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results from the Padé interpolation for 〈φ8〉 (blue points), the expan-
sion points σR = −7.5, 10.0−6, 0.5 (blue triangles) and the analytical
solution (black solid line). Parameters used are λ = 2.0, σI = 0.75. . 66

5



4.3 Thirring model: thimble structure at µ
m

= 0.4 (top) and µ
m

= 1.4
(bottom). These figures display the critical points (green points), the
stable thimbles (blue solid lines) and the unstable thimbles (magenta
solid lines). Also shown are the fermionic determinant zeros (red
points). Parameters used are L = 8, β = 1,m = 2. . . . . . . . . . . . 69

4.4 Thirring model: the top figure shows the results from the Padé inter-
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Introduction

In many branches of physics, from particle and nuclear physics to condensed matter
physics, one cannot always find analytical solutions to physical problems. Monte
Carlo methods have proved to be an invaluable tool in such cases, as they provide
an efficient way to numerically estimate physical quantities that would otherwise
remain inaccessible. The case we are most concerned with in this dissertation is
that of a quantum field theory formulated on a lattice. On the lattice, observables
are expressed as

〈O〉 = 1

Z

∫

dnφ O[{φi}] e−SE [{φi}] ,

with Z =

∫

dnφ e−SE [{φi}] .

Here φi is a short-hand notation for the value of the field at the i-th site of the
lattice and SE is the Euclidean action of the system. These expectation values are
usually high-dimensional integrals and a direct numerical solution by quadratures
would be impractical. In such cases a sensible approach is to evaluate the integrals
stochastically, by interpreting the Boltzmannian weight as a probability distribution.
Specifically one would like to sample field configurations

{φi} ∝
e−SE [{φi}]

Z

and then estimate the value of the integral by the sample mean.
However when SE is complex-valued we don’t have a well-defined (real and pos-

itive) probability distribution for importance sampling. This issue is known as the
sign problem and unfortunately it affects various theories such as QCD at finite
baryon density, QCD with a θ-term or the Hubbard model. In particular the sign
problem hinders the exploration by lattice simulations of the T -µB phase diagram
of QCD, where µB is the baryochemical potential. The partition function of QCD
has the form

Z(µB) =

∫

[dUµ,x] e
−SY M + ln det Mf (µB) ,

where Uµ,x are the gauge variables, SYM is the gauge action and det Mf is the
fermionic determinant. Due to γ5-hermitianicity, the fermionic determinant is real
at zero (or purely imaginary) chemical potentials, but at finite chemical potentials
γ5-hermitianicity is lost and the fermionic determinant becomes complex-valued.
Therefore at finite density the theory has a sign problem.

Some methods have been proposed to work around the sign problem such as
reweighting [1, 2], Taylor expansion [3, 4] and analytic continuation from imaginary
µ [5, 6]. The idea behind these methods is to restrict oneself to a region of the
parameters where there is no sign problem (either zero o purely imaginary chemical

11



potentials) and then extrapolate information outside that region. A recent review
of the state-of-the-art results can be found in ref. [7]. Unfortunately these methods
are by no means a complete solution to the sign problem and their application is
limited to the region of the phase diagram where µ

T
. 1.

Indeed a general solution for the sign problem is to date still missing and for this
reason the search for alternative methods is a very active area of research. Some
alternative approaches that are being explored are the density of states [8], the
canonical ensemble [9] and the complex Langevin methods [10].

Another approach is the one in which one complexifies the degrees of freedom
of the theory and deforms the contour of integration in such a way that the sign
problem disappears completely or is alleviated (the reader can find a recent review
in ref. [11]). Thimble regularization provides a way to put into practice this idea.
Proposed in refs. [12, 13], following the work by Witten [14, 15], the method is an
application of the Picard-Lefschetz theory: the original integrals are rewritten as
sums of integrals over manifolds (the thimbles) attached to the stationary points
of the complexified theory. On each thimble there is no sign problem, because the
imaginary part of the action is constant and e−iSI factorizes out of the integrals.

Calculating the contribution from any single thimble is in principle relatively
straightforward, however putting together the contributions from different thimbles
is tricky since one has to compute the weight of each contribution and computing
these weights has proven to be a challenging task. Of course if only one thimble
would contribute to the observables this would pose no problem. However many
counter-examples are now known where taking into account more than one thimble
is necessary in order to fully capture the content of the theory [37, 41, 42, 45].

In this work we discuss how one can perform multi-thimble calculations and
we apply our proposals to two use cases, the one-dimensional Thirring model and
(a simple version of) heavy-dense QCD. Performing multi-thimble simulations is a
theoretically sound approach when the one-thimble approximation fails. In practice
however it is a difficult way to go for theories having a non trivial number of degrees
of freedom. This motivated us to explore a different approach which we think is
more suited to investigate realistic theories. In this approach one carries out Taylor
expansions on thimbles. We show that by making use of a Padé interpolation of
multiple Taylor expansions one may exploit the richness of the thimble structure
of a theory in order to bypass the need to perform multi-thimble calculations. Af-
ter having successfully applied this method to the two aforementioned use cases,
the Thirring model and heavy-dense QCD, we wanted to see whether a Padé inter-
polation of Taylor coefficients could be useful also for more traditional calculation
methods. We show that this is indeed the case by investigating the QCD phase
diagram using Padé approximants and Taylor series calculated at purely imaginary
chemical potentials.

The dissertation is composed of five chapters. In the first chapter we give an
introduction to the sign problem in the context of lattice field theories. In the second
chapter we review the Lefschetz thimble regularization method, we show how one
can implement a Monte Carlo integration on thimbles and we discuss some numerical
algorithms. In the third chapter we discuss how to collect the contributions from
more than one thimble by multi-thimble simulations and, as an application, we
apply our proposals to the one-dimensional Thirring model and to (a simple version
of) heavy-dense QCD. In the fourth chapter we discuss how to bypass the need
to perform multi-thimble simulations using a Padé interpolation of multiple Taylor
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expansions, whose coefficients are to be computed via one-thimble simulations. In
the fifth chapter we report some results obtained from the study of the QCD phase
diagram at imaginary µ by a Padé interpolation of Taylor coefficients.

The results presented in this dissertation are the subject of the following publi-
cations and conference proceedings:

• F. Di Renzo and K. Zambello, Towards Lefschetz thimbles regularization of

heavy-dense QCD, PoS LATTICE2018 (2018) 148 [arXiv:1811.03605 [hep-lat]].

• F. Di Renzo and K. Zambello, On the Lefschetz thimbles structure of the

Thirring model, PoS LATTICE2019 (2020) 211 [arXiv:1912.11380 [hep-lat]].

• F. Di Renzo, S. Singh and K. Zambello, One-thimble regularisation of lattice

field theories: is it only a dream?, PoS LATTICE2019 (2020) 105 [arXiv:2002.00472
[hep-lat]].

• C. Schmidt, J. Goswami, G. Nicotra, F. Ziesché, P. Dimopoulos, F. Di Renzo,
S. Singh and K. Zambello, Net-baryon number fluctuations, Acta Phys. Pol.
B Proc. Suppl. 14, 241 (2021) [arXiv:2101.02254 [hep-lat]].

• F. Di Renzo, S. Singh and K. Zambello, Taylor expansions on Lefschetz thim-

bles, Phys. Rev. D 103 (2021) no. 3, 034513 [arXiv:2008.01622 [hep-lat]].

• F. Di Renzo and K. Zambello, Settling an old story: solution of the Thirring

model in thimble regularization, in preparation.

Moreover another article is currently in preparation, whose subject is the work
reported in chapter 5 and carried out in collaboration with the Bielefeld University.
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Chapter 1

The sign problem

In this chapter we give an introduction to the sign problem. Firstly we summarize
how a quantum field theory can be formulated on a lattice, then we discuss the
specific case of QCD and finally we show how a sign problem emerges when studying
the thermodynamics of QCD at finite density.

1.1 Quantum field theories on a lattice

For weakly interacting theories the perturbative expansion in the coupling α is a
powerful method to calculate physical observables. If we consider for instance the
case of QED, where α ≈ 1

137 , perturbative calculations of the anomalous magnetic
dipole moment of the electron are the most precise prediction in physics, being accu-
rate up to one part in a trillion [16] [17]. However for strongly interacting theories,
like Quantum Chromodynamics, the applicability of perturbative techniques is lim-
ited. While many calculations can be carried out by perturbative methods, many
other require non-perturbative methods. In 1974 Wilson introduced lattice QCD,
namely a formulation of QCD on a discrete space-time lattice that preserves gauge
invariance [18]. This formulation is one of the possible approaches to investigate
QCD non-perturbatively. Some important applications of lattice QCD are the ab-
initio determination of hadron masses [19] or the study of the confined-deconfined
phase transition [20–24].

But before delving into QCD, let’s consider the case of a generic field theory.
Lattice regularization starts from the formulation of the theory via Feynman’s path
integrals. In this formulation the v.e.v. are expressed as a functional integral

〈O〉 =
∫

[Dφ] O[φ] eiS[φ]
∫

[Dφ] eiS[φ]
.

One switches from the Minkowski space-time to the Euclidean space-time by a Wick
rotation t 7→ −iτ . After the Wick rotation the v.e.v. take the form

〈O〉 =
∫

[Dφ] O[φ] e−SE [φ]

∫

[Dφ] e−SE [φ]
,

where SE is the Euclidean action. In the lattice formulation of the theory, the
Euclidean space-time is then replaced by an hypercubic N3

s ×Nt lattice with spacing
a and all the integrals are discretized accordingly,

∫

[Dφ] • 7→
∫

(

∏

i

dφi

)

• .
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The functional integral is now a definite integral in the variables φi. These are the
values of the field at the i-th site of the lattice. In particular, expectation values are
now integrals of the form

〈O〉 = 1

Z

∫

(

∏

i

dφi

)

O[{φi}] e−SE({φi}) ,

where SE =
∑

i a
4LE({φi}) is the discretized Euclidean action and LE is the Eu-

clidean Lagrangian density.
The Euclidean action is usually real (but not always, as we shall see later) and

such integrals can be calculated by Monte Carlo methods, sampling field configura-
tions from the Boltzmannian weight that we interpret as a probability distribution
for importance sampling,

{φi} ∝
e−SE({φi})

Z
.

Here we also note that the lattice introduces a cut-off for the momenta. This
can be seen by looking at the Fourier transform of a function f ,

f̂(p) = a4
∑

x

eipµxµ f(x) = a4
∑

x

ei(pµ+
2π
a
)xµ f(x) .

Recalling that on the lattice xµ = anµ, where nµ are integer numbers, and that the
exponential is 2π-periodic, the last step follows from i(pµ + 2π

a
)xµ = ipµxµ + 2πnµ.

Therefore we can see that momenta are restricted to the first Brillouin zone [−π
a
, π
a
].

All in all the lattice formulation of a field theory provides a natural regularization
for the theory that is numerically tractable by Monte Carlo methods. Moreover
gauge symmetries, if any, can be preserved.

As a first example, consider the φ4 theory. The Euclidean Lagrangian density is

LE =
1

2
∂Eµ ∂

E
µ φ(x) +

m2

2
φ2(x) +

g

4!
φ4(x) .

After having discretized the space-time integral as a sum over the sites of the lattice
and after replacing the derivatives by central finite differences, we obtain the lattice
action

SE = a4
∑

i

(

1

2

∑

µ

(

φ(i+ aǫµ)− φ(i− aǫµ)
2a

)2

+
m2

2
φ2(i) +

g

4!
φ4(i)

)

.

The scalar field φ can be rescaled to the dimensionless field φ̂ = a2φ. Similarly, one
can express the mass as a dimensionless quantity by introducing the mass in lattice
units m̂ = am. In term of φ̂ and m̂, the action becomes

SE =
∑

i





1

2

∑

µ

(

φ̂(i+ aǫµ)− φ̂(i− aǫµ)
2

)2

+
m̂2

2
φ̂2(i) +

g

4!
φ̂4(i)





and the explicit dependence on the lattice spacing a disappears.
The φ4 model is a theory for scalar bosons, but in Nature we mostly have fermions

and we would like to put fermions on the lattice as well. The case of fermions is more
subtle, even for free fermions. The Euclidean Lagrangian density for free fermions
is

LFE = ψ̄(γEµ ∂
E
µ +m)ψ ,
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where γEµ are the Euclidean Dirac matrices. These obey the anti-commutation rule

{γEµ , γEν } = 2δµν and can be defined in term of the usual Dirac matrices as γE4 = γ0,

γE1,2,3 = −iγ1,2,3. In the following we will drop the double notation for the Euclidean
and Minkowski space-time. We will assume the use of the Euclidean space-time,
unless we state otherwise. Proceeding in the same way as we did before, we obtain
the naive fermionic lattice action 1

SnaiveF = a4
∑

i

ψ̄(i)

((

∑

µ

γµψ(i+ aǫµ)− γµψ(i− aǫµ)
2a

)

+mψ(i)

)

.

This action can also be recast in matrix notation as

SnaiveF = ψ̄(i)Mijψ(j) ,

with Mij = a4

(

mδi,j +
1

2a

∑

µ

(δi,i+µ − δi,i−µ)
)

.

It can be shown that this action yields the propagator M−1(q) = ( i
a
γµ sin(qµa) +

m)−1. Due to the periodicity of the sine function, this propagator has 16 poles. In
other terms the naive lattice action describes 16 particles instead of 1.

This problem, known as fermion doubling, is no accident. It is a consequence of
a deep theoretical problem. The Nielsen-Ninomiya no-go theorem [25] states that
no bilinear fermionic action on the lattice can at the same time be local, exhibit no
doublers, preserve the chiral symmetry and reproduce the correct fermionic action
in the continuum limit.

In order to avoid the fermion doubling, Wilson proposed to add the following
term to the naive action:

∆SWF = −a4
∑

i

ra

2
ψ̄(i)�ψ(i) .

Here 0 < r < 1 is a real parameter that may be taken equal to 1 and �ψ(i) =
∑

µ
ψ(i+ǫµ)+ψ(i−ǫµ)−2ψ(i)

2a2
is the discretized Laplacian. The Wilson term vanishes in

the continuum limit, therefore the Wilson action still reproduces the correct action
in the continuum limit, but it removes the doublers. However the action loses the
chiral symmetry at finite a.

In addition to Wilson fermions, other solutions have been proposed, such as
Kogut-Susskind (or staggered) fermions [26], twisted-mass fermions [27] and domain-
wall fermions [28, 29]. In particular, in the fifth chapter we make use of staggered
fermions. In the staggered formulation fermionic fields are redefined as ψ(x) =
γx11 γx22 γx33 γx44 χ(x). After such redefinition one has ψ̄(x)mψ(x) = χ̄(x)mχ(x) and
ψ̄(x)γµψ(x ± µ) = χ̄(x)ηµ(x)χ(x ± µ), where we have introduced the staggered

phases ηµ(x) ≡ (−1)
∑

ν<µ xν . One obtains the action

S
stag
F = a4

∑

i

χ̄(i)

(

ηµ(i)
Uµ(i)χ(x+ µ)− U †

µ(i− µ)χ(i− µ)
2a

+mχ(i)

)

. (1.1)

Having gamma matrices been replaced by staggered phases, this action is diagonal
in spinor space. As a consequence, three out of four spinor indices can be dropped

1Also in the case of the fermionic action, the lattice spacing a can be eliminated in pretty much

the same way we did for the φ4 theory, by rescaling the field ψ to a dimensionless one, ψ̂ = a
3

2ψ.
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out and χ(x) in eq. 1.1 can be regarded as a one-component spinor. It can be shown
that this has the effect of reducing the number of doublers from 16 to 4 [30, 31].
This residual taste degeneracy can be dealt with by the rooting procedure, in which
detM is replaced by (detM)

1
4 . As a side effect of this procedure, however, the action

becomes non-local [32].

1.2 The lattice formulation of QCD

Let’s now consider Quantum Chromodynamics, which is the quantum field theory
of the strong interaction. QCD is a non-abelian gauge theory having the color
group SU(3) as the gauge group. In this theory there are Nf fermion fields ψf
(f = 1 . . . Nf ) and 8 gluon fields Aaµ(x) (a = 1 . . . 8) whose dynamics is governed,
using the Minkowski space-time, by the Lagrangian

LQCD = LF + LG =
∑

f=1...Nf

ψ̄f (iγ
µDµ −m)ψf −

1

4
F aµνF

aµν

The covariant derivative is Dµ = ∂µ − igAµ, where Aµ(x) = Aaµ(x)Ta and Ta are
the generators of the SU(3) group. The gluon field strength tensor is defined as
Fµν = [Dµ, Dν ] ≡ F aµνTa. The QCD Lagrangian is invariant under the local gauge
transformation











ψ(x) 7→ V (x)ψ(x)

ψ̄(x) 7→ ψ̄(x)V †(x)

Aµ(x) 7→ V (x)Aµ(x)V
†(x)− ig(∂µV (x))V †(x) , with V (x) ∈ SU(3) .

After performing a Wick rotation, one obtains the Euclidean Lagrangian

LQCD =
∑

f=1...Nf

ψ̄f (γµDµ +m)ψf +
1

4
F aµνF

aµν

The lattice action is expressed in term of the infinitesimal parallel transports
Uµ(x) = e−igAµ(x)a, also called gauge links. Unlike gauge fields, which live in the
algebra of SU(3), gauge links live in the color group itself. Pictorially, they can be
represented by arrows originating from the site x and pointing to the site x + aǫµ.
Similarly arrows originating from the site x and pointing to the site x−aǫµ represent

the backward links U−µ(x). One has that U−µ(x) = U
†
µ(x − aǫµ). Gauge links

transform under local gauge transformations as

Uµ(x) 7→ V (x)Uµ(x)V
†(x+ aǫµ), with V (x) ∈ SU(3) . (1.2)

In order to understand why gauge links are useful building blocks for the lattice
action, let’s look at how we can formulate on the lattice the kinetic term of the
fermionic action. If for simplicity we consider only 1 flavor and we use the backward
finite difference to approximate the derivative, we can write

ψ̄(x)γµ
Uµ(x)ψ(x+aǫµ)−ψ(x)

a
≈ ψ̄(x)γµ

(1−igAµ(x)a)ψ(x+aǫµ)−ψ(x)
a

= ψ̄(x)γµ

(

ψ(x+aǫµ)−ψ(x)
a

− igAµ(x)ψ(x+ aǫµ)
)

a→0→ ψ̄(x)γµ(∂µ − igAµ(x))ψ(x) .
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After discretizing the covariant derivative we get a term ψ̄(x)γµUµ(x)ψ(x + aǫµ)
that couples spinors at different sites. But thanks to eq. 1.2, this term is manifestly
gauge invariant.

