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1 Introduction

The aim of the present paper is to prove some regularity results for the (weak) solutions
to a wide class of nonlinear integro-differential equations.

Let €2 be an open bounded subset of the Heisenberg group H”, for n > 1, the class
of problems we are dealing with are the following,

1.1
u=g in H* \ @, (.1

{,cu =f inQ,
where the nonlocal boundary datum g belongs to the fractional space W*7 (IH"), the
datum f = f(-,u) € Ly, .(JH") locally uniformly in €2, and the leading operator £ is an
integro-differential operator of differentiability exponent s € (0, 1) and summability

exponent p > 1 given by

lu@) —um|P2(uE) — u())

n do(n=1 0 £)Q+sp dg, §eH,  (1.2)

Lu(€) = P.V./

with d, being a homogeneous norm on H”, and Q = 2n + 2 the usual homogeneous
dimension of H". In the display above, the symbol P.V. stands for “in the principal
value sense”. We immediately refer the reader to Sect. 2 for the precise definitions of
the involved quantities and related properties, as well as further observations in order
to relax some of the assumptions presented above.

As a model example in the class of the problems in (1.1), one can consider the
classic fractional Dirichlet problem, despite in such a case the difficulties arising from
the nonlinear growth in the definition in (1.2) actually disappear; that is,

. (1.3)
u=g in H" < Q,

{(—A]Hn)Su -0 inQ,
where as usual the symbol (—Ap» )* refers to the fractional sublaplacian on the Heisen-
berg group, defined in the suitable fractional Sobolev spaces H* (IH") forany s € (0, 1)
as follows,

(—Ap)u() == C(n.s) lim u@) - ”(ng
)

— 5 dn. EeH" (14)
—0" JEnsBs @) In7! o &l

In the Gagliardo-type kernel above, the symbol |- |g» denotes the standard Heisenberg
gauge.

In the last decades, a great attention has been focused on the study of problems
involving fractional equations, both from a pure mathematical point of view and for
concrete applications since they naturally arise in many different contexts. Despite
its relatively short history, the literature is really too wide to attempt any compre-
hensive treatment in a single paper; we refer for instance to the paper [20] for an
elementary introduction to fractional Sobolev spaces and for a quite extensive (but
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still far from exhaustive) list of related references. For what concerns the regularity
and related results, the theory in the fractional Euclidean case has very recently shown
many fundamental progresses. In this respect, by solely focusing on the specific goal
of the present manuscript, which does basically consist in the generalization of the
celebrated De Giorgi-Nash-Moser theory to the fractional Heisenberg setting, even in
the nonlinear case when p # 2, many important results for the Euclidean counterpart
of (1.1) have been obtained, as for instance boundedness, Harnack inequalities, and
Holder continuity (up to the boundary) for the fractional p-Dirichlet problem in [4,
18, 19, 33, 36]; for a survey on the results in the aforementioned papers and other
related investigations, we refer the interested reader to the paper [40].

For what concerns specifically the fractional panorama in the Heisenberg group,
we first stress that one can find different definitions of the involved operator and
related extremely different approaches. In the case when p = 2, an explicit integral
definition can be found in the relevant paper [45], where several Hardy inequalities
for the conformally invariant fractional powers of the sublaplacian are proven, also
paying attention to the sharpness of the involved constants, and thus extending to
the Heisenberg group some of the important results in [26], as well as extending to
the fractional framework some Heisenberg type uncertainty inequalities proven for the
sublaplacianin [14]. We refer also to [10] for related Hardy and uncertainty inequalities
on general stratified Lie groups, involving fractional powers of the Laplacian, and also
to [1], where, among other important results, Sobolev and Morrey-type embeddings
are derived for fractional order Sobolev spaces.

Still in the linear case when p = 2, very relevant results have been obtained based
on the construction of fractional operators via a Dirichlet-to-Neumann map associated
to degenerate elliptic equation, as firstly seen for the Euclidean framework in [8]. For
this, we would like to mention the very general approach in the recent series of papers
[27, 28]; the Liouville-type theorem in [11]; the Harnack and Holder results in Carnot
groups in [22]; the results in the context of CR geometry in [25]; the connection with
the fractional perimeters of sets in Carnot group in [23].

For what concerns the more general situation as in (1.2) when a p-growth exponent
is considered, in our knowledge, a regularity theory is very far from be complete;
nonetheless, very interesting estimates have been proven, as, e.g., in [30, 31, 50], and
fundamental functional inequalities have been very recently obtained in the nonlocal
framework even for more general metric spaces (see [21]).

It is worth noticing that the equation in (1.1) inherits both the difficulties aris-
ing from the noneuclidean geometrical structure and those naturally arising from the
nonlocal character of the involved integro-differential operators. More than this, it is
worth pointing out that the fractional operators £ in (1.2) present as well the typical
issues given by their nonlinear growth behavior. For this, some very important tools
recently introduced in the nonlocal theory and successfully applied in the fractional
sublaplacian on the Heisenberg group, as the celebrated Caffarelli-Silvestre ([8]) s-
harmonic extension mentioned above, and the approach via Fourier representation, as
well as other successful tricks, like for instance the pseudo-differential commutator
compactness in [41], the commutator estimates in [46], and many others, seem not
to be adaptable to the framework considered here. However, even in the nonlinear
noneuclidean framework considered here, we will be able to extend part of the strat-
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egy developed in [18, 19] where it has been introduced a special quantity, the nonlocal
tail of a fractional function, which has revealed to play a fundamental role to under-
stand the nonlocality of the nonlinear operator £. In our settings, the nonlocal tail of
a function u € W*P(H") in a ball Br(&y) C H” of radius R > 0 and centered in
& € H", is defined as follows,

1

=T

14

Tail(u; &, R) := (RS”/ IM(E)I”_IISO_1 OEI]EI"Q*SP dS) . (LY
H"~\ Bg (&)

In the standard Euclidean framework, the nonlocal tail has already proven to be a
keypoint in the proofs when a fine quantitative control of the long-range interactions,
naturally arising when dealing with nonlocal operators as in (1.2), is needed. As
mentioned before, right after its introduction, this quantity has been subsequently
used in many recent results on nonlinear fractional equations; see for instance the
subsequent results proven in [4, 33-36] and the references therein.

We are now in a position to state our main results. Here below we assume that the
datum f = f(-, u) belongs to Ly (I1") locally uniformly in 2. However, as we will
remark in forthcoming Sect. 2.2, such an assumption can be suitably replaced; see in
particular Remark 2.11 there. Our first result describes the local boundedness of weak

subsolutions.

Theorem 1.1 (Local boundedness) Let s € (0, 1) and p € (1, 00), letu € W*P(H")
be a weak subsolution to (1.1), and let B, = B, (&y) C 2. Then the following estimate
holds true, for any § € (0, 1],

1
_(=-ho ?
supu < 8Tail(uy; &, 7/2) +¢8 <][ uf_dé)p, (1.6)
Br/Z By

where Tail(uy; &y, r/2) is defined in (1.5), uy := max {u, 0} is the positive part of
the function u, and the constant ¢ depends only onn, p,s and || f || 0B, ).

We would like to stress the presence of the parameter § which allows an interpolation
between the local and nonlocal terms in (1.6). In our knowledge, the boundedness result
presented in Theorem 1.1 above is new even in the linear case when p = 2.

The second result provides the desired local Holder continuity for the weak solutions
to problem (1.1). As expected, the nonlocal tail of the solutions naturally arises in the
main estimate.

Theorem 1.2 (Holder continuity) Let s € (0, 1), p € (1, 00), and let u € W* P (H")
be a solution to (1.1). Then u is locally Holder continuous in Q2. In particular, there are
constants o < sp/(p — 1) and ¢ > 0, both depending only onn, p, s and || f || (B,),
such that if By (&p) C 2 then

oo [ ’
osc u < e (—) Tail(u: &, r) + ][ P de )’ |, (1.7)
Bp(‘i:()) r Bor (§0)
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forevery p € (0,r).

The theorem above provides an extension of the classical results by De Giorgi-
Nash-Moser to the nonlocal framework on the Heisenberg group. In the linear case,
when p = 2, for what concerns classical Holder regularity results for linear integro-
differential operators in a very wide class of metric measure spaces, we refer to the
important paper by Chen et Kumagai [9]. Still in the linear case, it is also worth
mentioning some related regularity results in [22], where the authors deal with linear
operators related to (1.2) by making use of the Neumann-to-Dirichlet extension, which
— as said above — is not applicable in our nonlinear setting.

In both the proof of the Holder continuity result and that of the local boundedness
one, a crucial role is played by the precise estimates stated in the following theorems,
the Caccioppoli-type estimate (see Theorem 1.3 below) and the logarithmic-type one
(see forthcoming Lemma 1.4). We believe that these results could have their own
interest in the analysis of equations involving the (nonlinear) fractional sublaplacian
on the Heisenberg group, and related integro-differential operators. The first of them
states a natural extension in our framework of the Caccioppoli inequality with tail, by
showing that even in such a noneuclidean case one can take into account a suitable
tail in order to detect deeper information on the regularity of the solutions.

Theorem 1.3 (Caccioppoli estimates with tail) Ler s € (0, 1), p € (1, 00), and let
u € WP(H") be a weak subsolution to (1.1). Then, for any B, = B, (&) C 2 and
any nonnegative ¢ € C3°(B;), the following estimate holds true

f . I o &2 lwy () (&) — wi (M@ (m)I” dE dn
sc/ ol P ut @16 o1 ey

+Cf w4 (69" (§) dE( sup f I~ o &lgd Pwl T €) dg
B, H"~ B,

n€Esupp ¢

+ ||f||L°0(B,)> (1.8)

where wy = (u — k)4 withk € R, andc = ¢ (n, p, s).

