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Abstract

One of the main problems in nowadays fiber optical communications is to correctly
asses the impact the nonlinearity of the fiber, which is one of the main impairments
limiting the signal-to-noise ratio (SNR) of the communication. Over the years the
problem has been tackled by means of analytical modeling, experimental investiga-
tions, and numerical simulations based on the split-step Fourier method (SSFM).
Such approaches present advantages and disadvantages depending on the applica-
tion. Numerical simulations are a general and precise way to estimate the impact
of the nonlinearity since they can be applied to any link configuration. Although a
simulation cannot account for all the physical effects occurring in an experiment, it
has the advantage to abstract the investigation by isolating the interactions of inter-
est. Such prominent advantages, however, come at the expense of the computational
effort to run the algorithm, which could be excessively long in applications where
the complexity is an issue. On the contrary, analytical modeling can provide results
in faster computational times, but lacks the generality of the numerical simulation
due to their inherent simplificative assumptions. In this thesis work, we address such
methodologies by facing two different problems arising in nowadays optical systems.

First, we study the accuracy of the SSFM in wideband signal transmissions, show-
ing that the numerical error introduced by the algorithm on the SNR in dB is power-
independent and it scales quadratically with the signal bandwidth, in contrast with
two common rules used in the literature to set the accuracy of the simulation. We
propose a new rule to set the first step of the simulation yielding a constant error
on the received SNR in dB for a wide range of signal powers, bandwidths, and fiber
dispersions. It can thus be used as a universal method to simulate wideband signal
propagations at constant accuracy. The scaling of the computational effort of the
SSEFM by increasing the signal bandwidth over the C-band is also discussed.

Second, we address the problem of modeling the nonlinearity in presence of ran-
dom polarization dependent loss (PDL). We show by numerical investigations that the
PDL-nonlinearity interaction may change the statistical distribution of the SNR at
the receiver in a different way than what expected by current semi-analytical models
developed for the linear transmission regime. We then propose for the first time an
extension of the Gaussian noise model to estimate nonlinear interference variance with
PDL. The new model showed an excellent accuracy in estimating the such interaction

with a much smaller complexity overhead compared to SSFM-based simulations.
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Chapter 1

Introduction

The optical fiber is a nonlinear medium due to the Kerr effect, which changes
the fiber refraction index when stimulated by an electric field, causing a non-
linear beating between the frequencies of the field itself. The Kerr effect thus
induces distortions on the optical signal whose impact should be correctly
predicted to precisely assess an optical communication. In nowadays coherent
optical communications, where most of the linear impairment affecting the sig-
nals can be digitally equalized at the receiver [1-4], such a nonlinearity is one

of the limiting factors of the fiber capacity.
The Kerr nonlinearity is signal dependent, thus it is impacted by all the

effects that the signal experiences along the propagation. The prediction and
the possible mitigation of the nonlinear distortion is thus extremely difficult,
but fundamental to exploit the maximum potential of the optical fiber as a
transmission medium. To this aim, the problem is usually tackled by means of

stmulation of the propagation of the signal and analytical modeling.

The reference equation describing nonlinear propagation of an electric field
into the fiber is the nonlinear Schrodinger equation (NLSE). Unfortunately, a
closed-form solution such an equation in unavailable for general optical fibers,
thus only approximations can be used to emulate the nonlinear channel. Ap-

proximations of the NLSE can be obtained by using numerical algorithms to
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solve it. Among them, the most widely used algorithm to simulate the trans-
mission in an optical fiber is the split-step Fourier method (SSFM) [5]. Such
a method has been considered the benchmark of any optical transmission for
over the last forty years. In fact, by numerically simulating the signal propaga-
tion, the SSFM allows to precisely define the nonlinear distortion of the signal

due to the Kerr nonlinearity and any possible influence of other effects on it.

Like any other numerical method, even the SSFM is affected by the problem
of the accuracy of its solution. In order to obtain accurate simulations the
price to pay is the computational effort needed to run the algorithm. Among
the past years numerous attempts to optimize the computational effort of the
SSFM have been made [7-12].

Another approach to the estimation of the impact of the fiber nonlinear-
ity on the transmission is by means of modeling. In a nutshell, modeling the
nonlinearity means to find an approximation of the NLSE by some simpli-
ficative assumptions to obtain some informations about the nonlinear inter-
ference (NLI) with a reduced complexity. The main difference between this
approach and the SSFM is that, contrarily to the SSFM, this approach will
never converge to the exact solution of the NLSE due to the above-mentioned
assumptions. Moreover, the complexity of such models rely on the degree of
simplification they use, i.e., the number of assumptions made to describe the

system.

Over the last decade, many models for a fast estimation of the variance of
the NLI have been proposed [13-21]. Due to their reduced complexity, the use
of these model is wide-spreading in the context of optical networking, where
a fast estimation of the signal-to-noise ratio (SNR) could be used as a quality
of transmission parameter for the signal routing [22]. However, to keep the
complexity to an acceptable level, these models usually do not account for
random polarization effects, such as polarization mode dispersion (PMD) and
polarization dependent loss (PDL). Due to their stochastic nature, these effects
could affect the nonlinearity in an unexpected way, causing fluctuations of the

SNR. A characterization of the impact of these effects is thus mandatory for
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a correct estimation of the nonlinearity and, consequently, of the SNR of the

transmission.

The work of this thesis addresses such problems. In the first part we will
focus on the problem of the accuracy of the SSFM in a wideband scenario. Un-
til now the resources to run the SSFM efficiently have been in fact more than
adequate. However, nowadays optical communications system are pushing the
signal bandwidth to very large values, which poses new challenges for their
simulation [23,24]. In fact, in this new scenario the computational effort of the
SSFM is thus expected to sky-rocket due to the fast variations of the nonlin-
earity induced by the fast variations of linear effects along fiber propagation.
The SSFM could thus results excessively complex to simulate the nonlinear-
ity for huge bandwidths. A fine tuning of the accuracy of the SSFM is thus
mandatory, in order to obtain accurate simulations without wasting in compu-
tational effort. By an in-depth analysis of the numerical error introduced by
the SSFM, we will propose a new parameter to set the accuracy of the simula-
tion. We will show that this choice lets to control the SSFM in a wide range of
optical links, thus showing to be particularly indicated to run wideband signal
simulations. We will compare our proposal with exisisting rules available in
literature, showing its reliability for trustable simulations. Moreover, we will

discuss the potential limits of a simulation in terms of computational effort.

The second part of this work will instead focus on the nonlinear modeling
in the presence of random polarization effects. As wstated before, in a context
of elastic optical networks, the SNR of the transmission can be used as a
quality parameter to assess the routing of the signals at the physical level.
Unfortunately, with polarization related effects the complexity of performance
estimation in nonlinear regime is maximized, since one shoud target estimating
the probability density function of the SNR. Extending existing models to
account for such stochastic effects with a minimum increment of complexity
will thus give a great benefit to the nonlinear modeling. To this goal, we will
investigate the interaction between the random PDL and the nonlinearity to

understand their implications on the signal. Then, we will propose for the
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first time an extension of a popular model to estimate the variance of the
nonlinearity, namely the Gaussian noise (GN) model, to include the effect of

the random PDL on it. Finally, we will draw our conclusions.



Chapter 2

Theoretical background

The propagation of a wave in a weakly nonlinear transmission medium is de-
scribed by the nonlinear Schrédinger equation (NLSE). Such an equation can
be applied to various field of research such as gravity waves, nonlinear optics
and plasma physics.

In fiber optics, the NLSE describes the propagation of the electric field into
the optical fiber [25]. Signal propagation into the fiber the signal is unfortu-
nately distorted due to a plethora of effects, both linear and nonlinear, intrinsic
of the silica composing the fiber.

The most important linear effect is the fiber attenuation, which describes
the gradual loss of the signal during the propagation. This loss of light results
in a lower power level of the signal at the end of the propagation with respect
to the input signal. The attenuation is typically expressed by the parameter
a, in dB/km, which describes the rate of loss with the distance.

Fiber loss is due to many factors, both intrinsic of the material composing
the fiber or extrinsic, i.e, due to defects in the fiber manufacturing. Ultraviolet
and infrared absorption, as well as the Rayleigh scattering, are the intrinsic
causes of fiber loss and cannot be avoided. Extrinsic causes are instead irregu-
larity in the interface between the fiber core and cladding, which lead to energy

leakage in fiber cladding, and water absorption, which causes peaks of atten-
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Figure 2.1: Typical wavelength spectrum of the fiber loss, with highlighted the

transmissions windows of optical communications. Source: [26].

uation at given wavelengths due to infiltrations of impurity during the fiber
manufacturing. Water absorption in particular is extremely important since it
set, together with the advances in laser technologies, the wavelength transmis-
sion windows for optical communications. Figure 2.1 reports an example of the
fiber attenuation spectrum resulting from the sum of all intrinsic and extrinsic
causes. In particular, it is worth noting that the attenuation peaks in the figure
are caused by water absorption. In the figure are also highlighted the trans-
missions windows of fiber communications. The current transmission window
of nowadays communications is centered on the minimum of the attenuation
spectrum in the figure, corresponding to A = 1550 nm, granting a typical fiber
loss of @ >~ 0.15 + 0.25 dB/km.

The other linear effects of an optical fiber are dispersive effects caused
by the frequency dependence of the propagation constant 5 = [ (£2). Due to
such a dependency, each frequency of the electrical field experiences a different
propagation constant along the propagation, thus they accumulate different

phases. This different phase accumulation of each frequency leads to a group
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delay, i.e., a delay in the propagation of the pulses composing the optical signal,
and group velocity dispersion (GVD), which causes distortion in the shape of
the pulses during the propagation. While the group delay is just a temporal
shift, thus not distorting the signal, the distortions due to GVD could strongly
affect the transmission, creating inter-symbol interference.

Different techniques exist to mitigate such an effect. For instance, in the
optical domain dispersion compensating fibers (DCFs) can be placed in the
optical link to cancel the GVD accumulation along distance. With the advent
of coherent detection, use of DCF to compensate for the GVD has been replaced
by digital compensation after the signal detection [1-4].

The electric field propagating along the fiber experiences also nonlinear
distortion due to the Kerr effect [25]. Such an effect describes the nonlinear
modification of the refractive index of the silica composing the fiber in response
to the passage of the electric field itself. The Kerr effect causes a nonlinear
beating between different frequencies composing the signal, thus introducing
a transfer of energy between them, yielding signal distortions at the receiver.
Such a nonlinearity has been one of the main limiting factors of the capacity
growth for optical communication since the past two decades [27-30]. Distor-
tions due to Kerr nonlinearity are cubically dependent by the signal power,
thus limiting the growth of the signal-to-noise ratio (SNR) with power as it
happens in many kinds of communications in linear mediums. The typical de-
pendence of the SNR on signal power for an optical transmission is reported
in Fig. 2.2. After an initial linear growth at low power, the SNR decreases
due to nonlinearity, taking a typical bell-shaped curve. By limiting the SNR
of the transmission, the nonlinearity thus limits the growth of the achievable
information rate with power in optical communications'. The Kerr nonlinear-
ity captured the attention of the community in the past years, in particular

models to characterize and possibly mitigate such a distortion [13-19].

!The discussion holds with matched filter detection. However, since the Shannon limit
in the nonlinear regime is unknown, it might be possible to overcome such a limitation by

using more advanced digital signal processing. For more information, see [31].



8 Chapter 2. Theoretical background
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Figure 2.2: Example of a bell-curve of the SNR in optical communications. The
decrease of the SNR at high powers is due the impact of Kerr nonlinearity on

the transmissions.

The NLSE is the ideal benchmark for the analysis of any optical scenario.
Unfortunately, except special cases, such an equation can be solved in closed-
form only in presence of linear effects or Kerr nonlinearity alone. In a general
form, i.e., with both linear and nonlinear effects, the solution of such an equa-
tion does not exist in closed form. The only way to get a reasonable approxi-
mation is to simulate the signal propagation, i.e., solving the NLSE, through
the use of numerical algorithms. Such numerical algorithms come at the cost

of the computational effort spent to run them.

Every numerical method to solve the NLSE introduces intrinsically an error,
which comes from the approximation used to mimic the NLSE. The accuracy
of a simulation describes how much the estimated solution computed by the
algorithm is close to the real one. Since the computational effort generally
translates in computational time, a compromise between the accuracy and
the simulation time must be made. In this framework, the split-step Fourier
method (SSFM) [5] founds the reasons for its popularity to solve the NLSE [32].

Over the years many studies of the SSFM has been made in order to find rules
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to setup simulation for the optimization of the ratio between accuracy and
computational effort [6-12,33] .

This chapter aim to introduce the reader to the topic of the numerical
resolution of the NLSE by the SSFM. First, the NLSE will be theoretically
presented, in order to set the basis to understand how the SSFM method
operates on it. Then a detailed analysis of the SSFM method to numerically
integrate the NLSE will be reported, intended to introduce the reader in the

numerical aspects of such a technique and the principles behind it.

2.1 NLSE in optical communications

The aim of the Section is to introduce the reader to the propagation of the
signal in the optical fiber and to describe the main effects affecting the signal

during the propagation.

2.1.1 Single polarization NLSE

Let s(z,t) the scalar complex envelope of the electric field propagating within
an optical fiber, with z running distance and ¢ time. The NLSE at the time ¢

and spatial coordinate z can be expressed in general form as:

2 3

asé?t) :—%S—]ﬂos ﬁl %%‘F%%—JW(S*S)& (2.1)
where * denotes conjugation. Each right—hand side term of the equation de-
scribes a single effect manifesting on the signal during the propagation. Hence,
« is the attenuation coefficient, 8, k = 0, ..., 3 the dispersive coeflicients, while
~ the nonlinear coeffiecint. The dispersive coefficients arise from a Taylor ex-
pansion of 4 () truncated to the third order around a reference pulsation
Qo = 27 fo, with fy frequency.

Each ; is thus:
05 (%)

Bi = - ;
o Jog_q,

i=0,1,2,3
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Please note that ) refer to an absolute frequency, which is related to the
low-pass frequency w of the complex envelope by Q £ w + €.

The terms —jfBys and — Bl% describe, respectively, a phase shift term and
the group delay accumulated by the signal during the propagation. These two
terms can be omitted in (2.1) by a proper setting of the reference system
with no implications on the NLSE solution. Mathematically, it corresponds to
consider a signal in a reference system that follows the accumulated phase Gz
in a retarded time frame 7 £t — B;2, i.e.:

a(zt) 2 s(z,7)eM7e27 (2.2)
In (2.2) we also included the attenuation to simplify the notation.
Equation (2.1) in the new reference system is:
da(z,t) . B20% B30% . _
“o: Joae oo )

In the following the signal will be referred to such a reference system.

az

(a*a)a. (2.3)

B2 and (3 describe respectively the GVD, a.k.a. the chromatic dispersion,
and the dispersion slope. These two coefficients are usually given by fiber man-
ufacturers as two parameters, D and .S, whose units are respectively ps/nm/km
and ps/nm?/km, and are related to (2 and 33 by:

2
— Dﬁ

2me

S

2rce’

fo = , B3 = (20D + A3S)

C
fo
reference wavelength adopted in this thesis is A\g = 1550 nm. This is the central

frequency of the Erbium-doped fiber amplifiers (EDFA) C-Band, which is the
transmission bandwidth used nowadays in optical communications and corre-
sponds to fo = 5> ~ 193.5 THz. Typical values for D and S are 16.7 ps/nm/km

and 0.057 ps/nm? /km, respectively, for a standard single mode fiber (SMF).

with ¢ the light speed in vacuum and Ay = + the reference wavelength. The

Other types of fiber exist with lower values of dispersion, such as dispersion
shifted fibers (DSF') and non-zero dispersion shifted fibers (NZDSF'), whose
values of dispersion? are ~ 0 ps/nm/km and < 10 ps/nm/km at \g = 1550

2 According to ITU-T G.655 recommendation.
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nm. Although these fibers are not best for modern optical transmissions, they
were widely used in the past when optical communication links were designed
with dispersion management at the optical level, and are still present in many
optical links.

The solution of the NLSE in presence of only chromatic dispersion D and
dispersion slope S'is a complex linear filtering of the input signal. By ignoring

the last term in (2.3), the optical field at a generic coordinate z is thus:
a(z,t) = hgvp (2,t) ® a(0,t) , only D+ S (2.4)

with:

(B2,,2,:B83, 3
(7"" +j?w >z

BGVD (Z, w) = f{hGVD (Z, t)} = 6] (25)

the frequency response of the linear filtering, F {.} indicating Fourier transform
and w £ 27 f the angular frequency or pulsation. The impulse response of the
GVD is visible in Fig 2.3, where the real and imaginary part of hqvp (2, 1)
are plotted. GVD induces inter-symbol interference in the temporal domain by
enlarging the signal pulses in time. However, in frequency domain it acts as a
unitary transformation, i.e., a phase shift,, hence it does not impact the power

of the signal.
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Figure 2.3: Real and imaginary parts of the GVD filter hgyp (z,t) . Here the
fiber dispersion is D = 17 ps/nm/km and the distance z = 30 km.
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The last term of (2.3) is the Kerr nonlinearity [25]:

— jye"“*(a*a)a. (2.6)

In (2.6)  is the nonlinear coefficient of the fiber, i.e., the weight of the nonlinear

Kerr effect, related to the fiber technological parameters by:

A 273 1
= 2.
7 AoAes [W : km] 27)

with no the nonlinear index of the fiber and A.g its effective area. A typical

value for SMFis v = 1.3 [W_lkm]. As stated previously, the term e~* in (2.6)
is the fiber attenuation. Although it is a linear effect, we found more useful to
include it in the Kerr nonlinearity to improve the accuracy of the SSFM [11].
The relation (a*a)a is the local effect of Kerr nonlinearity.

The solution of the NLSE when only the nonlinearity is applied results in
a time-dependent phase shift to the input signal proportional to the power of

the signal itself. The optical field at a generic coordinate z is thus:
a(z,t) =a(0,t)e 7 Jg e lal0.6)d , only Kerr effect. (2.8)

The integral at the exponent in (2.8) can be closed as:

| o108 de = a 0.0 Lar (2

0

where
—Qz

Leg (2) 2 /0 em4d¢ = 1% (2.9)

is the effective length of the Kerr nonlinearity [25], i.e., the equivalent propa-
gation distance in a lossless fiber giving the same nonlinear phase shift. Such
a length saturates to Leg = é for increasing distance. After that point, all the
contributions to the nonlinearity can be considered negligible. For a typical

attenuation coefficient o ~ 0.2 dB/km, Leg is around 20 km.
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2.1.2 Extension to wavelength division multiplexing

Wavelength division multiplexing (WDM) is typically used to fill the whole
available band of the fiber, in order to increase the capacity of the transmission.
In this scenario, many independent signals are multiplexed on different carriers.
The total WDM signal is thus the sum of all the data streams composing each

channel, i.e.:

Nch
a(z,t)= Z an (z,t) 2t (2.10)
n=1
where Ng, is the number of different channels occupying the WDM comb, each
modulated on a different carrier placed at frequency f, = 5=.

To describe the main implications of the presence of many independent
channels in the WDM signal, we will consider a separate field approach, i.e.,
a set of different equations, each one describing the propagation of a single
channel of the WDM comb. Due to the different frequency of each modulating
carrier, all the channels experience different linear effects, i.e., different values of
Bo, 51 and B2. Each channel experiences thus a different phase, group delay and
GVD during the propagation. Each new value of 5y, 51, and B2, referred
to the nt" channel of the WDM comb, can be inferred by a Taylor expansion
of f (w) around the channel frequency f,, thus:

B (0
/6)2‘,11é 66( )

O o—ayrw,
By neglecting B3 for the sake of simplicity, the coefficients f3; ,, are related to

the fiber dispersion coefficients evaluated at the reference frequency 2y by:

o = B2 "
Bin = Pawn (2.12)
Bon = P2 (2.13)
Bsn = Bs. (2.14)

where w,, is the low-pass central frequency of the channel n. Such relations
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Figure 2.4: The frequency of 3 (w) affecting the phase shift 3y, and the group
delay S, of the generic n'" channel in the WDM signal spectrum centered on

the frequency wy,.

are clarified in Fig. 2.4, where a quadratic dependence on frequency of § (w) is
considered. Please note that by including f3 in the Taylor series of 8 (w) even
the GVD s, changes with frequency. However, the impact of 3 on all the
coefficients is generally negligible unless very large bandwidths are considered.
Despite each channel experiences different linear effects, such effects can still
be modeled as a linear filtering different for each channel.

The main impact of such different linear effects is on the nonlinearity. In
the separate-field point of view, the last term of the NLSE in (2.1) for the

generic n'" channel? is [25]:

— 31 Y (s (2,8) 51 (2,8)) sk (2, 1) - (2.15)

k,l,m

The triple summation in (2.15) accounts only for the channel combinations
k,1,m whose corresponding nonlinear contributions falls on the n!* channel,
placed on the frequency w,,. In the case of constant waves such a requirement is
fulfilled by respecting the energy conservation law, which in this case assumes

the following relation:

WE + W — Wy —wy, =0. (2.16)

3This separation of nonlinear effects neglects FWM from next neighbor channels, which
may be significant for a Nyquist WDM [14].
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It is convenient for the discussion to refer to a reference system tracking Sy,
B1n and «, thus:

an = Sp (2,t — P1,n2) e~ 2%eIPonz
The NLSE for the n'channel is thus:

dan (2,t) P2 &%an P3P an
0= '20¢ T 6 o

—jye Z (af,a;) arpe 95P% . (2.17)
k,l,m

In this new reference system (2.15) become thus:

— jye Z (aX a;) are 7257 (2.18)
k,l,m

The coefficient Af is the phase matching coefficient [6,7,34], defined as:

AB = Bok + Bog — Bom — Bon » (2.19)

which describes the phase mismatch between the channels generating the non-
linearity on the n* channel. It thus weights the nonlinear contribution of each
combination of the k, [, m channels.

The nonlinear effects acting on the n'® channel can be classified by the
combinations of the indexes k, [, m [25]. For example, in thecase k =l =m =n
the nonlinearity is defined as self-phase modulation (SPM). SPM coincides with
the single channel transmission already shown in (2.8).

A similar solution is obtained for the cases where (I =m) # (k=n). In

this case (2.18) becomes:
— jye” Z 2 (ajay) an (2.20)
l#n

where the factor 2 account for the two degenerate cases in (2.18), i.e., (ajax) an

and (ajan) ai. For two generic channels [ and n, the solution of (2.20) is :

an (2,1) = ap (0, 1) e 320 J5 € *Slar(Ot+ding)*dg

which describe the nonlinear phase shift that a generic channel a; induces on

ap. Such a case is thus defined as cross-phase modulation (XPM). The delay
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terms dj,z is due to the different group velocities of the two channels, where
d, = (B11 — Bin) is the relative group delay of channel I to channel n. It is
worth noting that each channel contribution to the XPM is independent from

the other, thus the solution of (2.20) accounting for all channels is:

an (2,1) = ap (0,) €792 Zizen J§ € lar(0t+din2)[*dg

where the summation extends to all channels but the n'* one. It is worth noting
that both SPM and XPM are phase-matched, i.e., A = 0.

