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Abstract

Q uantum information processing has emerged as a forefront area of research,
holding the promise to address classical intractable problems. There are

several areas in which quantum computers are expected to bring a disruptive
contribution and one among all is the simulation of quantum systems. In the
last decades, several quantum computing architectures have been proposed and
experimentally tested: among the most developed are superconducting qubits,
trapped ions, and photonic systems. However, despite the significant techno-
logical advancement, the path towards the realization of a scalable and fault-
tolerant quantum computer remains full of challenges. This scenario underscores
the need to explore alternative possibilities and an intriguing one are Molecular
Nanomagnets (MNMs).
Discovered in the early 90s, these systems combine classical macroscopic magnet
behaviour with quantum properties making them excellent candidates for quan-
tum architectures. Leveraging on the spin degrees of freedom inherent in these
systems, they can show at low energy a well resolved energy spectrum address-
able by electromagnetic pulses. These systems have naturally long coherence
times that reach in some cases up to times on the order of milliseconds allowing
a coherent control and manipulation. Furthermore, MNMs can be chemical engi-
neered allowing for a precise tuning of their properties and thus a great flexibility
for different applications.
This thesis collects the results of the research conducted by my group and me
over the past three years. The thematic common at all works is the use of MNMs
for the quantum architectures. Within this broad field, research can be divided
into two primary strands: exploring the potential of a qudit-based computation
and designing molecules that are intrinsically protected against decoherence. Re-
garding the former, a qudit approach can simplify quantum circuits by reducing
the number of objects to be controlled and thus the number of two-body gates.

xv



xvi Abstract

This approach has been investigated both for quantum simulation and for quan-
tum error correction applications. Regarding the latter, through the modelling of
decoherence and the analysis of the mechanisms that generate it, it has been pos-
sible to identify a general property that systems must have in order to be intrinsi-
cally protected against decoherence. As in precedence, this property can be use-
ful for both quantum computation and error correction. Besides these main top-
ics, we have also worked on the design of time-resolved EPR experiments aimed
at detecting chiral induced spin selectivity (CISS). Although this phenomenon is
not fully understood, it is interesting for several applications, including quantum
technologies. In particular, it could be exploited for the initialization and read-
out of MNMs. Finally, we have worked with state-of-art quantum computers,
exploring the variational quantum eigensolver algorithm. We have investigated
physically motivated ansatz, i.e., ansatz tailored to respect the properties of the
target system such as conserved quantities or symmetries, showing that this ap-
proach can significantly extend the capabilities of this algorithm. As a study case,
we look at small spin models.
The work is structured as follows: the first two chapters (1 and 2) serve as an in-
troduction to standard qubit-based quantum information processing and MNM
for quantum computation, respectively. These chapters provide a comprehen-
sive overview of the subject and introduce key concepts that form the basis of
subsequent studies. Chapters 3 and 4 present the main results related to quan-
tum error correction applications, while chapters 5 and 6 focus on quantum com-
putation and simulation. Chapter 7 discusses the analysis relative to CISS ex-
periments while chapter 8 presents the studies relatives to variational quantum
eigensolver algorithm.



CHAPTER 1

Introduction to Quantum Information Theory

Q uantum Information Processing (QIP) emerged in the early 1980s and has
since captured the interest of the scientific community, making it one of

the hottest topics today [1–4]. This field stems from the intersection of classical
information theory and quantum mechanics.
The first application for which quantum computers have been ideated is the sim-
ulation of quantum systems. As well as support for scientific investigations, clas-
sical computation has long served as a research method. However, as classical
architectures continued to exhibit significant growth in capabilities, it was al-
ready clear that certain problems, such as the simulation of large quantum sys-
tems, would remain unsolvable by classical means [5]. The computational cost,
measured in terms of both memory and processing time, grows exponentially as
the size of the system increases, making the classical approach impractical [6, 7].
A new class of computer was needed to simulate physics, and quantum comput-
ers (QCs) are the answer. QCs introduce a paradigm shift by using intrinsically
quantum elements, from which they inherit the peculiar physical properties of
quantum mechanics. By basing their computation on the same logic as the sys-
tems they want to simulate, QCs are able to simulate them efficiently, with an
exponential advantage over their classical counterpart. Many other interesting
applications where QCs show an advantage have been discovered. These cover
various fields such as cryptography, secure telecommunications, search and op-
timisation problems. These possibilities open the doors to a new and exciting era
of computing.
This chapter aims to provide a comprehensive introduction to quantum infor-
mation theory, laying the theoretical groundwork for subsequent parts of this
work. In the beginning are described the basic yet fundamental concept of the
quantum bit (qubit), which is the building block for quantum computers. Then
quantum gates, the logical operations used to manipulate qubits, are introduced.
By composing these operations a generic quantum algorithm is formed. This

1



2 1.1 Quantum Information Processing

work presents principally quantum simulation: its fundamental steps and possi-
ble applications are introduced. Next, the challenges posed by imperfect devices
are addressed and the different forms of noise that arise during computation are
examined [8]. To handle errors effectively, a formalism based on Kraus opera-
tors is developed. Some error mitigation techniques are first presented, and then
quantum error correction is introduced. These procedures are the fundamental
tools to achieve a fault-tolerant computation. Lastly, a computation based on
multi-valued units (qudit) is introduced.

1.1 Quantum Information Processing

A quantum computer is a machine that performs calculations based on the prin-
ciples of quantum mechanics. Its quantum nature grants it a distinctive logic of
operation, resulting in exceptional properties. The fundamental unit for storing
and processing quantum information is known as a quantum bit or qubit [9, 10].
The qubit, like its classical counterpart, the bit, is a theoretical construct that al-
lows the representation of a two-dimensional subspace, defined by two orthog-
onal states, independent of the underlying physical system. This assumption
is based on the simple but fundamental consideration that all two-dimensional
subspaces are informationally equivalent [11]. These two states, denoted as |0⟩
and |1⟩ in Dirac notation, define the so-called computational basis (or Z-basis).
However, unlike the classical units, a qubit can be prepared in a superposition
state encompassing a combination of the two basis states. The geometric repre-
sentation of the state of a qubit is as follows:

|Ψ⟩ = cosθ |0⟩+ eiφ sinθ |1⟩ . (1.1)

where θ and φ are real parameters. The first angle defines the probability ampli-
tude of being in either of the basis states, while the second one determines the
relative phase. If one wants to give a physical interpretation to these parameters,
linking them to properties of quantum mechanics, one can say that the angle θ

is associated with the concept of quantum superposition, while φ encapsulates
the wave-function nature of a quantum state, underlying interference phenom-
ena. The Bloch sphere gives an intuitive visual representation of a qubit (refer to
Fig. 1.1). Each point on the sphere’s surface corresponds to a possible quantum
state, uniquely determined, up to a global phase, by the two aforementioned an-
gles. The states of the computational base are usually placed on the north and
south poles of the sphere, i.e. along the z-axis from which derives the denom-
ination as z-basis. It should be noted that any pair of points on opposite sides
of the sphere forms a possible basis. The pair of states along the other principal
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Cartesian axes are generally referred to as the x-basis and the y-basis. Data access

Figure 1.1: Visual representation of a classical (left) and quantum (right) bits .

marks another significant difference between quantum and classical computers.
Whereas a classical computation can be stopped, partial results examined, and
the process resumed without affecting the final output, any access to a quantum
state inevitably perturbs the wave function.
The information that a single qubit can handle compared to a classical bit is
considerable. But the real advantage comes as the spatial dimension increases.
Now, let’s consider the state defined by two distinct qubits. The product basis
|Ψ1⟩ ⊗ |Ψ2⟩ is formed by four orthogonal states |00⟩ , |01⟩ , |10⟩ , |11⟩ and the most
general wave-function can be geometrically represented as:

|Ψ⟩ = α |00⟩+ β |01⟩γ |10⟩+ δ |11⟩ (1.2)

where α, β, γ, and δ are complex parameters which satisfy the normalization
constraint |α|2 + |β|2 + |γ|2 + |δ|2 = 1. Generalising it for n qubit systems, the
Hilbert space it represents is composed of 2n states. For a moderately large num-
ber of qubits n ≳ 50, this volume of data becomes intractable for any classical
computer [6]. The exponential growth of the information that a register of qubits
can hold, together with the ability to operate on all states simultaneously, are
the origin of the exponential advantage of quantum devices. Last, but not least,
the final aspect which distinguish quantum and classical states is the quantum
correlation or entanglement. This phenomenon, theoretically discussed by the
Bell inequalities and experimentally demonstrated for the first time in the 1980s,
is one of the most intriguing aspects of quantum mechanics [12–15]. In this re-
spect, Jonh Preskill compares a quantum system to a book [6]: ”With a ’classical’
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book, every time you read a page, you learn a certain amount of total informa-
tion. After reading all the pages, you know the system perfectly. This is not
possible with the ’quantum’ book. If you want to read it, you cannot do it page
by page, but you have to make collective observations of many pages at once.”
This form of non classical correlation, together with the delicate nature of the
wave function are the foundation of secure quantum communication [16]. This
phenomenon cannot be enclosed in a simple definition. However, can be argued
that the state of a set of qubits is entangled if the state of a single qubit cannot be
represented independently of the state of the others.
The concurrency C introduced by Wootters in [17] is a metric to quantify the
amount of entanglement. C ranges from 0 to 1, where a value of 0 indicates a
state that is not entangled, while a value of 1 represents a maximally entangled
state. In the case of two-qubit in a mixed state ρ, C is defined starting from the
Hermitian operator R:

R =
√√

ρρ̃
√

ρ (1.3)

where ρ̃ = (σy ⊗ σy)ρ∗(σy ⊗ σy). Calculating R eigenvalues λ1, λ2, λ3, λ4 (in
descending order), the concurrence is given by:

C = max(0,λ1 − λ2 − λ3 − λ4) . (1.4)

Under certain conditions, this definition can be extended to any dimensional
space.

1.1.1 DiVincenzo’s Criteria

In principle, any quantum system that contains two quantum states can be uti-
lized to implement a physical qubit [18]. Examples include the orientation of a
spin-half particle, the two orthogonal polarization states of a photon, or a pair of
electronic energy levels in an atom, ion, or quantum dot. The theoretical physi-
cist David P. DiVincenzo has identified five (plus two) criteria as guidelines for
evaluating and identifying potential physical systems that can be used to build a
functional quantum computer [19]. Here, these criteria are briefly summarized:

1) A scalable physical system with well-characterized qubits. The physical system
should be scalable, meaning it can be expanded to encode multiple qubits.
Additionally, the qubits in the system should be well-characterized, mean-
ing their properties and behavior are well-understood.

2) The ability to initialize the state of the qubits to a simple fiducial state, such as
|00 . . . 0⟩. The system should allow the qubits to be prepared in a known
and well-defined fiducial state, typically the ground state.
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3) Long relevant decoherence times, much longer than the gate-operation time. The sys-
tem should have long decoherence times, meaning the quantum states of
the qubits remain stable and coherent for a sufficiently long time compared
to the time required to perform gate operations.

4) A ”universal” set of quantum gates. A universal set of quantum gates refers to a
specific set of basic quantum operations that can be combined to implement
any quantum computation. The system should be capable of implementing
this universal set of gates to perform arbitrary quantum operations.

5) A qubit-specific measurement capability. The system should have the ability to
measure the states of individual qubits without disturbing the states of
other qubits. This measurement capability is essential for extracting in-
formation from the qubits during computation.

Over the years, several architectures have been identified and developed [20].
However, despite the remarkable technological improvements [21–23], no tech-
nology today fully satisfies all the requirements. The main limitations lie in the
implementation of gates and the relatively short decoherence times, which are
still insufficient to implement arbitrarily long circuits.
The most advanced IBM hardware available today (early 2024), like the Torino
device, according to data provided by the company exhibits single-qubit gate er-
rors on the order of 10−4 and two-qubit gate errors on the order of 10−3, while
the average decoherence times are around 150 µs.
In addition to the aforementioned five conditions, two more requirements are
necessary in quantum communication:

6) The ability to interconvert stationary and flying qubits. In quantum communica-
tion, it is necessary to convert stationary qubits, which are used for quan-
tum computing operations, into flying qubits, such as photons, that can
be transmitted. This conversion allows for the transmission of quantum
information over long distances using existing optical communication in-
frastructure. The ability to efficiently and reliably convert between these
two types of qubits is crucial for quantum communication protocols.

7) The ability to faithfully transmit flying qubits between specified locations. To enable
quantum communication, it is essential to transmit flying qubits between
designated locations while preserving the coherence of the quantum infor-
mation they carry. This requirement ensures that the quantum information
remains intact and can be faithfully recovered at the receiving location.
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1.2 Quantum Gates

The evolution of a quantum system from one state to another can be represented
by a unitary transformation which is a global operation on the system. How-
ever, it is not always practical to implement an evolution that affects the whole
system, so it is convenient to rewrite it in terms of local operations. Most archi-
tectures are often limited in their direct implementation to single and two-qubit
gates. Therefore, it becomes necessary to define a universal set of operations that
can decompose any desired unitary transformation into a sequence of these basic
gates [24]. Typically, a universal gate set consists of two single-qubit gates that
enable rotations around non-parallel axes of the Bloch sphere, along with a two-
qubit gate that creates entanglement between qubits. This set of gates permits
the capability to implement any quantum algorithm. The gate set characterizes
a quantum platform because it significantly impacts the performance of the de-
composition strategies. A broader set of available gates can greatly enhance the
efficiency of decomposing, leading to improved performance and computational
capabilities.
In this section, the principal operations used in quantum computing are de-
scribed. Starting with the most general operations, the gates that are relevant
to the logical meaning their transformations represents are then highlighted.

1.2.1 Single-qubit gates

Single-qubit gates in quantum computing are operations that manipulate the
state of a single qubit. The most general form of a single-qubit gate is a unitary
rotation of the SU(2) group [25]. It can be represented by the matrix:

U(θ,ϕ,λ) =

(
cosθ/2 −eiλ sinθ/2

eiϕ sinθ/2 ei(ϕ+λ) cosθ/2

)
, (1.5)

where θ, ϕ, and λ are independent real parameters. This general rotation allows
for the transformation of any point on the Bloch sphere to any other point.
From this general form, specific single-qubit gates around the main axes can be
defined, up to a global phase, by choosing appropriate parameters. These gates
are:

U(0,0,λ) ∝ Rz(λ) = exp
(
−i

λ

2
σz

)
,

U(θ,−π/2,π/2) ∝ Rx(θ) = exp
(
−i

θ

2
σx

)
,

U(θ,0,0) ∝ Ry(θ) = exp
(
−i

θ

2
σy

)
,

(1.6)
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where Rx, Ry, and Rz are rotations around the x, y, and z axes, respectively, and
σx, σy, and σz are the corresponding Pauli matrices.
Any unitary single-qubit operator W can be decomposed into a sequence of ro-
tations around two non-parallel axes, n and m, as follows:

W = eiαRn(β)Rm(γ)Rn(δ) n,m ∈ {x,y,z}, (1.7)

with suitable choices of the parameters α, β, γ, and δ [26]. This decomposition
allows us to implement any general rotation on a quantum device by perform-
ing rotations around two axes. Therefore, to implement arbitrary single-qubit
rotations, it is sufficient to have the capability to perform rotations around two
non-parallel axes.
Within the realm of single-qubit gates, certain rotations stand out due to the in-
tuitive logic they represent. Two such gates are the Hadamard gate (H) and the
NOT gate (X).

H = U(π/2,0,π) =
1√
2

(
1 1
1 −1

)

X = U(π,0,π) =

(
0 1
1 0

) (1.8)

These gates, shown in Eq. 1.8, possess distinct functionalities and play significant
roles in quantum computations. The Hadamard gate operates by exchanging
the superposition state |0⟩+|1⟩√

2
(or |0⟩−|1⟩√

2
) with the non-superposition state |0⟩ (or

|1⟩). It essentially enables a qubit to transition between a balanced combination
of both states and a definite state. In other words, this gate allows for switching
from the computational basis to the X-basis and vice versa. In fact, two sub-
sequent applications correspond to the identity HH = I. Furthermore, this op-
eration can also be seen as a quantum Fourier transform on a two-dimensional
system.
The NOT gate, often referred to as the Pauli-X gate, swaps the two orthogonal
states of the computational basis: |0⟩ and |1⟩. It performs a logical negation,
flipping the qubit from one state to its orthogonal counterpart. It is important to
remark that, despite its name, the NOT gate does not transform any general state
|ψ⟩ into its exact orthogonal state |ψ⟩⊥.

1.2.2 Two-qubit gates

Two-qubits gates are operations that manipulate the states of two qubits simulta-
neously. The canonical gate Can(tx, ty, tz) = exp

(
−i(txσx ⊗ σx + tyσy ⊗ σy + tzσz ⊗ σz)

)
defines the most general two-qubit gate form which any other can be derived. Its
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matrix representation reads as:

Can(tx, ty, tz) =


e−itz cos

(
tx − ty

)
0 0 −ie−itz sin

(
tx − ty

)
0 cos

(
tx + ty

)
i sin

(
tx + ty

)
0

0 i sin
(
tx + ty

)
cos
(
tx + ty

)
0

ieitz cos
(
tx − ty

)
0 0 eitz cos

(
tx − ty

)


(1.9)
This operation, combined by single-qubit gates acting before and after, generates
all other two-qubit gates [27]. Furthermore this operation has a strong physical
meaning because it represents an exchange interaction [25].
Among all the possible operations, the class of controlled rotations can be iden-
tified. The logic of these gates and their matrix representations are similar. Con-
trolled operations typically exhibit a hierarchy among qubits, where the state of
one, known as the target, is altered based on the state of another, known as the
control. Importantly, the state of the control qubit remains unchanged through-
out this process.
In the most general form, the controlled operation is a U2 rotation and its matrix
representation reads as:

CU =


1 0 0 0
0 1 0 0
0 0 eiγ cos

(
θ
2

)
−ei(γ+λ) sin

(
θ
2

)
0 0 ei(γ+ϕ) sin

(
θ
2

)
ei(γ+ϕ+λ) cos

(
θ
2

)
 . (1.10)

It can be shown that all this class is locally equivalent to Can(tx, ty = 0, tz = 0) and
therefore it can be rewritten in terms of it and a few single body operations [27].
The most famous controlled gate is probability the control-NOT or CNOT gate.
The control qubit determines whether or not to apply an X gate to the target
qubit. The CNOT gate is particularly valuable as it generates entanglement and
is frequently employed as part of universal gate sets. The matrix representation
of the CNOT gate is as follows:

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 (1.11)
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Another commonly used two-body gate is the controlled-phase gate (Cφ), which
is represented by the following matrix:

Cφ =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 e−iφ

 (1.12)

where φ is a real parameter. The controlled-phase gate applies a phase factor of
e−iφ only to the state |11⟩ while leaving the other basis states unchanged. Also
this operation creates entanglement between the qubits, making it useful in gate
sets.
In the specific case φ = π, it is common to refer to this gate as the Cz gate. It is
worth noting that the CNOT gate and the Cz shift gate are closely related to each
other. They can be transformed into one another using two Hadamard gates.
This similarity allows for the interchangeability of the CNOT and the Cz in quan-
tum computations, depending on convenience and the specific requirements of
the algorithm or circuit being implemented.
Another widely used two-qubit gate is the SWAP gate 1.13, which exchange the
states of the two qubits. For instance, it transforms |01⟩ into |10⟩ mean while
states |00⟩ and |11⟩ are not touch. The SWAP gate does not generate entangle-
ment and thus cannot be used as part of a universal set. Often this operation
cannot be implemented directly, but it can be achieved by using three successive
CNOT gates, where the middle one exchanges the target and control qubits with
respect to the other two gates. The matrix representation of the SWAP gate is
given by:

SWAP =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 (1.13)

Since most quantum architectures do not allow direct operations between all
pairs of qubits, this gate is often needed during computation to connect logical
qubits that are not physically connected.

to move the information stored into qubits among hardware physical units. In-
deed, most of quantum architectures do not allow direct operations between all
pairs of qubits and therefore requiring to .
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The XY gate is defined as follows:

XY(θ) = Can(θ/2,θ/2,0) =


1 0 0 0
0 cos(θ) −i sin(θ) 0
0 −i sin(θ) cos(θ) 0
0 0 0 1

 (1.14)

This operation is a particular case of the canonical gate (tz = 0, tx = ty = θ/2) and
it represents the evolution e−i θ

2 (σx⊗σx+σy⊗σy) note as XX+YY interaction. Its action
is to partially exchange the states |01⟩ and |10⟩ while simultaneously adding a
phase of−i. For θ = π

2 , it is commonly referred to as the iSWAP gate. The XY gate
can be rewritten in terms of two generalized CPhase gates and a few single qudit
gates [28]. Apart form an overall phase, the ZZ = e−i(σz⊗σz)τ evolution operator
is decomposed in terms of Cφ as follows:

Rφ •

• Rφ

ZZ(θ) =
(1.15)

where the central gate control phase gate has angle φ = τ and Rφ = eiφ/2Rz(φ).
Form this, any other spin-spin evolution operator can be obtained as:

e−i(sα⊗sβ)τ = [uα ⊗ uβ]ZZ[uα ⊗ uβ]
† (1.16)

where α, β = {x,y,z}, ux = Ry(π/2), uy = Rx(3π/2), and uz = I.

1.3 Quantum Circuits and Algorithms

In classical information theory, any computational process can be represented
as a circuit of logic gates operating on bits. Similarly, in quantum information
theory, algorithms are described as a sequence of unitary operations that define
a quantum circuit. Quantum circuits are composed of a register of qubits, that
defines the computational space, a sequence of operations, that defines the quan-
tum algorithm and a classical communication channel or classical register, which
is used to read the measurement operations.
A quantum circuit generally begins with the initialization of the quantum reg-
ister in a fiduciary state, commonly denoted as |000 . . . 0⟩. Then, the sequence
of gates is implemented. In the end, a measurement procedure is employed to
extract a classical information about the state of the qubits. This information is
transmitted by means of the classical register.
The dimensions of a circuit, in terms of the number of qubits and the number
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of sequentially executed gates, are commonly referred to as the ”width” and
”depth” of the circuit, respectively. When discussing the size of circuits, the
terms ”wide” and ”depth” are used to describe circuits with a large number of
qubits or gates, indicating that they require significant computational resources.
Conversely, the terms ”narrow” and ”shallow” are used to describe circuits with
a small number of qubits or gates, indicating their relatively smaller size or com-
putational requirements. Quantum circuits are graphical representation as a mu-
sical score where qubits are the horizontal lines and gates take the place of notes.
An example of such a circuit, generated using the Qiskit library [29], is shown
in Fig. 1.2: The circuit is composed by three qubits represented by the first three

Figure 1.2: Example of a circuit generated using the Qiskit library by IBM [29].

parallel horizontal lines, along with a classical communication channel depicted
by the last double-parallel line. To correctly interpret the diagram, we read the
sequence of operations from left to right. Initially, the qubits are initialized in the
|0⟩ state. Each operation is represented by a symbol, such as H for the Hadamard
gate and X for the NOT gate. Multi-qubit gates are indicated by a vertical line
connecting the qubits upon which they act. In the case of the CNOT gate, the
control qubit is denoted by a dot, while the target qubit is represented by a cross.
At the end of the circuit, measurements are applied to the qubits, and the mea-
surement outcomes are transmitted through the classical channel.

1.3.1 Quantum Fourier Transform

The Quantum Fourier Transform (QFT) is the quantum analogue of the discrete
Fourier transform [30]. It enables the mapping of the amplitudes of a quantum
state into the frequency basis or Fourier basis. The QFT exhibits an exponential
advantage compared to its classical counterpart. For a space of dimension N = 2n

where n is the number of qubits, it requires only O
(
n2) gates, as opposed to the
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classical case which requires O (n2n) gates. The QFT is a fundamental component
of many quantum algorithms, most notably Shor’s factorization algorithm and
quantum phase estimation [31, 32]. Unfortunately, QFT does not speed up the
computation of classical data and hence is only useful in classical applications as
sound analysis.
Defining an orthonormal basis |0⟩ , . . . , |N − 1⟩ of dimension N, the action of the
QFT transformation is given by:

|j⟩ → 1√
N

N−1

∑
k=0

ei2π jk/N |k⟩ . (1.17)

Since the QFT is a linear transformation, the action on a general state ∑N−1
j=0 xj |j⟩

is defined as the sum of the linear transformations on the basis states |j⟩. Alter-
natively, the QFT can be represented as a unitary matrix:

FN =
1√
N


1 1 1 . . . 1
1 w w2 . . . wN−1

1 w2 w4 . . . w2(N−1)

...
...

...
...

1 wN−1 w2(N−1) . . . w(N−1)(N−1)


where w= e

i2π
N . In the case of a single qubit (n= 1) it corresponds to the Hadamard

gate, F2 = H.
Figure 1.3 shows the circuit representation of the QFT. The circuit has a modu-
lar structure and involves only Hadamard and controlled-rotations around the
z-axis. On the right side of the circuit is depicted the final state of each qubit. The

Figure 1.3: Quantum Fourier Transform circuit: H indicates the standard Hadamard
gates while Ri are z rotations of angle wi. This picture has been reproduced from [33]
under the license CC BY-SA 4.0.
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whole system wave-function is given by the tensor product of all terms and is
compactly written as the QFT(|x⟩) = 1√

N

⊗N
j=1

(
|0⟩+ wx2n−j

N |1⟩
)

.

1.3.2 Digital versus Analog Quantum Simulators

One of the first applications where quantum computers are expected to have a
disruptive impact is the simulation of entangled quantum systems [6]. Imagine
having a quantum system described by the Hamiltonian H which, at the initial
time t = 0, is in the state |Ψ(0)⟩. The state at a generic time τ is defined as:

|Ψ(t)⟩ = e−iHτ |Ψ(0)⟩ (1.18)

where we consider h̄ = 1. Explicitly calculating the evolution operator U = e−iHτ

and solving the linear system are not trivial tasks for classical computers. Indeed,
the exponential growth of the operator size with the dimension of the underly-
ing quantum mechanical system leads to an exponential growth of the required
resources both in terms of time and memory. Consequently, classical computers
can only handle relatively small sized problems. The strong interest of the sci-
entific community in this field is outlined by the wide range of approximation
techniques that have been developed over the years. However, these methods,
which come at the cost of limited precision or validity of the results, have only
the power to mitigate the underlying problem.
Thanks to their intrinsic properties, quantum computers are the natural platform
for solving such tasks [25]. The resources needed for quantum simulation grow
only polynomially with system size. While non-trivial applications like Grover
or Shor algorithms require at least thousands of qubits, even a small architecture
of a few tens of qubits could simulate problems that are already intractable on
classical computers [34].
When looking at quantum simulations, it is important to distinguish between
two categories of devices and approaches [35]:

- Analog Simulators: the simulation is carried out on a device that mimics
the evolution of the target system. The relationship between the target and
simulator systems is established at the hardware level, requiring dedicated
devices to address specific problems. The simulator is generally controlled
only through global addressing. This approach holds great promise for
near-future applications, as even in the presence of noise, qualitative fea-
tures of interesting models can be achieved. However, analog simulators
would not work as a basis for general computation because they do not
satisfy DiVincenzo’s criteria. These machines can be built using advanced
architectures such as trapped ions and superconducting circuits [36].
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- Digital Simulators: the target system is described in the mathematical
formalism of quantum mechanics, and it is represented on the hardware
through a mapping of the system algebra into the hardware algebra. Local
manipulation methods are employed to control the evolution. Their ac-
tion is formally described by unitary transformations, which, as we have
seen, are called gates in the terminology of quantum computing. Digital
simulators can address general problems, making them universal devices.
In long-term applications these architectures could benefit from Quantum
Error Correction.

In this work, digital simulators are considered. A quantum simulation can be
split up into three main steps: modelling, mapping, and gate decomposition. In
the first step, the modelling, the investigated physical system has to be defined
in terms of a mathematical formulation. We are free to choose the set of variables
and operators which appear more appropriate. The important thing is that these
capture all the dynamical information of the system.
Now we can proceed to the second step, which consists in mapping the of math-
ematical description of the model into the hardware algebra, i.e. the qubit alge-
bra. For example, with respect to the problem of simulating fermionic systems,
the most famous mapping is the Jordan-Wigner, which is presented in detail in
Chapter 6.Assuming we have successfully addressed this mapping challenge, we
can then move on to the final step.
In this last step, our goal is to decompose the time evolution operator into gates
and construct the corresponding quantum circuit. However, we need to keep in
mind Lloyd’s Theorem [37]. Conceptually, this theorem states that a quantum
computer can efficiently simulate a quantum system if the interactions between
its subsystems can be described locally. Luckily, this restriction is not limiting in
many practical cases, as most of the models we use to describe nature are based
on this assumption. Hence, we assume that the Hamiltonian H we considered
before, can be rewritten as a sum of local terms:

H = ∑
l
Hl . (1.19)

In the case that all pairs of terms commute [Hl ,Hl′ ] = 0 for ∀ l, l′

e−iHτ = ∏
l

e−iHlτ . (1.20)

However, in general not all pairs of terms commute and the previous equation
does not hold. The Lie-Trotter formula comes to our aid [10]. This allows the
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disjunction of the evolution operators of the different parts of the Hamiltonian

e−iHτ =

(
∏

l
e−iHlτ/n

)n

+ O
(

τ2

n

)
. (1.21)

The global evolution of the systems at time τ can be approximated by a sequence
of n shorter evolutions of time τ/n commonly called Trotter steps. By increasing
the number of Trotter steps, it is possible to reduce the digital error, i.e. the ap-
proximation error introduced by the formula, to any desired level of precision.
However, achieving a higher level of accuracy also results in deeper and more
complex circuits. Alternative strategies, such as higher-degree formulas like the
”Suzuki-Trotter” [38] and ”Post-Suzuki” methods [39, 40], have been proposed
to address these challenges.
It is important to note that the error provided by formula 1.21 is an upper bound
for the committed error. However, this bound often tends to overestimate the
real error. Having an accurate estimation is crucial for efficient resource utiliza-
tion. In reference [41], it has been demonstrated that the bound can be limited to
O
(

τ2

n ∑γ1,γ2
||[Hγ1 , Hγ2 ]||

)
where ||A|| is the spectral norm of the operator A.

Now, let’s focus on gate decomposition. By utilizing a universal gate set, we can
decompose any operator into a series of elementary gates (as discussed in Chap-
ter X for some standard cases). Each operator is then expressed as a sequence of
single and two-qubit gates. These chains of operations form the main core of the
quantum circuit. To complete the circuit, we need to incorporate the initial state
preparation at the beginning and a set of measurements at the end. The state
initialization allows us to reconstruct the state |Ψ(0)⟩ starting from the confident
state |00 . . . 0⟩. The measurement procedure, formally ⟨Ψ(t)|A|Ψ(t)⟩ terminates
the circuit providing access to observable quantity A on the final state. Not al-
ways these are trivial tasks. In particular, highly correlated quantum states or
observable are not always easy to prepare or measure.
The one presented is a general and schematic picture of a quantum simulation
procedure. Specific methods and techniques are often required for practical im-
plementation of particular cases. Furthermore, we want to remark that this ap-
proach could be applied to any problem which can be mathematically formu-
lated in a Hamiltonian-like form.

1.3.3 State and Process Tomography

Quantum State Tomography (QST) is a procedure that permits to fully charac-
terize the state of a register of qubits. It is used to reconstruct the density matrix
after the execution of an algorithm. The procedure requires to repeatedly recon-
struct and measure the state of the qubits on a Hilbert-space basis of the register.
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Therefore, for the procedure to be effective, it is essential that the state can be
consistently recreated multiple times. This procedure is described below, start-
ing from the particular case of a single qubit, and then generalised for n qubits.
In the case of a single qubit, a viable basis is given by the four matrices I/

√
2, X/

√
2,Y/

√
2,

and Z/
√

2. The density matrix ρ can be rewritten as :

ρ =
tr(Iρ)I + tr(Xρ)X + tr(Yρ)Y + tr(Zρ)Z

2
(1.22)

where the trace procedure tr(Aρ) corresponds to measuring the expectation value
of the observable A on the state ρ, tr(Aρ) ≡ ⟨A|ρ|A⟩.
Similarly, in the case of an n-qubit state, it can be defined as follows

ρ = ∑
v⃗

tr(σv1 ⊗ σv2 ⊗ · · · ⊗ σvn ρ)σv1 ⊗ σv2 ⊗ · · · ⊗ σvn

2n (1.23)

where the sum is over v⃗ which vi entries are chosen from the above defined
set. This procedure necessitates d2 statistical measure where d is the size of the
Hilbert space. Since the computational space d grows exponentially with the
number of qubits d = 2n, state tomography is a valuable tool for characteriz-
ing small quantum systems while its applicability to large ones is not practically
feasible. In fact, rather than fully characterising the final state, in quantum com-
putation it is more common to measure specific observables of interest.
From QST, it is possible to define another technique, known as Quantum Process
Tomography (QPT), which enables the characterization of the evolution of small
quantum systems and expressing it as a linear map. This procedure is useful,
for example, to characterise experimental implementations of gates operating in
the presence of systematic noise or other implementation imperfections [10, 42].
QPT basically consists of performing the QST on a basis of system states. This
basis can be composed of d2 pure states

{∣∣Ψ0
1

〉
,
∣∣Ψ0

2
〉

, ...,
∣∣Ψ0

d2

〉}
, where d is the

Hilbert space dimension, such that
{∣∣Ψ0

1

〉〈
Ψ0

1

∣∣ , ∣∣Ψ0
2
〉〈

Ψ0
2

∣∣ , ..., ∣∣Ψ0
d2

〉〈
Ψ0

d2

∣∣} forms a
basis set for the matrix space. Starting from each eigenstate and letting the sys-
tem evolve under the action of the target process, state tomography is performed
on each evolved state. Knowing the action of the process on all eigenstates, the
action on a general state |Ψ⟩ is determined by linear extension.
Using the super-operator formalism, very convenient in this context, the linear
map L that represent the process evolution is obtained by solving the linear sys-
tem: ∣̃∣Ψτ

i

〉
= L

∣̃∣Ψ0
i

〉
(1.24)

where
∣̃∣Ψτ

i

〉
and

∣̃∣Ψ0
i

〉
are super-operators formed by horizontally stacking the

vectorized density matrices. L is in a d2 × d2 matrix. Figure 1.4 shows the his-
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Figure 1.4: Bar plot of the liner map of a simple single qudit d = 4 operation where
1− 2 levels are swapped. On the left side an ideal implementation is considered,
while on the right side the incoherent dynamics generated by pure dephasing T2 =

50 ns is taken into account.

togram representation of the linear map of a single qudit gate d = 4 where states
1-2 are exchanged for an ideal (left) and noisy (right) implementation. The labels
represent the different entries of a density matrix where 00, 11, 22 and 33 are the
diagonal elements while all others represent the coherence. The colour of the
bars indicates the phases. Reading the linear map, it is possible to interpret the
effect of the gate; for example, it is easy to see that 11 goes into 22 and vice versa.
The noisy case takes into account the effect of pure dephasing with T2 = 50 ns for
an implementation time of about 6 ns. Compared to the ideal case, as expected,
there is a clear suppression of the coherences, as can be seen for instance from
the (03,03) entry.

1.4 Noise Modeling

As noted in 1.1.1, no current architecture fully satisfies all the DiVincenzo crite-
ria, and one of the major limitations is noise. In this section, the different types
of noise are analysed, identifying their sources and effects. This analysis allows
for a better understanding of the problem and therefore a better understanding
of how to deal with it. These studies are in fact the base for the construction of
QEC theory.
The analysis starts by dividing the different sources of errors into two main cat-
egories, based on their origin:

- Coherent errors: These errors arise due to a partial or incorrect knowledge
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of the system dynamics. They can be viewed as inaccuracies in the im-
plementation of quantum gates. Coherent errors are often systematic in
nature. Through careful characterization, these errors can be corrected or
mitigated to some extent.

- Incoherent errors: This category encompasses errors that result from the
interaction between the quantum system and its surrounding environment.
These errors are typically stochastic and arise due to various factors such
as thermal fluctuations, electromagnetic interference, and other forms of
noise. Incoherent errors can lead to the loss of quantum coherence and the
degradation of quantum information.

The typical example of a coherent error is the incorrect implementation of a sin-
gle qubit rotation. If the system dynamics is not perfectly known, a rotation of
an incorrect angle or, otherwise not along the correct axis could erroneously be
implemented. These errors tend to be systematic and therefore they can be mit-
igated by better characterising the system. In contrast, incoherent errors, which
arise from the interactions of the qubits with the environment, are stochastic in
nature and consequently more complex to correct. Both coherent and incoher-
ent errors pose significant challenges in quantum information processing. Many
efforts are made to develop mitigation and correction strategies to minimize the
impact of error and improve the reliability of quantum computers.
In the following paragraphs, a formalism to describe the effect of errors is estab-
lished and then the different error channels are introduced.

1.4.1 Operator-sum representation

Operator-sum representation, or Kraus representation after its discoverer, is a
powerful formalism to describe the effect of errors on quantum systems. This
formalism is able to capture the effects on the target system resulting from the
interaction with a secondary system, generally the environment, in terms of op-
erators that act only on the subspace of the principal system. In other words,
these operators capture the effects of the interactions without having to work on
the product space of the two systems. This is generally very useful for simulat-
ing the dynamics between qubits and the environment.
Let’s define the initial state of the principal quantum systems ρ and the initial
state of the environment ρenv = |eo⟩⟨eo| where, without loss of generality, it is as-
sumed to be a pure state. Supposing that after a certain time the system and
the environment are no more in interaction, the evolved state of the system ρ′ is
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obtained as:
ρ′ = Trenv

[
U(ρ⊗ ρenv)U†

]
, (1.25)

where U is a unitary operator which describes the interaction. This equation can
be rewritten expliciting the trace operation as ∑k ⟨ek|ek⟩:

ρ′ = ∑
k
⟨ek|

[
U(ρ⊗ |e0⟩⟨e0|)U†

]
|ek⟩

= ∑
k
EkρE †

k (1.26)

= E(ρ) ,

where |ek⟩ is a basis for the states of ρenv and Ek = ⟨ek|U|e0⟩ are the so called
Kraus operators that act on the subspace of the principal systems. In general,
the inequality ∑k E †

k Ek ≤ I holds and means that the trace is not preserved. If the
relation ∑k E †

k Ek = I is satisfied, the operators are said to be trace-preservers.
In the following sections, this formalism is used to define the effect of noise on
quantum states. In this context, Kraus operators are also called noise or error
operators.

1.4.2 Noise Channels

In this section, the principal noise channels that describe errors affecting qubits
are presented [10]. Having a model that captures, albeit under certain approx-
imations, the main features of these phenomena is essential for understanding
them.

Classical Bit Flip

Before introducing the different channels for quantum noise, it is helpful to build
some intuition by considering the classical case. In a classical device what can
happen is that a bit initially in state 0 (or 1) can flip with a certain probability
1− p to state 1 (or 0), respectively. This concept can be graphically represented
as depicted in Figure 1.5.
Formalizing the above expression in mathematical language, a transition matrix
can be defined as follows:[

q f in
0

q f in
1

]
=

[
p 1− p

1− p p

][
qin

0
qin

1

]
Here, qin/ f in are the probabilities before and after the error occurs. Now, extend-
ing this concept to qubits is straightforward.
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Figure 1.5: Visualization of the effect of different error channels with p = 0.7 on the
Bloch sphere.

Bit Flip

The first quantum channel to be considered is the analog of the bit-flip error in
the classical case. The action of this channel is to flip a qubit initially in state
|0⟩ (or |1⟩) to state |1⟩ (or |0⟩) with a certain probability of 1− p. This error is
represented by the following operators:

E0 =
√

pI =
√

p

(
1 0
0 1

)
(1.27)

E1 =
√

1− pσx =
√

1− p

(
0 1
1 0

)
(1.28)

Thus, the effect on a generic state ρ can be mathematically formalized as follows:

ρ′ = p E0ρE †
0 + (1− p) E1ρE †

1 (1.29)

The effect of the bit-flip error on a qubit’s state can be visualized as a contraction
of the ŷ− ẑ plane on the Bloch sphere, as depicted in Figure 1.6.

Phase Flip

The second channel presented is the phase-flip channel. This error lacks a clas-
sical counterpart. Its action is to add a phase of −1 to state |1⟩ with a certain
probability 1− p. The error operators are defined as follows:
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E0 =
√

pI =
√

p

(
1 0
0 1

)
(1.30)

E1 =
√

1− pσz =
√

1− p

(
1 0
0 −1

)
(1.31)

The action of the phase-flip error on a qubit can be visualized as a contraction
of the x̂− ŷ plane on the Bloch sphere, as illustrated in Figure 1.6. As shown in
section 1.2.1, by means of two rotations along two non-parallel axes, any generic
rotation can be reconstructed. Similarly, all the error channels presented later can
be obtained by a combination of these first two errors. In order to define QEC
schemes capable of achieving fault tolerance, it will therefore be necessary to de-
sign codes capable of correcting both forms of error simultaneously.

Bit-Phase Flip

Combining the above two channels, a third one named the bit-phase flip is de-
fined. This error is described by the following operators:

E0 =
√

pI =
√

p

(
1 0
0 1

)
(1.32)

E1 =
√

1− pσy =
√

1− p

(
0 −i
i 0

)
(1.33)

The effect on the Bloch sphere is a contraction of the ẑ− x̂ plane, as depicted in
Figure 1.6.

Depolarizing

The depolarizing channel is defined as a uniform action of the three errors: bit
flip, phase flip, and bit-phase flip. Its effect is expressed by the following equa-
tion:

E(ρ) = p ρ +
1− p

3
(σxρσx + σyρσy + σzρσz) . (1.34)

The depolarizing channel’s geometric interpretation is a uniform contraction of
the Bloch sphere in all directions (see Figure 1.6).
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Amplitude Damping

Another notable noise channel is the amplitude damping channel that describes
energy dissipation and therefore is linked to the T1 relaxation time. This error is
described by the following operators:

E0 =

(
1 0
0
√

1− p

)
(1.35)

E1 =

(
0
√

p
0 0

)
. (1.36)

The probability p is typically associated with T1 using a relation like p = e−t/T1

where t is time. In the Bloch sphere’s graphical representation, this channel’s
effect is observed as a contraction of the sphere along with a shift of its centre
towards the |0⟩ pole.

Phase Damping

Related to the relaxation time T2 is the phase-damping channel. The error oper-
ators are:

E0 =

(
1 0
0
√

1− p

)
(1.37)

E1 =

(
0 0
0
√

p

)
. (1.38)

where
√

1− p = e−t/(2T2). By manipulating the operators, phase damping can be
expressed in terms of phase flip operators with a normalization factor. Thus, the
action on the Bloch sphere remains the same.