Lemma 1.4 (Logarithmic Lemma)Lets € (0, 1), p € (1, 00), andletu € W*-P (H")
be a weak solution to (1.1) such that u > 0in Bg = Bgr(&y) C Q. Then, there exists a
constant ¢ € [1, +00) such that the following estimate holds for any B, = B,(&y) C
B§ (&) and any d > O,

- —Q-sp
' o &l
f, J, et

°

_ 1- ; . p=1
<er@P 4 ed pRsp [[Tall(u_,éo,R)] +1]

o <u($) +d>
g u(n) +d

P —p
d§dn+ 4 (fE W) (u@) +d) " d&

telfl=w, | W& +d)' =P de. (1.9

2r
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where Tail(u_; &y, R) is defined in (1.5), u_ := max{—u, 0} and ¢ depends only on
n, pands.

Starting from the results proven in the present paper, several questions naturally
arise:

e Firstly, it is worth remarking that here we treat general weak solutions, namely
by truncation and dealing with the resulting error term as a right-hand side, in the
same flavor of the papers [18, 19], in the spirit of De Giorgi-Nash-Moser. However,
one could approach the same family of problems by focusing solely to bounded
viscosity solutions in the spirit of Krylov-Safonov, as in the important paper [48].

e Consequently, a second natural question is whether or not, and under which
assumptions on the structural quantities, the viscosity solutions to nonlocal equa-
tions in the Heisenberg group are indeed fractional harmonic functions and/or
weak solutions, and vice versa. In this respect, let us observe that one cannot
plainly apply the results for p-fractional minimizers as obtained in the recent
paper [34] together with those in [32], whose proofs seem to be feasible only for
a restrict class of kernels which cannot include modulating coefficients or other
variations.

e Third, in the same spirit of the series of paper by Brasco, Lindgren, and Schikorra
[3, 4], one would expect higher differentiability and other additional regularity
results for the bounded solutions to nonlocal equations in the Heisenberg group. It
could be useful to start from the estimates in the aforementioned papers obtained
for the standard fractional p-Laplace equation.

e Also, again in clear accordance with the Euclidean counterpart, one would expect
self-improving properties of the solutions to (1.1). For this, one should extend the
recent nonlocal Gehring-type theorems proven in [35, 46].

e Also, one could expect Holder continuity and other regularity results for the solu-
tions to a strictly related class of problems; that is, by adding in (1.1) a second
integral-differential operators, of differentiability exponent ¢ > s and summability
growth ¢ > 1, controlled by the zero set of a modulating coefficient: the so-called
nonlocal double phase problem, in the same spirit of the Euclidean case treated
in [17, 51], starting from the pioneering results in the local case, when s = 1, by
Colombo, Mingione and many others; see for instance [15, 16] and the references
therein.

e Also, mean value properties for solutions to general nonlinear fractional operators,
and their stability in the linear case when p = 2, could lead to very tricky situations
in fractional non-Euclidean framework; we refer to the very recent papers [6, 7]
and the references therein.

e Moreover, to our knowledge, nothing is known about the regularity for solutions to
parabolic nonlocal integro-differential equations involving the nonlinear operators
in (1.2).

o Finally, by starting from the estimates proven in the present paper, in [42] weak and
strong Harnack inequalities for the solutions to (1.1) are proven. As expected, a tail
contribution naturally appears in those estimates in order to control the nonlocal
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contributions coming from far. We refer also to [44] for regularity results (up to the
boundary) for very general boundary data, and for the related obstacle problems.

To summarize. The result in the present paper seems to be one of the first concerning
regularity properties of nonlinear nonlocal equations in the Heisenberg group. We
prove that one can extend to the Heisenberg setting the strategy successfully applied
in the fractional Euclidean case ([18, 19, 35, 36]); from another point of view our results
can be seen as the (nonlinear) nonlocal extension of the Heisenberg counterpart of the
celebrated De Giorgi-Nash-Moser theory ([37, 39]). Moreover, since we derive all our
results for a general class of nonlinear integro-differential operators, via our approach
by taking into account all the nonlocal tail contributions in a precise way, we obtain
alternative proofs that are new even in the by-now classical case of the pure fractional
sublaplacian operator (—Ap»)®. Finally, we prove a boundedness estimate allowing
an interpolation between the local and nonlocal contributions, which seems to be new
even in the linear case. We believe our estimates to be important in a forthcoming
nonlinear nonlocal theory in the Heisenberg group.

The paper is organized as follows. In Sect. 2 below we set up notation and termi-
nology, and we briefly recall our underlying geometrical structure, by also recalling
the involved functional spaces, and providing a few remarks on the assumptions on the
data. The whole Sects. 3 and 4 are devoted to the proof of the Caccioppoli inequality
with tail, and the Logarithmic Lemma, respectively. In the last two sections, we are
finally able to prove the boundedness result in Theorem 1.1, and the Holder continuity
of the weak solutions u to (1.1).

2 Preliminaries

Itis convenient to fix some notation which will be used throughout the rest of the paper.
Firstly, notice that we will follow the usual convention of denoting by ¢ a general
positive constant which will not necessarily be the same at different occurrences and
which can also change from line to line. For the sake of readability, dependencies of
the constants will be often omitted within the chains of estimates, therefore stated after
the estimate.

2.1 The Heisenberg-Weyl Group

We start by introducing some definitions and briefly setting up the notation concern-
ing the Heisenberg group. For further details, we refer to the book by Bonfiglioli,
Lanconelli and Uguzzoni, [5].

As customary, we identify the Heisenberg group H” with R***!. Points in H" are
denoted by

g:: (Zﬂt):(xla"‘vx}’hy]"-"yn?t)‘
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The related group multiplication is given by
Eot = (x +x y+ ¥+ 20, %) = 2(x, y/)>

n
= (x1 F X X X VY] Ya Yt 2 (vix] —xiyi’)) :

i=1

One can check that (R*"*!, o) is a Lie group with identity element the origin 0 and
inverse £~! = —&. Moreover, one can consider the following automorphism group
@, on R+

CD)\ : R2n+1 R2n+l

£ 0;(8) := (Mx, Ay, A1),
so that the group H" = (]Rz’”‘l, o, <I>)\) is a homogeneous Lie group; that is, the
so-called Heisenberg-Weyl group in R*' 1.
The Jacobian basis of the Heisenberg Lie algebra h” of 1" is given by
Xj = 8xj +2yj8,, Xn+j = 8yj —ija,, 1<j<n, T=02a;.
Since
[X;, Xpyj]=—40, foreveryl <j <n,

it follows

rank(Lie{Xl, . X, THO, 0))
= span{dy,, ..., Oy, Oy, ..., 0y, —40;} = 2n+1,

which is the Euclidean dimension of H”, whereas we denote by Q its homogeneous
dimension

Q=2n+2.
This shows that IH" is a Carnot group with the following stratification
h" = span{Xy, ..., X2,} @ span{T}.

Moreover, let € H” be a domain. For u € C1(Q2: R) we define the subgradient
Vinu by

Viru(©) = (X, ... Xou(®)),
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and
2n
2. 2
\Venul* =Y 1Xjul’.
j=1

Definition 2.1 A homogeneous norm on H” is a continuous function (with respect to
the Euclidean topology ) d,, : H" — [0, +-00) such that:

(1) do(Py(&)) = Ady (&), for every A > 0 and every & € H";
(ii) do(¢) = 0if and only if & = 0.

Moreover, we say that the homogeneous norm d, is symmetric if

do(67") = do(8), VEeW".

Remark 2.2 Let d, be a homogeneous norm on H”. Then the function W defined on
the set of all pairs of elements of H" by

W(E ) = do(n”' 0§)
is a pseudometric on H".

Consider now the standard homogeneous norm on H",

|& | = (|z|4 +t2)Z . VE=(1) e @

For any fixed &y € H” and R > 0, the ball Bg(&p) with center &) and radius R is given
by

Br(&o) == {é eH": & o < R].

We conclude this section with some properties of the homogeneous norm on H"
that will be useful in the rest of the paper.

Proposition 2.3 (Equivalence of the homogeneous norm) Let d, be a homogeneous
norm on H". Then there exists a constant ¢ > 0 such that

¢ el < do(€) <clélpn, VE € H'.

In view of the preceding proposition, in most of the forthcoming proofs, one can simply
take into account the pure homogeneous norm defined in (2.1) with no modifications
at all.

Proposition 2.4 (Pseudo-triangle inequalities) Let d, be a homogeneous norm on
H". Then there exists a constant ¢ > O such that the following statements are satisfied:

(1) do(§ om) < (do(§) + do(m));
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(2) do(& 0n) = 1do(§) — do(n™1);
(3) do(& 0n) > 1do(§) — Edo(n).

For a proof of the previous propositions, we refer to Proposition 5.1.4 and Propo-
sition 5.1.7 in [5].

Remark 2.5 In the case when the homogeneous norm d,, does reduce to the standard
norm | - |[g» defined in (2.1), the constant ¢ given by Proposition 2.4 can be chosen
equal to 1. For the proof, we refer to[ 13]; see also Example 5.1 in[2]. However, in view
of possible generalizations of the results obtained in the present paper, as, e.g., in to a
more general framework involving abstract Carnot groups G with some homogenous
norm | - | satisfying only a pseudo-triangle inequality, we would prefer to keep the
constant ¢ throughout all the forthcoming proofs.

