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Home is behind, the world ahead,

And there are many paths to tread

Through shadows to the edge of night,

Until the stars are all alight.

J.R.R. Tolkien, A Walking Song
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Chapter 1

Introduction

1.1 The ΛCDMmodel

The attempt to understand the universe has led to the formulation of the current standard

cosmological model, known as the Λ-Cold Dark Matter model (hereafter ΛCDM).

The cosmos seems to possess structures on dimensions up to several tens of Mpc, but the

data strongly supports isotropy and homogeneity at larger scales. This can be regarded as

the primary evidence for the Cosmological Principle: on vast scales, the universe manifests

as both homogeneous and isotropic, thus presenting the same characteristics to any observer

at a specific cosmic moment. As a consequence, on cosmological scales, the distribution of

matter in the universe is both homogeneous and isotropic. Looking for a solution to Einstein’s

field equations with these symmetries, we get the Friedmann-Robertson-Walker (FRW) metric,

which predicts the expansion of the Universe.

While on smaller scales the universe manifests as non-uniform, these postulates are cor-

roborated on larger and intermediary scales from evidences such as the Cosmic Microwave

Background (CMB), galaxy clusters, and observations in the radio and X-ray spectra among

others [1]. The CMB radiation is emblematic of an almost perfect black body radiation, pop-

ulated by photons with a mean temperature given by TCMB ≈ 2.7K. This radiation is a relic

of the early phases of the universe when it was opaque to radiation. As the universe became

transparent during the hydrogen recombination epoch, approximately 380, 000 years after to

the Big Bang, these photons could stream freely and we observe them at the present time. An
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experimental proof of universe’s predominant isotropy and homogeneity are the little relative

temperature variations (
δT
T

≈ 10−5
) that can be found uniformly across the sky.

The constituents contributing to the matter-energy composition of the universe are pri-

marily five. The amount of a particular species can be quantified via the abundance parameter

Ω ≡ ρ
ρc

, where ρ represents the density of the species in question, and ρc denotes the critical

density. As postulated in the ΛCDM model, the current constitution of our universe is:

• Baryonic Matter (Ωb ≃ 0.05): this is the ordinary matter composed of electrons, protons,

and neutrons.

• Cold Dark Matter (Ωcdm ≃ 0.26): this represents a portion of matter whose composi-

tion remains elusive, potentially including non-baryonic elements. It does not interact

with radiation, hence its designation as “dark”. The adjective “cold” comes from the

understanding that this matter decoupled from other components when its constituent

particles were non-relativistic.

• Dark Energy (ΩΛ ≃ 0.69): this component was introduced to explain the observed ac-

celerated expansion of the universe, evidence for which can be derived from Type Ia

Supernovae observations. In General Relativity, dark energy corresponds to the cosmo-

logical constant (Λ) postulated by Einstein.

• Radiation (Ωr ≃ 10−5
): the radiation fraction of the universe, mainly photons, offers a

minor contribution to today’s overall energy.

• Neutrinos: in the early universe, neutrinos were highly relativistic and contributed to

the radiation density. However, as the universe expanded and cooled, neutrinos decou-

pled from other particles and became non-relativistic. Their free-streaming nature can

suppress the growth of matter fluctuations on small scales, leaving small imprints in

the large scale structure. The impact of neutrinos on the CMB anisotropies and matter

power spectrum makes them a target of precision cosmology.

According to the ΛCDM model, roughly 26% of the universe’s total mass-energy content is

thought to be dark matter. This constituent was historically proposed to reconcile observations



related to galaxy velocity curves. The luminous mass density in a spiral galaxy diminishes

as one progresses from its center to its outer periphery. Consequently, based on Kepler’s

second law, one would anticipate the rotational velocities of stars orbiting the galaxy’s center

to decrease as their distance from the center increases. However, the predicted velocity curve

diverges from the observed data. Experimental results show that the rotation curves of spiral

galaxies maintain a flat trajectory well beyond zones dominated by luminous matter [2, 3].

This discrepancy is resolved by theorizing that spiral galaxies are surrounded by large dark

matter halos. The mass of these halos is presumed to range between 3 to 10 times the mass

associated with a galaxy’s luminous segment.

Further indications of dark matter’s presence in the universe come from galaxy clusters

analyses. Within these clusters, the gravitational mass responsible for keeping galaxies in

their orbits is inconsistent with the luminous mass. This discordance suggests the necessity

for an additional, dark matter component. Another piece of evidence comes from weak grav-

itational lensing observations. In the absence of dark matter, the power spectrum associated

with temperature anisotropies in the CMB would manifest a different structural composition.

Finally, a critical proof for the existence of dark matter comes from the fact that the universe’s

structures could form by today. In fact, up to recombination, if the matter were only baryonic,

radiation pressure would smooth out density fluctuations and gravitational potentials. Since

dark matter remains inert to radiation, it could establish the gravitational potential wells, start-

ing from long before recombination. In such a way, gravitational potentials were deep enough

during the dark ages for gas cooling and condensation, ending in the genesis of galaxies.

The second ingredient in our understanding of the universe is the evidence for its expan-

sion. This expansionary hypothesis was first theoretically proposed by Friedmann in 1922. It

was later highlighted in 1927 by Lemaitre and subsequently in 1929 by Hubble, who used the

period-luminosity correlation pertaining to Cepheid variables discovered by Leavitt in 1908.

Their collective observations established a direct proportional relationship between an object’s

(proper) distanceD and its velocity along the line of sight (LOS) denoted as v. This relationship

shows that the universe is in a state of expansion, such that objects positioned farther away

from us recede at a more rapid velocity. Such observations were included into the formulation



of the Hubble(-Lemaitre) law:

v = H0D (1.1)

where H0 is the proportionality constant between distance and speed, also known as

Hubble(-Lemaitre) constant. The Hubble parameter is often parameterized in terms of its di-

mensionless equivalent

h =
H0

100 km/(sMpc)
(1.2)

The cosmological constant Λ is a component with constant energy density, at first intro-

duced by Einstein. Originally, it was meant to describe a static universe solution in General

Relativity, which is however unstable. Recently, the cosmological constant has been reintro-

duced to describe cosmological dynamics. This was mainly based on observations of high-

redshift Type-1A supernovae, which are standardizable candles in cosmology. The Hubble

diagram derived from these supernovae observations shows inferred absolute luminosities

decreasing with the redshift. This would suggest an acceleration in the Hubble expansion,

counter to the intuitive deceleration induced by self-gravity. In order to reconcile observa-

tions with an accelerating expansion, one needs a positive cosmological constant.

In the epoch characterized by matter’s dominance, cosmic structures, like galaxy clusters,

materialized as a consequence of gravitational instability. In later cosmic epochs, roughly

around z ∼ O(0.5), the prevailing influence shifted towards the dark energy, represented by

Λ. This transition is the driving force behind the universe’s ongoing phase of accelerated ex-

pansion.

1.1.1 The inflationary universe

The standard narrative of the universe’s history is filled with numerous challenges. One of the

most important is the observed uniformity and flatness of the universe: we need to understand

why and how the cosmos is so homogeneous, isotropic, and flat. A universe with only radiation

cannot smooth out perturbations, making it difficult to understand how different regions of



the universe appear causally connected. This link is shown by the uniform temperature of the

cosmic microwave background (CMB) radiation observed from every direction in the sky.

Another problem lies in the measured curvature of the universe. The fact that its value is

so close to zero suggests a fine-tuning that is not easily justifiable without some underlying

reason.

Additionally, numerous advanced theoretical models, such as Grand Unified Theories (GUTs)

and string theory, predict phenomena like domain walls, cosmic strings, and magnetic monopoles

— yet these remain absent from our observations.

According to the ΛCDM model, a potential resolution to these fine-tuning dilemmas is

an early period of accelerated cosmic expansion. This inflationary phase could ensure causal

connectivity across the universe and effectively “reset” any initial conditions that would clash

with current observations, reconciling theory with our data. The idea is that during the early

stages of the universe, the expansion of the universe was driven by a scalar field named the

inflaton. The quantum perturbations linked to this inflaton field acted as seeds, giving rise

to density variations. After this inflationary phase, the inflaton experienced decay, filling the

universe with relativistic particles. This event is known as the reheating process, subsequent

to which the traditional hot big bang epoch was inaugurated.

1.2 Beyond ΛCDM

Besides a few tensions in the data currently under discussion (see e. g. in [4]), theΛCDM model

is in good agreement with a large number of observations. These range from measurements

associated with the late-time accelerated expansion gleaned from type Ia Supernovae [5, 6],

to the anisotropies in the cosmic microwave background (CMB) [7, 8, 9], and extending to the

baryon acoustic oscillations (BAO) evident in galaxy distribution studies [10, 11]. Due to its

exceptionally precise predictive capabilities across a spectrum of observables - be it the CMB

radiation or the genesis and evolution of large cosmic structures [12, 13, 14] - provided with a

limited number of parameters, the ΛCDM model has firmly established itself as the reigning

cosmological paradigm.

Nevertheless, the phenomenological ΛCDM model does not provide any fundamental ex-



planation for the nature of its dark components, i.e., cold dark Matter and dark energy, despite

the fact that they make up for the vast majority of the energy density of the universe to-

day. Therefore, in order to find an origin for these fundamental, yet elusive, components of

the universe, proposals suggesting physics beyond the ΛCDM model are frequently presented.

The nature of dark matter is still unknown and many are the proposed candidates, such as

baryonic candidates involving neutral hydrogen gas and massive compact halo objects (MA-

CHOs) [15], which are however in strong disagreement with observations, or non-baryonic

candidates that invoke hypothetical particles such as axions [16], sterile neutrinos [17], weakly

interacting massive particles (WIMPs) [18], gravitationally-interacting massive particles (GIMPs) [19],

or supersymmetric particles [20]. Nonetheless, these possibilities have found no experimental

evidence so far.

A promising candidate for dark matter is represented by Primordial Black Holes (PBHs):

this possibility have regained interest in recent years [21, 22, 23] after the first LIGO detection

of a Gravitational Wave (GW) signal emitted from a binary BH merger [24].

Generally DM candidates are classified based on their mass. Within this framework, DM

models extend across a vast range, from ultra-light axion-like entities to macroscopic compact

structures such as BHs. In this work we focused on PBHs possessing masses exceeding 1M⊙.

These PBHs are of interest due to their potential detectability by present and upcoming GW

observatories.

With this perspective, we explored additional constraints on the PBH abundance within

this mass range, especially focusing on bounds from matter accretion into a PBH. The con-

sequent radiation emission from the accretion activity modulates the universe’s thermal evo-

lution, delaying recombination and altering reionization. As a consequence this can be con-

strained with CMB data. Nevertheless, the theoretical modeling of accretion is accompanied

by significant uncertainties, leading to considerable margins of error in the final constraints.

The geometry of accretion and the ionization model, which defines the local temperature gra-

dient near the BH, are examples of these sources of uncertainty.

In our study [25], we have devised an accretion model that incorporates the influence of

outflows, particularly focusing on their impacts on the universe’s thermal history and on the



CMB anisotropies. We focused on various accretion geometries, ionization mechanisms and

PBH mass distributions. The main result is that the large theoretical uncertainties underly-

ing the modelling of the outflows significantly enlarge those already present due to the other

variables. This causes the upper limits on the PBH mass to be large, lying between roughly

0.01 to 100 M⊙ (under the assumption that PBHs constitute the entirety of DM), contingent

on the selected accretion and outflow models. Such fluctuations have strong implications for

the observational window of LVK. Our results justify the need for a more comprehensive and

rigorous modeling approach to PBH accretion, necessary to explore the possibility of PBHs as

DM candidates and potential sources of LVK detected occurrences [25].

The lack of a deep understanding of the fundamental nature of dark energy leaves also

open the possibility of alternative scenarios, such as for instance modified gravity models; see

e.g. [26]. Nevertheless, the cosmological constant remains a problem which revolves around

the discrepancy between the observed value of the cosmological constant (or dark energy)

and its “natural” value. Despite a plethora of modified gravity theories introduced over the

past decades, none have provided a satisfactory resolution to this issue. In fact, while these

theories can successfully reproduce the observed expansion history of the universe and can

explain the acceleration without the need for a cosmological constant, they often introduce

other naturalness or fine-tuning problems. These complications can arise from the additional

degrees of freedom or the specific functional forms introduced to modify the gravitational

action.

In the realm of cosmological theories that go beyond the standard ΛCDM model, cer-

tain scenarios maintain scale-independent linear growth: this includes, but is not limited

to, Jordan-Brans-Dicke theories [27], scalar-tensor theories with scalar fields having horizon-

sized Compton wavelengths, and clustering quintessence models [28, 29]. Other models that

fit within this framework are the EFT of dark energy beyond the linear regime [30, 31, 32],

dark scattering paradigms [33], and k-mouflage models [34, 35, 36, 37].

The normal branch of the Dvali, Gabadadze, and Porrati (nDGP) model and the Effective

Field Theory (EFT) for dark energy beyond a linear approach stand out as notable examples.

These frameworks introduce additional nonlinear interactions. The nDGP model proposes



that our universe is a four-dimensional brane within a five-dimensional Minkowski space.

This implies that gravity functions in five dimensions on broader scales and shifts to a four-

dimensional force in line with General Relativity (GR) on more smaller scales. The transition

between these is identified by the crossover scale rc, which is determined by the ratio of the

gravitational constants in five and four dimensions.

As explored in the following sections, in this analysis we deduce Ωrc ≤ 0.65 at the 95%

C.L. [38] using the BOSS dataset. This constraint is achieved by fixing the primordial amplitude

of fluctuations As to values coming from Planck’s measurements.

These constraint is dependent from the selection of a prior for the Ωrc parameter. To gen-

eralize our results, we also provided a prior-independent constraint on the nDGP parameter

utilizing the Bayes factor [39]. This methodology proves advantageous when constraining pa-

rameters exhibiting non-Gaussian posteriors. Employing this technique, we deduce an upper

limit of Ωrc ≤ 0.2 at the 95% C.L..

Even though our analysis [38] primarily focuses on the nDGP model, a direct expansion

to other scale-independent models is possible. For instance, models described by the com-

prehensive single-field framework of the EFT of dark energy [40, 41, 42, 43, 44] and further

extrapolated beyond linear order [31, 30]. This method allows for improved constraints on

various dark energy and modified gravity theories by combining Planck data with forthcom-

ing surveys. Upcoming research is projected to cover wider regions and capture more galaxies

compared to SDSS-III.

Moving ahead in the direction of using different sources to test beyond-ΛCDM models, we

can focus on the so-called Inter-Galactic Medium (IGM). The primary observable manifestation

of the IGM is the Lyman-α forest, an excellent tracer of the underlying DM distribution [45,

46, 47]. As such, it has been fundamental in setting tight constraints on various non-standard

DM (NSDM) models, including thermal warm DM (WDM) [48], axion-like particles [49], (self-

)interacting DM [50], and PBHs [51].

The central physical observable in Lyman-α forest analyses is the flux power spectrum,

which is influenced by both astrophysical and cosmological factors. However, establishing

the relationship between the parameters characterizing the astrophysical and cosmological



model, and the expected Lyman-α flux is highly intricate. Typically, the alternative DM models

mentioned above can be constrained by the deviation from the ΛCDM linear matter power

spectrum at small scales. This phenomenological parameterization captures the small-scale

deviations induced by a wide range of models [52].

Also a broad range of alternative DM models exhibit the same asymptotic behavior as

the ΛCDM model on intermediate and large scales, rendering their small-scale characteristics

largely independent of the underlying parameters. Even in a purely ΛCDM analysis, Lyman-α

data can provide valuable insights into long-standing discrepancies between early- and late-

universe estimates of cosmological parameters [53], offering independent measurements of

the amplitude of the linear perturbations, smoothed on a 8Mpc/h scale, parametrized by the

σ8 parameter and the primordial spectral index, denoted as ns.

In our work, one of our primary goals is to introduce a dynamic and efficient tool that

facilitates the evaluation of diverse alternative cosmological frameworks using a combined

set of Lyman-α forest data. This data originates from both intermediate and high-resolution

surveys, spanning a redshift range 3.0 ≤ z ≤ 5.4 and encompasses various IGM thermal

histories. These results are accomplished thanks to an innovative collection of N -Body hydro-

dynamic simulations. Additionally, we have designed a new interpolation scheme, enhanced

with Machine Learning (ML) techniques. This approach surpasses previous methods in terms

of precision, theoretical model diversity, and the assimilation of supplementary data.

1.3 Numerical tools for beyond-ΛCDM cosmologies

The synergy between theoretical models and observational data is essential in the scientific

process. The goal is to identify which theories match the observed data. In cosmology, as

models and observational methods have become more complex, there has been a need for

advanced tools for accurate comparisons. Looking ahead to the next decade in cosmology,

with expected vast data from current and future surveys, there is a push to develop quicker,

more accurate codes and enhance data sampling.

At this stage, the constraints might arise more from the limitations of statistical and data-

driven methodologies than from the data itself. Modern computational codes, particularly



those based on Bayesian statistics and machine learning techniques, are emerging as valuable

tools for cosmological research.

In this thesis we explore the role played by these numerical tools and how they can con-

tribute to find answers to the most fundamental questions that still remain in cosmology.

1.3.1 CLASS

The Cosmic Linear Anisotropy Solving System, hereafter CLASS [54, 55], is a Boltzmann solver

that can be generalized to non-minimal cosmological models. A Boltzmann solver is a compu-

tational tool used to solve the Boltzmann equation for the evolution of cosmic perturbations

in the universe. These solvers play a crucial role in modern cosmology by allowing theorists to

compute the theoretical predictions of various cosmological models and then compare them

with observations, especially the temperature and polarization anisotropies in the Cosmic Mi-

crowave Background (CMB) and the distribution of galaxies in large-scale structure surveys.

All the relevant cosmological quantities for this thesis, such as the CMB power spectra, are

computed employing the latest version (v. 3.2) of the CLASS code [56].

In particular, exploring the effects of outflows on accretion of PBHs, we make use of the

energy injection treatment discussed in ref. [57], which is largely based on the ExoCLASS ex-

tension of CLASS [58]. Recombination is solved using the HYREC [59, 60] implementation of

CLASS, while the energy injection and deposition process is computed using the prescriptions

detailed in section 2.4.

1.3.2 PyBird

In this section we introduce the code used to get constraints on different cosmological models,

like LCDM or the nDGP modified gravity model. PyBird [61] is a code
1

based on Refs. [62,

63], written in Python. The program is developed for the computation computation of the

power spectrum and correlation function of matter and biased tracers in real and redshift

space.

The theoretical model is built on the EFTofLSS and a perturbative bias expansion presented

1
See here for the public GitHub repository.

https://github.com/pierrexyz/PyBird


explicitly in [62, 63], and generalized in [64] to go beyond EdS approximation. For a rapid

evaluation, the loop integrals (and the resummation integrals) are computed using the FFTLog

method [65]. See [66, 67, 68] for other publicly available codes based on the EFTofLSS.

PyBird has been crafted for efficient power spectrum evaluation, easily adaptable within

data analysis pipelines. It operates independently, primarily relying on the linear matter power

spectrum, which can be sourced from Boltzmann solvers like CAMB [69] or CLASS [54, 55].

PyBird’s structure is modular, allowing for straightforward adjustments for various tasks, in-

cluding two-loop power spectrum or bispectrum calculations.

1.3.3 Optimized Kriging

In this work we also utilize measurements of the power spectrum of the Lyman-α forest, de-

rived from two distinct QSO spectral samples, the XQ-100 and the combined MIKE/HIRES

datasets. To exploit these data, we built a newly interpolation scheme to be used for Bayesian

inference, enhancing the interpolation method used in prior studies, specifically the Ordi-

nary Kriging method [70, 71, 72, 73]. The interpolation process involves calculating optimal

weights, which are then used to predict ratios of flux power spectra with respect to a given

fiducial model. This improvement is accomplished through the integration of machine learn-

ing techniques, as elaborated in Section 5.1.3. Furthermore, we have built a grid of simulations

to encompass a finer and more extensive range of mean transmitted flux values, denoted as

F̄ (z). This expansion serves to further reduce the theoretical errors associated with our newly

developed Optimized Kriging method.

To determine the optimal values for the hyperparameters, we employ a machine learning-

based optimization process. The primary goal is to minimize the average relative error in

theoretical predictions. To accomplish this, we leverage the Optuna package [74] coupled with

a Tree of Parzen Estimator (TPE) sampler [75, 76] to select the most suitable hyperparameter

values.

1.4 Outline of this work

The thesis is structured as follows.



Chapter 2 presents the impact of outflows on Primordial Black Hole accretion and, subse-

quently, on the constraints for these objects to constitute a relevant fraction of DM. We obtain

constraints on the PBH abundance from CMB data, considering different accretion patterns,

ionization models, and mass distributions. We also account for both mechanical feedback and

non-thermal emissions from outflows. Our results indicate that these outflows add uncertainty

when determining cosmological limits on the PBH abundance. This is especially relevant for

observations in the LIGO-Virgo-KAGRA range.

In chapter 3 we introduce briefly the EFTofLSS and the nDGP model and present the novel

implementation of this model within the public code PyBird [61], which will be used for MCMC

analysis. We evaluate our pipeline using synthetic and simulated data to identify potential

biases in the extracted cosmological parameters from marginalization and theoretical errors.

Our application to the normal branch of the DGP model with a ΛCDM background reveals a

strong degeneracy between the nDGP parameter Ωrc and the primordial fluctuation amplitude

As, leading to biased posteriors.

In chapter 4 we study the extraction of cosmological parameters for beyond ΛCDM models

using simulated CDM halos mocks, in preparation for the future analysis of space satellite

missions like Euclid [77]. These surveys offer an unprecedented opportunity to rigorously

test cosmological models [77, 78, 79]. The analysis is performed with Markov-Chain Monte-

Carlo techniques and is conducted using the PyBird software, using the EFTofLSS as our

theoretical framework.

In chapter 5 we present a newly developed interpolation scheme refined with ML tech-

niques, to test a variety of alternative cosmological models with a joint set of Lyman-α forest

data. This advanced tool could help us to assess various alternate cosmological models us-

ing a combined Lyman-α forest dataset from both intermediate and high-resolution surveys,

covering different IGM thermal histories.

We conclude in chapter 6 with some remarks and possible future developments of this

research.



Chapter 2

Primordial Black Holes Accretion

Should Primordial Black Holes (PBHs) exist in nature, they would inevitably accrete baryonic

matter in their vicinity. In turn, the consequent emission of high-energy radiation could affect

the thermal history of the universe to an extent that can be probed with a number of cosmo-

logical observables such as the Cosmic Microwave Background (CMB) anisotropies. However,

our understanding of the accretion and radiation emission processes in the context of PBHs

is still in its infancy, and very large theoretical uncertainties affect the resulting constraints

on the PBH abundance. Building on state-of-the-art literature, in this chapter we take a step

towards the development of a more realistic picture of PBH accretion by accounting for the

contribution of outflows. Specifically, we derive CMB-driven constraints on the PBH abun-

dance for various accretion geometries, ionization models and mass distributions in absence

and in presence of mechanical feedback and non-thermal emissions due to the outflows. As

a result, we show that the presence of such outflows introduces an additional layer of uncer-

tainty that needs to be taken into account when quoting cosmological constraints on the PBH

abundance, with important consequences in particular in the LIGO-Virgo-KAGRA observa-

tional window.

The chapter is organized as follows. In section 2.1 we briefly introduce the generalities of

PBH and in 2.2 we describe the mechanism of accretion and outline the current status of the

field, while in section 2.3 we present the outflow model considered here in its details, adopt-

ing and extending the main results of [80, 81]. In section 2.4 we succinctly explain how the

accretion process affects the thermal history of the universe. In section 2.5 we discuss the nu-

21



merical implementation of the accretion models, while in section 2.6 we calculate the resulting

CMB anisotropy constraints for monochromatic and extended PBH mass functions, and dis-

cuss their implications for the LVK observed mass range. Finally, we conclude in section 2.7

with a summary of our analysis and closing remarks.

2.1 Primordial Black Holes framework

PBHs are BHs that formed in the very early universe, much before the appearance of the first

stars. Their existence was first suggested in the late ‘60s [82, 83, 84, 85] and they have since

become one of the most popular candidates to make up for at least a fraction of the total DM

content of the universe (see, e.g., refs. [86, 87, 88, 89] for recent reviews). Moreover it has been

suggested that PBHs could also be the seeds for the formation of intermediate mass [90] as

well as super massive [91, 92] BHs, which are believed to reside at the center of most galaxies.

Other observational conundra that are possibly solved by the potential presence of PBHs are

discussed in refs. [93, 88].

Despite these arguments in support of the presence of PBHs, many of their properties, such

as their formation mechanism, abundance or mass distribution, are still unknown [88, 93, 94].

As a consequence, existing constraints on the PBH abundance heavily rely on assumptions

about the BH phenomenology. For instance, it is well known that PBHs, if existing, would

inevitably accrete matter and convert a fraction of the energy released by the accretion into

radiation. The resulting injection of high-energy photons into the cosmological photon bath

would then affect the thermal history of the universe and, thus, observables that depend upon

it, such as the CMB anisotropies. However, the impact of this energy injection on the CMB

varies depending on the details of the accretion and energy injection mechanisms consid-

ered, for instance on the assumed geometry of the accretion [95, 96, 97], or on the proper-

ties of the environment surrounding the PBH [98, 99]. Furthermore, the potential presence

of magnetic fields and/or the excess of thermal energy in part of the accreted matter might

lead to the formation of outflows, like winds or jets. Such outflows are expected to dilute the

medium surrounding the BH reducing the total amount of accreted material, effect known

as mechanical feedback (MF), and to be potential accelerators of non-thermal particles ca-



pable to effectively boost the total luminosity of the BH [100, 101, 102, 80, 81]. Overall, the

resulting CMB constraints on the PBH abundance cover approximately the O(1 − 104) M⊙

mass range, with vastly different outcomes depending on the accretion and emission mecha-

nisms [96, 103, 97, 99]. These CMB anisotropy constraints are also complemented by bounds

derived from CMB spectral distortions [96], galactic emission [104, 105, 106], interstellar gas

heating [107], and the 21-cm line [108, 109, 110].

Yet, an accurate modelling of the accretion mechanism is fundamental to test the consis-

tency between cosmological constraints and astrophysical hints in support of the PBH hypoth-

esis. In fact, the range of PBH masses that would explain the origin of the LIGO-Virgo-KAGRA

(LVK) observations lays between 1 and 100M⊙ [111, 112, 113], which is precisely the region of

parameter space of relevance for CMB anisotropy constraints on matter accretion onto PBHs

depending on the underlying assumptions of the accretion process [96, 97] (see, e.g., figure 2

of ref. [93] for a graphical representation).

Currently, the two most popular models of accretion mechanism onto a PBH assume spher-

ical [114, 96] or disk [97] accretion, with the latter leading to a significantly higher radiation

luminosity than the former, hence to more stringent bounds. Similarly, also the type of ion-

ization mechanism at play in the vicinity of the PBH has been shown to be able to affect the

radiation luminosity by orders of magnitude [96]. However, in previous analysis the contri-

bution from potentially present outflows has been neglected and it is therefore possible that

their inclusion might alter the aforementioned conclusions. For instance, it is a priori unclear

whether the dominant effect of the outflows is the reduction of the accretion rate via MF or

the enhancement of the radiation luminosity due to the non-thermal emission of photons. The

relative importance of these effects is very likely to depend not only on the PBH mass, but also

on other assumptions regarding the geometry of the accretion, the ionization model and the

characteristics of the outflows.

In this chapter we investigate these open questions by constructing an accretion model that

accounts for both MF and non-thermal outflows, building on the analysis previously carried

out in refs. [80, 81]. We then study their impact on the thermal history of the universe and the

CMB anisotropies in the context of both accretion geometries and ionization models, as well as

for various PBH mass distributions. As a result, we find that the large theoretical uncertainties



underlying the modelling of the outflows significantly enlarge those already present due to the

other variables, leading to upper bounds on the PBH mass that can vary from approximately

0.01 to 100 M⊙ (assuming PBHs make all of the DM) depending on the chosen accretion model

and outflow properties. This in turn bears important consequences for the LVK observability

window. The chapter presented here shows that a more robust and complete modelling of PBH

accretion is necessary to draw meaningful conclusions on PBHs being realistic DM candidates

and progenitors of the LVK detected events.

2.2 State of the art of PBH accretion

A PBH is moving supersonically in a homogeneously distributed gas accretes matter though

an accretion column forming opposite to the direction of motion. In this scenario the accretion

at the BH horizon is conveniently described by the Bondi-Littleton rate [115, 116, 117]

ṀPBH = 4πρ∞ vrel λ r
2
B , (2.1)

where ρ∞ is the mass density of the gas far away from the point mass, vrel is the relative

velocity between the PBH and the gas, λ is the dimensionless accretion rate (which takes

into account deviations from the idealised Bondi scenario due to the presence of e.g., pressure,

viscosity, radiation feedback, MF, etc.), and rB is the Bondi radius, which characterizes the size

of the BH sphere of influence and is defined as rB = GMPBH/v
2
rel. The consequent radiation

luminosity of the system is typically parametrized as

Lrad = ϵ ṀPBH , (2.2)

where ϵ is a dimensionless parameter that accounts for the radiation efficiency of the accretion

process.
1

While the PBH mass is a free parameter of the model, quantities like vrel, λ and ϵ are deter-

mined by the properties of the environment close the PBH, such as, for instance, the temper-

ature profile of the infalling gas, as well as by the geometry of the accretion or the details of

the energy emission. Although there is no consensus on the exact form that these quantities

1
In equations (2.1)-(2.2) we have assumed c = 1, convention that we will apply throughout the manuscript.



should take, several ideas have been proposed so far in the literature (see e.g., refs. [96, 97]).

In order to set the stage for the accretion model described in section 2.3, where we focus more

closely on the role of outflows, in this section we briefly review the state of the art of PBH

accretion. Specifically, we focus on the role of the relative velocity between PBH and sur-

rounding gas in section 2.2.1, on that of the gas ionization model in section 2.2.2 and on that

of the geometry of the accretion in section 2.2.3, since these are the main aspects that affect

the final accretion radiation luminosity in absence of outflows. The possible impact of other

physical effects is discussed in section 2.2.4.

2.2.1 Accounting for PBH velocities

Constraints on the PBH abundance have been reported for different choices of the PBH ve-

locities. Since the different assumptions can change the resulting constraints by orders of

magnitude, we analyze and motivate here the approach employed in this chapter.

The first possibility is to consider that PBHs are at rest or moving at sub-sonic speed,

hence the only relevant velocity is that of the surrounding medium, i.e., the speed of sound

far away from the accretion region c2s,∞ = γv2B = γP∞/ρ∞ , where γ = 5/3 is the polytropic

equation of state index for an ideal monoatomic gas and vB =
√

P∞/ρ∞ is the Bondi velocity.

Therefore, in the vPBH = 0 scenario, where vPBH is the PBH proper velocity, we have

vrel = cs,∞ . (2.3)

However, under the assumption that the PBHs are the DM, PBHs are expected to be super-

sonic given that their velocity would effectively be the DM-baryon linear relative velocity vL,

at least on large scales.
2

In this case the relative velocity reads

vrel =
√

c2s,∞ + v2PBH . (2.4)

Since velocities are stochastic variables, the radiation luminosity of a PBH population is

2
Following ref. [96], we only consider the large-scale linear velocity of the PBHs, neglecting the effects of

the small-scale non-linear contribution from PBH clustering. As shown in ref. [118], this approach is accurate for

z ≳ 100, which is also the redshift range CMB data are the most sensitive to (see, e.g., ref. [119]). We therefore

do not expect this approximation to affect our results significantly.



in fact a velocity-averaged
3

luminosity ⟨Lrad⟩. So far two different averaging procedures have

been presented in the literature [120, 96]. In the first one, which we refer to as approximated

average in the rest of the chapter, the relative velocity is approximated as

vrel ≃
√

cs,∞⟨v2PBH⟩1/2, (2.5)

with

⟨v2PBH⟩1/2 = ⟨v2L⟩1/2 = min[1, (1 + z)/103]× 30 km/s, (2.6)

z being the redshift, and this result is used in equation (2.1) to obtain the radiation luminosity

of the population. This approximation is well motivated in the cases where the radiation lumi-

nosity is proportional to Ṁ2
PBH ∝ (c2s,∞ + v2PBH)

−3
, however in different scenarios its validity

has to be assessed on a case-by-case basis. The approximation in equation (2.5) holds for all

redshifts below z ≃ 104 and can therefore be safely applied for all times of interest for this

chapter.

