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Abstract

Wind energy, as a primary source of renewable energy, plays a crucial role in achiev-
ing global carbon neutrality goals. To enhance cost-efficiency, modern wind turbines
are being scaled to larger sizes. However, this trend introduces significant challenges
related to aeroelastic instability, which is increasingly evident in turbines with slen-
der blades. The eigenvalue analysis method, based on linear aeroelastic models, is
widely used to investigate the modal dynamics of wind turbines. While custom
simulation tools have been developed to predict aeroelastic stability, discrepancies
in aeroelastic damping ratios across different tools persist. Additionally, field vali-
dation using full-scale wind turbines under normal operational conditions remains
either insufficient or lacking.

This study investigates the problem of aeroelastic stability assessment in modern
wind turbines using the eigenvalue approach. A linearization and modal analysis
framework is developed within the context of multibody system dynamics, with
a particular focus on its application to the modal dynamics of wind turbines. A
comprehensive verification and validation procedure is proposed to demonstrate the
effectiveness of the developed method.

The slender blades of wind turbines are discretized using a generic tapered
Timoshenko beam element, combined with the corotational formulation to capture
geometric nonlinearities during large deflections. Rotor aerodynamics are computed
using the classical blade element momentum method. The equations of motion for
the wind turbine are derived using Newton-Euler equations, with mechanical joints
modeled as algebraic constraints based on quaternion parametrization. Analytical
linearization of the inertial, elastic, viscous, and algebraic terms is performed in the
local reference frames at the rotor’s rotating center, while numerical differentiation
is used to linearize the steady aerodynamic forces in the quasi-static equilibrium
configuration. The various terms are assembled in consistent coordinate systems,
yielding a set of linearized differential-algebraic equations. Multi-blade coordinate
transformations are applied to both generalized coordinates and Lagrange multi-
pliers, resulting in linear time-invariant systems that are suitable for eigenvalue
analysis. An efficient sparse-preserving Krylov-Schur eigenvalue solver is employed
to solve the eigenvalue problem, enabling the subsequent investigation of the wind
turbine’s modal dynamics.



Aeroelastic damping predictions are verified through numerical simulations us-
ing a series of virtual models, which are generated by scaling the blade torsional
stiffness. A strong correlation between the damping ratio and the blade edge-
wise vibration level is observed in the numerical experiments. Field validation is
performed on two prototype wind turbines, where the unstable wind speed range
observed in the blade edgewise vibration closely aligns with the region of predicted
negative damping. The verification and validation analyses confirm the applicabil-
ity of the developed linearization and modal analysis framework for assessing the
aeroelastic stability of wind turbines in engineering practice.

A unified analytical expression for the tangent stiffness matrix of holonomic con-
straints is derived for the first time. Numerical examples highlight the importance
of this matrix in ensuring proper convergence of static equilibrium analysis and in
achieving accurate eigenvalue results for multibody systems with free-motion joints
under stressed equilibrium conditions.

As a complementary effort, a modal reduction procedure is developed for ro-
tating subsystems comprising rigid bodies, finite elements, and mechanical joints,
within the context of multibody system dynamics. The accuracy and effectiveness
of this procedure are verified through a series of academic numerical examples.

This work establishes an effective framework for linearization and modal analysis
in multibody system dynamics, advancing the aeroelastic stability assessment of
wind turbines and providing a foundation for future engineering applications and
research.

Keywords: multibody system dynamics; linearization; wind turbine aeroelasticity;
aeroelastic stability; eigenvalue analysis; modal reduction.
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Preface

This thesis is submitted in partial fulfillment of the requirements for the degree
of PhD in Industrial Engineering. The research was conducted at the Department
of Engineering for Industrial Systems and Technologies, University of Parma, from
January 2022 to December 2024. The PhD program was funded by a scholarship
from the PON REACT-EU program, specifically under PON DM 1061/2021.

Modern wind turbines, as the largest rotating machines ever developed by hu-
mankind, face critical challenges related to aeroelastic instability. The eigenvalue
approach has been widely used to investigate the modal dynamics and predict the
aeroelastic stability of these turbines. Despite the widespread use of this method
within the wind energy community, inconsistencies in stability predictions persist
across various studies. This challenge has hindered the design process in engineer-
ing practice, and it has motivated me to explore this issue in greater depth. The
primary goal of this thesis is to develop an effective linearization and modal analy-
sis framework within the context of multibody system dynamics, with a particular
focus on aeroelastic stability assessment for modern wind turbines.

The thesis is structured into six chapters:

Chapter 1 begins with an overview of the wind energy market, followed by a
comprehensive literature review on the modal dynamics of wind turbines and the
key challenges associated with aeroelastic stability. The chapter then defines the
overall objectives of the thesis and presents a brief outline of its structure.

Chapter 2 presents the foundational theory of flexible multibody system dy-
namics. It covers essential topics, including rotation parametrization, kinetic de-
scriptions, algebraic constraints and their corresponding Jacobian matrices, and
the theory of differential-algebraic equations. The chapter then explores the mod-
eling approach for flexible structures, with particular emphasis on the development
of a generic Timoshenko beam element integrated with the corotational formu-
lation. This formulation is crucial for accurately modeling slender wind turbine
blades. Additionally, the chapter introduces key computational methods, including
the time integrator, static equilibrium solver, and eigenvalue solver. Serving as a
condensed textbook on multibody system dynamics, this chapter establishes the
theoretical foundation for the subsequent discussions. It also presents the essential
background theory for the smooth dynamics in the open-source multibody system



dynamics library CHRONO.

Chapter 3 introduces the core concepts of linearization and modal analysis
within the context of flexible multibody system dynamics, with a specific focus
on multi-bladed wind turbines. The chapter presents the scheme for aerodynamic
linearization using numerical differentiation, followed by a detailed derivation of
the analytical linearization of structural dynamics. A traditional multi-blade coor-
dinate transformation is applied to the linearized differential-algebraic equations,
yielding a linear time-invariant system suitable for eigenvalue analysis. A compre-
hensive interpretation of the modal dynamics of wind turbines is also presented.

Chapter 4 begins with an investigation into the eigenvalues of a multi-bladed
rotor’s free rotation mode. These eigenvalues are not necessarily zero and may
even be real-valued, leading to the counterintuitive conclusion that a free-rotating
multi-bladed rotor might fail to maintain stable rotation in a vacuum. The chapter
further delves into the aeroelastic stability of wind turbines and presents a compre-
hensive verification and validation procedure, demonstrating the applicability of the
developed linearization and modal analysis framework for assessing the aeroelastic
stability of wind turbines.

Chapter 5 presents a modal reduction procedure based on the corotational con-
cept. This method is designed for subsystems composed of rigid bodies, finite
elements, and algebraic constraints. The chapter includes detailed derivations of
the modal reduction transformation, motion decomposition, tangent system matri-
ces, and a scheme to update the floating frame of reference. Numerical examples
are provided to demonstrate the accuracy and effectiveness of the proposed method.

Chapter 6 summarizes the key findings and contributions of this research, along
with recommendations for future research directions.

This research has been conducted in close collaboration with Goldwind, a lead-
ing wind turbine manufacturer. Goldwind provided significant support, including
additional funding, wind turbine numerical models, computational resources, mea-
surement data, and access to testing environments for algorithm development and
code implementation. Additionally, Goldwind hosted me at their Beijing office to
facilitate the research process. I extend my heartfelt gratitude to Goldwind for
their invaluable support.

Some of the results presented in this thesis have been published in the following
references: [178, 209, 208, 207].
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Chapter 1

Introduction

1.1 Wind Energy

To mitigate the adverse effects of global climate change and rising temperatures,
the Paris Agreement was established and has been ratified by numerous countries
around the world. In Europe, the European Climate Law has set an intermediate
goal to reduce net greenhouse gas emissions by at least 55 % by 2030, relative to
1990 levels [76]. Meanwhile, the Chinese government has pledged that China’s
carbon dioxide emissions will peak around 2030.

Renewable energy policies have significantly accelerated the growth of wind
power in recent years. According to the report of Global Wind Energy Council, the
global cumulative installed wind power capacity surpassed the 1 TW milestone in
2023. To meet global climate and energy targets, global annual installations over
the remainder of this decade are projected to exceed 320 GW on average, with the
European Union expected to contribute approximately 33 GW annually [103].

To further promote the deployment of wind energy in the future, it is crucial to
reduce the levelized cost of energy (LCOE) and enhance cost-efficiency. A practical
strategy in the wind industry to achieve these goals is the adoption of larger wind
turbines [241]. As illustrated in Figure 1.1, the average power rating of installed
turbines in Europe has progressively increased from 2014 to 2023. In 2023, the
average power rating of newly installed onshore turbines in Europe reached 4.5
MW, while the rating for offshore turbines rose to 9.7 MW [285]. Moreover, with
the average power rating of both onshore and offshore turbines ordered in 2023
having further increased, the power ratings are expected to continue rising in the
coming years.

In recent years, leading original equipment manufacturers (OEMs) around the
world have endeavored to develop more powerful wind turbines with longer blades.
The Haliade-X wind turbine, developed by GE Vernova, received its full type cer-
tification for operations up to 14.7 MW at the end of 2022 [275]. Subsequently, in
2023, it was commercially deployed at Dogger Bank, the world’s largest offshore
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Figure 1.1: Average power rating of installed turbines in Europe, 2014-2023.
Source: WINDEUROPE [285].

wind farm, where 277 turbines with a power capacity of 13 MW and a blade length
of 107 m were installed [78]. In 2024, the first of 60 Siemens Gamesa SG 14-222 DD
wind turbines, equipped with 108 m blades and capable of generating up to 15 MW
of power in ’Power Boost’ mode, was deployed at the Moray West offshore wind
farm [71]. Vestas developed the V236-15.0 MW offshore wind turbine, featuring
115.5m blades. The turbine received its full type certification at the end of 2023 and
was subsequently ready for the conditional order for the Empire Wind 1 project [56].
Mingyang Smart Energy has installed a prototype of the MySE 18.X-20 MW tur-
bine, which provides flexible power ratings ranging from 18.X MW to 20 MW
and features rotor diameters between 260 and 292 meters [186]. In October 2024,
Dongfang Electric rolled out a 26 MW offshore wind turbine, marking a significant
advancement in turbine capacity [288]. Several other OEMs have either announced
conceptual models of large turbines or developed prototype turbines to compete in
the race for the most powerful wind turbines. Table 1.1 presents a list of the major
large offshore wind turbines, while Figure 1.2 displays two examples of offshore
wind turbine prototypes.

The numerical models and algorithms employed in simulation tools for the de-
sign of large wind turbines must be continually revised to account for the challenges
posed by size up-scaling, which often pushes beyond the limits of basic assump-
tions [272]. In this context, reference wind turbine (RWT) models are essential for
validating the various tools utilized within the wind energy community, as they
provide standardized, openly accessible model data.

As part of International Energy Agency (IEA) Wind TCP Task 55, the National
Renewable Energy Laboratory (NREL) and the Technical University of Denmark
(DTU) have collaboratively developed a new reference wind turbine model. This

16



1.1 — Wind Energy

Table 1.1: A list of the major large offshore wind turbines.

Power Rotor Blade
Manufacturer | Model [MW]  diameter [m] length [m]
Dongfang Electric | - 26.0 310+ -
Mingyang MySE 22MW 22.0 310+ -
Mingyang MySE 18.X-20 MW | 18.X-20.0 260-292 -
Dongfang Electric | DEW-18 MW-260 18.0 260 126
Goldwind GWH252-16MW 16.0 252 123
Vestas V236-15.0 MW 15.0 236 115.5
Siemens Gamesa | SG 14-222 DD 15.0 222 108
GE Vernova Haliade-X 14MW 14.7 220 107

(b) GWH252-16MW

Figure 1.2: Two examples of offshore wind turbine prototypes.

state-of-the-art model, with a power rating of 22 MW, features a rotor diameter of
284 meters and a blade length of 137.8 meters [292].

17
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1.2 Modal dynamics of wind turbines

International standards provide comprehensive guidelines for the design of modern
wind turbines [139, 141, 142], which are extensively utilized in the design and
certification processes within the wind energy industry. The design of modern wind
turbines is primarily driven by considerations of power performance and production
cost under various constraints on structural integrity. These constraints comprise
ultimate strength, fatigue strength, buckling, and the clearance between the tower
and blades, among other factors.

Modern wind turbines are characterized by long slender blades mounted on tall
towers. Severe vibrations can generate significant fatigue loads on these expen-
sive components; thus, it is essential to mitigate vibration risks during the design
phase. This can be achieved through careful system design, the implementation of
advanced control strategies, or the incorporation of dedicated vibration dampers.
Given the intense competitiveness of the market, commercial wind turbines are
increasingly pushed toward the limits of aeroelastic stability. Consequently, insta-
bility phenomena may emerge in production wind turbines. A clear understanding
of the modal dynamics of wind turbines, along with accurate predictions of aeroelas-
tic stability, is crucial for conducting root cause analyses and developing technical
solutions to address instability issues. Ultimately, aeroelastic stability has become
a critical concern in the design of modern wind turbines.

1.2.1 Numerical methods

The challenge of aeroelastic instability in the wind energy sector can date back to
stall-regulated wind turbines of the previous century. The first experimental case of
blade edgewise instability was observed in the mid-1990s on stall-regulated turbines
with rotor diameters ranging from 35 to 40 meters [116]. This finding prompted
systematic research into blade edgewise stability, which subsequently expanded to
include the broader study of wind turbine modal dynamics [3].

Wind turbine systems are inherently time-variant due to rotor rotation. Per-
forming a straightforward modal analysis at a series of azimuthal positions can
produce results lacking physical significance [225]. Therefore, careful consideration
is essential to ensure a meaningful modal analysis. For isotropic multi-bladed ro-
tors, when the generalized coordinates of the rotating blades are expressed in their
respective rotating frames, the system equations of motion can be transformed into
a consistent inertial frame using the multi-blade coordinate (MBC) transforma-
tion, also referred to as the Coleman transformation. This approach yields a linear
time-invariant (LTI) system [112, 118, 29].

Hansen [112] investigated the modal dynamics by applying an eigenvalue ap-
proach in conjunction with the MBC transformation to eliminate the time-varying
terms in the equations of motion. The study revealed that blade motion out of the

18



1.2 — Modal dynamics of wind turbines

rotor plane in the forward whirling mode is greater than in the backward whirling
mode, providing an explanation for the observed rotor edgewise backward whirling
mode on the Bonus 600 kW stall-regulated wind turbine. Additionally, the dis-
tinct damping levels between the rotor edgewise backward and forward whirling
modes indicate that modal analysis based on an isolated blade may be misleading
for aeroelastic stability assessments. However, the classical flutter limits predicted
for an isolated blade and a full wind turbine showed no significant discrepancies,
which could be attributed to the specific turbine model used in the study [117].

Various approaches have been utilized in aeroelastic stability analysis, including
the eigenvalue method in combination with the MBC transformation [229, 30, 29],
Floquet analysis [31, 246, 113], and time-domain nonlinear dynamic simulation [157,
212, §|.

Hansen [118] presented a comprehensive review of aeroelastic stability analysis
and delivered a systematic interpretation of the modal dynamics of three-bladed
wind turbines. The study identified two critical aeroelastic instability phenomena:
stall-induced vibrations in stall-regulated turbines and classical flutter in pitch-
regulated turbines. As an outcome of the collaborative project "Aeroelastic Stability
and Control of Large Wind Turbines" (STABCON), a summary of design guidelines
for passive instability suppression was presented [115]. These guidelines serve as a
practical reference for troubleshooting aeroelastic instabilities.

Due to the severe blade stall-induced edgewise vibrations observed in stall-
regulated wind turbines, the wind energy industry transitioned to a new technical
route: pitch-regulated, variable-speed wind turbines, beginning in the first decade of
this century. This shift effectively eliminated the risk of blade edgewise aeroelastic
instability during normal operations. Nevertheless, scientific research on aeroelastic
stability analysis continues to advance.

Hansen [120] developed a linearization framework based on a geometrically non-
linear corotational finite element formulation integrated with the Blade Element
Momentum (BEM) method. The study presented an analytical linearization of
aerodynamics, incorporating a linearized unsteady aerodynamic model derived from
the Beddoes-Leishman type dynamic stall model [119]. Additionally, the influence
of blade backward sweep design on the classical flutter limit was investigated.

The MBC transformation method provides several advantages, including algo-
rithmic simplicity, computational efficiency, and a clear interpretation of modal
dynamics. Consequently, it has become a widely used technique for aeroelastic sta-
bility analysis of multi-bladed wind turbines. However, the MBC transformation is
limited to isotropic rotors, where all blades have identical structural configurations
and aerodynamic states with respect to the rotor center. Furthermore, it is only
applicable to rotors with more than two blades [113].

However, three-bladed wind turbine rotors can never achieve perfect isotropy.
Factors such as gravitational forces on the blades, wind shear, wind inflow angles,
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yaw misalignment, mass imbalances, pitch errors among the blades, and other ef-
fects disrupt rotor isotropy. To address these challenges, Floquet analysis can be
employed for modal and stability analyses. This method constructs a Lyapunov-
Floquet transformation matrix based on the dynamic response obtained through
time integration over one period for arbitrary periodic time-variant systems. Eigen-
value analysis is then performed to extract the principal eigenvalues, along with an
infinite number of branch eigenvalues corresponding to integer multiples of the
rotor’s rotational frequency.

Floquet analysis, as a more general approach, is capable of handling anisotropic
wind turbine rotors. However, its computational cost is high due to the time in-
tegration required, particularly for large-scale systems. As an alternative, Hill’s
method can be used to reduce computational costs. In Hill’s method, the system
matrix in the state-space representation is expanded into a Fourier series, thereby
avoiding the need for numerical integration. However, this approach requires trun-
cation of the Fourier series to discard higher-order harmonic terms, which may lead
to a reduction in accuracy.

Floquet analysis has been extensively applied in the stability analysis of rotor-
craft [12, 15]. The modal dynamics of wind turbines with anisotropic rotors have
been investigated and compared using the MBC transformation, Floquet analysis,
and Hill’s method [245]. It has been demonstrated that the MBC transformation
is a special case of Lyapunov-Floquet transformations for isotropic rotors [247].

An efficient implicit Floquet analysis has been utilized to study the effects of
wind shear on the aeroelastic modal damping of a Siemens 2.3 MW pitch-regulated
wind turbine with three 45-meter blades [248, 249]. The results indicate that, for the
less damped modes, the impact on modal frequencies and damping values is minimal
and falls within the uncertainty range of numerical predictions. However, for larger
rotors, the increased structural flexibility may amplify these effects, raising concerns
about whether wind shear—and by extension, other anisotropic factors—might
significantly influence modal damping in modern wind turbines with slender blades
exceeding 100 meters in length. Further investigation is required to clarify these
effects for current turbine designs.

The concept of two-bladed wind turbines is appealing from a manufacturing
cost perspective, as it requires one less blade compared to three-bladed designs.
The modal dynamics of two-bladed rotors have been analyzed using Hill’s method,
which reveals the presence of additional higher-order harmonic terms in the system
matrix. This leads to more complex modal coupling and a greater number of
resonance frequencies compared to three-bladed turbines [113].

The concept of multi-rotor wind turbines offers the potential to achieve the
same power capacity using shorter blades, thereby enhancing the aeroelastic sta-
bility of the blades. The MBC transformation for a single multi-bladed rotor has
been extended to a tri-rotor wind turbine, resulting in a linearized aeroelastic model
suitable for eigenvalue analysis. The modal dynamics of the tri-rotor wind turbine
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have been investigated [81], revealing that additional modal coupling occurs be-
tween the rotors. This coupling introduces complexities that must be carefully
addressed during the conceptual design phase.

Further insights into the modal dynamics of wind turbines have been obtained
through investigations into the effects of blade bending-twist coupling [255] and
unsteady aerodynamic phenomena, such as dynamic wake and dynamic stall [40,
41]. A comprehensive sensitivity study has identified key modeling parameters
that influence aeroelastic stability. Among these, the shear center position aligned
parallel to the chord exhibits the highest sensitivity in relation to blade edgewise
modal damping [274].

1.2.2 Code-to-code verification

Custom tools have been developed for linearization and modal analysis of multi-
bladed wind turbines. Among these, the commercial software Bladed [69] by DNV,
the open-source code OpenFAST [194] by NREL, and HAWCStab2 [70] by DTU are
widely utilized in the wind energy community. These tools rely on blade element
momentum (BEM) theory as the basis for aerodynamic computations, augmented
by dynamic wake and dynamic stall models to account for unsteady aerodynamic
effects. In Bladed and OpenFAST, aerodynamic forces are linearized using numer-
ical differentiation, while HAWCStab2 employs an analytical derivation to achieve
greater accuracy. Multibody system dynamics formulations have been employed in
all three codes. In Bladed, the floating frame of reference formulation (FFRF) is
used for modeling slender blades. To accurately capture geometric nonlinearity, the
blade is typically divided into multiple segments, with each segment represented
as a modal superelement. HAWCStab2, on the other hand, applies a corotational
formulation to account for large blade deflections and associated geometric nonlin-
earities. OpenFAST [149, 150] provides two distinct options: a modal superelement
representation and geometrically exact beam theory (GEBT). The multi-blade co-
ordinate (MBC) transformation is implemented in all three tools to generate a linear
time-invariant (LTI) system. Eigenvalue analysis is then performed to determine
modal frequencies, damping ratios, and modal shapes.

Significant nonlinearities in wind turbine dynamics arise from large blade deflec-
tions under heavy aerodynamic loads, periodic rotation in three-dimensional space,
and unsteady aerodynamic effects. To develop a linear model, some nonlinear terms
are simplified or neglected during the linearization process. However, the imple-
mentation details of aeroelastic coupling modeling can significantly influence the
resulting linear model and, consequently, the predicted modal dynamics. A code-
to-code comparison is therefore valuable for verifying linear models and subsequent
stability analyses.

As part of the "AdVanced Aerodynamic Tools for 1Arge Rotors" (AVATAR)
project, various numerical models for predicting aeroelastic stability were compared.
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Tools such as Bladed, HAWCStab2, BLADEMODE, and GAST were employed to
perform stability analyses of the AVATAR reference wind turbine through eigen-
value analyses based on linearized models. Additionally, a periodic autoregressive
with exogenous input (PARX) model [37, 224, 223] was identified from time-series
data of the system dynamic response simulated using Cp-Lambda. Floquet analysis
was subsequently conducted to extract modal frequencies and damping ratios. The
comparison showed strong agreement in modal frequency predictions across the
tools. While the overall trends in modal damping ratios were consistent, notable
discrepancies in their absolute values were observed [63].

A recent comparison of the aeroelastic codes Bladed, HAWCStab2, and Open-
FAST was conducted using the IEA 22 MW reference turbine. The steady-state
results and time-domain statistics showed overall good agreement across the codes.
However, in the linear stability analysis, while the modal frequency predictions were
consistent, evident deviations were observed in the aeroelastic damping ratios, par-
ticularly for critical modes in the torsional and edgewise directions [55].

Another aeroelastic stability comparison between HAWCStab2 and OpenFAST
was performed using a land-based version of the IEA 15 MW turbine model with
quasi-steady aerodynamics. While strong agreement was observed in the modal
frequency predictions, a noticeable discrepancy in the rotor aeroelastic damping

ratios was identified. This discrepancy was attributed to the absence of the tower
torsional degree of freedom (DOF) in OpenFAST [34].

The blade edgewise stability was analyzed using HAWC2/HAWCStab2, Bladed,
Simpack, and alaska/Wind, and the results were compared [273]. A dynamic mode
decomposition (DMD) postprocessing methodology was applied to nonlinear time-
domain simulations to extract the modal damping ratios, enabling a direct com-
parison between stability predictions from linear stability analysis and nonlinear
time-domain simulations. The results demonstrated similar trends in modal damp-
ing ratios across the operating range, though noticeable discrepancies were observed
in the absolute values. A parameter sensitivity analysis was conducted to evalu-
ate the influence of torsional stiffness, edgewise stiffness, principal axis orientation,
and the positions of the center of gravity and the shear center along the chord on
edgewise stability. The analysis revealed that uncertainty in torsional stiffness had
the highest impact on the damping ratio of the critical edgewise mode.

It is evident that modal frequency predictions from various aeroelastic codes
generally show good agreement when the model DOFs, modeling parameters, and
geometric nonlinearities in blade large deflections are appropriately accounted for.
In contrast, achieving consistent quantitative values for aeroelastic damping ratios
remains a significant challenge, particularly for the less damped edgewise modes.
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1.2.3 Code-to-measurement validation

It is difficult to reproduce blade aeroelastic instability in scaled experimental blades
and wind turbines because of the conflicts in the scaling similarity principles for
aerodynamics and structural dynamics. However, experimental validation on full-
size wind turbines is feasible under careful and controlled testing conditions.

A field validation of the stability limit was conducted on the SWT-7.0-154 pro-
totype wind turbine [151]. The experiment was carried out at low free wind speeds,
with the blades fixed at a fine pitch and the generator operating at zero power pro-
duction. The rotor speed was gradually increased until it exceeded the estimated
stability limit by approximately 7%. The Siemens Wind Power (SWP) in-house
aeroelastic code, BHawC, was utilized to perform time-domain dynamic simulations
and predict the stability limit. Two phenomena were identified from the spectrum
of the blade edgewise moment in both simulations and experiments: a resonance of
the blade first edgewise mode at the critical rotor speed and a flutter-like edgewise
instability associated with the blade second edgewise mode above the critical rotor
speed. The predicted stability limit was found to be within 5% of the experimen-
tally observed value.

Additional test data was collected on a second SWT-7.0-154 prototype turbine
on December 5, 2018 [278]. The aeroelastic damping ratios of the blade first and
second edgewise modes were identified using logarithmic decrement damping fits
applied to band-pass filtered signals of the measured edgewise moments. A modal
analysis of the isolated blade was performed in HAWCStab2 to compute the aeroe-
lastic damping ratios of the first and second edgewise modes across various rotor
speeds. The aeroelastic damping ratios were plotted as functions of rotor speed for
the results obtained from both numerical analysis and experimental identification.
Excellent agreement on the crossing points was observed.

Based on the findings from the two field experiments [151, 278], it was concluded
that the critical rotor speed for blade edgewise instability can be accurately pre-
dicted through time-domain nonlinear simulations and eigenvalue-based stability
analyses.

1.3 Key challenges in aeroelastic stability

With the continuous increase in blade length and flexibility, aeroelastic instability
has become one of the primary design constraints for modern wind turbines. The
key challenges in the engineering practice of pitch-regulated, variable-speed wind
turbines can be classified as follows [116, 272]:

1. Resonance;

2. Blade edgewise instability in normal operational conditions;
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3. Blade stall-induced vibrations (SIV) in standstill conditions;
4. Blade and tower vortex-induced vibrations (VIV);

5. Classical flutter.

1.3.1 Resonance

Resonance is a primary challenge in the field of aeroelastic stability. It can be
readily identified using a Campbell diagram, which plots the aeroelastic modal fre-
quencies across the operating wind speed range alongside the harmonic excitation
frequencies determined by the rotor speed. Potential resonances are indicated by
the intersection points between these excitation frequencies and modal frequen-
cies [43]. Large wind turbines are particularly vulnerable to resonance due to their
increased structural flexibility, which leads to a denser distribution of modal fre-
quencies on the Campbell diagram and, consequently, a greater risk of resonance.

For three-bladed rotor turbines, particular attention must be given to harmonic
excitation frequencies resolved in the ground-fixed frame, including 1P, 3P, 6P, 9P
(where nP = n/rev), and higher orders. The primary source of periodic excitation
arises from aerodynamic forces induced by turbulence. Other significant sources
of disturbances include gravitational forces acting on the blades, tower shadow ef-
fects, wind shear, wind inflow inclination, yaw misalignment, rotor mass imbalance,
and aerodynamic imbalances among the blades. In wind farms, rotor wakes from
upstream turbines can further influence the aerodynamics of downstream turbines,
introducing additional periodic excitations.

Pitch angles influence resonance by altering the aeroelastic modal characteris-
tics. Low turbulence intensity allows a longer time period for resonance to develop,
as the rotor speed remains relatively stable. In contrast, high turbulence intensity
reduces the likelihood of strong resonance by causing more rapid fluctuations in
rotor speed [267].

In general, resonance with rotor flapwise modes is not a major concern due
to their high damping. However, resonant points at the cut-in rotor speed and
the rated rotor speed should be avoided, as rotor speed tends to remain stable
under generator torque and pitch regulation. For operating points between these
speeds, resonance may be acceptable, as the rotor speed typically passes through the
resonant point quickly in turbulent wind inflow. If resonance generates excessive
fatigue loads, a control algorithm can be implemented to accelerate the passage
through the resonant point.

Resonance between 1P, 3P and the tower first side—side mode, as well as be-
tween 6P and the tower second side—side mode, should be avoided at stable rotor
speeds due to the low damping of the tower side—side modes. Similarly, resonance
between 3P and the rotor first edgewise modes, as well as between 6P and the
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rotor second edgewise modes, should also be avoided in constant rotor speed op-
erating conditions. The assessment should account for backward whirling, forward
whirling, and collective modes. When resonance involving rotor collective modes
is unavoidable during the system design phase, rotor vibrations can be mitigated
by introducing a drivetrain damper through generator torque regulation. However,
mitigating resonance associated with rotor backward and forward whirling modes
poses greater challenges, as it is significantly more difficult to resolve using control
strategies.

A real case of resonant vibration between 3P and the rotor edgewise backward
whirling mode on a 4.8 MW commercial turbine was studied [268]. The inves-
tigation highlighted the critical importance of an accurate aeroelastic model for
reproducing resonance in numerical simulations. In particular, precise modeling of
the yaw system’s torsional stiffness was shown to be essential. Increasing the yaw
stiffness can reduce blade resonant vibrations by suppressing the whirling motion
of the rotor center. To ensure sufficient accuracy in numerical simulations, it is rec-
ommended to include the flexibility of drivetrain bending and torsion, mainframe
nodding, and foundation fore-aft and side—side bending in the simulation model.

1.3.2 Blade edgewise instability in normal operations

Blade edgewise instability in normal operational conditions was a major design con-
straint for stall-regulated wind turbines around the turn of the century [229, 118].
This issue was effectively addressed by transitioning to pitch-regulated, variable-
speed turbines. However, based on the author’s experience in the wind industry,
the risk of blade edgewise instability re-emerges as blade lengths approach 100 m or
more. Both the blade first and second edgewise modes become relevant for aeroe-
lastic instability, particularly at wind speeds above rated, where the rotor speed
remains relatively constant. As it occurs in normal power production, blade edge-
wise instability poses a considerable threat to the structural integrity of modern
wind turbines.

As discussed in Section 1.2.1, blade edgewise stability can be analyzed using
the eigenvalue approach based on linearized aeroelastic coupling models. However,
as noted in Section 1.2.2, damping ratios obtained from different aeroelastic sta-
bility analysis tools often show inconsistencies. While the stability limit predicted
by these tools has been validated through field experiments, as outlined in Sec-
tion 1.2.3, the observed blade edgewise instability occurred under fixed pitch and
zero power production conditions at low wind speeds. This phenomenon, referred
to as flutter-like instability, involves aerodynamic loads and blade deflections that
are expected to differ significantly from those associated with blade edgewise in-
stability in normal operational conditions. Given the substantial uncertainties in
predicting aeroelastic damping ratios of blade edgewise modes using the eigenvalue
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approach, time-domain nonlinear dynamic simulations are regarded as a more reli-
able alternative. However, this method is computationally expensive and therefore
not suitable for extensive iterations within automatic optimization frameworks.
When the blade first or second edgewise mode exhibits negative damping, sev-
eral strategies can be employed to mitigate blade edgewise vibrations. These
strategies include increasing the blade torsional stiffness, adjusting the flapwise-
to-edgewise stiffness ratio to add more out-of-plane motion, tuning the shear center
position, incorporating a presweep design, or reducing the rotor speed [115, 274].

1.3.3 Stall induced vibration in standstill

In storm conditions, grid faults may deactivate the pitch and yaw systems of wind
turbines. Similarly, when turbines are erected but awaiting commissioning, or are
parked for maintenance, they are unable to respond to varying wind conditions. In
such scenarios, when the wind inflow comes from skewed directions, the blades may
experience moderate stall, characterized by an angle of attack (AOA) within the
range o € [15°,40°]. Negative aerodynamic damping arises due to the negative
slope (0CL/0a) of the airfoil Cf, — a curve, where Cf, is the lift coefficient [281,
280]. This negative damping causes rapid growth in blade oscillations at the first
edgewise mode, a phenomenon known as stall-induced vibration (SIV) in standstill.
Standstill conditions can be categorized into two cases: parked, where the rotor is
locked, and idling, where the rotor is free to rotate very slowly. Blade SIV can
lead to significant fatigue damage within a short period and may also challenge the
ultimate strength of the blades at very high wind speeds.

The risk of blade SIV across a yaw misalignment range of [—180°,180°] can
be evaluated using eigenvalue analyses [30, 215, 253, 187] or time-domain dynamic
simulations [228, 171, 8]. The most critical yaw misalignment angle is approxi-
mately 30°, where the wind comes from the right front direction relative to the
rotor [281].

The dynamic stall effect provides additional damping that can help mitigate
blade SIV and is therefore crucial for a reliable assessment of SIV. However, differ-
ent dynamic stall models can produce significantly different amplitudes of SIV [8].
Proper implementation of a dynamic stall model is essential for achieving accurate
dynamic simulations of blade SIV. Despite its importance, evident discrepancies
between experimental results and simulations have been observed across various
dynamic stall models, with none of them demonstrating consistently better agree-
ment than the others [130].

When the flow around an airfoil is fully separated, significant uncertainties arise
in aeroelastic engineering modeling. For instance, airfoil polars beyond stall points
are often inaccurate, and unsteady aerodynamic models remain poorly calibrated
due to insufficient experimental data [253]. Consequently, the load amplitude of
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blade SIV cannot be quantitatively determined solely through numerical simula-
tions using current engineering models. In engineering practice, system design
modifications may provide more practical solutions for mitigating the risk of blade
SIV. Examples include using a backup power supply to temporarily activate the
yaw system and move the turbine out of dangerous yaw misalignment angles, or
installing fishnets on the blades to alter airfoil characteristics and suppress negative
aerodynamic damping.

1.3.4 Vortex induced vibration

When fluid flows around a cylindrical structure, vortex shedding occurs at a charac-
teristic frequency, generating periodic excitation on the structure. If this shedding
frequency approaches the natural frequency of the structure, resonance may develop
due to the interaction between fluid-induced excitation and the structural mode,
leading to substantial vibrations. This phenomenon, known as vortex-induced vi-
bration (VIV), can affect wind turbine blades and towers, and therefore must be
carefully addressed.

In standstill conditions, when the wind comes from a yaw misalignment angle of
approximately £90°, vortices may shed from the blade tip toward the root at spe-
cific inclination angles—defined as the relative angle between the freestream velocity
and the blade pitch axis—leading to blade vortex-induced vibrations (VIV) [122].
Blade VIV is a highly three-dimensional fluid-structure interaction (FSI) phe-
nomenon, which renders standard engineering models such as BEM theory not
applicable. To accurately capture this complex behavior, high-fidelity FSI simu-
lations are required [122, 134, 132, 100, 133, 99|, whether for a rigid or flexible
isolated blade or in the context of a full rotor system [213].

The freestream wind speed and the inflow inclination angle are two critical
parameters governing the onset of blade VIV in standstill conditions [134]. Addi-
tionally, the blade AOA must be near +90°, which corresponds to a yaw misalign-
ment angle of approximately +90° for feather-pitched blades [133]. The amplitude
of blade VIV is confined to limit cycles due to aerodynamic nonlinearities [100].
Moreover, these vibrations can potentially be mitigated through the use of trailing-
edge flaps [134] or specialized tip geometry designs [132].

Tower VIV can occur during the installation phase, particularly when the tower
is erected without the rotor-nacelle assembly or when the rotor has not yet been
bolted to the mainshaft [277, 276]. VIV can also arise in full wind turbines with
tall tubular towers. The risk of blade VIV is significantly lower compared to tower
VIV, as the former requires strict conditions, such as specific yaw misalignment and
inflow inclination angles, to be satisfied. In contrast, tower VIV can be triggered
by appropriate wind speeds, with wind direction playing a much less critical role.

A semi-empirical engineering framework for VIV analysis, based on modal pa-
rameters, has been proposed to facilitate a quick assessment of blade and tower
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VIV [180]. However, several key parameters within the framework may require
calibration to ensure accurate predictions. Mitigation strategies designed for sup-
pressing blade SIV, such as backup power supply or fishnets, can also be effectively
applied for blade VIV. For tower VIV, helical strakes have been identified as a
highly efficient and cost-effective solution [156].

1.3.5 Classical flutter

The blade flutter mode, primarily characterized by coupled flapwise and torsional
deflections, can exhibit significant negative damping at high rotor speeds, resulting
in intense torsional vibrations within a short time frame. Classical flutter is widely
recognized as a critical aeroelastic instability in pitch-regulated wind turbines [118]
and has been the subject of extensive research over the years.

Classical flutter limits can be evaluated using two primary methods: the eigen-
value approach [111, 117, 168, 169, 118, 220, 203, 121, 98, 299, 153, 79, 54] and
time-domain dynamic simulations [214, 212, 295, 53, 105, 164]. Accurate prediction
of classical flutter requires incorporating the effects of unsteady shed vorticity and
trailed vorticity in the aerodynamic models [168, 118, 212]. In the time-domain
approach, a runaway scenario is commonly simulated by allowing the turbine ro-
tor to rotate freely without generator torque, while the three blades are stuck at
fixed pitch angles. To avoid excessively rapid rotor acceleration, the wind speed is
gradually increased from a low initial value [212, 105].

As reported in the literature [229, 118, 293|, there are no recorded cases of
classical flutter occurring in operational wind turbines. Additionally, based on the
author’s experience in the wind energy industry, classical flutter has not yet been a
major concern in the design of commercial blades and wind turbines as of December
2024. Classical flutter usually occurs at rotor speeds above rated. In modern wind
turbines, when the rotor speed goes above the first threshold beyond the rated value,
the control system initiates blade pitching toward feather to stop the turbine. If
the rotor speed continues to increase and reaches a second, higher threshold, the
safety system is triggered to shut the turbine down completely. The probability of
modern wind turbines experiencing simultaneous failures of all three pitch systems
and a converter disconnection from the grid is extremely low. Consequently, this
fault combination is not considered in standard design load cases [139, 141, 142].
The hypothetical runaway simulation scenario is therefore beyond the scope of all
plausible operational conditions during the lifetime of a wind turbine. Given this,
the wind energy community may need to reconsider the assessment procedures for
classical flutter in modern wind turbines.
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1.4 Objectives

Blade edgewise instability in normal operational conditions has been a critical con-
cern in the design and analysis of modern wind turbines. As highlighted in Sec-
tion 1.3.2, the eigenvalue approach, widely regarded as an efficient and quantitative
assessment method, has not yet been consistently verified and validated in terms
of key indicators, such as aeroelastic damping ratios. To address this research gap,
the following global objectives are established for this thesis:

1. Develop an analytical linearization framework for three-bladed wind turbines,
leveraging multibody system dynamics theory. This framework will facilitate
a comprehensive investigation of the modal dynamics of wind turbines using
the eigenvalue approach.

2. Propose a verification and validation procedure to ensure the accuracy and
reliability of the developed linearization and modal analysis framework, with
a focus on its application to the aeroelastic stability analysis of modern wind
turbines.

3. As a complementary endeavor, develop a modal reduction procedure tailored
for rotating subsystems composed of rigid bodies, finite elements, and me-
chanical joints within the context of multibody system dynamics.

1.5 Outline

In addition to the introductory content presented in Chapter 1, a brief outline of
the remaining chapters is provided below to guide the reader through the thesis:

Chapter 2 — Flexible multibody system dynamics

An overall presentation of multibody system dynamics theory is provided as the
foundation for subsequent developments. Finite rotations in three-dimensional
space are parameterized using quaternions, enabling a robust representation of
rotational motion. A generic formulation of algebraic constraints for various types
of mechanical joints is established based on quaternion parametrization, accompa-
nied by the derivation of the corresponding Jacobian matrix. A general linearized
formulation in the form of Differential-Algebraic Equations (DAEs) is presented
for flexible multibody dynamic systems, highlighting the presence of various terms
within the system matrices. An advanced Timoshenko beam element model with
generic cross-sectional properties, specifically tailored for wind turbine blade mod-
eling, is developed within the framework of the corotational formulation. The
Hilber-Hughes-Taylor (HHT) time integration scheme is introduced with particular
attention to the incremental update of rotation. Additionally, a static equilibrium
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solver accommodating rheonomic constraints is developed to efficiently determine
the aeroelastic equilibrium state of rotating rotor systems. Finally, a sparsity-
preserving Krylov-Schur eigenvalue solver is implemented to enable modal analysis
for large-scale multibody dynamic systems.

Chapter 3 — Linearization

A linearization and modal analysis framework is developed based on the multibody
system dynamics theory presented in Chapter 2. A unified analytical expression
for the tangent stiffness matrix of holonomic constraints is derived based on the
Jacobian matrix parameterized by quaternions, improving the accuracy of eigen-
value analyses for multibody systems with mechanical joints in stressed equilibrium
configurations. Steady aerodynamic forces are linearized through numerical differ-
entiation techniques. An analytical framework for the linearization of the structural
dynamics of multi-bladed rotor systems is established, resulting in linearized DAEs
formulated in an auxiliary mixed basis with respect to the rotor’s rotating center.
The derivation of the system mass, stiffness, and damping matrices is presented in
detail. Finally, the modal analysis in the multi-blade coordinate is conducted using
the developed eigenvalue solver, accompanied by a comprehensive interpretation of
the modal dynamics of three-bladed wind turbines.

Chapter 4 — Stability analysis

The stability analysis of multi-bladed rotors and wind turbines is conducted. A
comprehensive verification and validation framework for the aeroelastic stability
assessment of modern wind turbines is proposed. First, the eigenvalues correspond-
ing to a rotor’s free rotation mode are examined. The influence of the geometric
stiffness matrix, the inertial stiffness matrix, and the tangent stiffness matrix of con-
straints on the eigenvalues is thoroughly analyzed. Second, the aeroelastic coupling
model developed in this study is verified by comparing structural deflections and
steady-state aerodynamic predictions against results obtained from the commercial
tool Bladed under quasi-static equilibrium conditions. The proposed aeroelastic
stability assessment framework is further verified using a series of virtual wind tur-
bine numerical models and validated against measurement data from two prototype
wind turbines.

Chapter 5 — Modal reduction

A modal reduction procedure is developed for rotating subsystems composed of
rigid bodies, finite elements, and mechanical joints. The modal reduction is carried
out using the mode acceleration method, offering greater flexibility in the selection
of boundary conditions. The gross motion of the elastic subsystems is decomposed
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into rigid-body motion, represented by a floating frame of reference, and elastic de-
formations, expressed in the local basis of the floating frame. A projection method
is derived to facilitate this decomposition efficiently. Analytical expressions for the
tangent stiffness and inertial matrices are derived, incorporating geometric non-
linear terms to enhance numerical robustness and accuracy, particularly for large
deflections. A procedure for updating the floating frame of reference is also pre-
sented. Several numerical experiments are conducted to validate the capacity and
accuracy of the developed modal reduction method.

Chapter 6 — Final remarks

A summary of the comprehensive study is presented, highlighting the key findings.
Additionally, recommendations for future research are discussed with the potential
to further enhance the proposed methodologies.
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Chapter 2

Flexible multibody system
dynamics

This chapter provides a brief introduction to flexible multibody system dynam-
ics. To prevent potential confusion in the numerous equations that follow, the
notation used throughout this thesis is presented first. The chapter then discusses
rotation parametrization using quaternions, followed by a concise overview of three-
dimensional kinematics. Constraint equations are introduced to model the mechan-
ical joints commonly employed in the assembly of multibody systems. The Jaco-
bian matrix of holonomic constraints is formulated using quaternion parametriza-
tion. The generic form of the linearized index-3 Differential-Algebraic Equations
(DAEs), based on a Redundant Coordinate Set (RCS), is then presented to illus-
trate the composition of the system matrices. Special attention is given to the
selection of generalized coordinates for rotational degrees of freedom (DOFs). A
brief review of beam element modeling and the associated formulations relevant
to wind turbine blades is also provided, followed by a detailed description of the
corotational Timoshenko beam element model used in this study. Finally, various
solvers are introduced, including the time integration scheme, the static equilibrium
solver, and the eigenvalue solver. Although not exhaustive, the topics covered in
this chapter are closely related to the subsequent discussions on the linearization
and modal problems of multi-bladed rotor systems.

