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Introduction

The idea of Quantum Computing arose in 1982 during a speech by Richard Feyn-
man about the difficulty of simulating quantum mechanical systems with classical
computers [1]. Feynman suggested the simulation of these systems using quantum
computers in other words, controlled quantum mechanical systems.

Since then, quantum computing and quantum information theory continued to ad-
vance, proving that universal quantum computers would be more powerful than Tur-
ing Machines [2]. Quantum computing will have a deep impact on a variety of fields,
from quantum simulation in physics and chemistry [3], to machine learning [4], arti-
ficial intelligence [5] and cryptography [6, 7].

Current quantum computers are commonly defined as noisy intermediate-scale
quantum (NISQ) [8] devices, being characterized by few hundreds of quantum bits
(qubits) with non-uniform quality and constrained physical connectivity.

Quantum compilation is the problem of translating an input quantum circuit into
the most efficient equivalent of itself [9], taking into account the characteristics of
the device that will execute the computation. In general, the quantum compilation
problem is NP-Hard [10, 11]. Compilation strategies are composed by sequential
passes that perform placement, routing and optimization tasks. Several routing and
optimization passes may be executed within a compilation strategy.

There exist several quantum algorithms known or expected to outperform classi-
cal algorithms for problems spanning different areas, including cryptography, search
and optimization, simulation of quantum systems and learning [12]. For most prac-

tical applications, quantum algorithms require large quantum computing resources
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— in terms of qubit number — much larger than those available with current NISQ
processors. Hence, the growing demand for large-scale quantum computers is moti-
vating research on Distributed Quantum Computing (DQC) architectures [13, 14] as
a scalable approach for increasing the number of qubits available for computational
tasks.

With the network and communications functionalities provided by the Quantum
Internet [15, 16, 17, 18, 19, 20, 13, 14, 21, 22], remote quantum processing units
(QPUs) can communicate and cooperate for executing computational tasks that each
NISQ device cannot handle by itself. Accordingly, DQC requires a new generation
of quantum compilers, for mapping any quantum algorithm to any DQC architecture.

In general, when moving from local to distributed quantum computing one faces
several challenges. A first issue that arises with distributed quantum computing is
whether a given algorithm — equivalently, a given quantum circuit — is natively suit-
able for distributed execution. More specifically, a perfectly distributable quantum
algorithm is a quantum algorithm that can be split into autonomous parts that do not
interact — or, at least, weakly interact — with each others. Unfortunately, this is rarely
the case. Another challenge that one must face in DQC is related to circuit partition-
ing. To partition a monolithic quantum algorithm, a quantum compiler must be used
to find the best breakdown, specifically, one that minimizes the number of gates that
are applied to qubits stored at different devices.

In this Thesis we propose different strategies for the placement and routing of
quantum circuits for local and distributed quantum computing. We also design and
test a general-purpose quantum compilation framework for DQC that takes into ac-
count both network and devices constraints and characteristics. The Thesis is struc-
tured as follows. In Chapter 1 we revise the basics of quantum computation, introduce
the notions of quantum networking and DQC, and present the state of the art in quan-
tum compilation for local and distributed quantum computing. Then, in Chapter 2 we
propose a general-purpose quantum compilation framework and explain the strate-
gies devised for the placement and routing of quantum circuits, including a strategy
to combine compilation for local and distributed quantum computing. Following, in

Chapter 3 we deal with implementation details. Finally, in Chapter 4 we illustrate the
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results obtained with the aforementioned quantum compilation strategies. We con-

clude the Thesis with a discussion of the obtained results and open problems.



Chapter 1

State of the Art

1.1 Background

In this section, we illustrate the main concepts of quantum computing and distributed
quantum computing. In particular we focus on the technical aspects that are relevant

in the contest of quantum compiling.

1.1.1 Quantum Computing

In 1982 Richard Feynman gave a speech about the difficulty of simulating quantum
mechanical systems with classical computers [1]. The number of superposition states
characterizing those systems is too large for being efficiently represented and pro-
cessed by classical computers.

Therefore, Feynman suggested the implementation of quantum computers, i.e.,
controlled quantum mechanical systems able to mimic the natural quantum mechani-
cal systems. The simulation of these systems using quantum computers, whose initial
state evolves under the same principles as the simulated system, is considered to be
the “killer application” of quantum computing.

The no-cloning theorem was one of the earliest results of quantum computing
[23, 24], forbidding the creation of identical copies of an arbitrary unknown quantum
system state. While the concept of qubit was introduced by Stephen Wiesner [25] in
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his paper about unforgeable quantum money, the term qubit was coined by Benjamin
Schumacher in 1995 [26].

In 1985, David Deutsch [27] investigated the possibility to use the laws of physics
to derive a stronger version of the Church-Turing thesis. He proposed the Quantum
Turing Machine (QTM), i.e., a computational device that is capable of efficiently
simulating any physical system. In what is now known as the Deutsch’s algorithm,
he constructed a simple one qubit example which suggests that quantum computers
might actually exceed classical computers in terms of computational power.

In 1994, Peter Shor [2] proved that finding the prime factors of an integer and the
discrete logarithm k that solves the equation x* = y, where x and y belong to a finite
group, could be efficiently solved on a quantum computer. These are important prob-
lems for cryptography and known to be in both NP and coNP. Shor’s results indicate
that quantum computers are more powerful than Turing Machines, even nondeter-

ministic ones.

Qubit

It is common knowledge that the bit is the fundamental concept behind classical com-
putation and classical information. Quantum computation and quantum information
are based on a similar concept, the quantum bit, also known as qubit [25, 26, 28]. It
is convenient to focus on qubits as mathematical objects, but the reader should keep
in mind that they can be realized as actual multi-level physical systems such as the
spin of the electron, the polarization of a photon, or an atom with a ground state and
an excited state.

A qubit is the simplest quantum-mechanical system. Its state is defined as a vector

in the complex Hilbert space, whose mathematical general form is

9) = |0)+B 1) (1.1

1 0
* 0)= < 0 ) and |1) = ( ) ) is the ket notation for the two
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orthonormal vectors of the computational basis states

« o, B e C are called probability amplitudes, with |ct|* + |B]* = 1

Importantly, |¢) is a unit vector with its norm being |||¢)| = 1.

Until a measurement is made, the state of a qubit may be a superposition of basis
states, and, if o and 8 are unknown, there is no way to know their values with a single
measurement. The result of the measurement in the computational basis will be |0)
or |1) with probability |a|* or | B|* respectively.

Since |a|* +|B|* = 1, Eq. (1.1) can be restated as

0 ; 0
|¢) = cos = |0) +€?sin—|1) (1.2)

2 2
[}
2
tiplying |¢) by an overall phase factor (which is unobservable). Here, ¢ is known

where & = cos 5 is a real number, but can always be made complex by mul-
as the relative phase of the quantum state and it is crucial in creating the so called
interference patterns exploited by many quantum algorithms. From Eq. (1.2) comes
the Bloch sphere, a three-dimensional representation of the state space of a qubit in
spherical coordinates (Figure 1.1).

The above theory can be generalized to a composite system of n-qubits, associ-
ated to an Hilbert space of dimension 2", since the vector spaces of the constituent
quantum systems are combined through the tensor product. The state of an n-qubit
system can than be in a superposition of all the 2" basis states:

21
0) =) oxlk), (1.3)
k=0

with o € C: Y3 M ay> = 1.

Not all n-qubit systems states can be written as the tensor product of their con-
stituent sub-systems states. These states are referred to as entangled states and they
represent the key ingredient in quantum computing [29]. One popular two-qubit en-

tangled state, referred to as Bell state [30] or EPR pair [31], is given by:

_00)+]11)

. 1.4
NG (1.4)

")
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Figure 1.1: Bloch sphere, a geometrical representation of a qubit in spherical coordinates. A state
|¢) = a|0) + B |1) is represented by a point on the sphere surface, with o¢ = cos% and B = ¢'?sin %

Quantum Circuits

Quantum systems evolve through unitary transformations. A unitary transformation

is a complex matrix U such that:
uUt=U'U =1

with UT being the transposed conjugate of U and I the identity matrix. A qubit state
|¢) = o |0) + B |1) evolves to the state |¢)’ under the application of a 2 x 2 unitary
matrix U such that:

9) =U19) = ( o ) ( ’ ) = (oot 201 B) [0) + (ro -+ w1 B) 1)
uip Ui B
(1.5)

By analogy with the classical computing model, operations on qubits such as the

one described in Eq. (1.5) are called gates. Unlike classical gates, quantum gates are
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reversible operations, reason why number of inputs and outputs are always equal.

Table 1.1 shows the most common quantum gates.

’ Gate Name ‘ Gate Matrix ’ Operation
. 10 .
Identity I= does not modify the quantum state
0 1
. 0 1 .
Pauli-X X= bit-flip
1 0
0 —i .
Pauli-Y Y= combined bit- and phase-flip
i 0
1 0
Pauli-Z 7= 0 . phase-flip

Square-root-of-X

SX such that X = SX o0 SX

maps an element of the computational basis — either |0) or |1) — into an

Hadamard
even superposition of the basis elements (and vice versa)
1 0 .
S S= /2 phase shift
0 i
1 0
T T= , /4 phase shift
0 eir/4
1 0
Phase shift Pg = 6 phase shift
0 (,/'9
x-Rotation Ry(8) = ¢ 8% = cos 87—isin§X | rotation by 6 along &-axis of the Bloch sphere
y-Rotation Ry(0) = e 87 = cos %1 —isin gY rotation by 6 along j-axis of the Bloch sphere
z-Rotation R.(0) = e 87 = cos %1 —isin %Z rotation by 6 along Z-axis of the Bloch sphere

Controlled-NOT

CNOT =

- o O O

0
0
1
0

(=R -
(=

bit-flips the second (target) qubit whenever the first (control) qubit is |1)

Table 1.1: Common quantum gates.

The Pauli-X gate, shortly denoted by X, is the quantum equivalent of the classical
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NOT gate and switches the probability amplitudes of the qubit it acts on. It is actually
a rotation by 7 radiants around the x axis of the Bloch sphere.

The Hadamard or H gate is a rotation by 7 /2 radiants around the y axis, followed
by a reflection through the xy plane. When applied to a qubit in the computational
basis state, it turns it into a superposition of the computational basis states. The H
gate is self-inverse, i.e. it does not change the state of the qubit if applied twice as
H>=1

Among two-qubit gates, highly relevant are the controlled ones. The generic
Controlled-U gate operates on two qubits, namely a control qubit (controlling
the operation) and a target qubit (subjected to the operation). By denoting with |¢,)
and |¢,) the control and target qubits respectively, the effect of the controlled U gate
on the target qubit is the following:

i) if |¢e) =10)
Ul if [9c) = [1).

(1.6)

The most famous example of controlled gate is represented by the CNOT gate,
which is a Controlled-U gate where the U gate is a Pauli—X one.

Gates H, S and CNOT constitute the Clifford group [32], which can be simulated
efficiently on a classical computer according to the Gottesman-Knill theorem [28].
The Clifford group is not universal, i.e., it cannot be used to describe any arbitrary
quantum algorithm. However, it is sufficient to add the T gate to the Clifford group,
and the resulting set is universal, yet it is not the only possible one. Indeed, each
family of quantum computers — e.g., IBM Q one [33] — has its own specific uni-
versal gate set, which usually depends on the particulars of the underlying quantum
hardware technology.

In the quantum circuit model of quantum computation, guantum algorithms are
defined by sequentially interconnecting different quantum gates. In a quantum circuit,
qubits are represented by horizontal lines and gates are elements placed on these lines,
from left to right in the order they are executed. More specifically, gates affecting the
same qubit must be executed sequentially, and this agrees with the intuition. Con-

versely, gates acting on different qubits can be performed simultaneously as long as
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the “ordering” arising from gates affecting multiple qubits is respected. This concept

underlies the notion of layer, i.e., the set of gates that can be performed simultane-

ously on a disjoint set of qubits.
The number of layers in a quantum cir-

cuit is denoted as circuit depth. As an P bounmoan 2-QUBIT OATE
example, the quantum circuit given in QO_—E E

Fig. 1.2 is composed of 9 layers and @ [} EHE __' (-
hence its depth is equal to 9. The num- e 5 [} 2
ber of gates within the circuit is denoted @ _"E {7z} (2]

as circuit size and it is equal to 23 in % iy KA (] (—

Fig. 1.2. Figure 1.2: Example of a 5-qubit quantum circuit
In Figure 1.3, we can see a Sim- from [34], time flows from left to right. The first
ple quantum circuit that starts with two qubit undergoes through a single-qubit H gate fol-

qubits in the |0> state, then applies an H lowed by a two-qubit CNOT gate (represented by e

gate to the first qubit and a CNOT gate, a single-qubit T gate, and finally another two-qubit
with the first qubit being the control and  cyor gate.

and & symbols interconnected by a vertical line),

the second one being the target. The fi-

nal state of the system is the Bell state

|Boo) = %. Another interesting ex-

ample of quantum circuit is the one in

Figure 1.4. Due to a Pauli-X gate, the state of the second qubit changes from |0) to
|1). Then, a SWAP gate composed of three CNOTS is applied. The resulting state is
|10) because the SWAP gate exchanges the states of the two qubits.

0) '— 10)

+\ _ |00)+11) +\ _ |o0y+|11)
[PT) = 2 |®7) = =5

0) ———o— Kiatin

Fan)
AV %

AvZ
fany
A\ %

Fi 1.4: t ircuit with a SWAP.
Figure 1.3: Quantum circuit to create a Bell pair. tgure Quantum circuit with a

It is worthwhile to note that, regardless the particulars of the adopted gate set,
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deterministic cloning of quantum states is impossible. Specifically, there exists no
quantum gate (or circuit) able to make a perfect copy of an arbitrary unknown quan-
tum state. Conversely, if the state is known in advance — specifically, if we know that
the state belongs to some orthonormal basis such as {|0),|1)} or {|4),|—)} — we
can design a specific quantum gate to clone that state. This fundamental property is
known as no-cloning theorem.

Another unconventional quantum phe-

nomenon arises with the important opera- 0),11)

tion constituted by measurement, through V) ’ 7(0

which information from a quantum state is
extracted [35], as illustrated in Figure 1.5. In Figure 1.5: Quantum circuit for measuring
. a qubit. Single wires denote quantum states,
fact, according to the quantum measurement . .

whereas double wires denote classical states,

postulate, although a qubit may reside in a namely, bits. The measurement of a qubit —

superposition of two orthogonal states as in whose output is a classical bit — induces the

(1.1), when we want to observe or measure state of the qubit to collapse into the measured
. b
state.

its value, it collapses into one of the two or-

thogonal states |0) — with probability |c|?
— and |1) — with the probability |B|>. Af-
ter its measurement/observation, the original
quantum state collapses to the measured state. Hence, the measurement irreversibly
alters the original qubit state [36]. It is also worth noting that the measurement of a
qubit state may also be carried out in a basis different from that in which the qubit was
prepared in [37, 28, 38]. In the above description, for the sake of clarity, we assumed

the standard basis also for the measurement.

Algorithms

There exists several quantum algorithms known or expected to outperform classical
algorithms for problems spanning different areas, including cryptography, search and
optimization, simulation of quantum systems and learning [12]. Remarkably, most
known quantum algorithms use a combination of algorithmic paradigms — namely,

sub-routines — specific to quantum computing [33]. These paradigms include the
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Quantum Fourier Transform (QFT) [2], the Grover Operator (GO) [39], the Har-
row/Hassidim/Lloyd (HHL) method for linear systems [40], Variational Quantum
Algorithms (VQA) [41], and direct Hamiltonian simulation (SIM). A prominent ex-
ample is Shor’s algorithm for integer factorization [2], which is based on QFT, illus-

trated by the quantum circuit in Figure 1.6.

H < — Ry R

l@2)

l@3)

0u 1)
@) @_

Figure 1.6: Quantum Fourier Transform (QFT) circuit. The i-th qubit is obtained through an Hadamard
gate followed by n — i controlled R, operations — with R; = P,y/; denoting the phase gate given in
Table 1.1 — with the controlled operations controlled by the n — i higher-order qubits.