The second, more exact and general way of averaging over relative velocities is to consider

that a transformation of the form c2s,∞ → c2s,∞ + v2PBH (which is the same as going from

equation (2.3) to equation (2.4)) corresponds to a transformation of the gas temperature far

away from the PBH of the form

T∞ → T∞ +
mp v

2
PBH

γ(1 + x̄e)
, (2.7)

where mp is the proton mass and x̄e is the background free electron fraction.
4

In this case we

express vrel in terms of T∞ and average the resulting radiation luminosity over the distribution

of the relative velocities to obtain the total radiation luminosity ⟨Lrad⟩. In the following we

refer to this approach as exact average.

3
For the cases presented in this chapter velocities are assumed to be Gaussian distributed.

4
This transformation follows from the fact that c2s,∞ = γT∞(1 + x̄e)/mp, and hence T∞ = mpc

2
s,∞/(1 +

x̄e)γ.
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Figure 2.1: Graphical illustration of the impact that the three possible choices for the computa-

tion of the relative velocity between PBH and surrounding matter have on the final luminosity

of the system, for both the collisional (left) and photo-ionization (right) models. As term of ref-

erence, we compare the average radiation luminosity ⟨Lrad⟩ to the Eddington luminosity Ledd.

We show in figure 2.1 the effect that these three choices for the relative velocity (vPBH = 0,

approximated and exact average) have on the averaged total luminosity ⟨Lrad⟩. In the figure

we consider the two types of ionization mechanisms described in section 2.2.2 as well as both

the spherical and disk accretion scenarios detailed in section 2.2.3, for the representative case

of MPBH = 102M⊙ and fPBH = 1, where fPBH = ρPBH/ρDM is the fractional PBH energy

density normalized to the DM abundance.
5

As can be clearly seen from the figure, the two

methods to account for vrel when vPBH ̸= 0 are overall almost equivalent, although differences

(roughly of order two for the cases considered in the figure) can appear in particular for the

disk accretion scenario, as in this case the radiation luminosity is not necessarily proportional

to Ṁ2
PBH. Moreover, we find that the exact approach is the most conservative. The figure

further highlights the importance of including the PBH proper velocity, since the predictions

of equation (2.3) always significantly deviate (even by orders of magnitude) from the exact

approach. Therefore, for the sake of generality and being conservative, henceforth (unless

5
Although not explicitly present in the definition of the radiation luminosity, fPBH affects its value sinceLrad

depends on the background temperature of the accreted matter, which is in turn sensitive to the total amount of

injected energy and hence to fPBH, as discussed in section 2.4. We will therefore explicitly report the employed

value of fPBH in all figures presented in the manuscript.



stated otherwise) we always employ the exact averaging procedure to account for relative

velocities, as done for instance in ref. [96].

2.2.2 Ionization models

In the scenarios of interest for this chapter, the radiation luminosity of an accreting PBH mostly

comes from free-free radiation originated in the region close to the Schwarzschild radius [96].

The energy of the photons emitted in that region depends on the plasma temperature close to

and around the compact object, which in turn depends on the dynamics of the infalling gas.

Therefore, an accurate estimate of the temperature profile of the accreting region is necessary

to determine the PBH radiation luminosity.

Before recombination, when the medium is already ionized, the temperature increases

adiabatically the closer the gas gets to the BH. After recombination, when the medium far

from the compact object becomes neutral, two scenario are possible, depending on the rela-

tive importance of two potentially competing effects: medium compression, which increases

the temperature adiabatically, and ionization, which reduces the temperature proportionally

to the energy lost in the ionization process and hence to the amount of initial neutral gas. In

the first scenario the temperature of the infalling gas increases until it reaches Tion ∼ 104 K ,

then it stops increasing until all the gas gets ionized (since the balance between compression

and ionization is maintained), and finally it resumes increasing. In this scenario the neutral

gas is ionized through collisions with the free electrons and it is therefore referred to as “col-

lisional ionisation”. On the other hand, in the second scenario the radiation produced near

the Schwarzschild radius is intense enough to directly photo-ionize the infalling gas before

it reaches the ionization temperature Tion. Therefore in this scenario, which is conveniently

called “photo-ionization”, the temperature increases monotonically. In both scenarios radia-

tive cooling is not expected to be relevant on scales close to the PBH.

Given that determining a realistic profile of the temperature around the PBH is very chal-

lenging and would require dedicated numerical simulations, we follow the simplifying ap-

proach of ref. [96]: we consider these two limiting scenarios of purely collisional or photo-

ionization and report our results for both of them, knowing that they would bracket the real-

istic results.



2.2.3 Geometry of the accretion mechanism

The geometry of the accretion plays a crucial role in determining both the dimensionless ac-

cretion rate λ and the radiation efficiency ϵ. As in the previous section, also in this case we

treat the spherical and disk accretion scenarios as the limits that encompass the true results.

The extensive treatment of the physics of the accretion mechanism is reported in H.

In the spherical accretion scenario, most of the calculations can be performed semi-analytically

(see, e.g., ref. [96] for a recent treatment of the problem). The accretion efficiency can be ex-

pressed as a function of the Compton drag and cooling rate by CMB photons, finding limiting

cases where these rates are either very efficient (isothermal accretion with λ ≃ 1.1) or neg-

ligible (adiabatic accretion with λ ≃ 0.1). It is also possible to study the evolution of the

dimensionless accretion rate depending on the mass of the PBH and on the epoch of the uni-

verse, as can be seen in e.g., figure 4 of ref. [96]. Similarly, the radiation efficiency reduces to a

function of the mass accretion rate and the temperature of the gas close to the PBH, which in

turn depends on the ionization mechanism as discussed in the previous section. Typical values

for the radiation efficiency in the spherical case are displayed in the left panel of figure 2.2 for

difference choices of the PBH mass and both ionization models.
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Figure 2.2: Graphical illustration of the dependence of the emission efficiency ϵ on the ge-

ometry of the accretion (spherical on the left, disk on the right) as well as on the ionization

mechanism (photoionization as solid lines, collisional ionization as dashed lines) for different

choices of the PBH mass. In all cases we assume fPBH = 1. The horizontal dashed-dotted lines

represent the benchmark outflow efficiencies ϵnon−th discussed in section 2.3.2.



The other accretion mechanism we consider assumes the formation of a disk around the

PBH [97]. Given that PBHs are expected to form binary systems already at early times [121],

it seems natural to expect that the gas around the PBH experiences tidal forces that lead to the

formation of a disk. Unfortunately, the details of disk accretion are very difficult to determine

semi-analytically and only educated estimates have been used so far in the literature to deter-

mine quantities such as λ or ϵ. Following ref. [97], we fix as (arbitrary) benchmark value for

the dimensionless accretion rate λ = 0.01, which has been argued to roughly take into account

the role of viscosity and outflows close to the BH.
6

Similarly, we employ a parametric form

of the radiation efficiency ϵ provided by ref. [122] (see in particular equation (11) and table 1

therein). However, there is an order-of-magnitude uncertainty in the estimate of the energy

in electrons, characterized as the fraction of energy present in ions, which we assume here to

have the representative value of δ = 0.1, as done in ref. [97]. The redshift evolution of ϵ in

the disk accretion scenario for these benchmark choices is displayed in the right panel of fig-

ure 2.2. Note that these values are up to six orders of magnitude higher than those typical of the

spherical accretion scenario. The figure also highlights that, while in the spherical accretion

scenario ϵ ∝ ṀPBH/Ledd ∝ MPBH, in the disk accretion scenario ϵ ∝ (ṀPBH/Ledd)
a ∝ Ma

PBH

where a ∼ 0.3 − 0.6 is a parameter fitted to match numerical simulations of ref. [122], and

hence the radiation efficiency scales differently as a function of the PBH mass in the two cases.

In summary, the unknown geometry of the accretion introduces an enormous source of

uncertainty - potentially of orders of magnitude - in assessing the final radiation luminosity.

This uncertainty is to be added on top of the uncertainty due to the ionization processes,

although so far the disk accretion setup has been analyzed only in the context of collisional

ionization. Due to these not completely understood physical processes, the constraints on

the abundance of PBHs can vary substantially depending on the underlying choices made to

describe the accretion process. Additional effects (discussed in detail in section 2.2.4) only

6
The role of outflows in the works upon which ref. [97] is based is different than what is considered in

section 2.3 (i.e., MF). In that context, outflows play a role only close to the BH, on scales of order approxi-

mately 10−100 times the Schwarzschild radius, by removing material close to the compact object, thus reducing

the accretion rate onto the BH. Hence they act at small scales, not at large scales reducing the available gas be-

yond the PBH sphere of influence. Moreover, in those works, the luminosity efficiency is boosted because of the

increased energy transferred to electrons in the vicinity of the BH, not because of the acceleration of particles.



further add to this uncertainty budget.

2.2.4 Additional effects

Besides these main factors, the accretion process can potentially be affected by several other

contributions that have been considered in the literature. In this section we briefly outline a

number of them, highlighting the regimes where they become relevant or can be neglected.

• The role of the Hubble expansion. This effect acts on the accretion process as a form of

viscosity and introduces an additional redshift dependence of the background energy

density and sound speed [123]. However, these contributions become important only

forMPBH ≳ 104 M⊙, threshold above which the quasi-steady flow approximation breaks

down and so does the underlying mathematical setup. Therefore, in particular since in

our analysis we focus on the LVK mass range, we do not consider masses above 104 M⊙.

• The gravitational effect of the gas surrounding the PBH. The effect of self-gravity of the

accreting gas can be neglected as long as the PBH mass is much larger than that of the

surrounding medium, which is always the case for MPBH ≲ 105 M⊙ [123] (as for these

masses the PBH can only attract a relatively low amount of matter) and therefore also

for the range of PBH masses considered in this chapter. The same kind of consideration

applies also for the gravitational impact of the background matter on the PBH (which

could in principle affect the motion of the PBH, effect known as dynamical friction) as

long as one considers PBH masses below 104 M⊙ [99, 107].

• The role of super-Eddington accretion. Another possibility to consider for very massive

PBHs is for them to accrete at a super-Eddington rate (see, e.g., refs. [124, 125, 126] and

references therein for recent reviews). The Eddington accretion rate is the limit at which

the gravitational force of the BH and the radiation pressure compensate (under the as-

sumption of spherical symmetry), defining therefore the threshold for the maximum

luminosity of the object. However, in practice, this limit can be exceeded for instance

within proto- and massive galaxies at redshifts z ≲ 20, leading to periods of enhanced

but variable luminosity. For spherical accretion, the transition to super-Eddington ac-

cretion is believed to happen for PBH masses roughly above 104 M⊙, although in more



realistic situations this value would strongly depend on the characteristics of the sur-

rounding environment and on the geometry of the accretion (see, e.g., ref. [127]). Never-

theless, since this is a mainly low-redshift effect, our CMB bounds are largely unaffected

by this source of uncertainty.

• The role of large-scale structure formation and DM halos. Once large-scale structures start

to form at redshifts O(10), the non-trivial dynamics of PBHs and their interaction with

the medium requires numerical simulations to be properly assessed [128, 129, 130, 131],

even if semi-analytical arguments can be made regarding how the accretion proceeds

(see, e.g., ref. [132, 133]). Furthermore, in the scenario where PBHs represent just a

sub-dominant component of the DM and the rest is described by some new beyond-the-

Standard-Model particle, DM halos are expected to form around the PBHs [134]. In this

case, the formation of DM halos and of large-scale structures more in general can boost

both the accretion of material [98, 123, 95] and the PBH proper velocities [97]. While the

former effect enhances the radiation luminosity [99], the latter reduces it [133]. How-

ever, since these competing effects are strongly reliant on the assumptions made to de-

scribe the relevant late-time physics, we will neglect them in the current analysis for

sake of clarity and leave their inclusion for future work.

• PBH mutual interactions. In the absence of large primordial non-Gaussianity, PBHs do

not cluster over cosmic times [135] (see e.g., ref. [136] for further discussions) and PBH

evolution can be effectively considered in isolation for masses below 104 M⊙ [96]. Fur-

thermore, although early works suggested the existence of a large number of PBH bina-

ries forming at early times [137], these are in contradiction with more recent numerical

simulations [138, 139]. Hence, PBH mutual interactions can be safely neglected in the

mass range considered in this chapter.

• The role of the PBH spin. The radiation emitted by fastly rotating PBHs is enhanced by

a factor of order ten percent with respect to the non-rotating case [140]. However, the

majority of Kerr PBHs are realistically expected to have a dimensionless Kerr parameter

much lower than unity [141, 142], especially in the scenarios where PBHs form from

the collapse of large primordial density fluctuations (see, e.g., refs. [143, 144, 145] for



possible exceptions). Hence this effect can be neglected for the purpose of this chapter.

• The effect of inhomogeneuos energy injections. Recently, it has also been shown that the

impact of PBH accretion on the photon bath can be very sensitive to the inhomogeneous

spatial distribution of PBHs [146]. Nevertheless, since further important theoretical and

numerical steps will be necessary to fully understand this effect, as also pointed out in

the reference, we leave its inclusion in the analysis for future work.

2.3 The role of outflows

Another key physical effect that has been neglected in many of the previous analyses is the

presence of outflows and their effect on large scales, where hereafter in this context “large”

implies approximately the PBH scale of influence racc ≃ 2GMPBH/v
2
PBH = 2rB . Recent an-

alytical estimates and numerical simulations [80, 81] suggest that even relatively weak jets

and winds, i.e., outflows with different degree of collimation, might be able to sweep away

some of the material around the PBH, thus reducing the flow of gas entering the BPH sphere

of influence. Therefore, if present and carrying as little power as 10−6ṀPBH [80], outflows

could reduce the available material for accretion through this mechanical feedback effect.

Despite the fact that the magnetic field in the primordial gas and the spin of the PBH are

likely to be small, even pure hydrodynamical effects could drive outflows in a non-rotating

black hole under small anisotropies of the accretion structure Bosch-Ramon:2020pcz,Aguayo-

Ortiz2019,Tejeda2020,Waters2020. Taking this and the uncertainties on accretion physics at

very high z into account, the role of mechanical feedback deserves to be considered.

Furthermore, if outflows are produced during the accretion process, they can also poten-

tially accelerate particles that can radiate and inject an additional amount of energy into the

thermal bath. Such radiation from the outflows can compete with that produced in the ac-

cretion process itself, however, only for outflows that are relatively powerful. Therefore, out-

flows with a rather low power in terms of ṀPBH could still produce mechanical feedback but

generate negligible amounts of radiation. These two phenomena, analyzed separately in sec-

tions 2.3.1 and 2.3.2, are in fact competing effects: while decreasing the accretion rate intrinsi-

cally reduces the PBH radiation luminosity, such loss of luminosity is potentially compensated



by the energy deposited into the medium by non-thermal particles accelerated by the outflows.

In this chapter we analyze the impact outflows potentially have on the two different ac-

cretion geometries presented in section 2.2.3. As explained before, these models have to be

understood as limiting cases, presented to illustrate where the real physical scenario poten-

tially lays in the PBH parameter space. Therefore, even if strictly speaking in the perfectly

spherically symmetric scenario we cannot have outflows, it is still useful to consider that case

as the benchmark reference for the scenario where some very low amount of angular momen-

tum is present, which is expected in a cosmological scenario with small inhomogeneities, as

outlined in ref. [80].

2.3.1 Impact on the accretion rate

As discussed in ref. [80], many different mechanisms promote the formation of outflows as,

for instance, the existence of a magnetic field and/or the presence of some accreted gas with

an excess of thermal energy. A (small) magnetic field can be generated by the Biermann bat-

tery mechanism, in which case the magnetorotational instability could enhance the magne-

tization and the turbulence, creating the required conditions for outflow formation [147]. In

the presence of magnetic fields, outflows and jets can be fed by the rotational energy of the

PBH or by the inner regions of an accretion disk [148, 149], even when the accretion is quasi-

spherical [150, 151, 152]. On the other hand, the production of an outflow from an excess

of thermal energy in the gas is related to the formation of a thick and radiatively inefficient

accreting disk, which forms winds through thermal pressure gradients. These outflows are

expected to be broad and largely independent of the details of the magnetic field [101].

As demonstrated in ref. [80], once launched, outflows can overcome the ram pressure of

the infalling gas and escape the PBH sphere of influence even when they are relatively weak

and non-relativistic. Once outflows reach large scales, they compress and heat the medium by

depositing energy and momentum into the gas. This phenomenon, called mechanical feedback

(MF), is potentially responsible for a decrease in the accretion rate because the material is

effectively heated and swept away from the PBH, implying that the amount of material that

is available at scales of order racc is reduced with respect to the standard case presented in

section 2.2.



In order to account for this new large-scale effect, we modify the PBH accretion rate in

equation (2.1) by introducing a new fractional rescaling fLS, so to obtain

ṀPBH = 4πρ∞vrel λ fLS r
2
B . (2.8)

This new parameter specifically accounts for physical effects happening at large scales. There-

fore, in the case with no MF, we have by definition that fLS ≡ 1 and we recover the cases

presented in section 2.2. Conversely, when MF is present, fLS is expected to be lower than

unity with a value that depends on the outflow ejected material velocity vo, the angle between

the outflow and the PBH velocity θ and outflow half-opening angle χ (even if this latter de-

pendence is weaker than the first two) [81].

Numerical simulations in 3D [81] suggest that a conservative choice for the fractional

rescaling benchmark value (after averaging over all the possible values of the outflow orienta-

tion θ) is fLS = 0.1. Despite implying an order-of-magnitude reduction of the accretion rate,

this choice is still cautious since phenomena such as the potential fast variation of the outflow

orientation may further reduce the value of fLS and hence of the accretion rate (as discussed

in [81]). Moreover, once PBHs become trans- or sub-sonic, the value of the fractional rescaling

may be further reduced since the system becomes more axi-symmetric, and the accumulated

internal energy and thus pressure within the outflow-medium interaction region can diminish

accretion further (see, e.g., Zeilig-Hess2019,Bosch-Ramon:2020pcz). The in-depth analysis of

such additional phenomena is left for future work.

2.3.2 Impact on the total luminosity

The presence of outflows might not only lead to MF, but also to the acceleration of non-thermal

particles which later deposit energy and momentum into the medium. Therefore the total

luminosity of the PBH receives contributions both from the radiation luminosity and the “non-

thermal” luminosity induced by the outflow, i.e.,

Ltot = Lrad + Lnon−th , (2.9)



where Lrad is the same of equation (2.2) and the non-thermal contribution is conveniently

parametrized by an additional efficiency parameter ϵnon-th as

Lnon-th = ϵnon-th ṀPBH . (2.10)

An upper-limit on ϵnon-th can be derived assuming that most of the energy released by

the accretion gets released as outflows, which upon interaction with the environment (in-

teraction by which MF is realized) converts most of its energy into non-thermal accelerated

particles. In such a scenario, ϵnon-th would be ultimately determined by the relation between

the dominant radiation channel, likely inverse Compton (IC) scattering off CMB photons,

non-radiative losses via escape and adiabatic losses. Given the dense CMB photon field at

z ∼ 102 − 103, IC could efficiently cool relativistic electrons, with most of the radiation peak-

ing somewhere within the range from soft X-rays to gamma rays. Such a scenario, which

would imply ϵnon-th ∼ 0.1, is however highly optimistic, with more reasonable values for

ϵnon-th ≲ 10−2
(though values ≪ 10−2

are also possible). A similar scenario has been explored

in ref. Bosch-Ramon2018 for the case of super-massive BH jets interacting with the medium

at high z.

Due to the lack of quantitative predictions based on first principles, a robust (and not

highly model-dependent) estimate of ϵnon-th has not been obtained yet. Therefore, in order to

parametrize its impact on the cosmic medium, we consider three different benchmark val-

ues for ϵnon-th, namely ϵnon-th = 10−2, 10−4, 10−6
. As a reference, the intermediate case,

ϵnon-th = 10−4
, may be interpreted as a scenario where 10% of the accretion energy goes to

the outflows, of which 10% goes to non-thermal particles, which in turn can radiate through

IC about 10% of their energy, 10% of which in the form of photons with suitable energies (see

ref. [151] for a discussion in the context of isolated black holes in our galaxy). These bench-

mark values are compared to the radiation efficiencies obtained for the scenarios in absence

of outflows in figure 2.2. As it can be observed in the figure, the chosen non-thermal emission

efficiencies are of the same order of magnitude (depending on the PBH mass) of the radiation

efficiencies obtained in the represented cases, hinting to a tight interplay between the two

terms contributing to equation (2.9).

Finally, we note that in this case the gas can be easily ionized through compression by the



shock generated by the outflow on large scales. Hence, since the gas cooling time is not small

enough for the gas to recombine, the photo-ionization model provides a more realistic de-

scription of the physical picture. Nevertheless, we will also consider the collisional ionization

model for sake of completeness.

2.3.3 Combined effect
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Figure 2.3: Graphical representation of the impact of the outflow effects (MF and non-thermal

emissions) on the total luminosity of the system as a function of the PBH mass. As in fig-

ure 2.2, both the spherical and disk accretion scenarios are shown (on the left and on the right,

respectively) as well as the different possible ionization models (photo-ionization in solid and

collisional ionization in dashed). In all cases we assume fPBH = 10−3
, ϵnon−th = 10−4

and we

restrict ourselves only to the representative redshift z = 600 (as justified in the text).

The impact of MF and non-thermal emissions on the total luminosity is shown in figure 2.3

for both accretion geometries (spherical on the left, disk on the right) and ionization mod-

els. For sake of succinctness (but with no loss of generality), here we assume fPBH = 10−3

and ϵnon−th = 10−4
. Furthermore, we also show the results only for the representative case

of z = 600, which has been shown to be the time around which the CMB anisotropies are

most responsive to (almost constant in time) energy injections such as the ones considered

here [153]. A more general redshift dependence can be qualitatively inferred from figure 2.2.

In figure 2.3, the various predictions in absence of outflows are shown in blue and match

the expected linear dependence of the radiation luminosity on MPBH (with different powers



depending on the geometry as explained in section 2.2.3) over almost the full PBH mass range.

These curves are then suppressed by orders of magnitude when including the role of MF
7
,

as represented by the magenta lines. However, this reduction of luminosity can be partially

compensated, in particular in the low mass range, when non-thermal emissions are taken into

account (red lines).

This implies that when including the effect of outflows there are three possible outcomes.

1. First of all, if non-thermal emissions are very efficient, their contribution to the total

luminosity always dominates over the radiation luminosity and results in an enhanced

energy injection with respect to the case in absence of outflows (unless very low fLS

values, say ≪ 1, are considered). This scenario is represented, for instance, in the left

panel of figure 2.3 in the collisional ionization case.

2. On the other hand, the opposite is true if non-thermal emissions are relatively inefficient,

as observable in the disk accretion case represented in the right panel of the figure.

3. Finally, as can be seen from the left panel of the figure for the photoionization case, there

might be a range of PBH masses where the total luminosity is enhanced with respect

to the case in absence of outflows due to non-thermal emissions (low mass range) and

regions where this is instead suppressed because of MF (high mass range).

As discussed in section 2.6, the balance between these regimes dictates how the final CMB

constraints are affected by the presence of outflows.

2.4 Impact on thermal history and CMB anisotropies

The last ingredient to factor in our analysis is the description of how the emitted radiation

impacts the thermal history of the universe. A population of PBHs injects energy into the

7
That is, since Lrad ∝ Ṁ2

PBH ∝ f2
LS in the spherical accretion case and Lrad ∝ Ṁ1+a

PBH ∝ f1+a
LS in the disk

accretion case. By assuming fLS = 0.1 (as argued in the previous section) one obtains a suppression of a factor

100 and 40, respectively.



cosmic medium at a rate

dE

dtdV

∣∣∣∣
inj

= ρ̄PBH
⟨Ltot⟩
MPBH

= ρ̄cdm fPBH
⟨Ltot⟩
MPBH

, (2.11)

where ρ̄PBH is the PBH background energy density, fPBH = ρ̄PBH/ρ̄cdm is its fractional form

with respect to the DM abundance, and ⟨Ltot⟩ is the velocity-averaged total luminosity. How-

ever, the amount of energy that is actually deposited into the thermal bath can in principle

be different, for instance depending on the transparency and energy density of the medium

or on the type of emitted particles [154, 155]. Furthermore, different deposition channels

have to be accounted for, since the additional energy might not only heat up the medium

but also ionize and excite it if the injection happens after recombination [156, 157, 158]. Fol-

lowing [57, 159, 160], we express the deposited energy rate in a channel c as

dE

dtdV

∣∣∣∣
dep,c

=
dE

dtdV

∣∣∣∣
inj

feff χc , (2.12)

where feff and χc are the deposition efficiency and deposition fraction for the specific channel,

respectively.
8

In this chapter we parameterize feff as in section IV of ref. [96], while for the

calculation of the different deposition fractions we rely on table V of ref. [158].

Once the relation between injected and deposited energy is set, one can analyze how

the different accretion scenarios affect the reionization fraction xe, which is ultimately the

quantity that determines how much the CMB anisotropy power spectra are affected by the

non-standard energy injection. In fact, the main effects of depositing energy into the cosmic

medium are twofold: (i) delaying the time of last scattering, which induces a slight shift in the

position of the peaks in the CMB temperature and polarization power spectra, and (ii) effec-

tively increasing the ionization optical depth since the reionization of the universe starts at

an earlier time. In figures 2.4 and 2.5 we highlight this behavior by comparing the effect on

the free electron fraction xe and the CMB anisotropy power spectra (computed as described

in section 2.5) of the different accretion models considered in this chapter, with and without

outflows, for three representative choices of PBH mass.

8
Alternatively, one could have directly calculated the total deposition function fc(z, xe), as in refs. [58, 161],

but this approach is not currently implemented in the version of CLASS employed here.
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Figure 2.4: Role of the outflows in the impact on the free electron fraction of the accretion

process (shown are the free electron fraction – lower panels – and its relative difference with

respect to the ΛCDM prediction – upper panels). From top to bottom we compare three repre-

sentative choices of the PBH mass (same as in figure 2.2), while from left to right we compare

the spherical and disk accretion scenarios (for the latter we assumed λ = 0.01 and δ = 0.1).

In the bottom panels the ΛCDM prediction is shown in black. The irregular shape of the col-

lisional ionization curve in the top left panel is due to numerical noise.



From the figures, several conclusions can be drawn. On the left panels of figure 2.4, which

represent the spherical accretion case, we compare the cases with and without outflows and

we find that for low PBH masses (upper panel) the contribution from the outflows always

dominates over the radiation luminosity. In fact, once MF is accounted for, the mass accretion

rate is suppressed by a factor 10 (assuming the fiducial values introduced in section 2.3.1),

and the corresponding radiation efficiency becomes significantly lower than any of the cases

with a non-zero ϵnon−th. Interestingly, this is true for both ionization models discussed in sec-

tion 2.2.2, so that no difference is to be seen between the collisional (dashed lines) and photo-

ionization (solid lines) cases when including outflows in the low mass range. The situation

slightly changes, however, for PBH masses of the order of 102 M⊙ (middle panel) and non-

thermal efficiencies lower than 10−4
, where the radiation luminosity in the photo-ionization

case becomes comparable to that of the non-thermal outflows after the inclusion of MF and

differences between the various ionization processes start to emerge. This behavior is further

enhanced for larger PBH masses (bottom panel), although the non-thermal luminosity still

dominates for ϵnon−th ∼ 10−2
.

On the other hand, because of the higher radiation efficiencies reached in the disk accre-

tion scenario (see figure 2.2), already at relatively low PBH masses (upper panel) the intrinsic

radiation efficiency of the accretion is comparable to the non-thermal contribution once MF

is taken into account for ϵnon−th ∼ 10−6
. For higher PBH masses (middle and bottom panels)

the role of the non-thermal emission becomes negligible and the curves for ϵnon−th < 10−4

perfectly overlap, with only a minor difference in the ϵnon−th = 10−2
case.
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Figure 2.5: CMB temperature (upper panels) and polarization (lower panels) power spectra for

MPBH = 102 M⊙ and fPBH = 10−3
. As in figure 2.4, the spherical and disk accretion scenarios

are shown in the left and right panels, respectively, while solid and dashed lines represent the

photo- and collisional ionization cases.

In summary, we expect the contribution from the outflows to be largely determining the

luminosity of the system for low masses in the spherical accretion scenario, greatly reducing

(if not erasing) the differences between the various ionization models in this regime, while for

larger PBH masses the interplay between radiation luminosity, MF and non-thermal emissions

starts to become apparent. This differs from the disk accretion case where the intrinsic radi-

ation luminosity of the system is always relevant, and eventually dominates already for PBH

masses of the order of 102 M⊙.



In figure 2.5 we also show the impact that these modified thermal histories have on the

CMB temperature and polarization anisotropy power spectra. For sake of succinctness, here

we focus only on the MPBH = 102 M⊙ case, which we believe already suffices to convey

the main message of the section. In particular, for both accretion geometries, we notice the

same level of interplay between radiation efficiency, MF and non-thermal effects as in the

corresponding panel of figure 2.4. Interestingly, the contribution of the outflows (visible for

instance in the ϵnon−th = 10−2
case of the left panels) resembles very closely the smooth behav-

ior already observed in ref. [97] for the disk accretion scenario (see figure 3 of the reference),

while the purely spherical accretion case imprints a more oscillatory behavior in the residuals

(see, e.g., figure 13 of ref. [96]). This might mean, for instance, that a potential observation of

a similar signal might be unable to disentangle a spherical accretion scenario dominated by

outflows from the disk accretion scenario, regardless of the impact of outflows.

2.5 Numerical setup

In terms of PBH accretion, we further improve upon the implementation of ref. [57] (and [58])

by including also the photo-ionization option for the spherical accretion case as well as the

calculation for the average of the PBH luminosity over the PBH proper velocities, which we

employ as default option for our analysis (see section 2.2.1 for further details). The impact of

the outflows is implemented as an extension of the spherical and disk accretion cases, where

we simply modify the definitions of the accretion rate ṀPBH and of the total luminosity Ltot,

as illustrated by equations (2.8) and (2.9), respectively. When considering disk accretion, we

fix λ = 0.01 and δ = 0.1, the benchmark values suggested in ref. [97].

The constraints on the cosmological parameters discussed in section 2.6 for the different

accretion models are obtained using the parameter inference code MontePython [162, 163].

As commonly done in the literature, we perform a number of Markov Chain Monte Carlo

(MCMC) scans of the parameter space for fixed values of the PBH mass, which reduces the

problem to a 6+1 extension of the ΛCDM model with

{ωb , ωcdm , h , As , ns , τreio}+ fPBH , (2.13)



where ωb and ωcdm are the baryon and DM physical energy densities, respectively, h is the

dimensionless Hubble rate, As and ns are the amplitude and scalar spectral index of the pri-

mordial power spectrum, and τreio is the reionization optical depth.
9

In the scenarios of interest,

PBHs are described by the abundance parameter fPBH = ρ̄PBH/ρ̄cdm, i.e., by the fraction of

DM in form of PBHs. We consider temperature, polarization and lensing information from the

Planck 2018 mission [9] (explicitly, we use the high-ℓ TTTEEE, low-ℓ EE, low-ℓ TT and lens-

ing likelihoods) and determine the MCMCs to be converged with the Gelman-Rubin criterium

|R− 1| < 0.02 [164].

2.6 CMB constraints on PBH abundance

In this section we derive the corresponding CMB anisotropy constraints on the PBH abundance

for both accretion geometries and ionization models described in section 2.2 and focusing on

the impact of outflows for different choices of the non-thermal emission efficiency as explained

in section 2.3. To ease the comparison with the literature, first of all we derive the aforemen-

tioned constraints in the context of a monochromatic PBH mass distribution in section 2.6.1.