The computation in the result below will be used several times in the proofs in the
following.

Lemma 2.6 Lety > Oandlet|-|gn be the homogeneous norm on H" defined in (2.1).
Then,

I v
H" < B, (%) |‘,;_-()—1 O§|Q+y -

H}‘l

<cn,yr 7.

Proof The proofis straightforward. Forany j € IN letus indicate with B/ the following
set

Bl =g e W' B 20 < Iy o £l = 274

Then, we have that

/]H "By (o) £y ! o§|Q+” Z/’ &y o"§|Q+y

< Z(zfr) €77 By, (50l
j=0

00 J
=c(n)r7 Z <2iy> <cn,y)r-r. 2.2)
=0

2.2 The Setting of the Main Problem

We firstly need to recall some definitions and a few basic results about our fractional
functional setting. For further details, we refer the reader to [1, 30].
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Let p > lands € (0, 1), and letu : H* — IR be a measurable function; we define
the Gagliardo (semi)norm of u as follows,

u(€) — u(n)|? g
s.p = dé d . 2.3
flw (//H e n) 23)

The fractional Sobolev spaces W*:? on the Heisenberg group are defined as
WP (H") = [u e LP(H") : [ulwsr < +oo], (2.4)

endowed with the natural fractional norm

”u”WS’p(]H") = (”uHZP(]H”) + [u][‘j[/x,l)) g s ue Ws‘p(]Hn)- (25)

Similarly, given a domain € C H", one can define the fractional Sobolev space
WS-P(€2) in the natural way, as follows

WSP(Q):=u e LP(Q): (/ / Mdé d’?) < 400 (2.6)
aJe n~! OS']H” r

endowed with the norm

1
u(€) — u(n)|? G
lullwere = ( lull? +/ W@ —utml” o) 2
P(Q) < LP(S) alJo |77_1°$|]1Q{n+s[7

By Wg‘p(Q), we denote the closure of C3°(2) in W*P(IH"). Conversely, if v €
WP (Q) with @ € Q' and v = 0 outside of Q almost everywhere, then v has a
representative in W,'” () as well.

As expected, one can prove a fractional Sobolev embedding on the Heisenberg
group. We have the following

Theorem 2.7 Let p > 1 and s € (0,1) such that sp < Q. For any measurable
compactly supported function u : H" — R there exists a positive constant ¢ =
c(n, p,s) such that

p p
”u”LP*(]H”) =c [M]Wx,p(]Hn) s
where p* = Qp/(Q — sp) is the critical Sobolev exponent.

For the proof, we refer to Theorem 2.5 in [30], where the authors extend the strategy
in the standard Euclidean settings as seen in [20, 43].

As in the classical case with s being an integer, the space W*'? is continuously
embedded in W*!-? when s < s, as the result below points out.
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Proposition2.8 Let p > 1 and 0 < 51 < s < 1. Let Q2 be an open subset of H", and
letu € W5P(Q). Then

lullwsiry < cllullwsr),
for some suitable positive constant ¢ depending only on n, p and s;.

Proof We extend the strategy in the proof in the fractional Euclidean framework; see
[20, Proposition 2.1].
Firstly, we can control the size of the nonlocal tail of u by its L”-norm. We have

/ / @I ey < / </ fdé) (@)P dt
QN{in— o%—th>1} |n—1 ° %~|Q+Yll7 Q H” B (0) |§|H%n+slp

< ¢, pos)lull g

and thus

_ P
([ o,
el ol =1} [n~1 o &|f

P )4
< or- 1// |u (@)l +|gJ(r:7)| dt d
anfin-loglm=1) |n~1o &7

< CIIuIILp(Q), (2.8)

up to relabelling the constant c.
On the other hand,

(&) —u(m)|?
)7 e dy
/ /smunlosmm} In~1o gg”
() — u(m|?
dé dn. (2.9)
/ /szn{m loglm<1) In~ 1o §|Q+S”

Combining (2.8) with (2.9), we finally get

lu(§) —u)|” p p
[ ; W dédn < cllullyq) + [ulys,,
which yields

letllysipgy = (e + Dlullyp gy + lyyer = cllullfysp .
again up to relabelling the constant c. O
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We conclude this section by providing the definition of weak solution to the class
of fractional problem we deal with.

Let ©2 be a bounded open set in H" and g € W* P (HH"), we are interested in the
weak solutions to the following integro-differential problems,

(2.10)

Lu=f inQ,
u=g inH"\Q,

where the datum f = f(-,u) € L5, (IH") locally uniformly in €2, and the leading
operator L is an integro-differential operator of differentiability exponent s € (0, 1)

and summability exponent p > 1 given by

lu@) —um|P2(uE) — u(m))

n
AT

Lu(E) = P.v./

with d, being a homogeneous norm on H" in accordance with Definition 2.1.
We now need to introduce some further notation. For any g € W*P7(IH") the
classes ICgi(Q) of suitable fractional functions are defined by

KEQ) = [u e WSP(H") : (g — v)y € Wg"’(sz)},
and
Ko (@) =K (@ N K (@) = fv e W) :v—g e Wy @),

We have the following

Definition 2.9 A function u € ICg_(Q) (IC;(Q), respectively) is a weak subsolution
(supersolution, resp.) to (2.10) if

// (&) —um|” " (u®@) —ulm) (¥ &) 1#(77))(1&(1}7

do(n=1 0 £)2+sp
< (zorep) [ FEu@w® o,
for any nonnegative » € W'” ().

A function u is a weak solution to (2.10) if it is both a weak sub- and supersolution.
In particular, u belongs to Kg(€2) and it satisfies

/ / () — um)P "2 @E) —um) P E) — ¥ m)

o ToEh dé dy = f]H FE @)Y E) de,

for any ¥ € Wy’ ().
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For any u € W¥P(IH") and for any Bg(&y) C H" we will define the nonlocal tail
of a function u in the ball Bg(&p) the quantity
1
=1

P

Tail(u; &, R) = (R”’ / MGlladl>y loém?”’ds) .11
H"\Br(&0)

A few observations are in order.

Firstly, we notice that, by Holder’s Inequality, since u € L?(H") and R > 0, we
have that Tail(u; &y, R) < 4o0.

Second, we have the following

Remark 2.10 The requirement on the boundary datum g to be in the whole W*:7 (")
can be weakened by assuming only a local fractional differentiability, namely g €
W, 7 (), in addition to the boundedness of its nonlocal tail; i.e., Tail(g; &, R) < oo,
for some &) € H" and some R > 0. This is not restrictive, and it does not bring relevant
modifications in the rest of the paper. For further details on the related *“Tail space”,
we refer the interested reader to papers[33, 34].

Finally, there is an important observation about the assumptions on the datum f in
the right-hand side of (2.10).

Remark 2.11 The presence of the datum f is a novelty with respect to the Euclidean
counterpart studied in[19] where the authors assume the right-hand side in (2.10) to
be zero. However, as we basically will prove, the techniques there can be applied also
to more general framework.

In addition, in accordance with the classical elliptic theory, with no important
modifications in the forthcoming proofs, one could consider the case when the local
boundedness assumption on the datum f is replaced by a uniformly growth control
from above, as, e.g.,

| f (&, u)| <a+blul? for almost everywhere & € Q and any u € IR,

for some suitable choice of the exponent ¢ = g (n, p, ).

Before going into the proofs, it is worth pointing that in the rest of the paper
we will only consider the case when the structural parameters n, s and p are such
that sp < Q. This is not a restriction, since, in the remaining case when sp > Q, the
desired boundedness and Holder continuity results are assured by the fractional Morrey
embedding in the Heisenberg group; for the proof,we refer for instance to Theorem 1.5
in [1].

3 Proof of the Caccioppoli Inequality with Tail
The aim of this section is to give a full proof of Theorem 1.3. We would stress that,

as in the classical Euclidean case, in both the entire framework and the fractional one,
the Caccioppoli estimates with tail (1.8) encode all the needed information to derive
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the desired Holder continuity from the minimum properties of the solutions, and it is
an independent result which could be very useful in order to detect further regularity
properties of the solutions to general fractional problems.

Proof of Theorem 1.3 Let u be a weak subsolution. We firstly choose as a test function
in 2.9 the function

Vo= wid? = (u—k)sp?, fork e R,

where ¢ is any nonnegative function in C;°(B,). We get

oz/ ol @) —uepl”?
X (&) — () (w1 ©)p” ) — w (N () dédy
+2/n B/ "o &gy lu @) +um)”?

x (u(§) — u(m)wi ()P (§) dgdn —/B fE u@Nwi()p? (&) dt.
3.1)

Note that ¥ is an admissible test function since truncations of functions in W*-7 (IH")
still belong to W*-7(H").