For the general case not already accounted by SPM and XPM, the non-
linearity takes the name of four-wave mixing (FWM). A substantial difference
between FWM and SPM, XPM, is that for the FWM the phase matching
coefficient is always AS # 0, i.e., the channels generating nonlinearity are mis-
matched in phase. Depending on the value of AS, each channel combination
impacts differently on the total nonlinearity.

To better understand the FWM dynamics, it will be useful to switch to
a more general unique field approach, i.e., by considering the WDM signal as
a whole, wide-band signal. Under this point of view, the concept of channel
does not make sense anymore. However, the separate field approach to the
nonlinearity can be extended to each infinitesimal frequency composing the
signal, such that summations are substituted by integrals.

Considering thus the WDM signal spectrum as a (z, f) = F{a(z,t)}, the

NLSE in frequency domain and in integral form is:

M%f%—ﬂ&ﬁ—dﬁ%([[ TG (¢ f v )
X (@ (6. F + 1+ f2)(€ f+ f2)] dfrd fad€

Each combination of f, fi, fo accounts for a single FWM process occurring on

(2.21)

the frequency f. Please note that all the dispersive effects are included in AS.
From (2.19) and by considering (2.16), the phase matching coefficient AS

can be expressed as:

AB = (2m)* B (f — f1) (f — fo) - (2.22)
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where the frequencies fj , n are the central frequencies of the channels.*

To better understand the role of Ag in the FWM generation, it is useful
to consider an approximation of (2.21) where the signal a is constant along
distance. Such an approximation, as we will discuss later, is the first-order
regular perturbation of the nonlinearity [14,15,17,51]. In this case the signal
a can be taken out of the spatial integral in (2.21), leaving with:

z
/ o€ ARG _

0

1 — e—(a=jAp)z
“a_jAF (2.23)

Equation (2.23) is the kernel [35] of the FWM , which assumes a low-pass
behavior in the space identified by W £ (f — f1) (f — f2) |7]. Thus, spaced
away channels induce small FWM on the signal a,. Similarly, high dispersion
values helps mitigating FWM. In nowadays transmissions over SMF at high
symbol rate and with a large amount of dispersion accumulated by the signal,
the impact of FWM on fiber nonlinearity is smaller compared with SPM and
XPM, which instead suffer less of the presence of large GVD [36]. The FWM
is the most general way to describe the nonlinearity since both SPM and XPM

can be considered special cases of it.

2.1.3 The Coupled NLSE and the Manakov equation

In the regime of polarization division multiplexing (PDM) as in nowadays com-
munications the optical signal is described by a 2 x 1 vector A £ [ A,, Ay 17,
with z, y two orthogonal polarizations carrying two independent information
signals. In this scenario the propagation is described by two coupled equations,
one per polarization, generally called coupled-NLSE (CNLSE).

In dual polarization the signal propagation experiences novel effects, such
as the fiber birefringence. The main causes of birefringence are geometric im-

perfections, fiber stresses, variations in the index profile, etc. As a result, bire-

* In (2.22) we excluded the third order linear effects for the sake of simplicity. However,

such an inclusion can be easily done by considering the additive term %wi to (2.11) and by

expanding (2.19).
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fringence induces a different fiber propagation constant /3 (w) between polar-
izations, and, most important, polarization crosstalk. Such effects are generally
random with a correlation length of the order of meters.

Birefringence is also frequency-dependent. As a consequence it causes the
two signal polarizations to experience different group delay, i.e., polarization
mode dispersion (PMD) [37-39]. PMD is a random effect due to the random
reasons of birefringence. Its growth along distance can be mitigated by inducing
strong crosstalk between the polarizations, leading to a scaling of the differ-
ential group delay with /z [40] instead of z as for a polarization maintaining
fiber.

The random birefringence of the fiber is usually mimicked by a concatena-
tion of wave-plates, each characterized by a randomly-oriented state of polar-
ization (SOP). The passage of the optical signal in such plates causes its SOP
to change randomly during the propagation similarly to a Brownian motion
over the Poincaré sphere.

The fiber birefringence also affects the nonlinear effect. A statistical ap-
proach to the CNLSE is thus mandatory to correctly assess the signal prop-
agation. However, since the characteristic length of the birefringence is very
small compared to the fiber dispersive and nonlinear lengths, its effect on the

nonlinearity can be averaged out, leading to the so-called Manakov equation
(ME) [41-45]:

OA(z,t)  B20?A B3d3A 8 .
= S — Y= ATA) A 2.24
9. ‘202 "eop 779° ( (224)
where T stands for transpose conjugate and the fraction % comes from the av-

eraging process among all the possible SOP of the signal. The derivation of
such an equation is outside the scope of this work, thus it will not be reported
here. It is worth noting that (2.24) does not include PMD, thus it is an ap-
proximation. Such a simplification, however, has been shown to be accurate up
to large bandwidths, in the order of THz [46]. All the following work will be
thus referred to (2.24).

In a WDM scenario, the PDM signal generates another nonlinear effect
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other than the three described in Section 2.1.2. In this case in fact the two
degeneracy of XPM, leading to the factor 2 in (2.20), breaks down. The non-
linear operator of the Manakov equation for the n' channel A,,, in polarization

division multiplexing and neglecting the FWM, can be expressed as [47]:

1 -
N () = —joneo= | AL A, + > Saia+ iAo |4, @25)
9 & 2 2
) k#n | —— ——
@) (3)

@

where Ak is the Stokes representation of Ay, indicates scalar product, and
¢ = [o1,02,03] is the Pauli spin vector, with o, k& = 1,2,3 the Pauli spin
matrices [48]. The three terms highlighted in (2.25) are classified as, respec-
tively, SPM (1), XPM (2) and cross-polarization modulation (XPolM) (3). The
XPoIM describes the nonlinear crosstalk between the two polarizations of the
signal. The factors % and % weighting the XPM and XPolM come from the
averaging over all possible SOP of the signal [47]. While SPM and XPM are
scalar terms inducing a phase rotation to A,, XPolM is a matrix term, thus

inducing polarization rotation.

2.1.4 Regular perturbation of the nonlinearity

A popular way to approximate the NLSE to obtain a closed form solution of
(2.1) is by using the so-called regular perturbation method (RP) [49]. Such
an approximation is largely used to deal with the modeling of nonlinearity in
the fiber, allowing to study its impact on the system performance alternatively
to the SSFM [14-19]. While a detailed mathematical derivation of the RP is
outside of the scope of this work, it will be useful to recap the major results
of such an approximation to exploit a parallelism found between RP and the
SSFM method in solving the NLSE.

We start with the NLSE in (2.3):

da(z,t) ,@@_ e
o:  Joae 77

*(a*a)a. (2.26)
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where we dropped the dependence on 3 for simplicity. The following procedure
can be however generalized to include it. The solution with only linear effects
is ap = havp (2,t)®a (0,t), i.e., the convolution with the GVD filter (2.5), also
called unperturbed solution of the NLSE. If the nonlinearity can be considered
a small perturbation to the signal, it is reasonable that the true solution a (z,t)
is not too much different to ag. a (z,t) can be thus expanded in Taylor series

over the nonlinear coefficient v as:
oo
a(z,t) = ag +yar + v*az + ... :Z'ypap (2.27)
p=0

and then truncated to the first order [17], obtaining:
a(z,t) ~ag+yax

with ay the perturbed solution, i.e., the first-order term of the Taylor expansion
in v, thus depending only on ag. The nonlinearity in this framework is thus
an additive contribution, which is usually referred to as nonlinear interference
(NLI). In the frequency domain, a; can be interpreted as a the sum of all
FWM processes generated by the input signal spectrum frequencies [15,50]. It
is worth noting that by truncating the series to a; we are neglecting the higher
order terms of (2.27), i.e., the higher order terms of the nonlinearity.

The problem is thus to find a; as a function of the unperturbed solution ag.
To do so, we substitute (2.27) in (2.26) and we equate all the terms sharing the
same power of the coefficient ~. A more detailed explanation of this procedure

can be found in [51]. The two equations for ag and a; result:

dag (z,t) 2 9%ag

9. 72 o (2:28)
Oaq (z,t B2 0%a o
18(2:) = ]% aﬁl — jye”** (agao) ao - (2.29)

By switching to the frequency domain, (2.29) can be solved in closed-form
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yielding:

trp1(2, f) = (0, f) — jv /OZ //OO e SeI ML G0, f + f1)
x [@*(0, f + f1 + f2)u(0, f + fo)] dfidfodf.

(2.30)

where a1 (2, f) = Urp1 (2, f) e=iP2271)*2 §i can be taken out of the spatial
integral in (2.30), leading to the FWM kernel (2.23) introduced in Section 2.1.2,
which weight each possible frequency combination of (4gto) @p. For simplicity
the integration over the distance in (2.30) extends to only one span of the link.

In a generic multi-span link the FWM kernel can be expressed as:

z

n(z, AB) = /e_g(f)ejAﬁfdﬁ (2.31)
0
where the function:
g (5) A ef(f —a+Y, log(G)d(z—z;)da (2.32)

is the fiber gain profile along the propagation, with G the gain of the generic
k*" amplifier, here considered lumped in a given coordinate of the link zj.
Such a formulation of (2.32) is a general form to account for links composed

of inhomogeneous spans, as the one depicted in Fig. 2.5.

G; G, G; Gy
— JD_M () N G % Rx
L, L, Ls Ly

Figure 2.5: Example of optical link with inhomogeneous spans. Gy, is the gain
of the k* amplifier, generally different span by span due to the different span
length Ly.

One notable property coming from the RP1 approach is that if we factor

out the signal amplitude from the integral in (2.30), the nonlinear perturbation
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scales with P%, with P power. This way, the optical link is described by a
channel in additive noise whose SNR assumes the form®:

P

SNR& —————

(2.33)

where:

A Var [URPI — U]
INLT TR

is the unit-power variance of the NLI [52,53]. Such a behavior of the SNR has

been experimentally confirmed in [54-56].

(2.34)

It is worth noting that the RP1 approach is limited by the perturbative
assumption of the nonlinearity. When the perturbed and unperturbed solutions
are comparable, the higher orders of the Taylor expansion in (2.27) become
significant, changing the amount of nonlinearity. Such a requirement is often
not respected in practical systems due to the average phase rotation induced by
the nonlinearity on the signal. Such a problem can be bypassed by considering a
reference system for the perturbed solution tracking such a phase. In a nutshell,
it translates in considering the nonlinearity as (a*a — P)a, with P a proper
power. Such a method is referred to as enhanced reqular perturbation (eRP)
[51].

2.2 The split-step Fourier method

This section describes the ideas behind the SSFM and the proof that connects
it to the numerical integration of the NLSE.

SSFM has been first applied to fiber optics in 1973 by Tappert et al. [5],
and since then it has been widely used as the benchmark for the analysis of
any fiber-optic system. It can be virtually used to simulate any optical link,
with the only constraint of the computational effort, thus it is a reliable tool

for the analysis of optical transmissions at the physical level.

®The SNR in (2.33) can be converted in bit error rate under the assumption of circu-
lar noise. Such assumption is discussed in Appendix A. In particular, we investigate the

implications of possible phase noise that may break the circularity.
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SSFM is a pseudo-spectral method to integrate differential equations. Hence,
it solves the NLSE by moving back and forth between the time and the fre-
quency by exploiting Fourier transforms. In the context of nonlinear fiber optics
the equation to be integrated is the NLSE (or alternatively the ME), where
the fiber linear effects and the Kerr nonlinearity in the NLSE are associated to
two different operators, £ and N, respectively, acting on the input signal [25].
In this work, £ and N are defined from (2.24) as:

a PaOPA  B38°A

LA =I5 55t 5 o

(2.35)

N (4) 2 —jyge_o‘z (ATA) A (2.36)

where we recognize, respectively, the GVD and the Kerr nonlinearity. Each
operator applied alone has a closed form solution as we showed in the pre-
vious section, thus it can be easily computed numerically. In particular, the
convolution of the signal with the GVD filter (2.5) can be efficiently performed
in the frequency domain by a multiplication, while the nonlinear phase shift
described by the nonlinear operator (2.8) can be efficiently done by a multipli-
cation in the time domain. The SSFM takes advantage of the fact that over a
distance approaching zero these two operators in the NLSE can be considered
independent with a good approximation, i.e., they can be performed sequen-
tially without impacting too much the accuracy of the solution. The switching
between the frequency/time domain necessary to perform the linear/nonlinear
step in the right domain can be performed by fast Fourier transforms (FFT).
Such a continuous switching between the two domains is the main cause of the
complexity of the SSFM.

The SSFM applied to a signal A (0,t) over a distance z operates this way:

e it splits the fiber length in ”"small” steps;

e it propagates the signal along distance by cascading in each step the

nonlinear and linear operators.
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The output signal of each step is used as input of the next one. A basic idea of
the SSFM is sketched in Fig. 2.6, which alternates the N and the £ operators.

The opposite alternation is possible with a similar accuracy [12].

A(0, 1) (ID A(z,t)

A(0,t)  ees .N|L:N|L.N|L.N|L:... A(z,t)

h = step length

Figure 2.6: Basic SSFM scheme. The nonlinear and linear operators N and £

are applied consecutively in each step h.

Unfortunately, the SSFM introduces an error in the solution of the NLSE
as much as every numerical method. Such an error comes from considering
the two operators separately inside the step h, and gets bigger for increasing
step lengths. The strong point of the SSFM is that it is a convergent method,
i.e., when the step length h approaches zero the SSFM solution E(L, t) tends
to the true solution of the NLSE A (L,t), with L the propagation distance,
unfortunately with an infinite computational effort.

The SSFM is generally introduced in literature starting from the Baker-
Hausdorff idea [57]. Here we follow an alternative approach that highlights
the relationships between the SSFM and numerical integration techniques. To
relate the SSFM to the NLSE we start from the ME in operator form:

% = (L+N)A. (2.37)

where LA = L (A) and NA = N (A) are the two operators (2.35) and (2.36),
respectively.
For the sake of convenience, we express the signal in the reference system

tracking linear effects, i.e., A(z,t) = e“*U(z,t), where e“* can be read as
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a shorthand notation for the linear convolution with the scalar GVD filter
reported in (2.5). The ME thus become:

ou
& = efﬁz./\/’ (el:ZU)
which can be expressed in integral form as:

U(z,t) =U(0,t) + /Ze‘lw (eﬁfU(g,t)) d¢ (2.38)
0

where the interval [0, z] can be read as the step under analysis. It is worth
noting that inside the integral in (2.38) both the signal U (£, ¢) and the linear
operator ¢ depend on distance, thus they are variable inside the step. The
key idea of the SSFM is to concentrate the linear effects of the whole step z in
a given coordinate &y inside the step while leaving the optical field U (&, t) free
to vary. This way, (2.38) is approximated by:

U (z,t) ~ U (0,t) + e <40 / Y% (e%ﬁ (€, t)) de. (2.39)

0

By performing the change of variable E (z,t) 2 U (z,t) we obtain:
B(xt) = E(0,)+ [ N(B(€,0)de. (2.40)
0

where the equality E (0,t) = e~0U (0,t) holds since at the boundary U (0,t) =

U (0,t). Equation (2.40) is the ME of a purely nonlinear fiber, thus it can be

solved in closed form. The solution of such an equation is:

E(z,t) = e NE€E(0,1) .

By retrieving back the expression for the optical field in the original reference
system, i.e., E(z,t) = eﬁ@o_z)ﬁ(z,t), we obtain the following expression for
the optical field estimated by the SSFM at the end of the step:

A(z,1) ~ L0l elo NdELEo 4 (0 ¢) | (2.41)
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where we recognize in the three exponential functions the cascading of the
linear, nonlinear and linear operators e~ elo Nd€ and e£(z=60)  respectively.
Considering for example £y = 0 in (2.41), such equation corresponds to the ba-
sic scheme of the SSFM reported in Fig. 2.6 of a single step. We will show in the
next section two popular choices for &, leading respectively to the asymmetric

and symmetric step SSFM.

2.2.1 Asymmetric and symmetric step SSFM

The value of &y in (2.41) can be freely chosen. However, the choice of & strongly

affects the efficiency of the method. The two most popular choices for &g, are:

~ eLzelo Ndg 4 (0,1) &0 = 0, Asymm. step SSFM
Az, t) ~ I N (2.42)
eLielo NdEeLs 4 (0,t) & = 5, Symm. step SSFM
which consists respectively into applying the nonlinear operator for the whole
length of the step at the beginning or in the middle of a purely linear fiber.
Because of the way nonlinear and linear steps are applied the two choice are

called asymmetric and symmetric SSFM, respectively. The symmetric SSFM

A(0, 1) (’H) A(z,t)

N |~

N ... Az t)

h = step length

Figure 2.7: Scheme of the symmetric step SSFM. The nonlinear step N is

sandwiched between two linear steps of half length each.

scheme is sketched in Fig. 2.7. Despite the minor difference between the asym-
metric and symmetric step, the scaling of the local error due to the SSFM

approximation is different, as we will show in the next Chapter.
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2.2.2 Parallelism between RP1 and SSFM

In this section, we report some interesting parallelism found between the RP1
approximation of the NLSE and the SSFM.

Consider the SSFM and the RP1 solution of the NLSE in (2.39) and (2.30),
respectively, reported here for clarity both with scalar field, for a propagation

step from 0 to z:

ussen (1) = u (0,8) + /0 Tt (e%u(g,t)) dé,  SSFM  (2.43)

ugrp1 (2,t) = up — jy/e_o‘gejAﬁg (upup) uodg , RP1 (2.44)
0

where (2.44) is the equivalent of (2.30) in the time domain. In operator nota-

tion, the RP1 solution is alternatively written as:

z

urp (1) = u (0, 1) + / eLEN (e% (O,t)) de. (2.45)

0

By comparing (2.43) and (2.45) we can see that SSFM and RP1 follow two
opposite approaches in approximating the NLSE.

The SSFM samples in the integral the spatially varying linear operator
eFt = e at a given spatial coordinate inside the step while leaving the
optical field u (€, t) free to vary. Such an approximation correctly integrate the
nonlinearity in the step, thus SSFM considers all the orders of the nonlinearity
in (2.27), but over a "virtual zero-dispersion fiber". Hence, the approximation
is reliable when the GVD induce a small perturbation on the signal inside the
step. On the contrary the RP1 samples the optical field u (§,t) = u (0,t) at the
beginning of the step, thus by correctly integrating only the oscillating linear
operator e“¢. Such an approximation is thus reliable when the nonlinearity
generated in the step is small.

These two opposite approaches found similarities to two popular methods
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for the numerical integration of oscillating functions in the form:

1
/f () ?9@) dg: .
0

Such methods are the Gaussian quadrature and the Filon’s method [58], re-
spectively. Both rules perform a discretization of x in steps to approximate the
integral, but while the in the Gaussian method the sampling frequency must
follow the fast oscillation of e/“9 to keep the error small, the Filon’s method
only samples the slowly varying function f(x) and analytically integrates e/“9
over each step. Note that in the framework of the NLSE the fast function is

the linear operator e while the slow one is the optical field u.



Chapter 3

Numerical error of the
Split-step Fourier Method

In this chapter, we will analyze in depth the numerical error introduced by the
SSFM. A new framework for the analysis of such an error on the SNR will be
presented, which is more suitable for nowadays optical communications based
on coherent detection. We will also discuss several properties of the SSFM
error coming from this approach. The parallelism between the SSFM method
and well-known rules for the numerical integration will be used through the

discussion to help understanding the reason of the SSFM accuracy.

The most common ways to control the SSFM error will be then analyzed
under the new point of view. We will show a novel parameter to set the sim-
ulation accuracy independently from signal power, bandwidth and fiber dis-
persion. The new parameter will be numerically analyzed and compared with
alternative rules available in literature in terms of both scaling of the error and
computational effort. Then, a comparison between SSFM and other alternative
methods to solve the NLSE will be discussed. Finally, the proposed techniques

will be used to investigate the nonlinearity in a case of study.
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3.1 SSFM error on SNR

The accuracy of a simulation should be referred to the target parameter on
which performance is evaluated. Typically, the error of the SSFM is considered

an additive contribution on the true solution, i.e.:
esspv 2 A (z,1) — A(z,1) (3.1)

where A (z,t) is the numerical solution of the NLSE and A (z,t) is the unknown
true solution. Since such an error is a random process in time ¢, the accuracy

is often translated in a more practical form as [8-12]:

lessemll H‘Z('Z’t) -4 (Z’t)H
IA (1) IA (z, )]

(3.2)

where ||.|| indicates a signal norm. The normalization in (3.2) relates thus the
numerical error to the signal amplitude, which is useful to control such an error
over the pulse shape of the signal.

However, in coherent optical communications, the performance of an optical
system is typically expressed in terms of the SNR. The SNR can be usually
directly converted to bit error rate (BER), for instance under the assumption
of additive Gaussian noise. In this framework, the accuracy of the simulation
is therefore the accuracy in the SNR estimation. Moreover, since the SNR is
generally expressed in decibels, a reliable SSFM simulation should be such
that the SNR is estimated with a bounded accuracy error in dB, as sketched
in Fig. 3.1 by the constant error bars. The dashed line indicates the SNR
considering just the numerical error of the simulation, that should have a fixed
gap in a dB scale from the “true” SNR in order to have a fixed accuracy. We

proceed now to analyze the numerical error under this novel point of view.

3.1.1 Perturbative approach to the SSFM error

The error introduced by the SSFM comes from sampling the space-dependent

operator ££ in (2.38) at a given coordinate z = zp. Such an error should
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SNR , )
[dB] “.““.

.
Power [dBm]

Figure 3.1: Visual representation of an ideal simulation setup on the SNR of the
communication. The error bars on the estimated curve should remain constant
whatever the transmitted signal power. The dashed curve in b) (SNRgspm)
represents the SNR due only to the numerical error, that should have a fixed

gap from the estimated SNR curve.

thus depend on how different is the oscillating function e“¢ inside the step
with respect to the fixed value e£%0. Although the SSFM does not need a
perturbative assumption to solve the NLSE as the RP1 approximation does, it
is useful to use some of the assumptions of the RP1 for the NLI to obtain some
properties on eggpym. This is not a limitation since the error of a good SSFM
simulation usually is small. First of all, we consider a perturbative assumption
of the Kerr nonlinearity [14,16,17]. In this framework, the error of SSFM egspn,
which is generated by a “bad" simulation of the NLI, will be a perturbation
to the signal too. The channel can be thus considered as an additive noise
channel with two different noise sources: one the NLI and one the SSFM error,
as depicted in Fig. 3.2. By assuming the NLI and the SSFM error uncorrelated
for simplicity, a new formulation of the SNR can be defined from (2.33) in the
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() }A(z.t)
Y
A(O,t)_< —IN|L|N|L|N|L >
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A(z,t)

Figure 3.2: Progressive abstraction of the fiber channel first by the SSFM

approximation and then by the perturbative assumption of eggpp-

framework of SSFM as':

SNR & P

3 5 5
OasE T ONLI T O8srMm

where P is the signal power, while aﬁu and aéSFM are respectively the vari-
ances of NLI [14] and SSFM error under the perturbative assumptions, with
uncorrelation between NLI, SSFM error and the propagating signal. U;iSE is the
variance of the ASE introduced by EDFAs, which is also uncorrelated with the
signal and all the other noises. The true SNR under perturbative assumptions
is (2.33):

P

SNR&
TaskE T ONLI

which corresponds to SNR (a%SFM = 0). It is worth noting that in the frame-
work of SSFM the obtained SNR estimation is always smaller than the true

2
one due to oggpy;-

1Such an expression of the SNR describe completely the system only in the case of additive
circular noises, as in the assumption of the GN model. In some optical links the circularity
of the NLI can be argued, since the NLI could manifest partially as phase noise. However, as
we demonstrate in Appendix A, the eventual non-circularity of the NLI (and by extension

of essrm) does not affect its total variance, thus this SNR formula can still be used.
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Figure 3.3: Example of SNR error as a function of the ASE noise variance
03gp- In this example 0%, ; = —20.28 dB and 03qpy = —29.1086 dB.