2.1 Notation

First, the concepts of time derivative, variation and difference are emphasized:

e g, g, g are the vectors of generalized coordinates (including position and ori-
entation), generalized velocities, and generalized accelerations of the system,
respectively. In general, the relationships between them can be expressed as

. o . dq . d’q
time derivatives: ¢ = — and ¢ = —-.
=@ 17 qp
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e §(+) is the variation of a variable, which is in the sense of infinitesimal incre-
ment. For example, dq, dq, g are the variations of generalized coordinates,
velocities and accelerations, respectively. The variation operation is often
used in the linearization of equations of motion.

o A(-) is the finite difference of a variable, which is the discretization form
of variation, and hence is in the sense of finite increment in time or space.
For example, if discretized in time, Alq = ¢! — ¢*, Alqg = ¢F' — ¢*,
Alg = ¢"*t! — " are the finite increments of generalized coordinates, velocities

and accelerations between two time steps k£ and £+ 1, respectively. Here, k is

the time step index, and t* is the time instant corresponding to the step index

k. If the time step size is fixed as h, we have t* = kh. In the Newton-Raphson

iteration, we use ANR (+) to denote the finite increment between two iterative

steps n and n + 1 at time instant ¥, for instance, ANRq = qﬁﬂ —qF. Ttis
worth noting that, the computation of the difference of finite rotation needs

special attention, depending on the choice of rotation parametrization.

To avoid potential confusion in the complex formulas in multibody system dy-
namics, it is essential to declare the generic notations used in this thesis. The most
important and commonly used notations are introduced below.

The position of a point in three-dimensional space can be denoted with r» € R3.
It is often required to resolve the relative position or its time derivatives (e.g.,
translational velocity, translational acceleration) of one point B with respect to
another point A within a reference frame C'. The relative position vector describes
a translation which brings the point A to another point B. This can be expressed
using the subscript as below

TFROM.TO(pasts)

where ‘FROM’ is the starting point A of the relative position vector r, ‘TO’ is the
end point B, and ‘BASIS’ is a specific reference frame C' in which 7 is resolved.

As shown in Figure 2.1, the relative position vector from point A to point B
resolved in the basis of frame C' is denoted as 74 g o

If the reference frame is the inertial frame W, the ‘BASIS’ frame can be omitted,
leading to a simpler notation r4 5. Moreover, if the vector starts from the origin
of the inertial frame W, the ‘FROM’ frame can be omitted altogether, resulting in
the simplest notation rp.

The orientation of a frame in three—dimensional space can be expressed using
the rotation matrix R € SO(3). The relative orientation of ‘LOCAL’ frame B with
respect to ‘PARENT’ frame A can be denoted using the subscript as below

RLOCAL(PARENT)

As shown in Figure 2.2, the rotation matrix Rg ( can be interpreted a rotation
process which rotates ‘PARENT’ frame A to ‘LOCAL’ frame B. If the rotation
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T A.B(c) TO (B)

()

FROM (4)

/4

€3 e

BASIS (C)
Figure 2.1: Notation of position vector r4 g )"

starts from the inertial frame W, the ‘PARENT’ frame can be omitted, resulting
in a simplified notation Rp.

€

PARENT (4)

Figure 2.2: Notation of rotation matrix Rp,, .

For some rotational vectors, e.g., virtual rotation vectors, angular velocities
and their time derivatives, we use the subscript ‘I’ or ‘a’ as shorthand symbols for
the ‘BASIS’ frame, where ‘I’ means the vector is measured in the local basis of
its associated reference frame, and ‘a’ represents the measurement in the absolute
basis of the inertial frame W.

The configuration of a frame A, that is composed of its origin’s position vector
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T4 and its orientation described by the rotation matrix R4, can be denoted as

{’I"A,RA}.

Some examples are provided below to illustrate the notations:

TAB
TAB
B

RB<A)
Rp

00

aB

56,

Wap

wlB

Position vector of B with respect to A, in C' basis

Position vector of B with respect to A, in W basis, shorthand for r4 5,
Position vector of B with respect to the inertial frame W, in W basis,
shorthand for ry 5 wy OF Tw.B

Rotation matrix of frame B with respect to frame A

Rotation matrix of frame B with respect to the inertial frame W short-
hand for Rgp .,

Virtual rotation vector of frame B with respect to the inertial frame W,
in absolute basis, shorthand for 50W.B(W) or 00w B

Virtual rotation vector of frame B with respect to the inertial frame W,
in local basis of frame B, shorthand for 00y, g 5

Angular velocity of frame B with respect to the inertial frame W in
absolute basis, shorthand for WW.By, OF Ww.B

Angular velocity of frame B with respect to the inertial frame W, in

local basis of frame B, shorthand for wy g 5

2.2 Properties of skew—symmetric matrix

Throughout this thesis, several useful properties of skew—symmetric matrices are
extensively used in the derivations. For convenience, these properties are listed

below.

Assuming two arbitrary vectors a, b € R? and a rotation tensor R € SO(3), one
has the following properties

a' = -a (2.1a)
a+b=a+b (2.1b)
ab = —ba (2.1c)
ab = ab — ba (2.1d)
Ra = RaR" (2.1e)
a=a (2.1f)

ja = ba (2.1g)
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2.3 — Rotation

For a unit-length vector n € R3, the following properties hold

nn’ =TI +nn (2.2a)
ann = —n (2.2b)
ann =0 (2.2¢)

2.3 Rotation

In three—dimensional space, the orientation of frame A with respect to the iner-
tial frame W can be expressed using a rotation matrix Ry € R**3. The three
columns of the rotation matrix R4 are the unit-length vectors of the frame axes:
R, = [e14, €24, €34]. The rotation matrix R4 describes a finite rotation of magni-
tude ¢ about a unit-length axis n € R?, which is denoted as a rotation pseudovector
¢ = ¢n, as illustrated in Figure 2.3.

n

Figure 2.3: The orientation of frame A in three-dimensional space expressed with
the rotation matrix R4.

2.3.1 Tangent operators

The rotation matrix can be computed using the rotation pseudovector via the
following Rodrigues’ rotation formula

R(¢p) =1I+singn+ (1 — cosp)nn (2.3)
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Remembering (2.1a), the transpose of the rotation matrix is read as
R" =T —singn + (1 — cos ¢) nn (2.4)

There is an interesting property R¢p = RT¢ = ¢, that means ¢ is the eigen-
vector of the rotation matrices R and R”.
Applying time derivative on (2.3), yields
R = (cos ¢)¢n + (sin ¢)n + (sin ¢)pnn + (1 — cos ) ('Fzﬁ + 'ﬁﬁ) (2.5)

The angular velocities of the frame A in the absolute and local basis of the
inertial frame W are defined in the form of skew—symmetric matrix, respectively,
as

@, = RR"
(:Jl = RTR

R=0,R (2.6a)
R = R, (2.6b)

U

By comparing the equalities in (2.6) and employing the property (2.1e), it can
be easily verified that
w, = Rw; (2.7)

Substituting (2.4) and (2.5) into (2.6a), and remembering the properties (2.2b),
(2.2c), one obtains . _ -
W, = ¢n + sin pn + (1 — cos p) nn (2.8)

Extracting the axial vector from the skew-symmetric matrix in (2.8), the an-
gular velocity in the absolute basis can be expressed using the rotation angle-axis
as

W, = ¢n 4 sin g1+ (1 — cos ¢) AN (2.9)

Remembering (2.4) and (2.9), the angular velocity in the local basis can be
derived as

w, = R'w,
= ¢n +sin pn — (1 — cos ¢) An (2.10)
Applying time derivative on the rotation pseudovector ¢, one obtains
b = ¢n + ¢n (2.11)

Recalling n is a unit-length vector, the properties n’n = 1 and n”n = 0 can
be easily verified. Employing (2.11) in conjunction with the two properties, the
time derivatives of ¢ and m can be expressed as

d»=n"¢ (2.12a)
=" (I-nn")é (2.12b)
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Substituting (2.12a) and (2.12b) into (2.9) and (2.10), and remembering the
property (2.2a), the angular velocities can be expressed using the rotation pseu-
dovector as

wo =G ($) ¢ (2.13a)
=G/ (¢) ¢ (2.13b)
where the two tangent operators are
G (p)=T+" _(;qu? ¢ _(;wq?c/? (2.14a)
Gilo) =T~ "6+ “2050 (2.140)

Due to the independence between ¢ and m, in general we cannot integrate the
angular velocities w,, w; in (2.9) and (2.10) to obtain consecutive three-dimensional
finite rotations. The angular velocities w,, w; are nonholonomic vectors [11].

Similar to the definitions of angular velocities in (2.6a) and (2.6b), virtual ro-
tation vectors in the absolute and local basis are introduced as

660, = ORR" = SR =660,R (2.15a)
36, := R'SR = SR = R6O, (2.15b)

By comparing the equalities in (2.15) and employing the property (2.1e), it can
be easily verified that
50, = R36, (2.16)

In general, 66 is not the variation of a Euclidean vector 8. Similar to angular
velocity w, there is no way to obtain a finite @ by directly integrating the vector
06. The vector 00 is also nonholonomic.

Thanks to the similarity between the computations of time derivative and vari-
ation, one can deduce

50, = G, (¢) 66 (2.17a)
56, = G, (¢) ¢ (2.17b)

The tangent operators G, (¢) and G, (¢) are functions of the rotation pseu-
dovector ¢ of the investigated frame A in Figure 2.3. ¢ can be arbitrarily large,
which may result in the matrices G, (¢), G, (¢) differing significantly from the
identity matrix.

Note, differently from w,, w; and 68,, 06;, we do not have the distinction for
the rotation pseudovector in the absolute basis ¢, or in the local basis ¢; because
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we do not distinguish the absolute rotation matrix R, or the local rotation matrix
R, for a frame.

If the rotation pseudovector ¢ is small, the tangent operators can be linearized
with a first-order approximation as

1

G.(¢)~1+ §$ (2.18a)
Gi(¢)~ I - ;i (2.18D)

2.3.2 Rotation parametrization via quaternions

Quaternions are often used for the parametrization of finite rotations because
they do not exhibit numerical singularities. Although the definitions and various
properties of quaternions have been comprehensively introduced in the literature
(e.g., [21, 131, 160]), several relevant properties used in the thesis are revisited in
this section.

The four components of a unit quaternion p = [pq, p1, p2, p3
as the elements of Euler parameters [11]

|” can be interpreted

po = cos(¢/2) p1 = ngsin(¢/2)
p2 = n,sin(¢/2) p3 = n,sin(¢p/2) (2.19)
which describe a finite rotation about the spinning axis n = [ny, n,, nz]T by the

angle ¢. The vector ¢ = ¢m is the corresponding rotation pseudovector.
From (2.19), it is easy to see that the norm of a unit quaternion is equal to one

ol = o3+ +p3+p3=1 (2.20)

A unit quaternion can also be denoted as p = (s,v), where s = py is the scalar
part, and v = [pq, pa, pg]T is the vectorial part. The rotation pseudovector ¢ can
be computed from the quaternion p as

il s

¢ =2 tan"! (”U”> (2.21)

The addition and multiplication for two quaternions can be expressed in a com-
pact form

Pot pp= (Sa * 8p, Vg = vb) (2228“)
PaPb = (848 — Vg * Uy, SaVp + SpVq + Vg X V) (2.22b)
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2.3 — Rotation

where (-) is the dot product of two vectors, and (x) is the cross product of two
vectors.

The variation of the identity quaternion p; = [1,0,0, O]T is equal to the zero
quaternion py = [0,0,0,0]", leading to

opr=4(pp*) =0(p"p) = po
= dpp” + pop* =0p p+p ip = po (2.23)

where p* denotes quaternion conjugate.

The unit quaternion p can be used to operate a rotation transformation of a
vector & in the three-dimensional space via expanding x to a pure quaternion
Po = (O’ w)

(07 ma) =P (O’ :Bl) p (2'24)
where x;, x, are the vectors expressed in the local and inertial frames, respectively.

Alternatively, the rotation transformation (2.24) can be performed via a rotation
matrix

z, = Rz, (2.25)

where the rotation matrix R can be computed from its corresponding quaternion p
as

p5+pi—p5—p3  2(pip2—pspo)  2(p1ps + p2po)
R(p) = | 2(pip2+pspo)  p5—PT+ 05— 05 2(—p1po+ p2ps) (2.26)
2p1ps — p2po)  2(p1po+ p20s) Py — Pl — P35+ 13

The rotation matrix R(p) can be also recast as a product of two auxiliary
matrices F(q)g and F(q)g as

R(p) = F(p)eF(p)s" (227a)
[+p1 +po —ps +p2]
F(p)o = |+p2 +p3s +po —p (2.27Db)

+ps —p2 +p1 +po]

+p1 +po t+p3 —p2
F(p)o = |+tp2 —ps +po +m,m (2.27¢)
| tp3 +p2 —p1 +po]

These two auxiliary matrices have the following properties, that hold only for
the unit quaternion p

F(p)eF(p)s' = F(p)aF(p)s’ = I (2.28a)
F(p)s F(p)o = F(p)o' F(p)e = (I —pp™) (2.28b)
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Applying variation on (2.24) and employing the chain rule, yields
(0,0z4) = dp(0,21)p" + p(0,21)0p" + p(0, dz1)p” (2.29)
Applying variation on (2.25) and remembering the equality (2.15b), yields
oz, = 6Rx, + Réx, = ROz, + Rox, (2.30)

Expanding (2.30) to the notation of pure quaternions, and remembering the
equivalent rotation transformation via the quaternion in (2.24) and the rotation
matrix in (2.25), one obtains

(0,0x,) =p (0, gélml) p +p(0,0x;) p* (2.31)
By comparing (2.31) and (2.29), one obtains

p (0,00:)) p* = 3p (0,21) p* + p (0,21) 5p” (2.32)

By left and right multiplying p* and p on (2.32), respectively, and making use
of the property (2.23), one obtains

(O, %lml) =p*op(0,z;) — (0,2;) p*op (2.33)

Observing that the sum of p*Jp and its conjugate is py from (2.23), one deduces
that p*0p is a pure quaternion and hence can be denoted as p*dp = (0, v,). Given
the multiplication property (2.22b), after removing the zero real part, (2.33) can
be simplified as

60,z = 20px, (2.34)
The equality (2.34) holds for any arbitrary vector a;, resulting in the concise
equation 00, = 2v,. By expanding it to pure quaternions and considering the

quaternion-based rotation transformation (2.24), one obtains the transformation
relation between the variation of a rotation quaternion dp and its corresponding
virtual rotation vector 06,

5p = ;p (0,66,) (2.350)
1
p = 5 (0,900,) p (2.35D)

As an alternative, by using matrix algebra, and remembering (2.27) and (2.28),
(2.35) can be recast as

|
op = §F(p*)€9T591 (2.36a)
5p = ;F(p*)@T50a (2.36D)
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2.4 Kinematics

The kinematic description in three-dimensional space is essential for multibody sys-
tem dynamics. In this section, the expressions of the position, orientation, velocity
and acceleration of an arbitrary frame are presented.

2.4.1 Position and orientation

Assuming a rigid body in three-dimensional space, as depicted in Figure 2.4, the
absolute position of the origin of an arbitrary frame A attached to the rigid body
can be decomposed into two parts: the position vector from W to F', and from F
to A

TA=Tp+Tpa=7p+ Rprpa,, (2.37)

Figure 2.4: Position and orientation of frame A with respect to the reference frame
F. The configurations of frame A and F are {ra, R4} and {rp, Rp}, respectively.

The orientation of frame A can also be split into two rotations: the rotation of
the reference frame F' and its relative rotation with respect to F

Ri=RrRy,, (2.38)
43



Flexible multibody system dynamics

2.4.2 Velocity

Applying time derivative on (2.37), and employing the equality in (2.6b), the trans-
lational velocity of frame A can be expressed as

T4 :";'F‘f‘RF(;’lFTF.A(F) +RF"'°F.A(F) (239)

Applying time derivative on (2.38), and employing the equality (2.6b) in con-
junction with the properties (2.1a) and (2.1b), the relative angular velocity of frame
A with respect to frame F resolved in the local basis of frame A is expressed as

wlA(F) = wF.A(A) =W, — RIIL;RF(.U[F (240)

By left-multiplying R4 to transform (2.40) into the absolute basis, the relative
angular velocity of frame A with respect to frame F expressed in the inertial frame
W is read as

Wau ) = WEA = Way — Wap (2.41)

2.4.3 Acceleration

By performing time derivative on (2.39), the translational acceleration of frame A
can be calculated as

Ta =Tr+ RrwipTra g, + Rrwi0ip,Tra ) + 2RO, A ) + RETEA G, (2.42)

Applying time derivative on (2.41), the relative angular acceleration of frame A

with respect to frame F' expressed in the inertial frame W is
Way = WpA = Wa, — Wap (2.43)

By left-multiplying RY to rotate back (2.43), the relative angular acceleration of
frame A with respect to frame F' resolved in the local basis of frame A is expressed
as
. . T . 4
—wF.A(A> = Wi, _RARleF (24 )

“ia(p)

2.5 Jacobian matrix of constraints

Constraint equations are commonly used to establish joints between bodies in a
system through a set of algebraic equations involving generalized coordinates (po-
sitions, orientations) g, generalized velocities ¢ € R, and time ¢. If a constraint is
independent of generalized velocities g, it is termed holonomic, which is the most
frequently encountered scenario in practice; otherwise, it is called nonholonomic.
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In this work, we discuss only the first case. The holonomic constraint equations
can generally be expressed as follows:

c(q,t) =0 (2.45)

The vector of holonomic constraints is linearized as

dc(g,t) = Cyoq + C;ot (2.46)
by introducing the following symbols
dc (g, 1) nexn
Cq = Tq € R XM (247&)
0 t
C, = Cé‘i’) € R™ (2.47b)

where Cy is the Jacobian matriz of constraints.

If the holonomic constraint is not explicitly dependent on time, we call it scle-
ronomic; otherwise, it is referred to as rheonomic. Rheonomic constraints are typi-
cally used to model the driving function of an actuator as demanded by an external
controller. This approach simplifies the problem by neglecting the complex inter-
nal coupling dynamics between the mechanical, electrical, and control components
of the actuator. Rheonomic constraints are also employed in the path planning
problem in robotics.

In this section, the formulations of the Jacobian matrices for both scleronomic
and rheonomic constraints are presented.

2.5.1 Scleronomic constraints

Suppose a holonomic-scleronomic constraint is used to connect two rigid bodies,
whose reference frames are By and B,, respectively. In this case, the constraint
equations depend solely on the system configuration, i.e., ¢(q) = 0, thereby elim-
inating any dependence on time. As depicted in Figure 2.5, two auxiliary joint
frames I and F5, attached to the respective bodies, are introduced. Body 1 is con-
sidered the driven body, while body 2 is referred to the main body since it is the
one with respect to which the constraint equations are expressed. The configura-
tions of the two bodies’ reference frames {rp,, Rp, } and {rp,, Rp,} are functions
of system’s generalized coordinates q. The two joint frames Fj, Fy are initially
defined by the body-relative positions and orientations, namely rp, m B Rp, By
TBy.Fy (py) Rp,, By)) which are constant geometric properties.

The constraint equations can be expressed in an arbitrary frame. Since in
engineering practice the reaction forces and moments are typically described or
measured in the local basis of the joint, we choose to use the basis of the main
frame F5 so that the reaction forces and moments are consistent with the intuitive
understanding.
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Figure 2.5: The main frame F5 and the driven frame F} for a holonomic-scleronomic
constraint. In this figure, the constraint equations are not exactly satisfied, as
indicated by a small clearance 751, illustrating the constraint violation.

Translational scleronomic constraints

In order to constrain the relative displacement between the two frames, the positions
of the origins of F; and F, should be made coincident, which can be done by
imposing the condition

c(q) =rrr 4y, = RE, (rr —T5) = 03 (2.48)

Using the point transformation (2.37) to expand the terms, one obtains

c(q) = Ry, (TBl + Rp,TB,.F (5, —TB: — RBQTBQ.FQ(BQ)) = 031 (2.49)

Performing variation on (2.49) and grouping the terms into four variation blocks
— 0rp,, 00, , orp,, 06;, — within the vector of variations for the generalized
coordinates dq, yields

de(q) :RngBQFi(Bz) 00, +

. ’ R (2.50)
RF2 ((S’T‘Bl — RBITBI-FI(BI)delBl — 5’)"]32 + RBQTBQ.FQ(B2>5OIBZ>

where the equalities (2.1a), (2.1¢) and (2.15b) are employed in conjunction with
the assumptions 5TBI,F1(BI) =0, 5RF1(51) =0, (57'32,F2(BQ) = 0, (5RF2(32) = 0.
Moreover, for the sake of notation compactness, we grouped the vector from F; to
I expressed in the basis of frame Bs into:

_ pT _ T
T21(p,) = RBQTF2~F1 - RB2 (TB1 + RBITBI-FI(BI) —TB, — RBQTBz.FZ(Bz)) (2'51)
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Finally, recalling the Equation (2.46), one can group the terms in (2.50) and
write the four blocks in the sparse Jacobian matrix C, for the translational con-
straints as

Cq (Q) = [ Rgg ‘ _R£2R31IFBLF1(BI) ‘ _Rcfrf“g ‘ R;zRBQFBZFb(BQ) + R%RBQI’:EI(BQ) ]
(2.52)

Rotational scleronomic constraints

Remembering the implicit constraint of the unit quaternion (2.20), only its imagi-
nary part of p is required to formulate the constraint equation ¢ (q) for the three
rotational Degrees Of Freedom (DOFs). It should be noted that while the unit
norm of the quaternion could be explicitly enforced by a constraint, it is typically
guaranteed by appropriate integration schemes - for instance in integrators based
on Lie group theory (Lie group integrators) the quaternion is updated through an
exponential mapping [259].

To constrain the relative rotation between two frames F} and Fy, the constraint
equation is given as

& (q) = Im (pFl(F2)> - 03><1 (253)

where Im () is the operator to extract the imaginary vectorial part of a quaternion.
Unlike using the four components of the quaternion pp, 7y 1O define the rota-
tional constraint equation, which complicates the mathematical formulation of the
Jacobian matrix [264], the constraint equation (2.53) could simplify the mathe-
matical derivations and result in a more concise expression of the Jacobian matrix.
Recalling the formula (A.2) (see Appendix A.1 for specific notation and defini-
tions), the variation of the constraint equation (2.53) is differentiated as

dc(q) = Im ((5pF1<F2)) =P (pF1 (FQ)) 60, ) (2.54)

The relative virtual rotation vector 46, Py () of the driven frame F; with respect
2

to the main frame F5 can be calculated through deriving the variation of the corre-

sponding rotation matrix 0 Rp, Fy)* The relative rotation matrix can be expanded
o T T . . .

as Rp, = RF2<BQ>RBQRBIRF1 (5~ 1ts variation is calculated as

ORp,, = Rn,! (—061,, RE, Rp, + R, Rp,00,, ) Ry, (2.55)

Substituting (2.55) into %ZFMF :
2
extracting the spinning vectors of the skew—symmetric matrices, one obtains

= Rp, ?;2)(5RF1 (yy» after some calculations and

59lF1(F2) = Rgl (R3150131 — R3250132) (256)
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Substituting (2.56) into (2.54), the variation of the constraint equation of rota-
tional DOFs is obtained as

e (q) =P (pF1<F2)> R£1 <R3159131 — RB250132) (257)

Remembering the equality (A.4), the above relation (2.57) can be recast with
respect to the main frame F, as

5c(q) = P (priy,)) RE, (Rs,00,, — Rp,00,,) (2.58)

Eventually, the Jacobian matrix of constraints Cj for the rotational DOFs be-
comes

Cq(q) = [ 0 \ P(ppl(F2))TR£2RBl 0 \ _P(PF1<F2))TR£2R32 } (2.59)

Complete Jacobian of scleronomic constraints

The complete expression of the Jacobian matrix of constraints C, is obtained by
combining (2.52) and (2.59)

Cy (Q)
Rgg ‘ _RngBl'FBLFuBl) ‘ _Rgg ‘ R£2RB2'F32-F2(B2) + R£2R32'F\2/1(32)
- T o7 T o7
0 ‘ P (pFl(F2)> RFQRBI 0 ‘ i (pF1(F2)) RFQRB2

(2.60)
For simplicity, we can rewrite (2.60) to emphasize its six rows: the first three

correspond to the translational constraints, and the last three correspond to the
rotational constraints:

Cq(q) = C, ) (2.61)

While the above general expression constrains all six DOFs between the two
frames F} and Fy, it is straightforward to represent other types of joints by sup-
pressing the corresponding rows according to the free DOFs, as shown in Table 2.1.
The ‘%’ symbol indicates that the corresponding rows are active and thus constrain
the associated DOFs, while the ‘o’ symbol denotes that the associated DOFs are
free. For example, the Jacobian matrix for a revolute joint along the x axis will have
only five rows out of six, since the row corresponding to Cy,  will be suppressed.
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Table 2.1: Some common joints inherited from the lock constraint.

¢ Y

x’: constrained; ‘o’: free.
‘ ‘ C . qu ‘ C. 2 Cqm CqRy ‘ Cqu ‘
Fix X X X X X X
Coaxial o X X o X X
Prismatic o X X X X X
Revolute X X X o X X
Orthogonal o o o X o o
Parallel o o o o X X
Plane X o o o X X
Spherical X X X o o o
Distance along X | X o o o o o

2.5.2 Rheonomic constraints

In rheonomic constraints, the relative motion of the driven frame F; with respect to
the main frame Fy is explicitly dependent on time, expressed as C(q,t) = 0. This
scenario is commonly encountered in the modeling of linear or rotational actuators
that receive a motion set-point from a controller.

Translational rheonomic constraints

The constraint equation of the rheonomic translational constraints can be expressed
as

c (q7 t) == TFQ.F]_(FQ) - Irt
T
= RF2 (7“31 + RBlerl-Fl(Bl) —TBy, — RBQTBQ.FQ(BQ)) — T
= 0341 (2.62)
where 7; is the position vector representing the relative translational motion of the
driven frame F} with respect to the main frame F3, as specified by end users as a
function of time.

According to the definitions in (2.47a) and (2.47b), the two Jacobian matrices
can be expressed as

0

Cq = dq (RJZCQ (7“31 + Rp,TB,.F (5, —TB, — RB27°BQ.F2(32)>> (2.63a)
G = _%? (2.63b)

The rheonomic term 7; does not affect the computation of Cy, thus the Jacobian
matrix of translational rheonomic constraints is the same as (2.52).
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Rotational rheonomic constraints

The constraint equation of the rheonomic rotational constraints is given as

c(q,t) = —Im (pthQ(Fl)) = 0341 (2.64)

where p; is the quaternion representing the relative rotational motion of the driven
frame F7 with respect to the main frame F5, as specified by end users as a function
of time. If the constraint is satisfied, there should be pr, = pg,p:.

By introducing a shadow frame F{ as Ppe = Pr pi, and remembering the
equalities pr, ., = P Pr, and ph, ., = Pr,,, the constraint equation (2.64)

can be rewritten as
c(q,t) =Im (PF1<>(F2)) = 031 (2.65)

The shadow frame FY is rotated back from the driven frame F; by the given
rotation p; to arrive at the same orientation as the main frame F;. If the constraint
is satisfied, the shadow frame FY is coincident with the main frame Fj.

Similarly as the derivation from (2.53) to the results of (2.57) and (2.58), the
variation of (2.65) is computed as

0e(q,t) = P (pgo sy ) Rio (R5,061, — Rp,00.,,) (2.66)

= P(proys,) RE (Rp06i, — Ru,06,,)) (2.67)

0
where the rheonomic term C, = e (Im (pr>< F2))> does not affect C; and is not

shown.

Complete Jacobian of rheonomic constraints

The complete expression of the Jacobian matrix of rheonomic constraints Cj, (g, 1)
is obtained by replacing the blocks corresponding to the rotational DOFs in (2.60)
with (2.67):

Cq(g1)
R?g ‘ _RggRBllFBLFl(Bl) ‘ _Rgz ‘ RF{TQRBzFBz.Fz(BQ) + R£2RB2F5(B2)
- T pr T pr
0 | P(ppo,,) RELRs | O ~P (ppo,) RE,Rs,

(2.68)

2.6 Differential-algebraic equations

In our formulation, we assume that translational coordinates are described in the
absolute frame (the inertial frame W), while rotational coordinates are expressed
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in the local frame of the object; we call it a mized-basis formalism. This choice,
though somewhat arbitrary, is motivated by the simpler form of the rotational
equations [259].

The equations of motion for a rigid body can be established using the Newton-
Fuler formulation, as it offers advantages in terms of easier mathematical derivation
and higher computational efficiency. For a rigid body with mass v and mass moment
of inertia J;, subjected to an external force f, and moment m,;, and considering the
offset of the mass center s; with respect to its own reference frame characterized by
the configuration {r,, R}, the Newton-Euler equations of motion are expressed as

[ vl ng’lT] <r> B (fa - yRalw,sl>

~ o7 A= - (2.69)
VSZR Jl Wy m; — lelwl

where 7, is the absolute translational acceleration, and w;, w; are the local angular
acceleration and angular velocity, respectively.

Mechanical joints are commonly employed to connect rigid bodies and flexible
elements in multibody systems, leading to the presence of redundant coordinates
at the connection points. When the number of joints in the system is limited,
particularly in systems with a tree-like topology, the equations of motion can be
represented as Ordinary Differential Equations (ODEs) by carefully selecting the
independent coordinates.

However, as the complexity of the system increases with the addition of more
bodies and joints, especially when closed loops are involved, it becomes challenging
to identify the independent coordinates, often not even unique [237]. To address
this issue, the Lagrange multiplier method has been developed and widely adopted
in the field of multibody system dynamics. The fundamental idea is to initially for-
mulate the ODEs for all rigid bodies and flexible elements as if they were completely
uncoupled. Subsequently, constraint equations are introduced to define the rela-
tionships between redundant coordinates, resulting in a set of Differential-Algebraic
FEquations (DAEs).

The DAEs of a holonomic constrained dynamic system can be expressed as

{ M (q)G+Cylq.t) v =f(q,4.t) (2.70a)
c(q.t)=0 (2.70b)

T
a

T
,wﬂ represents the acceleration coordinates, M (q) is the mass

where g = ['r
matrix. The term ~ corresponds to the Lagrange multipliers, while Cg ~ represents
the reaction forces and moments at the joints.

The vector f consists of applied external forces f, (g, g, t), internal elastic forces
fe (q), viscous damping forces f;(q), and quadratic velocity terms f, (q,q). Con-
sequently, f can be expressed as £ (q,d,t) = fu (4, 6,1)+ f. (@) + f1(d)+ £, (¢, 4).

The term M (q) g is the linear component of the inertial forces. The quadratic
velocity terms f,, which are nonlinear functions of the generalized coordinates q
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and the generalized velocities @, constitute the nonlinear component of the in-
ertial forces. Thus, the complete expression for the inertial forces is given by

It is important to emphasize that, in this work, we assume there are no re-
dundant constraints within the system. Consequently, the Jacobian matrix of the
constraints C, in (2.70) is assumed to be of full row rank.

2.6.1 DAESs theory

The algebraic equations (2.70b) enforce the kinematic constraints at the configura-
tion level. Applying time derivative to (2.70b), yields the corresponding constraint
equations at the velocity level

¢(q,t)=C,(q,t)g+C,(q,t) =0 (2.71)

The constraint equations at the acceleration level are derived by applying an
additional time derivative to (2.71):

9(Cy(g,1)4)

é(q,t) =Cq(q.t)g+ G+2Cu(q,t)g+Cul(q,t)=0  (2.72)

dq
where
Pc(q.1)
= ’ RMe*"q 2.
th 8qat € ( 73&)
0*c(q,t)
= ’ R"e 2.
Cy 52 € (2.73b)

The differential index, or simply the index, of DAEs refers to the minimum
number of differentiations required on the constraint equations (2.70b) to obtain
ODEs [173, 211]. Substituting (2.70a) into (2.72), it is evident that an additional
time derivative is necessary to yield pure ODEs involving variables of both g and
v, establishing that the index of the DAEs from (2.70) is three. The index can
be interpreted as a measure of the complexity in solving the DAESs, i.e., a higher
index indicates greater difficulty. In practical applications, employing the naive
approach of repeatedly differentiating the DAEs to convert them into ODEs is not
feasible. This is because performing time integration on the constraints at the
third derivative level can result in a drift-off phenomenon in the configuration-level
kinematic constraints due to the accumulation of numerical errors during the time
evolution.

There are various methods available to deal with the algebraic constraint equa-
tions in index-3 DAEs. One approach is to reduce the index by incorporating
derivatives of the constraint equations from (2.71) and/or (2.72) into (2.70), though
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this comes at the expense of relaxing the satisfaction of the differential equa-
tions [86, 83, 23]. Baumgarte [22] developed a method that replaces the original
configuration-level kinematic constraint equations (2.70b) with a linear combina-
tion of the configuration-, velocity-, and acceleration-level constraint equations,
thereby transforming the system into pure ODEs, as shown below:

{ M (q)G+Cq(q,t) v = f(q,4.t) (2.74a)
é(q,t) +2a.¢(q,t) + B.c(g,t) =0 (2.74b)

where o, and . are adjustable parameters.

The second equation (2.74b) behaves like a spring-damper mechanism, where
a. determines the damping level, and . defines the stiffness of the mechanism.
In Baumgarte’s formulation, the algebraic constraint equations (2.70b) are not
strictly enforced, but rather satisfied approximately. If the values of a. and . are
too small, they may be insufficient to correct constraint drifts, potentially leading
to divergent solutions. As f. increases, the solution of the constraints approaches
the true solution, but the problem (2.74b) also becomes stiffer, exhibiting greater
challenges in numerical integration. For instance, a smaller time step size may
be required to achieve a stable solution. This also explains that the algebraic
constraint equations in (2.70b) can be regarded as infinite-stiffness or zero-inertia
mechanical systems that respond instantaneously to external excitations. There
is no standardized method for optimally tuning the a. and (. parameters for all
problems, which has limited the broader application of Baumgarte’s method.

Borri et al. [33] developed an embedded projection method that reduces arbitrary-
index DAEs to index-1 ODEs plus additional algebraic equations by introducing
an unconstrained, modified state variable. However, the complexity of this ap-
proach can lead to increased computational cost. Masarati [184, 183] proposed a
method that projects motion onto the constraint manifold for both position and
velocity based on Gauss’ principle of least constraint, where the constraints are
not explicitly enforced. Zhou et al. [297, 298] employed QR factorization of the
Jacobian matrix of constraints to project motion onto the subspace locally tan-
gent to the constraint manifold, developing a true continuation algorithm to track
the evolution of the subspace of independent coordinates. Subsequently, Masarati
et al. [185] extended the subspace evolution method to systems with redundant
constraints and discussed the singularity detection. Nada [193] introduced a new
constraint stabilization method based on fuzzy control algorithms.

Index reduction methods and constraint stabilization techniques for solving
high-index DAEs have been extensively discussed in the literature. For a more
comprehensive overview of these methods, readers are referred to review papers by
Laulusa and Bauchau [159, 19].

When the number of constraints is significantly smaller than the number of
physical coordinates, i.e., n. < n,, as is often the case in flexible structures, the
benefits of index reduction methods and constraint stabilization techniques become
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less pronounced. This is because, in such situations, the reduction in problem size
becomes negligible, while the computational complexity increases rapidly. This is
particularly relevant in the dynamic simulations of wind turbines.

An alternative approach is to directly integrate the index-3 DAEs, ensuring that
both the differential and algebraic equations are satisfied in a monolithic manner
through the development of custom time integration schemes. Bottasso et al. [35]
proposed a simple left- and right-scaling transformation for index-3 DAEs and
demonstrated that the error propagation and condition number of the iteration
matrix are both O(h®), meaning that the behavior of the numerical integration
of index-3 DAEs is comparable to that of regular ODEs. Subsequently, Bottasso
et al.[36] extended this scaling preconditioning method to the Newmark family of
integration schemes, and provided a thorough theoretical analysis of the perturba-
tion problem to consolidate the preconditioning strategy. Moreover, Bauchau et
al. [17] expanded the scaling approach to include the augmented Lagrange term
and showed that this extension is essential when the factorization of the iteration
matrix is performed without pivoting, which is crucial for the efficient solution of
large-scale sparse linear equations.

2.6.2 General linearization of DAEs

The terms in (2.70) can be linearized around an equilibrium configuration using a
Taylor series expansion and preserving the linear terms

M (q) 4 = M(qo) (4o + qG) + 8(.2/qug)6q (2.75a)
& (CT~,
Cq (g 1) v = Cylqo, to)" (v0+67) + (a;»y)éq (2.75h)

. o afa a.fd afv . 8.fa afe afv
f(q,q,t)—fo+<aq + Di + aq>5q+<aq + 94 + aq)éq (2.75¢)

c(q,t) = co+ Cy(qo, to)dq (2.75d)

where the subscript ‘0’ indicates that the quantity is evaluated in the equilibrium
configuration.

By substituting (2.75) into (2.70), removing the equilibrium terms, and pre-
serving only the infinitesimal perturbation terms, the linearized DAEs are obtained
as

{ M (qo) 6G + D (qo, do) 3G + K (qo, o, o, ¥0) 6 + Cq (qo. to)" 67 =0 (2.76a)
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where two tangent matrices are introduced

. Ofa  Ofa 0Ofy
D =— — —
(90, Go) a4 aq ER
= Da + Dm + Dl (277)
ST 8fa a.fe 0 (M(IO - fv) 9 (Cg’m)
K =— —
=K, + K.+ K, + K, (2.78)
The tangent damping matrix, D, is composed of three components: the damp-
ing matrix of external forces, D, = —0f,/0q; the structural damping matrix,
D,, = —0f,/0q, which arises from the structural damping properties; and the
inertial damping matrix, D; = —3Jf,/0q, linearized from the quadratic velocity
terms f,.

In the modal analysis of wind turbines, the aerodynamic damping matrix, D,,
provides significant damping in the blade flapwise direction and may introduce
negative damping in the blade edgewise direction. The structural damping matrix,
D,,, is a crucial source for compensating potential negative aerodynamic damping.
The inertial damping matrix, D;, includes the well-known gyroscopic damping
matrix. Although it does not inject or dissipate energy from the blades, it changes
their motion direction and ultimately influences the aeroelastic damping.

The tangent stiffness matrix, K, is composed of several components: the stiff-
ness matrix of external forces, K, = —0df,/0q; the structural stiffness matrix,
K. = —0f./0q; the inertial stiffness matrix, K; = 0 (M, — f,)/0q, which in-
cludes the gyroscopic stiffness matrix; and the tangent stiffness matrix of con-
straints, K, = 0 <C’qT'yo> /0q, which arises due to the orientation change of the
reaction forces and moments at the joints. The structural stiffness matrix, K., can
be further divided into two components: K. = K,, + K, where K, is the material
stiffness matrix and K is the geometric stiffness matrix induced by the internal
forces of the finite elements.

2.6.3 Generalized coordinates for rotation

To formulate the eigenvalue problem [178] and the discretization form of the time
integration scheme [196] from the linearized DAEs in (2.76), the generalized coor-
dinates of displacement dq, velocity g and acceleration dg are assumed to hold the
time derivative relations. While this is straightforward for translations, it is more
complex for rotations.

One can choose the variation of the rotation pseudovector and its derivatives
8¢, 8¢, 8¢, or the virtual rotation vector and its derivatives 66;, 60;, 00, to sat-
isfy the rigorous time derivative relations. However, both approaches lack physical
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meaning, particularly for the rotational velocity and acceleration, which can com-
plicate the development of the time integration scheme. Another option is to use
the quaternion and its derivatives dp, dp, dp. This approach results in the system
matrices M, D, K for rotational DOFs having blocks of size 4 x 4 rather than the
conventional 3 x 3, leading to larger system matrices. Additionally, this method
requires an extra constraint equation for each node or rigid body to enforce the unit
length of quaternion. Consequently, even when no link is present in the system,
algebraic constraint equations arise, and the final equations of motion take the form
of index—3 DAEs, making the solution process more cumbersome.

In this study, the update of finite rotation in the time integration is carried out
using a finite increment of the rotation pseudovector ¢a based on the rotation ¢*
converged at the previous time instant t*. Here, k denotes the time step index, t*
represents the time instant corresponding to the step index k, and A signifies the
finite differential of a quantity.

If the incremental rotation is computed in the local basis, we denote the local
finite increment of the rotation pseudovector as ¢;,, which brings the rotation from
step k to step k+ 1

R(¢"") = R(¢") R(¢1,) (2.79)

In the incremental rotation update scheme, the previous configuration at time
instant t* is assumed to be fixed, so R (qb’“) is considered constant. Applying

variation to (2.79), and employing 6 R = R0, and the relation (2.17b), yields

IR (¢"") = SB(S R (61.) + R (¢") IR (1)
= R (¢"1)00," = R(¢") R(¢1,) 00,
= 60/ =60, = G (¢1,) 0,

= 060, = 66, = d¢u,, Ve, =0 (2.80)
where the below limitation is used

lim Gl (Q’)ZA) =1 (281)

(Z)ZA‘)O

From (2.80), we can observe that for an infinitesimal increment of rotation in
the local basis ¢;, — 0, the virtual rotation vector at the next time step 59,’““,
the virtual rotation vector associated with the rotation increment 66;,, and the
variation of the rotation increment d¢;, are strictly equal to each other.
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Replacing variation with time derivative in (2.80), yields

R (¢4") = B(STR (#1) + R (¢") R(d1,)
= R (&) @™ = R(¢") R(¢1,) @1,
= wit = wy, =G (P1,) P

= wtl =w, ~ ¢, Yo, ~0 (2.82)

where wy, is the local angular velocity vector associated with the rotation incre-
ment ¢;,. For a small rotation increment ¢;, ~ 0, the tangent operator can be
approximated as identity matrix: G; (¢, ~ 0) ~ I.

Note that w;, should not be confused with the increment of the local angular

velocity vector: Aw; = witt — wf # w;,. w,, = w/™ is not an increment, but
Awl is.
. d
Similarly, ¢, = T (¢1,,) should not be confused with the increment of the time

derivative of the rotation pseudovector: Ag = ¢** — @d* + ¢, .
Applying time derivative to (2.82), the relations for the rotational acceleration
can be readily derived as:

(.;JZIH_I = (.;JZA ~ ¢)lA7 Vd)lA ~0 (283)
According to (2.80), (2.82) and (2.83), in the local incremental rotation update
scheme, for convenience in the variation derivation and to ensure the clear physical
interpretation of the generalized velocity of rotation, in the derivation process for
linearizing the DAEs, the variations (infinitesimal increments) of rotation, rota-
tional velocity and rotational acceleration are chosen as 60;, dw;, dw;, respectively.
In the time integration scheme, the finite increments of rotation, rotational velocity
and rotational acceleration are discretized as ¢, , Aw;, Aw, respectively.
The full picture of the utilized generalized coordinates is summarized as follows:

o The generalized coordinates for positions and rotations, the generalized ve-
locities and the generalized accelerations of a multibody system are stored in
vectors q, ¢ and ¢, respectively, as below !

T
q= [TIT, pf, r2T, p2T, o ,,,,57 pﬂ e RB+)n (2.84a)
T
q= [rﬁ{,wfl,rg,wg, . ,fg,wﬂ c RB+3)n (2.84b)
T
G =, @l 7 ol F o] e RGN (2.84c)

'For simplicity, we keep using the notations q, ¢, and ¢, while noting that they no longer
d ., d?
represent one another’s time derivatives. In detail, ¢ # d—‘tl and g + ditg
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o In the linearization process, the variations of generalized coordinates, gener-
alized velocities and generalized accelerations are chosen as

5q = [5v7,567 6r7. 607, ... 57,507 € RE+O" (2.85)
5q = 077, 6wl 577, 0wl .., 6°T dwl ] € ROHI" (2.85D)
5 = [5#7, 6, 6¢F 0ol ... 6#T 6w | € RGO (2.85¢)

e In the time integration scheme, the finite increments of generalized coordi-
nates, generalized velocities and generalized accelerations are discretized as

T
Ag=[Ar] @], Ar] ¢],,.... . ArL @], | € REH" (2.86a)
Ag = [AFT, Awl ART Aw, . AFT, Awl ] € REI™ (2.86b)
T
AG = [AFT Al AR NG, AFE AGL]T e REH (2.86¢)

Since the angular velocity w; cannot be directly integrated [11], a linear approx-
imation must be assumed in the time integration as a compromise:

b, ~ wih (2.87)

where h is the time step size.

The numerical error introduced by (2.87) increases with both the time step size h
and the angular velocity w;, which restricts its applicability to dynamic systems
operating at high rotational speeds.

2.7 Flexible structures

When the flexibility of components significantly influences the overall dynamics
of multibody systems — such as when component deflections are non-negligible or
the natural frequencies of the components are close to the bandwidth of external
excitation — it is essential to account for these deflections during motion to accu-
rately capture the dynamic response. This is commonly done by discretizing the
components into finite elements.

In the engineering practice of flexible multibody system dynamics, the com-
putational cost of long—term dynamic simulations often restricts the number of a
system’s DOFs , typically to the order of 10? to 103. When the physical DOFs of
the system significantly exceed this range, modal reduction techniques are generally
employed to reduce the number of DOFs. On contrary, if the physical DOFs fall
within this range, it may be feasible to conduct the dynamics simulation directly.
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2.7.1 Beam element models and formulations

In this section, a brief overview of beam element models and formulations aimed
at wind turbine blades is presented. The main challenges and potential research
directions are also highlighted.

