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Abstract. We organize and extend findings on the comparative static effects of risk
changes on optimal behavior in a unifying expected utility model. We determine restric-
tions on preferences for clear-cut results. Risk increases of a benefit are compensated by
lowering exposure to risk. For risk increases of a cost, the response depends on the order of
the risk change. This discrepancy arises because even-order risk increases of a cost raise the
riskiness of the payoff distribution, whereas odd-order risk increases of a cost reduce it.
We identify the stochastic dominance orders to resolve this discrepancy and discuss specif-
ic decision problems as applications.
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1. Introduction
How do risk changes affect behavior? In their seminal
paper, Rothschild and Stiglitz (1970) introduced an in-
crease in risk as a change in the distribution of a ran-
dom variable that makes every risk-averse decision
maker (henceforth DM) worse off. The same authors
noted in a companion paper that an increase in risk
may have counterintuitive comparative statics
(Rothschild and Stiglitz 1971). In the expected utility
model, risk-averse investors with a positive demand
for a risky asset may rationally prefer to increase expo-
sure to risk when the asset’s return distribution be-
comes riskier. Starting from this puzzling observation,
different strategies have been explored in the literature
to obtain more consistent results. One can impose re-
strictions on the payoff function, limit the class of DMs,
or place stronger restrictions on the risk change.1

In this paper, we provide a unifying expected utility
framework to organize and extend results on the com-
parative static effects of risk on behavior. We use the so-
called linear-payoff model of Dionne et al. (1993), which
encompasses many applications as special cases includ-
ing the standard portfolio problem and the coinsurance
problem. In the spirit of Athey (2002) and Nocetti
(2016), we work with monotone comparative statics to

avoid unnecessarily constraining regularity assump-
tions and also, cover higher-order risk effects (see Eeck-
houdt and Schlesinger 2006). Our unified treatment al-
lows us to distinguish between risk taking and risk
mitigation, depending on whether a higher level of the
decision variable increases or reduces the variability of
payoffs, and between a risky benefit and a risky cost,
depending on whether higher realizations of the ran-
dom variable increase or decrease the DM’s welfare.

We contribute to the literature in several ways.
First, we derive the monotone comparative statics of
the Ekern (1980) Nth-degree risk increases in a general
model of optimal behavior. Second, we find that the
distinction between risk taking and risk mitigation is
inconsequential in our analysis, whereas that between
a risky benefit and a risky cost matters. Table 1 sum-
marizes our results in nontechnical terms. When a
benefit is risky, the DM compensates risk increases by
reduced risk taking and increased risk mitigation, re-
gardless of the order of the risk increase. When a cost
is risky instead, we recoup these behavioral effects
only for even-order risk increases but find the oppo-
site when the order of the risk increase is odd. This is
because the link between the riskiness of a cost and
the riskiness of the payoff distribution depends on the
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parity of the risk increase, making its comparative static
effects a question of its order. Third, we extend our re-
sults to stochastic dominance. The alternating pattern for
a risky cost implies that different stochastic ordering as-
sumptions need to be applied to a risky benefit than to a
risky cost. Obtaining consistent results is yet again a
question of the right order. Finally, we apply our results
to specific decision problems that have been studied in-
dependently in the literature. This produces several new
results and provides new insights into known results.

2. Classification of Decision Problems
We work with the so-called linear-payoff model sug-
gested by Dionne et al. (1993). It contains several well-
known decision problems as special cases (see Section
6). In this framework, the DM’s payoff can be written as

z(X, b) � f (b) · (X − x0) + z0: (1)

X is the realization of a positive random variable
X̃ ≥ 0, and x0 and z0 are constants. b is shorthand for
the DM’s behavior, and f links behavior to the payoff.
The real-valued function f : B→ C is continuous with
compact domain B ⊂ R and codomain C ⊂ R. The DM
has an increasing and sufficiently differentiable utility
function U(z) and solves

max
b∈B

EU(z(X̃,b)): (2)

The continuity of f ensures the existence of a solution,
which may be set valued.2 Properties of f allow us to
classify decision problems into four categories.

Definition 1. Problem (2) represents
Risk taking with a risky benefit if f is increasing and

C ⊂ R
+
0 ;

Risk mitigation with a risky benefit if f is decreasing
and C ⊂ R

+
0 ;

Risk mitigation with a risky cost if f is increasing
and C ⊂ R

−
0 ;

Risk taking with a risky cost if f is decreasing and
C ⊂ R

−
0 .

This taxonomy is motivated by the following obser-
vation. If f takes positive values, a higher realization
of the random variable raises the DM’s payoff, so X̃ is
a benefit or return. If f takes negative values, a higher

realization of the random variable lowers the DM’s
payoff, so X̃ is a cost or loss. The variance of the pay-
off distribution is given by

Var[z(X̃,b)] � f (b)2 ·Var[X̃]: (3)

An increase in b raises the variance of payoffs if f takes
positive (negative) values and is increasing (decreas-
ing), consistent with risk taking. An increase in b lowers
the variance of payoffs if f takes positive (negative) val-
ues and is decreasing (increasing), suggesting risk miti-
gation. The distinction is whether “doing more” leads
to a more or less volatile payoff distribution. The values
of f have a uniform sign, so Problem (2) only entails a
trade-off if the random variable has realizations above
and below x0, each with strictly positive probability.3

3. Nth-Degree Risk Increases
We will start with the Ekern (1980) concept of an Nth-
degree risk increase in our analysis. Consider two ran-
dom variables X̃1 and X̃2 defined over the interval
[x, x̄], and let F and G denote their cumulative distri-
bution functions. Define F(k) on [x, x̄] inductively by
F(1)(z) � F(z) and F(k+1)(z) � ∫ z

x
F(k)(t)dt for k ≥ 1 and

likewise for G.