For most practical applications, quantum algorithms require large quantum com-
puting resources — in terms of qubit number — much larger than those available with
current noisy intermediate-scale quantum (NISQ) processors. For example, the re-
cently announced IBM Quantum Osprey device has 433 qubits, which is an impres-
sive progress with respect to state-of-the-art quantum processors, but not yet suf-
ficient, as an example, for running practical implementations of Shor’s algorithm.
Factoring L = 2048 bit primes — for breaking current RSA implementations — would
require about 3L = 6144 noise-free qubits [28]. It is worth noting that merely in-
creasing the number of physical qubits is not sufficient, as some sort of quantum
error correction [42] is also required to guarantee high-quality — namely, noise-free —

computations.
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Physical qubits

As already mentioned in Section 1.1.1, a variety of technologies have been inves-
tigated to implement physical qubits. The first aspect that differentiates these tech-
nologies is the way they encode the |0) or |1) state. Then, of course, there are the
measurement processes and the available gates.

As an example, the polarization vector of a photon may lie anywhere in a 2D
plane perpendicular to the motion direction of the photon. Therefore, its polarization
state can be seen as the superposition of two basis states.

Electrons are subatomic particles characterized by a negative charge. Their spin
orientation is defined by a clockwise or counter clockwise rotation, respectively spin-
up or spin-down. Using magnetic fields, one can make electrons switch between the
two spin orientation. Atoms too have their spin orientation and qubits can even be
defined as their outer electron orbital position.

Atoms, electrons and such do not travel but interact very easily. For this reason,
they are suitable for storing and processing quantum information. Photons move very
easily and are useful for quantum information transmission.

The following list provides an overview of the main technologies explored so far:
* trapped ion qubits [43];

* linear optical qubits [44];

* neutral atoms trapped in an optical lattice [45];

¢ electrically defined or self-assembled quantum dots [46, 47];

* quantum dot charge based semiconductor qubits [48];

* rare-earth-metal-ion-doped inorganic crystal based qubits [49, 50];

* molecular magnets [51];

* superconducting qubits based on Josephson junctions [52, 53].
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Regardless of their implementation, physical qubits are non-isolated quantum
systems subject to different sources of noise, i.e. they follow a non-unitary evolu-
tion denoted as quantum decoherence. One can think about decohering evolution
as a combination of unitary evolutions, each one influencing the qubit with an as-
signed probability. Decoherence is an irreversible process that brings a pure state into
a mixed one.

Although universal quantum computers with thousands qubits are still far at the
horizon, we are now entering in the era of Noisy Intermediate-Scale Quantum devices
[8]. These NISQ devices have limited coherence time, a reduced number of qubits
and imperfect gate implementation. Moreover, connections between qubits in this de-
vices are limited, meaning that two-qubit gates can be placed only between connected
qubit. This is certainly something to keep in mind when performing quantum com-
putation on real hardware. Merely increasing the number of qubits in a single NISQ
device is not sufficient to enable large-width quantum circuits, because more qubits
means also more noise. Future devices will use quantum error correction (QEC) to
obtain a few noiseless logical qubits from many noisy physical qubits. However, de-
spite some recent relevant progresses [54], the road toward effective and efficient
QEC is still long. With current NISQ devices, an alternative approach for executing

large-width quantum circuits is possible. That is, distributed quantum computing.

1.1.2 Distributed Quantum Computing

NISQ devices are characterized by few hundreds of quantum bits (qubits) with non-
uniform quality and highly constrained physical connectivity. Hence, the growing de-
mand for large-scale quantum computers is motivating research on distributed quan-
tum computing architectures [13, 14] as a scalable approach for increasing the num-
ber of qubits available for computational tasks, and experimental efforts have demon-
strated some of the building blocks for such a design [55]. Indeed, with the network
and communications functionalities provided by the Quantum Internet [15, 16, 17,
18, 19, 20, 13, 14, 21, 22], remote quantum processing units (QPUs) can communi-
cate and cooperate — through the distributed computing paradigm as a virtual quan-

tum processor with a number of qubits that scales linearly with the number of remote
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QPUs [56] — for executing computational tasks that each NISQ device cannot handle
by itself.

However, moving from local to distributed quantum computing implies crucial
and specific challenges [55, 56]. A first issue that arises with distributed quantum
computing is whether a given algorithm — equivalently, a given quantum circuit — is
natively suitable for distributed execution. More specifically, a perfectly distributable
quantum algorithm is a quantum algorithm that can be split into autonomous parts
that do not interact — or, at least, weakly interact — with each others. If this is the case,
each part can be assigned to some quantum processor, and each processor can con-
tribute autonomously to the overall computation without introducing communication
overhead for interacting with other processors.

Unfortunately, this is rarely the case. Let us consider the QFT algorithm, whose
circuit is shown in Figure 1.6. The QFT is a core sub-routine in many quantum al-
gorithms — e.g., Shor’s algorithm and the quantum phase estimation algorithm — as
mentioned above. From Figure 1.6, it is clear that QFT requires each qubit to strongly
interact with all the other qubits through controlled R, gates. Hence, QFT can be con-
sidered as the archetype of monolithic quantum algorithms, namely, of an algorithm
not natively-suitable for distributed execution.

In general, when moving from local to distributed quantum computing one faces
two main challenges, namely, quantum algorithm partitioning and execution man-
agement. To partition a monolithic quantum algorithm, a quantum compiler must be
used to find the best breakdown, i.e., the one that minimizes the number of gates that
are applied to qubits stored at different devices. The problem of Quantum Compi-
lation is treated in more detail in Sections 1.2.1 and 1.2.2. Here we briefly review
some literature that addresses the partitioning of relevant quantum algorithms, using
techniques that are tailored to the specific considered algorithms rather than general-
purpose. These works may represent a good reference for a comparative evaluation
of quantum compilers.

In [57], Neumann et al. present two distribution schemes for the quantum phase
estimation algorithm, give the resource requirements for both and show that using

less noisy shared entangled states results in a higher overall fidelity. Introduced by
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Kitaev [58], the quantum phase estimation algorithm returns an approximation of an

eigenvalue of a given unitary U and a corresponding eigenvector. It has numerous

applications, including Shor’s algorithm [2]. The solution proposed by Neumann et

al. is based on the distributed version of the QFT circuit, obtained by means of non-

local controlled U-gates. A non-local controlled U-gate is a generalized controlled

gate between qubits residing in different QPUs [59], also known as a Telegate.

Telegate operations and their implementation are discussed in Section 1.1.3.

Another example of distributable quan-
tum algorithm is the Variational Quantum
Eigensolver (VQE), a VQA that can be used
to estimate ground state energies of molec-
ular chemical Hamiltonians. In [60], Di-
Adamo et al. provide a Local to Distributed
Circuit algorithm that, given a circuit rep-
resentation as a series of layers and a map-
ping of qubits, searches for any control gates
where the control and target are physically
separated between two QPUs. When found,
the algorithm inserts, between the current
layer and next layer in the circuit, the nec-
essary steps to perform the control gate in
a nonlocal way. The size (maximum num-
ber of qubits) of the achievable Ansatz state
for the VQE algorithm grows linearly with
the number of QPUs, with slope linearly in-
creasing with the number of qubits per QPU.

+1

Cory) [ore) [orul
\

Figure 1.7: Execution of multiple quantum
circuit instances with k QPUs. For each execu-
tion round £, a schedule S(i) maps some quan-
tum circuit instances to the quantum network —
each QPU receiving a quantum circuit Pij that
is either a monolithic one or a sub-circuit of a
monolithic one. The classical outputs are ac-

cumulated into an output vector O.

The depth of the resulting quantum circuit is Q(n), meaning it has a tight upper and

lower bound proportional to the number 7 of qubits.

In [61], the authors present a distributed adder and a distributed distance-based

classification algorithm. Both applications are framed in a way where a quantum

server and K other quantum nodes interact, with specific behaviors. In particular,
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the server is responsible for orchestrating the computation by means of non-local
CNOT gates, while the K parties provide inputs. It is possible to reframe these ap-
plications, such that the proposed quantum circuits are considered as monolithic and
subsequently split in K + 1 parts to be submitted for execution to a quantum network.

All of the above techniques are designed for the optimal partitioning of very
specific algorithms and are not suitable for the distribution of any given quantum
algorithm, thus leaving the need of a general-purpose compilation framework for
DQC architechtures.

The other challenge that one must face in DQC is related to the execution man-
agement of distributed quantum computations. In general, given a collection & of
quantum circuit instances to be executed, this collection should be partitioned into
non-overlapping subsets &7;, such that & = U;Z;. One after the other, each subset
will be assigned to the available QPUs. In other words, for each execution round i,
there exists a schedule S(i) that maps some quantum circuit instances to the quan-
tum network. If DQC is supported, some quantum circuit instances may be split into
sub-circuit instances, each one to be assigned to a different QPU, as illustrated in
Figure 1.7). A QPU scheduling algorithm that partially address this service was pro-
posed by Parekh et al. [62]. Such an algorithm is based on a greedy approach, trying
to fill all available QPUs while minimizing the number of distributed quantum circuit
instances. Here the partitioning of quantum circuit instances is arbitrary, not taking

into account the features of the programs.

1.1.3 Quantum Networking

As hinted in the previous section, when it comes to distributed quantum computing,
qubits are distributed among multiple smaller quantum processors, interconnected by
some sort of quantum network.

Accordingly, whenever a quantum gate must operate on remote qubits — namely,
qubits located in different quantum processors — some sort of communication prim-
itive must be available for performing remote operations. Unfortunately, this com-
munication primitive cannot be easily accomplished through classical protocols. In-

deed, the different physical phenomena underlying quantum communications impose
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a paradigm shift.

Thankfully, entanglement provides an invaluable tool for implementing remote
operations without violating quantum mechanics [56]. As previously detailed in Sec-
tion 1.1.1, entanglement is a property of two (or more, in case of multipartite entan-
glement) quantum particles that exist in a special type of superposition state, such
that any action on a particle affects instantaneously the other particle as well. This
sort of quantum correlation, with no counterpart in the classical world, holds even
when the particles are far away from each other [63].

This peculiar property can be exploited to achieve the so-called quantum telepor-
tation, which allows to transmit an unknown quantum state from one qubit to another
without an actual physical transfer of the qubit storing the state. More specifically,

quantum teleportation requires:

* an EPR pair, namely a pair of maximally entangled qubits such as the Bell state
in Eq.(1.4), with one qubit of the pair located at the source QPU and the other
qubit located at the destination;

* local quantum operations both at the source and at the destination;
« the transmission of two classical bits from the source to the destination.

The circuit representation of the quantum teleportation process is illustrated in
Figure 1.8. Specifically, the source QPU performs a Bell State Measurement (BSM)
on the qubit storing the quantum state to be transmitted and on the first of the entan-
gled qubits. As represented in the gray box in the figure, The BSM, enclosed in the
gray box in Fig. 1.8, consists of a CNOT gate — with the qubit to be teleported acting
as control and the entangled qubit acting as target — followed by an Hadamard gate
on the qubit to be teleported and, finally, a measurement of both the qubits. After
the BSM, the source uses classical communication to transmit two classical bits, en-
coding the measurement outcomes of the BSM. It should be specified that, after the
BSM, the source qubit has now lost the encoded state, which now resides at the des-
tination, albeit some needed corrections. In fact, the teleported state may have been

undergone a phase and/or a bit-flip. The measurement outcomes of the two qubits,
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transmitted by the source QPU, can be used to determine whether these flip events
occurred. Thus, the destination performs a post-processing to reconstruct the original
state |y), as detailed in Table 1.9.

SOURCE QPU

= =y
—4
o Bsm . .
[ D) { ‘e gl s 1 Measurement Qutcomes ‘ Correction operations
. 00 \ I
DESTINATION QPU 01 ‘ x
Figure 1.8: The quantum teleportation circuit. 10 ‘ z
The first two wires belong to the source QPU, 11 ‘ Zx

whereas the bottom wire belongs to the des-
tination QPU. Each double line denotes the
transmission of one classical bit —i.e., the mea-

Figure 1.9: Quantum teleportation correction
operations performed at the destination to re-

surement outcome — between the remote pro- cover the original quantum state. The less sig-

cessors. The two classical bits are used as de- nificant bit representing the outcome of the en-

tailed in Table 1.9 to determine the execution tangled qubit measure in Figure 1.8.

of the two conditional gates X and Z. In the
end, the original state |y) is located at entan-
gled qubits available at the destination.

One may observe that direct transmission of qubits is still needed to distribute
entangled states among the network nodes. However and as deeply clarified in [63],
differently from unknown qubits, entangled states can be repeatedly prepared for
facing with losses and/or noise corruptions.

Quantum teleportation stands at the foundations of the communication primitives
known as TeleData and TeleGate [64], in the distributed quantum computing
context.

Before diving into the details of TeleData and TeleGate, we must introduce
a distinction between communication qubits and data qubits [56, 65]. Specifically, for
each QPU a subset of qubits is reserved for inter-processor communication, we refer

to those as communication qubits [66], as opposed to the remaining qubits dedicated
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to processing or storage, namely data qubits.

To distribute entangled states between different quantum processors, at least one
communication qubit at each processor must be reserved for remote inter-processor
operations. Hence, a crucial trade-off between communication and data qubits arises.
Specifically, for each TeleData and TeleGate, an entangled state is consumed
and a new one must be distributed between the remote processors through the quan-
tum link before another inter-processor operation can be executed. Hence, the more
communication qubits are available within a processor, the higher the entanglement
rate and the more inter-processor operations can be executed in parallel, reducing
the overhead induced by the distributed computation. But the more communication
qubits are available for inter-processor communication, the less valuable resources —
i.e., data qubits — are available for computing.

As an example, consider two quantum processors interconnected via a quantum
network as depicted in Figure 1.10. Qubits g3 and qé) are communication qubits and
any interaction between the two remote processors is carried out by exploiting them
via either a TeleData or a TeleGate process.

With a TeleData, quantum information stored within a data qubit at the first
processor, say |¢@) in g4 in Figure 1.10a, is teleported into a communication qubit of
the second processor, say qz) in the same figure. Once the quantum state | @) is tele-
ported in qz), any remote operation — originally involving g4 and some data qubits at
the second processor — can be now implemented through local operations as shown
with the last CNOT in Figure 1.10b. It must be noted, though, that whether the tele-
ported quantum state should subsequently interact with data qubits at the first pro-
cessor, a new teleportation process must be performed for teleporting the quantum
state back to the first processor. TeleData is not the only available option for im-
plementing remote operations. In fact, a TeleGate enables to execute a direct gate
between qubits belonging to remote processors by exploiting again entanglement.
For instance, a remote CNOT with data qubit g4 and q(l, in Figure 1.10a acting as con-
trol and target, respectively, can be implemented with local CNOTs at each quantum
processor, as shown with the quantum circuit in Figure 1.10c.

From Figure 1.10, one might assume that distributed quantum computing requires



1.1. Background 21
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(a) Two quantum processors interconnected through a quantum network, composed by a classical and a quantum
link. The classical link is used to transmit classical information, whereas the quantum link is needed for distributing
entangled states between the two remote processors. At least one physical qubit at each processor must be reserved
for entanglement generation. This kind of qubits — dark-blue-colored in the figure — are the communication qubits to
distinguish them from the data qubits — white-colored in the figure.
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(b) TeleData. To perform a TeleData between re-

mote processors — say to move the quantum state |@) (c) TeleGate. A TeleGate enables a direct gate be-

stored by data qubit g4 in Figure 1.10a to communication tWeen remote physical qubits stored at different proces-

qubit qé) — a Bell state such as |&*) must be distributed ST without the need of quantum state teleportation, as

through the quantum link so that each pair member is
stored within the communication qubit at each processor.
Once |@) is teleported at qz) (with local quantum oper-
ations and classical transmission), the remote operation
— for instance, a CNOT with |¢) as control and the state
stored by qubit q/1 as target as shown with the last CNOT
in the figure — can be executed through local operations.

long as a Bell state such as |®*) is distributed through
the quantum link. For instance, a remote CNOT between
g4 and ¢} in Figure 1.10a can be implemented with two
local CNOTs between the data and the communication
qubit at each processor, followed by a conditional gate
on the data qubit depending on the measurement of the

remote communication qubit.

Figure 1.10: Remote operations through either TeleData or TeleGate. Figure 1.10a shows the
network topology along with the processors coupling maps, whereas Figures 1.10b and 1.10c illustrate
the quantum circuit detailing the classical (2 bits) and the quantum (the Bell state) resources needed to

execute a TeleData and a TeleGate, respectively.
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a fully-connected network topology, namely, that each quantum processor must be di-
rectly inter-connected with all the other processors. In other words, it might seem that
the connectivity between quantum processors strongly dependent on the availability
of a direct entanglement generation and distribution architecture. On the contrary,
distributed quantum computing can exploit a strategy, called entanglement swap-
ping [55] and illustrated in Fig 1.11, to create entanglement between qubits stored
at remote processors, even if the processors are not directly connected through a
quantum link.

