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Abstract

Forthcoming galaxy redshift surveys such as DESI and Euclid demand analysis pipelines
that translate statistical precision on non-linear scales into robust cosmological inference.
This thesis advances two complementary directions toward near-optimal information ex-
traction from large-scale structure. First, it develops and evaluates wavelet scattering
transforms (WST) as compact, interpretable summaries that capture non-Gaussian in-
formation beyond the power spectrum. Using the public Quijote and QuijotePNG
simulations, Fisher forecasts are produced for standard cosmological parameters and
the amplitudes of primordial non-Gaussianity (local, equilateral, orthogonal), and are
benchmarked against power-spectrum-only and joint power–bispectrum analyses. With
a controlled kmax filtering and transparent hyperparameter choices, WST is shown to out-
perform the power spectrum and to be competitive with state-of-the-art non-Gaussian
summaries while being interpretable. Second, the thesis formulates a renormalized per-
turbative forward model for field-level inference based on the bootstrap approach to large-
scale structure dynamics. By making the ultraviolet cutoff explicit and using a Wilsonian
approach to take into account the inevitable discretization effects induced by a finite grid,
the framework yields “bootstrap” coefficients which are independent on grid size effects,
and identifies the higher-derivative operators required for unbiased recovery of these coef-
ficients at fifth (and third) perturbative order. The results clarify how theoretical control
at finite resolution enables principled field-level likelihoods and prepares the ground for
realistic extensions. The final chapter outlines ongoing steps toward survey observables:
incorporation of redshift-space distortions within the renormalized bootstrap framework
and full marginalization over initial conditions with efficient high-dimensional samplers.
Together, task-specific compression and controlled forward modeling provide a coherent
path to stringent tests of fundamental physics with next-generation data.
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Chapter 1

Introduction

A leap forward in the precision and scope of large-scale structure (LSS) observational
campaigns is expected to happen in the near future. Forthcoming galaxy redshift sur-
veys, notably DESI and Euclid [1–3], will map cosmic structure over volumes that
render statistical errors small and put systematic errors and information-efficient analy-
ses as primary concerns. Within the standard cosmological model, ΛCDM, the late-time
distribution of matter arises from initially nearly Gaussian perturbations seeded during
inflation and subsequently amplified by gravitational collapse. LSS observables such as
the baryon acoustic oscillation feature in two-point statistics have already been used
to deliver stringent constraints on expansion history and the growth of structure. Yet
many open questions remain: the nature of dark matter and dark energy, potential devi-
ations from general relativity on cosmic scales, the mass of neutrinos, and the possibility
of primordial non-Gaussianity (PNG). The unifying theme of this thesis is to address
some of these open questions and come close to optimal extraction of cosmological infor-
mation from the LSS by exploring novel statistical compression methods and field-level
approaches, pushing past the limitations of traditional two-point analyses while retaining
interpretability and theoretical control.

A central insight motivating this program is that the power spectrum, though foun-
dational, cannot capture the phase information that encodes the geometry of the cosmic
web: its filaments, sheets, and nodes. The bispectrum is added to include non-Gaussian
information and has been incorporated into joint power spectrum and bispectrum (P+B)
analyses [4–8], aided by perturbative models valid on mildly non-linear scales. However,
the bispectrum does not exhaust the information content; extending to higher n-point
correlators is hampered by rapidly growing dimensionality, challenging covariance esti-
mation, and complex survey window effects. This tension between information content
and complexity has driven the exploration of alternative non-Gaussian summaries, like

10
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marked statistics [9–13], skew spectra [14–17], Minkowski functionals [18, 19], halo mass
function probes [20–25], and void abundances [26, 27]. Against this landscape, the wavelet
scattering transform (WST, [28, 29]) has emerged as a compelling candidate: it is a com-
position of wavelet convolutions and modulus non-linearities that forms a compact multi-
scale summary with a connection to Fourier-space correlators. Recent simulation studies
have shown that WST can substantially shrink constraints relative to power spectrum-
only analyses, including in scenarios with massive neutrinos [30–34]. Another approach is
to abandon entirely the idea of compressing the information present in matter clustering
observables, and instead perform statistical inference directly on the field of density per-
turbations [35–50]. This field-level inference is expected to deliver maximum cosmological
information, but requires very fine control over the theoretical and statistical modeling
process, and high computational performance. These two approaches, summary statistics
that compress the information in the field and field-level, uncompressed analyses, are not
necessarily opposed to each other. Summary statistics remain attractive because of their
computational efficiency and resilience to systematics; they highlight scales and features
where most of the information resides, and prove to be great diagnostic tools in more
elaborate approaches. Field-level analyses connect to theory at a more fundamental level,
enabling more interpretable results and more powerful exploration of alternative models.
Indeed, works such as Schmidt [49] explore directly the connection between the two.

From this broad context, this thesis is aligned in the direction of exploring these ad-
vanced statistical tools to extract information with high precision on new physics. In
particular, of the two works presented here, the first will address the problems of detect-
ing PNG with the WST, since by construction the WST includes non-linear operations
that can capture non-Gaussian information from a random field. The performance of
the WST is quantified numerically to overcome difficulties with interpretability, however
an analysis on its connection to N -point correlators is also explored. The second work
applies the bootstrap approach of LSS [51], which derives perturbative kernels consistent
with extended Galilean invariance and other symmetries, and introduces time-dependent
coefficients that can be constrained to probe departures from the ΛCDM model of cos-
mology. The resulting generalized perturbation theory model is then applied at field-level
in a simple setting to study the subtleties in renormalizing the theory when applied to
discrete fields. This latter direction is then further explored to introduce survey realism
in the form of redshift-space distortions (RSD) into the model, and finally complete the
implementation of the full field-level analysis by enabling sampling and marginalization
over the modes of the initial field. By advancing both of these approaches, this work aims
to deliver practical advances, such as algorithms, models and diagnostics, that can move
LSS analysis toward optimality while maintaining the theoretical discipline necessary for
robust inference in the non-linear Universe.
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The chapter are delineated as follows. Chapter 2 introduces the physical models at
the foundation of LSS cosmology, from the ΛCDM model that characterizes the evolu-
tion of the background metric, to cosmic inflation as the engine of density perturbations,
to finally the evolution of these perturbation via perturbation theory. Chapter 3 fol-
lows with a tour of the statistics background that justifies the methodology employed by
later chapters, including parametric inference, uncertainty quantification and advanced
sampling methodologies. In chapter 4 the first work on WST is layed out: in it, the con-
straining power of WST is compared to conventional P and P+B analyses via the Fisher
information matrix; the fNL parameter for standard PNG shapes, local, equilateral and
orthogonal, are constrained together with cosmological parameters for dark matter and
halo density fields in real and redshift space from the public QuijotePNG suites of
N-body simulations, and a connection to standard correlators is explored for a specific
set of WST. Chapter 5 begins from the bootstrap approach to generalize the standard
perturbative model of matter clustering, and the recognition that an ulterior expansion
of the model on discrete fields to include an effective-theoretical treatment of small-scale
effects would induce systematics in the inferred parameters; by adopting a Wilsonian per-
spective, the systematic running can be put under perturbative control, and an explicit
renormalization procedure is laid out for models at third and particularly fifth order,
where higher-derivative operators play a crucial role; field-level inference is finally carried
out at fixed initial conditions in real space, demonstrating the effectiveness of the renor-
malization scheme. Then, chapter 6 introduces RSD systematics within the field-level
forward model and presents the work done to prepare the ground for a full field-level
analysis that samples and marginalizes the high-dimensional posterior distribution over
the amplitudes and phases of the initial field; this requires high performance computing
applied to the forward model, and advanced sampling techniques like Hamiltonian Monte
Carlo, coupled with novel computational methods such as automatic differentiation and,
possibly, machine learning methods. The work concludes with chapter 7 by summarizing
the presented work, its limitatiotion and future developments.



Chapter 2

Cosmology from the large-scale
structure

Cosmology is concerned with describing the dynamical evolution of the Universe at the
largest of scales. There are several observables that can be measured in order to infer
cosmological theory, and the large-scale structure (LSS), the distribution of matter ob-
servable (directly or indirectly) at scales larger than virialized systems, such as galaxy
clusters, is the focus of this dissertation. While the hydrodynamics of gas and radia-
tive processes govern the dynamics of galaxies and star systems, these become far less
influential on cosmic scales; instead gravity dominates, driving the evolution of the LSS.
Gravity is described by general relativity, so the theory provides a natural foundation for
the description of the LSS. The chapter starts by giving a brief overview of the theoretical
framework that defines modern cosmology in section 2.1; beginning from its core propo-
sition, the cosmological principle, the notion of an expanding Universe and how general
relativity can be used to describe its evolution is introduced. Section 2.2 briefly introduces
the hypothesized phenomenon of cosmic inflation, an extension of standard cosmological
theory that addresses many inconsistencies (the most notable being the “horizon” and
the “flatness” problems), and provides a natural mechanism for the origin of the primor-
dial perturbations that seeded the structures observed today; the dynamical evolution
of these perturbations under gravity is then expanded in section 2.3. For more detailed
treatments of the cosmological background and perturbations in the matter density field,
the interested reader may consult Dodelson and Schmidt [52], Hartle [53], Bernardeau
et al. [54], and Desjacques, Jeong, and Schmidt [55].

13
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2.1 The Λ cold dark matter model

The assumption that underpins modern cosmology is the cosmological principle. The
cosmological principle states that the Universe, when viewed on sufficiently large scales,
appears to have the same properties for all observers. This implies that there is no
privileged position or direction, the Universe is invariant under translations (homogenous)
and rotations (isotropic). Isotropy is based on strong observational evidence, namely
the mapping of the cosmic microwave background and of the distribution of galaxies
across the sky coming from many surveys, like WMAP [56–59], Planck [60, 61], and
the SDSS [62, 63]. Homogeneity can only be stated if the Universe appears isotropic
for all comoving observers, however this cannot be experimentally verified, so enforcing
the full cosmological principle implies the assumption that our frame of reference is not
special.1 Another important piece of evidence that a model of the Universe must take into
account is the observation that the Universe is expanding, a fact first noticed by Edwin
Hubble while observing the redshift of distant galaxies. Starting from Einstein’s theory of
general relativity, the spacetime geometry of a homogenous and isotropic Universe is given
by the Friedmann-Lemaître-Robertson-Walker metric gµν = diag(−1, a2(t), a2(t), a2(t)),
where a(t) is the scale factor that encodes the expansion of space. Note that a flat
spatial geometry was assumed for simplicity. This is the first ingredient needed to solve
Einstein’s field equations and find the exact behavior of a(t). The other ingredient is
the stress-energy tensor Tµν , which specifies the matter-energy content of the Universe.
Einstein’s equations read:

Gµν = 1
M2

p

Tµν + Λgµν , (2.1)

where Mp ≡ (8πG)−1/2 is the reduced Planck mass, with G being the gravitational
constant, Gµν is the Einstein tensor, which is completely described by the metric gµν ,
and Λ is the cosmological constant. Assuming that the matter-energy content of the
Universe behaves like a perfect fluid, T µν = (ρ + p)uµuν + pgµν , where ρ, p and uµ are
density, pressure and four-velocity of the fluid respectively. From equation (2.1) and the
conservation of energy, ∇µT

µ0 = 0 (∇µ is the covariant derivative), two independent
equations can be recovered,

1This assumption takes the name of Copernican principle. Strictly speaking, spatial homogeneity
cannot be established without some cosmological assumptions, since mapping redshifts to distances is
model dependent; however, it can be tested under mild assumptions, for example by verifying large-scale
clustering statistics across a wide range of fiducial cosmologies. For an example of how such tests are
carried out, see Gonçalves et al. [64].



2.1. The Λ cold dark matter model 15

H2 = 1
3M2

p

ρ+ Λ
3 , (2.2)

ρ̇ = −3H (ρ+ p) . (2.3)

These are known as the Friedmann equations, and fully describe the dynamical evo-
lution of space-time and matter-energy content of the Universe. To be more specific, the
first equation details the balance between the expansion of the Universe, given by the
Hubble rate H(t) ≡ ȧ(t)/a(t) (a dot denotes the time derivative), the contraction due
to the density of matter ρ(t), and the effect of Λ, which is currently interpreted as the
energy density term of dark energy [65], and has the effect to accelerate the expansion.
Before continuing it is useful to rewrite equations (2.2) and (2.3) by defining some quan-
tities. Let ρΛ ≡ M2

p Λ be a density term associated to dark energy, then the term can
be absorbed into ρc = ρ + ρΛ, and equation (2.2) can be rewritten as H2 = ρc/(3M2

p );
this gives the definition of the critical density, ρc ≡ 3H2M2

p . Just like ρΛ can be de-
fined for dark energy, ρi can be defined for the i-th species that contributes to the total
ρ = ∑

i ρi. The density parameters today are then defined as Ωi ≡ ρi,0/ρc,0. The sum
of Ωi (which now includes i = Λ) is equal to 1, so the density parameters determine the
fractional contribution to the total density budget from the different constituents of the
Universe. Furthermore, it is often customary to define the dimensionless Hubble constant
h ≡ H0/(100 km s−1 Mpc−1). The main constituents at present day are matter Ωm and
dark energy ΩΛ. Other contributions are given by photons and neutrinos, Ωγ and Ων ,
which today are not as relevant as they were at earlier times. Equation (2.3) can be
written in terms of an equation of state w = p/ρ, which assumes a unique value for each
of the above constituents:

ρ̇ = −3H (1 + w) ρ . (2.4)

This differential equation is solved by separation of variables and taking some initial
density ρin ≡ ρ(tin). Using the definition for the density parameters:

Ωi(t) = ρin

ρc

(
a(t)
ain

)−3(1+wi)

, (2.5)

where w varies based on the constituents i ∈ {m, γ, ν, Λ}. For non-relativistic matter
wm = 0, for radiation and neutrinos wγ = wν = 1/3 and for dark energy wΛ = −1.
Equations (2.2) and (2.3) can be solved to find the complete expression for a(t). In
particular, the Hubble rate H(z) can be defined from a ≡ (1+z)−1 in the following form:
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H2(z) = H2
0

[
Ωm(1 + z)3 + Ωγ(1 + z)4 + Ων(1 + z)3(wν(z)+1) + ΩΛ

]
, (2.6)

where, for neutrinos, the time-dependent effective equation of state interpolates between
1/3 and 0. It is instructive to see how the scale factor evolves in time when either matter,
radiation or dark energy dominate the expansion of the Universe:

matter-dominated: a(t) ∝ t1/2 ρ ∝ a−3, (2.7)
radiation-dominated: a(t) ∝ t2/3 ρ ∝ a−4, (2.8)

dark energy-dominated: a(t) ∝ exp
(
t
√

Λ/3
)

ρ = const. (2.9)

Current measurements [61, 66] show that the Universe is expanding in an accelerated
way, with Ωm,0 ≈ 0.32, Ωγ,0 ≈ 10−4 and ΩΛ,0 ≈ 0.68 at t0, and is therefore largely
dominated by dark energy. An estimation of the redshift z at which one component
started to dominate over the other can be found by equating the various components:
for matter, the ratio of Ωm(t)/Ωm,0 = [a(t0)/a(t)]3 = a(t)−3, since the scale factor can
be rescaled so that a(t0) ≡ 1. For dark energy instead ΩΛ(t)/ΩΛ,0 = 1, so at t for which
Ωm(t) = ΩΛ(t):

a(t) =
(

ΩΛ,0

Ωm,0

)−1/3

≈ 0.78 , (2.10)

dark energy began dominating the energy balance of the Universe at around z ≈ 0.29
(corresponding to 3.4 Gyr of lookback time). Repeating the same procedure for matter
and radiation, the former began dominating over the latter at z ≈ 3 199 (13.7 Gyr look-
back time). So the Universe, according to the Big Bang model, was initially dominated
by radiation, then matter, and finally dark energy.

The results detailed here are known as the standard model of cosmology, or the Λ
cold dark matter model. The “Λ” is the cosmological constant appearing in Einstein’s
field equations, however the “cold dark matter” part is not explained by any of the
above equations. This is because it arises from observational evidence, in particular from
comparison between Big Bang nucleosynthesis (BBN) predictions and observed deuterium
abundances [67], and the cosmic microwave background (CMB) [61]; it is found that
Ωm,0 ≈ 0.05, however this amount of matter cannot explain several empirical facts like

• the velocity curves of spiral galaxies, which they were found to require significantly
more gravitational mass than the stars and gas in the system;
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• the amount of observed gravitational lensing around galaxy clusters requires much
more matter than the observed luminous one;

• both the growth of structures of LSS and the anisotropies of the CMB require
Ωm,0 ≈ 0.3.

So there must be an extra ≈ 25% of the matter-energy content represented by some
type of matter that is “dark”, as it interacts mainly through gravity. In ΛCDM, dark
matter is “cold” because it is considered to be made up of non-relativistic particles; the
reason for this is that gravitationally bound structures below a certain scale, such as
observed galaxy clusters, could not form if dark matter was relativistic, dark matter
particles would just escape the gravitational potential before the density can grow large
enough. For a recent review on the evidence and state of the research on dark matter,
the interested reader can consult Balazs et al. [68] and references therein.

2.2 Cosmic inflation

The notion of a Universe that expands over time leads to a trivial but important ob-
servation. By running time backwards, one can expect that the Universe shrinks, with
all the matter observed today coming progressively closer together; eventually all, points
in space, and so all matter, would collapse into a physical singularity at t = 0. While
current knowledge of physics breaks down as it approaches this singularity, it is clear
that the Universe, at some point in its evolution, was very dense and hot. This is the
idea behind the so called “Big Bang model”, which was first proposed by G. Gamow [69],
and accepted as part of current cosmological models with the confirmation of the predic-
tions of the associated theory for primordial nucleosynthesis, the BBN, and, later, the
discovery of the CMB [70], the relic radiation left over from the primordial plasma that
filled the early Universe. During the epochs in which radiation and matter dominated,
the Universe’s expansion was decelerated, as can be seen by taking the second derivative
of the scale parameter for a matter-dominated (2.7) and radiation-dominated (2.8) Uni-
verse. This fact however is in contrast with observations: when we look at the CMB in
different directions, we see that the deviation in the observed temperature with respect
to the mean never exceeds one part in 105, which is consistent with radiation generated
from a plasma in thermal equilibrium. In order for this to be the case, the entire Universe
had to be causally connected, that is photons had to be able to travel the entire span
of the Universe up until the CMB formed. However the CMB is observed at z ≈ 1 100,
and under the ΛCDM model, the distance photons could have covered at that epoch
would only extend around one degree in the sky we observe today, so points separated
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by angular distances greater than that could not have been causally connected. This is
known as the “horizon problem”. To solve this and other issues, such as the fine-tuning
that would be required to otherwise explain why the Universe is observed to have flat
curvature, one can postulate an initial phase of rapid accelerated expansion, also know
as cosmic inflation [71]. What follows describes only a subset of simple models that still
fit current observational evidence, those that describe single field inflation.

Similarly to matter, radiation and dark energy, it is possible to postulate that the
Universe was dominated by yet another component during its early stage. Using the
formalism of field theory, this component can be identified in a scalar field ϕ, called the
inflaton field, which evolves according to some potential V (ϕ). The simplest covariant
action that gives rise to Einstein’s equations is the Einstein-Hilbert action, and when this
is combined with the simplest possible action for a scalar field like the inflaton, then the
total action in curved spacetime takes the form of

S =
∫

d4x
√

−g
(

c4

16πGR − 1
2g

µν∂µϕ∂νϕ− V (ϕ)
)
. (2.11)

From the principle of least action, varying S with respect to gµν yields Einstein’s field
equations, for which now the stress-energy tensor Tµν is sourced by the inflaton:

Tµν = ∂µϕ∂νϕ− gµν

(1
2g

ρσ∂ρϕ∂σϕ+ V (ϕ)
)
. (2.12)

Setting the metric to the FLRW metric, and assuming that the inflaton only depends
on time, ϕ ≡ ϕ(t), the comparison of the stress energy tensor in equation (2.12) with a
perfect fluid yields a pressure and density term for the inflaton,2

pϕ = ϕ̇2

2 − V (ϕ) and ρϕ = ϕ̇2

2 + V (ϕ) , (2.13)

where ϕ̇ ≡ ∂ϕ/∂t. The Friedmann equations are

H2 = 1
3M2

p

ρϕ, (2.14)

Ḣ = − 1
2M2

p

ϕ̇2 , (2.15)

and, when combined, they give an expression for the acceleration of the scale factor:
2Note that pressure and density here are given in units of energy density. See main text.
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ä

a
= Ḣ +H2 = 1

3M2
p

(
V (ϕ) − ϕ̇

)
; (2.16)

in order for accelerated expansion to occur, ä > 0, so V (ϕ) > ϕ̇: the inflaton potential
must dominate the dynamics of the scalar field. Going back to equation (2.11), varying
S with respect to the inflaton itself ϕ yields the Klein-Gordon equation,

ϕ̈+ 3Hϕ̇+ V ′(ϕ) = 0 , (2.17)

where ϕ ≡ ϕ(t) is implied, and V ′(ϕ) ≡ dV/dϕ. Equation (2.17) is analogous to the
dynamics of a particle subjected to a force supplied by the potential V (ϕ) and a friction
term 3Hϕ̇ supplied by the expansion of the Universe through the Hubble rate H. If the
expansion is fast enough, the friction term dominates over the acceleration and damps the
dynamical evolution of ϕ(t), leading to the so-called slow-roll regime. During slow-roll,
as the name implies, the inflaton slowly rolls down the potential until it settles at its
minimum. This means that ϕ̈ ≈ 0, and

V ′(ϕ) ≈ −3Hϕ̇ . (2.18)

Since the potential is nearly flat, the above expression implies that for large values of
H, ϕ̇ must also be very small. In inflationary theories, it is customary to use the slow-roll
parameters to describe inflation quantitatively:

ϵH = − Ḣ

H2 and ηH = − ϕ̈

Hϕ̇
, (2.19)

both of which are much smaller than unity during slow-roll, |ϵH | ≪ 1 and |ηH | ≪ 1.
Inflation ends when the inflaton approaches the minimum of the potential; there |ϵH | ≈ 1,
and the inflaton acquires a non-negligible amount of kinetic energy while it starts to
oscillate around the minimum, following the motion of a damped harmonic oscillator.
The transition to a radiation-dominated Universe soon after this phase requires that the
inflaton must be coupled to other quantum fields in the standard model, so that the
energy dissipated from it can go into particle generation: this process takes the name of
reheating [72–74]
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2.2.1 The origin of the large scale structure

The discussion so far assumed that the inflaton ϕ is uniform in space and only evolves
in time. However ϕ is a quantum field subject to quantum dynamics, which predict the
presence of vacuum fluctuations δϕ(x⃗, t) around some background,

ϕ(x⃗, t) = ϕ̄(t) + δϕ(x⃗, t) . (2.20)

Decomposing the fluctuations with a Fourier transform, one sees that each phase k⃗ · x⃗
of the plane waves in comoving coordinates can be transformed to physical coordinates
k⃗phy · r⃗ using the fact that r⃗ = a(t)x⃗ and k⃗phy = k⃗/a(t). This highlights how the physical
wavenumbers of the fluctuations shrink as the Universe expands following the inflationary
dynamics sketched previously. As long as the modes have physical wavelength within the
Hubble horizon H−1, they continue to oscillate like an harmonic oscillator, but the picture
changes once the wavelength of each Fourier mode crosses the horizon. There the mode
“freezes” at constant amplitude, because the Hubble horizon represents the region where
events are causally connected. Since the presence of these fluctuations causes a(t) to grow
at slightly different rates at different points in space x⃗, then the fluctuation translate
directly into curvature perturbations ζ(x⃗) [75]. Once inflation ceases and the Universe
goes through reheating, the frozen modes re-enter the horizon as it slowly grows, and
since their amplitude remained constant, they provide the initial conditions for density
perturbations to grow from. In the matter-dominated era, the curvature perturbations
are related to the Newtonian potential Φ(k⃗) by

Φ(k⃗) = 3
5T (k)ζ(k⃗) , (2.21)

where T (k) = 1 for k ≪ keq, keq ≈ 0.02hMpc−1 being the frequency that entered the
horizon at matter-radiation equality. The density of matter ρ(k⃗) can be expressed in
terms of its fluctuations δ(k⃗) around the average over a volume,

δ(k⃗) ≡ ρ(k⃗)
ρ̄

− 1 , (2.22)

so with this, one obtains an expression relating the density fluctuations, or density con-
trast, δ(x⃗) with the curvature perturbations by plugging in equation (2.21) into the Pois-
son equation:
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δ(k⃗, a) = 2
5

k2

H2
0 Ωm,0

T (k)D(a)ζ(k⃗) ≡ M(k⃗, a)ζ(k⃗) . (2.23)

D(a) is called the linear growth factor, which will be introduced in section 2.3.1. The
inflationary dynamics described in section 2.2 predict that the curvature perturbations
are nearly Gaussian,3 so the information of δ(k⃗, a) at early times is entirely summarized
in its power spectrum.

A significant degree of primordial non-Gaussianity can be present in case of more
complex inflationary scenarios (e.g., multi-field inflation, “ultra-slow roll” regimes, fluc-
tuations from non-adiabatic vacuum states, for a review see [71]) and can be detected
by observing different shapes of the bispectrum. The power spectrum and bispectrum
will be discussed in section 2.3.4. Current results from observations of the CMB have
detected no significant degree of primordial non-Gaussianity, greatly restricting the space
of viable models of inflation [77, 78].

2.3 Perturbation theory of density fluctuations

The previous section 2.2 introduced cosmic inflation and how it can produce fluctuations
in the density field of matter. These fluctuations are tiny, δ(x⃗) ≈ 10−5, but non-zero, and
so they can grow at later times thanks to gravitational collapse: the overdense regions
begin to accumulate more and more matter in bound structures which end up forming the
familiar complex of galaxy clusters, walls and filaments observed presently in the LSS. At
the end of section 2.1 cold dark matter was established as the major contributor to the
matter content of the Universe, and so it is the main driver when it comes to gravitational
collapse [79]. Furthermore, baryonic matter is coupled to dark matter through gravity,
so studying the evolution of the dark matter density field is crucial to understand the
observed galaxy distribution. For this reason, the following discussion refers only to dark
matter.

If perturbations are small, δ(x⃗) ≪ 1, perturbation theory can be applied to obtain an
accurate description of the density field. In the study of the LSS, this approach is often
referred to as Standard Perturbation Theory (SPT). Cosmological models predict that
the variance in the perturbations is scale-dependent, being small at large scales and large
at small scales [80, 81]. This suggests the distinction between two regimes:

3This is true when the action for the curvature perturbations is truncated to second order. Non-
Gaussian contributions are added by higher order terms, but these are suppressed during slow-roll [76].
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• the quasi-linear regime, where perturbation theory can, up to sufficiently high order,
describe the clustering of matter;

• the non-linear regime, where perturbation theory fails to accurately characterize
the density field.

