,k,Cu,k

)
.





Appendix B

Product of a Multivariate and a
Univariate Gaussian
Distribution

In this appendix, we provide derivation details on the product in (2.13) among
a general multivariate Gaussian distribution

gC (x,η,C) =
1

πN |C|
exp

{
−(x− η)HC−1(x− η)

}
(B.1)

whereN is the dimension of the column vector x, and the Gaussian distribution

gC
(
aHx, y, 2σ2

)
=

1

2πσ2
exp

{
− 1

2σ2
|aHx− y|2

}
(B.2)

depending on a single variable included in x, which is selected by the scalar
product with a. In the analyzed case, a = (1, 0, . . . , 0)T .
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Gaussian Distribution

Multiplying (B.1) with (B.2), we obtain

gC (x,η,C) gC
(
aHx, y, 2σ2

)
=

1

2πN+1σ2|C|

· exp
{
−
[
xH

(
C−1 +

aaH

2σ2

)
x− 2ℜ

(
xH
(
C−1η +

ya

2σ2

))
+ ηH

1 C−1
1 η1

]}
· exp

{
−
[
ηHC−1η +

|y|2

2σ2
− ηH

1 C−1
1 η1

]}
,

where C1 and η1 are defined as

C1 =

(
C−1 +

aaH

2σ2

)−1

,

η1 = C1

(
C−1η +

ya

2σ2

)
.

It follows that

gC (x,η,C) gC
(
aHx, y, 2σ2

)
=

1

πN |C1|
exp

{
−(x− η1)

HC−1
1 (x− η1)

}
︸ ︷︷ ︸

gC(x,η1,C1)

· |C1|
2πσ2|C|

exp

{
−
[
ηHC−1η +

|y|2

2σ2
− ηH

1 C−1
1 η1

]}
.

(B.3)

The determinant of C1 can be rewritten as

|C1| =
1

|C−1
1 |

=
1∣∣∣C−1 + aaH

2σ2

∣∣∣ = 1∣∣∣C−1 + aaH

2σ2 CC−1
∣∣∣

=
1∣∣∣[I+ aaH

2σ2 C
]
C−1

∣∣∣ = 1∣∣∣I+ aaH

2σ2 C
∣∣∣ · ∣∣C−1

∣∣
=

|C|∣∣∣I+ aaH

2σ2 C
∣∣∣ = |C|

1 + aHCa
2σ2

,

where the equality in the last row can be easily verified ∀a,C.
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Substituting this result and the definition of η1 in (B.3), we obtain

gC (x,η,C) gC
(
aHx, y, 2σ2

)
= gC (x,η1,C1) ·

|C|
1 + aHCa

2σ2

· 1

2σ2π |C|

· exp
{
−
[
ηHC−1η +

|y|2

2σ2
−
(
C−1η +

ya

2σ2

)H
C1

(
C−1η +

ya

2σ2

)]}
.

(B.4)

Performing the involved operations in the exponent, we can rewrite (B.4)
in the following form

gC (x,η,C) gC
(
aHx, y, 2σ2

)
= gC (x,η1,C1) ·

1

π(2σ2 + aHCa)

· exp


−


|y|2

2σ2

(
1− aHC1a

2σ2

)
︸ ︷︷ ︸

1

− 2ℜ(yηHC−1C1a)

2σ2︸ ︷︷ ︸
2

+ηHC−1(I −C1C
−1)η︸ ︷︷ ︸

3




(B.5)

We will analyze separately the terms 1 , 2 , 3 in (B.5). In the following
expressions we will exploit the WI to rewrite the covariance matrix C1 as

C1 =

(
C−1 +

aaH

2σ2

)−1

(WI)
= C −Ca(2σ2 + aHCa)−1aHC . (B.6)
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Gaussian Distribution