Beam element models in structural mechanics

Modern wind turbine blades are long slender structures made of composite materi-
als, most commonly glass fiber— or carbon fiber—reinforced polyester, to achieve a
high stiffness—to—mass ratio [292]. The cross—sections are designed as aerodynamic
airfoils to generate lift from wind inflow. These designs incorporate continuous and
smooth distributions of chord, thickness and pretwist to achieve optimal angles
of attack along the spanwise and include appropriate prebend out of the rota-
tional plane to increase blade-to-tower clearance. Additionally, a slight presweep
may be included to enhance aeroelastic stability. Ultimately, these designs, which
involve composite materials and irregular airfoil geometries, result in complex in-
homogeneous and anisotropic characteristics of the cross—sections and complicated
three-dimensional bending-twist coupling of the blades.

It is straightforward to discretize wind turbine blades into beam elements to
obtain an effective compromise between computational accuracy and efficiency. The
Euler-Bernoulli beam element is the simplest discretization of blades, assuming that
cross—sections remain rigid and perpendicular to the centerline after bending while
neglecting the rotational inertia of the cross—sections. Incorporating the rotational
inertia of cross-sections leads to the development of the Rayleigh beam element
model. Furthermore, accounting for the shear distortion of cross—sections results
in the Timoshenko beam element [107], which has been the mainstream beam
element model used in the wind energy community, for instance, in Bladed [69],
HAWC?2 [158], and QBlade [182].

By introducing polynomial functions to interpolate the displacement field along
the reference line of a beam element, and by considering the internal force equi-
librium equations and compatibility conditions at the two end nodes, the shape
function matrix of classic three-dimensional Timoshenko beam elements can be
derived [26]. This matrix can be further generalized by incorporating the inter-
secting coupling in the bending and shearing directions in the constitutive rela-
tion [172, 252]. This approach involves the use of the 6 x 6 Fully Populated Matrix
(FPM) of cross—sectional stiffness properties. It is also possible to derive the exact
shape functions for Timoshenko beam elements with tapered cross—sections [270].
However, in engineering practice, it is more common to approximate tapered cross—
sections as uniform cross—sections by averaging their mass and stiffness proper-
ties [69, 5].

Several novel Timoshenko beam elements have been developed for application
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in wind turbine blades. Kim et al. [154] extended the shape functions to arbitrary—
order polynomials and derived the element stiffness and mass matrices based on
pre—calculated anisotropic beam properties. Krenk and Couturier [155] developed
a complementary—energy formulation for an inhomogeneous anisotropic beam el-
ement in which the element stiffness matrix is derived by employing equilibrium
internal-force distributions without the need for polynomial shape functions. The
proposed equilibrium—based beam element demonstrated superior accuracy in re-
covering cross—sectional internal forces when integrated with the in—house aeroe-
lastic tool BHawC' [234, 58|.

The geometric stiffness term in beam element models for wind turbine blades,
induced by heavy aerodynamic loading and centrifugal forces, is critically impor-
tant for accurate simulation. A unified formulation of the Timoshenko geometric
stiffness matrix has been derived via considering higher—order terms in the strain
tensor [230], which results in larger displacement under high axial loads.

In principal, the reference line of a beam element can be aligned with arbitrary
locations in the cross—sections, as long as the reference line is consistently specified
along the blade spanwise and proper formulations are employed to account for the
offsets of elastic centers, shear centers, mass centers and aerodynamic centers. In
Bladed, the reference line is placed at the elastic centers, whereas in HAWC?2, the
half-chord points are chosen. OpenFAST, on the other hand, does not restrict
the choice of the reference line. However, through comparisons between the beam
element model, the three-dimensional shell element model, and experimental mea-
surements on a blade test rig, Couturier et al. [57] proposed using the locus of the
cross—sectional elastic energy centers as the reference line, yielding more accurate
results than the traditional beam element model which employs the elastic centers
as the reference line.

The blade structural damping is a critical factor in compensating for the lit-
tle aeroelastic damping of the blade edgewise modes. An anisotropic stiffness—
proportional damping model has been proposed to offer more flexibility in the
parameter setting of the blade structural damping [114].

The cross—sectional mass and stiffness properties are required as input for the de-
velopment of beam elements. Various cross—sectional analysis tools can be employed
to compute these properties, including VABS [290], BECAS [32] and ANBA4 [190,
300]. Typically, these tools account for the warping effect, as it can significantly
influence the bending—twist coupling in the closed thin—walled beams [291, 32, 190].
However, in the implementation of Timoshenko beam elements within mainstream
aeroelastic simulation tools used in the wind energy community, the warping effect
is commonly neglected due to the rigid cross—section assumption [69, 158, 194, 182].

For very large modern wind turbines, obtaining consistent results from vari-
ous aeroelastic tools remains a challenging task [105, 221, 55]. Despite numerous
aspects related to aerodynamics and structural dynamics that can influence aeroe-
lastic results, this inconsistency suggests that the structural model of long slender
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blades requires further improvement. To this end, it is possible to update the
beam element model using invertible neural networks to improve the agreement in
numerical simulations [200].

Beam formulations in multibody dynamics

Wind turbine blades experience large out—of—plane deflections and free rotations
under heavy aerodynamic loading during normal operation conditions, resulting in
significant geometric nonlinearity from the perspective of flexible multibody system
dynamics [96]. In the design phase of wind turbines, it is required to run thousands
of load cases to account for all possible combinations throughout the turbine’s life-
time [139]. Considering the design iterations involving aerodynamics, structures
and controllers, extensive long—term dynamics simulations are necessary in the en-
gineering practice of wind industry. It is essential that these computational tasks
are finished with minimal intervention from engineers. Therefore, the computa-
tional efficiency and numerical robustness are of crucial importance for selecting
the appropriate formulation to develop the equations of motion.

Since the 1980s, modal-based approaches have been extensively employed to
formulate the equations of motion of blades in wind turbine aeroelastic simula-
tion tools. Representative examples include Flez5 [304, 42], various old versions of
Bladed v3.x and FAST v7.x., and the ElastoDyn module in OpenFAST [194]. In
the modal-based approach, modal shapes are employed as shape functions to inter-
polate the elastic deformations of blades. This method provides sufficient accuracy
for short blades, even when blade torsional DOFs are neglected.

As blades get longer to reduce the levelized cost of electricity (LCOE), blade de-
flections go beyond the linear assumption region. Consequently, it becomes essential
to divide the blade into multiple segments to accurately capture geometrical nonlin-
earities [97]. Concurrently, the Floating Frame of Reference Formulation (FFRF) is
utilized to formulate the equations of motion involving large rotations [237]. In the
FFRF, the rigid-body motion of the continuum is represented by the floating frame
of reference, while the elastic deformations of the blade segments are described rel-
ative to the reference frame. The FFRF has been employed in both Bladed [69]
and HAWC2 [158].

The greater the number of segments into which the blade is divided, the higher
the accuracy achieved by the FFRF. In the extreme case where the number of
segments equals the number of beam elements used for blade discretization, the
FFRF becomes equivalent to the CoRotational Formulation (CRF). A key differ-
ence between FFRF and CRF is that, in FFRF, one floating frame of reference
is shared by multiple elements, whereas, in CRF, each element has its own inde-
pendent reference frame. An important motivation for developing CRF is to reuse
the various existing small-strain elements that have been extensively developed in
Finite Element Method (FEM) codes and apply them in the analysis of flexible
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multibody system dynamics [80]. In the CRF, the motion of the continuum is
also assumed to consist of rigid—body motion and pure elastic deformation. The
rigid-body motion is represented by the shadow configuration. Rankin, Nour-Omid
and coworkers [218, 201] developed projectors to achieve this motion decomposi-
tion, leading to the element—independent corotational formulation. Crisfield and
coworkers [61, 62, 60] developed the consistent and unified CRF for solids, shells
and beams. Felippa and Haugen [80] presented a unified theoretical framework
for the CRF, in which they derived the element internal force and the consistent
tangent stiffness matrix. They also discussed three variants of consistent CRF
achieved through selective simplifications and highlighted several remaining open
topics in the CRF domain. The proposed CRF [80] was applied to the analysis of
rotating systems and demonstrated good accuracy [262]. Battini and Pacoste [10]
introduced the warping effect into the corotational beam element by adding a sev-
enth DOF at each node and applied this to buckling analysis. Wang et al. [279]
discretized the mass distribution of beam elements into three lumped masses to
obtain accurate inertial terms in the CRF. Moon et al. [137, 138] implemented a
corotational anisotropic tapered beam element for the simulation of wind turbine
blades, introducing an additional warping DOF at each node. The CRF has been
utilized in the in—house aeroelastic tool BHawC [234] at Siemens Gamesa, as well
as in the aeroelastic stability analysis tool HAWCStab2 [70].

In both FFRF and CRF, the displacements and rotations of beam structure
cross—sections are described relative to their respective reference frames, based
on the small-strain linear assumption used in FEM. It is well known that three—
dimensional finite rotations exhibit significant geometric nonlinearities and, there-
fore, can not be interpolated linearly. To address this issue, the Geometrically
Ezact Beam Theory (GEBT) describes the kinematics of cross—sections in an exact
way, without any assumptions on the amplitude of rotations and cross—sectional
strains. This approach leads to a general formulation but at the cost of increased
complexity.

GEBT, also known as Simo—Reissner beam theory, was initially proposed by
Reissner [219] and later extended by Simo [242, 243, 244] to address three—dimensional
problems. Hodges and his coworkers [65, 126, 127] decomposed the three—dimensional
problem into a linear, two-dimensional cross—sectional analysis and a geometri-
cally exact nonlinear, one-dimensional beam analysis, applying this approach to
the modeling of wind turbine blades [125]. The most significant challenge in the
development of GEBT is the description and interpolation of finite rotations. Je-
leni¢ and Crisfield [144, 145] proposed an interpolation of current local rotations
in a corotational manner to preserve the objectivity of strain measures. The kine-
matics of beam element cross-sections can be described on the special Euclidean
group SE(3), with an exponential mapping employed to interpolate and update
the rotations [250, 233]. Additionally, the motion formalism can be employed to
treat displacement and rotation fields in a unified manner, resulting in simpler
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equations of motion with lower-order algebraic nonlinearities [109, 20]. Classic
polynomials can be utilized as shape functions to interpolate displacement, ro-
tation, and gradients along the beam element. Alternatively, using Lagrangian
interpolants with node locations at the Gauss—Lobatto—Legendre points as shape
functions results in the so-called Legendre spectral finite elements, which provide
higher efficiency [147, 284, 283]. Furthermore, the isogeometric analysis (IGA)
computational approach performs the interpolation based on non-uniform rational
B-splines (NURBS) functions, thereby eliminating the discretization errors within
finite element tools when geometries are imported from computer-aided design
(CAD) models. As a result, this approach has gained increasing research inter-
est [233, 261]. Warping and Wagner effects, which can be modeled by introducing
additional DOFs to describe the corresponding deformations, are crucial for accu-
rately modeling thin—walled rods under large bending—twist coupling deformations.
Several scholars [48, 181, 233] have incorporated warping and Wagner effects with
GEBT. However, it has been found that GEBT with warping effects cannot accu-
rately capture the trailing edge local buckling phenomenon of wind turbine blades
in case of significant local buckling when compared to results from a shell-element
model [77]. GEBT has been used by various researchers to investigate the aeroe-
lasticity of wind turbines [282, 179, 235, 174] and helicopters [128, 16, 240]. GEBT
has also been implemented in aeroelastic simulation tools for wind turbines, such
as the BeamDyn module in OpenFAST [194], Cp-Lambda [39], and hGAST [205].

Significant geometric nonlinearity is inherent in the three-dimensional finite ro-
tation, introducing numerous challenges in rotation parametrization, interpolation,
update, and the associated time integration scheme. These challenges are present
in FFRF, CRF, and GEBT. The continuum mechanics based Absolute Nodal Co-
ordinate Formulation (ANCF) completely bypasses the use of rotational DOFs,
instead introducing the global position vector gradients as nodal coordinates. A
characteristic feature and advantage of the ANCF beam element is its constant
generalized mass matrix and the fact that the quadratic velocity term is identically
zero. However, the generalized stiffness matrix incorporates significant nonlineari-
ties due to large deformations and displacements, such as the geometric stiffening
effect. Since ANCF does not include rotational coordinates, it is not straightfor-
ward to establish joint constraints between ANCEF finite element nodes and other
rigid bodies or classical element nodes with six rotational DOFs. This difficulty
also applies to the imposition of concentrated moments at ANCF element nodes.
The polar decomposition can be used to consistently establish algebraic constraints
between position vector gradients and rotational coordinates, effectively addressing
the setup of joint constraints and the imposition of concentrated moments [232]. As
a continuum mechanics approach, ANCF is subject to Poisson locking, which leads
to an overestimation of structural rigidity and failure to converge to the correct
solution for thick beams. Selective reduced integration can be applied to eliminate
the Poisson locking effect [92, 191]. By introducing additional DOFs to describe
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cross—sectional shear, stretch, and deformations, the warping effect can be accu-
rately modeled using ANCF beam elements [167, 258]. Bayoumy et al. [1, 25, 24]
developed a structural dynamics model for wind turbine blades using ANCF thin
plate elements and addressed slope discontinuities through the implementation of
an intermediate coordinate system. In contrast, Nada [192] employed ANCF shell
elements as an alternative approach. Sugiyama et al. [256] proposed an ANCF
beam element with initially curved configurations. Yu et al. [289] introduced a
variant of the ANCF beam element with variable cross-sections by incorporating
higher—order nodal coordinates. For a comprehensive review of ANCF, readers
are referred to [93, 202, 238]. It is noteworthy that, to date, there is no available
ANCF beam element designed for aeroelastic dynamic simulations of wind turbine
blades that feature initially curved and twisted configurations, variable irregular
cross—sections, and inhomogeneous anisotropic material properties.

Both GEBT and ANCF describe the kinematics of beam cross—sections in the
inertial frame and can accurately represent the finite rotation and deformation
of beam elements. However, ANCF is inherently less accurate than GEBT due
to differences in kinematic descriptions and is also more computationally inten-
sive [231, 18]. Since both FFRF and CRF employ the small-strain linear assump-
tion within finite elements, their accuracy is generally lower than that of GEBT and
ANCEF. Consequently, the order of numerical accuracy is typically as follows: GEBT
> ANCF > CRF > FFREF. However, this ranking can be substantially influenced
by the specific details of model assumptions and algorithm implementation.

Finally, a summary of the various beam element models and formulations em-
ployed in mainstream aeroelastic simulation tools within the wind energy commu-
nity is provided in Table 2.2.

Future research

The location of the reference line at the cross-sections of beam elements affects the
computational results of blade deflections [57], which could contribute to discrep-
ancies among various aeroelastic simulation tools [221, 55].

The observation of local buckling at the trailing edge and macroscopic cross—
sectional deformations — known as the ‘breathing effect” — suggests that the warp-
ing and Wagner effects of cross—sections could be relevant for accurately calculating
the large bending—twist coupling deflections of modern slender wind turbine blades.

Given its higher numerical accuracy and efficiency compared to ANCF, GEBT
is the preferred formulation for highly accurate simulations.

A detailed three-dimensional shell element model of wind turbine blades could
provide a reliable reference for verifying the deflection solutions of developed beam
element models. Additionally, blade deflection measurements from test rigs and
operating wind turbines can be employed to validate these beam element models.
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Table 2.2: Overview of beam models and formulations used in aeroelastic
simulation tools for wind turbine analysis.

‘ Tool ‘ Beam model ‘ Formulation ‘ Developer ‘
Bladed Timoshenko FFRF, multi-segment | DNV
HAWC2 Timoshenko FFRF, multi-segment | DTU!
HAWCStab2 | Timoshenko CRF DTU!
QBlade Timoshenko CRF TU Berlin?
BHawC Timoshenko CRF Siemens Gamesa
Flex5 Modal element | FFRF DTU!
OpenFAST
(ElastoDyn) | Modal element | FFRF NREL?
OpenFAST
(BeamDyn) | Simo—Reissner | GEBT NREL?
Cp-Lambda | Simo—Reissner | GEBT Polimi*
hGAST Simo—Reissner | GEBT NTUA®

IDTU: Technical University of Denmark

2TU Berlin: Technical University of Berlin
3NREL: National Renewable Energy Laboratory
4Polimi: Polytechnic University of Milan
SNTUA: National Technical University of Athens

In summary, a high—precision GEBT-based tapered beam element that incorpo-
rates warping and Wagner effects, supports arbitrary cross—sections, accommodates
inhomogeneous anisotropic material properties, and can handle initially curved
and twisted configurations is necessary for achieving higher accuracy. Verification
against high—fidelity shell element models and validation against measurements
from test rigs and operating wind turbines are also required.

2.7.2 Corotational Timoshenko beam element

Although the brief review of beam element models and formulations in Section 2.7.1
suggests that GEBT provides the highest accuracy, we have chosen to use CRF to
formulate the equations of motion for wind turbine blades and towers. This decision
is based on a trade—off between numerical accuracy, computational efficiency, and
robustness.

In this section, we revisit the corotational Timoshenko beam element to lay the
foundation for the subsequent discussions in this thesis.
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Timoshenko beam element

The classic Timoshenko beam element is directly incorporated with the CRF to
model wind turbine blades; therefore, it is first recalled here.

w1 w2
v2
v ? 2
'¢'1 1 Y ’(p
6 (7]
—= e =) 0—26‘2
-1 N (plul o 13 1 P2

Figure 2.6: The displacement field of a 2-node three-dimensional Timoshenko beam
element with length L. The dimensionless abscissa is defined as € = 2x/L € [—1,1].

Considering a 2-node three-dimensional Timoshenko beam element illustrated
in Figure 2.6, the nodal displacement vector e expressed in the element local coor-
dinate system Ozxyz is denoted as

T
e:[ul vy wr @1 O Y1 ux v wy o b %] (2.88)

where u;, v;, w;, ;, 0;,1; for i = 1,2 are the displacements and rotations of the two
nodes of the element.

In Timoshenko beam theory, the slope of the transverse displacement can be
decomposed into two components [216]

ov

% =9+ Yy (2.89&)
ow

S 2.
o 0+, (2.89b)

where 0,1 are the pure rotation angles under bending moments about the y and
z axes, respectively; 7,, . represent the shear strains under transverse forces along
the y and z axes, respectively.

By introducing the generalized strain vector

T
and the vector of cross—sectional internal forces and moments
fee=[Fe F, F. M, -M, -M] (2.91)
the cross—sectional constitutive relation can be expressed as
Joee = KiecE (2.92)
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where K. is the cross—sectional stiffness matrix, which can be computed using
cross—sectional analysis tools, for instance, BECAS [32] and VABS [290].

In general, K. is a 6 x 6 fully populated matrix (FPM) for anisotropic and
inhomogeneous cross—sections of arbitrary geometry. As a standard implementa-
tion, the off-diagonal terms in K. are neglected, resulting in a diagonal stiffness
matrix

- :
GAS

Koo = GAz (2.93)

GI,
EI,

ET,,]

where F'A represents the axial stiffness, GA;, GA; denote the shear stiffness along
the y and z axes, respectively, G, is the torsional stiffness, and EI,,, E'1,, are the
bending stiffness about the y and z axes, respectively.

Shape functions The shape functions of the three—dimensional Timoshenko
beam element are thoroughly introduced in Bazoune (2003) [26]. Since the cross—
sectional stiffness matrix in (2.93) already includes integration over the cross—
section, it is necessary to avoid duplicate integration which can be achieved by
setting the transverse dimensionless abscissas = y/L and ¢ = z/L in the formula
(46) of Bazoune (2003) [26] to zero. Additionally, considering the definition of the
axial dimensionless abscissa & = 2z/L used here, as depicted in Figure 2.6, the
displacements of a cross—section at position £ can be interpolated using

u(§) = ; (1-8u + ; (1+&)us (2.94a)
o(€) =D =429 +2) L(éz—l)(%—ﬁﬂ)d]
- 4(Py +1) ' 8(Dy+1) 1
E+1)(=+E+22,+2) | L(E-1)(+E+1)
* 4(D, +1) 2 8(®, +1) vz (294D)
w(©) =D E429.42)  L(E-1)(P—E+ 1)
B 4(d, +1) ! 8(d. +1) !
E+1) (=€ +£+20. +2) L& -1)(P.+E+1)
* 4(D, + 1) w2 8(D, + 1) b (2940)

where the two shear deformation parameters are given as

 12EL, o _ 1251,
Y GAsL? ©OGAL?

o (2.95)
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The torsional angle ¢ at position £ employs the same linear interpolation as the
axial displacement

1

P€) =5 1=+ 31+ ¢ (2.96)

The rotational angles 6 and ¢ at position £ can be interpolated using

0(¢) = _21L (3¢ = 3) azwy + (i (3¢ —2¢— 1) a. + ; (=€+1) bz) 0

+ 21[, (3¢? = 3) a.ws + (i (3¢ +26—1)a. + ; (€+1) bz> Oy (2.97a)
b(E) = 21L (36 — 3) ayur + (i (3¢ =26 —1)a,+ ; (—€+1) by> W

1 + ; (€+1) by> Uy (2.97b)

57 (3¢% = 3) ayva + (i (3¢ +26—-1)q,

where the four parameters are

1 R 1 , O
“Tire, T itre, T 140, P 1t0.

(2.98)

By grouping the corresponding terms in equations (2.94), (2.96) and (2.97)
according to the displacement vector e, the cross—sectional displacements and ro-
tations w(§) = [u, v, w, @, 0, w]T can be written in the matrix form

u(§) = N(§)e (2.99)

where N (£) is the shape function matrix of size 6 x 12.
The shear strains vy, and ~, at position { can be interpolated using

1 1 1 1

Yy(§) = — byt = byt + Thyva — byt (2.100a)
1 1 1 1

7:(8) = = Fbewn + 5b:00 + Fbows + 5b.65 (2.100b)

From the equations in (2.100), it is observed that the shear strains -, and ~, at
position ¢ are independent of the abscissa &, and thus remain constant along the
beam element.This implies that the internal shear forces at an intermediate node,
calculated from two adjacent beam elements with different cross—sections, may not
be equal. Consequently, a smoothing algorithm is required in the post—processing
phase to achieve an appropriate shear force distribution along the blade.

Applying derivative with respect to the axial coordinate z to equations (2.94a),
(2.96) and (2.97), yields the axial strain €, = Ou/Ox, the torsional rate k, =
O0¢/0z, and the curvatures x, = 00/0y and k, = 0v/0z, respectively. Additionally,
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considering equations (2.100) and grouping the corresponding terms according to
the displacement vector e, the generalized strain vector € = [e, Yy, Vs, Kay Kys /QZ}T
can be expressed as

e(©) = B(¢)e (2.101)

where B(¢) is the strain-displacement relation matrix of size 6 x 12.

Element mass, stiffness and damping matrices The element consistent mass
matrix M, of the classic Timoshenko beam element can be obtained by integration
over the beam length

1
M, = / N ()T M. N(€)de (2.102)
~1
where M. is the cross—sectional mass matrix of size 6 x 6.

M. can also be computed using BECAS or VABS and can be expressed in the
element local coordinate system Ozyz as

v 0 0 0 VZm —UVlYm ]
v 0 —-vz, 0 0
Vo VlUYnm 0 0

M, = I 0 0 (2.103)
sym Jyy  —Jy-
JZZ

where v is the mass per unit length of the cross—section, y,, and z,, represent the
mass center offsets relative to the reference line of the beam element. .J,, is the
polar moment of inertia per unit length, J,, and J., are the mass moments of
inertia per unit length about the y and z axes, respectively, and J,, is the product
mass moment of inertia per unit length.

When the element size is sufficiently fine to capture the significant modes that
contribute to the dynamic response of the structure, the lumped mass approxima-
tion provides adequate accuracy and is simpler to implement. Consequently, it is
preferred in our implementation.

The standard element stifflness matrix K q of the classic Timoshenko beam
element can be obtained by integration over the beam length

K= [ BO KB (2.104)

The damping properties of wind turbine blades in the axial, flapwise, edgewise,
and torsion directions can be different. Inspired by Hansen (2001) [114], a stiffness—
proportional anisotropic damping model is utilized in this work. By introducing a
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damping coefficient matrix Bamp, = diag{Sa, By, Bz, Br, B, By}, the cross-sectional
damping matrix is constructed as

Dsec = /Bgmszecﬂdmp (2105)

The coefficients 3,, B,, 8. and 3, are used to tune the damping effects in the
axial, bending about the z axis, bending about the y axis and torsional directions,
respectively.

The element damping matrix Dyq of the Timoshenko beam element can be
obtained by integration over the beam length

Do = [ B DucB)d (2.106)

The mass—proportional damping term is not included for wind turbine blades
as it can damp the rigid-body motion of large rotations.

For a tapered beam element with different cross—sectional mass and stiffness
properties at each end, it is equivalent to a beam element with constant cross-
sectional properties, calculated as the mean values of the properties at the two
ends.

In this study, the integrals required to compute the element mass, stiffness, and
damping matrices from (2.102), (2.104) and (2.106) are evaluated analytically. The
closed-form expressions are derived using MATLAB Symbolic Toolbox [143]. Due
to their complexity, these expressions are not presented here for the sake of brevity.

Correction for shear center offsets The cross—section of wind turbine blades
is irregular, as illustrated in Figure 2.7. The elastic center, mass center, shear
center, aerodynamic center, and pitch axis do not coincide. The coordinates of the
elastic center O, are initialized with respect to the pitch axis coordinate system
Opyz. In our implementation of the beam element for wind turbine blades, the
reference line is defined as the straight line connecting the elastic centers. The
coordinate systems of the shear center Oyyz, mass center O,,yz, and aerodynamic
center O,yz, are defined relative to the elastic center coordinate system O.yz.

To address the shear center offsets at the two end nodes of a beam element, a
transformation matrix T is introduced [5]

Tox Lo 0 ] (2.107)

TS B [ 0 TawTs2
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Figure 2.7: An airfoil cross—section of wind turbine blades.

where the sub matrices are given as

1 1
1 1 —Zsi
T, — 1 . T, = 1 yf" for i=1,2
Co 1 1
L C3 1_ L 1_

(2.108)

with ys and zg being the shear center coordinates in the elastic center coordinate
system O.yz, and the three coefficients, ¢, ¢, c3, being calculated as

o Ls,yz o (ysl - 952) Ls,yz _ Rsl T Rs2
1 = I’ Co = LLS’y y 3= L57y ’
Ls,y - \/L2 + (ysl - ,%2)2, Ls,yz - \/Lg,y + (Zsl - 252)2 (2109)

The transformation matrix Ty is applied to the standard element stiffness matrix
Kq in (2.104) and the element damping matrix Dgyq in (2.106), resulting in the
final element stiffness and damping matrices, respectively

Kele = TSTKsths (2110)
Dele = TSTDsths (2111)

FPM stiffness property If the cross—sectional stiffness matrix K. is evaluated
at the elastic center along the principal axis and expressed in the FPM form, it
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becomes [32]

EA 0 0 0 0 0
GA; k:i,zlu kv, O 0
B GAS ky, O 0
Koo = G, 0 0 (2.112)
sym El, 0
I EI.

where the coupling terms between shear and torsion, k., by, and k,,, are present.
The cross-sectional FPM stiffness matrix K. in (2.112) must be incorporated
into Equation (2.104) to compute the element stiffness matrix Kgq.
Considering equations (2.92) and (2.112), and remembering the relationship
between the bending moment and the shear force F' = dM/dz, the shear forces in
the y and z axes can be expressed, respectively, as

dM, .
Fy == = GApy + kowys + kuphia (2.113a)
dM,
F,=— 1 L= kywYy + GAZv: + kuwphiy (2.113Db)
xr

Equation (2.113a) differs from Equation (18) in Bazoune (2003) [26], rendering
the interpolation relations in (2.94b) and (2.94c) invalid. Therefore, the shape func-
tion matrix IN and the strain—displacement relation matrix B must be updated,
as proposed in [252]. The closed—form expression of the element stiffness matrix,
K, computed with the cross—sectional FPM stiffness matrix, is exceedingly com-
plex. Alternatively, it can be evaluated using numerical integration methods, such
as Gauss-Legendre quadrature (see Appendix A.2). In our implementation, four
Gauss-Legendre quadrature points are used to ensure sufficient accuracy.

Corotational formulation

In this section, we revisit a simplified version of the corotational formulation, which
is easy to implement and provides a good trade—off between numerical accuracy,
computational efficiency, and robustness.

The concept of the CRF for a beam element is illustrated in Figure 2.8. In the
CRF, the gross motion of the beam element is decomposed into two components:
the rigid-body motion represented by the reference frame F', and the small-strain
elastic deformation described in the local basis of frame F. The reference frame F
brings the continuum from the initial configuration Cy to the intermediate shadow
configuration Cg. The elastic deformation is measured at the deformed configura-
tion Cp with respect to the shadow configuration Cg.

The reference frame F is placed at the midpoint of the beam element’s reference
line AB. The X axis is defined as the vector from node A to node B, while the Y
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Figure 2.8: A scheme of the corotational formulation for a beam element.

axis is determined as the average direction of the Y axes of the two nodal frames

A and B.

Tp=Tp—Ta (2.114a)
Yr = RAR£Dy1 + RBREOyI (2114b)

where R4, and Rp, are the rotation matrices of the two nodal frames A and B in
the initial configuration Cy, respectively. The vector y; = [0, 1, O]T represents the
unit vector along the Y axis.

In case of curved beams or bending deflections, the mean Y axis does not lie
in the plane orthogonal to the X axis. Consequently, the Gram-Schmidt orthogo-
nalization is employed to determine the proper Y axis and the remaining Z axis,
ultimately resulting in the rotation matrix of the reference frame F' after normal-
izing to unit length: Rp = [®p, yr, zr|. Whenever the beam element moves, the
reference frame F' is updated accordingly.
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Local displacements The local position vectors of nodes A and B in the refer-
ence frame F' remain constant in both the initial configuration Cy and the shadow
configuration Cg. This implies that
Rl (ra, —Tr) = R?O (ra, —Tr) (2.115a)
R; ('I‘BS — 'I‘F) = R;O (’I"BO — 'I‘FO) (2115b)

The elastic displacements of nodes A and B in the reference frame I’ can be
computed as

dys =R} (ra—ra,) =Ry (ra—7rr) — RE (T4, — TR (2.116a)
EB = R; (’l"B — TBs) = R; (T'B - ’l"F) — Rgo (’I"BO — ’I"FO) (2116b)
which can be further simplified as
EA = R}T;'PA — Rgoer (2.117&)
dp = Rirp — Ry 75, (2.117b)

since the movement of the reference frame F' does not contribute to the internal
elastic forces.

The computation of rotational displacements is more complex. Considering
node B as an example, the incremental rotation from frame Bg to frame B, pa-
rameterized using the quaternion p,,, can be computed as

Par = PBPB (2.118)

where the subscript ‘a’ indicates that the incremental rotation is conducted around
fixed axes in the inertial frame W'.

The relative rotation of frame Bg with respect to frame F' remains constant in
the initial configuration Cy and the shadow configuration Cg. Therefore, we have

PrPBs = PF,PB,, leading to
PBs = PB,PFPF (2.119)

Substituting (2.119) into (2.118), and introducing the rotation pseudovector
¢., to describe the incremental rotation: p,, = (O, %gba A), we obtain

1 * *
(0, 2(;%) = PBPB,PFPF (2.120)

Let ¢ represent the incremental rotation pseudovector expressed in the local
basis of the reference frame F'. Using quaternion to perform the transformation,
we obtain

(0, ¢0s) = pr (0, P5) P (2.121)
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From (2.120) and (2.121), we can easily derive

17 * *
(0, 2¢B> = PrPBPBPFy = Ply (2.122)

where p;, is introduced to represent the incremental rotation expressed in the local
frame F'.

As follows, the local incremental rotation pseudovector ¢ can be computed
from quaternion p;, using formula (2.21). The local incremental rotation pseu-
dovector ¢, for node A can be obtained using the same procedure.

The local elastic displacement vector of the beam element is then obtained

d=[d) &, d, oy (2.123)

Assuming the beam element strain is small, the local elastic displacement vector
d is identical to the nodal displacement vector e in (2.88).

Corotational transformation The local internal elastic forces of the beam ele-
ment can be computed as ?e = — K.d. Since we place the internal elastic forces on
the right—hand side of the equations of motion in (2.70a), a minus sign is introduced
in front of f..

It is essential to transform the local internal forces to the global reference frame.
This means that the translational components are expressed in the reference frame
F', while the rotational components are expressed in the inertial frame W. This
transformation can be achieved using projectors [80, 263]. In this work, a significant
simplification is implemented by introducing the following corotational transforma-
tion matrix

Rp
_ R\ Ry
R, = R, (2.124)
RLR,
The global internal elastic forces are then computed as

fo=-Rof. = —RoKaed (2.125)

The tangent mass, damping and stiffness matrices are computed respectively as

M = RyM .. R} (2.126a)
D,, = RyD..R} (2.126b)
K, = RyK..R} (2.126¢)

where M., Dy, and K, are the beam element mass, damping and stiffness
matrices computed from equations (2.102), (2.111) and (2.110), respectively.
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Assuming that the mass and inertia of a beam element are concentrated at its
two end nodes, the tangent mass matrix can be explicitly formulated. For instance,
for one of the element nodes, it can be expressed as

T
| vI  vRs ] (2.127)

M = [VglRT Jl

where v is the lumped mass, R represents the rotation matrix of the nodal frame.
s1 =10, Ym, zm]T is the offset vector of the cross—sectional mass center in the nodal
frame. J; is the inertia tensor lumped at the beam node and evaluated in the nodal
frame.

Under centrifugal forces and aerodynamic loads along the blade, the intense
internal stress results in significant geometric stiffening. This greatly affects blade
deflections, especially those out of the rotor plane. In contrast, the internal stress
introduces a geometric softening effect on wind turbine towers under gravitational
forces, consequently reducing their ultimate buckling loads. The geometric stiffen-
ing or softening effect is essential for accurate simulations. By introducing higher—
order terms in the strain tensor, the geometric stiffness matrix of the Timoshenko
beam element has been derived [230]. However, for simplicity, we utilize the geo-
metric stiffness matrix of the Euler-Bernoulli plane beam element [216] and extend
it to the three-dimensional form, denoted as K ,. The same correction for shear
center offsets and corotational transformation are applied to obtain the tangent
geometric stiffness matrix as below

K,=R,T'K

Istd

T.R} (2.128)
The global internal damping forces can be computed as
fi= Dy (2.129)

where g is the generalized velocity given as (2.84b).

Based on the lumped mass assumption, the quadratic velocity terms at one
node, composed of the centrifugal forces and gyroscopic torques, can be computed
as

o —VR(:Jl(:)lSl
o= (e (2130)

By considering the expressions of the tangent mass matrix (2.126a) or (2.127),
the generalized acceleration (2.84c¢), the internal elastic forces (2.125), the internal
damping forces (2.129) and the quadratic velocity terms (2.130), the equations of
motion of a beam structure can be expressed in the form of (2.70).
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Inertial damping and stiffness matrices The inertial damping and stiffness
matrices can be relevant to the numerical convergence of the time integration for
those systems operating at high rotational speeds. In the modal analysis of rotor
dynamics, they are also required, particularly the inertial damping matrix as it can
affect the stability assessment significantly.

By considering the expressions in (2.127), (2.84c) and (2.130), the complete
inertial forces lumped at one node can be computed as

(2.131)

l/glRT'f‘ + lel + a’llel

. vi + vRSTw, + v R@@; 8
ﬁ—M@M—h—< e ZZQ

Applying variations to (2.131), and using the algebra properties in (2.1), and
also recalling the equation (2.15b), the inertial forces f; can be linearized as

or or or
ofi=M (56«51) + D, (54-01) + K; <591> (2.132)
where the inertial damping matrix is expressed as
D, - |0 vR(@si+as) (2.133)
0 lel — lel

and the inertial stiffness matrix is expressed as

0 —vR <g)l$l + GJZLT)[SZ>

0 l/glRT’i';

K, = (2.134)

The inertial stiffness matrix can be split into two components by separating the
inertial forces M (q) ¢ and f,

K, =K1+ K, (2.135)
where
afv 0 —VR(:T_(:T;
K, =2 118, 2.136
=% % : (2.136a)
M . _ ~
K- 2M@d) _ |0 —vRas, (2.136h)
dq 0 v§RI¥

It is worth noting that the inertial damping and stiffness matrices in (2.133)
and (2.134) represent generic expressions. In the special case where the mass center
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is aligned with the axis of rotation, resulting in s; = 0, these matrices reduce to
simpler expressions as follows

0 0
i — 1
D, lO S szz] (2.137a)
00
K, = lo 0] (2.137b)

where the inertial stiffness matrix K; becomes zero, while the inertial damping ma-
trix D;, consisting solely of gyroscopic terms, can be called the gyroscopic damping
matrix and remains nonzero.

2.8 Time integrator

The DAESs of flexible multibody systems are of index—3, making them challenging
to integrate. The Minimal Coordinate Set (MCS) approach can be employed to
eliminate the algebraic constraint equations [185, 298]. Alternatively, the Redun-
dant Coordinate Set (RCS) approach has been developed, providing an additional
advantage of straightforwardly extracting reaction forces at the joints. In our work,
we choose to use the RCS approach.

This section provides a concise introduction to the Hilber-Hughes-Taylor (HHT)
integration scheme, as proposed by Negrut [196].

The HHT integrator calculates the discretized position and velocity using two
parameters [ and v, as below

h2
¢ =g+ hdt+ (1 28)G" +28¢"""] (2.138a)
¢ ="+ h[(1—7) G + "] (2.138b)
thtl — ¢k 1 p (2.138c¢)
where the parameters are given as
1— 2 1—a)

1
with a user input parameter o € [—g, 0] to control the numerical damping of the

time integration.

In Equations (2.138a) and (2.138b), the position g*** and the velocity ¥+ are

functions of the acceleration ¢*+!.

The DAEs in (2.70) can be discretized as

{ (M) + (1+a) (CTy—£) " —a(Cly-f) =0 (2.1400)
=0 (2.140b)
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T
The residual vector of the equations in (2.140), denoted as G = {GT, GZ] , i
computed as

o1 AL (o k+1 o T,  £\*
Gp=1- (M) +(Civ—f) " - (Civ—F) (2141
G.=c! (2.141b)

where G is the residual of force equilibrium equations of the system, and G, is
the residual of constraint equations.
To satisty G = 0, the Newton—Raphson iteration is commonly used to solve for

the proper updated acceleration and Lagrange multipliers ¢+t *+1:
0G; 0G;1" !
oG O ANR k1
G oG ( A | G (@ a @t =0 (2142)
9q Oy 1,
where ANRGEHT = Ghti — ght! ANRakt+l — Skl k41 are the increments of

accelerations and Lagrange multipliers in the Newton iteration steps.
The Jacobian matrix is then introduced as

0G; 9G1H
dG  Ov
Jnp = 2.143
A T Vel (2.143)
g ov 1,

The top left block of the Jacobian matrix (2.143) can be expanded as

k+1 k+1 k+1 k+1
0G 0G% it 0G% kol

0g okt GQQ“ 0q,’§“ aqﬁﬂ aqii“

Recalling the expression in (2.141a) and the notations in (2.77), (2.78), we can
derive

aGk-H 1
= M+ 2.14
(37q’Cle 14+a " ( 5a)

aGk-H afk+1

_ _ k+1
8q’f+1 - 8qk+1 - (Da + Dm + Dz>n (2145b)
k+1
oG apt 1 oM@ttt 9(Civ),
ogh+t 8q’f+1 l1+a OgFt! ogk+l
k+1
_ (K K+ K+ Kot Ko+ aKm) (2.145¢)
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Employing (2.138a) and (2.138b), we can obtain

8‘17’2“ 0(15“ 2
Bk = ~vhlI, DGhT = Bh°1 (2.146)

Substituting (2.145a),(2.145b),(2.145¢) and (2.146) into (2.144), and introduc-
ing a notation H, yields

oG k+1 1
H= |21 =_——M* 490 (D,+ D, +D):"
laq]n 1o T (Dot Dt Dy,
1 k+1
+ Bh? (Ka + K, +K,+ K.+ K1+ HKiQ) (2.147)
o) n

Since in many applications K. and K; are very small if compared to K,,, they
can be neglected in the code implementation to obtain a better computational
performance at the risk of lower convergence speed.

The other three blocks of the Jacobian matrix (2.143) can be computed as

aGf' k+1 .
[37_ . Cail™” (2.148a)
aGC— o aGlg-;l 8qf§“ 2 ~vk+1
oG, 1"
=0 2.148
[ oy In ( C)

In the end, the linear equations in (2.142) can be recast as

k+1 . —Gkt!
[H C(’T] + (Aiiq’;i) S (2.149)
Cq 0 A ~ —WGCM
The Jacobian matrix Jyg is finally computed as
7 k+L
JNr = [é—lq C(;q] (2.150)

To enhance the symmetry and conditioning of the Jacobian matrix Jyg, the sec-
ond row in (2.149) is scaled by a factor of ﬁ This adjustment is motivated by two
key considerations: (1) it ensures that the position kinematic constraint equations
are appropriately scaled, and (2) it brings the unknowns ¢ and « to the same kine-

matic level, as suggested by Negrut [196]. This straightforward scaling approach has
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been implemented in the open-source multibody dynamics library CHRONO [260],
and is capable to provide stable solutions across numerous engineering applica-
tions. Nonetheless, there are opportunities for further improvement of the scaling
procedure [35, 36, 17].

Since finite rotations are parameterized using quaternions, the additive opera-
tion between a quaternion and a rotation pseudovector in (2.138a) is invalid. To this
end, an exponential mapping is used to perform the rotation incremental update.
The corresponding quaternion, p;,, for a rotation pseudovector, ¢, , representing
a rotation increment in the local basis, can be computed as follows

oy = (0.5 ) = (cos (3wl ) 22psm (Glenl)) a5y

The rotation incremental update is computed as a product between two quater-
nions

1
P =ptp, = pfexp (0, 2%) (2.152)
Finally, the incremental update in Equation (2.138a) is computed as

r’f + Ary
1
plf €xp (O’ 2¢ZA1>
r§ + Ary
1
gt = | pEexp (0, 2%2) (2.153)

rf+ Ar,
1
p'rli exXp (07 2¢lAn>

2.9 Static equilibrium solver

The static equilibrium configuration refers to the status of a system where the ki-
netic energy is zero or constant, and the potential energy is at a minimum. This
configuration is of practical value in engineering applications. During time inte-
gration, initializing the dynamics model with the static equilibrium configuration
can reduce or even eliminate initial impulses. In modal and stability analyses, the
static equilibrium configuration is often selected as the system’s working point for
analysis.

There are various methods to solve for the static equilibrium configuration.
Often, a potential energy function is introduced and minimized to determine the
static equilibrium configuration [6, 85, 106, 146]. Alternatively, time integration
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can be used to find the static equilibrium configuration of a wind turbine [194],
but this approach has several drawbacks: high computational cost, difficulty in
converging to a stable state due to extremely low or even negative damping in the
blade edgewise direction, and periodic excitations such as gravitational forces, wind
shear effects, and wind inflow angle after rotor inclination.

In this work, we transform the problem into a static one by moving the inertial
and damping forces to the right—hand side, followed by a Newton—Raphson iteration
to solve for the static equilibrium configuration. This scheme involves only Newton—
Raphson iteration steps and does not require time—stepping.

Here, we consider solving for the static equilibrium configuration of a general
flexible multibody system that may involve rheonomic constraints. It is assumed
that the generalized velocity gy and the generalized acceleration ¢, are derived
from these rheonomic constraints and are properly updated at each step of the
Newton—Raphson iteration.

In the static equilibrium solver, the generalized coordinates and Lagrange mul-
tipliers are discretized as follows

{ Qui1 = qn + ANq (2.154a)
Yor1 = Yo + ANy (2.154b)

The residual vector of the DAEs (2.70) is computed as

Gi=Mi+Cly—f (2.155a)
G.=c (2.155b)

To satisfy G = 0, the Newton-Raphson iteration method is employed. This
involves solving a set of linear equations to determine the increments of the gener-
alized coordinates AN?q and the increments of the Lagrange multipliers ANR~

06, 06,
dqg Ov 1,

where the sub—block Jacobian matrices can be computed as
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), = gy (a1 ),

= (K, + K, + K, + K.+ K;), (2.157a)
:a;f = cl, (2.157h)
[aac(;;' = Con (2.157¢)
[88%_ = 0 (2.157d)

The Jacobian matrix in (2.156) is then expressed as

0Gy 0Gy
oq Oy H Cf
Jnn = = q 2.158
N aGc a(;c [Cq 0 ( )
dq  ov 1,
where the left-top sub-block matrix is given as
H=K,+K,+K,+K. +K;, (2.159)

The matrix H is the tangent stiffness matrix of the system. The matrix K. is
relevant for the static equilibrium problem for those systems with rotational DOFs
of rigid body motion, such as a pendulum.

The residual terms in (2.156) are computed as

Gf,n = (MqO - fv)n + (quO)n + (Cg’)I)n - fa,n - fe,O (2160&)
Gen = Cn (2.160b)

where (Mo — f.), represents the total inertial forces under the given velocities
go and accelerations Gy. (Dy.qo), denotes the structural damping forces, while
(Cg'y)n accounts for the reaction forces and moments at the joints. f,, represents
the applied external forces, for example, the aerodynamic loads on wind turbine
blades. f.o denotes the initial elastic forces if the system includes prestress in the
initial configuration. Finally, ¢, is the residual of the constraints.