Therefore, using a perturbative framework means restricting the theory to large scale
clustering, where the quasi-linear regime is valid. Defining kNL as the scale that separates
these two regimes, it is found that kNL shrinks as the distribution of matter evolves in
time under the effect of gravity, and this reduces the span of scales that can be probed
with SPT.

2.3.1 Standard perturbation theory

Assume that matter is distributed in the Universe according to a certain distribution
function f(r⃗, v⃗, t) that depends on time t, space r⃗ and velocity v⃗. This can be thought
of as the continuous limit of an ensemble of collisionless particles interacting via gravity,
so a conservative system that obeys Hamiltonian dynamics. As such, by the Liouville
theorem, f(r⃗, v⃗, t) is conserved:

df
dt = ∂f

∂t
+ ∂r⃗

∂t
· ∇⃗rf + ∂v⃗

∂t
· ∇⃗vf (2.24)

= ∂f

∂t
+ v⃗ · ∇⃗rf − ∇⃗rΦ · ∇⃗vf = 0 .

This partial differential equation is called the Vlasov (or collisionless Boltzmann)
equation, and together with the Poisson equation,

∇2
rΦ(t, r⃗) = 4πGρ(t, r⃗) = 1

2M2
p

∫
d3v f(r⃗, v⃗, t) , (2.25)

it describes the time evolution of the distribution of matter in the Universe. At the scales
of interest, much smaller than the Hubble horizon and much larger than the typical size of
individual galaxy clusters, relativistic effects are negligible so the Newtonian description
accurately describes the force of gravity. Since the Universe is expanding, equations
(2.24) and (2.25) are better expressed in terms of comoving quantities. The change from
physical coordinates (r⃗, v⃗, t) to comoving coordinates (x⃗, w⃗, t) occurs by the following
change of variables:
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x⃗ = r⃗

a(t) , (2.26)

w⃗ = v⃗ − ȧx⃗ = a
dx⃗
dt , (2.27)

where the determinant of the Jacobian is a3(t), so dt d3r d3v = a3(t)dt d3x d3w. Given the
above transformation, it is convenient to redefine the phase-space distribution in comoving
coordinates as F (x⃗, w⃗, t) ≡ a3(t)f(x⃗, w⃗, t), so that no factors of a(t) appear during
integration in the new variables. Splitting the Newtonian potential into a background
bulk term Φbg, and a term given by the density fluctuations ϕ, the Vlasov and Poisson
equations acquire the forms

∂F

∂t
+ w⃗

a
· ∇⃗xF −

(1
a

∇⃗xϕ+Hw⃗
)

· ∇⃗wF = 0 , (2.28)

∇2
xϕ(x⃗, t) = 1

2M2
p

a2(t)ρ̄(t)δ(x⃗, t) . (2.29)

The Vlasov equation can be turned into an infinite system of differential equations
expressed in terms of velocity momenta [82],

M
(n)
i1···in

(x⃗, t) =
∫

d3wwi1 · · ·winF (x⃗, w⃗, t) . (2.30)

The system must be then truncated to a given order n. From the first three momenta
one finds the density ρ(x⃗, t), the bulk peculiar velocity u⃗(x⃗, t) and the velocity dispersion
tensor σij(x⃗, t):

ρ(x⃗, t) = M (0) , (2.31)

ui(x⃗, t) = M
(1)
i

M (0) , (2.32)

σij(x⃗, t) = 1
M (0)

∫
d3w (wi − ui)(wj − uj)F (x⃗, w⃗, t) . (2.33)

In practice, the computation of the hierarchy stops here, because on scales where
perturbative treatments of δ hold, the velocity dispersion tensor σij is negligible. This
happens up to shell-crossing, when the trajectories of fluid elements of dark matter inter-
sect. Carrying out the first two moment calculations on the Vlasov equation, one obtains
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the continuity and Euler equations:

∂δ

∂η
+ θ = −u⃗ · ∇⃗xδ − δθ, (2.34)

∂θ

∂η
+ Hθ + ∇2

xϕ = −∇⃗x · θu⃗, (2.35)

where the time dependence is expressed in terms of the conformal time dη ≡ dt/a(t),
the density is expressed in terms of the contrast δ(x⃗, η), and the velocity u⃗(x⃗, η) is
decomposed in terms of its divergence θ ≡ ∇⃗ · u⃗ and vorticity ω⃗ ≡ ∇⃗ × u⃗, with the
latter assumed to be negligible [83]. H ≡ (1/a)da/dη = aH if the conformal Hubble
rate. In order to express the continuity equation in terms of δ(x⃗, η), the average density
ρ̄(η) can be factored out by using the Friedmann equations (2.2) and (2.3), appropriately
expressed in conformal time. In particular, the matter term Ωm can be used in equation
(2.29),

∇2
xϕ(x⃗, η) = 3

2H2(η)Ωm(η)δ(x⃗, η) , (2.36)

to further simplify Euler equation (2.35).

In order to solve equations (2.34) and (2.35) it is convenient to move to Fourier space:

g(k⃗) = F [g(x⃗)] ≡
∫

d3x g(x⃗)e−ik⃗·x⃗;

g(x⃗) = F−1[g(k⃗)] ≡
∫ d3k

(2π)3 g(k⃗)eik⃗·x⃗ ≡
∫

k⃗
g(k⃗)eik⃗·x⃗,

and introduce the following definition:

Ik⃗;q⃗1,··· ,q⃗n
≡
∫ d3q1 · · · d3qn

(2π)3n
(2π)3δD(k⃗ − q⃗1···n) , (2.37)

where δD indicates the Dirac delta function and q⃗1···n ≡ q⃗1 + · · · + q⃗n. Equation (2.34)
becomes:

∂δ

∂η
+ θ = −Ik⃗;q⃗1,q⃗2

α(q⃗1, q⃗2)θ(q⃗1)δ(q⃗2), (2.38)

where α(q⃗1, q⃗2) = q⃗12 · q⃗1/q
2
1. Following the same procedure and using the Poisson and

Friedmann equations, the Euler equation (2.35) takes the form
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∂θ

∂η
+ Hθ + 3

2H2Ωmδ = −Ik⃗;q⃗1,q⃗2
β(q⃗1, q⃗2)θ(q⃗1)θ(q⃗2), (2.39)

where β(q⃗1, q⃗2) = q2
12(q⃗1 · q⃗2)/(2q2

1q
2
2).

A perturbative expansion for δ(k⃗, η) and θ(k⃗, η) can then be assumed,

δ(k⃗, η) =
∞∑

n=1
δ(n)(k⃗, η), θ(k⃗, η) =

∞∑
n=1

θ(n)(k⃗, η), (2.40)

where the n-th terms are convolutions involving n linear fields δ(1)(k⃗, η). At linear order,
the two equations (2.38) and (2.39) can be combined in a second order differential equation
for δ(1)(k⃗, η):

∂2δ(1)

∂η2 + H∂δ(1)

∂η
+ 3

2H2Ωmδ
(1) = 0. (2.41)

Notice that each Fourier mode evolves in time independently from the others, and all
the coefficients in the equation are scale-independent. For this reason δ(1)(k⃗, η) can be
factored into a time-dependent component and a scale-dependent one,

δ(1)(k⃗, η) = D(η)φ0(k⃗) , (2.42)

with D(η) the linear growth factor for the growing mode, that for the ΛCDM model is
given by [84]

D(a) = a 2F1

(
1
3 , 1; 11

6 ; − ΩΛ

Ωm

a3
)
, (2.43)

where 2F1 is the Gauss hypergeometric function. The n-th order solutions can be found
by solving equations (2.38) and (2.39) iteratively, starting from the linear ones. They are
convolutions of the form

δ(n)(k⃗, η) = Ik⃗;q⃗1,··· ,q⃗n
Fn(q⃗1, · · · , q⃗n, η)φ0(q⃗1, η) · · ·φ0(q⃗n, η) , (2.44)

θ(n)(k⃗, η) = Ik⃗;q⃗1,··· ,q⃗n
Gn(q⃗1, · · · , q⃗n, η)φ0(q⃗1, η) · · ·φ0(q⃗n, η) . (2.45)

The matter kernels Fn, together with the respective velocity kernels Gn, can be com-
puted iteratively from equations (2.38) and (2.39), starting from the linear solution found
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in equation (2.42) and considering that F1 = G1 = 1. Their explicit expressions are given
for example in Bernardeau et al. [85]. For an Einstein-de Sitter (EdS) Universe Ωm = 1
and ΩΛ = 0, so equation (2.43) yields D(a) = a, or in terms of conformal time, D(η) = eη;
beyond that, continuity and Euler equations can be parametrized in terms of the linear
growth rate f ≡ d logD/d log a, which is equal to 1 for EdS, so no extra time dependence
enters the kernels. For ΛCDM both Ωm and f are time-dependent but vary slowly, and
the time dependence introduced in Fn and Gn is mild [85], so the EdS kernels are taken
as an efficient approximation; this is no longer the case at low redshifts [86].

2.3.2 Redshift space distortions

Redshift space distortions arise from the fact that we cannot directly measure the distance
of cosmological objects such as distant galaxies. Distance measurement can either come
from the distance ladder, where the distance of close objects is used to infer the distance
of those further away, or by measuring the redshift z of an object and using the Friedmann
equation (2.6), which is cosmology-dependent [87, 88].4 Distances measured from z de-
pend not only on the cosmological redshift supplied by the expansion of the Universe, but
also on the kinematic redshift induced by any component of the peculiar velocity along
the line of sight r̂ from an observer, ur ≡ u⃗ · r̂. This results in an anisotropic displacement
of the inferred positions from the real ones along the radial line of sight. Rescaling the
peculiar velocity used previously as u⃗′ ≡ u⃗/(Hf), the transformation between redshift
space s⃗ and real space x⃗ coordinates is given by

s⃗ = x⃗+ fu′
rr̂ . (2.46)

When considering the field of density fluctuations observed in redshift space, δS(s⃗),
number conservation implies that

(1 + δS(s⃗)) d3s = (1 + δ(x⃗)) d3x , (2.47)

leading to the equation:

4Standard sirens, like binary black hole or binary neutron star mergers, provide an independent and
direct measurement of the distance of the merger from the observer, potentially overcoming the problem
of redshift space distortions. There are difficulties involved in the distance determination however, for
example the inclination angle of the orbital plane of the binary system is degenerate with the distance,
leading to large uncertainties [89].
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δS(s⃗) = 1 + δ(x⃗)
det Js(x⃗) − 1 . (2.48)

The determinant of the Jacobian of the transformation (2.46), Js,ij = ∂si/∂xj =
δK

ij + f(∂u′
r/∂xj)r̂i, can be found by noting that given a tensor product a⃗ ⊗ b⃗, a matrix

of the form I + a⃗⊗ b⃗, as is the case for Js(x⃗), has determinant det(I + a⃗⊗ b⃗) = 1 + b · a,

det(Js) = det(I + r̂ ⊗ f∇⃗xu
′
r) = 1 + f∇⃗xu

′
r · r̂ = 1 + f∂ru

′
r , (2.49)

where ∂r denotes the directional derivative along the line of sight. Continuing from
equation (2.48):

δS(s⃗) = δ − f∂ru
′
r

1 + f∂ru′
r

, (2.50)

where the dependence on x⃗ of the right-hand side is implied. This result is exact as long
as the line of sight direction r̂ does not change with the position x⃗, this is the so-called
distant observer approximation; the distant observer approximation can be discarded to
include wide-angle corrections, see, e.g., Raccanelli et al. [90] for a treatment. From
linear perturbation theory δ(x⃗, η) = δ(1)(x⃗, η) = D(η)φ0(x⃗), so the linearized continuity
equation, equation (2.38) with null right-hand side, gives θ′(1) = ∇⃗x · u⃗′(1) = −δ(1), or
equivalently in Fourier space,

i⃗k · u⃗′(1)(k⃗) = −δ(1)(k⃗) , (2.51)

At linear order the peculiar velocity field has vanishing vorticity, so the velocity is entirely
sourced by the gradient of its potential u⃗′(k⃗) = i⃗kψ(k⃗), and so u⃗′ || k⃗. This means that
equation (2.51) can be manipulated to find the linear velocity field,

k⃗ · u′(1)(k⃗)k̂ = iδ(1)(k⃗) (2.52)
k u′(1)(k⃗) = iδ(1)(k⃗)

u′(1)(k⃗)k̂ = i
k̂

k
δ(1)(k⃗)

u⃗′(1)(k⃗) = i
k⃗

k2 δ
(1)(k⃗) .

Finally, projecting along r̂ and taking the directional derivative in Fourier space along
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the line of sight, ∂r → i⃗k · r̂ = ikµ, with µ ≡ k̂ · r̂ the cosine of the angle between the
wavevector and the line of sight, yields,

ikµ u′
r(k⃗) = −µ2δ(k⃗), (2.53)

where the linear order notation has been omitted. This expression can be plugged
into equation (2.50) expanded at linear order around ∂ru

′
r = 0 (note that in this approx-

imation, equation (2.46) implies s⃗ ≈ x⃗),

δS(k⃗) ≈ δ(k⃗) − ifkµ u′
r(k⃗) (2.54)

= (1 + fµ2)δ(k⃗) .

Equation (2.54) is the Kaiser effect, and characterizes the impact of redshift space
distortions on large scales [91].

What happens if one drops all assumptions and tries to derive the exact relation
between δS and δ? Starting from equation (2.47) and taking the Fourier transform with
respect to s⃗ leads to the expression

(2π)3δD(k⃗) + δS(k⃗) =
∫

d3x e−ik⃗·x⃗e−ifkµu′
r (1 + δ(x⃗)) . (2.55)

This relation is exact and valid even at scales where multi-streaming applies. In the
single-stream regime, where a single position x⃗ maps to a single s⃗, the relation in equation
(2.50) applies, and its Fourier transform can be derived with the Jacobian,

δS(k⃗) =
∫

d3x e−ik⃗·x⃗e−ifkµu′
r (δ(x⃗) − f∂ru

′
r) . (2.56)

Note how the exponential e−ifkµu′
r introduces a non-linear term of the velocity; ex-

panding the term at first order in the argument, one finds again equation (2.54), and
more generally, expanding at order n and using equations (2.44) and (2.45) gives the
redshift space kernel Zn [85, 92]:
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δS(k⃗) =
∞∑

n=1

kn−1
r

(n− 1)!Ik⃗;q⃗1,··· ,q⃗n

(
δ(q⃗1) −

q2
r,1

q2
1
θ′(q⃗1)

)
n−1∏
i=2

qr,i

q2
i

θ′(q⃗i) (2.57)

=
∞∑

n=1
Ik⃗;q⃗1,··· ,q⃗n

Zn(q⃗1, · · · , q⃗n)δ(1)(q⃗1) · · · δ(1)(q⃗n) ,

where {kr, qr} ≡ {kµ, qµ}. Going back to the exponential in equation (2.55), one can see
the velocity term u′

r(x⃗) as made up of a large-scale field u′L
r (x⃗) describing bulk flows (which

is well described in first approximation by the Kaiser effect), and a small-scale component
u′S

r (x⃗) encoding random motion inside virialized structures such as galaxy clusters. Since
the latter can produce large radial velocities, the displacement in the measured redshift
space positions can affect the value of the density at large scales. In particular, this can
be seen as a damping factor in front of δS(k⃗) given by averaging the exponential over the
small-scale velocity field, DFoG(k, µ) ≡

〈
eikµu′S

r

〉
x
; FoG stands for “Fingers of God”, a

name given to the peculiar anisotropic pattern visible in galaxy surveys, where galaxies in
virialized clusters appear smeared along the line of sight. The fingers of God are modeled
by treating u′S

r (x⃗) as a random variable following some distribution, then DFoG(k, µ) ends
up being the characteristic function of the distribution. Accounting for this small-scale
contribution, the redshift space field is given by

δS(k⃗) ≈ DFoG(k, µ) (1 + fµ2)δ(k⃗) . (2.58)

2.3.3 The large-scale structure bootstrap

The results presented in section 2.3.1 have been derived starting from the Vlasov equa-
tion, leading to the equations of motion for dark matter as a pressureless, perfect fluid
in the form of the continuity and Euler equations. D’Amico et al. [51] introduces an al-
ternative approach, where the analytical form of the kernels is constrained by symmetry
arguments instead of deriving them as a perturbative solution of the equations of motion
in a given cosmological model. The exact form is derived by enforcing symmetries, such
as translational and rotational invariance, and “Bose symmetry”, which allows the kernels
to be symmetrized in the external momenta. A special role is played by extended Galilean
invariance (EGI), or invariance under time-dependent translations, as discussed in Peloso
and Pietroni [93] and Kehagias and Riotto [94]. Following a translation x⃗ → x⃗ + d⃗(η),
EGI induces a nonlinear transformation on the field,

δ(k⃗, η) → eik⃗·d⃗(η)δ(k⃗, η) . (2.59)
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Expanding the exponential and treating d⃗(η) as the k⃗ = 0 limit of a linear field d⃗(1),
then one can write

δ(1)(k⃗, η) → δ(1)(k⃗, η) + (2π)3δD(k⃗, η)i⃗k · d⃗(1)(η) (2.60)

δ(n)(k⃗, η) →
∞∑

m=0

(
i⃗k · d⃗(1)(η)

)m

m! δ(n−m)(k⃗, η) , (2.61)

where δ was expanded and matched order by order. The transformation in equations
(2.60) and (2.61) can then be plugged into equation (2.44) to relate the kernels Fn to
Fn−m. This turns out to induce a soft limit for the n-th kernel:

lim
q⃗1,··· ,q⃗m→0

Fn(q⃗1, · · · , q⃗n) =
m∏

i=1

q⃗i · q⃗m+1···n

q2
i

Fn−m(q⃗m+1, · · · , q⃗n) . (2.62)

EGI can be used to derive further constraints by considering higher orders in d⃗(n)(η)
as the bulk displacement induced by the peculiar velocity field u(n) integrated in time
up to η, which induce similar constraints that relate Fn+m with Gn and Fm. Finally,
imposing mass and momentum conservation, as is appropriate for dark matter density
and velocity fields, provides constraints for the kernels in the limit of the vanishing sum of
the external momenta q⃗1···n → 0. With all these constraints derived from symmetries, the
form of the kernels is set by taking the set of rotationally invariant objects, constructing a
basis of dimensionless functions with them and finally applying the constraints to set the
general coefficients of their linear combination. For n = 2, the set of possible rotationally
invariant objects that can be constructed with q⃗1 and q⃗2 is {q⃗1 · q⃗2, q

2
1, q

2
2}. Then, the

most generic dimensionless function is of the form

(
q2

1

)a (
q2

2

)b
(q⃗1 · q⃗2)c with a+ b+ c = 0, (2.63)

with a, b, c ∈ Z. EGI and Bose symmetry can be used to derive the constraints 2a+ c ≥
−1 and 2b + c ≥ −1 from the soft limit behavior of F2 (G2),5 and the simplest possible
functions that satisfy these requirements are:

5Note that F1 = G1 = 1.
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B1(q⃗1, q⃗2) ≡ 1, B2(q⃗1, q⃗2) ≡ q⃗1 · q⃗2

q2
1

, (2.64)

B3(q⃗1, q⃗2) ≡ q⃗1 · q⃗2

q2
2

and B4(q⃗1, q⃗2) ≡ (q⃗1 · q⃗2)2

q2
1q

2
2

,

however, it is convenient to work with a different basis:

B1(q⃗1, q⃗2), α(q⃗1, q⃗2) ≡ B2−B3, β(q⃗1, q⃗2) ≡ B2 +B3

2 +B4 and γ(q⃗1, q⃗2) ≡ B1−B4 .

(2.65)

The most generic kernel is a time-dependent linear combination of the four, however
since α(q⃗1, q⃗2) is antisymmetric, it cannot appear in the second order kernels as it would
violate Bose symmetry, so in general

F2(q⃗1, q⃗2, η) = a
(2)
0 (η) + a

(2)
1 (η) β(q⃗1, q⃗2) + a

(2)
2 (η) γ(q⃗1, q⃗2) . (2.66)

Equation (2.62) sets the soft limit for the kernel,6

lim
q⃗1→0

F2(q⃗1, q⃗2) = a
(2)
1
q⃗1 · q⃗2

2q2
1

EGI= q⃗1 · q⃗2

q2
1

−→ a
(2)
1 = 2 , (2.67)

while mass conservation dictates

lim
q⃗12→0

F2(q⃗1, q⃗2) = F2(q⃗1, −q⃗1) = a
(2)
0

m.c.= 0 . (2.68)

The same arguments apply for G2, leading to the general second order kernels:

F2(q⃗1, q⃗2, η) = β(q⃗1, q⃗2) +
a(2)

γ (η)
2 γ(q⃗1, q⃗2) , (2.69)

G2(q⃗1, q⃗2, η) = β(q⃗1, q⃗2) +
d(2)

γ (η)
2 γ(q⃗1, q⃗2) , (2.70)

where a factor 2! at the denominator coming from the second order term of a functional

6Note that a
(2)
0 (η) cannot appear in the soft limit, as it would generate an unphysical second order

contribution when one of the momenta vanishes.
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Taylor expansion was absorbed inside the kernels.

The same procedure can be extended to biased tracers, where mass and momentum
conservation do not apply, resulting in a higher number of independent terms. In par-
ticular, the first order kernel becomes K1(q⃗1, η) = c

(1)
0 (η), and EGI gives c(2)

1 = 2c(1)
0 ,

yielding the kernel:

2!K2(q⃗1, q⃗2, η) = c
(2)
0 + 2c(1)

0 β(q⃗1, q⃗2) + c(2)
γ (η) γ(q⃗1, q⃗2) . (2.71)

The new tracer dependent coefficients can be related to the bias parameters derived
from other bases (see Desjacques, Jeong, and Schmidt [95] for a review on galaxy bias).

These results show that the bootstrap of LSS can be used to constrain the non-linear
evolution of δ by assuming the symmetries listed above but no specific theoretical model.
Such a tool can be applied to constrain deviations from known cosmologies and thus
detect new physics [96–98].

2.3.4 Power spectrum and bispectrum

Section 2.2.1 established that basic models of inflation enforce approximately Gaussian
statistics for the density field at scales where gravity has little effect. This means that
most of the cosmological information that can be obtained from the large scale distribu-
tion of matter is contained the 2-point correlation function of δ(x⃗, η):

ξ(x⃗1, x⃗2) = ⟨δ(x⃗1)δ(x⃗2)⟩ . (2.72)

On the assumption that the cosmological principle holds, this relation must be in-
variant under global translations (homogeneity) and rotations (isotropy). This means
that the 2-point correlation function only depends on the distance between x⃗1 and x⃗2,
regardless of their respective orientation,

ξ(x⃗1, x⃗2) = ⟨δ(x⃗1)δ(x⃗2)⟩ = ξ(|x⃗1 − x⃗2|) ≡ ξ(r) . (2.73)

The Fourier transform of the 2-point correlation function is the power spectrum P (k):

⟨δ(k⃗)δ(k⃗′)⟩ = ⟨δ(k⃗)δ(−k⃗′)⟩ = (2π)3δD(k⃗ + k⃗′)P (k⃗) , (2.74)
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where δD(k⃗ + k⃗′) arises from homogeneity. The standard perturbation theory defined in
section 2.3.1 can be used inside the ensemble average to find a perturbative expansion
for the power spectrum:

⟨δ(k⃗)δ(−k⃗′)⟩ =
〈 ∞∑

n=1
δ(n)(k⃗)

∞∑
m=1

δ(m)(−k⃗′)
〉

(2.75)

= ⟨δ(1)(k⃗)δ(1)(−k⃗′)⟩ + 2⟨δ(1)(k⃗)δ(2)(−k⃗′)⟩+
+ 2⟨δ(1)(k⃗)δ(3)(−k⃗′)⟩ + ⟨δ(2)(k⃗)δ(2)(−k⃗′)⟩ + · · · ,

where the expansion has been carried out explicitly up to second order in the fields.
Wick’s theorem implies that averages including an odd number of linear fields vanish in
the limit in which these are exactly gaussian. Therefore, at leading order (LO), the linear
matter power spectrum is

PLO(k) ≡ P11(k) ≡ ⟨δ(1)(k⃗)δ(1)(−k⃗′)⟩′ , (2.76)

while the next-to-leading order (NLO) correction is given by:

PNLO(k) ≡ P13(k) + P22(k) ≡ 2⟨δ(1)(k⃗)δ(3)(−k⃗′)⟩′ + ⟨δ(2)(k⃗)δ(2)(−k⃗′)⟩′ , (2.77)

where primes indicate that the (2π)3δD(k⃗+ k⃗′) term in equation (2.74) has been factored
out.

This description is based on the assumption that the single-stream perfect fluid ap-
proximation introduced in section 2.3.1 can be extended at all scales, however it is found
to diverge at k ≳ 0.2hMpc−1. This invites an effective description of the standard
perturbation theory, where the small scale dynamics that would otherwise be added to
the theory explicitly are instead accounted for by introducing counterterms. A way to
approach this problem is detailed in Baumann et al. [99], Pietroni et al. [100], and Car-
rasco, Hertzberg, and Senatore [101], here instead follows a simple illustration on how the
leading order counterterm can be obtained from the power spectrum. Consider P13(k),
following equation (2.44) and applying Wick’s theorem, it is given by the integral

P13(k) = 6P11(k)
∫ d3q

(2π)3 F3(k⃗, q⃗, −q⃗)P11(q) . (2.78)

To regulate small-scale behavior, a cutoff scale Λ can be imposed on the above integral,
and the behavior of the F3 kernel can be studied in the limit where q ≥ Λ ≫ k,
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PUV
13 (k; Λ) ∝ P11(k) k2

∫ Λ d3q

(2π)3
P11(q)
q2 , (2.79)

this gives the leading order behavior of the small-scale “UV” contribution to the large
scales as a consequence of momentum conservation, up to a constant term. The integral
above can be interpreted as a dissipative term expressed by an effective sound speed c2

s(Λ),
and a matching counterterm −c2

s(Λ)k2P11(k) can then be added to PLO(k) + PNLO(k) to
correct for it. Since this must hold at any Λ, in practice the bare c2

s(Λ) is expressed
as a renormalized constant term at some fixed scale Λ = Λuv plus a Λ-dependent term
that matches the UV contributions, c2

s(Λ) = c2
s(Λuv) + δc2

s(Λ; Λuv). The constant is
then fitted to simulations, while the Λ-dependent term always cancels out the undesired
contributions to the perturbation theory, computed now only with momenta q < Λuv.
Other counterterms can be derived similarly. One thing to note is that once Λuv is
set, the relative gap in counterterms defined at some new Λ′ < Λuv is computable in
perturbation theory in the limit k ≪ Λ′; the linear fields contributing to the “IR” scales
q < Λuv, δ(1)

Λuv
, can be seen as processed by a low-pass filter that removes all the modes

beyond Λuv, and so can be decomposed as a sum of a similar field filtered up to Λ′ and
the remainder between the two UV cutoffs, δ(1)

Λuv
= δ

(1)
Λ′ + ∆δ(1)

Λ′,Λuv
. With this in mind,

the contributions given by mixing ∆δ(1)
Λ′,Λuv

and δ(1)
Λuv

can be computed perturbatively, and
depending on their scale dependence they can be matched to the counterterm operators
with the same behavior in the theory at Λ′. This will prove to be key in understanding
the work presented in chapter 5.