By referring now to Fig. 3.1 and remembering that the SNR is expressed

in dB, we can define the error on the SNR as:

snper 2 SN oy oerw (3.3)
SNR oXse T oRLI

Please note that SNR and SNR in (3.3) are expressed in linear scale, thus
in dB the SNR error is the usual

SNRYE = SNRyps — SNRyp

Equation (3.3) is a monotonic decreasing function of ASE noise, as depicted
in Fig. 3.3. For increasing values of 03, after oaqp > oy the SNR error
approaches zero dB. The SNR error in dB is thus bounded between:

2
0< <S/NE> < (1 + US';“FM> . (3.4)
SNR/ a8 ONLI / dB



34 Chapter 3. Numerical error of the Split-step Fourier Method

Unfortunately, we cannot control the error, hence a good simulation should
bound the worst error case, i.e., the upper bound in (3.4). Such a bound is
reached in absence of ASE noise.

Moreover, by considering the perturbative assumption we can neglect the
SSFM error due to higher order contributions to the nonlinearity. This way
a%SFM can be treated as G%LI, hence it is expected to scale with the cube of
the power, as we showed in Section 2.1.4 for UI%LI. We thus find convenient to

work with normalized variances:

oLt odsrm
A A
ONL = 55 aSSFM = —pg (3.5)

with any, and agspm the unit-power variances of the NLI [52] and the
SSFM error, respectively. It has been proved that ayy, is constant with the
power P as long as the perturbative assumption holds. By the same arguments
it can be claimed that even aggpn is power independent. Although this is
just an assumption, we will show later that when the NLI is small, i.e., for
typical values of SNR, the perturbative assumption on NLI grants agspy to be
constant with the input signal power.
Focusing thus on the SNR error upper bound in (3.4) and considering (3.5),
under the perturbative assumption the SNR error can thus be expressed as:
SNR , . GsSEM

le

NQ . (3.6)

whatever the power of the transmitted signal. In the limit of absence of nu-
merical error, i.e., agspm = 0, the SNR error % = 1, which means that the
solution of the NLSE estimated by the SSFM coincide with the true one.
The main conclusion is thus that the SNR error of the simulation in (3.6),
under perturbative assumption of egspn, is independent of the signal power
P. The power-independent parameter “25% is thus the reference parameter
to setup a SSFM simulation, and it should remain constant when varying all
the other simulation parameters to grant a constant error on the SNR of the

simulation. However, typical rules in literature do not follow such a rule [7-10].
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3.2 SSFM error scaling rules

The accuracy of the SSFM depends on the discretization of the spatial coordi-
nate within the fiber. Since SSFM is a convergent algorithm, tiny steps yield
accurate simulations at the expense of computational complexity. It is there-
fore extremely important to know how the SSFM error scales with the step

size, which is the subject of this Section.

3.2.1 The Baker-Campbell-Hausdorff formula

The fundamental formula commonly used to show the scaling properties of the
SSEM error is given by the Baker-Campbell-Hausdorff formula (BCH) [57],
which provides a series expansion of the product of two non-commutative op-
erators. Applied to the NLSE, the two non-commutative operators are clearly
L and N. For the sake of simplicity, consider the BCH for the asymmetric step
SSFM [25]:

NhgLh _ J(LANh+ 2 NL]+O(h?) (3.7)

with h the step length and [£, N'] £ (LN — N'L) the commutator between
the two operators £ and . The O (h3) indicates that other terms are present
in (3.7), but for such terms the scaling with h is faster and thus they are
expected to be negligible for short steps. The left-hand side of (3.7) is the
SSFM solution of the NLSE (2.42) of the asymmetric step SSFM applied to
step h while in the first term in the right-hand side we recognize the formal
solution of the NLSE of (2.37) over the step length h, i.e.,

A(h,t) = TN A (0, 1) .

All the remaining terms are thus the numerical error. The dominant error
term in (3.7) depends quadratically on the step, thus the local error of the
asymmetric step SSFM thus scales as O (h?). Equation (2.7) can be easily
proved by expanding each exponential up to second order in h. With similar
arguments, it can be proved that the local error of the symmetric splitting
eSheNhe5h geales with O (h3).
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Such scaling rules focus on the local behavior of the SSFM, but what really
matters is the global accumulated error. Since the local error scales as O (h2)
and O (hs) for the asymmetric and symmetric step SSFM, respectively, in the
special case of constant step size common wisdom is that the global error accu-
mulated in the propagation scales as O (h) and O (h?) for the asymmetric and
symmetric step, respectively [8-10,12]. For that reason, the asymmetric and
symmetric steps SSFM are referred to as first-order and second-order meth-
ods, respectively [12]. We will show and comment in the next Section that such
claim fail at large step-size.

Other more complex versions of the SSFM exist in the literature [12] that
increase the order of the error scaling, but they are not considered in this work

due to the high complexity they need to implement in the step.

3.2.2 SSFM error as numerical integration error

A different approach to explain the scaling of the local and global error of
the SSFM with the step size is presented now, which connects the SSFM to a
numerical integration. Let us focus on the ME in integral form (2.38) over a

single step h:
h
U (h,t) = U (0,t) + /e—ﬁw (eﬁfU (g,t)) e
0

where we remember U(z,t) = e %% A(z,t) is the optical field A but in a refer-
ence system tracking the linear effects.

The function e¢ is an oscillating function. In Section 2.1.2 we have seen
that such a function plays a fundamental role in mitigating the FWM processes
generating nonlinearity on the signal. Such a function in the SSFM is sampled
to a given value & in each step h and the nonlinearity of the whole step
is weighted by such a value. Not surprisingly thus the error of the SSFM is
generated by such an approximation, and manifests as an overestimation of

the nonlinearity in the step.
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Figure 3.4: Sketch of the left-point rule (left) and mid-point rule (right) for
numerical integration. In the SSFM the function f (z) is e SN (e£4U).

To obtain the asymmetric and symmetric step SSFM such a “weight func-

tion” is sampled at o = 0 and §y = %,

the nonlinear accumulation given by N (U). There is an interesting parallelism

respectively, and then integrated over

with this procedure and two different techniques to numerically integrate a
function f (z), namely the left-point rule and the mid-point rule [60]. These
two rules are sketched in Fig. 3.4, where f (z) is the function under integration
(thus representing e “\ (e£4U) in (2.38) at a given temporal instant) and
2k, Zk+1, --- are the simulations steps.

The local error of the numerical quadrature rules comes from the error of the
Lagrange interpolation, which can be inferred by the remainder of the Taylor’s
Theorem applied to the function f. For the left- and mid-point rules, such an
error is proportional to the first and second derivative of f in a given coordinate
¢ in the step, respectively. Such a coordinate, unfortunately, is unknown, thus

the error is a random variable [60].

Following this intuition, the global error of the SSFM simulation eg can be
defined as the sum of the local errors of the above-mentioned integration rules
as:

Z]kvzl Th2f' (&)  Asymm. step SSFM

eq = N 1os (3.8)
Yore1 370 f" (1)  Symm. step SSFM
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where N is the number of steps and f’, f” are the first and second derivatives
of the integrand function f(z) at the unknown spatial coordinates & and
vy, inside the k" step. Note that &, and v, for the two rules are generally
different coordinates even in the same step, and depend on the function f and
the step length h. For h — 0, i.e., N — oo, the summations in (3.8) can be

approximated to an integral as:

L

Saf @)~ [ 10 ©d= 0@ - f N ) 39)
k

0

which is independent of h, thus constant over variations of the step length.

The new expression of the global error is thus:

oo — %hIC Asymm. step SSFM (3.10)
Lh?Q  Symm. step SSFM

with K £ f(L) — f(0) and Q 2 f' (L) — f (0) from (3.9). Note that K and
Q are random variables since both f and f at coordinate L are unknown
constants depending only on the function f. By looking at (3.10) it is clearly
visible that in this scenario with small step-size the scaling of the global error
with the step length h as O (h) and O (h2) for the asymmetric and symmetric
step SSFM, thus confirming the approach of the previous section.

3.2.3 SSFM error as Monte Carlo integration

The validity of the global error scaling rule (3.10) strongly depends on the
assumption (3.9). Such an assumption is true only for h — 0, thus for values
of f(™ (&) strongly correlated between consecutive steps. When the step h
become larger, the function f (and consequently its derivatives) is likely to
experience many fluctuations within a single step due to FWM, hence the lo-
cal errors of both the left and mid-point rule are expected to be independent
random processes between consecutive steps. Moreover, under ergodic assump-

tions, the local errors are also identically distributed.
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In this case the integration of the function f (z) is the sum of uncorrelated
samples, thus it resembles a Monte Carlo integration rather than a numerical
quadrature.

In Monte Carlo integration in fact the integral of a generic function f (z)

over the integration domain L is approximated by:

L N
~ 1
Izo/f(é)df ~ I=L<Ngf(wk)> ,

ie., is given by the arithmetic mean of independent samples of the function
f (z1) over the integration domain, multiplied by the size the integration do-
main itself. For increasing number of samples, i.e., of simulation steps, the
results of the Monte Carlo integration tends to the product of the integration
domain L and the mean value of the function < f >, which is by definition
equal to the integral of f (z) over the domain L.

The error of the Monte Carlo integration is by definition:

N
>
k=1

If the samples fi are independent random variables, the variance of the error

et -T=1I-

2|~

is: Ny
%ka

k=1

L2
= ~—0} = Lho}

2 _
TeMC = Var N

where h = % Hence, contrary to what observed in the previous Section, in
this scenario the variance of the SSFM error is expected to scale linearly with
the step length h.

3.3 SSFM with variable step-size

In all the previous sections we considered for simplicity the step-size of the

SSFM algorithm constant along the propagation. However, previous works
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|7-11] showed that for variable step size along distance the performance of
the method improves in terms of computational effort while keeping the same
accuracy. Two popular rules to update the step-size along propagation will be
reported in this section, namely the nonlinear phase criterion (NLP) [8] and
the constant local error rule (CLE) [9,10]. We propose a different analysis of
these rules, based on the separation between the setup of the first step of the
simulation and the step-updating rule, i.e., the criterion used to enlarge the
step length along the propagation. Finally, we will propose a new criterion to
set the first step of the propagation to target a given numerical error on the
SNR of the simulation.

3.3.1 first step and step-updating rule

Typically, the step length depends on the physical parameters of the signal
and the fiber [6-10]. Since the need for the SSFM is motivated by the presence
of the Kerr nonlinearity, the step length should follow the variation of such
nonlinearity along distance to keep the error on the step under control. The
dependence of the step length by such parameters is usually expressed explicitly
for each step along distance [6,8-10]. However, many parameters are usually
considered constant along distance, e.g. the fiber dispersion and the span length
in point-to-point transmissions. Thus, by considering an iterative step updating
rule, i.e., where each step depends on the previous ones, the dependence of the
step-length by system parameters can be explicitly stated just in the first step
and “transferred” to the other steps of the simulation by the iterative procedure.

The idea here is thus to separate the analysis of each rule in two sub-

problems:

e the setup of the first step of the simulation, and

e the actual step-updating rule, i.e., the scaling of the step-size along the

propagation distance.

The main intuition behind this approach is that once the first step is set with a

certain criterion, the step-updating rule will keep the error under control along
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the propagation. An important consequence of such an intuition is that the
error of the whole simulation can be controlled just by wisely setting the first

step once the step-updating rule is chosen.

3.3.2 The nonlinear phase criterion

The nonlinear phase criterion has been deeply analyzed in [8]. It is based on the
physical intuition that the local error induced by the SSFM is proportional to
the strength of the nonlinearity inside the step. Such a nonlinearity manifests
typically as a SPM, i.e., a phase rotation depending on the instantaneous power
of the signal as reported in (3.5). The NLP bounds the maximum amount of
nonlinear phase shift A¢ tolerable inside a step as a way to bound the error of
the SSFM. Since the power of the signal decreases along distance exponentially
due to the fiber attenuation, such a rule enlarges the step accordingly.

In the framework of the ME, A¢ can be expressed as:

8
Ap = §VPmaXLeff (h)

where Ppax = maxy (P (t)) is the peak power of the signal at the beginning of
the step and Leg (h) is the effective length of the step h, defined as in (2.9),
which takes into account the decrement of the signal power along the step due
to the fiber attenuation a.. Such a rule thus stretches the step length along the
propagation in order to compensate for the power loss of the signal, as sketched
in Fig. 3.5. By inverting the above formula and exploiting (2.9), we obtain the

step-size at the generic coordinate zj as:

Liog (2P P, > aA
h =4 © g<”Pk‘aA¢) Tk ¢ (3.11)

L — z else
where Py is the peak power of the signal at the input of the step hi. The
term L — zj in (3.11) limits the step length to reach the end of the fiber in a
single step when power is too low. It physically means that for vP, < aAd¢

the accumulated nonlinearity from zi to the end of the fiber is not enough to
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AP(z) h'k

— >
V4
Figure 3.5: Sketch of the nonlinear phase criterion step-size rule. The step-size

of the simulation is stretched along distance to compensate for the fiber loss.

reach the upper bound A¢, thus the rest of the fiber can be done in one single
step.

The first step of the simulation can be inferred from (3.11) by simply sub-
stituting P with Py, i.e., the peak power of the input signal, as:

_abh
hy = vhiald (3.12)
L else
The step-updating rule can instead be inferred by matching A¢, which is
a constant parameter through the propagation, for two consecutive steps hg
and hgy1, obtaining:

P

Lef‘f (hk+1) = ELeff (hk) :

It is worth noting that Py and Py, are different because of both attenuation
and GVD. However, if we neglect the peak power fluctuation due to GVD, the

following rule is obtained:
Let (his1) = Leg (hy) e . (3.13)

Such a step-updating rule coincides with the step-updating rule of the loga-

rithmic step-size distribution proposed by Bosco et al. in [7].
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3.3.3 The constant local error rule

The constant local error rule (CLE) has been proposed by Zhang et al. for
both asymmetric and symmetric step SSFM [9, 10] as a step-size rule granting
a constant global error for scaling fiber and signal parameters. The CLE has
been derived by exploiting the scaling properties of the local error, i.e., the
error in a single step, to give a constant error in all the steps of the simulation.
The local error in the step h in the asymmetric step SSFM is estimated by
evaluating the difference of the signal pulse width passed in the two opposite
SSFM schemes eVefh and e£heN h_ which coincide with the first error term in
(3.2.1). The local error of the symmetric step is similarly derived by considering
e3hefheTh and e5heNhes
remand to [10].

From [9,10] the local error A( is:

h_ For a detailed derivation of such a procedure, we

A¢C = hiPyy(DAfA))  Asymm. step SSFM (3.14)
AC = h}Pyy(DAfAN)?  Symm. step SSFM (3.15)

where D is the dispersion parameter. Af (A)) is the signal bandwidth ex-
pressed respectively in the frequency (wavelength) domain. Please note that
AC( is kept identical for all the steps.

The global error of the simulation e is the sum of all the local errors. Thus,
despite the local error is kept constant along the propagation in the fiber, for
variable signal properties it must be scaled together with the step length in
order to obtain a constant global error. Hence, a trustworthy simulation cannot
be set by fixing A once and forever. By exploiting the scaling law of the local
error in (3.14), (3.15), as well as the consequent variation of the number of
step of the simulation, a formula for the first step of the simulation for a fixed
global error can be derived.

First, as in [10], we suppose that the global error eq is proportional to the

product between A and the number of steps of the simulation, i.e.:

€G = AC]Vsteps- (316)
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We will show later that such an assumption hold only for small simulation steps.
Since the step is variable Ngeps 7 L/h1 with L the fiber length. However, we
assume that all the steps are small enough such that by shrinking the first step
h1 by a factor k, the resulting number of steps will consequently increase of
the same factor k. By such an assumption the number of steps can be defined
as:

L
N, steps £ m

with L the fiber length and § < 1 an almost constant coefficient accounting for

(3.17)

the variable step along the propagation.
Since the local error A( is supposed identical for each step, by substituting
(3.14) for the first step and (3.17) in (3.16) we have:

q—1 i

eq = h(fpl’}’ (DBWDMA)\) (5h1 .

(3.18)

where we expressed the signal bandwidth Af as Bwpn. The constant ¢ = 2 or
3 depending on the step type, i.e., the asymmetric or symmetric step SSFM,

respectively. Expressing D = —% B2 and A\ = %
0 0

(3.18), the following formula for the first step can be inferred:

Bwpwm and by rearranging

hy = Yo (3.19)

1
(vP1)=T |Ba| BEpum

where W is a constant proportional to the global error, i.e., U5 x eg. It is

worth noting that P; is the peak power of the optical signal, thus it depends on
the signal bandwidth Bwpy. For instance, in a WDM comb of evenly spaced
channels with equal power, P; scales almost linearly with Bwpu.

The step updating rule can be inferred instead by matching the constant

A( between two consecutive steps hg and hy,1, i.€:
h({kpk’y (l)B\/\/DMA)\)q_1 = hZHPkH’y (DBWDMA)\)q_l

Considering the dispersion D and the signal bandwidth Bwpn constant during

the propagation, the terms inside brackets can be simplified in the equation,



3.3. SSFM with variable step-size 45

obtaining the following step updating rule for the CLE:

1

P, \7 «

Pyt = hi (P i >q ~ hyea™ (3.20)
k+1

where the last approximation ignores the peak power fluctuations due to GVD
in the step.

It is worth noting that both NLP and CLE stretch the step exponentially
along distance, but with a different rate, as depicted in Fig. 3.6.

A small consideration can be done about the the impact of the approxi-
mation % ~ em" for both NLP and CLE, with m = 1,2, 3. The reason of
taking into account the peak power of the signal in the local error formulas
is to bound the maximum numerical error in time in each step, which is in-
tuitively located where the signal amplitude is maximized. The growth of the
step length is thus irregular along distance. However, by using the approxima-
tion em™ we do not expect a much different growth along distance since the
peak power is accounted in the first step.

This intuition is confirmed in Fig. 3.6, which shows an example of the scal-
ing of the step-size for the NLP and the CLE versus the propagated distance.
The solid curve is the NLP under the approximation % ~ ek for a starting
step h1 equal to the original NLP. Although this is just an example, we found
the same excellent match in many other setups.

It is worth noting that NLP does not make any difference between asym-
metric or symmetric step SSFM, contrary to CLE. This comes from the fact
that the NLP is a criterion based on the physical properties of the signal in
the nonlinear step only, thus it is not aware of the linear/nonlinear interac-
tions within a step. Contrarily, the CLE exploits somehow such interactions

by considering the scaling rules of the local error versus the step length.

3.3.4 The constant local error rule as a numerical integration

Since SSFM can be considered as a numerical integration (see Section 3.2.2),

the same step updating rule as (3.20) can be inferred by exploiting the scaling
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Figure 3.6: example of variable step-updating values of the considered step
rules for a given case of study. y-axis on logarithmic scale to highlight the
exponential growth of the step along distance. NLP eq. (3.13), is the NLP by
neglecting the peak power fluctuations along distance.
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properties of the numerical error in the numerical integration theory. The left-
point rule of numerical integration, i.e., the technique akin the asymmetric

step SSFM, approximates the integral of the function f (z) as:

b
/f(z)dazzf(a)(b—a)

with A = b — a is the step. The error of such an approximation can be inferred

by the remainder of the Taylor series of f truncated at the first order as:

AC= 51 f (&) (3.21)
with A the step size, f  the first derivative of the integrand function f and
& an unknown coordinate inside the step [z, z + h]. In the SSFM scenario,
the function f consists in the integrand function of (2.38), which is a two-
variable function of space and time f(z,t). By considering such a function
as f(z,t) = e **¢g(z,t) in a generic step between [zj, zx+1], the integral to

approximate is:
Zk+1

[ ettenac.
2
A first approximation can be made by considering the step short enough
to have in the integral e ¢ ~ e~ ¢ € [z, zx11]. This way, the local error

in (3.21) becomes:
1 /
AC(t) = Shie g (& (1).1)

where hy = 21— 2p, is the step-size and & (¢) is an unknown coordinate inside
the step generally different for each t. Due to the dependence by ¢ of & even
the error is time dependent.

Although & (t) is unknown for each ¢, by averaging the error over time the

following is obtained:

AC = (AC(1) = e B [g (6 (1),1)]
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where the substitution of time averaging with ensemble averaging is motivated
by ergodic assumptions. If enough GVD has been accumulated we can assume
that the random realizations of ¢ are spatially independent, thus by matching

the error of two consecutive steps we get:

By = o) — e

which is exactly (3.14) for the asymmetric step SSFM. The same procedure

can be applied to the mid-point rule, whose local error is ih:‘f (£), obtaining

instead the symmetric step SSFM.

3.4 A new proposal to set the first step length

The two step-size rules described above can be used to set up the SSFM sim-
ulations for any variable parameter. The dependence of the SSFM numerical
setup from these parameters has to be carefully taken into account to avoid
inaccurate results, as well as over-accurate simulations, thus wasting compu-
tational effort. It has been shown in [6,7] and demonstrated in the previous
sections that the SSFM overestimates the nonlinearity inside a step.

In fact, referring to Section 3.2.2, it has been shown that the numerical
error of the SSFM comes from the approximation to a constant value of the
oscillating linear function e = /2%, Such a function, multiplied with the
attenuation e~ weights the accumulation of the FWM in the step as showed
in (2.21). The angular frequency of such a function is the phase matching
coefficient AS (2.22), that we report here for clarity:

AB=2m) B (f = 1) (f = fo) -

The oscillations of e/25¢ thus depend linearly on the GVD of the fiber 85 as
well as the spacing (f — f1) (f — f2) of the frequencies involved in the FWM
process. The idea is thus to limit the oscillations of the function e/2%¢ in the

step h by limiting the step length. The maximum frequency of the oscillation



3.4. A new proposal to set the first step length 49

happens between the two side-frequencies of the WDM signal, i.e.,

fflj}ﬁ?? [(f = f)(f = f2)] = B%VDM

with Bwpwm the WDM signal bandwidth. According to the idea that the error
along propagation can be kept under control by the chosen step-updating rule
such as (3.13) and (3.20), a new proposal for the choice of the first step of the

simulation is thus:
Ppwm

N |B2| (27 Bwp)®

where ®pywy is the maximum phase shift of the complex exponential function

hy (3.22)

eI2P% allowed by the user over the first step length h;. Such a phase is kept
constant over variations of system parameters. It is worth noting that such a
choice shrinks the first step linearly with the GVD parameter of the fiber as
well as quadratically with the signal bandwidth.