Let us begin by estimating the first integral on the right-hand side in (3.1). Without
loss of generality, we assume that u(§) > u(n); otherwise,it just suffices to interchange
the roles of & and 1 below. We have

u(€) — )| P2 (@) — u(m) (w4 E)BP ) — wi (D (7))
= (u(®) — u)” " (WE) — )+ ¢ €) — (un) — k)£ (1))

(W) — w+(n)?p_1(w+($)¢”(§) —w (NP () for u(®), u(n) > k,
= @@ —um)’ wy @)l &) for u(€) > k, u(n) <k,

0 otherwise

(w1 &) — wi()” (Wi E)PP &) — wi (PP ().

v

For the second term on the right-hand side in (3.1), we have
u (@) — um)|" 7 (@) — um)w ) = () — u@)"™ (@) — k),

~(u(m) = k)" (@) — k),
—wl " w ).

v
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which yields

/H,, L) 7ol e ®) — Il () — um)w €)67 €) dé d

_ / " 0 £8P~ (w (6)P (£) dE di
H"\B, JB,

> — / w+<§)¢"(s>ds< sup / |nlos|ﬁ?““”wi‘l(n>dn>. (3.2)
B, H*\ B,

§esupp ¢

From (3.1)-(3.2), we deduce

0> /B /B ™ 0 €152 lwe @) — wieIP ™ (wi (6)¢P ) — wi (NP () dédn

-2 / wi ()¢ () ds( sup / "ol P wh ™ () dn)
By &esupp ¢ JH"\ B,

—/B fE ww )PP ) dé. (3.3)

Let us consider the first term in (3.3). In the case when w4 (§) > w4 (1) and ¢ (§) <
¢ (n), we can use forthcoming Lemma 3.1 to obtain

PPE) = (1 —cpe)p? () — (1 +cpe)e' P1pE) —pI?, &€ (0,1].(3.4)

Choosing

e 1 w4 (§) —wi(n)
" max{l, 2c,} w (£)

e (0,1]

we have that

(W& = we ) Wi @PPE) = (W €) — wi ()’ wi©) (max {$(€). $)})”
1
—§(w+(§) —wy ()" (max {¢(©). ¢(m})”

—c(max {w (&), wi})’ o) — o],

where ¢ depends only on p. We now recall that it has been assumed that ¢ (§) < ¢ (n).
On the other hand, if w4 (§) = wy(n) =0, orif wy(§) > wy(n) and ¢ (&) > ¢ (),
then the estimate above trivially follows. Hence, we have

(wi (&) —wy ()" (Wi (E)PP (E) — wi(d” ()
> (wy &) —wi ()’ (wy &) (max{p ), )’ — wy (NP ()
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1
=5 (Wi & —wy ()" (max {¢ &), p})”

—c(max {wy (&), wi(})’ &) —om)|”
1

> S (@) —wi o))" (max {$©). pn})”
—c(max {wy (&), wim})’|¢&) — )|

whenever w4 (§) > w4 (n). In the case when the opposite inequality holds, again it
just suffices to interchange the roles of & and n. Therefore, we have

A A |?7*1 o ‘;§|]1_{,,Q_Sp|w+(§) — u)+(n)|17*1 (w+(§)¢17(%—) _ w+(7l)¢p(7})) dedy
1 —U—=ys
= E/B /;g In~! o$|1H,,Q ‘p(w_,_(g:) —w+(n))p(max {¢(f;‘), ¢(77)})p de dy

—c/ o €0 (max [ ©, wi)])1906) ~ SI” d .
Y 3.5)

Now, we note that

Wi () (E) — wimem|” < 27wy () — wi(m)|” (max {¢ &), p(m})”
+277 (max {w4 (&), wim})’ 1o &) — o).

Hence, combining the preceding inequality with (3.3) and (3.5), it follows

0= fB /B 17! 0 &1 T |w (§)(€) — wy ()| dé dy

—c/ i " o £lyC " (max {wy §), wiD])’ o) — o (m)|” d& dn

- / w+<s>¢f’<5)ds( sup / |n—loS|H}nQ‘”’wi‘l<n)dn)
B, H"\ B,

&esupp ¢

-/ fE ww (&P (&) ds. (3.6)

Moreover, in the second integral in the right-hand side in the display above, we can
suppose that w4 (£) > w. (1) up to interchanging & with »; recall that [~ o &|pn =
€1 o nlmn is symmetric. The last integral in (3.6) can be finally estimated thanks to
the assumption on f. We have

/B JE u@)w )P ) d§ < IIfIILOO(B,)fB wi()pP(€) dg. 3.7)
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The desired estimate in (1.8) is thus a plain consequence of the estimates in (3.6)
and (3.7). O

In the proof above, we made use of the following small inequality, which will be
useful in the next section, as well.

Lemma3.1 Let p > 1 and ¢ € (0, 1]. Then

lal? < |b|? + cpelbl? + (1 +cp8)el_p|a —bl’,  ¢p:=(p—DI'(max{l, p—2}),

holds for every a, b € R™, m > 1. Here T stands for the standard Gamma function.

The proof is straightforward. It follows via convexity and a standard iteration process.
See for instance Lemma 3.1 in [19].

4 Proof of the Fractional Logarithmic Lemma

In this section, we prove our second main tool; that is, the Logarithmic Lemma 1.4.
Proof of Lemma 1.4 As pointed out in Remark 2.5, we denote by ¢ the precise constant

which satisfies inequalities

_ 1 -
In~" o€l > Zhnla = [Elge, o flm = cllnlee + 1§len),  @-1)

even in the case when ¢ = 1.
Fix such a constant ¢ and choose r > 0 such that B, = B, (&) C Br = Br (&).
2¢ 2¢

Consider a smooth cut-off function ¢ € C§°(B3,/2) such that

0<¢p<1, ¢=1inB, and |Vmo| <cr 'in By .
Now, take the following test function v in Definition 2.9,
Y= u+d) PP
We have

/ FE u@)(E) +d) PP E) de

/ / o glg? ) — um) P (u(€) — uln)
Bor J Bay

X[ dP (&) B ¢ ()
@@ +dr=t  (u(n) +d)r-!
u) —un)

2 1o =P — p=2_ SV 7BV p ey de d
+ /H\Bh /Bz,.'" It~ (®) —u P 6 E) d
= I + D. 4.2)

} d& dn
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Using the very definition of the function ¢ and the assumption on the datum f, we
can estimate the left-hand side of (4.2) as follows,

FEu@)(E) +d)' " PeP () d&

By,
= fB (FE W)+ @E) +d)' PpP &) ds — (FE W) @) +d)' PP &) d&
2r

Boy

- /B (f € 0)@(®) +d)! 7P d — ||f||Loo<Bz,>/B W +d)' "7 de.
" 2r

We now focus on the remaining integrals on the right-hand side of (4.2).
We start with /1. If u(&§) > u(n) then we can apply Lemma 3.1 stated at the end of
Sect. 3, by choosing there

a=¢&), b=¢m),
and

- 314(5) —u(n)

W& +d € (0, 1), 8 € (0,1);

since u > 0 in By, C Bg, we can therefore estimate the integrand in /; as follows,

1 g Qsp _ p—2 _ prE) 9P :|
" 0 El2 P u(E) — u(m|P 2 (u(@) u(n))[(u(g)ﬂl)p_1 e
1o gQP M)”_l » u(é>—u(n>_(u(s)+d)l’—1
+cp8' P 0 El TP I () — p()I”
= Ji+h

Now, in order to estimate the contribution Ji, we will follow the strategy in the
proof of Lemma 1.3 in [19]. We firstly notice that

| — (u(n)+d> I=p

o1 g—0—sp (u@E) —um\’ u(®)+d
=i fle (u<s>+d PO T T

4.3)
Secondly, we can consider the real function g given by

1 —¢l=r p—1 !
1) = =— “Pdr, Vit e (0,1).
e = e = [ ©.1)
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Since g is an increasing function, we have
gty <=—(p—1 Vte(0,1).
Moreover, for any t < 1/2,

g(t) < _p__l 11*17
- 2p 1—1t

Therefore, in the case when
1
t = M = <O, _} ;
u)+d 2
u(&)+d

then, since (u(g) — u(n))(u(n) + d)p_l/(u(&‘) + d)p <1, we get

_0-s —1 - -l
Bz eglgf T (o8 - L) [ MR e,

Hence, it suffices to choose the following suitable § in the preceding inequality,

_r-1
2rtle,

’

to get

p—1
J< =t oglg? ] o" ().

—spp—1 |:M(§) —u(n)
20+ | u(n) +d

We consider case when

u)+d.
—

po v td (l 1)
S u®) +d 20 )

we can choose the parameter § as in (4), and we have

u(m) +d >

i.e.,

Ji < —n7!

0-sp 2P —D(p—1) [u@ —u(n)

P
© &lpm P+ w@E) +d ] dr(m).  (45)
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Furthermore, if 2(u(n) + d) < u(§) + d, then

p _ p—1
[log<u(‘§)+d>} <c, [u(é) u(n)} 4.6)
u(n) +d u(n) +d
holds, where we used the fact that (log x)? < c(x — P! when x > 2.

On the other hand, if 2(u () +d) > u(€) +d, then —recalling that we have assumed
u(&) > u(n) — we have

p _ p _ p
g (M) = g (14 K] _ o [0 -]
n)+d u(n) +d ulE)+d
(4.7)

where we used

u@ —um) _ 2[u@) —uml]

log(14+x)<x, Vx>0, with x = <
g+ = u(p) +d u() +d

Hence, combining (4.4) with (4.5), (4.6), and (4.7), we can conclude with

1m0 ey — i P2 () — OrE) 9P }
It o &l P ) —un 1P (u (@) u<n>)[(u(§)+d)p_1 o

_i -1 —Q—sp u(§)+d> p P
<= oty [l"g(u(an 6 ()

+ep 8Pl o gl T 16 (6) — p()IP.