By making use of the gauge links, the Wilson fermionic action for QCD is written
as SWF = SnaiveF +∆SWF with















SnaiveF = a4
∑

i ψ̄(i)
∑

µ

(

γµUµ(i)ψ(i+aǫµ)−γµU
†
µ(i−aǫµ)ψ(i−aǫµ)

2a +mψ(i)

)

∆SWF = −a4
∑

i
ra
2 ψ̄(i)

∑

µ

(

Uµ(i)ψ(i+aǫµ)+U
†
µ(i−aǫµ)ψ(i−aǫµ)−2ψ(i)
2a2

)

.

As for the gauge part of the action, the lattice discretization proposed by Wilson
reads

SWG ≡ β
∑

x,µ>ν

(

1− 1

3
ReTrUµν(x)

)

.

The lattice gauge action is built from Wilson plaquettes, which are a parallel trans-
ports along a square loop,

Uµν(x) ≡ Uµ(x)Uν(x+ aǫµ)U−µ(x+ aǫµ + aǫν)U−ν(x+ aǫν)

= Uµ(x)Uν(x+ aǫµ)U
†
µ(x+ aǫν)U

†
ν (x) .

From the Wilson gauge action one correctly recovers the gauge action of QCD in
the continuum limit for β = 6

g2
. Using eq. 1.2 and the cyclic property of the trace

it is also easy to show that SWG is gauge invariant.
On the lattice physical quantities are then calculated by computing integrals of

the form

〈O〉 = 1
Z

∫

(

∏

i,µ dUi,µ

)

(
∏

i dψ̄i
)

(
∏

i dψi) O e−(SW
G +SW

F )

= 1
Z

∫

(

∏

i,µ dUi,µ

)

(
∏

i dψ̄i
)

(
∏

i dψi) O e−S
W
G e−ψ̄n Mnm ψm

= 1
Z

∫

(

∏

i,µ dUi,µ

)

O det M e−S
W
G

= 1
Z

∫

(

∏

i,µ dUi,µ

)

O e−S
W
G +log det M .

Note that, since fermionic fields are anti-commutating Grassmann variables that
cannot easily be represented in the computer, in the last two steps the integration
over the fermionic degrees of freedom has been explicitly carried out.

1.3 The sign problem in QCD at finite temperature and

density

The thermodynamics of a quantum field theory can be derived from the thermal
partition function Z = Tr[e−βH ]. In the path-integral formulation the partition
function at a temperature T is expressed by the path integral

Z(T ) =

∫

[dφ] e−S[φ] ,

where the Lagrangian density is meant to be integrated up to the Euclidean time τ =
β = 1

T
and one assume periodic and anti-periodic boundary conditions respectively

for bosonic and fermionic fields. Specifically the action is

S[φ] =

∫ β

0
dτ

∫

V

d3x L[φ] .
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Since we are integrating up to a time τ = Nta = 1
T
, the temporal extension of

the lattice is fixed by the temperature. The temperature can be changed either by
varying Nt while keeping the lattice spacing a fixed or by varying a while keeping
Nt fixed.

Thermodynamic quantities, like the energy density ǫ or the pressure P , are
obtained from the logarithm of the partition function, i.e.

ǫ = − 1

V

∂ log(Z)

∂ β
,

P =
1

β

log(Z)

V
.

In the lattice formulation of the quantum field theory, these are integrals that can
be calculated numerically by Monte Carlo methods. But one is not only interested
in the thermodynamics of a physical system at zero density. In order to study
the thermodynamics at finite density, one introduces a chemical potential µ that
enters the partition function as Z(T, µ) = Tr[e−β(H−µN)]. The chemical potential µ
couples with the particle number operator N = ψ̄γ4ψ. One can embed the chemical
potential by adding a µ-dependent term to the fermionic action: for a gauge theory,
such as QCD, one obtains

SF =

∫

dτ

∫

d3x ψ̄(γµDµ +m)ψ + µψ̄γ4ψ .

On the lattice we might be tempted to naively discretize the new term so that for
the Wilson action, for instance, we get

SWF 7→ SWF + µa4
∑

i

ψ̄(i)γ4ψ(i) .

Unfortunately this simple solution results in having a divergent energy in the con-
tinuum limit,

ǫ(µ) ∝
(µ

a

)2
.

This happens because, as it was realized in ref. [33], the chemical potential acts
as the temporal component of a constant imaginary gauge field. On the lattice the
chemical potential must enter in term of links, like the gluon fields. In particular,
one has to multiply the forward and backward temporal links by eaµ and e−aµ,
obtaining















SnaiveF = a4
∑

i ψ̄(i)
∑

µ

(

γµe
δµ4aµUµ(i)ψ(i+aǫµ)−γµe

−δµ4aµU
†
µ(i−aǫµ)ψ(i−aǫµ)

2a +mψ(i)

)

∆SWF = −a4
∑

i
ra
2 ψ̄(i)

∑

µ

(

e
δµ4aµUµ(i)ψ(i+aǫµ)+e

−δµ4aµU
†
µ(i−aǫµ)ψ(i−aǫµ)−2ψ(i)

2a2

)

.

At zero density, the fermionic matrix is γ5-hermitian, that is γ5Mγ5 =M †. But
as soon as we add a finite chemical potential, γ5-hermitianicity is lost. In place of
γ5-hermitianicity one finds that the fermionic matrix obeys the relation

γ5M(µ)γ5 =M †(−µ) .
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Since (det γ5)
2 = 1, from this relation it follows the fermionic determinant is such

that
det M(µ) = det M(−µ) .

Therefore the fermionic determinant is complex at finite density and this prevents
us from interpreting e−S as a probability distribution for importance sampling. This
issue is known as the sign problem and it currently hinders the investigation of the
T -µ phase diagram of QCD.

1.4 From QCD to simpler models affected by the sign

problem

In this section we introduce two QED and QCD inspired models that provide simpler
but physically motivated settings in which one can test novel techniques and ideas
proposed to tame the sign problem.

1.4.1 One-dimensional U(1)-links model and the Thirring model

First we consider a one-dimensional U(1)-links model governed by the action

S = SG + SF = β

L
∑

t=1

(

1− 1

2
(Ut + U

†
t )

)

+
∑

t,t′

χ̄tMt,t′χt′ .

with Mt,t′ =
1

2
(Ute

µδt+1,t′ − U †
t′e

−µδt−1,t′) +mδt,t′

Here Ut = eiφt ∈ U(1) are the link variables, β = 1
e2

is the inverse coupling constant
and M is the fermionic matrix. A chemical potential µ has been added following
the prescription introduced by ref. [33] and discussed in the previous section. One
can derive the following expression for the fermionic determinant [34]

detM =
1

2L

(

eLµ
∏

t

Ut + e−Lµ
∏

t

U
†
t + (m+

√

1 +m2)L + (m−
√

1 +m2)L

)

.

This is a simple model that resembles lattice QED in one dimension. It’s easy to see
that the fermionic determinant satisfies the relation det M(µ) = det M(−µ). Then
in presence of a finite chemical potential the model, like lattice QCD, is affected by
a sign problem originating from the fermionic determinant. After integrating out
the fermionic degrees of freedom, the partition function can be written as

Z =

∫

dUt e
−β

∑L
t=1

(

1− 1
2
(Ut+U

†
t )

)

+log det M
.

If we now rework the partition function in terms of the phase of the link variables
(
∫

dUt 7→
∫

dφt
2π ), we obtain

Z =

∫

dφ

2π
e−β

∑L
t=1(1−cos(φt))+log det M .

Moreover from the relation (m+
√
1 +m2)L+(m−

√
1 +m2)L = 2cosh(L asinh(m))

(valid when L is even), one has

detM =
1

2L−1
(cosh(Lµ+ i

∑

t

φt) + cosh(L asinh(m))) .
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This form makes it manifest that the model is equivalent to the one-dimensional
Thirring model [42–45, 50].

1.4.2 Heavy-dense QCD as a 3d effective theory

We now consider an effective theory for heavy quarks having Polyakov loops as the
only degrees of freedom. We sketch here the general ideas behind its derivation,
referring the reader to refs. [47–49] for a detailed calculation. The effective action
of the theory is obtained by integrating the QCD partition function over the spatial
gauge links, i.e.

Z =

∫

dU4 dUi detM e
β
6

∑

p(TrUp+TrU
†
p) =

∫

dU4 e
−Seff ,

with − Seff = log

(∫

dUi detM e
β
6

∑

p(TrUp+TrU
†
p)

)

.

In order to perform the integration one employs a combined strong coupling and
hopping parameter expansion.

As a first step consider the pure gauge theory. The integration over the spatial
links is carried out by making use of the character expansion in the strong coupling
limit (β → 0),

−Seff = log

(

∫

dUi
∏

p

(1 +
∑

r

drar(β)χr(Up))

)

The sum extends over the irreducible representations of the SU(3) group, dr and
ar(β) are respectively the dimension and the expansion coefficient of the r-th rep-

resentation, while χr(Up) = TrU
(r)
p is the character of Up in the given represen-

tation. The leading contribution in β is obtained by neglecting the purely spa-
tial plaquettes. The integration is performed by applying the integration rule
∫

dUχr(XU)χs(U
−1Y ) = δrs

dr
χr(XY ). Notice that this rule forces all terms to be

made out of plaquettes living in the same representation. After integrating one is
left with only loops winding around the temporal direction. Considering only the
leading contribution, which comes from the fundamental representation, one has

−Seff =
∑

<x,y>

log
(

1 + λ(TrWxTrW
†
y + TrW †

xTrWy)
)

=
∑

<x,y>

λ(TrWxTrW
†
y + TrW †

xTrWy) +O(u2Nt) ,

where λ = uNt and u = αf (β) ≈ β
18 . Higher order corrections to the gauge coupling

λ can be calculated in order to take into account the contribution from the purely
spatial plaquettes.

As a second step consider the hopping parameter expansion in the strong coupling
limit (β = 0). Let’s recall that the hopping matrix H is defined from the fermionic
matrix M by M = 1 − kH, where the hopping parameter k = 1

2ma+8 is a suitable
expansion parameter in the limit of heavy quarks. By separating the contributions
from the temporal and spatial links, the fermionic determinant can be expressed as
det M = det(1−kH) = det(1−T−S) = det(1−T ) det(1− S

1−T ) ≡ det Qstat det Qkin.
The leading contribution in k is given by the static determinant det Qstat, thus it
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is obtained neglecting the so-called spatial hops S. The explicit expression for the
static determinant is

det Qstat = det(1− keaµ(1 + γ4)U4(x)δx,y−4̂ − ke−aµ(1− γ4)U
†
4(x− 4̂)δx,y+4̂) .

This can be worked out as

det Qstat =
∏

x

(1 + h1TrWx + h21TrW
†
x + h31)

2(1 + h̄1TrW
†
x + h̄21TrWx + h̄31)

2 ,

where we have introduced the quarks and antiquarks couplings h1 = (2k)Nt(eaµ)Nt ,
h̄1 = (2k)Nt(eaµ)−Nt . The effective fermionic action then reads

−Seff = 2
∑

x

log(1+h1TrWx+h
2
1TrW

†
x+h

3
1)+2

∑

x

log(1+h̄1TrW
†
x+h̄

2
1TrWx+h̄

3
1).

At leading order this is given in terms of independent, decoupled Polyakov loops.
When taking into account the kinetic determinant to go beyond leading order, higher
order terms appear coupling Polyakov loops originating at different spatial sites of
the lattice.

Hitherto we have considered the strong coupling and the hopping parameter
expansions separately. The final step consists in taking the two expansions together.
This involves the introduction of mixing terms that appear as corrections to the
quarks and antiquarks couplings.

All in all one obtains an effective theory of QCD that greatly simplifies the
original theory, since the number of degrees of freedom is significantly reduced. On
the other hand the region in the (µ,m, T )-space that one has access to is limited
by the number of terms in the expansion that one is able to take into account in
the numerical calculations. The theory is still affected by a sign problem, since the
effective fermionic action is complex. Later we will be concerned with the cold-dense
limit and in this regime the theory is further simplified. In the cold, large Nt limit
one has λ = uNt → 0 and the gauge action can, de facto, be neglected. In the dense
limit one has (eaµ)−Nt = e−

µ
T ≪ 1 and the h̄1 contributions can be neglected as

well.
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Chapter 2

Lefschetz thimble regularization

In this chapter we introduce the thimble regularization method and we show how
one can perform a Monte Carlo integration on thimbles by importance sampling.
We also discuss some numerical algorithms used in our actual code.

2.1 Thimble regularization

The Picard-Lefschetz theory provides an alternative and elegant way to tackle the
sign problem, by complexifying the integrals and deforming the domain of integra-
tion. Specifically the new domain of integration is a combination of manifolds, the
thimbles, where the sign problem is absent (apart from a residual phase problem
coming from the orientation of the thimbles with respect to the embedding man-
ifold). The method was originally proposed independently by refs. [12] and [13],
following the work carried out by Witten in refs. [14, 15].

In order to illustrate the method, let’s start from the following integral,

I =

∫

C
dnx e−S(x) ,

with C = R
n. This integral can be seen as the prototype for the partition function of a

lattice field theory governed by the complex-valued action S(x). We now complexify
the degrees of freedom,

x = (x1, . . . , xn) 7→ z = (z1 = x1 + iy1, . . . , zn = xn + iyn) ,

and we analytically continue the action S(x) 7→ S(z). We assume that the action
S = S(z) = S(x, y) = SR+iSI is holomorphic, hence the Cauchy-Riemann equations
hold,

{

∂xiSR = ∂yiSI

∂yiSR = −∂xiSI .

Or equivalently,
{

∂ziS = 0

∂ziS = 0 .

Now we define the set of the critical points of the theory,

Σ = {zσ s.t. ∂ziS|zσ = 0} ,
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and we assume that all critical points are non-degenerate, hence the Hessian of the
action is non-singular (it has a non-zero determinant) at each critical point,

det H(S, zσ) 6= 0 , with H(S, zσ)ij = ∂zi∂zjS(z)|zσ .

Attached to each critical point we can define a manifold, the stable thimble Jσ, as
the union of the solutions of the steepest-ascent equations

{

dzi
dt

= ∂S
∂zi

dzi
dt

= ∂S
∂zi

, with z(−∞) = zσ .

The solutions of the SA equations are characterized by a non-decreasing SR (hence
the name steepest-ascent) and a constant SI . Indeed using the chain rule for the
flow time derivative one finds that

{

d
dt
SR = 1

2
d
dt
(S + S) = 1

2

∑

i(
dzi
dt

∂S
∂zi

+ dzi
dt

∂S
∂zi

) = |∇S|2 ≥ 0
d
dt
SI =

1
2i
d
dt
(S − S) = 1

2i

∑

i(
dzi
dt

∂S
∂zi
− dzi

dt
∂S
∂zi

) = 0 .

Then one can rewrite the original integral as

I =
∑

σ∈Σ

nσ

∫

Jσ

dnz e−S(z) =
∑

σ∈Σ

nσe
−iSI(zσ)

∫

Jσ

dnz e−SR(z) .

The original integral has been decomposed into a sum of integrals over thimbles.
The imaginary part of S factorizes out of the integrals, since it is constant on each
thimble, and the convergence of the integrals is ensured by SR being non-decreasing.
The term e−SR is real and positive, thus it can be interpreted as a probability
distribution for importance sampling. The intersection numbers nσ = 〈Kσ, C〉 are
integer numbers that count the number of intersections between the original domain
C and the unstable thimble Kσ, where the latter is defined as the union of solutions
of the steepest descent equations

{

dzi
dt

= − ∂S
∂zi

dzi
dt

= − ∂S
∂zi

, with z(−∞) = zσ .

The solutions of the SD equations, like the solutions of the SA equations, have a
constant imaginary part of the action. But in this case the real part of the action is
non-increasing. As a consequence any critical point having a real part of the action
lower than the minimum action on the original domain, Smin = minz∈CRe(S(z)),
has necessarily a zero intersection number and does not contribute to the decompo-
sition. The reason is that the associated unstable thimble can never intersect the
original domain. On the other hand critical points that lie on the original domain do
necessarily contribute to the decomposition, since their unstable thimbles intersect
the original domain (precisely at the critical points).

Let’s now expand the action quadratically at a given critical point,

S(z) = S(zσ) +
1

2
(z − zσ)TH(S, zσ)(z − zσ) .

The Hessian at zσ is an n×n complex symmetric, non-singular matrix. By Takagi’s
theorem there exist n orthonormal Takagi vectors v(i),

∑

h

v
(i)
h v

(j)
h = δij ,
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and n non-negative Takagi values λi (which we assume to be non-zero) that satisfy
the generalized eigenvalue equation,

Hv(i) = λiv
(i) . (2.1)

The Takagi vectors v(i) form, together with w(i) = iv(i), a basis of Cn in the sense
that any element of Cn can be written as a linear combination with real coefficients
of the v(i) and w(i). If we parametrize the displacement from zσ in terms of this
basis, we find that

S(z) = S(zσ) +
1

2
λi(ηi + iξi)

2 , with z − zσ = ηiv
(i) + ξiw

(i) .