Such a choice for the first step (3.22) has the following properties:

e [t is independent of the signal power P, in agreement with the power

independence of the SNR error shown in (3.6);

e it accounts for GVD fluctuations, thus be applied to any type of fiber
with different values of GVD;

e it is bandwidth-aware, thus it is reliable even for variations of the WDM

signal bandwidth.

Given the first step choice as (3.22), all the successive steps can be set by using
any iterative step-updating rule of choice, e.g., the two inferred by the NLP
(FWM-NLP) and the CLE (FWM-CLE) in Section 3.3.

3.4.1 Comparison with the NLP and the CLE

In this Section the main differences between the proposal for the first step of
the simulation (3.22) and the other two inferred by the NLP and CLE, i.e.,
(3.12) and (3.19), will be briefly analyzed.
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In Section 3.1 we claimed that the error on the SNR of the simulation
under perturbative assumption of the nonlinearity is power independent. Such
a criterion is respected by the proposal (3.22) by fixing ®pwyy in the first step.
The NLP and CLE, are instead power dependent. Equation (3.12), which is
the first step inferred by the NLP, depends on the signal power directly from
P and indirectly from the number of the channels. In fact, the signal power is
also a function of the signal bandwidth. For instance, by considering a WDM
comb with evenly spaced channel and each channel at fixed symbol rate and a

fixed launch power, the total power P,y of the signal is:
Piot ~ NepPen

with Ng, and P, respectively the number of channels composing the WDM
signal and the channel power. For closely-spaced signals, N¢, ~ BW% with R

symbol rate, thus

Ptot ~ Pch . (323)

It is worth noting that the dependence of the NLP on the signal bandwidth
is linear, as visible in (3.23), contrary to the quadratic dependence on Bwpwm
of (3.22). Moreover, since NLP is based only on the physical properties of the

nonlinear step, it is completely unaware of the dispersive effect due to GVD.

The first step inferred from the CLE, i.e. equation (3.19), is instead aware of
the signal bandwidth and the fiber dispersion since it depends on both B%VDM
and 2. However, it is still dependent on the signal power, thus in contrast with
the claim of power independence of the SNR error in (3.6). Moreover, although
it seems to have the same bandwidth dependence on signal bandwidth as (3.22),
i.e., a quadratic scale with it, in reality even the signal power is bandwidth
dependent according to (3.23). Therefore, the final scaling with bandwidth

differs from a quadratic scaling.
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3.5 Numerical results

In this section, the previous step-size setup are numerically analyzed. In par-
ticular, we prove the power independence of the numerical error of the SNR
under perturbative assumptions, as well as the scaling of the error with other

system parameters such as the dispersion of the fiber and the signal bandwidth.

3.5.1 Simulation setup

The accuracy of the SSFM has been investigated in a wide range of scenar-
ios. The tested signal was composed of a WDM comb of PDM-16 quadra-
ture amplitude modulation (QAM) channels spaced by Af = 50 GHz. Each
channel had symbol rate R = 49 GBaud, with root-raised cosine supporting
pulses with roll-off 0.01. The number of channels was varied between 1 and
101 to check the SSFM accuracy at different WDM bandwidths. The anal-
ysis has thus reached a maximum simulated bandwidth of B = 5.05 THgz,
i.e., about the whole C-band. The optical link used fibers of length 100 km,
attenuation 0.2 dB/km, nonlinear coefficient v = 1.3 [m] and variable
dispersion depending on the setup under investigation. The fiber dispersion
was varied between 17/8 = 2.125 and 17 ps/nm/km with a third order dis-
persion of 0.057 ps/nm?/km. All dispersive effects were always fully recovered
at the receiver side. We overlooked PMD [46]. The number of spans was 20
unless few cases where we varied them. The fiber loss was perfectly recovered
by noiseless optical amplifiers span-by-span. This choice represent a worst case
for SSFM accuracy as stated in (3.4). The signal propagation has been sim-
ulated in MATLAB with the Optilux toolbox by applying the SSFM to the
Manakov equation. The transmitted sequence length was set longer than the
maximum walk-off length over the whole link between the two border channels
of the WDM comb, with a minimum value of 4096 symbols. Each symbol was
discretized with enough samples to correctly reproduce at least the bandwidth
enlargement of the first-order FWM without aliasing. A more detailed expla-

nation of the choice of these two parameters can be found in Appendix 3.6.5.
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For efficient FF'Ts, both parameters have been rounded off to the closest larger

integer with factorization containing only powers of 2,3,5.

The receiver detected the central channel of the WDM comb at A = 1550
nm. In order to minimize the impact of the detection on the SSFM accuracy,
we considered a basic receiver optimized for linear transmission, hence based
on a cascade of a matched filter followed by a one tap least squares butterfly

equalizer able to recover the average polarization/phase mismatch.

We define the SSFM error variance U%SFM at the end of the link as:
UgSFM = var [A\ - Aacc:|

with A the current SSFM estimation under investigation and Azec our most
accurate SSFM solution. Since it was impossible to know the exact solution
of the NLSE, we found A,.. by running simulations at increasing accuracy
until observing saturation of SNR. Saturation was declared to occur when
the difference of SNR between two consecutive runs was less than 0.0005 dB.
From A,. we also estimated the unit-power NLI variance any, (3.5) from the

constellation clouds of the received samples. ayy, is defined as the variance:

—Jjy _
anp, = Var |:Aaucc6 Atx:|

PVP

with A¢y the transmitted signal and ¢ the average phase rotation induced
by the link. The accuracy of the variable step-size rules under analysis was
investigated by varying the first step size h; over a logarithmic grid, i.e., by

reducing h; by a factor V2 between two consecutive runs.

The new rule to setup the first step of the SSFM simulation proposed in
Section 3.4, based on fixing ®pwr, is applied to the two step-updating rules
reported in Section 3.2 i.e., (3.13) and (3.20), and compared to the same step-
updating rules with the first step selected as the original criteria (3.12) and
(3.19).



3.5. Numerical results 53

-45

[dB]

a
NL

X-channel

10 10° 10
Channel spacing Af [GHz]

Figure 3.7: Estimated cross-channel anp, (3.5) of a 2-channel simulation at
variable channel spacing. Solid lines: original NLP at various values of Ag;
dashed-line: accurate SSFM with FWM-NLP at ®pwy = 4 rad.

3.5.2 Two-channel propagation: an interesting example

A first evidence of the importance of relating the step size to the signal prop-
erties is reported in Fig. 3.7. The figure shows the estimated unit-power NLI
variance ant,, affected by numerical noise, for a 2-channel WDM at variable
channel spacing. The NLI variance refers to cross-channel interference only,
being estimated by removing self-channel distortion from the detected signal.
Power was 0 dBm while the link was just one SMF span. In this simplified sce-
nario anp, is expected to be inversely proportional to the channel spacing [61].
However, this is not the case for the original NLP (solid curves) which saturates
after a given channel spacing, depending on the value A¢. This is a numer-
ical artifact that can be removed by accounting for the signal bandwidth in
the step-size selection, e.g., by starting NLP with our FWM-aware first step
choice, as we did for the dashed line in Fig. 3.7 with ®pwy = 4 rad.
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We proceed now to show the accuracy dependence on signal and fiber pa-

rameters of fully loaded WDM signals.

3.5.3 SSFM error vs power

We started investigating the dependence of the SSFM accuracy with the sig-
nal power. The analysis of the system performance versus the signal power is
extremely important due to the limitation to the achievable information rate
with power due to Kerr nonlinearity [31]. Such a curve is also fundamental in
determining the nonlinear threshold Pypr [52,53], i.e., the power correspond-
ing to the maximum SNR reachable by the system, thus the best power for
transmissions.

Following equation (3.6), the fundamental parameter to obtain a constant
error on the SNR is the ratio agspm/ant,, with agspym and any, respectively the
unit-power variance of the SSFM error and the NLI, defined in (3.5). Although
the SNR error is the key performance estimator, it may be more useful to
focus on agspnm/ant, which is more sensitive to small variations of SSFM noise.
The accuracy of the SSFM will be thus expressed in terms of such a ratio. To
obtain a feeling with this new accuracy parameter, Fig. 3.8 depicts the relation
between the SNR error SNR/S/N?{ and the ratio agspm/ant, both expressed
in dB. In any case, whenever possible the SNR error value will be reported
together with aggpn/ant.

The dependence of the ratio aggpy/any, with power is reported in Figs. 3.9-
3.10 for a 20 x 100 km SMF link (D = 17 ps/nm/km) simulated with the
symmetric step SSFM. The signal was composed of 27 channels spaced as
reported in Section 3.5.1. By equation (3.6) small values of agspy/any, indicate
an accurate simulation, as visible in the plots by looking at the right vertical
axis reporting the corresponding SNR relative error.

To explore different accuracy regions, we tested three different values of the
first step per span hi. The value of hy has been set at P = 0 dBm, and then it
has been changed with power accordingly to the rule under investigation. The

three reference values for the first step were 20, 40 and 400 m for respectively
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Figure 3.8: Relation between the SNR error and the ratio aggpy/ant, as defined
in (3.6).

Fig. 3.9top, bottom and Fig. 3.10. For different powers we either chose h;
according to the original indications of the NLP, eq. (3.12), the CLE, eq (3.19),
or by keeping it constant as suggested by the FWM-aware proposal (3.22)
based on ®pwy. The proposal has been either applied to the step-updating
rule inferred by the NLP, i.e., the FWM-NLP, or the one inferred by the CLE,
i.e., the FWM-CLE, reported respectively in equations (3.13) and (3.20).

From the figures one can note that choosing the first step hy with the pro-
posed rule (3.22) yields an almost constant ratio agspm/ant,, thus a constant
SNR error, whatever the power is used for both the step-updating rules con-
sidered, as discussed in Section 3.1. Comparing the three plots it can be noted

that the power independence of the error holds for all the h; considered.

The numerical error of the original NLP and the CLE methods instead is
not constant, decreasing for increasing power. The reasons for such a behavior

can be explained by looking at Fig. 3.11 where it is reported the first step
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Figure 3.9: SSFM accuracy asspm/ant, vs channel power. The right vertical
axis also reports the corresponding SNR relative error. We compare the original
nonlinear phase criterion (NLP) and the original constant local error method
(CLE) with the FWM-aware extensions FWM-CLE and FWM-NLP. The first
step was set at P = 0 dBm to (top) h; = 20 m, and (bottom) h; = 40 m

and scaled by varying signal power according to the method under analysis.
27 channels WDM signal, 20 x 100 km SMF link. SSFM with symmetric step.
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Figure 3.10: SSFM accuracy asspm/any, vs channel power. The right vertical
axis also reports the corresponding SNR relative error. We compare the original
nonlinear phase criterion (NLP) and the original constant local error method
(CLE) with the FWM-aware extensions FWM-CLE and FWM-NLP. The first
step was set at P = 0 dBm to (top) h;y = 400 m and scaled by varying

signal power according to the method under analysis. 27 channels WDM signal,
20 x 100 km SMF link. SSFM with symmetric step.
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Figure 3.11: First step hy of the simulation versus signal power. 27 channels
WDM signal, 20 x 100 kmm SMF link. SSFM with symmetric step.

length versus the channel power for a first step hy = 40 at P = 0 dBm.
Contrary to the FWM-NLP and FWM-CLE rules, where the first step remains
constant, the original criteria NLP and CLE shorten the step for increasing
power accordingly to (3.12) and (3.19), thus wasting computational effort for

increasing power.

For big first step-size, e.q. as in Fig. 3.10, even FWM-NLP and FWM-
CLE show power-dependent accuracy. To explain such a behavior, we report

in Fig. 3.12 the SNR due only to the numerical error, defined as SNRggpy 2

L It can be seen that at high power SNRggry falls to values lower than 8

OSSFM
dB. Under the assumption of additive Gaussian noise, such values correspond

to a Q-factor around 2 dB. The perturbative assumption of the numerical noise
does not hold anymore, thus resulting in a failure of the proposal first step rule.
However, it is worth noting that such a rule is conservative since the error is

decreasing for increasing power.
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axis also reports the corresponding SNR relative error. We compare the original
nonlinear phase criterion (NLP) and the original constant local error method
(CLE) with the FWM-aware extensions FWM-CLE and FWM-NLP. The first
step was set at P = 0 dBm to (top) h;y = 400 m and scaled by varying
signal power according to the method under analysis. 27 channels WDM signal,
20 x 100 km SMF link. SSFM with asymmetric step.
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Figure 3.14: SSFM accuracy asspm/any, vs channel power. The right vertical

axis also reports the corresponding SNR relative error. We compare the original

nonlinear phase criterion (NLP) and the original constant local error method
(CLE) with the FWM-aware extensions FWM-CLE and FWM-NLP. The first
step was set at P = 0 dBm to (top) h;y = 400 m and scaled by varying

signal power according to the method under analysis. 27 channels WDM signal,
20 x 100 km SMF link. SSFM with asymmetric step.
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The same conclusions are still valid for the SSFM with asymmetric step,
as visible in Figs. 3.13-3.14. It is worth noting that with the asymmetric step
the CLE scales the first step with power in the same way as the NLP, i.e.,
as + according to (3.19). However, please remember that the NLP and CLE
step-updating rules are different, thus they result in a different accuracy for

the same first step length.

3.5.4 SSFM error vs fiber dispersion

A key parameter influencing the accuracy of the SSFM is the fiber dispersion.
In order to evaluate how the SSFM error scales with such a parameter the
ratio agspm/ant, at variable ®pwy has been analyzed. We investigated here a
101 channel WDM signal at fixed launch power per channel P = 0 dBm. We
first report the ratio aggpa/ant, versus fiber dispersion in Fig. 3.15 for both the
symmetric step SSFM (top) and the asymmetric step SSEM (bottom). The two
step-updating rules considered here are FWM-NLP and FWM-CLE. Note that
decreasing ®pw means decreasing the step size, i.e., improving the accuracy
of the simulation. Each curve refers to a different value of fiber dispersion tested
in the range D = [17/8,17/4,17] ps/nm/km. The symmetric step SSFM shown
in Fig. 3.15(top) yields overlapping curves for both step-size updating rules by
varying dispersion, thus they have the same error. Such a result confirms that
fixing a value of ®pywyr ensures the same accuracy at all considered dispersions.
It is worth noting that fixing ®pwr consists in varying the step-size inversely
with the dispersion, thus increasing the number of simulation steps (i.e., the
complexity) linearly with it. The proposed FWM-aware choice to set the first
step (3.22) is thus able to adapt to the fiber dispersion. The same results has
been obtained for the asymmetric step SSFM, as showed in Fig. 3.15(bottom).

An interesting aspect to highlight is that the choice of the step-updating
rule impacts the value of the ratio agspn/ant, i-e., the error of the simulation,
but it does not impact the independence of the error with the fiber dispersion.
In fact, both step-updating rules almost overlap by varying dispersion, thus

confirming the idea proposed in Section 3.2 that the error of the simulation
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Figure 3.15: (top) agspm/ant, as a function of @y in the first step computed
with symmetric step SSFM. (bottom) Same as top plot but with asymmetric
step SSFM. 101 channel WDM signal (Bwpwm = 5.05 THz) at channel power
P =0 dBm. 20 x 100 km link with variable dispersion. Symmetric SSFM. The

corresponding SNR error is shown in the right vertical axis.
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can be controlled only by setting the first step once a given step-updating rule
is chosen.

Moreover, it is worth noting that since error of the asymmetric and symmet-
ric step SSFM scale differently with the step length, as reported in Section 3.1,
the scaling of the ratio agspm/anrwith ®pwi is expected to be different. In
fact, as reported in Section 3.2.1, the SSFM global error scales as O (h) and
o0 (hQ) for the asymmetric and symmetric step, respectively. The error variance
is thus expected to scale as O (hz) and O (h4), respectively. Such observation
however is not followed for the FWM-NLP in Fig. 3.15(top) and (bottom) as
they show the same scaling of aggpy/ang, in asymmetric and symmetric step
SSFM equal to O (hQ). Such a observation will be addressed later in Section 3.6
in a computational analysis of the considered rules.

Figure 3.16 shows the scaling of the error as a function of the two funda-
mental parameters depicted in (3.12) and (3.19), i.e., the maximum nonlinear
phase shift in the step A¢ for the NLP and the constant W for the CLE. As
expected, the NLP with the first step set by its original parameter shows a
variable error with dispersion. Contrarily, the CLE accounts for fiber disper-
sion, as depicted in (3.19). It can be noted that both (3.19) and (3.22) have the
same dependence on s, thus not surprisingly even the CLE in its original setup
is able to track the variations of fiber dispersion, as visible in Fig. 3.16(bot-
tom). However, a constant SSFM error for variable dispersion does not mean
a constant SSFM error for variable GVD, since the scaling properties with
the bandwidth are different than what guessed by the CLE. The next Section

investigates such a problem in more detail.

3.5.5 SSFM error vs bandwidth

The dependence of the accuracy on the signal bandwidth is another important
aspect to explore. Nowadays communications are pushing the WDM signal
bandwidths up to the whole C-band and beyond [23,24], opening new oppor-
tunities to increase the achievable information rate. The SSFM simulations

should keep up to such a new scenario, thus a study of the SSFM error for
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different step-updating rules indicated in the graph. Variable number of WDM
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Figure 3.18: agspm/ant, as a function of A¢ (top) and V¢ (bottom). Variable
number of WDM channels from 1 to 101 (Bwpy = 5.05 THz) and channel
power P =0 dBm. 20 x 100 km SMF link. Symmetric step SSFM.
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increasing bandwidth of fully loaded WDM signals is mandatory.

Figure 3.17(top) depicts the dependence of the SSFM error with the number
of channels of the WDM comb. The SSFM error, expressed in terms of the ratio
agsFM/aNL, is plotted versus the maximum FWM phase shift ®pwyy in the first
step for both the FWM-NLP and FWM-CLE for the symmetric step SSFM.
Each curve in the plot refers to a WDM signal with a different number of
channels, starting from a single-channel transmission and up to 101 channels,
i.e., a full C-band WDM system, corresponding to a total signal bandwidth
Bwpwm = 5.05 THz. All the curves with more than 3 channels overlap for
both FWM-NLP and FWM-CLE, highlighting the insensitivity of ®rwn to
the total system bandwidth. Figure 3.17(bottom) reports similar curves but

for the asymmetric step SSFM, with similar conclusions.

The two original step-size rules, i.e., the NLP and the CLE, used with their
own first step criterion, fail to maintain the same error for variable bandwidth.
Such a result is depicted in Fig. 3.18 for the symmetric step SSFM and can
be explained by a different dependence of the first step size on the signal
bandwidth of these two rules with respect to ®wwn. The NLP in fact depends
on the bandwidth only through the dependence of total signal power with
the number of channels of the signal. For evenly-spaced WDM signals, such a
relation is almost linear with the number of channel. The CLE, as reported in
(3.19), accounts for the signal bandwidth by the quadratic relation A f?, which
in this scenario corresponds to B%VDM. However, the first step of the CLE scales
with power as much as the NLP, hence overall it shows a scaling with Bwpwm
different from B\QNDM. For this reason, the CLE in its original setup is not able
to track the error variations due to the increment of the number of channel of
the WDM signal. It is worth noting that while the dependence of the CLE from
bandwidth is faster than quadratic, resulting thus in a conservative rule for
increasing bandwidth, the NLP scales the first step only linearly with Bywpm-.
The NLP is thus less accurate for increasing signal bandwidth, as visible in
Fig. 3.18(top) for a fixed value of the parameter A¢.
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3.5.6 SSFM error vs distance

The dependence of SSFM accuracy on propagation distance is shown in Fig. 3.19a-
b). Here we plotted the ratio agspm/any, versus the number of spans at a fixed
value of FWM phase shift in the first step, chosen equal to ®pwym = 20 rad,
which yields a practical value of SNR error for the FWM-CLE of almost 0.01
dB (see Fig. 3.17). It can be observed that agspym/ant, in Fig. 3.19 decreases
for increasing number of spans at all bandwidths under investigation, reach-
ing saturation after roughly ten spans for a number of channels bigger than
3. The one span case is thus a worst case for accuracy. For very small band-
widths, i.e., for 1 and 3 channel signals, reported in Fig. 3.19b), the decrement
of agspm/ant, along spans is even more pronounced.

The reason for such a decrease is that ang, grows faster with distance than
assFMm- 1o address this claim the accumulation of ant, and agspum along the

spans of the link is plotted in Fig. 3.20. The accumulation 1 is defined as:

&

where the unit-power variance a;, i € {NL,SSFM} (see (3.5)), after n spans
is normalized to the same variance after 1 span. Here anr shows a growth
in distance faster than linear for any number of channels considered, with a
more pronounced slope in the first spans of the link. Such a growth is well-
known in literature, and it is due both to the spatial correlation between the
nonlinearity generated at different coordinates of the link [14,17], and to the
dependence of the nonlinearity by the modulation format of the signal, which
enhances the dependence on the the higher-order statistics of the data symbols
in the first spans [18,19,21]. Contrarily, agspym shows a slower growth along
distance, approaching a linear growth after a few spans for every number of
channels greater than 3. Such a behavior depends on the step-updating rule,
as visible in Figs. 3.21-3.22. Here the same variation with the number of spans
of the ratio aggpnm /ant, for a given ®pywy and the single variance accumulation
v are reported for the FWM-NLP. To have SNR errors comparable with the
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Figure 3.20: Unit-power variance accumulation 1 versus number of spans ( x 100
km) at fixed ®pwy = 20 rad. Channel number range from 1 to 101 between
the two plots. Propagation over SMF. Symmetric SSFM with FWM-CLE.
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Figure 3.22: Unit-power variance accumulation 1 versus number of spans ( x 100
km) at fixed ®pwy = 20 rad. Channel number range from 1 to 101 between
the two plots. Propagation over SMF. Symmetric SSFM with FWM-CLE.
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FWM-CLE this time we used ®pwy = 4 rad. Even with the FWM-NLP the
accuracy grows with the spans. However, by using this rule the accumulation
of aggrm is basically linear for all the spans composing the link, as depicted in
Fig. 3.22, while any, still grows faster than linear. However, such a difference
between the two rules is of minor importance. The main conclusion of the

above investigation is that the first span is a worst case for SSFM accuracy.

3.6 Computational analysis

In this Section we analyze the step-size rules considered in Section 3.3 in terms

of computational effort.

3.6.1 Global error scaling

We start by discussing the scaling of the global simulation error presented in
the previous Section. According to the consideration made in Section 3.2.1,
the asymmetric and symmetric step SSFM are respectively a first and second
order method, i.e., their global error scales respectively as O (h) and O (hQ).
The error variance should thus scale as O (hQ) and O (h4). However, such
an intuition is generally not followed in the figures presented in the previous
Section. In Section 3.2.3 we theoretically discussed the validity of such scaling
assumptions, showing that at large step length they could not be valid anymore.