The linear equations in (2.156) are finally recast as

H CT] [AMRgq ~Gy
q _ s
e, G () - (&) 2260

The same exponential mapping used in (2.153) is applied to perform the incre-
mental update for rotations in (2.154a) .
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2.10 Eigenvalue solver

The eigenvalue problem, formulated based on the linearized equations of motion
at specified equilibrium configurations, allows for an eigenvalue analysis that yields
the eigenvalues and eigenvectors of the mechanical system. In the standpoint of
mathematics, the eigenvalue analysis projects the nonlinear coupled dynamic sys-
tem into a new space spanned by linear-independent bases. From the perspective
of mechanical system dynamics, the modal frequencies, damping ratios, and modal
shapes extracted from the eigenvalues and eigenvectors provide crucial insights
into the system’s intrinsic dynamic characteristics at the operating conditions of
interest [246]. Understanding these modal dynamics is instrumental in optimizing
system design, interpreting dynamic responses under specific circumstances, pre-
venting potential resonances during operation, diagnosing the root causes of weird
vibrations, and addressing various other aspects in engineering practice. Damping
ratios, in particular, serve as effective indicators for assessing system stability, for
instance the aeroelastic stability of helicopter blades, wind turbine rotors and other
slender structures [117, 129, 7, 206].

For large-scale dynamic systems, component mode synthesis, also referred to as
modal reduction techniques, provides a practical solution for reducing the problem
size by transforming physical coordinates into a significantly smaller set of general-
ized modal coordinates, thereby greatly reducing computational effort [286, 46, 251].
In the context of controller design, it is often necessary to develop an equivalent
linear state-space representation with a reduced number of state variables to facil-
itate appropriate parameter tuning. This requirement necessitates the application
of advanced modal reduction techniques, which depend on solving the eigenvalue
problem [222].

Motivated by the aforementioned applications, here we discuss the numerical
challenges associated with the computation of eigenvalues and eigenvectors in flex-
ible multibody systems under the most general conditions. Specifically, we assume
that the system may exhibit singular modes (also referred to as rigid body or free-
free modes), account for the potential presence of damping (resulting in complex-
valued eigenpairs), allow for an arbitrary number of components and constraints,
and consider the system’s size to be arbitrarily large. This latter consideration, in
particular, imposes constraints on the choice of the solver, which must maintain
the sparsity of matrices to ensure acceptable computational efficiency and should
be capable of extracting only a small subset of eigenvalues, such as the lowest ones
or those clustered around a specific frequency of interest.

The computation of eigenvalues has been extensively studied within the context
of Finite Element Analysis (FEA) in the literature and has subsequently been
extended to the field of multibody systems. An additional challenge in addressing
the eigenvalue problem for multibody systems, as opposed to conventional FEA, is
the pervasive presence of constraints, which are often formulated through algebraic
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equations and Lagrange multipliers. To address this, an orthogonal complement can
be employed to eliminate constraints, thereby reducing the generalized coordinates
to the minimal necessary set, as discussed in [152] and [294]. Similar to the index-
reduction techniques outlined in Section 2.6.1, this classical method allows for the
application of conventional eigenvalue solvers commonly used in FEA. However, it
also presents certain limitations, which will be discussed in subsequent paragraphs.

Alternatively, one may solve the eigenvalue problem while retaining the con-
straints, leading to larger but sparser matrices, as demonstrated in [95] and [206].
Although this approach increases the matrix size, it offers two key advantages: it
simplifies the formulation of the eigenvalue problem and, more importantly, pre-
serves the sparsity of the matrices, enabling the design of a solver that can efficiently
exploit this beneficial characteristic.

The Implicit Restarted Arnoldi Method (IRAM) [161] has been widely em-
ployed for solving eigenvalue problems across numerous applications. Implemented
in ARPACK, a well-known Fortran77 library, it is capable of handling generalized
eigenvalue problems for sparse matrices. Although it satisfies many of our re-
quirements, we experienced that ARPACK’s implementation sometimes encounters
difficulties with numerical convergence in certain challenging scenarios, prompting
us to explore the more recent Krylov-Schur method.

The Krylov-Schur method, as presented in [254], offers enhanced robustness and
faster convergence compared to earlier Krylov subspace methods, such as IRAM
and Lanczos, due to its more efficient and reliable restarting strategy. For these
reasons, the Krylov-Schur method is the default eigenvalue solver used in the eigs
function in MATLAB, ensuring robustness and computational efficiency. Other
well-known libraries, such as SLEPc [123] and TRILINOS [124], have also adopted
the Krylov-Schur method. However, these libraries are primarily designed for high-
performance computing tasks and involve complex build processes. Alternatively,
there are lightweight options like the SPECTRA C++ library [217], which includes
an implementation of the Krylov-Schur method. However, it does not support
generalized eigenvalue problems for asymmetric sparse matrices. The absence of
a reliable, fully-featured, and lightweight open-source library for the Krylov-Schur
method led us to develop our own C++4 version.

In the following paragraphs, we provide a comprehensive review of the different
formulations used to establish the eigenvalue problem, considering cases both with
and without constraints, as well as with and without damping. We then discuss var-
ious computational aspects related to the implementation of the sparsity-preserving
Krylov-Schur solver.
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2.10.1 An alternative linearization form: Null-space trans-
formation

The generic form of the linearized DAEs in (2.76) requires the introduction of
constraints, which are represented by the Jacobian matrix of constraints C; and
the Lagrange multipliers 4. To obtain a minimal coordinate representation, a QR
decomposition of matrix Cy (g, t) can be performed, yielding the null space matrix
E(q,t) € R*(ma=ne)  which satisfies C,E = 0. This allows for the introduction
of a reduced set of independent coordinates y € R"¢~" such that the generalized
velocities can be expressed as ¢ = Zy. As a result, the DAEs in (2.70) can be
reformulated as a system of ODEs

E'M (q)Ey+E"M (q)Ey = E" f (¢.4,t) (2.162)

which can be linearized to yield an alternative formulation to (2.76):

My (qo) 09 + Dy (qo, go) 69 + Ky (qo, go, Go) 0y = 0 (2.163)
with
My (qo) =E"M (qy) E | (2.164)
Dy (g0, do) = _ETW +ETM (q0) 8;3) (2.165)
K (v o) = (M (@)= + =72 Bz =701 (0) 5 )
+ <85TM (q0) E + ETM?)Z(I"O)E> 0
_ aaiT £ (g0, do, to) — =7 2T 190:90:T0) (qg’;’o’t()) (2.166)

However, we note that the expressions for Dy and Ky are substantially more
complex? than those for D and K in (2.77) and (2.78). For instance, the for-
mulation in (2.166) requires the evaluation of 2 and 02T /0y, although = can be
computed exactly from the time derivative of the Jacobian matrix of constraints,
as demonstrated in [298, 185]. Another challenge associated with the formulation
in (2.163) is that the multiplications by E and &7 can disrupt the sparsity of the

2Under simplifying assumptions, where the effects of = and =7 /Oy are negligible, the reduced
matrices can be approximated as Dy ~ ET DE, Ky ~ ET KE. However, this simplification is
only valid when the constraints do not undergo significant directional changes. For example, in
the case of an oscillating pendulum, such an approximation would erroneously predict a zero
natural frequency.
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original system matrices, M, D, and K. This increases memory requirements and
floating-point computational costs, leading to a substantial decline in performance
for large-scale problems. Therefore, in this work, we prefer to formulate the eigen-
value problem based on the linearized form in (2.76), accepting the necessity of
handling constraints during the iterative eigenvalue solution process.

2.10.2 Formulations for eigenvalue problems

In this section, we discuss the formulations of eigenvalue problems for two distinct
types of systems: undamped and damped. This distinction is made because, in
many applications, only the modal frequencies and modal shapes are of interest,
with damping effects being negligible or irrelevant.

Undamped Case

We begin with the simplest case: an unconstrained and undamped system. The
linearized equations of motion are expressed as

MG+ Kéq =0 (2.167)

Assuming a homogeneous solution of the form dq = ®;e/*i*, where 3 = /—1
denotes the imaginary unit, the characteristic equation is formulated as

(~w!M + K)®; =0 (2.168)
The Standard Eigenvalue Problem (SEP) is then established as

(MK - \I)®; =0 (2.169a)
= (C—\I)®; =0 (2.169b)

with the eigenvalue \; = w? and the matrix C = M'K.

If the matrices M and K are symmetric, the eigenpairs (\;, ®;) are real.

However, there are limitations to directly applying the formulation in (2.169)
for complex systems in engineering practice. The first challenge is that the direct
inversion of matrix M is required to evaluate matrix C'. Although the mass matrix
M is typically diagonal-dominant, making its inversion straightforward, this is not
universally guaranteed. Additionally, ensuring the sparsity of matrix C' becomes
challenging for large-scale systems. Secondly, in many cases, only a small subset
of the eigenvalues, usually those with the smallest amplitudes, is of interest. An
iterative scheme is often preferred to efficiently address this requirement.

For a constrained undamped multibody system, we can assume the homoge-
neous solution for the Lagrange multipliers as v = &;¢’*i*. Additionally, employing
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C,®; = 0 to enforce the constraints, the Generalized Eigenvalue Problem (GEP)
is formulated as follows

K C7| . M 0|
— q| . — )\ .
qu 0 ] P, =)\ [0 O] P, (2.170)
. T
where ®; = {(I%-T, g’ } € R™*" s the augmented eigenvector, and \; = —w? is the

eigenvalue.

The GEP in (2.170) produces a total of n, + n. eigenvalues, of which only
nqy —n. correspond to the physical system. The remaining 2n. modes arise from the
algebraic constraints, with their corresponding eigenvalues being infinite (\; &~ 00)
due to the absence of inertia in the constraints. The components &; € R within the
eigenvector represent the reaction forces and moments at the constraints during the
system’s periodic motion. Although these components are often of limited interest,
they can provide valuable insight into the ratio between deflections and the reaction
forces and moments during modal oscillations.

Alternatively, we can enforce the constraints at the acceleration level, leading
to the following linearized DAEs

MiG+ Kéq+Clé5 =0 (2.171a)

{ C,0¢ =0 (2.171b)

Substituting the homogeneous solutions of both the generalized coordinates and
Lagrange multipliers into (2.171), the GEP can be reformulated in the below form

K 0] - M C7T| .
_ )\ a|é.
lo 01 &, = ), qu K ] b, (2.172)
where \; = —w? is the eigenvalue.

However, the formulation in (2.172) results in n. spurious modes with \; ~ 0.
While this is generally acceptable, it becomes challenging to distinguish these spu-
rious modes from the rigid body modes, as the rigid body modes also exhibit zero
or near-zero eigenvalues, which may arise due to numerical errors in the eigenvalue
computation process.

The two distinct forms of the GEP in (2.170) and (2.172) can be expressed in
a general form as follows

In the GEP (2.170), although C,, is always full rank, the A matrix cannot be
guaranteed to be non-singular, as the K matrix may be rank-deficient by z in the
presence of z rigid body modes. Additionally, the B matrix is inherently singular
and therefore not invertible. Conversely, in the GEP (2.172), the A matrix is always
singular, while the B matrix is guaranteed to be non-singular since M is positive
definite. Although it might appear that GEP (2.172) is preferable because it allows
transformation into a SEP via C = M 'K, this is not the case. We will later
apply the shift-and-invert technique to resolve the singularity of the A matrix.
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Damped Case

For an unconstrained damped system, the linearized equations of motion can be
expressed as

MéG + Dég + Kéq =0 (2.174)

Substituting the homogeneous solution §q = ®;e*i into (2.174), the Quadratic
Figenvalue Problem (QEP) is then formulated as follows

(MM +\D+ K)®; =0 (2.175)

Since the system matrices M, D, and K are all real, the eigenvalues must
either be real or appear as complex conjugate pairs ()\i,/\i) The eigenvalue \;
provides insights into the modal properties as follows:

» Complex conjugate eigenvalue pairs ()\i,XZ) indicate subcritically damped
modes, characterized by oscillatory motion with a decaying amplitude when

o Purely imaginary conjugate pairs ()\Z-,Xi), where Re (\;) = 0, correspond to
undamped modes that exhibit purely harmonic motion without decay.

» Real eigenvalues with Re (\;) < 0 and Im ()\;) = 0 represent supercritically
damped modes, showing no oscillatory motion but exhibiting exponential
decay.

« In all cases, Re ()\;) > 0 indicates an unstable mode.

The natural (undamped) frequency w;, the damped frequency wg,, and the
damping ratio ¢; for mode ¢ can be derived from the eigenvalue \; as follows

wi = [|Adll, fi = wif2m (2.176a)
wg, = Im (\;), fa, = wa; /27 (2.176Db)
G = —Re(N) Jw; (2.176¢)
)

wa, = wiy/ 1 — 2 (2.176d

The QEP in (2.175) can be converted into a GEP by reformulating the problem
in state space, although at the cost of doubling the problem size. By introducing

the augmented eigenvector ®;, = [(pr, /\Z-<I>Z-T}T € C*"a, the GEP is formulated as
follows

0 I I 0

89



Flexible multibody system dynamics

Furthermore, the constraints can be incorporated by extending the eigenvectors
to include the components & € C" for the Lagrange multipliers, and by enforc-
ing the constraints at the configuration level using C;®; = 0. This results in a
constrained QEP formulated as follows

—C,®, =0 (2.178b)

By introducing the augmented eigenvector, which includes the components for
generalized coordinates, generalized velocities, and Lagrange multipliers, in the

form &, = CE‘I)Z'T; Ai‘l)iTaEiT}T € C?"atme the constrained QEP from (2.178) can be

reformulated as a constrained GEP through simple linear algebra, as shown below
0 I 0 I 0 O

-K -D —CqT P, =)\,]10 M 0| D, (2.179)
-C, 0 0 0 0 0

Alternatively, similar to the formulation in (2.172), we can enforce the con-
straints at the velocity level and reformulate the constrained GEP in the following
form

0 0]
]\04 Cr| &, (2.180)

I
0 @,
0

0 I O
~K —-D 0|®, =)\
0 0O O C,
The two distinct forms of the GEP in (2.179) and (2.180) can be expressed in
the general form Aii = )\iBii. In the GEP (2.179), the A matrix is singular
in the presence of rigid body modes, whereas B is always singular but remains
symmetric. In contrast, for the GEP (2.180), the A matrix is singular while B is
always full rank; however, both A and B are asymmetric. Our experience indicates

that the most efficient approach for computing the eigenpairs of the constrained
damped system is using the first formulation, i.e., the GEP (2.179).

Summary

The eigenvalue problem of a multibody system can always be expressed as a GEP.
All possible options for damped or undamped, constrained or unconstrained systems
are summarized in Table 2.3.

2.10.3 Implementation of the Krylov-Schur Solver

When the DOFs in a flexible multibody system reach the order of thousands, ob-
taining all eigenmodes becomes challenging due to the substantial memory require-
ments for storing all the eigenvectors, as well as the excessive computational time
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Table 2.3: Different formulations for the eigenpair computation.

‘ Systems ‘ GEP ‘ Notes ‘
_ _ real eigenpairs, w; = v/A;
Undamped A= [K B= [M } A singular if rigid body modes
I _ real eigenpairs, w; = v —\;
A= [ K] B= [M} A singular if rigid body modes
real eigenpairs, w; = v/—\;
-K -CT M 0 IAs]] = oo for each constraint
= q — )
Undamped A -C, O ]" B [ 0 0] A singular if rigid body modes
Constrained - B singular
_ real eigenpairs, w; = v —\;
A_|" KO p_|M cr A; = 0 for each constraint
10 o) |c, 0 A singular
B nonsingular
"o T I 0 complex eigenpairs, w; = || ;]|
Damped A= K D}’ B = {O M} A singular if rigid body modes
L B singular
- complex eigenpairs, w; = || ;]|
Damped A 7(;{ 7ID 72@ B_ é ]\04 g ||\;|| = oo for each constraint
p ] o a1’ A singular if rigid body modes
Constrained -C; 0 0 0 0 0 B singular
- complex eigenpairs, w; = || \]]
A _(}{ _ID 8 B g ]8—, C(')T Ai = 0 for each constraint
N T a A singular
L0 0 0 Cq 00 B nonsingular

involved. In engineering practice, interest typically lies in a small subset of eigen-
modes, often those with the lowest frequencies or those within a specific frequency
range. To address this, the Krylov-Schur method has been proposed [254].

However, the Krylov subspace method naturally converges towards eigenvec-
tors associated with the largest eigenvalues, which is contrary to our objective.
To overcome this, a Mobius transformation of the eigenvalue problem is required.
Additionally, to mitigate potential numerical difficulties caused by the singular-
ity or ill-conditioning of the matrix A, a shift technique is also necessary in the
implementation.

At the highest level of generality, the GEP is expressed as A®, = \;B®,. The
shift-and-invert technique reformulates the eigenvalue problem as follows

A

(C—l)®; = (2.181a)
C=(A-oB)'B (2.181b)
K

where p; represents the eigenvalue of the transformed eigenvalue problem in (2.181a),
and ¢ denotes the shift parameter specified by the user.

91



Flexible multibody system dynamics

In the Krylov subspace iteration, the largest eigenvalue is naturally obtained
first. To target eigenvalues with the smallest magnitude, a small value of o can
be applied, which also improves the conditioning of the linear problem in (2.181b),
particularly when A is singular. If a specific range of modal frequencies is of interest,
o can be set to the central frequency of that range. In our experience, a shift value
of 0 = 1 x 1073 effectively extracts the lower-order modes, including rigid body
modes where )\; &~ 0, while also addressing issues of ill-conditioning. Notably, the
eigenvector il remains unchanged during the shift-and-invert process.

The computation of matrix C' in (2.181b) requires the inversion of a large sparse
matrix: (A — aB)_l. This operation is prohibitively expensive for large systems
and destroys the sparsity of matrices. However, since only the product b = Cv is
needed for the iterative solver, an efficient approach is to split this computation
into two steps:

z = Bv (2.182a)
b=(A-0B) 'z (2.182b)

We observe that the linear problem in (2.182b) can become a performance bot-
tleneck. A feasible optimization is to factorize the coefficient matrix (A — 0 B) once
at the beginning of the Krylov-Schur iterations, since this matrix remains constant
throughout. This initial factorization can then be reused multiple times for the
computation in (2.182b). For cases involving millions of unknowns, computational
efficiency can be further improved by solving the linear problem in (2.182b) using
iterative methods such as truncated MINRES or GMRES. However, for problems
with tens of thousands of unknowns, our experience suggests that a direct method
is more efficient due to the relatively smaller problem size.

It is worth noting that the entries in the stiffness and damping matrices are
typically on the order of 10° or higher, while the Jacobian matrix of constraints
is usually on the order of 10°. This discrepancy worsens the conditioning of the
A matrix. To enhance the robustness of the method, a simple and inexpensive
preconditioning of the Jacobian matrix C, is applied. This is achieved by scaling
it with trace(K)/n,, thereby adjusting the Lagrange multipliers é+ to be on the
same order of magnitude as the displacements dq.

The Krylov-Schur method, introduced in 2001 [254], is implemented following
the guidelines in [68], as detailed in Algorithm 1. It has been extended to handle
cases involving complex and sparse matrices and has been integrated into the open-
source multibody dynamics library CHRONO [260)].

The code allows users to specify different problem formulations, either in direct
or shift-invert mode, by providing different Op__Cv(v) operators in Algorithm 2.
For example, Algorithm 3 illustrates the implementation for the shift-invert case,
following equations (2.182) and (2.182b).
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The linear problem in (2.182b) can theoretically be solved by any linear solver
that supports complex values. For smaller problems, the choice of solver is not
critical; for instance, SparseLLU and SparseQR functions from the popular C++
linear algebra library EIGEN [102] are suitable options. However, for most practical
engineering applications, the presence of ill-conditioned matrices and the require-
ment for high accuracy and robustness make it necessary to employ more advanced
solvers, such as Pardiso MKL or MUMPS [64]. Given the importance of solver selec-
tion, our Krylov-Schur implementation allows users to choose the most appropriate
solver for their specific application requirements.

Algorithm 1 Krylov-Schur

1: procedure KRYLOV-SCHUR(OP__ Cv(),k, m)

2 Q(:,1) :==vl/norm(vl)

3 pi=1

4: 1sC:=0

5: (@, H] := KryLOVEXPANSION(OP__CV(),Q, H,0, k)
6: while i < iy & p <k do

7

8

9

1+ +
1sC =0
: (@, H] := KRYLOVEXPANSION(OP__CV(),Q, H, k +isC,m)
10: [U,T,isC] := SORTSCHUR(H (p : m,p:m),k —p+1)
11: Hp:m,p:m):=T
12: Hl:p—1,p:m):=H(l:p—1,p:m)U
13: QG,p:m):=Q(G,p:m)U
14: Hm+1,p:m):=H(m+ 1,m)U(end,:)
15: Q= [Q(., 1:k),Q(:,m+1)]
16: H:=[H1:k1:k);Hm+1,1:k)]
17: CHECKCONVERGENCE(H, k + isC| p, tol)

18: end while

19: [, @yl = EBIG(H(1: k+isC,1: k+isC))
20: D =Q(,k+isC)Py

21: return p, P

22: end procedure
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Algorithm 2 Krylov Expansion

1: procedure KrRYLOVEXPANSION(OP__CV(),Q, H, ks, k.)
2 for k=k,+1:k. do

3 v:=0pr_Cv(Q(:, k))

4: 1sC' =0

5: w:=0QG1:k)v

6 v—=Q(,1:k)w

7 w2 :=Q(:,1:k)v

8 v—=Q(,1:k)w2

9 w+= w2

10: nv := norm(v)

11: QG k+1):=v/nv

12: H(l:k+1,k):= [w;nv

13: end for
14: end procedure

Algorithm 3 Op_ Cv operator

1: procedure Opr__Cv(v)
2: z = DBv

33 r=(A-0B)'z2

4: return r

5: end procedure
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Chapter 3

Linearization

The generic form of the linearized index-3 DAEs has been outlined in Section 2.6.
In this chapter, the linearization procedure is presented in detail, along with the
corresponding expressions for various terms, including the tangent stiffness matrix
of the constraints K., the aerodynamic damping and stiffness matrices D, and
K, as well as the inertial damping and stiffness matrices D; and K;. The multi-
bladed rotor system exhibits time-varying properties due to continuous rotation.
To perform a proper eigenvalue analysis, it is necessary to transform the generalized
coordinates of the blade beam nodes into an auxiliary basis defined in a floating
frame of reference at the rotor’s rotating center. This coordinate transformation is
discussed in detail. In the end, the Multi-Blade Coordinate (MBC) transformation
is introduced, resulting in linear time-invariant DAEs that are well-suited for the
subsequent eigenvalue analysis. An interpretation of the modal dynamics of wind
turbines is also provided.

3.1 Tangent stiffness matrix of constraints

We recall the general expression of the tangent stiffness matriz of constraints:

RELACRIN

K.
dq

(3.1)

The expression for the Jacobian matrix of constraints, Cy(q, t), has been intro-
duced in Section 2.5. In this section, we derive the Jacobian matrix of Cy with
respect to g, yielding a unified analytical expression for the tangent stiffness matrix
of holonomic constraints. To illustrate the significance and practical applications
of this matrix, an example involving an anchor chain is provided. This example
demonstrates the relevance of the tangent stiffness matrix of constraints in both
static equilibrium analysis and eigenvalue analysis for systems that exhibit rigid-
body motion.
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3.1.1 Introduction

The tangent stiffness matrix of constraints, K., stems from changes in the direc-
tion of reaction forces and moments of the joints, representing a geometric nonlinear
phenomenon. This is different from the stiffness contribution provided by the ma-
terial properties of the joints [170], which is associated with the deformation of
bodies.

In many applications of flexible multibody system dynamics, the structural
material stiffness matrix K, and the structural geometric stiffness matrix K, are
typically the primary factors driving the analysis. In contrast, the contribution
of the tangent stiffness matrix of constraints, K., is often negligible. However,
this matrix can become significant in case of extremely-soft flexible bodies or in
rigid-body systems under heavy loading.

A classic example is a pendulum hinged at a fixed point and subjected to grav-
itational forces. If the tangent stiffness matrix of constraints K. is neglected, the
system stiffness matrix becomes zero, as shown in Equation (2.159). Consequently,
during the static equilibrium analysis, the Newton-Raphson method lacks the nec-
essary directional information to search for the equilibrium state, leading to diver-
gence. Additionally, the eigenvalues of the system would be zero because of the
zero stiffness matrix. This result is incorrect, as it is well-known that a pendulum
exhibits oscillatory motion around the static equilibrium state.

It is true that the same dynamics model can be simulated without incorporat-
ing the tangent stiffness matrix of constraints. This is because dynamic simulations
can still converge to reasonable solutions with only an approximate stiffness ma-
trix [73]. Nonetheless, even in cases where iterative schemes provide increasingly
accurate approximations, incorporating K. can enhance the stability, convergence,
and, in some cases, the performance of numerical methods. For instance, in com-
puter graphics applications, such as those in the film and gaming industries where
performance is prioritized over accuracy, the inclusion of this matrix can effectively
improve the stability of dynamic simulations, especially for systems with inexten-
sible objects or articulated chains [269].

In these applications, the symmetric form (KC + KCT) /2 is employed to main-
tain matrix symmetry in implicit integrators, leading to faster solutions for linear
equations. Inspired by the discovery of Tournier [269], Andrews [4] developed a
diagonal approximation of the tangent stiffness matrix of constraints to reduce en-
ergy dissipation during simulations and derived closed-form expressions for a range
of joints commonly used in articulated rigid-body simulations. However, no uni-
fied expression has been presented. Building on these developments, Macklin [175]
further refined the diagonal approximation of K. using successive finite differences
from the last two Newton iterations, clamping the shift to ensure the matrix positive
definiteness.

Although many studies [195, 95, 178] in the field of linearizing the equations
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3.1 — Tangent stiffness matrix of constraints

of motion for constrained multibody systems have pointed out the existence of the
tangent stiffness matrix of constraints, unified analytical expressions for this matrix
have not been clearly reported.

Bauchau [11] introduced the concept of the tangent stiffness matrix (referred to
as the equivalent stiffness matriz in his work), though his formulation was based
on Euler parametrization rather than quaternions. Similarly, Géradin and Car-
dona [104] mention the tangent stiffness matrix of constraints, but they do not
provide a detailed expansion of this term.

Minaker [188] derived analytical expressions for the tangent stiffness matrix for
several types of constraints, including the revolute joint, point-on-plane contact,
and rolling disk contact. His work highlighted the significant influence of the tan-
gent stiffness matrix on the eigenvalues of the A-arm suspension system, thereby
demonstrating its importance in vehicle dynamics analysis. Furthermore, Minaker
suggested that a generic expression for the tangent stiffness matrix of constraints
might exist due to the similarities observed in the forms of the stiffness matrices
for the studied constraints. In a later study, Minaker [189] calculated the tan-
gent stiffness matrix for a constant velocity joint and verified his results through a
comparison of different modeling approaches.

To derive the tangent stiffness matrix of constraints (3.1), we need to linearize
the reaction forces and moments C,(q,t)Tv with respect to the generalized co-

T

ordinates g = [5r£l,50£1,5r£2,50};z} . In this linearization process, the La-
grange multipliers v are assumed to remain constant because their variations are
already accounted for in the other linearization term, C,(q,t)"dv, as shown in

Equation (2.76a).

3.1.2 Scleronomic constraints

Main Part

The Lagrange multipliers v can be split into two parts

T
_ T T
7= [71” (7)) Ym(ry) (3:2)

where vy ry s Yy, € R3 are the reaction forces and moments of the joint expressed
in the main frame Fj, respectively.

Recalling the expression (2.60), the transpose of the Jacobian matrix of con-
straint can be written in the following compact form

JI 0
JIJlb

Co=| 7 (3.3)
JL L
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where the sub-blocks are

J;, = Rp, (3.4a)
JY = 75,5y, R, R (3.4D)
J. = Ry, RiP (pr,,)) (3.4c)
J,, = —Rp, (3.4d)
gy, = T8y 5y, RE, Ri, — 721, R, R, (3.4e)
Ji, = —Rp,Ri,P (pr, ) (3.4f)

Since Fy, Fy are rigidly attached on By, By, respectively, we have drpg, By = 0,
57°B2-F2(32) = 0, 5RF1(51) = 0, 5RF2(32) = 0. Meanwhile, recalling the equal-
ity (2.15b), and the property of the skew-symmetric matrix (2.1a), the variations
of the sub-blocks are calculated as

0J} = Rp,06,,, Ry Ry, (3.5a)
5% =¥, 11, (—00u,, R, Re, + RY Ry,00,, RY Ry,) (3.5b)
0J%, = (=061, R}, Ry, + R}, Rp,00,, R}, Rr,) P (pr,,,)

+ (RglRFz) oP (pFl(Fz>) (3.50)
9T = By, 38,y 5. B (3.5d)
5JZ; _ —5E1<BQ)REQRF2 (3.5¢)
6J%, = —RY, Ri0P (pr,,, ) &0

Recalling the definition of ra;, , in (2.51), and using the properties (2.1b)
and (2.1c), its variation 07y () is calculated as

T T ~
(57‘21(]32) = RB2(5’I"31 — RB2R31TBI.F1(BI)(50131 (3 6)
— ff£25'l"32 + (7,"‘\2/1(32) + ’FBZ-F2(BQ)> (59132
Consequently, its skew-symmetric matrix is given by
0721y, =Rb, 075 Ry, — Rb, Ry, (5, 1, 5,001, ) RE R, -

~ Ry, 07, R, + (M1 + Ty ) 001,

where the properties (2.1b) and (2.1e) are used.
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3.1 — Tangent stiffness matrix of constraints

Substituting (3.7) into (3.5e), the calculation of 6J;. follows as

0J], = — Ry, 0r5, Ry, + Ry, Ry, (V5,5 5,001, ) RE, R .

+ Ry, 05, Re, — (7210, + 75,13, ) 001, ) R, R

Recalling (3.2) and (3.3), the variation of the reaction forces and moments of
the joint is expressed as

. 6‘]3?1 '7f(p2%
0¥y (Fz)T+ 0Ty Y 1y

. 5Jx27f(F2%
5J7“27f(F2) + 6Jw27m(F2)

SCTy = (3.9)

Substituting (3.5) and (3.8) into (3.9), and remembering the properties (2.1c)
and (2.1e) from which follows the useful property 66, Ry = —RAYR*§0;, the four
rows are calculated as

0JEAf ey = =R} (1)) R, R,000,, (3.10a)
6J7?;’Yf(F2) + 5‘]5177”(&) =TB.F <B1>R;RFWNJ”(Fg)RIT“zRBl‘mlBl
- [FB1-F1(31)R£1 RF2;Y\}(F2)R£2RB269132

+ Rgl RF2 (P (pFl(FQ)) 7m(F2)>R£2R3160531

—_—~—

— R}, Ris, (P (pri vy ) Yy ) R, Ri5,001,
+ R}, Ri,0P (pr 1)) Y iy (3.10b)
5J§27f(F2> = RFQ:);}(FQ)RZ“QRBzéelBQ (3.10C)

02V by + 0y Yy = B, Ry 1) R, 075,
— Ry, R, vy ., RE 075,
— Ry, R,V o R, R, T3, 1y, 0015,
+ REQR&%(@)RRRB? (F£<B2> + 7?E'??F?(Bw) 50132
— R}, Ri,0P (pri ) ) Vs, (3.10d)

Substituting (3.10) into (3.9), and grouping the coefficient terms according to
T
the generalized coordinates dq = [(5r£1,(50l7;31 0T h (50?};2} , one obtains

5CTy = KMgq + 6T (3.11)
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where the main part of the tangent stiffness matrix of constraints is expressed as

0 0 0 ngf\f)
o KM o KM
(M) = €22 c24
K, 0 0 0 KON (3.12)
K. KGO KGD KD
in which the sub-blocks are given by
Kg\f) = _RF2%(F2)R£2RB2 (3.13&)
K =75, p , Rb Re"f ., R, Ra,
+ Ry, R, (P (pFMFg)) 7m<F2))R£2RBl (3.13b)
Kc(é\f) - _FBl'Fl (B1)R£1RF2:77J/C(F2)R£2RBQ
B REIRFQ (P (pFl(Fz)) 7m(F2))R£2RB2 (313C)
Kg\f) = RF2:)7}(F2)R§2RB2 (3.13(1)
Kc(i\j) = _REQRFQ’?J/C(FQ)R£2R31F31.F1(Bl) (313f)
thi\g) = _RngFf?}(FQ)R;z (3.13g)
Kc(i‘f) = REQRFQ:Y\}(FQ)R£2RBQ (;’51032) + I;::BQ.FQ(BQ)) (313h)
The remaining part in (3.11) is read as
0
T
oT — RBlRF25P (PFl(F2)> ’Ym(FQ) (3 14)
0 .

_REQRFZ(SP (pFl(F2)) P)/m(FQ)

When F; and F5, are coincident, for instance when the constraints of a fixed
joint are satisfied, the relative quaternion PFi (), 18 identity quaternion, and the

projection matrix boils down to P (PF1<F2)) = %ngg.

Projection Part

The matrix P (PFl(F2>) present in (2.60) — originated from the variation of the
quaternion of (A.2) — can map the Lagrange multipliers Y, 0 a part of the
reaction moments in the basis of the main frame F,, thus we call it projection
matriz. Consequently, the remaining term (3.14) is called the projection part of the
tangent stiffness matrix of constraints.
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Employing the equality (A.12) and the equation (2.56), the expression (3.14) is
further derived as
0
R§1RF2G (pF1(F2)>7m(F2)) Rgl (RB150131 - R3250l32>
0
~RL,Rp,G (pri 1)) Y, ) BE (R5,00,, — Rp,00,))

0T = (3.15)

Grouping the coefficient terms according to the generalized coordinates dq =

T
[(57%1,50?}31,57%2, 50?}32} , one obtains the projection part of the tangent stiffness

matrix of constraints as

0 0 0 0
(P) (P)
KC(P): 8 K(C)zz g K624 (316)
0 K o K"

in which the sub-blocks are

K(gz];) = RE1RF2G (pF1 (F2)77m(pz>) R£1R31 3.17a

(
K") = =R}, Rr,G (pr ) VYmr,) ) R, R, (3.17b

C24

K!") = ~R}, Rp,G (pr, ) Y, ) R R, (3.17¢

C42

)
)
)
K = RL,R,G (pri (1) Ymr, ) R, Rp, (3.17d)

Ca4

If Fy, F, are coincident, for instance, when the constraints of a fixed joint are
satisfied, the relative quaternion PPy, 1S identity quaternion, one has a simple
. 1 __
matrix G (pFI(FQ),*ym(F2>> = T Yy

Complete Form

The complete form of the tangent stiffness matrix of constraints is the summation
of the main part (3.12) and the projection part (3.16), i.e.,
K.= KM + K" (3.18)
The block patterns of K and K(") are symmetric, but in general both of
them are neither symmetric nor skew-symmetric.
The tangent stiffness matrix of constraints of other types of joints in Table 2.1
can be calculated using (3.18) directly. The reaction forces and moments associated

with the free DOFs are zero, thus the corresponding rows in the Jacobian matrix
of constraints can be eliminated automatically.
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3.1.3 Rheonomic constraints

The Jacobian matrix of translational rheonomic constraints is the same as the
scleronomic constraints, hence the tangent stiffness matrix is the same.

There is a difference in the rotational rheonomic constraints. By comparing
the expression (2.60) and (2.68), one can note that the only discrepancy between
the scleronomic and rheonomic constraints is the projection matrix P: replacing
P (ppl(FQ)) in (2.60) with P (pFlo(Fz)) yields the expression (2.68). Thus one just

needs to replace P (ppl(F2)) in (3.12) with P (pF1<>(F2)) to revise the main part of
the tangent stiffness matrix of rheonomic constraints and replace the quaternion
PFi (), with PFO (ry) in (3.15) to obtain the projection part of the tangent stiffness
matrix of rheonomic constraints.

3.1.4 Example: anchor chain

An anchor chain is modeled as a series of rigid bodies connected by joints (Fig-
ure 3.1). The left and right ends of the chain are hinged at coordinates A(0,0,0)
and B(10,0,0), respectively, with the middle point located at C'(5,0,—6). A series
of rigid bodies connected through double revolute joints, where the two bending
DOFs are unconstrained, are constructed between points A and C' as well as be-
tween points B and C. The chain is initialized in a ‘V’-shaped configuration. The
axial flexibility of the chain is neglected, as the primary focus is to investigate
the influence of the tangent stiffness matrix of constraints. Nevertheless, the as-
sumption of inextensibility can be considered a reasonable approximation from a
practical perspective [210].

Static equilibrium analysis

The assembly and static equilibrium analyses are carried out, and the anchor chain
is observed to sag under the influence of gravity, as shown in Figure 3.1. The
horizontal components of the reaction forces at the joints, expressed in the inertial
frame, are found to be constant, which is a typical characteristic of the catenary
curve.

The analytical expression for a catenary curve is given by z = acosh(z/a +
xg) + 2o, where xg and zq are the coordinate offsets of the origin, and a = Ty/(mg)
is the constant parameter of the catenary curve. Here, Ty represents the horizontal
internal force, m is the mass per unit length, and ¢ is the gravitational acceleration.

The coordinates of the rigid bodies along the anchor chain in the static equilib-
rium configuration are compared with the analytical catenary curve, as illustrated
in Figure 3.2.
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Figure 3.1: An anchor chain hinged at two ends under gravity in its initial and
static equilibrium configuration.

Eigenvalue analysis

An eigenvalue analysis of the anchor chain in its equilibrium state is also conducted.
The modal frequencies of the first four modes are presented in Table 3.1, with the
corresponding mode shapes illustrated in Figure 3.3.

Table 3.1: Modal frequencies of the anchor chain.

No. Frequency [Hz]

1 0.240
2 0.309
3 0.504
4 0.551

Nonlinear time-domain simulations are performed to identify the first four modal
frequencies. A constant force f is applied at point C' for the first 5 seconds to
induce vibrations in the anchor chain around its static equilibrium configuration.
Afterward, the force is removed, allowing the system to undergo free vibration.
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Figure 3.2: The validation of the catenary curve.

The amplitude spectrum obtained from the fast Fourier transform (FFT) analysis
is presented in Figure 3.4, with the data from the initial 10 seconds discarded to
eliminate the influence of transient impulses at the start of the simulation.

The constant force is applied in the X (longitudinal), Y (lateral), and Z (ver-
tical) directions, respectively, to excite vibrations in the corresponding modes:

o« When the excitation force f is applied in the +X direction, as shown in
Figure 3.4a, the anchor chain oscillates at a frequency of 0.311 Hz, which
corresponds to the second modal frequency listed in Table 3.1.

e When the excitation force f is applied in the +Y direction, as shown in Fig-
ure 3.4b, the dominant frequency is 0.244 Hz, with a secondary peak observed
at 0.544 Hz, although with lower amplitude. These frequencies correspond to
the first and fourth modal frequencies in Table 3.1, respectively.

o When the excitation force f is applied in the —Z direction, as shown in
Figure 3.4c, the anchor chain oscillates at a frequency of 0.5 Hz, matching the
third modal frequency listed in Table 3.1.

The oscillations in all three test cases follow the directions of the applied ex-
citation forces and align with the dominant directions of the corresponding modal
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Figure 3.3: Modal shapes of the anchor chain.

shapes. This demonstrates a strong agreement between the results of the eigenvalue
analysis and the nonlinear time-domain simulations.

3.2 Linearization of wind turbine aerodynamics

A wind turbine is a rotating machine designed to extract kinetic energy from the
incoming wind flow. The aerodynamic forces acting on the blades depend on both
the blade configuration and its velocity, resulting in equivalent aerodynamic stiffness
and damping matrices. These matrices are of crucial importance for the modal and
stability analyses of wind turbines.

3.2.1 Aerodynamics model

Blade Element Momentum (BEM) theory has been extensively utilized in the wind
energy industry due to its reasonable accuracy and exceptional computational effi-
ciency.
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Figure 3.4: The vibration of the middle point C' of the anchor chain.

The BEM theory combines two fundamental concepts: momentum theory and
blade element theory. In momentum theory, the rotor plane is treated as an actua-
tor disc. By applying the principles of axial and angular momentum conservation,
the axial and tangential induction factors are determined when the wind flow passes
through the actuator disc. Taking into account the position, orientation, and veloc-
ities of the blade station, the induced velocities, relative inflow velocity, and local
angle of attack at a given airfoil section are subsequently computed. Blade element
theory involves discretizing the rotor plane into concentric annular rings along the
radial direction, effectively dividing the blades into a series of aerodynamic elements
in the spanwise direction. Each annular ring is treated separately. Two-dimensional
airfoil theory is then applied to compute the aerodynamic forces on each element,
based on the relative inflow velocity, the local angle of attack, and the aerodynamic
characteristics of the airfoil. These characteristics include lift, drag, and moment
coefficients as functions of the angle of attack, as well as the airfoil’s thickness and
chord length.

Due to the complex interaction between induction velocities, angle of attack,
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and aerodynamic forces, an iterative procedure is typically required to achieve a
converged solution. When the wind inflow is misaligned with the rotor plane, a
skewed wake model is employed to deal with azimuth variations of the induced
velocities. At low wind speeds, higher axial induction factors are expected, neces-
sitating a correction to the thrust coefficient to prevent non-physical predictions of
flow reversal. In this case, the Glauert’s empirical correction can be applied [94].
To ensure accurate thrust coefficient predictions, tip-loss correction must also be
applied. Additionally, a dynamic inflow model is required to capture the time lag
effect in the induction response to the change of wind conditions. A dynamic stall
model is necessary to accurately compute the aerodynamic forces acting on the
blade in unsteady wind conditions.

Readers are referred to Burton (2011) [43] and Madsen (2020) [176] for a detailed
description of the BEM theory.

3.2.2 Assumptions for linearization

For the linearization of the aerodynamics of wind turbine rotors, some assump-
tions are introduced to ensure circumferential symmetric aerodynamic properties
within the rotor plane. In detail, it is assumed that gravity acting on the blades
and the tower shadow effect are neglected. The normal wind profile (NWP) model
is employed, with the free inflow assumed to be perfectly aligned with the rotor’s
axis of rotation. The wind shear is also disregarded. The dynamic inflow and
dynamic stall effects, particularly the latter, can influence the aeroelastic modes
of wind turbines [40] and are therefore important considerations in the lineariza-
tion of aerodynamic models. For those interested in implementing a linearized
dynamic stall model, a state-space formulation based on the Beddoes-Leishman
dynamic stall model can be employed [117]. However, due to time constraints in
this project, both dynamic inflow and dynamic stall effects are omitted from this
thesis. Finally, Glauert’s correction for highly loaded rotors is applied, along with
a tip-loss correction. The assumptions in the linearization of rotor aerodynamics
are listed in Table 3.2.

In the BEM theory, the relationships between the relative inflow velocity, the
local angle of attack, and the DOFs of the blade station are prohibitively complex.
Furthermore, the implementation of BEM theory can vary significantly between
different codes [199, 198, 176]. These factors render the analytical derivation of the
aerodynamic stiffness and damping matrices exceedingly challenging. To address
this, a numerical differentiation method is employed to compute the gradients.
This approach offers the advantage of decoupling the linearization procedure from
the specific code implementation of BEM theory, allowing for greater flexibility in
modifying the aerodynamic algorithm in future.
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Table 3.2: Assumptions for aerodynamics linearization

Effects Included ?
Gravity on blades No
Tower shadow No
Wind shear No
Wind inflow angle No
Yaw misalignment No
Skewed wake model No
Dynamic inflow No
Dynamic stall No
Glauert’s correction for highly loaded rotors Yes
Tip-loss correction Yes

3.2.3 Quasi-static equilibrium analysis

The first step in the linearization process is to determine the quasi-static equilibrium
configuration of the aeroelastic coupling dynamics system. The wind speed, rotor
speed and pitch angles are specified as input parameters. To ensure an isotropic
rotor system, identical pitch angles are applied to all three blades. The velocities
{74, w;} and accelerations {7, w;} of all rotating components—including the blade
nodes, pitch bearings, hub, and rotating shafts—are directly prescribed according
to equations (2.39), (2.40), (2.42), and (2.44). Aerodynamic forces are calculated
using the BEM theory, while inertial forces are evaluated based on (2.131) and
incorporated into the external loads.

A static equilibrium analysis, as outlined in Section 2.9, is then conducted.
Each time the structural configuration is updated, the velocities and accelerations
of rotating components are adjusted accordingly. Simultaneously, the wind in-
flow is aligned with the rotor’s axis of rotation, and the aerodynamic forces are
recalculated using the equilibrium wake model, in which the induction responds in-
stantaneously to structural changes. An iterative procedure is employed to achieve
the quasi-static equilibrium configuration in both the structural and aerodynamic
domains. Convergence is reached when the change of the blade tip deflection be-
tween successive iterations falls below 0.01 % of the blade length [120], at which
point the iteration process is terminated.

