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Abstract

Interacting particle systems (IPS) are paradigmatic models for non-equilibrium statistical me-
chanics. Indeed, they allow to keep the computations manageable without losing the fundamen-
tal features of the systems they aim to reproduce. Usually, two central questions are investigated:
the non-equilibrium stationary probability distribution, that is reached in the long-time horizon,
and the hydrodynamic limit, which allows us to derive macroscopic laws that the IPS satisfies,
once rescaled to the continuum.

In the literature many results and techniques have been developed regarding single species
IPS, which are models where indistinguishable particles move on a discrete geometry occupying
the available vacancies. At the microscopic level, duality and integrability allow to obtain closed
expressions for the non-equilibrium stationary distribution, while, the scaling limits theory has
made rigorous the passage from micro to macro dynamics.

At present, there is a growing interest in systems with multiple conservation laws, therefore,
from the point of view of statistical mechanics, research focuses on multi-species interacting
particles systems. In these IPS, there is the presence of multiple different species (or colours) of
particles which perform the dynamic on a discrete geometry. The difference with respect to the
single species set up is that, now, in addition to the occupation of the available vacancies, the
different species of particles interact with each other, for instance by exchanging their positions
and mutating species. This dynamics, is also reflected in the scaling limits, giving rise to systems
of partial differential equations (PDE’s) describing multi-component transport models. In this
realm, new phenomena may arise, such as multi-component uphill diffusion, which is a situation
where the flux (of mass, particle, energy, charges...) has the same sign as the difference between
boundary densities, causing the current to go uphill and violating the Fick’s law of diffusion.

In this thesis we focus on boundary driven multi-species IPS where each vertex of the discrete
geometry can host at most a finite number of particles, which can be chosen among the different
species. For this reason, these IPS are said to have compact state space. First we analyse
the so-called multi-species stirring process, which consists of a generalization of the symmetric
exclusion process (SEP), when many colours of particles are considered. After describing the
model without boundary interaction, we derive its scaling limits, both the hydrodynamic limit
and the equilibrium fluctuations from it. Then, we put the system out of equilibrium by adding
boundary reservoirs. We describe the non-equilibrium generator via a Lie algebra and we use this
property to find an absorbing duality result. This absorbing duality, allows us to characterized
the non-equilibrium steady state by means of absorption probabilities, which are the probabilities
that dual particles are absorbed at extra-sites. These extra-sites replace, in the dual process, the
original boundary reservoirs. While this duality result is available regardless of the geometry
and maximal occupancy of the process, the complete characterization of the non-equilibrium
steady state is accomplished for the integrable version of multi-species stirring process via the
combination of duality and matrix product ansatz (MPA). This allows us to write a closed
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formula for the multi-point correlations. Finally, as a still partially open problem, we construct,
for this integrable chain, the so-called mapping of non-equilibrium onto equilibrium by the use
of quantum inverse scattering method.

After having analyzed the stirring process we add a further transition mechanism: the re-
action. Starting from a system of linear PDE’s showing uphill diffusion for one of the species
(partial uphill), we construct a multi-species reaction-diffusion process with the feature of having
evolution equations for the average occupation variable (thought as a proxy for the true density)
given by the discretization on a finite lattice of the previously introduced linear system of PDE’s.
Then, the hydrodynamic limit is obtained. We observe that at this last level the uphill diffusion
is lost. Furthermore, we prove the absorbing duality for this boundary driven reaction diffusion
model and we derive the equilibrium density fluctuation from its hydrodynamic limit.

Finally, we report two perspective for future research. The first concerns the study of

multi-species processes with non-compact state space, i.e. having the possibility of hosting
an unbounded number of particles at each site. In this context we introduce the multi-species
independent random walker where, exploiting the lack of interaction we manage to completely
characterize the non-equilibrium steady state via duality. We then introduce the multi-species
harmonic process and the multi-species simple inclusion process. For both we define the genera-
tor with boundary driving and we find the reversible (equilibrium) measure. This is the starting
point for the proof of absorbing duality, an goal of future research.
As a second perspective we report a result regarding a single species asymmetric energy trans-
port model with boundary driving. The reservoirs have been designed to maintain the absorbing
duality property. Furthermore, using this duality it is possible to characterize the exponential
current in the non-equilibrium steady state. We believe that this single species result can be
a starting point for the generalization of this bulk-boundary driven model to the multi-species
set-up. Moreover, the scaling limits of this bulk-boundary driven process could also be used to
describe the macroscopic equations of multi-component transport models with drift.



Riassunto

I sistemi di particelle interagenti (IPS dall’inglese) sono modelli paradigmatici della meccanica
statistica di non equilibrio. Infatti, consentono, al contempo, di mantenere i calcoli abbastanza
semplici e di non perdere le caratteristiche fondamentali dei sistemi fisici che si prefiggono di
riprodurre. Solitamente, due importanti questioni sono investigate: la distribuzione di proba-
bilita stazionaria, che viene raggiunta dal sistema nel lungo periodo e il limite idrodinamico,
che consente di ottenere le leggi macroscopiche soddisfatte dal sistema di particelle una volta
riscalato al continuo.

In letteratura, sono presenti molti risultati e sono state sviluppate diverse tecniche a riguardo
degli IPS a singola specie, che sono modelli dove delle particelle indistinguibili si muovo su una
data geometria discreta occupando gli spazi disponibili. A livello microscopico, la dualita e la
integrabilita consentono di ottenere espressioni chiuse per la distribuzione stazionaria, mentre
la teoria dei limiti di scala ha reso rigoroso il passaggio dal micro al macro.

Al giorno d’oggi, c¢’¢ un crescente interesse per i sistemi in cui ci sono piu leggi di conser-
vazione, pertanto, dal punto di vista della meccanica statistica, la ricerca si focalizza su IPS di
tipo multi-specie. Qui, si ha la presenza di diverse specie di particelle (dette anche colori) che,
oltre alla occupazione gli spazi vuoti disponibili, si ha anche un interazione di tipo specie-specie,
per esempio scambiando le reciproche posizioni o attraverso una mutazione della specie stessa.
Questa dinamica si riflette anche sui limiti di scala, dando luogo a sistemi di equazioni alle
derivate parziali (dall’inglese PDE’s) che descrivono modelli di trasporto multi-componente. In
questo contesto, nuovi fenomeni hanno lugo, come la diffusione uphill multi-componente, ovvero
la situazione in cui il flusso (di massa, di particelle, di energia, di carica...) ha lo stesso segno
della differenza di densita ai bordi, causando una corrente uphill e violando la legge di Fick.

In questa tesi ci concentriamo su IPS multi-species con boundary driving dove ogni vertice
della geometria discreta puo ospitare al massimo un numero finito di particelle. Per tale ra-
gione, si dice che questi modelli hanno spazio degli stati compatto. Per prima cosa analizziamo
il cosi detto multi-species stirring process, che consiste in una generalizzazione del processo di
esclusione simmetrica (SEP dall’inglese) nel caso in cui particelle di diversi colori siano consid-
erate. Dopo avere descritto il modello senza boundary driving, deriviamo i limiti di scala, sia il
limite idrodinamico che le fluttuazioni di densita all’equilibrio. Portiamo poi il sistema lontano
dall’equilibrio attraverso I'introduzione di boundary reservoirs (bagni termodinamici). Descrivi-
amo il generatore di questo modello attraverso un algebra di Lie e usiamo questa descrizione per
dimostrare un risultato di dualita assorbente. Questa dualita assorbente ci consente di carat-
terizzare lo stato stazionario di non-equilibrio attraverso le probabilita di assorbimento, ovvero
le probabilita che le particelle duali siano assorbite negli extra-sites. Questi extra-site rimpiaz-
zano, nel processo duale, i boundary reservoirs originali. Sebbene questo risultato di dualita sia
valido a prescindere dalla geometria scelta e dalla occupazione massima del processo, la completa
caratterizzazione dello stato stazionario viene ottenuta nel caso di multi-species stirring process



integrabile, attraverso la combinazione della dualita e del matrix product ansatz (MPA). Questo
ci consente di scrivere formule esatte per le correlazioni multi-punto. Infine, come problema
ancora parzialmente aperto, costruiamo, per questa catena integrabile, il mappping del processo
di non equilibrio sul processo di equilibrio utilizzando il quantum inverse scattering method.

Dopo avere analizzato il multi-species stirring process aggiungiamo un ulteriore meccanismo
di transizione: la reazione. Partendo da un sistema di PDE’s lineari che mostra la diffusione
uphill per una delle specie (uphill parziale), costruiamo un IPS multi-specie con la caratteristica
che, le equazioni di evoluzione dell’occupazione media (pensata come un "approssimazione" della
vera densita) evolvano come la versione discretizzata del sistema di PDE’s precedentemente
introdotto. Si deriva poi il limite idrodinamico, osservando che in quest’ultimo caso la diffusione
uphill non ha luogo. Inoltre, deriviamo per questo modello boundary driven multi-specie di
reazione diffusione, la dualita assorbente e le fluttuazioni dal limite idrodinamico.

Riportiamo infine due prospettive per futuri lavori di ricerca. La prima riguarda lo stu-

dio dei processi multi-specie in cui lo spazio degli stati non ¢ compatto, ovvero situazioni in
cui ogni sito puo ospitare un numero illimitato di particelle. In tale contesto introduciamo
il random walk indipendente multi-specie e, grazie alla mancanza di interazione, riusciamo a
caratterizzare completamente la distribuzione stazionaria di non equilibrio, soltanto con 1’'uso
della dualita. Introduciamo poi il processo armonico multi-specie e il processo di inclusione
multi-specie. Per entrambi, definiamo il generatore con boundary driving e ricaviamo la misura
reversibile come punto di partenza per la dimostrzione della dualita assorbente, che sara oggetto
di futuri sviluppi.
Come seconda prospettiva, riportiamo un risultato riguardante un processo a singola specie
asimmetrico di trasporto dell’energia in cui un boundary driving & stato aggiunto. In partico-
lare, i reservoirs sono stati pensati per mantenere la dualita assorbente. Usando questa dualita
e possibile caratterizzare le correnti esponenziali nello stato stazionario di non equilibrio. Rite-
niamo che questo modello bulk-boundary driven a singola specie possa essere un buon punto di
partenza per generalizzare al caso multi-specie. Inoltre, il limite idrodinamico di tale modello
potrebbe condurre a equazioni di trasporto multi-componente con drift.
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Chapter 1

Research problem and outline of the
thesis

1.1 Informal introduction

Statistical mechanics is the branch of physics that describes the macroscopic behaviour of a
system starting from the dynamics of its microscopic components. For instance, one might be
interested in deriving the PDE’s describing the time and space evolution of the density of a fluid,
starting from the interaction between the molecules that compose it. Since at a microscopic level
the systems are composed by a huge number of particles (the number of constituent particles of a
mole of any chemical element is of the order 10?3) it is impossible to describe their motion via the
Newton equations. Therefore, in statistical mechanics one considers a probabilistic description
of a system via a probability measure. Here a distinction is made between equilibrium statistical
mechanics and non-equilibrium statistical mechanics. In the first context there is a universal
description of the law of the particles given by the Boltzmann-Gibbs distribution, in the latter
no such a general result is available. In this out-of-equilibrium situation, interacting particle
systems (IPS) are paradigmatic models. Indeed, with respect to the Hamiltonian systems, they
allow to keep the computations manageable, without loosing the fundamental features of the
physical situations they aim to represent.

Interacting particle systems were originally introduced by Spitzer in 1970 [5]. They consists
of particles that move and interact randomly in a discrete physical space (for example a graph).
Moreover, the whole configuration of the process must be Markov, meaning that its evolution
depends only on the present and not on the past history. In particular, to model non-equilibrium
phenomena, two basic mechanism have been introduced:

e Boundary driving: here thermodynamic baths are put in contact with the system, they
inject and remove particles from the external environment.

e Bulk driving: here an external field that drags the particles in a certain direction. This
can also be viewed as an asymmetry of the jump rates of the IPS.

One may consider other mechanics, such as active particles, where particles have an internal state
that can also randomly change in time [6]. These non-equilibrium models are characterized by
the property of having non-zero currents. In this set-up, among others, two central questions are
usually investigated: the characterization of the non-equilibrium steady state (i.e. the stationary
measure describing the long-time behaviour of the system) and the hydrodynamic limit (that
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gives the macroscopic evolution equation corresponding to the given microscopic dynamics). To
these aim, duality is a fundamental property of IPS that is crucially important. This technique
consists in the study of a process via a second one by the use of a duality function, that connects
the expectations of the two processes. This allows (hopefully) to simplify the computations. For
instance, the m-point correlation functions can be characterized by the study of m dual particles,
instead of considering the whole system. In this way, the derivation of the hydrodynamic limit
can often be reduced by duality to the application of the invariance principle for a single dual
particle, that behaves as an independent random walker. Furthermore, integrability techniques
(coming from quantum physics) have been applied to IPS, allowing an explicit writing of the
correlation function by the knowledge of the transition probability of the dual dynamics via
Bethe ansatz techniques.

In this thesis the focus is on the study of interacting particle systems where many different
species of particles perform the dynamics. We consider both equilibrium and non-equilibrium
situations, the latter obtained by a boundary driving. In the following, we state in detail the
research problems that motivated the work reported in the chapters of this thesis.

1.2 Research problem
This thesis has the following general aims:

1. Duality for multi-species interacting particle systems (IPS). We aim to extend and develop
duality theory for interacting particle systems where many species (or colours) of particles
are present. In particular, we aim to prove rigorously the existence of a duality rela-
tion between boundary driven process and absorbing processes by using the Lie algebraic
approach.

2. Ezact formulas for integrable multi-species IPS. Combining absorbing duality and integra-
bility (matrix product ansatz and quantum inverse scattering method) we aim to write
exact formulas for the non-equilibrium steady state of integrable multi-species interacting
particle systems.

3. Scaling limits for multi-species IPS. We aim to derive the scaling limits for the multi-
species interacting particle systems: both hydrodynamic limit and equilibrium density
fluctuations are investigated.

4. Multi-species IPS for uphill diffusion. Starting form a multi-species reaction diffusion
PDE’s model that shows violation of Fick’s law by steady state uphill diffusion, we aim to
construct microscopic interacting particle systems that reproduce on the discrete lattice
these PDE’s models.

We now explain in detail the above purposes.

1.2.1 Duality for multi-species IPS

Duality is a powerful tool to investigate interacting particle systems. It consists in the study
of a first IPS (or more generally of a Markov process) via a second model, that is called dual
process. Duality relation is an equation that relates the expectation with respect the laws of the
two processes (original and dual process) via an observable called duality function.
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Definition 1 (Duality between Markov processes) Let (1(t))i=0 and (§(t))t=0 be two continuous

time Markov processes defined on the state spaces ) and 2 respectively. They are dual if there
exists a function D : Q) x Q — R such that

E"[D(n(t),6)] = ES [D(n,£()]  VneQ, Ve (1.2.1)

where the expectations E" and ES are taken with respect to the distributions of (n(t))¢=0 and
(&(t))¢=0 with initial configurations n and & respectively.

This relation allows to simplify the computation of some interesting quantities (such as non-
equilibrium steady states and scaling limits). In the past, duality was introduced in the single
species models set-up, i.e. processes where only one type of particles performs the dynamic on
a graph (see for instance [7], 8, [, 10} 1T}, 12]). In this thesis we aim to rigorously derive duality
relations for boundary driven multi-species IPS, i.e. models where many species (or colours)
of particles are present at the same time and interact among each others. The first process
that we study is the so called multi-species stirring process, which is a natural generalization of
the symmetric exclusion process with maximal occupancy v, called SEP(v) (for the SEP(v) see
[8, 12] and see [13}, 14] for some versions of the multi-species stirring process). We consider this
multi-species stirring process on the geometry of a connected and undirected graph G = (V)
where V' is the set of vertices and £ is the set of edges. Each vertex can host maximally v € N
particles, that can be chosen among N — 1 species. We denote by the index N the wvacancies
or holes and with indices from 1 to N — 1 the different species of particles. We describe the
occupation at site x € V' with an N-dimensional vector n* = (n{,...,n%;) in which the value
of the a-th component n’ denotes the number of particles of species a € {1,..., N — 1}, while
the component n%, counts the number of holes at site x. Moreover, we denote the process by
(n(t))e=0 where n%, with A € {1,..., N} has the meaning explained above. The state space of
the process reads

Q:=X) Q% (1.2.2)

zeV

where
N
Qy = {nx = (n¥,...,n%) e N : Z ny = 1/} . (1.2.3)
A=1
The dynamics has two parts:

e on each edge of the graph, any two types of particles are swapped at rate 1; moreover a
particle of any type and a hole are also swapped at rate 1;

o on each vertex z of the graph, a particle of type a € {1,..., N — 1} is injected at rate
afnf, > 0; at rate afyn?, a particle of type a € {1,..., N — 1} is removed; additionally,
a particle of type a € {1,..., N — 1} is removed from site = and replaced by a particle of

type be {1,...,N — 1} with rate ajnj.

The infinitesimal generator of the process reads

L= ) weylay+ > Tals (1.2.4)
(@.y)e€ zeV

where w; , > 0 are the so-called conductances and I';, > 0, called local inhomogeneities, that are
the couplings to reservoirs. The generator L, , is called the edge generator, while L, is called
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the site generator. These linear operators act on functions f : 2 — R as follows

N
Logf(n)= > ninly [f(n — &%+ 85 + 8% — 8%) — f(n)] , (1.2.5)
A,B=1
N
Lof(n)= ) ofing[f(n+ 8% —8%) — f(n)] , (1.2.6)
A,B=1

where
1 if y=2, B=A,

(1.2.7)
0 otherwise .

(03)p = {
We observe that the site generator is not just injection and removal of particles as in the
case of SEP (see [12]), but it includes also transitions where two different species of particles are
exchanged. As we will see, this turns out to be the correct choice of the boundary dynamics to
have duality.
Starting from the literature of the symmetric single species processes (see for instance [8, 1T, [15])
the first target that we aim to is the description of this multi-species stirring process by using a
suitable representation of the gl(N) Lie algebra. Secondly, we would like to understand if, using
this algebraic structure, one can prove a duality relation for the edge generator by exploiting
symmetries. Finally, in order to characterize the non-equilibrium steady state of the boundary
driven process, we aim to prove the existence of an absorbing dual process, with the property
of voiding the graph in the long time horizon.
Once the above results are proven, duality can be extended to reaction-diffusion process. The
specific choice of this further dynamics is explained in Section motivated by the uphill
diffusion.

Main results. In this thesis, we have proved that the boundary driven multi-species stirring
process admits a dual process with absorbing boundaries. This dual process is defined on an
enlarged graph, i.e. a copy of the original graph G where an extra site u(z) is attached to each

~

vertex . We denote it by G = (V, ) where
Vi=Vuux): zeV} E:=Eu{(z,ux)) : zeV} . (1.2.8)

These extra-sites have unbounded maximal occupancy and once a particle reaches them it stays
there forever (absorbing property). The configuration space of the dual process is the enlarged
state space

Q=X % =R xN1). (1.2.9)
eV eV

We denote the dual configuration by & € QO as

£E=X ((if,--.,&%) ®E@, %ﬁ)) (1.2.10)

zeV

where £% denotes the number of dual particles or of holes at site z, while 53(:0) denotes the
number of particles at the extra site u(z) attached to x. The generator of the dual process reads

L= Y weylay+ . Taly (1.2.11)
(z,y)eE zeV
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where L, , is the same of (1.2.5) and, for any function f : Q>R

N—-1
Lof(&) = lo”| Y & (F(& ~ 82 + 0% + 04 = £(8)) - (1.2.12)
a=1

Then we have the following result.

Theorem 1 The multi-species stirring process (n(t))i=o defined on the state space 2 with gen-
erator L defined in (1.2.4]) is dual to the process (&€(t))i=0 defined on the enlarged state space )
with generator defined in (1.2.11). The duality function is given by

gy

D)~ [] (v=Sasten i ( ol ) (12.13)

N
zeV vl (g =S\ X0 o

for allme Q andee(NZ.

We observe that the site generator of the dual process is purely absorbing. Indeed,
the only transition it allows is the absorption at extra-site u(x) of any species “a” of particle
present at site z. This means that, in the long time limit all dual particles are absorbed
by the extra-site, voiding the graph. This will be the key property used to characterize the
non-equilibrium steady state of the boundary driven multi-species stirring process. We further
observe that the generator can be represented as a triangular matrix. This will be
crucial in the algebraic derivation of exact formulas for the non-equilibrium correlations.

1.2.2 Exact formulas for integrable multi-species IPS

The quantum inverse scattering method is a technique originally developed to diagonalize the
closed or open XXX integrable Heisenberg chain [16, [17]. The dynamics of this Heisenberg chain
is ruled by a Hamiltonian matrix that we denote by H. To diagonalize H, a transfer matriz T (u),
with u € C called spectral parameter, is constructed. This T'(u) is a “generating function” for
the conserved quantities of the system (and generates the symmetries of the Hamiltonian). The
transfer matrix 7'(u) can be explicitly diagonalized (by the algebraic Bethe ansatz [16], 17, [18])
and, since it shares the eigenvectors with the Hamiltonian, one obtains the aimed result. This
technique can be applied to IPS (see for instance [19) 20} 21], 22 23]) by mapping the generator
of the interacting particle system to a XXX integrable chain, and allowing to write explicit
expression for the eigenvectors.

To find the non-equilibrium steady state of some interacting particle systems, the matrix prod-
uct ansatz (MPA) has been developed [24]. This MPA, that is connected with the integrable
structure of the process by the so called Zamolodchikov algebra (see [25]), establishes that the
non-equilibrium steady state is given by an abstract product of matrices, acting on the state vec-
tors of a supplementary space. Moreover, these matrices form an algebra (DEHP) with proper
commutation relations. In principle this allows to find formulas for non-equilibrium correlations;
however, since a priori a representation of this algebra is not known, the computations are usu-
ally involved. In the multi-species set-up it has been defined in [13] for the integrable boundary
driven multi-species stirring process, that is the process with generator specified to the
case where maximal occupancy v = 1 and when the geometry reduces to a chain of length L
with two boundary reservoirs at the extreme sites. In this set-up we define the Hamiltonian
(transposed of the Markov generator), that reads

H = Hiete + Houik + Huignt (1.2.14)
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where
L1

Hpu = Z Haowt1 - (1.2.15)
=1

Here H; 41 denotes the two-site Hamiltonian

H=P—] (1.2.16)
where we used the permutation matrix
N
P= ) eap®epa, (1.2.17)
A,B=1

acting non-trivially on the nearest neighbour sites x,z + 1. Here, (eap)cp = dacdpp are the
elementary N x N matrices, given by the first fundamental representation of gl(N) and we
denote by I the identity matrix. The boundary terms of the Hamiltonian (|1.2.14]) are given by

a1 -1 a7 a1 ... aq
(5] 062—1 a2 ... a9
Hegr = : : : (1.2.18)
anN_1 aN_1 e J e | -1 aN_1
an an an ay —1
and
pr—1 B B b1
Bz Ba—1 Po ... B2
Huigne = [ : : (1.2.19)
Bn-1 BN-1 oo oo Bnai—1 0 Bnoa
BN BN e BN By —1

Integrability and the existence of a non-equilibrium steady state in matrix product form was
proved in [I3]. This means that the non-equilibrium steady state |¥) reads

) X1 X1
W) = 7L<<W| e s VY (1.2.20)
XN XN
Lt‘i;nes
with the normalization
Zp ={W[(X1+ ...+ Xn)E VD). (1.2.21)

Here the operators (matrices) (Xa)aeqi,.. vy fulfil the commutators
[Xa, XB] = (04— Ba)Xp — (ap — Bp)Xa (1.2.22)

forall A, B e {1,...,N}. Their actions on the boundary vectors are given, for all A € {1,..., N},
by
W {aa(X1+ ...+ Xn) — X4g) = (g — B4)W] (1.2.23)

(Ba(X1 + ..+ Xn) = Xa) [V)) = —(aa — Ba) V). (1.2.24)

20



We denote by ((W| and |V')) bra and ket vectors of an abstract supplementary space. The alge-
braic relations (1.2.22)), (1.2.23]) and are the multi-species version of the DEHP algebra
introduced in [24].

Starting from this result, in this thesis, we aim to combine the MPA defined above for the inte-
grable multi-species stirring process with the absorbing duality, in order to find closed formulas
for the non-equilibrium correlations. The key idea is to use the duality transformation to trian-
gularize the boundaries of the Hamiltonian ([1.2.14]) and to combine it with a further linear trans-
formation that simplifies the above commutation relations for these operators (Xa)aef1,...n}-

Main results. Combining the absorbing duality result (specified for the integrable chain) and
the MPA we show that the non-equilibrium steady state correlations of the integrable
boundary driven multi-species stirring process are written in a closed formula in terms of the
absorption probabilities of the dual process. We report this result in the following Theorem
where we denote by Y = (Y1,...,Yr) the random vector distributed as the non-equilibrium
steady state of the integrable boundary driven multi-species stirring process.

Theorem 2 Let me {1,...,L}. Consider m sites 1 < x1 <x2 < ...<Zym < L and m colours
denoted by a € {1,...,N — 1} with k = 1,2,...,m, chosen among the N — 1 available species.
Then the m-point correlations with respect to the non-equilibrium steady state measure are given

by
m 1
E[H ]]'{Yxk=ak}] = Z (HO& 1 tk) T1yeens® (tl""7tm) (1225)
k=1 tl, ,tm 0
where
1 1 m
Pty (s tm) = D oo D0 fler, .o em H D% gi(z ¢y yem)  (1.2.26)
c1=t1 cm=tm j=1
with L+l Zm )
+ 1= c)!
ey Cm) = a 1.2.2
f(cla , C ) (L+1)‘ ( 7)
and

m ¢j
gj(iL‘j,Cj,...,Cm) = <L+2—l'j—26k) . (1.2.28)
k=j
As we will clarify, Py, . .. (t1,...,tn) can be interpreted as the absorption probability of m
dual particles starting at sites x1,...,Zm, with £, = 1 meaning that the particle starting from
zj has been absorbed at extra site 0 (left-most extra site of the dual chain). Using these
exact correlations, one can write an explicit formula for the non-equilibrium steady probability
distribution.
Finally, as an open problem and a perspective for future works, we study the mapping of the
boundary driven Hamiltonian for the integrable chain H onto an equilibrium Hamiltonian, that
is obtained from H by setting equal the boundary densities. This is carried out via a non-local
similarity transformation, usually denoted by W and it is known in literature [26] 27, 28] as
mapping of non-equilibrium onto equilibrium. The idea is to write an explicit expression of the
similarity transformation W via the conserved charges of the system. These conserved charges
are the matrix-coefficient of the power expansion with respect to the spectral parameter of the
transfer matrix 7'(u). While the result can be obtained for SSEP with some different techniques,
for the boundary driven multi-species stirring process the topic is still not fully understood. As
a perspective, in this thesis we report some partial results that will be carried on in future works.
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1.2.3 Scaling limits for multi-species IPS

Starting from the microscopic dynamics of the system, the scaling limit techniques aim to scale
down the size of the system and accelerate time in order to find macroscopic laws that rule
the time and space evolution of the system [29, 30, 3I]. In literature, it is known that the
hydrodynamic limit of the SEP(v) is the heat equation with diffusivity v and its equilibrium
fluctuation field re-scales to a proper Ornstein-Uhlenbeck process [29, 30, [32]. At present, there
is a growing interest in systems with multiple conserved quantities, their hydrodynamic limit,
and their fluctuations [33],34] and, as well as in “multi-layer” models [35, [36}, 37]. In this thesis we
aim to understand which are the hydrodynamic equations for the multi-species stirring process
and how the equilibrium fluctuations from the hydrodynamic limit behave. More precisely, the
process considered for this purpose is on the geometry of an infinite one-dimensional lattice Z
with nearest neighbour interaction. The generator is given by

L= Loz (1.2.29)

T€Z

where £, ;41 is the edge generator with y = = + 1. We denote the process by (n(t))i=o,
where for all x € Z we use n¥ to indicate the number of particles of type a € {1,...,N — 1}
at site z and n%; to indicate the number of holes at site . The object used for the study of
the hydrodynamic limit is the so called density field of the species a € {1,..., N — 1}. For any
¢ € CP(R) this field is defined as

XE):CP(R) >R
¢ = X9 Z b Ini(tK?)

.Z’GZ

(1.2.30)

where K € N is the scaling parameter that eventually goes to infinity. We scaled time by K2
and we scaled space by 1/K obtaining the so called diffusive scaling.

Similarly, for the derivation of the equilibrium fluctuations we introduce the density fluctuation
field for a species a € {1,..., N — 1}. This is a random distribution, i.e., a random element of
(CP(R))* defined via:

YH(): CPR) >R

¢ — Y (¢ Z <z> g (tK?) = By, [n5))

:J:EZ

(1.2.31)

where E, . [nZ] is the expectation with respect to the equilibrium reversible measure of the
multi-species stirring process and K is the scaling parameter that eventually goes to infinity.
Also for the fluctuations, the diffusive scaling of space and time is chosen.

Moreover, the question about hydrodynamic limit and density fluctuations can be extended to
multi-species reaction diffusion processes. Again, the specific choice of the reaction dynamics is
explained in Section and it is motivated by the study of uphill diffusion.

Main results. Using techniques based on the Dynkin martingale (see [29] B0, B1]) we show
that the hydrodynamic equation for the multi-species stirring process on the infinite line with
generator is a system of N — 1 uncoupled heat equations. More precisely, assuming
that the initial macroscopic profile p(*) (u) is compatible with the initial measure (for details see
Chapter [5) we state the following hydrodynamic result.
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Theorem 3 Let ﬁ(“) be an initial macroscopic profile of species a € {1,...,N — 1} and let
be (uK)ken a sequence of compatible initial measures. Py denotes the law of the process

(X{“(qﬁ),...,xﬁfl(@) induced by (ux)xen. Then, YT > 0, 6 > 0, Ya € {1,...,N — 1}
and V¢ € CF(R)

lim Pg | sup
K—0 (te[o,:r]

XK (g) - f &)o' (u, t)du
R

> 5) =0 (1.2.32)
where p(a) (u,t) is a strong solution of the the PDE Cauchy problem

(1.2.33)

0rp ) (u, t) = v AP (u, 1) ueR, tel0,T]
P (u,0) = 5 (u)

For what concerns the density fluctuations from hydrodynamic limit we have the following result.

Theorem 4 The stationary density fluctuation field (Y51)=o = (YlK’t,...,YJ\If(fl)t>o of the
N — 1 species of particles converges, as K — o0, to the solution of a (N — 1)-dimensional SPDE
of Ornstein-Uhlenbeck type given by

dY' = v(AY'dt + V2XVdW") (1.2.34)
where
(Wt)tE[O,T] = ((Wfa v 7W]t\7—1))te[07T] (1235)

is an (N — 1)-dimensional vector of independent space-time white noises. The matrices are the
following

A 0 ... 0 p1(1—p1) —p1Dp2 cee —P1PN-1
0 A ... 0 —pip2 p20l—p2) ... —P2PN-1

A= . . 1, Y= ' ( ) ) ' ] (1.2.36)
0O 0 ... A —pN—1P1  —DPN—1P2 ... DPN—1(1—DpN-1)

and ¥ is semi-positive definite

We can show that the stationary-reversible distribution is a product of multinomials and the ma-
trix ¥ is the covariance matrix of a multinomial distribution with parameters v and (p1,...,pnN)
with py =1—p1 —... —pn_1. The matrix ¥ is however non-diagonal, showing that on the level
of fluctuations interaction between the different species becomes visible.

1.2.4 Multi-species IPS for uphill diffusion

In the chemistry literature it has been observed the multi-component uphill diffusion |38}, 39, 40],
that is, a situation where the diffusive current of a certain chemical species has the same sign
of the gradient of its concentration, making the flux goes "uphill".

For diffusive models with a single species, transport of mass on a finite volume (here assumed
to be the unit d-dimensional cube) is often described by the continuity equation

0

20 = L vAR (1.2.37)
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and the Fick’s law
J=—-0Vp (1.2.38)

Here p : [0,1]¢ x Ry — [0,1] is the density of mass, J : [0,1]? x R, — R is the current,
and o > 0 is the diffusivity coefficient (that we assume constant throughout this thesis). For
multi-component systems with N species, considering the vectors p = (p(l), . ,p(N)) and J =
(JO, ... TN where p{(x,t) and J@(z,t) denote the density and the current of the a'®

species, the generalization of ((1.2.37) and (1.2.38)) is
—p=-V-J (1.2.39)

and
J=-3-Vp, (1.2.40)

where 3 (sometimes called diffusivity matriz) is now the N x N matrix of diffusion and ‘cross-
diffusion’ coefficients. When X is non-diagonal, then uphill diffusion is possible [38|, 39 40]. We
distinguish between the case of ‘partial’ uphill diffusion , which is obtained when the current of
a given species has the same sign of the boundary density gradient of that species, and ‘global’
uphill diffusion , which arises when the total mass flows from a region of lower total density to
a region of higher total density. For the sake of brevity we will refer to these two scenarios as
partial and global uphill, respectively. In literature [35], a double diffusivity model for global
uphill diffusion has been derived, starting from a multi-layer IPS. This model has diagonal
diffusivity matrix and a linear reaction term. As a possible development, one can consider a
simple prototype of macroscopic multi-component system with non-diagonal diffusivity matrix,
ruled by the following PDE’s:

(1.2.41)
00 = 091029V 4 09002 1 T (pu) _ p<2>>

where the diffusivity matrix is

Y= ("“ m). (1.2.42)

021 022
We assume that this model is defined on a one dimensional domain [0, 1] and that is endowed

with Dirichlet boundary conditions given by pl(elf)t, pl(ef)t = 0atx =0and p(.l) 2) =>0atzx=1.

right’ prlght
The stationary diffusive currents are given by

J(l)(af;) = —anﬁﬁp(l)(a})—algﬁﬁp@)(az)
JO(z) = —0910.pM () — 0220.pP () (1.2.43)

We define in detail the two uphill diffusion scenarios:

e global uphill: this happens when the boundary values of the total density pleg = pl(ef)t + pl(ef)t

and pright = pglg)ht + pfg)ht and the total current J(z) = JM(z) + J@(z) are such that

either piegs < pright and J(x) > 0 Vo € [0,1], or pier > pright and J(z) < 0 Vz € [0, 1].

o partial uphill for the a'* species: for boundary values pl(ef)t, pl(ef)t, pglg)ht, pl(‘lg)ht7 the system has

stationary partial uphill diffusion for the species a € {1, 2} if ple& < pifg)ht and J@(z) > 0
Vz € [0,1], or if pl(gf)t > pEiag)ht and J(@(z) < 0 Vz e [0,1].
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By writing the explicit solution of the non-equilibrium steady state of the PDE’s (|1.2.41]) it is
possible to find a choice of boundary values in which partial uphill diffusion takes place. For
instance we report in Figure and in Figure two examples of partial uphill situations.

0 I I I I I I I I I 0 I I I I I I I I I
0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1

(@) (s P2 o P 2h) = (2,6,3,1) x 1071 (b) (pli, 2, phs P 2h) = (3,5,4,1) x 1071,

Figure 1.1: Density profile (dashed lines) and currents (continuous line). The red color
is for species 1 and the blue color for species 2. The boundary values are in figure
n (2 [ 2 _ n (2 2 1.
(e Plets Phigha- Prghe) = (2:6.3,1) % 1071 amd are (plod. oo Plighe Prighe) = (3,5.4,1) x 10! in
figure [[.1b] In both cases, the diffusivity matrix and the reaction term are o3 =092 =T =1

and 012 = 0921 = 1/2.

We further observe that, from the results in [41, [42], to keep the non-negativity of the densities
p M (x,t), pP(z,t) for all € [0,1] and for all £ > 0, it is not possible to have a linear model
that evolves as

atp(l) = 01163: 1) + 01285,0(2)

1.2.44
0p? = 021020 + 022029 ( :

with non-diagonal diffusivity matrix and endowed with Dirichlet boundary conditions, otherwise
one of the density becomes negative at some points (loosing physical meaning). This motivates
the presence of the linear reaction term with intensity T in equations .

In this thesis we aim to find a boundary driven multi-species IPS that gives partial uphill
diffusion. We start by searching for an IPS whose average occupation variable of particles
evolves as the discretized version on finite segment of . This average occupation variable
(sometimes called average density) plays the role of a proxy for the true density. The following
step is to re-scale the system, in order to obtain the hydrodynamic limit. Moreover, because
of the maximum principle for Markov processes, it is interesting to understand if and how the
crossing diffusivity Laplacian (second derivative in space) can be found, both for the discretized
equations on a finite lattice and for the hydrodynamic limit.

Main results. We start from a general boundary driven multi-species process, inspired by
the works [43] and [44], defined on a chain of length L and with configurations denoted by
n = (n%) ae{1,2,3}, ze{1,...,L}- Again, we consider 1,2 the labels for the species of particles and 3
the label for the holes. Here the the state space is

Qp = {(n1,n9,n3) € {0,1}> : ny +ny+ng=1}". (1.2.45)

25



We introduce the average occupation variable of each species of particles
pD:=E,[n%]  Vae{1,2}, Vze{l,...,L} (1.2.46)

where the average is taken with respect to the law of the process initialized with a distribution pu.
Then, we impose conditions on the rates in order to guarantee that the evolution equations for
this average occupation variable of particles are given by a closed (without higher correlations
terms) discretized version on a finite lattice of that reads

d 1 1 2 2 1
@A)—ml@ﬁrﬂé)+py>+0m0&%—%” ”)+T((> é»

4 (1.2.47)
2 2 1 2
o =aur (ol = 2608 + o)+ 0m (ol — 2087 + 687) + 1 (o = 7))
d
@pr) = o1 ALl + o1A L) + T (P:(f) - Pél))
d
%p;) = o1 AL + 09 AL p@ + YT (pg) _ pg)) (1.2.48)
Ve=2,...,L—1
d 1 1 2 2 2 2 1
) o (02, ) (R =2+ o) <1 (=)
d (2 1 1 1 2 2 1 2 o
o0 g (0, 2+ 00) + o (s — 2+ 23) +7 (440 - 2)
where A Lp&“) = pia_)l (a) + pgﬁal is the discrete Laplace operator. We obtain the following
result.

Theorem 5 Let > be a 2x2 positive deﬁmte dzﬁuswn matriz and T > 0 be a reaction coefficient.
Let pl(ef)t and pleft (respectively, (g)ht and prlght) be the densities of the species 1 and 2 at the
left (respectively, right) boundary. Then, for any choice of hym > 0 there exists boundary-
driven interacting particle systems on the chain {1,...,L} such that their evolution equations
of the average occupation variable are (1.2.47), (1.2.48), (1.2.49) if and only if the diffusion
matriz coefficients 011,012,091, 092 and the reaction coefficient Y are non-negative and fulfill

the conditions

T—m Y—h
< —. L.
5 on < — (1.2.50)

011 + 021 = 012 + 0922 012 &

As an example, we report a symmetric representative of this family, obtained when o171 = 099,
012 = 091 and h = m. This process is defined on the state space (|1.2.45]) and it has the following
generator L:

L-1
L=Lite+ Y, Loar1 + Lrignt- (1.2.51)
In the bulk we have
Logi1 =011L5 o1 +012L5N 0 + (T = 2010 —m)LEY | + mLCEN, | (1.2.52)
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where Eix 41 is the generator (1.2.4), specified when v = 1 and N = 3, acting on the bond
(z,z + 1). Considering a functions f : Qz — R, we have

3
L) = Y nwangt | f(n - 8% + 65 - 67 + 85 — f(n)]

A,B=1
3
Lydafn) =) 0% [f(n— &5+ 8% — f(n)]
A=1
RM _ > x+1 s+l z+1y
LY () = 3w | fn = 857 4 05 — f(n)]. (1.2.53)
B=1

Here we have introduced the mutation map A — A defined by:

1-2
251 (1.2.54)
3— 3.

The boundary generators Lief;, Lright are given by the ones of the boundary driven multi-species
stirring process defined in (|1.2.6)), acting on the sites 1 and L respectively and with a proper
choice of parameters o’s (see Chapter [L0| for details).

After having understood that the discretized version of can be obtained by the generator
, the natural follow-up question is to study the hydrodynamic limit of this process.
Surprisingly, we discover that the hydrodynamic equations (for simplicity considered on the
infinite line Z) have diagonal diffusivity matrix, i.e.

atp(l) = Ulla;%p(l) =+ T (p(2) — p(l))
op? = 011029 + T (p1) — p) (1.2.55)
{90, z) = pl9)(x) Vz € [0,1], Va € {1,2}

This limit is proved by diffusive scaling the systems with scaling parameter K € N (space by
1/K and time by K?). To avoid violations of the maximum principle, we have to further scale

down the reaction constants obtaining T = m = % and the crossing diffusivity constant

T

K2 )
obtaining 012 = "Klé This makes the cross diffusion terms vanish in the hydrodynamic limit.
Therefore, on one hand, partial uphill diffusion can be present only at the level of discretized
equations on a finite lattice, but it is lost in the hydrodynamic limit. On the other hand, by the
first condition in given by 011 + 091 = 012 + 0923, global uphill is never possible.
Having in mind the dynamic of the interacting particle system described by the generator
, we can generalize it to arbitrary maximal occupancy v and number of species N,
proving that it also satisfy a gl(N + 1) symmetry. This last discovery, allows to extend the
proof of absorbing duality, done for the boundary driven multi-species stirring process, to this
reaction diffusion process. We also notice that the duality function turns out to be the same of
the boundary driven multi-species stirring process (see ) In our knowledge, this is one
of the first examples of absorbing duality for a boundary driven reaction diffusion process.

1.3 Outline of the thesis

In what follows we describe with more details the content of the thesis.
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Part It Review of single species IPS.

1. Chapter General concepts in interacting particle systems. Here we aim to recall the
notation and some fundamental notions about interacting particle systems. We start by
briefly defining a Markov process and characterizing it via the transition semigroup and
the infinitesimal generator. After having defined these concepts in an abstract setting,
we specialize them to the case of interacting particle systems, i.e. when the state space
is countable or finite. Then, we introduce the evolution of a probability distribution for
a Markov process, with more attention to the invariant and reversible distributions, that
will be investigated in the following chapters for multi-species processes. Finally, we recall
the link between martingales and Markov processes.

2. Chapter Single species interacting particle systems: duality, integrability and scaling
limits. This chapter was written with the aim of introducing the reader to some results
present in the literature for the single species set-up. This is the starting point to extend
these results to the multi-species situation. After having introduced some classical sin-
gle species models (independent random walker (IRW), symmetric exclusion process with
maximal occupancy v (SEP(v)), symmetric inclusion process with attractive parameter
2k (SIP(2k)) and Brownian energy process with parameter 2k (BEP(2k))), we provide a
concise review of duality. Taking as an example the boundary driven SEP(v), we show the
main ideas to obtain absorbing duality and to use it to characterize the non-equilibrium
steady state. Then, considering the integrable version of the simple symmetric exclusion
process (SSEP or SEP(1)), we briefly review the integrability techniques, i.e. quantum
inverse scattering method and the matrix product ansatz. Finally, we report the main
ideas behind the proof of the hydrodynamic limit for the SSEP.

Part [T Multi-species stirring process.

1. Chapter[@t The model. In this chapter we introduce the multi-species stirring process. We

first define the process with closed boundaries, i.e. on a torus, on an infinite line and on
a general graph G = (V,£). Then, we add the boundary driving, by connecting each ver-
tex of the graph with an external boundary reservoir characterized by an average density
of particles. When all boundary densities are equal, we derive its equilibrium reversible
measure.
We introduce the Lie algebra gl(IN) and, by properly choosing a finite dimensional rep-
resentation, we use it to construct the Hamiltonian operator H (we recall that H is the
transposed of the generator) of the boundary driven multi-species stirring process. More-
over, we show that this matrix H is proportional to the co-product of second Casimir of
this algebra, opening the possibility of finding symmetries of H.

2. Chapter Scaling limits for the equilibrium process. This chapter is devoted to the
derivation and the proofs of the scaling limits for the multi-species stirring process on an
infinite line. First we show the hydrodynamic limit, that turns out to be a system of
N — 1 decoupled heat equations, one for each species of particles. Second we prove the
equilibrium density fluctuations from hydrodynamic limit. In this case, the result is a
system of N — 1 stationary Ornstein-Uhlenbeck processes with the coupling in the white
noise term. The techniques used here are of probabilistic nature and are based on the
Dynkin martingale method. However, duality (that will be proved in the next chapter) is
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used in the context of fluctuation to derive the equations for the covariances of the limiting
process via a dual random walker.

. Chapter [6f Duality and non-equilibrium steady state. First we prove the theorem that
states the duality between the boundary driven model and a dual process, which presents
the same edge dynamics, but has absorbing boundaries. This dual process, is defined on
an enlarged graph, with an extra-site u(x) attached to each site z. This extra-site has
unbounded maximal occupancy and is absorbing, in the sense that once a dual particle
reaches it, it stays there forever. In this context, duality can be seen as a matrix trans-
formation that connects the original Hamiltonian to the dual Hamiltonian. Due to the
absorbing property, the boundary matrices of the dual Hamiltonian are triangular. As an
application of duality, we characterize the moments with respect to the non-equilibrium
steady state of the model. More precisely, the non-equilibrium steady state correlations are
written in terms of absorption probabilities of dual particles. As by-product, we define the
thermalized non-equilibrium multi-species stirring process and we prove absorbing duality
for it.

. Chapter [} Ezact formulas for the integrable model. First we specialize the boundary driven
multi-species stirring process and the duality result to the geometry of a one dimensional
chain with two reservoirs connected at the end sites, further assuming that the maximal
occupancy is v = 1 (sometimes called hard-core exclusion). In such a situation the process
is integrable and the non-equilibrium steady state can be written in matrix-product form
(see [13]). The main result of this chapter is the derivation of exact formulas for the non-
equilibrium steady state correlations and, as a consequence, of the non-equilibrium steady
distribution. To do this, we first consider a similarity transformation S; (closely related to
duality) that brings the original Hamiltonian to a second non-stochastic Hamiltonian H '
(again, closely related to the dual process) with triangular boundaries by leaving the bulk
untouched. Then we introduce a second similarity transformation S that "rotates" the
boundaries obtaining a left triangular and a right diagonal matrices and leaving the bulk
untouched. This second transformation brings H " to an non-stochastic Hamiltonian de-
noted by H". All in all, this sequence of two similarity transformations, brings the original
Hamiltonian H to a simpler one H' that has left-triangular and right-diagonal bound-
aries. This allows to simplify the commutation relations (1.2.22), (1.2.23) and
of the MPA and to obtain an explicit expression for the ground state of H " denoted by
|\I'N>. Inverting the two similarity transformations, one obtains the expression of the non-
equilibrium steady state correlations of H in terms of the absorption probabilities of the
dual process.

. Chapter Perspectives: mapping of non-equilibrium onto equilibrium. In this chapter
we aim to introduce the problem of mapping the non-equilibrium Hamiltonian H of the
integrable boundary driven multi-species stirring process onto the Hamiltonian of the
equilibrium process that is obtained from H by setting equal the boundary densities.
This aim is not yet fully reached, we report it as a perspective for future works. In this
chapter, we first recall from [I3] the quantum inverse scattering method for the boundary
driven multi-species stirring process. After having derived some useful exchange relations
between the entries of the double row monodromy matrix, we consider the power expansion
in the spectral parameter of the transfer matrix 7'(u), by computing the conserved charges
of the system. Using these charges, we develop a technique to write the analytic expression
for the matrix that maps the non-equilibrium onto equilibrium for the simplest case N = 2.
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How to extend this technique to general N is still an open problem for which we have only
partial results and that we aim to investigate in the future.

Part [[TIT: Reaction diffusion multi-species models.

1. Chapter [0} Reaction diffusion models for multi-species uphill diffusion. In this chapter we
first report a brief overview about diffusion, by recalling the fundamental macroscopic laws
(Fick’s diffusion) and we underline the role of statistical mechanics in this field. Then,
we define the uphill diffusion for multi-component systems. Finally, we construct a linear
reaction diffusion PDE’s model (the one of equation ) that, under appropriate
boundary conditions, shows partial uphill diffusion in its macroscopic non-equilibrium
steady state. This will be the model that we will try to reproduce with the microscopic
dynamics in the following chapter of this part.

2. Chapter A reaction-diffusion interacting particle system with uphill. Inspired by [43]
44), we start by describing a general boundary driven multi-species interacting particle
system with hard-core exclusion. Then, we impose some linear algebraic conditions in
order to guarantee that the evolution of the average occupation variable of particles of
each species is given by a discretized version on a finite lattice of the PDE’s and
that these evolution equations are closed (no higher correlations, see (|1.2.47)), (|1.2.48)),
(1.2.49)). After having proved the existence of a family of models with the required
features, we select among this family the simplest process with symmetric jumps and we
show its hydrodynamic limit by martingale techniques. We discover that, although at
discrete level the average occupation variable of particles reproduces the desired PDE’s
model, the hydrodynamic equations become coupled only in the reaction term (i.e. the
terms with 019, 021 vanish), loosing the possibility of steady state partial uphill diffusion.

3. Chapter [[1} Generalization of the model and duality. The symmetric boundary driven
interacting particle system introduced in Chapter |10} is limited to 2 species and to maximal
occupancy of v = 1. In this chapter, we first generalized this model to arbitrary number
N of species and to partial exclusion rule (v > 1). Then, by exploiting a gl(N + 1)
symmetry, we show that this more general model admits absorbing duality with the same
duality function of the multi-species stirring process. To our knowledge this is one of the
first examples of reaction diffusion models where absorbing duality is proved. Finally,
we derive the hydrodynamic limit and equilibrium density fluctuations for the case with
diagonal diffusivity matrix (012 = 091 = 0).

Part [V} Future perspective and outlook.

1. Chapter Duality and integrability for multi-species non-compact processes. This chap-
ter is based on a work in progress with Cristian Giardina and Rouven Frassek. In the
previous parts of this thesis we studied processes with compact state space, i.e. IPS where
each site can maximally host a finite number of particles. In this chapter, we begin to
investigate the non-compact multi-species IPS, i.e. processes where each site can host an
unbounded number of particles. This set-up is richer, since it possibly includes also multi-
species interacting diffusions. Firstly, inspired by [14], we introduce the boundary driven
multi-species independent random walk. After having described it with the Heisenberg
Lie algebra, we prove absorbing duality and we use it to characterize the non-equilibrium
steady state. Indeed, due to the lack of interaction, duality is enough to write explicitly
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the non-equilibrium measure.

After the non-interacting model, we propose a boundary driven version of a multi-species
harmonic process, having in mind the goal of generalizing the single species process defined
in [26]. We show that the bulk rates of this multi-species harmonic, can be obtained as the
limit of the transition rates of the asymmetric process introduced in [45]. Then, we under-
line the fact that the choice of the boundary generators of this multi-species harmonic was
done to guarantee that, in the case of equilibrium when all boundary parameters are equal
for each species, there exists a reversible measure that is the same of the closed process.
This is the correct choice for the derivation of the absorbing duality in the Lie algebraic
framework.

Finally, we introduce the boundary driven multi-species SIP(2k) and we derive its equilib-
rium reversible measure, discovering that it is the multi-variate version of the reversible
measure of the single species SIP(2k), i.e. a product of negative multinomials.

. Chapter Duality for boundary driven asymmetric multi-species models Usually, in
literature there are two ways of putting a particle system out-of-equilibrium: the boundary
driving, extensively discussed in this thesis, or the bulk driving, in which an asymmetry in
the jump rates is introduced. A current research goal [9] is to define processes where the
two features are combined, i.e. asymmetric processes with boundary reservoirs interaction.
In this direction, we present a result in the single species situation: a boundary driven
version for the asymmetric Brownian energy process (ABEP), where the interaction with
the external environment has been carefully chosen to guarantee the existence of classical
absorbing duality. This ABEP process is obtain from the BEP(2k) via a deterministic map
and, to conserve the classical duality, it turns out that the boundary reservoir become non-
local. Nevertheless, we show how this duality allow to compute long-range correlations for
the exponential current of the ABEP.
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Part 1

Review of single species IPS
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Chapter 2

General concepts in interacting
particles systems

2.1 Markov processes: probabilistic set-up

In this section we provide the main concepts concerning the probabilistic set-up of Markov
processes. We first introduce the generator and the semigroup characterization of a Markov
process. Then we define the invariant and the reversible distribution, that are important tools
to study the long term behavior of the process. Finally, we recall a martingale characterization
that will be useful in the study of scaling limits.

2.1.1 Markov semigroup and generator

In the following we consider a Polish space €2 and we call path or sample space Dgq[0, o) the set
of cadlag trajectories from [0, 00) to €2, namely

Dq([0,0)) := {w : [0,00) = Q|t — w; cadlag} (2.1.1)

This space is equipped with the Skorokhod topology (see [46, [30]). We denote by F the natural
sigma-algebra of set on the path space. We define the a Markov process (1(t));>0 via its law on
Dq [0, OO)

Definition 2 (Markov process) A Markov process with values on € is a collection of measures
{IP’S €€ Q} on the path space Dq([0,0)) such that satisfies the following properties

1. P&(n(0) = &) =1 for all £ € Q
2. for all € € Q the map & — PE(A) from Q to [0, 1] is measurable for all Ae F

3. t,s = 0 we have the Markov property
Pi(n(t +s) € A|F,) =P (n(t) e A)  a.s.-P* (2.1.2)
here F; is the natural filtration of the process.

The evaluation map from Dgq(]0,00)) to §2 associates to each time ¢t > 0 the configuration at
time ¢ of the Markov process as t — n(t). Therefore it is implicitly defined a process (n(t))¢=0,
starting from ¢ € Q with cadlag trajectories in Q whose law is P(-).
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Remark 1 In the following we will denote by P, the law of the Markov process initialized by a
distribution u, i.e.

P, := J IPS u(d€) (2.1.3)
Q
For a given Markov process, we define the transition Kernel, i.e.

pe(€,dy) = PE(n(t) € dy) (2.1.4)

that satisfies the Chapman-Kolmogorov equation

PralE, ) = jQ pa(€, d2)pi(z, A) (2.1.5)

Usually, the transition kernel is weakly characterized using the space of bounded an measurable
functions from Q to R denoted by Cy(€2) via the definition of the transition or Markov semigroup.
For all ¢t > 0 we define

St :Cp(2) = Cp(2)

(2.1.6)
Fro (S = | F@lé.da) = B [Fn(0)]
Here we have denoted by E¢ the expectation with respect to PS. The family of (S¢)i=o is a
semigroup of operators, since Si;s = S¢.9s by the Chapman-Kolmogorov equation. In this thesis
we will always consider Feller semigroup, i.e. a semigroup defined on Cy(2) such that the
range of Sy is again Cp(2). For the sake of simplicity we will always call it Markov semigroup,
understanding that we also require the Feller property. Under these assumption, the following
properties hold.

Theorem 6 (Properties of Markov semigroup) Let (n(t))i=0 a Markov process on Q). Then the
associated semigroup (St)i=0 has the following properties

1. Identity at timest = 0

Sof =f Ve Cy(N) (2.1.7)
2. Right strong continuity
th%l+ Sif=f VfeCy) (2.1.8)
3. Semigroup property: Vs,t = 0
Stisf = SeSsf VfeCy() (2.1.9)
4. Positivity, ¥t = 0
Sif =20 VfeCy() suchthat f=0 (2.1.10)
5. Conservation of probability,
Sil=1 VvVt =0 (2.1.11)

For the proof see [7] and [47].

We have seen that, given a Markov process, it is possible to construct a Markov semigroup. The
following theorem states the opposite implication. This will implies a one-to-one correspondence
between Markov process and Markov semigroups.
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Theorem 7 Let (Si)i=0 a Markov semigroup defined on Cyp(Y), then there exists a unique
Markov process (n(t))i=o defined on Q such that for all f € Cy(), for all £ € Q and for all
t=0

(Sef)(m) = ES [f(n(t))] (2.1.12)

where the above expectation is taken with respect to the law of n(t) starting from &.
For the proof see [7], [47].

Given a Markov semigroup (S;)¢>0 we introduce the Markov infinitesimal generator as the strong
limit (in the norm ||-|/«)

=1 211

H=

The generator is defined on a domain

t

It is possible to characterize Markov process using the generator. This is stated in the Hille-
Yosida Theorem.

Dy = {feobm), 3ge @) : m| 2L gy, =0} (2.1.14)

Theorem 8 (Hille-Yosida) There is a one-to-one correspondence between Markov semigroup
on Cyp(Q2) and Markov generators on Cyp(2) given by:

1. for all f € Dy we have

S-S
Lf= 1ltg]% " (2.1.15)
2. for all f € Cp(2) and t = 0 we have
. t\"
Sif = nl% (I - nﬁ) f (2.1.16)

where I is the identity operator.

Moreover, we have that for f € Dy, Sif is differentiable with respect to time and it satisfies

d
%Stf =LS,f (Kolmogorov backward equation) (2.1.17)

d
%Stf =S:Lf (Kolmogorov forward equation) (2.1.18)

For the proof see [7] and [47].
Informally, we write

Sy = €'t (2.1.19)

As a consequence of the properties of the Markov semigroup stated in Theorem [6] the Markov
generator must satisfy the following properties.

Proposition 1 Consider L a Markov generator, then it satisfies
1. Conservation of probability
L1=0 (2.1.20)
2. Mazimum principle: let f(n) = max,ecq f(n), then
L) <0 (2.1.21)
All in all, we have seen that there is a one-to-one correspondence between Markov process and

Markov generators. Therefore, in the following we will always study a Markov process via its
generator.
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Semigroup and generators for particles systems

When the state space 2 is countable or finite, the Markov process becomes a jump process and,
for all n, £ € €2, the generator reads

Lf(n) =Y, em,€) (F(€) = f(m) (2.1.22)

e

where ¢(n, ) is called the transition rate. Informally, it can be interpreted as the probability of
having a jump from a configuration n to a configuration ¢ in an infinitesimal time interval dt.
When 2 is finite or countable, the generator can be represented as a matrix

L= (c(n,6))¢ nea (2.1.23)

Moreover, in this setting, any functions f can be represented as a vector with components f(7)
for all n € . In order to be a Markov generator, the two conditions stated in Proposition [1| now
read

1. the rates must be non-negative

c(n,€) =0 n,EeQ suchthat 7n#¢ (2.1.24)

2. L must be a stochastic matriz, i.e.

dem & =0 vneQ (2.1.25)
e

this conditions can be translated in

cnm) == 3 cm& ¥neq (2.1.26)
§e: £

meaning that the diagonal element of the matrix are non-positive and equal to minus the
sum of all other rates of the row.