Then, for sake of generality, we also recast our constraints in terms of a popular choice of

extended mass distribution in section 2.6.2. On the basis of these results, in section 2.6.3 we

also comment on their implications for the LVK window.

2.6.1 Constraints for monochromatic mass distributions

We begin by assuming that PBHs have a monochromatic mass distribution (MMD), i.e., all

PBHs have the same mass. In full generality, a PBH mass distribution is described by the

fractional abundance function [165]

dfPBH

dMPBH

= fPBH
dΦPBH

dMPBH

, (2.14)

9
In figures 2.1-2.5 we always assume for these parameters the mean values reported in table 2 of ref. [9] for

the Planck+BAO combination.



where dΦPBH/dMPBH describes the shape of the PBH mass distribution, it is normalized to

unity by construction and in the monochromatic case it reads as

dΦPBH

dMPBH

= δD(MPBH −M⋆
PBH). (2.15)

In this chapter we choose M⋆
PBH such that it scans the mass range [10−2, 104]M⊙, computing

for each PBH mass the respective upper limit on the PBH abundance.
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Figure 2.6: Impact of outflows on the CMB constraints on the fractional PBH abundance for

the two main types of accretion geometry (spherical on the left and disk on the right) and

ionization models (photo-ionization in solid and collisional ionization in dashed) assuming

a MMD. The blue contours represent the scenarios without outflows and update the bounds

first derived in [96] (left) and [97] (right), while the magenta, red and organge lines assume

MF with fLS = 0.1 and non-thermal emissions with ϵnon−th = 10−6,−4,−2
, respectively.

We show in figure 2.6 the corresponding 95%CL upper bounds on the fractional PBH abun-

dance fPBH for different accretion mechanisms, ionization choices and outflows scenarios. In

particular, in each of the two subplots, which display the bounds for the spherical accretion

case on the left and the disk accretion case on the right, we report the upper bounds on fPBH

for the two aforementioned ionization models (photo-ionization reported as solid lines and

collisional ionization as dashed lines) as well as for different choices of the parameters de-

scribing the outflow modelling. As in the previous sections, we have the scenario without

any outflow contribution in blue, while the contours including MF with the benchmarking

value of fLS = 0.1 and non-thermal emissions are reported in magenta, red and orange for



ϵnon−th = 10−6,−4,−2
, respectively.

Focusing first on the left panel of figure 2.6, i.e., on spherical accretion, we observe that the

constraints obtained in absence of outflows are approximately one order of magnitude more

stringent than those reported in ref. [96] for both ionization models. We attribute this discrep-

ancy to the difference in methodology
10

and Planck data release employed here compared to

the one in ref. [96]. The bounds for the collisional ionization case are in fact broadly consistent

with those presented in ref. [99], where a more similar analysis was conducted. In terms of

impact of the outflows, for low non-thermal efficiencies the role of MF alone is dominant, lead-

ing to an overall suppression of the constraints by approximately 1− 2 orders of magnitude,

as explained in section 2.3.3. For intermediate values of ϵnon−th the interplay between MF and

non-thermal emissions becomes more balanced, with the latter most predominately contribut-

ing to the total luminosity until PBH masses of the order of 103 M⊙, above which the radiation

luminosity dominates despite the presence of MF. Nevertheless, also in this scenario we ob-

serve a suppression of the bounds with respect to the case without outflows, with only a minor

enhancement for masses below 10 M⊙. The situation changes for very efficient non-thermal

outflows, which dominate the accretion emission over the whole PBH mass range, thereby

arasing the difference between photo- and collisional ionization (which perfectly overlap in

the figure), and significantly strengthen the constraints down to PBH masses of the order of

0.1 M⊙ for fPBH = 1.

On the other hand, since in the context of disk accretion the intrinsic radiation luminosity

is much higher than in the spherical accretion case, in the right panel of figure 2.6 we notice

that even for non-thermal efficiencies as high as 10−4
the only relevant impact of outflows is

MF, which suppresses the constraints by about 1 − 2 orders of magnitude. For this reason,

the contours for the ϵnon−th = 10−4
and ϵnon−th = 10−6

cases perfectly overlap in the right

panel of the figure. Only for ϵnon−th of the order of 10−2
non-thermal emissions start to play

a significant role, enhancing the constraints for PBH masses below 10 M⊙ but still leading to

a suppression thereof for larger PBH masses.

Focusing on the shapes of the constraints, one expects the behaviour of the bounds to

10
In ref. [96], for instance, an approach based on a Fisher-information matrix has been employed, while here

we make use of an MCMC analysis.



follow the dependence of the deposited energy on the free parameters of the model, i.e., fPBH

and MPBH, which roughly boils down to dE/dtdV |dep ∝ fPBHMPBHλ(ϵnon−th +M2
PBHλ). In

the case of spherical accretion the values of λ at z ∼ O(10− 103) increase as a function of the

mass (see figure 4 of ref. [96]), which explains why the relation between PBH abundance and

mass is not linear, with the bounds becoming comparatively less stringent the lower the PBH

mass (a similar behaviour is also to be observed in figure 2.3). This relation, and in particular

the different dependence on the PBH mass, also explains the difference in slope of the fPBH −
MPBH upper bounds between the radiation and non-thermal emission dominated regimes. In

the disk accretion scenario the value of λ is fixed to a fiducial value, and therefore the upper

bounds approach a linear dependence more closely than in the spherical case. Nevertheless,

as it becomes clear in particular in the ϵnon−th = 10−4,−6
cases, the parametric form of ϵ used

in ref. [122] still introduces a non-trivial dependence of the constraints on the PBH mass.

2.6.2 Constraints for extended mass distributions

Even if for practical purposes it is more convenient to obtain constraints for MMDs, in reality

it is well known that PBH populations would likely have an extended mass distribution (EMD).

Different PBH formation mechanisms are generally responsible for different EMDs, although

we can identify two popular benchmark classes of EMD: power-law and lognormal. Broadly

speaking, the first class is typically associated with the collapse of large density perturbations

or cosmic strings, see e.g., refs. [166, 167], while the latter is connected to the presence of large

peaks in the primordial power spectrum, see e.g., refs. [168, 169, 170].

Recent works, as for instance refs. [171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181,

182, 183], have shown significant interest in models where PBHs are generated from peaks in

the primordial curvature power spectrum. Such effort has been mainly driven by the intrin-

sic connection between the primordial power spectrum and inflationary dynamics, which is

known to be compatible with the single-field slow-roll scenario only during 6/8 e-folds of the

at least 50 required to solve the horizon and flatness problems [184, 185, 186]. Therefore estab-

lishing robust bounds on the PBH abundance, or even just their presence, is a key ingredient

in reconstructing the primordial power spectrum at scales of order O(105− 1015) Mpc−1
cur-

rently not accessible by other cosmological observables [187, 188, 189, 190, 191, 192, 193, 194,



195, 196, 197]. For this reason, here we focus on deriving abundance constraints for lognormal

EMDs

dΦPBH

dMPBH

=
e−

log2(MPBH/µ)

2σ2

√
2πσMPBH

, (2.16)

characterized by two parameters, the mean µ and standard deviation σ. More realistic mass

distribution models would require a greater number of parameters to describe the EMD [198],

and therefore in this chapter we choose the simplest extension of the MMD case. The same

procedure can be implemented also in the case of power-law EMDs, as done for instance in

ref. [92].

Interpreting abundance constraints obtained for MMDs as abundance constraints for EMDs

is not straightforward [199], although several methods have been proposed to infer the lat-

ter from the former (see e.g., refs. [165, 199, 200]). In this chapter we follow the approach of

ref. [165], based on the concept of equivalent mass. In the case of interest, if PBHs have an

EMD, equation (2.11) reads as

dE

dtdV

∣∣∣∣
inj

= ρ̄cdmfPBH

∫
dMPBH

dΦPBH

dMPBH

⟨Ltot⟩
MPBH

, (2.17)

showing that it is possible for different EMDs to inject the same amount of energy into the cos-

mic medium, making it possible for PBH populations in those models to be equally abundant.

At a practical level, it is always possible to associate the impact on a cosmological observable

of a given EMD, and therefore its abundance fEMD
PBH , to the same-magnitude effect generated

by a MMD with equivalent mass Meq, i.e., to its abundance fMMD
PBH . Despite its simplicity, this

method provides an easy analytical tool to compute constraints for EMDs starting from the

MMD analysis of section 2.6.1. The validity of this method has been already explicitly proved

in ref. [92] for the CMB case or, for instance, in ref. [105] for other abundance constraints also

based on accretion physics.

In figure 2.7 we show the PBH abundance constraints for the lognormal EMD for all ge-

ometries, ionization models and non-thermal emission efficiencies already employed in the

previous section. We report the new conversion formula used for all the cases at hand in ap-

pendix G. The gray shaded regions in the plots indicate the values of µ and σ for which the

EMDs extend beyond 104M⊙ and the theoretical models employed in this chapter break down

as discussed in section 2.2.4 (see ref. [165] for further details). By comparing the cases with



only radiative efficiency to the ones with also non-thermal emission, we note that as soon as

the MF effect starts to play a role, the allowed parameter space increases significantly with

respect to the case of radiative emission only. On the other hand, as soon as the non-thermal

emission grows, the parameter space becomes very tightly constrained, as can be seen in the

bottom panels. In other words, because of these two competing effects, the same EMD can be

either ruled in or ruled out depending on the details of the accretion and emission models.

2.6.3 Theoretical uncertainties and implications for the LVKmass range

The analysis presented in this chapter clearly highlights what is one of the underlying issues

with existing constraints on PBHs: the unknown magnitude of the theoretical error associated

to the modelling of the accretion process. Reducing this uncertainty is crucial given that ex-

isting and future GW observatories are and will be sensitive in the O(10− 104) Hz frequency

range, i.e., the typical frequency range where the signal of coalescing compact objects with

masses O(10− 103)M⊙ is expected to be. An accurate estimation of the PBH abundance up-

per limits would in fact allow us to speculate more realistically about what amount of detected

events can have a primordial origin.

Nevertheless, such an accurate description of the accretion process is still not available.

Therefore, we present our findings in figure 2.8 as “uncertainty bands” around the true, un-

known, upper bounds. These bands encapsulate the effects of the geometry and ionization

models with (orange) and without (blue) the inclusion of outflows for a MMD. As shown in the

figure, even before accounting for the outflow phenomenology, the width of the uncertainty

band spans over two orders of magnitude, approximately between 1 and 100M⊙, for fPBH ≃ 1.

This means that the intrinsic theoretical error in the modelling of the accretion makes these

CMB anisotropy constraints unable to discern whether PBHs might be the progenitor of any

observed BH merger, as they could either completely exclude or allow the LVK mass range.

Once outflows are included in the modelling, the uncertainty band significantly enlarges both

at large PBH masses, where MF dominates and the effect of non-thermal emission is negligible,

and at low PBH masses, where the effect of non-thermal emission can be sizeable. Further-

more, the uncertainty due to the theoretical modelling in the case of EMDs can be easily seen

when comparing the different panels of figure 2.7.



In this respect, we also note that the existing bounds on the PBH abundance deriving from

the LVK estimate of the binary BH local merger rate are subject of an ongoing debate. In

fact, semi-analytical estimates of the local merger rate R0 of PBH binaries formed at early

times suggest that it could be as high as R0 ∼ 105 Gpc−3yr−1
[23, 137] for fPBH = 1, to

be compared with the observational value of R0 ∼ 20 Gpc−3yr−1
[201]. On the other hand,

recent (and more accurate) numerical simulations reconcile the PBH early binary local merger

rate value with the observed one for fPBH = 1 [138, 139].

The question of whether PBHs can be a significant component of the DM content of the

universe and of the GW events detected by LVK is therefore still open and only a synergistic

effort between different communities will help us find an answer to it. In fact, although in

this chapter we focused only on CMB constraints, they are not the only relevant ones in the

LVK mass range. For instance, there are many complementary constraints coming from su-

pernova lensing [202], dwarf and ultra-faint dwarf galaxy dynamics [203, 204, 205], Lyman-α

forest [206, 51] or wide binaries survival [207], which might help us shed light on the com-

plexities of PBH phenomenology and ultimately determine their abundance.

2.7 Summary

Despite its remarkable success in explaining numerous cosmological observables, the ΛCDM

model cannot provide any insight on what the true nature of DM is, allowing a vast plethora

of models to fit observations. For the sake of convenience, DM candidates are typically cat-

egorized in terms of their mass: already in this context, DM models span many orders of

magnitude, ranging from ultralight axion-like particles to macroscopic compact objects like

BHs. Hence finding novel ways to constrain DM properties becomes fundamental in order to

establish its nature.

In this chapter we focus on one of these popular candidates, PBHs. In particular, we focus

on PBHs with masses larger than 1M⊙, since they have the potential to be detected by existing

and future GW observatories. This class of PBHs had been previously thought to be ruled out

by existing LVK constraints on the local merger rate, although recent numerical simulations

have shown that the number of PBH merging binaries had been overestimated by several



orders of magnitude, reopening the possibility for PBHs to be a substantial component of the

DM in the LVK mass range.

In this spirit, we turn our attention to other existing constraints on the PBH abundance

in that same mass range, that is to those coming from the accretion of matter into a PBH.

In fact, the emission of radiation following the accretion process affects the thermal history

of the universe, by delaying recombination and anticipating reionization, and can therefore

be constrained by CMB observations. However, large theoretical uncertainties underlay the

modelling of accretion and this translates in large error bars on the final constraints. Examples

of sources of such uncertainties are the geometry of the accretion as well as the ionization

model determining the temperature profile close to the BH.

On top of these uncertainties, one aspect of the accretion physics that has not been consid-

ered extensively in the literature so far is the effect of outflows (winds and/or jets, depending

on their degree of collimation) on the accretion. However, it has been shown both analytically

and numerically that even relatively weak outflows can escape the BH sphere of influence

and sweep away at least part of the cosmic medium around the PBH, thereby decreasing its

accretion rate. At the same time, the very same outflows could also accelerate non-thermal

particles and effectively enhance the luminosity of the BH. Therefore, these competing effects

can significantly affect the total luminosity of the system and introduce an additional layer

of uncertainty that needs to be taken into account when quoting cosmological constraints

derived from PBH accretion.

In this chapter we attempt to model the largely unknown nature of these effects and to

analyse how their balance affects the CMB constraints on PBH accretion. We do so for different

choices of accretion geometry (spherical or disk) and ionization models (photo- and collisional

ionization), as well as for both monochromatic and extend mass distributions. Our quantitative

findings are shown in figures 2.6-2.7, which clarify that the final outcome heavily relies on the

choice made in particular for the efficiency of the non-thermal emissions. This conclusion is

graphically summarized in figure 2.8, where the cumulative uncertainty bands on the “true”

bounds are shown with and without the inclusion of outflows.

Reionization history refers to the period in the early universe when the first stars and

galaxies ionized the intergalactic medium. This process can affect the CMB in various ways,



particularly through the integrated Sachs-Wolfe effect and CMB polarization. Non-standard

reionization histories, which deviate from the commonly accepted models, could potentially

introduce variations in the CMB spectra. The effects of PBH accretion on the CMB, as discussed

in this thesis, are specific to the scenario where PBHs are present in significant numbers in

the early universe. The accretion of baryonic matter by PBHs could affect the CMB through

additional radiation, which might alter the temperature and polarization anisotropies. While

both mechanisms could potentially impact the CMB, the specific nature and scale of these

effects could be quite different. Non-standard reionization histories would generally influ-

ence the CMB in a more global and uniform manner, whereas PBH accretion effects might be

more stochastic and localized, depending on the PBH distribution. To determine if there are

degenerate effects (i.e., similar observable impacts from different causes) between these two

phenomena on the CMB, detailed cosmological simulations and observational data analysis

would be required. This is a a very interesting topic worth exploring in the future.

Looking towards the future, several developments might have a significant impact on our

results. On the one hand, should strongly compelling arguments be put forward in favour of

one particular accretion geometry, it would significantly reduce the uncertainty on the PBH

abundance upper bounds reported in figure 2.8. The same would be true also in the context

of the ionization model. On the other hand, however, even more accurate simulations than

the ones performed in [80, 81] might find indications for more complex outflow dynamics

requiring, for instance, also information on outflow orientation or the transition to trans-

or sub-sonic regimes. Taking into account for the potential role of these unknowns would

inevitably further widen the size of the aforementioned uncertainty band. Similarly, the disk

accretion scenario considered here is only restricted to the collisional ionization case, and

extending it to the photo-ionization model would extend the uncertainty region towards low

PBH masses.

Overall, we conclude that the path towards a realistic estimate of whether PBHs can make

up for a sizeable fraction of the DM and of the events observed at the LVK facilities at the same

time (i.e., in the same mass range) is still very long, as both the cosmological constraints and

the merger rate estimates are subject to very large theoretical uncertainties. While this should

discourage premature claims of exclusion or detection, it should also be seen as a source of



motivation for the improvements to come.
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Figure 2.7: Same as in figure 2.6, but for a lognormal EMD. The figure shows the collisional and

photoionization regimes for the spherical accretion case (left and center panels, respectively)

and the disk accretion model (right panels). We report here all the cases in absence of MF

and non-thermal emission (top panels), and with those effects included (middle and bottom

panels) for different non-thermal efficiencies. The grey shaded area represents the region of

parameter space that cannot be described appropriately by the theoretical model employed in

this chapter.



10−2 10−1 100 101 102 103 104

MPBH [M�]

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

f P
B

H

w/o outflows

w/ outflows

Figure 2.8: Uncertainty bands of both geometries and ionization models with (orange) and

without (blue) the inclusion of outflows. The corresponding filled regions of parameter space

represent the region where the true constraint lies.



Chapter 3

Large Scale Structure constraints on

nDGP

In this chapter we develop a pipeline to set new constraints on scale-independent modified

gravity, from the galaxy power spectrum in redshift space of BOSS DR12. The latter is mod-

elled using the effective field theory of large-scale structure up to 1-loop order in perturbation

theory. We test our pipeline on synthetic and simulated data, to assess systematic biases on

the inferred cosmological parameters due to marginalization and theoretical errors, and we

apply it to the normal branch of the DGP model with a ΛCDM background. When applied to

synthetic data and cosmological simulations, we observe biased posteriors due to the strong

degeneracy between the nDGP parameter Ωrc and the primordial amplitude of fluctuations As.

Fixing the latter to the Planck central value, we obtain a posterior distribution with Ωrc ≲ 0.65

at 95% C.L., under the assumption of a flat prior on log10Ωrc. This upper bound, however, de-

pends strongly on the prior on Ωrc. To alleviate this effect, we provide an upper bound based

on the Bayes factor between the nDGP model and ΛCDM model, which gives Ωrc ≲ 0.2 at

95% C.L..

The chapter is structured as follows. In sec. 3.1 we briefly introduce the theoretical frame-

work for the nDGP model, while in 3.2 we calculate the 1-loop power spectrum for galaxies in

redshift space for a generic scale-independent modified gravity model. Section 3.3 describes

the implementation and the validation of the nDGP model in PyBird. Before proceeding

with the BOSS analysis, we devote sec. 3.4 to reveal the presence of projections effects, i.e. sys-
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tematic biases on the 1-d posteriors due to marginalization over the other parameters. We do

that by testing our pipeline on synthetic data and on simulations with known cosmological

parameters and error specifications adapted to the two BOSS redshift samples. In particular,

we use the so-called “PT Challenge” simulations, a set of high-resolution mocks mimicking

the SDSS-III BOSS galaxy samples but covering a hundred times larger cumulative volume,

which were employed in a blinded challenge consisting in inferring cosmological parameters

from the power spectrum multipoles [208] (see sec. 3.4.3 for more details). Testing on sim-

ulations allows us also to study theory errors and the largest wavenumber kmax that we can

reliably use within the effective theory. In sec. 3.5 we present the result of our analysis on

the BOSS data and discuss the bounds on Ωrc. We conclude in sec. 3.6. We relegate several

discussions to the appendix. In particular, we display the full time-dependent functions of the

nDGP scenario in app. A. Appendix B presents a comparison of the bias expansion used in this

chapter with the one of the LSS bootstrap introduced in [209] that extends to modified gravity

models. Moreover, we discuss how to choose the initial conditions for the linear growth factor

in app. C.

We note that a pipeline analogous to the one presented here, based on the EFTofLSS, has

been recently developed and used [210] to constrain the dark scattering model of interacting

dark energy [211] with BOSS data.

3.1 Theoretical Framework

An important source of information about the universe comes from large-scale structure (LSS).

Future surveys, such as DESI [79],Euclid [26], and LSST [78], will map the distribution of

galaxies over huge volumes with unprecedented precision: they will likely become the major

source of cosmological information in the coming decades. A major goal of these surveys is the

study of the initial conditions and a measurement of neutrino masses, see e.g. [212]. But these

data will also allow us to perform precision tests of the standard cosmological model and of

the theory of general relativity (GR) on large scales, and to exclude many of their extensions.

For this task, it is important to have a robust understanding of the cosmic web at the scales

where the data will be precise enough. Recently, progress has been made in modelling the



clustering of galaxies, notably the power spectrum, i.e. the Fourier transform of the 2-point

function, of the galaxy distribution in redshift space. In particular, a fairly accurate modelling

of the power spectrum can be obtained by using perturbation theory [213] up to 1-loop order,

supplemented by the renormalization of large-scale fields due to unknown small-scale physics.

In fact, the effect of small-scale physics on correlators can be modeled by the introduction of

a set of counterterms [214, 215, 216, 217] and bias parameters [218, 219, 220, 221, 222, 223, 224,

225] (see [226] for a review), whose scale dependence can be predicted by symmetries.

This treatment goes under the name of effective field theory of large-scale structure (EFTofLSS) [214,

216], which has been recently used to model the power spectrum at 1-loop for the analysis of

the Baryon Oscillation Spectroscopic Survey (BOSS) dataset [11], giving constraints on cos-

mological parameters with a good level of accuracy, see [63, 227, 228]. The results of these

and subsequent analyses—e.g. regarding constraints on neutrino masses [229, 230], the H0

tension [231, 232, 233], beyond-ΛCDM models [61, 234], redshift space distortions (RSD) [235,

236]—represent an important step forward in the study of LSS within the EFTofLSS. More re-

cently, the bispectrum—i.e., the Fourier transform of the 3-point function—from BOSS obser-

vation has been analyzed using the tree-level [63, 237] and 1-loop EFTofLSS modelling [238],

providing alternative constraints on primordial non-gaussianities [239, 240, 241]. For an ex-

tensive review of basic standard perturbation theory and EFTofLSS, we refer the reader to E.

In this chapter we show that current and future LSS data can be used to put reliable con-

straints on modified gravity as well. Specifically, we develop a pipeline to analyze the galaxy

power spectrum in redshift space, that can be used to test general scale-independent extensions

of the ΛCDM model. Then we apply it to BOSS data and constrain specifically the so-called

normal branch
1

of the Dvali-Gabadadze-Porrati (DGP) model [246], or nDGP for short. De-

spite introducing a single additional parameter with respect to ΛCDM, it incorporates many

interesting cosmological features: modifications in the background evolution, in the strength

of the gravitational clustering and in the dynamics of the fluctuations, at linear order and be-

yond. For these reasons, this model is one of the most studied modification of GR and has been

implemented in several N -body simulations, see e.g. [247] and references therein.

From a fundamental physics standpoint, the nDGP model is captivating because it proposes

1
The self-accelerating branch [242] of the DGP model is unstable [243, 244, 245].



an alternative to GR at cosmological scales and it aims to explain the accelerated expansion

of the universe. This model suggests a modification in the gravitational force law at distances

beyond a crossover scale rc, typically estimated to be on the order of the current Hubble scale,

H−1
0 . The core idea of this model is its potential to replicate the ΛCDM model’s predictions at

certain scales while providing distinct outcomes at others. For instance, it predicts a deviation

in the growth rate of cosmic structures and variations in gravitational lensing effects, which

could be measurable through current and upcoming cosmological surveys. These deviations

are particularly evident in the growth rate parameter f , where nDGP models tend to predict

lower values compared to ΛCDM, especially at redshifts z < 1. Moreover, nDGP can be

empirically tested through its unique signatures in the large-scale structure of the universe,

such as galaxy distributions and CMB anisotropies. These observable differences from GR are

crucial for the model’s falsifiability and make it a candidate worthy of exploration in the quest

to understand the nature of dark energy and the dynamics of cosmic expansions.

In the original DGP model, the universe is described by a 4d brane embedded in a 5d

Minkowski spacetime. The cross-over scale between the 5d and 4d behaviour is given by the

length scale rc, which represents the fundamental extra parameter of this model, with GR

being smoothly recovered by taking the cross-over scale much larger than the current Hubble

scale H−1
0 , i.e., for H0rc ≫ 1. Constraints on this parameter are traditionally expressed in

terms of the dimensionless quantity [248]

Ωrc ≡
1

4r2cH
2
0

. (3.1)

For instance, ref. [248] puts an upper bound to the nDGP model of Ωrc < 0.020 (95% C.L.)

from WMAP and other available CMB data (including ISW-galaxy correlation), supernovae

and measurements of H0, assuming a cosmological constant in the background and a modified

expansion history without spatial curvature. A more recent analysis with the same hypothesis

was performed in [249] including CMB data from Planck, supernovae and BAO.

In contrast with these analyses, in the following we consider a version of the nDGP model

where the background expansion history exactly reproduces the ΛCDM one in a spatially-flat

universe. This is obtained by considering, instead of a cosmological constant, a dark energy

component whose background dynamics exactly compensates the modified background evo-



lution of the nDGP model [250]. Deviations from ΛCDM take place only in the late-time

evolution of perturbations, so that the model is weakly constrained by supernovae, sensi-

tive only to the recent background expansion history. Similarly, it is weakly constrained by

CMB data, whose dependence on late-time perturbations is only through the small integrated

Sachs-Wolfe effect and lensing. Focusing on a nDGP model with ΛCDM background expan-

sion allows us to probe the constraining power of LSS data, which are the most sensitive to

the late-time evolution of perturbations.

Previous constraints on the nDGP model obtained in this setting are much weaker: for

instance in [251] it was found Ωrc ≲ 40, using measurements of the monopole and the

quadrupole of the correlation function from SDSS DR7 data, with fixed H0. More recently,

Ref. [252] used the values of the parameter combination fσ8 estimated from the BOSS DR12

data [253] to set an upper bound of Ωrc ≲ 0.25 at 95% C.L. This constraint was obtained by

setting tight Gaussian priors on both Ωm0 and σΛCDM
8 (z = 0), corresponding to 1σ Planck

constraints assuming flat ΛCDM.

As we will see below, in this chapter we obtain Ωrc ≲ 0.65 at 95% C.L. from the BOSS

dataset. This constraint can be obtained only after fixing the primordial amplitude of fluc-

tuations As derived from Planck’s measurements. Relaxing As, the bound obtained is much

looser and biased because the effect of modified gravity on the growth of structures is very

degenerate with As. In principle, this degeneracy could be broken by combining data from

different redshift bins, as the effect of Ωrc is time dependent. While this could be an effective

strategy for future surveys such as DESI and Euclid, this is not the case for the BOSS data, as

the two redshift bins analyzed in this chapter are very close.

The constraint presented above depends on the choice of prior for the Ωrc parameter. For

this reason we also provide a prior-independent constraint on the nDGP parameter based on

the so-called Bayes factor [39]. This procedure is particularly useful for constraining parame-

ters with a non-Gaussian posterior. With this approach we obtain the upper value Ωrc ≲ 0.2

at 95% C.L..

We model the galaxy redshift-space power spectrum using the EFTofLSS implemented in

PyBird [61], a fast Python code for the evaluation of the 1-loop power spectrum, developed

for ΛCDM and modified here to include scale-independent modifications of gravity. We stress



that, although our analysis is restricted to the nDGP model alone, it can be straightforwardly

extended to other scale-independent models, such as those described by the general single-

field framework of the EFT of dark energy [40, 41, 42, 43, 44] extended beyond linear order [31,

30]. This opens the possibility of putting tighter constraints on a variety of dark energy and

modified gravity scenarios by combining Planck data with future surveys that will scan larger

volumes and will contain higher number of galaxies than SDSS-III.

3.2 Galaxy clustering in modified gravity

In this section we work out the expression of the galaxy power spectrum in redshift space for

generic scale-independent modified gravity models. In sec. 3.2.1, following earlier works, see

e.g. [254, 30], we first introduce the evolution equations of dark matter in modified gravity,

focusing on standard perturbation theory without counterterms. The exact solutions to these

equations in perturbation theory are derived in sec. 3.2.2. We then discuss the bias expansion

in redshift space in sec. 3.2.3, following [64]. In this reference, the bias expansion was derived

in the exact time dependent case (i.e. without assuming the commonly used Einstein-de Sitter

approximation) for the ΛCDM model. In [209], some of us showed that this expansion also

holds for scale-independent modified gravity models sharing the same symmetries as ΛCDM.

Finally, in the last section, 3.2.4, we write down the 1-loop power spectrum, including all

counterterms from the EFTofLSS used in PyBird.

3.2.1 Dark matter dynamics

We consider a perturbed spatially-flat Friedmann-Lemaı̂tre-Robertson-Walker metric in the

Newtonian gauge, focusing on scalar perturbations, i.e.

ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Ψ)dx2 . (3.2)

We work in the Jordan frame, where matter is minimally coupled to the gravitational metric. In

this case test particles follow geodesics and the dark matter fluid is described by the standard



continuity and Euler equations

δ̇ + a−1∂i
(
(1 + δ)vi

)
= 0 , (3.3)

v̇i +Hvi +
1

a
vj∂jv

i +
1

a
∂iΦ = − 1

aρm
∂jτ

ij , (3.4)

where ρm is the dark matter energy density, with background value ρ̄m, δ ≡ ρm/ρ̄m−1 and vi

are respectively the energy density contrast and the velocity of dark matter, a dot denotes the

derivative with respect to the cosmic time t and H ≡ ȧ/a is the Hubble rate. Following [214,

215, 216], we have written down the smoothed continuity and Euler equations: the right-

hand side of eq. (3.4) is the effective stress-energy tensor describing how the short modes

affect the dynamics of the long modes resulting from this smoothing procedure. See [30] for

a generalization to modified gravity models of this smoothing procedure and stress-energy

tensor.

In GR, one closes these two equations with the Poisson equation. In modified gravity,

however, the Poisson equation no longer holds. In order to proceed, we must thus discuss

how to relate Φ to the fluid variables. To do so, in the following we specialize to scale-

independent models, i.e. we assume that the mass of the scalar field responsible for modifying

gravity is much smaller than the fundamental frequency of the survey. This is typically the

case for Horndeski theories [255, 256], where higher-order derivative terms can lead to self-

acceleration [243, 257] and display Vainshtein screening [258] around overdense regions. In

this case, one can use the full field equations involving both Φ and Ψ(
2
) to express the Lapla-

cian of Φ in terms of the density contrast. This expression contains terms linear in δ, as in the

Poisson equation, but in general there are also higher-order terms. Since we are interested in

computing the 1-loop power spectrum, we will only consider terms up to third order in δ.

In summary, in a generic model one obtains (see e.g. [31, 30])

∂2Φ

H2a2
=

3Ωm,a

2
ν δ +

(
3Ωm,a

2

)2

ν2

[
δ2 −

(
∂−2∂i∂jδ

)2]
(3.5)

+

(
3Ωm,a

2

)3

ν22
[
δ −

(
∂−2∂i∂jδ

)
∂−2∂i∂j

] [
δ2 −

(
∂−2∂k∂lδ

)2]
+

(
3Ωm,a

2

)3

ν3

[
δ3 − 3δ

(
∂−2∂i∂jδ

)2
+ 2(∂−2∂i∂jδ)(∂

−2∂k∂jδ)(∂
−2∂i∂kδ)

]
+O(δ4) ,

2
In these theories Φ and Ψ are not necessarily the same.



where

Ωm,a ≡
ρ̄m

3M2H2
(3.6)

is the time-dependent dark matter energy density in critical units and M is the effective Planck

mass, which in general can depend on time. The functions ν(a), ν2(a), ν22(a), and ν3(a)

parametrize the time-dependent amplitude of the higher order terms. They can be related to

the original parameters of the modified gravity model at hand
3

but from the viewpoint of the

LSS equations, they are simply functions of time.
4

In general relativityM = MPl = (8πG)−1/2
,

ν = 1, ν2 = ν3 = ν22 = 0 and we recover the standard Poisson equation. Note that Ψ does

not directly appear in the fluid equations in the non-relativistic limit considered here and we

do not need it for this study.