Definition 2. (Ekern 1980) X̃2 is an Nth-degree risk in-
crease over X̃1 if

i. F(k)(x̄) � G(k)(x̄) for all k � 1, : : : ,N,
ii. F(N)(z) ≤ G(N)(z) for all z ∈ [x, x̄].
The strict version of this definition is obtained by re-

quiring that (ii) holds strictly for some z ∈ [x, x̄]. If X̃2

is an Nth-degree risk increase over X̃1, we can like-
wise call X̃1 an Nth-degree risk decrease over X̃2. An
Nth-degree risk increase preserves the first (N − 1)
moments of the distribution and increases the Nth
one, sign adjusted by (−1)N. Special cases include an
increase in risk for N � 2 (Rothschild and Stiglitz
1970), a downside risk increase for N � 3 (Menezes
et al. 1980), and an outer risk increase for N � 4
(Menezes and Wang 2005). Let U(N)(z) denote
dNU(z)=dzN.
Lemma 1. (Ekern 1980) The following two statements are
equivalent:

i. X̃2 is an Nth-degree risk increase over X̃1.
ii. EU(X̃2) ≤ EU(X̃1) for any function U(z) such that

(−1)N+1U(N)(z) ≥ 0.

This is the main result of Ekern (1980). A risk in-
crease of any given order can be equivalently charac-
terized in terms of its distributional properties as stat-
ed in Definition 2 or by its impact on expected utility
for an appropriately defined set of utility functions.
Jouini et al. (2013) show that, if any Nth-degree risk

Table 1. Effect of Nth-Degree Risk Increases on Risk
Taking and Risk Mitigation (See Propositions 1 and 2)

Order of risk increase Risk taking Risk mitigation

Risky benefit Any Decreases Increases
Risky cost Even Decreases Increases

Odd Increases Decreases

Notes. The top rowmeans that a DMwho faces a risky benefit and ex-
periences any order of risk increase will decrease risk taking and in-
crease risk mitigation. The bottom row shows that the order of the
risk increasematters for optimal behavior in case of a risky cost.

Menegatti and Peter: Changes in Risky Benefits and Risky Costs: The Right Order
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increase makes the DM worse off, his utility function
must necessarily satisfy sign condition (ii) at the corre-
sponding order (see also lemma 1 in Nocetti 2016).
This motivates the following definition.

Definition 3. (Ekern 1980) A DM is called Nth-degree
risk averse (risk neutral, risk loving) if (−1)N+1U(N)(z)
≥ (� , ≤)0 on the relevant domain of his utility
function.

Nth-degree risk aversion generalizes the concepts of
risk aversion, prudence, and temperance to higher or-
ders. Nth-degree risk increases are precisely those risk
changes that make every Nth-degree risk averter
worse off and every Nth-degree risk lover better off;
they do not affect Nth-degree risk-neutral DMs. Be-
fore we proceed, we provide a simple but important
result on how taking the mirror image affects Nth-de-
gree riskiness.

Lemma 2. Let X̃2 be an Nth-degree risk increase over X̃1.
Then, −X̃2 is an Nth-degree risk increase (decrease) over
−X̃1 if N is even (odd).

Lemma 2 follows easily from Lemma 1. In an earlier
working paper version, we provide an elementary
proof where we verify Definition 2 directly. Intuitive-
ly, taking the mirror image preserves even moments
because positive and negative deviations from the
mean are treated equally. Odd moments instead are
sign flipped because positive deviations from the
mean become negative and vice versa. Odd-order risk
increases are directional, whereas even-order risk in-
creases are not; for example, a third-degree risk in-
crease is a transfer of dispersion from higher to lower
outcomes (Menezes et al. 1980). This explains why the
ranking of −X̃1 and −X̃2 in terms of Nth-degree riski-
ness depends on the parity of N.

4. Nth-Degree Risk Effects in the Linear-
Payoff Model

Based on the taxonomy developed in Definition 1, we
now apply the Topkis (1978) Monotonicity Theorem
to determine the comparative static effects of Nth-de-
gree risk increases on behavior. If X̃2 is an Nth-degree
risk increase over X̃1, the DM’s optimal behavior is
given by

B∗
i � argmax

b∈B
EU(z(X̃i,b)), i � 1, 2: (4)

B∗
1 and B∗

2 are nonempty under our assumptions and
may be set valued. We use the strong set order to
compare the maximizers and write ≥ S and ≤ S for
greater than and smaller than, respectively in the
strong set order.4 Lemma 3 holds.

Lemma 3. Let X̃2 be an Nth-degree risk increase over X̃1.
Then, B∗

2≥ SB∗
1 (B

∗
2≤ SB∗

1) if

(−1)Nf (b)NU(N)( f (b) · (X− x0) + z0) (5)

is increasing (decreasing) in b for all X.

Lemma 3 follows from condition 2 in proposition 1
of Nocetti (2016) when applied to Program (2). Our
next result shows how the taxonomy in Definition 1
matters for the comparative statics of risk increases. A
proof is given in Appendix A.

Proposition 1. Consider a DMwho is (N + 1)th-degree risk
neutral, and let X̃2 be an Nth-degree risk increase over X̃1.

i. In the risk-taking problem with a risky benefit, B∗
2≤ SB∗

1
(B∗

2≥ SB∗
1) for Nth-degree risk averters (lovers).

ii. In the risk-mitigation problem with a risky benefit,
B∗
2≥ SB∗

1 (B
∗
2≤ SB∗

1) for Nth-degree risk averters (lovers).
iii. In the risk-taking problem with a risky cost, B∗

2≤ SB∗
1

(B∗
2≥ SB∗

1) for Nth-degree risk averters (lovers) if N is even;
the orderings are reversed if N is odd.

iv. In the risk-mitigation problem with a risky cost,
B∗
2≥ SB∗

1 (B
∗
2≤ SB∗

1) for Nth-degree risk averters (lovers) if N
is even; the orderings are reversed if N is odd.