To address this point, a wide range of accuracy has been studied, starting
from very small steps. The chosen setup was like the one described in Sec-
tion 3.5.1, but considering just a WDM signal composed of 7 channels propa-
gating over a single SMF span. Such a setup has been chosen in order to perform
high-accuracy simulations in a reasonable amount of time. The scaling of the
ratio agspm/ant versus @pwy in the first step for this light setup is depicted
in Fig. 3.23 for four different cases of study: the FWM-NLP and FWM-CLE,
each one implemented both with asymmetric and symmetric step SSFM. The
symmetric step SSFM has been implemented as in [11] by combining the linear

operators of two consecutive steps in order to give a complexity comparable
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76 Chapter 3. Numerical error of the Split-step Fourier Method

with the asymmetric step SSFM. As discussed in Section 3.2.3, the common
intuition of asymmetric and symmetric step SSFM being first and second or-
der methods is valid only for very small steps, where the approximation (3.9)
holds. In such a region, the variance of the error scales as 20 dB/decade for
the asymmetric step SSFM and 40 dB/decade for the symmetric step SSFM,
which corresponds to the above-mentioned scaling by O (h2) and O (h4).

However, such regions are usually too much accurate and out of interest for
the common SSFM user. As an example, for the FWM-CLE with asymmetric
step reported in Fig, 3.23 such a scaling is valid for aggpy/ant, < —40 dB,
which corresponds to an SNR error of ~ 0.0005 dB. For the other rules such a
region starts for even lower values of aggpm/any-

By increasing the step length, i.e., ®pwn, such a scaling is not valid any-
more, and all the methods tend to scale with a slope of ~ 10 dB/decade,
in agreement with the hypothesis of a Monte Carlo integration depicted in
Section 3.2.3.

Each step-updating rule approaches such a slope differently. This comes
from the different rate each rule uses to enlarge the step along the propagation.
By referring to both (3.13) and (3.20), here reported for clarity:

Leff (hk+1) = Lef‘f (hk) eahk NLP
i1 = hea™ CLE

with ¢ = 2 or 3 depending if asymmetric or symmetric step SSFM is considered,
it can be noted that the FWM-NLP enlarges the step length more with respect
to the FWM-CLE, since the stretching is not weighted by the coefficient ¢.
Thus, for a given equal first step between the two rules, the condition (3.9)
in Section 3.2.2 is better satisfied across the whole fiber by the FWM-CLE
than the FWM-NLP since the steps along the propagation increase slower (see
Fig. 3.6 as a reference). In the FWM-NLP instead the longer steps, i.e., the
steps near the end of the fiber, are more likely to break such a condition, thus
contributing to the global error as the Monte Carlo rule. For this reason the

FWM-CLE is more sensible to the variations of the first step length in terms
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of the scaling of the global error, as visible in Fig. 3.23 by the higher drop of
the error variance for decreasing ®rwym. Moreover, since the FWM-CLE call
for two different step-updating rules, depending if asymmetric or symmetric
step SSFM is used, the two methods results in two different error scaling for
increasing step length. Not surprisingly, the error of the FWM-NLP scales
identically with both asymmetric and symmetric step SSFM for increasing step
length, since such a rule does not distinguish between the two computational
methods of the SSKFM step.

We conclude thus that the common belief of the asymmetric and symmetric
step SSFM being a first and second order method, respectively, does not hold
for practical values of simulation accuracy. For practical accuracy, all the rules
considered show a different scaling with the step length. A notable exception
is the FWM-NLP, which keeps the same step-updating rule regardless if asym-
metric or symmetric step SSFM is used to compute the single step solution. In
this case, outside the region where (3.9) holds, the asymmetric and symmetric
step SSFM scale identically.

3.6.2 Dependence on number of steps

The analysis made in Section 3.5 highlighted the dependency of the simulation
accuracy by the system parameters for all the rules considered. However, such
an analysis does not give any hints about the computational effort of each
step-updating rule. We address such a problem in this Section.

The computational effort of the SSFM obviously depends on the imple-
mentation. A good coder should use his ability to minimize the number of
instructions of the code implementing the SSFM. However, the SSFM is basi-
cally an iterative procedure: the computed solution of the NLSE inside a given
step will be used as the input of the next one to proceed along the propaga-
tion. Inside each step a minimum set of operations is necessary, such as FFT
and complex multiplications. Since such operations are identical for each step,
a good measure of the complexity of the simulation, i.e., the computational

effort, is thus the number of steps.
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Figure 3.24: Simulation accuracy in terms of agspn/ant, versus the number of
steps in a single SMF span. Each plot refers to a different number of WDM
channel, i,e, to a different bandwidth occupation, from 1 to 101 channels (5.05
THz of max bandwidth). An error on the SNR of 0.01 dB corresponds to a

value of aisﬂ ~ —25 dB.
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The scaling of the simulation accuracy with the number of steps is reported
in Fig. 3.24 for the bandwidths investigated in Section 3.5, i.e., ranging from a
single channel transmission up to a WDM filling the whole C-band. As usual,
the accuracy is evaluated in terms of the ratio asspy/ang- This time the prop-
agation distance is set to just one span, in order to focus on the worst case
of accuracy as discussed in Section 3.5.6. For all bandwidths, with the excep-
tions of 1 and 3 channel transmission, the scaling of the ratio agspm/ant, is
similar. For increasing number of steps, i.e., for decreasing ®pwn, FWM-CLE
(3.20) shows a better accuracy with respect to FWM-NLP (3.13), for either
asymmetric and symmetric step SSFM. Such a rule gives thus the best com-
promise between accuracy and computational effort. For agspy/any < 30 dB
the symmetric FWM-CLE slightly outperforms the asymmetric one, needing
fewer steps to achieve the same accuracy.

For smaller number of steps, i.e., for increasing ®pwu, the accuracy of all
rules scales similarly with the number of steps in each bandwidth considered,
in agreement with the discussion about the Monte Carlo integration made in
Section 3.2.3. In this region, we found out that the FWM-NLP requires fewer
steps than the FWM-CLE at a given accuracy.

To quantify such a gain, Fig. 3.25 shows the complexity increment of the
propagation by using the FWM-NLP with respect to the FWM-CLE versus

the ratio aggpy/ang. Such an increment is defined as:

» Nnop — Newg

3.24
NcLi (324)

I

where Nyrp and Nepg are respectively the number of step needed by the
FWM-NLP and FWM-CLE to obtain a given accuracy of the simulation.
At low values of aggpnv/ant, i.e., for high accuracy, FWM-CLE outperforms
FWM-NLP, while FWM-NLP might be better at low accuracy.

An exception to the above conclusion has been found for very small band-
widths, i.e., for 1 and 3 channel transmission, with asymmetric step SSFM, as
visible in Fig. 3.24 and Fig. 3.25.

One can be interested now in knowing how the computational effort of the
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Figure 3.25: Complexity increment p of the FWM-NLP with respect to the
FWM-CLE, defined as (3.24), versus the ratio agsrpm/ant, for the setups con-
sidered in Fig. 3.24, i.e., a single span propagation with variable bandwidth.
The FWM-NLP is more convenient than the FWM-CLE for p < 0.
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Figure 3.26: Number of steps in a single SMF span vs the corresponding first

step length hi. Single channel transmission.

simulation scales with the system parameters. We have seen in Section 3.5 that
the accuracy of the simulation for a given step-updating rule depends only on
the first step, whose length is set by the system parameters. Formally, due to
the variable step length, the dependence on system parameters of the number
of steps is different from the one of the first step. However, in most of our
simulation the number of steps and the first step length are linearly dependent
for not too large values of hy, as depicted in Fig. 3.26, thus their dependence
on gystem parameters should be the same. This is confirmed in Fig. 3.27,
where the number of steps in the span is plotted versus the dispersion D (top)
and the number of WDM channels (bottom) for a given value of simulation
accuracy. The chosen accuracy corresponds to aggspy/ant, = —25 dB after 20
spans, which calls for an SNR error around 0.01 dB, thus a practical value for
the SNR estimation of a transmission. Both FWM-NLP and FWM-CLE are
analyzed, each for both the asymmetric and symmetric step SSFM. It is worth
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noting that at SNR error of 0.01 dB both asymmetric and symimetric step
SSFM show a comparable complexity at the considered accuracy. As expected,
the scaling of the computational effort reported in Fig. 3.27 is linear with the
fiber dispersion D and quadratic with the bandwidth occupation.

Such a result of the computational effort scaling with bandwidth and dis-
persion highlights a problem that can be of concern for wideband transmis-
sions. By increasing the signal bandwidth the complexity of the simulation
scales quadratically, thus by doubling the bandwidth occupation of a WDM
signal the computational effort to keep the same simulation accuracy is ex-
pected to be four times higher. Such an increment is the one expected by
increasing the maximum simulation bandwidth from the C-band of the EDFA,
which is around 5 THz, up to the 10 THz of the C+L band [23,24,62] as the
research is doing nowadays. Up to such bandwidths, the time needed for an
accurate SSFM simulation will become extremely high. In such a scenario a
fine-tuning of the accuracy of the SSFM is thus mandatory, in order to obtain
reliable results and at the same time without wasting any computational effort

to perform over-accurate simulations.

3.6.3 How to setup an accurate simulation

We have showed in this chapter how to control the SSFM numerical error of
the SNR of a simulation. We recap now the major results.

Table 3.1 shows the scaling of the first step of the simulation h; with the
proposed method (FWM-NLP and FWM-CLE) based on FWM and the two
rules known in literature analyzed in this work, i.e., the NLP and the CLE.
Our proposal grants a constant accuracy on the SNR of the simulation for
any variation of the signal power P, bandwidth Bwpy and fiber dispersion
D. From the table we can see that the SNR error is power-independent, thus
in contrast with the NLP and CLE which vary h; with power. It is worth
noting that both NLP and CLE shrink h; for increasing power, resulting in
more accurate simulations at the expense of the computational effort. The

CLE tracks correctly the variations of fiber dispersion by shrinking h; linearly
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NLP CLE FWM-NLP | FWM-CLE
Acc. param. | A [rad] U [a] Brwnt [rad]
hy (P) orPY | o (P‘Til) o)
hi (D) o) o (D™ o (D7)
hi (Bwom) | = O (Bypy) | O (BQV%KAE)> O (Bypu)

Table 3.1: Scaling of the first step h; with system parameters for the three
different rules analyzed to set up the simulation accuracy. ¢ = 2, 3 depending

if asymmetric or symmetric step, and € > 0.

with D, identically to our method, while the NLP keeps it constant since it is

unaware of such a parameter.

Both NLP and CLE shrink h; with the signal bandwidth Bwpu differently
from our proposal, resulting thus in variation of the simulation accuracy with
this parameter. However, the CLE shrinks the h; faster-than-quadratically, re-
sulting thus in over-accurate simulations for increasing bandwidths. It is worth
noting that such a faster-than-quadratic scale is due to the power dependence
of the first step in such a rule. The NLP, instead, shrinks h; linearly with
Bwp, resulting in less accuracy for increasing bandwidth. The value of Ag,
i.e., the accuracy parameter for this rule, should be thus reduced accordingly

to follow such accuracy reduction.

By Fig. 3.18a) we can see that for a signal bandwidth of 5 THz and an
SNR error around 0.01 dB, the NLP calls for a A¢ ~ 1.5-10~% rad, a value

usually smaller than what is used in the literature.

Due to its ability to track the variations of the system parameters, our
FWM-aware proposal is thus an ideal parameter to set up the simulation. Ta-
ble 3.2 shows the values of ®pywr to be used to target an SNR error of the
simulation around 0.01 dB, corresponding to a aggpn/ani ratio of —25 dB,
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FWM-NLP | FWM-CLE NLP CLE

Symm. step 4 20 system system
dependent dependent

Asmm. step 4 15 system system

dependent dependent

Table 3.2: Values of ®pywy [rad| granting a simulation error on the SNR around
0.01 dB (agspm/ant, =~ —25 dB) for the step-updating rules and step types

analyzed in this work.

for both step-updating rules (FWM-NLP and FWM-CLE), and the splitting
scheme, i.e., asymmetric or symmetric step. It is worth noting that Table 3.2
does not highlight the computational effort, thus it does not give any hint on
which of the four method is best. Such an analysis can be done by looking
at Fig. 3.24 in Section 3.6.2, which we recap here briefly. At this accuracy,
the FWM-CLE outperforms the FWM-NLP, calling for almost half the num-
ber of steps. Symmetric and asymmetric step in this case call for almost the
same number of steps, thus they can be used indifferently. However, for more
accurate simulations, i.e., for smaller @y, the symmetric FWM-CLE outper-
forms even the asymmetric one, thus it is the optimal choice for very accurate
simulations.

The FWM-NLP finds its application in cases where keeping a light com-
putational effort is mandatory, even at the expense of the accuracy. In this
case, corresponding to high values of ®pw, i.e., big steps, the FWM-NLP
outperforms the FWM-CLE as visible in Fig. 3.25 in Section 3.6.2.

3.6.4 Inclusion of the ASE noise

In all the previous results we considered the worst case for the SSFM accuracy
in absence of ASE noise. However, in typical communications, the optimal
transmission power implies a non-negligible amount of such a noise in the
received SNR.
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As introduced in Section 3.1.1, including the ASE noise in the SSFM ac-
curacy means to relate the variance J%SFM to the sum aiSE + JﬁILI instead of

0%y alone. This way, (3.6) transforms in:

SNR _ 14 _ ssEM
SNR UJ%EE + ant,

, (3.25)

thus resulting into an increment of the SNR accuracy. Precisely quantify in
advance such an impact could be a difficult task, since O'iSE cannot be a-
priori related to the nonlinear variance ayp, of the link, which is unknown
before running the simulation. However, based on the results in the previous
sections, some useful consideration can be made. In fact, it is known that at
the nonlinear threshold (NLT) Pnrr, i.e., the power granting the maximum
SNR of the transmission, the ASE variance is 0%g, = 205, [53]. Equation
(3.25) transform thus in:

SNR
S — 1 4 dSEM (3.26)
SNR l@Pyir 3anL

thus gaining a factor 3 in the accuracy parameter agspnm/ant, showed in the
previous sections, which corresponds to shift down the curves in Fig. 3.24 by
4.77 dB.

To better quantify such a gain in the simulation accuracy we compared in
Fig. 3.28 the SNR error due to the SSFM versus the number of steps in the
worst case without ASE noise and at Pyppr. The WDM signal was composed
of 101 channels after 1 SMF span of propagation. The SNR error in absence of
ASE has been estimated from simulations while the one at Pxpr by applying
(3.26) to the results of Fig. 3.24. From Fig. 3.28 we can see that a gain in
terms of number of steps for a given SNR error is indeed achieved for both the
FWM-CLE and FWM-NLP, although the gain of FWM-CLE is smaller than
FWM-NLP. Note that with the FWM-CLE criterion the reduction in number
of steps is lower than in the FWM-NLP method. This is due to the higher slope
of aNL vs number of steps of the FWM-CLE at Number of steps > 30000, as
visible in Fig 3.24.
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Figure 3.28: SNR error due to SSFM versus number of simulation steps for
the FWM-CLE (top) and the FWM-NLP (bottom). Solid curves are obtained

in absence of ASE noise while dashed curves refer to the SNR error at the

nonlinear threshold Pyrr, estimated from aggrpam/ant, in absence of ASE by
(3.26). 101 channel WDM signal. Single SMF span propagation.
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Figure 3.29: Sketch of the FWMe-aliasing problem due to discretization. The
first-order FWM does not induce aliasing for a simulation bandwidth By >
3Bwpm- Bcoyr is the bandwidth of the channel under test.

In summary, if one is intereseted in estimating the SNR up to the nonlinear
threshold, it is possible to increase the ratio assfm/anl analyzed in the previous
sections by a factor 3, and hence increase the accuracy parameter according to
its relation showed in Fig 3.17 After collecting all SNR by varying the power,
the NLT can be estimated, which is expected to be within the target error.
However, all the results with power > NLT should be rejected since they should

not satisfy the target error.

3.6.5 Signal discretization

In this Section we provide general rules to accurately define a digital signal in

SSEM simulations for optical transmissions [33].
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3.6.5.1 Numerical bandwidth

Signals have to be sampled in a numerical simulation to avoid spectral aliasing.
The correct number of samples IV; per symbol on a digital signal is given by

the Nyquist-Shannon theorem and must satisfy:
Bny > B

where Byy is the bandwidth called by the discretization and B is the bilateral
bandwidth of the signal. In the context of WDM optical propagations, such a

condition translates in:
Bxy £ NiR > k- Bwpum

where R is the channel symbol rate and Bwpy the bandwidth of the WDM
signal entering the fiber. x > 1 is an expansion factor to account for the signal
bandwidth enlargement due to FWM. Such a factor can be set by the user de-
pending on how much FWM one want to correctly reproduce. For example, to
avoid aliasing on the first-order FWM, the simulation bandwidth should be set
to Byt > 3BwpwM as sketched in Fig. 3.29. By defining FWMgy, FWM;, and
FWMgyr the first order FWM falling outside the WDM bandwidth Bwpwu,
inside the WDM bandwidth and inside the bandwidth of the channel under test
(CUT), Table 3.3 reports the minimum value of By needed to avoid aliasing

on each FWM component.

Table 3.3: Numerical bandwidth By setup to correctly reproduce first order
FWM.

2N FWMoy, | FWM;y | FWMcur
> 3BwpMm v v v
> 2Bwpm v v
> 3Bwpwm + 3 Beur v




90 Chapter 3. Numerical error of the Split-step Fourier Method

3.6.5.2 Sequence length

While propagating a WDM signal along an optical link, each channel experi-
ences a specific group delay. Since digital sequences are intrinsically periodic
due to discrete Fourier transform operations, if the walk-off is longer than the
sequence length temporal-aliasing occurs, which can lead to artificial correla-
tions in circular convolutions. To completely avoid this numerical artifact the
sequence length Ngeq should be longer than the maximum walk-off between

the side frequencies of the WDM signal, i.e.:

)\2
Nseq = |Deuml BWDM?R‘ 107 [symbols]

where Bwpwm |[GHz| is the WDM bandwidth, R [Gbaud] the channel symbol
rate, A [nm| the central wavelength of the WDM comb, ¢ [m/s| the speed of
light, Deym [ps/nm] the peak-to-peak accumulated dispersion along the link.
In particular, for dispersion uncompensated links D¢y is the dispersion accu-
mulated from input to output.

As a reference, the 101-channel curves of Fig. 3.17 in Section 3.5.5, for a
bandwidth occupation of Bywpy = 5 THz, call for a sequence of Ngeq > 66709

symbols.

3.6.6 Complexity issues in pratical implementations

This Subsection addresses the implementation of the SSFM and its relation to
the simulation time. The SSFM is a pseudo-spectral method, which in a nut-
shell means that it obtains the solution at the end of each step by switching
back and forth between the time and the frequency domains. In fact, the solu-
tion of the NLSE with applied only the linear operator (2.4) or the nonlinear
operator (2.8) are a linear filtering and an exponential operation, respectively,
thus efficiently performed respectively in the frequency and in the time do-
main. The switching between the two domains is done by performing FFTs on

the digital signal.
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Figure 3.30: Sketch of the implementation of the SSFM with asymmetric step,
with highlighted the fundamental operations.

While the complexity of the code implementing the algorithm may vary
depending on the coder’s ability, there are some unavoidable fundamental op-
erations to implement the SSFM, that are highlighted in Fig. 3.30 for the
asymmetric step SSFM (2.42). Such operations are:

e FFT /IFFT: used to switch between frequency/time domain. There are
at least one pair of FFT /IFFT inside a single step when implementing the
asymmetric step. In case of symmetric step, the number of FFT/IFFT
pairs doubles due to the double switching between domains inside a single
step. However, by combining the linear operators £ of two consecutive
steps (See [11]), the complexity of the symmetric step is identical to the

asymmetric one plus a minor overhead.

e Exponential (exp): used to perform the phase shift due to the Kerr

effect in the nonlinear operator N.

e Point-wise multiplication (. *): used to perform the linear filtering of
the fiber linear effects, indicated by Hgy p(f) in Fig. 3.30, as well as the

application of the Kerr phase shift on the signal in the nonlinear step.

When the SSEM algorithm runs on a central processing unit (CPU), the
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N in Matlab environment. CPU: 24-cores Intel(R) Xeon(R) CPU E5-2650 v4
running at 2.20GHz. GPU: GeForce GTX 1080 Ti. The gain of performing
operation in GPU with respect to CPU is around a factor 15 for arrays longer
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complexity of the algorithm is dominated by the number of FF'T/IFFT pairs,
as depicted in Fig. 3.31 by the solid curves. The figure shows the computational
time to perform 10% of the above-mentioned operations versus the length of the
complex array on which the operation is performed. The CPU used for this test
was a 24-cores Intel(R) Xeon(R) CPU E5-2650 v4 running at 2.20GHz with
130 GB of RAM, while the GPU was a GeForce GTX 1080 Ti. Matlab uses the
FFTW algorithm [59] to perform FFTs/IFFTs, with a complexity scaling in
the order of O (Nlog(N)) in CPU, with N the length of the array under FFT.
Both the exponential and the multiplication have instead a linear complexity
in N.

An effective way to speed up the algorithm which is becoming more and
more popular is to run it through a graphics processing unit (GPU). To allow
the GPU computation of the code, one must put the array over which the
operation are performed, i.e., the complex array describing the signal, inside
the GPU, which acts as a volatile memory during the execution. This allows
to drastically reduce the computational time of the fundamental operations of
the SSFM, as showed in Fig, 3.31 by the dashed curves. We can see that for
array length > 10° the computational time is reduced for all three operations
by at least a factor 10, with the main gain in the FFT reaching a factor 60
for N = 2-10°. It is worth noting that for smaller N the GPU time seems
to remain constant whatever the array length, thus for very small lengths the
CPU could still outperform the GPU in time.

It is worth noting that the GPU memory is limited to a fixed value, thus
limiting the maximum length of the array describing the signal. The GPU
memory used in this work was around 12 Gbytes. Considering that a complex
scalar is stored in Matlab with 16 bytes, and a dual polarization signal, the
maximum memory occupation for the optical signal in our simulations was
around 500 MB. Considering also an arbitrary factor of 10 for any other even-
tual user-defined auxiliary variable to be stored in the GPU with the signal,
as well as any possible burst of memory increment due to GPU operations, we

find that our simulations used nearly half of the available memory of the GPU,
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thus not exploiting it at full potential.

3.7 Alternative integration methods

Many methods for numerical integration are known in the literature [60]. As
seen in the previous chapter, the SSFM in its two most popular implementa-
tions, i.e., the asymmetric and the symmetric step SSFM, can be associated
with the left-point and mid-point rules for numerical integration. Following
this parallelism, in this section we examine and compare in terms of complex-
ity alternative methods to numerically integrate the Manakov equation.

Two families of methods will be analyzed in this section: the Adams-
Bashforth methods (AB) and the Adams-Moulton methods (AM). Both al-
gorithms are linear multistep methods, meaning that they use the already
computed solution of previous steps in the computation of the the next step
to increase the order of accuracy.