3.2.4 Numerical differentiation in the local basis

At the aeroelastic quasi-static equilibrium configuration {qq, go}, a small-amplitude
perturbation is applied in the local frame of blade nodes to maintain the isotropy of
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3.2 — Linearization of wind turbine aerodynamics

the rotor system, as depicted in Figure 3.5. The perturbations in the three trans-
lational and three rotational directions are performed independently to prevent
coupling; however, the perturbation in one direction can be executed simultane-
ously at all blade stations to improve computational efficiency, given that, in BEM
theory, the aerodynamic elements are treated separately. The aerodynamic forces
are recalculated using the frozen wake model, in which the induced velocities re-
main invariant. The gradients of the aerodynamic forces with respect to the blade
structural position, orientation, and velocities are evaluated using a numerical dif-
ferentiation method.

Let d7r; denote the infinitesimal perturbation of the position vector of a blade
node, expressed in the local basis of the node frame. The relationship of the per-
turbation expressed in the local frame and the inertial frame is given by

6r; = RN6or, (3.19)

where Ry is the rotation matrix of the node frame V.

Correspondingly, 7, = RL 7, represents the translational velocity of the blade
node, also expressed in its local basis. Applying variations to both sides, and
recalling (2.15b), (2.1a),(2.1c), we obtain the following expression for the variation
of velocity

61 = RNO6T, + RL7,66, (3.20)

Let f; = [ Vi mﬂT represent the wrench consisting of aerodynamic forces and
moments, expressed in the local frame of the blade node. The aerodynamic forces
and moments are initially computed at the aerodynamic center of the cross-section
and subsequently transformed to the reference center, which is typically the elastic
center. The aerodynamic force in the spanwise direction is zero if the spanwise flow
is neglected, resulting in the typical form f; = [0, f,, fZ]T According to 2D airfoil
theory, the aerodynamic moment acts only orthogonal to the cross-section, giving
m; = [m,, 0, O]T as the typical form.

The aerodynamic stiffness and damping matrices can be computed using the
numerical differentiation method, as expressed in (3.21).

L Ag) .

Dy— 071"’;5 - Ju(go,do+ q{z; fu (g0, 90) (3.21a)
dq;; 40,40 Agy

Ky — ajfé{ ~ _fulao+ Agu, QO; — fu(qo. o) (3.21b)
Oqi 40,40 Aqy

T T

where Aqy = [ArlT,qblTJ . Aqy = {AﬁT,Awﬂ represent the small-amplitude
perturbations in position, orientation and velocities. The perturbation in orienta-
tion is conducted via the rotation pseudovector ¢;,. The subscript ‘i’ indicates
that both the translational and rotational quantities are expressed in the local basis.
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Figure 3.5: A small-amplitude perturbation in the local frame of blade nodes. ‘z’:
from blade root to tip; ‘y’: from leading edge to trailing edge; ‘z’: toward wind

inflow. In this figure, the perturbation Ar; is applied in the y direction of the frame
of blade nodes.

The perturbations are applied using several different small-amplitude values,
followed by a linear regression fit to smooth out local aerodynamic nonlinearities
around the quasi-static equilibrium state [69].
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3.2 — Linearization of wind turbine aerodynamics

3.2.5 Rotate back to the mixed basis

The linearization of the wrench f;; in the local basis can be expressed as

5 fu = (557{;) _ D, (g:ll) _ K, (gg) (3.22)

Substituting (3.19) and (3.20) into (3.22), and grouping the terms according to

the generalized coordinates in the mixed basis, yields
0fi\ . [RE 0] (67, 0 RLr, RY 0]\ (o7,
<5ml>_ D”[o 1) \ow) "\ Prlo "o | T 0 1)) \oe
(3.23)

The aerodynamic forces expressed in the inertial frame are given by f, = Ry fi.
The corresponding variation is 0 f, = Ry0f; — Ry f,00;. The wrench, consisting of
T
aerodynamic forces and moments in the mixed basis, is denoted as f,; = { T mﬂ :
This expression is then linearized as follows:

0 fur = <§':{u> =D, (g;) — (Ku+ Ku,) (gg) (3.24)
where the three matrices are detailed as follows:
D, = :RON ? Dy :}E)ITV 2 € RS (3.25a)
K, = :%N ? K :1%% ﬂ € RO*6 (3.25h)
K, = :%N 2 Dy —8 R%O"“a + ﬁ)N ﬂ lg ﬂ € RO (3.25¢)

The subscript ‘al’ indicates that the quantity is expressed in the mixed ba-
sis. The matrices D, and K, represent the aerodynamic damping matrix and
aerodynamic stiffness matrix, respectively, in the mixed basis of the blade node.

The matrix K, denotes the aerodynamic geometric stiffness matrix intro-
duced by the 3D rotation of the cross-section, based on the assumption that the
aerodynamic forces f; behave as follower forces, adapting to the deflection of the
blade station. However, this assumption does not fully reflect the actual condi-
tions. For example, when applying BEM theory to coned rotors [59, 177] or swept
blades [163, 82|, additional complexities must be considered. From the author’s
perspective, it remains unclear whether the aerodynamic forces f; can be defini-
tively classified as follower forces. Consequently, as a higher-order term, Ky, is
neglected in the present work.
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3.2.6 Flowchart of aerodynamics linearization

The overall linearization procedure of aerodynamic forces and moments acting on
wind turbine rotors is summarized in a flowchart, as shown in Figure 3.6.

1. Wind speed Uy ;
Input: 2. Rotor speed §);
3. Pitch angle (3.

Update models:

1. Update velocities {74, w;} and accelerations {¥q,w;} of rotating components |«

2. Align wind inflow with the rotor’s axis of rotation

| |

Evaluate aerodynamic forces: Evaluate inertial forces:
BEM theory using equilibrium wake model fi: Eq. (2.131)

Static equilibrium analysis: J
Update the deformed configuration

|

Converged: No
HAdtip” < 0.01 % Lplade?

Model assumptions:
Table 3.2

e I ——
Yes

Numerical differentiation in the local basis:

1. Perturbation in the local frame around the quasi-static equilibrium configuration {qo, qo};

Aeroelastic coupling iteration

2. Recalculate aerodynamic forces using frozen wake model;

3. Fuvaluate gradients Dy, Ky using multi-point linear regression fit: Eq. (3.21).

|

Rotate back to the mixed basis

Output:
1. Aerodynamic damping matriz Dy : Eq. (3.25a)
2. Aerodynamic stiffness matriz Kq;: Eq. (3.25b)

Figure 3.6: Flowchart of the linearization procedure of aerodynamic forces and
moments acting on wind turbine rotors.

The input parameters—wind speed Uy, rotor speed {2, and pitch angle f—can
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3.3 — Transformation to the rotor’s rotating center

be obtained from a static power curve analysis, statistical results from time-domain
dynamic simulations, or field measurement data.

3.3 Transformation to the rotor’s rotating center

The linearized DAEs of wind turbines involve numerous rotation matrices, making
them highly dependent on the azimuthal positions of the blades. Consequently,
the dynamic system represented by the DAEs is time-varying, and hence unsuit-
able for modal analysis. To address this, three auxiliary reference frames at the
rotor’s center of rotation are introduced for the three blades, respectively. The
aerodynamic, elastic, constraint and inertial terms are first transformed into these
auxiliary coordinates, and then rotated back to the stationary reference frame at
the hub center, resulting in linearized DAEs for the wind turbine system that are
expressed within consistent reference frames.

3.3.1 Wind turbine model description

A modern wind turbine typically consists of three blades, a tower and a drive train,
as depicted in Figure 3.7. The three blades and tower are discretized using coro-
tational Timoshenko beam elements to achieve a good trade-off of computational
performance and numerical accuracy. The drive train is simplified as a series of
rigid bodies, including the hub, nacelle, low-speed shaft (LSS), high-speed shaft
(HSS) and bedplate. Each blade is mounted on the hub via rheonomic revolute
joints, characterized by the respective pitch angles (1, 82, 83. The LSS and HSS
are connected by a torsional spring with specified stiffness and damping properties
to account for the mechanical flexibility and damping of the drive train. The rota-
tional inertia of the HSS is transformed to the low-speed side by multiplication of
the square of the gearbox transmission ratio. The HSS is attached to the bedplate
through a revolute joint at point G, where a generator torque is applied to regulate
the rotor speed 2. The bedplate is connected to the tower top via a rheonomic
revolute joint at point Y, defined by the yaw angle ¢y,,. Additionally, the nacelle
is rigidly connected to the tower top, and the hub is fixed to the LSS using a fixed
joint.

The bending stiffness of the drive train and yaw system may affect the modal
dynamics of the rotor. Similarly, the stiffness properties of the foundation at the
tower bottom are important for the tower modes. Additionally, the flexibility of the
hub and pitch bearings could be relevant for the blade modal dynamics, particularly
for very long blades. However, to simplify the discussion, these engineering details
are not included in this work.
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LSS

HSS

Figure 3.7:

Blade 1

N3 Blade 3

Nacelle

Blade 2 Tower
Revolute joint
z
Torsional spring
Low-Speed Shaft y
High-Speed Shaft
igh-Speed Sha W
X IRSR OSSN

The scheme of a three-bladed wind turbine. The three blades are rotated

by the corresponding azimuthal angles 1,15,13. The three auxiliary reference
frames Hy, Hy, H3 are located at the same position as H, but shown separately to

avoid mess.
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3.3 — Transformation to the rotor’s rotating center

3.3.2 Blade auxiliary coordinates

At the aeroelastic quasi-static equilibrium configuration {qo, go}, the three blades
are isotropic with respect to the hub center. Specifically, the blades possess identical
mass and stiffness properties, identical pitch angles, and are mounted on the hub
at equally distributed azimuthal positions. Additionally, the aerodynamic forces
and deflections of the three blades are also identical. As a result, from a physical
perspective, the rotor can be considered isotropic. However, this isotropy does not
extend to the mathematical model. For example, the position vectors of the corre-
sponding nodes at the same spanwise locations on the three blades are not identical:
rNn, # TN, # Tn,. This breaks a key assumption required for the Multi-Blade Co-
ordinate (MBC) transformation, which is necessary for performing a proper modal
analysis of a rotating multi-bladed rotor system.

To address this issue, the generalized coordinates of the blade nodes must be
expressed relative to a reference frame at the hub rotating center. To achieve this,
we introduce three auxiliary reference frames, Hy, Hs, and Hj, as shown in Fig-
ure 3.7. These three auxiliary frames are located at the same position as the hub’s
reference frame H, but are rotated by the corresponding azimuthal angles of the
three blades, 11,9, 13. The reference frame H is stationary in three-dimensional
space, that means it does not rotate with the azimuthal motion of the rotor.

Coordinate transformation relationships

Taking node N; on the first blade as an example, the variations of the generalized
coordinates of node Nj in the mixed basis are represented as

S, | 5w, ) 5itw,
5QN1 = <501N ) ) 5qN1 = <(5ij ) ) 5QN1 = (5“’;\7 > (326)

For the reference frame H;, the variations of its generalized coordinates are
represented as

or : 0T, 3 0P g,

We introduce the auxiliary coordinates of node N;, where the translational
DOFs are expressed relative to the reference frame Hi, while the rotational DOFs
remain in the local basis. The variations of the auxiliary coordinates are represented
as

@mzcﬁfwﬂ,aﬁf«h?wmy Mmzcﬁwwﬂ (3.28)

Wiy, Wiy,
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The position and translational velocity of node N; can be expressed relative to
the reference frame H; as follows

TN, = TH + RHl'r'Hl_Nl(Hl) (329&)

'I;’N1 = ’f‘Hl + RHla}lHl,rHl-Nl(Hl) + RHll’;Hl-Nl(Hl) (329]3)

Applying variations to (3.29), and recalling (2.15b) along with properties (2.1a)
and (2.1c), we obtain the following variations

(57"]\[1 = (S’I’H1 + RH15TH1.N1(H1) - RHlfFHl-Nl(Hl)(SGZHl (330&)

57"N1 = 5TH1 - RHI (a’lleH1~N1(H1)>501H1 - RH17~‘H1'N1(H1)5le1

+ RHla}lHl 6TH1.N1<H1) — RngHl-Nl(Hl)éelHl + RH15f'H1.N1<H1> (330]3)

Grouping the terms in (3.30) according to the generalized coordinates (3.26),
(3.27) and (3.28), and extending the expressions to include the rotational coordi-
nates, the following coordinate transformations are obtained

0gn, = Emn,0qm, + En,0qy, (3.31a)
04N, = Em,0qn, + En,0qy, + I, 0qu, + Iy, 0qy, (3.31b)

where the four transformation matrices are given by

I —Ry7

En, = TN | ¢ ROX6 (3.32a)
0 0

Sy, — Réﬁ ﬂ € RO (3.32D)

oy = |0 _RHl@lHl’“Hl-Nan)—RngHl-Nqu) € R%6 (3.32¢)
0 0

Iy, = RHlo“’lHl g} € RO% (3.32d)

The coordinate transformations (3.31) and corresponding transformation ma-
trices (3.32) can be readily extended to node Ny, N3 on the other two blades.
Rotate back to the consistent reference frame

The transformation relationships between the reference frames H,, H,, Hz, and H
are given as follows

Ry, = RyR,,, i=123 (3.33)
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3.3 — Transformation to the rotor’s rotating center

where Ry, represents the rotation about the ‘z’ axis of the reference frame H by
the azimuthal angle ;.

Applying variations to both sides of (3.33), and disregarding the variation of
the rotation matrix R,,—since there is no DOF associated with 1¢;—and recalling
the property (2.1e), it follows that

06y, = R/ 56y, i=1,2,3 (3.34)

Taking the time derivatives of both sides of (3.33), we obtain w;,, = Rj wi,,
from which the relationship of the variations of angular velocities can be readily
derived.

dwi, = Rjbwy,,  i=123 (3.35)

Since the positions of the reference frames Hy, H,, and H3 coincide with that
of H, we have

By introducing the variations of generalized coordinates of the reference frame H,
which is also the reference frame of the hub,

) . or . o

and considering (3.34), (3.35), (3.36), we obtain the coordinate transformations
which rotate from the three auxiliary reference frames H;, H,, and H3 back to the
consistent reference frame H

0qu; = Yu,0qn (3.38b)

for + = 1,2, 3, where the transformation matrix is

o I O 6x6
Uy = [o Rﬂ] eR (3.39)

Substituting (3.38) into (3.31), yields

5qN1 = EH1WH15qH + E’Nléa]vl (340&)
0Gn, = EmWn,0qn + En,0qy, + g, u,0qu + Iy, 0qy, (3.40b)
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3.3.3 Aerodynamic stiffness and damping matrices

Recalling the linearization in (3.24) and neglecting the aerodynamic geometric stiff-
ness matrix K, , while also considering the interpretation of the generalized coor-
dinates provided in Section 2.6.3, the discretized form of the incremental linearized
aerodynamic forces acting on blade node Ny, expressed in the mixed basis, is given
as follows

Afay, = —Duldy, — (Ku + Kai;) Aqy, (3.41)

Employing the coordinate transformations in (3.31), the virtual work done by
the linearized aerodynamic forces acting on node Nj is derived as follows

5Waero = 5q]z\}1AfalN1 = _6q]z\}1DalAQN1 - (Sq%lKalAqu

=T = =T = ;
sal.  sal '_'H1Dal'_’H1 '_'HlDal'_'Nl Aqg,
—\%H, %9N,) | T D.= =17 D .= AG
=, PYa=H =nua=nN dn,
=T = =T =
. 5 T 5‘{F hd}{rlzﬁlhdffl hd}{llzﬁlhufvl
qu qu _ —

=T =T
=N Kal‘:'Hl ‘—'NlKal‘:’Nl

EL DIy, ET DyIly Aqy
+ Hy 1 . 1 1 o 1 342
[HNlDalHHl l:]j\-/ilDalH]\H A(1]\71 ( )

The aerodynamic damping and stiffness matrices associated with node Ny, eval-
uated in the auxiliary reference frame H;, are obtained as follows:

=1 = =1 =
1) _ hd}{rl)alhdlfl hdl{rl)alhdhh

Qaux

el TR e R (3.43a)
L ':’N Dal‘:Hl ‘:’N Dal‘:Nl
h-d}qi.lk?alh—d}{l h-d}yi.lgralh-djvl

=T =T
_HNlKal‘_’Hl ‘_‘NlKalHNl

Gaux

'_'HlDalHHl '-HlDalHM Glez

- =T =T
‘_’NlDalﬂHl ‘_’NlDalﬂNl

(3.43b)

where D,; and K, are evaluated in (3.25).

The top-left sub-block matrices in (3.43) (colored in cyan) correspond to the
hub block. However, they are associated with the generalized coordinates dqy,,
dqm,, and gy, for the three blades, respectively. Since the associated generalized
coordinates are not consistent across the three blades, we cannot directly overlap
the top-left sub-block matrices at the hub block. To resolve this issue, we need to
rotate back to the consistent reference frame H for all three blades.

By substituting the coordinate transformations in (3.38) into the virtual work
expression in (3.42), we can readily obtain the aerodynamic damping and stiffness
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3.3 — Transformation to the rotor’s rotating center

matrices for node Ny, expressed as follows:

vl 0 % 0
D, =| m D, ! e R 3.44a
con [ 0 I6>< 6‘| aux l O I() % 6] ( )

K. - [spg 0 ]K [Jle 0

12x12
o I.. o 1. R (3.44D)

We can now assemble the system’s aerodynamic damping and stiffness matrices
according to the corresponding indices of blade nodes. The arrangement of the sub-
block matrices within the aerodynamic damping and stiffness matrices is illustrated
in Figure 3.8.

5(1]{ 5qaule 5qauxN2 5QauxN3

oqu [ Hub RGXJ LHub — Blade 1} {Hub — Blade 2} {Hub — Blade 3}

0Gauxy, |Blade 1 — Hub ‘ Blade 1
L ) R6x6
0Gauxy, |Blade 2 — Hub ‘ Blade 2R6X6
0Gauxy, |Blade 3 — Hub ‘ Blade 3

Figure 3.8: Arrangement of the sub-blocks in the aerodynamic damping and stiff-
ness matrices.

3.3.4 Structural stiffness and damping matrices

The Timoshenko beam element developed in this study consists of two end nodes,
yielding 12 DOFs per element. The tangent structural damping and stiffness ma-
trices of the beam element (refer to (2.126b) and (2.126¢)) are of size 12 x 12. The
coordinate transformation relations outlined in (3.31) can be extended to accom-
modate the transformations required for beam elements.

Recalling the expressions provided in (3.32), the corresponding transformation
matrices for the two nodes, A and B, of a beam element in the first blade are given
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by

Eu, = lg _RHl'Fgl'N“Hﬂ] € RO¥¢ (3.45a)

By, = [g _RHl’:gl'NBW e RO*6 (3.45b)

En, = En, = lel ? € R%<¢ (3.45¢)

oy, = _0 —Ry, (GJZHITHLNA(Hl)) - RH1;H1-NA(H1>_ € R6*¢ (3.454d)
_0 0 .

oy, = _0 —Ry, (@Hl THl.NB(H1)> ~ R, P11, Np ) | € ROXO (3.45¢)
_0 0 _

Iy, =y, = lRHIO‘:”Hl g] € RO*6 (3.45f)

Two extended transformation matrices are introduced as follows

= = 0

— Ha Na 12x18

SEip=|4 —_ eR 3.46a

AB [:HB 0 :NB] ( )
_ HHA HNA 0 12x18

I, = [HHB 0 Iy, eR (3.46b)

Analogous to the derivation in (3.42), by evaluating the virtual work done by the
structural damping and elastic forces in the beam element, the structural damping
and stiffness matrices expressed in the auxiliary reference frame H; are derived as
follows:

Deaux - E’iBDmEAB S R18X18 (3473)

K... =& (Ky+K,) Eip+ E\gD, Il 5 € R (3.47Db)

where D,,, K,,, and K, are evaluated in accordance with (2.126b), (2.126¢),
and (2.128), respectively.

A similar rotation, as described in (3.44), can be applied to transform the top-

left 6 x 6 sub-block matrices back to the consistent reference frame H, as shown
below:

vl 0 Uy 0
D, =|"Hh ! € RIEx18 3.48
on [ 0 Il2><12] e [ 0 Iiaxi2 ( 2)
28 0 Uy 0
K., =|Mm K, ' € RI®1E 3.48b
eon [ 0 I12><12] auxl 0 I12><12] ( )

which are ready for assembly into the system’s structural damping and stiffness
matrices, following the corresponding indices of the blade nodes.
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3.3.5 Constraints

The wind turbine blades are mounted on the hub through pitch bearings. In our
simulation model, the blade root node N, of the first blade is connected to the pitch
bearing, modeled as a rigid body and labeled as P;, via a rheonomic revolute joint,
which is characterized by the pitch angle 5;. The pitch bearing P; is then rigidly
linked with the hub through a fixed joint, as illustrated in Figure 3.7.

Both the Jacobian matrix of constraints C, and the tangent stiffness matrix of
constraints K, are required to transform into the consistent reference frame H.

Constraints between pitch bearing and blade root node

Referring to (3.31a), the generalized coordinates of the pitch bearing P; and the
blade root node N, can be transformed into the blade auxiliary reference frame H,
as follows

5qP1 = EHPI 5QH1 + ENP1 5&131 (349&)

oqn, = Eny 0qu, + Eny, 0qy, (3.49D)
where the transtormation matrices Ep, , Epny,, and By, , En,, are evaluated
according to (3.32a) and (3.32b), respectively.

Similarly to the coordinate transformations for the beam element discussed in
Section 3.3.4, an extended transformation matrix is introduced as follows:

c R12*18 (3.50)

In the generic form of the linearized DAEs (2.76), the second equation C,0g = 0
enforces the satisfaction of constraints. For the constraints between the blade bear-
ing P, and the blade root node N,, let the original Jacobian matrix of constraints

T
associated with the generalized coordinates dgpy = {6qIT31, ) q}\}r} be denoted Cy, .
By applying the coordinate transformations in (3.49), the linearized constraint

equation can be derived as follows

0qm,
quN(quN = quNEPN 5@131 =0 (351)
oqy,

Substituting the rotation transformation (3.38a) into (3.51), the Jacobian ma-
trix of constraints resolved in the consistent reference frame H can be obtained as
follows

C

gPNcon

0 112><12

v
:CqPNEle w0 1 c RO*18 (3.52)
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Similarly to the derivation for (3.48), the tangent stiffness matrix of the con-
straints between the pitch bearing P; and the blade root node Ny, resolved in the
consistent reference frame H, can be derived as follows

vl 0 Yy 0
Kepyerr = | &0 ETnK ey E ' € R 3.53
P Ncon [ 0 IQ)Q;| PN®}cpy=PN [ 0 Iov1o ( )
where K., is the original tangent stiffness matrix of constraints, expressed in the

mixed basis and computed using the algorithm presented in Section 3.1.3.

Constraints between pitch bearing and hub

For the fixed constraints between the pitch bearing P; to the hub H, the general-

ized coordinates in the mixed basis are denoted as dqyp = {5qg, 5q}§JT, and the

Jacobian matrix of constraints in the mixed basis is represented as Cy,, .
Recalling the coordinate transformation (3.49a) and the rotation transforma-

tion (3.38a), the linearized constraint equation Cydg = 0 can be derived as follows

I 0 )
Co.r0qupr = Cqpp l:Hjxng =, ] (5;1;’ ) =0 (3.54)

By introducing an extended transformation matrix

— [ I6><6 0

Eyp = € R12x12 (3.55)

.:HPI WHl ‘:Npl

the Jacobian matrix of constraints, resolved in the consistent reference frame H, is
obtained as follows:

C

dH Pcon

=C,,,Enp € R (3.56)

The tangent stiffness matrix of constraints, expressed in the consistent reference
frame H, can be readily derived as follows:

=T = 2x12
KCHPcon = :'HPKCHP:"HP E Rl % (357)

where K., , is the original tangent stiffness matrix of constraints expressed in the

mixed basis and computed using the algorithm presented in Section 3.1.2.

3.3.6 Inertial mass, damping and stiffness matrices

According to (2.131), based on the lumped mass assumption, the inertial forces
concentrated at node N; are expressed as

. A./Z" . ~ ~
o= (PR RO g

~ T . . ~
I/SZRNITNl + lelNl -+ wlNl lelNl
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where v and J; represent the lumped mass and the inertial tensor at node Ny,
respectively, and s; denotes the mass center offset in the nodal frame.

Referring to (2.42), the translational acceleration of node N; is read as

TNy = T, + Ry wiy Thy N ay T Ry, @iy, THy N1 (uy)

+ 2‘Rfv'll('f:’lHl 7:’H1.N1(H1) + RHlli';Hl.Nqu) (359)
Applying variations to (3.59), yields

(57";]\[1 = 5?"]{1 — RHl,FHLNl(Hl)(;leI — RH1T15le1 — RH1T250ZH1

+ RHI(S/'.’;HLNl(Hl) —+ 2RH1&31H167;‘H1-N1(H1) + RH1T357'H1.N1(H1> (360)

where

Tl = 2le17“H1.N1<H1) — 'I"Hl.Nqu)lel + QTHl-Nl(Hl) (361&)

YTy = (lellelTHl.Nl(Hl))

+ ("BZleHl-Nl(Hl)) + Q(QIHlli'HLNl(Hl)) + ;HLNl(Hl) (361b)

Tg = &VJZHl (:)lHl + ‘SlHl (361C)

In the quasi-static equilibrium state of wind turbine rotors, the translational
velocity and acceleration of node N relative to the hub center H; are zero, i.e.,
TH,. Ny = T, Ny = 0, and the angular acceleration of the hub center H; is
also zero, i.e., wy, = 0. These conditions lead to simplified expressions for the
three terms, as follows:

Tl = 2‘:-’1}11 ’FHl-Nl(Hl) - 'FHl-Nl(Hl)“ElHl (362&)
Yo = (@, @1, THy Ny 1y ) (3.62b)
T3 = (:JlHl (:JZHI (3620)

Applying variations to (3.58), recalling (2.15b) and properties in (2.1), and
substituting the variations from (3.30a), (3.30b) and (3.60), while grouping the
terms according to the generalized coordinates, the linearized inertial forces in the
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auxiliary coordinates are obtained after tedious manipulations, as follows

- vl VRHl% ..
6fiN1 - VglRNl —I/.FSVZR%IRHl’I"‘| 5QH1

0 —I/Rlel .

+ 0 —VSZRﬁlRH1T1‘| 5QH1
0 —VRH1T2

T 0 —VSlRﬁlRH1T2‘| 5(]H1

+ IJRH1 VRNl.Sl (57
l/glRNlRHl J M

QI/RHICDlHl —VRN1T4 .

tl —prp —— | 0qy,
_2VS[RN1RH1LU[H1 wlNl Jl — lelNl
| VRy, Y —vRN, Y

T o gy, (3.63)
_USZRNIRHng vs Ry, T,

where

T4 = 2(:JZN1 51 - gl(:JlNl (364&)
Y5 = (@i, s1) + (@, @1y, 1) (3.64D)

Recalling the coordinate transformation in (3.31a), the virtual work done by
the incremental linearized inertial forces Af;, can be evaluated in the auxiliary
coordinates as follows

5VViner - 5qN1 A.fiNl

B A . ) A . ) A )
- (5q}’}1 5q%1) <M&HX <Agz > + Diaux <Agz ) + Kiallx <Agi > >
1 1 1

(3.65)
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3.3 — Transformation to the rotor’s rotating center

where the inertial mass, damping and stiffness matrices are

21 ~VvRy,T vRy, —VvRN, 3
- V%Rﬂl —UTT VT —V%REI Ry, s
Maux N I/ij;l —I/% vl —I/RIIZHRN1 gl (366&)
_VglRﬁl _VglRﬁlRHlF VglelRHl J
[0 —I/RH1T1 ZI/RHluNJlHl —VI%N1 T4
0 Y, WTW, - — V%RE Ry Yy
Diaux = 0 —VTl 21/(511_]1 _VR,ZIjllRNl T4 (3-66b>
_O —V§ZR£1RH1T1 2V§ZR%1 RH1G)ZH1 (:)lNl Jl — lelNl
[0 —I/Rleg VRH1T3 —I/RNIT5
0 _V%TQ V%Tg —V%Rﬁl 1%]\[1 T5
_O —V:SVZR%IRHITQ VglR%IRleg VglR%llﬁNl

with ¥ = 7y, N1y being introduced to reduce the width of matrix notation.

It is worth noting that the mass matrix M,,, is symmetric, while both the
inertial damping matrix D,,  and the inertial stiffness matrix K, are neither
symmetric nor skew-symmetric.

If the mass center coincides with the reference center of the cross-section (which
is typically the elastic center), resulting in s; = 0 and Y4 = Y5 = 0, the inertial
mass, damping, and stiffness matrices in the auxiliary coordinates simplify to the

following expressions:

 vI —vRy7T vRy, O
- V%Rﬂl —UTT v 0
Maux - VRgl —V% vl 0 (367&)
L0 0 0 J
[0 —VRlel QVRchTJlHl 0
0 —uvrY, 2TW,, 0
Din=lo —vr, e, 0 (3.67b)
0 0 0 Wiy, Ji — Jiwiy,
[0 —VRHITQ VRH1T3 0
. 0 _V%TQ V%Tg 0
Klaux - 0 —VTQ VT3 0 (367C>
0 0 0 0

The top-left 6 x 6 sub-block matrices in (3.66) are expressed in the three aux-
iliary reference frames H;, H, and Hjs for the three blades, respectively. A similar
rotation, as described in (3.44), can be applied to transform these top-left 6 x 6
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sub-block matrices back to the consistent reference frame H, as shown below:

PZ5 U, 0
Mo, = | I My | o e R 3.68
B [ 0 Iﬁ><6‘| (3.682)
PZ U, 0
D, =|"Hh D, 1 e R12x12 3.68b
con I O IG><6_ aux [ 0 I6>(6 ( )
PZ v 0
K, =| 1’ K; Hi c R12x12 3.68¢
con I O I6><6_ aux [ 0 I6><6 ( )

which are ready for assembly into the system’s inertial mass, damping and stiffness
matrices, following the corresponding indices of the blade nodes.

3.3.7 Coaxial components

As illustrated in Figure 3.7, the coaxial components, including the hub, LSS and
HSS, are modeled as rigid bodies. Their mass centers are aligned with the rotor’s
axis of rotation, i.e., s; = 0. Referring to (2.127) and (2.137), the inertial mass,
damping and stiffness matrices are already independent of time, rendering them
suitable for modal analysis. Therefore, no additional manipulation is required.

3.4 Modal analysis in multi-blade coordinates

The aerodynamic damping and stiffness matrices in (3.44), the structural damping
and stiffness matrices in (3.48), the tangent stiffness matrix of constraints in (3.53)
and (3.57), the Jacobian matrix of constraints in (3.52) and (3.56), as well as the
inertial mass, damping and stiffness matrices in (3.68), are all expressed in the
consistent reference frame H at the hub center. Consequently, the linearized DAEs
of wind turbine rotors can be assembled.

Recalling the generic form of the linearized DAEs in (2.76) and accounting for
the remaining stationary components of the wind turbine—including the bedplate,
nacelle and tower—as depicted in Figure 3.7, the complete form of the linearized
DAEs for the wind turbine system, resolved in consistent reference frames, which
essentially are stationary reference frames, can be presented as follows

qCOﬂ
C

MCOH(sQCOn + DCOH(SQCOH + Kcon(sqcon + CT 5'7(1 - 0 (369&)
geon0dcon = 0 (3.69b)

where the consistent damping and stiffness matrices are

Dcon - Dacon
Kcon =K,

Gcon

+ Decon
+ K,

+ D,
+ K

lcon

(3.70a)

+ K. (3.70b)

con con
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3.4 — Modal analysis in multi-blade coordinates

The consistent generalized coordinates and Lagrange multipliers are composed
of

T
0qeon = 0G5, 0qh, 0ah, oql oqk] (3.71a)

T
v = (04, 0vE, ovh, O] (3.71b)
where

s 0qp,,0qp,, qp,, defined as in (3.28), are the auxiliary generalized coordinates
of beam nodes for the three blades, respectively.

e 0qy are the generalized coordinates of the hub expressed in the mixed basis,
as defined in (3.37).

e 0gqs are the generalized coordinates of the remaining coaxial rotating compo-
nents and the stationary parts, including the bedplate, nacelle, and tower.

e 0vB,, 07YB,, 0B, are the Lagrange multipliers of the joints associated with the
three blades, respectively, including the rheonomic revolute joints between the
pitch bearings and the blade root nodes, as well as the fixed joints between
the pitch bearings and the hub.

o J7g are the Lagrange multipliers of the remaining joints in the dynamic model.

Although the linearized DAEs in (3.69) are described within consistent reference
frames, they still depend on the azimuthal positions of the three blades, resulting
in a time-dependent system. To eliminate this dependency, the Multi-Blade Co-
ordinate (MBC) transformation is introduced, converting the system into a Linear
Time-Invariant (LTI) form suitable for modal analysis.

3.4.1 MBC transformation

The MBC transformations are applied to both the generalized coordinates dqcon
and the Lagrange multipliers d-,, as follows

0qeon = Ty (t) 02 (3.72a)
0vg = T () 072 (3.72b)



Linearization

where Ty (¢) and T, (¢) are transformation matrices dependent on time, given by

(1, I, cos(¢y) I, sin(¢y) O
I, I, cos(ys) I, sin(ys) O
T, (1) = L, I, cos(ys) I,,sin(ys) O (3.732)
) 0 0 I,
_Ilg I12 COS(@/Jl) 112 Sin(@bl) 0
o I12 I12 COS(Q/JQ) I12 Sin(wg) 0
= (t) Ly Iy COS(%) I, Sin(ws) 0 (3.73b)
| 0 0 0 I,

in which ny is the number of DOFs corresponding to one blade, including the pitch
bearing; ng is the number of the remaining DOFs in the entire model, including the
coaxial components and stationary parts; n. is the number of constraints associated
with the Lagrange multipliers d~vs. I, I,,, I,. and I;5 are identity matrices of
corresponding sizes.

The azimuthal angles of three blades can be expressed as

2
¢i:9t+§(z’—1), i=1,2,3 (3.74)

where 2 is the mean rotational speed of the rotor, specified as an input parameter
in the linearization and modal analysis.

The MBC transformations presented in (3.72) convert the physical coordinates
into the generalized multi-blade coordinates expressed in the inertial frame, facili-
tating the modal analysis and the interpretation on the modal dynamics.

By introducing three auxiliary matrices [112]

0,, O, 0, O
_10,, 0, QI, O
S = 0, —QI, 0, 0 (3.75a)
| 0 0 0 0,
_ - 1 -
7Inb O 0 0 *Ilg 0 0 0
s 2 3 2
0 -I, 0 0 0 =I 0 0
Hq = 37 9 o My = 37" 9 (3.75b)
0 o -I, O 0 0 gI 12 0
0 0 0 I,| | 0 0 0 I,|
the transformation matrices T, and T have the following properties:
T,=T,S T i
T 1 ~Heoe (3.76)
T, =T, T, =p,T,
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3.4 — Modal analysis in multi-blade coordinates

Applying time derivatives to (3.72a), and utilizing the properties (3.76), yields

6Geon = TS0z + T,02 (3.77a)
8Geon = TyS?62 + 2T, 862 + T,0% (3.77b)

Substituting the coordinate transformations from (3.72) and (3.77) into the lin-
earized DAEs (3.69), and subsequently left-multiplying (3.69a) by Tq_l, and (3.69D)
by T, ! the linearized DAEs in the multi-blade coordinates are obtained as

M.6% + D0z + K.z 4+ C_ 67, =0 (3.78a)
C,062=0 (3.78b)

where four intermediate matrices are introduced as follows

MT = quTqTMcoan KT = unchoan (3 79)
Dy = NqTJDcoan CqT = T‘z—'choan
and the system matrices in the multi-blade coordinates are
M, = My K. = M:S*+ DS + Ky (3.80)
D. =2MrS + Dr Cy. = Cyrttg; Cy, = pyCyyr .

It is important to note that the Jacobian matrices of constraints in (3.78a)
and (3.78b) are distinct, i.e., Cq, # Cy,.

For wind turbine systems with isotropic rotors, the linearized DAEs (3.78) is
time-invariant, and hence suitable for modal analysis.

3.4.2 Mode Interpretation

Referring to (2.179), based on the linearized DAEs in (3.78), the GEP can be set
up as follows

0 1 0 I 0 O
-K, —-D, —Cqu P, =X\ |0 M, 0| P, (3.81)
-Cq, O 0 0O 0 O
where ()\k, ik) are the eigenpairs of mode k.
The eigenvalue of mode k is generally a complex value:
)\k = O —|—]wdk (382)

where ) = y/—1 is the imaginary unit.
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N T
By introducing the extended eigenvector of mode k as ®, = [q)f, )\kq){,fk} ,
the periodical motion in the multi-blade coordinates can be expressed as

6z = Byt (3.83)

The eigenvector ®; is composed of symmetric components wy, cosine com-
ponents w,. and sine components w, corresponding to the three blades, and the
additional components w,, as shown below

@k:[wo W, W, WQ}T (3.84)

where the four components are detailed as

Wo = :WO,I Wo2 v WO,nb} (3.85a)
. T

We = |Wc1 Wc2 - Wep, (385b)
: T

Wo = |We1 Weo - ws,nb] (3.85¢)
: T

Wy = [Wo Wao o Wo] (3.85d)

in which wg ;, w.;, ws; and w, ; are complex values.

Substituting (3.83) into the MBC transformation relation (3.72a), and recalling
the MBC transformation matrix (3.73a) along with the representation of the gener-
alized coordinates in the auxiliary reference frames H; from (3.71a), the periodical
motion of blade ¢ in the physical coordinates can be expressed as

0qp, = M (wo 4 W, cos(1;) + Wy sin(v;)) (3.86)

where ¢ = 1,2, 3 corresponds to the three blades, respectively.

From (3.86), it is evident that the symmetric components w directly contribute
to the blade relative motion in the auxiliary reference frames H; (which can be re-
garded as the blade root reference frames). In contrast, the cosine components w..
and sine components w, contribute to the blade relative motion through modula-
tion by the cosine and sine functions of the azimuthal angle 1;, respectively. This
can be intuitively visualized, as depicted in Figure 3.9. The symmetric compo-
nents wy, coupling with the drivetrain torsional mode, produce a circular reaction
torque on the rotor system, while the cosine and sine components generate hori-
zontal and vertical reaction forces on the rotor system, respectively. A conceptual
interpretation of multi-blade coordinates in a three-bladed rotor system is that the
motion is described in the inertial frame (also known as the ground-fixed frame)
and decomposed into circular, horizontal, and vertical components.

Substituting the azimuthal angles (3.74) and the eigenvalue (3.82) into (3.86),
using Euler’s formula to proceed with the derivation, and subsequently extracting
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3.4 — Modal analysis in multi-blade coordinates

W, sin ¥
W, COS Uy

Blade 3

\
Tower \)
\

Figure 3.9: The symmetric (wy), cosine (w.), and sine (wy) components of the

9

rotor’s motion in the multi-bladed coordinates.

the real parts from the complex exponential forms, the periodical motion of blade ¢
in the auxiliary reference frame H; can be reformulated as

0qp, = e’ (Acor, cos (wa, t + ¢cor)

2
+ Apw cos ((wdk + Q)t + %(z - 1)+ Q”BW)

2T .

+ Apw cos ((wdk — )t — ?(z - 1)+ (ﬁFW)) (3.87)
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where the amplitudes are evaluated as

AcoL = [[wo| (3.88a)
1
Apy = §||(vvc —Jw) || (3.88b)
1
Apw = §H(Wc + gw)|| (3.88¢)
and the phase angles are computed as
_, Im (wy)
—tan ' — 2 .
¢coL = tan Re (wo) (3.89a)
4 Im (w,.) — Re (wy)
= tan”' 3.89b
Pew = tan Re (w.) + Im (w;) ( )
_; Im (w.) + Re (w,)
= tan™" 3.89
Prw = tan Re (w.) — Im (wy) (3.89%)

In (3.87), the modal frequency wy, is measured in the ground-fixed frame, as it
is obtained by solving the GEP in (3.81).

From (3.87), we can see that the blade relative motion observed in the blade
root reference frame consists of three components: a collective component where all
blades deflect in phase with an amplitude of A¢or,, and two asymmetric components
where the blades vibrate with phase shifts of 27/3 and amplitudes of Agw and
Apw. When the amplitude Acor, dominates, the mode k is referred to as the rotor
collective mode, with its modal frequency denoted as wcor,. If Agw dominates,
it is termed the rotor backward whirling mode, with a modal frequency of wgw.
Conversely, if Apw dominates, it is called the rotor forward whirling mode, with
the modal frequency denoted as wpw. Regardless of which component is dominant,
the blade vibration in the blade root reference frame includes contributions from
all three modes simultaneously.

From (3.88), it is evident that the amplitude of the rotor collective mode cor-
responds directly to the symmetric components wy in the multi-blade coordinates.
In contrast, the amplitudes of the rotor edgewise backward and forward whirling
modes stem from contributions of both the cosine and sine components within the
multi-blade coordinates.

For the rotor edgewise collective mode, the vibration frequency measured in
both the ground-fixed frame and the blade root reference frame is identical, i.e.,
weoL = wg,. In this mode, the blade edgewise vibration frequency in the blade
root reference frame differs from the isolated blade frequency wg, which might be
identified from a modal test on a blade test rig, due to the coupling between the
rotor and drivetrain. In engineering practice, the rotor edgewise collective mode
is often labeled as the drivetrain torsional mode, particularly for systems with a
gearbox transmission.
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3.4 — Modal analysis in multi-blade coordinates

For the rotor edgewise backward and forward whirling modes, the vibration
frequencies observed in the blade root reference frame are close to the isolated
blade edgewise frequency wg, i.e., wpw + 2 &~ wg and wpw — 2 &~ wg, leading to the
approximations wpw ~ wg — 2 and wpw ~ wg + (2. In fact, the frequency difference
between the rotor edgewise backward and forward whirling modes is exactly 202,
while their central frequency is ween, = %(wa +wpw) ~ wg. The deviation between
the central frequency wcen, and the isolated blade edgewise frequency wg arises from
the effects of geometric stiffness K, inertial stiffness K, and the coupling with
the hub, drivetrain, and tower.

Additionally, from (3.87), we observe that the envelope of the blade vibration
measured in the blade root reference frame depends on the damping factor 0. The
vibration amplitude will increase exponentially if o} is positive, in which case the
damping ratio (x = —o/y/0} + w3, is negative.

The rotor edgewise collective mode can be identified through drivetrain mea-
surements, such as generator rotational speed or main shaft torque signals. In
contrast, the rotor edgewise backward and forward whirling modes are more easily
detected in tower measurements, for instance, through tower top acceleration or
tower bottom moment signals in the side-side direction.

Finally, the collective, backward, and forward whirling modes can also be dis-
tinguished by analyzing the phase relationships in the time series of blade root
signals, such as the blade root edgewise moment. As illustrated in Figure 3.10,
the blade vibration signals, measured in the blade root reference frame, exhibit
distinct phase patterns for each mode. In the rotor collective mode, the signals are
in phase. For those rotors rotating in clockwise direction, the backward whirling
mode exhibits a phase sequence of 1 —3 —2 —1—3 — 2..., while the forward
whirling mode follows a sequence of 1 —2 —3 —1—2—3-... These characteristic
phase relationships between the three blades provide a straightforward method for
identifying the collective, backward whirling, and forward whirling modes.
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(a) In-phase vibration of the three blades in the rotor collective mode.
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(b) Phase sequence of 1 —3 —2 —1—3—2--- for the three blades in the rotor
backward whirling mode.
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(c) Phase sequence of 1 —2 —3—1—2—3--- for the three blades in the rotor

forward whirling mode.

Figure 3.10: Blade vibration signals for the rotor collective, backward whirling, and
forward whirling modes, measured in the blade root reference frame for a clockwise-

rotating rotor.
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Chapter 4
Stability analysis

In Chapter (3), a linearization procedure and eigenvalue analysis method for multi-
bladed rotor systems are developed. This chapter applies the proposed method
to the eigenvalue problem of a free-rotating three-bladed rotor, with particular
emphasis on the rotor’s free rotation mode, as this is relevant to the state-space
representation of wind turbines and, by extension, to controller design. A com-
prehensive verification and validation analysis of the proposed aeroelastic stability
assessment using the eigenvalue approach is then presented. The analysis begins
with a steady-state aeroelastic comparison using an open-source reference wind
turbine, followed by a modal analysis to demonstrate the aeroelastic stability as-
sessment. Next, the aeroelastic stability predictions are verified through a series
of virtual wind turbine simulations, where the blade torsional stiffness is scaled.
These predictions are then validated against experimental measurements from two
offshore prototype wind turbines. Finally, the chapter concludes with a summary
of the key findings and conclusions.

