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Abstract

One of the main problems in nowadays �ber optical communications is to correctly

asses the impact the nonlinearity of the �ber, which is one of the main impairments

limiting the signal-to-noise ratio (SNR) of the communication. Over the years the

problem has been tackled by means of analytical modeling, experimental investiga-

tions, and numerical simulations based on the split-step Fourier method (SSFM).

Such approaches present advantages and disadvantages depending on the applica-

tion. Numerical simulations are a general and precise way to estimate the impact

of the nonlinearity since they can be applied to any link con�guration. Although a

simulation cannot account for all the physical e�ects occurring in an experiment, it

has the advantage to abstract the investigation by isolating the interactions of inter-

est. Such prominent advantages, however, come at the expense of the computational

e�ort to run the algorithm, which could be excessively long in applications where

the complexity is an issue. On the contrary, analytical modeling can provide results

in faster computational times, but lacks the generality of the numerical simulation

due to their inherent simpli�cative assumptions. In this thesis work, we address such

methodologies by facing two di�erent problems arising in nowadays optical systems.

First, we study the accuracy of the SSFM in wideband signal transmissions, show-

ing that the numerical error introduced by the algorithm on the SNR in dB is power-

independent and it scales quadratically with the signal bandwidth, in contrast with

two common rules used in the literature to set the accuracy of the simulation. We

propose a new rule to set the �rst step of the simulation yielding a constant error

on the received SNR in dB for a wide range of signal powers, bandwidths, and �ber

dispersions. It can thus be used as a universal method to simulate wideband signal

propagations at constant accuracy. The scaling of the computational e�ort of the

SSFM by increasing the signal bandwidth over the C-band is also discussed.

Second, we address the problem of modeling the nonlinearity in presence of ran-

dom polarization dependent loss (PDL). We show by numerical investigations that the

PDL-nonlinearity interaction may change the statistical distribution of the SNR at

the receiver in a di�erent way than what expected by current semi-analytical models

developed for the linear transmission regime. We then propose for the �rst time an

extension of the Gaussian noise model to estimate nonlinear interference variance with

PDL. The new model showed an excellent accuracy in estimating the such interaction

with a much smaller complexity overhead compared to SSFM-based simulations.
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Chapter 1

Introduction

The optical �ber is a nonlinear medium due to the Kerr e�ect, which changes

the �ber refraction index when stimulated by an electric �eld, causing a non-

linear beating between the frequencies of the �eld itself. The Kerr e�ect thus

induces distortions on the optical signal whose impact should be correctly

predicted to precisely assess an optical communication. In nowadays coherent

optical communications, where most of the linear impairment a�ecting the sig-

nals can be digitally equalized at the receiver [1�4], such a nonlinearity is one

of the limiting factors of the �ber capacity.

The Kerr nonlinearity is signal dependent, thus it is impacted by all the

e�ects that the signal experiences along the propagation. The prediction and

the possible mitigation of the nonlinear distortion is thus extremely di�cult,

but fundamental to exploit the maximum potential of the optical �ber as a

transmission medium. To this aim, the problem is usually tackled by means of

simulation of the propagation of the signal and analytical modeling.

The reference equation describing nonlinear propagation of an electric �eld

into the �ber is the nonlinear Schrödinger equation (NLSE). Unfortunately, a

closed-form solution such an equation in unavailable for general optical �bers,

thus only approximations can be used to emulate the nonlinear channel. Ap-

proximations of the NLSE can be obtained by using numerical algorithms to
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solve it. Among them, the most widely used algorithm to simulate the trans-

mission in an optical �ber is the split-step Fourier method (SSFM) [5]. Such

a method has been considered the benchmark of any optical transmission for

over the last forty years. In fact, by numerically simulating the signal propaga-

tion, the SSFM allows to precisely de�ne the nonlinear distortion of the signal

due to the Kerr nonlinearity and any possible in�uence of other e�ects on it.

Like any other numerical method, even the SSFM is a�ected by the problem

of the accuracy of its solution. In order to obtain accurate simulations the

price to pay is the computational e�ort needed to run the algorithm. Among

the past years numerous attempts to optimize the computational e�ort of the

SSFM have been made [7�12].

Another approach to the estimation of the impact of the �ber nonlinear-

ity on the transmission is by means of modeling. In a nutshell, modeling the

nonlinearity means to �nd an approximation of the NLSE by some simpli-

�cative assumptions to obtain some informations about the nonlinear inter-

ference (NLI) with a reduced complexity. The main di�erence between this

approach and the SSFM is that, contrarily to the SSFM, this approach will

never converge to the exact solution of the NLSE due to the above-mentioned

assumptions. Moreover, the complexity of such models rely on the degree of

simpli�cation they use, i.e., the number of assumptions made to describe the

system.

Over the last decade, many models for a fast estimation of the variance of

the NLI have been proposed [13�21]. Due to their reduced complexity, the use

of these model is wide-spreading in the context of optical networking, where

a fast estimation of the signal-to-noise ratio (SNR) could be used as a quality

of transmission parameter for the signal routing [22]. However, to keep the

complexity to an acceptable level, these models usually do not account for

random polarization e�ects, such as polarization mode dispersion (PMD) and

polarization dependent loss (PDL). Due to their stochastic nature, these e�ects

could a�ect the nonlinearity in an unexpected way, causing �uctuations of the

SNR. A characterization of the impact of these e�ects is thus mandatory for
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a correct estimation of the nonlinearity and, consequently, of the SNR of the

transmission.

The work of this thesis addresses such problems. In the �rst part we will

focus on the problem of the accuracy of the SSFM in a wideband scenario. Un-

til now the resources to run the SSFM e�ciently have been in fact more than

adequate. However, nowadays optical communications system are pushing the

signal bandwidth to very large values, which poses new challenges for their

simulation [23,24]. In fact, in this new scenario the computational e�ort of the

SSFM is thus expected to sky-rocket due to the fast variations of the nonlin-

earity induced by the fast variations of linear e�ects along �ber propagation.

The SSFM could thus results excessively complex to simulate the nonlinear-

ity for huge bandwidths. A �ne tuning of the accuracy of the SSFM is thus

mandatory, in order to obtain accurate simulations without wasting in compu-

tational e�ort. By an in-depth analysis of the numerical error introduced by

the SSFM, we will propose a new parameter to set the accuracy of the simula-

tion. We will show that this choice lets to control the SSFM in a wide range of

optical links, thus showing to be particularly indicated to run wideband signal

simulations. We will compare our proposal with exisisting rules available in

literature, showing its reliability for trustable simulations. Moreover, we will

discuss the potential limits of a simulation in terms of computational e�ort.

The second part of this work will instead focus on the nonlinear modeling

in the presence of random polarization e�ects. As wstated before, in a context

of elastic optical networks, the SNR of the transmission can be used as a

quality parameter to assess the routing of the signals at the physical level.

Unfortunately, with polarization related e�ects the complexity of performance

estimation in nonlinear regime is maximized, since one shoud target estimating

the probability density function of the SNR. Extending existing models to

account for such stochastic e�ects with a minimum increment of complexity

will thus give a great bene�t to the nonlinear modeling. To this goal, we will

investigate the interaction between the random PDL and the nonlinearity to

understand their implications on the signal. Then, we will propose for the
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�rst time an extension of a popular model to estimate the variance of the

nonlinearity, namely the Gaussian noise (GN) model, to include the e�ect of

the random PDL on it. Finally, we will draw our conclusions.



Chapter 2

Theoretical background

The propagation of a wave in a weakly nonlinear transmission medium is de-

scribed by the nonlinear Schrödinger equation (NLSE). Such an equation can

be applied to various �eld of research such as gravity waves, nonlinear optics

and plasma physics.

In �ber optics, the NLSE describes the propagation of the electric �eld into

the optical �ber [25]. Signal propagation into the �ber the signal is unfortu-

nately distorted due to a plethora of e�ects, both linear and nonlinear, intrinsic

of the silica composing the �ber.

The most important linear e�ect is the �ber attenuation, which describes

the gradual loss of the signal during the propagation. This loss of light results

in a lower power level of the signal at the end of the propagation with respect

to the input signal. The attenuation is typically expressed by the parameter

α, in dB/km, which describes the rate of loss with the distance.

Fiber loss is due to many factors, both intrinsic of the material composing

the �ber or extrinsic, i.e, due to defects in the �ber manufacturing. Ultraviolet

and infrared absorption, as well as the Rayleigh scattering, are the intrinsic

causes of �ber loss and cannot be avoided. Extrinsic causes are instead irregu-

larity in the interface between the �ber core and cladding, which lead to energy

leakage in �ber cladding, and water absorption, which causes peaks of atten-
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Figure 2.1: Typical wavelength spectrum of the �ber loss, with highlighted the

transmissions windows of optical communications. Source: [26].

uation at given wavelengths due to in�ltrations of impurity during the �ber

manufacturing. Water absorption in particular is extremely important since it

set, together with the advances in laser technologies, the wavelength transmis-

sion windows for optical communications. Figure 2.1 reports an example of the

�ber attenuation spectrum resulting from the sum of all intrinsic and extrinsic

causes. In particular, it is worth noting that the attenuation peaks in the �gure

are caused by water absorption. In the �gure are also highlighted the trans-

missions windows of �ber communications. The current transmission window

of nowadays communications is centered on the minimum of the attenuation

spectrum in the �gure, corresponding to λ = 1550 nm, granting a typical �ber

loss of α ' 0.15÷ 0.25 dB/km.

The other linear e�ects of an optical �ber are dispersive e�ects caused

by the frequency dependence of the propagation constant β = β (Ω). Due to

such a dependency, each frequency of the electrical �eld experiences a di�erent

propagation constant along the propagation, thus they accumulate di�erent

phases. This di�erent phase accumulation of each frequency leads to a group
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delay, i.e., a delay in the propagation of the pulses composing the optical signal,

and group velocity dispersion (GVD), which causes distortion in the shape of

the pulses during the propagation. While the group delay is just a temporal

shift, thus not distorting the signal, the distortions due to GVD could strongly

a�ect the transmission, creating inter-symbol interference.

Di�erent techniques exist to mitigate such an e�ect. For instance, in the

optical domain dispersion compensating �bers (DCFs) can be placed in the

optical link to cancel the GVD accumulation along distance. With the advent

of coherent detection, use of DCF to compensate for the GVD has been replaced

by digital compensation after the signal detection [1�4].

The electric �eld propagating along the �ber experiences also nonlinear

distortion due to the Kerr e�ect [25]. Such an e�ect describes the nonlinear

modi�cation of the refractive index of the silica composing the �ber in response

to the passage of the electric �eld itself. The Kerr e�ect causes a nonlinear

beating between di�erent frequencies composing the signal, thus introducing

a transfer of energy between them, yielding signal distortions at the receiver.

Such a nonlinearity has been one of the main limiting factors of the capacity

growth for optical communication since the past two decades [27�30]. Distor-

tions due to Kerr nonlinearity are cubically dependent by the signal power,

thus limiting the growth of the signal-to-noise ratio (SNR) with power as it

happens in many kinds of communications in linear mediums. The typical de-

pendence of the SNR on signal power for an optical transmission is reported

in Fig. 2.2. After an initial linear growth at low power, the SNR decreases

due to nonlinearity, taking a typical bell-shaped curve. By limiting the SNR

of the transmission, the nonlinearity thus limits the growth of the achievable

information rate with power in optical communications1. The Kerr nonlinear-

ity captured the attention of the community in the past years, in particular

models to characterize and possibly mitigate such a distortion [13�19].

1The discussion holds with matched �lter detection. However, since the Shannon limit

in the nonlinear regime is unknown, it might be possible to overcome such a limitation by

using more advanced digital signal processing. For more information, see [31].
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Figure 2.2: Example of a bell-curve of the SNR in optical communications. The

decrease of the SNR at high powers is due the impact of Kerr nonlinearity on

the transmissions.

The NLSE is the ideal benchmark for the analysis of any optical scenario.

Unfortunately, except special cases, such an equation can be solved in closed-

form only in presence of linear e�ects or Kerr nonlinearity alone. In a general

form, i.e., with both linear and nonlinear e�ects, the solution of such an equa-

tion does not exist in closed form. The only way to get a reasonable approxi-

mation is to simulate the signal propagation, i.e., solving the NLSE, through

the use of numerical algorithms. Such numerical algorithms come at the cost

of the computational e�ort spent to run them.

Every numerical method to solve the NLSE introduces intrinsically an error,

which comes from the approximation used to mimic the NLSE. The accuracy

of a simulation describes how much the estimated solution computed by the

algorithm is close to the real one. Since the computational e�ort generally

translates in computational time, a compromise between the accuracy and

the simulation time must be made. In this framework, the split-step Fourier

method (SSFM) [5] founds the reasons for its popularity to solve the NLSE [32].

Over the years many studies of the SSFM has been made in order to �nd rules
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to setup simulation for the optimization of the ratio between accuracy and

computational e�ort [6�12,33] .

This chapter aim to introduce the reader to the topic of the numerical

resolution of the NLSE by the SSFM. First, the NLSE will be theoretically

presented, in order to set the basis to understand how the SSFM method

operates on it. Then a detailed analysis of the SSFM method to numerically

integrate the NLSE will be reported, intended to introduce the reader in the

numerical aspects of such a technique and the principles behind it.

2.1 NLSE in optical communications

The aim of the Section is to introduce the reader to the propagation of the

signal in the optical �ber and to describe the main e�ects a�ecting the signal

during the propagation.

2.1.1 Single polarization NLSE

Let s(z, t) the scalar complex envelope of the electric �eld propagating within

an optical �ber, with z running distance and t time. The NLSE at the time t

and spatial coordinate z can be expressed in general form as:

∂s (z, t)

∂z
= −α

2
s− jβ0s− β1

∂s

∂t
+ j

β2

2

∂2s

∂t2
+
β3

6

∂3s

∂t3
− jγ (s∗s) s , (2.1)

where ∗ denotes conjugation. Each right-hand side term of the equation de-

scribes a single e�ect manifesting on the signal during the propagation. Hence,

α is the attenuation coe�cient, βk, k = 0, ..., 3 the dispersive coe�cients, while

γ the nonlinear coe�ecint. The dispersive coe�cients arise from a Taylor ex-

pansion of β (Ω) truncated to the third order around a reference pulsation

Ω0 = 2πf0, with f0 frequency.

Each βi is thus:

βi ,
∂iβ (Ω)

∂Ωi

∣∣∣∣
Ω=Ω0

, i = 0, 1, 2, 3
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Please note that Ω refer to an absolute frequency, which is related to the

low-pass frequency ω of the complex envelope by Ω , ω + Ω0.

The terms −jβ0s and −β1
∂s
∂t describe, respectively, a phase shift term and

the group delay accumulated by the signal during the propagation. These two

terms can be omitted in (2.1) by a proper setting of the reference system

with no implications on the NLSE solution. Mathematically, it corresponds to

consider a signal in a reference system that follows the accumulated phase β0z

in a retarded time frame τ , t− β1z, i.e.:

a (z, t) , s (z, τ) ejβ0ze−
α
2
z . (2.2)

In (2.2) we also included the attenuation to simplify the notation.

Equation (2.1) in the new reference system is:

∂a (z, t)

∂z
= j

β2

2

∂2a

∂t2
+
β3

6

∂3a

∂t3
− jγe−αz (a∗a) a . (2.3)

In the following the signal will be referred to such a reference system.

β2 and β3 describe respectively the GVD, a.k.a. the chromatic dispersion,

and the dispersion slope. These two coe�cients are usually given by �ber man-

ufacturers as two parameters,D and S, whose units are respectively ps/nm/km

and ps/nm2/km, and are related to β2 and β3 by:

β2 = −D λ2
0

2πc
, β3 =

(
2λ0D + λ2

0S
) λ2

0

2πc
,

with c the light speed in vacuum and λ0 = c
f0

the reference wavelength. The

reference wavelength adopted in this thesis is λ0 = 1550 nm. This is the central

frequency of the Erbium-doped �ber ampli�ers (EDFA) C-Band, which is the

transmission bandwidth used nowadays in optical communications and corre-

sponds to f0 = c
λ0
' 193.5 THz. Typical values forD and S are 16.7 ps/nm/km

and 0.057 ps/nm2/km, respectively, for a standard single mode �ber (SMF).

Other types of �ber exist with lower values of dispersion, such as dispersion

shifted �bers (DSF) and non-zero dispersion shifted �bers (NZDSF), whose

values of dispersion2 are ' 0 ps/nm/km and < 10 ps/nm/km at λ0 = 1550

2According to ITU-T G.655 recommendation.
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nm. Although these �bers are not best for modern optical transmissions, they

were widely used in the past when optical communication links were designed

with dispersion management at the optical level, and are still present in many

optical links.

The solution of the NLSE in presence of only chromatic dispersion D and

dispersion slope S is a complex linear �ltering of the input signal. By ignoring

the last term in (2.3), the optical �eld at a generic coordinate z is thus:

a (z, t) = hGVD (z, t)⊗ a (0, t) , only D + S (2.4)

with:

h̃GVD (z, ω) = F {hGVD (z, t)} , e
j
(
β2
2
ω2+j

β3
6
ω3
)
z

(2.5)

the frequency response of the linear �ltering, F {.} indicating Fourier transform
and ω , 2πf the angular frequency or pulsation. The impulse response of the

GVD is visible in Fig 2.3, where the real and imaginary part of hGVD (z, t)

are plotted. GVD induces inter-symbol interference in the temporal domain by

enlarging the signal pulses in time. However, in frequency domain it acts as a

unitary transformation, i.e., a phase shift� hence it does not impact the power

of the signal.
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Figure 2.3: Real and imaginary parts of the GVD �lter hGVD (z, t) . Here the

�ber dispersion is D = 17 ps/nm/km and the distance z = 30 km.
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The last term of (2.3) is the Kerr nonlinearity [25]:

− jγe−αz (a∗a) a . (2.6)

In (2.6) γ is the nonlinear coe�cient of the �ber, i.e., the weight of the nonlinear

Kerr e�ect, related to the �ber technological parameters by:

γ ,
2πn2

λ0Ae�

[
1

W · km

]
(2.7)

with n2 the nonlinear index of the �ber and Ae� its e�ective area. A typical

value for SMFis γ = 1.3
[

1
W·km

]
. As stated previously, the term e−αz in (2.6)

is the �ber attenuation. Although it is a linear e�ect, we found more useful to

include it in the Kerr nonlinearity to improve the accuracy of the SSFM [11].

The relation (a∗a) a is the local e�ect of Kerr nonlinearity.

The solution of the NLSE when only the nonlinearity is applied results in

a time-dependent phase shift to the input signal proportional to the power of

the signal itself. The optical �eld at a generic coordinate z is thus:

a (z, t) = a (0, t) e−jγ
∫ z
0 e
−αξ|a(0,t)|2dξ , only Kerr e�ect. (2.8)

The integral at the exponent in (2.8) can be closed as:∫ z

0
e−αξ |a (0, t)|2 dξ = |a (0, t)|2 Le� (z) ,

where

Le� (z) ,
∫ z

0
e−αξdξ =

1− e−αz

α
(2.9)

is the e�ective length of the Kerr nonlinearity [25], i.e., the equivalent propa-

gation distance in a lossless �ber giving the same nonlinear phase shift. Such

a length saturates to Le� = 1
α for increasing distance. After that point, all the

contributions to the nonlinearity can be considered negligible. For a typical

attenuation coe�cient α ' 0.2 dB/km, Le� is around 20 km.
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2.1.2 Extension to wavelength division multiplexing

Wavelength division multiplexing (WDM) is typically used to �ll the whole

available band of the �ber, in order to increase the capacity of the transmission.

In this scenario, many independent signals are multiplexed on di�erent carriers.

The total WDM signal is thus the sum of all the data streams composing each

channel, i.e.:

a (z, t) =

Nch∑
n=1

an (z, t) ejωnt (2.10)

where Nch is the number of di�erent channels occupying the WDM comb, each

modulated on a di�erent carrier placed at frequency fn = ωn
2π .

To describe the main implications of the presence of many independent

channels in the WDM signal, we will consider a separate �eld approach, i.e.,

a set of di�erent equations, each one describing the propagation of a single

channel of the WDM comb. Due to the di�erent frequency of each modulating

carrier, all the channels experience di�erent linear e�ects, i.e., di�erent values of

β0, β1 and β2. Each channel experiences thus a di�erent phase, group delay and

GVD during the propagation. Each new value of β0,n, β1,n and β2,n, referred

to the nth channel of the WDM comb, can be inferred by a Taylor expansion

of β (ω) around the channel frequency fn, thus:

βi,n ,
∂iβ (Ω)

∂Ωi

∣∣∣∣
Ω=Ω0+ωn

.

By neglecting β3 for the sake of simplicity, the coe�cients βi,n are related to

the �ber dispersion coe�cients evaluated at the reference frequency Ω0 by:

β0,n =
β2

2
ω2
n (2.11)

β1,n = β2ωn (2.12)

β2,n = β2 (2.13)

β3,n = β3 . (2.14)

where ωn is the low-pass central frequency of the channel n. Such relations



14 Chapter 2. Theoretical background

Figure 2.4: The frequency of β (ω) a�ecting the phase shift β0,n and the group

delay β1,n of the generic nth channel in the WDM signal spectrum centered on

the frequency ωn.

are clari�ed in Fig. 2.4, where a quadratic dependence on frequency of β (ω) is

considered. Please note that by including β3 in the Taylor series of β (ω) even

the GVD β2,n changes with frequency. However, the impact of β3 on all the

coe�cients is generally negligible unless very large bandwidths are considered.

Despite each channel experiences di�erent linear e�ects, such e�ects can still

be modeled as a linear �ltering di�erent for each channel.

The main impact of such di�erent linear e�ects is on the nonlinearity. In

the separate-�eld point of view, the last term of the NLSE in (2.1) for the

generic nth channel3 is [25]:

− jγ
∑
k,l,m

(s∗m (z, t) sl (z, t)) sk (z, t) . (2.15)

The triple summation in (2.15) accounts only for the channel combinations

k, l,m whose corresponding nonlinear contributions falls on the nth channel,

placed on the frequency ωn. In the case of constant waves such a requirement is

ful�lled by respecting the energy conservation law, which in this case assumes

the following relation:

ωk + ωl − ωm − ωn = 0 . (2.16)

3This separation of nonlinear e�ects neglects FWM from next neighbor channels, which

may be signi�cant for a Nyquist WDM [14].
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It is convenient for the discussion to refer to a reference system tracking β0,n,

β1,n and α, thus:

an = sn (z, t− β1,nz) e
−α

2
ze−jβ0,nz .

The NLSE for the nthchannel is thus:

∂an (z, t)

∂z
= j

β2

2

∂2an
∂t2

+
β3

6

∂3an
∂t3

− jγe−αz
∑
k,l,m

(a∗mal) ake
−j∆βz . (2.17)

In this new reference system (2.15) become thus:

− jγe−αz
∑
k,l,m

(a∗mal) ake
−j∆βz . (2.18)

The coe�cient ∆β is the phase matching coe�cient [6, 7, 34], de�ned as:

∆β , β0,k + β0,l − β0,m − β0,n , (2.19)

which describes the phase mismatch between the channels generating the non-

linearity on the nth channel. It thus weights the nonlinear contribution of each

combination of the k, l,m channels.

The nonlinear e�ects acting on the nth channel can be classi�ed by the

combinations of the indexes k, l,m [25]. For example, in the case k = l = m = n

the nonlinearity is de�ned as self-phase modulation (SPM). SPM coincides with

the single channel transmission already shown in (2.8).

A similar solution is obtained for the cases where (l = m) 6= (k = n). In

this case (2.18) becomes:

− jγe−αz
∑
l 6=n

2 (a∗l al) an (2.20)

where the factor 2 account for the two degenerate cases in (2.18), i.e., (a∗kak) an

and (a∗kan) ak. For two generic channels l and n, the solution of (2.20) is :

an (z, t) = an (0, t) e−j2γ
∫ z
0 e
−αξ|al(0,t+dlnξ)|2dξ

which describe the nonlinear phase shift that a generic channel al induces on

an. Such a case is thus de�ned as cross-phase modulation (XPM). The delay
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terms dlnz is due to the di�erent group velocities of the two channels, where

dln , (β1,l − β1,n) is the relative group delay of channel l to channel n. It is

worth noting that each channel contribution to the XPM is independent from

the other, thus the solution of (2.20) accounting for all channels is:

an (z, t) = an (0, t) e−j2γ
∑
l 6=n

∫ z
0 e
−αξ|al(0,t+dlnz)|2dξ

where the summation extends to all channels but the nth one. It is worth noting

that both SPM and XPM are phase-matched, i.e., ∆β = 0.