Measurement

Measurement errors represent the last channel considered. In ideal measure-
ments, the measurement operation is determined by the projection operators
P̂0 = |0⟩ ⟨0| and P̂1 = |1⟩ ⟨1|, projecting the system into one of its eigenstates.
However, real measurements introduce errors. The effective physical source un-
derlying the process can differ depending on the hardware. For example, in
superconducting qubits the main sources are thermal excitation and T1 decay,
whereas in ion traps the uncertainty arises from the technical challenge of de-
tecting the dark states of the ions and collisions[43]. The action of a real mea-
surement process can be described by generalized projection operators P̄0 and
P̄1:
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P̄0 = (1− Pp0m1) |0⟩ ⟨0|+ Pp0m1 |1⟩ ⟨1| (1.39)

P̄1 = (1− Pp1m0) |1⟩ ⟨1|+ Pp1m0 |0⟩ ⟨0| . (1.40)

Here, these operators consider the probabilities of preparing the system in state
|0⟩ or |1⟩ and measuring |0⟩ or |1⟩, respectively. Estimating readout errors is
typically accomplished experimentally by initializing qubits in either the |0⟩ or
|1⟩ state and measuring them immediately afterward. Any deviations from the
ideal behaviour are attributed to readout errors.
Understanding and characterizing these noise channels are crucial for assessing
and mitigating errors in quantum systems. This understanding forms an essen-
tial part of the study of quantum error correction and fault-tolerant quantum
computing.

Figure 1.6: Visualization of the effect of different error channels on the Bloch sphere
with p = 0.7 .

1.5 Performance Metrics and Distance Measure

Although technological advancement is leading to significant improvements in
hardware capabilities, near-term and next-near future devices will have to co-
exist with noise. Furthermore, in this early stage, these architectures will not
benefit from quantum error correction (QEC) techniques. The performance of an
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architecture in the presence of noise requires proper consideration. The metrics
used for classical computers are not suitable for this purpose. In order to eval-
uate and compare the performance of different devices, it is therefore necessary
to establish metrics specific to quantum devices. In this section, two metrics are
presented: one to assess the ”quality” of a single qubit in the implementation of
operations and one to assess the performance of architectures.
The last part of this section also introduces two proximity measures, the trace
distance and fidelity, which are used to estimate the proximity of two quantum
states. These measures are commonly used to evaluate the precision of the im-
plementation of a single operation or a whole circuit.

1.5.1 Figure of Merit

The fulfilment of the third DiVincenzo criterion is contingent upon the decoher-
ence time of the qubits significantly exceeding the duration of gate implementa-
tions. This statement implies that quantum information processing requires not
only robust qubits with prolonged decoherence times but also efficient gate op-
erations. Fulfilling these conditions is also often in conflict for technical reasons.
Striking an optimal balance between these two temporal aspects is paramount,
as a prolonged coherence time is advantageous only if it can coexist with reason-
ably short gate operation time.
In order to rigorously quantify how well an architecture satisfies the above state-
ment, and to enable comparisons between different technologies, the figure of
merit used, denoted QM, is calculated as the ratio of the system coherence time
to the gate operation time. This quantity encapsulates the essence of the above
statement in a single positive value that is easy to calculate and compare.

1.5.2 Quantum Volume

Inside the complex picture of noisy devices, it is not obvious how to estimate
the effective computational power of an architecture. Traditional metrics, such
as the number of operations per unit of time, do not capture the significant as-
pects. Merely considering the number of qubits or the speed of gate execution
does not provide a comprehensive understanding of the hardware’s true func-
tionality. To address this, in 2019 IBM proposed a novel metric called “quantum
volume” (QV) as a standardized unit of measurement for NISQ devices with a
limited number of qubits (typically up to 50 qubits) [44]. Quantum volume is
designed to capture the capabilities of the hardware in a single real number, fa-
cilitating easy comparisons among different devices.
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The evaluation of the quantum volume is based on the execution of random
modular circuits, i.e. circuits with a block structure within which randomly de-
fined gates are applied. These circuits are characterized by two parameters: the
width m, i.e. the number of qubits (taken always as even), and the depth d, i.e.
the number of blocks. The evolution operator of the whole circuit, denoted as U,
is obtained as the product of m step evolution U = U1U2 . . .Um. The operators
Ut, where t goes from 1 to m, consist of m/2 two-qubit interactions between pairs
of qubits randomly chosen. The circuit can be optimized through a transpiling
process. Taking into account the device topology, gate set, noise characterization
and even additionally qubits if available the circuit is rewritten in an optimal
way to reduce errors. In the end, also error mitigation techniques can be applied.
The fidelity of the simulation is evaluated comparing them to the exact solution.
If the results surpass an acceptance threshold, the quantum volume (QV) can be
explicitly calculated using the formula:

log2 QV = argmax
m

min(m,d(m)) . (1.41)

In summary, the Quantum Volume (QV) is a metric that defines the largest square
circuit, with the same depth and width, that can be implemented on a quantum
device without the noise significantly corrupting the results. Quantum Volume
is a comprehensive measure of a quantum device’s capabilities. It takes into
account several factors, including the number of physical qubits, qubit connec-
tivity, gate set performance, decoherence time, software and compiler perfor-
mance, and parallelization capabilities [45, 46]. As the time of writing this work,
Quantuum currently holds the record for the highest achieved quantum volume,
reaching a value of 219 [47]. This accomplishment marks the first instance of a
five-digit quantum volume achieved by a company. However, other companies
such as IBM, Honeywell, Google, and Rigetti have also announced ambitious de-
velopment projects with the goal of increasing the quantum volume to the order
of hundreds of thousands or even millions within the next five years. This rapid
advancement reflects the continuous progress and growing potential of NISQ
devices, opening up new frontiers in the field of quantum computing.

1.5.3 Proximity Measurement

When dealing with two quantum states, it is often useful to quantify their prox-
imity or similarity. Such measures help evaluate the precision of algorithm im-
plementations or assess the effects of noise.
Similar to classical information, the first measure that can be introduced is the
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trace distance D. Given two density matrices ρ and σ, it is defined as the trace
norm of the difference of the two density matrices:

D(ρ,σ) =
1
2

tr|ρ− σ|. (1.42)

For two commuting matrices, i.e. matrices diagonal in the same basis, this mea-
sure corresponds to the classical trace distance. The trace distance assumes val-
ues between 0 and 1 and approaches zero as the states ρ and σ become increas-
ingly similar.
Another commonly used quantity is the fidelity F :

F (ρ,σ) = tr|
√

ρ1/2σρ1/2|. (1.43)

The fidelity ranges between zero and one, where zero represents orthogonal
states and one represents identical states. In the case of two commuting den-
sity matrices, also the fidelity reduces to the classical definition. Furthermore,
it can be shown that the fidelity is invariant under unitary transformations and
symmetric with respect to inputs. Often, it is more convenient to look at the
inverse of fidelity, i.e. the committed error or infidelity, defined as E = 1− F 2.
Indeed, assuming low error rates, E has a clearer representation especially on the
logarithmic scale.
Trace distance and fidelity are closely related, and it can be demonstrated that
holds the following inequality :

1−F (ρ,σ) ≤ D(ρ,σ) ≤
√

1−F (ρ,σ)2 . (1.44)

This relation implies that both measures similarly capture the proximity between
states, and in many cases they can be used interchangeably.

1.6 Quantum Error Mitigation

The fist type of approach to address errors in quantum circuits is the implemen-
tation of Quantum Error Mitigation (QEM) [43]. These techniques have been
developed to minimize the impact of noise on the outcomes of quantum algo-
rithms, thereby enhancing the performance of quantum devices. They are not
an alternative for quantum error correction (see. Sec. 1.7) and have been ideated
with the aim of making the achievement of a quantum advantage closer before
the era of fault-tolerant computation. The fundamental distinction between these
two approaches lies in their focus: quantum error correction aims to correct er-
rors at the level of individual operations or qubits, thereby improving the qual-
ity of individual circuits, while QEM focuses on reducing the influence of noise
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on the results of entire algorithms and is typically applied at the circuit level.
Although QEM is less attractive for long-term applications, it has nonetheless
demonstrated significant results and could play a key role in near-term applica-
tions.
Another conceptual difference between these two approaches is that quantum
error correction requires errors to remain below a certain threshold level in order
to be effective. In contrast, QEM can be applied independently to single error
rates and remains effective as long as the final results are not overly corrupted.
Consequently, there is no stringent requirement on error rates, and practical lim-
itations primarily result in a maximum circuit complexity. As technology im-
proves, error mitigation will become applicable to more demanding problems
without requiring big steps in technological advances.
To be attractive, error mitigation techniques should meet certain criteria. Firstly,
they should not introduce an excessive additional computational cost, both quan-
tum and classical, that would limit their applicability. Moreover, these tech-
niques should be general enough to apply to a wide range of problems. Lastly, it
is advantageous if they can provide an error bound that quantifies the accuracy
of the results they produce.
In the subsequent sections, two of the most common methods are briefly intro-
duced.

Readout Error

In this paragraph, a mitigation technique, based on a classical post-processing
procedure, for the correction of measurement or read-out errors is presented [48].
The technique was developed for measurements on multi-qubits and is also valid
in the case of asymmetric errors. The method requires the construction of a so-
called calibration matrix Mcal in which all probabilities of switching from one
state to another, due to read-out errors, are estimated for all possible combina-
tions of states. The construction of this matrix is done experimentally by creating
and measuring all states repeatedly. In other words, the most rigorous approach
requires implementing a complete tomography of the system readout [49]. The
limitation of the method is that in general the cost of constructing the matrix
grows exponentially with the size of the system and therefore is not scalable for
large size systems. However, assuming the qubit errors independent of the prob-
lem is drastically simplified and the whole system matrix is obtained simply as
the product of the single qubit matrices.
Assuming negligible construction errors, a more than plausible assumption given
that a maximum of one rotation per qubit is needed to construct factorised states,
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(a) (b) (c)

Figure 1.7: Visual representation of the calibration matrices for a three qubit circuit
with different error rate probability. From left p = 0 (ideal case), p = 0.1, and p = 0.2.
A small asymmetry pp1m0 − pp0m1 = 0.05 is also considered.

a faithful map of the effect of noise is obtained. Fig. 1.7 shows three different cal-
ibration matrices constructed for a three qubit circuit. On x axis are the prepared
states, i.e. the theoretically constructed initial states, while on y axis are the out-
put of the measure process. The grey scale gives a visual representation of the
experimentally measured probabilities. The (A) matrices represent the ideal case
where no error has occurred. It’s shape is diagonal and this is visually high-
lighted by the strong contrast between white and black squares. Instead, (B) and
(C) show two cases with a probability of p = 0.1 and p = 0.2 respectively for all
qubits that an error occurs in the measurement process. Given the low error rates,
the most common case, as indicated by the different shades of gray, is no error,
then a single error, and then in order two or three. In fact, a small asymmetry
pp1m0 − pp0m1 = 0.05 was also considered.
Defined the calibration matrix, the results are corrected by applying the inverse
of this matrix to the vector of experimental probabilities v⃗exp:

v⃗cal = M−1
cal v⃗exp (1.45)

where v⃗cal is the vector of the corrected probabilities. The higher the statistics of
the experimental measurements and of the matrix itself, the more accurate is the
technique.

Zero-Noise Extrapolation

Zero-noise extrapolation mitigation encompasses a wide range of methods with
various applications. The core concept behind this approach is to study theoret-
ically equivalent circuits that differ from each other for the noise level [49, 50].
A noise coefficient λ characterizes the various implementations of the theoretical
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circuit. Any observable of interest obtained after measurement can be defined as
a function of the λ rate. As the noise level increases, experimental results tend
to deviate from the exact solution. By fitting the results, the zero-noise solution
is obtained as the intercept extrapolation curve. This technique can be employed
to target specific gates individually or several simultaneously and in general is
very efficient when the errors are small and the solution can be calculated for a
wide range level of noise.
Three main classes of implementation, which are distinguished by how the noise
level of the circuit is calibrated, can be identified: gate redundancy, pulse stretch-
ing, and probabilistic insertion. In the first class, circuit noise is calibrated by
inserting sequences of abundant gates that are equivalent to the identity. For
instance, a single CNOT gate could be replaced by a sequence of three CNOT
gates, resulting in equivalent logical operations but with a triple error rate. In
the second case, pulse stretching introduces additional noise by modifying the
gate implementation directly. For example, in a superconducting qubit archi-
tecture where gates are implemented using electromagnetic pulses, the strength
and duration of the pulse can be controlled, altering the error contribution from
decoherence and leakage. Lastly, in the probabilistic insertion the circuit noise
is manipulated by inserting gates that actively simulate faults. In other words,
the noise in the circuit is introduced artificially by additional gates. If an accurate
modelling of the error source is known, this method could be very advantageous.

1.7 Quantum Error Correction

As introduced in the previous sections, error channels are a major problem for
QIP. However, this kind of problem is not new for computer science as it also
concerns classical computation. Computers are expected to perform tasks reli-
ably and even a single bit flip can significantly impact calculations. Therefore,
when designing an architecture, it is essential to strive to make them resilient
to failures. A complete resilience is not always achievable by technological im-
provement, and therefore it is necessary to coexist with them. Classical computer
science has developed a solution known as error-correction to address this issue.
While a deep investigation of this topic is not the aim of this work, it is useful to
introduce the general concept. In fact, from this, one can acquire a general idea
of what QEC can be and also inherit the formalism [51, 52].
Storing the logical information of a bit (logical bit) in a single physical object
(physical bit) is risky because if an error occurs, such as a bit flip, the information
is lost. The solution founded by classical error correction is thus based on rep-
etition codes. The simplest example is the three-repetition code, where a single
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logical bit of information is mapped into three physical bits:

Logical Physical

0 −→ 000

1 −→ 111

Let’s assume that each bit is subject to independent symmetric bit flip errors,
which occur with probability p. After an error, the bit can be in one of six states:
001, 010, 100, 110, 101 and 011. By employing majority voting, which means
counting the number of zeros and ones, it is possible to recover the original in-
formation: the first three cases would correspond to logical 0, while the others
would correspond to 1. This code is only secure against a single bit flip. If two

Initial state Final state Major Voting

000

000 0

001 0

010 0

100 0

111

111 1

110 1

101 1

011 1

Table 1.1: Detection table for the three-bit code.

or three errors occur, the information is lost. It can be demonstrated that this
method is effective in improving computation reliability if p < 1

2 . Error correc-
tion methods are typically classified using three parameters, denoted as [[n,k,d]],
where n is the number of physical objects, k is the number of logical bits, and d is
the distance between logical states. A three-bit code is denoted as [[3,1,1]] since
it uses three physical bits, stores one logical bit and protects against a single er-
ror. It’s worth noting that the three-repetition code is the smallest code capable of
error correction; a two-level code can only detect errors but cannot correct them.
By increasing the number of physical objects n, the distance d between logical
states increases, thereby providing protection against more errors.
With an established theory already in place, the aim is to seamlessly extend it to
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quantum computers. However, prior to moving forward, it is crucial to outline
several fundamental differences:

- No Cloning: Repetition codes require the reproduction of a state in multi-
ple copies. However, as demonstrated in Sec. 1.7.1 the No-Cloning theorem
forbids this for quantum states.

- Continuous Errors: Classical errors are discrete while Quantum states are
subject to continuous errors. How can we distinguish between error and
not error states? In addition, quantum states are subject to different types
of errors, the effects of which can be combined.

- Measurement Destroys Quantum States: In classical computation, we can
always access and manipulate data. If we tried to access quantum states,
we would corrupt them, making correction impossible.

Fortunately, all these problems are surmountable. In the following sections, the
two fundamental theorems at the basis of QEC theory, the no-cloning theorem
and the Knill-Laflamme conditions, are presented. Then, basic 3-qubit and 9-
qubit schemes are introduced.

1.7.1 No-Cloning Theorem

The No-Cloning Theorem is a fundamental principle in quantum computation
with profound implications in various fields such as Quantum communication
and Quantum Error Correction [53, 54]. It states that it is impossible to create
an identical and independent copy of an arbitrary unknown quantum state of
a system onto another system. A simple proof of the theorem valid in the case
of pure states is given below. However, the theorem can also be proved in the
case of generic states. This more general version is also known as No-Broadcast
Theorem [55, 56].
Two quantum systems, denoted as A and B, exist within the same Hilbert space
H = HA = HB. Initially, system A resides in an unknown pure state |χA⟩, while
system B is in the state |eB⟩. Given the constraint that measuring the state of A
would disrupt it, the sole viable approach for creating a copy is to introduce a
unitary evolution operator Ucopy designed to replicate any state.
The action of Ucopy is as follows:

Ucopy

∣∣∣χ1
A

〉
⊗ |eB⟩ =

∣∣∣χ1
A

〉
⊗
∣∣∣χ1

A

〉
Ucopy

∣∣χ2
A
〉
⊗ |eB⟩ =

∣∣χ2
A
〉
⊗
∣∣χ2

A
〉
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To assess the scalar product a=
〈
χ1

A ⊗ eB
∣∣U†

copyUcopy
∣∣χ2

A ⊗ eB
〉
, two distinct meth-

ods exists:

a =
〈

χ1
A ⊗ eB

∣∣∣U†
copyUcopy

∣∣∣χ2
A ⊗ eB

〉
=
〈

χ1
A ⊗ eB

∣∣∣χ2
A ⊗ eB

〉
=
〈

χ1
A

∣∣∣χ2
A

〉
a =

〈
χ1

A ⊗ eB

∣∣∣U†
copyUcopy

∣∣∣χ2
A ⊗ eB

〉
=
〈

χ1
A ⊗ χ1

A

∣∣∣χ2
A ⊗ χ2

A

〉
=
(〈

χ1
A

∣∣∣χ2
A

〉)2

Matching the two previous solutions, it is not difficult to conclude that either∣∣χ1〉= ∣∣χ2〉 or
〈
χ1
∣∣χ2〉= 0. This implies that a universally applicable cloning op-

erator, capable of producing identical and independent copies of arbitrary quan-
tum states, does not exist.
In conclusion, this theorem implies that the classical repetition code described
above cannot be trivially extended to the quantum case.

1.7.2 Knill-Laflamme Conditions

For the classical three-repetition code, the fulfilment of two conditions was ob-
served as necessary to correct errors: understanding the effects of errors and
the capability to differentiate affected from unaffected states. This was relatively
straightforward due to a unique, discrete error source. The computational basis
encompassed states 000 and 111, with all other states recognized as corrupted. In
this section, this concept is extended to account for continuous and diverse error
sources influencing quantum states.
The basis of a single qubit is defined by two orthogonal logical states, |0L⟩ and
|1L⟩ also known as code words, from which any generic state can be generated
|Ψ⟩ = α |0L⟩ + β |1L⟩. At this stage, the specific form of the logical states is not
fundamental, the important thing is that the two states are orthogonal.
As highlighted earlier, the knowledge of errors is essential for the correction. To
achieve this, a set of interaction operators denoted as Ea is introduced, character-
izing the action of the environment on the systems. The evolution of the systems
follows:

ρfin = ∑
a
EaρinE †

a . (1.46)

Here, ρ represents the system density matrix, initially assumed to be non-entangled
with the environment. The interaction operators can be constructed from an
eigenstate basis |µa⟩ of the environment Hilbert space, the initial state |e⟩ of the
environment, and the time evolution operator U of the entire system as follows:

Ea = ⟨µa|U|e⟩ . (1.47)
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A key property of these operators is that they satisfy the relation:

∑
a
E †

a Ea = I . (1.48)

While these operators can be quite intricate in general, certain approximations
are viable for many physical systems. First, the independent interaction with the
environment for each qubit allows the representation of the interaction operator
Ea as a tensor product of single-qubit operators. Second, when error rates are
low, one of the operators can be approximated as an identity gate.
Given a set of error operators, a logical base is able to correct it if the following
conditions are fulfilled:

⟨0L|E †
a Eb|1L⟩ = 0 (1.49)

⟨0L|E †
a Eb|0L⟩ = ⟨1L|E †

a Eb|1L⟩ . (1.50)

These conditions, known as the Knill-Laflamme conditions, are together neces-
sary and sufficient [57, 58]. The first equation implicates that logical states |0L⟩
and |1L⟩ need to be transformed into orthogonal states when subjected to any
error. In other words, the two subspaces formed by the two code words and
their relative affected states must remain orthogonal. The second condition states
that the size and the inner product of the states affected by the error must be
the same. When constructing the code words, it is often convenient to impose
⟨0L|E †

a Eb|0L⟩ = ⟨1L|E †
a Eb|1L⟩ = 0. However, this requirement, which expresses a

sufficient but not a necessary condition, could limit the code correction capabil-
ity.

1.7.3 Three-Qubit Code

This section introduces the three-qubit code, which is the extension to the quan-
tum case of the classical three-repetition code. Similar to its classical analogue,
the three-qubit code is a [[3,1,1]] that means it exploits three physical qubits to
encode a single logical qubit. According to its formulation, it is capable of cor-
recting either a single bit or phase-flip errors. Both versions are presented in this
section, starting with the one to protect against bit-flip error.
In the description of the classical procedure, the focus has been on outlining the
procedure’s logic without delving into the operation required for the implemen-
tation. Here, alongside explaining the procedure’s logic, the quantum circuit
required for implementation is also presented 1.53. For simplicity, this treatment
assumes that errors occur only during a specific time lapse, known as memory
time or error time, during which no operations are implemented. Therefore, all
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gate implementations are considered as ideal, i.e. exact and instantaneous.
In the formulation for the bit flip error the logical states reads as:

|0⟩L = |000⟩ , |1⟩L = |111⟩ , (1.51)

from which a generic state |Ψ⟩ = α |0⟩+ β |1⟩ is defined as

α |0⟩+ β |1⟩ → α |0⟩L + β |1⟩L
= α |000⟩+ β |111⟩ (1.52)

= |Ψ⟩L .

The logical information of a single qubit is rewritten on an entangled state formed
by three physical qubits. Different from the classical approach, where informa-
tion is copied over several bits, here the information is spread over several qubits
by exploiting quantum entanglement. In this way, the no-cloning theorem is not
violated.
The first step of the implementation of the QEC scheme consists indeed in the
construction of the code words. This is easily done by means of two CNOT gates
which entangles the first qubit with the other two as depicted in 1.53.

Three-Qubit Scheme for Bit-Flip Error

Encoding Memory time Detection Correction

|Ψ⟩ •

E

• • X

|0⟩ • • X

|0⟩ • X

|0⟩ •

|0⟩ •

(1.53)

Subsequently, the state, which is now protected, is left under action of possible
errors during the so-called memory time. Ended the memory time, the detection
procedure begins. This latter serves to determine whether an error has occurred.
Similarly at what is done for the three-bit code with the majority voting, errors
are identified by means of parity checks. Unlike the classical case, where it is pos-
sible to directly access to the information on each bit, to not affect the quantum
state it is required to exploit some ancillae. The parity checks are implemented
by entangling a couple of code word qubits with an ancilla by means of CNOT
gates. Supposing that a single error has occurred, measuring the state of the two



Introduction to Quantum Information Theory 35

ancillae uniquely distinguish the different possible cases that are summarized
in the detection table. Once the result of the measurement is known, classically

Bit-flip Final state |qubits⟩ |ancillae⟩

No Error α |000⟩ |00⟩+ β |111⟩ |00⟩

Qubit 1 Error α |100⟩ |11⟩+ β |011⟩ |11⟩

Qubit 2 Error α |010⟩ |10⟩+ β |101⟩ |10⟩

Qubit 3 Error α |001⟩ |01⟩+ β |110⟩ |01⟩

Table 1.2: Detection table for the three-qubit code. On the right are the four possible
scenarios, and on the left are the states of the qubits and the ancillae. Each scenario
is distinguished by a different state of the ancillae.

controlled X gates are implemented to restore the initial states.
Keeping the same circuit structure and logic, this algorithm can be adapted to
correct phase-flip error with minor changes.

Three-Qubit Scheme for Phase-Flip Error

Encoding Memory time Detection Correction

|Ψ⟩ • H

E

H • • X

|0⟩ • H H • X

|0⟩ H H • X

|0⟩ •

|0⟩ •

(1.54)

The code words are defined as

|0⟩L = |+++⟩ , |1⟩L = |− −−⟩ , (1.55)

where |+⟩ = |0⟩+|1⟩√
2

and |−⟩ = |0⟩−|1⟩√
2

. These are constructed by entangling the
first qubit with the other two, as before, and then applying a H gate to each qubit.
Before the detection procedure, the states are remapped on the computational
basis by means of H gates and here after the same procedure as before is applied.
Although this simple scheme is helpful as an example for understanding the
subject, it has severe limitations. Firstly, it is only secure against one type of error
and is therefore not general. Secondly, it is not fault-tolerant, i.e. the way it is
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designed, it is not capable of handling gate errors.
In the next section, the first of these limitations is overcome with the introduction
of the nine-qubit code, which is capable of correcting both sources of error.

1.7.4 Nine-Qubit Code

The nine-qubit code, also known as Shor’s code after its inventor, is the first
complete QEC scheme [51, 59]. This code is capable of correcting both bit-flip
and phase-flip errors, even when they occur simultaneously, making it suitable
for general error correction. As the name suggests, it utilizes nine physical qubits
to store a single logical qubit. The code words are created concatenating the
three-qubit bit- and phase-flip codes. A hierarchical structure is defined among
the nine qubits, and at each level, a three-qubit scheme is employed to encode
the logical qubit [60]. The logical states are defined as follows:

|0⟩L =
1

2
√

2
(|000⟩+ |111⟩) (|000⟩+ |111⟩) (|000⟩+ |111⟩) (1.56)

|1⟩L =
1

2
√

2
(|000⟩ − |111⟩) (|000⟩ − |111⟩) (|000⟩ − |111⟩) . (1.57)

As shown in 1.58, the encoding procedure begins by applying a three-qubit phase
flip encoding between qubits 1, 4, and 7. Next, a bit flip scheme is implemented
within each triplet: 1− 2− 3, 4− 5− 6, and 7− 8− 9. The encoding provides
protection against up to three bit flip errors that occur in different triplets, as well
as a single phase flip error. The scheme is classified as [[9,1,3]].

Encoding Procedure for the Nine-Qubit Code

|Ψ⟩ • • H • •

|0⟩
|0⟩

|0⟩ H • •

|0⟩
|0⟩

|0⟩ H • •

|0⟩
Phase-Flip |0⟩

Bit-Flip

(1.58)
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For the detection and correction procedures of bit-flip error, the same parity
checks described earlier can be employed within the triplets 1− 2− 3, 4− 5− 6,
and 7 − 8 − 9. For phase flip errors, parity checks are performed among the
triplets. For the detection procedure up to 8 ancillary qubits are needed [51].
Since this code is able to correct both sources of error, bit flips and phase flips, it
can be the foundation for defining a fault-tolerant code. The next section intro-
duces this concept and explains the requirements that a code has to meet.

1.8 Fault-Tolerant Computation

The previous sections have investigated protocols for detecting and correcting
quantum errors. Nonetheless, these approaches rely on assumptions that er-
rors exclusively manifest within designated time intervals and that the gates
employed are ideal. Such assumptions do not align with real-world implemen-
tations. In addition, it has not yet been considered how to implement operations
on the encoded logical states. To overcome these limitations, a method called
fault-tolerant quantum error correction is introduced. This approach ensures the
effectiveness of quantum error correction even in the presence of errors.
In the next section, the concept of error concatenation is introduced. First, the
mechanisms by which errors propagate within a circuit are explored, and then it
is shown how circuits can be designed to limit these phenomena. Subsequently,
the stabilizer formalism is introduced, offering an efficient approach to defining
operations on logical states.

1.8.1 Error concatenation

The key aspect that fault tolerance aims to address is the propagation of errors.
In a fault-tolerant circuit, it is essential that an error occurring in one qubit does
not cascade to affect others. It is easy to see that if every attempt to fix a failure
leads to another failure, it would not be successful. Therefore, a fundamental re-
quirement for a fault-tolerant circuit element is that (Simon J. Devitt et al., 2013,
p. 076001) ”a single error causes at most one error in the output for each logi-
cal qubit block”. In cases where codes are capable of correcting multiple faults
(denoted as t), this requirement can be relaxed to state that the circuit is fault-
tolerant if (Simon J. Devitt et al., 2013, p. 076001) ”a single error causes at most t
errors in the output for each logical qubit block”.
In quantum circuits, two main mediators of error propagation are two-qubit
gates and the classical control correction procedure resulting from a faulty mea-
surement. Both of these procedures connect different qubits and thus have the
potential to propagate errors.Therefore, when a quantum circuit is designed, it is
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crucial to consider the propagation of errors. Even though two circuits may be
equivalent from a theoretical standpoint, they may not be equivalent in terms of
error propagation. To illustrate this concept, let’s consider a practical example.
Imagine that there are two sets of three qubits each, representing two different
logical states: |1L⟩ |0L⟩= |111⟩ |000⟩. The goal is to design a quantum circuit that
transforms the initial state |111⟩ |000⟩ into |111⟩ |111⟩.

Quantum Circuit 1

|1⟩ E • • • |e⟩

|1⟩ |1⟩
|1⟩ |1⟩

|0⟩ |e⟩

|0⟩ |e⟩

|0⟩ |e⟩

Quantum Circuit 2

|1⟩ E • |e⟩

|1⟩ • |1⟩
|1⟩ • |1⟩

|0⟩ |e⟩

|0⟩ |1⟩

|0⟩ |1⟩

(1.59)

Quantum Circuit 1 and Quantum Circuit 2, shown in 1.59, depict two formula-
tions that can produce the desired final state. In an ideal noiseless circuit, these
two formulations would be equivalent. However, when errors are introduced,
represented by E , the propagation mechanism differs between the two cir-
cuits. In Quantum Circuit 1 (left), a single error on the first logical qubit affects
three other qubits on the second logical qubit. On the other hand, in Quantum
Circuit 2 (right), a single error on the first state only affects a single qubit on
the second logical state. This example clearly demonstrates how the design of
a circuit can significantly impact its fault tolerance. Therefore, when construct-
ing quantum circuits, it is essential to consider the potential propagation of errors
and devise strategies to minimize their impact. Circuit design plays a critical role
in ensuring the robustness and reliability of quantum computations, especially
in the presence of noise and errors inherent to quantum systems.

1.8.2 Stabilizer Formalism

In conclusion to this introduction to QEC, it is essential to show how operations
on encoded states can be defined. However, before tackling into the problem, it
proves beneficial to develop a suitable formalism.
Up to this point, code words and error-correcting codes have been described
using the state vector representation of the encoded states. However, this de-
scription can be quite inefficient as it has to be adapted for each specific code.
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It would be desirable to have a methodology for state representation and circuit
design that is more general and independent of the specific code. This is where
the stabilizer formalism, introduced by Gottesman [60], comes in. This formalism,
based on the Heisenberg representation of quantum mechanics, describes states
in terms of operators.
Let’s start by introducing the concept of a stabilizer. An operator K is considered
a stabilizer for a given state Ψ if it satisfies to the following condition:

K |Ψ⟩ = |Ψ⟩ . (1.60)

This means that K is a stabilizer for a state Ψ, if Ψ is an eigenstate of K with
eigenvalue +1. In general, K can be any single qubit operator, but often the
choices are made from the subgroup P defined by the Pauli operators:

P = {±σI ,±iσI ,±σx,±iσx,±σy,±iσy,±σz,±iσz} (1.61)

This set forms a group under matrix multiplication. The simplest example of a
stabilizer is given by the Pauli matrix σz on the state |0⟩ that gives σz |0⟩ = |0⟩.
For an N-qubit system, the Pauli group PN is defined as the tensor product of
N groups P . The Abelian subgroup G of stabilizer operators belonging to the
group PN satisfies the following properties:

G =
{

Ki | Ki |Ψ⟩ = |Ψ⟩ , [Ki,K j] = 0,∀(i, j)
}
⊂ PN . (1.62)

Here, the state |Ψ⟩ can be represented either in terms of a state vector or by the
generators of the stabilizer group G. As an example, consider the Greenberger-
Horne-Zeilinger (GHZ) state |GHZ⟩3 [61]:

|GHZ⟩3 =
|000⟩+ |111⟩√

2
↔ |GHZ⟩3 =

K1 = σx ⊗ σx ⊗ σx

K2 = σz ⊗ σz ⊗ σI

K3 = σI ⊗ σz ⊗ σz

 . (1.63)

The |GHZ⟩3 state is ambiguously determined by the three stabilizers K1, K2 and
K3. At this point, the aim is to utilize this formalism to define operations on
encoded states. Given a logical state |Ψ⟩L, stabilized by K operator, if a general
transformation U is applied on |Ψ⟩L, the evolved state U |Ψ⟩L is stabilized by
UKU† :

U |Ψ⟩L = UK |Ψ⟩L = UKU†U |Ψ⟩L . (1.64)

It is clear that once the set of stabilizers {Ki} ∈ G has been defined this cannot
change during the computation or also the code words would change. So, it is
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mandatory that the set of available operations transform stabilizers inside the
subgroup G, i.e.

UKiU† = K j for K j ∈ G, ∀ i . (1.65)

Now let’s study the case of Shor’s code, starting with the definition of the set
of stabilizers. In this scheme, error detection involves performing parity checks
among different subgroups of qubits. For instance, the detection of bit-flip er-
rors is conducted on the parity of qubit pairs within the same triplets. The
checks on first triplet correspond to measuring σz1σz2 and σz1σz3. Phase-flip er-
rors are detected by observing the parity between triplets, which entails mea-
suring σx1σx2σx3σx4σx5σx6 and σx1σx2σx3σx7σx8σx9. In total there are eight opera-
tors and for all of them the Shor’s code words |0⟩L and |1⟩L are eigenstates with
eigenvalue +1. This set of eight stabilizers uniquely defines a two-dimensional
subspace and, consequently, a pair of logical states. Hence, it can be inferred that
Shor’s code words are stabilized through the mentioned set of operations (refer
to Tab. 1.3).

The subsequent discussion revolves around the implementation of operations

K1 σz σz I I I I I I I
K2 σz I σz I I I I I I
K3 I I I σz σz I I I I
K4 I I I σz I σz I I I
K5 I I I I I I σz σz I
K6 I I I I I I σz I σz

K7 σx σx σx σx σx σx I I I
K8 σx σx σx I I I σx σx σx

Table 1.3: Stabilizer for Shor’s code.

on encoded states, commencing with single-qubit operations. It is expected that a
single-body operation A can be reformulated as a logical operation Ā that affects
logical states through a sequence of single-qubit operations on the constituent
qubits of the logical state [51]. In the case of the [[9,1,3]] code, X̄ and Z̄ are de-
fined as follows:

X̄ = XXXXXXXXX = X⊗9 (1.66)

Z̄ = ZZZZZZZZZ = Z⊗9 . (1.67)

It is easy to verify that the relations X̄KiX̄ = Ki and Z̄KiZ̄ = Ki hold for the set
of Shor’s stabilisers. Therefore, applying a sequence of X or Z gates are valid
operations and their effect on the encoded state is equivalent to the expected X
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or Z gates, respectively. Since there are no connections between different qubits
(see 1.68), these operations are inherently implemented in a fault-tolerant man-
ner.

X

X

X

X

X = /9 X̄ /

X

X

X

X

Z

Z

Z

Z

Z = /9 Z̄ /

Z

Z

Z

Z
(1.68)

Proceeding in an analogous manner, other operations such as H or P gates can
be generalized.
This last section focuses on the generalisation of two-qubit gates. The idea is to
follow a similar approach as with single-qubit gates, rewriting two-qubit gates
as transversal applications between pairs of qubits. For example, it has been
demonstrated by Calderbank and Shor and independently by Steane that a transver-
sal application of CNOT gates leave stabilizers invariant and its effect is a logical
CNOT gate [62, 63]. A sketch of the proof can be given by looking at the effect of
the CNOT on the stabilizers. As instance, let’s consider K1 and K7 stabilizers:

CNOT ◦
(

K1 ⊗ I
)
◦ CNOT = K1 ⊗ I

CNOT ◦
(

I ⊗ K1
)
◦ CNOT = K1 ⊗ K1

CNOT ◦
(
K7 ⊗ I

)
◦ CNOT = K7 ⊗ K7

CNOT ◦
(

I ⊗ K7) ◦ CNOT = I ⊗ K7

where the first qubit acts as control while the second as target. The CNOT gates
satisfy Eq. 1.65 and therefore is a valid operation for this set of stabilizers. The
effect on the other stabilizers is found by proceeding in an analogous way. What
remains to be comprehended is the effect of cross-application of CNOT gates
on an encoded state or, in other words, which transformation is actually imple-
mented.
Comparing the action of a single CNOT on the set of stabilizers of a two qubit
systems (left) and the action of a transversal application of CNOT on the same
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operators extended to the nine qubit space (right):

I ⊗ I→ I ⊗ X

X⊗ I→ X⊗ X

I ⊗ Z→ Z⊗ Z

Z⊗ I→ Z⊗ I

I ⊗ X→ I ⊗ X

X⊗ I→ X⊗ X

I ⊗ Z→ Z⊗ Z

Z⊗ I→ Z⊗ I

(1.69)

The action of these transformations results in a corresponding transformation on
the operators, hence it can be deduced that a transversal application of CNOT
gives the equivalent of a CNOT on the encoded space. Furthermore, this ap-
proach is also intrinsically fault tolerant because it limits errors concatenation
(see 1.8.1).

1.8.3 Threshold Theorem

The most important result of the fault-tolerant approach to quantum error cor-
rection (QEC) is the Threshold Theorem, which shows that it is possible to ef-
ficiently simulate any quantum algorithm while reducing the error rate to any
desired level of precision [64–66]. Furthermore, the theorem makes it possible to
estimate the threshold of error gates required for a procedure to be effective. Var-
ious formulations of the theorem exist in the literature, differing in their assump-
tions about error models and types of error correction codes. A generic version
based on essential assumptions is presented in the following paragraph [10].
A fundamental concept in QEC is the scheme composability. As exemplified by
Shor’s code, which consists of a two-level concatenation of the three-qubit code,
schemes can be concatenated to enhance their ability to correct errors and reduce
error rates. By recursively applying multiple layers, the error on the final result
can be significantly reduced. For instance, consider a target circuit, denoted as C,
composed of R gates at the logical level, i.e. at the level of a not encoded circuit.
Each of these gates can be replaced by a fault-tolerant procedure implementing
the same operations. Assuming that all errors are independent, if p represents
the fault probability for a single gate in the original circuit, at the first encoding
level the probability of two faults occurring, rendering the correction procedure
ineffective, is at least proportional to c× p2. If the condition p > cp2 is satisfied,
the scheme reduces the probability of faults and is therefore worthwhile. Instead
of stopping here, it is possible to further improve the code by implementing a sec-
ond level of encryption, where all the operations of the first level are themselves
replaced by a fault-tolerant procedure. The code fault probability is further im-
proved to ∝ c(cp2)2. This concatenation process can be extended infinitely, and a
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k-fold concatenation results in a worst-case error probability of ∝ (cp)2k

c .
On the other hand, the total number of gates scales as RNk, where N is a constant
representing the number of operations used in a single step of the fault-tolerant
procedures.
Intuitively, one can already discern the value of this mechanism. Despite the
exponential growth in the number of gates with respect to k, the error introduced
decreases double exponentially in k. In other words, error correction outpaces
the introduction of errors. This relationship can be formally deduced as well.
Defining ϵ as the desired error level at the end of the computation for some con-
catenation of level k, ϵ must be greater than the number of logical operations
implemented at the k-th stage multiplied by the error of those operations. In
formulas:

Rpk = R
(cp)2k

c
< ϵ (1.70)

Solving this inequality explicitly yields:

(cp)2k
<

ϵc
R

⇒ 2k < logcp

(ϵc
R

)
=

log ( ϵc
R )

log (cp)

⇒ k < log
[

log ( ϵc
R )

log (cp)

]
, (1.71)

where the last equation provides a upper bound for the concatenation level k
respect to ϵ. From this result, it is possible to obtain an upper bound on the
number of physical gates allowed to achieve the ϵ level of precision:

NkR < N
log
[

log ( ϵc
R )

log (cp)

]
R =

(
log ( ϵc

R )

log (cp)

)log N

R (1.72)

Notably, the number of operations scales only poly-logarithmically, making this
approach highly favourable as expected from the considerations made earlier.
All these results hold under the assumption that p > cp2. The critical value at
which the equality p = cp2 holds is termed the threshold probability, and it is
given by:

pth = c−1 . (1.73)

At this point, the logical error probability at concatenation level k can be ex-
pressed in terms of the threshold:

pk = c−1+(cp)2k

= pth

(
p

pth

)2k

. (1.74)
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Looking at the response of this quantity with respect to p, it can be seen that
pth is a very sharp boundary and a small variation of p above or below the pth
threshold gives very distant results. Furthermore, as the degree of concatenation
increases, the error committed decreases very rapidly.

Figure 1.8: Logical error probability pk as a function of the p/pth ratio for different
encoding degrees k. In the inset, pk as function of the degree k of encoding for a
fixed ratio of p/pth = 0.8.

1.9 Multi-Level Quantum Computation

Similarly to classical information, which is based on the binary numeral system,
quantum information presented so far has been based on two-level quantum
systems. It is important to note that computation based on a ”binary metric”,
where the reader would allow this term to be used also for quantum systems,
is complete, i.e., it is capable of representing any information. Furthermore, this
kind of computation is in a sense the most compact and efficient. In fact, binary
logic minimizes the necessary resources of the underlying physical system. For
example, a 64-dimensional computational space can be obtained by either six
qubits, two 8-level qudits, or a single 64-level qudit. Although the computational
space is the same, the underlying physical systems require a different number
of physical states: 12 levels using 6 qubits, 16 considering two 8-level qudits,
and 64 for single 64-level qudit. However, this does not exclude the possibility
of computation based on a multi-valued logic and, therefore, relying on high-
dimensional quantum digits (qudits) [67].
A qudit can be represented by a vector in the d-dimensional Hilbert space Hd.
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The basis is formed by d orthonormal vectors, and the most general state of a
qudit, short of a global phase, can be represented as:

|Ψ⟩d = α0 |0⟩+ α1 |1⟩+ α2 |2⟩+ · · ·+ αd−1 |d− 1⟩ =


α0

α1

α2
...

αd−1

 ∈ Cd (1.75)

where the parameters αi are complex numbers which must fulfil the condition
|α0|2 + |α1|2 + |α2|2 + · · · + |αd−1|2 = 1. Unfortunately, a visual representation
such as the Block’s sphere for qubits is not possible for qudits.
This alternative approach offers several advantages, stemming primarily from
the possibility of processing more information per logical unit, but also from a
more efficient experimental implementation.
Identifying a qubit in a physical system usually requires restricting a higher-
dimensional Hilbert space to its lowest-energy levels, thus wasting potential re-
sources. Indeed, many physical systems, already exploited to implement qubits,
naturally allow the implementation of qudits. Among them, it is important
to mention the proposals and experimental achievements obtained with pho-
tons [68, 69], ion traps [70, 71], superconducting systems [72–74], molecular nano-
magnets [75–78], and trapped ions [71].
Qudits have the potential to store and process more information per unit, result-
ing in simpler experimental setups with fewer physical objects. To represent an
N-dimensional space at least n1 = log2 N qubits are required. Moving to qudits,
only n2 = logdN qudits would be necessary, resulting in a reduction of a factor
k = n1

n2
= log2 d.