The problem of the well definiteness of the generator of an interacting particles system reduces
to ask that the process is non-explosive. We do not treat this topic in this thesis and we always
assume that the processes that we study have well defined generator (usually because we consider
finite state spaces). For details one could refer, for instance, to [7), 47].

In the case of particle system the transition semigroup is a matrix Sy with elements S; (¢, 51) that
are interpreted as the probabilities of having the process in a configuration & at time ¢ given
that at ¢ = 0 it was in £, namely

S, €) =P(n(t) =€ [n(0) =€) (2.1.27)

If the matrix Sy does not depend on time we say that the process is time homogeneous. In the
course of this thesis we will always assume time homogeneity of the processes.

In case of a countable or finite state space, the Kolmogorov backward equation stated in
becomes the evolution equation for the expectation of the function f : 2 — R and it reads

G, L (0)] = (B, O] 0t (21.25)

Similarly, by using the Kolmogorov forward equation ([2.1.18]) one obtains

S (0] = B, [£50n(6))] (2.1.29)
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2.1.2 Stationary and reversible measures

In this section we recall some basic facts about the time evolution of the probability distribution
of a Markov process. We first write general statements and then we specialize to the situations
of finite state space. In this section we always consider the case the process to have values
in a state space ) that we assume to be Polish and compact. We introduce B(2) the set of
probability measures on 2. This space is equipped with the weak topology denoted by d and
defined as

Ay = sup || fdp= | ] v ep@ (2.1.30)
FeCy(@) Jo Q

We say that a sequence of measure converges (i, )nen converges weakly to p if d(py,, pu) — 0 as
n — oo.

Definition 3 (Evolution of a measure) Let € L(2), then the time evolution from time 0 to
time t of u, is the unique element py = Sy such that

| g = [ sdwsy = | sigan ey (2.1.31)
Q Q Q

The uniqueness of this element is guaranteed by the Riesz-Representation theorem.

Definition 4 (Invariant measures) A measure p € P(Q) is said invariant or stationary if iy = p
forallt =0, i.e.

J fdus = J fdu Ve Q) (2.1.32)
Q Q

Definition 5 (Reversible measure) A measure p € B(Q) is said reversible if for all t = 0
satisfies

| ssi9n = | gsisan vrecu) (2.1.33)
Q Q

By taking g = 1 it is trivial to show that every reversible measure is also invariant.
Proposition 2 (Characterization of invariant measures) Consider a measure pu € B(2), then

e 1 s invariant if and only if
f Lfdy=0 VfeD, (2.1.34)
Q
e 1 is reversible if and only if

J gLfdy = J fLgdu Vf,ge D, (2.1.35)
Q Q

i.e. if the generator is self-adjoint with respect to u.

The proof is standard and based on Hille-Yosida theorem. See [7] and [47].
We denote by Z the set of invariant measure of a process. This set has some properties that are
listed in the following proposition.

Proposition 3 Let T the set of invariant measures, then it satisfy the following properties:
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1. T is convex and weakly compact with respect to the weak topology d
2.1T#
3. if there exists a p € P(N) such that v = limy_, Sy, then v €T

For the proof see [7] and [47].

To describe the long time behaviour, an other useful class of measures is needed: the ergodic
measures. To define them, we introduce the invariant set: A < € is called invariant for the
process (n(t))s=o if, for all t > 0, we have

n(0) e A if and only if n(t) e A (2.1.36)

Definition 6 (Ergodic measures) A measure u € L is ergodic if
w(A) = J du e {0,1} VA invariant (2.1.37)
A

Let € P be ergodic, then we have the following convergence property: for all v € P(Q)

= thgg 2 (2.1.38)
This means that, regardless to the initial measure, in the long time horizon, the time evolved
measure converges (weakly) to the ergodic one. To have ergodicity of an interacting particle
system we need to require that the chain is irreducible and positive recurrent. There is an
important relation between ergodic measures and the extreme points of Z.

Proposition 4 Let T < B(Q) the set of invariant measure, we denote by I, the set of the
extreme points. Then, we have the following statements:

e pn €T is ergodic if and only if p € I,
e Any p e T can be written as a convexr combination of ergodic measures

For the proof see [7] and [47].
We say that a function g :  — R is a conserved quantity if, for all £ > 0, g(n(0)) = g(n(t)). We
have the following characterization of the ergodic measures via conserved quantities.

Proposition 5 p € T is ergodic if and only if every conserved quantity is constant p-almost
surely.

For the proof see [7] and [47].

Evolution of measures in the context of particle systems: the master equation

Here we recall the main concepts about evolution of measures, invariance and reversibility when
the state space of the Markov process is finite or countable. In this situation the generator of
the process is the matrix written in with elements c(n, £), that are the transition rates.
Denoting the process with (n(t))s=0 and its configurations by 7, we consider a measure p € P(2)
and we introduce a ket-vector {u| where each component (&) is the probability mass of the
event n = &, i.e.

W) =P(n=¢ VeeQ (2.1.39)
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The time evolution of this vector is denoted by {u(t)| and each of its component 1 (£) represents
the probability of having a configuration £ at time ¢, given that at initial time the process was
distributed by u, i.e.

m(§) =Pu(n(t) =¢) V€€ (2.1.40)

This {u(t)| satisfies an evolution equation that is derived as follows. By using the definition of
transition semigroup given in (2.1.27)), we have that

pe(€) = Y Bu(n(t) = &n(0) = OPL(n(0) = ¢)

e
= D Pu(n(t) = En(0) = Ou(C) = Y. Su(¢, E)n(®) (2.1.41)
CeQ CeQ

where S¢(€, () is the transition semigroup of the process. Therefore, we obtain

Ce| = el St (2.1.42)

Deriving both sides and using the Kolmogorov forward equation defined in (2.1.18]), we obtain
the master equation

d
| = 2.1.4
gy el = el £ (2.1.43)

or, introducing the Hamiltonian operator as H = £, this master equation reads

d
o He> = Hlpe) (2.1.44)

This equation describe how the distribution of the process evolves in time. It plays an important
role in non-equilibrium statistical mechanics. Notice that (2.1.43)) can be retrieved from ([2.1.29))

by choosing f(n(t)) = L;)=¢}-

Stationary and reversible measures for a particle system

As described in the previous paragraph, we can associate a vector (u| to the distribution of an
interacting particles system. Therefore, the stationarity condition written in (2.1.34]) now reads

(L =0 (2.1.45)

or, using the Hamiltonian
Hlpy =0 (2.1.46)

This invariant measure |u) is often called steady state. Finding this steady state turns out
to be a spectral problem: "find the eigenvector of the Hamiltonian with vanishing eigenvalue",
provided that it exist and it is unique.

In the discrete state space setting, a measure u € () is reversible if and only if it satisfies the
detailed balance condition, that reads

p(n) c(n, &) = u&) c(&,n)  Vn,Ee (2.1.47)
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2.1.3 Martingales and Markov processes

In this section we introduce two martingales arising from the generator of a Markov process.
These martingales are useful in the proofs of the scaling limit.

Lemma 1 Consider a Markov process (n(t))i=0 on the state space ) and with generator L.
Consider an arbitrary function F'€ CP (). Then, the following processes
¢

M = F(i(t)) — F(n(0)) — JO (LF) (n(s))ds (2.1.48)

is a (Dynkin) martingale with respect to the natural filtration (Fy),~, and its quadratic variation
18

(Mg, Mp|, = L I'%(n)ds (2.1.49)
where
T5(n) = (LF?)(n(s)) — 2F (n()) (L) F(n(s)) (2.1.50)
1s the Carré-du-Champ operator.
Proof: see [30] and [31].

Remark 2 In case of interacting particle systems, the Carré-du-Champ operator can be written
as

Lp(n) = Y e(n,€) (F(€) = F(n)) (2.1.51)

e
This follows from the definition of generator (2.1.22]).
By the Doob decomposition theorem(see [46]), we have that the process

NE = (ML) - L TS (n)ds (2.1.52)

is also a martingale with respect to the natural filtration. The martingale constructed in this
section can also be defined by using a time-dependent function F' : [0,00) x Q@ — R sufficiently
smooth in both variables (for details see Appendix 1 of [30]).
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Chapter 3

Single species interacting particle
systems: duality, integrability and
scaling limits

3.1 Single species models

With single species models we refer to Markov processes (both interacting particle systems and
interacting diffusions) in which only one type of particles (or energy) is present. This means that
on a given discrete geometry each site can be occupied by a certain number of indistinguishable
particles (energy). The transitions consists in jumps at Poissonian times, where particles move
from a site to another changing the configuration of the process. A different situation is the
multi-species case, where we consider many species (also called colors) of particles allowing, be-
sides the movement of each colour, some species-species interaction, both of position exchange
or of mutation type.

In this section we introduce some classical interacting particle systems and interacting diffu-
sions models. For each model we briefly describe the dynamics and the infinitesimal generator,
deriving also the equilibrium reversible distribution. In all these models we assume that they
perform their dynamics on a connected and undirected graph G = (V, &), where V is a set of
vertices and £ is the set of edges. The sate space is always product over sites and it reads

Q=X Q% (3.1.1)

zeV

where the space €2, depends on the process. We distinguish two situations:

e Processes without boundary driving: in this case the graph G does not interact with the
external environment and the generator of the process is given by

L= ) weylay. (3.1.2)
(zy)e€

Here L., acts only on the edge (x,y) € £ and then it is called edge generator and it
determines the dynamics of the process. The quantities w, , are called conductances and
they "weigh" the connectivity of the graph. In this thesis we assume that they have fixed
values, however generalizations are possible, for instance one could make them random
(stochastic particle systems in random environment, see, for instance [48, [49]). In this
equilibrium set-up we talk about a process with closed boundaries.
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e Boundary-driven processes: here we put each vertex in contact with an external reservoir,
that tries to impose a fixed boundary density of particles (or of energy). When all these
boundary densities are the same, the process is said to be at equilibrium, instead, when at
least two boundary densities are different the process is driven out-of-equilibrium (losing
reversibility). The generator has a further term, working on a single site z

L= ) weylay+ > Tuls. (3.1.3)
(z.y)e€ zeV

Here w,, and L, , are the quantities defined in , while £, is called site generators.
Here, L, rules the interaction of the process with the external environment. The quantities
I", are called local inhomogeneities, and they “weigh” the interaction between the reservoirs
and the process on the graph. Again, we consider these I'; to be fixed, but generalization
such as choosing them as random variables are possible. In this set-up we talk about a
process with open boundaries or a boundary-driven process.

In the following, by specifying £, ,, £, and ), we uniquely define the model and its interaction
with boundaries.

Parametric generators for particles systems. In the following we introduce three models:
independent random walk (IRW), symmetric exclusion process (SEP(v)) and symmetric inclu-
sion process (SIP(2k)). We write a parametric form for the generator that allows, by correctly
choosing the parameters, to obtain the specific model. For arbitrary (z,y) € £, x,y € V and for
arbitrary local function f : Q@ — R, the edge generator reads

(ﬁw,yf) (1) = nz(a? + 977y) (f(n—06z+ 5y) — f(n) + 773;(@9C +0n:) (f(n — oy + 6z) — f(n))

The site generator reads

Lof(n) = af(a® +6ne) (f(n+ 62) — f(0) + agne (f (1 — 0z) — f(n)) (3.1.5)

(@hz{lify:m (3.1.6)

where

0 otherwise

Therefore, with the notation n — 0, + d, we mean that, starting from the configuration 7, we
remove a particle at site x and we add a particles at site y. The parameters 6 € {—1,0, 1}
defines the type of interaction, while (a”),ey are called attraction intensities. In the following,
to simplify the analysis, we assume that a® = a for all x € V with « still depending on the
model. The quantities af, a3 are the boundary parameters and they are linked with the rates
at which the reservoirs inject and remove particles, respectively.

Using these boundary parameters we will define, for each model, the boundary densities that are
interpreted as the average number of particles present in the reservoirs. These densities depend
on the models and are defined case by case. When all these densities are equal, we obtain an
equilibrium state also for a model with open boundaries.

Interacting diffusions. For the interacting diffusion, we will only consider the Brownian en-
ergy process (BEP), therefore we will directly write its generator. In this situation, the bound-
ary parameters are called "temperatures" and make this models also suitable in the microscopic
derivation of the Fourier law. Many other interacting diffusion models are available, for instance
the Kipnis-Marchioro-Presutti model (KMP) model [50] or the Brownian Momentum Process
(BMP) [1I]. However, the study of them goes beyond the purpose of this thesis.
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3.1.1 Independent random walk (IRW)

The independent random walk is one of the simplest examples of interacting particle system
where, in particular, the interaction is suppressed. The particles perform a continuous time
random walk on the graph and the reservoirs inject and remove particles (birth and death
processes). The state space is given by the product of Q, = {1, : 1, € No}, i.e.

Q=N (3.1.7)

where we denote by |V| the number of vertices of G. The edge generator is obtained from (3.1.4))
by setting a® = 1 for all x € V' an by setting 8 = 0, therefore it reads

Loy f(n) = ne (f(n =0z +6y) = f(0)) + 1y (f (0 + 62 — 6y) = F(0)) - (3.1.8)
The site generator is obtained from (3.1.5)) by fixing a® = 1 for all x € V, § = 0 and af, a3 €
[0,00). It reads

Lof(n) = ai (f(n+0z) = f(0) + azne (f(n = 62) = f(n)) - (3.1.9)

We introduce the boundary density at site x as

pri=L vzev (3.1.10)

Qg

We now characterize the equilibrium reversible measure when all the boundary densities are the
same. The proof follows by imposing the detail balance condition ([2.1.47]).

Lemma 2 (Reversible measure for the open equilibrium process) The IRW process (n(t))i=0 with
open boundaries and with generator

L= ) weylay+ > Tals, (3.1.11)

(z.y)e€ z€V

where the edge generator L, is defined in (3.1.8)) and where the site generator L, is defined
in (3.1.9), admits a reversible measure if and only if Z—% = g—; for all x € V. This measure is

product over sites with marginals distributed as Poz’sson(%), i.e.
o
firev = X) 12, where Wirey ~ Poisson(—l) (3.1.12)
(63
zeV

Due to the non-interacting dynamics, it possible to derive explicitly the non-equilibrium steady
state measure using duality. This non-equilibrium measure is given by a product over sites of
Poisson distribution with non-homogeneous parameters. We refer to [12] for its derivation.

3.1.2 Symmetric exclusion process (SEP(v))

The Symmetric Exclusion Process consists in a continuous time random walk on the graph G,
where each site can host at most v € N particles. The quantity v is called mazimal occupancy.
The state space is given by

Q=) where Qe ={n : 1, €{0,1,...,v}}. (3.1.13)
zeV
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This means that at each site x at most v (indistinguishable) particles can be hosted, setting in
the so called exclusion constraint. With a different perspective, one can interpret this constrain
by saying that, at each site the total number of particles and the total number of holes (or
vacancies) must always be equal to v. The SEP(v) is one of the first examples where interaction
is not null, meaning that the transition rate both depends on the occupancy of the departure
and the arrival site. More precisely, the jump rate is proportional to the number of particles in
the departure site and to the number of holes in the arrival one. This means that particles are
encouraged to stay in different sites. For this reason we say that SEP(v) is a fermionic process.
The edge generator is given by by fixing a® = v e N for all x € V and § = —1. Then, it
reads

Loy f() =ne(v —mny) (f(n =0z +6y) — fF() +ny(v —nz) (f(n— 3y +62) — f(n)) . (3.1.14)

The site generator is found from (3.1.5) by setting a®* = v € N for all x € V, § = —1 and
af, a3 € [0,00). Therefore, it reads

Lof(n) =ai(v—mnz) (f(n+0z) — f(0) + agne (f(n —dz) — f(n)) - (3.1.15)

If v = 1, the process is said to have an hard-core exclusion and it is called Simple Symmetric
Exclusion Process (SSEP). We introduce the boundary density at site x € V' as

pr=v—L (3.1.16)

x x
ay + ag

We now characterize the equilibrium reversible measure when all boundary densities are the
same. This result can be proved by imposing the detailed balance condition (2.1.47)).

Lemma 3 (Reversible measure for the open equilibrium process) The SEP(v) process (n(t))i=0
with open boundaries and with generator

L= ) weylay+ Y Tals, (3.1.17)
(zy)e€ zeV

where the edge generator L., is defined in (3.1.14) and where the site generator L, is defined

i (3.1.15), admits a reversible measure if and only if %Z = 3—; for all x € V.. This measure is

product over sites with marginals distributed as Binomial(u,a;jrlal), i.e.

aq

firev = (X) 15y where Wirey ~ Binomial(v, (3.1.18)

eV a9 + Q1

3.1.3 Symmetric inclusion process (SIP(2k))

The Symmetric Inclusion Process consists in a continuous time random walk on the graph G,
where each site can host an unbounded number of particles. The state space is given by

Q= ® Q. where Qp ={ne : nweNo}. (3.1.19)
zeV

The transition rate depends on the occupancy of the departure and the arrival site. More
precisely, the jump rate is proportional to the number of particles in the departure site and to
the number of particles in the arrival site plus the attractive parameter 2k. This is an inclusion
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jump that leads to an attractive interaction. For this reason we say that the SIP is a bosonic
process. The edge generator is given by (3.1.4]) by fixing a® = 2k € Ry forall x € V and 6 = +1.
It reads

Loy f(m) =02k +ny) (f(n— 0z +6y) — f(0) +my(2k +n2) (f(n =y +62) — f(n)) . (3.1.20)

The edge generator is found from (3.1.5) by setting a* = 2k € R for all z € V, § = +1 and
af,as €[0,00). It reads

Lo f(n) = ai(2k +12) (f (0 + 02) — f(0)) + abna (f(n = b2) — f(0)) - (3.1.21)

Assuming that a8 > af, we introduce the boundary density at site z € V' as

We now characterize the equilibrium reversible measure when all the boundary densities are
equal. The proof consists in imposing the detailed balance condition (2.1.47]).

Lemma 4 (Reversible measure for the open equilibrium process) The SIP(2k) process (n(t))i=o0
with open boundaries and with generator

L= ) weylay+ > Taly, (3.1.23)
(z,y)EE zeV

where the edge generator L, is defined in (3.1.20) and where the site generator L, is defined
in (3.1.21), admits a reversible measure if and only if g—% = Z—; for all x € V. This measure is

product over sites with marginals distributed as Negative—Bmomz'ale,g—;), i.e.

Lrev = (X) [Hre, where Wiy, ~ Negative-Binomial(2k, ﬂ) . (3.1.24)
zeV a2

3.1.4 Brownian energy process (BEP(2k))

The Brownian Energy Process with parameter 2k (BEP(2k)) was introduced in [I1] to model
heat exchange. Energy is diffusively exchanged between sites. As we will clarify, this model
is also related to the SIP(2k) and to the Kipnis-Marchioro-Presutti (KMP) process (see [50]).
Indeed, it can be obtained as the many-particles limit of SIP(2k), while the KMP can be obtained
by thermalizing BEP(1), i.e. when k = 1/2 (see [12]). The process is denoted with (z(¢)):>0,
where at each site z € V, 2;(¢) denotes the amount of energy at site  and at time ¢. The state
space reads

Q=X 2% where Qp ={25 1 2o e R4} . (3.1.25)

zeV

The BEP process has a parameter 2k > 0, that rules the energy exchange. The edge generator
reads

2

‘vay = Zxiy (azz - azy) - 2]4?(2:55 - Zy) (azz - azy) (3126)

assuming that it acts on smooth function with compact support f : 2 — R. The site generator
is given by
Ly =Ty (2k0., + 2,02.) — 2405, . (3.1.27)
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Here T, is the boundary parameter and it physically represent the temperature of the reservoir.
In this case we call boundary density at site x € V' the temperature itself, i.e.

p" =T,. (3.1.28)

We now prove the characterize the equilibrium reversible measure when all the boundary den-
sities are equal. This result can be proved by showing that the generator is self-adjoint in the
L2 (RJra Mrev)-

Lemma 5 (Reversible measure for the open equilibrium process) The BEP(2k) process (2(t))i=0
with open boundaries and with generator

L= ) weylay+ Y Tals, (3.1.29)
(zy)e€ zeV

where the edge generator is defined in (3.1.26) and where the site generator (3.1.27) admits a
reversible measure if and only if T,, = T for all x € V. This measure is product over sites with

marginals distributed as Gamma(2k,T ), i.e.

tires = ) 1y where Wrey ~ Gamma(2k,T) . (3.1.30)
eV

3.2 Duality between Markov processes

Here we introduce the concept of stochastic duality between two Markov processes. Duality is
a powerful technique that connects the average of two stochastic processes. It was originally
introduced in [5] to characterize the stationary distribution of SSEP and IRW. Then, it was
systematically defined for more models (exclusion, voter) in [7] to investigate ergodic properties.
The techniques used to find duality are, in many cases, connected with some Lie algebraic
symmetries of the process. In this direction, there are the seminal works in the context of the
exclusion process [8, 10, 9] and [T} 12} 5I] in the context of inclusion processes and interacting
diffusions. For an excellent review we refer to [I5]. In the past years, many application of duality
have been found:

o Qut-of-equilibrium systems: out-of-equilibrium stochastic systems are prototypes for non-
equilibrium statistical physics models. In these models, currents can be created by putting
the system in contact with external reservoirs or by inserting an asymmetry in the jump
rates (drift). Using duality, one can show that the computation of n-point non-equilibrium
correlation in a system of size L reduces in the study of the behavior of n « L dual
particles. One of the first examples is [52], where duality for the boundary driven SSEP
has been applied to show the existence of long-range correlation and to compute two points
correlations. Other examples of the use of duality to characterize the non-equilibrium
stationary measure are [12, [63 54, 9]. More recently some works in this direction are
[26, B3, 56] and for the multi-species case [3]. Duality has also been used to study heat
exchange models relating these continuous processes to discrete particle systems, see for
instance [50, 57, [58].

e Hydrodynamic limit and density fluctuations: duality can be used to derive scaling limit
properties of the particle systems. Here, the idea consists in re-scaling the dynamics of a
single dual particles and applying the invariance principle for the random walk to find, in

48



the limit, a Brownian motion. Also in this context the literature is wide. Some examples
for the hydrodynamic limit can be found in [I5, 29 48, [59], while for the fluctuation a
recent work is [60].

e Population genetics: duality is widely used also in the context of population genetics. The
idea is to relate the time forward and time backward process and extract information on
the genealogy going back in time. Some examples of works in this context are [61], 62, [63].

We introduce the abstract concept of duality between Markov processes with more interest for
its definition in case of Markov chains.

Definition 7 (Duality between Markov processes) Let (n(t))i=o0 and (&(t))i=0 be two continuous
time Markov processes defined on the state spaces ) and Q) respectively. They are dual if there
exists a function D : Q x Q — R such that

E"[D(n(t),€)] = E* [D(n,&(H)]  WneQ, ¥EeQ (3.2.1)

where the expectations E" and ES are taken with respect to the distributions of (n(t))i=0 and
(&(t))¢=0 with initial configurations n and & respectively. In case (£(t))i=0 is a copy of (n(t))i=o0
the process is said to be self-dual.

The definition of duality can also be stated at the level of the generators of the processes.

Definition 8 (Duality between Markov generators) Let L and L be two Markov generators for
two Markov processes defined on Q and ) respectively. Let D(L) and D(L) be the domains
of the two generators respectively. Let D : €0 x O >R bea function with the property that
D(-,€) € D(L) and D(n,-) € D(L) Vn € Q, V¢ € Q. Then, we say that the two generators are
dual with duality function D(n,§) if

(£D(-,€)) () = (£D(n.))(€) (322)
YneQ, V€e Q. Moreover, if L = L the generator is said to be self-dual.
These two notions of duality are linked.

Proposition 6 Duality between Markov generators implies duality between processes. If Vn € §
we have SyD(n,-) € D(L), and Y& € Q we have S¢D(-, &) € D(L) then, duality between processes

implies duality between gemerators.
Proof: see, for instance [I5] [63].

O

In this thesis we will always assume that these two definitions of duality given in Definitions
[7 and [§ are equivalent, meaning that we can study duality between Markov processes just by
having duality between generators.
In the case of countable state space the generator £ and L can be represented as matrices in
some basis of their state spaces, as

L= (C(n’g))neﬂ, e E = (E(n’g))neﬂ, £e) - (3-2-3)

We introduce the duality matriz as

D= (D(0.6), 0, ces - (3.2.4)
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The elements of duality matrix are the images of the duality function for fixed 1 and €. Therefore

the duality relation ([3.2.2]) reads
e, n)D(n,€) = > &6 E)Dm,€) = > D(n, &)’ (€,€) (3.2.5)
7 €N £e £eq
that can be written as N
LD = DLT. (3.2.6)

In many contexts it is useful to consider the matrix obtained by transposing the generator. It
is called Hamiltonian matrix and it is linked with the generator by

H=/,T. (3.2.7)
The duality relation (3.2.2]) can be reformulated by using Hamiltonian and duality matrices as
H"D = DH . (3.2.8)

3.2.1 Absorbing duality and non-equilibrium steady state for the SEP(v)

The idea of constructing duality relies on the possibility of writing the generator of the process as
proper combination of products of some “building blocks ”, that are given by the basis generators
of a representation of a Lie algebras. In physics literature this has been first carried out for the
simple exclusion process (that has an su(2) Lie algebraic structure) in [8]. Then, in [I1], 12],
this approach has been extended to other processes like SIP(2k) and BEP(2k) with Lie algebra
structure su(1,1). Recently, many duality results and application relying on the Lie algebraic
structure of the process have been collected in [I5].

For the sake of simplicity and for clarity, in this section, we concentrate on the SEP(r). The
techniques, applied to this representative, can be adapted to other processes. We first recall the
connection between self-duality and the symmetries of an interacting particle system, then we
exploit it to construct self-duality for the SEP(v) on a closed graph.

Definition 9 A matriz S over the field R of dimension || x |Q] is a symmetry for L of a
Markov process with finite state space € if

[S,£] =SL—L£S=0 (3.2.9)

Remark 3 Observe that if S is a symmetry for the generator, then ST is a symmetry for the
Hamiltonian, indeed

[$T,H] = STH - HS" = (H"S — SHT)" = ([£,S])" =0 (3.2.10)

Theorem 9 (Self-duality and symmetries) Consider a Markov process (n(t))i=o defined on a
finite state space §2, with generator L, then

1. If p: Q — (0,00) is a reversible measure, then

ch _ 5”7:5
D%(n,&) = ) (3.2.11)

is a self-duality matriz called "cheap duality'.
2. If S is a symmetry for L, then D = SD" and D' = D"ST are self-duality matrices.

The proof of this result form the definition of reversibility via the detailed balance condition
and we refer to [15] [11] for details. We now apply this result to construct the self-duality
for the SEP(v) on a closed graph, as introduced in Section To find symmetries of the
generator of this process, we rely on its description via a representation of the su(2) Lie algebra.
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Lie algebraic description of the SEP(v)

We introduce the vector
|n) with ne{0,1,...,v} (3.2.12)

and we associate to each vertex x € V the vector |n,), that is a copy of |n) at site x. By taking
the tensor product over the graph, the configuration 7 of the SEP(v) introduced in Section
is now described by a the vector

=& | (3.2.13)

zeV
Now the state space reads
Q=) % (3.2.14)
zeV
where
Q= {Ine) + nz€{0,1,...,0}} (3.2.15)

We consider the su(2) Lie algebra and we pick the representation with spin label v/2, that acts
on the space €2, (see [64] [65]). We observe that this representation has dimension v + 1, that
is indeed the dimension of the state space €2,. In this representation, the su(2) algebra has the
following generators, specified by their action on the basis vectors

v
Jilmp =@ =mh+1)  J|mp=mnlnp=1)  Jln)={-3)m. (3.2.16)

They satisfy the commutation relations
[Jo, J+] = £J+ [J+, J_] =2Jp (3.2.17)

Therefore, by using these basis elements of su(2) we write the transpose of the Markov generator
on the edge (z,y) (i.e. the Hamiltonian matrix) as
2
L, =Hey=J ®@J_+J-®J.+2Jo®Jo— ) (3.2.18)

acting on the tensor product space €1, ® €2,. Recalling the definition of the second Casimir
element of su(2) (see [64} 65])

C=JyJ_+J Jy+2JyJy, (3.2.19)
and considering its coproduct
AC)=2J,QJ_+2)_Q@JL+4/ph®@JH+CRL1+1RQC (3.2.20)
we write the edge Hamiltonian as

V2

2

1 1 1

5 (3.2.21)

Since the C' is a central element (i.e. it commute with all the the basis elements of the Lie
algebra), this last expression will be useful in finding symmetries of H,, and thus, symmetries

of the edge generator (3.1.14]) of the SEP(v).
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Self-duality for the SEP(r) with closed boundaries

From Section we recall that for the closed-boundary SEP(v) there exists a family of
reversible distribution, spanned by a parameter A € [0, 1] defined as

= ® Lz where fg ~ Binomial(v,\) Vxe {l,...,L} (3.2.22)
zeV

Since we do not consider the boundary driving, the parameter A is arbitrary and we choose it
as A = % Then, up to a constant that does not depend on 7,, the cheap-duality matrix defined

in (3.2.11) reads
D =T1d (3.2.23)
zeV

where

- (7 )_1|nx><nz| (3.2.24)

N €y

or, equivalently element by element we have

5
Al (ne, &) = 232 (3.2.25)

()

By direct computations one can check that
(JH)Tdh = achgt,  (JOTd = achgO (3.2.26)

The Hamiltonian density H, , of the SEP(v) (3.2.21)) is written in function of the second Casimir
of the su(2) Lie algebra. As a consequence, every basis element of the Lie algebra commutes
with H,,. We chose as a symmetry

Sy = exp (J2) = Z * (3.2.27)

where we denote by J7 a copy of J; acting on the site . We introduce the matrix
dy = d"S, (3.2.28)
that acts non-trivially only on site z and we define the self-duality matriz

D=]]de=]]dS: (3.2.29)

eV zeV

acting non trivially on the whole graph. By applying Theorem [9] we have that the matrix D is
indeed a self-duality matrix for the SEP(v). Their elements are given by

D(n, &) = ];[/ W (_u)%)! (nx?!&)! (3.2.30)

This can be proved by direct computations.
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Absorbing duality for the boundary driven SEP(v)

Starting from the self-duality for the closed graph, we now prove the duality result for the SEP(v)
with boundary driving. Given that the original process is defined on the graph G = (V, &), the

dual process (£(t)):=0 is defined on an "enlarged graph" denoted by G = (‘N/, g’), where

Vi=Vo{u@) :zeV}) E:=E0{(z,ulx)) : eV} (3.2.31)

In this dual graph an extra-site u(x) has been attached to each site of the original graph. The
dual state space reads

Q=R 0% =R (Q x Ny) (3.2.32)
eV xeV

These extra-site can host an infinite number of dual particles. The configuration £ of the dual
process reads

€= Q& ®&uw) (3.2.33)

zeV

where §; denotes the occupation of the dual process at site z and where §,(,) denotes the
occupation of the dual process at the extra-site u(xz). We state the absorbing duality result in
a theorem.

Theorem 10 (Duality for the boundary driven SEP(v)) The boundary driven SEP(v) (n(t))i=o,
defined on the state space €2 defined in (3.1.13)), with generator

L= ) weylay+ > Toly, (3.2.34)
(z,y)eE zeV

where Ly, is given in (3.1.14) and where L, is defined in (3.1.15)), is dual with respect to the

~

process (£(t))i=0, defined on the state space Q, with dual generator

L= woyloy+ Y Tuls, (3.2.35)
(z,y)EE zeV

where Ly, is the one defined in (3.1.4) and

~

Lo f(€) = (a5 + a])& (f(€ = b + duw)) — F(8)) (3.2.36)

The duality function is given by

— (v = &) ! Eule
200 = T (“55 i Ze) 0 (8:2:87

o

1
T T -
ag+af

with p, =

We observe that the site dual generator /:'I is purely absorbing since it only removes dual particles
from the site = and puts them at the extra-site u(z). Once a dual particle reaches u(x) it stays
there forever. For this reason we say that this is an absorbing dual process.
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Proof of Theorem we have already proven duality for the edge generators. To show
duality for the site generator we still rely on the Lie algebra, proving duality relations between
the site Hamiltonians (see (3.2.8))). Using the representation with spin j of the su(2) Lie algebra
we have

L =H, =af (Jy +Jo—35) +as (J* = J§ — ) (3.2.38)

This Hamiltonian H, acts on the ket-vectors associated to the configuration of the original
process 1) = @Q),ey |12, where 0, € {0,...,v}. The dual site Hamiltonian reads

T = H, = (o + af) (a;(z)ﬁ - j) (3.2.39)
where a:{(x) is a bosonic creation operator that creates particles on the extra-site u(x), i.e. for
allneN

atln) =|n+1), (nla® = {(n —1| (3.2.40)
This dual Hamiltonian ﬁx acts on the ket-vectors associated to the dual configuration, given by

£ = &) (€2 ® [€uw)) (3.2.41)

zeV

where §; denotes the occupation of the dual process at site x and where ,(,) denotes the
occupation of the dual process at the extra-site u{x). The duality matrix now reads

D =] [(ds) ® Dy (3.2.42)
zeV
where
dy = d" exp (J?), (3.2.43)

with dgh is the the cheap duality matrix defined in (3.2.24)), acts non-trivially at site x and as
the identity on the rest of the chain. We introduce

0
gu(z):O

Here, with a slight abuse of notation we denote by (§,(,| the bra-vector where &, is the
occupation variable of the extra-site. When projected on a ket-vector D,,) one obtains the
duality function (3.2.37). We aim to show that

HI'D = DH, (3.2.45)

Recalling the Hadamard formula for all X € su(2)
1 1
exp(—Jy)Xexp(J3) = X — [J, X] + 9 [J+, [T+, X]] — 31 T4 [y [, XM+ (3.2.46)
we obtain that
exp(—Jy)J_exp(Jy) =J_ —2Jy — J=, exp (—J+)Joexp (J1) = Jo+ Jx (3.2.47)
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Using (3.2.26)) have that

HEd exp (J;) = dEl"exp (J) exp (=) (af(J7 + J§ = 2) + a5 (JT = J§ = 2)) exp (J;)

2
(3.2.48)
Using equations (3.2.47)we have
+ T( JT T v T 7T
exp (=) (o (7 + J§ = 5) + a5 (T = Jg = ) exp ()
x x A

We observe that the matrix (prf - J§ - %) is not stochastic. However, the following relation
holds

e¢] e 9]

2 (px)é“u(x) <fu(x)|Pz _ 2 (px)ﬁu(acwl <fu(x) + 1|a:($)
6’“ xT
gu(w) =0

where we used (3.2.40)) and the fact that (O]a™ = 0. Therefore, using (3.2.49)), multiplying with
the tensor product both sides of (3.2.48) by

ee}

D1 (p)*® L] (3.2.51)

gu(z)zo

and using (3.2.50)), we obtain

{(ﬁ +J0 - ’;) +al (J —JT - 5) }T (d;h exp (Jfﬁ)) ®Dyia)
((dd‘exp (J3) ) x)) oy + af) ( u(x)Jf Jy — %) (3.2.52)

and (]3.2.45)) follows.

Characterization of the non-equilibrium steady state by duality

Consider a boundary driven Markov process (n(t)):=0. We say that a measure pngss is the
non-equilibrium stationary distribution (NESS) if, for all bounded functions f : @ — R and for
every starting measure p it holds that

Hm By, [f(n(6)] = Epnpss [ ()] (3.2.53)

t—o0
For the processes studied in this thesis we assume that
o V is finite and that the set of extra-sites of the dual process is disjoint from V

» the conductances and the local inhomogeneities are bounded, i.e. w;, < o0 and I';, < o
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Under these two conditions one can prove that the non-equilibrium steady state exists and is
unique. Moreover, all initial measure converges (when time goes to o) to the non-equilibrium
steady state ungss. For details see Theorem X.13 of [15]. In particular, this is true for the chain
with two reservoirs. Since the dual process has absorbing extra-sites, in the long time horizon,
all dual particles are absorbed in one of the extra-sites u(x). Therefore, we have that, by using
duality

Ejugss [D(1:6)] = lim B [D(5(1),€)] = lim E [D(n, £(¢))] = E° [H piw(w)] (3.2.54)
zeV

where we denoted by &,,(;)(o0) the occupation of extra-site u(x) when ¢t — oo and p, is the
particle density (or the temperature) of the reservoir connected to the site x. In the formula
above, we have denoted by E”[-] and E¢[-] the expectations with respect to the law of the
original and dual process initialized with a configuration n and & respectively. We stress that,
since the dual process is absorbing, the last term in is found by the knowledge of the
probabilities that dual particles are absorbed at extra-sites 0 and L + 1. These probabilities
are called absorption probabilities and they fully characterize the NESS. This is an important
simplification that duality implies when studying non-equilibrium processes.

To clarify the ideas, we report the result for the boundary driven SEP(v) on a simpler geometry,
where the graph G reduces to a chain (segment) with only two reservoirs attached at sites 1 and
L. In this situation, we have the following result that allows to characterize the average of the
duality function with respect to the non-equilibrium stationary distribution. We denote by pieft
and pright the densities (see (3.1.16])) of the reservoirs attached to the sites 1 and L respectively.

Theorem 11 (Characterization of NESS via duality) Let (n(t))i=o0 be the SEP(v) and let (£(t))i=0
be its dual absorbing process introduced in Theorem [10 Then, for a given configuration &, we
have that

€|
plef Pn h
Eyinpss [D Z F(FE P (k) (3.2.55)

where
Pe(k) = P (Eo(o0) = k, Er41(0) = [€] — kI€(0) = &) (3.2.56)
are called absorption probabilities, with k denoting the number of particles absorbed in 0.

Proof of Theorem Using the ergodicity of the process on a finite chain and the duality

definition (3.2.1) we have that

E ivess [D(n,&)] = }H&En[ (n(t), &)]
= lim B [D(1.£())]
i3
= 3, (PP ek () (3.2.57)
k=0

O

From equation we see that absorbing duality brings a simplification in the charac-
terization of the non-equilibrium steady state. Indeed, the determination of all the moments
with respect to this measure reduces in the computation of absorption probabilities. However,
usually this is not an easy task, since the absorption probabilities satisfy complicated differ-
ence equations. In some contexts, integrability leads to explicit expression of the absorption
probabilities (see for instance [26] 20, [3]).
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3.2.2 Duality as a change of representation

The existence of a duality relations between two Markov processes goes beyond the construction
of a symmetry for the Hamiltonian, as it has been reported for the SEP(v) in the previous
sections of this chapter. Indeed, the duality relation between two Markov process can be seen
as a consequence of a change of representation of the underlying Lie algebra. More precisely,
the duality function can be interpreted as an intertwining map between two representations.
Given a Lie algebra g with algebra generators (-’Ei)ie{l,...,n} that satisfy the commutators

n
[z, 2] = Z CijkTk (3.2.58)
k=1

where c;;i, is the structure constant, we call conjugate Lie algebra the algebra g with generators
(Yi)ief1,....ny that have —c;ji as a structure constant, i.e. they satisfy

n

[yi, yj] = — Z CijkYk (3.2.59)
et

We then have the following proposition that connects duality between Markov processes and a
change of representation of the Lie algebras, allowing to interpret the duality function (matrix)
is an intertwining between two representations. We state it in the finite dimensional setting,
however it can be extended to Hilbert spaces (see [15, [63], 66]).

Proposition 7 Let L and L be two generators of Markov processes with configuration spaces )
and Q2 respectively. Let (Xi)ieq1,..ny be a collection of linear operators acting on Q@ and that form
a representation of a Lie algebra g. Let (Y;)ieq1,..ny be a collection of linear operators acting on

Q and that form a representation of a Lie algebra g. Assume that
e L can be written as a linear finite product of operators X;.

o L can be written as a linear finite product of operators Y; with the reverse order with respect
to the product of the X;.

e There exists an intertwining map D such that

X;D =Dy  Vie{l,...,n}. (3.2.60)

Then, N
LD = DLT (3.2.61)

For the proof see [111 [15] 63} 66].

Proposition [7] allows to construct the duality relation between the two Markov generators £ and
L starting from the knowledge of a duality relations between the generators of a representation
of g and a representation of g, i.e. the existence of an intertwining between X; and Y;, for
all i € {1,...,n}. Furthermore, in case the duality function (matrix) is invertible, the duality
relation leads to an equivalence between two representations.

One can show that the construction of self-duality via symmetries is nothing but a particular
choice of the change of representation described in Proposition |7| (see [15]).

This interpretation of duality, allows to extend the results to more complicated processes. For
instance we can prove duality between a interacting diffusions and particle systems.

o7



Duality between BEP(2k) and SIP(2k)

In this section we present an example of construction of duality by using a change or represen-
tation of a Lie algebra: the duality between BEP(2k) and SIP(2k). We start by recalling the
definition of the BEP(2k) process on a connected graph G = (V,€). The state space of the
process is Q = &), QU where Q, = {z, € R™}. The variable z, is interpreted as the energy at
site . The generator reads

L= ) weylay (3.2.62)
(z,y)e€
where
Loy =222y (0s — 02,)" = 2k(20 — 2) (02 — 05, - (3.2.63)

We introduce the Lie algebra su(1,1) and we pick a representation acting on polynomials of
variable z, that we denote by f(z). This representation has the following algebra generators

Kof(2) = 20(2)  K_f() = 202£(2) + 260, f(2)  Kof(2) = 20.£() + kf(2).  (3.2.64)
By direct computations one can show that they satisfy the commutators of su(1,1), i.e.
[Ki,K_] = —2Kp Ko, Ki] = K+ (3.2.65)
Using this representation, we have that
Loy =Ki®K_ +K_QK;—2Ko® Ko+ 2k>. (3.2.66)

We consider now the representation of the conjugate algebra su(1,1), whose basis elements acts
on function with discrete variable f : Ny — R (assuming f(—1) = 0) as

Kif(n)=Q2k+n)f(n+1) K_f(n)=nf(n—-1) Kof(n) =(n+k)f(n). (3.2.67)
They satisfy the commutators
[Ky, K | =2K) [Ky, Ko £ K+ . (3.2.68)

Considering the duality function

_ o T(2k)
d(z,n) =z T2htn)’ (3.2.69)
it is straightforward to verify
(Kad(-,n)) (2) = (Kqud(z,+) (n) Va € {+,—,0}. (3.2.70)
Therefore, by applying Proposition |7, we have that
(£D(,9) () = (£D(2,)) () (3.2.71)

where the dual generator £ coincide with the SIP(2k) generator on a closed graph (defined in

Section , ie.
L= ) Loy. (3.2.72)



Here, the operator Zx,y is given by
Loy=Ki@K_ +K @K, —2K® Ko +2k*. (3.2.73)

where its action on a function is

Loy f(€) = &(2k + &) (F(E =6y +62) = F(€) + &2k + &) (F(€ =60 +8,) = f(9) . (3.2.74)

The duality function is given by

T(2k)
D(z,6) = [ | 4 e -

Above, we denoted the SIP(2k) by (£(¢))t=o0-

To complete the picture we report the duality between the boundary driven BEP(2k) and the
SIP(2k) with absorbing boundaries. This allows to characterize the non-equilibrium steady
distribution of the BEP(2k) via the absorption probabilities of the SIP(2k). Here we consider
the BEP(2k) on the configuration space 2 previously defined and the SIP(2k) with the enlarged
configuration space () = e (2, where €, = Q, x Ny and where Q, := {&, : & € No}. This
means that at each vertex an absorbing extra-site has been added.

(3.2.75)

Theorem 12 The boundary driven BEP(2k) denoted by (z(t))i=0, on the state space ), with
generator

L= ) weylay+ > Tuly (3.2.76)
(z,y)e€ zeV
where the edge generator Ly, is defined in (3.1.26) and the site generator L, is defined in
(B1.27), is dual to the SIP(2k) denoted by (£(t))i=0 on the state space €2 and with dual generator
given by

L= ) Loy+ ) Tuly (3.2.77)
(z,y)e€ zeV
where nyy is defined the edge generator of the SIP(2k) and where

The duality function given by

P = Hv (zgm?%) (L) (3.2.79)

The proof consists in a direct computation and can be found, for instance, in [12] [15].

3.3 Integrable interacting particle systems

In this section we briefly introduce the concept of integrability of an interacting particle system.
Our approach consists in finding symmetries for the Hamiltonian of the integrable process (for
instance the boundary driven SSEP on a finite segment) by constructing a generating function
called transfer matriz. Usually, this is denoted by T'(u) with v € C named spectral parameter.
The existence of this transfer matrix relies on the fact that the Hamiltonian of an integrable
process can be written in terms of some building blocks, the R-matrices and the K-matrices, that
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satisfy consistency relations named Yang Bazter Equations (YBE). Once the T'(u) is constructed,
it can be explicitly diagonalized and, since it commutes with the Hamiltonian H of the process,
all the eigenvectors and the spectrum of H can be explicitly determined. The technique explained
above is called quantum inverse scattering method (QISM). For a good review we refer to [16], 21].
The second technique that we report is the matriz product ansatz (MPA). Originally introduced
in [24] for the ASEP, it states that the non-equilibrium steady state of the Hamiltonian H of the
integrable ASEP can be written as proper product of matrices acting on the states of an abstract
supplementary space. As it has been observed in [25], QISM and MPA are deeply connected.
In this section we first report a short and non-exhaustive overview of the QISM and of the MPA
applied to one of the first examples of integrable interacting particle system: the boundary
driven SSEP. For excellent reviews we refer to [19, 211, [67].

3.3.1 The integrable SSEP

We consider the boundary driven SSEP on the geometry of a line segment of length L with two
boundaries attached to the end sites 1 and L respectively. In this situation the process is said
to be integrable. The state space is given by Q = ),y 2, where

Q, = {|7733> PNz € {L 2}} (331)

Here we associate 1, = 1 when the site x is occupied by a particle, while we associate n, = 2 to
indicate that there is a hole. The space €2, is isomorphic to C? since

w=1n=(y) »=1v=(}) (332

This means that the state space of the SSEP is the same of the XXX-Heisenberg spin chain (see
for instance [16] 68]). The Hamiltonian matrix, for the SSEP is
L—1
H = Hieg + 2 Hy z1 + Hyight (3.3.3)
=1

where the bulk Hamiltonian densities are

, 0 0 0 O
+1 1 O -1 1 0
Hz,erl = b21 ( ([f;,]el[)i ] el[)b]e[“ ]) = Pz7w+1 —1= 0 1 1 0 (3.3.4)
a,b=
0 0 0 O
Here Py ;41 is the permutation operator acting on the bond (x,z + 1) given by
P= 2 elelot1] (3.3.5)

a,b=1
[z]

and e, is the elementary matrix (eqp)cd = 0acObqd acting non trivially only at site z. The
boundary Hamiltonians are given by

Hien, = (e = eli) + o (el = ef) = (;ZQ _021> (3.3.6)
Hiigny =02 (eg—f] - 651 ) + b1 (61]5] egé]) = (_ﬁfz —Bﬁll) (3.3.7)

We observe that the above matrices are stochastic, since the out-of-diagonal elements are non-
negative and the sum of the columns is vanishing.
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3.3.2 Quantum inverse scattering method

We start by introducing the building blocks of the transfer matrix: the R and the K-matrices.
Here we denote by V=V, ® --- ® V = (C2)®L the so-called quantum space. This is nothing
but the configuration space of the integrable SSEP introduced in . Moreover, we denote
by Vo = C? the auziliary space. This is not physical, but it has to be introduced for the
computations. From here on-wards, all the spaces denoted by V; with ¢ € {1,..., L} are always
considered to be V; = C2. In the following, when a tensor product is considered the identity
matrix is denoted by 1, otherwise it is simply indicated by 1.

Definition 10 (R-matrix) A matriz R(u) acting on the space C*> @ C? is called R-Matriz if
it satisfies the Yang-Bazter Equation (YBE)

RLQ(U - ’U)RLg(u - w)R273(’U — w) = R273(U — w)RLg(u — 'LU)RLQ(U — U) (3.3.8)
that is defined on the product space on Vi ® Vo ® V3 and where
Ris(u—v)=Ru—-v)®1 (3.3.9)

with R(u — v) acting on V1 @ Va. Ry 3(u,w) and Ry 3(v,w) are defined similarly. The variables
u,v,w € C are called spectral parameters.

By direct computations one can check that

u + P
R = . 3.3.10

solves the YBE ([3.3.8]). Here P is the permutation operator (3.3.5)) acting on V; ® V5.

Definition 11 (K-matrices) A matriz K (u), defined on the vector space C? is called a K -matrix
if it solves the reflection equation (RE) (also called boundary-YBE)

RLQ(U — U)Rl (U)RLQ(U + U)RQ(U) = RQ(U)RLQ(U + v)f(l(u)RLg(u — ’U) (3.3.11)

defined on Vi ® Vo and where R(u) is a solution of the YBE (3.3.8)). Here we denoted by
Ki(u) = K(u) ® 1 on the tensor space Vi ® Va.

Definition 12 (K-matrices) A matriz K (u), defined on the vector space V' is called a K-matrix
if it solves the reversed reflection equation (RRE) (also called reversed-boundary-YBE)

RLQ(U - U)Kl (U)RLQ(_U — UV — 2)K2(1)) = KZ(U)RLQ(_U -V — 2)K1 (u)RLg(v - u) (3312)

defined on Vi ® Vo and where R(u) is a solution of the YBE (3.3.8)). Here we denoted by
Ki(u) = K(u) ® 1 on the tensor space Vi ® Va.

Starting from the boundaries of the integrable SSEP (3.3.7) and (3.3.6)) one can show by direct
computations (see [21] for details) that the following K, K-matrices satisfy (3.3.11]) and (3.3.12)
respectively:

K(u) = 2Hyigneu + (81 + Bo)u + 1 (3.3.13)
K(u) = 2Hjept(u + 1) + (a1 + a2)(u + 1) + 1 (3.3.14)
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explicitly we have that

ooy _ (1 u(Br— B2) 2u

K(u) = < 2, |+ u(Bs — 51)) (3.3.15)
1+ (u+1)(oq — ) 2(u + 1)

K(u) = ( 2u + 1)(112 Yoy (u+ 1)(a21— a1)> (3.3.16)

Starting from the R-matrix and from the K, K-matrices one can recover the terms in the Hamil-
tonian of the integrable SSEP by

1d 1
Hief =§%K(U)|u=o - 5(041 + ) (3.3.17)
1d 1
Hyignt =§@K(u)|u=o ~3 (B1 + B2) (3.3.18)
d
Ha:,:c-‘rl :@Rx,x—kl(uﬂu:o (3319)

To define the transfer matrix we need to introduce the double row monodromy matrix.

Definition 13 (Double-row monodromy) Let Vo = C? the aumiliary space and let R(u) the
R—matrices defined in (3.3.10)), then we call double-row monodromy the matriz acting on the
product space Vo @V

Up(u) = Mo(u)Ko(u) Mo () (3.3.20)

where My(u)
Mo(u) = R()J(U)R(LZ(U) T R(),L(’U,) s (3.3.21)
Mo(u) = R07L(U)R07L_1('LL) s R()J(U) (3.3.22)

and where Ko(u) is defined in [3.3.15) acting non-trivially on Vy. Here, R(u) is the matriz
defined in (3.3.10)).

The double-row monodromy matrix can be written in the canonical base of the auxiliary space

Vo as
Uo(u) = (é% gEZD (3.3.23)

where A(u), B(u),C(u) and D(u) are matrices acting on the quantum space V.
This double row monodromy matrix satisfies a consistency relation, called boundary RTT, that
directly follows from YBE (3.3.8)) and RE (3.3.11)). This boundary RTT reads

Ry o (u = v)Uo(u) Ry v (u + v)Uy (v) = Uy (0) Ry (u + v)Uo(u) Ry (u — v) (3.3.24)

where the above equation has to be understood on the space Vo ® Viy ® V, with the auxiliary
spaces Vo, Viy = C2. This relation allows to determine the exchange relations between the entries
of the double row monodromy A(u), B(u),C(u) and D(u) that are crucial in many contexts, like
the mapping of non-equilibrium onto equilibrium (see [28]) and the algebraic Bethe ansatz (see
[17, [69]).

We now introduce the central object of the QISM: the transfer matrix.
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Definition 14 (Transfer Matriz) The transfer matriz for the integrable SSEP is the matriz
acting on the quantum space V given by

T(u) = tro (Ko(u)Up(u)) (3.3.25)

where Uy(x) is the double-row monodromy matriz defined in (3.3.20), K(u) is the matriz (3.3.16))
and where the trace is taken in the auxiliary space Vj.

This transfer matrix has two fundamental features:

1. It commutes with itself at different values of the spectral parameter:

[T (u), T(v)] =T (w)T(v) —T(v)T(u) =0 Vu,ve C (3.3.26)

2. The Hamiltonian H of the integrable SSEP is, up to a matrix proportional to the
identity, the derlvatlve of T( ) evaluated at u = 0, namely

"= C’la%T(uﬂu:o +Cy (3.3.27)

with C,C2 € R proper constants.

Equations (3.3.26) and (3.3.27) imply that the eigenvectors of the transfer matrix T(u) are
independent of the spectral parameter v and that they also diagonalize H 3)) of the integrable
SSEP. This is the key aspect of the 1ntegrab1hty of interacting particle systems all the states
of the boundary driven Hamiltonian H can be determined by dmgonalzzmg the tmnsfer
matriz. The eigenvalues of H can also be recovered from the ones of T'(u) by using . In
this thesis, we do not use the explicit expression of the eigenvectors of T( ) however they can
be computed by the algebraic Bethe ansatz, see for instance [17), 69, [I8].

3.3.3 Matrix product ansatz

We call state and we denote by | ), with initial state |u), a vector where we list the probabilities
of all possible configurations of the integrable SSEP with Hamiltonian (3.3.3) at a certain time
t,i.e.

IEDN I (3.3.28)

£eQ)

where P, (n(t) = £) is the probability of having the configuration £ at time ¢, starting from an
initial distribution pu.

where € is the state space of the SSEP defined in . As already pointed out by master
equation this state evolves in time as

d
%|ﬂt> = Hlw) (3.3.29)

where H is the Hamiltonian matrix of SSEP defined in . Of particular interest for statis-
tical mechanics is the non-equilibrium steady state, i.e. the state |¥) such that H|¥) = 0. This
means to look for the eigenvector with vanishing eigenvalue of H. One way of obtaining this
state is by quantum inverse scattering method. In the past, other techniques have been devel-
oped to find |¥) without using the whole structure of QISM, for instance the matrix product
ansatz (MPA), that will be exposed in this section. In the case of SSEP, the MPA can also be
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derived from integrability, by using the Zamolodchikov algebras [25]. The matrix product ansatz
was introduced in [24] for the asymmetric boundary driven simple exclusion process (ASEP).
This ansatz states that the non-equilibrium steady state of the ASEP can be formally written
in terms of a product of matrices acting on a supplementary space. The probability of each con-
figuration of the process is expressed as a product of matrices paired with two vectors (bra and
ket) belonging to the same supplementary space. This technique revealed to be successful and
many applications have been analysed, for example, among others, the study of large deviations
for ASEP (see [70, [71]). A review of the MPA techniques is found in [67], while for the specific
situation of the SSEP, one can refer to [2I]. In this section we report the statement and the
proof of the MPA in the case of SSEP.

Proposition 8 (MPA statement) The non-equilibrium steady state |¥) of the SSEP with Hamil-
tonian H, defined in (3.3.3)), is given by

V) = ZlL<<W | (g) ® ® (g) V) (3.3.30)

~
L times

where E, D are matrices, in general infinite dimensional, acting on a supplementary space and
satisfying

[D,E]=D+E (3.3.31)
UW|(asE — oy D + 1) = 0 (3.3.32)
(B2E — 1D —1)|V)) =0 (3.3.33)

Here the normalization Zj, is given by
L = {W|(E + D)L[vy) (3.3.34)
Proof of Proposition [8} we aim to show that
H|PYy=0 (3.3.35)

‘We have that

ZuH|WY =HW| (g) ®® (g) V)

~cw [ ()] @ (5) &0 () v

cn(E)o-o ol (]

+z21<<w | (ﬁ) (g) [ a1 (g) ® (lE))] ® (g) ®Y--- (g) V)

e e (3.3.36)
Using (3-3.3) and (3.3.31) we have that
EFE 0
oo (p)® (5) =P =0 | o | = | 25 Do

DD 0
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0

| b)e(h) - (B)e() v

Using (B3.6) and (8:3.39) we have O

it () = vt (e r ) = vl () (3.3.39)
Using (B3.7) and (3:3.33) we have

o ()10 = (G200 Y v = () 1m0 (3:33)

Then we obtain

2w~ (1) o (p)eo
~«mi(p)ee(p)e(
+2<<W|(§)® (] )[(§)®(_11)—<_11)®(5>]

.

)

S &

r—1 tlmes

®<g)®---®<g> Vo)

~
L—x—1 times

-z (p)e--o(p)e(l) (p)eo (5)m

g

r—1 times L—x— 1 times
Sone-oolt) Do o
r—1 times L—x— 1 times

where in the last equality we have shifted the summation.

m}

Using this form (|3.3.30)) of the non-equilibrium steady state, one can compute its correlations.
Consider a coordinate = € {1,..., L} of the chain, then the average occupation of a particle at
site x with respect to the non-equilibrium steady measure is given by

(oa) = ZlL<<W|<D +EFID(D + B0V (3.3.41)

With a similar argument we have that, given 1 < x < y < L the two-point correlation in the
non-equilibrium steady state reads

bapy) = 5 CWI(D + EY'D(D + B ~1D(D + )YV (3.3.42)

65



Explicit expression for one and two-point correlations can be found by using , and
(3.3.33]). We refer to [24, [67) [72] for details. Moreover, explicit representations of the matrices
D, E and of the vectors |V)) and {((W| can be found on an infinite dimensional supplementary
Fock space. For details see again |24, [67, [72].

Duality and the MPA for the SSEP can be combined to obtain the explicit form for the non-
equilibrium steady state. This idea has been developed in [3] and it will be reported in Chapter I
of this thesis for the multi-species stirring process with boundary driving. By specializing this
result to the single species case, the non-equilibrium steady state correlations for the integrable
SSEP can be retrieved (see Section [7.6).