At linear order one can neglect the higher-order terms in eqs. (3.3)–(3.5) and use these three

equations to write a single (second-order in time) equation for the linearized density contrast

δ(1)(a). Its time dependence is captured by the growth factors D(a), defined such that

δ(1)(a) = D(a)δ(1)(ain) , (3.7)

satisfying

d2D(a)

d ln a2
+

(
2 +

d lnH

d ln a

)
dD(a)

d ln a
− 3

2
ν(a)Ωm,a(a)D(a) = 0 , (3.8)

and normalized to unity at some initial time deep in matter domination era, a = ain. Assuming

a ΛCDM background expansion rate, the difference with the standard ΛCDM case is captured

by the function ν(a) in the last term, which modifies the strength of the gravitational inter-

action. In the following we assume that ν → 1 (i.e., GR is recovered) at early time. Since in

this limit Ωm,a → 1, at early time the solutions of this equation are the usual growing and

decaying solutions in matter domination, i.e. D+ ∝ a and D− ∝ a−3/2
, respectively. We can

thus label the late-time solution as growing (decaying) if at early times it grows as a (decays

as a−3/2
). The Green’s functions of this equation are discussed in the next subsection.

3
The derivation of eq. (3.5) is explicitly laid out in [31] for Horndeski models described in terms of the EFT of

dark energy. There, one also finds the relations between ν, ν2, ν22, and ν3 and the EFT of dark energy parameters,

expressed in terms of the Horndeski Lagrangian. The analogous expression for the nDGP model is derived in [32].

4
Note that this is only valid on length scales above the nonlinear scale where δ ∼ 1 and above the Vainshtein

screening [258] scale where scalar field fluctuations enter the nonlinear regime, see [31].



To proceed, we also define the linear growth rate,

f ≡ d lnD

d ln a
. (3.9)

It satisfies the equation

df

d ln a
+ f 2 +

(
2 +

d lnH

d ln a

)
f − 3

2
νΩm,a = 0 , (3.10)

that can be straightforwardly derived from eq. (3.8). We define f+ and f− by eq. (3.9) with

D = D+ and D = D−, respectively.

It is now convenient to go to Fourier space and study the dynamics of δ and vi as a function

of the scale factor. We neglect momentarily the stress-energy tensor on the right-hand side

of eq. (3.4). Its effect will be discussed in sec. 3.2.4. Thus, we define the conformal Hubble

rate H ≡ aH and use a prime to denote the derivative with respect to a. Moreover, we also

introduce the rescaled velocity divergence θ, defined as

θ ≡ − ∂iv
i

f+H
. (3.11)

Neglecting vorticity modes, the dynamics of δ and θ are now described by

a δ′k(a)− f+θk(a) =

∫
k1,k2

(2π)3δD(k− k12)

× f+α(k1,k2)θk1(a)δk2(a) , (3.12)

a θ′k(a)− f+θk(a) +
3

2

ν Ωm,a

f+
θk(a) +

1

f+

k2

H2
Φk(a) =

∫
k1,k2

(2π)3δD(k− k12)

× f+β(k1,k2)θk1(a)θk2(a) , (3.13)

where to derive the second equation we have used eq. (3.10). Moreover,α(k1,k2) and β(k1,k2)

are the standard dark matter interaction vertices,

α(k1,k2) = 1 +
k1 · k2

k2
1

and β(k1,k2) =
|k1 + k2|2k1 · k2

2k2
1k

2
2

, (3.14)

and we have used the notation

∫
k1,...,kn

≡
∫

d3k1
(2π)3

· · ·
∫

d3kn
(2π)3

and k1...n ≡ k1 + . . .+ kn.



In Fourier space, the generalized Poisson equation (3.5) reads

− k2

H2
Φk(a) = ν

3Ωm,a

2
δk(a) (3.15)

+ ν2

(
3Ωm,a

2

)2 ∫
k1,k2

(2π)3δD(k− k12) γ(k1,k2)δk1(a)δk2(a)

+ ν3

(
3Ωm,a

2

)3 ∫
k1,k2,k3

(2π)3δD(k− k123)γ3(k1,k2,k3)δk1(a)δk2(a)δk3(a)

+ ν22

(
3Ωm,a

2

)3 ∫
k1,k2,q1,q2

(2π)3δD(k− k12)(2π)
3δD(k2 − q12)

× γ(k1,k2)γ(q1,q2)δk1(a)δq1(a)δq2(a) ,

where the new kernels inside the integrals are given by

γ(k1,k2) = 1−
(
k̂1 · k̂2

)2
,

γ3(k1,k2,k3) = 1 + 2
(
k̂1 · k̂2

) (
k̂1 · k̂3

) (
k̂2 · k̂3

)
−
(
k̂1 · k̂3

)2 − (k̂2 · k̂3

)2 − (k̂1 · k̂2

)2
.

(3.16)

For completeness, we have included above the cubic vertex proportional to ν3. However,

since in the PS at 1-loop it enters as γ3(k,q,−q) = 0 [30] it does not contribute to the power

spectrum at one loop and we will discard it. Therefore, removing this term the perturbation

equations above become

aδ′k(a)− f+(a)θk(a) = Sδ
k(a) , (3.17)

aθ′k(a)− f+(a)θk(a) +
3

2

ν(a)Ωm,a(a)

f+(a)
(θk(a)− δk(a)) = Sθ

k(a) , (3.18)

with

Sδ
k = (2π)3

∫
k1k2

δD(k− k12)f+α(k1,k2)θk1δk2 , (3.19)

Sθ
k = (2π)3

∫
k1k2

δD(k− k12)

[
f+β(k1,k2)θk1θk2 +

ν2
f+

(
3Ωm,a

2

)2

γ(k1,k2)δk1δk2

]

+ (2π)3
∫
k1k2q1q2

δD(k2 − q12)δD(k− k12)
ν22
f+

(
3Ωm,a

2

)3

γ(q1,q2)γ(k1,k2)δk1δq1δq2 .

(3.20)

Moreover, for later purposes it is convenient to define the symmetrized α as αs(k1,k2) =

1
2
(α(k1,k2) + α(k2,k1)) and notice that

γ(k1,k2) = αs(k1,k2)− β(k1,k2) . (3.21)



3.2.2 Perturbative solutions for dark matter

Following [259], to construct the higher-order solutions to eqs. (3.17) and (3.18), we need the

Green’s functions. For general scale-independent modified gravity models, where the devia-

tions from GR are captured at linear order by the time-dependent function ν, these are defined

as

a
dGδ

σ(a, ã)

da
− f+G

θ
σ(a, ã) = λσδD(a− ã), (3.22)

a
dGθ

σ(a, ã)

da
− f+G

θ
σ(a, ã) +

3

2

νΩm,a

f+

(
Gθ

σ(a, ã)−Gδ
σ(a, ã)

)
= (1− λσ)δD(a− ã), (3.23)

where λ1 = 1 and λ2 = 0.

Explicitly, they are given by

Gδ
1(a, ã) =

1

ãW (ã)

(
dD−(ã)

dã
D+(a)−

dD+(ã)

dã
D−(a)

)
Θ(a− ã) , (3.24)

Gδ
2(a, ã) =

f+(ã)/ã
2

W (ã)

(
D+(ã)D−(a)−D−(ã)D+(a)

)
Θ(a− ã) , (3.25)

Gθ
1(a, ã) =

a/ã

f+(a)W (ã)

(
dD−(ã)

dã

dD+(a)

da
− dD+(ã)

dã

dD−(a)

da

)
Θ(a− ã) , (3.26)

Gθ
2(a, ã) =

f+(ã)a/ã
2

f+(a)W (ã)

(
D+(ã)

dD−(a)

da
−D−(ã)

dD+(a)

da

)
Θ(a− ã) , (3.27)

where W (ã) is the Wronskian of D+ and D−,

W (ã) =
dD−(ã)

dã
D+(ã)−

dD+(ã)

dã
D−(ã) , (3.28)

Θ(a− ã) is the Heaviside step function and we impose the boundary conditions

Gδ
σ(a, ã) = 0 and Gθ

σ(a, ã) = 0 for ã > a , (3.29)

Gδ
σ(ã, ã) =

λσ

ã
and Gθ

σ(ã, ã) =
(1− λσ)

ã
. (3.30)

We write the dark matter density contrast and velocity divergence in a perturbative ex-

pansion of the form

δk(a) =
∞∑
n=1

δ
(n)
k (a) and θk(a) =

∞∑
n=1

θ
(n)
k (a), (3.31)



which allows us to solve equations (3.17) and (3.18) order by order. The perturbative solution

of these equations can then be written as an integral over time-dependent momentum kernels,

δ
(n)
k (a) =

∫
d3q1
(2π)3

. . .
d3qn
(2π)3

(2π)3δD(k− q1n)K
(n)
δ (q1, . . . ,qn, a)δ

(1)
q1
(a) . . . δ(1)qn

(a) ,

θ
(n)
k (a) =

∫
d3q1
(2π)3

. . .
d3qn
(2π)3

(2π)3δD(k− q1n)K
(n)
θ (q1, . . . ,qn, a)δ

(1)
q1
(a) . . . δ(1)qn

(a) .

(3.32)

Up to third order, the kernels are given by [64],
5

K
(1)
λ (q1, a) = 1 , (3.33)

K
(2)
λ (q1,q2, a) = αs(q1,q2)Gλ

1 + β(q1,q2)Gλ
2 , (3.34)

K
(3)
λ (q1,q2,q3, a) = ασ(q1,q2,q3)Uλ

σ + βσ(q1,q2,q3)Vλ
σ2 + γσ(q1,q2,q3)Vλ

σ1 ,(3.35)

where repeated σ ∈ {1, 2} are summed over and λ ∈ {δ, θ}. The six momentum kernels at

third order {ασ, βσ, γσ} are products of αs and β, while {Gλ
1 ,Gλ

2 ,Uλ
σ ,Vλ

σσ̃}, where σ̃ ∈ {1, 2},

are time-dependent functions resulting from equations (3.17) and (3.18). All these functions are

explicitly given in app. A. Moreover, in app. B.1 we discuss the relation between this expansion

and the (equivalent) one derived using the bootstrap approach [209].

3.2.3 Biased tracers in redshift space

Galaxies are biased tracers of the long wavelength dark matter field distribution (see [226] for

a review). As such, their density distribution δg can be related to the linear dark matter density

distribution δ(1) and its derivatives (see e.g. [219, 220, 221, 223, 222, 224, 225]). This relation is

encoded by a bias expansion given in terms of the kernels K
(n)
δg

, defined by

δ
(n)
g,k(η) =

∫
d3q1

(2π)3
· · ·
∫

d3qn

(2π)3
(2π)3δD(k− q1...n)K

(n)
δg

(q1, . . . ,qn, η)δ
(1)
q1
(η) . . . δ(1)qn

(η) .

(3.36)

In what follows we use the same bias expansion and kernels introduced in [63] for a ΛCDM

cosmology using the Einstein-de Sitter (EdS) approximation and extended to an exact time-

dependent evolution in [64]. It was shown in [209], using the so-called bootstrap approach,

5
In [64], eqs. (3.33)–(3.35) are derived assuming ΛCDM but their validity extends also to other models re-

specting the same symmetries, see [209].



that this bias expansion does not restrict to ΛCDM but can be straightforwardly applied to a

large class of modified gravity models, i.e. all those models that share the same symmetries

with ΛCDM. It can be thus applied to the nDGP model and to all single-field models within

the Horndeski class.

Using this approach, one can show that the kernels up to third order can be expressed

in terms of seven perturbative bias coefficients. However, for the calculation of the 1-loop

power spectrum the third-order kernel appears with a particular combination of momenta,

K
(3)
δg

(q,−q,k; a), from which we subtract its |q|/|k| → ∞ limit. This reduces the effective

number of bias parameters that enter the calculation to four, that we denote by b1, b2, b3, and

b4.
6

See app. B.2 for details.

The relevant terms then are given by

K
(1)
δg

(k; a) = b1 , (3.37)

K
(2)
δg

(q1,q2; a) = (−b1 + b2 + b4) + b1β(q1,q2) +

(
b1 −

2

7
b2

)
γ(q1,q2) , (3.38)

K
(3)
δg

(q1,q2,q3; a)
∣∣∣
sub

=
b1
3
Oββ(q1,q2,q3) +

1

3

(
g(a)b1

2
+

b3
21

)
Oγβ(q1,q2,q3)

+
1

3

(
g(a)b1

2
− b3

21

)(
Oγγ(q1,q2,q3) +

1

2
Oγαa(q1,q2,q3)

)
+ cyclic,

(3.39)

where we have defined,

OXY (q1,q2,q3) ≡ X(q1,q2)Y (q12,q3) , (3.40)

where X, Y are the kernels β, γ and αa, with

αa(q1,q2) ≡ α(q1,q2)− α(q2,q1) , (3.41)

and g is the tracer-independent time-dependent function,

g(a) = 2Gδ
1(a)− 1 , (3.42)

as shown in app. B.1.

6
In the EdS-approximation limit, this bias expansion is equivalent to the one introduced in [63].



To derive the density contrast of the galaxies in redshift space, we can follow the usual

procedure described in [260, 261], which gives

δ(n)g,s (k; η) ≡
∫

d3q1

(2π)3
· · ·
∫

d3qn

(2π)3
(2π)3δD (k− q1...n)Z

(n)(q1, . . . ,qn; η)δ
(1)
q1
(η) . . . δ(1)qn

(η) ,

(3.43)

where

Z(1)(q1) = b1 + fµ2
1 , (3.44)

Z(2)(q1,q2) =K
(2)
δg

(q1,q2) + fµ2
kK

(2)
θ (q1,q2)

+ fµkk

[
µ1

q1
K

(1)
θ (q1)

(
K

(1)
δg

(q2) + fµ2
2K

(1)
θ (q2)

)
+ cyclic

]
, (3.45)

Z(3)(q1,q2,q3) =K
(3)
δg

(q1,q2,q3) + fµ2
kK

(3)
θ (q1,q2,q3)

+ µkkf
{µ1

q1
K

(1)
θ (q1)

[
K

(2)
δg

(q2,q3) + fµ2
23K

(2)
θ (q2,q3)

]
+

µ23

q23
K

(3)
θ (q2,q3)

[
K

(1)
δg

(q1) + fµ2
1K

(1)
θ (q1)

]
+ cyclic

}
+ µ2

kk
2f 2
{µ2

q2

µ3

q3
K

(1)
θ (q2)K

(1)
θ (q3)

[
K

(1)
δg

(q1) + fµ2
1K

(1)
θ (q1)

]
+ cyclic

}
,

(3.46)

where we have suppressed the dependence on a to simplify the notation, k is the sum over

internal momenta as in (3.43), µk ≡ k̂ · ẑ, µi ≡ q̂i · ẑ, and µij ≡ q̂ij · ẑ. A hat denotes the unit

vector, e.g. k̂ ≡ k/|k|.

3.2.4 Galaxy power spectrum in redshift space

The galaxy power spectrum in redshift space is defined by

⟨δg,s(k; η)δg,s(k′; η)⟩ = (2π)3δD(k+ k′)Pg,s(k; η) . (3.47)

Using the perturbative expansion in eq. (3.43), it is possible to calculate the 1-loop power

spectrum in perturbation theory as the sum of three contributions,

P 1−loop,PT
g,s (k; η) = P11(k; η) + P22(k; η) + P13(k; η) . (3.48)

The first term on the right-hand side is given by

P11(k; η) = Z1(k)
2PL(k; η) , (3.49)



where PL(k; η) is the linear power spectrum, defined by

⟨δ(1)k (η)δ
(1)
k′ (η)⟩ = (2π)3δD(k+ k′)PL(k; η) . (3.50)

Moreover,

P22(k; η) = 2

∫
d3q

(2π)3
[Z2(k− q,q)]2 PL(q; η)PL(|k− q|; η) , (3.51)

and

P13(k; η) = 6Z1(k)PL(k; η)

∫
d3q

(2π)3
Z3(k,q,−q)PL(q; η) . (3.52)

The result in eq. (3.48) needs to be corrected with terms that account for the effects of the

UV physics on the long modes, namely the counterterms and the stochastic terms resulting

from the stress-energy tensor in eq. (3.4) and from the bias and redshift-space expansions [261,

62, 64],

P 1−loop
g,s (k; η) = P 1−loop,PT

g,s (k; η) + PCT
g,s (k; η) + P ϵ

g,s(k; η) . (3.53)

At this order, the counterterms in redshift space are

PCT
g,s (k; η) = 2PL(k; η)Z

(1)(k; η)

(
k

kM

)2 (
cct + cr,1µ

2
k + cr,2µ

4
k

)
, (3.54)

where kM is the typical comoving scale of halos, and the stochastic contribution is given by

P ϵ
g,s(k; η) =

1

n̄g

(
cϵ,0 +

(
k

kM

)2

cϵ,1 + fµ2
k

(
k

kM

)2

cϵ,2

)
, (3.55)

where n̄g is the mean number density of galaxies. From the anisotropic galaxy power spec-

trum, P 1−loop
g,s (k, µk), we can then calculate the multipoles,

P 1−loop,(l)
g,s (k, z) =

2l + 1

2

∫ 1

−1

dµkP
1−loop
g,s (k, µk; z)Pl(µk) , (3.56)

where Pl(µ) are the Legendre polynomials of order l. In this chapter we will only consider

the monopole and the quadrupole of the galaxy power spectrum.

In addition, we perform the resummation of IR modes to account for the effect of long

wavelength bulk motions on small scales [262, 263]. Again, as for the bias expansion, for

scale-indepedent models the IR resummation procedure is not modified in nDGP with respect

to ΛCDM [209], and therefore we follow the scheme described in [264], already implemented

in the PyBird code.



3.3 PyBird meets nDGP

In this section we specify the equations used to implement the nDGP model. Finally, in

sec. 3.3.3, we present the parameters used in the analysis and their priors.

3.3.1 The code

We have already discussed in sec. 3.2 the changes to the perturbation theory equations required

by scale-independent modifications of gravity. Fortunately, thanks to the modular nature of

the code it is easy to implement these extensions. In particular, the task is greatly facilitated

by the fact that the perturbation theory kernels in the latest version of PyBird are computed

taking into account their time dependence exactly, as opposed to the commonly used Einstein-

de Sitter approximation. One of the main modifications consists in solving numerically the

differential equation for the growth function and the Green’s functions in the nDGP case and

replacing the ones computed in ΛCDM. We refer the reader to app. C for a discussion on

how to choose the initial conditions of the linear solutions. The procedure, explained here for

nDGP, can be easily extended to any modified gravity model with scale-independent linear

growth: Jordan Brans-Dicke [27] and scalar-tensor theories with scalar fields of horizon-sized

Compton wavelengths, clustering quintessence [28, 29] (see [234] for the implementation of

this model in PyBird and constraints on it with BOSS data in combination with BAO), the

EFT of dark energy beyond linear order [30, 31, 32], dark scattering models [33], k-mouflage

theories [34, 35, 36, 37], etc.

3.3.2 The model

In nDGP,
7

it is customary to introduce the dimensionless cosmological parameter Ωrc to mea-

sure the strength of modifications of gravity in the effective 4d theory. This is defined in

eq. (3.1), where rc is the cross-over scale between the 5d and 4d cosmological behaviour, ap-

pearing in the effective 4d Friedman equation as H2 + H
rc

= 8πG
3

∑
i ρi [242], where ρi are the

background energy densities, including dark energy.

7
See [265, 248, 249, 250] for a treatment of cosmological perturbations of nDGP.



In this chapter we are interested in constraining the effect of modified gravity on pertur-

bations only. We will therefore assume that the background expansion is exactly the one of a

flat-ΛCDM model, that is,

H(a) = H0

√
Ωm(a/a0)−3 + 1− Ωm , (3.57)

where Ωm is the present matter abundance. Such a behaviour can be realized by considering a

dark energy component with fine-tuned dynamics [250]. Modifications of gravity are therefore

restricted to linear and higher-order perturbations, described by the single parameter Ωrc.

Indeed, it can be shown (see e.g. [32] and references therein for details) that the modified

Poisson equation in Fourier space is given by eq. (3.15) with

ν(a) = 1 +
1

3β(a)
, (3.58)

ν2(a) = −1

2

(
H(a)

H0

)2
1

Ωrc

(
1

3β(a)

)3

, (3.59)

ν22(a) = 2

(
H(a)

H0

)4
1

Ω2
rc

(
1

3β(a)

)5

(3.60)

(as discussed above, we do not need to specify ν3), where

β(a) ≡ 1 +
H(a)

H0

1√
Ωrc

(
1 +

aH ′(a)

3H(a)

)
. (3.61)

One sees that GR is recovered by sending H0rc → ∞ or, equivalently, Ωrc → 0, which implies

β → ∞ and consequently ν = 1, ν2 = ν22 = 0.

To solve the perturbation equations we need an expression for the time-dependent Ωm,a(a)

in terms of its value today, Ωm = Ωm,a(a = 0). Since in this model M is constant, from eq. (3.6)

we find

Ωm,a(a) = Ωm

(
H0

H(a)

)2 (a0
a

)3
. (3.62)

3.3.3 Parameters and priors

Following [63], we perform the analysis using the bias parameters

c2 ≡
1√
2
(b2 + b4) , c4 ≡

1√
2
(b2 − b4) , (3.63)
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nDGP,(0)
g,s −P

ΛCDM,(0)
g,s and the error σP for the BOSS covariance

at redshift z = 0.61, for different values of Ωrc, and with bias parameters fixed to reproduce

the monopole of the PT challenge simulations [208]. The red vertical line represents the kmax

used in our analysis. Similar results are obtained at redshift z = 0.38.

instead of b2 and b4. Indeed, it was shown in that reference that b2 and b4 are highly degenerate

in the data because they enter eqs. (3.38) and (3.39) in such a way that their difference, c4,

multiplies a term that is too small to be constrained by BOSS-like data. Here we set c4 = 0.

The parameters used in the analysis are

{ωb, ωcdm, h, As, ns, log10Ωrc, b1, c2, b3, cct, cr,1, cϵ,0, cϵ,1, cϵ,2} . (3.64)

SinceΩrc ≥ 0, we decide to use log10Ωrc to scan many orders of magnitude. We then marginal-

ize analytically on the remaining bias parameter, b3, and on the parameters appearing in

eqs. (3.54) and (3.55), see below.

Let us now discuss the priors on these parameters. Using the BBN constraint of Ref. [266],

we adopt a Gaussian prior on the absolute density of baryonic matter ωb = 0.02237±0.00036.

We assume a flat prior for all the other parameters, except As discussed below. In the BOSS

analysis, the priors are

ωcdm ∈ [0.04, 0.25] , h ∈ [0.5, 1.0] , ns ∈ [0.5, 1.5] ,

log10Ωrc ∈ [−3, 2] , b1 ∈ [0.8, 4] , c2 ∈ [−4, 4] .
(3.65)



The lower and upper limits for the priors on b1 and c2 are motivated by previous analysis,

see [208]. As can be seen in fig. D.1, the 2-σ posterior distributions for these parameters are

well inside the priors bounds, and therefore we conclude that these priors are very uninfor-

mative. Moreover, we choose min [log10Ωrc] = −3 because our analysis is insensitive to lower

values. Indeed, fig. 3.1 shows ∆P/σP , where ∆P ≡ P
nDGP,(0)
g,s −P

ΛCDM,(0)
g,s , and σP is the error

on P
(0)
g,s for the BOSS volumes and galaxy densities, as a function of kmax, for different values

of Ωrc. For Ωrc ≲ 10−3
, ∆P/σP ≲ 1, i.e. the effect of modified gravity on the monopole is

smaller than the error. Adding the quadrupole does not change this conclusion. We discuss

the implications of a different choice of min [log10Ωrc] in sec. 3.5.

Assuming that the typical comoving scale of halos appearing in eqs. (3.54) and (3.55) is

kM = 0.7h/Mpc, we set Gaussian priors centered on 0 on the EFT parameters, with widths

given by

σ(b3) = 2 , σ(cct) = 2 , σ(cr,1) = 8 ,

σ(cϵ,0) = 2 , σ(cϵ,1) = 2 , σ(cϵ,2) = 2 ,
(3.66)

and we analytically marginalize over them, as described in [61]. Since we do not compute the

hexadecapole, cr,1 and cr,2 are completely degenerate: we absorb the latter into the former and

enlarge the prior width to 8. We choose a galaxy number density n̄g = 3× 10−4(Mpc/h)3 for

the analysis of the synthetic data and the PT Challenge simulations at redshifts z = 0.38 and

z = 0.61 respectively, and we use n̄g = 4× 10−4(Mpc/h)3 and n̄g = 4.5× 10−4(Mpc/h)3 for

the analysis of the BOSS catalogues [267], at redshifts z = 0.38 and z = 0.57 respectively. We

apply the Alcock-Paczynski effect to all the analyses performed in this chapter.

Finally, for the primordial amplitude of scalar fluctuations, As, we present two cases:

1. Assuming a flat prior in the range As ∈ [0.1, 5.0]× 10−9
;

2. Fixing it to the Planck central value [268]: As = 2.0989× 10−9
.

For the second case, given the smallness of Planck’s error on As, 1.4%, fixing it or assuming a

Gaussian prior with 1σ width essentially gives the same results, as we have explicitly checked.

We run MCMC’s based on the Metropolis-Hastings sampler as implemented inMontePython

3 [269, 270], with the theory model evaluated using CLASS [271] and PyBird. We declare
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Figure 3.2: Growth function for nDGP with various values of Ωrc as a function of the scale

factor a, rescaled to the ΛCDM one, with Ωm fixed to Planck’s best-fit value.

convergence of the chains when the Gelman-Rubin R − 1 value [272] is lower than 0.02. We

used GetDist [273] package to create the plots and calculate the summary statistics.

3.4 Testing the pipeline

Before applying our pipeline to the real BOSS data, we have performed several tests on syn-

thetic data and simulations. The aim is twofold: exploring projection effects due to strong

degeneracy between parameters, such as for instance between As and Ωrc as explained in the

next subsection, and assessing the maximal wavenumber that we can use in our analysis, kmax.

Indeed, in sec. 3.4.2 we test our pipeline on synthetic data and in sec. 3.4.3 we analyse the PT

Challenge simulations. Finally, in sec. 3.4.4 we discuss projection effects in more details.

3.4.1 Degeneracy between As and Ωrc

We expect the nDGP parameter Ωrc to be degenerate with the amplitude of primordial fluc-

tuations As. Indeed, the former enters the modified linear growth equation, eq. (3.8), via the

function ν(a) introduced in (3.15). In fig. 3.2 we show the effect of modified gravity on the

linear growth function for different values of Ωrc.
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logs analyzed in this chapter. The shaded region represents the Planck ±1σ error.

Since the time dependence of the linear density power spectrum is given by P (k; z) ∝
D2

+(z)As, the effect of Ωrc on the linear growth function is exactly degenerate with the pri-

mordial amplitude As. To show the degeneracy as a function of the redshift, in fig. 3.3 we plot

curves of constant D2
+(z)As in the ∆As/As-log10Ωrc plane, where we have defined the shift

in As required to compensate the change in D2
+(z) as

∆As

As

≡ AnDGP
s − AΛCDM

s

AΛCDM
s

. (3.67)

Combining data at different redshifts can, in principle, break this degeneracy but this does

not work if Ωrc is too small or if the redshift bins are too close. In fig. 3.3 we also show the

curves for z = 1 and z = 2.

3.4.2 Null test on synthetic data

Using the EFTofLSS model described in sec. 3.2, we have created synthetic data, with known

cosmology and bias parameters, for ΛCDM (i.e. Ωrc = 0), and we have tested our pipeline



Synthetic data PT-Challenge sims BOSS data

Low-z sample z = 0.38 z = 0.38 z = 0.32

kmax = 0.20hMpc
−1 kmax = 0.20hMpc

−1 kmax = 0.20hMpc
−1

High-z sample z = 0.61 z = 0.61 z = 0.57

kmax = 0.23hMpc
−1 kmax = 0.23hMpc

−1 kmax = 0.23hMpc
−1

Table 3.1: Summary of the data samples considered for our analyses, with their respective

redshifts and kmax used.

on these data. The goal of this preliminary analysis is to verify if the marginalized posterior

probability are affected by strong projection effects, such as the one discussed above. See also

e.g. [274, 238] for a discussion on this topic.

We fixed the cosmological parameters
8

of the synthetic data to be the same as those of

the PT Challenge mocks, while the bias and EFT parameters were chosen using the best-fit

values obtained by fitting the mocks. We generated samples at the two redshifts of the simu-

lations dataset analyzed below, z = 0.38 and z = 0.61. We have analyzed the monopole and

quadrupole of the synthetic galaxy power spectrum for both redshift samples and for the com-

bination of the two. We have used a Gaussian covariance provided in the PT-Challenge web-

site
9
, rescaled in order to match the volume and number densities of the BOSS catalogues [267].

We have fixed the maximum wavenumber included in the analysis to kmax = 0.23h/Mpc for

z = 0.61 and kmax = 0.20h/Mpc for z = 0.38; for a summary, see tab. 3.1. As explained

in sec. 3.4.4, when analyzing the simulations we find that the theoretical systematic error on

cosmological parameters is negligible.

The results are shown in fig. 3.4, with a flat prior onAs (top) and with fixedAs (bottom). The

expected degeneracy between Ωrc and As is visible (top panel) for Ωrc ≳ 10−2
, which results

in a biased determination of As and a spurious peak in the Ωrc posterior, induced by projection

effects. As anticipated, the shape of the 2d posterior in the log10Ωrc-As plane is only mildly

8
Following the philosophy of [208], we do not disclose their values here.

9https://www2.yukawa.kyoto-u.ac.jp/takahiro.nishimichi/data/

PTchallenge

https://www2.yukawa.kyoto-u.ac.jp/~takahiro.nishimichi/data/PTchallenge
https://www2.yukawa.kyoto-u.ac.jp/~takahiro.nishimichi/data/PTchallenge
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Figure 3.4: Marginalized posteriors for the cosmological parameters from ΛCDM-synthetic

data, with flat-As priors (top panel) and fixed As (bottom panel), with two different sky-cuts

and their combination. The covariances used have been rescaled to match that of BOSS data.
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redshift dependent; therefore, combining the two relatively close redshift samples does not

help in reducing the degeneracy. Fixing As to Planck’s value (botton panel) clearly reduces

the degeneracy and removes projection effects. Moreover, increasing Ωrc while keeping As

fixed lifts the amplitude of the linear power spectrum, and therefore the relative weight of

the 1-loop effects with respect to the linear ones, which is instrumental in lifting degeneracies

among cosmological and bias parameters. Furthermore, it is now possible to observe that there

is also a moderate degeneracy between log10Ωrc, ns and Ωm that it is less relevant in the case

in which As is varied.

Additionally, we have performed an analysis of synthetic data in nDGP combining two

redshift samples. To observe a clear effect of nDGP we have considered large values of Ωrc,

Ωrc = 1 and Ωrc = 0.25, leaving the other parameters as above and fixing As to the Planck

central value. In fig. 3.5 we compare the marginalized posteriors of these two cases with the



ΛCDM case. A clear detection is present only for values bigger than Ωrc ≳ 1.
10

We also note that for the cosmology with large Ωrc the uncertainties of the other cosmo-

logical parameters are larger due to the different degeneracies with the other cosmological

parameters around the central value.

3.4.3 Tests on simulations

We tested our pipeline on the PT Challenge simulations [208], which are ten realizations in

periodic comoving boxes of side length of 3840 Mpc/h with 30723 particles each. The total

volume, 566 (Gpc/h)3, is about a hundred times that of the BOSS catalogues. A flat ΛCDM

cosmology is assumed, with Ων set to zero. Dark matter halos are identified with the Rockstar

halo finder [275] and then populated with mock galaxies matched to reproduce the observed

clustering properties of the BOSS samples. Further details can be found in [208]. We analyzed

these simulations with kmax = 0.23h/Mpc for z = 0.61 and kmax = 0.20h/Mpc for z = 0.38,

as already described in the previous section.