Computation based on qudits can lead to simpler and shallower circuits by re-
ducing the number of two-body gates and increasing the number of operations
that can be performed in parallel. Two-body gates are notoriously more difficult
to implement and involve greater errors. In contrast, strategies to implement
single-qudit gates are already well-developed for many architectures and can
be performed with high precision. Particularly in noisy near-term architectures,
these features could greatly facilitate the implementation of basic algorithms and
move us closer to achieving quantum advantage [79].
Another crucial aspect to consider is that for certain types of problems, such
as simulating bosonic particles, a qudit mapping can be more natural and thus
simplify the gate decomposition process.
In the end, studies have shown that qudit-based computation could provide a
significant advantage for the realization of effective quantum error-correction
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schemes. One of the main drawbacks of standard block encoding QEC is the
significant amount of resources required. Encoding a single logical qubit in a
fault-tolerant manner can require up to thousands of physical qubits involved
in storing and processing operations and therefore implying many single and
two-body gates. Often, the implementation of quantum error correction schemes
faces scalability challenges. Advanced schemes, which theoretically lead for a
high precision computation, also require longer and thus noisier operation se-
quences. This leads to tighter tolerance thresholds requirements that practically
limit the applicability of these techniques. In contrast, it has been shown that
a qudit approach can relax error thresholds and hence result in a more easily
realizable implementation [11].
Just as for qubits, to establish the foundation for qudit computation, it is neces-
sary to identify a set of operations with which it is possible to decompose gen-
eral algorithms. In the first part of this section, some examples of single- and
two-qudit gates are introduced. Following that, the universality of gate sets is
discussed. Finally, two decomposition strategies for breaking down single-qudit
operations into simpler ones that can be directly implemented in hardware, are
presented. These strategies provide an exact decomposition and are applicable
to general unitary matrices.

1.9.1 Qudit Gates

As seen for qubits but in this case even more, a multitude of gates or classes of
operations can be defined. Given d as the dimension of qudit space any d × d
unitary matrix can represent a possible single qudit gate. However, it becomes
useful to identify those operations that are most significant for their structure
or logical meaning. In order to identify an elementary set of operations, it is
useful that these are simple and can therefore be implemented directly on any
hardware. Commonly, primitive gates on qudit are defined as local operation,
i.e. operations which act only on a subspace of the total space Hd. In this way,
they can be defined with a small number of parameters and are potentially easier
to implement. An example is the generalized X gate defined as [80]:

Xj(x,y) =


Ij−i

x√
|x|2+|y|2

−y√
|x|2+|y|2

y∗√
|x|2+|y|2

x∗√
|x|2+|y|2

Id−j−i

 , (1.76)

which acts only on a couple on subsequent levels while leaving untouched all
other states.
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Another significant operation is the generalized Z gate:

Zd(θ) =

(
Id−i

eiθ

)
, (1.77)

which action is to add a phase θ only to the state |d− 1⟩ while other states are
not affected .
Two-qudit gates can be defined starting from the above gates and tie them to
a control command. A controlled operation C[Rd] acting on a space d2 × d2 is
defined as:

C2[Rd] =

(
Id2−d

Rd

)
, (1.78)

where Rd can be either Xd or Zd. Rd operates on the lowest d subset of states,
while all others are idle. The action of Rd is therefore subordinate to the state of
the first quit.
Give this operation as demonstrated in [80], an available universal set can be
formed by:

Γ = {Xd, Zd,C2[Rd]} . (1.79)

As seen for qubits, the choice of the set is not unique and it can drastically affect
the efficiency of algorithm implementation. To take the most from the hardware,
it is therefore convenient to choose the set that most fits it.

1.9.2 Decomposition Strategies

In the above section, a universal gate set has been introduced with which it is the-
oretically possible to decompose any algorithm. The above set is characterized
by the fact that single and two body gates act locally, i.e. in a qudit subspace of
two levels. However, it is often convenient, at least from a logical point of view,
to be able to define global operations that have an obvious action. For example, a
very relevant single qudit-gate is the d-dimensional generalization of Hadamard.
Its importance stems from the fact that, as seen for the qubit Hadamard gate, this
operation corresponds to the Quantum Fourier Transform on a d-dimensional
space. Its matrix representation is:

Hd =
1√
d



1 1 1 1 . . . 1
1 w w2 w3 . . . wd−1

1 w2 w4 w6 . . . w2(d−1)

1 w3 w6 w9 . . . w3(d−1)

...
...

...
...

...
1 wd−1 w2(d−1) w3(d−1) . . . w(d−1)(d−1)


, (1.80)
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where w = e
2πi

d . Similarly to the qubit Hadamard, this gate is present in many
qudit-based algorithms. Practically, its implementation requires the decompo-
sition in simpler operations that act locally and can be directly implemented in
the hardware. In the following sections, two different strategies, namely planar
rotation and quantum householder reflection decomposition, are introduced to
decompose arbitrary dimensional unitary gates into simpler operations.

Planar Rotation Decomposition

The Planar Rotation decomposition (PR) is a strategy that allows to break down
any unitary matrix into a sequence of simpler local operations [81–83]. This
method is based on the ononime planar rotation Uµν(θ, β), also known as Givens
rotations in the context of quantum optimal control theory [84], which are rota-
tions between pairs of levels. Given a d-dimensional space, these operations are
usually defined as:

Uµν(θ, β) = cos (θ/2) (|µ⟩ ⟨µ|+ |ν⟩ ⟨ν|)

+ sin (θ/2)
(
|ν⟩ ⟨µ| eiβ − |µ⟩ ⟨ν| e−iβ

)
+ ∑

ℓ ̸=µ,ν
|ℓ⟩ ⟨ℓ| , (1.81)

where |µ⟩, |ν⟩, and |ℓ⟩ indicate the basis eigenstates and θ and β are two real
parameters.
Any unitary matrix W ∈ SU(d) is rewritten in terms of planar rotations as:

W = Λ(eiα1 , eiα2 , . . . , eiαd−1 , e−i ∑d−1
k=1 αk)

×U1,2(θ1, β1)U1,3(θ2, β2)U2,3(θ3, β3) . . .

×U1,d(θ (d−1)(d−2)
2 +1

, β (d−1)(d−2)
2 +1

)

×U2,d(θ (d−1)(d−2)
2 +2

, β (d−1)(d−2)
2 +2

) . . .

×Ud−1,d(θ d(d−1)
2

, β d(d−1)
2

) ,

(1.82)

where Λ(eiα1 , eiα2 , . . . , eiαd−1 , e−i ∑d−1
k=1 αk) is a diagonal matrix. This method requires

a number of operations that scale quadratically with matrix size [82].
A stepwise approach to determine the various parameters can be outlined as fol-
lows. Initially, the target matrix W is right-multiplied by Ud−1,d(θ d(d−1)

2
, β d(d−1)

2
)

with rotation angles θ d(d−2)
2

and β d(d−1)
2

taken so that the (d,d − 1) element of

the resulting W1 = WUd−1,d matrix is null. Then, one proceeds by computing
W2 = W1Ud−2,d and fixing the rotation angles of Ud−2,d so that, similarly as be-
fore, the (d,d− 2) element of W2 is null. The algorithm continues until defining
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the Wd−1 matrix that has all-zero elements in the d-th column except for the (d,d)-
th element, which must have a magnitude of 1 to conserve the unitarity of the
matrix. At this point, one moves on to the upper line and restarts by nullifying
the the element (d − 1,d − 2). Proceeding in order from bottom to the top, all
the rows can be nullified leaving only the diagonal elements. The overall de-
composition can be expressed as a product of unitary matrices, as shown in the
equation:

WUd−1,dUd−2,d . . .U1,dUd−2,d−1 . . . . . .U1,3U1,2 =

Λ(eiα1 , eiα2 , . . . , eiαd−1 , e−i ∑d−1
k=1 αk) ,

(1.83)

where Λ is a diagonal matrix with the various entries specified in brackets. In the
end, the target matrix W can be reconstructed by multiplying Λ by U−1

1,2 U−1
1,3 . . .

U−1
d−2,d−1U−1

1,d . . .U−1
d−1,d. It’s important to note that the relation [Uj,k(θ, β)]−1 =

U†
j,k(θ, β) = Uj,k(−θ, β)]] applies for planar rotations. So the parameters to re-

construct W are the same β and θ changed in sign.

Quantum Householder Reflection Decomposition

Another viable approach for decomposing an arbitrary unitary matrix is the
Quantum Householder Reflection decomposition (QHR). QHR is based on the
Quantum Householder reflection, which, in the generalized form, is defined as
follows:

M(v,ϕ) = I + (eiϕ − 1) |v⟩⟨v| . (1.84)

Here, I represents the identity matrix, |v⟩ is a normalized complex vector of di-
mension d, and ϕ is an arbitrary phase. Taking into account the normalization
constraint, the transformation is defined by 2d− 1 real parameters. The geomet-
ric interpretation of this operation is not obvious for general parameters. In the
case of ϕ = π and v is a real vector, it represents a reflection with respect to an
d-dimensional plane perpendicular to the vector |v⟩.
Any unitary matrix W ∈ SU(d) can be expressed as a product of d such Quantum
Householder reflections:

W =
d

∏
i=1

M(vi,ϕi) . (1.85)

Typically, the vectors vi are not eigenstates of the base, and therefore M(vi,ϕi)

are global transformations on the d-dimensional space. Compared to the PR de-
composition, QHR is in general more complex to implement but is more efficient
as it requires only d elementary steps. The best choice between PR and QHR
depends on the specific experimental implementation, which is not discussed at
this stage.
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By following an iterative procedure, all the parameters vi and ϕi can be analyt-
ically calculated. The procedure begins by determinating the coefficient for the
first transformation, i.e. M1 = M(v1,ϕ1) that is defined as follows:

ϕ1 = 2 arg(1− w11)− π

v1 =
1

e−iϕ1 − 1

√
2 sin (ϕ1/2)
|1− w11|

(|w1⟩ − |e1⟩) ,
(1.86)

where, w1 represents the first column of W, w11 identifies the first element of the
vector w1, and |e1⟩ is a projector defined as |e1⟩ = [1,0, . . . ,0]T. Multiplying the
original matrix W by the M1 a new matrix W1 = M(w1,−ϕ1)W is defined. W1

has zeros on all the elements in the first row and column except for the (1,1)
entry which is one. At this point the procedure is repeated restating with the
W1 matrix instead of W. The parameters v2, ϕ2, and |e2⟩ are defined in a similar
manner. By repeating this process d times, the entire matrix is diagonalised and
all parameters vi and ϕi are determined. The resulting Wd−1 diagonal matrix has
all ones except for the (d,d) element which in general can have a relative phase.



CHAPTER 2

Introduction to Molecular Nanomagnets:

M n12O12(CH3COO)16(H2O)4, commonly known as Mn12, is considered
the ancestor of all Molecular Nanomagnets. Discovered in the early 90s,

it immediately aroused interest for the magnetic hysteresis similar to classical
magnets but with a quantum tunnelling mechanism in the relaxation it exhibits [85–
87]. Since then, numerous other systems, such as Fe8 [88], Cr8 [89], Mn6 [90],
Fe30 [91], Dy-cene [92] or Cr7Ni [93] have been synthesized and reported [94].
These systems possess unique features resulting from the combination of their
magnetic properties and quantum effects arising from their small size. In addi-
tion to the aforementioned magnetic hysteresis and quantum tunnelling of mag-
netization, MNMs can exhibit a variety of other interesting phenomena such as
Neel vector tunnelling [95], frustration [96–99], and well-understood decoher-
ence effects [100–103].
Molecular Nanomagnets are characterised by a structure with a core of one or a
few magnetic atoms, surrounded by organic ligands. These latter magnetically
shield the cores from each other, so when molecules are arranged into crystals,
the behaviour of a single molecule can be studied by bulk measurements greatly
facilitating experimental studies. According to the elements that constitute their
magnetic core, two main families of MNMs can be identified. The first family
consists of transition metal ions (3d), such as iron or manganese, while the sec-
ond family includes lanthanides (4 f ), such as gadolinium and ytterbium.
These systems are highly chemically tunable, as the size, shape and composition
of molecular nanomagnets can be tailored to achieve specific properties. By mod-
ifying the ligands or ions, it is possible to tune the magnetic behaviour, including
the strength of the magnetic moment, the magnetic anisotropy (the preferred di-
rection of the magnetic moment) or enhancing system coherence.
Molecular nanomagnets have found potential applications in various areas in-
cluding information storage, magnetic refrigeration, and, as deeply analysed in
this work, quantum technologies. Indeed, thanks to the strong magnetic hys-
teresis, a single molecule can be used for storing a classical bit of information,
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potentially enabling the realization of high-density data storage devices [92, 104,
105]. The magnetocaloric effect, which is the temperature change in a suitable
material induced by a variable magnetic field, has been studied for refrigeration
purposes [106–108]. It is worth noting that refrigeration accounts for a significant
portion of the world’s total electricity consumption. Magnetic caloric refrigera-
tors have the potential to outperform conventional gas-cycle systems leading to
a significant reduction in global electricity consumption [109].
Finally, perhaps the most interesting application, at least from the point of view
of this work, is for quantum technologies. MNMs can be exploited to construct
the elementary units of a quantum processor encoding the logical information
of a quantum state into their magnetic states [103, 110–112]. The energy level
spectrum, if properly engineered, can be well resolved and easily addressed by
electromagnetic pulses. These systems can show very long decoherence times
up to ∼ 0.7 ms allowing coherent control and manipulation of the qubits [102].
All these features make MNMs promising candidates. Furthermore, the intrinsic
quantum behaviour, together with the ability to form clusters of magnetically in-
dependent molecules, makes molecular nanomagnets excellent candidates also
for quantum sensing applications [113].
Overall, molecular nanomagnets are highly relevant systems, both for the phys-
ical phenomena they exhibit and for their potential applications. In the follow-
ing section 2.1, the Spin Hamiltonian formalism is introduced, allowing for the
efficient description of MNMs. Subsequently, in Sec. 2.2, the physical proper-
ties relevant for Quantum Information Processing are discussed, and examples
of molecules belonging to two classes are presented. In Sec. 2.3, the techniques
with which MNMs can be controlled to manipulate their state are described. Sec-
tion 2.4 explores the phenomenon of decoherence, investigating the mechanisms
that generate it and the effects it induces on quantum states. Finally, section 2.5
discusses the implementation of embedded schemes of quantum error correction
to protect the state of molecular spin qudits against decoherence.
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2.1 The Spin Hamiltonian Approach

Molecular Nanomagnets (MNMs) are complex systems that involve many atoms,
even for the smallest molecules. The magnetic properties of the core can be
captured in principle by ab initio methods. These are usually computationally
demanding and are not always reliable unless the strong correlations between
magnetic electrons are properly accounted for [114]. In practice, the most con-
venient approach is to describe the core by an effective spin Hamiltonian (SH)
whose parameters are fitted to experiments [115]. The SH formalism relies on the
assumption, which is often reliable for these systems, that all magnetic ions com-
posing the core can be described by an effective spin. Consequently, all energy
contributions are expressed in terms of spin operators. When considering only
the degrees of freedom of electronic spins, the spin Hamiltonian Hs for MNMs
can be divided into three main terms:

Hs =HEx +HZFS +HB . (2.1)

The first one, HEx, also known as the exchange term, represents a two-body in-
teraction between core magnetic ions. In its most general form, the exchange
interaction is as follows:

HEx = ∑
i>j

si · Jij · sj . (2.2)

Here, i and j are indices representing spin sites within the system, s denotes the
spin operators, and J is the tensor that parametrizes the interaction. The specific
form of this interaction, given by the structure of J, determines the behaviour
of the molecule and gives rise to many interesting phenomena. For example,
giant-spin systems emerge when a leading isotropic interaction allows the whole
molecule to be described by a single spin. This kind of systems has been pro-
posed as the basis for memory devices due to their strong magnetic hysteresis.
To better understand the form of the interaction, it is often convenient to decom-
pose it as:

HEx =Hiso +Han +HDM , (2.3)

where
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Hiso = ∑
i>j

Jij · si · sj (2.4)

Han = ∑
i>j

∑
α,β

Jαβ
ij sα

i sβ
j (2.5)

HDM = ∑
i>j

Gij · si × sj . (2.6)

The first term,Hiso, represents the isotropic interaction, characterized by Jij being
isotropic, i.e., equal in each spatial direction. The Hiso term is usually dominant
in MNMs formed by transition metal ions. This term can be generated by di-
rect coupling between magnetic ions or by indirect super-exchange interactions.
When ions are too far apart to directly interact, a non-magnetic anion interposed
between them can mediate an effective antiferromagnetic interaction.
The second term, Han, introduces possible anisotropies of the coupling tensor
Jαβ

ij along different spatial orientation. In many cases, this term can be seen as a
correction or perturbation of the dominating Hiso term. In the end, HDM repre-
sents the anti-symmetric contribution, also known as the Dzyaloshinskii-Moriya
Interaction (DMI), characterized by an anti-symmetric tensor Gij = −Gji.
Furthermore,HEx can also include a dipolar intra-molecular interaction. Indeed,
the dipolar interaction has the same spin dependence as HEx. This long-range
interaction between magnetic ions acts at distances where all other couplings are
suppressed. The interaction is often modelled using the point-dipole approxi-
mation [116]:

(
Jαβ
ij

)
DIP

=
µ2

B

R3
ij

∑
ξ

gαξ
i gξβ

j − 3

(
∑ξ gαξ

i Rξ

)(
∑ζ Rζ gβζ

j

)
R2

ij

 . (2.7)

Here, ξ and ζ indicate the x, y, z components, µB is the Bohr magneton, Rij is the
distance between the i and j sites and g is the Landé factor. In the general case
where gi ̸= gj, the coupling constant

(
Jαβ
ij

)
DIP

is not symmetric and comprises
an isotropic, anisotropic, and anti-symmetric part.
Moving on, the second term in Eq. (2.1), HZFS, called the zero-field splitting
(ZFS), is a one-body term that describes how each ion perceives the global crystal
field generated by all other ions:

HZFS = ∑
i

si ·Di · si (2.8)

This term can introduce strong asymmetries in the system. For example, it causes
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the energy spectrum of an effective single-spin molecule with S > 1/2 to be non-
equally spaced. The most frequently encountered form for this interaction is:

HZFS,i = Di
[
(sz

i )
2 − si(si + 1)/3

]
+ (2.9)

+ Ei
(
(sx

i )
2 − (sy

i )
2)

where, Di = Dzz
i − (Dxx

i − Dyy
i )/2 and Ei = (Dxx

i − Dyy
i )/2.

Finally, the third term is the Zeeman interaction HB that models the coupling of
magnetic ions with an external static magnetic field:

HB = µB ∑
i

B · gi · si (2.10)

Here, B is a vector that describes the orientation and magnitude of the external
field. The Zeeman interaction resolves multiplet spin degeneracy and therefore
it is crucial for quantum computing applications where a well-defined and re-
solved computational space is essential.

So far the discussion has focused solely on the electronic spin degrees of free-
dom, but this does not complete the picture. In fact, many ions also possess
nuclear spins, and although these generally give a secondary contribution to the
Hamiltonian, in some cases it is important to take them into account. As with
the electronic spin Hamiltonian, a nuclear spin Hamiltonian HNuc is defined as
composed of several terms that describe the interactions of nuclear spins with
the electronic spins, among the nuclear spins themselves, and with the external
magnetic field:

HNuc =HHyp +HQua +HZee (2.11)

where

HHyp = ∑
i

Ii ·Aij · sj

HQua = ∑
i

Ii ·Ui · Ii (2.12)

HZee = µN ∑
i

B · gI,i · Ii

and I are the nuclear spin operators, µN is the nuclear magneton, and gI denotes
the nuclear g-factor. The first termHHyp, historically known as the hyperfine in-
teraction, describes the coupling between nuclear and electronic spins. The sec-
ond term HQua, characterized by the parameter U, is known as the quadrupole
interaction. It accounts for the electrostatic interaction experienced by the nu-
cleus within its local environment. While conceptually similar to the zero field
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splitting seen in the electronic part, its magnitude is generally much smaller. The
last term, the Zeeman interaction, operates in a similar manner as in the elec-
tronic case but due to the smaller value of the nuclear magneton µN compared to
the Bohr magneton µB, its effect is significantly reduced.
In conclusion, the presented spin Hamiltonian approach provides a practical and
effective formalism to model and describe the behaviour of MNMs. In the fol-
lowing section, several examples of molecular nanomagnets are presented ex-
ploring this formalism.

2.2 MNMs for Quantum Information Processing

Before introducing some examples of MNMs with potential applications for QIP,
it is essential to define the key features and properties sought after.
As stated by the first DeVincenzo criterion 1.1.1, a candidate system must have
some degree of freedom that can be harnessed for information storage and pro-
cessing. In the case of MNMs, the magnetic states determined by the core spins
are a suitable choice. These systems can exhibit several distinct and addressable
energy states at low energy, providing an ideal platform. The energy gaps can be
precisely addressed by electromagnetic pulses, allowing for precise data manip-
ulation. Additionally, as anticipated in the introduction, the complex multi-level
structure that many systems exhibit can also be exploited to encode qudits. As
explained in 1.9, the qudit approach to quantum computation could bring several
benefits especially for near-term applications. This feature distinguishes MNMs
from most other more established technologies, for which a qudit approach may
not be as natural or feasible.
Scalability is another crucial requirement stated by the first DeVincenzo criterion.
To be truly scalable, an architecture must satisfy two fundamental prerequisites:
the ability to create a large number of computational units, and the effective im-
plementation of two-body quantum operations. The first condition is easily met.
MNMs can be synthesized with good reproducibility, resulting in structures that
are either completely equivalent or, in some cases, slightly inequivalent. Two
promising strategies have emerged to implement two-body gates: supramolecu-
lar engineering and resonator integration [28, 117]. In the first case the different
units are chemically linked forming supramolecular structures. In the second
case, MNMs can be coupled within resonators, similar to the ones used with
superconducting qubits. These possibilities are discussed in Sec. 2.3.2.
For effective quantum information manipulation and storage, an architecture
must exhibit relatively long coherence times. The coherence time refers to the
duration for which a quantum state remains intact before being severely cor-
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rupted. Two critical parameters are considered: the relaxation time T1, related
to relaxation mechanisms, and the coherence time T2, related partially to T1, but
mostly from pure dephasing (at least for MNMs). For MNMs at low tempera-
tures (see 2.4 for more details), T1 is generally much longer than T2 and hence
less relevant [118, 119]. T2 values can span from a few to hundreds of micro sec-
onds. Clearly, these values have to be considered in relation to the manipulation
time, i.e. the time needed to implement an operation. For single-body opera-
tions, these values are generally quite short on the timescale of a few nanosec-
onds, operating with a driving field of the order of tens of Gauss. On the other
hand, two-qudit gates could be more demanding, and depending on the method,
they could take from tens to hundreds of nanoseconds (see 2.3).
Another interesting characteristic of MNMs is the possibility of chemical engi-
neering molecules to control system properties [120]. This opportunity repre-
sents a key instrument to further develop this kind of architecture. An important
part of this work actually focuses on designing a class of molecules that are in-
trinsically protected from decoherence(see Sec. 2.2.2).

In the following sections, specific examples of MNMs that align with these re-
quirements are introduced. These systems will serve as models for the studies
reported in the subsequent chapters, and they can be divided in two classes:
single-ion molecules and multi-ion molecules. This categorization arises from
both structural differences among these systems and the subsequent analyses of
decoherence effects detailed in Sec. 2.4.

2.2.1 Single-Spin Molecules

The simplest class of systems that can be considered are the single-spin molecules
(S), which include both mononuclear and polynuclear complexes that can be
modelled by a single spin in the SH formalism (e.g., the giant spin molecules
mentioned above). Considering only the electronic degrees of freedom and for
simplicity assuming parallel axial anisotropy and magnetic field orientation, the
spin Hamiltonian takes the form:

HS = DS2
z + gµBB0Sz , (2.13)

where D is the ZFS and B0 the amplitude of magnetic field orientation along the
z-axis. Examples of mononuclear systems include molecules composed of Cr3+,
Co2+, Mn2+, Fe3+, Gd3+, lanthanides, and actinides [77, 121–124].
Fig. 2.1 shows the energy level spectrum for a S = 5/2 like Mn2+ or Fe3+. The
computational space is potentially formed by all six levels. At B = 0, it’s evident
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Figure 2.1: Energy spectrum as a function of the external magnetic field for a S = 5/2
as Mn2+ or Fe3+ parametrized by D = 30 µeV and g = 2.0.

the effect of the ZFS terms that shift levels into doublet with the same S2
z . Apply-

ing an external magnetic field with a reasonable amplitude, for example 0.1− 0.2
T, all energy gaps between a couple of levels are well resolved. Typically, these
gaps, which determine the control frequencies for single-body operations, are of
the order of tens of GHz. Similar spectra can be obtained for the other mentioned
systems.

2.2.2 Multi-Ion Molecules with Competing Interactions

The second class of molecules presented, multi-ion molecules with exchange in-
teractions, is characterized by a magnetic core formed by multiple ions. Com-
pared to the previous class, the spin Hamiltonian is more complex and thus gen-
erally of the form of Eq. (2.1). The low-energy spectrum cannot be mapped to
that of an effective (giant) spin, like in 2.13.
The first molecule of this class introduced is a real system formed by three Cu2+

ions arranged in an almost isosceles triangle [125, 126] (C1). In the formalism of
SH, the system is modelled as three interacting spin s = 1/2 as follows:

H =
3

∑
i,j=1
j ̸=i

(
Ji,jsi · sj + Di,j · si × si

)
+ µBB0

3

∑
i=1

gisi . (2.14)

A schematic representation of the molecule is reported in the inset of Fig. 2.2
panel a) where the three Cu ions ant their couplings are evidenced while in the
background shows the complex ligands structure. The molecule is modelled con-
sidering an isotropic exchange interaction J12 = 0.390 meV, J13 = J23 = 0.348 meV
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among ions, gxx
1 = gyy

1 = 2.2, gxx
2 = gyy

2 = 2.1, gxx
3 = gyy

3 = 2.4, gzz
i = 2.0, and a

DMI interaction parametrized by D = 0.045 meV oriented along bond directions
(see [125] for details). The panel a) of Fig. 2.2 shows the energy spectrum as a
function of the magnetic field. The field is directed in the xz plane forming an
angle θ = 1 rad with the z-axis. At low energy the system shows two doublets.

Figure 2.2: Energy level spectrum as a function of the external magnetic field for
systems C1 (on the left) and C2 (right). The parameters of the systems are reported
in the main text. Adapted from Ref. [127] under the terms of the Creative Commons
Attribution 4.0 International license.

In first approximation, these doublets are made inequivalent and hence split by
the difference between J12 and J13. An anti-crossing emerges around 0.5 T, in-
duced by the large Dzyaloshinskii-Moriya Interaction (∼ Jij/10), which mixes
the two multiplets. Across this region, m is no more a good quantum number. At
higher energy, a S = 3/2 multiplet, which completes the system Hilbert space, is
present.
The energy levels of the two doublets near the anti crossing region, for instance at
B∼ 0.8 T, identify a potentially good subspace for the quantum computation. In-
deed, this space offers two notable characteristics. Firstly, all levels within it have
sizeable magnetic dipole matrix elements among each other. As investigated in
chapter 5, this feature largely facilitates system external control for the imple-
mentation of single qudit operations. Secondly, this subspace is formed by two
S = 1/2 doublets mixed and therefore Sz is ≤ 1/2. This subspace, characterized
by small local sz values (even if not well defined), is more resilient to the effects
of decoherence. This aspect will be explored in greater depth in section 2.4.
The peculiar features of this subspace derive from the almost degenerate ground
state and the strong DMI interaction that mixes these levels. Furthermore, it is
important to emphasise that the observations made are valid for a wide range
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of parameters and that the gap values between the levels can be easily tuned by
playing with the intensity and direction of the static field.
The second system presented is a hypothetical molecule specifically designed
to extend the same properties of C1, i.e. a computational space highly con-
nected and resilient against decoherence, but with a larger number of levels. The
molecule, schematically represented in the inset of Fig. 2.2 panel b) has the same
double-tetrahedron structure of the real Ni7 system [128], and is described by the
by the Hamiltonian:

H = ∑
i>j

Ji,jsi · sj + ∑
i>j

Di,j(sx
i sy

j − sy
i sx

j ) + µBB∑
i

gisz
i , (2.15)

where the six vertex are spin s = 1/2 while at the centre a spin S = 3/2 [127,
129] (now on referred as C2). Considering isosceles triangles at the base and on
the top of the molecule with all vertices equally distant from the central ion and
coupled by antiferromagnetic isotropic interactions, the energies are analytically
computable. Indeed, the isotropic exchange is diagonal on the basis defined as
|S12,S123,S45,S456,S1−6,S⟩where S12 = s1 + s2, S123 = S12 + s3, S45 = s4 + s5, S456 =

S45 + s6, S1−6 = S123 + S456 and S = S1−6 + s7. The energy levels are computed as

E ({Sα}) = (J12 − J13) S12 (S12 + 1)

+ J13 S123 (S123 + 1)

+ (J45 − J46) S45 (S45 + 1) (2.16)

+ J46 S456 (S456 + 1)

+ J17 [S(S + 1)− S1−6(S1−6 + 1)]

where J13 = J23, J46 = J56 and J17 = J27 = J37 = J47 = J57 = J67. It is easy to iden-
tify a parameter range where at low energy the system displays several energy
doublets [129] (see Fig. 2.3).
A completely regular molecule would present degenerations. Small anisotropies
in the parameters break the symmetries of the system and thus resolve the entire
spectrum. This is the common scenario observed in real systems, which tend to
be somehow irregular, and this is exactly what is aimed to obtain.
Assuming that the molecule is composed of six Cu2+ (s1−6) and a Cr3+ (s7) ions
in a distorted octahedral crystal-field environment, a reasonable choice is set the
exchange coupling Ji7 = 0.95 meV, J12 = 1.29 meV, J23 = J31 = 1.25 meV, J45 =

1.41 meV, and J56 = J64 = 1.36 meV, isotropic g factors g1 = g2 = g4 = g5 = 2.1,
g3 = g6 = 2.15, and g7 = 2 and an axial component of DMI Gij = Jij/10 along z
axis [127]. The molecule is designed taking into account small irregularities that
would be more likely to occur in a real system. Figure 2.2 panel b) shows the
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(b)

𝑆 ൌ 1/2

Figure 2.3: Energy level spectrum of a regular double tetrahedron with exchange
interaction as a function of the ratio between the inner triangles J and the triangles
to the central coupling constant J′. Adapted from Ref. [129] under the terms and
conditions of the Creative Commons Attribution license (CC-BY 4.0)

energy level spectrum for the above system under the influence of an external
magnetic field directed along the z axis. Fixing the external field at B = 2.7 T, a
possible computational space is formed by the eight m = −1/2 levels together
with the lowest m = +1/2 state. The computational space has a connectivity by
pod schemes (see sections 1.9), which provides an advantageous way to decom-
pose into pulses single qubit gates.
It is important to stress that the specific choice of parameters is not strictly deter-
minant to obtain a similar spectrum. If the order of magnitude of the interactions
is respected, a whole range of suitable choices is available.

2.3 Control and Manipulation of MNM Qudits

The control and manipulation of MNM computational units rely on the princi-
ples of magnetic resonance [130]. These techniques of spectroscopy exploit the
interaction between the magnetic moments of spins (either electronic or nuclear)
and an external magnetic field. Targeting the system with external electromag-
netic radiation changes its state and, consequently, the information encoded in
it. Commonly, the driving field b1(t) is oriented perpendicular to the direction of
the static field B0 (along the x or y axis) and the Hamiltonian that describes this



62 2.3 Control and Manipulation of MNM Qudits

interaction takes the form

H1 = µBεx(t)(gxSx cos(ωt + ϕ0) + gySy sin(ωt + ϕ0)) , (2.17)

where ε(t) contains the time modulation of the pulse amplitude. For example,
for a rectangular pulse, ε(t) = Θ(τ− |t− t0|), where Θ is the step function, while
for a Gaussian-shaped pulse, ε(t) = e−(t−to)2/2σ2

. In single spin molecules, the Sx

and Sy operators have matrix elements among states with ∆m = ±1, and there-
fore induce transitions only between nearby levels. In multi-spin systems, where
several interactions compete, these matrix elements have a much more general
structure, and thus the connectivity between levels can be more complex, allow-
ing operations among more levels.
In this section, different control techniques to implement single- (Sec. 2.3.1) and
two-body gates (Sec. 2.3.2) are introduced.

2.3.1 Single Object Manipulation

While a general single-qudit gate is represented by a SU(d) matrix [79], for prac-
tical implementations it is often more convenient to express them in terms of
simpler operation in a 2× 2 subspace. This approach simplifies basic operation
definition and aligns with the practical implementation feasibility. In this con-
text, here, it is illustrated how to implement rotations between pairs of states
around the x or y axis, known as Planar rotations, and rotations around the z
axis (direction of the applied field), known as Phase Gates.
Typically, these operations are performed using a driving field perpendicular to
the direction of the static field, at a frequency that is resonant (or semi-resonant)
with the target transition. Depending on the characteristic energies of the system
and on the external magnetic field applied, these can vary from MHz for nuclear
spins to GHZ for electronic spins.
To ensure an accurate control of the system, it is necessary that all involved tran-
sitions are well resolved. The transitions are primarily made inequivalent by
zero-field splitting or quadrupole terms for electronic and nuclear spins, respec-
tively. The required degree of separation to minimize leakage depends on the
control techniques employed. Various techniques have been developed in this
field, significantly enhancing control possibilities. This aspect is partially ad-
dressed in Chapter 3.

Planar Rotation

Consider a multi-level quantum system with two eigenstates, |µ⟩ and |ν⟩, having
energies Eµ and Eν, respectively. A single driving field, oriented along the x
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direction with a frequency of Eµ−Eν

h , induces a transition between these states,
expressed as:

Uµν(θ, β) = cos (θ/2) (|µ⟩ ⟨µ|+ |ν⟩ ⟨ν|)

+ sin (θ/2)
(
|ν⟩ ⟨µ| eiβ − |µ⟩ ⟨ν| e−iβ

)
+ ∑

ℓ ̸=µ,ν
|ℓ⟩ ⟨ℓ| .

(2.18)

This operation represents a Givens rotation, also known as a planar rotation in
the context of optimal pulse control, between qudit levels |µ⟩ and |ν⟩, while the
rest of the subspace is unaffected [127]. If the driving field is oriented along the
y-axis, the resulting operation is similar but with an additional phase β = π/2.
The rotation angle θ and the phase β can be precisely adjusted by tuning the
pulse amplitude, duration, and initial phase. For a rectangular-shaped pulse
linearly polarized along x, such as b1 = B1 cos(ω t + ϕ0) Θ(τ− |t− t0|), the pulse
duration and phase are determined as follows:

τ =

∣∣∣∣ θh̄
µBB1gxSx(µ,ν)

∣∣∣∣ (2.19)

β = ϕ0 , (2.20)

where θ is the rotation angle. For a Gaussian-shaped pulse, a renormalization
factor of

√
π/2 needs to be considered for the duration. A rotation with θ = π is

also known as a π pulse. Its effect is equivalent to the exchange of the two levels
( up to a global phase). As explained in Sec. 1.9, this operation is a sort of a SWAP
gate and is employed to connect levels that are not directly linked.

Phase Gate

Another type of elementary operation is a Phase gate, defined as:

Pµν(α) = |µ⟩ ⟨µ| eiα + |ν⟩ ⟨ν| e−iα

+ ∑
ℓ ̸=µ,ν

|ℓ⟩ ⟨ℓ| . (2.21)

This operation introduces a relative phase between levels |µ⟩ and |ν⟩ while leav-
ing the rest of the space untouched. It can be implemented in two ways. The
first strategy involves two consecutive π pulses among the target levels, with a
different initial phase. The desired phase α should equal the difference between
the phases of the two pulses.
An alternative strategy is to use a semi-resonant pulse:
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G =
µBB1|Mx(µ,ν)|

2h̄

∆ =
2G(π − α)

α
√

2π − α

τ =
π√

G2 + ∆2/4
ω′ = ωµ,ν ± ∆

(2.22)

Here, α is the expected phase (−π < α < π), ∆ is the frequency detuning, τ is the
pulse duration, and ω′ is the detuned frequency. The± sign depends on the sign
of α. The absolute value of ∆ is minimum and equal to zero for α = π, resulting
in a relative phase of 2π. The duration of the detuned pulse approaches zero
as α approaches zero. This implementation strategy is faster than the previous
scheme, although it requires more advanced control techniques.

2.3.2 Scaling up the architecture

A crucial aspect for constructing a scalable architecture is the development of a
method to design switchable two-body entangling gates. One potential strategy
involves chemically linking two molecular units, denoted as Q1 and Q2, through
an interposed spin-1/2 qubit (now switch Sw, see Fig. 2.4). This ancillary qubit
effectively mediates an interaction between Q1 and Q2. The Hamiltonian for the
composite system can be outlined as follows:

Htot = ∑
i=Q1,
Q2,Sw

Hi +HQ1,Sw +HQ2,Sw . (2.23)

Here, Hi are the Hamiltonians of the three separate objects, while the last two
terms HQ1/2,Sw = JiSi · SSw are the spin-spin interaction between the qudits and
the switch assumed to be isotropic. It is essential to highlight that utilizing a
qubit to mediate couplings between qudits provides a crucial advantage com-
pared to having two permanently interacting qudits. Indeed, in this way the
coupling can be dynamically turned on and off. In other words, the linker acts
as a switch of the effective interaction between the computational units. To en-
sure the proper functioning of the switch, qudit and switch states must be almost
factorized; i.e. the eigenstates have to be close to |µ1,mSw,µ2⟩ ∼= |m1⟩ |mSw⟩ |m2⟩.
This conditions implies that the coupling Ji cannot be too large and in particular
it has to be significantly smaller than the difference between switch and qudit en-
ergy gaps. However, on the other hand, the duration of two-body gates depends
on the coupling strength, and a stronger coupling would enable faster manip-
ulations (see section below). Hence, a suitable compromise between these two
conditions must be found.
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Figure 2.4: Simplified illustration of the fundamental hardware Q1 − Sw− Q2 con-
figuration. The central qubits serves as a switch of the effective interaction between
the qudits.

In a first approach this elementary unit could be extended as a mono dimensional
chain of alternating inequivalent molecules [28, 131]. More complex connectivity
schemes could be reached creating supramolecular structures.
However, this type of approach is more likely to offer a realistic perspective only
for hardware of a limited size. A recent proposal suggests coupling Molecular
Nanomagnets (MNM) computational units through resonators as an alternative
strategy to scale up the architecture [103, 117]. This approach offers the advan-
tage of leveraging technologies already developed for superconducting qubits.
Since now, the limited coupling of single molecules with resonators has posed
challenges to this approach, but advancements in technology are narrowing this
gap, creating new possibilities. However, this approach is not investigated in
this work and therefore will not be discussed in more details.

2.3.3 Two Qudit Gates

Starting from the Q-Sw-Q architecture presented above, the following sections
show how to implement three two-body gates, namely a generalized Controlled-
Phase (CPhase), a generalized XY and the M-gate (defined below).

Qudit controlled-phase gate

The generalized Controlled Phase gate is defined as follows:

CPhase(φ̄) =
d

∑
µ1,µ2=1

e−iφµ1,µ2 |µ1,µ2⟩⟨µ1,µ2| , (2.24)
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Its action is to introduce a distinct phase φµ1,µ2 to each two-qudit state of the
product space where µi identify the eigenstates of the two qudits. In practice this
gate can be implemented by conditionally exciting the switch with 2π pulses de-
pending on the state of both qudits. These pulses bring the switch in the excited
state and thus turn on the effective interacting among qudits. This interaction
is originated by the HQi ,Sw. The different transitions are selectively addressable
thanks to the interaction HQi ,Sw that makes excitation transition of the switch
δ(µ1,µ2) dependent on the state of both qudits. In the case of S this can be easily
computed to first order, finding:

δ(µ1,µ2) = gSwµBB0 + J1m1 + J2m2 (2.25)

where mi are the eigenvalues of Sz
i . Hence, all the gaps are distinguishable,

provided that Jz
i are significantly larger than the frequency broadening of the

employed pulses. The implementation of each operations (one for each phase
φm1,m2) involves the excitation and de-excitation the state of the switch address-
ing the transition |m1,↓,m2⟩←→ |m1,↑,m2⟩ (green arrows in Fig.2.5). A 2π pulse,

Figure 2.5: Two-qudit gates connectivity scheme. Green, blue and brown arrows
identify the transition to target to implement Cphase, XY and M- gate respectively.
Qudit eigenstates are assume to be diagonal in Sz basis.

i.e. a complete transfer and return, implemented by a resonant pulse perpen-
dicular to the static magnetic field direction, introduces a phase π [132–135].
Arbitrary phases can be induced by a proper detuning (offset from resonance
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frequency) and consequent adjustment of the pulse duration as follows:

∆ = sgn(φ)
2Ω(π − |φ|)√
|φ|(2π − |φ|)

τ =
π√

Ω2 +
∆2

i
4

,
(2.26)

where Ω represents the Rabi frequency of the addressed transition, sgn is the sign
function, and ∆ is the frequency detuning. In principle, all the φ̄ phases can be
implemented in parallel, involving up to d2 simultaneous frequencies (consider-
ing two d-dimensional qudits).
Fig. 2.6 left panel shows how the population evolves during the implementa-
tion of a single phase π on the level |m1,↓,m2⟩. The manipulation works on
two levels, |m1,↓,m2⟩ (yellow), which belongs to the computational space, and
|m1,↑,m2⟩ (blue), which is outside the computational space. All other levels re-
main idle (not shown in the figure). As can be seen from the curves, the pop-
ulation is first transferred to the auxiliary level and then brought back, thus ac-
quiring the desired phase. For angles different from π, semi-resonant pulses are
used, which induce a partial population transfer.
The CPhase gate is particularly useful also because it efficiently decomposes
other gates like the qudit SWAP gate [136]. This letter is the extension of the
qubit SWAP gate and can be decomposed into three generalized control phase
gates and a few single qudit gates. The action of this gate is to exchange the
states of two qudits and it is often crucial in algorithm implementation due to
device connectivity constrictions.

Qudit XY gate

The qudit XY gate is defined as follows:

XY
µ1,µ2,µ′1,µ′2

(θ) = cos (θ/2)
(
|µ1,µ2⟩ ⟨µ1,µ2|+

∣∣∣µ′1,µ
′
2

〉〈
µ
′
1,µ

′
2

∣∣∣)
+ i sin (θ/2)

(∣∣∣µ′1,µ
′
2

〉
⟨µ1,µ2|+ |µ1,µ2⟩

〈
µ
′
1,µ

′
2

∣∣∣)
+ ∑

(p,q) ̸=(µ1,µ2),(µ
′
1,µ′2)

|p,q⟩ ⟨p,q| , (2.27)

The definition of this qudit operation is an extension of the qubit YX gate defined
in 1.14. Indeed, similarly to the XY qubit gate, the action of this transformation is
to partially exchange the states involved (|µ1,µ2⟩ and |µ′1,µ′2⟩), while introducing
a phase i. All the rest of the space is left unchanged.
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Figure 2.6: Simulated time evolution of the components of the two-qudit wave func-
tion during the implementation of the CPhase(π) (left), XY(π) (center), and M(π)

(right) gates. Only the levels actively involved in the operations are shown. These
are labelled by the local expectation values of Sz, assuming an underlying system
diagonal on Sz basis.