3.4 Scaling limits

The scaling limits are mathematical method that allow to describe the time evolution of a
macroscopic quantity (for instance the thermodynamic property of a fluid) starting from an
underlying microscopic interacting particle systems. This approach allows to derive the so
called hydrodynamic equation, starting from an empirical measure named (empirical) density
field. The idea is to scale down the size of the system (then the distance between sites) and
accelerate the time to obtain the convergence of the empirical density to a measure, absolutely
continuous with respect to Lebesgue, whose density satisfies a PDE. Once the hydrodynamic
PDE is found, further questions are the fluctuation and the large deviations of this empirical
measure from the hydrodynamic limit. Here, for the sake of simplicity and to convey the main
ideas, we briefly expose the hydrodynamic limit for SSEP on an infinite line. This is the starting
point for more complex situations.

3.4.1 Hydrodynamic limit for the SSEP

In this section we introduce the ideas concerning the hydrodynamic limit for SSEP. This is the
first example of a scaling limit for an interacting particle system. We report the main points
of the proof, without going into details. For extended explanations see [29, 30, B1]. As already
pointed out, the hydrodynamic limit describes the behavior of a particle system when space and
time are properly rescaled. For the sake of simplicity we consider the SSEP (7(t))s=0 on the
discrete one dimensional lattice Z, with state space Q = X, Q2 where Q, = {n, € {0,1}. The
interaction is assumed to be nearest neighbour type and the generator reads

L= Loan (3.4.1)

T€Z

where, considering a function f: Q) - R

cx,x+1f(n) =02 (1 = Ney1) (f (0 = 02 + av1) — F(0) + N1 (1 = n2) (f (0 — dy1 + 02) — {(77)))
3.4.2

We introduce a scaling parameter K € N, that will eventually go to infinity, we accelerate time
by N2 and we scale down the space by 1/N (diffusive scaling). We introduce the density field
that is defined, for any ¢ € C(R), as

XE) CP(R) > R
¢ — X5Ng) 2¢ (LK)

meZ

(3.4.3)
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To state the hydrodynamic limit, we need an assumption on the behavior of the density field at
the initial time. This assumption is written in the following definition.

Definition 15 Let p: R — [0,v] be a continuous function called the initial macroscopic profile.
A sequence (ug)nen of measures on 2, is a sequence of compatible initial conditions if Yo > 0:

lim px (‘XNO f d(u)p(u)du
N—w

> 5> =0 (3.4.4)

with arbitrary ¢ € CF(R).
We state the following result
Theorem 13 Let p be an initial macroscopic profile and let (1) Nen be a sequence of compatible

initial measures. Denotes with Pk the law of the process (XK’t(¢))t>0 induced by (lK)NeN-
Then, VT > 0, § > 0 and V¢ € CL(R), we have

XKt Jqﬁ plu, t)du

> 5) (3.4.5)

lim Py | sup
N—a <te[0 T]
where p(x,t) is a strong solution of the the PDE Cauchy problem

(3.4.6)

{@p(w,t) = Ap(z,t) zeR, te]0,T]
p(z,0) = p(z)

Proof of Theorem the proof consists in the following steps:

o Convergence of the Dynkm martmgale Usmg the generator of the SSEP [3.4.1| we introduce
the Dynkin martingale M’ P " (defined in (2.1.48)) by choosing the functlon F = XKt ¢),
motivating the K dependence in the martingale. We show that

lim Ep, | sup |MKt| =0 (3.4.7)
K—oo t€[0,T]

o Tightness. Using (3.4.7) we prove that the sequence of measure Pk is tight in the Sko-

rokhod space Dq|0,00). As a consequence, we have the weak convergence Pk K=o, P*,
where P* is the unique limiting measure (Prokhorov’s theorem, see [46]).

e Solution of the limiting equation. We show that, the limiting measure P* is concentrated on
continuous path (that is a subspace of the Skorokhod space Dq|0, 0)), that it is absolutely
continuous with respect to the Lebesgue measure on R and that its density p(t,z) is the
unique solution of the weak form of the Cauchy problem . The higher regularity of
the solution can be proved by standard PDE’s arguments.

We refer to literature for the details.
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Similar techniques can be used to prove the limiting equations (that are now infinite dimensional
SPDE’s) of the fluctuation field [30}, 15, 32]. Moreover, one can use the hydrodynamic limit of
a weakly asymmetric version of the SSEP to characterized the large deviation functional for the
SSEP [73].

In this section we have presented a technique based on the so called Dynkin martingale .
However, also duality can be used to prove the hydrodynamic limit and the density fluctuations
limit. Here the proof is based on the invariance principle for a single dual particle and on
the existence of successful coupling for a pair of dual particles. For an excellent review of this
technique we remind the reader to [15].
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Part 11

Multi-species stirring process
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Chapter 4

The model

4.1 Motivations

Boundary-driven particle systems are paradigmatic models for non-equilibrium statistical me-
chanics. In a boundary-driven system, the model is put in contact with reservoirs, and a current
is generated through the system. In the long time limit, a non-equilibrium steady state sets in,
with a stationary value of the current.

The model we consider is the multi-species stirring process with open boundaries, i.e. the multi-
species analogue of the exclusion process as introduced in [14], with additional boundary reser-
voirs as proposed in [I3]. In our set-up, particles can be of N — 1 types (or species) and they
can move on a generic connected and undirected graph G = (V, ) with vertex set V' and edge
set £. The maximal number of particles allowed at each vertex (also called mazximal occupancy)
is denoted by v € N. Two particles, or a particle and a hole, do interact when they sit on two
sites connected by a graph edge and this interaction consists in swapping them. Furthermore,
reservoirs are attached at each site of the graph, creating, removing and swapping particles. As
we will see, the choice of these boundary reservoirs is motivated by the fact that they allow to
determine an absorbing dual process, regardless of the graph G on which the process is defined
and of the maximal occupancy v at each site.

We start in Section by defining the generator of the multi-species process: first in the equi-
librium situation (torus, infinite line, closed graph) and then in the boundary driven set-up.
Moreover, we derive the equilibrium reversible measure, when all the boundary densities are
the same. In Section we provide a Lie algebraic description of the boundary driven case, in
terms of symmetric representations of gl(N). This will be a useful tool in the proof of duality
and for integrability property of the model.

4.2 The stirring process

The process studied in this chapter is the multi-species stirring process. We first define it without
boundary driving, i.e. when the process takes place on a torus (periodic boundary conditions), on
the infinite line Z or on a closed graph. After having described these closed boundary situations,
we put the system in contact with external reservoir in order to set up an out-of-equilibrium
version. This last case is richer, since the number of particles is not conserved any more and
non-equilibrium currents sets in (making vanish the time reversibility).
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4.2.1 The multi-species stirring process

We consider three different situations without boundary interaction. In all of these set-up we
assume that each site can host a maximal number of particles called v € N . The particles have a
type (sometimes called species or colour) which can takes values {1,2,..., N —1}. More precisely,
at each site there are v available places (called holes or vacancies) that can be either occupied by
particles or not. As a consequence, each site can be totally empty (when no particles are present
and thus v holes are available), totally occupied (when v particles, of any type, are present and
thus no holes are available) or partially occupied (when some of the holes are occupied and some
are available). All these configurations obey the ezclusion constraint that tells that, at each site
and at any time, the sum of the number of particles of any type plus the number of holes is v.
The interaction consists in the swapping of any two types of particles or in the swapping of any
type of particle and a hole, both at rate 1.

At each site x of the considered geometry, we describe the occupation with an N —dimensional
vector n¥ = (nf,...,n%;) in which the value of the a-th component n? denotes the number of
particles of species a € {1,...,N — 1}, while the component n%; counts the number of holes
at site z. In the following we use indices denoted by lowercase letters (for instance a, b, c,d €
{1,...,N — 1}) when only particles are taken into account. Moreover, we introduce indices
denoted by uppercase letters (for instance A, B,C,D € {1,...,N}) to also incorporate the
holes, that correspond to the index N. The link between the two indices is given by

ae{l,...,N -1} and A=(a,N). (4.2.1)

At site x of the chosen geometry, we introduce the local configuration space as the set of
N —dimensional vectors with integer components and whose sum is always equal to v. That is

Qy = {n“ = (n?,...,n%) e Ny Z ny = 1/} . (4.2.2)

The process on a torus.

Let Ty := Z/LZ be a torus with L sites. The configuration space of the process on the torus
T L is

L
= X) Q0 (4.2.3)

where € is the set defined in (4.2.2]). We denote a particle configuration on the whole torus by
n € (), where n = (n%) er, . Ae{1,...,N}- The infinitesimal generator of the process reads

L
— Z Lozl (4.2.4)
=1

with periodic boundary conditions
Lrr+1=Lra (4.2.5)
For any given functions f : 2 — R we have the following action

Logiif(n 2 ningt [ f(n — 8% + 6% + 04T — 65T — f(m)] (4.2.6)
A,B=1
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where
1 if y=z, B=A,

) (4.2.7)
0 otherwise .

(ﬂ%Z{
Thus the dynamics consists in an exchange of particles or in an exchange of a particle and a hole
between nearest neighbour vertices at Poissonian times. This means that on the bond (x,z + 1)
a particle or a hole indicated by A at site x is exchanged with a particle or a hole indicated by

B at site x + 1 at rate nfﬁxngfjl.

The process on the infinite line. We now consider a second situation without boundary
driving, i.e. when the multi-species stirring process is defined on the infinite line Z. For simplic-
ity, we keep the dimension equal to 1, however the definition can be extended to the case of the
regular infinite lattice Z¢ with d € N. The configuration space of the process is now given by

Q=% (4.2.8)

T€Z

where (), is the set defined in . Here we denote the the configuration variable by
n = (n})gez, Aeq1,..,ny and we still assume that the interaction is of nearest neighbour type.
Therefore, on each bond (z,z + 1) two different species of particles or a particle and a hole are
exchanged with rate 1. The generator reads

L= Loan (4.2.9)

TEZL

where £, ;11 is the generator defined in (4.2.6)). This will be the set-up in which we will study
the scaling limits of this process.

The process on a general graph. A more general situation is the when the multi-species
stirring process is defined on a graph. We consider a connected graph G = (V, &) with vertex
set V and edge set £. We denote the configuration variable by n = (n%).ev, aef1,..., N}, Where n%
denotes the number of particles or the number of holes at site z. The configuration space now
reads

Q=) Q% (4.2.10)
zeV

where, €0, is the set defined in (4.2.2). The dynamics consists in the exchange of any two types
of particles or of a particle and a hole between two sites connected by an edge, i.e. a site x and
a site y such that (z,y) € £. Therefore, the generator reads

L= ) weylay (4.2.11)
(zy)e€

where w; , = 0 are so-called conductances that weigh the connectivity of the graph. The linear
operator L, is called the edge generator and it acts on a functions f : 2 — R as follows

N
Loyf(n)= > nin¥h[f(n— 8% + 6% + 64 — 6%) — f(n)] , (4.2.12)
A,B=1

where 6% is defined in (4.2.7)).
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4.2.2 The boundary driven multi-species stirring process (non-equilibrium)

In this situation we put the multi-species stirring process in contact with the external envi-
ronment, by inserting the boundary dynamics via particles reservoirs. To avoid repetition we
only consider the more general case of a connected graph G = (V, ) and we put each vertex
in contact with an external reservoir characterized an average density of particles. The re-
sult is an out-of-equilibrium system, i.e. a situation where particles are injected, removed and
exchanged with the external environment. This generates non-equilibrium current, losing the
reversibility of the process. We recall that we denote the configuration variable on a graph by
n = (n%)zev, Aef1,...N}, Where n% denotes the number of particles or the number of holes at site
. The dynamics has now two contributions:

e on each edge of the graph, any two types of particles are swapped at rate 1; moreover a
particle of any type and a hole are also swapped at rate 1;

o on each vertex z of the graph, a particle of type a € {1,...,N — 1} is injected at rate
afng, > 0; at rate afn?, a particle of type a € {1,..., N — 1} is removed; additionally,
a particle of type a € {1,..., N — 1} is removed from site z and replaced by a particle of
type be {1,...,N — 1} with rate afn?

The swap dynamics taking place on the edges is of Kawasaki-type with N conservation laws
(the total number of particles of each type and the total number of holes). The site-dynamics is
instead of Glauber-type. In the long-time limit, a so-called non-equilibrium steady state sets in.
In the case N = 2, we retrieve the boundary-driven version of the symmetric exclusion process
[8, 12].

The process generator with boundary driving

We now give the mathematical description of the boundary driven multi-species stirring process.
The configuration space of the process on the graph G is the same of the closed graph (4.2.10]),
ie.
Q=) Q% (4.2.13)
zeV

where, we recall that

Q= {n‘r =(nf,...,n%) e N : Z ny = l/} . (4.2.14)
The infinitesimal generator of the process reads

L= ) weylay+ > Tuly (4.2.15)
(z,y)e€ zeV

where w; , > 0 are conductances and we introduce I'; > 0, that are the couplings to reservoirs,
sometimes called local inhomogeneities. The generator L, is the edge generator (that was
already introduced in , but we report it again for the sake of self-consistency), while we
define L., that is called the site generator. These linear operators act on functions f :  —» R
as follows

Loyf(n 2 n4n'h [f(n — 8% + 6% + 6% — 6%) — f(n)] , (4.2.16)
A,B=1
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N
Lof(n)= > o%ng[f(n+ 8% —0%) - f(n)] , (4.2.17)
A,B=1

where 7% is defined in . Besides the edge dynamics, already described in Section m
each vertex exchanges particles or holes with the external environment (reservoirs). Namely, on
each site x € V' a particle or a hole indicated by B is replaced with a particle or a hole indicated
A at rate I'yayn%. The transitions where the a particle is replaced by a hole/a hole is replaced
by a particle is interpreted as a removal/injection of particles.

4.2.3 Reversible measures in the equilibrium set-up

For a particular choice of the reservoir parameters one has an N-parameter family of reversible
measures. More precisely when the boundary parameters are the same on each site, i.e.

a’y =g VeeV, (4.2.18)

then the process described by the generator (4.2.15)) is reversible with respect to the homogeneous
product measure

Hrev = ® :u’livev (4219)
eV

with marginals p, given by the multinomial distribution

Uie, ~ Multinomial (v, p1, ..., pN) . (4.2.20)
Here
aa
PA = 77>
|l

is the density of species a and we used the notation |a| = Z]X:I a4. Explicitly,

‘ N
v

[Tazi Al A5

This can be proved by checking that detailed balance is satisfied. If condition (4.2.18]) is not
met, then in general reversibility is lost: indeed, in this situation, each reservoir at site x has its

i (07) o (4.2.21)

own set of densities vector p* = (pf, ..., p%;) with components
ah
P = o] (4.2.22)

and |o®| = Zgzl a’. As a consequence, particles are injected and removed in the graph with
different rates. When, for any A € {1,..., N}, there are at least two reservoirs at two different
sites z, y such that p% # p%, a non-zero current sets in, breaking the reversibility. Informally,
one can say that the reservoirs try to impose their different densities at the boundaries of the
the graph, putting the system out-of-equilibrium.

Remark 4 One can check that conditions (4.2.18)) are not the most general that implies re-
versibility. Indeed, by choosing the reservoir parameters as

oy (¥ = o) = o (|[a”] — o) Vr,yeV, VAe{l,...,N} (4.2.23)
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where
N
EREDINCE (4.2.24)
A=1

reversibility holds. In the case where the graph is a chain with nearest neighbors interactions and
two reservoirs are attached to the two boundary sites then condition is the multi-species
counterpart of ad = (7 of the boundary driven partially excluded process introduced in [8] (see
Section 3.2 of [12]).

4.3 Lie algebraic description of the process

In this thesis we will often use the fact that the Markov generator of the multi-species stirring
process can be described in terms a Lie algebra gl(/N). In this section we provide details about
this.

Consider the Lie algebra gl(N) with generators denoted by Eap with A, Be {1,..., N} and
commutation relations

[Eas,Ecp| = Eapdcs — Ecpdap VA,Be{l,...,N}. (4.3.1)

The finite-dimensional representations are labelled by partitions A = (A1, Ag, ..., An) of v with
A = Aar1, Aa € Nand Zgzl A4 = v € N. We are interested in the symmetric finite-dimensional
representations with

A= (v,0,...,0). (4.3.2)

The dimension M, of this symmetric representations is given by the combination of N objects
in v positions with repetition, namely

M, = w . (4.3.3)

The generators of the symmetric representations will be denoted by E4p. A basis of the vector
space CM» are the column vectors denoted by
N
|ny = |ni,...,nn), with n4 €Ny such that Z ng="v. (4.3.4)
A=1
The basis vectors satisfy the orthogonality relation

N
(m|ny = {my,...,my|n1,...,nN) = H Smama s (4.3.5)
A=1

where (my, ..., my| is the row vector obtained by transposing |m) = |m1,...,my) and 0y, , n,
is the Kronecker delta.
The explicit action of the algebra generators on the basis vectors |n) is the following:

{EAB|n1,...,nA,...,nB,...,nN>:nB|n1,...,nA—|—1,...,nB—1,...,nN> A#B

Eqalni,...,na,...,nN) =naln1,...,0A,...,AN) .
(4.3.6)
The matrices defined in this way satisfy the commutation relations (4.3.1)) and yield highest

Dynkin weight (4.3.2)).
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As mentioned above, the process with generator (4.2.15) can be described in terms of gl(N)
Lie algebra generators. The state space (4.2.13)) is given by the |V|-fold tensor product of the
vector space with basis elements |n”) at a given site. Namely, a vector |n) € Q can be written
as

zeV

In) = (@ In?, ... ,nfv>> (4.3.7)

with Z%:l nY = v for any x € V. For a fixed € V we write [n®) = |n{,...,n%;). The following
orthogonality relation is a consequence of the single site relation (4.3.5))

N
(nlmy =TT ] 6ngms - (4.3.8)

zeV A=1
We introduce the Hamiltonian operator

B S ety S wao)
(z,y)e€ zeV

where the edge Hamiltonian H, , that describes the interaction between two connected sites is

N

Hay = Z (EleE%A - E%BE%A> (4.3.10)
A,B=1

)

and where the site Hamiltonian H, is

N
Hy= Y o%(E%s — Ep) (4.3.11)
A,B=1

Here E% 5 denotes the generator E4p in (4.3.6) acting non-trivially on site z (and as the identity
on the other sites). The Hamiltonian in (4.3.9) is stochastic and is linked to the Markov generator
by

H=/rT (4.3.12)

where T denotes transposition, see e.g. [74]. The action of the generator on functions f can
then be expressed as

Lf(n) ={f|Hn) (4.3.13)

where

(fl= D] f(m)(m]| . (4.3.14)

mes

We can write the edge Hamiltonian (4.3.10) as a function of the coproduct of the quadratic
Casimir of gl(N)

N
C= Y EapEpa, (4.3.15)
A,B=1
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that acts diagonally as C|n) = v(v+N)|n) on any state |n) and belogs to the center of gl(N) (i.e.
it commutes with all the algebra elements). More precisely, considering the standard coproduct

A :gl(N) - gl(N)®gl(N) (4.3.16)
with
Eap— EAp@1+1Q FEap, (4.3.17)
we have
N N
A(C)= ). AEap)A(Epa)=2 Y. Eap®@Epa+C®1+1QC. (4.3.18)
A.B—1 A.B—1
Then, one can check that
1
Hay = §Aaz,y(c) —v(2v + N) (4.3.19)

where A, ,(C) denotes A(C') acting on the sites of edge (z,y) € £ and acting trivially on the
other sites of the graph.
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Chapter 5

Scaling limits

5.1 Motivations

The symmetric exclusion process is a famous and well-studied particle system, where the hy-
drodynamic limit is the heat equation (see Chapter [3)) and where the stationary fluctuations
around the hydrodynamic limit are given by an infinite dimensional Ornstein-Uhlenbeck process
[B0], [29], [32] , [B]. The large deviations from the hydrodynamic limit are also well-studied
[73], and because of integrability, in the simplest one-dimensional setting with reservoirs the
non-equilibrium steady state can be written explicitly (see Chapter |3]), and as a consequence,
the large deviation around the stationary non-equilibrium density profile can be computed [75],
[76]. Such explicit solvability of a model is very rare and in the case of the symmetric exclusion
process a consequence of the fact that the Markov generator corresponds to an integrable spin
chain (for the d = 1 nearest neighbor setting) and that the model is self-dual (for the general
symmetric model on any graph). At present, there is a growing interest in models with multi-
ple conserved quantities, their hydrodynamic limit, and their fluctuations (often referred to as
“non-linear fluctuating hydrodynamics”) [33, 34], as well as in “multi-layer” models [35] 36} 37],
and in processes where effects such as uphill diffusion can be observed [1L [77].

In this chapter we study the scaling limits of the multi-species stirring process on the infinite
line Z, i.e. when boundaries are not present. In Section first we report the hydrodynamic
limit of the process by using techniques based on the martingale approach (see [30]). As we will
see, at the level of the hydrodynamic equations, the species diffuses separately, giving rise to a
set of decoupled heat equations. In Section we consider the stationary density fluctuation
field (Yt);=0 of the N — 1 species of particles and we state that, in the diffusive re-scaling of
space and time, this field converges as K — oo to the solution of a (N — 1)-dimensional SPDE
of Ornstein-Uhlenbeck type given by

dY' = v(AY'dt +V2XVdW). (5.1.1)

The operator-valued matrix A is simply given Al with I the identity matrix and A = 0.,
and corresponds to the hydrodynamic limit, which is a system of uncoupled heat equations. The
matrix ¥ is however non-diagonal, showing that on the level of fluctuations interaction between
the different species becomes visible. The stationary distribution is a product of multinomials
and the matrix X is the covariance matrix of a multinomial distribution. Equation is the
natural generalization of the Ornstein-Uhlenbeck process which describes the density fluctuations
of the symmetric exclusion process, where the coefficient in front of the conservative noise is
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the square-root of the variance of Bernoulli distribution. The proof of this result is reported in
detail in Section 5.4

5.2 Hydrodynamic limit

Here we prove the hydrodynamic behaviour of the multi-species stirring process on the regular
lattice Z with nearest neighbour interaction. This set-up has been presented in Section [4.2.1]
We recall that the process is denoted by (n(t));>0 where n%, with A € {1,..., N} indicates
the number of particles or the number of holes at site z. The configuration space is given by
(4.2.13), specialized to the infinite chain, i.e.

N Z
Q= {n: (n1,...,nn) : ng€{0,1,...,v} satisfying Z nA:V} , (5.2.1)
A=1

while the generator is given by

L= Losn (5.2.2)

T€Z

where £, ;41 is the edge generator of the multi-species stirring process (4.2.6)), i.e.

N
Logrif(n)= Y nin [f(n— 6% + 8% + 65 — 657 — f(n)] . (5.2.3)
A,B=1

We introduce the density field of the species a € {1,...,N —1}. For any ¢ € C°(R) this field is
defined as
XgH) : CE¥(R) > R
1 T
Kt _ LNz 2
0= X0) = 2 D, o) (LK)

T€Z

(5.2.4)

where K € N is the scaling parameter. To state the hydrodynamic limit, we need an assumption
on the behaviour of the density field at the initial time. This assumption is written in Definition
16

Definition 16 Let 5% : R — [0,v], witha € {1,...,N —1}, be a continuous function called the
initial macroscopic profile of species a. A sequence () gen of measures on ), is a sequence of
compatible initial conditions if Va e {1,...,N — 1}, ¥é > 0:

i, e ([x200) = [ op® i > ) =0 (5.2.5)
with arbitrary ¢ € CP(R).
We state the following result
Theorem 14 Let p @) be an initial macroscopic profile of species a € {1,...,N — 1} and let

be (uK)Ken a sequence of compatible initial measures. Py denotes the law of the process
(X{(vt(qﬁ),...,xﬁfl(qs)) induced by (ux)xen. Then, VI > 0, 6 > 0, Ya € {1,...,N — 1}
and V¢ € CP(R)

lim Pg | sup
K—a0 (te[o,T]

XK () f $(u) D (11, 1) du
R

> 5) =0 (5.2.6)
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where p(@ (u,t) is a strong solution of the the PDE Cauchy problem

(5.2.7)

Orp( (u, t) = vAP@ (u, t) ueR, tel0,T]
Pl (u, 0) = p((u)

Proof of Theorem the proof is based on the martingale techniques proposed in [30, 29, [31].
The aim is to show that the sequence of measure (Py)xen is tight and the limit point has a
density that is the solution of the PDE . We start by considering the Dynkin martingale
defined in associated to the process (n(t));>o defined, for any ¢ € CP(R) and Va €
{1,...,N -1}, as

t
2
miSh = X[0) = X[E00) — [ K2LXI (9)ds. (5:28)
0
The action of the generator (5.2.2)) on the density field (5.2.4)) is

LXK (p) = EZ 2 n%n%tt [Z (%) ((nZ—(SA—l—(FB—l—(SAH—(5B+1)—ng)
z€Z A,B=1 yeZL

_ EZZ{“ i o (U)o ()]
o) - ()]}
%zl () o () - ()

TEZ

by the Taylor’s series with Lagrange remainder computed in (5.4.22]) we obtain

K2LXE"(¢) = = 3 (0% — vpa) Ad(==) + Ro(, a)

Kaé M = VP K 0L, @

where - gt o
Ro(¢,a) = %an [6K [¢<3>(”“" - ) — @ - )” (5.2.9)

T€Z

with 6,6~ € (0,1) and where ¢ denotes the third derivative of ¢. Observing that ¢ € C*(R)
and n} < v, then Ry(¢,a) is infinitesimal when K — oo. Therefore

K2LXE () = % 3 nﬁAqﬁ(%) +o (;{) . (5.2.10)

T€Z

Replacing ([5.2.10) in (5.2.8) we obtain

1 t 2

K

w00 +o (¢ ) = XK o) - XEN) —v [ KT @gyas 21
0

where on the right-hand-side we recognize the discrete counterpart of the weak formulation of

the heat equation with constant diffusivity v for the species a. We shall prove that

XE40) - X00) v [ CXESR (Ag) ds

lim Px ( sup
0

K—ao t[0,T7]

> 5) — 0. (5.2.12)
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We find an upper bound by Chebyshev’s and Doob’s inequalities

Pr | sup
te[0,T]

XE40) -~ X000~ [ XE0 (Ag)as
0

$

(5.2.13)
< %E#K [[80171115)] mff’t 2] < ;2 Umiﬂ’f 2] .
Moreover, by Doob’s decomposition
B, [mff 2} =E,, UT K%gf;;/Kst] (5.2.14)

where F¢’ denotes the operator the Carré-du-Champ operator, defined in (2.1.50) on the density
field (5.2.4] . Here, for the sake of notation, we do not write the time dependence. We then obtain

2
22 2 nfnft [Z¢ nY — 6% +0f + 65 — 5§+1)—ng)]

reZ A,B=1 yEL

L Y o) - ¢<§;>]2

T€Z B=1: B+#a

22 2 nﬁn§+1[—¢(x+1)+¢( )r

T€Z A=1: A#a
( N ]ZV: z+1 e
z+1 z+1 T
LS (e 3 wgtan nA) o - o) -
K T€Z B=1: B+#a A=1:A+#a K K

By Taylor’s series with Lagrange remainder we obtain

N N T 1
KZFZ,a == Z < Z &l 4 prtl Z ”Tq) V(QS)Q(?) +o0 ([(2) . (5.2.15)

XEZL B=1:B#a A=1:A%#a

Using (5.2.14)), (5.2.15)), the boundness |n%| < Nv Vo € Z and Ya € {1,..., N — 1} and the fact
that V¢ is smooth and has compact support we obtain

NT 2 ¢ x & x+1 z+1 . T 1
E,x “ m, 7, ] <Kﬁ sup ]EMK Ng Z +n, Z ny +0(K2)
#a

z€Z, te[0,T" B=1:B+#a A=1:A
C L 1
— 4o
K K2
Taking the limit and using (5.2.13)) and (5.2.16))

XK (g) = XEO(g) — v JO XK (Ag) ds

(5.2.16)

K—w

C
lim Pg | sup >4 ] < hm — =0. (5.2.17)
K—o0 (te[O,T] ) K

With the above convergence and by standard computations we can prove that the sequence
of measure (Px)gen defined in Theorem [14]is tight and that all limit points do coincide with
P\ (t, u)du with p(®)(t,u) is the unique solution of

{atp@ (t,u) = vAPD(t,u)

P90, u) = pl@(u) ’ (5.2.18)
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provided that p{®(u) is compatible with the initial sequence of measures (fix)gen in the sense
of Definition Finally, existence and uniqueness of a strong solution of the above system of
equations is standard.

5.3 Equilibrium fluctuations

We consider the setting where the process (n(t)):>o starts from equilibrium, i.e. a reversible
measure where we have fixed the probabilities p = (p1,...,pn) once for all. Then the density
fluctuation field for a species a € {1,..., N — 1} is a random distribution, i.e., a random element
of the dual space of CP(R) (usually denoted by (C*(R))*) defined via:

Y4 CE(R) - R
6= YI0) = <= D 0K = v

TE€Z

(5.3.1)

where vp, = E,., [n%] with prey the reversible measure of the multi-species stirring process

define in (4.2.19)). We call Qg the law of the random vector process

Kt _ Kt Kt
(Y )t>0 = (Yl ’~"5YN—1)t>O
and by E the expectation with respect to this law. Note that, because (n(t));>o is initialized
from the reversible measure (4.2.19)), the process keeps the product measure structure for every
time ¢ = 0. We denote by

(CLR)y_y) = (CLR)* x ... x (CX(R)* (5.3.2)

"

(N—1) times

the dual space of (C®(R))N . Our main result is the following theorem.

Theorem 15 There exists a unique random element

(s Vo € € (0.1 CE®) )

with law Q) such that
Qx — Q weakly for K — co. (5.3.3)

Moreover, for every a € {1,...,N — 1}, (Y!)i=0 is a generalized stationary Ornstein-Uhlenbeck
process solving the following martingale problem:

M!, = YI(0) — V() — v f Y? (Ag) ds (5.3.4)

is a martingale V¢ € CP(R) with respect to the natural filtration (Ft)efo,r] of (YL, ... 7YJ€/_1)te[0,T]
with quadratic covariation

[My g, Mygl, = —200%papy JR (V) du (5.35)

and quadratic variation
[Mas], = 260%pa(1 = pa) JR (V(w)? du (5.3.6)
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Remark 5 The above martingale problem can be restated by requiring that (5.3.4) and

Né,b@) = Mé7¢M§7¢ + 2t papy JR V(¢(u))2du, (5.3.7)

2
N = (ML) = 20200 = ) [ V(60 (538)
are martingales with respect to the natural filtration (]:t)te[o,T]-

Theorem (15| suggests that the limiting process

(Y eory = (Y15 - -,Y]@_1)te[0,T] (5.3.9)
can be formally written as the solution of the distribution-valued SPDE
dY' = v(AY'dt + V25VdW?) (5.3.10)
where
Wiepor1 = (W1 -+ Wh1)) ey (5.3.11)

is an (N — 1)-dimensional vector of independent space-time white noises. The matrices are the
following

A0 ... 0 p(l=p1) —pip2 ... —P1PN-1
0 A ... 0 —p1p p2(l —po) ... —PoapPN—
A=\ . . 1, Y= 1 2 2 . 2) . Q,N ! (5.3.12)
0 0 ... A —pN-—1P1 —PN-1P2 .- PN-1(l —DpN-1)
and ¥ is semi-positive definite. The covariances of (5.3.9)) Vt € [0, 7] are given by:
(i) when a # b
Cov (Y(¢), Y (1)) = —vpaps{Std, )12 (an) » (5.3.13)
(ii) whena =5
Cov (Y4 (9), Y (1)) = vpa(l = pa){Sich, ¥)r2(ar) (5.3.14)

where (S;):=0 is the transition semigroup of the Brownian motion (B, (t)):>0 with variance vt.

5.4 Proof of Theorem [15]

The proof of Theorem consists in the following steps: firstly we show that the sequence of
measures (Qr)xen is tight and converges to a unique limit point @; secondly we show that at
the initial time ¢ = 0 the process is Gaussian and has covariances given by

COV(YaO((b)? YEPW)) = _Vpapb<¢7 ¢>L2(dz)7 COV(YaO(¢)7 Yao(w)) = Vpa(l - pa)<¢7 w>L2((d:c)' )
5.4.1
Finally, we prove that @ solves the martingale problem for any t € [0,7]. As shown in Section
4, Chapter 11 of [30], these steps are equivalent to saying that @ is the unique solution of
the martingale problem and, furthermore they allow to find the transition probabilities of the
Markov process (Y:).e[0,r]- We observe that the Gaussianity of the limiting process at initial
time t = 0 is a consequence of the central limit theorem and of the fact that, for every z € Z,
n® = (nf,...,n% ) is distributed with the reversible Multinomial measure (4.2.19)).
Preliminarly, we need some convergence properties of the Dynkin martingale associated with
the density fluctuation field. Thus, we split the proof of Theorem [15] as follows:
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1. Convergence of Dynkin’s martingale, Section

[\

. Tightness of (Qx)ken, using the Aldous’ criterion [78], Section

w

Space-time covariances. This will be done using duality, Section

W

. Uniqueness of the limiting distribution ) and solution of the martingale problem, Section

b.4dl

5.4.1 Convergence of martingales
The Dynkin martingale

In analogy to what has been done in Section [2.1.3] we apply this scheme to to the multi-species
stirring process on an infinite line with time scaled by K?2. We denote it by (n(tK?));=o and its
generator is given in ([5.2.2). By choosing, for any ¢ € C°(R) and for any a € {1,..., N — 1},
the function f(n(t)) = Y,*(¢), we define the following Dynkin martingale

My =Y 9) = V[0 (g) - ft KLY (g)ds (5.4.2)
0

where Y/!(¢) denotes the equilibrium fluctuation field for the species a defined in (5.3.1]).
Observe that the last term above martingale is defined as
tK?
LYES(p)ds. (5.4.3)
0

Performing a change of integration variable we obtain (5.4.2)). For any a,b e {1,..., N — 1}, the
quadratic covariation is

[ME,, ME), = Jot K20 ds (5.4.4)
where, for a generic s = 0
Iy = LG (0)Y)7(0) = Y (0L () = ¥ ()L (9)). (5.4.5)
Using , this can be written as

Moy Y Wﬁﬂ[ vEa(6) - YKS(¢)] [%(@—ﬁ“(@] (5.4.6)

z€Z A,B=1

——~——

where Yali";(gé) is a short-cut for the equilibrium fluctuation field computed in the configuration
n(K2%s) — 0% + 6% + 641 — 55t
We further introduce the following family of Doob’s martingales

a

N = M — JK2F¢’S/Kd3 Va,be{l,...,N —1}, (5.4.7)

which will be useful in the analysis.
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Remark 6 Often, in the following to alleviate notation we do not write explicitly the time
dependence, i.e.

2 Z ngngt! [2¢>( ) —5§+5§+5§+1—5§1)—nz)]

;BEZAB 1 yeZL
z X €T z
X [ZEZZ¢(K) _6A+5B+6+1 5B+1)—nb)] .

Remark 7 In principle we should consider I’f’;}p’s, underlining the fact that the test function

(5.4.8)

could depend on the species too. However, Ff’;f’s is bilinear and symmetric with respect the test
function therefore, by polarization identity, it is enough to evaluate Ff’f’s. We will denote it

by Ff’g for the sake of notation simplicity. Bilinearity is clear. We prove the symmetry. To
alleviate the notation we do not write the here the explicitly the time dependence:

Ff;gf’:—Z Z nAnch[Eqﬁ( ) Y%+ 0% + 05T — 5%“)—712)]

x€Z A,B=1
x [Zw(;,) — 5+ 0%+ 05— a5 —ng)]
2€Z
1E N
LSS g
2€Z A,B=1

1
(n$—6ﬁ+5§—n§)+¢(x+ )(n§+1+5fﬁ1—5§1 w“]

z+1 z+1 T+1 :13+1

)
= S [o () 0o () v [0 () e (557 )
|

This expression is clearly symmetric in ¢ and 1.

Remark 8 In the following, we will denote by C,(C;)ien, C finite and positive constants.

Convergence of Dynkin’s martingale

Here we state and prove some convergence properties of the family of martingales (M aK d)t) { }
’ ae{l,....N—1

and (N aKb,t(b) b1 " when K — 0. We formulate this in Proposition (9 This result will be
’ a,beql,...,

useful in the proof of tightness and uniqueness of the limit point of the sequence of measures

(QK) Ken-

Proposition 9 For all ¢ € CP(R) and Vt € [0, T] we have the following convergences:
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1. Vae{l,...,N—1}

K—o

+ 2

lim E [(Mfg — YU o) + VEO (¢) + uf YaKﬁ/Kz(AqS)ds) ] =0, (5.4.9)
0

2. Va,be {1,...,N — 1}

fm B {(foféis - (Yf’tw) ~ Y, 9) v f t YaK’S/Kg(Acb)ds)
0

K—w

t 2 2
x (YbK’t(@ ~ V) — v L y, oK (A¢)ds> + 202 papy JRV(cb(u))?du> ] —0
(5.4.10)

when a # b and

2
Jim, B [(NK - (3850~ v —o [ S dyas)
’ (5.4.11)

2
— 2t12pa(1 — pa) JR(Vqﬁ(u))Qda:) ] =0

when a = b.

To prove Proposition [9] we need two intermediate results that we state in Lemma [6] and in
Lemma [

Lemma 6 For all $ € CP(R), for all a,be {1,...,N — 1} we have

2
I}imOOE [(KQFfb + 21/2papr (V¢(u))2du> ] =0 for a#b (5.4.12)
- ’ R

2
lim E [(K%‘ia — 2%, (1 —pa)J (V¢(u))2du> ] =0 for a=05b. (5.4.13)
K—oo ’ R

Proof: We will only prove (5.4.12)), since the proof of (5.4.13) is similar. L?(jey) convergence
(5.4.12) is equivalent to showing the following L' (rey) convergence

Jim K°E [Ff,b] - —21/2papr (Vé(w))2du (5.4.14)
—C0 R
and a vanishing variance
lim Var(K2TI'?,) = 0. (5.4.15)
K—w ab

We start by proving ([5.4.14). Using (5.4.6|) we write
1 N Y
Koy =2 O mhng! [2 ¢ (%) (nt = 6% + 6% + % — 35) - nz>]
reZ A,B=1 YEZ

x [2¢ () (i =%+ 6% + 6% — o) —n§>]
2€Z
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2
= _% 2 (nZng ™t + nint ) ((;5 (x;l) — ¢ (;2)) .

T€Z

By the Taylor’s formula with the Lagrange remainder we have
r+1 2\ ? 1 z\2 11 z+67\)>
—¢| = = — — —— | A
(%) (@) =mme @) w2 (5))

i Ee)ae () )00 (52)

(5.4.16)
where 01 € (0,1). We thus obtain
219 1 z, r+1 z x+1 x\2 1
K*Tg, = =2 2, (ngni™" +nini*') Vo <E) +of =) (5.4.17)
T€Z

Therefore

. . 1 o @ e+l 2
Jim K [rg{b] — lim [—K SUE [n2nt! 4 ntt1ng] Vo (%) ] = %2 JR(W(U))zdu

K—w
- T€Z

(5.4.18)

and ([5.4.14)) is proved. To prove ([5.4.15)) we need the second moment. We have
2
E [(KQFi’b) ]
1 z 2 y\? z, T+l z, x+1\ (o y, Y+l Y, y+1 1
=% Z qu(?) qu(?) E[(nanb +ngng ) (ndny T+ nynl )]—!—0 e
x,yeZ
1 x\2 Y\ 2 1
it X ve(z) Vo (%) +<K2>
z,Yyel
By taking the limit

lim E [(Kzfib)Q] = dip2p? (JR (V¢(u))2du>2.

K—o
Therefore, using (5.4.18]), we have
2 2
o v () = o [ () prs))’ 0

m}

Lemma 7 For all $ € CP(R), for all a,be {1,...,N — 1} and for all t € [0,T] we have

t
lim E [{Mnglf;f - (YGK’t(qﬁ) —YEO(¢) — v L YaK’S/Kz(Aqb)ds)

K—w

t 2 (5.4.20)
x (YbK’t(@ - Y, (o) - VJO v, KQ(Aé)ds>} ] —0  for a#b,
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K—w

2\ 2
lim E [{(Mfgﬂ — <YaK¢(¢) —YE0p) - uﬂ YaK’S/Kz(A@ds) } ] =0 for a=b.

(5.4.21)

Proof: We prove only the convergence ([5.4.21f) since ([5.4.20) can be proved similarly. By
Cauchy-Schwartz inequality

0

t 2\ 2
E [((Mii;f)z (vatw)—yf")w)—u f vas/”(m)ds) ) ]

. >

v~

Ak
1/2

‘E [(mfp ¥ (Yf’tw) o fo v K2<A¢>ds>)4]

~

N~

Bk

We will prove that the term denoted by A goes to zero when K — oo while the term By
remains finite.

Proof that limg_,o Ax = 0: we first compute the action of the generator on the fluctuation
field:

N..
1 I
L0 = = 3 Y nhng [Z 6 (5) ((nf = 05 + % + 657 = 67 = vpa) =l + vpo)
reZ A,B=1 YEZ
1 y z+1
- 7 Z nffqn%—kl [¢ <K> ((n§+1 + 5214-1 _ 5%—&-1) _ nngl)
z€Z A,B=1

B=1:B b
I ORICS])
- e S e [ () o ()
- o () o ()|}
() () = )



Using Taylor’s series with Lagrange remainder implies

) — ¢(3)(ﬂ

ol K

S T | gy _ 1 a1 [¢(3>($+9 )| (5.4.22)

) T ) —20(5) = 1285 T o s %

where 07,0~ € (0,1) and where we denoted by ¢( the third derivative of ¢(z). Observing

further that . )
S vpa [¢> (””I_() + o ("”}2 ) — 2 (;)} —0, (5.4.23)

TEZ
we obtain
K2y (¢ 2 — Upa) A (— =)+ Ri(¢,a,°) (5.4.24)
CEGZ
where . o
R (¢, a, K3/2 >ing { { “}‘{ )_¢<3)(~’”;{ )” (5.4.25)

T€Z

Therefore, we find an upper bound for Ay

E[<M y (Ya“(sﬁ)—YaK’O(aa)—v LtYaK’S/W(A@ds)ﬂ _ (j:R1<¢>,a,s>ds)4]

T
< CJO E[Ri(¢,a,s)*] ds
(5.4.26)

where in the last inequality we used Fubini’s Theorem and Holder’s inequality with coefficients
4 and 4/3. The set u%zosupp (Cj‘;—kkcb) is compact in R. We call

k
A:=N (u%zosupp (ddxkgb)> NZ. (5.4.27)

Then, we bound from above the expectation in the integral as follows
1 4
R0 < O, ﬂﬂwuwﬁmww
T1,22,23,L4€A i=1

The the only terms that survive in the average are:

T

(07— a0 —vp)® (- vp) Vije{L2.3.4) 1 i)

The moment generating function of a Multinomial(v, py,...pyx) vector (Xq,..., Xn) is
N N v
= F [H exztl] = <Z pl€tl> ]
=1 =1

E [(n§ —vpa)'] = f(pa;4) ,
E[(ng — vpa)*(nl — vpa)*] = 9(pa,4)

We can compute explicitly
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where f(pg,4),9(pa,4) are polynomials of fourth order in p, and bounded from above by a
proper finite and positive constant. The measure of the set 4 is bounded by |A| < CK . By
consequence

4
> E [H(”? - VPa)] =D fwad) + Y, 9(pa,d) < K3C.

x1,22,23,T4€A i=1 zeA z,yeA

Therefore K2
E [Ri(9,aq, ')4] < ﬁCHAqﬁ”w-

and by taking the limit
Jim E [Ri(¢.a,)*] =0. (5.4.28)
—>00

Recalling (5.4.26|) this implies that limg_, Axg = 0.

Proof that limg_,, Bx < 00: for any real numbers ¢,p € R,
(¢ +p)* <8(¢" +p"). (5.4.29)

Applying this inequality

4
- [(Miiéf + Y ) = V() — v f YaK’S/Kz(A¢)dS> ]
0

<8 (E {(ij)“] +E [(YQK’%@ Y 0(¢) - v L t YaK’S/K2(A¢)dS) 4]) :

Applying again inequality (5.4.29) we have

- [(Mfi;ff] < CE[ @) +E @)

+E [(,, f: YaKvS/KZ(A¢)ds>4] +E [(ﬂ Ri(4,a, s)ds)4]>

and

4
E (YaKyt(qb) - YaK7O(¢) -V Jt Y'(J,K’S/K2 (A¢)d5)
0

Arguing similarly to before we find

4 4 .
EVE @] == S B[]0 —wpa) |[[o(Z
K 1 K

r1,r2,r3,L4€EA i=1

< %Hqﬁ\loo (Z fpad) + )] g(pa,4)) <0

zeA z,yeA

(5.4.30)
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then, by taking the limit
lim E [V (¢)!] < Ch. (5.4.31)

K—w

Obviously, the same bound holds for E [YaK ’0(<Z>)4]. We can argue similarly and find the following
upper bound for the integral term

E [(u Jot YaK’S/KQ(A¢)ds>4] < CJOTE [YaK’S/K2 (VA¢)4] ds < o0

then, in the limit

= O, (5.4.32)

K—w

t 4
lim E [<y f YaK7S/K2(A¢)ds>
0

By putting together (5.4.28), (5.4.31) and (5.4.32)) we obtain that Bx remains finite as K — 0.

m}

Proof of Proposition [9} To prove (5.4.9) we have that, by the expressions (5.4.24)), (5.4.25),

K—w

t 2
lim E [(ij;f —Yg) + VEO 4 Vf YaK’S/Kz(Acb)ds) ]
0 (5.4.33)
<C li tIE[R (¢,a,5)*]ds < li “_y
= Klinooo 1, a,5 S\KlinooK_ '

To prove (5.4.10) we only consider the case a = b, since the case a # b is proved similarly. By
the triangle inequality

2
E [(Nféii) _ (YaK,t(¢) _ YaK,0(¢) _ Vjt YaK,S/K2 (A¢)d5>
0

2
—2tu2pa(1 — Da) JR(qu(u))Qdu) ]

) 2
<E {(Miif)z— (YaKvtw)—YaK’O(@—uJ; YaK’S/W(A«mds) }

; 2
+E (KQJ Tads — 200%pq(1 —pa)f (V¢(u))2dU)
0 R

In the limit we apply Lemma [6] and Lemma [7] and we obtain

2
A [(NK - (Yf’tw) ~Y ) —v f t YaKﬁ/KZ(Acb)ds)
’ (5.4.34)

2
+ 2t°pa(1 = pa) JR(V¢(u))2dU> ] =0.
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5.4.2 Tightness

In this section we prove tightness for the sequence of probability measures (Qx)xen on the
Skorokhod space (see [79] for details) of cadlag trajectories D ([0, T], ((CP(R))y_;)- A necessary
and sufficient condition for tightness is given by the following Theorem proved by Aldous [78].

Theorem 16 (Aldous’ criterion) Consider a Polish space £, endowed with a metric dg(-,-)
where we denote by u the functions from [0,T] to £. A sequence of probability measures (Pk ) gen
on the Skorokhod space D ([0,T],E) is tight if and only if

1. Vt € [0,T] and Ve > 0 IK(t,€) = € compact such that

sup Px (1 € K(t,€)) <e. (5.4.35)
KeN
2. Ye> 0
limlimsup sup Pk (de(fr, hry0) >€) =0 (5.4.36)

020 Ko 1€Tr,0<6

where T is a family of stopping times bounded by T'.

In Proposition we will apply Theorem to prove tightness of the sequence of measure
(QK)xen. The computation can be done on the Skorokhod space D([0,7],RY¥~1). Indeed,
CP(R) is a nuclear space (see [80] for details), then it suffice to prove tightness of the distribution
of Qi o ¢ with ¢ = (¢,...,¢) vector of size (N — 1) and for arbitrary ¢ € CX(R).

Proposition 10 The sequence of measure (Qk)xgen on the space D ([(),T], (CSO(R))E"NAO is

tight since the following statements are true for any ¢ € (Cgo(]R))Nfl:

1. Vt € [0,T] and € > 0 there exists a compact set K(t,e) € RN~! such that

sup Qx (Y™ () ¢ K(t,€)) <e. (5.4.37)
KeN
2. Ve>0
lim limsup sup Qg (||YK’T(¢) —YETH ()]s > e) =0 (5.4.38)
020 Koo 1eTr,0<5

where |[Y5H )]s = MaXae(1,. N—1} { Y@} and Tr is a family of stopping times
bounded by T

Proof. We show that the (5.4.37) and (5.4.38)) are satisfied.

Proof of (5.4.37): we fix arbitrary t € [0,7] and € > 0. We apply the central limit theorem
for the (N — 1)-dimensional random vector Y %?*(¢) taking values on RN~1 observing that the
process (n(t)):>o has a product invariant distribution given by (4.2.19). To do this we need the
expectation and the covariances under Q) of the equilibrium fluctuation field. We fix arbitrary
a,be{l,...,N —1}. We have

E (Y () ZIE T(tK2) —Vp,ng(%) ~0
xGZ
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and

Var (V4(9)) = = 3 6 () B [ng (1K))?]
TEL
Cov(¥14(6), ¥ (0) = = 3 6 () Cov (ny (+2), nf (tK2))
z€Z

Taking the limit we obtain

Jim B (V4(0)) = 0. Jim Var (V(0)) = vpul1 = pa) | (610) P

lim Cov(YH(6), YH(6)) = —vpaps wa(u))?du

K—w

Therefore, the random vector Y converges in distribution to a centered Gaussian random
vector with covariance matrix K with elements

K, = —vpapp wa(u))Qdu, Kuo = vpa(1—pa) JR(qﬁ(u))Qdu. (5.4.39)

Thus for arbitrary € > 0 and Vt € [0, T] we can choose K(t,¢) = RV~! compact, such that

sup Qk (YK’t(gb) ¢ K(t,e)) <e
KeN

Proof of (5.4.38)): without loss of generality and for the sake of notation, here we will work
with a single species a € {1,..., N —1}. For arbitrary stopping time 7 € T, We write the process

VI (0) = MU+ VI00) + | KLY ),

By Chebyshev and triangular inequality

Qe (IV57(0) = YET(0)| > €) < S| (V70 - v 9(0))|

€

<2 el — o cw | ([ K2y @ 2
S ? ( fl,¢ - a,qS ) + . a (qb) S

. >
' ~

N

Ak By

We first prove that Ax goes to zero when K — 0. By the martingale property we have
E [(MK,T 3 MK,T+9)2] _E [(MK,T+9>2 B (MK,T>2]
a,p a,p - a,p a,$ ’

By Doob’s decomposition theorem (see [46])

K\ 2 ! 2 K2
E (Ma(;)) —E JKrg};/ ds| .
, BTG
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We write the following chain of inequalities by using Fubini theorem, Cauchy-Schwartz inequal-

ity, optional stopping theorem for martingales (see [46]) and the fact that, by Lemma @ the
s/K?

sequence K 2F2ja is uniformly bounded in K in L?(pirey)

2 2 T+6 )
sup E [ Mf’ﬂre — Mf’T ] =supE [J KQFf’fL/K ds]
KeN ( ¢ ) ( ¢ ) KeN T ’

T N 2 1/2
<o ( f sup E [(KZP;f;;/K ) dsD <Voc.
0 KeN

By taking the limits and by the above upperbound we have

limlimsup sup Ag < limlimsup sup VOC =0

=0 Ko 1€Tr,0<6 000 K0 TeTT,0<6

then, Ax goes to zero as K — 0.
Secondly, we prove that By vanishes when K — oo. By Fubini theorem and Cauchy-Schwarz
inequality

E [(J:w K2£YaK’S/K2(¢)ds>2] <V (J()T+0E [(KZLYQK’S/KQ(QS))Z] ds) 1/2.

The integrand can be bounded from above as follows

E[(K%yam((z,))?] ( S (2~ vpa) AKd)( )>2

$€Z

e AN 2 E(nf —vpa)?]

zeA

where Ax denotes the discrete Laplacian with spacing 1/K and A is the set defined in (5.4.27)).
Therefore, arguing as in the proof of Lemma [7] and by taking the limits we have

T+0 2
limlimsup sup E [(J K2£YaK’S/K2(¢)d8) ] < %ir% Vo€, = 0.

=0 Ko 7€Tr,0<6

Thus By vanishes as K — oo. This concludes the proof of tightness of the sequence (Q ) ien-

m}

5.4.3 The covariances of the limiting process

In this section we compute the covariance of the limiting process, using duality. As a corollary
this gives these covariances at the initial time ¢ = 0, needed for the proof of Theorem To
use duality in this context, we adapt the results of Theorem (17| that will be rigorously proved
in Chapter @ On the infinite lattice Z (and thus without boundary driving) the multi-species
stirring process is self-dual with duality function

D(n,g):H<(V Za 1 a‘]ﬁ ! ) (5.4.40)

T€Z a=1

95



where we denote by (&;)¢>0 the (self-)dual process. The following proposition shows that the
covariances and of the limiting process can be computed via the single-particle
self-duality. Notice that because the limiting process is Gaussian, these covariances uniquely
determine the process.

Proposition 11 The covariances of the limiting process (Y{,..., Y} ) are:
Cov (Y, (¢), YbOW)) = —VPaps{Std, V)12 (dr) a#b, (5.4.41)
Cov (YA(6), Y2 (1)) = vpa(l — pa)(St, )p2any  a=b. (5.4.42)

where (St)i=0 is the transition semigroup of the Brownian motion with variance vt.

Proof: By the self-duality, the dual process initialized with one particle behaves as an indepen-
dent random walker (IRW) jumping at rate v on Z. Thus the following computation holds for
a # b:

B[O 0] = g 2 0 (5) 0 () EL030K) - m)f - )]
= % sz frex (d)E™ [(n3 (tC?) = vpa) | (nf = vp)é () v (7))
— % yzezf trev(dn)(ny — vpy)
s <tK2>—vpa>¢< 2 (%)
_ Z Cov(ng, n})piss (z,2)¢ (%) ¥ (%)
z,Y,2€L
= v Y P o () 0 (L)

T, YeZ
where we denoted by E™ the average with respect to the reversible measure starting from a
configuration n and we denoted p/fW (.,-) the transition kernel of the IRW jumping at rate v.
By taking the limit on both sides and by the invariance principle we have
lim K [YKt(<Z>),YbK’O(1/J)] = —UpaPb{Std, V)12 (da)- (5.4.43)

K—w
For the case a = b the proof is similar.
[m]
We find the covariances of the process at the initial time ¢ = 0 by using the property of the

transition semigroup of the Brownian motion (see Theorem @ This is reported in the following
corollary.

Corollary 1 The covariance of the limiting process (Y,...,YY_,) at time t = 0 are:
Cov (Y, (¢), Yy (¥)) = —vpaprldr ¥)r2any @ # b (5.4.44)
Cov (Y (), Y (V) = vpa(l — pa){, D124y @ =Db. (5.4.45)

Proof: the proof is straightforward from the properties of the semigroup (S)i=0 stated in
Theorem [6] and by Proposition
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5.4.4 Uniqueness and continuity of the limit point

As shown in Section the sequence of probability measures (Qx)gen giving the law of
(YK’t)te[QT] is tight, then the Prokhorov’s theorem [46] guarantees that every sub-sequence
(QK,)ien is convergent to a unique limit point that we denote by (. It remains to prove that,
Va € {1,...,N — 1}, the limiting process (Y});>o has continuous trajectory (Q-almost surely)
and that @) solves the martingale problem introduced in Theorem The Q-a.s. continuity
will be proved in Proposition while the solution of the martingale problem will be proved in
Proposition

Proposition 12 For every T > 0, ¢ € C* and a € {1,...,N — 1} the map [0,T] 3t — Y(¢)
is QQ — a.s. continuous.

Proof. We prove that the set of discontinuity points of Y!(¢) is negligible under Q. We
introduce the usual modulus of continuity for any fixed § > O:

ws(Ya(9)) := sup [Yg(4) — Y;(9)] (5.4.46)

[t—s|<d

and the modified uniform modulus of continuity

wiYa(@) = inf  max s |VA(6) = Y.(9) (5.4.47)

{te}ogesr 1SUSTt, | <s<t<ty
where the first infimum is taken over all partitions {t;,0 < ¢ < r} of the interval [0,T"] such that
O=to<t1 <...<t,=T with ty—t;, 1> foralll=1,...,r
They are related (see [78] for details) by the inequality
s(Yal0)) < 25(Ya(0)) +5up V2 (0) — Vi (0)]. (5.4.48)

Moreover, (see again [78]) it holds that for arbitrary ¢ > 0

}im lim sup Qx; (w; (YaKi(qb)) > 6) = 0.

-0 50
Furthermore we have the upper bound

2v[9]w

As a consequence of tightness we have that, for arbitrary € > 0
lim Q (w5(¥a(9)) > €) = lim limsup Que, (w5(¥(6)) > (5.4.49)
- - 1—00

therefore, by (5.4.48|) we may write

lim Q (w5 (Ya(@)) > ) < lim limsup Qi (ws(vEi(9) = £)

-0 5w 2

sup Y (g) — YV ()] <

=0 w0

+ }im lim sup Qx;, (Sup |YaKi’t((;§) — YaKi’t*(qb)| > e> (5.4.50)
t
= 0.

Thus the almost sure continuity is proved.
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Proposition 13 For all p € CL(R) and for all a,be {1,..., N — 1} the processes (Mé@)te[O,T]
defined in (B34) and (N, ey, (N o oefoz) defined in (§37), (5:38) are martingales

with respect to the natural filtration F; := o {(Yf, el Yﬁ,fl) 0<s<tL T}.

Proof. The strategy of the proof is inspired by the proof of Proposition 2.3, Chapter 11 of [30]
dealing with the mono-species zero-range process. The fundamental tools are the Portemanteau
theorem and Proposition @ We further remark that the trajectories of the process (YaK’t)te[O,T]
are elements of the space D([0,7T], C(R))* that is not metric, then we cannot directly apply
Portmanteau theorem. To overcome this issue, we adapt the strategy used in Section 5 of
[81]. The complete proof is reported for the martingale (Mé,¢)te[0,T] while, concerning the
martingales (N, t,b7¢)te[0,T] and (N t,a,¢)te[o,T]7 we just give some estimates that allow to follow a

a a
similar strategy. Moreover, only the case a # b is considered, since the case a = b is similar.