For the real and imaginary part of the action,
{

SR(z) = SR(zσ) +
1
2

∑

i λiη
2
i − 1

2

∑

i λ1ξ
2
i

SI(z) = SI(zσ) +
∑

i λiηiξi .

The vectors {v(i)} identify n independent directions along which the the real part of
the action is non-decreasing and the imaginary part of the action is constant. They
are a basis for the tangent space of the thimble Jσ at the critical point. Therefore
the thimble Jσ has real dimension n, the same as the original domain C. The {w(i)}
are instead a basis for the tangent space of the unstable thimble Kσ at the critical
point.

At this point it is important to note that the integration measure on the thimble
is dzn = det J dηn, where det J is the Jacobian of the transformation between z

and η. Because of this Jacobian the integrands in the thimble decomposition are
not strictly real, thus we are left with a residual sign problem. However this usually
turns out to be a mild sign problem that can be dealt with by reweighting.

The Jacobian is det J = det V = |det V | eiω, where V is the matrix having as
columns the basis vectors for the tangent space and eiω is the residual phase. By
solving the Takagi problem, eq. 2.1, it is quite easy to find a basis for the tangent
space at the critical points, the Takagi vectors. These however do not constitute
a basis for the tangent space at any other point. Nonetheless, from a variational
argument we can think of a way to compute a basis at any point z on the thimble
starting from the basis at the critical point. First we expand

δ =
∑

i

(δzi∂zi + δzi∂zi) ,

then we find out how the infinitesimal displacement δz varies along the flow

d

dt
(δzj) = δ

(

d

dt
zj

)

= δ

(

∂S

∂zj

)

=

=
∑

i

(δzi∂zi + δzi∂zi)
∂S

∂zj
=
∑

i

δzi
∂2S

∂zi∂zj
.

Therefore in order to determine a basis (hence det J) at a generic point z on the
thimble we may transport along the flow each Takagi vector V (h) by integrating the
parallel transport equations,

dV
(h)
j

dt
=
∑

i

V
(h)
i ∂2zizjS .
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Since these equations depend on the Hessian of the action, which in turn depends
on the fields, they have to be integrated simultaneously with the SA equations.

The Takagi vectors, which are the initial conditions for the parallel transport
equations, are found by solving the Takagi problem. However, rather than solving
the Takagi problem directly, it is easier to diagonalize the expanded Hessian

H̃ =

(

Re(H) −Im(H)
−Im(H) −Re(H)

)

.

The expanded Hessian H̃ is a 2n×2n block matrix made out of the real and imaginary
parts of the Hessian at the critical point H. Being a real symmetric matrix, H̃ is
diagonalizable. Moreover, if we define the matrix

J =

(

0 −I
I 0

)

one has that J−1H̃J = −H̃ with J−1 = JT , J2 = I. It follows that the matrices
H̃ and −H̃ are similar matrices and therefore if λ is an eigenvalue of H̃, −λ is also
an eigenvalue. Assuming all eigenvalues are non-zero, the expanded Hessian has n
positive eigenvalues λi and n negative eigenvalues −λi. The positive eigenvalues are
the Takagi values. Indeed if λ is a positive eigenvalue of H̃ and

w =

(

vR
vI

)

is the eigenvector associated to λ, one has that
{

Re(H)vR − Im(H)vI = λvR

−Im(H)vR −Re(H)vI = λvI
.

Then v = vR + ivI is the Takagi vector associated to the Takagi value λ, since

Hv = (Re(H) + iIm(H))(vR + ivI) =

= Re(H)vR − Im(H)vI + i(Im(H)vR +Re(H)vI) =

= λvR − iλvI = λv .

2.2 Thimble regularization for SU(N) gauge theories

The thimble decomposition discussed in the previous section can be applied, after
suitably adapting the formalism, to the case of a SU(N) gauge theory. In a SU(N)
gauge theory the gauge variables are links, these are matrices U ∈ SU(N). Any
SU(N) matrix can be constructed from a linear combination of the generators of
the group,

U = eixaT
a ∈ SU(N) , {xa}a=1...N2−1 ∈ R .

The generators T a are traceless Hermitian matrices normalized as {T a, T b} = 1
2δ
ab.

Their commutators are determined by the structure constant of the group fabc,
[T a, T b] = ifabcT c.

For a SU(N) gauge theory complexifying the degrees of freedom means com-
plexifying the real parameters xa, thus we have

U = eixaT
a ∈ SU(N) 7→ U = eizaT

a

= ei(xa+iya)T
a ∈ SL(N,C) .
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After complexification we obtain matrices which are members of the special linear
group SL(N,C). These are N ×N complex matrices with determinant 1. In some
cases, such as heavy-dense QCD, the action is expressed in terms of U and U †. One
must stress that by complexifying the dagger of U one does not yield the dagger of
the complexified U . Instead one has

U † = e−ixaT
a ∈ SU(N) 7→ e−i(xa+iya)T

a

= U−1 ∈ SL(N,C) ,

therefore in such theories occurrences of U † must be replaced by U−1.
To apply the thimble regularization method we need a proper definition for the

derivatives and in this case the natural definition is based on the Lie derivative,











∇af(U) = limα→0
1
α
(f(eiαT

a
U)− f(U)) = ∂

∂α
f(eiαT

a
U)|α=0

∇af(U) = limα→0
1
α
(f(eiαT

a
U)− f(U)) = ∂

∂α
f(eiαT

a
U)|α=0

∇af(U) = 0 , ∇af(U) = 0 .

Starting from the Lie derivative we can introduce the derivatives for a function f of
the gauge fields,

∇aµ,xf({Uν,y}) =
∂

∂α
f
(

eiαT
a

Uµ,x, {Uν,y}(ν,y) 6=(µ,x)

)

|α=0 .

Due to the non-abelian nature of the SU(N) gauge group, these derivatives do not
commute. Instead they obey the commutation rules

[∇aµ,x,∇bν,y] = −fabcδµνδxy∇cµ,x ,

[∇aµ,x,∇
b
ν,y] = −fabcδµνδxy∇

c
µ,x ,

[∇aµ,x∇bν,y] = 0 .

Having introduced a definition for the derivatives, we can now define the critical
points of the theory as

Σ = {pσ s.t. ∇aµ,xS|pσ = 0} .

The Hessian ∇aµ,x∇bν,yS is still symmetric at the critical points, since at the crit-
ical points the commutator of the derivatives vanishes thanks to the condition of
vanishing gradient.

Before writing down the steepest ascent equations we also need an expression
for the flow time derivative of a function f(U) : SL(N,C) 7→ C along a curve U(t)
generated by an infinitesimal displacement αaT

adt [35],

dU(t)

dt
= (iαaT

a)U(t) ,

U(t+ dt) = eiαaT
adtU(t) ,

d

dt
f(U(t)) = αa ∇af(U(t)) . (2.2)

Now we can formulate the SA equations as

dUµ,x(t)

dt
= (iT a∇aµ,xS[U(t)])Uµ,x(t) , (2.3)
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Uµ,x(t+ dt) = eiT
a∇

a
µ,xS[U(t)]dtUµ,x(t) .

From eq. 2.2 it follows that the chain rule for d
dt

along the flow is

d

dt
= ∇ax,µS ∇ax,µ +∇ax,µS ∇

a
x,µ

and it can be shown that the solutions of eqs. 2.3 have indeed a constant imaginary
part of the action and a non-decreasing real part of the action,

{

d
dt
SR = 1

2
d
dt
(S + S) = 1

2

∑

µ,x,a(∇
a
x,µS ∇ax,µS +∇ax,µS ∇

a
x,µS) = |∇S|2 ≥ 0

d
dt
SI =

1
2i
d
dt
(S − S) = 1

2i

∑

µ,x,a(∇
a
x,µS ∇ax,µS −∇ax,µS ∇

a
x,µS) = 0 .

Likewise, we can define the steepest descent equations

dUµ,x(t)

dt
= −(iT a∇aµ,xS[U(t)])Uµ,x(t) ,

Uµ,x(t+ dt) = e−idtT
a∇

a
µ,xS[U(t)]Uµ,x(t) .

whose solutions have non-increasing SR and constant SI .
Finally we can derive the parallel transport equations, using a variational argu-

ment as we did in the case of a scalar theory. We start from the variation, which in
this case lives in the su(N) algebra,

Uµ,x 7→ eiδzµ,x,aT
a

Uµ,x

δ =
∑

µ,x,a

(δzµ,x,a∇aµ,x + δzµ,x,a∇aµ,x) ,

and we determine the flow time variation of δzµ,x,c by equating

(

d

dt
δUµ,x

)

U−1
µ,x =

(

δ
d

dt
Uµ,x

)

U−1
µ,x .

The left hand side is

(

d

dt
δUµ,x

)

U−1
µ,x =

(

d

dt

∑

ν,y,c

(δzν,y,c∇cν,y + δzν,y,c∇cν,y)Uµ,x
)

U−1
µ,x =

=

(

d

dt

∑

c

δzµ,x,ciT
cUµ,x

)

U−1
µ,x =

(

∑

c

iT c
(

d(δzµ,x,c)

dt
Uµ,x + δzµ,x,c

dUµ,x

dt

)

)

U−1
µ,x =

=
∑

c

iT c
d(δzµ,x,c)

dt
−
∑

c

δzµ,x,c
∑

a

T cT a∇aµ,xS.

Assuming that the action is holomorphic (∇aµ,xS = 0), we find for the right hand
side

(

δ
d

dt
Uµ,x

)

U−1
µ,x =

(

∑

ν,y,a

(

δzν,y,a∇aν,y + δzν,y,a∇aν,y
)

(

∑

c

iT c∇cµ,xSUµ,x
))

U−1
µ,x =
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=

(

∑

c

iT c

(

∑

a

δzµ,x,a∇cµ,xSiT aUµ,x +
∑

a,ν,y

δzν,y,a∇aν,y∇
c
µ,xSUµ,x

))

U−1
µ,x =

=

(

∑

c

iT c

(

∑

a

δzµ,x,a∇cµ,xSiT a +
∑

a,ν,y

δzν,y,a∇aν,y∇
c
µ,xS

))

=

= −
∑

c

δzµ,x,c
∑

a

T aT c∇aµ,xS +
∑

c

iT c
∑

a,ν,y

δzν,y,a∇aν,y∇
c
µ,xS .

By collecting the expressions that we have just derived for the left and right
hand sides, we obtain

∑

c

iT c
d(δzµ,x,c)

dt
=
∑

c

∑

a

δzµ,x,c[T
c, T a]∇aµ,xS +

∑

c

iT c
∑

a,ν,y

δzν,y,a∇aν,y∇
c
µ,xS =

=
∑

a

∑

b

δzµ,x,a[T
a, T b]∇bµ,xS +

∑

c

iT c
∑

a,ν,y

δzν,y,a∇aν,y∇
c
µ,xS =

=
∑

a

∑

b

∑

c

δzµ,x,aif
abcT c∇bµ,xS +

∑

c

iT c
∑

a,ν,y

δzν,y,a∇aν,y∇
c
µ,xS .

Therefore we have

d(δzµ,x,c)

dt
=
∑

a,b

δzµ,x,a[T
a, T b]∇bµ,xS +

∑

a,ν,y

δzν,y,a∇aν,y∇
c
µ,xS ,

and the parallel transport equations for the basis vectors are

dVµ,x,c

dt
=
∑

ν,y,a

∇ay,ν∇
c
x,µSV ν,y,a +

∑

a,b

fabc∇bx,µSVµ,x,a .

2.3 Monte Carlo integration

From what we have seen in the previous sections, under suitable conditions the
partition function of a lattice field theory can be decomposed as

Z =
∑

σ∈Σ

nσe
−iSI(zσ)

∫

Jσ

dnz e−SR =
∑

σ∈Σ

nσe
−iSI(zσ)

∫

Jσ

dnδy eiωσ e−Seff ,

where dnz = det V dnδy = |det V | eiωσdnδy. Here the δyh are the infinitesimal
displacements along the local basis vectors V (h)(z) of the tangent space, eiωσ is the
residual phase and the modulus |det V | has been included in the definition of the
effective action

Seff = SR − log(|det V |) .
In the same way we can decompose the observables of the theory as

〈O〉 = 1

Z

∑

σ∈Σ

nσe
−iSI(zσ)

∫

Jσ

dnδy O eiωσ e−Seff
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=

∑

σ∈Σ nσe
−iSI(zσ)

∫

Jσ
dnδy O eiωσ e−Seff

∑

σ∈Σ nσe
−iSI(zσ)

∫

Jσ
dnδy eiωσ e−Seff

.

The residual sign problem stemming from the residual phase eiωσ can be dealt with
by reweighting,

〈O〉 =
∑

σ nσe
−iSI(zσ)Zσ〈Oeiωσ〉σ

∑

σ nσe
−iSI(zσ)Zσ〈eiωσ〉σ

,

after having discretized the expectation value 〈f〉σ on the single thimble Jσ as

〈f〉σ =

∫

Jσ

dnδy f
e−Seff

Zσ
with

Zσ =

∫

Jσ

dnδy e−Seff .

So far we have been able to recast a generic observable 〈O〉 into a sum of contri-
butions coming from individual thimbles. Since these contributions are expectation
values with respect to a well-defined (real, positive and normalized) probability dis-

tribution e
−Seff

Zσ
, nothing prevents their calculation by importance sampling. These

contributions are weighted by the Zσ, whose calculation is a tricky task that we will
discuss in the next chapter. For now we want to think of a way to compute 〈f〉σ by
importance sampling (and this is all we need in the particular case where only one
thimble gives a relevant contribution to the decomposition).

We make use of the natural identification of a point of the thimble by the initial
direction n̂ on the tangent space of the SA path and the integration time t,

z ∈ Jσ ↔ (n̂, t) .

The direction n̂ is specified by n components {ni} and it is normalized so that
∑

i n
2
i = R. Somehow we want to rewrite the integrals, such as the partition function

Zσ =

∫

Jσ

dnδy e−Seff =

∫

Jσ

∏

i

dδyi e
−Seff , (2.4)

in terms of the integration measure Dn̂ dt =
∏

i dniδ(|n̂|2 −R) dt. We can do that
by employing a Fadeev-Popov trick, that is we rewrite 1 as

1 = ∆(n̂, t)

∫

∏

i

dniδ(|n̂|2 −R)
∫

dt
∏

i

δ(δyi − δyi(n̂, t)) . (2.5)

Then by inserting eq. 2.5 into eq. 2.4 we obtain

Zσ =

∫

Jσ

∏

i

dδyi ∆(n̂, t)

∫

∏

i

dniδ(|n̂|2 −R)
∫

dt
∏

i

δ(δyi − δyi(n̂, t)) e−Seff

=

∫

∏

i

dniδ(|n̂|2 −R)
∫

dt ∆(n̂, t) e−Seff =

∫

Dn̂ Zσn̂ .

An expression for ∆(n̂, t) was worked out in ref. [37], that is ∆(n̂, t) = 2
∑

i λin
2
i .

Using this expression we can finally rewrite the partition function as an integral,
over all possible SA paths, of the partial partition function

Zσn̂ =

∫

dt ∆(n̂, t) e−Seff = 2
∑

i

λin
2
i

∫

dt e−Seff
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In the same way we can rewrite the expectation value 〈f〉σ as

〈f〉σ =

∫

Jσ

dnδy f
e−Seff

Zσ
=

∫

Dn̂ fn̂
Zσ

with

fn̂ = 2
∑

i

λin
2
i

∫

dt f e−Seff .

Finally if we further rewrite

〈f〉σ =

∫

Dn̂ fn̂
Zσ

=

∫

Dn̂ fn̂
Zσn̂

Zn̂

Zσ
,

we can see how the expectation value can be calculated by importance sampling, by
sampling entire SA paths n̂ ∝ Zσn̂ and estimating 〈f〉σ as the sample mean of fn̂

Zσ
n̂
. In

order to sample paths ∝ Zσn̂ one could for instance extract proposals n̂′ uniformly
from the hypersphere of radius R and accept such proposals with probability

Pacc(n̂
′ ← n̂) = min

(

1,
Zσn̂′

Zσn̂

)

.

2.4 Numerical algorithms

The recipe for our Monte Carlo sampling of a thimbles is to sample steepest ascent
paths n̂ ∝ Zn̂

Zσ
and estimate an expectation value 〈f〉σ as the sample mean 〈f〉σ ≈

1
N

∑

n̂
fn̂
Zn̂

. The quantities Zn̂ and fn̂ are the flow time integrals

Zn̂ = 2
∑

i

λin
2
i

∫

dt e−SR(n̂,t)+log(|det V (n̂,t)|)

fn̂ = 2
∑

i

λin
2
i

∫

dt f e−SR(n̂,t)+log(|det V (n̂,t)|) .

These integrals can be integrated numerically. Close to the critical point the action
S can be approximated by the Gaussian action S(η) = S(zσ) +

1
2

∑

i λiη
2
i and the

solutions of the steepest ascent (and the parallel transport) equations are given by

{

z = zσ + nie
λitv(i)

V (h) = v(h)eλht .

By choosing a reference time t = t0 ≪ 0, these expressions yield a reasonable initial
condition for the numerical integration. Since the real part of the action is monotonic
in flow time, it is possible to integrate in action.

We have that

dSR

dt
=

1

2
(S + S) = |∇S|2 7→ dt = dSR |∇S|−2 .

Therefore after the change of variable the integrals become

Zn̂ = 2
∑

i

λin
2
i

∫ ∞

SR(zσ)
ds |∇S|−2 e−s+log(|det V (s)|)
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fn̂ = 2
∑

i

λin
2
i

∫ ∞

SR(zσ)
ds f |∇S|−2 e−s+log(|det V (s)|) .