On the considered architecture, the qudit XY gate can be induced by a driving
field oriented along the direction of the static field (z-axis for convention) with a
frequency resonant with the energy gap between the levels. This transition can
only be induced between pairs of levels Em1,m2 and Em′1,m′2

that have the same
m1 + m2 = m′1 + m′2 and have differences between local spin operators ≤ 1 [133,
135]. In other terms, any pair satisfying the relation Ei = |m1 + 1,↓,m2⟩ ←→
Ej = |m1,↓,m2 + 1⟩ is suitable [133] ( brown pulse in Fig. 2.5). The mechanism
by which this operation is generated can be interpreted by describing the global
Hamiltonian as consisting of a leading term H0, which includes all the single-
body terms and only the Jz part of the qudits-switch couplings, and by a per-
turbation term H1, which includes the Jx,y components of the couplings. On the
basis of Sz, the eigenstates of H0 are perfectly factorized. Moving to the rotat-
ing frame, the affect of an external driving field along z-axis resonant with the
energy gap Em1,m2 − Em′1,m′2

, is to compensate this gap, making the two states en-
ergetically degenerate [132, 135, 137]. Finally, the transverse coupling, which
mixes the eigenstates, induces the transition. Alternatively, this mechanism can
be described in the total Hamiltonian basisH0 +H1 on which the eigenstates are
almost but not perfectly factorized on the Sz basis. Hence, the eigenstate identi-
fied by |m1 + 1,↓,m2⟩ actually contains a small component of even |m1,↓,m2 + 1⟩
and vice versa. So these eigenstates are connected by Sz and applying the driving
field induces the transition. It is important to note that this type of mechanism is
allowed only if there is a transverse coupling in the Hamiltonian Jx,y ̸= 0.
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The gate duration τ is proportional to ∝ θ
(Jx,y)2B1

. Since the coupling constant Jx,y

must be small for the states to be nearly factorized, these gates are generally slow.
The rotation angle is linearly proportional to the pulse duration. Therefore, by
calibrating the duration τ, any angle θ can be realized. This operation can be im-
plemented in parallel on several couple of levels that fulfil the before mentioned
condition. For example, considering two single spin S = 3/2 qudits, three pos-
sible couple are |−3/2,−1/2⟩ ↔ |−1/2,−3/2⟩, |−1/2,1/2⟩ ↔ |1/2,−1/2⟩ and
|3/2,1/2⟩ ↔ |1/2,3/2⟩,
In the central panel of Fig. 2.6, an example of the population evolution during the
implementation of XY(π) between the levels |m1 + 1,↓,m2⟩ ←→ |m1,↓,m2 + 1⟩ is
illustrated. It’s worth noting that only the relevant levels participate in this op-
eration, and there are no auxiliary levels involved. In the case shown, an XY(π)
gate is demonstrated. However, by adjusting the pulse duration, one can achieve
a general rotation angle.

Qudit M-Gate

The M-gate is defined as follows:

M
µ1,µ2,µ′1,µ′2

(θ) = cos (θ/2)
(
|µ1,µ2⟩ ⟨µ1,µ2| −

∣∣∣µ′1,µ
′
2

〉〈
µ
′
1,µ

′
2

∣∣∣)
+ i sin (θ/2)

(
−
∣∣∣µ′1,µ

′
2

〉
⟨µ1,µ2|+ |µ1,µ2⟩

〈
µ
′
1,µ

′
2

∣∣∣)
+ ∑

(p,q) ̸=(µ1,µ2),(µ
′
1,µ′2)

|p,q⟩ ⟨p,q| , (2.28)

which is very similar to the XY gate apart from a phase. Indeed, combin-
ing this procedure with a CPhase gate of π angle a standard XY is obtained
XY

µ1,µ2,µ′1,µ′2
(θ) = CPhase

µ
′
1,µ′2

(π)M
µ1,µ2,µ′1,µ′2

(θ). This transformation can be im-
plemented by exploiting the Quantum Householder Reflection (see 1.9.2). This
procedures requires the pod-system connectivity, i.e. a computational space where
all levels are connected with an ancillary level (see Fig. 5.1). In presence of a
transverse coupling Jx,y, this connectivity can be achieved among terns of levels
of the form |m1 + 1,↓,m2⟩←→ |m1,↑,m2⟩←→ |m1,↓,m2 + 1⟩, where the |m1,↑,m2⟩
state serves as the auxiliary level. Like the XY gate, this transformation can be
applied to several pairs of levels in parallel. The mechanism by which the trans-
formation is generated is substantially the same described for XY gate. The trans-
formation employs pulses along the static field axis (z-axis for convention) that
induce a transition between pairs of levels with m1 + m2 = m′1 + m′2. However,
unlike before, in this case two simultaneous pulses are used and an auxiliary
level outside the computational space is involved in the operation. As depicted
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in Fig. 2.5, this triplet of levels form a pod system. Utilizing the quantum house-
holder reflection to calibrate the pulse amplitudes, phases and detuning, sim-
ilarly as done in 5.1.2 for single qudit gates, the M-gate is implemented [127,
138]. More in general, this procedure can be exploited to decompose any unitary
transformation (in this case only among a couple of levels). Often, this procedure
requires a controlled-phase gate to corrected a phase. In other words, this proce-
dure together with a final CPhase gate implement any two-qudit gate among a
couple of levels.
In the right panel of Fig. 2.6, an example of the population evolution during the
implementation of M(π) between the levels |m1 + 1,↓,m2⟩ ←→ |m1,↓,m2 + 1⟩ is
illustrated. The operation requires an auxiliary level |m1,↑,m2⟩, actually active
during the gate implementation. In the case in figure, a M(π) gate is represented,
but by adjusting the control parameters of the pulses different operations can be
realized.

2.3.4 Initialization and Readout

The initial step in implementing any algorithm involves initializing the architec-
ture in a fiducial state [19]. The fiducial state must be created with high fidelity
and, ideally, quickly to enable ”runtime” applications. The term ”runtime” refers
to a procedure implemented during the execution of an algorithm. Many algo-
rithms, such as quantum error correction ones, require ancillary qubits (or qu-
dits) for measurements on the system, necessitating frequent re-initialization.
The most straightforward method to initialize Molecular Nanomagnets (MNMs)
is by cooling to low temperatures, typically ≲ 10 mK [103, 117]. While this
experimental approach yields good approximations, it often takes a consider-
able amount of time (longer than the system coherence time) and is unsuitable
for ”runtime” initialization. An alternative approach is optical initialization, as
demonstrated experimentally on a chromium ion Cr4+ [139]. This method ex-
ploits optical transitions present in certain molecular systems, precisely address-
able by laser pulses. However, it is worth noting that this approach has been
recently proposed and requires additional time for development. A third per-
spective involves utilizing the Chiral Induced Spin Selectivity effect (see Chapter
7) for initialization [140–142]. Further details on this possibility can be found in
Chapter 7.
During or at the end of the execution of a quantum algorithm, a ”readout” pro-
cedure is conducted to provide access to the state of the quantum processor. Var-
ious types of measurements exist in quantum mechanics, but for most applica-
tions and algorithms, the measurement has to be projective [10]. Additionally,
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each logical unit must be individually addressable. As extensively discussed in
previous sections, a key feature that distinguishes molecular nanomagnets from
most of the other technologies is the fact that these systems can be exploited
to encode qudits. In this context, a measurement no longer has to distinguish
between just two states but rather among d states in general. Like any other ma-
nipulation procedure, to maximize effectiveness it is essential to do it quickly, so
as to limit decoherence, and accurately.
In this context, two potential strategies for measuring the state of a molecu-
lar nanomagnet-based quantum processor are introduced, both leveraging spin
strongly coupled to cavity photons. These strategies operate in either a disper-
sive or resonant regime [103, 143].
Each regime has distinct advantages and disadvantages and depending on the
experimental set-up any of these may or may not suit better. Here’s a concise
overview of them.

- Dispersive regime: In the dispersive regime, the condition is that the two
quantum systems are energetically detuned from each other. The resonator-
spin coupling causes the resonance frequency of the cavity to conditionally
shift depending on the spin’s state. The frequency shift goes proportional
to the square power of the dispersive qudit-resonator coupling. By de-
tecting the transmission frequency, it is possible to discern among the var-
ious spin states. The dispersive procedure gives a non-demolition mea-
surement [144, 145]. The readout fidelity, i.e. the precision with which
the procedure is implemented, depends on the degree to which shifted fre-
quencies can be distinguished. Factors such as resonator losses and spin
dephasing lead to the broadening of the resonance peaks, and thus limit
the accuracy of the procedure. In particular, in order to be able to discern
them, the broadening must be smaller than the gaps among them.

Due to the limited spin-resonator coupling, the operational time for this
approach, in the case of single molecules, can be relatively slow (on the
order of µs). Considering the long T1 times exhibited by these systems at
low temperatures, this is not a significant limitation unless measurement-
dependent operations are present in algorithms. The protocol can be ex-
tended to qudits [145].

- Resonant Regime: The fundamental difference with respect to the disper-
sive regime is that the frequency shift is proportional to the qudit-resonator
coupling. This allows to target one particular transition at a time and thus
implementing a projective measurement. Considering the case of a qubit
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for simplicity, this is done by exploiting a field resonant with the transition
|0⟩ ↔ |1⟩. In this way, the cavity is brought into resonance with the qubit
transition. If the system is in the excited state |1⟩, it is induced to decay
to the lower energy state |0⟩ and a photon is emitted. By detecting the
emitted photon with a single-photon counter, the state of the qubit can be
determined. In case of a positive measurement, the original state |1⟩ can be
restored by applying a classical drive that rotates the qubit state. The same
procedure can be extended to the qubit case by addressing multiple energy
gaps simultaneously.

Compared to the dispersive regime, this approach provides a significant
speedup and consequently a significant enhancement of readout fidelity.
Indeed, even considering large size qudits, the operational time can be es-
timated to be a few hundreds of nano-seconds [103, 146].

In conclusion, resonant and dispersive readouts are two possible methods to ac-
cess to qudits states. Dependently form the experimental set-up and the specific
application one or the other could be more advantageous.

2.4 Modelling of Decoherence in MNMs

The quantum nature of the wave-function makes it inherently sensitive and frag-
ile to interaction with the environment. Thus, one of the greatest challenges for
quantum architectures is to be resilient to decoherence. As mentioned in the in-
troduction of section 2.2, this term encompasses two different phenomena gen-
erated from two different mechanisms. The first one is thermal relaxation, which
leads to the decay of both diagonal and off-diagonal elements of the density ma-
trix. The second mechanism is pure-dephasing, which at low temperature is
due the interaction of the qudit spins with the surrounding nuclear spin of the
molecule’s organic ligands and leads to the decay of the off-diagonal elements of
the density matrix and hence to the loss of coherence between quantum states. In
the working conditions of a hypothetical molecular hardware, relaxation mech-
anism is negligible with respect to pure dephasing. Indeed, as demonstrated
by several experimental studies [147–149], at low temperatures ∼ 1 − 5 K and
considering a computational subspace composed by a group of states close in
energy, i.e. with energy gaps much smaller than the Debye energy (∼ 50 K), both
phonon absorption and emission are suppressed. Thus the relaxation time T1 is
several orders of magnitude longer than the dephasing time T2. Therefore in this
work the focus is on pure-dephasing mechanisms.
The most complete treatment of this phenomenon would require the simulation
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of the spin bath dynamics by many-body methods [118]. However, this approach
is very expensive and it is often not necessary to capture the heart of the problem.
In the section below, a simplified description is introduced capable of capturing
the origins and effects of the mechanism, but greatly simplifying numerical stud-
ies. Subsequently, the cases of the two classes of molecules presented above are
analysed and compared.

2.4.1 Derivation of the Master Equation

As mentioned before, pure-dephasing is generated by the interaction of the mag-
netic core ions with the nuclear spin of surrounding ligands. This kind of process
can be modelled considering the main system S, composed of the magnetic ions
immersed in a bath B of nuclear spins [101, 118, 150, 151]. The whole system
Hamiltonian can be divided into three termsH=HS +HB +HSB whereHS and
HB are respectively the free Hamiltonians of the system and the bath and HSB

depicts the system-bath interaction [129]. The latter is formulated as:

HSB =
Ni

∑
j=1

Ns

∑
n=1

∑
α,β=x,y,z

dαβ
jn sα

j ⊗ Iβ
n , (2.29)

where j = 1, . . . , Ni and n = 1, . . . , Ns are respectively the indices of the magnetic
ions and of the nuclear spins in the bath, sα

j are the ion spin operators, and Iβ
n are

the bath nuclear spin operators. Ultimately, dαβ
jn are the dipolar coupling param-

eters which in the point-dipole approximation are defined as:

dαβ
jn =

µBµN gN

R3
jn

gαβ
j − 3

Rβ
jn(∑γ gαγ

j Rγ
jn)

R2
jn

 , (2.30)

where gN and µN are the nuclear g−factor and magneton constant, gαβ
j is the

ion g-factor and Rα
jn is the distance between the j-th electronic spin and the n-th

nuclear spin along the α-axis.
Moving into the interaction picture of the free Hamiltonians HS +HB, HSB is
rewritten as:

HSB(t) = ei(HS+HB)tHSBe−i(HS+HB)t

=
Ns

∑
n=1

∑
µν

∑
β

Lβ
n,µνei(Eµ−Eν)t |µ⟩ ⟨ν| ⊗ Iβ

n (t) . (2.31)
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Here, |µ⟩ and |ν⟩ are eigenstates of HS and Eµ, Eν their respective energies, and
Lβ

n,µν, which incorporates the dependence from the eigenstate structure ⟨µ| sα
j |ν⟩,

is defined as follows:

Lβ
n,µν =

Ni

∑
j=1

∑
α=x,y,z

dαβ
jn ⟨µ| s

α
j |ν⟩ . (2.32)

Defining the system partial density matrix as ρ(t) = trB[ρSB(t)], its time evolution
under Born and Markovian approximations can be calculated as :

ρ̇(t) = −
∫ ∞

0
dt′trB[HSB(t), [HSB(t− t′),ρ(t)⊗ ρB]] . (2.33)

At this point, replacing the expression (2.31) into Eq. (2.33) and considering the
secular approximation, it follows:

ρ̇(t) = −
Ns

∑
n,n′=1

∑
µ,ν

∑
ββ′

{
Lβ

n,µµLβ′,∗
n′,νν (2.34)

χ
ββ′

nn′ (ω)
[
|µ⟩ ⟨µ|ν|µ|ν⟩ ⟨ν|ρ(t)− |µ⟩ ⟨µ|ρ(t)|ν|µ|ρ(t)|ν⟩ ⟨ν|

]
+ h.c.

}
.

Here χ
ββ′

nn′ (ω) are the bath noise spectra, which carry information about the bath
structure, and read as:

χ
ββ′

nn′ (ω) =
∫ ∞

0
dt trB

[
Iβ
n (t)Iβ′

n′ (0)ρB
]
eiωt . (2.35)

These functions are computationally complex to compute and require cluster cor-
relation methods [118, 152, 153]. Later in section 2.4.2 it will be shown how to
drop the dependence of Eq. 2.34 from these coefficients and tie it to the experi-
mentally measurable T2 values.
In Eq. (2.34), the secular approximation suppresses all fast oscillating terms. So
in this case, since the difference between system Eµ − Eν and bath energy gaps
is significantly larger than the system-bath interaction, the jump operators as
|µ⟩ ⟨ν| for µ ̸= ν can be neglected. Under this approximation, the effect of the en-
vironment on the system induces only pure-dephasing. Indeed, no off-diagonal
operators are retained. The master equation (2.34) can be rewritten as:

ρ̇(t) =− i[HLS,ρ(t)]

+ ∑
µν

Γµν

[
2 |µ⟩ ⟨µ|ρ(t) |ν⟩ ⟨ν| − |µ⟩ ⟨µ|δµνρ(t)− ρ(t) |ν⟩ ⟨ν|δµν

]
, (2.36)



Introduction to Molecular Nanomagnets: 75

where HLS = ∑µ Sµ |µ⟩ ⟨µ| represents the Lamb shift Hamiltonian and we have
introduced Γµν. These latter are defined as:

Γµν =
Ns

∑
n,n′=1

∑
β,β′

Lβ
n,µµLβ′,∗

n′,ννχαα′
nn′(0)

=
N

∑
jj′=1

∑
αα′=
x,y,z

Cαα′
jj′ ⟨µ|sα

j |µ⟩⟨ν|sα′
j′ |ν⟩, (2.37)

where

χαα′
nn′(0) =

1
2

∫ ∞

−∞
dt trB[Iα

n(t)Iα′
n′ (0)ρB] (2.38)

Cαα′
jj′ = ∑

nn′
∑
ββ′

χ
ββ′

nn′ (0)d
αβ
jn dα′β′

j′n′ . (2.39)

The master equation 2.36 thus consists of two main parts. The first one, rep-
resented by the commutator between HLS and the density matrix, introduces a
renormalisation of the system energy due to the coupling with the spin bath.
This term is generally small and can, therefore, be omitted from the calculations.
Instead, the second part describes a pure-dephasing mechanism, and by solving
the differential equation, one obtains:

ρµν(t) = exp(−γµνt)ρµν(0) (2.40)

where the decay rates γµν are determined by coefficients Γµν as

γµν = Γµµ + Γνν − 2Γµν . (2.41)

All the information regarding the mechanisms that generate decoherence is con-
tained in Γµν. Equation 2.37 illustrates that Γµν coefficients are basically formed
by two components: the coefficients Cαα′

jj′ and the expectation values determined

by the local spin operators on the system eigenstates ⟨µ|sα
j |µ⟩⟨ν|sα′

j′ |ν⟩. The Cαα′
jj′

coefficients carry the information about the specific molecular structure such as
the positions of the nucleus and ions. On the other hand, the second term re-
flects a dependence on the structure of the eigenstates. Consequently, it follows
that to minimize the γµν terms and, consequently, reduce the effects of decoher-
ence, small differences between the local expectation values of the spin opera-
tors are necessary. In simpler terms, the impact of decoherence is diminished on
energy states that are magnetically similar. Multi-spin systems with competing
interactions are, therefore, optimal candidates for resilience against decoherence.
Indeed, these types of systems may exhibit magnetically similar states at low en-
ergy.
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In conclusion, this analysis determines a general property, independent from
the specific molecule structure, that identifies systems intrinsically protected by
pure-dephasing.

2.4.2 Decoherence in an S multiplet

In this section, the analysis focuses on the case of systems with an S multiplet
as ground state. To simplify, let’s start by rewrite the expression 2.37 for the
particular case of molecules with a single ion (S). As previously shown, several
of these systems can be described by Eq. 2.13. Due to their axial symmetry, the
eigenstates of the system are diagonal in the z-basis. Consequently, ⟨µ|sα|µ⟩ =
⟨m|sz|m⟩δαz where eigenstates are labelled by sz expectation values m, and so
Eq. 2.37 can be simplified as follows:

ΓS
mm′ = Czzmm′ =

mm′

Te f f
2

. (2.42)

Here, Cαα′
jj′ = (Te f f

2 )−1 is the experimental measured dephasing rate between two
eigenstates with ∆m = 1. This value contains all the information about the spin
bath and the spectral functions χαα′

nn′ . Starting from this formulation, it is easy to
obtain decay rates:

γmm′ =
(m−m′)2

Te f f
2

. (2.43)

The impact of decoherence is expected to increase quadratically with the dif-
ference between m values of the eigenstates. This is a challenge for single-spin
molecular qubits, because eigenstates with a large ∆m would hardly be affected
by decoherence.

Now, let’s move to the case of a multi-spin system that exhibits an S multiplet
at low energy. For instance, consider the double tetrahedron mentioned earlier
and reverse the sign of all exchange interactions making them ferromagnetic F.
Regardless of the specific values of Jij, it would lead to an S = ∑i si = 9/2 ground
state. In the case of an almost axial system, the Wigner-Eckart theorem allows to
approximate the expectation values ⟨µ|sα

j |µ⟩ = ζ j⟨m|Sz|m⟩δαz [154]. Hence start-
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ing from from Eq. 2.37 one obtains:

ΓF
mm′ = χ0 ∑

jj′
∑
αα′

cαα′
jj′ ⟨m|sα

j |m⟩⟨m′|sα′
j′ |m′⟩

= χ0 ∑
jj′

∑
αα′

cαα′
jj′ ζ jζ j′⟨m|Sα|m⟩⟨m′|Sα′ |m′⟩

= χ0

(
∑
jj′

czz
jj′ζ jζ j′

)
mm′ =

mm′

Te f f
2

, (2.44)

where cαα′
jj′ = ∑nn′ ∑ββ′ d

αβ
jn dα′β′

j′n′ and for simplicity χαα′
nn′(0) is approximated as a

constant χ0 [129]. The result obtained is entirely analogous to that of Eq. 2.42.
In conclusion to this analysis, it is important to emphasize how the structure of
the eigenstates determines the decay rates and thus the effect of the eigenstate.
Eigenstates characterised by a multiplet S are expected to have rates that grow
quadratically with the difference of ∆m between levels.

2.4.3 Decoherence in multi-spin systems with competing interactions

Eq. 2.43, which is valid for systems characterized by an S multiplet ground state,
expresses a clear and direct relation between the effect of decoherence and the
form of the eigenstates. Now, the aim is to obtain a similar result for the class of
systems with competing interactions. To illustrate this, the example of the double
tetrahedron with antiferromagnetic interactions C2, discussed earlier, serves as a
reference case. Starting from Eq. 2.37 and, as previously done for F, assuming an
axial system and χαα′

nn′(0) to be constant, the expression is rewritten as follows:

ΓC
µν = χ0

N

∑
jj′=1

∑
αα′=
x,y,z

cαα′
jj′ ⟨µ|sα

j |µ⟩⟨ν|sα′
j′ |ν⟩

= χ0

N

∑
jj′=1

czz
jj′⟨µ|sz

j |µ⟩⟨ν|sz
j′ |ν⟩ (2.45)

In this approximation, χ0 depends only on the structure of the molecule and
therefore is the same as for F and C2 [129]. Eq. 2.45 can be rewritten by substitut-
ing the expression found for F:

ΓC
µν =

1

Te f f
2

(
∑jj′ czz

jj′ζ jζ j′
) N

∑
jj′=1

czz
jj′⟨µ|sz

j |µ⟩⟨ν|sz
j′ |ν⟩ . (2.46)

As seen before, Γµν depends on the expectation value of the local spin opera-
tors with the system eigenstates ⟨µ|sz

j |µ⟩⟨ν|sz
j′ |ν⟩. Although in this case it is not
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possible to solve them explicitly, because the structure of the eigenstates is not
trivial, it is not difficult to see that to minimize γµ,ν it is important to have small
differences of these expectation values.
Eq. 2.46 allows a direct and fair comparison of the effect of decoherence between
F and C2 systems. In the Chapters 4 this analogy will be used to compare these
molecules as elementary units for QEC.

2.5 Quantum Error Correction on MNM Qudits

In the previous sections, the discussion focused around how chemical engineer-
ing can enhance the resilience of MNMs to pure dephasing by designing in-
herently protected molecules. Nonetheless, despite the potential technological
progress, decoherence is and will remain a significant limitation for QIP. The
only way to overcome this issue in the long term is through the implementation
of quantum error correction schemes (QEC).
In Chap. 1, a brief introduction to standard QEC methods is provided. The gen-
eral idea can be summarized by saying that a quantum state can be protected
against errors by spreading the information across a larger Hilbert space in the
proper manner. This is commonly done by exploiting a block encoding, i.e. a
single logical qubit is encoded into many physical qubits [155, 156]. The num-
ber of units required to achieve a high-precision computation scales rapidly, and
for example, estimates suggest that for common algorithms such as the Shor fac-
torisation about 103 − 104 units are needed to reach a reasonable success rate in
factoring a 2000-bit number [157].
An alternative strategy is offered by the qudit-encoding. Rather than increasing
the number of physical objects, the enlarged Hilbert space can be obtained by
exploiting a qudit. In this way, the encoded quantum state is within a single
object. This approach offers several advantages: primarily by reducing the num-
ber of units to be controlled and secondly by eliminating the need for two-body
gates during most of the manipulation procedures. Hereafter, an embedded QEC
scheme specifically tailored to correct pure-dephasing in MNMs is presented.

2.5.1 Binomial Code Words for Pure Dephasing

The initial step in designing any Quantum Error Correction scheme consists of
identifying and modelling the main sources of errors. In fact, codes are only able
to correct a subset of all possible errors, so to maximize their utility it is advis-
able to correct the most important ones. As analysed in the previous sections,
for MNMs at low temperatures the primary source of errors is pure dephasing.
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This produces the decay of the off-diagonal elements of the density matrix, a
phenomenon that can be represented by the action of the Sz operator:

dρ(t)
dt

=
2
T2

(
Szρ(t)Sz −

1
2
{S2

z ,ρ(t)}
)

. (2.47)

In order to construct the QEC scheme, it is convenient to express the above
equation in terms of Kraus operators resulting in an expression of the form of
ρ(t) = ∑∞

a=0 Eaρ(0)E †
a [158]. By moving to the interaction frame with respect to

the anti-commutator {S2
z ,ρ(t)}, the density matrix is redefined as:

ρ(t) = e−tS2
z /T2 ρI(t)e−tS2

z /T2 . (2.48)

Eq. 2.47 can be reformulated as:

dρI(t)
dt

=
2
T2

Sz ρI(t) Sz . (2.49)

Upon integrating this equation over time, form zero to an arbitrary time t, as a
Dyson series, the result is:

ρI(t) = ρI(0) +
2
T2

∫ t

0
dt1SzρI(0)Sz +

(2/T2)2

2!

∫ t

0
dt1

∫ t

0
dt2 S2

zρI(0)S2
z + . . . .

(2.50)
Then, solving the integrals and going back to Schrödinger picture, the expression
is rewritten as:

ρ(t) =
∞

∑
a=0

(2t/T2)a

a!
e−tS2

z /T2 Sa
z ρ(0) Sa

z e−tS2
z /T2 (2.51)

from where it is easy to see that Kraus operators are of the form of

Ea =

√
(2t/T2)

2

a!
e−S2

z t/T2 Sa
z . (2.52)

The Knill-Laflamme conditions 1.49 impose that the code words for the logical
state |0L⟩ and |1L⟩ satisfy the constraint:

⟨aL|Sa
z |bL⟩ = βaδa,b 0≤ a ≤ 2n , (2.53)

where β is a parameter. Satisfying this constraint ensures that the logical states
are not deformed by errors, making correction possible through a unitary trans-
formation depending on the detected error. In general, the number of different
error operators that can be corrected simultaneously is limited and depends on
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the size of the computational space. At short times, the dominant terms are the
lowest powers of Sz. Therefore it is advisable to correct these errors first.
Having obtained an expression for error operators in terms of Kraus operators
and the constraints that code words must respect, it is now time to introduce an
explicit expression for the code words themselves. For now, it is assumed that
the underlying physical system has eigenstates diagonal in the basis of Sz such
as happens for single ion magnets in a large magnetic field. Inspired by binomial
codes on bosonic systems [159, 160], this class is defined as:

|0L⟩ =
1√

22S−1

2S

∑
k=1, for k odd

√(
2S
k

)
|−S + k⟩

|1L⟩ =
1√

22S−1

2S

∑
k=0, for k even

√(
2S
k

)
|−S + k⟩ ,

(2.54)

where |−S + l⟩ are the eigenstates of the computational subspace. The two logi-
cal states |0L⟩ and |1L⟩ are encoded on two different subspaces identified by odd
and even values of k respectively. These two subspaces are disjoint and therefore
orthogonal by construction.
To verify that the condition 2.53 holds, one first has to note that, given the as-
sumption about the eigenstate structure, the Kraus operators defined above are
diagonal and thus their action does not mix different eigenstates. Therefore the
expression 2.53 only needs to be checked for a = b. By substituting the explicit
expression of code words, one finds:

⟨1L|Sl
z|1L⟩ − ⟨0L|Sl

z|0L⟩ =
1

22S−1

2S

∑
k=0

(−1)k
(

2S
k

)
⟨k− S|Sl

z|k− S⟩

=
1

22S−1

2S

∑
k=0

(−1)k
(

2S
k

)
(k− S)l .

Noting that the last expression can be seen as a binomial expansion in k and
assuming that l ≤ 2S, it is easy to find:

2S

∑
k=0

(
2S
k

)
(−1)k(k− S)l =

[(
x

d
dx

)l 2S

∑
k=0

(−1)kxk−S

]
x=1

=

[(
x

d
dx

)l 1
xS (1− x)2S

]
x=1

= 0 .

As desired, the code words satisfy the Knill-Laflamme conditions for all the pow-
ers of Sz below 2S. To achieve correction up to the order (2t/T2)n, it is necessary
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to meet the conditions for powers of Sz up to 2n included: this means that the
perturbative order n requires a spin S = n + 1/2. In other terms, the computa-
tional space of a d-dimensional qudit (even) is large enough to correct at most
Nerr = d/2 different errors.

2.5.2 Ideal error detection and correction procedure

Up to this point, the code words that form the core of the QEC scheme have been
defined. The structure of these ensures that if an Ea error affects them, the logical
states are brought to distinguishable orthogonal states and the original state su-
perposition coefficients (α and β) are preserved. This condition guarantees that
an error affected state can be recovered (in the limits of QEC scheme correction
capabilities). To complete the presentation of the scheme, the procedures for de-
tection and recovery [28] are formalized here.
Let’s start by introducing the error space Vℓ where ℓ = {0,1}, which defines the
space comprehending all possible states generated by the action of the Ea errors
on the code words. In formulae:

Vℓ = span

 Sz |ℓL⟩
∥Sz |ℓL⟩∥

, . . . ,
S⌊S⌋z |ℓL⟩∥∥∥S⌊S⌋z |ℓL⟩

∥∥∥
 , (2.55)

where ⌊S⌋ indicates the largest integer smaller than S. Now, it is necessary to
understand how different errors can be detected and distinguished without de-
stroying the superposition of the logical state. Since the error space Vℓ does not
define an orthonormal basis, the initial step involves defining one. The Knill-
Laflamme conditions, Eq. 2.53, ensure that the code words, even under the influ-
ence of errors, maintain logical superposition. This property relies on the exis-
tence of a unitary operator U satisfying the condition:

USa
z |0L⟩ = Sa

z |1L⟩ . (2.56)

Defining the basis {
∣∣ea

ℓ

〉
a=0,...,⌊S⌋} for one of the two sub-spaces, for instance V0,

the other must be defined by verifying U |ea
0⟩ = |ea

1⟩. An available choice is to
take as basis the vectors resulting from a Gram-Schmidt orthonormalization of
the states Sa

z |ℓL⟩. The error correction procedure OR is then specified by the set
of operations {OaPa}a=0,...,⌊S⌋, where Oa and Pa are defined as follows:

Oa |ea
ℓ⟩ = |ℓL⟩ , (2.57)

Pa = (|ea
o⟩⟨ea

o|+ |ea
1⟩⟨ea

1|) . (2.58)
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In essence, the correction procedure is divided into two steps: firstly, a measure-
ment that projects the system state into one of the various two-dimensional sub-
spaces, named detection; secondly, the corresponding correction of the logical
state by Oa, denoted as recovery.

To complete this introduction, it would serve to show how these procedures are
explicitly defined. However, for a complete definition of these it is necessary
to take into account the underlying physical system. Therefore, the reader will
forgive us if this is postponed to chapter 3, where it is shown in the specific case
of a S = 3/2 qudit, and chapter 4 where it is discussed for general d-dimensional
qudit belonging to C class.

In conclusion of the chapter, Fig. 2.7 reports the numerical results of an ideal im-
plementation of the presented scheme. An ideal implementation means that you
have perfect and instantaneous control over the system. Thus, the only forms
of error introduced are those due to decoherence during memory time. The un-
derlying physical architecture is assumed to be a single spin molecule. Thus,
the qudit energy levels are diagonal in the Sz basis and the effect of decoher-
ence goes as in Eq. 2.43. On the x-axis is reported the so called memory time
t in terms of t/T2 where T2 is the system coherence time. The memory time is
the time lapse between the encoding and the application of the correction pro-
cedure during which the system is left under the effect of errors (in this case
pure-dephasing). For the sake of simplicity, the possibility of applying gates is
not considered for the moment, so the system acts as a memory, hence the name
memory time. The y-axis shows the infidelity, defined as E = 1− ⟨ψ0|ρt|ψ0⟩, cal-
culated on the initial logical state |ψL⟩ = |0L⟩+|1L⟩√

2
. The results are reported for an

increasing qudit dimension from 4 (S = 3/2) to 16 (S = 15/2) (coloured continu-
ous lines). The benchmark for the scheme performance is given by comparison
with the behaviour free qubit (dashed black line) on which acts the same deco-
herence process but no QEC is applied. First, it is valuable to note that for all the
cases the correction procedure is worthwhile, enabling to reduce the error. Both
increasing the number of levels, that allows to correct more powers of Sk

z, and re-
ducing the memory time, that would correspond to implement the scheme more
often during the computation, the error E can be reduced in principle to any
precision level. However, in absolute terms, the gain from increasing the qu-
dit size is progressively smaller. This is mainly due to two factors. First, as the
size of the qudit increases, more and more powers of Sz are corrected, but these
have progressively a smaller effect. In addition, the correction capacity of the
system under consideration decreases as the effect of decoherence increases with
increasing ∆m. As will be shown in Chapters 3 and 4, under the conditions of
a real implementation, where the different procedures (encoding, detection and



Introduction to Molecular Nanomagnets: 83

Figure 2.7: Left: Ideal performance of the presented QEC scheme to correct pure
dephasing error on different size qudits (continuos coloured lines). On the x-
axis is reported the memory-coherence time ratio while on the y-axis the infidelity
E = 1− ⟨ψ0|ρt|ψ0⟩. The dashed black line is the comparison case given by a qubit
without error correction. Inset: scheme performance at t/T2 = 10−2. Right: the
gain calculated as the ratio between the error in the corrected (qudits) and uncor-
rected (qubit) cases. Inset: the gain at t/T2 = 10−2. Adapted from Ref. [161] with
permission under the terms and conditions of the Creative Commons Attribution-
NonCommercial 3.0 Unported Licence (CC BY-NC 3.0).

recovery) have a finite duration and are therefore also error-prone, these factors
limit the correction possibilities of the system.





CHAPTER 3

Quantum Error Correction with Molecular Spin Qudits

QEC is a necessary way point on the path to the realization of reliable quan-
tum computers. As explained in Sec. 1.7, in a similar way to how it is

done on classical computers, QEC exploits a larger space to encode the informa-
tion in a protected way. The conventional approach, known as block encoding,
distributes the information of a single logical qubit across multiple entangled
physical units. In contrast, qudit encoding leverages a single multi-level quan-
tum system to store the information. This alternative strategy has the potential to
significantly simplify QEC implementation by avoiding the need to control many
objects and implement two-body gates, which are notoriously more challenging
for state-of-the-art architectures. Molecular nanomagnets are promising systems
for the practical realization of qudit encoded QEC. Indeed, these systems possess
a coherent multi-level structure at low energy that can be easily manipulated by
electromagnetic pulses.
This chapter investigates the feasibility of the scheme presented in Sec. 2.5 on
three realistic molecules in which the qudit is provided by either an electronic or
a nuclear spin. Both types of system have a spin-3/2 which provides the compu-
tational space for a four-level qudit, coupled with an electronic spin-1/2 ancilla
which is used in the error detection to have access to the qudit state without af-
fecting it. By means of numerical simulations the feasibility and effectiveness of
this approach is demonstrated. Simulations take into account both decoherence
and leakage effects, evidencing the need for a balance between these two influ-
ences. Large driving fields reduce pulse duration and therefore have a positive
impact in decoherence. However, on the other hand, the pulses thus generated
have a wider frequency spectrum and favour leakage.
To enhance the scheme’s performance, the Derivative Removal by Adiabatic
Gate (DRAG) pulse control technique is introduced. This method exploits a sec-
ondary driving field to reduce leakage to a single disturbing transition close to
the driving one. More specifically, it creates a hole in the frequency spectrum cut-
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ting out contributions to the unwanted frequency. The simulation results demon-
strate significant improvement through the application of DRAG with respect to
a standard Gaussian shaped pulse.

The chapter is organized as follows: in the first section 3.1, the three physical
systems taken into consideration are introduced. The working parameter ranges
are discussed, highlighting the advantages and disadvantages of the different
choices. The explicit formulation of the binomial code words introduced in 2.5
for a four-level qubit is then reported, together with a scheme for their imple-
mentation. Sec. 3.3 gives an in-depth introduction to the DRAG technique, pro-
viding an explicit formulation and explaining how to implement it on a stan-
dard Gaussian shaped pulse. To demonstrate the feasibility of the presented
QEC scheme, the results of extensive numerical simulations are reported and
discussed in Sec. 3.4. Section 3.6 summarizes the results and concludes the chap-
ter.

3.1 Physical Systems and Methods

As anticipated in the introduction, this study considers three distinct systems,
each characterized by either an electronic (e) or a nuclear (n) spin-3/2 coupled
with an electronic ancillary qubit. The comparison between these two classes
is of particular interest due to differences in their coherence and manipulation
time scales. Specifically, electronic systems (e) exhibit shorter coherence times
but faster manipulation with respect to (n).
Using the spin Hamiltonian formalism developed in 2.1, the electronic systems
under consideration can be modelled as follows:

He = µBB0

(
gzSz + gA

z sA
z

)
+ DS2

z + S · J · sA, (3.1)

where S and sA are respectively the qudit and the qubit electronic spins. The
first two terms represent the Zeeman interactions of these spins with the external
static field B0 along the z-axis. The third term, parametrized by D, introduces the
zero-field splitting for the qudit spin, which has the effect of splitting the energy
levels and making the transitions between them inequivalent. The final term,
parametrized by the tensor J, accounts for the spin-spin exchange interaction.
In the various simulations, the two dimers considered are CrCu (e1) and CrYb
(e2). The former is a hypothetical system discussed in Ref. [25], while the latter
is an existing molecule that has already been synthesized [162]. In both cases,
the qudit is encoded in the S = 3/2 spin of the Cr3+ ion. Typical parameters of a
single ion in an octahedral cage are assumed (see table 3.1).
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The two systems differ for the qubit ancilla, namely Cu2+ and Yb3+ ions. As
documented in Ref. [163], reasonable parameters for Cu2+ are gA

z = 2.3 and gA
x,y

= 2.1, and gA
z = 4.2 and gA

x,y = 2.9 for Yb3+ trensal, as reported in [164].
An axially anisotropic exchange interaction with Jx = Jy = 1.710−2 cm−1 and Jz =

−3.310−2 cm−1 has been considered. This type of interaction can be produced by
a dipole-dipole coupling with the ions approximately 5-6 Å apart. Fig. 3.1-a)
shows the energy level spectrum as a function of the external static magnetic
field B0 for (e2). Each line is labelled with the expectation values of Sz and sA

z
on the right side. For a sufficiently large magnetic field, all transitions are well
resolved with frequencies in the order of GHz at most.
Similarly, for the nuclear spin system (n), the spin Hamiltonian is defined as:

Hn = B0

(
gNµN Iz + gA

z µBsA
z

)
+ QI2

z + I ·A · sA, (3.2)

where I represents the nuclear spin, µN is the nuclear magneton and Q parametrizes
the nuclear quadrupole coupling, which has a similar effect to the electronic zero-
field splitting. The last term accounts for the hyperfine tensor A. The parameters
considered in the simulations are taken from the (PPh4)2[Cu(mnt)2] complex pre-
sented in Ref. [119]. The qudit and the ancillary qubit are respectively provided
by the nuclear I = 3/2 and electronic spin S = 1/2 of the Cu2+. These spins
are coupled by hyperfine interaction A = (0.4,0.4,1.7) × 10−2 cm−1. Unfortu-
nately, in Ref. [119] the nuclear quadrupole has not been measured. Thus, in
the simulations a typical value Q = 1.7× 10−3 cm−1 has been considered [165,
166]. Fig. 3.1-b) reports the energy spectrum of (n) as a function of the external
magnetic field. The subspaces corresponding to the two states of the ancilla (|↓⟩
and |↑⟩) are clearly separated due to the large difference of electronic and nuclear
excitation energies. All transitions are distinct with frequencies on the order of
hundreds of MHz.
In the working conditions of a hypothetical logical qubit, the spin dimers must
be in the weak coupling regime. This implies that the eigenstates of the system
are nearly factorized, so that the expectation values of Sz (Iz) and sA

z are good
quantum numbers |mQ,mA⟩. As far as (n) is concerned, this condition is satisfied
if gA

z µBB0 ≫ Ax,y, which is readily met at external magnetic fields B0 ≥ 0.1 T.
Considering (e), this condition is verified if the qudit-qubit exchange coupling
is significantly smaller than the single body excitation energies |Jx,y| << |(gz −
gA

z )µBB0 + D(2M + 1)|. By appropriately selecting the amplitude of the external
magnetic field and considering loosely coupled systems, it is also possible to find
an appropriate regime of parameters for (e), with B0 ∼ 1 T.
Transitions between eigenstates of He or Hn are addressable through electromag-
netic pulses. The time-dependent driving field b1(t), oriented along the x-axis,
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Figure 3.1: Energy levels as a function of the external magnetic field for (e2) (left)
and (n) (right). Adapted from Ref. [161] with permission under the terms and con-
ditions of the Creative Commons Attribution-NonCommercial 3.0 Unported license
(CC BY-NC 3.0) .

g D/Q (Jx, Jy, Jz)/(Ax, Ay, Az) (gA
x , gA

y , gA
z ) T2 TA

2
(cm−1) (cm−1) (µs) (µs)

CrCu (e1) 1.98 −0.24 (1.7,1.7,−3.3)× 10−2 (2.1,2.1,2.3) 50 5
CrYb (e2) (2.9,2.9,4.2) 50 1− 3

(PPh4)2[Cu(mnt)2] (n) 1.48 1.7× 10−3 (0.4,0.4,1.7)× 10−2 (2.0,2.0,2.1) 102 − 103 68

Table 3.1: Table of parameters considered in the simulations for the hypothetical Cr-
Cu/CrYb dimers and ion 63Cu [25, 119, 162]. J, A, and gA are assumed as diagonal
tensors while the qudit’s g is isotropic.

enters the Hamiltonian as follows:

H1e = µBb1(t)
(

gA
x sA

x + gxSx

)
(3.3)

H1n = b1(t)
(

µB gA
x sA

x + µN gN Ix

)
. (3.4)

Unless otherwise specified, the pulses are assumed to be Gaussian shaped b1(t) =
B1 e−(t−t0)

2/2τ2
cos(ωt).

In the numerical simulations, the effect of pure dephasing is modelled by consid-
ering the simplified description given the master equation formalism introduced
in Sec. 2.4. Overall, the time evolution of the (e) (left) and (n) (right) can be sum-
marized as follows:
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dρ(t)
dt

= − i
ℏ
[He + H1e(t),ρ(t)]

+
1
T2

[2Szρ(t)Sz − S2
zρ(t)− ρ(t)S2

z ]

+
1

TA
2
[2sA

z ρ(t)sA
z − (sA

z )
2ρ(t)− ρ(t)(sA

z )
2]

dρ(t)
dt

= − i
ℏ
[Hn + H1n(t),ρ(t)]

+
1
T2

[2Izρ(t)Iz − I2
z ρ(t)− ρ(t)I2

z ]

+
1

TA
2
[2sA

z ρ(t)sA
z − (sA

z )
2ρ(t)− ρ(t)(sA

z )
2]

.