In a nutshell, to distribute a Bell state between remote processors — say quantum
processor #1 and #3 in Fig. 1.11a — two Bell states must be first distributed through
the quantum links so that one Bell state is shared between the first processor and
an intermediate node and another Bell state is shared by the same intermediate node
and the second processor. Then, by performing a Bell state measurement (consisting
of a H and a CNOT gate, followed by a joint measurement) on the communication
qubits at the intermediate node — i.e., qubits Qf, and Q4 in Fig. 1.11b — a Bell state is
obtained at the remote communication qubits — i.e., qubits Qj and Q3 in Fig. 1.11a—
by applying some local processing at the remote nodes depending on the (classical)
output of the Bell state measurement.

From the above, it becomes clear that entanglement swapping significantly in-
creases the connectivity within the virtual quantum processor. For instance, qubit Q4
in Fig. 1.11a can interact with just two qubits within the same processor via local
CNOTs and two qubits within the neighbor processor via remote CNOTs. However,
it can interact with two more qubits — i.e., O and Q) — via entanglement swapping.
And the higher the number of available quantum processors, the higher the number
of possible interactions. Indeed, the number of additional interactions via entangle-
ment swapping scales linearly with the number of available processors when only
two communication qubits are available at each intermediate processor. If this con-
straint is relaxed, the number of additional interactions via entanglement swapping
scales more than linearly.

However, it must be acknowledged that the augmented connectivity provided by

entanglement swapping does not come for free. Indeed, entanglement swapping con-



1.1. Background 23

QUANTUM LINK

QUANTUM LINK

QUANTUM PROCESSOR #1 T QUANTUM PROCESSOR #2 e
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(a) By swapping the entanglement at the intermediate nodes — namely, quantum processor #2 — it is possible to
distribute a Bell state between remote processors — namely, processors #1 and #3 — even if they are not adjacent,
i.e., they are not directly connected through a quantum link. Hence, entanglement swapping enhances the network
connectivity through virtual quantum links.

QUANTUM PROCESSOR #1

LOCAL CNOT

TIME-CONSTRAINED REMOTE CNO'

TIME-CONSTRAINED REMOTE CNO

VIA ENTANGLEMENT SWAPPING

QUANTUM PROCESSOR #3
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(b) Entanglement swapping. A Bell state

can be distributed between remote pro- (¢) Dynamic coupling map for the network topology shown in Fig-

cessors by swapping the entanglement at UI¢ 1.11a. The solid blue lines denote direct connections between adjacent

an intermediate node through local pro- processors, whereas the dotted blue lines denote connections between dis-

cessing and classical communication. tant processors achievable via entanglement swapping.

Figure 1.11: Augmented connectivity. Entanglement swapping increases the connectivity between
physical qubits, with a number of possible connections that scales at least linearly with the number
of processors.

sumes the Bell states stored within the communication qubits at the intermediate pro-
cessors. And the higher the number of intermediate processors, the higher the number

of consumed Bell states.
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1.2 Quantum Compiling

The problem of quantum compilation, i.e., device-aware implementation of quantum
algorithms, is a challenging one. A good quantum compiler must translate an input
quantum algorithm into the most efficient equivalent of itself [9], getting the most out
of the available hardware. With this definition in mind, one could see the compiler
as an intermediary between the user and the hardware. As a matter of fact, while
designing a quantum algorithm using the quantum circuit formalism, the designer
is generally focused on the logic of the circuit expressing the computation required
by the algorithm, regardless from the particulars of the quantum hardware that will
execute the circuit. This abstract circuit is then mapped to a circuit to be executed on
a specific quantum hardware by means of a suitable compiler.

Given a quantum algorithm, there exist several equivalent quantum circuits mod-
eling the same computation with a different arrangement or different ordering of
gates. Circuits with fewer gates — i.e., with lower size — may be preferred to reduce
the circuit complexity. However, the execution time of the circuit — rather than its size
— is generally considered the key factor to be optimized [67, 68]. The rationale is to
keep the execution time of the quantum circuit within the coherence time of the un-
derlying quantum hardware architecture [28, 36]. By oversimplifying, the execution
time increases with the number of layers. Therefore, it is crucial to build — for a given
quantum algorithm — a quantum circuit characterized by the lowest possible depth.
However, two issues arise as a consequence of the quantum processor characteristics.

First, even if there exists an uncountable number of quantum logic gates, the set
of gates that can be executed on a certain quantum processor can be limited, as a con-
sequence of the constraints imposed by the underlying qubit technology [55]. In this
case, any gate outside this reduced set must be obtained with a proper combination
of the allowed gates through a process known as gate synthesis.

A universal quantum gate set [69] is any set of gates that any operation possible
on a quantum computer can be reduced to. For example, IBM quantum processors
are realized exploiting the superconducting technology, and any logical gate that can
be run on current IBM quantum processors is built from a gate set composed by the
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Figure 1.12: Coupling map of the ibm_perth quantum processor [71]. The seven physical qubits are

represented by circles. The arrows denote the possibility to realize a two-qubit CNOT gate between the
connected qubits, with the arrow pointing toward the target qubit. As an example, a CNOT between
qubits Q; (control) and Qg (target) can be directly executed by the quantum processor, whereas a CNOT
between qubits Q5 and Qg cannot.

controlled-not (CNOT) gate and two single-qubit gates [70]. Furthermore, regardless
of the underlying qubit technology, any quantum processor exhibits physical con-
straints on the possible interactions between the different physical qubits. For exam-
ple, CNOT gates cannot be applied to any physical qubit pair, but they are instead
restricted to certain pairs, as shown in Figure 1.12 with the coupling map of an IBM
quantum processor. The rationale for these limitations is as follows. Multi-qubit gates
require the qubits to interact with each other, for instance through directly coupling
with microwave resonators as in superconducting qubits [72, 73, 74]. However, the
higher is the number of interconnections, the harder is to preserve the quantum infor-
mation encoded within a physical qubit from noise effects. Hence, limitations on the
number of interconnections that can be realized within a quantum processor — e.g.,
limitations on the pair of physical qubits that can undergo a CNOT gate — arise as a
consequence of the noise (and the physical-space) constraints.

Compilation strategies are usually composed by sequential passes that perform
placement, routing and optimization tasks. Placement is performed once, at the very
beginning of the compiling process. It is the task of defining a mapping between
the virtual qubits of the input quantum circuit and the physical qubits of the device.
Routing is the task of modifying the circuit in order to move through subsequent

mappings, by means of a clever swapping strategy, in order to conform to the qubit



1.2. Quantum Compiling 26

layout of the device. Optimization is the task of minimizing some property of the
circuit in order to reduce the impact of noise. Several routing and optimization passes
may be executed within a compilation strategy.

Noise-adaptive compilers do take the noise statistics of the device into account [75,
76, 77, 78], for some or all passes. The noise statistics can be obtained from calibra-
tion data, and updated after each device calibration. For example, Qiskit [79] allows
for programmatic retrieval of IBM Q devices’ calibration data.

As an example of compliance with the hardware architecture, consider the prob-
lem of compiling the circuit in Fig. 1.13 onto a specific device. One could choose a
trivial initial mapping of virtual qubits to the physical ones, such as the one depicted
in red to the left circuit in Fig. 1.13. However, with such a mapping, the CNOT be-
tween g and g3 could not be directly executed on the device. A more suitable map-
ping is instead the one shown in blue to the right circuit in Fig. 1.13, as it enables the

execution of all CNOTs onto the device at the cost of inserting only one SWAP gate.

q0

q1 D

q2 D =

q3 To—D

q4 S7 4444

Figure 1.13: Example of quantum compiling. The circuit on the left is translated into the circuit on the
right, in order to cope with the coupling map in the center. Within the rightest figure, the g; with purple
font denotes the physical qubits assigned to the logical qubits g; with black font. The SWAP gate—
represented by two x symbols interconnected by a vertical line — introduced between logical qubits g
and ¢, swaps their quantum states, so that the last CNOT gate can be applied between two neighbor
physical qubits.

In the literature, compiled circuits are frequently evaluated in terms of depth and
gate count overhead with respect to the input circuits [80]. Calculating these figures of
merit does not require to execute the compiled circuit. Another common method is to
run the compiled circuit many times with a figure of merit being the success rate, i.e.,

the fraction of runs that resulted in a correct (classical) answer. The Hellinger fidelity
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is a measure of the distance between two random distributions. It is frequently used
to compare the sampled distribution of the results of a quantum computation to the
theoretical distribution (provided that the latter one is known).

Recently, Mills et al. [81] have presented a framework for application-motivated
benchmarking of full quantum computing stacks. The benchmarks defined there have
a circuit class, describing the type of circuit to be run on the system, and a figure of
merit, quantifying how well the system did when running circuits from that class.
The idea is that a circuit class should represent a particular application domain. The
application-motivated circuit classes proposed by Mills et al. draw inspiration from
quantum algorithmic primitives [82] and from the literature on near-term quantum
computing applications (e.g., machine learning and chemistry).

Intuitively, a circuit transformation may introduce some overhead, in terms of
number of operations and noise. In DQC architectures, there is also a non-negligible
communication cost, as discussed in Section 1.1.3. Therefore, the compiler faces an
optimization problem, i.e., finding a feasible transformation while minimizing the
overhead. In general, the quantum compilation problem is NP-Hard [10, 11].

For DQC to be effective and efficient, the quantum compiler must find the best
partitioning for the abstract circuit, i.e., the partitioning that minimizes the overall
communication cost required to execute the distributed circuit (such as the one illus-
trated in Figure 1.14), then perform smart remote operation scheduling to optimize
ebits use. At the same time, the quantum compiler should also find the best local
transformation for each partition.

From the above, it should be clear that the design of an efficient compiler is
not trivial. Most quantum compilers for DQC are characterized by two fundamental
steps, namely qubit assignment or circuit partitioning — to distribute the qubits of
the abstract circuit between the different QPUs — and non-local gate handling — to

minimize the communication cost via circuit transformations and gate scheduling.

1.2.1 Compilation for Local Quantum Computing

Recently, some noteworthy quantum compiling techniques for local quantum com-

puting have been proposed. Here we survey those that have been implemented into
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Figure 1.14: Example of circuit partitioning. The circuit is partitioned in two. The first partition, con-
taining qubits gg and ¢, is assigned to QPU; and the second partition, containing qubits g, and g3, is
assigned to QPU,. As a consequence of the partitioning, some two-qubits gates — highlighted in red —

must now be executed across different QPUs.

actual compilers, and benchmarked.

The approach proposed by Zulehner ef al. [83] is to partition the circuit into
layers, each layer including gates that can be executed in parallel. For each layer, a
compliant CNOT mapping must be found, starting from an initial mapping obtained
from the previous layer. Denoting the number of physical qubits as m and the number
of logical qubits as n, in the worst case there are m!(m — n)! possible mappings. Such
a huge search space cannot be explored exhaustively. The A* search algorithm is
adopted, to find the less expensive swap sequence. Moreover, a lookahead strategy is
adopted to minimize additional operations to switch between subsequent mappings.
The proposed solution is efficient in terms of running time and output depth, but
may not be scalable because of the exponential space complexity of the A* search
algorithm [84].

SABRE by Li et al. [85] is a SWAP-based bidirectional heuristic search method.
It requires a preprocessing phase consisting of the following steps. First of all, the
distance matrix over the coupling map is computed. Then, the directed acyclic graph
that represents the two-qubit gate dependencies of the circuit is generated. A data
structure denoted as F' (front layer) is initialized as the set of two-qubit gates without

unexecuted predecessors. The preprocessing phase ends up with the generation of a
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random initial mapping. Then, the compiling phase consists in iterating the following
steps over F, until F' is empty. First, all executable gates are removed from F and their
successors are added to F. Second, for those gates in F' that cannot be executed, the
best SWAP sequence is selected using an heuristic cost function based on distance
matrix. Experiment results show that SABRE can generate hardware-compliant cir-
cuits with less or comparable overhead, with respect to the approach proposed by
Zulehner et al. [83].

In Qiskit (version 0.20) [79], the compiling process is implemented by a cus-
tomizable Pass Manager that schedules a number of different passes: layout selec-
tion, unrolling (i.e., gate synthesis), swap, gate optimization, and more. Four swap
strategies are currently available: Basic, Stochastic, Lookahead and SABRE. The
Stochastic strategy uses a randomized algorithm to map the input circuit to the se-
lected coupling map. This means that a single run does not guarantee to produce the
best result. Qiskit’s NoiseAdaptiveLayout placement pass associates a physical qubit
to each virtual qubit of the circuit using calibration data, based on the method pro-
posed by Murali et al. [75]. The pass maps virtual qubit pairs in order of decreasing
frequency of the CNOT occurrences between them. If a pair exists with both qubits
unmapped, the pass picks the best available physical qubit pair, based on CNOT re-
liability, to map it. If a pair has only one qubit unmapped, the pass maps that qubit
to a location that ensures maximum reliability for CNOTs with previously mapped
qubits. In the end if there are unmapped qubits, the pass maps them to any available
physical qubit.

Nishio et al. [77] proposed a placement pass and a routing pass. The placement
pass, which is denoted as Greatest Connecting Edge Mapping, leverages a strategy
that is very similar to the one proposed by Murali et al. [75]. The routing pass is a
beam search algorithm with an heuristic cost function based on the estimated success
probability of candidate SWAP gates.

Recently, Niu et al. [76] have implemented a hardware-aware routing pass, in-
spired by the work of Li et al. [85], that iteratively selects the best scoring SWAP
with respect to calibration data as well as qubits distance. The influence of each of

these factors on the cost function can be set by means of tunable weights.
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One of the most advanced quantum compiler is tlket) [78], which is written in
C++. The compiling process proceeds in two phases: an architecture-independent op-
timization phase, which aims to reduce the size and complexity of the circuit; and an
architecture-dependent phase, which prepares the circuit for execution on the target
machine. The architecture-independent optimization phase consists of peephole opti-
mizations (targeting small circuit patterns) and macroscopic optimizations (aiming to
identify high-level macroscopic structures in the circuit). The architecture-dependent
one searches for candidate partial placements of virtual qubits to the physical ones.
This is done by casting the problem as finding a subgraph monomorphism between
the connectivity graph and a graph representing virtual qubit CNOT interactions in
the circuit. Where different possible candidates placement are found, the pass chooses
the one with the maximum expected overall fidelity. The end product of this process
is a circuit that can be scheduled for execution by the runtime environment, or simply

saved for later.

1.2.2 Compilation for Distributed Quantum Computing

As previously mentioned, quantum compilation for DQC is characterized by two fun-
damental steps, qubit assignment (or circuit partitioning) and non-local gate schedul-
ing. In DQC, qubit assignment is generally tackled as a partitioning problem. Specif-
ically, for a given set of virtual qubits, one needs to choose a partition that maps
sub-sets of logical qubits to processors, while minimizing the number of required in-
teractions among different sub-sets, as depicted in Figure 1.14. The main goal is to
minimize the number of consumed ebits — i.e., EPR pairs shared between QPUs —,
as it is the main bottleneck to distributed quantum computation. To this aim, qubit
assignment discussed above represents a starting point for further optimization steps,
which now concern circuit manipulation.

Andrés-Martinez and Heunen [86] use cat-entanglement to implement non-local
quantum gates. Cat-entanglement is a process introduced by Yimsiriwattana et al. [87],
which is substantially equivalent to the telegate introduced in Section 1.1.3. The cho-
sen gate set contains every one-qubit gate and a single two-qubit gate, namely the CZ

gate (i.e., the controlled version of the Z gate). The authors consider no restriction on
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the ebit connectivity between QPUs. Then, they reduce the problem of distributing
a circuit across multiple QPUs to hypergraph partitioning. The proposed approach is
evaluated against five quantum circuits, including QFT. The proposed solution has
some drawbacks, in particular that there is no way to customize the number of com-
munication qubits of each QPU.