Notice that if u(§) = u(n), then the same estimate above does trivially hold. If
u(n) > u(€),we can interchange the roles of £ and 5 in the computation above.
Finally, we get the estimate for the integral /; in (4.3),

1 _ _o— u)+d
I s——/ / I o &lg? " |log (—)
Cp,5 BZr BZr “(77) + d

"‘CM/ / 7" o £l T 1¢(E) — d(m)|P dE dn. (4.8)
By J By

p
@P (1) d§ dn

For the second contribution in (4.3), namely I, we can proceed as follows. Firstly,
we notice that it n € Bg, then u(n) > 0, and so

(@) — um)”™"
(u(®) +d)"™

<1 V&€ By,n < Bg.

Moreover, when n € H" \ Bg,
(@ —um)?™" < 227 [uP"L ) + @)’ '], VE € By
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Then, since u(£) > Oand ¢ (£) < 1on By, the integral I, can be estimated as follows,

[2 < 2/ / |H : O%|]Hn : (u(%) U(”))+ l(u(%.) ‘l‘d)] I(i)‘ (é) dg dn
Br~ By, J By,
/ f | ! O§|]Hn * (u(&') M(T)))+ l(u(é)+d)l p(f)p(é)dfdn
" Bpr By,

= cp/ / ™! 0§|f{nQ_Sp¢p(‘§)d§ dn
Br~ By J By

+ep / f ' o gl
"\Bgr J By

[P ®) + @) (@) +d) P €) de dy.

and thus
hee [ [ s Tere e
Br~ By, J By,
e [ [ e T d an
"\Bg J By

- - -0- —1
+cpd! "/ ; fB o Elg2 P )P dedy
"\Bgr 2r

=hi1+hy+ 3. 4.9

From now on, in contrast with the proof in the Euclidean case in [19] where the
logarithmic estimates plainly follows, here we need to take care of the Heisenberg
framework in order to deal with the tail contribution in (1.9). Let us estimate the
contribution in the right-hand side of (4.9). The integral I ; can be easily estimated
by recalling the definition of the cut-off function ¢; we have

by < cr@ / sup o Eln2 P dp < &2, (4.10)
B

RNBor £€B3, )2

where ¢ = ¢(n, p).
Forany & € By, and any n € H" \ Bg, in view of (4.1) and the symmetry of | - |,
we have

" obolmr _ (&~ o Eolmr + In~" o &lmr)
In~"o&lmr ~ =" o &lpn
-1
;4 glt bl
In=" o &lmn
2r

L= o golm — £ 0 &gl
ci4E 2r —C
SO R T

o

IA

c+c
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where C > 0 since R > 2¢r. This yields

Q
o 4.11)

—0O)— r
Lo < cd'"Pr@ / I oglpl " dy < ed' P
]H)‘l\B RA
R

where we also used Lemma 2.6 with y = sp there; the constant ¢ depending only on
n, p ands.
For what concerns the integral 5 3 in (4.9), we have

- - —-0- -1
b =cpd P/ / I o &2 ()" dedp
" Bgr Y By

< ¢d'"?|By| I o &l P wm)” " dn
H"\Bpr
dl—p rQ . . p—1
<ec W[Tall(u_, o0, )1, (4.12)

as long as we enlarge the constant ¢ = ¢(n, p, s). Combining (4.9),(4.10),(4.11) with
(4.12), we finally obtain

L < er@7P 4 ¢ed' "PrCR™P 4 erCd' P RTP[Tail(u_; &, R)1P~". (4.13)

Combining, now, (4.2) with (4.8) and (4.13), we have

-1 —Q—sp M(g) +d) P
o f et e (G52

< cf f 0 E1527P1(E) — p ()P dE dy
BZ; BZr

+er@™P 4 ed" PrOR™P 4 er%d' TP RTP[Tail(u—; &, R)I~

¢P () d& dn

(4.14)

where ¢ depends only on n, p and s. Let us consider the first integral on the right-hand
side in (4.14). Fixed n € By, there exists a vectoré such that§ =n oE Then we can
rewrite

&) — ¢ =1p(oé) —p(l.

Thanks to Theorem 1.41 in [24], we have that the previous quantity can be estimated
as follows,

lp(n o &) —dp(n)| < c|&|p sup |Ving|

B3r/2
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Hence, changing again variables and recalling the estimate from above on |V |,
we get

/ / Y 0 £1527 1) — pmIP dE dy
By J By

scr"’/ / o £ 152 d dny. (4.15)
Bay J By

For any n € By, note that a simple application of the triangular inequality yields

1

I okl < In7' okolpn + 16 o kol < 4r,  VE € By,

so that By, C B, (n). Hence, as seen in the local framework in [29, 49], one can apply
Proposition 5.4.4 in [5] to get

_ —Q—sp+ _ —O—sp+
/ / o £ |20 pdédnS/ / o E[27 g dy
B>, J By, By, J Bar (1)

4r
San/ / p? =P~ dpdn
By JO

cr@t+p—sp

3

IA

p—Ssp

where we denote by w,, := |B1(0)|. The estimate in (4.15) thus becomes

/;; /1; |7)_1 o §|]1_{,1Q_3P|¢(§) _ ¢(n)|l7 dedn < ch_Sp7

and the proof is complete. O

We conclude this section by presenting an important consequence of the Logarith-
mic Lemma, which will prove extremely useful in Sect. 6. We firstly need to introduce
the following standard notation. Let v be in L'(S) and denote by |S| the Lebesgue

measure of the set S C H" which we assume to be finite and strictly positive. Here
and subsequently we write

1
(W)s ¢=][U(E)d§ = —/U(é)dé-
s IS| Js

We have the following

Corollary4.1 Lets € (0,1), p € (1,00), and let u € W*P(H") be the solution to
problem (1.1) such thatu > 0 in B = Br(&y) C Q. Leta,d > 0,b > 1 and define

v := min {(log(a + d) — log(u + d))+, log(b)}.
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Then, the following estimates holds true, for any B, = By(§) C Bgr:(60) C
Br2(&0) (where ¢ > 1 is precisely the constant obtained in the proof of the Log-
arithmic Lemma),

V= @ |7 dg sc+ed (%) {1+ [maite—: &0, 0]

Fer? | £l ]i W@ +d)P . (@4.16)
2r

where ¢ depends only on n, p, s.

Proof The estimate in (4.16) is a plain consequence of the Logarithmic Lemma 1.4.
Firstly, we need to apply the fractional Poincaré inequality, whose proof can be found
in [38] (see in particular on Page 297 there. See also the recent paper [12] for further
Poincaré-type inequalities in the Heisenberg group). We get

v — ()g, |7 dE < cr”’—Q/ 7" 0 £ u(E) — v(n)|P d& dn,

B, r J By

where ¢ = ¢(n, p, s).
Now, it is sufficient to observe that v is precisely a truncation of the sum of a
constant and log(u + d). For this, we have

/ ’ I~ o &152 P u(E) — v(m)|” de dn

1y g0 ) u(n)+d>
Sf, p, o °g<u(s>+d

+ ] e W)+ (u(E) +d)' 77 dg,

p
dg dn

so that the desired estimate plainly follows by applying the estimate in (1.9). O

5 Proof of the Local Boundedness

The aim of this section is to prove the local boundedness result in Theorem 1.1. In our
knowledge, such a result is new even in the case of the pure fractional sublaplacian
on the Heisenberg group. Here we are able to prove that, via careful estimates based
on the nonlocal tail of the solutions together with the Caccioppoli inequality proven
in Sect. 3, one can extend the approach firstly seen in [19] for the counterpart in the
Euclidean case.

Proof of Theorem 1.1 Before starting, we would need to define a few quantities. For
any j € IN and r > 0 such that B.(§y) = B, C €,

1 . . ri+r;j
rj = E(1 +27 N, Fj= jTJH (GRY
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Bj =B, (5%).  Bj = By, &)
Also,

¢; € CP(Bj), 0<¢; <1, ¢;=1onBjand|Vime;| <2/F3/r, (52)

kjy1+k;
2
ﬁ)jz(u—kj)+ wj=(l/l—kj)+.

ki=k+0—-2"Dk, k;= , keR"andk € R,

We divide the proof into two steps. Firstly, we consider the subcritical case when

sp < Q. Recalling the fractional Sobolev exponent p* = 0—sp’ we have
P _ P _Op=sp®_ | sp
pr 2 Op Q

Consequently,

P sp
1 \»F 1 sp cr;
1B, 1B, |B;1

We now apply the Sobolev inequality in Theorem 2.7 to the function w ;¢ ;. It yields

P

(]i 560, dé)

e £ [ o m? ™ 16,000 — w006, | de an,

which, combined with the nonlocal Caccioppoli inequality (1.8), gives

L

( ][ 1)) ds)

][/ Lo E1n Pl )19 ©) — 65 (1P dé dn

+cr;p][ 17)j(’7)¢§7(77)d71( sup f In~ othQ 5P p I(S)dé‘)
Bj H"\ B;

nesptg;
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e Ul £ 6] dn
J

= hL+DLb+1. (5.3)

We begin by estimating the first contribution in the right-hand side of (5.3). By

applying the same strategy as in the proof of the Logarithmic Lemma in Sect. 4, we
have

nsczﬂf'r;ip*f”][ / |n—1og|];InQ*”’“’w;’(§)dgdn
Bj JBj
<2l 56 [ oelpd T ans
Bj B;

< c2? ][ W (€) dE. (5.4)
B.