3.2 Code Words and Scheme Implementation

The general theory and the mathematical derivation of the class of binomial
code words to correct pure-dephasing has already been introduced in 2.5.1. The
present section reports the specific formulation to correct the Sz error on a four-
level qudit, together with a strategy to implement it on a MNM qudit.
Eq. 2.54 defines the code words which in the specific case of S = 3/2 qudit take
the following form:

|0L⟩ =
|3/2⟩+

√
3| − 1/2⟩

2

|1L⟩ =
√

3|1/2⟩+ | − 3/2⟩
2

,

(3.5)

where the qudit levels are labelled by the expectation values on Sz. Within a
four-dimensional space (d = 4), the procedure permits to correct only the first
power of Sz. Therefore, the possible error words |e0⟩ and |e1⟩, are obtained by
considering the effect of the Sz error as follows:

|e0⟩ =
Sz|0L⟩
∥Sz|0L⟩∥

=

√
3|3/2⟩ − | − 1/2⟩

2

|e1⟩ =
Sz|1L⟩
∥Sz|1L⟩∥

=
|1/2⟩ −

√
3| − 3/2⟩

2
.

(3.6)

As analysed in Sec. 2.5.1, since Sz is diagonal on the basis of eigenstates, it does
not mix the |0L⟩ and |1L⟩ subspaces but exclusively influences the relative phase
of the code words. In this specific case, the error states are orthogonal to both
|0L⟩ and |1L⟩ and with them an orthonormal basis set of the S = 3/2 space. Fig-
ure 3.2 illustrates a schematic representation of the strategy to implement the
QEC scheme on a S = 3/2 MNM qudit. The scheme is supposed to have an
ancillary qubit coupled to the qudit. As explained below, this is used in the pro-
cedure to have access to the state of the qudit without modifying it with a direct
measurement. The horizontal lines represent the qudit levels labelled by |m⟩,
while the Gaussian symbols depict the sequence of electromagnetic pulses used
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Figure 3.2: Schematic representation of the QEC scheme to correct Sz error on a
four level qudit coupled with an ancillary qubit. The qudit computational space
is represented by the black horizontal lines. The Gaussian symbols represent the
electromagnetic pulses used to manipulate it. The whole procedure is divided into
three steps: encoding, detection, and recovery. During the memory time, the system
is left idle under the action of pure-dephasing acts. Reproduced from Ref. [161] with
permission under the terms and conditions of the Creative Commons Attribution-
NonCommercial 3.0 Unported license (CC BY-NC 3.0).

to control and manipulate the system. The entire procedure is divided into three
distinct steps: encoding, detection, and recovery.
In the first step, encoding, the goal is to rewrite the quantum state |Ψ⟩ = α |0⟩+
β |1⟩, initially stored in the qudit levels |−3/2⟩ and |−1/2⟩, in terms of the code
words |0L⟩ and |1L⟩. This transformation is achieved through the sequence of
pulses illustrated in the Fig. 3.2.
The pulses that effectively construct the desired protected states are the two in
the middle, and their angles are strictly related to the coefficients of the code
words. Conversely, the two π pulses at the beginning and end of the sequence
are accessory and serve to move the information across the qudit. If direct con-
nections between |−3/2⟩↔ |1/2⟩ and |−1/2⟩↔ |3/2⟩were possible, they would
be unnecessary. At the end of this procedure, the state of the logical qubit is en-
coded, making possible the detection and correction of possible Sz errors.
Subsequently, during the so-called memory time, the system is left idle, under
the only effect of decoherence. This interval represents the simulation time, and
for simplicity, it is assumed that no gates are applied.
After the memory time, the qudit will be in a superposition of
{|0L⟩ , |1L⟩ , |e0⟩ , |e1⟩} states. The detection procedure decodes the informa-
tion, bringing the four possible states to different levels of the qudit. Specifically,
the superposition of the logical states |0L⟩ and |1L⟩ goes to α |−3/2⟩ + β |1/2⟩,
while the superposition of error-affected states goes to α |−1/2⟩ + β |3/2⟩. At
this stage, by conditionally exciting the ancilla state, which is initially prepared
in |↓⟩, with respect to the states |−3/2⟩ and |1/2⟩ (red dashed lines in the
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figure), the ancilla becomes entangled with the states of the qudit. Measuring
the ancilla state enables one to determine if the state is in the correct or affected
state. Depending on the measurement outcome, a correction procedure can be
used to correct (at first order) the state of the qudit and almost recreate the initial
superposition. In the figure, the sequence of rotations to consider is the one with
an upper (lower) sign if the qudit is in the corrected (erred) state.

In practice, the qubit state is not only affected by the first power of Sz, but also by
higher powers. These additional errors can be corrected by using more than four
levels for the encoding. The scheme can be easily extended to larger qudits by
simply redesigning the sequence of pulses [118]. In the detection procedure, the
ancilla would require d/2 levels when dealing with a d-dimensional qudit. This
flexibility makes the approach scalable and suitable for a wide range of qudit
sizes.

3.3 Derivative Removal by Adiabatic Gate (DRAG)

Pulse control techniques are exploited to enhance control capabilities on quan-
tum systems, thus improving gate implementation. Generally, the primary ob-
jective is to carry out operations as quickly and accurately as possible. Technical
limitations aside, the common problem in practical implementation is leakage.
Large driving fields, which allow faster manipulation, also imply a larger spec-
tral width of the pulse. This makes precise control of target systems particularly
challenging where transitions are close in frequency. To address leakage, sev-
eral pulse control techniques have been developed, including Sideband Modu-
lation [167, 168], Speeding up Waveforms by Inducing Phases to Harmful Tran-
sitions [169, 170], and Derivative Removal by Adiabatic Gate (DRAG) [171–173],
each tailored to work under specific conditions.

In this study, the DRAG method is investigated. As anticipated in the intro-
duction of the chapter, this procedure allows one to mitigate the contribution in
frequency to a single disturbing transition close to the target one. The elemen-
tary idea is to leverage a secondary driving field, oriented perpendicularly to the
primary one and shaped as its derivative, in order to create a spectral hole in
correspondence to the disturbing frequency. In essence, the secondary driving
field reshapes the pulse spectrum by increasing the contribution near the target
frequency while decreasing it near the unwanted frequency. This method effec-
tively addresses single disruptive transitions. For its implementation, no exact
derivation exists, and the control parameters of the secondary pulse are deter-
mined through numerical optimization.
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In the mathematical formulation, the driving field takes the form of:

b1(t) =

{
εx(t) cos(ω0t) + εy(t) sin(ω0t) 0 < t < tg

0 otherwise ,
(3.7)

where the two independent quadrature controls εx(t) and εy(t) are driven by
a single frequency w0/2π. Considering a Gaussian-shaped pulse for the main
field, the two controls are defined as:

εx(t) = B1 e−(t−t0)
2/2τ2

,

εy(t) = βλ
dεx(t)

dt
, (3.8)

where λ serves as an auxiliary parameter to renormalize the relative strength
among the unwanted and the desired transition, while β is the parameter actu-
ally used in the optimization process, typically taking values within the range of
−1 and +1.
Panel a) and b) in Fig. 3.3 display the amplitude in the time domain of the pri-
mary driving field and its derivative, respectively. As indicated by the dotted
curve, the primary pulse takes the form of a Gaussian but is truncated within
± 2σ. In panel c), the Fourier transform of the standard Gaussian-shaped and
the DRAG pulses, which encompass both driving fields, are depicted. The two
vertical grey lines mark the target ω0

2π (solid) and the disturbing ω
2π (dashed) fre-

quencies. The secondary driving field produces two major effects on the fre-
quency spectrum of the original pulse. Firstly, the main peak is shifted away
from the disturbing frequency, and its amplitude is modulated. Additionally,
the curve is no longer symmetric, leading to a significant reduction in frequency
contribution around the unwanted transition. In the illustrated example, the ef-
fect of DRAG has been exaggerated to emphasize its impact, but typically, for
optimized values, the distortion of the curve is not as pronounced.

3.4 Results

The strategy presented above to implement the QEC scheme relies on two as-
sumptions. The first one is that the pulses are ideal, meaning they are instanta-
neous and perfectly monochromatic. Additionally, as previously discussed, the
qudit and the ancilla are assumed to be perfectly factorized. However, in prac-
tical implementations, these hypotheses do not hold, and relaxing them leads to
the introduction of three different sources of error:

1) Qudit-Ancilla Coupling Effects: A non-zero qudit-ancilla coupling (nec-
essary for system control) comports the states of the qudit and ancilla to be
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Figure 3.3: a) Standard Gaussian shaped pulse. b) Pulse shaped as the derivative
of a Gaussian pulse. c) Comparison between the Fourier transform of a standard
shaped pulse and the DRAG pulse control technique. Here, ω0/2π is the target
frequency while ω/2π is the frequency of a disturbing transition. The drag effect
has been accentuated to make it visually more evident.

slightly mixed. Consequently, during the projection procedure, there is a
finite probability that an error occurs and the ancilla is in |↓⟩ or vice versa.
This incorrect implementation of the correction procedure fails to recover
the state and introduce an additional error.

2) Decoherence during control sequences: A finite pulse duration causes de-
coherence effects even during control sequences. The logical state is not
encoded in this time interval, so these errors cannot be corrected and in-
evitably corrupt the information.

3) Leakage: Finite-length pulses are not perfectly monochromatic. As a result,
there may be contributions to other open transitions, potentially leading to
leakage.

The following analysis investigates how these different sources affect the scheme
performance. The results of the various simulations are reported in the following
subsections, subdivided into electronic and nuclear spins.

3.4.1 QEC on Electronic Spin

Figure 3.4 illustrates the scheme’s performance in terms of the infidelity E , cal-
culated as E = 1−F , for the two electronic systems (e1) (orange) and (e2) (blue)
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as a function of memory time t/T2. The dashed grey line corresponds to the
case of an uncorrected spin-1/2 subject to decoherence, while the solid black
line represents the ideal performance of the presented quantum error correction
scheme. In first place, considering an ideal implementation of the pulses but

Figure 3.4: Main Panel: performance of the QEC scheme to correct pure-dephasing
on an electronic S = 3/2 qudit, considering two realistic molecules (e1) and (e2). The
results are plotted as a function of the t/T2 ratio where t is the memory time and T2
is the system coherence time. The benchmark for code effectiveness is shown by the
grey dotted line, representing the case of an uncorrected qubit. The black line repre-
sents the ideal performance of the scheme, taking into account only errors due to de-
coherence during memory time. The orange and blue lines depict the scheme’s per-
formance when ideal pulses are applied, but the qudit-ancilla system is not perfectly
factorized for (e1) and (e2), respectively. Relaxing the assumption of ideal pulses
further reduces the scheme’s performance, as indicated by triangles and dots (refer
to the main text for specific parameters). Inset: scheme performance dependence
on the amplitude of driving fields. Adapted from Ref. [161] with permission under
the terms and conditions of the Creative Commons Attribution-NonCommercial 3.0
Unported license (CC BY-NC 3.0).

states not perfectly factorized, the contribution of only the first source of errors
can be isolated (solid orange and blue lines). These simulations are performed by
implementing the various operations through matrix multiplication. While the
impact of this source is almost negligible for (e2), it significantly limits the per-
formance of the scheme for (e1). This difference can be attributed to the larger
gap between gA

z and gz in the case of (e2) compared to (e1). For both systems, an
external magnetic field of B0 = 1 T is assumed. It is evident that a more effective
factorization could be achieved in the case of (e1) by utilizing a stronger mag-
netic field. However, it’s essential to note that this would also result in higher
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frequencies that are less easily accessible with large driving fields.
Now, relaxing the assumption of instantaneous and monochromatic pulses, leak-
age and decoherence are also introduced. As previously mentioned, in all the
simulations, Gaussian-shaped pulses resonant with the target gaps are exploited.
When studying the scheme implementation as a function of the external driving
field amplitude bQ

1 , it is evident that leakage is irrelevant for all the transitions
inside the qudit subspace. Indeed, as shown in the inset of Fig. 3.4, the error
committed monotonically decreases with bQ

1 up to 100 G. The zero-field splitting
D together with a sufficiently large magnetic field ensures well-separated and
resolved transitions.
The same cannot be said for the transition to excite the ancilla state. These are
split by Jz exchange coupling which, for the reasons seen earlier, cannot be too
large. In this case the error does not monotonically decrease, and a minimum is
found at BA

1 = 45 G. This value represents the optimal working point that medi-
ates between leakage and decoherence.
The main panel reports the results for the optimal working point BQ

1 = 100 G
and BA

1 = 45 G considering TQ
2 = 50 µs. The latter value, although very opti-

mistic, is achievable for transition metal complexes with properly engineered
ligand cage. Regarding the coherence time of the ancilla, TA

2 = 5 µs is considered
for (e1) and two values TA

2 = 1− 3 µs ( respectively blue triangles and dots) for
(e2). In first place, it is important to emphasise that for all the implementations,
there is a region where the method is effective and reduces the error compared
to the case of an uncorrected qubit. Moving on the left towards shorter t/T2, all
the implementations encounter a plateau, which results from the various forms
of uncorrectable errors. In the case of (e1), the results are primarily limited by
the qudit-ancilla not factorization. From the analysis of the results on (e2), it is
evident the criticality of the measure procedure. Even if the ancilla stays in the
excited state for a very short time, the impact of the error on the state is quite
significant. Passing from TA

2 = 1− 3 µs the infidelity is halved, moving from 0.01
to 0.005.
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3.4.2 QEC on nuclear spin

This section investigates the QEC scheme implementation on the system (n) char-
acterized by a nuclear spin S = 3/2 coupled with an electronic spin S = 1/2 ex-
ploited as an ancillary qubit. Compared to an electronic spin, nuclear spins are
characterized by longer coherence times but, at the same, a slower manipulation.
Indeed, in the case of nuclear spins in a relatively weak field, pure dephasing is
induced by the coupling with the surrounding nuclear spins, which is mediated
by the electronic spin. Due to this mechanism, the nuclear T2 is usually related to
the electronic one and generally with values ten times longer [163, 174]. Unfor-
tunately there are no experimental data available for T2 values of (n). However,
a reasonable assumption can be made by looking at similar compounds. In par-
ticular, its has been recently measured on a vanadyl tetraphenylporphyrinate,
which consist of an electronic spin 1/2 coupled with a nuclear spin 7/2, an elec-
tronic T2 = 68 µs at 5 K. So, as a first approximation, is reasonable to assume a
T2 = 68 µs for the electronic spin and TA

2 = 0.5 ms for the nuclear one.

Figure 3.5: a) Performance of the presented QEC scheme to correct pure dephasing
on the nuclear S = 3/2 qudit (n), taking into account various amplitudes and shapes
of the driving field. The results are plotted as a function of the t/T2 ratio where t is
the memory time and T2 is the system coherence time. Inset: The gain, calculated
as the ratio between the error committed by the scheme and the benchmark case
of the uncorrected qubit. b) Scheme performance as a function of the amplitude
of the driving field, considering standard Gaussian-shaped pulses and DRAG, for
different coherence times. Adapted from Ref. [161] with permission under the terms
and conditions of the Creative Commons Attribution-NonCommercial 3.0 Unported
license (CC BY-NC 3.0).

Similarly, as before, the first point to discuss in the implementation is factoriza-
tion. Thanks to the large separation between nuclear and electric spins in energy,
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factorization is not an issue and a nearly perfect factorization is easy to achieve
even with relatively small static fields. However, it is important to note that
a small residual mixing between nuclear and electronic spins is beneficial to the
computation since it is able to enhance nuclear transition matrix elements of∼ 50
times [174, 175]. In the various simulations the external magnetic field has been
fixed at B0 = 0.1 T. This value represents an optimal working point that balances
factorization error and computation speed.
Setting the BQ

1 = 50 G and BA
1 = 30 G, the scheme performance is reported in

Fig. 3.5 a) (black triangle), while the inset reports the gain calculated as the ratio
between the simulation results and the benchmark case of the uncorrected qubit.
In a wide region of t/T2, from 0.8 to 1, the scheme provides an effective gain.
However, as observed for (e) systems, moving towards smaller t/T2 values, there
is a plateau that limits the efficacy of the code. In this case, the main source of
error is leakage. As a first attempt to improve results, one could try to speed up
the computation using a larger driving field BQ

1 = 125 G for the qudit transition.
However, as shown in figure (blue triangles), this strategy is not successful as
leakage errors predominate and the code overall performance is reduced. The
nuclear qudit transitions, made inequivalent by Q, are not sufficiently spaced to
be accurately addressed by such large driving field.
This issue can be mitigated by introducing the DRAG pulse control technique.
In the specific, this scheme can be used and is really beneficial to distinguish
transitions between |3/2⟩ ↔ |1/2⟩ and | − 1/2⟩ ↔ | − 3/2⟩ from |1/2⟩ ↔ | −
1/2⟩. As shown by the light-blue dots in Fig. 3.5 a), the scheme performance is
significantly improved. Unfortunately, this method is not effective in addressing
the ancilla excitation transition because more than a single disturbing frequency
is present.
Moving on, the same implementation is investigated in Fig. 3.5 b) as a function of
the external magnetic field and for different values of T2. As expected, for all the
intensity the DRAG leads to a reduction of error and therefore, an improvement
in the scheme correction capability. Focusing on the T2 = 0.5 ms data (violet)
the optimal working point with and without drag moves from 50 to 125 G. By
reducing the T2 the effect of decoherence is dominant and the minimum moves
to the right side. Conversely, by increasing T2 leakage becomes dominant, and
optimal working points shift on the left side.

3.5 Phase Gate on Encoded States

To achieve a fault-tolerant computation, it is necessary to be able to implement
gates on the encoded states. In this section, a strategy for implementing the single
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logical qubit phase gate Rz(ϑ) with an arbitrary angle ϑ on encoded states is
presented [161]. By combining this operation with another rotation around a
different axis, such as the Rx(θ) gate introduced in Sec. 4.4.2, any general single-
qubit operation can be composed.
In terms of logical states, the action of an Rz(ϑ) gate is to introduce a relative
phase θ between |0L⟩ and |1L⟩. Starting from this, it is easy to deduce the neces-
sary transformation for the eigenstates of the system:

RZ(ϑ) |ψ⟩ = α |0L⟩+ βeiϑ |1L⟩ =

=
α

2

(
|3/2⟩+

√
3 |−1/2⟩

)
+

β

2
eiϑ
(
|−3/2⟩+

√
3 |1/2⟩

)
.

(3.9)

Therefore, as shown by Eq. 3.9, to implement this operation, it is necessary to
introduce a phase θ to the |−3/2⟩ and |1/2⟩ eigenstates. One possible approach,
based on the same principles seen for the CPhase gate presented in Sec. 2.3.3,
involves the conditionally excitation of the ancilla state based on the qudit state
using semi-resonant pulses. In essence, as depicted in Fig. 3.6, the relative phase
can be introduced exciting the eigenstates |−3/2,↓⟩ and |1/2,↓⟩ to |−3/2,↑⟩ and
|1/2,↑⟩, respectively, with appropriately tuned pulses (blue arrows). Any poten-
tial Sz error that occurs on the qudit state during gate implementation can be
corrected later using the standard QEC procedure. This approach can easily be
extended to larger qudits. However, it is important to note that errors occurring
on the ancilla are outside the protected state. Therefore, they inevitably corrupt
the encoded state. In order to maximise the effectiveness of the scheme, it is
necessary to minimise the ancilla excitation time.

3.6 Conclusions

The study demonstrates the effectiveness of applying a quantum error correction
scheme on molecular spin qudits. The proposed scheme exploits a four-level
qudit to encode the state of a single qubit and protect it against the first power of
Sz error induced by pure dephasing. Specifically, the study examines two distinct
types of systems, one based on electronic and the other on nuclear spins. In both
cases, an auxiliary qubit, encoded in an electronic spin 1/2, is coupled through
exchange or hyperfine interaction and used in the error detection procedure.
Through extensive numerical simulations, the study demonstrates the effective-
ness of the scheme in reducing the error rate by up to a 50% compared to the case
of an uncorrected qubit.
The study takes into account the various complications of a real implementa-
tion, including non-ideal pulses and qudit-ancilla mixing, which influence the
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Figure 3.6: Schematic representation of the Rz(θ) gate implementation on the en-
coded state of a S = 3/2 spin qudit. By semi-resonant pulses (blue arrows) the states
|−3/2,↓⟩ and |1/2,↓⟩ are excited to |−3/2,↑⟩ and |1/2,↑⟩. Properly tuning pulse
duration a detuning an arbitrary phase can be implemented. Reproduced from
Ref. [161] with permission under the terms and conditions of the Creative Com-
mons Attribution-NonCommercial 3.0 Unported license (CC BY-NC 3.0).

scheme’s performance. A deep analysis is dedicated to determining the appro-
priate range of couplings and coherence times necessary for effective error pro-
tection. An important aspect of the discussion revolves around the analysis of
leakage and the strategies employed to mitigate it. Notably, the implementation
of DRAG technique proves highly effective in reducing pulse duration while ef-
fectively managing leakage.
Finally, a strategy for implementing a Rz rotation on the encoded state is pre-
sented. The implementation of operations on logical states is a crucial step to-
wards the realization of a fault-tolerant scheme. However, due to the limited con-
nectivity between levels in S systems, which is restricted to those with ∆m = 1,
it is not possible to define other more general rotations, as they require mov-
ing outside the protected space. Consequently, fault-tolerant computation is not
allowed since errors occurring outside the computational space cannot be cor-
rected. To address this crucial issue, a promising solution may be to use multi-
spin molecules, which, under certain conditions, exhibit more extensive connec-
tivity between energy levels. This possibility is discussed in chapter 4.





CHAPTER 4

Theoretical Design of Optimal Molecular Qudits for
Quantum Error Correction

In the previous chapter, it was shown how the presented QEC scheme is able
to correct pure-dephasing errors. However, the above implementation presents
several limitations. In particular, the linear connectivity of single-spin molecules
does not allow the implementation of a universal set of gates on encoded states
and thus does not allow fault tolerance. This chapter wants to go a step further
by exploiting for QEC applications the class of multi-spin molecules, which are
theorized to be resilient to decoherence and have a highly connected computa-
tional space. As will be shown, these two characteristics significantly improve
the performance of the approach.
The study is carried out by comparing the two isostructural molecules C2 and
F introduced in chapter 2. By analysing these molecules with identical struc-
tures, it is possible to directly compare the influence of the eigenstate structure
on decoherence. The various numerical simulations reported validate the theo-
retical predictions regarding the resilience against pure-dephasing of the C class.
This advantage, which grows with the system size, is particularly relevant in
the implementation of QEC schemes. C2 and F are tested as units for QEC both
considering an ideal implementation, i.e. with instantaneous and monochro-
matic control pulses, and when this hypothesis is relaxed. As expected, the C2
molecule shows a clear advantage over F in both cases. Finally, it is shown how
it is possible to implement on C2 a Rx(θ) on encoded states. Together with the Rz

gate shown in the previous chapter, this pair of single-body gates provides the
basis for a universal set.
The chapter is organized as follows: in the first section 4.1, the two isostruc-
tural molecules, C2 and F, are reintroduced specifying additional details on the
structure of the eigenstates. In Section 4.2, the binomial code words to correct
pure dephasing, that were introduced in 2.5.1 for the particular case of diagonal
eigenstates in the Sz basis, are explicitly calculated in the case of non-diagonal
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eigenstates. Section 4.3 looks at detection and recovery processes, generalizing
them to d-dimensional cases. In Section 4.4, various results of the numerical sim-
ulation in the implementation of the QEC scheme and gates on encoded states
are reported. Section 4.5 closes the chapter by summarizing the results.

4.1 Theoretical Design

The analysis focuses on the comparison of the two molecules, denoted as C2 and
F, introduced in Sec. 2.2.2 and 2.4.2 respectively. While the actual parameters
considered in the following simulations (see below) are slightly different from
those presented in Sec. 2.2.2, it’s important to note that the specific choice of
parameters doesn’t significantly impact the general properties of the molecules.
For simplicity and consistency, the same nomenclature is employed.
The molecules are described by the Hamiltonian:

H = ∑
i>j

Ji,jsi · sj + ∑
i>j

Di,j(sx
i sy

j − sy
i sx

j ) + µBB∑
i

gisz
i , (4.1)

comprising six s1−6 = 1/2 spins, such as Cu2+, and a S7 = 3/2 ion in the centre,
such as Cr3+, disposed in a double-tetrahedron structure similar to Ni7 [128] (see
Fig. 4.1 a)). Typical values for gi ∼ 2.1− 2.3 has been considered see Ref. [125].
The exchange couplings are J1,2 = 1.14 meV, J1,3 = J2,3 = 1.15 meV, J4,5 = 1.13 meV,
J4,6 = J5,6 = 1.10 meV, J1,7 = 0.82 meV, J2,7 = 0.85 meV, J3,7 = 0.87 meV, J4,7 = 0.83
meV, J5,7 = 0.81 meV, J6,7 = 0.90 meV. For the DMI interaction, a reasonable choice
is Di,j = Ji,j/10. In the case of F the signs are reversed giving raise to a ferromag-
netic coupling. As detailed in Sec. 2.2.2, C2 exhibits eight low-energy doublets,
constituting a potential 16-level computational subspace. In contrast, regardless
of the specific values of J, F exhibits a S = 9/2 ground multiplet, resulting in a
subspace of up to 10 levels. In the former case, the eigenstates are magnetically
similar and thus characterized by small differences between the expectation val-
ues of the local spin operators. This is quantified in Fig. 4.1 b) where the blue
dots represent the expectation value of ⟨sz⟩ calculated on different eigenstates
(taking one from each Kramers doublet). This is also reported in more detail in
panel c), where the detailed distribution of

〈
sz

i
〉

/si over different sites is shown.
Conversely, in F the mean value ⟨m|sz

j |m⟩ = m/9 is strongly dependent on the
eigenstate, as indicated by the red asterisk in Fig. 4.1 b).
As illustrated in Fig. 4.1 d), this difference in eigenstate structure results in a
significant difference in coherence decay for these two systems. In these simula-
tions, the systems, once initialized in a specific initial state ψ0, are left under the
influence of decoherence to then measure the fidelity as F = ⟨ψ0|ρ |ψ0⟩ where
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Figure 4.1: a) Hypothetical C2 and F systems composed by six s = 1/2 and a central
S = 3/2 ion (red arrows). The clusters are surrounded by a random distribution of
nuclear s = 1/2 ions (blue arrows) maintaining a minimum distance of 2 Å around
each ion. b) Average expectation values of local spin operators ⟨mz⟩ on different
eigenstates (one for each of the lowest 5 Kramers doublets) for C2 (blue) and F (red).
c) Distribution of expectation values of local spin operators ⟨sz

i ⟩/si on various sites
and eigenstates of C2. d) Fidelity as a function of memory time in terms of t/T2
calculated on a state under the effect of decoherence. The initial state is a uniform
superposition, i.e. a state equally populated on all qudit levels, (dashed lines) or the
encoded state (|0L⟩+ |1L⟩)/

√
2 (solid). Reproduced from Ref. [129] under the terms

and conditions of the Creative Commons Attribution license (CC-BY 4.0).

ρ is the evolved density matrix. In particular, dashed lines refer to a generic
uniform superposition, i.e. a state where all computational levels are equally
populated with non-zero phases, while solid lines refer to the encoded state
(|0L⟩+ |1L⟩)/

√
2. For both the initial states, the measured fidelity is remarkably

higher for C2 compared to F.
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4.2 Codewords Derivation

The overall approach and methodology to define Kraus operators and thus code
words to correct pure-dephasing are derived in Sec. 2.5. Here, that approach is
extended to the case of systems with eigenstates not diagonal on the basis of Sz.
The error operators Ea, that previously were naturally derived from Sz operators

as Ea =

√
(2t/T2)

2

a! e−S2
z t/T2 Sa

z , now exhibit a more complex form.
The starting point is the solution of the Lindblad equation for the pure dephasing
mechanism obtained in the Sec. 2.4, which is given here in the form

ρ(t) = ∑
µ,ν

ρµν(0)e−γµνt |µ⟩ ⟨ν| , (4.2)

and the goal is to define a set of error operators Ea such that

ρ(t) = ∑
a
Eaρ(0)E †

a . (4.3)

From Eq. 4.2 it is easy to see that Ea must be diagonal and therefore there ex-
ist only d linearly independent operators where d is the system size [118]. In
practice, these can be obtained by Quantum Process Tomography as explained
in Ref. [10]. The Ea operators can always be reformulated in terms of projectors
Ẽµ = |µ⟩⟨µ| onto the eigenstate basis:

Ea =
d

∑
i=1

ϵiaẼi . (4.4)

The evolution of the density matrix under the action of error operators takes the
form:

ρ(t) =
d

∑
a=1
Ẽaρ(0)Ẽ †

a

=
d

∑
i,j=1

χijẼiρ(0)Ẽ †
j ,

(4.5)

where χij = ∑a ϵiaϵ∗ja. The elements of χij matrix correspond to the experimental
decay rates e−γijt. Given V† and ξ as the matrix and the corresponding vector,
respectively, that diagonalise χ:

χij = ∑
m

VimξmV∗jm , (4.6)

the Kraus operators are expressed in terms of system eigenstates as:

Ea =
√

ξa ∑
µ

VµaẼµ =
√

ξa ∑
µ

Vµa |µ⟩⟨µ| . (4.7)
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The errors with the larger eigenvalues
√

ξa are the leading ones, and therefore
have priority for correction.
Having established the error operators, the remaining task is to explicitly de-
termine the codewords. Similarly as done in Sec. 2.5, these are as orthogonal
superpositions of the system eigenstates:

|0L⟩ = ∑
µ∈A

aµ |µ⟩

|1L⟩ = ∑
µ∈B

bµ |µ⟩ ,
(4.8)

where A and B define two separated subspaces of d/2 eigenstates |µ⟩. The sec-
ond Knill-Laflamme condition 1.49 is automatically fulfilled since Ea operators
do not mix |0L⟩ and |1L⟩ by construction, as can be seen from Eq. 4.7.
Regarding the first condition, it is met if the set of conditions:√

ξaξ j ∑
µ∈A

VµaV∗µj|aµ|2 =
√

ξaξ j ∑
µ′∈B

Vµ′aV∗µ′ j|bµ′ |2 , (4.9)

valid for j,k = 0, ...,d/2 − 1, combined with the two normalization conditions
∑µ |aµ|2 = ∑µ |bµ|2 = 1, are respected. This system is generally overdetermined,
and hence at least one solution can be found, either by matrix pseudo-inversion
or by numerical optimization. It is important to note that since the specific coef-
ficients depend on the ratio t/T2 at which χ is calculated, the defined codewords
are optimised for a particular time.

4.3 Detection and Recovery Procedures

Besides the encoding, QEC scheme comprises other two essential steps: the de-
tection and recovery procedures. These steps are crucial for identifying and cor-
recting errors that occur. In Section 3.2, these procedures have been specified
for the case of a four-level qudit. In essence, an ancillary qubit’s state is en-
tangled with that of the qudit, allowing the detection of errors by measuring
the qubit’s state. Subsequently, an error-dependent recovery procedure is em-
ployed to restore the original state. Here, these procedures are generalized for a
d-dimensional qudit. Given the codewords |0L⟩ , |1L⟩ and the set of error opera-
tors Ea=1,...,d/2 that the codewords correct, the orthonormal basis of the so-called
error words {

∣∣e0
a
〉

,
∣∣e1

a
〉
}, a = 0, ...d/2− 1 can be defined as span{Ea |0L⟩}a=1,...,d/2

and span{Ea |1L⟩}a=1,...,d/2. These error-affected states represent all the possible
corrupted states that the code is capable to correct. Error detection aims to iden-
tify these states in order to apply the appropriate correction. The identification



106 4.3 Detection and Recovery Procedures

Figure 4.2: Quantum circuit to detect (i,ii,iii) and recover (iv,v) errors Ea induced by
pure dephasing mechanism on a d dimensional qudit (black lines). The system is ini-
tialized in the state |ψ⟩= α |0L⟩+ β |1L⟩ and the d/2 dimensional ancilla (blue lines)
is exploited to access the qudit state without affecting it. The latter is initialised in
state |0⟩ and then a generalised H-gate is applied. Then, depending on the ancilla
state, a different controlled unitary evolution Ua is applied for each Ea error in the
qudit. Next, a H† gate is applied to the ancilla and it is measured. Depending on the
result of the measurement, a different recovery operation Ra is applied. Adapted
from Ref. [129] under the terms and conditions of the Creative Commons Attribu-
tion license (CC-BY 4.0).

procedure involves to measure the projectors Pa =
∣∣e0

a
〉〈

e0
a
∣∣ + ∣∣e1

a
〉〈

e1
a
∣∣. Directly

applying these projectors onto superposition states of the system eigenstates can
be operationally complex. An alternative strategy involves utilizing a d/2-level
ancillary qudit entangled with a different error word (see Fig. 4.2). In this way,
measuring the ancilla on its eigenstates automatically projects the qudit into one
of the error states. At the beginning of the process, the ancilla is in its ground
state |0⟩while the qudit originally initialized in the protected state α |0L⟩+ β |1L⟩,
is now in the state ψ on which decoherence has acted. The combined ancilla-
qudit state is given by the tensor product |Φ⟩ = |0⟩ ⊗ |ψ⟩. Applying a general-

ized qudit Hadamard gate (i), H=
√

2
d ∑d/2−1

j,a=0 ei 4π
d ja |j⟩ ⟨a|, brings the ancilla state

to a uniform superposition |+⟩ =
√

2
d ∑a |a⟩. The combined qudit-ancilla state

is then |Φ⟩ = |+⟩ ⊗ |ψ⟩. At this stage, a conditional evolution of the system
Ua = ∑d/2−1

j=0 ∑ℓ=0,1 ei 4π
d ja
∣∣∣eℓj〉〈eℓj

∣∣∣ (ii), dependent on the ancilla’s state, is imple-

mented. The combined state becomes |Φ⟩ =
√

2
d ∑aj ∑ℓ ei 4π

d jaηℓ
j |a⟩

∣∣∣eℓj〉.

Finally, applying H† to the ancilla (iii), the combined state |Φ⟩=∑j ∑ℓ ηℓ
j |j⟩

∣∣∣eℓj〉 is
an entangled state where each ancilla eigenstate corresponds to a different error
state. Measuring the ancilla makes the qudit collapse into one of the error states
(iv). With knowledge of the measurement result, correction becomes possible
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by implementing an appropriate Ra = ∑ℓ

∣∣eℓ0〉〈eℓa∣∣+h.c. and then rotating back
α
∣∣e0

0
〉
+ β

∣∣e1
0
〉
→ α |0L⟩+ β |1L⟩ (v).

4.3.1 Implementation of Ua

A crucial point for the effectiveness of the scheme is the implementation of Ua

rotations. For a given Ua it is necessary to identify the effective Hamiltonian
H̃a = −∑j,l

4π
d ja

∣∣el
a
〉〈

el
a
∣∣ from which it is generated Ua = e−iH̃a . Thus, the imple-

mentation of Ua consists in the quantum simulation of the H̃a operator. Since
the diagonal and off-diagonal terms of the Hamiltonian do not commute, the
implementation requires a Suzuki-Trotter decomposition. Given the full connec-
tivity between computational levels in C2, this procedure can be efficiently im-
plemented in two sequences of pulses: one for the off-diagonal terms ⟨µ| H̃a |ν⟩
and one for the diagonal terms ⟨µ| H̃a |µ⟩. Specifically, for off-diagonal terms,
the transitions |µ⟩ → |ν⟩ are addressed with resonant pulses, while for diagonal
terms, conditional excitations of the ancilla state with semi-resonant pulses are
used.
The precision of the implementation depends directly on the number of trotter
steps implemented. However, it is important to note that since all the required
operations have an implementation time proportional to the implemented angle,
increasing the number of trotters does not lengthen the pulse sequence duration.

4.4 Results

This section compares the performance of the two isostructural molecules C2 and
F in implementing the QEC scheme presented above 4.4.1. The main difference
between them is the type of interactions that take place between the different
magnetic ions, either anti-ferromagnetic (competing) or ferromagnetic, which re-
sults in a different structure of the low-energy eigenstates. First, ideal control
techniques are assumed, then this assumption is relaxed and finite pulse lengths
are considered. Finally, it is shown how to implement the gate on the encoded
states 4.4.2.

4.4.1 Quantum Error Correction

As a starting point, it is opportune to evaluate the code’s performance through an
ideal implementation, i.e. considering instantaneous and monochromatic pulses.
This implies that the errors in the simulations stem solely from the effects of deco-
herence. As illustrated in Fig. 3.2, pure dephasing is introduced into the system
during the memory time, which represents the simulation time. For simplicity,
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Figure 4.3: a) Absolute value of the code word component for different size quits.
The blue and red components refer to |0L⟩ and |1L⟩ respectively. Panels b) and c)
show the performance in terms of the error E = 1−F as a function of t/T2 for the
ideal implementation of the QEC scheme on C2 and F systems. Inset: comparison
between C2 and F errors at t/T2 = 0.05. Reproduced from Ref. [129] under the terms
and conditions of the Creative Commons Attribution license (CC-BY 4.0).

no gates are applied during this period. Fig. 4.3 shows the error, calculated as
E = 1−F , for C2 and F as a function of the ratio t/T2 considering different qudit
size d = {4,6,8,10,12}. In panel a), the absolute values of the different code-
words, blue and red for |0L⟩ and |1L⟩ respectively, are depicted. This has been
obtained by numerically solving the system 4.9. In the encoding, the qudit is
initialized in the ”error prone” state ψ0 = (|0L⟩+ |1L⟩)/

√
2.

The scheme applied to both systems is effective in reducing the error with re-
spect to the uncorrected case of a qubit (dashed black line). Similar to what was
observed in the ideal case, by increasing the number of levels and thus the cor-
rection capability of the scheme, the more Ea errors can be corrected, the more
the final error is reduced. Reducing the memory time also reduces the error, but
unlike the ideal case shown in Fig. 2.7, there is a plateau at the smallest values.
This is due to the fact that the code words are optimised (see Sec. 4.2) for a certain
value of t/T2 = 0.05 (vertical black line in panels b) c)).

If panels b) and c) are now compared with each other, it is evident how C2 charac-
terized by competing interactions, performs much better with respect to F char-
acterized by ferromagnetic interactions. In the inset of Fig. 4.3 c), the errors at
optimized value t/T2 = 0.05, are directly compared. For a ten level qudit, the
remaining error of C2 is five orders of magnitude smaller. This striking gain
proves that the resilience of systems characterised by magnetically similar levels
is fundamental and gives great advantages for QEC.

An actual realization of such a scheme must address other challenges. Firstly,
control sequences cannot be approximated as instantaneous. Hence, hereafter
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Figure 4.4: QEC scheme performance on C2 (solid lines) and F (dashed lines) for dif-
ferent qudit sizes taking into account errors due to the finite pulse sequence length.
Adapted from Ref. [129] under the terms and conditions of the Creative Commons
Attribution license (CC-BY 4.0).

the condition of instantaneous pulses is relaxed while still considering monochro-
matic pulses. Leakage, induced by the non-monochromaticity of pulses, is a tech-
nical difficulty strictly system-specific that can be addressed using sophisticated
pulse control techniques [172, 176, 177]. The main difference in these simulations
lies in the added impact of pure dephasing during pulse implementation, which
introduces additional errors. During these stages, namely encoding detection
and recovery, the state is not protected and hence the errors inevitably corrupt it.
As shown in Fig. 4.4, this leads to a decrease in the performance of the scheme
for both implementations compared to the previous case. However, if F (dashed
lines) shows a reduction of the correction capacity increasing the number of lev-
els, C2 (solid lines) is still able to reduce errors when increasing the qudit size.
The key difference among the two systems, is the connectivity between qudit
levels: C2 has a full connectivity, while F only has linear connectivity (see 2.3.1).
Due to the limited connectivity among levels in F, pulse sequences require ad-
ditional π pulses, the number of which increases with qudit size. As the size
grows, these sequences become longer, introducing more errors. In contrast, the
correction capability of the code diminishes, correcting fewer significant errors.
Consequently, scaling up the qudit size is no longer advantageous due to these
effects.
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4.4.2 Computation on encoded qubits

A necessary condition in the realization of fault-tolerant computation is the abil-
ity to implement gates on encoded states. Here, the strategy for implementing a
generic planar rotation Rx(θ) is introduced for the case of a four-level qudit. The
same approach can be extended to larger qudits.
As seen above 4.8, the logical states are defined as a superposition of eigenstates
and in this specific case take the form:

|0L⟩ = cos (ϕ) |1⟩+ sin (ϕ) |4⟩
|1L⟩ = cos (χ) |2⟩+ sin (χ) |3⟩ ,

(4.10)

where 1,2, . . . ,4 identify system eigenstates, and the angles ϕ and χ depend on
the time at which the code words are optimized. In terms of these states, a planar
rotation Rx(θ) is defined as follows:

Rx(ϑ) = cos
ϑ

2
(|0L⟩ ⟨0L|+ |1L⟩ ⟨1L|+ |ε0⟩ ⟨ε0|+ |ε1⟩ ⟨ε1|)

− i sin
ϑ

2
(|0L⟩ ⟨1L|+ |1L⟩ ⟨0L|+ |ε0⟩ ⟨ε1|+ |ε1⟩ ⟨ε0|) ,

(4.11)

where the corrupted states |ε0⟩ and |ε1⟩ are defined as:

|ε0⟩ = sinϕ |1⟩ − cosϕ |4⟩
|ε1⟩ = sinχ |2⟩ − cosχ |3⟩ .

(4.12)

The Hamiltonian that generates this transformation, Rx(θ) = e−iHRx θ/2, is defined
as follows:

HRx = |0L⟩ ⟨1L|+ |1L⟩ ⟨0L|+ |ε0⟩ ⟨ε1|+ |ε1⟩ ⟨ε0| , (4.13)

which, when rewritten in terms of system eigenstates, takes the form:

HRx = cos(ϕ− χ) (|1⟩ ⟨2|+ |3⟩ ⟨4|) + sin(ϕ− χ) (−|1⟩ ⟨3|+ |2⟩ ⟨4|) + h.c. .
(4.14)

From the latter equation, one deduces that an Rx(θ) can be implemented
with two resonant pulses between |1⟩ → |2⟩ and |4⟩ → |3⟩ transitions of angle
2arcsin

[
cos(ϕ− χ)sin ϑ

2

]
and two pulses between |1⟩ → |3⟩ and |2⟩ → |4⟩ transi-

tions of angle 2arcsin
[
±sin(ϕ− χ)sin ϑ

2

]
. As often happens, ϕ≈ χ and therefore

the last operations do not need to be implemented.
Thanks to full connectivity between computational levels, C2 is able to directly
implement the global transformation in a single step, while remaining within
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Figure 4.5: a) Infidelity as a function of the number of subsequent implementations
of Rx(θ) gates on C2 (blue circles) and F (red crosses). b) Gain calculated as the ratio
between the errors for corrected and uncorrected cases. Adapted from Ref. [129]
under the terms and conditions of the Creative Commons Attribution license (CC-
BY 4.0).

the protected space. This observation is valid independently of qudit size. Con-
versely, the linear connectivity between the qudit levels of F imposes the intro-
duction of additional π pulses in the sequence, which, apart from introducing
additional operations whose number grows with the qudit size, temporarily take
the logical state out of the protected space. The errors generated by decoherence,
which occur during the implementation of the gates, cannot be corrected. In
conclusion, this procedure applied to systems with linear connectivity does not
allow fault-tolerant computation.