Sundaram et al. [88] present a two-step solution, where the first step is qubit as-
signment. Circuits are represented as edge-weighted graphs with qubits as vertices.
The edge weights correspond to an estimation for the number of cat-entanglements.
The problem is then solved as a minimum k-cut, where partitions have roughly the
same size. The second step is finding the smallest set of cat-entanglement opera-
tions that will enable the execution of all telegates. The authors state that, in a spe-
cial setting, this problem can be reduced to a vertex-cover problem, allowing for a
polynomial-time optimal solution based on integer linear programming. They also
provide a O(logn)-approximate solution, where 7 is the total number of global gates,
for a generalized setting by means of greedy search algorithm. In [89], the same
authors extend their approach to the case of an arbitrary-topology network of hetero-
geneous quantum computers by means of a Tabu search algorithm.

In [90], by Daei et al., the circuit becomes an undirected graph with qubits as ver-
tices, while edge weights correspond to the number of two-qubit gates between them.
Then, the graph is partitioned using the Kernighan-Lin (K-L) algorithm for VLSI de-
sign [91], so that the number of edges between partitions is minimized. Finally, each
graph partition is converted to a quantum circuit.

In [92], the authors represent circuits as bipartite graphs with two sets of vertices
— one set for the qubits and one for the gates — and edges to encode dependencies
of qubits and gates. Then, for the qubit assignment problem, they propose a parti-
tioning algorithm via dynamic programming to minimize the number of TeleData
operations.

Dadkhah et al. [93] propose a heuristic approach to replace the equivalent circuits
in the initial quantum circuit. Then, they use a genetic algorithm to partition the
placement of qubits so that the number of teleportations could be optimized for the

communications of a DQC.
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Nikahd et al. [94] exploit a minimum k-cut partitioning algorithm formulated as
an ILP optimization problem, to minimize the number of remote interactions. They
use a moving window and apply the partitioning algorithm to small sections of the
circuit, thus the partition may change with the moving window by means of teledata
operations.

Cuomo et al. in [95] model the compilation problem with an Integer Linear Pro-
gramming formulation. The formulation is inspired to the vast theory on dynamic
network problems. Authors managed to define the problem as a special case of quick-
est multi-commodity flow. Such a result allows to perform optimization by means of
techniques coming from the literature, such as a time-expanded representation of the

distributed architecture.
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Figure 2.1: Workflow of the proposed general-purpose quantum compilation framework for DQC ar-

chitectures.

As mentioned in Section 1.1.2, there is a lack of a general-purpose framework
for compiling quantum circuits to DQC architectures. Such a framework should be
circuit agnostic, i.e., able to compile any circuit to any suitable DQC architecture.
Moreover, this framework should bridge the gap between local compilation and com-

pilation for DQC. Current proposals from the literature tackle the problems of cir-
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cuit partitioning and remote gate scheduling but do not take into account the local
connectivity of each QPU. Our proposal for a general-purpose quantum compilation
framework is shown in Fig. 2.1.

The Chapter is organized as follows. We first detail the input required by the
proposed framework and the produced output. Then we illustrate some techniques
for local mapping and circuit partitioning, both from previous work and the litera-
ture, that could be exploited by the proposed framework. We continue by providing
an overview of different techniques for local routing and remote gates scheduling.
Finally, we introduce a strategy for bridging the gap between local compilation and

compilation for DQC.

2.1 Input & Output

OT%% Oad) @@
@%‘%&I&QH (&) @ @@
Figure 2.2: QPU configuration with 20 data qubits and 8 communication qubits, inspired by IBM’s
heavy hexagon devices [71].

The proposed quantum compilation framework takes as input a quantum circuit
and a network configuration. The network configuration describes how QPUs are
connected in the targeted DQC architecture, including quantum channels capacity,
i.e., the number of communication qubits for each channel. The network configura-

tion should includes descriptions of the internal configurations of the QPUs, i.e. the
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Figure 2.3: DQC architecture comprising 3 QPUs as shown in Fig. 2.2. Each QPU is connected to the
others and each QPU supports up to 4 communication qubits per connection.

coupling map and the set of available data qubits and communication qubits.

The output of the framework is of course a compiled circuit. This circuit can
either be a unique object containing all properly scheduled local and remote gates or
a collection of sub-circuits, one for each QPU. In the first case, each QPU should be

able to filter gates that pertains to them.

2.2 Mapping

A typical compilation strategy is composed of sequential passes that perform place-
ment, routing and optimization tasks. Mapping is the task of mapping the virtual
qubits of an input circuit, to the physical qubits of the device that will carry out the
computation. Mapping should facilitate the subsequent routing pass. From the DQC
perspective, this problem translates into partitioning a circuit and assign each parti-
tion to a different QPU, with the aim of minimizing the number of interactions, i.e.
gates, across different partitions, i.e., QPUs.
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2.2.1 Local Mapping

In a previous work [96], we tackled the problem of mapping to IBM Q devices [97]
the RyRz circuits used to compute, with the variational quantum eigensolver (VQE)
method, the ground state properties of molecular systems. These circuits were intro-
duced for the first time in [98] as a heuristic hardware-efficient wavefunction Ansitz
for the calculation of the electronic structure properties of small molecular systems
such as hydrogen Hj, lithium hydride, LiH, and berillium hydride, BH», on a quan-
tum computer. Contrary to other quantum circuits inspired by classical wavefunction
expansion techniques (e.g., the coupled cluster expansion [99, 100]), in this case the
nature of the circuit is solely motivated by the requirement of producing an entangled
wavefunction for the many-electron systems that optimally fits the connectivity of the
hardware at disposal. In most cases, the RyRz circuits offer a well balanced compro-
mise between these two requirements. These circuits, when implemented with full
entanglement (Fig. 2.4), are characterized by repeated sequences of a pattern that we

denote as inverted CNOT cascade.

Inverted CNOT Cascade CNOT Cascade

R0 [ ) Ry (00) Rl | [ S ST ;)
K@ HrEH —{Ro0 ‘”>@ - 041y
R(67) | o [ 0 —{aH - V2
R(00) ] S u»%e—e

Figure 2.4: RyRz circuit example. Figure 2.5: GHZ circuit.

The pattern characterizing RyRz circuits is very similar to the one highlighted in
Fig. 2.5, which plays a prominent role in several quantum algorithms such as the one
used to produce GHZ states [101, 102]. Indeed an inverted CNOT cascade can be
turned into the other one by inverting all of its CNOT gates by means of H gates on
both control and target qubits before and after the CNOT. Of course adding H gates
to invert a CNOT would alter the circuit identity, therefore, instead of adding an H
gate, two H gates are added so that they can negate each other’s effects and leave the

circuit identity untouched. The result of this operation is shown in Fig. 2.6a.
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Figure 2.6: (a) Circuit with multiple inverse CNOT cascades after CNOT inversion. (b) Circuit with
multiple inverse CNOT cascades after nearest-neighbor decomposition. (¢) Circuit with multiple inverse

CNOT cascades after gates cancellation.

The coupling maps in Fig. 2.7 prevent from placing all CNOT gates like in the
ideal GHZ circuit, i.e., making a CNOT cascade where n — 1 qubits control the nth
qubit. It is indeed possible to turn the ideal GHZ circuit into an equivalent one char-
acterized by a unique sequence of CNOT gates. It would only be a slight change to
the technique discussed in a previous work [103].

Figure 2.7: (a) 20 qubits ibmg_tokyo and (b) ibmq_almaden [97].

However, this technique works only if the aim is to produce a GHZ state starting
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from a |0)®". A possible solution is to exploit the nearest neighbor decomposition for
a uniformly controlled gate studied by Tucci [104]. The only requirement for Tucci’s

decomposition is that qubits are to be arranged in a linear chain, as shown in Fig. 2.8.
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Figure 2.8: (a) CNOT cascade. (b) Decomposition of a CNOT cascade

The result of such decomposition on RyRz circuits is depicted in Fig. 2.8b. Fi-
nally, the circuit can be optimized, as a CNOT gate is the inverse gate of itself, as
well as the H gate, producing the circuit shown in Fig. 2.6c.

Clearly the sequence of gates shown in Fig. 2.6c, where every qubit g; controls
gi+1, cannot be directly executed on the coupling map in Fig. 2.7b, as ¢; is not always
connected with g; .

A possible solution is to find a path in the coupling map such that every qubit g;,
with 1 < i < n—1, with n being the number of qubits in the device, has a connection
with its nearest neighbors ¢;_1 and ¢; 1. This is related to the problem of finding an
Hamiltonian path, i.e., a path that visits each vertex of a graph exactly once. The
Hamiltonian path problem is a special case of the Hamiltonian cycle problem and
is known to be NP-Complete, as it is an instance of the famous traveling salesman
problem [105].

Fortunately, one can take advantage of the features of the coupling map such as
its regular structure and the fact that every qubit is identified by a number ranging
from O to n. As each undirected link can be seen as a couple of ingoing and outgoing
links, the path obtained resembles a chain and will be denoted as such, from now on.

Algorithm 1 computes a chain in an undirected graph ¢ starting from node O,
where % is the chain initialized as empty, . is the set of nodes to be explored and

A is the set of neighbors of node x. The algorithm loops over the nodes until the set
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of explored nodes & is equal to the set of nodes in ¢. For every node added to &, the
chain() algorithm checks if the node’s neighbors lead to a dead end, i.e., are isolated.
If one neighbor is found to be isolated, it is added to the set of isolated nodes .# and
alsoto &.

(15—~ D——®)

Figure 2.9: Qubit chain in ibmq_almaden highlighted in red.

After executing Algorithm 1 on the coupling map in Fig. 2.7b, the path obtained
can be used to formulate an initial layout for the circuit in Fig. 2.6c, such that logical
qubit g; corresponds to chain element %’[i]. Fig. 2.9 shows the path obtained in the
coupling map highlighted in red. Such an initial layout eliminates the need to use
SWAP gates and produces a circuit with ideally no increase in depth.

Nodes 4 and 15 are left outside the chain as it is already sufficiently long, to map
the circuit in Fig. 2.6c, and adding these two extra qubits would require the use of
SWAP gates during compilation. For a larger circuit, then those nodes will be inserted
in the chain in a suitable position (nodes 4 between 3 and 8, node 15 between 16 and
17). Cycling through all n nodes in the map, the time complexity of Algorithm 1 is
O(n).

The aforementioned mapping strategy, i.e. finding a chain of qubits in the cou-
pling map, can be exploited by a noise aware compiler with a slight modification,
as described in Ferrari et al. [106]. Specifically, if the found sequence contains more
qubits than needed by the circuit, the pass selects a best subset based on two-qubit

gates reliability using a sliding window technique. On the other hand, if there are
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Algorithm 1 CHAIN(Y, n)

Input: undirected graph ¢; number of qubits n used by the circuit
Output: a chain C connecting at least n nodes in ¢4

1: 5«0

2: .« all nodes of &

3: put 0 into ¢

4: v« .7/0

5: 6«0

6: 70

T: x=¢[%|-1]

8: last_back_step < —1

9: while |€| < || do

10: v« .%/E

11:  if|.#|#0then

12: ifx+ 1€ .4 then

13: xx+1

14: else

15: X < min(Az)

16: end if

17: putxinto &

18: putx into ¢

19: ST x

20: if |&€] < |#|— 1 then

21: N0

22: for all g € .#; do

23: if g ¢ & then

24 remove=true

25: if [Ny| = 1and |€ < |G| — 1] then
26: put ¢ into &
27: S S q
28: put ¢ into &7
29: continue

30: end if

31: for all r € .4, do
32: if r & & and r = x then
33: remove=false
34: end if

35: if remove=true then
36: put g into &
37: IS )q
38: put ¢ into .#
39: end if

40: end for

41: end if

42: end for

43: end if

44. else

45: if last_back_step # ¢[|¢'| — 2] and || — |&| > |current — .#'(0]| then
46: break

47: end if

48: put x into .

49: ¢ C)x

50: x— E[%|—1]

51: last_back_step < x

52:  endif

53: end while

54: if|%| > n then return ¢

55: endif

56: CHECKFORISOLATED(Y, €, &, .7)
57: EXPANDCHAIN(Y, €, ., n) return €
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Algorithm 2 CHECKFORISOLATED(Y, ¢, &, .%)

Input: an undirected graph ¢; ¢ a chain of nodes in ¢; & nodes already explored; .# nodes left outside ¢ during exploration

1: form=0to|¥|—1do

2: ifm¢ & andm ¢ 7 then
3: forallic .# do

4. if m € 4} then
5: put m into &
6: put m into &
7 break

8: end if

9: end for

10: for all n € 4, do
11: if n € € then
12: put m into ¥
13: put m into &
14: break
15: end if
16: end for
17: end if
18: end for

Algorithm 3 EXPANDCHAIN(Y, €, .7, n)

Input: an undirected graph ¢; ¢ a chain of nodes in ¢; .# nodes left outside 4" during exploration; n the number of qubits used by the circuit

I: r+(n—

2
2: while r > 0 do

3 for allm € .7 do

4 X < min(NyNE)

5 if x # 0 then

6: put m into € after x
7

8

9

I — I /m
r—r—1
: break
10: end if
11: end for
12: end while




2.3. Routing 42

not enough qubits in the sequence, the pass proceeds to insert qubits from the left-
over ones, depicted in dark gray in Fig. 2.10, until the necessary number of qubits is
reached. These qubits are first scored based on calibration data, and then inserted into
the chain after one of their neighboring qubits, starting form the one with the highest

score.

O 0090

Figure 2.10: Initial mapping on the 65 qubits of the ibmq_manhattan device, highlighted in blue.

2.3 Routing

A typical compilation strategy is composed of sequential passes that perform place-
ment, routing and optimization tasks. Routing is the task of modifying the circuit in
order to move through subsequent mappings, by means of a clever swapping strategy,
in order to conform to the qubit layout of the device. From the DQC perspective, this
often translates into finding the best scheduling possible for remote operations, either
TeleData or TeleGate, to minimize the EPR pairs consumed.
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2.3.1 Local Routing

As previously hinted, current computers are subject to noise, limiting the size of
quantum circuits that can be executed reliably. The most advanced quantum compil-
ers are noise-adaptive, i.e., they take noise statistics of the device into account [75,
76, 77, 78], for some or all passes. Noise statistics can be obtained from calibration
data, and updated after each device calibration. For example, Qiskit [79] allows for
programmatic retrieval of IBM Q devices’ calibration data.

In a previous work [106], we designed a heuristic-based routing strategy that ac-
counts for calibration data such as gate reliability and readout errors. The proposed
routing pass, denoted as NoiseAdaptiveSwap, assumes a heavy-hexagon lattice for
the coupling map of the device, such as the one used by IBM superconducting de-
vices [107]. In heavy-hexagon lattices, the qubits are located on the nodes and edges
of each hexagon. Each qubit has either two or three neighbors, meaning the graph
has vertices of degree 2 or 3. As a consequence, only three different frequency as-
signments are necessary for the superconducting qubits, as opposed to a square lat-
tice, which naturally requires at least five different frequencies for addressability. The
heavy-hexagon lattice also greatly reduces crosstalk errors since, in principle, only
qubits on the edges of the lattice need to be driven by cross-resonance (CR) drive
tones [108].

Given an initial mapping of virtual qubits to physical ones, the routing pass, de-
noted as NoiseAdaptiveSwap, proceeds to compute a front layer of non hardware-
compliant CNOT gates.

Definition 1. Let C; be a quantum circuit on k qubits and U;(2;) a quantum gate
acting on a set of qubits 2; with 0 < |2;| < k. A layer .Z is a set of consecutive gates
that can be applied concurrently such that:

1. Q,ﬂe@j:(/)forall Ui,Uje,Z, Wlthl?é]
2. Yyez|2i|l <k

Definition 2. The front layer is a layer .% such that |2;| =2 for all U; € .Z.
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For convenience, we reformulate circuits by means of the Directed Acyclic Graph
(DAG) circuit formalism, as it enables to effectively represent gates dependencies in

quantum circuits.

Definition 3. A DAG circuit is a directed acyclic graph where vertices represent gates
and directed edges represent qubit dependencies. A directed edge e,(i, j) between
vertices i and j represents a dependency between gate i and gate j with respect to

qubit g, i.e., gate i must be executed before j and both gates act on qubit q.

Definition 4. Given a directed graph G = (¥,&’), a Topological order of G
is a linear ordering over vertices in ¥ such that, for all directed edges (v,w) € &, v

precedes w in the ordering.

Definition 5. Let vov;...v, be a topological ordering on graph G = (¥/,&). Then v;
is a direct topological successor of v; iff j > i and Je € & such that e = (v;,v;).