4.1 Eigenvalues of a rotor’s free rotation mode

A multi-bladed rotor system inherently possesses a rotational DOF about its axis.
For instance, wind turbines and helicopter rotors can rotate freely, allowing the
exchange of kinetic energy between the rotor structure and the surrounding airflow.
This rotational DOF introduces the so-called rigid body mode, also referred to as the
free-free mode, which is commonly assumed to have zero eigenvalues [87]. However,
our analysis indicates that these eigenvalues are not necessarily zero; therefore, we
refer to this as the free rotation mode.

In controller design, the linearized equations of motion are crucial for represent-
ing controlled systems. The accuracy of linearizing the nonlinear dynamics system
can significantly impact the controller’s performance and robustness. In the case of



Stability analysis

wind turbines, the near-zero frequency bandwidth, which corresponds to the over-
all rotational characteristics of the rotor system, is particularly important for the
controller design to stabilize the rotor speed and optimize the power capture [101].
The transfer functions within this bandwidth are directly related to the eigenvalues
of the free rotation mode in the rotor dynamics.

El-Absy [74] investigated the stability of the rigid body mode of a rotating
rotor through time-marching simulations. The study examined simple rotor models,
with and without the effects of longitudinal displacement due to bending, in the
inertia and elastic forces. The results demonstrated that the geometric centrifugal
stiffening term in the inertia forces is not essential for achieving a stable solution.
However, the focus was primarily on the beam displacement time series, and the
eigenvalues were not explicitly reported.

Numerous studies have investigated the stability of multi-bladed rotor systems,
though most [28, 117, 87, 88, 248| have focused on higher-order modes, partic-
ularly the rotor’s bending modes, which are critical in rotor design for avoiding
potential resonances and instabilities. Both the centrifugal stiffening effect in ro-
tating beams [136, 135] and the centrifugal softening effect [88, 265, 296] have been
extensively studied for their influence on rotor modal dynamics.

In this section, we investigate the eigenvalues of a rotor’s free rotation mode
through a series of numerical experiments on rotors with increasing complexity.
For all experiments discussed in this section, gravitational forces are not considered.
The impacts of the geometric stiffness matrix, inertial stiffness matrix, and tangent
stiffness matrix of constraints on the eigenvalues of the free rotation mode are
thoroughly examined.

4.1.1 Single rigid body

The investigation begins with the analysis of a single rotating rigid body.

We first recall the intermediate azis theorem, also known as the tennis racket
theorem, which addresses the dynamics of a freely rotating rigid body with three
distinct principal moments of inertia. According to this theorem, rotation around
the body’s minor and major principal axes is stable, while rotation about the in-
termediate principal axis is unstable [162]. This theorem provides a fundamental
reference for the eigenvalue analysis of rotating bodies.

For a single rotating rigid body, the mass matrix is expressed as

. V13X3 0
[l O "

where v represents the mass, and J; = diag[Jyy, Jyy, J22] is the inertia tensor in
the local frame, with J,, Jyy, J.. denoting the moments of inertia about the three
principal axes, respectively. Assuming the rotating center coincides with the mass
center, the off-diagonal term J,, is zero.
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4.1 — Eigenvalues of a rotor’s free rotation mode

Referring to (2.137), the damping and stiffness matrices are read as

D= l (4.2a)

0 0
0 (:JlJl — lel

K=0 (4.2b)

where w; = [w,, wy, wz]T is the local angular velocity vector.

The eigenvalues are examined for two cases: (1) free rotation about all three
axes, and (2) free rotation constrained to the X axis. The Jacobian matrix of
constraints is computed based on the corresponding joints, following the algorithm
presented in Section 2.5.

Free rotation about all three axes

In this case, the rigid body is set to rotate freely about all three axes. The corre-
sponding eigenvalues are presented in Table 4.1.

When the three principal moments of inertia are distinct, with J,, > Jy,, > J..,
the eigenvalues for rotation about the X axis (the major principal axis) and the
Z axis (the minor principal axis) are a pair of pure imaginary numbers, indicating
constant-amplitude oscillations. In contrast, the eigenvalues for rotation about the
Y axis (the intermediate principal axis) are real, suggesting unstable motion. This
result is consistent with the intermediate axis theorem.

In the case where the moments of inertia satisfy the relation J,, = 2J,, = 2J,.,
which mimics an isotropic three-bladed rigid rotor, the eigenvalues for rotation
about the X axis (the major principal axis, which also serves as the rotor’s axis of
rotation) are a pair of pure imaginary numbers, with a natural frequency equal to
the angular velocity m. The eigenvalues for rotation about the Y and Z axes are
zero, indicating no unstable modes.

Table 4.1: Eigenvalues of a single rigid body undergoing free rotation about three
axes. Only two eigenvalues are presented, as the remaining four eigenvalues are all
7Z€ro.

Voo Jee Jyy S W wy W A
Subcase kgl kg’ [rad /5
™ 0 0 | +3.79
oz > Jyy > Iz 1.3 57 33 190 =« 0| £1.75
0 0 x| +£1.67y
™ 0 0 +my
Jog =2Jyy=2J,, | 1.3 57 285 28 | 0 7w 0 0,0
0O 0 0,0
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Free rotation constrained to the X axis

In this case, the rigid body is constrained to rotate exclusively about the X axis.
The rotational DOFs around the Y and Z axes are restricted by a revolute joint.
Consequently, the eigenvalues are zero, as presented in Table 4.2.

Table 4.2: Eigenvalues of a single rigid body subjected to free rotation constrained
to the X axis.

v J.t.t Jyy Jzz
[ke] [kgm”]

| Jow>Jyy>J.. |13 57 33 19| 7 0 0]0,0]|
| Joo =2Jyy =2J.. | 1.3 57 285 28| 0 0 [0,0]

Wy Wy W
Subcase vy T

4.1.2 Rigid rotor

An ideal isotropic rigid rotor is examined as the second model. As illustrated in
Figure 4.1, the rigid rotor consists of four rigid bodies: the hub H, located at the
center of rotation, and three bearings P;, P», P3, which are equally distributed at
the same radial distance along the azimuthal positions. The bearings are connected
to the hub via three fixed joints C7, Csy, C3, respectively. Additionally, the hub is
anchored to the ground by joint C'r, which allows for the adjustment of its rotational
DOFs, enabling either free rotation about all three axes or constrained to the X
axis.

Figure 4.1: Schematic representation of a three-bladed rigid rotor.
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4.1 — Eigenvalues of a rotor’s free rotation mode

The moments of inertia of the hub and bearings are set to zero to facilitate
comparison with the single rigid body model. The masses of the hub and bearing
are specified as 629 kg and 2222 kg, respectively, with a radius of 0.2 m between the
hub and the bearings.

Since the rigid rotor does not incorporate any flexible finite elements, both the
material stiffness matrix K, and the geometric stiffness matrix K, are absent.
The impact of the inertial stiffness matrix K, inertial damping matrix D;, and
the constraint tangent stiffness matrix K, on the eigenvalues is investigated by
selectively including or excluding these matrices in the linearized DAEs (3.78).

Similarly, two cases with different rotational constraints are analyzed.

Table 4.3: Eigenvalues of a three-bladed rigid rotor. The ‘X’ symbol denotes the
inclusion of the corresponding matrix. For the case of free rotation about all three
axes, the additional four eigenvalues are zero and therefore omitted.

‘ Subcase ‘ K, D, K. ‘ Wy ‘ A ‘

" 0 [ 0,0

Free rotation T | £my

about all three axes 01| 0,0
X X X

m | +my

» 01| 0,0

T | 0,0

y « 01| 0,0

Free rotation ™ | £my

constrained to the X axis 01| 0,0

X X

T | 7

X X X 0100

m | 0,0

Since the ideal rigid rotor can be represented as a single rigid body characterized
by the relationship J,, = 2J,, = 2J.., its eigenvalues should match those presented
in Tables 4.1 and 4.2.

As shown in Table 4.3, when the rotational speed about the X axis is zero,
both the centrifugal forces and gyroscopic torques vanish. Consequently, the ma-
trices K;, D;, K. reduce to zero, resulting in zero eigenvalues for both constraint
conditions.

When the rotational speed is 7, in the case of free rotation about all three axes,
including the inertial damping matrix D, results in eigenvalues of £, meaning the
natural frequency equals the rotational speed, which is consistent with the results
in Table 4.1. In this scenario, the matrices K;, K. must either be both included or
both excluded; otherwise, the eigenvalues deviate from +m), producing erroneous
results, which are not presented in Table 4.3 for the sake of clarity.

139



Stability analysis

For free rotation constrained to the X axis with a rotational speed of =, if
D; is included and K;, K. are either both absent or both present, the eigenvalues
are zero, which is consistent with the results in Table 4.2. If only K. is included
along with D;, the eigenvalues become =+my; if only K, is included with D;, the
eigenvalues shift to £,

The tangent stiffness matrix of constraints K. moves the eigenvalues away from
zero along the imaginary axis, indicating a stiffening effect, whereas the inertial
stiffness matrix K; moves the eigenvalues away from zero along the real axis, in-
dicating a softening effect. For the rigid rotor, the stiffening effect of K. and the
softening effect of K; can fully counterbalance each other.

The agreement between the results in Table 4.3 and Tables 4.1 and 4.2 demon-
strates that the formulation of linearization and eigenvalue problem presented in
Chapter 3 are applicable to the eigenvalue analysis of three-bladed rotors.

4.1.3 Flexible rotor

In this case, three flexible blades are attached to the bearings via fixed joints,
producing a structure that resembles a wind turbine rotor. Each blade features a
straight geometry with a constant rectangular cross-section measuring 0.6 m x 0.2 m
and a total length of 6.0 m. The blades are constructed from steel, characterized by
an elastic modulus of £ = 2.1 x 10! Pa, a Poisson’s ratio of u = 0.3, and a density
of p = 7800 kg/m3. Figure 4.2 presents a schematic of the flexible rotor.

Figure 4.2: Schematic representation of a three-bladed flexible rotor.
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4.1 — Eigenvalues of a rotor’s free rotation mode

Each blade is discretized into 10 Euler—-Bernoulli beam elements. Two scenarios,
with and without external forces, are examined. Only the eigenvalues corresponding
to the rotor’s free rotational mode are presented. The stiffening and softening effects
of various stiffness terms are analyzed, followed by a parameter sweep to investigate
the influence of the amplitudes of rotational speed and external forces.

Absence of external forces

In the absence of external forces acting on the blades, the eigenvalues of the rotor
under two different constraint conditions are presented in Table 4.4.

Table 4.4: Eigenvalues of a three-bladed flexible rotor in the absence of external
forces. The symbol ‘X’ denotes that the corresponding matrix is included. The
material stiffness matrix K,, is included in all cases.

‘ Subcase ‘ K, K, D, K. ‘ Wy ‘ A ‘
o 0| 0,0 0,0 0,0
Free rotation m | 7y +£0.0063 +£0.0139y
about all three axes " v % x 0| 0,0 0,0 0,0
m | £my +0.0108 4+0.0141y
o 0 0,0
T +0.0081
y o 0 0,0
s +3.0598)
Free rotation 0 0,0
constrained to the X axis o s +3.1380
v 0 0,0
T +0.6964
X X X X 0 0,0
s +0.0072y

When the rotational speed is 7, for the case of free rotation about all three
axes, the expected eigenvalues of +7j appear, while the remaining four eigenvalues
deviate into two pairs of real and pure imaginary numbers with small magnitudes,
likely due to numerical errors.

In the case of free rotation constrained to the X axis at a rotational speed
of m, if only D; is included, the eigenvalues shift to a pair of small real values,
+0.0081. In contrast, when all four matrices K , K;, D;, K. are included, the
eigenvalues become a pair of small pure imaginary numbers, +0.00727. These
results are considered to stem from numerical errors.

When either K, or K, are included alongside D;, the eigenvalues shift to a pair
of imaginary numbers, indicating that K, and K, contribute a stiffening effect.
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In contrast, when K; is included with D;, the eigenvalues become a pair of real
numbers, suggesting that K, imparts a softening effect. For the flexible rotor
without external forces, the stiffening effects of K, and K. and the softening effect
of K; appear to counteract each other completely.

Presence of external forces

In this case, out-of-plane forces of F, = 725630.0N and in-plane forces of F, =
439010.0 N are applied, equally distributed across the blade nodes to mimic the
aerodynamic loads on the rotor. These forces follow the orientation of the blade
nodes as the rotor deflects, and are referred to as follower forces.

In the quasi-static equilibrium analysis, the hub is initially locked. Subsequently,
the rotational DOF about the X axis is released for the eigenvalue analysis.

Since the wind turbine rotor has only one rigid-body motion DOF, i.e., rotation
about the X axis, the case of free rotation about all three axes is not discussed
here.

The out-of-plane and in-plane deflections of the blade tip for a rotational speed
of Orad/s are 0.24m and 0.016 m, respectively. The ratio of these deflections to
the blade length is less than 5 %, indicating that the deflections remain within the
range of small deformations.

The eigenvalues corresponding to the free rotation mode of the flexible rotor
under external follower forces are presented in Table 4.5.

Table 4.5: Eigenvalues of a three-bladed flexible rotor under external follower forces.
The symbol ‘x’ denotes that the corresponding matrix is included. The material
stiffness matrix K,, is included in all cases.

‘ Subcase ‘ K, K, D, K, ‘ Wy ‘ A ‘
o 0 | 0,—0.0002
s +0.0002
y o 0 +0.7034
T | £2.9768)
Free rotation y o 0 40.0001
constrained to the X axis T +3.1379
» o 0 +0.2800
m | £0.6388)
o o o » 0 +0.7570
T +0.7598

When only D; is included, the eigenvalues are near zero, with any deviation
attributed to numerical errors.
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4.1 — Eigenvalues of a rotor’s free rotation mode

When K| is incorporated along with D;, for w, = 0, the eigenvalues shift from
near zero to a pair of real numbers +0.7034, indicating that the geometric stiffness
term, induced by the transverse external follower forces F, and F,, has a softening
effect. For w, = m, the eigenvalues become pure imaginary numbers +2.9768,
suggesting that increasing the rotational speed shifts the eigenvalues from the real
axis to the imaginary axis, demonstrating the stiffening effect of the geometric
stiffness term due to centrifugal forces.

When K; is introduced alongside D, for w, = 0, the eigenvalues remain near
zero because the quadratic velocity terms of the inertial forces are zero, resulting
in K; = 0. However, for w, = 7, the eigenvalues become a pair of real numbers
+3.1379, confirming the softening effect of K;.

Incorporating K. with D;, for w, = 0, shifts the eigenvalues from near zero
to a pair of real numbers £0.2800, implying that the tangent stiffness matrix of
constraints due to transverse external follower forces F, and F, exerts a softening
effect. For w, = m, the eigenvalues shift to pure imaginary numbers £0.6388;,
confirming that the tangent stiffness matrix of constraints due to centrifugal forces
has a stiffening effect as the rotational speed increases.

When all four matrices, K,, K;, D;, and K., are included, the eigenvalues shift
from near zero to a pair of real numbers, indicating that the rotor cannot rotate
stably.

The eigenvalues of the rotor’s free rotation mode, which correspond to the poles
of the system matrix in the state-space representation of the linearized dynamics
system, should be zero or close to zero for effective controller design using a classical
PID model. To facilitate proper control design, the geometric stiffness matrix K,
the inertial stiffness matrix K;, and the tangent stiffness matrix of constraints K,
should be excluded, while the inertial damping matrix D, can be retained.

Interpretation of stiffening and softening effects

The stiffening and softening effects of the geometric stiffness matrix K, the tangent
stiffness matrix of constraints K., and the inertial stiffness matrix K; are discussed
in this section, respectively.

Geometric stiffness matriz The geometric stiffness matrix K, derived from the
linear assumptions of finite beam elements [216], is proportional to the inter-
nal axial forces within the beam elements. When these internal axial forces
stretch the beams, as in the case of a pre-tensioned guitar string, K, exhibits
a stiffening effect, increasing the natural frequencies. Conversely, when the
internal axial forces compress the beams, as seen in the cabled tower of a
wind turbine, K, induces a softening effect, lowering the natural frequencies
and potentially leading to buckling instability under extreme conditions.

If the transverse external forces follow the orientation of the nodes as the beam
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deflects, known as follower forces (illustrated in Figure 4.3a), the force F;
acting on node N; induces an axial compression force F, = Fjsin (6; — 6;) on
the inner node /V;. In this case, the geometric stiffness matrix K, contributes
a softening effect.

In contrast, if the transverse external forces maintain a constant direction
relative to the inertial frame, regardless of beam deflection, these are referred
to as constant-directional forces in this work (shown in Figure 4.3b). In
this case, the force F; acting on node N; induces an axial stretching force
F, = F;sin (0;). Here, the geometric stiffness matrix K, exhibits a stiffening
effect.

To confirm this behavior, a numerical experiment is conducted on the flexible
rotor subjected to external constant-directional forces, where only out-of-
plane forces F, = 725630.0N are applied, with in-plane forces F; = 0 to
preserve rotor isotropy. As shown in Table 4.6, the eigenvalues shift from zero
to pure imaginary numbers upon the inclusion of K, thereby confirming the
stiffening effect.

Table 4.6: Eigenvalues of a three-bladed flexible rotor under external constant-
directional forces. The symbol ‘x’ denotes that the corresponding matrix is in-
cluded. The material stiffness matrix K, is included in all cases.

‘ Subcase ‘ K, K, D, K. ‘ Wy ‘ A ‘
« 0 | 0,0.0001
Free rotation w | +£0.0001
constrained to the X axis o 0 | £0.9740y
m | £3.2068)

Since centrifugal forces consistently act to stretch the blades, the geometric
stiffness matrix K|, resulting from these forces induces a stiffening effect on
the rotating blades.

Tangent stiffness matriz of constraints The tangent stiffness matrix of constraints
K., arises from changes in the orientation of the reaction forces and moments
at the joints, and is proportional to these reaction forces and moments.

In the case of a standard pendulum, as shown in Figure 4.4a, gravity generates
a tensile force F, at the root joint, analogous to the axial stretching force in a
beam. Here, the tangent stiffness matrix of constraints K. induces a stiffening

effect, shifting the eigenvalues from zero to £7,/¢g/L.

In contrast, for an inverted pendulum, as illustrated in Figure 4.4b, grav-
ity generates a compressive force F,. at the root joint, similar to the axial
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w

(a) Follower forces. (b) Constant-directional forces.

Figure 4.3: Effects of two distinct external forces on the deflected beam.

compression force in a beam. In this scenario, K. induces a softening effect,
altering the eigenvalues from zero to 4+y/g/L, indicating an unstable motion.

T o
'Fc g
L L
F,
. Y R g
\___m o5
(a) Standard pendulum. (b) Inverted pendulum.

Figure 4.4: Two pendulum models. g represents gravitational acceleration, and L
denotes the pendulum length.
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When transverse external follower forces are applied, as in the case of the
axial compression force F), illustrated in Figure 4.3a, a compressive force F;
is generated at the root joint. By analogy with the inverted pendulum, the
tangent stiffness matrix of constraints K. induces a softening effect.

Conversely, centrifugal forces always produce a tensile force F,. at the root
joint. Similar to the standard pendulum, the tangent stiffness matrix of
constraints K, induces a stiffening effect.

Inertial stiffness matriz The inertial stiffness matrix K; contains a key term, ko =

—THy Ny (1, f., in the hub block of the detailed expression (3.66¢), where f. =

ule le TH\.N, g, T€Dresents the centrifugal forces acting on the nodes of

the rotating beams. Since the centrifugal forces are consistently directed

towards the tips of the rotating beams, and due to the negative sign in koo,

negative stiffness values accumulate in the hub block during the assembly

of the system stiffness matrix. As a result, the inertial stiffness matrix K;
consistently contributes a softening effect.

The stiffening and softening effects of K,, K., and K; are summarized in Ta-
ble 4.7.

Table 4.7: Stiffening and softening effects of the geometric stiffness matrix K,
the tangent stiffness matrix of constraints K., and the inertial stiffness matrix K;
under various forces.

‘ Matrix ‘ Force ‘ Effect ‘
Transverse external )
Softening
) ) ) follower forces
Geometric stiffness matrix
1% Transverse external Stiffenin
9 constant-directional forces &
Centrifugal forces Stiffening
) ) T t | i
Tangent stiffness matrix Fansyerse externa Softening
of constraints K, follower forces
¢ Centrifugal forces Stiffening
Inertial stiff tri . .
I?er tal SUILESs matrx Centrifugal forces Softening
i

Parameter sweep analysis

A parameter sweep analysis is performed to explore the relationship between the
eigenvalues of the free rotation mode and the rotor’s rotational speed and external
forces.
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4.1 — Eigenvalues of a rotor’s free rotation mode

The analysis is limited to the case where rotation is constrained to the X-axis.
All four matrices—K,, K;, D;, and K,—are included in this parameter sweep.

Rotational speed Constant external follower forces of F, = 725630.0N and F, =
439 010.0 N are applied to the blade nodes, and the rotor’s rotational speed
is varied from 0 to 600rmin~!. As illustrated in Figure 4.5, as the rotor
speed increases, the eigenvalues shift from a pair of real numbers toward
zero, reaching zero at approximately 290 min~—?!, before deviating into a pair
of pure imaginary numbers. The stiffening effects of K, and K. due to
centrifugal forces compete with the softening effect of K;. At low rotational
speeds, the softening effect of K; dominates, resulting in real eigenvalues. At
higher rotational speeds, the stiffening effects of K, and K. prevail, producing
imaginary eigenvalues. At a specific rotational speed, the effects cancel out,
yielding zero eigenvalues.
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Figure 4.5: Eigenvalues of the rotor’s free rotation mode with respect to the rota-
tional speed.

Ezxternal forces The rotor’s rotational speed is set to wrad/s. The external follower
forces distributed along the blade nodes are linearly increased from 0 to F, =
725630.0N and F, = 439010.0N. As shown in Figure 4.6, as the external
follower forces increase, the eigenvalues shift proportionally along the real
axis, moving further from zero as the force amplitude grows. This behavior is
attributed to the increasing softening effect of K, induced by the transverse
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external follower forces. At zero applied forces, the eigenvalues are +0.0072;,
which is due to numerical errors, as explained in Table 4.4.
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Figure 4.6: Eigenvalues of the rotor’s free rotation mode with respect to the external
follower forces applied to the blade nodes.

4.2 Aeroelastic verification using the IEA 15 MW
reference wind turbine

The modal properties of wind turbine systems are significantly influenced by the
accuracy of the structural model and the aeroelastic status in the static equilibrium
configuration. Conducting a code-to-code verification of the structural properties
and the aeroelastic computations enhances confidence in the proposed aeroelastic
model. This section outlines a code-to-code verification between the current model
and the commercial tool Bladed, utilizing an open-source reference wind turbine
model.

Under the joint effort of the National Renewable Energy Laboratory (NREL)
and the Technical University of Denmark (DTU), a 15 MW wind turbine model,
designated TEA-15-240-RWT, was developed as part of the International Energy
Agency (IEA) Wind Technology Collaboration Platform (TCP) Task 37 [84]. The
IEA 15 MW turbine is designed as an offshore installation with a fixed-bottom
monopile support structure, featuring a direct-drive system, a rotor diameter of
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4.2 — Aeroelastic verification using the IEA 15 MW reference wind turbine

240 meters, and a hub height of 150 meters. DNV has released a reference model
for the IEA 15 MW turbine [52], which corresponds to version 1.0 from the IEA
Task 37. The numerical model employed in this work is directly converted from
the Bladed reference model [52].

In Bladed, the blade is divided into five segments to effectively capture the
geometric nonlinearity present in large deflections. Each segment is represented by
ten modes, resulting in a total of 50 blade modes. The version of Bladed utilized
in this study is v4.11.

4.2.1 Blade structural modes

An isolated blade clamped to the ground is analyzed. The blade is discretized
into 50 Timoshenko beam elements. The modal analysis is conducted in the initial
undeformed configuration. In the corotational formulation, a stiffness-proportional
Rayleigh damping model is employed. The stiffness-proportional coefficient is tuned
to achieve a damping ratio of 3 % for the blade first edgewise mode, consistent with
the Bladed reference model [52].

The modal frequencies and damping ratios for the first ten modes are presented
in Table 4.8. The relative differences between the present model and Bladed are cal-
culated using the expression €, = 2 (fcrr — fBladed) / (fcrRF + [Bladea) * 100 % [221].
The relative differences in the first ten modal frequencies are all less than 1%,
demonstrating excellent agreement with the Bladed model.

Table 4.8: Structural modal frequencies and damping ratios of the isolated blade
of the IEA 15 MW wind turbine. ‘CRF’: Corotational Timoshenko beam element
model in the present study; ‘Bladed’: Commercial tool.

No Modal frequency [Hz| Damping ratio [-] | Suggested

" | CRF Bladed Rel. diff [%] CRF mode name
1 0.520  0.525 —0.85 0.0255 1st flapwise
2 0.613  0.607 0.85 0.0300 1st edgewise
3 1.579  1.592 —0.88 0.0773 2nd flapwise
4 1.871  1.860 0.58 0.0916 2nd edgewise
5 3.175  3.197 —0.67 0.1555 3rd flapwise
6 3.857  3.854 0.08 0.1889 3rd edgewise
7 4.224 4224 0.01 0.2069 1st torsion
8 5.394  5.429 —0.64 0.2642 4th flapwise
9 6.205 6.208 —0.05 0.3039 4th edgewise
10 | 7.506  7.531 —0.35 0.3676 2nd torsion

The modal shapes of the first edgewise mode and the first torsional mode of the
blade are depicted in Figure 4.7. As shown in Figure 4.7a, coupling exists among
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flapwise, edgewise, and torsional deflections in the first edgewise mode; in detail,
a unit edgewise deflection is associated with a flapwise deflection of 0.1 m and a
torsional deflection of —0.45°. Additionally, bending-twist coupling is also observed
in the first torsional mode of the blade, as illustrated in Figure 4.7b.

1.01 —— Flapwise 10.0 001217~ Flapwise 1.0
—— Edgewise 0.010{ —— Edgewise

_.0.81 —s— Torsion l—0.1 — —s— Torsion 0.8
€ o) € 0.0081 o)
0.6/ 3 0.6
e -02=  50.006 L=
] c i c
(@] (e} (G} (o]
0 0.41 0 2 0.004 1 0.4@
‘© -035 © o
o = a} =

0.2 . 0.0021 10.2

o [0 0.000 1
0.01 mmanttes +0.0
0 50 100 0 50 100
Spanwise [m] Spanwise [m]
(a) 1st edgewise mode. (b) 1st torsion mode.

Figure 4.7: Structural modal shapes of the isolated blade in the initial configuration.

It is important to note that the modal shapes illustrated in Figure 4.7 are
evaluated in the initial undeformed configuration of the isolated blade. Due to the
complex bending-twist coupling, these modal shapes may vary significantly in the
deformed configuration. To compare the modal shapes from simulation with those
from test rig experiments, it is essential to account for the influence of gravity on
blade deflections during static equilibrium analysis. Subsequently, an eigenvalue
analysis should be performed in the deformed configuration to extract the modal
shapes, which can then be used for validation against modal experiments conducted
on the blade test rig.

4.2.2 Blade aeroelastic steady states

The blade deflections, aerodynamic states and forces are analyzed in the aeroelastic
equilibrium configurations across the operating wind speed range.

As detailed in Section 3.2, the rotor speed and pitch angle for a given wind
speed are designated as input parameters in the linearization analysis of wind tur-
bines. In the present study, these parameters are obtained from steady operational
load calculations conducted in Bladed, thereby ensuring consistency in operational
points between this study and Bladed. The rotor speed and pitch angle across the
operating wind speed range are illustrated in Figure 4.8.

Only integer wind speeds are analyzed; therefore, the rated wind speed of
10.59m/s [84] is not included in the operational points examined.

150



4.2 — Aeroelastic verification using the IEA 15 MW reference wind turbine

7.5 1+ —— Rotor speed -f
—=— Pitch angle /

_7.01
S o
S g
) <)
3 G
7]
< 6.0 <
O O
-+ -+
g .

5.5 1

5.0  =—a—a—s—d—n—a—s 0

5 10 15 20 25
Wind speed [m/s]

Figure 4.8: Rotor speed and pitch angle of the IEA 15 MW wind turbine across
the operating wind speed range.

Blade deflections

The blade tip deflections in the flapwise, edgewise, and torsional directions across
the operating wind speed range are illustrated in Figure 4.9a.

The maximum tip deflections in the flapwise and edgewise directions occur at
a wind speed of 10m/s, while the largest tip torsional angle is observed at ap-
proximately 21 m/s. A comparison of the maximum tip deflections in the flapwise,
edgewise, and torsional directions between the present model and Bladed is pro-
vided in Table 4.9. The largest relative deviation in the edgewise deflection reaches
6.4 %; however, the absolute deviation of 0.003m is considered negligible. Devia-
tions in the flapwise and torsional directions are less than 3 %, indicating excellent
agreement between the present model and the Bladed tool.

Table 4.9: Blade tip largest deflections.

| | Present model Bladed  Rel. diff [%] |

Flapwise [m] 13.443  13.050 3.0
Edgewise [m] 0.053  0.050 6.4
Torsion  [deg] -4.638  -4.509 2.8

The blade deflections in the spanwise direction at a wind speed of 10m/s are
illustrated in Figure 4.9b. The agreement between the present model and Bladed
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Figure 4.9: Blade deflection comparison between the present model and Bladed.

in the spanwise deflections is notably strong.

Figure 4.9b also reveals visible differences in the blade tip torsional angles,
particularly where the torsional angles near the tip exhibit a lack of smoothness.
This discrepancy is likely attributable to variations in the setup of the blade nodal
orientation in the initial configuration for the prebend-pretwist blade design, as well
as differences in the calculation methods for the torsional angle in three-dimensional
rotation.
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Blade aerodynamics

The aerodynamic states and forces acting on the blade in the aeroelastic equilibrium
configuration are compared between the present model and Bladed. The analysis
focuses on results obtained at a wind speed of 10 m/s, as this condition corresponds
to the maximum deflections.

Figure 4.10a illustrates the angle of attack, as well as the axial and tangential
induction factors along the spanwise direction at this wind speed. Additionally,
Figure 4.10b presents the aerodynamic forces in the axial and tangential directions
of the rotor plane, along with the aerodynamic twist moment exerted on the elastic
center.

In Bladed, the aerodynamic forces at the blade tip are set to zero; however,
these forces remain nonzero in the present model. Notably, the aerodynamic twist
moment near the blade root, particularly for spans less than 20 m, exhibits a dis-
crepancy between the present model and Bladed. This difference can likely be
attributed to the distinct treatment of the aerodynamic center and elastic center
in the context of tapered beam elements. Nevertheless, the observed deviations
are minimal, and their influence on elastic deflections is limited, as demonstrated
in Figure 4.9. Aside from these discrepancies, there is excellent overall agreement
between the present model and Bladed regarding the blade aerodynamic states and
forces.

4.2.3 Campbell diagram

Following the completion of the code-to-code verification between the present model
and Bladed, which focused on blade structural modes as well as aeroelastic states
and forces in the equilibrium configuration, a modal analysis of the entire aeroelastic
model of the IEA 15 MW wind turbine is conducted across the operating wind speed
range. The modal frequencies and damping ratios for the less damped modes,
specifically the rotor edgewise modes and tower side-side modes, are extracted and
subsequently plotted on the Campbell diagram, as illustrated in Figure 4.11.

For three-bladed wind turbines, the primary periodic excitation frequencies in-
clude 1P and 3P, which are associated with rotor rotation, as well as higher-order
harmonic terms such as 6P, 9P, 12P, and so on. These periodic excitation frequen-
cies are also illustrated in the Campbell diagram.

From Figure 4.11a, it can be observed that the 6P excitation intersects the rotor
first edgewise backward whirling mode at a wind speed of 7.52m/s, corresponding
to a frequency of 0.536 Hz, thereby marking the first resonant point. The risk
of resonance is mitigated since the rotor speed at this wind speed is dynamically
regulated to track the optimal tip-speed ratio for enhanced power performance.

As the wind speed increases, the 6P excitation subsequently intersects the rotor
first edgewise forward whirling mode at a wind speed of 10.68 m/s, with a frequency
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Figure 4.10: Blade aerodynamic comparison between the present model and Bladed
at a wind speed of 10m/s.

of 0.739 Hz, leading to the second resonant point. Notably, the designed rated wind
speed is 10.59m/s [84], indicating that the second resonant point occurs slightly
above the rated wind speed. This suggests that the rotor speed remains relatively
stable, which may heighten the risk of resonance development and potentially in-
troduce significant fatigue loads.

As illustrated in Figure 4.11b, the minimum damping ratio observed across the
operating wind speed range is 0.0219, attributed to the tower first side-side mode.
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Figure 4.11: Campbell diagram for the IEA 15 MW reference wind turbine. The
tower fore-aft modes and rotor flapwise modes are excluded from the diagram due
to their high damping. ‘BW’: Backward Whirling; ‘FW’: Forward Whirling; ‘COL’:
Collective; ‘SS’: Side-Side.

This value indicates a sufficient stability margin regarding aeroelastic damping.
However, it is important to note that the structural damping ratios for the blade
and tower are set significantly higher than the typical values used in engineering
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practice, which are usually around 0.005 or less. Therefore, caution is advised when
utilizing the aeroelastic damping ratios of various modes in the Campbell diagram
to assess the aeroelastic stability of the IEA 15 MW wind turbine.

4.3 Aeroelastic stability verification using simu-
lation models

In the context of modal analysis and aeroelastic stability assessment, several code-
to-code comparisons have been conducted. While modal frequencies generally ex-
hibit good agreement across various codes, deviations are more pronounced in the
damping ratios, particularly for the less damped rotor edgewise modes [63, 273, 55].
Damping ratios can be identified from time-domain nonlinear dynamic simulations
and compared with results from eigenvalue analyses; however, achieving a strong
agreement is not trivial [273]. The verification and validation of aeroelastic damping
ratios remain an open challenge in the field of wind turbine aeroelasticity.

In this study, a quantitative indicator derived from the time series of the blade
root edgewise moment is compared with the aeroelastic damping ratios of the rotor
first edgewise backward whirling mode across various blade models, where torsional
stiffness is scaled by a range of factors. This comparison aims to explore the cor-
relation between blade edgewise vibrations in nonlinear time-domain simulations
and the aeroelastic damping ratio obtained from eigenvalue analyses.

An aeroelastic simulation model for an intermediate-edition wind turbine, pro-
vided by Goldwind during the design phase, is employed in this investigation. Al-
though the model does not represent the final system design, it closely approximates
the final configuration in industrial practice, offering a valuable reference for the
wind turbine industry. Due to confidentiality agreements with Goldwind, many
key parameters of the wind turbine model and important results (primarily modal
frequencies) are not disclosed here. The wind turbine is designed to deliver a power
capacity exceeding 6 MW, featuring blades longer than 90 m and a tubular tower.

4.3.1 Description of the blade vibration

During the design phase of a new wind turbine, a series of load cases under normal
operational conditions are simulated across the wind speed range from cut-in to
cut-out limits. In the design iterations of an intermediate-edition turbine, concerns
arose due to excessive blade fatigue loads. Engineers reviewed the time series data
and observed that the blades exhibited significant edgewise vibrations at certain
wind speeds under normal operational conditions. The time series of the blade
root edgewise moment (M) at wind speeds of 3m/s and 13m/s are presented
in Figure 4.12, along with the corresponding power spectral density (PSD) plots.
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Although the full time series span 600s, only 100s segments are shown here to
highlight the oscillatory behavior more clearly.
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(a) Stable at wind speed 3m/s. (b) Unstable at wind speed 13m/s.

Figure 4.12: Blade root edgewise moment under stable and unstable operating
conditions. The maximum amplitudes of the edgewise moment are normalized to
unity. Frequency ticks in the power spectral density (PSD) subplots are omitted
due to confidentiality restrictions.

The time series of the blade root edgewise moment at a wind speed of 3m/s
consists of a smooth sinusoidal curve, primarily generated by the blade gravita-
tional force at various azimuth positions, which is the dominant contributor to the
blade edgewise moment. As shown in the PSD subplot in Figure 4.12a, the peak
corresponding to the blade first edgewise mode ( fig) is significantly lower than that
of fip, indicating a stable blade response. In contrast, the time series of the blade
root edgewise moment at a wind speed of 13 m/s, as depicted in Figure 4.12b, ex-
hibits significant local oscillations. The PSD subplot in Figure 4.12b reveals that
the peak of the blade first edgewise mode (fig) aligns closely with that of fip,
suggesting a severe vibration in the blade first edgewise mode, which is indicative
of an unstable operating condition.

To better understand the vibration mechanism, time-domain simulations are
re-run using a finer wind speed bin interval of 1m/s. Six random turbulent wind
seeds are used for each wind speed bin. The average longitudinal wind speed at the
hub center, average rotor speed, and average pitch angles for each wind speed bin
are extracted from the simulation time series to create an operational table, which
is then used as input for subsequent linearization and eigenvalue analyses. The
Campbell diagram for the wind turbine model under normal operational conditions
is shown in Figure 4.13.

From Figure 4.13a, several resonant points across the operating wind speed
range are evident. For those resonant points occurring below 9 m/s, resonance is less
likely to develop due to the rapid change in rotor speed caused by turbulent wind
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Figure 4.13: Campbell diagram for a wind turbine model in the design phase.
Only less damped modes are presented. The modal frequencies are omitted due to
confidentiality requirements. ‘BW’: Backward Whirling; ‘FW’: Forward Whirling;

‘COL’: Collective; ‘SS’: Side-Side.

conditions. Another resonant point is observed at a wind speed of approximately
18 m/s, where the 9P rotor rotational frequency intersects with the rotor second
edgewise forward whirling mode. The excitation energy of the 9P rotor rotational
frequency is expected to be limited due to its high order. Additionally, the damping
ratio of the rotor second edgewise forward whirling mode at 18 m/s, as shown in
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Figure 4.13b, is approximately 0.02, indicating a relatively high damping level.
Considering both aspects, the resonant risk at 18 m/s is expected to be minimal.

However, as shown in Figure 4.13b, the damping ratios of the rotor first edgewise
backward whirling mode in the wind speed range from 13m/s to 16.5m/s are
negative, suggesting a significant risk of blade edgewise vibration in this range.
This finding provides an explanation for the blade edgewise vibration observed in
Figure 4.12b.

4.3.2 Numerical experiment

In this study, it is assumed that time-domain dynamic simulations provide more
reliable results than modal analyses based on linearization. This is because the
former can more accurately capture geometric nonlinearities and incorporates un-
steady aerodynamic effects, by utilizing the )ye dynamic inflow model and the
Beddoes-Leishman dynamic stall model [69].

The procedure outlined below is used to quantify the blade edgewise vibration
level in this study:

1. A low-pass Butterworth filter with a cutoff frequency of 1.5 fp is applied to
the time series of the blade root edgewise moment (M) to isolate the 1P
excitation component. The standard deviation (STD) of the filtered time
series is then computed, denoted as op.

2. A band-pass Butterworth filter with cutoff frequencies of fig — 0.1 Hz and
fie + 0.1 Hz is applied to the time series of the blade root edgewise moment
(M) to extract the component corresponding to the blade first edgewise mode
(fig). The standard deviation of the filtered time series is then calculated,
denoted as o1g.

3. The ratio of the standard deviations for the two components is computed as
TiiE/1P = O1E /o1p for a time series from a single load case simulation with a
wind seed j in the corresponding wind speed bin.

4. The root mean square (RMS) of the standard deviation ratios from six time-
domain simulations, corresponding to six different wind seeds within each
wind speed bin, is then calculated as rig,ip = \/ % 2?21 r?le /1p- This RMS
value 7g/1p is used as a quantitative indicator of the blade edgewise vibration
level at the analyzed average wind speed.

It is well established that the blade torsional stiffness, denoted as G.J, signif-
icantly influences the damping ratios of rotor edgewise modes [273, 34]. In this
numerical experiment, the blade torsional stiffness is scaled uniformly across all
spanwise cross-sections using various scaling factors. The time-domain simulations
and modal analyses are performed for a series of scaling factors, denoted as cqy,
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which range from 0.8 to 1.2 in increments of 0.05. The standard deviation ra-
tios 71g/1p across the operating wind speed range are computed from the results of
the time-domain simulations. The damping ratios of the rotor first edgewise back-
ward whirling mode, denoted as (ig, are extracted from the eigenvalue analyses.
These results are presented together in Figure 4.14.
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Figure 4.14: Correlation between the standard deviation (STD) ratios rig/1p and
the damping ratios of the rotor first edgewise backward whirling mode (i for
various scaling factors cgy = 0.8,0.85,...,1.2 on the blade torsional stiffness.

From Figure 4.14, it is observed that as the blade torsional stiffness increases,
the damping ratios of the rotor first edgewise backward whirling mode also in-
crease, resulting in a narrower wind speed range with negative damping ratios.
Correspondingly, the standard deviation ratios rig/p decrease, and the wind speed
range exhibiting higher standard deviation ratios becomes smaller, indicating a re-
duction in the blade edgewise vibration amplitude. This also implies that the wind
speed range over which blade edgewise vibration occurs is further constrained.
When the blade torsional stiffness is scaled by 1.2, the minimum damping ratio ap-
proaches zero, and the standard deviation ratios r1g/1p remain relatively flat across
the operating wind speed range, suggesting that the blade edgewise vibration has
been effectively suppressed.

The peaks of the standard deviation ratios rig/1p for various scaling factors cq;y
consistently occur at a wind speed of 13m/s. In contrast, the minimum damping
ratios for these scaling factors are observed at wind speeds between 14m/s and
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15m/s. Although the most critical wind speeds for blade edgewise vibration iden-
tified from the time-domain simulations and modal analyses of the wind turbine
do not exactly overlap, the deviation is minimal, typically within 1 to 2 m/s. Tt
can be concluded that there is a strong correlation between the standard deviation
ratios 7 1p and the damping ratios of the rotor first edgewise backward whirling
mode (1.

The standard deviation ratios rig/;p at the critical wind speed of 13 m/s, and
the minimum damping ratios of the rotor first edgewise backward whirling mode (g
at the critical wind speed range of 14m/s to 15 m/s, are summarized and plotted
in Figure 4.15.

As the blade torsional stiffness decreases, the minimum damping ratio (i be-
comes increasingly negative. When (35 < —0.005, the increase in the standard
deviation ratio 7g/p tends to level off, suggesting that the blade edgewise vi-
bration amplitude reaches a limit and no longer increases. When the minimum
damping ratio approaches zero, the standard deviation ratio rig/1p also begins to
stabilize. In cases where sufficient damping is present, the remaining blade edgewise
vibration is primarily attributed to gravitational forces and stochastic aerodynamic
forces induced by turbulent wind.
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Figure 4.15: Correlation between the standard deviation (STD) ratios rig/ip at a
wind speed of 13 m/s and the minimum damping ratios (1 of the rotor first edge-
wise backward whirling mode, for various scaling factors cqj of the blade torsional
stiffness.
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4.4 Aeroelastic stability validation using proto-
type turbines

In this section, standard load measurements are performed on two prototype off-
shore wind turbines to establish a reference for the aeroelastic stability assessment
presented in this study. The two turbines, manufactured by Goldwind, are equipped
with blades longer than 80 m and supported by monopile towers, with a power ca-
pacity exceeding 6 MW. The first prototype turbine features an original blade
design, while the second prototype incorporates an optimized blade design, which
reduces the blade mass by several hundred kilograms to lower costs, but sacrifices
approximately 10 % torsional stiffness in the middle span region. The hub and na-
celle systems are identical in both prototypes. However, the turbines are installed in
two adjacent offshore wind farms, each with slightly different tower designs tailored
to the specific local wind, seabed conditions, and water depths.

Three test cases are considered in the measurement activity:

o (ase 1: First prototype turbine, with the original blade design.

o (Case 2: Second prototype turbine, with the optimized blade design featuring
reduced mass and lower torsional stiffness.

o Case 3: Second prototype turbine, with the optimized blade design, but with
a modified controller that operates the turbine at a higher rotor speed within
the wind speed range of 11-15 m/s, thus increasing the risk of blade edgewise
vibrations.

4.4.1 Measurement setup

The measurement activity was conducted by Goldwind in the second half of 2019,
in accordance with the international standard for mechanical load measurement of
wind turbines, IEC 61400-13 [140]. Strain gauges were installed at three blade roots
to measure the flapwise and edgewise moments. Their calibration was performed
by positioning the blades at the left and right horizontal azimuthal angles, using
information on the blade mass and the center of mass location obtained from the
blade design tool. A LIDAR system was installed at the top of the nacelle to mea-
sure the instantaneous wind speed and direction. An accelerometer, located at the
top of the tower, was used to measure the tower fore-aft and side-side accelerations.
Additionally, air temperature, air pressure, and humidity were recorded to estimate
the air density. Operational parameters, including pitch angles, electrical power,
rotor speed, and controller status, were all monitored through the turbine’s control
system. All measurement data were collected in 10-minute segments, classified ac-
cording to wind speed bins and turbulence intensity, and subsequently organized
into a capture matrix. Data collected under normal power production conditions

162



4.4 — Aeroelastic stability validation using prototype turbines

were then used for the subsequent analysis and comparison. The total number of
10-minute samples for the three test cases was 493, 960, and 695, respectively. For
further details on the mechanical load measurement of wind turbines, readers are
referred to IEC 61400-13.