Figure 4.5 presents the results of a numerical simulation testing the provided
procedure for Rx(π) on both C2 and F systems. The simulation assumes a gate
time τ, and after each application, a 2τ memory time is observed, with a coher-
ence time of T2 = 103τ. Similar to previous scenarios, the impact of leakage is
neglected.

In this particular application, the QEC scheme applied to F (red crosses) is not
convenient, introducing a higher error compared to the uncorrected case (black
dashed line). Conversely, the greater resilience of C2 (blue circle) against de-
coherence, coupled with the capability to implement gates within the protected
space, results in a significant gain, reducing the error by up to four times (see
blue line in the right panel).
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4.5 Conclusions

The analysis revolves around the comparison of the two hypothetical molecules
C2 and F as units for the realization of embedded schemes of QEC. These systems
are characterized by the same physical structure but a different type of interac-
tions (anti-ferromagnetic and ferromagnetic, respectively), leading to a different
low energy spectrum. In particular, C2 has several magnetically similar doublets,
while F has an S ground multiplet. In practice, the effect of decoherence results
to be suppressed in C2 compared to F. This feature along with the large connec-
tivity of between levels turn out to be an advantage for QEC realization. On C2
it is also possible to realize Rx gates on the encoded states. This is a fundamental
step towards fault tolerance.



CHAPTER 5

Molecular Nanomagnets for Qudit-Based Quantum
Computation

I n this chapter, single spin (S) and multi spin with competing interactions (C)
systems, introduced in Chapter 2, are compared as elementary units for a

qudit computation. The aim is to show how pure-dephasing affects these two
classes differently, and thus their performance as computational units. As theo-
rized in Chapter 2, thanks to the particular structure of its eigenstates, C is ex-
pected to be more resistant to decoherence compared to S and thus more ef-
fective as a unit. These systems are tested in the implementation of single and
two-qudits gates.
With regard to single qudit gates, the two decomposition techniques introduced
in Sec. 1.9.2, namely Planar Rotation (PR) and Quantum Householder Reflection
(QHR), are exploited to efficiently break down general single qudit gates into
simpler operations directly implementable in the hardware [81, 138]. In essence,
PR is generally simpler and applicable across all systems, while QHR, although
potentially more efficient, demands more stringent conditions. The study ex-
plores these methods, comparing their respective advantages and disadvantages.
As a test case, the decomposition of the d-dimensional Hadamard gate is investi-
gated. The implementation of this operation is of particular interest both because
it is challenging, requiring several elementary operations, and because this gate
is used in several algorithms.
For two qudit gates, the generalised control-phase gate is implemented on the
two classes using the qudit-switch-qudit scheme introduced in Sec. 2.3.2. In the
analysis, the parameter range within which the scheme operates effectively is
discussed.
Summarizing, the chapter is organized as follows: Sec. 5.1 shows in an illus-
trative manner how to use and implement PR and QHR decomposition tech-
niques. Then, in Sec. 5.2, the hypothetical systems taken under investigation

113
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are introduced. Sec. 5.3 reports the results of the different numerical simula-
tions, while Sec. 5.4 summarises some considerations and closes the chapter.
The appendix 5.5 reports the parameters for the decomposition of the different
Hadamard gates for both techniques.

5.1 Single Qudit Gate Decomposition Strategies

In the first chapter 1.9, two techniques, namely Planar Rotation and Quantum
Householder decomposition, were introduced for breaking down arbitrary sin-
gle qudit gates into simpler operations that can be implemented directly in hard-
ware [81–83]. Here, these are resumed with a focus on implementation.

5.1.1 Planar Rotation Decomposition

The Planar Rotation Decomposition is based on the homonym planar rotation
that has already been discussed in 2.3.1). The main feature of this method is that
it can be implemented given any connectivity of the computational subspace.
The standard pulse sequence derivation supposes a full connectivity (Fig. 5.1 a)),
i.e. all levels connected with all others. In fact, there are planar rotations between
all pairs of levels. However, if a such connectivity is not present, this limita-
tion can be easily overcome by introducing additional planar rotations of angle
π. These operations, commonly referred to as π pulses, are used to move in-
formation around the computational space, thus enabling those operations that
cannot be implemented directly. In general, therefore, this decomposition can
be implemented on any connected subspace at the price of reduced decomposi-
tion efficiency. Considering a single-spin qudit, electromagnetic pulses oriented
perpendicularly to the direction of the static magnetic field can induce transi-
tions between eigenstates with ∆m = ±1. In other words, the matrix elements
of Mx/y = gSx/y give a linear connectivity (Fig. 5.1 b)). If the minimum number

of operations to decompose a generic unitary is d(d−1)
2 , the linear connectivity

requires (d− 1)(d− 2) additional π pulses.

The second method, Quantum Householder Reflection decomposition (QHR) 1.9.2,
is significantly more efficient, requiring only d non-parallel operations, but it de-
mands a more complex connectivity, specifically a pod-connectivity (Fig. 5.1 c)).
The elementary operation on which the decomposition is based is the Quantum
Householder reflection. The following section explains how to calibrate pulses
to implement this transformation on hardware.
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Figure 5.1: Schematic representation of ”Full”, ”Linear”, and ”Pod” connectivity.
ωi,j indicates the frequency of the open transition for each connectivity scheme.
Adapted from Ref. [127] under the terms of the Creative Commons Attribution 4.0
International license.

5.1.2 Quantum Householder Reflection Decomposition

Also the second method under consideration, generalized quantum householder
reflection decomposition, takes its name from the elementary operation on which
it is based, namely, the generalized quantum householder reflection defined in
Eq. 1.84. Sec. 1.9.2 shows how to decompose an arbitrary matrix and thus derive
the parameters for the various operations. However, it is necessary to explain
how these mathematical transformations can be implemented by electromag-
netic pulses.
To implement a d dimensional transformation, a d + 1-level system is required,
consisting of d levels belonging to the computational space and an auxiliary level
|e⟩. In principle, each operation requires d simultaneous semi-resonant pulses,
i.e. that start and finish together, that target all the d transitions between the com-
putational subspace and the auxiliary level. As anticipated, a pod-connectivity
is therefore necessary (see Fig. 5.1). The vector |v⟩ and phase ϕ that define the
operation (see Eq. 1.84) determine the relative amplitudes, phases and detuning
of the pulses [127]. Specifically, the amplitude of the pulses is proportional to the
norm of the corresponding entry in the |v⟩ vector. Similarly, the relative phases
of the pulses are determined by the relative phases among the |v⟩ entries. On
the other hand, the phase ϕ determines the detuning of the pulses. Consider-
ing rectangular shaped pulses, the duration τ and detuning ∆ are determined as
follows:

τ =

√
ϕ(2π − ϕi)

Ω2
1e + · · ·+ Ω2

de

∆ = ±π − ϕ

τ
,

(5.1)

where Ωi,e are the Rabi frequencies of the transitions among the computational
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subspace and auxiliary level |e⟩.

5.2 Physical Systems

The analysis considers three systems within the class of single-spin and two
within the class of multi-spin systems with competing interactions (see 2.2 f).
Among the latter, the systems under consideration are the copper triangle de-
noted as C1 and the double-tetrahedron denoted as C2, previously introduced
in Sec. 2.2.2. These systems have been extensively discussed and thus require
no further elaboration. For class S, three mononuclear systems among those pre-
sented in 2.2.1 are considered. A Cr3+ ion can be modelled as an S = 3/2 spin,
thus providing a computational space of up to 4 levels. When placed within
an octahedral crystal field, typical parameters include D = 30 µeV and g = 1.98
(S1). A spin of S = 5/2, offering up to 6 computational levels, can be provided
by a Mn2+ or Fe3+ ion. Within the same ligand cage, reasonable parameters are
D = 30 µeV and g = 2.0 (S2). Lastly, a spin of S = 7/2, allowing for up to 8
computational levels, can be generated by the Gd3+ ion. Typical parameters are
D = 20 µeV and g = 2.0 (S3) [121].

5.3 Results

This section presents the various results obtained from numerical simulations.
These are presented separately for one and two qubit gates.

5.3.1 Single Qudit Gates

Regarding single qudit gates, the systems under investigation have been tested
in the implementation of the qudit Hadamard gate (Hd) using both PR and QHR
decomposition methods. The Hd gate is defined as follows:

Hd =
1√
d

d

∑
µ,ν=1

ei 2π
d (µ−1)(ν−1) |µ⟩ ⟨ν| , (5.2)

where |µ⟩ and ⟨ν| represent qudit levels. This operation represents a d-dimensional
discrete quantum Fourier transform, and it is of interest as it is used in many ap-
plications such as Shor’s factorization algorithm. The implementation of this
gate serves as a benchmark to test the decomposition schemes and the perfor-
mance of the systems.
In the following analysis, qudits of different sizes are examined. The accuracy
of the different implementations is evaluated using the error E (or infidelity),
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calculated as 1− ⟨ψ|ρ|ψ⟩, where ψ is the exact solution and ρ the evolved system
density matrix.
The results reported in the main panels are averaged on thirty different initial
states |ψ0⟩ characterized by a equally distributed population and random phases
|ψ0⟩ = ∑µ eiφµ |µ⟩/

√
d. These states are very error prone because all the com-

ponents are populated and thus subject to decoherence. Instead, to verify the
general validity of the study, the results reported in the insets are averaged over
thirty completely randomly generated states.

Low Dimensional Qudits

In the first place, the systems (C1) and (S1), both of which provide a four-level
computational space, are compared in the implementation of the H4 gate using
PR decomposition. Given the full connectivity, on (C1) the implementation can
be done straightforwardly, and it requires six not parallelisable planar rotations
and a phase gate. On the other hand, due to the linear connectivity for (S1), in
addition to those operations, six extra π pulses must be introduced. The exact
sequences of operations are reported in the Appendix (see Eq. 5.4 and Tab. 5.4).

Figure 5.2: a) Implementation errors in the H4 gate decomposed by PR on S1 (blue)
and C1 (red) systems plotted against the external driving field amplitude B1. Re-
sults are shown for two distinct coherence times, T2 = 3 µs (full dots) and T2 = 10 µs
(empty dots). b) Error in the subsequent application of H4 and H3 gates, decom-
posed by PR or QHR, for S1 (blue) and C1 (red and green) systems. Simulations are
based on a coherence time T2 = 3 µs. In the main panels, results are averaged over
thirty equally distributed superpositions |ψ0⟩ = ∑µ eiφµ |µ⟩/

√
d, while in the inset,

results are based on thirty random states. Adapted from Ref. [127] under the terms
of the Creative Commons Attribution 4.0 International license.

Panel a) of Fig. 5.2 shows the infidelity for the various implementations as a
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function of the amplitude of the external driving field B1. Two values of T2 are
considered, indicated by solid and open circles, with T2 values of 3 and 10 µs re-
spectively. For the same driving field amplitude, the time required to implement
the pulse sequence on the two systems is similar, ranging from 210 > τ > 20 ns in
the range of values considered 10− 100G. (S1) compensates the longer sequence
with larger matrix elements between energy levels. The curves for T2 = 3 µs are
almost monotonically decreasing within the error bars, indicating that pure de-
phasing is the main source of error, while leakage is found to be less important.
This is slightly different when considering T2 = 10 ns, in which infidelity seems
to rise for larger values of B1. The intrinsic resilience of C1 against decoherence
leads to much better performance compared to S1, with errors on average 3-4
times smaller. This ratio appears to be practically independent of T2 and B1.
In panel b), with T2 = 3 µs and B1 = 100 G fixed, the error is reported as a function
of the subsequent applications of the same gate. The advantage of (C1) shown
before still remains after ten applications.
Additionally, green points show the results of implementing an H3 gate using
QHR on (C1), with the highest of the four levels used as an auxiliary level and the
remaining three as the computational space. Thanks to the further improvement
of the decomposition that only requires two pulses (parameters reported in Tab.
5.4), the final error is further reduced.

Larger Qudits

This section compares the results of the implementation of the H4, H6, and H8

transformations on (C2) with (S1), (S2), and (S3) respectively. In this compar-
ison, QHR is used for decomposition on (C2), while PR is used on the (S) sys-
tems. With the QHR decomposition, only 2, 4, and 5 non-parallelizable pulse
sequences are needed to decompose the H4, H6, and H8, respectively (parame-
ters in Tab. 5.4). On the other hand, with the PR decomposition, a significantly
larger number of pulses is required, specifically 13, 37, and 73 for the same oper-
ations (see Appendix 5.5 for pulse parameters). As noted before, the longer pulse
sequence required by PR is partially compensated by the faster single operation
time in (C) than (S). Moreover, a single QHR operation is generally slower than
a PR. This can be intuitively understood as in QHR the population has to be first
transferred to the auxiliary level |e⟩ and then brought back to the computational
space. The effective time required by the two methods is therefore very similar:
tgate ∼ 200,400, and 600 ns for the three gates using a small driving field of 10 G.
The simulations reported in Fig. 5.3 are performed using a weak driving field
with an amplitude of B1 = 10 G, and the results are reported as a function of the
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ratio T2/tgate. At such a small field, the impact of leakage is practically negligi-
ble, so the primary focus is on the effects of decoherence. In all the series, a range
of T2 values is considered, specifically [1,3,10,25,50,100] µs. As expected, (C2)

Figure 5.3: Implementation errors for H4, H6, and H8 gates decomposed by PR on
S1 (blue), S2 (squares), S3 (triangles), and by QHR on C2 (green) systems plotted
against the T2/tgate ratio. To suppress leakage, simulations are performed using
a small driving field of 10 G. Reproduced from Ref. [127] under the terms of the
Creative Commons Attribution 4.0 International license.

outperforms the (S) systems, resulting in consistently smaller errors. The inset
shows the gain, calculated as the ratio between errors, and it can be as high as
50 for the 8-level qudit implemented on (C2). This demonstrates the substantial
performance improvement that (C2) offers in terms of error reduction and sys-
tem scalability compared to the (S) systems. One significant advantage of (C2)
is that the error does not increase as the system size grows. The curves for (C2)
are almost superimposed, indicating that the error remains stable with larger
computational spaces.

5.3.2 Two-Qudit Control-Phase Gate

The following simulations show the numerical results of the implementation of
the generalized Control-Phase gate defined in Eq. 2.3.3. This operation is imple-
mented using the modular and scalable scheme (qudit-switch-qudit) based on
chemical engineering presented in Sec. 2.3.2. This scheme essentially consists
of chemically linking two qudits by means of an auxiliary qubit. As the qu-
dits are not directly connected, there is no permanent interaction among them.
However, an effective coupling can be turned on by bringing the ancilla in the
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excited state |↑⟩. Therefore, the ancilla works as a switch (σ) of the effective
interaction. A necessary condition for the scheme to work is that the coupling
between the switch and the qudits is small compared to single-body excitation
energy, so that the entire system is almost factorized. As a result, the eigen-
states can be expressed as a product of individual object eigenstates, denoted as
|µ1,mσ,µ2⟩ = |µ1⟩ ⊗ |mσ⟩ ⊗ |µ2⟩.
The elementary architecture unit, composed of a qudit-switch-qudit setup, can
be modelled as follows:

HTOT =H1 +H2 +Hσ +H1−σ +H2−σ, (5.3)

where H1/2 stands for single qudit Hamiltonians, Hσ represents the switch’s
Hamiltonian, while H1/2−σ denotes the coupling terms between the qudits and
the switch.
In this analysis, (S1) and (C1) are considered for single qudits along with a Ni2+

ion acting as an auxiliary qubit. This ion is characterized by a large zero-field
splitting of dσ = −0.3 meV, a gσ = 2.2, and an electronic spin S = 1. Due to
the large splitting, the |mσ = 1⟩ eigenstate is well separated from the other two
|mσ = −1⟩ and |mσ = 0⟩. Consequently, by restricting the computational space
to the two lowest levels (|mσ = −1⟩ and |mσ = 0⟩), it can be treated as an effective
spin S = 1/2.
In the case of (S1), the switch-qudit interaction is modelled as H1/2−σ = JiSi · σ
considering a coupling constant J1/2 = 5/7× 10−3 meV. Similarly, for (C1), an ex-
change interaction is established with only one of the molecule ions considering
J1/2 = 1/1.4× 10−2 meV, as illustrated in 5.5. The two coupling constants J1 and
J2 are chosen to be slightly different to make two-body transitions distinct and
so addressable. Similarly, to distinguish single-body transitions, the two qudits
are made inequivalent: in the case of C1 by tilting them with respect to the direc-
tion of the static magnetic field, while for S1 two different g = 1.95 (2.05) values
are considered. In conclusion, it’s essential to emphasize that precise parameter
values are not critical to building a functional system. Many configurations are
possible as long as the hierarchies between interactions are respected.
Panel a) of Fig. 5.4 shows the energy level spectrum. As insets of the panel,
there are two sketches of the qudit-switch-qudit scheme in the active and in-
active states. The black lines represent the computational subspace while the
purple one represents the subspace, where the auxiliary qubit is in the excited
state. The three couples of levels highlighted by the thicker lines are the transi-
tions involved in the implementation in panel b). This latter reports population
evolution during the implementation of three parallel CPhase gates of angle π,
π/2 and π/4 respectively for red, blue and green lines. Similarly as done be-
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Figure 5.4: a) Energy level spectrum for the qudit-switch-qudit system involving
the S1 system and a Ni2+ S = 1 switch. The computational subspace character-
ized by mσ = −1 is shown in black, and the excited state with mσ = 0 is in purple.
The up-arrows highlight the three pairs of levels involved in the implementation of
the CPhase gate simulated in panel b).b) Time evolution simulation of generalized
CPhase-gates, applying phases π, π/2, and π/4 to red, blue, and green levels, re-
spectively. Gray lines represent uninvolved energy levels, which remain untouched.
The initial state is uniformly populated, |ψ0⟩ = ∑µ1µ2

|µ1,mσ = −1,µ2⟩/d (where
d = 4 is the qudit dimension). Simulations use B1 = 20 G as the maximum driving
field amplitude. Adapted from Ref. [127] under the terms of the Creative Commons
Attribution 4.0 International license.

fore for single-qudit gates, the initial state is equally populated among the whole
computational space. In the simulation a driving field of 20 G is considered and
a coherence time T2 = 3 µs for the qudits and T2 = 1 µs for the switch. The whole
sequence is basically very fast and only lasts around 25 ns. As can be noticed by
the not perfectly smooth population evolution, leakage is a limiting factor. The
ancilla excitation transitions are solved by J and therefore for construction are
quite close. In the optimal condition of leakage and decoherence balancing, the
whole sequence is completed with a fidelity of around 96%.
In comparison, Fig. 5.5 reports the implementation of the same three transitions
on (C1). The coherence and driving field parameters are the same as before. The
first thing one notices is how the curves are segmented denoting a really strong
effect of leakage. The implementation time is similar as before and around 25 ns.
Panel c) reports the in-fidelity as a function of the external driving field. The op-
timal working point is around 20 G. Although the system is more susceptible to
leakage, thanks to the intrinsic resilience to decoherence of the multi-spin system
with competing interactions, the performance at the optimal operating point is
ultimately greater than 98% and thus better than the previous case.
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Figure 5.5: a) Schematic representation of the qudit-switch-qudit system involving
the C1 system and a Ni2+ S = 1 switch. b) Time evolution simulation of generalized
CPhase-gates, applying phases π, π/2, and π/4 to red, blue, and green levels, re-
spectively. Gray lines represent uninvolved energy levels, which remain untouched.
The initial state is uniformly populated, |ψ0⟩ = ∑µ1µ2

|µ1,mσ = −1,µ2⟩/d (where
d = 4 is the qudit dimension). Error co Simulations use B1 = 20 G as the maximum
driving field amplitude. c) The committed error as a function of the external driving
field amplitude. Adapted from Ref. [127] under the terms of the Creative Commons
Attribution 4.0 International license.

5.4 Conclusions

The chapter explores the potential of molecular nanomagnets as units to encode
qudits for quantum computation. By exploiting molecular chemical engineering,
it is possible to synthesise complex multi-spin molecules with tailored proper-
ties, allowing a coherent and efficient manipulation of the encoded information.
Systems with a nearly frustrated ground state, such as the C class, can exhibit
multiple magnetically similar multiplets at low energy that form a subspace in-
trinsically protected from decoherence. Furthermore, dipole matrix elements be-
tween these multiplets can be introduced by anisotropic and/or low-symmetry
terms. The resulting wide connectivity, in principle up to all-to-all (full), allows
for more efficient data manipulation, drastically reducing the number of control
pulses required to implement arbitrary operations. Through realistic numerical
simulations that take into account decoherence and leakage effects in addition
to coherent system dynamics, this class of systems has been compared to single
spin molecules S in the implementation of the generalized Hadamard gate. The
numerical results clearly show a significant advantage of multi-spin over single-
spin systems.
In the second part of the analysis, two-qubit gates are considered. By exploiting
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the bridge scheme presented in 2.3.2, where an auxiliary qubit is used to medi-
ate an effective interaction between qudits, it is shown how a generalised control
phase gate can be implemented. These gates, which produce entanglement, com-
plete the gate set, allowing universality.
Overall, a qudit computation has inherent advantages over the corresponding
qubit approach. First, for a generic unitary decomposition, it gives asymptot-
ically logarithmic improvements in terms of gates [178]. Second, the quit ap-
proach generally reduces the number of two-body operations required. An illus-
trative case is the implementation of the QFT algorithm over Hd studied here.
This is particularly advantageous for near-term applications where hardware
connectivity is typically limited and two-body operations are particularly de-
manding.

5.5 Appendix

Eq. 5.4 reports the complete pulse sequence required to decompose H4 into pla-
nar rotations, showing also the additional π gates needed with a linear connec-
tivity. The relative gate angles are reported in Tab. 5.1.

H4 = P1,2P3,4×
×U1,2×
× π+

1,2U1,3π−1,2U2,3×
× π+

3,4π+
2,3U1,4π−2,3U2,4π−3,4U3,4 .

(5.4)

H4 Planar Rotations decomposition
µ,ν θ/2 β α

3,4 −π/4 π/2

2,4 arctan
(

1/
√

2
)

0

1,4 arctan
(

1/
√

3
)

π/2

2,3 0.912 −0.464

1,3 arctan
(
−1/
√

2
)
−π/4

1,2 π/4 π/4
3,4 π/8
1,2 3π/8

Table 5.1: Table of parameters to decompose H4 into PR (keeping three significant
digits).
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Eq. 5.5 reports the complete pulse sequence required to decompose H6 into pla-
nar rotations, showing also the additional π gates needed with a linear connec-
tivity. The relative gate angles are reported in Tab. 5.2.

H6 = P5,6P3,4P2,3×
×U1,2×
× π+

2,3U1,3π−2,3U2,3×
× π+

3,4π+
2,3U1,4π−2,3U2,4π−3,4U3,4×

× π+
4,5π+

3,4π+
2,3U1,5π−2,3U2,5π−3,4U3,5π−4,5U4,5×

× π+
5,6π+

4,5π+
3,4π+

2,3U1,6π−2,3U2,6π−3,4U3,6π−4,5U4,6π−5,6U5,6 .

(5.5)

H6 Planar Rotations decomposition
µ,ν θ/2 β α

5,6 π/4 −2π/3

4,6 arctan
(

1/
√

2
)

−π/3

3,6 π/6 2π

2,6 arctan(1/2) π/3

1,6 arctan
(

1/
√

5
)

2π/3

4,5 arccot
(√

3/7
)

−arctan
(

3
√

3
)

3,5 arccot
(
2
√

5/19
)

arccot
(

4/
√

3
)

2,5 arctan
(√

31/65
)

π − arctan
(

5
√

3/7
)

1,5 arctan(1/2) −2π/3

3,4 arctan
(√

37/13
)

−arctan
(

2
√

3/5
)

2,4 arccot
(
2
√

5/19
)

1/2(π + arctan
(

8
√

3/13
)
)

1,4 π/6 −π/2

2,3 arctan
(√

7/3
)

arctan
(

1/3
√

3
)

1,3 arctan
(

1/
√

2
)

−5π/6

1,2 π/4 1.047
5,6 −π/3
3,4 π/2
2,3 2π/3

Table 5.2: Table parameters to decompose H6 into PR (keeping three significant
digits).
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Eq. 5.6 reports the complete pulse sequence required to decompose H8 into pla-
nar rotations, showing also the additional π gates needed with a linear connec-
tivity. The relative gate angles are reported in Tab. 5.3.

H8 = P7,8P6,7P5,6P3,4P1,2× (5.6)

×U1,2×
× π+

2,3U1,3π−2,3U2,3×
× π+

3,4π+
2,3U1,4π−2,3U2,4π−3,4U3,4×

× π+
4,5π+

3,4π+
2,3U1,5π−2,3U2,5π−3,4U3,5π−4,5U4,5×

× π+
5,6π+

4,5π+
3,4π+

2,3U1,6π−2,3U2,6π−3,4U3,6π−4,5U4,6π−5,6U5,6

× π+
6,7π+

5,6π+
4,5π+

3,4π+
2,3U1,7π−2,3U2,7π−3,4U3,7π−4,5U4,7×

× π−5,6U5,7π−6,7U6,7×
× π+

7,8π+
6,7π+

5,6π+
4,5π+

3,4π+
2,3U1,8π−2,3U2,8π−3,4U3,8×

× π−4,5U4,8π−5,6U5,8π−6,7U6,8π−7,8U7,8 .

Tab. 5.4 reports all pulse parameter required to decompose H3, H4, H6, and H8

into Householder reflections.
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H8 Planar Rotations decomposition
µ,ν θ/2 β α

7,8 π/4 −3π/4

6,8 arctan
(

1/
√

2
)
−π/2

5,8 π/6 −π/4
4,8 2arctan(1/2) 0

3,8 arctan
(

1/
√

5
)

π/4

2,8 arccot
(√

6
)

π/2

1,8 arctan
(

1/
√

7
)

3π/4

6,7 1.016 4.457
5,7 0.824 −0.5
4,7 0.687 0.843
3,7 0.573 2.213
2,7 0.474 −2.657
1,7 0.388 −1.178
5,6 1.093 −1.249
4,6 0.895 0.655
3,6 0.731 2.585
2,6 0.573 −1.714
1,6 0.421 0.393
4,5 1.113 −0.663
3,5 0.895 1.834
2,5 0.687 −1.906
1,5 0.464 0.785
3,4 1.093 −0.071
2,4 0.824 3.034
1,4 0.524 0
2,3 1.016 0.530
1,3 0.615 −1.963
1,2 0.785 1.178
7,8 π/16
6,7 π

5,6 7π/16
3,4 11π/16
1,2 5π/16

Table 5.3: Table of parameters to decompose H8 into PR (keeping three significant
digits).
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Quantum Householder Parameters Table
Hd vi ϕi

H3

1 1
2

√
1 + 1√

3
[1−
√

3,1,1]T π

2 1√
2
[0,1,−1]T π/2

H4

1 1
2 [−1,1,1,1]T π

2 1√
2
[0,1,0,−1]T π/2

H6

1 [0.544i,−0.375i,−0.375i,−0.375i,−0.375i,−0.375i]T −π

2 [0,0.575 + 0.220i,0.244− 0.261i,0.071 + 0.103i,−0.331 + 0.135i,−0.559− 0.197i]T 1.937
3 [0,0,−0.490 + 0.626i,0.113− 0.466i,0.352− 0.055i,0.025− 0.105i]T −2.478
4 [0,0,0,−0.322 + 0.537i,0.395− 0.657i,−0.073 + 0.121i]T −2.601

H8

1 [0.569i,−0.311i,−0.311i,−0.311i,−0.311i,−0.311i,−0.311i,−0.311i]T −π

2 [0,0.432 + 0.384i,0.230− 0.305i,0.238− 0.048i,0.062 + 0.139i,−0.194 + 0.146i,−0.381− 0.030i,−0.388− 0.286i]T 2.297
3 [0,0,0.174 + 0.819i,−0.228 + 0.008i,−0.097− 0.316i,0.159− 0.231i,0.060− 0.056i,−0.067− 0.22i]T 2.932
4 [0,0,0,0.233 + 0.568i,−0.146 + 0.133i,−0.336− 0.475i,0.352− 0.320i,−0.103 + 0.094i]T 2.752
5 [0,0,0,0,0.046 + 0.355i,0.032 + 0.251i,−0.110− 0.856i,0.032 + 0.251i]T 3.014

Table 5.4: Table of Quantum Householder Reflection parameters to decompose Hd
(keeping three significant digits).





CHAPTER 6

Qudit-Based Quantum Simulation of Fermionic Systems

C hapter 5 has shown how a universal gate set for qudit computation on
MNM-based architecture can be formed and practically implemented. This

chapter aims at taking a further step by exploring a practical application, i.e. the
quantum simulation of fermionic systems. This problem is of relevance in vari-
ous scientific domains, including high-energy and condensed matter physics, as
well as quantum chemistry [35]. Simple models like the Hubbard model could
contribute significantly to understanding phenomena such as high-temperature
superconductivity or discovering new molecules and materials.
As highlighted throughout this work, the simulation of quantum systems is an
area where quantum computers are expected to have a substantial impact. How-
ever, simulating certain systems, such as fermionic models discussed here, can
be complicated and expensive even on quantum computers, particularly in the
context of NISQ devices with limited resources.
The initial step in any application involves mapping the target problem onto
the hardware. The challenge of simulating fermionic systems arises right at this
stage. Conventional mappings, for now having in mind a qubit-based architec-
ture, like Jordan-Wigner (JW) or Braviy-Kitaev (BK) transform local fermionic
operators, acting on a limited number of sites, onto non-local qubit operators
whose size depends on size of the problem [179, 180]. The practical issue with
implementing these operators is that they require long sequences of entangling
gates, making the approach inefficient. For example, applying the JW mapping
to a standard Hubbard model, makes hopping terms to grow proportionally to
the size of the problem, ∼ N (where N is the lattice size).
To overcome this limitation, a promising alternative to standard mappings is the
Auxiliary Fermion Method [181–183]. Indeed, at the price of introducing a larger
Hilbert space, this method is able to map local fermionic operators onto qubit
operators of limited-size. Starting form the original qubit approach, this chap-
ter demonstrates how it can be implemented efficiently on qudits. This qudit
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extension brings additional benefits such as a further reduction of operator size,
circuit parallelisability and the number of objects that have to be controlled. The
effectiveness of this approach is demonstrated by numerical simulations where
it is tested on a hypothetical MNM architecture [103, 117].
The chapter is organised as follows: Sec. 6.1 first introduces the most well-known
fermion-qubit mappings, namely Jordan-Wigner and Braviy-Kitaev, and then de-
scribes the Auxiliary Fermion Method. The latter, since it is less common, is
introduced more in detail, and an explicit example of its implementation is re-
ported in 6.1.3. Then Sec. 6.2 introduces the qudit extension and explains how
to map qubits to qudits. The different methods are compared in terms of the
number of hardware physical objects, the largest operator weight, and the circuit
depth of a single Trotter step in terms of two body gates. Sec. 6.3 presents the
results of various numerical simulations where the proposed scheme is tested
on a hypothetical MNM-based architecture. Sec. 6.4 concludes the chapter by
summarizing the results and presenting some prospectives for future studies.

6.1 Fermion to Qubit Mapping

As mentioned in the introduction, the quantum simulation of Hubbard and Hubbard-
like Hamiltonians is of strong interest because they are able to capture and de-
scribe various phenomena of interest. A standard Hubbard Hamiltonian takes
the form:

H =Ht +HU

= −∑
p,q

∑
σ

tpqa†
p,σaq,σ + U ∑

p
a†

p,↑ap,↑a†
p,↓ap,↓ , (6.1)

where p and q are site indices, σ = ↑,↓ is the spin index, a is the fermionic annihi-
lation operator and Ht and HU indicate the hopping and Coulomb interactions,
respectively. The former parametrized by tpq describes the inclination of elec-
trons to tunnel to neighbouring sites while the latter parametrized by U describes
a repulsion among them localised on the same orbital. Due to its simplicity and
the reasons mentioned earlier, this model is likely to be among the first problems
where quantum computers will demonstrate valuable results. Consequently, it
will serve as a benchmark for assessing the performance of quantum computers
compared to classical devices.
As emphasized in the introduction, the mapping of the physical model onto the
hardware is a crucial step. A well-designed mapping can significantly reduce
the simulation cost. In the case of fermionic systems, the complicating factor
arises from the fermionic statistic [ap, aq]+ = [a†

p, a†
q ]+ = 0, [ap, a†

q ]+ = δpq which
does not correspond to the qubit one, and so it requires a careful consideration
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and treatment. In order to provide the reader with a comprehensive overview
of the standard methods, the two most common mappings, Jordan-Wigner and
Bravyi-Kitaev will be first introduced [10, 179, 184–188]. Then, in Sec. 6.1.3 the
Auxiliary Fermion Method, which is at the basis of the proposed qudit mapping,
is explained.

6.1.1 Jordan-Wigner mapping

The Jordan-Wigner mapping is the first method proposed to map fermionic sys-
tems onto qubits [179, 184]. The underlying logic and operation of this method
are easily comprehensible. Essentially, Jordan-Wigner directly translates the oc-
cupation information of each fermionic orbital into a specific qubit. The mapping
explicitly transforms fermionic operators as follows:

Jordan-Wigner Mapping

ap,σ =
p−1⊗
k=0

Zk,σ ⊗ Ap,σ

a†
p,↑ap,↑a†

p,↓ap,↓ = A†
p,↑Ap,↑A†

p,↓Ap,↓

a†
p,σaq,σ = A†

p,σ ⊗

 q−1⊗
k=p+1

Zk,σ

⊗ Aq,σ ,
(6.2)

where A= (X+ iY)/2 is the qubit lowering operator and X, Y and Z are the Pauli
operators. The strings

⊗j−1
k=0 Zk,σ ensure the correct implementation of fermionic

commutation rules. As illustrated on the right side, there is no complication for
interaction terms A†

p,↑Ap,↑A†
p,↓Ap,↓ where the chains of creation and annihilation

operators cancel each other. The interaction operators remain local once mapped
onto qubits, acting solely on the original sites p and q. Conversely, for any hop-
ping terms involving two non-consecutive sites (q ̸= i + 1), the qubit operator
would entail a chain of

⊗q−1
k=p+1 Zk,σ acting on all the sites between p and q. For

example, given N as the size of a square lattice, the length of these chains, also
known as Pauli weight, scales as O(N) for a 2D lattice and as O(N2) in a 3D cubic
lattice [189].
The complementary approach is to employ the parity basis [190]. In this case,
qubits store the parity of all the sites with a higher index while the occupation
information is delocalized. However, this approach does not solve the prob-
lem but shifts it from counting parity to updating occupation. Each time a site
changes occupation, all the sites before it must update parity, resulting in the
same computational cost as the Jordan-Wigner method.

6.1.2 Braviy-Kitaev mapping

The Bravyi-Kitaev mapping can be seen as an evolution from the JW method,
reducing the scaling to O(log2(N)) in 2D and as O(log2(N2)) in 3D [184, 185,
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188]. A comprehensive understanding of the BK method is facilitated by hav-
ing mentioned the JW and parity basis earlier, as BK is a hybrid of these two
approaches.
The information held by each qubit varies depending on the site index. Similar
to JW, all even qubits store the occupation information relative to the respective
fermionic site. Conversely, odd qubits hold the parity information of a specific
subset of sites. Specifically, if log2(p + 1) is an integer, the parity is relative to all
sites with indices ≲ p, while in the other cases, the parity is a subset of sites. This
mapping may be less intuitive compared to the earlier methods, but it can be
easily understood by examining the transformation matrix that defines how the
occupation of qubits qp is determined based on the occupation of fermionic sites
op. For example, considering an eight-site scenario, the transformation matrix
takes the form:



1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
1 1 1 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 0
1 1 1 1 1 1 1 1





o0

o1

o2

o3

o4

o5

o6

o7


=



o0

o0 + o1

o2

o0 + o1 + o2 + o3

o4

o4 + o5

o6

o0 + o1 + o2 + o3 + o4 + o5 + o6 + o7


=



q0

q1

q2

q3

q4

q5

q6

q7


(6.3)

Explicitly, the transformation is defined as follows:

Braviy-Kitaev mapping

ap =
1
2

(
XU(p) ⊗ Xp ⊗ ZP(p) + iXU(p) ⊗ Xp ⊗ Zρ(p)

)
a†

p =
1
2

(
XU(p) ⊗ Xp ⊗ ZP(p) − iXU(p) ⊗ Xp ⊗ Zρ(p)

)
,

(6.4)

where U(i), P(i) and ρ(i) are subset of qubits that are derived from the rules
defined above. For brevity, these are not further detailed, and reference is made
to [191].

6.1.3 The Auxiliary Fermion Method

Although the above methods have been extensively studied and a number of
optimised variants have been proposed [186, 192], the underlying problem, i.e.
the growth of operator size, still remains. A promising solution is given by the
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Auxiliary Fermion Method (AFM). This method, originally proposed by two in-
dependent works in 2005 [181, 182], has been later revisited and clarified in some
aspects in 2016 in [183]. The method is essentially based on the JW transforma-
tion, but applied to a modified Hamiltonian. In particular, auxiliary fermionic
sites are introduced into the original model to store the parity information rela-
tive to those hopping terms that are not local when rewritten in terms of qubit
operators, so that it has not to be counted, thus eliminating the Z chains. In this
way, the AFM is able to map fermionic operators onto qubit operators of limited
size. The length of these operators no longer depends on the lattice dimension,
but only on the degree of the system, i.e. the number of bonds each site has.
This significantly reduces the complexity of the Pauli strings to be simulated,
resulting in circuits with lower depth. In addition, by reducing the number of
sites involved in each term, more operators can be implemented simultaneously,
further compressing the circuit. The price for all these benefits is the increased
number of qubits that need to be used. However, this cost is nevertheless advan-
tageous, particularly for NISQ applications, where circuit complexity is often the
limiting factor.
The algorithm can be divided into three main steps:

1) Indexing : given a fermionic Hamiltonian and the relative graph repre-
senting sites and couplings, index sites along a snake-like path. For each
site p, compute the number of non-local couplings Dp, i.e. couplings not
along the snake-like path, and introduce ceil(Dp/2) additional auxiliary
fermionic sites indexed adjacent to p.

2) Hamiltonian modification: introduce auxiliary stabilizer operators Maux,
which act only on auxiliary sites, to the original Hamiltonian and construct
an initial fermion state corresponding to a physical state.

3) Transformation: apply the Jordan-Wigner transformation to convert the
fermionic Hamiltonian to qubit representation. Local fermionic operators
are mapped to limited size qubit ones.

The three steps are explained in more detail in the following.

Indexing

In the initial step, the target Hamiltonian is graphically represented, wherein
each fermionic site corresponds to a vertex, and interactions are depicted as links
between vertices. A snake-like pattern is traced over the graph, numbering the
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vertices in ascending order, as is commonly done with the Jordan-Wigner map-
ping. When applying the JW mapping, one expects that hopping operators be-
tween two consecutively indexed sites (if numbered from left to right, horizontal
hopping terms) are mapped to local qubit operators, while hopping operators
between two non-consecutive sites (vertical hopping) result in non-local qubit
operators. In other words, for the letter a Z chain would be introduced. For any
graph site p with at least one hopping deviating from the pattern, the Auxiliary
Fermion Method requires the introduction of auxiliary sites adjacent to it (graph-
ically displayed with ′). Each such auxiliary site will be used to store the parity
of at most two operators (not along the path), requiring ceil(Dp/2) additional
auxiliary fermionic sites, where Dp represents the number of sites coupled to site
p not lying along the linear indexing.
For instance, consider a Hubbard Hamiltonian on a 2D lattice with nearest neigh-
bour hopping terms. A general site not along the edges would have four connec-
tions, two along the pattern and two not along it. Therefore, a single auxiliary site
is required. Introducing hopping terms with the next-nearest neighbour, eight
terms for each site of which six not along the path, the number of auxiliary sites
would be three.

Hamiltonian modification

The strategy to obtain qubit locality is to modify the original Hamiltonian by in-
troducing stabilizer operators Maux to the terms that would suffer from Z chains
(the same for which auxiliary sites have been introduced). For example, given
a standard hopping term a†

paq + a†
q ap among sites p and q not adjacent on the

indexing, this is replaced by a†
p Maux(pq)aq + a†

q M†
aux(pq)ap. The same approach

can be applied to two-body four-point or higher coupling terms. These operators
take the general form Maux(p,q) = ibp′cq′ where:

bp′ = (e−iθap′ + eiθa†
p′)

cq′ = (e−iϕaq′ + eiϕa†
q′) ,

(6.5)

θ and ϕ are parameters. Maux operators act only on auxiliary sites, and their
effect is to cancel the JW Z chains without changing the physics of the orig-
inal fermionic model. For this to be true, Maux must respect certain proper-
ties. By introducing auxiliary fermionic sites and thus increasing the dimen-
sion of the Hilbert space, not every qubit state corresponds to a physical state
in the fermionic system. To address this issue, it is imposed that the physical
fermionic states on qubits correspond to +1 eigenstates of all Maux(ij). In this
sense, Maux operators stabilize the physical subspace. Therefore, for construc-
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tion, any pairs of stabilizers commute on this subspace. This implies that for
all p that [Maux, ap] = 0, a†

p Mauxaq |Ω⟩= a†
paq Maux |Ω⟩= a†

paq |Ω⟩where |Ω⟩ is the
vacuum state. The θ and ϕ angles have to be set to respect the commutation rules
described above.

Also the vacuum state |Ω⟩ has to be modified in order to respect the fermionic
statistics. Indeed, the additional degrees of freedom introduced by the auxil-
iary sites lead to the presence of states that do not correspond to physical states.
Starting from the state |0,0, . . . ,0⟩, each auxiliary coupling has to be projectively
measured.

|Ω⟩ = ∏
(p,q)

1 + Maux(p,q)√
2

|0,0, . . . ,0⟩ . (6.6)

In practice, this procedure involves measuring the parity of these operators, and
if the outcome is −1, apply a Z gate to the corresponding p′ or q′ sites. Special
consideration is required when sites participate in two non-local couplings, as
the −1 sign propagates to the other coupling. To rectify this, one must trace
the linked chain of non-local sites and apply Z gates until reaching the end.
In cases where closed loops are present, additional sites must be introduced to
break these loops.

It is crucial to highlight that this procedure represents a weak point in this ap-
proach. The initialization of the vacuum state introduces a cost that, for general
models, is proportional to that of a single Jordan-Wigner Trotter step. Never-
theless, the initialization procedure needs to be applied only once at the begin-
ning of the computation and in the context of high-precision simulations, which
typically involve many Trotter steps, the overall approach proves to be advanta-
geous.

Finally, the desired initial Fock state can be prepared by populating the various
sites. Therefore, starting from the vacuum state, an X gate is applied to each
qubit corresponding to a site of the original model with occupation, while a Z
gate is applied to qubits related to auxiliary sites if the parity of sites on their
right is one.