To compute the front layer of non hardware-compliant CNOT gates, the pass iter-
ates over all gates in the circuit, in topological order. Gates that do not need routing,
such as one-qubit gates or hardware-compliant CNOT gates are added to the set of
executed gates 2. CNOT gates that need to be properly mapped and do not interact
with qubits already interested by a CNOT gate in the front layer, are added to the
latter. Every gate that is a successor of a CNOT gate in the front layer, is added to the
set of not executed gates Z .

From the front layer, the pass computes a list of possible SWAP operations in-
volving at least one qubit interested by a CNOT in the front layer. These SWAP
operations are scored with a heuristic cost function 4(s), where s denotes the consid-
ered SWAP gate. The cost function is computed over all gates in the front layer F
plus a set of upcoming gates 7 C 2, as shown in Eq. 2.1, where 7,(g.) and 7,(g,)
are the physical qubits corresponding to the control and target of gate g with mapping

Try.
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Here, R and D are respectively the swap paths reliability matrix and the distance
matrix for every qubits pair in the coupling map. Matrix R stores in entry (i, j) the
reliability of the most reliable swap path between qubits i and j, where the reliability
of a single SWAP along an edge of the coupling map is computed with regard to
CNOT gate and readout error rates. Matrix D is the distance matrix and stores at
entry (i,j) the shortest distance between qubits i and j. The swap path reliability
and the distance between qubits are important components that one would like to
maximize and minimize, respectively. The coefficient ¢ gives the opportunity to set

equal or opposite weights for them, in the context of the heuristic cost function A(s).

Definition 6. The reliability of SWAP s between qubits i and j is r(s) = u(i, ),
where (i, j) is the success rate of a CNOT (i, j) between qubits i and j, obtained
from calibration data.

In the previous definition, it is assumed that the SWAP gate is composed of 3
CNOT gates.

Definition 7. Let S = sps;...5; be a sequence of SWAP gates (SWAP path) and denote
the reliability of SWAP gate s as r(s). Then the reliability of S is given by [T<_, 7(s;).

Definition 8. Given a quantum device with n qubits, the SWAP paths reliability matrix
R € R™", is the real matrix that stores in entry (i, ;) the maximum reliability or,
equivalently, success rate at which qubit i can be moved to a neighbor of qubit j
through a sequence of SWAP gates.

Definition 9. Given a quantum device with n qubits, the distance matrix D € N**",
is the matrix that stores in entry (i, j) the minimum distance between qubit i and a

neighbor of qubit j.
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Both of these matrices can be efficiently precomputed using the Floyd-Warshall
algorithm [109]. Matrix R is computed with edge weights corresponding to SWAP
reliability, while matrix D has edge weights equal to 1. The SWAP reliability can be
easily derived from CNOT calibration data, as each SWAP is usually achieved with
three consecutive CNOTSs. As matrix D contains entries with incompatible scales with
respect to R, both matrices in Eq. 2.1 are normalized.

The first part of Eq. 2.1 sums over the swap reliability of all gates involved in
F U2 and divides by |.% U % | to obtain a mean value. The second part follows a
similar approach with the distance matrix, except that the sum must be over 1 — D, as

the goal is to maximize the reliability while minimizing the normalized distance.
2.3.2 Remote Gate Scheduling

Worst-Case Scenario

In [65], we analytically derived an upper bound of the overhead induced by quantum

circuit compilation for distributed quantum computing:

* by considering the overhead induced by the worst-case scenario for a dis-
tributed quantum computing architecture, namely a scenario characterized by
1) the lowest possible number of qubits at each QPU, and ii) the poorest con-

nectivity among the QPUs,

¢ and by considering the additional overhead induced by a sub-optimal quantum

compiler.

With reference to the last point, we designed a quantum compiler with three key
features:

* general-purpose, namely, requiring no particular assumptions on the quantum

circuits to be compiled;

* efficient, namely, exhibiting a polynomial-time computational complexity so

that it can successfully compile medium-to-large circuits of practical value;
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QUANTUM PROCESSOR #1 QUANTUM PROCESSOR #2 QUANTUM PROCESSOR #3 QUANTUM PROCESSOR #N

Figure 2.11: Worst-case scenario in terms of overhead induced by the distributed computation: the
quantum processors are interconnected through a one-dimensional nearest-neighbor topology, and only
one data qubit is available at each quantum processor. Intra-processor coupling between communication

qubits omitted for the sake of simplicity.

* effective, being the total circuit depth overhead induced by the quantum circuit
compilation always upper-bounded by a factor that grows linearly with the

number of logical qubits of the original quantum circuit.

We considered the worst-case scenario shown in Figure 2.11. More in detail, we
assume that only one data qubit is available at each quantum processor!. The rationale
for this choice is as follows. Whenever multiple data qubits are available at a single
quantum processor, a local CNOT can be executed between these data qubits without
incurring in any overhead induced by the distributed computation. Conversely, with
just one data qubit available at each processor, each and every CNOT within the quan-
tum circuit must be mapped into a remote CNOT, and hence the overhead induced by
the distributed computation is the highest possible.

Furthermore, we assumed that the quantum processors are interconnected through
a one-dimensional nearest-neighbor topology, as shown in Figure 2.11. Again, the
rationale for this choice is to consider the worst-case scenario in terms of overhead
induced by the distributed computation. In fact, the considered topology is charac-
terized by the lowest possible number of communications qubits — i.e., 2n — 2 with
n denoting the number of quantum processors — since the removal of any commu-
nication qubit would disconnect the network into two disjoint subsets of quantum
processors. And the quantum processors are arranged in a line — rather than in a star
— to maximize both the number of non-adjacent quantum processors and the maxi-

mum distance — in terms of hops — between two non-adjacent quantum processors.

IClearly, the total number of data qubits within the distributed architecture must be greater than the
number of logical qubits within the quantum circuit to be compiled.
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From the above, it becomes clear that the considered architecture represents the
worst-case scenario in terms of overhead induced by the distributed computation.
Hence, the actual overhead induced by any real-world architecture will be always
upper-bounded by the communication overhead induced by the considered architec-
ture.

Clearly, we need to choose a metric for measuring the overhead induced by the
distributed computation. There exists a general consensus on circuit depth as a key
performance metric of circuit compilation. Hence, in the following, we measure the
overhead in terms of number of additional layers required to distribute the computa-
tion of a single layer in the original quantum circuit. Furthermore, we also evaluate
the overhead in terms of how many calls to the link entanglement generation process
are required from the compiling algorithm.

Let us consider a single layer of the original n-qubit quantum circuit. Clearly, the
number of CNOTSs in each layer is lower or equal to 7, given that at most 7 gates
can be executed simultaneously (and thus belong to the same layer) by operating on
different pairs of qubits. In the worst-case scenario, each CNOT within the quantum
circuit — given that it operates on physical qubits stored at different processors — is
a remote CNOT. As a consequence, the compiler must schedule at most 5 remote
CNOTSs in each layer.

The first strategy for implementing remote CNOTs is based on the entanglement
swapping technique discussed in Section 1.1.3 and shown in Figure 1.11.

Accordingly, each remote CNOT is implemented by firstly generating link entan-
glement [110] among neighbor nodes. To this aim, different techniques for entan-
glement generation can be employed, depending on the particulars of the underlying
qubit technology [36]. Nevertheless, link entanglements can be simultaneously gen-
erated, given that each processor is equipped with two communication qubits. Once
generated, the entanglement is simultaneously swapped at intermediate nodes so that
a Bell state is distributed between the two remote processors and, finally, the remote
CNOT is obtained as shown in Figure 1.10c. In general, the capability to generate
(and to re-generate, once depleted) and distribute entangled Bell states through dif-

ferent links in parallel depends on the quantum resources available, i.e., both the
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number of communication qubits at each processor and the inter-connection (shared
bus vs. point-to-point) among the communication qubits. Differently, the possibility
to simultaneously swap the entanglement at the intermediate nodes depends only on

classical resources, i.e., the possibility to simultaneously transfer classical informa-

tion.
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Figure 2.12: Entanglement swapping strategy. Each remote CNOT in Figure 2.12a requires two prelim-
inary tasks: i) Link Entanglement, for distributing the entanglement between neighbor nodes, and, ii) the
Entanglement Swapping, for entangling the two remote processors involved within the CNOT. Clearly,
the swapping task is omitted whenever the CNOT operates between data qubits stored at processors that

are neighbor within the network topology, as for the i-th layer.

The entanglement swapping based strategy is outlined in Figure 2.12b in terms
of basic tasks. Within the figure, the particulars of each task are omitted for the sake
of clarity. For instance, entanglement swapping — although depicted as a single block
— is indeed obtained with a quantum circuit composed by three layers as shown in
Figure 1.11b. Similarly, the link entanglement generation requires a quantum circuit
with a depth equal or greater than two, depending on the particulars of the quantum
technology underlying entanglement generation and distribution [36].

Nevertheless, the figure provides a clear intuition of both: i) the sequentiality
constraints between the different tasks, and ii) the parallelism achievable within each
task. We note that — for the sake of simplicity — in Figure 2.12b we simply mapped the
J-th logical qubit Q; of layer #i in Figure 2.12a onto the j+ 1-th processor, ignoring
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so any optimization achievable with a proper mapping of the logical qubits of the
quantum circuit onto the physical qubits of the quantum processor.

Whenever the CNOTs overlaps within the network topology (as for the CNOTs
of the layer #+1 in Figure 2.12a), they must be executed sequentially. Differently,
CNOTs that don’t overlap (as for the CNOTs of the i-th layer in Figure 2.12a) can be
executed simultaneously. The term “overlap” indicates the case when the execution
of the considered CNOTs involves overlapping sets of intermediate processors as a
consequence of the constraint we imposed on the network topology of having 2n — 2
communication qubits. With reference to the example in Figure 2.12a, the CNOT
between Qg and O, in the layer #i + 1 overlaps with the CNOT between Q; and Qg,
being the communication qubits at the processors #1 and #2 needed to both of them.
Differently, the CNOT between Q3 and Qs does not overlap with CNOT between Qg
and O, and, hence, they can be performed in parallel.

Since we are interested in assessing the worst-case overhead induced by dis-
tributed computation, in the following we consider the worst-case scenario in which
all the CNOTs of an arbitrary layer of the quantum circuit overlap within the network
topology. Hence, we have that the depth overhead of the entanglement swapping
based strategy does not exceed the following depth:

des 2.2
: 2.2)

where n denotes the number of logical qubits within the quantum circuit and d,, is a
constant factor (independent from the characteristics of the original quantum circuit)
given by:

des = Cle + Chsm + Cex (2.3)

with ¢;, and ¢, denoting the number of layers required to perform the link entan-
glement task and the entanglement swapping task, respectively, and c., denoting the
number of layers required to perform a remote CNOT once the Bell state has been
distributed between two processors. The actual values of ¢y, cpg, and c ., depend on
the particulars of the underlying hardware technology.

From (2.2), we have that the actual depth of an arbitrary d-depth quantum circuit

compiled with the entanglement swapping based strategy will be always lower than
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5d, neglecting the constant d,,. Hence, the depth overhead grows linearly with the
number of logical qubits of the quantum circuit to be compiled. And given that this
result holds for the worst-case scenario (one-data-qubit processors arranged in a one-
dimensional network topology), the actual depth overhead induced by any arbitrary
distributed architecture will be always upper-bounded by (2.2).

We further note that classical information must be exchanged between the quan-
tum processors. For instance, the entanglement swapping task requires the transmis-
sion of classical information (i.e., the measurement output) throughout the quantum
network. Hence, in case of long-distance quantum processors, the actual execution
time of the compiled quantum circuit may be affected by the latency induced by the
classical communications.

Finally, due to the complex and stochastic nature of the physical mechanisms
underlying quantum entanglement [110], several attempts can be required for estab-
lishing link entanglement, and this may impact as well the execution time of the
compiled quantum circuit. Indeed, we should consider link entanglement as the crit-
ical task for distributed quantum computation, given that the remaining tasks require
only local quantum operations and classical communications. From this perspective,
the entanglement swapping based strategy requires at most 5 repetitions of the link
entanglement task, regardless of the original quantum circuit and regardless of the
characteristics of the network topology underlying the distributed computing archi-
tecture.

The entanglement swapping based strategy takes full advantage of the augmented
connectivity enabled by the communication qubits — as discussed in Section 1.1.3 —
to allow interactions between remote processors within each layer.

Nevertheless, whenever the original quantum circuit presents repetitions of the
same CNOT interaction pattern between logical qubits — as for layers #i+1 and #i+2
in Figure 2.13a — a more elaborate strategy — based on moving the data qubits — can
provide better performance.

The data-qubit swapping strategy is shown in Figure 2.13: its objective is fo ar-
range (i.e., to swap) the data qubits within the quantum processors so that eventually

each CNOT of the original layer operates on qubits stored at neighbor processors
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(a) Original quantum circuit.

(b) Compiled quantum circuit.

Figure 2.13: Data-qubit swapping based strategy. Swapping data qubits between remote quantum pro-
cessors can be advantageous whenever the original quantum circuit presents repetitions of the same
CNOT interaction pattern, as for layers #i+1 and #i+2 in Figure 2.13a. Although not shown in the figure,
the entanglement swapping tasks (as in Figure 2.12b) are needed whenever it is necessary to swap data
qubits stored at processors that are not neighbor within the network topology.

LAYER #i QPU #1 Qo QPU #1 &
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2 | & opU #3 &1 QPU#3 — &0
i | 93
0y ——— QPU #4 —&&2 QPU #4
o Tttt , ) (b) Possibl . (c) Alternative equivalent arrange-
(a) Original quantum circuit. Ossible arrangement. ment.

Figure 2.14: Data-qubit swapping based strategy: equivalent mappings. Both Figure 2.14b and Fig-
ure 2.14c represent valid arrangements of the data qubits within the remote quantum processors so
that each CNOT in Figure 2.14a operates on qubits stored at processors neighbor within the network
topology.

within the network topology.
Intuitively, the strategy goal can be modeled as an array sorting problem. Indeed,
similarly to classical sorting, the n data qubits (representing the values to be sorted)

must be ordered within the network topology (representing an array with size equal
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Algorithm 4 Data-Qubit Swapping
Input: n-qubit circuit layer L with mod(n,4) = 0 and 5CNOTs
Output: layer L with each CNOT operating on neighbor qubits

1: function SORT(L)

2 if 3CNOT(gi,q;) with i, j < 5 then
3 // 3CNOT (g, q;) with k,1 > 5

4 SWAP(gi+1,4)

5: SWAP(qk+1,41)

6 L=L\{qi qi+1,9kq+1}

7 else

8 // 3CNOT (g1, q;) with I > §

9 // and 3CNOT(g;,q;—1) withi < n/2
10: SWAP(q1,q1-1)

11: SWAP(qi,q1-1)

12: L=L\{q3-1.95,91-1,q1}

13: end if

14: if L # 0 then

15: SORT(L)

16: end if

17: end function

or greater than n ). However, differently from classical sorting where any couple of
values can be swapped regardless from their position within the array, with the data-
qubit swapping the constraints arising from the underlying network topology must be
carefully taken into account. To this aim, by taking advantage of the sorting network
theory, it is easy to model the network topology constraints through the notion of
insertion network (or, equivalently, bubble network). As a consequence, the overall
depth of the equivalent quantum circuit grows with the number # of logical qubits as
[111]:

2n—3 2.4)

instead of a logarithmic logn depth factor as for classical sorting.
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Nevertheless, sorting networks — and in general classical sorting — are based on
the assumption that there exists a total (monotonic) order over the array elements.
Hence, there exists a unique solution to the sorting problem. Conversely, the data-
qubit swapping based strategy admits several equivalent solutions for the arranging
problem, as exemplified in Figure 2.14. We now formalize these considerations with

the following theorem.

Theorem 1. Let us consider the i-th layer of an arbitrary n-qubit quantum circuit. The
depth of the corresponding compiled quantum circuit, obtained through the data-
qubit swapping based strategy, does not exceed the following depth:

Syt d), 2.5)

where d,; and d(;s are constant factors (independent from the characteristics of the

original quantum circuit) given by:

dqs =3 (Cle + Cpsm + ch) (2.6)
d;s = Cle + Cex (2.7)

with ¢, and ¢, denoting the number of layers required to perform the link entan-
glement task and the entanglement swapping task, respectively, and c., denoting the
number of layers required to perform the remote CNOTs once the Bell state has been

distributed between two processors.