To study possible non-Gaussian information present at large scales, a straightforward
approach is to use the three-point function, also called the bispectrum:

〈
δ(k⃗1)δ(k⃗2)δ(k⃗3)

〉
= (2π)3δD(k⃗1 + k⃗2 + k⃗3)B(k⃗1, k⃗2, k⃗3) . (2.80)

The possibility of non-Gaussianity injected into the initial curvature perturbations
ζ(k⃗) was hinted the end of section 2.2.1. The simplest way to introduce non-Gaussian
features is to perform some non-linear transformation f (ζG(x⃗)) to a Gaussian field ζG(x⃗).
For small curvature perturbations, an expansion of f would converge quickly, so the
quadratic contribution is sufficient,

ζ(x⃗) = ζG(x⃗) + fNL
(
ζ2

G(x⃗) −
〈
ζ2

G(x⃗)
〉)

. (2.81)

The bispectrum of the curvature perturbations would then be given by the four-point
function (or trispectrum), which can be split in products of the power spectrum via the
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Wick theorem:

Bζ(k⃗1, k⃗2, k⃗3) = 2fNL [Pζ(k1)Pζ(k2) + Pζ(k1)Pζ(k3) + Pζ(k2)Pζ(k3)] . (2.82)

From equation (2.23), this is related to the matter bispectrum by:

B(k⃗1, k⃗2, k⃗3) = M(k⃗1)M(k⃗2)M(k⃗3)Bζ(k⃗1, k⃗2, k⃗3) . (2.83)

Equation (2.81) covers primordial non-Gaussianity of the local type, or more specif-
ically quadratic local primordial non-Gaussianity. The expansion can also be carried
out to higher order, introducing higher order terms like gNLζ

3. Other configurations of
primordial non-Gaussianity are possible [102].



Chapter 3

Statistical Inference

The notion of density perturbations, introduced in chapter 2, is central to the study of the
large-scale structure (LSS) of the Universe. Their evolution through gravitational collapse
and small scale physics defines the theoretical models used to describe the structures
observed today. These models allow for degrees of freedom that need to be fit to the
observables, however their value must account for uncertainty and the fundamentally
random nature of the initial fluctuations that evolved to present time. The problem of
inferring parameters of a random process from observations is addressed by the field of
statistics. Statistical inference is at the basis of all data analysis techniques applied to
physics. This is the starting point of this chapter; section 3.1 dives into the specifics of
statistical inference applied to parametric models, enunciating important results that will
justify the methodologies followed in later chapters. In section 3.2 the focus will shift on
one of the most popular and powerful methodologies for sampling randomly distributed
quantities, presenting different methods and providing some practical guidance. For the
concepts touched in this chapter and a more general outlook on statistics, the interested
reader can take a look at Wasserman [103] and Gelman et al. [104] and the review of
Hamiltonian Monte Carlo methods by Betancourt [105].

3.1 Parametric inference

In statistics, inference is the process of determining the distribution that generated some
measured data from the data themselves. It is based on the assumption that the ob-
served sample is drawn from some random process, and so one can estimate its statistical
properties by working backwards using the tools of probability theory. Inference need
not be the exact determination of the entire distribution, instead it could be limited

36
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to determining some feature of it like the mean and the variance. Particular attention
should be given to distinguish between frequentist and Bayesian approaches. While this
dissertation focuses on the Bayesian formulation of statistics, it is good practice to give
a brief comparison of inferential fundamentals when seen from a frequentist perspective
as well. What follows briefly presents the specific problems of point estimation 3.1.1 and
quantification of uncertainty 3.1.2 from both sides, since the research presented in this
thesis is exclusively concerned with them.

3.1.1 Point estimation

Point estimation is the class of problems that revolve around giving a single best esti-
mate for a quantity of interest. For example, given a sample {x}N

i=1 of observed ran-
dom variables, all drawn from the same parametric probability density function (PDF),
xi ∼ f(xi; θ), an estimator for parameter θ can then be constructed from the data, θ̂(xi).
If the expected value is equal to the true value, E[θ̂] = θ, then the estimator is said
to be unbiased. Note that since θ̂ is a function of the sample, estimators are random
variables themselves. In the frequentist setting, the distribution over which the estimator
is sampled is called the sampling distribution. As N → ∞, the sampling distribution
of an unbiased estimator converges to the real value θ, which is fixed. In contrast, the
Bayesian approach is to generalize θ as a random variable, to which is assigned a prior
distribution π(θ) that encodes knowledge about θ before observing the sample. Once the
sample is observed, a posterior probability distribution P (θ | {x}N

i=1) can be constructed
from Bayes theorem by picking an appropriate likelihood L({x}N

i=1 | θ), on which all kinds
of estimators can be constructed, for example the mean θ̂ =

∫
dθ θP (θ | {x}N

i=1). One of
the most important results when it comes to statistical estimators is the maximum like-
lihood estimator (MLE): if the sample is independent and identically distributed (i.i.d.)
from a distribution f(x; θ), then the likelihood of the sample is given by

L(θ) =
N∏

i=1
f(xi; θ) . (3.1)

Note that while this is proportional to the joint probability distribution of {x}N
i=1, it

is not a probability density function, since its integral is not guaranteed to be normalized
to 1. The MLE is then the maximum of the likelihood:

dL
dθ

∣∣∣∣∣
θ̂MLE

= 0 , (3.2)
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although often it is more convenient to maximize the logarithm of L. The MLE is very
appealing because it benefits from many useful properties:

• it is guaranteed to converge to the real value θ;

• given a parameter γ = g(θ), then γ̂MLE = g(θ̂MLE);

• it is asymptotically normal: as N → ∞, θ̂MLE ∼ N
(
θ,
√
F−1

N (θ)
)

, where N (µ, σ)
denotes a normal distribution of mean µ and variance σ2, and FN(θ) is the Fisher
information, which will be introduced in section 3.1.2;

• among all the well-behaved estimators, the MLE is optimal, or in other words it
has the lowest variance for large enough N .

Despite this, it must be stressed that the MLE is only good in the limit of suf-
ficiently large N , with a non-pathological likelihood and a well-specified probabilistic
model f(x; θ) for the data-generating process.

In the Bayesian framework, the MLE estimator can be recovered with an appropriate
choice of prior on θ. In particular, when the prior is flat1 over the interval where the
high probability region of the likelihood resides, then the maximum θ̂MAP of the posterior
distribution of θ,

0 = dP (θ | {x}N
i=1)

dθ

∣∣∣∣∣
θ̂MAP

(3.3)

= dL({x}N
i=1 | θ)

dθ π(θ)
∣∣∣∣∣
θ̂MAP

+ L({x}N
i=1 | θ)dπ(θ)

dθ

∣∣∣∣∣
θ̂MAP

= dL({x}N
i=1 | θ)

dθ

∣∣∣∣∣
θ̂MAP

,

will coincide with θ̂MLE, since the derivative of the prior vanishes. This is also the case
in the limit of N → ∞ with a more informative prior, since the likelihood dominates
over it. This is formalized in an important result, the Bernstein Von-Mises theorem: as
long as the prior is smooth and does not vanish near the maximum of the likelihood,
the posterior distribution will always converge to the sampling distribution of θ̂MLE as
N → ∞. This means that Bayesian and frequentist statistics are effectively equivalent in
the limit of large samples. But the strength of the Bayesian approach lies in its flexibility:
while the MLE fails when certain regularity conditions are not satisfied, a posterior

1Such a prior is often said to be “uninformative”.
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distribution can always be constructed to be optimal within the given constraints. To
illustrate this point, consider the case where a small sample {x}N

i=1, with N small, has
been collected, and there is a good guess for the parametric distribution f(x; θ) that
generated the data. If the goal is to compute the probability that xN+1 > a ∈ R, then
the first step is to estimate θ. Naively, one can compute θ̂MLE from the small sample,
and obtain P (xN+1 > a | {x}N

i=1; θ = θ̂MLE) from the cumulative distribution function
(CDF) of f(x; θ = θ̂MLE). While this works for large N , for small N the value of θ̂MLE

is strongly uncertain, which leads to a suboptimal conclusion; nothing forbids that the
data has been sampled by other values of θ, infinitely many so, so how can the problem
be solved optimally? An intuitive way is to perform a “weighted average” of f(xN+1; θ)
as θ changes. From the point of view of Bayesian statistics, the Bayes theorem provides
an immediate solution:

P (xN+1 | {x}N
i=1) =

∫
dθ f(xN+1 | θ)P (θ | {x}N

i=1) (3.4)

=
∫

dθ f(xN+1 | θ) L({x}N
i=1 | θ)π(θ)∫

dθL({x}N
i=1 | θ)π(θ) .

By construction, the Bayesian framework naturally accounts for the uncertainty in
the estimation of θ. While this integral is hard to solve in most cases, it is possible to
obtain a closed form expression with an appropriate choice of prior, namely a conjugate
prior. Given an expression for the likelihood, a conjugate prior π yields a posterior of
the same family of distributions as π. Aside from algebraic convenience, conjugate priors
lead to posteriors with useful properties in inference problems. In particular conjugate
priors can be seen as contributing a number ν of pseudo-samples, which stabilize the
likelihood in the low N regime. The posterior mean of θ obtained from a conjugate
posterior distribution is

E[θ | {x}N
i=1] = N

N + ν
θ̂MLE + ν

N + ν
µπ, (3.5)

where µπ is the prior mean.2 This introduces a bias-variance trade-off, where the
posterior mean is more concentrated around µπ when N is small, while converging to the
expected MLE when N is large. A simple example can show this more clearly.

2Here was used an abuse of notation. It is correct to use the expected value E to indicate the mean,
however the expected value is not a random variable, while (3.5) is (indeed, the right-hand side contains
the MLE, a random variable). Whenever the posterior mean is used as an estimator in the remainder of
the text, the expected value will be dropped in favor of the “ ·̂ ” notation.
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Consider a sample drawn from a normal distribution with zero mean and unknown
variance σ2, {x}N

i=1 ∼ N (0, σ). The log-likelihood for the sample is simply:

log L(σ) = C −N log σ − 1
2

N∑
i=1

x2
i

σ2 , (3.6)

with C the normalization constant. The MLE is:

0 = ∂ log L
∂σ

∣∣∣∣∣
σ̂MLE

(3.7)

= −N 1
σ̂MLE

+
N∑

i=1

x2
i

σ̂3
MLE

= 1
σ̂MLE

(
−N +

N∑
i=1

x2
i

σ̂2
MLE

)
.

The derivative vanishes only when the factor within parentheses does, therefore:

σ̂2
MLE = 1

N

N∑
i=1

x2
i ; (3.8)

σ̂2
MLE is a random variable given by a sum of squares of normally distributed random

variables, so it is distributed according to a chi-square distribution with N degrees of
freedom. Mean and variance of the MLE can be found using the fact that the expected
values of a chi-squared variable χ given by the sum of squares of N variables x̃i ∼ N (0, 1)
are E[χ] = N and Var[χ] = 2N :

E[σ̂2
MLE] = 1

N
E
[

N∑
i=1

x2
i

]
(3.9)

= 1
N
E
[
σ2

N∑
i=1

x̃2
i

]

= σ2

N
E[χ]

= σ2 ,
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Var[σ̂2
MLE] = E[σ̂4

MLE] −
(
E[σ̂2

MLE]
)2

(3.10)

= σ4

N2E
[
χ2
]

− σ4 (3.11)

= σ4

N2 (Var [χ] +N2) − σ4 (3.12)

= 2σ4

N
. (3.13)

This is the typical frequentist approach: σ̂2
MLE is unbiased, but crucially its variance is

inversely proportional to N . The Bayesian approach introduces the freedom of choosing
a prior for σ. With a Gaussian likelihood, a good choice for the conjugate prior of a
scaling parameter like σ2 is the inverse gamma distribution:

π(σ2; α, β) = βα

Γ(α)σ
−2(1+α) exp

[
− β

σ2

]
. (3.14)

The resulting posterior is simply:

p(σ2 | {x}N
i=1) ∝ (σ2)−(1+α+N/2) exp

[
−
β + 1

2
∑N

i=1 x
2
i

σ2

]
, (3.15)

itself an inverse gamma distribution with parameters α′ = α+N/2 and β′ = β+ 1
2
∑N

i=1 x
2
i .

The posterior mean, which is guaranteed to exist for α > 1 when N ≥ 1, is

σ̂2
mean = β′

α′ − 1 (3.16)

=
β + 1

2
∑N

i=1 x
2
i

α + N
2 − 1

= N

2(α− 1) +N

∑N
i=1 x

2
i

N
+ 2(α− 1)

2(α− 1) +N

β

α− 1 ,

exactly the relation introduced in (3.5): the number of pseudo-samples introduced by the
inverse gamma prior is ν = 2(α− 1). The variance of the posterior mean is
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Var
[
σ̂2

mean

]
= 1(

α + N
2 − 1

)2

(
β2 +Nσ2 + 1

4σ
4(2N +N2) − β2 −Nσ2 − 1

4N
2σ4

)
(3.17)

= Nσ4

2
(
α + N

2 − 1
)2

=
(

N

2(α− 1) +N

)2

Var
[
σ̂2

MLE

]
,

which is strictly smaller than the variance of the MLE. Due to it being a biased estimator,
to better understand the advantage of the Bayesian posterior mean compared to MLE,
it is good measure to study its mean squared error:

MSE[σ̂2
mean] = Var

[
σ̂2

mean

]
+
(
Bias

[
σ̂2

mean

])2
(3.18)

= Var
[
σ̂2

mean

]
+
(
E
[
σ̂2

mean

]
− σ2

)2

=
(

N

2(α− 1) +N

)2

MSE
[
σ̂2

MLE

]
+
(

2(α− 1)
2(α− 1) +N

)2 (
β

α− 1 − σ2
)2

.

It can be observed that, for large N , the MSE of the posterior mean converges to the
MSE of the MLE. For small N , as long as the second term is not larger than the MSE of
the MLE, then the posterior mean will estimate σ2 more effectively. This happens when
the prior mean is not too far from the true value.

All of this can be verified in figures 3.1 and 3.2, which were obtained for a sample with
σ2 = 1. In the first figure, it can be seen that for an inverse gamma prior with α = 1.2
and β = 1, the MSE is worse than the MLE. This is to be expected, because the second
term in equation (3.18) dominates, since the mean of β

α−1 = 5 is significantly larger than
σ2, and the number of pseudo-samples introduced by the prior is small. However, the
situation changes quickly when α is increased, in particular for α = 3.2 the MSE of the
posterior mean is clearly lower than the MLE. The situation continues to improve as α
increases, but then it reverses, with α = 5.2 the MSE increases again. This is because the
bias introduced by the prior weighs more than the variance reduction it provides, however
note how choosing significantly different values of α for the prior distribution still yields an
estimator σ̂2

mean that reliably outperforms the MLE in terms of mean squared error. The
prior improving the performance of the posterior to estimate parameters is a property
that has general validity, even beyond conjugate priors. While the effect of conjugate
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Figure 3.1: Comparison between mean squared error (MSE) of the maximum likelihood
estimator (MLE, in blue) and MSE of the posterior mean (in orange) obtained with
inverse gamma priors chosen for different values of α (keeping β = 1).



44 Chapter 3. Statistical Inference

Figure 3.2: Likelihood and MLE (in blue) against the posterior and its mean (in orange)
for N = 5 samples. The prior for α = 3.2 and β = 1 is shown with a dashed line.
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priors is made clear by the introduction of pseudo-samples, the effect of a generic prior
is more complicated to characterize. Considering the logarithm of the posterior

logP (θ | {x}N
i=1) = C + log L({x}N

i=1 | θ) + log π(θ) , (3.19)

the prior looks like a regularization term, that adds to the likelihood in order to suppress
or enhance certain values of θ. When N is small, the likelihood can have high variance,
small fluctuations in the data lead to large changes in θ, and if the number of parameters
to estimate is larger than N , it can lead to a likelihood with many maxima, so the MLE
is not unique. The regularization introduced by the prior helps estimators by focusing
the posterior on certain intervals of θ. This demonstration on how powerful priors can be
should be sufficient to show how Bayesian statistics provides an ideal tool to physicists,
however it should also be taken as a warning. While the value of inferred parameters are
reasonably protected by the Bernstein Von-Mises theorem in the regime of large data,
an improper choice of priors can significantly skew the results, and lead to the wrong
conclusions.

Coming back to the example of the conjugate prior, the choice of posterior mean over
other possible estimators, like the MAP, is not random. If the MSE is chosen as a loss
function, a metric to measure the performance of the estimator, then the posterior mean
is the estimator that minimizes its expected value given some data {x}N

i=1. An estimator
that minimizes the expectation of a loss function in this way is called a Bayes estimator.
From equation (3.18) it is immediate to see that MSE[θ̂] = E[L(θ̂, θ)] = E[(θ̂ − θ)2],
however here the expected value is over the data given θ. Instead the Bayes estimator
is given by the expected value over θ given the data, in other words the expectation
computed with respect of the posterior P (θ | {x}N

i=1),

E[L(θ̂, θ) | {x}N
i=1] = θ̂2 − 2θ̂E[θ | {x}N

i=1] + E[θ2 | {x}N
i=1] . (3.20)

The Bayes estimator is the maximum,

0 = dE[L(θ̂, θ) | {x}N
i=1]

dθ̂

∣∣∣∣∣∣
θ̂Bayes

(3.21)

= 2θ̂Bayes − 2E[θ | {x}N
i=1]

θ̂Bayes =
∫

dθ θP (θ | {x}N
i=1) ,
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which corresponds exactly to the posterior mean. Any choice of loss function is valid, and
different L(θ̂, θ) will result in different estimators. This is result is particularly useful,
because it provides a way to construct estimators that are optimal for a given problem
where some performance metric is better suited than others.

3.1.2 Quantification of uncertainty

While estimating a single value for some quantity of interest is fundamental for the process
of inference, statistics is all about probabilities and uncertainty, so it is desirable to have
some measure of how uncertain a specific estimate is. In the frequentist framework,
uncertainty is measured by confidence intervals: given a sample {x}N

i=1, a 1−α-confidence
interval is an interval

(
a({x}N

i=1), b({x}N
i=1)

)
that includes the real value of a parameter

θ a fraction 1 −α of the times. This means that, for many experiments where the sample
is collected, (a, b) will box θ a fraction 1 − α of the times. Section 3.1.1 touched on how
estimators θ̂ are random variables distributed according to some sampling distribution;
consider the example of the previous section, of a normally distributed sample xi ∼
N (0, σ) with unknown variance. The goal is to find (a, b) so that P (a < σ < b) = 1 −α.
The MLE σ̂2

MLE is distributed according to a chi square distribution with N degrees of
freedom when rescaled,

ς̂ = nσ̂2
MLE
σ2 = 1

σ

N∑
i=1

xi =
N∑

i=1
x̃i ∼ χ2(N) . (3.22)

From the CDF of χ2(N), XN , we can find χ2
N,α/2 = X−1

N (α/2) and χ2
N,1−α/2 = X−1

N (1−
α/2), which lead to the probability

1 − α = P
(
χ2

N,α/2 < ς̂ < χ2
N,1−α/2

)
(3.23)

= P

(
χ2

N,α/2 <
nσ̂2

MLE
σ2 < χ2

N,1−α/2

)

= P

nσ̂2
MLE

χ2
N,α/2

< σ2 <
nσ̂2

MLE
χ2

N,1−α/2

 .

This method requires knowledge of the sampling distribution of the estimator and
a transformation in terms of the true value like the one presented in equation (3.22).
Due to the fact that, for many estimators, the sampling distribution converges to a
normal distribution, the above method is often carried out using its CDF. When the
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sampling distribution is unknown or difficult to treat, or the model used for the sample
is non-parametric, then the bootstrap method provides a straightforward way to estimate
confidence intervals:

1. given a sample {x}N
i=1, construct the empirical distribution function EN(x) =

1
N

∑N
i=1 I(xi ≤ x), where the indicator function I(xi ≤ x) = 1 when the argument is

satisfied, and 0 otherwise;

2. draw a new sample {x∗}N
i=1 from EN , and compute the estimator θ̂1({x∗}N

i=1);

3. repeat the previous step M times, generating the sequence {θ̂}M
i=1;

4. finally, compute the variance of θ̂ from the sequence,

V̂ar[θ̂] = 1
M

M∑
i=1

θ̂i − 1
M

M∑
j=1

θ̂j

 .

In the Bayesian setting, uncertainty over a parameter is automatically accounted for
by construction, since the posterior distribution is by definition the probability density
function of the parameters of interest. One can just compute the variance of the posterior,
or alternatively some quantiles using the posterior’s CDF in order to obtain confidence
intervals. This requires some way to obtain a sample of the posterior distribution, a
problem addressed in section 3.2.

An important quantity when it comes to the uncertainty of estimators is the Fisher
information. Consider a likelihood of some sample, L({x}N

i=1 | θ). The amount of infor-
mation encoded by the sample on θ can be intuitively seen as the response of L as θ
changes. This statement can be naturally expressed by the derivative of the (logarithm
of the) likelihood with respect to the parameter,

s({x}N
i=1 | θ) = d log L({x}N

i=1 | θ)
dθ =

N∑
i=1

d log f(xi | θ)
dθ =

N∑
i=1

s(xi | θ) . (3.24)

s(x | θ) is called the score function, and its expected value is 0:3

3Note that there can be cases where the expectation of the score does not vanish. An example where
this can happen is when the domain of the integral is dependent on θ, in which case the derivative cannot
be brought out of the integral.
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E[s] =
∫

dx s(x | θ)f(x | θ) (3.25)

=
∫

dx d log f(x | θ)
dθ f(x | θ)

=
∫

dx df(x | θ)
dθ

= d
dθ

∫
dx f(x | θ) = 0 .

The variance of the score function however is not 0,

F (θ) = Var[s] (3.26)
= E[s2]

=
∫

dx 1
f 2(x | θ)

(
df(x | θ)

dθ

)2

f(x | θ)

= −
∫

dx 1
f(x | θ)

d2f(x | θ)
dθ2 f(x | θ) +

∫
dx 1

f 2(x | θ)

(
df(x | θ)

dθ

)2

f(x | θ)

= −
∫

dx d2 log f(x | θ)
dθ2 f(x | θ)

= −E
[

d2 log f(x | θ)
dθ2

]
.

FN(θ) = −∑N
i=1 E

[
d2 log f(xi | θ)

dθ2

]
= −E

[
d2 log L({x}N

i=1 | θ)
dθ2

]
is the Fisher information of

the entire sample. The Fisher information can be defined also in the multivariate case
for a vector of parameters θ⃗, leading to the matrix

Fij ≡ FN(θi, θj) = −E

∂2 log L({x⃗}N
i=1 | θ⃗)

∂θi∂θj

 . (3.27)

To see why the Fisher matrix is important, consider an estimator θ̂; from the definition
of the score function in equation (3.24), the identity d

dθ
E[θ̂] = 1 + d

dθ
Bias[θ̂] = E[sθ̂] =

Cov[s, θ̂] is trivial. The Cauchy-Schwarz inequality for probability theory states

Cov2[x, y] ≤ Var[x]Var[y] , (3.28)

then it follows that
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1 + d
dθBias[θ̂] ≤ Var[s]Var[θ̂] (3.29)

= F (θ)Var[θ̂] .

This result takes the name of Cramer-Rao bound, and it shows that the variance of
any estimator θ̂ is lower bounded by the inverse of the Fisher information. Crucially, it
also shows that biased estimators can reach arbitrarily low variance as long as the bias is
a decreasing function of the parameter to estimate. It can be shown that θ̂MLE saturates
the bounds asymptotically, as N → ∞.

The Cramer-Rao bound will be used extensively in chapter 4; it and has important
practical applications, because by computing the Fisher information we can estimate a
lower bound on the variance of a test summary statistic of choice, and predict how well
it will constrain some parameters from the data. In cosmology, it is usual to generate
synthetic data according to the specifications of some future experiment, and pick the
best estimators for some task based on the Fisher information.

3.2 Markov chain Monte Carlo

Most of the results discussed in the previous section of this chapter deal with samples
of i.i.d. random variables, in which case the joint probability of the sample {x}N

i=1 is
P ({x}N

i=1) = ∏N
i=1 P (xi). When a sample contains dependent random variables, then

in general P ({x}N
i=1) = P (x1)P (x2 |x1) · · ·P (xN |x1, · · · , xN−1) = ∏N

i=1 P (xi | {x}i−1
j=1).

Any stochastic process generates samples with a joint probability density factorizable in
this way, and the exact structure of conditional dependence will depend from process
to process. The stochastic process discussed in this section is the one with the simplest
conditional dependence,

P ({x}N
i=1) =

N∏
i=1

P (xi |xi−1) . (3.30)

Such a stochastic process is called a Markov chain (MC), and it proves to be very
useful for sampling even the most complex posterior probability densities. The probability
P (Xt+1 = xj |Xt = xi) takes the name of transition probability, and defines how likely it
is that the process, the chain, transitions from some state with value xj at time t+1 from
state xi at time t. If the same probability does not change with time (that is, the chain
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retains the same transition probability from xi to xj regardless of when the transition
happen), then the MC is said to be homogeneous. Consider a probability distribution
f(x), if the following condition holds,

p(x | y)f(y) = p(y |x)f(x), (3.31)

then f(x) satisfies detailed balance. An homogenous MC with transition probability
p(x | y) can converge to a stationary distribution f(x) that satisfies equation (3.31) if
it enjoys a few properties. For starters, a stationary distribution is such that f(x) =∫

dy p(x | y)f(y), so f(x) is the probability of the chain to transition from all states y to x
weighted by the probability of being in y, or in other words, it just gives the probability
of the chain of being in x at any given step; this implies that the chain must be able to
reach any state x from any state y, if so the MC is said to be ergodic. If the MC does
this without periodically returning to the same states, then detailed balance is satisfied,
and f(x) is unique. As the number N of steps goes to infinity, the chain will converge
asymptotically to f(x).