In the risk-taking problem, an increase (decrease) in
the decision variable raises (lowers) the variance of
the payoff distribution. So, if the risk increase from X̃1
to X̃2 increases (decreases) the set of maximizers, this
represents more (less) risk taking. Similarly, higher
(lower) values of b correspond to a lower (higher) var-
iance of the payoff distribution in the risk-mitigation
problem. Hence, if the risk increase from X̃1 to X̃2 in-
creases (decreases) the set of maximizers, this corre-
sponds to more (less) risk mitigation. We summarize
the results of Proposition 1 for Nth-degree risk avert-
ers in compact form in Table 1 (Section 1).5

Proposition 1 shows that what matters is the distinc-
tion between a risky benefit and a risky cost but not the
distinction between risk taking and risk mitigation. For
a risky benefit, a risk increase leads to less risk taking
and more risk mitigation regardless of the order of the
risk change. When a cost is risky, we observe a dichoto-
my in the DM’s response. For an even-order risk in-
crease, there is less risk taking andmore risk mitigation
just as in the case of a risky benefit. However, when the
order of the risk increase is odd, we find more risk tak-
ing and less risk mitigation in response to the increased
risk. The DM’s behavioral response appears to be the
opposite of what we find in case of a risky benefit.

To explain this seeming reversal, we recall Lemma
2. It showed that taking the mirror image preserves
the ranking in terms of Nth-degree riskiness for N
even but reverses it for N odd. An Nth-degree risk in-
crease of a risky benefit always increases the Nth-de-
gree riskiness of the payoff distribution. This lowers
the welfare of an Nth-degree risk-averse DM, and he

Menegatti and Peter: Changes in Risky Benefits and Risky Costs: The Right Order
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reacts by reducing exposure to risk.6 For a risky cost,
the Nth-degree risk increase raises the Nth-degree
riskiness of the payoff distribution if N is even but
lowers it if N is odd. The link between the Nth-degree
riskiness of the cost and the Nth-degree riskiness of
the payoff distribution now depends on the order of
the risk change because of Lemma 2. An Nth-degree
risk-averse DM is worse off for N even and thus,
reduces exposure to risk, but it is better off for N odd,
allowing him to increase exposure to risk.7

We will now relax the assumption of (N + 1) th-de-
gree risk neutrality in Proposition 1.

Definition 4. (Eeckhoudt and Schlesinger 2008) When
(−1)N+1U(N)(z) > 0, the DM’s relative (N + 1) th-degree
risk aversion is defined as rN+1(z) � −zU(N+1)(z)=
U(N)(z).

The index r2(z) is conventional relative risk aver-
sion, which dates back to Arrow (1963) and Pratt
(1964). r3(z) and r4(z) denote relative prudence and
relative temperance, respectively. Eeckhoudt and
Schlesinger (2008) show that an Nth-degree risk in-
crease in the interest rate raises precautionary saving
if and only if relativeNth-degree risk aversion exceeds
N.8 Chiu et al. (2012) interpret this threshold condition
in terms of a preference over simple lotteries. Our
next result focuses on Nth-degree risk averters but
could easily be extended to Nth-degree risk lovers.

Proposition 2. Consider a DM who is Nth- and
(N + 1)th-degree risk averse with relative (N + 1)th-degree
risk aversion below N. Let X̃2 be an Nth-degree risk in-
crease over X̃1.

i. For a risky benefit, B∗
2≤ SB∗

1 in the risk-taking problem,
and B∗

2≥ SB∗
1 in the risk-mitigation problem.

ii. For a risky cost, B∗
2≤ SB∗

1 in the risk-taking problem ,
and B∗

2≥ SB∗
1 in the risk-mitigation problem if N is even; the

orderings are reversed if N is odd.

We provide a proof in Appendix B. Proposition 2
confirms that the distinction between a risky benefit
and a risky cost matters. If f is differentiable, there is a
simple direct proof, which helps uncover the econom-
ic intuition. The derivative of (5) with respect to b is

f ′(b)f (b)N−1 · f (b) · (X − x0) · (−1)N+2U(N+1)( f (b)
[

·(X − x0) + z0) −N(−1)(N+1)U(N)( f (b) · (X − x0) + z0)
]
:

(7)
Setting t � f (b)(X− x0) + z0, we rearrange the term in
the square bracket to

(−1)N+1U(N)(t+ z0)︸���������︷︷���������︸
≥0

· rN(t+ z0) −N
[ ]
︸������︷︷������︸

≤0

− z0(−1)N+2U(N+1)(t+ z0)︸������������︷︷������������︸
≥0

: (8)

This is negative under our assumptions. The monoto-
nicity of (5) in b then depends entirely on the sign of
f ′(b)f (b)N−1. For a risky benefit, the codomain of f is
positive so f (b)N−1 is also positive. In the risk-taking
problem, f is increasing so (7) is negative and (5) is de-
creasing in b; in the risk-mitigation problem, f is de-
creasing so (7) is positive and (5) is increasing in b.
The ordering of the maximizers then follows from
Lemma 3. For a risky cost, the codomain of f is nega-
tive so f (b)N−1 is negative for N even and positive for
N odd. f is decreasing in the risk-taking problem and
increasing in the risk-mitigation problem. Combining
signs accordingly determines the sign of (7), which
then provides the monotonicity of (5) in b. Finally,
Lemma 3 ranks the maximizers. Table 1 presents these
results intuitively.

The restriction on relative (N + 1) th-degree risk
aversion balances two economic effects, which can be
gleaned from the square bracket in (7). The second
term in the square bracket is negative, representing a
substitution effect. If the risk change lowers the DM’s
welfare, he has an incentive to substitute certain con-
sumption for risky consumption. He can achieve this
by lowering exposure to risk. The first term in the
square bracket is, however, sign ambiguous because
random variables take values above and below x0
with strictly positive probability (see footnote 3). If the
Nth-degree riskiness of the payoff distribution in-
creases, (N + 1)th-degree risk aversion introduces a
precautionary effect to raise consumption in order to
better cope with the increased riskiness. This precau-
tionary motive can affect b in either direction because
the link between b and the payoff is different for X >
x0 than for X < x0. Relative (N + 1) th-degree risk aver-
sion below N ensures that the conflicting portion of
the precautionary effect is dominated.