J

Now, we note that w; < wf/(lgj — kj)”_l. Moreover, since n € spt¢; C I§j
and & € H" \ B;, we have

€1 o &l - cln~tokolun + In~" o &lpn) CFj

- < — <+ — < 2/,
[n~" o &|mn [n™" o &lmn rj—7rj

For this,

p p—1
12 < c2j(Q+SP)r‘S:pf _ w/ (n) d / w/ (5) dé_—
T JB; (ki —kjpr! H'~B; |61 0 ol %P

]I_Irl
2/ (@+sp+p=1)

S — o Taillwos do, r/z)]l’—l]gj w? () dy. (5.5)

Since w; < wj,r; < rand¢ < 1, the third integral in (5.3) can be easily estimated
as follows

b PPl £ wloan (5.6)
B.

J
For what concerns the left-hand side in (5.3), we have

A A
£ £3

* P .  *=pp P
(][ lw; (&) (&)NF d%) > (kjy1 —kj) 7 <][ wf—i—l(‘i:)dg)
Bj Bji1

B (p*;p)p 2
k P P
) )
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»
Then, calling A; := <][ wf &) dS) we obtain

Bj

~1— L P 2

ko I [(Q+sp+p—1)
= A;+1 < /vy
(j+2) =2

2 p

(Tail (wo; §o, r/2))P~!
(1 + PN fllLes,) + - AT (5.7)
kp—1
Now, by taking
k = 8[Tail(wo; £, 7/2)], 8 € (0,11, (5.8)
we obtain
A L* 1— p i(sp Q+sp+p—1) A .
< ﬁ“)” 55?”5?*2’(@+ p )T/, (5.9)
k k
_ e r 2(p*—p)
where ¢ = ¢/ [8P L1 4+ r*P| fllpeos,)) + 117727 7.
We set
sp S, p— *
C =205t ST o1, g,
p
so that the estimate in (5.9) can be rewritten as
A P*(1-p) AP
AL e (4) . (5.10)
k k
Thus it suffices to prove that the following estimate does hold,
A Prp=b L
7053 B cBC B2, (5.11)

and by a standard iteration argument, it will follow that A; — 0 as j — oo.
Since

Prp—1 _(p-10Q
2B sp?
we then choose

- _(=ho .
k := 8Tail(wo; &, 7/2) +8 »* HA, H =cPC#H,

which is in accordance with (5.8).
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It follows

sup u §k~|—lz

B2
1

_(p=no >
— K+ STail(( — k)43 80,1/ + 8 7 H (][ W—kﬂ) ’
B,

which gives the desired result by choosing k = 0. The proof is complete in the case
when sp < Q.

We now turn to the borderline case, when sp = Q, which in the Euclidean case
in [19] is mentioned but not even sketched. We fill this gap here, by providing all the
details to investigate such a case. Choose 0 < s1 < s < I; in particular w;¢; —
(LT)jqu)Bj e WHP(Bj) € W'P(B;). Clearly, s; p < sp = Q, and we have the right

Oop
O—s1p’

to apply the fractional Sobolev inequality which gives, forany p < g < pj :=

P4

5 — (jdj)p; llLas; < |Bjl 71 |lij¢; — (lbj¢j)3_,~||Lpf(Bj)- (5.12)

Thus, we can write

p

( f 1i,@0 @0 d&) - ‘ f wes e

<e (]i 135 8)b; &) — (wj¢j>3j|qu)

P
3
1

Pi-or _ p »

<clBj| T </I;_|a)./'(‘§)¢j($)_(&)A/(P‘/)Bj'pTdS)

S
1P

<l [ [ s @0, ~ ;oo d .
I"j Bj Bj

(5.13)

where in the last inequality we also used that

o s1p
(plqu)p_g _pL* sip_ rj
Ty
In addition, we notice that
14

<][B_|wj<s)¢j<s>|‘fds> —‘]gw,-@)qu(s)ds
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> (ﬁllw,-(é)qu(g)mdg) _]é,wf'(g)qbi@)'pd?

We are now in a position to apply the nonlocal Caccioppoli-type inequality in (5.13),
as done before in the subcritical case. Similarly, we get

P

( } 1@ @1 dé‘)

. Tail (wo; &, r/2)17~!
S CZJ(Q'H[’-H?—D (1 +rSp||f||LOO(Br) + [ al (w() ,,EO r/ )] ) f wf(n) dn
B:

kr—!

J

Moreover, the term on the left-hand side in the inequality above can be estimated
as follows

P

i ];1*5 p q
(][B_ [w; (&) &) dE) > (W) (]g“ wi d«f) - (514

»
Weset A = (][ wf(&) dE) and we choose k as in (5.8). It yields
B.

J

A a=p) AN\
A el (4) , (5.15)
k k
where
4 4 2q-p)
E= e [3P7 (14 PP flliesy) +1]72 7
q(Q+sp+p—1) | q—p
C:=2 P2 0 > 1, and ﬂ:z_

We can now estimate the term Ag as in (5.11), by replacing p* with ¢, and considering
as ¢, C and B the quantities defined in the display above. Then,

Aj — 0Oas j — +oo.

Taking

~ (p—1)
% := 8Tail(wo: €0, 7/2) + 8 PP HAg, H =P CP

which is in clear accordance with (5.8), we finally deduce that

(p=1) P
supu < k + 8Tail((u — k)4 &0, 7/2) +8 Pan H ( (u — k)i) "
Br/2 B,
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which gives the desired result by choosing k = 0. O

6 Proof of the Holder Continuity

This last section is devoted to the proof of the Holder continuity of solutions, namely
Theorem 1.2. An iteration lemma is the keypoint of the proof, and, as before, we would
have to handle the nonlocality of the involved operator, together with the geometry of
our settings. A certain care is required and in the proof below all the estimates proven
in the previous sections will appear.

We need to fix some notation. For any j € IN, let 0 < r < R/2 for some R such
that Bg (&) C ,

il Oi B; := B, (&)
r].O'Z,O'E ik i v (50)

where, recalling Remark 2.5, the constant ¢ is the one given in Proposition 2.4.
Moreover, let us define

1

la)(ro) = la)(r) = Tail(u; &, r/2) + ¢ <][ uﬁ’r df) r ,
2 2 B,

with ¢ as in Theorem 1.1 and

rj * sp
o(rj) = . w(rg)  for some o < T

In order to prove the Theorem 1.2,it suffices to prove the following

Lemma 6.1 Under the notation introduced above, let u € W5P (IH") be a solution to
problem (1.1). Then

osc u < w(rj), Vji=0,1,2,... 6.1)

Bj

Proof We will proceed by induction. For this, note that by the definition of @ (rg) and
Theorem 1.1 (with § = 1 there), the estimates (6.1) does trivially hold for j = 0, since
both the functions (#)+ and (—u)+ are weak subsolution.

Now, we make a strong induction assumption and assume that (6.1) is valid for all
i€ {1, e, j} for some j > 0, and then prove that it holds also for j + 1. We have
that either

|2Bj+l N {u > infBj u +0)(rj)/2}|
2B41]

>

1
. 6.2)
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or

|23j+1 ﬂ{u finfBju—l-co(rj)/ZH l
2841 -2

(6.3)

must hold. If (6.2) holds, then we set u; := u — infBj u; if (6.3) holds, then we set
uj = w(r;) — (u—inf B; u). Consequently, in all the cases we have that u; > 0 in
B; and the following estimate holds,

[2Bj41 0 {uj = /2] 1 6.4)
|2B;41] 2
Moreover, u j is a weak solution which satisfies
sup luj| < 2w(r), Viefl,...,j} (6.5)
We now claim that under the induction assumption we have
[Tail(u; §0, 71" < eo P (1P~ (6.6)

where ¢ depends only on n, p, s and «; in particular it is independent of o. Indeed,

J
(Tl o)~ =30 [ @1l o €l e
i=1

i—1\B;

+riF f @) gy " o &I~ dE
H" By

i—1

J
<ri"y [sup |Mj|]p_1/n 165" o &l P de
1 B H"\B;

i=

)’ f}H L ©F g o gl dg
N Bo

J N\ SP
= (Z—f) [w(ri-1P~, ©6.7)
i=1 !

where in the last line we also used (6.5) and the fact that

/ @ e 0 1527 d
H" By

< ery " suplul? ! erg oGol T +e [ @ ieg o £l de
Bo "\Bo

< cry o)l
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Moreover, we have

J N\ SP
3 (r—’) [w(ri—1"™!
:

i=1 L

F P L \EPD g\ spa(p=D)
N fizt i
[o(ro)] (ro 2_; - ;

j—1

=[w (rj)]l?—la—a(p—l) Z oiGp—alp=1))
i=0
o—ap—D

A

A1
= [w(rj)] | — gsp—a(p—D)

4sp—a(p=1)
<
= log®)(sp —a(p — 1)

o P Vw1t (6.8)

where we used the fact that o < % < ?1L and ¢ < sp/(p — 1). Combining (6.7)

with (6.8) yields the desired estimate in (6.6).
Next, let us consider the function v defined by

v := min { <log <‘”(;L+2d+d>> , k} . k>0 (6.9)
j +

Since we have chosen o < % we have that 2B 1 C Br; C Bj. Indeed,
2¢

T 1 .
2rjp1 = 26/t < )

r rj
2728 2 26

Hence, we can apply Corollary 4.1, witha = w(r;)/2 and b = exp(k) there, obtaining
that

N
][ lv— ()2p,,, P dE < c+cd'™P (r,_+1> {1 + [Tail(u;; &o. Vj)]p_l}
2By ' Tj
+C(27j+1)sp||f||L°°(Br>][ € +d)'~" de
Bjt1

=L+ Db.