Detailed balance guarantees that a MC can be defined with a transition probability
such that the chain will sample any PDF f(x). This powerful result fully realizes the
practical application of the Bayesian methods discussed in this chapters. Here follow three
Markov chain Monte Carlo (MCMC) algorithms that implement this sampling principle.

3.2.1 Metropolis-Hastings sampling

Given a distribution f(θ⃗) and an initial guess θ⃗0, a MC can be constructed by:

1. sampling a vector θ⃗′ according to some known proposal distribution p(θ⃗′ | θ⃗0) (a
popular choice is a normal distribution);

2. accept the proposal with probability4

α(θ⃗′ | θ⃗0) = min
1, f(θ⃗′)

f(θ⃗0)
p(θ⃗0 | θ⃗′)
p(θ⃗′ | θ⃗0)

 ; (3.32)

3. if the proposal is accepted, which can be done by verifying that x ≤ α(θ⃗′ | θ⃗0),
where x ∼ Uniform(0, 1) is sampled uniformly in the unit interval, then set θ⃗1 = θ⃗′,

4Note that this doesn’t require f(θ⃗) to be properly normalized, so it is especially suited for Bayesian
approaches, where the normalization of the posterior can be expensive to compute.
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otherwise reject the proposal and repeat.

The transition probability from x⃗ to y⃗ for a chain sampled with Metropolis-Hastings
(MH) is α(y⃗ | x⃗)p(y⃗ | x⃗), since the proposal distribution provides a proposed step with
some probability p, which is then accepted (independently) with probability given by
α. Then, for detailed balance to hold, the product of the transition probability and the
stationary distribution must be commutative in x⃗ and y⃗:

α(y⃗ | x⃗)p(y⃗ | x⃗)f(x⃗) = min
[
1, f(y⃗)
f(x⃗)

p(x⃗ | y⃗)
p(y⃗ | x⃗)

]
p(y⃗ | x⃗)f(x⃗) (3.33)

= min [p(y⃗ | x⃗)f(x⃗), f(y⃗)p(x⃗ | y⃗)]

= min
[
p(y⃗ | x⃗)
p(x⃗ | y⃗)

f(x⃗)
f(y⃗) , 1

]
p(x⃗ | y⃗)f(y⃗)

= α(x⃗ | y⃗)p(x⃗ | y⃗)f(y⃗) ,

MH is guaranteed to sample a MC that converges to the stationary distribution of choice.
There’s freedom in the way the proposal distribution is chosen. A common choice is a
normal distribution centered in the previous step and with variance/covariance tuned to
increase sampling efficiency.

3.2.2 Gibbs sampling

Given a distribution f(θ⃗) for which we can sample the conditional distributions f(θi | {θ}j ̸=i)
and an initial guess θ⃗0, a MC can be constructed by:

1. sampling each θ′
i from f(θ′

i | {θ0}j ̸=i);

2. accept θi with probability 1, as it is sampled directly from the distribution of choice .

Since steps are always accepted, the transition probability of each single update from
x⃗ to yi for a chain sampled with the Gibbs algorithm is 1 · f(yi | {x}j ̸=i). For detailed
balance,

f(yi | {x}j ̸=i)f(x⃗) = f(yi | {x}j ̸=i)f({x}j ̸=i)f(xi | {x}j ̸=i) (3.34)
= f(yi, {x}j ̸=i)f(xi | {x}j ̸=i) ,
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which means that the chain can move back and forth between xi and yi while all the
other parameters are fixed, detailed balance is satisfied. The Gibbs MCMC algorithm is
very efficient and works for distributions where all conditional distributions are known;
it can even be applied in combination with other MCMC algorithms when only a subset
of conditional distributions is known.

3.2.3 Hamiltonian Monte Carlo sampling

Consider Φ(θ⃗) ≡ − log f(θ⃗). This logarithm can be treated as the potential term of a
Hamiltonian system:

H(θ⃗, p⃗) = 1
2 p⃗

TM−1p⃗+ Φ(θ⃗) , (3.35)

with θ⃗ the parameters we are interested in and p⃗ their associated momenta in phase space.
The Hamiltonian describes a dynamical system governed by Hamilton’s equations:

dθi

dt = ∂H

∂pi

,
dpi

dt = ∂H

∂θi

= −∂ log f
∂θi

. (3.36)

Solutions for this system of coupled differential equations can be readily found using
a numerical integrator. Symplectic integrators are used because they preserve energy,
making them especially suitable for Hamiltonian systems. How does equation (3.35) help
in sampling f(θ⃗)? Consider

e−H(θ⃗, p⃗) = f(θ⃗) exp
[
−1

2 p⃗
TM−1p⃗

]
, (3.37)

this is our target distribution times a multivariate normal distribution over the momenta.
e−H(θ⃗, p⃗) takes the name of canonical distribution, and its marginal over p⃗ is the target
distribution to be sampled. Starting from the canonical distribution and an initial guess
θ⃗0, a MC can be constructed by:

1. sampling an initial momentum p⃗i from the kinetic term, in this case p⃗i ∼ ND(0, M),
where D is the number of parameters;

2. solving the system in equations (3.36) by integrating numerically for some time
τ = Nstep∆τ from the initial state (θ⃗0, p⃗i) up to some final state (θ⃗′, −p⃗f ), where
the minus sign is needed to enforce detailed balance;
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3. accepting the proposal with probability

α(θ⃗′, p⃗f | θ⃗0, p⃗i) = min
[
1, exp

[
H(θ⃗′, −p⃗f ) −H(θ⃗0, p⃗i)

]]
= 1 , (3.38)

since the proposed step is part of a trajectory that preserves the Hamiltonian.

The random sampling of the initial momentum effectively acts as a proposal distribu-
tion like in the Metropolis-Hastings algorithm, which explains the acceptance probability
and also trivially satisfies detailed balance. Hamiltonian Monte Carlo (HMC) is especially
suited for sampling in high-dimensional parameter spaces.

3.2.4 Which algorithm to use and some caveats

The algorithms introduced in the previous sections are all guaranteed to generate chains
that converge to any target distribution by satisfying detailed balance. However specific
algorithms are best suited for sampling specific distributions. When conditional distri-
butions are known, Gibbs sampling is always a good choice due to its simplicity and
guaranteed acceptance rate; this is especially true for distributions with highly correlated
or degenerate parameters, since their conditional distributions are well behaved. MH
works well in a low and moderate number of dimensions and with distributions that are
not differentiable in θ⃗, however it can struggle with highly correlated parameters, requir-
ing reparametrizations and tuning: take a proposal θ⃗′ ∼ N (θ⃗i, Σ), then the covariance
Σ need not be fixed a priori; Σ can be chosen to be simple, like the identity matrix,
and tuned later by estimating the covariance of some initial “warm-up” sample. The
random walk behavior of MH sampling fails when the number of dimensions grows to be
very high. This is because of the unintuitive phenomenon of “concentration of measure”:
when the number of dimensions grows, volumes tend to concentrate around a region of
space that takes the name of typical set. For a sphere in D dimensions, its volume will
concentrate within a thin annulus, not around the center, as one would expect. For prob-
ability density functions, this means that the probability mass located at the typical set
is large compared to the region of high probability; so to sample it effectively, the sampler
needs to stay within the typical set. Due to the expression of the acceptance probabil-
ity, MH tends to converge to regions where the probability density is high, which is not
where the typical set resides in general. HMC solves this issue for differentiable target
distributions by exploiting the geometry of the high-dimensional space, which is built into
the Hamiltonian. Instead of converging towards the mode, where the probability mass
is low, HMC explores equal energy surfaces that, by construction, foliate the typical set.
Like MH, the mass matrix M in equation (3.35) can be tuned with a warm-up phase.
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HMC is very powerful, but requires extra tuning (for example, for the integration time
τ), and the choice of kinetic term can also be dependent on the problem at hand [105].
Another subtlety to consider is that the symplectic numerical integrators adopted to solve
equations (3.36) are prone to numerical oscillations around constant energy trajectories,
so the acceptance rate is never truly 1, but more around the range of 0.7 to 0.9.

Once the algorithm is chosen, it can be run until a certain convergence criterion is
reached, obtaining a D-dimensional sample {θ⃗}N

i=1. From this, mean and variance of each
parameter can be computed by using the law of large numbers,

θ̄i = 1
N

N∑
j=1

θi,j , σ̄2
θi

= 1
N

N∑
j=1

θ2
i,j − θ̄2

i . (3.39)

However, since a MC is guaranteed to converge only asymptotically with its size, the
algorithm will only converge to the stationary distribution after a certain initial number
of steps, called the “burn-in” phase, which must be identified and discarded. There is no
way to prove that a chain has converged, however there is a simple test that can be used
to quantify how well mixed a chain is, that is if the chain has extensively sampled some
region of space; a chain that has converged must be well mixed, but the opposite is not
necessarily true. The test is called a Gelman-Rubin test:

1. start with M initial guesses, and run the MCMC algorithm for each, constructing
M Markov chains;

2. assuming that each chain has N samples, compute the average of each chain, and
the average across all chains.

If the chains are well mixed, and all sample the same region of parameter space, then
the two averages must be close to each other, otherwise the chains must be sampling
each different regions, therefore convergence has not been reached. In more quantitative
terms, the Gelman-Rubin test computes the quantity

R̂ = V̂

W
=

N−1
N
W + 1

N
B

W
, (3.40)

where B is the variance of the means of each chain compared to the global mean of all
the chains, and W is the average variance between chains. If all chains are well mixed,
then B → 0, and R̂ → 1. The Gelman-Rubin statistic R̂ is the golden standard when
diagnosing convergence, but there are other metrics that should be used in conjunction
with it:
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• very low acceptance rates are usually a symptom of poor convergence, because near
convergence the chains are likely to accept new steps often, save for pathological
distributions;

• trace plots that show the chain samples oscillating around the same value for some
parameter is likely to indicate that the chain as converged, however this fails if
the distribution has more than one mode, a value of maximum density, in that
parameter;

• the effective sample size ÊSS provides the effective number of independent samples
in the chain. Consecutive samples in a MC of length N are correlated because one
step is statistically dependent on the previous one, so the size of a truly i.i.d.
sample of the target distribution is given by the ratio ÊSS = N/τac, where τac is
the integrated autocorrelation of the samples.5

5The integrated autocorrelation is given by the the ratio between the covariance of the chain with
itself, shifted by k steps, and the variance, summed over all possible shifts k = 0, · · · , N .



Chapter 4

The Wavelet Scattering Transform
for PNG Detection

The contents of this chapter have been published in the paper

Matteo Peron, Gabriel Jung, Michele Liguori and Massimo Pietroni (July 2024). “Con-
straining primordial non-Gaussianity from large-scale structure with the wavelet scatter-
ing transform.” Journal of Cosmology and Astroparticle Physics 2024(07): 021. doi:10.1088/1475-
7516/2024/07/021.1

which has been included, integrally or in part, according to the journal’s copyright
policy.

4.1 Introduction

A central aim of observational cosmology in the coming years is the development of
methodologies that extract maximal information from non-linear scales in galaxy sur-
veys. This necessarily requires going beyond power spectrum analysis, since the power
spectrum alone cannot capture phase information and is therefore insensitive to structures
such as filaments in the cosmic web. A natural next step is the bispectrum (the three-
point function of the Fourier modes of the density field), the lowest-order non-Gaussian
(NG) correlator. Joint power spectrum and bispectrum (P+B) Large Scale Structure
(LSS) forecasts and analyses are already widespread in the cosmological literature [4–8];
this approach offers notable advantages, including the availability of validated P+B anal-

1The contents of the article are accessible at https://www.doi.org/10.1088/1475-7516/2024/07/
021.
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ysis pipelines and the interpretability of bispectrum measurements (at mildly non-linear
scales) within cosmological perturbation theory. On the other hand, the bispectrum does
not exhaust the available information, and a direct extension to higher-order correlators
becomes increasingly cumbersome to implement, especially given the need for accurate
covariance matrices in the relevant non-linear regime and for realistic observational ef-
fects (e.g., window functions). These considerations motivate the search for alternative
NG summary statistics. Desiderata include ease of implementation, efficiency in captur-
ing NG information with a limited number of modes, and clear physical interpretability.
Several NG summaries have been explored with this in mind, including marked spec-
tra [9–13], power spectra from cosmic web environments [106, 107], skew spectra [14–
17], Minkowski functionals [18, 19], k-nearest neighbour cumulative distribution func-
tions [108, 109], the probability distribution function (PDF) of late-time cosmic density
fluctuations [110, 111], halo mass function probes [20–25], and the void abundance [26,
27].

This work focuses on another statistic that has received significant recent attention in
observational cosmology, namely the Wavelet Scattering Transform (WST) [28, 29]. The
WST has the structure of a three-layer convolutional network in which the operations at
each stage are, in sequence, non-linear activation via the modulus function, convolution
by a wavelet filter, and low-pass spatial averaging of the data. Recent applications to
simulations [30–34] indicate that the WST efficiently captures NG information and can
significantly improve constraints relative to power spectrum-only analyses, particularly
for neutrino mass. The goal here is to investigate the WST as a tool for the study of
primordial non-Gaussianity (PNG), to compare in detail its performance with that of a
P+B analysis, and to provide a physical interpretation for this comparison.

Non-Gaussian features in the primordial cosmological density field are a distinctive
prediction of inflationary models beyond standard single-field slow-roll dynamics. Pri-
mordial NG signatures are encoded in the primordial bispectrum of cosmological pertur-
bations; different departures from the single-field slow-roll scenario yield specific func-
tional dependencies of the bispectrum on triangular configurations of Fourier modes.
This model dependence makes PNG a powerful probe of inflation. At the same time,
the expected PNG signal is small and, on nonlinear scales, strongly degenerate with the
bispectrum produced at late times by gravitational evolution and galaxy bias. Beyond-
bispectrum statistics, such as the WST, can help break this degeneracy, which is one
of the main motivations for the present analysis. An alternative, more ambitious route
is forward-modelled field-level inference, which is increasingly employed in cosmological
data analysis and promises to extract the full information content of the data (see, e.g.,
[44, 47, 112–123], but also chapter 5). The more traditional approach, based on an initial
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compression of the data into a set of summary statistics, remains a valid alternative:
although lossy, it often facilitates physical interpretation and comparison with analytical
models, and it helps identify where (in domain and scale) the bulk of information resides
and how it can be efficiently recovered.

The analysis considers the three standard primordial bispectrum shapes, local, equi-
lateral and orthogonal, and produces Fisher forecasts for the corresponding fNL amplitude
parameters, jointly with standard cosmological parameters (σ8, Ωm, ns, h). To build the
Fisher matrix up to a scale kmax = 0.5hMpc−1, covariance matrices and summary re-
sponses to parameter changes are computed by Monte Carlo averaging and numerical
differentiation, using the publicly available Quijote and QuijotePNG N-body simu-
lation suites. This is a set of simulations with 5123 dark matter particles in boxes of size
1 h−1Gpc.

The remainder is organized as follows. section 4.2 introduces the summary statistics
considered in the analysis: power spectrum, bispectrum and WST. section 4.3 describes
the methodology to compute Fisher matrices. section 4.4 presents the input Quijote
simulation dataset. section 4.5 details the analysis and the main results. section 4.6
discusses the interpretation of the results and compares the performance of P+B and
WST. section 4.7 summarizes the conclusions.

4.2 Summary statistics

4.2.1 Power spectrum and bispectrum

To extract cosmological information from the density contrast field δ(x⃗), its two- and
three-point correlators in Fourier space are considered: the power spectrum and the
bispectrum.

From a Fourier-transformed density field δ(k⃗) defined on a three-dimensional grid, the
power spectrum P (k) is obtained using a binned estimator (see, e.g., [124]):

P̂ (ki) = 1
V Ni

∑
k∈∆i

δ(k⃗)δ∗(k⃗) , (4.1)

where V is the surveyed volume, ∆i defines the binning of the relevant k-range, Ni is the
count of modes k in the i-th bin and ki the average modulus.

Rather than computing the binned bispectrum B(k1, k2, k3), a modal approach based
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on its expansion on a basis of separable functions (i.e., symmetrized products of one-
dimensional functions in k) is adopted [125–128]. With this choice, evaluating the infor-
mation content of the bispectrum reduces to estimating modal modes of the form

β̂n = 1
V

∫
d3xMp(x⃗)Mq(x⃗)Mr(x⃗), with Mp(x⃗) ≡

∫ d3k

(2π)3
qp(k)δ(k⃗)√
kP (k)

eik⃗·x⃗ , (4.2)

where the qp(k) are the chosen one-dimensional functions for the bispectrum expansion.
As shown in [129–131], only a small number of such functions, constructed from simple
polynomials (e.g., Legendre polynomials) or from the tree-level matter bispectrum (typi-
cally of order 100 modal modes βn) is sufficient to study the matter and halo bispectrum
from linear to non-linear scales (kmax = 0.5hMpc−1).

4.2.2 Wavelet scattering transform

The observables in the WST are the scattering coefficients, built from nonlinear operations
on δ(x⃗) and organized in different orders, or layers. This work adopts the implementation
encoded in the Kymatio2 package [29]. The zeroth-order coefficient is the spatial average
of the modulus of δ(x⃗) raised to a power q,

Sq
0 ≡ ⟨|δ(x⃗)|q⟩ . (4.3)

To obtain higher-order coefficients a mother wavelet function is defined, which, for
Kymatio, is

ψm
0 l(x⃗, σ) ≡ Cl

(2πσ2)3/2 exp
[
− x2

2σ2

]
Rm

l

(
x⃗

σ

)
, (4.4)

where x ≡ |x⃗|, x̂ ≡ x⃗/x, and the Rm
l (r⃗) are the regular solid harmonics,

Rm
l (r⃗) ≡

√
4π

2l + 1 r
l Y m

l (r̂) , (4.5)

with Y m
l (r̂) the Laplacian Spherical Harmonics. The coefficients Cl are given in appendix

A.2. From the mother wavelet, a family of rescaled ones, ψm
j l, with j = 1, 2, · · · , is

generated by successive doublings of the length scale σ,

2https://www.kymat.io

https://www.kymat.io
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ψm
j l(x⃗, σ) ≡ ψm

0 l(x⃗, 2jσ) = 2−3j ψm
0 l(2−jx⃗, σ) . (4.6)

Following [30], in this analysis based on simulation data the choice

σ = 0.8 L

N1/3 , (4.7)

is adopted, where L is the side of the cubic box and N the number of grid points.

In Fourier space, the wavelets read

ψ̃m
j l(p⃗, σ) ≡

∫
d3r eip⃗·r⃗ψm

j l(x⃗, σ) = ilCl exp
[
−(2jσ p)2

2

]
Rm

l

(
2jσp⃗

)
, (4.8)

with p ≡ |p⃗|, p̂ ≡ p⃗/p.

First-order coefficients are then defined as

Sq
1(j, l) ≡

〈 l∑
m=−l

∣∣∣δ(x⃗) ∗ ψm
j l(x⃗, σ)

∣∣∣2


q
2〉

, (4.9)

where the symbol “∗” indicates convolution in configuration space. Due to the sum over
m, the coefficients depend, for fixed q, on j and l only. In the following, results are also
shown for the special case q = 2, where the interpretation of these coefficients simplifies
considerably. In this case, the first-order coefficients are directly related to the nonlinear
power spectrum P (p),

S2
1(j, l) =

∫ d3p

(2π)3
d3p′

(2π)3 e
−ix⃗·(p⃗+p⃗′)⟨δ̃(p⃗)δ̃(p⃗′)⟩ ψ̃m

j l(p⃗)ψ̃m
j l(p⃗′) ,

= C2
l

∫ d3p

(2π)3W
2
l

[
2jσp

]
P (p)

= C2
l ⟨δ2(x⃗; j, l)⟩ , (4.10)

where the property of spherical harmonics has been used,

4π
2l + 1

l∑
m=−l

Y m
l (p̂)Y m

l (−p̂) = 1 , (4.11)

and the Fourier-space filter is defined as
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Wl[z] ≡ zl exp(−z2/2) , (4.12)

showing that, for fixed variance of the Gaussian filter (set by j), higher values of l probe
larger wavenumbers. The last line of equation 4.10 is the space-averaged variance of the
inverse Fourier transform of the filtered density field δ̃(p⃗; j, l) ≡ Wl [2jσp] δ̃(p⃗).

To define second-order coefficients, first introduce the nonlinear field

U(j1, l)(x⃗) ≡

 l∑
m=−l

∣∣∣δ(x⃗) ∗ ψm
j1 l(x⃗, σ)

∣∣∣2
 1

2

, (4.13)

and then convolve it again with the wavelet at scale j2, using the same operation as
in 4.9,

Sq
2(j2, j1, l) ≡

〈 l∑
m=−l

∣∣∣U(j1, l)(x⃗) ∗ ψm
j2 l(x⃗, σ)

∣∣∣2


q
2〉

, (4.14)

where, following [30], the same value of l is used for both the internal (j1) and external
(j2) convolution.

The q = 2 case yields

S2
2(j2, j1, l) = C2

l

∫ d3p

(2π)3Wl

[
2j2σp

]2
PU(p; j1, l) ,

= C2
l ⟨U2(x⃗; j2, j1, l)⟩ , (4.15)

where the power spectrum in the integral refers to the field U(j1, l)(x⃗),

⟨Ũ(j1, l)(p⃗) Ũ(j1, l)(p⃗′)⟩ ≡ (2π)3δD(p⃗+ p⃗′)PU(p; j1, l) , (4.16)

and the filtered field U(x⃗; j2, j1, l) is the inverse Fourier transform ofWl [2j2σp] Ũ(j1, l)(p⃗).

The q = 2 case is particularly useful for comparing the performance of the WST
with that of P (k), since all information beyond the nonlinear P (k) is then encoded in
scattering coefficients beyond first order. The second-order coefficients are simply the
variances of the filtered fields U(x⃗ : j2, j1, l), and therefore contain information on the
bispectrum and higher-order correlators.
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Figure 4.1: Radial profile of the wavelets at l = 0 (solid lines) and l = 4 (dashed lines)
at m = 0 and for different values of j, where j = 0 is equivalent to the mother wavelet.
As discussed in the text, a low-pass filter with kmax = 0.5hMpc−1 is applied to the field,
this is highlighted by the shaded region.

Fixing σ as in equation (4.7), the number of coefficients is set as follows. For first
order, take j = 0, 1, · · · , J with J = 4, corresponding to Gaussian smoothing filters in
real space of widths from σ to 24 σ. In figure 4.1, the Fourier-space filters used to analyze
the Quijote suite of simulations presented in section 4.4 are shown. For the angular
dependence, take l = 0, 1 , · · · , L with L = 4. For second order, the external convolution
(controlled by j2) is restricted to scales larger than the internal one, i.e., j1 < j2 = 1 · · · , J
with J = 4 as above. This yields a total of 76 coefficients: one of zeroth order, 25 of
first order, and 50 of second order. As higher orders are not considered, these coefficients
form the data vector.

4.3 Simulation-based Fisher matrices

To benchmark the information on PNG amplitudes, and more generally on cosmological
parameters, extracted from the non-linear density field using the summary statistics of
section 4.2, a standard approach is the Fisher matrix formalism, first presented at the
end of section 3.1.2.

Under the reasonable assumption of normally distributed summary statistics s⃗, de-
pending on a set of parameters θ⃗ through their mean ¯⃗s, the Fisher matrix is

Fij =
(
∂ ¯⃗s
∂θi

)T

Σ−1
(
∂ ¯⃗s
∂θj

)
, (4.17)
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where Σ is the covariance matrix. For each parameter θi,
√

(F−1)ii is the Cramér–Rao
bound, i.e., the expected error bar from an optimal estimator.

To evaluate equation (4.17), a simulation-based approach is adopted (see section 4.4
for the simulations used). Unbiased estimates of inverse covariance matrices are obtained
using the Hartlap/Anderson correction factor [132]:

Σ−1 = nr − ns − 2
nr − 1 Σ̂−1, with Σ̂ = 1

nr − 1(s⃗− ¯⃗s)(s⃗− ¯⃗s)T , (4.18)

where nr is the number of realizations used and ns the number of summary statistics.
Derivatives at a fiducial point (denoted by the superscript ∗) are computed by central
finite differences:

∂ ¯⃗s
∂θi

∣∣∣∣∣
θ⃗∗

=
¯⃗s(θ∗

i + δθi) − ¯⃗s(θ∗
i − δθi)

2δθi

. (4.19)

A direct application of this method requires a very large number of simulations to
achieve numerical convergence; otherwise, spuriously optimistic Fisher error bars may
result (see [133, 134] for a discussion in the PNG context). This issue can be mitigated
using the method of [135], which computes the Fisher matrix from score-compressed
statistics instead of the raw summaries. This compression is optimal, retaining full in-
formation on parameters, under the same conditions used to write equation (4.17) [136,
137]. Score-compressed statistics ˜⃗s are obtained via

s̃i = ∂ ¯⃗s
∂θi

∣∣∣∣∣
θ⃗∗

Σ−1(s⃗− ¯⃗s∗), (4.20)

i.e., from the same ingredients as the Fisher matrix, enabling evaluation from the same
simulation sets with faster numerical convergence.

4.4 Simulations

Accurately evaluating the statistical properties of the observables introduced in section 4.2
up to non-linear scales, as well as their dependence on cosmological parameters, requires
a large number of simulations. This study uses the Quijote3 and QuijotePNG4 suites
of N-body simulations [138, 139], which were designed for precisely this purpose.

3https://quijote-simulations.readthedocs.io/en/latest/
4https://quijote-simulations.readthedocs.io/en/latest/png.html

https://quijote-simulations.readthedocs.io/en/latest/
https://quijote-simulations.readthedocs.io/en/latest/png.html
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Nsims σ8 Ωm Ωb ns h f local
NL f equil

NL f ortho
NL Mmin(M⊙/h)

Fiducial 15000 0.834 0.3175 0.049 0.9624 0.6711 0 0 0 3.2 × 1013

σ+
8 500 0.849 0.3175 0.049 0.9624 0.6711 0 0 0 3.2 × 1013

σ−
8 500 0.819 0.3175 0.049 0.9624 0.6711 0 0 0 3.2 × 1013

Ω+
m 500 0.834 0.3275 0.049 0.9624 0.6711 0 0 0 3.2 × 1013

Ω−
m 500 0.834 0.3075 0.049 0.9624 0.6711 0 0 0 3.2 × 1013

n+
s 500 0.834 0.3175 0.049 0.9824 0.6711 0 0 0 3.2 × 1013

n−
s 500 0.834 0.3175 0.049 0.9424 0.6711 0 0 0 3.2 × 1013

h+ 500 0.834 0.3175 0.049 0.9624 0.6911 0 0 0 3.2 × 1013

h− 500 0.834 0.3175 0.049 0.9624 0.6511 0 0 0 3.2 × 1013

f local,+
NL 500 0.834 0.3175 0.049 0.9624 0.6711 +100 0 0 3.2 × 1013

f local,−
NL 500 0.834 0.3175 0.049 0.9624 0.6711 −100 0 0 3.2 × 1013

f equil,+
NL 500 0.834 0.3175 0.049 0.9624 0.6711 0 +100 0 3.2 × 1013

f equil,−
NL 500 0.834 0.3175 0.049 0.9624 0.6711 0 −100 0 3.2 × 1013

f ortho,+
NL 500 0.834 0.3175 0.049 0.9624 0.6711 0 0 +100 3.2 × 1013

f ortho,−
NL 500 0.834 0.3175 0.049 0.9624 0.6711 0 0 −100 3.2 × 1013

M+
min 500 0.834 0.3175 0.049 0.9624 0.6711 0 0 0 3.3 × 1013

M−
min 500 0.834 0.3175 0.049 0.9624 0.6711 0 0 0 3.1 × 1013

Table 4.1: The parameters of the Quijote and QuijotePNG N-body simulations and
halo catalogues used in this work.