5. Stochastic Dominance
We will now extend our results to stochastic domi-
nance orders, which are more general than Nth-
degree risk increases. To obtain consistent results,
different stochastic ordering assumptions need to be
used for a risky benefit and a risky cost. This finding
reinforces and expands the relevance of our main dis-
tinction in this paper. We start with the following
definition.

Definition 5. (Liu 2014) For integers N ≥ 1 and 0 ≤
M ≤ N − 1, X̃2 is smaller than X̃1 in the M moments
preserving Nth-order stochastic dominance order if

i. F(k)(x̄) ≤ G(k)(x̄) for k � 1, : : : ,N with equality for
k � 1, : : : ,M+ 1,

ii. F(N)(z) ≤ G(N)(z) for all z ∈ [x, x̄].
For brevity, we say that X̃2 is smaller than X̃1 in the

(M=N) order. For M �N − 1, X̃2 is an Nth-degree risk

Menegatti and Peter: Changes in Risky Benefits and Risky Costs: The Right Order
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increase over X̃1 because all of the first (N − 1) mo-
ments are preserved. For M � 0, X̃2 is dominated by
X̃1 by Nth-degree stochastic dominance because none
of the lower moments need to coincide. The (M=N) or-
der provides an umbrella over these risk changes and
allows for intermediate cases where some but not all
lower moments are preserved. We now state the char-
acterization of the (M=N) order in terms of expected
utility.

Lemma 4. (Liu 2014) The following two statements are
equivalent:

i. X̃2 is smaller than X̃1 in the (M=N) order.
ii. EU(X̃2) ≤ EU(X̃1) for any function U(z) such that

(−1)k+1U(k)(z) ≥ 0 for k �M+ 1, : : : ,N.

DMs with such preferences are called mixed risk
averse from order (M+ 1) to N. Caballé and Poman-
sky (1996) introduced the term mixed risk aversion for
utility functions that are Nth-degree risk averse for all
N ∈ N. These DMs exhibit a preference for combining
good with bad (Eeckhoudt and Schlesinger 2006).
Mixed risk aversion ensures mutual aggravation of
risks and greater mutual aggravation for greater risks
(Ebert et al. 2018).9

Risk changes in the (M=N) order have clear-cut
comparative static effects in linear-payoff problems
with a risky benefit. Let X̃2 be smaller than X̃1 in the
(M=N) order, and let B∗

i be the associated maximizers
for i � 1, 2. The arguments in section 6 of Nocetti
(2016) imply that B∗

2≥ SB∗
1 (B∗

2≤ SB∗
1) if (−1)kf (b)kU(k)

(f (b) · (X− x0) + z0) is increasing (decreasing) in b for
all X and all k �M+ 1, : : : ,N. We obtain the following
result.

Theorem 1. (Risky Benefit) For N ≥ 1 and 0 ≤ M
≤ N − 1, consider a DM who is mixed risk averse from or-
der (M+ 1) to (N + 1) with relative (k+ 1)th-degree risk
aversion below k for k �M+ 1, : : : ,N. If X̃2 is smaller than
X̃1 in the (M=N) order, then B∗

2≤ SB∗
1 in the risk-taking

problem, and B∗
2≥ SB∗

1 in the risk-mitigation problem.

Clearly, Proposition 2(i) is a special case for
M �N − 1. If a risky benefit becomes smaller in the
(M=N) order, the DM is worse off and compensates
the risk change by lowering exposure to risk. For a ris-
ky cost, the (M=N) order is not suitable to generalize
our results because the ranking of the maximizers al-
ternates as we move up the orders for Ekern (1980)
risk increases. Lemma 2 provides the clue for a reme-
dy and motivates the following definition.

Definition 6. For integers N ≥ 1 and 0 ≤ M ≤ N − 1,
we say that X̃2 is larger than X̃1 in the reversed M
moments preserving Nth-order stochastic domi-
nance order if −X̃2 is smaller than −X̃1 in the M mo-
ments preserving Nth-order stochastic dominance
order.

For brevity, we say that X̃2 is larger than X̃1 in the
reversed (M=N) order. Because of Lemma 4, this is the
case if and only if EU(X̃2) ≥ EU(X̃1) for any function
U(z) such that U(k)(z) ≥ 0 for k �M+ 1, : : : ,N. We can
therefore think of the reversed (M=N) order as the
counterpart to the Liu (2014) (M=N) order but for
mixed risk lovers. It is the integral order generated by
the collection of the corresponding utility functions
(see Denuit et al. 1999). The terminology “reversed”
conveys that the ordering of the mirror images of two
random variables with respect to the (M=N) order in-
forms about their ranking in the reversed (M=N)
order.10

Several special cases are useful for intuition.11

When X̃2 is larger than X̃1 in the reversed (N − 1=N)
order, then X̃2 is an Nth-degree risk increase (de-
crease) over X̃1 when N is even (odd). When applied
to a risky cost, this lowers the welfare of Nth-degree
risk averters because of Lemma 2. If X̃2 is larger than
X̃1 in the reversed X̃1 order, then X̃2 is larger than X̃1

in the so-called Nth-increasing convex order (Denuit
et al. 1998). When applied to a risky cost, it makes
DMs worse off who are mixed risk averse up to
order N.