Proof for (M é s)tefo,r):  The process (Mé s)tefo,] defined in (5.3.4) is Fi—measurable, there-
fore we only need to show that, for arbitrary 0 < s <t < T

Eq [M, 4| Fs] = Mg, (5.4.51)
The property (5.4.51)) is equivalent to showing that
Eq [M, ,Z(Y)] = Eq [M; sZ(Y)] . (5.4.52)

where the function Z(Y') is defined as follows. We fix m € N and we introduce the vectors
8§ =1(81,...,8m) with 0 < sy <so<...,< s, <sand H = (Hy,...,Hy,) with Hy,...,Hp, €
(CPYN=L. For arbitrary ¥ € Cy(R™), we introduce the function from (D ([0,T], (CX(R))*))™
to R

I(Y5, H,s) =V (YU (H),..., Y (H,y)) . (5.4.53)

For the sake of notation, we will denote this function with Z(Y*). Since (M, C{( ¢7>t)te[0,T] defined
in (5.4.2) is a martingale it holds that

lim Eg,. [Mjf(gtz(yfﬂ)] = lim Eq,, [Mjigsz(YKi)] (5.4.54)

1—00 1—00

therefore, to conclude (5.4.52)) it is enough to show that

lim Eq, [Mjfgtz(y&)] — B [M] ,Z(Y)]. (5.4.55)

1—00
For arbitrary ¢ € C°(R) we introduce
My D ([0, 7], (CZ(R)*) — D([0, T],R)
Y. (o) —

. , , : (5.4.56)
Yi = Mo(¥) = Yilé) = Y;(0) ~ | Yi(A0)dn
0
Observe that, for every t € [0, 7]
My(Y)) = M, 4. (5.4.57)
therefore, we need to show that
lim Eq,, [Mfgtz(YKi)] = Eg [My (V) (V)] (5.4.58)

We prove this in two steps:
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lim Eq, [Mjfgt I(YKi)] = lim Eq,, [M(V)Z(Y)] (5.4.59)
if)
lim Eq,., [My (V") Z(Y )] = Eq [M, (Y7) Z(V)]. (5.4.60)

By Cauchy-Schwartz inequality, by the smoothness of ¥ and by Proposition [9] we obtain

lim Eq,, HMK“t M, YK“t)‘I(YK")]

1—>00

C ot 5 (5.4.61)
< H\I’”oolll)l'gJ }EQKl [(Mcf,(di)’t _ YaKi’t(gb) + YaKi’O(Qb) + VL Ya q/ (Aqb)dq) ] = 0.

This implies (5.4.59)), thus the first step is proved. Furthermore, we have the following upper-
bound

supEqy, [ (Mo (VY F)’| < 02 supEay, |(Mo(V)’| <0 (5.4.62)
eN keN

which implies that the family of martingales (Mg (Y, X")T (YKZ')) o is uniformly integrable with
respect to the law Q. Then, to prove (5.4.60), it is enough to show that M, (YK Z(YE:)

converges in distribution to qu(Yt)I(Y). To this aim, we define, for arbitrary test functions
¢7H17"'7Hma
P{ =D ([0,T],(CZ(R)") = D ([0, T],R)™"
Vi PRy Ry = (Y (9), Y (Ag), YR (HY), ..., YR (H,y,))

(5.4.63)
and
Po: D ([0, 7)™ — R (5.4.64)
PHY ) — Po(PRY ) = (M (Y,) WY R (Hy) .. YR (Hy))
in such a way that
My(YENT(Y R = Py o PE(YEH). (5.4.65)

Using Theorem 1.7 in [79], each component of P; is continuous and therefore
PyyEity & pr(v?h as i — o0

on the Skorokhod space D([0,T],R)™"2. Since by Proposition |12 the limiting point (V! )te[0,T]
is a.s. continuous, the convergence holds also uniformly in time. Using the continuity of ¥ we
thus obtain

Py o PEYEity 5 Pyo PHYY) as i — o0

uniformly in time. As a consequence, the set of discontinuity points of P, under Q, is a negligi-
ble set. By Portmanteau theorem, this implies that M (Y,X#")Z(Y %) converges in distribution

to My(YHZ(Y). Therefore (5.4.60) is proved.

99



Proof for (\V! a.b.o)te[o,7] and (NE a.a.0)tefo,r]:  We have the following estimate using Proposition
9

limE[<Nfg’; (KK () = Y 0(9) — v J v (Ag)d )
1—00 0
t 2
(nK“w)—Y;,K“O((b)—v f y, <A¢)ds) + 26papy f V(o )du) <YKZ‘>}
0
< ot (] (58 - (3 00 = ¥f00) - [ v a0y
1—0 0

Kit Ki,0 b K. K2 27 /2
(Yb Ty =Y W—vLYb | Z<A¢)ds)+2tupapbfv )du) 0

(5.4.66)
that implies the counterpart of (5.4.59)). Moreover, we have the following upper bound
2
sup Eq,, [(Mf(;tMl)K(Zt + 2tv papbf V(¢ )2du>
1eN ’ ’
b K, JK? *
<Csup{Eq, (Yfﬂw) YO~ | v <A¢>dq) (5.4.67)
ieN ¢ 0
Kt K;,0 b Kia/K? 4
o, | (%(0) - 1500) — v [ ¥/ Boyaq) | b <0

where in the last inequality we used Proposition @ This is the counterpart of ([5.4.62)) and allows
to show uniform integrability. The rest of the proof is similar.

Perspectives

To have a more complete picture of the scaling limits of the multi-species stirring process one
possible future development is to study the boundary driven model, obtained by adding a pa-
rameter that rules the intensity of the reservoirs. This allows to obtain Dirichlet, Neumann
and Robin boundary condition in the limit, similarly to what has been done for the SEP(v) in
[82]. This idea can be extended to fluctuations (see [60] for the SEP(v)). An other possible
generalization is the introduction of random environment (see [48] for single species).

Starting from the work [73], we aim, to determine the scaling limit for the weakly asymmetric
multi-species stirring process by the so called super-exponential estimate. This allows also to
determine the large deviation functional for the process on a torus. A challenge in this direction
is the correct choice of the external fields that make the process weakly asymmetric.
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Chapter 6

Duality and non-equilibrium steady
state

6.1 Motivations

Our strategy to solve for the non-equilibrium steady state is of a probabilistic nature and relies on
the use of duality [§]. Starting from the pioneering work of Kipnis, Marchiorio and Presutti [50],
this approach has been substantially developed in recent years to study stochastic processes in the
boundary-driven set-up [11} [12]. The boundary-driven process is mapped to a dual process with
absorbing extra sites and the problem of describing the stationary state of the original system
is simplified to the problem of computing the absorption probabilities of the dual particles.
The main goal of this chapter is to state and prove a duality result for the boundary driven
multi-species stirring process and exploit it to characterize the non-equilibrium steady state.
More precisely, we prove duality between the boundary driven multi-species stirring process
introduced in Chapter [4] and a dual process that has the same dynamics in the bulk, but has
absorbing boundaries. The technique used relies on the research of a symmetry of the edge
Hamiltonian of the process and on the application of the Hadamard formula on the boundaries.
First, we state and prove (see Section the duality theorem for the boundary driven multi-
species stirring process. We consider the case of the connected and undirected graph G =
(V,E) where each site is put in contact with an external reservoir. Indeed, this underline the
robustness of duality with respect to the choice of the geometry and allows to recover the
other non-equilibrium situation (like the chain with two reservoirs attached at the extremal
sites) by specializing the process on the desired geometry. Second, in Section we exploit
duality to formally write formulas for the moments of non-equilibrium steady state via absorption
probabilities. Finally, in Section[6.4] as a by-product, we define the thermalized boundary driven
multi-species stirring process and we show that it is in a duality relation with and absorbing
dual process.

6.2 Absorbing duality

In this section we formulate duality for the multi-species stirring process (n(t));=o with open
boundaries, defined by the generator (4.2.15)) on the geometry of a connected and undirected
graph G = (V, ). For the sake of self-consistency we recall that the state space is given by

Q:= ) Q (6.2.1)

zeV
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where,
0y = {nx = n§,...,n%) e N} : Z ny = V} . (6.2.2)

We denote a particle configuration on the graph as n € 0, where n = (n%),ev, aeq1,.. N} We
also recall that the infinitesimal generator of the process reads

L= ) weylay+ > Tals (6.2.3)
(z,y)e€ zeV

where, considering a function f: 2 — R we have

Lyyf(n Z n4nY [f(n — 8% + 6% + 64 — 8%) — f(n)] , (6.2.4)
A,B=1
Lyf(n Z ajnp [f(n+ 04 — %) — f(n)] (6.2.5)
A,B=1

where 6% is defined in (4.2.7).
The dual process (£(t))¢=0 is defined on the enlarged graph G = (V,E) where

Vi=Vu{u@):zeV} E:=E0{(z,u(x): zeV}. (6.2.6)

This means that to each site x € V' we associate an “extra-site” via a bijection u : V — V. We
denote as u(x) the extra-site associated to z € V' . The configuration space of the dual process
is the enlarged state space
A= 0 =R x N, (6.2.7)
zeV zeV
Note that on the extra-site we allow an unbounded number of particles. Thus dual particles will
accumulate in these extra-sites in the course of time. We write the configurations & € Q as

eV
where the component &7 is interpreted as the number of dual particles of type a € {1,..., N —1}

at site x, while % is interpreted as the number of holes at site x of the dual process. The

component &g (@) gives the number of dual particles of type a € {1,..., N — 1} at the extra-site
u(x) connected to x € V. We observe that the configuration variable at the extra site u(x)
does not have to satisfy any exclusion constraint, i.e. an unbounded number of particles can
be hosted. Therefore, an infinite number of holes is available at each extra-site u(z). As a
consequence, the hole occupation variable 5}(,(96) is not considered. We state the following duality
result.

Theorem 17 (Absorbing duality) The multi-species stirring process (n(t))i=o defined on the
state space ) with generator L defined in (4.2.15) is dual to the process (§(t))i=0 defined on the
enlarged state space ) with generator

L= > weyloy+ . Tals (6.2.9)
(z,y)eE zeV
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where Ly, is defined in (4.2.16)) and, for any function f : O->R

N—-1
Lof€) =lo"] Y & (f(£ — 87 + 8% + 8@ — f(£)) . (6.2.10)
a=1

The duality function is given by

_yWN—lgay N=1 o .
D<n7£>=H<(V Zoct SR TT M () “”) (6.2.11)

a
| —
zeV v a=1 (’I’Lg 53{)

where we recall the definition of the reservoir densities (cf. (4.2.22))

:_

pn = ] ° (6.2.12)
The dual dynamics is described as follows. On one hand, the edge part £, , of the dual Markov
generator gives rise to the multi-species stirring dynamics on the graph. On the other hand, the
site part [Im of the dual generator replaces a particle of any type a € {1,..., N — 1} at site
with a particle of type N and creates a particle of the same type a at the extra-site u(z). This
last transition is performed with rate |a”|¢%. This means that eventually the dual process voids
the graph, putting all the dual particles of species {1,..., N — 1} in the extra-sites. In other
words the extra-sites play the role of absorbing boundaries.

Remark 9 In the reversible situation, i.e. when Yz € V we have pt = pq, the expectation of
the duality function D(n, &) with n distributed as firey = &)y Multinomial (v, p1,. .., pN) is

N-—1
Epppey [ID(0,€)] = [ ] (pg)2wev St Zuev & VneQ, Veel. (6.2.13)

a=1

6.2.1 Proof of Theorem

To prove duality between the process (n(t))=o and the process (&(t))i=0 we show that
is fulfilled. To show this, we will use the Hamiltonians and their Lie algebraic description.
Indeed, in this formalism the proof reduces to finding symmetries of the generator (for the bulk
duality) and group like transformations (for the “boundary duality”). To a configuration & of
the configuration space of a dual process we associate the vector

©=® (&, ol 8 D) | (6.2.14)
zeV
Here |§1f(x), . ,{K,(fp is the vector associated to the configuration at the extra site u(z). For
qi,---,q9n—1 € Np, we assume that it satisfies an orthogonality relation
@ e e @y T
ulxr ul T u\x u\xr
{ap s any A& D) = 1_[1 553(@,% . (6.2.15)
a=

Remark 10 In the following, we denote the configuration vectors on the extra-site u(x) by
|§?(z), ceey Ju\,(f)l> This allows to stress that these vectors belong to the extra-space Névfl "at-
tached” to site x. Moreover, this notation allows to directly connect the ket-vector |§qf(x), . ,f}f,(fﬁ

with the vector (ﬁf(w), . ,f}f,(f)l) defined in (6.2.8), in which we recall that the components 53(@
denote the number of dual particles of type a at site u(x).
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The Hamiltonian of the dual process reads

H= > weyHoy+ Y, Toll, (6.2.16)

z,yel eV

where H; , is the one defined in (4.3.10)), while

= |o®| 2 < yu@ gz, —Ejfa) . (6.2.17)

Here we introduced the pair of bosonic operators a, a™ satisfying [a,a’] = 1 and acting as

atlgy=lq¢g+1) alg)=4qlg—1) (6.2.18)

and
{gla” ={g—1]  {qla=(g+1)g+1] (6.2.19)

+)Z(x) denotes a™ acting on the extra-

on a generic vector {(g| with ¢ € Ny, so that in (6.2.17) (a
site u(z) and on the species a € {1,..., N — 1}.
We will show below that the Hamiltonians (4.3.9) and (/6.2.16)) are dual in the sense of ([3.2.8]).

From an algebraic point of view, the duality matrix D (6.2.11)) is described as

D=]]d:®Dyu - (6.2.20)
zeV
Here
dy = Ry exp (E) (6.2.21)
with the diagonal part
= N HA 1”A nE, Xl 0 (6.2.22)
nTey,
and N1
= ) Eix. (6.2.23)
a=1
Furthermore
= ( 2 u(z u(:r
Do) = Z [T s <&, ... | (6.2.24)

& e =0 o=t

We observe that the matrix R, is diagonal. Its elements are related to the inverse of the weights
of the reversible measure . In particular, to obtain these elements, we have considered
the weights of when all the parameters p, = % Then, the constant (%)V has been
neglected, since it does not change the duality relation. This R, is the multi-species version of
the cheap duality matriz, that was introduced in the case of SEP(v) in (3.2.11]).

Since is product over sites we show that

Hi,D=DMyy V(z,y)€& (6.2.25)
and N
H'D =DH, VzeV. (6.2.26)
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We perform the proof of duality in three steps: first we will show that matrix (6.2.20) has ele-
ments ((6.2.11]); second we will prove the bulk duality (6.2.25)); finally we will show the boundary
duality (6.2.26)). As a preliminary result we note that

(Ega)" = RyESR;' VaeV, (6.2.27)

that follows immediately from the definition of F4p.

Elements of the duality matrix. Consider the matrix D defined in (6.2.20). We aim to
show that its matrix elements coincide with duality function (6.2.11)), i.e.

(n|D|¢) = D(n, &) VneQ, £e. (6.2.28)
Fix an arbitrary site x € V', then we have that
otk (4 ® D) (€5 RO @ IE )
T - = @) u(z) u(z)
=, il (exp (Bfy + -+ By ) Re® ) [T @™, . ax"
v que) g a=1
1 ol
&, @I (6.2.29)

where we used (6.2.27)).

On one hand, on the extra-site u(z) we have

N-1

© N—1 e o
Z <H (pa) > <q/1u(1.)7 A 7q}LV(f)1|£;llL(x)7 A 7£U(m = H (pz)ga (6'2'30)

q71J‘(Z)77q}l\[(f)1:0 a=1 a=1
where we used the orthogonality relation (6.2.15)). On the other hand, on the site x, we have

F, %l (exp (B + .+ By ) R, . €5
k1 kn_
e e e {(EEN-)T)
:<n1,...,nN| Z T... Z

k1—0 : kn_1=0 k-1l

x Z I EERRR 5 Cr IR (el N IS PRI 5 ()
S€Q, '

nR_1
Z Z <n1 N 1—kal,...,’rlng-i-kl+...+kN,1|
k1=0 k‘N 1=0

nZxl.

T | Ty|,..£T |
ny---Ny_q- 1 SERRRES 2
IS O

:f k‘l) (n%’\,fl _kN—l)!kl!"'kN—I!
1

“
:(V_Zfzvll a Nl:[

) (6.2.31)

where we used the definitions of the action of EF4p and the orthogonality relations (4.3.5)),
together with the fact that {§, = v — 25:711 Z_ Finally, by taking the product over z € V

a
(16.2.28]) is proved.
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Proof of bulk duality . To show this relation we need two ’ingredients’. First the
existence of a similarity transformation between the Hamiltonian H, , and its transposed. As we
will show, this similarity transformation is R, R,. Second, the possibility of finding a symmetry
for the edge Hamiltonian. Exploiting , we can take any symmetry of the Casimir and
apply the co-product. As we will see, it will be convenient to choose Zi\;l E.N.

We first look for the similarity between H, , and its transposed. Using we obtain

Hf,y = (ReRy) Hay (RmRy)_l (6.2.32)

therefore we have found the similarity transformation between H, , and its transposed.
We now look for a symmetry of H,,, i.e. a matrix S;, of the same dimension such that it

satisfies
HeySzy = SeyHay - (6.2.33)

Using , we observe that H, , is proportional to the coproduct of the second Casimir, up
to a diagonal term. Therefore, it is enough to look for a symmetry of A(C'). Using the bilinearity
of the coproduct operator and the fact that C' belongs to the centre of the Lie algebra, it is easy
to show that for any linear combination of generators E € gl(N) the following holds:

if [C,E]=0 then [A(C), A(E)] =0. (6.2.34)
Let
N-—1
E= ) Euw (6.2.35)
a=1

and, for a fixed (x,y) € £, we define
Szy = exp (Aqy(E)) = exp (E*) exp (EY) (6.2.36)

where A, ,(E) denotes the coproduct acting on sites x and y. As a consequence, this operator
Sy, satisfies
[Sz,y, Hayl =0 (6.2.37)

i.e. it is a symmetry of H,,. Exploiting these considerations we may write

HiyD = (RoRy)Huy(ReRy) ™ (de ® Dy(ay) (dy ® Dugyy) [ (d- @ D)
zeV i z#x,y

= (Rx exXp (E:C) ® Du(z)) (Ry eXp (Ey) ® Du(y)) 7_lzzs,y H (dz ® Du(z)) (6238)
2€V i z#xy
= DM,

where we used ([6.2.32) and (6.2.37)) in the second equality. Thus, (6.2.25)) is proved.

Proof of boundary duality (6.2.26). To prove ([6.2.26) we transform via the Hadamard
formula the transposed of the site Hamiltonian (6.2.17]) and then to introduce properly a creation
operator acting on an extra-site u(x). Considering A, B € gl(/N), the Hadamard formula reads

exp (—B)Aexp (B) = A — [B, A] + % [B,[B, A]] - % [B.[B.[B. Al + ... (6.2.39)
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In the following we evaluate this formula for B = Zivz_ll E,n defined in (6.2.23) and A = Ecp
with C,D € {1,...,N}. We find

N-1 N-1
[B, A] = Z [Ean, Ecp] = dcN Z E.p — (1 =épn)EcN (6.2.40)

a=1 a=1

and

(BB, All

N-1
Z Ean,don Y, Eyp—(1— 5DN)ECN]
b—1

2

—1

N-1
< N Y. [Ban, Eypl — (1 = 6pn) [Ean, ECN]>
=1

MH HM

N-1
<—5CN5aD > By -(1- 5DN)5CNEaN>

a=1 b=1

N—
— (0en(1 —dpN) + (1 —0pN)den) Z

N—
= —25cn(1 = 6pn) Z (6.2.41)

From the third commutator on we always obtain zero, i.e. [B, B, [B, A]]] = 0. All in all we have
that

N—-1 N—1
exp (— > EaN> Ecp exp (2 EaN> (6.2.42)

a=1 a=1

N—-1 N-—1
=Fcp — (50]\7 Z E.p + (1 — 5DN)ECN — 50]\[(1 — 6DN) Z Eyy . (6.2.43)
a=1 b=1

Using ((6.2.27) we write the transpose of site Hamiltonian ((4.3.11))

N N
Hi = ), o4(Eip—Efp) =Rs ), of(Ehy—Efp) Ry (6.2.44)
A,B=1 A,B=1

We multiply both sides by R, exp (E*)

N
HTR,exp(E®) = Ry Y. % (Efa — Efp) exp (E7) . (6.2.45)
A.B=1

By using (6.2.42) and the fact that Zi\szl FE 4p is central for the algebra we have

N—
exp (—E”) Z Z oy (Egs — Egp)exp (EY) = Z TEX, — EY.) - (6.2.46)
A=1B=1 a=1

Thus, we rewrite (6.2.45)) as
N-1
H] Ryexp (E") = Ryexp (E”)|o”| Y (pEEX, — E3,) - (6.2.47)
a=1
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Taking the tensor product of both sides of ((6.2.47]) we obtain

o0 N-1
u(x) u(x u(x
Hd, ® > <H<pz§>fa ><51”,...,5<>

A T (6.2.48)

e} N-1
u() u(x u(x
=dy |a2| Z ENa aa)® 2 (H (pz)ﬁa ><€1( )a"wf]\f(_1|
1 =

With a slight abuse of notation and in the spirit of Remark we here denote the occupation

vector at extra-site u(x) by <£u(x), e u(m1|

Recalling the action of the bosonic creatlon operator acting at site u(x) and on the species
ae{l,...,N — 1} we have that

GO gD 11 G = GG (6:2.49)

Using the above equation we rewrite the right hand side term of (6.2.48)) with Lie generator
EY, as

C- pe u( ) u(z) u(z
2 [T D> ) pa™, ... e, el

o) N-1 5u(w) u(x)Jrl u(x) u(z) u(w) yu(z)
= Z H (pb) (pa) <€ oo g+ 17""§N—1|(a )a (6250)
E’]Lf(Z) 7---75%(?1 —o \b=l:b#a

ee]

= X (U >><€?(x),---,};‘<x),... u@) | (@a*)u@)

gu(”)7 ’gu(l) =0

where, in the up to last equality, we performed a change of summation variable and we used the
fact that

u(@) | y(x ulz u(x T
()& (e @ e | at)u)
(6.2.51)

0
2
v =0
0
2

(S D) )t

g™ =1

Therefore, inserting (6.2.50]) in (6.2.48) we obtain

) N-1
1

&gy =0 N7

< o\ u)
da:@ 2 H (pa)a <§1 PR 1|

gu(z))zg’LL(I) =0 a=1

< Ja”] 2 (@)= Bg, - Ez,)
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= (dy ® Dyay) H - (6.2.52)

Since the duality matrix (6.2.20)) is product over sites, the above equality implies (6.2.26)).

6.3 Non-equilibrium steady state

In this section we aim to write the moments with respect to the non-equilibrium steady for the
boundary driven multi-species stirring process by using the absorbing duality stated in Theorem
[[7 In particular, we show how to write expression for the m-point non-equilibrium correlations,
introducing a technique that can be adapted for higher moments. For the sake of simplicity,
we consider the case where the geometry is reduced to a chain of length L, with two boundary
reservoirs connected at the end sites of the chain, namely 1 and L. The interaction is assumed
to be nearest neighbours. However, the results can be extended to the process on the general
graph introduced in Chapter [d We recall that we denote the original processes by the variables
(n(t)),>0, while the dual processes is denoted by the variables (£(t))¢=0. We specialize the state
spaces to the chain by writing, for the original process

Qp = (>L§ Q. (6.3.1)

and for the dual process N
Q=N eN". (6.3.2)

Here €2, is the space define in (4.2.2)). In this set-up, the process (n(t)),., has generator

L—1
L="Liet+ Y Loai1 + Lrighs - (6.3.3)
=1
where £, ;11 is the edge generator defined in acting on the bond (z,z + 1) and Lies
and Lyign; are the generators acting on sites 1 and L with parameters (o4) Ae{l,..,N}
and (84) aeq1,...,n} respectively. Adapting the result of Theorem the dual process (&(t))=0,
is defined on the dual state space 9] L, and has generator

L1
L= ﬁleft + 2 Em,x-&-l + ﬁright (634)
where £, ;41 is given by (4.2.15)), acting on the bond (x, x+1) and where the boundary generators

E]eft and Eright are given in (6.2.10)): they absorb particles from sites 1 and L and put them at
extra-sites 0 and L + 1 respectively. The duality function is (6.2.11]) specified on the chain, i.e.

N— L ( é. ) N— +1
1:[ ( left) 1:[1 a 1 a 11 ' 1_[1 ( r1ght> 7 (635)
where we denoted by
left _ % right _ &



As already pointed out, the dual process voids the chain by piling up particles of species
{1,..., N — 1} in the extra sites 0 and L + 1 and replacing these particles by the holes N. This
property allows to characterize the steady state non-equilibrium distribution (that is unique
because of the ergodicity of the chain) by the probability that dual particles are absorbed in the
extra-sites, called absorption probabilities. We call ungss the non-equilibrium stationary distri-
bution of the the process (n(t));=0 and we denote by E, s[-] the expectation with respect to
this measure. Using duality and the ergodicity of the chain, we write the average with respect
to ungss of the duality function.

Proposition 14 Let (n(t))i=0 be the boundary driven multi-species stirring process on a chain
of length L defined on )y, with generator L defined in (6.3.3)). Let (€(t))i=0 be its dual absorbing
process defined on SNZL, with generator L defined in (6.3.4). Then, for a given configuration
Ee (NZL, we have that

1] lEnv—1] N—1

Epypss [D(n,&)] Z Z H ( leﬂ) ( mght)|§a|_ta Pg(t1,...,tN_1) (6.3.7)

t1=0 tn_1=0 a=

where

N—

Peti, .. tno1) = ( Z (tadl + (1€a] — )55“)‘&(0):5) (6.3.8)

are the absorption probabilities i.e. the probabilities that, starting from an initial configuration
&, to dual particles of species a are absorbed at 0. We have denoted |¢,| = S1E_ €2

Proof of Proposition by using duality, ergodicity and the absorbing property of the dual
process we have that

Epess [D(n,€)] = lim E" [D(n(t),€)] = lim E* [D(n, &(1))]
|El [En| N1 a]—ta (6.3.9)

Z Z H ( left) ( r1ght> Pelty, ..., tx)

t1=0  ty=0a=1

In (6.3.9), we denoted by E™ and by E¢ the expectations with respect to the laws of the original
and dual processes initialized by the arbitrary configurations n and by the dual configuration &
respectively.

Non-equilibrium correlations

Equation allows to write, in function of the absorption probabilities, expression for the
moments with respect to the non-equilibrium steady state. In the following, we show how
it can be used to compute the m-point non-equilibrium steady state correlations. For every
m € {1,...,L} we consider the coordinates 1 < z; < ... < z, < L and we select m colours
ay,...,am € {1,..., N —1} among the N —1 available ones. We introduce the dual configuration
=", Jgk, meaning that

éﬁ _ {1 if x=ux,and A =aqay (6.3.10)

0 otherwise
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or, in words, we put a dual particle of species aj at site xj, leaving empty all the other sites.
The duality function is (6.3.5)), therefore, we have that

£ _ H?ﬂnﬁz

D(n,£) Clom) (6.3.11)

where C'(v,m) is a constant that depends on m and on the maximal occupancy per site v.
Therefore, up to this constant, E, . [D(n,é)] gives the m-point correlations in the non-
equilibrium steady state. Using formula (6.3.7) we have that

& lén—1] N-1

Ejiness [H nﬁf] = C(v,m) Z .. 2 H (P?ft)ta (nght)|§a|_ta 775(751, coytN—1) .
k=1

t1:0 tN_1:0 a=1
(6.3.12)

Therefore, the m-point non-equilibrium steady state correlations can be computed once the
absorption probabilities are known.

Remark 11 Considering arbitrary coordinates (xk)ke{l,‘..,m} (not necessary different) and con-
sidering proper dual configurations, the technique explained above can be used to compute,
in function of the absorption probabilities, the m-mixed factorial moments under the mon-
equilibrium stationary distribution.

Computing these absorption probabilities is usually an hard task, since they satisfy complicated
difference equations. For example, we report here the solution for the simplest case of one-
point correlation that is easily solvable, since the single dual particle behaves as an independent
random walker.
We take m = 1 and we fix a site z € {1,...,L} and a species a € {1,..., N — 1}. We consider
the dual configuration € = 0%, then

vD(n,d87) =ni . (6.3.13)

a

The average occupation reads

! ts o\ 1—ts
VE s [D(1,65)] = ) (pljft) (pglght) Pss (& = tabo + (1 — ta)dps1) - (6.3.14)

te=0

To explicitly find the result, we aim to determine P(1,67) = Pz (S0 = a0y + (1 — ta)SET).
This is the probability that a random walker (started at ) on the chain {1, ..., L} with absorbing
boundaries is absorbed at extra-site 0. It fulfils the following discrete Laplace equation

ALP(1,6%) =0

P(L,63) = 1 + P(LD) (6.3.15)
P(1,6) = P(LoE ) i

where Ap is the discrete Laplace operator on the chain of length L. The equations ((6.3.15]) can
be solved and using P(1,6%) =1 — P(0,0%) we obtain

aa(L|A] = Blz +1) + Ba(lelz +1 — |af)
|[BIL = [ [B] + |e] + [B]
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[D(n,65)] = v (6.3.16)
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Remark 12 : In case |a| = |5| = v =1 (when the chain is integrable) we have

D(n, 7y = Call =2+ )+ Bux. (6.3.17)

E
L+1

KNESS [

This is the same result obtained in [13] for the one-point correlations for the integrable version
of the boundary driven multi-species stirring process. For details see Chapter[7.

We end this section by observing that, in the case of the chain with v = 1, the integrability
of the model allows to write closed formulas for all the absorption probabilities. This will be
explained in detail in Chapter

6.4 Duality for the thermalized multi-species stirring process

In this section we aim to extend to the multi-species stirring process the concept of instantaneous
thermalization limit (see [12,[50]). For the sake of simplicity we consider the set-up of a boundary
driven chain of length L with two reservoirs at the end sites 1 and L respectively, as defined in
Section The thermalized process gives rise, for any pair nearest neighbour sites of the chain,
to a redistribution of the total number of particles. The thermalized model that we present
here is obtained from the boundary driven model with generator as follows: for each bond
(z,x + 1) the total number of particles € = n* +n**1 is redistributed according to the reversible
measure, conditioned on the conservation of €. At the boundary, instead, the configuration n*,
with x € {1, L}, is replaced with r € ,. This transition takes place with a rate that depends
on the boundary parameters and on r itself.

The thermalization measure

We introduce the reversible measure (4.2.19)) conditioned on the conservation of the particles on
the bond (z,z + 1)

pra(rle) : =P (n” = rln® + n"t! =)

=P ((nf,....,n%) = (ri,...,r5) | (0] + n{T o0k + 0% = (@, ... en)) -
(6.4.1)
Here r = (r1,...,7n) and € = (€1, ..., €en) are such that VA e {1,..., N} we have r4 € {0,...,v}
and €4 € {0,...,2v}, under the constraints
N-1 N-1
ey = 2 — Z €as TN =V — Z Tq - (6.4.2)
a=1 a=1

Using the conditional probability and the fact that the reversible measure (4.2.19)) is the product
over the sites of multinomial distributions we have
B P({n®=r} n{n*+n"t=¢}) Pn"=r)Pn*=c—r)

= = . 6.4.3
e (r|e) P(n + nttl = ¢) P (n® + n*tl =¢) ( )

Therefore the thermalization measure reads

(r Vr )(677‘ V€7T )
NTH(T|6) — 1,--"N E 1 21/1)7-)-.,( N N) H{T1+...+TN=1/} (644)

€1..,EN
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where we recall that the multinomial coefficient reads

v v!
= — 6.4.5
(nl,...,nN) ny!l---ny! ( )

The thermalized multi-species stirring process is defined on the configuration space {27, intro-
duced in (6.3.1)) and its generator reads

E left + 2 E:c ,o+1 + £r1ght (646)
where
TL +nz+1 nc +nz+1
x :c+1f( ) 2 s Z ]l{T1+...+rN:V} (6 4 7)
r1=0 ry=0 o
X {f(nl, oo e n® 4t e p®2 k) — f(n)} wr(r|e)
while

left Z Z IL{rlJr Ary=v} {f ) - f(n)}

r1=0 ry=0
v N—1 o Tq an v
) ITES) ()
.., TN/) 75 \an ||
and £r1ght acting similarly on the site L and with parameters ’s. In the thermalized bulk
generator particles on a bond x and x + 1 are redistribute according to the measure upg(r|e),

while in the thermalized boundary generators the configuration at site 1 (L) is replaced by r,
according to a rate depending on 7 itself and on the reservoirs parameters.

(6.4.8)

The dual thermalized process

Here we state the duality result for the thermalized multi-species stirring process with boundary
driving.

Proposition 15 (Duality for the thermalized multi-species stirring process) The ther-
malized multi-species stirring process (n(t))i=o on the state space 1, with generator LTH de-
fined in (6.4.6) is dual to the process (€(t))i=0 on the enlarged configuration space Qr,, with dual
generator

£TH left + 2 ‘C:B ,z+1 + L mght (649)

where LT o1 08 and El et and [Z”ght are absorbing with rate 1:
[’left (E) { £0+ Z 60§a’ 61 Z 61€a+6]\f Z gaa 5 7)€L)_f(£)}

N— — N—-1
LLE f€) = {f(sﬂ,...,gL—l Z ohek + 6% 2 §r, et Y ekl - f(E)} :
a=1 a=1 a=1
(6.4.10)
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The duality function is the same of the multi-species stirring process, i.e.

N-1 N—=1 gzyy N—1 L+1
Din.€) = [ ()" 1= Locr 82 )i H ()™ (e
a=1 =1 ' a=1 a

of. (6.2.11).

This dual process is absorbing since the dual boundary generator ‘Cleft (Erlght) remove all dual
particles at site 1 (L) and put these particles at the extra-site 0 (L + 1) with rate 1.

Proof of Proposition the proof of the duality consists in showing

(L2 D(&) (m) = (L1 D)) (©)  wefl....L—1) (6.4.12)
(CEE D) () = (LD, ) (€) - (6.4.13)

Duality for the right boundary is similar.

Equation follows from the proof of the edge duality for the multi-species stirring process.
To prove we directly apply the generators on the duality function. For the sake of
notation, we introduce

N1 gy N=1 2
=2 &)! Ba” (6.4.14)

d(n,¢7) ==

left _
\Oél’

No S (v -2t )!
(Elj.;gD Z Z I[{m-‘r Arn=v} (H (|C:Xa|> ) ( I . )

r1= =0 rTN= =0 a=1

N—-1 N—-1 L1
<[] Hd e [T ) - Dn.g)
b1 (rb d-1
V! N-1 as ' (an\”
N<H (o) (m)) (6419

We consider the first addend in the curly bracket of the (6.4.15). We add and remove £} at the
(T%+--.+7‘N71)+(T‘%+.--+7’N71)

First, we act with Egg on D(n,&). By writing explicitly pS this action gives

exponent of (‘ “|) and then we multiplying this first addend by ( Tal )
to get

2 2 ]l{r1+...+rN:V}

r1=0 rny=0

N—1 -elrel\ (v —SNtel)r /N1 L N-1
Qg c=1 Sc x L+1
G ™) ([ i) (o) (oo
a=1 ) b=1 z=2 d=1
| N-1 Ta —(ri ey N o)
(T () ) () 1
rleory! 1 \an ||
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(N S v (v—€—. . =€k )
- (a <||> > le: Z Lrittry=v) (ry =& (rv1 — §zlv_1)!(v —r1—...—7rn—1)!

=0 ry=0

(ﬁ)”‘gg) (TZV')”_”_“"T“ (Hd ,gx> <ﬁ<pd>sﬁ+l>

N-— €9 ygl L N-1 L1
(0 (™) (ML) (TToi ) (6..10)
a=1

d=1

Where we used

(V—Zé\[:?&%)' N-1 ! v!
v! H (ry — &) il rp!

_ (v—e&b— ... =€)
T ) v - = — ) (6.4.17)

(1)) (162)) ()
() () )

and the multinomial theorem in the last equality.
We now consider the second addend in the curly brackets of (6.4.15). We multiplying it by

N—1 ~TatTa
1.5 (%) to get

D(n.€) 2 Z Lritotrn=nd T T

r1=0 rny=0

x H e - -
1 \an o] |af

—D(’I’I,, E)

where we used the multinomial theorem. Therefore, replacing (6.4.16) and (6.4.18]) in (6.4.15)
we have that

and

vl

N1 oo N\&tes NV N-1 -
(Ll D(-,8)) (n) = {H (|Of|) [ ] da(n®,6%) T (oMt (n 5)} (6.4.19)
a=1 =2 d=1
= (Lt D)) ©) - (6.4.20)

O
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Chapter 7

Exact formulas for the integrable
case

7.1 Motivations

As we have already pointed out, out-of-equilibrium particles systems can be used to model
non-equilibrium statistical mechanics problems. Under this perspective, it is interesting to find
explicit expressions for the non-equilibrium steady state. Usually, this is not an easy task be-
cause the correlations are long-ranged [52].

We recall that for the single species set-up, the solution of the exclusion process with open bound-
aries [24, [83] has been of crucial importance in our understanding of the structural properties
of non-equilibrium state, such as long-range correlations [52], non-local density large deviation
functions [84] [75] and current large deviations [85, [86]. One may argue that the results available
for the exclusion process are rooted in the algebraic symmetries of the corresponding integrable
spin s = 1/2 Heisenberg chain, see e.g. [19, 2] for two excellent reviews. This integrability
property can be combined with duality and leads to closed-form expressions for the correlations
and the non-equilibrium steady state, as shown in [20, 28].

A special case of the boundary driven multi-species stirring process is obtained when the graph
G is a finite chain, with two reservoirs attached to the first and the last site respectively, and
the maximal number of particles allowed at each site is fixed to be v = 1. In this case the
multi-species stirring process with open boundaries becomes integrable and, see [I3], the non-
equilibrium steady state has been characterized via MPA. In this chapter we aim to extend this
result by finding a closed formula for the multi-point non-equilibrium steady state correlations.
To achieve this goal, we combine the matrix product ansatz (derived in [13]) and the gi(N)
invariance of the process in the bulk cf. , that leads to absorbing duality of Chapter @
This allows further to determine the absorption probabilities and the probability mass-function
of the non-equilibrium steady state in closed forms.

We start with Section by introducing the process on a chain and by specializing the duality
results of Chapter @ We then recall the MPA (see Section and, in Section and in
Section we state and prove the aimed exact formula for the multi-point non-equilibrium
steady state correlations. Furthermore, we use it to derive the probability mass function of the
non-equilibrium steady state. Finally, in Section [7.6] we specialize the results to SSEP, matching
with the literature.
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7.2 Integrable process on a line segment

In this section we specialize the multi-species stirring process to the geometry of the one-
dimensional chain with sites {1,..., L} where two reservoirs are attached to the boundary sites
1 and L. The reservoirs, exchanging particles with the external environment, put the chain out
of equilibrium. The Hamiltonian that we consider here is obtained from assuming that

the conductances are
1 if |[z—yl=1
Wy = { [z =yl (7.2.1)

0 otherwise
and the coupling to reservoirs are

1 if 1, L
p, ot i weit (7.2.2)
0 otherwise

The case v = 1, i.e. one particle at most for each site, is integrable and has been considered
previously in [I3]. For v = 1 we denote the gl(N) generators as (eaB)a,ge(1,., N} obeying
(eaB)cp = 04cdBDp, i.e. they are the basis generators of the first fundamental representation of
gl(N) (with highest weight (1,0,...,0)). The Hamiltonian can then be written as

H = Hieft, + Hpuix + Hright (7.2.3)
where
L—1
Hbulk = Z ,H:p,erl . (724)
r=1

Here H, »+1 denotes the two-site Hamiltonian

H=P—-1 (7.2.5)
with the permutation matrix
N
P = 2 eapXepa, (7.2.6)
A,B=1

acting non-trivially on the vertices of the edge z,z + 1. In this context it will be useful to
introduce the following notation for the occupation variables of the process. Each configuration
is denoted by

™) =|rm,...,7L) (7.2.7)

with 7, € {1,..., N}, Vx € {1,..., L}. Since the maximal occupancy at each site is v = 1, the
configuration n introduced in Section and 7 are related by

nj = 6r,.A - (7.2.8)
The state space of the process is now
QO ={lr,....,m) : me{l,...,N}} . (7.2.9)

The action of the Hamiltonian density H on the tensor product of the configuration of two sites

follows immediately from (7.2.5) and reads
HIDH @) =)l —ImHe|r). (7.2.10)
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The boundary terms of the Hamiltonian (7.2.3)) are given by

a1 — 1 aq a1 ... e a1
a9 a9 — 1 a2 ... N a9
Hiegr = : : : (7.2.11)
anN_1 anN_1 OzN_l—l aN_1
N an e an any —1
and
pr—1 B B ... e B
B2 Pa—1 B2 ... e B2
Hyignt = : : : (7.2.12)
BN-1 BN-1 .o ... By-1—1 By
BN BN e BN By —1
where, without loss of generality, we assume that the parameters satisfy
N N
Daa=1, DBa=1. (7.2.13)
A=1 A=1

These boundary Hamiltonian matrices can also be written in terms of the first fundamental
representation of gl(N) as

N N
Hietw= ), aalchp—epp)s  Hugn= ), Baleip—chp) - (7.2.14)
AB=1 AB=1

Under these assumption the Hamiltonian is integrable. This has been shown in [I3] within
the Quantum Inverse Scattering Method.

7.2.1 Duality for the integrable process on a line segment

Here we consider the chain defined at the beginning of Section with the hard-core constrain
(at most one particle per site), i.e. v = 1.

The duality result stated in Section is adapted to the present situation as follows. The
extra-sites are denoted by 0 and L + 1, and they are connected with sites 1 and L of the chain
respectively. The matrix R, defined in reduces to the identity, therefore the relation
between the generators of the algebra and its transposed reduces to

ehp =epa . (7.2.15)
The duality matrix reads

L N-1
D=Dy® [ [exp (Z egN> ®Dr41 (7.2.16)

=1 a=1

where Dy and Dp, 1 are given in (6.2.24]). The elements of this duality matrix are given by

N—-1 o L N-1 N-—1 -~
pirey= (T1o8) (11T 20 ) (T67) - 2
a=1 x=1 a=1 a=1
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The dual Hamiltonian is

L—1
H = Hegt + 2 Hm,erl + Hright (7218)
r=1
where H is defined in (7.2.5) and
- N-1 N N-1
Heo = Y (@N)5eky —€aa)  Hiigne = Y, (@) ek, —el) (7.2.19)
a=1 a=1

The configuration of the dual process is still indicated by the vector |€) defined in . We
recall that, in this dual configuration, at each site of the bulk at most one partlcles is allowed,
while the maximal occupancy is unbounded at the extra-sites 0 and L + 1.

In the long-time limit the dual process voids the chain, i.e. all particles of types {1,..., N — 1}
are eventually absorbed at the extra-sites 0 and L 4+ 1 and replaced by types N. We also notice
that, up the the bosonic creation operators (a™),, the dual boundary Hamiltonians
are triangular. Using duality, one can compute the m-point correlations between non-empty
particles in terms of the absorption probabilities of m dual particles. Therefore, to determine
the non-equilibrium steady state correlations of the integrable multi-species stirring process,
it is enough to compute these absorption probabilities. In the following we denote by u the
non-equilibrium steady state distribution and we call Y = (Y7,...,Yr) the random vector with
law p. Furthermore we write E[-] for the expectation with respect to p. As a consequence of
Proposition [I4] of Section [6.3] we state the following result.

Corollary 2 (Correlations via duality) Let m € {1,...,L} and consider m sites 1 < x1 <
g < ... < Ty < L and m colours denoted by ar € {1,...,N — 1} with k = 1,2,...,m, chosen
among the N — 1 available species. Then, the m-point correlations in the non-equilibrium steady
state read

m 1 1
E[p 11{1,%:%}] => ) <Ha BL= tk) Py (s oo tm) (7.2.20)
=1

t1=0 tm=0 \k=1

where the absorption probabilities reads

Py (t1y ooy tm) 1= ( 2 (trdq, LA ‘5 ) (7.2.21)

Here the initial dual configuration is & = 3", dgk, meaning that

T _ TN —
{SA =1 ifer=x, and A = ay, (7.2.22)

§4=0 otherwise

In (7.2.21)) the variable ty, is 1 (resp. 0) when the dual particle of species ay, initially positioned
at site x, is absorbed at at the extra site O (resp. L +1).

Proof of Corollary [2t For any 7 € Q the duality matrix defined in (7.2.17) evaluated on the
dual configuration &€ € Q2 given in ([7.2.22)) read

m

&) =111, —au - (7.2.23)
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Therefore, by ergodicity and duality we have

Eh}mmmakquAMﬂm@kﬁgﬁdmxaM]
k=1

—00
OT@ 1%>xh,Amnwm»

(7.2.24)

I
M
M

m}

By using the correlations in the non-equilibrium steady state (7.4.4]), it is possible to determine
the non-equilibrium steady probability distribution.

Corollary 3 (Non-equilibrium steady state) For any configuration T € Q the probability
mass function of the non-equilibrium steady states is fully determined by the correlations of

equation (7.4.4]) through the relation

L N-1 m
- 2 Z H Or,,N Z (H Tag bk T T”k’N)> - [H H{ka—bk}]
k=1

m=0 1<z1<z2<...<xm<L \z¢{z1,..,2m} b1,...,bm=1

(7.2.25)
where 6, b, — 0r, N = (_1)51%»1\’,

Example for an L = 2 chain. To clarify equation (|7.2.25]) we report the example of a chain
with L = 2, where we compute the probability mass functions of three configurations. Without
loss of generality we write only the formulae involving particles of species 1. We have:

e probability of two occupied site:

M(L 1) =E [1{Y1:l}]1{Y2:l}] . (7226)
Here we have only one term corresponds to m = 2 in formula ([7.2.25]).

o probability of the first site occupied and the second empty:

N-1
(1 N) =B [Ty—y Lyy=ny] = E [ﬂmﬂ} (1 -2 1{Y2=a}>]

a=1
N—

ﬂ{Yl 1} Z 1{Y1=1}11{Y2=a}] . (7.2.27)

In the last equality we have two terms: the first corresponds to m = 1 (with z; = 1) and
the second corresponds to m = 2 in formula ([7.2.25]).

o probability of both sites empty:

N— N—-1
(N, N) =E [1iy,—nyLva—ny] E[( 2 1{Yl=a1}> <1— > 1{Yz=a2}>]

1=1 az=1
N-1 N-1 N-1
=1- Z ]l{Yl al} Z H{Y2=a2}] + Z E[]l{Y1=a1}]l{Yz=a2}] .
a1=1 o=1 ay,a2=1

(7.2.28)
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In the last equality we have four terms: the first term corresponds to m = 0, the second
and the third term correspond to m = 1 (with x; = 1 and 21 = 2 respectively) and the
fourth term corresponds to m = 2 in formula ([7.2.25)).

Proof of Corollary |3; Given 7€ Q', we have

L
z=1 r=1: ‘rz;éN r= 1 Tp=
L N-1
=E [( H ]l{yz—ﬂv}> ( H ( 2 H{Yz—a}>>] (7.2.29)
z=1:7,#N z=1:7,=N a=1

where in the last equality we exploited the fact that

N-1

Ly, =ny =1 - Z Ly, —a} - (7.2.30)
a=1

The configuration 7 has ¢ = 2521(1 — 07,,N) occupied sites and then the remaining L — ¢ sites
are empty. Therefore, we may write

L L N-1
( 11 ]lmm> ( I1 (1 -2 H{Yza}»
x=1:717.#N x=1:717,=N a=1
L L
= ] Yoyt ( I1 ﬂmm> { D Or N 2 H{Ynal}}

x=1:717.#N x=1:717.#N r1=1 a1=1
L N-—1
2
+ H ]l{Yz=TI} (_1) Z 57'951,]\/57'952,]\7 Z ]l{Yzl ZU«I}H{YZQ =asz} +oF
x=1:7.#N 1<z1<z2o<L ay,az2=1

L Lt N1 L
+ ( H 1{5@@) (-1t 2 (H 57%,1\/) 2 H Ly, —ax} -

rz=1:7,#N I<zi<..<xp_¢<L \k=1 al,...,ap—p=1k=1

(7.2.31)

In the right-hand-side of the equation above the first addend is the product of the indicator of
¢ sites, since none of the empty sites of the configuration 7 has been considered. Similarly, the
second addend is the product of the indicator of £ + 1 occupied sites. Indeed, in addition to the
£ occupied sites of the configuration 7, one empty site is in turn chosen and its hole is filled with
all possible species particles. The idea is repeated in the next addends with 2,3,...L — ¢ empty
sites that are, in turn, filled with all possible species of particles. We notice that the exponent
of the factors (-1) is given by the number of holes that have been filled with all possible species
of particles. We introduce an index m € {¢,¢ + 1,..., L} that counts the number of correlated
site and we define the coordinates 1 < 1 < 9 < ... < x,, < L. Then, we associate to each of
these m one of the addend in . In particular, for m = £ we associate the first addend
and we rewrite it as

L
H ]l{Yx=7'x} = Z H 6Tz,N
J/’:l:’rx?éN 1<$1<<.’L’[<L x¢{x1,. T Z}
N-1 Y4
X Z (H(éTzk,bk - T:ckN ) (H ]]‘{Ylk—bk}> (7.2.32)
b1,...,bp=1 \k=1
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Similarly, the second addend in ([7.2.31]) is associated to m = ¢ + 1 and it is rewritten as

L L N-1
( I1 ]]'{Y:t=7'x}> (—1){ Db N D ﬂ{yﬁ:al}}

x=1:71,#N z1=1 ar=1
N—1 011 11
- ¥ [ son] 8 (650 (T
I<mi<..<zpp1<L \z¢{r1,..,2041} b1,....bp4+1=1 \k=1 k=1
(7.2.33)
The idea goes on for m = £ + 2,... L and we obtain that
L L N—1
( H 11{anc}> ( H (1 - Z ﬂ{)@@))
x=1:717#N rx=1:7.=N a=1
L N-1 m m
=) > [T 6nn] D] <H(5nk,bk - 5Tzk,N)> <H H{Yxk=bk}>
m={ 1<z <z2<...<xm<L \z¢{z1,.,Tm} b1,...,bm=1 \k=1 k=1
(7.2.34)
The above sum can be extended until m = 0 since all the terms m = 0,...,¢ — 1 are vanishing.

Finally, by taking the expectation with respect to the steady state distribution we obtain ([7.2.25|).

m}

7.3 Matrix product ansatz

The matrix product ansatz for the multi-species stirring process has been formulated in [13],
and here we briefly recall the main steps. Denoting by |¥(¢)) the column vector that encodes
the probability distribution of the chain with Hamiltonian H at time ¢ = 0, its evolution
equation is given by the master equation (see (2.1.43)) that reads

d[¥(t))
dt

= H|T(t)). (7.3.1)

This Markov chain is irreducible and positive recurrent, therefore there exists a unique stationary
measure, that will be reached when time goes to infinity, regardless of the initial configuration.
We denote by |¥) the column vector that gives the stationary distribution (non-equilibrium
steady state). This vector is the right eigenvector with vanishing eigenvalue of H, i.e. it solves

H|¥)=0. (7.3.2)
The MPA states the following
. X Xi
W=, l| s |ee| o vy (7.3.3)
XN XN
L t;;rles
with the normalization
Zr = W |(Xy + ...+ Xn)E VD). (7.3.4)
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Here the operators X 4 fulfil, for all A, B e {1,..., N} the commutators

[Xa,XB| = (s — Ba)XB — (aB — BB) X4 (7.3.5)

and their action on the boundary vectors are given, for all A€ {1,...,N}, by
WH{aa(X1+ ...+ Xn) — Xa) = (a4 = Ba)W| (7.3.6)
(Ba(Xi+ ...+ Xn) = Xa)[V)) = —(aa — Ba)IV)) (7.3.7)

Without loss of generality, we further assume that ((W|V)) = 1.
To show that (7.3.3)) is the steady state we report the proof done in [13], where an argument
similar to the proof of Proposition was used. We introduce

X1 (a1 — 1)
x-|: | x- : (7.3.8)
XN (OZN - 5N)

By using the commutation relations of X 4’s ([7.3.5]), the action on the boundary vectors (7.3.6))
and (7.3.7)) and the definition of the Hamiltonian H written in (7.2.3) we have that

HXRX)=XRX-X®X (7.3.9)

and
(W Hen X ={WIX,  HiguX|V))=-X[V)) (7.3.10)

Using the above relations we obtain

ZLHI) =X @ | X®- - @ X |[V)) (W[ | X®---® X |®X[V))

L—1times L—1 times
L—-1 L
QAW X®®X |0(X®X-X®X)®|X® X |[V)) =0 (73.11)
z=1 xf?t/i:nes L f:v:\f_times

When the system is at equilibrium, i.e. ay = 4 for all A € {1,..., N}, the operators X4
becomes proportional to the identity, with proportionality constant a4. As a consequence they
commute and |¥) is trivially the steady state.

Remark 13 As already mention, when N = 2 the multi-species stirring process reduces to the
SSEP. In this case, one can retrieve the matrices D and E of the MPA for the SSEP introduced
in Proposition[§ by setting
X X

2 and B =-——21 (7.3.12)
ag — P2 ar —

provided that cqp +ag = 51 + B =1

D:

Remark 14 Only N — 1 of the N equations (7.3.6) are independent. This can be seen by

summing them over the index A€ {1,...,N}, i.e.
N
DI (@a(Xy + ...+ Xy) — Xa) =0, (7.3.13)
A=1

and using (7.2.13). Similarly for the right boundary (7.3.7) there are only N — 1 independent
equations.
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The MPA gives an abstract form of the non-equilibrium steady state in terms of an algebra of
operators acting on a supplementary space. However, the computation of correlations are in
general involved.

7.4 Exact non-equilibrium steady state correlations

Strategy. In the next Section we will show that the DEHP algebra in — can
be simplified substantially using the gl(N) invariance of the bulk. In fact, such simplification
can always be achieved if there exists an absorbing dual process as established in Chapter [0]
The idea is summarized in the following scheme. We define a sequence of local similarity
transformations such that
HE g & (7.4.1)
where H' = SlHSl_l has both boundary terms in a triangular form, and H' = SQHISQ_I has
the left boundary in a triangular form and the right boundary is diagonal, we further refer the
reader to [87, [69, 21, 20] where this idea was explored for the monospecies case. Using these
transformations the commutators and the action on the boundary vectors ,
simplify significantly. More precisely for the components of X = S55; X we obtain the bulk
relations

[Xa’XN] = (aa - Ba))?N . (742)
fora=1,..., N — 1. At the boundaries

W] (0 = B) XN = Ka) = (00 = BHW], RV = (= BIVI).  (T43)

where again we have a = 1,..., N — 1. As a consequence, the ground state |\Il”> of H' can
be written exactly in closed-form. Finally, reversing the transformations in we retrieve
|¥), i.e. the vector whose components are the probabilities of a certain configuration of the
process in the non-equilibrium steady state. The first transformation S is closely related to
the duality matrix and we will see that H is H T up to the extra-site term described
by the bosonic creation operator in . The Hamiltonian H' is not stochastic, however it
turns out that the components of its eigenvector with zero eigenvalue |\IJ,> are the correlations
in the non-equilibrium steady state.

7.4.1 Correlations in the non-equilibrium steady state

In this section we write a formula for the stationary non-equilibrium steady state correlations
between m- points of the chain.

Theorem 18 (Correlations in the non-equilibrium steady state) Letm e {1,...,L}. Con-
sider m sites 1 < 1 < g < ... < Ty, < L and m colours denoted by ay € {1,..., N — 1} with
k=1,2,...,m, chosen among the N — 1 available species. Then the m-point correlations with

respect to the non-equilibrium steady state measure are given by

1

E[IHJL{Y%%}] = Z (Ha Bl tk> et (Fy « + s tm) (7.4.4)

t1 N 7tm*0

where
1 1

Porwm (15 tm) = Z Z fler, ... em H 1)~ t7gj (j,¢jy .- sCm) (7.4.5)

c1=t1 cm=tm Jj=1
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with
(L+1-=37"co)!
(L +1)!

f(ch ce 7cm) = (746)

and

m €
9i(xj, ¢y em) = <L+2—xj—20k> ) (7.4.7)

k=j

Examples

We give examples of correlations for m = 1,2, 3 applying formula ((7.4.4]).

One-point correlations We consider the average with respect to u of the occupation variable
of the species a; € {1,...,N — 1} at coordinate =1 € {1,...,L}. Using (7.4.5) we obtain the
absorption probabilities

(L-i—l—l‘l)
(L+1)

(L-i—l—l’l)

Pr, (0) =1- (7.4.8)

where P,, (1) is the probability that a single random walk started at x; is absorbed. Then, using

(7.4.4]), we have

(L+1—:L’1) T

T+ D) g, + @+ 1)@11 ) (7.4.9)

Piy =B [Ty man) | =
where, for the sake of notation, we have introduced {p3!).
Two-point correlations We consider the average with respect to p of the occupation variable

of the species ay,a2 € {1,..., N — 1} at coordinates x1,z2 € {1,..., L} such that z; < z2. Using
(7.4.5)) we obtain the absorption probabilities

.7}1(.%‘2 — 1) 1‘2([/ +1- 331)
x1,T ) = /7 1N x1,T 17 i
Par,22(0,0) L(L+1) Paras(1,0) L(L+1) (7.4.10)
D (O 1):$1(L+1—$2) D (1 1):(L—$1)(L+1—$2). o
B L(L+1) R L(L +1)
Therefore, we compute the second cumulant, i.e. the two-point connected correlation
T T xl(L — X9 + 1)
B (10— = D) (Lvymey = D) | = = L 7 (@or = o) (e = i)
(7.4.11)

Three-point correlations We consider the average with respect to p of the occupation vari-
able of the species aj,as,a3 € {1,..., N — 1} at coordinates x1,x2,z3 € {1,..., L} such that
z1 < x9 < x3. Using ([7.4.5)) we compute the absorption probabilities

{L‘1(l‘2 — 1)(1’3 — 2)

thxz,xs (07 0, 0) =

L(IZ—1)
z1(L —x0)(L — 23+ 1
le,xz,xg (07 17 1) = 1( L (2[)/g — 1) : )
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a:l(L(l — $3) + xg({L'g — 2) + 1)

Pan,rvz,:vs (07 17 0) =

L(Z2—1)
Poyag25(0,0,1) = 21 (@2 Z(li(f—_ﬁg +1)
P ya(1,1,0) = L= D2 —L1(>L; fll()l'Q 1) (s — 2)
Prr s (1,0,1) = LT3 DL@?L(?L = D + 1)
Par s (1,0,0) = 2288 =D _Ll()L; fll(? — (a3 —2)

Therefore, we compute the third cumulant, i.e. the three-point connected correlation as

E |:(]1{Yw1=a1} - <P§{>) (H{Yw2=a2} - <P§§>) (1{Yw3=a3} - <P§§>>]

201(L+1—2x9)(L + 1 — x3)
= — 1 (L n 1)3(2L — 1)L 3 (OZal - ﬁal)(aaQ - IBGQ)(aag — /BCL3) . (7.4.13)

Remark 15 The first and second cumulants, computed in (7.4.9) and (7.4.11)) respectively,
match with those found in Section 4.3 of [13].