These are N-body simulations containing 5123 dark matter particles in boxes of size
1 h−1Gpc, in which the gravitational evolution of structures up to z = 0 is computed
with the TreePM code Gadget-III [140] starting from initial conditions determined at
z = 127 using 2LPTIC [141] or 2LPTPNG [139, 142].5 The suite contains 15 000
simulations with Planck-like cosmological parameters [61], and subsets of 500 in which
one parameter is slightly shifted above or below its fiducial value. The characteristics of
these sets are summarized in Table 4.1.

In what follows, the parameter vector θ⃗ = {σ8, Ωm, ns, h, f
local
NL , f equil

NL , f ortho
NL } is con-

sidered, and both the matter (at z = 1) and halo (at z = 0) density fields are analyzed.
The definitions of the PNG parameters f local

NL , f equil
NL , and f ortho

NL , characterizing different
shapes of the primordial bispectrum, are given in [139]. Halos are identified using friends-
of-friends (FOF) [143]. Only halos with mass above Mmin = 3.2×1013M⊙/h are included,
and Mmin is treated as a nuisance parameter by varying it in the halo analyses. As shown
in previous analyses [134, 139], Mmin can be regarded as a proxy for the linear bias
parameter b1.

5https://github.com/dsjamieson/2LPTPNG

https://github.com/dsjamieson/2LPTPNG
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The power spectra and bispectrum modal modes previously measured in [131] and
[134] are used for the matter and halo fields, respectively. The matter density field is
studied in real space, while the halo density field is transformed to redshift space by
applying the velocity correction along the x direction.

WST coefficients are estimated from density fields obtained by interpolating dark
matter particle or halo positions on regular three-dimensional grids of size Ng = 256
using the CIC scheme implemented in Pylians3.6 A sharp, low-pass filter is applied to
the input field δ(x⃗) to exclude all modes above kmax = 0.5hMpc−1 (the smallest accessible
scale with Quijote simulations), and all 76 scattering coefficients are then computed.

4.5 Results

4.5.1 First order scattering coefficients and P (k)

As shown in equation 4.10, first-order scattering coefficients with the specific choice q = 2,
i.e., S2

1(j, l), contain no more information than the (nonlinear) power spectrum P (k). To
check this explicitly, a Fisher matrix analysis is performed on the non-linear dark matter
field at redshift z = 1. The resulting constraints for θ⃗ = {σ8, Ωm, ns, h} are displayed
in figure 4.2. The near-perfect overlap between the 2D contours for P (k) and S2

1(j, l)
indicates that the two statistics carry nearly identical information. P (k) yields slightly
tighter constraints, suggesting that the equivalence between the 25 integrals of P (k)
in equation 4.10 and the 78 P (k) bins is not exact. This could likely be improved by
increasing the maximum j and/or l. However, to limit computational cost, this choice is
retained since, as shown below, including second-order coefficients outperforms the power
spectrum for all parameters, including PNG, both for matter and halos.

Constraints from first-order coefficients with q = 0.8 are also shown. In this case,
the equivalence with P (k) is lost, and some information from higher-order correlators is
expected to leak into first-order scattering coefficients. As anticipated, the contours for
S0.8

1 (j, l) differ from those of S2
1(j, l) and of P (k). Moreover, for all parameters except

ns, performance is worse, suggesting that moving from q = 2 to q = 0.8 redistributes
information from first to higher orders.

6https://github.com/franciscovillaescusa/Pylians3

https://github.com/franciscovillaescusa/Pylians3
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Figure 4.2: Expected distribution of the parameters around the fiducial quijote-PNG
cosmology, with covariance given by the Fisher matrix computed on the non-linear matter
field at z = 1. The statistics compared in the figure are 1st order WST coefficients
S0.8

1 (j, l) (olive), S2
1(j, l) (grey) and P (k) (aquamarine).
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4.5.2 Matter at z = 1

The analysis now turns to the matter field at z = 1 and extends the previous subsection
by enlarging the parameter vector to include the PNG parameters, and by including
second-order scattering coefficients and the bispectrum. Specifically, figures 4.3 and 4.4
use the parameter vector θ⃗ = {σ8, Ωm, ns, h, f

local
NL , f equil

NL , f ortho
NL }, while in the upper

table of figure 4.7, each PNG shape is analyzed jointly with cosmological parameters and
independently of the other two. For cosmological parameters, the largest bound of the
three analyses is reported (differences are small).

In figures 4.3 and 4.4, constraints from the combination of all 76 WST coefficients are
shown for q = 0.8 and q = 2, respectively, and compared with those from P + B and
from the full combination P +B+ WST. The corresponding 1σ Cramér–Rao bounds are
listed in figure 4.7. Results for P alone are omitted, as they are outperformed by both
WST variants on all parameters.

As discussed above, for q = 2 the extra information originates entirely from the
second-order scattering coefficients. For q = 0.8, the inclusion of second-order coefficients
improves performance, which becomes overall comparable to the q = 2 case: constraints
are worse for all cosmological parameters except ns, but slightly better for the PNG
parameters. When combined with P + B, WST with q = 0.8 is slightly more effective
than q = 2 at reducing parameter degeneracies.

4.5.3 Halos at z = 0

The Fisher matrix analysis is then applied to the non-linear dark matter halo field at
z = 0. To test WST performance on a biased tracer in a more realistic scenario, the
field is transformed to redshift space. The parameter set analyzed in figures 4.5 and 4.6
is θ⃗ = {σ8, Ωm, ns, h, Mmin, f

local
NL , f equil

NL , f ortho
NL }. Bounds from all 76 WST coefficients

computed with q = 0.8 and q = 2 are shown and compared with those from the first two
power spectrum multipoles (P0+P2), their combination with the bispectrum (P0+P2+B),
and the combination of all statistics. The 1σ Cramér–Rao bounds for these cases are listed
in the lower table of figure 4.7, where each PNG shape is analyzed independently of the
others.

As for matter, WST outperforms the power spectrum alone for both values of q. This
is particularly true for the PNG parameters, including f local

NL (constraints on the other two
PNG shapes from P0 +P2 are not reported in figure 4.7, as they are extremely weak). The
performance of P0 +P2 +B is comparable to WST for the cosmological parameters (and
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Figure 4.3: Expected distribution of the parameters around the fiducial quijote-PNG
cosmology, with covariance given by the Fisher matrix computed on the non-linear matter
field at z = 1. The statistics compared in the figure are P + B (olive), WST coefficients
S0.8

n (j, l) with n = 0, 1, 2 (grey), and the full combination P +B + WST (aquamarine).
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Figure 4.4: Expected distribution of the parameters around the fiducial quijote-PNG
cosmology, with covariance given by the Fisher matrix computed on the non-linear matter
field at z = 1. The statistics compared in the figure are P + B (olive), WST coefficients
S2

n(j, l) with n = 0, 1, 2 (grey), and the full combination P +B + WST (aquamarine).
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for Mmin), while for the PNG parameters a mixed outcome is obtained: f local
NL constraints

are tighter (by ≈ 10–15%) for P0 +P2 +B, f equil
NL are tighter (by ≈ 20–30%) for WST, and

f ortho
NL constraints are of similar quality for q = 2 WST and about 30% better for q = 0.8

WST.

Overall, the halo results confirm the matter findings: WST with q = 0.8 and with
q = 2 yields comparable constraints across parameters. This indicates that once second-
order coefficients are included, varying the exponent q does not significantly alter the
total extracted information.

A direct comparison between the information content of WST and that of marked
statistics for PNG and cosmological parameters is provided in appendix A.1, where very
similar performance is observed.

4.6 Discussion

To identify where the information on PNG parameters resides within the WST, figures 4.8
and 4.9 display the sensitivity of WST coefficients to each parameter. For each parameter
α, the absolute difference between the WST coefficients computed in the sets with α+

and α− is plotted, normalized to the fiducial cosmology (see Tab. 4.1 for the parameter
shifts). figure 4.8 refers to dark matter at z = 1 in real space, and figure 4.9 to halos at
z = 0 in redshift space. In each panel, the upper row contains PNG parameters and the
lower row the remaining ones, while the left and right columns correspond to q = 0.8 and
q = 2, respectively.

The WST coefficients from 0 to 75 are ordered in decreasing length scale of the
outermost convolution. Thus, the leftmost coefficient is the second-order one with j2 = 4,
j1 = 3, l = 0, followed by j2 = 4, j1 = 3, l = 1, and so on up to j2 = 4, j1 = 0, l = 4
(end of the first light brown horizontal segment). These are followed by the first-order
coefficients with j = 4, l = 0, · · · , 4 (dark brown segment), then by the second-order
coefficients with j1 < j2 = 3, etc.

No qualitative difference emerges between the left and right columns in each panel,
indicating that the intuition developed in section 4.2.2 for q = 2, namely, that first-
order coefficients are related to the power spectrum, extends broadly to q = 0.8. This
explains why, for matter, first-order coefficients are almost insensitive to PNG param-
eters (figure 4.8, upper row, dark brown segments), especially at large scales: the fNL

dependence of the matter power spectrum is a suppressed one-loop effect and therefore
manifests mainly at small scales. The same reasoning explains why second-order coeffi-
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Figure 4.5: Expected distribution of the parameters around the fiducial quijote-PNG
cosmology, with covariance given by the Fisher matrix computed on the non-linear halo
field at z = 0. The statistics compared in the figure are the power spectrum monopole
and quadrupole P0 + P2 (olive), P0 + P2 + B (grey), WST coefficients S0.8

n (j, l) with
n = 0, 1, 2 (aquamarine), and the full combination P0 + P2 +B + WST (violet).
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Figure 4.6: Expected distribution of the parameters around the fiducial quijote-PNG
cosmology, with covariance given by the Fisher matrix computed on the non-linear halo
field at z = 0. The statistics compared in the figure are the power spectrum monopole and
quadrupole P0 +P2 (olive), P0 +P2 +B (grey), WST coefficients S2

n(j, l) with n = 0, 1, 2
(aquamarine), and the full combination P0 + P2 +B + WST (violet).
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Figure 4.7: The Cramer-Rao 1σ bounds for different combinations of summary statistics
(power spectrum, bispectrum and WST, “all" referring to the three of them together).
Every statistic is measured up to kmax = 0.5hMpc−1 in the Quijote N-body simulations
at z = 1 (top panel), or in the corresponding halo catalogues at z = 0 (bottom panel),
for a volume of 1 (h−1Gpc)3. The colour scale indicates the ratio of each error bar
with respect to its power spectrum + bispectrum equivalent, highlighting the significant
additional information captured by the WST in most cases. Note that each PNG shape
is analyzed jointly with cosmological parameters and independently from the two others
PNG shapes. For cosmological parameters, the largest bound of the three analyses is
reported (differences being small anyway).
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Figure 4.8: Variation of WST coefficients for matter in real space with respect to different
parameters, normalized to the fiducial values, for the matter field at z = 1. Left: q = 0.8,
Right: q = 2. Upper row: NG parameters; lower row: all other parameters. The green
segments on the x-axis identify second order WST coefficients, whereas blue segments
identify first order ones. There is essentially no NG signal in first order WST coefficients
because the power spectrum of the matter field, to which such coefficients are sensitive,
does not depend on fNL at lowest order. See the main text for details.
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Figure 4.9: Variation of WST coefficients for the halo field in redshift space with re-
spect to different parameters, normalized to the fiducial values. Now, first order WST
coefficients pick up significant primordial NG signal for the local shape, due to the scale
dependent bias signature in the power spectrum on large scales. See the main text for
more explanations. Left: q = 0.8, Right: q = 2.

cients with l = 0 are almost insensitive to PNG parameters, since the sum in U(j, l)(x⃗) of
equation 4.13 includes a single term, making the second-order coefficient also tied to the
power spectrum. Consequently, for matter, PNG information primarily enters through
second-order coefficients with l ̸= 0. By contrast, for the other parameters, information is
already present in the linear-order power spectrum; correspondingly, the signal is visible
in first-order WST coefficients, as seen in the second row of figure 4.8.

It is also important to note that information content depends on both derivatives and
covariances of the WST coefficients. The first row of figure 4.10 shows the correlation
coefficients

rij ≡ Cij√
CiiCjj

, (4.21)

where Cij is the covariance between the i-th and j-th coefficients. rij ranges from −1
(complete anticorrelation) to 1 (complete correlation), with 0 indicating no correlation.
The correlation patterns differ markedly between q = 0.8 and q = 2. For q = 2, the
correlation among first-order coefficients is very small at large scales and increases at
smaller ones, reflecting the behavior of power spectrum bins. First-order coefficients are
also correlated with second-order ones for l = 0, reinforcing the interpretation that the
latter are connected to the power spectrum. A striking feature is the strong correlation
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among second-order coefficients with l ̸= 0, together with very small correlation between
these and first-order coefficients, especially at large scales. This separation is absent
for q = 0.8, consistent with the conclusion (see section 4.5.1) that for q = 2 the PS
information is confined to first order while for q ̸= 2 it is distributed across orders. The
strong correlation among second-order coefficients for q = 2 suggests that a reduced
subset may suffice to capture the same information.

For halos, the differences between PNG sensitivities of first- and second-order coef-
ficients, and between correlation patterns for q = 2 and q = 0.8, largely disappear for
the local shape. In this case, first-order WST coefficients are sensitive to fNL because
the power spectrum exhibits scale-dependent bias on large scales [144]. This can be
understood via the contribution to the density field

δh = b1δm + bϕf
local
NL ϕ+ ϵ , (4.22)

where b1 and bϕ are tracer-dependent bias parameters (for matter, b1 = 1 and bϕ = 0),
ϕ is the gravitational potential, and ϵ is a stochastic term, uncorrelated with δm and ϕ,
that describes shot noise in the halo field. The latter is responsible for the reduced sen-
sitivity compared to matter, especially at small scales, and for the decorrelation between
WST coefficients in the q = 2 case seen in figure 4.10.

4.7 Conclusions

This work investigated the WST as a tool for PNG studies and compared its performance
with that of a P+B analysis. The matter and halo fields, in real and redshift space, were
analyzed from the publicly available Quijote and QuijotePNG N-body simulation
suites, producing Fisher forecasts for the amplitude parameters f local

NL , f equil
NL , and f ortho

NL ,
along with standard cosmological parameters.

For a fair comparison, WST and P+B analyses were implemented on the same fields.
In particular, a sharp cut at kmax = 0.5 hMpc−1 was applied to minimize possible
small-scale artifacts in the WST. Two values of the exponent q were compared, namely
q = 0.8 and q = 2, with the latter allowing a clearer interpretation: first-order scattering
coefficients are equivalent to the power spectrum (figure 4.2), so all additional information
arises from second order.

WST (for both q = 0.8 and q = 2) outperforms the power spectrum alone for PNG
and cosmological parameters, as well as for the nuisance parameter Mmin. For f local

NL in
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halos, the improvement is about 27%. When combined with B, halo constraints from
WST are weaker for f local

NL (by ≈ 15%), but stronger for f equil
NL (≈ 25%) and for f ortho

NL

(≈ 28% for q = 0.8).

Results for the standard (non-PNG) cosmological parameters align with previous anal-
yses [30, 31], which also find WST to outperform the power spectrum alone. For PNG
parameters, the main focus of this work, the WST enhances the extraction of PNG
information from LSS data relative to a standard P+B analysis. For QuijotePNG
simulations, the level of improvement is competitive with the best results obtained using
other summary statistics, such as the marked power spectrum and bispectrum [145].

Future work should move in two directions. On the data side, realism should be
increased to match upcoming surveys, including modeling of galaxy bias, survey system-
atics, and related effects. On the theory side, improved interpretation of WST coefficients
is desirable. The q = 2 choice provides a clean theoretical description with essentially no
information loss relative to other q values; extending to more general families of wavelets
tailored to PNG extraction from LSS, for example by exploiting angular structure to mit-
igate redshift-space distortions and leveraging underlying symmetries such as extended
Galilean invariance [51, 93, 94, 146–148], may reduce the number of coefficients required
in analyses.
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Figure 4.10: The correlation matrix of the WST coefficients. Upper row: matter, lower
row: halos. Left: q = 0.8, Right: q = 2.



Chapter 5

Field-level Inference with the
Bootstrap of LSS

The contents of this chapter have been published in the paper

Matteo Peron, Takahiro Nishimichi, Massimo Pietroni and Atsushi Taruya (October
2025). “Renormalized perturbation theory at field-level: the LSS bootstrap in Grid-
SPT.” Journal of Cosmology and Astroparticle Physics 2025(10): 098. doi:10.1088/1475-
7516/2025/10/098.1

which has been included, integrally or in part, according to the journal’s copyright
policy.

5.1 Introduction

The large-scale structure (LSS) of the Universe offers a stringent testing ground for fun-
damental physics. To fully exploit data from surveys such as DESI [1] and Euclid
[2, 3], it is increasingly important to develop methods that optimize the extraction of
cosmological information from LSS, particularly in ways sensitive to physics beyond the
standard ΛCDM model. Various scenarios of “new physics” have been proposed, yet
there is currently no theoretical rationale to single out one over the others. Moreover,
in most plausible cases the predicted signatures are subtle, underscoring the need for a
model-independent framework able to identify small anomalies. To this end, the “LSS
bootstrap” approach discussed in section 2.3.3 was formulated in [51] and further de-

1The contents of the article are accessible at https://www.doi.org/10.1088/1475-7516/2025/10/
098.
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veloped in [96, 149]. This symmetry-based program assumes no specific form for the
Lagrangian or the equations of motion. Instead, at each order in perturbation theory
(PT), the most general form of the dark matter (DM) density and velocity fields, as well
as of biased tracers (galaxies, DM halos, . . . ), compatible with the assumed symmetries,
is expressed in terms of the linear field and a finite set of time-dependent coefficients. De-
tecting deviations of these coefficients from their ΛCDM values would signal new physics.

While state-of-the-art analyses often concentrate on low-order correlators such as the
power spectrum [150, 151] and the bispectrum [5, 7], recent work has explored novel sum-
mary statistics to access non-Gaussian information encoded in higher-order correlators
[11, 12, 15, 30, 31, 34, 109, 152, 153] (see also [154] for a review). A natural next step is
to perform inference directly at the field level, thereby retaining the full, uncompressed
information content. This approach, developed in [35–47] and further investigated in [48,
49, 155–158], provides an ideal setting for probing both linear and nonlinear imprints of
new physics.

This work pursues the construction of a field-level perturbative framework for model-
independent cosmological inference, emphasizing precision constraints on departures from
ΛCDM.

To this end, the GridSPT code [159–161], an implementation of Eulerian PT on dis-
cretized grids (see section 2.3 and [85] for a review), is extended to include the LSS boot-
strap parametrization, enabling a systematic exploration of nonlinear deviations from the
standard model.

Working at the field level on a grid necessarily introduces an ultraviolet (UV) cutoff.
The linear fields that serve as building blocks of higher PT orders contain wavenumbers
only up to the grid’s Nyquist frequency or, as discussed below, up to even lower values
when avoiding spurious effects such as aliasing, see appendix B.1. A meticulous treatment
of this artificial cutoff dependence is thus essential to obtain physically meaningful, cutoff-
independent results.

A Wilsonian perspective is adopted (for a similar philosophy, see [162] and, more
recently, [163, 164], which also include biased tracers and non-Gaussian initial conditions):
the starting point is the definition of the perturbative model at a high momentum cutoff
scale Λuv. The model is built from the linear field coarse-grained at Λuv, and consists
of a truncated PT series plus a set of “counterterms”. As in the Effective Field Theory
of LSS (EFTofLSS) [99–101], the counterterms’ form is fixed by the symmetries of the
system (rotational invariance, Extended Galilean Invariance (EGI), and, for the matter
and velocity fields, mass and momentum conservation). Their number is dictated by the
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adopted order in both the PT expansion and the derivative expansion. The counterterm
coefficients encode physics beyond the cutoff, i.e., from scales q > Λuv not described by the
model, and are therefore not computable; their values must be fixed by renormalization
conditions, via comparison between theory and measurements. By contrast, the running
of these parameters, i.e., their evolution as the cutoff is lowered to Λ < Λuv, is computable
in PT. Hence, the requirement that physical observables be cutoff-independent links the
UV model to any model defined at a lower scale Λ. This renormalization is carried out
explicitly up to fifth order in perturbation theory, leading to properly renormalized field-
level models suitable for determining the bootstrap parameters. The procedure not only
ensures theoretical consistency, but also enables efficient computations on smaller grids.

In particular, the crucial role of higher-derivative terms in precision inference is high-
lighted. These terms, which naturally emerge in the renormalization procedure, can be
computed analytically within the present framework. Their inclusion is essential to cap-
ture small-scale physics accurately and to ensure a robust determination of the bootstrap
parameters required for model-independent cosmological tests.

The analysis is restricted to the case in which the bootstrap parameters are scale
independent. This choice excludes models with strongly scale-dependent growth, such as
those with extra scalar degrees of freedom whose Compton wavelength is comparable to
LSS scales. This restriction does not apply to cosmologies with massive neutrinos in the
phenomenologically allowed mass range, where all relevant scale-dependent effects can be
accurately absorbed into the linear power spectrum (see, e.g., [165–168]).

The paper is organized as follows. section 5.2 presents the bootstrap PT kernel
at second order, in both Fourier and configuration space. section 5.3 reviews GridSPT
and describes the modifications implemented to compute the bootstrap kernels. sec-
tion 5.4 discusses the need for a momentum cutoff when formulating field theory on a
grid and shows in detail how models defined at different cutoffs are related (running).
section 5.5 compares the PT models with N -body simulations and explains how to ex-
tract the bootstrap parameters. section 5.6 presents the main results and verifies the
proper renormalization of the models. Finally, section 5.7 discusses the implications and
conclusions. Appendix B.2 comments on the impact of the bootstrap parameter when
included also in the third-order PT contribution, and Appendix B.3 provides details on
the implementation of artificial noise in the dark matter simulations.
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5.2 Field level bootstrap

This section reviews the perturbative model implemented in the analysis, based on the
“LSS bootstrap” approach (see [51, 96, 169] for details).

5.2.1 First order

Perturbations are expressed in terms of the density contrast δ(x⃗, a) and the rescaled
velocity divergence,

θ(x⃗, a) ≡ ∂iu
i(x⃗, a) , (5.1)

with

ui(x⃗, a) ≡ −vi(x⃗, a)
faH(a) , (5.2)

where vi(x⃗, a) is the peculiar velocity, f = d logD+/d log a is the growth rate, and D+(a)
is the linear growth factor, assumed to be scale independent. The fields are then expanded
according to the standard perturbative Ansatz [85]:

δ[N ],PT(x⃗, a) =
N∑

n=1
δ(n)(x⃗, a) , θ[N ],PT(x⃗, a) =

N∑
n=1

θ(n)(x⃗, a) . (5.3)

In what follows, lowercase parentheses (e.g., δ(n)) denote the n-th order contribution,
while square brackets (e.g., δ[N ],PT) indicate truncation at order N , i.e., the sum of all
m-th order terms with 1 ≤ m ≤ N .

The first-order solutions on the growing mode read:

δ(1)(x⃗, a) = θ(1)(x⃗, a) ≡ φ(x⃗, a) , (5.4)

with φ(x⃗, a) = D+(a)φ0(x⃗) the linear density field, a Gaussian realization whose variance
is given by the linear power spectrum P (k) of the chosen cosmology.
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5.2.2 Second order

In Fourier space, the second-order fields can be written as convolutions:

δ(2)(k⃗, a) = Ik⃗;q⃗1,q⃗2
F2(q⃗1, q⃗2; a)φ(q⃗1, a)φ(q⃗2, a) , (5.5)

θ(2)(k⃗, a) = Ik⃗;q⃗1,q⃗2
G2(q⃗1, q⃗2; a)φ(q⃗1, a)φ(q⃗2, a) , (5.6)

where

Ik⃗;q⃗1,··· ,q⃗n
≡
∫ d3q1 · · · d3qn

(2π)3(n−1) δD(k⃗ − q⃗1 · · · − q⃗n) , (5.7)

and the convolution kernels are

F2(q⃗1, q⃗2; a) = β(q⃗1, q⃗2) +
a(2)

γ (a)
2 γ(q⃗1, q⃗2) , (5.8)

G2(q⃗1, q⃗2; a) = β(q⃗1, q⃗2) +
d(2)

γ (a)
2 γ(q⃗1, q⃗2) , (5.9)

with mode-coupling functions

β(q⃗1, q⃗2) = |q⃗1 + q⃗2|2q⃗1 · q⃗2

2q2
1q

2
2

, (5.10)

γ(q⃗1, q⃗2) = 1 − (q⃗1 · q⃗2)2

q2
1q

2
2

. (5.11)

The coefficients of the β(q⃗1, q⃗2) couplings in equations (5.8) and (5.9) are fixed to unity
by EGI, while the bootstrap coefficients a(2)

γ and d(2)
γ are left unconstrained by symmetries

and, in general, are time dependent.

As an example, in ΛCDM the equations for the second-order bootstrap coefficients
read [51]:
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d a(2)
γ (a)
d ln a = f

(
2 − 2a(2)

γ (a) + d(2)
γ (a)

)
, (5.12)

d d(2)
γ (a)
d ln a = f

(
3
2

Ωm(a)
f 2

(
a(2)

γ (a) − d(2)
γ (a)

)
− d(2)

γ (a)
)
.

Deviations from these solutions parameterize departures from ΛCDM in a model-
independent manner. A standard PT practice is to adopt the Einstein–de Sitter (EdS)
limit,2 obtained by setting Ωm/f

2 = 1 in the above equations, which yields the time-
independent values [85]

a
(2)
γ, EdS = 10

7 , d
(2)
γ, EdS = 6

7 . (5.13)

These values serve as initial conditions for models that reduce to EdS at early times.