Risk changes in the reversed (M=N) order have un-
ambiguous comparative static effects in linear-payoff
problems with a risky cost. For payoff function (1), de-
fine g(b) � −f (b), Ỹ � (x̄ − X̃) and y0 � (x̄ − x0). Then, it
holds that

z(X̃,b) � f (b) · (X̃ − x0) + z0 � g(b) · (Ỹ − y0) + z0: (9)

Function g has the opposite monotonicity and sign of
the codomain than f. X̃ is a positive random variable
with realizations above and below x0, each with strict-
ly positive probability. However, then Ỹ is also a posi-
tive random variable with realizations above and be-
low y0, each with strictly positive probability. Let X̃2

be larger than X̃1 in the reversed (M=N) order; then,
Ỹ2 � (x̄ − X̃2) is smaller than Ỹ1 � (x̄ − X̃1) in the
(M=N) order. We apply Theorem 1 to the cases where
g represents a risky benefit, which covers precisely
those cases where f represents a risky cost. This yields
our last result.

Theorem 2. (Risky Cost) For N ≥ 1 and 0 ≤ M ≤ N − 1,
consider a DM who is mixed risk averse from order (M+ 1)
to (N + 1) with relative (k+ 1)th-degree risk aversion bound-
ed by k for k �M+ 1, : : : ,N. If X̃2 is larger than X̃1 by the
reversed (M=N) order, then B∗

2≤ SB∗
1 in the risk-taking prob-

lem, and B∗
2≥ SB∗

1 in the risk-mitigation problem.

Proposition 2(ii) is a special case for M �N − 1. If a
risky cost becomes larger in the reversed (M=N) order,
the DM is worse off and compensates for the risk
change by lowering exposure to risk. Collectively, The-
orems 1 and 2 demonstrate that obtaining consistent
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results for mixed risk-averse DMs is a question of the
right order. For a risky benefit, the (M=N) order is suit-
able, whereas a risky cost requires the reversed (M=N)
order instead.

6. Applications
In this section, we present five applications to illus-
trate the versatility of the linear-payoff model and to
show the implications of the differences between a ris-
ky benefit and a risky cost in several well-known deci-
sion problems.

6.1. Portfolio Problem
We start with the standard portfolio problem, which
dates back to Rothschild and Stiglitz (1971) and Fish-
burn and Porter (1976). An investor allocates his
wealth w between a risk-free asset with return r ≥ 0
and a risky asset with return X̃. Decision variable α
denotes the amount invested in the risky asset and
(w− α) the amount invested risk free. We assume 0 ≤
α ≤ wr=(r− x) to exclude short selling and ensure pos-
itive consumption. The investor maximizes his ex-
pected utility by solving maxαEU(αX̃ + (w−α)r). The
first row of Table 2 classifies the portfolio problem as
a risk-taking problem with a risky benefit, and Theo-
rem 1 applies.

Corollary 1. Let the investor be mixed risk averse from or-
der (M+ 1) to (N + 1) with relative (k+ 1)th-degree risk
aversion below k for k �M+ 1, : : : ,N. If the asset’s return
becomes smaller in the (M=N) order, the investor reduces
his optimal investment.

Corollary 1 contains proposition 2 of Chiu et al.
(2012) as a special case for M �N − 1 or M � 0. It also
covers some of the results of Hadar and Seo (1990).
Specifically, under the assumptions made, an Nth-de-
gree risk increase lowers the optimal investment.

6.2. Coinsurance Problem
A related problem is the coinsurance problem, which
was introduced by Mossin (1968) and Smith (1968).
An insuree has initial wealth w, which is subject to a
random loss X̃. He can insure a share of this loss
against payment of a premium. Parameter β denotes
the coinsurance rate, and we assume 0 ≤ β ≤ 1.12 The
premium is given by β(1+λ)μ where λ ≥ 0 denotes a
loading factor and μ � EX̃ > 0 the expected loss. The
insuree maximizes expected utility by solving
maxβEU(w− β(1+λ)μ− (1− β)X̃). The second row of
Table 2 classifies the coinsurance problem as a risk-
mitigation problem with a risky cost, and Theorem 2
applies.

Corollary 2. Let the insuree be mixed risk averse from or-
der (M+ 1) to (N + 1) with relative (k+ 1)th-degree risk
aversion below k for k �M+ 1, : : : ,N. If the loss becomes
larger in the reversed (M=N) order, the insuree increases
his optimal insurance demand.

Dionne and Gollier (1992), Hadar and Seo (1992),
and Meyer (1992) provide some results on first- and
second-order risk effects in the coinsurance model.
Corollary 2 contains their results as special cases and
extends them to higher orders. In particular, under
our assumptions, an Nth-degree risk increase in the
loss distribution increases optimal insurance demand
if N is even and reduces it if N is odd. The coinsurance
problem has rarely been studied separately in the lit-
erature because of the commonly held belief that it is
isomorphic to the standard portfolio problem.13 A
comparison of Corollaries 1 and 2 reveals that consis-
tent results are only obtained when the stochastic
dominance order is adjusted accordingly.

6.3. Output Choice
Sandmo (1971) introduced the problem of optimal
output choice in a competitive market. w denotes the

Table 2. Examples of Linear-Payoff Problems and Their Classification

Problem Type x0 z0 f(b) B C

Portfolio problem Risk taking, risky benefit r wr f(b) � b 0, wr
r−x

[ ]
0, wr

r−x

[ ]
with b � α

Coinsurance problem Risk mitigation, risky cost (1+λ)μ w− (1+λ)μ f (b) � −(1− b) [0, 1] [−1, 0]
with b � β

Output choice with risky price Risk taking, risky benefit c w – F f(b) � b 0, w−F
c−x

[ ]
0, w−F

c−x

[ ]
with b � y

Output choice with risky cost Risk taking, risky cost p w – F f (b) � −b 0, w−F
x̄−p