The Runge-Kutta method, which is very popular to numerically solve or-
dinary differential equations, has been not considered here since its higher
number of function evaluations of the integrand function to compute the next
step solution yields a computational advantage only at very low accuracy, not
of interest for SSFM simulations, especially in wideband regime where com-

plexity is of particular concern.

3.7.1 The Adams-Bashforth methods

For a complete and exhaustive derivation of the methods we refer to [63]. The
AB methods update the solution by using a polynomial interpolation of the
solution found in the previous steps. The next step solution is then computed
by multiplying the step length A with a linear combination of such “weighted
past solutions”. The coefficients, as well as the error scaling order, depend on
the order of the polynomial used to find such coefficients as well as on the
number of previous steps used to find the next step solution. In this study
the third-order (AB3) and fourth-order (AB4) methods are considered. The
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next step solution U (zp41,t) for these two methods applied to the ME are,

respectively:

+ % [23f (Zk, t) — 16f (Zk—lv t) + 5f (Zk_g, t)]

Uaga (Zk41,t) = Uapa (21, 1) + % [55f (zx,t)
—59f (Zk—lv t) +37f (Zk—27 t) -9f (Zk—3> t)]

UaBs (zk+1,t) = Uaps (2, t)

where f (zp_;,t) = e F#—iN (eﬁzk*iUAB (2k—i,t)) is the integrand function of
the nonlinearity in (2.38) calculated in the step k — 4, with ¢ ranging from 0 to
q — 1, q the order of the method.

One of the problems of a generic ¢*"-order AB is that the first ¢ — 1 steps
cannot be obtained by the method, since not enough previous steps solution
have been computed yet. Other methods are thus needed to obtain such points.
Moreover, it is important that the local error on such points scales as the local
error of the AB method to ensure a correct scaling of the global one. For this
purpose, as usual in the literature, we used a Runge-Kutta method of the same
order as AB3 and AB4 to obtain respectively the first two and three steps of

the simulation. This adds a minor overhead to the overall complexity.

3.7.2 The Adams-Moulton method

The AM methods are a variant of AB which in numerical integration grant a
more stable solution than AB methods. The two families are very similar. The
main difference is that AM methods are implicit methods, hence they use a
prediction on the next step solution in addiction to the previous ones. Such a
prediction must be computed by using a method granting the same or higher
local accuracy. In this study we used an AB method of the same order as the
forward AB one. The next step solution for the 3t"-order AM method used in
this study (AM3) is:

UAM3 (Zk+1, t) = UAMg (Zk, t) + T}; [5f (Zk+1, t) + 8f (Zk, t) — 1f (Zkfl, t)]
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Figure 3.32: agspm/ant ratio as a function of ®pwyy in the first step. Single
span propagation over SMF.

with f (zk41,t) = e F N (5541 Upps (2311, 1))
The drawback of such a method is that the predictive step calls for doubling

the computational effort.

3.7.3 Numerical results

The investigation has been conducted in the same way described in Section 3.5.1,
thus by decreasing ®rpwr in the first step until reaching saturation of the SNR.

The setup here was identical to Section 3.5.1, but with the following differences:
e single span propagation over SMF (D = 17 ps/nm/km);

e 9 channel WDM signal with symbol rate R = 32 Gbaud, evenly spaced
by Af =37.5 GHz;

e PDM-quadrature phase shift keying modulation (PDM-QPSK) instead
of PDM-16QAM.
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Figure 3.33: SNR error as a function of the number of steps. Single span prop-
agation over SMF.

Figure 3.32 depicts the scaling of the ratio agspm/ant, versus @pywy in the
first step of the simulation. Since in Section 3.5.6 we showed the first span to
be a worst case for accuracy, we propagated the signal only on one SMF span.
The three alternative methods considered, i.e., AB3, AB4 and AM3 have been
compared with the FWM-NLP and FWM-CLE computed both with symmet-
ric step SSFM. As visible in the figure, the AB3 and AB4 perform almost
identically to the FWM-CLE, with the same drop of the error at small ®pyw.
With the AM3 such a drop of numerical error is even more pronounced before
decreasing with a smaller slope for decreasing ®rwn. It is worth noting that
the same considerations made in Section 3.2.3 about the different error scaling

for big steps applies even to these alternative methods.

However, Fig. 3.32 does not provide any information about the complexity
of the new methods analyzed. Such a topic is addressed in Fig. 3.33 in terms

of SNR error versus the number of function evaluations necessary to propagate
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the signal to the end of the span. Again, we express the complexity in terms of
number of steps, since the AB and AM updating add a minor computational
cost. The figure shows that the minimum number of function evaluations is
reached by the SSFM for both the FWM-NLP and FWM-CLE. This is because
the SSFM, contrary to AB and AM, has the property to increase the step length
along the propagation, with big savings in terms of the number of steps. AB
and AM, instead, are forced to keep a constant step along distance, resulting

in a bigger complexity despite showing similar accuracy at equal first step.

3.8 Conclusions

In this Chapter we investigated in-depth the numerical error of the SSFM sim-
ulations for optical transmissions in the framework of the perturbative solution
of the ME, thus treating the SSFM error as a distributed additive interference,
and we analyzed two common rules know in the literature used to set the accu-
racy of a simulation. We pushed our simulations up to a bandwidth of 5 Thgz,
i.e., covering the whole C-band of the EDFA used nowadays for optical trans-
missions. We showed that the error of the SNR in a simulation is signal-power
independent, and scales quadratically with the signal bandwidth and linearly
with the fiber dispersion. Such a scaling of the error is in contrast with the
rules known today in the literature, which are power dependent. In particular,
the nonlinear phase criterion [8], based only on the signal power, misses the
inflation of the SSFM error due to the increment of the signal bandwidth and
fiber dispersion, while the constant local error rule [9,10], despite being band-
width and dispersion-aware, still depends on the signal power. We proposed a
new parameter to set the first step of the simulation, based on FWM, which
instead is able to track such variations. The new method to set the first step
can be used in combination with one of the step-updating rules known in lit-
erature to grant a constant error on the SNR independently of signal power,
bandwidth and fiber dispersion.

Moreover, we compared to the two step-updating rules that can be inferred
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by the nonlinear phase criterion and the constant local error rule in terms
of computational effort, for a wide range of simulation accuracy. We showed
that the assumptions at the basis of the constant error rule hold only for high
accuracy, i.e., for very small steps, thus the optimality of such a rule is limited
to that scenario. Contrarily, for big simulations steps we found more convenient
the step-updating rule inferred by the nonlinear phase criterion. As a future
work, the analysis can be extended to SSFM simulations without FWM.

We then analyzed other methods to integrate the NLSE alternative to
the SSFM, namely the Adams-Bashforth and the Adams-Moulton methods,
showing that in any of the considered cases the SSFM is still more accurate

for a given computational effort.






Chapter 4

Polarization dependent loss in

nonlinear regime

In this chapter we present a numerical investigation of the impact of polariza-
tion dependent loss (PDL) on the SNR of the transmission, focusing on the
interaction between the PDL and the Kerr nonlinearity of the fiber. Section 4.1
will introduce the reader to the PDL and its related problems; Section 4.2 will
describe theoretically both the PDL and a popular model to predict its impact
on the signal to noise ratio. Finally, a study of the SNR statistics induced by

PDL in nonlinear transmission will be presented and discussed.

4.1 Introduction

One of the properties of an optical signal is its polarization. Such a property
describes the spatial orientation of the electric field propagating in the fiber.
By the early work of Poole et al. [37,38], the electric field propagating in the
fiber can be expressed as linear combination of two signals, each one describing
one of two orthogonal polarizations of the electric field. The spatial orientation
of the two polarizations is defined by the SOP [37]. In nowadays communica-

tions the polarization of the optical field is exploited to increase the capacity
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of the optical channel by transmitting signals in the regime of polarization
division multiplexing, where two different and typically independent streams
of information symbols are modulated in the two orthogonal polarizations of
the optical field.

During the propagation in an optical fiber, the optical signals typically
experience polarization effects like PMD and PDL. PMD is related to the
frequency dependence of the fiber birefringence, which causes the two polar-
izations of the signal to experience a random differential group delay (DGD),
i.e., a misalignment in time of the two signal polarizations at the receiver side,
and a depolarization of the signal. The temporal fluctuations of such effect
are slow in time compared to the symbol timing, such that, despite their ran-
dom nature, they can be recovered at the receiver side by means of digital

equalization [1,2].

Polarization dependent loss manifests instead in a different attenuation of
the two orthogonal polarizations. Such an attenuation is mainly lumped into
optical components, like optical amplifiers and wavelength selective switches
(WSS) used to route the WDM channels along a network [64]. Typically any
optical link includes many components, thus PDL accumulates along distance.
Each PDL element is randomly-oriented, consequently even the total accumu-
lation of PDL in the link is random [65-68]|. The resulting polarization de-
pendent loss, when expressed in dB, converges to Maxwellian statistics when
a large number of PDL elements is considered in the link [65,66]. With few
PDL elements the statistics are more complicated [67,68], even if they can be
computed analytically as in [69]. PDL affects both the signal and the noise
on the line. While the PDL affecting the signal can be recovered by using
digital equalization, its effects on the system performances cannot be com-
pletely mitigated due to the interaction between PDL and the optical noise
accumulated in the line. Such a beating between PDL and noise causes in fact
unavoidable random fluctuations on the SNR at the receiver side of the com-
munication [70-72]. Such fluctuations can eventually lead to the outage of the

system, thus it is necessary to define some margins on the SNR to bound the
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outage probability [73-75].

Typically, the impact of the PDL on the SNR of the transmission has
been evaluated by considering the ASE noise as the only noise source of the
link [70-75], thus neglecting the Kerr nonlinearity of the fiber. However, in
nowadays optical communications the paradigm is to maximize the SNR of
the transmission by setting the signal power to the nonlinear threshold [52,
53], i.e., the power achieving the maximum reachable SNR in the system. At
such a power, the variance of the nonlinear interference is half the ASE noise
variance, thus its impact on the system performances is not negligible. Due to
the different nature of the two noises, the interaction between the PDL and

the nonlinear noise may change the SNR statistics.

Recently, studies on the interaction between PDL and fiber nonlinearity has
been performed |76-81|, showing that by increasing the transmission power the
SNR shows different statistics from the case considering only the ASE noise.
However, the first few investigations lack of generality since in [76] only a
single element of PDL has been considered, while in [77] all PDL elements were
aligned together. More general studies with randomly-oriented PDL elements
have been later conducted |[78-81], showing different results depending on the
link studied. A more detailed analysis is thus mandatory to confirm the results.
Moreover, a more in-depth investigation is needed in order to better understand
the dynamics of the PDL-NLI interactions. The following work is devoted to

such an analysis.

Since PDL randomly varies in time [67,68], a statistical approach must be
performed to study the variability of the PDL-affected SNR. Many different
realizations of PDL should be analyzed in order to explore the whole space of
possible SNR realizations and reach thus low values of outage probability. Such
investigations result in high computational effort when the PDL is investigated
with split-step Fourier simulations. To face such a problem different models
have been proposed for a fast estimation of the impact of PDL on the SNR of
the transmission [74,75]. The common characteristic of these models is that

they consider the accumulation of PDL on a link affected by ASE only, thus
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completely neglecting the impact of fiber nonlinearity. Such models are thus
expected to present significant deviations from the real SNR statistics when
fiber nonlinearity is of concern.

The work reported in this chapter has been done during the Author’s intern-
ship at Nokia Bell Labs, Paris-Saclay, France, in the 6 months period between
June 2017 and December 2017.

4.2 Theoretical background of the polarization de-

pendent loss

As reported in Chapter 2, in a dual polarization scenario the optical signal

T
can be expressed as a 2 x 1 vector A £ [ Az, Ay } . Each PDL element is
described by a 2 x 2 matrix as in [71,75]:

M, £ U,

JI¥y 0 ;
. 1_7]Uk (4.1)

where Uy, is the Jones representation of a random matrix describing a uniform-
distributed rotation over the Stokes space [65], while T means transpose conju-
gate, and ~ is the power attenuation/gain of the single polarization. It is worth
noting (4.1) preserves the total power, hence if a polarization is attenuated,
the other is inflated. Such a representation for the PDL element consists in
considering the EDFAs generating the PDL as operating in constant output
power mode, such that the total signal power after the PDL element is equal

to the launch power [71]. The PDL is typically characterized by the parameter:

p=01+7)/0-7),

which defines the strength of the PDL element. Although such a parameter
can be random as well, it is typically considered equal for all PDL elements
for the sake of simplicity. Since each PDL element is randomly-oriented, PDL

accumulation is not linear along distance [65,66]. The distribution of p assumes
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Figure 4.1: Scheme of the RCM for PDM optical transmissions. Each span
is modeled as a concatenation of a randomly-oriented PDL element and an

additive ASE noise source.

Maxwellian statistics when is expressed in dB and many PDL elements in the
line are considered [65].
By passing among many PDL element during the propagation, the received

signal can be expressed as:
Az, t) =T A(0,1)

where:
T & My M;_,... M, (4.2)

is the matrix describing the PDL accumulation up to coordinate z, with k the

number of PDL elements crossed by the signal.

4.2.1 The reverse channel method

The reverse channel method (RCM) is a model proposed by Tao et al. to predict
the SNR variability due to PDL when ASE is the only source of noise in the
transmission |75]. The RCM works with a simplified optical link described by a
sequence of PDL elements and additive noise sources. Each pair describes the
ASE noise and the PDL introduced by a single EDFA over the link. The scheme
of the link is reported in Fig. 4.1. The transmitted signal s is affected by all PDL

elements of the line, while the generic ASE noise process nj = [nj, nj,]7,
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generated after the j* PDL element, experience only the PDL from the span
j + 1 to the end of the link. Following the notation of Fig. 4.1, the signal after

coherent detection is thus:
r=Tin,-s+Ton,-n1+- - +Tn, N, N1+ NN,

where T;; is the PDL accumulation from element i to element j and Ny is
the number of PDL elements in the link, corresponding by assumption to the
number of spans. After detection, a perfect PDL equalizer is considered, with a
zero-forcing channel inversion, which perfectly recovers the total PDL affecting

the signal. Such a block thus applies the matrix Tl_]{,s, yielding:
“ny 4+ Tl_j,sfl “nN,—1 + Tl_j[s NN, - (4.3)

From (4.3) is clear that the PDL after equalization affects only the noise. More-
over, the PDL contribution to each noise process can be calculated iteratively
starting from T1_11 =M, Land progressively adding PDL contributions to the
inverse PDL matrix. At each step the resulting matrix is exactly Tlgl, i.e., the
PDL contribution affecting the ASE process n;. The covariance matrix of the

. . A A
recelved noise N = s — S:
N, ;
A 2 -1 (-1
Cov [n] = OASE,z * E le (le )
j=1

where J[%SE ., is the ASE variance of a single polarization tributary in absence
of PDL. It is worth noting in such a model the PDL affects the SNR of each
polarization tributary by a factor of the ASE noise variance, thus it can be

defined as:
P

SNRy, 2
o UiSE'PDLI,y

(4.4)

where U2P is the SNR without PDL and PDL, , are the terms on the diagonal

ASE

t
of the global PDL matrix Z;V:1 Tgl (Tgl) . When the SNR is expressed in
dB, the PDL results thus in an additive term.
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The SNR randomness induced by PDL in such a model can be estimated
by Monte Carlo simulations. Such a model will be compared to our numerical
investigation, based on SSFM simulations, to check the impact of PDL in

nonlinear regime.

4.3 Numerical setup

In this section we describe the numerical setup used for the numerical investi-
gation.

The signal used for the propagation was a WDM comb composed of 13
channels. The number of channels has been chosen as a good compromise to
keep a small simulation time for each propagation while having a significant
amount of cross-channel nonlinearity on the signal. However, since the PDL
is modeled as a frequency independent matrix, the bandwidth of the signal
should not impact its interaction with the fiber nonlinearity, thus motivating
our choice on a relatively small number of channels. All channels were consid-
ered with a symbol rate of R = 32 Gbaud, evenly spaced by Af = 37.5 GHz
and modulated using PDM-QPSK modulation format with root raised cosine
pulses with roll off 0.01. The alignment between the signal SOP and the prin-
cipal axis of the PDL elements has been showed to impact the SNR [70, 76].
To account for such a dependence we considered a randomly-oriented SOP for
each WDM channel, uniformly distributed on the Poincaré sphere.

The transmitted signal was propagated on a link composed by 25 spans of
standard SMF (dispersion D = 16.7 ps/nm/km, length L = 100 km, attenua-
tion a = 0.22 dB/km, nonlinear coefficient v = 1.3 1/W /km). We considered
for the propagation either a DU link and a DM one. The difference between
the two is that in the DU link the accumulated fiber dispersion is recovered
only at the receiver, while in the DM case part of the accumulated dispersion is
recovered at the end of each span, typically by using a dispersion compensat-
ing fiber. To clarify the difference, in Fig. 4.2 the accumulated dispersion along

distance is sketched for the two cases. Please note DU links are characterized
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Figure 4.2: Sketch of the accumulated dispersion Dcyy, along distance for a DU
link (top) and a DM link (bottom).

by a smaller nonlinearity than the DM, thus they are well-suitable for modern
transmissions, where the large amount of accumulated GVD can be digitally
recovered at the receiver. The DM configuration, however, is still present in
already placed optical links, thus it is important to study also such a case.
For our investigation, we considered a DM30 link, i.e., a DM link where after
each span the amount of residual dispersion left on the signal is Drppg = 30
ps/nm. Typically, in DM links the input signal is pre-dispersed to reduce the
nonlinearity on the link. We consider in the DM30 case a pre-dispersion of
Dprg = —550 ps/nm. In any case of study the residual dispersion on the

signal at the receiver has been ideally compensated.

It has been shown in [82,83] that PMD has a negligible impact on the PDL
for typical values of PMD and PDL in the fiber. This allows studying the two
effects separately. The PMD on the fiber was thus set to zero in order to focus
only on the variability generated by the PDL effect. Fiber propagation was
modeled using the SSFM applied to the ME. The SSFM has been implemented
by using the FWM-CLE rule (see Section 3.5) with symmetric step SSFM and
a value of ®pwy = 20 rad to set the first step length. This setup grants a
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Figure 4.3: Nested loop structure to correctly estimate the SNR realizations
due to PDL. SNR; is the correct SNR of the single PDL realization, cleaned
by the randomness due to information sequences and ASE noise. {SNR} is the
set of all PDL-affected SNR realizations. The block SSFM indicates the signal

propagation.

numerical error on the SNR ~ 0.01 dB, a reliable accuracy to study SNR
fluctuations of fractions of dB. Fiber loss was recovered at the end of each
span using EDFA characterized by a noise figure of 6 dB.

The receiver was composed by a matched filter followed by a data-aided,
5-tap least square butterfly filter to recover the signal polarization. The SNR
of each polarization has been estimated evaluating the variance of the received
clouds. A single PDL element was placed before each EDFA | randomly-oriented
with respect to polarization tributaries. Fach PDL element has been considered
with p = 0.5 dB.

It is worth noting that, especially in DM links, the stochastic nature of the
nonlinear impairments can be caused by the specific realization of the transmit-
ted sequence [84]. The variability of the SNR due to the transmitted sequence
can impair the SNR measurements if not correctly taken into account. Such a
stochastic phenomenon, however, changes faster in time than the PDL, which
shows a variability in the order of hours [67]. To isolate the SNR fluctuations
due to PDL we thus used a two-nested Monte Carlo loop like the one used
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Figure 4.4: SNR vs channel power for both the DM30 and DU link configu-
rations considered. The three powers used for the investigation are marked as
“analysis”. Fach point of the curve has been obtained by averaging the SNR

over 20 different PDL realizations.

in [84] and depicted in Fig. 4.3. The outer loop accounts for slow time-varying
phenomena such as the PDL and the SOP variation of the signal, while the
inner loop accounts for the fast phenomena such as the transmitted sequence
realization and the ASE noise. The SNR variation with the fast phenomena
has been averaged to mitigate the Monte Carlo uncertainty. The average SNR

is thus the result of a double expectation:

E[SNR] = E,[E,[SNR|¢]]

where 1) is the set of the fast-varying random processes and p the set of the

slowly-varying random processes.

4.4 Numerical results

We first simulated the system average performance in terms of SNR vs power

to identify the regions where nonlinearity is the dominant effect. Such curves
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P Py P
DM30 -4 -1 2
DU -2 1 4

Table 4.1: Channel powers [dBm] used for the analysis of the PDL for the
DM30 and DU link configurations.

are depicted in Fig. 4.4 for both the DU and DM30 link. Each curve has been
obtained by averaging the SNR over 20 random realizations of PDL and signal
SOP. The SNR in Fig. 4.4 has been obtained from the single polarization
BER, under the hypothesis of additive circular Gaussian noise and for QPSK

modulation, as:

2
SNR 2 2 {erfcl [2 (;BERT + ;BERyﬂ } (4.5)

where:

BER; = %erfe (m) i€z, y] (4.6)
is the bit error rate BER of the single z-y polarization and erfc is the comple-
mentary error function.

We considered for the analysis three different powers for each link config-
uration: the nonlinear threshold (NLT) Pyir, i.e., the power giving the maxi-
mum SNR of the transmission [52], and two other powers, P ix and Py, for
a transmission in linear and nonlinear regime, respectively. Such powers have
been chosen as Ppin = Pyir — 3 dBm and Pni, = Pyt + 3 dBm, ie., way
apart from the NLT to claim the nonlinear noise and the ASE noise negligi-
ble,respectively. Such powers are highlighted in Fig. 4.4 by the label “analysis”
and are reported in Table 4.1.

For all powers we first check the minimum number of fiber propagations at
a given PDL realization, i.e., the number of inner loop propagations of Fig. 4.3,
to stabilize the SNR from the Monte Carlo uncertainty induced by the fast-
varying stochastic phenomena. As expected by [84], the longest number of

propagations needed to obtain a reliable SNR realizations was obtained for
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the DM30 link by averaging the performances of 16 sequences of 4096 symbols
each, for a total of 2'6 symbols, and this value has been employed in all the

following results for any power value and link configuration.

4.4.1 Probability density function of the SNR

In order to fairly compare the probability density functions (PDF) of all the
three powers we analyzed the overall equivalent SNR, deviation in dB from its

mean value, i.e.:

ASNR £ SNRyg — E [SNRyg]

where SNR is the actual estimated SNR for each PDL realization and E [SNRqg|
is the average of the SNR expressed in dB overall random PDL realizations.
Figure 4.5(top) shows the PDF of ASNR for the three powers considered and
the DU link configuration. Each PDF has been obtained by analyzing 800 dif-
ferent PDL and signal SOP realizations. Each PDF shows an unbalanced tail
toward the low SNR values, in agreement with literature [71,72,78|. For in-
creasing power, it can be seen the PDF of ASNR spreads because of the PDL
interplay with the fiber nonlinearity. Such a spreading is already present at
Pxrr, thus it cannot be considered negligible in the transmission.