The results are shown in fig. 3.6 for two cases: varying As with a flat prior (top) and for As

fixed to the Planck central value (bottom). In the top panel we observe, again, the degeneracy

between Ωrc and As and the presence of a peak in the log10Ωrc posterior, which indicates

the presence of projection effects. These effects disappear when fixing As to Planck’s value

(bottom panel). As for synthetic data, a moderate degeneracy between log10Ωrc, ns and Ωm

emerges when As is fixed.

3.4.4 Projection effects and theoretical errors

The above analysis shows a large difference between the mean (or the median) of the 1d

marginalized posterior and the true value of As. Following [238], to estimate the importance

of other systematic biases due to projection effects, in tab. 3.2 we show the ratio between

∆(x) = x̄−xtruth, i.e. the difference between the marginalized mean value x̄ of a parameter x

and its true value xtruth, and the error associated to the data for the same parameter, σdata(x).

10
With detection here we mean the following: we subtract the 2-σ error to the measured best fit value and we

compare it with the lower bound of the prior used for the analysis.
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Figure 3.6: Marginalized posteriors for the cosmological parameters from the PT Challenge

simulations, with flat-As priors (top panel) and fixed As (bottom panel), with two different

sky-cuts and their combination. The covariances used have been rescaled to match those of

BOSS data.



x Ωm h ns

∆synth(x)/σsynth(x) −0.2333 −0.0903 0.0938

∆sims(x)/σsims(x) −0.1053 −0.0826 0.0901

∆sims(x)/σsims(x)−∆synth(x)/σsynth(x) 0.1280 0.0077 −0.0038

Table 3.2: Ratio ∆data(x)/σdata(x), where ∆(x) = x̄ − xtruth is the difference between the

marginalized mean and the true value, and σdata is the data error, measured on synthetic data

(first row) and the PT Challenge simulations (second row), for x = Ωm, h and ns. We consider

only the high-z sample and we fix As to the Planck central value. We report also the difference

between the two cases (third row).

These are computed for the synthetic data and for the simulations analyses, considering only

one sky-cut (i.e. the high-z case), for the case in which As is fixed to the Planck value. We find

that the deviations due to projection effects are negligible with respect the dataset errors, i.e.,

∆data/σdata(x) ≲ 1/3.

For the simulation analysis, there are two contributions to the deviations of the means

from their true values: the projection effects and the theory error. To estimate the importance

of the theory error, we subtract the shift measured with synthetic data (which are exempt from

theoretical errors) divided by the error from the same ratio measured with simulations: this is

safely negligible in our analysis, as shown in the table.

3.5 Results

3.5.1 BOSS analysis

In this section we apply our pipeline to the analysis of real data from the SDSS-III BOSS [276].

In particular, we have analyzed the full-shape BOSS DR12 power spectrum measurements. The

theory model is the same EFTofLSS used in the fit of synthetic data and simulations, with the

same priors. We convolve the power spectrum multipoles with the survey window function

measured with the technique outlined in [277], with a consistent normalization for the power



Param best-fit mean ± 1σ

ωcdm 0.1169 0.1182+0.0084
−0.01

h 0.6791 0.6794+0.013
−0.015

ns 0.9793 0.976+0.062
−0.056

Ωm 0.3075 0.3058+0.016
−0.02

Table 3.3: Best-fit and mean values with 1σ deviations measured on BOSS data, high-z sample.

The bounds are obtained withAs fixed to the Planck central value and using BOSS covariances.

spectrum estimator.
11

We analyze the monopole and quadrupole power spectra of the redshift cuts, zeff = 0.57

and zeff = 0.32, using both North Galactic Cap and South Galactic Cap sky-cuts for each

redshift bin. We cut the power spectra at kmax = 0.23h/Mpc for the higher redshift and at

kmax = 0.20h/Mpc for the lower one. When analyzing BOSS data, we also include the effects

of neutrinos in the linear power spectrum. We use the Planck prescription of one massive

neutrino species with mν = 0.06 eV and two massless ones contributing to the number of

effective relativistic species as Neff = 2.0328.

We show the marginalized posteriors in figs. 3.7 and the best-fit and mean values of the

cosmological parameters in tab. 3.3. The posteriors are in qualitative agreement with those

obtained from synthetic data and simulations. In particular, they show the same error size and

degeneracy among parameters.

3.5.2 Dependence on priors

We now discuss upper bounds on the nDGP parameter Ωrc from the analyses on BOSS data

x ≡ log10Ωrc , (3.68)

that is, P(x|d, p), where d and p denote the data and the priors, respectively. We considered

11
See here for the public GitHub repository for the evaluation of the window function.

https://github.com/pierrexyz/fkpwin
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Figure 3.7: Marginalized posteriors for the cosmological parameter from the analysis of BOSS

data for all the sky-cuts with flat prior on As (top panel) and As fixed to Planck central value

(bottom panel), using BOSS covariances.
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two types of priors: a flat prior on x (log-flat prior) on an interval [−a, 2](12
), that is

px
a(x) = flatx∈[−a, 2] , (3.69)

and a flat prior on Ωrc = 10x on the interval [0, 100],

pΩ(x) = flatΩrc∈[0, 100] . (3.70)

Due to the Jacobian of the transformation between Ωrc and x, when expressed in the x

variable the second prior is proportional to 10x ln 10. For the log-flat prior, the choice of the

lower bound is important. In this case, as the x parameter goes to zero, it scans an infinite

volume. But since the model has a smooth limit to GR in the Ωrc → 0 limit, allowing a very

low lower bound introduces a large parameter space in which we are effectively sampling the

ΛCDM model, thus biasing the marginalized 1-d posteriors. To remove this effect, for the log-

flat prior we must choose a lower bound a such that, fixing all parameters, the differences in

power spectra between the case Ωrc = 0 and the case in which Ωrc = 10−a
is comparable to the

standard deviation of the data, see fig. 3.1. In fig. 3.8 we show the 1d marginalized posteriors

12
The upper bounds in both priors are values of the parameters for which the posteriors are practically zero,

so the results are independent on the precise choices for them.



obtained with the flat prior on x, and lower bound in x = −3, px
3(x), as in fig. 3.7, and with

the flat prior on Ωrc, p
Ω(x). Notice that the former tends to a plateau for large negative x,

while the latter is exponentially suppressed in the same region, given the 10x dependence on

the prior. These behaviors are expected: data are insensitive to small Ωrc values, therefore the

posterior in those region is just proportional to the prior.

We can define upper bounds on Ωrc from the integral,

I[xlim; p] =

∫ xlim

xp
min

P(x|d, p)dx , (3.71)

where xp
min is the lower bound of the prior p(x), that is, −3 for px

3(x) and −∞ for pΩ(x).

Setting I[xlim; p] = 0.68, 0.95 gives the xlim values corresponding to the upper limits on the

parameter x at the 68% or 95% confidence level.

Translated back to Ωrc, these values correspond to

Ωrc < 0.0919 at 68% C.L. (< 0.646 at 95% C.L.) for px
3(x) , (3.72)

Ωrc < 0.9967 at 68% C.L. (< 2.185 at 95% C.L.) for pΩ(x) . (3.73)

These upper bounds are clearly prior-dependent. In particular, considering the flat prior on x,

px
a, they depend on the value of the lower extreme x = −a, as shifting it to x = −b changes the

value of the integral (3.71) by a quantity proportional to b− a, since the posterior is constant

in that region. For instance, the lower extreme x = −6 gives

Ωrc < 0.0187 at 68% C.L. (< 0.4087 at 95% C.L.) for px
6(x) . (3.74)

We stress that such a low lower bound on x is not a very sensible choice. When calculating the

bound as an integral over x, we are taking into account a large volume of parameter space that

is simply ΛCDM. In the next subsection, we discuss a less prior-dependent method to extract

a bound on how much we are allowed to deviate from the ΛCDM cosmology.

3.5.3 Bound using the Bayes factor

As an alternative criterion to quantify an upper bound to Ωrc, consider the ratio between the

1d posterior and its corresponding prior,

b(x; d, p) =
P(x|d, p)

p(x)
. (3.75)
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Figure 3.9: Normalized posterior-to-prior ratios of log10Ωrc from the BOSS analysis (2z-

combined sky-cuts), assuming a flat prior on log10Ωrc, with all the cosmological parameters

fixed to their respective Planck central values, for different lower bounds of min[log10Ωrc]:

−6,−5,−4 and −3. The dashed line denotes p-value = 0.05.

Taking two different values of x and the ratio between the corresponding b functions, gives

b(x1; d, p)

b(x2; d, p)
=

P(d|x1)

P(d|x2)
≡ B(x1, x2) , (3.76)

where P(d|x) is the likelihood of the data d when the parameter is fixed at x, and the first

equality is a consequence of Bayes theorem. B(x1, x2), also known as the odds, or Bayes

factor, gives the change in relative probability between the model with x = x1 and x = x2,

supported by the data (see, for instance, [39]), and is prior independent by construction.

Values of B(x1, x2) of order unity are associated to ‘inconclusive’ evidence of x1 over x2.

Following tab. 1 of [39], we associate, for instance, a p-value of 0.05 (2σ) preference of x1

over x2 to odds in the range B(x1, x2) > 2.5 and a p-value of 0.003 (3σ) to B(x1, x2) > 21.

If we fix x1 to the low x plateau, we can then plot B(x1, x2) as a function of x2 and de-

rive upper bounds on x. This is shown in fig. 3.9, where we plot the functions B(xplateau, x)

obtained from different MCMC chains in which we imposed flat priors on x, px
a(x), with dif-

ferent values for the lower bound a. The different curves have been normalized in order to

have b(xplateau; d, p
x
a) = 1 on the plateau, correcting by the differences between the evidences



(

∫ 2

−a
P(d|x)pxa(x)) due to the different lower limit of integration. As we can see, while the

plateau is clear for xp
min = −5 and −6, it is only marginally visible for higher values of xp

min.

However, we also see that the different curves have a descent which is to a great extent inde-

pendent on the assumed value for xp
min. The 1σ bound extracted with the criteria described

above corresponds to the tail of the distributions, which is difficult to sample numerically.

Therefore, we only quote the 2σ bound corresponding to B(xplateau, x) = 2.5, obtained from

the smallest available value for xplateau, that is −6, and from the largest value, −3. Apart from

that, we use the same data and priors on the other parameters as those used to obtain fig. 3.7

and the bounds in (3.73).

We obtain, for xplateau = −6,

Ωrc < 0.2113 at 95% C.L. (3.77)

and, for xplateau = −3,

Ωrc < 0.2047 at 95% C.L. . (3.78)

These two bounds are very close, showing the robustness of our approach. A more detailed

review of this method is illustrated in F.

3.6 Summary

We have constrained cosmological modifications of gravity with the full-shape power spec-

trum of BOSS data. As shown in sec. 3.2, we have modeled the galaxy distribution in redshift

space by extending perturbation theory and the bias expansion to general scale-independent

modified gravity models and using the EFTofLSS to capture the effect of the short-scale physics.

To be specific, we have then restricted our analysis to the normal branch of the DGP sce-

nario, assuming the background expansion of a flat ΛCDM model. The relation between the

gravitational potential and the density contrast, which in ΛCDM is given by the Poisson equa-

tion, is now modified by an enhancement of the effective Newton constant and by the presence

of new non-linear terms. These effects are parameterized by a single quantity, Ωrc. We per-

form the analysis with the code PyBird, that we have adapted to include the new effects (see

sec. 3.3).



As discussed in sec. 3.4, in linear theory Ωrc is degenerate with As and, since we assume

a flat ΛCDM background expansion, it is also degenerate with Ωm. Furthermore, the new

non-linear kernels affect the power spectrum on short scales and can be degenerate with the

primordial tilt of fluctuations ns. These strong degeneracies, in particular the one with As,

shift the 1-d marginalized posteriors of the cosmological parameters from their true values. We

have quantified this shift by analyzing synthetic data generated with the EFTofLSS, which has

allowed us to estimate how degeneracy affects the marginalized posteriors through projection

effects on the parameter volume.

The effect of parameter volume projection effects on the power spectrum amplitude As has

also been investigated in [278, 210], showing that different choices of the priors for the EFT

parameters can induce a shift on the measured As. We have reduced this effect by fixing As

to the Planck central value, combined with a BBN prior on ωb. Even when As is fixed, there

are still residual degeneracies, such as the one between Ωm and ns.

The results of the analysis on BOSS data are discussed in sec. 3.5. For fixedAs, the marginal-

ized posteriors are shown in fig. 3.7. The contours of the nDGP parameter Ωrc are prior-

dependent. In order to obtain prior-independent constraints, we have considered the ratio

between the 1d posterior and its corresponding prior, the so-called Bayes factor. The resulting

upper bound on the nDGP parameter is Ωrc ≲ 0.2 at 95% C.L.. This is the first measurement

of the nDGP parameter performed using the full shape galaxy power spectrum from the BOSS

data.

Our analysis shows that competitive constraints using galaxy clustering data can be ob-

tained only with volumes higher than BOSS and/or more information about the parame-

ters, either from other datasets, such as the CMB, or by narrowing the priors on the EFT

or bias parameters [278]. This could be done, for instance, by modelling the bias expansion

using analytical constructs, such as the peak-background split [279, 280], the excursion-set

approach [281, 282] or the consistency relations of LSS [283, 284], or by using more phe-

nomenological models informed by simulation measurements.

In this respect, the bispectrum is receiving growing interest [285, 286, 287]. A joint analysis

with the bispectrum could, in principle, help break some degeneracies, for example the one

between the growth rate f (and thus Ωm), the linear bias, b1, and the primordial amplitude,



As. Reference [288] showed that by performing a joint analysis of the power spectrum and

the bispectrum one could reach a 10% accuracy on f , while [289] has shown that using only

the bispectrum monopole significantly reduces the information content of the bispectrum,

allowing only for a better estimation of the bias parameters. The analysis using the EFT model

for the tree-level bispectrum has been recently performed on numerical simulations [290],

which showed an improvement of 5-15% on the constraints on cosmological parameters. The

same analysis was performed using the 1-loop bispectrum on simulations [291] and using the

BOSS data [238], showing a ∼ 10-30% improvement with respect to the power spectrum-only

analysis.

The procedure introduced in this thesis can be straightforwardly extended to other models

with a scale-independent growth of perturbations, such as those described by the EFT of dark

energy. Modifications of gravity can also be scale dependent if the range of the scalar force be-

comes of the order of the sample size, such as for instance in the Hu-Sawicki f(R) model [292].

Other scale-dependent effects on the growth are expected from massive neutrinos or baryonic

feedback (see e.g. [293, 294]). The implementation of these effects in a fast code requires more

work and is left for the future.



Chapter 4

Cosmological constraints on

non-standard cosmologies from

simulated Euclid probes

The Euclid satellite mission [77] is set to provide unmatched accuracy in measuring the large-

scale galaxy clustering and lensing, presenting a unique opportunity to investigate deviations

from the ΛCDM model.

In this chapter we focus on the extraction of cosmological parameters beyond ΛCDM from

simulated galaxy mocks with different volumes. The theoretical model for our analysis is the

EFTofLSS, which provides a robust perturbative description of the non-linear effects of dark

matter clustering, short-scale physics, galaxy bias, redshift-space distortions, and large-scale

bulk flows. The analysis is performed with Markov-Chain Monte-Carlo techniques and with

the code PyBird.

In the following we present the theoretical model implemented and the results for two

different simulated galaxy mocks, RayGal and DEMNUni, focusing on three different models:

ΛCDM, nDGP and wCDM.
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4.1 Euclid in a nutshell

The Euclid mission [77, 295], an initiative of the European Space Agency (ESA), is strategically

designed to explore the Universe through the methodologies of weak gravitational lensing

and galaxy clustering. The goal of this mission is to conduct a comprehensive imaging and

spectroscopy survey across both visible and near-infrared wavelengths. It aims to cover an

expansive area of approximately 15, 000 deg2 of the extragalactic sky over a period of six years.

Central to Euclid’s design is a telescope equipped with a 1.2m diameter Silicon Carbide (SiC)

mirror, which channels data to two primary instruments developed by the Euclid Consortium.

These include a high-resolution panoramic visible imager and a near-infrared photometer-

spectrograph.

The Euclid spacecraft, during its mission, is set to conduct an extensive imaging and spec-

troscopic exploration of the visible and near-infrared spectrum through the Euclid Wide Sur-

vey (EWS) [296]. At the heart of Euclid’s objectives is the EWS, which plays a pivotal role in

the mission. Its primary purpose is to detect and analyze the clustering properties of galaxies,

thereby contributing to a more profound understanding of the Universe’s accelerated expan-

sion and the essence of dark energy. The EWS employs two principal methodologies: galaxy

clustering (GC) and weak lensing (WL), to achieve its scientific goals.

GC will comprise a substantial dataset of tens of millions of galaxy angular positions and

spectroscopic redshifts. These redshifts fall within the interval 0.7 < z < 1.8 and are expected

to maintain an accuracy of 0.001× (1+z) at a confidence level of 68%. In parallel, WL will be

assessed by analyzing approximately 1.5 billion galaxy shapes, which will be integrated with

photometric redshifts (photo-z). This analysis will be further enhanced by complementary

ground-based photometry. The near-infrared passbands are instrumental in determining the

average photo-z for the tomographic redshift bins, aiming for an accuracy of 0.002 × (1 +

z) [297]. Additionally, WL observations will be augmented by various other cosmological

probes derived from the same dataset, and these will be synergized with external data sources,

such as clusters of galaxies and cross-correlation with the CMB.

The EWS is set to encompass over one-third of the celestial sphere, strategically avoid-

ing the Galactic and ecliptic planes. The survey’s anticipated average limiting magnitude is



gauged to be 26.5mag in the visible IE band, and 24.5mag in the near-infrared bands YE ,

JE , and HE . On the spectroscopic front [296], the Hα line flux threshold is projected to be

2×10−16
erg

−1
cm

−2
s
−1

at a wavelength of 1600 nm. Complementarily, the Deep Survey (DS)

is tailored to observe more faint objects across smaller regions, aiming to cover a minimum of

40 deg2 across three distinct fields in both the northern and southern Galactic hemispheres.

The DS will not only furnish calibration data sets for the EWS but also contribute data for

legacy science endeavors, encompassing the study of faint high-redshift galaxies, quasars, and

active galactic nuclei (AGN). It will also provide Galaxy Clustering data, that is the main focus,

in our case, for the extraction of cosmological parameters beyond ΛCDM.

4.2 Theoretical Model

As already illustrated in 3.1, we make use of the advanced theoretical modeling of galaxy clus-

tering provided by the EFTofLSS, focusing on the power spectrum. An accurate power spec-

trum modeling can be achieved through perturbation theory up to the 1-loop level [213], with

a systematic bias scheme and counterterms to describe the effects of small-scale physics [214,

215, 216, 217, 218, 219, 220, 221, 222, 223, 224, 225, 226].

We apply this EFTofLSS treatment [214, 216], which has been recently used to model the

power spectrum at 1-loop for the analysis of the BOSS dataset [11], giving constraints on

cosmological parameters with a good level of accuracy, see [63, 227, 228].

Building on these approach, it is possible to investigate the limits of neutrino masses [229,

230], to examine the inconsistency in measurements of the universe’s expansion rate (known

as the H0 tension [231, 232, 233]) and to explore theories that go beyond the standard ΛCDM

cosmological model [61, 234]. Looking into RSD [235, 236] and using both simple and complex

EFTofLSS methods to analyze the BOSS bispectrum, could provide new insights into the early

universe’s structure [63, 237, 238, 239, 240, 241].

We report the priors used for the analysis of the cosmological parameters. We adopt a

Gaussian prior on the absolute density of baryonic matter, centered on the true value of the

simulations. For the RayGal simulations we haveωb = 0.02258±0.00036 andωb = 0.022445±
0.00036 for the DEMNuni simulations. We assume a flat prior for all the other parameters,



except for As in the nDGP and wCDM cases, which we discuss in 4.3. In the analysis, the

priors for the cosmological parameters are

ωcdm ∈ [0.04, 0.25] , h ∈ [0.5, 0.9] , ns ∈ [0.5, 1.5] . (4.1)

For the bias parameters b1 and c2 have flat priors with the following bounds, motivated by

previous analyses, see [208]:

b1 ∈ [0.8, 4] , c2 ∈ [−4, 4] . (4.2)

For the other parameters we use Gaussian priors centered at 0 with the following standard

deviations:

σ(b3) = 2, σ(cct) = 2, σ(cr,1) = 8,

σ(cϵ,0) = 2, σ(cϵ,1) = 2, σ(cϵ,2) = 2 .
(4.3)

These are integrate over analytically as described in [61]. Given that the hexadecapole is not

computed, cr,1 and cr,2 are indistinguishable; we combine them into cr,1 and adjust the prior

width to 8.

4.3 The RayGal simulations

The RayGalGroupSims suite (RayGal) [298] consists of two N-body simulations of 2625 (Gpc/h)3

volume with 40963 particles of a standard flat ΛCDM model and a non-standard wCDM phan-

tom dark energy model with a constant equation of state. The optimal compromise between

mass resolution (of order ∼ 2×1010 h−1M⊙) and large statistics makes these simulations well-

suited for investigating the cosmological dependence of halo properties. This is particularly

relevant for halos on the scale of galaxy groups, which play a crucial role in weak-lensing

studies
1
.

The initial conditions were generated with a modified version of MPGRAFIC [299]. Simu-

lations were conducted using an enhanced version of the parallel AMR N-body code, RAM-

SES2 [300]. Dark matter halos are identified with the rockstar halo finder [301].

1
It is worth mentioning that, even we do not make use of these in our work, the fundamental aspect of these

simulations is the integration of relativistic ray tracing inside gravitational light cones. This aspect facilitates the

generation of realistic catalogs containing dark-matter particles and halos, accounting for relativistic effects



Param best-fit mean ± 1σ

ωcdm 0.1163 0.1178+0.0057
−0.0069

h 0.7257 0.728+0.0084
−0.0096

10+9As 1.991 2.003+0.17
−0.19

ns 0.943 0.9366+0.051
−0.048

Ωm 0.3075 0.3058+0.016
−0.02

Table 4.1: Best-fit and mean values with 1σ deviations measured from the analysis of ΛCDM

RayGal simulations.

In ΛCDM, we have snapshots at z = 1 and we analyzed these simulations with kmax =

0.20h/Mpc. The values of the cosmological parameters are

{Ωb,0,Ωm,0, h, ns, As} = {0.04356, 0.25733, 0.72, 0.963, 2.0232× 10−9}. (4.4)

The ΛCDM results from the MCMC analysis performed in the EFTofLSS theoretical frame-

work are shown in fig. 4.1: the cosmological parameters fitted by the posterior distribution are

in good agreement with the true values of the simulations. The best-fit and mean values of the

cosmological parameters are reported in 4.1. For the nDGP analysis, illustrated in fig. 4.2, we

have set a flat prior on log10Ωrc ∈ [−3, 2]. We observe that here, as in chapter 3, there is strong

degeneracy between Ωrc and As. Thus we performed two different analysis: one varying As

with a flat prior and one with As fixed to the true value of the simulation. The results for the

nDGP parameter Ωrc are fully in agreement with the ones obtained in chapter 3. The best-fit

and mean values are reported in 4.1. The constraint obtained fixing As to the true value of

the simulations is Ωrc ≲ 0.2054 at 95% C.L., improving w.r.t. the BOSS analysis shown in 3.5.

In the near future we plan to apply the Bayes factor method to obtain a prior-indipendent

measure of the nDGP parameter, as previously explained in 3.5.3.

The RayGal simulations present also a different cosmology for the so-called wCDM model.

The wCDM model is an extended version of the standard ΛCDM cosmological model: in this

cosmology we assume Gaussian initial conditions, pure CDM with no WDM/HDM admixture,
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Figure 4.1: Marginalized posteriors for the cosmological parameters from the RayGal simula-

tions.

Param best-fit mean ± 1σ

ωcdm 0.1145 0.1121+0.0045
−0.0041

h 0.7256 0.7218+0.0072
−0.0062

ns 0.9434 0.9647+0.038
−0.042

Ωm 0.2602 0.2583+0.0047
−0.0044

Table 4.2: Best-fit and mean values with 1σ deviations measured from the nDGP analysis of

RayGal simulations. These bounds are obtained with As fixed to the simulation true value.
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and a dark energy fluid component described by constant-in-time equation of state p = wρ and

negligible perturbations. The impact of this parameter is on the linear growth function and the

angular diameter distance, which in turn modifies the observed angular scale of the BAO peak.

Estimating these quantities would in principle enable us to deduce the cosmological parame-

ters within the wCDM framework using only data derived from large-scale structures [61].

The capacity to estimate w using the power spectrum and observations like Ly-α BAO data

stands in contrast to supernova (SN) measurements, which typically require external data, of-

ten from the CMB, to reach a comparable level of precision and to disrupt the degeneracy in

the w-Ωm plane. The SN constraint on w and Ωm comes from their ability to provide measure-

ments of the luminosity distance, DL(z). Hence, a possible combination of power spectrum

measurements, BAO and SN would allow us to get significantly smaller constraints on w [61].

We expect that a combination of spectroscopic and photometric surveys in the future will

enable unprecedented constraints on the nature of dark energy.

The wCDM results are shown in fig. 4.3, where we set a flat prior for w ∈ [−3,−0.4]. The

parameter w, for which the true value is w = −1.22
, is completely unconstrained. There is

a strong degeneracy with the As parameter, similarly to what already observed in the nDGP

model. We solve this problem by fixing As to its true value, thus recovering the w parameter

with good precision. In tab. 4.3 we show the best-fit and mean values obtained with As fixed

to the simulation true value.

4.4 The DEMNuni Simulations

The Dark Energy and Massive Neutrino Universe (DEMNUni) simulations [302, 303] are de-

signed to study the impact of massive neutrinos and dynamical dark energy on large-scale

cosmic structures. Created specifically for nonlinear analyses, they cover observational probes

such as dark matter, halo, and galaxy clustering [304, 305, 306, 307, 308, 309, 303, 310, 311, 312],

as well as weak lensing, CMB lensing, SZ, and ISW effects [313, 302, 314, 315]. Additionally,

they aid in studying cosmic void metrics [316, 317, 318, 319, 320, 321] and in understanding

cross-correlations between different observational metrics [322].

2
It is important to highlight that this value, in a standard quintessence scenario, is nonphysical.
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lations for the wCDM model, with the comparison between a flat-As prior and the fixed As

case..

Param best-fit mean ± 1σ

ωcdm 0.1276 0.1259+0.0068
−0.0089

h 0.7289 0.727+0.0095
−0.012

ns 0.9324 0.9444+0.057
−0.052

w −1.065 −1.139+0.18
−0.11

Table 4.3: Best-fit and mean values with 1σ deviations measured from the analysis of wCDM

RayGal simulations. The bounds are obtained with As fixed to the simulation true value.



These simulations have a comoving volume of 2h−3Gpc3, teeming with 20483 dark matter

particles and, when included, an equivalent number of neutrino particles. These simulations

are initialized at redshift zi = 99 using the Zel’dovich approximation. Generation of the Gaus-

sian initial conditions utilizes an adapted N-GenIC toolset.

These simulations were run with the P-Gadget3 code, built upon tree particle mesh and

smoothed particle hydrodynamics principles (TreePM-SPH) [323]. The software was enhanced

based on the method described in [324] to support massive neutrinos, allowing for the parallel

progression of both CDM and neutrino particles without interaction.

The cosmological parameters are taken from Planck 2013 best fit [325]:

{Ωb,0,Ωm,0, h, ns, As} = {0.05, 0.32, 0.67, 0.96, 2.127× 10−9}. (4.5)

In context, the reference CDM-particle mass resolution for the neutrino-free scenario ismp
CDM =

8.27×1010 h−1M⊙. We use halo power spectra in redshift space in the mass bin 1012.7h−1M⊙ <

Mhalo < 1013.2h−1M⊙, and we consider the monopole and quadrupole power spectra of the

redshift cuts z = 1.05 and z = 1.45.

The ΛCDM analysis performed with MCMC in the EFTofLSS framework gave the results

shown in fig. 4.4. The cosmological parameters are in good agreement with the simulated

true values, as indicated by the posterior distribution. The best-fit and mean values of the

cosmological parameters are reported in 4.4 for the lowest redshift only.

We have also analyzed the simulations with massive neutrinos. In accord with the sim-

ulation cosmology, we have considered 3 degenerate massive neutrinos with mass mν and

total mass Mν,tot = 3mν . The prior is a flat prior mν ∈ [0.02 eV, 0.35 eV], such that we have

Mν,tot ∈ [0.6 eV, 1.05 eV]. The true value for the massive neutrinos is mν = 0.32.

The analysis was performed with kmax = 0.20h/Mpc. The results are shown in fig. 4.5.

The best-fit and mean values of the cosmological parameters are shown in 4.5 for the lowest

redshift only. As expected given the small volume, fig. 4.5 shows that we are not able to

get any constraint on the neutrino mass mν . The posterior distribution is almost completely

flat. A possible solution for this issue, to be explored in the near future, would be to do a

multisky analysis. Another option would be to fix the As parameter to the true value of the

simulations, as we previously did for nDGP and wCDM. Nevertheless, we expect to be able



0.30 0.34
m

0
4

c 2
2

3
b 1

2
3

10
9 A

s
0.

81
.0n s

0.
7

h

0.65 0.70
h

0.8 1.0
ns

2 3
10 9As

2 3
b1

0 5
c2

DEMNUNI

z = 1.05 - kmax = 0.20h/Mpc
z = 1.45 - kmax = 0.20h/Mpc

Figure 4.4: Marginalized posteriors for the cosmological parameters from the DEMNuni sim-

ulations.

Param best-fit mean ± 1σ

ωcdm 0.1123 0.1157+0.0098
−0.011

h 0.657 0.6624+0.014
−0.015

10+9As 2.459 2.401+0.3
−0.44

ns 0.977 0.963+0.069
−0.075

Ωm 0.312 0.3143+0.012
−0.013

Table 4.4: Best-fit and mean values with 1σ deviations measured from the analysis z = 1.05

of ΛCDM DEMNuni simulation.
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fitting the DEMNuni simulations.

to measure the mass of neutrinos when we analyze simulations with Euclid-like volumes and

higher resolutions, and Euclid data.

4.5 Future perspectives

The Euclid space mission promises to deliver unparalleled precision in charting the clustering

and gravitational lensing of galaxies on large scales, leading the way for probing potential

deviations from the established ΛCDM framework.

The inference of cosmological parameters in models beyond the conventional ΛCDM us-

ing simulated galaxy datasets is necessary to prepare our pipelines for the future Euclid data

releases. We plan to perform other analyses on simulations, e.g. on the Extended LEnsing

PHysics using ANalaytic ray Tracing (ELEPHANT) [326].

We plan to test not only different volumes and redshifts, but also to get constraints on

other beyond-ΛCDM models like w0-wa. Another intriguing possibility is to perform these



Param best-fit mean ± 1σ

ωcdm 0.1156 0.1157+0.0085
−0.0099

h 0.666 0.6669+0.012
−0.013

10+9As 2.49 2.803+0.44
−0.72

ns 0.9867 1.015+0.077
−0.091

Ωm 0.32 0.3233+0.012
−0.012

Table 4.5: Best-fit and mean values with 1σ deviations measured from the analysis at z = 1.05

in Λ + massive neutrinos fitting the DEMNuni simulations.

analyses with the perturbative expansions derived in the LSS bootstrap approach of [209].

The upcoming decade holds immense promise as a potential scientific golden age for cos-

mology. This optimism arises from the impending wave of galaxy surveys that will compre-

hensively sample the large-scale structure of the universe across vast cosmic volumes. These

surveys offer an unprecedented opportunity to rigorously test cosmological models [77, 78, 79].