For the general case not already accounted by SPM and XPM, the non-

linearity takes the name of four-wave mixing (FWM). A substantial di�erence

between FWM and SPM, XPM, is that for the FWM the phase matching

coe�cient is always ∆β 6= 0, i.e., the channels generating nonlinearity are mis-

matched in phase. Depending on the value of ∆β, each channel combination

impacts di�erently on the total nonlinearity.

To better understand the FWM dynamics, it will be useful to switch to

a more general unique �eld approach, i.e., by considering the WDM signal as

a whole, wide-band signal. Under this point of view, the concept of channel

does not make sense anymore. However, the separate �eld approach to the

nonlinearity can be extended to each in�nitesimal frequency composing the

signal, such that summations are substituted by integrals.

Considering thus the WDM signal spectrum as ã (z, f) = F {a (z, t)}, the
NLSE in frequency domain and in integral form is:

ã(z, f) = ã(0, f)− jγ
∫ z

0

∫∫ ∞
−∞

e−αξej∆βξã(ξ, f + f1)

× [ã∗(ξ, f + f1 + f2)ã(ξ, f + f2)] df1df2dξ .

(2.21)

Each combination of f, f1, f2 accounts for a single FWM process occurring on

the frequency f . Please note that all the dispersive e�ects are included in ∆β.

From (2.19) and by considering (2.16), the phase matching coe�cient ∆β

can be expressed as:

∆β = (2π)2 β2 (f − f1) (f − f2) . (2.22)
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where the frequencies fk,m,n are the central frequencies of the channels.4

To better understand the role of ∆β in the FWM generation, it is useful

to consider an approximation of (2.21) where the signal ã is constant along

distance. Such an approximation, as we will discuss later, is the �rst-order

regular perturbation of the nonlinearity [14, 15, 17, 51]. In this case the signal

ã can be taken out of the spatial integral in (2.21), leaving with:

z∫
0

e−αξej∆βξdξ =
1− e−(α−j∆β)z

α− j∆β
. (2.23)

Equation (2.23) is the kernel [35] of the FWM , which assumes a low-pass

behavior in the space identi�ed by W , (f − f1) (f − f2) [7]. Thus, spaced

away channels induce small FWM on the signal an. Similarly, high dispersion

values helps mitigating FWM. In nowadays transmissions over SMF at high

symbol rate and with a large amount of dispersion accumulated by the signal,

the impact of FWM on �ber nonlinearity is smaller compared with SPM and

XPM, which instead su�er less of the presence of large GVD [36]. The FWM

is the most general way to describe the nonlinearity since both SPM and XPM

can be considered special cases of it.

2.1.3 The Coupled NLSE and the Manakov equation

In the regime of polarization division multiplexing (PDM) as in nowadays com-

munications the optical signal is described by a 2× 1 vector A , [ Ax, Ay ]T ,

with x, y two orthogonal polarizations carrying two independent information

signals. In this scenario the propagation is described by two coupled equations,

one per polarization, generally called coupled-NLSE (CNLSE).

In dual polarization the signal propagation experiences novel e�ects, such

as the �ber birefringence. The main causes of birefringence are geometric im-

perfections, �ber stresses, variations in the index pro�le, etc. As a result, bire-

4 In (2.22) we excluded the third order linear e�ects for the sake of simplicity. However,

such an inclusion can be easily done by considering the additive term β3
6
ω3
n to (2.11) and by

expanding (2.19).
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fringence induces a di�erent �ber propagation constant β (ω) between polar-

izations, and, most important, polarization crosstalk. Such e�ects are generally

random with a correlation length of the order of meters.

Birefringence is also frequency-dependent. As a consequence it causes the

two signal polarizations to experience di�erent group delay, i.e., polarization

mode dispersion (PMD) [37�39]. PMD is a random e�ect due to the random

reasons of birefringence. Its growth along distance can be mitigated by inducing

strong crosstalk between the polarizations, leading to a scaling of the di�er-

ential group delay with
√
z [40] instead of z as for a polarization maintaining

�ber.

The random birefringence of the �ber is usually mimicked by a concatena-

tion of wave-plates, each characterized by a randomly-oriented state of polar-

ization (SOP). The passage of the optical signal in such plates causes its SOP

to change randomly during the propagation similarly to a Brownian motion

over the Poincaré sphere.

The �ber birefringence also a�ects the nonlinear e�ect. A statistical ap-

proach to the CNLSE is thus mandatory to correctly assess the signal prop-

agation. However, since the characteristic length of the birefringence is very

small compared to the �ber dispersive and nonlinear lengths, its e�ect on the

nonlinearity can be averaged out, leading to the so-called Manakov equation

(ME) [41�45]:

∂A (z, t)

∂z
= j

β2

2

∂2A

∂t2
+
β3

6

∂3A

∂t3
− jγ 8

9
e−αz

(
A†A

)
A (2.24)

where † stands for transpose conjugate and the fraction 8
9 comes from the av-

eraging process among all the possible SOP of the signal. The derivation of

such an equation is outside the scope of this work, thus it will not be reported

here. It is worth noting that (2.24) does not include PMD, thus it is an ap-

proximation. Such a simpli�cation, however, has been shown to be accurate up

to large bandwidths, in the order of THz [46]. All the following work will be

thus referred to (2.24).

In a WDM scenario, the PDM signal generates another nonlinear e�ect
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other than the three described in Section 2.1.2. In this case in fact the two

degeneracy of XPM, leading to the factor 2 in (2.20), breaks down. The non-

linear operator of the Manakov equation for the nth channel An, in polarization

division multiplexing and neglecting the FWM, can be expressed as [47]:

N (An) = −j 8

9
γe−αz

A†nAn︸ ︷︷ ︸
(1)

+
∑
k 6=n

3

2
A†kAk︸ ︷︷ ︸
(2)

+
1

2
Åk · σ̄︸ ︷︷ ︸
(3)


An (2.25)

where Åk is the Stokes representation of Ak, � · � indicates scalar product, and
σ̄ = [σ1, σ2, σ3] is the Pauli spin vector, with σk, k = 1, 2, 3 the Pauli spin

matrices [48]. The three terms highlighted in (2.25) are classi�ed as, respec-

tively, SPM (1), XPM (2) and cross-polarization modulation (XPolM) (3). The

XPolM describes the nonlinear crosstalk between the two polarizations of the

signal. The factors 3
2 and 1

2 weighting the XPM and XPolM come from the

averaging over all possible SOP of the signal [47]. While SPM and XPM are

scalar terms inducing a phase rotation to An, XPolM is a matrix term, thus

inducing polarization rotation.

2.1.4 Regular perturbation of the nonlinearity

A popular way to approximate the NLSE to obtain a closed form solution of

(2.1) is by using the so-called regular perturbation method (RP) [49]. Such

an approximation is largely used to deal with the modeling of nonlinearity in

the �ber, allowing to study its impact on the system performance alternatively

to the SSFM [14�19]. While a detailed mathematical derivation of the RP is

outside of the scope of this work, it will be useful to recap the major results

of such an approximation to exploit a parallelism found between RP and the

SSFM method in solving the NLSE.

We start with the NLSE in (2.3):

∂a (z, t)

∂z
= j

β2

2

∂2a

∂t2
− jγe−αz (a∗a) a . (2.26)
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where we dropped the dependence on β3 for simplicity. The following procedure

can be however generalized to include it. The solution with only linear e�ects

is a0 = hGVD (z, t)⊗a (0, t), i.e., the convolution with the GVD �lter (2.5), also

called unperturbed solution of the NLSE. If the nonlinearity can be considered

a small perturbation to the signal, it is reasonable that the true solution a (z, t)

is not too much di�erent to a0. a (z, t) can be thus expanded in Taylor series

over the nonlinear coe�cient γ as:

a (z, t) = a0 + γa1 + γ2a2 + ... =
∞∑
p=0

γpap (2.27)

and then truncated to the �rst order [17], obtaining:

a (z, t) ' a0 + γa1

with a1 the perturbed solution, i.e., the �rst-order term of the Taylor expansion

in γ, thus depending only on a0. The nonlinearity in this framework is thus

an additive contribution, which is usually referred to as nonlinear interference

(NLI). In the frequency domain, a1 can be interpreted as a the sum of all

FWM processes generated by the input signal spectrum frequencies [15,50]. It

is worth noting that by truncating the series to a1 we are neglecting the higher

order terms of (2.27), i.e., the higher order terms of the nonlinearity.

The problem is thus to �nd a1 as a function of the unperturbed solution a0.

To do so, we substitute (2.27) in (2.26) and we equate all the terms sharing the

same power of the coe�cient γ. A more detailed explanation of this procedure

can be found in [51]. The two equations for a0 and a1 result:

∂a0 (z, t)

∂z
= j

β2

2

∂2a0

∂t2
(2.28)

∂a1 (z, t)

∂z
= j

β2

2

∂2a1

∂t2
− jγe−αz (a∗0a0) a0 . (2.29)

By switching to the frequency domain, (2.29) can be solved in closed-form
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yielding:

ũRP1(z, f) = ũ(0, f)− jγ
∫ z

0

∫∫ ∞
−∞

e−αξej∆β(f1,f2)ξũ(0, f + f1)

× [ũ∗(0, f + f1 + f2)ũ(0, f + f2)] df1df2dξ .

(2.30)

where ã1 (z, f) = ũRP1 (z, f) e−jβ2(2πf)2z. ũ can be taken out of the spatial

integral in (2.30), leading to the FWM kernel (2.23) introduced in Section 2.1.2,

which weight each possible frequency combination of (ũ∗0ũ0) ũ0. For simplicity

the integration over the distance in (2.30) extends to only one span of the link.

In a generic multi-span link the FWM kernel can be expressed as:

η (z,∆β) =

z∫
0

e−g(ξ)ej∆βξdξ (2.31)

where the function:

g (ξ) , e
∫ ξ
0 −α+

∑
k log(Gk)δ(x−zk)dx (2.32)

is the �ber gain pro�le along the propagation, with Gk the gain of the generic

kth ampli�er, here considered lumped in a given coordinate of the link zk.

Such a formulation of (2.32) is a general form to account for links composed

of inhomogeneous spans, as the one depicted in Fig. 2.5.

Figure 2.5: Example of optical link with inhomogeneous spans. Gk is the gain

of the kth ampli�er, generally di�erent span by span due to the di�erent span

length Lk.

One notable property coming from the RP1 approach is that if we factor

out the signal amplitude from the integral in (2.30), the nonlinear perturbation



22 Chapter 2. Theoretical background

scales with P
3
2 , with P power. This way, the optical link is described by a

channel in additive noise whose SNR assumes the form5:

SNR ,
P

σ2
ASE + aNLP 3

(2.33)

where:

aNL ,
Var [uRP1 − u]

P 3
(2.34)

is the unit-power variance of the NLI [52,53]. Such a behavior of the SNR has

been experimentally con�rmed in [54�56].

It is worth noting that the RP1 approach is limited by the perturbative

assumption of the nonlinearity. When the perturbed and unperturbed solutions

are comparable, the higher orders of the Taylor expansion in (2.27) become

signi�cant, changing the amount of nonlinearity. Such a requirement is often

not respected in practical systems due to the average phase rotation induced by

the nonlinearity on the signal. Such a problem can be bypassed by considering a

reference system for the perturbed solution tracking such a phase. In a nutshell,

it translates in considering the nonlinearity as (a∗a− P ) a, with P a proper

power. Such a method is referred to as enhanced regular perturbation (eRP)

[51].

2.2 The split-step Fourier method

This section describes the ideas behind the SSFM and the proof that connects

it to the numerical integration of the NLSE.

SSFM has been �rst applied to �ber optics in 1973 by Tappert et al. [5],

and since then it has been widely used as the benchmark for the analysis of

any �ber-optic system. It can be virtually used to simulate any optical link,

with the only constraint of the computational e�ort, thus it is a reliable tool

for the analysis of optical transmissions at the physical level.

5The SNR in (2.33) can be converted in bit error rate under the assumption of circu-

lar noise. Such assumption is discussed in Appendix A. In particular, we investigate the

implications of possible phase noise that may break the circularity.
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SSFM is a pseudo-spectral method to integrate di�erential equations. Hence,

it solves the NLSE by moving back and forth between the time and the fre-

quency by exploiting Fourier transforms. In the context of nonlinear �ber optics

the equation to be integrated is the NLSE (or alternatively the ME), where

the �ber linear e�ects and the Kerr nonlinearity in the NLSE are associated to

two di�erent operators, L and N , respectively, acting on the input signal [25].

In this work, L and N are de�ned from (2.24) as:

L (A) , j
β2

2

∂2A

∂t2
+
β3

6

∂3A

∂t3
(2.35)

N (A) , −jγ 8

9
e−αz

(
A†A

)
A (2.36)

where we recognize, respectively, the GVD and the Kerr nonlinearity. Each

operator applied alone has a closed form solution as we showed in the pre-

vious section, thus it can be easily computed numerically. In particular, the

convolution of the signal with the GVD �lter (2.5) can be e�ciently performed

in the frequency domain by a multiplication, while the nonlinear phase shift

described by the nonlinear operator (2.8) can be e�ciently done by a multipli-

cation in the time domain. The SSFM takes advantage of the fact that over a

distance approaching zero these two operators in the NLSE can be considered

independent with a good approximation, i.e., they can be performed sequen-

tially without impacting too much the accuracy of the solution. The switching

between the frequency/time domain necessary to perform the linear/nonlinear

step in the right domain can be performed by fast Fourier transforms (FFT).

Such a continuous switching between the two domains is the main cause of the

complexity of the SSFM.

The SSFM applied to a signal A (0, t) over a distance z operates this way:

• it splits the �ber length in �small � steps;

• it propagates the signal along distance by cascading in each step the

nonlinear and linear operators.
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The output signal of each step is used as input of the next one. A basic idea of

the SSFM is sketched in Fig. 2.6, which alternates the N and the L operators.

The opposite alternation is possible with a similar accuracy [12].

Figure 2.6: Basic SSFM scheme. The nonlinear and linear operators N and L
are applied consecutively in each step h.

Unfortunately, the SSFM introduces an error in the solution of the NLSE

as much as every numerical method. Such an error comes from considering

the two operators separately inside the step h, and gets bigger for increasing

step lengths. The strong point of the SSFM is that it is a convergent method,

i.e., when the step length h approaches zero the SSFM solution Â (L, t) tends

to the true solution of the NLSE A (L, t), with L the propagation distance,

unfortunately with an in�nite computational e�ort.

The SSFM is generally introduced in literature starting from the Baker-

Hausdor� idea [57]. Here we follow an alternative approach that highlights

the relationships between the SSFM and numerical integration techniques. To

relate the SSFM to the NLSE we start from the ME in operator form:

∂A

∂z
= (L+N )A . (2.37)

where LA = L (A) and NA = N (A) are the two operators (2.35) and (2.36),

respectively.

For the sake of convenience, we express the signal in the reference system

tracking linear e�ects, i.e., A(z, t) , eLzU(z, t), where eLz can be read as
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a shorthand notation for the linear convolution with the scalar GVD �lter

reported in (2.5). The ME thus become:

∂U

∂z
= e−LzN

(
eLzU

)
which can be expressed in integral form as:

U (z, t) = U (0, t) +

∫ z

0
e−LξN

(
eLξU (ξ, t)

)
dξ (2.38)

where the interval [0, z] can be read as the step under analysis. It is worth

noting that inside the integral in (2.38) both the signal U (ξ, t) and the linear

operator eLξ depend on distance, thus they are variable inside the step. The

key idea of the SSFM is to concentrate the linear e�ects of the whole step z in

a given coordinate ξ0 inside the step while leaving the optical �eld U (ξ, t) free

to vary. This way, (2.38) is approximated by:

Û (z, t) ' U (0, t) + e−Lξ0
∫ z

0
N
(
eLξ0Û (ξ, t)

)
dξ . (2.39)

By performing the change of variable E (z, t) , Û (z, t) we obtain:

E (z, t) = E (0, t) +

∫ z

0
N (E (ξ, t)) dξ , (2.40)

where the equality E (0, t) = eLξ0U (0, t) holds since at the boundary U (0, t) ≡
Û (0, t). Equation (2.40) is the ME of a purely nonlinear �ber, thus it can be

solved in closed form. The solution of such an equation is:

E (z, t) = e
∫ z
0 NdξE (0, t) .

By retrieving back the expression for the optical �eld in the original reference

system, i.e., E (z, t) = eL(ξ0−z)Â (z, t), we obtain the following expression for

the optical �eld estimated by the SSFM at the end of the step:

Â (z, t) ' eL(z−ξ0)e
∫ z
0 NdξeLξ0A (0, t) , (2.41)
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where we recognize in the three exponential functions the cascading of the

linear, nonlinear and linear operators eLξ0 , e
∫ z
0 Ndξ and eL(z−ξ0), respectively.

Considering for example ξ0 = 0 in (2.41), such equation corresponds to the ba-

sic scheme of the SSFM reported in Fig. 2.6 of a single step. We will show in the

next section two popular choices for ξ0, leading respectively to the asymmetric

and symmetric step SSFM.

2.2.1 Asymmetric and symmetric step SSFM

The value of ξ0 in (2.41) can be freely chosen. However, the choice of ξ0 strongly

a�ects the e�ciency of the method. The two most popular choices for ξ0, are:

Â (z, t) '

eLze
∫ z
0 NdξA (0, t) ξ0 = 0, Asymm. step SSFM

eL
z
2 e
∫ z
0 NdξeL

z
2A (0, t) ξ0 = z

2 , Symm. step SSFM
(2.42)

which consists respectively into applying the nonlinear operator for the whole

length of the step at the beginning or in the middle of a purely linear �ber.

Because of the way nonlinear and linear steps are applied the two choice are

called asymmetric and symmetric SSFM, respectively. The symmetric SSFM

Figure 2.7: Scheme of the symmetric step SSFM. The nonlinear step N is

sandwiched between two linear steps of half length each.

scheme is sketched in Fig. 2.7. Despite the minor di�erence between the asym-

metric and symmetric step, the scaling of the local error due to the SSFM

approximation is di�erent, as we will show in the next Chapter.
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2.2.2 Parallelism between RP1 and SSFM

In this section, we report some interesting parallelism found between the RP1

approximation of the NLSE and the SSFM.

Consider the SSFM and the RP1 solution of the NLSE in (2.39) and (2.30),

respectively, reported here for clarity both with scalar �eld, for a propagation

step from 0 to z:

uSSFM (z, t) = u (0, t) +

∫ z

0
e−Lξ0N

(
eLξ0u (ξ, t)

)
dξ , SSFM (2.43)

uRP1 (z, t) = u0 − jγ
z∫

0

e−αξej∆βξ (u∗0u0)u0dξ , RP1 (2.44)

where (2.44) is the equivalent of (2.30) in the time domain. In operator nota-

tion, the RP1 solution is alternatively written as:

uRP1 (z, t) = u (0, t) +

z∫
0

e−LξN
(
eLξu (0, t)

)
dξ . (2.45)

By comparing (2.43) and (2.45) we can see that SSFM and RP1 follow two

opposite approaches in approximating the NLSE.

The SSFM samples in the integral the spatially varying linear operator

eLξ = eLξ0 at a given spatial coordinate inside the step while leaving the

optical �eld u (ξ, t) free to vary. Such an approximation correctly integrate the

nonlinearity in the step, thus SSFM considers all the orders of the nonlinearity

in (2.27), but over a "virtual zero-dispersion �ber". Hence, the approximation

is reliable when the GVD induce a small perturbation on the signal inside the

step. On the contrary the RP1 samples the optical �eld u (ξ, t) = u (0, t) at the

beginning of the step, thus by correctly integrating only the oscillating linear

operator eLξ. Such an approximation is thus reliable when the nonlinearity

generated in the step is small.

These two opposite approaches found similarities to two popular methods
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for the numerical integration of oscillating functions in the form:

1∫
0

f (x) ejωg(x)dx .

Such methods are the Gaussian quadrature and the Filon's method [58], re-

spectively. Both rules perform a discretization of x in steps to approximate the

integral, but while the in the Gaussian method the sampling frequency must

follow the fast oscillation of ejωg to keep the error small, the Filon's method

only samples the slowly varying function f(x) and analytically integrates ejωg

over each step. Note that in the framework of the NLSE the fast function is

the linear operator eLx while the slow one is the optical �eld u.



Chapter 3

Numerical error of the

Split-step Fourier Method

In this chapter, we will analyze in depth the numerical error introduced by the

SSFM. A new framework for the analysis of such an error on the SNR will be

presented, which is more suitable for nowadays optical communications based

on coherent detection. We will also discuss several properties of the SSFM

error coming from this approach. The parallelism between the SSFM method

and well�known rules for the numerical integration will be used through the

discussion to help understanding the reason of the SSFM accuracy.

The most common ways to control the SSFM error will be then analyzed

under the new point of view. We will show a novel parameter to set the sim-

ulation accuracy independently from signal power, bandwidth and �ber dis-

persion. The new parameter will be numerically analyzed and compared with

alternative rules available in literature in terms of both scaling of the error and

computational e�ort. Then, a comparison between SSFM and other alternative

methods to solve the NLSE will be discussed. Finally, the proposed techniques

will be used to investigate the nonlinearity in a case of study.



30 Chapter 3. Numerical error of the Split-step Fourier Method

3.1 SSFM error on SNR

The accuracy of a simulation should be referred to the target parameter on

which performance is evaluated. Typically, the error of the SSFM is considered

an additive contribution on the true solution, i.e.:

eSSFM , Â (z, t)−A (z, t) (3.1)

where Â (z, t) is the numerical solution of the NLSE and A (z, t) is the unknown

true solution. Since such an error is a random process in time t, the accuracy

is often translated in a more practical form as [8�12]:

‖eSSFM‖
‖A (z, t)‖

=

∥∥∥Â (z, t)−A (z, t)
∥∥∥

‖A (z, t)‖
(3.2)

where ‖.‖ indicates a signal norm. The normalization in (3.2) relates thus the

numerical error to the signal amplitude, which is useful to control such an error

over the pulse shape of the signal.

However, in coherent optical communications, the performance of an optical

system is typically expressed in terms of the SNR. The SNR can be usually

directly converted to bit error rate (BER), for instance under the assumption

of additive Gaussian noise. In this framework, the accuracy of the simulation

is therefore the accuracy in the SNR estimation. Moreover, since the SNR is

generally expressed in decibels, a reliable SSFM simulation should be such

that the SNR is estimated with a bounded accuracy error in dB, as sketched

in Fig. 3.1 by the constant error bars. The dashed line indicates the SNR

considering just the numerical error of the simulation, that should have a �xed

gap in a dB scale from the �true� SNR in order to have a �xed accuracy. We

proceed now to analyze the numerical error under this novel point of view.

3.1.1 Perturbative approach to the SSFM error

The error introduced by the SSFM comes from sampling the space-dependent

operator Lξ in (2.38) at a given coordinate z = z0. Such an error should
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Figure 3.1: Visual representation of an ideal simulation setup on the SNR of the

communication. The error bars on the estimated curve should remain constant

whatever the transmitted signal power. The dashed curve in b) (SNRSSFM)

represents the SNR due only to the numerical error, that should have a �xed

gap from the estimated SNR curve.

thus depend on how di�erent is the oscillating function eLξ inside the step

with respect to the �xed value eLξ0 . Although the SSFM does not need a

perturbative assumption to solve the NLSE as the RP1 approximation does, it

is useful to use some of the assumptions of the RP1 for the NLI to obtain some

properties on eSSFM. This is not a limitation since the error of a good SSFM

simulation usually is small. First of all, we consider a perturbative assumption

of the Kerr nonlinearity [14,16,17]. In this framework, the error of SSFM eSSFM,

which is generated by a �bad" simulation of the NLI, will be a perturbation

to the signal too. The channel can be thus considered as an additive noise

channel with two di�erent noise sources: one the NLI and one the SSFM error,

as depicted in Fig. 3.2. By assuming the NLI and the SSFM error uncorrelated

for simplicity, a new formulation of the SNR can be de�ned from (2.33) in the
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Figure 3.2: Progressive abstraction of the �ber channel �rst by the SSFM

approximation and then by the perturbative assumption of eSSFM.

framework of SSFM as1:

ŜNR ,
P

σ2
ASE + σ2

NLI + σ2
SSFM

where P is the signal power, while σ2
NLI and σ

2
SSFM are respectively the vari-

ances of NLI [14] and SSFM error under the perturbative assumptions, with

uncorrelation between NLI, SSFM error and the propagating signal. σ2
ASE is the

variance of the ASE introduced by EDFAs, which is also uncorrelated with the

signal and all the other noises. The true SNR under perturbative assumptions

is (2.33):

SNR ,
P

σ2
ASE + σ2

NLI

which corresponds to ŜNR
(
σ2
SSFM = 0

)
. It is worth noting that in the frame-

work of SSFM the obtained SNR estimation is always smaller than the true

one due to σ2
SSFM.