In Fig. 4.5(top) we also plotted the same PDF obtained by the reverse
channel method, labeled in the plot as RCM, for both Pyir and Pyr,. Since
such a model does not consider the nonlinearity of the fiber, one should expect
the PDF obtained by the RCM to always match the PDF of the simulation
at PN, i.e., in the linear regime. This does not happen because of the high
values of SNR on which the RCM works for not considering the nonlinearity
at high power. At this high SNR, the intrinsic nonlinearity of equation (4.5)
spreads the PDF of the overall transmission SNR, resulting in the RCM to
overestimate its real statistics. Similar results have been found for the DM30
link under analysis, as reported in Fig. 4.5(bottom). Even here the spread of the
PDF for increasing power is present, highlighting that the interaction between

PDL and fiber nonlinearity is of concern even in these link configurations. The
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Figure 4.5: (solid marked curves) ASNR £ SNR — E[SNR] distribution for
PN, Pxur and Pyp, estimated from simulations. (dashed and dash-dotted
curves) ASNR distribution from RCM |75] predictions at Pypr and and Py,
respectively. 25 x 100 km SMF link. DU link (top) and DM30 link (bottom).
PDFs computed over 800 SNR samples each.
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Figure 4.6: (solid marked curves) ASNR £ SNR — E [SNR] cumulative dis-

tribution for Prin, Pnpr and Pyi, estimated from simulations. (dashed and

dash-dotted curves) ASNR cumulative distribution from RCM [75] predictions

at Pxpr and Pyp, respectively. 25 x 100 km SMF link. DU link (top) and DM30
link (bottom). PDFs computed over 800 SNR samples each.
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broadening of the SNR PDF for increasing power affects the setting of the SNR
margins to avoid system outage. To address this problem we plotted in Fig. 4.6
the cumulative distribution function (CDF) of the same ASNR realization as
Fig. 4.5. ASNR can be ascribed to the SNR penalty, i.e., the SNR margin,
that should be allocated in the transmission to obtain a system outage with a
probability described by the curves.

For both the DU and DM30 link the simulations show the margin needed
for Pypr is higher than the one for P iy with a spread of ~ 0.1 dB for the
DU case and ~ 0.2 dB, at outage probability P [outage] = 10~2. Even if such
differences seem small at this outage probability, they can become significant
at operative values of outage probability, which are around 10~°. Such values
have been impossible to reach in our numerical investigation, due to the high
computational time required for the simulations. The prediction of the RCM,
as expected, overestimates the system margins for increasing power due to an

overestimation of the PDF spread reported in Fig. 4.5.

4.4.2 Single polarization SNR

To explain the broadening of the PDF for increasing power, we analyzed the
PDF of the single polarization SNR, i.e., SNR; ,, for the DU link case. Since
PDL involves a uniform distributed rotation in the Stokes space,the SNR of
each z,y polarization has approximately the same statistics. In this work in-
stead we found more interesting to classify the SNR into the best- or worst-

performing between the two polarization tributaries, i.e.:

SNRpest = max [SNR,, SNR,]
SNRyorst = min [SNR,, SNR,] .

Such a classification highlights some properties of the PDL-affected SNR
that would have been missed by plotting only the PDF of SNR,; ,, as depicted
in Fig. 4.7(top) and Fig. 4.8(top) for the two extreme cases of Py and Py,
respectively. In linear regime, i.e., Py (Fig. 4.7(top)), the two PDF of SNRjegt

and SNRyorst show a strong symmetry around the average SNR. In fact, each
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Figure 4.7: (top) Single polarization SNR distributions for best/worst-
performing tributary (triangles/square), as well as the overall SNR (circles),
estimated from simulations at P iy = —2 dBm. 25 x 100 km DU-SMF link.
800 SNR samples. (dashed and dotted curves) SNR distribution from RCM [75]
predictions. (bottom) First 100 realizations of SNRpess and SNRyorst Obtained

by simulations.
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polarization PDF shows the same unbalanced tail, but toward opposite direc-
tions. Such a symmetry is due to the total energy conservation of each random
PDL block, see (4.1). In fact, after recovering the random polarization rotation
at the receiver, PDL is nothing more than a random symmetric redistribution
of the total signal power between the two polarizations. For low powers, i.e., in
linear transmission regime, the dominant noise is the signal-independent ASE
noise, thus such a symmetry is maintained in the SNR of the best /worst polar-
ization. Such an observation is confirmed by Fig. 4.7(bottom), which shows the
first 100 realizations of SNRyest and SNRyorst for Prin. An antithetic correla-
tion is clearly visible. Such a negative correlation helps to reduce the impact
of the PDL on the overall SNR calculated as in (4.5) from the average BER
of the two polarizations. This is visible in Fig. 4.7(top) by the circle markers,
which highlights that the PDF of the overall SNR is narrower compared to the

best/worst polarization.

In linear transmission regime the dominant noise is the ASE noise, thus
not surprisingly the same classification of best/worst-performing SNR for the
RCM model shows almost identical results, as depicted in Fig. 4.7(top), by the
dashed curves. A minor shift between simulations and RCM PDF is present.

This is due to the small residual contribution of nonlinearity to the SNR.

By increasing the transmission power up to Pyr, the symmetry between
the PDF obtained in the linear regime breaks down. In this case, reported in
Fig. 4.8(top), the two PDF of SNRpes; and SNRyorst tilt in the same direction,
with a more pronounced tail toward the low SNR values. Such an asymmetry is
indicative of a different interaction between the PDL and the fiber nonlinearity,
which is the dominant noise at high power, with respect to the interaction with
ASE noise. This is confirmed in Fig. 4.8(bottom), where we collected again
100 realizations of SNRpest and SNRyorst like what done in Fig. 4.7(bottom).
Contrary to the ASE case, now a strong correlation exists. Such a change in
the dynamics of SNRpegt and SNRyorge 18 thus the cause of the spreading of
the overall SNR found in Fig. 4.5.

The different interaction of the PDL with nonlinearity is not surprisingly
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Figure 4.8: (top) Single polarization SNR distributions for best/worst-
performing tributary (triangles/square), as well as the overall SNR (circles),
estimated from simulations at Pyy, = 4 dBm. 25 x 100 km DU-SMF link. 800
SNR samples. (dashed and dotted curves) SNR distribution from RCM [75]
predictions, shifted down to match the simulations average SNR to ease the
comparison. (bottom) First 100 realizations of SNRpest and SNRyoygt 0btained

by simulations.
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missed by the RCM model, since it completely neglects the nonlinearity of the
fiber. In fact, even in nonlinear transmission regime the RCM shows the same
symmetry between best- and worst-performing SNR as in linear regime, as
depicted in Fig. 4.8(top). It is worth noting that by neglecting the nonlinearity,
the RCM shows for Pyr, an average SNR way higher than the real one. For the
sake of comparison, the SNR PDF relative to the RCM in this case has been
manually shifted to the average SNR value of the simulations.
A similar trend has been observed by analyzing the best- and worst-performing

polarizations in the DM30 link, as depicted in Fig. 4.9 for Py and Pyr.-

4.4.3 Individual contributions to nonlinearity

In Section 4.4.2 we demonstrated that the PDL interacts with fiber nonlinearity
with a different mechanism with respect to ASE noise. To further investigate
this aspect, we decoupled the nonlinearity into its main contributions. A similar
investigation has been made in [36]. However, in [36] the decoupled nonlinearity
has been investigated only in terms of the average penalty, i.e., the average
contribution of all the PDL realizations. In this Section, we enlarge the topic
by analyzing the distribution of the single polarizations of such nonlinearity
contributions.

Referring to (2.25), the contributions to the nonlinearity can be classified
in the SPM, XPM, and FWM. In dual polarization, the two degenerate cases
of XPM can be further separated into a scalar XPM, i.e., the nonlinear phase
rotation due to interfering channels and common to both channel polarizations,
and an XPolM [47], i.e., the nonlinear SOP rotation on the Poincaré sphere
inducing nonlinear polarization crosstalk.

Once separated the nonlinear contributions as (2.25), we simulated the
propagation of the WDM signal selectively activating in the SSFM the non-
linear as in [36]. The link was composed of 25 x 100 km of SMF in DU con-
figuration. The channel power was Pyrr = 1 dBm. This time we focused only
on the interaction between PDL and fiber nonlinearity, thus we forced all the

EDFA noiseless. The same 800 PDL realizations of the previous section have
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Figure 4.9: Single polarization SNR distributions for best-/worst-performing
tributary (triangles/square), as well as the overall SNR (circles), estimated
from simulations at (bottom) Pyxy, = —4 dBm and (bottom) Pyp, = 2 dBm for
the DM30 link under investigation. 25 x 100 km DM30-SMF link. 800 SNR

samples.
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Figure 4.10: PDF of SNRpegt and SNRyorst 0btained by simulating the prop-
agation of the WDM signal described in Sec. 4.3 in a 25 x 100 km SMF link,
in presence of only one nonlinear contribution at a time. Channel power is
Pypr = 1 dBm in absence of ASE noise. 800 PDL seeds. a) SPM only, b)
XPM only and, ¢) XPolM only.
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been investigated. The single polarization SNR has been analyzed, classified
as best- and worst- performing as in Section 4.4.3. The resulting PDF of the
SNR are reported in Fig. 4.10. The SNR in the three different plots refers just

to the SNR of the single nonlinear contribution, i.e.:

P

.
0;

SNR £ i € [SPM, XPM, XPolM] .

For both the SPM and XPM case, the two PDF of SNRpest and SNRyorst
show a more pronounced tail in the same direction, i.e., toward low SNR values.
On the contrary, the PDF with only XPolM shows a similar symmetry already
observed in presence of ASE only in linear regime, see Fig. 4.7.

The explanation of the different interaction between PDL and the nonlin-
ear contributions can be ascribed to the different nature of the contributions
themselves. In fact, both SPM and XPM are scalar phase rotations, depending
on the total instantaneous power of the signal. They thus affect the two po-
larizations identically. Such a power fluctuates randomly along distance due to
PDL, and such an oscillation is reflected identically on the single polarization
SNR. XPolM instead is a polarization-dependent matrix term, thus the SNR
of the two different polarizations is affected in a different way.

Such a behavior is behind the symmetry inversion of SNRpest and SNRyorst
found in Section 4.4.2 for increasing power. In a typical DU link the dominant
nonlinearity contributions are SPM and XPM [85], as visible by the x-axis of
the plots in Fig. 4.10. By increasing the signal power, the nonlinearity becomes
more significant in the SNR, thus the variability of SPM and XPM dominates
the SNR fluctuations due to PDL.

4.5 Conclusions

We have numerically studied how the PDL affects the SNR of the transmission
when fiber nonlinearity is significant. We showed that the interaction between
PDL and nonlinearity contributes to the SNR variability by spreading its dis-

tribution. Such a spread is already of concern at the nonlinear threshold, and



4.5. Conclusions 123

cannot be neglected if a precise setting of the system margins is needed. More-
over, we investigated the reasons of the spreading of SNR distribution, showing
that it is due to a symmetry break in the distributions of the single polariza-
tions SNR for increasing power when such polarizations are classified as best-
and worst- performing. Finally, we investigated the variability of nonlinear-
ity by decoupling it in its three main contributions, namely the SPM, XPM,
and XPolM, showing that the above-mentioned symmetry break of the SNR
distribution can be ascribed to SPM and XPM.






Chapter 5

The extension of the Gaussian
noise model to PDL

In this chapter we extend the GN model [14,15,17| to account the impact of
the PDL in nonlinear regime. In the first section we will introduce the reader
to the topic of the nonlinear modeling for a fast and reliable estimation of
the system performance. Next, we will present the model theoretically and we
will extend it by including the PDL in the theory. Finally, we will validate the

extended model both numerically and experimentally.

5.1 Introduction

There is recently a surge of operators’ interest in electrical SNR monitoring
in multi-vendor optical networks [86]. The SNR of the transmission over each
network node can in fact be used as a quality-of-transmission parameter to
optimize the network performance [22]|. To this goal, such a monitoring should
be accurate and fast. In modern optical communications the SNR is strongly
impacted by fiber nonlinearity, thus a tool to estimate it is mandatory.

Other important impairments to the SNR are polarization related effects,

such as PMD and PDL. They are characterized by a stochastic nature, thus
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their impact on the transmission is variable in time. Moreover, they can interact

with fiber nonlinearity, changing its statistics randomly during the propagation.

Assessing the impact Kerr nonlinearity on the transmission has been in the
recent years an important field of the research in optical communications. To
this goal, different models has been found to predict the statistics of nonlin-
earity [14-19,21]. The common assumption of all these models is a first-order
regular perturbation approximation of the NLI, that we briefly analyzed in
Section 2.1.4. Since the NLI is a small additive perturbation, a SNR can be
evaluated and possibly converted in BER under the assumption of a received
Gaussian-distributed NLI. If such assumption is taken from the beginning of
the link, the GN model is derived. The GN model received significant attention
due to its simplicity and the good compromise between accuracy and compu-
tational effort [87].

Even in the common framework of the first-order perturbation, different
approaches has been used to characterize the NLI. For example, [16,21] use a
time domain approach to characterize the nonlinear interference noise by ana-
lyzing the collision between different pulses of the signal, whose main feature
is to highlight the phase noise nature of the nonlinearity. Other approaches
has been studied to characterize the NLI both in the frequency [14,15,18] and
the spatial [17,19] domains, with converging results between the two points of
view.

The analysis of the GN model started by considering both the NLI and
the transmitted signal as a Gaussian process [14,15,17], and it has been later
improved to include non-Gaussian modulation formats [18,19], Raman amplifi-
cation [88] and nonlinear signal-noise interactions [89]. More recently, attempts
to also include high-bandwidth stimulated Raman scattering have been made
in [62].

So far, the GN model still misses some high-level features as the influence
on the NLI of polarization related impairments such as PMD and PDL, as
well as the impact of digital signal processing at the receiver. Including such

impairments directly in the model will both improve the accuracy of it as well
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as allowing fast and reliable investigations of stochastic effects such as PMD
and PDL in nonlinear regime.

Recent investigations of the ME in PMD-influenced transmissions over large
bandwidths showed a minor impact of the PMD in nonlinear transmissions [46].
However, we showed in Chapter 4 that the interaction between PDL and fiber
nonlinearity may have a significant impact on the SNR distribution. Usually
the impact of the PDL is modeled by considering only its interaction with
ASE [75], thus not considering its interaction with nonlinearity. However, we
saw in Charter 4 that nonlinearity reduces the accuracy of such existing models
in predicting the SNR margins of the system in presence of PDL. A new model
predicting the PDL-nonlinearity interaction is thus extremely useful.

The following work attempts to fill such a gap by extending the GN model
for the estimation of the NLI variance to include PDL, and by validating it
both numerically and experimentally. The experiments have been performed
in Nokia Bell Labs, Paris-Saclay, France in Nov.-Dec. 2017.

5.2 Theoretical model

In this Section we theoretically present the model and its extension to include

the PDL and nonlinearity interaction.

5.2.1 GN model theory

In this section we recap some of the most important features of the GN model,
as well as highlighting some interesting parallelisms between the frequency
domain approach [14,15] and the spatial approach [17].

We start by reporting the NLI, i.e., the perturbed solution, of an optical
PDM signal U = [U,, Uy]T in the framework of the ME at the end of a link of

length L:
L

Uy (L,t) = —j'yg/e_'“/\/ <e£5U(0,t)> d¢ (5.1)

0
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where e£¢ £ f{e‘j%wzf} and N (U) £ ¢90) (UTU) U, U the unperturbed
solution of the field. g (£) is the link gain profile defined in (2.32). Please note
that (5.1) refers to a reference system that tracks the GVD of the signal. Such
a point of view is equivalent to consider a perfect GVD equalization at the

receiver. We are considering a signal with uncorrelated polarizations, i.e.,
Ry(r)=E [U 0,t)UT (0,1)] = RyI (5.2)

with Ry the autocorrelation function of the single polarizations, here consid-
ered identical.

If we remove GVD, i.e., e = 1, the NLI takes the following expression:

where the factor:
L
P L 8"}//6‘[05 —oc—&—zklog(G’k)&(az—zk)dx (54)
9
0

is the nonlinear phase accumulated in the propagation.

The autocorrelation of such a nonlinearity is:

Ry (7)) =E [Ul (L.t+7)U] (L.1)
= O [|U (0,t+7)P U (0.t +7) UT (0,6) [U (0,0)]
which involves six-order moments of U. With the assumption of a Gaussian

input signal and in absence of linear effects such as PMD, such a correlation can

be evaluated using the complex Gaussian moment theorem [90], obtaining [17]:
Ry (1) =382 |Ry|* Ry . (5.5)

It is interesting to note that such an autocorrelation is, in the form, identical
to the NLI in (5.3). The nonlinear coefficient « is present squared in (5.5)

through ®2, which is not surprising since Ryt has the unit measure of power.
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The factor 3 comes from the degeneracy factor of both intra- and inter-channel
cross phase modulation from one polarization, plus a single contribution from
the other one [17].

We include now the GVD. In this case, the nonlinearity is better described
in the frequency domain by a FWM process [14, 15]. Equation (5.1) in the

frequency domain is:

0L =i [[ Lt fi ) 0 0.5)
<[0T 0+ =T O.f)]dhdfds  (56)

with n (L, f, f1, f2) the kernel of the nonlinearity, which contains all the prop-
erties of the link. Equation (2.31) accounts for the nonlinearity from input to
output.

The Fourier transform of the correlation function in the frequency domain
is the power spectral density (PSD). It is worth noting in absence of PMD
and PDL the invariance of the form between the first order perturbation (5.6)
and its PSD still holds. In fact, the PSD of the NLI Gnir is, by Gaussian

assumptions of the input signal [15]:

- 16 [ [ .
G =35 [[ (L fi PG (1)
< (G + fa= NG ()] andfs. (5.7)
In this case, the kernel is squared in modulus, thus generalizing the square of
- N 2
gamma mentioned before, and we have G (f) = ‘Ux (0, )| the PSD of the
16

single polarization input signal. The factor 37 comes from the PDM assump-

tion, and its origin is explained in [17, App.C|. We want to stress out that the

invariance in form of (5.3), (5.5) and (5.6), (5.7) come by the assumption of

uncorrelated and identical distributed polarizations, as well as the absence of

any kind of effect along the line that can induce correlation between them.
The accumulation of the PDL is distributed along the line. However, the

GN model as in (5.6) is a global description of the nonlinearity from input to
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Figure 5.1: Scheme of the signal power profile in a transparent link. P (0) is

the input signal power, while 2z, are the coordinates of the amplifiers.

output, thus it lacks the local evolution of the signal along the line. This is not
a problem in reality since the kernel is a linear function with distance, thus it
can be broken into its single span contributions. To this goal, we consider a
transparent periodic link as the one depicted in Fig. 5.1, i.e., with equal spans
of length Lg where each amplifier completely recover the span loss. In this case
the signal input power P (0) = P (iLs), i =1,..., Ng, with N the number of
spans, while the gain profile (2.32) becomes:

with [.] the floor function. This way, (2.31) can be separated in the sum of

each span contribution as:

N,
N (L, f, 11, f2) = > (Ls, £, s fo) (5.8)
n=1

with the single span kernel of the n'* span as:

T (L, £, f1r f2) 2 M1 (L, £, f1, fo) e 97 B2f =) (= f2) (n=D)Ls (5.9)
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The complex exponential in (5.9) accounts for the GVD accumulated by the
signal up to span n— 1. The perturbed solution Uy (z, f) can thus be expressed

as:

Ns
U (L, f) =) Uin(L, ) (5.10)
n=1
with:

(jl,n(L7f)é_j7// nn(L&fvflva)ﬁ(O?fl)
X [0 0,51+ 2= DT, f2)] dfadfo

the single span contribution of the NLI. The PSD in this case becomes a double

summation, i.e.:

N. )
éNLI:’Y2£ Z // 77;:; (Lsafuflan)T/n (Lsafuflan)

n,k=1

x G () [G U+ f— NG ()] dfidfs. (5.11)

It is worth noting that for k = n we get the PSD of the nonlinearity generated
on the nt" span of the link. All the other cases with k # n are instead the
cross-PSDs describing the correlation of the NLI generated on different span.

We now proceed to include the PDL in the model.

5.2.2 Inclusion of the PDL in the model

T, T2 T,

(0
()O PDL1 O PDL2 | .. i)— PDLn — RX

span 1 span 2 span n

Tx

Figure 5.2: Scheme of the transmission link with PDL.
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We focus, as in Chapter 4, over a single PDL elements M; as defined in
(4.1) added in the link at the end of each span before amplification. A simple
scheme of the resulting link is depicted in Fig. 5.2. This way the perturbed

solution U; at a generic coordinate s becomes:

U1 (L,t) £ —j’y/Tn+17NS€££N (TlnecgU (0,t)> dx

where Ty, is the PDL accumulation matrix defined in (4.2), with n = |s/Ls].
The special case Tyg = I is the identity matrix. If the total PDL of the link can
be equalized by the receiver, we can change the reference system as uj (L,t) =
Tl_]\}s Ui (L, t) obtaining:

L
) £ —J’Y/T ' Ei/\/ T1 U (0, t)) dw (5.12)
0

where Tfﬁ 1 =Ty T N, comes from the reciprocity of the PDL matrix.
Asin Section 5.2.1, we start without considering the GVD. By including the
PDL in (5.3), considering the same transparent link of Fig. 5.1 and exploiting

the nonlinear operator, the perturbed solution become:

Ng—1
w(Lt) = —jd, Y Ty, (UTPMU) T, U (5.13)
n=0
where:
s f 8
Dy = § /e—afdg = §7Leﬁ (Ls)
0

is the single nonlinear phase of each identical spans of the link. The matrix:
P, = Tf7nT1,n

is a positive definite matrix which accounts for the power imbalance due to
PDL within the first n spans. Since (UTPy,U) in (5.13) is a scalar term, (5.13)
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can be further simplified as:

Ns—1
w(Lt) = —jd, (UTPMU> U.
n=0

PDL induces correlation between polarizations. The general case of Rnr1
with correlated polarizations is depicted in [17]. By following similar steps as
in [17, App.C], the autocorrelation R, (0) £ E [u (L,t) ut (L,t)} is:

No—1
R, =®*|Ry|’ Ry Z (Tr [Pin Pyg] I + Py Py;) . (5.14)

k,n=0
with Tr matrix trace. We note in (5.14) that the correlation between polariza-
tions given by the PDL breaks the invariance of the form between the electric
field and the autocorrelation mentioned previously. However, such a invariance
is maintained in the scalar part of (5.14) by |Ry|? Ry. This should not surprise
since any scalar can be factored out by a matrix operation as the PDL. The

matrix term:
Ny—1

> (Tr [Py Py] I + Py, Py) (5.15)
k,n=0

accounts for the correlation between polarizations due to the accumulation of
the PDL.

Including the GVD even the scalar part of (5.14) becomes span dependent.
However, the GVD is a scalar term as well as Ry, thus it can be factored out
from (5.15). By similar arguments as the ones used in Section 5.2.1, the PSD
of the NLI affected by PDL can be expressed by (5.11) as:

Ng—1

Gu(f) 2 > (Tr[Pyn Pyl I + PinPik) Sin (f) (5.16)
k,n=0

with:
Skn (f) = //00 Nk (Ls, f5 f1, f2) i (Ls, £, f1, f2)
X G(R) |G(h+ = )G (f2)| dfidfe.
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The single realization PDL can thus be modeled as a matrix coefficient
(5.15) that weights each cross-PSD among spans, which can be obtained di-
rectly by the original GN model. This allows to a fast statistical investigation
of the randomness of the SNR by iterating only on the realizations of the PDL,

in the order of seconds.