Moreover after a second change of variable s = SR 7→ s = SR − SR(zσ) we get

Zn̂ = 2
∑

i

λin
2
i e

−SR(zσ)

∫ ∞

0
ds |∇S|−2 e−s+log(|det V (s)|)

fn̂ = 2
∑

i

λin
2
i e

−SR(zσ)

∫ ∞

0
ds f |∇S|−2 e−s+log(|det V (s)|) .

In this form, these integrals can be calculated by making use of the Gauss-Legendre
quadrature

∫ ∞

0
f(x)e−xdx =

∑

wif(xi) .

Here {xi} and {wi} are the quadrature points and their associated weights and an
algorithm for their computation is available in ref. [38]. Note that integrating by
quadrature we have to compute the determinant det V (s) only at the quadrature
points.

In order to compute the integrals, we need to integrate both SA and PT equa-
tions. After the change of variable these are

dzi

ds
= |∇S|−2 ∂S

∂zi

dV
(h)
j

ds
= |∇S|−2

∑

i

V
(h)
i ∂2zizjS .

For the integration of the field and the basis it is convenient to use an RK-embedded
integration scheme. An RK-embedded integrator is composed by two Runge-Kutta
integrators of order p and p + 1 that share the intermediate steps. This allows to
estimate with small additional effort the integration error ǫ as the difference between
the (p+ 1)-th order and the p-th order integration steps. This estimate can in turn
be used to automatically adjust the step size so as to keep the integration error under
control: if the error is lower than some threshold tol the (p+ 1)-th order solution is
accepted, otherwise it is rejected. The integration step is adjusted anyway in order
to target the desired accuracy,

dt 7→ dt

∣

∣

∣

∣

tol

ǫ

∣

∣

∣

∣

1
p+1

.

If the error is larger than the tolerance, the step size is decreased in order to improve
the accuracy. On the other hand if the error is lower than the tolerance, the step
size is increased in order not to have more than the desired accuracy. In practice, in
order to avoid adjustments for the integration step that are too extreme, one adjusts
the step with something like

dt 7→ 0.9 dt min

(

max

(

(

tol

err

) 1
p+1

, 0.25

)

, 2

)

,

so as to increase the step by at most a factor 2 or decrease it by at most a factor 1
4 .
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Specifically, for the Thirring model we have used the Bogacki-Shampine inte-
grator [39]. Given a differential equation dz

dt
= f(z, t), the steps for the Bogacki-

Shampine integrator are































zn(tn)

zi1(ti1 = tn +
1
2 dt) = zn +

1
2f(zn, tn) dt

zi2(ti2 = tn +
3
4 dt) = zn +

3
4f(zn, tn) dt

z
(3)
n+1(tn+1) = zn + (29f(zn, tn) +

1
3f(zi1, ti1) +

4
9f(zi2, ti2)) dt

z
(2)
n+1(tn+1) = zn + ( 7

24f(zn, tn) +
1
4f(zi1, ti1) +

1
3f(zi2, ti2) +

1
8f(z

(3)
n+1, tn+1)) dt .

The error estimate is given by the difference between the third and second order
integration steps,

ǫ =
∣

∣

∣
z
(3)
n+1 − z

(2)
n+1

∣

∣

∣
=

=

∣

∣

∣

∣

− 5

72
f(zn, tn) +

1

12
f(zi1, ti1) +

1

9
f(zi2, ti2)−

1

8
f(z

(3)
n+1, tn+1)

∣

∣

∣

∣

dt .

Actually, since we are integrating in action, we can also directly formulate an esti-
mate for the error for the third order integration step in terms of the action,

ǫ =
∣

∣

∣S(z
(3)
n+1)− (S(zn) + ds))

∣

∣

∣ .

This error is only telling us whether we are correctly integrating the fields, it knows
nothing about the basis. Nonetheless we can check a-posteriori that we are correctly
integrating the basis by verifying the consistency relation proposed in ref. [13]. Since
the gradient of the action lives in the tangent space, it can be written as a linear
combination of the local basis of the tangent space,

∇zS =
∑

h

αhV
(h)(t) .

Here the coefficients αh are constant, while the local basis vectors V (h)(t) change
along the flow. We can determine the αh by computing the gradient close to the
critical point, where the Gaussian (quadratic) approximation of the action holds:

∑

h

αhV
(h)(t0 ≪ 0) = ∇zS(t0 ≪ 0) =

= ∇z(S(zσ) +
1

2
(z(t0)− zσ)TH(z(t0)− zσ)) =

= ∇z(
1

2
(z(t0)− zσ)TH(z(t0)− zσ)) =

= H(z(t0)− zσ) = H(nieλit0v(i)) =

= (λinie
λit0v(i)) = (λiniV

(i)(t0)) .

We find that αh = λhni, hence we have

∇zS =
∑

h

nhλhV
(h)(t)
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and we can check whether we are correctly integrating the basis by verifying that
the following norm vanishes

ǫk =
|∇zS −

∑

h nhλhV
(h)(t)|

|∇zS|
.

Before discussing the mechanism for choosing the Metropolis proposals, a caveat
is due that some additional care is needed when choosing an integrator for a SU(N)
gauge theory. In the lattice formulation of a SU(N) gauge theory, the gauge fields
live in the gauge group SU(N) and one needs an integration scheme that preserves
tha structure of that group. In addition to that, since the fields have to be integrated
simultaneously with the basis, an higher order integration scheme for the gauge fields
should make use of intermediate steps that can be shared with the integration scheme
for the basis. For heavy-dense QCD we made use of the 4-th order Runge-Kutta
method from ref. [40]. For a given differential equation dU

dt
= iZ(U) U(t), with

U ∈ SU(3) and Z ∈ su(3), the steps for the integrator are































Un

Ui1 = e
1
2
iZ(Un)dt Un

Ui2 = e
1
2
iZ(Ui1)dt+

1
8
[iZ(Un)dt,iZ(Ui1)dt] Un

Ui3 = eiZ(Ui2)dt Un

Un+1 = e
1
6
iZ(Un)dt+

1
3
iZ(Ui1)dt+

1
3
iZ(Ui2)dt+

1
6
iZ(Ui3)dt−

1
12

[iZ(Un)dt,iZ(Ui3)dt] Un .

Let’s now discuss how we choose and accept/reject Metropolis proposals for the
next configuration in our Markov chain. In our Monte Carlo, the proposals are the
initial directions n̂ of the SA paths and we want to sample these directions ∝ Zn̂

Zσ
.

Starting from a given configuration n̂ we generate a new proposal by performing N
consecutive rotations within the subspaces defined by randomly picked directions.
That is we extract two random integers i 6= j and we perform a rotation within the
subspace defined by (ni, nj), then we extract a random integer h 6= j and we perform
a rotation within the subspace defined by (nj , nh) and so on. The process continues
until we have performed a given number N of rotations. Each rotation is done as
follows. If (ni, nj) are the directions chosen for the rotation and C = n2i + n2j , we
can parametrize ni and nj as

{

ni =
√
C sin(φ)

nj =
√
C cos(φ) .

Then we uniformly extract φ0 ∈ [−α, α] and we update the proposal for the new
configuration as











n′i =
√
C sin(φ+ φ0)

n′j =
√
C cos(φ+ φ0)

n′h = nh (for h 6= i, j ) .

The final proposal is accepted with probability

Pacc(n̂
′ ← n̂) = min

(

1,
Zσn̂′

Zσn̂

)

.

The parameter α has to be tuned so as to reach a good compromise between avoiding
a low acceptance rate (for large α) and a high autocorrelation time (for low α).
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2.5 Reflection symmetry

In this section we examine a useful property, discussed in ref. [36], of the multi-
thimble decomposition due to the presence of a reflection symmetry. Consider the
partition function of a physical system

Z =

∫

Rn

dnx e−S(x) .

This must be real even if in presence of a sign problem the action S is complex
valued. A way to ensure the reality of the partition function is the presence of a
reflection symmetry. That is, there exists a real operator L : xi 7→ x′i = Lijxj acting

on the fields such that L = LT = L−1 and for which S(x) = S(Lx). Now consider
the multi-thimble decomposition for Z,

Z =
∑

σ

nσ

∫

Jσ

dnz e−S(z) .

Here the fields x have been complexified, x 7→ z = x+ iy. We can extend the linear
map L to an antilinear map K : zi 7→ z′i = Lijzj that satisfies

S(z) = S(Kz) = S(Lz) .

From this property it follows that the contributions in the multi-thimble decompo-
sition occur in complex conjugate pairs.

In order to see that firstly we have to show that the SA equations are covariant
under the antilinear map K, in other words if z(t) is a solution of the SA eqs. then
Kz(t) is also a solution of the SA eqs. Indeed one has that

d(Kz)i
dt

=
d(Lz)i
dt

=
dLijzj

dt
= Lij

dzj

dt
= Lij

∂S(z)

∂zj
= Lij

∂S(Kz)

∂zj
.

Then from the chain rule

∂zj =
∑

k

∂zj (Kz)k ∂(Kz)k + ∂zj (Kz)k ∂(Kz)k = Ljk∂(Kz)k

one obtains

d(Kz)i
dt

=
∑

j,k

LijLjk
∂S(Kz)

∂(Kz)k
=
∑

k

δik
∂S(Kz)

∂(Kz)k
=
∂S(Kz)

∂(Kz)i
.

We conclude that if zσ is a critical point and Jσ is its associated thimble, thenKzσ is
also a critical point and the associated thimble JKσ will appear in the multi-thimble
decomposition together with Jσ. Moreover one has that

∫

Jσ

dnz e−S(z) =

∫

Jσ

dnz e−S(Lz) =

∫

Jσ

dn(L−1Lz) e−S(Lz) = ±
∫

JK
σ

dnz′ e−S(z
′) ,

where in the last step we made the change of variable z′ = Lz. The sign depends
on whether the antilinear map changes the orientation of the thimble. Depending
on the sign, conjugate thimbles give contributions that are either purely imaginary
(and in this case their intersection number must be zero to ensure the reality of the
partition function) or purely real.
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2.6 Gaussian approximation

Consider the quadratic expansion for the action S,

S(η) = S(zσ) +
1

2

∑

i

λiη
2
i , where η = z − zσ .

In the Gaussian approximation of the theory, in which one assumes the quadratic
expansion for S holds everywhere, the partition function Z can be calculated ana-
lytically:

Z =
∑

σ

Zσ =
∑

σ

e−iSI(zσ)

∫

Jσ

dnz e−SR(z) ≈

≈
∑

σ

e−iSI(zσ)eiωσe−SR(zσ)

∫

Rn

dnηe−
1
2

∑

λiη
2
i =

= (2π)
n
2

∑

σ

nσe
−iSI(zσ)eiωσ

e−SR(zσ)

√
∏

i λi
=

= (2π)
n
2

∑

σ

nσe
−iSI(zσ)eiωσ

e−SR(zσ)

√
detΛσ

,

where we have defined the Takagi determinant detΛσ as the determinant of the
matrix having the Takagi values on its diagonal, (Λσ)i,j = δijλi. One can see that
in this approximation the dominant thimble is the one having the highest e−SR(zσ)

hence the lowest real part of action (or more precisely the one having the highest
e−SR(zσ)√

∏

i λi
).

One might also be interested in knowing what the partial partition function looks
like in the same approximation. Let’s recall that the partial partition function is
defined as

Zn̂ = 2
∑

i

λin
2
i

∫

dt e−SR(n̂,t)+log(|det V (n̂,t)|) ,

where V (h)(n̂, t) is the parallel transported basis. In the Gaussian approximation,

{

z = zσ + nie
λitv(i)

V (h) = v(h)eλht .

Then in terms of n̂ and t the action S and the determinant det V are given by

S(t) = S(zσ) +
1

2

∑

i

λi(nie
λit)2 ,

det V (n̂, t) = e
∑

h λhteiω .

Therefore one finds the following expression for the partial partition function in the
Gaussian approximation,

Zn̂ ≈ 2
∑

i

λin
2
i

∫

dte−
∑

i λit−
1
2

∑

i λin
2
i e

2λit .
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Chapter 3

Multi-thimble simulations

When thimble regularization was first proposed, the single thimble dominance hy-
pothesis was formulated. From semiclassical arguments the fundamental thimble
(the one attached to the critical point having the minimum real part of the action)
is the thimble giving the most relevant contribution and its contribution is expected
to be further enhanced in the infinite volume limit. Moreover the regularization
on the fundamental thimble has the same symmetries and the same perturbative
expansion as the original theory. Therefore it was conjectured that the fundamental
thimble would dominate in the thermodynamic limit and the one-thimble approxi-
mation would be enough to correctly capture the physical content of the full theory.
During the last few years various counter-examples have been found where the one-
thimble approximation is not a valid approximation, even in the thermodynamic
limit. Therefore the contributions from the thimbles other than the fundamental
one cannot, in general, be neglected. In this chapter we discuss the techniques we
have developed for multi-thimble simulations. In particular we propose two methods
to calculate the weight of the thimbles and we consider two use cases as an example
of their application.

3.1 Multi-thimble simulations

The thimble decomposition of an observable 〈O〉 is given by

〈O〉 =
∑

σ nσe
−iSI(zσ)Zσ〈Oeiωσ〉σ

∑

σ nσe
−iSI(zσ)Zσ〈eiωσ〉σ

,

where 〈•〉σ are the contributions from the individual thimbles Jσ and they are
weighted by the weights Zσ. In the previous chapter we described a method for
calculating these contributions by importance sampling. This is all we need when
only one thimble enters the decomposition, so that the decomposition reduces to

〈O〉 = 〈Oe
iωσ〉σ

〈eiωσ〉σ
.

Unfortunately taking into account only the dominant thimble is not enough, as
we now know from various counter-examples, from the φ4 toy model [37], to one-
dimensional QCD [41] and the Thirring model [42, 45]. In such cases one has to
think of a way to compute the relative weights of the thimble in order to properly
collect their contributions. We have explored two possible ways to accomplish this
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task (though other ways are being explored as well, see ref. [46], but see also the
next chapter).

The first method takes advantage of the Gaussian approximation of the theory.
While computing the partition function Zσ itself is expected to be an hard task,
computing the partition function in the Gaussian approximation, ZGσ , is relatively
straightforward. Thus one could compute the Gaussian weights ZGσ first and then
compute their corrections Zσ

ZG
σ
. The corrections can be estimated by importance

sampling,
ZGσ
Zσ

=
1

Zσ

∫

Dn̂ZGn̂ =

∫

Dn̂
ZGn̂
Zn̂

Zn̂

Zσ
=
〈ZGn̂
Zn̂

〉

n̂
.

If the theory resembles the Gaussian theory to a certain extent, one expects com-
puting these corrections to be an easier task than calculating the Zσ themselves.

The second method follows a more pragmatic approach. The idea is the following:
consider for the sake of simplicity the case where two thimbles are needed, then

〈O〉 = n0e
−iSI(z0)Z0〈Oeiω0〉0 + n1e

−iSI(z1)Z1〈Oeiω1〉1
n0e−iSI(z0)Z0〈Oeiω0〉0 + n1e−iSI(z1)Z1〈Oeiω1〉1

.

After dividing both the numerator and the denominator by n0e
−iSI(z0)Z0 we obtain

〈O〉 = 〈Oe
iω0〉0 + α〈Oeiω1〉1
〈eiω0〉0 + α〈eiω1〉1

.

where α = n1e
−iSI (z1)Z1

n0e
−iSI (z0)Z0

. The parameter α does not depend on the observable,

therefore we can fix it from some observable Õ known by some other mean (i.e.
from the analytical solution or from an experimental measurement) and then use it
to calculate any other observable.

In the following part of this chapter we show how by using these methods one is
able to perform multi-thimble simulations. We consider two use cases as examples.
All in all multi-thimble simulations are found to be of limited usefulness, in term of
the number of degrees of freedom that one can reach while mantaining a reasonable
signal-to-noise ratio. Therefore in the next chapter we will discuss a more promising
approach.

3.2 Case study 1 - heavy-dense QCD

As a first application, we consider a simple version of heavy-dense QCD, i.e. we come
back to the 3d-effective theory introduced in sec. 1.4.2. The partition function, up
to leading order in β and next-to-leading order in k, is written as [47–49]

Z =

∫

[dU0] e
−Seff [U ] ,

where the effective action Seff is given by

Seff = SG + SF = −λ
∑

<x,y>

(

TrWxTrW
†
y + TrW †

xTrWy

)

−2
∑

x

ln
(

1 + h1TrWx + h21TrW
†
x + h31

)
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+2h2
∑

<x,y>

(

h1TrWx + 2h21TrW
†
x + 3h31

1 + h1TrWx + h21TrW
†
x + h31

)(

h1TrWy + 2h21TrW
†
y + 3h31

1 + h1TrWy + h21TrW
†
y + h31

)

,

(3.1)
and the parameters λ, h1 and h2 are defined as

λ = uNteNt·(4u4+12u5+...) ,

h1 = (2keµ)Nt [1 + 6k2Nt
u− uNt

1− u + . . .] ,

h2 = k2
Nt

3
[1 + 2

u− uNt

1− u + . . .] .

Here u ≈ β
18 , k is the hopping parameter and TrWx = Tr

∏Nt

t=1 U0(x, t) is the
Polyakov loop at the spatial site x = ~x. The sums

∑

x and
∑

<x,y> extend respec-
tively over the Nsites spatial sites of the lattice and over nearest neighbors. At finite
chemical potential the fermion action is complex and this model is affected by a
genuine sign problem. In ref. [48] this theory has been used to the study the nuclear
liquid-gas transition by complex Langevin simulations. In this chapter we plan to
approach the theory by the Lefschetz thimble method.