1Such an expression of the SNR describe completely the system only in the case of additive

circular noises, as in the assumption of the GN model. In some optical links the circularity

of the NLI can be argued, since the NLI could manifest partially as phase noise. However, as

we demonstrate in Appendix A, the eventual non-circularity of the NLI (and by extension

of eSSFM) does not a�ect its total variance, thus this SNR formula can still be used.
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Figure 3.3: Example of SNR error as a function of the ASE noise variance

σ2
ASE. In this example σ2

NLI = −20.28 dB and σ2
SSFM = −29.1086 dB.

By referring now to Fig. 3.1 and remembering that the SNR is expressed

in dB, we can de�ne the error on the SNR as:

SNRerr ,
SNR

ŜNR
, 1 +

σ2
SSFM

σ2
ASE + σ2

NLI

. (3.3)

Please note that SNR and ŜNR in (3.3) are expressed in linear scale, thus

in dB the SNR error is the usual

SNRerr
dB = SNRdB − ŜNRdB

Equation (3.3) is a monotonic decreasing function of ASE noise, as depicted

in Fig. 3.3. For increasing values of σ2
ASE, after σ

2
ASE > σ2

NLI the SNR error

approaches zero dB. The SNR error in dB is thus bounded between:

0 ≤
(
SNR

ŜNR

)
dB

≤
(

1 +
σ2
SSFM

σ2
NLI

)
dB

. (3.4)
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Unfortunately, we cannot control the error, hence a good simulation should

bound the worst error case, i.e., the upper bound in (3.4). Such a bound is

reached in absence of ASE noise.

Moreover, by considering the perturbative assumption we can neglect the

SSFM error due to higher order contributions to the nonlinearity. This way

σ2
SSFM can be treated as σ2

NLI, hence it is expected to scale with the cube of

the power, as we showed in Section 2.1.4 for σ2
NLI. We thus �nd convenient to

work with normalized variances:

aNL ,
σ2
NLI

P 3
, aSSFM ,

σ2
SSFM

P 3
(3.5)

with aNL and aSSFM the unit-power variances of the NLI [52] and the

SSFM error, respectively. It has been proved that aNL is constant with the

power P as long as the perturbative assumption holds. By the same arguments

it can be claimed that even aSSFM is power independent. Although this is

just an assumption, we will show later that when the NLI is small, i.e., for

typical values of SNR, the perturbative assumption on NLI grants aSSFM to be

constant with the input signal power.

Focusing thus on the SNR error upper bound in (3.4) and considering (3.5),

under the perturbative assumption the SNR error can thus be expressed as:

SNR

ŜNR
, 1 +

aSSFM
aNL

(3.6)

whatever the power of the transmitted signal. In the limit of absence of nu-

merical error, i.e., aSSFM = 0, the SNR error SNR

ŜNR
= 1, which means that the

solution of the NLSE estimated by the SSFM coincide with the true one.

The main conclusion is thus that the SNR error of the simulation in (3.6),

under perturbative assumption of eSSFM, is independent of the signal power

P . The power-independent parameter aSSFM
aNL

is thus the reference parameter

to setup a SSFM simulation, and it should remain constant when varying all

the other simulation parameters to grant a constant error on the SNR of the

simulation. However, typical rules in literature do not follow such a rule [7�10].
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3.2 SSFM error scaling rules

The accuracy of the SSFM depends on the discretization of the spatial coordi-

nate within the �ber. Since SSFM is a convergent algorithm, tiny steps yield

accurate simulations at the expense of computational complexity. It is there-

fore extremely important to know how the SSFM error scales with the step

size, which is the subject of this Section.

3.2.1 The Baker-Campbell-Hausdor� formula

The fundamental formula commonly used to show the scaling properties of the

SSFM error is given by the Baker-Campbell-Hausdor� formula (BCH) [57],

which provides a series expansion of the product of two non-commutative op-

erators. Applied to the NLSE, the two non-commutative operators are clearly

L and N . For the sake of simplicity, consider the BCH for the asymmetric step

SSFM [25]:

eNheLh = e(L+N )h+h2

2
[N ,L]+O(h3) (3.7)

with h the step length and [L , N ] , (LN −NL) the commutator between

the two operators L and N . The O
(
h3
)
indicates that other terms are present

in (3.7), but for such terms the scaling with h is faster and thus they are

expected to be negligible for short steps. The left-hand side of (3.7) is the

SSFM solution of the NLSE (2.42) of the asymmetric step SSFM applied to

step h while in the �rst term in the right-hand side we recognize the formal

solution of the NLSE of (2.37) over the step length h, i.e.,

A (h, t) = e(L+N )hA (0, t) .

All the remaining terms are thus the numerical error. The dominant error

term in (3.7) depends quadratically on the step, thus the local error of the

asymmetric step SSFM thus scales as O
(
h2
)
. Equation (2.7) can be easily

proved by expanding each exponential up to second order in h. With similar

arguments, it can be proved that the local error of the symmetric splitting

e
L
2
heNhe

L
2
h scales with O

(
h3
)
.
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Such scaling rules focus on the local behavior of the SSFM, but what really

matters is the global accumulated error. Since the local error scales as O
(
h2
)

and O
(
h3
)
for the asymmetric and symmetric step SSFM, respectively, in the

special case of constant step size common wisdom is that the global error accu-

mulated in the propagation scales as O (h) and O
(
h2
)
for the asymmetric and

symmetric step, respectively [8�10, 12]. For that reason, the asymmetric and

symmetric steps SSFM are referred to as �rst-order and second-order meth-

ods, respectively [12]. We will show and comment in the next Section that such

claim fail at large step-size.

Other more complex versions of the SSFM exist in the literature [12] that

increase the order of the error scaling, but they are not considered in this work

due to the high complexity they need to implement in the step.

3.2.2 SSFM error as numerical integration error

A di�erent approach to explain the scaling of the local and global error of

the SSFM with the step size is presented now, which connects the SSFM to a

numerical integration. Let us focus on the ME in integral form (2.38) over a

single step h:

U (h, t) = U (0, t) +

h∫
0

e−LξN
(
eLξU (ξ, t)

)
dξ

where we remember U(z, t) = e−LzA(z, t) is the optical �eld A but in a refer-

ence system tracking the linear e�ects.

The function eLξ is an oscillating function. In Section 2.1.2 we have seen

that such a function plays a fundamental role in mitigating the FWM processes

generating nonlinearity on the signal. Such a function in the SSFM is sampled

to a given value ξ0 in each step h and the nonlinearity of the whole step

is weighted by such a value. Not surprisingly thus the error of the SSFM is

generated by such an approximation, and manifests as an overestimation of

the nonlinearity in the step.
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Figure 3.4: Sketch of the left-point rule (left) and mid-point rule (right) for

numerical integration. In the SSFM the function f (z) is e−LξN
(
eLξU

)
.

To obtain the asymmetric and symmetric step SSFM such a �weight func-

tion� is sampled at ξ0 = 0 and ξ0 = h
2 , respectively, and then integrated over

the nonlinear accumulation given by N (U). There is an interesting parallelism

with this procedure and two di�erent techniques to numerically integrate a

function f (z), namely the left-point rule and the mid-point rule [60]. These

two rules are sketched in Fig. 3.4, where f (z) is the function under integration

(thus representing e−LξN
(
eLξU

)
in (2.38) at a given temporal instant) and

zk , zk+1 , ... are the simulations steps.

The local error of the numerical quadrature rules comes from the error of the

Lagrange interpolation, which can be inferred by the remainder of the Taylor's

Theorem applied to the function f . For the left- and mid-point rules, such an

error is proportional to the �rst and second derivative of f in a given coordinate

ξ in the step, respectively. Such a coordinate, unfortunately, is unknown, thus

the error is a random variable [60].

Following this intuition, the global error of the SSFM simulation eG can be

de�ned as the sum of the local errors of the above-mentioned integration rules

as:

eG =


∑N

k=1
1
2h

2f ′ (ξk) Asymm. step SSFM∑N
k=1

1
24h

3f ′′ (νk) Symm. step SSFM
(3.8)
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where N is the number of steps and f ′, f ′′ are the �rst and second derivatives

of the integrand function f (z) at the unknown spatial coordinates ξk and

νk inside the kth step. Note that ξk and νk for the two rules are generally

di�erent coordinates even in the same step, and depend on the function f and

the step length h. For h → 0, i.e., N → ∞, the summations in (3.8) can be

approximated to an integral as:

∑
k

hf (n) (ξk) ∼
L∫

0

f (n) (ξ) dξ = f (n−1) (L)− f (n−1) (0) (3.9)

which is independent of h, thus constant over variations of the step length.

The new expression of the global error is thus:

eG =

1
2hK Asymm. step SSFM

1
24h

2Q Symm. step SSFM
, (3.10)

with K , f (L) − f (0) and Q , f
′
(L) − f ′ (0) from (3.9). Note that K and

Q are random variables since both f and f
′
at coordinate L are unknown

constants depending only on the function f . By looking at (3.10) it is clearly

visible that in this scenario with small step-size the scaling of the global error

with the step length h as O (h) and O
(
h2
)
for the asymmetric and symmetric

step SSFM, thus con�rming the approach of the previous section.

3.2.3 SSFM error as Monte Carlo integration

The validity of the global error scaling rule (3.10) strongly depends on the

assumption (3.9). Such an assumption is true only for h → 0, thus for values

of f (n) (ξk) strongly correlated between consecutive steps. When the step h

become larger, the function f (and consequently its derivatives) is likely to

experience many �uctuations within a single step due to FWM, hence the lo-

cal errors of both the left and mid-point rule are expected to be independent

random processes between consecutive steps. Moreover, under ergodic assump-

tions, the local errors are also identically distributed.



3.3. SSFM with variable step-size 39

In this case the integration of the function f (z) is the sum of uncorrelated

samples, thus it resembles a Monte Carlo integration rather than a numerical

quadrature.

In Monte Carlo integration in fact the integral of a generic function f (z)

over the integration domain L is approximated by:

I =

L∫
0

f (ξ) dξ ∼ Î = L

(
1

N

N∑
k=1

f (xk)

)
,

i.e., is given by the arithmetic mean of independent samples of the function

f (xk) over the integration domain, multiplied by the size the integration do-

main itself. For increasing number of samples, i.e., of simulation steps, the

results of the Monte Carlo integration tends to the product of the integration

domain L and the mean value of the function < f >, which is by de�nition

equal to the integral of f (z) over the domain L.

The error of the Monte Carlo integration is by de�nition:

e , I − Î = I − L

N

N∑
k=1

fk .

If the samples fk are independent random variables, the variance of the error

is:

σ2
e,MC = Var

[
L

N

N∑
k=1

fk

]
=
L2

N
σ2
k = Lhσ2

k

where h = L
N . Hence, contrary to what observed in the previous Section, in

this scenario the variance of the SSFM error is expected to scale linearly with

the step length h.

3.3 SSFM with variable step-size

In all the previous sections we considered for simplicity the step-size of the

SSFM algorithm constant along the propagation. However, previous works
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[7�11] showed that for variable step size along distance the performance of

the method improves in terms of computational e�ort while keeping the same

accuracy. Two popular rules to update the step-size along propagation will be

reported in this section, namely the nonlinear phase criterion (NLP) [8] and

the constant local error rule (CLE) [9, 10]. We propose a di�erent analysis of

these rules, based on the separation between the setup of the �rst step of the

simulation and the step-updating rule, i.e., the criterion used to enlarge the

step length along the propagation. Finally, we will propose a new criterion to

set the �rst step of the propagation to target a given numerical error on the

SNR of the simulation.

3.3.1 �rst step and step-updating rule

Typically, the step length depends on the physical parameters of the signal

and the �ber [6�10]. Since the need for the SSFM is motivated by the presence

of the Kerr nonlinearity, the step length should follow the variation of such

nonlinearity along distance to keep the error on the step under control. The

dependence of the step length by such parameters is usually expressed explicitly

for each step along distance [6, 8�10]. However, many parameters are usually

considered constant along distance, e.g. the �ber dispersion and the span length

in point-to-point transmissions. Thus, by considering an iterative step updating

rule, i.e., where each step depends on the previous ones, the dependence of the

step-length by system parameters can be explicitly stated just in the �rst step

and �transferred� to the other steps of the simulation by the iterative procedure.

The idea here is thus to separate the analysis of each rule in two sub-

problems:

• the setup of the �rst step of the simulation, and

• the actual step-updating rule, i.e., the scaling of the step-size along the

propagation distance.

The main intuition behind this approach is that once the �rst step is set with a

certain criterion, the step-updating rule will keep the error under control along
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the propagation. An important consequence of such an intuition is that the

error of the whole simulation can be controlled just by wisely setting the �rst

step once the step-updating rule is chosen.

3.3.2 The nonlinear phase criterion

The nonlinear phase criterion has been deeply analyzed in [8]. It is based on the

physical intuition that the local error induced by the SSFM is proportional to

the strength of the nonlinearity inside the step. Such a nonlinearity manifests

typically as a SPM, i.e., a phase rotation depending on the instantaneous power

of the signal as reported in (3.5). The NLP bounds the maximum amount of

nonlinear phase shift ∆φ tolerable inside a step as a way to bound the error of

the SSFM. Since the power of the signal decreases along distance exponentially

due to the �ber attenuation, such a rule enlarges the step accordingly.

In the framework of the ME, ∆φ can be expressed as:

∆φ ,
8

9
γPmaxLeff (h)

where Pmax = maxt (P (t)) is the peak power of the signal at the beginning of

the step and Le� (h) is the e�ective length of the step h, de�ned as in (2.9),

which takes into account the decrement of the signal power along the step due

to the �ber attenuation α. Such a rule thus stretches the step length along the

propagation in order to compensate for the power loss of the signal, as sketched

in Fig. 3.5. By inverting the above formula and exploiting (2.9), we obtain the

step-size at the generic coordinate zk as:

hk =


1
α log

(
γPk

γPk−α∆φ

)
γPk > α∆φ

L− zk else
(3.11)

where Pk is the peak power of the signal at the input of the step hk. The

term L − zk in (3.11) limits the step length to reach the end of the �ber in a

single step when power is too low. It physically means that for γPk < α∆φ

the accumulated nonlinearity from zk to the end of the �ber is not enough to
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Figure 3.5: Sketch of the nonlinear phase criterion step-size rule. The step-size

of the simulation is stretched along distance to compensate for the �ber loss.

reach the upper bound ∆φ, thus the rest of the �ber can be done in one single

step.

The �rst step of the simulation can be inferred from (3.11) by simply sub-

stituting Pk with P1, i.e., the peak power of the input signal, as:

h1 =


1
α log

(
γP1

γP1−α∆φ

)
γPk > α∆φ

L else
(3.12)

The step-updating rule can instead be inferred by matching ∆φ, which is

a constant parameter through the propagation, for two consecutive steps hk

and hk+1, obtaining:

Le� (hk+1) =
Pk
Pk+1

Le� (hk) .

It is worth noting that Pk and Pk+1 are di�erent because of both attenuation

and GVD. However, if we neglect the peak power �uctuation due to GVD, the

following rule is obtained:

Le� (hk+1) = Le� (hk) e
αhk . (3.13)

Such a step-updating rule coincides with the step-updating rule of the loga-

rithmic step-size distribution proposed by Bosco et al. in [7].
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3.3.3 The constant local error rule

The constant local error rule (CLE) has been proposed by Zhang et al. for

both asymmetric and symmetric step SSFM [9,10] as a step-size rule granting

a constant global error for scaling �ber and signal parameters. The CLE has

been derived by exploiting the scaling properties of the local error, i.e., the

error in a single step, to give a constant error in all the steps of the simulation.

The local error in the step h in the asymmetric step SSFM is estimated by

evaluating the di�erence of the signal pulse width passed in the two opposite

SSFM schemes eNheLh and eLheNh, which coincide with the �rst error term in

(3.2.1). The local error of the symmetric step is similarly derived by considering

e
N
2
heLhe

N
2
h and e

L
2
heNhe

L
2
h. For a detailed derivation of such a procedure, we

remand to [10].

From [9,10] the local error ∆ζ is:

∆ζ = h2
kPkγ (D∆f∆λ) Asymm. step SSFM (3.14)

∆ζ = h3
kPkγ (D∆f∆λ)2 Symm. step SSFM (3.15)

where D is the dispersion parameter. ∆f (∆λ) is the signal bandwidth ex-

pressed respectively in the frequency (wavelength) domain. Please note that

∆ζ is kept identical for all the steps.

The global error of the simulation eG is the sum of all the local errors. Thus,

despite the local error is kept constant along the propagation in the �ber, for

variable signal properties it must be scaled together with the step length in

order to obtain a constant global error. Hence, a trustworthy simulation cannot

be set by �xing ∆ζ once and forever. By exploiting the scaling law of the local

error in (3.14), (3.15), as well as the consequent variation of the number of

step of the simulation, a formula for the �rst step of the simulation for a �xed

global error can be derived.

First, as in [10], we suppose that the global error eG is proportional to the

product between ∆ζ and the number of steps of the simulation, i.e.:

eG = ∆ζNsteps . (3.16)
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We will show later that such an assumption hold only for small simulation steps.

Since the step is variable Nsteps 6= L/h1 with L the �ber length. However, we

assume that all the steps are small enough such that by shrinking the �rst step

h1 by a factor k, the resulting number of steps will consequently increase of

the same factor k. By such an assumption the number of steps can be de�ned

as:

Nsteps ,
L

δh1
(3.17)

with L the �ber length and δ < 1 an almost constant coe�cient accounting for

the variable step along the propagation.

Since the local error ∆ζ is supposed identical for each step, by substituting

(3.14) for the �rst step and (3.17) in (3.16) we have:

eG = hq1P1γ (DBWDM∆λ)q−1 L

δh1
. (3.18)

where we expressed the signal bandwidth ∆f as BWDM. The constant q = 2 or

3 depending on the step type, i.e., the asymmetric or symmetric step SSFM,

respectively. Expressing D = −2πc
λ20
β2 and ∆λ = 2πc

λ20
BWDM and by rearranging

(3.18), the following formula for the �rst step can be inferred:

h1 =
ΨG

(γP1)
1
q−1 |β2|B2

WDM

(3.19)

where ΨG is a constant proportional to the global error, i.e., ΨG ∝ eG. It is

worth noting that P1 is the peak power of the optical signal, thus it depends on

the signal bandwidth BWDM. For instance, in a WDM comb of evenly spaced

channels with equal power, P1 scales almost linearly with BWDM.

The step updating rule can be inferred instead by matching the constant

∆ζ between two consecutive steps hk and hk+1, i.e:

hq1kPkγ (DBWDM∆λ)q−1 = hqk+1Pk+1γ (DBWDM∆λ)q−1

Considering the dispersion D and the signal bandwidth BWDM constant during

the propagation, the terms inside brackets can be simpli�ed in the equation,
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obtaining the following step updating rule for the CLE:

hk+1 = hk

(
Pk
Pk+1

) 1
q

' hke
α
q
hk (3.20)

where the last approximation ignores the peak power �uctuations due to GVD

in the step.

It is worth noting that both NLP and CLE stretch the step exponentially

along distance, but with a di�erent rate, as depicted in Fig. 3.6.

A small consideration can be done about the the impact of the approxi-

mation Pk
Pk+1

' e
α
m
hk for both NLP and CLE, with m = 1, 2, 3. The reason of

taking into account the peak power of the signal in the local error formulas

is to bound the maximum numerical error in time in each step, which is in-

tuitively located where the signal amplitude is maximized. The growth of the

step length is thus irregular along distance. However, by using the approxima-

tion e
α
m
hk we do not expect a much di�erent growth along distance since the

peak power is accounted in the �rst step.

This intuition is con�rmed in Fig. 3.6, which shows an example of the scal-

ing of the step-size for the NLP and the CLE versus the propagated distance.

The solid curve is the NLP under the approximation Pk
Pk+1

' eαhk for a starting
step h1 equal to the original NLP. Although this is just an example, we found

the same excellent match in many other setups.

It is worth noting that NLP does not make any di�erence between asym-

metric or symmetric step SSFM, contrary to CLE. This comes from the fact

that the NLP is a criterion based on the physical properties of the signal in

the nonlinear step only, thus it is not aware of the linear/nonlinear interac-

tions within a step. Contrarily, the CLE exploits somehow such interactions

by considering the scaling rules of the local error versus the step length.

3.3.4 The constant local error rule as a numerical integration

Since SSFM can be considered as a numerical integration (see Section 3.2.2),

the same step updating rule as (3.20) can be inferred by exploiting the scaling
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Figure 3.6: example of variable step-updating values of the considered step

rules for a given case of study. y-axis on logarithmic scale to highlight the

exponential growth of the step along distance. NLP eq. (3.13), is the NLP by

neglecting the peak power �uctuations along distance.
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properties of the numerical error in the numerical integration theory. The left-

point rule of numerical integration, i.e., the technique akin the asymmetric

step SSFM, approximates the integral of the function f (x) as:

b∫
a

f (x) dx ' f (a) (b− a)

with h = b− a is the step. The error of such an approximation can be inferred

by the remainder of the Taylor series of f truncated at the �rst order as:

∆ζ =
1

2
h2f

′
(ξk) (3.21)

with h the step size, f
′
the �rst derivative of the integrand function f and

ξk an unknown coordinate inside the step [z , z + h]. In the SSFM scenario,

the function f consists in the integrand function of (2.38), which is a two-

variable function of space and time f (z, t). By considering such a function

as f (z, t) = e−αzg (z, t) in a generic step between [zk, zk+1], the integral to

approximate is:
zk+1∫
zk

e−αξg (ξ, t) dξ .

A �rst approximation can be made by considering the step short enough

to have in the integral e−αξ ' e−αzk , ξ ∈ [zk, zk+1]. This way, the local error

in (3.21) becomes:

∆ζ (t) =
1

2
h2
ke
−αzkg

′
(ξk (t) , t)

where hk = zk+1−zk is the step-size and ξk (t) is an unknown coordinate inside

the step generally di�erent for each t. Due to the dependence by t of ξk even

the error is time dependent.

Although ξk (t) is unknown for each t, by averaging the error over time the

following is obtained:

∆ζ = 〈∆ζ (t)〉 =
1

2
h2
ke
−αzkE

[
g
′
(ξk (t) , t)

]
.
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where the substitution of time averaging with ensemble averaging is motivated

by ergodic assumptions. If enough GVD has been accumulated we can assume

that the random realizations of g
′
are spatially independent, thus by matching

the error of two consecutive steps we get:

h2
k+1 = h2

ke
−α(zk−zk+1) = hke

α
2
hk

which is exactly (3.14) for the asymmetric step SSFM. The same procedure

can be applied to the mid-point rule, whose local error is 1
24h

3f
′′

(ξ), obtaining

instead the symmetric step SSFM.

3.4 A new proposal to set the �rst step length

The two step-size rules described above can be used to set up the SSFM sim-

ulations for any variable parameter. The dependence of the SSFM numerical

setup from these parameters has to be carefully taken into account to avoid

inaccurate results, as well as over-accurate simulations, thus wasting compu-

tational e�ort. It has been shown in [6, 7] and demonstrated in the previous

sections that the SSFM overestimates the nonlinearity inside a step.

In fact, referring to Section 3.2.2, it has been shown that the numerical

error of the SSFM comes from the approximation to a constant value of the

oscillating linear function eLξ ≡ ej∆βξ. Such a function, multiplied with the

attenuation e−αξ, weights the accumulation of the FWM in the step as showed

in (2.21). The angular frequency of such a function is the phase matching

coe�cient ∆β (2.22), that we report here for clarity:

∆β = (2π)2 β2 (f − f1) (f − f2) .

The oscillations of ej∆βξ thus depend linearly on the GVD of the �ber β2 as

well as the spacing (f − f1) (f − f2) of the frequencies involved in the FWM

process. The idea is thus to limit the oscillations of the function ej∆βξ in the

step h by limiting the step length. The maximum frequency of the oscillation
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happens between the two side-frequencies of the WDM signal, i.e.,

max
f,f1,f2

[(f − f1) (f − f2)] = B2
WDM

with BWDM the WDM signal bandwidth. According to the idea that the error

along propagation can be kept under control by the chosen step-updating rule

such as (3.13) and (3.20), a new proposal for the choice of the �rst step of the

simulation is thus:

h1 =
ΦFWM

|β2| (2πBWDM)2 (3.22)

where ΦFWM is the maximum phase shift of the complex exponential function

ej∆βz allowed by the user over the �rst step length h1. Such a phase is kept

constant over variations of system parameters. It is worth noting that such a

choice shrinks the �rst step linearly with the GVD parameter of the �ber as

well as quadratically with the signal bandwidth.