Transformation

Finally, in the last step a standard Jordan-Wigner transformation is applied to
the modified Hamiltonian. The introduced Maux operators are transformed as
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follows:

bp′ =

p′−1⊗
i=0

Zi

⊗ Bp′

cq′ =

q′−1⊗
i=0

Zi

⊗ Cq′ ,

(6.7)

where Bp′ = [cos(θ)X + sin(θ)Y]p′ and Cq′ = [cos(ϕ)X + sin(ϕ)Y]q′ . The Z chains
introduced by the Maux will cancel with the ones generated by the original Hamil-
tonian therefore resulting in local operators.

Example: Four site model

Hereafter, the above method is explicitly solved for a simple toy model consist-
ing of four interacting spinless particles with hopping with nearest (N.N.) and
next-nearest neighbours (N.N.N.) (see Fig. 6.1). On the left side, the model is

Figure 6.1: Schematic representation of a fully connected four-site spinless lattice.
Left: the model where the black lines (dotted and continuous) represent hopping
interactions between sites. The continuous purple one highlights the index snake-
like pattern. Right: AFM mapping where ancillary sites are introduced.

graphically depicted as a graph where vertices are the fermionic sites and links
represent hopping interactions. The site indexing is done following the snake-
like path (purple line). Three of the hopping terms (continuous black lines) are
along it while the other three outside (dashed). Since the model does not assume
spin, an interaction between particles on different sites is considered. The system



Qudit-Based Quantum Simulation of Fermionic Systems 137

is described by the following Hamiltonian:

H =Ht + HU =

= −t
(
a†

1a2 + a1a†
2 + a†

2a3 + a2a†
3+

a†
3a4 + a3a†

4 + a†
1a4 + a1a†

4+

a†
2a4 + a2a†

4 + a†
1a3 + a1a†

3
)
+

U
(
a†

1a1a†
2a2 + a†

2a2a†
3a3+

a†
3a3a†

4a4 + a†
4a4a†

1a1
)

.

(6.8)

With regard to the mapping, the interaction term considered has the same pe-
culiarities as the standard one. To implement the transformation one starts in-
dexing sites in ascending order. Directly applying the JW transformation, the
Hamiltonian would take the form:

HJW = Ht +HU

=− t
(

A†
1 A2 + A1A†

2 + A†
2 A3 + A2A†

3+

A†
3 A4 + A3A†

4 + A†
1Z2Z3A4 + A1Z2Z3A†

4+

A†
2Z3A4 + A2Z3A†

4 + A†
1Z2A3 + A1Z2A†

3
)
+

+ U
(

A†
1 A1A2A†

2 + A†
2 A2A3A†

3+

A†
3 A3A4A†

4 + A†
4 A4A1A†

1
)

.

(6.9)

As expected, all hopping terms among sites not consecutive in the indexing (1−
3, 2− 4, 1− 4) suffer from Z chains. Although they do not have a dramatic effect
on this small model, for larger size problems they are very limiting.
The AFM requires auxiliary sites for any site with non-covered links. In this case
all sites have one or two non-local coupling and hence they all require an auxil-
iary site as depicted on the right side on Fig. 6.1. The new indexing is 11′22′33′44′.
Following, the system Hamiltonian is modified by inserting Maux operators into
the three hopping terms for which the auxiliary sites were included:

Ht = −t
(
a†

1a2 + a1a†
2 + a†

2a3 + a2a†
3 + a†

3a4 + a3a†
4+

a†
1 Maux(14)a4 + a1Maux(14)†a†

4+

a†
2 Maux(24)a4 + a2Maux(24)†a†

4+

a†
1 Maux(13)a3 + a1Maux(13)†a†

3
)

.

(6.10)

A convenient choice is to define Maux with easy angles θ,ϕ = {0,±π/2}. The
specific choice has to be done in accordance with commutation rules. To define
these operators, however, it is more convenient to work in the qubit basis. A
possible choice is:
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Maux(1,4) = Y1′Z2Z2′Z3Z3′Z4Y4′

Maux(2,4) = X2′Z3Z3′Z4X4′

Maux(1,3) = X1′Z2Z2′Z3X3′ ,

(6.11)

where it is easy to verify the previously defined commutation rules. Finally, ap-
plying the Jordan-Wigner transformation to the entire Hamiltonian, one obtains:

HAFM = −t
(

A†
1Z1′A2 + A†

2Z1′A1+

A†
2Z2′A3 + A†

3Z2′A2+

A†
3Z3′A4 + A†

4Z3′A3+

+ iA†
1X1′A4Y4′ − iA1X1′A†

4Y4′+

− iA†
2Y2′A4X4′ + iA2Y2′A†

4X4′+

− iA†
1Y1′A3X3′ + iA1Y1′A†

3X3′
)
+

+U
(

A†
1 A1A†

2 A2 + A†
2 A2A†

3 A3+

A†
3 A3A†

4 A4 + A†
4 A4A†

1 A1
)

.

In first place, it is important to note that all terms act only on qubits relative
to the original fermionic sites involved in the interaction and on the auxiliary
qubits relative to those sites. In this sense, the new HamiltonianHAFM is local in
terms of qubit operators. It is important to remark that the size of the operators
is independent of the system’s size but depends only on the number of auxiliary
sites and, hence, on the system’s connectivity.

6.2 Qudit mapping for Auxiliary Fermion Method

The Auxiliary Fermion Method is based on the idea of storing parity information
relative to couplings in auxiliary qubits and so eliminating the need for Z chains
introduced by the Jordan-Wigner method. As discussed in Section 6.1.3, this al-
ternative approach offers several advantages over conventional methods, such
as eliminating the dependence of operator size on lattice size. However, by ex-
ploiting a qudit-based computation, these advantages can be further enhanced.
Instead of introducing auxiliary qubits, the additional Hilbert space can be ob-
tained by expanding the computational space of individual units, i.e. by using
qudits. Starting from the original AFM qubit mapping, a profitable strategy is to
map the product space of each qubit along with its relative auxiliary ones inside
a single qudit. In first place, exploiting qudits naturally reduces the number of
objects to control and, consequently, the count of two-body gates (see Tab. 6.1).
Moreover, employing qudits enhances the parallelizability of the circuit, thereby
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further reducing its depth. The qudit’s dimension is determined by the number
of auxiliary sites and, therefore, is related to the system’s connectivity and not
to the system’s dimension. The most common and interesting models involve
interactions between nearest (N.N.) or next-nearest (N.N.N) neighbours. There-
fore, small- to medium- size qudits would allow for efficient simulations of arbi-
trary dimension lattices (see Tab. 6.1). For instance, a 2D rectangular lattice with
nearest neighbour interactions could be adequately simulated using four-level
qudits. Expanding it to next-nearest interactions would require 16-level qudits.
In Tab. 6.1, the JW, BK and qubit/qudit AFM methods are compared in terms the
requirements to simulate of a square lattice of size N of spin S = 1/2 particles
with hopping interactions among nearest (N.N.) and next-to-nearest neighbours
(N.N.N). In particular, the table compares three aspects: the number of hardware
physical objects, i.e. the counts of qubits/qudits, the largest operator weight, i.e.
the Pauli weight of the larger operator to be implemented, and the circuit depth
of a single Trotter step in terms of two body gates.
From the first box, one observes that qubit AFM suffers from the proliferation
of units with respect to JW and BK. The qudit AFM compensates the larger re-
quired computational space with the larger Hilbert space given by qudits (4 and
16 levels for N.N and N.N.N., respectively) by using the same number of com-
putational units. In the second box, the largest operators to be implemented are
compared. This table shows the main difference between AFM and JW and BK.
AFM eliminates the operator size dependence on the lattice dimension e hence
resulting in limited size operators. The larger the size of the system to be simu-
lated, the greater the advantage. Using qudits, and assuming that the model in-
volves only two-body interactions, the operators can always be mapped as two
qudit gates. Finally, in the third box, are reported the counts of the depth of a
single Trotter step in terms of two qudit gates. These values reflect the final gain
that AFM gives i.e. the reduction of the whole circuit depth. Given a specific
model using the AFM it is possible to calculate circuit depth, independently by
model size, just by summing the depth of non-commuting terms.
Let’s start by looking at the qudit case. Considering the model with N.N. (N.N.N.)
hopping, each site is involved in 4 (8) hopping terms and a single interaction
(only on site interaction). All of these terms can be potentially implemented as
a single qudit gate and hence resulting in a depth of 5 (9) gates considering full
hardware connectivity. In a more realistic scenario, where the hardware has a
grid connectivity, the two sub-reticles containing the up and down spins can be
horizontally nested. In this way, 4 (8) SWAP gates, here counted as 3 two-qudit
gates, are required.
Moving to qubits, the reasoning is a little more complex because the number
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Number of Hardware Physical Units

JW BK Qubit AFM Qudit AFM

N.N. 2N2 2N2 4N2 2N2

N.N.N. 2N2 2N2 8N2 2N2

Largest Operator Weight

JW BK Qubit AFM Qudit AFM

N.N. N + 1 ∝ log(N) 4 2

N.N.N. N + 2 ∝ log(N) 8 2

Depth of a Trotter Step

JW BK Qubit AFM Qudit AFM

All All All Grid All Grid

N.N. ∝ N ∝ log(N) 30 42 5 17

N.N.N ∝ N ∝ log(N) 94 118 9 33

Table 6.1: Requirements and costs to simulate the Hubbard model wit spin on a
square lattice with nearest (N.N.) or next-to-nearest neighbours (N.N.N) hopping
interactions exploiting Jordan-Wigner, qubit and qudit Auxiliary Fermion Method
mappings. Two types of hardware connectivity are considered: all-to-all (All) and
square grid (Grid). The top panel shows the number of physical units, i.e. the num-
ber of qubits or qudits, required. The middle panel reports the largest operator
weight, i.e. the maximum number of operators involved in the hopping terms. The
bottom panel shows the depth of a Trotter step in terms of two-body gates.

of gates depends on the decomposition strategy used. An efficient strategy to
decompose Pauli string operators of small-medium size uses 2n entanglement
gates, where n is the Pauli weight of the operator [180]. In the case of hopping
between N.N., each site would be involved in 2 horizontal hoppings, which have
a Pauli weight of 3, and so each of these can be decomposed into 6 two-body
gates, and into two vertical ones with weight 4 (8 gates) and one site interaction
term with Pauli weight 2 (2 gates), giving a total of 30 gates. Now, considering a
hardware with a lattice connection, the two sub-reticles containing up and down
spin can be horizontally nested with the auxiliary qubits mapped under their
relative ones. In this case, 4 SWAP gates have to be introduced. In the case of
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N.N.N, the number of hopping terms for the site would be 8 with different Pauli
weights ranging from 4 to 8, while a single interaction term with Pauli weight 2
is present. The count gives a sum of 94 gates with one having to add 4 SWAP
gates in the case of lattice (note that the parallelizability of the circuit is reduced
thus increasing the circuit depth).

6.3 Results

The proposed qudit mapping is tested on a simple toy model consisting of four
interacting spinless particles, the same studied in Sec. 6.1.3, described by the
following Hamiltonian:

H = −t
4

∑
p,q=1,p ̸=q

a†
paq + U

4

∑
i=1

a†
papa†

p+1ap+1. (6.12)

where periodic boundary conditions (p = 5→ 1) are considered. The model is
studied without spin to lower the computational complexity of the simulations.
The interaction-like term considered defines a repulsion between particles on
different sites. From the mapping prospective, this term implies the same chal-
lenges as a regular interaction term.
Starting from the standard AFM mapping on qubits, the qudit method is ob-
tained by mapping the product space of each site and relative auxiliary ones
within a single qudit as highlighted by the green hexagons in Fig. 6.2. Since each
site has a single auxiliary qubit, the model is mapped into four 4-level qudits.
Now, let’s analyse how to decompose the various operators in terms of qudit
gates. The simplest ones are the interaction terms, as they can be directly ex-
pressed in terms of generalized control phase gates. To understand this, it is
simpler to begin by reasoning on the qubit basis. Considering a two-qubit inter-
action eiHpq

t τ = eiU(A†
p Ap A†

q Aq)τ where p and q are the site indices, the action of the
operator is to add a phase θ = Uτ to the state |↓,↓⟩ of the system. For the qubit
AFM method and considering the presence of auxiliary qubits, the interaction
terms can be expressed in the form A†

p Ap Ip′ A†
q Aq Iq′ where the identity operators

I acting on auxiliary sites are explicitly stated. The action of the transformation
on this enlarged space has to be the same. Hence, independently of the state of
the two auxiliary qubits, a phase θ has to be added to all the four states where
p and q are simultaneously in the ↓. Now, it is not difficult to see that this op-
eration, in terms of the proposed qudit mapping, results in four (parallelizable)
generalized control phase gates (defined in Sec. 2.3.3 ).
For hopping terms, one can proceed in a similar manner. A standard hopping
term a†

paq + apa†
q is naturally expressed as a XY gate by definition (see 1.14). In
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Figure 6.2: Fully connected four-site spinless lattice.. Left: the model where the
black lines (dotted and continuous) represent hopping interactions between sites.
The continuous purple one highlights the index snake-like pattern. Right: qubit
and qudit AFM mapping where ancillary sites are introduced. The green hexagons
highlight the qubits that are brought together for qudit AFM.

the simplest case, the hopping operators required by the mapping are of the form
t
(

A†
pZp′Aq Iq′ + ApZp′A†

q Iq′
)

. These, in the qudit space, are translated into four
parallelizable generalized XY gates, two of them with an angle θ = tτ and the
others with an angle −θ (introduced by the - sign of the Z operator). The form of
other operators such as t

(
A†

pXp′Aq Yq′ + ApXp′A†
q Yq′

)
can be similarly deduced.

In turn, the XY gate can be rewritten in terms of CPhase and M-Gate gates. Sim-
ilarly as done with qubits (see Sec. 1.15), a generalized XY gate can be rewritten
as two generalized CPhase gates and a few single qudit gates. The qudit decom-
position can be easily obtained by extending this one. Alternatively, a XY gate
can be obtained by combining the M-Gate plus a CPhase to correct the phases
(see Sec. 2.3.3).
The feasibility of this approach and the validity of MNMs as a basis for quantum
computation are demonstrated in the following sections by numerical simula-
tions.

6.3.1 Underling physical system

The core of the hypothetical underlying architecture is the Qudit-Switch-Qudit
scheme introduced in 2.3.2. Relying on this, a thorough characterization of all re-
quired operations is achieved through Quantum Process Tomography (outlined
in Section 1.3.3). Then, by combining these linear maps representing individual
gates, any quantum circuit can be simulated. In the case under consideration,
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this is formed by four four-level qudits. In this way, the entire system dynamics
are simulated without having to solve large size differential equations.
For the qudits two S = 3/2 ions with isotropic g values of 1.95 and 2.05 and zero-
field splitting of D = −2.4 (3.0)× 10−2 meV are considered. The static magnetic
field is set along the z axis with an amplitude of B0 = 1.3 T. Choosing slightly dif-
ferent parameters makes the qudits non-equivalent, ensuring that all transitions
are distinct. Alternatively, one could consider anisotropic g and orient the qudits
differently with respect to the magnetic field.
The switch (Sw), a spin S = 1/2 with a g value of 4, is coupled to the qudits
through an isotropic Heisenberg interaction with J = 0.8 (1.0)× 10−2 meV. The
relatively large value of g serves for two purposes: first, it ensures a good fac-
torization between excited and non-excited switch states, and second, it helps to
speed up the execution of XY and M gates, although, as shown later, they are
remarkably slow.
Considering alternative strategies, one might explore utilizing a spin S = 1 with a
significant zero-field splitting D > 0. By leveraging well-separated energy levels,
a two-level subspace such as |m = 0⟩ and |m = 1⟩ can be considered. An example
is the Ni2+ considered for simulations in chapter5.

6.3.2 Four site model with qudit AFM

Fig. 6.3 a) presents the gate implementation time as a function of the rotation
angle θ for XY (green), M-gate (brown), and CPhase (blue) (legend in panel b)).
Initially, it is evident that both CPhase and XY gate durations exhibit a strong de-
pendence on the rotation angle. These gates have durations that approach zero
for θ → 0 or 2π, with the maximum duration occurring at θ = π. In contrast,
the M-gate has a nearly constant duration for any angle. The fact that the mini-
mum duration does not occur at θ = π is an accident stemming from the specific
characteristics of the underlying system.
For the considered system parameters, the CPhase gate proves to be the fastest
operation. The XY gate is quicker than the M-gate for small angles ≲ π/10 or
very large angles ≳ 2π − π/10, while in the intermediate region, the M-gate
becomes more convenient.
A similar behaviour is observed in the decomposition of each hopping term (see
Fig. 6.3 b)). In these decompositions, besides the two-qudit gates, single-qudit
gates are also taken into account. Each decomposition strategy introduces some.
While for the CPhase gate these were already mentioned earlier by describing
the decomposition, actually also the other two methods require some. The rea-
son stems from the fact that XY and M-gate are not directly implementable be-
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Figure 6.3: a) Comparison of gate duration as a function of rotation angle (θ) for
CPhase (blue), XY (green), and M gate (brown). A driving field of 50 G is assumed.
While the exact duration is strictly dependent on the physical system, the observed
behavior and order of magnitude are generally applicable. b) Comparison of the du-
ration for hopping terms as a function of rotation angle (θ) using CPhase (blue), XY
(green), and M - Gate (brown) gates. A driving field of 50 G is assumed. This eval-
uation also takes into account single qubit gates. c, d) Simulations of the four-site
spinless interacting particles shown in Fig 6.2. The top (bottom) panel illustrates
the evolution of the population on site 1, where sites 1-2 (1-3) are initially popu-
lated. The solid black line represents the exact solution, the dashed line depicts the
trotterized curve with nTR = 6, and the green, blue, and red points correspond to
simulations using CPhase, XY, and M gates, respectively, considering a T2 = 100 µs.

tween all pairs of levels but only between some, and so in some cases several π

pulses are required before and after two-body gates. Therefore, all the decom-
positions have a minimum duration of at least a few tens of nanoseconds due
to single qudit gates. For a small range of angles around 0 and 2π the XY de-
composition turns out to be faster than CPhase. The above considerations are
clearly reflected in the full model simulation. Fig. 6.3 panel c,d) shows the pop-
ulation evolution for two different initial states where the black continuous line
is the exact solution, the dashed black line is the trotterized solution nTR = 6 and
coloured points (green, blue , brown) are the simulation results for using Cphase
(green dots), XY(blue dots) and M-gate (cyan dots). The top (bottom) panel re-
ports the occupation probability on site one ⟨n1⟩ with the system initialized in a
halved populated state where sites 1-2 (1-3) are populated. All simulations are
performed considering a T2 = 100 µs and a driving field of 50 G. It is important
to remark that the name indicates the gate used to decompose the hopping parts
while in all cases the interaction terms are decomposed by a single CPhase gate.
The whole circuit depth in terms of two-qudit gates is 30 using XY and 48 for M
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and CPhase decompositions. These counts are easily explained. Each hopping
term is decomposed or into four parallelizable XY, resulting in a depth of 1, or
two not parallelizable generalized CPhase gates plus some single qudit rotations,
resulting in a depth of 2, or four parallelizable M-gates plus a generalized CPhase
gate, giving a depth of 2. A single generalized CPhase gate is used for each inter-
action term, giving a depth of 1. Since couplings between opposite sites can be
implemented simultaneously, 3 steps are required for hopping and another 2 for
interaction terms. Considering the 6 Trotter steps, it is easy to obtain the given
values. The qubit AFM decomposition of the same model would require a depth
of minimum 72 CNOT even considering a fully connected coupling map.

In terms of physical implementation time, the circuits take approximately ∼ 500
ns for each Trotter step using the M-gate. For CPhase and XY gates, the circuit
time is more dependent on the simulation time and ranges from ∼ 150 to 300 ns
for the former, and from ∼ 100 ns to ∼ 6 µs for the latter. The maximum angle
considered in the presented simulation is π/3. This choice was made because
the CPhase and XY gates had already reached almost their maximum duration,
and with the XY gate, the effect of decoherence was already significant.

All the decomposition strategies effectively approximate the trotterized curve
up to ∼ π. However, at longer times, a clear classification of the approaches
emerges. Despite CPhase not being the most efficient in terms of gate count, as
anticipated due to the differences in single gate duration, it results as the most ef-
fective strategy for implementing various operations. The second-best approach
appears to be the M-gate, while the XY gate lags behind. The XY gate, in particu-
lar, struggles in the long-time region where large angles are required. However,
the actual advantage of these different strategies can vary depending on the ar-
chitecture and specific application. For instance, in the case of an architecture
with very long coherence times and a problem that demands high-precision re-
sults with a strong trotterization, the XY gate approach may be advantageous.
Therefore, the ability to implement different gate schemes is an interesting fea-
ture of the proposed architecture.

Given the good results achieved with CPhase decomposition, Fig. 6.4 illustrates
the simulation using only CPhase and considers three shorter coherence times
T2 = {2,10,50} µs. Even with T2 = 50 µs, the simulation results are qualitatively
robust, accurately reproducing the curve up to the simulation time τ = 2πU (the
largest angle to implement). However, with progressively decreasing coherence
times, depicted in the figure as green, blue, and brown lines for T2 = 50,10, and
2 µs, respectively, the impact of decoherence becomes more pronounced, leading
to a decrease in the quality of the simulation results.
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Figure 6.4: Simulations of the four site spinless interacting particles shown in Fig 6.2.
The top (bottom) panel shows the evolution of the population at site 1, where sites
1-2 (1-3) are initially populated. The solid black line is the exact solution, the dashed
line is the trotterized curve with nTR = 6, and the green, blue and red points are
simulated with CPhase, gates considering a coherence time of T2 = 2,10,50 µs, re-
spectively.

6.4 Conclusions

This chapter showcases the potential of a qudit extension of the auxiliary fermion
method as an efficient strategy for simulating Hubbard-like Hamiltonians. A
qudit-based logic minimizes the number of two-body operations to be executed
in series, thereby reducing circuit depth. This feature is a crucial factor for near-
term quantum computing platforms that are characterized by a finite coherence
time. Molecular Nanomagnets emerge as promising candidates for such applica-
tions, leveraging their most prominent features, i.e. a coherent multi-level struc-
ture and a high chemical tunability. Through realistic numerical simulations, the
feasibility of this approach has been demonstrated. The diverse range of two-
body control techniques explored in this work, CPhase, XY, and M-gate, pro-
vides flexibility for adapting to various system architectures and target model
Hamiltonians. In fact, any of them could work better depending on the actual
architecture and application. In particular, although it seems the least promising
at the moment, XY-gate could work very well for highly trotterized simulations.

A natural extension of this work would be to consider qudits of C class that are
inherently more resilient against decoherence compared to single-spin qudits, as
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recently demonstrated [127, 129].
Another interesting opportunity would be to consider architectures in which
molecules are coupled through resonators, providing further opportunities for
manipulation and control. These technologies, already well developed for su-
perconducting qubits [193], would allow architectures to be scaled much more
easily. Indeed, the limited coupling of the spins with the cavities that has limited
this approach so far, has been overcome by recent studies [103, 194, 195].





CHAPTER 7

Assessing Chiral-Induced Spin Selectivity Effect by
Magnetic Resonance Experiments

T he Chiral-Induced Spin Selectivity effect (CISS) is a phenomenon that has
recently generated a significant interest in the scientific community, as it

is believed to underlie numerous biological reactions [196–198]. Several inde-
pendently conducted experiments of electron transport have revealed that the
flow of current through a helical molecule (χ) can induce spin polarization in
electrons [199]. This polarization depends on the handedness of the molecule,
and it has been observed even at room temperature [200]. These experiments
encompass self-assembled monolayers of chiral molecules and single molecules
addressed by an atomic force microscope [201–203].
Despite numerous attempts, a comprehensive theoretical explanation that un-
equivocally clarifies the origin of CISS is still lacking [204–218]. To uncover its
origins and construct a reliable theoretical model, detailed information on the
spin wave function’s form after the electron has traversed the chiral bridge is
necessary. The experiments conducted so far are generally complex, involving
several elements such as interfaces, electrodes, etc., which obscure the nature of
the phenomena and provide access only to indirect information [196]. To address
this challenge, a new approach is required.
In this chapter, three different magnetic resonance experiments investigating the
Electron Transfer (ET) process at the single-molecule level are presented [140].
By employing a highly coherent qubit (Q) chemically attached to the Donor-χ-
Acceptor (D-χ-A) system, as an external sensor, polarization can be directly de-
tected. Through time-resolved electron paramagnetic resonance (TR-EPR) tech-
niques [219–223], the qubit provides access to the electron state without influ-
encing the ET process, allowing to get information on the spin state immediately
after the process has occurred. Furthermore, it is demonstrated that it is possible
to obtain information on the ET process even with a randomly oriented ensem-
ble of D − χ − A molecules. In conclusion, the presented experiments lay the
groundwork for building a comprehensive theoretical model.

149
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The chapter is organized as follows: in the first section 7.1, it is first introduced
the ET and the structure of the hypothetical D-χ-A-Q molecule considered in
the simulations is presented and its feasibility is discussed. The following sec-
tion 7.2 introduces the TR-EPR technique and explains how the calculations were
performed. Then, Sec. 7.3, the different proposed experiments are presented. Fi-
nally, section 7.4 closes the chapter by summarizing the results.

7.1 Electron Transfer Through a Chiral Bridge

The presented magnetic resonance experiments study the ET process occurring
at the single molecule level in systems characterized by D-χ-A structure. As
schematically depicted in Fig. 7.1, the experimental scenario supposes the sys-
tem is initially at equilibrium with the donor in a doubly occupied ground state.
After a photon excitation (PE), one of the electrons gains energy and the system
goes into the D∗-χ-A singlet state. The relaxation mechanisms induce the ET that
yields the systems in a charge separated state D+-χ-A−. At this stage, what is
commonly observed in the presence of a linear bridge are spin-correlated radi-
cal pairs (RP). If CISS phenomenon works as experimental results suggest, it is
expected that by changing the linear bridge to a chiral one the final state should
have a full or at least partial polarization in spin. In particular, in the following
simulations three scenarios are considered:

- Singlet: |S⟩= (| ↑↓⟩ − | ↓↑⟩)/
√

2, entangled non polarized state character-
istic of ET through a linear bridge.

- Polarized: ρp =
1+p

2 | ↑↓⟩⟨↑↓ |+
1−p

2 | ↓↑⟩⟨↓↑ | (with −1 ≤ p ≤ 1 and ̸= 0),
a full or partial polarized state is expected due to spin selectivity after ET
through a chiral bridge.

- Non-polarized: |ψU⟩= cos θ
2

ei(λ+ϕ)|↑↓⟩−|↓↑⟩√
2

− sin θ
2

eiλ|↑↑⟩+eiϕ|↓↓⟩√
2

, entangled non
polarized state generated by a coherent rotation of the transferred electron
belonging to |S⟩ as suggested in Ref. [224].

In summary, the proposed experiments have the aim to distinguish among the
not polarized |S⟩ and |ϕU⟩ states which represent a situation in which the sup-
posed spin-filter mechanism does not happens with the polarized state

∣∣ρp
〉

where
the spin-filter works with a certain probability p.
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Figure 7.1: Schematic representation of the electron-transfer mechanism: (a) Two
electrons on the ground orbital of the donor D are in a double occupation state.
(b) Due to photo-excitation one of electron is excited and brings to the D∗A entan-
gled (red dashed line) singlet state. The relaxation mechanism induces the electron-
transfer of the excited electron to the acceptor (A). Depending on the bridge form,
linear or helical, the final state is expected to be not-polarized (c) or polarized (d).
The recombination mechanism recreates the initial state on a time scale TR (dashed
arrows). Reproduced from Ref. [140] with permission under the terms and condi-
tions of the Creative Commons Attribution license CC-BY 4.0.

7.1.1 D-χ-A molecule

A suitable molecule to observe the phenomenon must meet some requirements.
First of all, it would be desirable for the electron transfer process to be highly
efficient and to generate radical pairs with relatively long lifetimes. A suitable
choice could be to exploit C60 or derivatives of naphthalenediimide as accep-
tor with good donors as pyrene, oligophenylene-vinylene, and tetrathiafulvalene
[225, 226]. Particular considerations have to be made also on the structure of the
chiral bridge. This helicoidal structure should be stable in solution, relatively
rigid and if both enantiomers can be separately synthesized is a considerable
advantage. Possible systems could be helicene characterized by rigid helicoidal
scaffolds or helically folded oligoamide of 8-amino-2-quinolinecarboxylic acid
which has a more long structure [227]. The spin state of the charge-separated can
be described by the following spin Hamiltonian:

HD-χ-A = µB ∑
i=D,A

gi Si · B + SA · JAD · SD, (7.1)
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where B is an external magnetic field and JAD parametrized a dipole-dipole inter-
action among the spins of the un-paired electron on the acceptor SA and on the
donor SD. Considering the point-dipole approximation the coupling constant
can be calculated as Jij = [gi · gj − 3(gi · rij)(gj · rij)]µ

2
B/r3

ij. In the numerical sim-
ulations reported below, the following parameters were considered: a distance
of rDA = 25 Å and g1,2 = ge ∓ ∆g/2, with ∆g = 0.002.

7.1.2 External Q sensor

A molecular spin qubit Q, chemically attached to the D-χ-A unit, could be ex-
ploited as an external sensor to detect the spin polarization on the radical pair.
Indeed, thanks to their natural long time of coherence and the chemical engi-
neering, MNMs are an optimal candidate for this task. The D-χ-A-Q system,
under the effect of an external magnetic field B, is described by the following
spin Hamiltonian:

HS =HD-χ-A+

µBgQ SQ · B + SA · JAQ · SQ
(7.2)

where JAQ parametrizes the dipole-dipole interaction between acceptor and qubit
spins under the point-dipole approximation. In order for the sensor to not dis-
turb the state of the radical pair, the former has to be almost factorized. Therefore
the coupling JAQ has to be sufficiently small then µB |gA − gz

Q| B. On the other
side, Jz

AQ has to be larger than Q gaps. Considering a fwhm = 2.35 mT (full
width at half maximum) as estimation of the transitions of metal ion qubit, the
above conditions can be met working in the Q-band and assuming a distance of
6 Å ≲ rAQ ≲ 11Å. A suitable choice could be the well characterized VO2+ which
typically has gQ = (1.98,1.98,1.96).

7.2 Time-Resolved Electron Paramagnetic Resonance

Differently from standard continuous wave EPR, time-resolved EPR studies the
⟨Sy(B, t)⟩ response not only as a function of the external magnetic field but also
as a function of time [219, 221, 223, 228]. This procedure permits access to out
of equilibrium phenomena. The sample subject to a static field B is excited by
a driving oscillating field of the form B1(t) = B1(cos ωt x̂ + sin ωt ŷ) which in-
duces transitions between states with energy gap ω. Commonly, it is convenient
to move into the rotating frame of the driving field. In this manner the time de-
pendence of the spin Hamiltonian can be eliminated. Considering the secular
approximation, valid in the high-field limit, the whole system Hamiltonian is
rewritten as follows:
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Hrot(Ω) = ∑
i
(µBBgzz

i (Ω)− h̄ω)Sz
i

+ ∑
i,j

Jzz
ij (Ω)(2Sz

i Sz
j − Sx

i Sx
j − Sy

i Sy
j )

+ ḡµBB1 ∑
i

Sx
i . (7.3)

where i and j indicate D, A and χ and Ω is a set of three Euler angles that describe
the orientation of the molecule with respect to the external fields [221].
The evolution of a real system is also subject also to incoherent processes such as
relaxation, dephasing and recombination. Including them, the system evolution
is computed by solving the following Liouville equation:

∂ρr(Ω, t)
∂t

= −i
[

1
h̄

H̃(Ω) + iR̃ + iK̃
]

ρr(Ω, t), (7.4)

Here, for convenience, the formalism of super-operators, denoted by ˜ symbol, is
used. ρr(Ω, t) represents the system density matrix in the rotating frame, R̃ the
relaxation/decoherence and K̃ the recombination mechanisms.
In accordance with Ref. [219], applying the slow-motional limit some terms of K̃
are negligible. In particular, the relaxation process is assumed to be parametrized
by 1/T1 for all the diagonal elements of the density matrix, 1/T2 for the off-
diagonal terms, and zero for all other entries. Expressing R in the singlet-triplet
basis this can be summarized as R̃iijj = 1/T1, R̃ijij = −1/T2 and R̃ijlk = 0. For the
recombination mechanism, parametrized by 1/TR, the super operator K̃ takes
the form K̃ijkl = −1/TR(δikδjl + δijδik).
An alternative approach, as shown in Ref. [229], is to consider the relaxation and
dephasing processes independently for the three spins. The diagonal elements
of R̃ are determined by the stationary condition ∑j Rjjii = 0. In the simulations
on the D-χ-A-Q system in Q-band this second approach is considered (see Fig.
7.2 a)).
At this stage, the Liouville equation can be explicitly integrated, leading to

ρr(Ω, t) = exp
{[
− i

h̄
H̃(Ω) + R̃ + K̃

]
t
}

ρr(Ω,0) . (7.5)

Finally, the EPR response ⟨Sy(B, t)⟩ is computed by Tr[ρr(Ω, t)Sy]. It is important
to highlight that in case of a randomly oriented sample a spherical average has to
be considered. Experimentally, this kind of measurement are affected by experi-
mental difficulties such as inhomogeneous broadening of the system parameters
and the coupling of the probed electronic spins with the surrounding nuclear.



154 7.3 Results

To take into account also these experimental issues a convolution of the spectra
with a Gaussian line shape function is inserted [223, 228].

7.3 Results

In this section the numerical results of the different simulations are reported. As
anticipated in the introduction, the first experimental proposal considers a D-χ-
A molecule chemically linked to an MNM qubit Q acting as a sensor. The results
show how the three possible states reported in 7.1 can be clearly distinguished
from the TR-EPR spectrum of the D-χ-A-Q molecule. In Sec. 7.3.2 it is shown how
the polarization on the acceptor A can be transferred to the qubit by a sequence
of electromagnetic pulses. With this technique, the EPR qubit response gives an
even clearer signature to distinguish polarised from non-polarised states. Fur-
thermore, this mechanism, if properly designed and optimised, could have in-
teresting applications for quantum technologies. Finally, Sec. 7.3.3 reports the
results of studies on the randomly oriented ensemble of D-χ-A, which show that
even in this simple setup some information about the wave-function can be ob-
tained after the ET process.

7.3.1 TR-EPR signal of a Qubit Sensor

The first experimental proposal exploits a qubit Q, chemically attached to the
D-χ-A unit, as an external sensor to get information about the polarization of
the electron spin on A after the ET process. The experimental set-up considers
a solution that contains only one enantiomer (only one chirality verse) aligned
with the external magnetic field direction, achievable through poling due to the
large electric dipole moment of chiral molecules based on oligopeptides [214,
230–232]. The free qubit response field, set at h̄ω/

(
gz

QµB

)
, is shifted due to the

coupling JAQ with the acceptor, by ±Jz
AQ/

(
2gz

QµB

)
depending on the acceptor

electron state. To ensure well-separated peaks, Jz
AQ should exceed the line width

of the excitation band (Q-band). For un-polarized states like |S⟩ or |ϕU⟩, two
peaks of equal height would be present. Conversely, a partially or fully polarized
state like ρp introduces a disparity between peak amplitudes proportional to the
polarization.
In Fig. 7.2, the results of numerical simulations for electronic (a) and nuclear (b)
spin qubits are presented. In the electronic case, the response spectrum

〈
Sy
〉
,

shown as a function of the external driving field, illustrates the donor-acceptor
signal (grey-dashed area) and the qubit signal (white area). The qubit is assumed
to be initialized in the |↓⟩ state, while for the radical pairs three possible situa-
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Figure 7.2: (a) TR-EPR spectrum of the D+-χ-A−-Q system, showcasing states |S⟩,
|ϕU⟩, and ρp, with the qubit initialized in the | ↓⟩ state. The left side (grey-shaded
area) represents the donor-acceptor signal, while the right side displays Q-band ab-
sorption peaks relative to the qubit. The spectrums are integrated form 100 to 300
ns. Parameters include hν = 34 GHz, Jz ≈ 200 MHz, rDA = 25 Å, rAQ = 8 Å, A = 10
MHz, g1,2 = ge ∓ ∆g/2 with ∆g = 0.002, gQ = (1.98,1.98,1.96) (typical for VO2+

or Ti3+), T1 = 2 µs, T2 = 0.5µs, and TR = 10 µs. (b) Broadband NMR spectrum il-
lustrating nuclear excitations on a nuclear spin 1/2 coupled by isotropic hyperfine
interaction A to the donor. The relative amplitude of the two picks give a direct
probe of the system polarization. Parameters include B0 = 1 T, νL ≈ 40, (typical for
19F). Dephasing, relaxation, and inhomogeneous broadening effects are considered
with a Gaussian broadening of peaks (FWHM 2.35 mT). Reproduced from Ref. [140]
with permission under the terms and conditions of the Creative Commons Attribu-
tion license CC-BY 4.0 ).

tions are compared: a singlet |S⟩, a non-polarized |ϕU⟩, and a polarized ρp state.
In the white region, the spectrum provides a qualitative feature allowing dif-
ferentiation between polarized states like ρp and non-polarized states like |S⟩
or |ϕU⟩. As mentioned earlier, the relative amplitude of the peaks directly re-
flects the polarization. If the second enantiomer is available, further proof of the
phenomenon can be obtained. Indeed, changing the enantiomer would invert
the peak positions. Finally, it is important to note that the two considered non-
polarized states can be distinguished from the signal of the donor-acceptor (grey
region): their response is opposite in frequency.
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A similar discrimination can be obtained exploiting a nuclear qubit I = 1/2, such
as a 19F that has a Larmor frequency νL≃ 40 MHz at 1 T, coupled to the acceptor
by a hyperfine interaction ASA · I (A= 10 MHz) in a broad band NMR setup. In
Fig. 7.2 (b) the NMR absorption signal (χ′′) is plotted as a function of frequency
in the region corresponding to the excitation of nucleus spin, split by hyperfine
interaction withA. Here, considering ρp as the initial state for radical pairs, three
different polarization degrees (p = [1,0.7,0] red, blue, and black, respectively)
are compared. In this case as well, the ratio between peak amplitudes serves as
a direct probe of the radical pair state polarization.

7.3.2 Transferring Polarization to a Qubit sensor

The second experiment proposed considers to use a properly designed sequence
of electromagnetic pulses, to transfer the possible polarization form the acceptor
to the qubit. The analysis of the qubit TR-EPR response unambiguously discerns
polarized and not polarized states. As depicted in Fig. 7.3 the pulse sequence
(panel (a,b)) consists of two subsequent π pulses that address respectively tran-
sitions |↑A↓Q⟩→ |↓A↓Q⟩with frequency hνA (purple) and |↑A↑Q⟩→ |↑A↓Q⟩with
frequency hνQ (green). The difference between a polarized state (red and blue)
and a not-polarized state (black) is well evident. Indeed, the response of the
latter is practically negligible, while the former shows distinct picks.
This mechanism could have interesting applications for quantum technologies.
Indeed, this procedure could be used to convert spin information, which is dif-
ficult to detect, into charge information, which is much easier to read, and vice
versa. Thus, it could be used to initialize and read out spin qubits at high temper-
atures. Of course, for the procedure to be effective, the mechanism needs to be
optimised and, in particular, the spin-filtering effect needs to work at a high rate.
A further step could be to replace the photoexcitation by an electrically induced
CISS-ET and an electrical readout.

7.3.3 TR-EPR on a Randomly Oriented Ensemble

To facilitate and encourage the first investigations, a third experiment involving
an even simpler setup is presented. The study focuses on the TR-EPR response
of an isotropic solution of D-χ-A molecules. This experiment allows us to deter-
mine if the initial state of the radical pairs is singlet or a ρp but not whether the
latter is polarized. As illustrated by the colour maps in Fig. 7.4 and highlighted
by the horizontal (c), integrated over the first maxima-minima picks, and vertical
(d), around B = 349.5 mT, cuts, the |S⟩ and ρp states have opposite absorption/e-
mission picks. The reason behind this feature becomes clear when examining
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(c)

D Q

Figure 7.3: Transferring polarization to a qubit sensor. (a, b) Pulse sequence (pink
and green arrows) scheme for transferring polarization (red states) from the accep-
tor A to the sensor qubit Q pair. The state of the donor D remains unaffected by
the applied pulses. In the representation, full (dashed) lines denote occupied (non-
occupied) states. (c) Time-resolved electron paramagnetic resonance response, inte-
grated over the time lapse from 100 to 300 ns, following the implementation of the
pulse sequence. Reproduced from Ref. [140] with permission under the terms and
conditions of the Creative Commons Attribution license CC-BY 4.0.

the energy level scheme in the inset of panel (d). For single state |S⟩ = |↑↓⟩−|↓↑⟩√
2

the free Hamiltonian induces partial population transfer to the symmetric states
|T0⟩ = |↑↓⟩+|↓↑⟩√

2
. Consequently, the system shows absorption lines for 2→ 4 and

3→ 4 transitions while emission for 2→ 1 and 3→ 1. This pattern holds for any
orientation angle due to the spherical symmetry of the |S⟩ state. In contrast, the
ρp state, being strongly anisotropic, exhibits a different behaviour. Regardless
of the molecule orientation, the initial population predominantly resides in |↑↑⟩
and |↓↓⟩ states. Assuming these components are larger than those on |T0⟩, the
principal pattern at short times shows emission lines for 4→ 2 and 4→ 3 transi-
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Figure 7.4: TR-EPR on a Randomly Oriented Ensemble of D-χ-A molecules. (a, b)
Colour maps of the time-resolved electron paramagnetic resonance (TR-EPR) spec-
trum for radical pairs in states |S⟩ or ρp, respectively. (c) TR-EPR spectrum inte-
grated over the time-lapse corresponding to the first maxima-minima in the maps
of panels (a, b). (d) Cut around B≈ 349.5 mT, illustrating the time dependence of the
maps in panels (a, b). Parameters: ∆g = 0.001, rDA = 25 Å, hν = 9.8 GHz, T1 = 2 µs,
T2 = 0.5 µs, TR = 10 µs. Reproduced from Ref. [140] with permission under the
terms and conditions of the Creative Commons Attribution license CC-BY 4.0.

tions and absorptions for 1→ 2 and 1→ 3. This second pattern is the opposite
of the one described for the |S⟩ state. Specifically, this can be demonstrated by
calculating absorption/emission peaks for different orientations.