3.2.1 Critical points

In the region of parameters we are interested in (β ≈ 6.0, Nt ≈ 100, following ref.
[48]), we have λ ≈ 10−48 and the contribution of the gauge action is numerically
negligible (and will be neglected). As for the femionic action, we choose to work in
a convenient gauge, the one in which in all temporal links at t 6= 0 are set to the
identity matrix. The effective action then reads

Seff = S0
F + S1

F = −2
∑

x

ln
(

1 + h1TrUx + h21TrU
†
x + h31

)

+2h2
∑

<x,y>

(

h1TrUx + 2h21TrU
†
x + 3h31

1 + h1TrUx + h21TrU
†
x + h31

)(

h1TrUy + 2h21TrU
†
y + 3h31

1 + h1TrUy + h21TrU
†
y + h31

)

.

The action is written in terms of {Ux}, the temporal links at the spatial site x and
t = 0. These are matrices ∈ SU(3) and, after complexifying the degrees of freedom,

they become matrices ∈ SL(3,C). Occurrences of U †
x are replaced by U−1

x . The
effective action becomes

Seff = S0
F + S1

F = −2
∑

x

ln
(

1 + h1TrUx + h21TrU
−1
x + h31

)

+2h2
∑

<x,y>

(

h1TrUx + 2h21TrU
−1
x + 3h31

1 + h1TrUx + h21TrU
−1
x + h31

)

(

h1TrUy + 2h21TrU
−1
y + 3h31

1 + h1TrUy + h21TrU
−1
y + h31

)

.

We want to determine what are the critical points of the complexified action. Let’s
first recall some useful properties of the Lie derivative:

1. ∇aTr[U ] = iT r[T aU ]

2. ∇aTr[U−1] = −iT r[U−1T a]

3. ∇b∇aTr[U ] = −Tr[T aT bU ]
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4. ∇b∇aTr[U−1] = −Tr[U−1T bT a].

Here {T a}a=1,...,8 denote the generators of SU(3), normalized so that Tr
[

T aT b
]

=

1
2δ
ab. The critical points are defined as those points pσ such that ∇azSF

∣

∣

∣

∣

pσ

= 0.

For the leading term of the action, S0
F , we find the following gradient

∇azS0
F = −2∇aln

(

1 + h1TrUz + h21TrU
−1
z + h31

)

(3.2)

=
−2∇a

(

1 + h1TrUz + h21TrU
−1
z + h31

)

(

1 + h1TrUz + h21TrU
−1
z + h31

)

=
−2i

(

h1Tr[T
aUz]− h21Tr[U−1

z T a]
)

(

1 + h1TrUz + h21TrU
−1
z + h31

) .

Since {T a}a=1,...,8 are traceless matrices, we immediately see that every mixture of

center elements of SU(3),
{

Uz = I eiωz | ωz ∈ 0,±2π
3

}

z
, is a critical point.

For the following term of the action in the hopping parameter expansion, S1
F , we

find

∇azS1
F = +2h2

(

∇a
(

h1TrUz + 2h21TrU
−1
z + 3h31

1 + h1TrUz + h21TrU
−1
z + h31

))

(3.3)





∑

x=z±µ̂

h1TrUx + 2h21TrU
−1
x + 3h31

1 + h1TrUx + h21TrU
−1
x + h31



 . (3.4)

After computing the remaining Lie derivative, one obtains

∇a
(

h1TrUz + 2h21TrU
−1
z + 3h31

1 + h1TrUz + h21TrU
−1
z + h31

)

=

=
∇a
(

h1TrUz + 2h21TrU
−1
z + 3h31

)

1 + h1TrUz + h21TrU
−1
z + h31

− h1TrUz + 2h21TrU
−1
z + 3h31

(

1 + h1TrUz + h21TrU
−1
z + h31

)2 ·

· ∇a
(

1 + h1TrUz + h21TrU
−1
z + h31

)

=

=
ih1Tr[T

aUz]− 2ih21Tr[U
−1
z T a]

1 + h1TrUz + h21TrU
−1
z + h31

− h1TrUz + 2h21TrU
−1
z + 3h31

(

1 + h1TrUz + h21TrU
−1
z + h31

)2 ·

·
(

ih1Tr[T
aUz]− ih21Tr[U−1

z T a]
)

=

= i

(

h1Tr[TaUz ]−2h21Tr[U
−1
z Ta]−h31(Tr[T

aUz ]TrU
−1
z +Tr[U−1

z Ta]TrUz)

−2h41Tr[T
aUz ]+h51Tr[U

−1
z Ta]

)

(

1 + h1TrUz + h21TrU
−1
z + h31

)2 .

Since ∇azS1
F is a sum of terms ∝ Tr[T aUz] , Tr[U

−1
z T a], the critical points of the

theory are again given by mixtures of center elements of SU(3).

3.2.2 Reflection symmetry

The theory has a reflection symmetry, that is

S({−Ax}) = S({Ax}) ,

where Ux = eiAx and ei(−Ax) = Ux. Equivalently one has that

S({Ux}) = S({Ux}) .
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Indeed this relation is fulfilled by the action 3.1, since h1 and h2 are real parameters
and Tr(U) = Tr(U).

As a consequence we expect critical points to occur in complex conjugate pairs (a
result that we already have found) and we also expect their thimble to give conjugate
contributions (a result that we have confirmed in our simulations).

3.2.3 Hessian of the action and the Takagi problem

In order to determine a basis for the tangent base at the critical points, which we
need as a starting condition for the parallel transport equations, we have to calculate
the hessian of the action. Let’s start by calculating the hessian of S0

F . One has

∇bw∇azS0
F = ∇bw

(

−2∇a
(

1 + h1TrUz + h21TrU
−1
z + h31

)

(

1 + h1TrUz + h21TrU
−1
z + h31

)

)

= (3.5)

=
−2∇bw∇a

(

1 + h1TrUz + h21TrU
−1
z + h31

)

(

1 + h1TrUz + h21TrU
−1
z + h31

) +

+
2∇a

(

1 + h1TrUz + h21TrU
−1
z + h31

)

(

1 + h1TrUz + h21TrU
−1
z + h31

)2 ·

· ∇bw
(

1 + h1TrUz + h21TrU
−1
z + h31

)

=

=
2δwz

(

h1Tr[T
aT bUz] + h21Tr[U

−1
z T bT a]

)

(

1 + h1TrUz + h21TrU
−1
z + h31

) +

−2δwz
(

h1Tr[T
aUz]− h21Tr[U−1

z T a]
)

(

1 + h1TrUz + h21TrU
−1
z + h31

)2 ·
(

h1Tr[T
bUz]− h21Tr[U−1

z T b]
)

.

The second term of the sum is ∝ Tr[T aUz] , Tr[U−1
z T a] and vanishes when evaluated

at the critical points. Hence for the hessian evaluated at the critical points we are
left with

∇bw∇azS0
F

∣

∣

∣

∣

pσ

=
−2∇bw∇a

(

1 + h1TrUz + h21TrU
−1
z + h31

)

(

1 + h1TrUz + h21TrU
−1
z + h31

)

∣

∣

∣

∣

pσ

(3.6)

=
2δwz

(

h1Tr[T
aT bUz] + h21Tr[U

−1
z T bT a]

)

(

1 + h1TrUz + h21TrU
−1
z + h31

)

∣

∣

∣

∣

pσ

=

= δwzδab
(

h1e
iωz + h21e

−iωz
)

(

1 + 3h1eiωz + 3h21e
−iωz + h31

) .
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The calculation of the hessian of S1
F is a bit more tedious, but it can be carried out

yielding

∇bw∇azS1
F = −2h2







h1Tr[TaUz ]−2h21Tr[U
−1
z Ta]−h31(Tr[T

aUz ]+Tr[U
−1
z Ta])

−2h41Tr[T
aUz ]+h51Tr[U

−1
z Ta]

(1 + h1TrUz + h21TrU
−1
z + h31)

2







·







∑

x=z±µ̂

δwx

h1Tr[T bUx]−2h21Tr[U
−1
x T b]−h31(Tr[T

bUx]+Tr[U
−1
x T b])

−2h41Tr[T
bUx]+h51Tr[U

−1
x T b]

(1 + h1TrUx + h21TrU
−1
x + h31)

2







+4h2δwz

(

h1Tr[T
bUz]− h21Tr[U−1

z T b]
)

·







h1Tr[TaUz ]−2h21Tr[U
−1
z Ta]−h31(Tr[T

aUz ]TrU
−1
z

+Tr[U−1
z Ta]TrUz)−2h41Tr[T

aUz ]+h51Tr[U
−1
z Ta]

(1 + h1TrUz + h21TrU
−1
z + h31)

3







·





∑

x=z±µ̂

h1TrUx + 2h21TrU
−1
x + 3h31

1 + h1TrUx + h21TrU
−1
x + h31





−2h2δwz







h1Tr[TaT bUz ]+2h21Tr[U
−1
a T bTa]−h31(Tr[T

aT bUz ]TrU
−1
z −Tr[TaUz ]Tr[U

−1
z T b]

−Tr[U−1
z T bTa]TrUz+Tr[U

−1
z Ta]Tr[T bUz ])−2h41Tr[T

aT bUz ]−h51Tr[U
−1
a T bTa]

(1 + h1TrUz + h21TrU
−1
z + h31)

2







·





∑

x=z±µ̂

h1TrUx + 2h21TrU
−1
x + 3h31

1 + h1TrUx + h21TrU
−1
x + h31



 (3.7)

Evaluating at the critical points, only the third term survives:

∇bw∇azS1
F

∣

∣

∣

∣

pσ

= −h2δwzδab
(

(h1 − 2h41)e
iωz + (2h21 − h51)e−iωz

(1 + 3h1eiωz + 3h21e
−iωz + h31)

2

)

· (3.8)

·





∑

x=z±µ̂

3h1e
iωx + 6h21e

−iωx + 3h31
1 + 3h1eiωx + 3h21e

−iωx + h31
+



 .

All in all we obtained an expression for the hessian of SF evaluated at the critical
points of the form

∇bw∇azSF
∣

∣

∣

∣

pσ

= δwzδab



f(z) + g(z)





∑

µ̂

h(z + µ̂) + h(z − µ̂)







 . (3.9)

Then, if we define γ(z) ≡ f(z) + g(z)
(

∑

µ̂ h(z + µ̂) + h(z − µ̂)
)

≡ |γ(z)|eiφ(z), it
can be shown that the Takagi values and vectors are given respectively by

vj1j2az = δaj1δzj2e
−i

φ(z)
2 (3.10)

λj1j2 = |γ(z = j2)| . (3.11)

Indeed, it can be shown that for the vectors defined as such the Takagi factorization
theorem holds,

vj1j2az ∇bw∇azSF vh1h2bw = δaj1δzj2e
−i

φ(z)
2 δwzδab|γ(z)|eiφ(z)δbh1δwh2e−i

φ(w)
2

= δj1h1δj2h2 |γ(z = h2)| = λj1j2δj1h1δj2h2 . (3.12)
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From the previous expression for the Takagi values, one may also derive the Takagi
determinant

detΛσ =
∏

i

λi =

(

∏

z∈V

|γ(z)|
)N2

c−1

. (3.13)

3.2.4 Monte Carlo simulations

In this work we made the very first step in simulating the theory. We considered
the action up to the leading term in the hopping parameter expansion,

S = −2
∑

x

ln
(

1 + h1TrUx + h21TrU
−1
x + h31

)

.

This simplified action is valid in the limit of very heavy quarks. The steepest
ascent equations are

dUx

dt
= i(

∑

a

T a∇axS[U ])Ux ,

where the drift term is determined by the gradient of the action, which we have
derived previously

∇axS[U ] = −2i h1Tr[T
aUx]− h21Tr[U−1

x T a]

1 + h1TrUx + h21TrU
−1
x + h31

.

By making use of the property

U =
1

Nc
Tr(U)I+ 2

∑

a

Tr(T aU)T a

∑

a

Tr(T aU)T a =
1

2
(U − 1

Nc
Tr(U)I) ≡ 1

2
(U)Tr,

where we denoted the traceless part of a matrix M with (M)Tr, the drift can be
expressed as

∑

a

T a∇axS[U ] =
(

−iαx(h1Ux − h21U−1
x )Tr

)†
,

with αx ≡ (1 + h1TrUx + h21TrU
−1
x + h31)

−1 .

The parallel transport equations for the tangent space basis vectors are

dVzc

dt
=
∑

w,a

Vwa∇aw∇czS[U ] +
∑

a,b

fabcVza∇bzS[U ] ,

where the Hessian of the action is

∇bw∇azS[U ] = 2δwz

[

(h1Tr[T
aT bUz] + h21Tr[U

−1
z T bT a])

(1 + h1TrUz + h21TrU
−1
z + h31)

−

(h1Tr[T
aUz]− h21Tr[U−1

z T a])(h1Tr[T
bUz]− h21Tr[U−1

z T b])

(1 + h1TrUz + h21TrU
−1
z + h31)

2

]

.

These can also be recast into the compact notation

d

dt
Vz ≡

d

dt

∑

c

VzcT
c =

∑

w,a,c

Vwa∇aw∇czS[U ]T c +
∑

a,b,c

fabcVza∇bzS[U ]T c =
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= (αz(h1VzUz + h21U
−1
z Vz)Tr)

† − (α2
z(h

2
1Uz − h31U−1

z )Tr(Tr[VzUz]− h1Tr[U−1
z Vz]))

†

−i[Vz,∇zS[U ]] .

By solving the Takagi problem one finds 8 ·Nsites Takagi vectors and their asso-
ciated Takagi values,

v(j1j2)az = δaj1δzj2e
−i

φ(z)
2

λ(j1j2) = |γ(j2)|
where the indexes j1, j2 run respectively from 1 to 8 and from 1 to Nsites and γ(z)
is defined by

γ(z) =
h1e

iωz + h21e
−iωz

1 + 3h1eiωz + 3h21e
−iωz + h31

≡ |γ(z)| eiφ(z) .

We studied two observables, the Polyakov loop and the quark number density,

〈L〉 =
〈 1

Nsites

∑

z

TrUz

〉

(3.14)

〈n〉 =
T

V

∂lnZ

∂µ
=

1

NtNsites

1

Z

∂Z

∂µ
=

=
1

NtNsites

1

Z

∫

[

∏

x

dUx

]

(

−∂S
∂µ

)

e−SG[U ]−SF [U ] .

The operator n is obtained by taking the derivative of the action with respect to the
chemical potential

n =
1

NtNsites

(

−∂S
∂µ

)

= (3.15)

= 2
1

NtNsites

∑

z

∂

∂µ
ln
(

1 + h1TrUz + h21TrU
−1
z + h31

)

=

= 2
1

NtNsites

∑

z

Nt

(

h1TrUz + 2h21TrU
−1
z + 3h31

)

(

1 + h1TrUz + h21TrU
−1
z + h31

) =

= 2
1

Nsites

∑

z

(

h1TrUz + 2h21TrU
−1
z + 3h31

)

(

1 + h1TrUz + h21TrU
−1
z + h31

) .

In the limits h1 → 0,∞, the quark number density operator tends asymptotically to
0, 2Nc. These limits corresponds respectively to the limit of zero chemical potential,
where the quark number density vanishes, and the limit of infinite chemical potential,
where the quark number density saturates to twice the number of colors. Note that
by using this simplified action, in absence of any coupling between neighbor lattice
sites, a three dimensional system of with a spatial lattice length Ns can be regarded
as equivalent to a unidimensional system with a spatial lattice length N3

s .
For the simulations we have used the parameters Nt = 116, β = 5.7, k =

0.0000887 and we varied the chemical potential from µ = 0.9990µc to µ = 1.0010µc,
where µc ≡ m = −ln(2k). As we have seen previously, the critical points of this
theory are mixture of center elements of the SU(3) color group: their number grows
exponentially with the number of sites as 3Nsites . In order to find out which are the
most relevant we can make use of the Gaussian approximation

Z ≈
∑

σ

ZSCσ = (2π)
n
2

∑

σ

nσ
e−S(zσ)
√

∏

i λ
(σ)
i

eiωσ ≡ (2π)
n
2

∑

σ

nσe
−Sσ

eff eiωσ .
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The Gaussian weights can be reconstructed by sampling critical points ∝ e−Sσ
eff .

Numerical results are illustrated in fig. 3.1 for two different volumes at a chemical
potential µ = 0.9990µc. The histogram represents the Gaussian weights of the
thimbles attached to the critical points having an ever increasing number of temporal
links set any center elements other than the identity. For volumes up to 33 the
dominant thimble (the one associated to the critical point where all links are set to
the identity matrix) is the most relevant, with at most a non negligible contribution
coming from the sub-leading thimbles (the ones associated to the critical points
having precisely one link set to other center elements). Eventually, as we increase
the volume, many other critical points give a non negligible contribution due to
combinatorics.

We ran simulations on lattices having Nsites = 1, 2, 4. Admittedly these are
very small-sized systems. Nonetheless thimble contributions are collected entirely
a-priori in this case, using the first method to compute the weights discussed at the
beginning of this chapter. Hence these numerical experiments are a clean way to
show that multi-thimble simulations are, at least conceptually, a theoretically sound
approach.