Proof. The proof easily follows by recognizing that: i) the function SORT(-), defined
in Algorithm 4, is called at most % times, and ii) after these calls to SORT(), all the
CNOTs, by acting on qubits stored at neighbor processors, can be executed at once
through link entanglement followed by local operations, as shown in Figure 1.10c.
More specifically, in each call we have two disjoint cases (line 2).

In the former case (lines 3-6), there exists a CNOT acting within the first half portion
— i.e., the first 5 logical qubits — of the original layer. Since we are considering the
worst-case — namely, a layer with 5 CNOTs — then we have that there exists at least
one CNOT acting on the last half portion — i.e., the last 5 logical qubits — of the

original layer. Hence, the two CNOTs do not overlap and two simultaneous SWAP
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operations can be executed — one in each half portion of the original quantum circuit

— as shown here:

qai ---4iqiv1 - qj -4y - Gk Gk+1 -+ 41 ---4n

G- qi Q- Givt - qE Gk Qi e Ght - Gn

so that, within the compiled circuit — the two CNOTs act on qubits stored at neighbor
processors. Within the previous diagram, as well as in Algorithm 4, we omitted some
minor particulars for the sake of simplicity. For instance, we implicitly assumed that
i (and k) is odd —i.e., mod(i,2) = 1 — so that ¢; must be swapped with g;. Clearly
whether i should be even, g; must be swapped with g;_1.

In the latter case (lines 8-12), each and every CNOT acts on two logical qubits be-
longing to both the half portions of the original layer. Let us consider, with no lack
of generality, the CNOT acting on the 5-th logical qubit (i.e., the last qubit of the first
half portion) and let us denote as g; the second qubit on which such a CNOT operates.
Since we are considering a layer with 5 CNOTs, then we have that there exists a CNOT
acting on the / — 1-th qubit. By denoting as g; the second qubit on which such a CNOT
operates, it follows i < 5. Although the two CNOTs overlap, by properly selecting two

SWAP operations as shown here:

q .-~ qi_ --- q3-1 9% ... qi—1 41 ---qn
q --- qi-1 - "4 qi-1 --- 742 gl ---4n

we have that the SWAPs can be simultaneously executed so that, within the compiled
circuit — the two CNOTs act on qubits stored at neighbor processors. Regardless of
which case holds, each call to the SORT(-) function compiles two CNOTs. By recall-

ing that at most 5 CNOTSs are present in a layer, the thesis follows. B

From (2.5), we have that the actual depth of an arbitrary d-depth quantum circuit
compiled with the data-qubit swapping based strategy will be always lower than 7 d,

neglecting the constant factors. Hence, the depth overhead is asymptotically lower
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than the overhead induced by the entanglement swapping based strategy. However,
an explicit comparison between the two strategies depends on the particulars of the
underlying qubit technology through the exact expressions of d.; and d,. Further-
more, it depends also on the repetitions of the same CNOT interaction patterns within
the original quantum circuit.

Concerning to the number of repetitions of the link entanglement task, in general
it depends on the characteristics of the underlying technology through the parameters
des, dys and d{’]s given in equations (2.3), (2.6) and (2.7).

To better clarify this point, let us consider d,, which inherently denotes the
cost for a SWAP operation. Having assumed through the manuscript the CNOT being
the fundamental multi-qubit gate, a single remote SWAP operation can be obtained
through three remote CNOTs. And this is the rationale for the constant factor equal
to 3 in (2.6), which accounts for the cost of three remote CNOTs.

Clearly, by changing the assumptions on the underlying hardware technology,
the expression of dy changes as well. For instance, photonic technology can pro-
vide the SWAP gate as the native operation [112], and in such a case d is equal
to 1. Nevertheless the main result — i.e., equation (2.5) — continues to hold. Further-
more, whenever the SWAP gate is the native operation, a single CNOT can be obtained
through two consecutive SWAPs interleaved by single-qubit operations [113]. Hence,
the expression of d,; must change accordingly but the main result — i.e., equation
(2.3) — continues to hold as well.

Indeed it is worthwhile to note that, despite the differences between the perfor-
mance of the two strategies, there exists a one-to-one mapping between the strategies.
Specifically, there exists an admissible transformation allowing to map the compiled
circuit obtained with a strategy into the compiled circuit obtained with the other strat-
egy. And the corresponding computational task exhibits a polynomial-time complex-

ity for every original circuit.

General DQC Architecture

Moving from the worst-case scenario to more general DQC architectures, we de-

signed a compilation pass to schedule remote gates for such architectures and con-
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duct a preliminary study on the impact of using both TeleData and TeleGate
operations. The main algorithm is described in Alg. 5, and requires three input items:
the quantum circuit to distribute, the configuration of the network onto which such
circuit will be executed and a suitable circuit partitioning, as computed by a previous
pass in the compilation framework. The pass scans the quantum circuit gate by gate
and stops when it encounters a gate that, based on the current partitioning, involves
qubits on different QPUs. The pass then searches for feasible TeleData opera-
tions that could cover? either by teleporting one or both qubits on a common QPU.
TeleData operations are selected by taking into account the memory capacity of
each QPU, all the while making sure that no data qubits storing valuable information
gets overwritten by a teleportation. Finally, each possible TeleData is assigned a

cost, which is given by Eq. 2.8:

NEPR

delay (2.8)

Reoy

where ngpg is the number of EPR pairs consumed, 7., is the number of covered
gates, which may include more than the gate we originally wanted to cover — as shown
in Fig. 2.16b —, and delay is the time, measured in discrete intervals, that we need to
wait before actually executing the gate. The delay is an estimation based on when the
quantum links for entanglement generation were last used and when we would like
to execute the gate. It may be the case that before executing a TeleDat a operation,
one needs to wait for a previously scheduled one to complete.

The pass selects the TeleData operation with the lowest cost and then covers a
portion of the remaining uncovered gates® with TeleGate operations. TeleGate
operations are chosen and scheduled in a similar manner to the TeleData ones.
TeleGates exploit the cat-entanglement subroutine a shown in Fig. 2.15. TeleGates
with the cat-entanglement subroutine [87] can be divided in three phases. First, with
the cat-entanglement primitive, the one in the blue box in Fig. 2.15, the control qubit
of a remote gate is “shared” with the QPU holding the target qubit. Then, gates con-
trolled by the same shared controlled qubit can be be executed locally. Finally, with

2By cover we mean to make the gate executable
3The dimension of the protion to cover is set by a customizable parameter.
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Figure 2.15: Circuit representation of TeleGate by means of Cat-Entanglement and Cat-
Disentanglement primitives. After the Cat—Ent operation, the second half of the entangled pair acts as
a shared copy (not an actual copy, due to the no cloning theorem) of the original |c¢) control qubit. Mul-
tiple remote CZ with same control qubit and different target can be executed between the Cat —Ent and
Cat-DisEnt operations. In between Cat-Ent and Cat-DisEnt, the |c) control qubit is entangled

with its shared copy and cannot be targeted by other gates.
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Algorithm 5 Remote Gates Scheduler
Input: quantum circuit QC, network configuration N and circuit partitioning P
Output: quantum circuit with remote gates D

1: function SCHEDULE

2 D+ 0
3: covered <— 0
4: for all g € OC do
5: if ¢ ¢ D then
6: if g is local then
7: put g into covered and D
8: else
9: teledata < FINDTELEDATA(g, N, P)
10: telegate < FINDTELEGATE(g, N, P)
11: if CosT(teledata) < COST(telegate) then
12: put teledata into D
13: else
14: put telegate into D
15: end if
16: put g into covered and D
17: put extra covered gates into D and covered
18: end if
19: end if
20: end for

21: end function

the cat-disentanglement primitive, the one in the violet box in Fig. 2.15, the shared
state of the control qubit is restored at the first QPU.

Both TeleData and TeleGate can either migrate one qubit to the other’s
QPU or both to a different one, as shown in Fig. 2.16, depending on the cost of such
operation, computed as in Eq. 2.8. Fig. 2.16a shows the first case, in which gate g is
covered by sharing qubit g; with QPU| through one Te1leGate operation. Fig. 2.16b



2.4. Combining Local Routing And Remote Gate Scheduling 60

g1 q0
q0
o OPUy { q1
OPUy { q1 co
co c 80 &1
1
o 80
- QPU ©
] <
q3
(&) 2
Cc3 c3
OPU; { s QPU; {
qa

(a) b)

Figure 2.16: Gates can be covered by either migrating one qubit to the other qubit’s QPU or both to
a different one. This concept is valid for both TeleGate and TeleData operations. (a) Gate gg is
covered by sharing qubit g; with QPU, using one TeleGate. (b) Qubits g; and g4 are shared with
QPU, using two TeleGatess, gates go, g1 and g, are consequently covered.

depicts the second case, where gate g¢ is covered by sharing qubits g; and g4 with
QPU\, using two TeleGates. By doing this, also gates g; and g, are covered. The
same concept can be applied with TeleData operations.

The pass also compiles the same portion of circuit but by scheduling only TeleGate
operations. Finally, the pass can compute a cost for the portions of the circuit — one
with TeleData and Telegate, the other with just TeleGate — and select the
strategy with the lowest cost. This time cost is simply the amount of consumed EPR

pairs. Finally, the pass resumes scanning gates in search of the next gate to cover.

2.4 Combining Local Routing And Remote Gate Schedul-
ing
As mentioned at the beginning of this chapter, we want to propose a framework that

can bridge the gap between compilation for local and distributed quantum comput-

ing. To this aim, in this Section we design a simple local routing pass that takes as
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input a partitioned circuit with already scheduled remote operations and handles the
local routing accordingly. The pass requires the partitioned circuit, with scheduled re-
mote operations, the network configuration, and each QPU configuration, specifically
coupling maps including data qubits to communication qubits connections.

The core strategy is straightforward. The pass scans the circuit and for every
gate that involves qubits not directly connected on their specific QPU, computes the
shortest sequence of necessary SWAP gates. When it encounters a TeleData or
TeleGate operations, it first checks if the involved data qubits are in proximity of
one of the available communication qubits, among those corresponding to the quan-
tum links used by the remote operation. If not, it computes the shortest paths to the
less recently used communication qubit. We choose the less recently used communi-
cation qubit to avoid as much delay as possible in entanglement generation. At this
stage of compilation, due to local SWAPs, the state of a data qubit may now reside on
a communication qubit and vice versa. This is not necessarily an issue [114], but we
need to move the communication qubit back to its original position, after the remote
operation is completed and before it is used again. This is crucial, as we do not want
to loose the state of a data qubit physically stored at a communication qubit, due to a

new remote operation. An example of such instance in shown in Fig. 2.17.
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Figure 2.17: Example of remote gate scheduling and local routing. Local gates are interlaced with

Cat-Ent, Cat-DisEnt and TeleData operations as well as SWAP gates.




Chapter 3

Implementation

3.1 Local Mapping

We implemented the algorithms proposed in [96] in a quantum compiler written in
Python language, denoted as PADQC!. In the PADQC framework, quantum circuits
are represented by QCircuit objects, which are based on the well known formalism of
Directed Acyclic Graphs (DAGs). In DAGs, nodes represent quantum gates and the
edges connecting them correspond to qubits and bits. A QCircuit can then be easily
converted into Open QASM [70] and vice versa, allowing PADQC to interact with
Qiskit.

3.2 Local Routing

A Python implementation of the noise-adaptive compiler presented in Sec. 1.2.1 is
also available on GitHub.? It has been designed as a Qiskit pass [107], thus it can be

used with any quantum device supported by Qiskit.

ISource code: https://github.com/gis-unipr/padgc
2Source code: https://github.com/qis-unipr/noise-adaptive-compiler


https://github.com/qis-unipr/padqc
https://github.com/qis-unipr/noise-adaptive-compiler
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Figure 3.1: Workflow of the proposed compiler.

3.3 Remote Gate Scheduling

We implemented the strategies discussed in Section 2.3.2 in Python, using Qiskit
[79] as the development framework. Given a quantum circuit described in the QASM
format, the compiler proceeds to instantiate a distributed architecture that mimics the
one depicted in Fig. 2.11. To model the worst-case scenario, each QPU has one data
qubit and two communication qubits. Moreover, each QPU has two neighbor QPUs,
with the exception of the outer QPUs that have one neighbor QPU only. Each qubit
of the circuit is assigned to the data qubit of one QPU.

The compilation process is summarized by Algorithm 7 and illustrated in Fig. 3.1.
Reading the circuit from left to right, the front layer, i.e., a layer comprising only
CNOT gates that can be executed in parallel, is updated with Algorithm 8. To this
end, one-qubit gates are immediately mapped to the compiled circuit, while CNOT
gates are added to the front layer. This is done until all logical qubits are interested
by a CNOT or there are no more CNOT gates that can be executed in parallel in the
current front layer. Then, the front layer is compiled, rendering all currently involved
CNOT gates executable. This process is repeated until no more front layers can be
computed, meaning that all the circuit gates have been mapped to the distributed
architecture.

Front layer compilation is based on Algorithm 6, where one can choose between
the two strategies discussed in Section 2.3.2. When the entanglement swapping based

strategy is adopted, remote CNOT gates preceded by entanglement swapping are ap-
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plied whenever the involved QPUs are not neighbors. Note that to perform entan-
glement swapping, as well as remote CNOTs, we need to generate link entanglement
between all involved QPUs.

Regarding the more advanced data-qubit swapping based strategy, the list rep-
resenting the interaction between qubits is prepared and then Algorithm 9 is used to
compute the data swap operations needed to reorder the qubits. Referring to Fig. 3.2a,
the list representing the interaction between qubits before swapping would be [112323],
while the sorted list after swapping would be [112233], meaning that no overlapping
CNOTs are left in the layer.

The data-qubit swapping routine operates on lists with a number of elements —
i.e., a number of logical qubits — that is a multiple of 4. For this reason, a couple
of dummy values, set to —1, may have to be added to the end of the list whenever
the number of CNOTSs is odd. Given that the algorithm searches for swaps form left
to right, the dummy couple at the end will be left untouched. After creating masks
to keep track of already swapped qubits, the algorithm finds all necessary swaps in
exactly % steps, where n is the number of elements in the list, i.e., the number of
logical qubits interested by CNOTs.

Taking into account the topology of the worst-case scenario shown in Fig. 2.11,
to perform a swap at least three remote CNOTs are needed. After all the data-qubit
swaps have been applied, the necessary remote CNOTs have to be placed. Ideally,
this last step would involve only remote CNOT's between neighbor QPUs, but when
not all qubits of the circuit are involved in the front layer, such as Q; in Fig. 3.2a, it
may be still necessary to perform some entanglement swapping operations, as shown
in Fig. 3.2b. This is because, when sorting pairs, our algorithm does not take into ac-
count QPUs that are not involved in the current front layer. Consequently, the imple-
mentation of the data-qubit swapping based strategy is actually an hybrid between
the two strategies described in Sections 2.3.2, avoiding data-qubit swapping if not
necessary and resorting instead to entanglement swapping.

As shown in Fig. 3.2, starting from the layer in Fig. 3.2a, following the data-qubit
swapping based strategy, in Fig. 3.2b we apply a remote SWAP between qubit 3 and

qubit 4, and then we can execute all remote CNOTs in parallel.
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Figure 3.2: Compilation of a layer with three parallel CNOTSs using the sorting strategy.
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Figure 3.3: Improving over the worst-case scenario topology. Only one data qubit is available at each
quantum processor, but neighboring quantum processors are connected with two quantum links, realized
by 2 EPR pairs.

Moving from the topology illustrated in Fig. 2.11 to the one in Fig. 3.3, we de-
vised a different strategy to execute swaps by exploiting the augmented connectivity,
described in Algorithm 6. Specifically, to perform a SWAP between QPU Q, and
Oy, our compiler uses one communication qubit at each QPU as a buffer memory
and exploits quantum teleportation to move the state of a data qubit from Q, to Qy
and vice versa, in parallel. After the two parallel teleportations, we can execute two
parallel local SWAPs between communication qubits and data qubits at each QPU to
effectively achieve data qubit swapping between Q, and Qy. This is clearly beneficial
as it only requires one layer of link entanglement generation between the interested

QPUs, unlike the previous scenario where we needed three layer of link entanglement



3.3. Remote Gate Scheduling 67

generation to perform three remote CNOTs.

The difference between data-qubit swapping and entanglement swapping lies in
the fact that, if the subsequent front layers are similar (in terms of CNOT interac-
tion pattern) to the one just compiled, not much data swapping and very little en-
tanglement swapping (given that the front layers involve most of the qubits) will be
necessary to compile those layers.