The term 1 can be manipulated as follows

|y|2

2σ2

(
1− aHC1a

2σ2

)
=

|y|2

2σ2

(
2σ2 − aHC1a

2σ2

)
=

|y|2

(2σ2)2
(
2σ2 − aH

[
C −Ca(2σ2 + aHCa)−1aHC

]
a
)

=
|y|2

(2σ2)2
(
2σ2 − aHCa

[
1− (2σ2 + aHCa)−1aHCa

])
=

|y|2

(2σ2)2

(
2σ2 − aHCa

[
2σ2

2σ2 + aHCa

])
=

|y|2

(2σ2)2

(
(2σ2)2

2σ2 + aHCa

)
=

|y|2

2σ2 + aHCa
. (B.7)

The term 2 can be rewritten as

2ℜ(yηHC−1C1a)

2σ2
= 2ℜ

{
1

2σ2
(
yηHC−1

[
C −Ca(2σ2 + aHCa)−1aHC

]
a
)}

= 2ℜ
{

1

2σ2
(
yηHC−1Ca

[
1− (2σ2 + aHCa)−1aHCa

])}
= 2ℜ

{
1

2σ2

[
yηHa

(
2σ2

2σ2 + aHCa

)]}
=

2ℜ
{
yηHa

}
2σ2 + aHCa

. (B.8)

Finally, the term 3 becomes

ηHC−1(I −C1C
−1)η = ηHC−1η − ηHC−1C1C

−1η

= ηHC−1η − ηHC−1
[
C −Ca(2σ2 + aHCa)−1aHC

]
C−1η

= ηHC−1Ca(2σ2 + aHCa)−1aHCC−1η

= |aHη|2(2σ2 + aHCa)−1 . (B.9)
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Substituting the expression (B.7)-(B.9) in (B.5), we obtain the final result

gC (x,η,C) gC
(
aHx, y, 2σ2

)
= gC (x,η1,C1) ·

1

π(2σ2 + aHCa)

· exp
{
− 1

2σ2 + aHCa

[
|y|2 − 2ℜ

{
yηHa

}
+ |aHη|2

]}
= gC (x,η1,C1) ·

1

π(2σ2 + aHCa)
exp

{
− 1

2σ2 + aHCa

∣∣y − aHη
∣∣2}

= gC (x,η1,C1) · gC
(
y,aHη, 2σ2 + aHCa

)
= gC

x,

(
C−1 +

aaH

2σ2

)−1 (
C−1η +

ya

2σ2

)
︸ ︷︷ ︸

η1

,

(
C−1 +

aaH

2σ2

)−1

︸ ︷︷ ︸
C1


· gC

(
y,aHη, 2σ2 + aHCa

)
.

(B.10)

The mean value η1 of the first Gaussian distribution can be rewritten as

η1 =

(
C−1 +

aaH

2σ2

)−1 (
C−1η +

ya

2σ2

)
(WI)
=
[
C −Ca

(
2σ2 + aHCa

)−1
aHC

] (
C−1η +

ya

2σ2

)
= η +Ca

y

2σ2
−Ca

(
2σ2 + aHCa

)−1
aHη+

−Ca
(
2σ2 + aHCa

)−1
aHCa

y

2σ2

= η +Ca
η − aHη

2σ2 + aHCa

= η +Ca
(
2σ2 + aHCa

)−1︸ ︷︷ ︸
J

(η − aHη) , (B.11)

whereas its covariance matrix C1, starting from (B.6) and introducing the
above-defined vector J , as

C1 = C − JaHC .





Appendix C

Details on Message Propagation

With reference to the FG in Figure 2.1, in this appendix we derive the expres-
sion of the parameters characterizing the distribution of the forward, backward
and upward messages.