The bootstrap approach extends beyond second order with an increasing number of
cosmology-dependent coefficients. Explicit expressions up to third order in the Eulerian
formalism are given in Appendix B.2 and in [51, 169], and up to sixth order in the
equivalent Lagrangian formalism in [96]. The program also extends to biased tracers’
density contrast; in that case, mass and momentum conservation need not hold and the
kernels contain more free parameters, corresponding to those in the perturbative bias
expansion (see, e.g., [95]). The present analysis is restricted to the matter density field
in real space. Moreover, all coefficients of kernels of order higher than second are set to
their EdS values, leaving only the second-order bootstrap coefficient a(2)

γ free to vary.

Any detection of a deviation of a bootstrap parameter from its ΛCDM value would
signal new physics. In realistic scenarios, several bootstrap parameters would generally
deviate, implying a larger signal than the conservative setup considered here.

In configuration space, the second-order density field is given by

δ(2)(x⃗) = φ
(2)
β (x⃗) +

a(2)
γ

2 φ(2)
γ (x⃗) , (5.14)

where time arguments are omitted and the second-order fields are

2For analyses beyond the EdS approximation, see [169–171].
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φ
(2)
β (x⃗) ≡ ∂iφ(x⃗)

(
∂i

∂2φ(x⃗)
)

+
(
∂i∂j

∂2 φ(x⃗)
)(

∂i∂j

∂2 φ(x⃗)
)
, (5.15)

φ(2)
γ (x⃗) ≡ (φ(x⃗))2 −

(
∂i∂j

∂2 φ(x⃗)
)(

∂i∂j

∂2 φ(x⃗)
)
. (5.16)

5.3 GridSPT and bootstrap

5.3.1 The GridSPT code

The numerical implementation used here is based on the grid-based Eulerian PT code
GridSPT [159–161]. The code performs standard PT calculations at the field level, gen-
erating numerical realizations of higher-order density and velocity fields at each grid
point. Notably, by applying a novel nEPT (nth-order Eulerian PT) scheme, GridSPT
delivers improved predictions for summary statistics, surpassing those from conventional
order-by-order PT calculations [172, 173].

The core of GridSPT is a real-space recursion under the EdS approximation. For n ≥ 2,
the n-th order Eulerian density and velocity fields are constructed in configuration space
from lower-order counterparts as [161]:

δ(n)

θ(n)

 = 2
(2n+ 3)(n− 1)

n+ 1
2 1

3
2 n

 n−1∑
m=1

∂iδ
(m) ∂i

∂2 θ
(n−m) + δ(m)θ(n−m)

1
2∂

2
(

∂i

∂2 θ
(m) ∂i

∂2 θ
(n−m)

)
 . (5.17)

Given the linear fields δ(1)(x⃗) and θ(1)(x⃗) in equation (5.4), the algorithm computes
the nonlinear source terms on the right-hand side of equation (5.17) using Fast Fourier
Transforms. The differential operators in the sources are implemented via

∂i

∂2φ(x⃗) = −i
∫ d3k

(2π)3 e
ik⃗·x⃗ ki

k2φ(k⃗) , (5.18)

∂i∂j

∂2 φ(x⃗) = −
∫ d3k

(2π)3 e
ik⃗·x⃗ kikj

k2 φ(k⃗) . (5.19)
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5.3.2 Bootstrapping GridSPT

The GridSPT fields obtained from equation (5.17) rely on the EdS approximation for the
PT kernels. To compute the n = 2 bootstrap density field, equation (5.5) becomes

δ(2)(x⃗) = δ
(2)
EdS(x⃗) + 1

2εγ a
(2)
γ,EdS φ

(2)
γ (x⃗) , (5.20)

where the parameter

εγ ≡
a(2)

γ

a
(2)
γ,EdS

− 1 (5.21)

quantifies the relative deviation from the EdS limit. At z = 1, for the ΛCDM model
considered here, εγ,ΛCDM ≃ −7.8 · 10−4.

The field δ
(2)
EdS(x⃗) is taken from GridSPT, while φ(2)

γ , defined in equation (5.16), is
built from the same linear field φ(x⃗) used for δ(2)

EdS(x⃗). To reduce the tensorial complexity,
equation (5.16) is rewritten as

φ(2)
γ (x⃗) = (φ(x⃗))2 − 1

2∂
2
[(

∂i

∂2φ(x⃗)
)(

∂i

∂2φ(x⃗)
)]

+
(
∂i

∂2φ(x⃗)
)
∂iφ(x⃗) , (5.22)

for an irrotational velocity field. Since the analysis focuses on the parameter a(2)
γ , all

other bootstrap parameters are set to their EdS values; hence, for n > 2,

δ(n)(x⃗) = δ
(n)
EdS(x⃗) . (5.23)

Strictly speaking, this is not fully consistent, as the relations in [51] imply that higher-
order PT kernels also depend on a(2)

γ . An explicit check, however, shows that this depen-
dence is subdominant; including it in the third-order field produces negligible changes
(Appendix B.2).
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Figure 5.1: Simple illustration of how aliasing works. A detector samples a signal at
each unit interval in a domain of length L = 10, so Ng = 10, meaning that the Nyquist
frequency is kNyq = πNg

L
= π. A wavemode at the Nyquist frequency (pink) is correctly

sampled, however frequencies at k = (2n + 1)kNyq (e.g., blue and brown) cannot be
resolved and appear to the detector as k = kNyq as well. The result is that the measured
signal at kNyq is the sum of all the contributions for n > 0 (black).

5.4 Field on the grid: regularization and renormal-
ization

5.4.1 The need for a momentum cutoff

As discussed in [161], perturbative computations on a grid require care to avoid spurious
“aliasing” effects in the resulting fields. These arise from products of linear fields at the
same grid point or, in field-theoretic language, from composite operators. On a finite cubic
grid of volume L3 and N3

g points, a mode k⃗ is indistinguishable from k⃗ + 2 n⃗ kNyq, where
kNyq = πNg/L is the Nyquist frequency and n⃗ = (nx, ny, nz) with nx,y,z ∈ Z. Modes with
n⃗ ̸= 0⃗, not supported by the grid, appear at lower (aliased) modes (figure 5.1). In Fourier
space, N -th order PT fields are given by convolutions involving up to N linear fields at
all supported modes. To ensure that the convolution momenta do not exceed the Nyquist
limit, a low-pass filter is applied to the linear fields at an N -dependent scale Λ, given by
the Orszag rule [161, 174]:

k ≤ Λ = 2
N + 1kNyq = 2

N + 1
πNg

L
. (5.24)

An isotropic top-hat filter in Fourier space is adopted, and the Λ-dependence of the
fields is indicated explicitly. For the linear fields, φΛ(x⃗) denotes the Fourier transform of



88 Chapter 5. Field-level Inference with the Bootstrap of LSS

ΛUVΛknl

φΛUVδφΛφΛ

Δδ(n)
Λ,ΛUV

(k)
Δδ(n)

ΛUV
(k)

k
kmax

Δδ(n)
Λ,ΛUV

+ Δδ(n)
ΛUV

= Δδ(n)
Λ

Figure 5.2: Schematic illustration of the relevant scales and fields defined in the paper.
The theory is defined at a scale Λuv ≫ knl ≫ kmax, as the sum of the PT contribution,
equation (5.28), and the UV counterterms, equation (5.30). By considering a scale Λ <
Λuv, one can define a new theory, again as the sum of a PT part (expressed in terms
of the new IR fields φΛ) and UV counterterms. The latter are given by the sum of the
UV counterterms of the original theory and the new contributions of equation (5.36),
obtained by integrating out the δφΛ fields.

φΛ(k⃗) = φ(k⃗) Θ (Λ − k) , (5.25)

while, for n > 1, δ(n)
Λ (x⃗) and θ

(n)
Λ (x⃗) denote n-th order fields built from n filtered linear

fields φΛ(x⃗).

Even ignoring aliasing, the grid spacing ultimately sets a cutoff (the Nyquist fre-
quency). Thus, in field-theoretic terms, the theory on the grid is unavoidably regularized
by an unphysical cutoff; the cutoff dependence must be handled carefully. The task is
to define Λ-independent quantities from Λ-dependent fields and couplings, and to relate
them to observables, or in other words, to renormalize the theory. Practically, controlling
the cutoff dependence allows the use of smaller cutoffs, and hence smaller grids, improving
computational efficiency.
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5.4.2 Integrating out UV modes

In a Wilsonian picture [175, 176], the field theory is first defined at a UV scale Λuv and
then related to theories at lower cutoffs Λ by integrating out fluctuations with wavenum-
bers between Λ and Λuv. The following hierarchy is assumed (figure 5.2):

kmax ≪ knl ≪ Λuv . (5.26)

A distinction is crucial between the observed external wavenumber k⃗ and the internal
wavenumbers q⃗i coupled to it. While one restricts to k < knl, the internal q⃗i can be larger
than knl; since PT fails at q > knl, UV counterterms must correct the faulty PT couplings
to the mode k⃗.

The UV theory follows EFTofLSS [99–101]. Consider PT models truncated at order
N ; in Fourier space and omitting time dependence,

δ[N ](k⃗) = δ
[N ],PT
Λuv

(k⃗) + ∆δ[N ]
Λuv

(k⃗) , (5.27)

with the truncated PT series

δ
[N ],PT
Λuv

(k⃗) ≡
N∑

n=1
δ

(n)
Λuv

(k⃗) , (5.28)

and n-th order term

δ
(n)
Λuv

(k⃗) = Ik⃗;q⃗1,··· ,q⃗n
Fn(q⃗1, · · · , q⃗n)φΛuv(q⃗1) · · ·φΛuv(q⃗n) . (5.29)

Here Fn are the symmetrized PT kernels [85] (e.g., equation (5.5) at n = 2), and φΛuv

has support only for q ≤ Λuv (equation (5.25)). The second contribution sums the UV
counterterms up to n = N :

∆δ[N ]
Λuv

(k⃗) ≡
N∑

n=1
∆δ(n)

Λuv
(k⃗) . (5.30)

These counterterms encode the effect of modes with q > Λuv on the observed scales,
so that the PT expansion converges to the truth (e.g., a high-resolution N -body result or
data), up to nonperturbative corrections O(k2/k2

nl), which are coefficients to be fixed by
renormalization conditions (section 5.4.5). Given the hierarchy (5.26), residual O(k2/Λ2

uv)
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effects are negligible.

Lower a cutoff Λ < Λuv and enforce cutoff independence:

δ
[N ],PT
Λ (k⃗) + ∆δ[N ]

Λ (k⃗) = δ
[N ],PT
Λuv

(k⃗) + ∆δ[N ]
Λuv

(k⃗) = δ[N ](k⃗) . (5.31)

Split the UV field as

φΛuv(q⃗) = φΛ(q⃗) + δφΛ(q⃗) , (5.32)

with δφΛ supported on Λ < q < Λuv:

φΛ(q⃗) = φΛuv(q⃗)Θ(Λ − q) = φ(q⃗)Θ(Λ − q) ,
δφΛ(q⃗) = φΛuv(q⃗)Θ(q − Λ) = φ(q⃗)Θ(Λuv − q)Θ(q − Λ) . (5.33)

Implementing equation (5.32) in equation (5.29) yields

δ
(n)
Λuv

(k⃗) = δ
(n)
Λ (k⃗) + ∆δ(n)

Λ,Λuv
(k⃗) , (5.34)

with the IR PT term

δ
(n)
Λ (k⃗) = Ik⃗;q⃗1,··· ,q⃗n

Fn(q⃗1, · · · , q⃗n)φΛ(q⃗1) · · ·φΛ(q⃗n) , (5.35)

and the mixed UV/IR contribution

∆δ(n)
Λ,Λuv

(k⃗) =
n∑

p=1

 n

p

 Ik⃗;q⃗1,··· ,q⃗n
Fn(q⃗1, · · · , q⃗n)δφΛ(q⃗1) · · · δφΛ(q⃗p)φΛ(q⃗p+1) · · ·φΛ(q⃗n) .

(5.36)

Defining

δ
[N ],PT
Λ (k⃗) ≡

N∑
n=1

δ
(n)
Λ (k⃗) , (5.37)

the counterterms at scale Λ are
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∆δ[N ]
Λ (k⃗) = ∆δ[N ]

Λ,Λuv
(k⃗) + ∆δ[N ]

Λuv
(k⃗) , (5.38)

with

∆δ[N ]
Λ,Λuv

(k⃗) ≡
N∑

n=1
∆δ(n)

Λ,Λuv
(k⃗) . (5.39)

Here ∆δ[N ]
Λuv

is not computable in PT and is fixed by renormalization conditions, while
∆δ[N ]

Λ,Λuv
vanishes at Λ = Λuv and is perturbatively calculable for any Λ via equation (5.36).

5.4.3 Structure of the counterterms

The lowest orders clarify the counterterms’ structure. At n = 1,

∆δ(1)
Λ,Λuv

(k⃗) =
∫
d3q δD(k⃗ − q⃗)δφΛ(q⃗) = δφΛ(k⃗) = 0 , (5.40)

which vanishes for k < Λ. At n = 2, only the term with two UV fields survives:

∆δ(2)
Λ,Λuv

(k⃗) = Ik⃗;q⃗1,q⃗2
F2(q⃗1, q⃗2)δφΛ(q⃗1)δφΛ(q⃗2) . (5.41)

Treating δφΛ stochastically (i.e., integrating them out) gives

⟨∆δ(2)
Λ,Λuv

(k⃗)⟩ =
∫ d3q

(2π)3F2(q⃗,−q⃗)PΛ,Λuv(q) = 0 , (5.42)

by momentum conservation; and, for Gaussian initial conditions,

⟨∆δ(2)
Λ,Λuv

(k⃗)φΛ(k⃗′)⟩ = 0 . (5.43)

Its power spectrum is

⟨∆δ(2)
Λ,Λuv

(k⃗)∆δ(2)
Λ,Λuv

(−k⃗)⟩′ = P 22
Λ,Λuv(k) , (5.44)

with
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P 22
Λ,Λuv(k) ≡ 2

∫ d3q

(2π)3F2(q⃗, k⃗−q⃗)2PΛ,Λuv(q)PΛ,Λuv(|⃗k−q⃗|) ≃ 127
294k

4
∫ d3q

(2π)3

(
PΛ,Λuv(q)

q2

)2

,

(5.45)
for k ≪ Λ. Thus, to leading order,

∆δ(2)
Λ,Λuv

(k⃗) ≃ k2

k2
nl
ϵ

(2)
Λ,Λuv

, (5.46)

where ϵ(2)
Λ,Λuv

is uncorrelated with φΛ and has constant variance

P ϵ
Λ,Λuv = lim

k/Λ→0
(k4

nl/k
4)P 22

Λ,Λuv(k)

.

At n = 3,

∆δ(3)
Λ,Λuv

(k⃗) = ∆δ(3),a
Λ,Λuv

(k⃗) + ∆δ(3),b
Λ,Λuv

(k⃗) , (5.47)

with

∆δ(3),a
Λ,Λuv

(k⃗) ≡ 3 Ik⃗;q⃗1,q⃗2,q⃗3
F3(q⃗1, q⃗2, q⃗3)δφΛ(q⃗1)δφΛ(q⃗2)φΛ(q⃗3) , (5.48)

∆δ(3),b
Λ,Λuv

(k⃗) ≡ Ik⃗;q⃗1,q⃗2,q⃗3
F3(q⃗1, q⃗2, q⃗3)δφΛ(q⃗1)δφΛ(q⃗2)δφΛ(q⃗3) , (5.49)

and

⟨∆δ(3),a
Λ,Λuv

(k⃗)⟩ = 0 ,

⟨∆δ(3),a
Λ,Λuv

(k⃗)φΛ(−k⃗)⟩′ ≃ − c
(3)
Λ,Λuv

k2

k2
nl
PΛ(k) , (5.50)

with

c
(3)
Λ,Λuv

≡ 61
630

∫ d3q

(2π)3
PΛ,Λuv(q)

q2 . (5.51)
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Hence,

∆δ(3),a
Λ,Λuv

(k⃗) ≃ −
(
c

(3)
Λ,Λuv

+ η
(3)
Λ,Λuv

) k2

k2
nl
φΛ(k⃗) , (5.52)

where η(3)
Λ,Λuv

is a scale-independent stochastic coefficient. The remaining term behaves as

∆δ(3),b
Λ,Λuv

(k⃗) ≃ k2

k2
nl
ϵ

(3)
Λ,Λuv

, (5.53)

with ϵ
(3)
Λ,Λuv

uncorrelated with φΛ.

5.4.4 Quadratic higher derivative terms

For n > 3, counterterms with n − p = 2 produce quadratic contributions in φΛ that
correlate with φ(2)

γ and thus enter the determination of the bootstrap coefficient in equa-
tion (5.20). At n = 4, integrating out two δφΛ yields in configuration space:

c
(n)
φ2;Λ,Λuv

∂2

k2
nl
φ2

Λ(x⃗) , c
(n)
φβ ;Λ,Λuv

∂2

k2
nl
φ

(2)
β,Λ(x⃗) ,

c
(n)
φγ ;Λ,Λuv

∂2

k2
nl
φ

(2)
γ,Λ(x⃗) , c

(n)
γ̃;Λ,Λuv

∂2

k2
nl
φ

(2)
γ̃,Λ(x⃗) . (5.54)

Their Λ-running, computable in PT, is

c
(4)
X;Λ,Λuv

= 2096
33957π2 CX k2

nl

∫ Λuv

Λ
P (Λ′)dΛ′ , (5.55)

with X = {φ2, φγ, φβ, φγ̃} and

Cφ2 = 1 , Cφγ = 4223
10480 , Cφβ

= 32879
20960 , Cγ̃ = 1503

1310 . (5.56)

These are higher-derivative terms and thus suppressed by O(k2/k2
nl) in Fourier space.

5.4.5 Running and renormalization

The running of ∆δ[N ]
Λ (k⃗) follows from that of ∆δ[N ]

Λ,Λuv
(k⃗):
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Λ d

dΛ∆δ[N ]
Λ (k⃗) = Λ d

dΛ∆δ[N ]
Λ,Λuv

(k⃗) , (5.57)

and is therefore perturbatively computable. Renormalization conditions are imposed as
boundary data at a chosen scale Λ = Λ̄ and reference momentum k⃗ = ⃗̄k. One convenient
choice is to fix conditions at Λ̄ = Λuv. Symmetry arguments then imply, up to leading
order in k,

∆δ(2)
Λuv

(k⃗) ≃ k2

k2
nl
ϵ

(2)
Λuv

, (5.58)

∆δ(3)
Λuv

(k⃗) ≃ k2

k2
nl
ϵ

(3)
Λuv

−
(
c

(3)
Λuv

+ η
(3)
Λuv

) k2

k2
nl
φΛuv(k⃗) +O

(
k4

k4
nl

)
. (5.59)

The same structure holds at any Λ with k ≪ knl ≪ Λ:

∆δ(2)
Λ (k⃗) ≃ k2

k2
nl
ϵ

(2)
Λ , (5.60)

∆δ(3)
Λ (k⃗) ≃ k2

k2
nl
ϵ

(3)
Λ −

(
c

(3)
Λ + η

(3)
Λ

) k2

k2
nl
φΛ(k⃗) +O

(
k4

k4
nl

)
. (5.61)

From equation (5.38),

c
[3]
Λ = c

(3)
Λ = c

(3)
Λ,Λuv

+ c
(3)
Λuv

, (5.62)

with running (from equation (5.51))

Λ d

dΛc
(3)
Λ = Λ d

dΛc
(3)
Λ,Λuv

= − 61
1260π2 Λ k2

nlP (Λ) , (5.63)

hence

c
(3)
Λ = c

(3)
Λuv

+ 61
1260π2 k

2
nl

∫ Λuv

Λ
dΛ′P (Λ′) . (5.64)

At N = 5, the sound-speed coefficient receives

∆δ[5]
Λ (k⃗) = ∆δ(3)

Λ (k⃗) + ∆δ(5)
Λ (k⃗) = −c[5]

Λ
k2

k2
nl
φΛ(k⃗) + · · · , (5.65)
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with c
[5]
Λ ≡ c

(3)
Λ + c

(5)
Λ and running

c
(5)
Λ = c

(5)
Λuv

+ 15 lim
k⃗→0

k2
nl
k2

∫ d3q

(2π)3
d3p

(2π)3F5(k⃗, q⃗,−q⃗, p⃗,−p⃗)PΛ,Λuv(q)PΛ,Λuv(p) . (5.66)

A physically motivated renormalization condition sets, for each N ,

c
[N ]
Λ=0 = c̄ ≡ lim

k⃗→0

1 − ⟨δ̄(k⃗)φ(−k⃗)⟩′

P (k)

 k2
nl
k2 , (5.67)

with δ̄(k⃗) the data field (e.g., from simulations). Combining equations (5.64) and (5.66),
and imposing c[3]

Λ=0 = c
[5]
Λ=0, one finds

c
[5]
Λ = c

[3]
Λ + 15 lim

k⃗→0

k2
nl
k2

∫ d3q

(2π)3
d3p

(2π)3F5(k⃗, q⃗,−q⃗, p⃗,−p⃗)P (q)P (p)Θ(Λ − q)2Θ(Λ − p)2 .

(5.68)

In the formal limit N → ∞ and Λ → ∞, the purely nonperturbative sound speed
remains:

c2
s = lim

N→∞
lim

Λ→∞
c

[N ]
Λ . (5.69)

For any finite N , running from the measured Λ = 0 value (equation (5.67)) up to large
Λ is perturbative and thus calculable. The running of the higher-derivative coefficients
follows from equation (5.55):

Λ d

dΛc
(4)
X;Λ,Λuv

= − 2096
33957π2 CX Λ k2

nlP (Λ) . (5.70)

5.5 Setting up the analysis

5.5.1 Likelihood and data

The bootstrap-PT model is compared with ΛCDM simulations to assess the recoverability
of the nonlinear bootstrap parameter εγ, a first step toward model-independent searches
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Figure 5.3: Running of c[3]
Λ (pink lines) and c

[5]
Λ (blue lines) as measured from N -body

simulations (dots). The running predicted by PT from equations (5.64) and (5.66) is
shown by dashed lines. To facilitate comparison, the PT curves are shifted to match
the N -body ones at Λ = Λuv = 1.07 hMpc−1. The difference between the N -body
measurement and the (unshifted) PT computation is shown by dot–dashed lines; their
Λ-independent values approximate c[3]

Λuv
and c

[5]
Λuv

.
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for new physics from real data. A Gaussian likelihood is assumed:

logPN [δ|φ0](kmax; Λ, {αi
Λ}) = −1

2

nmax∑
n


∣∣∣δ(k⃗n) − δ[N ](k⃗n)

∣∣∣2
L3 pϵ(kn)

+ const , (5.71)

where k⃗n = 2π
L
n⃗, nmax = kmax L/(2π), and constant noise with

pϵ(kn) = 1
n̄
, (5.72)

is adopted. The set {αi
Λ} denotes the model parameters, e.g., {c[N ]

Λ , εγ, . . . } (with dots
possibly including stochastic and higher-derivative terms). The data δ(k⃗n) are computed
from the overdensity field of dark matter particles measured from an N -body simulation
with the same initial conditions φ(k⃗) used to build δ[N ](k⃗n) via GridSPT; i.e., both share
the same random seeds and cosmological parameters.

A cosmologicalN -body simulation from the ongoing Dark Quest II project (Nishimichi
et al., in prep.) is used. It employs 3 0003 particles in a comoving volume of (1h−1Gpc)3.
The assumed cosmology is the best-fitting flat ΛCDM model to the Planck temperature
and polarization spectra [177]. Massive neutrinos are ignored (set to ∑

mν = 0) for
simplicity in comparing with perturbation theory.3

Initial conditions are generated at z = 91 using second-order Lagrangian PT [141,
179], with a Gaussian field following the CLASS power spectrum [180]. Particle evolution
to z = 0 is performed with the GINKAKU Tree–Particle Mesh code, built on the FDPS
library [181, 182],4 with the Particle–Mesh extension from GreeM [183–185]. Tree forces
are accelerated by Phantom-GRAPE [186, 187] with AVX-512 instructions [188].

The z = 1 snapshot is analyzed. The matter density field is constructed by cloud-in-
cells (CIC) assignment [189] on a 2 0003 grid (0.5h−1Mpc resolution).

Artificial noise is added to the dark matter density field to mimic a realistic point-
source catalog such as galaxies (Appendix B.3). The procedure is:

1. assuming a value for the average density of sources n̄ = 2 · 10−3 (hMpc−1)3, which
means 2 million points per cubic comoving h−1 Gpc, to mimic a Euclid-like survey

3The Dark Quest II simulation suite treats massive neutrinos using the linear-response approach [178].
Scale-dependent linear growth from massive neutrinos can be incorporated consistently in PT. A simpli-
fied case without scale-dependent growth is considered here.

4https://github.com/FDPS/FDPS
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[2];

2. computing the number count of points per grid cell as Ñ(x⃗) = (1 + δm(x⃗))n̄∆x3,
where δm(x⃗) is the dark matter density field and ∆x ≡ L/Ng is the size of a grid
cell;

3. sampling a new number count for each cell N(x⃗) by assuming Ñ(x⃗) as the average
of a Poisson distribution, N(x⃗) ∼ Poisson(Ñ(x⃗));

4. recalculating the noisy data by applying the definition δ(x⃗) = N(x⃗)
N̄

− 1, where
N̄ ≡ L3n̄ is the average value of N(x⃗).

Ten independent noisy realizations are generated and analyzed below.

On the scales of interest, the mean number of particles per mode can be estimated
as N̄ ∼ n̄ (2π/kmax)3, which yields N̄ ∼ 680 for kmax = 0.09hMpc−1 and N̄ ∼ 180
for kmax = 0.14hMpc−1 with the choices adopted here (see section 5.6). Since N̄ ≫ 1,
the Poisson distribution is well approximated by a Gaussian, justifying the form of the
likelihood in equation (5.71).

5.5.2 Models

The analysis focuses on two PT models, N = 3 and N = 5. Proper renormalization is
assessed by varying Λ and kmax. The renormalized N = 3 model is

δ[3](k⃗) = δ
[3]
Λ,EdS(k⃗) + 1

2εγ a
(2)
EdS φ

(2)
γ,Λ(x⃗) + ∆δ[3]

Λ (k⃗) , (5.73)

where δ[3]
Λ,EdS(k⃗) is computed with GridSPT. Up to O(k4/k4

nl),

∆δ[3]
Λ (k⃗) = −c[3]

Λ
k2

k2
nl
φΛ(k⃗) + k2

k2
nl

(
ϵ

[3]
Λ − η

[3]
Λ φΛ(k⃗)

)
, (5.74)

with ϵ
[3]
Λ ≡ ϵ

(2)
Λ + ϵ

(3)
Λ , c[3]

Λ = c
(3)
Λ , and η

[3]
Λ = η

(3)
Λ .