Figs. 3.2, 3.3 and 3.4 illustrate respectively the results obtained for Nsites =
1, 2, 4 from one-thimble simulations (top figures) and from multi-thimble simulations
(bottom figures). The colored solid lines represent the analytical solutions, which
are known for this simplified model. The colored error bars represent the numerical
data from the simulations. The results for the quark number density (multiplied
by a factor 1

6) are illustrated in red, the ones for the Polyakov loop are depicted
in green. The results from the simulations performed on the fundamental thimble
alone show for both observables discrepancies that become larger and larger as we
decrease µ from µ = 1.0µc to µ = 0.9990µc and as we increase it from µ = 1.0µc
to µ = 1.0010µc. We also performed multi-thimble simulations, sampling both the
fundamental thimble and the sub-leading thimbles. There exist two distinct sub-
leading thimbles, corresponding to two possible choices for the link to be set to a
center element other than the identity (ωz = ±2π

3 ). However these thimbles give
conjugate contributions, therefore only one independent contribution is needed (in
addition to the contribution from the fundamental thimble). The numerical results
from multi-thimble simulations show that all discrepancies disappear after we take
into account the sub-leading thimbles.
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Figure 3.1: Heavy-dense QCD: Gaussian weights for Nsites = 33 (top) and Nsites =
83 (bottom). Parameters used are Nt = 116, k = 0.0000887, µ = 0.9990µc.
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Figure 3.2: Heavy-dense QCD: results for the quark number density (red) and the
Polyakov loop (green) obtained from 1 thimble (top) and 3 thimbles (bottom),
Nsites = 1. Parameters used are Nt = 116, k = 0.0000887.
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Figure 3.3: Heavy-dense QCD: results for the quark number density (red) and the
Polyakov loop (green) obtained from 1 thimble (top) and 3 thimbles (bottom),
Nsites = 2. Parameters used are Nt = 116, k = 0.0000887.
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Figure 3.4: Heavy-dense QCD: results for the quark number density (red) and the
Polyakov loop (green) obtained from 1 thimble (top) and 3 thimbles (bottom),
Nsites = 4. Parameters used are Nt = 116, k = 0.0000887.
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3.3 Case study 2 - the one-dimensional Thirring model

As a second application we consider the one-dimensional Thirring model [42–45, 50].
This theory is governed by the Eucliean Lagrangian

L = χ̄(γ4
d

dt
+m+ γ4µ)χ+

g2

2
(χ̄γ4χ)2 .

The quartic interaction can be canceled out by introducing an auxiliary field φ. In
this formulation the Lagrangian reads

L = χ̄(γ4
d

dt
+m+ γ4µ+ iγ4φ)χ+ βφ2 ,

where β = 1
2g2

is the half inverse squared coupling constant. On the lattice, the
partition function of the Thirring model is

Z =

∫

(

∏

i=1...L

dφn

)

e−β
∑

n=1...L(1−cos(φn))+log detD,

where L = Nt is the number of lattice sites and detD is the determinant of the
fermionic matrix, A closed form expression can be worked out for the fermionic
determinant [43],

detD =
1

2L−1

(

cosh(Lµ̂+ i
∑

n

φn) + cosh(L asinh(m̂))

)

.

Here µ̂ and m̂ are the chemical potential and the fermion mass in lattice units. As
anticipated this is exactly the same expression we’ve found in sec. 1.4.1. This theory
can be solved exactly. An analytic solution for the partition function is known in
terms of the modified Bessel function of the first kind Iα(z) [43],

Z =
1

2L−1
e−Lβ

[

I1(β)
Lcosh(Lµ̂) + I0(β)

Lcosh(Lasinh(m̂))
]

.

Hence analytical solutions can also be derived for the observables of the theory, such
as the number density and the chiral condensate

〈n〉 = 1

L

∂log Z

∂µ̂
=

I1(β)
Lsinh(Lµ̂)

I1(β)Lcosh(Lµ̂) + I0(β)Lcosh(L asinh(m̂))

〈χ̄χ〉 = 1

L

∂log Z

∂m̂
=

1

cosh(asinh(m̂))

I0(β)
Lsinh(L asinh(m̂))

I1(β)Lcosh(Lµ̂) + I0(β)Lcosh(L asinh(m̂))
.

At finite chemical potentials this model is affected by a sign problem, stemming from
the fermionic determinant detD. The Thirring model has has been used to explore
alternative methods to fight the sign problem, see for instance refs. [42–45, 50]. In
particular refs. [42–44] used the Lefschetz thimble method and performed Monte
Carlo calculations on the dominant thimble. They found that the contribution from
the dominant thimble is not enough to recover the correct results known from the
analytical solutions, not even in the thermodynamic limit.
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3.3.1 Critical points

We explored the theory by thimble regularization ourselves with the goal of collect-
ing the contributions coming from more than one thimble in order to address the
discrepancies due to the one-thimble approximation observed in the literature. The
first thing we have to do is to complexify the degrees of freedom. The action of the
model becomes

β
∑

n=1...L

(1− cos(zn))− log detD

detD =
1

2L−1

(

cosh(Lµ̂+ i
∑

n

zn) + cosh(L asinh(m̂))

)

,

where the auxiliary field zn is now complex valued. Then we have to determine the
critical points. These are the solutions of

∂S

∂zn
= βsin(zn)− i

sinh(Lµ̂+ i
∑

i zi)

cosh(Lµ̂+ i
∑

i zi) + cosh(L asinh(m̂))
= 0 .

It follows that the critical points of the theory statisfy the equation

sin(zn) =
i

β

sinh(Lµ̂+ i
∑

i zi)

cosh(Lµ̂+ i
∑

i zi) + cosh(L asinh(m̂))
.

From this equation one concludes that critical points are uniform field configurations
where zi = z for all i, except possibly a number n− of lattice points where zi = π−z
(leaving sin(zn) unchanged). The critical points can then be labeled by the integer
number n− = 0, 1, . . . , L2 and by the complex number z. At fixed n−, the values
admitted for z are found by numerically solving

sin(z) =
i

β

sinh(Lµ̂+ i(L− 2n−)z + in−π)

cosh(Lµ̂+ i(L− 2n−)z + in−π) + cosh(L asinh(m̂))
=

=
i

β

sinh(Lµ̂+ i(L− 2n−)z)

cosh(Lµ̂+ i(L− 2n−)z) + (−1)n−cosh(L asinh(m̂))
.

For instance fig. 3.5 depicts the critical points in the n− = 0 sector form = 1, L = 4,
β = 1 at µ = 0. The figure only shows the critical points lying on the left complex
half-plane. Other critical points exist in the right complex half-plane. These are
obtained from the critical points present in the left complex half-plane by reflection
with respect to the imaginary axis. Indeed if z is a critical point also −z̄ is a critical
point, but because of a symmetry it gives a conjugate contribution.
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Figure 3.5: Thirring model: critical points in the n− = 0 sector at µ = 0. Parameters
used are L = 4, β = 1, m = 1.

3.3.2 Reflection symmetry

We pointed out that if p = (n−, z) is a critical point, then p′ = (n−, z
′ = −z) is also

a critical point. This can be shown by proving that if p satisfies the condition of
vanishing gradient, then so does p′. Since β is real, one has

βsin(z′) = βsin(−z) = −βsin(z) = −βsin(z) .

Now if we consider the hyperbolic functions f = cosh(z), sinh(z), both are 2π-
periodic on the imaginary axis, thus one has

f(Lµ̂+i(L−2n−)z′+in−π) = f(Lµ̂−i(L−2n−)z+in−π) = f(Lµ̂−i(L−2n−)z−in−π+in−2π) =

= f(Lµ̂−i(L−2n−)z−in−π) = f(Lµ̂+ i(L− 2n−)z + in−π) = f(Lµ̂+ i(L− 2n−)z + in−π) .

Therefore one also has that

βsin(z′)− i sinh(Lµ̂+ i(L− 2n−)z
′ + in−π)

cosh(Lµ̂+ i(L− 2n−)z′ + in−π) + cosh(Lm̂)
=

= −βsin(z)− i sinh(Lµ̂+ i(L− 2n−)z + in−π)

cosh(Lµ̂+ i(L− 2n−)z + in−π) + cosh(Lm̂)

= −
(

βsin(z)− i sinh(Lµ̂+ i(L− 2n−)z + in−π)

cosh(Lµ̂+ i(L− 2n−)z + in−π) + cosh(Lm̂)

)

= 0 ,

which is what we wanted to prove.
More generally, one can show that the theory fulfills a reflection symmetry. If

we define the map K : z 7→ z′ = Kz = Lz = −z, the theory satisfies

S(z) = S(z′) .

Indeed we have
{

cos(z′n) = cos(−zn) = cos(zn) = cos(zn)

cosh(Lµ̂+ i(L− 2n)z′ + inπ) = cosh(Lµ̂+ i(L− 2n)z + inπ) ,
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which implies

S(z′) = β
∑

n

(1−cos(z′n))+ln(2L−1)−ln(cosh(Lµ̂+i(L−2n)z′+inπ)+cosh(L asinh(m̂)))

= β
∑

n

(1− cos(zn))+ln(2L−1)−ln(cosh(Lµ̂+ i(L− 2n)z′ + inπ) + cosh(L asinh(m̂)))

= S(z) .

In presence of a reflection symmetry we expect critical points and the attached
thimbles to appear in conjugate pairs.

3.3.3 Hessian of the action and the Takagi problem

The hessian of the action is

Hi,j =
∂2S

∂zi∂zj
= βcos(zi)δi,j +

cosh(Lµ̂+ i
∑

n zn)

cosh(Lµ̂+ i
∑

n zn) + cosh(L asinh(m̂))

− sinh2(Lµ̂+ i
∑

n zn)

(cosh(Lµ̂+ i
∑

n zn) + cosh(L asinh(m̂)))2
.

Let’s define s(n−, z) ≡
∑

n zn = (L − 2n−)z + nπ. At a given critical point pσ =
(n−, z) the Hessian is given by the sum of a diagonal matrix and a constant term

Hi,j

∣

∣

∣

∣

pσ

= βcos(zi)δi,j + f(n−, z), with

f(n−, z) =
cosh(Lµ̂+ i s(n−, z))

cosh(Lµ̂+ i s(n−, z)) + cosh(L asinh(m̂))

− sinh2(Lµ̂+ i s(n, z))

(cosh(Lµ̂+ i s(n−, z)) + cosh(L asinh(m̂)))2
.

The Takagi problem can be solved numerically by diagonalizing the expanded Hes-

sian H̃i,j

∣

∣

∣

∣

pσ

.

3.3.4 Monte Carlo simulations

By making use of the expression we have derived for the gradient and the Hessian
of S, we can write down the steepest ascent equations,

dzn

dt
=
∂S

∂z
= βsin(zn)−

i sinh(Lµ̂+ i
∑

j zj)

cosh(Lµ̂+ i
∑

j zj) + cosh(L asinh(m̂))
,

and the parallel transport equations,

dv
(h)
j

dt
=
∑

i

v
(h)
i

(

βcos(zi)δi,j +
cosh(Lµ̂+ i

∑

n zn)

cosh(Lµ̂+ i
∑

n zn) + cosh(L asinh(m̂))

− sinh2(Lµ̂+ i
∑

n zn)

(cosh(Lµ̂+ i
∑

n zn) + cosh(L asinh(m̂)))2

)

.
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As observables we have considered the fermion number density and the chiral con-
densate,

〈n〉 = 1

L

∂lnZ

∂µ̂
=

1

L

1

Z

∂Z

∂µ̂
=
〈 sinh(Lµ̂+ i

∑

n zn)

cosh(Lµ̂+ i
∑

n zn) + cosh(L asinh(m̂))

〉

〈χ̄χ〉 = 1

L

∂lnZ

∂m̂
=

1

L

1

Z

∂Z

∂m̂
=
〈 1

cosh(m̂)

sinh(L asinh(m̂))

cosh(Lµ̂+ i
∑

n zn) + cosh(L asinh(m̂))

〉

.

Firstly, we ran one- and multi-thimble simulations for the parameters L = 4,
m = 1, β = 1. A thorough analysis of the multi-thimble decomposition for the
Thirring model has been carried out in ref. [43], where the authors studied the
imaginary part of the action at the critical points as a function of the chemical
potential in order to look for Stokes phenomena and to get information about changes
in the thimble decomposition. In Stokes phenomena the stable thimble attached to
a critical point overlaps with the unstable thimble attached to another critical point.
Being SI constant on the thimbles, this can only happen if the action has the same
imaginary part at the two critical points. In presence of a Stokes phenomenon, the
intersection numbers of the two thimbles can change.

Fig 3.6 (top) shows the critical points in the n− = 0 sector as a function of µ.
Fig. 3.6 (center) shows the imaginary part of the action evaluated at the critical
points as a function of µ. Following ref. [43], at zero chemical potential the only
critical points having a non-zero intersection number are σ0 and σ0̄.

1 At µ ≈ 0.40
there is a Stokes phenomenon between σ2 and σ0̄ (see the crossing between the yellow
and the cyan line in fig. 3.6 (center)), after the Sokes the former enters the thimble
decomposition while the latter exits the decomposition. Then at µ ≈ 0.56 there is
another Stokes phenomenon between the critical points σ1 and σ0 and σ1 acquires
a non-zero intersection number. Again, at µ ≈ 0.73 there is a Stokes phenomenon
between the critical points σ1 and σ2 and σ2 exits the thimble decomposition. In fig.
1 (bottom) one can also see that in the region where σ0̄ and σ2 have both a non-zero
intersection number, the real part of the action on these is much larger than the real
part of the action on the critical points σ0 and σ1. Therefore their contribution are
suppressed.

1Actually this true provided that we add a small imaginary part to β, otherwise there is a Stokes

phenomenon between the two critical points and the thimble decomposition is not well-defined.
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Figure 3.6: Thirring model: critical points in the n− = 0 sector as a function of
the chemical potential. Parameters used are L = 4, β = 1, m = 1. These figures
show how the critical points move as µ is varied (top) and how the imaginary part
(center) and real part (bottom) of the action changes at those critical points.
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Figure 3.7 shows the results we obtained from one-thimble simulations on the
dominant thimble Jσ0 . The chemical potential was varied from µ = 0.0 to µ = 1.95.
We also repeated the simulations for different values of β = 1, 2, 4, in order to check
the effect of the coupling constant on the validity of the one-thimble approximation.
These results confirm what was observed in refs. [43, 44]: while at low couplings the
one-thimble approximations is good, at larger couplings the same approximation
fails. Specifically, discrepancies between the numerical results and the analytical
results begin to show up at β = 2 and become particularly noticeable at β = 1.
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Figure 3.7: Thirring model: results obtained from one-thimble simulations for the
fermion number density (top) and the chiral condensate (bottom) for β = 1, 2, 4
(red, green, blue). Parameters used are L = 4, m = 1.
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We also tried to address these discrepancies by performing multi-thimble simula-
tions, sampling both the fundamental thimble Jσ0 and the sub-leading thimble Jσ1 .
The relative weights of the thimbles have been determined by the second method we
discussed at the beginning of this chapter, that is by fixing α from a known observ-
able. Specifically, the results for the fermion number density have been obtained by
fixing α from the analytical solution for the chiral condensate and viceversa.

Some useful insights useful for the Monte Carlo simulations were obtained by
studying the lower dimensional case L = 2,m = 1, β = 1. Figure 3.8 shows the
profile of the logarithm of the partial partition function as a function of n0, that
is the component of the initial displacement along the Takagi vector associated to
the largest Takagi value. One can appreciate two peaks showing up around given
values of n0 for the thimble Jσ0 . In the case of Jσ1 (see bottom picture of fig. 3.8)
the peaks are thin enough that the relevant configurations are not representable in
double precision. Therefore we ran the numerical simulations in quadruple precision.
For the Metropolis acceptance step, we generated proposals using a smaller angle
for rotations involving the direction n0 than the one used for the other rotations.

The numerical results from the multi-thimble simulations for L = 4, m = 1,
β = 1, 2 are shown in fig. 3.9. Though the region µ ≈ 0.60 ÷ 0.75 for β = 1
is affected by large statistical errors, elsewhere the discrepancies observed from the
results of the simulations on Jσ0 disappear after taking into account the contribution
from Jσ1 . These results answer the question that was left open in ref. [42], that
is whether the discrepancies observed using simulations performed on the dominant
thimble can be addressed by collecting the contribution from the sub-dominant
thimble. Admittedly we have answered the question using a small L = 4 lattice.
Indeed carrying out multi-thimble simulations is hard. Specifically, for the Thirring

model this is due in part to the somewhat pathological profile of Z
(σ1)
n̂ and in part

to the difficulty in keeping a reasonable signal-to-noise ratio for the weights as we
increase the number of degrees of freedom. In the next chapter we discuss what
we regard as a more powerful approach. We are going to show that, using this
latter approach, the Thirring model can be simulated towards the continuum limit
(it turned out that L = 64 is enough for this purpose).
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Figure 3.9: Thirring model: results obtained from one- and multi-thimble simula-
tions for the fermion number density (top) and the chiral condensate (bottom) for
β = 1, 2. Results obtained from 1 thimble are displayed respectively in red (β = 1)
and green (β = 2), while results from 3 thimbles are displayed in blue (β = 1, 2).
Parameters used are L = 4, m = 1.

61



62



Chapter 4

Taylor expansion on thimbles

and Padé approximants

In this section we discuss how Taylor series expansions on the dominant thimbles
can be used to extend the range of validity of the one-thimble approximation. The
method is then applied to heavy-dense QCD and to the one-dimensional Thirring
model.

4.1 Taylor expansion on thimbles

Conceptually the Lefschetz thimble regularization method provides a neat tool to
fight the sign problem: the original integral is decomposed into a sum of integrals
that are free of the sign problem and therefore well suited for calculation by im-
portance sampling. In practice, however, performing multi-thimble simulations is
a difficult problem because a general and satisfactory way to compute the correct
weights to assign to each contribution is still missing. We made some progress on
this front, by proposing two calculation methods. These were discussed in the pre-
vious chapter. In this chapter we explore a different point of view. We know from
many counter-examples that the one-thimble approximation is not always enough
to recover the correct results of the theory. However we argue that in some cases we
can exploit the rich and dynamic thimble structure of a theory in order to by-pass
the need for multi-thimble simulations. Indeed in general the thimble structure is
not fixed in stone, it may change as we move within the parameters space of the
theory. A key concept here is that of a Stokes phenomenon, as in the presence of
Stokes phenomena the intersection numbers can change. An example is given by
the Thirring model: at µ = 0 the only relevant contribution is the one from the
dominant thimble J0, but as we increase µ various Stokes phenomena take place.
Thimbles that didn’t enter the multi-thimble decomposition before a given Stokes
do acquire a non-zero intersection number after the Stokes (and viceversa). As a
consequence multiple regions can be identified. There are some bad regions where
more than one thimble give a relevant contribution in the multi-thimble decompo-
sition and there are some good regions where the one-thimble approximation is a
valid approximation. Though the multi-thimble decomposition is discontinuous at
the Stokes, physical observables are in general continuous quantities: the idea is
then to reach the bad regions by Taylor expanding the observables around points lo-
cated inside the good regions. Taylor coefficients can be calculated from one-thimble
simulations.
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Critical points are represented by the black circles, while stable and unstable
thimbles are represented respectively by the blue and red solid lines.