Regarding the computational complexity, Alg. 7 reads the circuit from left to right
while updating the front layer, so its computational complexity is O(d), where d is
the depth of the circuit, i.e., the number of layers. Alg. 6 loops through all necessary
swaps found by Alg. 9, and applies remote CNOTs. As we must take into account
for possible entanglement swapping operations between QPUs, applying a remote
CNOT has a computational complexity of O(n), with n being the number of QPUs.
Given that the we need at most n/4 swaps, the computational complexity of Alg. 6
turns out to be O(n?). The overall computational complexity of distributing a circuit
is therefore O(dn?).
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Algorithm 6 COMPILEFRONTLAYER
Input: the front layer .% to be compiled, the executed gates & until now
Output: the executed gates & updated with the compiled front layer .5

if data-qubit swapping based strategy then
prepare interactions vector
swaps < SORTPAIRS(INTERACTIONS)
for all swap € swaps do // Perform remote
SWAPs
if two EPR pairs between QPUs then
TELEPORT(swap.ql,swap.q2)
else
REMOTECNOT(swap.ql,swap.q2)
REMOTECNOT(swap.q2,swap.ql)
REMOTECNOT(swap.ql,swap.q2)
end if
end for
end if
for all gate € % do
REMOTECNOT(gate.control, gate.target)
end for
return &

function REMOTECNOT(control,target)
if control and target are not on neighboring
QPUs then
gpug < QPUs of control
gpuy < QPUs of rarget
forie {0,...,n—2} do
add link entanglement
between gpu; and gpu;, | to &
end for
add entanglement swap between gqpug
and gpu, to &
end if
add link entanglement between gpug and

qpunto &

add a remote CNOT between control and
target to &
end function

function TELEPORT(¢1,¢2)
if g1 and g2 are not on neighboring QPUs
then
gpug < QPUs of g1
gpuy, < QPUs of g2
forie {0,...n—2} do
add link entanglement
between gpu; and gpu;; to &
using two available EPR pairs
between QPUs
end for
ep1,e02 < the two communication
qubits at gpug
enl,enn < the two communication
qubits at gpu,
add entanglement swap between e at
gpug and
enl at gpuy, to &
add entanglement swap between ey at
gpug and
enn at gpuy, to &
add quantum teleportation between g1
and e, to &
add quantum teleportation between g2
and egr to &
add local swap between g1 and eg>
add local swap between g2 and e,
end if
end function
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Algorithm 7 COMPILE
Input: the circuit to be compiled

Output: the compiled circuit

& « all gates from circuit
& < 0 // executed gates
create new_circuit as an empty circuit
while ¥ £ 0 do
4, F,& + UPDATEFRONTLAYER(Y, &) // .7 is the front layer
if .7 # 0 then
& < COMPILEFRONTLAYER(.%, &)
end if
end while
for all gate € & do:
add gate to new_circuit
end for

return new_circuit
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Algorithm 8 UPDATEFRONTLAYER
Input: ¢ gates to be executed, & executed gates until now

Output: updated ¢, updated &, new front layer .7

o/ 0 // allocated qubits
Z < 0 // new front layer
Z <+ O [/ gates to remove
width < total number of data qubits available
for all gate € 4 do
if | &7| = width then
break
end if
if o/ Ngate.qubits = (O then
if gate is a one-qubit gate then
add gate to &
else
add gate to F
add gate to &
add gate.qubits to <7
end if
add gate to #
else:
add gate.qubits to of
end if
end for
for all gate € # do
remove gate from &
end for
return ¢, 7,8
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Algorithm 9 SORTPAIRS
Input: a vector v representing CNOT interactions between qubits pairs, ex. [1 223 1 3]
Output: the swaps to perform

/1 f.e.o0. stands for ’first element of”
if length(v) mod4 # O then // length(v) must be multiple of 4
add {—1,—1} to v// Add a dummy pair at the end
end if
swaps <— 0 // List of SWAPs to perform
n < length(v)
maskl < {0,...,5 — 1}
mask2 < {%,...,n—1}
cycle <0
while cycle < n/4 do
w < indexes of unique values in v
index_last < {0, ..., |v[mask1]|} \ w
if index_last = 0 then
swap v[mask1[end]] and
J.e.0. s.t. vimask2] # v[mask1[end]]
update swaps
end if
v,mask1,swaps <— SWAP(v, maskl, swaps)
v,mask2,swaps <— SWAP(v, mask2, swaps)
end while

return swaps

function SWAP(v, mask, swaps)
w < indexes of unique values in v
index_last < f.e.0. {0, ..., |v[mask]|} \ w
index_first < f.e.o. vimask] s.t. = vimask[index_last]]
if index_last is odd then
index_swap < index_last — 1
else
index_swap <— index_last + 1
end if
swap v[mask[index_swap)| and v[mask[index_first]]
update swaps
remove mask[index_swap] and mask[index_last] from mask
return v, mask, swaps
end function
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3.4 Combining Local Routing And Remote Gate Schedul-
ing

We also implemented the framework presented in Chapter. 2. To partition quantum
circuits we used the Tabu search approach suggested by Sundaram et al. [89]. For
the local mapping we used Qiskit’s DENSELAYOUT pass and for the remote gate
scheduling we followed the strategy proposed in Sec. 2.3.2. Finally we combined
remote gate scheduling and local routing with a modified version of Qiskit’s BASIC-
SWAP. This customized routing pass follows the strategy explained in Sec. 2.4 to take

into account each QPU’s local configuration and the remote gates schedule.



Chapter 4

Evaluation

4.1 Local Mapping

Using an Intel Xeon E5-2683v4 2.1GHz with 50 GB of RAM, we benchmarked the
quantum compiler presented in the first part of Section 2.2.1, denoted as PADQC,
with different quantum circuits. In particular, we considered a few quantum chemistry
circuits for the RyRz heuristic [98] wavefunction Ansitz (Fig. 2.4), and an heteroge-
neous set of quantum circuits that has been used in most reference works [85, 83]. We
assumed IBM Quantum hardware, namely ibmgq_tokyo and ibmq_almaden architec-
tures. They both have 20 qubits, but their coupling maps are quite different (Fig. 2.7).

CNOT Gate Count
ibmq_tokyo ibmq_almaden
Circuit Name n |Initial | Qiskit(SABRE) | PADQC+Qiskit(SABRE) | t|ket) | Qiskit(SABRE) | PADQC+Qiskit(SABRE) | t|ket)
H2_RYRZ 41 30 30 21 30 60 21 70
LiH_RYRZ 12| 330 788 101 898 1256 101 1260
H20_RYRZ 14| 455 1242 121 1301 1763 121 1738
Random_20q_RYRZ|20| 950 2735 182 3053 3976 201 4146

Table 4.1: Circuit CNOT gate count of the compiled quantum chemistry circuits, considering the

ibmgq_tokyo and ibmg_almaden architectures.
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CNOT Depth
ibmgq_tokyo ibmg_almaden
Circuit Name n |Initial | Qiskit(SABRE) | PADQC+Qiskit(SABRE) | t|ket) | Qiskit(SABRE) | PADQC+Qiskit(SABRE) | t|ket)
H2_RYRZ 4| 21 21 21 21 60 21 70
LiH_RYRZ 12| 69 488 101 575 648 101 703
H20_RYRZ 14| 81 675 121 813 846 121 875
Random_20q_RYRZ|20| 117 1361 182 1648 1562 201 1629

Table 4.2: Circuit CNOT depth of the compiled quantum chemistry circuits, considering the ibmgq_tokyo

and ibmq_almaden architectures.

We compared Qiskit(SABRE) with t|ket) and Qiskit(SABRE) preceded by PADQC
transformations and mapping. Given that on NISQ devices multi-qubit operations
tend to have error rates and execution times an order of magnitude worse than single-
qubit ones [115], the performance indicators used are CNOT gate count and CNOT
depth of the circuit, i.e., the depth of the circuit taking into account only CNOT gates.
As shown in Table 4.1 and Table 4.2, the combination of PADQC and Qiskit(SABRE)
outperforms both Qiskit(SABRE) alone and t|ket) on all RyRz circuits tested, regard-
less of the considered architecture.

We also tested PADQC on a larger set of circuits. We compiled a total of 190 cir-
cuits!, taken from RevLib [116], Quipper [117] and Scaffold [118], plus the quantum
chemistry ones. The results are summarized in Fig. 4.1 and Fig. 4.2, where the initial
value of the considered metric is on the x-axis and the value for the compiled circuit
on the y-axis.

When compiling on the ibmg_tokyo architecture, we can see, with the help of
tendency lines calculated using the least squares method, that the combination of
PADQC and Qiskit(SABRE) not only boosts Qiskit(SABRE) performance but can
also compete with t|ket). As we switch to the less connected ibmg_almaden architec-
ture, PADQC can still boost Qiskit(SABRE) performance while being up to par with
t|ket).

"Benchmark circuits QASM files: https://github.com/gis-unipr/padgc/tree/

master/benchmarks_gasm


https://github.com/qis-unipr/padqc/tree/master/benchmarks_qasm
https://github.com/qis-unipr/padqc/tree/master/benchmarks_qasm
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4.2 Local Routing

We evaluated the proposed noise-adaptive compilation strategy, compared with some
of the most advanced state-of-art approaches, over the circuit classes presented in [81]?,
with 200 circuits for each class and different number of qubits. The circuits are di-
vided into three classes. Fig. 4.3 shows the distributions of the number of gates in the

considered circuits, for each class and number of involved qubits.

(a) Deep circuits. (b) Square circuits (c¢) Shallow circuits

aots ol — ] awes

1
100 § 100
10
s ”
. s0 0
" " r"’h " . B
b b lh I L ‘ ‘
2 4 6 s w0 10 1w 2 30 50 o 7 nn I EEEEE]

aaaaaaaaaaaaaaaaaaaaaaaaaa

Figure 4.3: Distributions of the number of gates for each class of circuit, depending on the number of
involved qubits. By construction, all the square circuits have the same number of gates, which increases
with the number of involved qubits.

For each circuit the ideal output distribution pc was obtained using Qiskit’s stat-
evector simulator. The same simulator was used to sample noisy circuits from the
noise model obtained with calibration data of the IBM ibmg_casablanca 7-qubit de-
vice.

We tested the following compilers:
* giskit, Qiskit’s standard compiler with optimization level 3;

* qiskit_noise, Qiskit’s compiler with NoiseAdaptiveLayout and optimization level
3;

* pytket, the t[ket) compiler with NoiseAwarePlacement and maximum optimiza-

tion level;

2https://doi.org/10.5281/zenodo.3832121


https://doi.org/10.5281/zenodo.3832121
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* na, the proposed noise-adaptive placement and routing passes integrated with

Qiskit and optimization level 3;

* giskit_na, the proposed routing pass combined with Qiskit’s NoiseAdaptive-
Layout and optimization level 3;

¢ tdenotes the application of CNOT cascade transformations, as described in [96].

For each of the above we used Qiskit v0.23.6 and t[ket) v0.7.2. We remark that the
pytket_na compiler was not tested, as the integration of pytket and na is possible only
with regards to swap passes, not for the placement ones.

The results are reported in Fig.4.4, Fig.4.5 and Fig.4.6. For each compiler con-
figuration, we used box plots to depict the distributions of the resulting values for the
following figures of merit, as introduced in [81]. Let us denote an n qubit circuit as
C, the ideal output distribution of C as p¢ and the output distribution produced by the
compiled implementation of C as Dc.

* Hellinger fidelity - The Hellinger fidelity between D¢ and pc is

2
FCZ( y \/DC(X)PC(X)> - @.1)

xe{0,1}*

We would like that Fr = 1.

* Heavy Output Generation (HOG) - An output z € {0, 1}" is heavy for a quan-
tum circuit C, if pc(z) is greater than the median of the set { pc(x) : x € {0,1}"}.
The HOG probability of D¢, i.e., the probability that samples drawn from from
D¢ will be heavy outputs in pc, is

HOG(Dc,pc) =}, Dc(x)éc(x) (4.2)

xe{0,1}
where 6.(x) = 1 if x is heavy for C, and J.(x) = 0 otherwise. We would like
HOG(Dc¢, pc) > 1/2, as it would help us distinguish between a good imple-
mentation of C and an attempt to mimic it by generating random bitstrings. Of

course this is true if pc is sufficiently far from uniform.
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* [;-norm distance - The /;-norm distance between D¢ and pc is

L(Dc.pc)= Y, |Dc(x)—pc(x)]. (4.3)
xe{0,1}"

We would like that [ (D¢, pc) = 0.

* CNOT Count - In a quantum circuit, the number of CNOT gates is denoted as
CNOT count.

* CNOT Depth - In a quantum circuit, the number of layers containing CNOT
gates is denoted as CNOT depth.
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Figure 4.4: Comparison of compilation strategies with deep circuits using (4.4a) Hellinger fidelity,
(4.4b) HOG, (4.4c) [1-norm, (4.4d) CNOT count and (4.4e) CNOT depth as metrics.

The reader may observe that, for deep and square circuits, the best results in
Hellinger fidelity, HOG, and [;-norm are achieved with giskit_na. Interestingly, with
this compiler, the CNOT depth is worse than with the other compilers. Indeed, im-

proving the quality of a quantum computation with a noise-adaptive compilation
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strategy does not forcedly imply reducing the depth of the circuit. Regarding shal-
low circuits, giskit_na and pytket have the same performance.
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Figure 4.5: Comparison of compilation strategies with square circuits using (4.5a) Hellinger fidelity,
(4.5b) HOG, (4.5¢) [1-norm, (4.5d) CNOT count and (4.5¢) CNOT depth as metrics.

Regarding the impact of ¢, one may observe that, with deep circuits, &¢ = 0.9
produces better Hellinger fidelity. Instead, with square and shallow circuits, &« = 0.5
seems a better choice. The difference is nevertheless minimal. This could be due to
the small number of qubits in the circuits and in the considered device.

4.3 Remote Gate Scheduling

We compared the compilation for the worst-case scenario, presented in Section 2.3.2
with the one proposed by Andrés-Martinez et al. [86], in respect of which we were
able to set each QPU memory to one data qubit but we could not impose any lim-
itation over the number of communication qubits per QPU nor the topology of the
quantum network, which is always assumed to be an hypercube. Such a topology is

shown in Figure 4.7b, where one can clearly see the connectivity disparity, compared
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Figure 4.6: Comparison of compilation strategies with shallow circuits using (4.6a) Hellinger fidelity,
(4.6b) HOG, (4.6¢) [1-norm, (4.6d) CNOT count and (4.6e) CNOT depth as metrics.

to the worst-case topology illustrated in Figure 4.7a. In Figures 4.8-4.10, the results
of the comparative evaluation are plotted. For a better readability of the figures, we
omit data related to a 20 qubit random circuit that presents values far greater than the
rest of the data set, for all compiling strategies including the state of the art (such data
have been included in Table 4.3).

Figure 4.8 shows the number of Link Generation Layers, i.e., the number of layers
in the distributed circuit that comprise only Bell state generation and distribution
between QPUs. It is clear that our compiler requires less layers of link generation
for almost every tested circuit. Having fewer layers of link generation reduces the
time that data qubits have to spend idle, i.e., possibly affected by decoherence, while
waiting to be able to perform remote operations. Figure 4.8c also shows that choosing
the data-qubit swapping based strategy against the entanglement swapping based
strategy is generally the best choice.

Regarding the depth of the distributed circuits, illustrated in Figure 4.9, we can

see that for some circuits our compiler clearly outperforms Andrés-Martinez’s one.
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(a) Linear Nearest Neighbor topology. (b) Hypercube topology.