For N = 5,

δ[5](k⃗) = δ
[5]
Λ,EdS(k⃗) + 1

2εγ a
(2)
EdS φ

(2)
γ,Λ(x⃗) + ∆δ[5]

Λ (k⃗) , (5.75)

with GridSPT in the EdS limit and
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∆δ[5]
Λ (k⃗) = − c

[5]
Λ
k2

k2
nl
φΛ(k⃗) + k2

k2
nl

∑
X

c
[5]
X,ΛXΛ(k⃗)

+ k2

k2
nl

(
ϵ

[5]
Λ − η

[5]
Λ φΛ(k⃗)

)
+O

(
k2

k2
nl
η̃

[5]
X,ΛXΛ(k⃗), k

2

k2
nl
Y

(3)
Λ (k⃗)

)
, (5.76)

where X = {φ2, φγ, φβ, φγ̃} denotes quadratic operators (section 5.4.4), c[5]
Λ = c

(3)
Λ +

c
(5)
Λ , ϵ[5]

Λ ≡ ∑5
n=2 ϵ

(n)
Λ , c[5]

X,Λ = c
(4)
X,Λ, and η

[5]
Λ ≡ ∑5

n=3 η
(n)
Λ .

5.5.3 Estimators of the parameters

Consider the Maximum a Posteriori (MAP) values of c[N ]
Λ and εγ that maximize equa-

tion (5.71). Setting first derivatives to zero yields, at N = 3,

c̄
[3]
Λ = −

∑nmax
n Re

[(
δ(k⃗n) − δ

[3]
Λ,EdS(k⃗)

)
φΛ(−k⃗n)

]
∑nmax

n
k2

n

k2
nl

∣∣∣φΛ(k⃗n)
∣∣∣2 , (5.77)

ε̄
[3]
γ,Λ = 2

a
(2)
γ

∑nmax
n Re

[(
δ(k⃗n) − δ

[3]
Λ,EdS(k⃗) + c̄

[3]
Λ

k2
n

k2
nl
φΛ(k⃗n)

)
φ

(2)
γ,Λ(−k⃗n)

]
∑nmax

n

∣∣∣φ(2)
γ,Λ(k⃗n)

∣∣∣2 , (5.78)

where stochastic terms in equation (5.74) are neglected, being uncorrelated with φΛ and
φ

(2)
γ,Λ. At N = 5,

c̄
[5]
Λ = −

∑nmax
n Re

[(
δ(k⃗n) − δ

[5]
Λ (k⃗n) − “higher der.”

)
φΛ(−k⃗n)

]
∑nmax

n
k2

n

k2
nl

∣∣∣φΛ(k⃗n)
∣∣∣2 , (5.79)

ε̄
[5]
γ,Λ = 2

a
(2)
γ

∑nmax
n Re

[(
δ(k⃗n) − δ

[5]
Λ (k⃗n) + c̄

[5]
Λ

k2
n

k2
nl
φΛ(k⃗n) − “higher der.”

)
φ

(2)
γ,Λ(−k⃗n)

]
∑nmax

n

∣∣∣φ(2)
γ,Λ(k⃗n)

∣∣∣2 ,

(5.80)

where “higher derivative” denotes nonstochastic O(k2
n/k

2
nlXΛ) and O(k2

n/k
2
nlY

(3)
Λ ) terms

in equation (5.76); the latter do not correlate with φ
(2)
γ,Λ and are therefore neglected.

As an initial check of renormalization, parameters are extracted from grids with differ-
ent Λ and compared to the PT running. Figure 5.3 shows the simulation measurements
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(solid) and PT predictions (dashed) for c̄[3]
Λ (magenta) and c̄[5]

Λ (blue). For visual compar-
ison, the PT curves are shifted to match the N -body values at Λ = Λuv = 1.07 hMpc−1;
the differences (dot–dashed) approximate the Λ-independent c[3]

Λuv
and c

[5]
Λuv

.

A measurement of the EFTofLSS sound speed from N -body nonlinear power spectra
[190] yields, at z = 1 (WMAP7-like cosmology), ĉ2

s ≃ 0.4 (h−1 Mpc)2 using

ĉ2
s = − lim

k→0

Pnl(k) − P (k) − P1loop(k)
2k2P (k) . (5.81)

This should be compared with c[3]
Λuv

; from figure 5.3, c[3]
Λuv
/k2

nl ≃ 0.5 (h−1 Mpc)2, in rea-
sonable agreement given methodological and cosmological differences (and noting equa-
tion (5.81) requires an extrapolation to k → 0, whereas equation (5.77) uses modes up
to kmax).

In evaluating c̄[5]
Λ , higher-derivative terms are neglected; the agreement with PT indi-

cates that their impact on the running of c[5]
Λ is subleading. For the small parameter ε̄[5]

γ,Λ,
however, additive higher-derivative contributions become relevant. These contributions
are therefore computed analytically and added to the data-inferred value via

∆ε[5],X
γ,Λ = − 2

a
(2)
γ

c
[5]
X;Λ,Λuv

k2
nl

∑nmax
n k2

n Re
[
X(k⃗n)φ(2)

γ (−k⃗n)
]

∑nmax
n

∣∣∣φ(2)
γ (k⃗n)

∣∣∣2
→ − 2

a
(2)
γ

c
[5]
X;Λ,Λuv

k2
nl

∫ kmax d3k
(2π)3k

2PXγ(k)∫ kmax d3k
(2π)3Pγγ(k)

, (5.82)

with c[5]
X;Λ,Λuv

from equation (5.55) and PXγ(k) ≡ ⟨X(k⃗)φ(2)
γ (−k⃗)⟩′. Only the perturbative

running from Λuv to Λ is included (i.e., c[5]
X,Λuv

= 0).

The largest wavenumber kmax entering the likelihood is a crucial choice. Since ε̄[3]
γ

scales as a (formal) linear-order quantity (ratio of 2-loop to 1-loop objects), whereas ε̄[5]
γ

is (formally) 1-loop, one expects kmax comparable to linear-PT reach for N = 3 and to
1-loop reach for N = 5. This expectation is quantified next.

5.6 Results

Summarizing section 5.5, two renormalized models are considered. In both cases,
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Figure 5.4: Running of εγ at N = 5 from N -body MAP estimates (solid; shown as
the difference with the value at Λ = Λuv = 1.07 hMpc−1) and from PT running via
equation (5.70) inserted into equation (5.82) (dashed).

Figure 5.5: kmax dependence of the maximum-likelihood parameters ε̄[N ]
γ,Λ and c̄[N ]

Λ /k2
nl for

N = 3 (pink) and N = 5 (blue). For N = 5, higher-derivative contributions are not
included here.
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Figure 5.6: Results in terms of Λ-dependent (upper row) and Λ-independent parame-
ters (lower row). Left: N = 3. Right: N = 5. Crosses indicate MAP values from
equations (5.77)–(5.80) using the N -body data without added noise. The kmax values
used are 0.09 hMpc−1 (N = 3) and 0.14 hMpc−1 (N = 5). To facilitate comparison,
contours for ϵγ versus c[5]

Λ /k
2
nl are shown also for N = 3, relating c

[3]
Λ /k

2
nl to c

[5]
Λ /k

2
nl via

equation (5.68). For a fair comparison with the noiseless MAP values, contours are de-
rived by stacking and averaging the mean of the ten MCMC samples with different shot
noise realizations.

Λ [hMpc−1] 0.223 0.469 1.072
Ng (N = 3) 141 298 682
Ng (N = 5) 212 447 1024

Table 5.1: Correspondence between Λ and Ng.
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δ[N ](k⃗) = δ
[N ]
Λ,EdS(k⃗) + 1

2εγ a
(2)
EdS φ

(2)
γ,Λ(x⃗) − c

[N ]
Λ

k2

k2
nl
φΛ(k⃗) , (5.83)

and, for N = 5, the higher-derivative contributions of equation (5.82) are added analyt-
ically to the inferred εγ. The irrelevance of the stochastic terms in equations (5.74) and
(5.76) has been checked explicitly.

Three values of the linear cutoff are adopted: Λ/(hMpc−1) = 0.22, 0.47, 1.07 (ta-
ble 5.1); the largest effectively acts as Λuv. The kmax dependence of εγ is inspected and
kmax is set where the deviation from the truth reaches 1-σ. As illustrated in figure 5.5,
this yields kN=3

max = 0.09hMpc−1 and kN=5
max = 0.14hMpc−1 for Λ ≳ 0.4hMpc−1. The

corresponding values of εγ and c
[5]
Λ /k

2
nl are shown in the top panels of figure 5.6 (with-

out higher-derivative corrections to εγ). Posteriors are averaged over the ten shot-noise
realizations.

Figure 5.6 (bottom) exhibits Λ-independent results after converting c
[5]
Λ /k

2
nl at Λ =

0.22, 0.47 hMpc−1 to c
[5]
Λuv
/k2

nl using the perturbative running of equations (5.64) and
(5.66), and after including the higher-derivative correction to εγ from equation (5.82). The
alignment among different Λ choices confirms proper renormalization. Quantitatively, the
precision on εγ improves by a factor ∼ 2.4 when moving from N = 3 to N = 5, driven
by the larger kmax accessible at higher perturbative order.

5.7 Discussion and conclusions

A first step toward field-level inference beyond ΛCDM in the nonlinear LSS regime has
been presented, focusing on a model-independent precision test via the second-order
bootstrap coefficient for matter in real space. A careful treatment of the UV cutoff
induced by discretization is central to the framework. By defining the theory at a high
cutoff Λuv ≫ knl and running down to lower Λ, higher-derivative corrections are controlled
by a single physical scale knl, while O(k2/Λ2

uv) effects are irrelevant. At any Λ, the model
is given by a truncated PT series in terms of φΛ plus counterterms: UV physics (k > Λ) is
absorbed into counterterm coefficients, while IR physics (k < Λ) is described by GridSPT
extended to the bootstrap parametrization. Lowering Λ in a controlled manner enables
coarser grids and hence computational savings.

Two renormalized models were studied, at N = 3 and N = 5. The resulting kmax val-
ues are consistent with those from EFTofLSS correlator analyses [191]. For N = 5, includ-
ing higher-derivative terms quadratic in the linear fields is essential for Λ-independent,
unbiased recovery of the bootstrap coefficient. The non-renormalization theorem for
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galileon operators [192] does not apply here, since the coefficients renormalized are those
of higher-derivative operators like (∂2/k2

nl)φγ,Λ.

The methodology readily extends to more realistic scenarios. Incorporating biased
tracers is straightforward within this framework by adding bias operators to GridSPT,
noting that bias parameters are in general renormalized starting at O(k0), not O(k2) [163,
164, 192]. Redshift-space distortions, already treated perturbatively in GridSPT [161]
(see also [193, 194] for field-level approaches), can be included, while accurate modeling
of Fingers-of-God remains a known challenge [195–197]. Application to real data will
ultimately require full sampling of cosmological parameters and marginalization over the
amplitudes and phases of the linear fields, which can be carried out with Hamiltonian
Monte Carlo and related techniques [47, 198–200].



Chapter 6

Ongoing Work

The analysis presented in chapter 5 is centered on a simplified scenario, where the observ-
able field of density fluctuations δ(x⃗) is defined in real space, with the initial configuration
of the field fixed to that of the N -body realization used for the data and then forward-
modeled to later times via Eulerian perturbation theory. The aim of this chapter is to
lay the groundwork to overcome these two simplifications and to extend the analysis to
a more general and realistic setting. Section 6.1 presents the need to move the analysis
from real space to redshift space, to approach a more realistic scenario closer to galaxy
clustering survey data; section 6.2 provides an extension of the work from the statistical
inference side, detailing the need to sample and marginalize over initial conditions using
Hamiltonian Monte Carlo (HMC) sampling methods.

6.1 Field-level inference in redshift space

To accurately infer quantities of interest from LSS galaxy clustering data, it is essential
to model not only the physical processes that lead to the formation of the gravitationally
bound structures of the cosmic web (see section 2.3), but also of systematic observational
effects that intervene in real observational surveys. Of these, redshift space distortions
(RSD) are the major systematic contribution. Section 2.3.2 contains a standard treat-
ment of RSD, with the transformation from the real space field δ to redshift space δS

presented in equations (2.48) and (2.55). Standard perturbation theory (SPT) can be
used to express δS order-by-order n in terms of convolutions of n linear fields δ(1) and
mode-mixing kernels Zn, which can be constructed from the real space kernels for δ,
Fm≤n, and velocity divergence θ, Gm≤n. While SPT produces a well-defined perturba-
tive model at large scales, non-perturbative effects like the so-called “Fingers of God”

105
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(FoG), represent the main challenge in performing inference in redshift space; FoG, being
a fully non-perturbative effect, see Scoccimarro [195], can either be included in a model
through phenomenological treatments, for example as in Taruya, Nishimichi, and Saito
[196], or Eggemeier et al. [197], or through an effective field theory (EFT) approach, see
Ivanov, Simonović, and Zaldarriaga [151], Nishimichi et al. [191], Senatore and Zaldar-
riaga [201], and D’Amico et al. [202]. Since the work presented in chapter 5 makes use
of the EFTofLSS, the second approach provides the most natural extension to RSD, in-
troducing one-loop counterterms like the quadrupole contribution −c2µ

2(k/knl)2δ(1) and
the FoG contribution −c4,FoG(fµ k/knl)4(1 + fµ2)δ(1), along the same lines of equations
16 and 17 of Nishimichi et al. [191].

The numerical perturbation theory code GridSPT [159] was used to provide model for
the real space density field; in Taruya, Nishimichi, and Jeong [161], the authors expand the
code to also compute the redshift space field perturbatively via a novel iterative algorithm
that keeps the calculation of the fields on the same regular grid without any interpolation.
Analogously to equation (5.20), the LSS bootstrap introduces the parameter d(2)

γ within
the velocity divergence at second order

θ(2) = θ
(2)
EdS + 1

2εdγd
(2)
γ,EdSφ

(2)
γ , (6.1)

so εdγ , defined from d(2)
γ analogously to equation (5.21), has to be inferred together with

the density parameter εaγ ≡ εγ in a redshift space analysis. Then, if the goal is to test
deviations from general relativity, a possibility is to parametrize the linear growth rate f
with a parameter εf ,

f = fΛCDM(1 + εf ) , (6.2)

where fΛCDM is given by solving the linear theory in a ΛCDM background [169]. Maximum
a posteriori estimators for these new parameters can be readily derived by augmenting the
GridSPT algorithm with the new parameters and taking the maximum of a log-posterior
like the one in equation (5.71), the explicit results are shown in appendix B.4. The
transformation to redshift space also introduces anisotropic stochasticity within the field,
which must be modeled within the variance of the likelihood [112].
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6.2 High-dimensional inference of the initial condi-
tions

Extraction of cosmological information from the observed density fluctuations and car-
ried out by statistical inference on correlators like the power spectrum and bispectrum
is generally done by assuming a specific cosmological model, often the ΛCDM model, for
the background, and an inflationary scenario that seeds the initial perturbations. Taking
equation (2.78) as an example, cosmological perturbation theory provides a straightfor-
ward way to model the nonlinear evolution of the perturbations in terms of the linear
power spectrum P11 alone, itself parametrized in terms of As and ns, the amplitude
and spectral index of the primordial power spectrum. As and ns represent two of the
cosmological parameters that are jointly inferred from the data, and together with a
handful of other parameters provided by the background theory, such as matter density
Ωm,0 and the Hubble constant H0,1 inference can be carried out by sampling moderately
low-dimensional posterior distributions with standard Metropolis-Hastings sampling al-
gorithms. For field-level inference the complexity of the problem is significantly higher,
because the theory is built on linear order fields δ(1)(k⃗, a) = D(a)φ0(k⃗), where φ0(k⃗)
is a random field where each mode k⃗ is sampled according to a normal distribution in
standard inflationary models. This means that the initial density field can be written as

φ0(k⃗) ∝ A(k⃗)eiθ(k⃗) , (6.3)

where the amplitudes A(k⃗) are distributed according to a Rayleigh distribution and the
phases θ(k⃗) are uniformly distributed in the range [−π, π). Since the initial linear power
spectrum PL(k) ≡ P11(k, a = ain) is proportional to the ensemble average of the initial
linear field,

〈
φ0(k⃗)φ0(−k⃗′)

〉
= (2π)3δD(k⃗ + k⃗′)PL(k), the complex exponential carrying

the phases simplifies, and the above links directly the random amplitudes to the linear
power spectrum:

〈
A(k⃗)A∗(k⃗′)

〉
∝ (2π)3δD(k⃗ − k⃗′)PL(k) . (6.4)

This highlights how, in correlator-based inference, the randomness of the initial field
is effectively absorbed in a function PL(k) that can be parametrized from first principles.
However this is not the case at field-level, the randomness of φ0(k⃗) has to be explicitly
modeled with appropriate parametrization, for example by taking the real and imagi-
nary parts of φ0, since both are normally distributed. In practice, the fields need to

1In case of galaxy clustering, a number of bias parameters is also considered.
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be discretized onto a regular cubic grid with Ng grid cells per side, and Ng is usually
of O(102 − 103), meaning that the random field will be composed by O(106 − 109) vox-
els, which correspond to the number of extra parameters that need to be introduced
in the inference problem. Such high-dimensional posteriors can only be sampled effec-
tively with HMC sampling or similar advanced Markov chain Monte Carlo methodologies.
Seminal work in this direction has been done during the development of the borg al-
gorithm [35, 203]. In chapter 5 the analysis was carried out by fixing φ0 at the same
realization of the initial field used to generate the N-body data, so the likelihood pre-
sented in equation 5.71 is a low-dimensional, conditional likelihood that can be readily
sampled by standard random walk samplers; the goal now is to generalize the results
by sampling over φ0(k⃗), extending the set of parameters to be inferred from {αi

Λ} to
{αi} = {αi

Λ} ∪ {Re[φ0](k⃗i)} ∪ {Im[φ0](k⃗i)}, with i = 1, · · · , N3
g /2 because φ0(k⃗) is the

Fourier transform of a real field, and obtain a final posterior distribution on the parame-
ters of interest by marginalizing the initial random state {Re[φ0](k⃗i)} ∪ {Im[φ0](k⃗i)}. As
expressed in section 3.2, Hamiltonian Monte Carlo requires that the posterior distribu-
tion is differentiable over the parameters; in other words, the models used in section 5.5.2
to evolve φ0(k⃗) forward to δ[N ](k⃗) must have a computable gradient. Analytical com-
putation of ∇⃗{αi}δ

[N ](k⃗) is possible but cumbersome and inefficient given the number of
parameters involved. A more practical approach is to leverage automatic differentiation
(AD): automatic differentiation treats any computer program as a composition of simple
operations with known derivative rule, so the derivative of the program can be obtained
by evaluating and multiplying a large number of simple derivatives according to the chain
rule; see appendix B.5 and Krämer [204] for a more technical treatment. GridSPT can be
readily adapted to accomodate AD due to the lack of non-differentiable operations and
results independent on control flow (e.g., “if-else” statements), and since most operations
are performed on the regular grid voxel-by-voxel (element-wise multiplications and sums
of dense 3D arrays) or require common algorithms like the fast Fourier transform, the
program can also be massively parallelized on the GPU for increased performance. For
these reasons, a GPU-accelerated, auto-differentiable version of GridSPT, GridSPT.jl,
has been developed in preparation for the analysis. On top of performance improvements
and AD, GridSPT.jl expands the original implementation by generalizing the computa-
tion of the redshift space density field δS up to arbitrary order, and providing an interface
to generate initial random fields with user-defined cosmological information. Figure 6.1
presents a conceptual schematic of the code applied to HMC.2.

Once the code is ready for production, the actual implementation of HMC will re-
quire careful consideration. Commonly used algorithms for Hamiltonian Monte Carlo,

2Testing and progress on the code is available at https://github.com/MatPeron/GridSPT.
jl-tests.

https://github.com/MatPeron/GridSPT.jl-tests
https://github.com/MatPeron/GridSPT.jl-tests
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like the “No U-Turn Sampler” (NUTS), make use of “mass matrix adaptation”, a tech-
nique that performs an initial exploration of the posterior and tunes the mass matrix of
the kinetic term to efficiently explore the distribution. This works well as long as the
posterior covariance is not ill-conditioned, which may happen when sampling degenerate
parameters like As and the linear galaxy bias b1. Degenerate parameters can be taken
care of by either imposing some informative priors or introducing Gibbs steps into the
sampling, an approach used also by Kostić et al. [43]. Augmentations to the HMC sam-
pler like the “microcanonical Hamiltonian Monte Carlo sampler” [205, 206] and samplers
augmented via multi-layer perceptrons [207] could be a further consideration to deal both
with challenging posteriors and improve sampling efficiency.



Chapter 7

Conclusions

The central aim of this thesis has been to design, analyze, and connect principled ap-
proaches that close the gap between existing techniques and optimal information extrac-
tion of late-time structure formation, focusing specifically on the discovery of new physics.
The chapters proceed along two complementary axes:

1. Optimal summaries of the data: building and testing summary statistics that
capture as much cosmological information as possible beyond the two-point func-
tion, focusing specifically on wavelet scattering transforms (WST) for primordial
non-Gaussianity (PNG).

2. Field-level forward modeling: formulating a renormalized perturbative forward
model at the field level, based on the the bootstrap approach [51, 96, 149] to
parameterize deviations from the standard ΛCDM model.

The first axis addresses the question of what should be measured: summary statis-
tics that are both optimal (or near-optimal) for targeted parameter extraction, like fNL,
and explainable. The second axis emphasizes how models should be developed to con-
trol systematics, such as discretization effects introduced by the grid, and infer as much
information as possible on new physics from measurements. Both converge on a prac-
tical program: use the available theoretical tools to construct forward models that are
renormalized at the resolution of the data for general cosmological inference, and apply
summary statistics that are suitable for addressing specific problems.

111
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7.1 Summary of the results

The introductory chapters 2 and 3 review the cosmology of large scale structure (LSS)
and the core tools of statistical inference used throughout the thesis, including Bayesian
parametric inference, likelihood-based forecasting with the Fisher matrix, and high-
dimensional samplers such as Hamiltonian Monte Carlo (HMC). These preliminaries
provide a foundation for the two main research threads.

• A summary-statistics approach based on WST, designed to compress the non-linear,
multi-scale information relevant to PNG and late-time cosmological parameters,
presented in chapter 4.

• A field-level, renormalized perturbation-theory (PT) framework in which the dis-
cretization scale is explicit and the resulting model is computationally tractable on
finite grids, presented in chapter 5.

7.1.1 Wavelet scattering for PNG and cosmology

Scope and setup. The first research component investigates the WST as a tool for
PNG studies and compares its performance with a conventional power spectrum plus
bispectrum analysis (P+B). The analysis is carried out for matter and halo fields, in
both real and redshift space, using the public Quijote and QuijotePNG suites, to
produce Fisher forecasts for the amplitudes f local

NL , f equil
NL , and f ortho

NL along with standard
cosmological parameters. For a fair comparison, a sharp kmax = 0.5hMpc−1 cutoff is
imposed to the field before computing both WST and P+B, and we study q ∈ {0.8, 2},
noting that q = 2 offers a clean interpretation: first-order scattering coefficients become
equivalent to the power spectrum, therefore all gains must arise from second order.

Main findings. Across PNG and standard parameters (as well as a halo nuisance
parameter Mmin), WST outperforms the power spectrum alone. For f local

NL in halos, WST
improves forecasts by nearly 27%. When combined with the bispectrum, halo constraints
from WST are slightly weaker for f local

NL (≈ 15%), but stronger for f equil
NL (≈ 25%) and

f ortho
NL (≈ 28% for q = 0.8). Results for standard cosmological parameters are consistent

with previous findings that WST beats the power spectrum alone [30, 31]. For PNG,
WST is competitive with the best performing alternative summaries, such as marked
statistics [145].

Outlook. The WST offers a compact, interpretable statistic: with q = 2, it recovers
the power spectrum at first order and adds new non-Gaussian information at second
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order. This aligns well with the desiderata of near-sufficient compression while remaining
practical for survey pipelines. On the theory side, there is room for further improvement:
tailoring wavelet families to PNG extraction (e.g., leveraging angular structure to mitigate
redshift-space distortions) and encoding symmetries such as extended Galilean invariance
[51, 93, 94, 146–148] could reduce dimensionality further without sacrificing constraining
power. On the data side, realism (galaxy bias, selection and window effects, masks, and
other systematics) is the next step toward deployment for surveys such as DESI and
Euclid.

7.1.2 Field-level inference with finite UV cutoff and renormal-
ized PT

Scope and setup. The second research component presents a first step toward field-level
inference beyond ΛCDM in the non-linear regime, via a model-independent precision test
using the bootstrap approach for the clustering of matter in real space. A key ingredient
is an explicit treatment of the UV cutoff induced by discretization. The theory is defined
at a large cutoff Λuv ≫ knl and then scaled down to lower Λ, such that higher-derivative
corrections are organized by a single physical scale knl, while O(k2/Λ2

uv) terms remain
negligible. At any Λ, the model is a truncated PT series in terms of fields φΛ plus
counterterms: modes above Λ renormalize inferred operator coefficients, while modes
below Λ are modeled using GridSPT, extended with the bootstrap parametrization.

Main findings. Two renormalized models, at orders N = 3 and N = 5, are considered.
The resulting kmax values are consistent with those from EFTofLSS correlator analyses
[191]. For N = 5, higher-derivative terms quadratic in the linear fields are essential to
achieve Λ-independent, unbiased recovery of the bootstrap coefficient. The galileon non-
renormalization theorem [192] is not applicable in this setting, because the renormalized
coefficients in question are those of higher-derivative operators like (∂2/k2

nl)φγ,Λ.

Outlook. Generalizing the methodology is straightforward: biased tracers can be incor-
porated by adding the standard bias operator basis to GridSPT, keeping in mind that
bias parameters are generally renormalized already at O(k0), not only at O(k2) [163, 164,
192]. Redshift space distortions (RSD) can be included (see [161] and field-level devel-
opments [193, 194]), though accurate Fingers-of-God (FoG) modeling remains an open
challenge [195–197]. Ultimately, application to data requires joint sampling of cosmologi-
cal parameters and marginalization over the amplitudes and phases of linear fields, which
is naturally addressed with HMC and related methods [47, 198–200]. Lowering Λ in a
controlled way enables coarser grids and significant computational savings without loss
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of accuracy.