Such a choice for the �rst step (3.22) has the following properties:

• It is independent of the signal power P , in agreement with the power

independence of the SNR error shown in (3.6);

• it accounts for GVD �uctuations, thus be applied to any type of �ber

with di�erent values of GVD;

• it is bandwidth-aware, thus it is reliable even for variations of the WDM

signal bandwidth.

Given the �rst step choice as (3.22), all the successive steps can be set by using

any iterative step-updating rule of choice, e.g., the two inferred by the NLP

(FWM-NLP) and the CLE (FWM-CLE) in Section 3.3.

3.4.1 Comparison with the NLP and the CLE

In this Section the main di�erences between the proposal for the �rst step of

the simulation (3.22) and the other two inferred by the NLP and CLE, i.e.,

(3.12) and (3.19), will be brie�y analyzed.
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In Section 3.1 we claimed that the error on the SNR of the simulation

under perturbative assumption of the nonlinearity is power independent. Such

a criterion is respected by the proposal (3.22) by �xing ΦFWM in the �rst step.

The NLP and CLE, are instead power dependent. Equation (3.12), which is

the �rst step inferred by the NLP, depends on the signal power directly from

P and indirectly from the number of the channels. In fact, the signal power is

also a function of the signal bandwidth. For instance, by considering a WDM

comb with evenly spaced channel and each channel at �xed symbol rate and a

�xed launch power, the total power Ptot of the signal is:

Ptot ' NchPch

with Nch and Pch respectively the number of channels composing the WDM

signal and the channel power. For closely-spaced signals, Nch ' BWDM

R with R

symbol rate, thus

Ptot '
BWDM

R
Pch . (3.23)

It is worth noting that the dependence of the NLP on the signal bandwidth

is linear, as visible in (3.23), contrary to the quadratic dependence on BWDM

of (3.22). Moreover, since NLP is based only on the physical properties of the

nonlinear step, it is completely unaware of the dispersive e�ect due to GVD.

The �rst step inferred from the CLE, i.e. equation (3.19), is instead aware of

the signal bandwidth and the �ber dispersion since it depends on both B2
WDM

and β2. However, it is still dependent on the signal power, thus in contrast with

the claim of power independence of the SNR error in (3.6). Moreover, although

it seems to have the same bandwidth dependence on signal bandwidth as (3.22),

i.e., a quadratic scale with it, in reality even the signal power is bandwidth

dependent according to (3.23). Therefore, the �nal scaling with bandwidth

di�ers from a quadratic scaling.
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3.5 Numerical results

In this section, the previous step-size setup are numerically analyzed. In par-

ticular, we prove the power independence of the numerical error of the SNR

under perturbative assumptions, as well as the scaling of the error with other

system parameters such as the dispersion of the �ber and the signal bandwidth.

3.5.1 Simulation setup

The accuracy of the SSFM has been investigated in a wide range of scenar-

ios. The tested signal was composed of a WDM comb of PDM-16 quadra-

ture amplitude modulation (QAM) channels spaced by ∆f = 50 GHz. Each

channel had symbol rate R = 49 GBaud, with root-raised cosine supporting

pulses with roll-o� 0.01. The number of channels was varied between 1 and

101 to check the SSFM accuracy at di�erent WDM bandwidths. The anal-

ysis has thus reached a maximum simulated bandwidth of B = 5.05 THz,

i.e., about the whole C-band. The optical link used �bers of length 100 km,

attenuation 0.2 dB/km, nonlinear coe�cient γ = 1.3
[

1
mW·km

]
and variable

dispersion depending on the setup under investigation. The �ber dispersion

was varied between 17/8 = 2.125 and 17 ps/nm/km with a third order dis-

persion of 0.057 ps/nm2/km. All dispersive e�ects were always fully recovered

at the receiver side. We overlooked PMD [46]. The number of spans was 20

unless few cases where we varied them. The �ber loss was perfectly recovered

by noiseless optical ampli�ers span-by-span. This choice represent a worst case

for SSFM accuracy as stated in (3.4). The signal propagation has been sim-

ulated in MATLAB with the Optilux toolbox by applying the SSFM to the

Manakov equation. The transmitted sequence length was set longer than the

maximum walk-o� length over the whole link between the two border channels

of the WDM comb, with a minimum value of 4096 symbols. Each symbol was

discretized with enough samples to correctly reproduce at least the bandwidth

enlargement of the �rst-order FWM without aliasing. A more detailed expla-

nation of the choice of these two parameters can be found in Appendix 3.6.5.
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For e�cient FFTs, both parameters have been rounded o� to the closest larger

integer with factorization containing only powers of 2,3,5.

The receiver detected the central channel of the WDM comb at λ = 1550

nm. In order to minimize the impact of the detection on the SSFM accuracy,

we considered a basic receiver optimized for linear transmission, hence based

on a cascade of a matched �lter followed by a one tap least squares butter�y

equalizer able to recover the average polarization/phase mismatch.

We de�ne the SSFM error variance σ2
SSFM at the end of the link as:

σ2
SSFM , var

[
Â−Aacc

]
with Â the current SSFM estimation under investigation and Aacc our most

accurate SSFM solution. Since it was impossible to know the exact solution

of the NLSE, we found Aacc by running simulations at increasing accuracy

until observing saturation of ŜNR. Saturation was declared to occur when

the di�erence of ŜNR between two consecutive runs was less than 0.0005 dB.

From Aacc we also estimated the unit-power NLI variance aNL (3.5) from the

constellation clouds of the received samples. aNL is de�ned as the variance:

aNL = Var

[
Aacce

−jϕ −Atx

P
√
P

]

with Atx the transmitted signal and ϕ the average phase rotation induced

by the link. The accuracy of the variable step-size rules under analysis was

investigated by varying the �rst step size h1 over a logarithmic grid, i.e., by

reducing h1 by a factor
√

2 between two consecutive runs.

The new rule to setup the �rst step of the SSFM simulation proposed in

Section 3.4, based on �xing ΦFWM, is applied to the two step-updating rules

reported in Section 3.2, i.e., (3.13) and (3.20), and compared to the same step-

updating rules with the �rst step selected as the original criteria (3.12) and

(3.19).
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Figure 3.7: Estimated cross-channel âNL (3.5) of a 2-channel simulation at

variable channel spacing. Solid lines: original NLP at various values of ∆φ;

dashed-line: accurate SSFM with FWM-NLP at ΦFWM = 4 rad.

3.5.2 Two-channel propagation: an interesting example

A �rst evidence of the importance of relating the step size to the signal prop-

erties is reported in Fig. 3.7. The �gure shows the estimated unit-power NLI

variance âNL, a�ected by numerical noise, for a 2-channel WDM at variable

channel spacing. The NLI variance refers to cross-channel interference only,

being estimated by removing self-channel distortion from the detected signal.

Power was 0 dBm while the link was just one SMF span. In this simpli�ed sce-

nario âNL is expected to be inversely proportional to the channel spacing [61].

However, this is not the case for the original NLP (solid curves) which saturates

after a given channel spacing, depending on the value ∆φ. This is a numer-

ical artifact that can be removed by accounting for the signal bandwidth in

the step-size selection, e.g., by starting NLP with our FWM-aware �rst step

choice, as we did for the dashed line in Fig. 3.7 with ΦFWM = 4 rad.
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We proceed now to show the accuracy dependence on signal and �ber pa-

rameters of fully loaded WDM signals.

3.5.3 SSFM error vs power

We started investigating the dependence of the SSFM accuracy with the sig-

nal power. The analysis of the system performance versus the signal power is

extremely important due to the limitation to the achievable information rate

with power due to Kerr nonlinearity [31]. Such a curve is also fundamental in

determining the nonlinear threshold PNLT [52, 53], i.e., the power correspond-

ing to the maximum SNR reachable by the system, thus the best power for

transmissions.

Following equation (3.6), the fundamental parameter to obtain a constant

error on the SNR is the ratio aSSFM/aNL, with aSSFM and aNL respectively the

unit-power variance of the SSFM error and the NLI, de�ned in (3.5). Although

the SNR error is the key performance estimator, it may be more useful to

focus on aSSFM/aNL which is more sensitive to small variations of SSFM noise.

The accuracy of the SSFM will be thus expressed in terms of such a ratio. To

obtain a feeling with this new accuracy parameter, Fig. 3.8 depicts the relation

between the SNR error SNR/ŜNR and the ratio aSSFM/aNL, both expressed

in dB. In any case, whenever possible the SNR error value will be reported

together with aSSFM/aNL.

The dependence of the ratio aSSFM/aNL with power is reported in Figs. 3.9-

3.10 for a 20 × 100 km SMF link (D = 17 ps/nm/km) simulated with the

symmetric step SSFM. The signal was composed of 27 channels spaced as

reported in Section 3.5.1. By equation (3.6) small values of aSSFM/aNL indicate

an accurate simulation, as visible in the plots by looking at the right vertical

axis reporting the corresponding SNR relative error.

To explore di�erent accuracy regions, we tested three di�erent values of the

�rst step per span h1. The value of h1 has been set at P = 0 dBm, and then it

has been changed with power accordingly to the rule under investigation. The

three reference values for the �rst step were 20, 40 and 400 m for respectively
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Figure 3.8: Relation between the SNR error and the ratio aSSFM/aNL as de�ned

in (3.6).

Fig. 3.9top, bottom and Fig. 3.10. For di�erent powers we either chose h1

according to the original indications of the NLP, eq. (3.12), the CLE, eq (3.19),

or by keeping it constant as suggested by the FWM-aware proposal (3.22)

based on ΦFWM. The proposal has been either applied to the step-updating

rule inferred by the NLP, i.e., the FWM-NLP, or the one inferred by the CLE,

i.e., the FWM-CLE, reported respectively in equations (3.13) and (3.20).

From the �gures one can note that choosing the �rst step h1 with the pro-

posed rule (3.22) yields an almost constant ratio aSSFM/aNL, thus a constant

SNR error, whatever the power is used for both the step-updating rules con-

sidered, as discussed in Section 3.1. Comparing the three plots it can be noted

that the power independence of the error holds for all the h1 considered.

The numerical error of the original NLP and the CLE methods instead is

not constant, decreasing for increasing power. The reasons for such a behavior

can be explained by looking at Fig. 3.11 where it is reported the �rst step
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Figure 3.9: SSFM accuracy aSSFM/aNL vs channel power. The right vertical

axis also reports the corresponding SNR relative error. We compare the original

nonlinear phase criterion (NLP) and the original constant local error method

(CLE) with the FWM-aware extensions FWM-CLE and FWM-NLP. The �rst

step was set at P = 0 dBm to (top) h1 = 20 m, and (bottom) h1 = 40 m

and scaled by varying signal power according to the method under analysis.

27 channels WDM signal, 20× 100 km SMF link. SSFM with symmetric step.
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Figure 3.10: SSFM accuracy aSSFM/aNL vs channel power. The right vertical

axis also reports the corresponding SNR relative error. We compare the original

nonlinear phase criterion (NLP) and the original constant local error method

(CLE) with the FWM-aware extensions FWM-CLE and FWM-NLP. The �rst

step was set at P = 0 dBm to (top) h1 = 400 m and scaled by varying

signal power according to the method under analysis. 27 channels WDM signal,

20× 100 km SMF link. SSFM with symmetric step.
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Figure 3.11: First step h1 of the simulation versus signal power. 27 channels

WDM signal, 20× 100 km SMF link. SSFM with symmetric step.

length versus the channel power for a �rst step h1 = 40 at P = 0 dBm.

Contrary to the FWM-NLP and FWM-CLE rules, where the �rst step remains

constant, the original criteria NLP and CLE shorten the step for increasing

power accordingly to (3.12) and (3.19), thus wasting computational e�ort for

increasing power.

For big �rst step-size, e.q. as in Fig. 3.10, even FWM-NLP and FWM-

CLE show power-dependent accuracy. To explain such a behavior, we report

in Fig. 3.12 the SNR due only to the numerical error, de�ned as SNRSSFM ,
P

σ2
SSFM

. It can be seen that at high power SNRSSFM falls to values lower than 8

dB. Under the assumption of additive Gaussian noise, such values correspond

to a Q-factor around 2 dB. The perturbative assumption of the numerical noise

does not hold anymore, thus resulting in a failure of the proposal �rst step rule.

However, it is worth noting that such a rule is conservative since the error is

decreasing for increasing power.
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Figure 3.12: SNRSSFM versus channel power for a �rst step of the simulation

h1 = 400 m @P = 0 dBm. Setup and step-size criteria identical to Fig. 3.10.

The additional dashed curve P /σ2
NLI is the SNR obtained with the most ac-

curate simulation, used here as reference.
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Figure 3.13: SSFM accuracy aSSFM/aNL vs channel power. The right vertical

axis also reports the corresponding SNR relative error. We compare the original

nonlinear phase criterion (NLP) and the original constant local error method

(CLE) with the FWM-aware extensions FWM-CLE and FWM-NLP. The �rst

step was set at P = 0 dBm to (top) h1 = 400 m and scaled by varying

signal power according to the method under analysis. 27 channels WDM signal,

20× 100 km SMF link. SSFM with asymmetric step.
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Figure 3.14: SSFM accuracy aSSFM/aNL vs channel power. The right vertical

axis also reports the corresponding SNR relative error. We compare the original

nonlinear phase criterion (NLP) and the original constant local error method

(CLE) with the FWM-aware extensions FWM-CLE and FWM-NLP. The �rst

step was set at P = 0 dBm to (top) h1 = 400 m and scaled by varying

signal power according to the method under analysis. 27 channels WDM signal,

20× 100 km SMF link. SSFM with asymmetric step.
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The same conclusions are still valid for the SSFM with asymmetric step,

as visible in Figs. 3.13-3.14. It is worth noting that with the asymmetric step

the CLE scales the �rst step with power in the same way as the NLP, i.e.,

as 1
P according to (3.19). However, please remember that the NLP and CLE

step-updating rules are di�erent, thus they result in a di�erent accuracy for

the same �rst step length.

3.5.4 SSFM error vs �ber dispersion

A key parameter in�uencing the accuracy of the SSFM is the �ber dispersion.

In order to evaluate how the SSFM error scales with such a parameter the

ratio aSSFM/aNL at variable ΦFWM has been analyzed. We investigated here a

101 channel WDM signal at �xed launch power per channel P = 0 dBm. We

�rst report the ratio aSSFM/aNL versus �ber dispersion in Fig. 3.15 for both the

symmetric step SSFM (top) and the asymmetric step SSFM (bottom). The two

step-updating rules considered here are FWM-NLP and FWM-CLE. Note that

decreasing ΦFWM means decreasing the step size, i.e., improving the accuracy

of the simulation. Each curve refers to a di�erent value of �ber dispersion tested

in the range D = [17/8, 17/4, 17] ps/nm/km. The symmetric step SSFM shown

in Fig. 3.15(top) yields overlapping curves for both step-size updating rules by

varying dispersion, thus they have the same error. Such a result con�rms that

�xing a value of ΦFWM ensures the same accuracy at all considered dispersions.

It is worth noting that �xing ΦFWM consists in varying the step-size inversely

with the dispersion, thus increasing the number of simulation steps (i.e., the

complexity) linearly with it. The proposed FWM-aware choice to set the �rst

step (3.22) is thus able to adapt to the �ber dispersion. The same results has

been obtained for the asymmetric step SSFM, as showed in Fig. 3.15(bottom).

An interesting aspect to highlight is that the choice of the step-updating

rule impacts the value of the ratio aSSFM/aNL, i.e., the error of the simulation,

but it does not impact the independence of the error with the �ber dispersion.

In fact, both step-updating rules almost overlap by varying dispersion, thus

con�rming the idea proposed in Section 3.2 that the error of the simulation
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Figure 3.15: (top) aSSFM/aNL as a function of ΦFWM in the �rst step computed

with symmetric step SSFM. (bottom) Same as top plot but with asymmetric

step SSFM. 101 channel WDM signal (BWDM = 5.05 THz) at channel power

P = 0 dBm. 20× 100 km link with variable dispersion. Symmetric SSFM. The

corresponding SNR error is shown in the right vertical axis.
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Figure 3.16: (top) aSSFM/aNL of the SSFM propagation set as the original

NLP, thus a function of ∆φ (3.12). (bottom) Same as top plot but with CLE,

as a function of ΨG (3.19). 101 channel WDM signal (BWDM = 5.05 THz)

at channel power P = 0 dBm. 20 × 100 km link with variable dispersion.

Symmetric step SSFM. The corresponding SNR error is shown in the right

vertical axis.
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can be controlled only by setting the �rst step once a given step-updating rule

is chosen.

Moreover, it is worth noting that since error of the asymmetric and symmet-

ric step SSFM scale di�erently with the step length, as reported in Section 3.1,

the scaling of the ratio aSSFM/aNLwith ΦFWM is expected to be di�erent. In

fact, as reported in Section 3.2.1, the SSFM global error scales as O (h) and

O
(
h2
)
for the asymmetric and symmetric step, respectively. The error variance

is thus expected to scale as O
(
h2
)
and O

(
h4
)
, respectively. Such observation

however is not followed for the FWM-NLP in Fig. 3.15(top) and (bottom) as

they show the same scaling of aSSFM/aNL in asymmetric and symmetric step

SSFM equal to O
(
h2
)
. Such a observation will be addressed later in Section 3.6

in a computational analysis of the considered rules.

Figure 3.16 shows the scaling of the error as a function of the two funda-

mental parameters depicted in (3.12) and (3.19), i.e., the maximum nonlinear

phase shift in the step ∆φ for the NLP and the constant ΨG for the CLE. As

expected, the NLP with the �rst step set by its original parameter shows a

variable error with dispersion. Contrarily, the CLE accounts for �ber disper-

sion, as depicted in (3.19). It can be noted that both (3.19) and (3.22) have the

same dependence on β2, thus not surprisingly even the CLE in its original setup

is able to track the variations of �ber dispersion, as visible in Fig. 3.16(bot-

tom). However, a constant SSFM error for variable dispersion does not mean

a constant SSFM error for variable GVD, since the scaling properties with

the bandwidth are di�erent than what guessed by the CLE. The next Section

investigates such a problem in more detail.

3.5.5 SSFM error vs bandwidth

The dependence of the accuracy on the signal bandwidth is another important

aspect to explore. Nowadays communications are pushing the WDM signal

bandwidths up to the whole C-band and beyond [23, 24], opening new oppor-

tunities to increase the achievable information rate. The SSFM simulations

should keep up to such a new scenario, thus a study of the SSFM error for
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Figure 3.17: aSSFM/aNL as a function of ΦFWM in the �rst step for the two

di�erent step-updating rules indicated in the graph. Variable number of WDM

channels from 1 to 101 (BWDM = 5.05 THz) and channel power P = 0 dBm.

20×100 km SMF link. (top) Symmetric step SSFM; (bottom) asymmetric step

SSFM. The right axis shows the corresponding SNR error.
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Figure 3.18: aSSFM/aNL as a function of ∆φ (top) and ΨG (bottom). Variable

number of WDM channels from 1 to 101 (BWDM = 5.05 THz) and channel

power P = 0 dBm. 20× 100 km SMF link. Symmetric step SSFM.
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increasing bandwidth of fully loaded WDM signals is mandatory.

Figure 3.17(top) depicts the dependence of the SSFM error with the number

of channels of the WDM comb. The SSFM error, expressed in terms of the ratio

aSSFM/aNL, is plotted versus the maximum FWM phase shift ΦFWM in the �rst

step for both the FWM-NLP and FWM-CLE for the symmetric step SSFM.

Each curve in the plot refers to a WDM signal with a di�erent number of

channels, starting from a single-channel transmission and up to 101 channels,

i.e., a full C-band WDM system, corresponding to a total signal bandwidth

BWDM = 5.05 THz. All the curves with more than 3 channels overlap for

both FWM-NLP and FWM-CLE, highlighting the insensitivity of ΦFWM to

the total system bandwidth. Figure 3.17(bottom) reports similar curves but

for the asymmetric step SSFM, with similar conclusions.

The two original step-size rules, i.e., the NLP and the CLE, used with their

own �rst step criterion, fail to maintain the same error for variable bandwidth.

Such a result is depicted in Fig. 3.18 for the symmetric step SSFM and can

be explained by a di�erent dependence of the �rst step size on the signal

bandwidth of these two rules with respect to ΦFWM. The NLP in fact depends

on the bandwidth only through the dependence of total signal power with

the number of channels of the signal. For evenly-spaced WDM signals, such a

relation is almost linear with the number of channel. The CLE, as reported in

(3.19), accounts for the signal bandwidth by the quadratic relation ∆f2, which

in this scenario corresponds to B2
WDM. However, the �rst step of the CLE scales

with power as much as the NLP, hence overall it shows a scaling with BWDM

di�erent from B2
WDM. For this reason, the CLE in its original setup is not able

to track the error variations due to the increment of the number of channel of

the WDM signal. It is worth noting that while the dependence of the CLE from

bandwidth is faster than quadratic, resulting thus in a conservative rule for

increasing bandwidth, the NLP scales the �rst step only linearly with BWDM.

The NLP is thus less accurate for increasing signal bandwidth, as visible in

Fig. 3.18(top) for a �xed value of the parameter ∆φ.
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3.5.6 SSFM error vs distance

The dependence of SSFM accuracy on propagation distance is shown in Fig. 3.19a-

b). Here we plotted the ratio aSSFM/aNL versus the number of spans at a �xed

value of FWM phase shift in the �rst step, chosen equal to ΦFWM = 20 rad,

which yields a practical value of SNR error for the FWM-CLE of almost 0.01

dB (see Fig. 3.17). It can be observed that aSSFM/aNL in Fig. 3.19 decreases

for increasing number of spans at all bandwidths under investigation, reach-

ing saturation after roughly ten spans for a number of channels bigger than

3. The one span case is thus a worst case for accuracy. For very small band-

widths, i.e., for 1 and 3 channel signals, reported in Fig. 3.19b), the decrement

of aSSFM/aNL along spans is even more pronounced.

The reason for such a decrease is that aNL grows faster with distance than

aSSFM. To address this claim the accumulation of aNL and aSSFM along the

spans of the link is plotted in Fig. 3.20. The accumulation ψ is de�ned as:

ψ ,
ai (n)

ai (1)
,

where the unit-power variance ai, i ∈ {NL, SSFM} (see (3.5)), after n spans

is normalized to the same variance after 1 span. Here aNL shows a growth

in distance faster than linear for any number of channels considered, with a

more pronounced slope in the �rst spans of the link. Such a growth is well-

known in literature, and it is due both to the spatial correlation between the

nonlinearity generated at di�erent coordinates of the link [14, 17], and to the

dependence of the nonlinearity by the modulation format of the signal, which

enhances the dependence on the the higher-order statistics of the data symbols

in the �rst spans [18, 19, 21]. Contrarily, aSSFM shows a slower growth along

distance, approaching a linear growth after a few spans for every number of

channels greater than 3. Such a behavior depends on the step-updating rule,

as visible in Figs. 3.21-3.22. Here the same variation with the number of spans

of the ratio aSSFM/aNL for a given ΦFWM and the single variance accumulation

ψ are reported for the FWM-NLP. To have SNR errors comparable with the



70 Chapter 3. Numerical error of the Split-step Fourier Method

0 2 4 6 8 10 12 14 16 18 20
−32

−30

−28

−26

−24

−22

−20

−18

−16

Number of spans

a
S

S
F

M
 /

 a
N

L
  

@
 Φ

th
r =

 2
0

 r
a

d

 

 

1 ch

3 ch

7 ch

0 2 4 6 8 10 12 14 16 18 20
−27

−26

−25

−24

−23

−22

−21

−20

−19

Number of spans

a
S

S
F

M
 /

 a
N

L
  

@
 Φ

th
r =

 2
0

 r
a

d

 

 

13 ch

27 ch

51 ch

101 ch

Figure 3.19: aNL/aSSFM versus number of spans (×100 km) at �xed ΦFWM = 20

rad. Number of channels for the WDM signal ranges from 1 to 101. Propagation

over SMF. Symmetric SSFM with FWM-CLE.
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km) at �xed ΦFWM = 20 rad. Channel number range from 1 to 101 between
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Figure 3.21: aNL/aSSFM versus number of spans (×100 km) at �xed ΦFWM = 20

rad. Number of channels for the WDM signal ranges from 1 to 101. Propagation

over SMF. Symmetric SSFM with FWM-CLE.
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Figure 3.22: Unit-power variance accumulation ψ versus number of spans (×100

km) at �xed ΦFWM = 20 rad. Channel number range from 1 to 101 between

the two plots. Propagation over SMF. Symmetric SSFM with FWM-CLE.
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FWM-CLE this time we used ΦFWM = 4 rad. Even with the FWM-NLP the

accuracy grows with the spans. However, by using this rule the accumulation

of aSSFM is basically linear for all the spans composing the link, as depicted in

Fig. 3.22, while aNL still grows faster than linear. However, such a di�erence

between the two rules is of minor importance. The main conclusion of the

above investigation is that the �rst span is a worst case for SSFM accuracy.