For positive values of σR the unstable thimbles attached to the critical points φ±
do not cross the original domain of integration (that is the real axis, Im(φ) = 0).
Therefore the thimbles J± have a zero intersection number and do not enter the
thimble decomposition. The thimble J0, attached to the critical point φ0, is the
only thimble entering the thimble decomposition. The intersection numbers are
n0 = 1, n± = 0.

As σR is lowered, the thimble structure changes. For positive values of σR the
stable thimble J0 attached to φ0 acts as a barrier for the unstable thimbles K±

attached to φ±. These can never intersect the original domain, since in order to
do that they would have to cross J0. But clearly this cannot happen, since the
imaginary part of the action is different at the critical points φ± and φ0.

At σR = 0 the imaginary part of the action is the same on φ± and φ0 and a
Stokes phenomenon takes place. After the Stokes, for negative values of σR, the
unstable thimbles attached to all three critical points cross the original domain.
All the thimbles enter the thimble decomposition, with intersection numbers n0 =
−1, n± = 1 [37].

So far we have identified a region, the one in which σR > 0, where only one
thimble enters the thimble decomposition. This is the thimble attached to φ0. But
this is not the end of the story. For φ± one has that











x2 − y2 = −σR
λ

xy = −σI
2λ

x4 + y4 = (x2 − y2)2 + 2x2y2 =
(

σR
λ

)2
+ 2

(

σI
2λ

)2
.

It follows that the real part of the action at φ± is given by

SR(φ±) =
1

4

σ2I − σ2R
λ

.

On the other hand, at φ0 one has that

SR(φ0) = 0 .

The Gaussian weight of J± can be estimated as

W =
2e−SR(φ±)

2e−SR(φ±) + e−SR(φ0)
=

1

1 + e−SR(φ0)

2e−SR(φ±)

=
1

1 + 1
2e

1
4

σ2
I
−σ2

R
λ

It follows that for σR ≪ 0 the contribution from J0 is exponentially depressed.
Moreover, the critical points φ± give conjugate contributions. Therefore we have
identified another region, the one in which σR ≪ 0, where only one thimble gives a
relevant contribution in the thimble decomposition. This is the thimble J± attached
to the critical point φ±.

Now we can pick at least two points in the good regions, specifically one point
such that σR & 0 and one point such that σR ≪ 0. Then we can Taylor expand the
observables around these points in order to reach the bad region σR . 0. In practice
a Padé interpolation of the Taylor coefficients computed at different points works
better in bridging the good regions than using the different Taylor series separately.

Fig. 4.2 shows the numerical results obtained by applying the Taylor expansion
(on thimbles) method to the φ4 model.
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We have studied the observable 〈φ8〉. As expansion points we chose σR =
−7.5, 10.0−6, 0.5. The first critical point lies in the region σR ≪ 0, the second
critical point is located close to 0 but in the region σR > 0, the third critical point
is located in the region σR > 0 as well. The top figure shows the weight of J± in
the Gaussian approximation. At σR = −7.5 the contribution from J0 is already
exponentially depressed. At σR = 10.0−6, 0.5, being these positive values, J0 is
the only thimble having a non-zero intersection number. The Taylor coefficients for
〈φ8〉 have been computed respectively up to orders 3, 3, 2 from simulations on the
dominant thimble (which in this case is not the same thimble for all the expansion
points). The bottom figure shows the results we have obtained from a Padé inter-
polation of the Taylor coefficients. These are displayed as blue points and they are
found to be in very good agreement with the analytical solution (the black solid line).

All in all the procedure we propose to by-pass the need for multi-thimble simu-
lations amounts to:

1. finding multiple, disjoint regions in the parameters space of the theory where
the one-thimble approximation is valid. These can either be regions where
only one thimble has a non-zero integer number or they can be regions where
more than one thimble have a non-zero integer numbers but only one thimble,
out of these, gives a relevant contribution;

2. choosing a given number of points from the abovementioned regions and com-
puting Taylor series expansions for the observables around these points. The
Taylor coefficients can be calculated from one-thimble simulations;

3. extrapolating the values of the observables outside of the regions identified at
step 1 from the Taylor expansions around different points calculated at step
2. Using a Padé interpolation of the Taylor coefficients, instead of using the
Taylor expansions separately, might improve the convergence properties of the
series.

Here we are assuming the observables to be continuous so that the region after
a Stokes phenomenon can be reached by a Taylor expansion around a point located
before the Stokes. The key point to stress out is that Stokes phenomena encode
discontinuities in the thimble decomposition, but a discontinuity in the thimble
decomposition does not imply a discontinuity in the observable.

While it is true is that in specific cases observables can be discontinuous, for
instance in presence of a phase transition, this is unrelated to the discontinuity of
the thimble decomposition. Even in such cases the Taylor expansion on thimbles
method could in principle be applied separately in the two regions before and after
the discontinuity.

In the following we will show that this method can be applied to theories other
than the φ4 toy model, specifically we show that it can be applied to the two the-
ories we have considered as use cases in the previous chapter: the one-dimensional
Thirring model and heavy-dense QCD.
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4.2 Case study 1 - the one-dimensional Thirring model

Let’s consider again the one-dimensional Thirring model, whose lattice action can
be defined as

S = β
∑

n=1...L

(1− cos(φn))− log detD ,

with detD =
1

2L−1

(

cosh(Lµ̂+ i
∑

n

φn) + cosh(L asinh(m̂))

)

.

We start by studying the case L = 8, β = 1,m = 2. As we saw in chapter
3, this case has been studied by one-thimble simulations in ref. [42], where the
authors have shown that the one-thimble approximation is valid for low and high
chemical potentials, but it fails for intermediate chemical potentials. In this region
one-thimble simulations yielded the wrong results. Our goal is to show that by
making use of Taylor expansions we can recover the correct results from one-thimble
simulations also in this intermediate region.

Firstly we need to identify at least two suitable expansion points where the one-
thimble approximation holds. A suitable expansion point close to µ

m
= 0 can be

singled out by a simple argument. Let’s define SI(R) as the values of the imaginary
part of the action attained on the original domain of integration. Up to a thresh-
old value µ0 of the chemical potential there are only two critical points where the
imaginary action takes a value ∈ SI(R). Therefore these are the only two critical
points, which we denote by σ0 and σ0̄, whose unstable thimble can intersect the
original domain. The contribution from the thimble J0̄ is depressed with respect
to the contribution from the thimble J0 because the real part of the action on the
critical point σ0̄ is much larger than on the critical point σ0. The fact that K0 does
indeed intersect the original domain of integration can be verified by inspection in
fig. 4.3 (top). The figure shows the thimble structure of the Thirring model at
µ
m

= 0.4. Critical points are depicted by the green points, while stable and unstable
thimbles are depicted by the blue and magenta solid lines. The red points represent
the fermion determinant zeros: at these points the real part of the action diverges,
thus they are a possible endpoint for the stable thimbles. The critical point σ0 is the
one sitting close to z = 0. Note that thimbles are L-dimensional manifolds and what
is actually shown in fig. 4.3 is a cross-section of the manifolds within the uniform
fields subspace. We conclude that for µ

m
< µ0, and specifically at µ

m
= 0.4, only one

thimble gives a relevant contribution, this is the thimble J0 attached to the critical
point σ0. We chose µ

m
= 0.4 as the first expansion point.
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As a second expansion point we chose µ
m

= 1.4. For this choice of the chemical
potential all points but three, which we denote by σ1, σ1̄ and σ2̄, have a real part of
the action SR ≫ SR(σ0). Therefore their contributions are depressed. At two out
of these three critical points (σ1̄ and σ2̄) one has that SR < min(SR(R)), where we
denoted bymin(SR(R)) the minimum value of the real part of the action attained on
the original domain of integration. Therefore the unstable thimbles attached to these
critical points cannot intersect the original domain. The unstable thimble attached
to the critical point σ1 does not intersect the original point, as can be checked by
inspection in fig. 4.3 (bottom). The critical point σ0 is the one sitting close to z = 0,
the critical point σ1 is the one immediately on the left. The unstable thimble K1

does not intersect the original domain, while the unstable thimble K0 does intersect.
We conclude that also at µ

m
= 1.4 the contribution from the dominant thimble J0

attached to σ0 is the only relevant contribution.
The same arguments used for µ

m
= 0.4, 1.4 can be used to show that the one-

thimble approximation is valid at µ
m

= 0.0, 1.8 as well. At µ
m

= 0.4, 1.4 we have
computed the Taylor coefficients respectively up to order 2 and 5 for the chiral con-
densate. The coefficients up to order 3 have been computed directly from expectation
values of composite operators,

• c0 = 〈χ̄χ〉

• c1 = ∂〈χ̄χ〉
∂µ̂

= −L〈χ̄χ〉〈n〉

• 2! c2 =
∂2〈χ̄χ〉
∂µ̂2

= 2L2〈χ̄χ〉〈n〉2 − L2〈χ̄χ〉〈n2〉 − L〈χ̄χ〉〈n′〉

• 3! c3 =
∂3〈χ̄χ〉
∂µ̂3

= −6L3〈χ̄χ〉〈n〉3 + 6L3〈χ̄χ〉〈n〉〈n2〉+ 6L2〈χ̄χ〉〈n〉〈n′〉+
−3L2〈χ̄χ〉〈nn′〉 − L3〈χ̄χ〉〈n3〉 − L〈χ̄χ〉〈n′′〉 ,

where the operators n, n′, n′′, χ̄χ are defined as

• n =
sinh(Lµ̂+i

∑

n zn)
cosh(Lµ̂+i

∑

n zn)+cosh(L asinh(m̂))

• n′ = L
1+cosh(L asinh(m̂))cosh(Lµ̂+i

∑

n zn)
(cosh(Lµ̂+i

∑

n zn)+cosh(L asinh(m̂)))2

• n′′ = L2 sinh(Lµ̂+i
∑

n zn)[cosh(L asinh(m̂))2−cosh(L asinh(m̂))cosh(Lµ̂+i
∑

n zn)−2]
(cosh(Lµ̂+i

∑

n zn)+cosh(L asinh(m̂)))3

• χ̄χ = 1
cosh(m̂)

sinh(L asinh(m̂))
cosh(Lµ̂+i

∑

n zn)+cosh(L asinh(m̂)) .

The Taylor coefficients of order 4 and 5, instead, have been computed from c3
by finite differences,

df(x)

dx
≈ f(x+ h

2 )− f(x− h
2 )

h

d2f(x)

dx2
≈ f(x+ h)− 2f(x) + f(x− h)

h2
.

In fig. 4.4 (top) we illustrate the results from a Padé interpolation of the Taylor
coefficients at µ

m
= 0.4, 1.4 and the asymptotic conditions for the condensate at

µ
m

= 0.0, 1.8.
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The expansion points are depicted by blue triangles. The numerical results from
the interpolation, shown as blue error bars, match very well the analytical solution,
shown as a black solid line. Statistical errors have been estimated by a Jackknife
procedure. Note that the error bars obtained for L = 8 from Taylor expansions on
the dominant thimble are smaller than the ones we have obtained from multi-thimble
simulations for L = 4.

In fig. 4.4 (bottom) we show both the pole resulting from the interpolation (green
point) and the true singularity of the observable (red point) in the complex plane.
From the Padé interpolation we could get some information about the analytical
structure of the observable. The almost exact location of the true singularity of the
observable is recovered. This information is interesting for two reasons. On one
hand it shows that by a single Taylor expansion around 0 one could not hope to
reach the entire range in µ that we have investigated. The reason is that the series
has a finite radius of convergence r ≈ 1. On the other hand it provides a consistency
check for our results: since the radii of convergence of the series at µ

m
= 0.4, 1.4

cover the entire range in µ, we have obtained a legitimate analytical continuation of
the two Taylor series.

After simulating the theory for L = 8, β = 1,m = 2, we also carried out a
continuum limit analysis. For this theory moving towards the continuum limit means
increasing L while keeping constant L · m and L

β
. We varied L from 8 to 64. In

particular the parameters we have used for the continuum limit analysis are:

• L = 8, β = 1,m = 2

• L = 16, β = 2,m = 1

• L = 32, β = 4,m = 0.5

• L = 64, β = 8,m = 0.25 .

Numerical results are shown in fig. 4.5. Numerical results are marked by colored
error bars, where different colors correspond to different lattice sizes. In all cases
they are in good agreement with the analytical results, displayed by the black solid
lines. Statistical errors remained under control as we increased the lattice size.

In fig. 4.6 we also show, for each lattice, how the Padé interpolant converges to
the correct solutions as we increase the number of constraints we provide as inputs
for the interpolation. The pairs of integer numbers N −M displayed in the legends
are the maximum order of the Taylor coefficients we have computed respectively for
the expansion point on the left (N) and the one on the right (M). The expansion
points, as well as the two additional points we have used to constrain the asymptotic
value of the observable, are once again marked as triangles. Both the orders N and
M have been increased by 1 at each step, except for the highest order interpolations
performed for L = 32, 64. In these cases M has been increased by 1 but we have
provided a third additional point (where we constrained the value of the observable)
instead of increasing N .
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We computed the Taylor coefficients up to order 2, 1 respectively at µ
m

= 0.9995
and 1.0000 for the left branch and at µ

m
= 1.0005 and 1.0000 for the right branch.

The Taylor coefficients for the left branch can be expressed in terms of the derivatives
with respect to the chemical potential in lattice units,

• c0 = 〈n〉

• c1 = ∂〈n〉
∂h1

= 1
Nth1

∂〈n〉
∂µ

• 2! c2 =
∂2〈n〉
∂h21

= 1
(Nth1)2

(∂
2〈n〉
∂µ2
−Nt

∂〈n〉
∂µ

) .

Similar formulas are obtained for the right branch, where the expansion is done in
y ≡ h−1

1 ,

• c0 = 〈n〉

• c1 = ∂〈n〉
∂y

= − 1
Nty

∂〈n〉
∂µ

• 2! c2 =
∂2〈n〉
∂y2

= 1
(Nty)2

(∂
2〈n〉
∂µ2

+Nt
∂〈n〉
∂µ

) .

The derivatives with respect to the chemical potential are given by

∂〈n〉
∂µ

= −NsitesNt〈n〉2 +NsitesNt〈n2〉+ 〈n′〉

∂2〈n〉
∂µ2

= 2(NsitesNt)
2〈n〉3 + (NsitesNt)

2〈n3〉 − 3(NsitesNt)
2〈n〉〈n2〉+

+3(NsitesNt)〈nn′〉 − 3(NsitesNt)〈n〉〈n′〉+ 〈n′′〉 ,
where the operators appearing in the formulas are defined as

• n = 2
Nsites

∑

z

(h1TrUz+2h21TrU
−1
z +3h31)

(1+h1TrUz+h21TrU
−1
z +h31)

• n′ = 2Nt

Nsites

∑

z
1

(1+h1TrUz+h21TrU
−1
z +h31)

2

[

h1TrUz + 4h21TrU
−1
z +

(9 + TrUzTrU
−1
z )h31 + 4h41TrUz + h51TrU

−1
z

]

• n′′ = 2N2
t

Nsites

∑

z
1

(1+h1TrUz+h21TrU
−1
z +h31)

3

[

h1TrUz + h21(8TrU
−1
z − (TrUz)

2)+

27h31 + h41((TrUz)
2TrU−1

z + 20TrUz − 8(TrU−1
z )2)+

+h51(8(TrUz)
2 − TrUz(TrU−1

z )2 − 20TrU−1
z )+

−27h61 + h71((TrU
−1
z )2 − 8TrUz)− h81TrU−1

z

]

Fig. 4.8 (top) shows the results of the Padé interpolation of the Taylor coefficients
and the asymptotic constraints (for the observable and for its first derivative).
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The numerical results are shown as error bars in different colors (blue and red)
for the left and right branches. The expansion points are depicted as triangles.
Numerical results are found to be in good agreement with the analytical results
illustrated by the black solid line.

Fig. 4.8 (bottom) shows the pole resulting from the Padé interpolation for the
left branch (green point). The pole approximates reasonably well the true singularity
of the observable (red point). Also for this theory the radii of convergence of the
series indicate that the analytic continuation resulting from the interpolation is a
legitimate one.

4.4 A few comments

The method we discussed is far more powerful than what we saw in the previous
chapter. In particular for the case of the Thirring model we saw that we could
complete the task of reaching the continuum limit. The case of heavy-dense QCD
is a bit more problematic. In particular one cannot enlarge the size of the system
indefinitely. The landscape of fig. 3.1 (many critical points providing a significant
contribution) is a consequence of combinatorics. There is indeed a handle one can
play with and that is the value of µ

m
. However the effectiveness of this is limited.

This is still a partial success if we compare to what has been done by other methods.
Getting so close to µ

m
= 1 would enable the use of other tools like reweighting: the

combination of ”reweighting + Taylor + Padé” would be as good as what we did
in this particular case. Notice that this is not the case for Thirring. In that case
the procedure relied on a value of µ

m
that would be unaccessible to other methods.

All in all one could say: we learned that the combination of ”X + Taylor + Padé”
can be a fruitful strategy, where ”X” is a calculation method which is good enough
in a given region, provided the region we have access to is good enough to get an
effective description by Padé. In the next chapter we will see an application relying
on right this strategy.
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Chapter 5

Taylor expansion for QCD at

imaginary µ and Padé

approximants

In this section we discuss how Padé approximants can be used to investigate the
QCD phase diagram by interpolating Taylor coefficients calculated at imaginary
chemical potentials.