Once that the approximated observation message p̃d(hk−1) is computed
according to (2.22)-(2.23) applied to the time epoch k−1, the forward message
p
(f)
k−1|k−1(hk−1) is computed as

p
(f)
k−1|k−1(hk−1) = p̃d(hk−1)p

(f)
k−1|k−2(hk−1)

= gC (hk−1,ηd,Cd) gC

(
hk−1,ηk−1|k−2,Ck−1|k−2

)
∝ gC

(
hk−1,η

(f)
k−1|k−1,C

(f)
k−1|k−1

)
, (C.1)

where in (C.1) we defined

C−1
k−1|k−1 = C−1

d +C−1
k−1|k−2 ,

C−1
k−1|k−1η

(f)
k−1|k−1 = C−1

d ηd +C−1
k−1|k−2ηk−1|k−2 .
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We can now compute the message p(f)k|k−1(hk) as follows

p
(f)
k|k−1(hk) =

∫
p
(f)
k−1|k−1(hk−1)p(hk|hk−1) dhk−N

∝
∫
gC

(
hk−1,η

(f)
k−1|k−1,C

(f)
k−1|k−1

)
gC
(
hk,ρ

Hhk−1, 2σ
2
ν

)
dhk−N

∝ gC

(
hk,ηk|k−1,Ck|k−1

)
,

where ηk|k−1 and Ck|k−1 are defined as

ηk|k−1 = Fη
(f)
k−1|k−1

Ck|k−1 = FC
(f)
k−1|k−1F

H + ggH ,

where

F =



ρ1 ρ2 ρ3 . . . ρN−1 ρN

1 0 0 . . . 0 0

0 1 0 . . . 0 0

0 0
. . .

...
...

...
...

. . .

0 0 . . . 0 1 0


N×N

=

[
ρH[

IN−1,0(N−1)×1

]] ,

and

g =


√
2σ2ν
0
...
0


N×1

.

A similar procedure can be followed for the computation of the backward
message p(b)k|k+1(hk) which, finally, results to be

p
(b)
k|k+1(hk) ∝ gC

(
hk,ηk|k+1,Ck|k+1

)
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where, defining

ĝ =


0

0
...√

2σ2ν/ρN


N×1

,

(
C

(b)
k+1|k+1

)−1
= C−1

d +C−1
k+1|k+2 ,(

C
(b)
k+1|k+1

)−1
η
(b)
k+1|k+1 = C−1

d ηd +C−1
k+1|k+2ηk+1|k+2 ,

the parameters ηk|k+1 and Ck|k+1 of the backward message can be computed
as

ηk|k+1 = F−1η
(b)
k+1|k+1 ,

Ck|k+1 = F−1C
(b)
k+1|k+1(F

−1)H + ĝĝH .

Having computed the forward and backward messages in the two recursions,
we can calculate their product, for each time epoch k, obtaining the message
p(u)(hk) whose parameters are defined in (2.11) and (2.12).

Now, it is possible to compute the upward message Pu(ck) from the FN
fk to the VN ck of the FG in Figure 2.1. According to the SPA, the symbol
probability distribution of ck ∈ A = {a1, . . . , am} can be calculated as

Pu(ck = am) =

∫
pu(hk)fk(am, hk) dhk

∝
∫
gC
(
hk,ηu,k,Cu,k

)
gC
(
rk, amhk, 2σ

2
)
dhk

=
1

|am|2

∫
gC
(
hk,ηu,k,Cu,k

)
gC

(
hk,

rk
am

,
2σ2

|am|2

)
dhk

=
1

|am|2

∫
gC
(
hk,ηu,k,Cu,k

)
gC

(
aHhk,

rk
am

,
2σ2

|am|2

)
dhk ,

(C.2)
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where in (C.2), a = (1, 0, . . . , 0)T is a column vector with length N . By apply-
ing the result of Appendix B, we obtain

Pu(ck = am) =
1

|am|2

∫
gC

(
rk
am

,aHηu,k,
2σ2

|am|2
+ aHCu,ka

)
· gC

(
hk,

(
C−1

u,k + |am|2aa
H

2σ2

)−1(
C−1

u,kηu,k +
rka

∗
ma

2σ2

)
,

(
C−1

u,k + |am|2aa
H

2σ2

)−1
)
dhk

=
1

|am|2
gC

(
rk
am

,aHηu,k,
2σ2

|am|2
+ aHCu,ka

)
= gC

(
rk, amaHηu,k, 2σ

2 + |am|2aHCu,ka
)
.