3.6 Computational analysis

In this Section we analyze the step-size rules considered in Section 3.3 in terms

of computational e�ort.

3.6.1 Global error scaling

We start by discussing the scaling of the global simulation error presented in

the previous Section. According to the consideration made in Section 3.2.1,

the asymmetric and symmetric step SSFM are respectively a �rst and second

order method, i.e., their global error scales respectively as O (h) and O
(
h2
)
.

The error variance should thus scale as O
(
h2
)
and O

(
h4
)
. However, such

an intuition is generally not followed in the �gures presented in the previous

Section. In Section 3.2.3 we theoretically discussed the validity of such scaling

assumptions, showing that at large step length they could not be valid anymore.

To address this point, a wide range of accuracy has been studied, starting

from very small steps. The chosen setup was like the one described in Sec-

tion 3.5.1, but considering just a WDM signal composed of 7 channels propa-

gating over a single SMF span. Such a setup has been chosen in order to perform

high-accuracy simulations in a reasonable amount of time. The scaling of the

ratio aSSFM/aNL versus ΦFWM in the �rst step for this light setup is depicted

in Fig. 3.23 for four di�erent cases of study: the FWM-NLP and FWM-CLE,

each one implemented both with asymmetric and symmetric step SSFM. The

symmetric step SSFM has been implemented as in [11] by combining the linear

operators of two consecutive steps in order to give a complexity comparable
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Figure 3.23: aSSFM/aNL versus ΦFWM for a simulation of a 9-channel WDM

signal over a single SMF span. The accuracy of the simulation has been pushed

to very high level in order to study the validity of the global simulation error

scaling rules.
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with the asymmetric step SSFM. As discussed in Section 3.2.3, the common

intuition of asymmetric and symmetric step SSFM being �rst and second or-

der methods is valid only for very small steps, where the approximation (3.9)

holds. In such a region, the variance of the error scales as 20 dB/decade for

the asymmetric step SSFM and 40 dB/decade for the symmetric step SSFM,

which corresponds to the above-mentioned scaling by O
(
h2
)
and O

(
h4
)
.

However, such regions are usually too much accurate and out of interest for

the common SSFM user. As an example, for the FWM-CLE with asymmetric

step reported in Fig, 3.23 such a scaling is valid for aSSFM/aNL < −40 dB,

which corresponds to an SNR error of ∼ 0.0005 dB. For the other rules such a

region starts for even lower values of aSSFM/aNL.

By increasing the step length, i.e., ΦFWM, such a scaling is not valid any-

more, and all the methods tend to scale with a slope of ∼ 10 dB/decade,

in agreement with the hypothesis of a Monte Carlo integration depicted in

Section 3.2.3.

Each step-updating rule approaches such a slope di�erently. This comes

from the di�erent rate each rule uses to enlarge the step along the propagation.

By referring to both (3.13) and (3.20), here reported for clarity:

Le� (hk+1) = Le� (hk) e
αhk NLP

hk+1 = hke
α
q
hk CLE

with q = 2 or 3 depending if asymmetric or symmetric step SSFM is considered,

it can be noted that the FWM-NLP enlarges the step length more with respect

to the FWM-CLE, since the stretching is not weighted by the coe�cient q.

Thus, for a given equal �rst step between the two rules, the condition (3.9)

in Section 3.2.2 is better satis�ed across the whole �ber by the FWM-CLE

than the FWM-NLP since the steps along the propagation increase slower (see

Fig. 3.6 as a reference). In the FWM-NLP instead the longer steps, i.e., the

steps near the end of the �ber, are more likely to break such a condition, thus

contributing to the global error as the Monte Carlo rule. For this reason the

FWM-CLE is more sensible to the variations of the �rst step length in terms
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of the scaling of the global error, as visible in Fig. 3.23 by the higher drop of

the error variance for decreasing ΦFWM. Moreover, since the FWM-CLE call

for two di�erent step-updating rules, depending if asymmetric or symmetric

step SSFM is used, the two methods results in two di�erent error scaling for

increasing step length. Not surprisingly, the error of the FWM-NLP scales

identically with both asymmetric and symmetric step SSFM for increasing step

length, since such a rule does not distinguish between the two computational

methods of the SSFM step.

We conclude thus that the common belief of the asymmetric and symmetric

step SSFM being a �rst and second order method, respectively, does not hold

for practical values of simulation accuracy. For practical accuracy, all the rules

considered show a di�erent scaling with the step length. A notable exception

is the FWM-NLP, which keeps the same step-updating rule regardless if asym-

metric or symmetric step SSFM is used to compute the single step solution. In

this case, outside the region where (3.9) holds, the asymmetric and symmetric

step SSFM scale identically.

3.6.2 Dependence on number of steps

The analysis made in Section 3.5 highlighted the dependency of the simulation

accuracy by the system parameters for all the rules considered. However, such

an analysis does not give any hints about the computational e�ort of each

step-updating rule. We address such a problem in this Section.

The computational e�ort of the SSFM obviously depends on the imple-

mentation. A good coder should use his ability to minimize the number of

instructions of the code implementing the SSFM. However, the SSFM is basi-

cally an iterative procedure: the computed solution of the NLSE inside a given

step will be used as the input of the next one to proceed along the propaga-

tion. Inside each step a minimum set of operations is necessary, such as FFT

and complex multiplications. Since such operations are identical for each step,

a good measure of the complexity of the simulation, i.e., the computational

e�ort, is thus the number of steps.
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Figure 3.24: Simulation accuracy in terms of aSSFM/aNL versus the number of

steps in a single SMF span. Each plot refers to a di�erent number of WDM

channel, i,e, to a di�erent bandwidth occupation, from 1 to 101 channels (5.05

THz of max bandwidth). An error on the SNR of 0.01 dB corresponds to a

value of aSSFMaNL
' −25 dB.
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The scaling of the simulation accuracy with the number of steps is reported

in Fig. 3.24 for the bandwidths investigated in Section 3.5, i.e., ranging from a

single channel transmission up to a WDM �lling the whole C-band. As usual,

the accuracy is evaluated in terms of the ratio aSSFM/aNL. This time the prop-

agation distance is set to just one span, in order to focus on the worst case

of accuracy as discussed in Section 3.5.6. For all bandwidths, with the excep-

tions of 1 and 3 channel transmission, the scaling of the ratio aSSFM/aNL is

similar. For increasing number of steps, i.e., for decreasing ΦFWM, FWM-CLE

(3.20) shows a better accuracy with respect to FWM-NLP (3.13), for either

asymmetric and symmetric step SSFM. Such a rule gives thus the best com-

promise between accuracy and computational e�ort. For aSSFM/aNL . 30 dB

the symmetric FWM-CLE slightly outperforms the asymmetric one, needing

fewer steps to achieve the same accuracy.

For smaller number of steps, i.e., for increasing ΦFWM, the accuracy of all

rules scales similarly with the number of steps in each bandwidth considered,

in agreement with the discussion about the Monte Carlo integration made in

Section 3.2.3. In this region, we found out that the FWM-NLP requires fewer

steps than the FWM-CLE at a given accuracy.

To quantify such a gain, Fig. 3.25 shows the complexity increment of the

propagation by using the FWM-NLP with respect to the FWM-CLE versus

the ratio aSSFM/aNL. Such an increment is de�ned as:

µ ,
NNLP −NCLE

NCLE
(3.24)

where NNLP and NCLE are respectively the number of step needed by the

FWM-NLP and FWM-CLE to obtain a given accuracy of the simulation.

At low values of aSSFM/aNL, i.e., for high accuracy, FWM-CLE outperforms

FWM-NLP, while FWM-NLP might be better at low accuracy.

An exception to the above conclusion has been found for very small band-

widths, i.e., for 1 and 3 channel transmission, with asymmetric step SSFM, as

visible in Fig. 3.24 and Fig. 3.25.

One can be interested now in knowing how the computational e�ort of the
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Figure 3.25: Complexity increment µ of the FWM-NLP with respect to the

FWM-CLE, de�ned as (3.24), versus the ratio aSSFM/aNL for the setups con-

sidered in Fig. 3.24, i.e., a single span propagation with variable bandwidth.

The FWM-NLP is more convenient than the FWM-CLE for µ < 0.
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Figure 3.26: Number of steps in a single SMF span vs the corresponding �rst

step length h1. Single channel transmission.

simulation scales with the system parameters. We have seen in Section 3.5 that

the accuracy of the simulation for a given step-updating rule depends only on

the �rst step, whose length is set by the system parameters. Formally, due to

the variable step length, the dependence on system parameters of the number

of steps is di�erent from the one of the �rst step. However, in most of our

simulation the number of steps and the �rst step length are linearly dependent

for not too large values of h1, as depicted in Fig. 3.26, thus their dependence

on system parameters should be the same. This is con�rmed in Fig. 3.27,

where the number of steps in the span is plotted versus the dispersion D (top)

and the number of WDM channels (bottom) for a given value of simulation

accuracy. The chosen accuracy corresponds to aSSFM/aNL = −25 dB after 20

spans, which calls for an SNR error around 0.01 dB, thus a practical value for

the SNR estimation of a transmission. Both FWM-NLP and FWM-CLE are

analyzed, each for both the asymmetric and symmetric step SSFM. It is worth
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noting that at SNR error of 0.01 dB both asymmetric and symmetric step

SSFM show a comparable complexity at the considered accuracy. As expected,

the scaling of the computational e�ort reported in Fig. 3.27 is linear with the

�ber dispersion D and quadratic with the bandwidth occupation.

Such a result of the computational e�ort scaling with bandwidth and dis-

persion highlights a problem that can be of concern for wideband transmis-

sions. By increasing the signal bandwidth the complexity of the simulation

scales quadratically, thus by doubling the bandwidth occupation of a WDM

signal the computational e�ort to keep the same simulation accuracy is ex-

pected to be four times higher. Such an increment is the one expected by

increasing the maximum simulation bandwidth from the C-band of the EDFA,

which is around 5 THz, up to the 10 THz of the C+L band [23, 24, 62] as the

research is doing nowadays. Up to such bandwidths, the time needed for an

accurate SSFM simulation will become extremely high. In such a scenario a

�ne-tuning of the accuracy of the SSFM is thus mandatory, in order to obtain

reliable results and at the same time without wasting any computational e�ort

to perform over-accurate simulations.

3.6.3 How to setup an accurate simulation

We have showed in this chapter how to control the SSFM numerical error of

the SNR of a simulation. We recap now the major results.

Table 3.1 shows the scaling of the �rst step of the simulation h1 with the

proposed method (FWM-NLP and FWM-CLE) based on FWM and the two

rules known in literature analyzed in this work, i.e., the NLP and the CLE.

Our proposal grants a constant accuracy on the SNR of the simulation for

any variation of the signal power P , bandwidth BWDM and �ber dispersion

D. From the table we can see that the SNR error is power-independent, thus

in contrast with the NLP and CLE which vary h1 with power. It is worth

noting that both NLP and CLE shrink h1 for increasing power, resulting in

more accurate simulations at the expense of the computational e�ort. The

CLE tracks correctly the variations of �ber dispersion by shrinking h1 linearly
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NLP CLE FWM-NLP FWM-CLE

Acc. param. ∆φ [rad] ΨG [a.u.] ΦFWM [rad]

h1 (P ) O
(
P−1

)
O
(
P
− 1
q−1

)
O (1)

h1 (D) O (1) O
(
D−1

)
O
(
D−1

)
h1 (BWDM) ' O

(
B−1
WDM

)
O
(
B
−(2+ε)
WDM

)
O
(
B−2
WDM

)
Table 3.1: Scaling of the �rst step h1 with system parameters for the three

di�erent rules analyzed to set up the simulation accuracy. q = 2, 3 depending

if asymmetric or symmetric step, and ε > 0.

with D, identically to our method, while the NLP keeps it constant since it is

unaware of such a parameter.

Both NLP and CLE shrink h1 with the signal bandwidth BWDM di�erently

from our proposal, resulting thus in variation of the simulation accuracy with

this parameter. However, the CLE shrinks the h1 faster-than-quadratically, re-

sulting thus in over-accurate simulations for increasing bandwidths. It is worth

noting that such a faster-than-quadratic scale is due to the power dependence

of the �rst step in such a rule. The NLP, instead, shrinks h1 linearly with

BWDM, resulting in less accuracy for increasing bandwidth. The value of ∆φ,

i.e., the accuracy parameter for this rule, should be thus reduced accordingly

to follow such accuracy reduction.

By Fig. 3.18a) we can see that for a signal bandwidth of 5 THz and an

SNR error around 0.01 dB, the NLP calls for a ∆φ ' 1.5 · 10−4 rad, a value

usually smaller than what is used in the literature.

Due to its ability to track the variations of the system parameters, our

FWM-aware proposal is thus an ideal parameter to set up the simulation. Ta-

ble 3.2 shows the values of ΦFWM to be used to target an SNR error of the

simulation around 0.01 dB, corresponding to a aSSFM/aNL ratio of −25 dB,
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FWM-NLP FWM-CLE NLP CLE

Symm. step 4 20 system

dependent

system

dependent

Asmm. step 4 15 system

dependent

system

dependent

Table 3.2: Values of ΦFWM [rad] granting a simulation error on the SNR around

0.01 dB (aSSFM/aNL ' −25 dB) for the step-updating rules and step types

analyzed in this work.

for both step-updating rules (FWM-NLP and FWM-CLE), and the splitting

scheme, i.e., asymmetric or symmetric step. It is worth noting that Table 3.2

does not highlight the computational e�ort, thus it does not give any hint on

which of the four method is best. Such an analysis can be done by looking

at Fig. 3.24 in Section 3.6.2, which we recap here brie�y. At this accuracy,

the FWM-CLE outperforms the FWM-NLP, calling for almost half the num-

ber of steps. Symmetric and asymmetric step in this case call for almost the

same number of steps, thus they can be used indi�erently. However, for more

accurate simulations, i.e., for smaller ΦFWM, the symmetric FWM-CLE outper-

forms even the asymmetric one, thus it is the optimal choice for very accurate

simulations.

The FWM-NLP �nds its application in cases where keeping a light com-

putational e�ort is mandatory, even at the expense of the accuracy. In this

case, corresponding to high values of ΦFWM, i.e., big steps, the FWM-NLP

outperforms the FWM-CLE as visible in Fig. 3.25 in Section 3.6.2.

3.6.4 Inclusion of the ASE noise

In all the previous results we considered the worst case for the SSFM accuracy

in absence of ASE noise. However, in typical communications, the optimal

transmission power implies a non-negligible amount of such a noise in the

received SNR.
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As introduced in Section 3.1.1, including the ASE noise in the SSFM ac-

curacy means to relate the variance σ2
SSFM to the sum σ2

ASE + σ2
NLI instead of

σ2
NLI alone. This way, (3.6) transforms in:

SNR

ŜNR
= 1 +

aSSFM
σ2
ASE

P 3 + aNL
, (3.25)

thus resulting into an increment of the SNR accuracy. Precisely quantify in

advance such an impact could be a di�cult task, since σ2
ASE cannot be a-

priori related to the nonlinear variance aNL of the link, which is unknown

before running the simulation. However, based on the results in the previous

sections, some useful consideration can be made. In fact, it is known that at

the nonlinear threshold (NLT) PNLT, i.e., the power granting the maximum

SNR of the transmission, the ASE variance is σ2
ASE = 2σ2

NLI [53]. Equation

(3.25) transform thus in:

SNR

ŜNR

∣∣∣∣
@PNLT

= 1 +
aSSFM
3aNL

, (3.26)

thus gaining a factor 3 in the accuracy parameter aSSFM/aNL showed in the

previous sections, which corresponds to shift down the curves in Fig. 3.24 by

4.77 dB.

To better quantify such a gain in the simulation accuracy we compared in

Fig. 3.28 the SNR error due to the SSFM versus the number of steps in the

worst case without ASE noise and at PNLT. The WDM signal was composed

of 101 channels after 1 SMF span of propagation. The SNR error in absence of

ASE has been estimated from simulations while the one at PNLT by applying

(3.26) to the results of Fig. 3.24. From Fig. 3.28 we can see that a gain in

terms of number of steps for a given SNR error is indeed achieved for both the

FWM-CLE and FWM-NLP, although the gain of FWM-CLE is smaller than

FWM-NLP. Note that with the FWM-CLE criterion the reduction in number

of steps is lower than in the FWM-NLP method. This is due to the higher slope

of aNL vs number of steps of the FWM-CLE at Number of steps > 30000, as

visible in Fig 3.24.
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Figure 3.28: SNR error due to SSFM versus number of simulation steps for

the FWM-CLE (top) and the FWM-NLP (bottom). Solid curves are obtained

in absence of ASE noise while dashed curves refer to the SNR error at the

nonlinear threshold PNLT, estimated from aSSFM/aNL in absence of ASE by

(3.26). 101 channel WDM signal. Single SMF span propagation.
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Figure 3.29: Sketch of the FWM-aliasing problem due to discretization. The

�rst-order FWM does not induce aliasing for a simulation bandwidth BNt ≥
3BWDM. BCUT is the bandwidth of the channel under test.

In summary, if one is intereseted in estimating the SNR up to the nonlinear

threshold, it is possible to increase the ratio assfm/anl analyzed in the previous

sections by a factor 3, and hence increase the accuracy parameter according to

its relation showed in Fig 3.17 After collecting all SNR by varying the power,

the NLT can be estimated, which is expected to be within the target error.

However, all the results with power > NLT should be rejected since they should

not satisfy the target error.

3.6.5 Signal discretization

In this Section we provide general rules to accurately de�ne a digital signal in

SSFM simulations for optical transmissions [33].
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3.6.5.1 Numerical bandwidth

Signals have to be sampled in a numerical simulation to avoid spectral aliasing.

The correct number of samples Nt per symbol on a digital signal is given by

the Nyquist-Shannon theorem and must satisfy:

BNt ≥ B

where BNt is the bandwidth called by the discretization and B is the bilateral

bandwidth of the signal. In the context of WDM optical propagations, such a

condition translates in:

BNt , NtR ≥ κ ·BWDM

where R is the channel symbol rate and BWDM the bandwidth of the WDM

signal entering the �ber. κ ≥ 1 is an expansion factor to account for the signal

bandwidth enlargement due to FWM. Such a factor can be set by the user de-

pending on how much FWM one want to correctly reproduce. For example, to

avoid aliasing on the �rst-order FWM, the simulation bandwidth should be set

to BNt ≥ 3BWDM as sketched in Fig. 3.29. By de�ning FWMout, FWMin and

FWMCUT the �rst order FWM falling outside the WDM bandwidth BWDM,

inside the WDM bandwidth and inside the bandwidth of the channel under test

(CUT), Table 3.3 reports the minimum value of BNt needed to avoid aliasing

on each FWM component.

Table 3.3: Numerical bandwidth BNt setup to correctly reproduce �rst order

FWM.
BNt FWMout FWMin FWMCUT

≥ 3BWDM X X X

≥ 2BWDM X X

≥ 3
2BWDM + 1

2BCUT X
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3.6.5.2 Sequence length

While propagating a WDM signal along an optical link, each channel experi-

ences a speci�c group delay. Since digital sequences are intrinsically periodic

due to discrete Fourier transform operations, if the walk-o� is longer than the

sequence length temporal-aliasing occurs, which can lead to arti�cial correla-

tions in circular convolutions. To completely avoid this numerical artifact the

sequence length Nseq should be longer than the maximum walk-o� between

the side frequencies of the WDM signal, i.e.:

Nseq = |Dcum|BWDM
λ2

c
R · 10−3 [symbols]

where BWDM [GHz] is the WDM bandwidth, R [Gbaud] the channel symbol

rate, λ [nm] the central wavelength of the WDM comb, c [m/s] the speed of

light, Dcum [ps/nm] the peak-to-peak accumulated dispersion along the link.

In particular, for dispersion uncompensated links Dcum is the dispersion accu-

mulated from input to output.

As a reference, the 101-channel curves of Fig. 3.17 in Section 3.5.5, for a

bandwidth occupation of BWDM = 5 THz, call for a sequence of Nseq > 66709

symbols.

3.6.6 Complexity issues in pratical implementations

This Subsection addresses the implementation of the SSFM and its relation to

the simulation time. The SSFM is a pseudo-spectral method, which in a nut-

shell means that it obtains the solution at the end of each step by switching

back and forth between the time and the frequency domains. In fact, the solu-

tion of the NLSE with applied only the linear operator (2.4) or the nonlinear

operator (2.8) are a linear �ltering and an exponential operation, respectively,

thus e�ciently performed respectively in the frequency and in the time do-

main. The switching between the two domains is done by performing FFTs on

the digital signal.
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Figure 3.30: Sketch of the implementation of the SSFM with asymmetric step,

with highlighted the fundamental operations.

While the complexity of the code implementing the algorithm may vary

depending on the coder's ability, there are some unavoidable fundamental op-

erations to implement the SSFM, that are highlighted in Fig. 3.30 for the

asymmetric step SSFM (2.42). Such operations are:

• FFT/IFFT: used to switch between frequency/time domain. There are

at least one pair of FFT/IFFT inside a single step when implementing the

asymmetric step. In case of symmetric step, the number of FFT/IFFT

pairs doubles due to the double switching between domains inside a single

step. However, by combining the linear operators L of two consecutive

steps (See [11]), the complexity of the symmetric step is identical to the

asymmetric one plus a minor overhead.

• Exponential (exp): used to perform the phase shift due to the Kerr

e�ect in the nonlinear operator N .

• Point-wise multiplication (.* ): used to perform the linear �ltering of

the �ber linear e�ects, indicated by H̃GVD(f) in Fig. 3.30, as well as the

application of the Kerr phase shift on the signal in the nonlinear step.

When the SSFM algorithm runs on a central processing unit (CPU), the
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Figure 3.31: Computational time to perform the fundamental operations of the

SSFM (FFT, exponential, point-wise multiplication) versus the vector length

N in Matlab environment. CPU: 24-cores Intel(R) Xeon(R) CPU E5-2650 v4

running at 2.20GHz. GPU: GeForce GTX 1080 Ti. The gain of performing

operation in GPU with respect to CPU is around a factor 15 for arrays longer

than 105 elements.
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complexity of the algorithm is dominated by the number of FFT/IFFT pairs,

as depicted in Fig. 3.31 by the solid curves. The �gure shows the computational

time to perform 104 of the above-mentioned operations versus the length of the

complex array on which the operation is performed. The CPU used for this test

was a 24-cores Intel(R) Xeon(R) CPU E5-2650 v4 running at 2.20GHz with

130 GB of RAM, while the GPU was a GeForce GTX 1080 Ti. Matlab uses the

FFTW algorithm [59] to perform FFTs/IFFTs, with a complexity scaling in

the order of O (N log(N)) in CPU, with N the length of the array under FFT.

Both the exponential and the multiplication have instead a linear complexity

in N .

An e�ective way to speed up the algorithm which is becoming more and

more popular is to run it through a graphics processing unit (GPU). To allow

the GPU computation of the code, one must put the array over which the

operation are performed, i.e., the complex array describing the signal, inside

the GPU, which acts as a volatile memory during the execution. This allows

to drastically reduce the computational time of the fundamental operations of

the SSFM, as showed in Fig, 3.31 by the dashed curves. We can see that for

array length > 105 the computational time is reduced for all three operations

by at least a factor 10, with the main gain in the FFT reaching a factor 60

for N = 2 · 106. It is worth noting that for smaller N the GPU time seems

to remain constant whatever the array length, thus for very small lengths the

CPU could still outperform the GPU in time.

It is worth noting that the GPU memory is limited to a �xed value, thus

limiting the maximum length of the array describing the signal. The GPU

memory used in this work was around 12 Gbytes. Considering that a complex

scalar is stored in Matlab with 16 bytes, and a dual polarization signal, the

maximum memory occupation for the optical signal in our simulations was

around 500 MB. Considering also an arbitrary factor of 10 for any other even-

tual user-de�ned auxiliary variable to be stored in the GPU with the signal,

as well as any possible burst of memory increment due to GPU operations, we

�nd that our simulations used nearly half of the available memory of the GPU,
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thus not exploiting it at full potential.