5.1 Taylor expansion for QCD at imaginary µ

In the previous chapter we proposed to look for different points in the parameters
space of a theory where the one-thimble approximation holds and to carry out Taylor
expansions around these points. Taylor coefficients can be computed from one-
thimble simulations. A Padé interpolation of such coefficients provides an analytic
continuation for the Taylor series centered around the different points. We have
shown that Padé approximants not only allow to reach by one-thimble simulations
regions where the one-thimble approximation does not hold, but they also allow
to capture information about the analytic structure of the observables. In the two
use cases we have considered, we could reconstruct the true singularities of the
observables in the complex plane. A natural question is whether Padé approximants
can be a useful tool to hunt for critical points in the QCD phase diagram. In
particular an open problem in physics is the determination of the location of the
critical endpoint where the deconfinement/chiral restoration phase transition line,
which is a crossover at low chemical potentials, becomes first-order.

Taylor coefficients around µ = 0 can be extracted from standard lattice simula-
tions since at zero chemical potential there is no sign problem. Hopefully thimble
regularization could be helpful in providing a second expansion point at some µ > 0
where to calculate additional Taylor coefficients that can be used as inputs for the
Padé interpolation. Admittedly for now the application of thimble regularization to
full QCD is still a work in progress. However we can come back to the strategy we
described at the end of the previous chapter. Much in that spirit we can investigate
a region of the QCD phase diagram where there is no sign problem (and thimble
regularization is not needed), namely the region of the phase diagram at purely
imaginary chemical potential. The big question is whether ”imaginary µ + Taylor
+ Padé” is good enough to reconstruct singularities in the QCD phase diagram.
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This project has been started in collaboration with the group led by dr. Chris-
tian Schmidt in Bielefeld. This has been done in the framework of the EuroPLEx
research network [51].

5.2 Case study 1 - thermal singularities

Let’s denote by µB,I the imaginary part of the baryon chemical potential. A quali-
tative picture of the (

µB,I

T
, T ) phase diagram of QCD is illustrated in fig. 5.1.

Figure 5.1: QCD at imaginary µ: qualitative picture of the (
µB,I

T
, T ) phase diagram.

Image from ref. [52].

On the y and x axes we have respectively the temperature T and the imaginary
part of the baryon chemical potential divided by πT . The vertical black solid lines
are two first order phase transition lines, which separate Z3 sectors characterized by
different phases ϕ of the Polyakov loop (L(~x) = |L(~x)|eiϕ). The dashed curve is the
analytic continuation of the pseudocritical chiral transition line. The RW transition
lines join the chiral crossover line at the RW endpoints. The first RW endpoint is
located at (

µB,I

T
, T ) = (π, TRW ). We wanted to check whether we were able to find

out the location of this critical endpoint by studying the poles resulting from the
Padé approximation of a suitable observable.

We used the baryon number density 〈nB〉 as a probe to investigate the phase
transition. This is an odd function of the chemical potential and it is purely imagi-
nary at purely imaginary µ. At the Roberge-Weiss transition line this observable is
expected to be discontinuous.

Simulations have been performed on 243×4 lattices using the HISQ action relying
on a slight modification of a GPU-based code developed by the Bielefeld group.

We computed the Taylor coefficients of χ1
B ≡

〈nB〉
T 3 up to second order. We

repeated the calculations for O(10) chemical potentials at three different tempera-
tures, T = 160 MeV , 176 MeV and 201 MeV . The first temperature is close to the
pseudocritical temperature Tc, the third one is close to the current estimate for the
Roberge-Weiss temperature TRW for Nt = 4 [53], the second one is an intermediate
temperature between the other two.
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β ml ms

5.760 0.006024 0.1627
5.850 0.005270 0.1424
5.973 0.004396 0.1187

Table 5.1: Lines of constant physics (Nt = 4).

µl,I (β = 5.760) µl,I (β = 5.850) µl,I (β = 5.973)

0.00000 0.139626 0.00000
0.03272 0.157080 0.03272
0.06545 0.174533 0.06545
0.09817 0.191986 0.09817
0.13090 0.209440 0.13090
0.16362 0.226893 0.16362
0.19635 0.244346 0.19635
0.22907 0.261799 0.22907

0.23998
0.25089
0.25875
0.26485
0.27271
0.28362

Table 5.2: List of chemical potentials (Nt = 4).

The lines of constant physics [54] and the values of the light chemical potentials
selected for each temperature are reported respectively in tab. 5.1 and tab. 5.2.
The strange chemical potential has been set to µs,I = µl,I =

µB,I

3 . For each temper-
ature and each chemical potential a total of ≈ 5000 gauge configurations have been
generated and 260 random vectors were used for the measurements.

5.2.1 Algorithmic approaches to the Padé interpolation

The Taylor coefficients obtained from the simulations have been interpolated by a
multipoint Padé procedure that we now briefly discuss. For each temperature we
start from a set of Taylor coefficients

c
(k)
j ≡

1

j!

∂j〈O〉
∂µ̂

j
B

(µ̂
(k)
B ) .

The {µ̂(k)B , k = 1 . . . N} are N values of the chemical potential divided by T and

at each µ̂
(k)
B we have calculated the derivatives of order j = 0 . . . Nk. We have

investigated two possible approaches to the interpolaton problem.

1. In the first approach we look for a Padé interpolant of the form

Pn,m(µ̂B) =
a0 + a1µ̂B + . . . anµ̂

n
B

1 + b1µ̂B + . . . bmµ̂
m
B
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that matches the Taylor coefficients

1

j!
(∂j
µ̂
j
B

Pn,m)(µ̂
(k)
B ) = c

(k)
j for k = 1 . . . N, j = 0 . . . Nk .

This is a non-linear system of n+m =
∑

k=1...N (1+Nk) equations with n+m
unknowns. The equation system can be solved by a symbolic software suite.
However, as the number of constraints (equations) increases, the equation
system becomes increasingly more difficult to solve.

2. In the second approach we decrease the number of coefficients in the ratio-
nal function, thereby simplifying the problem. In this approach the Taylor
coefficients are not strictly speaking interpolated, instead they are fitted by
minimizing a generalized chi-square,

χ̃2 =
∑

k,j







|| 1
j!(∂

j

µ̂
j
B

Pn,m)(µ̂
(k)
B )− c(k)j ||2

||∆c(k)j ||2






,

where n +m <
∑

k=1...N (1 + Nk) and ∆c
(k)
j are the statistical errors for the

Taylor coefficients.

The Padé interpolation problem can also be tackled from a different angle. The
rational function ansatz is

Pn,m(µ̂B) =
pn(µ̂B)

qm(µ̂B)
,

where pn and qm are polynomials respectively of order n and m. Therefore we can
write

pn(µ̂B) = Pn,m(µ̂B)qm(µ̂B) .

By differentiating the left and right hand-sides multiple times we obtain






















pn(µ̂B) = Pn,m(µ̂B)qm(µ̂B)

p′n(µ̂B) = P ′
n,m(µ̂B)qm(µ̂B) + Pn,m(µ̂B)q

′
m(µ̂B)

p′′n(µ̂B) = P ′′
n,m(µ̂B)qm(µ̂B) + 2P ′

n,m(µ̂B)q
′
m(µ̂B) + Pn,m(µ̂B)q

′′
m(µ̂B)

. . .

When evaluated at the chemical potentials µ̂
(k)
B , this is a set of equations involving

the derivatives of Pn,m evaluated at the potentials µ̂
(k)
B . These can be matched

to the Taylor coefficients we have obtained from the simulations. This results in
a linear system of equations for the coefficients of the rational function ansatz.
Unfortunately this linear system is often very ill-conditioned and the accuracy of
the solution is limited. Nonetheless the solution of this linearized problem can be
used as a thoughtful initial guess for the minimizer in the fit approach.

5.2.2 Numerical results

The data obtained from the simulations for χ1
B ≡

〈nB〉
T 3 and its first derivative with

respect to µ̂B,I , χ
2
B, are shown in fig. 5.2. Different symbols and colors correspond

to different temperatures. The data shown for µ̂B,I > π have been obtained by
symmetrizing/anti-symmetrizing the data for µ̂B,I < π. As the temperature is
increased, one can see χ1

B becoming discontinuous. Accordingly, its first derivative
χ2
B diverges as we approach µ̂B,I = π.
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Here Tc and kB are the chiral pseudocritical temperature and the curvature coef-
ficient of the pseudocritical transition line, t0 and h0 are normalization constants,
while fG(z), β and δ are respectively the univeral scaling function and the critical
exponents of the O(N) universality class. The function fG(z) has a pole zc in the
complex plane. This is known as Lee-Yang edge singularity and can be mapped to
the (T, µ̂B) plane by

zc = z ≡ z0
(

T − Tc
Tc

+ kBµ̂
2
B

)(

ml

ms

)− 1
βδ

.

The mapping requires the knowledge of both the universal parameters β, δ and the
non-universal parameters z0, Tc, kB. The parameter zc was determined by ref. [58]

as zc = |zc|e
iπ
βδ with |zc| = 2.032(21). Using the determinations carried out by

the HotQCD collaboration for the non-universal parameters, one can estimate the
location of the Lee-Yang edge singularity (which we refer to as chiral singularity).
This is illustrated in fig. 5.8.

Figure 5.8: QCD at imaginary µ: Lee-Yang edge (chiral) singularity as a function
of T . The blue and green data are given respectively for Nt = 4, 6. Image from ref.
[59].

The figure shows the location of the Lee-Yang edge (chiral) singularity as a
function of the temperature. The green and blue data correspond respectively to
the estimates for Nt = 4, 6.

We explored the temperature T = 145 MeV using N3
s × Nt = 363 × 6 lattices.

We performed lattice simulations at O(10) imaginary chemical potentials. The lines
of constant physics and the list of chemical potentials used in the simulations are
summarized in tab. 5.4 and tab. 5.3. A total of ≈ 5000 gauge configurations have
been generated and 520 random vectors were used for the measurements.
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µl,I (β = 6.038)

0.00000
0.02182
0.04363
0.06545
0.08727
0.10908
0.13090
0.15272
0.16362
0.17453

Table 5.3: List of chemical potentials (Nt = 6).

β ml ms

6.038 0.0040 0.1082

Table 5.4: Lines of constant physics (Nt = 6).

5.3.1 Numerical results

We have proceeded in pretty much the same way we did to study thermal singu-
larities. We have computed the Taylor coefficients of the baryon number density
(up to 1st order, due to limited statistics) by lattice simulations at imaginary µ.
Afterwards, we fitted these data using rational function ansatze.

The numerical results obtained for χ1
B are displayed in fig. 5.9 (top). The blue

error bars denote the data from the simulations, while the blue solid line is the result
from the Padé fit. The singularities we have determined from the fits are shown as
blue error bars in fig. 5.10 (top). Their location is found to be consistent with the
estimate illustrated in fig. 5.8. The thermal singularities already shown in fig. 5.6
are also drawn as error bars using warm colors. All in all the top picture of fig. 5.10
summarizes our current knowledge of the singularities (both thermal and chiral) of
QCD in the complex µB plane.

Of course Padé interpolants are not only useful in locating the singularities in
the complex plane. They also provide access to an analytic continuation for the
observable. In fig. 5.9 (bottom) we show the analytic continuation of χ1

B to real
chemical potentials. The real and imaginary parts of χ1

B are drawn respectively in
blue and red. Up to µ̂B ≈ 1.00 ÷ 1.25 the analytical continuation appears to be
under control and we get a vanishing imaginary part.

From the analytic continuation of χ1
B one can also calculate the cumulants ratio

R12
B ≡

χ1
B

χ2
B

.

This allows a comparison with some results previously obtained by the Taylor ex-
pansion (at µB = 0) approach. In this latter approach the ratio R12

B is expressed as
a Taylor series R12

B = a0µ̂B + b0µ̂
3
B + c0µ̂

5
B + . . ., where the coefficients a0, b0, c0, . . .

are calculated by lattice simulations at zero chemical potential. The result for R12
B

obtained from the Padé interpolant is shown in fig. 5.10 (bottom) as a blue band.
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5.4 Future prospects

In this chapter we have seen that Padé approximants are a powerful tool that can
be used to investigate the phase diagram of QCD at imaginary chemical potentials.
Specifically, they can be instrumental in determining the location of critical points.
At 160MeV ≤ T ≤ 201MeV we have recognized the so-called thermal singularities.
We have located the RW critical point (for Nt = 4) and we have been able to track
how the singularity moves in the complex plane as the temperature is varied.

Moreover, by lowering the temperature we have also found a very preliminary
signal of other singularities in the complex plane. At T = 145 MeV we have
identified what appears to be an example of a so-called chiral singularity. While we
only have a very rough estimate for it, the region where this is found is consistent
with a result coming from a completely different approach [57, 58].

As one keeps lowering the temperature, this singularity is expected to eventually
pinch the real axis signaling the location of the critical endpoint of the transition line
in the (T, µ̂B) phase diagram of QCD. Of course this is true provided that the critical
endpoint does exist. Validating this scenario is an exciting task; we have no guar-
antee of a success but we are confident our approach can prove to be an effective one.

It goes without saying that this method gives a natural access to analytic con-
tinuation: the Padé approximants can be evaluated for real values of the chemical
potential. Preliminary work has shown that we have a quite good control of sys-
tematics. Not only the parity properties of the signal are correct, but we also find
a vanishing imaginary part. We stress that the latter property is not trivial. In
particular the region where the analytic continuation is reliable is recognized as that
in which the imaginary part is zero to a good accuracy (where good means as low
as 10−2 relative to the real part).
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Chapter 6

Conclusions

A detailed knowledge of the QCD phase diagram is key to understand a wide range of
physical phenomena, from heavy-ion collisions to neutron stars or even the evolution
of the early Universe. As such investigating the QCD phase diagram is one of the
major goals of lattice QCD. Despite this, large part of the phase diagram remains
elusive because of the infamous sign problem.

A few years ago thimble regularization was proposed as a possible solution to
the sign problem. After complexifying the degrees of freedom of a theory, one can
define a set of manifolds attached to the critical points of the theory which are
called Lefschetz thimbles. Lefschetz thimbles are a basis for the original domain
of integration, in the sense that the original integrals can be decomposed into a
linear combination of integrals over the thimbles. Most importantly the imaginary
part of the action stays constant on each thimble, therefore each integral in the
decomposition is free of the sign problem.

Indeed the approach is elegant, but it’s fair to say that we have to confront
challenges. We know from many counter-examples that in general more than one
thimble is expected to give a relevant contribution in the thimble decomposition. The
main challenge in multi-thimble simulations remains the calculation of the relative
weights of the thimble contributions appearing in the decomposition.

In this work we explored two ways to calculate such weights. In the first method
the weights are determined by computing the corrections to the Gaussian weights.
We applied this method to the simplest version of heavy-dense QCD. We have shown
that this theory is yet another example of a theory where the one-thimble approxi-
mation does not hold and we have shown that the method allows to take into account
the sub-dominant thimble. In the second method one uses a few selected observables
as normalization points. Specifically, the weights are calculated by imposing that
the sum of the contributions from the relevant thimbles gives the correct results for
these observables. The correct results can be known, for instance, from experimental
measurements or from analytical solutions. Though predictive power is lost for these
observables, it remains intact for any other observable. We applied this method to
the one-dimensional Thirring model: while it has been known for a while that in
this theory the one-thimble approximation fails in some regimes, how to collect the
contribution from thimbles other than the dominant one was still an open question.

In this work we also explored a different, possibly more powerful approach to
multi-thimble simulations. We have shown that it is possible to by-pass the need for
them by exploiting the richness of the thimble structure. If multiple good regions in
the parameters space of the theory can be found where the one-thimble approxima-

95



tion works, observables can be Taylor expanded around different points. The Taylor
coefficients of these expansions can be calculated by one-thimble simulations. The
Taylor expansions calculated at different points can then be used to bridge the good

regions and reach other regions. Padé approximants are a powerful tool to carry out
this procedure. We applied this method to both the one-dimensional Thirring model
and to heavy-dense QCD. In both cases this approach not only allowed to reach by
one-thimble simulations regions where the one-thimble approximation does not hold,
but it also allowed to extract some information about the analytical structure of the
observables. Specifically, the location of the true singularities of the observables are
well matched by the poles of the Padé approximants.

Inspired by this success, we carried out some preliminary work on the QCD
phase diagram at imaginary µB. By a Padé interpolation of the Taylor coefficients
calculated at different values of the imaginary chemical potential, we were able to
determine, at different temperatures, a few singularities in the complex µB plane.
First of all, we were able to recognise the so called thermal singularities. Not only
we located the RW singularity; we could also follow how the singularity moves
around in the complex plane as the temperature is decreased: we found results
which are fully consistent with the theoretical expectations. We also found a very
preliminary signal of a so-called chiral singularity, which is roughly consistent with
what has been estimated in a completely different approach. Hopefully, as we lower
the temperature, we should be able to see these singularities eventually pinching the
real axis, giving an estimate for the location of the critical endpoint of QCD.

A maybe less exciting but very important feature of the method is the capability
of performing an analytic continuation of results coming from imaginary chemical
potential simulations directly from the Padé approximants. Preliminary results in-
dicate that the quality of this analytical continuation can be quite good (correct
parity properties and vanishing imaginary part are obtained).
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S. Singh and K. Zambello, “Net-baryon number fluctuations,” [arXiv:2101.02254
[hep-lat]].

[60] A. Bazavov et al. [HotQCD], “Skewness and kurtosis of net baryon-number
distributions at small values of the baryon chemical potential,” Phys. Rev. D 96

(2017) no.7, 074510 doi:10.1103/PhysRevD.96.074510 [arXiv:1708.04897 [hep-
lat]].

101