[ ]
−w−F

x̄−p , 0
[ ]

with b � y
Hedging a risky return Risk mitigation, risky benefit p w + p f (b) � (1− b) [0, 1] [−1, 0]

with b � γ

Notes. In the standard portfolio problem, w denotes wealth, r is the return of the risk-free asset, and α is the amount invested in the risky asset
with random return X̃. In the coinsurance problem, w denotes wealth, λ is the loading factor, μ is the expected loss, and β is the coinsurance rate
of the random loss X̃. In the output choice problem, w denotes initial wealth, F is a fixed cost of production, c is a variable cost of production, and
p is the per-unit price of the output. X̃ denotes either the random price or the random variable cost, and y is the level of output. In the problem of
hedging a risky return,w denotes wealth, p is a fixed price, and γ is the share of the random return X̃ that is being hedged.
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firm owner’s initial wealth and y ≥ 0 the firm’s out-
put. Production involves a fixed cost F with 0 < F < w
and a variable cost c > 0. The per-unit price of output
on the market is p > 0. We distinguish between a risky
price and a risky cost, depending on whether p or c is
uncertain at the time the production decision is made.
If X̃ denotes a risky price, the firm owner solves
maxy≥0EU(w+ (X̃ − c)y− F). The third row of Table 2
classifies this as a risk-taking problem with a risky
benefit. If X̃ denotes a risky cost, the firm owner sol-
ves maxy≥0EU(w+ (p− X̃)y− F). The fourth row of
Table 2 classifies this as a risk-taking problem with a
risky cost. Theorems 1 and 2 apply, respectively.

Corollary 3. Let the firm owner be mixed risk averse from
order (M+ 1) to (N + 1) with relative (k+ 1)th-degree risk
aversion below k for k �M+ 1, : : : ,N. If the output price
becomes smaller in the (M=N) order, the firm owner re-
duces his optimal output.

Corollary 4. Let the firm owner be mixed risk averse from
order (M+ 1) to (N + 1) with relative (k+ 1)th-degree risk
aversion below k for k �M+ 1, : : : ,N. If the variable cost
becomes larger in the reversed (M=N) order, the firm owner
reduces his optimal output.

Corollary 3 contains proposition 3 of Chiu et al.
(2012) as a special case for M �N − 1 or M � 0. It also
covers the Cheng et al. (1987) result about production
under price risk. Corollary 4 is new because the case
of a risky cost has been neglected so far in the litera-
ture. As in the comparison of the portfolio problem
and the coinsurance problem, consistent results re-
quire the use of the appropriate stochastic dominance
order.

6.4. Hedging a Risky Return
Our final illustration covers the missing case in Defini-
tion 1, which is risk mitigation with a risky benefit.
Consider the problem of hedging a risky return.
Hedging output price risk for a given level of produc-
tion is a possible example. Another one is a DM who
anticipates a random return (for example, because he
owns a patent) and considers selling a share of the re-
turn for a fixed price to hedge the risk. If X̃ denotes
the random return, p > 0 the available fixed price, and
γ the share the DM is willing to hedge with
0 ≤ γ ≤ 1, he maximizes expected utility by solving
maxγ∈[0,1] EU(w+ (1− γ)X̃ + γp). The fifth row of Ta-
ble 2 classifies this problem as risk mitigation with a
risky benefit, and Theorem 1 applies.

Corollary 5. Let the DM be mixed risk averse from order
(M+ 1) to (N + 1) with relative (k+ 1)th-degree risk aver-
sion below k for k �M+ 1, : : : ,N. If the random return be-
comes smaller in the (M=N) order, the DM increases his
demand for hedging.

7. Conclusion
In this paper, we provide a unifying expected utility
framework to organize and extend the comparative
static effects of risk on behavior. Specifically, we use
the Dionne et al. (1993) linear-payoff model, which en-
compasses many applications. We derive the mono-
tone comparative statics of Ekern (1980) Nth-degree
risk increases and detect a discrepancy between prob-
lems with a risky benefit and problems with a risky
cost. DMs compensate for the risk increase of a benefit
by lowering exposure to risk. When facing a risky cost
instead, DMs reduce exposure to risk for even-order
risk increases but increase exposure to risk for odd-or-
der risk increases. This alternating pattern comes from
the fact that odd-order risk increases are directional,
whereas even-order risk increases are not. Therefore,
the link between the Nth-degree riskiness of a cost
and the Nth-degree riskiness of the payoff depends on
the order of the risk change. This also implies that
different stochastic ordering assumptions need to be
used for a risky benefit than a risky cost in order to
obtain consistent results. The equivalence between
problems with a risky benefit and problems with a ris-
ky cost is thus a question of the right (stochastic) or-
der. Lastly, we apply our results to different decision
problems under risk: the standard portfolio problem,
the coinsurance problem, the problem of output
choice with a risky price or a risky cost, and the prob-
lem of hedging a risky return.
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Appendix A. Proof of Proposition 1
To determine the monotonicity of (5) in b, take b′,b ∈ B
with b′ ≥ b. It holds that

(−1)Nf (b′)NU(N)( f (b′) · (X− x0) + z0)
− (−1)Nf (b)NU(N)( f (b) · (X− x0) + z0)

� (−1)Nf (b′)NU(N)( f (b′) · (X− x0) + z0)
− (−1)Nf (b)NU(N)( f (b′) · (X− x0) + z0)
+ (−1)Nf (b)NU(N)( f (b′) · (X− x0) + z0)
− (−1)Nf (b)NU(N)( f (b) · (X− x0) + z0)

� (−1)N f (b′)N − f (b)N
[ ]

U(N)( f (b′) · (X− x0) + z0):

(A.1)

The second equality utilizes U(N)(f (b′) · (X− x0) + z0) �
U(N)( f (b) · (X− x0) + z0), which follows from U(N)(z) being
constant because of (N+ 1) th-degree risk neutrality. We
can now exploit the classification developed in Definition
1 to examine the various cases.
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In the risk-taking problem with a risky benefit, f is in-
creasing with positive codomain. So, f (b′)N ≥ f (b)N, and
(A.1) is negative (positive) for Nth-degree risk averters
(lovers). Then, (5) is decreasing (increasing) in b, implying
B∗
2≤ SB∗

1 (B∗
2≥ SB∗

1). This demonstrates (i).
For (ii), recall that f is decreasing and has a positive co-

domain in the risk-mitigation problem with a risky bene-
fit. In this case, f (b′)N ≤ f (b)N, so that (5) is increasing (de-
creasing) in b for Nth-degree risk averters (lovers),
resulting in B∗

2≥ SB∗
1 (B∗

2≤ SB∗
1).