7.5 Proof of Theorem [1§]
The proof of formula ([7.4.4)) is split into the following steps:

o In Section[7.5.1] we introduce two similarity transformations S; and Sz. The first turns the
Hamiltonian H into H = S1H ST ! with boundary terms in a triangular form; the second
turns the Hamiltonian H’ into H = SyH'Sy ' having the left boundary in a triangular
form and the right boundary is diagonal. Associated to H and H' there are two ground
states denoted by [¥') and | respectively.

e In Section we apply the MPA to H". Here the commutation relations defining the
matrix algebra are simpler. The explicit expression for |\IIH> is determined (see ([7.5.24))).

o In Section we invert the similarity transformation Sy to recover the ground state
|¥") from the explicit expression of |¥") (see (7.5.48)).

e In Section we prove that the correlations are in turn the components of the vector |\IJ'>
By exploiting a binomial formula we rewrite the correlations in terms of polynomials in the
left and right boundary densities with coefficients given by the absorption probabilities,
as claimed in Corollary Moreover, we show how the components of |\II,> can also
be interpreted as marginals of the non-equilibrium steady state distribution, in order to
include also \I/"(N ,...,N). Finally, for completeness, we show that Corollary [3|is in turn
corresponding to the transformation |[¥) = S |¥’) in Section
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7.5.1 The similarity transformations

Consider the matrix

N-1
S1:=exp (Z €Na> , (7.5.1)
a=1
and
N-1
ST := exp (2 efw> , (7.5.2)
a=1
to denote Sp (see (7.5.1))) when acting at site z. Observe that Sf is the transposed of the bulk

part of the duality matrix d, at site z € {1,..., L} (see (6.2.21))). By taking the product over
the chain we define

L
Si=[]st (7.5.3)
z=1
that is related with the bulk duality matrix by
L
Si=]]dl. (7.5.4)
=1

As the transformation S; is invertible, we can introduce
H = Ho + Houlx + Hyignt (7.5.5)

that is related to H by
H =S HS . (7.5.6)

The bulk part of the Hamiltonian is left unchanged (because it is written using the coproduct
of the second Casimir, see equation (4.3.19))) while the boundaries are given by

N—-1 N—-1
Hlleft = 2 (aaeclzN - €¢1m) H;ight = 2 (/BaeaLN - eaLa) . (7.5.7)
a=1 a=1

Indeed, using (6.2.46)), (7.2.13) and (7.2.15]), we obtain for the left boundary

N—-1 N N—-1
Hyg = SlHleftSl_l = exp <2 e%\fc) Z Qa (61143 - elBB) exp <_ 2 6}V0>
A

e=1 ,B=1 c=1
N-1 N N—1 T
= {exp (— Z 6%N> 2 ap (e}BA — e%;B) exp <Z eiN>}
ot Ap=t el (7.5.8)
N-1 .
= (aae}Va - ezlza)
a=1
N-1
= (aae}zN — e}m) .
a=1
Similarly, for the right boundary we have
N—-1
Hright = SII{rightsl_1 = Z (Bae(gN - eéla) . (759)
a=1
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Remark 16 The boundary Hamiltonians Hl,eﬁ and H'm.ght in (7.5.7) resemble the transposed of
}NIleft and ﬁright, i.e. to the transposed of the boundary part of the dual Hamiltonian defined in

(6.2.17). They can be identified when replacing the extra-site bosonic creation operators (a't)?
(resp. (at)L*1) with the corresponding reservoir parameters a, (resp. fa).
We have the following correspondence between eigenvectors with zero eigenvalues

|0y = ST’ (7.5.10)

where |U') satisfies H |¥') = 0.
We introduce

N-1
Sy 1= exp <— Z BaeaN> . (7.5.11)
a=1
and
N-1
8% :=exp (— > 5ae§N> , (7.5.12)
a=1

which denotes Sy (see ([7.5.11])) acting at site x. By taking the product over the chain we obtain

L
So = H ST (7.5.13)
=1
We define
H = Hleft + Hbulk + right » (7.5.14)
that is related to H' by
H = S,H S;*t. (7.5.15)
The boundary Hamiltonians of H' read
" N_l n
Hyop = 6Jl\fN -1+ Z (aa - ﬁa)ellz]\[ Hright = GJLVN —1. (7.5.16)
a=1

The left one is lower triangular and depends on the differences between the boundary parameters,
while the right one is diagonal. Equations are proved using the Hadamard formula
with B = Zi\;l Beeen, AN = eqn, and A, = eqq.

Therefore, using we obtain for the left boundary

N-1 N-1
Higp, = SaHieq S5 = Y (el — €ag — Bachy) = exn — 1+ Y (0 — Ba)eby - (7.5.17)
a=1 a=1

Similarly, using again ((6.2.42)) we have for the right boundary

N—1
Hyign = SoHyign S5 ' = Z (Baely — €l — Baely) = efn — 1. (7.5.18)

a=1

The relation between eigenvectors with vanishing eigenvalue is
0y = 55wy (7.5.19)
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and |¥") solves
H'9"y =0. (7.5.20)

It is convenient to introduce also the transformation

L N—1
S = 5951 = H exp ( Z Bae aN) exp (Z ) . (7.5.21)
r=1

a=1
This matrix S connects H with H" by
H=S5"'H'S (7.5.22)
and, the relation between eigenvectors with vanishing eigenvalue is
0y =5 o'y . (7.5.23)

7.5.2 Closed formula for [¥")

The ground state of the Hamiltonian H' is given by

L
") = 2 i+ — B, )10 (1 + Z 5Tj,N> | (7.5.24)
_ =

et =

~

where

1 if 7,=N
Or. N = . 7.5.25

e {0 otherwise ( )
Proof of formula (7.5.24) We consider the vector with elements given by the operators of
the MPA (X,..., Xx) and we act on it with the similarity transformation S = 5251 obtaining
new operators (Xi,...,Xy) that will satisfy simpler commutation relations. We define the
transformed matrix product operators via X = SX such that

Xy =Xy —BaXa+...+ Xn), Xnv=X14+...+ Xy (7.5.26)
where a € {1,..., N — 1}. We can also reverse the transformation by S~! and get:
Xa:)?a‘i‘ﬁa)?N, XN:ﬁN)?N_()?1+~--+)2N—1)- (7.5.27)

Summing over b € {1,..., N} in commutation relations we have
I:Xaa }?N:l = (aa - /Ba))?N (7528)

with Xy = X; + ... + Xy. Therefore, using (7.5.27) we obtain the commutation relations for
Xq

[)?a,)N(N] = (aa — Ba)Xn (7.5.29)

cf. (7.4.2). Moreover using (7.5.26)) and (7.5.27)), the action of X, on the boundary vectors are
given by

W (@0 = )Xy = Ko ) = (00 = B)CW] (7.5.30)
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X V) = (a0 = Ba)IV)) (7.5.31)

cf. (7.4.3). Using the transformed operators (Xa) aef1,..,N}» the vector |&"Y of the matrix product
ansatz is written as

v = — Z WXy - Xy V)T (7.5.32)
TGQ

where the normalization is given by
Z, = ((W|(X1 + ...+ Xn)E V) = (W IXEIV)) . (7.5.33)

To determine the eigenvector ([7.5.32)) in closed form, we compute the coefficients and the
normalization Z. Using ([7.5.29) we have

XXy = Xy ((aa — ) + )“() . (7.5.34)
Fix ¢,n € N. By applying the above formula ((7.5.34)) we have
X% = X (R + oo — m)n . (7.5.35)
Using (|7.5.35]) we obtain
L 1-6., N
H R, = RTe=10men H (XTI + (e, = Br,) Z 5y, ) , (7.5.36)
r=1 j=

where for convenience we introduce the ordered product
L
H X, =X, X, . (7.5.37)

Multiplying by the boundary vectors and by using (|7.5.31f) we have

1-6,,,
<<W|X71 o TL|V>> <<W|X2x 10rz, |V>> H Qr, — ﬁ‘rz (1 + Z 57—3, >

=1
(7.5.38)

We now compute <<W|XNZ 107, N|V)). For all n € N we have that

(WIXRIV)) = (W IXN KR VD) = CVIXEHV)) + (W XXV

1
[CE)
T WIRE (Rt (00— B - D) V)
(@0 — Ba)
= (WX V) + (n+ 1= D WX V)

= 2+n - DWIXFHVY)
(1 + n)

= (WIXZH V) +

CWIXRVY) (7.5.39)

where in the second equality we used (7.5.35]). This leads to the recursion relation

(1+mn)!
nl

(WIXF|V)) = (7.5.40)
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with (W] XV = ((W|V)) = 1. Therefore, we obtain

kgl = L @ 7!1)1' BRIV = (4 (7.5.41)
By using this result we have that
L L 1-6-, N
(O B = 0 Bt o = (14 S i)
! Hc (7.5.42)
The normalization constant is then given by
Zp = {W|(X1 + ...+ Xn)EVY) = <<W|)?]LV|V>> =(L+1)!. (7.5.43)

Therefore, we write

, 1 )
W= 3 U Db [,

e z=1

L 1=, .~
Byt (1 + ) 5Tj,N> |7y . (7.5.44)
j=x

We observe that, for all x, we have

)17672671\7 o (1 + Zf:m-‘rl 57—]'7N)!

(1 +Z T] (Z]L=$ 5Tj,N)!

(7.5.45)

It follows that

(1“‘2;5 1 TZN) H (1"‘23 =41 T],N)'
(L + 1) =1 (ZJL=$ 6T]',N)!

H 1+2 2 O0r )]
“Ee o)

T Jlr i1 (1 + ijaT].,N> . (7.5.46)

Therefore, we obtain ((7.5.24)).

7.5.3 Closed formula for |¥")

By knowing the ground state of the Hamiltonian H we use ) to retrieve the ground state
of the Hamiltonian H . The result is the following

Wy =Y ¥ (r)r) (7.5.47)
Te)
where
, 1 1 1 L L B s
a=6r,N  cL=0; yz=1 Jj=x



Proof of formula We have that |¥') = S5 1[¥"), thus we show how the transforma-
tion S acts on the Vector |\I/ ". Using the exponential series we have that

N—-1
851 =1+ 2 Ba€an , (7.5.49)

a=1

which action on the occupation variable |o) of a site is

Sy oy = o) + dne 2 Bala) . (7.5.50)
a=1

Therefore, taking the tensor product over the chain we obtain

N-1 N—-1
Sy o) = <|01>+5Nm > Ba1|a1>> ®...0 <|UL>+5N,UL > BaL|aL>) . (7.5.51)

a1=1 ar=1
By projecting over a vector (7| we have

L

rx=1
From this it follows that

V(1) =(r|¥) = (rS3 10 = Y (718, o y(a|¥")

oe)!

L L
= Z L + 1 H /80'1 @ N (1 + Z 60j,N> [67'9;,0'1 + BTzéN,ol(l - 6TZ,N)] .
j=z

o z=1

(7.5.53)

where we used the expresswn (7.5.24)) for U’ (o). We observe that, for any fixed = € {1,..., L}
and for any fixed 7,0 € Q', we have

[5Tz70'z + 60’17N(1 - 67—17N)/B7'z] (ao'z - 501)176
= [57'3210'90 + 5UI7N(1 - 6TZ7N)/87'90] (aTx - 5%)176%’]\7 : (7-5-54)

Indeed, on one hand if o, # NN only the term 0., ,, does survive in the square brackets of the
above equation, that is non-vanishing only if o, = 7. This implies that both the left-hand-side
and the right-hand-side are either (o, — f5;,) or 0. On the other hand, if 0, = N we have
(g, — By, ) 092N = (ar, — By, ) %= = 1, thus both sides of the equality are either 3., or 0.
Moreover, we have that

60’1’7'1—‘[—60'17 ( Tz» )57'1
Oog

=Pr," (5n ox T 5% ( - 5TI,N))
= ijz ( T:ryN(SUr N + (1 5 x,N)(l - 50'90,]\[) + (1 - 5TT,N)60'337N)
= 3ore N0 (5 (1= by )(1 = 67 1)) (7.5.55)

Indeed, considering the first and last equalities we have that: if 7, = o,, both sides are 1; if
T # N and o, = N both sides are 3,,; while, in all other cases, both sides are 0.
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As a consequence we can write ([7.5.53)) as

L
Vi) = L+1' Z H are = Br) (H;c%g

oeq v=1

x| B 0N (G, (1= b, ) (1= b7, )| - (7.5.56)

We observe that the argument of the summation above does not distinguish the colours of the
o’s but only whether, at each site x, o, is occupied or empty. Therefore, we can replace the
summation over oy,...,or with a summation over the indices cj,...,cr € {0,1}. Thus, we
obtain

1 1L L
v (r) = T -11- ol 2 2 H (ar, — Br, )0 (1 + Z cj) [85 (cz + (1 — o) (1 =6, n))] -
Jj=x

c1=0 cr,=0x=1
(7.5.57)

Moreover, because of the term (1 — d,, n)(1 — ¢;) we can make the indices ¢, vary in the set
{0-,.~,1}. Indeed, when ¢, = 0, this term is non-vanishing only if 7, # N. Therefore, we obtain

’ 1 ! ! L 1 —cCy L Cw(l_é-r N)
Observing now that ¢, (1 — 0., ) can be replaced by ¢, — d-, n, we finally have

, 1 1 1 L o
V) = T o 2 [ J(ar - ﬁu“z<1+zcg) e (75.59)

j=z

Remark 17 By changing the summation indices from ¢ € {65, n,1} to ¢, € {0,1 — ., N} and
by the fact that occupation of each site is bounded by 1 we rewrite (7.5.48) as

1757.1 N 5 ’
! 1 L +1-— Zm 1 z)'
V=), Z (L+1)!
c/1=0 =0
L L . 1—c,—6
<1 <(am — Br,) (2 +L—x— )] Cj)) e o) (7.5.60)
r=1 j=x

where we used the fact that

L L
<1+ ch) = <2+L—:c— Zc]) : (7.5.61)

Equation (7.5.60) will be useful in the following.
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7.5.4 Closed formula for correlations

We consider m € {1,..., L} sites with coordinates x1,...,zmy € {1,..., L} such that z; < zg1
forall ke {l,...,m —1}. Wefix a; € {1,..., N — 1} and we would like to compute

E [H ﬂ{yzkzak}] = > (H ﬂmfak}) (T|W). (7.5.62)
k=1

reQ \k=1

We fix the dual configuration & = " | 6%, corresponding to a vector |£), and we have

ag
[ 126 =ar = D(7,€) . (7.5.63)
k=1
Thus it follows that
E [H l{Yxfak}] = Y D(7,)(r|T) = > (T|D|EXT|) . (7.5.64)
k=1 e e

We denote by |§> = |¢h, ... €5, i.e. the vector constructed from |€) by removing the components
at sites 0 and L + 1. Recalling that in the case v = 1 the matrix R, defined in ([6.2.22)) reduces
to the identity, we have that the matrix d,, defined in (6.2.21]), becomes

N-1
dy =exp (). ely). (7.5.65)
a=1

Then, considering equation (7.5.2)), the following holds

L
St =]]d (7.5.66)
r=1
As a consequence we have that
(r|571&) = (7|DIg) . (7.5.67)

Therefore, it follows that, using the resolution of the identity

E [H Jl{yxfak}] = 2 (TIDIEXT W) = Y (r|STIEXT|¥)
k=1

e e
= D, EISiTXTI®) = (€] 51|W) = (€T . (7.5.68)
et
Using ¥’ (1) in ((7.5.60) we have
m 1 1 L +1— m m Ck
— a c 1—c .
E[H H{szak}] - Z Z L+1 H Qay, — Bak le * <2+L_wk_zcj)
k=1 c1=0 cm =0 k=1 j=k
1 m
= 2 fler, ... c (), = Bay) c’“ﬁl PGk (Thy Chy - -y Cm) s (7.5.69)
Cl,e-sCm=0 k;=1
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where in the last equality we have used the definition of (7.4.6) and (7.4.7). As a last step,
using the binomial theorem, we rewrite the previous expression as a polynomial in the boundary
densities:

[H ﬂmkak}]

k=1
1 m Ck

= 2 f(clv'”acm)n (2 ( )Ck tkatk/@’1 tkgk($k70k,...,cm)>
'7fm
2

c1, =0 k=1 \trp=0
c1 m m
1 t c t
= f(clv"'acm)z Z Ha F H B k xkvcka"'vcm)
c1,...,cm=0 t1=0 tm=0 k=1
1 m 1 1 m
1 t c —t
= Z H r 2 Z fcla--'v H g xkackv"'acm) :
t1,..tm=0 \k=1 c1=t1 cm=tm k=1

(7.5.70)

From third to fourth line we have changed the summation order. Therefore, comparing the
above formula and ([7.2.21)), we can read off the absorption probabilities given in ([7.4.5)).

Interpretation of U’ as marginals of the steady state distribution From equation
, we observe that, for any configuration 7 that has at least a particle, we interpret the
coefficient W' (7) of the vector |¥") as a correlation. However, this interpretation does not cover
the case when 7 = (N, ..., N), i.e. when no particles are present in the configuration. We show
that, for any configuration 7 € Q we have

L
Vir)=E|[] Qpueny) Y (7.5.71)

=1

The above formula allows to interpret these coefficients as marginals of the non-equilibrium
steady distribution p. As a by-product, we obtain that ¥'(N,...,N) = 1, i.e. it is the nor-
malization of the measure p. In particular, these marginal are the non-equilibrium steady state
correlations as soon as the configuration 7 does contain at least a particle.

We prove ((7.5.71)): for any 7 € Q' we have that

V' (r) =0y = Y (r|Si|oXa|wy = 3 (a|ST|rXa|w) . (7.5.72)

o) oY

We introduce the dual configuration constructed by attaching two extra-sites (without any
particle) to the vector 7, transforming its dimension from L to L + 2. We denote it by &(7) =
(0,71,...,71,0), where we wrote 0 in the two extra-sites to indicate that no dual particles are
present there. More explicitly, this dual configuration is given by

&(r)=06,4 VAe{l,...N} Vze{l,...,L}

dir)=... =5?V (1) =0 : (7.5.73)
i) =...=¢rim) =0
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Now we consider the elements {o|D|{(7)) of the duality matrix D and, since no dual particles
are present in the extra-sites 0 and L + 1, we have

= Y (o|DIE(T)Xa|T) . (7.5.74)

oe
We observe that for any x € {1,...,L}
i (1-6rpn)
H S0y a=E2(T)} = (H{Uz:Tz}) e NS (7575)
Indeed, we have that
ﬂ{a =7} if 7, #N
1 = el . 7.5.76
H {60'7 a/ga )} {1 lf Tx — N ( )

Therefore using the duality function ([7.2.17)) and equation [7.5.74] we obtain

L

V(r)=E [l_[ (Il{yﬁm})(l_é““)] . (7.5.77)

r=1

This last equation completes and generalizes by showing that \I/,(N yoooy N) =10

Equivalently, we can interpret the components of ¥/(7) as follows. Let ¢ be the number of
sites occupied by a particle in the configuration 7, i.e. £ = 25:1(1 — 67,.n). We denote by
x1,...,%g, such that xp < x.q for all ke {1,...,¢— 1}, the coordinates where a particle of any
species is present. Finally, we call

Q) (7) := {a € 0y = Taysen. 00, = m} . (7.5.78)

Observe that, if £ = 0 then QIE(T) does coincide with the whole state space Q/, while, if £ = L
then Q/E(T) reduces to the configuration 7. Denoting the marginal on / sites of the steady state

distribution by

Mxy,....zp (T) (7579)

Il
2
=
s

we have that

:]h

¢
]l{Yz Tz} TI’N)] =E [H ]l{YIszk}] = Z ,U,(O') = //[/331,...,33[(7-) .
o¢E

r=1 k=1

(7.5.80)

It follows that W'(7) is the marginal on ¢ sites z1,...,z; of the non-equilibrium steady state
distribution. In particular, when the configuration 7 has ¢ particles, \I/I(T) does coincide with
the f-point correlation function.

Remark 18 Using the definition |¥') = S1|¥) and that

N (| if T=N
(1)1 = {%"’=1< | felse : (7.5.81)
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we immediately verify

m m
E[H ]lmk:ak}] > H Ory a{TI¥) =(N,...,N;ax ,N,...,N,ap, ,N,...,N|¥).
k=1 req) k=1

x1 Tm

(7.5.82)

Here the notation means that the entries ap, # N in (7.5.82)) are at position xy, fork € {1,...,m}.

7.5.5 Steady state

By the knowledge of the closed formula for correlations , we find the probability mass-
function in the non-equilibrium steady state by using Corollary [Bl Indeed we show here that
|W) = S;1|¥') is nothing but Corollary I On a single site we have that

STt =1+ (-1) ), ena (7.5.83)

thus,
St o) = |o) + (=1)(1 = Gon) | N (7.5.84)

By taking the tensor product over the chain we obtain
Si'ley = (Jou + (=1)(1 = 65, W) IN)) @ ... ® (lor) + (=1)(1 = 85, ) INV)) (7.5.85)
therefore, projecting on (7| we have
L N-1
(r|S7 o) = H <5Tz7gz +(=1)6,,. N 2 5%@) . (7.5.86)
=1 a=1

By inserting the resolution of identity >, . |o){o| we have that

U(r) = (r|¥) = (7S ) = D (]S o) a|¥) . (7.5.87)

oe)

Using (|7.5.86)) we obtain

L N—-1 m
\Il(T) = 2 Z H 5TI7N Z <H T’I‘k)bk - Tzka)>
m=01<z;<z2<..<xm <L \z¢{r1,...,Tm} bi,esbm=1 \k=1
xU'(N,...,N,by ,N,...,N,by ,N,...,N) (7.5.88)

Tl T Tm

In the second equality we have rewritten the product by introducing the summation over m, the

coordinates x1,...,x, and the occupation variables b1, ..., b,,. Here, the notation
v (N,...,N,by ,N,...,N,by, ,N,...,N) (7.5.89)
Tl Tm
indicates that in positions x1,...,x, there are particles of species by, ..., by, while there are

holes N in all other positions.
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Remark 19 (Equilibrium case) Using equation (7.2.25|) with correlation computed in (7.4.4))
in the equilibrium case (By = o), we obtain

L
W(r) = [ ] aze= " (7.5.90)

As it has to be, this is the probability of the configuration T under the reversible measure (4.2.19)),
with site marginals distributed as Multinomial (1,1, ..., an).

7.6 The single species case (SSEP)

The computations made for the multi-species stirring process can be specialized to the single
species case N = 2, i.e. when only one type of particles and the holes are present. In this
situation we retrieve the SSEP, that was studied using the same approach as presented here in
[20]. We report the Hamiltonians and the similarity transformations of SEEP:

-1
H = Hleft + Z Hm,erl + Hright (761)
=1
where the bulk Hamiltonian densities are
2
Hygy1 = Z (€ab ® €pa — €pp ® €qa) - (7.6.2)
a,b=1

Here e, are the basis elements of the fundamental representation of gl(2). The boundary

Hamiltonians are
o —1 o b61—1 I}
Hleft = < 1@2 as i 1) 9 Hright = ( 162 62 i 1) . (763)

where we assume that (a1 + a2) = (81 + f2) = 1. In this case, the similarity transformations

read
_(t O _ (v b _ _(1=-B1 =5
S = (1 1> , Sy = (0 1 ) ) S =88 = ( 1 1 . (7.6.4)
Therefore, we have that H' has the following boundaries
/ -1 « / -1 ,8
Hleft = ( 0 01> ) Hright = ( 0 01> ) (765)
while the boundary Hamiltonians of H " are
" —1 a1 — B ” —1 O
Hleft = ( 0 ! 0 1) ’ Hright = ( 0 O) . (766)

As a check of our results we report the steady state correlations and the vectors ", |¥") and
| for the SSEP, i.e. the situation where the process has only one species of particles and holes,
with maximal occupancy v = 1 and compare the results to [20].
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Correlations of SSEP. We retrieve the closed formula for correlations in the non-equilibrium
steady state found in [20} (4.26)]:

T I [ SIS

q=0 1<l <. <lg<m k=1

Proof of formula (7.6.7] - Starting from we exploit the fact that for N = 2 each site can
be either occupied by a particle or empty. We mtroduce q =D Cap.- There are many values of
c¢’s that give the same g, therefore we define ¢ variables denoted by 1 < 1 </l <...</f;<m

To each of these variables we associate coordinates xy,,...,xy, € {z1,...,zn} that are such
that Cay, =1 for all k € {1,...,q} and ¢, = 0 for = ¢ {z¢,,...,24,}. Therefore, for any fixed
Capse--sCapy we find ¢ (by the summation >, ¢y, = ¢) and 41,...,¢, from which we fix
Tgy,---,2g, as explained. Then, we obtain
m m Ck q
H<2+L—xk—zcj> =[[O+L—2y —q+Fk) . (7.6.8)
= j=k k=1
Indeed, in the product on the left hand side only g terms at coordinates xy,, ...z, do survive.

Moreover, any fixed x¢, has ¢ — k occupied sites at its right. Furthermore, using the properties
of the factorials, we have that

(L+2 H 2+L k) (7.6.9)

Varying all possible ¢’s in is equivalent of varying all possible ¢ and all possible /1, ..., £,
therefore we obtain

& (L+1-— )l 1 & & S (1+L - —q+k
> ! JF(LJer1 s H<2+L—xk—2%>=2 EEE +(2+£k—k§+ )

c1...,em=0 k=1 i=k q=01<l<...<lg<L k=1
(7.6.10)
and (7.6.7)) follows.
The vector |¥") for SSEP. The ground state of H  is
|‘I’">_i T (g qli[ (1+L—¢),— q+k)|£ N (7.6.11)
T L Lo 2+L—k) 4 >
q=01<l1<...<€y<L k=1

where £ = ({1,...,4,).

Proof of formula (7.6.11)): We specialize equation (7.5.44) to the N = 2 case and intro-
duce g = Z:ﬁ:l dr,1. Foreach ge {1,...,L} we call 1 < /¢; <...,{; < L the coordinates where
particles of type 1 are present. Thus, arguing as in the proof of (7.6.7) and using (7.6.9) we
have that

+ 3 Or2)! L L 102
( — ) U[%_@z) <1+j2;57j72>]
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1+1L - Z£= (1 - 67-1, ) | L L 1-6p.0
:< (1+1L)' 2 > H [(am—ﬁm) <2+L—x—2(1_5%2))]
’ z=1

j=x

T (I+L—t,—q+k
=(a1 — B1)" ]_[ 2+L’“_k) )| (7.6.12)

By varying ¢ and ¢1,..., /{4, we have a one-to-one mapping with 7, therefore we obtain ((7.6.11)).

O

The vector |¥') for SSEP. The ground state of H reads

Wy = > (7)) (7.6.13)
Q)
where .
by T B I (L+1—wmy —q+k)
U (r) = ;)(a B)18E— 1<41<Z;e . ﬂ SR e (7.6.14)

and where |7| = ZQLFl Or,,1 -

Proof of formula (7.6.14): For any configuration 7 €  we denote by |7| = Zﬁ:l 0,2 the
number of occupied sites. Then, considering equation we have the result by adapting
the proof of in the following way. We select g € {0,...,|7|} particles among the occupied
ones. We call ¢1,...4, € {1,...,|7|} such that {; < ¢ < ... < ;. These ({)ie1,. 4 are labels
for the ¢ particles previously selected. For each ¢} we introduce wxy, , i.e. the coordinate where
the particle with label /i is placed. Thus, we have that

L L Cx q L q
H<L+2—x—2(:j) :H L+2—-z, - ch =H(1+L—mgk—q+k).
=1 =z k=1 j=ZL‘zk k=1

(7.6.15)
It follows that

1 1 L L Cx q
Z...Z1{Cl+...m=q}ﬂ<L+2—x—2cj> = > Hl—i—L—wgk—q—lrk).
c1=0 cr,=0

=1 j=z 1<l <. .<lg<|T| k=1
(7.6.16)
Therefore, using (7.6.9) one finds |¥") for the SSEP.
[m]
The vector |U) for SSEP. In the single species case N = 2 we have that
Ty = > U(r)|r) (7.6.17)

e

where

L d i+ L (L+1—zp, —s+k
=20 Y (1})2 o - B)*B" 3 H +2Hj k)“.

=0 1<qi<..<qp<L 5=0 1<l <. <ls<|7| k=1

o

(7.6.18)
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Proof of (7.6.17): the proof follows from (7.5.88)) and from the coefficients ¥’ () computed
in (7.6.14).
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Chapter 8

Perspectives: mapping of
non-equilibrium onto equilibrium

8.1 Motivations

In Section of Chapter [7] we have constructed two similarity transformations that map
the Hamiltonian H of the integrable boundary driven multi-species stirring process to another
matrix H  that has a triangular left boundary and a diagonal right boundary (that we recall
is not stochastic). For the SSEP (that is the case with N = 2), it has been shown in [20] 28]
that it is possible to construct a further non-local similarity transformation with the property
of mapping the Hamiltonian H" onto a matrix Heq, which is obtained from H by setting equal
boundary densities at left and right reservoirs. This result is achieved by mapping the non-
equilibrium Hamiltonian H" onto a Hamiltonian Hy that has both boundaries diagonal. Indeed,
once the mapping from H and Hj is obtained, it is not hard to map Hy onto Heq (see Section 4
of [28]). This technique, used for the SSEP, is based on the quantum inverse scattering method
and, more precisely, on the possibility of writing the matrix W in terms of the conserved charges
of the process. In this chapter we aim to investigate about the possibility of constructing such a
matrix W, to map non-equilibrium onto equilibrium, in the case of the boundary driven multi-
species stirring process. Diagrammatically the goal of this chapter can be summarized in finding
a matrix W such that

HE &g, (8.1.1)
where the matrices Sp,52 are the local similarity transformations introduced in and
(75.13), H, H and H' are the matrices defined in (7.2.3), (7.5.5) and (7-5.14) respectively.
Namely, we aim to find a matrix W such that

H'W = WH, (8.1.2)

If this is possible, the original Hamiltonian H can be mapped by a non-local similarity trans-
formation to the diagonal boundary Hamiltonian Hy, i.e.

Hy=W™ 18,8 HST 'S W (8.1.3)

We further observe that the matrices H' and Hy are isospectral. This will be important in the
following when we will write a general formula for the matrix W.

In this chapter, we first introduce, in Sectio the quantum inverse scattering method (QISM)
for the boundary driven multi-species stirring process. Starting from the reference [13], we write
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the fundamental ingredients of the QISM: the R-matrices and the K-matrices. Using these
ingredients, we then construct the double row monodromy, the transfer matrix and we derive
the conserved charges of the system, together with their exchange relations.

Inspired by [20, 28], we write in Section the matrix W as a function of the conserved charges,
showing that the analytic expression of W found in literature for the case N = 2 can be retrieved.
Finally, we try to extend this formula to the case of the boundary driven multi-species stirring
process. At this point, the problem is still open and we are able to write only partial results.
Indeed, the exchange relations between charges are more complicated and they involve a further
creation operator. Thus, we still do not find an analytic formula (in function of the conserved
charges) for W, with the features of being independent from the spectrum and of the eigenvectors
of Hy. We leave the finalization of this goal to future works.

8.2 Quantum inverse scattering method

In the following, when a tensor product is considered the identity matrix is denoted by 1,
otherwise it is simply indicated by 1.
The process that we consider is the integrable boundary driven multi-species stirring process,
with configuration variables

| =|7m1,...,70) (8.2.1)

where 7, € {1,..., N} denotes the occupation at site x. The state space and the Hamiltonian of
this integrable process have been introduced in Chapter[7] However, for the sake of completeness
we recall them: the state space reads

Q ={|r,...,7) : Tee{l,....,N}} . (8.2.2)

and the Hamiltonian is given by

H = Hieft, + Hpuix + Hright (8.2.3)
where
L—1
Hbulk = Z H:L’,a:—i—l . (824)
r=1

Here H; 41 denotes the two-site Hamiltonian

H=P-1 (8.2.5)
with the permutation matrix
N
P= ) ean®epa. (8.2.6)
A,B=1

The boundary terms of this Hamiltonian are given by

N N

Hegt = Z A (6,143 - 81133) ) Hyigne = Z Ba (eﬁB — eéB) . (8.2.7)
A,B=1 A,B=1

where we assume that the boundary parameters satisfy

N N
Dlaa=1, DiBa=1. (8.2.8)
A=1 A=1
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We recall that, in Chapter |7, we have defined two similarity transformations S; and Sy (see
(7.5.5) and (7.5.14))) that bring the original Hamiltonian H to H "and H". We have that

H =S HS ! (8.2.9)

where H' has the same bulk Hyx = H];ulk but has triangular boundaries

N-1 N—-1
Hepo = Y (aaeiy —€ba)  Hygw = 2. (Baely —€k) (8.2.10)
a=1 a=1

where with e% 5 we denote the elementary matrix e4p acting non-trivially at site  and as the
identity at all the other sites. Further transforming H with S we have that

H'SyH' S7! (8.2.11)

where H” has the same bulk Hpux = nglk but has a triangular left boundary and a diagonal
right boundary, i.e.

n

N—-1
Hyegp = 6}VN -1+ Z (g — /Ba)efllN Hright = B%VN —1. (8.2.12)
a=1

Since we have used similarity transformations, the integrability results stated in [I3] for H can
be adapted to H and H'. Then, in the following section we briefly report this integrability
results for the Hamiltonian H' .

8.2.1 Fundamental ingredients
R and K matrices

The set-up of the QISM is similar to the one of the SSEP, then the notion introduced in that
case can be adapted to this multi-species situation. For details we remind the reader to Chapter
Bl

In the following, we will define the QISM for the matrix H ", The computations for the original
Hamiltonian H defined in are formally the same. To show integrability of the Hamiltonian
H" defined in (8.2.11]), we define some matrices that ensure that H " is part of a commuting
family of operators generated by the transfer matrices. We introduce the quantum space V =
Vi ®...®Vy and the auzxiliary space Vy. In the case of the multi-species stirring process we
chose V; = CN,Vj=0,1,...,L. We define the following operators:

e R-matrices
(P +u)

R(u) = 8.2.13
) = Gy (5:2.13)
where P is the permutation operator defined as
N
P= ) eap®epa, (8.2.14)
A B—1
with elementary matrices (eap)op = 0acdpp for A,Be{l,...,N}.
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o K-matriz

l1—u 0 0
5 2u " 0 1—uw ... 0
0 0 R
o K-matrix
—u 00 0 (N+2u)(a — )
(@u+ N Hp, + (w+ ) 0 -u 0 0 (N +2u)(az — Ba)
K = = : : :
(u) (u+1)2(2u + N) : : :
0 0 0 —u (N +2u)(any—1— Bn-1)
0 0 0 0 N +u
(8.2.16)

Here, the variable u € C is called spectral parameter. The matrices R; j(u), K;(u) and Ki(u)
acting on the tensor product space V; ® Vj, satisfy:

e Yang-Bazter-Equation

R j(u—v)Ri(u—2)Rjp(v—2) = Rjk(v — 2) Ry p(u— 2) Ry j(u—v). (8.2.17)
e Boundary-Yang-Bazter-Equation

Ri j(u — 0)Ki(u) Ry j(u + v)Kj(v) = K;(v)Ri j(u + v)Ki(w) Ry j(u —v). (8.2.18)
e Dual Boundary-Yang-Bazter-Equation

Kj(v)Rm(—u—U—N)Ki(u)Ri,j(U—u) = R@j (v—u)Ki(u)Riyj(—v—u—N)Kj(v) . (8.2.19)

We have the following relation between R(u) and K (u), K (u) matrices and the Hamiltonian H' :

o relation between R(u) and ‘H

d
= R 8.2.20
H du () u=0 ’ ( )
« relation between K (u) and Hyight
i 1 d A,
[ Ll 8.2.21
right 2 du (u) 0 ) ( )
o relation between K (u) and Hie
" 1 2N +1
Hip = —~—K - 8.2.22




Double row monodromy and transfer matrix

Here, we construct the fundamental object of the QISM: the transfer matrix. As already pointed
out, this matrix is the generating function of a family of commuting operators that contains the
Hamiltonian H', defined in , itself. This allows to find all the eigenvectors of H' by
diagonalizing the transfer matrix (for instance by algebraic Bethe ansatz [17]). To construct the
transfer matrix we introduce the double row monodromy acting on the space V) ® V

Uo(u) = Mo(u) Ko(u)Mo(u) (8.2.23)
where N
Mg(u) = Royl(u) e R07L(u), Mo(u) = R07L(u) “. Rojl(u) . (8.2.24)
The double row monodromy Uy(z) satisfies the following boundary RTT relation
Ry o (u = v)Uo(w) R v (u + 0)Uy (u) = Uy (v) Ry  (u + v)Up(u) Ry iy (u — v) , (8.2.25)
on the space Vo ® Viy ® V, where Vp,Vy = CN are auxiliary spaces. Moreover, we can write

Uo(u) in the canonical basis of V} as

Dl,l(u) .DLQ(U) e D17N,1(u) C'l(u)
D271(U/) D2’2 (u) e D27N_1(’LL) 02 (’LL)
Vo) = | : L z ; (5.2.26)
Dy_11(u) Dy—12(u) ... Dy_in-1(u) Cn—1(u)
Bi(u) Ba(u) e By _1(u) Dy n(u)

where each element the above matrix acts on the quantum space V. Usually, the entries Cy(u)
and B,(u) have exchanged position in the matrix , however in this chapter we adopt
this convention since we chose the reference state of the chain to be the tensor product of the
tensor product of N—dimensional vectors (0, ...,0,1)®" instead of (1,0,...,0)®". This allows
to interpret B, (u) as a rising operator.

We introduce the transfer matriz

T(u) = tro (Ko(u)Up(u)) (8.2.27)
that satisfies the commutation property
[T(u), T(v)] =0. (8.2.28)
The connection between H' (defined in (8.2.11)) and T'(u) is given by

" 1 d 2N +1
O =y
oNdu | o 2N

H (8.2.29)

Therefore, we have that

[H' . T(w)]=0 VueC (8.2.30)

Equations (8.2.28)) and (8.2.30) imply that the eigenvectors of T'(u) are independent of the
spectral parameter and they also diagonalize H " Using the entries of the double row monodromy
of equation (8.2.26)), the transfer matrix 7'(u) can be written as

N-1
T(u) = (N +u) Dy ny(u Z 2Dji(u) + > (2u+ N)(; — Bi) Bi(u) (8.2.31)
=1

147



8.2.2 The exchange relations

Exploiting the simplicity of IA((u) and K (u) in equation (8.2.15)) and (8.2.16)) we can use the
boundary RTT relation (8.2.25)) to derive explicit exchange relations for the matrix element of

Uo(u) defined in equation (8.2.26)). These relations turn out to be crucial in the formulation of
the mapping of non-equilibrium onto equilibrium.

Proposition 16 (Fundamental commutation relations) For every u,v € C such that v # u and
v # —u — 1, the entries of the double row monodromy matriz Up(u) defined in (8.2.26|) satisfy
the fundamental commutation relations (FCR) given by:

1. forallae{l,...,N —1}

Dy n(u)Ba(v) = f(u,v)Ba(v)Dn n(u) + fi(u,v)Ba(u)Dy n(v)
N-1
— falu,v) (Ba( )+ Y Buu )) (8.2.32)

c=1:c#a
2. forallae{l,...,N —1}

Dg o(u)Ba(v) = h(u,v)Ba(v)Dg o(w) + hi(u, v)Ba(u)Dg o (v)

)

+ ha(u, v)Ba(u) Dy n(v) + hg(u,v) By (v) Dy v (u

1 N-1 N—1 (8.2.33)
+ 5h3(u, v) Z Bi(u)Deq(v) + ha(u,v) Be(v)Deq(u)
c=1:c#a c=1:c#a
3. foralla,be {1,...,N — 1} such that a # b
Db,b(U)Ba(U) = Ba(v)Db,b(u) + %hg(u,v) (BQ(U)DNJV(U) - Ba(’u,)DNJ\](’U))
+ ha(2,y) (By(u)Doa(v) — By(v) Dy a(w)) (8.2.34)
N-1
4 5hs(n0) Y (Belw)Deav) = Belv) Dea(w)
c=1:c#b
4. for every a,be {1,...,N — 1} such that a # b
D p(u)Bq(v) =(v — u)hi(u, v) Ba(v)Dg p(w)
—i—%hg(u, v) (By(v) Dy n(u) — (1 + u — v) By(u) Dy, v (v))
o L 5 (Bo0)Dua(1) = Bu(w)Daa(0) (8.2.35)
N-1
+fa(u,0) > Be(v)Dep(u)
c=1:c#a
5. for every a,be {1,...,N — 1} such that a # b
Dqp(u)By(v) = me(U)Da,b(u) + mDa,b(U)Bb(U) (8.2.36)
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6. for all a,b,ce {1,...,N — 1} such that a # b # ¢

Di()Be(v) = Be(t) Dup(1) + s (Buf0)Doclw) = Bu(w)Daclr)) . (8:237)
Here we have introduce the following rational functions:
) = (O, R = i
'ﬁWﬂ0:(1+i+vy hwﬂ0=(ﬂiflﬁﬁiii$”
T LT Sy
R P ha(u,v) = — e (82.39)

(u—v)(1+u+v)’ (u=—v)1+u+wv)’

Proof of Proposition we perform the proof for the simplest non-trivial case N = 3.
The computations can then be generalized for arbitrary N. In this case, relation (8.2.25)) is an
equality between 9 x 9 matrices, therefore we have 81 equations relating the elements of Uy(u).
For instance, we consider the element (9, 3) of this matrix-equality and we read-off the following
equation:

(1 +u—v)(u+v)Bi(u)Ds3(v) =(u—v)Bi(v)D1,1(u) + (u — v)Ba(v)Da,1(u)
+(u—v)(1 +u+v)D33(v)Bi(u) + (u+v)Bi(v)Ds 3(u) .

(8.2.39)
Renaming v — v and v — u, and multiplying both sides bv m we obtain
(u—v—1)(u+v) (u+v)
D B = By(v)D By(u)D
33(WB1) = A u g ) DD+ ey B Dasly)
(u—v) (u—v)

— Bl(u)DLl(’U) —

(u—v)(1+u+0v) Bi(u)Dy;(v). (8.2.40)

(u—v)(1+u+v)

Introducing the functions (8.2.38]), equation (8.2.32)) with N = 3 follows. By analogous (long)
computations all the other FCR can be determined.

8.2.3 The conserved charges

In this section we construct the conserved charges, that are defined as the coefficients of the
polynomial expansion in the spectral parameter of the transfer matrix 7'(u) (8.2.31)).

By construction, we observe that the entries of the double row monodromy matrix are
polynomials of maximal degree 2L + 1 in the spectral parameter. For our purposes it is enough

to consider the following entries for all a,b€ {1,..., N — 1}:
2041 20L+1 20—1 2L

Dy n(u) = Z D;"’VVNuk Dgo(u) = Z D’;ﬂuk Ba(u) = Z Bkyk Dy p(u) = 2 Dlg,buk.
k=0 k=0 k=0 k=0

(8.2.41)
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As a consequence of the above polynomial expansions, we have that the transfer matrix 7'(u)
(8.2.31)) can be written as polynomial of degree 2L + 2 in the spectral parameter as

2L+2
T(u)= > QF (8.2.42)
k=0
where, for all k € {0,...,2L + 2}, we call the matrices Q¥ the conserved charges of the system.

We now write explicit expressions, in terms of the basis elements e4p of the first fundamental
representation of gl(IN), for the first three charges Q?/2, Q%! and Q?L. Indeed, as it will be
clear in the following, they are enough for our purposes. Replacing the polynomial expansions

(8.2.41)) in equation (8.2.31) we have that

N-1
Q2+2 = D12VL,X/1 _ Z DL+t (8.2.43)
a=1
N—1
Q2L+ = ND2L+1 + D3k Z DiLa, (8.2.44)
a=1
N-1 N-—
QL — ND2 +D2L 1 2 DgLa 1 Z — Ba)B21, (8.2.45)
a=1 a=1

By the definition of the double row monodromy (8.2.23)) explicit equations for the charges will
be obtained. In what follows, we denote by €%

L
et = i (8.2.46)
r=1
where, we recall, that
=10 ®l®eap®1I® --®1 (8.2.47)

with 1 the identity matrix of size N and esp at position z. Then we have:

o for Dy n(z):

DY =1, (8.2.48)
Dify =1+ 2ey . (8.2.49)
D]ZVLNl = 2elety (elohy +1) — L. (8.2.50)
o For Dyp(z) withae{1,...,N —1}
DLt — _q, (8.2.51)
D2 =1 —2¢lot (8.2.52)
DL = 9Nelol 4 26l — L — 2 Z careha - (8:2.53)
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o For B,(x) withae {1,...,N —1}

L N
B2L-1 = getot etot o Z Z efnel, . (8.2.54)
z,y=1:x<y b=1

o For D, p(x) with a,be {1,..., N — 1} such that a # b

D2y = —2¢l% . (8.2.55)

Remark 20 When we restrict to the case of N = 2, we recover equations (2.24)-(2.30) of [20)].

Substituting the above explicit expressions in (8.2.43)),(8.2.44]) and in (8.2.45)), we obtain the

equations for the first three charges in terms of elementary matrices:

Q'+ =N, (8.2.56)

Q1 =N+2L -1, (8.2.57)

QP (¥~ NL-20) + 20 + Dol + 26l +2 3, el
a,b=1

N— L N
2 <2egf;tve§\‘;§v 2 ) Zengegb>. (8.2.58)

z,y=1:x<y b=1

The charges Q212 and Q?L*! are proportional to the identity matrix, while @2~ contains non
diagonal matrices and the boundary parameters agq, 8, Va = 1,..., N — 1. Q%" is the first non-
trivial charge and then it is the leading (non-trivial) coefficient of the polynomial expansion of
T'(u). By construction it follows that

[QQL, H] —Q¥H' —H'Q* =0 (8.2.59)

while the commutation between the Hamiltonian H" and Q?L+2 Q*+1 are trivial. We introduce
the matrix

= (N — NL —2L) 4+ 2(N + 2)eloly + 2e805 €80l + 2 2 efotetot (8.2.60)
a,b=1
and the matrix
N-1 L N
2= N aA, ( ey -2 > > e;fNegb> (8.2.61)
a=1 zy=1:z<y b=1
where, for the sake of notation, we have denoted A, = (g — B4). Therefore we write

Q*r = Q" + Q. (8.2.62)

Observe that Q%% and Q2F are isospectral. This property will be crucial in the following, since
it allow to rewrite the map W with these charges Q%L and Q%L in place of H' and Hp. This is
the reason why the integrability of the process allows to write W in function of the charges of
the system.
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Eigenvalues of Q3". Inspired by Chapter 10 of [65], in this paragraph we write an explicit
expression of the eigenvalues of Q%L , defined in (8.2.60]), using the representation theory for
gl(N). We observe that the matrix Q3% is not diagonal, since the last term

N-1
D eldleps (8.2.63)
a,b=1

is not. This last term can be identified with the second Casimir of the gl(N — 1) subalgebra,
denoted Cév_l, i.e.

N—1
Cyl~h= D7 eldefol. (8.2.64)
a,b=1
We indicate its eigenvalues by C’év ~1. Since the configuration space of the process is given by
the tensor product over the chain of length L of the first fundamental representation of gl(INV),
we can decompose it in a direct sum of irreducible representation of gl(/N) (branching rule, see
Chapter 5 [65]). As a consequence, the states of the process can be decomposed into the direct
sum of basis vectors that belong to irreducible representations of gl(N). On each of these basis
vectors éév ~1 acts diagonally. Their eigenvalues C’év ~1 are given by

N-—1
Cy' ™t = > lalla = N +2) + %(N— (N = 2)(N —3) (8.2.65)

a=1

where we have introduced the shifted weights
by =pg+(N—-1)—a (8.2.66)

with pg is the a-th component of a weight u of the irreducible representations that decompose
the tensor product. To each weight, an eigenvalue of the form (8.2.65) is assigned, and its
multiplicity is given by the dimension of the irreducible representation assigned to the weight.

Example for N =3 and L = 2. In this case of length 2 chain we have the tensor product of
two first fundamental representations of gl(3) with Dynkin label (1,0,0). Therefore, using the
branching rule we obtain the following decomposition into irreducible representations

(1,0,0) ® (1,0,0) = (2,0,0) @ (1,1,0) (8.2.67)
- 3 3 - = 6 = 3

where we have denoted the dimension of the representations in under-brace. We aim to find the
eigenvalues of the Casimir C% of the gl(2) sub-algebra. By direct computations one can show
that this Casimir has the following eigenvalues

6 with multiplicity 3, 2 with multiplicity 5, 0 with multiplicity 1 (8.2.68)

We now show this by using formula (8.2.65]). We first consider the highest weight u! = (2,0,0)
on the right-hand-side of (8.2.67). The weights of this representation are u! = (2,0,0) (the
highest weight) and p'? = (1,0,0), ' = (0,0,0). We have that:

e u! = (2,0,0) is associated with a symmetric representation of dimension 3, then, using
(8.2.65) and (8.2.66|), we compute the the eigenvalue with multiplicity 3:

=m+(N=-1)+1=24+2-1=3, Llo=p+(N-1)+2=0+2-2=0. (8.2.69)
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It follows )

C3 = > Lalla—1)=6. (8.2.70)
a=1
e 12 = (1,0,0) is associated with a symmetric representation of dimension 2, then, using
(8.2.65)) and (8.2.66|), we compute the the eigenvalue with multiplicity 2:

(=142-1=2, l,=0+2-2=0. (8.2.71)

It follows )
C3 = lalla—1) =2, (8.2.72)

a=1

e p12 = (0,0,0) is associated with a symmetric representation of dimension 1, then, using
(8.2.65) and (8.2.66[), we compute the the eigenvalue with multiplicity 1

lh=0+2-1=1, ly=0+2-2=0. (8.2.73)
If follows
2
Cs = > Lalla—1) =0, (8.2.74)
a=1

Secondly, we consider the highest weight u? = (1,1,0) on the right hand side of . The
weights of this representation are u? = (1,1,0) (the highest weight) and p?? = (1,0,0). By
repeating similar computations, we obtain an eigenvalue C3 = 2 with multiplicity 1 and an
eigenvalue C3 = 2 with multiplicity 2.

All, in all we have obtained the eigenvalues 6, 2 and 0 with multiplicities 3, 5, and 1 respectively,
matching with the direct computations of the spectrum of 622 of equation

This argument allows to write an explicit expression for the eigenvalues of Q2. We recall
that the first fundamental representation of gl/(N) has dimension N, i.e. the associated vector
space is N-dimensional. Therefore, considering the whole chain of length L, we can assign by
a one-to-one map a label M = 1,2,..., N¥ to each configuration vector |7>. We denote this
map by M — |7(M)) = |1 (M),...,7.(M)), where 7,,(M) indicates the occupation at site x
assigned by the label M. Then, we denote the eigenvectors that simultaneously diagonalize Q%L
and e, by |¥9,> and the eigenvalues of Q3L by Ay, i.e.

eXa| P >_(25A7'z ) My QIR = Aul¥,). (8.2.75)

Moreover, we denote by Ay and |¥j) the eigenvalues and the eigenvectors of Q2L that is
QLW = Ay |Wy), YMe{l,... Nt} (8.2.76)

Computing the the eigenvalues C’év ~1 of the second Casimir of the subalgebra gl(N — 1) by
the decomposition into irreducible representations (as explained above) we have that, for all
Me{l,...,N}}

L
Ay = (N —NL—2L) +2(N +2) (Z SN 7 M)> + (Z 5N,TI(M)> +coy . (8.2.77)
x=1
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Exchange relations for the conserved charges

As corollary of Proposition [16] we find the exchange relations between the conserved charges of
the system.

Corollary 4 (Exchange relations for charges) The following exchange relations between the
conserved charges (8.2.42) and the coefficients of the polynomial expansion of the entries of

Uo(u) given in (8.2.41) do hold:

1. For everyae{l,...,N — 1}

N-1
QB = B (QRE —o(D2 + DRy —2 ) BEIDEL. (82.78)
b=1:b#a

2. Forallae{l,...,N —1}
D3y B2t = B2t (D%VLJV + DL DJ?V%l) . (8.2.79)
3. Forallae{l,...,N —1}
D242t — g2t (D2 4 D2 - DR (8.2.80)
4. Foralla,be{l,...,N —1}
p2hp2lt = p2l-ip2h 4 g2l (Dgfjl . Dﬁvf;l) . (8.2.81)
5. For a,b,ce {1,...,N — 1} such that a # b # ¢ # a,

|D3%. B2X 1 =0
[B2F~1, Dy%]

[BgLfljBl?Lfl] _0,

’ L (8.2.82)
0, [BZ*~',Diq] =0.

Proof of Corollary |4} the proof follows from Proposition [16| by equalizing the powers of the

polynomial expansion ([8.2.41f) and (8.2.42)).

8.3 Mapping of non-equilibrium onto equilibrium

We now look for a similarity transformation W that maps the non-equilibrium Hamiltonian H !
(introduced in ((7.5.14)) onto a Hamiltonian Hy that has diagonal boundaries. We introduce

H® = Hloeft + Hyuir, + Hgight (8.3.1)
where
Hloeft =eny — 1 Hv(”)ight — ey —1. (8.3.2)
Therefore we have that
H =H’+H" (8.3.3)
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where

N-1 N-1
HP = ) (a0 = Ba)eay = D, Aaciy (8.3.4)
a=1 a=1
and where A, = (aq — ,). We look for a matrix W such that
H'W = WH,. (8.3.5)
Since H" and Hy are isospectral, this matrix W reads (see [28] for the N = 2 case)
NL
W=lime > ((EM +e)— H) 109, WY, | (8.3.6)
R Vs

where we have we have denoted by &, and |A » the eigenvalue and the eigenvector of Hy
associated with the label M € {1,..., N1}, i.e.

Ho| 09,5 = Ex| 09, (8.3.7)

Furthermore, we denote by £y and by |W,/) the eigenvalue and the eigenvector of H " associated
with m, i.e.

H' Wy = 5M|x1/M>. (8.3.8)

We show that the matrix W defined in (8.3.6)) satlsﬁes in Section [8.3.3]
Exploiting integrability, we observe that since, Q3 (deﬁned in (8.2.60)) commutes with Hy and

Q3 (defined in (8.2.62))) commutes with H ”, the aimed change of basis may be obtained by
looking for a matrix W such that

QYW = wQ3k. (8.3.9)
Therefore, the W matrix defined in is written as
NL
W = gn%ele ((Aar +€) — Q) ™ w8, (WY,
NI (8.3.10)
= lime 3 (A +0) - QFF — ) ol

=1

where iL is the matrix defined in (8.2.61)).

Remark 21 (Mapping beyond the integrable chain) We notice that since the boundary driven
multi-species stirring process with Hamiltonian H defined in admits absorbing duality, it
1s possible, in analogy to what we did here, to construct suitable similarity transformations Sq
and Sy that bring the Hamiltonian H to a matriz H", which has left triangular boundary and
right diagonal boundary. We introduce Hgy, obtained by setting diagonal both boundaries of H.
These Hamiltonians are related by

H' = Hy+ Hp (8.3.11)

where Hp is triangular and rises the occupation of a state by removing holes and introducing
particles of some type (in analogy to equation ) In [28], it has been stated that for the
case N = 2 there exists a similarity tmnsformatwn W such that H'W = W Hy. However, this
argument states only an existence result, without giving a closed formula. In this general case
this W could be evaluated by perturbation theory. In the integrable case instead, the existence of
the conserved charges allows to write this W in a closed formula (summing up the perturbative
series). We expect that also in this multi-species situation a similar existence result might be
found. However, the possibility of having vanishing eigenvectors cannot be excluded a priori.

155



8.3.1 Construction of the mapping for the integrable SSEP

Considering the Hamiltonian H defined in when N = 2, we obtain the integrable SSEP
(see Section and the references |21, 20] 28]). Therefore, adapting the similarity transforma-
tions S; and S, one obtains the H' matrix for the SSEP. In this case an analytic form, not
depending on the spectrum and of the eigenvectors of Hy, of the matrix W of equation (8.3.10))
has been found in 20} 28]. Here, we propose a slightly different technique to obtain the same
result. The advantage is that it seems more suitable to be extended to the multi-species stirring
process situation. From Section we recall that the Hamiltonian H' in the N = 2 case is

given by
L1

H' = Hygg + Y Hyppor + Hygy (8.3.12)
rx=1
where the bulk Hamiltonian densities are
2
Hy g1 = Z (eaB ®epa —epp®ean) - (8.3.13)

A,B=1

and where boundary Hamiltonians of H are

Z —1 « —6 " —1 O
Hleft = ( 0 ! 0 1) ) Hright = ( 0 O) . (8314)

Proposition 17 (Mapping for SSEP) Consider H' and Hy for the SSEP. Assume that |Ay),
|AS,> and Ey satisfy

H'\War = Ex|Wnrd,  HolWY,) = Ea WY, (8.3.15)
where M € {1,...,2"} denotes the total number of particles present in the chain. Then, we have
that, for all M € {1,...,2"}, the following formula holds

L (o = B (B 1okt +2— k)
W = Z 1 0 _— (8.3.16)
= k! 2 Lol +2)
where al’t = Zﬁ:l oy, with of is the opposite of the diagonal Pauli matriz, i.e.

o0 = (_01 ‘1)) , (8.3.17)

acting non-trivially at site x. Moreover, B%Lil is given in (8.2.54) when N = 2.

Proof of Proposition [17] The double row monodromy reads

_ (D11(z) Ci(2)
Uo — ( il o (@) (8.3.18)

For the sake of notation we denote by A = (a3 — f1). Using (8.2.62) we rewrite (8.3.10]) as

2L 1
W=lime ) ((AM +e)— Q3L - 2AB$L*1) 109,509, |. (8.3.19)
€E— M:1
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Let A, B two square matrices of the same size and let A be invertible, then we have the following

series expansion
e¢]

(A-B)'=>(A'B)"A". (8.3.20)
n=0
Using we obtain
2L
W=lime > ((AM+E) - (%L—QABfL*1> 100,500, |
Y M=t
2L L 1 i
—lim A;f;;)Aka {((AM +e) — QL) BfH} ((Aar +€) — Q2E) w9, WY, .