Chapter 5

Beyond-ΛCDM constraints from

Lyman-α data

The main observable manifestation of the Inter-Galactic Medium (IGM) is the so-called Lyman-

α forest, that is a pattern of absorption lines produced by the inhomogeneous distribution of

the intergalactic neutral hydrogen along different line of sights to distant quasars (QSOs) [327,

328]. The Lyman-α forest has been proven to be an ideal tracer of the underlying dark matter

(DM) distribution at relatively high redshifts (2 ≲ z ≲ 5) and small scales (0.5 Mpc/h ≲

λ ≲ 50 Mpc/h) [45, 46, 47, 329, 330, 331]. As such, its exploitation as a cosmological tool has

allowed to establish tight constraints on a variety of non-standard DM (NSDM) models, such

as thermal warm DM (WDM) [48, 72, 332, 333, 334, 335, 336, 337], axion-like particles [49, 338,

339, 340, 341, 342], (self-)interacting DM [50, 71, 73, 343, 344, 345, 346, 347, 348, 349, 350], as

well as primordial black holes (PBHs) [51, 351]. The Lyman-α forest is also sensitive to the

IGM thermal state and can thereby set limits on reionisation and its thermal history [352, 353,

354, 355, 356, 357, 358, 359, 360, 361].

The physical observable of interest in Lyman-α forest analyses is the flux power spectrum,

the shape of which is determined by both astrophysics and cosmology. However, the relation

between the astrophysical and cosmological parameters section determining the astrophysi-

cal and cosmological model (astro/cosmo parameters) and the expected Lyman-α flux is highly

non-linear, hence dedicated N -Body hydrodynamic simulations are required in order to build

a reliable grid of mock flux power spectra to be compared with observations [362]. Since the

104



aforementioned alternative scenarios deviate from the ΛCDM linear matter power spectrum

on small scales only, accurate limits on the given DM model are generally established by adopt-

ing a phenomenological parameterisation capturing the small-scale departures induced by a

large variety of models [52, 363, 364, 365, 366, 367, 368, 369]. On the other hand, the astro/cosmo

parameters designed to capture the effects of varying theΛCDM parameters are treated as nui-

sance parameters to marginalise over [70, 71, 73] sectionin that case. In other words, given

that a broad variety of alternative DM models features the same asymptotic behaviour of the

ΛCDM model on intermediate and large scales, their small-scale features can be modelled as

independent of the underlying astro/cosmo parameters. Concretely, that means that to con-

strain these models it is not necessary to extend the astro/cosmo grid of simulations suitable

for a purely ΛCDM analysis. Rather, one can simply augment such a grid by additional simu-

lations designed to cover the added parameter space associated to the NSDM nature [71, 73].

Note, however, that even in a purely ΛCDM analysis Lyman-α data can deliver valuable infor-

mation on longstanding tensions between early- and late- universe estimates of cosmological

parameters [53, 370, 337], providing independent measurements of the amplitude of the linear

power spectrum on 8 Mpc/h scales, σ8 , and the primordial spectral index, ns .

Furthermore, there is another class of extended cosmological scenarios that can be tested

with Lyman-α data, i.e., models that show the same qualitative behaviour of ΛCDM in terms

of the linear matter power spectrum. In this case, the introduction of additional parameter(s)

capturing the detailed impact of the model on the Lyman-α flux power spectrum is not re-

quired. On the other hand, the additional parameters characterising such class of models may

affect other cosmological observables in a non-trivial way, complementary to Lyman-α forest

observations, such as the cosmic microwave background (CMB) or other early universe probes

exploring a very different regime compared to the IGM. Therefore, the ΛCDM correlations be-

tween amplitude and tilt of the primordial power spectrum and amplitude and slope of the

late-time linear matter power spectrum can be altered, so that the latter ones can be quantita-

tively very different from the ΛCDM predictions. For instance, this is the case for Early Dark

Energy (EDE) models, as it was explicitly demonstrated in Ref. [371]. Indeed, such a devia-

tion of the ΛCDM parameters is generically expected in the most promising solutions to the

Hubble tension, in particular for early universe solutions changing the sound horizon [372].



One promising and still unexplored strategy to test such scenarios is to devise an expanded

astro/cosmo grid, aimed at covering parameter values that would be excluded by the CMB

within ΛCDM, yet being still allowed in more complex models as EDE or others. Through

this approach, the amplitude and slope of the linear matter power spectrum – as traced by

the Lyman-α flux power spectrum – can be used as a proxy to constrain a number of viable

models beyond the standard ΛCDM paradigm.

The main goal of this section is to present a versatile and efficient tool
1

enabling to test a

variety of alternative cosmological models with a joint set of Lyman-α forest data from both

intermediate and high resolution surveys, covering a redshift interval 3.0 ≤ z ≤ 5.4 and a

wide range of different IGM thermal histories. This task has been achieved thanks to a novel

set of N -Body hydrodynamic simulations, as well as a newly developed interpolation scheme

refined with Machine Learning (ML) techniques, allowing to improve over past analyses in

terms of accuracy, theoretical model coverage, and exploitation of additional data.

5.1 Numerical set-up

The impact on the flux power spectrum due to varying cosmological parameters within the

ΛCDM model – and within alternative scenarios qualitatively indistinguishable in terms of the

linear matter power spectrum Plin(k, z) – can be parameterised via the amplitude and (effec-

tive) slope of Plin(k, z) at scales that are probed by the Lyman-α forest [330, 329, 331]. Hence,

we only need two parameters describing cosmology, namely σ8 and neff ≡ d lnPlin/d ln k, the

latter being evaluated at k = 0.009 s/km and zeff = 32
[70, 71, 73, 335]. As in previous works,

we assume instantaneous reionisation, so that the only additional cosmological parameter to

take into account in our analyses is the reionisation redshift zreio. We leave for a future work

the implementation of inhomogeneous (patchy) reionisation, as it was shown that neglecting

its effects does not bias the limits extracted from currently available Lyman-α data [373].

The Lyman-α forest flux power spectrum is also affected by the thermal equation of state

of the IGM, that we parameterise as T = T0(1 + δIGM)
γ−1

, with δIGM being the IGM over-

1
We dub the corresponding likelihood as Lyajoint, and we will make it publicly available upon publica-

tion of this work.

2
conversion between s/km and h/Mpc.

https://github.com/rmurgia/Lya_joint


density [352, 354]. We will thus vary its amplitude, T0(z), as well as its slope, γ(z). We also

consider ultraviolet (UV) fluctuations of the ionising background, which can be particularly

important at high redshift and large scales [334, 335]. The amplitude of this effect is described

by an effective parameter, fUV ∈ [0, 1], defined as the fraction of the volume-averaged hy-

drogen photo-ionisation rate that arises from a fluctuating QSO component: the remaining

fraction, 1− fUV, is attributed to a spatially uniform UV background arising from faint galax-

ies with a typical separation much less than the mean free path of ionising photons [70, 335].

Finally, for each simulation we vary the mean transmitted flux F̄ (z) via a post-processing

procedure aimed at capturing the uncertainty in the photo-ionisation rate. Since varying the

mean flux does not require running other computationally expensive simulations, we build a

very dense template in terms of F̄ (z), and we extend it far beyond the parameter space allowed

by observations. As described in detail in Section 5.1.3 and Appendix I, this strategy enables

us to maximise the accuracy of the numerical routine that we have developed to interpolate

within the astro/cosmo grid, which naturally improves when adding more grid-points.

The 7-dimensional parameter space that is scanned by our analyses is thus defined by 4

redshift-independent parameters, {σ8, neff , zreio, fUV}, in addition to 3 redshift-dependent ones

{F̄ (z), T0(z), γ(z)}. In Section 5.1.1 we will give a detailed description of the suite of hydro-

dynamic simulations that we have performed (or recycled from previous works) to efficiently

sample this parameter space.

5.1.1 Simulations

We build a grid of mock flux power spectra extracted from a large selection of cosmologi-

cal hydrodynamic simulations performed with GADGET-3, a modified version of the pub-

licly available code GADGET-2 [323, 374] which includes Smoothed Particle Hydrodynamics

(SPH). The initial conditions were produced by displacing the DM particles from a cubic Carte-

sian grid according to second-order Lagrangian Perturbation Theory, by means of the publicly

available code 2LPTic [375]. Each simulation, started at redshift z = 99 and evolved down

to redshift z = 2, includes – besides one collisionless cold DM (CDM) species – gas particles

treated with a simplified hydrodynamic prescription specifically devised for Lyman-α forest

analyses, i.e. the so-called Quick-Lyman-α method [47, 48]. In practice this method consists in



converting into (collisionless) stars all gas particles that reach a density larger than 1000 times

the mean density and a temperature below 105 K.

As the physical observable for our analyses is the 1-dimensional flux power spectrum

PF(k, z), the goal of our set of simulations is to provide a template of mock flux power spectra

to be confronted with observations. We follow the approach of Refs. [51, 70, 71, 72, 73, 376]

and build such a grid in terms of ratios of flux power spectra with respect to a given fiducial

model. The main advantage for this choice is that a given grid can be expanded with additional

simulations run with (slightly) different set-ups, provided that a reference simulation (i.e., cor-

responding to the fiducial model) having the same set-up is performed for each additional

expansion set, in order to consistently compute the additional set of ratios.

Our fiducial model simulation is recycled from Ref. [335], and it has a box length of 20/h

comoving Mpc with 2× 7683 gas and CDM particles, with gravitational softening 1.04/h co-

moving kpc, in a flatΛCDM universe with cosmological parametersΩm = 0.301, Ωb = 0.0457,

ns = 0.961, H0 = 70.2 km s
−1

Mpc
−1

[377]. The reference IGM thermal history assumes

T0(z = 4.2) ≃ 9200 K and γ(z = 4.2) ≃ 1.47 [362], whereas the fiducial values of the

redshift-independent parameters are σ8 = 0.829, neff = −2.3074, zreio = 9, and fUV = 0,

the latter choice corresponding to a spatially uniform UV background. Concerning the mean

transmitted flux F̄ (z), we build a template of 17 different values as in Ref. [70]: 9 obtained

by rescaling the optical depth τeff ≡ − ln F̄ to the observed values [378] with a multiplicative

factor f (i.e., τeff = f · τeff,obs) and 8 obtained by directly rescaling f · F̄obs, with f ∈ [0.6, 1.4].

From Refs. [335, 70] we also recycle a set of 3 × 3 simulations corresponding to 8 additional

IGM thermal histories – in addition to the aforementioned reference one – sampling a range of

values motivated by past observations [356]. The full set is given by the combination of 3 dif-

ferent temperatures at mean density, T0(z = 4.2) ≃ 6000, 9200, 12500 K, with 3 values of the

slope of the IGM equation of state, γ(z = 4.2) = 0.88, 1.24, 1.47. Concerning the template

of simulations with varying cosmological parameters, we recycle two sets of 4 simulations,

each of them bracketing the fiducial values of σ8 and neff , i.e., σ8 = 0.754, 0.804, 0.854, 0.904,

and neff = −2.3474,−2.3274,−2.2874,−2.2674. We also recycle two pairs of simulations

bracketing the fiducial values of zreio and fUV, i.e., zreio = 7, 15, and fUV = 0.5, 1. All these

simulations have been rescaled with the aforementioned 17 values of the mean transmitted flux



F̄ , as it was done for the fiducial model simulation. We have thus recycled from Refs. [70, 335]

a total of 357 grid-points.

In order to expand the grid coverage of the astro/cosmo parameter space with respect to

previous works, we also perform a new series of simulations, with a box length of 20/h co-

moving Mpc, and 512
3

gas and CDM particles: 6 of them aimed at extending the grid cov-

erage in terms of cosmological parameters, corresponding to the following values of neff =

−2.583,−2.453,−2.168,−2.043 and σ8 = 0.697, 0.967; 2 of them aimed at exploring colder

and hotter IGM thermal histories, corresponding to the following values of the amplitude of

the IGM equation of state T0(z = 4.2) ≃ 3800, 14200 K – while the slope γ(z = 4.2) is kept

fixed to its fiducial value. Finally, a template of 2 × 2 simulations is built by simultaneously

varying neff and T0(z): namely, we apply both the new hotter and colder IGM thermal choices

to models with neff = −2.453,−2.168. In Section 5.1.4 we will discuss in detail the specific

purposes of these choices. Regarding the mean transmitted flux F̄ (z), we build a template of

23 different values, obtained by rescaling the optical depth τeff ≡ − ln F̄ = f · τeff,obs, with

f ∈ [0.4, 1.5]. We have thus produced 276 new grid-points, for a total of 633 (recycled plus

new) flux power spectra ratios constituting the whole grid that we use in all our analyses.

5.1.2 Data

We make use of Lyman-α forest flux power spectrum measurements reconstructed from two

different samples of QSO spectra: the XQ-100 and the MIKE/HIRES data-sets.

The XQ-100 data-set is constituted by a sample of medium resolution and intermediate

signal-to-noise lo QSO spectra, obtained by the VLT/X-shooter survey, with emission redshifts

3.5 ≤ z ≤ 4.5 [379]. The spectral resolution of the X-shooter spectrograph is 30 − 50 km/s,

depending on the wavelength. The flux power spectrum PF(k, z) has been calculated for a

total of 133 (k, z) data-points, at redshift bins z = [3.0, 3.2, 3.4, 3.6, 3.8, 4.0, 4.2], in 19 bins in

k-space in the range 0.003-0.057 s/km [380].

The second set of flux power spectra that we consider was obtained from the HIRES (Keck)

and the MIKE (Magellan) high resolution spectrographs, in 10 k-bins in the interval 0.001-

0.08 s/km, at redshift bins z = [4.2, 4.6, 5.0, 5.4], with spectral resolution of 13.6 and 6.7 km/s,

for HIRES and MIKE, respectively [334]. As in previous analyses [49, 51, 70, 71, 72, 73, 334, 335,
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Figure 5.1: Here we show MIKE, HIRES and XQ-100 data-points and error bars, as well as our

fiducial model 1D flux power spectra.

339, 376] we imposed a conservative cut on the flux power spectra obtained from MIKE/HIRES

data, and only the measurements with k > 0.005 s/km have been used, in order to avoid

possible systematic uncertainties on large scales due to continuum fitting. Furthermore, we

do not use the highest redshift bin for MIKE data, for which the error bars are very large [334].

The MIKE/HIRES data-set is thus constitued by 49 (k, z) data-points, for a total of 182 data-

points in the joint XQ-100+MIKE/HIRES analysis, as shown in Fig. 5.1.

5.1.3 The interpolation scheme

With the 633 mock flux power spectra obtained from the suite of hydrodynamic simula-

tions described in Section 5.1.1, we have set a non-regular grid in terms of ratios to the flux

power spectrum of the fiducial model, densely sampling the 7-dimensional parameter space

of {σ8, neff , zreio, fUV, F̄ (z), T0(z), γ(z)}.

In order to estimate the values of the ratios in regions of the parameter space that are not



sampled by simulations, it is indispensable to make use of an accurate interpolation proce-

dure
3
, such as the so-called Ordinary Kriging method [70, 71, 72, 73]. With this method, few

known points are enough to reconstruct an unknown function, provided that it is a continu-

ous function not varying too rapidly within a certain patch of the parameter space, so that it

locally behaves as a constant value plus coordinate-dependent fluctuations that average out

to zero. Given an unknown input model, the interpolation procedure consists in estimating

a set of optimal weights λn’s (one per each grid-point n), and use them to predict the flux

power spectrum ratio corresponding to the input model, f(x̂), through a weighted sum over

the ratios of all the grid-points, i.e.,

f(x̂) =

Nsims∑
n=1

λnf(x̂n), (5.1)

where Nsims is the number of simulations/grid-points (633), and x̂ and x̂n are 7-dimensional

arrays containing the coordinates in parameter space of the unknown and known models,

respectively
4
. This approach is based on the reasonable assumption that, even if the truly

exact weights are specified only for the actual grid-points, an input model close to a grid-

point should also return a flux power spectrum close to that obtained for that grid-point. The

notion of closeness can be quantified in different ways: in the Ordinary Kriging method it

is assumed that the weights are inversely proportional to some power β of the distance in

parameter space, Dβ(x̂, x̂n), i.e.,

λn ≡ 1/Dβ(x̂, x̂n)∑Nsims

ℓ=1 1/Dβ(x̂, x̂ℓ)
with

Nsims∑
n=1

λn = 1. (5.2)

While in Refs. [70, 71, 73] the distance was defined as a classical Euclidean distance, in this

chapter we generalise its definition as follows:

Dβ(x̂, x̂n) ≡
([Nparams∑

i=1

(∣∣xi − xn,i

∣∣)p · wi

]1/p
+ ϵ

)β

(5.3)

3
A possible alternative is to use Gaussian Process optimisation emulators as in Refs. [381, 382, 383, 384].

4
For this to work one also needs to make use of normalised coordinates, in order not to single out any

direction in the parameter space. We do so by simply dividing each coordinate by its maximum range. Note that

the Ordinary Kriging method usually fails to give very accurate predictions outside of the set of points supplied,

so that indeed it makes sense to vary the parameters only within the grid boundaries [71, 73].



where Nparams is the number of parameters (7), and xi and xn,i represent the i-th elements of

the 7-dimensional arrays in parameter space, x̂ and x̂n. The exponent p generalises the defini-

tion of Euclidean distance (that is recovered when p = 2), ϵ is a minimal distance parameter

to prevent Dβ = 0 (we fix ϵ = 10−8
), while β is an enhancement parameter that determines

how strongly points far away from the one under consideration influence the estimated value

of the function at that point. The 7-dimensional array of weights {w1, .., wi, .., wNparams} has

been introduced in order to be able to attribute a different weight to the importance of each

i-th parameter when globally estimating the distance between x̂ and x̂n through Eq. (5.3): an

advantageous choice when one has to deal with highly non-regular grids such as the one used

in this work. To select the optimal values for the 9 hyperparameters (β, p, and the weightswi’s)

we perform an optimisation process based on ML techniques, aimed at minimising the average

relative error on the theoretical predictions obtained via Eq. (5.1). To do so, we make use of

the Optuna package [74], interfaced with a Tree of Parzen Estimator (TPE) sampler [75, 76] for

the choice of the hyperparameter values. We vary β with a uniform prior distribution in the

interval [2, 10], whereas p and each wi are let free to vary with a logarithmic prior distribution

in the ranges [10−3, 10] and [10−2, 1], respectively. At each step of the optimisation process,

the i-th grid-point, identified by the set of hyperparameters selected by the TPE, is left out of

the grid, i.e., the corresponding flux power spectra ratio is determined by interpolating among

the remaining Nsims−1 grid-points. The mean relative uncertainty associated to the interpola-

tion procedure is then determined by computing the root mean square error (MSQE) between

the output of Eq. (5.1), obtained with the (Nsims − 1)-grid, and the actual output of the i-th

simulation that was left out of the grid. The procedure is iterated for 2000 trials. We refer the

reader to Appendix I for further technical details.

5.1.4 The new likelihood

In order to perform our analyses, we designed a likelihood module
5

for the publicly available

cosmological Monte Carlo Markov Chain (MCMC) sampler MontePython-v3 [162, 163],

building it upon the numerical routines developed in Refs. [71, 73]. The new likelihood has thus

5
See footnote 1.



inherited the possibility to carry out combined analyses with a number of complementary cos-

mological probes, as well as the interfaceability with the publicly available Einstein-Boltzmann

solver CLASS [55], allowing to test any theoretical model that is implemented within it. In

addition, the likelihood module devised in this chapterimproves over the previous ones on

several aspects, as summarised below:

• we have improved the Ordinary Kriging method adopted in previous studies to inter-

polate in the astro/cosmo grid, thanks to ML techniques, as illustrated in Section 5.1.3.

In addition, we have made use of a finer and more extended grid in terms of values of

the mean transmitted flux F̄ (z), allowing to furtherly minimise the theoretical errors

associated to our newly devised Optimized Kriging method (see also Appendix I).

• we have expanded the astro/cosmo grid by performing a new set of simulations corre-

sponding to a very wide range of non-reference values of the cosmological parameters

σ8 and neff , in order to cover regions of the parameter space that are relevant in beyond-

ΛCDM analyses;

• we have extended the grid of simulations in terms of colder and hotter IGM thermal

histories, in order to prevent the need for inaccurate linear extrapolation beyond the

grid boundaries (see Refs. [350, 73] for a discussion on this issue);

• as in past studies, we assume a power law redshift evolution for the slope of the IGM

equation of state, γ(z) = γA[(1 + z)/(1 + zp)]
γS

, where the pivot redshift zp is the

redshift at which most of the Lyman-α pixels are coming from (zp = 3.6, 4.5, 4.2 for

XQ-100, MIKE/HIRES, and their joint analysis, respectively). However, we have now

implemented the possibility of two choices for the redshift evolution of the IGM tem-

perature T0(z), i.e., (i) a (more conservative) freely floating evolution, where the ampli-

tude of the IGM equation of state is free to vary at each redshift bin, (ii) a power law

evolution, analogous to that assumed for γ(z), namely T0(z) = TA
0 [(1+z)/(1+zp)]

TS
0 6

;

• we have added to the astro/cosmo grid a set of cross-simulations corresponding to si-

multaneous variations of neff ×T0(z). Even if the majority of current NSDM limits were

6
Note that in Refs. [71, 73] the power law temperature evolution was the only available option.



shown not to be biased by the absence of cross-simulations between correlated param-

eters [70], this may not always be the case when the cosmological models under study

are characterised by very low values of neff [350];

• we have added the XQ-100 data-set, that enables to further break the degeneracies be-

tween the impact of the cosmological parameters and the heating effects due to different

thermal and/or reionisation histories – due to its complementary redshift coverage with

respect to MIKE/HIRES data [335, 336].

5.2 Results

The goal of this newly built interpolation scheme is to constrain the cosmological models under

study by means of MCMC analyses with theMontePython7
sampler [162, 163] in its default

Metropolis-Hastings mode, interfaced with CLASS [55].

The results reported here are preliminary and focus only on the ΛCDM model with various

data-set combinations, MIKE/HIRES, XQ-100 and their joint analysis. For the IGM thermal

history we modelled T0(z) as a power law. The cosmological and astrophysical parameters,

and their priors, involved in our analysis are discussed in the following. This is the first analysis

performed and so it can be considered as a test to evaluate the performance of the interpolator

and not to compare our results with past literature or to discuss implications for the σ8. These

considerations are left for future works, as is the analysis of non-standard cosmologies.

5.2.1 Analysis with the ΛCDMmodel

In our baseline configuration we scan the parameter space defined by the standard set of six

ΛCDM parameters: namely, the baryon physical energy density (ωb), the CDM abundance

parameter (Ωcdm), the angular size of the sound horizon at recombination (θs), the tilt and am-

plitude of the primordial power spectrum (ns, As), and the optical depth at reionisation (τreio).

The three parameters describing the impact of cosmology on the Lyman-α flux power spec-

trum (σ8, neff , zreio) are derived from this standard set of free parameters, while all the other

7https://github.com/brinckmann/montepythonpublic

https://github.com/brinckmann/montepython_public


(astrophysical) parameters are considered as nuisance parameters. We consider the MCMC

chains to be converged when the Gelman-Rubin criterion [164] satisfies R− 1 < 0.02 .

Let us now discuss the priors on these parameters. Using the BBN constraint of Ref. [266],

we adopt a Gaussian prior on the absolute density of baryonic matter ωb = 0.02237±0.00036.

In the analysis, we set flat priors on As > 0.1 and on ns.

For all the other parameters we adopted Gaussian priors coming from Planck’s analysis[268].

In particular:

• We assumed a Gaussian prior for Ωcdm < 1, with Ωcdm = 0.2673± 0.0026;

• We have chosen a Gaussian prior for τreio in range ∈ [0.004, 0.1] with τreio = 0.0544±
0.0073;

• We have set a Gaussian prior for 100θs with 100θs = 1.04092± 0.00031;

The choice of having multiple tight Gaussian priors on different cosmological parameters

is to be considered as a first test for the interpolation scheme and the new likelihood: we

are more interested in the overall performance of the interpolator rather than evaluating the

cosmological constraints or tensions. In the future we plan to relax these priors and set a

configuration comparable with past literature, e.g., Refs. [53, 335, 337].

Concerning the astrophysical (nuisance) parameter, we have opted for the following flat

priors:

TA
0 ∈ [0.0, 2.0] , T S

0 ∈ [−5.0, 5.0] , γA ∈ [1.00, 1.70] ,

γS ∈ [−5.0, 5.0] , F (z1) ∈ [0.45, 0.90] , F (z2) ∈ [0.39, 0.84] ,

F (z3) ∈ [0.33, 0.77] , F (z4) ∈ [0.29, 0.73] , F (z5) ∈ [0.21, 0.66] ,

F (z6) ∈ [0.16, 0.61] , F (z7) ∈ [0.12, 0.58] , F (z8) ∈ [0.05, 0.55] ,

F (z9) ∈ [0.01, 0.40] , F (z10) ∈ [0.01, 0.25] , FUV ∈ [0.00, 1.00] .

(5.4)

We show the marginalized posteriors for the cosmological parameters in figs. 5.2 and for

the astrophysical ones in figs. 5.3. The best-fit and mean values of the cosmological and as-

trophysical parameters in tab. 5.1. The analysis seem promising since the results are coherent
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Figure 5.2: Marginalized posteriors for the cosmological parameter from the joint analysis of

MIKE/HIRES and XQ-100 Lyman-α data.

with those obtained in past literature, e.g., Refs. [53, 335, 337]. This preliminary test, even if

conducted with multiple tight Gaussian priors on different cosmological parameters, sets the

way for a more extensive and general analysis with.

5.2.2 Future constraints on extended models: the case of Early Dark

Energy

As a consequence of this newly built interpolation scheme, we plan to put constraints on one

particular extended scenario, the impact of which on the Lyman-α forest is not qualitatively

different from the ΛCDM impact. Namely, a scenario that affects the flux power spectrum only

in terms of variations of σ8, neff , and to a less extent zreio. We will focus on the model known

as Early Dark Energy (EDE), given what was shown in Ref. [371], with the goal to compare

our results with those of Ref. [385].
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Param best-fit mean ± 1σ

10+9As 2.114 2.117+0.13
−0.14

ns 0.9519 0.9668

neff −2.342 −2.327

zreio 9.029 8.344

TA
0 1.492 1.48+0.025

−0.023

T S
0 −0.3005 −0.3555+0.086

−0.092

γA 1.306 1.377+0.041
−0.099

γS 1.839 2.216+0.22
−0.51

F (z1) 0.7136 0.7116+0.017
−0.023

F (z2) 0.6567 0.6538+0.0073
−0.0095

F (z3) 0.5977 0.6003+0.005
−0.0075

F (z4) 0.5459 0.5478+0.006
−0.0073

F (z5) 0.4871 0.4834+0.011
−0.012

F (z6) 0.4711 0.43+0.082
−0.054

Table 5.1: Best-fit and mean values with 1σ deviations measured from the joint analysis of

MIKE/HIRES and XQ-100 Lyman-α data.



5.3 Towards a unified model-independent approach

There are models that we cannot describe only in terms of tilt and amplitude, because their

small-scale behaviours is qualitatively different from that of ΛCDM. This is the case of models

featuring sharp suppressions or power enhancement deviating from the simple ΛCDM-like

behaviour.

In past literature, these scenarios have often been studied by adopting some flexible an-

alytical parametrisation capable to accurately describe a variety of shapes in the primordial

power spectrum on small scales, by varying its parameters. Thereafter, one generally builds an

additional grid of hydrodynamic simulations exploring the additional parameter space, while

keeping all other cosmological and astrophysical parameters fixed.

An alternative route is to add only one phenomenological parameter capturing in an ag-

nostic way the qualitative deviations from ΛCDM, i.e., features that cannot be captured by

σ8 and neff . Once introduced, on the one hand one can treat it as a nuisance parameter to

marginalise over and look at constraints on other cosmological parameters; on the other hand,

finding a preference for a non-zero value for this extra-parameter could in principle provide a

model-independent evidence of new physics beyond ΛCDM.

This is outside the scope of this thesis, because it would require a further extension of

the grid of simulations. However, this work represent a first important step, given that the

numerical set-up presented here can readily be accommodated to include new simulations.

We leave this task for future work.

A unified framework to test most of the alternative cosmological models implemented in

CLASS requires to merge the ΛCDM+“area” likelihood with the {α, β, γ, δ}-likelihood intro-

duced in Ref. [73]. This will also allow to perform a more in depth investigation of the hints of

non-zero DM-neutrino and DM-baryon interactions claimed in Refs. [73, 350], respectively.

Finally, in the future, besides the Lyman-α forest data-sets illustrated in Section 5.1.2, for

some of the runs we plan to make use of the following additional complementary data:

• the low-ℓ CMB TT, EE (ℓ < 30), the high-ℓ TT, TE, EE (30 ≤ ℓ ≤ 2500) data [9], and the

gravitational lensing potential reconstruction (8 ≤ ℓ ≤ 400) [386] from Planck;

• the BAO measurements from 6dFGS at z = 0.106 [387], SDSS DR7 at z = 0.15 [388],



BOSS DR12 at z = 0.38, 0.51 and 0.61 [389], and the joint constraints from eBOSS DR14

Lyman-α auto-correlation at z = 2.34 [390] and cross-correlation at z = 2.35 [391];

• the measurements of the growth function fσ8(z) (FS) from the CMASS and LOWZ

galaxy samples of BOSS DR12 at z = 0.38, 0.51, and 0.61 [389];

• the Pantheon+ SnIa catalogue, spanning redshifts 0.01 < z < 2.3 [392].



Chapter 6

Conclusions

In this thesis, our attention has been primarily directed towards non-standard cosmological

frameworks and the influence of numerical instruments on deducing evidences of beyond-

ΛCDM theories. Even though the ΛCDM model has achieved remarkable results in the un-

derstanding of many cosmological phenomena, it remains unclear the authentic nature of DM

and DE. The models and approaches took in exam in this thesis may contribute to solve some

of these discrepancies. For instance, PBHs represent a specific type of CDM, offering perspec-

tives on its nature. Additionally, the normal branch of DGP gravity is an interesting model

of modifications of General Relativity at large scales that has not yet been excluded. Lastly,

obtaining constraints on theoretical models like EDE may contribute to resolve long-standing

tensions like the one on the Hubble parameter H0.

In this thesis we focused on one the most popular DM candidates, PBHs. We have obtained

constraints associated with matter accretion into a PBH. The radiation emission that follows

the accretion process influences the universe’s thermal history, causing delays in recombina-

tion and early reionization. Consequently, these processes can be restricted by observations

from the CMB. Nonetheless, the modeling of accretion comes with considerable theoretical

uncertainties, leading to significant margins of error in the final constraints.

Beyond these uncertainties, the influence of outflows, whether in the form of winds or

jets (based on their collimation), on accretion has not been thoroughly explored in existing

literature. Both analytical and computational studies have indicated that even minor outflows
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might escape the black hole’s gravitational pull, displacing a portion of the surrounding cosmic

medium, which in turn reduces the PBH’s accretion rate. Concurrently, these outflows could

potentially speed up non-thermal particles, amplifying the black hole’s brightness. These in-

tertwined effects can notably impact the system’s overall brightness, adding another dimen-

sion of uncertainty. This added complexity needs consideration when deriving cosmological

constraints based on PBH accretion.

In this work, our goal was to model these effects and to analyze how their interplay impacts

the CMB constraints on PBH accretion. We explored various accretion geometries, such as

spherical or disk-like configurations, alongside different ionization models, including photo-

ionization and collisional ionization. Furthermore, we consider both singular and broad mass

distributions. The insights from our analysis are depicted in figures 2.6-2.7, highlighting that

our results are heavily influenced by the chosen efficiency of non-thermal emissions [25]. This

inference is shown in figure 2.8, which presents the compounded uncertainty ranges on the

actual constraints, both including and excluding the impact of outflows [25].

Our incomplete understanding of dark energy opens doors for alternative theories. Mod-

ified gravity models are examples of such scenarios, even if there is no alternative gravity

theory that solves the cosmological constant problem. In fact the discrepancy between the ob-

served value of the cosmological constant (or dark energy) and its theoretically predicted value

remains and these theories often inadvertently introduce other naturalness or fine-tuning

problems.

We have placed bounds on potential alterations to gravitational cosmology using the full

power spectrum derived from BOSS data [38]. As detailed in Section 3.2, our approach to mod-

eling galaxy distribution in redshift space has been based on the EFTofLSS and a perturbative

bias expansion.