3.7 Alternative integration methods

Many methods for numerical integration are known in the literature [60]. As

seen in the previous chapter, the SSFM in its two most popular implementa-

tions, i.e., the asymmetric and the symmetric step SSFM, can be associated

with the left-point and mid-point rules for numerical integration. Following

this parallelism, in this section we examine and compare in terms of complex-

ity alternative methods to numerically integrate the Manakov equation.

Two families of methods will be analyzed in this section: the Adams-

Bashforth methods (AB) and the Adams-Moulton methods (AM). Both al-

gorithms are linear multistep methods, meaning that they use the already

computed solution of previous steps in the computation of the the next step

to increase the order of accuracy.

The Runge-Kutta method, which is very popular to numerically solve or-

dinary di�erential equations, has been not considered here since its higher

number of function evaluations of the integrand function to compute the next

step solution yields a computational advantage only at very low accuracy, not

of interest for SSFM simulations, especially in wideband regime where com-

plexity is of particular concern.

3.7.1 The Adams-Bashforth methods

For a complete and exhaustive derivation of the methods we refer to [63]. The

AB methods update the solution by using a polynomial interpolation of the

solution found in the previous steps. The next step solution is then computed

by multiplying the step length h with a linear combination of such �weighted

past solutions�. The coe�cients, as well as the error scaling order, depend on

the order of the polynomial used to �nd such coe�cients as well as on the

number of previous steps used to �nd the next step solution. In this study

the third-order (AB3) and fourth-order (AB4) methods are considered. The
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next step solution U (zk+1, t) for these two methods applied to the ME are,

respectively:

UAB3 (zk+1, t) = UAB3 (zk, t) +
h

12
[23f (zk, t)− 16f (zk−1, t) + 5f (zk−2, t)]

UAB4 (zk+1, t) = UAB4 (zk, t) +
h

24
[55f (zk, t)

−59f (zk−1, t) + 37f (zk−2, t)− 9f (zk−3, t)]

where f (zk−i, t) = e−Lzk−iN
(
eLzk−iUAB (zk−i, t)

)
is the integrand function of

the nonlinearity in (2.38) calculated in the step k− i, with i ranging from 0 to

q − 1, q the order of the method.

One of the problems of a generic qth-order AB is that the �rst q − 1 steps

cannot be obtained by the method, since not enough previous steps solution

have been computed yet. Other methods are thus needed to obtain such points.

Moreover, it is important that the local error on such points scales as the local

error of the AB method to ensure a correct scaling of the global one. For this

purpose, as usual in the literature, we used a Runge-Kutta method of the same

order as AB3 and AB4 to obtain respectively the �rst two and three steps of

the simulation. This adds a minor overhead to the overall complexity.

3.7.2 The Adams-Moulton method

The AM methods are a variant of AB which in numerical integration grant a

more stable solution than AB methods. The two families are very similar. The

main di�erence is that AM methods are implicit methods, hence they use a

prediction on the next step solution in addiction to the previous ones. Such a

prediction must be computed by using a method granting the same or higher

local accuracy. In this study we used an AB method of the same order as the

forward AB one. The next step solution for the 3th-order AM method used in

this study (AM3) is:

UAM3 (zk+1, t) = UAM3 (zk, t) +
h

12
[5f (zk+1, t) + 8f (zk, t)− 1f (zk−1, t)]
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Figure 3.32: aSSFM/aNL ratio as a function of ΦFWM in the �rst step. Single

span propagation over SMF.

with f (zk+1, t) = e−Lzk+1N
(
eLzk+1UAB3 (zk+1, t)

)
.

The drawback of such a method is that the predictive step calls for doubling

the computational e�ort.

3.7.3 Numerical results

The investigation has been conducted in the same way described in Section 3.5.1,

thus by decreasing ΦFWM in the �rst step until reaching saturation of the SNR.

The setup here was identical to Section 3.5.1, but with the following di�erences:

• single span propagation over SMF (D = 17 ps/nm/km);

• 9 channel WDM signal with symbol rate R = 32 Gbaud, evenly spaced

by ∆f = 37.5 GHz;

• PDM-quadrature phase shift keying modulation (PDM-QPSK) instead

of PDM-16QAM.
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Figure 3.33: SNR error as a function of the number of steps. Single span prop-

agation over SMF.

Figure 3.32 depicts the scaling of the ratio aSSFM/aNL versus ΦFWM in the

�rst step of the simulation. Since in Section 3.5.6 we showed the �rst span to

be a worst case for accuracy, we propagated the signal only on one SMF span.

The three alternative methods considered, i.e., AB3, AB4 and AM3 have been

compared with the FWM-NLP and FWM-CLE computed both with symmet-

ric step SSFM. As visible in the �gure, the AB3 and AB4 perform almost

identically to the FWM-CLE, with the same drop of the error at small ΦFWM.

With the AM3 such a drop of numerical error is even more pronounced before

decreasing with a smaller slope for decreasing ΦFWM. It is worth noting that

the same considerations made in Section 3.2.3 about the di�erent error scaling

for big steps applies even to these alternative methods.

However, Fig. 3.32 does not provide any information about the complexity

of the new methods analyzed. Such a topic is addressed in Fig. 3.33 in terms

of SNR error versus the number of function evaluations necessary to propagate
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the signal to the end of the span. Again, we express the complexity in terms of

number of steps, since the AB and AM updating add a minor computational

cost. The �gure shows that the minimum number of function evaluations is

reached by the SSFM for both the FWM-NLP and FWM-CLE. This is because

the SSFM, contrary to AB and AM, has the property to increase the step length

along the propagation, with big savings in terms of the number of steps. AB

and AM, instead, are forced to keep a constant step along distance, resulting

in a bigger complexity despite showing similar accuracy at equal �rst step.

3.8 Conclusions

In this Chapter we investigated in-depth the numerical error of the SSFM sim-

ulations for optical transmissions in the framework of the perturbative solution

of the ME, thus treating the SSFM error as a distributed additive interference,

and we analyzed two common rules know in the literature used to set the accu-

racy of a simulation. We pushed our simulations up to a bandwidth of 5 Thz,

i.e., covering the whole C-band of the EDFA used nowadays for optical trans-

missions. We showed that the error of the SNR in a simulation is signal-power

independent, and scales quadratically with the signal bandwidth and linearly

with the �ber dispersion. Such a scaling of the error is in contrast with the

rules known today in the literature, which are power dependent. In particular,

the nonlinear phase criterion [8], based only on the signal power, misses the

in�ation of the SSFM error due to the increment of the signal bandwidth and

�ber dispersion, while the constant local error rule [9,10], despite being band-

width and dispersion-aware, still depends on the signal power. We proposed a

new parameter to set the �rst step of the simulation, based on FWM, which

instead is able to track such variations. The new method to set the �rst step

can be used in combination with one of the step-updating rules known in lit-

erature to grant a constant error on the SNR independently of signal power,

bandwidth and �ber dispersion.

Moreover, we compared to the two step-updating rules that can be inferred
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by the nonlinear phase criterion and the constant local error rule in terms

of computational e�ort, for a wide range of simulation accuracy. We showed

that the assumptions at the basis of the constant error rule hold only for high

accuracy, i.e., for very small steps, thus the optimality of such a rule is limited

to that scenario. Contrarily, for big simulations steps we found more convenient

the step-updating rule inferred by the nonlinear phase criterion. As a future

work, the analysis can be extended to SSFM simulations without FWM.

We then analyzed other methods to integrate the NLSE alternative to

the SSFM, namely the Adams-Bashforth and the Adams-Moulton methods,

showing that in any of the considered cases the SSFM is still more accurate

for a given computational e�ort.





Chapter 4

Polarization dependent loss in

nonlinear regime

In this chapter we present a numerical investigation of the impact of polariza-

tion dependent loss (PDL) on the SNR of the transmission, focusing on the

interaction between the PDL and the Kerr nonlinearity of the �ber. Section 4.1

will introduce the reader to the PDL and its related problems; Section 4.2 will

describe theoretically both the PDL and a popular model to predict its impact

on the signal to noise ratio. Finally, a study of the SNR statistics induced by

PDL in nonlinear transmission will be presented and discussed.

4.1 Introduction

One of the properties of an optical signal is its polarization. Such a property

describes the spatial orientation of the electric �eld propagating in the �ber.

By the early work of Poole et al. [37, 38], the electric �eld propagating in the

�ber can be expressed as linear combination of two signals, each one describing

one of two orthogonal polarizations of the electric �eld. The spatial orientation

of the two polarizations is de�ned by the SOP [37]. In nowadays communica-

tions the polarization of the optical �eld is exploited to increase the capacity
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of the optical channel by transmitting signals in the regime of polarization

division multiplexing, where two di�erent and typically independent streams

of information symbols are modulated in the two orthogonal polarizations of

the optical �eld.

During the propagation in an optical �ber, the optical signals typically

experience polarization e�ects like PMD and PDL. PMD is related to the

frequency dependence of the �ber birefringence, which causes the two polar-

izations of the signal to experience a random di�erential group delay (DGD),

i.e., a misalignment in time of the two signal polarizations at the receiver side,

and a depolarization of the signal. The temporal �uctuations of such e�ect

are slow in time compared to the symbol timing, such that, despite their ran-

dom nature, they can be recovered at the receiver side by means of digital

equalization [1, 2].

Polarization dependent loss manifests instead in a di�erent attenuation of

the two orthogonal polarizations. Such an attenuation is mainly lumped into

optical components, like optical ampli�ers and wavelength selective switches

(WSS) used to route the WDM channels along a network [64]. Typically any

optical link includes many components, thus PDL accumulates along distance.

Each PDL element is randomly-oriented, consequently even the total accumu-

lation of PDL in the link is random [65�68]. The resulting polarization de-

pendent loss, when expressed in dB, converges to Maxwellian statistics when

a large number of PDL elements is considered in the link [65, 66]. With few

PDL elements the statistics are more complicated [67,68], even if they can be

computed analytically as in [69]. PDL a�ects both the signal and the noise

on the line. While the PDL a�ecting the signal can be recovered by using

digital equalization, its e�ects on the system performances cannot be com-

pletely mitigated due to the interaction between PDL and the optical noise

accumulated in the line. Such a beating between PDL and noise causes in fact

unavoidable random �uctuations on the SNR at the receiver side of the com-

munication [70�72]. Such �uctuations can eventually lead to the outage of the

system, thus it is necessary to de�ne some margins on the SNR to bound the
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outage probability [73�75].

Typically, the impact of the PDL on the SNR of the transmission has

been evaluated by considering the ASE noise as the only noise source of the

link [70�75], thus neglecting the Kerr nonlinearity of the �ber. However, in

nowadays optical communications the paradigm is to maximize the SNR of

the transmission by setting the signal power to the nonlinear threshold [52,

53], i.e., the power achieving the maximum reachable SNR in the system. At

such a power, the variance of the nonlinear interference is half the ASE noise

variance, thus its impact on the system performances is not negligible. Due to

the di�erent nature of the two noises, the interaction between the PDL and

the nonlinear noise may change the SNR statistics.

Recently, studies on the interaction between PDL and �ber nonlinearity has

been performed [76�81], showing that by increasing the transmission power the

SNR shows di�erent statistics from the case considering only the ASE noise.

However, the �rst few investigations lack of generality since in [76] only a

single element of PDL has been considered, while in [77] all PDL elements were

aligned together. More general studies with randomly-oriented PDL elements

have been later conducted [78�81], showing di�erent results depending on the

link studied. A more detailed analysis is thus mandatory to con�rm the results.

Moreover, a more in-depth investigation is needed in order to better understand

the dynamics of the PDL-NLI interactions. The following work is devoted to

such an analysis.

Since PDL randomly varies in time [67,68], a statistical approach must be

performed to study the variability of the PDL-a�ected SNR. Many di�erent

realizations of PDL should be analyzed in order to explore the whole space of

possible SNR realizations and reach thus low values of outage probability. Such

investigations result in high computational e�ort when the PDL is investigated

with split-step Fourier simulations. To face such a problem di�erent models

have been proposed for a fast estimation of the impact of PDL on the SNR of

the transmission [74, 75]. The common characteristic of these models is that

they consider the accumulation of PDL on a link a�ected by ASE only, thus
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completely neglecting the impact of �ber nonlinearity. Such models are thus

expected to present signi�cant deviations from the real SNR statistics when

�ber nonlinearity is of concern.

The work reported in this chapter has been done during the Author's intern-

ship at Nokia Bell Labs, Paris-Saclay, France, in the 6 months period between

June 2017 and December 2017.

4.2 Theoretical background of the polarization de-

pendent loss

As reported in Chapter 2, in a dual polarization scenario the optical signal

can be expressed as a 2 × 1 vector A ,
[
Ax, Ay

]T
. Each PDL element is

described by a 2× 2 matrix as in [71,75]:

Mk , Uk

[ √
1 + γ 0

0
√

1− γ

]
U †k (4.1)

where Uk is the Jones representation of a random matrix describing a uniform-

distributed rotation over the Stokes space [65], while † means transpose conju-

gate, and γ is the power attenuation/gain of the single polarization. It is worth

noting (4.1) preserves the total power, hence if a polarization is attenuated,

the other is in�ated. Such a representation for the PDL element consists in

considering the EDFAs generating the PDL as operating in constant output

power mode, such that the total signal power after the PDL element is equal

to the launch power [71]. The PDL is typically characterized by the parameter:

ρ = (1 + γ) / (1− γ) ,

which de�nes the strength of the PDL element. Although such a parameter

can be random as well, it is typically considered equal for all PDL elements

for the sake of simplicity. Since each PDL element is randomly-oriented, PDL

accumulation is not linear along distance [65,66]. The distribution of ρ assumes
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Figure 4.1: Scheme of the RCM for PDM optical transmissions. Each span

is modeled as a concatenation of a randomly-oriented PDL element and an

additive ASE noise source.

Maxwellian statistics when is expressed in dB and many PDL elements in the

line are considered [65].

By passing among many PDL element during the propagation, the received

signal can be expressed as:

A (z, t) = T1kA (0, t)

where:

T1k , MkMk−1 . . .M1 (4.2)

is the matrix describing the PDL accumulation up to coordinate z, with k the

number of PDL elements crossed by the signal.

4.2.1 The reverse channel method

The reverse channel method (RCM) is a model proposed by Tao et al. to predict

the SNR variability due to PDL when ASE is the only source of noise in the

transmission [75]. The RCM works with a simpli�ed optical link described by a

sequence of PDL elements and additive noise sources. Each pair describes the

ASE noise and the PDL introduced by a single EDFA over the link. The scheme

of the link is reported in Fig. 4.1. The transmitted signal s is a�ected by all PDL

elements of the line, while the generic ASE noise process nj = [nj,x , nj,y]
T ,
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generated after the jth PDL element, experience only the PDL from the span

j + 1 to the end of the link. Following the notation of Fig. 4.1, the signal after

coherent detection is thus:

r = T1,Ns · s+ T2,Ns · n1 + · · ·+ TNs,Ns · nNs−1 + nNs

where Tij is the PDL accumulation from element i to element j and Ns is

the number of PDL elements in the link, corresponding by assumption to the

number of spans. After detection, a perfect PDL equalizer is considered, with a

zero-forcing channel inversion, which perfectly recovers the total PDL a�ecting

the signal. Such a block thus applies the matrix T−1
1,Ns

, yielding:

ŝ = s+ T−1
11 · n1 + · · ·+ T−1

1,Ns−1 · nNs−1 + T−1
1,Ns
· nNs . (4.3)

From (4.3) is clear that the PDL after equalization a�ects only the noise. More-

over, the PDL contribution to each noise process can be calculated iteratively

starting from T−1
11 ≡M−1

1 and progressively adding PDL contributions to the

inverse PDL matrix. At each step the resulting matrix is exactly T−1
1j , i.e., the

PDL contribution a�ecting the ASE process nj . The covariance matrix of the

received noise n , ŝ− s:

Cov [n] , σ2
ASE,x ·

Ns∑
j=1

T−1
1j

(
T−1

1j

)†
where σ2

ASE,x is the ASE variance of a single polarization tributary in absence

of PDL. It is worth noting in such a model the PDL a�ects the SNR of each

polarization tributary by a factor of the ASE noise variance, thus it can be

de�ned as:

SNRx,y ,
P

σ2
ASE · PDLx,y

, (4.4)

where P
σ2
ASE

is the SNR without PDL and PDLx,y are the terms on the diagonal

of the global PDL matrix
∑N

j=1 T
−1
1j

(
T−1

1j

)†
. When the SNR is expressed in

dB, the PDL results thus in an additive term.
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The SNR randomness induced by PDL in such a model can be estimated

by Monte Carlo simulations. Such a model will be compared to our numerical

investigation, based on SSFM simulations, to check the impact of PDL in

nonlinear regime.

4.3 Numerical setup

In this section we describe the numerical setup used for the numerical investi-

gation.

The signal used for the propagation was a WDM comb composed of 13

channels. The number of channels has been chosen as a good compromise to

keep a small simulation time for each propagation while having a signi�cant

amount of cross-channel nonlinearity on the signal. However, since the PDL

is modeled as a frequency independent matrix, the bandwidth of the signal

should not impact its interaction with the �ber nonlinearity, thus motivating

our choice on a relatively small number of channels. All channels were consid-

ered with a symbol rate of R = 32 Gbaud, evenly spaced by ∆f = 37.5 GHz

and modulated using PDM-QPSK modulation format with root raised cosine

pulses with roll o� 0.01. The alignment between the signal SOP and the prin-

cipal axis of the PDL elements has been showed to impact the SNR [70, 76].

To account for such a dependence we considered a randomly-oriented SOP for

each WDM channel, uniformly distributed on the Poincaré sphere.

The transmitted signal was propagated on a link composed by 25 spans of

standard SMF (dispersion D = 16.7 ps/nm/km, length L = 100 km, attenua-

tion α = 0.22 dB/km, nonlinear coe�cient γ = 1.3 1/W/km). We considered

for the propagation either a DU link and a DM one. The di�erence between

the two is that in the DU link the accumulated �ber dispersion is recovered

only at the receiver, while in the DM case part of the accumulated dispersion is

recovered at the end of each span, typically by using a dispersion compensat-

ing �ber. To clarify the di�erence, in Fig. 4.2 the accumulated dispersion along

distance is sketched for the two cases. Please note DU links are characterized
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Figure 4.2: Sketch of the accumulated dispersion Dcum along distance for a DU

link (top) and a DM link (bottom).

by a smaller nonlinearity than the DM, thus they are well-suitable for modern

transmissions, where the large amount of accumulated GVD can be digitally

recovered at the receiver. The DM con�guration, however, is still present in

already placed optical links, thus it is important to study also such a case.

For our investigation, we considered a DM30 link, i.e., a DM link where after

each span the amount of residual dispersion left on the signal is DRDPS = 30

ps/nm. Typically, in DM links the input signal is pre-dispersed to reduce the

nonlinearity on the link. We consider in the DM30 case a pre-dispersion of

DPRE = −550 ps/nm. In any case of study the residual dispersion on the

signal at the receiver has been ideally compensated.

It has been shown in [82,83] that PMD has a negligible impact on the PDL

for typical values of PMD and PDL in the �ber. This allows studying the two

e�ects separately. The PMD on the �ber was thus set to zero in order to focus

only on the variability generated by the PDL e�ect. Fiber propagation was

modeled using the SSFM applied to the ME. The SSFM has been implemented

by using the FWM-CLE rule (see Section 3.5) with symmetric step SSFM and

a value of ΦFWM = 20 rad to set the �rst step length. This setup grants a
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Figure 4.3: Nested loop structure to correctly estimate the SNR realizations

due to PDL. SNRj is the correct SNR of the single PDL realization, cleaned

by the randomness due to information sequences and ASE noise. {SNR} is the
set of all PDL-a�ected SNR realizations. The block SSFM indicates the signal

propagation.

numerical error on the SNR ∼ 0.01 dB, a reliable accuracy to study SNR

�uctuations of fractions of dB. Fiber loss was recovered at the end of each

span using EDFA characterized by a noise �gure of 6 dB.

The receiver was composed by a matched �lter followed by a data-aided,

5-tap least square butter�y �lter to recover the signal polarization. The SNR

of each polarization has been estimated evaluating the variance of the received

clouds. A single PDL element was placed before each EDFA, randomly-oriented

with respect to polarization tributaries. Each PDL element has been considered

with ρ = 0.5 dB.

It is worth noting that, especially in DM links, the stochastic nature of the

nonlinear impairments can be caused by the speci�c realization of the transmit-

ted sequence [84]. The variability of the SNR due to the transmitted sequence

can impair the SNR measurements if not correctly taken into account. Such a

stochastic phenomenon, however, changes faster in time than the PDL, which

shows a variability in the order of hours [67]. To isolate the SNR �uctuations

due to PDL we thus used a two-nested Monte Carlo loop like the one used
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Figure 4.4: SNR vs channel power for both the DM30 and DU link con�gu-

rations considered. The three powers used for the investigation are marked as

�analysis�. Each point of the curve has been obtained by averaging the SNR

over 20 di�erent PDL realizations.

in [84] and depicted in Fig. 4.3. The outer loop accounts for slow time-varying

phenomena such as the PDL and the SOP variation of the signal, while the

inner loop accounts for the fast phenomena such as the transmitted sequence

realization and the ASE noise. The SNR variation with the fast phenomena

has been averaged to mitigate the Monte Carlo uncertainty. The average SNR

is thus the result of a double expectation:

E[SNR] = Eψ[Eρ[SNR|ψ]]

where ψ is the set of the fast-varying random processes and ρ the set of the

slowly-varying random processes.

4.4 Numerical results

We �rst simulated the system average performance in terms of SNR vs power

to identify the regions where nonlinearity is the dominant e�ect. Such curves
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PLIN PNLT PNL

DM30 -4 -1 2

DU -2 1 4

Table 4.1: Channel powers [dBm] used for the analysis of the PDL for the

DM30 and DU link con�gurations.

are depicted in Fig. 4.4 for both the DU and DM30 link. Each curve has been

obtained by averaging the SNR over 20 random realizations of PDL and signal

SOP. The SNR in Fig. 4.4 has been obtained from the single polarization

BER, under the hypothesis of additive circular Gaussian noise and for QPSK

modulation, as:

SNR , 2

{
erfc−1

[
2

(
1

2
BERx +

1

2
BERy

)]}2

(4.5)

where:

BERi =
1

2
erfc

(√
SNRi/2

)
i ∈ [x, y] (4.6)

is the bit error rate BER of the single x-y polarization and erfc is the comple-

mentary error function.

We considered for the analysis three di�erent powers for each link con�g-

uration: the nonlinear threshold (NLT) PNLT, i.e., the power giving the maxi-

mum SNR of the transmission [52], and two other powers, PLIN and PNL, for

a transmission in linear and nonlinear regime, respectively. Such powers have

been chosen as PLIN = PNLT − 3 dBm and PNL = PNLT + 3 dBm, i.e., way

apart from the NLT to claim the nonlinear noise and the ASE noise negligi-

ble,respectively. Such powers are highlighted in Fig. 4.4 by the label �analysis�,

and are reported in Table 4.1.

For all powers we �rst check the minimum number of �ber propagations at

a given PDL realization, i.e., the number of inner loop propagations of Fig. 4.3,

to stabilize the SNR from the Monte Carlo uncertainty induced by the fast-

varying stochastic phenomena. As expected by [84], the longest number of

propagations needed to obtain a reliable SNR realizations was obtained for
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the DM30 link by averaging the performances of 16 sequences of 4096 symbols

each, for a total of 216 symbols, and this value has been employed in all the

following results for any power value and link con�guration.

4.4.1 Probability density function of the SNR

In order to fairly compare the probability density functions (PDF) of all the

three powers we analyzed the overall equivalent SNR deviation in dB from its

mean value, i.e.:

∆SNR , SNRdB − E [SNRdB]

where SNR is the actual estimated SNR for each PDL realization and E [SNRdB]

is the average of the SNR expressed in dB overall random PDL realizations.

Figure 4.5(top) shows the PDF of ∆SNR for the three powers considered and

the DU link con�guration. Each PDF has been obtained by analyzing 800 dif-

ferent PDL and signal SOP realizations. Each PDF shows an unbalanced tail

toward the low SNR values, in agreement with literature [71, 72, 78]. For in-

creasing power, it can be seen the PDF of ∆SNR spreads because of the PDL

interplay with the �ber nonlinearity. Such a spreading is already present at

PNLT, thus it cannot be considered negligible in the transmission.