Figure 4.7: Comparison of the worst-case scenario linear nearest neighbor topology with the hypercube
topology assumed by the compiler proposed by Andrés-Martinez et al. [86]. As shown in Figure 4.7a,
for n = 16 QPUs the longest path between two QPUs consists of n — 1 = 15 links, while with the
hypercube topology in Figure 4.7b is only about logyn = 3 links.
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Figure 4.8: Comparing the entanglement swapping based and data-qubit swapping based strategies of
our compiler with Andrés-Martinez’s compiler [86], in terms of link entanglement generation layers.
Our compiler distributes circuits on the worst-case topology, with only one link between neighboring
QPUs (illustrated in Figure 2.11), while Andrés-Martinez’s one exploits a more favorable topology, i.e.,
the hypercube illustrated in Figure 4.7b. Both topologies are characterized by one data qubit per QPU.
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Figure 4.9c confirms that the data-qubit swapping based strategy is better than the

entanglement swapping based one.
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Figure 4.9: Comparing the entanglement swapping based and data-qubit swapping based strategies

of our compiler with Andrés-Martinez’s compiler [86], in terms of circuit depth. Our compiler dis-

tributes circuits on the worst-case topology, with only one link between neighboring QPUs (illustrated

in Figure 2.11), while Andrés-Martinez’s one exploits a more favorable topology, i.e., the hypercube

illustrated in Figure 4.7b. Both topologies are characterized by one data qubit per QPU.
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Figure 4.10: Comparing the entanglement swapping based and data-qubit swapping based strategies of

our compiler with Andrés-Martinez’s compiler [86], in terms of consumed EPR pairs. Our compiler dis-

tributes circuits on the worst-case topology, with only one link between neighboring QPUs (illustrated

in Figure 2.11), while Andrés-Martinez’s one exploits a more favorable topology, i.e., the hypercube

illustrated in Figure 4.7b. Both topologies are characterized by one data qubit per QPU.

With respect to the number of generated Bell states, depicted in Figure 4.10, it
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Figure 4.11: Comparing the entanglement swapping based and data-qubit swapping based strategies of
our compiler with Andrés-Martinez’s compiler [86] over link entanglement generation layers. Our com-
piler distributed circuits on the topology illustrated in Figure 4.12, with two links between neighboring
QPUs(illustrated in Figure 2.11), while Andrés-Martinez’s one exploits a more favorable topology, i.e.,

the hypercube illustrated in Figure 4.7b. Both topologies are characterized by one data qubit per QPU.

can be observed that our compiler consumes a fair amount of Bell states compared
to Andrés-Martinez’s one. This was expected and it is mostly due to the fact that
Andrés-Martinez’s compiler benefits from a hypercube network topology, as shown
in Figure 4.7b. Using such a topology means that, in most cases, a link between two
QPUs can be directly generated with just one Bell state, which is in direct contrast
with the worst-case topology that we used, depicted in Figure 4.7a. In our linear
topology, to generate a link between two non neighboring QPUs we need to perform
entanglement swapping, generating and consuming Bell states shared by all the others
QPUs in between. Nevertheless, the time needed to generate one Bell state should be
the same as to generate n Bell states in parallel, and with Figure 4.8 we already
showed that our compiler usually needs fewer layers of link generation.

It is worthwhile to note that with network topologies different from the consid-
ered one — namely, the worst-case topology where each CNOT must be mapped into
a remote CNOT — new optimization challenges arise. For instance, whenever multi-
ple data qubits are available at each (or some nodes), only a subset of CNOTs must
be mapped into remote operations. Hence, the compiler should be able to optimize
choices such as which sub-circuit should be mapped to which node or which CNOT
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Figure 4.12: Improving over the worst-case scenario topology. Only one data qubit is available at each
quantum processor, but neighboring quantum processors are connected with two quantum links, realized
by 2 EPR pairs.

should be performed via communication qubits. Clearly, the optimal strategies — as

well as the metrics to measure the optimality of a strategy — represent interesting open

problems.
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Figure 4.13: Comparing the entanglement swapping based and data-qubit swapping based strategies of
our compiler with Andrés-Martinez’s compiler [86], in terms of circuits’ depth. Our compiler distributed
circuits on the topology illustrated in Figure 4.12, with two links between neighboring QPUs, while
Andrés-Martinez’s one exploits a more favorable topology, i.e., the hypercube illustrated in Figure 4.7b.
Both topologies are characterized by one data qubit per QPU.
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Figure 4.14: Comparing the entanglement swapping based and data-qubit swapping based strategies of
our compiler with Andrés-Martinez’s compiler [86] over consumed EPR pairs. Our compiler distributed
circuits on the topology illustrated in Figure 4.12, with two links between neighboring QPUs, while
Andrés-Martinez’s one exploits a more favorable topology, i.e., the hypercube illustrated in Figure 4.7b.
Both topologies are characterized by one data qubit per QPU.

. Entanglement Swap Data-Qubit Swap
circuit name #qubits n | # CNOT layers
# CNOT layers x4d,, | compiled # layers | compiled/theoretical | # CNOT layers x (%dy +dj,) | compiled # layers | compiled/theoretical

4gt12-v1_89 16 88 2112 212 0.10 3344 233 0.07
4gtd-v0_73 16 160 3840 372 0.10 6080 399 0.07
4mod7-vl_96 16 65 1560 151 0.10 2470 155 0.06
9symml_195 16 12849 308376 34721 0.11 488262 32809 0.07
adder 10 55 825 144 0.17 1100 187 0.17
alu-v2_31 16 172 4128 459 0.11 6536 436 0.07
ghz_20 20 19 570 56 0.10 893 56 0.06
ghz_4 4 3 18 8 0.44 33 8 0.24
H2_RYRZ 4 25 150 66 0.44 275 69 0.25
H2_UCCSD 4 52 312 72 0.23 572 72 0.13
H20_RYRZ 14 125 2625 971 0.37 3625 2040 0.56
H20_UCCSD 14 12937 271677 16017 0.06 375173 16017 0.04
ising_model_16 16 20 480 31 0.06 760 31 0.04
life_238 16 8356 200544 22391 0.11 317528 21073 0.07
LiH_RYRZ 12 105 1890 711 0.38 3045 1547 0.51
LiH_UCCSD 12 7264 130752 9216 0.07 210656 9216 0.04
one-two-three-v2_100 | 16 29 696 76 0.11 1102 69 0.06
Random_20q_RYRZ 20 185 5550 1991 0.36 8695 4113 0.47
Random_20q_UCCSD | 20 110497 3314910 130197 0.04 5193359 130197 0.03
random1_n5_d5 5 15 90 69 0.77 165 53 0.32
random2_n16_d16 16 48 1152 666 0.58 1824 588 0.32
rd53_138 16 42 1008 116 0.12 1596 100 0.06
root_255 16 5965 143160 16699 0.12 226670 15973 0.07
sqn_258 16 3719 89256 9713 0.11 141322 9210 0.07
sym9_146 16 91 2184 277 0.13 3458 254 0.07

Table 4.3: Validation of the theoretical upper bounds derived in Section 2.3.2 against a heterogeneous
set of quantum circuits. Each circuit is characterized by a number of qubits #» and a number of CNOT
layers, i.e., layers that comprise only CNOT gates. For each compiling strategy, there is a theoretical
upper bound on the number of layers that are necessary to realize the remote CNOTs and an actual
number of layers resulting from the compilation process. The ratio between the latter and the former is
also reported.




4.4. Combining Local Routing And Remote Gate Scheduling 87

4.4 Combining Local Routing And Remote Gate Schedul-
ing

We tested the strategy proposed in Sec. 2.4, to combine local routing and remote gate
scheduling, on two classes of quantum circuits, namely, VQE and QFT circuits. The
aforementioned circuits have been compiled for the DQC architecture illustrated in
Fig. 4.15, comprised of 5 QPUs, each characterized as in Fig. 4.16, with channel
capacity set to 1, i.e., one communication qubit per connection. For each quantum
circuit, we tested remote gate scheduling with only TeleGate and with TeleGate

and TeleData operations.

Figure 4.15: DQC architecture comprising 4 QPUs as shown in Fig. 4.16. Each QPU is connected to
the others and each QPU supports 1 communication qubit per connection.

Fig. 4.17 and Fig. 4.18 show the depth of VQE and QFT circuits. It can be seen
that exploiting TeleData operations alongside Telegates tends to be more ben-
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Figure 4.16: QPU configuration with 12 data qubits and 6 communication qubits, inspired by IBM’s
heavy hexagon devices [71].

eficial, in terms of total depth, for QFT circuits rather than the VQE ones.

Depth

= |deal Depth
Channel Cap 1, TeleGate Only

mmm Channel Cap 1, With TeleData
400

300
200
) . .
0
40 50
#qubits

Figure 4.17: Depth of VQE circuits compiled for the DQC architecture of Fig. 4.15. The number of
qubits varies from 40 to 50, while the channel capacity is set to 1.

Accordingly, as shown in Fig. 4.19 and Fig. 4.20, the use of both TeleGate and
TeleData operations seems to be slightly detrimental for VQE circuits, at least for
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Figure 4.18: Depth of QFT circuits compiled for the DQC architecture of Fig. 4.15. The number of

qubits varies from 40 to 50, while the channel capacity is set to 1.

these circuits instances on a small network, in terms of number of consumed EPR

pairs and layers dedicated to remote operations.

EPR

mmm Channel Cap 1, TeleGate Only
12 Channel Cap 1, With TeleData

10

o

IS

N

40 50
#qubits

Figure 4.19: EPR pairs consumed to compile VQE circuits over the DQC architecture of Fig. 4.15. The

number of qubits varies from 40 to 50, while the channel capacity is set to 1.

Conversely, QFT circuits can benefit from the use of TeleData both in terms
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Figure 4.20: Number of layers dedicated to remote operations in VQE circuits compiled for the DQC
architecture of Fig. 4.15. The number of qubits varies from 40 to 50, while the channel capacity is set
to 1.

of consumed EPR pairs and layers dedicated to remote operations. As depicted in
Fig. 4.21 and Fig. 4.22, there can be a reduction of up to 50% when using TeleData
operations.

We also compiled the same quantum circuits on the DQC architecture presented
in Sec. 2.1 (Fig. 2.2 and Fig. 2.3) while varying the channel capacity of each quantum
link. Both Fig. 4.23 and Fig. 4.24 show a slight increase in total circuit depth when
the channel capacity changes from 2 to 4. At first glance, this may seem counter
intuitive and it is probably an overhead caused by the local routing, which tries to use
all communication qubits available, regardless of their distance from data qubits in
the local coupling map.

Regarding VQE circuits, it can be seen from Fig. 4.25 and Fig. 4.26 that, given
the number of qubits, there is almost no difference between the various configurations
of channel capacity and the use of TeleData operations.

Different considerations can instead be made with regard to the QFT circuits.
Specifically, Fig. 4.27 clearly shows that, given the number of qubits, choosing to
use both TeleGate and TeleData operations greatly reduces the number of con-
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Figure 4.21: EPR pairs consumed to compile QFT circuits over the DQC architecture of Fig. 4.15. The
number of qubits varies from 40 to 50, while the channel capacity is set to 1.
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Figure 4.22: Number of layers dedicated to remote operations in QFT circuits compiled for the DQC
architecture of Fig. 4.15. The number of qubits varies from 40 to 50, while the channel capacity is set
to 1.

sumed EPR pairs. Of course, the number of consumed EPR pairs does not change

when varying the channel capacity, as the number of remote operations is the same,
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Figure 4.23: Depth of VQE circuits compiled for the DQC architecture of Fig. 2.3. The number of
qubits varies from 40 to 50, while the channel capacity varies from 2 to 4.
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Figure 4.24: Depth of QFT circuits compiled for the DQC architecture of Fig. 2.3. The number of
qubits varies from 40 to 50, while the channel capacity varies from 2 to 4.

regardless of channel capacity. Interestingly, there is also no difference in the number
of layers dedicated to remote operations with respect to the channel capacity, as de-
picted in Fig. 4.28. We suppose that, due to the poor connectivity between data qubits
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Figure 4.25: EPR pairs consumed to compile VQE circuits over the DQC architecture of Fig. 2.3. The
number of qubits varies from 40 to 50, while the channel capacity varies from 2 to 4.
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Figure 4.26: Number of layers dedicated to remote operations in VQE circuits compiled for the DQC
architecture of Fig. 2.3. The number of qubits varies from 40 to 50, while the channel capacity varies
from 2 to 4.

and communication qubits on each QPU, local routing operations create an upstream

bottleneck with deleterious effects despite the increase in channel capacity. Further
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investigations in this regard will be necessary.
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Figure 4.27: EPR pairs consumed to compile QFT circuits over the DQC architecture of Fig. 2.3. The
number of qubits varies from 40 to 50, while the channel capacity varies from 2 to 4.
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Figure 4.28: Number of layers dedicated to remote operations in QFT circuits compiled for the DQC
architecture of Fig. 2.3. The number of qubits varies from 40 to 50, while the channel capacity varies
from 2 to 4.




Conclusions

In this Thesis, we presented compilation strategies for local and distributed quantum
computing, with the final goal of designing a general-purpose quantum compilation
framework for distributed quantum computing.

In Sec. 2.2.1, we proposed novel deterministic algorithms for compiling recurrent
quantum circuit patterns in polynomial time. Starting from this set of algorithms, we
implemented PADQC, which has two main features. First, it identifies CNOT cas-
cades and exploits useful circuit identities to transform them into CNOT nearest-
neighbor sequences. Second, it finds an initial mapping that can comply with circuits
characterized by recurrent CNOT nearest-neighbor sequences. Finally, we integrated
PADQC with Qiskit’s SABRE swapping strategy and compilation routine. We il-
lustrated the results of the experimental evaluation of our integrated solution using
different quantum programs and assuming IBM Quantum hardware. Among others,
we compiled quantum circuits that are used to compute the ground state properties
of molecular systems using the VQE method together with the RyRz heuristic wave-
function Ansitz. PADQC+Qiskit(SABRE), in general, produces output programs that
are on par with those produced by state-of-art tools, in terms of CNOT count and
CNOT depth. In particular, our solution produces unmatched results on RyRz cir-
cuits.

Then, in Sec. 2.3, we presented a computationally efficient noise-adaptive quan-
tum compilation strategy. The contributed strategy assumes heavy-hexagon topolo-
gies for quantum devices, which is particularly crucial for the placement pass. More-

over, the assumption simplifies the derivation of the computational complexity upper
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bounds. Nevertheless, the proposed routing pass is general enough to be effective
independently of the coupling map of the target quantum device. Our compilation
strategy is particularly effective for circuits characterized by great depth and/or ran-
domness.

We also analytically derived an upper bound of the overhead induced by quantum
compilation for distributed quantum computing, as detailed in Sec. 2.3.2. The derived
bound accounts for the overhead induced by the underlying computing architecture
as well as the additional overhead induced by the sub-optimal quantum compiler.
To this aim, we designed a quantum compiler with three key features: i) general-
purpose, namely, requiring no particular assumptions on the quantum circuits to be
compiled, ii) efficient, namely, exhibiting a polynomial-time computational complex-
ity so that it can successfully compile medium-to-large circuits of practical value, and
iii) effective, being the total circuit depth overhead induced by the quantum circuit
compilation always upper-bounded by a factor that grows linearly with the number
of logical qubits of the original quantum circuit. We validated the theoretical upper
bound against an extensive set of medium-size quantum circuits of practical interest,
and we confirmed the validity of the compiler design through an extensive perfor-
mance analysis.

As the final goal of this Thesis is to propose a general-purpose quantum compila-
tion framework, in Sec. 2.4 we presented a strategy to combine remote gate schedul-
ing with local routing and then tested the resulting framework over a meaningful
classes of quantum circuits, namely VQE and QFT ones. We also devised a strategy
for remote scheduling that can exploit both TeleGate and TeleData operations
and tested the impact of using either only TeleGates or both. The evaluation re-
sults show that TeleData operations can have a positive impact on the number of
consumed EPR pairs and, along with an augmented communication channel capacity,
also on the number of layers dedicated to remote operations.

Regarding open problems, future work will focus on integrating noise-adaptive
compilation strategies into the framework, both for local routing and remote gate
scheduling. Consequently, we shall evaluate the impact of different strategies on the

quality of computation results, which depend also on the selection of suitable metrics.
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For instance, to discern if it is more beneficial to have a deeper compiled circuit that
consumes less EPR pairs, or vice versa. This could be particularly useful for under-
standing the impact that remote operations, and any resulting local routing overhead,
may have on the quality of the computation due to the effects of noise (such as deco-
herence). To produce such metrics we need to actually execute the compiled circuits,
either by means of a quantum network simulator or, later on, on real hardware. In the
first case, there are already available simulators with different levels of abstraction,
depending on how realistic the simulations needs to be. For our purposes, it is cru-
cial to realistically simulate the effects of different noise sources, as they can have a
deep impact on the results of the computation and will be taken into account in fu-
ture noise-adaptive compilation strategies. Regarding the execution on real quantum
networks, small proof of concept quantum networks exist. The long-term ambition of
the european project Quantum Internet Alliance (QIA) is to build a Quantum Internet
that enables quantum communication applications between any two points on Earth.
In this context, the proposed framework could be implemented and deployed as a

service to support the execution of DQC jobs across the Quantum Internet.
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