This message represents the final output of the detector and is, therefore,
the information that is processed by the decoding unit.



Appendix D

Moment Matching Equation for
Tikhonov Distributions

In the following, the derivation of the moment matching equation (3.18) is
provided.

Let p(θk) be the Tikhonov mixture distribution, representing, e.g, the ob-
servation message in the case of TP or the exact variable distribution in the
case of EP, that has to be approximated. The approximating distribution q(θk)
is required to belong to a predefined family F , which, in the analyzed case, is
the set of Tikhonov distributions. We say that q(θk) is the KL-projection of
p(θk) onto F as reported in (3.21). We can express p(θk) as

p(θk) =
M−1∑
m=0

αm
k t(θk; z

m
k ) (D.1)

where αm
k with m = 0, . . . ,M − 1 add up to 1 so that p(θk) is normalized. The

approximating distribution q(θk) is a Tikhonov distribution with unknown
parameter ẑk

q(θk) = t(θk; ẑk) . (D.2)

which has to be computed via moment matching. Considering normalized dis-
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Distributions

tributions, therefore already satisfying the matching of the 0th order moment

Ep[1] =

∫
2π
p(θk) dθk =

∫
2π
q(θk) dθk = Eq[1] , (D.3)

we directly set the matching of the first trigonometric moment E[ejθk ] as

Eq[e
jθk ] = Ep[e

jθk ] , (D.4)

since its ℜ/ℑ parts give the expectations of the features of the Tikonov distri-
bution, respectively E[cos(θk)] and E[sin(θk)]. We express the generic Tikhonov
distribution as

t(θk; ẑk) =
1

2πI0(|ẑk|)
exp

(
ℜ
[
ẑke

−jθk
])

(D.5)

=
1

2πI0(|ẑk|)
exp

(
ℜ
[
|ẑk|ej(∠ẑk−θk)

])
(D.6)

=
1

2πI0(|ẑk|)
exp {|ẑk| cos(∠ẑk − θk)} (D.7)

The first trigonometric moment of a Tikhonov distribution can be computed
as

Eq[e
jθk ] =

∫
2π

ejθkt(θk; ẑk) dθk (D.8)

=
1

2πI0(|ẑk|)

∫
2π

ejθk exp {|ẑk| cos(∠ẑk − θk)} dθk (D.9)

=
ej∠ẑk

2πI0(|ẑk|)

∫
2π

ejφ exp {|ẑk| cos(φ)} dφ (D.10)

=
ej∠ẑk

I0(|ẑk|)
1

2π

∫
2π

ejφ exp {|ẑk| cos(φ)} dφ︸ ︷︷ ︸
I1(|ẑk|)

(D.11)

=
I1(|ẑk|)
I0(|ẑk|)

ej∠ẑk , (D.12)

where in (D.10) we set φ = θk − ∠ẑk. The first trigonometric moment of the
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Tikhonov mixture is:

Ep[e
jθk ] =

∫
2π

ejθkp(θk) dθk (D.13)

=
M−1∑
m=0

αm
k

∫
2π

ejθkt(θk; z
m
k ) dθk (D.14)

=
M−1∑
m=0

αm
k

I1(|zmk |)
I0(|zmk |)

ej∠z
m
k . (D.15)

Substituting (D.12) and (D.15) in (D.4) we obtain the moment matching equa-
tion:

I1(|ẑk|)
I0(|ẑk|)

ej∠ẑk =

M−1∑
m=0

αm
k

I1(|zmk |)
I0(|zmk |)

ej∠z
m
k . (D.16)
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