4.4.2 Comparison of measurement and aeroelastic damping
ratios

Unfortunately, the full set of original measurement data is no longer available,
and consequently, the standard deviation ratio rig/ip, as defined in Section 4.3.2,
cannot be analyzed. As an alternative, the standard deviations of the blade root
edgewise moment M, are computed for each 10 min time series and are directly
employed in the comparison. However, a slight edgewise vibration cannot be ef-
fectively captured by the standard deviation of the blade root edgewise moment
M, due to the relatively high contribution of the 1P component generated by the
blade’s gravitational force, which introduces a limitation in the validation study.

The average values of measured wind speed, rotor speed, and pitch angles are
calculated for each wind speed bin based on the collected data. Operational tables
for wind speed, rotor speed, and pitch angles are constructed for each of the three
test cases. The average air density is also analyzed, with a single average value
applied across the entire operating wind speed range. Linearization and modal
analyses are subsequently performed based on the measured air density and the
operational tables, from which the aeroelastic damping ratios for both prototype
turbines are derived.

The standard deviations of the blade root edgewise moment M, and the aeroe-
lastic damping ratios of the rotor first edgewise backward whirling mode are plotted
in Figure 4.16.

From Figure 4.16, it is observed that the standard deviations of the blade root
edgewise moment M, in Cases 1 and 2 remain relatively constant across the oper-
ating wind speed range, suggesting that the blade does not experience significant
edgewise vibrations. In contrast, the scatter data in Case 3 shows a distinct di-
vergence in the wind speed range of 12-14 m/s, indicating the occurrence of severe
edgewise vibrations.

In the corresponding damping ratio plot in Figure 4.16, it is seen that the
original blade design in Case 1 exhibits positive damping ratios of the rotor first
edgewise backward whirling mode across the entire operating wind speed range.
When the blade design is optimized to reduce mass and torsional stiffness, as in
Case 2, the overall aeroelastic damping ratios decrease for operating wind speeds
below 14m/s, reaching a minimum value of —0.0007 at a wind speed of 13m/s.
When the rotor speed is increased in the wind speed range of 11-15 m/s, as in
Case 3, the aeroelastic damping ratios decrease further, resulting in significant
negative damping, with the lowest damping ratio of —0.006 occurring at a wind
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Figure 4.16: Comparison of the blade load measurement and computed aeroelastic
damping ratios of the rotor first edgewise backward whirling mode. Each scatter
point represents the standard deviation of the 10 min time series of the blade root
edgewise moment M, .

speed of 12m/s.

The time series and the corresponding power spectral density (PSD) of the
blade root edgewise moment M, and the tower top side-side acceleration in the
wind speed range of 12-14 m/s in Case 3 are analyzed to investigate the mechanism
behind the potential blade edgewise vibrations, as shown in Figure 4.17. The blade
first edgewise modal frequency fig is clearly evident in the PSD plot of the blade
root edgewise moment M,. Meanwhile, the rotor first edgewise backward and for-
ward whirling modal frequencies, fig pw and fig pw, are dominant in the PSD of
the tower top side-side acceleration. These PSD plots confirm that the blade expe-
rienced significant edgewise vibrations, which contributed to the divergent scatter
data observed in the standard deviation plot in Figure 4.16.

Based on the comparison of the scatter plot showing the standard deviations of
the blade root edgewise moment M, and the aeroelastic damping ratios of the rotor
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Figure 4.17: Time series and power spectral density (PSD) of the blade root edge-
wise moment (M,) and tower top side-side acceleration selected from the wind
speed range 12-14 m/s in Case 3. fip, fsp: 1P, 3P rotor rotational frequencies;
fiss: tower first side-side modal frequency; fig: blade first edgewise modal fre-
quency observed in the blade root (rotating) frame; fig pw, fig rw: rotor first

edgewise backward and forward whirling modal frequencies observed in the ground
(fixed) frame.

first edgewise backward whirling mode for the three test cases, as illustrated in Fig-
ure 4.16, along with the analysis of the power spectral density (PSD) presented in
Figure 4.17, it can be concluded that there is strong agreement between the aeroe-
lastic stability predictions using the eigenvalue approach and the measurements on
the prototype turbines.

However, in Case 2, although a slight negative damping ratio is predicted, the
scatter data for the standard deviations of the blade root edgewise moment M,
do not exhibit any trend suggesting the presence of blade edgewise vibrations.
This discrepancy may be due to the fact that the standard deviation of the blade
root edgewise moment M, is not sufficiently sensitive to detect minor edgewise
vibrations. Alternatively, it could be that the vibration has not had sufficient time
to develop, as the pitch angles change rapidly in turbulent wind conditions.

Additionally, the absence of anisotropic factors such as gravity, wind shear, wind
inflow, yaw misalignment, pitch errors, and rotor mass imbalance, along with the
neglect of dynamic inflow, dynamic stall effects on the rotor, and hydrodynamic
effects on the supporting structure, may contribute to discrepancies between the
numerical predictions and the measurements. These factors should be considered
in future research to improve the accuracy of the predictions.
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4.5 Concluding remarks

This chapter applies the proposed linearization and eigenvalue analysis methods to
the stability analysis of multi-bladed rotor systems. The chapter is divided into
two distinct topics, which are summarized separately.

4.5.1 Eigenvalues of the rotor’s free rotation mode

The eigenvalues of the free rotation mode of three-bladed rotor systems are in-
vestigated. Numerical experiments are conducted on rotors of varying complexity,
including a single rigid body, a rigid rotor, and a flexible rotor. The results demon-
strate that the linearized DAEs in the multi-blade coordinates is suitable for the
eigenvalue analysis of three-bladed rotors. The influence of the matrices K, K,
D;, and K, on the eigenvalues of the rotor’s free rotation mode is discussed. The
terms in the geometric stiffness matrix K, due to transverse external follower forces,
the tangent stiffness matrix of constraints K. due to transverse external follower
forces, and the inertial stiffness matrix K; due to centrifugal forces exhibit a soft-
ening effect, shifting the eigenvalues toward real numbers. In contrast, the terms of
the geometric stiffness matrix K, due to centrifugal forces and the tangent stiffness
matrix of constraints K. due to centrifugal forces exhibit a stiffening effect, moving
the eigenvalues toward pure imaginary numbers.

For effective controller design, aiming to achieve zero eigenvalues in the free
rotation mode, it is generally necessary to omit the geometric stiffness matrix K,
the inertial stiffness matrix K;, and the tangent stiffness matrix of constraints
K, from the linearized DAEs. However, the inertial damping matrix D; can still
be included. The parameter sweep analysis shows that zero eigenvalues may be
attainable at a specific rotational speed, even when all four matrices—K, K;, D;,
and K.—are considered. External follower forces acting on the blades tend to shift
the eigenvalues toward real values, which negatively impacts the stability of the
rotor’s free rotation mode.

Future research should explore a rigorous corotational formulation for beam
finite elements, as well as the development of a finite element model based on
the Geometrically Exact Beam (GEB) theory. It would be particularly valuable
to identify the conditions under which zero eigenvalues can be achieved when all
geometric nonlinear terms, including K, K;, and K, are taken into account.

4.5.2 Verification and validation of stability analysis of wind
turbines

A step-by-step verification and validation of the proposed aeroelastic stability as-
sessment using the eigenvalue approach is performed.
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Due to the significant bending-twist coupling in blade structures, the aeroelastic
states in the deformed equilibrium configuration are crucial for accurate eigenvalue
analysis and stability assessment of wind turbines. To this end, the modal frequen-
cies of an isolated blade in its initial configuration, along with the blade deflections
and aerodynamic information—including axial and tangential inductions, angle of
attack, and aerodynamic forces—in the deformed equilibrium configuration are
compared against the commercial tool Bladed, using the open-source IEA 15 MW
reference wind turbine model. Excellent agreement is achieved between the present
method and Bladed. Subsequently, the linearization and eigenvalue analysis of the
IEA 15 MW reference wind turbine model is performed, and the Campbell diagram
is presented. An analysis of the resonance risk and damping levels is subsequently
carried out.

A virtual numerical experiment is then performed based on an intermediate-
version wind turbine model provided by Goldwind. The standard deviation ratio
of the component of the blade first edgewise mode to that of the 1P rotor rotational
frequency, denoted as 7g/1p, is derived from time-domain nonlinear dynamic sim-
ulations and proposed as a measure to quantify the blade edgewise vibration level.
The blade torsional stiffness is uniformly scaled along the spanwise to generate a
series of wind turbine models. Time-domain dynamic simulations and modal anal-
yses are conducted, and the standard deviation ratios rig/;p and the aeroelastic
damping ratios of the rotor first edgewise backward whirling mode are compared
across the operating wind speed range. The most critical wind speeds for blade
edgewise vibration, identified from both time-domain simulations and modal anal-
yses, deviate by 1 to 2 m/s. A strong correlation is observed between the standard
deviation ratios rig;;p and the damping ratios (g of the rotor first edgewise back-
ward whirling mode.

Finally, the aeroelastic stability predictions are validated against experimental
data from two offshore prototype wind turbines provided by Goldwind. The un-
stable wind speed range, as observed from the standard deviations of the blade
root edgewise moment, closely matches with the region of negative damping for
the rotor first edgewise backward whirling mode. This validation demonstrates the
applicability of the proposed aeroelastic stability assessment method in engineering
practice. Potential sources of error in the present method are also discussed to
guide future research directions.
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Chapter 5

Modal reduction

Flexible multibody systems often involve complex structures where the flexibility
cannot be ignored in order to ensure accurate dynamic simulations. Finite element
methods can be directly applied to discretize flexible structures, capturing elastic
deformations during large motions. However, when dealing with complex structural
topologies, such as the lattice tower of an offshore wind turbine, this discretization
may result in an excessive number of elements, leading to prohibitive computational
costs. To address this challenge, modal reduction presents a viable approach to
reduce the scale of the dynamics problem and significantly enhance computational
efficiency.

In this chapter, we develop a modal reduction procedure based on the corota-
tional concept. First, the system matrices of the subsystem are recovered from the
original full-state system. A novel modal reduction transformation, which incorpo-
rates algebraic constraints, is then applied to reduce the number of DOFs using the
modal acceleration method. The gross motion of the subsystem is decomposed into
rigid-body motion and superimposed elastic deformation, both described in a float-
ing frame of reference. Two projection matrices are derived to facilitate this motion
decomposition. Subsequently, the tangent stiffness matrix and geometric stiffness
matrix are formulated for the reduced subsystem. The inertial terms, including
the mass, damping, and stiffness matrices, are analytically derived, along with the
quadratic velocity term, which is crucial for accurately simulating rotating struc-
tures. External forces are also reduced accordingly, with a static correction mode
introduced to capture the influence of external forces acting on the reduced internal
nodes. Additionally, a scheme for updating the floating frame of reference based
on Tisserand’s criterion is presented. Finally, several numerical experiments are
conducted to demonstrate the accuracy and effectiveness of the developed modal
reduction procedure.



Modal reduction

5.1 Introduction

For complex flexible structures undergoing large motion in the three dimensional
space, the finite element technique is widely employed to discretize the continuum in
the field of flexible multibody system dynamics. If the elastic deformation is small
and approximately linear, the modal reduction method can be employed to signif-
icantly reduce the number of DOFs, thus enhance the computational performance
while maintaining a reasonable accuracy.

The modal reduction method for flexible multibody systems has received exten-
sive attention in the past. Here, we highlight a few key studies. Wu and Haug [287]
proposed the multi-substructure technique to enhance the ability to capture ge-
ometric nonlinearity. Cardona and Géradin [51, 49] described the finite rotation
in the Lie group and developed a corotational formulation for the modal reduc-
tion method, discussing some variants of mass discretization. Later, Cardona [50]
extended the formulation to update the position and orientation of the floating
frame as the weighted average of the incremental quantities of a selected set of ele-
ment nodes, resulting in better computational accuracy. Cardona also emphasized
the importance of the tangent pseudodamping matrix for improving convergence.
Bauchau and Rodriguez [13] addressed five critical issues in the implementation
of the modal reduction procedure based on the floating frame concept. They em-
ployed Herting’s transformation as the component mode synthesis technique to
provide maximum flexibility in the choice of the modal basis, and applied in the
analysis of a coupled rotor-fuselage system [14].

In the FFRF, the nodal displacement field is defined relative to the floating
frame of reference of the component. This formulation allows for the direct appli-
cation of the modal reduction procedure [237]. However the generalized coordinates
of boundary nodes among different flexible components are not consistent since the
reference frames are not identical, when applying mechanical joints to build the con-
nections between two components in the system, more effort is required to spend
on the algebraic constraint formulation [287]. To this end, the absolute interface
coordinates are proposed to ease the setup of constraints [75]. Meanwhile, the
implementation of geometric stiffness matrix is recommended, as it can facilitate
convergence in case of high external loads and/or large deformations [236]. The
reference conditions used in the FFRF are of crucial importance to eliminate the
redundant rigid-body motion of the flexible components relative to the floating
frame of reference [46]. Zwolfer and Gerstmayr [301, 302, 303] developed a modal
reduction approach for solid finite elements that calculates invariants without the
cumbersome inertia shape integrals and without a lumped mass approximation.
Géradin and Rixen [90, 89] proposed a two-field formulation in which the posi-
tion and orientation, along with the resulting velocity field, are treated separately.
This approach has been successfully applied in the dynamic analysis of high-speed
rotating systems [91].
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Sonneville at al. [251] proposed a linearized version of Tisserand’s criterion [66]
to determine the configuration of the floating frame of reference, which minimizes
the elastic kinetic energy. Consequently, the gross displacement field of the flex-
ible component is projected onto the rigid-body motion and elastic deformation
measures, which are orthogonal to each other. The motion tensor is employed to
parameterize the rigid-body motion [108], ensuring that the deformation measures
are both objective and tensorial'. Numerical experiments have demonstrated that
the proposed formulation, within the framework of the motion formalism, accu-
rately captures geometrical nonlinearities.

The elastic deformation can be described in the local basis of a moving frame
that accompanies the flexible component. Performing modal reduction in this local
basis is intuitive, as demonstrated in the aforementioned studies. Alternatively,
it is also possible to apply modal reduction in the inertial frame at the system
level. A modal reduction method based on successive local linearizations at various
deformed configurations for the ANCF has been developed [257, 266]. However,
the frequent eigenvalue analysis and extensive matrix manipulations required by
this approach may result in prohibitive computational costs. The global mode
method may exhibit slow convergence and low accuracy if the modal basis is not
appropriately chosen [44, 45].

In a multibody system, when a mechanical device is installed on a flexible
structure, it could be possible to model it as a rigid body and attach to adjacent
element nodes using fixed links. For beam elements used to discretize structures
with large diameters, for instance, the tripod support structure of offshore wind
turbines [148], it is preferable not to extend the beam element at ‘T’-shaped welding
points, as this could reduce structural stiffness and increase mass. Instead, fixed
links are recommended to establish the connections, ensuring a more uniform overall
flexibility of the structure. A very stiff spring or beam element could be used to
replace the fixed link, thereby eliminating the algebraic constraints in the equations
of motion. However, this approach makes the problem become stiff, potentially
leading to numerical issues. In such scenarios, the modal reduction procedure for
constrained flexible multibody systems is essential.

Cammarata et al. [47] introduced an interface reduction technique for rigid
and interpolation multipoint constraints used in the FFRF. Both the rigid and
interpolation multipoint constraints are eliminated via expressing the coordinates
of the dependent node set with the coordinate of an independent virtual node,
which is a formulation of minimal coordinate set [185], and hence no reaction forces
in the multipoint constraints can be recovered directly. Furthermore, applying

L‘Objective’ refers to quantities that remain invariant under rigid body motions of the reference
frame, while ‘tensorial’ describes quantities that maintain consistency regardless of the chosen
reference frame.
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the interface reduction technique to the constraints between internal nodes is not
straightforward.

Li et al. [166] developed a model reduction method via spectral submanifolds for
constrained mechanical systems which involve periodic small-amplitude responses.
However, this method does not address constrained flexible multibody systems that
undergo large overall rigid-body motions with superimposed elastic deformations.
Model order reduction for DAEs has been researched extensively within the context
of control theory [27], though these approaches are not modal-based methods.

In this chapter, a modal reduction procedure based on the concept of the coro-
tational formulation is developed. The mass, stiffness and constraint matrices of
the subsystem are recovered in a local reference frame F. Subsequently, a modal
reduction transformation using the mode acceleration method, which is extended
here to the case of subsystems with constraints, is applied in the local reference
frame. The generalized coordinates of the boundary nodes are retained unchanged
to facilitate the setup of algebraic constraints with other system components. A
projection method to decompose the gross motion into rigid-body motion and elas-
tic deformations is developed. The tangent stiffness matrix and the inertial terms
of the reduced subsystem are derived. A Newton—Raphson iteration scheme is pro-
posed to update the configuration of the floating frame of reference F'. In the end,
several numerical examples are provided to demonstrate the applicability of the
modal reduction method.

5.2 Kinematics

5.2.1 Positions, rotations and velocities

Assume a beam-like corotational subsystem moving in the three dimensional space,
as schemed in Fig. 5.1. A floating frame F' is attached in the subsystem and brings
the shadow configuration from the initial position to the current. In this section
we mark with the overline all quantities that are expressed in the local basis, i.e.
in the F' basis.

The motion of the subsystem can be decomposed to two components: the overall
rigid-body motion represented by the movement of the floating frame of reference
F, and the local elastic deformation with respect to the floating frame F'.

In the initial configuration, the relative position vector of node N resolved in the
initial floating frame [y is wo = Ry, (1o — r,)?, which is constant. The position
vector of node N can be expressed as r = rp + Rp (ug + @), where @ is the elastic

2In this chapter, the subscript ‘0’ indicates that the quantity is evaluated in the initial config-
uration.
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5.2 — Kinematics

Figure 5.1: A beam-like corotational subsystem is bent and stretched. A generic
node N goes from 7y to r, while the floating frame of reference goes from Fy to F.
The so called shadow configuration is shown with dotted line.

deformation. The variation of the position is

or = (S’I"F — RF('U,O + H)cSOZF + RF(SE (51)
The virtual rotation vector of node NN in the local basis can be expressed as
00, = R%RpéelF + W; (52)

where Ry is the rotation tensor of node V.

00, is the relative virtual rotation vector of node N with respect to the floating
frame F' but expressed in the local basis of node N; in contrast, 0w is the relative
elastic deformation of node N with respect to the floating frame F' and expressed
in the floating frame F'.

The translational velocity of node N can be expressed as

e~

T=7TpF — RF(UQ + E)wlF + RFﬂ (53)

where % is the elastic deformation velocity.
The relative rotational velocity w,; of node N with respect to the floating frame
F but expressed in the local basis of node N is given as

W = w; — RﬁRleF (54)
It can be proved that dw; = @l +@,00, is also valid.
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5.2.2 Coordinate transformation between inertial frame and
local frame

The generalized coordinates of the subsystem g € R" are partitioned into boundary

and internal coordinates as q = [qg, qﬂ T. Figure 5.2 illustrates an example of this
coordinate partitioning for a helicopter mesh. The boundary coordinates gg € R"?
are retained in the modal reduction procedure to ease the connection setup with
other components in the system. The internal coordinates q; € R™ will be reduced
to the generalized modal coordinates n € R™.

/\ Boundary nodal frame

o Boundary node
o Internal node

Figure 5.2: The partition of generalized coordinates of boundary and internal nodes
for a helicopter mesh.

The mixed basis is employed in the full-state system, which says the transla-
tional coordinates are expressed in the absolute inertial frame, and the rotational
coordinates in the local frame,

(S'I"B 67'[ 5qB
oqp = , 0qr = , 0q= 5.5
dB <5013> qr (5011> q (5q1> ( )
The relative coordinates of boundary and internal nodes are introduced, respec-

tively, as

_ (oup _ [y __ [dgp

0qp = <EIB> , 0q;= <5—0l1) , 0g= <5ql (5.6)
Introducing the notation of the coordinate of the floating frame F'
. (S'I‘F
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and remembering the coordinate relations (5.1), (5.2), the coordinate transforma-
tion between (5.5) and (5.6) can be expressed in the compact form as

0gp = Updgr + Lpiqp (5.8a)
oqr = Uoqr + L;0q; (5.8b)
0q = Udqr + Léq (5.8¢)
where
_ I —Rp(uo+ ) . ([Rr ©
U = vert { lo RUR, , L =diag 0 7 (5.9)

Ug, U;, Lg, L; are the corresponding sliced sub-matrices for boundary and internal
nodes.

U is the six rigid-body modes of the full-state subsystem associated with the
original coordinates (5.5). The rigid-body modes U are dependent on the config-
uration of the subsystem and its floating frame F'. Equation (5.8¢c) indicates that
the motion of the subsystem can be decomposed to two components: the overall
rigid-body motion represented by the movement of the floating frame of reference
F — Uéqp, and the local elastic deformation with respect to the floating frame F
— Loq.

The corotational transformation matrix L has the following property

LL"=L"L=1 (5.10)

Thanks to the similarity of variation and derivative, the velocity transformation
can be expressed in the similar compact form as

ds = Upqr + Lpqp (5.11a)
qr =Uqr + Liq; (5.11b)
Gg=Ugqr+ Lq (5.11c)

where the notations of velocities are introduced as

. ’I’.'B . ";'] . QB
= s = 5 — . 512
dB <w13> qr (M,) q (q;) ( a)
- 'l:l:B - 'l:l,] - 63
_ 7 _ g= (% 5.12b
dp <w13> q (‘W,) q <q1> ( )

5.3 Local system matrices

In the modal reduction procedure for a subsystem undergoing large rotation, the
configuration of the subsystem could experience significant changes due to the over-
all rigid-body motion, leading to vast differences of the tangent mass and stiffness
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matrices in various configurations. To guarantee the applicability of the modal ba-
sis in the deformed configurations, we perform the modal reduction transformation
in the local basis of the floating frame of reference F' in this work. This could be
straightforward to do in the FFRF [237], but more attention should be paid in the
CRF [80, 262], the GEBT [250, 261] and the ANCF [239, 202] since in the latter
three cases the inertial frame is usually chosen as the reference frame in general.

The local mass and stiffness matrices can be setup using third-party finite el-
ement packages, and then imported into the multibody dynamics simulation tool.
In this case, the inertial frame in the finite element package is initialized as the
reference frame of the modal element in the multibody tool. Alternatively, the
local mass and stiffness matrices can be recovered from the original tangent mass
and stiffness matrices associated with the coordinates (5.5) in the multibody tool,
respectively. The constraint Jacobian matrix can also be tackled for constrained
subsystems.

5.3.1 Local stiffness matrix

The original tangent stiffness matrix K of the subsystem associated with the coor-
dinates (5.5), for example derived from CRF and GEBT in the multibody dynamics
simulation tool, can be partitioned into four blocks according to the boundary and
internal nodes

(5.13)

K = [KBB KBI]

Kz Kijp
Remembering (5.8¢), the virtual work done by the elastic forces is evaluated as

Wi = 6qT K Aq

KFF KFB KFI Aq
KL, LTK,3Ly LTK;L, q
where
Kpp =ULKppUp + U'K 13U + UL KU + UL KU, (5.15a)
Krpy =ULKppLy + Ul K pLp (5.15b)
Ky =ULKp L +U/' K L; (5.15¢)

The bottom-right four blocks of the centered matrix in (5.14) which are as-
sociated with the generalized coordinate dq, represent the stiffness property with
respect to the reference frame F'. Therefore, they constitute the exact local stiffness
matrix

LTKpsLy  LLKp L

Koc =
: LTK,zLy LYK L,

=LKL (5.16)
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5.3 — Local system matrices

Exploiting the property of L in (5.10), one has

K = LK, .L" (5.17)

5.3.2 Local mass matrix

The original tangent mass matrix of the subsystem can be partitioned as

(5.18)

M = lMBB MBI]

MIB MI]

Remembering (5.11c), the kinetic energy of the subsystem is evaluated as

Wk =¢" Mg
T MFF MFB MFI q
ML, LMLy  LTM;L;
where
MFF = UEMBBUB + UITM[BUB + UgMB[U[ + U}rM[]U[ (520&)
Mpp =UjMppLp + Ul M;pL5 (5.20b)
Myp; =ULMpL; + U}l ML, (5.20c)

The local mass matrix of the subsystem in the floating frame F' can be extracted
from the bottom-right four blocks of the centered matrix as

LEMpsLy  LL5Mp L,

Mo = LTM; 3Ly LT M, L,

=L"ML (5.21)

Here the lumped mass assumption is not employed, and hence the recovery
algorithm in (5.21) is also applicable for the consistent mass matrix.
Exploiting the property of L in (5.10), one has

M = LM, .L" (5.22)

5.3.3 Local constraint Jacobian matrix

A constraint Jacobian matrix could be present in constrained subsystems. Similar
as the mass and stiffness matrices, we also need to recover the constraint Jacobian
matrix expressed in the local basis of the floating frame F.

Because the DOFs of rigid-body motions experience significant geometrical non-
linearity which is not compatible with the employed small deformation assumption,
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@) Revolute joint

Rigid link

Figure 5.3: A constrained subsystem including a link mechanism, which eliminates
the large rigid-body motion between two flexible parts.

it is assumed that in the modal reduction procedure only small relative displace-
ments and rotations are expected within the constrained subsystem. This is typ-
ically the case when fixed joints are present, or when the DOFs corresponding to
large rigid-body motions are eliminated through specific spatial configurations, such
as the link mechanism shown in Figure 5.3.

The original constraint Jacobian matrix of the constrained subsystem can be
partitioned into two blocks in the column wise according to the boundary and
internal nodes as

Cy=|Cqp  Cay (5.23)

where Cy, ; is the fixed constraints connecting boundary nodes with internal nodes,
and Cy,, constrains two sets of internal nodes. The corresponding Lagrange Mul-
tipliers ~y; are tackled as generalized internal DOFs of the subsystem, which will
be reduced. The links to connect two sets of boundary nodes are retained in the
modal reduction procedure, and should not be collected into (5.23).

Since the constraints and their Jacobian matrices are already expressed in a
local frame attached at the second node or rigid-body of the link, as described in
Section 2.5, no further transformation for the Lagrange multipliers ; is required.

Remembering (5.8¢), the virtual work done by the reaction forces of constraints
is

Wy =6q"Cy v
T
= (0aF @) [Cqyp  CappLs  CopLi| (5.24)
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5.4 — Modal reduction for a subsystem with constraints

where
CqIF = CqIBUB + CqHUI (5'25>

The local constraint Jacobian matrix of the constrained subsystem in the float-
ing frame F' can be extracted from the right two blocks of the centered matrix
as

Cae = |CarpLs  CqpyLi| = C,L (5.26)
Exploiting the property of L in (5.10), one has

C,=C,, L" (5.27)

5.4 Modal reduction for a subsystem with con-
straints

In this work, the modal reduction is carried out in the initial configuration. If ex-
ternal forces are imposed on the subsystem in the initial configuration, the internal
stress in the finite elements and the internal reaction forces of links will present
in the equilibrium configuration, leading to nonzero material stiffness matrix K,,,
nonzero geometric stiffness matrix K, and nonzero tangent stiffness matrix of con-
straints K,.. If some mass particles are rotating about a central axis, the inertial
stiffness matrix K; appears. The eigenvalues and eigenvectors of the GEP with
nonzero K,, K. and K, are complex numbers [207], which will significantly com-
plicate the modal coordinate transformation. To simplify the problem, we assume
there are no internal stress, no internal reaction forces and no rotational speed in
the initial configuration. As a consequence, K,, K, and K vanish, and hence only
the material stiffness matrix K, presents in (5.13).

Introduce the augmented local mass matrix Mc, . and the augmented local
stiffness matrix K¢, as

T
]\43310C MBlloc 0 KBBIOC KBIloc CII[Bloc
_ o T
Mg, = |Mip,. M. 0, K¢, = |Kip, K, Cqy | (5.28)
0 0 0 C‘]IBloc C‘]Illoc

where Moc, Kioe, Cq,,. are partitioned into sub-blocks according to boundary and

internal nodes, similar as in (5.13), (5.18) and (5.23).
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The sub-block matrices are

Mpp,, = LyMppLy, Mg, = LyMpL; (5.29a)
Mip,,. = LiMipLg, My, = Ly MLy (5.29b)
Kpp,. = LyKppLp, Kpr,. = LpKpiLy (5.29¢)
Kip, =L KipLp, K, =L KiL (5.29d)
Caip,. = CapLlp, Cqpp, = Coqprli (5.29¢)

Ignoring the damping matrix D first, the equations of motion of the constrained
subsystem can be expressed in the local basis of the floating frame F' as

Mpp,,, Msgr,, 0] (g Kpp,, Kpn,. Cqp. | (0d, s
Mp,, M, O||6q, |+ K, K, Cqp || |=|7
0 0 0 5’)/[ C‘UBloc CquOC 0 (5’)’[ 0
(5.30)

where f; € R and f; € R™ are the external forces imposed on boundary and
internal nodes, respectively, and both are expressed in the local basis of the floating
frame F'.

The constrained subsystem described in (5.30) does not involve any constraints
with other components in the system, thus six rigid-body modes exist in its modal
result.

The eigenvectors of the full constrained subsystem can be computed by solving
the GEP [178]:

—K¢, & = \\Mg, @, (5.31)
The natural frequency can be recovered from the eigenvalue as w; = /—A\;.

N T
The eigenvector can be partitioned as ®; = [<I>iT, £ZT} , where &; is the piecewise
corresponding to the Lagrange multipliers of constraints ;. We retain only the first
n, modes to make the modal shape matrix ® € R"*"7 which is then partitioned as

P = {@g, @?}T according to the boundary and internal nodes. In general, n, < n,
leading to reduce the problem size significantly.

The constrained subsystem described in (5.30) does not involve any constraints
connecting the subsystem with outer components in the system, thus six rigid-body
modes exist in its modal result, leading to an important property

KCIOC UCloc = O (5 32)

where Ug, . is the augmented local rigid-body mode matrix expressed as

_ I —(ug+u _ Uloc
ool ) ] e
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5.4 — Modal reduction for a subsystem with constraints

Ul is the rigid-body modes in the local basis of the floating frame F', and
can be partitioned into two components Up__, Uy, . for the boundary and internal
nodes, respectively.

It might be worth noting that if K,, K., K; present in K¢, in the initial
configuration, the eigenvalues p; corresponding to the rigid-body modes U, . might
be nonzero [207], then by remembering (5.31), the equation (5.32) is not valid
anymore.

The dynamic response of the augmented elastic displacement field can be ex-
pressed as a linear combination of the retained modes

[56£7 0q; 5'7IT}T ~ [CIDE, @/, ET}T OMpos (5.34)

In the mode acceleration method, the generalized acceleration of the augmented
elastic deformation can be expressed with the generalized modal coordinate dny
approximately as [67]:

[sap.0q;. 047 ~ [@h, @7 €] on, (5.35)

where dng = Q21,05 is the scaled modal coordinate representing the acceleration
level. €2 is a diagonal matrix composed of the selected natural frequencies w;.
For ease of notation, we introduce the augmented internal stiffness matrices

K, Cq?hoc] (5.36)

KIBc’loc = C 9 KIICIOC = C
941Bjoc 91T

and the augmented local rigid-body mode matrix for the internal nodes and internal
constraints

Urc,. = th“] (5.37)

Making use of (5.32), one obtains the equation
KIBCIOC UBloc + KIICIOCUICIOC = O (538>

Substituting (5.35) into (5.30), and using the notations (5.36), the internal
generalized coordinates can be expressed as

oq _ _ _ Mg, ®p+ M, P
(53;) =— Kije, Kipe,.0q5 — Kije,,, l e BO Hhoe ™1 61

+ Ko, ({{) (5.39)

181



Modal reduction

We define the augmented static modes

v
-2

and the augmented dynamic modes

SI] - _K;I]blocKIBCloc € Rn[an (540)

Sy

W, = Ej] — K} [MIBIOCQ’B(‘)* Min,. 1) ¢ gooxn, (5.41)

To ensure a proper recovery of internal stress and reaction forces from the
reduced subsystem, the modal truncation augmentation method is necessary to be
supplemented in the mode acceleration method when external forces are imposed
on the internal nodes [67, 226]. To this end, we introduce the augmented static
correction mode to compensate the contribution of the absent higher-order modes
to the quasi-static response under the external forces f;

U, = E] = K, ({f) e R (5.42)

Ty

If the forces distributed on the internal nodes f; are split into more sets and
then the augmented static correction modes W, are constructed correspondingly,
a better numerical accuracy can be achieved at the cost of lower computational
performance. Alternatively, higher order static correction modes can be involved
to drastically decrease the residual forces and obtain accuracy boost [226, 227,
165], but the complexity of matrix manipulation has also increased substantially,
leading to a significant decline in computational performance. At the end, we simply
implement the algorithm (5.42) as a compromise between numerical accuracy and
computational performance.

It is worth noting that Wy # 0, ¥, # 0in (5.41), (5.42), respectively.

The columns in the augmented static modes W, can be interpreted as the
static displacements of internal nodes and the static reaction forces of internal
constraints when a unit displacement is applied on every single DOF of boundary
nodes. Employing the equation (5.38), the augmented static modes ¥, also build
the relation between the rigid-body modes of boundary and internal nodes as

5.43
Om><6 ( )

LTU
U, LU = [ ! I]
We remark that the computations of ¥,., ¥, and W, require the inverse
I_Ilcloc, however there is no need to compute the inverse, that would destroy spar-
sity, because it is enough to perform a QR factorization of K¢, . once, and use
such factorization np times to compute the np columns of ¥, ., as well as use it n,

times to compute the n, columns of ¥, , and use it another time to compute ¥,.,.
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5.4 — Modal reduction for a subsystem with constraints

This amounts to solving np +n, + 1 linear systems in the preprocessing stage, but
with a single QR factorization, hence this does not lead to excessive computational
overhead.

Employing the definition of the augmented static modes in (5.40), we can dis-
cover the properties

KIIIOC\IISI + qu}FIIOC‘I’sy + I{IBIOC =0 (5.44&)
Corp,Wsi +Cqpp,, =0 (5.44D)

Employing the definition of the augmented dynamic modes in (5.41), we can
discover the properties

Kffloc\]?d[ —+ Cq?lloc \Ildw -+ MIBloc(I)B + MIIIOC@I =0 (545&)
C,, ¥, =0 (5.45b)

a1

Employing the definition of the augmented static correction mode in (5.42), we
can discover the properties

Kllloc‘I’rj + Cq?floc‘:[lr'v = T[ (546&)
Copy ¥y =0 (5.46b)

The internal Lagrange multipliers ~; vanish in the modal reduction procedure.
If one wants to retrieve the reaction forces from the reduced subsystem, the internal
Lagrange multipliers «; can be recovered via

0vr = W, 0qp + Wy, 0mg + ¥, 1), (5.47)

where dm), is the generalized coordinate of the static correction mode.
The local elastic displacement of the inertial nodes can be recovered via

0q; = ¥,,0q5 + Vq,0mg + ¥, 0m, (5.48)

Introducing the notation of the modal reduction transformation matrix

I 0 0
Vo= |, ¥, U, (5.49)
v, W, U,

the physical coordinates can be transformed to the local generalized coordinates of
the reduced subsystem as

[oq%,5a7.047]" = W [5ah, omf.ont]" (5.50)
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Remembering the properties (5.44a),(5.44b),(5.45b),(5.46b), the reduced mass
matrix can be evaluated as

MBB HBcl MBT‘

M =9 M, Vo= |M,, My M, (5.51)
M, M, M,
where
Mpp = Mgp,, + Mg, O, + 9. Mg, + UL M, ¥, (5.52a)
M = (Mpy,, + 0 My, ) @, (5.52b)
My, = (Mpy,, + 91 My, ) @, (5.52¢)
My, =¥) My, 9, (5.52d)
M, =%, My, 9, (5.52¢)
M,, =¥ M, ¥, (5.52f)
and the reduced stiffness matrix can be evaluated as
Koy 0 0
K=9.K, ¥.=| 0 Kau K (5.53)
o K, K,
where
Kpp=Kgpp,, + Kp1,, ¥, + Y. K, + O Ky 9, (5.54a)
Ky = ‘I’dT,KHlOC‘I’dI (5.54b)
K, = ‘I’dT,KHloc‘I’n (5.54c)
)

K, =9 K. 9, (5.54d

In this work, both M and K are evaluated in the initial configuration and then
keep constant in the time integration. The augmented static correction mode ¥,
in (5.42) is dependent on the imposed forces f;, thus needs to be recomputed when
the load pattern of f; is changed. We observe that only M g,,M 4,,M ., K 4,,K .,
are required to update correspondingly. Since the QR factorization of K¢, can
be reused in the update of ¥, ., and Mp,, M4, M,., K4, K, have only one
column, the computational overhead is limited.

Both M and K are symmetric. We do not have the reduced constraint Jacobian
matrix C, after the modal reduction.

5.5 Motion decomposition

In the section, a projection method to decompose the gross motion of the subsystem
is introduced.
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5.5.1 Constraint equation

Recalling (5.8¢), the displacement in the inertial frame dq is decomposed to two
components: the local displacement dq, plus the rigid-body motion represented by
the configuration of the floating frame dgr. The unknown variables in the right-
hand side of (5.8¢) exceed those in the left-hand side by six, indicating the presence
of six redundant variables. A constraint equation can be imposed to eliminate the
redundant variables [251]

UM (Léq) = 04 (5.55)

which is expressed in the inertial frame.
Introducing the transformation matrix for the floating frame F

_[Rr 0
LF_[O I

and remembering the relation of mass matrices between the inertial and local basis
(5.21), the constraint equation (5.55) can be transformed to LpU? M,.0q = 0,
and further simplified by left multiplying LL as

c R6*¢ (5.56)

Ul M. 0g=0 (5.57)

In this work, the modal reduction procedure is performed in the initial con-
figuration in the preprocessing stage. In the subsequent dynamics simulation, the
modal basis will not update in general, thus the reduction transformation matrix
W, ., ¥, are constant. The rigid-body modes U, provide a reference to extract
the deformation measures. If the reference Uy, is changed according to the de-
formed configuration, the deformation measures at two adjacent time steps might
be not consistent, resulting in potential impulse or numerical divergence in the so-
lution. Thus, the rigid-body modes U, in the initial configuration is used in the
constraint equation (5.57) to guarantee consistent deformation measures. Based
on the small deformation assumption, the local mass matrix M. in the deformed
configuration does not change significantly relative to the one in the initial config-
uration M., thus we can assume that M, =~ M, 0. The constraint equation
(5.57) is then recast as

UIZC,OMIOC,O(Sq =0 (558)

Recalling (5.8a), and introducing the local rigid-body modes of boundary nodes
Us,,., via slicing from U, the local elastic deformation of boundary nodes can
be recast as

563 = Lg(qu — UBIOC,OLgqu (559)
For ease of notation, we introduce below notations:
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T
« The generalized coordinate of the reduced subsystem: dquoq = |9g5, onk, ont| .

o The generalized elastic deformation in the local basis of the floating frame F:
T
6éloc = 5@%7 6"57 5/’77?1:| :

o The corotated displacement of the reduced subsystem in the local basis of the
floating frame F: d%o. = LE,0qumoq where Ly, = diag [LB, Innﬂ}.

o The corotated displacement of the floating frame F' in its local basis: dur =

Remembering (5.59), we obtain the motion decomposition for the reduced sub-
system

6éloc = 6Hloc - Uloc,OéﬂF (560)
where
— Ug
U oc — loc,0 561
foc0 [O(n,ﬂrl)xtﬁ] (5.61)

is the rigid-body mode of the reduced subsystem in the initial configuration. Uec 00T r
represents the displacement field of the rigid-body motion.

There is an interesting equality between the rigid-body modes of the full and
reduced subsystem in the initial configuration

T
Ly Up o Prp

v Uoc =
¢ locd l\PSCLE,OUB,oPF,o

] = Uloc,0 (5.62)

where the second row is derived using the equation (5.43).
Remembering (5.51) and (5.62) , the constraint equation (5.58) can be resolved
on the reduced generalized elastic deformation as

Jep = Uy, gMé€y. = 04 (5.63)

5.5.2 Projection matrices
Substituting (5.60) into the constraint equation (5.63), yields
UIY;C,OH (6ﬂ100 - UIOC,O(SHF) =0 (564)

The corotated displacement of the floating frame F' can be resolved as

up =

—T - —1 —T . . o
(Uloc,OMUIOC,O) Uloc,OM:| 5“’106 = Qéuloc (565)
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5.5 — Motion decomposition

where
T @ — -1_7
Q= (UIOC,OMUIOC,O) Uloc,oM (5-66>
The displacement of the floating frame F' can be resolved as
8qr = Lpétuyr = LrQLY,0qm0q (5.67)

The displacement field contributed by the rigid-body motion of the reduced
subsystem expressed in the local basis of the floating frame F' is

Uloc,OéﬁF = [ UIOC,OQ:| 5ﬁloc = ?HLJI/;/(;qmod (568>
where the parallel projection matrix is
P =T 0@ (5.69)

The generalized elastic deformation of the reduced subsystem expressed in the
local basis of the floating frame F is

5éloc - [I - ﬁloc,OQ} 5ﬁloc - FLLII/;/(Sqmod (57O>
where the perpendicular projection matrix is
FJ_ =1I- Uloc,OQ (571)

The two projection matrices ﬁH? P, provide a convenient way to decompose
the displacement field of the reduced subsystem 0¢qy,0q4 into rigid-body motion and
elastic deformations. The deformation measures are independent of the motion of
the floating frame F', and hence are objective [251].

Since the rigid-body mode chp is evaluated in the initial configuration and
does not change in the time integration, the three matrices Q, P, P are constant,
providing great advantages in terms of computational efficiency.

5.5.3 Update of internal nodes

If one is interested, it is also possible to recover the internal displacement, the
internal nodal forces and moments in the postprocessing stage.

Recalling the equation (5.8b) and remembering (5.8a),(5.43),(5.48), the coro-
tated displacement of internal nodes can be evaluated as

Li5qr = L7U6qr + 6q;
= LiUoqr + (9,05 + W4,6m4 + ,,07,)
= L{Udqr + ®., (L}dqs — LUpdqr ) + ¥4,0m4 + ©,,0m,
=W, L}0qs + U4,6m,+ ¥, 0m, — (\I’sngUB — L?UI) dqr
=W, Lisqs + ¥,,6n,+ ¥, 0n, (5.72)
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Recalling (5.47) and remembering (5.8a), the variation of the inertial Lagrange
Multipliers can be evaluated as
oy = W, (Lhdas — LyUpdqr) + Wa,0na+ ®,. on,
=W, L3oqs + ¥4 6n.+ ¥, on, (5.73)
where the property ¥, LLUpg = 0 derived from the second row of (5.43) is used.

Employing (5.72),(5.73), one obtains the coordinate transformation for the
boundary nodes, internal nodes, and internal Lagrange Multipliers as

6qc = Lo o Liy0Gumea (5.74)

T
where 0qc = [5q£, dqt, 57?} is the augmented coordinates of the full subsystem,
L¢ = diag|L, I,,,x,,] is the augmented corotational transformation matrix for the
full subsystem.

5.6 Tangent stiffness matrix
The virtual work done by the elastic forces of the full subsystem is evaluated as

K c,/

c, o |2 (5.75)

Substituting the motion decomposition (5.8¢) into (5.75), and employing the
similar property expressed in the inertial frame as in (5.32), together with transfor-
mation relations (5.16),(5.26), one obtains the expression in the local basis of the
floating frame F'

. K C,m| |[UAqr + LAg
_ (s, TT7T TyrT s T q F
OWg = {(5qFU +4q' L ,(5’7[} [C’q 0 ] [ Anyy

Aq] (5.76)

= [0g". 677 | Ka,, Ar;

Substituting the modal reduction transformations (5.50),(5.53) into (5.76), and
remembering (5.70), one obtains

Wi = 6" L P . KP, LT, Aguoq (5.77)

The internal forces of the reduced subsystem associated with the generalized
coordinates d@yoq 18

Fur = Ly P KPP, LY Aquoq = Ly P K A€y (5.78)
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which is required for the computation of the residual forces in the time integrator.
The discretized generalized elastic deformation is Agmeqa = P L% Agmoa. To
guarantee a proper convergence, it can be computed in the code implementation as

Aqp vert (RE (TB__ rr) — R (13, — TFo))
A€ = | Ang | = qaxial(log(pk, pr, PrP5)) (5.79)
Anr And

An,

Linearizing fi,; with respect to the generalized coordinate dqu,q results in the
tangent stiffness matrix K ,,q, which is composed of two components: the material

stiffness matrix K,, ., and geometric stiffness matrix K, _ .
mo mo

Koot = Koy + Ko (5.80a)
K,,..=LwP . KP L}, (5.80b)
K,.,= -LwVjLiQLY + Ly P, KP VL QLY (5.80¢)
where
ot [0 (PTRA®L) vent lo (REATs)
Vi = 0 0 Il V= 0 0 (5.81)

0 0

The geometric stiffness matrix K, __, can benefit the numerical convergence in
the Newton-Raphson iterations, especially when the subsystem experiences large
deflections, and hence it is recommended to involve K, . in the numerical com-
putations.

od

5.7 Inertial terms

The kinetic energy of the full subsystem can be evaluated as

| M 0] .
o=t [ ol ac (5.52)

Thanks to the similarity of variation and time derivative, we can obtain the re-
lation go = Lo e Ll Gmoa by referencing (5.74). Remembering the matrix trans-
formations (5.21),(5.51), one obtains

Wk = iqflodLWMLa,qmod — iuﬁcMuloc (5.83)
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where the reduced corotated velocity is
ﬁloc = Lj{/}/dmod (584)
The variation of the kinetic energy is

Wk = 6ty Mo (5.85)

5.7.1 Nonlinear expressions

Remembering the equation dw;, = 00y, + @,00;, and (5.67), the variation of the
reduced corotated velocity can be evaluated as

0tioe = Liy0G5a + (Op + VLrQLY,) 6qmea (5.86)
where
.10 0 0 RIrp
0, — diag [0 UNJZJ R vert [O 0 (5.87)
0 0

and an intermediate generalized coordinate 6¢°,, in introduced. We recall the def-
inition of the other two generalized coordinates d@moq, 0Gmoa to ease the discussion
here.