In particular we focused on the normal branch of the DGP framework, assuming the back-

ground expansion of a flat ΛCDM model. All the needed modifications are embodied by the

parameter Ωrc. The analysis have been conducted using the PyBird software, which, for

our purposes, has been customized to incorporate these new effects (refer to Section 3.3 for

details).



As elaborated in sec. 3.4, within the framework of linear theory, Ωrc exhibits degeneracy

with As. This pronounced degeneracy cause a deviation in the 1-dimensional marginalized

posteriors of the cosmological parameters from their true values. By utilizing synthetic data

derived from the EFTofLSS, we have measured this deviation, providing insights into how

degeneracy impacts the marginalized posteriors via projection effects. We have mitigated this

influence by anchoring As to the central value reported by Planck. However, even with a fixed

As, there remain underlying degeneracies, such as the relationship between Ωrc and ns.

Our analysis of the BOSS data is detailed in sec.3.5. With a fixed As, the marginalized

posteriors can be seen in fig.3.7. The bounds for the nDGP parameter, Ωrc, depend on the

chosen prior. To derive constraints that are not influenced by these priors, we evaluated the

ratio of the 1d posterior to its associated prior, known as the Bayes factor. This analysis yields

an upper limit for the nDGP parameter of Ωrc ≲ 0.2 at a confidence level of 95%. Notably, this

represents the first constraints of the nDGP parameter utilizing the complete galaxy power

spectrum from BOSS data [38].

Although our analysis is restricted to the nDGP model alone, it can be straightforwardly

extended to other scale-independent models, such as those described by the general single-field

framework of the EFT of dark energy extended beyond linear order [31]. Another intriguing

possibility is to perform these analyses with the perturbative expansions derived in the LSS

bootstrap approach of [209]. In any case, our analysis [38] shows that competitive constraints

on the nDGP model using galaxy clustering data can be obtained only with volumes higher

than BOSS.

The recent launch of theEuclid satellite [77], along with upcoming data releases, could be

fundamental to test the methodologies introduced in this thesis. In chapter 4 we provided a

preliminary insight into the results that will be presented in the future article ”Cosmological

constraints on non-standard cosmologies from simulatedEuclid probes” by theEuclid Consor-

tium [77]. We focused on deducing cosmological parameters that go beyond the ΛCDM, lever-

aging from the halo power spectrum of simulations. and performing the analysis through the

use of the PyBird software.

The Lyman-α forest is a prominent observational manifestation of the IGM and it serves as



a tool in unveiling the nature of the underlying dark matter distribution across the universe.

Through its pattern of absorption lines, it offers significant insights into the inhomogeneous

distribution of intergalactic neutral hydrogen, making it fundamental for cosmological explo-

rations, particularly within the realms of non-standard dark matter models.

In chapter 5 we elucidated how the Lyman-α forest provides valuable constraints, not

just on ΛCDM cosmology but also on alternative cosmological models. We have highlighted

how the Lyman-α forest data can shed light on long-standing tensions between early and

late-universe estimates of cosmological parameters, such as the amplitude of the linear power

spectrum, σ8.

One of the central contributions of this work is the development of an adaptive interpo-

lation tool designed for analyzing diverse cosmological models using an extensive Lyman-α

forest dataset. The combination of N -Body hydrodynamic simulations and advanced interpo-

lation methods, notably the Optimized Kriging technique, is fundamental for achieving this

achievement. The modified distance metric in the interpolation process, given by Eq. (5.3),

enhances the flexibility and scope of this framework.

In conclusion, in this thesis we focused on the significance of numerical tools with their

potential in addressing some of the long-standing mysteries in cosmology.

Through these techniques we tried to optimize the constraints on deviations from the stan-

dard ΛCDM cosmology. These methods can be easily integrated into rapid analysis codes for

cosmological data and some of these can be refined with ML tools to have faster and more

precise computation.

Overall the ultimate goal of the thesis is to show that a synergistic approach between astro-

physics, astroparticle physics, and cosmology, helps to constrain the fundamental properties

of Dark Matter and Dark Energy through astrophysical and cosmological observations coming

from different sources.

The expertise and numerical tools here developed can be adapted for testing a large va-

riety of non-standard cosmologies with many other cosmological and astrophysical probes.

The combination of different data sets, with complementary redshift and scale coverages, will

improve the present constraints and possibly lead to discoveries.



The methods and results presented in this work emphasizes the importance of these new

tools and approaches for the future of cosmology.



Appendix A

Kernels and time-dependent functions

The six kernels introduced in sec. 3.2.2 in eq. (3.35) are defined as

α1(q1,q2,q3) = α(q3,q1 + q2)αs(q1,q2) = Oαsαs(q1,q2,q3)−
1

2
Oαsαa(q1,q2,q3) , (A.1)

α2(q1,q2,q3) = α(q3,q1 + q2)β(q1,q2) = Oβαs(q1,q2,q3)−
1

2
Oβαa(q1,q2,q3) , (A.2)

β1(q1,q2,q3) = 2β(q3,q1 + q2)αs(q1,q2) = 2Oαsβ(q1,q2,q3) , (A.3)

β2(q1,q2,q3) = 2β(q3,q1 + q2)β(q1,q2) = 2Oββ(q1,q2,q3) , (A.4)

γ1(q1,q2,q3) = α(q1 + q2,q3)αs(q1,q2) = Oαsαs(q1,q2,q3) +
1

2
Oαsαa(q1,q2,q3) , (A.5)

γ2(q1,q2,q3) = α(q1 + q2,q3)β(q1,q2) = Oβαs(q1,q2,q3) +
1

2
Oβαa(q1,q2,q3) , (A.6)

where Oαsαs , Oαsαa , Oβαs , and Oαsβ , are defined analogously to eq. (3.40).

To shorten the following expressions, let us introduce the following notation,

M1(a) ≡
1

f+(a)

(
3Ωm,a(a)

2

)2

, M2(a) ≡
ν22(a)

2

3Ωm,a(a)

2
. (A.7)

The time dependent functions that appear in the kernels up to third order are

Gλ
1 (a) =

∫ 1

0

[
Gλ

1(a, ã)f+(ã) +Gλ
2(a, ã)ν2(ã)M1(ã)

] D2
+(ã)

D2
+(a)

dã , (A.8)

Gλ
2 (a) =

∫ 1

0

Gλ
2(a, ã) [f+(ã)− ν2(ã)M1(ã)]

D2
+(ã)

D2
+(a)

dã , (A.9)
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and

Uλ
1 (a) =

∫ 1

0

{
Gλ

1(a, ã)f+(ã)Gδ
1(ã) +Gλ

2(a, ã)M1(ã)
[
ν2(ã)Gδ

1(ã) +M2(ã)
]} D3

+(ã)

D3
+(a)

dã ,

(A.10)

Uλ
2 (a) =

∫ 1

0

{
Gλ

1(a, ã)f+(ã)Gδ
2(ã) +Gλ

2(a, ã)M1(ã)
[
ν2(ã)Gδ

2(ã)−M2(ã)
]} D3

+(ã)

D3
+(a)

dã ,

(A.11)

Vλ
11(a) =

∫ 1

0

{
Gλ

1(a, ã)f+(ã)Gθ
1(ã) +Gλ

2(a, ã)M1(ã)
[
ν2(ã)Gδ

1(ã) +M2(ã)
]} D3

+(ã)

D3
+(a)

dã ,

(A.12)

Vλ
21(a) =

∫ 1

0

{
Gλ

1(a, ã)f+(ã)Gθ
2(ã) +Gλ

2(a, ã)M1(ã)
[
ν2(ã)Gδ

2(ã)−M2(ã)
]} D3

+(ã)

D3
+(a)

dã ,

(A.13)

Vλ
12(a) =

∫ 1

0

Gλ
2(a, ã)

{
f+(ã)Gθ

1(ã)−M1(ã)
[
ν2(ã)Gδ

1(ã) +M2(ã)
]} D3

+(ã)

D3
+(a)

dã , (A.14)

Vλ
22(a) =

∫ 1

0

Gλ
2(a, ã)

{
f+(ã)Gθ

2(ã)−M1(ã)
[
ν2(ã)Gδ

2(ã)−M2(ã)
]} D3

+(ã)

D3
+(a)

dã . (A.15)

In the previous expressions, Gλ
i , with i = 1, 2 and λ = δ, θ, are the Green’s functions defined

by eqs. (3.24)–(3.27) while ν2 and ν22 are the nDGP functions that account for the non-linear

corrections of the generalized Poisson equation (3.5). Their explicit expression for the nDGP

case is given by eqs. (3.59) and (3.60).



Appendix B

Comparison with LSS bootstrap

In this appendix we discuss the relation between the perturbative expansions of [64] used in

the main text and in PyBird with the one that can be derived in the LSS bootstrap approach

[209]. This approach allows one to derive the analytic structure of the perturbative kernels of

dark matter and biased tracers starting from symmetries. In this way, one can show that the

expansion used in ΛCDM also applies to more general models, even in modified gravity, with

the same symmetries (translational and rotational invariance, the equivalence principle, etc.)

as in ΛCDM. Indeed, here we show that the two expansions are equivalent.
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B.1 Dark matter kernels

Let us start by discussing the dark matter kernels. For the matter density contrast in the

bootstrap basis we have, after imposing all the symmetries [209]
1

K
(1)
1 (q1) = 1 , (B.1)

K
(2)
1 (q1,q2) =

1

2

[
2β(q1,q2) + aγγ(q1,q2)

]
, (B.2)

K
(3)
1 (q1,q2,q3) =

1

6

[
2β(q1,q2)β(q12,q3) + aγγγ(q1,q2)γ(q12,q3)

− 2 (aγα − g) γ(q1,q2)β(q12,q3) + 2 (aγ + 2aγα − g) β(q1,q2)γ(q12,q3)

+ aγαγ(q1,q2)αa(q12,q3) + cyclic
]
, (B.3)

where αa(q1,q2) ≡ q1·q2

q21
− q1·q2

q22
and aγ , aγγ , etc.. are time-dependent coefficients that depend

on the cosmological model. Analogous expressions can be given for the velocity divergence

kernels. We denote the corresponding time-dependent coefficients by dγ , dγγ , etc., i.e.,

K
(1)
2 (q1) = 1 , (B.4)

K
(2)
2 (q1,q2) =

1

2

[
2β(q1,q2) + dγγ(q1,q2)

]
, (B.5)

K
(3)
2 (q1,q2,q3) =

1

6

[
2β(q1,q2)β(q12,q3) + dγγγ(q1,q2)γ(q12,q3)

− 2 (dγα − g) γ(q1,q2)β(q12,q3) + 2 (dγ + 2dγα − g) β(q1,q2)γ(q12,q3)

+ dγαγ(q1,q2)αa(q12,q3) + cyclic
]
, (B.6)

With these definitions we find that the function h in the above expressions is given by [209]

g(a) ≡
∫ a

0

d ln ã f+(ã)

[
D+(ã)

D+(a)

]2
dγ(ã) . (B.7)

We can now compare this expansion with the one of eqs. (3.33)–(3.35) [64]. For instance,

by comparing eq. (B.2) with eq. (3.34) we obtain

aγ = 2Gδ
1 , dγ = 2Gθ

1 . (B.8)

1
In [209] we define the nth-order perturbation theory kernel with a 1/n! with respect to the standard defi-

nition. Hence, the factor 1/2 and 1/6 in the second- and third-order kernels in these equations. Notice also that

we have changed the name of the time-dependent coefficients.



Using the definitions (A.9) and the equations (3.23) we can verify the following relation, which

enforces the continuity equation for the second order matter kernel,

1

f+(a)

d

d ln a
Gδ
1(a) = 1− 2Gδ

1(a) + Gθ
1(a) , (B.9)

and can be integrated to give

Gδ
1(a) =

g(a) + 1

2
, (B.10)

where we have used (B.7) and (B.8).

Finally, comparing the third-order kernels we have

aγγ = 2U δ
1 + g − 2Vδ

12 , aγα =
g

2
− Vδ

12 − U δ
1 , (B.11)

dγγ = 2U θ
1 + g − 2Vθ

12 , dγα =
g

2
− Vθ

12 − U θ
1 . (B.12)

In [64] a tracer-independent function Y (a) was introduced, defined in terms of the functions

Vθ
11 and Vθ

12, see eq. (3.35), as

Y (a) ≡ Vθ
11(a) + Vθ

12(a)−
3

14
. (B.13)

It is related to the function g(a) by

Y (a) =
g(a)

2
− 3

14
. (B.14)

B.2 Biased tracers kernels

For the tracer’s kernels in the bootstrap approach we have [209]

K
(1)
δg

(q1) = a
(g)
0 , (B.15)

K
(2)
δg

(q1,q2) =
1

2

[
a
(g)
1 + 2 a

(g)
0 β(q1,q2) + a(g)γ2

γ(q1,q2)
]
, (B.16)

K
(3)
δg

(q1,q2,q3) =
1

6

[
a
(g)
2 /3 + a(g)γ3

γ(q1,q2) + 2a
(g)
1 β(q1,q2)

+ a(g)γγ γ(q1,q2)γ(q12,q3) + 2 a
(g)
0 β(q1,q2)β(q12,q3)

+ 2(g a
(g)
0 − a(g)γα)γ(q1,q2)β(q12,q3) + 2(a(g)γ2

+ 2 a(g)γα − g a
(g)
0 )β(q1,q2)γ(q12,q3)

+ a(g)γαγ(q1,q2)αa(q12,q3) + cyclic
]
. (B.17)



We wish to verify that these expressions reproduce eqs. (3.37), (3.38) and (3.39) [64]. This

is obvious for K
(1)
δg

and for K
(2)
δg

if these relations hold,

a
(g)
0 = b1 , a

(g)
1 = −2(b1 − b2 − b4) , a(g)γ2

= 2

(
b1 −

2

7
b2

)
. (B.18)

To do the same comparison on the third-order kernel, it is convenient to rewrite eq. (B.17) in

the following form,

K
(3)
δg

(q1,q2,q3) =
1

6

[
1

3
a
(g)
2 + a(g)γ3

γ(q1,q2) + 2a
(g)
1 β(q1,q2)

+ 2 a
(g)
0 β(q1,q2)β(q12,q3) +

[
2a(g)γ2

+ a(g)γa − 2
(
a
(g)
γb + ga

(g)
0

)]
β(q1,q2)γ(q12,q3)

+

(
1

4
a(g)γa − 1

2
a
(g)
γb

)
γ(q1,q2)αa(q12,q3) +

(
a
(g)
γb − 1

2
a(g)γa + 2ga

(g)
0

)
γ(q1,q2)β(q12,q3)

+

(
1

2
a(g)γa + a

(g)
γb

)
γ(q1,q2)γ(q12,q3) + cyclic

]
. (B.19)

To compare this expression with (3.39), we need first to replace q1 → q, q2 → −q and q3 → k

and then subtract the UV part, i.e. the finite part of the kernel in the limit q/k → ∞. Sub-

tracting the UV part removes the first line of the above equation, while the term proportional

to β(q1,q2)γ(q12,q3) and its permutations cancel. Moreover, also the combination of terms

multiplying a
(g)
γb vanishes under this replacement.

Comparing what remains with eq. (3.39), using the notation eq. (3.40), eq. (B.18) and the

relation between Y and g, eq. (B.14), we obtain

b3 =
21

2

(
ga

(g)
0 − a

(g)
γa

2

)
. (B.20)

Before concluding, let us compare this bias expansion with another commonly used one

[393],

δg = b̂1δ +
b̂2
2
δ2 + b̂G2G2 + b̂GN

GN + . . . , (B.21)

where

G2 = (∇i∇jφ1)
2 − (∇2φ1)

2 , GN = ∇i∇jφ1∇i∇jφ2 −∇2φ1∇2φ2 , (B.22)

with ∇2φ1 = δ and ∇2φ2 = G2. The ellipses denote bias operators that do not enter in the



1-loop calculation. Using the results of [209], we find

b1 = b̂1 , b2 =
7

2

[(
1− aγ

2

)
b̂1 + b̂G2

]
,

b3 =
21

2

[(
g − aγa

2

)
b̂1 + aγ b̂G2 − b̂GN

]
,

b4 = −1

2

[(
5− 7

2
aγ

)
b̂1 − b̂2 + 7b̂G2

]
.

(B.23)



Appendix C

Initial conditions in nDGP

The Green’s functions, eqs. (3.24)–(3.27), are defined in terms of the two independent solutions

of the growth equation, eq. (3.8). Here we discuss how to select these two solutions in nDGP.

In general relativity, for matter domination, ν = 1 and Ωm,a = Ωm, one has two indepen-

dent solutions, a growing and a decaying one, respectively

D+(a) ∝ a , D−(a) ∝ a−3/2 . (C.1)

In ΛCDM one can express the two solutions in terms of hypergeometric functions with

the above initial conditions, see e.g. [64, 394].

In nDGP, one needs to solve the differential equation for the growth function eq. (3.8)

numerically. To get an idea of its solutions, let us expand it for small a. Up to order a9/2, one

finds

d2D

d ln a2
+

1 + 3ζa3

2

dD

d ln a
−
[
3

2
+ ξa3/2 − 3ζ + 4ξ2

2
a3 +

−5ζξ + 8ξ3

2
a9/2

]
D = 0 , (C.2)

where we have defined two dimensionless parameters,

ζ ≡ 1− Ωm

Ωm

, ξ =

√
Ωrc

Ωm

, (C.3)

that parametrize the effect of deviating from matter dominance and general relativity, respec-

tively. We notice that terms proportional to ξ in the bracket start at order a3/2 while those

proportional to ζ start at a3. Thus, for comparable values of ζ and ξ, the effect of modify-

ing gravity dominates over the effect of not being in matter domination. Thus, it is crucial to

include the nDGP corrections proportional to ξ.
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We can solve the above equation perturbatively and we obtain two modes,

D+(a) ∝ a

(
1 +

ξ

6
a3/2 +

−18ζ − 11ξ2

99
a3 +

−2817ζξ + 2816ξ2

24948
a9/2 +O(a4)

)
, (C.4)

D−(a) ∝ a−3/2

(
1− 2ξ

3
a3/2 +

9ζ − 32ξ2

18
a3 +

−9ζξ + 32ξ2

81
a9/2 +O(a4)

)
, (C.5)

that we can call the “growing” and “decaying”, respectively, because at early times they match

the usual growing and decaying solutions. However, both grow at large a (
1
) and separating

the two solutions at late time requires infinite numerical precision.

To bypass this problem in PyBird, we consider also the asymptotic behaviour of eq. (3.8)

at late time, i.e. for a ≫ a0, where it becomes

d2D

d ln a2
+ 2

dD

d ln a
= 0 , (C.6)

with solutions

D̃+(a) ∝ const. , D̃−(a) ∝
(a0
a

)2
. (C.7)

The second solution grows going backward in time and can be easily selected numerically,

independently from D+. Thus, to compute the Green’s functions we use D+ and D̃− as two

independent solutions.

1
For ξ ̸= 0, the growing of D−(a) is not an artifact of the expansion but the effect of having a time dependent

Newton’s constant.



Appendix D

Additional parameter posteriors

In fig. D.1 we show the two full triangle plots obtained fitting BOSS 4 skies and including the

effects of neutrinos in the linear power spectrum.
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Figure D.1: Full triangle plots of the marginalized posteriors for the cosmological parameter

from the analysis of BOSS data for all the sky-cuts with flat prior on As (top panel) and As

fixed to Planck central value (bottom panel), using BOSS covariances.



Appendix E

PerturbationTheory and the EFTofLSS

The effective field theory of LSS (EFTofLSS) [214, 216] provides an accurate method for the cal-

culation of the effect of non-linear scale physics on large, perturbative, scales, adding appro-

priate counterterms to the standard perturbative expansion, to incorporate physics beyond the

perfect fluid approximation and poorly-known physics of galaxy formation. In this appendix,

we provide a simple overview of the perturbative approach to the large-scale structure of the

universe. Our focus will be on the linear and non-linear perturbation theory of dark matter

overdensity.

E.1 PerturbationTheory

For the LSS we are interested in the motion of non-relativistic DM particles in the Newtonian

limit, since we are considering sub-horizon scales.

The development of the matter particles can be characterized through its phase space den-

sity function, denoted as f(x,p; τ). In this context, τ is conformal time, x is the comoving

coordinate, p represents the comoving momentum. The (microscopic) distribution function

for dark matter particles is ultimately a sum of Dirac delta functions:

f(x,p; τ) =
∑
n

δD(x− xn(τ))δD(p− pn(τ)), (E.1)

where the summation extends over all N particles in the system, and xn(τ) and pn(τ) satisfy

Newton’s equations.
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This function satisfies the conservation equation in phase-space:

Df

Dτ
=

∂f

∂t
+

p⃗

ma

∂f

∂x⃗
−ma

∑
n̸=n̄

∂ϕn̄

∂x⃗

∂fn
∂p⃗

= 0, (E.2)

where the gravitational potential ϕn is given by:

ϕn = −Gm
∑
i

1

|ri − rn|
. (E.3)

In cosmological contexts, our interest lies in scales much larger than the average distance

between particles. To accommodate this, we smooth the microscopic distribution function by

averaging over a certain resolution scale R:

f̄(x,p; τ, R) =

∫
d3yW

(∣∣∣y
R

∣∣∣) f(x+ y,p; τ), (E.4)

with W (|x|) being a smoothing window function normalized to unity:∫
d3yW

(∣∣∣y
R

∣∣∣) = 1. (E.5)

To get a more manageable fluid description, we will use velocity moments of the smoothed

distribution function. The first three moments of are:

ρℓ(x, τ) =
m

a3

∫
d3p f̄(x, p, τ) =

m

a3
ρ0(τ)(1 + δℓ(x, τ)) ,

πi
ℓ(x, τ) =

m

a3

∫
d3p

pi

am
f̄(x, p, τ) ,

σℓ
ij(x, τ) =

m

a3

∫
d3p

pi

am

pj

am
f̄(x, p, τ) ,

(E.6)

where ρ0 indicates the mean background density, ūi
ℓ =

π̄i

ρℓ
is the comoving velocity, and the

subscript ℓ stands for longwave field (from now on we will drop the ℓ notation for simplicity).

Taking momentum moments of the smoothed Vlasov equation, one gets the usual conti-

nuity and Euler equations:

∂δ(x, τ)

∂τ
+∇x · [(1 + δ(x, τ))u(x, τ)] = 0, (E.7)

∂ui(x, τ)

∂τ
+H(τ)ui(x, τ) + (uj(x, τ)∇j)u

i(x, τ) +∇iϕ(x, τ) = −∇iτ
ij(x, τ)

ρ(x, τ)
(E.8)

where ϕ satisfies the Poisson equation

∇2ϕ(x, τ) =
3

2
Ωm(τ)H2(τ)δ(x, τ) , (E.9)

and τ ij is an effective stress-tensor induced by short-wavelength fluctuations.



E.1.1 SPT solutions in EdS approximation

If we neglect for the moment the effective stress-tensor, we have a perfect fluid approximation

and we will study the perturbative solutions of this system. At linear and second order level

the vorticity goes to 0 and it would be generated only at higher orders. First, the velocity field

decomposes into divergence and vorticity components, and one can check from eq. (E.8) that

the vorticity is driven to zero at linear and second order. The solution at linear order is then

simply

δ(1)(x, τ) = D(τ)δ1(x) , θ(1)(x, τ) = ∇ · u(x, τ) = −H(τ)f(τ)D(τ)δ1(x) , (E.10)

where D(τ) is the growth factor, and f(τ) = d lnD
d ln a

is the growth rate, and ∇0(x) is the initial

density field.

Going to Fourier space, eqs. (E.7) and (E.8) read:

dδ(k)

dτ
+ θ(k) = −

∫
d3q

(2π)3
α(q,k− q)δ(k− q)θ(q), (E.11)

dθ(k)

dτ
+Hθ(k) +

3

2
H2Ωmδ(k) = −

∫
d3q

(2π)3
β(q,k− q)θ(k− q)θ(q), (E.12)

where α and β encode the non-linear coupling between different modes in the evolution of

the density and the velocity fields, and are given by:

α(q1,q2) ≡
q1 · (q1 + q2)

q21
, β(q1,q2) ≡

|q1 + q2|2 q1 · q2

2q2
1q

2
2

. (E.13)

The equations become separable in an EdS universe, that is, Ωm = 1 and D ∝ a, f = 1.

For ΛCDM we make the very good approximation Ωm ∼ f 2
and we can separate the time

dependence as δ(k, τ) =
∑

nD
n(τ)δn(k), θ(k, τ) = −H(τ)f(τ)

∑
nD

n(τ)θn(k). The δn(k),

θn(k) are written in terms of linear fluctuations via

δn(k) =

∫
q1

· · ·
∫
qn

(2π)3δD(k − q1 · · · − qn)Fn(q1, . . . , qn)δ1(q1) . . . δ1(qn) , (E.14)

θn(k) =

∫
q1

· · ·
∫
qn

(2π)3δD(k − q1 · · · − qn)Gn(q1, . . . , qn)δ1(q1) . . . δ1(qn) . (E.15)

The kernels Fn, Gn are given by

Fn(q1, . . . ,qn) =
n−1∑
m=1

Gm(q1, . . . ,qm)

(2n+ 3)(n− 1)
[(2n+ 1)α(q1...m,qm+1...n)Fn−m(qm+1, . . . ,qn)

+ 2β(q1...m,qm+1...n)Gn−m(qm+1, . . . ,qn)] ,

(E.16)



Gn(q1, . . . ,qn) =
n−1∑
m=1

Gm(q1, . . . ,qm)

(2n+ 3)(n− 1)
[3α(q1...m,qm+1...n)Fn−m(qm+1, . . . ,qn)

+ 2nβ(q1...m,qm+1...n)Gn−m(qm+1, . . . ,qn)] .

(E.17)

This perturbative solution, however, is not well-defined. In fact, higher orders involve integrals

over high k’s, where the perfect fluid approximation, and perturbation theory itself, breaks

down. So we need to consider the effective stress tensor and do a renormalization of the

perturbative expansion.

E.2 Loops and Counterterms

The effective stress tensor depends on short-wavelength fluctuations, which we do not control

analytically. So we will evaluate it by averaging over realizations of the short-wavelength

modes in the presence of long-wavelength modes, and write it as a perturbative expansion

in terms of the long-wavelength modes and their gradients (see [214, 216]). We can write

all terms respecting symmetries of the problem, which are the rotational symmetry and the

equivalence principle:

⟨τij⟩δℓ = pbδij + ρ0

[
c2sδℓ δij −

c2bv
H δij ∇ku

k − 3

4

c2sv
H

(
∇iuℓ,j +∇juℓ,i −

3

2
δij ∇ku

k
ℓ

)]
+ . . . ,

(E.18)

where pb, cs, cbv, and csv represent effective pressure, adiabatic sound speed, bulk viscosity,

and shear viscosity coefficients, dependent on the smoothing scale R (see eq. (E.4)). These co-

efficients, not determined by SPT, could be estimated from N-body simulations but, commonly,

they are fit to data as nuisance parameters.

The simplest statistics that we can measure is the power spectrum, that is the Fourier

transform of the 2-point function.

The linear power spectrum, denoted as PL(k), is determined by the initial conditions. As

structures in the universe evolve, interactions become increasingly non-linear. To account for

these, we have to consider higher orders in perturbation theory, so we consider loop correc-

tions to the power spectrum:

P1−loop(k) = PL(k) + P22(k) + P13(k), (E.19)



where P22(k) and P13(k) represent the two possible one-loop contributions.

The loop integrals depend on integration over all k but at high k values the standard pertur-

bative approach breaks down. To have a consistent perturbation theory one needs to introduce

counterterms. For the matter power spectrum, the counterterms are the operators in τ ij . These

counterterms absorb the divergences and allow the definition of a renormalized perturbation

theory, independent on the regularization procedure. At lowest order, we will have

Pct(k) = 2c2sk
2PL(k), (E.20)

where c2s is the effective sound speed and is a linear combination of some of the coefficients of

τ ij .

In the EFTofLSS, counterterms are of two kinds: response and stochastic. Response coun-

terterms depend on the long-wavelength power spectrum P (k) and renormalize interactions

between long-wavelength and short-wavelength modes. A typical example of response coun-

terterm is Pct(k), that renormalizes P13. On the other hand, stochastic counterterms represent

the large-scale effects generated by small-scale random motions that are uncorrelated with

the large-scale structure: at lowest order they would renormalize P22(k). They are important

for biased tracers, where they take the form of shot-noise terms, while for matter they start at

O(k4).

E.3 Biased tracers

In the universe, we cannot observe dark matter. Rather, we observe tracers such as galaxies,

intergalactic gas, or dark matter halos. On large scales, we can consider these fields (denoted

by δg(x, τ) as biased tracers of the underlying matter and velocity fields. They can be expressed

as a sum of operators in δ, vi and their derivatives respecting the symmetries of the problem,

in this case rotational invariance and the equivalence principle. There is one subtlety to be

considered. The EFTofLSS is non-local in time, as the timescale for galaxy formation is of the

order of the Hubble scale, which is typical timescale of the evolution of the fields. Therefore,

we have to integrate in time arbitrary functions against operators evaluated along the fluid



trajectory (so that Galilean invariance is respected) [222, 395]:

δg(x, t) =
∑
O

∫ t

dt′H(t′)cO(t, t
′)O(xfl(x, t, t

′), t′) , (E.21)

where

xfl(x, t, t
′) = x+

∫ t′

t

dt̃

a(t̃)
v(xfl(x, t, t̃), t̃) . (E.22)

We can simplify this expression by noting that, in perturbation theory, the t′ dependence

comes through powers of growth factors D(t′). Therefore, we can formally define bias coef-

ficients that depend only on t as integrals of cO(t, t
′) and growth factors, to finally get the

expansion:

δg(x, t) =
∑
O

∑
n

b
(n)
O (t)C

(n)
O (x, t) , (E.23)

where the C
(n)
O are operators at n-th order in perturbation theory that result from expanding

the O.

To have a consistent perturbation theory, also the loops of biased tracers will need to be

renormalized. One needs to write all possible counterterms in a gradient expansion, getting

coefficients that need to be fit to data in addition to the bias parameters.

E.3.1 Redshift-space distortions

Observationally, we observe the redshfit of galaxies, which at zeroth order is related to their

distance by the Hubble law.

The distortions are caused by peculiar velocities of galaxies superimposed on the Hubble

flow, resulting in anisotropies in the observed galaxy distribution. The mapping from real

space position x to redshift space position s is given by:

s = x+
v∥(x)

aH
ẑ, (E.24)

where v∥(x) is the component of the peculiar velocity along the line of sight, a is the scale

factor, H is the Hubble parameter, and ẑ is the unit vector along the line of sight.

We then define the redshift-space overdensity:

δg,r(k, ẑ) = δg(k) +

∫
d3x e−ik·x

[
exp

(
−i(ẑ · k)

aH
(ẑ · v(x))

)
− 1

]
[1 + δg(x)] , (E.25)



where δg is the real-space overdensity of the tracer.

We expand this equation in v, to get δ
(n)
g,r (k, ẑ). We see that redshift space distortions

break the rotational symmetry of the problem, so they allow us to have information about the

velocity along the line of sight. At linear order, we find the usual Kaiser formula [279]:

Pg,r(k, µ) =
(
b1 + fµ2

)2
PL(k), (E.26)

where µ = k̂ · ẑ, b1 is the linear bias and f the growth rate.

At higher orders, we see that δg,r depends on the product of velocities at the same point.

In fact, redshift-space distortions are more sensitive to short-scale physics [396, 236, 235]. In

the EFTofLSS, product of velocities at the same point need to be renormalized, giving rise to

additional response and stochastic counterterms [261, 397, 395].



Appendix F

Bayes factor for competing theoretical

models

Bayesian model selection offers a systematic approach to assess and compare the odds of dif-

ferent theoretical models based on observed data and any prior beliefs. Frequently, one is in-

terested in extending an existing model by incorporating additional parameters, and in com-

paring if the new model is preferred by the data [39]). These cases are often referred to as

”nested” models, meaning that the extended model reverts to the original one when the new

parameters assume specific values. This is the case of the nDGP model we studied, which

becomes ΛCDM in the limit Ωrc → 0.