In the risk-taking problem with a risky cost, f is de-
creasing and has a negative codomain. So, 0 ≥ f (b′) ≥ f (b),
which implies f (b′)N ≥ (≤) f (b)N for N even (odd). The
sign condition on U(N)(z) then makes (5) decreasing (in-
creasing) in b for Nth-degree risk averters (lovers) when N
is even. The monotonicity of (5) in b reverses when N is
odd. This shows (iii).

For (iv), utilize that f is increasing and has a negative
codomain. Then, 0 ≥ f (b′) ≥ f (b) so that f (b′)N ≤ (≥) f (b)N
for N even (odd). Combining this with the sign of U(N) al-
lows us to establish whether (5) is increasing or decreas-
ing in b, which completes the proof.

Appendix B. Proof of Proposition 2
According to Chiu et al. (2012, theorem 2 and lemma 2),
relative (N+ 1) th-degree risk aversion bounded by N
implies a lottery preference of Ldis(w) � [0:5,k1X̃2 +w;
0:5, k2X̃1 +w] over Lcon(w) � [0:5,k2X̃2 +w; 0:5,k1X̃1 +w]
for any w ≥ 0, k2 ≥ k1 ≥ 0 and any Nth-degree risk in-
crease from X̃1 to X̃2. For Ldis, the larger risk has the
smaller scaling factor, and the smaller risk has the larger
scaling factor. The risk increase and the scaling increase
are discordant. Matters are reversed for Lcon so the risk in-
crease and the scaling increase are concordant. In ex-
pected utility terms, a preference of Ldis over Lcon is equiv-
alent to

EU(k1X̃1+w)−EU(k2X̃1+w) ≤ EU(k1X̃2+w)−EU(k2X̃2+w),
(B.1)

so scaling down the larger risk is more valuable than
scaling down the smaller risk. With the help of auxil-
iary function, Ψ(X) �U(k1X+w) −U(k2X+w), In-
equality (B.1) becomes EΨ(X̃1) ≤ EΨ(X̃2). By Denuit
et al. (1999), this holds for any Nth-degree risk in-
crease if and only if (−1)N+1Ψ(N)(X) ≤ 0 (see also
Jouini et al. 2013, lemma 1 and our explanation after
Lemma 1). We rearrange the condition on Ψ as
follows:

(−1)NkN2 U(N)(k2X+w) ≤ (−1)NkN1 U(N)(k1X+w): (B.2)

In the risk-taking problem with a risky benefit, b′ ≥ b im-
plies f (b′) ≥ f (b) ≥ 0. Therefore, relative (N+ 1) th-degree
risk aversion bounded by N implies

(−1)Nf (b′)NU(N)( f (b′)X− f (b′)x0 + z0)
≤ (−1)Nf (b)NU(N)( f (b)X− f (b′)x0 + z0): (B.3)

Furthermore, f (b′)x0 ≥ f (b)x0 and (−1)NU(N)(z) is increas-
ing in z because of (N+ 1) th-degree risk aversion. As a

result,

(−1)Nf (b)NU(N)(f (b)X− f (b′)x0 + z0)
≤ (−1)Nf (b)NU(N)(f (b)X− f (b)x0 + z0): (B.4)

This ensures that (5) is decreasing in b so that B∗
2≤ SB∗

1 per
Lemma 3. In case of risk mitigation with a risky benefit,
the argument is identical except for the fact that b′ ≥ b ≥
0 now implies f (b) ≥ f (b′) ≥ 0 so that (5) is increasing in b.
This shows (i).

For (ii), we first need to revisit the lottery preference
between Ldis and Lcon for negative scaling factors
k2 ≤ k1 ≤ 0. We use the Chiu et al. (2012) notation for com-
parability. Define Q(k, X̃1, X̃2) � EU(kX̃1 +w) −EU(kX̃2+
w); the preference of Ldis over Lcon is equivalent to
Q(k2, X̃1, X̃2) ≥ Q(k1, X̃1, X̃2) and is thus characterized by
the monotonicity of Q in k. Introducing auxiliary function
Φ(X) � X ·U′ (kX+w), we obtain

∂Q(k, X̃1, X̃2)
∂k

� EX̃1U′(kX̃1 +w) −EX̃2U′(kX̃2 +w)
� EΦ(X̃1) −EΦ(X̃2): (B.5)

To sign this expression for any Nth-degree risk increase
from X̃1 to X̃2, we determine the sign-adjusted Nth deriv-
ative of Φ as follows:

(−1)N+1Φ(N)(X) � (−1)N+1NkN−1U(N)(kX+w)
+ (−1)N+1kNXU(N+1)(kX+w)

� kN−1 · {(−1)N+1U(N)(kX+w) · N− rN(kX+w)[ ]
+w(−1)N+2U(N+1)(kX+w)

}
: (B:6)

If relative (N+ 1) th-degree risk aversion is below N, the
curly bracket is positive for a DM who is Nth- and (N+ 1)
th-degree risk averse. k is negative so the sign of
(−1)N+1Φ(N)(X) is entirely determined by the order of the
risk change. If N is even, Φ is Nth-degree risk loving so
that Q is decreasing in k, resulting in Ldis being preferred
over Lcon. If N is odd, Φ is Nth-degree risk averse, which
makes Q increasing in k so that Lcon is preferred over Ldis.