In the molecule’s frame of reference, a fully polarized state along the chiral axis,
such as |↑↓⟩, transforms as follows along the principal axes in the laboratory
frame:

|ψ±x
0 ⟩ = e∓iSyπ/2|↑↓⟩ = |S⟩√

2
± |↑↑⟩ − |↓↓⟩

2
(7.6)

|ψ±y
0 ⟩ = e∓iSxπ/2|↑↓⟩ = |S⟩√

2
± i
|↑↑⟩+ |↓↓⟩

2
(7.7)

|ψz
0⟩ = |↑↓⟩, |ψ−z

0 ⟩ = |↓↑⟩ . (7.8)
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For all three orientations, it is possible to explicitly calculate the fields corre-
sponding to absorptions (Ba) and emissions (Be). Assuming g1 < g2 and ∆gµBB <

J, the orientations are computed as follows:

Z

Ba =
h̄ω

g1,2µBB
− Jz

2g1,2µBB

Be =
h̄ω

g1,2µBB
+

Jz

2g1,2µBB
,

X,Y

Ba =
h̄ω

g1,2µBB
+

Jx,y

2g1,2µBB

Be =
h̄ω

g1,2µBB
−

Jx,y

2g1,2µBB
,

(7.9)

where for Z direction, absorption is for 2→ 4 and 3→ 4 and emission for 2→ 1
and 3→ 1 while for X,Y directions absorption 1→ 2 and 1→ 3 and emission for
4→ 2 and 4→ 3. However, due to Jz < 0 while Jx,y > 0, Bz > Be is both cases.
Consequently, also in the spherical average Bz > Be.

However, due to this mechanism working for any value of p, including zero, this
experiment does not probe whether the state is polarized. It solely distinguishes
ρp from |S⟩. The situation becomes even more complex when considering the
|ϕU⟩ state. The latter yields a pattern that, depending on the specific parameters,
is intermediate between ρp and |S⟩. Therefore, to distinguish also the state |ϕU⟩,
a preliminary accurate characterisation of the samples is necessary.

7.4 Conclusions

This chapter presents three magnetic resonance experiments to investigate CISS
effect in electron transfer process through a helical molecule. These experiments
are a direct way to have access to the electron wave function after ET and hence
measure the expected polarization.
In the first two experiments (Sec. 7.3.1 and Sec. 7.3.2), a MNMs qubit, chemically
attached to the D-χ-A molecule, is exploited as an external local sensor. Without
altering the ET process, the spectrum of this sensor ultimately allows to distin-
guish between a polarized and a non-polarized state. Additionally, throughout a
sequence of electromagnetic waves, the polarization can be transferred from the
acceptor to the qubit. This mechanism not only allows an even clearer picture
of polarization in EPR experiments, but could also be used for initialization and
readout of qubits, potentially even at high temperatures.
Finally, in the third proposed experiment 7.3.3, it is studied the EPR spectrum of
a randomly oriented ensemble of D-χ-A molecules. This analysis, which from
an experimental point of view would be simpler, allows to distinguish between
a singlet and a ρp state but does not provide a direct measure of polarisation.
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Therefore, although this experiment can be useful for initial studies, it can not
give definitive proof of CISS.



CHAPTER 8

Study of Magnetic Molecules on Prototypes of Quantum
Computers

A s described in the introduction of chapter 2, molecular nanomagnets have
emerged as highly promising candidates for a wide range of applications,

including low-temperature refrigeration [108], high-density storage [104, 233],
quantum sensing, and as a platform for quantum computation [234–236]. Un-
derlying these applications are interesting quantum phenomena that these sys-
tems exhibit. As a result, the study of these systems holds significant relevance
across various fields. However, simulating such systems on classical devices can
be challenging, primarily due to the exponential growth of the Hilbert space as
the size of the molecule increases. For instance, taking Mn12 as an example, its
Hilbert space, even considering only the spin degrees of freedom of the molecule,
has a dimension of the order of 108 [237]. Performing brute force calculations for
the ground state wave function and its dynamical properties is an arduous task
for classical devices. In contrast, quantum computers could offer an exponen-
tial advantage by making the scaling of resources polynomial. This means that
a quantum computer can efficiently solve problems that would be computation-
ally intractable for classical devices. However, current quantum technologies
are still limited by resource constraints and noise effects, and it is not possible
to run arbitrarily complex algorithms such as Quantum Phase Estimation. To
reduce resource requirements and bring closer the achievement of quantum ad-
vantage, a new class of hybrid quantum-classical algorithms enters into play. In
particular, the Variational Quantum Eigensolver (VQE), which is based on the
variational principle, uses a variational quantum ansatz that, through a classical
optimisation process, attempts to reproduce the ground state and thus provides
an estimate of the ground state energy of a target system.
In this chapter, simple molecular models described by anti-ferromagnetically
coupled chains of spins 1/2 are investigated [238]. In particular, in the first part
of the chapter the focus is on static properties, including ground state energy,

161



162 8.1 Hybrid Quantum-Classical Methods

magnetization, finite size and parity effects. Comparisons are made between the
strengths and weaknesses of two classes of VQE ansatzs: the Hardware Heuristic
Ansatz (HHA) and the Physically Motivated Ansatz (PMA). The analysis encom-
passes factors such as precision, convergence speed, and the ability to respect
system symmetries, providing valuable insights into the performance of these
ansatzs. It has been observed that physically motivated ansatzs, even if gener-
ally more expensive to implement, in general overcome in performance HHA. In
fact, by being constrained to respect the symmetries of the system, PMAs are able
to reconstruct the state more accurately and reach convergence faster. The two
class of ansatzs are tested by extensive numerical simulations with and without
noise.
In the second part of the study, real quantum processors are exploited to cal-
culate dynamical spin-spin correlation functions. This observable is of interest
because it is the key ingredient in the calculation of several quantities, including
the magnetic inelastic neutron cross section [239]. To improve the reliability of
results, a mitigation of readout error and a physically motivated mitigation tech-
nique called Phase and Scale (PaS) have been applied [43, 239–241].

8.1 Hybrid Quantum-Classical Methods

Despite increasing research in quantum computing, current technologies still fall
short when it comes to implementing large-scale quantum algorithms. Algo-
rithms such as Quantum Phase Estimation (QPEA) demand the execution of cir-
cuits with a number of qubits and depth that far exceed the capabilities of present
and near-future devices. Additionally, achieving these applications requires a
fault-tolerant quantum computation, which entails an integrated Quantum Error
Correction. This scenario has prompted the pursuit of a new class of algorithms
for short-term applications that can leverage limited quantum resources to yield
a quantum advantage [242, 243]. NISQ devices can implement narrow and shal-
low circuits with precision constrained by noise. Therefore, it becomes crucial to
minimize the quantum resource requirements and develop algorithms that are
inherently error-proof or at least that can give valuable results even in the pres-
ence of noise. The class of Hybrid Quantum-Classical algorithms has emerged
as a response to these needs.
Hybrid algorithms aim to harness the strengths of both classical and quantum
computers, delegating quantum devices to handle only the tasks that are ineffi-
ciently done on the classical counterparts while utilizing classical computers for
all other aspects. These algorithms can be included in the branch of the Quan-
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tum Approximate Optimization Algorithms (QOAO) i.e. algorithms that have
been designed to address optimization problems [244–246]. One of these is the
Variational Quantum Eigensolver (VQE) which, based on the time-independent
variational principle, is specifically designed to determine an upper bounded
estimation of the ground state energy of a target system [247].
The following sections explore the specifics of the VQE, providing the necessary
theoretical background and examining practical realizations in detail.

8.2 Variational Quantum Eigensolver Algorithms

The Variational Quantum Eigensolver (VQE) belongs to the family of variational
methods. This class of algorithms, based on the variational principle, are hybrid
quantum-classical methods that iteratively [26, 242, 247, 248]. As mentioned ear-
lier, the VQE is a hybrid quantum-classical algorithm that iteratively searches
for an optimal approximation of the ground state eigenvector by minimizing the
energy of a parametric ansatz state

∣∣A(θ̄)
〉
. The choice of the ansatz strongly

influences the accuracy of the method.
The VQE algorithm is divided into three steps: state preparation, measurement,
and optimization (see Fig.8.1). The first step, carried out on a quantum computer,
involves the generation of a quantum state that represents the variational ansatz.
Subsequently, the energy of the quantum state is measured. In the final stage,
purely classical, an optimizer utilizes the energy estimation to determine how to
adjust the ansatz parameters to minimize the energy.
The following sections delve into the method in greater detail, beginning with
the theory support of the variational theorem. From there, the sections explore
the three steps of the VQE algorithm, providing a thorough examination of each
step.

8.2.1 Variational Theorem

The theoretical foundation of all variational methods, such as the Variational
Quantum Eigensolver, relies on the variational theorem [26]. This guarantees
that any ansatz state |A⟩ has an average energy EA greater or equal to the ground
state energy E0. This principle is particularly useful for estimating E0. Indeed,
by employing a trial-and-error approach, an optimal solution can be sought by
identifying the ansatz that minimizes the energy EA. A simple proof of the theo-
rem is reported hereafter .
Let’s start by express the ansatz state |A⟩ as an expansion in terms of the N
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Figure 8.1: Schematic representation of the VQE algorithms.

eigenstates |µ⟩ of the system:

|A⟩ =
N

∑
µ=0
|µ⟩ ⟨µ|A⟩ . (8.1)

Using the definition H|µ⟩ = Eµ |µ⟩, the ansatz energy EA of can be re-written as
follows:

EA =
⟨A|H|A⟩
⟨A|A⟩

=
∑N

µ=0 |⟨µ|A⟩|
2Eµ

∑N
µ=0 |⟨µ|A⟩|

2 (8.2)

=
∑N

µ=1 |⟨µ|A⟩|
2(Eµ − E0)

∑N
µ=0 |⟨µ|A⟩|

2 + E0 ≥ E0 .

This proves that any ansatz state has an energy ≥ E0. In practice, exploiting a
parametrized ansatz

∣∣A(θ̄)
〉
, an optimal approximation of the ground state can

be obtained by tuning the set of parameters θ̄. Without having any prior infor-
mation on the state |0⟩, this method yields information about both the eigenstate
|E0⟩ and the related eigenvalue E0.

8.2.2 Ansatz State Preparation

In the previous sections, a comprehensive overview of the variational methods
and a theoretical background of the method have been presented. Hereafter, the
focus shifts to the practical implementation of the VQE algorithm.
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The zero step of any quantum algorithm requires mapping the target systems
onto the quantum hardware. This process entails rewriting the system Hamilto-
nian in terms of qubit operators. In the specific cases addressed in this chapter,
i.e. the simulation of spin 1/2 chains, the mapping is straightforward. Taking
into account a normalization factor, the spin operators can be directly expressed
in terms of qubit operators. In other words, each spin is associated to a qubit.
However, it’s important to note that this mapping is not always obvious and, for
certain problems, it plays a crucial role. A well-designed mapping strategy can
significantly reduce the resource requirements for the computation.
Having identified a mapping it is possible to start with the actual algorithm. As
described above, the variational methods are based on constructing a parametrized
ansatz

∣∣A(θ̄)
〉

approximating the ground state of the target Hamiltonian. By op-
erating iteratively, the parameters are updated to obtain an increasingly better
approximation. It is intuitive to understand that the performance of the algo-
rithm, in terms of computational cost and accuracy, strongly depends on the
choice of the ansatz.
The dimension of the Hilbert space of the target system and thus the volume of
information to be processed grows exponentially with its size. In order for the
ansatz to be efficiently implemented and processed it needs to require (at most)
polynomial resources. It is therefore beneficial if the ansatz is limited by con-
struction to explore only relevant parts of the Hilbert space exploiting a limited
number of parameters. While using a flexible and broad ansatz makes the algo-
rithm more general and suitable for a wide class of problems, a specific ansatz is
usually more performant. By leveraging on the physical knowledge of the sys-
tem, such as symmetries or conserved quantities, it is possible to create a targeted
ansatz that reduces the number of parameters and the dimension of the accessed
sub-space without loss of validity.
Using a quantum computer, the construction of a variational ansatz corresponds
to searching for the sequence of unitary operations that best approximates the
evolution from the initialization state to the desired state. In addition to cor-
rectly approximating the target state, a good ansatz should be implementable
with a low-depth circuit. This second characteristic is crucial in the case of NISQ
devices, where errors are significant and limit the accuracy. In general, the pa-
rameters are the angles of rotations, i.e. single-qubit gates.
Based on this consideration, two classes of ansatz can be distinguished:

- Hardware Heuristic Ansatz (HHA): This class is designed to adapt to hard-
ware capabilities and is not tied to the specific model being studied, making
it generally applicable. Typically, these ansatzs have a modular block struc-
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ture in which single-qubit and two-qubit gates alternate. The variational
parameters are generally the single qubit rotation angles. These gates are
usually chosen from the native hardware operation set. Furthermore, this
class provides direct control over the circuit depth, allowing the hardware
capabilities to be exploited at maximum [242, 247, 249].

- Physically Motivated Ansatz (PMA): Based on a prior knowledge of the
target system, an initial state is designed to best approximate it. This class
is based on methods or numerical techniques that systematically provide
better approximations of the state and thus are expected to produce high
quality results. Several forms have been derived from classical variational
methods. An example is the Unitary Coupled Cluster (UCC), derived from
Coupled Cluster (CC) [242, 250].

In summary, PMAs are problem-specific, require fewer parameters, and yield
accurate results, while HAs are generally applicable, can be implemented with
shallower circuits, and try to take the most from hardware capabilities. The
choice between these two classes of ansatz depends on carefully weighing their
advantages and disadvantages, which are further investigated in Section 8.3.

8.2.3 Measurements

Once the parametric state has been constructed, the second step consists of mea-
suring its energy, which entails extracting the expectation values of the system
Hamiltonian on the ansatz state: E(⃗θ) =

〈
Ψ(⃗θ)

∣∣∣H∣∣∣Ψ(⃗θ)
〉

. Practically, the ap-
proach used is known as Hamiltonian Averaging [242]. The target Hamiltonian,
already mapped onto qubit operators, is expressed as a sum of tensor products
of Pauli matrices [25]:

H = ∑
i1α1

hi1
α1

σi1
α1
+ ∑

i1α1i2α2

hi1i2
α1α2

σi1i2
α1α2

+ . . . ,

and, due to linearity, the expectation values are given by:

⟨H⟩ = ∑
i1α1

hi1
α1

〈
σi1

α1

〉
+ ∑

i1α1i2α2

hi1i2
α1α2

〈
σi1i2

α1α2

〉
+ . . . ,

where ij represents the qubit index, α indicates the x, y, and z components of
the Pauli matrices σα, and h are the corresponding coefficients. Each term can
be estimated by calculating the expectation value of the corresponding operator,
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and the energy expectation value is reconstructed as the weighted sum of these
different terms.
Some complications arise from the measurement procedure itself. This proce-
dure is inherently subject to statistical errors, which not only affect the accuracy
of the obtained results but can also impact optimization algorithms, potentially
slowing down or even impeding convergence. Moreover, a more practical issue
arises with Hamiltonian Averaging, as it in theory could violate the variational
principle. Due to statistical errors, the sum of the expectation values of local op-
erators may yield values for the global Hamiltonian that are below the ground
state energy. This directly undermines the method. However, it’s worth noting
that with adequate statistical analysis, all these errors can be minimized. As pre-
cision requirements increase, larger samples are needed to mitigate the impact of
statistical errors. In the numerical studies reported below the statistical measures
are averaged on 8192 shots.
In general, the computational cost of Hamiltonian Averaging increases propor-
tionally to O(k), where k is the number of local Pauli operators. For large sys-
tems with many terms in the Hamiltonian, this approach can become computa-
tionally expensive. To address this, several strategies have been proposed. For
example, it is possible to group and extract simultaneously commuting opera-
tors [242, 250, 251]. In this case, error estimation must take into account the cor-
relations between measurements. Another technique to reduce computational
cost is truncating the Hamiltonian with a certain precision [242]. By knowing
the coefficients hi of the various terms, one can choose not to measure those with
magnitudes lower than the desired accuracy of the computation.
An alternative approach to Hamiltonian Averaging is Quantum Phase Estima-
tion (QPE), which allows the extraction of ⟨H⟩ in a single measurement. How-
ever, as said in the introduction, QPE requires the implementation of complex
circuits that are currently beyond the capabilities of existing devices. Hamil-
tonian Averaging, on the other hand, reduces circuit complexity at the cost of
multiple measurements.
In conclusion, the measurement procedure extracts the energy expectation value
from the ansatz state. This classical information can now be transferred to a
classical device and serves as the starting point for the optimization procedure.

8.2.4 Optimization Process

Optimization is a well-known problem extensively addressed in classical com-
putation. Various algorithms, supported by strong mathematical derivations,
have been widely studied and documented. However, optimization procedures
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for quantum applications pose new challenges and require specific strategies.
Multiple studies have addressed this problem with the aim of improving the
performance of algorithms [242, 247, 250].
Two main reasons justify the significant effort given to these studies. Firstly, the
efficiency of the algorithm is closely tied to the optimization process. In a context
where quantum resources are limited, it is crucial to extract maximum benefit
from the available resources. Secondly, the data obtained from quantum devices
is affected by noise, arising from both intrinsic quantum computer errors and
statistical noise. While statistical noise can be directly addressed by increasing
statistics, the challenge is more complex for the former source.
The presence of noise introduces another variability in the outcomes of the mea-
surement procedure. For instance, in VQE applications, two statistical measure-
ments on the same ansatz state would not give the same energy values as output.
These aspects pose new challenges for optimization procedures, thereby compli-
cating the optimizer’s task.
Several studies have shown that not all optimizers adapt well to such situations,
in particular gradient-based methods struggle to achieve convergence. The fol-
lowing studies consider two algorithms, COBYLA and SPSA, which have been
extensively analysed in the literature [247, 249]. A deep mathematical treatment
of these algorithms is beyond the scope of this work, but the practical aspects
necessary for their application are discussed below.

- COBYLA (Constrained Optimization By Linear Approximations) was de-
veloped in 1994 by S. Gomez and J.-P. Hennart [252]. Like most optimiza-
tion algorithms, it is based on a gradient method. These methods are po-
tentially very efficient but suffer in the presence of a large number of pa-
rameters or noise. Indeed, as the spatial dimension increases, gradients
tend to zero, and algorithms struggle to navigate the space. Also noise can
confound the routine as the noise can modify gradients.

- SPSA (Simultaneous Perturbation Stochastic Approximation), is an opti-
mization algorithm created in the late 1990s by James C. Spall [253]. It
distinguishes itself from most other methods by relying solely on measure-
ments of the objective function to determine the next moves. By avoiding
the need to compute gradients or other mathematical derivatives, SPSA of-
ten exhibits high efficiency for problems in high-dimensional spaces. Fur-
thermore, SPSA is also less affected by noise.

Both methods are used in the reported studies: COBYLA in noiseless simulations
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and SPSA in the presence of noise.

8.3 Investigation of Static Properties of Spin Chains

In this section, the Variational Quantum Eigensolver algorithm is employed to
extract static properties, including ground state energy, magnetization, and local
spin expectation values from simple spin models. Specifically, the considered
models are closed chains (rings) composed of four and six spin-1/2 particles
interacting through the Heisenberg antiferromagnetic interaction. The selection
of these straightforward models is motivated by their ability to describe some
Molecular nanomagnets.
Including the effect of an external magnetic field, these chains are described by
the following Hamiltonian:

H = 2J
N

∑
i

si · si+1 + B
N

∑
i=1

sz
i , (8.3)

where i represents the site index with periodic boundary conditions (N + 1 = 1),
sα

i denotes the spin operators associated with the site i, and J and B are constants
that respectively parametrize Heisenberg and Zeeman interactions. It is easy to
see that the total spin S2 and local spin operators Sz are conserved quantities for
H:

[H,S2] = 0 and [H,Sz] = 0 . (8.4)

As a result, the eigenstates of the systems can be characterized by the quantum
numbers S and m, where S = 0,1,2(,3) and m =−S,−S + 1, . . . ,S. Fig. 8.2 a) and
c) illustrate the energy diagram (grey lines) for the two models as a function of
B/J. The ground state is highlighted by a black line. For low B/J both systems
exhibit a ground state |S = 0,m = 0⟩. Increasing the ratio, the Zeeman interaction
becomes more influential and a first crossing is encountered around B/J ∼ 2.
Here, the ground state transforms into |S = 1,m = −1⟩. A further increment up
to B/J ∼ 4 produces another crossing. The focus of the study is primarily on
these first two regions, denoted as the low- and intermediate-field regimes, as
they present the most interesting behaviour. Specifically, for large values of B/J,
all the spins in the ground state become aligned, resulting in a trivial factorized
state |↓,↓, . . . ,↓⟩.

8.3.1 Ansatz derivation

As mentioned in Sec. 8.2.2, the analysis compares the performance of the HHA
and PMA classes of ansatz. The former has a modular structure consisting of
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parameterised single-qubit rotations and two-qubit entanglement gates. Each
set of single- and two-qubit gates forms a block V. Each block identifies a layer
of the ansatz, which together determines its depth. It is advantageous to adopt
native hardware gates to avoid introducing additional operations during the im-
plementation on real devices. Moreover, it is crucial to respect the hardware cou-
pling map, which represents the physical connections between qubits. With IBM
Quantum devices in mind, a suitable choice designed the modular block Vj (⃗θj)

by employing rotations around the y-axis single-qubit gate Ry(θ) = U(θ,0,0) 1.6
and CNOT gates.

Ry(θ1
j ) •

Ry(θ2
j ) •

Ry(θ3
j ) •

Ry(θ4
j )

Vj (⃗θj) =

Ry(θ1
j ) •

Ry(θ2
j ) •

Ry(θ3
j ) •

Ry(θ4
j ) •

Ry(θ5
j ) •

Ry(θ6
j )

Vj (⃗θj) = (8.5)

where the left (right) figure clearly corresponds to the case of the four (six) spin
chain. It is worth noting that this ansatz only requires linear connectivity be-
tween hardware qubits, a condition that can be easily met on most devices. In
general, a more global rotation such as U(θ,ϕ,λ) should be considered. How-
ever, in these particular cases, since the Hamiltonian is real and hence its eigen-
states are real, the rotations can be restricted around the y-axis. This choice leads
to a significant reduction in the number of variational parameters, from 12 (18)
per layer to 4 (6). The optimal number of layers j can be practically determined
by gradually increasing it and observing the results. After the block of the last
layer, a set of parametrized rotations, commonly referred to as post-rotations, is
usually added.
For the class of PMA (Physical Model Ansatz), our aim is to design an ansatz
that reflects and respects the properties of the underlying physical system. As
observed earlier, the eigenstates of the rings under study are well-defined by the
quantum numbers S and m. Therefore, a smart choice is to work with ansatz
that holds the correct quantum numbers. This can be done by defining a varia-
tional circuit that conserves these values. The idea is to initialize the ansatz into
a state that has the correct quantum numbers and then apply a parametrized cir-
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cuit that, while conserving them, can reproduce the ground state. This approach
ensures that the ansatz always resides in the ”correct” subspace, thereby reduc-
ing the variational search. Additionally, it ensures that the optimizer does not
become trapped in a local minimum corresponding to an excited state. This is
particularly advantageous when dealing with regions of parameter space near
crossings.
For chains with antiferromagnetic nearest-neighbor couplings, it has been shown
that for sufficiently small values of the magnetic field B, low-field region, the
ground state minimizes the total spin S [254]. Consequently, in the case of even-
number spin 1/2 chains, the ground state has S = 0. However, as the magnetic
field is increased, the Zeeman term becomes more significant and favours the
S = 1,m = −1 state, which, after the first crossing, becomes the new ground
state (intermediate field). Depending on the region studied, either the low- or
intermediate-field regime, an appropriate initial state can be defined as follows:

|0⟩ X H •

|0⟩ X

 |01⟩−|10⟩√
2

|0⟩ X H •

|0⟩ X

 |01⟩−|10⟩√
2

|0⟩ X H •

|0⟩ X

 |01⟩−|10⟩√
2

|0⟩ X

|0⟩ X

 |11⟩

for the four qubits chain, and

|0⟩ X H •

|0⟩ X

 |01⟩−|10⟩√
2

|0⟩ X H •

|0⟩ X

 |01⟩−|10⟩√
2

|0⟩ X H •

|0⟩ X

 |01⟩−|10⟩√
2

|0⟩ X H •

|0⟩ X

 |01⟩−|10⟩√
2

|0⟩ X H •

|0⟩ X

 |01⟩−|10⟩√
2

|0⟩ X

|0⟩ X

 |11⟩

for the six qubit chain, where the circuits on the left (right) side have a total S = 0
(S = 1) and m = 0 (m =−1). Although these states have the correct quantum val-
ues, they break the symmetries of the system and therefore do not approximate
the ground state well. Furthermore, it is important to note that it is not necessary
to know the crossing point, since it can be determined practically by exploiting
the variational theorem.
The natural choice to create a variational circuit that conserves the quantum val-
ues is to base the circuit on the physical interaction that generates it, i.e. a Heisen-
berg interaction [255]:

Wij(θ) = e−iθsi ·sj (8.6)
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This interaction is efficiently decomposed into gates using only 3 CNOT and few
single qubit gates [25]:

• Rx(
θ
2 −

π
2 ) H • H • Rx(

π
2 )

Rz(
θ
2 ) Rz(

−θ
2 ) R†

x(
π
2 )

Wij(θ) =
(8.7)

A PHA variational block can be formed by altering Wij(θ) circuits on different
qubits couples:

W12(θ
1
k) W23(θ2

k)

W34(θ
3
k) W14(θ

4
k)

Vk (⃗θk) =

W12(θ
1
k) W23(θ2

k)

W34(θ
3
k) W45(θ

4
k)

W56(θ5
k) W16(θ

6
k)

Vk (⃗θk) = (8.8)

In conclusion, the ansatz is formed by combining an initialization layer, which
fixes the quantum values of the initial state, together with a sequence of vari-
ational blocks (see 8.9). These blocks have the main purpose of reconstructing
the ground state symmetry that is broken by the initial state. In practice, it has
been observed that for the investigated systems, coupling the nearest sites using
Wij blocks is sufficient for reconstructing the ground state. Another observation
made after conducting several tests is that it is advantageous to couple qubits
between different triplets or singlets before coupling them within those groups.
For instance, in the case of the four-spin ring at low field, the optimal configura-
tion is as follows:
As with HHA, it may be necessary to apply the variational block several times

|0⟩ X H •
W23(θ1) W12(θ

2)
|0⟩ X

|0⟩ X H •
W14(θ

3) W34(θ
4)

|0⟩ X

Initialization Variational Block

(8.9)

Schematic representation of a PMA consisting of an initialization layer that set the
ansatz state with S = 0, plus a single variational layer composed of four W circuits.
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in order to have a faithful reconstruction of the ground state, and the optimal
number of applications can be practically determined.
In the next sections, the results from noiseless and noisy simulations are reported.

8.3.2 Noiseless simulations

To validate the accuracy of our ansatz, let’s start by examining the VQE results
obtained from noiseless simulations. These calculations are performed using ex-
act matrix multiplications and are therefore not susceptible to any errors, includ-
ing statistical noise. As an optimizer,it is employed by COBYLA, which proves
to be more efficient than SPSA under these conditions.
In panel a) of Fig. 8.2, the energy diagram (gray and black lines) of the four-
spin rings is reported as a function of the ratio B/J. The dark green dots and
light green stars represent the simulation results for the HHA and PMA ansatz,
respectively. PMA requires only a single layer (consisting of 4 parameters) of
variational blocks in both the low- and intermediate-field regions. On the other
hand, HHA demands 3 layers (16 parameters) or 2 layers (12 parameters) in low-
medium-field regions, respectively. While both methods achieve high fidelity,
measured between the variational and exact solutions (see the insight), almost
one for all points, the more compact circuits of PMA result in significantly faster
convergence (as seen in panel b).
Panels c) and d) extend the same investigation to the six-spin ring. In this case,
PMA necessitates 2 layers (12 parameters), while HHA requires 5 layers (36 pa-
rameters) or 4 layers (30 parameters) at low- and medium-field, respectively.
Similarly to the previous scenario, although both ansatz achieve maximum fi-
delity, PMA requires about ten times fewer optimization steps.

8.3.3 Noisy VQE simulations

The last step is to verify the consistency of the above studies in a more realistic
scenario where the effects of noise are included. These investigations are par-
ticularly interesting for near-term applications where devices have to deal with
noise. A noise model has been built based on the most advanced hardware from
IBM as a reference. The presented simulations take into account the most impor-
tant sources of errors, including:

- Relaxation and decoherence effects: thermal relaxation T1 and pure de-
phasing T2, which respectively lead to amplitude and phase damping.

- Manipulation: single- and two-qubit gate errors due to imperfect manipu-
lation of qubits or other sources of incoherence errors.



174 8.3 Investigation of Static Properties of Spin Chains

Figure 8.2: Panel a) reports the results of VQE noiseless simulation for a four spins
1/2 ring with anti-ferromagnetic couplings using the HHA (dark green dots) and
PMA (light green stars) ansatz. Black and grey lines represent the exact ground
and excited states, respectively. In the insight, the fidelity of VQE points. b)
Comparison of the convergence process for the two ansatz classes at two values
B/J = 0.4 and B/J = 3.2. Panels c) and d) extend the same studies to the six
spin rings. Optimizing is done using COBYLA. Reproduced from Ref. [238] un-
der the terms and conditions of the Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/).

- Readout: measurement errors due to an incorrect readout of the measure-
ment process.

The presence of noise affects the estimation of local Hamiltonian terms, thereby
modifying the cost function. Additionally, these effects can be inconsistent, mean-
ing that the outcome of two consecutive measurements is not the same. Tak-
ing inspiration from the error values provided by IBM for the ibmq kolkata

27-qubit device, one of the best available at the time of this study (early 2021),
the noise model was created by averaging the values on different qubits: relax-
ation and decoherence time T1 = 135µs and T2 = 125 µs, single-qubit gate error
of 2.5× 10−4, two-qubit gate errors of 8× 10−3, and symmetric readout error of
10−2. Single and two-body errors group different sources and hence effects of er-
rors such as depolarizing, phase and amplitude damping. Readout errors have
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been mitigated by exploring the post-processing method described in Sec. 1.6.
As mentioned in the previous sections, SPSA has been used as the optimizer in
all noisy simulations.

In Fig. 8.3 are presented the results of the noisy simulations for the four-spin ring.
Both ansatz qualitatively reconstruct the energy diagram, although the presence
of noise reduces the quality of the results compared to the previous case. The
fidelity with respect to the ground state is now around 0.8− 0.9. The system’s
magnetization M = ∑i sz

i and total spin S2, shown in panel b), are accurately
reproduced by both ansatz. The local expectation values

〈
sz

i
〉

and correlations〈
sz

i sz
i+1

〉
are also well reproduced by both ansatz forms, as shown in the radar

plot in panel d). Consistently with what was observed in the noiseless case, con-
vergence is much faster for PMA compared to HHA. Moving on to the six-spin

Figure 8.3: Panel a) reports the results of VQE noisy simulation for a four spin
1/2 ring with anti-ferromagnetic couplings using the HHA (dark green dots) and
PMA (light green stars) ansatz. In the insight, the fidelity of VQE points. b) Mag-
netization and

〈
S2〉 (in the insight) as a function of the ratio B/J. c) Comparison

of the convergence process for the two ansatz class at two values B/J = 0.1 and
B/J = 2.7. d) Radar plot of local spin observables, exact solutions are indicated
by black dots. Optimizing is done using SPSA. Reproduced from Ref. [238] un-
der the terms and conditions of the Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/).

ring Fig. 8.4, which is a slightly more complex problem, there is a noticeable



176 8.3 Investigation of Static Properties of Spin Chains

difference in the performance of the ansatz. While the results for energy estima-
tion and fidelity are comparable between the two ansatz, PMA excels in recon-
structing local and global properties such as magnetization and spin correlations.
Specifically, when examining the radar plot for the intermediate-field regime (or-
ange), it is evident that PMA exhibits a significantly better correspondence with
the exact solution.

Figure 8.4: Panel a) reports the results of VQE noisy simulation for a six spin 1/2
ring with anti-ferromagnetic couplings using the HHA (dark green dots) and PMA
(light green stars) ansatz. In the insight, the fidelity of VQE points. b) Magne-
tization and

〈
S2〉 (in the insight) as a function of the ratio B/J. c) Comparison

of the convergence process for the two ansatz class at two values B/J = 0.1 and
B/J = 2.7. d) Radar plot of local spin observables, exact solutions are indicated
by black dots. Optimizing is done using SPSA. Reproduced from Ref. [238] un-
der the terms and conditions of the Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/).

8.3.4 Finite-size and parity effects

This section investigates the finite-size and parity effects in some open and closed
chains of anti-ferromagnetically coupled spin-1/2 systems described by Hamil-
tonians analogous to Eq. 8.8. The ground state of these systems is reconstructed
by exploiting the VQE. In particular, having demonstrated the advantages of
PMA over HHA, the former class of ansatz is used.



Study of Magnetic Molecules on Prototypes of Quantum Computers 177

The systems under investigation are 4- and 6-spin rings and 4-, 5-, and 6-spin
open chains. The 5-spin is not considered due to its degenerate ground state,
which makes it unsuitable for VQE analysis.
Fig. 8.5 reports the local expectation values of the sz

i operators, calculated from
the solutions of the noisy VQE simulations using the PMA ansatz. As noise
model is considered the same described in the previous section.
Open chains are symmetric with respect to the central spin or bond, depending
on whether they are odd or even. At low-field even chains have vanishing total
magnetization hence all the sites have as expectation value zero. Conversely,
odd chains have a total spin S = 1 and hence exhibit alternating up and down
magnetized sites. At intermediate fields, both the 4- and 6-spin have S = 1 and
display an alternating magnetization pattern.
Regarding the rings, they show transnational invariance symmetry. At low tem-
peratures the ground state has S = 0 thus all sites exhibit null magnetization,
while at intermediate temperatures, the ground state has S = 1 hence they be-
come partially magnetized

〈
sz

i
〉
= 1/N.

All the results obtained are in agreement with the theoretical solutions (dashed
lines). In conclusion, the presented studies confirm that the PMA ansatzs are
capable of reconstructing local properties and symmetries accurately.

8.4 Investigation of Dynamical Correlation on Spin Chains

In the previous sections, the focus has been on the static properties of small
molecule models, utilizing VQE to reproduce the ground state. Here, the analysis
focuses on dynamic correlations, particularly the spin-spin correlation function,
which is the key ingredient for computing the magnetic inelastic neutron scat-
tering cross-section [25, 239]. Calculating this quantity on classical computers
is challenging, if not practically infeasible for many relevant systems. In con-
trast, quantum computers can handle these calculations more efficiently, provid-
ing a significant advantage. The results of real quantum experiments on the IBM
Quantum processor (early 2021) are presented hereafter.
The spin-spin correlation function at temperature T = 0 is defined as follows:

Cαβ
ij (t) =

〈
sα

i (t)s
β
j

〉
0
= ∑

p
⟨0|sα

i |p⟩⟨p|s
β
j |0⟩e

−iEpt (8.10)

where α and β indicate the x, y, and z components, while i and j represent the
indexes of system sites.
This quantity has some interesting properties. At t = 0, regardless of the specific
Hamiltonian, Cαα

ii (0) =
〈
sα

i sα
i
〉

0 is a sum of squared values and thus must have
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Figure 8.5: Local expectation values of sz
i operators at low- and intermediate-

field for different size open and closed chains. Reproduced from Ref. [238] under
the terms and conditions of the Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/).

a real phase. Furthermore, at time zero, Cxx
ii + Cyy

ii + Czz
ii = si(si + 1) = 3/4. As

shown later, by exploiting these properties it is possible to implement error miti-
gation. Raw experimental data can be improved by applying a global phase and
amplitude correction so as to fix the phase and amplitude to the expected values
at time zero (PaS = Phase and Scale). Extending the same correction to any time,
in practice one finds a significant improvement in results. The system under in-
vestigation is the four-spin ring analysed earlier, but in the high-field region. In
this regime, the initial ground state is easy to reconstruct because all spins are
aligned with the external magnetic field, simplifying the circuit complexity.
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The quantum circuit for measuring Cαβ
ij (t) is as follows:

a H • X • X Rx/y(π/2)

⟨sx
a⟩+ i⟨sy

a⟩ ∝ Cαβ
ij (t)

i

U(t)

α

j β

k

l

(8.11)

Here, U(t) represents the system’s dynamics, a is an ancillary qubit used in the
measurement procedure, and the remaining quantum register (i, j, k, l) is em-
ployed to simulate the dynamics of the target system. Due to the peculiarity of
the target system, after the initialization of the qubits in |0⟩ the system is already
in the ground state |↓,↓, . . . ,↓⟩ = |0,0, . . . ,0⟩. By applying a Hadamard gate, the
ancilla is put in a superposition state |0⟩+|1⟩√

2
. Then, a controlled-β gate is imple-

mented from the ancilla to the j qubit where β = x,y,z. The system is allowed
to evolve for a time t, and at the end, a controlled-α gate is applied when the
ancilla is in the |0⟩ state (the two X gates are used to exchange 0↔ 1) α = x,y,z.
Finally, by measuring the ancilla in the x and y bases, which is done by apply-
ing Ry(π/2) and Rx(π/2) gates, respectively, the real and imaginary parts of the
correlation function are extracted. The spin-spin correlation function is recon-
structed as Cαβ

ij (t) =
〈
σβ(t)σα

〉
= ⟨2σ+

a ⟩ = ⟨2σx
a ⟩+ i

〈
2σ

y
a
〉
.

For the specific case of the four-spin ring investigated, the evolution operator is
decomposed into gates as follows:

Rz(Bt)
W12(2Jt) W23(2Jt)

Rz(Bt)

Rz(Bt)
W34(2Jt) W14(2Jt)

Rz(Bt)

U(t) =

(8.12)

Here, Wij represents the same block presented above for the PMA ansatz. In gen-
eral, this type of evolution requires a Suzuki-Trotter decomposition. However,
in this case, all terms commute, resulting in exact evolution.
Fig. 8.6 shows the results of real quantum experiments performed on the ibmq bogota

IBM quantum processor for Cxx
ij on sites 1 and 2. The black lines represent the
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Figure 8.6: Spin-spin correlation functions Cxx
ij calculated on a four spin ring with

antiferromagnetic couplings in the high-field region. The black lines represent the
exact solutions, the light-colored stars denote the raw data obtained from real quan-
tum experiments on the ibmq bogota IBM Quantum processor, while the dark-
colored stars depict the corrected data using the PaS technique. Reproduced from
Ref. [238] under the terms and conditions of the Creative Commons Attribution (CC
BY) license (https://creativecommons.org/licenses/by/4.0/).

exact solutions, while the light-colored stars indicate the raw experimental data.
However, these results, although qualitatively reproducing the expected behaviour,
lack precision. A significant improvement is achieved by applying the phase and
scale correction (dark-coloured stars).

8.5 Conclusions

Quantum computers are expected to bring disruptive contributions to many
fields including the simulation of quantum systems. The first significant results
are expected from hybrid quantum-classical algorithms such as the variational
quantum eigensolver.
Starting from the mathematical foundation, i.e. the variational theorem, to the
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practical implementation, this chapter gives an overview over the VQE. The al-
gorithm is tested on small spin chains with Heisenberg interactions. From these
toy models, which potentially represent small MNMs, the ground state energy,
magnetization and local spin expectation values are calculated. This analysis al-
lows us to investigate the method and to evaluate the state of the art of current
technologies.
The analysis of the algorithms is mainly focused on the comparison of two classes
of ansatzs: hardware heuristic and physically motivated. The various numerical
simulations performed, both in the presence and absence of noise, have shown
that a properly designed PMA can outperform HHA. In particular, in addition
to better reproducing the system properties and symmetries, the PMA achieves
convergence much faster, drastically reducing the optimisation cost. To improve
the results, a readout error mitigation is always implemented.
In the second part of the results section, the dynamical spin-spin correlation func-
tions on a closed Heisenberg chain are calculated. This quantity, of considerable
interest but difficult to calculate on classical devices, is extracted using the same
methodology as in Ref. [239]. Of considerable interest is the phase and scale
error mitigation strategy, which, together with the readout mitigation, is able to
drastically improve the raw data.
The natural extension of this work would be to explore more complex cases, such
as systems with anisotropic or antisymmetric exchange couplings. Such systems
would exhibit a more complex energy spectrum, with eigenstates characterised
by highly entangled states. Together with future advances in quantum devices,
which are anticipated to allow the simulation of more complex circuits, PMAs
are expected to play a fundamental role.





Conclusions

T o summarize, this work investigates the potential application of Molecular
Nanomagnets for the realization of a reliable and scalable quantum archi-

tecture. As extensively discussed throughout this work, these systems possess
numerous features that make them well-suited for this scope.
Firstly, the ability to encode multi-level logical units, i.e qudits, could prove
highly beneficial. In chapters 3 and 4, this potential is explored in the con-
text of realizing embedded schemes of error correction. Although the presented
scheme does not enable fault-tolerant computation and so requires further de-
velopments, it highlights the potential of this approach. By eliminating the need
for two-body gates, this method significantly simplifies scheme implementation,
a common bottleneck for effective QEC scheme realization. The effectiveness of
this approach is maximized when a fully connected computational space is avail-
able. The theoretically designed molecule C2, investigated in chapter 4, serves as
an example of a system that could be an optimal basis. It not only provides the
desired fully connected subspace but also combines another fundamental prop-
erty, resilience to pure-dephasing.
A relevant part of this thesis revolves around the analysis of decoherence. Through
modelling, it has been possible to determine the factors influencing decoherence
and consequently identify a class of molecules that are intrinsically protected
against it. By examining the dependence of the decoherence mechanism on the
system’s eigenstate structure, we have highlighted how systems with magnet-
ically similar eigenstates are intrinsically protected from this mechanism. The
proposed class C of systems, composed of multiple magnetic ions with compet-
ing interactions, exhibits multiple doublets widely connected at low energy and
addressable by electromagnetic pulses. This class of molecules provides an op-
timal ground for guiding research and synthesizing new systems with extended
properties.
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In parallel with the exploration of applications for the QEC, chapters 5 and 6
delve into the potential use of these systems for a qudit-based computation. Also
in this framework, the qudit approach could be really beneficial in simplifying
the mappings, reducing the number of two body gates and the circuit depth.
Chapter 6 investigates how Fermionic models can be efficiently simulated using
a qudit extension of the auxiliary fermion method. Through numerical simula-
tions, the feasibility of this approach is demonstrated. As an elementary building
block of the hypothetical architecture we have used the Qudit-Switch-Qudit unit
introduced in chapter 2. This scheme enables a switchable interaction among
qudits, thus permitting the implementation of various entangling gates. This
approach relies on chemical engineering to synthesize suitable systems and rep-
resents a concrete opportunity for realizing small to medium-sized prototypes.
However, it must be recognized that to achieve effective modular scalability, cou-
pling these molecules with resonators, as recently proposed, appears to be a more
promising approach.
Chapter 7 diverges slightly in focus from the rest of the work, centering around
the Chiral-Induced Spin Selectivity effect. This phenomenon is an attractive
topic for researchers due to its perceived implications in various biological pro-
cesses. Despite being a relatively recent subject of study, the scientific community
has shown significant interest, as evidenced by numerous publications in recent
years. Once thoroughly understood and engineered, this mechanism could be
leveraged for the initialization and read-out of Molecular Nanomagnet qubits.
This prospect not only opens new strategies to realize these procedure but also
suggest the possibility for realizing high-temperature working devices.
In the final chapter, chapter 8, we delved into the Variational Quantum Eigen-
solver algorithm, applying it to small spin systems. Firstly, this analysis revealed
how a meticulously designed, physically motivated ansatz can significantly en-
hance and extend the performance of the method. Moreover, this study served
as a benchmark for state-of-the-art quantum devices, providing valuable insights
into their limitations and capabilities.
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