0T'p 0rp orp
00 ow 00
-0 — I lp lB
(Sqmod - 6”703 y 5qm0d 5"7d s 6qmod = 5nd (588)
s, 5, 5n,

It is worth noting that 5q'r?10d is the first time derivative of d@umoq, but dqmoq is
not, as shown in below

. d ) d
6q1<1>10d = &5qmod7 5qmod 7& E(SQmod (589)

The difference of d¢,0q and 5q§;od brings the geometric nonlinear term Og. The
term V stems from the variation § Rr due to the rotation of the floating frame F.

Substituting (5.86) into (5.85), the variation of the kinetic energy can be ex-
pressed as

Wi = 0G0 Ly Mttioe + 004 (OF + LwQ"LLV") M, (5.90)

190



5.7 — Inertial terms

According to the Hamilton principle, integrating (5.90) between two arbitrary
time instants yields

t t . .
[ Wit = = [ 8qhu (EwMiinge + (LwOr — OF — LwQ"LEV”) M)
ti t;
—_ . t
+ [5qr{10dLWMﬁloc} t]‘C (591)
where

'd. w, 0
or=|""%|0 o (5.92)
0

. 1t
The last term [5q£OdeM Uloc : determines the boundary conditions at time
t; and t;. ’
The variation of the kinetic energy is equal to the virtual work of the inertial
force

Wk = —0q’, 4 Finer (5.93)

By comparing (5.91) and (5.93), the inertial force of the reduced subsystem are
obtained

finer = LMo + (LwOp — Of — LwQ" LLV") Mt (5.94)
where the reduced corotated acceleration is
ﬁloc = LTVE/Qmod + VLFQLQI/;/Qmod (595>

Substituting (5.84), (5.95) into (5.94), and employing the property —O% =
Ogp = Ly Ogp, the inertial force in (5.94) can be recast as

finer - LWHLII/;/q.mod + fquad (596)
where fquaa is the quadratic velocity term of the reduced subsystem
fquad = (LW (OF + OB) ML%;/
+(LwMVLyQL}, — LwQ"LEV " MLY,)) duea (5.97)

Linearizing the inertial force fi,e in (5.96) with respect to dGmod, 0Gmod, 0Gmod,
respectively, yields

6.finer - Mmodéqmod + Elmod(sq.mod + Flmod 5qmod (598>
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where the inertial mass matrix is
Mg = LiyMLY, (5.99)
and the inertial damping matrix is

D,,., = Lw (OrM = MOy) Ljy + Ly (MVL:Q — Q"LyV"M) L},

+ L (Q"LLVy — VuLpQ) LY, — Oy + Os ML, (5.100)
where
0 0 S
. D 0 (Mu
a - ¢ [0 (M),
Oy = |75 [0 (Muloc)ej Vi = | [0 0 B] (5.101)
0 0

The expression of the inertial stiffness matrix K
Since K,
here.

4 1s excessively complex.
is negligible in most cases, we do not report the analytical expression

5.7.2 Linear expressions

In the derivations of Section 5.7.1, we have considered two equations: dw;, =
50l}3 + a)leelB and 5qF = LFQLIVI—‘/(Sqmod'

In the first equation, w;,,00;, is a geometrical nonlinear term due to the rotation
of boundary nodes. As discussed in Section 2.3.1, because the angular velocity wy,,
can not be integrated, in case of infinitesimal increment of rotation in the local basis,
we can make a first order linear assumption dw;,, = 60;,, to become compatible with

the modal analysis. In the end, we obtain dqu0q = &5qmod.

The second equation 6qr = LrQL{;,5qmeq is also a geometrical nonlinear term,
which represents the interaction between the increments of the floating frame F' and
the generalized coordinate of the reduced subsystem. In the incremental update
scheme, the floating frame F' is assumed to be frozen in the previous converged
configuration, thus we can neglect the increment of the floating frame F' by removing
dqr in the derivations.

Based on above two linear assumptions, the variation of . in (5.86) can be
simplified as

§toe = L 0Gmoa (5.102)
and the reduced corotated acceleration in (5.95) is simplified as
Uioe = Ly Gmod (5.103)
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when the geometrical nonlinear term Rp is neglected.
The variation of the kinetic energy in (5.85) can be simplified and further derived
as

5WK = 5Q£0deﬁL%qmod
d ~F T - T - “FrT -
= E (5qrjrﬂ10dLWML7Mﬂ/qmod) - 5qr€od (LWOFMLII/I—‘/qmod + LWMLII/;/qmod)
(5.104)
Integrating (5.104) between two arbitrary time instants, yields
b E 77T - 71T 5
Wit = = [ 0q%oa (LwOFM Ly duoa + Lw MLy dea) dt
t; t;
N t
+ {5q;{10dLWML1V1/QmOd} tj'c (5105)

By comparing (5.105) and (5.93), the inertial force of the reduced subsystem
can be derived as

finer - LWHLII/;/qmod + fquad (5106>
where the quadratic velocity term of the reduced subsystem is
fquad = LWOFMLJVE/q.mod (5107)

Linearizing the inertial force fi,e in (5.106) with respect to 0Gmod, 0Gmod; 0Gmod,
respectively, yields the inertial mass, damping and stiffness matrices as below

M 04 = LiyML, (5.108a)
D, ., =LyOrML], (5.108b)
K, ., =0 (5.108c)

5.7.3 Practical choice

The expressions in (5.96), (5.97), (5.99), (5.100) are similar as those in [104], but we
experienced that the dynamics simulation of the rotating beam benchmark [287]
is exceptionally unstable. To remedy the issue of numerical instability, the ex-
pressions in (5.106), (5.107), (5.108a), (5.108b), (5.108¢c) are implemented to gain
better numerical robustness. A possible explanation is that, the modal reduction
transformation is a thoroughly linear method, thus only valid for the infinitesimal
change around the equilibrium configuration, that is the so-called small deforma-
tion assumption. The geometrical nonlinear terms introduced by the finite rotation
are not compatible with the small deformation assumption, resulting in additional
challenges in Newton-Raphson iterations. In contrast, the linear model of the iner-
tial force in (5.106) is more consistent with the small deformation assumption, and
hence applicable in the numerical analysis of the modal superelement.
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5.8 Reduced external forces

The external forces imposed on the subsystem needs to be reduced accordingly.
Remembering the coordinate transformation (5.74), the virtual work done by
the external forces can be evaluated as

fB B
Wr=6al | fr | =0ahoa Lw P LLE | fi (5.109)
0 0

where fg, fr are the external forces imposed on the boundary and internal nodes,
respectively, expressed in the mixed basis of the inertial frame.
The generalized external forces applied on the reduced subsystem is extracted

as
B IB fz+ LVl f,
Fioa = Lw¥eLe | fr | = vl fi (5.110)
0 vl f

where f; = LY f; is the external forces on the internal nodes expressed in the local
basis of the floating frame F.

5.8.1 Gravitational forces

The gravitational forces of the subsystem are not negligible in vast applications.
The gravitational forces can be evaluated from the multiplication of the mass matrix
of the full subsystem and the gravitational acceleration vector, as follows

<§93> — Mg = LM,.I"g (5.111)
g1

where the gravitational acceleration vector is

T
9=1(9: 9, 9 000, ...) eR=™ (5.112)

The gravitational forces in the local basis of the floating frame F' are thus

(ng> = My,.L'g ~ My,.oL"g (5.113)

g1

where M. = M. based on the small deformation assumption. M, is evalu-
ated in the initial configuration and remains constant.

Gravitational forces can be classified as a type of external force, therefore, they
can be reduced using Equation (5.110).
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5.9 — Update the floating frame of reference

5.9 Update the floating frame of reference

As an intuitive choice, the floating frame of reference F' can be attached to one
of the boundary nodes [13]. However, selecting different boundary nodes results
in varying outcomes [104], making it unclear which choice is optimal. It can also
be placed at the mass center and aligned with the principal axis of inertia [197].
Alternatively, the position and orientation can be updated as the weighted average
of the corresponding quantities of the boundary nodes [50, 104], resulting in slightly
better accuracy than attaching to a single boundary node.

Tisserand’s criterion [66, 90, 251] can be employed to uniquely determine the
position and orientation of the floating frame of reference F'. This criterion mini-
mizes the relative kinetic energy of the subsystem, making it more objective than
the aforementioned arbitrary choices, and is thus considered a preferred method in
this work.

The configuration of the floating frame of reference F' can be solved from the con-
straint equation (5.63). Since the constraint equation (5.63) is an implicit quadratic
function of the position and orientation of the floating frame F', it is not possible
to obtain an analytical closed-form expression of the configuration of the floating
frame F. To this end, one can seek for the Newton-Raphson iteration to find out
the solution of F', where the Jacobian matrix of the constraint equation with respect
to the coordinate of the floating frame F' is required for the iteration.

The variation of the generalized local elastic deformation can be evaluated ac-
cording to its conceptual definition

vert R;(ST‘B — R;(ST‘F + [R%(T‘B — TF)](SOZF
Se. 30, — R5Ry380,,
0MNg
on,

(5.114)

Since the previous configuration of the reduced subsystem is assumed to be
frozen in the incremental update scheme, the variations of the generalized coordi-
nates of boundary nodes (érp, d6;,) and internal modes (6ng, 0n,) vanish. The
variation in (5.114) can be simplified as

_ vert —Rorp + [RE (1 — 77])]00),, o
0€1oc = —RLRr00,, = Ui Lp0gr (5.115)

Onn—i—l

Substituting (5.115) into (5.63), the Jacobian matrix of the constraint equation
with respect to the coordinate of the floating frame F' can be solved as

. aCF

Jr= —&
g oqr

= U, oMU, L, (5.116)
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It is worth noting that the rigid-body mode Ui in (5.116) depends on the
deformed configuration of the reduced subsystem, in detail, depends on the coor-
dinates of boundary nodes.

Thanks to the similarity of variation and time derivative, the velocity of the

floating frame F' can be evaluated simply as gr = LpQL},Gmoq by referencing
(5.67).

5.10 Numerical experiments

In the context of the mode acceleration method, a set of deflection patterns are se-
lected as modal shape vectors to approximate the actual deflection of the subsystem
in its dynamic response. This method provides maximum flexibility in computing
the utilized modal shapes and supports various boundary conditions. For example,
it accommodates the fixed-fixed boundary conditions used in the Craig-Bampton
reduction, the free-free boundary conditions used in the Herting reduction, or the
fixed-free boundary conditions specified by end users. If the boundary conditions
used in the computation of the modal shapes are not consistent with the actual
boundary conditions of the subsystem within the overall system, numerical accu-
racy and convergence may be compromised [46]. However, to maintain clear and
unified APIs in a general-purpose multibody system dynamics analysis software,
we use free-free boundary conditions as an arbitrary choice. In all numerical ex-
periments, we select the lower-order modal shapes without specific consideration of
their directions.

In all numerical experiments, the gravitational forces are not considered.

The HHT integrator introduced in Section 2.8 and the static equilibrium solver
presented in Section 2.9 are employed to perform the time marching dynamics sim-
ulation and the static equilibrium analysis, respectively. They work in conjunction
with the Eigen:PardisoLU linear solver [102], which utilizes the sparse direct LU
factorization based on the Intel® oneAPI Math Kernel Library (MKL) PARDISO
package. The results from the corotational Timoshenko beam element models, as
introduced in Section 2.7.2, are considered as the reference to assess the accuracy
of the modal reduction method.

5.10.1 Rotating beam

The rotating beam benchmark developed by Wu and Haug [287] has been widely
used to verify the various proposed modal synthesis methods [51, 251, 90] due
to the simulation challenges posed by the geometric nonlinearities resulting from
significant rotational acceleration.

As illustrated in Figure 5.4, a cantilever beam of length L = 8 m is connected to
the ground via a revolute joint and is driven to rotate by a rheonomic constraint,
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Figure 5.4: A rotating beam driven by a rheonomic constraint.

which specifies the root rotational angle ¢ (t) according to the following function:

1
—r2 4 5 (cos (27T — 1)) for 7<1

() =wr, 2 | @) (5.117)
r—= for 7>1

2
where Ty = 158, w, = 4rad/s and 7 = t/Ts.
As shown in Figure 5.5, the angular velocity prescribed by the rheonomic con-

straint increases to 4rad/s over 15s, after which it remains constant. The angular
acceleration reaches its peak at 7.5s before gradually decreasing.

5 : . . . 0.6
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4| 8
g 104 =
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Figure 5.5: The angular velocity and angular acceleration of the rotating beam.

The beam is discretized into 10 beam elements with the cross—sectional proper-
ties detailed in Table 5.1. The dynamics simulation is is carried out over a duration
of 25s with a constant time step of 0.002s. A single modal superelement with two
boundary nodes located at the two endpoints A and B is employed to model the
rotating beam. The first 20 modal shapes, including the six rigid-body modes, are
selected as the modal basis for the modal reduction transformation.

The transverse deflection and the axial stretch of the beam’s tip node B with
respect to the root node A are illustrated in Figure 5.6a and 5.6b, respectively. In
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Table 5.1: Cross-sectional properties of the rotating beam.

‘ Property ‘ Symbol ‘ Value ‘ Unit ‘
Mass per unit length v 0.2019 kg/m
Mass moment of inertia about y axis Jyy 6.637 x 107% | kgm
Mass moment of inertia about z axis Jos 2.273 x 107° | kgm
Polar mass moment of inertia Sz 2.279 x 107° | kgm
Axial stiffness EA 5.032 x 10° N
Bending stiffness about y axis El,, 1.654 N m?
Bending stiffness about z axis EI,, 566.4 N m?
Torsional stiffness G, 216.8 N m?
Shear stiffness along y axis GA; 1.633 x 10° N
Shear stiffness along z axis GA; 1.633 x 10° N

the modal results, the transverse deflection reaches its maximum value of 0.546 m
at 6.85s before gradually decreasing towards zero. After 15s, the beam begins to
oscillate, with the amplitude of oscillation diminishing over time due to structural
damping.

0.1 : : - ' 0.005
— 0
E 0
501t —=CRF | | _ CRF
2 ——Modal E.-0.005} ——Modal|
2 -02f S
o L 10° 2 001}
3-0.3r 10 =
[} 5 =
2 < -0.015
2-04r o <
o
= 5 -0.021

057 16 18 20 22 24 ] 0.02

0.6 : : : : -0.025 * : : '

0 5 10 15 20 25 0 5 10 15 20 25
Time [s] Time [s]
(a) Transverse deflection. (b) Axial stretch.

Figure 5.6: Elastic deflections of the rotating beam. ‘CREF’: Reference solution
from the corotational Timoshenko beam element model; ‘Modal’: Results from the
modal reduction method.

By extending the dynamics simulation duration to 100s, the oscillation fre-
quency can be determined via FFT analysis. The peak oscillation frequency iden-
tified from both the CRF and modal results is 0.5294 Hz. The damping ratios,
derived through envelope analysis and logarithmic decrement fitting, are 0.00657
and 0.00566 for the CRF and modal methods, respectively. The modal reduc-
tion method exhibits a lower damping ratio compared to the full-state corotational
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model.

As shown in Figure 5.6a, during the small-amplitude oscillation phase, a con-
sistent deviation of 0.0049m is observed in the transverse deflection in the modal
results. This suggests that the inertial and elastic forces within the modal su-
perelement do not achieve an ideal equilibrium, likely due to inaccuracies in the
computation of inertial terms. However, considering the beam’s length of 8 m, this
transverse deviation represents only 0.06 %, which is negligible for most engineering
applications.

As shown in Figure 5.6b, the maximum axial shortening reported by the modal
method is 0.019 m, which is slightly less than the maximum value of 0.021 m ob-
tained from the CRF. The modal reduction method captures the axial shortening
effect due to transverse deflection with acceptable accuracy. This is a beneficial
side effect of the synchronous update of the floating frame of reference F' at the
end of each time step.

A summary of the comparison between the modal and CRF results is provided
in Table 5.2.

Table 5.2: Summary of the comparison between CRF and modal method results
for the rotating beam benchmark.

| | CRF | Modal | Unit |

Maximum transverse deflection 0.539 0.546 m
Maximum axial shortening 0.021 0.019 m
Mean deviation of transverse deflection | 0.0000 | 0.0049 m
Oscillation frequency 0.5294 | 0.5294 | Hz
Damping ratio 0.00657 | 0.00566 | —

The deformed configuration at the moment of maximum transverse deflection is
illustrated in Figure 5.7, along with the shadow configuration to indicate the elastic
deformation field resolved in the reference frame F'.

5.10.2 Flexible slider-crank mechanism

Wu and Tiso [286] proposed a flexible slider-crank mechanism, depicted in Fig-
ure 5.8, to verify their modal derivatives approach. The system comprises a crank,
a connecting rod and a slider which are assembled by three revolute joints located
at point O, B and C, respectively. The slider is attached to the ground by a pris-
matic joint and hence is constrained to move horizontally. The lengths of the crank
and connecting rod are 10 m and 20 m, respectively.

Both the crank and the connecting rod are made of aluminum and have a
rectangular cross-section measuring 0.4m x 0.4 m. Their cross-sectional properties
are detailed in Table 5.3.
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Figure 5.7: The deformed configuration, along with the shadow configuration, is
shown at the moment of maximum transverse deflection (# = 6.85s). Deformed
configuration: red solid line with ‘*’; Shadow configuration: black dashed line with

[
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Figure 5.8: A flexible slider-crank mechanism driven by a rheonomic constraint.

In the initial configuration, the crank, connecting rod, and slider are aligned
horizontally. A rheonomic constraint at the revolute joint O drives the rotational
angle of the crank’s root node according to the function ¢ () = 37t?/50 during the
first 5s. Once the crank reaches 270° at ¢t = 5s, the rheonomic constraint holds
the angle constant, locking the mechanism. This sudden locking induces significant
oscillations. The dynamics simulation is conducted for 10s with a constant time
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Table 5.3: Cross-sectional properties of the crank and connecting rod.

‘ Property ‘ Symbol ‘ Value ‘ Unit ‘
Mass per unit length v 432 kg/m
Mass moment of inertia about y,z axis Syys 2z 5.76 kgm
Polar mass moment of inertia Iz 11.52 kgm
Axial stiffness EA 1.12 x 10%° N
Bending stiffness about y,z axis FEl,,EI,, | 1.4933 x 10° | Nm?
Torsional stiffness GI, 1.1399 x 10% | Nm?
Shear stiffness along v,z axis GA; GAS | 3.634 x 107 N

step size of 0.001 s.

The crank is discretized into 10 beam elements and then reduced to a single
modal superelement with two boundary nodes at its two endpoints. Consider-
ing the significant geometric nonlinearity in the dynamics process, the connecting
rod is divided into several segments. Each segment is discretized into 10 beam ele-
ments, reduced to a modal superelement with two boundary nodes at its endpoints,
and connected by fixed joints. The transverse deflection and axial stretch of the
midpoint of the connecting rod are measured relative to the left endpoint B and
resolved in the local frame Bzyz.

Five simulations are conducted for a comprehensive comparison. The refer-
ence solution is computed using a full-state corotational Timoshenko beam element
model, with both the crank and the connecting rod discretized into 10 beam ele-
ments. The other four solutions utilize a single modal superelement for the crank
and 1, 2, 3, or 4 modal superelements for the connecting rod, respectively. The first
five seconds of the simulation are uneventful and are therefore not reported here.
The results for the subsequent five seconds are presented in Figures 5.9a and 5.9b.

It can be observed from Figures 5.9a and 5.9b that, as the number of modal
superelements used for the connecting rod increases, the solution approaches the
reference solution obtained from the CRF model. When three superelements are
used, the numerical solution stabilizes and does not change significantly with fur-
ther increases in the number of superelements. It is noteworthy that using only a
single modal superelement for the connecting rod results in an axial stretch with an
opposite direction compared to the reference solution. A multi-segment approach
is necessary to effectively capture the axial shortening effect.

5.10.3 Curved beam

Bathe and Bolourchi [9] described a cantilevered beam spanning from the origin
A to the endpoint B along the arc of a circle centered at point O, as illustrated
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Figure 5.9: Elastic deformation measures at the midpoint N of the connecting rod,
resolved in the local frame Bxyz. ‘CRF’: Reference solution from the corotational
Timoshenko beam element model; ‘4 Modal SE’: Solution using + modal superele-
ments for the connecting rod, where ¢ = 1,2,3,4.

in Figure 5.10. The beam has an arc radius of 100in and subtends an angle of
45°. The curved beam is fixed to the ground at point A and is subjected to a
concentrated force of P = 6001b applied at point B. Notably, the direction of the
applied force remains constant as the beam deflects.

“A

Figure 5.10: A 45° curved beam under a concentrated force P at the tip.
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5.10 — Numerical experiments

The cross-sectional properties are detailed in Table 5.4. The mass and iner-
tia properties are irrelevant in the static equilibrium analysis, and therefore not
reported here. The bending-stretch coupling stiffness terms k,9,k,, are included
in this benchmark, which necessitate the use of the FPM stiffness matrix. Conse-
quently, the shape functions must be updated, and the element stiffness matrix is
integrated using Gauss quadrature [26].

Table 5.4: Cross-sectional properties of the curved beam.

‘ Property ‘ Symbol ‘ Value ‘ Unit ‘
Axial stiffness EA 1.0 x 107 b
Bending stiffness about y,z axis | El,,,FL,, | 8333 x10° |1lb-in?

Torsional stiffness G, 7.03 x 10> | 1b - in?
Shear stiffness along v,z axis GA:GAs | 4.167 x 10° 1b
Bending-stretch coupling stiffness | kyg,kuy | —8.333 x 10° | 1b-in

A static equilibrium analysis is conducted to analyze the deflection of the curved
beam. Due to the significant geometric nonlinearity present in this benchmark, a
minimum of four modal superelements is necessary to achieve converged and rea-
sonable results. The reference solution is computed from the CRF model, which
utilizes 20 FPM Timoshenko beam elements. In the modal reduction models, each
segment is represented by 10 beam elements, with the first 20 modal shapes serv-
ing as the modal basis. The displacement field of the curved beam in the static
equilibrium configuration, as solved by the multi-segment modal reduction models,
is compared to the reference solution, as illustrated in Figures 5.11.

As observed in Figure 5.11, the displacements along the y- and z-directions
exhibit good agreement between the modal reduction and CRF methods. The dis-
placement along the z-direction obtained from the modal reduction method con-
verges toward the CRF result as the number of modal superelements increases. It
is important to note that the geometric stiffness matrix of the modal superelement,
as defined in (5.80c), is crucial for achieving convergence in this static equilibrium
analysis. Without this term, convergence becomes challenging.

The tip displacements are detailed in Table 5.5.

5.10.4 Rotating beam linked with a rigid-body

The proposed modal reduction method is extended to accommodate systems with
internal constraints. To validate this extension and assess its accuracy, a rigid-body
is attached at the midpoint of the rotating beam via a fixed joint, building upon
the benchmark described in Section 5.10.1. This extended model is depicted in
Figure 5.12.
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Figure 5.11: The displacement field of the curved beam along x,y and z directions.
The horizontal axes in the plots represent the arc position of each beam node,
starting from point A. ‘CRF’: Reference solution from the corotational Timoshenko
beam element model; ‘2 Modal SE’: Solution using ¢ modal superelements for the
connecting rod, where ¢ = 4,5,6.

The bending stiffness out of the plane of rotation, £1,,, is increased to match
the in-plane stiffness, such that EI,, = EI,, = 566.4 N m?, ensuring proper con-
vergence of the dynamics simulation. All other parameters of the beam elements
remain consistent with those presented in Table 5.1. The driving function ¢(t) for
the rotational angle at the beam root follows the expression given in (5.117). A
concentrated follower force, expressed as a quadratic function of the angular ve-
locity P(t) = 0.2w? N, is applied at the beam’s midpoint Lsc = 4m in the local
y direction. The rigid body is positioned d = 0.018 m away from the midpoint C'

204



5.10 — Numerical experiments

Table 5.5: The tip displacements of the curved beam.

| Models | Disp. x [in] | Disp. y [in] | Disp. z [in] |

CRF —13.712 —23.817 53.613
4 Modal SE —11.459 —23.848 53.155
5 Modal SE —12.568 —23.929 53.548
6 Modal SE —12.925 —23.974 53.645
/ P(t) = 0.2w2N
7 A -\.\B
m d = 0.018m
et /

Figure 5.12: A rotating beam linked with a rigid-body and driven by a rheonomic
constraint.

along the negative y axis and is connected to the middle node via a fixed joint. The
rigid body has a mass of 0.008 kg and moments of inertia about the x,y and z axes
of 0.001 kg - m? each.

The dynamic simulation is conducted over a duration of 25s with a constant
time step size of 0.002s. The transverse and axial displacements of the attached
rigid-body, relative to the reference frame at the root node A, are presented in
Figures 5.13a and 5.13b, respectively.

Figure 5.13a shows that the maximum transverse displacement aligns well be-
tween the CRF and modal methods. However, a consistent shift in the mean value
of the transverse displacement during the small-amplitude oscillation period is ob-
served after 15s. A more pronounced discrepancy in the axial displacement is seen
in Figure 5.13b, similar to the behavior observed in Figure 5.6b.

The reaction forces and moments at the fixed joint between the attached rigid
body and the middle node are presented in Figure 5.14. The reaction force F), and
reaction moment M, show strong agreement between the CRF and modal methods.
However, the reaction force F exhibits a different behavior. During the ramp-up
phase of F,, the two methods align well, but a discrepancy emerges as the force
decreases, with the modal method resulting in a smaller amplitude compared to
the CRF.

The discrepancy in the reaction force Fj observed in Figure 5.14b can be ex-
plained using Figure 5.15. During the final small-amplitude oscillation period, the
primary source of the reaction forces and moments at the fixed joint is the cen-
trifugal force Fion; acting on the rigid-body. If the intersection angle between the
centrifugal force F. and the tangent direction of the beam’s reference line at the
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Figure 5.13: The displacements of the attached rigid-body relative to the root node
A. ‘CRF’: Reference solution from the full-state model; ‘Modal’: Results from the
modal reduction method.

middle node is v, the reaction forces can be expressed as F, = Fiepy cos (¢) and
Fy = —Feen sin (¢).

The intersection angle v consists of two components: an initial value v, deter-
mined by the geometry in the initial configuration, and a small angle A introduced
by the elastic deformation. In the modal reduction procedure, the modal reduction
transformation matrix (5.49) is computed based on the initial configuration and
remains fixed throughout the dynamics simulation. Consequently, the small angle
At is not accounted for in the modal reduction method. Since A arises from
geometric nonlinearity in the deformed configuration, it cannot be accurately cap-
tured by the modal reduction approach. If A is sufficiently small, the effects of
geometric nonlinearity diminish, leading to better agreement in the reaction force
F, between the methods.

A virtual experiment was conducted to increase the stiffness properties, thereby
reducing the elastic deformation and resulting in a smaller Avy. As illustrated in
Figure 5.16, increasing the beam’s stiffness properties leads to a closer alignment of
the reaction force F, between the CRF and modal methods. However, a persistent
deviation remains even with an extremely stiff beam. The cause of this constant
deviation deserves additional investigation in future developments in this research,
because it could be an inherent limitation of the proposed modal method.
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Figure 5.14: The reaction forces and moments at the fixed joint between the at-

tached rigid-body and the middle node. ‘CREF’: Reference solution from the full-
state model; ‘Modal’: Results from the modal reduction method.

Figure 5.15: A scheme for interpreting the reaction forces and moments at the fixed
joint.
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Chapter 6

Final remarks

6.1 Conclusions

This thesis investigates the linearization and modal problems in multibody system
dynamics, with a particular emphasis on the aeroelastic stability assessment of
modern wind turbines.

The key findings and primary contributions of this research are summarized as
follows:

Static equilibrium solver accommodating rheonomic constraints

An efficient static equilibrium solver that accommodates rheonomic constraints is
developed. The inertial and damping forces are transferred to the right-hand side
of the equations of motion, transforming the problem into a traditional static anal-
ysis formulation, which is then solved using the Newton-Raphson iterative method.
During the iteration process, the generalized velocities, generalized accelerations,
and the resulting inertial and damping forces, along with any external forces (e.g.,
aerodynamic forces), are explicitly updated in accordance with the rheonomic con-
straints. The proposed solver has been successfully applied to determine the quasi-
static equilibrium configurations of operating wind turbines, regardless of the damp-
ing level, including systems with negative damping.

Krylov-Schur eigenvalue solver

A sparsity-preserving Krylov-Schur eigenvalue solver is implemented to address the
eigenvalue problem in large-scale multibody dynamic systems. The shift-and-invert
technique is employed to facilitate the extraction of eigenvalues clustered around
specified values. A simple yet effective preconditioning strategy is applied by scal-
ing the Jacobian matrix of constraints to mitigate ill-conditioning. The proposed
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eigenvalue solver has been successfully applied in the stability analysis of wind tur-
bines and in the modal reduction process for generating modal superelements. It
is demonstrated that the solver can effectively handle arbitrary rigid body modes
and arbitrary algebraic constraints.

Tangent stiffness matrix of constraints

Based on quaternion parametrization for finite rotations, a general formulation
of holonomic constraint equations and their corresponding Jacobian matrix is de-
rived. This formulation is initially developed for a fixed joint, but it can be read-
ily extended to a series of derived free-motion joints by suppressing specific rows
in the constraint equations and the Jacobian matrix. Subsequently, a consistent
and unified analytical expression for the tangent stiffness matrix of constraints is
derived. The tangent stiffness matrix of constraints consists of two components:
K, = KM + K" where the block patterns of K™ and K") are symmetric;
however, in general, neither of them is symmetric nor skew-symmetric. A numer-
ical analysis of an anchor chain illustrates the critical role of the tangent stiffness
matrix of constraints in ensuring the proper convergence of static equilibrium anal-
ysis and in achieving accurate eigenvalue results for multibody systems featuring
free-motion joints under stressed equilibrium conditions.

Linearization and modal analysis framework for wind turbines

A linearization and modal analysis framework for multi-bladed wind turbines is
developed. Auxiliary reference frames, corresponding to the blade azimuthal po-
sitions, are introduced at the rotor center. Auxiliary coordinates, defined with
respect to these reference frames, are established for the blade element nodes. By
neglecting unsteady aerodynamic effects, the aerodynamic forces are linearized in
the quasi-static equilibrium configuration using numerical differentiation. Analyt-
ical linearization is performed for the inertial, elastic, and viscous terms in the
blade structural dynamics, modeled using the corotational formulation, as well as
for the Jacobian matrix and tangent stiffness matrix of the algebraic constraints in
the rotor. All aerodynamic, inertial, elastic, viscous, and algebraic terms are then
transformed into the auxiliary coordinates to ensure isotropy from a mathemati-
cal perspective. Subsequently, the sub-blocks corresponding to the hub center are
rotated back into consistent coordinates to facilitate the assembly of the system
matrices. The system tangent stiffness matrix consists of the material stiffness ma-
trix K,,, the geometric stiffness matrix K, the aerodynamic stiffness matrix K,
the inertial stiffness matrix K, and the tangent stiffness matrix of constraints K.,
while the system tangent damping matrix includes the material damping matrix
D,,, the aecrodynamic damping matrix D,, and the inertial damping matrix D).

210



6.1 — Conclusions

Finally, the multi-blade coordinate (MBC) transformation is applied to both gen-
eralized coordinates and Lagrange multipliers, resulting in a linear time-invariant
(LTT) system suitable for eigenvalue analysis. A comprehensive interpretation of
the modal dynamics of wind turbines is also presented.

Eigenvalues of a rotor’s free rotation mode

The eigenvalues corresponding to the free rotation mode of three-bladed rotor sys-
tems are investigated. Numerical experiments are conducted on rotors of varying
complexity, including a single rigid body, a rigid rotor, and a flexible rotor. It
is shown that the eigenvalues associated with the rotor’s free rotation mode are
not necessarily zero. The results demonstrate that the developed linearization and
modal analysis framework is well-suited for eigenvalue analysis of the free rotation
modes in three-bladed rotors.

The influence of the matrices K,, K;, D;, and K, on the eigenvalues of the
rotor’s free rotation mode is also discussed. Specifically, the terms in the geometric
stiffness matrix K, due to transverse external follower forces, the tangent stiffness
matrix of constraints K. due to transverse external follower forces, and the inertial
stiffness matrix K; due to centrifugal forces exhibit a softening effect, shifting the
eigenvalues toward real numbers. In contrast, the terms in the geometric stiffness
matrix K, and the tangent stiffness matrix of constraints K. due to centrifugal
forces exhibit a stiffening effect, driving the eigenvalues toward pure imaginary
numbers.

Aeroelastic stability analysis of wind turbines

Aeroelastic stability analysis of wind turbines in normal operational conditions is
performed using the developed linearization and modal analysis framework. A
comprehensive verification and validation procedure is also proposed.

The standard deviation ratio of the filtered component of the blade first edgewise
mode to that of the 1P rotor rotational frequency, in the time series of the blade
root edgewise moment, denoted as rig/ip, is introduced as a measure to quantify
the blade edgewise vibration level. A virtual numerical experiment is conducted
using an intermediate-version commercial wind turbine model. The blade torsional
stiffness is uniformly scaled along the spanwise to generate a series of wind turbine
models. Time-domain dynamic simulations and modal analyses are performed on
these models. The standard deviation ratios rig/p and the aeroelastic damping
ratios (1g of the rotor first edgewise backward whirling mode are compared across
the operating wind speed range. A strong correlation between rg/p and (g is
observed from the numerical experiments.

Subsequently, the aeroelastic stability predictions are validated against exper-
imental measurements from two offshore prototype wind turbines. The unstable
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wind speed range, as observed from the standard deviations of the blade root edge-
wise moment, closely aligns with the region of negative damping for the rotor first
edgewise backward whirling mode.

The verification and validation analysis demonstrates the applicability of the
proposed aeroelastic stability assessment method for wind turbines in engineering
practice.

Modal reduction

A modal reduction procedure based on the corotational concept is developed within
the context of multibody system dynamics.

A modal coordinate transformation is employed for subsystems comprising rigid
bodies, finite elements, and algebraic constraints in the initial configuration. The
mode acceleration method is utilized in the transformation, offering great flexibility
in the selection of boundary conditions and effectively avoiding over-constraints.
The gross motion of the elastic subsystem is decomposed into rigid-body motion,
represented by a floating frame of reference, and elastic deformations, expressed in
the local basis of this floating frame. The local elastic deflections are comprised of
three components: the response of static modes, the response of dynamic modes,
and the response of a static correction mode.

Constraint equations are imposed by enforcing the orthogonality of the rigid-
body modes and elastic deflections in the metric of the mass matrix, resolved in the
local basis of the floating frame of reference. Two projection matrices are derived
to facilitate the motion decomposition. Subsequently, the tangent stiffness matrix
and the geometric stiffness matrix are formulated for the reduced subsystem. The
inertial terms, including the mass, damping, and stiffness matrices, are analytically
derived, along with the quadratic velocity term, which is essential for accurately
simulating rotating structures. External forces are also reduced accordingly, with
a static correction mode introduced to account for the influence of external forces
acting on the reduced internal nodes. The inclusion of the static correction mode is
crucial for improving the accuracy of the recovery of internal stresses and internal
constraint reaction forces. A scheme for updating the configuration of the floating
frame of reference based on Tisserand’s criterion is also proposed.

Numerical experiments are conducted using academic examples. In cases of
large deflections experienced by the subsystems, a multi-segment strategy is recom-
mended to capture geometric nonlinearities. It is found that the geometric stiffness
matrix is beneficial for improving numerical convergence in the static equilibrium
analysis. The results from various numerical examples demonstrate the accuracy
and effectiveness of the developed modal reduction procedure.

212



6.2 — Recommendations for future research

6.2 Recommendations for future research

Several research directions are identified that may contribute to the advancement
of the linearization and modal analysis framework for modern wind turbines:

1.

The incorporation of linearized unsteady aerodynamic effects, such as dy-
namic wake and dynamic stall models, into the present framework could en-
hance the accuracy of aeroelastic stability predictions for wind turbines [119,
118, 120, 40, 41]. These effects should therefore be considered for implemen-
tation in future research.

An advanced GEBT-based tapered beam element that incorporates warping
and Wagner effects, supports arbitrary cross-sections, accommodates inhomo-
geneous anisotropic material properties, and is capable of handling initially
curved and twisted configurations would be valuable for enhancing the ac-
curacy of long slender blade modeling in wind turbines. Verification against
high-fidelity shell element models, as well as validation using measurements
from test rigs and operational wind turbines, is also recommended [38].

The eigenvalues of the rotor’s free rotation mode, along with the modal dy-
namics of wind turbines, can be evaluated using the advanced GEBT-based
blade modeling and compared with the results obtained from the current
corotational Timoshenko beam element.

By employing linearization based on generalized coordinates that incorporate
the virtual rotation vector and its derivatives 66, 80;, 60, for rotations, along
with the advanced GEBT-based blade modeling, a more rigorous framework
for linearization and modal analysis of multi-bladed rotor systems is antic-
ipated. It would be particularly valuable to identify the conditions under
which zero eigenvalues can occur for the rotor’s free rotation mode, when all
geometric nonlinear terms, including K,, K;, and K., are considered.

More complete verification and validation of the aeroelastic stability analysis
for wind turbines should be prioritized in future research. A code-to-code
comparison between the present method and other established tools, such as
Bladed and HAWCStab2, is recommended. Significant discrepancies in the
absolute values of aeroelastic damping ratios, particularly for the less-damped
edgewise modes, are expected between these tools. It is suggested that the
verification process begin with a simple rotor model, such as a rotating rotor
with straight blades in a vacuum (neglecting aerodynamics), and gradually
increase the complexity of the numerical models in subsequent stages.

The developed modal reduction method can be applied to blade modeling
for wind turbines, providing an alternative linearization and modal analysis
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framework that aligns more closely with tools such as Bladed [2] and HAWC-
Stab2 [117, 110]. The modal dynamics, evaluated using both the modal re-
duction method and the corotational formulation—and potentially a GEBT-
based model—can be compared to gain further insights into the discrepancies
in aeroelastic damping ratios for the less-damped edgewise modes across these
tools.

. It is beneficial to account for the flexibility, particularly in bending directions,
in the load transmission path from the hub to the tower top within simulation
models. Additionally, hydrodynamic effects should be incorporated into the
linearization and modal analysis of the full offshore wind turbine system.
The modeling parameters should be carefully examined and updated based
on detailed finite element analysis, component testing in the factory, and
modal testing in the field under idling conditions, to ensure the accuracy of
the numerical model for subsequent code-to-measurement validation under
operating conditions.

. Experimental validation of the aeroelastic stability assessment can be en-
hanced by collecting additional measurement data at various rotor speeds
within the less stable wind speed range. The critical rotor speed associated
with the rotor edgewise backward whirling mode can be identified through
experimental measurements and used to validate the corresponding numerical
predictions.

. Operational modal analysis (OMA) [204, 37, 224, 271, 72| can be utilized to
identify the modal parameters of wind turbines in both simulation and field
measurement environments. The results from OMA can serve as an additional
reference for code-to-code verification and code-to-measurement validation in
the aeroelastic stability analysis of wind turbines.
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Appendix A

Mathematics

A.1 Projection matrix of quaternions

By introducing a projection matrix P (p) € R3*3 equal to the bottom three rows
of the matrix F (p*)@T (see (2.27Dh))

(sI3x3 + V) (A.1)

DO | —

P(p) =
the imaginary vectorial part of (2.36a) can be written as
Im (6p) = P (p) 06, (A2)

The projection matrix P (p) of a unit quaternion p holds important properties
as follows

P(p)' = P(p") (A.3a)
P(p)=P(p)" R(p) (A.3b)
P (p) = R(p)"P (p) R(p) (A.3¢)

P(p)" = (R(p)" + Iyus) (A.34)

When the rotational angle represented by p is equal to 4w, the scalar part
s = 0, resulting in a singular projection matrix P (p).

For the quaternion pr, 5y TePresenting the relative rotation of the driven frame
F) with respect to the main frame F,, remembering (A.3b), and expanding the
relative rotation R (pp1 ( FQ)) = R}, Rp,, one obtains

P (pFl(F2))T Rgz =P (pFl(FZ)) Ra (A4)
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For an arbitrary unit quaternion p = (s,v), its variation can be denoted as

5p = (3s,6v) (A.5)

Recalling the equality (2.35a), and remembering the multiplication formula (2.22b),

the variation of a quaternion can be derived as

dp==(s,v)(0,00)) = = (—v - 0;,500, + v x 56,) (A.6)

N | —
N | —

Comparing (A.5) and (A.6), the scalar and vectorial parts of the variations
should be identical respectively, leading to

55 = —;v .56, (A7)

v = ; (5060, + v x 66,) (A.8)

Remembering the definition of the projection matrix (A.1), after substitut-
ing (A.7) and (A.8), and employing the properties (2.1b), (2.1d), the variation
of the projection matrix P (p) can be derived as

1 ~ “ A ~
0P (p) = (= (v-06)) L3 + (sTss + ©) 06, — 60,9 (A.9)

Its multiplication with Lagrange multipliers -,, can be further expressed as

1 1 _
OP (p)Ym = (—47mfvT — Z'ym (sI345 + ’U)) 00, (A.10)

where the equality (a-b)c = (caT) b,Va,b,c € R? is used in conjunction with
the properties (2.1a) and (2.1c).
By introducing another auxiliary matrix G (p,~y,,) € R**3

1 1__ _
G (p7 ')’m) = _EvaT - ZVm (SI3><3 + U) (All)

one obtains an equality in a compact form

SP (p) ¥m = G (p,Ym) 66, (A12)

A.2 Gauss-Legendre quadrature

The computation of the mass, stiffness, and damping matrices for a Timoshenko
beam element requires integration along the element length. The integrand func-
tions involve the product of the shape functions with the constitutive mass matrix,
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as well as the product of the strain-displacement matrices with the constitutive
stiffness matrix. When the constitutive matrices are fully populated, performing
these integrations analytically becomes highly complex and cumbersome.

To address this challenge, the Gauss-Legendre quadrature method can be em-
ployed to perform the numerical integrations. This method approximates the in-
tegral over the interval [—1,1] as a weighted sum of polynomial terms, thereby
simplifying the integration process.

/ 11 F@)dz ~ nzjw (@) (A.13)

where x;,7 = 1,2, -- ,ng are the Gauss-Legendre quadrature points, and w; are the
corresponding weights.

Gauss-Legendre quadrature points are also called sampling points, as the func-
tion values sampled at these points are used in the weighted summation to approx-
imate the integral. An ng-point Gauss-Legendre quadrature scheme can exactly
compute the integral of a polynomial up to degree 2ng—1. If the integrand function
f(z) is not a polynomial, or is a polynomial of degree higher than 2ng — 1, the
weighted summation provides an approximation of the integral. In such cases, in-
creasing the number of sampling points can enhance the accuracy of the numerical
approximation.

The Gauss-Legendre quadrature points and their corresponding weights for low-
order integration schemes over the interval [—1, 1] are presented in Table A.1.

To approximate an integral over the interval [a, b], the Gauss-Legendre quadra-
ture method can be applied using the following expression

b b—a & b—a a+b
/ fla)de ~ > wif & + (A.14)
a 2 = 2 2
2z, —a—b . . :
where & = T € [—1,1] represents the normalized sampling points for the
—a
integral over [—1,1], and w; denotes the corresponding weights.
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Table A.1: Gauss-Legendre quadrature points and weights for low-order integration

schemes.

‘ Number of points, ng ‘

Sampling points, z; Weights, w;
1 0 2
2 + ! +0.57735 1
V3 '
8
0 — 0.888889
9
3
3 5
+ R +0.774597 9 0.555556
2 1 Vi
+ 3_2/8 +0.339981 18+ v30 0.652145
4 7T 7V5 36
3 2 /6 18 — /30
+. =+ =¢/= | £0.8611 _— .34
7+7 5 0.861136 36 0.347855
0 128 0.568889
225 '
1 1 22 4+ 13+/
5 +-4/5—2 10 +0.538469 322+ 13v70 0.478629
7 900
1 10 322 — 13y/70
+— 2¢/— | £0.9061 _— .23692
3 5+ - 0.90618 900 0.236927
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