In view of the estimate in (6.6), we can estimate the first term in the right-hand side
of the display above as follows

I < c+co’Pd' (1 + 074" Vw@)P)

=c+coPd' 7P{1 + 0P DUD g ()P,
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where ¢ depends only on n, p, s and «. Moreover, choosing

we arrive at
I < c+coc®P DU Dy = € < 0, (6.10)

where we used the fact thata < sp/(p — 1), 0 < 4—15 < %, Jj > 1,and w(rg) < oo.
Let us estimate the second integral I,. Notice that since o < 1/4, we have

sothat4B;.1 C Bj, and consequently #; > 0 on 4B 1. Then, in view of the choice
of d, we also have (u; + d)'=P < 675P, We arrive at

L < coPU=D G /4)P| fll LB,y =: C2 < oo. (6.11)
Hence from (6.10) and (6.11) we obtain

f |U - (U)ZBjJrl |[7 ds <C. (612)
2Bj11

for a suitable positive constant C.
Denote by shortness B = 2B 1. In accordance with (6.4) and (6.9),we can write

1
k= — / kd
[BN{u; > w(rj)/2} JBnujzw))/2)

BN {u;j > w(r;)/2} JBnv=0)
2
— k—v)dé =2[k — =]
|B|/1§( v)d§ =2[k — (v) 3]

IA

We then integrate the inequality above over the set Bn{v=k}to get

|1§m{v=k}|k< 2 /

_ <= [k — (v) 51d&
|B| 1B Janp=i) i

2
SE/BW—(U)[;NSSC,

where we also used (6.12).
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We now take

k:log( w(:f)/z-i-m’ 2 )

20 P— la)(r/)+af’p

sp
w(rj) o Pl 1
:log( 5 J 5 T rP>%1og< S,,),
4o rTw(rj) + 20 r-T 2(71’ la)(r])—i—al’ I

Q
3

so that
|Bm{v—k}|
|B| -
gives
|B N {uj §~2dw(rj)}l << Clogl ; (6.13)
|B| k™ log ()

the constant ¢jog depending only on 7, p and s.
We are now in a position to start a suitable iteration to deduce the desired oscillation

reduction. First, for any i =0, 1,2, ..., we define
—i - 1+ ; ~;
pi:rj+1+2 lrj+1, pPi = %7 B’ :Bpi’ B’ —Bﬁ”

and corresponding cut-off functions
¢ € C(B), 0=¢i=<1, ¢=lonB™" and|Viei| <cp;’
Furthermore, set
ki=1+2dw@r)), wi= Gk —uj),
and

BT =kl 1BTO {wi > O}
L |B| |B|

Hence, the Caccioppoli inequality (1.8) yields

f{, o i €616 — wi s (1P dg dn

< °/Bf ! o &Il P wl (©)I¢i (&) — ¢ (IP d dy

@ Springer



77  Page 36 of 41 M. Manfredini et al.

neB;

te /B wi©)s] ®) de (Surj / el O s e e + ||f||Loo<B,>).

(6.14)

We now focus on the subcritical case when sp < Q. We make use of the fractional
Sobolev inequality, in order to estimate the first term on the right-hand side as follows

» P
F 1

* * ]7*
Al ki —kip )P = ——— / (ki — ks P 7 (&) d&
i+1\ i+ |Bt+l|L* BHlm{ujSkiH} l i+ i

)4
1 7
e ( / 76! <s)ds>
\gi+1 (7 \JB

er ity /fm 0 &l P Jwi (€)i (§) — wi ()i ()P dE dny.
(6.13)

IA

Recalling that |Vin¢;| < €277
in (6.14) as follows

+1, we can treat the first term in the right-hand side

j-‘r]/ / 7" o &l " w! €)1 (€) — ()| d dn

=il [ T

< 2P[dw ()1’ |B N {u; < ki}l. (6.16)
Moreover,

fBi w; (E)p) (§)dE < e[dw(rp)]IB' N {u; < ki}l, (6.17)
holds.

Now, we notice that for any € B, we have

€ o bolur _ Eln~" ool + I~ oklw) _ @A
In~'o&lm ~ In=!o&lmm T pi—hi

for all £ € H"” ~. B’ and that
B, ,=Bj;1 CB' = H'\ B' C H"\ Bj1.
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Then we have

; -1 _ —0— i . _
i (sup fo o @ el ”’ds) < @ QFP Tail(wy; g0, 7)1 !

(6.18)

Recalling (6.6) and the facts that w; < 2dw(r;) in B; and w; < |u;| + 2dw(r;) in
H", we further get
[Tail(wi; &, 74 ]!
_ _ —0- rivt\*f -
sl [ e oepd ™ ok e () maius o,
JNPj+ J
<ed? )P + co’P[Tail(u j; &, ;)17

osp—a(p=1) .
<c|l+ T [da)(rj)]

< cldw(rp1P~!,

where ¢ depends only on «, p and s. Combining the estimate above with (6.18) we
get

. (sup /H Gl OSIH}%)_”’d$> < 2D ey ()1
neBi n._Bi
(6.19)

Putting together (6.14), (6.15), (6.16), (6.17) and (6.19), we obtain

2 o
Al U = kig)? < e(1 4750 1 flloe(s) 2 @ PP P do (r)IP Ai, - (6.20)
which yields, recalling that rj 11 < r

r
4

j 245 ) 25 1
Aig1 < (14| fllpegs,)) 7 21 @TEHIN G A15H

with B := sp/(Q — sp) by the definition of k;’s.
Now, if we will prove the following estimate on Ay,

_1BN{uj <200l _ * oyt

_r
Ao H c—l/ﬂ(l + PN\ fllLeos,)) PP2 262 "

(6.21)
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then we can deduce that

A; — 0 as i — o0.

Indeed, the condition (6.21) it is guaranteed by (6.13) choosing

. 1 _Clog
o=miny—,¢e v,
4¢

which depends only on n, p, s and o. We have hence shown that

Bj1

osc u < (1-dw(rj) = 1-4d) (r +1> w(rjy) = (1 —d)o_o‘a)(rj_,_]).
J

Taking o € (O —pl) small enough that

a“zl—d:l—a;fl

leads to

osc u < w(rjq1),
Bj+i

and the proof is complete in the case when sp < Q.

For the remaining case, namely when sp = Q, we can proceed as in the proof of
the local boundedness. Consider 0 < s; < s < 1; the fractional Sobolev inequality
gives

lwigill” . < clwigilfy

Lpl (Bt

with p; = Q?{;p

qu

lwigill pacpry < 1B T llwighi| (6.22)

Lpl (B’

and thus,

P
p q

Aiq+1(ki - ki—i—l)p =

1
—5 / (ki — ki+1)79] (&) dg
|Bl+1|q B'“ﬂ{u_/gk,-_,_]}

P
| »
<— ( f w? (©)ed (é)dé)q

IBl-’rqu B!

@ Springer



Nonlinear Fractional Equations in the Heisenberg Group Page 39 of 41 77

(r{-a)r

|B| i Py P %
= (/B_w,- ©)¢)] (é)d$>
|Bit1|4 ’

IA

c

SIP

o ff 77 o 15 1 wi (€) (€) — w; Nty ()IP d .
r]+] 1 1

(6.23)

The term in the right-hand side of (6.23) can be estimated using the nonlocal Cac-
cioppoli inequality as in (6.14) and recalling the estimates (6.17) and (6.19).
All in all, we have
p

Al (ki = kig)? < e(L+ 7301 f i) 2 CHP P do ()P Ay,
which yields
4 ;(Q+C+s)p)g 4
Ais1 < (1P flley)r2 7 A, (6.24)

where we denoted by 8 := g/p — 1 > 0. We now choose the following ¢ in (6.13),

) 1 _clog
o:=minj—, e ¥
4c

1 g _(0+@+9)p)g
with b := ¢ (1 4+ r*P| f | Loo(B,))” P2 »#2 | in order to deduce that

BNlu: <2dw(r; it g _(0+C+9)p)g
AO _ | {M/ |_B| U)( J)}| <ec ﬂ(l +rSp||f”L°°(Br)) k) B2
Hence,
A; — 0, as [ — oQ.
and the proof is complete, by proceeding exactly as in the case when sp < Q. O

Acknowledgements The authors are members of “Gruppo Nazionale per I’ Analisi Matematica, la Proba-
bilita e le loro Applicazioni (GNAMPA)” of Istituto Nazionale di Alta Matematica (INdAM). The second
author is supported by the University of Parma via the project “Regularity, Nonlinear Potential Theory and
related topics”. The authors are in debt with the referee for his/her deep understanding of this paper, and
for his/her suggestions which contributed to improve the main results.