(8.3.21)

By specializing to the case N = 2 the exchange relation between charges written in (8.2.78)),(8.2.79)

and (8.2.80f), we have

QLB = B (Q3F — 2 (D3 + D?E)) (8.3.22)
DL 2t = p2i-t ( D2 — 3L+2> (8.3.23)
and
D2k 2t = g2l (D%Ll _ 3L+2> , (8.3.24)

Therefore, using equations (8.2.56|) we obtain

QBB = (B

.

Il
—

j—1
( —2j(D3% + DY) + 1gj=1y4i Z j—i Q2L+2>

J

k
= (B (@Q8" —24(D35 + DY) + 44(5 — 1)) (8.3.25)
7=1
k
= (B! kH —4j(1+eby — el +45(5 — 1)) .

Then, by using formula (8.3.20)) and the above result we have that

k
_ _ . L. -1
{(AM+e— 1) Bt 1} (BT ((Aar + ) — QFF + 45(1 + e — €ff) — 45(j — 1))
7j=1
(8.3.26)

Therefore by projecting on |¥Q,) we have that

W4 lim e Z ok Ak(B2L—1k ]_[ {(Arr +€) — Q3L + (el — el — 452 + 85}
7j=1

x (A +€) — Q)™ |\I/ ). (8.3.27)
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Using again (8.3.20)), re-summing the series and taking the limit ¢ — 0 we obtain

w9, =lim e Z ok Ak(BIHL-1)k H{ (Aas +€) — Ay +4j(elgf — ety — 4% + 85}

Jj=1
x((AM+e)— ) |\IJ >
L
11 N
- St g Tl ekt 42 980 (8:3:29)

In the last equality we have exploited that, from (8.3.20), it follows
lim € (Ap+€) —Q3F)~ N0y = w9, (8.3.29)

Recalling that there is a one-to-one correspondence between M € {1,..., 2%} and a configuration
|7(M)) of the chain, we introduce m; = 3%, d7,(M),1 that counts the number of particles (here
we only have type 1) present in the configuration |7(M)). Then, we observe that e{5!|¥Q,5 =
m|U8,) and e5¥ U8, > = (L — mq)|¥Y,), then we obtain

Wy, = ZQkAk (B?E1 H{L—2m1+2—j}_ w9, (8.3.30)
k=0 7j=1

By using the Euler-I" function we have that

. T -2mi+2—j+1) i .y DL—2m+2—k)
L—2m+2—§) = L—2m+2—j)"! =
(L=2mut2=0) = 5 o 12— ) 1:[1( ma+2=j) T'(L — 2m; + 2)
(8.3.31)
Finally, introducing the matrix o{"* = 5% — el$' (that is minus the diagonal Pauli matrix), we

obtain (8.3.16|).

Remark 22 We observe that considering the vacuum state, identified by M = 1 and defined,

|09y = (2) ®-® (2) (8.3.32)

~
L—times

and by applying (8.3.16), we obtain |¥1) = W|U)), where |¥1) is the non-equilibrium steady
state of the SSEP. Indeed, it is a straightforward computation to show that Ho|¥9) = 0 and,
form (8.3.8) it follows that H' |¥) = H W|¥9) = W Ho|¥)> = 0.

8.3.2 Perspective: extension to the multi-species stirring process

In the general case of N > 2, inspired by the proof of Proposition we can use the multi-
variable version of the power expansion (8.3.20)) and rewrite equation (8.3.10)) as

N L
-1 E: E: § : ki+..+tkn_1 A K kn—1
w —11_1}(1)6 :H.{kl+...+kN71<L}2 1 N 1A11 "'AN_l
M=1k1=0 kn—1=0

SY Myy ({(AM we— Q)T B (e - Q%) T BRE )
% (Aar + € — Q1) TN W, (Y, |

(8.3.33)
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where, we recall that Ay are the eigenvectors of Q3 corresponding to M. Here SY M is the

following transformation. We introduce, the indices ¢; with j = 1,..., k1 + ... + kn, such that
i1=...=4 =1
ik1+1 =...= ik1+k‘2 =2
(8.3.34)
ik1+...+k1\1_2+1 = ... = ik1+...+kN_1 =N-1
We define
-1 . ~1 _
SYM o ({ (05 4= 0t) B (e - o) )
1 0 \—1 p2r—1 2L\ 1 p2r-1
Tyl k! Z {(AM +e— Q) By }{(AM +e—Qp") Ba(ik1+...+ikN_1)}
geSym
(8.3.35)

where Sym is the symmetric group of N — 1 objects.

We observe that still depends on the spectrum and on the eigenvectors of Hy and it is
not an analytic expression as . As a future perspective we aim to prove a multi-species
version of Proposition In this situation the exchange relation has an extra creation

operator
N-1

-2 > B 'DiL. (8.3.36)

k=1:k+#i
This extra creation operator, “mixes up” the different species of particles, then the computations
seems to be more involved and the technique used for proof of Proposition [I7] does not seem to
be directly applicable. Moreover, one could aim to find the non-equilibrium steady state of H
by acting with W defined in on the ground state of H", given by the tensor product of

the N-dimensional vectors

0 0
W= | |le-ol], 8.3.37
% 0 0 ( )
1 1
Ltrmes

and then invert the similarities So and S;. The hope is that the exchange relations between
charges of Corollary 4| do simplify when the charges act on |¥{), allowing to obtain the analytic
expression of the vector |U") such that H' [¥") = 0.

8.3.3 Proof of equation (8.3.5)

Starting from the definition of the resolvent operator, we aim to show that (8.3.6) fulfils (8.3.5]).
Consider the resolvent operator (see [88])

R(H',2) = (z - H) - (8.3.38)

where z must be in the resolvent set, i.e. the subset of C such that the R(H", z) is well defined.
The above equation implies that

(:—HYRH",z)=1. (8.3.39)



In order to be well defined z must not be an eigenvalue of H". Fix e > 0 and M € {1,...,N%}
and consider z = &y + €, where &y is the eigenvalue with label M of the Hamiltonian H " We
obtain

(Ev+e—HYRH Eyr+e€)=1. (8.3.40)

We multiply both sides by |8, ¥9,|, with [, eigenvector with label M of the Hamiltonian
Hj, and we have

(Eur +e— HYRMH", Eas + )| W0, )WY, | = [T, T, (8.3.41)

by summing over all possible M € {1,..., N*} and multiplying by € both sides we have

NL NL
e > (Ex+e—H)R(H",Err + ) WGNWG | =€ D7 [T TG, (8.3.42)
M=1 M=1

We take the limit for ¢ — 0 on both sides

NL
lim ¢ 2 (Enr+e— HOYRH", Exp + €) |89, XY, | =lime 2 108 WY, (8.3.43)
e—0 —1

We first observe that
lim (5M te— H) - (AM . H) <. (8.3.44)
€E—>
Moreover, using the power expansion (8.3.20) we have that, for each M € {1,..., N},

l%e(EM—i-e—H”) 109, W, |—hm2(5M+e H> (Enr + )71 W0, WY, |

e}
—limez AM+6 5M+HB) (Enr + €)W (WY,

e—0
= lim e (& +e—Ey — Hp) ! UG, WY,
— lim e (¢ — Hp) ™" [19,(0. (8.3.45)

Using a second time (8.3.20) we have that

li_r)r(l)e(é’M—}-e—H”) 109, (1Y, |—hmez " e 100, Y|
=
=lim ) < (Hp)"[W3,)<0,| = 0 (8.3.46)

where in the last equality we have exploited the fact that, since the state space Q of integrable
chain is finite, there exists 7 € Ny such that ¥n > 7 we have (Hp)"|¥9,) = 0.
Since both factor are finite, the limit of the product is the product of the limit and we obtain

NL
D(Eu-H )hm eR(H", Exr + €)Y, )WY, = 0. (8.3.47)
M=1
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Since the limit of the sum is the sum of the limit

NL

hmeZSMRH Enr + €)Y, W0, | = H' hmeZRH Enr + )89, 09, |

=1

NL

=1

Recalling that |¥9,) are the eigenvectors with eigenvalue €y of Hy we have

NL

hmeERH Enr + €)Ho |09, X0, | = H' hmEERH Enr + )WY, WY, |

=1
Since Hy = HOT we write

NL

gneZRH JEn + €| U8, U8, | Hy = H' hmeZRH Enr + )89, WY, |

By calling

we finally obtain

NL

W =lime >
e—0

M=1

NL

=1

NL

(5M+6—H”) w9, WY, |

WHy=H W.
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Chapter 9

Reaction diffusion models for
multi-species uphill diffusion

9.1 Classical diffusion and uphill diffusion

Diffusion is a phenomenon consisting in the net movement of a quantity (particles, atoms, en-
ergy, molecules, people, animals) from region with different densities, and it is used in many
scientific areas. We report here some examples. In physics diffusion is used to described the flux
of thermal energy (Fourier law), of particles, of mass or electric charges in out-of-equilibrium
systems in contact with thermodynamic baths. In chemistry, diffusion models the migration of
molecules of chemical species due to the difference of concentration. Also in life science, like bi-
ology, diffusion is used to describe some phenomena, like active live matter or cellular automata.
Finally, especially in the last decades, diffusion has been used to model situations arising from
economics, sociology and data science (see for instance the modelling of traffic flows [89]).
Statistical mechanics allows to derive the macroscopic laws that rule diffusion from the interac-
tion of microscopic quantities, like interacting particles. This have been made rigorous by the
introduction of the hydrodynamic limit [29, B0, [31].

From a phenomenological point of view the diffusion equation (heat equation) arises from the
combination of the continuity equation and the so called Fick’s law. More precisely, for diffusive
models with a single species, transport of mass on a finite volume (here assumed to be the unit
d-dimensional cube) is described by the continuity equation

0
- _V. 1.1
&’tp V-J (9.1.1)
and the Fick’s law
J =—aVp. (9.1.2)

Here p : [0,1]¢ x Ry — [0,1] is the density of mass, J : [0,1]¢ x R4 — R is the current, and
o > 0 is the diffusivity coefficient (that we assume constant throughout this thesis). Equations
and can be obtained as the hydrodynamical limit of diffusive interacting particle
systems of “gradient type” [29], such as the simple symmetric exclusion process or the Kipnis-
Marchioro-Presutti model [50]. Fick’s law tells us that the total flow is opposite to the
density gradient.

For multi-component systems with N species, considering the vectors p = (p(l), . ,p(N))
and J = (JO, ..., JM), where p()(z,t) and J@(z,t) denote the density and the current of the
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ith species, the generalization of (9.1.1]) and (9.1.2) is

0

= _V. 1.

5P v-J (9.1.3)
and

J=-3-Vp. (9.1.4)

where X is now the N x N matrix of diffusion (also called diffusivity matriz) and ’cross-diffusion’
coefficients. Equation describes the so called diffusive currents. Replacing the diffusive
currents in one obtains a multi-component linear diffusion equation. However, as soon
as the diffusivity matrix is non-diagonal, the physical meaning of the density vector p is lost
since one of its components loses the non-negativity. Indeed, referring to Theorem 2.1 of [41],
we have that: considering the system of partial differential equations

Z) =3Ap (9.1.5)
where 3 s a constant and positive definite matriz. Then classical solution of the initial boundary
value problem for in [0,1] x [0,T] under either Dirichlet or Neumann boundary condi-
tions preserve the non-negativity if an only if the matriz 3 is diagonal.
This implies that purely diffusive multi-component systems must be non-linear. This statement
has been also pointed out from a chemical perspective in [42]. This suggests that, if we want
to keep the linearity and the non-negativity of the densities of a multi-component system a
possibility is to add a reaction term. This motivates the choice of the model that we will study
in the following.
Before introducing this model, we make a brief and non-exhaustive overview of the uphill diffu-
sion. As we have already pointed out, the flux (current) of a quantity p is defined by the Fick’s
law as

J=—0Vp (9.1.6)

It is important to observe the presence of the minus sign in front of the gradient. This tells
that the flux goes from region with higher density to regions with lower density. Uphill diffusion
occurs when J points in the opposite direction, i.e. along the gradient.

The first experimental observation of uphill diffusion dates back to the to the 30’s in the ex-
periment of Hartley [90]. Another crucial observation of this phenomenon has been done in the
Darken experiment, where the diffusion of carbon atoms was studied [91]. More recently, in the
chemical literature many interesting works has been carried out [38], 39, [40].

In the world of interacting particle systems the research is wide. For instance uphill diffusion
has been studied in the context of phase transitions concerning the spinodal decomposition,
a situation in which a phase separation spontaneously occurs inside the unstable region of
the phase diagram, without any nucleation mechanism, see for instance [92]. The uphill phe-
nomenon has been reported in many single species system in the presence of a phase transition
[, 93], [94], 95, [96] for 1D particle systems with Kac potentials and [97] for 2D lattice gases re-
lated to the Ising model). Recently, uphill diffusion has been observed also in non-linear models
(see for instance [98] [99]).

In this thesis we aim to concentrate our efforts in the study of uphill diffusion for multi-
components systems. Recently, a double diffusivity model has been introduced in [35]. This
microscopic model consists in a two layered particle system. Each layer has its own diffusivity
constant and particles can change layer with a certain rate. When rescaled to the continuum,

166



by means of hydrodynamic limit, the system leads to a system of two reaction diffusion PDE’s
with different diffusivity constant. It has been shown that uphill diffusion for the total density
(the sum of the two densities) is possible and associated with a boundary layer. Moreover, a
precise region of uphill diffusion is characterized.

Other interesting works where uphill diffusion arises as a result of the competition between the
gradients of each species are [100), [L01].

9.1.1 Steady state uphill diffusion in a multi-component systems

In this work we restrict ourselves to the case of two species diffusing on the unit interval. In
the case of a larger number of species one may expect that more complex regions of uphill
diffusion can arise. Let us call p(®(z,t) : [0,1] x [0,00) — [0,1] the density of the species
a € {0,1,2}. We impose the constraint pO + pM) 4+ p& = 1, which will represent later the
hard-core interaction of the associated interacting particle system. It is then enough to study
the evolution of p") and p(@, which will be assumed to be smooth functions. We consider a
Cauchy problem with Dirichlet boundary conditions, where each density is endowed with an
initial datum p(®(z,0) = p((]a) (z) and boundary conditions p(®)(0,t) = p(La) and p(®(1,t) = pgg)
for @« = 1,2. We are interested in the stationary properties. We consider

9p D = 011029 4 61202p@ 1 T (p@) _ p<1>>
(9.1.7)

where the matrix

S = (”“ 012) (9.1.8)

021 022

is assumed to have positive determinant and the sum of all its elements to be positive (the
reason for this assumption will become clear in what follows, see below equation ((9.1.13])). The
stationary diffusive currents are given by

JV(@) = —0110.pM () — 01200 ()
J(2) = —0910:.pM(2) — 02200 () (9.1.9)

We distinguish two cases:

e global uphill: this happens when the boundary values of the total boundary density pr =
p(Ll) + p(LQ) and pp = pg) + pg) and the total current J(z) = JM(z) + J@(z) are such
that either py, < pr and J(z) > 0 Vz € [0, 1], or pr > pr and J(z) < 0 Yz € [0, 1].

o partial uphill for the a™ species: for boundary values pl(;f)t, pl(e2f)t’ PI(«ilg)hw piizg)ht > 0, the system

has stationary partial uphill diffusion for the species a € {1, 2} if pl(gf)t < pE?g)ht and J(@(z) >
0 Vx € [0,1], or if pl(gf)t > p(flg)ht and J(@(z) < 0 Yz € [0,1].

Il
For a complete review about uphill diffusion for single species and multi-species systems we refer
to [102].
Clearly, in the case where each density simply obeys a one dimensional heat equation
atp(l) (ZL‘, t) = 0'1163,,0(1) (.’L‘, t)

(9.1.10)
0,0 (x,t) = 02255,0(2) (x,t)
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no uphill diffusion (neither global nor partial) is possible. When o011 = 099, equations (9.1.10)
can be obtained as the hydrodynamic limit of the N + 1, with N = 2, species stirring process
(see Theorem . Global uphill diffusion can be obtained by keeping the matrix > diagonal
and adding a reaction term, i.e.

o) = 002" + T (o2~ ) (9.1.11)
9.1.11

In [35] the above equations have been obtained as the hydrodynamical limit of a switching
interacting particle system, and the region with global uphill has been explicitly characterized.

To obtain partial uphill diffusion one needs to consider the more general case (9.1.7)) with
a non-diagonal matrix X. We give the stationary solution of (9.1.7) with Dirichlet boundary
conditions, i.e. the solution of

d2 1 d2
T gt @)+ 0120
2
prll
pM(0) = ol p20) = o2 PV = ol PP (1) = oD

Oa) + 1o (@) = pD (@) = 0

d? 1.12
021550 (@) + 03 75 (@) + T () — f2(a)) = 0 (5-112)

Once we write explicitly p(l)(x),p@)(a:), the existence of partial uphill can be obtained.
. _ og12t+0 _ o11to
Introdumn.g the constants A = Tiauazfaf;m > 0and B = Tialla;;af;@l < 0, the steady
state density profiles reads

pN@)=E+Fz+C (1 + A_B> e VA-Bz L D (1 + A];B> eVA-Br

B (9.1.13)
PP (z) = E + Fa + Ce™VA~B® . DeVA-Br
where the constants C, D, E, F' are determined by the boundary conditions as follows:
2 1
E = Apl(ef)t — Bpl(ef)t
A-B
1 - 2 - 1 - 2 -
o B (plep 2 VA — pf, 2VATE — p) VATB 1)) V4B
(A - B) (eQ\/A*B - 1)
2 2 1 1
o A Pl — A Plih = B piad + B ol
A-B
1 2 1 /A—B 2 -
B <pl(ef)t - pl(ef)t - pl(‘ig)ht € A-B + pl(“ig)ht € A B)
D= (9.1.14)

A—B— Ae?VA-B 4 Be2VA-B

From equation (9.1.13]) we see that the conditions 011 +012+091+0922 > 0 and g11092 —0120921 > 0
guarantees A — B > 0, i.e., non-oscillating solutions.
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Non diagonal diffusivity matrix equation
We shall show that in this set up partial uphill diffusion is possible. To this aim, because of the
great number of parameters we specialize (9.1.13) to a particular choice, namely
1
011 = 099 =T=1 091 = 012 = 5 (9.1.15)

The stationary profiles become, Va = 1, 2,

1 2 (1 2 _ O _ (2
p(a) (x) :pl(ef)t + pl(ef)t o . (pleft T Pleft — Pright prlght)
2 2 2

22z ( (1) ) (D2, (2 2
1)a ( >

Pright — Pright ~ Pleft © 1 Pleft ©

_ (9.1.16)
+ 2 (el —1)
" 1 2 1 2
% (pleh = Pl = Pl @ + b )
+(=1) 2 (et —1)
and the diffusive currents read, Va = 1,2
1 2
J(“)(a:) _ 3 pl(elf)t I 3 pl(le)t _ 3 pgig)ht _ 3 pgig)ht
4 4 4 4
_ 1 2 1 2
1 a62 2 (pl("ig)ht - pl(“ig)ht - pl(ef)t eQ + pl(ef)t 62) (9 1 17)
=D 2 (et —1) o
" 1 2 1 2
e (pleh = ol — i 2 + P )
2 (et—1)

The problem of having partial uphill for, say, the species 1 is then the following: by assuming

(1) 1
that Pleft < pright

find (pl(gf)t,pl(zf)t,pgilght,pgght) such that ~ min J®(z) > 0. (9.1.18)

z€[0,1]
There are choices of boundary densities that allow for partial uphill diffusion of the species 1.
Here we plot in Figure [9.1a] [9.1b] [9.2a] and the stationary densities and currents for a
specific choices of the boundary values and of the diffusivity matrix and reaction term. From
the picture one can clearly see partial uphill diffusion (in the absence of global uphill).

Diagonal diffusivity matrix equations

We specialize the stationary solution (9.1.13)) to the case where 12 = 091 = 0 and T > 0. Moti-
vated by the hydrodynamic result of the paper [35], we consider the case 011 = 093. Introducing
the constant k? = Ulu, the stationary profiles takes the form Va = 1, 2:

a 1/ a 2 1 2 1 2
A (@) = 5 (pleh + plih + 2(=pleh — plih + Pl + Plie)

— (=1)" esch (V2k) ((pf2: — plid) sinh (V2h(z = 1) + (o, — i) sinh (v2h2) ))
(9.1.19)
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Figure 9.1: Density profile (dashed lines) and currents (continuous line). The red color
is for species 1 and the blue color for species 2. The boundary values are in figure
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figure In both cases, the diffusivity matrix and the reaction term are o;; = g9 = T =1

and 012 = 0921 = 1/2.
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Figure 9.2: Density profile (dashed lines) and currents (continuous line). The red color
is for species 1 and the blue color for species 2. The boundary values are in figure

) (2 (@ 2 - 1 (2 2 -
(Plets Prets Pighi Plag) = (1,10,2,2) x 1072 and are (pjug, piges Aliges Phighe) = (8,8,9,1) x 1072
in figure In both cases, the diffusivity matrix and the reaction term are 011 = 099 = Y =1
and 012 = 0921 = 1/2.

The diffusive currents then read:

a 1 1 2 1 2
T @) =3 (pleh + ik — Pl = P+

+(=1)" v/2kesch (\/5]‘3) ((pl(jf)t - pl(elf)t) cosh (\@k(w - 1)) + (pl(‘ilg)ht - ng)ht) cosh (ﬁkx)))
(9.1.20)
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The problem of having local uphill for, say, the species 1 is then the following: by assuming that
1 1
Plee < Pright
N (2 @ 2 :
find (pl(ef)t’ pl(ef)t’ pl(‘ig)ht7 pl(rig?ht) such that xIEI[l(l)Ii] J(l) (Q?) > 0. (9121)

One can check that Vk > 0 and Vpl(;f)t, pl(jf)t, pgilg?ht, pgg)ht such that pl(elf)t < pgilg?ht, the minimum of

JM(z) is always negative.
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Chapter 10

A reaction-diffusion interacting
particle system with uphill

10.1 Motivations

In Chapter 9] a system of two linear reaction diffusion PDE’s whose non-equilibrium steady states
shows partial uphill diffusion has been proposed. This chapter is motivated by the research of
an interacting particle systems whose average occupation of particles evolves as the discretized
version of the system of PDE’s on a finite size lattice. As a natural follow-up question,
we then ask if in the hydrodynamic limit the empirical density field converges to the PDE’s
(19.1.7)).

In the first part of this chapter, inspired by the pioneering work [43] (generalized to a multi-
species process in [44] and [22]), we introduce boundary driven model on a graph with N
species of particles and a hole (denoted here by 0) with “general” dynamics, that includes
diffusion, exchange of particles, mutation and creation/annihilation transition mechanisms. As
a particular case, also the multi-species stirring process (Section can be recovered. First,
we specialize this model to a boundary driven chain of length L and to the case where 2 species
of particles (and a hole) are present. Then, we impose conditions on the transition rates in order
to obtain closed evolution equation for the average particles occupation given by the discrete
counter part of the PDE’s model (Section . We discover that there exists a two
parameters family of models with the required features (Section . Finally, we prove the
hydrodynamic limit for the simplest and symmetric representative of this family of models,
discovering that the empirical density field converges to a system with diagonal diffusion matrix
(Section , despite the form of the evolution equation of the average occupation variables.

10.2 Hard-core multi-species particles on a graph G

Notation: In what follows, we use Greek letters (a,3,7,d,...) to denote the species of the
particles or the holes. By Latin letters (z,y, z,...) to denote the sites of the graph.

In this section we define our microscopic model on a generic graph G = (V, ). Here, the
set V= {1,2,...,L} is a collection of L vertices. The set of edges £ is such that the graph is
connected, oriented (directed) and without self-edges. On this graph G we consider a system of
interacting particles, each of which has its own type/species. We assume there are N species.
Furthermore, on each vertex of the graph there is at most one particle (hard-core exclusion
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rule). Thus, the occupation variable at each vertex takes values in {0,1,2,..., N}, with type 0
denoting the empty site.
The dynamical rule is due to a one-body interaction and a two-body interaction:

- on each site z € V' the occupation of type « changes to type « at rate aQCW,;"(x);

- on each edge (x,y) € E the occupations of type (v,d) changes to type (a, ) at rate
w%yI‘f:? )

Here the non-negative numbers {w; y}(z,y)er and {az}zev are, respectively, edge weights (con-

ductances) and site weights (local inhomogeneities) of the graphﬂ For a visual representation

of the process with two species see Figure [10.1]

Species 1 Species 2

() Holes (Species 3)

Figure 10.1: Hard-core two-species particles on a graph with 8 vertices and 2 reservoirs. Grey
squares identify the species 1, green triangles the species 2, and white circles the empty state.
The reservoirs are represented by rectangles, where the interior colours denote the density of
species.

10.2.1 Process definition

On the graph G = (V, E), we consider the Markov process {n(t);t > 0} with state space
Q= 1{0,1,2,...,N}V. A configuration of the process is denoted by 1 = (N2) zev» Where each
component can take the values n, € {0,1,..., N} and where 1, = o means the presence of a
particle or a hole denoted by the label « at the site x. We recall that n, = 0 is interpreted as
an empty site. The process is defined by the generator £ working on functions f: 2 —» R as

(L)) = (Leage /) () + (Lsite /) (0), (10.2.1)

ITo avoid confusion with the transition rates that we will introduce in the following, here we denote the local

inhomogeneities by a,
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where

(Ledgef)(n Z way * (Layf)(n0)

(z,y)eE

and

51tef Z Qg - E f

eV

We shall explain the two generators Leqge and Lgite in the following subsections.

The edge generator

We introduce the (N + 1)2 x (N + 1)2 matrix I' whose elements are rates of transition for
the particle jumps on each edge. More precisely, we denote by Ff:f the rate to change the
configuration n with 7, = v,7, = § to the configuration 1’ with 1, = a,n), = 3, while 1, = n,
for all z # x,y. Thus, the single-edge generator is given by

Ex,yf(n:l?"‘7’77"‘767"'77711)

DT FOne s B D) = O 6, mp)] (10.2.2)
a,=0

where

> ey = —Fgg V(o B) €{0,1,2,...,N}?.
(7,:0)6{0,1,2,...,N}2 : (76)(a,8)

The site generator

Having in mind that the site generator will describe a ‘boundary’ driving leading the system to
a non-equilibrium steady state, we assume that on each site there is a process which injects and
removes particles at a rate which is space-dependent. Thus, for each vertex x € V', we introduce
the (IV + 1) x (N + 1) matrix W(x) whose elements are rates of transitions on that vertex.
More precisely, we denote by W?(a:) the rate to change the configuration n with 7, = - into the
configuration n’ with n, = «, while n, = n, for all z # x. The single-vertex generator is given
by

‘wa(nlv"'77>"'777L)

N
= DI WE@) [fOn, -y mn) = Fn %) (10.2.3)

where

Wiz) =20 if a#y

> Wo(z) = -Wg(z) VYae{0,1,2,...,N}.
v€{0,1,2,...,N}:y#«

175



10.2.2 Comparison to other processes

Here, we discuss the relation of the general dynamics described above to some multi-species
processes considered in the past literature (we consider here the case of homogeneous conduc-
tances and inhomogeneities w,, = a, = 1). We shall mostly limit the discussion to symmetric
systems (for asymmetric models there is also a large literature, see for instance [103] and ref-
erences therein). In most cases, previous analyses have been restricted to a regular lattice or a
one-dimensional chain.

o General multi-species models. The edge dynamics of the reaction-diffusion particle system
in Section has been considered on a d-dimensional lattice in [43] for the case N =1
species and in [44] for the case of an arbitrary number of species. In those papers, sufficient
conditions on the rates I‘f:? to guarantee the existence of dual process have been identified.

o Multi-species exclusion processes. The edge dynamics of multi-species simple symmetric
exclusion process (SSEP) on a d-dimensional lattice, with at most one-particle per site, has
been considered in [I04]. It corresponds to the model of Sectionwith gy =r1% 0
forall « =0,1,..., N, while all other off-diagonal elements of the matrix I" vanish, as well
as the elements of the matrices W (z). For this model, the hierarchy of equations for the
correlations does not close, and the hydrodynamic limit has been shown in [104] to be
given by two coupled non-linear heat equations. An open boundary version of the model
with simple symmetric exclusion dynamic in the bulk has been presented in [100]. It
corresponds to the model of Section 2.1 with Fgg = Fgo = Dy and with boundary rates
We(1) = ap, W = 4, WE(N) = By, W2(N) = & (here b labels the species). All the other
off-diagonal elements I' and W (z) vanish.

o Multi-species stirring process. In the bulk of the multi-species stirring process with max-
imal occupancy v = 1 (see Chapter [4)) every couple of particles or every couple of a hole
and a particle is exchanged in position with the same rate, which can be taken equal to
1 without loss of generality. Thus, the bulk dynamics of the stirring process corresponds
to the case Fi} =1 for all 4,6 = 0,1,..., N, while all other off-diagonal elements of the
matrix I" vanish. The hydrodynamic limit of the stirring process on a lattice is given by N
independent diffusions (see Chapter [5)), i.e. the generalization of (9.1.10)) to N types. The
multi-species stirring process on a chain, with maximal occupancy v = 1 and with bound-
ary driving has been studied in Chapter |7, with the choice Wf; (1) = oy and Wé’ (N) =By
with b€ {0,...,N}.

o Multi-layers switching process: A different set-up for multi-species particle systems has
been recently proposed in [35, [36, B7]. One considers N “piled” copies of the graph G,
each with its own single-type dynamics. The possibility of changing type is described
by a switching rate between layers. This set-up eliminates the constraint of one particle
per site, in the sense that the projection of the dynamics on the columns of the piled
graph allows the presence of several particle of different types on the same “base” site.
In the case where each layer is a one-dimensional chain and two-layers are considered,
the hydrodynamic limit has been shown to be given by the “weakly” coupled reaction
diffusion equation . When boundary reservoirs are added, global uphill diffusion
and boundary layers are possible [35].
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10.3 Evolution equations for the average occupation

For the model introduced in Section [10.2.1], we define the average of the occupation variable of
each species of particles ( € {1,..., N} at time ¢t > 0 and at the vertex z€ V

HOW) = B[ 1, (00) | (10.3.1)

Similarly, we consider the time-dependent correlations (multiple occupancy variables) between
species of particles ¢, € {1,..., N} at points z,2' € V

) ~E [H{Ig}(n(t))ﬂ{zg;}(n(t))} : (10.3.2)

Here ¢ = {n€ Q : 1, = ¢} and 17 denotes the indicator function of the set Z. The notation
E[f(n(t))] = Svo(dn)E, [f(n(t))] denotes the expectation in the process {n(t)};>o started from
the initial measure 5. The evolution equation of the density of the (-species can be obtained
by acting with the generator. We have

0 |1z, (n(1))]
dt

~E [(cn{zg}) (n(t))] . (10.3.3)

In the following section we evaluate the right hand side of this equation by considering first edge
contributions and then site contributions.

10.3.1 Action of £,

If z ¢ {x,y} then obviously (ﬁ;my]l{zg}) (n) = 0. Otherwise, recalling that the graph G is

directed and the notation of [44], we have the following: when we fix z = x then

N N N
4
(Lo y5)) () = 45 +5§ 1: F3 1z, () + 21] B iz (n) + 26 lei?ﬂ{I;}<n>ﬂ{zg}<n> (10.3.4)
= = v,0=

and when we fix z = y then

N N N
1) 6
(Loclizs)) ) = A5+ X F L) + Y 8 Ly () + D) G Uiy () Lyzgy (n) (103.5)
=1 5=1 v,6=1
where the constants are defined as follows:
1. zero-order terms:
N N
A=NTR A= YT
3=0 3=0
2. first-order terms:
N .
ZB=O(F§g - Fgg) if ¢#~

va = N N '
B B :
_2520 (ZQJ=0:C’¢CFEO +F80> lf C: "}/
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> o(Tos — To) ifC#0

C5" = N N 8¢ B¢ :
~ L0 <Zc’=0 ¢xcloc + Foo) if ¢ =49
¢ o B¢ B¢
F:{ = Bgv = Z(Fyo - 1100)
B=0
5 5 _ N0 B _ B
Fi :ClC = 2(F85 _Fgo)
B=0
3. second-order terms:
5 )
6 = D57
N .
26=0(F§§ — 50— T6) +T50); if ¢#7

= N N '8 3 N N ‘s 3 :
~ 350 { X0 c0rwc Ted + Fgé) + 250 (Zc’=o:c’¢< I + F80> it €=
N .
YLo(Tos — 06 — Tos +T08) it ¢#6
= N N 8¢ | B¢ N N 8¢’ BC o~
~ 250 (Zc’o:q’# Te + FW) + 250 (Zc’o:c’;écroc + F00) if ¢=9

10.3.2 Action of L,

If z # x then obviously (Exﬂ{zg}) (n) = 0. Otherwise

N
(£:2e)) () = 45) + 521 F(2)1 45, (n) (10.3.6)
where now the constants are defined as:

1. zero-order term:

2. first-order term:
Coy s :
FEB(z) = {Wg(;) W5 (2) ; . '1f C#p
_ZC’:0;§’¢gWg (Z)_WO(Z) it (=4
10.3.3 Action of £

We now collect the results of the previous sections. We may write

(Crag) = X ey (Lonligs) 00+ Baw (Llizg)) 0

z,y: (z,y)eE

D @y (ﬁz,yl{zg}) M+ Y, W (ﬁx,zﬂ{zzg}) (n) (10.3.7)

y: (z,y)eEE z: (z,2)eE
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+a (Lol ) ().

Substituting (10.3.4)), (10.3.5)), (10.3.6) in the above expressions we obtain

N
(Lr) ) = (A +Z Wiz ) + > B iz ()
v=1

y: (2,y)eE

+ Z Gi?%z;}(ﬁﬂ{@}(ﬁ))

v,0=1

N N
+ Z Wy, 2 (Ag + 2 Fﬁ]l{z;}(n) + 2 ngﬂ{zg}(n)
z: (z,2)eE y=1 6=1

N
+ 3 G Ly () s, (ﬂ))

v,0=1
+ az< ZFC V176, (1 )). (10.3.8)

10.3.4 Evolution equations

Using equation (10.3.8]) for the right hand side of ((10.3.3) we obtain the evolution equation for
the average occupation. Recalling the notation in ((10.3.1)) and ((10.3.2)) (for the sake of space we
do not write the explicit t-dependence) we arrive to

d N 5
%’ug) = Z Wy (A% + Z F—"C-l ®) 4 Z BC’Y () 4 Z ngl S 6))
)eE 6=1 =1

y:(z,y)€ v,6=1

N N N
+ D wa (Ag + DVFS )+ 3 05’ u® + Y 6y cgf))

z: (z,2)eE y=1 6=1 ~,0=1

+ a, (Ac(z) + ]ZV: FP(z) ugﬁ)> . (10.3.9)
p=1

We notice that the equations for the time-dependent averages u(o( t) are not closed, as they

(CC)()

involve the correlations ¢

Remark 23 (The process on the lattice) The generator (10.2.1)) is an generalization of the
lattice generator studied in [44)] to a general graph with the addition of open boundaries. Indeed,
take as a special graph the d-dimensional reqular lattice Z¢ and ignore the boundaries. Then,
calling ¢®) the unit vector in the k" direction (k=1,...,d) and defining

ES = A§ + AS

(10.3.10)
Fs’ =05’ + By’

equation (10.3.8]) becomes

( ) ) i {E<+ 3 2 FP1g )

k=1 B=1j=——1 e
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N ’
DI IR VRN )N BN ) (10.3.11)

} 7
. - (k
8,8 —1i=+1 =tgel®) =

which is equation (3.12) in [44).

10.4 Boundary-driven chains with linear reaction-diffusion

In this and the following sections we specialize to the case with only two species, labelled by 1
and 2 with the holes labelled by 0. Furthermore, we specialize to the one-dimensional geometry
by considering a undirected linear chain.

More precisely, the graph has L vertices labelled by {1,2,..., L} with a distinguish role of
the sites {1, L}which model two reservoirs. The interaction is of nearest neighbor type, i.e.

1 if |z—yl=1 1 if ze{l,L}
We,y = . Ay = .
0 otherwise 0 otherwise

It is convenient to call the sites {2,...,L — 1} as "bulk" and the two end sites {1,L} as "
boundary". The generator of the process thus reads as:

L—-1
L= ﬁleft + 2 'Cz,z-i-l + £right (1041)
z=1

We specialize the result of Eq. (10.3.9) to the boundary-driven chain. Introducing V(, 5 =1, 2:

" = BY? 4 C5P ES = A§ + AS
Al = A°(1) Afigne = AS(N)
Fep = F(1) Figu = FP (V)
the evolution equations for the densities of the two species at site z € {1,2,..., L} are given by:

2
Gl = Al A5 3 (B + FER) i + P

— M1
dt =
2 88 (8,68
+ Z G 12
B)ﬂlzl
(10.4.2)
d : (8) (8)
Eﬂg) = B + Z (Ffflizfl + F"u® + Fﬁﬂzﬂ) ifze{2,...,L -1}
B=1
2 7 / / /
8,8 8,8
e % (6 Loty
8,8'=1
(10.4.3)
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2

dt (C) rlght + A Z ((Cgﬁ + Fﬁ&t) #( it FCW( » )

8.8
5 o)
57/8,:1
(10.4.4)

In the next section, we simplify the evolution equations for the average density by selecting a
subclass of processes with closed equations and a linear structure.

10.4.1 Imposing the matching

One could go further and compute the hierarchy of equations for higher-order correlation function
[44]. For general choices of the rate matrices I' and W, the equations do not close. In the
following, we shall focus on those choices of rates that satisfy the following two requirements:

1. Closure of the correlation equations. This amounts to requiring that the correlation terms
in ((10.4.2), (10.4.3), (10.4.4)) vanish. It is shown in [44] that the vanishing of correlations
actually implies closure of the multi-point correlation function at all orders.

2. The average occupations follow the discretization of the reaction diffusion equation. Con-
sidering the reaction diffusion system (9.1.7)), we approximate the laplacians with the

central difference operators. We call pia the density of species or of a hole denoted by

the index « € {0, 1,2} at vertex z € {1,..., L} with the constraint pg ) 4 p( ) 4+ p(2) 1.

Furthermore we fix the densities at the left end (vertex 1) to the values of pl(ef)t, pl(ezf)t and

(1) (2)

similarly at the right end (vertex L) we impose p;7, Prigne- Then the discretization of
the two component reaction diffusion equations (9.1.7), reads as

d 1 1 2 2 2 2 1
dtpg ) =011 (pl(ef)t - 20( ) + Pg )> + 012 (pl(ef)t - 2P( ) g )) + 7 (Pg )~ Pg ))

d 1 1 2 2 2 1 2
0y (02 + 9 4 o (52— 20+ ) 7 (o0~ )

(10.4.5)

%09) — on1 (2 =200 4+ )+ 00z (02 = 20 4+ ) + T (2 = o)

Lo® — oy (P22, = 2080 + 60, ) + 02 (62 = 202 + 62, ) + 7 (o) = o)

dt
Vze=2,...,L—1
(10.4.6)
d ¢ 1 2 2 1
00 (620, =20 4 0) + o (42— 22+ 2) T (o2~ A7)
d (2 1 2 1 2
9 e (42 =2+ Al ) o (2 -9+ 40+ (48

(10.4.7)

We impose that the evolution equations for the averaged occupations given in (10.4.2]),
10.4.3)), (10.4.4) do coincide with the discretized reaction-diffusion equations ([10.4.5)),
10.4.6)), (10.4.7).
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We observe that, this system of difference-differential equation rules the evolution of the average
density of the particles of species ¢ and therefore is a proxy for the PDE’s defined in .
Therefore, one can adapt the computations done in Section to this discrete situation.

By imposing the closure condition 1. and the discrete linear reaction-diffusion condition 2. we
get the set of equations described above.

Conditions from the bulk. We first consider equation (10.4.3) which we require to have the
form of ([10.4.6). We obtain the following conditions:

e Closure conditions: equation (|10.4.6)) has no second order terms, thus:

¢’ =0 G =0 Va5 =12 (10.4.8)

The above requirement leads to 16 conditions on the transition rates I‘f;? .

e Laplacian conditions: the one point correlation function should evolve as the coupled
discrete Laplacian in ((10.4.6)) with linear reaction. This is accomplished by imposing;:

11 11 12 12 21 21 22 22
F, :F+1:(711 F71:F+1:O'12 Fi :F+1:0'21 F, :F+1:0'22

Fi'= 2011 =Y F}?= 2010+ F'= 200+ FP?= 2007 (10.4.9)

The above requirement leads to 12 conditions on the transition rates I‘g? .
e Zero-order terms: equation has no zero-order term, thus:
E'=0 E?*=0 (10.4.10)
The above requirement leads to 2 conditions on the transition rates I' 3? .

Our task is to determine the 81 transition rates Fg? Ya, 8,7v,0 = 0,1,2 that define the bulk
infinitesimal generator. By exploiting the stochasticity properties of the generator (sum of the
elements on the rows must be zero), the problem reduces to finding 72 transition rates. By
considering (10.4.8)), (10.4.9)), (10.4.10)), only 16 + 12 + 2 = 30 conditions are available. This
means that the problem to solve is under-determined.

For the analysis that will follow, it is convenient to introduce an unknown vector u € R?
that contains the desired 72 transition rates, and an appropriate matrix K € R3°*7 and vector
b € R3Y. Then, it is possible to rewrite (10.4.8)), (10.4.9), (10.4.10) as:

Ku=b. (10.4.11)

The matrix K is full rank, thus there exists a family of solutions with 42 free parameters.
Furthermore we have to guarantee the non-negativity of the solution, as the transition rates are
non-negative. For later use, recalling the definitions of F, G, E’s, we observe that the conditions
(10.4.8]), (10.4.9), (10.4.10) actually only involve sums of three transition rates.
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Conditions from the boundaries. We now want to find conditions to match ((10.4.2)) and
(10.4.4) with (10.4.5) and ((10.4.7)), respectively. We consider the conditions on the left boundary;

the right boundary is treated similarly. We get:

e Closure conditions: the vanishing of correlation in (10.4.2)) is already guaranteed by
(110.4.8)).

e Laplacian conditions:

Feg +Bi' = =200~ F§ +B*>=-20+T Fii=on FJi=o1
Fleft + B%Z =207 Fleft + Bfl = —2091 + 7T F+1 =021 F-%% = 022

Since the equations that involve F C’l are already imposed in , inserting the defini-
tion of the Fé;cf, the above conditions reduce to
—Wol( )= WP () =W (1) + Bi' = =201, = Y
PH+Wa(1) —W(1) = =202+ T
Wf(l) WE(1) + B = 2091 + T
~W3(1) = Wg(1) — Wi (1) + B = —2099 — T (10.4.12)

e Zero-order terms:
1 2 1 2
Afg + Al = Ullpl(ef)t + 012pl(ef)t Afg + AT = 021pl(ef)t + UZZPl(ef)t

As a consequence of ((10.4.10)), Ag are zero. Therefore, the above conditions reduce to

1 9 1 9
Wy (1) = Ullpl(ef)t + Ul2p1(ef)t; Wi(1) = Uzlpl(ef)t + 022,01(ef)t (10.4.13)

All in all, combining (10.4.12) and (10.4.13|) we see that the rates of the boundary generators
are uniquely determined by the bulk rates. Indeed, for a choice of the bulk rates (which in turn

appear in the Bf’a), we have:

Wi (1) = ouplg, + 01200 WE(1) = oa1piy + o22pih
Wa(1) + W) + WE(1) = 2001 + T + BIY W) —Wi(1) = 20190+ T — B2 (10.4.14)
WE(1) —WE(1) = —209; + Y — B}! W(1) + WE(1) + Wy (1) = 2099 + Y + B2

On the right boundary, a similar argument yields:

Wy (N) = Ullpl(rilgght + 012P£12g)ht W§(N) = Jlel(rilg)ht + 022P512g)ht
Wi (N) +WY(N) + WE(N) = 2011 + T+ Cy' W3(N) —Wg(N) = 2012 + T — C3?
W2(N) —WE(N) = —2091 + T — C3* W(N) + WE(N) + Wi(N) = 2099 + T + C22

(10.4.15)

Let us notice that (10.4.14)) and (10.4.15)) are determined systems of algebraic equations in the
unknowns W (1), W:(N).
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10.4.2 Determination of the rates

Our first main result is contained in Theorem[I9] It identifies a necessary and sufficient condition
(in terms of two parameters h,m > 0) on the diffusivity matrix ¥ and the reaction coefficient
T such that the one-dimensional boundary driven chain with two-species has averaged densities
satisfying the discrete linear reaction-diffusion equations (10.4.5)), (10.4.6)), (10.4.7). Further-
more, by setting h = m, it provides the example of a one-parameter family of symmetric models
with such a property. To state the example it is convenient to introduce the mutation map
« — & defined by:

1—-2
21 (10.4.16)
0—0.

Theorem 19 Let ¥ be a 2 x 2 positive definite diffusion matrix and T > 0 be a reaction
coefficient. Let ,ol(jf)t and pl(jf)t (respectively, pSg)ht and pgizg)ht ) be the densities of the species 1
and 2 at the left (respectively, right) boundary. Then, for any choice of hy,m = 0 there exists
boundary-driven interacting particle systems on the chain {1,...,L} such that their evolution
equations of the average occupation variable are (10.4.5), (10.4.6), (10.4.7) if and only if the
diffusion matrix coefficients 011,012, 021,092 and the reaction coefficient T are non-negative and

fulfill the conditions

T T
> T g < Th (10.4.17)

Moreover, an explicit example of a symmetric generator (parameterized by h = m > 0) is given
by

011 + 021 = 012 + 022 012 &

L-1
L= Lleft + Z Lz,z+1 + Lright (10418)
z=1
with edge generator
Lz,z+1f(n) = Ull(f(nh sy M1 Mz - 777N) - f(”))

+ U12(f(7717---,ﬁz+1,?7Z7--~,77N) _f(n))
+ (T_2012 _m)(f(nlv"'7772a772+17"-777N) _f(n))

+ m(f(n, - Nz Mt 1y -5 0N) — F(0) - (10.4.19)
The site generator at the left boundary is given by
Lipf(n) = (oupt + 01201(,3&)]1{10 () [fom +6 ... n0) = Flm,-...n)]
+ (01204 + o119{0) L0y (0) [ f (771 +62,..ne) = Fm.-onp)]
+ (on o) Ly ) [Fon = 6" oonn) = fn, - n))
+ (o o)l gy (n) [£(m = 8%, oe) = f(nl, )]
+ (m+ 012p1ef)t + Ullpleft ]l{Il n) [ m+ 6% — cosnr) = flm, . ,nL)]
+ (m+ onplp + orapig) Lz () [F(m — 62 + 51 o) = Fm, - GEO14.20)

where pl(gf)t =1- pl(elf)t pl(gf)t . Here £6% denotes the addition/removal of species «. The site

(D (2)

generator at the right boundary is defined similarly (now with parameters pp’ and py’ ).
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A two-parameter family of models

In Theorem 4.1 we have written explicitly a one-parameter family (with parameter m) of gen-
erators denoted by L. However, for fixed diffusivity matrix 3 and reaction coefficient T that
satisfy condition there exists a two-parameter (h,m > 0) family of generators with
average density evolution equations given by , and . In the following of
this section we report the general form of these generators, depending on the two parameters
h,m = 0. We observe that the rate matrix is symmetric only when h = m, o011 = o092 and
012 = 021.

The matrices representing the generators £, .11 are of dimension 9 x 9 while the matrices rep-
resenting the generators Lief;, Lright are of dimension 3 x 3. The elements of these matrices are
ordered as follows:

o for L, .41, the row and the column indexes are
00,01,02,10,11, 12,20, 21,22
For example, the element on the 3" row and 4™ column gives the rate of transition 02 — 10

o for the site matrices Loy and Lyight, the rows and the columns a indexes are 0, 1, 2.

Eleft =
-0 n/’fe]f)t -o 12/’1(3& —o 2101(;& —o 22053& o npfelﬁt +o mﬂ](:f)t o 21/’1(;& +o 22/01(e23t
o011 +021 — Ullpl(cl,f)t - 012/11(3& - 0’21/11(01& - U22p](,;2f)t Ullpfclf)t —oy1—h—on + 012%)1(3f)t h+ 021171(01& + 022P1(3f)t
022 + 012 — 022p1<:f>t - Uzlpg& - 012p1<3f>¢ - Ullpg:f)t m+ 011/)1(;& + 012p1<3f>t Ule](elf)t — 012 —m — 022 + Uzngf)t
(10.4.21)
Ez,z-&-l =
TH 0 0o 0 0 0 0 0 0
0o TR n o1 0 0 o1 0 0
0 m Fg% 012 0 0 092 0 0
0 o011 o091 F%g 0 0 T — 2091 — h 0 0
0 0 0 0 T h 0 YT — 2091 —h 091
0 0 0 0 m Fg 0 o11 YT —019—091—h
0 o012 020 T—2019—m 0 0 3 0 0
0 0 0 0 YT 010 —091 —m 092 0 s h
0 0 0 0 o12 T — 2015 —m 0 m 3
(10.4.22)
Due to the stochasticity of the generator, the diagonal elements are the following
F88:0 1“8%—011—021—h F8§=—agg—alg—m

Fg=-Y—on+on+h Ti3=-01-T+op+ou—m+h I'ij=-T+0y

I90=-T—op+oi+m I3 =-T—o0n+on+o+m—h I%=-"T+o0p,
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'Cright =

(1) (2) (1) (2) (1) (2) (1) (2)
7011pright - Ulzpright - UzL{)right - azzpright Ullpright + alzpright 021pright + 022pright
1 2 1 2 1 2 1 2
o1 + 021 — UllpSi;ht - Ulzpiig?ht - 021p1<rig)ht - 022p§ig)ht Ullpiig?ht —on—h—oun+ 012p§ig)ht h+ O-legig?ht + 022p£ig)ht
2 1 2 1 1 2 1 2
022 + 012 — Uzszig?ht - Uzlpiig?ht - 012P51g)ht - 011P§ig)ht m+ 011P§ig)ht + Ulngig)ht Uzlpiig?ht —Oi2—m—0on+ 022p£ig)ht

(10.4.23)
Before discussing the proof of the theorem, a few comments are collected in the following remarks.

Remark 24 The theorem is in agreement with the previous literature results stating that in
the absence of the reaction term, for the existence of the two dimensional coupled heat equations
the cross diffusivities must vanish ([42], [41]). Here we find the corresponding statement at the
level of the particle process. Indeed, by assuming T = 0, then the condition can be
satisfied iff o190 = 091 = h = m =0 and 011 = 099.

Remark 25 The transitions allowed by the edge generator (10.4.19)) are the following:

(6,7) stirring at rate o3

(7.6) (0,%) stirring and mutation at rate oj2 (10.4.24)
, — 4.
K (7,9) left mutation at rate T — 2012 — m

(7,9) right mutation at rate m

Thus we see that the rate of stirring is associated to the diffusion coefficient o171, while the rate
of stirring with mutation is related to the cross-diffusion coefficient o12. The rates of the left and
right mutations are precisely tuned to guarantee that, for all m > 0, the evolution equations of
the average occupation variables are (10.4.5), (10.4.6), (10.4.7). A visual representation of this
process is showed in Figure In particular, the choice m = 0 kills the right mutations, the
choice m = Y — 2019 kills the left mutations, while the choice m = % — 012 gives the same rate
to left and right mutations. Let us also observe that only when m = 0, the boundary generators
satisfy the conditions Vz € {1, L}:

W(z) = Wi(z) Wol(z) = Wi(z) WOQ(Z) = Wi(z). (10.4.25)

Remark 26 We observe that the boundary generator defined in Theorem has the same
transitions of the boundary generator of the stirring process with maximal occupancy v = 1
(see the site generator ) The rates are determined by recalling that, here, the hole is
denoted by 0, by setting m = 0 and by fixing the following boundary parameters

0 1 2 1 2
ap = (011 + oo, a1 = (upy +ozpln), a2 = (o1apl + o11pi)

For the right boundary the result is obtained by replacing a’s with 8’s and pl((;)ft by szght'

Remark 27 Considering the “color-blind” process, i.e. the process that does not distinguish
between the particles of type 1 and those of type 2, we obtain a process with just occupied or
empty sites. This is indeed the classical boundary-driven simple symmetric exclusion process
[24], where in the bulk particles jump to the left or to the right at rate o := 011 + 012, provided
there is space, and at the left boundary particles are created at rate oplesr and removed at rate
(1 — prett ), where piegy is the particle density (and similarly at the right boundary with density

Pright ) .
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Q Rate m Rate m
(O Rate 012 B W Rie T —2019—m
B O Rate ou [ | Rate 011

[ Species 1 Species 2 (O Empty (species 0)

Figure 10.2: The boundary driven process with generator (10.4.19), (10.4.20) . Grey squares
identify species 1, green triangles species 2, and white circles the empty state. The reservoirs are
represented by rectangles, where the interior colours denote the particles or vacuum densities.
In the boxes, we give two examples of allowed bulk transition with the corresponding rates.

10.4.3 Proof of Theorem [19

The proof is split in two parts: the bulk process and the boundary process. For each of them,
we first give the strategy of the proof and then the details.

Bulk process

Strategy for the bulk process. To find the rates of the bulk process we need to solve
, i.e. the system Ku = b where K is a matrix of size 30 x 72 and b is a vector
described in the following. This system has a great under-determination order (72-30=42).
To overcome this difficulty, we exploit the fact that, as already noticed in the text following
(10.4.11)), the required conditions (10.4.8)), (10.4.9), (10.4.10) only involve sums of three rates.
As a consequence, we may introduce a new system where the unknowns are the summed triples.
This new system, which will be denoted by Zy = b where = is a matrix of size 30 x 36, has an
under-determination order equal to 6, and thus can be solved explicitly under the non-negativity
constraint on y. It is precisely the request y > 0 that further reduces the under-determination
order to 2 (parametrized by the parameters h, m > 0) and produces the constraint .

Once the vector y, whose components are sum of three rates, has been found, the next step
is the identification of the transition rates themselves. This of course can be done in several
ways. To produce an explicit example we have followed the two criteria below:

o The matrix associated to the generator has the greatest number of zeros.
¢ Choice of the following rates:

F%% =011 F%% = 0922 F%% = 091 F%% = 012. (10426)

After simple but long computations, this choice leads to the generator (10.4.22)). When we set
h = m and we choose a symmetric diffusivity matrix (which in turn guarantees a symmetric

particle process) the generator ((10.4.19) is obtained.
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Proof for the bulk process

To solve (10.4.11)) it is useful to rewrite the system by using the following variables, that are
made by sums of three non diagonal rates:

2
1
Yy = Z F?o
5=0

2
yr =), o
=0

2

2

Y13 = 2 Fgo
B=0

2

1

2

1

Y2 = Z Fgo
B=0

2 2
Yys = Fgl
B=0

2
2
Y14 = Z Fg()
B8=0
2

2
1
Y3 = Z Fo?
5=0
& 1
Yo = Z Fgo
B=0

2
2
Y15 = Z Pog
B=0

2

2
1
Y4 = Z Fog
=0
2 1
yio = Y. Tgh
=0

2
2
Y16 = 2 Fog
B8=0

2

2
0
Ys = Z F1€
B=0
& 1
Y11 = 2 Fgg
B=0

2
0
it = Z F2g
B=0

2
2
Yo = Z F1g
B=0
2 1
Y12 = Z Fgg
B=0

2
0
Y18 = Z ng
B=0

2
yio = Y. o 20 = > oy = > T o = > 5y o = > Ty you = > Yy
B=0 B=0 B=0 B=0 B=0 B=0
2 2 2 2 2 2
Yas = Z Y5 yo6 = Z Iy yor = Z Ty} yos = Z Ty5 Y0 = Z I yso = Z Iy
B=0 B=0 B=0 B=0 B=0 B=0

2 2
2 0
Y31 = ZF§1 Y32 = ngg
3=0 3=0

Let us introduce the following:

2 2 2
2 2 0 0
Y33 = Z T ysa = Z 7 yss = Z 19 yse = Z I
4=0 3=0 A=0

. 36
o unknown vector: y € Ry
Y = (Yi)i=1,..36

o known term: b e R (that is exactly the one in (10.4.11)))
b = (011,011, —2011 — T, 012,012, —2012 + T, 092, 022, —2092 — Y, 021,021, —2021 + T,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, O)T
o coefficient matriz: Z € R30*36 (that is full rank)
By using the above vectors and matrix, the system ((10.4.11]) can be rewritten as

Sy = b. (10.4.27)

The systems ((10.4.11)) and ([10.4.27)) are two ways of writing the conditions ((10.4.8)), (10.4.9),
(10.4.10). By consequence, there exists an other full rank matrix, say A € R39%72_ that allows

to retrieve a 36 parameter family of solutions of ((10.4.11)) once we know the one of ((10.4.27)) as
follows

Au=y. (10.4.28)

We first solve and then we retrieve the specific solution ((10.4.22)) of ((10.4.11)), by solv-
ing with some specific choices of the 36 parameters.