In a Bayesian framework we have to choose a prior for the parameters, and there can be

many possible choices. To see if the new model is preferred, a strategy is to select the prior for

the new parameters such that one maximizes the likelihood of the new model for the available

data. If, even in this most favorable situation, the new model does not exhibit a notably higher

probability than the original model, it can be confidently concluded that the data does not

justify the inclusion of the additional parameters.

To do a comparative analysis of a baseline model M0 against an alternative model with

additional parameters M1, it is common to introduce the Bayes factor as the ratio of (marginal)

likelihoods

B =
p(d|M1)

p(d|M0)
(F.1)
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where d are the data, and the parameters for the models have been integrated over. The Bayes

factor, B, quantifies the shift in relative probabilities between the two models due to the evi-

dence provided by the data d. Using Bayes’ theorem, we can write the ratio of the posteriors

of the two models as

p(M1|d)
p(M0|d)

= B
P (M1)

P (M0)
(F.2)

where P (Mi)(i = 0, 1) are the prior probabilities for the two models and P (Mi|d) the poste-

rior probabilities. In the case in which the prior belief is agnostic, that isP (M1) = P (M0) =
1
2
,

the Bayes factor gives us directly the ratio of model probabilities after considering the available

data. The level of support is usually categorized as either ‘inconclusive’ (| lnB| < 1), ‘weak’

(1 < | lnB| < 2.5), ‘moderate’ (2.5 < | lnB| < 5), or ‘strong’ (| lnB| > 5).

The problem is that the ratio of marginal likelihoods is, in most cases, computationally

expensive. Assuming that the parameter priors are separable as usually done in cosmology,

we get the Savage–Dickey density ratio [398, 399, 39]:

B =
p(θ∗|M1)

p(θ∗|d,M1)
, (F.3)

where θ denotes the additional parameter(s) and θ∗ is the value for which one recovers the

simpler model M0. For a broad p(θ|M1), the dependence of the posterior p(θ∗|d,M1) on θ∗

comes predominantly from the likelihood. As a consequence, the Bayes factor B can be con-

sidered arbitrarily small by assuming p(θ|M1) sufficiently broad, because p(θ|M1) needs to be

normalized over a large interval of θ. Therefore, if we are agnostic about the prior on θ, but

we would like to understand if the new model is justified, we can derive an upper limit for B

by selecting p(θ|M1) as a delta function centered at the maximum likelihood estimate, θmax.

This choice maximally favors M1, leading to an upper bound on the odds:

B̄ =
p(d|θmax,M1)

p(d|θ∗,M0)
. (F.4)

This equation represents the likelihood ratio between θmax and θ∗, but it is still expensive to

compute.

In our case, we use a procedure meant to approximate this method. As explained in

sec. 3.5.3, we take the ratio of marginal likelihoods for two different values of the new pa-

rameter Ωrc:

B(x1, x2) =
P(d|x1)

P(d|x2)
; (F.5)



the x1 value is fixed to be small enough such that the model is effectively ΛCDM, and we

consider the Bayes factor as a function of x2. In this way, we are able to explore a large range

of Ωrc in a prior-independent way and therefore we get an upper bound on the odds that

the nDGP model is preferred over ΛCDM. We then check that this procedure is consistent

changing the lower limit of the prior of Ωrc.

An alternative approach to bypass the prior dependence would be the frequentist method

of computing the profiled likelihood, i.e., maximize the likelihood over all parameters except

the added one. One then considers the likelihood ratio with respect to the maximum of the

new parameter. We expect this approach to give similar results, and we did not explore it

because of its computational complexity.



Appendix G

Converting abundance constraints from

MMD to EMD

Abundance constraint conversion formulas accounting for PBH effects on CMB anisotropies

exist only for the spherical accretion case [165, 103]. However, different accretion geometries

or energy emission efficiencies require the development (and testing) of new conversion rela-

tions, which we present in this appendix. Furthermore, in this appendix we focus on lognormal

EMDs, given the large interest on this specific EMD coming from the theoretical modelling

of PBH formation. We note, however, that the procedure presented in this appendix is easily

applicable also to other EMDs.

In the most general setup, as for instance in equation (2.9), we have that the injected and

deposited energy are proportional to

Ltot

MPBH

= (ϵnon−th + ϵrad)
ṀPBH

MPBH

, (G.1)

which is weighted by the PBH EMD of choice, as shown in equation (2.17). In the spherical

accretion case we have that

Ltot

MPBH

∝ [ϵnon−th + γsphλMPBH]λMPBH, (G.2)

where in the redshift range of interest the mass-independent quantity γsph takes values in the

range γsph ≃ [2− 19] × 10−10
and γsph ≃ [3− 24] × 10−8

for the collisional and photoion-

ization models, respectively. The effect of the dimensionless accretion rate can be effectively
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parametrized (neglecting its redshift dependence) as λ ∝ Mα/2
[165], where α is a parameter

to be tuned numerically a posteriori to minimize the differences in the relevant observable

quantity between the EMD case and the equivalent monochromatic case. Therefore, for the

purpose of obtaining an accurate conversion, the equivalent mass is given by

[
ϵnon−th + γsphM

1+α/2
eq

]
M1+α/2

eq = µ1+α/2e(2+α)2σ2/8
[
ϵnon−th + γsphµ

1+α/2e3(2+α)2σ2/8
]
,

(G.3)

where, for a lognormal distribution, α = 0.2. From the equation above we see that in the limit

of zero non-thermal emission (ϵnon−th → 0) we recover the known result [165]

M2+α
eq = µ2+αe(2+α)2σ2/2, (G.4)

while in the limit of dominant non-thermal emission (γsph → 0), we find that

M1+α/2
eq = µ1+α/2e(2+α)2σ2/8. (G.5)

On the other hand, in the case of disk accretion we have

Ltot

MPBH

∝ [ϵnon−th + γdiskM
a
PBH]MPBH, (G.6)

where in this case the mass-independent quantity γdisk ≃ 6×10−4
and the exponent a is given

in ref. [122]. In this case the equivalent mass relation reads as

[
ϵnon−th + γdiskM

a
eq

]
Meq = µ

[
ϵnon−the

σ2/2 + γdiskµ
ae(1+a)2σ2/2

]
(G.7)

which reduces to

M1+a
eq = µ1+ae(1+a)2σ2/2, (G.8)

and

Meq = µe
σ2

2 (G.9)

in the radiation-emission and non-thermal-emission dominated regimes, respectively.



Appendix H

PBH accretion physics

Here we will discuss in detail the two main accretion models that are present in the literature:

the spherical accretion and the disk formation model. In particular we will refer to [96] for the

spherical accretion and to [97] for the disk accretion.

The first aspect to consider is the geometry of the accretion. If the characteristic angular

momentum of the accreted gas at the Bondi radius is smaller than the angular momentum

at the innermost stable circular orbit (ISCO), the accretion presents a spherical symmetry.

Otherwise, there could be the formation of a disk: this accretion is tipically much more efficient

than spherical in the mass-radiation conversion. In the spherical case, the dominant radiative

process is free-free emission from the hot ionized plasma near the event horizon of the black

hole, while in the disk accretion process the large viscous heating required to dissipate angular

momentum leads to radiating a significant fraction of the rest-mass energy. It is difficult to

estimate the angular momentum of the accreted gas: this would require to know the relative

velocity of the PBH-baryon components on scales of the Bondi radius and accounting also for

the (non-linear) clustering of PBHs.

H.1 Spherical accretion onto PBHs

We start by considering a stationary system where a PBH is steadily accreting the surrounding

baryonic gas on the cosmological background. The assumption is that the accretion time-

scale is shorter than the Hubble time: this picture is valid for MPBH ≤ 3 × 104M⊙ and we
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focus on this mass range. Far from the PBH, the baryonic gas is little attracted by the black

hole and its density becomes equal to the cosmological density. An important feature of the

accretion model is the Bondi radius: it is the distance found for setting escape velocity equal to

the sound speed and solving for radius and it represents the boundary between subsonic and

supersonic infall. Down to this radius, the cooling of the baryonic gas by the background CMB

is efficient and the temperature of the gas remains the same as that of CMB. Below this radius,

the cooling by the CMB becomes negligible and the gas temperature increases as the inverse

of the radius by the adiabatic compression as the gas falls. When the temperature exceeds

104K , the collisional ionization starts to be important. After the gas is completely ionized, the

temperature again increases as the inverse of the radius until the electrons become relativistic.

Finally, the gas is swallowed by the PBH at the event horizon. Near the event horizon, the gas

temperature is enormous and the Bremsstrahlung radiation produces the intense outgoing

radiation which eventually heats or ionizes the background gas. It is possible that the gas

ionization near the PBH is caused not by the collisions of gas particles but by the radiation

emanating from the vicinity of the BH horizon.

The accretion rate is affected also by local feedbacks: there could be ionization and/or

heating of the accreted gas from the radiation emitted by the accreted material generating a

radiative output. The result of the work of [96] is that the thermal and ionization feedback

are negligible for all masses and redshifted considered, with the Strömgren radius, the size

of the idealized ionized region around the PBH, being always significantly smaller than the

Bondi radius rB . It is possible to assume that the ionization fraction is approximately equal

to the background value in the outermost region of the accretion flow. Getting close enough

to the black hole, there is the full ionization of the gas by two possible processes: photoion-

ization or/and collisional ionization. To avoid a complicated calculation of the luminosity and

ionization profile, [96] considered the two limiting cases with one process dominant: either

neglecting all radiative feedback and assuming the ionizazion fraction xe as the background

value x̄e until T ∼ 104K , when the gas gets collisionally ionized; or having photoionization

of the gas up to a radius beyond which T ∼ 104K , yet inside the Bondi radius. The first is the

collisional ionization case, the second the photoionization one. The correct result lies between

these two limiting cases.



We will analyze the hydrodynamics and the thermodynamics of the physical system under

consideration in three regions around the BH: the outermost region, with a constant xe equal to

the background x̄e, accounting for Compton drag and Compton cooling by CMB photons; the

intermediate region, in which we take into account the (re)ionization of H in the collisional

ionizazion case for a gas that has reached Tion = 104K ; the innermost region, where the

gas is fully ionized and adiabatically compressed. The outcome of this reasoning is the gas

temperature near the event horizon which, together with Ṁ , determines the luminosity of the

accreting BH.

H.1.1 Outermost, constant-ionization-fraction region

As stated before, the model under consideration is the spherical accretion of a pure H gas

onto an isolated point mass M , bathed in the quasi-uniform CMB radiation field. The main and

first assumption is that the constant ionization fraction is equal to the background value of the

medium in this region, xe = x̄e. Because the Hubble time tH is much longer than the character-

istic accretion timescale, the approximation of stationarity is valid for M ⪅ 3× 104M⊙ [123].

The calculation outline of the work of [96] neglects the self-gravity of the accreted gas, valid

for M ⪅ 3× 105M⊙.

Indicating with v ≡ vr < 0 the peculiar radial velocity (i.e. the velocity with respect to the

Hubble flow) of the accreted gas, we can describe the system with the steady-state mass and

momentum equation:

4πr2|v| = Ṁ = const, (H.1)

v
dv

dr
= −GM

r2
− 1

ρ

dP

dρ
− 4

3

x̄eσTρCMB

mpc
v (H.2)

where G is the gravitational constant, c is the speed of light, σT is the Thomson cross-

section, mp is the proton mass, ρCMB is the density of the CMB and P is the pressure value:

P =
ρ

mp

(1 + x̄e)T. (H.3)

where T is the temperature.



The drag effect due to inverse Compton scattering of free electrons by CMB photons is the

last term in the right-hand side of H.2. It is possible to reduce the accretion rate onto PBHs

if the gas behaves as a viscous fluid: the photon viscosity may also be important in removing

angular momentum from the gas [400].

Also the Hubble expansion acts as a viscous term that tends to reduce the accretion rate,

independent of the ionization fraction of the gas: this effect may be non-negligible and could

alter the rate of accretion. We can rewrite the previous hydrodynamical equations to include

the cosmological term due to the Hubble expansion, using a comoving frame of reference:

r = a(t)x

v = d
dt
(ax) = Hr + vp

(H.4)

where a(t) is the scale factor, H = ȧ/a is the Hubble parameter and the peculiar velocity

is defined as vp = aẋ. We could then rewrite the hydrodynamical equations as:

4πr2|v| = Ṁ = const,

v dv
dr

= −GM
r2

− 1
ρ
dP
dρ

− (β +H)v

(H.5)

with β the Compton drag term and H accounting for the universe expansion. In the fol-

lowing calculations we would not account for this effect that could still be relevant at early

times [95].

The thermodynamical equations complement the hydrodynamical ones: in the work we

have been following, one considers only the Compton cooling by CMB photons as a heat sink

in this region. The steady state heat equation is then:

vρ2/3
d

dr

(
T

ρ2/3

)
=

8x̄eσTρcmb

3mec(1 + x̄e)
(Tcmb − T ) (H.6)

where Tcmb is the temperature of CMB photons. Anyway, given the range of masses we

consider, the timescale of accretion is always shorter than tH and this enforces T∞ = Tcmb.

The classical Bondi accretion solution assumes instead that Compton drag and cooling are

negligible, and it is described by the characteristic velocity, length and time scales:



vB ≡
√

P∞/ρ∞, rB ≡ GM

v2B
, tB ≡ GM

v3B
(H.7)

It is possible to express the problem with dimensionless variables: x ≡ r/rB , u ≡ v/vB ,

ρ̂ ≡ ρ/ρ∞, T̂ ≡ T/T∞. So what defines the physics of this system are the dimensionless

constants:


λ ≡ Ṁ

4πρ∞r2BvB

β ≡ 4
3
x̄eσT ρCMB

mpc
tB

γ ≡ 8x̄eσT ρcmb

3mec(1+x̄e
)tB = 2mp

me(1+x̄e
β ≫ β

(H.8)

We can then finally rewrite the hydro-thermodynamics problem in terms of the previous

parameters: 
ρ̂x2|u| = λ,

udu
dx

= − 1
x2 − 1

ρ̂ d
dx

(ρ̂T̂ )
− βu,

uρ̂2/3 d
dx

(
T̂

ρ̂2/3

)
= γ(1− T̂ ),

(H.9)

with asymptotic conditions ρ̂ → and T̂ → 1 at x → ∞.

It is important to underline that the PBH mass doesn’t grow significantly in a Hubble time.

Ṁ

HM
=

4πλρ̄b(GM)2

HMv3B
=

4πλρ̄bGtB
H

=
3

2
λ

ρ̄b
ρ̄tot

HtB, (H.10)

where the Friedman’s equation for the Hubble rate H has been used in the last equality

and we assumed steady-state: Ṁ ≪ HM .

H.1.2 Collisional ionization region

In the case in which the radiation induced by the accretion is not intense enough to photoionize

the gas, the collisions due to compression and heating can anyway ionize the surrounding

medium. For this happening at constant temperature T ≈ Tion ≈ 1.5×104, the corresponding

ionization fraction is xe = 0.5 and the transition between neutral and ionized medium is sharp.

At small radii:



T (r) ≈ τT∞
rB
r
, (H.11)

with τ a dimensionless constant at most equal to 0.3, and smaller when Compton cooling

is important:

τ ≈ 1.5

5 + γ2/3
. (H.12)

Once the global x̄e falls significantly below unity, i.e. for T∞ ⪅ 3000K ≪ Tion, the effect of

the ionization region is relevant. We get then that the ionization region is completely enclosed

in the Bondi radius. The distance at which the ionization region starts is:

rstartion ≈ τ
T∞

Tion

rB, (H.13)

where the density field is:

ρ̂(x) ≈ λ√
2− 5τ

x−3/2 ⇒ ρstartion ≈ λ√
2− 5τ

ρ∞

(
Tion

τT∞

)3/2

(H.14)

Here we are assuming that collisions are the mechanisms for ionization of neutral hy-

drogen atoms with free electrons. To have a constant temperature throughout the ionization

region, this effect must be compensated by the temperature increase due to the adiabatic com-

pression of the gas.

Between the end of the ionization region and the beginning we have a density ratio:

ρendion

ρstartion

≈
(

1

1 + x̄e

)12

. (H.15)

Assuming that ρ ∝ r−3/2
throughout the region, the region of ionization is indicated by:

rendion

rstartion

≈
(
1 + x̄e

2

)8

. (H.16)

In the case in which x̄e ≪ 1 there’s the possibility of extending the ionization region by

even a factor∼ 300 in radius, not taking into account the heat loss due to collisional excitations

followed by radiative decays that are not simple to include. The Compton cooling here is also

not considered, but it could be relevant for high xe. In fact adding these cooling mechanisms

would imply a larger density contrast ρend/ρstart, hence a more extended ionization region.



For powerful enough radiation, it is possible to obtain the photoionization beyond rion: it

is defined such as ρstartion = ρendion . The general case is then included between these two limits:

ρstartion /ρendion = χ ≡ 1 (photoionization) (H.17)

or

χ ≡ 1

(
2

1 + x̄e

)8

(collisional ionization) . (H.18)

H.1.3 Innermost adiabatic region

Once it reaches the condition of full ionization, the gas resumes adiabatic compression and

the thermal energy density u of the ionized plasma is:

u =
3

2
ne

(
1 + f(T/mec

2)

)
T, (H.19)

where the dimensionless function f(X), with X ≡ T
mec2

, accounts for the fact that elec-

trons are potentially relativistic and varies between 1 (X ≪ 1) and 2 (X ≫ 1). Here me is the

electron mass and with ne the electronic density. The explicit value computed by [96] of f(X)

is:

f(x) ≈ 1 +
X

X + 0.73
(H.20)

The pressure remains unchanged P = 2neT and the first law of thermodynamics can be

written as:

3

2
[1 + f(x) +Xf ′(X)]

dT

T
= 2

dρ

ρ
(H.21)

Integrating this relation, it is possible to obtain the density field and the ratio:

ρ2
ρ1

=
3

4

∫ X2

X1

[1 + f(X) +Xf ′(X)]
dX

X
(H.22)

Inverting this relation numerically, [96] obtained the following approximation, valid for

T1 ≪ mec
2

and arbitrary T2:



T2

mec2
≈ 𭟋

(
T1

mec2

(
ρ2
ρ1

)2/3
)

(H.23)

𭟋(Y ) ≡ Y

(
1 +

Y

0.27

)−1/3

. (H.24)

Since the velocity is almost c, the density is then:

ρS =
λ

(c/vB)(rS/rB)2
ρ∞ =

λ

4(vB/c)3
ρ∞ =

λ

4

(
mpc

2

(1 + x̄eT∞

)3/2

ρ∞. (H.25)

At the end of the ionization, the temperature is Tion and the density becomes:

ρendion = χ
λ√

2− 5τ

(
Tion

τT∞

)3/2

ρ∞. (H.26)

Using then 𭟋(Y ) for T1 = Tion and ρ1 = ρendion , the temperature near the Schwartzschild

radius is then:

TS = mec
2𭟋(YS) (H.27)

with

YS ≡ Tion

mec2

(
ρS
ρendion

)2/3

. (H.28)

H.2 Disk accretion

The main assumption for disk formation is that it happens during the dark ages, between

recombination and reionization (possibly already at z = 1000) [97]. A firm proof would require

deeper studies of non linear growth of structures at small scales, accounting for PBH clustering

and formation of baryonic halos.

The first step is to consider a point mass Black Hole of mass M moving at constant speed

vrel in a homogeneous gas of number density n∞. The standard Bondi accretion takes into

account, in the medium, the sound speed far away from the point mass:



cs,∞ =

√
γP∞

ρ∞
=

√
γ(1 + xe)T

mp

≃ 5.7
km

s

√
1 + z

1000
for z ≫ 132. (H.29)

This approximation holds for 100 ≤ z ≤ 1000. Accounting for the motion of the BH, it

is reasonable to have an effective speed given by the quadratic sum of the relative velocity

and the sound speed at infinity: v2eff = c2s,∞ + v2rel. We get an important drop for the sound

velocity at the Recombination and the baryons, originally coupled to photons, acquire a super-

sonic relative stream with respect to the Dark Matter, coherent over tens of Mpc scales. The

linear component of the relative baryon-DM velocity is basically constant [401, 402] before

recombination and then drops linearly with z:

√
< v2L > ≃ min

[
1,

1 + z

1000

]
× 30 km/s. (H.30)

The result is a delay for small-scale structure formation and for the baryon settling into the

DM potential wells. Considering the luminosity of accreting BH over the velocity distribution,

it is possible to rewrite the previous relation as:

veff ≡
〈

1

(c2s,∞ + v2L)
3

〉−1/6

≃
√
cs,∞

√
< v2L > (H.31)

with the last approximation valid if cs,∞ ≪
√

< v2L >. These results are acceptable at early

epochs after recombination.

One hypothesis is that PBH formation mechanism is a non-linear phenomenon and the

peaks theory suggests that PBHs are likely already born in clusters during radiation era [403,

404]: this would imply that PBH formation then becomes more subtle as the PBH is now no

longer in an isolated region, as shown in [404]. If this is the case, it is reasonable to expect that

the PBHs can generically accrete from two components: from the high-velocity, free-streaming

fraction at cosmological density and from a virialized component, of initial negligible density

but growing with time and eventually dominating, with typical relative velocity of the order of

the virial ones (10−3c in the MW halo). When the density of the virialized baryon component

attains values comparable to the cosmological average density (unavoidable for z ≤ 100), the

virialized component eventually dominates at late times.



The usual criterion to assess if a disk forms is the angular momentum of the material

at the accretion distance [405]: if this is sufficient to keep the matter in Keplerian rotation

at rD ≫ 3rS , a disk will form. To build up angular momentum, the material accreted at

the Hoyle-Bondi distance along different directions must have appreciable velocity or density

differences. The angular momentum per unit mas of the accreted gas scales like:

l ≃
(
δρ

ρ
+

δv

veff

)
veffrHB (H.32)

where δρ/ρ represents typical inhomogeneities at the scale rHB in the direction orthogonal

to the relative motion PBH-baryons, and δveff/veff the analogous typical velocity gradient at

the same scale. The above quantity can be compared to the specific angular momentum of a

Keplerian orbit:

lD ≃ rDvkep(rD) ≃
√

GMrD (H.33)

to extract rD. In the case of inhomogeneities, it is possible to adopt the effective velocity at

the RHS of veff, and then obtain, as a benchmark, that for rD/rS already after recombination

the density gradient is ≫ 10−4
in the baryon flow on the scale of the Bondi radius, sufficient

for a disk to form, largely satisfied already at z ∼ 1000 because of the ”granular” potential due

to neighboring PBHs.

If we consider a free-streaming homogenous gas, hypothetically ideal as composition, that

moves a bulk motion comparable to

√
< v2L > without any velocity dispersion, then the disk

formation criterion is likely satisfied if the non-linear PBH motions at small scales are taken

into account. This is a reasonable situation, as usually the BH motion at very small scale within

its halo is influenced by it nearest neighbors. The simplest scenario is that a sizable fraction

of PBH forms binary systems with their nearest partner, under the tidal effect of the next-

to-nearest. It is sufficient [23] that PBHs have a distance slightly below the average distance

at matter-radiation equality for a binary to form. This is valid for PBH constituting a sizable

fraction of the DM: under the assumption of an isotropic PBH distribution and monochromatic

PBH mass function M , this distance can be estimated as:



d ∼
(

3M

4πρPBH

)1/3

=
1

1 + zeq

(
2GM

H2
0fpbhΩDM

)1/3

∼ 0.05pc

(
M

fpbhM⊙

)1/3
3400

1 + zeq
(H.34)

If bound in a system, the two PBH (each of mass M ) orbit around the common center with

keplerian angular velocity ω so that the angular momentum:

l ≃ ωr2HB (H.35)

Adopting veff, we get the disk formation condition (z ≤ 1000):

fpbh
1/2 M

M⊙
>>

(
1 + z

730

)3

(H.36)

If M ≳ M⊙ and PBH constitute a sizable fraction of the DM, this is satisfied at the epoch

of interest for CMB bounds.

The main impact on the CMB (polarization) anisotropies from accreting PBHs comes from

redshifts 1000 and below, rather around redshift 300, scaling the costraining power to lower

redshifts.

All the disk formation discussion so far is based on the main assumption that stellar mass

PBHs are clustered in non-linear structures at small scales and early times, greatly differing

from WIMPs in that respect.



Appendix I

Testing the performance of the

interpolation scheme

This Appendix is dedicated to the leave-one-out tests that we performed to ensure both the

accuracy of the newly developed interpolation scheme and the adequate grid coverage of the

parameter space. In order to check whether our interpolation routine is working as expected,

we use all simulations except for a single simulation i, and predict with these remaining sim-

ulations the flux power spectrum corresponding to the simulation i. The goal is to always

find a relative theoretical error (associated to the interpolation) lower than the relative exper-

imental uncertainty on the flux power spectrum data-points used in our analyses. These tests

are expected to provide better results in regions where there are more simulations, given that

the interpolation routine is intrinsically less accurate for simulations that are close to the grid

boundaries. However, given that our grid of simulations extends far beyond the prior ranges

that we have adopted in all our analyses, it is sufficient to satisfy this condition within our

prior ranges. Therefore, instead of applying the leave-one-out tests to the whole grid, consti-

tuted by 633 simulations, we only apply it to those simulations associated to parameter values

within our prior ranges. We thus compute the flux power spectrum for the model i from the

remaining 632 grid-points, and compare it to the flux power spectrum of the i-th simulation,

by computing the root mean square error (MSQE). The values of the MSQEs are listed in Ta-

ble I.1, where we also report the mean relative uncertainties on the Lyman-α data-points, for

each redshift bin. For comparison, we report the MSQEs obtained with the Optimized Kriging
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method developed in this work, as well as the MSQEs obtained when applying the same tests

to the Ordinary Kriging method. Note that, when the two errors are not equal, the latter ones

are always larger than those obtained with our optimized method. Regarding the Optimized

Kriging method, in Fig. I.1 we show a histogram per each redshift bin of the MSQE for the

grid-points that we left out one-by-one. Note that most of the grid-points can be recovered

with a MSQE ≲ 1%− 10%, showing the excellent accuracy of our interpolation routine. Only

a very limited number of simulations shows a MSQE ≳ 10%. Furthermore, as it was already

manifest from Table I.1, the theoretical errors associated to the interpolation are practically

always smaller than the mean experimental uncertainties, that are reported as vertical lines

in Fig. I.1 – except for a few cases in the highest redshift bin (which however do not bias our

results, since they sample regions of the parameter space that are anyhow excluded by data).

Mean theoretical relative error Mean experimental relative error

z Ordinary Kriging Optimized Kriging XQ-100 MIKE HIRES

3.0 0.02 0.01 0.13 – –

3.2 0.01 0.01 0.10 – –

3.4 0.02 0.01 0.08 – –

3.6 0.02 0.01 0.08 – –

3.8 0.02 0.01 0.09 – –

4.0 0.01 0.01 0.12 – –

4.2 0.03 0.03 0.16 0.10 0.19

4.6 0.10 0.07 – 0.21 0.19

5.0 0.14 0.08 – 0.30 0.18

5.4 0.12 0.10 – – 0.23

Table I.1: Here we report the values of the theoretical MSQE associated to the interpolation

procedure within our prior ranges, per each redshift bin covered by our analyses, for both the

Ordinary and Optimized Kriging methods. We also report the mean relative experimental un-

certainties on the Lyman-α flux power spectrum data-points. See Section 5.1.3 and Appendix I

for further details.
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Figure I.1: Here we show a histogram per redshift bin of the MSQE associated to the grid-

points within our prior ranges. They are obtained by applying the leave-one-out tests described

in Appendix I. Vertical lines indicate the mean experimental relative error from XQ-100 (red

dashed), MIKE (pink dotted), and HIRES (golden dot-dashed).
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[65] M. Simonović, T. Baldauf, M. Zaldarriaga, J. J. Carrasco, and J. A. Kollmeier,

“Cosmological perturbation theory using the FFTLog: formalism and connection to

QFT loop integrals,” JCAP 04 (2018) 030, 1708.08130.

[66] A. Chudaykin, M. M. Ivanov, O. H. E. Philcox, and M. Simonović, “Nonlinear
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and M. Zaldarriaga, “Constraining Early Dark Energy with Large-Scale Structure,”

Phys. Rev. D 102 (2020), no. 10 103502, 2006.11235.

[234] G. D’Amico, Y. Donath, L. Senatore, and P. Zhang, “Limits on Clustering and Smooth

Quintessence from the EFTofLSS,” 2012.07554.

[235] M. M. Ivanov, O. H. E. Philcox, M. Simonović, M. Zaldarriaga, T. Nischimichi, and
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Evolution from the Lyα Forest Power Spectrum,” Astrophys. J. 872 (2019), no. 1 13,

1808.04367.

[361] P. Gaikwad, R. Srianand, M. G. Haehnelt, and T. R. Choudhury, “A consistent and

robust measurement of the thermal state of the IGM at 2 ≤ z ≤ 4 from a large sample

of Lyα forest spectra: evidence for late and rapid He ii reionization,” Mon. Not. Roy.

Astron. Soc. 506 (2021), no. 3 4389–4412, 2009.00016.

http://arxiv.org/abs/0711.2064
http://arxiv.org/abs/0906.2861
http://arxiv.org/abs/1008.2622
http://arxiv.org/abs/1307.2259
http://arxiv.org/abs/1405.1072
http://arxiv.org/abs/1809.06980
http://arxiv.org/abs/1808.04367
http://arxiv.org/abs/2009.00016


[362] J. S. Bolton et. al., “The Sherwood simulation suite: overview and data comparisons

with the Lyman α forest at redshifts 2 ≤ z ≤ 5,” Mon. Not. Roy. Astron. Soc. 464 (2017),

no. 1 897–914, 1605.03462.

[363] M. Leo, C. M. Baugh, B. Li, and S. Pascoli, “Nonlinear growth of structure in

cosmologies with damped matter fluctuations,” JCAP 08 (2018) 001, 1712.02742.

[364] S. Bohr, J. Zavala, F.-Y. Cyr-Racine, M. Vogelsberger, T. Bringmann, and C. Pfrommer,

“ETHOS – an effective parametrization and classification for structure formation: the

non-linear regime at z ≳ 5,” Mon. Not. Roy. Astron. Soc. 498 (2020), no. 3 3403–3419,

2006.01842.

[365] G. Ballesteros, M. A. G. Garcia, and M. Pierre, “How warm are non-thermal relics?

Lyman-α bounds on out-of-equilibrium dark matter,” JCAP 03 (2021) 101,

2011.13458.

[366] S. Baumholzer and P. Schwaller, “Probing non-thermal light DM with structure

formation and N eff ,” JCAP 06 (2022), no. 06 013, 2112.03993.

[367] K. R. Dienes, F. Huang, J. Kost, S. Su, and B. Thomas, “Deciphering the archaeological

record: Cosmological imprints of nonminimal dark sectors,” Phys. Rev. D 101 (2020),

no. 12 123511, 2001.02193.

[368] K. R. Dienes, F. Huang, J. Kost, B. Thomas, and H.-B. Yu, “Evaluating Lyman-α

Constraints for General Dark-Matter Velocity Distributions: Multiple Scales and

Cautionary Tales,” 2112.09105.

[369] C. M. Vogel and K. N. Abazajian, “Entering the Era of Measuring Sub-Galactic Dark

Matter Structure: Accurate Transfer Functions for Axino, Gravitino & Sterile Neutrino

Thermal Warm Dark Matter,” 2210.10753.

[370] A. Amon and G. Efstathiou, “A non-linear solution to the S8 tension?,” 2206.11794.

[371] R. Murgia, G. F. Abellán, and V. Poulin, “Early dark energy resolution to the Hubble

tension in light of weak lensing surveys and lensing anomalies,” Phys. Rev. D 103

(2021), no. 6 063502, 2009.10733.

http://arxiv.org/abs/1605.03462
http://arxiv.org/abs/1712.02742
http://arxiv.org/abs/2006.01842
http://arxiv.org/abs/2011.13458
http://arxiv.org/abs/2112.03993
http://arxiv.org/abs/2001.02193
http://arxiv.org/abs/2112.09105
http://arxiv.org/abs/2210.10753
http://arxiv.org/abs/2206.11794
http://arxiv.org/abs/2009.10733
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