In Fig. 4.5(top) we also plotted the same PDF obtained by the reverse

channel method, labeled in the plot as RCM, for both PNLT and PNL. Since

such a model does not consider the nonlinearity of the �ber, one should expect

the PDF obtained by the RCM to always match the PDF of the simulation

at PLIN, i.e., in the linear regime. This does not happen because of the high

values of SNR on which the RCM works for not considering the nonlinearity

at high power. At this high SNR, the intrinsic nonlinearity of equation (4.5)

spreads the PDF of the overall transmission SNR, resulting in the RCM to

overestimate its real statistics. Similar results have been found for the DM30

link under analysis, as reported in Fig. 4.5(bottom). Even here the spread of the

PDF for increasing power is present, highlighting that the interaction between

PDL and �ber nonlinearity is of concern even in these link con�gurations. The
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Figure 4.5: (solid marked curves) ∆SNR , SNR − E [SNR] distribution for

PLIN, PNLT and PNL, estimated from simulations. (dashed and dash-dotted

curves) ∆SNR distribution from RCM [75] predictions at PNLT and and PNL,

respectively. 25 × 100 km SMF link. DU link (top) and DM30 link (bottom).

PDFs computed over 800 SNR samples each.
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Figure 4.6: (solid marked curves) ∆SNR , SNR − E [SNR] cumulative dis-

tribution for PLIN, PNLT and PNL, estimated from simulations. (dashed and

dash-dotted curves) ∆SNR cumulative distribution from RCM [75] predictions

at PNLT and PNL, respectively. 25×100 km SMF link. DU link (top) and DM30

link (bottom). PDFs computed over 800 SNR samples each.
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broadening of the SNR PDF for increasing power a�ects the setting of the SNR

margins to avoid system outage. To address this problem we plotted in Fig. 4.6

the cumulative distribution function (CDF) of the same ∆SNR realization as

Fig. 4.5. ∆SNR can be ascribed to the SNR penalty, i.e., the SNR margin,

that should be allocated in the transmission to obtain a system outage with a

probability described by the curves.

For both the DU and DM30 link the simulations show the margin needed

for PNLT is higher than the one for PLIN with a spread of ∼ 0.1 dB for the

DU case and ∼ 0.2 dB, at outage probability P [outage] = 10−2. Even if such

di�erences seem small at this outage probability, they can become signi�cant

at operative values of outage probability, which are around 10−5. Such values

have been impossible to reach in our numerical investigation, due to the high

computational time required for the simulations. The prediction of the RCM,

as expected, overestimates the system margins for increasing power due to an

overestimation of the PDF spread reported in Fig. 4.5.

4.4.2 Single polarization SNR

To explain the broadening of the PDF for increasing power, we analyzed the

PDF of the single polarization SNR, i.e., SNRx,y, for the DU link case. Since

PDL involves a uniform distributed rotation in the Stokes space,the SNR of

each x, y polarization has approximately the same statistics. In this work in-

stead we found more interesting to classify the SNR into the best- or worst-

performing between the two polarization tributaries, i.e.:

SNRbest , max [SNRx, SNRy]

SNRworst , min [SNRx, SNRy] .

Such a classi�cation highlights some properties of the PDL-a�ected SNR

that would have been missed by plotting only the PDF of SNRx,y, as depicted

in Fig. 4.7(top) and Fig. 4.8(top) for the two extreme cases of PLIN and PNL,

respectively. In linear regime, i.e., PLIN (Fig. 4.7(top)), the two PDF of SNRbest

and SNRworst show a strong symmetry around the average SNR. In fact, each
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Figure 4.7: (top) Single polarization SNR distributions for best/worst-

performing tributary (triangles/square), as well as the overall SNR (circles),

estimated from simulations at PLIN = −2 dBm. 25 × 100 km DU-SMF link.

800 SNR samples. (dashed and dotted curves) SNR distribution from RCM [75]

predictions. (bottom) First 100 realizations of SNRbest and SNRworst obtained

by simulations.
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polarization PDF shows the same unbalanced tail, but toward opposite direc-

tions. Such a symmetry is due to the total energy conservation of each random

PDL block, see (4.1). In fact, after recovering the random polarization rotation

at the receiver, PDL is nothing more than a random symmetric redistribution

of the total signal power between the two polarizations. For low powers, i.e., in

linear transmission regime, the dominant noise is the signal-independent ASE

noise, thus such a symmetry is maintained in the SNR of the best/worst polar-

ization. Such an observation is con�rmed by Fig. 4.7(bottom), which shows the

�rst 100 realizations of SNRbest and SNRworst for PLIN. An antithetic correla-

tion is clearly visible. Such a negative correlation helps to reduce the impact

of the PDL on the overall SNR calculated as in (4.5) from the average BER

of the two polarizations. This is visible in Fig. 4.7(top) by the circle markers,

which highlights that the PDF of the overall SNR is narrower compared to the

best/worst polarization.

In linear transmission regime the dominant noise is the ASE noise, thus

not surprisingly the same classi�cation of best/worst-performing SNR for the

RCM model shows almost identical results, as depicted in Fig. 4.7(top), by the

dashed curves. A minor shift between simulations and RCM PDF is present.

This is due to the small residual contribution of nonlinearity to the SNR.

By increasing the transmission power up to PNL, the symmetry between

the PDF obtained in the linear regime breaks down. In this case, reported in

Fig. 4.8(top), the two PDF of SNRbest and SNRworst tilt in the same direction,

with a more pronounced tail toward the low SNR values. Such an asymmetry is

indicative of a di�erent interaction between the PDL and the �ber nonlinearity,

which is the dominant noise at high power, with respect to the interaction with

ASE noise. This is con�rmed in Fig. 4.8(bottom), where we collected again

100 realizations of SNRbest and SNRworst like what done in Fig. 4.7(bottom).

Contrary to the ASE case, now a strong correlation exists. Such a change in

the dynamics of SNRbest and SNRworst is thus the cause of the spreading of

the overall SNR found in Fig. 4.5.

The di�erent interaction of the PDL with nonlinearity is not surprisingly
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Figure 4.8: (top) Single polarization SNR distributions for best/worst-

performing tributary (triangles/square), as well as the overall SNR (circles),

estimated from simulations at PNL = 4 dBm. 25× 100 km DU-SMF link. 800

SNR samples. (dashed and dotted curves) SNR distribution from RCM [75]

predictions, shifted down to match the simulations average SNR to ease the

comparison. (bottom) First 100 realizations of SNRbest and SNRworst obtained

by simulations.
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missed by the RCM model, since it completely neglects the nonlinearity of the

�ber. In fact, even in nonlinear transmission regime the RCM shows the same

symmetry between best- and worst-performing SNR as in linear regime, as

depicted in Fig. 4.8(top). It is worth noting that by neglecting the nonlinearity,

the RCM shows for PNL an average SNR way higher than the real one. For the

sake of comparison, the SNR PDF relative to the RCM in this case has been

manually shifted to the average SNR value of the simulations.

A similar trend has been observed by analyzing the best- and worst-performing

polarizations in the DM30 link, as depicted in Fig. 4.9 for PLIN and PNL.

4.4.3 Individual contributions to nonlinearity

In Section 4.4.2 we demonstrated that the PDL interacts with �ber nonlinearity

with a di�erent mechanism with respect to ASE noise. To further investigate

this aspect, we decoupled the nonlinearity into its main contributions. A similar

investigation has been made in [36]. However, in [36] the decoupled nonlinearity

has been investigated only in terms of the average penalty, i.e., the average

contribution of all the PDL realizations. In this Section, we enlarge the topic

by analyzing the distribution of the single polarizations of such nonlinearity

contributions.

Referring to (2.25), the contributions to the nonlinearity can be classi�ed

in the SPM, XPM, and FWM. In dual polarization, the two degenerate cases

of XPM can be further separated into a scalar XPM, i.e., the nonlinear phase

rotation due to interfering channels and common to both channel polarizations,

and an XPolM [47], i.e., the nonlinear SOP rotation on the Poincaré sphere

inducing nonlinear polarization crosstalk.

Once separated the nonlinear contributions as (2.25), we simulated the

propagation of the WDM signal selectively activating in the SSFM the non-

linear as in [36]. The link was composed of 25 × 100 km of SMF in DU con-

�guration. The channel power was PNLT = 1 dBm. This time we focused only

on the interaction between PDL and �ber nonlinearity, thus we forced all the

EDFA noiseless. The same 800 PDL realizations of the previous section have
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Figure 4.9: Single polarization SNR distributions for best-/worst-performing

tributary (triangles/square), as well as the overall SNR (circles), estimated

from simulations at (bottom) PNL = −4 dBm and (bottom) PNL = 2 dBm for

the DM30 link under investigation. 25 × 100 km DM30-SMF link. 800 SNR

samples.
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Figure 4.10: PDF of SNRbest and SNRworst obtained by simulating the prop-

agation of the WDM signal described in Sec. 4.3 in a 25 × 100 km SMF link,

in presence of only one nonlinear contribution at a time. Channel power is

PNLT = 1 dBm in absence of ASE noise. 800 PDL seeds. a) SPM only, b)

XPM only and, c) XPolM only.
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been investigated. The single polarization SNR has been analyzed, classi�ed

as best- and worst- performing as in Section 4.4.3. The resulting PDF of the

SNR are reported in Fig. 4.10. The SNR in the three di�erent plots refers just

to the SNR of the single nonlinear contribution, i.e.:

SNR ,
P

σ2
i

. i ∈ [SPM,XPM,XPolM] .

For both the SPM and XPM case, the two PDF of SNRbest and SNRworst

show a more pronounced tail in the same direction, i.e., toward low SNR values.

On the contrary, the PDF with only XPolM shows a similar symmetry already

observed in presence of ASE only in linear regime, see Fig. 4.7.

The explanation of the di�erent interaction between PDL and the nonlin-

ear contributions can be ascribed to the di�erent nature of the contributions

themselves. In fact, both SPM and XPM are scalar phase rotations, depending

on the total instantaneous power of the signal. They thus a�ect the two po-

larizations identically. Such a power �uctuates randomly along distance due to

PDL, and such an oscillation is re�ected identically on the single polarization

SNR. XPolM instead is a polarization-dependent matrix term, thus the SNR

of the two di�erent polarizations is a�ected in a di�erent way.

Such a behavior is behind the symmetry inversion of SNRbest and SNRworst

found in Section 4.4.2 for increasing power. In a typical DU link the dominant

nonlinearity contributions are SPM and XPM [85], as visible by the x-axis of

the plots in Fig. 4.10. By increasing the signal power, the nonlinearity becomes

more signi�cant in the SNR, thus the variability of SPM and XPM dominates

the SNR �uctuations due to PDL.

4.5 Conclusions

We have numerically studied how the PDL a�ects the SNR of the transmission

when �ber nonlinearity is signi�cant. We showed that the interaction between

PDL and nonlinearity contributes to the SNR variability by spreading its dis-

tribution. Such a spread is already of concern at the nonlinear threshold, and



4.5. Conclusions 123

cannot be neglected if a precise setting of the system margins is needed. More-

over, we investigated the reasons of the spreading of SNR distribution, showing

that it is due to a symmetry break in the distributions of the single polariza-

tions SNR for increasing power when such polarizations are classi�ed as best-

and worst- performing. Finally, we investigated the variability of nonlinear-

ity by decoupling it in its three main contributions, namely the SPM, XPM,

and XPolM, showing that the above-mentioned symmetry break of the SNR

distribution can be ascribed to SPM and XPM.





Chapter 5

The extension of the Gaussian

noise model to PDL

In this chapter we extend the GN model [14, 15, 17] to account the impact of

the PDL in nonlinear regime. In the �rst section we will introduce the reader

to the topic of the nonlinear modeling for a fast and reliable estimation of

the system performance. Next, we will present the model theoretically and we

will extend it by including the PDL in the theory. Finally, we will validate the

extended model both numerically and experimentally.

5.1 Introduction

There is recently a surge of operators' interest in electrical SNR monitoring

in multi-vendor optical networks [86]. The SNR of the transmission over each

network node can in fact be used as a quality-of-transmission parameter to

optimize the network performance [22]. To this goal, such a monitoring should

be accurate and fast. In modern optical communications the SNR is strongly

impacted by �ber nonlinearity, thus a tool to estimate it is mandatory.

Other important impairments to the SNR are polarization related e�ects,

such as PMD and PDL. They are characterized by a stochastic nature, thus
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their impact on the transmission is variable in time. Moreover, they can interact

with �ber nonlinearity, changing its statistics randomly during the propagation.

Assessing the impact Kerr nonlinearity on the transmission has been in the

recent years an important �eld of the research in optical communications. To

this goal, di�erent models has been found to predict the statistics of nonlin-

earity [14�19, 21]. The common assumption of all these models is a �rst-order

regular perturbation approximation of the NLI, that we brie�y analyzed in

Section 2.1.4. Since the NLI is a small additive perturbation, a SNR can be

evaluated and possibly converted in BER under the assumption of a received

Gaussian-distributed NLI. If such assumption is taken from the beginning of

the link, the GN model is derived. The GN model received signi�cant attention

due to its simplicity and the good compromise between accuracy and compu-

tational e�ort [87].

Even in the common framework of the �rst-order perturbation, di�erent

approaches has been used to characterize the NLI. For example, [16, 21] use a

time domain approach to characterize the nonlinear interference noise by ana-

lyzing the collision between di�erent pulses of the signal, whose main feature

is to highlight the phase noise nature of the nonlinearity. Other approaches

has been studied to characterize the NLI both in the frequency [14,15,18] and

the spatial [17,19] domains, with converging results between the two points of

view.

The analysis of the GN model started by considering both the NLI and

the transmitted signal as a Gaussian process [14, 15, 17], and it has been later

improved to include non-Gaussian modulation formats [18,19], Raman ampli�-

cation [88] and nonlinear signal-noise interactions [89]. More recently, attempts

to also include high-bandwidth stimulated Raman scattering have been made

in [62].

So far, the GN model still misses some high-level features as the in�uence

on the NLI of polarization related impairments such as PMD and PDL, as

well as the impact of digital signal processing at the receiver. Including such

impairments directly in the model will both improve the accuracy of it as well
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as allowing fast and reliable investigations of stochastic e�ects such as PMD

and PDL in nonlinear regime.

Recent investigations of the ME in PMD-in�uenced transmissions over large

bandwidths showed a minor impact of the PMD in nonlinear transmissions [46].

However, we showed in Chapter 4 that the interaction between PDL and �ber

nonlinearity may have a signi�cant impact on the SNR distribution. Usually

the impact of the PDL is modeled by considering only its interaction with

ASE [75], thus not considering its interaction with nonlinearity. However, we

saw in Charter 4 that nonlinearity reduces the accuracy of such existing models

in predicting the SNR margins of the system in presence of PDL. A new model

predicting the PDL-nonlinearity interaction is thus extremely useful.

The following work attempts to �ll such a gap by extending the GN model

for the estimation of the NLI variance to include PDL, and by validating it

both numerically and experimentally. The experiments have been performed

in Nokia Bell Labs, Paris-Saclay, France in Nov.-Dec. 2017.

5.2 Theoretical model

In this Section we theoretically present the model and its extension to include

the PDL and nonlinearity interaction.

5.2.1 GN model theory

In this section we recap some of the most important features of the GN model,

as well as highlighting some interesting parallelisms between the frequency

domain approach [14,15] and the spatial approach [17].

We start by reporting the NLI, i.e., the perturbed solution, of an optical

PDM signal U = [Ux, Uy]
T in the framework of the ME at the end of a link of

length L:

U1 (L, t) = −jγ 8

9

L∫
0

e−LξN
(
eLξU (0, t)

)
dξ (5.1)
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where eLξ , F
{
e−j

β2
2
ω2ξ
}
and N (U) , e−g(ξ)

(
U †U

)
U , U the unperturbed

solution of the �eld. g (ξ) is the link gain pro�le de�ned in (2.32). Please note

that (5.1) refers to a reference system that tracks the GVD of the signal. Such

a point of view is equivalent to consider a perfect GVD equalization at the

receiver. We are considering a signal with uncorrelated polarizations, i.e.,

R0 (τ) = E
[
U (0, t)U † (0, t)

]
= RUI (5.2)

with RU the autocorrelation function of the single polarizations, here consid-

ered identical.

If we remove GVD, i.e., eLξ = 1, the NLI takes the following expression:

U1 (L, t) = −jΦ |U (0, t)|2 U (0, t) (5.3)

where the factor:

Φ ,
8

9
γ

L∫
0

e
∫ ξ
0 −α+

∑
k log(Gk)δ(x−zk)dx (5.4)

is the nonlinear phase accumulated in the propagation.

The autocorrelation of such a nonlinearity is:

RNLI (τ) = E
[
U1 (L, t+ τ)U †1 (L, t)

]
= Φ2E

[
|U (0, t+ τ)|2 U (0, t+ τ)U † (0, t) |U (0, t)|2

]
which involves six-order moments of U . With the assumption of a Gaussian

input signal and in absence of linear e�ects such as PMD, such a correlation can

be evaluated using the complex Gaussian moment theorem [90], obtaining [17]:

RNLI (τ) = 3Φ2 |R0|2 R0 . (5.5)

It is interesting to note that such an autocorrelation is, in the form, identical

to the NLI in (5.3). The nonlinear coe�cient γ is present squared in (5.5)

through Φ2, which is not surprising since RNLI has the unit measure of power.
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The factor 3 comes from the degeneracy factor of both intra- and inter-channel

cross phase modulation from one polarization, plus a single contribution from

the other one [17].

We include now the GVD. In this case, the nonlinearity is better described

in the frequency domain by a FWM process [14, 15]. Equation (5.1) in the

frequency domain is:

Ũ1 (L, f) = −jγ
∫∫ ∞
−∞

η (L, f, f1, f2) Ũ (0, f1)

×
[
Ũ † (0, f1 + f2 − f) Ũ (0, f2)

]
df1df2dξ (5.6)

with η (L, f, f1, f2) the kernel of the nonlinearity, which contains all the prop-

erties of the link. Equation (2.31) accounts for the nonlinearity from input to

output.

The Fourier transform of the correlation function in the frequency domain

is the power spectral density (PSD). It is worth noting in absence of PMD

and PDL the invariance of the form between the �rst order perturbation (5.6)

and its PSD still holds. In fact, the PSD of the NLI G̃NLI is, by Gaussian

assumptions of the input signal [15]:

G̃NLI = γ2 16

27

∫∫ ∞
−∞
|η (L, f, f1, f2)|2 G̃ (f1)

×
[
G̃ (f1 + f2 − f) G̃ (f2)

]
df1df2 . (5.7)

In this case, the kernel is squared in modulus, thus generalizing the square of

gamma mentioned before, and we have G̃ (f) =
∣∣∣Ũx (0, f)

∣∣∣2 the PSD of the

single polarization input signal. The factor 16
27 comes from the PDM assump-

tion, and its origin is explained in [17, App.C]. We want to stress out that the

invariance in form of (5.3), (5.5) and (5.6), (5.7) come by the assumption of

uncorrelated and identical distributed polarizations, as well as the absence of

any kind of e�ect along the line that can induce correlation between them.

The accumulation of the PDL is distributed along the line. However, the

GN model as in (5.6) is a global description of the nonlinearity from input to
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Figure 5.1: Scheme of the signal power pro�le in a transparent link. P (0) is

the input signal power, while zk are the coordinates of the ampli�ers.

output, thus it lacks the local evolution of the signal along the line. This is not

a problem in reality since the kernel is a linear function with distance, thus it

can be broken into its single span contributions. To this goal, we consider a

transparent periodic link as the one depicted in Fig. 5.1, i.e., with equal spans

of length Ls where each ampli�er completely recover the span loss. In this case

the signal input power P (0) = P (iLs) , i = 1, ..., Ns, with Ns the number of

spans, while the gain pro�le (2.32) becomes:

g (ξ) = e−α(ξ−bξ/Lsc)

with b.c the �oor function. This way, (2.31) can be separated in the sum of

each span contribution as:

η (L, f, f1, f2) =

Ns∑
n=1

ηn (Ls, f, f1, f2) (5.8)

with the single span kernel of the nth span as:

ηn (Ls, f, f1, f2) , η1 (Ls, f, f1, f2) e−j(2π)2β2(f−f1)(f−f2)(n−1)Ls (5.9)
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The complex exponential in (5.9) accounts for the GVD accumulated by the

signal up to span n−1. The perturbed solution Ũ1 (z, f) can thus be expressed

as:

Ũ1 (L, f) =

Ns∑
n=1

Ũ1,n (L, f) (5.10)

with:

Ũ1,n (L, f) , −jγ
∫∫ ∞
−∞

ηn (Ls, f, f1, f2) Ũ (0, f1)

×
[
Ũ † (0, f1 + f2 − f) Ũ (0, f2)

]
df1df2

the single span contribution of the NLI. The PSD in this case becomes a double

summation, i.e.:

G̃NLI = γ2 16

27

Ns∑
n,k=1

∫∫ ∞
−∞

η∗k (Ls, f, f1, f2) ηn (Ls, f, f1, f2)

× G̃ (f1)
[
G̃ (f1 + f2 − f) G̃ (f2)

]
df1df2 . (5.11)

It is worth noting that for k = n we get the PSD of the nonlinearity generated

on the nth span of the link. All the other cases with k 6= n are instead the

cross-PSDs describing the correlation of the NLI generated on di�erent span.

We now proceed to include the PDL in the model.

5.2.2 Inclusion of the PDL in the model

Figure 5.2: Scheme of the transmission link with PDL.
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We focus, as in Chapter 4, over a single PDL elements Mi as de�ned in

(4.1) added in the link at the end of each span before ampli�cation. A simple

scheme of the resulting link is depicted in Fig. 5.2. This way the perturbed

solution U1 at a generic coordinate s becomes:

U1 (L, t) , −jγ
L∫

0

Tn+1,Nse
−LξN

(
T1ne

LξU (0, t)
)
dx .

where T1n is the PDL accumulation matrix de�ned in (4.2), with n = bs/Lsc.
The special case T10 ≡ I is the identity matrix. If the total PDL of the link can

be equalized by the receiver, we can change the reference system as u1 (L, t) ,

T−1
1Ns

U1 (L, t) obtaining:

u1 (L, t) , −jγ
L∫

0

T−1
1n e

−LξN
(
T1ne

LξU (0, t)
)
dx (5.12)

where T−1
1,n−1 = T−1

1Ns
TjNs comes from the reciprocity of the PDL matrix.

As in Section 5.2.1, we start without considering the GVD. By including the

PDL in (5.3), considering the same transparent link of Fig. 5.1 and exploiting

the nonlinear operator, the perturbed solution become:

u (L, t) = −jΦs

Ns−1∑
n=0

T−1
1n

(
U †P1nU

)
T1nU (5.13)

where:

Φs ,
8

9
γ

Ls∫
0

e−αξdξ =
8

9
γLe� (Ls)

is the single nonlinear phase of each identical spans of the link. The matrix:

P1n , T †1,nT1,n

is a positive de�nite matrix which accounts for the power imbalance due to

PDL within the �rst n spans. Since
(
U †P1nU

)
in (5.13) is a scalar term, (5.13)
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can be further simpli�ed as:

u (L, t) = −jΦs

Ns−1∑
n=0

(
U †P1nU

)
U .

PDL induces correlation between polarizations. The general case of RNLI

with correlated polarizations is depicted in [17]. By following similar steps as

in [17, App.C], the autocorrelation Ru (0) , E
[
u (L, t)u† (L, t)

]
is:

Ru = Φ2 |RU |2RU
Ns−1∑
k,n=0

(Tr [PinPik] I + PinPik) . (5.14)

with Tr matrix trace. We note in (5.14) that the correlation between polariza-

tions given by the PDL breaks the invariance of the form between the electric

�eld and the autocorrelation mentioned previously. However, such a invariance

is maintained in the scalar part of (5.14) by |RU |2RU . This should not surprise

since any scalar can be factored out by a matrix operation as the PDL. The

matrix term:
Ns−1∑
k,n=0

(Tr [PinPik] I + PinPik) (5.15)

accounts for the correlation between polarizations due to the accumulation of

the PDL.

Including the GVD even the scalar part of (5.14) becomes span dependent.

However, the GVD is a scalar term as well as RU , thus it can be factored out

from (5.15). By similar arguments as the ones used in Section 5.2.1, the PSD

of the NLI a�ected by PDL can be expressed by (5.11) as:

G̃u (f) ,
Ns−1∑
k,n=0

(Tr [PinPik] I + PinPik)Skn (f) (5.16)

with:

Skn (f) =

∫∫ ∞
−∞

η∗k (Ls, f, f1, f2) ηn (Ls, f, f1, f2)

× G̃ (f1)
[
G̃ (f1 + f2 − f) G̃ (f2)

]
df1df2 .
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The single realization PDL can thus be modeled as a matrix coe�cient

(5.15) that weights each cross-PSD among spans, which can be obtained di-

rectly by the original GN model. This allows to a fast statistical investigation

of the randomness of the SNR by iterating only on the realizations of the PDL,

in the order of seconds.