Solution of : the under-determination order is 6 and thus 6 components of the
vector y are, actually, free parameters. Without any constraint would have a 6 pa-
rameter family of solutions. However, the non-negativity of the solution (the y; are sums of
transition rates) will reduce the dependence on just two free parameters.
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Indeed, by direct computations and by recalling that the variables {y;};—1,.3s must be non-
negative we find the following 12 unknowns by using just 10 equations, namely:

Yr — Y2 = 011 Ys — Y4 =011 Yg — Y2 = 012 Y10 — Y4 = 012 Y13 — Y14 = 022
Y15 — Y16 = 022 Y19 — Y14 = 021 Y20 — Y16 =021 Y2 +y14 =10 ya +y16 = 0

that are solved if and only if

Y2 =Ys = Y14 = Y16 = 0 Y1 =y3 =01 Y19 = Y20 = 021
Y9 = Y10 = 012 Y13 = Y15 = 022.
By the non negativeness of the above y;, it follows that

011,012, 021,022 = 0. (10.4.29)

Now, it remains to solve a system with 20 equations and 24 unknowns. By introducing as
parameters (y7,ys, y11,y17) := (g, h,m,s), this 20 x 24 system becomes a 20 x 20 parametric
system. This last one has the following explicit parametric solution:

(y57 Y6, Y12, Y18, Y21, Y22, Y23, Y24, Y25, Y26, Y27, Y28, Y29, Y30, Y31, Y32, Y33, Y34, Y35, y36)
=(2011 + 2021 — g, Y —2091 —h, T —2019 —m, 2012+ 2092 — S, g— 021 — 011,
g— 022 — 012, O12+m, o011 +021—¢g, 2011 — 012+ 2021 —02—g, 011 +m,
011 — 2019 +0—m, Y —o13 —m, o921 + h,
2019 — 011 — 091 + 2099 — S, 099+ h, o019 + 092 — 8,
T—O’zl—h, 0'22—2021+T—h, §— 091 — 011, 8—0'22—0'12).
(10.4.30)

Since all the y; are sums of non negative transition rates, we impose that the components of
(10.4.30f) are non negative. This is true if and only if:

§ =011+ 091 g =011+ 0921 (10431)

and
T—-—m T—h

9 o921 & T 011 + 0921 = 012 + 09292. (10.4.32)

Since (|10.4.31)) fixes the value of two of the four parameters, the non negative solution only

depends on h,m. Putting together (10.4.29) and (|10.4.32)) we obtain (|10.4.17)). Finally, this
explicit non-negative solution of (10.4.27) is

y = (011, 0, 011 0, 011 + 021, T — 2021 — h, 011 + 021, h, 012, 012, m, T — 2013 —m,

T,hy,m =0 o012 <

o11 — o012 + 091, 0, 011 — 012 + 091, 0, 011 + 091, 011 + 021021, 021, 0, O,

o2 +m, 0,0, o1 +m, 011 —2012+ T —m, T — 012 —m, 001 + h, 0,

o11—012+091+h, 0, Y —091 —h, 011 —012—091+ 71 —h, O, 0)
(10.4.33)

Solution of ((10.4.11f): from ((10.4.33)) we know the explicit solution of (10.4.27)). To find
the solution of (10.4.11)), we solve (|10.4.28)). This last system is full rank. It has 72 unknowns
in 36 equations, thus the order of under-determination is 36. We must look for non-negative

solution. To remove the under-determination, and produce examples (10.4.22) we impose the
following conditions:
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i The matrix associated to the generator has the greater number of zeros;

ii Fix the following rates:

F%é =011 F%? = 0922 F%? = 021 F%% = 012. (10434)

With the above two requests, the solution of (10.4.28)) is unique (for fixed parameters h, m
and for fixed diffusivity matrix and reaction constant) and the bulk generator takes the form

(10.4.22)). Indeed, by considering (10.4.33)) we have:

e The row Fgéﬁ has all the elements are zero;
e The row I‘gl’ﬁ is found by solving

1" +I‘ +F01—011 TO +F +F21—011+0’21
FO +F Ol_h FOI +F(2)1+F01:O'2]_.

By the conditions ¢ and ii previously required, we obtain F(l)(f = 011, Fg? = 019, Fgf =h

and all the other off-diagonal rates are equal to zero. By similar arguments, also the rows
I’gf , I‘?g , I‘aﬂ are determined.
o The row F?lﬁ is found by solving:

F11+F11+F%%:0'2]_+h F11+F11+F11—T—021—h

By the conditions i and i previously required we obtain %% = g91, T1? = h, T4 =
T — 2091 — h and all the other off-diagonal rates are equal to zero. By similar arguments,
also the rows F‘f‘gﬁ ) Fglﬂ ) FS‘Q'B are determined.

We observe that, when h = = 0 (10.4.22) do coincide with the non negative least square

solution (see [105]) of m The generator (|10.4.19)) is recovered from (|10.4.22)) when
g91 = 012, 022 = 011 and h = m in 10.4.22.

Boundary processes

Strategy for the boundary process. To find the rates of the boundary process we need
to solve and . Having already determined the rates of the bulk process, by
direct computation we find the boundary generators and , which depend on
h,m = 0. When we set h = m and choose a symmetric diffusivity matrix, then the generator

(10.4.20)) is obtained.
Details of the proof for the boundary process

Once the bulk is known, the conditions for the boundaries form two determined systems of linear
algebraic equations. We solve explicitly only the left boundary; the solution of the right one is
similar.

Left boundary: recalling the definitions of B; and C5, we have the following

Bi' = —ys —y6 — y4 Bi* =y —y B =y — 16 B = —y17 — y12 — Y16
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Oyt =—yr—h—y O3 =m—yo C3' = h —yu 03% = —y18 — m — Y143

by consequence system (|10.4.14) is rewritten as:

1 0 0 0 0 0 Wi(1) Ullpl(elf)t + Jl?pl(jf)t
-1 0 -1 -1 0 0 ||WaQ1) —o11 — 021 —h
-1 0 0 o0 o 1||wWf_ m
0O 1 0 0 0 0 WE(1) 021p1(:31f)t + 0'22P1(e2f)t
0 -1 0 1 0 o ||wo h
0 -1 0 0 -1 -1/ \Wi(1) —092 — 012 =M

The coefficient matrix of the above system has full rank; thus there exists a unique solution.

Recalling the definition of W3¥(1) we obtain (10.4.21). As a consequence of ([10.4.17), and in

particular 011 + 021 = 012 + 099, this generator has non negative non-diagonal transition rates if
1 2
0< plig + Pl < 1. (10.4.35)

(10.4.35)) is always true since we assumed that since we assumed that the sum of the densities
of the two species in the reservoir is at most one.

Right boundary: by similar arguments we solve (10.4.15|) and we obtain the right bound-
ary, i.e. ((10.4.23]). This matrix has non-negative off-diagonal rates if:

0< pgilg)ht + pi?g)ht < L (10.4.36)

(10.4.36|) is always true since we assumed that the sum of the densities in the reservoir is at
most one.

O

10.5 Hydrodynamic limit for the process of Theorem

We aim to derive the hydrodynamic equations for the family of processes defined in (10.4.19)).
In this section, we assume to work on the whole one-dimensional lattice Z. To formulate the

results, it is convenient to change notation. The state space of the Markov process defined by
the edge generator (10.4.19) on the full line can be identified with the three-dimensional simplex

Qz = {(no,nl,ng) €{0,1}® : ng+ny +ng = 1}Z .

In this notation, the component n* at site z € Z of a configuration n € Q7 is thus a triplet with
two 0’s and a 1, whose position is associated with a hole, or with a particle of type 1, or with
a particle of type 2. For example, (n§,nj,n3) = (0,1,0) indicates that in the site z € Z there
is one particle of species 1. Then, recalling the notation in for the mutation map, the
process {n(t),t = 0} taking values in 7 is defined by the following generator L working of local
functions f : Qy — R:

L=> L. (10.5.1)

2€Z

191



with

Looy1=o0nld o + o2l + (X — 201 —m)LEM | + mL Y (10.5.2)
where
L f) = 3] nins 5| fn = 05 05+ 05 - 65 - f(n)
76 0
LS ) = 3w 5 fn = 05 05— 85 4 657 - f(n)
aﬁ 0
Ly f Z fn =65 +63) — f(n)]
"
LI f(n) = ;0 gt [f(n — o5 i) - f(n)] (10.5.3)

To formulate the hydrodynamic limit, we consider a scaling parameter K € N and we introduce
the empirical density fields

1 z
XK@ = % D (K)o Z n3(K%t)0 (10.5.4)
2€Z zeZ

The empirical density fields {X{(¢),t > 0} and {X4 (), > 0} are measure-valued processes
constructed from the process {n(t),t = 0}. We also need to specify a good set of initial distri-
butions. In the following we denote by

XE@®.9) = [ XE@gu)du. (10.5.5)

Definition 17 Let p(* : R — [0,1], with a € {1,2}, be a continuous bounded real function
called the initial macroscopic profile. A sequence (i )iken of measures on Qyz, is a sequence of
compatible initial conditions if Va € {1,2}, V6 > 0:

Aim <‘<X ), 9) — J u)du

> 5) (10.5.6)
where g € CP(R).
We then have the following theorem for the hydrodynamic limit.

Theorem 20 (Hydrodynamic limit of the Markov process {n(t),t > 0}) . Let p{* with
a € {1,2} be initial macroscopic profiles and (i) Ken be a sequence of compatible initial con-

ditions. Let P, be the law of the measure valued process (X{(t), X4 (t)) defined in (10.5.4).
Then VT,6 > 0,Ya € {1,2} and for all g € CF(R)

lim P, ( sup ‘(X ), 9) — f (u,t)du

K—w

> 5) 0, (10.5.7)

where pV), p(2) are the strong solutions of

atp(l) = Ullagp(l) —+ T (p(2) — p(l))
8 = 01102p?) + T (p(l) - p(Q)) (10.5.8)
Ppl0,u) = pu)  Yuel0,1], Yae {1,2}
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We observe that, since the PDE’s are coupled only in the reaction term, uphill diffusion
cannot take place (see Section [9.1.1)).
Proof of Theorem The proof is standard and it is based on the Dynkin’s martingale
and its quadratic variation (see (2.1.49))). For the tightness and the uniqueness of the limiting
point we refer to [29] and [31]. We provide here some details for the computations of the Dynkin’s
martingale and its quadratic variation via Carré-Du-Champ.

We introduce the following real and positive parameters:

5’12 = K2012, T = KQT 77~”L = K2m. (1059)

We consider the re-scaled generator

L =3 (10.5.10)
2€EZ
where
(K) S ~ 1 ey 1~ ~ ~~ LM ~ 1 pum
Loy = oLl + G5 L8 + o5 (T = 250 - M) LY, + o LI, (10.5.11)

By choosing Vz € Z and Va € {1, 2} the action of the rescaled generator on n? is the following:

L 1 _
(L2 (n) =o11 (2" — 202 + 027 + 012755 (nzt! —2nZ +nZ 1)

~

1 ~ z z
+ﬁ (T — 20’12) (na — na)

By consequence considering a test function g

t
f ds K2LEV(XK (s), g
0

—om Ltds K? ;{;an(s) [g (?1) ~2(+) +g<z;(1>]
v [ as w0 3 (a0 o (S) o (5 ) | - 2eion )

2€7Z

t ~
+JO ds K* %(T —2612) )9 (%) [n& — nel

2€Z

By using the Taylor expansion we rewrite the above equality as

t t1 z t ] z
(K) _ Rl Y hsn | 2 Sz z
L ds K2LYNXE(s), ¢ = o3 L ;EZ: n?Ag ( ) + algfo X ;ez: nZAg ( )

A e Do () vl ot

—on fot ;{Ze%néAg (%)

+T£;{§Zg(;{) [n%—né]—i—o(%).
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Defining the Dynkin’s martingale Yo € {1, 2}
¢
M;(Xolz() = <Xofz((t)ag> - <Xclu((0)7g> - L K2L(K)<X§(S),g>d5, (10512)
by the previous computations, we have

MYXE) + ol ) =CXE (0.9 = XE(0),9) — o1 [ CXE(s), Agyds
0

T [ Xl s) - X o).
0

The right-hand side is the discrete counterpart of the weak solution of (10.5.8]).
To have tightness of the law of the measure-valued processes (10.5.4]) we need to show that

lim E,, [MY(XF)?] =0 (10.5.13)

K—o

We first observe that

T

Epx [M;(Xf)Q] S Eppx [ sSup |M;(Xo{()|2] S AE,, [MgT(XoIf)Q] = 4K, [J KQFZ’,SadS] )
te[0,T7] 0

where I'J%, is the Carré-Du-Champ operator that can be written as

T8 = LX), 90 = 2XE (1), p LI (1), 9). (10.5.14)

By using the definition of the re-scaled generator (10.5.11)) we obtain the following

1 2
KQFZ”SQ = 011553 2 [nZ (1 - nZt) +nZ(1 — ngﬂ)] (Vg(*))

2€7Z

~ 1 zZ 2 Z 2
#o1 g 3 {2 lnanstt + i o)
=/ (10.5.15)
z

bz [ oo + o E ] o)

Let’s introduce the set Sy as the smallest compact subset of R that contains the supports of a
fixed g and of the first two derivatives. Then, |S,| < C'K, with a C' positive and finite constant.
Moreover, by the hard-core constraint n? < 1, Vz € Z and Va € {1,2}. By consequence,
exploiting the smoothness of g we derive the following bound

T
1
E,, U K%—;@Z{K?ds] <O (10.5.16)
0

with C' < o0. This concludes the proof.
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Remark 28 Let’s define a “color-blind" density field

XK (1) = % S (K)o (10.5.17)

2€7Z

where n*(t) := n?(t) + nZ(t). By re-scaling only the Lﬁ%rl and Léjz‘/frl terms of the generator,
the same proof of Theorem [20| we would give, as limiting PDE, the heat equation

(10.5.18)

{&p(u,t) = (011 + 012)02p(u, t)
p(u,0) = po(u)

This is in agreement with the Remark

Remark 29  We observe that in order to obtain the hydrodynamic limit of the process
{n(t);t = 0} we had to scale the parameters as in (10.5.9)). Indeed, the ‘naive’ scaling where
the diffusivity parameters 017 and o012 are both kept constant (while the reaction parameters

are scaled as T = %T and m = %m) is not viable as it would make ((10.5.15)) infinite when
K — o0. In other words, the problem with the ‘naive’ re-scaling is that the rate of left mutations

1

=) (10.5.19)

~ 1 N
(Tﬁ—2012—m

becomes negative (!) for sufficiently big K. One could still wonder if other scaling of the
parameters would lead to equations in the hydrodynamic limit. We argue that this is
not possible, because the maximum principle (which is a necessary condition for the Markov
property) would be violated. To show this, we rewrite the PDEs in the form

o (P0) 24 (P Vu e [0,1
o) T e welo1] (10.5.20)
pD(0,u) = pD(u),  pP(0,u) = pP(u)

where the operator A is defined as

2 2 _
A= (‘7“5“ Ul?a“) + T( L1 ) (10.5.21)

01202 01102 1 -1
Now, for a function f = (f(I, f?) in the domain of A, let u, € (0,1) be such that

FD(uy) := max fP(u) (10.5.22)
ue(0,1)

Then the first component of (Af)(uy) reads
01102 fD(uy) + 01202 fF O (uy) + T ( FO(uy) - f(l)(u*)) . (10.5.23)

Clearly (10.5.23)) can be positive, since (10.5.22)) guarantees that @4 f(1) (x*) < 0, but the other
terms of (10.5.23]) can be positive and arbitrary large. As a consequence of the violation of the
maximum principle it follows that A can not be the generator of a Markov process.
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Remark 30 If we perform the hydrodynamic limit with an “Euler" re-scaling, i.e. we re-scale
the time only by a factor % and we define 612 = Koq2, T = KT and m = Km we obtain the
following ODE’s system
Gp D) =T — o)
L2 (t) = T(p) — p@) (10.5.24)
p0(0) = i, p2(0) = pf”
that is a purely reacting system. The ODE’s are linear and the solution is given by

(1, (2) 1 _ (2 <
1 _ Py *p Po " —P, —27't
,0( )(t) — Po y 0o 4 Ao S 0 e

(1) (2) (1)_ (2)
pRE) = Pyt — e

10.5.25
27t ( )
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Chapter 11

Generalization of the model and
duality

11.1 Motivations

The interacting particle systems introduced in Theorem of Chapter [10] is limited to the
case of 2 species of particles and to hard-core exclusion. Therefore, a follow-up question is the
extension of this model to the more general case where IV species of particles are considered and
where the hard-core constraint is lost (i.e. v > 1). Once this more general model is defined, we
aim to investigate if it satisfies a gl(N + 1) symmetry which leads to an absorbing duality result.
Then, we aim to extend the analysis done in Chapter [5] to the reaction diffusion with N species,
v > 1 described above, in the particular case where the crossing diffusivity o9 are vanishing,
i.e. 012 = 0. Indeed, as we have shown in Theorem when the system is diffusively re-scaled,
these crossing diffusivity disappear.

In this chapter we start by generalizing, to arbitrary number of species N and to arbitrary v > 1,
the process defined in Theorem (Section . Then, using an Lie algebraic argument,
we prove absorbing duality for this more general process (Section . Finally, we prove
hydrodynamic limit and equilibrium density fluctuations in the case the crossing diffusivity oi2
are vanishing (Section [11.4)).

11.2 Generalization of the process of Theorem

In this section we aim to generalize the process defined in Theorem [I9|to the case where N > 2
species of particles are present and where the hard-core constraint is lost, i.e. where the maximal
occupancy is v > 1.

©

We aim to find a process whose average occupations pz*’ at site z € {1,..., L} and for any species
Ce{l,...,N} evolves as a system of difference-differential equation given by
d N N
at © = vo ALplY + v Z App) + 7 2 (Pgw - ,(ZC)> . (11.2.1)
y=1y#¢ y=17#¢

We assume that the boundary condition are given. We denote them by plcelct and pEng)ht for all

Ce{l,...,N} at left and right respectively, further assuming that 217\[:0 pl(gf)t = ij\;o pE;Yg)ht =v.

In the following of this section, we first construct the process on a chain in order to obtain
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(11.2.1) for the evolution of the average occupation variable of species (. Once we have found
such a process, we construct the Lie algebraic description and we use it to prove absorbing
duality.

The reaction-diffusion process on a chain

We assume that the geometry is a chain of length L where two reservoirs are connected to the
end sites 1 and L. We denote the processes by the variables (n(t)),.,, while we denote its
configuration space by

QL= Q.. (11.2.2)

where

Q, = {nz = (nf,...,n&) e N)*1 . Z ns } . (11.2.3)

The configuration of the on the whole segment is n = (nv)ze{l 77777 L},~€{0,...,N} With nZ indicates
the number the number of particles of species v € {1,..., N} at site z and n§ indicates the
number of holes at z. The reservoirs have parameters (o) eo,...n} and (8,)5eqo,....vy for the
left and right boundaries respectively. The generator reads

d
£ = rlght + Z Toay 1+ Liigne (11.2.4)
where
N-1
[’Ziz-&-l =vonl; .41 + Vo Z LS 1+ (Y —=2v012) LT, (11.2.5)
c=1

where L7, is the edge-generator (4.2.16) of the multi-species stirring process (see (4.2.16))),
specified to N species and a hole and acting on the bond (z, z+ 1). For any function f: Q - R
and for any c€ {1,..., N — 1} we introduce the stirring-mutation generator

Lot = 3wt (fn - 8% 4 8 4 0500 D - fm) (1120)
7,6=0

with the mapping

he(-) : {0,1,...,N} > {0,1,..., N}

(11.2.7)
¥ = he(v)
defined as
Y+c if y+e<N+1
he(v) =<{y+c—N if y+c=N+1 . (11.2.8)
0 if v=0

Observe that h.(-) is surjective and injective, and thus invertible. Moreover, one recovers the
map - defined in equation ((10.4.16)) when N = 2. We define the pure-mutation generator

N

LY. 1 f(n) = nZ (f(n—62+65) — f(n)) . (11.2.9)
v,0=1

198



The left boundary generator £left is given by (4.2.17)) acting at site 1 and where the a’s parame-
ters are defined in function of the given boundary condition of the system of difference-differential
([{1.2.1)

N
OCCZUllpl(ecf)t-i-O'm 2 Pl(gf)t if (e{l,...,N}

y=1:v#¢

apg =v (o1 + (N —1)o12) Z Qy . (11.2.10)
As a consequence, from the above conditions we write the boundary values in terms of the

reservoir parameters as

N
p(C) Q¢o11 — 012 ny:l:'yic Q¢ p(O) _ @0
left — (0.11 — (N _ 1)0.12) left (011 + (N — 1)012)

(11.2.11)

for every ¢ € {1,..., N}. Moreover, with this choice we have that ij\;o ay = v(o +(N —1)o12)

and ij\]:o pl(zf)t = v. The boundary generator L;’f‘éht is defined analogously, but the a’s are

©

replaced by ’s and the boundary values Pright-

Action on the occupation variable For arbitrary site z € {2,..., L — 1}, the action on the
occupation variable f(n) = n¢ of particle of type ( € {1,..., N} at site z reads

N
Lring = vouApni+vor, > Ami+T > (nZ—nd) (11.2.12)
y=1:7#¢ y=1:9#(

where Apng = nZH + nz_l —2nZ. For z =1 and for all € {1,..., N — 1} we have

N N
d, 1 _ (©) 1 2 () 1 2 1 1
L ne = o1y (pleft —2n; + nc> + o9V Z (,oleft —2n, + nv) +7T Z (n7 — nc) .
y=1:v#¢ y=1liy#¢
(11.2.13)

On the occupation variable nf the action is similar. Indeed for the bulk we have that:

1. Stirring generator: using the generator L7 , . ; we have

L5, ng = 2 ningtt (g — 82 + 85 + 6271 — 87 — ) . (11.2.14)
7,6=0

In the brackets of the right-hand-side of the above equation we have: a contribution

—ngng+1 when v = (; a contribution nzn?rl when 6 = (. Thus we obtain

N
s z _ z,2+1 z, z+1
L2 aaani = ), ming Z ¢
1

N N N
S s St S gt 3
Y =1 §=1
—v (nZH . n§> (11.2.15)

where we have used the fact that n§ =v — Zi\f:l nfy,.
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2. Stirring-mutation generator: for every c€ {1,..., N — 1} we have

LEoinf = Z nin z+1( —5§+agc(5)+5;j(;)—5g+1)—n§) . (11.2.16)
~,6=0

In the brackets of the right-hand-side of the above equation we have: a contribution

—n<n§+1, when v = (; a contribution ninfj’l, where we denoted by v € {1,..., N} the

species of particle such that hc(fy') = (. Let us observe that, by the definition of the map
he(+) and for the fact that 1 < ¢ < N — 1, we have that v # ¢ and 'y/ # (0. Thus we obtain

z z+1 z z+l
o= it = 30
N N
Z nz z+1 _ Z n’zy z+1 Z nz z+1 z v — Z n;/—&-l

y=1

- (ni,“ ng) (11.2.17)

where we used the fact that n§ = v — Zé\f:l nz.

3. Pure-mutation generator: here we have that

N N
LT ni= > ni((n§—8+65)— 2 —ng) (11.2.18)
776:1 :
Then, summing over all indices ¢ € {1,..., N — 1}, we obtain (11.2.13)).
For the action of the boundary generator we have that
N N
leftn< = Z ayng ((ng — 85 + 5#) - né) = a¢ Z ng — n} Z iy
~,0=0 6=0 v=0
N N N
=0y Z n}/ + ¢ (u - Z n%) — né 2 y = ol — n%y(crn + (N = 1)o12)
y=1 =1 v=0
N
ZIJO'leCeft + voi2 ( Z pl(gf)t> — néV(O’n + (N — 1)0’12)
y=1:77¢
© S ()
=von(pg, — ne) +voz Y. (pd —nd) (11.2.19)
y=1:9#¢
where we used (|11.2.10)). Then equation (|11.2.13)) follows.
Therefore, defining the average occupation variable of species ¢ € {1,..., N} at site z €
{1,...,L} as
PO =E, [ng] (11.2.20)

(where the average is taken with respect to the law of the process initialized with the distribu-
tion p) and considering the action of £ expressed by and we obtain the
desired system of IV difference-differential equations . For these reasons, this model is a
generalization to N species and to maximal occupation v of the one introduced in Theorem [I9]
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Remark 31 We observe that, when we specify the generator (11.2.4)) to the case of N = 2 species
and to the case of mazimal occupancy v = 1 we retrieve the generator L (10.4.18|) introduced in
Theorem [19.

11.3 Duality for the reaction-diffusion process

11.3.1 Reversible measure for the reaction-diffusion process (equilibrium)

The process described by the generator £ introduced in (11.2.4)) is reversible with respect to
the homogeneous product measure

L
Arev = X) Aoy (11.3.1)
z=1
when
ay =03, Vvye{0,...,N} and ay=0o5=a Vy,0e{l,...,N}. (11.3.2)
This measure has marginals A7, given by
AZ., ~ Multinomial (v, po,p...,p) (11.3.3)
where o o
_ d -0 11.3.4
ap + (V) o bo ap + (V) ( )
Namely,
! . i
Az, (n7) = 7{' pyipTa= (11.3.5)
H'y:O nil

This can be proved by imposing the detailed balance conditions for the bond (z,z + 1) and for
the boundaries {1, L}.

11.3.2 Algebraic proof of duality for the reaction-diffusion process

In this section we formulate duality for the multi-species reaction diffusion process with generator
(11.2.4). As a by-product we obtain absorbing duality for the process defined in Theorem
The approach used for the proof is similar to the one of Chapter[6] We denote the dual process
by the variables (£(t))t=0. In analogy to what has been done in Section this dual process
is defined on an enlarged chin with two extra-site 0 and L + 1 attached to 1 and L respectively.
Then, the dual configuration spaces reads

(O, =NY®Q, N . (11.3.6)

where Qf = ®f:1 Q. with €, defined in (11.2.3).

Proposition 18 (Duality for the reaction-diffusion process) The reaction-diffusion multi-
species stirring process (n(t))s=o, on the state space Qp, with generator L™ defined in (11.2.4)
is dual to the process (€(t))i=0 on the state space Qp, with dual generator

L—1
~rd ~rd d ~rd
Lithy =L+ Y L2y + L (11.3.7)

z=1
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where L1 | is defined in (11.2.5) and, ﬁleﬁ and Eﬁ%ht are the absorbing dual generators L, de-
fined in (6.2.10) and acting at sites 1 and L, with the specific choice of the reservoirs parameters
(11.2.10). The duality function is the same of the stirring process, i.e.

pme = <ﬁ<|a|> > <ﬁ i ><H(|ﬂ|>w>’ (138

=1 = v:l =1

of. (6.2.11).

Proof of Proposition it is enough to prove duality for the bulk generator, since the
boundary generators are the same of the multi-species stirring process. In the spirit of Chapter
[6] it is convenient to write the Hamiltonian of the reaction-diffusion process through the basis
elements of the gl(N + 1) Lie algebra. We have that

L—1 N—1
Hrd = Hleft + 2 (0’117‘[27Z+1 + Jg12 Z HE’ZJ’,I + (T — 2012)HZLZ+1) + Hright . (1139)
z=1 c=1
Here, H$ ., is (4.3.10) and Hiegr, Hyigns is (4.3.11)) (with the choice of the boundary parameters

done in (11.2.10) and acting at site 1 and L respectively). Then, we have that

N

Sl = Z (En.()5 ® Ep.(5)y — Ess ® E) (11.3.10)
~,0=0
and
N
ma= D (By®L—E,®1) . (11.3.11)
~,0=0

We prove that, for arbitrary z € {1,..., L},

(M) "D=DHS,,, Vee{l,...,N—1} (11.3.12)
(HZ.11)"D = DHT, ;. (11.3.13)

where the duality matrix matrix D is the same of the multi-species stirring process ((6.2.20)), i.e.

L
D=]]d:®Dy . (11.3.14)
z=1
Here
d. = R exp (E7) (11.3.15)
with the diagonal part
_onZ!
R.= ), n—? NG, A G, (11.3.16)
nzeql, v:
and
N
E* =) Ej. (11.3.17)
y=1
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Furthermore
0 gu(z)

N
Q K ulz ulz
Duy= >, I <|Oj|> &9, (11.3.18)

gqf(Z) 7~“1§%(Z) =0 7= 1

Since the matrix R, is the same as in Chapter |6} we shall show that H{ ., and H7", | commute
with exp (E?)exp (E**1), where E is defined in (11.3.17). Using the commutators (4.3.1]), the
bilinearity and associativity of the Kronecker product and the bilinearity of the brackets we
obtain

N N N
(Z E® ), Eéo) 2 (Buiryw ® Bueyy — By ®Byy)

’Y/ 761:0

In the last equality we used the fact that map h.(-) is surjective. Concerning the commutator
of Hj', 1 the proof is similar and gives

N N N
2 E’yO ® Z E607 Z (E(;',Y/ ®1 — E’Y’W’ 9] ]l) =0. (11.3.19)
=1 6=1 ~ 8 =0

Direct proof of self duality

We observe that self-duality for the bulk process defined in (10.5.1)) can also be proved without
relying on the gl(N +1) algebraic structure. Indeed we have that the Markov process {n(t),t > 0}
defined by the generator (10.5.1)) is self-dual with the self duality function

2
D(n, &) =[] Ynzzey (11.3.20)
z€Z vy=1

Here we have denoted by (£(t)):>0 a copy of the process {n(t),t > 0} with generator (10.5.1)).
It is enough to prove that

(LD(-,§)) (n) = (LD(n,-))(§)  V(n,§) €0z x Qg (11.3.21)

The generator (10.5.1)) is a superposition of four generators. Remarkably, the duality relation
can be verified for each of them. Indeed, one has:

(LZ::1D(-,€))(n)

= |:]1{n7+1>§f}l{n§+12§§}ﬂ{nf>ff+l}H{ng?{ngl} - H{”f?&f}l{’f@Zf;}l{nTTLl}Eerl}H{n§+12§§+1}:|

2
x [T T1temesen

z¢{z,z2+1} 7=1
= (Lo Mmooy L sy Ling sy ~ Loty Lingoes D500 Mg 5571
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2
< [T T1tlpese

a¢{z,z+1}7=1
= (L7.41D(n,))(€) -
Similarly, one has
(Lz z+1D('7€))(n)
- [n {nz+1>§1} ot Loy Loty — Logoen Lnge Lt o) Ling i 571 |
< 1 H Linse2)
z¢{z,z+1} =1
= I:]l{ni>£§+1}1{n§>£f+1}l{ni+1>€5}l{n;+1>§f} - l{nizgf}ﬂ{n§>£§}ﬂ{n1+l>§z+l} {n§+1>€5+1}:|

2
< [T T1%mesen

x¢{z,z+1} 7=1
Lz z+1(D(na )(5) :
For the generator that mutates at site z we have

2
LM
(L2231 D(,€))(n) = []l{n sxery Linszesy — l{nfzgf}ﬂ{ngzgg}] [T1] neses

r#zy=1
= [l{nf>§§}]l{n§>£f} - 1{nf>£f}ﬂ{n§>5§}] [T1T tnszey
r#zy=1
(Lz z+1D(n7 ))(E) )
and analogously, for the generator that mutates at site z + 1, we find

(LZ z_,’_lD(,é))(n) == [ { z+1>fz+1} { z+1 z+1} - :[]. ni+l>§f+1} { z+1 z+1 :| H H ]]_{nz>§’y}
r#z+1y=1

= [ﬂ{ni+1>£§+1}ﬂ{n§+1>£f+1}__ ﬂ{ z+1>£z+1} {n;+1>§§+1}] I_I I_I l{ngzgi}
c#z+1vy=1
- (LI, D )@
(]

Remark 32 It is interesting to notice that to ensure the existence of a self-dual process for
the interacting particle system introduce in Theorem [19] on the geometry of an infinite line Z,
the closure condition (|10.4.8]) is not enough. Considering the most general reaction-diffusion

process satisfying closed equations, described by the generator £, .11 in (10.4.22)), we have to
further assume that
0922 = 011 091 = 012 h =m. (11.3.22)

Indeed, the duality relation (|11.3.21)) is equivalent to the following relation between matrices
d@®d) "' Lo (d®d) =1L, Vzel (11.3.23)
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where T denotes transposition and where
100
d=(11 0 (11.3.24)
1 0 1

In order to interpret EZ,ZJFH as a generator of a stochastic particle system, we have to impose
that the out of diagonal elements are non-negative and the sum of the elements of each row is
equal to zero. It is possible to show that this is equivalent to requiring that holds.
Moreover, if is fulfilled, both the matrices £, .11 and INJMH do coincide with the
matrix associated to the generator L, .11 given in , i.e. self-duality.

11.4 Scaling limits for reaction-diffusion process on an infinite
line

In this section we investigate the hydrodynamic limit and the density fluctuations for the process
(n(t))i=0 defined in by assuming that 015 = 0. Indeed, as we have seen in Section [10.5]
the crossing diffusivity contribution are not seen in the scaling limit. For the sake of simplicity
we assume that the boundary interaction is neglected and the geometry becomes an infinite line
Z. The state space is given by Q = &), ; Qp, with €, defined in (4.2.2)).The generator is the
one given in without the stirring-mutation contribution, i.e. it reads

L—1
Lr=> L., (11.4.1)
z=1
where
Eg,ZJrl = ‘Cz,erl + ‘CZLZJrl (1142)

with £7 .., is the generator of the stirring process defined in (4.2.16)) and L7, ; is the pure
mutation generator defined in (11.2.9)). This process admits a family of reversible measures that

are introduced in (11.3.1)).
The hydrodynamic limit

We state the hydrodynamic result. For arbitrary ¢ € C°(R) we introduce the density field

X[ () = % SniENe(S)  VCe L, N} (11.4.3)
2€7

We make the assumption that there exists an initial macroscopic profile for assigned sequence
of initial measures.

Definition 18 Let (9 : R — [0,v], with ¢ € {1,...,N}, be a continuous function called the
initial macroscopic profile of species a. A sequence (g )nen of measures on Sz, is a sequence
of compatible initial conditions if V¢ € {1,..., N}, ¥é > 0:

dim e (‘Xf’o(aﬁ) - fR $(w)p') (u)du

> 5) =0 (11.4.4)
with arbitrary ¢ € CP(R).
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Then we state the hydrodynamic result.

Theorem 21 Let 59 : R — [0,v], with ¢ € {1,...,N}, be an initial macroscopic profile and
let (ur)Ken be a sequence of compatible initial measures. Let Pg be the law of the process

(Xf(’t(@,...,é‘(]f,{’t(@) induced by (ux)xen. Then, ¥T > 0, § > 0, V¢ € {1,...,N} and
Vo € C%(R)

lim Pg ( sup XCK’t(gb) —J d(u) O (u, t)du| > 5) =0 (11.4.5)
K—o0 t€[0,T] R
where pl (u,t) is a strong solution of the PDE
{5tp(<)(u 1) = vApO(u,t) + T (27 L P, t) <<>(u,t)) weR, tel0,T]
P (w,0) = FO(w)
(11.4.6)

where T € (0, ).

Proof of Theorem the generator of the process is given by (11.2.4)), i.e. it is composed
by the sum of £° defined in (5.2.2]) (and specified on a line with N species of particles) and £™
defined in (|11.2.18]). Therefore, here we only need to perform the computations for the second

one. We diffusively scale the switching rate T = KQ, then, the generator reads

LM f(n) = 222 f(n—~§ +8) — f(n)] (11.4.7)

z€Z v,0=1

where Y € (0, +0)
We compute the action of this generator on the density field (11.4.3])

£ 55 3, 3| o () (005 0 )
zeZd k=1 yeZ
= = é (V §¢an _ ng) ¢ (=) (11.4.8)
Y .
= K2 ( Z XK ’(¢)> .
y=1:79#¢
Then,
t ) t N ) 5
J KL xR (g)ds :J T( S IR () - xR (¢>)) ds. (11.4.9)
0 0 y=1:v#a
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Arguing as in the proof of the Theorem we need to bound the quadratic variation. We
explicitly compute

LA (O)X(9) = 2X 7 (0) LA (9)
¥ o y ’
DN [2 & <E) ((ng — 67+ 83) - ng)]
zeZ v,0=1 YEL
4 _ N (11.4.10)
_ z 42 <
72 L ()
z€Z y=1
C
<zl
Arguing as in the proof of Theorem [14] we can show that
t
lim Pk | sup XCK’t((;S) — XCK’O(gﬁ) - Vf XCK’S/K2 (A¢) ds
K—o0 t€[0,7] 0
(11.4.11)

N
+ J?( > vas/’(%«ﬁ)—%?’s/”w))ds

0 y=1:7#¢

>5>=0.

The proof of tightness for the sequence of measure (Pg)gen defined in Theorem and the
uniqueness of the limit point are standard and analogous to the ones of Theorem

The density fluctuation

We consider the process (1;)¢>0 initialized from the reversible measure A, defined in ((11.3.1)).
The density fluctuation field for a species ¢ € {1,..., N} is an element of the space (C*(R))*
defined, for any test function ¢ € C (]R) as

K,
VEY(g) - f 2 ¢ ( ) E(tK?) — vp) (11.4.12)
wherevp = Ey [nf] We call 7 the law of the random process (yK t)t>0 ((let, e ,yﬁt)) .
t>=
and E, . the expectation with respect to this law. The density fluctuation field (11.4.12]) satisfies
the convergence result stated in the following Theorem. We denote by
(CER))y = (CIR))" x ... x (CX(R))* (11.4.13)

~
N times

the dual space of (C®(R))".

Theorem 22 There ezists a unique ()/t)te[o 71 = (01, ... ,y]t\,))te[o 1 O the space C ([0,T]; (CX(R))N)
with law m such that
TK — T weakly for K — oo. (11.4.14)

Moreowver, (yt)te[o 7] is a generalized stationary Ornstein-Uhlenbeck process solving, for every

Ce{l,..., N}, the following martingale problem:

M = Vi) - V2(@) — v jo V(Ag)ds — f ( Sy <¢>> ds (114.15)

y=1y#¢
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is a martingale Yo € C(R) with respect to the natural filtration of (Vi,..., V%) with quadratic
covariation

[M(,¢7 MC —2t1°p J V(p(u))?du — 2ptvY JR(¢(u))2du (11.4.16)

and quadratic variation
[M¢,], = 2tv*p(1 — f V(p(u))?du + Npt:/fj )2du. (11.4.17)

Therefore, the limiting process of Theorem

(yt)tEOT ((yla" . 7yfv))te[0,T] (11.4.18)
can be formally written as the solution of the distribution-valued SPDE
dYt = AYVtdt + vV2EVAW! + VYV BdwW (11.4.19)
where
(Wt)te[O,T] = ((W1t7 s W]{[))tG[QT] (11420)
WV tepo ) = (WL - W) o (11.4.21)
are two N-dimensional vectors of independent space-time white noises. The matrices read
vA —-T T T
¥ va-7T ... 7
A= . . , . (11.4.22)
T T ...ovA=TY
p(1 —220) - . —pz Np —2p ... —2p
—p p(l—=p) ... —p -2 Np ... =2p
= : ( : ) . . B=| . S S| (11.4.23)
—p? —p? ... p(l—p) —2p —2p ... Np

Proof of Theorem the strategy is similar to the one used for Theorem Therefore, we
only report the computation of the quadratic covariation (via the Carré Du Champ operator
denoted by @f’g) of the Dynkin martingale associated to (n)i=0

0% = (£° + L™ (Y (9)Y ()
— VIEHG) (L5 + L™) (D (9) — VI (@) (L2 + L™) (VE(9))

Kt Kt Kt Kt K (11.4.24)
= LAVEUO V@) — YIS L (V51 (9) — Vi ()L (VI ()
+ LMYV YVE9)) — VIS L™ (VI (9)) — Vi (@) L™ (VI (9))
introducing
pogmutation . — £m (VI @) Y () — VIO L™ (V5 1 (0)) — V5 (@) L™ (VI (g))  (11.4.25)

208



and recalling the definition of ot -5 Written in we have that the Carré Du Champ operator
@¢ 5 1s the sum of the two Carre Du Champ assoc1ated to the generators £° and L™ respectively,
i. e
it Jt,mutati
0F 5 = ID§ 4 T ymutation, (11.4.26)

,t,mutation

Therefore to perform the proof we only need to compute F¢ We consider the case

~v # d (the case v = ¢ is similar) and we compute explicitly

Kgr?j:gnutation - = Z Z n? [Z ¢< ) ( — 85 + 6?) - nz)]
yeZ

2€Z~ §' =1
[ B (o= o)
2€
= ;Zez(n<+n5)q§2<K).

As a consequence, the limit of the first and second moment are given by

Jim By [K%ﬁ;g’mtaﬁ"“] = —2pv JR(¢(U))2du (11.4.27)
and )
Jim Varg, (K%f;g‘mﬁon) = 4p? (JR((ﬁ(u))Qdu) (11.4.28)
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Part IV

Future perspective and outlook

211






Chapter 12

Duality and integrability for
multi-species non-compact processes

12.1 Motivations

In this thesis we have studied in detail the multi-species stirring process. One feature of this
model is the fact that each site can host maximally a fixed number of particles (called v).
The same feature is present also when, in Part the set-up has been extended to reaction
diffusion processes. As a future perspective we aim to extend the analysis to more rich processes,
where an unbounded number of particles can be hosted, then called non-compact processes. In
the single species situations, some examples of such processes have been introduced in the past
literature. For instance the symmetric inclusion process (SIP) (see Chapter|3]) and the Harmonic
process [26], 106}, 107, [I08] , that has been showed to be integrable. When at each vertex the
considered quantity is continuous (for example energy), other processes have been introduced,
for instance the Brownian energy process (BEP) [11], the Brownian momentum process (BMP)
[11], the Kipnis-Marchioro-Presutti process (KMP) [50]. Recently, an integrable version of heat
exchange model have been solved [57], on the basis of the results of [26]. Therefore, it is
interesting to generalize to the multi-species situation the processes cited above, guessing that
their richer structure could lead to new phenomena and more general results. What follows is
part of a work in progress with Rouven Frassek and Cristian Giardina with the aim of studying
multi-species non-compact processes via duality and integrability techniques.

In Section first study the simplest example of a boundary driven non-compact multi-species
process: the independent walkers. Starting from the definition of the bulk process reported in
[14], we add boundary interaction, allowing to put the system out-of-equilibrium. Then, using
the N-species Heisenberg Lie algebra, we construct the Hamiltonian of the process and we prove
absorbing duality. This absorbing duality maps the original multi-species IRW to a dual process
with the same bulk dynamics but with absorbing boundaries, allowing to write closed formulas
for the non-equilibrium steady state via explicit expression of the absorption probabilities. We
notice that, due the lack of interaction, this task is directly carried out by duality alone.

In Section we define a multi-species version of the symmetric harmonic process. We show
that this process can be retrieved from the asymmetric process defined in [45], by taking a
proper limit. Then, we show that the choice of the specific boundary driving is done with the
goal of obtaining, at equilibrium, a reversible measure that is the same of the closed process.
Usually, this is the correct choice of the boundary to prove absorbing duality via a Lie algebraic
approach.
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Finally, in Section we introduce the multi-species SIP(2k), as the multi-colours analogue of
the SIP(2k) (see Chapter[3)). After having introduced the dynamics, we prove that the reversible
measure for the boundary driven chain at equilibrium is the same (up to a different choice of the
parameters) of the multi-species harmonic process. Moreover, this reversible measure is also the
multi-variate version of the one of the single species SIP(2k). Again, this choice of the boundary
driving has been made with the aim of proving absorbing duality via a Lie algebraic approach.

12.2 The multi-species independent random walk

The multi-species independent random walk (see [I4]) is one of the simplest multi-species inter-
acting particle system since, in particular, interaction is null. The process consists in /N random
walkers (one for each species) performing their independent dynamics on a certain graph. Here,
for the sake of simplicity, we consider the nearest neighbour chain of length L with two boundary
reservoirs connected with site 1 and L.

We denote the configuration of the process by n = (771, ey 77L) where, for each x = 1,...; L we
have the vector n* = (n{,n3,...,n%), where ¥ € Ny represents the number of particles of the
species a € {1,..., N}. Each site can host an infinite number of particles and the state space

reads
Q= (NN (12.2.1)

The dynamics is ruled by the generator

N L-1 N N
L= Lyt > D Loair+ 0 Lligne (12.2.2)
a=1 z=1a=1 a=1

where, for all a € {1,..., N}, we have:
e in the bulk
Lo f(n) = ng [f(n =07 + 67 = Fo] + 03 [f(n =651 +65) — f(m)]  (12.2.3)
e on the left boundary generator reads
Lip = o [f(n+00) = f()] +vama [f(n = 64) = f(n)] (12.2.4)
e on the right boundary generator

Ll =0a[fn+65) = )] + Bank [f(n— ) = f(n)] (12.2.5)

We observe that the generator is written as a sum over sites and over species of linear operators,
making the different species of particles independent. This is not the case in the multi-species
stirring process where an interaction among different species of particles does exist.

Reversible measure (equilibrium)

We introduce the boundary density for the multi-species IRW as

. 4
plett — %, plight _ o Yae{l,...,N} (12.2.6)

a

Ya Ba
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The generator ((12.2.2)) admits a reversible measure when all boundary densities are the same,
i.e. when
left — prieht — X Vae{1,...,N}. (12.2.7)

a

This reversible measure is the product over sites and over species of probability mass functions
distributed as Poisson(\) with A defined in ((12.2.7)), that is

L N
Hrev = ® ® Mfég (12.2.8)

x=1a=1
with .
\a
P E) = e (12.2.9)

12.2.1 The Lie algebraic description

Inspired by the ideas of Chapter [4] in order to prove duality for the multi-species IRW, we
provide a Lie algebraic description of the Hamiltonian (the transposed of the generator).
We describe this Hamiltonian with the N-species Heisenberg algebra (see for instance [14]).
It is defined by the basis elements a;,a, with a € {1,...,N}. The commutation relations
Va,be{l,...,N}:

[al,ay] = =651 (12.2.10)

where 1 is the identity operator. The configuration of the multi-species IRW process with
generator (|12.2.2)) can be described by the state vector

=& | (12.2.11)

zeV
where
M2y = 07, R (12.2.12)
With this vector notation, the state space reads
0= {|n17"')n]\/> : nl;“')nNENO} (12213)

The elements of Lie algebra act on the configuration of each site as

aa|7717"‘777a7"'777N>:na|n17"'7na_]—7"‘777N> 12214
N B (12.2.14)
ag My s My oo sINY =M1,y + 1,000 mN)

Using the basis elements of the N-species Heisenberg Lie algebra we define the Hamiltonian of
the multi-species IRW as

N L N N
H= 3 Hig+ > D Hioiy+ D Higye (12.2.15)
a=1 z=1a=1 a=1
where
H,. = (al®a, — 1®ala,) + (2. ®a) —ala, ®1) (12.2.16)
and where

F—1) + 7 (a. — afa,) (12.2.17)

a

Hy =0 (af — 1) + B4 (a0 — afaq) (12.2.18)

T a

a —
Hleft =Qq (a

with Hyefy acting non-trivially only at site 1 and H,jgpy acting non-trivially only at site L.
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12.2.2 Duality

In this section we state and prove the absorbing duality for the boundary driven multi-species
IRW. The technique used for the proof, is an adaptation of the one of Chapter [6] for the stirring
process. The dual process is denoted by (&(t))i=0, where

r=1

L
E=(&,....8)® <®<5f,...,f%v>> ® (€141, ek (12.2.19)

Here, two extra-site 0 and L + 1 have been attached to 1 an L respectively. With ¥ we denote

the number of dual particles of species a at site  and with £0 (¢£+1) we denote the number of

dual particles at the extra-site 0 (L + 1). The dual state space reads
Q:=NY x Qx NY = (N))F+2 (12.2.20)
We have the following proposition, establishing the duality result.

Proposition 19 (Duality for multi-species IRW) The boundary driven multi-species IRW (n(t))i=o
acting on the state space ) defined in (12.2.1) with generator (12.2.2) is dual to the process
(&(t))i=0 acting on the dual state space Q0 defined in (12.2.20) and with dual generator

c 2 ﬁleft + Z Z ‘Ca: ,z+1 + Z ‘Crzght (12221)

rz=1a=1

where Ly ;11 5 the generator and where
E?eft =abh [F(€ = 6} +50) = £(©)] (12.2.22)
Lo =Babl [F(E—6F + 057 — £(9)] (12.2.23)

The duality function is given by

ome- ({1(2)°) (il ) (1)) o

We observe that the dual boundary generators defined in (12.2.22)) and in (|12.2.23)) are purely
absorbing and, in the long time limit they void the dual chain.

Proof of Proposition this proof is an adaptation of the proof of Theorem done in
Chapter [0] for the multi-species stirring process. Therefore, we only report here the main steps.
In a vector notation, we indicate the dual configuration as

L
€ = 1€, QORI - @I, et (12.2.25)
r=1
the dual Hamiltonian as
N N L N N
= Z Heft + 2 Z J;a;-i—l + Z ch-light (12226)
a=1 rx=1a=1 a=1

where Hg ., is the operator defined in (12.2.16)) and where
Hiy, = ((a))'a; — (a5)"a;) (12.2.27)
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e = ((@E)Tal — (ak)Tal) (12.2.28)

a a

where we denoted by a? and (a®)™ the operators a, and (a,)™ acting on site z. The duality
matrix reads

© = £L+1
oy \
D=1{> ('y;”f) &, ..., &l

£0=0
L N
( H Ry i exp (ak)T)>
z=1a=1
s\ &
(’;) <§L“, Y A (12.2.29)
2 \B
We introduce the matrix for all a € {1,..., N} and for all z € {1,..., L}
RG,I = n(f'hﬁ:’ ctt 77%\[><77%7 ] 77%\[| (12230)
that satisfies the relation
()" = Raga.R, (12.2.31)
By direct computations one can show that for all a € {1,..., N}
Ay =al®@1+1®a) (12.2.32)

is a symmetry for the Hamiltonian Hg , , defined in (12.2.16)), i.e.

[HS i1, Doari(al)] =0 (12.2.33)

z,

where Ay z11(af) is (12.2.32) on the bond (2, + 1). Then, for all z € {1,..., L — 1} and for all
a€{l,...,N}, it follows that
(Hgp1)'D = DHJ .y (12.2.34)

Moreover, by using the Hadamard formula ([6.2.39)), adapted for the Heisenberg Lie algebra, we
have that

e~%alet = af (12.2.35)
e hape® = ap + 1 (12.2.36)
<2_“La£ake“L = alak + az (12.2.37)
Then, it follows that
exp (—a, ) (aa (al —1) + 7, (aa — alaa)) exp (a, ) = (Ye@a — aad, ag) (12.2.38)
Using the above equation, one can prove that for all a € {1,..., N}
(Hie)" D = D(Hilg,) (12.2.39)
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12.2.3 Non-equilibrium steady distribution

Here we derive the non-equilibrium steady distribution of the boundary driven multi-species
independent random walk. Because of the lack of interaction, this measure can be explicitly
written just by using absorbing duality.

Proposition 20 (Non-equilibrium measure for the multi-species IRW) The stationary measure
uNEss of the multi-species boundary driven IRW with generator L defined in (12.2.2)) is the
product measure

L N
pness = | [ [ ] #viss (12.2.40)
r=1a=1
where
pNpsg = Poisson(Azq) - (12.2.41)
Forallae {1,...,N} and Yz € {1,..., L}, the parameter of the inhomogeneous Poisson distri-
bution reads
left (L+ n —.%') +pr1ght (1’— 14+ 7%)
Apa 1= ' (12.2.42)

(L+&+L-1)
where the boundary densities piie"t and pliett are the ones defined in (12.2.6).

Proof of proposition by the definition of factorial moments of the Poisson distribution,
it is enough to show that

rz=1a=1

[|L| |N| Tl ] - |L| |L| A (12.2.43)
NNESS - x (ng _ ggf)‘ a,r /N
=la=1

The right hand side of the equation above is the expectation with respect to the ungss of the
duality function ([12.2.24)), therefore using absorbing duality and arguing as in Section of
Chapter [6] we have that

€1 lEn| N

HNESS [D n, E 2 2 H left ta rlght)|£a‘_ta’Pg(t1’ . 7tN) (12244)

t1=0 tn=0a=

where we denoted by [£,]| = 2£:1 &Y the number of particle of type a in the whole chain and
where we introduce the absorption probabilities

Pe(th, ... tn) = < 2 (tado + (|€a] — ta)dE™H) ‘g(o) :5) (12.2.45)

namely the probability of having ¢, particles of species a absorbed at site 0 and |£,| —t, particles
of species a absorbed at L + 1 when t — co. Using the independence of dual particles of each

species, we introduce m¥ = 0,...,£ and we write
Einess [D(n, )]
L £ .
=11 Z Z H o) (pE) e ( ‘ )pm 2(0)™5 (1 = pa(0)E ™ | (12.2.46)
= 7=0 =0a=1 ma
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where p, ,(0) is the probability of a random walk of species a starting form site = of being
absorbed in the extra-site 0. By standard computation we have that

L+ ,8% —x
Pra0) = 7 - (12.2.47)
a Ya
Using the binomial theorem in (|12.2.46)) we have that
L N a:
Einess [D(n, € H H < leftpa 2(0) + pnght(l - pa,m(o))> (12.2.48)

By substituting ((12.2.47]), the result follows.

12.3 The multi-species harmonic process

In this section we introduce the multi-species harmonic process. For the sake of simplicity we
define it in the first non-trivial case of N = 2 species and on the geometry of a chain of length
L with two reservoirs attached to the site 1 and L respectively. We assume that the interaction
is of nearest neighbour type. We denote the process by (m(t));>0 and a generic configuration
by m = (m!,...,m") where, for each site z € {1,..., L} we associate a vector m®* = (m?¥, m3).
Here m{ and mj denote the number of particles of species 1 and 2, respectively, at site . The

configuration space reads

L
=X Q0 (12.3.1)
x=1
where
Q, = {(m},m}) e N3} (12.3.2)

We observe that each site can host an unbounded number of particles of any species. For all
s € N/2, the generator is given by

L—1
L= Eleft + Z »Cx,a:Jrl + Lright (1233)
where:
e bulk generator: we have that
my  mj3
Lowirfm) =" > Ty iky=0y0s(mi, m3, ki, ko)
k1=0 k2=0 (12.3.4)

x [f(m — k18] — ka3 + k167! + kad3 ™) — f(m)]

where we introduce the transition rate

D(ky + ko) T(m® +m& — ky — ko + 25) 13[ L(me + 1)

s 1:’ x’k ,k‘ =
ps(mima kiske) = S N, +1) T(m? +m3 + 2s)
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In words, the dynamics on the bulk consists in removing ki particles of species 1 and
ko particles of species 2 from site z and put these particles at site x + 1. The rate of
this transition depends on the number of particles present at site x before the transition
happens m{, m3 and on the number of particles ki, k2 moved from z to z + 1 in the
transition.

o Left boundary generator: we have that

1 1
my o My

Liett.f(m) = Z Z Lk, 4 hy>0) s (M1, M3, ks ko) [f (m — ki8] — kady) — f(m)]
k1=0ko=0

SIS () g5 (1) sl
+ 20 20 Vrkasoy o O+ k) (m o+ k] + ko) — f(m)]
k1=0ko=0 ’ ’

(12.3.6)

In words, the left boundary generator allows two transitions. On one hand, it removes k;
particles of species 1 and ko particles of species 2 from site 1 with rate ps(m{, m3, k1, k2)
of equation On the other hand, it injects k1 particles of species 1 and ko particles
of species 2 from site 1. For this transition, the rate depends on the number of injected
particles ki, k2 and also on the boundary parameters 51(1) and Sa(1).

o Right boundary: here the generator L, g is similar to Lieg, but it acts on the site L and
it has boundary parameters (51(L), S2(L).

Comparison with the single species harmonic process

The process with generator (|12.3.3)) seems to be the natural generalization of the single species
harmonic process defined in [26]. Indeed, when we take N = 1 we only have one species of
particles (and then one species of k’s and one species of m?’s) and we obtain, in the bulk,

1T(m+ 1)I'(m — k + 2s)
s(k,m) = ET(m +29)T(m—k+1)’ (12.3.7)

on the left boundary,

1) 1
B(k‘!) (k) = /85{:) (12.3.8)
and similarly on the right boundary
L)k L
B(k:!) (k) = B(k) (12.3.9)

Equations (12.3.7), (12.3.8)) and (12.3.9)) give the rates of the single species harmonic process
introduced in [26].

12.3.1 The bulk as the limit of an asymmetric process

The transition rates introduced in equation (|12.3.5) can be obtained as a proper limit of the
transitions rates of the asymmetric process defined in [45], where we have the following rates:
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e right jump: Right jump: Vi = 1,...,n, k; particles among m; jump to the right with the
following rate:

Yii<a<b<a(Ma—ka)ky  k1+ka—1 2

v,q gmise=rs v (Q7q)k1+k2*1 mgq

PR (m1,ma, ki, k) = —— (12.3.10)
R ) y V1, (,/qm1+m2 k1 k27Q)k1+k2 Pl ka q

o left jump:

gZr<i<i<2 MRk (g g

o N (mi, ma, k1, ko) =

2
k1+ka—1 H (T]::La) (12'3‘11)
@/ q

(I/qm1+m2*k1*k2’ q)k1+k2 polie]

Here we have introduce the following notation:

1. g¢-Pochammer:

(2, @)n = ﬁ (1—2¢7") (12.3.12)

j=1
with the properties
_ Z,
(2¢" ", @)k = (i qg)”k (12.3.13)
I n—
2s (2
li (2@ _ L5 £ n) (12.3.14)

q—1 (1 — q)n N I‘(2s)

2. g-binomial:

m\ (¢, 9)n
(k) = @Ok (@ D (12.3.15)

3. g-number:

with the property lin%[kr]q =k (12.3.16)
q—)

We now prove the connection between the symmetric and asymmetric process.

Lemma 8 Let o (-) be the transition rate (12.3.5) and let ¢](-) and ¢}(-) be the transitions
rates (12.3.10) and (12.3.11)) respectively. Then, for all my,mo, k1, ks € N and for all s € %, we

have

2s 2s
@s(my,my, ky, ko) = giﬂ(l—qw% A(my, mo, k1, ko) = giﬂ(l—qw% A(my, ma, k1, k2) (12.3.17)

Remark 33 In the single species case it has been proved in [107] that the harmonic process with
s = 1/2 can be obtained as a proper limit of the asymmetric process defined in [109].