If N is even, we obtain Inequality (B.2) with a similar
argument as before but now for k2 ≤ k1 ≤ 0. In the risk-
taking problem with a risky cost, b′ ≥ b implies f (b′) ≤
f (b) ≤ 0. Rewrite the payoff function as follows:

z(X,b) � f (b) · (X− x̄) + f (b)(x̄ − x0) + z0: (B.7)

Nth-degree risk changes are preserved under additive
shifts,14 and the preference between Lcon and Ldis does not
depend on whether X̃1 and X̃2 are positive or negative
random variables. As a result, we obtain

(−1)Nf (b′)NU(N)( f (b′)(X− x0) + z0)
� (−1)Nf (b′)NU(N)( f (b′)(X− x̄) + f (b′)(x̄ − x0) + z0)
≤ (−1)Nf (b)NU(N)( f (b)(X− x̄) + f (b′)(x̄ − x0) + z0)
≤ (−1)Nf (b)NU(N)( f (b)(X− x̄) + f (b)(x̄ − x0) + z0)

� (−1)Nf (b)NU(N)( f (b)(X− x0) + z0):

(B.8)

The first inequality follows from (B.2), and the second in-
equality follows from f (b′)(x̄ − x0) ≤ f (b)(x̄ − x0) coupled
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with (−1)NU(N)(z) being decreasing in z because of (N+ 1)
th-degree risk aversion. So, (5) is decreasing in b and
B∗
2≤ SB∗

1 per Lemma 3. In the risk-mitigation problem with
a risky cost, the argument is identical and even simpler
because the payoff function does not have to be rewritten.
When N is odd, the lottery preference between Ldis and
Lcon is reversed, which reverses Inequality (B.2), and
(−1)NU(N)(z) being decreasing in z because of (N+ 1) th-
degree risk aversion implies for (−1)Nf (b)NU(N)(z) to be in-
creasing in z because f (b)N is negative. This completes the
proof.

Endnotes
1 We review some of this literature in an earlier working paper (see
Menegatti and Peter 2020).
2 If f is affine, concavity of U implies concavity of the objective func-
tion in b. In this case, the solution to (2) is unique. We do not pre-
suppose concavity of U. Our results also apply to risk lovers who
have been receiving increased attention recently (Crainich et al.
2013, Ebert 2013).
3 If X̃ ≥ x0 almost surely, the solution to Problem (2) is maxb∈B f (b)
for f increasing and minb∈Bf (b) for f decreasing, independent of the
specific distribution of X̃. We obtain a corner solution, and any risk
change can only have one possible effect on the maximizers of ex-
pected utility. The same applies to X̃ ≤ x0 almost surely.
4 For any two subsets D and D′ of R, D≥ SD′ if for any d ∈D and
d′ ∈D′, it holds that max{d,d′} ∈D and min{d,d′} ∈D′. Likewise,
D′ ≤ SD is defined by D≥ SD′.
5 Scott and Horvath (1980) and Menegatti (2001) show that a utility
function with domain R

+ cannot be Nth-degree risk averse and
(N+ 1) th-degree risk neutral at the same time. Therefore, the re-
sults in Proposition 1 for Nth-degree risk averters require restriction
of the utility function to a bounded domain.
6 He cannot offset the welfare effect of the risk increase. For bi ∈ B∗

i , i
� 1, 2, an envelope argument yields

EU(z(X̃2,b2)) ≤ EU(z(X̃1,b2)) ≤ EU(z(X̃1,b1)): (6)

The first inequality follows from Nth-degree risk aversion, and
the second inequality follows from Equation (4). The first inequali-
ty is strict if the risk increase is strict, the DM strictly Nth-degree
risk-averse, and f (b2)≠ 0.
7 Ebert (2020) discusses a similar reversal in a different context. Al-
though payoff prudence relates to a preferences for positive skew-
ness, he finds that discount prudence relates to a preference for
negative skewness. The underlying reason is that higher payoffs are
good for the DM, whereas longer delays are bad.
8 As pointed out by Jouini et al. (2013), the assumption of zero labor
income in the Eeckhoudt and Schlesinger (2008) model is not with-
out loss of generality.
9 Brockett and Golden (1987) were the first to study mixed risk-
averse utility functions, albeit with a different terminology. See also
Menegatti (2015) for some recent results.
10 A similar terminology can be found in a different context. A ran-
dom variable is larger than another one in the reversed hazard rate
order if its mirror image is smaller than the mirror image of the oth-
er one in the hazard rate order (see Shaked and Shanthikumar
2007).
11 If X̃2 is larger than X̃1 in the reversed (0/1) order, then X̃2 is a
first-degree risk decrease over X̃1. When applied to a risky cost, the
DM is worse off because the cost will be higher on average. If X̃2 is
larger than X̃1 in the reversed (1/2) order, then X̃2 is a Rothschild
and Stiglitz (1970) increase in risk over X̃1. When applied to a risky

cost, a risk-averse DM will be worse off. If X̃2 is larger than X̃1 in
the reversed (0/2) order, then X̃2 is larger than X̃1 in the increasing
convex order (Liu and Meyer 2017). So, X̃2 is “larger” and “more
variable” than X̃1, making it an undesirable change when applied
to a risky cost for a DM with increasing and concave utility
function.
12 β ≥ 0 rules out short selling of insurance, and β ≤ 1 precludes
overinsurance, which is known as the “principle of indemnity” in
the insurance economics literature.
13 Eeckhoudt et al. (2005) state that the standard portfolio problem
is “formally equivalent to the program … describing the coinsur-
ance problem.” Similarly, Schlesinger (2013) refers to the
“equivalence of the portfolio problem and the insurance problem”
when discussing the comparative statics of risk on insurance de-
mand. In a recent survey on stochastic dominance rules, Kim and
Ryu (2020) write that the case of a risky cost “can be handled with
appropriate modifications”without spelling out what these are.
14 If X̃2 is an Nth-degree risk increase over X̃1, then (X̃2 − x̄) is an
Nth-degree risk increase over (X̃1 − x̄).
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