7.2 Next steps: toward RSD and marginalization
over initial conditions

The final chapter of this thesis, chapter 6, outlines and initiates the generalization of
the work on field-level inference to realistic survey observables. What follows details an
approach to address some of the challenges expressed at the end of section 7.1.2:

1. Redshift-space distortions. The SPT model in redshift space is augmented
within the bootstrap of LSS framework D’Amico et al. [51], and by the addition of
EFT counterterms induced by the line-of-sight projection and FoG damping [191].
The perturbative RSD kernels available in GridSPT [161] provide a starting point,
but further work is required to carry out renormalization along the lines of the
previous work.

2. Marginalization over initial fields. In response to the need to sample a joint
posterior over cosmological parameters and initial linear modes, with a Gaussian
prior on the initial random configuration, a GPU-accelerated and automatically
differentiable version of GridSPT has been developed; the new implementation is
designed to perform HMC-based sampling of the high-dimensional posterior. As
the code emerges from its testing phase, considerations on how mass matrix pre-
conditioning and novel samplers can improve computational efficiency and overcome
degenerate directions in parameter space become necessary. Marginalization over
the linear modes is the final technical step required to go from the fixed initial
conditions proof of concept to a full field-level inference pipeline.

These two steps are modular: RSD and initial conditions sampling and marginaliza-
tion can be enabled independently and later coupled, facilitating staged validation and
incremental complexity towards more and more realistic inference problems.

7.3 Limitations

It is important to emphasize several limitations. On the summary–statistics side, con-
straints derived from the WST rely on Fisher forecasts built on simulations with idealized
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conditions. Covariances have been estimated without full survey realism, and the sharp
kmax filtering adopted for fair comparison with P+B and to compare to similar results in
the literature extends well beyond values of k that can be probed with standard pertur-
bation theory. Performance depends on the choice of wavelet family and hyperparameters
(see [31, 208] for different possibilities), and performance across cosmologies and tracers
remains unknown.

Moving to field-level, extensions to biased tracers are conceptually straightforward
but challenging on the probabilistic modeling side, as the stochastic noise terms entering
the EFT likelihood [209, 210] can compromise its assumed Gaussianity and introduce
biases or underestimate uncertainties on the inferred parameters, as was highlighted re-
cently by Akitsu et al. [50]; truncation errors at finite perturbative order and possible
systematics induced by prior choices must be characterized jointly and disentangled from
the UV running induced by discretization. Sampling the joint posterior over cosmo-
logical parameters and initial modes remains computationally intensive and sensitive to
mass–matrix preconditioning and automatic differentiation details; algorithmic choices
can interact non-trivially with model degeneracies and stochastic terms [39, 42, 46, 47,
49]. Redshift-space modeling remains a leading source of systematic uncertainty; the
pairwise-velocity probability density function is non-Gaussian across scales, complicating
the simple damping ansatz for Fingers of God (FoG) effects and limiting the usable scale
range; degeneracies with bias and selection further obscure parameter sensitivity [195–
197]. While approaches are advancing, survey-ready prescriptions with uniform perfor-
mance across tracers and redshifts are still under active development [47, 194].

7.4 Outlook

Several directions appear both natural and impactful. For WST, besides tailoring scat-
tering filters (e.g., anisotropic wavelets) to account for RSD anisotropy and relevant
symmetries, and integrating survey realism, future works could explore coupling WST
summaries to likelihood-free or semi-analytic approaches such as Makinen et al. [211] or
leverage learnable scattering architectures and hyperparameter tuning methods developed
for machine learning applications [212–214].

For field-level inference, the priority is a renormalized redshift-space forward model
that marries the bootstrap construction with EFT counterterms. In parallel, full marginal-
ization over initial conditions and the need to test prior choices and a variety of scale
cuts invites the technical challenge of developing SPT codes that are optimized with
state of the art high performance computing techniques. HMC preconditioning that is
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robust to the choice of initial guess and parametric degeneracies is also a concern, and
methodologies along the lines of Jasche and Wandelt [35] could be followed. Recent works
clarify how field-level posteriors relate to n-point information and provide diagnostics for
optimality [42, 47, 49]. Hybrid perturbative models with force integration [46, 215] can
be used in place of standalone perturbation theory as a forward model in field-level in-
ference. Simulation-based approaches are still immature for a direct application to the
uncompressed field, but recent works [123] show that there is interest in this direction;
while being a black-box, the more powerful modeling capabilities provided by neural ar-
chitectures could be leveraged to assess the impact of non-Gaussianity of the field-level
likelihood, and so provide clues to pave the way to more principled approaches.

7.5 Closing remarks

This thesis has explored two complementary routes toward near-optimal information
extraction from late-time structure formation. Wavelet scattering provides compact, in-
terpretable summaries that capture non-Gaussian structure beyond two-point analyses
and can be tuned to specific signals of interest. A renormalized, discretization-aware
field-level program offers a principled path to unbiased inference at finite resolution and
a transparent connection to theory, with clear extensions to biased tracers and redshift
space. The two axes reinforce each other: summary statistics indicate where information
concentrates and supply robust cross-checks, while field-level modeling provides the the-
oretical backbone that unifies disparate observables. With forthcoming surveys placing
systematic control and modeling fidelity at center stage, the combination of controlled
forward models and task-specific compression appears well positioned to translate statis-
tical precision into robust constraints on primordial physics, gravity, and undiscovered
new phenomena of the Universe.
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Appendix A

Further material on the Wavelet
Scattering Transform

A.1 Comparison with marked statistics

In [145], the marked power spectrum and marked bispectrum, computed from re-weighted
density fields, were identified as promising observables of PNG on non-linear scales. In
figure A.1, their reported 1-σ Fisher bounds, combining standard and marked power
spectra and bispectra, are compared with the strongest WST-based constraints reported
in figure 4.7. Very similar constraints on PNG are obtained when including marked
statistics or the WST, indicating that both probe similar higher-order information beyond
the bispectrum.

A.2 Mother wavelets in Kymatio

The Cl coefficients appearing in 4.4 are given by

Cl =



1
(l+1)!! , l even

(2π)1/2

2(l+3)/2 ( l+1
2 )!

, l odd .

(A.1)
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Figure A.1: Comparison of the 1-σ Fisher bounds on cosmological parameters and PNG
amplitudes for different combinations of summary statistics (power spectrum, bispectrum,
WST (q = 0.8), marked power spectrum and marked bispectrum), measured up to kmax =
0.5hMpc−1 in the Quijote halo catalogues at z = 0.

A.3 Convergence and saturation

Given the simulation-based approach, numerical convergence must be checked. This
is tested by comparing the variation in the Cramér–Rao bounds obtained when using
a growing number Nder < 500 of simulations to compute the numerical derivative in
equation (4.19), with the result from the full suite (Nder = 500). In figure A.2, the ratio
of the two bounds is shown as a function of Nder for the WST, highlighting the fNL

configurations. If a line asymptotically converges to 1, the bound for that parameter is
deemed numerically converged. The bounds converge rapidly, especially for fNL in the
halo case. For matter, convergence is slightly slower; however, the absolute difference
never exceeds 3%, indicating high numerical stability. For similar tests demonstrating
the stability of the P+B analysis, see [131, 133, 134, 139]. It is also informative to
examine how the Cramér–Rao bounds improve as more WST coefficients are added.
This is shown in figure A.3, where, as in figures 4.8, 4.9, and 4.10, the coefficients are
ordered starting from j = 4 down to j = 0 (see section 4.6). The horizontal line at 1
indicates the corresponding bounds from P+B. Focusing on PNG parameters, additional
information relative to P +B appears already at intermediate scales (starting around the
40th coefficient) and, for halos, shows clear saturation at small scales, supporting the
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robustness of the bounds against spurious small-scale effects.
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Figure A.2: Convergence of the Cramer-Rao 1-σ bounds on the cosmological parameters
as more derivatives on the WST coefficients are used to compute the Fisher matrix.
Upper row: matter, lower row: halos. Left: q = 0.8, Right: q = 2.
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Figure A.3: Change in the Cramer-Rao 1σ bounds on the cosmological parameters ob-
tained from as we add more WST coefficients to the Fisher matrix. The horizontal lines
represent the bounds given by P+B. Upper row: matter, lower row: halos. Left: q = 0.8,
Right: q = 2.



Appendix B

Proofs and derivations for field-level
analysis

B.1 Aliasing and truncation

The Nyquist theorem asserts that a signal can be sampled only up to the Nyquist fre-
quency kNyq. Real signals also contain k > kNyq, and while these frequencies cannot
be resolved, their power contributes to the measured signal, producing aliasing. For
a 3D field on a cubic, periodic box of volume L3 with Ng grid subdivisions per side,
kNyq = πNg/L.

Aliasing also appears in perturbative fields. Consider the product of two fields in
Fourier space:

h(k⃗) =
∫

x⃗

∫
q⃗1,q⃗2

e−i(k⃗−q⃗12)·x⃗fq⃗1gq⃗2 (B.1)

=
∫

q⃗1,q⃗2
δD(k⃗ − q⃗12)fq⃗1gq⃗2 . (B.2)

If f and g are defined on a finite frequency domain, the sum q⃗12 may exceed kNyq,
generating aliasing in h. A sharp low-pass filter at Λ < kNyq eliminates such contributions:

hΛ(k⃗) =
∫

q⃗1,q⃗2
δD(k⃗ − q⃗12)fq⃗1,Λgq⃗2,Λ . (B.3)

Residual aliasing when Λ is large is accounted for by adding images shifted by ±2nkNyq:
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hΛ(k⃗) =
∞∑

n=0

∫
q⃗1,q⃗2

δD(k⃗ ± 2nkNyq − q⃗12)fq⃗1,Λgq⃗2,Λ . (B.4)

B.2 Second order bootstrap effect at third order

As briefly introduced in section 5.3, the effect of a(2)
γ at third order has been found

to be negligible, so the results presented in this paper derive from an implementation of
bootstrap only at second order. This appendix supplements the main results by providing
more details about implementation and numerical proof of the marginal contributions of
third order to the estimation of εγ.

Continuing on the same line as equations (5.5)–(5.16), at third order in Fourier space

δ(3)(k⃗, a) = Ik⃗;q⃗1,q⃗2,q⃗3
F3(q⃗1, q⃗2, q⃗3; a)φ(q⃗1, a)φ(q⃗2, a)φ(q⃗3, a) , (B.5)

θ(3)(k⃗, a) = Ik⃗;q⃗1,q⃗2,q⃗3
G3(q⃗1, q⃗2, q⃗3; a)φ(q⃗1, a)φ(q⃗2, a)φ(q⃗3, a) , (B.6)

which leads to the definition of the following fields:

φ
(3)
ββ (x⃗) ≡ 1

2

[
∂iφ(x⃗)

(
∂i

∂2φ
(2)
β (x⃗)

)
+ ∂iφ

(2)
β (x⃗)

(
∂i

∂2φ(x⃗)
)]

(B.7)

+
(
∂i∂j

∂2 φ(x⃗)
)(

∂i∂j

∂2 φ
(2)
β (x⃗)

)
,

φ
(3)
βγ (x⃗) ≡ 1

2

[
∂iφ(x⃗)

(
∂i

∂2φ
(2)
γ (x⃗)

)
+ ∂iφ

(2)
γ (x⃗)

(
∂i

∂2φ(x⃗)
)]

(B.8)

+
(
∂i∂j

∂2 φ(x⃗)
)(

∂i∂j

∂2 φ(2)
γ (x⃗)

)
,

φ
(3)
γβ (x⃗) ≡φ(x⃗)φ(2)

β (x⃗) −
(
∂i∂j

∂2 φ(x⃗)
)(

∂i∂j

∂2 φ
(2)
β (x⃗)

)
, (B.9)

φ(3)
γγ (x⃗) ≡φ(x⃗)φ(2)

γ (x⃗) −
(
∂i∂j

∂2 φ(x⃗)
)(

∂i∂j

∂2 φ(2)
γ (x⃗)

)
, (B.10)

φ(3)
αaγ(x⃗) ≡

(
∂i

∂2φ
(2)
γ (x⃗)

)
∂iφ(x⃗) − ∂iφ

(2)
γ (x⃗)

(
∂i

∂2φ(x⃗)
)
. (B.11)

Finally:
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δ3(x⃗) = φ
(3)
ββ (x⃗) +

(
1
2a

(3)
γa,EdS − a

(3)
γb,EdS + 1

)
φ

(3)
γβ (x⃗) +

(1
8a

(3)
γa,EdS − 1

4a
(3)
γb,EdS

)
φ(3)

αaγ(x⃗)

+
(1

2a
(3)
γb,EdS − 1

4a
(3)
γa,EdS + a(2)

γ − 1
)
φ

(3)
βγ (x⃗) +

(1
4a

(3)
γa,EdS + 1

2a
(3)
γb,EdS

)
φ(3)

γγ (x⃗) ,

(B.12)

θ3(x⃗) = φ
(3)
ββ (x⃗) +

(
1
2d

(3)
γa,EdS − d

(3)
γb,EdS + 1

)
φ

(3)
γβ (x⃗) +

(1
8d

(3)
γa,EdS − 1

4d
(3)
γb,EdS

)
φ(3)

αaγ(x⃗)

+
(1

2d
(3)
γb,EdS − 1

4d
(3)
γa,EdS + d(2)

γ − 1
)
φ

(3)
βγ (x⃗) +

(1
4d

(3)
γa,EdS + 1

2d
(3)
γb,EdS

)
φ(3)

γγ (x⃗) .

(B.13)

Setting all the third order bootstrap parameters to their EdS value is equivalent to
modifying the third order of GridSPT in the following way:

δ(3)(x⃗) = δ
(3)
EdS(x⃗) + εγa

(2)
γ,EdS

(
φ

(3)
βγ (x⃗) + 1

2φ
(3)
γγ (x⃗)

)
. (B.14)

Assuming the velocity field to be irrotational, the tensor products appearing in the
fields φ(3)

βγ and φ(3)
γγ can be simplified to make numerical computation feasible. This leads

to the following expressions:

φ
(3)
βγ (x⃗) = 1

2∂
2
(
∂i

∂2φ(x⃗)∂i

∂
φ(2)

γ (x⃗)
)
, (B.15)

φ(3)
γγ (x⃗) = φ(x⃗)φ(2)

γ (x⃗) − 1
2∂

2
(
∂i

∂2φ(x⃗)∂i

∂
φ(2)

γ (x⃗)
)

+ 1
2∂iφ(x⃗)∂i

∂
φ(2)

γ (x⃗) + ∂iφ
(2)
γ (x⃗) ∂i

∂2φ(x⃗) .

(B.16)

Figure B.1 compares the countours obtained when adding the contribution to third
order. while the error bars appear to improve the effect is very marginal, showing how
higher orders give minimal contributions to the detection of alternative cosmologies using
the bootstrap approach.

B.3 On injecting shot noise in a continuous field

In cosmology, the noise associated with samples of observed galaxies or other cosmo-
logical probes follows a Poisson distribution, because galaxies do (excluding small scale
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Figure B.1: Comparison between adding the second order bootstrap only up to second
order (solid lines) or also to third order (dashed lines). The left (right) column is obtained
at order N = 3 (N = 5).

hydrodynamical physics and other non-gravitational effects) sample the underlying mat-
ter density distribution ρ(x⃗). In principle this type of noise can be mimicked by starting
from the number count:

Ñ(x⃗) ≡ ρm(x⃗) ∆3x = (1 + δm(x⃗)) n̄ ∆3x , (B.17)

where δm(x⃗) ≡ ρm(x⃗)
⟨ρm⟩ − 1 is the density contrast of dark matter and ∆3x is a finite

volume element. This number can be used as the position-dependent average of a Poisson
distribution from which to sample an actual number of particles. If the density at x⃗ is
high then more particles are likely to be sampled, and viceversa:

N(x⃗) ∼ P (N | Ñ) = ÑNe−Ñ

N ! ; (B.18)

note how the distribution of N is conditional on Ñ , because the latter is also a random
variable. Given N(x⃗), the noisy density contrast δ(x⃗) can be obtained by simply rescaling
the counts by their mean over every position x⃗ so that ⟨δ(x⃗)⟩ = 0. It is known that in
galaxies or other tracers, the noise is independent from the signal and additive. To show
that this is the case here as well, one just needs to prove the following:

⟨δm(x⃗) [δ(x⃗′) − δm(x⃗′)]⟩ ?= 0 . (B.19)
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Using the definitions of expected value and the axioms of probability (and omitting
the dependence on x⃗ for the sake of clarity):

〈(
ρm

⟨ρm⟩
− 1

)(
ρ

n̄
− 1

)〉
=
〈(

ρm

⟨ρm⟩
− 1

)(
ρm

⟨ρm⟩
− 1

)〉
(B.20)

1
⟨ρm⟩n̄

1
V 2 ⟨Ñ N⟩ − 1 = 1

⟨ρm⟩2
1
V 2 ⟨Ñ Ñ⟩ − 1

1
n̄

∫∫
DÑ DN ÑNP (Ñ , N) = 1

⟨ρm⟩

∫
DÑ Ñ2P (Ñ)∫

DÑ Ñ
[∫

DN NP (N | Ñ)
]
P (Ñ) =

∫
DÑ Ñ2P (Ñ) .

Notice that ⟨ρm⟩ = n̄ follows naturally from equation (B.17). To complete the proof,
the integral within square brackets must be equal to Ñ :

Ñ =
∫

DN NP (N | Ñ) (B.21)

=
∞∑

N=0
N
ÑNe−Ñ

N !

= Ñe−Ñ
∞∑

N=1

ÑN−1

(N − 1)! ,

where the N = 0 term vanishes. The sum is the Taylor series of the exponential eÑ , which
shows that the noise is indeed additive and uncorrelated when the field is sampled this
way. This result has also been tested numerically by sampling ten realizations of the noise
and displaying the Fourier analogue of the two terms on the left and right of equation
(B.20) in figure B.2. The individual realizations tend to scatter around the theoretical
expectation at large scales, while they converge to it when the number of Fourier modes
increases, possibly an effect similar to cosmic variance. Plotting the difference between
the power spectra of the noisy field and the starting dark matter field, one expects that
its value is constant and goes as 1/n̄ [124]. Indeed figure B.3 shows that this is the case.
Again, the same behavior as for the previous figure is seen, however at very small scales
the noise shows a systematic increase in power compared to theoretical expectation, likely
due to aliasing induced in δm when interpolating the N-body dark matter particles onto
a regular grid.
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Figure B.2: Comparison between the cross power spectrum PX(k) ≡ δD(k−k′)
(2π)3 ⟨δm(k⃗)δ(k⃗′)⟩

with and without noise in ten independent realizations of the noise (pink thin lines), and
the auto power spectrum of dark matter Pm(k) (blue dashed line). The mean of the ten
realization is shown as the pink thick line.

Figure B.3: Comparison between the difference between the auto power spectra of dark
matter Pm(k) and the noisy counterpart P (k) in ten independent realizations of the noise
(pink thin lines), and the theoretical value of noise in case its distribution is Poissonian
(blue dashed line). The mean of the ten realization is shown as the pink thick line.
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B.4 Third order estimators in redshift space

What follows respects the notation introduced in chapter 5 and in Taruya, Nishimichi,
and Jeong [161]. F denotes the Fourier transform of a configuration space quantity, the
overbar over a quantity denotes the complex conjugate, and the following new fields are
introduced:

Φ(3)
1 ≡ F

[
φ(2)

γ u(1)
z

]
, (B.22)

Φ(3)
2 ≡ F

[(
δ(1) + f∇zu

(1)
z

) ∇z

∇2φ
(2)
γ

]
, (B.23)

Φ(3)
3 ≡ F

[
fu(1)

z ∇z
∇z

∇2φ
(2)
γ

]
, (B.24)

Φ(3)
aγ

≡ φ(2)
γ + ifkzΦ(3)

1 , (B.25)

Φ(3)
dγ

≡ f

(
kz

k

)2

φ(2)
γ + ifkzΦ(3)

2 + ifkzΦ(3)
3 . (B.26)

The estimators for the quantities introduced in section 6.1 follows. For εaγ :

ε̄aγ ,Λ = 2
a

(2)
γ,EdS

∑
k≤kmax

1∣∣∣Φ(3)
aγ

∣∣∣2 Re
[
Φ(3)

aγ

{
−δ(2)

EdS − ifkzF
[
δ

(2)
EdSu

(1)
z

]
+ (B.27)

+ δ −
(
δ

[3]
S − δ(2) − ifkzF

[
δ(2)u(1)

z

])}]
.

For εdγ :

ε̄dγ ,Λ = 2
d

(2)
γ,EdS

∑
k≤kmax

1∣∣∣Φ(3)
dγ

∣∣∣2 Re
[
Φ(3)

dγ

{
−ifkzu

(2)
z,EdS − (B.28)

− ifkzF
[(
δ(1) + f∇zu

(1)
z

)
u

(2)
z,EdS

]
−

− ifkzF
[
fu(1)

z ∇zu
(2)
z,EdS

]
+

+ δ −
(
δ

[3]
S − ifkzu

(2)
z − ifkzF

[(
δ(1) + f∇zu

(1)
z

)
u(2)

z

])
+

+ ifkzF
[
fu(1)

z ∇zu
(2)
z

]}]
.

For εf the result is a 5th order polynomial in ε̄f , and is given by:



144 Appendix B. Proofs and derivations for field-level analysis

∑
k≤kmax

 3∑
i,j=0

3∑
l,m=0

AijBlmε̄
j+m
f,Λ + conj.

 = 0 , (B.29)

where the A and B are lower-triangular matrices with the following nonzero elements:

A00 = ifΛCDMkz

(
u(1)

z + u(2)
z + u(3)

z + F
[
δ(1)u(1)

z + δ(1)u(2)
z + δ(2)u(1)

z

])
,

A10 = A11 = 2if 2
ΛCDMkzF

[
u(1)

z ∇zu
(1)
z + u(1)

z ∇zu
(2)
z + u(2)

z ∇zu
(1)
z

]
− f 2

ΛCDMk
2
zF

[
δ(1)

(
u(1)

z

)2
]
,

2A20 = A21 = 2A22 = −2f 3
ΛCDMk

2
zF

[(
u(1)

z

)2
∇zu

(1)
z

]
,

B00 = δ − δ(1) − δ(2) − δ(3) − c
[3]
Λ k

2δ(1)

B10 = B11 = −A00 ,

2B20 = B21 = 2B22 = −A10 ,

3B30 = B31 = B32 = 3B33 = −3
2A20 .

The estimator for the effective sound speed counterterm c
[3]
Λ retains the same form as in

equation (5.77), except that the model is now the third order redshift space expansion δ[3]
S

introduced by Taruya, Nishimichi, and Jeong [161] and augmented according to section
6.1. Since second order real space quantities mix within redshift space quantities at third
order, the above estimators are actually coupled, and need to be solved as a system of
equations.

B.5 Primer on automatic differentiation

Consider a complicated, but analytical function f(x). Such a function can always be
decomposed into a set of n basic functions {fi}n

i=1, each function fi taking the output of
the (i− 1)th as input. In other words, f(x) can be rewritten as a composition

f = fn(fn−1(· · · (f1(x)) · · · )) ≡ fn ◦ fn−1 ◦ · · · ◦ f1 . (B.30)

In general, this is how a computer program works: starting from some input x, it
produces an output through a series of simple operations (sums, products, trigonometric
functions, matrix multiplications, etc.). Computing the derivative of f(x) is then a matter
of applying the chain rule:
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df
dx = dfn

dfn−1

dfn−1

dfn−2
· · · df1

dx . (B.31)

Since the fi are simple, their derivatives are straightforward; by chaining these local
rules one can differentiate very complex programs.

There are two standard ways to carry out this chaining automatically. Let f0 ≡ x;
then (B.31) can be rewritten as

df
dx = dfn

dfn

dfn

dfn−1

dfn−1

dfn−2
· · · df1

df0

df0

df0
. (B.32)

Evaluating from i = 0 to i = n yields forward-mode automatic differentiation, while
evaluating from i = n down to i = 0 yields reverse-mode automatic differentiation.

Forward mode. Consider the intermediate results of the individual fi as vi ≡ fi(vi−1),
with v0 ≡ f0 = x. Then the derivatives of the intermediate results are

v̇0 = 1, v̇i = dfi

dvi−1

∣∣∣∣∣
vi−1

v̇i−1 ,

with df/dx = v̇n. v̇0 = 1 is propagated forward through the chain rule above,
where each individual derivative is simple and is evaluated at the intermediate value
propagated from the input x. For programs involving multiple inputs and outputs, x
can be replaced by a vector of inputs x⃗ and the chain rule gets propagated in terms of
Jacobians Jfi

= ∂fi/∂vi−1 and a seed direction u (generally taken to be one for input
parameter of interest and 0 otherwise), then one computes the so called Jacobian-vector
products (JVP):

˙⃗v0 = u⃗, ˙⃗vi = Jfi
(v⃗i−1) ˙⃗vi−1 ⇒ ˙⃗vn = ∂f

∂x
u⃗ .

Reverse mode. In reverse mode automatic differentiation one propagates adjoints, the
sensitivities of the final output with respect to each intermediate. Similarly to before,
the adjoints are

v̄n = 1, v̄i ≡ df
dvi

,

and the desired derivative is df/dx = v̄0. Considering the multidimensional case, the
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adjoint of a linear map A : Rp → Rq is defined as A∗ : Rq → Rp such that, given two
vectors v ∈ Rp and u ∈ Rq, and a bilinear form ⟨·, ·⟩, the following holds:

⟨A∗u, v⟩ = ⟨u, Av⟩ .

When ⟨·, ·⟩ is the dot product, A∗ = AT . The Jacobians Jfi
(v⃗i−1) are then treated

as linear maps, and the covectors v̄i are “pulled back” into v̄i−1 through their adjoints
J∗

fi
(v⃗i−1) ≡ JT

fi
(v⃗i−1),

v̄i−1 = v̄iJ
∗
fi

(v⃗i−1) =
(
Jfi

(v⃗i−1) v̄T
i

)T
.

The evaluation of these vector-Jacobian products (VJP) in terms of covectors and
adjoints flows the derivative backwards along the chain.

Reverse mode needs the forward intermediates vi to evaluate the Jacobian factors,
which means the program has to be evaluated forwards first, and each intermediate is
recorded in memory through a “tape”; alternatively checkpoints are used when memory is
limited, and intermediates are recomputed in this case. The computational cost is usually
a small multiple of the forward run. This extra cost is greatly justified by programs that
compute a scalar quantity from many inputs, like functions to evaluate a likelihood or
a loss function. In this case the gradient of the output with respect to the n inputs
would require n forwards sweeps, or only one reverse sweep. Reverse mode automatic
differentiation is thus the method of choice in many applications such as high-dimensional
inference or machine learning.
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