Proof of Lemma the proof is done by direct computations. We only show the limit for

cquZS’q(-), since the one for gofs’q(-) is analogous. By the definition of g-Pochhammer symbol we

have that, for all k1, ko, m1, mo,v € N,

(Vv Q)ml +mo—k1—ka
(Vv Q)ml +ma

m1+mo—ki—ko

(vq s Dy ks = (12.3.18)
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It follows that

OR(mi, ma, ki, ko) =

q(mlfkl)kQI/lieril(Qa kg +hy—1 (ml) <m2>

(vgmitma—kike q) k1 ) \ ke

(1/, Q)m1+m27k17k2
(Va Q)m1 +ma

k1+ka

_ q(ml—k1)k2 Vkl +ko—1 (

q, Q)kl—i-kz—l

(¢ @Q)m, (45 @Q)ms
(0D (@ Dmr—ter (@ Do (@5 Qmg—ks
_ glmkdka ks 1 (@ Dkitka—1
q v
(Q7 Q)lﬂ (Qa Q)kz
(Vv Q)m1+m27k17k2 (Q7Q)m1 (Q7Q)m2 (12319)
(q7 Q)mlfkl (q7 Q)m27k2 (Vv Q)m1 +mo

X

We replace v by ¢?* and we have that

4% .q _ (ma—ky kst 250k +ha—1) (& Dy +ha—1
@ (m17m27k17k2) =q
R ( ) (q Q)kz
2s
% ((] 7Q)m1+m2 k1— ( ) ( ) (12'3‘20)

(Q7 q)m1—k1 (q7 q)mg—kg (q ) q)’m1 +ma

(1 q)k1+k2 1 (1_q)m1+m2—k1—k2 (1_q)m1+m2

We multiply the right-hand-side by (I=g)Fi 7211 (1—g)ymiTma—Fi=Fs and =gz to get

(m1—kr Yo+ 25(k1 +ko—1) (& Dha+ho—1 (1 — M (1—q)*
(1 —g)ftk=l (g, )k, (¢, )k,
(1- )71 (q287 @y +ma—kr—ky (1 — Q)ml_kl (1- Q)m2_k2
(1 - Q)mﬁinklikQ (Q7 Q)m1—k1 (Qv Q)mQ—k2
=)™ (4, Dmy (D) ms (12.3.21)
(@ Dmitme (1 —q)™ (1—q)™
By multiplying by (1 — ¢), by taking the limit ¢ — 1 and by exploiting we obtain that

2s
og

mi, me, ki, k2) =q

2s
(%Ln%(l —q)ek N(ma1,ma, ky, ko)

_ Jim g(m kR 25k ko 1) (4 Dry ka1 (1—@)" (1 —g)*
g1 ) e e (07 P (7 ) P
(€% Dy tma by ks (L= @™ M (1 =)™ (1 =)™ (¢, Qmy (2, Dms
(1 - q)m1+m27k17k32 (Q) Q)m1—k1 (Q7 q)m2 ko (Q7 Q)m1+m2 (1 - Q)ml (1 - Q)mQ
_ T(ki+ks)  T(mi+ma—ki— k2+2513[ I(m; + 1)
I(ki + DI(k2 + 1) I'(my + ma + 25) I(m; — k; + 1)

=p2s(m1, ma, k1, k2) (12.3.22)

X

i=

O

12.3.2 The choice of the boundaries

The choice of the rates of the boundary generators allows to extend the reversible
product measure of the bulk to the boundary driven process, provided that the parameters
Ba(l) = Bo(L) for all a € {1,2}. As already pointed out, this is the usual choice of the boundary
to obtain an absorbing dual process for the generator (12.3.3).
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Lemma 9 The boundary driven multi-species harmonic process with generator (12.3.3|) admits
a reversible product measure given by

® T wr’ ~ NegMult(2s, po, B1,B2) + po+P1+ P2 =1 (12.3.23)
zeV

if an only if Ba(1) = Ba(L) = By for all a € {1,2}.

Proof of Lemma [9; we first impose the detailed balance condition for the bulk generator for
the transition
m — m — k167 — kods + k67T 4 kody ! (12.3.24)
Then, the detailed balance reads
pe (M, m3) 1 (my " ms ) o(m, m3, b, k)
:M$(ml — kl,m2 — kg)ux+1(m5f+l + ki,m x+l + k ) ( :c+l + Kk mxH + ko, kl,kg) (12.3.25)

By replacing the rates (12.3.5) and the probability mass function of the reversible measure

(12.3.23) we have that

p2s my amy p2$ mglc+1 m;+1
T T 0 1 z+1 z+1 0 1 2
Ls i+ 103) B oY g gt 25 M) Ry e,
F(k‘l + k‘g) I‘(mf + m2 — k1 — ko + 28) I‘(mf + 1) F(mg + 1)
k1'ko! L'(my +ma + 2s) I'(my —ki+1)T(m§ — k1 +1)
25 my—k1 m3 —kz

=T(2 x T k k 1 2 (2 z+1 x+1 k L

(2s + mi{ +m3 — k1 — Q)F(QS)( ) (it =)l (2s+mi +mI + ki + ko)

z+1 z+1
pre g M g R pe k) T(@s +mEt 4 mEt)

L(25) (mi™ + k) (m3Th + ko)l kalka! Tmi™ + miat + ky + ko + 25)
Xr(”“+ky+nr(x“+wa+n
I‘\( Sf-i—l + 1) F( z+1 + 1)

(12.3.26)

By using the property of the Euler gamma function I'(n) = (n + 1)! it becomes an identity. For
the others boundary transition the computations are similar.
We now show the detail balance condition on the left boundary for the transition

m — m + kl(;ff + kgé% , (12.3.27)
obtaining

,LLg;(mx m ) oy i 'F(kl + kz) Mx(m:f + k1, m% + kz)g@(mf + k:l,mg + ko, k‘l, kz) (12328)

Substituting the rates of the left generator in equation (|12.3.6]), the bulk rate (|12.3.5) and the
probability mass function of the reversible measure ((12.3.23)) we have

€T xT
mi oMy ok ko

p(%s 1 2 1 (1) Bs (1)F(k:1+k:2)

T'(m7 +ms + 2
(mi 4 2 o i mgl =l Rl
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2s my+k1 m3+ka
Do 1 2

['(2s) (m§ + k1)! (m7 + k2)!
I(k1 + ko) L(m{ + m& + 2s) L(m{ + ki +1)T(m3 + ko +1)
Eilke!  T(m7 +m3 + ki +ka+2s) T'(m7+1) I'(m% + 1)

=I'(m{ + m3 + k1 + k2 + 2s)

(12.3.29)

By using again the property I'(n) = (n 4+ 1)! the above equation reduces to

(ﬁlﬁ(ll)yl _ <5ﬁ21)>k2 (12.3.30)

that is true if and only if B,(1) = S, for all a = 1, 2.
For the other possible boundary transition and for the right boundary generator, the proof is
similar.

12.4 The multi-species symmetric inclusion process

Starting from the single species SIP(2k) introduced in Chapter 3] we define its multi-colour
version, the so called multi-species SIP(2k) with k € N/2. Again, for the sake of simplicity,
we consider the geometry of a chain of length L with two reservoirs attached to the end sites
1 and L respectively. The interaction is set to be nearest neighbours. Moreover, to simplify
the computations, we consider the first non-trivial case, i.e. when N = 3, with two species of
particles and a hole, still denoted by the index N = 3. In this situation, we do not have any
more the interpretation of the holes given in Chapter [4] for the stirring process, since here each
site allows an unbounded number of particles. We will clarify this aspect in the following.

To each site = of chain we associate a configuration vector given by (nf,n3,n3), where n{,nj
denote the number of particles of type 1 and 2 present at this site, while n% denotes the number
of holes. On the whole chain, we assign the configuration n = (n{,n3,n%)eq1,.. 1. The state
space is given by

L
Q=) 2% (12.4.1)
=1
where
Q, = {(ngf,ng,ng)eNg : ng =2k 4+ nf +n3} (12.4.2)
The generator is given by
L—1
L = Liets + 2 Er,m—&-l + £right (1243)
=1
where:
o the bulk generator
3
Lowarfn) = O ninit (fin— 6% +05 + 05 — o5 ) — f))  (12.4.4)
A,B=1
e the boundary generators
3
L f(n) = > aang (f(n— 0 +054) — f(n)) (12.4.5)
A,B=1
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and

Lifn) = ) Bank (f(n— 6% +35) — f(n) (12.4.6)
A, B=1

We observe that the generator is formally the same of the boundary driven multi-
species stirring process defined in (4.2.15)), specified to N = 3, on a line with nearest neighbour
interaction and with two boundary reservoirs. The difference is in the definition of the holes
variables ng that now have unbounded values. Again, these holes have an occupation variable
depends on the occupancy of the species of particles, but the meaning is not any more the one
of the multi-species stirring process (see Chapter [4]). To make the differences more clear we
compare the two situations in the case N = 3. Here, the holes occupation variables reads

multi-species stirring process: nz=v—nj; —ng <v
multi-species SIP(2k) : n3 = 2k + n; + no  unbounded

Moreover, we observe that the expression of the holes of the multi-species SIP(2k) can be
obtained from the one of the multi-species stirring by replacing ng with —ng3 and with replacing
v by —2k.

Reversible measure

To prove write the reversible measure for this process we introduce the boundary densities for
any species a € {1,2}:
left _ Qg right _ & (12 4 7)

p - p
“ o3 “ B3

Lemma 10 The boundary driven multi-species SIP(2k) with generator (12.4.3) admits a re-
versible product measure given by

a1 (9
rev _ rev rev , NeaMult 2]’6‘,*,*,
n X u T egMult( o o p3)

T

« (0%
L 2= (12.4.8)
zeV as

as

if an only if plf* = prieht for alla e 1,2

Proof of Lemma we first impose the detailed balance condition on the bond (z,z + 1).
We only consider the transition
n—n+ 6 — o5t (12.4.9)

the other transition can be treated similarly. The detailed balance reads

A I % o, ey P gy e ey ol
I'(2k +ni + nQ)F(%) n—?n—?r(% +ni 4+ ng )F(2k) 11 ] (2k + n7 + n3)n]
p2k pfl”bi”ﬂ p;§
I'(2k) (nT + 1)! n3!
P2k p?f“—l pgi“
L(2k) (n?*1 — 1)1 ngth

=I'(2k + n{ +n3 + 1)

xT'(2k +nftt 4+ ndTt — 1) (ng +1)(2k + niT 4+ 03T —1)  (12.4.10)

that reduces to an identity by using the property I'(n + 1) = nI'(n).
We now consider the transition on the boundary

n—mn—05 + 063 (12.4.11)
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For all the other transition the computations are similar. The detailed balance reads

n1 nl
1) pg pl p2 1

T(2k +nj + T(2k) 01l nd —Tosm
D 2% pn{—l pn%
=02k +n} +nd —1)=3 1 2 a2k + ni +ny—1) (12.4.12)

(2k) (ng — 1) ny!

It reduces to

= — 12.4.13
ot ( )

By taking the detailed balance for the same transition on the right boundary one obtains

8

%M (12.4.14)

then the result follows.

O

We observe that the reversible measure found in Lemma [I0] is the multivariate version of the
reversible measure for the single species SIP(2k) derived in Lemma

12.4.1 Perspectives

For what concerns the boundary driven multi-species harmonic process with generator
some future development are possible. Inspired by [26], one could try to describe multi-species
harmonic by using a higher rank non-compact Lie algebras and exploit this description to derive
absorbing duality. Starting from the duality function for the bulk of the multi-species stirring
process , considering the (self-)duality functions for the bulk of the SEP(v) written in
(3.2.37) and the (self-)duality function for the harmonic process defined in [26], an “educated”
guess of the duality function for the bulk of this multi-species harmonic process with generator

s
L 2
25) T'(mg +1)
Dim. &) = H ( 25—|—§1 +§2) H F(mg Iy 1)) . (12.4.15)

Here we denoted by & the configurations of the self-dual process of (m(t));=o.
Moreover, by mapping the integrable version of the process (s = 1/2) to the higher rank non-
compact spin chain, it should be possible to apply the quantum inverse scattering method to
determine the non-equilibrium steady state and to derive a mapping of the non-equilibrium
generator onto the equilibrium one (which has diagonal boundaries).
Once these tasks are achieved, the large deviations function could be investigated, as it has been
done recently in [I06]. Moreover, as mentioned in Section , starting from this multi-species
harmonic process one could derive the multi-species analogues of other non-compact processes
studied in the single species literature like BEP, BMP and KMP in the non-integrable case and
the multi-species integrable heat conduction model.
Hopefully, these non-compact processes have a richer structure, both on mathematical and
physical side and they could help (after a scaling limit is performed) in the understanding of
multi-component diffusion equations.

Also, for what concerns the multi-species SIP(2k), we aim to prove absorbing duality, in-
ferring it from the one of the multi-species harmonic process (once available). Moreover, this
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could open the possibility of extending this multi-species duality results to the continuum, like
it has been done for the single species processes in [110]. Finally, condensation phenomena in
the multi-species set-up could be studied by extending the results proved in [I11].
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Chapter 13

Duality for boundary driven
asymmetric multi-species models

13.1 Motivations

Informal introduction. In many physical situations and in statistical mechanics models it
is interesting to consider a drift term in the process, besides diffusion. Mathematically, this
is usually achieved by inserting an asymmetry in the jump rate of the particles. Even in the
closed boundary case, this asymmetry puts the system out-of-equilibrium, giving rise to the
bulk driven systems. A more general situation is when, together with the bulk driving, also a
boundary driving in inserted, obtaining a system with two non-equilibrium sources. Duality
for bulk driven system is an active matter of research (see for instance [51} 112 113]). When
also the boundary driving is added, the usual definition of duality is still not completely under-
stood and, recently in [I14], the asymmetric simple exclusion process (ASEP) has been studied
via the notion of reverse duality. It has also been proved that many integrability techniques
can be adapted to ASEP (see for instance [24] 21, [I15] [116| 117]). From the point of view of
multi-species processes, it might be interesting to study, via duality and integrability techniques,
processes with both bulk and boundary driving. Already for the single species processes, the
problem of finding the usual duality for these bulk-boundary driven case is still an open ques-
tion. In this chapter we put some light in this direction. Starting from the duality for the bulk
driven asymmetric Brownian energy process (ABEP), we construct some boundaries with the
feature of conserving classical duality. As we will clarify, this leads to reservoirs with non-local
interaction. As a downside, this non-locality is harder to interpret in a physical framework.
However, with the results of this chapter we aim to contribute in "laying the foundations" for
future works in the multi-species bulk-boundary driven set-up.

The Asymmetric Brownian Energy Processes is an interacting diffusion system describing an
asymmetric energy exchange between the sites of a lattice. Its symmetric version (BEP) was
originally introduced in [11] where its symmetries and duality properties where unveiled. These
are related to the intrinsic algebraic structure of the infinitesimal generator that can be written
in terms of a continuous representation of the non-compact su(1,1) Lie algebra.

In [I1] (see also Chapter [3]for a short review) the BEP in the closed system (i.e. in absence of
external reservoirs) was proven to be dual to the symmetric inclusion process (SIP)H This is an

!For the sake of brevity, sometimes, in this chapter we do not write SIP(2K) or BEP(2k) but just SIP and
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interacting particle system modelling particles moving on a lattice with an attractive interaction.
The reason behind the above mentioned duality relation lies is in the su(1, 1) algebraic structure
shared by the two processes. BEP and SIP are indeed two elements of a broader class of models
all related to the su(1,1) Lie algebra and including also other notable models. One of these
is the Kipnis-Marchoro-Presutti model (KMP) [50] where the total energy is instantaneously
redistributed among sites and that can be recovered as an instantaneous thermalization limit of
the BEP. Another model inherently related to the BEP is the Wright-Fisher diffusion [62] that
is the prototype model of mathematical population genetics. Duality between the Wright-fisher
and the Moran model can be seen as a particular instance of duality between BEP and SIP (see
e.g. [63]).

In [I2] (see also Chapter [3| for a short review) the analysis was extended to the non-
equilibrium situation in which the system is put in contact with two external heat reservoirs
imposing two different temperatures Ty # T, at the endpoints of the bulk. The corresponding
process is also called BEP with open boundaries and has been shown to be dual to the SIP with
absorbing boundaries.

The asymmetric version of the model we study (ABEP) was first introduced in [51] in a closed
boundary setting. This emerged as a scaling limit of the ASIP (an asymmetric version of the
inclusion process) in a particular regime of weak asymmetry. In the same work, an alternative
construction was proposed for the ABEP, that was shown to be obtainable from BEP, via a
non-local transformation g depending on the asymmetry parameter. A duality relation between
ABEP and SIP was then deduced in [51] as a consequence, independently, of the two above
mentioned constructions. The duality function does not have a standard product structure (as
is usually the case in the symmetric context) but a nested product structure related to the
non-local map ¢g. This property is a first instance of a duality relation between a genuinely
non-equilibrium asymmetric system (in the sense that it has a non-zero average current) and a
symmetric process. This link is made possible by the fact that the dependence on the asymmetry
parameter is retained in the duality function, through the map g.

Here we extend the analysis to the system with open boundaries. In this context the problem
becomes the definition of reservoirs itself. The aim is indeed to impose external temperatures
Ty # T, in such a way as not to alter the condition of existence of a duality relation with the
SIP with absorbing boundaries. Our strategy does not directly rely on algebraic considerations
on the Markov generator but rather on the link between ABEP and BEP via the non-local map
g. This transformation procedure allows us to construct reservoirs of the correct form. These
turn out to act in a non-standard way. The left reservoir acts only on the left endpoint of the
lattice, but its action takes into account the total energy of the system. The right reservoir,
instead affects all the sites of the lattice. As a result of this construction we prove a duality
relation with the SIP with absorbing boundary by means of two different duality functions. The
first one is in a so-said classical form whereas the second one is in terms of generalized Laguerre
polynomials.

As far as we know, duality in the presence of an asymmetry together with open boundary
condition is still a quite challenging outcome as the classical techniques relying on algebraic
considerations do not work. This is due to the fact that the quantum group symmetry needed to
construct the duality relation is broken. Results are mainly available for the case of asymmetric
simple exclusion process (ASEP). The first attempt is due to Okhubo in [54] where a dual
operator has been obtained; however it could not be directly interpreted as a transition matrix
for a stochastic process. We mention [118] where the author generalizes the self-duality of the

BEP, where the dependence on the parameter 2k is understood
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asymmetric simple exclusion process with an open boundary condition at the left boundary and
a closed right boundary. More recent results include [I17] where a duality relation between an
half-line open ASEP and a sub-Markov process where particles perform an asymmetric exclusion
dynamics in the bulk and are killed at the boundary is proven. In [114} [1T9] it is shown a reverse
duality relation for an open ASEP with open boundary and a shock ASEP with reflecting
boundary.

The chapter is organized as follows: in Section we introduce the model of interest, i.e.
the ABEP with open boundaries. In Section we show how the boundary driven ABEP
can be obtained from its symmetric version(the BEP, see Section via a non-local map
transformation. At the end of this section we state some general results that allow to infer
properties for a process that can be obtained from another process via a map transformation. In
the subsequent two sections these general properties are then specialized to gather information
for ABEP starting from known results for BEP: Section [13.4] is devoted to the study of the
case Ty = T, in which the system is proven to be reversible, and the reversible measure is
computed; in Section [13.5]instead we discuss duality relations. We end with Section [13.6] where
we use the duality results to gather some information on the stationary measure in the general
case. In particular we compute what we call the one-point and two-point stationary exponential
correlations of the partial energies.

13.2 The model

As already introduce in Sections of Chapter 2| the Brownian Energy Process BEP(2k) is
an interacting diffusion system of "continuous spins' placed on the sites of a lattice Ay, 2k is a
positive parameter tuning the intensity of the interaction. We consider its asymmetric version
ABEP(o,2k), 0 > 0 the asymmetry parameter, that can be defined when the lattice is a one-
dimensional chain Ay, = {1,..., L} and the interaction is nearest-neighbor. To each site of the
lattice i € Ay, is associated an energy x; = 0. We denote by = = (z1,...,21) € R{; the vector
collecting all energies and we call ) := RJLr the state space of the system. When the system is
closed, or, in other words, in absence of external reservoirs, the dynamics conserves the total
energy of the system E(x) 1= >y, @i

In this chapter we consider the open system, i.e. we put the bulk lattice Ay in contact with
two external reservoirs placed at artificial sites AT = {0, L + 1}. Each reservoir j € AT can
be interpreted as a thermal bath characterized by its own fixed temperature 7; > 0, that is
attached to the bulk A; only through the boundary sites 1 and L. The action of the reservoirs
induces an energy exchange between the bulk lattice and the exterior, that destroys the total
energy conservation. For simplicity we will also denote by T, := T the temperature of the left
reservoir and by 7). := T 11 the temperature of the right reservoir.

In order to define the model, we need to introduce two crucial quantities the partial energies
Ei(z), i € A, and the non-local map g.

Definition 19 We define the map g : Q — Q via
e*O’E,H_l(CL') _ efaEi(:r)

9(@) = (9: (7))ep,  with  gi(2):= . (13.2.1)

where E;(x) denotes the energy of the system at the right of site i € Ap, i.e.

L
Ei(z) = le for i=1,...,N with the convention FEri1(z)=0. (13.2.2)
I=i
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Notice that the total energy FE(z) coincides with the first component Ej(x) of the vector of
partial energies.

The stochastic evolution of the collection of energies of the system is governed by a Markov
process {z(t),t > 0} that we will define by giving its infinitesimal generator LAPEP. This acts
on smooth functions f : £ — R and is given by the sum of three terms, one of them governing the
interaction between bulk sites and the other two modelling the action of left and right reservoirs.
We define

LABEP _ pABEP | Z LAPEP 4 LABEP, (13.2.3)

where, for i € {1,..., N — 1}, the action on smooth functions f: Q2 — R is

2
EAF 11(e) = 3 (1= o) e =) (52— = ) ftw)

Oxiy1 0w
((1 — e_”i) (el — 1) — 2k (2 — e 9T e‘mi“))
’ ¢ )f(af) (13.2.4)

oriy1 Oy

q

+

X

/™~ Q=

whereas

e E(z)
[EARET () =T, (ef’E<x><2k—1+eC’“>f+ - <e”1—1>‘922> (@)

1 o oxs
o ox1 o
and
A 1 —e 9% L
A8 1) = (267 = 0 ) e 0 ) 10 (1326
L
+T, (1 —e7") Z 2050@) (0, — 00,y) f() (13.2.7)
1 —e 9% L
+7,— 2 O (Ei(x)+E;(z)) (% _ %,1) (5% _ %71) '

g lj=1

The action of reservoirs is non-local in two different ways. The left reservoir acts only on
the left boundary site 1, but its action takes in account the total energy E(x) that is not an
invariant of the dynamics. The right reservoir, instead, affects the whole chain by forcing a
further interaction between bulk sites. This new interaction has a different nature with respect
to the one induced by the bulk term of the generator. First of all it is non-local since all bulk
sites interact with each other, moreover it is of topological and no longer of metric nature. Indeed
the interaction between any couple of sites ([, j) depends on Ej(x) and Ej(x) i.e. on the total
energy at the right of [, resp. of j. As a consequence, does not have to be considered as a
reservoir in the standard sense but rather as a non-local-topological term of the bulk interaction.
This is parameterized by a drift parameter T;..
In the field of interacting particle systems, the interest for models with topological interaction
has emerged in the last few years both in the context of stochastic models of non-equilibrium
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[120] and in the context of kinetic theory [I2I]. Here the interaction between two particles is
called topological if it does not depend on their distance but on their ranking. In a particle
configuration the ranking of a particle can be computed by counting the number of particles at
its right (or at its left).

The main motivation for the study of models with topological interaction comes from population
dynamics and in particular the study of the motion of crowds of animals (see e.g. [122]). Due
to the non-locality of the interaction it is rare to find models with topological interaction with
good algebraic structures and then showing duality properties. To our knowledge there is only
one example of models of this type. This is the dynamic-ASEP, recently introduced in the
literature [123], [I13] for which duality results have been proven. This is a dynamic version of
ASEP (asymmetric exclusion process) for which the interaction of a particle with the rest of
the system depends on the number of particles at its right (or left), i.e. it has a topological
nature. In this perspective the ABEP with reservoirs can be seen as a first example of system of
interacting diffusions with metric plus topological interaction. As done in [124] for the dynamic-
ASEP using a generalization of the microscopic Cole-Hopf transform, we believe it would be
interesting to study the scaling limit of ABEP and to understand the macroscopic effect of these
boundary reservoirs. In the rest of the chapter we will prove that it exhibits a duality property
and derive explicitly some exponential moments.

13.3 From BEP to ABEP

The BEP(2k) on Ay, is the symmetric version of the ABEP(o, 2k) obtained in the limit as o — 0.
As in the previous section we consider the system with nearest-neighbor interaction in contact
with two boundary reservoirs kept at temperature 7y and 7,. We denote by {z(t), t = 0} the
Brownian Energy process on the space state ) = Rﬁ describing the evolution of the vectors

z:=(21,...,21) of single-site energies. The infinitesimal generator, acting on smooth functions
f:Q — R, is defined as follows

LOPP = L3R + Z LN + Lo (13.3.1)
where, for i e {1,..., N — 1},

LPENf(2) = [Zizi+1 (0zin — 5zi)2 — 2k (2 — zit1) (Ozsy — 6%)] f(2) (13.3.2)

whereas ] » ]
LRk f(z) = [ <2ka tag ) —21621] £(2) (13.3.3)

and ; 2 ]
Lo f(z) = g g ) fz) . (13.3.4)

5, e 2,

The latter terms give the action of left and right reservoirs that are attached, respectively, to
site 1 and site L.

It can be easily checked that £BEP is recovered from L£ABPEF by suitably taking the limit as
o — 0. On the other hand £ABEP can be constructed from £BEP by acting with the non-local
map ¢ introduced in Definition This claim has been proven in [51] for the closed system.
Below we show that such a construction can be extended to the reservoir terms of the generator.
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Theorem 23 (From BEP to ABEP) Let g be the map in Definition then for all f €
D(LBEP) we have

[,ABEP(f 0g) = [LBEPf] og . (13.3.5)

Proof of Theorem the proof is divided in three steps. Firstly, using the function g
introduced in Definition [[9 and its inverse we find the relations between the derivative with
respect to z; and the derivatives with respect to x;. Secondly, we use these relations to obtain
the bulk generator of ABEP(o,2k) starting from the one of the BEP(2k). Finally, we obtain
the the boundary generator of the ABEP(o,2k) starting from the one of BEP(2k). This last
result is obtained for a system where each site of Ay is connected with a boundary reservoirs.
By specializing to case when only two reservoirs are connected with sites 1 and L we obtain the

generator (|13.2.3)).

Relations between derivatives. Recalling the definition of g:

g: Q2 - Q

e~ 0Ei1(z) _ o—0oEi(x)

= g(x) = (9i(7))iea, with  gi(z) =

o
with the convention Er11(x) = 0 and Fi(x) = E(z).
Notice that the map g is not full range, i.e. g(Q2) # Q, indeed
1 —20E(z) 1
E(g(z)) = ~ (1 e ) <= (13.3.6)
o o

so that in particular g(Q) € {x € Q : E(z) < 1/o}. Moreover g is a bijection from 2 to
g(Q). Indeed, denoting by ¢™ : g(Q) — Q the inverse transform of g. In other words, if
z = g(z) € g(Q), then x = ¢™¥(z) with ith component being

g;nV(Z) — % In {m} (13.3.7)

Let F := fog, or, equivalently, f = F o ¢"™ namely F(z) = f(g(z)) for x € Q and f(z) =
F(g"™(2)) for z € g(Q), therefore, in order to prove (13.3.36)), it is sufficient to show that, for
all z € Q,

2P (F o g™) | (9(@)) = [ £8P P | (@) (13.3.8)

To this aim we compute the first and second derivatives of f = F o ¢"™. We have that for all
ke A L

Ly= 3 Ligmiy - 9

0z 671'1 0z,

(2) (13.3.9)
leAr,

and for all k,me Ap

inv

2 2 ) inv 0 _ 2 _inv
Ty = S T8 (gmie)) P 0) S )+ 3 2 (i) 29 () L (13.3.10)

0221 2m, X 021 02Zm = oz, 0% 21 2m,
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We now compute all the first and second derivatives of all the components of the inverse function
g™, we obtain

3l 0 ifk <l
glnv .
T;f(z) =S ToEm ifk=1 (13.3.11)
oz .
=B (-oEmnE) k>
and, for m < k (it is symmetric in k£ and m),
. 0 itm <1
g™ (2) = { =2 ifl=m<k (13.3.12)
02m 0%k 7)) = (1-0Ei(2)) "
m z10%(2—02,—20E;11(2)) fm>1

[(1-0Ei(2)(1-0Ei11(2)]?

Using the telescopicity, these derivatives simplify, since we have that
- EL _1 —oE(x)
E X i (1 TEE ) . 13.3.1
1 (g (z)) ZIZZQ(UU) € (13.3.13)

Then, using (13.3.13]) we obtain

. 0 if k<l
aéq; oo Ei(z) ik =1 (13.3.14)
) Bl (1 emom) ik >
and
) i 0 ifm <
ai glaz = { ge20Ei(x) ifl=m<k (13.3.15)
mOHk la=g(a) oe?oBil@) (1 — e7202) ifm > [ .

Bulk. We aim to show that for all i € A, z € Q,

[@ﬁflf] (9(x)) = [E?,i]i]‘ip fo g] (z) (13.3.16)
where
LB F(2) = [mi2int (0usy = 02)7 = 205 — 2641) (220 — 02) | F(2) (13.3.17)
and where
[CABEP f](@) = — (1 e~7) (741 — 1) ( i a)?f(ar) (13.3.18)
o Oxin1  Ox;

L1 ((1 —eTIT) (7Tt — 1) — 2k (2 — eI — e”i“)) ( ‘ ‘ ) f(z)

g al"i_H 5.%

We consider term by term the bulk generator for the BEP(2k) given in ((13.3.17) and we have
that

i :% [(e77Pn® 7B (7 Pins@) _ emoBinn@) ]
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6—20’Ei+1(3})
— (1 — e T (51 — 1) (13.3.19)

02

Moreover, we have that

(zi — 2iy1) L {e_UEi“(x) — e7oBi@) _ gmoBia(@) e_"E"'“(I)}
e~ 0Eiy1(x)
= (2T i) (13.3.20)
o

Considering the term with the second derivative of (13.3.2]) we obtain

2 2 2
(526 + i) -2557 )

0z 02;0%i11 =g(x)
0*F O*F 02F OF oF
_20E;11(x) o o, o B 123
2o {( @)+ )~ 25 am@)) o ( - <x>>} (13.3.21)

Indeed, we have that

a2f { aQF agmv aglnv { oF . aQQienv
— = _— — (g™ 13.3.22
aZiQ (Z) ngl axeaxj Z)) azz (Z) azl (Z) +£Z] axe(g (Z)) aZ’LQ (Z)7 ( )
an i+1 aQF _ 8g§nv agmv i+1 oF . 529?1\]

z) = — (g™ (2 z zZ) + — (g™ (= z 13.3.23
52, ) [ Ol 0zie1 0zisn ;1 o e @ )

and
2 i+1 2 . inv a inv Z+1 2 inv
0 f _ 0°F inv Z))agf g Z 1nv 0 9y (Z) (13324)
02;0zi 11 Pt 0xp0x; 822 621“ 6:@ 6226,21“

We observe that by using the equation for the first derivative of g™ given in (13.3.14)) we obtain

62F v agmv agmv agmv agmv agmv aglnv
575%2(9 (Z))< 0% (=) 0z - Dzigr 52’z+1(z> 0z Orint & z=g(x)
2
:aa I;(x) (e%EiH(J»‘) + 620Ei($)(1 — %)% 260Ei($)€UEi+1(m)>
€T3
2
:aa F2‘($)(—€20Ei+1(x)) ’ (13325)
€T

0Zit1 0%i11 ( 0% 0Zit1

PF oy (0050 09
5$i5$z’+1

inv o inv
269 P gl-‘rl Z))

z=g(x)

2
:a aaF (x) <2€UE¢+1(£E)€O'EZ'($)(1 _ efcxi) _ 260Ei($)60Ei+1(m)>
Ti0Ti+1

0*F 20E;41(x)
= THi+INE 13.3.26
6aci8xi+1(x)e ( )
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and
oF

or agi'rJlrvl agi'l-lkvl 20E;41(x)
" Z : = o 13.3.2
595224_1( ) (aZHl § 0zit1 (2) z=g() am?_H (@)e (13.3.27)

Moreover, using again (13.3.14]), we have for all ¢,j € {1,...,i — 1} we have

(ag;;ﬂv og L 095"\ _ 00\ 99" Z)>

o= (2) P z o 6zi+1(z o2 z . =0 (13.3.28)

z=g(x)

Using the equation for the second derivatives of g™ given in (13.3.15) we have

OF . aZQmV a2ginv aninv
“YE o inv 7 7 _9 i
axi (g (Z)) ( 8212 (Z) + aZ,L-2+1 (Z) 62i62i+1 z ) Z:g(x)
:gF (.CE) (0_620Ei(z) + 0_620'Ei(:r)(1 o 6*0901') o 20_620'Ei(:t)>
Ti
N 25 () (o7 b)), (13.3.29)
oF inv 629?“/ oF inv ol T
E (2)) g “1(2) = af(g (2))oe2 Fis1(@) (13.3.30)
Ti+1 it 2=g(x) Ti+1

and for all £€ {1,...,i — 1} we have

2 inv 2 inv 2 inv
(a 90 () 4 T (o) 2 09 z))

=0 13.3.31
62’12 é’z?H 6zi6zi+1 ( )

z=g(x)

Using ((13.3.22)), (13.3.23)) and ((13.3.24) with the results given in equations ([13.3.25)), (13.3.26]),
(13.3.27) and (13.3.28)) we obtain the aimed equation for the second derivative part (13.3.21]).

We now consider the term with the first derivatives in (|13.3.2]) and we obtain

of of —0Ei(2) oF oF
e = i - 13.3.32
(- L) R - (133.32)
Here we have used the relations
oF inv ag%nv ag%nv _ oF oEi(x) —ox; oEi(x)
&’xi (g (Z (é’ziﬂ i 8zi (Z)) z:g(m) _0337; ((l)) (6 (1 € ) € )
zsi(x)(—eoEHl(z)) : (13.3.33)
oF - (9911"1 oF i Eii1(z)
inv ) _ —(g™v O L+ 1\ % 13.3.34
0%it1 : 0Zit1 limglzy  OTit1 g7 (=))e ( )
and, for all £ € {1,...,i— 1},
agénv ag%nv
— = 13.3.
<5Zi+1 (2) o2 (2) . 0 (13.3.35)

that follow from (13.3.14)).
Using ((13.3.19)), (13.3.20), (13.3.21)) and ((13.3.32) and ([13.3.32) equation ((13.3.18)) is proved.
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Boundary. We aim to show that, for all (¢,7) € A x AT, 2z € Q,

2250 f | (9(@)) = [LAFP f o g| (@) (13.3.36)
where )
BEP 0 02 0
L f(z) = _Tj 2k5 + 2= z - zia—Zi f(z) (13.3.37)
and where
[i—1
[L2PPF (@) = (KT — gi()) | D) 7 (1 —e ") 0y, + 6"Ei<x)6xi] flx)+
L1=1
i—1
oE(x —ox ocE;i(x —ox; ol (x
Tjgi(:c)[Ze l()(l—e e J()(1—6 J)&ilxj+e2 ()é’i
Li=1
i1
2 Z ea’El(x) (1 o e*UfEl) oFE; (x)aglmz
i—1
+ > o2 Bl) (1 — e727m) 5, 4 062"Ei(m)é’xi] flx) . (13.3.38)
=1
Here we have that
of OF s o 0g™
M( SR O (13.3.39)
i 82F gz g;HV 629?1\]
an an 1 . .4
az 5%6%@ ()% B 2 6:105 )7 ) (13.3.40)

Using these equation and by substituting the expressions (13.3.14]) and ([13.3.15)) in ((13.3.37)
we obtain (|13.3.38)) we obtain. Therefore 113.3.8i follows. Moreover, we recver the left and the

right boundary generators by putting L',OA}I3 BP = E{'éf]%EP and £é§ﬁ£ = EﬁgBh}%P respectively.

Remark 34 (Algebraic construction of the bulk generator of the ABEP) In Section we
reported the algebraic construction of the bulk generator of the BEP(2k) via a representation,
acting on smooth functions, of the su(1,1) Lie algebra. Using (13.3.5) one can show that the
generator of the ABEP(c,2k) has the same Lie algebraic structure of BEP(2k), i.e. for all
1€ AL

LAPEP = KF K, + K7 Ky — KYRD, ) + 2k° (13.3.41)
where, for all a € {+,—,0}, the generators of the algebra Kf are connected with the one of
su(1,1) reported in (3.2.64) via the function g introduced in Definition (19) as

K¢ =CyoKloCy. (13.3.42)

Here, one can check that Cy is an algebra-homomorphism that, for all f : Q — R, acts as

(Corf) @) = (Fog ) @)  (Cpif) (@) = (fog) (@) (13.3.43)

More explicitly, we have that

(Kffog)(x) = (Kff)(g(x)) (13.3.44)
For the details of this algebraic structure of the ABEP(o0,2k) we refer to [51)].
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13.3.1 Some general definitions and properties

The construction of ABEP(o,2k) as a non-local transformation of BEP(2k), allows to derive
several fundamental properties of the asymmetric process, such as duality properties (the struc-
ture of the stationary measure (see Definition . These properties are obtained by starting from
the analogous properties of the symmetric process and projecting them via the map g. Having
this goal in mind, in this section we prove some general results relating two Markov processes
that are connected via a map transformation.

In the next theorem we will see that if a stationary measure, a reversible measure or a duality
function are known for one of the a processes, then the corresponding object can be computed
for a process obtained from the original one via a transformation.

Theorem 24 Let g be a map g : 2 — Q, with Q < Rﬁ and let £ and L be the infinitesimal
generators of two Markov processes on the state spaces, respectively 2 and  := g(f2). Suppose

.

that ¥V f € D(L) it holds that f o ge D(L) and
L(fog)=(Lf)og (13.3.45)
then we have the following properties.

i) Let n be a measure on Q absolutely continuous w.r.t. Lebesque. Let J be the Jacobian
matriz of the map g. If 1 is a stationary (reversible) measure for L then

= (u-detJ)og (13.3.46)
is a stationary (reversible) measure for L.

it) Let L be the infinitesimal generators a Markov processes on the state space Qdual =1 o
is dual to L with duality function D : § x Qdual R then L is dual to L with duality
function D : Q x Qdual 5 R

D(-,€):=D(~&)og, ¢ e Qdual (13.3.47)
Proof of Theorem 24k

i) Due to the absolute continuity of pu we can write, with a slight abuse of notation, that
wu(dz) = p(z) dx. The stationarity condition for p with respect to £ then reads

J[Ef] (z) u(z) dz =0, for all feD(L) (13.3.48)
that, taking the change of variables z = g(x), gives
f[ﬁf] (9(x)) - p(g(x)) - detJ (g(x))dx = 0, for all feD(L) (13.3.49)
that, thanks to (13.3.45) and (13.3.46)), it is equivalent to
J[E( fol(@) -f(w)de =0, forall feDL). (13.3.50)

~.

Due to the fact that D(L) = {F = fog: f € D(L)}, the last identity can be rewritten as

~.

J[EAF](x) cp(z)dz =0, forall FeD(L) (13.3.51)

that is the stationary condition of f with respect to L. The statement regarding reversible
measures can be proven in an analogous way.
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ii) To prove the second statement we use the duality relation between £ and L and take the
composition of the duality function (as a function of the variable ) with the function g.
For z € Q and & € Q42! we have

12D 6| @) = |£(D(,9)9)| @) (13.3.52)
) (g(x)

| |
ISR
S O
N N
o
. B
=
—~~
I
~

- [L D(z, ] €) . (13.3.53)
This concludes the proof of the second item.

m}

In the next two sections we specialize the argument of the above theorem for our model
of interest. In Section we focus on the case in which the external reservoirs impose the
same temperatures (i.e. when Ty = T, = T'). We prove that in this situation ABEP(o,2k) is
reversible and we find the reversible measure. In Section we find two duality relations for
ABEP (o, 2k).

13.4 Equal temperature reservoirs

In this section use item i) of Theorem [24| to withdraw some conclusions concerning the case in
which the two reservoirs have the same temperature. The idea is to import this property from
the reversibility of the corresponding symmetric process. From Section of Chapter [2] we
know indeed that, in absence of reservoirs, the BEP(2k) is reversible. In particular it admits a
one-parameter family of reversible probability measures ur, T' = 0, that are products of Gamma
distributions of shape parameters 2k and scale parameter T, i.e. ,uBEP( ) dz with

BEP L e_zi/TZ(2kfl)
= —_— 13.4.1
=1
When the process is in contact with two reservoirs kept at equal temperatures, Ty = T, = T,
the process remains reversible, admitting u7 as the unique stationary probability measure. In
the following Theorem we extend the statement to the asymmetric process, for which we prove
the existence of a unique reversible probability measure that is in the form of a product measure
times a function of the total energy of the system E(x).

Theorem 25 (Reversible measure for ABEP) The ABEP(o,2k) with equal reservoir tem-
peratures Ty = T, = T is reversible with respect to the unique stationary probability measure
pBER () dx, with

—oE(z) _1q L 1 — g—0oTi)(2k—1) ]
ABEP € ( € ) —ox;(2k(i-1)+1
e {O'T} N v e (1342)

Proof of Theorem We want to use item i) of Theorem To this aim it is enough to
compute (42 o g)(x). Indeed,
et (@) = (7" detT (g(2) HMBEP ))detJ (g(x))
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e~ 9 @/T (g;(2))k—1)

L
1] det 7 (g(x))
1l T(2k)T2F
L 1 e*UEi+1(x) — eiUEi(x)
pETCT Tl R
—o(2k—1)E;41(x)
—oz;\(2k—1) € —oEi(x
x (1 — e omi)2h1) o(2k—1) € ©

—cE(z L —oxi\(2k—1
= exp { € ©) — 1} . H (1-e )( )67(2kai+T)zie(2ka+Tfa)xi _

oT L1 oTIT2RT (2k)

Here, by calling again z = g(z), we have that the determinant of the N x N Jacobian matrix J
is given by

det (j(z)

> — o St Eix) (13.4.3)
z=g(x)

where equation (|13.3.14) has been used. Therefore, ((13.4.2)) follows.

Remark 35 In Theorem 3.3 of [51] a family of reversible measures has been found for ABEP(o, 2k)
with closed boundary. This family is labeled by the temperature T'. The measure corresponding
to the temperature T (eq. (3.15 - 8.16) of [51]) does not match with ppB*Y found in (13.4.2).
Indeed it differs from it only for the factor in front of the product in that is a function
of the total energy E(x). This is due to the fact that, in absence of reservoirs, the total energy
is an invariant of the dynamics, and then this term becomes a constant that simplifies with the
normalizing factor of the probability measure. In the presence of two thermal reservoirs instead,
even in the case of equal temperatures Ty = T, = T, the system does not conserve the total
energy anymore, and the initial factor in can not be neglected anymore.

13.5 Duality results

When T, # T, reversibility is lost. Nevertheless there exists a unique stationary measure de-
pending on both temperatures Ty and T,. However a full characterization of such a measure
is a difficult and still open problem, even for the symmetric case. A tool that has proven to
be of great help in the study of the properties of the stationary measure is duality (see Section
B:2.1] We will return to the study of steady state in Section [I3:6] In the next section we prove
two duality relations between the Asymmetric Brownian Energy process and the Symmetric
Inclusion process with absorbing boundaries.

13.5.1 Duality between ABEP and SIP

As we have proved in Theorem [12] there is a duality result linking the boundary driven BEP(2k)
and the SEP(2k) with absorbing boundaries. Moreover, from Section it follows that we can
discover information about the non-equilibrium steady state of the boundary driven BEP(2k)
by studying the SIP(2K) with absorbing boundaries.

This result can be extended also for the asymmetric case. In particular, for the closed
boundary case the Inclusion process with closed boundaries has been proved to be dual to the
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ABEP (see [51]). This is the first example of duality between an asymmetric system (i.e. bulk-
driven) and a symmetric system (with zero current). This is made possible by the fact that the
dependence on the asymmetry parameter o is transferred to the duality function (in the spirit
of item #i) of Theorem Here we generalize the result to the ABEP with reservoirs defined
in . Again, we show that it is dual to the Inclusion process with absorbing boundaries,
exactly as its symmetric counterpart. This property will be proven using item i) of Theorem
and using equation that connects ABEP and BEP through the map g. We will prove
two different duality relations between the same two processes. The first duality relation is via
the so-called classical duality function [12], the second is in terms of a duality function that is a
product of Laguerre polynomials, i.e. of the type orthogonal polynomial duality function. This
orthogonal duality result has been proven in [125] only for a symmetric closed boundary system,
therefore, we first extend it to a symmetric boundary-driven system (see Theorem and we
finally generalize for the asymmetric boundary-driven process (see Theorem .

Theorem 26 (Absorbing duality between open BEP and SIP) The BEP(2k) with an open bound-
aries, with generator LBEY defined in (13.31)-(13.3.4), is dual to the SIP(2k) with absorbing
boundaries defined in Definition with respect to the orthogonal duality function

: L c 5
Or(z,€) = (I - D) - [ [(-D)% -1 F ‘
T( ) (K ) i:1( ) 11(2k

?) (T — T+t | (13.5.1)

for all T > 0. Above we wrote the orthogonal duality function in terms of the 1Fy hyperge-
ometric function, that, for n € N, is defined (see Section 1.4 of [126]) as 1F1 <_

' ok |7) T
E ! )' F(QI(fQ—Ii)n)
Proof of Theorem 26t We have to show that
(L2 D1 (-, 6)](2) = [L¥TDr(2,)](€) (13.5.2)

Since both £BEP and L5 of a bulk term and two reservoir terms, it is sufficient to show that
the duality relation for generators holds true term by term. The relation for the bulk terms of
the generators has been proved in Section 4.2 of [125], where it has been shown that, defining

d(C, k) = (=T)"1 Fy (g,f‘ %) for all i e {1,...,N — 1},

(L2 dr (- &) - d(, &)) (20, zin) = [L1d (20, ) - d(zi1, )] (&, &ivr) - (13.5.3)

It is remains to show that the duality relation holds for the two boundary terms. i.e. that

(Ll D7 (- 1(2) = [LigDr(2,)1€)  and  [LEGD7(, () = [LighDr (=, )](€) -
(13.5.4)
Being the two relations completely analogous, it is sufficient to prove one of them, we prove it
for the left boundary. We note that LEEY acts only on site one whereas L% acts only on sites

0 and 1. For this reason it is sufficient to show that, for dy(k) := (T, — T)*,

(LR de(&0)d(- €0)](21) = [Ligde(-)d (21, )] (S0, &) (13.5.5)
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At this aim, using the hypergeometric relation satisfied by Laguerre polynomials (see Section
9.12 in [126]), we find that

2107, d(21,&1) + 2k0.,d(21, &) = E1d(z1, & — 1) (13.5.6)
2105 d(21,61) = &1d(21,61) + & Td(21,6 — 1) . (13.5.7)

The above identities allow us to write the action of LEEF on d(21, &) as an action on the variable

&
[LRET do(&0)d(-,6)](21) = (To — T)%° [To€ad (21,61 — 1) — &ad (21,&1) — & Td (21, & — )] =
& [(@ -1 e & = 1) = (T = 1) (a1, &) | = [Lifde()d(a1, )] (G0 61)

that concludes the proof.

O

Remark 36 The so called orthogonal duality function D1 is related to the so-called generalized
Laguerre polynomial via a normalizing factor only depending on the variable &. More precisely,
the generalized Laguerre polynomial of degree n, variable x and parameter 2k is defined as follows

k1) - TRE+E (¢
& B = Tape 1F1(2k

z) (13.5.8)

and then the single site duality function d is related to these via the following relation

['(2k)k! a(2k—1)

AR =1 mop SO

(13.5.9)

Once the duality relation for the symmetric process is proven we can invoke Theorem [24] to
extend the result to the ABEP.

Theorem 27 (Absorbing duality between open ABEP and SIP) The ABEP(o,2k) with an open
boundaries, with generator LABEY defined in (13.2.3)-(13.2.6), is dual to the SIP(2k) with ab-
sorbing boundaries defined in Definition with respect to the following duality functions:

1. classical duality:

L T(2k) _
D7(z,6) = T - | [ =~ (gs())& - TE2+1 (13.5.10)
¢ 111 L2k +&;)
2. orthogonal duality:
L — . .
@%(I,f) — (TZ _ T)fo . H(_T)gz B < 2]? gzé?)) . (Tr — T)5L+1 , (13511)
i=1

for all T > 0. Here g is the map given in Definition[19

Proof of Theorem the result is a natural consequence of Theorem Theorem [26] and
the second item of Theorem
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13.6 Applications of duality

Due to irreducibility, the ABEP admits a unique stationary probability measure, that we will
also call steady state and we will denote it by pss. When Ty, = T, = T this is reversible and
coincides with the measure pr computed in Theorem When Ty # T, reversibility is lost
and pss is no longer easy to compute. We will take advantage of the duality property proven
in Section to compute some particular observables of pss, and more precisely, the one
and two-point correlations, with respect to pss, of the observables {e_"Ei(m), i € Ar} that are
inherently related to the non-local map g. We will informally call these quantities o-exponential
moments or correlations. Inspired by the connection between absorption probabilities and the
non-equilibrium steady state reported in Section we exploit the simplicity of the dual
process (SIP(2k) with absorbing boundaries) to compute the o-exponential moments in terms
of the absorption probabilities of the SIP particles.

Proposition 21 Let uss be the stationary measure of ABEP (o, 2k) with open boundaries de-

fined in (13.2.3)-(13.2.6)), then
2ko (m+ L)(m—L-1)

—0Em —
E,.. [e (93)] = 1= 2ho Ty(L —m+1) + (T = T)) :

(13.6.1)

Here me {1,...,L}.

Proof of Proposition Let §; € Q! the SIP(2k) configuration with just one particle at
site 7 € Ar, then
F(Qk) eiO’Ei+1(m) — eiUEi(fl') e*O’EiJrl(x)

“Tek+D) 4= Yo — S =) (1362)

Da(l', 51)

If we initialize the dual SIP(2k) with one particle at site ¢ € A, the dynamics can be described
by a continuous time random walk {i(¢), ¢ > 0} moving on the lattice Ay, U A’ performing
nearest-neighbor jumps at rate 2k and absorbed at boundary sites 0 and L + 1. We will denote
by IP; the probability distribution of this process initialized at time 0 from site ¢ € Ay. Then
the stationary expectation of the quantity in the right hand side of linearly interpolates
between Ty and T,

By, [e P @1 = ¢ o%)| = By, [D7(2,8)]
= tli)Ig) Pi(it = 0)D0($, 50) + Pi(it =L+ 1)Da(l', 5L+1)

2o <T£ + (T, — 1)+ i 1) . (13.6.3)

We take now the sum from m to L on both sides of equation (|13.6.3]) to get telescopic cancellation.
Since Er1 =0, we get

L

E,. [1 _ efaEm(CL“)] — Z (2/mT,Z + 2ko (T, — Ty) 7 i 1) (13.6.4)

=m

from which follows the result.
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In the next proposition we will show how to relate the above observation to gather information
on the stationary o-exponential expectation of the partial energies.

Remark 37 Notice that the observables {e=“Fi(®) i e A1} are reminiscent of the microscopic
Cole-Hopf transform (known as the Gdrtner transform that has been defined in [127] for the
asymmetric exclusion process). The Cole-Hopf transform has been used in the literature to
connect the KPZ equation for random growing interfaces and the stochastic heat equation. As
remarked in [112], the first hint that such transform is available relies on the existence of a
Markov duality relation.

In order to compute the stationary two-point correlation of the exponential observables
{e=7Pi*) e A1} we use the same strategy used in the proof of Proposition 21| to compute the
o-exponential moments. In this case, though, we initialize the dual system with two (and no
longer one) particles.

Proposition 22 Let ugs be the stationary measure of ABEP (o, 2k) with open boundaries de-

fined in (13.2.3)-(13.2.6), then

E,.. [e—"Em(%—UEn(w)] —1— 2koTy(2L —m —n + 2)
+ 2(?€4(:1)(T7“ —Ty)[m? +n? — 2L% — 2L — m — n)
(2ko)?(1—m+ L)(1—n+ L)
2(L +1)(1 4+ 2k(L + 1))
+TZ(L +n)(1+ 22(L +m)) + T,T,(m(1 — 2k(n — 1)) — n + 2k(n + L(N +2)))]
(20)%2k(1 —n + L) 2k
5L+ D TR 1) [ 7 (3(2112 +2L% +2nL —n+ L)
—(n+ L)[4k(L + 1) + 1] + 2L + 1 + 4k(L + 1)*)

2k
+717 ((2n2 +2L% +2nL —n+ L)+ (n+ L) — 1)

[T7(N —m +2)(1 + 22(L — n +2))

3

2
+21,T, (—;(w +2L% +2nL —n+ L) + (n+ L)(2k(L + 1) — 1) + 1)]

where myn € {1,..., L} with m < n.

Proof of Proposition Let £ = 0; +6; € Qdual he the dual configuration with two particles
at sites 7,5 € Ar, i # j. The duality function evaluated in £ is then given by

efaEHl(x) _ e*O’Ei(I) erEj+1(x) _ efan(ac)
2ko ' 2ko

DU(I‘, d; + (%) = (1365)

Considering the expectation with respect to the stationary measure:
E,uss [(erEHl(:C) _ efaEi(l‘)) (efanJrl(x) _ efan(x))] — (2k0)2 . E,uss [D"(x,(Si + 53)] (13.6.6)
= (27?0)2}1123 {Pi,j(it = 0,5t = 0)D(x,2d0) + P (it = L+ 1,5z = L + 1) D (2,201,41)+

D?(x, 00 + dp41) (Pij(iy = 0,50 = L+ 1) + P ;(iy = L + 1, j; = 0)) }
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S[1+2kE(L+1—-9)](L+1—}) 9 i(1 4 2kj)

:(%”P{D L+ 1)1+ 2k(L + 1)) "L D1+ 2k(L+ 1)) (13.6.7)
[2k(L + 1) — 1]i + [1 + 2k(L + 1)]j — 4kiy
+ 1,1 (L + (1 + 2k(L + 1)) } (13.6.8)

where IP; ; is the probability distribution associated to two dual SIP(2k) particles {(i(t),j(t)), t =
0}. On the other hand, if i = j we have:

(e—UEi+1(J»‘) . e—UEi(ac)) 2

D% (x,20;) = 13.6.9
(, 20, 2k(2k + 1)0? (13.6.9)
and considering the expectation with respect to the stationary measure:
2
E,. [(e”EM(I) - e*”EM) ] = E,...2k(2k + 1)02D° (z, 26;) (13.6.10)

= 2k(2k + 1)o” lim {Pi,i(z't = 0,i; = 0)D"(z,280) + Pii(is = L+ 1,3 = L+ 1)D"(z,201,41)+

Da(w,(S(] + 5L+1) (]P)i,i(it = O,it =L+ 1) + Pi,i(it =L+ 1,it = 0)) }

L+1—-9)Q2k(L+1—-i)+1)—1
2(L+1)(2k(L+1)+1)
(2k(L 4+ 1) — 1)i + (2k(L + 1) — 1)i — 4ki® + 1
(L+1)(2k(L+1)+1) }

= 2k(2k +1)0? {T€22( (13.6.11)

5 2i(1+2ki)—1
"20L+1)(2k(L+1)+1)
4ki% + (=8kN — 8k + 2)i + (4kN? + 8kN + 4k — 2N — 3)
= 2k(2k +1)0? { T} 13.6.12
(2k + )”{f 2L+ DKL+ 1)+ 1) o (13612
5 4ki® +2i — 1 +TT—4ki2+2i(2kN+2k—1)+1}
AL+ D)EL 1) +1) T L+ D)KL +1) + 1)

+ T,T..

This allows us to gather information on the two-point o-exponential stationary correlations.
To achieve this we take a double sum in equation ((13.6.6)), one from m to L and one from n to
L. By telescopic arguments one then gets

B, [o-oEn o8] 25, [ 1, [eoB)] 1

(2ko)? i ZL] {T7P; (i = 0,5; = 0) + T2P; j(iy = L+ 1,5, = L + 1)
i=m j=n
+ T,1 [P j(ie = 0,5, = L+ 1) + P j (i, = L+ 1,5: = 0)]}
+ (20)%2k i {T7P;i(iy = 0,4, = 0) + T°P;;(iy = L+ 1,4, = L + 1)
+ T,T; [IP’Z(Z =04 =L+ 1) +P;(iy=L+1,i; =0)]} (13.6.13)

where the first two terms on the right hand side have been computed in the previous theorem.
To conclude the proof it remains to are plug in the expression above the absorption probabilities
of two dual SIP2k particles absorbed at the boundaries 0 and L+ 1. These are harmonic function
of the two dimensional Laplacian. They solve a systems of discrete equations with appropriate
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boundary conditions. We show how to get p; ; := IP; j(i; = 0, j; = 0) for 4,j € Ap as the others
can be found similarly.

Apij = Pi-1,j + Piv1,j + Pij—1 + Pij+1 (13.6.14)
2pii = pi—1,i + Piit1
for the first two equations we get that
Di,j =Ai+Bj+Cij+D for i#j
and B_ A
pii=(A+B)i+Ci®+ D+ 5
Three of the unknown can be found using the boundary conditions:
poo=D=1
poj=Bj+D=1-;4 (13.6.15)
pri1n+1 =AL+1)+B(L+1)+C(L+1)2+D=0
while the last one can be found conditioning on the first jump, i.e.
(8K + 2)piiv1 = 2kpi—1,i41 + 2kpiiv2 + (2k + D)pii + (2k + )piy1iq1 -
This leads to the following solutions for the four unknown
_ 2k
A=— 1+2k(L+1)
B=—-1_
L, (13.6.16)
C = s
(1+L)(14+2k(L+1)
D=1
Finally we obtain
Pij(ie = 0,je = 0) = pi;
L+1—5)R2k(—i+L+1 1 1
(B LRzt L)+ 1) P (13.6.17)
(L+1)(2k(L+1)+1) 2(L+1)(2k(L+1)+1)

for the absorption probabilities of both particles to the left. Similarly one can get the absorption
probabilities of both particles to the right:
P;jlit =L+ 1,5y = L+1) =p;;
i(1 + 2kj) 1

= - Lo 13.6.1
L+D)RKL+1)+1) 2(L+1)Q2kL+1)+1) (13.6.18)
and the absorption probability of one particle to the left and one to the right
Pi,j(it =0,5: =L+ 1) + Pi,j(it =L+1,5; = 0)pi,j
~(2k(L+1) = 1)i+ (2k(L + 1) — 1)j — 4kij
B (L+1)(2k(L +1)+1)
1

(13.6.19)

- (L+1)2k(L +1)+1) Lizjy -

Substituting these expressions in ((13.6.13) we obtain the result.
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13.7 Perspectives

For what concerns the single species model here introduced, a possible future development is to
derive the hydrodynamic limit on the infinite line by exploiting the properties of this map g .
A similar idea has been used in [I127], therefore we aim to adapt this technique to the ABEP
here exposed. As natural follow-up question, one may study the hydrodynamic limit on a finite
segment, obtaining limiting equations with boundary conditions of different type. Moreover,
fluctuations from the hydrodynamic limit can be investigated (see for example the ABC model
[33, 134])

Once this single species prototype will be well understood, we aim to generalize it to multi-
species set up and extend duality and the scaling limits. This last aim could be a starting point
for the derivation of bulk-boundary driven IPS that show multi-component uphill diffusion. This
could also be useful for some applications in physics and engineering: for instance by giving a
rigorous description of the electron transport induced by thermal gradients (see for instance
[128]). Other possible applications of these asymmetric boundary driven transport models are
the construction of rigorous models to describe other physical phenomena, like the ones of
described in [129] 130} 131].
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