5.3 Model validation

The proposed model has been double-checked with both SSFM simulations

and experiments. The results are reported in the next sections.

5.3.1 Experimental validation
[centerchanne\]l@é(l):mgma%\)-b_
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Digital Signal
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Figure 5.3: Experimental setup. The highlighted blocks are the PDL element
and the polarization scrambler used to emulate the random PDL after each

span.

The setup for the experiments is reported in Fig 5.3. The optical signal was
composed of 13 PDM channels each modulated with PDM-QPSK at symbol
rate 32.5 GBaud and evenly spaced of 50 GHz. To emulate the interfering
channel we used the common technique to modulate all the even and odd
channels with a single modulator, respectively, and then we decorrelated them
by using different temporal delays. The channel under test was set to the
central one of the comb. The link was composed by 10 x 100 km spans of
LEAF fiber, characterized by a dispersion coefficient D = 4.3 ps/nm/km, with
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a residual dispersion of 40 ps/nm after each span (DM40), implemented by a
recirculating loop. The random PDL was emulated by a fixed PDL element
of p =1 dB, preceded by a polarization scrambler which randomly rotate the
SOP of the signal with respect to the PDL element in each loop [78,81]. The
frequency of the polarization scrambler was synchronized with the recirculating
loop to ensure the same PDL realization on all the symbols of the transmitted
sequence. The acquisition windows of the oscilloscope at the receiver was tuned
with it as well. At the receiver side, after recovering the linear impairments and
the carrier phase, the SNR of each polarization tributary has been estimated
by the variance of the symbols clouds.
To obtain the variance of the NLI, we integrated G of (5.16) as:

with H (f) the transfer function of the detection filter at frequency f.

——Theory
- - -SSFM
10° || 4 Exp-x

Probability density function

0
SNR - <SNR> [dB]

Figure 5.4: Probability density function of the SNR affected by PDL in linear
regime. (solid curve) RCM linear model of |75]. (dashed curve) SSFM simula-

tions. (markers) experimental results.

We first check the setup by setting the signal power 4 dB below the non-
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linear threshold (estimated in absence of PDL), thus in linear regime, in order
to ensure the ASE as the dominant noise. The corresponding PDF of 1500
realizations of the single polarizations SNR is plotted in Fig. 5.4 with markers.
We checked it both with accurate SSFM simulations and with the RCM model
of [75], described in Section 4.2. Figure 5.4 shows a good match of the exper-
iments with both the model and simulations, thus confirming the correctness

of our emulation of the PDL in the experimental setup.
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Figure 5.5: Probability density function of the SNR affected by PDL in non-
linear regime. (solid curve) PDL-extended GN model. (dashed curve) SSFM

simulations. (markers) experimental results.

We then checked the GN model extension by switching the signal power
4.5 dB above the nonlinear threshold, i.e., with aﬁu as dominant noise, by
comparing the PDF of the single polarization tributaries of the experiments
with our proposed GN model extended to PDL in Fig. 5.5. In this case we
applied the standard GN model (5.11) to obtain the NLI power spectral density
estimation without the PDL, and then we iterated over the PDL realizations
by using (5.15). We observe an excellent match of the new model with both
the experimental PDF and SSFM simulations, confirming the good accuracy

of our proposal.
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5.3.2 Numerical investigation

Prloutage]

L=
X o

Figure 5.6: Sketch of the SNR penalty of the transmission to obtain a given
outage probability.

We investigated the accuracy of our proposed model by numerical SSFM
simulations over a DU link. This time the accuracy of the model has been
evaluated in terms of SNR penalty, which corresponds to the SNR margin that
should be left in the transmission to obtain a given outage probability. Such a
probability can be obtained by integrating the PDF of the SNR as:

X
Pr [outage] = / psnr () dz

—0o0

with psngr () the PDF of the SNR obtained by the investigation. The SNR
penalty is the distance between the value X and the average SNR (0 in our fig-
ures) that gives the corresponding Pr [outage|. A sketch of the idea is depicted
in Fig. 5.6.

The signal of this investigation was a 21-channel WDM comb with PDM-
16QAM modulation, with channel spacing 37.5 GHz. The link was composed
of Ny x 100 km of SMF fibers, with N, going from 1 to 20, with a single
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randomly-oriented PDL element at the end of each span. This time the PDL

was set to a more realistic value of p = 0.5 dB.
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Figure 5.7: SNR penalty [dB] at PDL outage probability of 107!, 1072 or
10~°. PDL per span: 0.5 dB. Solid lines: GN-model extended to PDL. Symbols:

simulations.

The simulations were performed by propagating a different sequence of
28800 symbols for each PDL realization, in order to ensure accurate Monte
Carlo estimations. We collected the received sequence after each span and then
estimated the SNR by the variance of the received clouds. The PDF of the SNR
for both the simulation and the proposed model have been estimated with the
histogram method by collecting at least 2000 different PDL realizations. We
then evaluated the surrounding area of the left tail of the PDF to obtain the
outage probability. The SNR penalty has been the evaluated by interpolation
to fixed values of outage probability of 10!, 1072 and 107°.

The SNR penalty for the three different value of outage probability is re-
ported in Fig. 5.7 as a function of the number of spans. Solid curves refer to
the SNR penalty estimated with the model, while the markers with the sim-
ulations. The model shows even in this setup an excellent accuracy with the

simulations for outage probability of 10~! and 10~2, confirming the validity of
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the proposed theory. The outage probability of 1075 was too low to be esti-
mated by the SSFM in a feasible time due to the insufficient amount of PDL
realizations needed to achieve such a probability. The model instead can be

used to investigate the system margins even for such a low probability.

It is worth noting the SSFM shows a residual randomness of the SNR
even after 1 span, whereas it should be absent since in our setup the PDL is
equalized even on the noise in the first span. Such a fluctuation of the SNR
is due to the residual Monte Carlo randomness, which cannot be completely

avoided in a numerical simulation.

Pr[outage]=1 03
A5H™ Pr[outage]=10'4
—O—Ppr[outage]=10"

Pr[outage]=1 0°

SNR penalty [dB]

-2 . |
0.1 0.2 0.3 0.4 0.5
PDL [dB/span]

Figure 5.8: SNR penalty at various values of outage probability (see Fig. 5.7)
and N = 20 spans versus PDL.

Finally, we used our new proposal to investigate the SNR penalty at differ-
ent values of outage probability ranging from 1072 to 1076 after 20 spans for
variable PDL. Such a penalty is reported in Fig. 5.8. The model shows that
after 20 spans a small penalty on the SNR around 0.3 dB exists even at the
small value of PDL of 0.1 dB.
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5.4 Conclusions

We proposed an extension of the GN model already existent in literature to
account for the randomness of the SNR due to the PDL-NLI interaction, which
is missed by the existing model to estimate the PDL and can be of concern in
nowadays transmissions where the Kerr nonlinearity is significant. The pro-
posed model showed an excellent match with both SSFM simulations and
experiment. Due to its light computational effort, the proposal can be used
for fast statistical estimations of the impact of the PDL on the SNR of the
transmission, thus it can be an ideal tool for the SNR monitoring in modern

elastic optical networks.



Chapter 6

Conclusions

In this work we addressed two open problems regarding the estimation of the
nonlinear interference arising in modern fiber-optic communications, namely
the accuracy of the split-step Fourier method (SSFM) and the modeling of
the interaction of the polarization dependent loss (PDL) and fiber-optic Kerr
nonlinearity. Both problems arise from the need in optical communication to
precisely estimate the impact of the Kerr nonlinearity on the signal-to-noise ra-
tio (SNR) of optical transmissions, which is nowadays one of the main limiting

factors of the capacity of an optical channel.

The first part of the thesis was about the SSFM algorithm, focusing on
the scaling of its accuracy to simulate the propagation of optical signals in
transmissions affected by Kerr nonlinearity. We have analyzed the accuracy of
this technique by treating the numerical error of the simulation as a perturba-
tion to the signal, thus worsening the SNR of the transmission. Such a study
was motivated by the urge of modern optical communications to increase the
transmission bandwidth beyond the current 5 THz of the Erbium-doped fiber
amplifiers available band, where the accuracy of the SSFM has never been

investigated.

By exploiting a parallelism between the SSFM and some known numerical

quadrature rules we have detailed the reasons of the numerical error, showing
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that it is set by an over-estimation of the four-wave mixing (FWM) along each
step of the simulation. Following this analysis, we proposed a new parameter
to set the first step of the simulation based on bounding the FWM oscillations
on it to grant a constant error on the SNR of the transmission for variations of
signal power, bandwidth, and fiber dispersion. In particular, we showed that the
first step of the simulation should be power-independent, and it should shrink
quadratically with the signal bandwidth. Such a new rule has been compared
with two popular rules to set the step of the simulation, namely the nonlinear
phase criterion [8] and the constant local error rule [9,10]. We showed that such
rules, which are both power-dependent, do not yield a constant SNR error in
decibel. In particular, the nonlinear phase criterion showed a decrement of the
simulation accuracy for increasing bandwidth, thus it is not reliable to simulate
the propagation of wideband signals, while the constant local error rule, due to
its power-dependence, shrinks the step of the simulation excessively, resulting
in over-accurate simulations at the expense of computational effort. Contrarily,
our proposal showed an almost-constant accuracy for signal bandwidths up to
5 THz, thus it can be an extremely useful plug-and-play universal parameter

to set up SSFM simulations for ultra-wide bandwidth transmissions.

Moreover, we compared in terms of computational effort the two different
step-updating rules, that can be inferred by the nonlinear phase criterion and
the constant error rule, both triggered with a first step chosen by our proposal.
We showed that, for practical accuracies around 0.01 dB of SNR error, the
step-updating rule inferred by the constant local error rule shows a lighter
computational effort with respect to the one inferred by the nonlinear phase
criterion, while the latter results more convenient when the propagation is
simulated with a small number of steps, thus it can be preferable in applications
where keeping a light computational effort is the main goal, such as in the

framework of digital back-propagation, even at the expense of the accuracy.

In the second part of this work, we analyzed the impact of random PDL in
nonlinear optical transmissions, showing that its interaction with nonlinearity

changes the statistics of the SNR in a different way than the interaction be-
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tween PDL and the ASE noise. We have shown that this different interaction,
which is not accounted for by any model to predict the PDL impairments, can
significantly vary the statistics of the SNR at the receiver in nowadays trans-
missions where the variance of the nonlinear interference is comparable to the
ASE noise one. Such a result should be accounted for in the set up of the SNR
margin to limit the outage of the optical system.

Finally, we extended the Gaussian noise (GN) model for the prediction of
the NLI variance to include the nonlinear interaction between signal and PDL.
Our extension showed an excellent match both with accurate numerical simu-
lation and experiments and resulted in extremely fast computational time. It is
thus an ideal tool to perform fast statistical investigations on the randomness
of the SNR affected by the PDL.






Appendix A

Nonlinear phase noise

investigation

In this thesis we investigated the SNR of optical links by proposing useful
rules to 1) setup a numerical SSFM simulation (Chapter 3), ii) understand the
impact of XPM and XPolM in presence of PDL (Chapter 4), and iii) estimate
the outage probability due to PDL in nonlinear regime (.Chapter 5).
Although the SNR is widely adopted as a key paramenter for system design,
the designer may be more interested in other metrics, such as the BER. Under
the assumption of circular noise, the conversion between BER and SNR is

straightforward. For instance, we have:

BER = %erfc («/SNR/Z) QPSK

2 1 3

However, expetially in short links, the NLI may not be circular due to

a non-negligible amount of phase noise. Aim of this section is to clarify this
aspect and show that after a carrier phase estimation with practical number

of taps the circualrity is still a reasonable approximation.
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A.1 The problem of nonlinear phase noise

Most of the models of NLI characterization in optical fibers share the com-
mon assumption that the NLI generated on the link can be approximated by
an additive signal with Gaussian statistics [14,15,17-19], and are thus known
by the name of Gaussian noise (GN) model. The validity of such an assump-
tion has been confirmed by several simulations and experiments in dispersion
uncompensated (DU) links [15,19,54-56]. However, These models result inac-
curate in particular scenarios, such as links over short distances or dispersion
managed (DM) transmissions. One of the reason of such an inaccuracy can be
attributed to the strong nonlinear phase noise in these links [94-96], thus the
circularity assumption of the GN model can be argued. In particular, in [94]
the authors showed that the amount of phase noise on the NLI in WDM trans-
mission strongly depends on channel spacing. As a consequence, while the NLI
induced by neighboring channels is a balanced mix of phase and circular noise,
the NLI induced by far away channels is mostly phase noise. Such a phase
noise could be recovered in the DSP at the receiver, thus not impacting the
transmission performance.

The aim of this Appendix is to study more in depth the phase noise nature
of the NLI for variable channel spacing by numerically analyze the role of
phase noise in the XPM and XPolM contribution to the NLI, and its possible

mitigation by using a carrier phase estimation (CPE) at the receiver.

A.2 Phase noise estimation

The received symbol y over a channel characterized by a random phase shift

and additive circular noise can be generally modeled as :
yp = el 4 néire (A1)

where xj, is the transmitted symbol, ¢ the phase noise and ngrc is an additive

noise contribution which we assumed circular. It is worth noting such a model
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for the received signal is coherent with the nature of the nonlinearity since
XPM alone is a pure phase rotation, as depicted in Section 2.1.2, while the
XPoIM induces a distributed interference characterized by random paths over
the Poincaré sphere. Hence, XPolM is expected to induce equally distributed
distortions between the real and imaginary part components.

Under the perturbative assumption of the nonlinearity described in Sec-
tion 2.1.4, the exponential in (A.1) can be approximated by its Taylor series
truncated to the first order, and the received signal can be expressed as [93]:

Yk = Tk + jTpdr + i,
i.e., the phase shift can be modeled as an additive noise, generally complex due
to the dependence on the transmitted symbol. To isolate the phase noise ¢y
from ngrc we first extract the In-phase and Quadrature components (I/Q) of
the received signal by using the decomposition described in [95,96]. We thus

considered:

Lx

P = ype 77 — |

where the received symbol is first de-rotated of the transmitted symbol phase
Zxy, and then we subtracted |zg| to obtain the zero-mean process 7. The real
and imaginary parts of 74 are the I/Q components of the noise, with variances
0? and aé. It is worth noting that such a point of view is different from the GN
model [15,19], whose reference system is the same as the one of the transmitted
signal constellation.

Since we assumed ngrc as circular, its contribution to a? and aé is identical
since the phase rotation e 4%k does not change its statistics. By these consid-

erations and by assuming independence between ¢ and z; we can express:

2 2
o o
02 = —20 O'é =E [|$k|2} 03, + 70

where a% and O'?b are the variances of the circular and phase noise, respectively,

which can be thus easily estimated from O'% and aé.
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A.3 Simulation setup

In this work we focus on the nonlinearity generated by cross-channel effects,
i.e., XPM and XPolM (see (2.25)). We thus considered a two-channel system
and studied the nonlinear impairments on a reference channel, kept fixed in
frequency, due to an interfering one at variable channel spacing. Fach channel
was modulated by PDM-16QAM signals with root raised cosine supporting
pulses of roll-off » = 0.1 at symbol rate of R = 32 GBaud. The power per-
channel was P = 0 dBm. The channel spacing Af between the two channels
has been varied from 37.5 to 975 GHz by steps of 37.5 GHz. We overlooked the
laser phase noise to focus only on the phase noise produced by nonlinearity.
The link was composed of 5 x 100 km SMF spans (a = 0.2 dB/km, D = 17
ps/nm/km, v = 1.3 mW~!-km~!) dispersion uncompensated, with a perfect
equalization of the GVD at the receiver. PMD was not present. In order to
focus on the nonlinearity we considered at the end of each span a noiseless

EDFA that perfectly compensated the span loss.

The receiver was composed of a matched filter followed by a fractionally
spaced data-aided least squared equalizer with 5 taps to compensate any resid-
ual linear distortion as well as recovering the average nonlinear phase rotation
of the signal. When CPE is present, we considered a blind phase search algo-
rithm [97] (BPS) with a number of taps optimized case by case. It is worth
noting that, differently from [97], we used a total of number of test phases

equal to 3000 to keep the quantization error negligible compared to the NLI.
SSFM simulations were conducted by solving the ME by separation of the

nonlinear effects as in (2.25) and switching “on” only the desired contributions.
In order to obtain reliable statistics of the NLI we averaged the results of a
total of 10 different propagations case by case, each one corresponding to a
transmission of 4096 symbols discretized with 64 samples per symbol. Note
that such values respect the suggestions on the signal discretization reported
in Appendix 3.6.5.

After signal detection we extracted the NLI I/Q components using the
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Figure A.1: 1/Q contributions to the NLI variance (ant,) of a WDM simulation
(solid) compared with the cumulative sum of the two-channel simulations -+
SPM (dashed).

procedure described in Section A.2 and we estimated the normalized NLI vari-

ance [53] ang, as defined in (3.5) for each component.

A.4 TImpact of the phase noise on the NLI

We first check the importance of FWM in the considered case of study by
simulating WDM transmissions for increasing number of channels and using
it as a benchmark for our two-channel simulations. We estimated the ayy, of
the WDM transmissions and compared it with the cumulative sum of the any,
of the two-channel simulations up to the same bandwidth of the WDM. To
include the SPM in the resulting variance we added the variance of a single
channel propagation. Figure A.1 shows the above-mentioned comparison for

each 1/Q component and the total axy, defined as the sum of the I and Q
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variances. The good match of the curves in Fig. A.1 indicates that the FWM
in this case of study is negligible, thus validating the approach based on the
separation of nonlinear contributions.

We now focus on just the two-channel cases. Figure A.2 shows the anr,
of each NLI contribution as a function of the channel spacing for the XPM
(Fig. A.2 left) and XPolM (Fig. A.2 right) alone. We can see in both figures
a gap between the In-phase and Quadrature components (solid squares and
circles) increasing for increasing channel spacing. Such a gap indicates that
phase noise is present, inflating the quadrature component of the NLI. The
gap is maximized with only the XPM, reaching a difference of almost 10 dB
for a channel spacing of 975 GHz, coherently with the local phase nature of
the XPM for big walk-off between channels, as reported in (2.20). Such a
gap between the I/Q components is smaller in the XPolM case, reaching a
maximum gap of almost 5 dB at 975 GHz. The reason for this smaller gap
is that, contrarily to XPM which is a unitary scalar operation, XPolM is a
unitary matrix operation affecting both the phase and the amplitude of the
signal, thus inflating the In-phase component of the NLI.

For the sake of comparison we also plotted the normalized variances of the
real and imaginary parts of the NLI, labeled "Real" and "Imaginary" in the
reference system of the signal constellation, which is the point of view shared
by the GN model. Not surprisingly, the two variances in this reference system
essentially coincide, confirming that the GN model is unaware of the phase

noise nature of the NLI.

Figure A.3 shows the same curves of the NLI components but with both
XPM and XPolM acting together, which is the more realistic case of a real
transmission. We note that since the two components are comparable, a phase

noise still exist even in this case.

It is worth noting that in all the three considered cases (XPM, XPolM,
XPM+XPolM) the variance of the real and imaginary part of the NLI, i.e., the
one referring to the GN model point of view, are exactly 3 dB lower than the

total [4-Q) variance, i.e., the total energy of the NLI is identical in both points
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of view.

The phase noise we observed in Fig. A.2 and Fig. A.3 could be mitigated
at the receiver by using a CPE. To study the impact of such a mitigation we
considered a BPS algorithm [97] placed after the receiver. The beneficial gains
of the CPE are highlighted in Fig. A.2 and A.3 by the dashed curves. We can
see that in all cases the optimized CPE reduces the variance of the quadrature
component to a level slightly lower than the in-phase one for all the three
cases of XPM, XPolM and XPM+XPolM (dashed circles). This observation
suggests that the phase noise has been completely removed by the CPE, with
a maximum gain in the total NLI variance in the XPM+XPolM case of almost
5 dB for a channel spacing of 975 GHz. Please note that the total variance after
the CPE is different from the one shared by the GN model, which is unaffected
by the CPE due to the circularity assumption of the noise. Such results are
coherent with the ones found in [20, Fig. 20].

A.5 Spectral analysis of the phase noise

To better understand the nature of the NLI we performed a spectral analysis
of the in-phase and quadrature components. To this goal, we tested 50 ran-
dom seeds of transmitted sequences and estimated the power spectral density
(PSD) by using the Welch method. We focused on the two extreme scenarios
of Fig. A.3, i.e., a channel spacing of 37.5 GHz and 975 GHz for the case of
XPM+XPolM. Such PSDs are reported in Fig. A.4 in terms of normalized fre-
quency to the symbol rate. From the figure we note that the GN model point
of view presents PSDs of the real and imaginary components almost identical,
confirming the circularity of the noise in such a point of view. Moreover, the
flatness of the PSDs suggest that such a noise is essentially white since the
NLI term jxp¢y is independent symbol by symbol. The I and Q components,
instead, show a non-flat spectrum, with a depression and an inflation on the
lower frequencies of the spectrum. Such a behavior can be ascribed to the

phase noise, which shows a correlation on the quadrature component due to
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(quadrature) components of X and Y polarizations. Two-channel simulations.

the walk-off between the two channels.

The dashed curve refers to the PSD of the quadrature component after the
CPE with an optimized number of taps. In this case the CPE removed the
phase noise from the quadrature PSD, which is now similar to the in-phase
PSD. This suggests the optimal number of taps for the CPE is the one that
makes its bandwidth closest to the bandwidth of the phase noise. In fact, after
removing the slow frequency components due to the correlated phase noise,
the CPE cannot cope with the flat high frequencies of the PSD, which act as

a white noise leading to unrecoverable symbol errors and cycle slips.
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Finally, we studied the correlation between the I and Q components of
different polarizations. Figure A.5 shows the correlation coefficients of every
possible combination of 1/Q components of the two X and Y polarizations of
the PDM signal as a function of the channel spacing, for the cases of XPM only
and XPM+XPolM (top and bottom rows, respectively), before and after the
CPE (left and right columns, respectively). From Fig. A.5a) we can observe
that the XPM only case presents a strong correlation between the quadrature
components of the two polarizations before the CPE, which grow stronger for
increasing channel spacing. Such a correlation is ascribed to the strong phase
noise composing the XPM, which is a scalar operation thus affecting both
polarizations. As we showed previously such a phase noise can be efficiently
removed by the CPE, thus removing the correlation between polarizations
as showed in Fig. A.5b). By adding XPolM the results change as shown in
Fig.3c-d). We observe a smaller correlation between the Q component of X
and Y polarization, mainly due to the differential phase induced by XPolM.
The CPE now is unable to remove such a correlation since it is working in
presence of relevant polarization crosstalk, which behaves as a white noise, as
visible in Fig. A.5d). We can also observe in this case a negative correlation
induced by the XPolM in the in-phase components of the two polarization.
This correlation is left intact by the CPE since it operates only on the phase,
i.e., the quadrature component, of the NLI.
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