5.3 Model validation

The proposed model has been double-checked with both SSFM simulations

and experiments. The results are reported in the next sections.

5.3.1 Experimental validation

Figure 5.3: Experimental setup. The highlighted blocks are the PDL element

and the polarization scrambler used to emulate the random PDL after each

span.

The setup for the experiments is reported in Fig 5.3. The optical signal was

composed of 13 PDM channels each modulated with PDM-QPSK at symbol

rate 32.5 GBaud and evenly spaced of 50 GHz. To emulate the interfering

channel we used the common technique to modulate all the even and odd

channels with a single modulator, respectively, and then we decorrelated them

by using di�erent temporal delays. The channel under test was set to the

central one of the comb. The link was composed by 10 × 100 km spans of

LEAF �ber, characterized by a dispersion coe�cient D = 4.3 ps/nm/km, with
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a residual dispersion of 40 ps/nm after each span (DM40), implemented by a

recirculating loop. The random PDL was emulated by a �xed PDL element

of ρ = 1 dB, preceded by a polarization scrambler which randomly rotate the

SOP of the signal with respect to the PDL element in each loop [78, 81]. The

frequency of the polarization scrambler was synchronized with the recirculating

loop to ensure the same PDL realization on all the symbols of the transmitted

sequence. The acquisition windows of the oscilloscope at the receiver was tuned

with it as well. At the receiver side, after recovering the linear impairments and

the carrier phase, the SNR of each polarization tributary has been estimated

by the variance of the symbols clouds.

To obtain the variance of the NLI, we integrated G̃NLI of (5.16) as:

σ2
NLI =

+∞∫
−∞

|H (f)|2 G̃NLI (f) df

with H (f) the transfer function of the detection �lter at frequency f .

Figure 5.4: Probability density function of the SNR a�ected by PDL in linear

regime. (solid curve) RCM linear model of [75]. (dashed curve) SSFM simula-

tions. (markers) experimental results.

We �rst check the setup by setting the signal power 4 dB below the non-
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linear threshold (estimated in absence of PDL), thus in linear regime, in order

to ensure the ASE as the dominant noise. The corresponding PDF of 1500

realizations of the single polarizations SNR is plotted in Fig. 5.4 with markers.

We checked it both with accurate SSFM simulations and with the RCM model

of [75], described in Section 4.2. Figure 5.4 shows a good match of the exper-

iments with both the model and simulations, thus con�rming the correctness

of our emulation of the PDL in the experimental setup.

Figure 5.5: Probability density function of the SNR a�ected by PDL in non-

linear regime. (solid curve) PDL-extended GN model. (dashed curve) SSFM

simulations. (markers) experimental results.

We then checked the GN model extension by switching the signal power

4.5 dB above the nonlinear threshold, i.e., with σ2
NLI as dominant noise, by

comparing the PDF of the single polarization tributaries of the experiments

with our proposed GN model extended to PDL in Fig. 5.5. In this case we

applied the standard GN model (5.11) to obtain the NLI power spectral density

estimation without the PDL, and then we iterated over the PDL realizations

by using (5.15). We observe an excellent match of the new model with both

the experimental PDF and SSFM simulations, con�rming the good accuracy

of our proposal.
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5.3.2 Numerical investigation

Figure 5.6: Sketch of the SNR penalty of the transmission to obtain a given

outage probability.

We investigated the accuracy of our proposed model by numerical SSFM

simulations over a DU link. This time the accuracy of the model has been

evaluated in terms of SNR penalty, which corresponds to the SNR margin that

should be left in the transmission to obtain a given outage probability. Such a

probability can be obtained by integrating the PDF of the SNR as:

Pr [outage] ,

X∫
−∞

pSNR (x) dx

with pSNR (x) the PDF of the SNR obtained by the investigation. The SNR

penalty is the distance between the value X and the average SNR (0 in our �g-

ures) that gives the corresponding Pr [outage]. A sketch of the idea is depicted

in Fig. 5.6.

The signal of this investigation was a 21-channel WDM comb with PDM-

16QAM modulation, with channel spacing 37.5 GHz. The link was composed

of Ns × 100 km of SMF �bers, with Ns going from 1 to 20, with a single
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randomly-oriented PDL element at the end of each span. This time the PDL

was set to a more realistic value of ρ = 0.5 dB.
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Figure 5.7: SNR penalty [dB] at PDL outage probability of 10−1, 10−2 or

10−5. PDL per span: 0.5 dB. Solid lines: GN-model extended to PDL. Symbols:

simulations.

The simulations were performed by propagating a di�erent sequence of

28800 symbols for each PDL realization, in order to ensure accurate Monte

Carlo estimations. We collected the received sequence after each span and then

estimated the SNR by the variance of the received clouds. The PDF of the SNR

for both the simulation and the proposed model have been estimated with the

histogram method by collecting at least 2000 di�erent PDL realizations. We

then evaluated the surrounding area of the left tail of the PDF to obtain the

outage probability. The SNR penalty has been the evaluated by interpolation

to �xed values of outage probability of 10−1, 10−2 and 10−5.

The SNR penalty for the three di�erent value of outage probability is re-

ported in Fig. 5.7 as a function of the number of spans. Solid curves refer to

the SNR penalty estimated with the model, while the markers with the sim-

ulations. The model shows even in this setup an excellent accuracy with the

simulations for outage probability of 10−1 and 10−2, con�rming the validity of
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the proposed theory. The outage probability of 10−5 was too low to be esti-

mated by the SSFM in a feasible time due to the insu�cient amount of PDL

realizations needed to achieve such a probability. The model instead can be

used to investigate the system margins even for such a low probability.

It is worth noting the SSFM shows a residual randomness of the SNR

even after 1 span, whereas it should be absent since in our setup the PDL is

equalized even on the noise in the �rst span. Such a �uctuation of the SNR

is due to the residual Monte Carlo randomness, which cannot be completely

avoided in a numerical simulation.
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Figure 5.8: SNR penalty at various values of outage probability (see Fig. 5.7)

and N = 20 spans versus PDL.

Finally, we used our new proposal to investigate the SNR penalty at di�er-

ent values of outage probability ranging from 10−3 to 10−6 after 20 spans for

variable PDL. Such a penalty is reported in Fig. 5.8. The model shows that

after 20 spans a small penalty on the SNR around 0.3 dB exists even at the

small value of PDL of 0.1 dB.



140 Chapter 5. The extension of the Gaussian noise model to PDL

5.4 Conclusions

We proposed an extension of the GN model already existent in literature to

account for the randomness of the SNR due to the PDL-NLI interaction, which

is missed by the existing model to estimate the PDL and can be of concern in

nowadays transmissions where the Kerr nonlinearity is signi�cant. The pro-

posed model showed an excellent match with both SSFM simulations and

experiment. Due to its light computational e�ort, the proposal can be used

for fast statistical estimations of the impact of the PDL on the SNR of the

transmission, thus it can be an ideal tool for the SNR monitoring in modern

elastic optical networks.



Chapter 6

Conclusions

In this work we addressed two open problems regarding the estimation of the

nonlinear interference arising in modern �ber-optic communications, namely

the accuracy of the split-step Fourier method (SSFM) and the modeling of

the interaction of the polarization dependent loss (PDL) and �ber-optic Kerr

nonlinearity. Both problems arise from the need in optical communication to

precisely estimate the impact of the Kerr nonlinearity on the signal-to-noise ra-

tio (SNR) of optical transmissions, which is nowadays one of the main limiting

factors of the capacity of an optical channel.

The �rst part of the thesis was about the SSFM algorithm, focusing on

the scaling of its accuracy to simulate the propagation of optical signals in

transmissions a�ected by Kerr nonlinearity. We have analyzed the accuracy of

this technique by treating the numerical error of the simulation as a perturba-

tion to the signal, thus worsening the SNR of the transmission. Such a study

was motivated by the urge of modern optical communications to increase the

transmission bandwidth beyond the current 5 THz of the Erbium-doped �ber

ampli�ers available band, where the accuracy of the SSFM has never been

investigated.

By exploiting a parallelism between the SSFM and some known numerical

quadrature rules we have detailed the reasons of the numerical error, showing
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that it is set by an over-estimation of the four-wave mixing (FWM) along each

step of the simulation. Following this analysis, we proposed a new parameter

to set the �rst step of the simulation based on bounding the FWM oscillations

on it to grant a constant error on the SNR of the transmission for variations of

signal power, bandwidth, and �ber dispersion. In particular, we showed that the

�rst step of the simulation should be power-independent, and it should shrink

quadratically with the signal bandwidth. Such a new rule has been compared

with two popular rules to set the step of the simulation, namely the nonlinear

phase criterion [8] and the constant local error rule [9,10]. We showed that such

rules, which are both power-dependent, do not yield a constant SNR error in

decibel. In particular, the nonlinear phase criterion showed a decrement of the

simulation accuracy for increasing bandwidth, thus it is not reliable to simulate

the propagation of wideband signals, while the constant local error rule, due to

its power-dependence, shrinks the step of the simulation excessively, resulting

in over-accurate simulations at the expense of computational e�ort. Contrarily,

our proposal showed an almost-constant accuracy for signal bandwidths up to

5 THz, thus it can be an extremely useful plug-and-play universal parameter

to set up SSFM simulations for ultra-wide bandwidth transmissions.

Moreover, we compared in terms of computational e�ort the two di�erent

step-updating rules, that can be inferred by the nonlinear phase criterion and

the constant error rule, both triggered with a �rst step chosen by our proposal.

We showed that, for practical accuracies around 0.01 dB of SNR error, the

step-updating rule inferred by the constant local error rule shows a lighter

computational e�ort with respect to the one inferred by the nonlinear phase

criterion, while the latter results more convenient when the propagation is

simulated with a small number of steps, thus it can be preferable in applications

where keeping a light computational e�ort is the main goal, such as in the

framework of digital back-propagation, even at the expense of the accuracy.

In the second part of this work, we analyzed the impact of random PDL in

nonlinear optical transmissions, showing that its interaction with nonlinearity

changes the statistics of the SNR in a di�erent way than the interaction be-
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tween PDL and the ASE noise. We have shown that this di�erent interaction,

which is not accounted for by any model to predict the PDL impairments, can

signi�cantly vary the statistics of the SNR at the receiver in nowadays trans-

missions where the variance of the nonlinear interference is comparable to the

ASE noise one. Such a result should be accounted for in the set up of the SNR

margin to limit the outage of the optical system.

Finally, we extended the Gaussian noise (GN) model for the prediction of

the NLI variance to include the nonlinear interaction between signal and PDL.

Our extension showed an excellent match both with accurate numerical simu-

lation and experiments and resulted in extremely fast computational time. It is

thus an ideal tool to perform fast statistical investigations on the randomness

of the SNR a�ected by the PDL.





Appendix A

Nonlinear phase noise

investigation

In this thesis we investigated the SNR of optical links by proposing useful

rules to i) setup a numerical SSFM simulation (Chapter 3), ii) understand the

impact of XPM and XPolM in presence of PDL (Chapter 4), and iii) estimate

the outage probability due to PDL in nonlinear regime (.Chapter 5).

Although the SNR is widely adopted as a key paramenter for system design,

the designer may be more interested in other metrics, such as the BER. Under

the assumption of circular noise, the conversion between BER and SNR is

straightforward. For instance, we have:

BER =
1

2
erfc

(√
SNR/2

)
QPSK

BER ' 2

log2M

(
1− 1√

M

)
erfc

(√
3

2 (M − 1)
SNR

)
M-QAM

However, expetially in short links, the NLI may not be circular due to

a non-negligible amount of phase noise. Aim of this section is to clarify this

aspect and show that after a carrier phase estimation with practical number

of taps the circualrity is still a reasonable approximation.
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A.1 The problem of nonlinear phase noise

Most of the models of NLI characterization in optical �bers share the com-

mon assumption that the NLI generated on the link can be approximated by

an additive signal with Gaussian statistics [14, 15,17�19], and are thus known

by the name of Gaussian noise (GN) model. The validity of such an assump-

tion has been con�rmed by several simulations and experiments in dispersion

uncompensated (DU) links [15,19,54�56]. However, These models result inac-

curate in particular scenarios, such as links over short distances or dispersion

managed (DM) transmissions. One of the reason of such an inaccuracy can be

attributed to the strong nonlinear phase noise in these links [94�96], thus the

circularity assumption of the GN model can be argued. In particular, in [94]

the authors showed that the amount of phase noise on the NLI in WDM trans-

mission strongly depends on channel spacing. As a consequence, while the NLI

induced by neighboring channels is a balanced mix of phase and circular noise,

the NLI induced by far away channels is mostly phase noise. Such a phase

noise could be recovered in the DSP at the receiver, thus not impacting the

transmission performance.

The aim of this Appendix is to study more in depth the phase noise nature

of the NLI for variable channel spacing by numerically analyze the role of

phase noise in the XPM and XPolM contribution to the NLI, and its possible

mitigation by using a carrier phase estimation (CPE) at the receiver.

A.2 Phase noise estimation

The received symbol yk over a channel characterized by a random phase shift

and additive circular noise can be generally modeled as :

yk = xke
jφk + ncirck (A.1)

where xk is the transmitted symbol, φk the phase noise and n
circ
k is an additive

noise contribution which we assumed circular. It is worth noting such a model
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for the received signal is coherent with the nature of the nonlinearity since

XPM alone is a pure phase rotation, as depicted in Section 2.1.2, while the

XPolM induces a distributed interference characterized by random paths over

the Poincaré sphere. Hence, XPolM is expected to induce equally distributed

distortions between the real and imaginary part components.

Under the perturbative assumption of the nonlinearity described in Sec-

tion 2.1.4, the exponential in (A.1) can be approximated by its Taylor series

truncated to the �rst order, and the received signal can be expressed as [93]:

yk = xk + jxkφk + ncirck ,

i.e., the phase shift can be modeled as an additive noise, generally complex due

to the dependence on the transmitted symbol. To isolate the phase noise φk

from ncirck we �rst extract the In-phase and Quadrature components (I/Q) of

the received signal by using the decomposition described in [95, 96]. We thus

considered:

r̂k , yke
−∠xk − |xk|

where the received symbol is �rst de-rotated of the transmitted symbol phase

∠xk and then we subtracted |xk| to obtain the zero-mean process r̂. The real

and imaginary parts of r̂k are the I/Q components of the noise, with variances

σ2
I and σ

2
Q. It is worth noting that such a point of view is di�erent from the GN

model [15,19], whose reference system is the same as the one of the transmitted

signal constellation.

Since we assumed ncirck as circular, its contribution to σ2
I and σ

2
Q is identical

since the phase rotation e−∠xk does not change its statistics. By these consid-

erations and by assuming independence between φk and xk we can express:

σ2
I =

σ2
C

2
σ2
Q = E

[
|xk|2

]
σ2
φ +

σ2
C

2

where σ2
C and σ2

φ are the variances of the circular and phase noise, respectively,

which can be thus easily estimated from σ2
I and σ

2
Q.
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A.3 Simulation setup

In this work we focus on the nonlinearity generated by cross-channel e�ects,

i.e., XPM and XPolM (see (2.25)). We thus considered a two-channel system

and studied the nonlinear impairments on a reference channel, kept �xed in

frequency, due to an interfering one at variable channel spacing. Each channel

was modulated by PDM-16QAM signals with root raised cosine supporting

pulses of roll-o� r = 0.1 at symbol rate of R = 32 GBaud. The power per-

channel was P = 0 dBm. The channel spacing ∆f between the two channels

has been varied from 37.5 to 975 GHz by steps of 37.5 GHz. We overlooked the

laser phase noise to focus only on the phase noise produced by nonlinearity.

The link was composed of 5 × 100 km SMF spans (α = 0.2 dB/km, D = 17

ps/nm/km, γ = 1.3 mW−1·km−1) dispersion uncompensated, with a perfect

equalization of the GVD at the receiver. PMD was not present. In order to

focus on the nonlinearity we considered at the end of each span a noiseless

EDFA that perfectly compensated the span loss.

The receiver was composed of a matched �lter followed by a fractionally

spaced data-aided least squared equalizer with 5 taps to compensate any resid-

ual linear distortion as well as recovering the average nonlinear phase rotation

of the signal. When CPE is present, we considered a blind phase search algo-

rithm [97] (BPS) with a number of taps optimized case by case. It is worth

noting that, di�erently from [97], we used a total of number of test phases

equal to 3000 to keep the quantization error negligible compared to the NLI.

SSFM simulations were conducted by solving the ME by separation of the

nonlinear e�ects as in (2.25) and switching �on� only the desired contributions.

In order to obtain reliable statistics of the NLI we averaged the results of a

total of 10 di�erent propagations case by case, each one corresponding to a

transmission of 4096 symbols discretized with 64 samples per symbol. Note

that such values respect the suggestions on the signal discretization reported

in Appendix 3.6.5.

After signal detection we extracted the NLI I/Q components using the
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Figure A.1: I/Q contributions to the NLI variance (aNL) of a WDM simulation

(solid) compared with the cumulative sum of the two-channel simulations +

SPM (dashed).

procedure described in Section A.2 and we estimated the normalized NLI vari-

ance [53] aNL as de�ned in (3.5) for each component.

A.4 Impact of the phase noise on the NLI

We �rst check the importance of FWM in the considered case of study by

simulating WDM transmissions for increasing number of channels and using

it as a benchmark for our two-channel simulations. We estimated the aNL of

the WDM transmissions and compared it with the cumulative sum of the aNL

of the two-channel simulations up to the same bandwidth of the WDM. To

include the SPM in the resulting variance we added the variance of a single

channel propagation. Figure A.1 shows the above-mentioned comparison for

each I/Q component and the total aNL, de�ned as the sum of the I and Q
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variances. The good match of the curves in Fig. A.1 indicates that the FWM

in this case of study is negligible, thus validating the approach based on the

separation of nonlinear contributions.

We now focus on just the two-channel cases. Figure A.2 shows the aNL

of each NLI contribution as a function of the channel spacing for the XPM

(Fig. A.2 left) and XPolM (Fig. A.2 right) alone. We can see in both �gures

a gap between the In-phase and Quadrature components (solid squares and

circles) increasing for increasing channel spacing. Such a gap indicates that

phase noise is present, in�ating the quadrature component of the NLI. The

gap is maximized with only the XPM, reaching a di�erence of almost 10 dB

for a channel spacing of 975 GHz, coherently with the local phase nature of

the XPM for big walk-o� between channels, as reported in (2.20). Such a

gap between the I/Q components is smaller in the XPolM case, reaching a

maximum gap of almost 5 dB at 975 GHz. The reason for this smaller gap

is that, contrarily to XPM which is a unitary scalar operation, XPolM is a

unitary matrix operation a�ecting both the phase and the amplitude of the

signal, thus in�ating the In-phase component of the NLI.

For the sake of comparison we also plotted the normalized variances of the

real and imaginary parts of the NLI, labeled "Real" and "Imaginary" in the

reference system of the signal constellation, which is the point of view shared

by the GN model. Not surprisingly, the two variances in this reference system

essentially coincide, con�rming that the GN model is unaware of the phase

noise nature of the NLI.

Figure A.3 shows the same curves of the NLI components but with both

XPM and XPolM acting together, which is the more realistic case of a real

transmission. We note that since the two components are comparable, a phase

noise still exist even in this case.

It is worth noting that in all the three considered cases (XPM, XPolM,

XPM+XPolM) the variance of the real and imaginary part of the NLI, i.e., the

one referring to the GN model point of view, are exactly 3 dB lower than the

total I+Q variance, i.e., the total energy of the NLI is identical in both points
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Figure A.2: aNL contributions versus channel spacing in di�erent reference

systems (see Section 2). �I� and �Q�: In-phase /Quadrature components; �Real�,

�Imaginary�: components of the GN model reference system; �I+Q�: overall NLI

normalized variance. Dashed curves: variances after phase estimation. a) XPM

only and b) XPolM only. Two-channel simulations.
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Figure A.3: aNL contributions versus channel spacing in di�erent reference

systems (see Section 2). �I� and �Q�: In-phase /Quadrature components; �Real�,

�Imaginary�: components of the GN model reference system; �I+Q�: overall NLI

normalized variance. Dashed curves: variances after phase estimation. a) XPM

only and b) XPolM only. Two-channel simulations.
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of view.

The phase noise we observed in Fig. A.2 and Fig. A.3 could be mitigated

at the receiver by using a CPE. To study the impact of such a mitigation we

considered a BPS algorithm [97] placed after the receiver. The bene�cial gains

of the CPE are highlighted in Fig. A.2 and A.3 by the dashed curves. We can

see that in all cases the optimized CPE reduces the variance of the quadrature

component to a level slightly lower than the in-phase one for all the three

cases of XPM, XPolM and XPM+XPolM (dashed circles). This observation

suggests that the phase noise has been completely removed by the CPE, with

a maximum gain in the total NLI variance in the XPM+XPolM case of almost

5 dB for a channel spacing of 975 GHz. Please note that the total variance after

the CPE is di�erent from the one shared by the GN model, which is una�ected

by the CPE due to the circularity assumption of the noise. Such results are

coherent with the ones found in [20, Fig. 20].

A.5 Spectral analysis of the phase noise

To better understand the nature of the NLI we performed a spectral analysis

of the in-phase and quadrature components. To this goal, we tested 50 ran-

dom seeds of transmitted sequences and estimated the power spectral density

(PSD) by using the Welch method. We focused on the two extreme scenarios

of Fig. A.3, i.e., a channel spacing of 37.5 GHz and 975 GHz for the case of

XPM+XPolM. Such PSDs are reported in Fig. A.4 in terms of normalized fre-

quency to the symbol rate. From the �gure we note that the GN model point

of view presents PSDs of the real and imaginary components almost identical,

con�rming the circularity of the noise in such a point of view. Moreover, the

�atness of the PSDs suggest that such a noise is essentially white since the

NLI term jxkφk is independent symbol by symbol. The I and Q components,

instead, show a non-�at spectrum, with a depression and an in�ation on the

lower frequencies of the spectrum. Such a behavior can be ascribed to the

phase noise, which shows a correlation on the quadrature component due to
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Figure A.4: PSD of normalized NLI components for a) ∆f = 37.5 GHz and

b) ∆f = 975 GHz with both XPM and XPolM, in a frequency normalized to

symbol rate. Solid lines: without CPE; dashed line: with CPE.
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a) b)

c) d)

Figure A.5: Cross-correlation coe�cients between I and Q components of X

and Y polarizations. First row: XPM; Last row: XPM+XPolM. First column:

before CPE; last column: after CPE. Ixy (Qxy): correlation between in-phase

(quadrature) components of X and Y polarizations. Two-channel simulations.

the walk-o� between the two channels.

The dashed curve refers to the PSD of the quadrature component after the

CPE with an optimized number of taps. In this case the CPE removed the

phase noise from the quadrature PSD, which is now similar to the in-phase

PSD. This suggests the optimal number of taps for the CPE is the one that

makes its bandwidth closest to the bandwidth of the phase noise. In fact, after

removing the slow frequency components due to the correlated phase noise,

the CPE cannot cope with the �at high frequencies of the PSD, which act as

a white noise leading to unrecoverable symbol errors and cycle slips.
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Finally, we studied the correlation between the I and Q components of

di�erent polarizations. Figure A.5 shows the correlation coe�cients of every

possible combination of I/Q components of the two X and Y polarizations of

the PDM signal as a function of the channel spacing, for the cases of XPM only

and XPM+XPolM (top and bottom rows, respectively), before and after the

CPE (left and right columns, respectively). From Fig. A.5a) we can observe

that the XPM only case presents a strong correlation between the quadrature

components of the two polarizations before the CPE, which grow stronger for

increasing channel spacing. Such a correlation is ascribed to the strong phase

noise composing the XPM, which is a scalar operation thus a�ecting both

polarizations. As we showed previously such a phase noise can be e�ciently

removed by the CPE, thus removing the correlation between polarizations

as showed in Fig. A.5b). By adding XPolM the results change as shown in

Fig.3c-d). We observe a smaller correlation between the Q component of X

and Y polarization, mainly due to the di�erential phase induced by XPolM.

The CPE now is unable to remove such a correlation since it is working in

presence of relevant polarization crosstalk, which behaves as a white noise, as

visible in Fig. A.5d). We can also observe in this case a negative correlation

induced by the XPolM in the in-phase components of the two polarization.

This correlation is left intact by the CPE since it operates only on the phase,

i.e., the quadrature component, of the NLI.
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