Declarations

Conflicts of interest On behalf of all authors, the corresponding author states that there is no conflict of
interest.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included

@ Springer



77  Page 40 of 41 M. Manfredini et al.

in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Mallick, Adimurthi A.: A Hardy type inequality on fractional order Sobolev spaces on the Heisenberg
group. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 18(3), 917-949 (2018)
2. Balogh, Z.M., Fissler, K., Sobrino, H.: Isometric embeddings into Heisenberg groups. Geom. Dedic.
195(1), 163-192 (2017)
3. Brasco, L., Lindgren, E.: Higher Sobolev regularity for the fractional p-Laplace equation in the
superquadratic case. Adv. Math. 304, 300-354 (2017)
4. Brasco, L., Lindgren, E., Schikorra, A.: Higher Holder regularity for the fractional p-Laplacian in the
superquadratic case. Adv. Math. 338, 782-846 (2018)
5. Bonfiglioli, A., Lanconelli, E., Uguzzoni, F.: Stratified Lie Groups and their sub-Laplacians. Springer
Monographs in Mathematics, Springer, Berlin (2007)
6. Bucur, C., Dipierro, S., Valdinoci, E.: On the mean value property of fractional harmonic functions.
Nonlinear Anal. 201, Art. 112112 (2020)
7. Bucur, C., Squassina, M.: An asymptotic expansion for the fractional p-Laplacian and for gradient
dependent nonlocal operators. Commun. Contemp. Math. 24, Art. 2150021 (2022)
8. Caffarelli, L., Silvestre, L.: An extension problem related to the fractional Laplacian. Commun. Partial
Differ. Equ. 32, 1245-1260 (2007)
9. Chen, Z.-Q., Kumagai, T.: Heat kernel estimates for jump processes of mixed types on metric measure
spaces. Probab. Theory Relat. Fields 140(1-2), 277-317 (2008)
10. Ciatti, P, Cowling, M.G., Ricci, F.: Hardy and uncertainty inequalities on stratified Lie groups. Adv.
Math. 277, 365-387 (2015)
11. Cinti, E., Tan, J.: A nonlinear Liouville theorem for fractional equations in the Heisenberg group. J.
Math. Anal. Appl. 433, 434-454 (2016)
12. Citti, G., Manfredini, M., Pinamonti, A., Serra Cassano, F.: Poincaré-type inequality for Lipschitz
continuous vector fields in the Heisenberg group. J. Math. Pure Appl. 103, 265-292 (2016)
13. Cygan, J.: Subadditivity of homogeneous norms on certain nilpotent Lie groups. Proc. Am. Math. Soc.
83(1), 69-70 (1981)
14. Danielli, D., Garofalo, N., Phuc, N.C.: Hardy-Sobolev type inequalities with sharp constants in Carnot-
Carathéodory spaces. Potential Anal. 34, 223-242 (2011)
15. De Filippis, C., Mingione, G.: On the regularity of minima of non-autonomous functionals. J. Geom.
Anal. 30(2), 1584-1626 (2020)
16. De Filippis, C., Mingione, G.: Manifold constrained non-uniformly elliptic problems. J. Geom. Anal.
30(2), 1661-1723 (2020)
17. De Filippis, C., Palatucci, G.: Holder regularity for nonlocal double phase equations. J. Differ. Equ.
267(1), 547-586 (2019)
18. Di Castro, A., Kuusi, T., Palatucci, G.: Nonlocal Harnack inequalities. J. Funct. Anal. 267(6), 1807—
1836 (2014)
19. DiCastro, A., Kuusi, T., Palatucci, G.: Local behavior of fractional p-minimizers. Ann. Inst. H. Poincaré
Anal. Non Linéaire 33, 1279-1299 (2016)
20. Di Nezza, E., Palatucci, G., Valdinoci, E.: Hitchhiker’s guide to the fractional Sobolev spaces. Bull.
Sci. Math. 136, 521-573 (2012)
21. Dyda, B., Lehrbick, J., Vihikangas, A.V.: Fractional Poincaré and localized Hardy inequalities on
metric spaces. Adv. Calc. Var. (2021). https://doi.org/10.1515/acv-2021-0069
22. Ferrari, F., Franchi, B.: Harnack inequality for fractional Laplacians in Carnot groups. Math. Z. 279,
435-458 (2015)
23. Ferrari, F., Miranda, M., Jr., Pallara, D., Pinamonti, A., Sire, Y.: Fractional Laplacians, perimeters and
heat semigroups in Carnot groups. Discrete Cont. Dyn. Syst. Ser. S 11(3), 477-491 (2018)
24. Folland, G.B., Stein, E.M.: Hardy Spaces on Homogeneous Groups. Princeton University Press, Prince-
ton (1982)

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1515/acv-2021-0069

Nonlinear Fractional Equations in the Heisenberg Group Page 41 of 41 77

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51

Frank, R., Gonzalez, Md.M., Monticelli, D., Tan, J.: An extension problem for the CR fractional
Laplacian. J. Adv. Math. 270, 97-137 (2015)

Frank, R., Lieb, E.H., Seiringer, R.: Hardy-Lieb-Thirring inequalities for fractional Schrodinger oper-
ators. J. Am. Math. Soc. 21, 925-950 (2008)

Garofalo, N., Tralli, G.: A class of nonlocal hypoelliptic operators and their extensions. Indiana J.
Math. 70(5), 1717-1744 (2022)

Garofalo, N., Tralli, G.: Feeling the heat in a group of Heisenberg type. Adv. Math. 381, Art. 107635
(2021)

Gutiérrez, C.E., Tournier, F.: Harnack inequality for a degenerate elliptic equation. Commun. Partial
Differ. Equ. 36, 2103-2116 (2011)

Kassymov, A., Surgan, D.: Some functional inequalities for the fractional p-sub-Laplacian.
arXiv:1804.01415 (2018)

Kassymov, A., Surgan, D.: Lyapunov-type inequalities for the fractional p-sub-Laplacian. Adv. Oper.
Theory 5, 435-452 (2020)

Korvenpdi, J., Kuusi, T., Lindgren, E.: Equivalence of solutions to fractional p-Laplace type equations.
J. Math. Pures Appl. 132, 1-26 (2019)

Korvenpdi, J., Kuusi, T., Palatucci, G.: The obstacle problem for nonlinear integro-differential opera-
tors. Calc. Var. Partial Differ. Equ. 55, no. 3, Art. 63 (2016)

Korvenpéi, J., Kuusi, T., Palatucci, G.: Fractional superharmonic functions and the Perron method for
nonlinear integro-differential equations. Math. Ann. 369(3—4), 1443-1489 (2017)

Kuusi, T., Mingione, G., Sire, Y.: Nonlocal self-improving properties. Anal. PDE 8(1), 57-114 (2015)
Tannizzotto, A., Mosconi, S., Squassina, M.: Global Holder regularity for the fractional p-Laplacian.
Rev. Mat. Iberoamericana 32(4), 1353-1392 (2016)

Manfredi, J., Mingione, G.: Regularity results for quasilinear elliptic equations in the Heisenberg group.
Math. Ann. 339, 485-544 (2007)

Mingione, G.: The singular set of solutions to non-differentiable elliptic systems. Arch. Ration. Mech.
Anal. 166, 287-301 (2003)

Mukherjee, S., Zhong, X.: C 1")‘—regularity for variational problems in the Heisenberg group. Anal.
PDE 14(2), 567-594 (2021)

Palatucci, G.: The Dirichlet problem for the p-fractional Laplace equation. Nonlinear Anal. 177, 699—
732 (2018)

Palatucci, G., Pisante, A.: Improved Sobolev embeddings, profile decomposition, and concentration-
compactness for fractional Sobolev spaces. Calc. Var. Partial Differ. Equ. 50(3—4), 799-829 (2014)
Palatucci, G., Piccinini, M.: Nonlocal Harnack inequalities in the Heisenberg group. Calc. Var. Partial
Differ. Equ. 61. Art. 185 (2022)

Palatucci, G., Savin, O., Valdinoci, E.: Local and Global minimizers for a variational energy involving
a fractional norm. Ann. Mat. Pura Appl. 192(4), 673-718 (2013)

Piccinini, M.: The obstacle problem and the Perron Method for nonlinear fractional equations in the
Heisenberg group. Nonlinear Anal. 222, Art. 112966 (2022)

Roncal, L., Thangavelu, S.: Hardy’s inequality for fractional powers of the sublaplacian on the Heisen-
berg group. Adv. Math. 302, 106-158 (2016)

Schikorra, A.: Nonlinear commutators for the fractional p-Laplacian and applications. Math. Ann.
366(1), 695-720 (2016)

Scott, .M., Mengesha, T.: Self-improving Inequalities for bounded weak solutions to nonlocal double
phase equations. Commun. Pure Appl. Anal. 21(1), 183-212 (2022)

Silvestre, L.: Holder estimates for solutions of integro-differential equations like the fractional Laplace.
Indiana Univ. Math. J. 55(3), 1155-1174 (2006)

Tralli, G.: A certain critical density property for invariant Harnack inequalities in H-type groups. J.
Differ. Equ. 256(2), 461-474 (2014)

Wang, X., Du, G.: Properties of solutions to fractional p-subLaplace equations on the Heisenberg
group. Boundary Value Problems, Art. 128 (2020)

Zhang, Y., Tang, X., Radulescu, V.D.: Concentration of solutions for fractional double-phase problems:
critical and supercritical cases. J. Differ. Equ. 302, 139-184 (2021)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/1804.01415

	Hölder Continuity and Boundedness Estimates for Nonlinear Fractional Equations in the Heisenberg Group
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 The Heisenberg-Weyl Group
	2.2 The Setting of the Main Problem

	3 Proof of the Caccioppoli Inequality with Tail
	4 Proof of the Fractional Logarithmic Lemma
	5 Proof of the Local Boundedness
	6 Proof of the Hölder Continuity
	Acknowledgements
	References




